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ABSTRACT OF THE DISSERTATION

Characterizing Excitation Patterns in Cardiac Arrhythmias

by

David Michael Vidmar

Doctor of Philosophy in Physics

University of California, San Diego, 2018

Wouter-Jan Rappel, Chair

Heart rhythm disorders represent a significant global health concern, affecting millions
of people worldwide and serving as a risk factor for heart failure. Despite the prevalence of
these arrhythmias, broadly effective treatments remain elusive. In this work, we present the
cardiac conduction system as an excitable medium whose dynamics can be described with simple
mathematical models. We show that the excitation of this system can become altered through well-
timed stimuli which create persistent rotational activation patterns. We describe the hypothesized
relationship between these patterns and the perpetuation of fibrillation, discussing the fragmenting
state of multi-wavelet reentry as well as the theory of mother rotors. To distinguish between

potential mechanisms, we present results using concepts of phase synchrony to characterize



clinical recordings of fibrillation. Such analysis implies a level of spatiotemporal stability
inconsistent with a mechanism exclusively comprised of chaotic multi-wavelet reentry. Moreover,
we outline a technique to determine continuously updating vector flow fields which align with
the direction of local conduction. We show that this methodology can be used to determine the
source of rotational and focal excitation patterns in an automated fashion, providing a useful
means to interpret otherwise complex spatiotemporal maps. Finally, we describe the spontaneous
termination of fibrillation as a stochastic event, and construct a birth-death Master equation for the
number of spiral tips n during the turbulent state of spiral-defect chaos. Within this framework, we
can infer important statistical quantities related to fibrillation such as the mean number of spiral
tips 71, the quasi-stationary distribution P, and the mean episode duration T. Our results imply
that T scales exponentially with the area A. We derive this scaling law using a WKB approach,
which yields an effective Hamiltonian describing tip density ¢ = n/A and fluctuation momentum
p- This stochastic approach can accurately predict T, even for systems in which a multitude of

episodes cannot be simulated due to prohibitive computational cost.
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Chapter 1

Introduction

1.1 Background

Cardiac arrhythmias occur when the steady propagation of electrical activity across heart
tissue is interrupted and replaced with irregular or altered excitation patterns. These heart rhythm
disorders can be divided into various categories, such as tachycardia, where the heart rate is
sped up, bradycardia, where the heart rate is slowed down, and fibrillation, where the heart rate
becomes chaotic and uncoordinated. Moreover, arrhythmias can occur in either the atria, the
upper chambers of the heart, or the ventricles, the lower chambers (Figure 1.1 A).

To better understand these altered heart rhythms, we first outline the normal process of
conduction in a healthy heart. This process begins spontaneously at the sinoatrial (SA) node,
known as the pace-maker of the heart, which initiates the propagation of electrical activity at a
given rate. This excitation spreads out in a coherent wave across the atria, eventually reaching the
atrioventricular (AV) node. This node works as a gatekeeper and collects the excitation from the
atria. If the atrial excitation is disordered, due to atrial fibrillation (AF) for example, the AV node
will work to block this disorderly state from propagating to the ventricles and causing ventricular

fibrillation (VF). After a delay, the AV node passes this excitation wave on to propagate across



Figure 1.1: Normal conduction across a human heart. Conduction begins at the sinoatrial node
(A), continues across the atria to the atrioventricular node (B and C), and proceeds across the
ventricles (D). This figure has been adapted from Wikipedia Commons: ECG_Principle_fast.gif.

the ventricles. This process is illustrated in Figure 1.1 with excitation shown in red.

The ordered propagation of electrical activity described above is important to the heart’s
function because electrical excitations are responsible for the contraction of heart muscle and
therefore for the effective circulation of blood throughout the body. During fibrillation, the
characteristic mangled excitation patterns can lead to ineffective pumping of blood and can result
in significant and life-threatening health concerns [FRCT06, NTC*08]. Not only do these heart
rhythm disorders present a health risk, but they are also increasingly common worldwide. AF in
particular has seen an increase in prevalence and burden over the past few decadesf CRGM14]. In
a 2010 study on the global epidemiology of AF, for example, it was reported that 33.5 million
patients suffered from this disorder [CHN ™ 13]. As life expectancy continues to rise around the

world, the burden of arrhythmias, which are often progressive disorders, is likely to become



increasingly prominent.

1.2 Excitable Media

In studying abnormal electrical propagation during arrhythmias, it is instructive to view
the heart as one example of a more general class of physical systems known as excitable media.
This class of systems always contains individual components which remain at rest until acted
upon by a stimulus of sufficient strength. Once stimulated, a component is excited for a short
time before returning to its resting state, where it enters a refractory period in which it can no
longer be stimulated. After an initial stimulus these excitations travel in waves across the system.
Other examples of excitable media include diverse phenomenon such as Belousov-Zhabotinsky
reactions, the spread of disease, and the aggregation of slime mold amoebae [TK88].

All excitable systems share important characteristics, allowing them to be described by
qualitatively similar models. Because our goal is to examine electrophysiological systems, we
focus our attention on the generation of action potentials and models of excitable systems derived
therein. One of the first and most important of these models was proposed in 1952 by Alan
Hodgkin and Andrew Huxley to describe the nerve excitations of the squid giant axon [HHS52].
Their work, primarily focused on clever experimental design, implicated ionic mechanisms
as responsible for the generation of action potentials. In particular, their work pointed to the
importance of evolving potential-dependent ion permeabilities in the cell membrane as the culprit
of rapid changes in transmembrane voltage during excitation.

To model the complex electrochemical process resulting in excitation, it is convenient to
describe cell membranes with an analogous circuit [KS10]. This is because the cell membrane
is selectively permeable, allowing certain ions such as Na®™, K™, and Cl~ to pass only through
specific ion channels, thereby maintaining a separation of charge and regulating the potential

difference across the membrane. In this sense, the membrane can be viewed as a capacitor and



a conductor in parallel, with the conductor carrying a total current /;,,,. This gives us the basic

equation for the electrical activity across the cell membrane as

av
Cm E"’Iion:(), (11)

where V is the transmembrane voltage and C,, is the membrane capacitance per unit area.

1.3 Models of Excitable Systems

The dynamics of excitation in cells can now be seen to be described completely by the
ion channel dynamics responsible for /;,,,. As Hodgkin and Huxley found, these currents depend
on voltage and time and, for the squid giant axon, are show to be well described by the simple
form I = g(V —V,,,) where g and V,,, are properties of the specific ion channel and represent
conductance per unit area and the reversal potential, respectively. The Hodgkin-Huxley (HH)
model comprises sodium and potassium currents as well as a group of smaller currents lumped
together to represent the leakage current. This model can then be described by the following
equation

dv

Cm E = —gNa(V —VNa) _gK(V _VK) _gL(V_VL) +Iext7 (12)

where I,; is any external or applied current.

In order for this equation to retain the observed excitatory features we expect in our model,
some of these conductances themselves must be dependent on voltage (and time). These nonlinear
dependences in the HH model were ascertained through a set of voltage clamp experiments which
measured the evolution of individual conductances. In particular, Hodgkin and Huxley introduced
three dimensionless gating variables, n, m, and h. These variables are related to the conductances

as gna = gnalt*, gk = gxnh, and g; = g with g; as the maximum value of conductance for the



i"" ion channel. These gating variables all obey differential equations of the following form:

dx_

= oalV) (1=3)=Bu(V) v, (13

where x is the specific ion channel and o, and [, are rate constant functions which depend on
the voltage and were chosen by Hodgkin and Huxley to match their experimental results. The
HH model, then, is defined by Equation 1.2 together with the set of Equations 1.3 for each
gating variable. This quantitative model can be shown to exhibit the characteristic features of an
excitable system, namely the generation of an action potential in response to an external stimulus.

While the HH model can be made to fit experimental data quite well, it can be advan-
tageous to simplify it in order to inspect and elucidate its key features. By noting that the ion
channel dynamics in the HH model occurred on two distinct time scales, Richard FitzHugh
proposed a simplified two-variable model of excitation in 1961 [Fit61]. This model, named the

FitzHugh-Nagumo (FHN) model, can be described by the following equations

dv V3

Z:V—g—W—FIem (14)
d

d—;”:¢(v+a—bw), (1.5)

where ¢, a, and b are parameters of the model, v is the excitation variable, and w is the recovery
variable.

By reducing the model to only two-variables, this generic system can be studied with
simple phase-plane analysis [Koc04]. In Figure 1.2 we plot the corresponding phase plane of
this system with no external current and with parameters ¢ = 0.08, a = 0.7, and b = 0.8 [Cro87].
From this plot we see an equilibrium point at (v,w) = (—1.20,—0.625), which can be shown
through linearization to be an attractor of the system. If we inject an instantaneous current into

this system, we see two different behaviors depending on the magnitude of the stimulus. If the



Excitation

v

Figure 1.2: Phase plane of the FHN model. Streamlines of the phase portrait are plotted in

blue with the equilibrium point as a black dot. A small stimulus initiates the decay trajectory,

whereas a large stimulus initiates the excitation trajectory, both in red.
stimulus is small, the phase trajectory rapidly returns to its resting state. If, however, the stimulus
is sufficiently large, the phase trajectory follows an excursion whereby v initially increases and
then slowly returns to its resting state. This excitatory behavior is qualitatively similar to action
potential generation, allowing the FHN model to recapitulate generic excitable phenomenon when
specific ionic dynamics are not important.

Chapter 1, in part, is currently being prepared for submission for publication of the

material. Vidmar, David; Rappel, Wouter-Jan. The dissertation author was the primary investigator

and author of this paper.



Chapter 2

Arrhythmias in Computer Models

2.1 Fenton-Karma Model

While the FitzHugh-Nagumo model is a convenient starting point to understand excitabil-
ity, it does not retain certain simple features likely to be relevant to cardiac myocyte cells. In
particular, it does not allow for the different time scales known to be associated with depolariza-
tion and repolarization in cardiac action potentials [DBOO]. In fact, since the pioneering work
of Hodgkin and Huxley, many models have been proposed which focus on detailed descriptions
of the complicated ion channel dynamics of cardiac cells. These are often fit to animal data
and contain many variables, making them very computationally expensive (see [NGN12] for a
comprehensive list).

Because our work is concerned with mesoscopic excitation patterns, rather than micro-
scopic ion dynamics, simplified models which exhibit realistic pattern formation mechanisms are
advantageous to complex ones. We therefore model generic cardiac excitation using the Fenton-
Karma (FK) model [FK98], which includes only three variables, and yet can accurately capture
the restitution properties of more complex models [FCHEOQ2]. It achieves this by including two

ionic gate variables, with one corresponding to a fast time scale and the other to a slow time scale.



The net current in the model is then described by a fast inward current, a slow inward current,

and a slow outward current.

2.2 Initiation of Arrhythmias

Using the FK model of cardiac excitation we can begin to examine the genesis of interest-
ing in silico excitation patterns on simple domains. We begin with a sheet of cardiac myocyte
cells, electrically coupled via gap junctions, and with no flux boundary conditions. The electrical
coupling will allow for the propagation of excitation waves in response to a stimulus, and can be

described by adding a diffusion term to Equation 1.1 yielding
0,V = DV?V — Iy /Cpn, 2.1

where D is a diffusion tensor.

The simplest excitation patterns we can expect from this system are circular or planar
waves, which propagate across tissue and eventually annihilate at a boundary. In principle this
can be viewed as the type of excitation occurring during a normal heart beat, where the sinoatrial
node acts as a periodic stimulus. There are, however, more interesting excitation patterns which
exist as solutions to our model. In particular, excitation in the form of spiral waves can be shown
to propagate indefinitely and have long been hypothesized to play an important role in heart
arrhythmias [WR46, MAS59, ABS73]. Once these spiral waves are initiated, they usually excite
tissue at a higher frequency than the sinoatrial node and therefore become the de-facto pacemaker
of surrounding tissue. In a real heart, then, these high frequency spiral waves would overtake the
sinoatrial node and set the tempo for the ensuing dynamics, marking the advent of an arrhythmia.

Understanding the genesis of these spiral waves informs us of the possible mechanisms
for the initiation of arrhythmias in diseased and healthy hearts. One means of initiating spiral

waves, named the pinwheel experiment, was proposed by Arthur Winfree [Win87] and posits



Figure 2.1: Initiation of a spiral wave in the Fenton-Karma model. (A) shows a snapshot of a
plane wave S| propagating to the right, with a point stimulus S applied during the corresponding
vulnerable window. Transmembrane voltage is shown in grayscale. (B) shows the simulation at
a later time where the stimulus S, cannot conduct to the right due to tissue still in the refractory
period, causing it to rotate around two pivots shown in red. (C) and (D) show the resulting dual
spiral wave pattern created due to this unidirectional conduction block.

that a well-timed pair of stimuli can create a dual spiral wave pattern. This initiation mechanism
in the FK model is shown in Figure 2.1, where we have used the MBR parameter set in [FK98]
with T; = 0.40. Here, a planar wave S is first stimulated at the left side of the domain after
which it propagates to the right. At a later time, a point stimulus S, is applied at the center of the
domain. This stimulus attempts to propagate radially outwards, but cannot propagate across tissue
to the right, which is still in its refractory period. This unidirectional conduction block causes the
stimulus to rotate around two pivots created at the interface between excitable and non-excitable

tissue. As S7 propagates rightward, and the refractoriness with it, the arms of S, find room to



complete a full rotation and continue rotating around their respective cores indefinitely.

This initiation mechanism is insightful because it allows us to understand possible reasons
for the difference in inducibility of arrhythmia between diseased and healthy hearts. As was
described by Winfree, and further explored in simulation [YTW07], the second stimulus S»
in this scenario must reside within a vulnerable window in order to successfully create a pair
of long-lived spiral waves. Certainly this corresponds to the timing between the two stimuli
because if S is too early it will attempt to excite refractory tissue, whereas if it is too late there
is no unidirectional conduction block. However, this window also depends on the intensity of
the stimulus because if the depolarized region corresponding to S, is too small, the two arms
of this stimulus will collide with each other and annihilate before completing a full rotation. It
has therefore been hypothesized that diseased hearts, which more easily induce arrhythmia, may
have cellular properties which make their vulnerable window larger causing them to be more

susceptible to the occasional stimulus creating spiral waves.

2.3 Maintenance of Fibrillation and Pattern Formation

While the aforementioned mechanism can explain the initiation of an arrhythmia, it says
nothing about the ensuing dynamical state. In particular, fibrillation is characterized by a chaotic
state not well described by simple stable excitation patterns alone. Explanations of this chaotic
state most commonly fall into one of two main hypothesized mechanisms. One mechanism
focuses on a form of self-sustaining disorder due to the continual fragmentation of an initiated
spiral wave, whereas a second mechanism involves a region of order surrounded by peripheral
disorganization.

To understand the origins of these theorized mechanisms, we take a historical approach
with focus on work related to understanding atrial fibrillation (AF). Early on it was largely

believed that AF was a result of so-called circus movement reentry, where an excitation wave

10



traversed a rotational circuit created around some anatomical obstacle [Minl3, Lew21]. This
theory explained the difference between atrial flutter, a more organized tachycardia, and AF as a
difference in the size of this rotational circuit. If this circuit is large, the excitation wave extends
comfortably around the circuit with wavefront and waveback well-separated, leading to an orderly
tachycardia. If, however, the circuit is some critical size, the excitation wavefront will follow the

waveback closely, potentially leading to disorder and AF.

2.3.1 Multi-Wavelet Reentry

The theory of circus movement reentry remained predominant until Gordon Moe, skeptical
that such a theory could explain cases of chronic AF which can persist for many months at a time,
proposed a radically different vision of reentry [MAS9]. In his theory, AF was caused not by a
single rotational circuit, but by a multitude of randomly wandering wavelets. These wavelets
fragment and coalesce, continuously generating offspring and creating a state of self-sustaining
turbulence accounting for the disorganization inherent in AF. In this view, such disorganization
occurs homogeneously across tissue, with no regions exhibiting stable or organized excitation.

To expand on this theory of fragmenting excitation waves, termed multi-wavelet reentry
(MWR), Moe proposed a computer model of such a state [MRA64]. He showed that by including
heterogeneous refractory dynamics across the domain, he could induce initiated spiral waves
to breakup into offspring wavelets and create self-sustaining turbulence. This state can also
be initiated in the FK model by tuning the parameters to values which encourage wavebreak.
In Figure 2.2 A we show the results of a simulation using parameter set 3 from [FCHEQ2],
with periodic boundary conditions imposed to allow this turbulent state to persist for extended
periods of time. In this simulation, the cores of rotational wavelets, marked with red dots, wander

randomly around the domain until they are annihilated through collisions.
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Figure 2.2: Simulation of two hypothesized mechanisms of fibrillation. (A) shows a simulation
of multi-wavelet reentry, with transmembrane voltage in grayscale and rotational cores marked
as red dots. Spiral waves continually fragment and traverse tissue in a stochastic fashion. (B)
shows a simulation of a stable spiral wave surrounded by fibrillatory conduction in the periphery.
Tissue in the central domain has parameters which allow for stable spiral patterns, whereas
tissue outside this domain has parameters which generate wavebreak and fibrillatory conduction.

2.3.2 Mother Rotors and Fibrillatory Conduction

As clinical and experimental observations began to point towards underlying order during
AF [DPS192, GPJ98, Jal10], as well as hierarchies of activation frequencies unexplainable by
the uniform disorganization of MWR [MMB™01], a second theory of AF maintenance began
to emerge. In this theory, AF is perpetuated by a localized source, in the form of a stable spiral
wave known as a mother rotor, which drives peripheral disorder. This disorganization occurs
distant to the core of the rotor, whereby the arms of the spiral wave experience wavebreak and
fragmentation as they propagate through heterogeneous tissue. Such peripheral disorder is termed
fibrillatory conduction.

This theory accounts for the observed order during AF, while also explaining the disor-
ganized electrical activity characteristic of fibrillation. We use the FK model to simulate this
mechanism in Figure 2.2 B. Here we have initiated a single spiral wave inside of a central domain
of tissue with parameters allowing for the propagation of stable spiral waves (the MBR parameter

set in [FK98]). Outside of this central domain, which is marked with a red dotted line, we

12



have tissue with parameters set to encourage wavebreak (parameter set 3 from [FCHE(2]). In
this heterogeneous substrate, then, the coherent spiral wave excitation in the central domain
corresponds to the mother rotor, which drives fibrillatory conduction in tissue outside of this
domain.

Chapter 2, in part, is currently being prepared for submission for publication of the
material. Vidmar, David; Rappel, Wouter-Jan. The dissertation author was the primary investigator

and author of this paper.
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Chapter 3

Arrhythmias in Humans

3.1 Optical Mapping

Up to this point we have discussed various excitation patterns which are viable in our
model of arrhythmia. To distinguish between these and elucidate the actual dynamical state
underlying arrhythmia necessitates data. In this chapter we focus on data recorded during
episodes of fibrillation, as it is the most difficult arrhythmia to faithfully record and poses the most
significant risk to patients worldwide. There are two primary means of acquiring data to map the
dynamics of fibrillation, either using potentiometric dyes or spatially-distributed electrodes.

To date, the gold standard in determining and visualizing electrical activity during fib-
rillation is through the use of optical mapping. In this technique, voltage-sensitive dyes are
applied to the heart and recorded with optical sensors throughout induced episodes of fibrillation.
The fluorescence of the dye provides a surrogate for the transmembrane voltage with surprising
accuracy, matching the shape of the underlying action potential [ENS04]. The resulting time
series of fluorescence is then often transformed into phase with each new cycle corresponding to
an excitation event at a given location. Spatial maps of the evolution of this phase can be used

to identify excitation patterns present during fibrillation. Of note, the use of optical mapping
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has revealed the existence of stable rotational excitation patterns during fibrillation in animals

[GPJ98, ZYKBO08, MSC ™00, PDS™93] as well as in explanted human atria [HZC " 15].

3.2 Multipolar Contact Mapping

While optical mapping provides high resolution views of the electrical activity underlying
fibrillation, it requires the use of toxic voltage-sensitive dyes and therefore is not currently viable
in human patients. Clinical mapping of fibrillation must instead be conducted with recordings of
electrograms from spatially-distributed electrodes. Moreover, it is important to observe fibrillation
mechanisms in human patients directly, in addition to those observed in animal models, because
certain electrophysiological characteristics are known to be different among different animals
[BZN17].

One popular means of recording electrograms during clinical fibrillation is through the
use of a 64-pole basket catheter, which is inserted into a chamber of the patient’s heart. This
basket catheter contains eight semi-flexible splines with eight equally spaced electrodes per spline.
Each spline separates to form a spherical shape, pushing against the inner wall of the heart and
creating a grid of 64 electrodes spread out across the chamber. This electrode grid can then be
approximated as a simple 8x8 grid on a two-dimensional domain similar to simulations from the
previous chapter. Fibrillation is then induced, and each electrode records the electrical activity of
nearby tissue. These electrogram recordings can then be analyzed and used to map the ensuing
episode of fibrillation.

The voltage recorded from these electrodes requires processing to be displayed as a
meaningful representation of underlying excitation patterns. This is because the voltage amplitude
can vary significantly between electrograms, owing to regions of scarring and recording artifacts
[UNMT 10]. Further, electrograms represent a weighted sum of electrical activity, and therefore

can be influenced by far-field activity, signal artifacts, and noise. A useful simplified representation
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of these complex electrograms is its set of activation times, which is a set of discrete times marking
the onset of each excitation. These excitations are encoded as sharp deflections in voltage, which

can be determined either manually or through the use of algorithms [NKR12, NKER12].

3.2.1 Phase Synchrony

We can use activation times marked from electrograms to explore the level of order in
clinical arrhythmias as a means of distinguishing between the proposed mechanisms described
in the preceding chapter. In particular, multi-wavelet reentry implies uniform disorganization
whereas a mother rotor with fibrillatory conduction would have regions of tissue controlled by
this rotor which would exhibit coordinated activation. We propose to use a measure of phase

synchrony as a means to explore order and disorder in clinical and simulated fibrillation.

Methodology

To compute the level of phase synchrony between electrodes, we first convert the activation
times from either in silico data or from clinical recordings into phase-time information. This is
achieved by taking the data of an electrode or, in the case of a simulation, a virtual electrode
located within the computational domain, as a periodic event, whereby the activation times mark
the beginning of each new cycle. The activation time is then chosen as the time point where the
phase has increased by 27. Between activations, the phase keeps track of how far along a cycle
each electrode is in time and is obtained using linear interpolation.

In particular, let the activation times for the '’ electrode be given by {tlk tk=1,2,...,N},
where N is the total number of activation times. Then, the phase of electrode i between the k-th

and k + 1-th activation time is defined as:

t—tk
¢i(t):2nm+2n(k—l), <t <l (3.1)

4 1
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Thus, the phase starts at 0 and is advanced by 27 every time the electrode records an activation
event. In order to determine phase synchrony, we are not concerned with a single electrode’s
phase, but instead with the time-evolution of the phase difference between two electrodes. We
can therefore define the time-dependent relative phase between the i* and j electrode as
V;j = n; —mQ;, where n and m are integers. This gives us information about the extent to which
two separate electrodes’ activation dynamics tend to be proceed together in time. If the relative
phase between electrodes remains constant over a given time period, those electrodes are phase
locked and can be said to be synchronized. Note that we are only concerned with how constant
the phase difference is with time, and therefore any global offset in either phase will not affect
our results.

If the signal is purely periodic then this synchronization corresponds quantitatively to
the phase locking condition |n¢; — m¢; — 8| < const, where J is an average (constant) phase
shift. Because our system is inherently noisy, however, ;; fluctuates, resulting in a statistical

distribution of the cyclic relative phase
‘P,‘j = Vij mod 2Tt.

Synchronization corresponds to a peak in this distribution while asynchronous signals result in
a uniform distribution [RPK*01]. For this paper we will only consider 1:1 phase locking, thus
takingn =m = 1.

A useful way to quantify the extent of phase locking in noisy biological systems is to find
the synchronization number 7y of the phases in question. This is defined as the amplitude of the

first Fourier mode of the cyclic relative phase distribution [RPK101]
Vi = (cosW (1) )7 + (sin®(1)i )7, (3.2)

where the brackets denote an average over time. Note that Y= 1 if the two signals are phase-locked
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(corresponding to a single-peaked distribution of the cyclic relative phase) and y = 0 if the two
signals are completely asynchronous (corresponding to a uniform distribution of ‘¥;;).

The inter-electrode synchrony between all M recording electrodes can be quantified using
a network where the nodes correspond to the electrodes and where the connections represent the
level of synchrony. To simplify this analysis we will assume a binary network such that the entries
a;j of the M x M adjacency matrix are either 1 (implying synchronization between electrodes i
and j) or O (corresponding to asynchrony). The values of a;; are determined using a threshold
value, ¥ = 0.95, of the corresponding synchronization number v; ;, with a;; = 1 for y; ; > K. The
synchronization index SI for electrode i is then defined as its normalized degree, namely the

fraction of synchronized connections between that electrode and all other electrodes:

1 M
i£i

.~

In words, the SI of electrode i quantifies the fraction of electrodes with which i remains syn-
chronized with over an extended period of time. Therefore it encodes information about the
spatio-temporal inter-connectedness of activations during AF, and can be used to quantify regions
of tissue which activate together synchronously. In particular, we can easily compute the SI for
all electrodes, and make a spatially distributed SI map for a given window of time. Spatially
contiguous regions with high values of S/, then, imply a region of spatially-extended synchrony.

Note that S7 takes on values between 0 and 1 and depends on both number of synchronized
electrodes and the total number of electrodes. For example, if there is a group of 7 electrodes
synchronized with each other, then each electrode within this group will have 71 — 1 synchronized
connections and a SI value of (i — 1)/(M — 1). Similarly if we have global synchrony over all

electrodes we get SI = 1 for every electrode.
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In Silico Data

Before applying our synchronization analysis to clinical data we examined several activa-
tion time series generated using computational modeling. In a first example, we created a single
dominant spiral wave in a homogeneous domain with no-flux boundary conditions. A snapshot of
this simulation, focusing on the region that contains the spiral tip, is shown in Fig. 3.1A, where
the activation is shown in a gray scale with white corresponding to depolarized (active) and black
corresponding to repolarized (inactive) tissue. In Fig. 3.1B we plot the corresponding S/ map for
the coarse-grained network which reveals a high value for the synchronization index everywhere
except at the location of the spiral wave tip. This is due to the tip meander, shown in white in Fig.
3.1B, which has a spatial scale that is larger than the inter-electrode spacing. As a consequence,
the SI value for the electrodes that include the meander domain is reduced, demonstrating how
our analysis can potentially determine the location of a spiral tip.

In a second simulation we generated timing data for a spiral wave with limited meander
(Fig. 3.1C). As can be seen in Fig. 3.1D, the tip trajectory remains within a domain bordered
by neighboring electrodes. As a result, the SI map (Fig. 3.1D) displays uniformly high value
of synchrony. Thus, these simulations show that the synchronization index is able to identify
coherent domains associated with spatially conserved spiral waves and can locate the spiral tip
only if its meandering path exceeds a minimum spatial scale.

In a third simulation, we simulated a spatially stable spiral wave in a 15cmx15cm tissue
(Fig. 3.1E) that contains two regions with different values of one of the model parameters (see
Ref. [RN13]). The parameter value within a circular coherent domain, with a radius of 6 cm and
centered in the computational domain, was chosen such that a spiral wave remains spatially stable.
Outside this coherent domain, the parameter value was taken such that a spiral wave inherently
breaks down as can be seen in the screenshot of the simulation (Fig. 3.1E). The corresponding S/
map is plotted in Fig. 3.1F and shows a clearly synchronized domain, surrounded by asynchronous

tissue. Importantly, the size of the synchronous region corresponds to the coherent domain of the
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Figure 3.1: Simulated excitation patterns with their corresponding SI maps. (A) Snapshot
of a simulation with a single stable spiral wave. Membrane potential is shown using a gray-
scale. Parameters taken from set #1 in Ref. [FCHEO2], modified to create stable spirals
(t,, =10 and T/ =220). The location of the spiral wave tips is indicated by red dots. (B) The SI
colormap corresponding to A, with red corresponding to highly synchronized electrodes and
blue corresponding to asynchronous electrodes. The tip trajectory is indicated in white. (C)
Snapshot of a simulation containing a spatially conserved spiral wave with only a small meander,
obtained using the MBR parameter set from Ref. [FK98]. (D) The SI colormap corresponding
to C. (E) Snapshot of a simulation in a domain consisting of a central region, harboring a single
stable spiral, surrounded by a region in which this spiral breaks down into irregular, stochastic
dynamics. Parameter values were taken from parameter set #3 in Ref. [FCHEO02] with T, = 40
in the inner and T, = 27 in the outer domain. (F) The SI colormap corresponding to E, which
displays a synchronized central region and an asynchronous outer region. The snapshots and
corresponding SI colormaps have been scaled to emphasize tip meander, with scalebar=1cm
shown in white.

spiral wave.

Clinical Data

To demonstrate the application of our synchronization analysis to clinical data, we begin

by examining an episode of AF in a patient. In Fig. 3.2A we plot the ST map of the left atrium
(LA) of a 65 year old patient for an episode corresponding to AF of duration 2.2 s. A small region

in the center of the field of view displays localized synchrony and is surrounded by asynchronous
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Figure 3.2: SI map of a clinical episode of atrial fibrillation. (A) The SI map displays a
synchronized region in the posterior wall of the left atrium. (B) The corresponding isochronal
map of this patient, with red (blue) corresponding to earliest (latest) activation, shows a complex
activation pattern. (C) The phase as a function of time for 5 electrodes with the organized
domain of A (red lines) and 5 electrodes outside this domain (blue lines). For visualization
purposes, a constant offset is added to each phase.

tissue. The phase as a function of time for the 5 electrodes within this synchronized region
is shown in Fig. 3.2C, along with 5 other nearby electrodes within the asynchronous domain,
as indicated by the light blue border in Fig. 3.2A. For visualization purposes, each phase was
phase-shifted. Clearly, the phases within the synchronous region display 1:1 phase locking such
that their phase difference remains roughly constant. The other phases, in contrast, show multiple
crossings, demonstrating that their phase differences vary significantly, resulting in low values

of ¥; j and a;; = 0. Interestingly, an isochronal map obtained within the same time frame shows

significant variability throughout the domain, as shown in Fig. 3.2B.
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Figure 3.3: Human AF analyses, showing S/ maps at different time intervals during an ablation
procedure. (A) and (B) show this map at different stages of targeted ablation: (A) at onset
and (B) after 46 min. The synchronized region in the posterior LA remains conserved, but has
increased in size.

Another clinical example is provided in Fig. 3.3 where we plot the ST map for different
2.8 s time intervals during an ablation procedure. Fig. 3.3A corresponds to the ST map obtained at
the start of the procedure and shows a synchronized region in the posterior LA. Fig. 3.3B shows a
SI map from data obtained 46 min later. Between these intervals the synchronized region remains
conserved, but has increased in size.

As a final application of our method, we compute the distribution of the fraction of
synchronized electrodes, €2, in patients prior to ablation. To this end, we examined the synchro-
nization network in 24 patients for who bi-atrial electrode recordings were available. We compute
these over a time period of 2.8 s, resulting in 22 RA and 15 LA recordings of sufficient length.
The result of our analysis is shown in Fig. 3.4 and shows that this distribution is broad, containing
patients with only a few synchronized electrodes and patients for which most electrodes are

synchronized. This distribution is inconsistent with the uniform disorganization inherent to MWR,
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while it is compatible with the existence of rotors with peripheral disorganization.
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Figure 3.4: Distribution of the fraction of synchronized electrodes, Q, for 24 patients during
AF. Shown are the distributions of both the LA and RA before any ablation has occurred.

3.2.2 Asynchronous Index

The concept of phase synchrony can also be used to identify electrodes which activate
in an asynchronous fashion with respect to the entire domain. This can be useful to determine
spiral tips, as we see in Fig. 3.1 B where tip meander causes decreased synchrony. To this end
we examine simulated activation data in our computational model as well as clinical activation
data recored during ventricular fibrillation (VF). From these activation times we compute the
time-dependent phase of each region of tissue as described in the previous section. This phase is
then used to compute an asynchronous index (ASI) which quantifies how dynamically out-of-step

a given electrode is with the surrounding tissue.
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Methodology

To determine regions that are dynamically dissimilar to their surroundings, we first
compute the distribution of synchronization numbers across all pairs of electrodes, Yg/opar- For
each electrode i we then compute Y,cq,i» the distribution of synchronization numbers between
this electrode and all other electrodes. We can then define the ASI to quantify the difference
between these two distributions and thus the extent to which electrode i records activation
dynamics which are atypical from the global trend. This ASI uses the Hellinger distance #,
a standard statistical measure of dissimilarity between two distributions that ranges from 0, if
two distributions are equivalent, to 1, if the two distributions are entirely distinct. It can also be
written as v/ 1 — BC, where BC (the Bhattacharyya coefficient) measures the amount of overlap

between two distributions. The ASI is then defined for electrode i as

ASI; = }\fi : }[(’Ylocal,iv’Yglobal)a (3.4)

where A; is a weighting factor equal to the mean synchrony between all nearest neighbors
electrodes. The inclusion of this weighting factor ensures that ASI is only elevated if the
asynchrony is localized in space and therefore some or all of the surrounding tissue is itself
organized.

Note that we are always comparing local to global synchrony with this method and
therefore it has the advantage that it is automatically normalized over different degrees of
organization. Higher positive values of ASI indicate an electrode that displays vastly different
synchrony compared to the global dynamics whereas values close to zero indicate an electrode
that follows the global trend. Furthermore, the value of ASI,,,, encodes information about the

spatio-temporal stability of a given source.
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Figure 3.5: Complex tip trajectories result in asynchronous activation patterns near the region of
meander. (A) Example of a complex tip trajectory (green arrow) and the resulting asynchronous
activation at electrode sites located within (i) or outside (j) the trajectory. (B) and (C) demonstrate
that only the electrodes that are within the tip trajectory will display an elevated ASI level. Here,
the spiral tip trajectory is shown in white while the ASI value at each electrode of the 8x8 grid is
shown using a color scale.

In Silico Data

Our computational models demonstrate that electrical recordings near spiral wave cores
can become asynchronous with neighboring tissue due to spiral wave meander, or precession. Fig.
3.5 A shows a meandering spiral tip trajectory in black, along with electrodes placed within (1)
and outside the spiral tip trajectory (j). As the spiral wave reaches point 1 and travels to point 2,
both electrodes will activate as the depolarization front passes over them. As the rotor revolves
around point 2 and travels to point 3, the activation will only pass over electrode i. From point 3 to
point 4 the activation front will again pass over both electrodes, and the cycle restarts. Counting
up the number of activations per cycle, we see that electrode positioned inside of the spiral tip
trajectory will be activated 3 times. In contrast, the electrode located outside of the trajectory will
only activate 2 times. Thus, this 3:2 activation pattern will cause asynchrony between electrodes
inside the rotor trajectory and those outside, resulting in an elevated value of ASI.

Fig. 3.5 B shows the trajectory of a single simulated spiral wave (white line) that
encompasses only a single electrode. This trajectory is plotted on top of the corresponding ASI

map, computed using a 8x8 virtual electrode grid, in which the ASI value is color-coded with
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Figure 3.6: Simulations of VF dynamics and their corresponding ASI maps. (A) Snapshot
of a simulation involving a stable spiral wave, inside the white dashed region, surrounded by
disorganization. The colormap displays the transmembrane voltage, with warm/cold colors
represent depolarized/ repolarized tissue (spiral tip: white dot). (B) Corresponding ASI map.
(C) Snapshot of a simulation in which the entire domain promotes wavebreak (multi-wavelet
reentry) and corresponding ASI map. Distributions of the synchronization numbers for the
electrodes located at 1 and 2 (A) and 3 (C) as well as the global distributions for the simulation
corresponding to (A) and (C) are also shown (weighting factors: A; = 0.97,A, = 0.98, and
A3 =0.38.

red/blue representing large/small values. As expected, the ASI value is elevated at the electrode
inside the tip trajectory (0.86) but low everywhere else (0.035 +0.002). Changing the length
scale of the spiral wave trajectory or, equivalently, decreasing the inter-electrode distance, results
in more electrodes that lie within the trajectory and a larger region of elevated ASI. This is shown
in Fig. 3.5 C where the tip trajectory, again shown in white, now crosses several electrodes,
leading to a larger asynchronous domain.

The weighting factor A in the definition of ASI, which computes the synchrony of sur-
rounding tissue, increases its specificity for spiral wave cores by decreasing ASI values in areas
of extended asynchrony due, instead, to spiral wave break-up. Fig. 3.6 A shows a snapshot of a

localized spiral wave in the presence of spiral wave break-up. Here, the dashed line indicates the

boundary of the stable domain and the location of the spiral tip is marked by a dot. We constructed
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local and global distributions of synchronization numbers using an 8x8 virtual electrode grid and
computed the ASI map (Fig. 3.6 B) which shows that the electrode within the spiral tip trajectory
has an elevated ASI value while electrodes outside that region exhibit low ASI values. This
result can be understood by examining the distribution of synchronization numbers for electrode
L, Yiocar,1 and located within the tip trajectory, as shown in the right panel, together with the
global distribution of synchronization numbers, Yg/0pas, also shown the right panel. While Yg/0pas
is almost uniform, Yj,¢4,1 i sharply peaked at low synchronization numbers. Thus, these two
distributions are markedly different, resulting in an elevated ASI value of 0.64. In contrast, the
distribution of synchronization numbers for electrode 2, ¥;,cq1 2 located in the organized region
is almost identical to the global distribution, leading to a small ASI value of 0.21. Electrodes
located in the break-up region also record a small value of ASI (0.20 £ 0.05) because they are
surrounded mostly by disorganization, leading to a small weighting factor A.

ASI values are also low in the presence of multi-wavelet reentry. Fig. 3.6 C shows a
snapshot of a simulation of multi-wavelet VF, during which VF is not driven by a source but
self-perpetuates by a continuous break-up of spiral waves. Importantly, since the entire domain is
driven by multi-wavelet reentry Y;,.,; Will be similar at each location and, thus, similar to Ye/opai-
This is shown in the bottom right panel where we plot the distribution of synchronization numbers
at location 3 as well as the global distribution of synchronization numbers. Since each electrode
displays asynchronous behavior, the pre-factor A is also small for each electrode, resulting in all

electrodes recording low ASI values of 0.05 +0.02 (Fig 3.6 D).

Clinical Data

We can also compute ASI in clinical data. An example ASI map of sustained VF in a 56
year old patient, along with Yg;0pa and Yo for the electrode with the largest value of ASI and a
corresponding isochronal map, are shown in Fig. 3.7. Raw electrograms at the site of elevated

ASI, as well as a neighboring site of low ASI, are also provided for comparison. The electrodes
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Figure 3.7: Snapshot of an ASI map during VF. (A) ASI map for the LV of a 56 year old
patient, showing two regions of elevated ASI. The distributions of synchronization numbers for a
single electrode in the elevated ASI region, along with the distribution of global synchronization
numbers, are shown in the left panel. (B) Isochronal map, corresponding to the middle of
the time interval used to compute the ASI map. (C) A sample electrogram trace at the site of
elevated ASI, with activation times marked by the black lines. As expected the activation at this
site is irregular, with varying cycle lengths. (D) A sample electrogram trace at a neighboring
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site with low ASI. The activation at this site is regular, with similar cycle lengths throughout.

with elevated ASI indicate a tissue region that is asynchronous compared to the global level of
synchrony. The isochronal map reveals that this area of asynchrony corresponds to rotational
activity as determined from activation times. Furthermore, this patient was ablated at a region

coincident with this site of elevated ASI and VF was subsequently found to be non-inducible.

3.2.3 Computing Flow Fields

While phase synchrony affords a means of quantitative analysis of both clinical and
simulated episodes of fibrillation, it cannot provide direct information related to the conduction
and propagation of electrical activity across tissue. Spatio-temporal activation maps, for example,

provide a visual means of exploring excitation patterns during fibrillation. These videos of
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electrical activity, however, yield qualitative rather than quantitative insights. It would be advan-
tageous to determine a means of characterizing these excitation patterns in a more quantitative
manner. One way of doing so is by determining the vector flow of conduction across episodes
of fibrillation. This direct quantification of conduction dynamics would afford the possibility to
study how arrhythmias perpetuate and evolve in time across many different patients and episodes.
Furthermore, it could elucidate the relative commonality of rotors as compared to focal sources
(centrifugal excitation patterns) in an objective manner.

Recordings of fibrillation from basket catheters are constrained to spatially sparse electrode
grids, making the computation of the conduction propagation difficult. Moreover, standard
measures of tracking propagation flow have typically been derived for image recordings in
which data is graded in brightness and is available with high spatial resolution. As a result,
flow is often very smooth, moving only a single grid point, or pixel, per timeframe [HS81], a
qualification which is not met with many such bio-electric recordings. Instead, we present a
general methodology to determine and compute a vector field, termed the wavefront flow field,
describing the flow of conduction across a sparse electrode grid. We then apply our method to
unique clinical data recorded during both tachycardia and fibrillation, and present results which
show a strong correspondence to the underlying visual activation maps. We also present simple
measures of rotor activity and focal activity derived from this vector field, and show that this

automated procedure can identify regions of tissue with special clinical relevance.

Methodology

We begin by denoting the activation times for an electrode at coordinate (X,y) as the set z,.
For both in-silico and clinical data these activation times are interpolated to a 29x29 grid before
being used to compute the flow field. These activation times represent a simplified picture of the
underlying conduction dynamics. It is assumed that some number of coherent activation fronts

traverse cardiac tissue throughout these episodes, and therefore if we sufficiently coarse-grain
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our activation times we expect to see contiguous regions of activation. In particular, we set a

time bin o0 = 10 ms and compute our coarse-grained activation times as Ty, = [%1, with rescaled
time referred to as t*. The value of this time bin was chosen visually to optimize the smoothness
of activation fronts, where a significantly smaller time bin leads to rough pixelated fronts and a
significantly larger time bin leads to over-smoothing and the inability to distinguish individual

fronts. These activation times are best described as an activation front defined by

1, ift* € Ty
D(x,y,1") = (3.5)

0, otherwise.
In words, the activation front is 1 if there is an activation at point (x,y) and at (rescaled) time
t*, and O otherwise. This activation front is then convolved with a Gaussian Kernel for spatial
smoothing, and displayed as an activation map (see Figure 3.8).

To track the flow of the activation fronts in time, we utilize their spatial gradient 63 as a
marker in order to infer the direction of their subsequent motion. For a given time t* we compute
both V,@(¢*) and V,®(¢* + 1) across the entire domain. We call the activation wavefront the
set of points where Wsd)] > (0 and define the instantaneous flow vector for each wavefront point
i at time ¢* as the normalized vector pointing from i to some point j obeying the optimization

condition
minimize mag{ [V ®(1*)]; — [V, (" + 1)]j}
! (3.6)
subjectto || < R",
where 7;; is the vector pointing from i to j and R* is a set parameter defining the maximum
possible translation per unit time.
In words, for each point i along the wavefront at a given time we search within a disk of

radius R* for the point j at the next time step which exhibits the most similar gradient vector. We

assume that the point i on the wavefront has traveled towards this point j during this time step and
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Figure 3.8: A schematic of the wavefront gradient matching procedure on clinical data. A.
Snapshot at time #; of an activation front ® in red. The white arrows represent the negative
gradient vector at the blue points. B. Snapshot at a later time #, of the same activation front in
gray. The instantaneous flow field at each blue point is determined by finding the point along this
activation front which has the most similar negative gradient vector. These points are indicated
by the circle. C. Resulting instantaneous flow vectors for the blue points in A, obtained by
drawing the vector connecting these points to the circled points in B. Similar to above, the red
activation front occurs at time #; and the gray front occurs at a later time #,.

mark this motion with the instantaneous flow vector. This approach is outlined on two successive
snapshots of a sample clinical dataset in Figure 3.8 A and B, with sample points i shown as blue
dots. The activation front, smoothed by a Gaussian kernel, is shown for the two successive time
points and the negative gradient vectors at the blue dots are shown as white arrows. These vectors
are also displayed for the subsequent activation front in B and the ones that match best with
the vectors at the blue dots in A are circled. The instantaneous flow vector is then obtained by
drawing a vector connecting the blue dot to the location of the best match, as shown in C.

As a final step, we compute this instantaneous flow field across a window of time, sum

together these vectors, and apply smoothing filters to get a net wavefront flow field ‘f’(x, y)
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representing the consistent flow of conduction throughout this time period. To display a time-
dependent flow field we compute this with a sliding window across our episode and interpolate
through time.

We now wish to mark regions of increased rotational and focal activity from a given field
‘i‘(x, y) using measures of vorticity and divergence. Rather than using the standard vector curl
and divergence, which compute infinitesimal rotation and focality, we want to define contiguous
regions of rotational activity with a coherent spatial domain. Furthermore, rotors are expected to
have some meander in space and therefore the core of rotation may cover multiple points in space.

For the purposes of quantifying rotor and focal sources on our sparse grid, we define vorticity Q

and divergence A at a point i as

0=y 2% (3.7)
57\&]35, |ri]|
and
1l ¥
A= — J (3.8)
9\&; 737

— |

oo o e A .. L7
where 7;; is the vector pointing from i to j, A; is the normalizing factor ), j ﬁ, ®;; is the tangent
ij

vector to 7;;, and 71;; is the normal vector to 7;;. The factor %‘2 acts as a weighting factor to assign
)
decreasing importance to points further away from i and the numerator computes the alignment

of the flow field and either the rotational circuit ® or the divergent circuit 7.

In Silico Data

To verify that our methodology can pick up relevant activation patterns we first compute
the flow field ¥ for in-silico data of a rotor and a focal source in Figure 3.9. The top four panels
show the analysis on our simulated rotor, with the vorticity map clearly showing elevation at
the center of the rotor core and streamlines of the flow field (green) tracking the propagation of
the activation front & (grayscale). Similarly, the bottom four panels show the analysis on our

simulated focal source, with the divergence map showing clear elevation at the site of the focal
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Figure 3.9: Flow field analysis of a simulated rotor (top) and focal source (bottom). A. The
vorticity map records a significant elevation at the rotor core. B. The divergence map records a
significant elevation at the site of the focal source. The right panels represent screenshots of the
activation front at consecutive times throughout the recording, with streamlines of the flow field
plotted in green.

source and the flow field tracking the motion.

It is worth noting here that while the divergence at the focal site reaches near unity, the
vorticity at the rotor core is below unity. This can be attributed to the fact that rotors are expected
to have some centrifugal component of motion as well as a rotational component. This is apparent
when examining the simplified scenario of conduction on a homogeneous slab of tissue with
the rotor’s wavefront approximated as an archimedean spiral r = 8!/ where n is a parameter
controlling how tightly wound the spiral is. In this simple case, the conduction should flow along
the normal to the wavefront given by N = [1+ (n]_e)z] 12 n]_e [1+ (,}—9)2} ~/2§. From this
we find that the fraction of motion which is rotational is given by ﬁ. The conduction flow,
therefore, will become more centrifugal and less rotational as @ — oo, whereas near the core we
still have a significant rotational component as can be seen in the flow fields in Figure 3.9. The
winding parameter » in human fibrillation is unknown, so we must conclude that while vorticity

should be elevated at a rotor core it may not be expected to reach unity even in the ideal case of a
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single rotor controlling the entire domain.

Clinical Data

To show how our flow field analysis can elucidate the conduction dynamics underlying
heart rhythm disorders we apply this methodology to clinical data recorded from patients experi-
encing two common arrhythmias. First, we examine an episode of tachycardia in the left atrium
of a patient in Figure 3.10. The left panels shows the flow field ¥ plotted on top of a vorticity map
for two different intervals during this episode, revealing a clear stable dual rotor activation pattern
early transitioning to a single stable rotor. The panels on the right show consecutive snapshots of
the activation front and streamlines of the flow field during each interval, with red dots marking
the local maxima/minima of vorticity above an arbitrary threshold. Visual inspection of these
frames validate the existence of this dual rotor pattern.

We also examine an episode of fibrillation occurring in the left ventricle of a 72 year old
patient in Figure 3.11. This patient was enrolled for a ventricular ablation procedure, whereby
fibrillation was induced, mapped, and subsequently ablated. Immediately after induction, de-
fibrillators were charged and used to terminate fibrillation once charging was complete during
which electrograms were recorded. Our flow field analysis revealed that this episode of fibrilla-
tion exhibited a focal source early after induction (Figure 3.11, top). A few seconds later, the
conduction pattern changes to mostly planar activation (Figure 4, middle). Finally, near the end of
this episode a dual rotor pattern appears and meanders to the top right corner (Figure 4, bottom).
Similar to above, left panels show the flow field W on top of either divergence or vorticity maps
for each observed pattern. Right panels show snapshots of activation and flow fields, with the
blue dots marking the local maxima of divergence and red dots marking the local maxima/minima

of vorticity.
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Figure 3.10: Flow field analysis during two intervals of a clinical episode of atrial tachycardia.
A clear dual rotor pattern is seen in the vorticity map (top left) transitioning to a single rotor
(bottom left). Corresponding activation maps (right), with streamlines of the flow field plotted

in green and the local maxima/minima of vorticity above an arbitrary threshold marked as a red
dot. The flow field W is plotted on top of the vorticity map.
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Figure 3.11: Flow field analysis during three intervals of a clinical episode of ventricular
fibrillation. A focal source is seen early in the episode, with a clear region of elevated divergence
shown in the divergence map (top left). Later in the episode, planar activation transitions to a
dual rotor pattern, as can be seen in the vorticity map (bottom left). The flow field ¥ is plotted on
top of all maps. The corresponding activation maps are also shown to the right, with streamlines
of the flow field plotted in green, the local maxima of the divergence marked as a blue dot, and
the local maxima/minima of the vorticity marked as a red dot.
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3.2.4 Determining Phase from Electrograms

The preceding sections have described various analyses of clinical arrhythmias using
discrete activation time data. It is not always trivial to mark such activation times, necessitating
involved algorithms which are often proprietary. Moreover, various signal artifacts such as
far-field effects, recording noise, and signal contamination from the ventricles can lead to poten-
tially ambiguous deflections. Methods of analysis focused on analyzing the raw electrograms
themselves can be desirable. While signal artifacts and variation of signal amplitude make the
interpretation of raw voltage maps untenable, there exist simple ways of inferring phase from
noisy and complex signals. Phase maps, instead of voltage maps, can then be useful for exploring

excitation patterns in clinical arrhythmias.

Hilbert Transform and Phase Singularities

To create meaningful phase maps from electrogram data we must compute a time series
of instantaneous phase ¢(z) for each electrogram which should range from 0 to 27, with each
activation event resetting the phase back to zero. Assuming our electrogram signal x(¢) represents

the periodic activation of tissue, we can compute this phase by first applying the Hilbert transform

H()() = © / " x(mdt (3.9)

This transform gives a real-valued signal which is effectively phase-shifted by 7/2. This can be
used to construct the so-called analytic signal, which is a complex-valued function with the real
part equal to the input signal and the complex part equal to the transformed signal. The phase
0(¢) is then computed as the angle of this analytic signal.

Once phase has been computed for each electrogram, spatio-temporal phase maps can be
visualized and used to observe excitation patterns. These spatial maps of phase will be primarily

smooth, except at points of phase singularity which correspond to the core of rotational excitation
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Figure 3.12: Phase map of a clinical episode of atrial fibrillation reveals a dual rotor pattern.
Phase singularities are shown as dots, with blue representing clockwise rotation and green
representing counter-clockwise rotation.

patterns [BLA101]. A useful means of identifying such phase singularities is by computing the

topological charge as

n = %W)wﬁ, (3.10)

with the contour taken around various points across the phase map. This topological charge will
either be equal to zero, if it encloses no singularities, or will be £27 if encloses a phase singularity,
with the sign indicating the direction of rotation. These phase singularities can then be used to

identify rotor cores, though they are particularly susceptible to false positives [KZvH17].

Sinusoidal Recomposition

While using the Hilbert transform to compute phase directly from noisy electrogram data
is in principle viable, it is particularly sensitive to the morphological complexities and signal

artifacts often present in such data. It is therefore recommended to first simplify the electrogram
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signal through use of filtering and signal reconstruction before applying the Hilbert transform to
compute phase. One recent methodology proposed to simplify electrogram signals uses a principle
of sinusoidal reconstruction [KZM™15]. This approach is based on the idea that activation events
should generally occur when the signal exhibits a large negative slope. As such, the approach
consists of reconstructing the signal as a sum of single-period sinusoidal wavelets, with each
wavelet having an amplitude equal to the negative slope of the signal at that point (positive slopes
are set to zero). The period of these wavelets is determined through Fourier analysis to correspond
with the dominant frequency of the signal. A snapshot of a phase map computed during a clinical
episode of fibrillation using this method is shown in Figure 3.12, which reveals a clear dual rotor
pattern. The analytic signal is interpolated to a fine grid and phase singularities are computed

from the topological charge and marked as dots.

3.3 Treatment Options

To this point we have focused on analyzing episodes of arrhythmia with quantitative
measures to elucidate underlying excitation patterns. Understanding these patterns is important
because they point to the mechanisms perpetuating dangerous arrhythmias such as fibrillation,
potentially allowing for targeted therapeutic approaches. As context, we briefly describe the
current standard of care for AF and discuss therapeutic options using mapping to target AF
drivers.

The first approach to treating heart rhythm disorders is often antiarrhythmic drugs. The
success rate of such drugs, however, remains poor [SCC"07]. If arrhythmia persists after
attempted pharmacological intervention, a common next approach is catheter ablation. This semi-
invasive procedure consists of a catheter inserted into the patient’s heart which uses radiofrequency
energy to scar problematic regions of tissue. The current standard ablation routine is known

as pulmonary vein isolation (PVI), where tissue surrounding the pulmonary veins is scarred in
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attempt to eliminate AF triggers that are believed to originate there [HIST98]. This routine has
shown moderate, though sub-optimal, success rates [VIBT15].

A recent treatment approach attempts to improve success rates by targeting each ablation
procedure to patient-specific drivers of AF [NKR12], in the form of rotors or focal sources.
These drivers are identified from spatio-temporal maps of induced AF, with ablation being
targeted to the core of either the rotor or focal source in attempt to eliminate regions of tissue
harboring AF drivers. Such procedures, often in combination with PVI, have reported high success
rates [NKST12, TDM*15, SKR*16, MKD"17, SKR*17]. While many early reports were
positive, some recent studies have also reported poor success rates [BSTT16, SSB*17, BGICT17].
Randomized clinical trials are currently being conducted to clarify these discrepant results.

Chapter 3, in part, is a reprint of the material as it appears in (1) the American Journal
of Physiology-Heart and Circulatory Physiology 2015, 309(12), H2118-H2126. Vidmar, David;
Narayan, Sanjiv; Rappel, Wouter-Jan. (i1) Physical Review E 2016, 94(5), 050401. Vidmar, David;
Narayan, Sanjiv; Krummen, David; Rappel, Wouter-Jan. (iii) JACC: Clinical Electrophysiology
2017, 3(12), 1437-1446. Vidmar, David; Krummen, David; Hayase, Justin; Narayan, Sanjiv; Ho,
Gordon; Rappel, Wouter-Jan. The dissertation author was the primary investigator and author of

these papers.
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Chapter 4

Stochastic Dynamics of Fibrillation

While stable spiral waves have been targeted for localized ablation treatments, AF ter-
mination following targeted ablation is not always instantaneous and can take minutes to days
[SKR"16]. In addition, many patients experience intermittent AF episodes of variable duration,
illustrating that AF can terminate spontaneously. This points towards a turbulent state of spiral
defect chaos (SDC) perpetuating AF after the removal of stable sources, similar to multi-wavelet
reentry described earlier.

SDC will persist until the last spiral wave is terminated, with its duration representing
a stochastic event. Critical in AF management and therapy is thus the mean episode duration
T which is a statistical measure of the average time of reversal to normal sinus rhythm. The
ability to infer T from some observables of our system, particularly in the presence of different
lesion sets, can be an important step towards more efficient AF therapies [RDJT07, MVB'12].
Unfortunately, determining T through direct simulations of cardiac models is challenging because
a statistically significant determination of this stochastic quantity requires the time-consuming
task of simulating a multitude of episodes. This becomes even more problematic for large
geometry sizes since T increases sharply as a function of the system size [Qu06].

In this section we develop a statistical description of the number of spiral tips as a function
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of time, treating the termination of fibrillation as a stochastic process. Specifically, we quantify
the birth and death rates of spiral waves using a limited set of direct numerical simulations. Once
these rates are determined, we describe the dynamics of fibrillation with a master equation, which
we solve using a number of techniques, exact and approximate, from the fields of theoretical

ecology and population dynamics.

4.1 Spiral Defect Chaos and the Critical Mass Hypothesis

The turbulent state of SDC is described by the continual fragmentation and collision of
spiral tips, with fragmentation increasing the number of tips and collisions decreasing the number
of tips. The total number of spiral tips n evolves stochastically over time due to these competing
mechanisms. In the short term, this system will reach a metastable state with fluctuations around
a mean number of spiral tips 7. Over large time scales, however, the population of spiral tips
will inevitably become extinct, as an unlikely succession of annihilations will eventually cause
termination.

This mechanism not only explains the diversity in observed episode durations of fibrilla-
tion, it is consistent with the so-called critical mass hypothesis [Gar14]. Based upon observations
of fibrillation in animals, this hypothesis states that fibrillation can only be sustained in hearts
larger than some critical size. This theory formed the rationale behind the surgical Cox-Maze
procedure, during which the atria is subdivided into small compartments by a set of incisions
[CSD*91] and which has shown good success rates in eliminating AF [GSBT05]. From a
stochastic point of view, this hypothesis makes sense because with less tissue for the wavelets to
traverse, collisions are increasingly likely which will cause the mean episode duration to become

negligible.
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4.2 Population Dynamics

The question of determining the mean time to the extinction of metastable populations has
been previously studied in the context of theoretical ecology [OM10]. Similar to these ecological
models of the extinction of species, termination of fibrillation can be viewed as the extinction
of the population of spiral tips. As such, SDC is effectively described by the state variable n,
whose evolution to zero corresponds to termination. We provide a brief overview of stochastic
population dynamics here, focusing on general discrete birth-death processes (for a more detailed

background see [Ass10]).

4.2.1 Discreteness Matters

It is tempting to view the dynamics of large stochastic populations solely in the mean-
field limit, where we examine average densities in a continuum and can ignore fluctuations. The
intuition, however, that these continuum systems will provide meaningful insights into the discrete
systems of which we are concerned is not always true. It turns out that the discreteness of these
populations matters when discussing dynamics, and can lead to profound departures from results
in the mean field limit.

To illustrate this, we follow [KRBN10] and examine the simple system of an initial
particle which generates an offspring particle at constant rate A. Each offspring particle also
generates its own offspring at the same rate. In the continuum limit, we would be concerned with
the mean number of particles as a function of time which evolves as % = M. Solving this we
get exponential growth of the mean number of particles, i1 = M. In this formulation we have, of
course, assumed fluctuations are small and can be ignored.

In order to include the discreteness and stochasticity of this system, we must examine
the so-called master equation in full. The master equation describes the time evolution of the

probability distribution of our state variable, denoted P,(t), in terms of transition rates between
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states. For this simple system, the master equation is given by

dP,
dt

:k[(n—l)Pn,l—nPn], 4.1)

where the first term on the right-hand side represents the probability of transitioning into an n
state from an n — 1 state and the second term represents the probability of transitioning out of an
n state to an n+ 1 state.

Equation 4.1 can be solved by employing an ansatz solution of the form P, = (1 —a)a"!,
with initial condition a(0) = 0 corresponding to our initial condition of a single particle. Plugging
this ansatz into our master equation and solving we get P,(t) = e ™™ [1- e‘“}nil. Solving

for the mean particle number we do indeed get 7 = eM

, consistent with the simple mean-field
approach. When examining the standard deviation of n, however, this concordance breaks down.
In particular, now that we take into account fluctuations arising from the discreteness of particles
we see that the deviation is of leading order ¢ ~ 77, implying that the fluctuations in this system
are in fact quite large and increase exponentially with time. Ignoring these large fluctuations is
likely to lead to problems.

Many systems of stochastic populations involve not only birth events, but also death
events through either pure chance or interactions such as collisions. Such systems present
another problem in the mean-field limit described above because these competing birth and death
processes can potentially lead to a state where the birth rate is equal to the death rate. In the
continuum limit, this is a state of equilibrium and the mean number of particles will remain in this
equilibrium state forever. In reality, however, the population has a nonzero chance of becoming
extinct through a succession of deaths, which is described as an absorbing state. Once entering
this absorbing state the population remains extinct forever, a feature not described at all in the

mean field limit. Moreover in many systems this extinction is a certainty, meaning that as time

goes to infinity the mean number of tips eventually decays to zero, in contradiction with the
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continuum result. Therefore, to treat stochastic populations with the potential for extinction one
must start from the master equation in full.
For a general class of birth-death processes, where transition rates W, change the state

variable by r, we have a master equation of the form

dp,

) [Wr(n )Py — W(n)Py). (4.2)

Extinction corresponds to the condition W,(0) = 0 and to demand the population remain positive
we require W,.(n < —r) = 0. We restrict ourselves to exploring systems which exhibit a long lived

metastable state and which have unit probability to eventually become extinct.

4.2.2 Single-Step Birth Death Processes

While a closed-form solution for Equation 4.2 does not exist in general, in the case of
a single-step process certain exact solutions can be achieved. In such systems experiencing a
metastable state, the birth rate exceeds the death rate at small n, whereas at large n the death
rate exceeds the birth rate. In the absence of an absorbing state, this system would converge

to a nontrivial stationary distribution described by delS") = 0. Due to the absorbing state at

n = 0, however, this stationary distribution will just be a delta function around zero. This system
will, however, converge to a so-called quasi-stationary distribution Pys(n) in the interim, defined

for values of n > 0, which will decay to zero through the W_;(1) rate. This quasi-stationary

distribution can be determined from Equation 4.2 by setting dPZ;t(") = 0 and ignoring W_; (1),
resulting in
S Wii(z—1)
Ps(n) = Py(1 —_ (4.3)

where Py (1) is found from the normalization condition Y| Pys(n) = 1.
Another quantity of interest for this system is the mean time to extinction given »n starting

particles, 7,,, which for our single-step process can also be determined exactly. We begin by
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breaking the mean time to extinction up into two parts as T;, = To—evenr + Tevent—sextinctions COTTE-
sponding to the mean time to the first transition event and the mean time from the first transition to
extinction. The mean time to the first transition will be given by [W_;(n) +W,.1(n)] ! whereas
the time from that transition to extinction depends on which transition event occurred. The mean
time from transition to extinction, then, will be given by p(W,.1)T,,+1 + p(W-1)T,—; with each

probability determined as p(W,) = W,/ ¥, W,. After some algebra this yields

Wit (n) [Tt — T) +Woi(n) [Ty — T, = —1, (4.4)
with boundary condition 7y = 0. By defining ¢(x) = [T;_; wﬁg , this equation can be shown to

give the following general solution [Gar09]

n

> 1
= Lo=D X om0 #5)

with ¢(0) = 1. While this solution will, in general, depend on the initial number of particles n,
systems with a long-lived metastable state can be well-approximated as being independent of

initial conditions due to a rapid saturation of 7;, at n > 1 [DSS05].

4.2.3 Multi-Step Birth Death Processes

An exact solution of Equation 4.2 for multi-step processes is generally not possible
because detailed balance is not satisfied. We can make progress, however, by accounting for the
fluctuations present in these systems. For small fluctuations, this is traditionally performed via the
van Kampen system size expansion about the mean field solution, which yields a Fokker-Planck
equation. To analyze the extinction dynamics of a stochastic population, however, this small
fluctuation approximation turns out to be inadequate because it does not account for fluctuations

large enough to bring about such extinction [KS07]. In order to account for the large fluctuations
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inherent to stochastic populations, we can instead apply a WKB approximation to our master
equation so long as our system size A is sufficiently large [KMK73]. We further assume that the
transition rates for our population can be rewritten in van Kampen canonical form W, (n) = Aw,(q),

with density ¢ = n/A.

WKB Approach

The WKB approach begins by assuming the shape function of the quasi-stationary dis-

AS(q)

tribution has the form Py(q) o< e~ , where S(g) is the action. Plugging this into the master

equation allows us to write, to leading order, the following effective Hamiltonian for our system:

H(q,p) =Y wi(q)(e” —1), (4.6)

with p = §'(q) representing a momentum term associated with fluctuations. This Hamiltonian
exhibits a single nonzero activation trajectory p,(q) satisfying H(q, p,) = 0, which is responsible
for the fast WKB mode. The fast-mode solution dominates the quasi-stationary distribution,

which is derived in Assaf and Meerson [AM10]. After some simplification, this results in

) o[ [ (aps+ BT

where gq corresponds to the attracting fixed point of the deterministic (p = 0) rate equation given

by ¢ = Hp(QOa())-
This quasi-stationary distribution can be related to the mean time to extinction T as
11 =Y, oW_,(—7r) Pys(—r). Because the WKB result for P, breaks down at O(1), however,

we need to find the exact form of the quasi-stationary distribution at small n directly from the
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master equation. This can be found, up to a constant, by solving the following recursion relation

Y [We(n—r) Pys(n—r) = Wy(n) Pys(n)] = 0. (4.8)

r

By matching the asymptote of the small-n solution derived from the recursion relation above with
the appropriate asymptote of the WKB solution we can then fully determine the mean time to

extinction.

Random Walk Approach

The WKB approximation utilized above is a powerful tool to understand extinction
dynamics of a given stochastic system. If a functional form of the transition rates W, is not simple,
however, this analysis becomes cumbersome. If we only want to determine the mean time to
extinction T, a simple approach is to represent the population dynamics as a random walk on a
directed network. The nodes of this network represent the states n of our system, corresponding
to the number of particles, and each edge is weighted by the transition probability between states.
Note that this includes a probability that n transitions to itself as Wy(n) = 1 — X, oW, (n).

The adjacency matrix for this network is given by ®;; = W, j_ni(ni). In order to allow for
computation on this matrix it should be finite, and therefore we must set a (large) cutoff N* as
a maximum allowed population. To ensure that probabilities sum to unity, any rates for W, -
must be set to zero. We can now represent the dynamics of our system as a random walk on this
network, starting from some initial node ny. The probability of the walker to traverse a given
edge is given by its weight and extinction occurs when the walker reaches the absorbing node
n = 0. Determining the mean time to extinction now corresponds to computing the mean first
passage time of a random walk from ng to this absorbing node.

To compute this mean first passage time, we follow the derivation outlined in [New10]

and denote the probability that a random walker is at the absorbing node at any given time as
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Py(t). This also amounts to the probability that the first passage time occurred at or before time 7,
allowing us to write the probability that the first passage time is at 7 exactly as Py(t) — Po(t — 1).

The mean time to extinction is then given as

T= it[Po(t)—Po(t—l)]. 4.9)
=0

In order to solve this equation, we must find a relation for Py(¢). We begin by noting that
once a walker is at the absorbing node, it has no chance of leaving. This implies that wg; = O for

all nodes j. Further, the probability of being at any node a time ¢ is given by
Pi(t) =Y w;iP(t—1) =Y o;Pi(t—1). (4.10)
i i#0
If we note that for all nodes j # 0 we also have no terms with ®,y, we can remove the row and

column corresponding to node O entirely. This allows us to write this as a matrix equation
P.(t) =P.(t—1)o,, (4.11)

where P, is a row vector of p; with the 0" element removed and w, is the weighted adjacency
matrix with its 0’ column and row removed.

We can now iterate this result back in time, and we get the following relation
P.(t) =P.(0)n,". (4.12)

The only probability that this equation does not give us is that of po(¢), which can therefore infer
by imposing the constraint that the walker must be at some node at any given time X;p;(¢) = 1.
This gives us

Po(t) =1=Y P(t) =1—P,(t)e, (4.13)
i£0
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where e is a column vector of ones.

Plugging the above equation into Equation 4.13 and simplifying, we get

T= it[P*(t—l) —P.(t)]e =P, (0)[I— o, e, (4.14)
t=0

where we have used the fact that

(o)

Y -MY) =1-m) L (4.15)
t=0

The row vector P, (0) here only acts to pick out a mean time to extinction for a given initial state

from our full vector . This result can therefore be more generally represented as
To = [ — o, e, (4.16)

where T, represents a column vector signifying the mean time to extinction from all possible

initial conditions.

4.3 Stochastic Model of Termination

We now apply these general techniques from population dynamics to analyze the state
of turbulent SDC hypothesized to play an important role in cardiac fibrillation. In particular,
we are interested in the mean episode duration T of SDC, which is analogous to the mean time
to extinction discussed above. We begin by treating the number of spiral tips n as a stochastic
quantity and casting its birth-death process into a master equation. This equation describes the
probability P(n,t) of having n spiral tips at time ¢ and is given by the generic master equation for
birth-death processes Eq. 4.2. Here, W, denote the transition rates for the number of spiral tips

to change by r tips and can be computed directly from simulations. Since tips are created and
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annihilated either as pairs or as singlets, we only need to consider r = +1,42. As a boundary
condition we take n = 0 to be absorbing such that W,(0) = 0 and W_5(1) = 0. Once the rates
are known, we can construct a transition matrix which can be used to compute T at minimal
computational cost [New10].

For large n, the death rate will exceed the birth rate since tips will have a high probability
of colliding. As a result, the number of spiral tips does not grow to very large numbers. If for
small n the birth rate is larger than the death rate, then a long-lived metastable state exists with a
corresponding quasi-stationary distribution P,s(n) and mean number of tips 7. In this state, the
number of tips fluctuates around this average value for prolonged periods of time and the mean
episode duration can be computed using 1/t =Y., W;-(—r)Pys(—r). Termination only occurs
during rare escape events, corresponding to a large fluctuation away from the mean number of tips.
As a consequence, standard equilibrium statistical physics approaches based on small fluctuations
do not apply [AM10, DSS05]. Instead, techniques from non-equilibrium statistical physics must

be invoked to determine statistical quantities corresponding to extinction, including 7.

4.3.1 Spiral Defect Chaos Simulations

To illustrate our stochastic approach to quantifying termination dynamics, we carry
out simulations of SDC using electrophysiological models. The simulations use the standard
reaction-diffusion equation:

0,V =DV?*V —Zlipn/Cpn (4.17)

where V is the transmembrane potential, C;, (uFcm™?) is the membrane capacitance and DV?
expresses the inter-cellular coupling via gap junctions. We perform these simulations in square
two-dimensional computational domains although our approach can be equally well applied
in more complex geometries. As boundary conditions, we consider both non-conducting and

periodic boundaries, and we vary the area of the computational domain, which is equivalent to
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Figure 4.1: Direct numerical simulations provide statistics of spiral tip dynamics. A. Snapshot
of a simulation of the LR model in a 7.5x7.5 cm computational domain with period boundaries.
The voltage is represented using a color code with red (blue) corresponding to depolarized
(repolarized) tissue. The location of the tips of counter- and clockwise rotation spiral waves are
shown in black and white, respectively. (scale bar: 1cm) B. Typical time trace of the number
of spiral tip pairs. For this particular simulation, spiral tips spontaneously extinguished after
8.3 s. C. Distribution of termination times for the direct simulations (symbols, computed using
400 termination events) and the master equation (solid line, computed using 10000 termination
events).

varying the diffusion constant D while keeping the area constant. The membrane currents in
the electrophysiological model are denoted by /;,,, which are governed by nonlinear evolution
equations coupled to V. For our purposes, the precise form of [, is not important and we present
results using the detailed Luo-Rudy (LR) model [LR91].

Starting with a random initial condition that contains multiple spiral waves, we solve
Eq. 4.17 and keep track of the number of spiral tips using a standard algorithm (Fig. 4.1A)
[FK98]. The number of tips fluctuates and the simulation ends after time 7, when the number of
spiral tips reaches O (Fig. 4.1B). We can compute the distribution of these termination times by
repeating the simulations many times, starting with different and independent initial conditions.
Our simulations reveal that this distribution is exponentially distributed, indicating that spiral

wave termination can be well described as a Poisson process (Fig. 4.1C).

Next, we compute the birth and death rates as a function of the number of tips n using
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different domain sizes by quantifying the number of transitions per time interval (Fig. 4.2A-D).
As a consistency check, we can use these rates to compute the distribution of termination times
using the Gillespie algorithm [Gil77]. As expected, this distribution is exponentially distributed
and agrees well with the one computed using direction simulations (Fig. 4.1C). Examining the
computed rates, we see that W_; depends linearly on the number of spiral tips for all domain sizes
(Fig. 4.2A). The remaining rates, however, show a more complex dependence on the number
of tips, indicating the existence of non-trivial long-range interactions between spiral tips (Fig.
4.2B-D). As a result, the rate curves are not easily fit by simple rational functions. Moreover, only
rates computed based on a minimum number of transitions (here chosen to be 100) are considered.
As a consequence, rates for values of n recording too few transition events are not computed.
This is particularly relevant for large areas where small n rates often can not be included because
they do not record enough events. Therefore, we employ a smoothing spline fit to the data to
determine rates corresponding to transition events with less than the minimum number.
Importantly, we find that at large A all rates collapse onto a single curve when plotted
as a function of the density ¢ = n/A. Specifically, the Wy rates scale with the perimeter L as
Wy (n) ~ L (Fig. 4.2E) while the W4, rates are found to scale with the area as Wi,(n) ~ A
(Fig. 4.2F). Note that the observed linear scaling of W_; with L implies that the death rate is
proportional with length of the non-conducting boundary and that creating ablation lesions will

increase this rate.

4.3.2 First Passage Statistics

Once the transition rates are determined, it is straightforward to compute the quasi-
stationary distribution Pys(n) using the transition matrix at minimal computational cost (Fig.
4.3A and B) [New10]. For small domains, this can be carried out using the rates obtained in
the simulations while for larger domains, we can use the interpolated rates. As the domain size

increases, the distribution shifts to larger values of n, and becomes more symmetric around the
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Figure 4.2: Transition rates computed using direct simulations. The birth and death rates for
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of various sizes with non-conducting boundaries. Error bars represent standard deviation. E:
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q =n/A. F: The W, rates, normalized by the area of the domain, as a function of the density of
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Figure 4.3: Dependence of spiral tip dynamics on the domain size. A and B. The quasi-
stationary distribution for periodic (A) and non-conducting boundary conditions (B) using
different domain sizes as computed using the transition matrix. The symbols show the quasi-
stationary distribution as computed using the direct simulations. C. The average number of
tips as a function of the area of the computational domain, computed using direct simulations
(symbols) and using the quasi-stationary distribution determined from the transition matrix
(line). The dashed curves are straight lines.

peak n*. The average number of tips, 71, increases with system size and our simulations reveal
that it depends linearly on the area of the computational domain for both boundary conditions
(Fig. 4.30).

For geometries that do not contain any non-conducting boundaries it is possible to derive
closed-form solutions for the quasi-stationary distribution. In this case, n is always even and
tips will be created and annihilated in pairs such that Wi, = 0. We can therefore compute
the quasi-stationary distribution Pys(n) from Eq. 4.3, with the states representing pairs of tips.
Furthermore, for large areas the average number of tips can be approximated by n* which equates
to Wyo(n*) = W_,(n*) and corresponds to the deterministic steady state [Gar09]. Using our
numerically obtained scaling, this implies that the average density of tips is independent of
the area and therefore n* ~ A, consistent with the scaling found in the simulations (Fig. 4.3C).
For domains that contain non-conducting boundaries, the 41 rates are no longer zero and the
quasi-stationary distribution cannot be written in a closed form. However, since the 42 rates
scale with A while the +1 rates scale with L = /A, for large values of A the average number of
tips will also scale linearly with the area.

To find the mean termination time 7 in the direct simulations, we average the termination
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times 7, obtained from each independent simulation. This computation becomes more and more
time consuming as A increases since termination becomes less and less likely. As a consequence,
the number of determined termination events we consider vary from 400 for small domains
to only 10 for the largest area still amenable to direct simulations. Our results reveal that T
displays an exponential dependence on the size of the domain, both for periodic (Fig. 4.4A) and
non-conducting boundary conditions (Fig. 4.4B), consistent with earlier studies [Qu06]. Rather
than using direct simulations to determine an average value for 7, it is straightforward to use the
interpolated transitions rates and the resulting transition matrix to compute T using simple matrix
operations [New10]. The resulting values for T agree well with the direct numerical simulations
(Fig. 4.4A and B). Importantly, using the transition matrix allows us to estimate the mean episode

duration for system sizes that are well beyond the reach of direct simulations.

4.3.3 Scaling Behavior

For periodic boundary conditions, it is possible to obtain a closed-form expression for T:

ng/2 oo 1
(ng) = ]§1¢(2k—2);€m (4.18)

where ng is the initial number of spiral tips (must be even), ¢(k) = HZ 21 W_»(2i)/W42(2i), and

¢(0) = 1 [Gar09]. Using the numerically determined rates we find that T quickly converges as
ng increases. Thus, to determine the scaling with the area we can focus on the first term of this

expression, T(2) = ¥.7, [0(2/)W12(25)] 1. We can write ¢(2/) as

In[0(2/)] = iln [w] ~—2 " {W”(ﬂ ds (4.19)

2 [wals)
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Figure 4.4: WKB approach to spiral tip dynamics. A. T as a function of the area of the
computational domain from direct simulations (red symbols) and from the master equation
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where we have used the scaling of the transition rates W,(n) = Aw,(n/A) and have defined

s=2z/A and x =2j/A. As a result, the mean episode duration becomes

w0 EXP Af In W”(i)d
e i

2w (x)

(4.20)

The integral in the exponent is at its maximum when x = ¢*, and for large values of A the whole

integral will be sharply peaked [KRBN10]. This gives T the following scaling behavior:

¢ Jwia(s)
A/z/A In —w_z(s)ds] . (4.21)

Therefore, as an immediate consequence of the observed scaling of our transition rates we know

T ~ exp

that t will scale exponentially with the area, consistent with our direct numerical results (Fig.
4.4A).

For domains containing non-conducting boundaries, it is no longer possible to derive an
exact expression for T. However, by viewing the number of spiral tips as a stochastic population in
a metastable state we can use approximation methods to determine the scaling of the mean episode
duration. As long as A, equivalent to the total population size in models of population biology, is
sufficiently large, this can be achieved through a WKB approximation. In this approximation,
the quasi-stationary distribution is assumed to obey Py; ~ ¢S where S is a smooth function
called the action. Substituting this into the stationary form of Eq. 4.2 yields, to leading order, the

following Hamilton-Jacobi equation:

H(q,p) =Y A"wi(q)(e”” —1) =0, (4.22)

r

with p = dS/dq is the fluctuation momentum and where we assume the transition rates scale
as W, (n) = A"/?w,(q) with ¢ = n/A. The optimal path to extinction occurs along the activation

trajectory p,(q) which is the non-trivial solution of H(q,p,) =0 [AM10, KMK73, DMRH%4,
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KS07, DSS05]. This path can be determined either numerically or using approximate closed-form
relations and connects the attracting fixed point (¢*,0) with the termination point along the g = 0
line (Fig. 4.4C). Once this path is determined, it can be used to solve for the accumulated action

as So = |, (12*/ 4 Pa(q)dq. For periodic boundary conditions, we get
2/A
So= [ togvoda. (423)
q*

where Yy = X—;; For absorbing boundaries, because the scaling of the +1 rates goes as VA
while the £2 rates go as A, the accumulated action will be given by Sy +A~1/28,. We can then

solve for S perturbatively, yielding

(4.24)

Sy = /2/A (Yow+1 —w-1)(Yo—1)
q* 2% Wiz —w_2)

The advantage of the master equation, together with the WKB approach, becomes clear
when one considers the dependence of T on area A, or equivalently the diffusion constant D.
Using this formulation, we can compute the mean episode duration for any system size once the

rates for a single domain A are determined. For periodic boundaries this gives
T(A) ~ 2=, (4.25)

where the pre-factor % and the factor in the exponent S correspond to the termination time and

action, respectivley, for the particular domain size. For absorbing boundaries, we get

T(A) & ted—DSo+(VA—VAS (4.26)

These scaling laws for T agree well with the values of T computed from the master equation

(Fig. 4.4A, B). Moreover, the scaling can be extended to domain sizes for which computing
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T using direct simulations is not feasible. For example, directly simulating a single extinction
event on a domain with area A = 225um? was found to take approximately 100 hours of CPU
time. Estimating T from this event is not useful as the error is large and generating a sufficient
amount of termination events is not practical. Furthermore, for other larger domain sizes our
direct simulations failed to produce a single termination event after 7 days of CPU time. Using
the rates computed from this single, non-terminating event, however, we are still able to use the
WKB approximation (Fig. 4.4A, B) to predict the mean episode duration, demonstrating the
power of this approach. Finally, our expression for the mean episode duration reveals that it
scales exponentially with the system size A, consistent with the well-established critical mass
hypothesis which posits that fibrillation only occurs in hearts of a minimum size [Gar14, Qu06].

In conclusion, we present a novel approach to quantify spiral wave dynamics in spatially
extended domains. This approach recast the problem into a master equation, after which statistical
physics methods can be employed. Our approach is valid for any model exhibiting SDC, including
electrophysiological models, and any geometry. Key in this approach are the transition rates,
which can be computed numerically from a limited set of direct simulations. Alternatively, in
case a priori knowledge of the dependence of the rates on the number of tips is available, it should
be possible to derive expressions for these rates, resulting in analytical expression for T. In either
case, stochastic analysis of spiral wave reentry has the potential to be an important step towards
determining optimal therapeutic interventions aimed at minimizing the duration of AF episodes.

Chapter 4, in part, is currently being prepared for submission for publication of the
material. Vidmar, David; Rappel, Wouter-Jan. The dissertation author was the primary investigator

and author of this paper.
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Chapter 5

Conclusion

In this work, we have described the electrical conduction system of the heart as an
excitable medium and presented results characterizing excitation patterns in both clinical and
simulated arrhythmias. We began with an introduction to the theory of excitable media, with
background on excitability in the Hodgkin-Huxley and FitzHugh-Nagumo models. We then
discussed hypothesized mechanisms for the initiation of arrhythmias through the so-called
pinwheel experiment, where a well-timed stimulus initiates spiral waves which can persist
indefinitely. We moved on to discuss the hypothesized mechanisms for the maintenance of
fibrillation after initiation occurs, where the dynamics of clinical fibrillation are poorly understood.
In particular, we discussed the historical advent of two popular theories explaining the perpetuation
of disorder during fibrillation. One of these mechanisms, multi-wavelet reentry, posits uniform
disorganization due to spiral wave fragmentation whereas the other, mother rotors with fibrillatory
conduction, posits the existence of a localized spiral wave with peripheral disorganization.

To better understand the dynamical state underlying clinical fibrillation, we described
various sources of data which can be recorded during episodes of arrhythmia. The gold-standard
measure, optical mapping, records voltage-sensitive dye with optical sensors and creates spa-

tiotemporal maps to visualize excitation dynamics. Such studies have revealed consistent rota-
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tional patterns in animal models and explanted human hearts, but cannot be applied to human
patients due to dye toxicity. In such patients, basket catheters can be inserted into the heart during
therapeutic procedures from which electrograms can be recorded across an 8x8 grid. These
electrograms can then be processed and used to map and visualize electrical activity occurring
during recorded episodes of fibrillation.

One standard simplified representation of these electrograms, which are often complex
and noisy, is their discrete set of activation times marking the onset of each excitation. From
these activation times we can infer a phase, from which we proposed to use a measure of phase
synchrony to quantify the ensuing dynamical state and determine regions of order and disorder
across the heart. Such analysis conducted on simulated excitation patterns showed that regions
controlled by stable spiral waves encoded as synchronous whereas regions of spiral wave breakup
encode as asynchronous. This analysis was applied to clinical electrogram data recorded during
atrial fibrillation, where it identified pockets of synchrony surrounded by asynchrony. These
results are inconsistent with a mechanism experiencing uniform breakup, such as multi-wavelet
reentry, but point toward a hierarchy of order consistent with the mother rotor theory. We also
show in simulations that spiral wave meander can cause asynchronous activation at the spiral wave
core. To that end, we proposed a measure, using phase synchrony, to quantify how dynamically
out-of-step a given electrode is with respect to the entire domain. We presented results computing
this measure on both simulated and clinical data, where it corresponded to sites of rotational
activity.

To further characterize the complex spatiotemporal maps recorded during fibrillation, we
presented a methodology to determine vector flow fields from activation time data. This technique
was applied to simulated data, where it clearly identified a rotational and focal excitation pattern.
When applied to clinical data, it was able to similarly identify such excitation patterns, even during
complex maps with peripheral disorder. Next, the process of constructing phase maps directly

from electrograms was discussed. We described the Hilbert transform and a simple method to
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determine phase singularities from topological charge. We also outline a recently proposed means
of signal recomposition aimed at simplifying electrogram signals before application of the Hilbert
transform.

Finally, we outlined a stochastic framework for analyzing the spontaneous termination
of fibrillation. We discussed the state of spiral-defect chaos, similar to multi-wavelet reentry,
whereby initiated spiral waves fragment and annihilate in a birth-death process. We provided a
background on population dynamics of generic birth-death processes, where we outlined exact
and approximate solutions to the corresponding master equation. We then used these techniques
to analyze an electrophysiological model of fibrillation which exhibits spiral-defect chaos by
computing transition rates from a limited number of direct simulations. We first discussed the
simplified case where the boundary conditions were periodic and our system becomes a single-
step process. Exact results for the quasi-stationary distribution P;; and mean episode duration T
were derived for the computed transition rates. Moreover, a transition matrix was constructed
from these rates and used to determine Py, and mean episode duration T, which agreed with
the direct simulations. Next, we discussed the case with absorbing boundaries, where we had
a multi-step process. Here, closed form solutions to the master equation do not exist, but the
transition matrix can still be used to determine Py; and T. The results similarly agreed with direct
simulations. We also explored the scaling behavior of T with area A using a WKB approach. In
this approach, termination occurs along the activation trajectory of an effective Hamiltonian. The
accumulated action was determined from the transition rates in this model, and shown to match
well with the results from the direct simulations on domains of varying size.

Future work should comprise studying the statistics of tip trajectories during spiral-
defect chaos. Currently, large domains do not experience any transition events at small tip
numbers, necessitating these transition rates to be determined through interpolation. Moreover,
the computed transition rates exhibited a complex dependence on n, not well-fit by simple

polynomials. If the rates could, instead, be fit to a known functional form, the errors could
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be significantly reduced. Better understanding the functional forms of these rates, as well as
potentially constructing phenomenological models of the transition rates themselves, could

therefore benefit this analysis.
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