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A B S T R A C T 

Gravitational lensing magnification of Type Ia supernovae (SNe Ia) allows information to be obtained about the distribution of 
matter on small scales. In this paper, we derive limits on the fraction α of the total matter density in compact objects (which 

comprise stars, stellar remnants, small stellar groupings, and primordial black holes) of mass M > 0.03 M � o v er cosmological 
distances. Using 1532 SNe Ia from the Dark Energy Surv e y Year 5 sample (DES-SN5YR) combined with a Bayesian prior 
for the absolute magnitude M , we obtain α < 0.12 at the 95 per cent confidence level after marginalization o v er cosmological 
parameters, lensing due to large-scale structure, and intrinsic non-Gaussianity. Similar results are obtained using priors from the 
cosmic microwave background, baryon acoustic oscillations, and galaxy weak lensing, indicating our results do not depend on 

the background cosmology. We argue our constraints are likely to be conserv ati ve (in the sense of the values we quote being 

higher than the truth), but discuss scenarios in which they could be weakened by systematics of the order of �α ∼ 0 . 04. 

Key words: gravitational lensing: weak – stars: black holes – cosmology: cosmological parameters – cosmology: dark matter –
transients: supernovae. 
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 I N T RO D U C T I O N  

he utility of Type Ia supernovae (SNe Ia) in cosmology arises from
he fact that they are empirically standardizable candles, and are
right enough to be observed out to redshift z ∼ 2. Standardization
nvolves adjusting the apparent magnitudes for the observed SN Ia
olour , duration, en vironment, and computed Malmquist bias, and
fter this the intrinsic dispersion in their luminosities is reduced to
ust ∼10 per cent per SN Ia. This was sufficient for just ∼50 of them
o establish the existence of dark energy (Riess et al. 1998 ; Perlmutter
t al. 1999 ). 

Modern data sets, notably Pantheon + (Scolnic et al. 2022 ) and
he Dark Energy Surv e y 5 Year SN Ia surv e y (S ́anchez et al. 2024 )
hereafter DES-SN5YR), comprise ∼1800 SNe Ia and can be used
o build a detailed Hubble diagram of magnitude versus redshift.
 E-mail: paul.shah.19@ucl.ac.uk 
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Published by Oxford University Press on behalf of Royal Astronomical Socie
Commons Attribution License ( https:// creativecommons.org/ licenses/ by/ 4.0/ ), whi
his diagram, when paired with an estimation of the statistical and
ystematic uncertainties, and a theoretical computation of luminosity
istances in the cosmological model to be tested, is used to construct
 Gaussian likelihood. Thus, constraints on cosmological parameters
ay be derived in a Bayesian framework, assuming a homogeneous

nd isotropic universe such that the luminosity distance does not
epend on the line of sight (LOS). For the latest such constraints
erived from DES-SN5YR, see Camilleri et al. ( 2024 ), and DES
ollaboration ( 2024 ). 
Inhomogeneity in foreground matter along the LOS will alter

uminosity distances by the action of gravitational lensing. This was
riginally explained by Zel’dovich ( 1964 ) and Dyer & Roeder ( 1972 ,
973 , 1981 ) who showed objects would seem to lie further away if
heir lines of sight travelled along a region that was underdense
ompared to the mean density of the uni verse. Ne vertheless, as
ravitational lensing does not create or destroy photons it is common
o assert the effects of inhomogeneity ‘av erage a way’, ev en when
he lensing is strong and produces multiple images of the source
© 2024 The Author(s). 
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Weinberg 1976 ). Strictly speaking, this is only true at linear order
s geometric effects and the non-linear conversion from flux to 
agnitude generically introduce corrections proportional to the 

ariance of the dispersion of lensing σ 2 
lens across different LOS 

Kaiser & Peacock 2016 ). Assuming that the lensing is weak and due
o smoothly distributed matter, a typical SN Ia at redshift z = 0 . 5
ay be brightened (if the LOS passes close to an o v erdensity)

r dimmed (if the LOS passes through a void) by ∼2.5 per cent.
herefore, it is typical to ignore these higher order terms and treat
ravitational lensing as an additional statistical noise term to be 
dded to covariance matrix (see for example Vincenzi et al. 2024 ).
he value in common usage is σlens = 0 . 055 z mag as estimated by
 ̈onsson et al. ( 2010 ). 

Using lensing as a source of information rather than just a noise
erm has long been of interest to cosmologists, as lensing is sensitive
o total mass rather than the (biased) distribution of luminous matter. 
ravitational lensing distorts shapes as well as magnifies, and this 
istortion (referred to as shear ) may be statistically measured if the
ource is extended such as a galaxy. The first detection of the cosmic
hear of galaxies was reported in Bacon, Refregier & Ellis ( 2000 ).

hile the shape measurement is noisy and potentially biased by 
ntrinsic alignments and other effects, subsequent large-scale surv e ys 
nd considerable theoretical machinery to control systematics have 
een deployed to extract constraints on S 8 (a parameter convenient 
o describe the combination of matter density and matter power 
pectrum that galaxy lensing is sensitive to) at the ∼3 per cent level.
o we ver, these v alues are typically in moderate tension with the
bserved anisotropies of the cosmic microwave background (see 
bdalla et al. 2022 ). 
SNe Ia are ef fecti vely point sources at cosmological distances. 

ence their shear cannot be measured, but their magnification may 
e used instead. Ho we v er, although SN Ia intrinsic magnitudes hav e
ess scatter than other sources, because the lensing due to large-scale 
tructure is typically weak, and strong-lensing events are extremely 
are (to date, only five have been confirmed, see Rodney et al. 2016 ,
021 ; Goobar et al. 2023 ; Pierel et al. 2024 ), the effect has been
ifficult to observe. Detections of weak lensing at a significance 
evel of ∼1.4 σ were reported by J ̈onsson et al. ( 2010 ), Smith et al.
 2014 ), Macaulay et al. ( 2020 ), and by Kronborg et al. ( 2010 ) and
hah, Lemos & Lahav ( 2022 ) at 2 . 9 σ . A first detection at > 5 σ of

he weak lensing of SNe Ia has been made only relatively recently
Shah et al. 2024 , hereafter S24 ). 

Nev ertheless, man y authors hav e proposed them as an alternative
ource to probe the distribution of foreground matter, emphasiz- 
ng the fact that compact sources are uniquely sensitive to the 
resence of compact lenses (this is discussed further below). An 
nitial exploration of the information that may be extracted by 

easuring the lensing of SNe Ia was by made by Refsdal ( 1964 ).
sing SNe Ia to detect compact dark matter (such as primordial 
lack holes) appears to have been first discussed by Schneider & 

agoner ( 1987 ) and Linder, Schneider & Wagoner ( 1988 ), and
 quantitative prediction of expected constraints was first made 
y Metcalf & Silk ( 1999 ). Primordial black holes (PBHs) have
ong been considered an attractive candidate for dark matter, and 
emain moti v ated by observ ations of the mergers of intermediate-
ass black holes (Bird et al. 2016 ; Sasaki et al. 2016 ; Clesse &
arc ́ıa-Bellido 2017 ), the continued non-detection of a microscopic 

andidate for dark matter (for a re vie w, see chapter 27 of Par-
icle Data Group 2022 ) or deviations of gravity from General 
elativity’s predictions (Ishak 2019 ). While numerous constraints 
n their abundance have been derived in the literature (for a 
e vie w, see Carr et al. 2021 ), the differing astrophysical assump-
ions that these results rely on moti v ate continued research in this
rea. 

In addition to the search for dark matter constituents, studying 
N Ia weak lensing has many benefits for cosmology. First, the SN
a Hubble diagram is directly affected by lensing assumptions as 
he computation of Malmquist bias requires an assumed lensing 
robability density function (pdf). In the case of DES-SN5YR, 
his was derived from ray-tracing in the MICE N -body simulation
Carretero et al. 2015 ). The simulations do not include the presence
f compact objects, and additionally may not be reliable due to
he minimum particle mass (typically 10 9 M �) and softening length
typically 50 kpc) used. As we will explain further below, were
ompact objects to be present in significant numbers, the bias 
orrections – and hence cosmological parameters derived from SNe 
a – would be inaccurate. 

Secondly, observations of SNe Ia are assumed to be free of bias
ue to the environment around the LOS. Ho we ver, ef fects such as
bre collisions or crowding might fa v our o v erdense or underdense
egions of the Universe. As such the SNe Ia are taken to represent
 fair sampling of the matter density of the universe. To remedy
hese issues, in Shah, Lemos & Lahav ( 2023 ) a procedure was
roposed to estimate the lensing pdf directly from the data, and
o ‘de-lens’ individual SN Ia as a straightforwardly calculated term 

n the standardization process. Ho we ver, this methodology assumes 
atter is smoothly clumped and compact objects are not present. 
Thirdly, the dispersion of magnitudes caused by lensing, σlens , 

s proportional to an integral overdistance and the matter power 
pectrum (see equation 10 ). If the number of compact objects is
imited, it is shown below that the lensing of SNe Ia is then most
ensitive to matter power at scales between 1 < k < 100 h Mpc −1 .
his has rele v ance for the so-called ‘ S 8 -tension’ mentioned abo v e,
s it has been proposed that the tension may be resolved if matter-
ower is more suppressed than predicted on these scales (Amon &
fstathiou 2022 ). 
The first SN Ia-derived constraint on the fraction of matter α =

CO /�m 

comprised of compact objects was α < 0 . 88 (all constraints
uoted in this paper are 95 per cent confidence) by Metcalf & Silk
 2007 ). Further progress was made by Zumalac ́arregui & Seljak
 2018 ) (hereafter ZS18 ), who modelled the full-shape of the lensing
df as a function of α and redshift. To obtain a pdf that was both
ccurate o v er cosmological distances and precise enough to a v oid
esolution issues in N -body simulations, the authors used a hybrid
ethod (Kainulainen & Marra 2009 , 2011a , b ; Marra, Quartin &
mendola 2013 ; Quartin, Marra & Amendola 2014 ) combining 

imulation with a semi-analytic inte gration o v er dark matter halo
rofiles to capture the effect of smoothly distributed matter. This was
onvolved with a pdf fitted to ray-tracing calculations of compact 
bjects (Rauch 1991 ). The authors derived α < 0 . 35 (however, see
arcia-Bellido, Clesse & Fleury 2018 for caveats to this result). 
ecently, α < 0 . 25 was derived by Dhawan & M ̈orstell ( 2023 ) using
 different methodology relying on peak statistics. 

In this paper, we extend the method of ZS18 to address some
imitations, and apply it to the DES-SN5YR data set. We fully
arginalize o v er cosmological parameters (including weak lensing 

ue to large-scale structure), intrinsic non-Gaussianity, and allow for 
ovariance between SNe Ia. We demonstrate that our constraints do 
ot rely solely on the (absence of) high-magnification events, or the
se of Bayesian priors from other cosmological probes. We test our
ethodology on simulated SN Ia data sets. The main result of this

aper is to derive a new constraint on compact objects. 
Our paper is organized as follows. In Section 2 , we describe the

onstruction of our model. In Section 3 , we briefly describe the data
MNRAS 536, 946–961 (2025) 



948 P. Shah et. al. 

M

a  

t  

a  

o  

r  

p

2

2

S  

s  

t  

f  

G  

u  

s  

b  

S  

g
 

A  

fl  

s  

d  

a
W  

i

D

T  

n  

r  

f  

u

D

a
 

r  

m
(
r

μ

w  

i

μ

C  

s

�

N
 

1

i
o

Figure 1. We graph the average empty-beam magnification μ̄ as a function 
of redshift and �m 

. This quantity represents the average (over many sources) 
focusing of light by matter compared to a void surrounding the LOS, as speci- 
fied by �m 

). The units are incremental flux magnification μ = F /F 0 − 1 and 
can be converted to magnitudes as δm � 1 . 08 μ. Equi v alently, it represents 
the dimming of a source were its LOS to pass wholly through a void of 
zero matter density on its journey to the observer. This is then the largest 
demagnification a source can have in an inhomgeneous universe where the 
background expansion is unaffected by inhomogeneity. 
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nd in Section 4 , we describe our modification of the SN Ia likelihood
o incorporate lensing. In Section 5 , we present the results of our
nalysis which will be a limit on the fraction of matter comprised
f compact objects. In Section 6 , we discuss the implications of our
esult, and the direction of analysis which will be explored in future
apers. We set c = 1 everywhere. 

 T H E O RY  

.1 Weak lensing magnification by large-scale structure 

trong lensing of SNe Ia by large-scale structure features multiple
ources separated on the sky by distances typically of the order of
he size of the foreground lens, together with large magnification
actors and time delays between images (Rodney et al. 2016 , 2021 ;
oobar et al. 2023 ; Pierel et al. 2024 ). Morgan et al. ( 2023a )
sed a machine learning algorithm to identify three strongly lensed
upernova candidates in the DES survey, ho we ver none of these have
een positively identified as SN Ia and are not included in the DES-
N5YR data set. We therefore assume that large-scale structure has
enerated only weak lensing. 
Considering an individual and isolated source, its magnification
 ≡ F /F 0 is defined as the ratio of the observed flux F to a reference
ux F 0 = L/ 4 πD 

2 
L where D L is a luminosity distance and L is the

ource’s intrinsic luminosity. There are two choices of distance for
efining F 0 . The first is to use the ‘filled beam’ luminosity distance of
 homogeneous and isotropic universe (i.e. Friedmann–Robertson–
alker, or FRW) of the same average matter density (that is, with all

nhomogeneity smoothed out), in which case 

 L , F = (1 + z ) 
∫ z 

0 

d z ′ 

H ( z ′ ) 
. (1) 

he second is to define the reference flux as that seen through a
arrow bicone surrounding the LOS in which all matter has been
emo v ed. As matter focuses light, this ‘empty beam’ represents the
urthest luminosity distance an object can have in an inhomogeneous
niverse that retains the same background expansion rate H ( z). It is 

 L , E = (1 + z ) 2 
∫ z 

0 

d z ′ 

(1 + z ′ ) 2 H ( z ′ ) 
, (2) 

s first stated by Dyer & Roeder ( 1972 ). 1 

For ease of computation, we calculate using the empty beam
eference and convert to the filled beam and change in apparent
agnitude at the end. We define the incremental magnification μ

where subscripts are omitted, we mean empty beam values) and μF 

elative to the filled beam, 

≡ A − 1 ≡ μF + μ̄ , (3) 

here the average μ̄ is over many sources. The definitions above
mply that this average converges in the limit of many sources to 

¯ = ( D L , E ( z ) /D L , F ( z )) 
2 − 1 . (4) 

onverting μ into magnitudes �m , the magnification of a given
ource is then 

m = −2 . 5 log 10 (1 + μ − μ̄) . (5) 

ote that μ > 0 but �m can take either sign. 
The quantity μ̄ is plotted in Fig. 1 . As we will illustrate later, a
NRAS 536, 946–961 (2025) 

 Although this equation is commonly referred to as the Dyer–Roeder distance, 
t extends the work of many previous authors. See the discussion in appendix B 

f Kantowski ( 1998 ) for the historical background. 

w

κ

edshift-dependent shift in the mode of SNe Ia residuals towards this
alue, as well as the presence of magnified sources, is a signature of
ensing. 

We assume a homogeneous spatially flat background cosmology
ith scale factor a( τ ), and define the Newtonian gauge metric
erturbation 
 to this as 

 s 2 = a 2 ( τ )[(1 + 2 
 )d τ 2 

− (1 − 2 
 )(d χ2 + χ2 (d θ2 + sin 2 ( θ )d φ2 ))] . (6) 

o linear order, ∇ 

2 
 = 4 πG 〈 ρ〉 δ where the density contrast δ =
 ρ − 〈 ρ〉 ) / 〈 ρ〉 for the spatially varying matter density ρ, and a( τ ) is
etermined by the spatial average 〈 ρ〉 . We assume there is no ‘back
eaction’ of inhomogeneities on the background expansion. 

We may define a weak lensing potential ψ as the integral of 

 v er the LOS. The deflection angle of a light ray is then proportional
o the product of the gradient in the lens plane of ψ multiplied
y a lensing efficiency factor constructed from distances between
bserver, source, and lens. The magnification of an image is then
iven by the gradient of the deflection angle, now the second
eri v ati ve of the metric potential. We refer the reader to Bartelmann &
aturi ( 2017 ) for a compact deri v ation of the rele v ant equations. 
Linearization in weak lensing occurs in several places: the gravita-

ional potential is assumed small compared to c, the inverse Laplacian
s localized to the LOS such that shear contributions can be neglected
this point is relaxed for compact objects), distances are defined as
ndeflected light paths (known as the Born approximation), and the
nte gral o v er the LOS implies summation of the small incremental
ontributions from individual clumps of matter. We find 

= 

1 

(1 − κ2 ) − | γ | 2 − 1 = 2 κ + O( κ2 , γ 2 ) , (7) 

here γ is the shear. The convergence κ is an integral over the
omoving distance χ

≡ 4 πG 

∫ χS 

0 

χ ( χS − χ ) 

χS 
a 2 ( χ ) ρ( χ ) dχ , (8) 

here χS is the comoving distance to the source. 
Equations ( 3 ), ( 7 ), and ( 8 ) then imply that to linear order 

F = κ − 〈 κ〉 (9) 
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Figure 2. Upper panel. The integrand of equation ( 10 ) for a lens at z l = 0 . 5 
and a source at z s = 1 . 0, for a range of literature models for the matter power 
spectrum. The linear power spectrum is labelled as ’linear’, the original 
halo model of Smith et al. ( 2003 ) is labelled as ’original’, Takahashi et al. 
( 2012 ) labelled as ’takahashi’, the model of Mead et al. ( 2020 ) without 
baryon feedback labelled as ’mead2020’, and with baryon feedback labelled 
according to the feedback temperature. Lower panel. σμ as a function of the 
upper cut-off of the integral k max for a source at redshift z s = 1. It is clear that 
the predicted value of σμ is sensitive to scales k/h > 1 Mpc −1 . In particular, 
although models with baryon feedback mildly suppress the dispersion of 
lensing on intermediate scales, they strongly enhance it from scales k/h > 10 2 

Mpc −1 due to the presence of compact objects. We emphasize that this graph 
is for illustration only, and the non-linear models and cut-off k max do not have 
any role in our analysis. 
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ith 〈 κ〉 defined by replacing ρ in equation ( 8 ) by 〈 ρ〉 . 
A point rele v ant for this paper is the process of linearization, and in

articular the last step of equation ( 7 ), underestimates magnification 
evels as the neglected higher order terms are positive for all 
pherically symmetric halo profiles with densities that decline with 
adius faster than 1 /r . An effect that distinguishes magnification 
y compact objects as opposed to large-scale structure is that the 
robability of well-magnified sources is enhanced. As linearization 
omewhat underestimates the probability that such events could be 
nstead be caused by large-scale structure, we expect the main result
f this paper – which is an upper limit on the presence of compact
bjects – to be conserv ati ve (that is, we quote values that are more
ikely to be higher than the truth than lower). 

It is then straightforward to show (Frieman 1996 ) that σ 2 
μ ≡ 〈 4 κ2 

F 〉
an be written as an integral over the power spectrum: 

2 
μ = 9 π�2 

m 

H 

4 
0 

∫ χs 

0 

χ2 ( χs − χ ) 2 

χ2 
s 

(1 + z( χ )) 2 d χ

×
∫ k max 

0 

� 

2 ( k, z) 

k 2 
d k , (10) 

here � 

2 ( k, z) = k 3 P ( k, z) / 2 π2 is the dimensionless matter power
pectrum and �m 

the present-day matter density parameter. 
It is informative to consider the behaviour of this integral as a

unction of the cut-off k max (which could be the source size or beam
esolution, and will be large for stellar sources in optical surv e ys
uch as those for SNe Ia). To demonstrate this, we consider the
ower-spectrum models provided in HMCODE2020 2 (Mead et al. 
020 ), which combine the linear power spectrum and halo model at
on-linear scales, and are calibrated to N -body and hydrodynamical 
imulations. While the models are not typically used abo v e k/h > 0 . 2

pc −1 (and we do not use them for our results), for the purposes of
llustration we use them to graph σμ( k max ) in Fig. 2 for a range
f parameter options. First, we see that linear scales contribute 
ittle to the total integral. Secondly, the contribution for gravity- 
nly models peaks on scales 1 < k/h < 100 Mpc −1 . Lastly, while
aryon feedback (as modelled by HMCODE2020 ) reduces σ 2 

μ on scales 
 < k/h < 20 via active galactic nucleii and supernova feedback, it
onsiderably enhances it on scales k/h > 100 Mpc −1 where baryonic 
ooling becomes rele v ant. The integrand is sensitive to the model and
ssumed parameters, and it is not clear if it is even convergent in the
ase of baryonic feedback. This also anticipates that problems will 
ccur in deriving lensing pdfs empirically from N -body simulations 
sing particles of size m p ∼ 10 10 M � and softening lengths of ∼ 50
pc. In particular, fig. 2 of Fosalba et al. ( 2015a ) shows that
he lensing power spectra computed from MICE simulations with 
iffering particle mass (in this case MICE-IR and MICE-GC) start 
o diverge from each other at multipoles l > 10 4 , or equi v alently
/h ∼ 1 Mpc −1 which is already at the lower end of the k range
here the integrand above peaks. 
Fig. 2 also implies that using moments of SNe Ia residuals to infer

he amplitude of the matter power spectrum, as proposed in Marra
t al. ( 2013 ) and Quartin et al. ( 2014 ), may be problematic without
 description of small scales. 

The situation may seem intractable. Ho we ver, the follo wing 
eatures can be argued from general principles alone: 

(i) Lensing shifts the mode of the distribution to demagnification. 
oids are larger than lenses, and the majority of lines of sight
xperience a mild demagnification. Hence there will be larger 
 https:// github.com/ alexander-mead/ HMcode 

3

t
a

umbers of dimmed SNe Ia abo v e the Hubble diagram, compared to
 small number of brightened SNe Ia below it. 

(ii) The variance of the lensing pdf of large-scale structure in- 
reases with distance, the amplitude of the matter power spectrum, 
nd �m 

. These properties are all evident from equation ( 10 ). 
(iii) For halo radial density profiles of ρ( r) ∝ r −n where n > 2, the

istribution of high μ values will be dominated by an individual close
ncounter. The pdf is then driven by max ( μ1 . . . . . . μn ) rather than
he sum (Fleury & Garc ́ıa-Bellido 2020 ), and contrary to expectations
rom the central limit theorem, this skew increases o v er the redshift
ange applicable to SN Ia cosmology. 3 The distribution of residuals 
n the presence of lensing can then be expected to have a persistent
MNRAS 536, 946–961 (2025) 

 This follows from the Fisher–Tippett–Gnedenko theorem in extreme value 
heory, which implies convergence to a sk ewed f amily of distributions. For 
n o v erview of e xtreme value theory, see Hansen ( 2020 ). 

https://github.com/alexander-mead/HMcode
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hape from low to high redshifts, which allows it to be distinguished
rom observational noise or intrinsic properties. 

Therefore, it may be argued that the weak lensing pdf due to large-
cale structure and haloes has a characteristic and universal shape
Wang, Holz & Munshi 2002 ), which evolves in a predictable way
ith changes in cosmological parameters. 
We now turn our attention to scales where baryonic cooling

roduces compact objects. 

.2 Lensing magnification by compact objects 

t has long been understood that compact objects (for this paper,
e mean this to be an object representable as the Schwarzchild
etric) can considerably enhance the values of σlens . Holz & Linder

 2005 ) obtained σlens = 0 . 088 z by adding compact objects to a model
or large-scale structure. In fact, it is straightforward to see that
lens is formally undefined for point sources and point lenses where
( μ) ∝ μ−3 for large μ (Paczynski 1986 ). Although cut-offs induced
y both the size of the source and lens will ultimately prevent this
ltraviolet divergence, this behaviour is very useful observationally:
he variance and skew is considerably enhanced compared to large-
cale structure. 

The lensing pdf due to compact objects has been investigated by
 number of authors (Turner, Ostriker & Gott 1984 ; Lee & Spergel
990 ; Mao 1992 ; Pei 1993 ; Kofman et al. 1997 ; Lee et al. 1997 ;
leury & Garc ́ıa-Bellido 2020 ; Bosc ́a, Fleury & Garc ́ıa-Bellido
022 ). To make progress, certain assumptions and approximations
re usually made (for example the Born approximation, strongest-
ens assumption and so on); it is difficult to analytically derive a
orm for the pdf that is valid for a three-dimensional distribution
f lenses, o v er a wide range of magnifications. In particular, Rauch
 1991 ) (hereafter R91 ) gives a fitting formula (equation 8 of that
aper) to numerical results from ray-tracing through an ensemble
f randomly distributed lenses of monochromatic mass M . This
ormula appears to make allowance for the influence of multiple
enses. Alternatively, Fleury & Garc ́ıa-Bellido ( 2020 ) (hereafter F20 )
se an approximation where only a single, strongest lens interacts
ith the light ray, which allows them to derive an analytical form
f the lensing pdf (equation 23 of that paper). These lenses are
lso randomly distributed. Finally, Bosc ́a et al. ( 2022 ) (hereafter
22 ) develops this approach to compact objects that follow the same
istribution as dark matter (equation 4.20 of that paper). These pdfs
ll align at low optical depth (defined as the probability of a light ray
ntersecting the Einstein disc of a lens), and magnifications μ < 1,
ut differ somewhat at high magnifications where the pdf of R91
ay understate the probability by a factor of 2 compared to that of
22 . We test all three pdfs, but quote our final result using the B22

ormula. 
The pdfs have one or two free parameters and are constrained to

ave the correct normalization (in the case of F20 and B22 this is
uaranteed by construction) and mean. For example in the case of
91 we have 

 C ( μ) = N 

[
1 − exp ( −μ/δ) 

( μ + 1) 2 − 1 

]3 / 2 

, (11) 

ith the parameters N, δ determined by the constraints ∫ 

p C ( μ)d μ = 1 ∫ 

μp C ( μ)d μ = μ̄C . (12) 
NRAS 536, 946–961 (2025) 
f matter is made solely of compact objects, μ̄C is given by equa-
ion ( 4 ) and for fractional contribution the mean is straightforwardly
odified. 
A remarkable property is that the pdfs are independent of the mass

pectrum of the compact objects. This can be understood qualitatively
s follows. The magnification is proportional to the inverse dimen-
ionless impact parameter R E /b where R 

2 
E = 4 GMD LS D L /D S and

 is the impact parameter. Hence, the magnification scales as M 

1 / 2 

or an individual deflector. However, for a fixed surface mass density,
he number of deflectors will scale as M 

−1 / 2 , and the factors of M 

ancel (see also the discussion in Weinberg 1976 ). This argument
pplies only when the source is treated as a point; we discuss finite
ize sources in Section 5.1 . 

A potential source of confusion is that compact objects magnify
ources even though the matter density along the LOS is zero
sometimes referred to as Weyl focusing). This is in apparent
ontradiction with equation ( 8 ) where weak lensing is proportional
o the integral of matter density along the LOS (sometimes referred
o as Ricci focusing). The confusion arises due to the linearization
ade to arrive at equation ( 8 ), from which Ricci focusing arises as
 weak lensing limit of the accumulated Weyl focusing of matter
nside the beam (Dyer & Roeder 1981 ). 

.3 Modelling SN Ia residuals 

hile equation ( 10 ) abo v e is useful as a guide, it provides us with no
nformation regarding the distribution shape of lensing by large-scale
tructure. We use instead the code TURBOGL 4 (Kainulainen & Marra
009 , 2011b ), with an additional step to incorporate clustering on
inear scales. 

TURBOGL simulates lensing by placing haloes at random distances
o the LOS, and calculates the lensing contribution of each halo semi-
nalytically. The pdf is built from the results of multiple such LOS
imulations. This a v oids resolution issues discussed abo v e that arise
rom using pdfs derived from N -body simulations. We use haloes
hat are spherically symmetric with the standard Navarro–Frenk–

hite (NFW) profile, and their masses are randomly drawn from the
ass function of Sheth, Mo & Tormen ( 2001 ) with a lower cut at

alo mass 10 7 M �. Spherical symmetry has been shown to be a good
pproximation when averaged over many LOS (Mandelbaum et al.
005 ), and it was shown in S24 that the NFW model is consistent with
bservations of SN Ia lensing. The halo mass function and profile
ave been shown to be valid o v er a wide range halo masses (Wang
t al. 2020 ; Zheng et al. 2024 ) encompassing ours. 

The behaviour of the lensing pdf with cosmological param-
ters arises from distances χ ( z, �m 

), maximum demagnification
¯ ( z, �m 

), linear-scale variance σ 2 
μ, Lin ( �m 

, A s ), and the halo mass
unction n ( M, �m 

, A s )d M where A s is the amplitude of the pri-
ordial power spectrum. To ensure we are fully able to distinguish

ensing by smooth dark matter from compact objects, we generate
ur pdfs o v er a range of ( �m 

, A s ) and then marginalize o v er them. 

.3.1 Lensing by linear scales 

URBOGL does not incorporate clustering of haloes on linear scales. It
as been argued using observed weak lensing maps (for example see
ikram et al. 2015 ; Jeffrey et al. 2021 ) that the matter density on large

cales is reasonably well-approximated as a log-normal distribution
Clerkin et al. 2017 ). We therefore take the pdf p Lin ( μ, z; �m 

, A s )

https://github.com/valerio-marra/turboGL
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Figure 3. We plot p X ( �m ) for a range of redshifts applicable to our 
data and median values of cosmological parameters. The vertical dashed 
lines denote the Dyer–Roeder empty-beam distance, which is the maximum 

demagnification along a LOS devoid of smooth lenses or compact objects. 
Upper panel. The pdf p LSS for weak lensing by large-scale structure only. 
Middle panel. The pdf p C for lensing by compact objects only. Lower panel. 
The combined pdf p L for lensing by 70 per cent large-scale structure and 
30 per cent compact objects. 
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or linear scales to be described by such with mean μ̄ and variance
μ, Lin given by equation ( 10 ) with the linear matter power spectrum.
he cut-off k max is not needed as the integral is convergent at large
. The pdf is then 

 Lin = 

1 

μ
√ 

2 πB 

exp 
( ln μ − C) 2 

2 B 

2 
, (13) 

ith parameters B, C determined by the constraints ∫ 

μp Lin d μ = μ̄∫ 

( μ − μ̄) 2 p Lin d μ = σ 2 
μ, Lin . (14) 

he second of these two constraints results from the substitution of
he linear matter power spectrum P Lin ( k, z; �m 

, A s ) into equation
 10 ). We have checked our results are unaffected by using a normal
istribution with the same mean and variance. 

.3.2 Lensing by non-linear scales 

URBOGL is run to provide p H ( μ, z; �m 

, A s ) for a range of cos-
ological parameters and redshifts, where the subscript H denotes 

ensing due to virialised haloes. Using the subscript LSS (large-scale 
tructure) to denote the combination of lensing by linear scales and 
aloes, we form the convolution 

 LSS ( μ) = 

“
p Lin ( μ1 ) p H ( μ2 ) δ( μ − ( μ1 + μ2 ))d μ1 d μ2 , (15) 

here p Lin has been adjusted to a mean of zero and μ1 , μ2 are
he contribution of linear scales and haloes, respectively to the total 
ensing magnification μ. The variance of p LSS is then the sum of
inear and halo contributions. 

.3.3 Lensing by compact objects 

he next step is to postulate a fraction α of the matter density is in
ollapsed objects. We therefore form the total lensing pdf p L by the
onvolution 

 L ( μ) = 

“
p LSS ((1 − α) μ1 ) p C ( αμ2 ) 

× δ( μ − ((1 − α) μ1 + αμ2 ))d μ1 d μ2 , (16) 

here the variables have been scaled so the distributions p LSS and 
 C have means of (1 − α) ̄μ and αμ̄, respectively. 
We pre-compute p L for a sufficiently fine grid of ( z, μ, �m 

, A s , α),
xpressing our cosmology dependence as a scaling with respect to 
ducial values �m 

= 0 . 310 and A s = 2 . 105 × 10 −9 . 
We illustrate our large-scale structure, compact object, and com- 

ined lensing pdfs for a selection of redshifts in Fig. 3 . Considering
ow the combined pdf, its variation for a range of cosmological 
arameters is shown in Figs 4 and 5 . In practice, �m 

will be
onstrained by the Hubble diagram itself, breaking the partial 
e generac y of equation ( 10 ). 

.3.4 Intrinsic variation 

he final stage is to convolve with a model of intrinsic SN Ia
ariation. There is good evidence the SN Ia population is not 
ntrinsically Gaussian (Wiseman et al. 2022 ). While the detail of
ow this arises is not important for our purposes, we will want
o distinguish intrinsic skew (which we assume does not vary 
ith redshift) from skew originating from lensing (which does). A 

onvenient way to parametrize intrinsic skew is using the sin-arcsin 
istribution family (Jones & Pewsey 2009 ) – the two parameters δ, ε
f this family capture both skew and kurtosis (fat or thin-shouldered
istributions) in a monotonic fashion, and δ = 1 , ε = 0 is the normal
istribution. The probability of the intrinsic Hubble diagram residuals 
f supernova i (in terms of magnitudes) is set to 

 Int ( �m ) = 

1 

2 πE 

δ
√ 

1 + x 2 exp ( −x 2 / 2) / 
√ 

1 + �m 

2 , (17) 

here 

 = ( sinh ( δarcsinh ( �m ) − ε) − D) /E , (18) 

nd the location and scale parameters D, E are determined by the
onstraints ∫ 

�mp Int ( �m ) d�m = 0 ∫ 

�m 

2 p Int ( �m ) d�m = σ 2 
i . (19) 

ere, σ 2 
i = C ii is the diagonal of the SN Ia covariance matrix (see

quation 21 ), which is the statistical uncertainty in the SN Ia distance
odulus. Changing variables in the pdf p L ( μ) to magnitudes using

quation ( 5 ) and convolving with the intrinsic pdf, we finally arrive
MNRAS 536, 946–961 (2025) 
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Figure 4. We plot the combined lensing pdf p L ( �m ) for variations in 
the fraction of compact objects and cosmological parameters at z = 0 . 6. 
Upper panel. Increasing the fraction of compact objects produces a large 
enhancement in the probability of well-magnified sources. Additionally, the 
mode of the distribution approaches the Dyer–Roeder empty-beam distance 
(vertical black dashed line). Middle panel. Increasing �m 

broadens the 
distribution, in a similar way to the primordial power spectrum amplitude in 
the lower panel. However, the probability of well-magnified sources is only 
mildly enhanced compared with variations in the compact object fraction. 
Lower panel. Increasing the amplitude A s of the primordial power spectrum 

broadens the distribution. Differences between the middle and lower panels 
for the probabilities of demagnified events are due to changes in the Dyer–
Roeder distance with �m 

. 
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Figure 5. The cumulative probability distribution of the distributions given 
in Fig. 4 . As the size of our data is ∼ 1500 SNe Ia, the intercept of each 
line with a cumulative probability of 10 −3 gives a guide of the �m to which 
we may expect approximately one SN Ia to be magnified (before allowing 
for intrinsic variations). It can also be estimated where larger data sets may 
produce constraints. 

3

3

W  

(  

i  

I  

u  

e  

l  

t  

t  

l  

D
ow

nloaded from
 https://academ

ic.oup.com
/m

nras/article/536/1/946/7909097 by guest on 07 January 2025
t the model distribution for SN Ia residuals 

 R ( �m ) = 

“
p L ( �m 1 ) p Int ( �m 2 ) 

× δ( �m − ( �m 1 + �m 2 )) d�m 2 d�m 2 , (20) 

here �m 1 and �m 2 are the contribution of lensing and intrinsic
omponents of the total residual such that �m = �m 1 + �m 2 . 
NRAS 536, 946–961 (2025) 
 DATA  

.1 SN Ia data 

e use the DES-SN5YR data set as described in DES Collaboration
 2024 ) and S ́anchez et al. ( 2024 ). The SN Ia surv e y was conducted
n 10 fields (8 shallow and 2 deep) of the DES footprint, and the SNe
a range from 0 . 01 < z < 1 . 13. Supernova candidates are analysed
sing machine-learning classifiers (M ̈oller & de Boissi ̀ere 2020 ; Qu
t al. 2021 ; M ̈oller et al. 2022 ) whose input is the time series of
ight curve fluxes in griz passbands and host-galaxy redshifts, and
he output is the probability of being an SN Ia. The diagonal of
he covariance is then adjusted for this probability, down-weighting
ikely contaminants but not discarding them altogether. The SN Ia
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Figure 6. We plot the Hubble diagram residuals �m = m − m theory for SN Ia 
with p(SN Ia) > 0 . 9 according to their best-fit cosmology and intrinsic skew 

and kurtosis. Overlaid on the histogram, we illustrate the expected distribution 
of residuals according to our model pdf given two extreme values of α = 0 
and α = 0 . 7. In the two insets, we zoom in on regions of the distribution that 
will be important in determining our constraints. The differences are not easy 
to discern due to range of redshifts and unweighted data used for the plot: we 
caution that α cannot be read off this graph. Nevertheless, it is discernible that 
α = 0 . 7 is unlikely to be preferred by the data as the peak of the distribution 
– which mo v es towards the empty beam value – is away from the peak of the 
data. Fig. 9 shows in greater detail the weighted contribution of individual 
SN Ia to the lensing likelihood. 
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edshift is set to be the post-hoc measured spectroscopic redshift 
f the galaxy that is closest in directional light radius to the SN Ia
Sulli v an et al. 2006 ; Morgan et al. 2023b ). 

SN Ia magnitudes are empirically standardized by their observed 
olours, durations, host environments, and modelled selection biases. 
n particular, a lensing pdf derived from the MICE-GC simulations 
Crocce et al. 2015 ; Fosalba et al. 2015a , b ) was one of the inputs
sed to calculate the selection bias. Additionally, σlens = 0 . 055 z was
dded to the covariance matrix to account for lensing dispersion. 
hat these differ somewhat from our model pdfs (and each other) 
an be neglected if we omit SNe Ia with z > 1 where the contribution
o the bias correction of lensing might be significant. 

We note that the pipeline and data selection as described in 
ections 2 and 5.1 of Vincenzi et al. ( 2024 ) implements explicit cuts
ased on photometric parameters to limit contamination by non-SN 

a. These are based on stretch, colour, and goodness-of-fit of the 
ight curve; all of these parameters will be unaffected by lensing. 
o we ver, at a last stage in the standard DES-SN5YR analysis a
hauvenet cut of outliers with | χ | > 4 σ is applied. The intent is to

educe contamination by non-SN Ia (Vincenzi et al. 2024 ), ho we ver
s this risks also cutting magnified SN Ia from our sample we remo v e
he cut. 

There are 1905 SNe Ia and we include the 1556 that are between
 . 2 < z < 1 . 0 in our lensing analysis. The lower cut is because
ensing will not materially affect low redshift SNe Ia, and the lower
edshift SNe Ia are from older, heterogeneous surv e ys with uncertain
election functions. The upper cut is to reduce potential uncertainties 
ue larger bias corrections at high redshifts (for example see fig. 7 of
incenzi et al. 2024 ). We additionally cut likely SN Ia contaminants,
y excluding data with uncertainty σm 

> 1 . 0 mag, although we have
hecked this does not materially affect our results and produces 
imilar results to a cut on non-SN Ia probability. Our data therefore
omprises 1532 SNe Ia of average redshift z ∼ 0 . 47, with just o v er
 third at redshift z > 0 . 6 where lensing is expected to comprise a
ignificant proportion of the variance of the Hubble diagram residual. 

To aid visualization of the impact of compact objects, we have 
tted a Hubble diagram to our SN Ia data with likely non-SN Ia
ltered out and plot a histogram of the residuals �m = m − m theory 

n Fig. 6 . We take our background cosmology as flat Lambda
old dark matter ( � CDM; but see Section 5.1.4 ) and compute
 theory ( H 0 , �m 

, z) using the standard formulae for distance moduli.
verlaid on the plot is the expected distribution p R ( �m ) from

quation ( 20 ) for large and small values of α. The differences are
ubtle, but nevertheless detectable as is further visualized in Fig. 9 . 

.2 Other cosmological probes 

he amplitude of the primordial power spectrum A s and �m 

are 
onstrained by other cosmological probes. In particular, we use: 

(i) Cosmic microwave background (CMB) measurements of the 
emperature and polarization power spectra (TTTEEE) presented by 
he Planck Collaboration VI ( 2020 ). We use chains derived from
he Python implementation of Planck’s 2015 Plik lite (Prince & 

unkley 2019 ). 
(ii) Weak lensing and galaxy clustering measurements from the 

ES3 ×2pt year-3 magnitude-limited (MagLim) lens sample; 3 × 2- 
oint refers to the simultaneous fit of three 2-point correlation func- 
ions, namely g alaxy–g alaxy, g alaxy–lensing, and lensing–lensing 
orrelations (Dark Energy Surv e y Collaboration 2022 , 2023 ). 

(iii) Baryon acoustic oscillation (BAO) measurements as pre- 
ented in the extended Baryon Oscillation Spectroscopic Surv e y 
aper (eBOSS; Dawson et al. 2016 ; Alam et al. 2021 ), which
dds the BAO results from the Sloan Digital Sky Survey (SDSS-
V, Blanton et al. 2017 ) to earlier SDSS BAO data. Specifically, we
se ‘BAO’ to refer to the BAO-only measurements from the Main
alaxy Sample (Ross et al. 2015 ), BOSS (SDSS-III Alam et al.
017 ), eBOSS Luminous Red Galaxies (LRG, Bautista et al. 2021 ),
BOSS Emission Line Galaxies (ELG, de Mattia et al. 2021 ), eBOSS
uasars (QSO, Hou et al. 2021 ), and eBOSS Lyman-alpha (Lya, du
as des Bourboux et al. 2020 ). 
(iv) SH0ES (Supernova H 0 for the Equation of State) calibration 

f SN Ia magnitudes by Cepheids. We use M = −19 . 253 ± 0 . 029
s specified in fig. 14 of Riess et al. ( 2022 ). 

We use the posterior probabilities and covariance of cosmological 
arameters A s , �m 

, and H 0 from these results as input priors to
ur SN Ia lensing analysis. 5 As A s values are mildly in tension
etween the CMB and galaxy surv e ys, we do not combine them
ut use them individually. We label our first two combinations as
N + BAO + 3 ×2pt and SN + Planck. Our third combination, labelled
N, is to use SNe Ia in combination with the SH0ES calibration of M ,
oting that it is in tension with an inverse distance ladder calibration
sing the CMB. The purpose of three combinations is to show our
esults are not sensitive to differences of cosmological parameters 
etween them. 

 T H E  SN  IA  LENSI NG  L I K E L I H O O D  

he SN Ia likelihood typically used in cosmology analysis assigns 
n N -dimensional Gaussian L G 

probability to the data � d given 
osmological parameters θ . Hence, up to a normalization factor 

ln L G 

( � d | θ ) = −1 

2 
d i C 

−1 
ij d j ≡ −1 

2 
χ2 , (21) 

here C is the covariance matrix (which is the sum of estimated
tatistical and systematic errors) and the Hubble diagram residuals 
MNRAS 536, 946–961 (2025) 
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Table 1. Marginalized constraints on α, the fraction of the total matter density 
comprised of compact objects from the data combinations used. For the 
median 68 per cent confidence intervals are indicated. 

Median ( α) 95 per cent upper limit for α

SN + SH0ES 0 . 033 + 0 . 045 
−0 . 021 0.122 

SN + CMB 0 . 032 + 0 . 047 
−0 . 019 0.124 

SN + BAO + 3 ×2pt 0 . 033 + 0 . 045 
−0 . 02 0.118 

Figur e 7. Mar ginalized model posterior for the fraction of matter α in 
compact objects, which comprise stars, stellar remnants, stellar groupings 
below 10 7 M �, and primordial black holes. The probability density for each 
data combination has been normalized to a maximum of 1 for plotting 
purposes, and the 95 per cent constraints are shown as dotted vertical lines. 
The median and 68 per cent confidence interval is shown for the SN + CMB 

combination. The maximum a posteriori estimates for α are consistent with 
zero. 
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 i are 

 i = m i − M − μi, theory ( θ ) . (22) 

ere, M = M − 5 log 10 H 0 is a degenerate combination of the
ubble constant H 0 and the fiducial SN Ia absolute magnitude
 (which is marginalized o v er). The distance modulus μi, theory =

 log 10 ( D L,F ( z i , �m 

) / 1 Mpc ) + 25 where D L,F is the filled-beam
omogeneous luminosity distance as defined in equation ( 1 ). The
bserved SNe Ia redshifts are corrected to the CMB rest frame using
he heliocentric CMB dipole and a peculiar velocity model. 

We use the pdf for the Hubble diagram residual p R – which
ombines intrinsic variance and lensing – as specified in equation
 20 ) for each SN Ia and adjust the abo v e likelihood to 

log L ( d| θ ) = ln L G 

+ 

( ∑ 

i 

log p R ( d i | θ ) −
∑ 

i 

log p diag ( d i | θ ) 

) 

. 

(23) 

he term in brackets is therefore a correction to the standard
ikelihood incorporating lensing and intrinsic non-Gaussianity. Here
 

 diag ( d i ) = 

1 √ 

2 πσi 

exp ( −0 . 5( d i /σi ) 
2 ) , (24) 

here σ 2 
i = C ii is the diagonal of the covariance matrix which

aptures the statistical error. 
The covariance matrix C = C stat + C sys is the sum of a diagonal
atrix of statistical errors, and an off-diagonal matrix of systematic

rrors (Vincenzi et al. 2024 ). The form of our likelihood retains
ensitivity to off-diagonal systematics in C, which are important to
orrectly propagate errors. Were C to be fully diagonal, log L tri v ally
educes to the sum of the logs of p R of each d i . Also, in the case of
omogeneity when lensing is absent, we may write the lensing pdf
 L as a trivial delta function, and L reduces to the original L G 

if
ntrinsic non-Gaussianity is ignored. 

In practice, the covariance matrix C is only weakly non-diagonal,
ith the typical size of a non-diagonal term being 10 −3 of a diagonal

erm, so we expect our assignment to be accurate. It is reasonable to
e glect co variance between lensing and other sources of uncertainty,
nd also between lensing and lensing: the SNe Ia are widely enough
eparated spatially that an y co variance induced by o v erlapping
oregrounds is negligible (as tested in S24 ). 

To speed up computation, we pre-compute the lensing pdfs for a
rid of redshifts, cosmological parameters and α. We then interpolate
he log probabilities by redshift, deviation from the mean and scale
arameters. We have checked the interpolation does not affect our
esults. Only the final convolution with the SN Ia intrinsic pdf p int is
alculated in the likelihood. When we do not use the CMB or BAO,
ur priors (which are also the size of our grid) are �m 

∈ (0 . 19 , 0 . 44),
0 9 A s ∈ (0 . 63 , 5 . 26), M ∈ ( −18 , −21), and H 0 ∈ (60 , 80). We take
∈ (0 . 005 , 0 . 7) (the lower bound is slightly abo v e zero for numerical

tability), ε ∈ ( −0 . 2 , 0 . 2) and δ ∈ (0 . 6 , 1 . 4). Runs are performed
sing POLYCHORD 

6 (Handley, Hobson & Lasenby 2015 ), and plots
nd analysis with ANESTHETIC 

7 (Handley 2019 ). 

 RESU LTS  

or combination of DES-SN5YR and the SH0ES M prior, for the
ompact objects pdf of B22 , we find αSN < 0 . 122 at 95 per cent
NRAS 536, 946–961 (2025) 

 https:// github.com/ PolyChord/ PolyChordLite 
 https:// github.com/ handley-lab/ anesthetic 

 

c
 

W  
onfidence after marginalizing o v er ε, δ, �M 

, M , and A s . The
edian and 68 per cent confidence levels are αSN = 0 . 033 + 0 . 045 

−0 . 021 , and
he maximum a posteriori value (as determined from kernel density
stimation) for α is consistent with zero within error of estimation.
alues for ε, δ are slightly shifted from a normal distribution but not
nduly so. 
In combination with Planck priors, we find αSN + CMB < 0 . 124 at 95

er cent confidence. The median and 68 per cent confidence levels
re αSN + CMB = 0 . 032 + 0 . 047 

−0 . 019 , and the maximum a posteriori is also
onsistent with zero. 

Finally, when using BAO + 3 ×2pt priors, we find αSN + BAO + 3x2pt <

 . 118 at 95 per cent confidence, median as αSN + BAO + 3x2pt =
 . 033 + 0 . 045 

−0 . 02 , and the maximum a posteriori is again consistent with
ero. The values are summarized in Table 1 . We have tested our
esults using different maximum redshifts and errors in order to
erify that the bias correction process (which is redshift dependent)
oes not influence our results: we find no notable trends. Within
tatistical fluctuation, these results are all consistent with each other,
nd we find similar consistency when using the pdfs of R91 and F20
as expected, since the data prefer a low optical depth). Although
he marginalized posterior for A s for the SN + SH0ES combination
eaks at low values, its median and mean is fully consistent with the
ther data sets. We further discuss the validation of our pipeline and
esults using simulations in Appendix A . 

We plot the marginalized posteriors for α of our three data
ombinations in Fig. 7 , and display the full posteriors in Fig. 8 . 

As noted, our posteriors for α peak at values consistent with zero.
e compute the Bayes ratio R = p ( M 0 | � d ) /p ( M α| � d ), which is the

https://github.com/PolyChord/PolyChordLite
https://github.com/handley-lab/anesthetic


Constraints on compact objects from DES-SN5YR 955 

Figure 8. Model posterior parameters for the data combinations used in this paper. For the SN + CMB combination, the medians and 68 per cent confidence 
intervals are specified in the text labels above the diagonal. α is the fraction of matter in compact objects, the focus of this paper, and does not show any strong 
de generac y with other parameters. The constraints on A s and �m 

arise from the combination of the external priors and SN Ia data; ho we ver the constraint on 
A s from DES-SN5YR alone is weak as the data set does not have sufficient statistical power to constrain it. ε and δ represent intrinsic skew and kurtosis of the 
distribution of SN Ia residuals that is not dependent on redshift, and hence not due to lensing. 
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elative probabilities of the hypotheses M 0 : α = α0 and M α : α ∈
( α) where π is our (top-hat) prior for α. This may be calculated
sing the Savage–Dickey ratio 

 = 

p( α = α0 | � d , M α) 

π ( α = α0 | M α) 
, (25) 

hich depends only on the prior and posterior probabilities (as 
stimated by a kernel density) in M α localized at α = α0 . 
For our uniform prior α ∈ (0 . 005 , 0 . 7), we find ln R = 2 . 6 at α =
 . 005 for all three data combinations. Using the interpretative scale
f Trotta ( 2008 ), this indicates weak preference for the absence of a
etectable amount of compact objects at odds of 14:1. 

.1 Caveats 

n this section, we discuss a range of caveats to compact object
onstraints that have been put forward in Carr et al. ( 2024 ) and
MNRAS 536, 946–961 (2025) 
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M

Figure 9. The sum of lensing likelihood contribution per SN Ia for the 
DES-SN5YR sample, bucketed by Hubble diagram residual. The fraction of 
compact objects is set at α = 0 . 3, and the other parameters used are fiducial 
values of �m 

= 0 . 315, A s = 2 . 105 × 10 −9 , ε = 0, and δ = 1. This value of 
α is disfa v oured compared to α = 0 . 01 at � log L ∼ −20 or > 5 σ . It is clear 
from the graph this disfa v our originates from relative frequency of SNe Ia 
with residuals of �m ∼ −0 . 2 compared to �m ∼ + 0 . 2. 
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specifically relating to SN Ia lensing) Garcia-Bellido et al. ( 2018 ).
hile we leave detailed computations for future work, we estimate

n general terms the effect of the points raised by these authors. 

.1.1 Finite source size 

N Ia photometry depends on observations around peak brightness.
e may estimate the physical size of the photosphere at this peak as

40 au from a typical ejecta velocity of ∼12 000 km sec −1 , and time
o peak of ∼20 d. As the mass of the lensing deflector decreases, the
ngular size of its Einstein radius θE approaches the angular size of
he SN Ia θS . Defining the ratio of these sizes as η, we have 

≡ θS 

θE 
= 1 . 52 

(
M 

M �

)−1 / 2 (
D L 

D S D LS 

)1 / 2 

, (26) 

here D LS is the angular diameter distance between the lens L
nd source S. For example for M = 0 . 01M � and a typical source
t z = 0 . 6 and lens at z = 0 . 3, η = 0 . 50. As noted in Pei ( 1993 ),
S 18 , and B 22 , the effect of finite sources may be calculated by
veraging the point source result o v er the area of the photosphere.
his introduces a maximum magnification μmax = 

√ 

1 + 4 η2 − 1.
learly, as M approaches zero, the lensing contribution of compact
bjects vanishes so that the combined pdf is that of large-scale
tructure only. 

To determine whether the finite size of SN Ia sources affects our
onstraints, we then need to consider the relationship between μmax 

defined by η for a reasonable range of redshifts) and the range of
of our sample, which we proxy by looking at the distribution

f the Hubble diagram residuals (in this subsection, conserv ati vely
ssuming bright SN Ia are due to magnification, rather than intrinsic
rightness). 
In Fig. 9 , we show the sum of the lensing likelihood for the DES-

N5YR sample binned by Hubble diagram residual, with α set to
.3 and reasonable values for other parameters. For this fraction
f compact objects δ log L ∼ −20 compared to α = 0 . 01, meaning
hat α = 0 . 3 is disfa v oured compared to the lower value at > 5 σ .

e see that the constraints arise from having too many SNe Ia
ying just below the Hubble diagram at �m ∼ −0 . 2, and not enough
ust abo v e it, an outcome which is not fa v oured for lensing due to
ompact objects. There are no SN Ia lying at �m < −0 . 75 below
he Hubble diagram. Using equation ( 26 ) abo v e and �m � −1 . 08 μ,
NRAS 536, 946–961 (2025) 
his corresponds to η = 0 . 5. For the range of redshifts spanned by
ur data and the maximum SN Ia source size, we obtain 0.03 M � to
e an appropriate lower bound to our constraints. 
As a further cross-check, fig. 2 of ZS 18 shows that below 0.001
 �, the lensing pdf is modified both around the peak and in the

ail, whereas abo v e this value it is well-approximated by the point
ource lensing pdf. Our lower bound of M > 0 . 03M �, is well abo v e
.001M �, demonstrating that we can trust our likelihood for this
ange of compact object masses. 

In summary, the examination of the contribution of individual SN
a to the lensing likelihood show that the point-source approximation
e use is valid for lens masses M > 0 . 03M �. Our constraints do not

pply to compact objects lighter than this. 

.1.2 Non-monochromatic compact object mass 

s the point source pdf does not depend on the compact object mass
, a non-monochromatic compact object mass spectrum p( M)d M 

ay be straightforwardly integrated out leaving the results unaf-
ected, provided p( M) has minimal support below M > 0 . 03M �. 

In the case that p( M) does have support for low masses, our
onstraints would be weaker by a factor f = P ( M < 0 . 03M �)
here P is the cumulativ e probability. F or e xample for a log-normal
( M) with mean 0 . 03M � and width 0 . 03M � then f = 0 . 69 and we
ould have α < 0 . 19 at 95 per cent confidence. 

.1.3 PBH clustering 

hile it may be assumed that stars and stellar remnants cluster
ccording to the luminosity distribution in galaxies, there is at present
 range of proposals in the literature on how PBH may cluster. 

At one e xtreme, F arrah et al. ( 2023 ) has proposed that a ‘cosmo-
ogical coupling’ of the interior metric of a black hole can explain
he origin of dark energy (these are not primordial but remnants
rom Population III stars). A side effect of the coupling is that the
lack hole population has an ef fecti ve equation of state w = −1, and
he resulting ne gativ e ef fecti ve pressure causes them to disperse out
f galactic haloes into the IGM. The result is a spatially uniform
istribution. Our constraints do apply to this scenario, which rules it
ut as requiring α ∼ �� 

/�m 

. 
On the other hand, the production of PBH as peaks in the

ensity field during inflation has been proposed to generically
ead to clustering which survives to the present day (Carr et al.
024 ). Cluster sizes can range from r c = 1 − 1000 pc and masses
rom M c = 10 3 − 10 6 M �, although a typical scenario seems to be
 c ∼ 10 6 M � and r c ∼ 20 pc (of similar mass but somewhat smaller

han a large globular cluster, and a factor of ×1000 smaller than
 smooth dark matter halo of the same mass). Larger clusters are
isrupted by Galactic tidal fields, and heavier ones excluded by disc
eating (see fig. 5 of Carr et al. 2021 ). 
It is a well-known theorem that the metric of any spherically

ymmetric mass distribution is given by the Schwarzchild metric
utside the extent of the mass. The magnification at the Einstein
adius as A = 1 + μ = 1 . 34, which as we have noted abo v e is
reater than the magnification level from which our results derive.
herefore, if the physical extent of the cluster was contained within

ts Einstein radius, our result would be robust. For a PBH cluster
ass of 10 6 M �, a typical Einstein radius is a physical size of ∼ 10

c. As this is smaller than the size of the cluster quoted abo v e, our
onstraint is approximately reduced by the fraction of mass lying
utside the Einstein radius. While this clearly depends on the radial
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rofile of the cluster, for a typical NFW profile we may estimate
ur constraint is reduced to α < 0 . 19 at the 95 per cent confidence
evel. 

Clearly, clusters that are lower mass or more diffuse can e v ade
ur constraints, if they are not disrupted by dynamical evolution 
onsiderations. Two scenarios of this would be M c = 10 6 M � and
 c = 100 pc and M c = 10 4 M � and r c = 10 pc. While in principle it
ould seem a viable scenario that PBH could comprise the entirety 
f dark matter if they were clustered in this fashion, we note it would
e straightforward to re-fashion the lensing pdfs for this scenario 
nd re-run constraints. We do not do this here, and leave it for future
onsideration. 

.1.4 Background cosmology 

n this paper, we restricted ourselves to flat � CDM. Ho we ver, the
ES-SN5YR data set itself indicates a weak preference for ‘thawing’ 
ark energy when combined with other probes (DES Collaboration 
024 , see also DESI Collaboration 2024 who arrived at similar
onclusions). Ho we ver, it has been shown in Dhawan & M ̈orstell
 2023 ) that the constraint in α varies by �α/α ∼ 0 . 06 in extended
odels (and is tighter for the extended models tested). This is to

e expected, as a more flexible Hubble diagram allows the compact 
bject signal to be more clearly de-coupled from the cosmological 
ackground. Accordingly, we judge our constraints to be somewhat 
onserv ati ve due to our restriction. 

 SU M M A RY  

e have constrained the fraction of compact objects of mass M >

.03 M � as a fraction of the total matter density of the universe to
e α < 0 . 12 at the 95 per cent confidence level. Our results take into
ccount lensing due to the combination of compact objects, large- 
cale clustering, and non-linear scale structure. They apply equally 
o monochromatic and variable mass spectra of compact objects 
rovided P ( M < 0 . 03M �) � 1. 
We have argued that our results are biased conserv ati vely (in the

ense that the constraints we quote are likely to be higher than the
ruth) as a result of weak lensing linearization, the Born approxi- 
ation, low optical depth, and a flat � CDM model, in aggregate

otentially by a factor of up to 2. We have varied our method for
enerating the lensing pdf and choices of cuts, finding �α ∼ 0 . 03.
ur results are robust to differing Hubble expansion rates, and have 
een fully marginalized o v er intrinsic non-Gaussianity of residuals 
nd cosmological parameters. Including uncertainty in the validation 
f the likelihood, we therefore estimate that systematics are limited 
t �α ∼ 0 . 04. 

Our constraint on α follows primarily from the lack of clustering of
esiduals d i ∼ 0 . 1 mag abo v e the Hubble diagram, and also from the
ack of SNe Ia with residuals d i < −0 . 5 mag. Both are signatures
f compact objects and distinct from the signature of lensing by 
arge-scale structure which enhances the probability of residuals with 
 i ∼ −0 . 1 and d i ∼ + 0 . 05. 
Our constraints assume the compact object lenses can be treated 

s points, and are widely distributed. We are able to rule out the
roposal made in Farrah et al. ( 2023 ) that ‘cosmologically coupled’
lack holes act as the source of dark energy. These black holes
riginate as stellar remnants, and subsequently disperse widely into 
he IGM. As such they a v oid micro-lensing constraints along LOS
onfined to our Galactic halo (see next paragraph). Ho we ver, as SN
a LOS span large distances o v er the IGM, our constraints do apply
o this scenario. For black holes to be the sole source of dark energy
ould require α ∼ 1. 
Re vie wing other constraints in the literature, the presence of PBH

n the halo of the Milky Way has been constrained to α < 0 . 012 in
he mass range 1 . 8 × 10 −4 M � to 6 . 3M � and α < 0 . 1 for masses of
 . 3 × 10 −5 M � to 860M � at the 95 per cent confidence level (Mr ́oz
t al. 2024 ), by observing that the frequency of microlensing events
etween our galaxy and the Large Magellanic Cloud can be almost
ntirely accounted for by the assumed distribution of halo stars or
tellar remnants. The upper limit arises from the duration of the
urv e y, and that microlensing events become rarer as the PBH number
ensity decreases with increasing mass. As our results are based on
eak rather than strong lensing, we do not consider there to be

n upper limit to our mass range. Nevertheless, as discussed in Carr
t al. ( 2024 ), it may be argued that the origin of PBH from primordial
eaks in the density field lead to them being strongly clustered into
egions of 1–1000 pc in size, with cluster masses of 10 3 –10 6 M �.
hese scenarios allow the microlensing constraints to be a v oided. 
For a reasonable scenario envisoned in Carr et al. ( 2024 ), our

esult is widened to α < 0 . 19. This is still sufficient to exclude PBH
eing the sole source of dark matter at high confidence. Although
ur constraints will become progressively weaker with more diffuse 
lustering, it would be straightforward to extend our lensing pdf 
onstruction to calculate this. We leave this to future work. 

Beyond the halo of our Milky Way, an extragalactic constraint was
erived in Oguri et al. ( 2018 ) by the observation of the microlensing
f a distant star by a fore ground massiv e cluster. It was argued that
f the dark matter of the lens was comprised of α > 0 . 08 compact
bjects, the smooth caustic would be fragmented to a degree that the
bservation would not have occurred. The constraint is weakened if 
 more conserv ati ve assumption about stellar velocity dispersions in
he foreground cluster is made. In a similar fashion, a constraint of
< 0 . 17 for the mass range 10 4 M � < M < 10 6 M � was obtained

y Dike, Gilman & Treu ( 2023 ) from the image flux ratios of 11
ystems of strongly lensed quasars. 

At mass ranges > 10 M �, tighter constraints than those presented
ere are argued by a number of lines of reasoning. These include event
ates of black hole mergers (Ali-Ha ̈ımoud, Ko v etz & Kamionkowski
017 ), the effect on the CMB power spectrum of accretion on to
BH before the epoch of reionization (Serpico et al. 2020 ), and
umber densities of X-ray sources in nearby galaxies such as would
e produced by accretion of the interstellar medium on to black holes
Inoue & Kusenko 2017 ). 

Nevertheless, our results are complementary to these in terms of 
otential systematics and rely only on the action of general relativity
o produce lensing magnification. We do not require long timeline 
bservations to collect microlensing events, and our results have 
o reliance on assumptions about astrophysical processes such as 
ccretion, merger rates, and so on. 

Looking to future avenues of research, it has been proposed that
iscrepancies between the amplitude of the matter power spectrum 

erived from the CMB and g alaxy–g alaxy weak lensing may be
ue to larger suppression than expected of the power spectrum on
cales of the order of 1 Mpc (Amon & Efstathiou 2022 ), possibly
ue to baryonic effects such as active galactic nuclei and supernovae
eedback. We have argued above that SNe Ia provide a unique insight
nto the power spectrum on these scales, if the fraction of compact
bjects can be constrained. This will be the subject of forthcoming
ork. 
The forthcoming Rubin LSST surv e y is expected to lead to obser-

ations of O(10 6 ) SNe Ia (Lochner et al. 2022 ). Since spectroscopic
esources will only be available for a fraction of these, the method-
MNRAS 536, 946–961 (2025) 
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logy here will need to be adapted to marginalize o v er uncertain
hotometric redshifts. Fortunately, due to the weak dependence of
he lensing efficiency on the precise redshift of the source and lens,
t has been shown that progress may still be made with lensing using
hotometric samples in S24 . A detailed forecast of constraints is
eyond the scope of this work. Nevertheless, it may be hoped that a
efinitive detection of the presence of compact objects at the level of
∼ 0 . 01 (such as may be expected from stars and stellar remnants

lone) may be made. 
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PPENDIX  A :  RESULTS  VA LIDATION  

e validate our results by generating mock data sets of similar
ize to DES-SN5YR using the software packages SN AN A 

8 (Kessler
t al. 2009 ) and PIPPIN 

9 (Hinton & Brout 2020 ). The mock data sets
eplicate the observing conditions and detection efficiency of the DES

 ht tps://github.com/RickK essler/SN AN A 

 https://github.com/dessn/Pippin 
NRAS 536, 946–961 (2025) 
igure A1. Upper confidence interval statistics for each of 10 mock data
ets for values of α from 0.005 to 0.40. The truth is plotted as a diagonal
ashed black line. The mock data sets are generated by SN AN A simulations
ith observing conditions matching the real surv e y, but with weak lensing
agnifications sampled from our model pdfs. For each simulation, we plot

he 95 per cent upper confidence limit statistic using CMB priors. The trend
n this statistic is somewhat flatter than the truth, as is evident due to the
ard prior boundaries. These data points are then used, via Bayes’ theorem,
o validate that our likelihood correctly retrieves the limit statistic. 

urv e y, which hav e been used to analyse the actual observations. The
imulations allow the user to specify the lensing pdf to use, and we
elect a number of values of α, generate 10 mock data sets for each,
nd analyse them using our likelihood. 

Our objective is to validate our 95 per cent confidence upper limit
or α. We note that any statistic will be necessarily bounded by our
rior interval α ∈ (0 , 0 . 7), and therefore is likely to be biased for a
ruth value αT close to either side of this interval (for example if we
reate multiple simulations with αT = 0, all statistics will be higher
han this by construction). Accordingly, we examine the distribution
( α95 per cent | αT ) where α95 per cent is the 95 per cent confidence limit

rom the simulated data with input lensing pdf α = αT and fiducial
alues for A s and �m 

. The results with CMB priors are shown in
ig. A1 . 10 

We see that for only 1 out of 120 of our simulations does the
imulated value fall lower than the 95 per cent confidence upper
imit. The trend on the statistic is somewhat flatter than the truth,
ue to the hard prior boundaries. We may use Bayes’ theorem to
onstruct p( αT | α95 per cent ) by fitting a kernel density estimate to
( αT , α95 per cent ), assuming a flat prior on p( αT ), and integrating to
nd p( αT < α95 per cent | α95 per cent ). For the value α95 per cent = 0 . 14
e reco v er 95 per cent, indicating our likelihood is accurate for our
uoted result to within �α ∼ 0 . 02. 
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0 These results were derived using lower resolution POLYCHORD settings due
o compute time needed. We have checked in a few cases they adequately
eplicate the results of our standard settings. 
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