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Abstract

Models and Analysis of Locomotion and Gripping in Soft Robots

by

Xuance Zhou

Doctor of Philosophy in Engineering - Mechanical Engineering

University of California, Berkeley

Professor Oliver M. O’Reilly, Chair

Recent designs of soft robots and nano robots feature locomotion mechanisms that

entail orchestrating changes to intrinsic curvature or length to enable the robot’s limbs to

either stick, adhere, or slip on the robot’s workspace. The resulting locomotion mechanism

has several features in common with peristaltic locomotion that can be found in the animal

world. One of the purposes of this dissertation is to examine the feasibility of, and design

guidelines for, a locomotion mechanism that exploits the control of intrinsic curvature on

a rough surface featuring stick, slip, and adhesion interaction. Our work complements the

ever-increasing body of work on soft robots that is primarily focused on the design and

fabrication of these systems. Modeling and analyzing these robots is challenging because

of the difficulties in faithfully modeling the flexible nature of their components.

The study of locomotion presented in this dissertation is composed of two parts. First,

we consider the simplest possible model for a soft robot. The resulting model is a lumped

parameter system featuring a pair of mass particles and a spring with a variable natural

length. By appropriately varying the natural length as a function of time ℓ0(t), we show

how locomotion can be achieved and examine the energy efficiency for a variety of choices

of ℓ0(t). We then take the lessons gained from this model and use them to understand

the locomotion of a block that is propelled on a rough surface with the aid of a flexible

arm. Our analysis of the rod-based model for this system focuses on the development of a

structurally stable mechanism to move the block. This analysis exploits recent results on

stability of adhered rods that we supplement with a new discretized stability criterion.

Beyond locomotion, soft robots have the ability to gently grip and maneuver objects

with open-loop kinematic control. Guided by several recent designs and implementations

of soft robot hands, we exploit our earlier works on locomotion and analyze a rod-based

model for the fingers in the hand of a soft robot. We show precisely how gripping is

achieved and how the performance can be affected by varying the system’s parameters. The

designs of interest feature pneumatic control of the soft robot and we model this actuation

as a varying intrinsic curvature profile of the rod. Our work provides a framework for the

theoretical analysis of the soft robot and the resulting analysis can also be used to develop

some design guidelines.
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Chapter 1
Introduction

1.1 Introduction

(a) (b) (c)

Fig. 1.1 Examples of soft robots. (a) Quadruped with inflatable bending actua-

tors from [43]. (b) octopus-like soft robot from [17], and (c) soft robot

with fluidic elastomer actuator from [34].

Due to the rapidly increasing demand for human machine interaction and cooperation,

the soft robots, with their inherent advantages of safety and mobility, are gaining interest

and support from the science and investment communities. Recent advancements in the

field of soft robots [22] and micro-robots [6,7,44,53] includes the development of bodyware

control and engineered adhesive materials (see, e.g., [17, 19, 22] and the three examples

shown in Figure 1.1). For some soft robot designs, such as the quadruped shown in Figure

1.1(a) from [43], locomotion is achieved by using the coordinated interaction of four soft

limbs with the external surface. Each of the limbs in this design contain a set of pneumatic

actuators which change the intrinsic curvature and flexural rigidity of the limb [25].

Other notable examples of locomoting soft robots include worm- or snake-like designs

where serpentine locomotion is enabled by using either a traveling wave generated by a

fluidic elastomer actuator [34], or hydraulic pressure [32], or shape memory alloys [41].

These designs are similar to those featuring in so called continuum or serpentine robots
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which feature in surgical and industrial applications [40]. As discussed in [55], similar

locomotion mechanisms can be found in certain other robots such as the ETH-Zürich Mag-

Mite [30,31], the University of Texas at Arlington ARRIpede robot [28,29], the Dartmouth

scratch-drive MEMS robot [5], a design from the University of Trento [14, 33] and a de-

sign from Carnegie-Mellon University [39] that features an electromagnetic drive. At the

macroscale, this type of locomotion is also featured in the Capsubot from Tokyo’s Denki

University [20] and the Friction Board System [46]. The designs listed above that feature

varying curvature, adhesion of limbs and coordination of sticking and slipping also have

their natural counterparts in a wide variety of creatures who move using limbless crawl-

ing (peristaltic locomotion [9, 26, 50]). In these animals, varying curvature is realized by

muscles and adhesion or sticking is achieved either by the use of bristles or mucus [4].

Beyond bio-inspired crawling and peristalsis, the soft robots’ unique promise for en-

abling inherently safe and adaptive contact with both solid and soft surfaces has made

these emerging systems attractive for wearable and field robotics [16, 17, 22, 51]. This is

especially true of soft gripping mechanisms [1, 3, 15, 27, 45, 47], which use a single end

effector or multiple fingers and are dramatically more compliant than conventional robot

grippers. For some designs, such as the four-fingered gripper [47] and six-pointed star

gripper [15] shown in Figure 1.2(a)&(b), gripping is achieved with pneumatic actuation. In

contrast, the octopus-like soft robot shown in Figure 1.2(c) uses an artificial tentacle that is

actuated with motor-driven cables and shape memory alloy [18]. Soft robot gripping has

also been demonstrated using bio-hybrid actuators composed of ventricular cardiomyocyte

cells harvested on a thin film of silicone elastomer as shown in Figure 1.2(d) [12].

Compared to piecewise rigid gripping elements, the fingers or end effector of a soft

gripper have low flexural rigidity and will bend during grasping tasks. This is most pro-

nounced in grippers that conform to an object and make contact along a finite length, as

is demonstrated in Figures 1.2(b)&(c). In the case of angular objects (i.e., with straight

edges), such “shape matching” is enhanced by adding a conformal sleeve to the actuator,

which restricts bending to predefined joints [13]. Nonetheless, even in the case of soft

grippers that only make point contact with an object, such as those in Figures 1.2(a)&(d),

bending can have a dramatic influence on control, contact force, and load bearing capabil-

ity. As with conforming grippers, point-contact grippers have intrinsic flexural compliance

that eliminates the need for fine kinematic control of the relative position of the end effec-

tor during unilateral contact with a fragile object. This compliance reduces the dependency

on force-feedback control and prevents damage to the object in cases where the gripper

overshoots.

Despite the explosion of interest in the soft robotics, the majority of the current efforts

have addressed only hardware design, fabrication, measurement, and control with little

attention to models and analysis of the dynamics of the soft robots itself. Such works

would reveal pathways to their potentials to optimize the hardware design and facilitate

the control. The analysis of these models is challenging due to the presence of stick-slip,

adhesion, and distributed mass. However, our unique research experiences in nonsmooth

hybrid systems [35, 36], adhesion stability [57], rod theory [11, 37] make us the perfect fit

for the research in modeling and analyzing the soft robots.
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Fig. 1.2 Examples of soft robot hands. (a) Four-fingered pnueumatic gripper from

[47], six-pointed pneumatic star gripper from [15], (c) octopus-like soft

robot tentacle from [17], and (d) bio-hybrid pinching gripper from [12].

This dissertation is organized as follows: In the next chapter, Chapter 2, a two degree-

of-freedom discrete model for a commercially available toy featuring internal pneumatic

actuation and external stick-slip interaction is described. With a series of parametric simu-

lations, we show how locomotion is achieved and conclude with a set of design recommen-

dation based on locomotion speed and energy consumption. In Chapter 3, the locomotion

mechanism is further studied with a rod-based model to accommodate the soft elastic parts

in soft robots and possible adhesion in the working space. Our systematic quasi-static

analysis demonstrates how locomotion is possible with controlling the intrinsic curvature

together with a further discussion on the effectiveness of different curvature profiles. Sub-

sequently, Chapter 4 extends the approaches used in Chapter 3 to the gripping mechanism
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in soft hands. Our investigation of soft hands includes gripping forces, stabilities as well

as curvature profile effectiveness for three typical gripping modes. Lastly, Chapter 5 sum-

marizes our results in the prior chapters and discusses possible future works to be accom-

plished.
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Chapter 2
Locomotion: A Rigid Body Model

2.1 Introduction

The wealth of designs and implementations in the aforementioned works make it diffi-

cult to gain a perspective on the overall energy efficiency of a locomotion scheme controlled

by friction. A commercially available toy, shown in Figure 2.1, enables us to see the fea-

tures of robot locomotion that suffice to examine this efficiency. The toy horse has three

main components: two limbs joined by a pair of hinge joints and an air bellows. As doc-

umented in Figure 2.1(c), by pumping on the bellows, the toy moves forward. One model

for this toy is to represent it as the two-link mechanism shown in Figure 2.2. The forces

due to the bellows (actuator) are modeled by the forces FP1
and FP2

acting on the links.

(a) (b) (c)

Fig. 2.1 Locomotion of a toy horse. (a) Photo of the stationary toy. (b) Photo

of the primary components of the toy horse. (c) A series of time-lapsed

images of the toy horse in motion. The coin in (a) and (b) is a U.S.

quarter.
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As these forces are varied, the normal forces on the end masses mA and mB change. The

resulting change in the normal forces can induce changes to the friction forces acting on

the end masses. If the system is properly designed and the forces FP1
and FP2

are properly

coordinated, then, as illustrated in Figure 2.3, a net forward motion of the center of mass

of the system can be achieved.

PSfrag

E1

E2

FP1

FP2

g

O

P1 P2

θ1 θ2

A B

Fig. 2.2 Schematic of a two-degree-of-freedom model for the toy horse shown in

Figure 2.1. The figure also indicates the forces FP1
and FP2

exerted on

the respective links by the pneumatic actuator.

We consider the locomotion shown in Figure 2.3 to be an example of stick-slip lo-

comotion (SSL). However, as we subsequently discovered, it is also possible to achieve

locomotion with both limbs in a perpetual state of sliding. We define this locomotion as

sliding locomotion (SL). It is of interest to us to examine how both of these types of loco-

motion schemes can be actuated, which one of them is more energy efficient, and which

one of them enables faster locomotion. To perform such an analysis, we found it essential

to simplify the model shown in Figure 2.2 to the two mass system shown in Figure 2.4. In

this representation, the actuator is modeled as a spring with a variable initial length ℓ0(t).
The spring is also inclined so that changing the initial length induces changes to the normal

forces on the masses. By changing the angle of inclination for a given ℓ0(t), the center of

mass of the system can be made to move backwards or forwards.

While the majority of works in the application area of interest have addressed hardware

design and fabrication, there is an ever increasing number of papers devoted to a systematic

analysis of relevant theoretical models (see, e.g., [2, 8, 20, 50, 58]. Such analysis is chal-

lenging because the dynamics are governed by non-smooth hybrid dynamical systems and

recourse to numerical methods is necessary. The present chapter expands such efforts by

examining the energetics and performance of devices that feature friction-induced locomo-

tion.

This chapter, which is based on the work from [54], is organized as follows: In the

next section, Section 2.2, a two degree-of-freedom model for the locomotion system is de-

scribed. The model is excited internally by changing the unstretched spring length L0(t).
The interaction of the resulting normal and friction forces then leads to locomotion. In

Section 2.3, this locomotion is classified into two types and the influence of some sys-

tem parameters on the locomotion is discussed. We then turn to examining the energy
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g

(a)

(b)

(c)

(d)

actuator

I II

A A

A

A

A

B

B

B

C

∆

∆

Fig. 2.3 Illustration of the locomotion for the model system shown in Figure 2.2.

In (a) the system is at rest, then in (b) the actuator extends and the link

labeled II moves forward while link I stays fixed. In (c), the point A

stays fixed, the actuator retracts and link I slips. The net motion ∆ of the

system after one cycle is shown in (d). In these figures the point C is the

center of mass of the system.
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τ
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0.8
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Fig. 2.4 A simple two degree-of-freedom model used to analyze SL and SSL. (a)

Schematic of the model showing the normal and friction forces. (b) The

displacement x of the center of mass C of the system for various values

of d and ℓ0(t) = 0.05sin(πt)+3. Referring to (2.1), the parameters for

this model are K = 50, m1 = m2 = 1, µs = 0.7, µk = 0.5, and d = D/L̂ is

assigned the values of −0.5,−0.25,0.0,0.25, and 0.50.

efficiency of the SSL and SL mechanisms. Our numerical analysis features a range of sim-

ulations with varying system parameters. As in [2,58], we show how uneven friction force

distribution can lead to locomotion of the center of mass. Our analyses conclude with a

discussion of the effects of mass distribution in Section 2.5. This chapter concludes with a

set of design recommendations for balancing the time taken by the model to travel a given

distance subject to a given energy dissipation.

2.2 A Simple Model

While the exploitation of friction to generate locomotion is well known (see, e.g., [6]),

analyzing simple models to examine the features of the implementation of this locomotion

mechanism are rare. The simplest model we found that could explain the salient features

and some of the challenges of SL and SSL was a two degree-of-freedom mass-spring sys-

tem shown in Figure 2.4(a). As can be seen from the figure, the masses are connected by a

spring and are both free to move on a horizontal surface.

The spring element in the model features an unstretched length L0 that is to be con-

trolled. This feature of the model mimics the bellows in the toy horse and is similar to the

active spring used in the recent work [50] to explain some features of peristaltic locomo-

tion. We assume that the spring element is linear and exerts a force −Fs on m1 and Fs on

m2:

Fs = −K (L−L0(t))

{(

X2−X1

L

)

E1+
D

L
E2

}

, (2.1)

where X1 is the displacement of the mass M1 and X2 is the displacement of the mass M2.
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The extended length L of the spring features a vertical offset D:

L=
√

(X2−X1)
2+D2. (2.2)

The corresponding angle between the directions of Fs and a unit vector in the horizontal

direction, E1, is

θ = arcsin

(

D

L

)

, 0 ≤ θ <
π

2
. (2.3)

We choose the origin so that the position of the centers of mass for M1 and M2 are 0 in the

vertical E2 direction. Finally, the position vector of the center of mass C is

XE1 =
(

M1X1+M2X2

M1+M2

)

E1. (2.4)

The motion C is crucial to characterizing the efficiency of the locomotion scheme

To mimic the effect of varying normal force that would be present in a more realistic

model of the actual system, we have tilted the spring at an angle θ to the horizontal. In this

way, varying L0 induces a change in the normal forces N1,2 on the individual masses:

N1 = M1g+Fs ·E2, N2 = M2g−Fs ·E2. (2.5)

If there is sufficient variation, then it can enable a transition to and from static and dynamic

friction. If µs > µd , then this transition can produces a motion of the mass particles. For

instance in SSL a recurring pattern of transitions where M1 is stuck and M2 moves, followed

by M2 being stuck and M1 moving towards M2 can occur. We also observe from Figure

2.4(b) that if ℓ0 is properly controlled, then locomotion of the center of mass C of the

system is possible.

It is convenient to define the normalized vertical offset

d = D/L̂, (2.6)

where L̂ is a suitable length scale. Possible choices of L̂ include D and L0(t = 0) 6= 0. As

can be seen from the results shown in Figure 2.4(b), when d > 0(< 0), then the center of

mass of the model moves forward (backward) and is stationary when d = 0. In compiling

the results shown in this figure, we choose

L0(t)= Asin(πt)+ L̄. (2.7)

It is natural to ask what is the optimal L0(t) needed to achieve locomotion for a given

average speed of the center of mass C? A related question is what is the optimal L0(t) to

have the system perform a prescribed task with minimal power expenditure?
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Equations of motion

Before we derive the equations of motion, we define a dimensionless time τ = t
p

g/L̂
and introduce some new dimensionless parameters

m1 =
M1

M
, m2 =

M2

M
,

x1 =
X1

L̂
, x2 = X2

L̂
, ℓ= L

L̂
,

a =
A

L̂
, ℓ0 =

L0

L̂
, ℓ̄=

L̄0

L̂
,

ω = Ω
L̂

g
, k = KL̂

Mg
, c = C

M

√

L̂

g
,

n1 =
|N1|
Mg

, n2 =
|N2|
Mg

, (2.8)

where we choose M = (M1+M2)/2. In the following equations, the
.

() indicates a differen-

tiation with respect to τ .

The equations of motion for the simple model form a hybrid system with state-dependent

switching. Here, we treat the friction as Coulomb friction. For a given mass Mi, the pair of

conditions required for static friction are

Condition 1.
.
xi(t)= 0.

Condition 2. |k(ℓ−ℓ0)cos(θ)| ≤ µsni(t).

Here, µs is the coefficient of static friction. Based on the pair of conditions, the switch-

ing sets can be defined as follows:

B1 =
{

(x1,
.
x1,x2,

.
x2)|

.
x1 = 0 and | fx| ≤ µsn1

}

,

B2 =
{

(x1,
.
x1,x2,

.
x2)|

.
x2 = 0 and | fx| ≤ µsn2

}

. (2.9)

Here,

fx = k(ℓ−ℓ0)cos(θ),

θ = arcsin





d
√

(x2 −x1)
2 +d2



 . (2.10)
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Using the switching sets, the equations of motion of the system can be expressed as follows:

m1

..
x1 = 0, (x1,

.
x1,x2,

.
x2) ∈B1,

m2

..
x2 = 0, (x1,

.
x1,x2,

.
x2) ∈B2,

m1

..
x1 +c

.
x1 − fx +

.
x1

| .
x1|

µdn1 = 0

m2

..
x2 +c

.
x2 + fx +

.
x2

| .
x2|

µdn2 = 0

}

(x1,
.
x1,x2,

.
x2) /∈B1,2.

(2.11)

The dimensionless total energy e of the system is

e = 1

2
m1

.
x2

1+
1

2
m2

.
x2

2 +
1

2
k

(
√

(x2 −x1)
2+d2 −ℓ0

)2

. (2.12)

Analytical modes and natural frequencies

We expect four modes of behavior for the two degree-of-freedom system:

Mode 0. m1 - stick, m2 - stick;

Mode 1. m1 - slip, m2 - slip;

Mode 2. m1 - slip, m2 - stick;

Mode 3. m1 - stick, m2 - slip.

It is convenient to define four natural frequencies that pertain to the case where d = 0 (i.e.,

the spring is horizontal) and the system dynamics are assumed to be linear. In this case, for

Mode 1, we expect the system response to contain the natural frequency ωn1
along with the

rigid body mode ω0:

ω0 = 0, ωn1
=

√

k (m1 +m2)

m1m2

. (2.13)

For Modes 2 and 3, the system should behave as a single mass system whose natural fre-

quencies are, respectively,

ωn2
=

√

k

m1

, ωn3
=

√

k

m2

. (2.14)

For the majority of the subsequent analyses, we set m1 = m2. Thus, ωn2
= ωn3

. It is worth

noting that

ωn1
= ωn2

√

1+
m1

m2

= ωn3

√

1+
m2

m1

(2.15)
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Internal excitation

In many of the applications of interest, the motion is controlled by varying a physical

parameter of the system. For example in the toy horse shown in Figure 2.1, the bellows

serves as a spring of time-varying length, in the soft robot in [43], pneumatic cylinders

are used to change an intrinsic curvature, and in peristaltic locomotion a traveling wave is

used to induce changes to the structure’s contact geometry [50]. To model these effects as

simply as possible, we again assume that the two degree-of-freedom system is excited by a

time dependent varying intrinsic length

ℓ0 = asin(ωt)+ ℓ̄. (2.16)

In applications, this type of excitation could be realized either by a pneumatic cylinder,

elastic deformation, or electromagnetic fields. Admittedly, other choices of the function

ℓ0(t) are possible and so our numerical investigation is not exhaustive. Indeed, within the

context of the current system, it would be useful to develop a framework by which the

optimal ℓ0(t) that would minimize energy consumption while still ensuring that certain

performance metrics are satisfied.

2.3 Two Types of Locomotion: SL and SSL

In simulations of the simple model presented in Section 2.2, two types of motion are

anticipated: either stick-slip locomotion (SSL) or slip locomotion (SL). These two repre-

sentative locomotion behaviors, which are discussed extensively in the sequel, are shown

in Figure 2.5.

What distinguishes SL from SSL is that for the latter one or more of the masses stick

for discrete intervals of time during the motion. That is, for SSL, ∃i ∈ {1,2} :
.
xi(t)= 0 and

|k(ℓ−ℓ0)cos(θ)| ≤ µsni(t)∀t ∈ [T1,T2]. In order for this pair of conditions to be satisfied,

we found that we need the excitation frequency ω to be lower than the lowest ωn1,2,3
and

the amplitude of excitation a should also be small. These results from our numerical sim-

ulations are shown in Figure 2.6. In these numerical simulations, we categorize the motion

as SL when no sticking behavior happens during a time interval ∆τ = 25 in the steady-state

motion, otherwise, as SSL. Of all the parameters governing whether the locomotion was

SSL or SL, ω was the most prepotent. As can be seen from Figure 2.6, if ω is sufficiently

large then the system’s locomotion is SL. The discrete peaks in the transition curve seen

in this figure also proved to be very sensitive to tolerances in our numerical integration

schemes.

For all the above and in subsequent numerical simulations, we set the initial conditions

as

x1 (t = 0)= 0, x2 (t = 0)= ℓ̄,
.
x1 (t = 0)= .

x2 (t = 0)= 0. (2.17)
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5555 4545

Fig. 2.5 Illustration of (a) SSL and (b) SL in the two-degree-of-freedom model

governed by Eqn. (2.11). In (a) the excitation frequency is ω = 0.2ωn1

and in (b) the excitation frequency is ω = 2.3ωn1
. For both examples,

the remaining parameters are a = 0.05, k = 50, ℓ̄ = 3, d = 0.5, c = 0.01,

m1 = m2 = 1, µk = 0.5, µs = 0.7 and ωn1
= 10.

The properties we characterize are based on the behavior of the system after the initial

transients have subsided. We assume that a time period of at least 80 periods of the lowest

natural frequency is sufficient for these transients to have decayed.

The second parameter which should play a key role in the occurrence of SSL is the

static friction coefficient µs. To explore the effects of this parameter, we examined the

relationship between the time taken τ5 for the center of mass C to travel a distance of 5 di-

mensionless units and the difference between the static friction coefficient and the dynamic

coefficient: µs −µk. In other words, we are interested in the effects of static friction on the

average speed of locomotion. Referring to Figure 2.7, we found that a larger static friction

will help accelerate the system in a certain range. However, in general, the effects of vary-

ing the static friction coefficient µs ≥ µk are not significant when the dynamic coefficient

µk is fixed.

2.4 Energetic Considerations

An optimal locomotion scheme can be considered as one where a fixed distance is trav-

elled in the shortest time while minimizing energy consumption. To examine optimality, we

first need to define the energy consumption. For the system at hand, the energy consump-

tion can be inspected in two equivalent manners. First, the energy consumed in actuating
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Fig. 2.6 A graph illustrating the region of SSL with the dimensionless amplitude

a and dimensionless frequency ω as the varying parameters. The other

parameter that are kept fixed are k = 50, c= 0.01, ℓ̄= 3, d = 0.5, µs = 0.7,

µk = 0.5, m1 = m2 = 1, and ωn1
= 10.

the spring is used to counterbalance the energy dissipated by friction and the linear damper.

The energy dissipated ed has the dimensionless representation:

ed =
∫ τ2

τ1

{

µkn1|
.
x1|+µkn2|

.
x2|+c

.
x1

2 +c
.
x2

2
}

dτ. (2.18)

The second measure is to consider the work w done by the spring force. The work is

balanced with the change in the total energy e of the system and the energy ed dissipated

by the system:

w = ed +e(τ = τ2)−e(τ = τ1) . (2.19)

In the following numerical analysis, ed will be used as a measure of the energy consump-

tion. The advantage of choosing ed over w is that ed not only indicates the amount of

energy consumed in order to make the system move, but also shows the amount of energy

converted to heat. Heat dissipation is often a non-trivial issue for MEMS devices which

can be susceptible to thermal failure.

To explore efficiency, we considered the time τz taken for the center of mass C to travel

a distance z and the corresponding energy ez. We computed these metrics for a range
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Fig. 2.7 Influence of µs −µk on the dimensionless time τ5 taken for the center of

mass C to travel a distance of 5 dimensionless units with ω = 0.2ωn1
,

a= 0.05, k = 50, c = 0.01, ℓ̄= 3, d = 0.5, m1 =m2, µk = 0.5, ωn1
= 10 and

µs varying from 0.5 to 1.0.

of excitation frequencies ω and have compiled a representative selection of the results

in Figure 2.8. The results shown in Figure 2.8 challenge our perception that it is always

economical to excite a system at resonance. Clearly, one attains the minimum time to travel

a given distance when ω is close to the frequency ωn1
and there are also local minima near

ωn2
= ωn3

. However, the maximum energy dissipated also occurs when ω is close to ωn1
.

In the region ω/ωn1
< 0.3 where SSL is the observed locomotion mechanism, several

local minima in travel time τ5 occur with minimal changes in e5. However, there are several

disadvantages for those minima in SSL region. First, these critical points are very sensitive

to changes in ω and, second, the average speed doesn’t compare to that when ω is close

to ωn1
. In general, the results in Figure 2.8 indicate that energy efficiency can never be

achieved without lowering the average speed of the center of mass C.

Another key factor in excitation is the amplitude a of the spring’s intrinsic length ℓ0(t).
In order to draw some conclusions on the influence of a, five excitation frequencies were

selected featuring two low frequencies (one with SSL and one featuring SL), one frequency

near resonance and two high frequencies. On the whole, the trend in Figure 2.9 agrees with

the results shown in Figure 2.8 that a higher average speed can only be achieved with a

higher concomitant energy dissipation.1 One feature of particular interest in Figure 2.9 is

that when a ≤ 0.08, the system substantially traveled the fixed distance in the same amount

1 While the energy e5 dissipated for ω = 0.95ωn1
does decrease after a certain amplitude a is reached, this

region in parameter space is not feasible because when the two mass are too close to each other there is a

possibility that the normal force on one of them will vanish and that mass would then loose contact with

the ground.
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33
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Fig. 2.8 Numerical results to analyze the efficiency of the model in Figure 2.4 as

a function of the excitation frequency ω . (a) Nondimensionalized time τ5

taken to travel a distance of 5 dimensionless units. (b) The correspond-

ing non-dimensionalized energy consumption e5 during the motion. The

parameters for the model used to produce these results were a = 0.05,

ℓ̄= 3, d = 0.5, k = 50, c = 0.01, m1 =m2, µk = 0.5, µs = 0.7 and ωn1
= 10.

of time with same amount of energy dissipated for low frequency ω = 0.60ωn1
as with

a high frequency ω = 1.60ωn1
. However, when a > 0.08, the system excited with a low

frequency ω = 0.60ωn1
can travel the fixed distance in less time and with a smaller energy

dissipation than the system excited with a frequency ω = 1.60ωn1
. In other words, when

all the other conditions are equal, the excitation with a lower frequency, namely, a longer

period, appears to allow the system to take advantage of the resultant force on the system

in the E1 direction than one with a high excitation frequency.

To illustrate the aforementioned comment about the resultant force in the horizontal

direction, we sum the external forces which are composed of friction and damping forces

in E1 direction for the system:

Fex ·E1 =
(

F f1
+Fd1

+F f2
+Fd2

)

·E1. (2.20)

We next consider the system and subject it to a periodic external force. In the first case, the

excitation frequency is sufficiently small that SSL occurs and in the second case the fre-

quency is sufficiently high so that SL occurs. For cases exhibiting SSL and SL, the resultant

force Fex ·E1 as a function of time are shown in Figure 2.10. The sets of results shown in

Figure 2.10(a),(b) exhibit a similar average speed for the center of mass C. However, the

amplitude of force for the SL case in Figure 2.10(b) is almost twice that for the SSL case

in Figure 2.10(a). Since all the parameters except the excitation frequency ω are identical,

this effect must be attributed to ω . According to Figure 2.10, the period of the resultant

force Fex ·E1 is half the period of ℓ0(t).



CHAPTER 2. LOCOMOTION: A RIGID BODY MODEL 17

  

0.050.05

00

33

250 140

aa

τ5 e5

(a) (b)

ω1

ω1

ω2

ω2

ω3

ω3

ω4

ω4
ω5

ω5

Fig. 2.9 Numerical results to analyze the efficiency of the model in Figure 2.4

for a varying exciting frequency with three representative frequencies

. (a) Nondimensionalized time τ5 travel a distance of 5 dimensionless

units. (b) The corresponding dimensionless energy consumption e5. The

parameters for this model are ℓ̄= 3, d = 0.5, k= 50, c= 0.01, m1 =m2 = 1,

µk = 0.5, µs = 0.7 and ω1 = 2, ω2 = 6, ω3 = 9.5, ω4 = 16 and ω5 = 23

respectively.

To develop a sense of the role that the period of the resultant external force Fex ·E1

in Figure 2.10 plays on the motion of the system, we consider a similar scenario of a

particle m under the influence of the sawtooth periodic force in the x direction (cf. Figure

2.11). The sawtooth profile is an approximation of the profile of Fex ·E1 that is visible in

Figure 2.10(b) and the particle m can be considered as the system composed of m1 and m2.

Based on the above assumption, if the particle of mass m has an initial velocity v0, then the

corresponding average speed v̄ in one period of the forcing is

v̄ = v0 +
FmaxTf

6m
= v0 +

Fmaxπ

3mω f

, (2.21)

where ω f = 2π
Tf

. Even though the situation in the two degree-of-freedom model with friction

is far more complicated (because the quantities corresponding to F and v0 are functions of

ω f ) we can still use (2.21) to obtain some qualitative insights. For instance, assuming that

Fmax and v0 have the same sign, then Eqn. (2.21) shows that the lower the frequency ω f ,
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Fig. 2.10 Illustration of the force and velocity profiles for the two typical types

of motion exhibited by the solutions to Eqn. (2.11). In (a), the exci-

tation frequency is ω = 0.2ωn1
and in (b) the excitation frequency is

ω = 2.3ωn1
. For both examples, the remaining parameters are a = 0.05,

k = 50, ℓ̄ = 3, d = 0.5, c = 0.01, m1 = m2 = 1, µk = 0.5, µs = 0.7, and

ωn1
= 10.

the higher the value we can expect for the average speed v̄. This simple model also shows

why we should not expect SL to yield faster locomotion than SSL.

2.5 The Effects of Mass Distribution

The motion of the system is achieved in part by varying the normal forces at the contact

points with the ground. These forces are also proportional to the masses m1 and m2, respec-

tively. Consequently, it is of interest to examine how the mass distribution
m1

m2
can effect

the locomotion of the system. In this section, we examine how the time to travel τ5 and the

energy dissipated e5 are related to the mass parameter
m1

m2+m1
for a set of five representative

excitation frequencies.

In Figure 2.12(b), for high frequency ω = ω5 = 23, we find three local minima for τ5

near m̂ = m1/(m1 +m2) = 0.05, 0.95, and 0.5. When m̂ = 0.05 or 0.95, then the natural

frequency ωn1
= ω . Like the case shown in Figure 2.8, the least time needed to achieve a

given distance is near ωn1
and this is produced with maximum energy consumption. We

obtain another local minimum in τ5 when m̂ = 0.5 (i.e., m1 = m2) and this is produced with

(a local) minimal energy consumption.
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Fig. 2.11 Schematic of a particle m moving under the influence of a resultant

periodic force f (t). The sawtooth profile of f is also shown.

The results shown in Figure 2.12 provide another way to accelerate our system when

changing the excitation frequency is not possible. For ω = ω4 = 16, the trend follows what

happens with ω =ω5 = 23 except the mass ratio where ω = ωn1
changes. The third case we

consider is ω = ω3 = 9.5. Here, as ω3 ≈ ωn1
when m1 = m2, we find that the three valleys

reduced to a single wide flat valley. This is a very appealing design region for applications.

If we continue to decrease the excitation frequency to ω = ω2 = 6, then the first natural

frequency ωn1
can never be reached regardless of the mass distribution2. However, as can

be seen from Figure 2.12(b), we still find three local minima of average velocity at m̂= 0.27,

0.73, and 0.5.

As can be seen in Figure 2.12(a), with the two mass distributions m̂ = 0.27 and 0.73,

the exciting frequencies are quite close to the approximated frequency corresponding to

the mode of single mass oscillation ωn2
= 5.85 and ωn3

= 5.85, respectively. For the other

minimum at m̂ = 0.5, the excitation frequency ω = ω2 is the closest to ωn1
. Of particular

interest to us is that its corresponding energy consumption indicated by Figure 2.12(c) is

also a minimum.

The behavior when ω = ω1 = 2 follows what occurred with ω = ω2 = 6 except that it

does not exhibit the two valleys for the travel time τ5 near the frequency corresponding to a

single mass oscillation. By examining numerical simulations for the case ω =ω1, we found

that SSL was dominant during the entire motion. With one of the masses stuck, we have

less energy dissipated. However, the time to reach the fixed distance 5 is longer in general

compared to the other cases ω2,3,4,5,6 and is not significantly improved at the minimum

m1 = m2. Finally, when ω = ω1 = 2, the system can only be set into motion in a narrow

range of mass distributions near m̂ = 0.5.

2.6 Conclusions

Based on the numerical simulations and analysis of the simple model, the following

conclusions on locomotion can be drawn:

2 According to Eqn. (2.13) and Figure 2.12(a), the minimum ωn1
is 10 with m1 = m2
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1. SSL typically occurs only for frequencies smaller than the smallest of ωn1,2,3
.

2. SSL is energy efficient, however, it is not always the fastest form of locomotion.

3. During SSL, the time to travel a given distance is not very sensitive to the difference

in the coefficients of static and dynamic friction.

4. To achieve the same average velocity of the center of mass, especially when the

excitation amplitude a is large, low frequency is better than high frequency in term

of energy efficiency.

These observations have potential influence on how friction-controlled robots are operated

and designed. The design and operation of these devices include the actuator technology,

materials, and geometric dimensions required to achieve the actuation frequency, ampli-

tude, kinetic friction, and mass distribution necessary for energetically efficient locomo-

tion at a prescribed velocity. Such insights have particularly important implications in the

design and operation of soft robots. In contrast to their rigid counterparts, soft robots elasti-

cally conform to a surface and typically engage in friction-controlled locomotion. Even for

designs that cannot be represented by the models examined here, our analysis nonetheless

identifies the important factors (e.g., actuation frequency, amplitude) and general advan-

tages of SSL over SL for accomplishing forward motion with minimal frictional energy

dissipation.
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Fig. 2.12 Numerical results that are used to analyze the energy-efficiency of the

model in Figure 2.4 for different mass distributions
m1

m1+m2
. (a) Natural

frequencies ωn1,2,3
as functions of the mass ratio

m1

m1+m2
. (b) Dimen-

sionless time τ5 to travel a distance of 5 dimensionless units. (c) The

corresponding dimensionless energy consumption e5. The parameters

for this model are k = 50, a = 0.05, ℓ̄= 3, d = 0.5, µs = 0.7, µk = 0.5 and

ω1 = 2, ω2 = 6, ω3 = 9.5, ω4 = 16, and ω5 = 23 respectively.
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Chapter 3
Locomotion: A Rod-Based Model

3.1 Introduction

The aforementioned discrete model delivered a clear perspective on how locomotion

can be induced by properly coordinating the interaction of the limbs with the ground plane

on which the robot moves. In order to further examine this issue, a rod-based, flexible

model for a limb which is attached to a mass m is developed and examined. Referring

to Figure 3.1, we consider a block of mass m that is free to move on a rough horizontal

surface. The block is attached to a flexible rod whose intrinsic curvature κ0 is assumed to

be controllable. By varying the profile κ0(s) of the intrinsic curvature, the contact between

the rod and the ground can be changed. In particular, we seek to examine the best profiles

κ0(s) which enable a locomotion of the block such as that shown in Figure 3.2.

E1

E2

κ0 g

O m

Fig. 3.1 Schematic of a rod-based model for the soft robot. One end of the rod is

attached to a mass m.

Our efforts here are designed to enable a systematic analysis of a locomotion scheme

for a soft robot. Such analyses are challenging because the behavior is often governed by

nonlinear PDEs and recourse to numerical methods is typical. This chapter provides a sys-

tematic analysis of a locomotion scheme using a quasi-static analysis. While we do not

specify on the precise mechanism by which the intrinsic curvature is changed, there has

been an increased interest in the development of mechanisms for changing κ0 in compo-

nents of soft robots. The interested reader is referred to [13, 42, 48, 49, 52] for examples of

these mechanisms.
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(a)

(b)

(c)

(d)
∆

κ0 ↓

κ0 ↑

κ0 = 0

κ0 = 0

Fig. 3.2 Illustration of the locomotion for the model system shown in Figure 3.1.

In (a) the system is at rest and the soft limb is attached to the ground, then

in (b) the profile κ0(s) of the intrinsic curvature changes and the block

attached to the soft limb moves forward. In (c), the intrinsic curvature is

relaxed, the block sticks to the ground, and the tip of the soft limb slips

forward. In (d), the soft limb in contact with the ground plane forms a

dry-adhesive bond with the plane and a single cycle of the locomotion

mechanism is complete. The net displacement ∆ for a single cycle is also

shown.

The chapter, which is based on [55], is organized as follows: In the next section, Section

3.2, a model for the system shown in Figures 3.1 and 3.2 is established using rod theory

and the governing equations for the two configurations shown in Figure 3.2 are derived

using variational principles. We follow [23, 24] in the treatment of stability criteria for the

dry adhesion of rods. In Section 3.3, numerical integrations of the governing equations

are analyzed. Furthermore, the stability of these solutions is discussed in Section 3.4. Our

analyses demonstrate how controlling the intrinsic curvature can coordinate the interaction

between the soft robot and ground plane in a manner that leads to effective locomotion of

the system. We conclude the chapter with a discussion on different curvature profiles in

Section 3.5 and a set of design recommendations for optimal performance of soft robot

featuring varying curvature and adhesion.
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3.2 A Simple Model For A Soft-Limbed Robot

We are interested in developing a simple model to analyze the salient features for the

locomotion of a soft robot. Referring to Figure 3.1, the model has two components: a rigid

mass and a heavy flexible elastic component. Thus one approach to modeling the robot is

to use Euler’s theory of an elastic rod which is known as an elastica. Euler’s theory can

be readily modified to include varying intrinsic curvature and terminal loads due to added

mass or friction forces. Our developments and notation closely follow earlier works [23,24]

on adhered intrinsically curved rods.

Background

E1

E2

O

M0

MℓF0

Fℓ

Fγ

γ

r(s)

s = 0

s = ℓ

Fig. 3.3 Schematic of a flexible elastic rod which is subject to a terminal force

F0 and terminal moment M0 at s = 0 and a terminal force F0 and ter-

minal moment Mℓ at the end s = ℓ. The coordinate s parameterizes the

centerline of the rod.

The rod is modeled using Euler’s theory of an elastica as a uniform rod of length ℓ
which has a flexural rigidity EI, mass per unit length ρ and an externally controlled intrin-

sic curvature κ0. As discussed in [25], the pneumatic actuation system in some soft robots

induce changes to EI and ρ but we do not consider these effects here. Incorporating them

into the model would follow the lines of similar developments in models for growing plant

stems that are discussed in [11, 38]. We also note that the rod is assumed to be inexten-

sible and unshearable. Relaxing these two kinematic features would entail using a more

elaborate rod theory.

Referring to Figure 3.3, the arc length of the centerline of the rod is parameterized using

a coordinate s ∈ [0, ℓ]. The position vector of a material point at s = s1 on the centerline of

the rod has the representation

r(s = s1) = X (s = s1)E1 +Y (s = s1)E2, (3.1)
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where the Cartesian coordinates X and Y are defined by

X (s = s1) = X (s = 0)+
∫ s1

0

cos(θ(ξ ))dξ ,

Y (s = s1) = Y (s = 0)+
∫ s1

0

sin(θ(ξ ))dξ . (3.2)

In (3.2), the angle θ is defined as the angle that the unit tangent vector r
′

makes with the

horizontal E1 direction:

r
′
= cos(θ(s))E1 + sin(θ(s))E2 (3.3)

where the prime denotes the partial derivative with respect to s.

In addition to a gravitational force per unit mass −ρgE2 and an adhesive potential

energy Ω on certain segments of the rod’s lateral surface, a terminal force Fℓ and terminal

moment Mℓ are presumed to act at the tip s = ℓ. In the problem at hand, the terminal

loading will be used to model the contact conditions at the end of the soft limb. The

bending moment M in the rod is prescribed by a classic constitutive equation:

M = EI(θ′−κ0)E3 (3.4)

where κ0 is a signed intrinsic curvature.

Along the length of the rod, discontinuities typically occur and it is necessary to define

the following limits for any function X =X
(

s,θ(s),θ′(s)
)

:

X (ζ−)= lim
sրζ

X
(

s,θ(s),θ′(s)
)

,

X (ζ+)= lim
sցζ

X
(

s,θ(s),θ′(s)
)

. (3.5)

The jump or discontinuity in the function X at the point s= ζ can then be represented using

a compact notation:

[[X ]]ζ =X (ζ+)−X (ζ−). (3.6)

We shall assume that r is continuous (i.e., there are no breaks in the rod). It follows that θ

will then be continuous and
[[

r
′]]

ζ
= 0 for all ζ ∈ [0, ℓ].

Henceforth we develop models for two distinct configurations of the rod. In the first

configuration, which is shown in Figures 3.2(c) and 3.4, the end of the rod at s = ℓ is in

point contact with the ground plane. We refer to this configuration as State I. The second

configuration of interest, which we refer to as State II, arises when a portion of the rod

s ∈ (γ, ℓ] is in contact with the ground plane and a dry adhesion is present at this interface.

Examples of this configuration can be seen in Figures 3.2(a,b,d) and 3.5. We now turn

towards establishing the governing equations for the models for States I and II.
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Fig. 3.4 Free body diagram for the model for State I. In this model, point contact

at the tip of the rod s = ℓ and the ground plane is assumed. The mass m

is assumed to be held stationary by static friction.

Governing Equations For State I

In State I, the mass m is assumed to be held stationary with the help of static friction.

We define the end point of the rod that connects to the singular mass to be s = 0 and the

tip of the rod that touches the rough ground to be s = ℓ. The normal force acting on m is

denoted by N2E2 and Ff2
E1 denotes the friction force. At the tip of the rod, a normal force

N1E2 and a friction force Ff1
E1 are assumed to act. The normal force N1E2 is a constraint

force that enforces the unilateral constraint

∫ ℓ

0

sin(θ(s))ds= −h. (3.7)

Here, h =Y (0)−Y (ℓ) is a constant height.

For our quasi-static analysis, where the inertias of the mass and rod are ignored, there

are two cases to consider. In the first case the tip of the rod is assumed to be stationary.

Thus, the static friction force Ff1
E1 in this case is a constraint force due to the constraint

∫ ℓ

0

cos(θ(s))ds = d. (3.8)

Here, d = X(ℓ)−X(0) is a constant. With the help of the static friction criterion and assum-

ing the same coefficient of static friction µs between the mass m and the ground and the rod

tip and the ground, we find that

N2 = mg+ρgℓ−N1,

Ff1
= Ff2

, (3.9)
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where the normal and friction forces satisfy the following criteria:
∣

∣

∣Ff1

∣

∣

∣ ≤ µsN1, N1 > 0,
∣

∣

∣Ff2

∣

∣

∣ ≤ µsN2, N2 > 0. (3.10)

Once the inequality in (3.10)1 is violated, the static friction force at the tip of the rod

changes to dynamic friction and d no longer remains constant. In this case, (3.10)1 is

replaced with

Ff1
= −µdN1

.

X(ℓ)

|
.

X(ℓ)|
. (3.11)

For present purposes, we are particularly interested in changing the curvature profile κ0(s)

so that

.
X(ℓ)
|

.
X(ℓ)| = 1 and the tip of the rod moves forward. ggg

Because, the mass m is assumed to be fixed in State 1, the potential energy of the rod

consists of the sum of the strain energy, gravitational potential energy and the potential

energy of the terminal load Fℓ:

V =
∫ ℓ

0

{

EI

2
(θ′−κ0)2 +ρgY (s)−Fℓ ·r

′
}

ds, (3.12)

where

Y (s)=
∫ s

0

sin(θ(ξ ))dξ , Fℓ = Ff1
E1 +N1E2. (3.13)

The integral can be simplified using a standard change in the order of integration (see [10]

for a clear discussion):

∫ ℓ

0

ρg

∫ s

0

sin(θ(ξ ))dξ ds =
∫ ℓ

0

ρg(ℓ− s)sin(θ(s))ds. (3.14)

Since we are assuming that both ends of the rod are fixed, the first variation of V can be

used to derive the boundary-value problem for the deformed shape θ of the rod:

EI(θ′′−κ′0)−ρg(ℓ− s)cos(θ)+N1 cos(θ)−Ff1
sin(θ)= 0, s ∈ [0, ℓ].

(3.15)

In addition, the sought-after solution θ(s) to (3.15) needs to satisfy the boundary conditions

θ(0)= 0, θ′(ℓ)= κ0(ℓ),
∫ ℓ

0

cos(θ(s))ds= d,

∫ ℓ

0

sin(θ(s))ds =−h, (3.16)
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and also satisfy (3.10). If the static friction criterion (3.10)1 is violated then the tip of the

rod will slip and the friction force at the tip becomes dynamic (3.11). In this case, we need

to solve (3.15) for θ subject to the boundary conditions

θ(0)= 0, θ′(ℓ)= κ0(ℓ),
∫ ℓ

0

sin(θ(s))ds= −h. (3.17)

That is, the constraint (3.8) no longer holds.

Governing Equations For State II

E1

E2
g

O

(N2 −mg)E2

Ff 2E1

n(0)

−n(0)

h

d

s = γ

Fig. 3.5 Free body diagram for the model for State II. In this model, a portion

ℓ−γ of the rod adheres to the ground plane.

In State II, a portion of the rod from s= γ to s= ℓ is assumed to be in continuous contact

with the ground plane. At the point s = 0 where the rod is clamped to the mass m, the rod

exerts a contact force −n(0) on m. Using a balance of linear momentum for m and ignoring

the inertia of m and the rod, we find that

n(0)= n1 (0)E1+n2 (0)E2 = N2E2 −mgE2 +Ff2
E1. (3.18)

As with the model for State I, N2 and Ff2
are the normal and friction forces, respectively,

acting on m.

With the help of the static friction criterion, it is straightforward to see the following

conditions need to be satisfied if the mass m is to remain stationary:

n2 ≥−mg, |n1| ≤ µs (n2(0)+mg) . (3.19)

If the mass m were to slip, then ignoring the inertias of the rod and mass m, we find that

(3.19) needs to be replaced with

n2 ≥−mg, n1 = −µk (n2(0)+mg)

.

X(0)

|
.

X(0)|
. (3.20)
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To find the terminal force n(γ), we use a local form of the balance of linear momentum for

the rod:

n
′
+ρf = 0. (3.21)

For the detached segment s ∈ [0,γ] of the rod, f = −gE2, and so we find that

n1(γ)= n1(0), n2(γ)= n2(0)−ρg(ℓ−γ) . (3.22)

The results (3.19), (3.20), and (3.22) will be used to compute the potential energy of the

rod.

The total energy of the rod in State II consists of the sum of the strain energy, grav-

itational potential energy, the potential energy due to the terminal load, and the adhesion

energy. Here, we follow the treatment in [23, 24] and model the adhesion energy using a

constant ω for the adhesion energy per unit length along the adhered part s ∈ [γ, ℓ]. It is

straightforward to show that the potential energy of the rod is

V =
∫ γ

0

{

EI

2
(θ′−κ0)2+ρgY (s)−n(γ) ·r

′
}

ds

+
∫ ℓ

γ

{

EI

2
(θ′−κ0)2 +ρgh−n(0) ·r

′
+ω

}

ds, (3.23)

where

Y (s)=
∫ s

0

sin(θ(ξ ))dξ . (3.24)

In establishing (3.23) we emphasize that we are ignoring inertial effects.

Similar to State I, the first variation of V can be performed to establish the boundary-

value problem which is used to determine the deformed shape θ for the detached part of the

rod:

EI(θ′′−κ′0)−ρg(γ − s)cos(θ)+n2(γ)cos(θ)−n1(γ)sin(θ)= 0, s ∈ [0,γ]. (3.25)

If (3.25) features static friction, then θ must satisfy the boundary conditions

θ(0)= 0, θ(γ) = 0,

[[

EI

2
(θ′−κ0)2 −n ·r

′
]]

γ

= ω,

∫ ℓ

0

cos(θ(s))ds= d,

∫ ℓ

0

sin(θ(s))ds =−h (3.26)

and (3.19). Alternatively, if m is in motion, then θ must satisfy the boundary conditions

θ(0)= 0, θ(γ) = 0,

[[

EI

2
(θ′−κ0)2 −n ·r

′
]]

γ

= ω,

∫ ℓ

γ
sin(θ(s))ds =−h (3.27)

and (3.20).
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3.3 The Locomotion Mechanism

To discuss the locomotion mechanism shown in Figure 3.2, it is convenient to divide

the mechanism into a series of phases as follows:

A. In Phase A, the mass m is fixed and tip of the rod is initially stationary and in contact

with the ground plane. By judiciously varying the curvature profile κ0(s), the tip of

the rod is induced to slip as far forward as possible.

B. In Phase B, the mass m is fixed and, again by carefully varying κ0(s), the length of

the rod in contact with the ground plane is increased using dry adhesion.

C. In Phase C, the adhered length of the lateral surface of the rod is decreased by varying

κ0(s) (i.e., peeling occurs), the mass m slips, and is promoted to move as far forward

as possible.

At the end of Phase C, the only portion of the lateral surface of the rod that is in contact

with the ground plane is the tip of the rod. For the mass to move further, Phases A, B, and

C are repeated sequentially. We now turn to examining the three phases in turn.

Curvature Profile and Dimensionless Parameters

In our work, slip, adhesion, and peeling are controlled by varying the intrinsic curvature

profile and the choice of this profile is critical to the feasibility of the proposed locomotion

mechanism. For the purposes of discussion, it is convenient to choose a particular curvature

profile which we express using a dimensionless profile κ̄0:

κ̄0 =
κ0

ℓ
=−16κ̄maxs̄2(1− s̄)2, (3.28)

where κ̄max is a constant and the dimensionless arc length s̄ is defined as

s̄ =
s

ℓ
. (3.29)

The behavior of a clamped-free rod loaded by its own weight and endowed with the curva-

ture profile (3.28) is shown in Figure 3.6. This figure shows that the curvature profile does

not generate physically unrealistic self-intersections of the rod as κ̄max is varied.

Numerical simulations in the sequel are performed using Matlab’s bvp4c package. For

these simulations, it is convenient to define a dimensionless flexural rigidity D, mass M,

and adhesion energy Wad:

D =
EI

ρgℓ3
, M =

m

ρℓ
, Wad =

ω

ρgℓ
. (3.30)

We also use the weight ρgℓ of the rod to non-dimensionalize the friction and normal forces.

In an effort to make our figures more concise, we denote sticking of the mass m by “S”, a

tendency of the mass to move to the left by “L” and a tendency to move to the right by “R”.
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ℓ
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ℓ

κ̄max ↑
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Fig. 3.6 Features of the curvature profile (3.28) as the parameter κ̄max is varied.

(a) The dimensionless curvature throughout the deformed rod. (b) The

corresponding deformed shape of a heavy rod with an intrinsic curvature

profile (3.28) and a vertical gravitational loading. One end of the rod is

assumed to be clamped while the other is free. The dimensionless flexural

rigidity D of the rod is D = EI

ρgℓ3 = 0.1.

Phase A

We start by considering the tip of the rod in point contact with the ground plane as

shown in Figure 3.7. A key to successful locomotion is to vary the normal force N1 at

the contact point so that the static friction criterion will be violated and the tip of the rod

will slip forward. To see how this can be achieved using the profile (3.28), we solve the

boundary value problem given by (3.15) and (3.16) to determine the deformed shape of the

rod and the dimensionless normal
N1

ρgℓ and friction
Ff1

ρgℓ forces at the tip.

As can be seen from Figure 3.7(b), as κ̄max decreases, eventually a point is reached

where the tip of the rod slips. For the example shown, this critical point occurs when

κ̄max < 6.03. For the given κ0(s), the tip slips to the right. Once the slipping is about to

occur, the friction force at the tip changes to dynamic friction and we need to reformulate

the boundary value problem in order to determine the deformed shape of the rod. The

resulting reformulated boundary value problem now features (3.15) and (3.17). κ̄max is

decreased from the critical value 6.03 to 0, we observe from Figure 3.8(a) that the tip

moves increasingly forward and the length d
ℓ → 1. The resulting solution for various values

of κ̄max are shown in Figure 3.8(a).

During Phase A of the locomotion scheme, it is important that the mass m remains

stationary while the tip of the rod slips. To see if m remains at rest, we need to verify the

static friction criterion for m. As can be seen from the graphs for µs
N2

ρgℓ and

∣

∣

∣
Ff1

=−Ff2

∣

∣

∣

ρgℓ in

Figure 3.8(b), the static friction criterion holds as κ̄max is decreased from 6 to 0.
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µsN1

ρgℓ

κ̄max
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κ̄max ↓

R

S

Fig. 3.7 The first stage of Phase A of the locomotion scheme where the static

friction acts at the tip of the rod. (a) The deformed shape of the rod as

κ̄max decreases from 7 to 0. (b) The corresponding dimensionless friction
|Ff1

|
ρgℓ and (scaled) normal

µsN1

ρgℓ forces acting at the tip of the rod in contact

with the ground plane. For the results shown, d = 0.72, D = EI

ρgℓ3 = 0.1,

and µs = 0.3. When κ̄max < 6.03, the static friction criterion is violated

and so one of the configurations shown in (a) is not realizable.

Phase B

At the end of Phase A, the tip of the rod has extended as far to the right as possible and

κ̄max = 0. It is at this stage that we assume that dry adhesion is present between the lateral

surface of the rod and the ground plane. Our simulations also show the expected results

that the more flexible (EI is small) and heavier (ρℓ is large) the larger the contact length.

It is straightforward to solve the resulting boundary value problem for Phase B in order to

determine the adhered length of the rod and so we now turn to Phase C.

Phase C

At the start of Phase C, the curvature parameter κ̄max = 0. Referring to Figure 3.9(a),

as κ̄max increases from 0, the rod peels from the surface. We observe from the inset image

in Figure 3.9(a) of d as a function of κ̄max that the mass m moves initially to the left (d

increases), but eventually, the mass m moves to the right and the desired locomotion is

achieved. In order to switch from State II to State I, we need to make γ reach ℓ. As

illustrated in Figure 3.9(a), as κ̄max increases, γ will eventually reach ℓ with κ̄max = 15. At

this stage in the locomotion process, only the tip of the rod at s = ℓ is in contact with the

ground plane.

The reason for the initial increase in d can be explained by noting that as we started

increasing κ̄max, the rod peeled but θ′(γ) decreased. In order to accommodate the decreased

value of θ′(γ), d was forced to increase. However, as κ̄max is increased beyond ≈ 5.42 in

Figure 3.9, d will start to decrease and the mass will move forward. In our simulations of
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Fig. 3.8 The second stage of Phase A of the locomotion scheme where the tip of

the rod is slipping forward. (a) The shape of the rod as κ̄max varies. (b)

The corresponding dimensionless forces acting at both ends of the rod.

For the problem at hand, Ff1
= −Ff2

so the mass m remains stationary.

For the results shown, D= EI

ρgℓ3 = 0.1, µk = 0.2, µs = 0.3, M = m
ρℓ = 2, and

κ̄max ranges from 6 to 0.

the boundary value problem to analyze this case we updated the value of

.
X(0)
|

.
X(0)| to accom-

modate the cases where d was decreasing and increasing.

A potential realization of the locomotion induced by Phase C is shown in Figure 3.10(a).

The dimensionless plots of d and ℓ− γ as a function of κ̄max shown in this figure, were

constructed by quasi-statically increasing the latter variable from 0 and examining the de-

tachment of the rod and the movement of the mass m.

It is of great interest to examine the robustness of the locomotion during Phase C to

perturbations in system parameters such as µk. To this end, we examined three distinct

instances, labelled i− iii on the graph in Figure 3.10(a). For a given d, we are interested in

how varying κ̄max can produce changes in the friction force Ff2
and normal force N2 acting

on the mass m.1 Consider for instance, the point i. As shown in Figure 3.10(b), if we vary

κ̄max while assuming that d is constant, then we find that eventually the mass will slip to

the left. On the other hand for ii, as shown in Figure 3.10(c), we find that varying κ̄max will

induce the mass to move to the right. This is in contrast to iii (cf. Figure 3.10(d)) , where

varying κ̄max is capable of inducing the mass to move to the left or the right. The nature

of the variations in Ff2
and N2 with κ̄max imply that the locomotion scheme is robust with

respect to small changes in µs and µk.

1 The change in κ̄max will induce changes to γ .
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d

Fig. 3.9 Phase C of the locomotion scheme where the adhered length of the rod is

decreasing and the mass m is in motion. (a) The shape of the rod as κ̄max

varies. (b) The corresponding dimensionless forces acting at the mass

m. For the results shown, Wad = ω
ρgℓ = 3.2, M = m

ρℓ = 2, D = EI

ρgℓ3 = 0.1,

µk = 0.2 and κ̄max increases from 0 to 15.

The Locomotion Cycle

We now summarize our findings by illustrating the locomotion of the mass m that can

be achieved by cyclically varying κ̄max from 0 → 15. As can be seen in Figure 3.11, where

the dimensionless displacement x
ℓ of the center of mass is displayed, the mass m will initial

move backwards, but as κ̄max is increased further, the mass will move forward.

3.4 Stability Analysis

The equilibrium configurations of the rod discussed in Section 3.3 feature large defor-

mations and must be stable in order for the locomotion scheme to be realized. The presence

of friction considerably complicates an analysis of this stability and we are forced in the

sequel to perform an approximate stability analysis. Thus, for the configurations referred

to as State I, we analyze stability when the friction forces are static by considering the two

limiting cases of assuming that a constant force acts at the rod tip and the tip is fixed (so the

rod is clamped-fixed). The approximations we adopt for examining the stability of State

II are to assume that the mass m is fixed. In this case, we can use the recently developed

stability criteria for elastic rods with dry adhesion that can be found in [23, 24].

Stability Analysis for State 1

In order to cope with the challenge brought up by isoperimetric constraint and friction

in the stability analysis of State I, we discretize the rod into a series of elements and ap-

proximate the friction in two separate manners. First, we model the friction as a constraint
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Fig. 3.10 Illustration of Phase C of the locomotion scheme featuring State II

where static friction acting on the mass m is overcome and motion of

m is achieved. In (a) The dimensionless length of the rod d
ℓ and the di-

mensionless detached length 1− γ
ℓ as κ̄max varies when the mass m slips.

(b) The corresponding dimensionless forces acting at the singular mass

for fixed d and γ for three representative regimes (b): κ̄max ∈ [0,3]; (c):

κ̄max ∈ [5,6]; and (d): κ̄max ∈ [5,12]. For the results shown in (a), (a)

Wad = ω
ρgℓ = 3.2, M = m

ρℓ = 2, D = EI

ρgℓ3 = 0.1, µk = 0.2, µs = 0.3 and κ̄max

ranges from 0 to 15. The inset images show the deformed state of the

rod.

and second we approximate the friction as a constant force. Next, the rod is modeled as

a set of n−1 segments of length ds and 2 segments of length ds
2

with nds = ℓ, the friction

force at the tip is treated as a constraint (cf. Figure 3.13) and the system is parameterized by

n+2 variables θ0,θ1, . . . ,θn+1. The total potential energy (3.12) for the rod is approximated
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Fig. 3.11 Results from the quasi-static analysis of the (a) change x in the mass

m’s position in the E1 direction and (b) change xtip in the tip of the rod’s

position in the E1 direction under the excitation of a periodic κ̄max. In

(a), κ̄max ranges from 7.65 to 15.0 and in (b) κ̄max ranges from 0 to

6.56 The dimensionless parameters for this model are Wad = ω
ρgℓ = 3.2,

M = m
ρℓ = 2, D = EI

ρgℓ3 = 0.1, µk = 0.2, and µs = 0.3.

by its discrete counterpart:

Vdis =
EI

2

n
∑

i=1

(

θi−θi−1

ds
−κ0

)2

ds+ρg(ℓ− s0)sin(θ0)
ds

2

+
n−1
∑

i=1

ρg(ℓ− si)sin(θi)ds+ρg(ℓ− sn)sin(θn)
ds

2
. (3.31)

The isoperimetric constraints (3.16)3,4 are also discretized and we need to impose boundary

conditions on θi:

sin(θ0)
ds

2
+

n−1
∑

i=1

sin(θi)ds+ sin(θn)
ds

2
= h,

cos(θ0)
ds

2
+

n−1
∑

i=1

cos(θi)ds+cos(θn)
ds

2
= d,

θ0 = 0,
θn+1 −θn−1

2ds
= κ0(ℓ). (3.32)
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Fig. 3.12 Schematic of the discretization scheme for the rod.

Note that the variable θn+1 is a well-known device to enable the moment-free boundary

condition at s = ℓ to the imposed and, later, to approximate θ
′′
(s = ℓ).

The conditions (3.32)3 can be directly imposed on (3.31) to reduce the dimension of

the discretized system. That is,

Vdis =
EI

2

n
∑

i=1

(

θi−θi−1

ds
−κ0

)2

ds

+
n−1
∑

i=1

ρg(ℓ− si)sin(θi)ds+ρg(ℓ− sn)sin(θn)
ds

2
, (3.33)

and the discretized isoperimetric simplify to the pair of constraint functions c1 and c2:

c1 =
n−1
∑

i=1

sin(θi)ds+ sin(θn)
ds

2
−h,

c2 =
ds

2
+

n−1
∑

i=1

cos(θi)ds+cos(θn)
ds

2
−d. (3.34)

We observe that this pair of functions depends on the states θ1, . . . ,θn.

We next seek minimizers of Vdis which satisfy two discretized constraints (3.34). The

extremizer, which can be found in a standard manner using the method of Lagrange mul-

tipliers, is denoted by (θ∗1 , . . .,θ
∗
n). To examine the stability of the equilibrium state, it is

convenient to define three (n×n) matrices:

F = ∇2Vdis (θ
∗
1 , . . .,θ

∗
n ) ,

H1 = ∇2c1 (θ
∗
1 , . . . ,θ

∗
n) , H2 = ∇2c2 (θ

∗
1 , . . . ,θ

∗
n) ,

L = F+χ1H1 +χ2H2. (3.35)
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Fig. 3.13 Verification of the stability of the equilibrium configuration shown in

Figure 3.8 by examining the smallest eigenvalue λ of ET
LE: (a) corre-

sponds to the case when the static friction force is modeled as a con-

straint in the E1 direction; and (b) corresponds to the case when the

static friction force at the tip of the rod is approximated by a constant

force. For the examples shown, D = EI

ρgℓ3 = 0.1, µk = 0.2, M = m
ρℓ = 2

and κ̄max ranges from 0 to 6.

Here, the Lagrange multipliers χ1 and χ2 correspond to contributions from the normal

force χ1E2 and the static friction force χ2E1. It is well known that for an equilibrium to be

stable, the potential energy has to be locally minimized. To check whether the equilibrium

(θ∗1 , . . .,θ
∗
n) locally minimizes Eqn. (3.33), we use the classical method of checking the

eigenvalues of L corresponding to the eigenvectors that lie in the (n-2)-dimensional tangent

subspace M that is orthogonal to the (n-dimensional) gradient vectors ∇c1 ∈R
n and ∇c2 ∈

R
n defined by the two discretized constraints (3.34). That is,

M= {u ∈R
n : ∇c1 (θ

∗
1 , . . .,θ

∗
n ) ·u = 0 and∇c2 (θ

∗
1 , . . .,θ

∗
n ) ·u = 0}. (3.36)

It should be clear that ∇c1 and ∇c2 are both n-dimensional arrays: ∇c1 ∈R
n and ∇c2 ∈R

n.

We denote an orthogonal basis for M by the set of n-dimensional vectors
{

u1, . . .,un−2

}

.

This basis can be used to define a projection operator E where Ez ∈M for all z ∈Rn:

E= [u1, . . .,un−2] . (3.37)

With the help of E, the stability of the equilibrium can be established by showing that the

smallest eigenvalue of ET
LE is strictly positive [21]. As indicated by the results shown

in Figure 3.13, the quasistatic equilibrium configurations for State I satisfy the stability

criterion.

With friction treated as a constant force, the discretized potential energy function re-
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duces to

Vdis =
EI

2

n
∑

i=1

(

θi−θi−1

ds
−κ0

)2

ds

+ρg(ℓ− s0)sin(θ0)
ds

2
+

n−1
∑

i=1

ρg(ℓ− si)sin(θi)ds+ρg(ℓ− sn)sin(θn)
ds

2

−Ff cos(θ0)
ds

2
−Ff

n−1
∑

i=1

cos(θi)ds−Ff cos(θn)
ds

2
, (3.38)

subject to the following conditions

sin(θ0)
ds

2
+

n−1
∑

i=1

sin(θi)ds+ sin(θn)
ds

2
= h,

θ0 = 0,
θn+1 −θn−1

2ds
= κ0(ℓ). (3.39)

We now follow the same procedure as we did for the first case, but with only a single

constraint function. Our numerical results can be seen in Figure 3.13 and we conclude that

the quasi-static equilibrium configuration for State I satisfies the stability criterion.

Stability Analysis for State II

For State II, we approximate the geometric constraints simply by replacing them with

the constraint forces and then use the recent stability criteria from [23, 24] for adhered

intrinsically curved rods. Before deriving the stability criteria for the State II, we define the

following pair of functions:

P = −ρg(γ − s)sin(θ)+n1(γ)cos(θ)+n2(γ)sin(θ),

P1 = ρg(γ − s)cos(θ)−n2(γ)cos(θ)+n1(γ)sin(θ). (3.40)

To establish the criteria for stability for the solution θ= θ∗, we compute the second variation

J of the potential energy function V in (3.23). Omitting details as they can easily be deduced

from [23, 24], we find that

J =
∫ γ

0

(EIη ′η ′+Pη2)ds−2
[[

EI(θ∗′−κ0)η ′+P1η
]]

γ µ

−
[[

EI(θ∗′′−κ′0)(θ∗
′−κ0)+P1θ

∗′−ρgsin(θ)
]]

γ
µ2. (3.41)

Here, η = η(s) correspond to the variation in θ and µ corresponds to the variation in γ .

These variations are subject to the following compatibility conditions:

µθ∗′(γ−)+η(γ−)= 0, µθ∗′′(γ−)+2η ′(γ−)= 0, (3.42)



CHAPTER 3. LOCOMOTION: A ROD-BASED MODEL 40

J2

µ2 > 0

J2

µ2 < 0

1616

15

−1

0

0

0

0
−25

γ = ℓ γ = ℓ

κ̄maxκ̄max

(a) (b)

w(γ−)

J2

µ2

R

L

Fig. 3.14 Verification of the stability of the equilibrium in Figure 3.9 with Wad =
ω

ρgℓ = 3.2, D = EI

ρgℓ3 = 0.1, M = m
ρℓ = 2, µk = 0.2 and κ̄max ranging from 0

to 15. (a) The value w(γ−) of the solution w(s) to the Riccati equation

(3.44). (b) Stability (J2 > 0) and instability (J2 < 0) at the singular point

s = γ predicted by J2 in (3.46).

which we use to rewrite (3.41) as

J =
∫ γ

0

(EIη ′η ′+Pη2)ds−
(

P1θ
∗′(γ−)+κ0P1+ρgsin(θ(γ−))

)

µ2. (3.43)

Following Legendre’s classical method, if we can find a function w(s) which satisfies the

following Riccati equation,

∂w

∂s
+P− w2

EI
= 0, w(0)= 0, (3.44)

then J can be expressed as

J =
∫ γ

0

EI
(

η ′+ w

EI
η
)2

ds+J2, (3.45)

where

J2 = −
(

P1θ
∗′(γ−)+κ0P1+ρgsin(θ(γ−))

)

µ2 +η2(0)w(0)−η2(γ−)w(γ−)

= −µ2
(

θ∗′(γ−)(θ∗′w(γ−)+P1)+κ0P1

)

. (3.46)

In arriving at the final expression for J2, we used the boundary conditions η (0) = 0 and

η (γ−) = 0. The function J2 and the Riccati equation (3.44) form the basis for the stabil-

ity criteria in [23, 24]. If a bounded solution to (3.44) on s ∈ [0,γ], and J2 ≥ 0, then the
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equilibrium configuration of the rod described by θ∗(s) satisfies a necessary condition for

stability.

The condition on the solution w to the Riccati equation (3.44) feature in works exam-

ining buckling of the elastica (see e.g., [23, 24, 37] and references therein). Positivity of J2

can be considered as a stability criterion for the adhesion at the point s = γ . As shown in

Figure 3.14, we are able to use the aforementioned criterion to show that the equilibrium

configurations in Figure 3.9 are stable. The results shown in Figure 3.14(a) indicate that

w(s) is bounded, while the results in Figure 3.14(b) show that the adhesion at s= γ is stable

when κ̄max > 7.65.

X
ℓ

Y
ℓ

−0.25

0.2

8

1

1 00

0.97

d
ℓ

κ̄max

(a) (b)

κ̄max ↑

Fig. 3.15 Illustration of the locomotion during Phase C of the model system

shown in Figure 3.2 with a constant intrinsic curvature profile κ0 (3.47)

with Wad = 3.2, D = EI

ρgℓ3 = 0.1, µk = 0.2, M = 2, and κ̄max ranging from

0 to 7.2. (a) The shape of the rod as κ̄max varies. (b) The dimensionless

length of the soft limb in the E1 direciton d
ℓ .

3.5 The Role of the Curvature Profile

From the previous sections, it is obvious that the key in inducing effective locomotion

lies in the peeling process arising in Phase C. Given the soft robot technologies available

to produce changes in the curvature profile κ0(s), such as pneumatic actuators and shape

memory alloys [17,19,22,43], it is of interest to explore the effectiveness of given curvature

profiles.

A naive proposed curvature profile would be a constant

κ̄0 = −κ̄max (3.47)

throughout the soft limb. We examined the locomotion that would be produced by such a

curvature profile and the results are shown in Figure 3.15. We found that instead of having
d
ℓ decreasing, where d is the horizontal extent of the rod (cf. Figure 3.5), as the detaching
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process begins (as in Figure 3.9), d
ℓ increases by a small amount. This result predicts that as

the intrinsic curvature is altered the soft limb would detach and adhere repeatedly without

inducing any effective displacement of the mass m. In conclusion, the profile (3.47) is not

effective.

0
0
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3

540

11 1

0.7

α

αα α

(a)

(b) (c) (d)

α = 1

α = 20

−κ̄0

−κ̄0

κ̄max

s̄

s̄

N2
∆
ℓ

X
ℓ

Y
ℓ

Fig. 3.16 Illustration of the effect of the degree of concentration of the intrinsic

curvature profile on the locomotion. (a) The shape of the soft limb at

γ = ℓ with α = β varying from 1 to 20. (b) The locomotion ∆
ℓ induced

per period with α = β varying from 1 to 20. (b) The maximum intrinsic

curvature κmax needed to get the soft limb detached with α = β varying

from 1 to 20. (c) The normal force
N2

ρgℓ need on the singular mass with

α = β varying. The dimensionless parameters for this model is Wad =
ω

ρgℓ = 3.2, M = m
ρℓ = 2, D = EI

ρgℓ3 = 0.1, and µk = 0.2.

One of the conclusions that can be drawn from Figure 3.15 is the potential need to

concentrate the curvature variation along the rod. To see that this is indeed the case, we
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consider more complex forms of (3.28):

κ̄0(s̄)= −κ̄max

(α +β )(α+β )s̄β (1− s̄)α

ααβ β
. (3.48)

where α and β are positive constants. The maximal value
∣

∣κ̄0(s̄)
∣

∣ occurs when s̄ = β
α+β :

κ̄0

(

s̄ =
β

α +β

)

=−κ̄max. (3.49)

From Figure 3.16, we can find that the net motion ∆
ℓ of the mass m improves significantly

as α increases from 1 to 5. However, the maximum curvature κ̄max needed to completely

detach the soft limb also increases. In the regime where α increases from 5 to 20, the

maximum curvature κ̄max increases with a relatively small improvement in the value of ∆
ℓ

and the normal force
N2

ρgℓ on the mass m is always positive.

After investigating the effects of the distribution of curvature, the next feature of interest

is the location where the curvature is largest. It can be easily shown from (3.48) that the

location where the curvature is maximum occurs at s̄ = β
α+β . The larger the value of α , the

closer the location of the maximum is to the mass m. To make different intrinsic curvature

profiles comparable, we set α + β = const. As can be seen from Figure 3.17, we find

that as α was increased, the locomotion ∆
ℓ improved significantly at a cost of moderately

increasing the maximum curvature κ̄max. However, the normal force
N2

ρgℓ became negative

when α exceeded 1.9 and m would have lifted off the surface.

Effects of Varying Mass m

We have assumed throughout our analysis that the mass m is fixed. It is clearly of

interest to examine how the locomotion scheme will be effected by changing the mass

m. The two features we will focus on are the displacement ∆ achieved in one cycle and

the maximum intrinsic curvature κ̄max needed to achieve detachment the rod at the end of

Phase C of the locomotion scheme. A summary of our results are shown in Figure 3.18, as

the mass parameter M = m
ρℓ increases, we find that the net displacement decreases slightly.

However, the maximum curvature κ̄max needed to produce a locomotion such as that shown

in Figure 3.18 will increase significantly.

3.6 Conclusions

Based on the numerical simulations and analysis of the simple model, the following

conclusions on locomotion can be drawn:

1. In this locomotion scheme, controlling the magnitude of the curvature is sufficient to

enable the soft limb to overcome static friction at the tip contact
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Fig. 3.17 Illustration of the effect of the degree of concentration of intrinsic cur-

vature profile on the locomotion. (a) The shape of the soft limb at γ = ℓ
with α = 3−β varying from 1 to 2. (b) The locomotion ∆

ℓ induced per

period with α = 3−β varying from 1 to 2. (c) The maximum intrinsic

curvature κ̄max needed to get the soft limb detached with α = 3−β vary-

ing from 1 to 2. (d) The normal force
N2

ρgℓ on the mass m with α = 3−β
varying from 1 to 2. The dimensionless parameters for this model are

Wad = ω
ρgℓ = 3.2, M = m

ρℓ = 2, D = EI

ρgℓ3 = 0.1, and µk = 0.2.

2. The detachment of the soft limb at the end of the adhesion phase of the motion is the

key process to induce locomotion.

3. Concentration of curvature is crucial to enabling locomotion and it is more effective

to place the concentration towards the mass rather than the tip.

These observations have potential influence on how soft robots are operated and designed.

The design and operation of these devices include the actuator technology, materials, and

geometric dimensions required to deliver an effective locomotion. Such insights have par-
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Fig. 3.18 Illustration of the effect of the mass parameter M = m
ρℓ on the locomo-

tion. (a) The net locomotion ∆
ℓ induced per cycle as a function of M. (b)

The maximum intrinsic curvature κ̄max needed to detach the rod at the

end of Phase C of the locomotion scheme as a function of M. The dimen-

sionless parameters for this model are Wad = ω
ρgℓ = 3.2, D = EI

ρgℓ3 = 0.1,

and µk = 0.2.

ticularly important implications in the design and operation of soft robots. In addition, most

of the results presented in this chapter can be adopted to study peristaltic locomotion.
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Chapter 4
Gripping

4.1 Introduction

The wealth of designs and implementations of soft hands often renders it difficult to

gain a perspective on how sufficient pressure is induced in the contact area between the

soft hand finger and the workpiece. In order to examine this issue, we will develop and

analyze a rod-based, flexible model for three different grips. Referring to Figure 4.1, we

consider a pair of fingers attached to a palm. The pair of rods modeling the figures are

assumed to have a controllable intrinsic curvature κg = κ0(s). In particular, we seek to

examine the influence of profiles κ0(s) on the gripping effectiveness. For simplicity, we

assume the two rods share the same intrinsic curvature profile and are synchronized. Thus,

by symmetry, it is sufficient to analyze a single rod. As shall be seen from our analysis, by

appropriately varying κ0, it is possible to change the normal force (or the pinching force)

at the contact point of the payload with the finger and successfully induce a state of static

Coulomb friction between the payload and the finger. Our modeling and analysis work

builds on the earlier papers [24, 55]

While we do not discuss the precise mechanism by which the intrinsic curvature is

changed, there has been an increased interest in the development of mechanisms for chang-

ing κ0 in components of soft robots. The interested reader is referred to [13, 42, 48, 49, 52]

for examples of these mechanisms. Also, in order to make the theoretical model more

tractable for analysis, we only examine gripping mechanisms that involve point contact

with an object. As previously addressed for soft robot locomotion in our earlier work [25],

having an unknown length of contact ℓc between a flexible gripping element and object

results in a free-boundary problem and introduces the need for an additional natural bound-

ary condition. Moreover, point-contact may have practical advantages for pick-and-place

due to lower stiction. This is especially true for grasping sticky objects or at small length

scales where attractive forces (such as electrostatic, van der Waals, and capillary) become

relatively significant. In these cases, conforming grippers that engage in finite contact may

require greater detachment force to peel their soft fingers from the object.

This chapter, which is based on [56], is organized as follows: In the next section, Sec-
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Fig. 4.1 Illustration of three typical gripping modes of a workpiece with the width

b. In Grips I & II which are shown in (a) and (b), respectively, the

workpiece is lifted with the help of static friction forces at the tip of the

finger. In Grip III, which is shown in (c), the workpiece is lifted by the

normal (pinching) force together with static friction forces at the contact

point of the finger with the workpiece.

tion 4.2, models for the systems shown in Figures 1.1 and 4.1 are established using rod

theory. In particular, the governing equations for the configurations shown in Figure 4.1 are

established. In Section 4.3, numerical integrations of the governing equations are analyzed,

and, with the help of a variational principle, the stability of the equilibrium configurations

are discussed in Section 4.4. Our analyses demonstrate how varying the intrinsic curvature

can control the gripping force and shape of the soft robot’s hands in a manner that enables

manipulation of the workpiece. We conclude this chapter with a discussion on different

intrinsic curvature profiles in Section 4.5 and a set of design recommendations for optimal

performance of soft robot gripping devices featuring varying intrinsic curvature rods.

4.2 A Simple Model For A Soft Robot Hand

To establish a feasible model for the gripping schemes shown in Figure 4.1, we model

the finger as an inextensible, perfectly flexible elastic rod. The rod theory we use is known
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as Euler’s theory for the elastica. Referring to Figure 4.2, the centerline of the rod is param-

eterized by an arc length coordinate s ∈ [0, ℓ] and the position of a point on the centerline is

denoted by r(s). The rod is assumed to be uniform of length ℓ with a flexural rigidity EI,

mass per unit length ρ , and an externally controlled intrinsic curvature profile κg = κ0(s).
As discussed in [25], the pneumatic actuation system in some soft robots induce changes

to EI and ρ but we do not consider these effects here.1

Background

E1

E2

O

M0

MℓF0

Fℓ

Fγ

r(s)

s = 0
s = γ

s = ℓ

Fig. 4.2 Schematic representation of an elastica of length ℓ showing the position r

of a point on the centerline. The rod is subject to a terminal force F0 and

terminal moment M0 at s = 0, a terminal force Fℓ and terminal moment

Mℓ at the end s = ℓ, and a force Fγ at the point s = γ .

The position of an arbitrary material point located at s = s∗ on the centerline of the rod

has the representation

r(s = s∗)= X (s = s∗)E1 +Y (s = s∗)E2, (4.1)

where the Cartesian coordinates X and Y are defined by

X (s = s∗) = X (s = 0)+
∫ s

∗

0

cos(θ(ξ ))dξ ,

Y (s = s∗) = Y (s = 0)+
∫ s

∗

0

sin(θ(ξ ))dξ , (4.2)

1 Incorporating changes to EI and ρ into the model would follow the lines of similar developments in models

for growing plant stems that are discussed in [11] and [38].
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where ξ is a dummy variable. In (4.2), the angle θ is defined as the angle that the unit

tangent vector r′ makes with the horizontal E1 direction:

r′ = cos(θ(s))E1 + sin(θ(s))E2, (4.3)

where the prime denotes the partial derivative with respect to s. We shall assume that r

is continuous (i.e., there are no breaks in the rod). It follows that θ and r′ will also be

continuous (i.e., there are no kinks in the rod).

The bending moment M in the rod is prescribed by a classic constitutive equation:

M = EI(θ′−κ0)E3, (4.4)

where κ0 is a signed intrinsic curvature. In addition to a gravitational force −ρgE2 per

unit length and terminal loadings acting at the ends of the rod, we need to allow for the

possibility of a singular force Fγ at s = γ . In the problem at hand, this force models the

contact of the workpiece with the rod for the grip shown in Figure 4.1(c). The governing

equations for the rod can be obtained from balances of linear and angular momenta in a

standard fashion:

n′−ρgE2 = 0,

d

ds

(

EI(θ′−κ0)
)

+n2 cos(θ)−n1 sin(θ) = 0,

[[n]]γ +Fγ = 0. (4.5)

In the second of these balances, the contact force n has the representation n= n1E1+n2E2.

Henceforth, we develop models for three distinct configurations of the rod. In the first

configuration, which is shown in Figure 4.1(a), the end of the rod at s= ℓ is in point contact

with the workpiece and a normal force together with a dry friction force is present at this

interface. We refer to this configuration as Grip I. A closely related grip, Grip II, is shown

in Figure 4.1(b). In this configuration, the gripper is below the workpiece and again makes

point contact at the tips of the two fingers. The third configuration of interest, which we

refer to as Grip III, arises when the singular contact point is at s = γ (cf. Figure 4.1(c)).

Examples of these configurations can be seen in Figures 4.3 and 4.4. We now turn towards

establishing the governing equations for the models for Grip I and Grip II.

Governing Equations For Grips I and II

In Grip I, the workpiece is assumed to be held stationary with the help of static friction.

We define the end point of the rod that connects to the palm or the other soft finger to be

s = 0 and the tip of the rod that touches the workpiece to be s = ℓ. At the tip of the rod,

a normal force NE1 and a friction force Ff E2 are assumed to act. The normal force NE1

ensures that the unilateral constraint

∫ ℓ

0

cos(θ(s))ds =
b

2
(4.6)
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Fig. 4.3 Schematic of the model for Grip I. In this model, the workpiece is as-

sumed to be held stationary by static friction at the point contact at the

tip of the rod s = ℓ: Fℓ = NE1 +Ff E2.

is enforced. Here, b = 2((X(ℓ)−X(0)) is a constant width associated with the workpiece.

It is easy to see that the friction force Ff E2 balances half the weight 2mg of workpiece,

namely,

−Ff = mg. (4.7)

The normal and friction forces need to satisfy the static friction criterion:

∣

∣Ff

∣

∣ ≤ µsN, (4.8)

where µs is a coefficient of static friction.

We recall that the total energy of the rod consists of the sum of the strain energy, gravi-

tational potential energy and the potential energy of the terminal load Fℓ = NE1+Ff E2:

V =
∫ ℓ

0

{

EI

2
(θ′−κ0)2 +ρgY (s)−Fℓ ·r′

}

ds. (4.9)

The integral can be simplified using a standard change in the order of integration (see [10]):

∫ ℓ

0

ρgY (s)ds =
∫ ℓ

0

ρg(ℓ− s)sin(θ(s))ds, (4.10)

where Y (0) = 0. As we are assuming that both ends of the rod are fixed, (4.5) or, equiv-

alently, the first variation of V , can be used to derive the boundary-value problem for the
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deformed shape θ = θ∗ of the rod:

EI(θ′′−κ′0) − ρg(ℓ− s)cos(θ)+Ff cos(θ)

−N sin(θ)= 0, s ∈ (0, ℓ). (4.11)

In addition, the sought-after solution θ = θ∗ needs to satisfy the boundary conditions

θ(0)= 0, θ′(ℓ)= κ0(ℓ),
∫ ℓ

0

cos(θ(s))ds= b

2
, (4.12)

and the static friction criterion (4.8).

The corresponding developments for Grip II follow in a straightforward manner and, in

the interests of brevity, are not explicitly discussed here.

Governing Equations For Grip III

E1

E2

N2E2O

N1E1
f e1

ne2

h

b
2

hγ

g

Fig. 4.4 Schematic of the model for Grip III. Here, point contact of the workpiece

and the rod occurs at the point s = γ . The workpiece is assumed to be

held stationary by a normal force ne2 along with a static friction force

f e1. For the case shown, N2 < 0 and f < 0.

In Grip III, the corner of the work piece is assumed to be in point contact with the rod

from at s = γ . In an effort to facilitate the discussion, we define two new unit vectors:

e1 = cos(θ(γ))E1 + sin(θ(γ))E2,

e2 = −sin(θ(γ))E1 +cos(θ(γ))E2. (4.13)
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Here, e1 is tangent to the centerline of the rod at s = γ while e2 = E3 × e1 is normal to

the centerline of the rod at s = γ . With the help of e1 and e2, the normal force n and its

corresponding friction force f f acting as s = γ are related to the force components N1 and

N2 as follows:

Fγ = f e1 +ne2 = N1E1 +N2E2. (4.14)

We emphasize that the static friction criterion at s = γ is
∣

∣ f
∣

∣ ≤ µsn. (4.15)

To examine the effects of Fγ on the equilibrium configuration of the rod, we apply (4.5)

to the segment s ∈ (γ, ℓ) and conclude that

n(γ+) = −ρg(ℓ−γ)E2,

n(γ−) = N1E1 +N2E2 −ρg(ℓ−γ)E2. (4.16)

Using the second of these results, it is straightforward to establish an expression for the

potential energy V of the rod:

V =
∫ γ

0

{

EI

2
(θ′−κ0)2+ρgY (s)−n(γ−) ·r′

}

ds

+
∫ ℓ

γ

{

EI

2
(θ′−κ0)2+ρgY (s)

}

ds, (4.17)

where

Y (s)=
∫ s

0

sin(θ(ξ ))dξ . (4.18)

In establishing (4.17) we emphasize that we are ignoring inertia effects.

As with Grips I and II, either a first variation of V can be performed or (4.5) can be used

to establish the boundary-value problem which is used to determine the deformed shape θ∗

of the rod:

EI(θ′′−κ′0) − ρg(ℓ− s)cos(θ)= 0, s ∈ (0,γ),

EI(θ′′−κ′0) − ρg(ℓ− s)cos(θ)+N2 cos(θ)

−N1 sin(θ)= 0, s ∈ (γ, ℓ). (4.19)

Here, the solution θ = θ∗ satisfies the conditions

θ(0)= 0, θ′(ℓ)= κ0(ℓ),
∫ γ

0

cos(θ(s))ds = b

2
,

[[θ]]γ = 0,
[[

θ′
]]

γ
= 0, (4.20)

in addition to the static friction criterion (4.15). In our formulation of the governing equa-

tions, we have tacitly assumed that the tip of the rod will not touch the workpiece. Thus,

hγ < h. (4.21)
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4.3 The Gripping Mechanism

Intrinsic Curvature Profile and Dimensionless Parameters

In our work, gripping is controlled by varying the intrinsic curvature profile and the

choice of this profile is critical. For the purposes of discussion, we start with the simplest

possible intrinsic curvature profile: that of a constant intrinsic curvature profile. The behav-

ior of a clamped-free rod loaded by its own weight and endowed with the constant intrinsic

curvature profile κg = κ0 is shown in Figure 4.5. This figure is used to show that the intrinsic

curvature profile does not generate physically unrealistic self-intersections of the rod as κ0
is varied.

X
ℓ

X
ℓ

Y
ℓ

Y
ℓ

g

0.1 0.1

1.1 1.1−0.1 −0.1

−0.7 −0.7

(a) (b)−κ0 ↑ −κ0 ↑

Fig. 4.5 Features of the constant intrinsic curvature profile of a clamped-free rod

as the constant κ0 is varied. (a) The corresponding deformed shape of

a rod with a constant intrinsic curvature profile. (b) The corresponding

deformed shape of a heavy rod with a constant intrinsic curvature profile

and a vertical gravity loading. The dimensionless flexural rigidity D of

the rod is D = EI

ρgℓ3 = 1.

For the numerical simulations to be carried out in the sequel, it is convenient to define

a dimensionless flexural rigidity D, mass M, intrinsic curvature parameter, and arc-length

parameter:

D =
EI

ρgℓ3
, M =

m

ρℓ
, κ̄0 = ℓκ0, s̄ =

s

ℓ
. (4.22)

We also use the weight ρgℓ of the rod to non-dimensionalize the friction and normal forces.

Grip I

We start by considering the tip of the rod in point contact with the workpiece as shown

in Figure 4.3 which is the most common gripping mode either for a robot or a human

being. A key to successful gripping is to produce a pinching force N1 at the contact point

so the weight of the workpiece can be supported without the static friction criterion being

violated. To see how this can be achieved by varying κ̄0, we solve the boundary value
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Fig. 4.6 Grip I of the soft hand. (a) The deformed shape of the soft hand as κ̄0
varies with the pair of feasible configurations labelled f . (b) The corre-

sponding dimensionless friction
|Ff |
ρgℓ required and the maximum friction

µsN

ρgℓ that can be provided. (c) The height h of the tip of the rod. The

shaded regions in (b) and (c) indicates the feasible regions for Grip I.

For the results shown, b
ℓ = 0.6, D = EI

ρgℓ3 = 1, µs = 1, M = 5 and −κ̄0
increases from 0 to 6.

problem given by (4.11) and (4.12) to determine the deformed shape of the rod and the

dimensionless normal
N1

ρgℓ and the corresponding maximum static friction
µsN1

ρgℓ forces.

As can be seen from Figure 4.6(a), as −κ̄0 increases, eventually a point is reached where

the weight −2mgE2 of the workpiece can be balanced by the static friction. One thing to

notice is that the relationship between height of the rod tip h of the finger and the magnitude
∣

∣κ̄0
∣

∣ of the intrinsic curvature in the feasible region is almost linear in Figure 4.6(c). This

property may facilitate control of the gripping mechanism.

Beyond the ability of the soft hand to grip the workpiece with the palm pointing down

(as shown in Figure 4.1(a) and discussed in Figure 4.6), it is also of interest to see whether

the soft hand can hold an object with the palm pointing upwards. As can be seen from Fig-

ure 4.7, as −κ̄0 increases, the weight of the workpiece can be supported by the static friction

force at the contact point of the rod and the workpiece. One feature worth mentioning is

that, for the same value of
∣

∣κ̄0
∣

∣, the normal force N1 with the palm pointing up is higher

than that with the palm pointing down. The difference can be attributed to the self weight

of the rod: with the palm pointing up, the rod’s weight can increase the curvature which

produces an increased normal force N1. The stability of the equilibrium configurations,

which is usually a challenge for an inverted rod, will shortly be discussed in Section 4.4.
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Fig. 4.7 Grip II of the soft hand. (a) The deformed shape of the soft hand as

κ̄0 varies with the pair of feasible configurations labelled with f . (b)

The corresponding dimensionless friction
|Ff |
ρgℓ required and the maximum

friction
µsN

ρgℓ that can be provided. (c) The height h of the tip of the rod.

The shaded regions in (b) and (c) indicates the feasible regions for Grip

II. For the results shown, b
ℓ = 0.6, D = EI

ρgℓ3 = 1, µs = 1, M = 5, and κ̄0

increases from 0 to 6.

Grip III

Grip III, where the work piece is cradled by the fingers, requires a more delicate analysis

than either Grip I or Grip II. Referring to Figure 4.8, we find for the soft hand to hold an

object, the magnitude of the intrinsic curvature must be within a given range. If −κ̄0 is too

small, then the shear force n2 will be small which leads to a violation of the static friction

criterion (4.15). However, if −κ̄0 is too large, then the force n1 will be quite large which

also leads to the violation of (4.15). As shown in Figure 4.8(a), a large −κ̄0 can induce a

curled-up tip and could result in the violation of (4.21).

4.4 Stability Analysis

The equilibrium configurations of the rod discussed in Section 4.3 feature large de-

formations and it is prudent to examine if the configurations are stable (i.e., there are no

buckling instabilities). The presence of the isoperimetric constraint is accommodated by

discretizing the system and performing an appropriate eigenvalue analysis.
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Fig. 4.8 Grip III of the soft hand holding a given workpiece. (a) The deformed

shape of the soft hand as κ̄0 varies with the pair of feasible configura-

tions labelled f . (b) The corresponding dimensionless friction force
n1

ρgℓ

needed and the maximum friction force
µsn2

ρgℓ that can be provided. (c)

The heights h and hγ . The shaded regions in (b) and (c) are the feasible

regions for Grip III. For the results shown,
γ
ℓ = 0.8, b

ℓ = 0.6, D= EI

ρgℓ3 = 1,

µs = 1, M = 5, and −κ̄0 increases from 0 to 10.

θ0 θ1
θ2

θK

θK−1

Fig. 4.9 Schematic of the discretization scheme for the rod.

Stability Analysis for Grips I and II

As illustrated by Figure 4.9, the rod is divided into a set of K segments of length ds, the

system can be parameterized by K+1 variables θ0, . . .,θK. The total potential energy (4.9)
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is approximated by its discrete counterpart:

Vdis =
EI

2

K
∑

i=1

(

θi−θi−1

ds
−κ0

)2

ds

+ρg(ℓ− s0)sin(θ0)
ds

2
+

K−1
∑

i=1

ρg(ℓ− si)sin(θi)ds+ρg(ℓ− sK)sin(θK)
ds

2

−Ff sin(θ0)
ds

2
−Ff

K−1
∑

i=1

sin(θi)d−Ff sin(θK)
ds

2

−N cos(θ0)
ds

2
−N

K−1
∑

i=1

cos(θi)ds−N cos(θK)
ds

2
. (4.23)

The isoperimetric constraint is also discretized and we need to consider boundary condi-

tions on θi:

cos(θ0)
ds

2
+

K−1
∑

i=1

cos(θi)ds+cos(θK)
ds

2
=

b

2
,

θ0 = 0,
θK+1 −θK−1

2ds
= κ0(ℓ) (4.24)

The two equations (4.24)2,3 can be directly imposed on (4.23) to reduce the dimension of

the discretized system:

Vdis =
EI

2

K
∑

i=1

(

θi−θi−1

ds
−κ0

)2

ds

+
K−1
∑

i=1

ρg(ℓ− si)sin(θi)ds+ρg(ℓ− sK)sin(θK)
ds

2

−Ff

K−1
∑

i=1

sin(θi)ds−Ff sin(θK)
ds

2

−N
ds

2
−N

K−1
∑

i=1

cos(θi)ds−N cos(θK)
ds

2
(4.25)

subject to the constraint function c (from (4.24)1):

c = ds

2
+

K−1
∑

i=1

cos(θi)ds+cos(θK)
ds

2
− b

2
. (4.26)

We observe that the pair of functions Vdis and c depend on the states θ1, . . . ,θK.
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Fig. 4.10 (a) Verification of the stability of the equilibrium configuration shown

in Figures 4.6 and 4.7 by examining the minimum eigenvalue λmin of L

in an appropriate tangent subspace. (b) Verification of the stability of

the equilibrium configuration shown in Figure 4.8 (i.e., Grip III); For

the results shown, b
ℓ = 0.6, D = EI

ρgℓ3 = 1, M = 5, and µs = 1.

We next seek minimizers of Vdis which satisfy the discretized constraint (4.26). The

extremizer, which can be found in a standard manner using the method of Lagrange mul-

tipliers, is denoted by (θ∗1 , . . .,θ
∗
K). To examine the stability of the equilibrium state, it is

convenient to define three (K×K) matrices:

F = ∇2Vdis (θ
∗
1 , . . . ,θ

∗
K) ,

H = ∇2c(θ∗1 , . . . ,θ
∗
K) ,

L = F+χH. (4.27)

Here, the Lagrange multiplier χ corresponds to contributions from the normal force χE1 =
NE1 at the tip s = ℓ of the rod. It is well known that for an equilibrium to be stable, the

potential energy has to be locally minimized. To check whether the equilibrium (θ∗1 , . . .,θ
∗
K)

locally minimizes Eqn. (4.25), we use the classic method discussed in [21] of checking the

eigenvalues of L corresponding to the eigenvectors of L that lie in the (K-1)-dimensional

tangent subspace M that is orthogonal to the (K-dimensional) gradient vector ∇c ∈ R
K

defined by the discretized constraint (4.26). That is,

M = {u ∈R
K : ∇c(θ∗1 , . . . ,θ

∗
K) ·u = 0}. (4.28)
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We denote an orthogonal basis for M by the set of K-dimensional vectors
{

u1, . . . ,uK−1

}

.

This basis can be used to define a projection operator E where Ez ∈M for all z ∈RK :

E= [u1, . . .,uK−1] . (4.29)

With the help of E, the stability of the equilibrium can be established by showing that

the smallest eigenvalue of E
T
LE is strictly positive. As indicated by the results shown

in Figure 4.10(a), the quasistatic equilibrium configurations for Grips I and II satisfy the

stability criterion.

Stability Analysis for Grip III

For the case of Grip III, we define the discretized point which contact the object is I.

Thus the discretized potential energy function reduces to

Vdis =
EI

2

K
∑

i=1

(

θi−θi−1

ds
−κ0

)2

ds

+ρg(ℓ− s0)sin(θ0)
ds

2
+

K−1
∑

i=1

ρg(ℓ− si)sin(θi)ds+ρg(ℓ− sK)sin(θn)
ds

2

−N1 cos(θ0)
ds

2
−N1

I−1
∑

i=1

cos(θi)ds−N1 cos(θI)
ds

2

−N2 sin(θ0)
ds

2
−N2

I−1
∑

i=1

sin(θi)ds−N2 sin(θI)
ds

2
. (4.30)

Subject to the constraint function c:

c = ds

2
+

I−1
∑

i=1

cos(θi)ds+cos(θI)
ds

2
− b

2
(4.31)

We now follow the same procedure as we did for Grips I and II, but with a minor change in

the objective function Vdis and constraint function c. Our numerical results can be seen in

Figure 4.10(b) and we conclude that the equilibrium configuration for Grip III satisfies the

stability criterion.

4.5 The Role of the Intrinsic Curvature Profile

The constant intrinsic curvature profile κ0 analyzed in the previous sections can be

considered as too simplistic. Indeed, recent attention that has been paid to the mechanism

of varying κ0 throughout the soft robot (see, e.g., [13, 42, 48, 49, 52]), typically produce

an intrinsic curvature profile which is non-uniform. It is clearly of interest to examine how
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Fig. 4.11 Features of the curvature profile given by (4.32) as the parameter α
is varied. (a) The dimensionless intrinsic curvature throughout the de-

formed rod. (b) The corresponding deformed shape of a heavy rod with

an intrinsic curvature profile (4.32). For the results shown, κ̄max = 6,

p =−1, and D = EI

ρgℓ3 = 1.

robust the conclusions drawn in Sections 4.3 and 4.4 are to changes in the intrinsic curvature

profile. To examine this issue, we consider the following intrinsic curvature profile:

κ̄0(s̄)= pκ̄max(4s̄(1− s̄))α , (4.32)

with p=−1 when the soft hand is pointing downwards, p= 1 when the soft hand is pointing

upwards. The intrinsic curvature profile is such that κ̄max is the maximum intrinsic curvature

in the rod and α regulates the degree of intrinsic curvature concentration as shown in Figure

4.11.

For all three gripping configurations, the representative results shown in Figures 4.12-

4.14 illustrate that a concentrated intrinsic curvature profile will not increase the soft hand’s

gripping ability compared to the uniform case. In addition, the stability properties are not

drastically different from the uniform intrinsic curvature profile considered earlier. These

results are reassuring because in practice the actually profile is likely to be a combination

of the constant intrinsic curvature and concentrated intrinsic curvature profiles.

4.6 Conclusions

In closing this chapter, it is interesting to compare the loading capabilities of the three

gripping configurations. To this end, we consider a uniform intrinsic curvature profile and

first consider the minimum amount of static friction needed to lift a fixed mass M. The

results are shown in Figure 4.15(a). As expected, Grip III is superior in that it can transport

the load with a smaller intrinsic curvature profile. We also note that for a particular value of

κ̄0, no static friction is needed. In this case, the slope of the rod at the contact point with the

workpiece and the E2 component of the normal force ne2 are such that ne2 ·E2 = mg. As

m decreases, the critical value of κ̄0 where this situation occurs decreases. For the second



CHAPTER 4. GRIPPING 61

X
ℓ

Y
ℓ

−0.9

0.1

0.6

0

0

0

0.5

µsN

ρgℓ

α

(a) (b) (c)
10

11 33 αα

λmin

workpiece

Fig. 4.12 Grip I of the soft hand where the workpiece faces downwards. (a) The

deformed shape of the soft hand as α varies. (b) The corresponding

maximum dimensionless friction force
µsN

ρgℓ that can be provided, (i.e.,

the loading bearing capacity). (c) Verification of the stability of the

equilibrium configuration obtained by examining the minimum eigen-

value λmin of L in an appropriate tangent subspace. For the results

shown, b
ℓ = 0.6, D = EI

ρgℓ3 = 1, µs = 1, κ̄max = 6, M = 5, and α increases

from 1 to 3.

set of numerical experiments, we fix the available µs and examine the largest load that can

be carried. As shown in Figure 4.15(b), Grip III has superior load bearing capabilities and

shows a larger sensitivity to changes in κ̄0.

Based on the numerical simulations and analysis of the simple models for Grips I, II,

and III, the following conclusions on gripping can be drawn for the single-point gripping

schemes:

1. In the gripping schemes, controlling the magnitude of the intrinsic curvature is suffi-

cient to control the pinching force.

2. Concentration of intrinsic curvature does not significantly improve the effectiveness

of the gripping.

3. Grip III, as expected, has superior load bearing capabilities.

While the design and operation of soft robot gripping devices also includes actuator tech-

nology, materials, and geometric dimensions required to deliver an effective gripping, it

is hoped that the analyses presented in this chapter can help to develop and enable design

guidelines.
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deformed shape of the soft hand as α varies. (b) The corresponding

maximum dimensionless friction force
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from 1 to 3.
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Fig. 4.14 Grip III of the soft hand holding a given workpiece. (a) The deformed

shape of the soft hand as α varies. (b) The corresponding maximum

force
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ρgℓ that can be provided (i.e., the load bearing capacity). (c)

Verification of the stability of the equilibrium configuration obtained by

examining the minimum eigenvalue λmin of L in an appropriate tangent

subspace For the results shown, b
ℓ = 0.6, D = EI

ρgℓ3 = 1, µs = 1, κ̄max = 6,

M = 5, and α increases from 1 to 3.
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Chapter 5
Closing Comments

5.1 Summary

With the never-ending development of soft biological matter and rapid prototype tech-

niques, there is an ever increasing number of novel soft robots. However, the modeling and

analysis of soft robots is disproportionately smaller than design and fabrication efforts. One

cause of this mismatch is the computational challenge due to the complexity of the robot’s

interaction with the working space. However, to make sustained process in this field, it is

indispensable to have a proper model and systematic analyses.

In this dissertation, with motivation to fabricate a compromise between descriptive fi-

delity and computationally efficiency, we start with a rigid body model and then proceed to

a rod based model. Though as simple as these models are, through appropriate parameter

selection, they have the potential to represent a variety of different actuation schemes such

as pneumatic, magnetic, and thermo-elastic. Through the analysis of these models, our

contribution primarily falls to the following areas:

1. The mechanism of stick-slip locomotion with internal excitation.

2. The roles of adhesion and intrinsic curvature in an effective locomotion.

3. Effectiveness of different types of griping schemes.

4. Stability analysis of soft limbs under different boundary conditions.

With the great promise soft robots hold for all aspects of our daily lives, especially areas

previously inaccessible or unadvisable to rigid robots, this field is going to get more and

more attention from researchers’ and practitioners’ attention. We hope our methods and

results in this dissertation will provide guidelines for the design, facilitate the numerical

analysis, as well as inspire the researchers in the emerging field of soft robotics.
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5.2 Further Works

Although the results presented here have demonstrated the effectiveness of the rigid

body model and rod-based model, this research could be further developed in a number of

ways.

Firstly, being a flexible and slender bar as most of the soft limbs and fingers are, the

majority of our work is based within the framework of rod theory. Yet, it is necessary to

have experimental work to validate the models. Beyond the validation of the model we

proposed here, more importantly, enhanced experiments, as well as their corresponding

measurements, can relate the parameters in our model to many commonly studied mate-

rial properties and actuation schemes. These results can guide the practitioners in a more

effective way.

Secondly, in this dissertation, the dynamical behaviors of the soft robots are only ana-

lyzed with our rigid body model. In the rod based model, the locomotion is analyzed by

a quasi-static simulation due to the numerical challenge imposed by the adhesion. Thus,

another future endeavor would be the development of a dynamical model to accommodate

adhesion, as well as stick-slip interaction with the working space. This model could poten-

tially admit more time dependent parameters and make the temporal analysis possible.

Finally, we approximate various actuation schemes through a temporally and spatially

varying intrinsic curvature. To make the most of these models and analyses, it will be

indispensable to build up the relationship between the intrinsic curvature and the different

physical fields utilized by different actuation schemes. For this purpose, one needs a three

dimensional finite element model to explore this relationship. In the long run, a three

dimensional model incorporating the internal actuation and external interaction simulated

by FEM would be appealing.
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