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Theory of Quasiparticle Charge Imbalance Induced
in'a Superconductor by a Supercurrent in the
Presence of a Thermal Gradient

John Clarke(a)

Cavendish Laboratory, Cambridge CB3‘OHE, U.K.

and
-Michael Tinkham(b) 
Institut fur Theorie der Kondensierten Materie,

Universitat Karlsruhe, 7500 Karlsruhe 1,
West Germany v
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The charge imbalance voltage induced in a clean supercbnductor by

_.) " . .
a supercurrent density JS in the presence of a temperature gradient

. n B 2 e a2 2 2
?T is shown to be V.= 2mv AAA §1‘)./3c kT cosh™ (8/2k Dgy (1 - 2,

‘where v , 2, and A(T) are the Fermi velocity, mean free path, and

F

penetration depth, 8y is the normalized tunnei conductance of the probe .
junction, and Z(A/T) is a known function. This result agrees well with

the experiments of Clarke, Fjordbdge, and‘Lihdelof.



Pethick and Smithl have predicted that a quasipartlcle cﬁarée‘im—
'balance‘Q*wand potential V will be established-when.the snpcrfluid noves

at a velocity.gS in avsuperconductor along which there exists a temperature.
gradient_ﬁT. In the clean 1imit and for A << kBT (A is the energy_gap)

thef.find.

woxr oot og B W

where T is "a characteristic time for charge relaxation", E, is the Fermi
energy, and gxs is the- normallzed tunnellng conductance to the normal metal

probe used to detect V2’3. ~Near'TC, \rs is proportional to J 1 - t) , where

js is_the supercurrent .density, and t = T/Tc. Clarke, Fjordbdge, and Lindelof4

. observed thiskpotential in Sn films, andifound that eras’proportional>to
jSVT at a‘given'temperatnref and that VgNST/jSVT diverged'as (l —it)fl.

"Thus torbring the-temperature dependence predicted by (1) into agreement:with
the experimental observations, it is necesaary‘for T to be proportlonal to

: A-l. For a superCOnducting filﬁ in which the‘inelastic mean free path is
much lese than the elastic mean‘free path'(not a physicall§ realizable
situatlon); Pethick and Smith interpret T as the inelastic charge relaxation
time; TQ -(4k T/ﬁA)T s obtainlng the correct temperature dependence but a
voltage that exceeds the experlmental values by 2 to. 3 orders of magnitude.

In one replaces T byothe tenperature—independent rmpurlty scattering tlme,
one obtains approximately the right magnitude for the voltage at_temperatures

‘near 0.9 Tc, but an incorrect temperature dependence near TC,_namely (1-t)

In this Letter we give an alternative theory for this effect, applicable to
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clean films where the quasiﬁartiéle_mémentﬁm ;k is a good.qﬁantum number.

Ouf result fits the'oBserved tempefature'dependence over ;he entire experi-
. mental rénge (t=0.5 - 0.99) and it is,in’feaspnable.agregment”with the

expérimentally’detérmincd magnitude for cléun filﬁs.

| We consider first ;he.situation in which 33 = 0, so that the quasi—

particle eXcitﬁtioﬁ spectrum is symmetric around the Fermi Surface;vﬁut-

§T # 05._ Quasiparticles-ﬁOVing from the left in Fig. l(a) are at an

efféétive temperature T - 8T, while.those from thé'right ére'at.T % 8T,

whefe‘T is the 16cal temperagﬁre; Thus, there is an imbalance in the populati;ns
'lof the k > kaand,k < kg branches' on the right hand side of'the Fermi
,surfacé, bﬁt_aﬁ equal and'bpposite'imbalance on.the left hand side; és a

result, the value of Q% is zero,v If we impose a‘supéffluid veloqity-zs,

. , . 6
the excitation energies take the form 7

E = ('ei+ Az)-l/z';‘r;k . ;é N - ) | (2)
where ék is.the one-electron energ§ rélatiVe to thevchemical poteﬁtiai,
and Bk is the electron momentum. There ié ﬁow an asymmétry in the excitétioﬁ
spétturm“about thé Fermi surface, as indicated in Fig. 1(b), so that the
pOpdlaﬁion imbalances on thé'two sides no longer qancel:exacﬁly. This
net éharge imbaiance ié the o;igina§f the:obsefved potential,land is the
quantity that we now calculate.
PN : .
™ Consider a superconductor wiﬁh_transverse dimensions small.compared_
= with{the penetratioﬁ depth,‘sovthét any superdurreﬁt £ lows uniformly; ‘We

F's

assume that p.v_ << A, and &VT/T << 1, .where Py is the Fermi momentum and

2 is the electronic mean free path. 'Our_derivation is based on the physical



assumption that the populaﬁion of the state ﬁ af‘point ; is charécqerized
.by the temperature at the p01nt one mean free path back along its trajectory,
- whether the scattering there is elastic or inelastlc, since that scattering
erases all memory of the direction of the previous rgndom walk trajectory,

Exﬁressing this assumption mathematically, we have

o S+ 3 3 Py Eg o o .
8 = k= Ky ¢ & 5 . (3)
. - e 2+.§¥ , _

" Here f0 is the Fermi function, and 6leisvthe departure from the occupation
> or . o ' o
number when both vS and VT are zero. As argued above, one gets a net Q¥

. . | o ‘ |
~only if both v and $T are non-zero. The relevant non-cancelling term is

_ a £ P '
§f> = i
KT T 50 (v o) (& ﬁfr) = (4)
Note. that IK = sz = £ sgn € pﬁ/PF , since the group velocity along_pﬁ is
- dE/de = (e/E)vF , and. the factor (e€/E) is cancelled by a factor |E/€| in

, . .8 ' ;
the scattering time . Then an elementary geometrical argument shows that,

averaged over a sphere, the factors in parenthesis in (4) reduce to

%pFl sgn € 3S'$T.. Thus, the normal charge9 éQn is given by

© . , R ~ 3°%F
v ) €= . _ _[_* . > _ __°
Gan‘_ 2N(0) E (va de = 3N(0)9F2 VS §7)'1"/\ ( SEBT) dE
/. o B (3)
of (A)
_ & ; > Opr 0 o
= POpgtv VI

where 8f refers to the angular average of'6f§ , and we have used the fact

that ede = EdE.
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Now, this Ganis not the same as Q% , as was first pointed out by

10

~ Pethick and Smith’ and further elaborated by Kadin, et al. The

argument can_ be summarized as follows: ‘Maintenance of electrical

neutrality requires that the total electronic chafge kaz + L(1 - 2vg2)fk

‘remain equal to the total charge of the pdsitive'ion cores. Thus, first

vordervchanges in Vi and f' about their equilibrium values VE and fg‘aré

constrained by I(1 - k )6v + (1 —'ZQEZ)Gfk.= 0. .But all the
dvkz are determined from the Shlft 6EF in Fermi.energy.of the condensate

by the relation 6vk2 = (A-/Ek )GEF, The quasiparticle charge Q* is

also directly proportional to this shift, since it is equai and opposite

 to the change in condensate charge. Thus we have

2 o :
S - z(- 2v° YSE, Tql Sf 8Q :
Q¥ = ~2N(0)8E, = 2N(0) k_k -k k=2 ()
: Z(lefE)(A /2E,7) 1z 172 -

where 7 = 2 Jg"féE)(Az/E3)<E/e)dEfe 2f (—af;/an)(e/E)AE is the function
discussed by Clarke, ggegl}l.v'Near Tc, Z +.l.-AﬁA/4kBT, so that Q* is
"amplified" by e'faetof 4k T/ﬂA relative to GQV. -As T + 0, however, Z
becomes exponentlally small, and Q* is nearly equal to GQ Equating the
expression for Q* obtained from (5) and (6) W1th3 2N(O)gNSeV we obtain

3 (A)/3T

Zngw,.‘ o

VT g D)

This is our central result.
Although ;é would_be'the'controlled quantity in a fluxoid quantization

: : . _ : . N
geometry, in the usual configuration one controls Js = nev_. Here ng is



 defined in terms of the actual penetiation depth by AZ(T) = mc2/4ﬂnse2 =

2 4 — ‘ - n
K_(O)(l -t) l, using the well—known? empirical formula. Inserting this,.

and writing 3fo(A)/3T expiicitly, 7 becomes

v Coa S >
» y ¥ : A . s VT
v =ﬂ_c-2' >‘ (©) . S T

1 - t4 k T cosh (A/Zk T)gNS( Z)

(8)

Since the factor A/(1 - Z) varies only from 4k Tk/w at T to

A(O) = 1w76kBT at T = 0, the temperature dependence is domlnated by the

divergénce-ofik N ns-l vo(l - t) near TC and the exponential temperature

dependences at low temperatutes which reflect the ffeezing out of the.

quasiparticle population. Sufficiently near Tc’ (8) simplifies to

1-t c¢ T . M

To estimate the voltage expected near TC for the only clean Sn sample

(Nr. 4) of the experimental work& we ‘set v_ = 0.65 x 108cm/sec,

F

-5 ' - ’ L
2 = 4.3 x 10 “cm, and A(0) = 5.0 x 10 6cm Then, in practical units,



!
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(9)  becomes VgNST(l 4’t)/JSVT = 0.5 x 10 Q -cm3,,in reasonable agreement

with the measured value of 1.2 x 10_¥6Qcm3.
In order to test the predicted temperature dependence more fully,‘
we return to (8). Fig. 2 shows the remarkably goéd fit of this

function to the experimental data of ref. 4, fitted at a single

point. Note that -this formula reproduces even such a subtle feature

as the rise of the data above the simple 1/(1 - t) behavior before the fall

~at low temperatures dictated by fhe cosh2 (A/ZKBT) factor. This -excellent

fit méy'be fortuitous; but still it adds credibility‘to the analysis.

We can also extéﬁd our theory to eétimate‘the size of the quasipé?ticle
potehpial.induced by a temperatufe gradiént in'tﬁe absénge of an épplied
supercurrent. Falcolz'has pérformed aﬁiexpefiment'to measure this gfféct.
The temperature gradient induces a supefcurrent,js = (n/p)ﬁT, wﬁere n is
the thermoelectric'éower and p is the norﬁal sﬁéte fesisﬁivity.l3 Thﬁs,
from Eqg. (9), V « "('n/p)(VT‘)z(l -7 s we take™® n = }10‘8v1<’l

-3

o= 2x lO—Y'Qcm, and VT': 1Kcm-l, néar T¢ we find V(lI-VE) x 10-18V. Since
the Voltage observed by Falco was_lineér in IVT[, showéd-ﬁo evidence of
divergence at Tc’ and was soﬁe 6 6fders of magnitude larger, it éppears
unlikely. that the‘voltége obserﬁed by him was generated by this mechanism.

It is 6f interest to compare the processes caﬁsiﬁg charge imbalance
in thisbexperiment with those.in situationé wheré_the generation occurs
at a well—defined spatial discontinuity, as in the case of tunnel injectioﬁz,
current f low across'a:normal—superéonducting interfacels, or phase-slip
¢entersl .. In these latter experiments, charge generation and relaxation

processes are quite



distinct, being even spatially separated. Thus, fot.examplé; if one
enhances the'Q* relaxation rate by the‘appliéation of a magnetic fieldl7
or addition of_magnetic,impuritieslg while retaihing the same generation

. : v . N
rate, the steady-state value of Q* will decrease. By contrast, in the ) L

present experiment the charge imbalance generation is a volume process,

<

N

not a surface one,'and genération and feiaxation'prdcesses are so strongly
coupled that they canﬁot be iﬁdépendgntly varied. As a result, the net
branch'imbalance_charge is imposed by the presence of the temperature
gradient, the magnitude of the efféct‘depending oply on thé fraﬁsport
mean free path which limits the distance over which the gradiént is
effective i# producing a.nonfeQuilibrium'population} If this view is
,cbrrect, times such as IE and TQ*,play ﬁo diregt role in determining.the
magnitude of Q*,.and hence we would not expé;t'fhe introduction of a small
cohcéntratiqn of mégnetic impuritiés‘(for eXamﬁle):to,change the size of
the effect, in cohtrasf to the situatiéﬁ in the other experiments cited
above. Our viewﬁoint also‘provides a natural explanation fof the
observation by Schmid and Scth;?Athat rather similér results are found
in é div¢rse ﬁériéty of‘limifing éases (clean, dirty, strong péir;breaking,
weak pair-breéking) in which they make approximate solutions of the' |
‘Boltzmann equation. |
Invclosing, we'éiso remark on'ﬁhe inclusion of thé (1 - Z)-'1 =
"amplification factor" in (8). Such a factor does not enter in the
"injection" experiments cited above because one is findiﬁg a steady-
. state equilibrium bgtween'a generétion rate and a relaxation rate which )
are équally affecfed by the amplification faétor. As pointed out by Kadiﬁ‘
et allo, ité éffect is éimply to sEéed’uE the approaéh to eq&iiibrium by a

factor (1 - Z)-l,'without



changing the value of Q* at equilibrium.' By contrast, in this calcula-
tion, we compute Q* for a given 6fk, repreéenting the non—eqdilibrium'
population imposed by the gradient, and the factor (1 -‘Z)ﬁl enters

4 L nnturally.:"
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Figure Captions

v

Fig. 1

Fig. 2

(a) .Schematic‘fepresentation of quasipaftiCIe

. excitations in presence of thermal gradient.

(b) Same as (a), but with ;S also present.

VgﬁST/IVT vs (1 - t). Solid circles représents

experimental data, dashed line has slope of -1,

solid line is (8), fitted at one point.
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