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COMPLEX CUBIC SPLINES 

Jonathan D. Young 

Lawrence Berkeley Laboratory 
University of California 

Berkeley, California 94720 

ABSTRACT 

LBL-4202 

We present a constructive approach to the concept of complex 

cubic splines. We show that a unique complex cubic spline is determin,ed 

when its function values are specified at four or more complex points · . 
of a closed polygonal path, provided that values for all the vertices 

of the polygon are among the ones specified. 

We use the specified information to compute values for all the 

derivatives of the complex cubic spline at all· the points of specifica-

tion. We are then able to compute the function value of the complex 

cubic spline at any point on the polygonal path. Further, by means of 

a line integral around this path we are able to compute the function 

value for the complex cubic spline at any point not on the path. 

We describe a computer code to be used in the above process, and 

use this code to provide several illustrative examples. 

Possible applications of complex cubic splines in .function fitting, 

interpolation and "nearly" conformal mapping are suggested. 

0 0 
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SECTION I. INTRODUCTION 

We consider a complex function, w, of a complex variable, z. 

We define: 

Z-X+iy W-U+iv 

where u and v are real functions of the real variables, x and y. 

We shall initially be concerned with K (with K~ 4) points; zk, all 

distinct and not all collinear.· We shall assume that the points, zk' are 

ordered so that the closed path 

forms a simple polygon (no retracing and no intersections except at 

"normal vertices"). For convenience in indicing, in view of the cyclic 

arrangement, we define 

for k = K 
and 

k- 1 := K for k = 1 . 

We shall assume that function values, wk, corresponding to each of 

the points, zk, are known, and that the function w(z) is otherwise unknown. 

We shall be interested in the closed path 

consisting of a union of line segments. In general, Q need not be . a 

simple polygon (we may have duplicity of values, r_etracing, intersections 

at points not among the wk) . However, those instances where Q is a 

simple polygon are of special interest, particularly when the vertices 

of Q correspond with those of P. 

We are interested in "estimating" values for w(z) at points z in 

P, other than the zk. Thus we are interested in a closed path: 
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where the "subarcs" of Q* are unknown, but are to be estimated. In the 

instances where Q is a polygon, we shall hope that Q* bounds a simple 

domain. Then we can speak of w as a mapping of P into Q. 

Having formed a "reasonable" estimate of Q* we proceed to "estimate" 

w for points, t;,, not in P, i.e., either interior or exterior to the domain 

bounded by P. This is only possible in the instances where P is a simple 

polygon. The estimate of w(t;,) for any t;, not in P is obtained as a line 

integral around P of the form: 

w(t;,) = 1 J w(z) 
2ni ~ dz 

p 

In the next section we shall consider ,K = 4 arid estimate w as a 

complex cubic in z. In Section 3 we consider K~ 4 and estimate w as a 

complex cubic spline in z. 

SECTION 2. COMPLEX CUBICS (K = 4) 

We assume that we know values, wk, for four distinct points, zk. 

Although it is not essential for this section, we shall assume that the 

zk are not all collinear and are ordered in such a way that the closed 

path: 

is a simple polygon. Note that P may be a triangle with three of the zk 

as vertices and the fourth on one of the sides, or it may be quadrilateral 

with all zk as vertices. Proper ordering of the zk is illustrated below: 
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not d4. 
z1 z3 z2 

Simple Triangle Retracing 

not 

Simple Quadrilateral Not simple 
... 

With wk specified at four points, zk, we can "estimate" the function, 

w(z), for any z as a cubic in z, of the form 

w(z) = (1) 

where the complex coefficients are to be computed so that 

= for k = 1 to 4 (2) 

The above constitutes a linear system of four complex equations in four 

complex unknowns, c , for n equals 0 to 3, and can always be solved for 
n 

these if the zk are distinct. We could now proceed directly to estimate 

w(z) for any z by use of Eq. (1). 

We are, however, interested in estimating the closed path 

and comparing it with the path 

; 

·~ 
(,, nJ., a··. 
~ ' ~.J 
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Differentiating Eq. (1) and applying the results at each zk, we find 

estimates for the derivative values 

= 

= for k = 1 to 4 . 

= 

All higher derivative values are zero. 

Then for any z within the ·segment zk- zk+ 1 we have the Laurent 

series 

w(z) = 

and we can thereby estimate the values for w corresponding to enough of 

the z' s in zk- zk+1 to estimate (plot) the subarc wk ~ wk+l. 

Now we are estimating w as a cubic in z, hence our estimating 

function is entire and the map, w, of P into Q* is conformal. Consequently 

the path Q* will coincide with Q, if and only if P and Q are similar 

polygons (corresponding _angles equal, and corresponding segments propor-

tional). If P and Q are nearly similar, the "distortion" of Q to Q* will 

be correspondingly small. 

In the most common interpolation P is a rectangle and from the 

preceding paragraph, complex cubiC interpolation is not likely to be 

useful unless Q is a nearly similar rectangle. 

The estimation of w(~) for any points, ~, not along P is simple for 

K = 4. We can use any of the zk and expand in an exact Laurent series 

about zk, obtaining 

w(~) = (3) 
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For K = 4:. it is not necessary to compute a 1 ine ~ntegral, although this 

process (as described in the next section), properly appli~d, gives an 

identical result. 

Numerical examples for K = 4 are given later. Many of these show 

the desirability of using more data (K > 4) to improve the interpolation 

and to reduce the "distortion" of Q· to Q*. With these objectives in mind, 

we describe, in the next section, a method for constructing an estimating 

function .for K~ 5. 

SECTION 3. COMPLEX CUBIC SPLINES (K~ 5). 

We now assume that values wk are specified for K distinct, 

not all collinear, points zk' with K~5, and that with suitable ordering 

of the zk, the path· 

P · z -z -z - · · · · z -z ' 1 2 3 K 1 

is a simple polygon. Note that P may have any number of sides from 3 to K. 

Exce~t in extremely fortuitous circumstances (where the cubic deter

mined by using any four points is the same as that determined by any other 

four) we cannot estimate w as a cubic in z. We shall instead estimate w 

for points z in P as a complex cubic spline. 

This complex cubic spline function has the properties: 

(1) it is defined for any z in P 

(2) it is a cubic on any segment zk- zk+ 1 

(3) it has a continuous second derivative on P. 

We shall find that there is a unique cubic spline which assumes the values 

wk at zk and we shall use this one to estimate w on P. Note that we have 

• d • • f Ill not requ1re cont1nu1ty or w . It will, however, be a constant within 

.o 0 0 
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any segment zk-zk+l and, in general, double-valued at the points zk. 

We define w~ 1 

by the "right" value at zk; that is, by the value of w
111 

within zk- zk+l" Since fourth and higher derivatives vanish for the 

cubic on zk- zk+l, we have the exact Laurent expansions 

= 

= 

= 

where = 

Ill 
We can eliminate wk from the above to obtain 

= 

= 

for k = 1 to K. 

Rephrasing the above for the segment zk_ 1 --zk we have: 

= 

= 

(4) 

(5) 

(6)' 

(7) 

(8) 

(9) 

(10) 

Now we can eliminate w~_ 1 , w~ and w~+l from Eqs. (7), (8), (9) and (10) 

to obtain 

Equation (11), holds, for k = 1 to K, thereby con,stituting a linear system 

I 
of K complex equations in K complex unknowns, wk, for k = 1 to K. This 
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system can always be solved if the zk are all distinct and K;;;;. 5. (In fact 

it can be solved for K = 4.) 

II 
Now we can eliminate wk+l from Eqs. (6) and (7) to obtain 

= (12) 

for k =1 to K. 

The third derivative values, w~', as defined earlier, are obtained by 

= 

Now to estimate w for any z in P, we first find what segment 

zk-zk+l' the point z is in and then let 

w(z) = 

where h = z - zk. 

3 '"I h wk 6 

(13) 

(14) 

By using Eq. (14) to compute w for enough z in P we are able to 

estimate (plot) the closed path, 

and compare it with 

Now although the map 

w: p -+ Q* 

is not conformal (probably discontinuous w'") it may be said to be "nearly" 

conformal. Thus in the case of polygonal Q, Q* will "distort" Q considerably 

unless the angles at the wk are very nearly equal, respectively, to those 

at the zk' and corresponding segments are nearly proportional. 

For argument points, ~. not in P, we cannot proceed as in the previous 

~ f.,1 0 c ... ·l n o o· .I . 
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section, since our estimating function is a cubic spline and not (except 

under very fortuitous circumstances) a complex cubic. We can, however, 

estimate w for any such t;, by 

w(t;,) 

If we integrate by segments 

f w(z) 
z - l; 

p 

dz 

= 1 J w(z) dz 
2Tii ~ 

p 

= w(z). dz 
z - l; 

(15) 

(16) 

On any segment zk- zk+ 1, w is a cubic in z. We denote this part ic

ular cubic by pk. (The index k indicates that the cubics are, in gener:;tl, 

different on different segments.) However, for any such pk, pk(t;,) is well 

defined by 

I 2 II 3 Ill 
= w(z) + (l;.- z)w (z) + (l;- z) w (z)/2 + (t;,- z) w (z)/6 

(17) 

for any z (except only zk+ 1) in zk- zk+ 1 . 

From Eq. (17) we have 

w(z) = 
I 2 II 3 Ill 

pk(t;,) + (z- l;)w (z) - (z -l;) w (z)/2 + (z- t;,) w (z)/6 

(18) 

for any z (except zk+1) in zk-zk+ 1 . However, the point zk+ 1 , alone, 

is a set of measure zero, hence will not affect integration o'!er zk- zk+ 1 

and we can write 

zk+l 

f w(z) dz 
z-l; 

= 
(z- t;,)w" (z) (z - t;,) 

2
w'"(z)J 

~-=----"~ + d z 
2 6 

(19) 
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On the right hand side for the first integral: 

= 

zk+l 

pk (E,:) in(z- E,:) I 
zk 

= (20) 

Integrating the second integral by parts and collecting like terms we obtain 

[
11 5 1 1 · 2 "]·zk+1 

= 6 w - 6 (z - t,;)w + 6 (z -t,;) w 
zk J (21) 

#2 

for k = 1 to K. 

Using Eqs. (20) and (21) in Eq. (16) we have 

zk+l 

J w(z) dz 
~ J

z 
5 I 1 2 k+ 1 

'-- (z- E,:)w + - (z- E,:) 
p 6 6 z 

k 

(22) 

Now each evaluation in the second sum occurs as a lower limit and as 

an upper limit evaluation, consequently the second sum is precisely zero. 

Therefore we have 

(2.3) 

Unfortunately the natural logarithm of a complex argument is multi-

branched. To illustrate this let 

= (24) 

and write sk in polar form 

with 0 ~ ek < 27T 

n o o 
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Then we can define a function in0k (a specific branch of the natural 

logarithm which we call the principal branch) by 

= 

where inpk is the usual real logarithm of the real positive number, pk. 

At the moment, however, we have no reason to think that this branch is 

the correct one to use in Eq. (23) for this k. 

The possible branches that might be used are 

= (25) 

with m any integer, positive, zero, or negative. So we have a problem of 

finding the ~orrect m for each k. 

From Eqs. (19),(20) and (21) we have 

z 

Jk+l w(z) dz 
z- t.: = 

Now from our computation to estimate Q* we have values for w for 

some points in zk- zk+l and for those values (as well as for zk and zk+l) 

we can compute values, w(z) I (z - t.;), and use them to numerically integrate 

the left-hand side above. Suppose this gives us 

s -k 

Then from Eqs. (25) and (26) we have 

w(z) 
z - t.: 

dz 
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In case pk(/;) is not zero (if it is we can use a slightly different /;) we 

can divide the above by pk(i;) to obtain 

(27) 

where qk is the result of the division of the left hand side. Now qk is a 

·complex number, suppose 

q = 

Then we should have 

a -k 
(28) 

and 

(29) 

_Now Eq. (28) provides a check as to whether the numerical integration 

is reasonably close and if it is from Eq. (29}, 

(30) 

Now it is unlikely that the right hand side above will produce an integer 

but we should have no difficulty if we simply choose the integer m nearest 

to its value. 

Having computed the correct m for each k we retain them (or 

more conveni~ntly the values 2nm) and 

J w(z) dz 
z - I; 

p 

for any /;. Note that the choice of logarithmic branch for each segment 

(31) 

remains the same whether the I; is the one used in making the choice or any 

other I; not in P. Thus we have 

0 ,. ~ 0 .. (~ 0 0 
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w(~) 
1 

(32) = 2ni 

for any ~ not in P. 

Although in this section we have prescribed K ~ 5, the process works 

equally well for K = 4. The computation involved has been incorporated in 

a computer code described ·in the next section. This code was used in 

connection with the examples given later. 

SECTION 4. COMPUTER CODE 

The computation described above is performed and the results printed 

out by a computer code, CMOSPY, written in FORTRAN, compilable on the 

CDC-7600 and probably compilable with no or few changes by any FORTRAN 

compiler. A listing of this code and instructions for its use are available 

from the author. A flow chart of CMOSPY is given below 

READ READ COMPUTE N COMPUTE -.::tQ.. vo 
Name, ·0 I II Ill 0 Boundary Vf-< xk,yk, wk,wk,wk lXI .-i 

Integer :::.O::U) z points, 
~ 

_.,. 
uk,vk 

_.., PRINT controls: 
, 

I zb 
K,NB,NIN, zk,wk,wk' 

NEX k=l, K II Ill (xb'.yb) 
wk,wk 

100 102-+ 110 112-+ 120 122-+ 160 

.-i 

vo INTERPOLATE 
COMPUTE Numerical COMPUTE zo for w(zb) 

Integration 
~.-i 

!E"- wC~o) 
z = z 

(ub,vb) ~ 0 - Select mk Average zk PRINT 324 + 322 Store 2mkTI and pk(~0) 
xb,yb'~'vb 

NIN<2 320+ 252 240 + 212 210 + 162 
352 

, continued. . . ( ) 
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COMPUTE READ 
"ORTHODOX" PRINT Other ~'s 

' ~'s and ''ORTHODOX'' Compute 
values 

, 
w's corre-

100 

sponding PRINT ~.w 
w's '· 

330-+ 350 352 -+ 370 382 -+ 390 

An amplified version of the above code called CMPSPY provides for 

plotting the paths P and Q described in an earlier section and where NB > 1 

for plotting P* (P with points for interpolation indicated) and Q* as 

described earlier. This code was used to,prepare the plots which appear 

in the next section; Unfortunately (for readers who might want·this feature) 

this code is dependent on hardware (CALCOMP plotter) and software (plotting 

subroutines) which are probably not available to users at other places. 

SECTION 5. EXAMPLES 

In this section we consider several examples employing the computation 

and computer code described earlier. The selection was suggestive but by 

no means exhaustive. We chose ~orne examples for their simplicity, some 

because they illustrated a particular point and some simply because they 

seemed interesting. In each example we specify the name and integer controls 

used. 
I II Ill 

Then we tabulate zk' wk, wk' wk, and wk each of which is a complex 

number .. For each number, the real part is given first and the imaginary 

part next. We note that the zk and wk have been specified by the data, but 

the derivative values are computed by the code. We do not feel that it 

would be desirable to burden the reader with extensive tabulations of inter-

polation (although these are available), consequently we present these 

results in the form of plots of P, P*, Q, and Q*. 

0 b 
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We first con,sider several examples with K = 4. For these the 

"estimating" function for w is a complex cubic. These examples have the 

advantages of being fairly simple, yet they are illustrative and in most 

cases demonstrate the need for complex cubic spline estimation of w. 
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Example 1. Square-to-square, K = 4, NB = 4, NIN = 3, NEX= 0 

z w w' w" Ill w 
.#._ X y u v Real !mag. Real !mag. Real Imag. 

0.0 0.0 0.0 0.0 0.8 0.0 0.0 0.0 0.0 0.0 
1.0 0.0 0.8 0.0 0.8 0.0 0.0 0.0 0.0 0.0 
1.0 1.0 0.8 0.8 0.8 o.o 0.0 0.0 0.0 0.0 
0.0 1.0 0.0 0.8 0.8 0.0 0.0 0.0 0.0 0.0 

4 3 

4 3 

1 2 1 2 

p Q 

• 

• • 

• 
• 

• 

P* Q* 
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Exam:ele 2. Similar triangles K = 4, NB = 4, NIN = 3, NEX = 0. 
I II Ill 

z w w w w 
X y u v Real Imag. Real Imag. Real Imag. 

0.0 0.0 0.0 0.0 0.8 0.0 0.0 0.0 0.0 0.0 
0.5 0.0 0.4 0.0 0.8 0.0 0.0 0.0 0.0 0.0 
1.0 1.0 0.8 0.8 0.8 0.0 0.0 0.0 0.0 0.0 
0.5 0.5 0.4 0.4 0.8 0.0 0.0 0.0 0.0 0.0 

2 
I 

Q. 
p 

P* Q* 
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ExamEle 3. Square-to-rectangle, K = 4, NB = 4, NIN = 3, NEX = 0 
I II. Ill z w w w w 

. - X y u v Real Imag. Real Imag. Real Imag. 

0.0 0.0 0.0 0.0 1.0 -0.6 1.2 1.2 -2.4 0.0 
1.0 0.0 1.2 0.0 1.0 0.6 -1.2 -1.2 -2.4 0.0 
1.0 1.0 1.2 0.8 1.0 -0.6 -1.2 -1.2 -2.4 0.0 
o.o 1.0 0.0 0.8 ' 1.0 0.6 1.2 -1.2 -2.4 0.0 

4 3 

4 3 

1 2 1 2 

p 

• 

• 

I 

P* 
Q* 
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Example 4. Rectangle-to-parallelogram K = 4, <tNB = 8, NIN = 3, NEX = 0 

w' u '" z w w w 
X y u v Real Imag. Real Imag. Real Imag. -· 

0.0 0.0 0.0 0.0 1.295 0.058 -1.15 0.48 0.96 -1.44 
1.2 0.0 1.0 0.0 0.603 -.404 0.00 -1.25 0.96 -1.44 
1.2 0.8 1.2 0.8 1.295 0.058 1.15 -.48 0.96 -1.44 
0.0 0.8 0.2 0.8 0.603 -.404 0.00 1.25 0.96 -1.44 

4 3 4 

1 2 2 

p Q 

• 

• • 

• 

• • 

P* Q* 
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ExamE1e 5. Square-to-triangle, K = 4, NB = 8, NIN = 2, NEX = 0 
I II w'" z w w w 

. . X y u v Real Imag. Real I mag. Real Imag. 

0.0 0.0 0.0 0.0 1.5 -.5 -1.0 2.0 0.0 -3.0 
1.0 0.0 1.0 0.0 0.5 0.0 -1.0 ..;1,0 0.0 -3.0 
1.0 1.0 1.0 1.0 1.5 0.5 2.0 -1.0 0.0 -3.0 
0.0 1.0 0.5 0.5 -.5 0.0 2.0 2.0 0.0 -3.0 

4 3 

2 
1 2 

p Q 

• • 

• 

• 

, 

P*. Q* 
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ExamEle 6. Square-to~ hi-triangle, K = 4, NB = 8, NIN = 3, NEX = 0 
I II. Ill z w w w w 

X y u v Real !mag. Real Imag. Real !mag. . 
0.0 0.0 0.0 0.0 1.5 -.5 1.0 3.0 -6.0 0.0 
1.0 0.0 1.0 1.0 -.5 2.5 -5.0 3.0 -6.0 0.0 
1.0 1.0 1.0 0.0 -.5 -2.5 -5.0 -'3. 0 -6.0 0.0 
0.0 1.0 0.0 1.0 1.5 0.5 1.0 -3.0 -6.0 0.0 

4 3 4 

1 2 
1 

p Q 

, , 

P* Q* 
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ExamEle 7. Square-to-line-segment, K = 4, NB = 4, NIN = 3, NEX= 0 

w' 
... Ill 

z w w w 
X y u v Real Imag. Real Imag. Real Imag. 

0.0 0.0 0.0 0.0 2.0 0.0 -3.0 3.0 0.0 -6.0 
1.0 0.0 0.5 0.5 -1.0 0.0 -3 .. 0 -3.0 0.0 -6.0 
1.0 1.0 1.0 1.0 2.0 0.0 3.0 -3.0 0.0 -6.0 
0.0 1.0 0.5 0.5 -1.0 0.0 3.0 3.0 0.0 -6.0 

4 3 
3 

1 2 

p Q 

• • 
. 

• • 

• 

• • 

• • 

~ , 

P* 
Q s f.\ () t~ r~·· n 0 0 ~ ,._;?' ljj 
~ l'·'< 
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Exam;ele 8. Dissimilar triangles, K = 4, NB = 8, NIN = 2, NEX = 0 
I II '" z w w w w 

X y ti v Real Imag. Real Imag. Real Imag. 

0.0 0.000 0.0 0.0 0~894 -.549 0.634. 1.098 -1.268 0.0 
1.0 0.000 1.0 0.0 0.894 0.549 -.634 1.098 -1.268 0.0 
1.0 1. 732 1.0 Lo 0.894 -.549 -.634 -1.098 -1.268 0.0 
0.5 0.866 0.5 0.5 0.577 0.000 0.634 0.000 -1.268 0.0 

Q 

p 

Q* 

P* 
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Some discussion of the preceding examples is needed, prior to giving 

examples with K > 4. In Examples 1 and 2 the paths P and Q are similar 

polygons. Further, in Example 2, proportionality of segments is maintained 

by using z4 and w4 as midpoints of the longest side of the triangles 

concerned. We observe good mapping and interpolating properties of the 

cubic in these examples. In Examples 3, 4 and 8, the paths P and Q are 

polygons and in each case with the same number of sides, however, the polygon 

Q is not similar to P. For these examples, w (a cubic) has fairly good inter-

polating property well within P but is obviously suspect on and near the 

boundary. The cubic w is obviously not a good mapping of P into Q, as . 

evidenced by the "distortion of Q to Q*. We shall attempt to improve the 
I 

quality of interpolation and of mapping in later examples. Examples 5, 6 

and 7 illustrate cases where Q is not a simple polygon or does not have the 

same number of si4es as P. We shall not attempt to improve the qualities 

for these examples, although it can certainly be done in Examples 5 and 6 . 
. 

In all examples, the preservation of angles of P in Q* is observed. Any 

discrepancy (Example 7 particularly) in this situation could be relieved by 

use of ~ larger value for NB. 

In the next three examples we attempt to improve interpolation and 

mapping by adding segment midpoints to our specified data. We do this for 

Examples 2, 3 and 8 above. In these examples we give the tabulation of z, 

w, w', w", and w"', but give only plots of P* and Q* since P and Q have been 

given earlier. Note that K= 8 in these three examples. 

L 0 ~'' o·. ; ' J 0 
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Example 9. Square-to-rectangle (with midpoints), K = 8, NB = 3, NIN = 3, NEX = 0 

0.0 0.0 0.0 0.0 1.0 -.15 1.2 1.2 -2:4 -3.6 
0.5 0.0 0.6 0.0 1.3 0.00 0.0 -.6 -2.4 3.6 
1.0 0.0 1.2 0.0 1.0 0.15 ' -1.2 1.2 -2.4 -3.6 
1.0 0.5 1.2 0.4 0.7 0.00 0.6 0.0 -2.4 3.6 
1.0 1.0 1.2 0.8 1.0 -.15 -1.2 -1.2 -2.4 -3.6 
0.5 1.0 0.6 0.8 1.3 0.00 0.0 0.6 -2.4 3.6 
0.0 1.0 0.0 0.8 1.0 0.15 1.2 -1.2 -2.4 -3.6 
0.0 0.5 0.0 0.4 0.7 0.00 -.6 0.0 -2.4 3.6 

.· 

" , 

7 .6 5 .. 
• • 

' , , 
5" 7 6 • • • • 

• 
8 • • 4 

' 8 4 
• • ' 
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In the plots above specified points are numbered, the other points 

were obtained by interpolation. These plots should be compared with those 

of Example 3, for which P and Q were the same as for thiS example, but 

only four points of each were specified. 
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Example 10. Rectangle-to-parallelogram (with midpoints), K = 8, NB = 4, 
NIN = 3, NEX = 0 

0.0 0.0 0.0 0.0 1.035 -.115 -1.154 0.481 2.404 -.481 
0.6 0.0 0.5 0.0 0. 776 0.087 0.288 0.192 -.481 -2.404 
1.2 0.0 1.0 0.0 0.862 -.231 0.000 -:1.250 4.207 0. 721 
1.2 0.4 ' 1.1 0.4 1.026 -.288 -.288 0.433 -2.284 -3.606 
1.2 0.8 1.2 0.8 1.035 -.115 1.154 -.481 2.404 -.481 
0.6 0.8 0.7 0.8 0. 776 0.087 -.288 -.192 -.481 -2.404 
0.0 0.8 0.2 0.8 0.862 -.231 0.000. 1.250 4.207 0. 721 

.. 

0.0 0.4 0.1 0.4 1.026 -.288 0.288 -.433 -2.284 -3.606 

, , .r 
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The above plots should be compared with those of Example 4 for which 

P and Q were the same as for this example. 
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Example 11. Dissimilar triangles, K = 8, NB = 4, NIN= 2 

0.0 0.000 0.0 0.0 1.013 -.343 - .198' 2.539 0.872 -7.000 
0.5 0.000 0.5 0.0 1.023 0.051 0.238 -.961 -1.981 4.529 
1.0 0.000 1.0 0.0 0.894 0.137 -.753 1.304 -1.981 -1.510 
1.0 0.866 1.0 0.5 0.508 0.051 0.555 -.412 0.872 2.333 
1.0 1.732 1.0 1.0 0.538 -.343 -1.466 0.343 -1.030 3.706 
0.75 1.299 -0. 75 0.75 0. 716 -.137 0.396 -.137 -.079 -1.235 
0.5 0.866 0.5 0.5 0.696 -.206 -.119 0.206 1. 347 1:235 
0.25 0.433 0.25 0.25 0.597 -.137 0.079 -.686 -5.309 -3.706 

Q* 

P* 

The plots above should be compared with those for Example 8. 

In the last three examples we see a marked improvement in mapping 

(Q* much more like Q) and in boundary interpolation, and we can expect to 

do better with larger K (for example, quarter-point correspondence, K = 16). 

"Internal" point interpolation seems very suspect, and increase in K does 

not improve this situation. 

. -· 
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In the next two examples, we shall be attempting to map a quarter 

annular sector (in z) into a rectangle (in w). In each case the path, P, 

a simple polygon, approximates the actual boundary of the domain in 

In Example 12, .we use only K=6, and in Example 13, we use K=24. The 

points, zk' in each case lie on the boundary of the annular sector and the 

points, wk' are located proportionally on the sides of a rectangle, with 

the "vertices" of the sector in correspondence with those of the rectangle. 

Plots only are given. The point ~O was specified, not obtained by averaging 

the zk. 

Example 12. Quarter annular sector-to-rectangle, K = 6, NB = 8, NIN = 8, NEX = 0 

6 5 4 

1 2 3 

'' Q 
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Example 13. As above, except K = 24, NB = 2, NIN = 2, NEX = 0 
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In the examples above, we see how mapping properties are improved 

with increasing K, while interpolative properties are not improved. 

,,> 
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SECTION 6. CONCLUSIONS 

The complex cubic spline provides us with an approximate mapping of 

a closed simple path in the z-plane into a closed path in the w-plane. At 

least four corresponding values, (zk' wk) must be specified. An increase 

in the number of points specified improves the approximation. The use of 

complex cubic spline mapping in the computation of.conjugate harmonic 

functions and numerical solution of differential equations will be ·explored 

in later work. 

Except in those cases where the polygonal path formed by joining the 

points zk' in order is very nearly similar to the polygonal path formed by 

joining the points wk in the same order, interpolation by means of complex 

cubic splines does not seem valid. 
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