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ABSTRACT OF THE DISSERTATION

Terahertz Frequency Electron Driven Dielectric Wakefield in Cartesian

Symmetric and Photonic Structures
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Doctor of Philosophy in Physics
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Professor James Rosenzweig, Chair

Recent works have established that electron beam driven wakefield not only can

serve as a viable source for coherent narrow band terahertz radiation but also

as a future candidate for high gradient compact linear accelerators. It has also

been pointed out that concentric cylindrical dielectric structures, while being very

efficient in extracting the energy of the drive beam, which leads to GeV/m gradi-

ent level, are susceptible to excitation of transverse modes which give unwanted

trajectory kicks and cause beam breakup instabilities. At the same time, tempo-

rary high field induced dielectric conductivity was observed in the same system

where in response to high field, charge carriers were injected to the conduction

band of the dielectric resulting in anomalous dissipation of the wake. Evidence

of this point shall be presented in this thesis. First, in order to address the issue

of deflection modes, a solution was proposed to use slab structures. Exploiting

the Cartesian symmetry, and the wakefield response thereof, a dielectric wakefield

system, where both the structure and the beam are flat, may achieve zero net

transverse deflection forces. Second, in order to confine high field to the vacuum

region away from the dielectric, thus avoiding all high field related problems, pho-

tonic band gap materials may be used. Also known as photonic crystals, these

structures give rise to defect modes which are confined only to the defect (vacuum)

region. Further shaping of the vacuum/dielectric interface, for example by peri-

ii



odic corrugation, not only reduces the field across the interface on the dielectric

side by 1/ε as consequence of boundary condition, but also brings about further

options of tailoring the field. Motivated by these issues, in this thesis, through a

series of relevant analytic calculations, simulations, and experiments, the possibil-

ity of using Cartesian symmetric, photonic structures for dielectric wakefield will

be assessed.
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CHAPTER 1

Motivations

1.1 Growing Demand for Accelerators and the Need to

Reduce Cost

Recent progress in fundamental science, in particular particle physics, has been

spectacular, for example the most recent high profile detection of the Higgs boson

[1, 2]. While a ground breaking measurement, confirmation of the Higgs’ existence

registers more questions than answers, and the fundamental physics community

are already thinking about experiments at even higher energy beyond the designed

capability of the large hadron collider (LHC) with its currently standing record of

7 TeV. Electron-positron linear colliders [3] are also in the agenda as they allow

for exploration of new physics territory.

Fundamental physics is not the only science that benefits from particle accel-

erators. Many biological and material sciences have relied heavily on beam-based

light sources such as synchrotron radiation and free electron laser (FEL). The

latter, which is based on an electron linear accelerator, has recently become an

important scientific instrument for femto second X-ray sciences with the first of

its kind (LCLS) achieved lasing in 2009 [4]. The shortness of the X-ray FEL pulse

has revolutionized research into fast molecular processes in the femto second time

scale.

However, accelerators and accelerator-based FEL are large and costly ma-

chines, and the few existing facilities cannot meet the growing demand for beam

time. While the most energetic beam is typically the territory of high energy
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physics, low to mid-range energy machines are popular among biological and ma-

terial sciences. To help increase access to these discovery machines, it is imperative

to develop schemes to make accelerator based light sources more compact and thus

less expensive.

1.2 GV/m Gradient is Achievable in the Terahertz Fre-

quency Range

High gradient can be realized by using shorter wavelengths. To see this, we can

simply go back to dimensional analysis. Keeping as constant the energy per unit

length, electric field scales inversely with wave length:

UEM
L

= |E|2A = Const.

E ∝ 1√
A
∼ 1

λ

(1.1)

where UEM is the electromagnetic energy and A and L are the transverse cross

section area and length of the accelerating cavity respectively. Given loosely the

state of the art accelerating gradient of 100 MeV/m in current RF structures

operating in the frequency of 10s of GHz, and following this 1/λ trend, GeV/m

machines must be in the THz frequency range.

At such high frequency when metals tend to behave poorly with surface re-

sistance scales as Rs ∝ f 1/2, dielectric is a more favorable material. Table 1.1

shows breakdown thresholds in the GV/m range of several common dielectrics.

Of particular importance are SiO2 and Al2O3. These are the materials used in the

experiments carried out in this thesis.

Without going into further details, we note also that the THz regime that we

find ourselves in while searching for high accelerating gradient is of much interests

to light source and light-source-derived sciences thus giving greater impetus to

this research.
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Material n Bandgap [eV] Damage Fth[J/cm2] Eth[GV/m]

SiO2 1.45 8.9 4.10 4

Al2O3 3.24 9.9 4.90 4.3

ZrO2/Y2O3 2.14 5-7 3.97 3.9

Si 4.1 1.1 0.14 0.73

Table 1.1: Laser induced damage data [5] ( λ =800nm and τ =1ps)

1.3 Wakefield: From a Nuisance Effect to Being at the

Forefront of Advanced Accelerator Research

Wakefields are electromagnetic waves resulted from beam-structure interactions.

It is fundamentally governed by the Cherenkov mechanism which was first de-

scribed in the context of nuclear reactor glow. In accelerator physics, the medium

takes the form of cavities and beam pipes, and the beam-structure interactions

may result in coherent forms of long wavelength radiation. The wakes, defined

as the electromagnetic disturbances trailing behind the beam, can be long range

and have undesirable effects. The beam loading effect is one example where the

energy left behind by the beam alters the accelerating field in the cavity and thus

additional RF power must be provided to compensate for the induced change.

In the heyday of radio frequency (RF) accelerators, studies of wakefields [6]

often treated the interaction as an nuisance that can cause unwanted effects such

as induced energy spread and beam break up instabilities [7, 8]. Proposal to

use wakefield as an accelerating mechanism dated back to the 1980s [9, 10], and

experimental proof of acceleration by wakefield driven in a cylindrical dielectric

lined waveguide was demonstrated shortly after in 1988 [11], in high frequency

RF structure [12], and in plasma [13]. However, the energy gain was still minimal

(100’s of KeV) due to the lack of a high current drive beam and the limitation

in transverse focusing which is needed to make transversely compact beam that

could fit through small aperture. So much time has passed since, and we are now
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in an era of advanced accelerator research where the wakefield mechanism is at the

forefront. Dielectric wakefield accelerators (DWA), in particular, have garnered

considerable interest for its capability to sustain very high accelerating gradient–

upwards of 1 GeV/m–in relatively simple structures and in a controllable manner.

Such systems may hold the key to the promised land of the next generation particle

accelerators and accelerator-based applications.

1.4 Current Issues in Dielectric Wakefield Accelerator Re-

search

Dielectric wakefield accelerators (DWA) driven by short-pulse, intense charged

particle beams have recently emerged in the THz frequency regime [14]. In this

burgeoning class of advanced accelerator, fields orders of magnitude beyond the

current state of the art in radio frequency (RF) linear accelerators–to greater than

the GV/m level–are obtained. This progress is due in part to the availability of

high-brightness, ultra-short pulse electron beams, and also to advances in few-

micron resolution fabrication techniques. Recent experimental results on DWA

using cylindrical dielectric lined waveguides have demonstrated sustained average

accelerating gradients in excess of 1.3 GeV/m as reported in [15]. However, many

further aspects of the DWA need to be experimentally addressed to bring the

viability of the DWA methods towards promising applications, e.g. in future

linear colliders [3] and compact light sources [4].

Even before the onset of dielectric breakdown [14], the upper bound of use-

ful acceleration gradient is limited by high field effects on the dielectric material

[15]. To minimize these deleterious effects, the entry of strong electric field into

the dielectric from both the intense beam’s space-charge fields and the electro-

magnetic mode excited in the beam’s wake must be suppressed. Further, aside

from materials considerations, one typically seeks to increase the DWA gradient

by using a smaller aperture size a following the Ez ∝ Q/a2 (Cherenkov) scaling
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[16, 17]. However, the transverse wakefield, which can cause spurious collective

transverse motion that leads to beam breakup instabilities, scales as E⊥ ∝ Q/a3,

and thus beam stability at THz frequencies presents a formidable challenge [18].

One promising solution for mitigating transverse wakefield uses structures that

possess Cartesian instead of cylindrical symmetry, with one dimension (x) having

variations that are very small on the wavelength scale of the mode. In the 2D limit

where there is no x-dependence in both the structure and the beam, the resultant

wakefields have, in the ultra-relativsitic limit, zero net transverse (i.e., magnetic

and electric) force [16], as a direct consequence of the assumed symmetry. Some

recent DWA studies on slab-symmetric metal cladded dielectric structures [19, 20]

have successfully demonstrated accelerating mode excitation and concomitant ac-

celeration of charge.

While much progress has been made in demonstrating high gradient, efficient

acceleration in DWAs, many issues remain unaddressed experimentally. One must,

for example, develop electromagnetic structures that suppress the penetration of

electric fields into the dielectric. This may be accomplished by two key design fea-

tures. First, by doing away with the flat longitudinal vacuum/dielectric interface

in the simple slab case, which enforces continuity of Ez, one can achieve a field

reduction in the dielectric by a factor as large as 1/ε through the action of the

boundary conditions. This becomes important in very high gradient applications

when materials encounter nonlinearities and breakdown limits, as noted above

[14, 15]. Second, photonic crystals [21] may be used to confine modes within the

accelerating vacuum channel. An example was demonstrated in [22] where a pair

of 1D photonic Bragg reflectors were used to confine the modes formed between

the slabs. Use of higher dimensional photonic crystals having more sophisticated

shapes can offer yet more capabilities for tuning mode properties [23], and control-

ling the variation of the field in all directions, potentially placing spurious modes

outside of the band gap, and permitting them to propagate away from the beam

[24], and yielding a mode that is optimized for acceleration applications.
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1.5 Overview of Experimental Works Presented in this

Thesis

In the context of current issues discussed above, this thesis works with Cartesian

symmetric DWA structures. Previous works using such symmetry [19, 22, 25]

demonstrated excitation of modes and concomitant charge acceleration, but left

out the demonstration of transverse wakefield mitigation, which is the key ad-

vantage of using Cartesian symmetry. This thesis directly addresses this issue in

two separate experiments. In the first experiment, we measured the rate at which

transverse wakefields are decoupled as the beam gets flatter. Here, the integrated

transverse deflection of charge was quantified as a function of both beam displace-

ment and beam aspect ratio, a measure of the flatness of the beam. In the second

experiment, mitigation of transverse wakefield by use of flat beam was demon-

strated by looking at the changes to the wakefield spectrum excited by displaced

beams of either round or flat aspect ratio.

Additionally, one of the experiments performed during the course of this thesis

resulted in an unexpected observation of wakefield damping which will be dis-

cussed in details in chapter 7. What was discovered was that a long lived, but

temporary, conductivity can be induced in the dielectric and causes dissipation of

the generated wakes. The experiment showed that the induced conductivity is a

function of field alone. This observation not only uncovers interesting physics at

the THz spectral region, but also puts more urgency on investigating techniques

to prevent high fields from penetrating into the dielectric. While a manuscript

is being prepared for publication, the result is reproduced here to put a stronger

emphasis on the field shielding ability of photonic crystals such as in the woodpile

structure.

The three experiments presented herein display not only progress in structure

fabrication and techniques to address the important issue of transverse wakefield,

but also the challenges posed by and the possible solutions to the newly uncovered
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phenomenon of high field induced wakefield damping. Taken together, they rep-

resent significant advances toward a Terahertz, GeV/m gradient, and transverse-

deflection-free dielectric wakefield accelerator.

1.6 Overview of Chapters

In this chapter, we have discussed the needs for advanced accelerators and intro-

duced dielectric wakefield in the THz region as a potential mechanism to achieve

very high (∼GeV/m) accelerating gradient. We have also discussed some current

issues facing DWA research with an emphasis on mitigation of transverse wakefield

and high field effects in dielectric. A brief introduction to the experiments in this

thesis was then given to put into perspective where this work stands.

In chapter 2, we will discuss some fundamentals of electron beam physics. This

chapter is not meant to be comprehensive but only to acquaint the readers to the

beam notations and conventions used in the rest of the document.

In chapter 3, we will discuss various forms of beam based radiation. Emphasis

will be placed on coherent form factor, Michelson interferometry for spectral mea-

surement, bunch length measurement with prompt radiation, and the Kramers-

Kronig technique for waveform reconstruction.

In chapter 4, we delve into basic wakefield concepts such as wakefield po-

tential, wakefield impedance, beam loading theorem, Panofsky-Wenzel theorem,

transformer ratio, and etc. An example calculation on wakefield driven in a cylin-

drical dielectric lined waveguide as well as a brief discussion on beam break up

instability due to transverse wakefield will also be given.

In chapter 5, we extend the concepts developed for wakefield in cylindrically

symmetric structures to Cartesian symmetric structures. We will give a discussion

on eigenmodes for such structures before arriving at the scaling laws for such modes

as a function of the beam’s width. This serves as a theoretical analysis for the

experiments to follow.
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In chapter 6, we will discuss some important aspects of wakefield in photonic

crystals. Emphasis will be given to its ability to confine modes and to shield field.

Examples will be taken from the Bragg structure and the woodpile structure which

is one of the main thrusts of investigation for the thesis.

In chapter 7, data and relevant analyses as well as discussions will be presented

before giving the final words of summary in chapter 8.
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CHAPTER 2

Fundamentals of Electron Beam Physics

2.1 Beam Macroscopic Quantities

A beam is a collection of charged particles, for example electrons in our case, that

propagates in vacuum following a design trajectory. The beam can be in either

continuous (DC) or pulsed mode where the charges are formed into a bunches.

Typically, the electrons are born from a cathode by thermionic emission or by

the photoelectric effect, accelerated, bunched if the accelerator operates in pulsed

mode, further accelerated to design energy, and then delivered to the experimen-

tal area where its various interactions are studied. Beam dynamics along the

length of an accelerator can be understood by studying the evolution of the beam

distribution in 6D phase space f(~r, ~p) under the Vlasov equation:

∂f

∂t
+ ~̇r · ~∆~rf + ~̇p · ~∆p̂f = 0 (2.1)

This beam description, being comprehensive, can be very difficult to implement

especially for high density beams. A typical beam used in this thesis consists of

Ne = 109−1010 electrons. Usually, sophisticated computational tools are required

to track the distribution in phase space. In reality, experimental observables are

always average quantities derivable from the distribution. Although beam dynam-

ics is beyond the scope of this thesis, we shall touch on some basic beam aspects

to the point where important macroscopic quantities such as beam energy, charge,

current, and spot size can be discussed in the ensuing chapters without difficulties.
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2.2 Beam Brightness

We shall see in more details as they unfold below that the quantities of the beam

that matter most to us here are the transverse beam size and longitudinal bunch

length (beam current). The apertures of the THz frequency range devices are

typically in the 100’s µm, thus physically put a transverse size constraint on

the beam. Typically, for good beam transmission though a structure, the rms

transverse size of the beam should be a factor of 4-5 smaller than aperture, which

means a few 10’s µm. On the other hand, the longitudinal size of the beam needs to

be shorter than the wavelength of the resonant mode in order for it to be coherent.

For the applications considered in this thesis, the beam longitudinal dimension is

typically smaller than 1ps. Additionally, as we shall see, the amplitude of the

excitation is directly relatable to the beam current such that higher amplitude is

only obtainable through having a high beam current. Thus, the charge contained

in the bunch is also an important property. The one quantity that captures all

aspects of the beam compactness is termed brightness. While various definitions

of beam brightness exist and are catered towards specific applications of the beam

[26], an intuitive definition of beam brightness is the density of the beam in 6D

phase space where the electrons assume a distribution f(x, y, z, px, py, pz). Another

commonly used figure of merit is the transverse beam brightness usually given by:

B⊥ =
I

εnxεny
(2.2)

where we have assumed a coordinate system in which the beam travels in the

z direction and that I is its average current. The parameters εnx and εny are

so called normalized beam emittance in the transverse x and y direction. In a

nutshell, they represent the phase space area occupied by the electrons in the

corresponding transverse trace space.
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2.3 Transverse Emittance and Twiss Parameters

In order to better understand the physical meaning of emittance, we need to go

back to the phase space distribution f(~r, ~p). In the absence of processes such as

space charge (self-interaction of the electron distribution) and wakefield (radiation

emitted collectively by the electrons), the phase space volume occupied generally

remains constant if the forces acting on the particles are derivable from a Hamil-

tonian (Liouville’s theorem). If we further assume the absence of any processes

that mix up the motions in the Cartesian coordinates, the distribution is separable

f(~r, ~p) = fx(x, px)fy(y, py)fz(z, pz) so that 2D slices (fi(xi, pi) where i = x, y, z)

of the phase space volume can be used to describe the beam. For example, as-

suming that the external force is linear restoring and is only a function of position

x, an equilibrium solution to the collisionless Vlasov equation is a Bi-Gaussian

distribution in the (x, px) phase plane [27]: fx ≈ e−x
2/2σ2

x−p2x/2σ2
px . That is a con-

stant density contour x2/σ2
x+p2x/σ

2
px = const traces out an ellipse in (x, px) plane.

Here, one can use the surface area contained within this contour as a measure of

emittance. The choice of the contour to use varies among many applications. One

common choice is to choose the contour such that its value is e−1 the peak value.

In practice, since it’s easier to measure the divergence angle [28, 29, 30] of a beam

than momentum, the emittance is conventionally defined instead in trace space

(x, x′) where x′ = px/pz = dx/dz (px � pz). In fact, since x′ is directly related

to transverse momentum, emittance (trace space area) is preserved, except when

the momentum pz is changed. We shall clarify this situation soon to arrive at the

definition for normalized emittance. For the time being, we will assume that the

particles stay at constant momentum (no acceleration). We can immediately write

the equation for a uncorrelated thermalized (equilibrium) electron distribution in

trace space as:

fx(x, x
′) =

1

2πσxσx′
e−(x

2/2σ2
x+x

′2/2σ2
x′ ) (2.3)
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with some position and angular spread σx and σx′ that are particular to the system.

As before, using the e−1 contour, the are enclosed within x2/σ2
x + x′2/σ2

x′ = 1 is

A = πσxσx′ = πεx. Here, we have just now given the definition for emittance

εx = σxσx′ .

This ellipse will evolve while preserving its area. To understand evolution

of the distribution in trace space, let us take a simple but concrete example of

an electron having an initial coordinate ~xi = (xi, x
′
i), after drifting in vacuum a

length of L, the final trace space coordinate of the electron is ~xf = (xf , x
′
f ). The

relationship between the final and initial coordinates is clearly shown in figure 2.1,

and is given by:


xf = xi + x′iL

x′f = x′i

(2.4)

z

x

dx

dz

x′ = dx/dz

Figure 2.1: Coordinate system where the particle’s divergence angle x′ with respect

to the z axis is defined.

The distribution 2.5 is transformed accordingly:

fx(x, x
′) =

1

2πσxσx′
e−((x−x

′L)2/2σ2
x+x

′2/2σ2
x′ ) (2.5)

So that the ellipse is now tilted and no longer uncorrelated, but has a coupling

term xx′. Nonetheless, the area is the same since the linear transformation is

area-preserving det|M | = 1, consistent with Liouville’s theorem. Equation 2.6 de-

scribes a general form for a tilted ellipse where the three coefficients (γx, αx, βx) by
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accelerator physics convention are called Twiss parameters (also Courant-Snyder

parameters). Note that the apparent similarity between the βx and γx to the

Lorentz β and γ can be a perpetual source of Greek lettering frustration. The

emittance is given by εx = A/π and has the unit of area in xx′ space, i.e. length

times radian. In practice, however, emittance is most often quoted with the unit

of [mm×mrad]. The units of the Twiss parameters follow accordingly: αx is di-

mensionless, βx has unit of length, [m], and γx has unit of inverse length, [m−1].

γx(z)x2 + 2αx(z)xx′ + βx(z)x′2 = εx (2.6)

As given, the Twiss parameters are not all independent, but are related because

only three free parameters are required to define an ellipse (major and minor axes

plus tilt angle) and ε is constant. This relationship is revealed when we look at

the area for the tilted ellipse of equation 2.6, A = πεx/
√
γxβx − α2

x. We see then

that the constant area requirement dictates:

γxβx − α2
x = 1 (2.7)

In figure 2.2, we plotted an annotated ellipse where special points have been

marked. Let us obtain the maximum position when the ellipse is projected onto

the x axis. To this end, we can parametrize both variables as function of a ’time’

parameter u, (x(u), x′(u)). At the extremum on x(u), dx(u)/du = 0. After differ-

entiate equation 2.6 with respect to u and set dx/du = 0, we obtain x′ = −αxx/βx.

Plugging this back into equation 2.6, to finally obtain xmax =
√
βxεx. We see from

this relation then that the transverse spot size of the beam is directly related to

both the Twiss parameter βx and the emittance εx. Generally, the beam inherits

the emittance from the electron source (cathode), and its value is an inherent

property of the mechanism through which the electrons were extracted from the

cathode. In most circumstances, the beam line is designed to keep the emittance

constant. Variation of the beam envelope (focusing) is then all in βx, which by

now we shall refer to as the beta function as it is a function of z. We shall see

13



x

x’

A = πε
√
εβ

γx2 + 2αxx′ + βx′2 = ε

√
εγ√
ε/β

√
ε/γ

γβ − α2 = 1

Figure 2.2: Emittance as area of trace space ellipse.

shortly that the focus electron beam behaves quite similarly to a focus laser beam,

and that the value of the beta function at the waist is analogous to the Rayleigh

range. Figure 2.3 demonstrates the beam dynamics in phase space following a drift

of length L. Starting with a beam at its waist, the envelope ellipse is sheared hori-

zontally along the x axis indicating a linear expansion while keeping the maximum

divergence angle x′ constant.

2.4 Normalized Emittance

As alluded to earlier, the choice to work with trace space (x, x′) rather than true

phase space (x, px) has a complication when the momentum is changed. That

is, if acceleration is involved to boost the particles’ momentum, the trace space

area shrinks. The effect is known as adiabatic damping. To see this, we can look

at the definition for the divergence x′ = px/pz. Because the process that gives
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x

x’

Figure 2.3: Linear transformation of drift space of length L on trace space el-

lipse. From the waist where x and x′ are uncorrelated, the ellipse is stretched

out while maintaining its area and the relation γβ − α2 = 1. Note that for drift

transformation, the maximum divergence angle does not change.

px does not change during acceleration which only increases pz, we see that x′

decreases as a result. Therefore, the geometric emittance (another name for trace

space emittance) also decreases. The apparent reduction in geometric emittance

is not a conflict to the Liouville’s theorem because the emittance as defined in

(x, px) space is still a conserved quantity. We can define a normalized emittance

εnx = βγεx, where (βγ) is the Lorentz factor and comes about from the definition

of the momentum pz = βγmc.

2.5 Linear Transformation of Twiss Parameters

Evolution of the emittance ellipse in (x, x′) space can be understood in the context

of linear transformation. The general ellipse form of equation 2.6, can be written

compactly in matrix form as:

~xTσ−1~x = εx (2.8)
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where the column vector ~x =

x
x′

, and its transpose is a row vector ~xT = (x x′).

The σ−1 matrix in terms of the Twiss parameters:

σ−1 =

γx αx

αx βx

 (2.9)

and its inverse is given by:

σ =

 βx −αx

−αx γx

 (2.10)

Suppose we have a linear transformation characterized by a 2× 2 matrix M such

that the initial state ~xi is mapped into its final state ~xf :

~xf = M~xi (2.11)

For example, if the transformation is a drift of length L,

M =

1 L

0 1

 (2.12)

Another frequently encountered example is a focusing (defocussing, ”+” sign)

quadrupole thin lens of focal length f ,

M =

 1 0

± 1
f

1

 (2.13)

If there are multiple linear transformation applied sequentially, the total effect can

be calculated as matrix multiplication where the first transformation encounter

appears on the right of the multiplication. That is:

~xf = Mtot~xi

Mtot = Mn...M2M1

(2.14)

Since ~xi = M−1~xf , we have after plugging into equation 2.8 and using the emit-

tance preservation property of the transformation:

~xTf (M−1)Tσ−1i M−1~xf = ~xTf σ
−1
f ~xf (2.15)
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or

σ−1f = (M−1)Tσ−1i M−1 (2.16)

and after taking the inverse of both sides:

σf = MσiM
T (2.17)

Equivalently, by multiplying out and collecting like terms:
βxf

αxf

γxf

 =


M2

11 −2M11M12 M2
12

−M11M21 1 + 2M12M21 −M12M22

M2
21 −2M21M22 M2
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βxi

αxi

γxi

 (2.18)

2.6 Beta function at the waist

Let us allow M now to take the concrete form of a drift of length L, and that the

initial state is pure offset ~xTi = (xi, 0) such that the emittance ellipse is uncoupled

(αxi = 0). Looking at the beta function we have the following:

βxf = βxi(1− 2Lαxi/βxi + L2γxi/βxi)

= βxi(1 + L2/β2
xi)

(2.19)

Multiplying both sides by εx and recall that the product βxεx is equivalent to the

square of the beam envelope, call it σ2
x, we have:

σ2
xf = σ2

xi(1 + L2/β2
xi) (2.20)

In this form, which is identical to the equation for the laser spot size, it is apparent

that the initial beta function (at the beam waist where αxi = 0) plays the role of

the Rayleigh range. The beta function is an important experimental parameter

as it captures the information about the beam spot size and the Rayleigh range.

Both are crucial parameters to us when we try to focus the beam through long

and small apertures.
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2.7 Emittance Measurement and Beam Waist Fitting with

Three Screens

The discussion in the previous section offers an efficient way to map out the Twiss

parameters through out the beam line once their initial values are known and the

beam line elements through which the beam transits can be characterized by linear

transformation matrices. Many beam transport computer programs are based on

this matrix multiplication approach to calculate the Twiss parameters and beam

sizes. Based on equation 2.18, two methods can be devised to measure the beam

emittance. One uses a quadrupole scan and the other uses a series of three beam

size monitor screens [30]. We will treat the latter method here and leave the former

to the references. The situation is depicted in figure 2.4. Here, a focused beam is

presented by a parabolic beta function, and a series of three beam profile monitor

screens labeled S1,2,3 are presented as vertical lines. The distances between the

first screen to the second and third screens, L12 and L13 are known. We can write

down the values of the beta function at the second and third screens in terms of

the Twiss parameters at the first screen:

β2 = β1 − 2L12α1 + L2
12γ1

β3 = β1 − 2L13α1 + L2
13γ1

(2.21)

Now multiply both sides by the emittance and using the relation σ2 = εβ, we

have:

σ2
2 = σ2

1 − 2L12(εα1) + L2
12(εγ1)

σ2
3 = σ2

1 − 2L13(εα1) + L2
13(εγ1)

(2.22)

Since we can measure σ1,2,3 on the screens, the system of two equations is sufficient

to solve for (εα1) and (εγ1). Now, to get the emittance, we can use:

ε2(β1γ1 − α2
1) = ε2 (2.23)

or,

ε =
√
σ2
1(εγ1)− (εα1)2 (2.24)
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z

S1(z = 0, σ = σ1) S2(L12, σ2) S3(L13, σ3)

dβ/dz = 0

Figure 2.4: Measuring emittance by using three screens. The beta function in the

drift section is represented by the parabolic curve. Three beam profile monitors

inserted at dashed lines are used to measure the transverse size σ of the beam.

At the beam waist, the derivative of the beta function with respect to z vanishes,

dβ/dz = 0.

Finally, by solving for dβ/dL = 0, we see that L∗ = α1/γ1 is the location of

the beam waist.

2.8 Twiss Parameters Relation to the Second Moments of

the Beam

In the previous sections, we have several times drawn the connection between

the beta function and the beam envelope. Let us now formally put the Twiss

parameters in relation with the second moments of the beam. To that end, let us

bring back the beam distribution in trace space, f(~x), again. This time, we will

use the Twiss parametrized ellipse as discussed in the exponential:

f(x, x′) =
1

2πεx
e−

γxx
2+2αxxx

′+βxx′2
2εx (2.25)

Using the relation βxγx− α2
x = 1 as developed above, this distribution normalizes

to unity. From this, we can now show how the Twiss parameters are related to
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the second moments of the beam:〈
x2
〉

= σ2
x =

∫
x2f(~x)d2~x = βxεx〈

xx′
〉

= σxx′ =

∫
xx′f(~x)d2~x = −αxεx〈

x′2
〉

= σ2
x′ =

∫
x′2f(~x)d2~x = γxεx

(2.26)

Finally, their relation to the emittance is given by:

σ2
xσ

2
x′ − σ2

xx′ = ε2x(βxγx − α2
x) = ε2x (2.27)

We will use these relations in the next section in deriving the differential equation

that governs the evolution of the beam envelope.

2.9 Beam Envelope Equation

The beam description based on Twiss parametrization offers a convenient way

to understand the behavior of the beam along the beam line. From the initial

conditions, the beam can be propagated with ease using linear mapping matrices.

This method is best suited for applications where the beam self field and other

non-linear processes can be ignored or absent. In this section, we will discuss

the differential equation approach to study the dynamics of the beam envelope.

Since the solutions to the beam envelope equation are numerous and specific to

each application, we will go as far as presenting the equation itself. The intention

of including this discussion here is to give us some intuition into the forces that

influence the evolution of the beam envelope and set up for the discussion of space

charge to follow. To begin, we write the derivatives of the rms envelope:

dσx
dz

=
d
〈
x2
〉1/2

dz

=
1

2σx

d
〈
x2
〉

dz

=
1

2σx

d

dz

∫
x2f(~x)d~x2

=
σxx′

σx

(2.28)
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and,

d2σx
dz2

=
d

dz

(σxx′
σx

)
=

1

σx

dσxx′

dz
− σxx′

σ2
x

dσx
dz

=
1

σx

dσxx′

dz
− σ2

xx′

σ3
x

=
1

σx

∫
xx′f(~x)d~x2 − σ2

xx′

σ3
x

=
σ2
x′ +

〈
xx′′
〉

σx
− σ2

xx′

σ3
x

(2.29)

That is:

σ′′x =
σ2
x′σ

2
x − σ2

xx′

σ3
x

+

〈
xx′′
〉

σx

=
ε2x
σ3
x

+

〈
xx′′
〉

σx

(2.30)

The two terms on the right hand side are like the forces. We see that the first term,

which involves the emittance on the numerator and the cubic of the envelope on

the denominator, behaves like a pressure term that pushes outwardly. Note that

since we have neither entered any information about the nature of the particles

nor the forces on them, the pressure term must arise as a character inherent to

the mathematical process of taking derivatives of the envelope. The second term〈
xx′′
〉

contains x′′ where the forces enter. Here, in addition to the external force,

which we assume to be linear κ2(z)x and its nature is contained within κ(z), we

also include a non linear space charge term simply denoted as Fs. The equation

governs the single particle dynamics is then:

x′′ = −κ2(z)x+ Fs (2.31)

So that:

〈
xx′′
〉

= −κ2(z)
〈
x2
〉

+
〈
xFs
〉

(2.32)

Finally, we arrive at the rms envelope equation with space charge:

σ′′x + κ2(z)σx −
ε2x
σ3
x

−
〈
xFx

〉
σx

= 0 (2.33)
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For a beam of like charged particles, the space charge term tends to repel. The

competition between the emittance and space charge term gives rise to two regime

aptly named emittance dominated or space charge dominated. We shall see in the

next section that for highly relativistic beam, the space charge term drops out.

So then, at equilibrium where σ′′x = 0, where the focusing force balances out the

pressure from the emittance, the rms envelope is a constant:

σ2
eq =

εx
κ0

(2.34)

2.10 Space Charge for Relativistic Beam

The forces that arise from mutual interactions between the particles in the distri-

bution are collectively called space charge force. As seen in the previous section,

the space charge term constitutes a repelling force in the rms envelope equation.

Let us look at the effect of the beam energy γ on on space charge by considering

a DC, hard-edged beam with constant charge density ρ defined between r = 0

and r = R, traveling in the z direction at constant velocity v so that the current

density is given by Jz = ρv. The radial force has both electric and magnetic

contributions with the the electric force pushing outwardly while the magnetic

force arising from the current attracts inwardly. The electric component can be

calculated by applying Gauss’ law:

∇ · ~E =
ρ

ε0

Er =
ρR2

2ε0r

(2.35)

Similarly, the azimuthal magnetic field is calculated via the Ampere’s law:

∇× ~B = µ0
~J

Eθ =
µ0ρvR

2

2r

(2.36)

both forces drop as 1/r and ε0 and µ0 are the free space electric permittivity and

magnetic permeability respectively. The Lorentz force on a test particle q is then:
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Fr = q(Er − vBθ)

= qEr(1− vBθ/Er)

= qEr(1− β2) =
qEr
γ2

(2.37)

where β and γ are the relativistic Lorentz parameters. We see while the Lorentz

force has non linear spacial dependence, it also drops as 1/γ2. For this reason,

space charge forces typically do not affect highly relativistic beams and only a big

concern for high charge low energy beams.

2.11 Chapter Summary and Outlook

In this chapter, we have covered the basic description of a beam. Starting with

a distribution in 6D phase space, we discussed how the phase space volume is

conserved under the assumption that the forces involved are linear and Hamilto-

nian. We then defined the emittance as area in trace space and showed that the

normalized emittance is conserved during the acceleration process. In the context

of describing the trace space emittance ellipse, the Twiss parameters are defined,

and we showed how they can be transformed by the method of matrix multiplica-

tion. Furthermore, we showed that the Twiss parameters are related to the second

moments of the beam. A method for measuring emittance was discussed, and the

beta function at the waist of the beam as shown to be behave like a Rayleigh

range in describing a focused Gaussian laser beam. Finally, we derived the rms

envelope equation and described the forces that push the envelope outwardly. The

space charge term was then shown to vanish as fast as the inverse square of the

relativistic Lorentz γ factor and may be ignored for highly energetic beams. In

the next chapter, we will discuss beam based forms of radiation such as transition,

diffraction, and Cherenkov radiation.
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CHAPTER 3

Fundamentals of Beam Based Radiation

3.1 Relativistic Beam as a Radiation Source

High power RF drive sources are scarce as one climbs up the frequency ladder.

The SLAC linac for instance was powered by multiple high power klystrons each

giving 50 MW of RF power at 2.858 GHz [31, 32, 33]. Inside a klystron, electron

beams are accelerated, bunched, and radiate coherently in a resonant cavity where

it is coupled out. The RF power extracted through this process falls off quickly

as the frequency of the photon increases typically due to space charge effects and

difficulty in transverse confinement of charge. In the THz range (0.1-10 THz),

there are currently no high power sources. The situation is colloquially referred

to as the THz gap.

In principle, a relativistic beam can be a source for high and direct power.

Again, take the SLAC beam for example, at 20 GeV per electron and 3 nC total

charge, the total energy per pulse can be greater than 60 J. The highly relativistic

beam (γ ≈ 40e3) can also be compressed to a short rms bunch length of 30µm.

This is equivalent to 0.6 PW of power.

While a relativistic beam may possess much energy, it needs to interact with

matter to emit radiation. The simplest form is perhaps Cherenkov radiation which

occurs when the charged particle exceeds the speed of light in the medium. Al-

though this is the original context where Cherenkov radiation was described, the

phenomenon can be generalized to treat complex media such as waveguides, and

Cherenkov radiation can be made even with particles of low energy. We shall

discuss this in section 3.6. When a charged particle abruptly passes through a

24



boundary between two media, it also emits radiation known as transition radiation

(section 3.4). This radiation is prompt and is very direct with angular distribu-

tion peaks at 1/γ. Yet another case similar to transition radiation is diffraction

radiation which is used as a form of bunch length diagnostic in this thesis. We

shall treat this in section 3.5.

3.2 Coherent Form Factor: Longitudinal Beam Size Effect

An electromagnetic wave can exhibit either or both forms of coherence, i.e. trans-

verse and longitudinal. When it possesses transverse coherence, the wavefronts

are spatially correlated so that an interference pattern can be formed by a double

slit experiment. On the other hand, longitudinal coherence corresponds to the

spatial correlation along the propagation direction that allows for interferometric

measurements such as when a Michelson interferometer is used. In this thesis, we

are only concerned with the nature of the longitudinal coherence of the radiation

produced by a beam of Ne electrons resonantly radiate at frequency ω0. The elec-

tric field generated by a single electron can be written as E(t) = A(t)eiω0t, for

any arbitrary envelope A(t) which is a particular function of the radiator. Let

us also simply denote the time Fourier transform of the single electron field as

Ẽ(ω) =
∫
A(t)eiω0te−iωtdt. The collective effect of the electrons can be summed

up by the superposition principle Etot(t) =
∑Ne

j=1E(t− tj), where tj is the relative

time delay from electron to electron. The Fourier transform of the field is then:

Ẽtot(ω) =

∫
Etot(t)e

−iωtdt

=
Ne∑
j=1

∫
E(t− tj)e−iωtdt

= Ẽ(ω)
Ne∑
nj1

eiωtj

(3.1)

where in the last step, we have invoked the time shift property of Fourier transform

and brought the Ẽ(ω) term out of the sum. The total intensity of the radiation is
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then:

Itot = |Ẽtot(ω)|2

= I(ω)
Ne∑
j=1

eiωtj
Ne∑
k=1

e−iωtk

= I(ω)(Ne +
Ne∑
j=1

eiωtj
∑
j 6=k

e−iωtk)

= I(ω)(Ne +
Ne∑
j 6=k

eiω(tj−tk))

(3.2)

We see that the total intensity has been broken into two parts, for j = k and

j 6= k. The former, equal to NeI(ω), is the incoherent radiation–the contribution

from each electron just adds cumulatively. The latter takes care of the correlation

between any two particles iω0(tj − tk) and can contribute coherently to the total

intensity. In the complex plane, the sum is equivalent to adding Ne(Ne − 1)

unit magnitude phasors. If the particles are completely random, the sum should

average to zero. However, if their phase difference is small, tj − tk � 1, they add

up constructively. For large Ne, the sum can be as large as N2
e . This in short is

the coherent effect of Ne correlated particles.

Let us now consider a smooth distribution of Ne electrons in the form of f(t) =

1/N
∑Ne

j=1 δ(t− tj) and that
∫
f(t)dt = 1. In other words, f(t)dt is the probability

of finding an electron in the interval of [t, t + dt]. We see then, that the sum of

phasors can now be converted into an integral form. That is:∑
j

eitj =
∑
j

∫
eitδ(t− tj)dt

=

∫
eit
∑
j

δ(t− tj)dt

=

∫
eitNef(t)dt

(3.3)
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So then, the double sum in the coherent term can be now rewritten as:∑
j 6=k

ei(tj−tk) =

∫
eitNef(t)dt

∫
e−it

′
(Ne − 1)f(t′)dt′

= Ne(Ne − 1)|f̂(ω)|2
(3.4)

and finally the coherent radiation intensity is then:

Icoh(ω) = Ne(Ne − 1)I(ω)|f̂(ω)|2

≈ N2
e I(ω)|f̂(ω)|2(Ne � 1)

(3.5)

This gives us a recipe for making coherent radiation. We see again the N2
e factor

which can be very large for high charge beam. The last two factors representing

the contribution from the radiator and the beam, I(ω) and |f̂(ω)|2 respectively.

The latter is termed form factor and is usually given its own symbol, F (ω) =

|f̂(ω)|2.Obviously, the two functions of frequency must overlap in order for their

product to be non-zero. To clarify the physical significance of what this means.

Let us suppose a perfect radiator that gives a single delta function frequency so

that I(ω) = δ(ω0), and that the beam distribution is a Gaussian with σt rms,

f(t) = e−t
2/2σ2

t . The frequency band width of the beam is given by a Fourier

transform of f(t), which is also a Gaussian, f̂(ω) ∝ e−ω
2/2σ2

ω , where σω = 1/σt.

We see that σt needs to be small enough for the beam bandwidth to overlap the

resonant frequency ω0 of the radiator. Stated simply, when the bunch length of the

beam is much smaller than the wavelength of the mode, all electrons in the bunch

resonate in unison giving intense coherent radiation. Because the beam’s form

factor contributes directly into the radiation content, we note that a relativistic

beam (γ � 1) can allow access to the previously difficult THz regime. With space

charge effects mitigated by the 1/γ2 factor, the beam can be easily compressed to

sub-ps bunch length that is required to coherently excite THz waves.

3.3 Coherent Form Factor: Transverse Beam Size Effects

It should be emphasized that the form factor F (ω) = |f̂(ω)|2 as given in equation

3.4 is a simplification of the generalized 3D case which takes into account both
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Figure 3.1: Coordinate vectors used in the description of 3D form factor.

the longitudinal and transverse distribution of the beam f = f(~r). It is given by:

F (ω) =

∣∣∣∣∣
∫
ei
ω
c
n̂·~rf(~r)d3r

∣∣∣∣∣
2

(3.6)

where ~r is the position vector of the charge and n̂ is the direction from the charge

to the observer as seen in figure 3.1. Consider a Gaussian beam distribution:

f(~r) =
1

(2π)3/2σ2
rσz

e−r
2/2σ2

re−z
2/2σ2

z (3.7)

where the polar coordinates have been used and z is the assumed beam direction.

The phase term of the 3D form factor can then be written as:

~k · ~r = ~k⊥ · ~r⊥ + kcosθz

= ksinθr⊥cos(φ− φ′) + kzcosθ
(3.8)

where θ is the angle that ~k makes with the beam direction z, and φ and φ′ are

the angles that the projected ~k⊥ and ~r⊥ make with the x-axis. Dropping the ⊥
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notation, the full form of f̂(ω) is then given by:

f̂(ω) =

∫
ei
~k·~rf(~r)d3r

=
1

(2π)3/2σ2
rσz

∫ 2π

0

∫ ∞
0

eikrsinθcos(φ−φ
′)e−r

2/2σ2
rrdrdφ′

∫ ∞
−∞

eikzcosθe−z
2/2σ2

zdz

=
1

(2π)3/2σ2
rσz

∫ ∞
0

e−r
2/2σ2

rJ0(krsinθ)rdr

∫ ∞
−∞

eikzcosθe−z
2/2σ2

zdz

= e−(1/2)k
2σ2
rsin

2θe−(1/2)k
2σ2
zcos

2θ

= e−(1/2)(ω/c)
2σ2
rsin

2θe−(1/2)(ω/c)
2σ2
zcos

2θ

(3.9)

In the third step, we have invoked the identity for Bessel function J0(x) = 1/2π
∫ 2π

0
eiucosφdφ.

We see that both the longitudinal and transverse sizes contribute to the band width

of the form factor:

σ2
ω =

c2

σ2
rsin

2θ + σ2
zcos

2θ
(3.10)

and that for the same σz, the presence of σr reduces the band width of f̂(ω). We

will learn momentarily that for transition radiation, the angle θ = 1/γ and tends

to be very small, especially for relativistic beam. Using small angle approximation,

we have:

σ2
ω ≈

c2

σ2
r

γ2
+ σ2

z

(3.11)

In such situation, we see that the effect of the transverse size is negligible, and

that we usually only care about the longitudinal size.

3.4 Transition Radiation

When a charged particle moving in one homogeneous medium abruptly crosses

into another one, transition radiation is emitted [34]. When the the first medium

is vacuum, and the second is a perfect conductor, the energy per unit angle (with

respect to the particle’s direction of propagation) per unit frequency radiated into
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vacuum is given by [34, 35]:

ITR(ω, θ) =
q2v2sin2(θ)

π2c3[1− (v2/c2)cos2(θ)]2

≈ q2v2(θγ)2

π2c3[1 + (θγ)2]2

(3.12)

where in the last step, we have made small angle approximation for the trigono-

metric functions, keep θ only up to second order, and assumed that γ � 1. There

are two things to notice here. First, the frequency response is flat. This means

that the mechanism allows access to very high frequency. When a bunched beam

is used, coherent radiation can be obtained with the only limitation being the

bunch length of the beam. Second, the angular distribution peaks at θ = ±1/γ

and is exactly zero for θ = 0 (see figure 3.2), where γ is the relativistic Lorentz

parameter. Thus, for very high γ � 1 beam, the emitted transition radiation can

be very directed. Because of these two properties, in practice transition radiation

is routinely employed as diagnoses for both longitudinal and transverse beam size

[36, 37, 38]. Typically, a field autocorrelation of transition radiation gives an ef-

fective measure of the beam bunch length (see section 3.8). On the other hand,

transverse beam size monitor is usually done by inserting an optical transition

radiation (OTR) screen into the beam path. The OTR spot size is indicative of

the beam’s transverse extent. Moreover, imaging optics can be set up to measure

the divergent angle of the beam to characterize its transverse emittance [39, 40].

3.5 Diffraction Radiation

Emitted when a charged particle passes through an aperture, diffraction radiation

(DR) is closely related to transition radiation. For an aperture of radius R, the

spectral-angular distribution of DR is given by [38, 41] modifying the transition
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Figure 3.2: Angular distribution of transition radiation showing peaks at ±1/γ.

radiation expression ITR(ω, θ) with a correction term D(ω, θ):

IDR(ω, θ) = ITR(ω, θ)D(ω, θ)

D(ω, θ) = [J0(
ωR

c
sinθ)(

ωR

cβγ
)K1(

ωR

cβγ
)]2

(3.13)

where J0 and K1 are the zeroth order Bessel function and modified Bessel function

of the first order respectively. In the limiting case when the aperture shrinks to

zero, diffraction radiation should exactly go to transition radiation. On the other

hand, for very large aperture R, the interaction weakens as the correction term

D(ω, θ) → 0. For γ � 1, sinθ ≈ θ = 1/γ, the correction term may be rewritten

as:

D(λ, θ =
1

γ
) =

[
J0

(2πR

γλ

)(2πR

βγλ

)
K1

(2πR

βγλ

)]2
(3.14)

where we have converted the frequency to vacuum wavelength so that we may

inspect the behavior of this term by normalized wavelength γλ/2R. As can be
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seen in figure 3.3, D asymptotically tends to 1 for γλ/d � 1 (d is diameter of

aperture). So then, at vacuum wavelengths λ � d/γ, radiation is emitted at

similar intensity to that of transition radiation. In fact, diffraction radiation is

a source of background for many dielectric wakefield experiments in which the

beam needs to pass through considerably many small apertures. Consider as an

example the case for an experiment at Brookhaven National Lab-Accelerator Test

Facility (BNL-ATF), which will be discussed in greater details later. Here, a 60

MeV beam was made to exit the signal collection line through a small hole of

2.5 mm in diameter, inadvertently adding to the background spectrum. Using

the relation for emitted radiation above, in this case d/γ ≈ 21µm. Considering

the bunch length of the beam ∼ 300µm, coherent diffraction radiation in the

millimeter wavelength range is present. Since the expected signals are also in the

millimeter range, care must be taken to optimize the signal to background ratio.

In practice, diffraction radiation is employed to measure the bunch length of a

beam in a non-destructive manner. Although the photon yield per electron is

not as high as transition radiation, the beam emittance is not spoiled, and the

same beam can be used further downstream. We will discuss this bunch length

measurement technique in a separate section.

3.6 Cherenkov Radiation

In the last two sections, we discussed two prompt beam based radiation sources.

The radiating mechanisms in those two cases only require a disruption of the beam

field in the form of either a foil or an aperture. No threshold of any kind is needed

of the beam. The spectral band width is a continuous function of only the beam’s

bunch length. In this section, we will discuss Cherenkov radiation. In contrast

to the discussion thus far, the radiation requires a certain threshold of the beam.

In its most well known form, Cherenkov radiation is most often associated with

the blue glow in nuclear reactors. The velocity threshold that the beam must

pass is the speed of light in the dielectric medium, vb > c/
√
ε. For an isotropic,
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Figure 3.3: Behavior of correction term D(λ, θ = 1/γ) as a function of normalized

wavelength γλ/d where we have assumed β = 1.

linear medium of constant permittivity ε, the energy loss per unit length per unit

frequency of the charged particle is given by [42, 43, 44]:

d2E
dzdω

∝ ω (3.15)

The Cherenkov spectrum is continuous and stronger at high frequency, the fact

which explains the blue glow in nuclear reactors. Equation 3.15, however, is given

for a single charged particle. The contribution of a charge distribution comes from

the square of its Fourier transform ρ̂(ω)2 [45], reminiscent of the coherent form

factor discussed earlier. For a Gaussian charge bunch with σt and integrate over

all possible frequency:

dE
dz
∝
∫
ωe−ω

2/2(1/σ2
t )dω

=
1

σ2
t

(3.16)

In the context of accelerators that use this mechanism as a power source, this gives

us a scaling law for obtaining high field. We shall see the 1/σ2
t factor again in the

gradient term when we talk about dielectric wakefield accelerators. For now, we
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only claim that intense radiation via Cherenkov mechanism is obtained by using

a short beam.

Coherent narrow band radiation is also possible via the Cherenkov radiation

if the medium is resonant. Coherent Cherenkov radiation (CCR) is typically pro-

duced when a short (compared to the wavelength) electron beam passes through a

waveguide. A dielectric loaded waveguide [46, 47], for example, is a common choice

for dielectric waveguide with discrete resonant modes. In this case, the general-

ized Cherenkov condition can be used to describe the modal aspect of beam-mode

coupling. It is given by ω = ~k · ~v, where the beam is represented by its velocity

vector ~v, and waveguide modes are labeled by their frequency and wave vector

(ω,~k). For ~v = vbẑ, we have ω/kz = vφ = vb. That is, the beam velocity must be

equal to that of the phase velocity of the mode in the propagation direction. The

group velocity vg of the mode is independent of the beam and determined by the

waveguide’s particular parameters such as ε and geometric dimensions. The value

of vg is always subluminal (vg < c) and determines the radiation pulse length

∆L = Z(vb/vg − 1) where Z is the beam-structure interaction length. By this

mechanism, we can make arbitrarily narrow band radiation by choosing appro-

priate length Z. Furthermore, because typically vb > vg, the pulse length can be

made even longer than the interaction length, thus giving an additional control

over radiation bandwidth.

3.7 Michelson Interferometry: Measuring Coherent Radi-

ation

Coherent radiation spectrum can be characterized by measuring its field autocor-

relation. Figure 3.4 shows a common implementation of a Michelson interferom-

eter which was used in this thesis. Suppose a radiation pulse can be described

by its electric field f(t). After passing through a beam splitter, the two pulses

travel in separate arms, one of which as a variable delay f(t− τ). After a second
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Figure 3.4: Michelson interferometer. A THz pulse generated from beam-struc-

ture interaction enters the system and is split at the beam splitter (BS) into two

identical copies. One continues to go straight, hits the fixed mirror and bounces

back to the beam splitter. The other one is routed to the movable mirror where

delay is introduced. The two copies are then recombined at the detector where

the interferogram is recorded.

passage through the same beam splitter, the two pulses interfere while propagat-

ing co-linearly on their way to a slow detector where their combined intensity is

integrated.

I(τ) =

∫
|f(t) + f(t− τ)|2dt

=

∫
(|f(t)|2 + |f(t− τ)|2 + 2f(t)f(t− τ))dt

(3.17)

The first two terms contribute to an overall constant of the integral and can be

ignored. The last term is the field autocorrelation term which we are after. By the

convolution theorem, we see that the Fourier transform of the field autocorrelation
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Figure 3.5: Low frequency filter function

is the power spectrum of the pulse. That is:

F{I(τ)} = |f̂(ω)|2 (3.18)

In reality, it is hard to retrieve the low frequency region of the spectrum due to

long wavelength diffractive loss during radiation transport and etalon effects in the

thin film beam splitter inside the Michelson interferometer. This low frequency

loss can be modeled by a filter function with a characteristic cut off frequency ωc

such that [48] g(f) = 1 − e−ω2/ω2
c . The measured spectrum is the product of the

filter function with the true spectrum. That is Fm(ω) =
∣∣g(ω)f̂(ω)

∣∣2.
3.8 CDR and CTR Bunch Length Estimate by Using Field

Autocorrelation Method

Prompt radiation such as CDR or CTR can be used to measure the bunch length

of the beam. Suppose the radiation pulse has a profile described by a normalized

Gaussian distribution E(t) = 1√
2πσ

e−t
2/2σ2

. The field autocorrelation is given by a
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convolution:

I(τ) =

∫ ∞
−∞

E(t)E(t− τ)dt

=
1

2
√
πσ

e−τ
2/2(
√
2σ)2

(3.19)

That is, by construction, the field autocorrelation of a Gaussian pulse with stan-

dard deviation σ is another Gaussian with standard deviation σac =
√

2σ. In

practice, interference effects from the beam splitter and radiation transport loss

contribute to the error in the bunch length estimate. Nonetheless, the field auto-

correlation fit is an excellent approximation and can be used to check with other

bunch length estimation methods.

3.9 Kramers-Kronig Waveform Reconstruction

While the bunch length method outlined in the last section is sufficient in many

cases, it is unable to resolve pulses of more complicated shapes. One of the reasons

is that the field autocorrelation is always symmetric regardless of the symmetry

of the pulse. So that, except for the very simple case of well separated pulses, the

true shape of the original pulse train cannot be obtained directly by the shape of

the autocorrelation. Even if a Fourier transform is done to convert the measure

spectrum back to the time domain,
∫
|f̂(ω)|cos(ωt)dω, only the even component

is recovered [49]. Thus, the phase information must be retrieved for the bunch

reconstruction to be meaningful.

If a system response is complex analytic function (causality implied), Kramers-

Kronig relation [43, 50] can be used to reconstruct the real or complex part from

the knowledge of either one. This section will follow the works by Lai and Sievers

[51, 52]. Although the method was first pioneered for the reconstruction of bunch

shape via CTR or CDR response, we note that it is also capable of determining

the temporal function of a long CCR pulse. Let’s start by recalling that the field

autocorrelation measurement obtained with a Michelson interferometer gives us
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the power spectrum of a pulse:

F (ω) = |f̂(ω)|2 = F
{
I(τ) =

∫
E(t)E(t− τ)dt

}
(3.20)

The complex phase that is contained in f̂(ω) is lost during the measurement

process. Thus in order to reconstruct the temporal form of the pulse, we must

somehow recover this phase. We can write f̂(ω) = ρ(ω)eiφ(ω). So that lnf̂ = lnρ+

iφ, where we can get the magnitude term directly from experiment ρ(ω) =
√
F (ω).

By applying Kramers-Kronig relation, the phase is then:

φ(ω) =
−2ω

π

∫ ∞
0

ln[ρ(ω′)/ρ(ω)]

ω′2 − ω2
dω′ (3.21)

Finally, the temporal shape is gotten by a simple Fourier transform back to the

time domain:

f(t) = Re

∫ ∞
0

ρ(ω)ei[φ(ω)−ωt]dω (3.22)

This reconstruction process, however, has some limitations. First the algorithm

cannot distinguish a pulse f(t) ∀ t ∈ [0, σ] and its time reverse image fr(t) =

f(σ − t). It can be easily shown that their Fourier transforms are related by a

phase, f̂r(ω) = f̂(ω)eiωt, for all real function f(t). So that their intensities are

identical, |f̂(ω)| = |f̂r(ω)|.

Second, the method assumed that the function f̂(ω) has no zeros in the up-

per half complex plane, and thus ignoring the contribution from the Blaschke

phase (thus the so called minimal phase assumption) [51, 53, 54]φ(ω) = φm(ω) +

φBlaschke(ω), where the minimal phase φm(ω) is given by equation 3.21. It was

shown that [51, 55] while the minimal phase assumption is sufficient in many im-

portant cases, there are at least two known scenarios where it fails to reconstruct

the temporal pulse shape. In both cases, the contribution from the complex zeros

of the function cannot be ignored. A truncated Lorentzian pulse is one exam-

ple where the Kramers-Kronig method fails to reconstruct the symmetric shape.

However, a truncated Guassian pulse1(figure 3.6) is fine as it was shown that it has

no nearby complex zeros (only real zeros who give no contribution to the phase)
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Figure 3.6: Kramers-Kronig reconstruction of a single truncated Gaussian pulse.

The equation is: f(t) = 1√
2πσ

e(t−τ)
2/2σ2 ∀ t ∈ [0,Λ], where σ = 0.2Λ, τ = 0.5Λ. Left

panel: Theoretical Gaussian shape (solid line) and reconstructed shape (dashed).

Middle panel: form factor of the truncated Gaussian pulse F (ω) = |f̂(ω)|2. Right

panel: True phase (solid) and reconstructed phase (dashed).

that contribute significantly to the phase [51]. The form factor, shown in the

middle panel, displays oscillation due to the truncation. The discrepancy between

the true phase (solid line) and the reconstructed phase is due to the numerical

difficulty of integrating out to ∞ frequency. Nonetheless, the reconstructed pulse

has the right shape, only shifted compared to the true one, which does not affect

the bunch length characterization. Another important case is demonstrated in

figure 3.7 where a pulse train consisting of three unequal Gaussian pulses. In this

scenario where the leading pulse is weaker than the one trailing it, the Kramers-

Kronig method fails. It was shown to be due to the existence of nearby zeros in

the upper half plane [55]. It can be seen clearly that the reconstructed waveform

has a strong leading pulse as opposed to a weak one by design. Note that this is

not the same case as the ambiguity of the time reverse pulse shape as discussed

earlier because the third (last) pulse can be seen unaffected. The Kramers-Kronig

reconstruction for a similar situation but with a strong leading pulse is fine (see

figure 3.8). Contrasting the two cases, we see that good agreement in the Kramers-

Kronig and theoretical phase in the low frequency (ω/(1/Λ) < 100) is key to a

successful reconstruction.

1The Gaussian pulse defined from (−∞,∞) cannot be reconstructed because it violates
causality. A response function cannot exist before the stimulus. Defining it from [0,∞) is
OK.
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Figure 3.7: Kramers-Kronig gives wrong reconstruction of composite waveform

with a weak leading pulse. Following the example given in [55], the function is

given by f(t) =
∑3

j=1
αj√
2πσj

e−(t−tj)
2/2σ2

j , ∀ t ∈ [0,Λ]. The parameters used in this

case are: α1 = 0.3, τ1 = 0.15Λ, σ1 = 0.05Λ, α2 = 0.5, τ2 = 0.27Λ, σ2 = 0.04Λ,

α3 = 0.2, τ3 = 0.7Λ, σ3 = 0.1Λ. Left panel: Theoretical shape (solid line)

and reconstructed shape (dashed). Middle panel: form factor of the theoretical

pulse F (ω) = |f̂(ω)|2. Right panel: True phase (solid) and reconstructed phase

(dashed). The discrepancy between true and reconstructed phases has two sources:

first, from the numerical difficulty of integrating all frequency up to∞, and second,

which is more problematic, from the existence of nearby complex zero in f̂(ω).

This is evident in the large phase difference at low (< 100) frequency.
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Figure 3.8: Kramers-Kronig gives correct reconstruction of composite waveform

with a strong leading pulse. Following the example given in [55], the function is

given by f(t) =
∑3

j=1
αj√
2πσj

e−(t−tj)
2/2σ2

j , ∀ t ∈ [0,Λ]. The parameters used in this

case are: α1 = 0.5, τ1 = 0.15Λ, σ1 = 0.04Λ, α2 = 0.3, τ2 = 0.25Λ, σ2 = 0.05Λ,

α3 = 0.2, τ3 = 0.7Λ, σ3 = 0.1Λ. Left panel: Theoretical shape (solid line)

and reconstructed shape (dashed). Middle panel: form factor of the theoretical

pulse F (ω) = |f̂(ω)|2. Right panel: True phase (solid) and reconstructed phase

(dashed). The discrepancy between true and reconstructed phases mostly comes

from numerical difficulty of integrating to ∞ frequency. Large phase difference at

high frequency (> 100) does not contribute significantly to the temporal recon-

struction.
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In reality, measurements cannot capture the full spectrum. In particular, losses

are expected at low and high frequency. The Michelson interferometry method as

discussed before is especially susceptible to low frequency loss which is important

for overall bunch shape reconstruction. Therefore, artificial frequency attachments

are usually done to complement measurement. The low frequency limit of the form

factor can be understood by Taylor expanding the exponential term in the Fourier

transform:

f̂(ω) =

∫
f(t)e−iωtdt

=

∫
f(t)(1 + iωt− 1

2
ω2t2 + ...)dt

= 1 + iω
〈
t
〉
− 1

2
ω2
〈
t2
〉

+ ...

=
∞∑
n=0

in

n!
ωn
〈
tn
〉

(3.23)

The series form of the form factor is then:

lim
ω→0

F (ω) = f̂(ω)f̂ ∗(ω)

=
[ ∞∑
n=0

in

n!
ωn
〈
tn
〉]

= 1−
〈
t2
〉
−
〈
t
〉2

Λ2

( ω

1/Λ

)2
+O

[ ω

1/Λ

]4
(3.24)

with Λ being the total bunch length. The high frequency content determines the

bunch cut off behavior at its end. While this information is typically well captured

in the field autocorrelation, the high frequency roll off behavior of the form factor

can be modeled by F (ω) ∼ ω−α, where α > 0 is particular to the bunch cut off

and can be determined by examining the reconstruction against expectation of the

real bunch shape.

3.10 Chapter Summary

Equipped with the knowledge of coherent Cherenkov radiation and related phe-

nomena, in the next chapter, we will discuss the basic concepts of wakefield physics
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which were developed for the cylindrical geometry. Nonetheless, they are funda-

mental and will be used in subsequent chapters.
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CHAPTER 4

Fundamentals of Dielectric Wakefield Physics

4.1 Introduction

In the last chapter, we have discussed the various forms of beam based radiation.

In particular, we discussed transition, diffraction, and Cherenkov radiation and

the condition under which coherence arises, namely that of the shortness of the

bunch length in comparison with the wavelength of the resonance, i.e. σz � λ.

Of particular interest to us is Cherenkov radiation where the charged particles

are made to interact with a waveguide, and in the previous chapter, we have only

emphasized the radiation (far field) aspects of it. In this chapter, we shall look

more closely at the modal aspects in the near field of such interaction. Some of the

important ones are the relationship between the amplitude of the wakefield and

the energy loss per unit length of the charged particle that drives the wake, the

Panofsky-Wenzel theorem that relates the longitudinal kick with the transverse

kick in a cavity, and scaling laws for longitudinal and transverse wakefield modes

in cylindrical structures, etc. However, let us first build our intuition on how to

turn a relativistic charged particle into a driving source for a wakefield accelerator.

Although we will not look at the wakefield itself, which is the subjects of further

details in later sections, we will look at the field immediately at the vicinity of the

traveling particle. Our goal is to see how the Cherenkov mechanism comes into

forming a strong longitudinal field component that is required for acceleration.
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Figure 4.1: ”Pancake” field of a relativistic charged particle traveling in free space.

4.1.1 Field from a Relativistic Charged Particle

Let us begin with looking at the field of a relativistic charged particle in free space.

Letting β = v/c, γ = 1/
√

1− β2 be the usual relativistic Lorentz parameters, and

ψ be the angle subtended by the velocity vector ~v = vẑ and the vector pointing

from the particle to the observation point r̂, we have [43]:

~E =
qr̂

r2γ2(1− β2sin2ψ)3/2
(4.1)

For ultra relativistic particle β ≈ 1, the field lines concentrate around the

two poles ψ = ±π/2 forming a ”pancake” high field region as demonstrated by

the cartoon of figure 4.1. The longitudinal field ahead and behind the charge at

ψ = 0, π tends to zero as γ →∞.

4.1.2 Wakefield Accelerator: An Example

Continuing from the conclusion we are left with previously that the field in free

space of a relativistic charged particle with γ � 1 is mostly transverse to the

direction of beam propagation, and the longitudinal field is zero. Even inside a

perfectly conducting pipe, no radiation is formed from the interaction between the

charge and the smooth wall of the pipe. When variation to the radius of the pipe

is introduced, however, the disruption to the smooth current flow on the pipe’s
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wall manifests itself in the form of radiation that is left behind as the charge keeps

moving forward. The radiative field can propagate, and because it trails behind

the particle, it is called wakefield. The beam-structure radiative interaction when a

variation of the radius of the pipe occurs reminds us of a similar case in accelerator

physics where a variation of the radius is needed in the cavity design process. An

ordinary pillbox cavity only supports faster than light phase velocity modes. This

is apparent in the dispersion relation vφ = ω/kz = c/
√

1− (ωc/ω)2 where ωc is

some cut-off frequency determined by the radius of the cavity. By adding a series

of periodic discs, the phase velocity is slowed down below the speed of light so

that modes can be formed and excited by RF waves. For a wakefield accelerator,

the role of a exciter is now left to a charged particle beam instead of an RF wave.

The velocity of the charged particle must be greater than the phase velocity of the

wakefield mode in order for the radiative condition to be met, and this is precisely

described by the Cherenkov mechanism. Although in principle arbitrarily slow

modes can be formed implying that any beam velocity can be used to excite the

wake, we will limit ourselves to the ultra-relativistic limit where the charge travels

at very close to the speed of light, the point which will be justified later.

As an example, let us now consider a typical form of a collinear wakefield cavity.

In order to form a wakefield accelerator, the wakefield trailing behind the drive

particles needs to have a strong longitudinal component Ez. Although a typical

cylindrical waveguide supports a TM01 mode with a strong Ez, it cannot be excited

precisely due to the superluminal phase velocity as discussed above. The situation

is changed when the conducting waveguide is lined concentrically with a dielectric.

This slows the phase velocity down such that the beam can interact with it. A

field picture can be given here to build intuition. By Cherenkov radiation, the

wave front in the dielectric is tilted by an angle θc = cos−1(1/β
√
ε), as seen in

figure 4.2, creating longitudinal component which is continuous into the vacuum

region of the tube. The dielectric lined cylindrical waveguide is in fact the most

common type of dielectric wakefield accelerator due to the strong beam coupling

to the fundamental accelerating mode TM01. Many works have been published
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Figure 4.2: Tilted wave fronts of Cherenkov radiation. As the wave fronts, which

is perpendicular to the wave vector ~k, are tilted back, the field lines are also tilted

back, creating longitudinal field component which would be otherwise absent for

an ultra relativistic charged particle in vacuum or a smooth conducting pipe.

on the subject and we will not try to repeat the full analysis of the modes and

coupling here [46, 47, 56, 57, 58]. Instead, using a hand-waving approach, we

will derive the longitudinal component of the wakefield directly behind the drive

charge. Such derivation, though crude, helps us to develop intuition of the physics

behind the wakefield excitation process. The geometry of the system of present

concern is shown in figure 4.3. For simplicity, we assumed that the beam having

total charge q is ultra relativistic (β = 1), hard-edged, and with a length of σz. It

is also rigid such that its shape does not change during the entire process. The

dielectric lined waveguide comprises of a hollowed dielectric channel with inner

and outer radius of a and b respectively. A perfect conductor is coated on the

outside of the dielectric and acts as a field guiding element. The electric field lines

along the cylindrical beam are purely radial (Er) and only tilt backwards inside

the dielectric to form the Cherenkov angle. No field is present ahead of the beam

by causality. We are interested in finding the decelerating field Ez immediately at

the tail of the beam. Using Gauss’ law for the pill box as drawn, we have:
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Figure 4.3: Geometry and crude field picture of a hard edge ultra relativistic

beam (β = 1) of σz long and of total charge q traveling down a dielectric (εr) lined

waveguide of inner and outer radii a and b respectively.

2πa
√

2πσzEr + πa2Ez =
q

ε0
(4.2)

Inside the dielectric, the field radial and longitudinal components are related

through the Cherenkov angle (cosθC = 1/
√
εr) by tanθC = E ′z/E

′
r where we

have used the prime notation to distinguish the fields from those in the vacuum.

By boundary condition, the radial component of the field is discontinuous at the

vacuum/dielectric boundary E ′r = Er/εr, and the longitudinal component is con-

tinuous E ′z = Ez. We then have the relation between the radial and longitudinal

components in the vacuum Er = εrEz/
√
εr − 1. Plugging this into equation 4.2,

and solve for Ez, we obtain:

Ez =
q

ε0πa(a+
√

8πσz
εr√
εr−1

)
(4.3)

Although crude, the longitudinal field we just derived is a very good approxima-

tion. Let us take some typical numbers here to give a sense of the magnitude of

the longitudinal deceleration field. Letting a = 200µm, q = 3nC, σz = 30µm, and

εr = 4 (SiO2), Ez ≈ 1GV/m, right in the range of magnitude that we hope for.

Note that this is only the decelerating field experienced by the beam. We shall see

soon that the amplitude of the associating wakefield mode is typically larger by a

factor of up to two, a result known as the beam loading theorem, or some other

times as the fundamental wakefield theorem. Considering the scaling σz ∝ a, we

see that we recovered the Cherenkov scalings Ez ∝ 1/σ2, and similarly, Ez ∝ 1/a2
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which testify to the role of short bunch length and small aperture in obtaining

high gradient.

Note that the outer radius b did not enter in the expression for the decelerating

field in our simplistic model. Neither did we make any assumption about the

modes in the waveguide. In fact, the thickness of the dielectric (b − a) enters

in the dispersion relation for the waveguide. Approximately, the wavelength of

the nth mode can be given by λn ≈ 4(b−a)
n

√
εr − 1. Finally, also note that while

equation 4.3 only gives the field magnitude immediately at the tail of the beam,

the field inside the beam is actually non zero and can be calculated exactly by a

convolution integral of the beam shape with a single particle Green function. A

more rigorous treatment which takes into account the shape of the beam can be

found in [47].

4.2 Fundamental Aspects of Wakefield

4.2.1 Basic Wakefield Characteristics

Some of the most basic single particle wakefield characteristics are as follow:

• It trails behind the drive charged particle.

• It is identically zero ahead of the particle.

• The amplitude of the field experienced by the drive particle is exactly half

of that of the wakefield wave.

The first item arises naturally from the fact that our particle already travels at

the speed of light and thus any electromagnetic excitation must trails behind it.

The second item is a necessary consequence of causality. An observer ahead of the

particle cannot measure the effect of the particle and its trailing wave. In principle,

if the particle is sub-relativistic, it is conceivable that the excited wave can catch up

and eventually outrun the drive particle. We will not consider this case as the vast
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majority of situations of interest in the context of dielectric wakefield accelerator

including this thesis deals wakefields that are driven by ultra relativistic charged

particles. The third item is known as the beam loading theorem (sometimes

fundamental theorem of wakefield), and is not immediately obvious. We shall see

that it comes out as a consequence of energy conservation.

4.2.2 Single Particle Wakefield Modes

Up until now, we have not identified the form of the wakefield trailing behind the

drive particle. In the previous section it was mentioned that wakefield is radiated

at the places where the smooth perfectly conducting pipe transitions abruptly

(say, a change of radius) into a different shape. Another wakefield medium often

cited is a resistive pipe [7]. These mostly constitute the commonly encountered

situations in which wakefield is treated as a deleterious effects rather than a po-

tentially useful mechanism. In this section, we will give more details about the

wakefield interaction that is between a beam and a dielectric wakefield cavity. For

conformity with the groundwork developed by early wakefield research that has

now become convention, we will also discuss the concept of wakefield potential as

well as wakefield impedance.

In the frequency domain, the wakefield interaction is governed by the Cherenkov’s

condition (ω = ~k · ~v) where the contribution from the beam comes solely from its

velocity, and the contribution from the structure comes from the set of modes

identified uniquely by (ω,~k). From now on, let us assume that the medium is a

waveguide such that the modes form a discrete spectrum. Suppose further that

the beam travels in the ẑ direction such that we can write v = ω/kz = vφ. That is

the speed of the beam is exactly that of the phase velocity of the mode. For the

ultra relativistic case discussed so far, both velocities are equal to c. This simple

equality forms a large part of the appeal of a wakefield accelerator. The virtue of

automatic phase matching guarantees that the particle is phase locked to the wave,

i.e. phase slippage is not a problem. While the frequency of wakefield modes can
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Figure 4.4: TM01 accelerating mode being excited by a beam in a dielectric lined

cylindrical waveguide. Arrows represent the electric field and colors represent the

magnetic components in and out of the page. The dielectric is shaded in light

azure. The beam can be seen at the head of the wakefield going from left to right.

be easily calculated through the Cherenkov condition, the properties of mode ex-

citation, however, are specific to the details of the beam and the structure and are

not contained within the Cherenkov condition. Oftentimes, numerical calculation

in the time domain is used to get the spatial profile of the wakefield modes. For ex-

ample, in figure 4.4 we show the TM01 accelerating mode for a typical cyulindrical

dielectric loaded waveguide. For more detailed theoretical treatment of modes in

such structure, the readers are referred to other works such as [46, 47, 56, 57, 58].

4.2.3 Wakefield Potential

Suppose at time t = 0, we have a charge particle q1 traveling parallel to the ẑ

axis down a waveguide at the speed of light c. Its longitudinal coordinate is then

z1 = ct. The drive particle can have a transverse offset away from the structure’s

symmetry axis ~r1. A test particle of charge q trails the drive particle a longitudinal

distance of s. Its longitudinal coordinate is z = z1−s = ct−s. The trailing particle

also has a transverse offset of ~r. The wake potential is a function of the trailing

distance and the offsets, i.e. w(~r, ~r1, s) and is defined as:

wz(~r, ~r1, s) =
−1

q1

∫ L

0

dzEz(~r, z, t)
∣∣∣
t=(z+s)/c

~w⊥(~r, ~r1, s) =
1

q1

∫ L

0

dz[ ~E⊥ + c(ẑ × ~B)]
∣∣∣
t=(z+s)/c

(4.4)

where we have given the expressions for both the longitudinal and transverse

component of the wake potential. We see that the wake potential, in the unit

51



of [Volts/Coulomb], is the integrated field (per unit drive charge) experienced by

the trailing particle a distance s behind the drive charge as it traverses the length

[0, L] of the waveguide. The field in the integrand is not only a function of position

(~r, z) of the test charge but also a function of time t = (z+ s)/c. The convenience

of the wake potential is in calculating the energy or momentum change of a test

particle after passing through the waveguide. That is:

c∆pz(~r, ~r1, s) = ∆U(~r, ~r1, s) = −qq1wz(~r, ~r1, s)

c∆~p⊥(~r, ~r1, s) = qq1 ~w⊥(~r, ~r1, s)
(4.5)

Although the concept of potential is formally given in equation 4.4, some authors

prefer to work with the more fundamental entity of field [47]. In the context of a

wakefield accelerator where both the drive and witness charges are approximately

traveling at the speed of light so that the witness charge at the fixed distance s

behind the drive charge samples a single fixed phase ζ = ct−s 1of the wake gaining

the potential of Ez(ζ)L. In this sense, the wake potential and the longitudinal field

are related by:

wz(~r, ~r1, ζ) =
−1

q1
Ez(~r, ζ)L (4.6)

We see then that the use of wake potential and field are interchangeable. So that

the mechanics developed in the following sections can be readily applied to either

potential or to field.

4.2.4 Beam Loading Theorem (a.k.a. Fundamental Theorem of Wake-

field)

Let us now address something we alluded to previously. That is the relation

between the decelerating field experienced by the beam and the amplitude of the

wakefield trailing behind it. To keep things simple, let us concoct a situation as

1ζ = ct− s is a convenient way to parametrize the wake such that the field is now a function
of a single variable ζ instead of both t and s. It can be thought of as a Galilean boost to the
drive beam frame.
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sketched in figure 4.5. As the first particle of charge q with energy U1 enters the

initially unexcited cavity, it deposits some energy to a wakefield mode which we

now characterize as a cavity voltage Vc. After leaving the cavity, the particle’s

energy is decreased to U1 − q(fVc) where f is an unknown scaling factor. The

second particle of identical charge q and initial energy U2 = U1 = U is made to

trail behind the first by a distance of half of the wavelength of the cavity mode

so that it is at the accelerating crest of the wakefield mode left behind y the first

particle. We can think of the first particle as riding on the decelerating crest of

its own wakefield. Keep in mind that the second particle leaves behind its own

wakefield which exactly cancels out the wakefield left behind by the first such that

the energy stored in the cavity is zero. Keep in mind also that in addition to the

energy gained by riding on the accelerating crest of the first particle’s wakefield,

the second particle also experiences an energy loss through the same mechanism

as the first. The energy balance before and after is summarized by:

2U = 0 + (U − qfVc) + (U + qVc − qfVc) (4.7)

The first term on the right hand side is the energy stored in the cavity. The

second and third terms are the energy after cavity passage of the first and second

particle. We see then that f = 1/2. That is the decelerating potential experienced

by the particle is half the amplitude of the wakefield potential that trails it. This

is the central result of the beam loading theorem. We note here that in the end,

the first particle lost a total amount of 1/2qVc energy which is exactly what the

trailing particle gained. This energy transfer mechanism is precisely the underly-

ing principle of any wakefield accelerator. An astute reader might wonder about

the usefulness of such acceleration scheme as it presupposes the existence of two

relativistic particles, one of which will eventually be depleted of its energy. The

scheme is quite different from traditional RF accelerator where multiple bunches

come out of the accelerating cavity having equal energy. While it is true that

the two particles entering the wakefield accelerators must be prepared, as in they

need to be already relativistic, there are advantages in the wakefield acceleration
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Figure 4.5: Beam loading theorem. a) Two charged particles of initially equal

charge q and energy U . The second particle trails the first by half of a wavelength

of the fundamental mode of the initially unexcited cavity (Vc = 0). b) After

traversing it, the first particle deposits a voltage Vc in the cavity and loses qfVc

energy. c) The second particle comes in and gains the energy deposited by the

first particle through the induced voltage. At the same time, it deposits its own

voltage which exactly cancels out Vc.

scheme we just discussed. If the particles are of equal charge as described, the best

case scenario would see the trailing particle doubled in its energy. Although far

fetched, it is not impossible to imagine carrying out the energy transfer trick for

N bunches in a train, the end result of which process would see the final particle

gaining all the energy lost by foregoing ones. On the other hand, the most likely

encountered scenario for near a near future wakefield accelerator would be to ex-

tract energy from a high charge, high emittance beam and transfer its energy to

a smaller, good emittance beam for purposes of a free electron laser for example.
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4.2.5 Wakefield Potential in Cylindrically Symmetric Structures

The wake potential definitions as given previously are general as we did not assume

any specific form of the structure. For a simple cylindrically symmetric structure

which can be characterized by a single parameter a, its radius, an expansion can

be made such that for every mode with azimuthal variation eimθ, where θ is the

polar coordinate angle, the wake potential can be written as a sum of n oscillatory

modes with frequency ωmn [10].

wzm =
(r1
a

)m(r
a

)m
cosmθ

∞∑
n=0

2kmncos
ωmns

c

w⊥m = m
(r1
a

)m(r
a

)m−1(
r̂cosmθ − θ̂sinmθ

) ∞∑
n=0

2kmn
ωmna/c

sin
ωmns

c

(4.8)

Obviously, w⊥m 6= 0 only for m > 0, and that both expressions are only valid

for the region behind the drive beam (s > 0). The term kmn is the coupling

strength for each of the ωmn modes. We know from the discussion of Cherenkov

radiation in section 3.6 that the energy loss per unit length of a charged particle

dU/dz ∝ ω2. We expect then that the coupling strength has the same scaling.

That is kmn ∝ ω2
mn. For r/a, r1/a � 1, the lowest orders of m dominate the

expressions. For m = 0, the wake potential has no azimuthal variation and zero

net transverse momentum transfer.

wz ≈ wz0 =
∞∑
n=0

2k0ncos
ω0ns

c
(4.9)

The dipole term m = 1 dominates the transverse wake potential:

~w⊥ ≈ ~w⊥0 =
r1
a
x̂
∞∑
n=0

2k1n
ω1na/c

sin
ω1ns

c
(4.10)

where in the last expression, we have used the trigonometric relations r̂ = cosθx̂+

sinθŷ and θ̂ = −sinθx̂+cosθŷ such that r̂cosθ− θ̂sinθ = x̂. This means then that

the transverse momentum kick for the dipole term is always in the x̂ direction.

One can generalize that the dipole kick is always in the direction of the offset ~r1

[47].
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In light of the beam loading theorem, the full wake potentials, including at

s = 0 and s < 0 are then:

wz(s) =


∑∞

n=0 2k0ncos
ω0ns
c

s > 0 (behind source)∑∞
n=0 k0n s = 0 (at source)

0 s < 0 (ahead of source)

~w⊥(s) =


r1
a
x̂
∑∞

n=0
2k1n
ω1na/c

sinω1ns
c

s > 0 (behind source)

0 s = 0 (at source)

0 s < 0 (ahead of source)

(4.11)

Note that unlike the longitudinal wake function, the transverse wake is exactly

zero at the source. For a long beam, the particles at the head may induce a wake

that imparts transverse momentum to trailing particles at the tail. This is the

source for a type of beam instability that we will discuss later.

Let us now look at how the wake potentials scale as a function of frequency

and the structure’s radius a. We know that kmn ∝ ω2
mn. For waveguide, typically

we have a ∝ λ ∝ ω−1. We see then that 2:

wz ∝ ω2 ∝ 1

λ2
∝ 1

a2

w⊥ ∝ ω3 ∝ 1

λ3
∝ 1

a3

(4.12)

The fields are expected to have the same scaling as the wake potential. We see

this from considering the average wakefield force on the test charge F̄i(~r, ~r1, s) =

qĒi = ∆pi(~r, ~r1, s)c/L. We see that the Ez ∝ λ−2 scales better than the simplistic

λ−1 scaling we expected in equation 1.1. This is precisely due to the Cherenkov

mechanism. On the other hand, since the transverse field scales as a−3, we can

expect serious transverse kicks as we scale down in aperture. This is a major

setback for cylindrical type structures limiting high gradient operations [18] and

requires external focusing forces to counter the transverse wakefield effects.

2To arrive at these scalings, we ignore the sin and cos terms and treat r1 as a constant.
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4.2.6 Panofsky-Wenzel Theorem

Recalling the wakefield potentials in cylindrical coordinate of equation 4.8:

wzm =
(r1
a

)m(r
a

)m
cosmθ

∞∑
n=0

2kmncos
ωmns

c

w⊥m = m
(r1
a

)m(r
a

)m−1(
r̂cosmθ − θ̂sinmθ

) ∞∑
n=0

2kmn
ωmna/c

sin
ωmns

c

(4.13)

The longitudinal and transverse wake potentials are related by a simple relation

called the Panofsky-Wenzel theorem which says the longitudinal derivative of the

transverse wakefield is equal to the transverse derivative of the longitudinal wake

field. In cylindrical coordinate ∇ = ∂
∂r
r̂ + 1

r
∂
∂θ
θ̂ + ∂

∂z
ẑ, and taking derivatives we

find:

∇⊥wzm =

{
m

a

(r1
a

)m(r
a

)m−1
cosmθ

∞∑
n=0

2kmncos
ωmns

c

}
r̂

−

{
m

a

(r1
a

)m(r
a

)m−1
sinmθ

∞∑
n=0

2kmncos
ωmns

c

}
θ̂

= m
(r1
a

)m(r
a

)m−1
(cosmθr̂ − sinmθθ̂)

∞∑
n=0

2kmn
a

cos
ωmns

c

(4.14)

∂w⊥m
∂s

= m
(r1
a

)(r
a

)m−1
(cosmθr̂ − sinmθθ̂)

∞∑
n=0

2kmn
a

cos
ωmns

c
(4.15)

That is:

∂w⊥m
∂s

= ∇⊥wzm (4.16)

Other commonly encountered forms of the Panofsky-Wenzel theorem are given by

considering the components of the momentum:

~∇× (∆~p) = 0 (4.17)
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or

~∇⊥(∆pz) =
∂(∆~p⊥)

∂z
(4.18)

We should emphasize that although we only check the theorem by applying it

to cylindrical form of the wake potential, the Panofsky-Wenzel theorem is general

and remains true for other geometries. General proof of the theorem, which does

not assume any shape of the beam, except for its rigidity, or the shape of the

structure, can be found in many references, for example [59, 16, 60], and will not

be reproduced here.

4.2.7 Wakefield for Arbitrary Charge Distribution

The sum in the expressions 4.11 contains all possible modes (n = 1...∞) with ex-

citation strength increases with the mode order due to the Cherenkov mechanism.

In practice since we rarely deal with a single particle, the wakefield spectrum

(kmn vs. ωmn) is modulated by the Fourier transform of the beam distribution as

in equation 3.5 so that the lowest order mode always has the strongest excitation

followed by higher order modes. Suppose we have a beam of total charge qtot and

1D distribution ρ(ζ). Again, we are using the convenient moving frame where

ζ = ct − s as in section 4.2.3. Given the single particle wake potential w(ζ), the

wake response to the beam is found by a convolution [61]:

W (ζ) =
1

qtot

∫ ζ

−∞
w(ζ − ζ ′)ρ(ζ ′)dζ ′ (4.19)

The expression is valid for all positions within or outside the drive beam. Keep

in mind also that there is a similar expression for the field. The integration limit

reflects causality. The value of the total wake function at location ζ consists of

the responses from all the charges ahead of that point. Let us take an example

where the beam takes on a rectangular distribution defined as:

ρ(ζ) =

 qtot/δ −δ/2 ≤ ζ ≤ δ/2

0 otherwise
(4.20)
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As the width of the beam vanishes, the distribution acts like a Dirac delta function.

Following Chao [8], and using equation 4.19, we can investigate the wake behavior

at ζ = 0 and at an infinitesimal distance just after that at ζ = 0+:

lim
δ→0

W (ζ = 0) =
1

2
w(0)

lim
δ→0

W (ζ = 0+) = w(0)
(4.21)

We see then that we were able to reproduce the beam loading theorem of section

4.2.4. This exercise is not to belabor about the said theorem, but to point out

that the discontinuity behavior of the wake function is readily included in equation

4.19.

Let us now look at the wake response for non-vanishing bunch length. Let’s

assume the delta function response with a single mode having the form of w(ζ) =

w0cos(κζ). By using a change of variable s = ζ−ζ ′, an alternative form of equation

4.19 that describes the wake response is given by 3:

W (ζ) =
1

qtot

∫ ∞
0

w(s)ρ(ζ − s)ds (4.22)

The situation is made transparent in figure 4.6. We see that the wake is

identically zero for ζ ≤ −δ/2 where the two functions in the integrand have no

overlap. Inside the beam, the integral becomes:

Win(ζ) =
1

δ

∫ δ/2+ζ

0

w0cos(κs)ds
(−δ

2
< ζ ≤ δ

2

)
=
w0

κδ
sin[κ(ζ + δ/2)]

(4.23)

In a similar way, we can calculate the wake response outside the beam:

Wout(ζ) =
1

δ

∫ ζ+δ/2

ζ−δ/2
w0cos(κs)ds

(
ζ >

δ

2

)
=

2w0

κδ
sin(κδ/2)cos(κζ)

(4.24)

3Although both forms are equivalent, it is sometimes more transparent (at least to the author
in this case) to present the convolution integral in the way such that the ”slider” function, in
this case the rectangular beam distribution, is compact.
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Figure 4.6: Illustration for the convolution integral of the wakefield response to

an arbitrary rectangular charge distribution as given in equations 4.23 and 4.24.

The envelope of the beam is shown as dashed line. Ahead of the beam, the wake

response is identically zero.
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4.2.8 Wakefield Impedance

One can expand the wakefield analysis into the frequency domain by applying

the Fourier transform of the wakefield potential. Starting at equation 4.22 and

because the wake Green function w(s) = 0 for s < 0, we let the lower limit of

the integral go to −∞. At the same time, we can write the charge in terms of its

Fourier transform:

W (ζ) =
1

qtot

∫ ∞
−∞

w(s)ρ(ζ − s)ds

=
1

qtot

∫ ∞
−∞

dsw(s)

∫ ∞
−∞

ρ̃(ω)exp[iω(ζ − s)]dω

=
1

qtot

∫ ∞
−∞

(∫ ∞
−∞

w(s)exp(−iωs)ds

)
ρ̃(ω)exp(iωζ)dω

=
1

qtot

∫ ∞
−∞

w̃(ω)ρ̃(ω)exp(iωζ)dω

(4.25)

We see from the last expression that we may now write an Ohmic relation in the

frequency domain V (ω) = qW̃ (ω) = (1/c)w̃(ω)Ĩ(ω) where Ĩ(ω) = cρ̃(ω). That is

we can define an impedance like quantity such that Z(ω) = (1/c)w̃(ω). In other

words, the wakefield impedance is the frequency spectrum of the wakefield Green

function.

4.2.9 Transformer Ratio

In figure 4.7 we have plotted the wakefield response to two rectangular beams

with the same charge but with different lengths. In the first case, the beam

is much shorter than the wavelength of the mode, and in the second case, the

beam is longer. It is clear that the shorter beam has a greater wake response

amplitude which is consistent with the Cherenkov scaling 1/σ2
z for energy loss per

unit length. In other words, maximum field gradient per unit charge is achieved

by choosing short beam. Another figure of merit often considered for wakefield

accelerator is called transformer ratio, defined as the ratio of maximum energy

gain of the witness bunch over the maximum energy loss in the drive bunch [10]

R = V +
m /V

−
m . We see in the case of a symmetric beam as considered above that
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Figure 4.7: Wakefield response for (a) a short rectangular beam and (b) a long

rectangular beam. The beam profile is presented as dashed line. Note that the

height of the beam function has been modified to optimize visualization and does

not represent its real value qtot/δ.
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for a short beam the transformer ratio tends to one, and for a long beam, it tends

to two. Suppose all charged particles in the beam have the same initial energy so

that the whole beam contain qtotVi energy. If the particles which experience the

maximum retarding potential are brought to rest after traversing the length L of

the cavity, we have |V −m | = Vi. The maximum energy a witness particle can gain

is then RVi. In this way, it is certainly advantageous to maximize the transformer

ratio. There are many schemes to achieve such goal. A common application uses

a ramp beam in which the beam density rises linearly with longitudinal distance

[9, 62, 63]. The ramp distribution breaks the symmetry of the beam in the beam

loading theorem and thus R is no longer bound to two. It can be shown that for

a ramp beam, assuming single mode, the theoretical transformer ratio can be as

large as R = Dπ/λ where D is the ramp length and λ is the wavelength of the

mode.

Let us introduce an efficiency parameter defined as the ratio of the energy the

drive beam deposits into the wakefield mode over the initial total energy contained

within the beam [9]

η =
U

qtotVi
=

∫ T
0
I(ζ)V (ζ)dζ

qtotV −m
(4.26)

where we have chosen the coordinate system such that the beam is defined between

0 and T . We see then that

η =
UR

qtotV +
m

=
UR

qtotEaL
(4.27)

For a fix accelerating gradient Ea, optimizing R typically increases the overall

efficiency. However, note that the parameters in the above equation are not in-

dependent of each other. For example, for a fixed amount of charge, the gradient

increases with current while the transformer ratio decreases and vice versa. For a

given design final energy, lower gradient leads to increased linac length. Given the

complex task of designing a wakefield accelerator, one must be careful to balance

all these key parameters of charge, current, gradient, and transformer ratio.
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4.2.10 Transverse Wakefield Beam Break Up Instability

Beam breakup is a broad term that encapsulates many phenomena of beam in-

stabilities, some with complex pathology. In a wakefield accelerator, a dominant

source of beam instabilities arises from the excitation of transverse wakefield modes

that impart transverse momentum to the beam. These forces are position depen-

dent and can be large in the high gradient regime that we are interested in. The

transverse momentum kick can accumulate over the length of the accelerating

structure causing the beam loss to the wall. Or in many cases, the instabilities

can cause filamentation, affecting the emittance quality of the beam. Although

beam breakup itself is not the emphasis of this thesis, for completeness, we will

take up a simple two particle model, and discuss a simple case of beam instability

known as single-bunch beam breakup (SBBU).

Let us imagine a scenario of two relativistic particles traveling down a wakefield

generating structure. The head particle contains a charge q1. We consider the

effect of the dipole force on the test particle q2 at the tail trailing behind at a

longitudinal distance s. The head particle is offset by x1 amount, the the tail

particle by x2. Recall from section 4.2.5 that when a particle is displaced from

the symmetry axis of the structure, transverse wakefield modes are excited. If

the displacement is small compared to the aperture, we may only consider the

dipole component of the wake and ignores all other higher multi-pole contribution

(equation4.10):

~w⊥ ≈ ~w⊥0 =
r1
a
x̂
∞∑
n=0

2k1n
ω1na/c

sin
ω1ns

c
(4.28)

The strength of the dipole force associated with the wake is proportional to

the displacement, and the wake’s longitudinal dependence is sine-like such that

the head particle experiences zero magnitude and the tail particle experiences a

non-zero dipole force. Suppose an external focusing force (for example quadrupole

magnets) is used so that in the absence of all other forces, the two particles are ex-
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ecuting simple betatron motion at frequency ωβ. The extra dipole wakefield force

on the tail particle now acts as a driving term in the simple harmonic equation.

Over the length L of the structure, the average transverse momentum (energy)

transfer to the tail particle is F⊥L = q2q1w⊥(s). With a small re-arrangement, the

transverse force magnitude is then:

F⊥ =
q2q1
L

[
w⊥(s)

x1/a

]
x1
a

(4.29)

Written this way, we bring out the transverse position dependence of the force

explicitly, and note that x1 = x10cos(ωβt) due to the betatron motion of the head

particle. So then, the equation of motion for the tail particle is:

ẍ2 + ω2
βx2 =

q2q1
L(mγ)a

[
w⊥(s)

x1/a

]
x10cos(ωβt) (4.30)

With the quantity in the bracket remains constant due to the fixed distance s,

and the assumed constancy of γ, we have an equation of a driven simple harmonic

oscillator. The solution of which is a linear combination of the homogeneous and

driven solutions:

x2(t)

x10
= cos(ωβt) +

q2q1
4mγLaωβ

[
w⊥
x1/a

]
tsin(ωβt) (4.31)

The second term is problematic since its magnitude, due to the resonant driving

force, grows linearly with time. While there are methods to fix this growing

betatron motion amplitude such as BNS damping [64], it is beyond the scope of

this thesis. Instead, we will emphasize the methods to mitigate the excitation of

transverse wakefield in the first place. For structures with the cylindrical symmetry

that we are concerned about thus far, the special case where the drive charge is

a thin m = 0 ring (equation 4.8) guarantees that the resultant wake is free of

transverse modes. While this scheme is attractive for its conceptual simplicity

[65], the trouble is in making and sustaining a ring beam over a long distance.
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In the next chapter, we will explore wakefields in the class of structures with

Cartesian symmetry where high aspect ratio drive beam can remarkably decouple

from transverse modes. In addition, we will also look at wakefield in photonic

crystals. These are complex media with the ability to confine field without using

metals.
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CHAPTER 5

Fundamentals of Wakefield in Cartesian

Symmetric Dielectric Structures

5.1 Introduction

In this chapter, we will discuss some interesting wakefield physics as we move from

the cylindrical to Cartesian geometry. Our motivation is to work out a system

that allows for mitigation of transverse forces that inflict beam breakup instabili-

ties as discussed in the last chapter. In the regime discussed herein, structures are

stretched out in one direction, x̂ by convention, such that the accelerating gap re-

sembles a thin slab. Figure 5.1 shows a typical slab dielectric wakefield structure.

While the slab structure’s cross section formed by an x̂ normal plane is similar to

a cylindrical structure, its large x-dimension causes the structure’s stored electro-

magnetic energy to increase with the growing structural volume. Consequently,

compared to an otherwise equivalent cylindrical structure, the achievable maxi-

mum accelerating gradient per unit drive charge is reduced. However, as we will

see, the loss in gradient is compensated by having the ability to decouple from

transverse wakefield forces. The trick involved is to also stretch out the drive beam

such that effectively we are dealing with a 2D system.

The idea to work with slab symmetric structures was first proposed by Tremaine

et al. [16]. Subsequent works on slab symmetric dielectric wakefield structures

improved upon Tremaine et al. by including a more standard treatment of modes

in such structure. As pointed out by [66, 67, 68, 69, 70], modes in a partially

filled rectangular waveguide are categorized as either longitudinal section electric
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Figure 5.1: Cartoon of a typical slab dielectric structure showing a metallic waveg-

uide (copper color) loaded with two identical dielectric slabs. The vacuum gap

serves as the beam channel.

(LSE) or longitudinal section magnetic (LSM). The situation is similar to the hy-

brid modes (HEM) in dielectric lined cylindrical waveguides [71]. The insertion

of parallel dielectric slabs in an otherwise empty rectangular waveguide causes

attempts to classify the normal modes according to the TE/TM categories to fail

as they can no longer satisfy the boundary conditions except for the TEm0 cases

[72]. Following the aforementioned works, here in this thesis, we shall also adopt

the LSE/LSM convention.

The order of the chapter roughly follows the works referenced above. We shall

start by building intuition through working out the electromagnetic fields in the

2D limit. It will be followed by a derivation for the LSE/LSM modes in dielectric

slab structures including both symmetric and anti-symmetric types. From there,

we will investigate some scaling laws for the coupling of a elliptical beam to the

transverse wakefield forces in such slab structures in the limit of σx � σy.

5.2 Wakefield in 2D Dielectric Waveguides

Zero Transverse Forces

As a precursor to what comes to follow, let us now look at the 2D limit of a slab

structure in figure 5.1. Here we assume the system contains no x-variation. In
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Figure 5.2: A 2D slab structure with annotated dimensions used for the field

analysis.

figure 5.2, we show the correct 2D picture of the structure along with its dimensions

for later analysis. Because charges are not allowed to move in the x-direction, or

else there would be charge pile up some where along x and causes ∂/∂x 6= 0 thus

violating the assumption, px = 0, and therefore no forces in the x-direction. Recall

the Panofsky-Wenzel theorem from section 4.2.6:

~∇⊥(∆pz) =
∂(∆~p⊥)

∂z
(5.1)

Since ∂/∂x = 0 and px = 0, we have

∂pz
∂y

=
∂py
∂z

∂wz
∂y

=
∂wy
∂z

(5.2)

where in the last step, we have converted the momentum into corresponding

Lorentz force components:

~F = q( ~E + ~v × ~B) ≡ q ~w (5.3)

Neglecting the effects of the charges, all field components in the source-free

isotropic region must satisfy the homogeneous wave equation which in vacuum

takes the form: (
∇2 − 1

c2
∂2

∂2t

)
Ei = 0, (5.4)
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and similarly in dielectric: (
∇2 − µrεr

c2
∂2

∂2t

)
Ei = 0, (5.5)

Assuming all field is time harmonic exp(−iωt), the dispersion that relates the

spatial variations is given by:

k2x + k2y + k2z = µrεr

(ω
c

)2
k2x + k2y = (µrεr − 1)

(ω
c

)2 (5.6)

In the last step, we have used the Cherenkov condition for an ultra-relativistic

beam, kz = ω/vb = ω/c. So then the general dispersion relations in the vacuum

and dielectric region are given by:

 ky = ikx (vacuum)

ky =
√

(µrεr − 1)k2z − k2x (dielectric)
(5.7)

For the 2D case that we are concerned with presently, kx = 0 thus ky = 0 in the

vacuum, i.e. the field is uniform in the y-direction. We see immediately from

equation 5.2 the transverse component of the wake must also vanish 1. Thus, in

the 2D limit, the wakefield modes in the vacuum can be summarized as follows:


wz = Ez = wz(z)

wx = Ex − cBy = 0

wy = Ey + cBx = 0

(5.8)

Again, the horizontal force is exactly zero because of the assumed 2D symme-

try. The vertical force wy vanishes as a direct consequence of the Panofsky-Wenzel

theorem in the ultra-relativistic case where the beam velocity is nearly c and that

the Cherenkov mechanism guarantees equality of the beam and phase velocity.

Note that we haven’t assumed any information on the beam except that it is ultra-

relativistic and travels parallel to the z-axis. As such, the result of zero transverse

forces is a consequence of geometry and holds true for any beam distribution.

1To be exact, we actually have ∂wy/∂z = 0, which technically says that wy = constant.
However, clearly this is the case of a DC field which is not interesting to us.
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On the other hand, since ky 6= 0 in the dielectric, equation 5.8 no longer holds

(except for wx = 0), and one must utilize Maxwell equations to find the relation

between the field components. We will come back to this and provide more details

when we calculate the explicit functions for the fields. Interestingly, and yet not

surprising at all, in the dielectric region, we see that the angle set by the ratio of

ky/kz = tanθC =
√
εr − 1, which is exactly the Cherenkov angle as seen in section

4.1.2.

Wakefield Modes in 2D Are Purely TM

An interesting connection can be made to the discussion in the last chapter regard-

ing wakefield in the cylindrical geometry. The vanishing transverse wakefield here

is similar to the monopole case (m = 0) of equation 4.8 which describes the wake

potential for a cylindrically symmetric structure. When no azimuthal variation

is considered, modes in a cylindrical dielectric lined waveguide are TM0n where

the longitudinal electric field Ez is transversely uniform in the vacuum space.

Although Er exists, it is exactly canceled out by the azimuthal magnetic field.

In 2D slab structures, modes are also purely transverse magnetic Bz = 0 (TM).

To see this, we suppose that there exists a non-zero longitudinal magnetic field

Bz ∝ exp(ikzz). This implies that By 6= 0 because the Maxwell equation ∇· ~B = 0

gives ∂By/∂y ∝ −kzBz. Since Fx = q(Ex + cBy), the existence of By requires an

Ex to keep the horizontal force zero, hence violates the assumption of symmetry

that we made thus far. Therefore, the longitudinal magnetic field must be zero

and the field is purely TM.

Field Analysis and TM Modal Dispersion in a 2D Dielectric Waveguide

In the vacuum region where ky = kx = 0, the wave equation for the longitudinal

electric field is reduced to 1D,( ∂2
∂2z
− 1

c2
∂2

∂2t

)
Ez = 0 (5.9)
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and the solution is simply:

E(0)
z,n = E0exp(iknζ) (5.10)

where we have used the super script (0) to denote the vacuum region and the

convenient variable ζ = z − ct as in the previous chapter. Application of Gauss’

law ∇ · ~E = 0 gives us the vertical component:

E(0)
y,n = −iknE0exp(iknζ)y (5.11)

And from equation 5.8,

B(0)
x =

−E(0)
y

c
(5.12)

On the other hand, in the dielectric ky =
√

(εr − 1)kz, and the field, denoted with

the superscript (1), varies sinusoidally such that

E(1)
z,n = AnE0exp(iknζ)sin[ky(|y| − b)] (|y| > a) (5.13)

ensuring the boundary condition E
(1)
z (y = ±b) = 0. The transverse component is

found again through Gauss’ law.

E(1)
y,n =

iAnE0kn
ky

exp(iknζ)cos[ky(y − b)] (y > a) (5.14)

By writing down the component of the curl equation ∇× ~H = ~̇D, we find B
(1)
x

∂zB
(1)
x = iknB

(1)
x = −iω(εrε0µrµ0E

(1)
y )

B(1)
x =

−εrµr
c

E(1)
y

(5.15)

Now that all components are written down, the fields at the vacuum/dielectric

interface must satisfy the boundary conditions: E
(0)
zn |y=a = E

(1)
zn |y=a

E
(0)
yn |y=a = εrE

(1)
yn |y=a

(5.16)

Plugging in the fields from above gives the dispersion for the TM modes in the

2D dielectric structure An = 1
sin[
√
εr−1kn(a−b)]

cot[
√
εr − 1kn(b− a)] =

√
εr−1
εr

kna
(5.17)
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Figure 5.3: Dispersion relation for a typical 2D dielectric structure with

a = 250µm, b = 500µm and εr = 4.

The first equation in 5.17 gives the amplitude of the field in the dielectric relative to

that in the vacuum. Because |An| ≥ 1, the peak magnitude of the E
(1)
z field in the

dielectric is always greater than that in vacuum E
(0)
z . |An| is especially large when

the sine function blows up at
√
εr − 1kn(b − a) = mπ (m = 0, 1, 2..). This may

become an important aspect if high field up to the point of dielectric breakdown

is considered. The second equation in gives all possible frequencies kn = ωn/c

in the structure. Figure 5.3 is a graphical demonstration of the transcendental

dispersion equation. Note that the harmonics in this case are spaced out in non-

integer manner, but they roughly fall in near odd integers, i.e. 1,3,5,...

Mode Coupling Via Energy Balance Approach

In this section, we will look into the point charge coupling strength to the nth

wakefield mode in the 2D dielectric structure. The wake response to an arbitrary

beam shape can be found by a convolution integral as in section 4.2.7. The question

that we are trying to answer is: for a beam of given line charge λ, propagating at

ultra-relativistic speed along the z-axis, what is the magnitude of the longitudinal

electric field associated with the nth mode? The beam distribution can be taken to

be ρ = λδ(y−y0)δ(ζ). It can be thought of as a point charge with magnitude λ at

location y0. The approach that we are going to take is to invoke the beam loading
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theorem and to use the energy balance in the system. From the first, we know

that the trailing wakefield amplitude is two times larger than the decelerating field

experience by the charge E0 = 2Edec. The second point is directly taken from the

energy conservation. All energy lost by the charge in an infinitesimal distance δz

must be added to the energy stored in the wake corresponding to the field trailing

immediately behind the charge at ζ = z − ct = 0. So that the volume integral

becomes a surface integral for the plane at the location of the charge:∫
ρEdecdxdyδz =

∫
uEMdxdyδz∫

ρEdecdxdy =

∫
uEMdxdy∫

dxdyλδ(y − y0)
1

2
E(0)
z,n

∣∣∣∣∣
ζ=z−ct=0

=

∫
dxdy

1

2

(
εE2 +

B2

µ0

)∣∣∣∣∣
ζ=z−ct=0

(5.18)

Now recalling the field components from the previous section, and take their real

parts. In the vacuum:

E(0)
z,n = E0cos(knζ)

E(0)
y,n = knE0ysin(knζ)

B(0)
x,n =

−knE0

c
ysin(knζ)

(5.19)

and dielectric:

E(1)
z,n = AnE0sin[

√
ε− 1kn(y − b)]cos(knζ)

E(1)
y,n =

AnE0√
ε− 1

cos[
√
ε− 1kn(y − b)]sin(knζ)

B(1)
x,n =

−εrAnE0

c
√
ε− 1

cos[
√
ε− 1kn(y − b)]sin(knζ)

(5.20)

Because the plane of evaluation is at ζ = 0, only the longitudinal electric field

contributes to the integral. Combining equations 5.18, 5.19, and 5.20, we can

solve for E0:

E0 =
λ

2ε0

(
a− εrA2

n
sin[2

√
ε−1kn(b−a)]−2

√
ε−1kn(b−a)

4
√
ε−1kn

)
(5.21)

The scaling law contained within this equation is sensible. The wake magnitude is

linearly proportional the the line charge density and is inversely proportional to the
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aperture. Recall that we saw similar scaling law for the cylindrical case in equation

4.3 albeit using a different method to arrive at it. Everything is consistent thus

far. For the record, it’s worth pointing out that our coupling strength in equation

5.21 is comparable to similar expression given in [16] if we ignore the sine term on

ground of amplitude, and keep in mind that we use the SI unit system as opposed

to cgs.

5.3 Modes in 3D Slab Dielectric Structures

Having considered wakefield in the 2D limit, it is now time to investigate the

general case in 3D. The general approach developed thus far is still applicable to

what we are trying to do in this section. That is, from the expression for the

normal modes of the structure, a dispersion relation can be obtained by matching

fields at the boundaries, and finally the beam-mode coupling can be worked out

following the energy conservation method. In 3D, however, modes can no longer

be cataloged as either TE or TM, but rather combination of them. They are

known as longitudinal section electric or magnetic modes and are denoted as LSE

or LSM. Instead of directly solving for the fields from Maxwell equation, we will

use an auxiliary potential approach. We’ll see that these auxiliary potentials are

governed by equations similar to the wave equations for the fields. Once the

solutions to the auxiliary potential equations are obtained, they act as generating

functions for the fields, from which dispersion relations are obtained. Unlike the

TM0n modes in both the 2D limit and the cylindrical case, the longitudinal electric

field for a typical normal mode for a partially filled rectangular dielectric waveguide

is not uniform in the transverse dimension such that the transverse deflecting field

is non zero via the Panofsky-Wenzel theorem. The transverse force can be further

cataloged as either even (symmetric) or odd (asymmetric/anti-symmetric). While

symmetric modes are suitable for acceleration, asymmetric modes are dipole like.

We shall discuss the properties of these eigenmodes in separate sections.

Additionally, we shall discuss the beam-structure coupling when the beam is a
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3D Gaussian. Especially in the limit that the beam has σx � σy, we will show that

all transverse fields are accordingly decoupled much faster than the decoupling rate

for the symmetric longitudinal electric component. What it says is that as the

both the structure and the beam are large in x, the system reduces effectively to

2D and thus the wakefield must conform to the 2D characteristics worked out in

the previous section.

5.3.1 Auxiliary Potential Functions

Although fields are more fundamental than potentials, in many applications, it is

easier to find fields through use of a potential function. In this section, let us look

at the vector potential ~A and ~F and how they are related to fields. The treatment

found here is adapted from [73]. 2

Vector Potential ~A

Let’s start with the source-free Maxwell equations and assume as usual the familiar

time dependence exp(−iωt) for all fields:

∇× ~E = iω ~B

∇× ~B = −iωεµ ~E

∇ · ~D = 0

∇ · ~H = 0

(5.22)

For the usual constitutive relations for isotropic media with scalar ε = εrε0 and

µ = µrµ0:

~D = ε ~E

~B = µ ~H
(5.23)

Because ∇ · ~B = 0 always holds, we can write ~B as a curl of another vector

2Balanis used the convention exp[i(ωt − kz)], which is popular among engineers. In this
thesis, we stick with the physicists’ convention of exp[i(kz − ωt)]. Always be careful and check
with the convention being used. Otherwise, a loose minus sign can be difficult to track.
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field:

∇ · (∇× ~A) = 0 (5.24)

That is

~BA = ∇× ~A (5.25)

where the subscript A refers to the vector potential ~A and distinguishes the field

from the quantity derived from another vector potential defined in the next section.

To find the electric field, we invoke the electric curl equation (Faraday law) and

write:

∇× ~EA = iω∇× ~A

∇× ( ~EA − iω ~A) = 0
(5.26)

By invoking another vector identity, we recognize that the quantity within the

parentheses can be written as the gradient of a scalar function

~EA − iω ~A = ∇φe

~EA = iω ~A+∇φe
(5.27)

Let us now invoke Ampere’s law and use the vector identity ∇×∇× ~A = ∇(∇ ·
~A)−∇2 ~A

∇× ~BA = ∇× (∇× ~A) = −iωεµ ~EA

∇(∇ · ~A)−∇2 ~A = −iωεµ
(
iω ~A+∇φe

)
or ∇2 ~A+ ω2εµ ~A = ∇(∇ · ~A) + iωεµ∇φe

(5.28)

The left hand side looks like a wave equation which can be greatly simplified if

the right hand side can be equated to zero. In fact, this is possible since we have

not directly fixed the relationship between ~A and φe. By choosing

∇ · ~A = −iωεµφe (5.29)

the wave equation for ~A is now homogeneous.

∇2 ~A+ ω2εµ ~A = 0 (5.30)
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The particular vector field manipulation we have just invoked are known as the

Lorenz condition or Lorenz gauge, and is by no means a fundamental relation, but

was only called upon to serve as a convenient choice. In fact, it is not at all unique

because one can always add a gradient term to ~A 7→ ~A+∇ψ without affecting the

field because ∇×∇ψ ≡ 0. This is known as gauge invariance and the interested

readers are well served by any advanced texts on electromagnetism. We shall not

pursue it in any more details here.

We see that with the Lorenz gauge the scalar potential must also satisfy its

own wave equation. Invoking the Gauss’ law, equation 5.29 and 5.27:

∇ · ~EA = −∇2φe − ω2εµφe = 0 (5.31)

Thus, the fields as expressed entirely by the vector potential:

~HA =
1

µ
∇× ~A

~EA = iω ~A+ i
1

ωµε
∇
(
∇ · ~A

) (5.32)

Vector Potential ~F

In a source-free region, similar to the vector potential ~A, a vector potential ~F can

be defined such that

∇ · ~D = ∇ ·
(
∇× ~F

)
= 0 (5.33)

so that the electric field is now defined as

~EF =
1

ε
∇× ~F (5.34)

Since the derivations are the same with the previous chapter, we will omit all the

details and only quote the results here. The magnetic field is then given by:

~HF = −iω ~F +∇φm (5.35)

or by defining a corresponding Lorenz gauge ∇ · ~F = iωεµφm, ~H can be written

entirely in terms of ~F

~HF = −iω ~F − i 1

ωεµ
∇
(
∇ · ~F

)
(5.36)
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Finally, ~F must satisfy:

∇2 ~F + ω2εµ~F = 0 (5.37)

~A and ~F in Relation to the Hertzian Potential Functions

A well-read reader may have encountered the Hertzian electric and magnetic po-

tential ~Πe and ~Πh [66]. They are defined very similarly to our vector potentials

by exploiting the zero divergence of the fields. In fact, a growing number of wake-

field works with rectangular slab waveguides have adapted the use of Hertzian

potentials [68, 70]. For completeness, they are listed here as a quick reference.

∇ · ~E = 0

~E = −iωµ∇× ~Πh

(5.38)

and

∇ · ~B = 0

~H = iωε∇× ~Πe

(5.39)

We see clearly by comparing equation 5.38 and 5.34 that the Hertzian magnetic

potential ~Πh and the vector potential ~F are related simply by a constant of pro-

portionality

~Πh =
~F

iεµω
(5.40)

Similarly, by comparing equation 5.39 and 5.25, we have

~Πe =
~A

iεµω
(5.41)

General Expressions for Fields in Terms of Potentials

The general expressions for the fields are found by adding the terms corresponding

to the vector potentials ~A and ~F such that

~E = ~EA + ~EF

= iω ~A+ i
1

ωεµ
∇
(
∇ · ~A

)
+

1

ε
∇× ~F

(5.42)
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and similarly:

~H = ~HA + ~HF

= −iω ~F − i 1

ωεµ
∇
(
∇ · ~F

)
+

1

µ
∇× ~A

(5.43)

Writing down the Cartesian coordinate components of the vector potentials

~A = x̂Ax + ŷAy + ẑAz

~F = x̂Fx + ŷFy + ẑFz

(5.44)

and knowing that each of the component satisfies the wave equation, which for

the time being we are not yet going to solve, the fields are given by [73]:

~E =x̂

[
iωAx + i

1

ωεµ

(
∂2Ax
∂x2

+
∂2Ay
∂x∂y

+
∂2Az
∂x∂z

)
+

1

ε

(
∂Fz
∂y
− ∂Fy

∂z

)]

+ŷ

[
iωAy + i

1

ωµε

(
∂2Ax
∂x∂y

+
∂2Ay
∂y2

+
∂2Az
∂y∂z

)
+

1

ε

(
∂Fx
∂z
− ∂Fz

∂x

)]

+ẑ

[
iωAz + i

1

ωµε

(
∂2Ax
∂x∂z

+
∂2Ay
∂y∂z

+
∂2Az
∂z2

)
+

1

ε

(
∂Fy
∂x
− ∂Fx

∂y

)] (5.45)

and

~H =x̂

[
− iωFx − i

1

ωεµ

(
∂2Fx
∂x2

+
∂2Fy
∂x∂y

+
∂2Fz
∂x∂z

)
+

1

µ

(
∂Az
∂y
− ∂Ay

∂z

)]

+ŷ

[
− iωFy − i

1

ωµε

(
∂2Fx
∂x∂y

+
∂2Fy
∂y2

+
∂2Fz
∂y∂z

)
+

1

µ

(
∂Ax
∂z
− ∂Az

∂x

)]

+ẑ

[
− iωFz − i

1

ωµε

(
∂2Fx
∂x∂z

+
∂2Fy
∂y∂z

+
∂2Fz
∂z2

)
+

1

µ

(
∂Ay
∂x
− ∂Ax

∂y

)] (5.46)

An Example Calculation: Vacuum TE/TM Modes

Up to this point, we have not assumed any structural shapes beyond the fact

that we are dealing with a rectangular coordinate system. In the current form,

equations 5.45 and 5.46 only mathematically relate the fields to the potentials and

offer little physical meaning to the normal modes that we are after. A well known

classification of guided modes in rectangular vacuum waveguide is the TE/TM

system. For guided waves in the z-direction, TE modes are defined as having
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Ez = 0 while all other components may or may not be zero, and similarly for TM

modes for which Bz = 0.

As a small example, let us demonstrate how to use equation 5.45 and 5.46

in this case. For the TE modes, it suffices to derive the fields from the vector

potentials for which:

~ATE = 0

~FTE = ẑFz

(5.47)

and Fz must satisfy the wave equation 5.37. In the same manner, TM modes can

be derived from a single vector potential component:

~ATM = ẑAz

~FTM = 0
(5.48)

The power of the vector potential approach can be appreciated after plugging

these into the general fields expressions 5.45 and 5.46. All field components can

be obtained easily once Az and Fz are found. Of course, they still need to satisfy

boundary conditions.

Note that in some texts the TE/TM modes as defined above are referred to

as TEz and TMz where the superscript z indicates the direction that the modes

are transverse to. Alternately one can define TMx (Bx = 0), TMy (By = 0), TEx

(Ex = 0), and TEy (Ey = 0).

5.3.2 General Expressions for Longitudinal Section Modes

When the rectangular waveguide is loaded with two dielectric slabs as in figure

5.1, one can no longer use the TE/TM classifications as defined previously be-

cause the boundary conditions cannot be matched except for the TE0m cases [72].

The alternative mode definition is known as longitudinal section modes [66]. A

longitudinal section electric mode (LSE) has no electric field component in the

direction normal to the slab surface (Ey = 0). On the other hand, a longitudinal

section magnetic mode (LSM) has no magnetic component in the direction normal
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to the slab surface (Hy = 0). 3

General Field Expressions for LSE Modes

The fields for LSE modes can be given by a single non-zero Fy component. From

equation 5.45 and 5.46, we have:

Ex = −1
ε

∂Fy
∂z

Hx = −i 1
ωεµ

∂2Fy
∂x∂y

Ey = 0 Hy = −i 1
ωεµ

(
∂2

∂y2
+ ω2εµ

)
Fy

Ez = 1
ε

∂Fy
∂x

Hz = −i 1
ωεµ

∂2Fy
∂y∂z

(5.49)

Given that (
∇2 + ω2εµ

)
Fy = 0 (5.50)

General Field Expressions for LSM Modes

Similarly, the fields for LSM modes can be given by a single potential component

Ay, all else is zero. From equation 5.45 and 5.46, we have:

Ex = i 1
ωεµ

∂2Ay
∂x∂y

Hx = − 1
µ

∂Ay
∂z

Ey = i 1
ωεµ

(
∂2

∂y2
+ ω2εµ

)
Ay Hy = 0

Ez = i 1
ωεµ

∂2Ay
∂y∂z

Hz = 1
µ

∂Ay
∂x

(5.51)

Given that (
∇2 + ω2εµ

)
Ay = 0 (5.52)

3As defined here, sometimes, LSE and LSM modes are referred to as TEy and TMy modes.
Some old references may even use the notation Hy and Ey. See reference [73], for example.
This footnote is intended to serve as a quick aide for any confused reader. These notations are
equivalent: {LSEy, TEy, Hy} and {LSMy, TMy, Ey}
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General Dispersion Relation

Taking the usual approach to solve the wave equations 5.50 and 5.52 by assuming

separable solutions, the following relations must hold: k
(0)
y = ikx (vacuum)

k
(1)
y =

√
(µrεr − 1)k2z − k2x (dielectric)

(5.53)

This is identical to equation 5.7 obtained through working with the wave equation

for fields. Again, the wakefield phase matching condition still holds

kz =
ω

c
(5.54)

and that based on boundary conditions at x = ±W/2, kx now takes on discrete

values for integer m

kx =
mπ

W
(5.55)

For each value of m, the wakefield frequency must be made large enough to guar-

antee the reality of k
(1)
y :

f >
m

2
√
µrεr − 1

c

W
(5.56)

5.3.3 Symmetric LSE and LSM Modes

In 3D, all field components must conform to the spatial variation dictated by equa-

tion 5.53. This includes the longitudinal electric field Ez in vacuum whose trans-

verse variation, kx and ky, guarantees non-zero transverse forces via the Panofsky-

Wenzel theorem. Both LSE and LSM modes have non-zero longitudinal electric

field and we can further categorize them according to their symmetry with respect

to the two bisecting plane x = 0 and y = 0. When Ez is symmetric about either

plane such that it does not change sign as a reflection is made Ez(−x) = Ez(x)

and Ez(−y) = Ez(y), the corresponding transverse components must also be sym-

metric. However, when Ez is asymmetric, the transverse components behave like

dipoles which can be either x-dipole or y-dipole. We shall look at these separately

as normal modes then see how a Gaussian beam decouples from them through the

action of stretching out the wide dimension of the beam σx.
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Symmetric LSE Normal Modes

Symmetric LSE modes can be characterized by a single potential having the form

 F
(0)
ys = F

(0)
0 sin(kxx)cos(k

(0)
y y)exp(ikzζ) (0 < y < a)

F
(1)
ys = F

(1)
0 sin(kxx)sin[k

(1)
y (y − b)]exp(ikzζ) (a < y < b)

(5.57)

for some arbitrary constant F0 and where we have used the usual definition ζ =

z − ct and the wave vector components are governed by equation 5.53. Also note

that we have used the superscript notation (0) and (1) to refer to the vacuum and

dielectric regions. Now, all field components are easily calculated by equation 5.49

4

Ex =


F

(0)
0 kz
ε0

sin(kxx)cosh(kxy)sin(kzζ)

F
(1)
0 kz
ε0εr

sin(kxx)sin[k(1)y (y − b)]sin(kzζ)

Ey = 0

Ez =


F

(0)
0 kx
ε0

cos(kxx)cosh(kxy)cos(kzζ)

F
(1)
0 kx
ε0εr

cos(kxx)sin[k(1)y (y − b)]cos(kzζ)

Hx =


F

(0)
0 k2xc

kz
cos(kxx)sinh(kxy)sin(kzζ)

F
(1)
0 kxk

(1)
y c

kzεr
cos(kxx)cos[k(1)y (y − b)]sin(kzζ)

Hy =


F

(0)
0 c

kz
(k2x + k2z)sin(kxx)cosh(kxy)sin(kzζ)

F
(1)
0 c

kzεr
(−k(1)2y + εrk

2
z)sin(kxx)sin[k(1)y (y − b)]sin(kzζ)

Hz =


F

(0)
0 kxkzc

kz
sin(kxx)sinh(kxy)cos(kzζ)

F
(1)
0 k

(1)
y kzc

kzεr
sin(kxx)cos[k(1)y (y − b)]cos(kzζ)

(5.58)

4Where appropriate, we have used the following identities: sin(ix) = isinh(x) and cos(ix) =
cosh(x).
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Figure 5.4: Demonstration for the m = 2 symmetric LSE modes. For each value of

m, the transcendental equation 5.60 can be solved numerically giving frequencies

that correspond to the n index. The parameters used are a = 250µm, b = 500µm,

εr = 4, and W = 20mm.

Because Ez needs to vanish at the metal surface x = ±W/2, we must have

cos(kxW/2) = 0, that is:

kx =
(2m− 1)π

W
(m = 1, 2, 3..) (5.59)

Now, by matching Ez and Hx at the y = a boundary, we arrive at the relation for

F
(0)
0 and F

(1)
0 , and the dispersion for the symmetric LSE modes:

F
(0)
0

F
(1)
0

− 1

εr

sin[k
(1)
y (a− b)]

cosh(kxa)
= 0

tanh(kxa)tan[k(1)y (b− a)] +
k
(1)
y

kx
= 0

(5.60)

Equation 5.60 describes a set of solutions where for each m, there are infinitely

many k
(1)
y , labeled by the index n, and the corresponding kz = ω/c. Each of these

is a unique normal mode LSEmn. Figure 5.4 is a graphical representation of the

transcendental equation 5.60 for the frequencies of LSE1n modes.

To give an example of what the modes look like, cross sections of the first three

LSE normal modes are plotted. Figure 5.5 represents the XY distribution of the
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Figure 5.5: XY cross-section distribution of the first few LSE normal modes for

a structure with the following parameters: a = 250µm, b = 500µm, W = 4mm,

and εr = 4. For presentation purposes, the width of the structure was set to a

rather small value. In practice, structure’s width is much larger than the dielectric

thickness.The blue arrows represent the electric field, and the red arrows represent

the magnetic field. Two black horizontal lines demarcate the vacuum/dielectric

boundaries.
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Figure 5.6: ZY cross-section distribution of the first three LSE normal modes for

a structure with the following parameters: a = 250µm, b = 500µm, W = 4mm,

and εr = 4. Black arrows represent the electric field, and thse color represents the

magnetic field, Hx in and out of the page.
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Figure 5.7: ZX cross-section distribution of the first few LSE normal modes for

a structure with the following parameters: a = 250µm, b = 500µm, W = 4mm,

and εr = 4. Black arrows represent the electric field, and the color represents the

magnetic field, Hy in and out of the page.

88



modes at a particular phase when all z-component are zero. It can be seen clearly

that the fields are symmetric about the structure’s mirror planes, i.e. x = 0 and

y = 0. Moreover, as mentioned above, the transverse fields are not zero, which is

characteristic of the modes in this type of structures. Similarly, figure 5.6 and 5.7

represent the ZY and ZX cross sections.

Coupling to the LSEmn mode from an ultrarelativistic charge of magnitude q,

given by ρ = qδ(x − x0)δ(y − y0)δ(ζ), can be studied using the energy balance

method discussed in 5.2. The result is:

F
(0)
0 =

4(q/W )cos(kxx0)cosh(kxy0)
cosh2(kxa)

sin2(ky(b−a))

[
ky
kx

(
2(b− a) + sin[2ky(b− a)]

)
+ . . .

. . .+ εr
kx
ky

(
2(b− a)− sin[2ky(b− a)]

)]
+ 2sinh(2kxa)

(5.61)

Symmetric LSM Normal Modes

Symmetric LSM modes can be derived from the following ~A potential: A
(0)
ys = iA

(0)
0 cos(kxx)sin(k

(0)
y y)exp(ikzζ) (0 < y < a)

A
(1)
ys = A

(1)
0 cos(kxx)cos[k

(1)
y (y − b)]exp(ikzζ) (a < y < b)

(5.62)
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The field components are then obtained from applying equation 5.51:

Ex =


− A

(0)
0 k2xc

kz
sin(kxx)cosh(kxy)sin(kzζ)

− A
(1)
0 kxk

(1)
y c

kzεr
sin(kxx)sin[k(1)y (y − b)]sin(kzζ)

Ey =


A

(0)
0 c

kz
(k2x + k2z)cos(kxx)sinh(kxy)sin(kzζ)

− A
(1)
0 c

kzεr
(−k(1)2y + εrk

2
z)cos(kxx)cos[k(1)y (y − b)]sin(kzζ)

Ez =


A

(0)
0 kxkzc

kz
cos(kxx)cosh(kxy)cos(kzζ)

A
(1)
0 kzk

(1)
y c

kzεr
cos(kxx)sin[k(1)y (y − b)]cos(kzζ)

Hx =


− A

(0)
0 kz
µ0

cos(kxx)sinh(kxy)sin(kzζ)

A
(1)
0 kz
µ0

cos(kxx)cos[k(1)y (y − b)]sin(kzζ)

Hy = 0

Hz =


A

(0)
0 kx
µ0

sin(kxx)sinh(kxy)cos(kzζ)

− A
(1)
0 kx
µ0

sin(kxx)cos[k(1)y (y − b)]cos(kzζ)

(5.63)

Because Ez must vanish at the metal wall at ±W/2, kx must take on discrete

values

kx =
(2m− 1)π

W
(m = 1, 2, 3..) (5.64)

By matching Ez and Hx at the y = a boundary, one arrives at the relationship

between A
(0)
0 and A

(1)
0 , and the dispersion for the symmetric LSM modes:

A
(0)
0

A
(1)
0

− k
(1)
y

kxεr

sin[k
(1)
y (a− b)]

cosh(kxa)
= 0

tanh(kxa)tan[k(1)y (b− a)]− kxεr

k
(1)
y

= 0

(5.65)

As done in the previously, figure 5.8, 5.9, and 5.10 show the cross sections of

the first three LSM normal modes. For reasons that would be obvious soon, LSM11

is typically used as the fundamental acceleration mode. Since the variations in

the vacuum channel in both transverse directions are dictated by kx, and it is
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most desirable for an accelerating mode to have a uniform distribution within the

channel, it is important to have kx as small as possible. This is achieved by first

having a very large structural width W and second by using a very wide beam.

The coupling to LSMmn mode from an ultra-relativistic charge of magnitude q

given by ρ = qδ(x−x0)δ(y−y0)δ(ζ) is computed by the method of energy balance

of section 5.2, and the result is:

A
(0)
0 =

4
√

µ0
ε0

(q/W )cos(kxx0)cosh(kxy0)

εr
cosh2(kxa)

sin2(ky(b−a))

[
εr
k3x
k3y

(
2ky(b− a) + sin[2ky(b− a)]

)
+ . . .

. . .+
kx
ky

(
2ky(b− a)− sin[2ky(b− a)]

)]
+ 2sinh(2kxa)

(5.66)

Modal Dispersion, Group Velocity, etc.

All dispersion relations provided up to this point give the frequencies of the wake-

field modes of interest. For example, graphical solutions provided in figure 5.4 gives

an enumeration of frequencies for the symmetric LSE modes. Implicit within each

dispersion relation given here is the wakefield condition kz = ω/c, which we first

encountered in the context of the general dispersion for all relevant waveguide

modes discussed herein, (equation 5.7). While the values of the frequencies are an

important entity to obtain, it is very often desirable to know the whole dispersion

picture, ω = ω(~k), also known as a band diagram because modes tend to form

bands in the ω vs. ~k plot. The advantage of the band diagram is many folds.

First, it gives a global picture of how modes evolve as function of frequency and

wave vector. It also gives the group velocity vg = dω/dk. As an example of how

this is done, let us now look at the band diagram for the symmetric LSM modes.

Because we are now interested in the behavior ω(kz), and not just at the wakefield

condition, we want

k(1)y =

√
εr
(ω
c

)2 − k2x − k2z (5.67)

and use it in the expression of equation 5.65. Figure 5.11 shows the first few sym-

metric LSM bands. It is worth pointing out the discrete nature of the frequency

bands such that for a given kz, only certain frequencies are possible. As we vary
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Figure 5.8: XY cross-section distribution of the first three LSM normal modes for

a structure with the following parameters: a = 250µm, b = 500µm, W = 4mm,

and εr = 4. Blue arrows represent the electric field, while red arrows represent the

magnetic field. The fields are at a phase such that all longitudinal components

are zero.
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Figure 5.9: ZY cross-section distribution of the first few LSM normal modes for

a structure with the following parameters: a = 250µm, b = 500µm, W = 4mm,

and εr = 4. Black arrows represent the electric field, and the color represents the

magnetic field, Hx in and out of the page.
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Figure 5.10: ZX cross-section distribution of the first few LSE normal modes for

a structure with the following parameters: a = 250µm, b = 500µm, W = 4mm,

and εr = 4. Black arrows represent the electric field. The magnetic field Hy is

zero by LSM modal definition.
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Figure 5.11: Band diagram, f vs kz, for the first few symmetric LSM modes

LSM11, LSM12, LSM13, and LSM14. The parameters used here are a = 250um,

b = 500um, W = 20mm, and εr = 4.

the index n while keeping m fixed, from bottom to top on the frequency scale, we

have LSM11, LSM12, LSM13, and LSM14. If the index m is also allowed to change,

we would have the entire diagram filled with frequency bands. A straight diag-

onal line f = kzc/2π represents the relativistic particle line, and the Cherenkov

(wakefield) condition is met exactly where this line meets the bands. It is easy

to see that the group velocities of the wakefield modes are low. Typically, low

group velocity is related to large dielectric packing ratio with thicker slabs tend

to produce slower modes.

Orthogonality of Modes

The modes as given above satisfy the orthogonality condition provided by [66]:∫
S

~E⊥m × ~H⊥n · ẑdS m 6= n (5.68)

where E⊥m and H⊥n are the field component transverse to the z-direction. Note

that by the way that LSE and LSM modes are defined, i.e. ELSE
y = 0 and

HLSM
y = 0, relation 5.68 holds automatically, even for the m = n case, when one
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of the fields is from the LSE group and the other one from LSM group.

A Perspective: Putting LSE, LSM, and TM Together

In the 2D limit, only one kind of modes is permitted, i.e. TM modes. These modes

are transversely uniform in the vacuum channel and are simply spaced out by a

single index n so that the frequencies approximately go as odd integer multiple

of the fundamental. The situation is more complex in 3D, however, as we saw

earlier, that modes are categorized into two groups LSE and LSM. They are now

indexed by two integers m,n that characterize the number of oscillations in the

two transverse dimensions. If the structure is very large in the wide dimension

(x) compared to the features in the y-dimension, i.e. W � a, b, the most common

scenario for DWA structure, the modes must tend to the 2D limit. That is LSE

modes must vanish and LSMmn → TM0n. The vanishing of LSE modes are easy to

understand since both Ex and Ey are constrained to zero, the former was made so

by the 2D definition, and the latter by the definition of the LSE modes themselves.

In this regard, LSM modes are the 3D cousin of the 2D TM modes. This is seen

clearly when taking the limit kx → 0 of the LSM field expressions in equation

5.63.

Figure 5.12 provides a concrete numerical example of what these all mean in

the frequency space. The structure used here has W = 20mm, which is by far

larger than both a and b. Here, the frequency locations are determined by the

respective dispersion relation (equation 5.60, 5.65), and the strength of excitation

is determined by equation 5.61 and 5.66. With very wide structures, the frequency

separation due to the index n is much larger than that caused by an increment in m

which is associated with the variation in the wide direction. The scenario is seen in

the top panel of the figure where we see groups of modes that are of the same index

n, and within each group, modes are separated by increasing m. Per unit drive

charge, LSM modes are dominant and form the group that occupy the lowest

frequency. For this reason, LSM11 mode is usually chosen as the fundamental
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Figure 5.12: LSEmn and LSMmn frequencies and coupling. Longitudinal section

modes form groups indexed by n = 1, 2, 3 in the plot corresponding to increas-

ing k
(1)
y , which characterizes the oscillation of the modes within the dielectric–or

equivalently corresponding to larger kz = ω/c. Within each group, there are an

infinite number of modes corresponding to varying kx = (2m − 1)/W . We show

the first ten of such m = 1..10. The bottom plot shows the location of the TM0n

(n = 1, 2, 3) modes for an equivalent 2D structure discussed in section 5.2. The

parameters used are a = 250µm, b = 500µm, εr = 4 and W = 20mm.
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accelerating mode. With increasing m, LSM modal strength is diminished. The

bottom panel shows modes for the pure 2D system that is otherwise identical to

the 3D one. These TM0n modes coincide exactly with the LSM1n modes.

The above analysis uses a point charge beam which contains spatial Fourier

component uniformly up to infinity, thus firing up all the different modes with

high value of kx. In general 3D structures, the coupling strength to modes with

higher values of kx vanishes for wide drive beams as permitted by the Fourier

analysis of the beam.

5.3.4 Asymmetric LSE and LSM Modes

In the preceding section, we analyzed various aspects of the symmetric modes.

Typically, a DWA system is designed to work with the lowest frequency symmetric

mode which is excited by a beam passing perfectly on the symmetry axis of the

structure. In practice, however, deviation from the ideal orbit is unavoidable and

must be considered seriously as part of the final design. When a beam is offset,

or if it has ”hot spots”–unintended density fluctuation, asymmetric modes are

bound to be excited. To lowest order, dipole modes are most dominant among

multi-mode asymmetric modes, and we will look at these in this section. As

part of the specific geometry that we are working with in this chapter, the dipole

modes can come in as either in the x− or y-direction. Both of which can be

decomposed into either LSE or LSM kind. As the Lorentz force is comprised of

both the electric and magnetic components, we must look at both when studying

the dipole deflection forces. For example, by definition, since LSE modes contain

zero electric field in the vertical y-direction, the vertical y-kick for this type must

come from its magnetic component Hx. The procedures to obtaining the fields and

frequency dispersion for these types of modes are identical to what we have used

previously. First we will choose an appropriate potential function whose derived

fields satisfy the required dipole-like symmetry. From these fields, we can then

look at frequency dispersion, and finally coupling magnitude to a point charge
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from simple energy conservation.

X-Dipole LSE

The X−dipole LSE modes can be derived from the following potential functions:

 F
(0)
y = F

(0)
0 cos(kxx)cos(k

(0)
y y)exp(ikzζ) (0 < y < a)

F
(1)
y = F

(1)
0 cos(kxx)sin[k

(1)
y (y − b)]exp(ikzζ) (a < y < b)

(5.69)

Compared to the symmetric LSE modes of equation 5.57, we have made the simple

substitution sin(kxx) → cos(kxx). As we’ll see momentarily, this is sufficient to

produce the x−dipole symmetry that we are after. Instead of looking at all field

components as before, let us just concentrate on the Ex and Hy components, with

the exception of the longitudinal electric field in the vacuum listed for reference

later, and leave out the rest knowing that they can also be just as easily derived

using the procedure developed thus far. We have:

Ez =
−F (0)

0 kx
ε0

sin(kxx)cosh(kxy)cos(kzζ) 0 < y < a

Ex =


F

(0)
0 kz
ε0

cos(kxx)cosh(kxy)sin(kzζ)

F
(1)
0 kz
ε0εr

cos(kxx)sin[k(1)y (y − b)]sin(kzζ)

Hy =


F

(0)
0 c

kz
(k2x + k2z)cos(kxx)cosh(kxy)sin(kzζ)

F
(1)
0 c

kzεr
(−k(1)2y + εrk

2
z)cos(kxx)sin[k(1)y (y − b)]sin(kzζ)

(5.70)

Both transverse field components do not reverse its sign over the x = 0 and y = 0

symmetry planes. Figure 5.13 is a demonstration of such field. It is calculated for

the structure with parameters indicated in the caption of the figure, and for the

lowest frequency mode of such type supported in the structure. Here the fields

are plotted in the XY and ZX cross section. The ZY cross section is omitted

because all tangential electric field components are zero on this plane.

For this group of modes, we obtain the following dispersion by matching Ez
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Figure 5.13: Lowest frequency X-dipole LSE mode. In the top panel, blue arrows

represent electric field while red arrows magnetic field. In the bottom panel, black

arrows represent electric field while the colors represent the magnetic component

in and out of the page, Hy. The parameters used are a = 250µm, b = 500µm,

εr = 4 and W = 4mm.
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and Hx at the y = a boundary:

F
(0)
0

F
(1)
0

− 1

εr

sin[k
(1)
y (a− b)]

cosh(kxa)
= 0

tanh(kxa)tan[k(1)y (b− a)] +
k
(1)
y

kx
= 0

(5.71)

which is identical to the dispersion for the symmetric LSE modes. However, since

we are required by the boundary condition for Ez(y = a) = 0, the kx now takes

on discrete values involved even integers. That is:

kx =
2mπ

W
(5.72)

such that the frequencies of x-dipole LSE modes are interspersed in between sym-

metric ones. For slab structures with very large width the frequency separation

between any two modes can thus be extremely small and not easily detectable.

Finally, using energy conservation approach as developed in section 5.2, we can

calculate the coupling constant F
(0)
0 to the x−dipole LSEmn mode by a point

charge of magnitude q passing along the z−direction with offset (x0, y0):

F
(0)
0 =

4 q
W
kxkysin(kxx0)cosh(kxy0)

cosh2(kxa)
sin2(ky(a−b))

[
2ky(b− a)

(
εrk2x + k2y

)
− sin[2ky(b− a)]

(
εrk2x − k2y

)]
+ . . .

. . .+ 2kxkysinh(2kxa)

(5.73)

LSM X-Dipole

Similarly, we can get all field components for the x-dipole LSM modes from the

following potentials:

 A
(0)
y = iA

(0)
0 sin(kxx)sin(k

(0)
y y)exp(ikzζ) (0 < y < a)

A
(1)
y = A

(1)
0 sin(kxx)cos[k

(1)
y (y − b)]exp(ikzζ) (a < y < b)

(5.74)
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Again, let us only focus on the relevant field components which contribute to the

horizontal Lorentz force. That is:

Ez = A
(0)
0 ckxsin(kxx)cosh(kxy)cos(kzζ) 0 < y < a

Ex =


A

(0)
0 k2xc

kz
cos(kxx)cosh(kxy)sin(kzζ)

A
(1)
0 kxk

(1)
y c

kzεr
cos(kxx)sin[k(1)y (y − b)]sin(kzζ)

Hy = 0

(5.75)

Here, Hy = 0 by LSM definition. Again, the x-dipole behavior is obvious in the

expression as the fields do not reverse itself upon crossing the symmetry planes.

The dispersion is identical to that of the symmetric LSM modes with the exception

of the even integer selection in the values for kx. That is:

A
(0)
0

A
(1)
0

− k
(1)
y

kxεr

sin[k
(1)
y (a− b)]

cosh(kxa)
= 0

tanh(kxa)tan[k(1)y (b− a)]− kxεr

k
(1)
y

= 0

(5.76)

for

kx =
2mπ

W
(5.77)

In figure 5.14, the XY and ZX cross sections of the lowest frequency x−dipole

LSM mode are plotted. And finally, the coupling strength is given by:

A
(0)
0 =

4
√

µ0
ε0
k3y

q
W
sin(kxx0)cosh(kxy0)

kxεr
cosh2(kxa)

sin2(ky(a−b))

[
2ky(b− a)

(
εrk2x + k2y

)
+ sin[2ky(b− a)]

(
εrk2x − k2y

)]
+ . . .

. . .+ 2k3ysinh(2kxa)

(5.78)

LSE Y-Dipole

We will now look at the LSE modes which are y-dipole. Since Ey = 0, the dipole

force is solely from the horizontal magnetic field Hx. The potential function from
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Figure 5.14: Lowest frequency X-dipole LSM mode. In the top panel, blue arrows

represent electric field while red ones are magnetic field. In the bottom panel, the

electric fields are represented by black arrows, and there are no magnetic fields on

this particular plane. The parameters used are a = 250µm, b = 500µm, εr = 4

and W = 4mm.
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which we derive the fields are given by: F
(0)
y = iF

(0)
0 sin(kxx)sin(k

(0)
y y)exp(ikzζ) (0 < y < a)

F
(1)
y = F

(1)
0 sin(kxx)sin[k

(1)
y (y − b)]exp(ikzζ) (a < y < b)

(5.79)

And the relevant field components which give the y−dipole force are:

Ez =
−F (0)

0 kx
ε0

cos(kxx)sinh(kxy)cos(kzζ) 0 < y < a

Ey = 0

Hx =


−F (0)

0 ck2x
kz

cos(kxx)cosh(kxy)sin(kzζ)

F
(1)
0 ckxky
kzεr

cos(kxx)cos[k(1)y (y − b)]sin(kzζ)

(5.80)

Because Hx must vanish at the metal wall x = ±W/2, the values for kx are discrete

and appropriately given by:

kx =
(2m− 1)π

W
(5.81)

By matching the fields at the dielectric/vacuum boundary, we obtain the dis-

persion for this type of modes:

F
(0)
0

F
(1)
0

− 1

εr

sin[k
(1)
y (b− a)]

sinh(kxa)
= 0

coth(kxa)tan[k(1)y (b− a)] +
k
(1)
y

kx
= 0

(5.82)

Just as done previously, a cross section profile of the lowest frequency LSE

y−dipole mode is plotted in figure 5.15 for reference. Note again the absence

of the electric component of the dipole force. Finally, the coupling strength is

calculated using the energy conservation approach:

F
(0)
0 =

4kxky(
q
W

)cos(kxx0)sinh(kxy0)

sinh2(kxa)
sin2(ky(a−b))

[
2ky(b− a)

(
εrk2x + k2y

)
− sin[2ky(b− a)]

(
εrk2x − k2y

)]
+ . . .

. . .+ 2kxkysinh(2kxa)

(5.83)
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Figure 5.15: Lowest frequency Y-dipole LSE mode. In the top panel, the electric

fields are represented by blue arrows, and magnetic fields are represented by red

arrows. In the bottom panel, electric fields are seen in black arrows while the

colors represent the magnetic component Hx going in and out of the page. The

parameters used are a = 250µm, b = 500µm, εr = 4 and W = 4mm.
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LSM Y-Dipole

LSM y−dipole modes are given the following potential functions: A
(0)
y = A

(0)
0 cos(kxx)cos(k

(0)
y y)exp(ikzζ) (0 < y < a)

A
(1)
y = A

(1)
0 cos(kxx)cos[k

(1)
y (y − b)]exp(ikzζ) (a < y < b)

(5.84)

The relevant y−dipole field components are:

Ez = −ckxA(0)
0 cos(kxx)sinh(kxy)cos(kzζ) 0 < y < a

Ey =


− A

(0)
0 c

kz

(
k2x + k2z

)
cos(kxx)cosh(kxy)sin(kzζ)

− A
(1)
0 c

kzεr

(
εrk

2
z − k2y

)
cos(kxx)cos[k(1)y (y − b)]sin(kzζ)

Hx =


kzA

(0)
0

µ0

cos(kxx)cosh(kxy)sin(kzζ)

kzA
(1)
0

µ0

cos(kxx)cos[ky(y − b)]sin(kzζ)

(5.85)

Since the tangential electric field must vanish at the metal wall x = ±W/2, the

values of kx are discrete and given by:

kx =
(2m− 1)π

W
(5.86)

Dispersion for this type of modes is then obtained by matching boundary condi-

tions:

A
(0)
0

A
(1)
0

− k
(1)
y

kxεr

sin[k
(1)
y (b− a)]

sinh(kxa)
= 0

coth(kxa)tan[k(1)y (b− a)]− kxεr

k
(1)
y

= 0

(5.87)

Finally, the coupling constant is given by:

A
(0)
0 =

4
√

µ0
ε0

( q
W

)cos(kxx0)sinh(kxy0)

εrkx
sinh2(kxa)

sin2(ky(b−a))

[
2ky(b− a)

(
εrk2x + k2y

)
+ sin[2ky(b− a)]

(
εrk2x − k2y

)]
+ . . .

. . .+ 2k3ysinh(2kxa)

(5.88)
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Figure 5.16: Lowest frequency Y-dipole LSM mode. In the top panel, electric

fields are seen in blue arrows, while red arrows represent magnetic fields. In the

bottom panel, electric fields are seen as black arrows, and the colors represent the

magnetic component, Hx, going in and out of the page. The parameters used are

a = 250µm, b = 500µm, εr = 4 and W = 4mm.
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An Example of A Point Charge Couples to Dipole Modes

In figure 5.17, an example is provided to examine the frequency and coupling

landscape of the possible dipole modes in a dielectric slab structure. When a point

charge is passed off the symmetry axis of the structure, it leaves behind a trail of

dipole-like wakes which is a mix of both LSE and LSM dipole modes. It is obvious

in the figure that the LSM modes dominate for this particular calculation. This

generally agrees with the example provided in figure 5.12 which also demonstrates

clearly the dominance of LSM modes in the regime where the structure is very

wide in the x-direction. We see that the x−dipole LSM modes are very close to

the symmetric LSM ones, a property which was discussed shortly before, and was

due to the fact that their dispersion relations are identical except for the minute

difference in the allowed values for kx. The familiar organization of modes seen

here is just as in the case of the symmetric modes where the grouping can be

identified by the index n, and within each group, modes are subsequently labeled

by the index m. Because the analytical treatment here is for a point charge, there

is no tapering of coupling strength as one goes up the frequency ladder. In practice,

however, the beam bunch length determines the highest excitable frequency.

5.3.5 Scaling Laws for Wakefields Driven by Gaussian Beam in Slab

Structures

Paraxial Approximation

From the expressions for the coupling magnitudes provided in the preceding sec-

tions that generally, per unit drive charge, the coupling drops as 1/W . That is the

wider the structure, the weaker the coupling constant. However, the expressions

as given above were derived for a single point charge, which is to us uninterest-

ing. Recall that we were motivated first by looking at the 2D limit where the

wakefields are free of deflection forces. To imitate this limit, we not only want to

use very wide structure, but also stretch the beam out at the same time. What
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Figure 5.17: Frequency locations and respective point charge coupling magnitudes

for the first few x− and y−dipole modes. Top panel shows the frequency locations

for the x−dipole LSE and LSM modes. The beam displacement used here is purely

horizontal, x0 = 100µm. Middle panel shows the frequency locations for the

y−dipole LSE and LSM modes. The beam displacement used for the calculations

here is purely vertical, y0 = 100µm. As a reference, the bottom panel shows the

frequency locations of the first three TM0n modes (n = 1, 2, 3) of an equivalent

2D structure. The parameters used are a = 250µm, b = 500µm, εr = 4 and

W = 4mm.
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we need to do now is to look at beam-mode coupling for a beam Gaussian in the

x-direction, and see how the coupling strength behaves as the width of the beam

is increased. More particularly, we need to look at the decoupling rate of the

transverse components of the fields with respect to the longitudinal component.

While brute-force approach of working out the full algebraic expression via the

energy balance method is not possible due to the complexity of the integral, we

can adapt the paraxial approximation used in [16].

If the structure is very wide compared to the dielectric thickness, W � (b−a),

we must have kz ≈ ky � kx, which is precisely the paraxial approximation condi-

tion (for the x direction), under which the solution to the wave equation is Gaus-

sian, ~E ∼ exp(−x2/w2
x). Since the beam itself is also Gaussian in x with standard

deviation ρ ∼ exp(−x2/2σ2
x), we can surmise, bona fide, that wx =

√
2σx. That

is the size of the wakefield immediately at the location of the beam is the same

as the size of the beam. Interestingly, within the vacuum gap, the x spatial de-

pendence of the normal modes as expressed above is either cos(kxx) or sin(kxx),

which are approximately equivalent to exp[−(kxx)2] and (kxx)exp[−(kxx)2], for

kxx� 1 respectively, both being Hermite-Gaussian solutions. From here, another

connection can be drawn, i.e. k−1x = wx =
√

2σx. That is, kx is inversely propor-

tional to the size of the beam σx. Although this isn’t anything new, in the sense

that we could have deduced it directly from the Fourier analysis of the beam, it is

remarkable that we were able to get it from the solution of the field in the paraxial

approximation. All are consistent.

The wakefield spatial dependence in the y direction is, however, not Gaussian

because ky ≈ kz, thus a similar paraxial condition cannot be applied. From all the

field expressions above, the vertical dependence within the gap is either sinh(kxy)

or cosh(kxy), which for kxy � 1 can be approximated to kxy or 1 respectively.

So our task of obtaining the transverse dependence of the wakefields driven by
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a Gaussian beam is reduced to the following substitution in the field expressions:



cos(kxx) → exp[−(kxx)2]

sin(kxx) → (kxx)exp[−(kxx)2]

cosh(kxy) → 1

sinh(kxy) → kxy

kx → 1√
2σx

(5.89)

Furthermore, in order to streamline the notation and facilitate relative comparison

of the decoupling rates between longitudinal and transverse forces, we want to get

rid of the A
(0)
0 and F

(0)
0 notation in favor of a single parameter E0 defined as the

magnitude of the longitudinal electric field component. F
(0)
0 → ε0E0

kx

A
(0)
0 → E0

ckx

(5.90)

Scaling Laws

Applying the substitutions developed previously to the expressions of field for the

normal modes of various types, we have the following scaling law as function of

the beam width σx. Starting first with the longitudinal Lorentz force:

Fz = qEz



∼ 1

σx
Symmetric LSE

∼ 1

σx
Symmetric LSM

∼ 1

σ2
x

Dipole LSE

∼ 1

σ2
x

Dipole LSM

(5.91)
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We see that as a function of the beam width the asymmetric modes decouple faster

than the symmetric ones. Let us now look at the horizontal force:

Fx = q(Ex − cBy)



∼ 1

σ3
x

Symmetric LSE

∼ 1

σ3
x

Symmetric LSM

∼ 1

σ2
x

Dipole LSE

∼ 1

σ2
x

Dipole LSM

(5.92)

and the vertical force:

Fy = q(Ey + cBx)



∼ 1

σ3
x

Symmetric LSE

∼ 1

σ3
x

Symmetric LSM

∼ 1

σ2
x

Dipole LSE

∼ 1

σ2
x

Dipole LSM

(5.93)

What we have here is that the transverse forces associated with the symmetric

modes fall off very fast with σ−3x , compared to σ−1x for the longitudinal force of

the same mode type. On the other hand, the dipole forces fall off as fast as σ−2x

which is similar to the rate at which the associated longitudinal component of

the dipole modes fall off. With these scaling laws, one can imagine stretching the

beam out as wide as necessary to reduce all transverse forces to a tolerable level,

loss in the longitudinal field magnitude can be made up for by increasing charge.

The advantage of stretching one direction out, as in the case of the dielectric slab

accelerator system, is then two fold. First, one can mitigate transverse forces, and,

second, large amount of charge can be transported.

5.4 Summary

In this chapter, we discussed various modal properties of in the beam-slab structure

interaction. It was found that the longitudinal fields of the eigenmodes of partially

filled rectangular waveguides, being LSE/LSM, are non-uniform inside the vacuum
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channel, in contrast to the uniform field of the TM0n modes in a cylindrical system

that is otherwise equivalent. However, the most interesting limit is when a 3D slab

structure becomes a 2D slab system where the dependence on the x coordinate

vanishes. Here, the eigen modes become transverse magnetic TM0n, and any net

transverse forces vanish. Although true 2D system is not realizable, in practice a

2D-like system can be made, this means making the width of the structure many

times greater than its height, and at the same time the drive beam is stretched

out such as it resembles a sheet. Per fixed structure, the beam width σx now

plays an important role. As it gets larger, the beam decouples from the field

following the favorable scaling laws discussed above such that the magnitudes of

transverse forces decouple much faster than the magnitudes of longitudinal ones.

At the same time, by Fourier analysis, a large beam width also decouples from

modes with large kx, which otherwise show up as a group of modes closely located

nearby and broaden the frequency bandwidth of the wakefield interaction.
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CHAPTER 6

Aspects of Wakefield Modes in Photonic

Crystals

6.1 Introduction

The dielectric wakefield design process thus far has taken us from the simple

geometry of a tube to a flat slab waveguide in search for a favorable accelerating

regime in which a strong gradient, which is achieved by having a small aperture, is

not accompanied by other nuisance effects such as a strong excitation of transverse

forces arising from beam orbit errors. In a slab dielectric waveguide, the action

of stretching out both the structure and the beam brings us to a regime where

the transverse components of the force decouple much faster, as a function of

beam width, than the longitudinal component. In the limiting scenario of very

flat beam-structure geometry, the system imitates the behaviors of an equivalent

2D slab system where net transverse forces are exactly zero. The slab dielectric

system accomplishes another desirable trait, as a platform for a particle linear

collider, which is its ability to transport large amount of charge by relaxing space

charge effects. All of this is packed in a rather simple Cartesian design of planar

dielectric and rectangular waveguides, all of which are well understood.

The simplicity of the slab design, though elegant, is not to be without prob-

lems. As the field is increased, material breakdown events are bound to happen,

first with the metal, which does not fare very well at the THz and higher due to in-

creased surface resistance with frequency, and second with the dielectric material.

The weak point of the simple slab design is its flatness at the vacuum/dielectric
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boundary. The tangential field Ez, needed for acceleration, is continuous across

the vacuum/dielectric interface, by boundary action. If a threshold is crossed,

break down events are bound to happen causing irreversible avalanche breakdown.

Nominally, dielectric candidates such as silicon dioxide and aluminum oxide (sap-

phire) are tough to break with threshold at the level of multiples GV/m as in

[5]. This assumption has, until recently, not been brought under scrutiny due to

the lack of experiments that could probe the material at very high fields. The

problem with the break down tests carried out with high power IR lasers is that

the breakdown indicator relies solely on observation of a breakdown event, the

laser power is cranked up until a damage spot is seen. Similarly, when destructive

tests were carried out with an intense electron beam [14], the experiment relied

on ”bright-flashes” as an indicator of breakdown which led to the conclusion that

the system was robust for surface field in excess of 10 GV/m.

Leading up to the avalanche, a plethora of electronic phenomena occur. Many

of which manifest as changes the dielectric’s optical constants. Any changes in the

refractive index, or conductivity of the dielectric can affect its ability to sustain

the designed eigenmodes of the waveguide structure. It turns out, that field below

1GV/m can cause a temporary increase in the conductivity of the dielectric causing

the excited mode to dissipate radiatively. The effect is reversible such that after

some time, the dielectric returns to its usual state and behaves as if it has not been

exposed to high field. The conductivity, or equivalently, the damping constant is

a direct function of field strength. This observation of damping, which will be

discussed in greater detail in the chapter on experiments, is a surprise, something

that the team who made the measurement did not anticipate. More experiments

will be required to probe the exact nature of the physics which is responsible for

the damping. Nonetheless, the ramification imposed upon us by material physics

is real and it forces us to think beyond conventional wisdom of dielectric wakefield

design.

In this chapter, we will introduce a new class of wakefield devices which utilizes
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photonic crystals as a field confinement element. Since the structures that we

will be working with are formed in the Cartesian symmetry, they inherit all the

nice features of Cartesian structures which were discussed previously. Photonic

waveguides have been a subject of intense research ever since its conception [74]

in the late 1980’s. Most of its applications are in optical wave guiding. In the

THz regime, use of photonic materials is only gradually emerging. The reason

for the slow start has to do with the lack of THz sources and the applications

for such technologies. With the progress and issues developed thus far, dielectric

wakefield accelerators are at a good position to harvest from the photonic richness.

Most particularly in the area of light confinement. It is not impossible to imagine

an all-dielectric acceleration system where the wake is fully confined within the

waveguide channel without having to use metal. We will discuss some key and

desirable features of photonic crystals as well as conventions and tools that are

unique to the photonic crystal community. Examples will be drawn from two

sources. First, the Bragg structure, which is the simplest photonic crystal, and

second, the woodpile structure, which forms part of the data for this thesis. The

treatment presented in this chapter is not meant to be exhaustive, but rather

serves as an introduction and helps to make sense of the data analysis to follow.

6.2 Photonic Crystals

6.2.1 Overview

A photonic crystal is a periodic dielectric structure which has an electromagnetic

band gap within which modes cannot form. An analogue for it is the energy gaps

between levels in an electronic system where no bands are allowed. The periodicity

of the crystals is the cause of the discretization of the bands. Only bands, wave

functions, with certain characteristics are allowed to propagate through without

scattering off the constituents of the lattice. For an electronic system, the elements

that make up the crystalline lattice are atoms and molecules. In a photonic system,
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Figure 6.1: Two examples of photonic crystals. a) 1D Bragg photonic crystal is

composed of alternating layers of high and low index of refraction. b) 3D woodpile

photonic crystal. The stacking period consists of four layers, A-B-A’-B’, where

layers of the same letter have rods in the same direction, and the prime denotes

the layers are staggered.

macroscopic materials of differing index make up the periodicity of the lattice. In

the same way that the wave functions are discretized, the solutions to the EM wave

equation under the assumed periodicity of the lattice function also form discrete

bands, and band gaps. Waves within the band gap range cannot propagate within

the lattice, and all external photons are reflected away from the crystal. The

implication of this is a way to control the flow of light using photonic lattices.

Two examples of photonic crystals are given in figure 6.1. In the Bragg crystal,

the periodicity consists of a pair of layers ε1 and ε2. The woodpile structure is

three dimensionally periodic. The main periodicity, often denoted by a, is in the

stacking direction which consists of four layers. The first and third layers run

in the same direction with the third one being staggered by a distance of b, the

in-plane periodicity. The second and fourth layers run perpendicular to the first

and third. The fourth layer is similarly staggered.

6.2.2 Using Symmetries to Classify Modes

Because of the prevalence of symmetries that exist in photonic crystals, it is natural

to use them as classifiers for modes. This classification system is unique to photonic
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crystals and is distinct from the other systems which we have presented thus far

for cylindrical and simple slab symmetric structures. Two of the most important

symmetry operations commonly found in photonic crystals are translation and

mirror symmetry. Mathematically speaking, when the dielectric possesses the said

symmetries, the corresponding symmetry operators commute with the operator on

the eigen field [21]. Thus the eigenmodes for the symmetry operators are also the

eigenmodes for the system. This way we can label modes by their symmetries.

6.2.3 Continuous Translation Symmetry

The easiest type of translation symmetry is continuous translation. Here, the

dielectric function is the same when translating by any amount in the direction

of the symmetry. An example often given is of an infinite plane of glass which

expands uniformly in the xy plane. Let T d be the operator for translation of a

distance ~d in the xy plane, T d · ε(~ρ) = ε(~ρ − ~d) = ε(~ρ), where ~ρ is an arbitrary

vector in the plane of the glass. The eigen functions for the translation operator

are plane waves, exp(i~k · ~ρ) because

T d · exp(i~k · ~ρ) = exp(i~k · (~ρ− ~d))

= exp(−i~k · ~d)exp(i~k · ~ρ)
(6.1)

The kx and ky components of the wave vector ~k can be used as labels for the

modes. On the other hand, since the dielectric does not possess a symmetry in

the z direction, kz is a free parameter.

6.2.4 Index Confinement

The plane of glass is a small perturbation in an otherwise free and infinite 3D

space. Very far away from the glass, we can expect vacuum plane wave modes
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with the familiar dispersion:

ω = c
√
k2‖ + k2z

~k‖ = kxx̂+ kyŷ

(6.2)

For every value of ~k‖ such that ω > ck‖, the light cone contains a continuum of

modes as kz is freely varied. For this reason, the area contained within the light

cone is a continuum of radiative modes which are un-confined to the plane of the

glass. In the region below the light cone, kz must be complex to satisfy ω < ck‖.

Modes formed in this region are index confined and the field decays exponentially

away from the plane of glass–evanescent field. Because typically the dielectric

constant of glass is larger than the surrounding vacuum, the guided modes are

often called index guiding. This is, of course, a phenomenon better known as total

internal reflection in elementary physics texts. As the angle of incidence becomes

narrower than a certain threshold of the material, the light ray bounces between

the surfaces of the glass without leaving it.

Figure 6.2 shows the calculated band diagram for a thin plane of glass. Most

noticeably, the modes below the light cone form discrete bands that can be labeled

by an integer index n = 1, 2, 3.. The band diagram for a think glass slab has

similar form to the band diagram for the rectangular dielectric lined waveguide

in figure 5.11. However, the light cone region in figure 5.11 does not contain a

continuum of modes as in figure 6.2. The metallic boundaries of the dielectric lined

rectangular waveguide of the previous chapter prevent formation of any extended

fields. Modes, therefore, are strictly localized within the volume surrounded by

the boundaries. It is clear that the discretization of modes for the dielectric-lined

rectangular waveguide is a direct consequence of the boundary conditions imposed

upon the fields by the metals. On the other hand, the reason for the discretization

of modes for the all-dielectric slab of glass is more subtle to discern. It turns

out that, in this case, discrete modes are formed due to two conditions. First,

because of the index guiding phenomenon described above, modes below the light
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cone are localized. Second, eigen modes must form orthogonally to one another,

a condition imposed by the mathematical structure of the eigen system which the

wave equation conforms to. Under these two conditions [21], localized modes must

form in discrete bands.

The region right on the edge of the light cone (light line) is of special interest.

Modes on this line can be resonantly excited through the Cherenkov wake field

mechanism. Because they are exactly on the boundary between the radiative

continuum and the index guiding region, they are hybrid and inherit the traits

from both kinds of modes. While part of their characteristics are similar to the

modes of the same band which they belong, they are not fully confined and have

long tails extending out to the vacuum. Figure 6.3 displays the behavior of two

basic kinds of modes in a plane of glass: extended and confined. Wakefield modes

formed on the light cone of such structure are extensive as shown in the left panel of

figure 6.3. However, one must keep in mind that this is the full profile of the eigen

mode. In a time domain wakefield simulation, which is a good approximation

to the real life situation, the transient behavior of the wakefield mode is best

described as ”leaky” confinement as the wake energy which trails behind the drive

beam has evanescent tails outside the plane of glass. We shall come back to this

in a later section.

6.2.5 Discrete Translation Symmetry

When a system has a discrete translation symmetry with periodicity a, in the

x direction for example, such that ε(x + na) = ε(x), where n is an integer, the

eigen modes for the system are given by Bloch states (a.k.a. Floquet modes):

exp(ikxx)ukx(x) where ukx(x) is a function of kx and is also periodic in a. The

consequence of Bloch form is that modes having wave vector kx and kx+ m2π
a

, with

integer m, are the same. This redundancy in k−space allows one to only look at

the wave vector range 0 ≤ kx ≤ π
a

which is often referred to as the Brillouin zone.

Any kx >
π
a

can always be written as a sum of a unique wave vector from the
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Figure 6.2: Band diagram for a thin plane of glass. The shaded region of the

diagram indicates a continuum of radiative vacuum modes. Below the light cone,

discrete bands are index confined. Here, we have chosen to normalize both the

wave vector and the frequency to a length scale a, typically set to be the discrete

translation period of the system. Since we do not have discrete translation sym-

metry, but rather continuous translation, a can be arbitrarily chosen. For this

example, ε = 4.

121



Figure 6.3: Extended and index confined modes. On the left, the mode is on the

light cone edge (wakefield) and therefore is extended with long tails in the vacuum.

On the right, the mode is index confined, and is localized within the dielectric.

Based on figure 6.2, the location of the two modes shown here are ka/2π = 0.3

(right on the light cone), and ka/2π = 0.6, both on the first band. The colors

display the magnetic field in and out of the page, and the arrows indicate the

electric field. The white band running across represents the dielectric.

Brillouin zone and a integer multiple of 2π
a

. To illustrate this point, let us take the

example of the Bragg lattice as shown in figure 6.1. For simplicity, we will treat

the Bragg lattice as a 1D system and ignore k−vectors in all other dimensions.

The Bragg lattice has a single periodicity which consists of the total thickness of

the pair of alternating layers. Figure 6.4 shows the band structure of the Bragg

lattice whose parameters are given in the caption. As is commonly encountered in

photonics literature, one can use letters to indicate special k−points in the lattice.

In this case, Γ = 0 and X = 2π
a

. Note that the band structure is symmetric

around Γ and that k outside the Brillouin zone, demarcated by two dashed lines,

are redundant as the band structure is periodic with period 2π
a

.
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Figure 6.4: TE band structure of a typical Bragg lattice. The two materials used

for this calculation are ε1 = 3.85 and ε2 = 10.6. Letting a be the lattice constant,

the thickness of the ε1 layer is d1 = 0.65a and for the ε2 layer is d2 = 0.35. The

letters indicate the special points in the 1D lattice. Γ = 0, and X = 2π
a

. The

two vertical dashed lines demarcate the boundaries of the Brilouin zone. Yellow

bands show the photonic band gaps. Note that this is the band structure for a

true 1D system, and the k−space is 1D used to demonstrate the ideas of discrete

translation and band gaps. See below for the band structure in higher dimension.
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6.2.6 Mirror Symmetry and Separation of TE/TM Modes

Besides translation symmetry, mirror symmetry is another one that is highly im-

portant. When the structure possesses a mirror symmetry, we can separate its

modes as either TE or TM. The convention for photonic crystals, however, is dif-

ferent from traditional TE/TM definition in which the classification is based on

the identity of the field which is transverse to the propagation direction. The pho-

tonic crystal convention does not use this propagation vector as the reference. It

uses the normal vector to the plane of mirror symmetry. To clarify this concretely,

let us consider the structure shown in figure 6.5. This structure is a variation

of the perfect Bragg lattice in which a disruption, also known as defect, of the

lattice was introduced in the form of a vacuum channel formed in the middle of

the structure. Clearly, the structure is symmetric by mirror reflection over the

x = 0 plane. We can define a mirror operator ΘM ·
〈
x, y, z

〉
=
〈
−x, y, z

〉
, and the

dielectric function ΘM · ε(~r) = ε(~r). The eigen values for the mirror operator must

be ±1, that is ΘM · ~e = ±~e, because successive application of the mirror operator

twice must return the original eigen vector.

Let us now apply the mirror operator on the electric and magnetic field and

learn that only certain components are allowed. Let ~E~k =
〈
Ex, Ey, Ez

〉
be the

electric field of the eigen mode of the structure which is labeled by ~k. Similarly, the

magnetic field of the eigen modes is ~H~k =
〈
Hx, Hy, Hz

〉
. For in plane ~k = kyŷ+kz ẑ

and ~r = yŷ + zẑ such that ΘM · ~k = ~k and ΘM · ~r = ~r. Then

ΘM · ~E~k(~r) = ΘM
~EΘM ·~k(ΘM · ~r)

= ΘM
~E~k(~r)

(6.3)

so that we can drop the subscript ~k and ignore the spatial dependence. Now apply

the mirror operator on the field:

ΘM ·
〈
Ex, Ey, Ez

〉
= ±

〈
Ex, Ey, Ez

〉
〈
− Ex, Ey, Ez

〉
= ±

〈
Ex, Ey, Ez

〉 (6.4)
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Figure 6.5: A Bragg dielectric wakefield structure to demonstrate the idea of

TE/TM mode separation in photonic crystal convention.

and 1

ΘM ·
〈
Hx, Hy, Hz

〉
= ±

〈
Hx, Hy, Hz

〉
〈
Hx,−Hy,−Hz

〉
= ±

〈
Hx, Hy, Hz

〉 (6.5)

From the above equation, it is clear then that the fields are separated into two

groups, one with
{
Hx, Ey, Ez

}
and one with

{
Ex, Hy, Hz

}
. Because the electric

fields in the first group are transverse to the reflection plane’s normal vector x̂, it

is called transverse electric, or TE. Similarly, the second group is referred to as

transverse magnetic, or TM.

It is for the benefit of transparency, that in referring to TE/TM modes, one

must also specify which mirror plane is being used. It is especially important when

the structure possesses multiple mirror planes such as is presently considered. The

additional mirror symmetry plane y = 0 further separates the TE/TM modes in

the yz plane into either even or odd. So that we now have four classes of modes:

1Because ~H is a pseudo vector, it does not transform like ~E which is a vector. See the
discussion in Jackson [43]
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TE-even, TE-odd, TM-even, and TM-odd. They are characterized by:{
Hx(−y), Ey(−y), Ez(−y)

}
=
{
−Hx(y),−Ey(y), Ez(y)

}
TE-even{

Hx(−y), Ey(−y), Ez(−y)
}

=
{
Hx(y), Ey(y),−Ez(y)

}
TE-odd{

Ex(−y), Hy(−y), Hz(−y)
}

=
{
Ex(y), Hy(y),−Hz(y)

}
TM-even{

Ex(−y), Hy(−y), Hz(−y)
}

=
{
− Ex(y),−Hy(y), Hz(y)

}
TM-odd

(6.6)

For our type of scenarios, the structures always have a reflection symmetry

over the x = 0 plane, and the most relevant of modes are TE with in plane electric

fields. Accelerating modes are TE-even, and TE-odd are transverse (dipole like)

deflecting modes or undulator modes.

6.2.7 Full Band Gap

The band structure of figure 6.4 contains a unique feature which is not present in

the case of a simple plane of glass. Marked by yellow bands, these are continuous

regions of frequency where there are no bands. These are the photonic band gaps

of the Bragg structure. The absence of bands in the gaps indicates that modes

with these frequencies are forbidden to propagate in the lattice. In terms of ray

optics, band gap frequencies are destructively interfered as they are reflected from

the multi-layer stack such that the fields are perfectly canceled out. When the

band gaps extend over the entire range of all possible values of the wave vectors

in the system, they are called full band gaps. The example that is given in figure

6.4 displays this kind of behavior.

6.2.8 Partial Gap in Projected Band Diagram

While the band structure for the perfect Bragg lattice contains full band gaps–

uninterrupted frequency bands, it should be stressed that this is only true ex-

clusively for wave vectors perpendicular to the layers. At best, it is good for

understanding the transmission property of the Bragg stack when the incoming
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Figure 6.6: Demonstration of band structure ω(ky, kz) and projected band struc-

ture ω(kz) for a Bragg lattice. ky and kz are the perpendicular and parallel com-

ponents of the wave vectors respectively. ŷ is normal to the layers.

light is incident perpendicularly to the layers. In the applications that we are

interested in, at least we must include wave vectors that are parallel to the layers.

If we allow for the possibility of higher dimensions (2-3D) in the k−space, the

bands are represented by multi-dimensional sheets. For example, figure 6.6, shows

the band surfaces ω(ky, kz), and the projected bands ω(kz) after integrating over

the values of ky. It is noted here that the full band gap feature is no longer present

in the projected band structure. Instead, we have partial band gaps which do not

extend over the entire range of kz. Nonetheless, if an (ω, kz) mode falls within this

partial gap range, it too cannot propagate in the lattice.

6.2.9 Defect Modes

When a defect is introduced by means of disrupting the periodicity of an otherwise

perfect lattice, defect modes can form inside the band gap, see figure 6.7. An

example of a defect is shown in figure 6.5. A defect mode, if excited, must be
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Figure 6.7: Defect bands can form within the band gaps of an otherwise perfect

lattice. The shaded areas of the band diagram contain a continuum of modes

and are formed by integrating the band structure over all possible values of ky.

Here two defect bands can be seen. The wakefield resonant conditions are met at

locations marked by two black dots.

localized spatially within the defect because its fields cannot propagate in the

crystal’s lattice. This is demonstrated clearly in figure 6.8. The mode shown here

belongs to the lower black dot in the band diagram where the wakefield resonant

condition is met. Notice that the fields are almost entirely concentrated within

the defect (vacuum) and are evanescent in the first few layers of the lattice. This

concentration of field energy in the defect is unique to defect modes and sets it

apart from index guided modes. In the latter mechanism as we saw earlier, the

fields of the resonant modes formed on the light cone are extensive.

6.2.10 Exciting Defect Modes Via Wakefield

The field distribution as shown in figure 6.8 is a profile of an eigenmode. In a real-

istic wakefield scenario, however, a beam excite a broad band spectrum consisting
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Figure 6.8: A defect mode is localized spatially within the defect. Its fields die

out exponentially into the Bragg lattice. This particular mode belongs to the first

black dot in figure 6.7. Here the colors represent the magnetic field in and out

of the page, and the arrows represent the electric field. Some layers of the Bragg

lattice are shaded in navy blue to help guide the eyes.
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of all frequencies in the continuum which meet the Cherenkov resonant condition.

Only the defect mode is guided by the Bragg lattice as all other frequencies start

to diffract and leave the vacuum space as soon as they are created. This scenario

is best studied in the time domain which is typically carried out using computer

simulations. Shown in figure 6.9 is a snapshot of the wakefield interaction as the

beam passes through the vacuum gap of the Bragg structure. Immediately visible

is the Cherenkov cone with its leading apex located at the beam. Non-band-gap

frequencies can be seen leaving the interaction area through the lattice. Defect

modes, however, are trapped and guided in the vacuum channel between the Bragg

stacks. This, in fact, is the basic operating principle behind the Bragg structure

which was experimentally demonstrated in [22]. In the experiment, a single wake-

field mode was detected, which corresponded exactly to the defect mode predicted

by simulations.

6.2.11 Higher Dimensional Photonic Crystals

In the treatment of the Bragg structure above, we have ignored any spatial depen-

dence in the x−direction (kx = 0) and only considered modes with non-zero ky and

kz. In realistic scenarios where structures have a finite (but large) x−width, and a

ribbon beam can be used. If no confinement is provided, the excited modes that is

otherwise confined in the y−direction, will leave the structure through the open-

ing in the x−direction. In the case of the dielectric lined rectangular waveguide,

confinement in the x−direction is provided automatically by the metallic walls.

So, technically, in the Bragg photonic structure, we can employ the same trick for

confinement in the x−direction. Nonetheless, since the very idea of working with

photonic structures was to not use metals in the first place, we must work with

higher dimensional photonic lattices.

Higher dimensional photonic crystals, 2-3D for example, have multi-dimensional

band gap which confine light in all direction. The woodpile lattice is one such

3D photonic crystal with a full 3D band gap as shown in figure 6.10. The omni-
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Figure 6.9: Finite difference time domain (FDTD) simulation showing a broad

bandwidth wakefield excitation. As other frequencies leave through the lattice,

the defect mode can be seen trapped and guided between the Bragg layers. Also

visible in the picture are the beam field and the Cherenkov cone. Here the colors

represent the magnetic field in and out of the page, and the arrows represent the

electric field. Some layers of the Bragg lattice are shaded in light blue to help

guide the eyes.

131



directionality of the band gap is demonstrated by plotting the band structure along

the k−space path that connects some special symmetry points in the Brilouin zone

[21]. Each path which connects any two special points correspond to a specific

direction in real space. For example, ΓK and ΓX ′ are two orthogonal directions.

Orienting the woodpile lattice such that ΓX ′ is made to correspond to the stacking

ŷ direction, ΓK then corresponds ẑ.

The existence of a 3D band gap provides an opportunity to confine modes in all

spatial directions. In wakefield applications, as the excited mode propagates lon-

gitudinally trailing the beam, transverse confinement is possible, for example, by

creating a defect in an otherwise perfect woodpile lattice. The woodpile, however,

is not the only photonic lattice to have a 3D band gap [21]. Its main advantage

over other candidates is that it can be easily fabricated layer by layer and so from

a practical point of view is most feasible to pursue.

Many ideas, for example by Cowan [75], have been proposed to use the woodpile

lattice as an accelerating structure operating in the infrared wavelength. Nonethe-

less, no experimental data is available for such structure due to the difficulty of

structural fabrication and availability of a suitable beam. In the THz wakefield

regime, the challenge of fabrication is somewhat eased. Additionally, there is an

availability of suitable relativistic beam sources. Thus, it is feasible to test many

aspects of the woodpile lattice in this regime. In the experiment chapter, a study

in one such woodpile structure will be presented.

6.2.12 Summary

Photonic crystals are naturally the next step of investigation after slab dielectric

loaded rectangular waveguides. As a candidate for advanced accelerators, pho-

tonic crystals offer a unique characteristic that is its ability to guide fields via the

band gap confinement mechanism. Once applied this mechanism in all 3D, we can

imagine an all-dielectric accelerator capable of operating at very high frequency

and field. The ability of sustaining such high gradients stems from a couple of
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Figure 6.10: Band structure of a perfect woodpile lattice displaying a omni-di-

rectional band gap. The lattice constant a in this case is the combined thickness

of four layers. The letters indicate some special symmetry points on the Brilouin

zone.
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factors. First, the band gap confinement mechanism makes the fields decay expo-

nentially into the photonic lattice. Second, the defect region of the lattice where

the accelerating mode is can be tailored such that an additional field reduction fac-

tor, via direct boundary condition, of 1/ε can be benefited. The two effects can be

independent of one another. The latter reduction is important, for example when

a photonic band gap is absent and field guidance is provided by index guiding.

Most dielectric photonic crystals are fabricated layer by layer and are most likely

formed into Cartesian family of symmetry. They thus inherit all the transverse

wakefield scaling laws discussed in the previous chapter. In a nutshell, they have

all the advantages of a rectangular wakefield structure with the additional field

confinement capability unique to the photonic world.
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CHAPTER 7

Experimental Data

7.1 Introduction

In this chapter, we will discuss the experimental data concerning two important

aspects of advanced accelerators based on the dielectric wakefield mechanism.

They are the newly observed effect of anomalous wakefield damping and the use

of asymmetric (elliptical) drive beams to control transverse wakefield. The obser-

vation of anomalous wakefield damping came as a surprise and is added here as a

reference and motivation as further investigations are under way. Unexpected as

it may seem, it serves to illustrate the need for high field management as advanced

accelerator techniques march forward into regime of ever higher gradients. The

use of elliptical beam in Cartesian symmetric structure is the other main point

of the thesis, and we will discuss two experimental efforts to demonstrate the key

advantage of the use of such combination of beam and structure, i.e. the reduction

of transverse modes.

7.2 Anomalous Damping of THz Wakefield Excited in Cylin-

drical Dielectric Lined Waveguides

7.2.1 Background

The experiment reported here is performed at the SLAC-FACET facility 1as part

of the larger group of DWA experiments under the name ”E201”. Previous work on

wakefield excited in cylindrical dielectric lined waveguides [76] has demonstrated
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excitation of the accelerating wakefield mode, and at FACET, it was demonstrated

that such structure can sustain high gradient in excess of 1 GeV/m [15]. However,

as noted in ref. [15], there appeared to be damping of the wakefield at a larger

than expected rate based on known metallic and dielectric loss. This experiment,

therefore, ensued to investigate the origin of the damping phenomenon. The

structure chosen for this experiment consists of a SiO2 dielectric tube with inner

and outer radii being a = 190 µm and b = 295 µm respectively. The tube is coated

with metal on the outside to form a waveguide. The fabrication method for the

structure used in this experiment can be found in [47]. From here we will proceed

to presenting the set up of the experiment.

7.2.2 Experimental Description

The experimental setup is identical to that described in ref. [47] with the exception

that the radiation is collected at an angle to the axis instead of co-linearly. The

off-axis wave launcher is achieved by cutting the exit end of the tube at an angle.

In this case, the beam axis and the face of the cut form a 55◦ angle. This scenario is

depicted in figure 7.1. Compared to the co-linear approach, the off-axis collection

has two distinct advantages. First, coherent Cherenkov radiation is separated

from other prompt forms of radiation (CDR and CTR). For the highly energetic

FACET beam (20 GeV), prompt radiation is very direct, concentrated within the

1/γ cone where γ ≈ 40 × 103. Since we want to observe the changes to the

wakefield train, it is important to isolate the CCR from CDR and CTR which

at high charge can dominate over the signal we try to detect. Second, the angle

cut makes it easy to extract the radiation. We were able to launch the CCR

to free space without having to use a wave launching horn. Figure 7.2 shows the

spectroangular far field distribution of the CCR where both the TM01, and a small

fraction of TM02 fall within the acceptance angle of the OAP. This capture scheme

where we spatially filter out other modes except for the dominant TM01 is ideal

1Stanford Linear Accelerator, Facility for Advanced Accelerator Experimental Tests.
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Figure 7.1: Schematic the E201 wakefield damping experiment. The tube is cut

such that the beam axis and the cut face form a 55◦ angle. THz radiation exits

the dielectric tube at an angle determined by the cut. The radiation is collimated

by an off axis parabolic mirror (OAP) and sent to the Michelson interferometer.

for monitoring the degradation of the wakefield train that corresponds to a single

frequency. In practice, however, the imperfect beam can excite HEM modes and

complicate the CCR spectrum.

7.2.3 Experimental Results

Effects of Field

The experiment is designed to observe the changes to the wakefield train and

spectrum as the field strength is varied by dialing the amount of charge in the

drive beam while keeping all other parameters the same. The field amplitude

scales linearly with charge as discussed in section 4.1.2 of chapter 4, and has been

benchmarked experimentally in ref. [15]. For instance, figure 7.3 shows the on-

axis longitudinal field corresponding to the case of 1.12 nC drive charge. For this

simulation, the beam size is σx = σy = σz = 40µm. The maximum longitudinal

field seen in this scenario is 560 MV/m. At the highest charge value we used for

experiment, 2.4 nC, the longitudinal electric field is then 1200 MV/m.

Figure 7.4 shows the raw interferogram data for the charge sweep experiment.
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Figure 7.2: Spectroangular distribution of the far field CCR. Here the angle is

with respect to the symmetry axis of the tube such that 0◦ is head on. The OAP

is placed to capture the radiation centered around the 30◦ line with an acceptance

angle estimated at 10◦.The setup allows for capturing the dominant TM01 mode.

Note the simulation assumes the beam is on axis and thus cannot excite any HEM

modes.
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Figure 7.3: FDTD (Meep) simulation showing the longitudinal field on the axis

of the dielectric tube. The charge profile is seen in solid black curve. For this

simulation, the total charge used is 1.12nC. The short beam (σz = 40µm) excites

multiple harmonics

From top to bottom, it is clear that as charge is increased from 1.12 nC (Ne =

0.7e10) to 2.4 nC (Ne = 1.5e10), the interferograms degrade progressively. Since

the longitudinal electric field Ez corresponding to the TM0n modes is uniform in

the vacuum channel and continuous across the vacuum/dielectric boundary, we

can use this to estimate the actual field amplitude in the dielectric. The picture in

the frequency domain as shown in figure 7.5 is consistent with what is observed in

the time domain. Here, it can be seen clearly that as the drive charge is increased,

the bandwidth of the TM01 mode is also increased correspondingly indicating a

degradation of the wave train. Finally, to complete this analysis, the Kramer-

Kronig (cf. section 3.9 of chapter 3) reconstruction method has been applied to

obtain the actual wavetrain as a function of time. This is shown in figure 7.6, and

while it does not add to the message thus far, it helps to illustrate visually the

wakefield damping phenomenon.
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Figure 7.4: Data showing the inteferograms of CCR resulted from wakefield driven

by decreasing charge in the same dielectric lined waveguide. For direct amplitude

comparison, the raw data interferogram traces have been put in the same set of

axes and arbitrarily displaced vertically for clarity. The label indicate the number

of electrons in the drive bunch. It is clear from this time domain measurement

that the wakefield is progressively damped as the charge is increased.
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of the TM01 modes can be seen to increase with drive charge, consistent with the

time domain picture. Note that a trace amount of TM02 can also be seen in the

spectrum.
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Figure 7.6: Kramer-Kronig reconstruction of the wakefield waveform for the cases

of the charge ramp experiment as shown in figure 7.4.
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Effects of Ionizing Radiation

A distinct possibility for the cause of the extra free carriers in the dielectric is the

presence of ionizing radiation (X-ray, gamma-ray) and free electrons in the beam

halo. Such phenomenon was termed radiation induced conductivity and has been

studied in various insulating materials [77, 78, 79]. The studies with direct charged

particle beam, however, were done at lower energy. The effects of highly energetic

electrons on the conductivity of dielectric have not been well studied. At 20 GeV,

halo electrons can cause a cascade of particles known as electromagnetic shower.

Highly energetic electrons lose their energy through Bremsstrahlung photons (X-

ray and gamma-ray) which further interact with matter through (e+, e−) pair

production [80]. To rule out the possibility of radiation induced conductivity in

our setup, a separate set of experiments were performed. To this end, while the

total charge was kept fixed, (Ne = 0.9e10) the electron beam was deliberately

spoiled by an aluminum target placed approximately 45 cm upstream of the tube

entrance. The target thickness represents different degree of beam spoilage. As

the beam is progressively spoiled, more scattered electrons intercept the dielectric.

If direct ionizing radiation impact is the cause extra charge carriers, we should be

able to observe progressively degraded CCR wave train with thicker spoiler.

In our case, the spoiler comes in the form of a wedge with known angle. By

translating the wedge in and out ot the beam path, the thickness can be adjusted.

For this experiment, several values of thickness between 0 and 9 mm were used. As

an example, applying the Highland’s approximation formula for multiple Coulomb

scattering [81], and use the aluminum’s radiation length value of 89 mm [82], the

scattering angle at the exit of the 10 mm spoiler is 210 µrad. That is at the

entrance of the tube, the initial beam of σir = 30 µm was blown out to σfr = 124

µm, enough for the Gaussian tail of the beam to intercept the dielectric.

Figure 7.7 displays the data for the spoiler experiment. We see that as the

thickness (labeled) is made progressively thicker from 0 mm (no spoiler) to 9

mm, no obvious degradation of the CCR waveform is observed. In fact, careful
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inspection reveals that the waveform actually improves. Scattered electrons which

do not overlap with the vacuum channel of the tube do not couple the TM01 field,

thus lessen its magnitude. This is a clear indication that direct electron impact

could not have caused the induced conductivity observed in the charge ramping

case.

7.2.4 Discussion

While the dielectric material (fused silica) and the metal coating have a small

but finite conductivity [83], their contributions should not change. The observed

phenomenon therefore cannot be explained from simple loss calculations based on

these known sources of dissipation. From the available data, we can make the

following observations about the new wakefield damping effect.

1. It is a function of field strength. This is evident in the charge sweep exper-

iment. As the field amplitude (charge) goes up, so does the strength of the

damping.

2. The effect lasts longer than the field. Ordinarily, if the charge carrier popu-

lation responses promptly to the field strength, we should expect the dissi-

pation to stop as the field drops down below a certain threshold. What we

observed is that once conductivity is induced, it tends to stay long enough

to damp the field to zero. Considering the theoretical undamped TM01 CCR

pulse length of 222 ps (3 cm long tube, vg = 0.31c), the life span of the free

carrier population must be longer than that.

3. No permanent material change was observed. Once the extra carriers at

last decay to the valence band, the dielectric material does indeed return to

its original state. This is evident in the fact that after being driven by the

highest charge, wakefield behavior observed earlier with a lower charge was

reproducible.
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observed.
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Macroscopically, the damping magnitude can be estimated by a single damping

parameter α which quantifies the rate of exponential decay, so that the behavior

in the time domain of the pulse can be simply modeled by exp(−αt)exp(−iω0t),

where ω0 is the TM01 frequency. Because of the existence of other modes, however,

it is most convenient to fit in the frequency domain where the asymmetry of the

line shape can be taken into account by a simple modification to the Fourier

transform of the time domain waveform [84] 1. The fit model is given by 2:

∣∣F (ω)
∣∣2 =

Aα2

α2 + (ω − ω0)2

α→ 2α

1 + exp(bω−ω0

ω0
)

(7.1)

where the left hand side of the first equation is the measured power spectrum

and the substitution for α is to take care of the line width asymmetry as noted.

Figure 7.8 shows the result of fitting equation 7.1 to the data. The damping

parameter α can be seen to increase monotonically with charge. Note that in

order to compare with low field value of the damping constant for fused silica in

literature [85, 86, 87, 83], our value of α must be multiplied by a factor of two. At

our TM01 frequency, the measured damping constant, even at the lowest charge

value, far exceeds the low field value from reference [83] where a damping constant

of less than 0.5 cm−1 was reported. In figure 7.9, the wakefield response to several

values of conductivity is shown. Based on this, and the shape of the measured

wakefield response, we can estimate that the induced conductivity is in the order

of 1 [1/Ωm].

While more experimental investigation is required to clarify the microscopic

origin of the wakefield damping phenomenon, one may postulate the mechanism

responsible for the observed carrier generation. What is novel about this effect

is the spectral range in which it is observed, i.e. THz. At this long wavelength

1This frequency domain fit method is originally due to Brendan O’Shea for a manuscript
concerning wakefield damping intended for publication.

2The extra factor of α2 in the numerator of equation 7.1 is empirically added to help make
the fit easier.
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Figure 7.8: Result showing damping parameter as a function of charge in the

drive beam by fitting equation 7.1 to the data. It is obvious that α increases with

charge, the conclusion reached earlier.
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Figure 7.9: Simulations showing wakefield under the influence of a finite amount

of material conductivity. As expected, dissipation is directly related to the mag-

nitude of the conductivity. Note simulations here are only illustrative, and do

not reflect the exact geometric parameters of the dielectric tubes used in the pre-

sented experiment as evident in the difference in the TM01 frequency. Nonetheless,

it helps us to place a crude estimate of the conductivity induced. Based on the

shape of the damped waveform, the induced conductivity should be in the order

of σ ∼ 1 [1/Ωm].
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regime, the photon energy is orders of magnitude lower than the band gap of SiO2

(∼ 9eV). This alone rules out the possibility of valence-conduction band excitation

by direct photon absorption. Instead, the appropriate regime for us is one which

strong field interacts with the material adiabatically. Carrier generation gated by

strong field in both semiconductors [88, 89] in the THz, and insulator (SiO2) in

the infrared [90] has been reported. Two important effects occur in this regime.

First, strong field distorts the electronic band structure of the material via the

Wannier-Stark effect [91] causing the valence and conduction bands to cross, i.e.

closing the band gap. Second, localization of Wannier-Stark states at the same

lattice sites further increase the valence-conduction tunneling probability [92]. The

valance and conduction bands form an anti-crossing region where valence electrons,

can pass adiabatically into the conduction band [90] creating a carrier population.

Once promoted to the conduction band, electrons continue to experience the strong

adiabatic field, as they gain energy, they can create more conduction electrons via

direct collisions with valence electrons in a process termed carrier multiplication

[88]. The ponderomotive energy that the electrons have in field such as described

in our case is in the keV range, much larger than the electronic band gap for

SiO2 (9eV). Once the field dies out, the relaxation process can be as long as

nano-seconds [88]. Thus potentially explaining the long life time of the observed

conductivity.

Its physical origin asides, the effect has consequences on advanced accelerator

research, particularly on dielectric wakefield. It was demonstrated in ref. [15]

that the damping does not affect drive-witness acceleration when the witness part

consists of a single witness bunch. Even when the damping is severe, the distance

between the driver and the witness bunch are usually short enough such that the

exponential damping (exp(−αt)) is still gentle. Multi bunch acceleration, i.e. a

train of witness bunches, however, cannot be done when damping occurs thus

severely limits advanced applications of the DWA technique. Moreover, damping

also puts severe constraints on DWA-based THz light source applications. There-

fore, it must be addressed in order to carry the technique forward.
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While possessing many advantageous properties such as its simplicity, its strong

beam-structure coupling, and the uniformity of longitudinal field of its TM01 mode,

a cylindrical dielectric lined waveguide also possesses a flat vacuum/dielectric in-

terface which makes it susceptible to strong field effects in the dielectric. Due

to boundary condition, the strong Ez field is continuous at the vacuum/dielectric

boundary therefore letting the strong field to penetrate the material. This is a

motivation to look into designs with non-flat vacuum/dielectric boundary, as well

as designs that can confine fields to the vacuum channel. The woodpile structure

presented later in this chapter is one such attempt at exploring the possibility of

using photonic crystals and design with non-flat vacuum/dielectric interface.

7.3 Measurement of Integrated Transverse Kick in Dielec-

tric Slab Structures

7.3.1 Background

This experiment part of the E201 series of experiments performed at the SLAC-

FACET facility. Here, we explored the transverse wakefield strength in relation to

the flatness of the beam which is quantified by its aspect ratio, σx/σy. The idea is

to excite dipole wakes by offsetting the drive beam away from the symmetry axis

of the structure then measure the total transverse deflection of the beam. While

σy is kept fixed, σx is stretched out, and we expect that as the beam gets flatter,

the integrated kick gets smaller as described in section 5.3.5 of chapter 5.

7.3.2 Structures and Experimental Setup

The simple metal-clad dielectric slab structure used for this experiment is similar

to the cartoon depicted in figure 5.1 of chapter 5. Here the SiO2 slabs are 240µm

thick, and the vacuum gap is 480 µm. The width in x is 2 cm, and the length

in z is 1 cm. The beam contains 3 nC of charge and its bunch length is σz ≈ 40

µm. σy ≈ 40 µm, and is kept fixed. To quantify the aspect ratio of the beam,
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Figure 7.10: Schematic of the setup to measure transverse kick from dielectric a

slab structure. As the beam is offset from the axis of the structure, it excites

dipole wakes which impart transverse kick to the beam. The beam displacement

is measured by a beam position monitor (BPM) situated about 7.4 m downstream

of the structure.

we used an optical transition radiation (OTR) screen placed near the center of

the structure. A Gaussian function can then be fitted over the OTR images to

determine the exact beam’s transverse size. At the interaction point, the beta

function in the narrow (y) dimension of the beam is βy ≈ 0.5 m. This is plenty

large to get the beam through the 2 cm length of the structure. Typically when the

σx is stretched out, βx � βy, further guaranteeing the passage of charge through

the structure without scraping.

The setup is schematically sketched in figure 7.10. Here, the main detector is

a beam position monitor (’BPM3315’) which is positioned approximately 7.4 m

downstream of the structure. To help with data statistics each data point is the

average of 46 shots.

7.3.3 Data and Analysis

Figure 7.11 shows the displacements for various beam aspect ratios and their

corresponding offsets. The vertical axis is the amount of downstream displacement

measured by the beam position monitor (’BPM3315’) at the distance of 7.4 meters

away from the structure’s center. This displacement represents the integrated kick
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Figure 7.11: Data showing downstream displacement as a function of both beam

displacement and transverse ratios as labeled. Error bars represent the 95% con-

fidence level for each data point. For each beam, a linear function was used for

fitting purposes.

caused by dipole fields excited as the beams are offset. Generally, we see that the

downstream displacement increases monotonically as a function of beam offset.

Moreover, it gets smaller as the beam gets wider. In the ensuing analysis, we fit

a linear function to each beam. While the exact functional is given by equation

5.88, i.e. sinh(kxy0), for small values of kxy0, sinh(kxy0) ≈ kxy0. In figure 7.12,

the slopes of the linear fit are plotted against the aspect ratio of the beam. To

determine the reduction rate of the transverse deflection as a function of the beam

aspect ratio, the slopes were fitted to a model of the form A/(σx/σy)
p wher A, p

are the fitting parameters. The result of this fit is displayed in the red dashed

curve in figure 7.12. The fit indicates that p = 1.075.
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Figure 7.12: Slopes of the linear fit as shown in figure 7.11. The error bars

represent the 95% confidence interval values. Using these slopes, another fit to de-

termine the reduction rate of the transverse deflection was made and shown as the

dashed red line. The fit indicates that the reduction rate goes as ∝ 1/(σx/σy)
1.075
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7.3.4 Discussion

As discussed in section 5.3.5 of chapter 5, depending on the symmetry of the

modes, the transverse components of the wakefield inside the structure die out fast

E⊥ ∝ 1
σ2
x
, 1
σ3
x
. At the same time, the longitudinal component dies out much slower,

at Ez ∝ 1
σx

. This is in deed the crux of the advantage of using slab symmetric

structures. Although the gradient is reduced as the beam is stretched out, the

transverse forces which affect beam stability are reduced much faster per unit

charge. For our case, we measured a transverse kick reduction ∝ 1/σx. However,

this does not contradict the theoretical prediction. To see this, we must realize

that the predicted transverse kick reduction discussed in chapter 5 is taken at the

limit where kz � kx ∝ 1/σx. In other words, σx � λ, the beam width must be

much greater than the wavelength of the transverse deflecting mode in question.

For the structure for which the measurement was made, the wavelength of the

lowest order LSM dipole mode is about 1 mm. Even for the widest beam that we

used, the beam width is σx ≈ 200 µm. This is smaller than the wavelength. Thus,

for this experiment, although the beam was made elliptical, it was not yet in the

flat beam limit.

7.4 Woodpile DWA Spectral Measurement

7.4.1 Motivation

In addition to the integrated kick measurement presented previously, one may

also probe the wakefield content by looking at its spectrum. Changes in the

wakefield spectrum as a result of a beam displacement can be attributed to, with

an few exceptions explained later, excitation of transverse wakefield modes. If the

experiment is repeated for two beams, one of round and one of flat aspect ratio,

reduction of transverse wakefields can be deduced from observing the changes

in the wakefield spectrum. The measurement can be further benchmarked to

simulations in both the frequency and time domains.
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7.4.2 The Woodpile Structure and Its Fabrication

The wakefield study conducted here is based on a structure having Cartesian

symmetries, constituted of discrete, periodic dielectric rods that are formed in the

so-called woodpile geometry, schematically shown in figure 7.13. The introduction

of the woodpile lattice into with this symmetry class marks, the first time that

a 3D photonic crystal is incorporated into a DWA structure. In embarking on

a comprehensive investigation of 3D photonic structures, the woodpile lattice,

which entails relatively simple and well-known photonic properties, may serve as

the first stepping stone from which systematic refinements can be made. The

single-period woodpile structure studied here contains all basic modal ingredients

from which more sophisticated structures can be understood. Our goal here is

thus to experimentally demonstrate control over excitation of these modes.

As a first experimental exploration of the wakefield structure excited in a 3D

photonic environment, our woodpile was constructed without the features that

allow for a full photonic band gap [75]. As is discussed below, wakefield modes are

resonantly formed on the edge of the light cone; the modes extend into the sur-

rounding vacuum due to the lack of strong field confinement and evanescent fields

are present. This ”leaky” confinement, in fact, works to our experimental advan-

tage here. Modes, once formed, propagate down the length of the structure and

are easily extracted into free space, due to diminished impedance mismatch. The

coherent THz radiation that forms the wakefield mode is thus launched straight-

forwardly into a quasi-optical transport line leading to detection systems that

measured its spectral properties.

The features of the structure can be seen in figure 7.13. Each sapphire Al2O3

rod is 125 µm in diameter. Sapphire is an aluminum oxide in crystalline form that

has long been a candidate for sub-mm DWA applications due to its mechanical

robustness, high damage threshold [93], low loss, and a relatively high dielectric

constant in the THz frequency range [83], ε ≈ 10.5. Each of the two identical

halves that makes up the structure consists of a full single woodpile stacking
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Figure 7.13: Schematic of the DWA woodpile structure with detailed dimensions.

period [94, 21]. As seen in figure 7.13, the main periodicity in both the wide

transverse x- and the longitudinal z-direction is 375 µm, and the vacuum gap that

the beam traverses has a vertical clearance of 250 µm. The rods in the two rafts

that are immediately below and above the drive beam run perpendicular to the

beam axis, an orientation that serves to suppress field penetration and augment

the longitudinal component of the wave. There are 28 of these periods in the z-

direction, equivalent to a length of 10.5 mm, and 16 in the x-direction, equivalent

to 6 mm, in total.

Given the sizes that are involved, sub-mm features with relatively thick stack-

ing, a manual procedure was developed to assemble the individual sapphire rods

into place, and a holder (figure 7.14) was designed to assist with the weaving pro-

cess. After a few iterations of trial and error, the holder was made by the method

of wire EDM on steel. An earlier version of the same piece but with aluminum

proved unsuccessful as the walls of the thin slots bent during the manufacturing

and post handling process (see firugre 7.15). The width of the slots were made

about 10% larger than the quoted size of the sapphire rods first to accommodate

any discrepancies and second damages due to friction when sliding the rods down

the slots. For this structure, the slots are cut down to 1 mm depth so that in full it

could accommodate a stack of eight layers of rods. Future versions of the woodpile

with more layers can be fabricated with the same method. However, deeper cuts

in steel are more expensive as the risks of wall bending and slot tapering increase
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F

Figure 7.14: Design of rod weaving holder. Blowout view shows the cross slots cut

into the walls of the assisting device. Each slot is 133 µm wide and 1 mm deep.

The slot-to-slot distance is half of the in-plane period, 187.5 µm.

with depth.

The cross cut pattern of the assisting holder allows the structure to be made

layer by layer. After laying down the first layer, the next layer which runs perpen-

dicularly to the one just laid was positioned right on top of it, and the process can

continue until the entire depth of the slot was filled. Up until this point, all rods,

though in place, are held together only by the forces of gravity and the support

of the assisting piece. To secure the structure so that it can be lifted off in one

piece and be ready for experiment, vacuum compatible glue was applied to the

overhanging portion of the rods outside the area of interest which can be seen in

figures 7.16 and 7.17.

The woodpile structure was set inside a metallic launcher waveguide as shown

in figure 7.18. The purpose of this piece was two folds, first, for protection and

experimental handling of the structure, and second for launching the wave properly

for optical transport. The dimensions of the launcher are large enough so that its

interaction with the beam does not contribute significantly to the total wakefield
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Figure 7.15: Actual rod weaving holders. The thickness of each free standing wall

is 60 µm at the depth of 1 mm (∼ 1 : 17 aspect ratio) making it very fragile during

the cut and post handling processes. a) Aluminum walls are bent. b) Steel walls

are sturdy and reliable.

Figure 7.16: One stage of the woodpile fabrication process just before glue was

applied to the overhanging rods outside the area of interest so that the whole piece

can be lifted off. Inset shows an SEM image of the finished lattice as looked from

top down.
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Figure 7.17: The structure after being lifted off from the holder piece and a US

penny for size comparison.

response. The cut-off frequencies for the two dominant modes TE10 and TM11 of

the of the launcher are 12.5 GHz and 39.5 GHz respectively, far lower than the

frequency response of the woodpile structure.

7.4.3 Eigen Mode Calculation

Unlike the simple slab structure whose normal modes (LSE/LSM) can be solved

for analytically [66], the photonic nature of the woodpile requires numerical meth-

ods to obtain its modal structure ω(~k). Wakefield modes are then solved for by

invoking the Cherenkov condition [95], ω(~k⊥, kz) = ckz, where, for clarity, the

wave vector has be separated into its longitudinal and transverse components.

While a point-like beam can excite all possible modes, we can limit coupling to

large wave vectors by tailoring the Fourier content of the beam. Adjusting the

beam bunch length, σz, allows us to select the highest kz, and therefore frequency.

Similarly, the beam width, σx, directly affects the contribution of kx to the wake-

field spectrum [67]. The advantage of having large σx is not only decoupling from

unwanted non-zero ~k⊥ modes, but more importantly, also decoupling from net
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Figure 7.18: Bottom half of the wave launcher with in which the woodpile structure

is set. The railing inside the launcher is where the overhanging portion of the

structure is supported and the woodpile is suspended symmetrically between the

ceiling and the floor of the waveguide. The downstream flare is used to gradually

launch the radiation out to vacuum for optical transport.

transverse forces, ~F⊥ ∝ 1/σ2
x, as discussed for Cartesian symmetry structures in

Ref.[16].

As the major emphasis of the presented experiments on the woodpile is an ex-

amination of the wakefield frequency spectrum, to orient the reader to the salient

aspects of this photonic structure, we first introduce a computational analysis

of the modes that can be excited via the wakefield mechanism. We begin by

examining first the structure’s frequency domain properties, and review the com-

putational investigation of the most important structure eigenmodes. To perform

this analysis [96], we make the following three simplifications. First, we assume

that the eigenmodes of the real finite structure are similar to those of an infinite

(in x-z plane) but otherwise equivalent structure. This assumption affords use of

the simple unit cell shown in the inset of figure 7.19, thus avoiding all the com-

plications related to the use of a full super cell. Second, to emphasize first the

dominant accelerating modes, particularly those preferentially excited by strongly

160



ω
a/

2π
c

k
z
a/2π

0 0.1 0.2 0.3 0.4 0.5
0

0.1

0.2

0.3

0.4

0.5

0

0.1

0.2

0.3

0.4

F
re

qu
en

cy
 [T

H
z]

Figure 7.19: Band diagram for the woodpile structure showing three symmetric

accelerating bands as a function of longitudinal wave vector. Left vertical axis

shows normalized frequency, a = 375µm. Right vertical axis is real frequency in

unit of THz. The inset shows the unit cell used for the eigenmode calculation.

elliptical σx/σy � 1 beams, we restrict our attention only to the eigenmodes with

purely longitudinal wave vector, ~k = kẑ. Third, we further restrict the eigen-

modes to only even symmetry (accelerating modes) defined as follows. Placing

the origin of the coordinate system in figure 7.13 so that the x-z plane bisects the

vacuum gap, the woodpile possesses two mirror symmetry planes (x=0 and y=0)

where ε(~r) = ε(M · ~r), and the mirror operator acting on a vector is defined as

Mx · 〈x, y, z〉 = 〈−x, y, z〉 and My · 〈x, y, z〉 = 〈x,−y, z〉. For modes propagating

in the z-direction, the field is either even (+) or odd (−),Mi · ~E(Mi ·~r) = ± ~E(~r)

where i = x, y. A symmetric mode is even under both mirror reflections. As we

shall see momentarily, all these three assumptions are justified for drive beams

with large aspect ratio.

7.4.4 Time Domain Calculation

To demonstrate the effects of beam aspect ratio and beam offset on the beam-

structure interactions, and their manifestation as detectable changes to the wake-
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Figure 7.20: (Color online) FDTD simulations showing a snapshot of the wakefield

left behind by the beam as it interacts with the structure. Here, the arrows

represent the electric field, and the colors represent the magnetic field in the

direction in and out of the page.
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Figure 7.21: (Color online) FDTD simulations showing spectral changes as a result

of varying the beam’s σx/σy (1:1 and 10:1) and centroid offset (on- and off-axis) as

labeled. For the off-axis cases, the beam is displaced by 1 mm in the x-direction

which is the scenario used in experiment.
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field spectrum, we have performed finite-difference time-domain (FDTD) simula-

tions using the free software package meep [97]. The structures in these simula-

tions are similar to the real device, and the beams were modeled as a relativistic

(|~v| = c) rigid current source with Gaussian distribution in all three dimensions.

Figure 7.20 shows the wakefield excited by a beam traversing the vacuum channel

of the structure. What can be seen trailing behind the beam are both the part

of the field that is extensive and the part of the wake that is concentrated in the

vacuum channel. A close inspection of the the rods in the first two rafts closest to

the beam indicates that the electric field vectors are mostly perpendicular to the

surface of the rods thus enforcing the 1/ε field reduction by boundary condition

discussed above.

To obtain the wakefield spectrum, we calculated the Poynting flux through a

plane that bisects the structure and is oriented normally to the direction of the

beam. The area of the plane was made sufficiently large to capture all significant

contributions to the electromagnetic waves in the structure.

In figure 7.21, we summarized the wakefield Poynting flux for four different sets

of beam parameters which are permutations of two aspect ratios, σx/σy = 1 : 1

and 10:1, and two offset states, on- and off-axis, where the axis is defined by the

symmetry line x = y = 0, and with all parameters set to reflect the experimental

scenarios discussed below. We see clearly that the wakefield spectrum excited by

the 1:1 beam (top panel) is rich for both in-plane and out-of-plane driving beams.

In contrast, the spectrum driven by 10:1 beam (bottom panel) is much simpler

and is rather insensitive to beam displacement compared to the round beam case.

This reflects the well-known theoretical observation that a large σx (on the scale

of the vacuum wavelength) serves to reduce the transverse wakefield [16].

Furthermore, with a few exceptions, the spectrum for the 10:1 cases resemble

the predictions made in the band diagram for the symmetric (accelerating) modes.

We can easily identify all three symmetric modes of figure 7.19 in the wakefield

spectrum of figure 7.21, i.e. the fundamental at 185 GHz, the negative group
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velocity mode which shows up as negative Poynting flux at 350 GHz, and immedi-

ately followed by the third mode. Pertaining the same 10:1 cases, the finiteness of

the structure and the beam in the time domain causes extraneous transient elec-

tromagnetic excitation unaccounted for in the frequency domain. Now referring

back to the wakefield spectrum of the 1:1 on axis case, we can still recognize the

same three symmetric modes among the many that are excited. Since the in-plane

beam cannot couple to transverse modes, the additional modes observed in the

time-domain must be wakefields having non-zero ~k⊥. The same can be stated

about the 1:1 out-of-plane case, except that its spectrum also contains transverse

wakefield modes. It is clear from this simulation exercise that the elliptical beam

decouples from ~k⊥ modes and transverse deflection modes.

7.4.5 Experiment and Results

Experimental Program

The execution of the experiment generally followed the scheme outlined in the

time-domain simulations. First, the wakefield spectrum was measured for the cases

when the beams passed through the structure on-axis, and then the measurements

were repeated with the beams displaced off-axis to observe the changes to the

wakefield due to this asymmetric excitation. Considering the very tight vertical

clearance of the vacuum gap (250 µm), we were limited mostly to introducing a

horizontal offset. Furthermore, the use of x-offset in this case also allows us to

probe excitation of the field variation in x, that is, mode with non-zero kx which

plays a significant role in single-bunch beam breakup, or ”flute” in stability [16].

In the end, a 1 mm horizontal offset was used. This was far enough from the

axis to register substantial changes to the wakefield spectrum, and yet the beam

was still far enough away from the edge of the structure to avoid direct impact.

From x-y coupling in the motorized stage that supports the structure, the 1 mm

horizontal translation also served to introduce a small 50µm vertical offset. To

measure the coherent Cherenkov radiation (CCR), which is the radiative form of
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the wakefield, we adopted the Michelson interferometry technique employed in

[76, 19, 22] and discussed in chapter 3, section 3.7. Measurements are made in

the far field, and although we lose the symmetry information of the modes in the

transport and detection scheme used, the frequency information is well preserved

and can be easily measured using Michelson interferometry.

Beam-Structure Alignment

Beam-structure alignment is a challenging task because of the complex nature

of the dielectric structure. To make sure the beam go through the accelerating

vacuum channel, we used several strategies for alignment going from coarse to

fine. Because of the nature of the vacuum channel, which is small vertically, very

large and open horizontally, the vertical alignment is more crucial to avoid beam

loss due to scraping. In order to carry out the beam displacement experiment to

excite transverse wakefield modes, we needed to establish the central axis of the

structure.

The experimental setup is shown in the schematic diagram of figure 7.22. Both

the electron beam and the ”beam line laser”, L1, are aligned to a set of fixed points

along the beam line. During the installation period, the structure is aligned to

the laser (L1) to as good as the eye permits. This coarse alignment necessarily

puts the structure to near where it needs to be for the fine alignment to follow.

Because the structure’s beam channel is flat instead of cylindrical, a cylindrical

lens (CL) can be used to form a flat laser beam to facilitate further alignment.

This is especially useful for aligning the roll angle of the whole structure. With

respect to the horizontal plane, the structure needs to be as flat as possible.

Fine alignment is carried out after the vacuum chamber is closed and access

to the structure is done remotely via the motorized stage. In addition to the

transverse translation (x,y), the stage permits pitch and yaw adjustment. First,

the edges of the wave launcher which contained the structure are located. The

laser spot can be put to the point equidistant to the two vertical edges and the
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Figure 7.22: Schematic (not to be scaled) of the data collection scheme. Inset

shows part of the actual implementation inside the vacuum chamber. THz radia-

tion generated from the beam-structure interaction is routed out of the chamber

through a TPX window. Its spectrum is obtained by employing a Michelson in-

terferometer.

two horizontal edges. This should put the laser spot close to the central axis of

the structure. Using a screen immediately downstream of the structure, diffrac-

tion pattern can be used to optimize further alignment. We look for the stage

coordinates which correspond to the most symmetric diffraction pattern (figure

7.23). During the experiment, a final touch up alignment is done directly with

the electron beam. Using the Faraday cup downstream of the structure to read

charge transmission, we can finally make sure the beam is where it needs to be.

Beam Tuning

At the Brookhaven National Laboratory Accelerator Test Facility (BNL ATF),

where the experiment was carried out, 57.6 MeV electrons bunches having nor-

167



Figure 7.23: An alignment strategy utilizing the diffraction pattern the He-Ne

laser makes with the structure. Left panel: pattern of He-Ne laser without the

structure. Right panel: pattern with the structure where layers of the woodpile

can be recognized.

malized emittance εn =2 mm-mrad were focused to desired transverse beam sizes

and waist location by a set of upstream quadrupole magnets. The beam aspect

ratio, σx/σy, was measured by fitting its size on four beam profile monitors in the

drift section downstream of the final magnetic focusing element. This method was

discussed in chapter 2, section 2.7. For the results presented in this thesis, two

beam transverse ratios were established (corresponding to the FDTD simulations),

1:1 and 10:1. We refer to these cases as round and elliptical beams, respectively.

To ensure passage of the beam through the structure, the beam vertical size at

the waist was set to σy ≈ 50 µm. Minimal beam loss due to scraping the struc-

ture was confirmed by a Faraday cup located downstream of the structure. It was

determined that ∼ 10% of charge was lost to the structure for both cases, and

that on average the round and elliptical beam contained 150 pC and 235 pC of

charge respectively. We note here that the difference in charge does not affect

our results, as charge only contributes to the magnitude of the field and not its

frequency content.
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CDR Data and Radiation Transport Efficiency

When the structure is pulled out of the beam, THz coherent diffraction radiation

generated from the beam exiting through the OAP’s small hole can be measured.

Coherent diffraction radiation, as discussed in chapter 3, section 3.8, is broad

band, characteristic of a prompt radiation, and can be used for two purposes, first

to determine the bunch length of the beam as will be discussed shortly, and second

to probe the efficiency of the radiation transport line. Figure 7.24 shows the field

autocorrelation (top panel) of the CDR signal and the corresponding spectrum

(bottom panel). The broadband width CDR is modified by several effects. First,

there is an overall roll off of the spectrum due to the Fourier content of the bunch

length. Second, the very low frequency (< 50GHz) range is characterized by high

loss due to diffraction of the long wavelength components. Finally, the CDR

spectrum contains a regular series of dips which can be attributed to the etalon

effect caused by a window in the detector [98]. In the frequency domain, all these

effects contribute multiplicatively to the CDR power spectrum and can be modeled

as follows:

P (f) = A

(
1− exp

(−f 2

2f 2
c

))2

× exp
(−(2πf)2

1/σ2
t

)
× 1

1 + Fsin2(2πtnf/c)
(7.2)

where A is an arbitrary factor and the other three terms correspond to the long

wavelength loss, the bandwidth roll off, and the etalon effect which produces

periodic dips in the spectrum. Fitting the CDR spectrum to the above model,

we extract the following parameters listed in table 7.1. The index of refraction

and thickness of the window extracted parameters are close to the specifications

provided by the manufacturer (Infrared Lab) of n ∼ 1.5 and t ≈ 1.65 mm 2.

The CDR spectrum contains spurious modes due to destructive interference

through the etalon effect, and thus one needs to be careful in proceeding with

the CCR signal obtained later. We note, however, that the non-uniform radiation

2In fact the window is specified as a Φ = 1 inch diameter wedge with minimum and maximum
thickness at 1.016mm and 2.286mm respectively.
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Parameters Value Unit Comment

fc 22.5 GHz Characteristic transport cut off frequency

σt 227 µm Beam bunch length

F 1.78 Unitless Coefficient of finesse

t 1.18 mm Thickness of window

n 1.73 Unitless Window’s index of refraction

Table 7.1: Parameters obtained from fitting equation 7.2 to the CDR spectrum.

transport efficiency spectrum is un-changing during the entire experiment. So then

direct comparison between it and the CCR spectrum can be made to eliminate

spurious fake modes. An example is given in figure 7.25 where it is clear that the

CCR spectrum which contains the wakefield modes is distinct from that of the

CDR spectrum. The peaks are not only shifted away from the CDR ”peaks”, but

are also much more intense. We had to normalize each spectrum with its maximum

value so that the two can be put in the same set of axes. Having established the

necessary background, we will now move on to discussing the CCR data which is

the main part of the experiment.

CCR Data Analysis

The frequency content is indeed set by the bunch length, which must be of sub-

picosecond scale to ensure the coherent excitation of modes. We employed coher-

ent diffraction radiation (CDR) [99] to non-destructively characterize the beam

bunch length. A 2.5 mm aperture was used to generate CDR whose duration was

measured using the Michelson interferometer. We determined by direct fitting

[100] that σz ≈ 250 µm. This dimension was checked, and its invariance deter-

mined, regardless of aspect ratio. This guarantees that the beams always access

the same spectral region, and that any differences in the wakefield are only due to

the transverse dimensions and offsets introduced. In figure 7.26, we show the four

CCR field autocorrelation interferograms. As before, we categorized them into
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lation showing periodicity on both wings of the scan. Bottom: spectrum (blue) as

the result of Fourier transforming the CDR field autocorrelation and Fabry-Perot
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intensity so that they can be put on the same set of axes. It is clear that the CCR

spectrum is distinct from CDR. The example CCR spectrum was driven by a 10:1
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two groups according to aspect ratio. Periodicity observed on the wings of the

interferograms indicates the presence of modes. We see clearly that the recordings

for the 1:1 beam contain more oscillations and are more sensitive to offset than

those for the 10:1 beam. In fact, this is even more obvious when we examine the

obtained frequency spectrum of figure 7.27. Again, the behavior is similar to what

is observed in the Poynting flux in figure 7.21. The 10:1 beam decouples from ~k⊥

modes as well as any transverse wakefield modes excited as a result of displace-

ment. We also note that unlike the Poynting flux in simulation which captures

all energy flow in both forward and backward directions, we only detect in the

forward direction and hence cannot observe a backward propagating wave.

Numerical Error in MEEP FDTD Simulation

The absolute value of the frequency of the fundamental mode in the simulation

(bottom panel of Fig.7.21) appears higher than the measured value. It is noted,

however, that the measured mode agrees well with the prediction made in the

frequency domain simulation which is shown in details in Fig. 7.28. The first

woodpile band has a broad band resonance with the beam (the band overlaps with

the beam line over a broad range of frequency), and the upper cut-off frequency is

around 150 GHz. This is indeed seen in the measurement. In contrast, the FDTD

simulation shows the fundamental peak centered at ∼185 GHz and cut-off at ∼200

GHz. At resonance, the fundamental mode has both phase and group velocity

equal to the speed of light in vacuum. This makes it susceptible to error within the

FDTD algorithm due to inherent numerical dispersion [101, 102]. Unfortunately,

MEEP suffers from this malady 3. That being said, the FDTD (MEEP) simulation

results are not all together invalid. They are consistent qualitatively with both

the frequency domain simulation and analytical theory.

Finally, as an exercise of caution to double check the point about numerical

3This is easily tested by doing a Cherenkov radiation simulation where the beam propagates
at a velocity below the threshold in an isotropic medium.
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Figure 7.28: The first woodpile band showing broad band resonance with the

upper cut-off (where the band and the beam line diverge) around 150 GHz. The

band shown here is the same as in figure 7.19 with the light cone and the two

higher order bands removed to increase clarity.

dispersion, a similar beam driven simulation was carried out using a different

FDTD package 4. The result is shown in figure 7.29. Here we see that the central

and upper cutoff frequency of the fundamental wakefield mode are now correctly

placed. Note that unlike MEEP, this simulation is only set up to capture forward

propagating waves and thus ignoring modes with negative group velocity.

7.4.6 Summary

In summary, we have performed a THz wakefield experiment using a Cartesian di-

electric woodpile, as a first exploration of the possibilities opened by 3D photonic

structures in this emerging class of high gradient accelerator. We have observed

in the wakefield spectrum while changing the beam transverse shape and position,

and demonstrated control of mode excitation via changing the beam aspect ratio.

We found that a high aspect ratio beam preferentially couples to purely longitudi-

4Simulation carried out using the PIC module of the CST package, courtesy of Dr. Ping
Zhang, visiting scholar from the School of Physical Electronics, University of Electronic Science
and Technology of China, Chengdu, 610054, China.
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Figure 7.29: FDTD simulation with the CST PIC module to show the correct

frequency of the fundamental mode. The simulation is set up to only capture

forward propagating waves thus omitting any modes with negative group velocity

as shown in figure 7.21.

nal wave vector modes. Furthermore, the wakefield spectrum driven by such beam

was robust to displacement in stark contrast to the spectrum driven by a similar

beam but with round aspect ratio, consistent with the expected property that the

transverse deflecting wakefield is mitigated by use of a high aspect ratio beam.

Both results confirm theoretical predictions and are corroborated by numerical

simulations. They thus pave the way to use of more sophisticated structures–i.e.

of photonic type–along with high beam ellipticity in DWAs.
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CHAPTER 8

Thesis Conclusion

This thesis was born out of the dielectric wakefield experimental program of the

UCLA’s Particle Beam Physics Lab (PBPL) headed by Professor J. Rosenzweig.

The first thesis in the series by Alan Cook [46] demonstrated excitation of wakefield

in a dielectric tube and established the methodology for measuring the coherent

radiation form of the said wakefield by using a Michelson interferometer. Subse-

quent thesis by Brendan O’Shea [47] furthered the investigation by demonstrating

not only excitation of modes, but also acceleration of charge. While both the

beam energy and gradient in the experiments by Cook were rather low, those

in O’Shea’s were much higher, at 20 GeV energy and ∼GeV/m of gradient, thus

proving the potential of the dielectric wakefield mechanism as a platform for future

high gradient accelerators. Inheriting from the techniques developed from these

dissertations, and other published works, most notably from Tremaine et al. [16]

for its theoretical analysis of wakefield in slab structures, this thesis was set out to

explore the issue of transverse wakefield mitigation which plays a significant role

in beam breakup instabilities.

In the area of analytical treatment, while ref. [16] contains the gist of the

calculation of transverse wakefield in slab symmetric structures, the contribution

of this thesis is to apply the method to longitudinal section modes (LSM/LSE)

which are the more standard classification of eigenmodes in such systems [73, 66].

In terms of simulations, the tools for photonic design, i.e. MEEP [97] and

MPB [96], were brought in to understand first the structure’s eigen modes from the

frequency domain, then the beam-structure interaction from the time domain. The

results from these simulations not only help with intuition in the design process,
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but also corroborate nicely with experimental result in the woodpile experiment.

Experimentally, transverse wakefield mitigation was demonstrated by two ex-

periments: first with the measurement of transverse kick in which beam deflection

was quantified, and second with the wakefield spectrum measurement using the

woodpile structure. In complement to past publications on wakefield from slab

structures, the two measurements in this thesis are unique both in terms of content

(the probing of transverse wakes) and methodology (structure fabrication).

Additionally, the measurement of dielectric wakefield damping was also pre-

sented. This is a newly observed phenomenon which has real ramification for

dielectric wakefield research. While no conclusive explanation on the microscopic

origin of the mechanism was given, it was concluded that the damping is directly

related to field. This is a hint at how future structures should be designed, i.e.

fields should be shielded from the dielectric. In light of the discussion on photonic

crystals, band gap confinement–which the woodpile lattice, for instance, is capable

of providing– is one promising solution.
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[45] F. R. Buskirk and J. Neighbours, “Čerenkov radiation from periodic electron
bunches,” Physical Review A, vol. 28, no. 3, p. 1531, 1983.

[46] A. M. Cook, Generation of narrow-band terahertz coherent Cherenkov radia-
tion in a dielectric wakefield structure. University of California, Los Angeles,
2009.

[47] B. D. O’Shea, Gigavolt-per-Meter Wakefields in Annular Dielectric Struc-
tures. PhD thesis, University of California, Los Angeles, 2014.

[48] A. Murokh, J. Rosenzweig, M. Hogan, H. Suk, G. Travish, and U. Happek,
“Bunch length measurement of picosecond electron beams from a photoinjec-
tor using coherent transition radiation,” Nuclear Instruments and Methods
in Physics Research Section A: Accelerators, Spectrometers, Detectors and
Associated Equipment, vol. 410, no. 3, pp. 452–460, 1998.

182



[49] K. Ishi, Y. Shibata, T. Takahashi, H. Mishiro, T. Ohsaka, M. Ikezawa,
Y. Kondo, T. Nakazato, S. Urasawa, N. Niimura, et al., “Spectrum of co-
herent synchrotron radiation in the far-infrared region,” Physical Review A,
vol. 43, no. 10, p. 5597, 1991.

[50] F. Wooten, Optical properties of solids. Academic press, 2013.

[51] R. Lai and A. Sievers, “On using the coherent far ir radiation produced by a
charged-particle bunch to determine its shape: I analysis,” Nuclear Instru-
ments and Methods in Physics Research Section A: Accelerators, Spectrom-
eters, Detectors and Associated Equipment, vol. 397, no. 2-3, pp. 221–231,
1997.

[52] G. Schneider, R. Lai, W. Walecki, and A. Sievers, “On using the coherent far
ir radiation produced by a charged particle bunch to determine its shapeii
measurement with synchrotron and transition radiation,” Nuclear Instru-
ments and Methods in Physics Research Section A: Accelerators, Spectrom-
eters, Detectors and Associated Equipment, vol. 396, no. 3, pp. 283–292,
1997.

[53] R. Lai and A. Sievers, “Determination of a charged-particle-bunch shape
from the coherent far infrared spectrum,” Physical Review E, vol. 50, no. 5,
p. R3342, 1994.

[54] R. Lai, U. Happek, and A. Sievers, “Measurement of the longitudinal asym-
metry of a charged particle bunch from the coherent synchrotron or transi-
tion radiation spectrum,” Physical Review E, vol. 50, no. 6, p. R4294, 1994.

[55] R. Lai and A. Sievers, “Phase problem associated with the determination of
the longitudinal shape of a charged particle bunch from its coherent far-ir
spectrum,” Physical Review E, vol. 52, no. 4, p. 4576, 1995.

[56] K.-Y. Ng, “Wake fields in a dielectric-lined waveguide,” Physical Review D,
vol. 42, no. 5, p. 1819, 1990.

[57] E. Snitzer, “Cylindrical dielectric waveguide modes,” JOSA, vol. 51, no. 5,
pp. 491–498, 1961.

[58] S. Park and J. Hirshfield, “Theory of wakefields in a dielectric-lined waveg-
uide,” Physical Review E, vol. 62, no. 1, p. 1266, 2000.

[59] W. Panofsky and W. Wenzel, “Some considerations concerning the trans-
verse deflection of charged particles in radio-frequency fields,” Review of
Scientific Instruments, vol. 27, no. 11, pp. 967–967, 1956.

[60] A. Chao, “Lecture notes on topics in accelerator physics,” tech. rep., 2002.

[61] T. P. Wangler, RF Linear accelerators. John Wiley & Sons, 2008.

183



[62] C. Jing, A. Kanareykin, J. Power, M. Conde, Z. Yusof, and W. Gai, “Ob-
servation of enhanced transformer ratio in collinear wakefield acceleration,”
in AIP Conference Proceedings, vol. 877, pp. 511–519, AIP, 2006.

[63] C. Jing, J. Power, M. Conde, W. Liu, Z. Yusof, A. Kanareykin, and
W. Gai, “Increasing the transformer ratio at the argonne wakefield accelera-
tor,” Physical Review Special Topics-Accelerators and Beams, vol. 14, no. 2,
p. 021302, 2011.

[64] V. Balakin, A. Novokhatsky, and V. Smirnov, “Vlepp: transverse beam
dynamics,” in Proc. of the 12th Int. Conf. on High Energy Accelerators,
Fermilab, 1983.

[65] W. Liu and W. Gai, “Wakefield generation by a relativistic ring beam in
a coaxial two-channel dielectric loaded structure,” Physical Review Special
Topics-Accelerators and Beams, vol. 12, no. 5, p. 051301, 2009.

[66] R. E. Collin, Field theory of guided waves. IEEE, 2nd ed., 1990.

[67] S. S. Baturin, I. L. Sheinman, A. M. Altmark, and A. D. Kanareykin, “Trans-
verse operator method for wakefields in a rectangular dielectric loaded ac-
celerating structure,” Phys. Rev. ST Accel. Beams, vol. 16, p. 051302, May
2013.

[68] D. Mihalcea, P. Piot, and P. Stoltz, “Three-dimensional analysis of wake-
fields generated by flat electron beams in planar dielectric-loaded struc-
tures,” Physical Review Special Topics-Accelerators and Beams, vol. 15,
no. 8, p. 081304, 2012.

[69] C. Jing, W. Liu, L. Xiao, W. Gai, P. Schoessow, and T. Wong, “Dipole-mode
wakefields in dielectric-loaded rectangular waveguide accelerating struc-
tures,” Physical Review E, vol. 68, no. 1, p. 016502, 2003.

[70] L. Xiao, W. Gai, and X. Sun, “Field analysis of a dielectric-loaded rectan-
gular waveguide accelerating structure,” Physical Review E, vol. 65, no. 1,
p. 016505, 2001.

[71] C. T. Chang and J. W. Dawson, “Propagation of electromagnetic waves in
a partially dielectric filled circular waveguide,” Journal of Applied physics,
vol. 41, no. 11, pp. 4493–4500, 1970.

[72] R. F. Harrington, Time-harmonic electromagnetic fields. Mcgraw-Hill, 1961.

[73] C. A. Balanis, Advanced engineering electromagnetics. John Wiley & Sons,
1999.

[74] E. Yablonovitch, “Inhibited spontaneous emission in solid-state physics and
electronics,” Physical review letters, vol. 58, no. 20, p. 2059, 1987.

184



[75] B. Cowan, “Three-dimensional dielectric photonic crystal structures for
laser-driven acceleration,” Phys. Rev. Spec. Top. - Accel. Beams, vol. 11,
p. 011301, jan 2008.

[76] A. M. Cook, R. Tikhoplav, S. Y. Tochitsky, G. Travish, O. B. Williams, and
J. B. Rosenzweig, “Observation of narrow-band terahertz coherent cherenkov
radiation from a cylindrical dielectric-lined waveguide,” Phys. Rev. Lett.,
vol. 103, no. 9, pp. 1–4, 2009.

[77] J. F. Fowler, “X-ray induced conductivity in insulating materials,” in Pro-
ceedings of the Royal Society of London A: Mathematical, Physical and En-
gineering Sciences, vol. 236, pp. 464–480, The Royal Society, 1956.

[78] B. Gross, R. M. Faria, and G. L. Ferreira, “Radiation-induced conductivity
in teflon irradiated by x rays,” Journal of Applied Physics, vol. 52, no. 2,
pp. 571–577, 1981.

[79] G. Yang and G. Sessler, “Radiation-induced conductivity in electron-beam
irradiated insulating polymer films,” IEEE transactions on electrical insu-
lation, vol. 27, no. 4, pp. 843–848, 1992.

[80] D. Groom and S. Klein, “Passage of particles through matter,” The European
Physical Journal C-Particles and Fields, vol. 15, no. 1, pp. 163–173, 2000.

[81] V. L. Highland, “Some practical remarks on multiple scattering,” Nuclear
Instruments and Methods, vol. 129, no. 2, pp. 497–499, 1975.

[82] Y.-S. Tsai, “Pair production and bremsstrahlung of charged leptons,” Re-
views of Modern Physics, vol. 46, no. 4, p. 815, 1974.

[83] D. Grischkowsky, S. S. Keiding, M. V. Exter, and C. Fattinger, “Far-infrared
time-domain spectroscopy with terahertz beams of dielectrics and semicon-
ductors,” J. Opt. Soc. Am. B, vol. 7, p. 2006, oct 1990.

[84] A. L. Stancik and E. B. Brauns, “A simple asymmetric lineshape for fitting
infrared absorption spectra,” Vibrational Spectroscopy, vol. 47, no. 1, pp. 66–
69, 2008.

[85] T. Parker, J. Ford, and W. Chambers, “The optical constants of pure fused
quartz in the far-infrared,” Infrared Physics, vol. 18, no. 3, pp. 215–219,
1978.

[86] D. E. Gray, American institute of physics handbook. McGraw-Hill, 1982.

[87] C. Randall and R. Rawcliffe, “Refractive indices of germanium, silicon, and
fused quartz in the far infrared,” Applied Optics, vol. 6, no. 11, pp. 1889–
1895, 1967.

[88] H. Hirori, K. Shinokita, M. Shirai, S. Tani, Y. Kadoya, and K. Tanaka,
“Extraordinary carrier multiplication gated by a picosecond electric field
pulse,” Nature communications, vol. 2, p. 594, 2011.

185



[89] A. T. Tarekegne, K. Iwaszczuk, M. Zalkovskij, A. C. Strikwerda, and P. U.
Jepsen, “Impact ionization in high resistivity silicon induced by an intense
terahertz field enhanced by an antenna array,” New Journal of Physics,
vol. 17, no. 4, p. 043002, 2015.

[90] A. Schiffrin, T. Paasch-Colberg, N. Karpowicz, V. Apalkov, D. Gerster,
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