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Abstract

A State-Space Framework for Modeling Seasonally-Varying Functional Time Series of

Stratospheric Ozone Profiles
by

Moya Xiong

This dissertation develops a state-space modeling framework for analyzing strato-
spheric ozone concentration profiles over altitude and time. Ozone profiles exhibit smooth
vertical structure and temporal variation, including seasonal patterns whose strength
and timing can differ across altitude. To capture these features, the proposed model
represents the vertical profile using cubic B-spline basis functions and models seasonal
temporal variation through harmonic state components. The seasonal effects are allowed
to vary smoothly across altitude through B-spline loading functions in the observation
equation, which keeps the state dimension relatively low while maintaining flexibility.

Model parameters are estimated by maximum likelihood using the Kalman Filter
likelihood, and latent states are estimated through Kalman filtering and smoothing. An
innovation-based bootstrap is used to quantify parameter uncertainty. Identifiability
issues in the seasonal component are also examined, leading to identifying constraints on
the seasonal innovation variance and harmonic initial states.

Simulation studies show that the proposed model can recover latent state structure
and key scalar parameters reasonably well under several seasonal settings. The bootstrap
procedure provides useful uncertainty quantification, although seasonal loading functions
become more variable when the seasonal dynamics are stochastic or when additional
harmonic components are included.

The method is applied to Hohenpeissenberg ozonesonde profile data from 1979 to

Vil



2024. The fitted model captures the main vertical structure of the ozone profiles and
reveals altitude-dependent seasonal variation. Diagnostic and bootstrap results suggest
that the model provides a useful and interpretable representation of ozone profile dynam-

ics, while also indicating areas where further model refinements may be beneficial.
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Chapter 1

Introduction

Stratospheric ozone plays an important role in atmospheric chemistry and climate, and
its temporal variation has been the subject of extensive scientific study. Although total
column ozone provides an important summary of atmospheric ozone abundance, it does
not describe how ozone is distributed vertically through the atmosphere. This disser-
tation therefore focuses on ozone vertical profiles observed repeatedly over time. This
profile-valued structure contains both smooth altitude-dependent variation and tempo-
ral variation, including seasonal patterns whose magnitude and timing may differ across
altitude. These features motivate statistical models that can represent the ozone profile
as a smooth function of altitude and describe how this profile evolves over time.

This dissertation develops a state-space modeling framework for analyzing lower-to-
middle stratospheric ozone concentration profiles over altitude and time. The proposed
model represents vertical structure using B-spline basis functions and models seasonal
temporal variation through harmonic state components with altitude-dependent loading
functions. The goal is to provide a flexible, interpretable, and computationally feasible

framework for studying ozone profile dynamics.
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1.1 Scientific Background and Motivation

Stratospheric ozone is a key component of the atmosphere because it absorbs a sub-
stantial portion of incoming solar ultraviolet radiation. Changes in stratospheric ozone
therefore have implications for atmospheric chemistry, radiative processes, and surface
ultraviolet exposure (see [I], 2, 3]). The discovery of ozone depletion and the subsequent
monitoring of ozone recovery have made long-term ozone observations an important part
of atmospheric science (see [4 [, [6]).

Much of the historical discussion of ozone depletion and recovery is based on total
column ozone, which provides a useful integrated measure of atmospheric ozone abun-
dance. However, total column ozone does not describe the vertical distribution of ozone.
Since chemical, radiative, and dynamical processes can differ by altitude, the evolution
of vertical ozone profiles across time provides additional information about where and
how ozone varies in the atmosphere (see [7, [8, 9]).

Ozone vertical profiles are observed by multiple instrument-types such as ozonesondes,
lidar, Umkehr measurements, and satellite sensors, providing data across different spatial
and temporal time scales ([3,[10]). In particular, ozonesondes provide long-term vertically
resolved measurements extending into the stratosphere and are widely used for ozone
trend studies and satellite validation ([I1]). Ozonesondes are launched from the ground,
and measure ozone partial pressures as they ascend into the stratosphere, carried by
balloons. Each ozonesonde flight provides data of the ozonesonde partial pressures as a
function of altitude for that flight-date. A sequence of ozonesonde flights from a specific
location produce a time series of profile data, representing the evolution of ozone partial
pressures across both altitude and time. Such data are scientifically informative but
statistically challenging: the observed ozone partial pressure profiles are functions of

altitude, observations are temporally dependent, and atmospheric dynamics including
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the seasonal cycle differ across altitude levels.
These features motivate the development of statistical models that treat the vertical
ozone profile as a structured functional object that evolves over time, rather than as a

collection of unrelated single-altitude time series.

1.2 Ozone Profile Data and Modeling Challenges

Ozonesonde profile observations can be viewed as a time series of vertical curves.
At each observation time, the data describe ozone concentration over altitude, so the
time series of observations contains both vertical structure and temporal structure. In
practice, raw profile measurements may be observed from ozonesonde flights at irregular
launch dates, at different altitudes ([12]), with complex dependencies across space and
time. At midlatitude sites, the seasonal cycle dominates stratospheric ozone variation,
with both the magnitude and timing differing smoothly across altitude levels. Modeling
each altitude level separately may therefore ignore useful information contained in the
vertical structure of the profile. In contrast, modeling the time-evolving vertical ozone
profiles using functional data analysis enables the borrowing of strength across altitudes
in estimating complex altitude-dependent temporal evolution, including seasonality.

The complexities of the spatio-temporal scales of ozonesonde observations, and of
stratospheric ozone dynamics, require a trade-off between flexibility, interpretability, and
computational feasibility. A model that treats all altitude levels as unrelated time series
may be simple but does not fully use the profile structure. A fully flexible multivariate
dynamic model over all altitude levels may be difficult to estimate and computation-
ally expensive. This motivates a reduced-dimensional dynamic representation in which
vertical structure is represented through smooth basis functions and temporal evolution

is modeled through a lower-dimensional latent state process, within a functional data
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analysis state space framework.

1.3 Existing Approaches for Ozone and Atmospheric

Profile Modeling

Many previous works have studied stratospheric ozone variability and recovery us-
ing linear regression and linear time-series regression models. These approaches often
represent ozone as a function of time, seasonal terms, and atmospheric explanatory vari-
ables such as solar activity, the quasi-biennial oscillation, El Nino—Southern Oscillation,
volcanic aerosol loading, and measures of anthropogenic halogen loading (for example,
[13), 14}, (15, 16l 17]). Such models have played an important role in assessing ozone de-
pletion and recovery, especially for total column ozone and altitude-specific ozone time
series.

State-space models ([18, 19, 20]) and dynamic linear models ([21),22]) provide another
framework for atmospheric time series because they separate latent temporal evolution
from measurement error and allow inference through Kalman filtering and smoothing. In
ozone applications, these models have been used to estimate time-varying trends, seasonal
components, and other latent temporal structures in ozone time series and profile-related
settings (for example, see [23] 24, 25, 26]). These methods provide a natural way to
describe temporal dependence, but their treatment of vertical profile structure depends
on the model formulation and does not necessarily provide a smooth altitude-basis rep-
resentation with shared seasonal states across the full profile.

Functional data analysis approaches (see [27, 28, 29]) focus more directly on the verti-
cal profile structure by treating each ozone profile as a function observed over altitude or

pressure. These methods can represent ozone profiles using smooth basis-function expan-
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sions, functional principal components or related low-dimensional functional summaries,
thereby borrowing information across neighboring altitude levels. In ozone applications,
functional and profile-based approaches have been used to study the vertical structure of
ozone variability, nonlinear temporal changes, and the effects of atmospheric covariates
(for example, [30, B1, 32]). These methods are useful for representing vertical depen-
dence, although the temporal evolution is not always modeled through an explicit latent
dynamic process.

The existing literature therefore highlights a trade-off between modeling vertical
structure, describing temporal dependence, preserving interpretability, and maintaining
computational feasibility. The approach developed in this dissertation combines these
ideas by representing the ozone profile through B-spline basis functions while modeling
temporal evolution in a state-space framework. Seasonal variation is represented through
shared harmonic state components whose loading functions vary smoothly across alti-
tude, allowing altitude-dependent seasonality without introducing a separate seasonal

state process at every altitude level.

1.4 Thesis Objective

The objective of this thesis is to develop a statistical framework for modeling ozone
vertical profiles as a dynamic process over altitude and time. The framework is designed
for profile-valued observations that exhibit smooth vertical structure, temporal depen-
dence, and seasonal variation whose magnitude and timing may differ across altitude.

Rather than analyzing each altitude level as a separate time series, this thesis treats
the vertical ozone profile as a structured object evolving over time. The proposed model,
estimation procedure, identifiability discussion, simulation study, and real-data applica-

tion are developed around this objective.
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1.5 Organization of the Thesis

The remainder of this thesis is organized as follows. Chapter [2| introduces the pro-
posed state-space model for ozone profile time series. It presents the state and obser-
vation equations, the B-spline representation of the altitude-dependent profile structure
at each time, the state evolution of the B-spline coefficients and harmonic seasonal state
components, and constraints introduced due to identifiability issues.

Chapter |3| compares the model proposed in Chapter [2| to closely related literature
in analyzing stratospheric ozone, and also to reduced harmonic seasonal cycle models in
state space models literature.

Chapter [4| describes the maximum likelihood estimation framework for the linear
Gaussian state-space model. It reviews Kalman filtering and smoothing, likelihood eval-
uation through one-step-ahead innovations, innovation-based bootstrap inference, and
numerical optimization.

Chapter [5| presents simulation studies under several parameter configurations. The
simulations are designed to examine state estimation, scalar parameter estimation, re-
covery of seasonal loading functions, and bootstrap uncertainty quantification under con-
trolled settings.

Chapter [6] applies the proposed method to Hohenpeissenberg ozonesonde profile data,
from a time series of ozonesonde flights. It describes the WOUDC data source ([10} 33]),
preprocessing into a regular pentad-level altitude-by-time array, exploratory analysis,
model specification, fitted results, diagnostics, and bootstrap uncertainty summaries.

Finally, Chapter [7| summarizes the main findings, discusses limitations of the current

framework, and outlines possible directions for future work.



Chapter 2

Model Overview

2.1 State-Space Model

Many time series arising in environmental and atmospheric sciences exhibit complex
temporal dynamics across space and time. Observed data are often noisy measurements
of an underlying process, itself driven by latent processes that evolve over time. State-
space models (SSMs) provide a flexible probabilistic framework to model such systems
by introducing latent state variables that capture the unobserved dynamics [19, 20].

A (linear Gaussian) state-space model consists of two equations: an observation equa-
tion and a state transition equation. Let ¢, € R% denote the observed data at time ¢, and
let @; € R% denote the latent (hidden) state vector. Here d, and d, denote the dimen-
sions of the observation and state vectors, respectively. In a linear Gaussian state-space
model, the observations are linear functions of the latent states plus Gaussian observation

noise, while the latent states evolve through a linear transition equation with Gaussian



Model Overview Chapter 2

process noise. The general form is

Observation equation: y, = Zxy + vy, v, ~N(0,R,y), (2.1)

State equation: x, = By 1 +w;, w,~N(0,Q,), (2.2)

where Z,; is the observation matrix, B; is the state transition matrix, and v, and w; are
Gaussian noise processes, frequently assumed to be mutually independent.

The observation equation relates the latent state to the observed data, while the state
equation describes how the latent process evolves over time. This framework naturally
separates measurement noise from process variability, making it particularly suitable for
modeling dynamical systems with hidden structure [19].

In this work, we adopt a time-invariant linear Gaussian state-space model, where
Z,=2,B, =B, R, = R,and Q, = Q for all t. The specific structure of these matrices

will be motivated based on the scientific characteristics of the ozone profile data.

2.2 Modeling Motivation

The objective of this work is to model the evolution of ozone concentration as a func-
tion of both altitude and time. The motivating observed ozone profile data, obtained
from a time series of balloon-based ozonesonde flights from a midlatitude location, may
be considered as data from a time series of profiles (curves), since each ozonesonde flight
provides observations of the ozone concentrations on that date as a function of alti-
tude as the sonde ascends [10],[30]. These data exhibit two dominant characteristics: a
smooth variation across altitude and a seasonal pattern over time. The proposed model
is designed to capture these features in a flexible yet computationally efficient framework.

Ozone concentration varies smoothly with altitude, with localized features such as
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peaks and gradients occurring at different altitudes. B-spline basis functions (appendix
as a function of altitude can provide flexible reduced-dimension approximations for
such smooth functions across altitudes. Therefore, we represent the vertical ozone profile
at time t as a linear combination of B-spline basis functions, in addition to seasonal
harmonic functional features, and model non-harmonic temporal evolution through latent
time-evolving B-spline coefficients. Notably, B-splines have compact support, meaning
that each basis function is nonzero only over a limited range of altitudes, benefiting
modeling and estimation. In particular, the bounded altitude support of each B-spline
allows the model to capture variations localized to specific altitude regions, through B-
spline coefficient components, without individual coefficients affecting the entire profile.
This localized property improves interpretability and numerical stability [34] 35].

Ozone dynamics are strongly influenced by seasonal effects driven by photochemi-
cal processes and atmospheric circulation at midlatitudes. Such periodic patterns can be
naturally modeled using harmonic (Fourier) components [20]. By introducing pairs of co-
sine and sine terms into the latent state equation, and including corresponding harmonic
loading functions as one component of the observation equation, our model captures both
the amplitude and phase of seasonal variation in a parsimonious manner.

The model is formulated within a state-space framework to allow for the dynamic
evolution of both the latent state B-spline coefficients and latent state Fourier harmon-
ics. Importantly, we structure the model with static altitude-dependent seasonal loading
functions (for the low-dimensional latent state Fourier harmonics) entering through the
observation matrix Z, instead of including higher dimensional Fourier coefficients as ad-
ditional state variables. This design choice reduces the dimension of the latent state
vector.

This reduction is critical because the computational cost of standard Kalman filter-

ing and smoothing estimation algorithms scales cubically with the dimension of the state

9
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vector, due to matrix operations such as covariance propagation and inversion [36], [37].
Consequently, increasing the state dimension can lead to a substantial increase in compu-
tational burden. By keeping the state dimension relatively low while honoring modeling
goals, we achieve improved computational efficiency while maintaining model flexibility.

Overall, this modeling framework balances flexibility, interpretability, and computa-
tional tractability, making it well suited for analyzing ozone profile data. The following
sections provide the detailed specification of the proposed state-space model (SSM): Sec-
tion introduces notation, dimensions and a broad-overview of proposed SSM struc-
ture; Section provides additional details about the latent state evolution equation;
Section [2.5similarly expands details about the observation equation. Section [2.6|presents

constraints implemented in the estimation, due to identifiability issues.

2.3 Notation and Setup

We consider ozone concentration profiles observed across multiple altitudes over time.
Let ay,...,a,, denote the altitude grid, and suppose observations are available at 7T’
evenly spaced time points. The goal is to model the temporal evolution of the ozone
profile while capturing both its vertical structure and seasonal variability.

Based on the characteristics of ozone profile data and the modeling considerations
discussed above, we now specify the structure of the state vector and the specific form

of the state-space model used in this work:

ind

Yy =9 +v=Zx,+v, v, ~NOR) te{l,2...T} (2.3)
x,=Br,, +w, w, X N0Q) te{l,2,...T} (2.4)

e y, € R™ denotes the observed ozone profile across n, altitude levels at time ¢.

10
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e The observation equation (equation (2.3))) relates observed variables y, to the latent
state vector x; via the matrix Z, with observation noise v;. 9, is the noise-free
part of the observation equation. Note that later y, may refer to a random variable

or its realization, depending on the context.

e The state equation (equation ([2.4])) describes the temporal evolution of &; governed

by transition matrix B, with process noise w;.

e v; and wy are independent for all times ¢ and ¢'.

Since we will discuss details of the state equation in Section [2.4], before we provide
details on the observation equation in Section [2.5, we introduce here that the matrix Z
in the observation equation is composed of different components in order to understand
the state equation. Specifically, the observation equation will be decomposed as:

p p
* ind
Y, = cht—i—’vt = Bspwt,c—i_ZBSppyc,th,j+ZBSPPYS,’Mt,j+vt7 Ve ~~ N(070}2{Ina);

J
J=1 J=1

where the observation matrix Z has components:

Z = (Bsp Bsp")/c,l B8p75,1 Bspp)/c,p BSPPY&P)’

and where:

e B,, € R"™** is the cubic B-spline basis matrix with k degrees of freedom evaluated

at the altitude grid where n, is the number of altitudes,

e x;. € RF is the time-varying B-spline coefficient vector for the non-harmonic func-

tional component; ;. is the first component of the latent state vector,

® Y.j»Vsj € R* are the static B-spline coefficient vectors that determine the altitude-

dependent loading functions for the j** harmonic pair, for j = 1,...,p,
11
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e M;; and M, are the harmonic state variables for the 4" harmonic pair, for j =

1,...,p; evolving as the second component of the latent state vector,

e v, is the observation noise vector at time point ¢, with common variance parameter

0% across altitude levels, assumed independent across time.
e The vector of latent states that evolves in the State Equation is of dimension k+2p,
and decomposed as

-
. T k+2p
x, = (mtﬁ My My, ... M, M;jp) € RF?,

as detailed further in Section

We summarize the key variables in the state-space model and their dimensions in the
following table. The general dimension is expressed in terms of n, (number of altitudes)

and the dimension of the state vector (k + 2p).

Variable Definition Dimension

Y, Observation random variable ng X 1

T State vector (k+2p) x 1

Z Observation matrix na X (k+ 2p)

B Transition matrix (k+2p) x (k+ 2p)
w; State noise (k+2p) x1

vy Observation noise g X 1

Table 2.1: Dimensions of components in the state-space model.

2.4 State Equation Decomposition and Evolving

We partition the state vector into a component with time-evolving basis function
coefficients (dynamic coefficients for B-splines in our model), and a component containing

the harmonic components. Define

12
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mt,c

H,

where

T
Liec = (xt,cl R mt,ck> (26)

represents the time-varying coefficients associated with the k B-spline basis functions (see
appendix. Here z, ., is the i"" coefficient for the corresponding B-spline basis function
in the non-harmonic component, i € {1,2,... k}, k is the degrees of freedom for the
B-spline. And

.
H,:z(Mt,1 My ... My, M;jp) (2.7)

denotes the seasonal harmonic state component.
Let w; denote the state noise vector. We likewise partition the state noise vector into

a spline coefficient component and a harmonic component. Define

Wy
wo=| (2.8)
Wy g

where
-
Wy = (et’cl et,ck) (2.9)

and

T
wt7H:(€t,1,M € 1,M* -+ Etp M €t,p,M*) (2-10)

Fort € {1,2,...,T}ie{1,...,k},j € {1,...,p}, we assume

ere, 2 N(0,02) (2.11)
13



Model Overview Chapter 2

iid
ey g ~ N(0,07) (2.12)

with all components mutually independent across ¢,7 and j.

Consequently, the variance-covariance matrix of the state noise vector wy, denoted as

Q, is given by

Q. O oI, 0
Q = Var(w;) = S BT (2.13)
02p><k QH O2p><k UiIQp

In practice, o2 must be fixed to avoid the identifiability issue mentioned in Subsection

. Without loss of generality, we fix o2 to a prespecified constant. In particular, set-
ting 02 = 1 allows stochastic innovations in the seasonal harmonic components, whereas
setting 02 = 0 yields deterministic seasonal harmonic dynamics.

The seasonal harmonic and conjugate harmonic, with nominal period 7}, evolve ac-

cording to the following equations:

M, j = dcos(w;)M;—1 ;5 + dsin(w; ) M;" ; + € jm

(2.14)
M, = —d sin(w;) My_1; + dcos(wj)Mtil,j + €M
where w; is the Fourier frequency, defined as
21y
= 2.15
w] Tp ( )

Here, T, represents the nominal seasonal period. Throughout this thesis, we fix
T, = 73, corresponding to a cycle under 5-day pentad aggregation. When o2 = 0, the j™"

seasonal harmonic component is deterministic with frequency w; = 2. When o2 >0,
P

14
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stochastic innovations in the harmonic state imply that the resulting trajectories are no
longer strictly periodic in finite samples. While the harmonic frequency remains fixed
at w; = 2mj/T,, the realized seasonal cycle may exhibit stochastic deviations from the
exact periodicity.

The transition matrix B in equation ([2.4]) is block diagonal under the state partition

equation ([2.5)):

Bc OIc><2 0k><2
B _ ngk dR(wl) Ce 02><2 (216)
O2xr O2x2 . dR(wp)

where B, governs the evolution of the basis function coefficients (coefficients of B-spline
basis functions here), and d R(w;), j € {1,...,p} specifies the transition of the j pair
harmonic component. Here, B, € R** and R(w;) € R**2.

The coefficient block B, is specified as a tridiagonal Toeplitz matrix,

Qyp Q9 0 0

a; Gy aq

B.=|0 o a - 0] (2.17)
a1
0 0 o O

The 2 x 2 rotation matrix is

Riw;) = cos(wj)  sin(wj) | (2.18)
—sin(w;) cos(w;)

The harmonic block R(w;) is a rotation matrix whose eigenvalues have unit modulus.

15
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Multiplying by the damping factor d < 1 scales the eigenvalues of the harmonic block
dR(w;) so that their moduli are strictly less than one (see [19]).

The coefficient block B, is a symmetric tridiagonal Toeplitz matrix. Closed-form
eigenvalues and eigenvectors for tridiagonal Toeplitz matrices are well known; see, for
example, Noschese et al. [38]. For the present symmetric case, where the diagonal entries
are g and the subdiagonal and superdiagonal entries are both «q, the eigenvalues of B,

are

Ai::a04-2a1cos(E%§T), ie{1,2,....k} (2.19)

with corresponding eigenvectors v; € R¥:

vi = (sin (" WELAN (2.20)
i=1|s P ,...,S ) ) )

For completeness, we verify this result for the present matrix. Let v;; be the

[*" element of v;, so

1
wJ:$n<;f&>, I=1.. . .k

For notational convenience, define v;o = 0 and v;,+; = 0. This boundary

convention is consistent with the sine form of the eigenvector, since

(k41
Vj g1 = sin (%) = sin(im) = 0.
Then, for each [ = 1,..., k, the [th element of B.v; can be written as

(Bov;)i = a1v;1-1 + avig + Q10141
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It follows that

. ilm . (il—=1D)m . (i(l+ D)
(Bevi)i = aosin (k: T 1> o [Sm (k:—+1) i (k—+1
= |ag + 2cv; cos il sin im
k+1 k+1

= \iviy

since  sin M + sin M = 2cos i sin i
k41 k+1 ) k+1 E+1)°

This verifies established equations (2.19) and (2.20)), by showing

Bcvi = )\1'02 (221)

The spectral radius of B, denoted p(B), is defined as the maximum modulus of its
eigenvalues in [39]. Since the transition matrix B is block diagonal with coefficient block
B, and harmonic block dR(wj), its eigenvalues are the union of the eigenvalues of these
blocks. The rotation block dR(w;) has spectral radius d, since R(w;) is orthogonal and

its eigenvalues have modulus one (see [39, [40]). Therefore, using the eigenvalues verified

above,
p(B) = max{p(B.), d}. (2.22)

where
B,) = 2 i 2.23
p( C)_P;%)iao—i_ ancos| 2= )| (2.23)

If 02 > 0, setting p(B) < 1 gives a stable state process x; (see [41]). If o2 = 0, we set

d =1, to avoid the seasonal cycle decreasing in magnitude across time.

17
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2.5 Observation equation components and evolution

Consistent with the modeling strategy discussed in Section 2.2 the altitude-dependent
loading functions associated with the seasonal harmonic states are incorporated through
the observation matrix, rather than by introducing additional state variables. This allows

flexible representation of vertical structure while keeping the state dimension low.

For each t € {1,...,T}, let

T
’gt = (gt,al . gtﬂna) (224)

denote the noise-free ozone profile evaluated at the n, altitude levels. The corre-

sponding observation matrix in equation (2.3 is given by

Z—(Bsp ZH) ZH—(ZC,1 Zo ... Ze, zs,p) (2.25)

where By, € R"** denotes the matrix of cubic B-spline basis functions evaluated
at the altitude grid {ay,...,a,,}, where k is the number of basis functions determined
by the chosen knot sequence (see appendix , and Z.; = By, Zs; = Bgy,; are
smooth altitude-dependent loading functions.

Figure[2.T]and [2.2] illustrate a representative set of cubic B-spline basis functions eval-
uated over the altitude grid. Due to their compact support, each basis function affects
only a local altitude region, allowing the model to flexibly capture localized vertical struc-
ture while maintaining numerical stability. Smaller values of k£ produce smoother and
more global representations, while larger values allow finer altitude-dependent variation

to be captured.
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Spline Basis Functions with Degrees of Freedom =7
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Figure 2.1:  Cubic B-spline basis functions evaluated over the scaled altitude grid
for £k = 7. Each basis function has compact support and contributes locally to the
representation of the vertical ozone structure.
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Spline Basis Functions with Degrees of Freedom = 13
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Figure 2.2: Cubic B-spline basis functions evaluated over the scaled altitude grid
for £k = 13. Each basis function has compact support and contributes locally to the
representation of the vertical ozone structure.
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The noise-free part of the observation equation is given by
P P
U, =Zx, =Bz o+ Y ZeiMyj+ Y Z, M, (2.26)
j=1 j=1

Here, B, denotes the matrix of cubic B-spline basis functions evaluated at the alti-
tude grid {ay, ..., a,, }, where k is the number of basis functions determined by the chosen
knot sequence (see appendix. The vectors 7, ; and 7y, ; are coefficient vectors of length
k that determine the vertical structure of the cosine and sine components, respectively.
Consequently, Z.; and Z;; are smooth functions of altitude, each parameterized by &
unknown coefficients, providing a parsimonious representation of the seasonal vertical
structure. This formulation allows the altitude-dependent seasonal loadings to be repre-
sented through a low-dimensional parameterization via 7, ; and =, ;, while avoiding an
increase in the state dimension.

The observation noise is assumed to be Gaussian and temporally independent,

vi=y,— 9§, S NO,R), R=0o%I,,, (2.27)
where 0% is an unknown variance parameter.

Let ¢;; and b;; denote the ith elements of column vectors Z; = Bsp'yc’j and Z,; =
By, for i = 1,...,n,, respectively, representing the altitude-dependent cosine and
sine loadings in the j** harmonic component. Specifically, denote components of these

loadings as

T T
Zc,j = Bsp'YCJ‘ = (Clj .. Cnaj) Zs,j = Bsp75,j = (blj A bn,lj>

The harmonic component could be represented through a cosine-sine pair, so we can

write M; ; = cos(y;) and My, = sin(¢),;) for some angle v ;. Then the total seasonal
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contribution of all harmonic components to the observation equation ([2.3) for 7" altitude

at time ¢, denoted as S;(a;), would be

p
St(ai) = Z (Cith,j + bijM;:j) (228)
j=1
For each harmonic component j, the contribution of the j** harmonic component at

altitude a; can be written as

* / Cij bij .
Cith,j + bith,j = szj + b?g — COS(’(/Jt’j) + — sm(wt,j)

c;; + b i+ b
= \/ci; + b3 (cos(oij) cos(¢hy ;) + sin(¢i;) sin(r ;)

= 4 /c?j + b?] COS(wt,j - ¢m) (2'29)

where

¢i; = atan2(by;, ci;) (2.30)

denotes the phase shift associated with altitude level ¢ and harmonic component j. Here,
atan2(y, x) is the two-argument arctangent function, which returns the angle ¢ € (—m, 7]
satisfying cos¢ = z/ \/m and sing = y/ \/m . Using atan2 ensures that the
phase ¢;; is uniquely defined for all (c¢;;, b;;) # (0,0) and correctly reflects the quadrant
in which (¢, b;;) lies.

Consequently, the total seasonal contribution at altitude a; can be written as
p
St(ai) = Z szj + b’LZj COS(th‘ — ¢Z]) (231)
j=1

Thus, each harmonic component has its own altitude-dependent amplitude , /cfj + b?j and
phase shift ¢;;. When p = 1, the seasonal contribution at altitude a; can be summarized
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by a single amplitude and phase shift. When p > 1, the total seasonal effect is the sum
of these harmonic contributions rather than a single cosine term with one common phase
shift. Since the harmonic components have different frequencies w; = QTipj, the total
seasonal contribution is a Fourier-type summation rather than a single shifted cosine.
Therefore, for p > 1, it cannot in general be further reduced to one altitude-specific

amplitude and one phase shift.

Using the harmonic state update equation (2.14)), for each j = 1,...,p, we have

Cij M1 + bith"‘JrLj
= ¢;j (dcos(w;) My ; + dsin(w;) M + €rr1,m)
+ by (—d sin(w; )My ; + d cos(w;) M ; + et+1’j’M*)
= d(cijcos(wj) — bijsin(w;)) My ; + d (i sin(w;) + byj cos(w;)) M

+ Cij€i1,5,m + bij€ri,gm-

= dy/ci; + bF; cos(Pyj — (dij + wj)) + Cijerrajar + bijerrjar (2.32)
Cij€t+1,5,M + bijet—i-l,j,M* ~N (0, (szj + b3])0'3> fort € {1, c. ,T} (233)

For fixed altitude level ¢ and harmonic component 7, this innovation term is independent
and identically distributed over time ¢. However, this identical-distribution statement
does not generally hold across different altitude levels or harmonic components, since the
variance depends on ¢;; and b;;.

Therefore, the total seasonal contribution at altitude a; evolves as
p
Siea(a) =) [d\/ ci; 402 cos (Yrj — (dij +wj)) + cijerprgar + gy | (2.34)
j=1

Since the harmonic innovations are assumed mutually independent across j, the added
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noise term in equation ([2.34) satisfies

p p
> (e + bijersa ) ~N <0> 02 ) (e + b%)) (2.35)

j=1 j=1

For fixed altitude level ¢, the summed innovation term is independent and identically
distributed over time t. However, its variance depends on the altitude-specific load-
ings {ci;, by }§=17 so the identical-distribution statement does not generally hold across
different altitude levels.

This shows that, under the harmonic rotation update equation , the contribution
of each seasonal component remains a cosine function, with amplitude scaled by d and
phase advanced by w;, up to stochastic innovation. For p > 1, the full seasonal effect at
each altitude is the summation of these component-wise seasonal effects.

Equivalent reduced Fourier-form representations of harmonic seasonal components
are also commonly used in dynamic linear models; for example, Johnson et al. [42] used

such a formulation, which is reviewed in Section

2.6 Model Identifiability

Following [43], a parametric model is said to be identifiable if distinct parameter values
correspond to distinct probability distributions for the observable data. More formally, let
0 denote the vector of model parameters and let p(y|@) denote the probability distribution

of the observable process. The model is identifiable if

p(y|0,) = p(y|62) forally — 6, = 6s. (2.36)

Here the notations are the same as in equation (4.1)). If two distinct parameter values

produce the same distribution of the observable process, then the model parameters are
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not identifiable. In the following sections we examine identifiability issues arising in the
proposed state-space model.
We now discuss model identifiability under the specification p = 2. In this case, the

seasonal harmonic state vector is

.
Ht:<Mt’1 My, My M;j2> : (2.37)

The purpose of this chapter is not to establish a complete set of sufficient conditions
for global identifiability of the full state-space model. Such a result is difficult for struc-
tured state-space models with latent states and constrained matrix parameterizations.
Instead, we focus on the main observational equivalences that arise from the seasonal har-
monic component of the proposed model. These equivalences motivate the identifying

constraints used in the simulation and real-data analyses.

2.6.1 Identifiability between ¢ and =, ;, v,

We investigate the identifiability between the seasonal innovation variance o2 and the
seasonal loading vectors v, ;, ¥ ;-

Recall that the harmonic innovation covariance matrix is given by
Qy =01y, (2.38)
and the seasonal loading component of the observation matrix can be written as
Zy = (ZC,1 Zyy Zeo ZS72> ., Z.j=Byv.; Zsj=Bgyv,; o (239)

The issue is that the observable seasonal contribution depends on the product of the

seasonal loading matrix and the harmonic states, so the scale of the harmonic states and
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the scale of the seasonal loading functions cannot be separately determined without an

additional constraint.

Theorem 1 Let ¢ > 0 be a constant. Define the parameter transformation

1 1 .

03) — 620_3)7 (70,]’775,]’) — <E’Yc,ja E'Ys,j> ) J = 172 (240)
If the harmonic initial state is transformed consistently, then the resulting state-space
model induces the same distribution for {y;}_, as the original model.

Consequently, o2, and (. ;,7, ;) are not jointly identifiable.

Proof: Consider the linear transformation of the state vector

I, O
x, = Cxy, C = : (2.41)
0 c I4
Define the transformed system matrices
B =CBC™!, Q =CQcC’, Z' =zCc™. (2.42)
Then the transformed state equation becomes
wy = B'wi_, +w;,  w;~N(0,Q"). (2.43)

From Q' = CQC'", the harmonic block transforms as

Q) = o1y, (2.44)
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which corresponds to the parameter mapping
02— 2ol (2.45)
Next, since Z’' = ZC " rescales the harmonic components by 1/c, we obtain
(Z.j, Zsj) — (%ZCJ, %Z&j) , (2.46)

which is equivalent to

1 1
(7@]‘778,]‘) — <E'Yc,ja E’Ys,j) . (2.47)

Finally, the observation equation satisfies
Zx, = ZC 'Cx;, = Z'x). (2.48)
Thus, the noise-free observations are identical:
Y, =Zxy=Z'x, = y,. (2.49)

With the observation noise unchanged, the two parameter sets induce the same
distribution for {y,}._,. Therefore, the likelihood functions coincide, implying non-
identifiability. [

Therefore, 02 and the seasonal loading vectors are not jointly identifiable in the
unconstrained seasonal representation. To remove this scale ambiguity, we fix o2 rather
than estimate it jointly with the loading vectors.

The numerical value chosen for o2 should be interpreted as a modeling choice as well
as an identifying constraint. Larger fixed values allow stronger stochastic deviations of

the harmonic states from the deterministic rotation, whereas smaller fixed values make
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the seasonal dynamics closer to a deterministic harmonic cycle. The special case 02 = 0

corresponds to fully deterministic seasonal harmonic dynamics. Thus, once o2 is fixed,

the seasonal loading functions are interpreted relative to that fixed state scale.

2.6.2 ldentifiability between ~,;,v,; and M, Mg ;

We next consider a rotational ambiguity between the seasonal loading vectors and
the phase of the harmonic states. This ambiguity is easiest to see in the deterministic
case, where the harmonic states evolve only through rotation. A similar rotational in-
variance also applies when Qg = 0215, since block-wise rotations preserve this isotropic

covariance structure.

Theorem 2 Let él, 0, € R and define the block-diagonal rotation matrix

T = , (2.50)

where for j =1,2,

T,;) = . (2.51)
Define the transformations

Ht — THt, (252)

Zy— ZyT", (2.53)

where Zy is defined in equation .
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Then the resulting model produces the same deterministic seasonal component

ZyH,. (2.54)

Consequently, (¥.;,7s;) and (Mo, Mg ;), for j = 1,2, are not jointly identifiable.

Proof: For each harmonic j = 1,2, the deterministic seasonal dynamics satisfy

My, M,
YRy | (2.55)
My My

Since both R(w;) and T'(f;) are rotation matrices, they commute:

T(0;)R(w;) = R(w;)T(0;). (2.56)
Thus, for each 7,
N 7 - My,
T(0;) "I =Rw)T@) | . (2.57)
Mt*+17] Mtﬂ:j

Stacking the two harmonics yields

TH,.,= RTH,, (2.58)

where R is the block-diagonal transition matrix.

Hence, the transformed states follow the same deterministic dynamics.
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Next, consider the seasonal component in the observation equation:

ZyH,=ZyT'TH, (2.59)

= (ZuT")(TH,). (2.60)

Thus, the transformed parameters and states produce the same seasonal component
for all £. This means that changing the phase convention of the harmonic states can be
exactly offset by an opposite change in the seasonal loading matrix.

Therefore, the two parameterizations are observationally equivalent, implying that
(Yej»Vs,;) and (Mo z, Mg ;) are not jointly identifiable. |

To remove this rotational ambiguity, we impose the constraint

My |
e =12 (2.61)

Mg ; 0

2.6.3 Summary of Identifying Constraints

The discussion above shows that the seasonal harmonic component contains both scale
and phase ambiguities if no identifying constraints are imposed. The scaling argument in
Subsection [2.6.1]applies to the unconstrained seasonal representation, where the harmonic
initial states may also be rescaled. The rotational argument in Subsection shows
that the phase of the harmonic states and the phase encoded in the loading vectors cannot
be separated without fixing a phase convention. In the model fitted in this thesis, we
therefore fix the harmonic initial states at (M ;, My ;) = (1,0) and fix the seasonal state
noise variance 0. These restrictions define a stable and interpretable parameterization of
the seasonal component. The fixed value of o2 should be understood as a modeling choice

that determines the stochastic scale of the harmonic states, rather than as a quantity
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estimated from the data.
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Chapter 3

Related Work and Contributions

Several approaches have been proposed in the literature to model ozone profiles across
altitude and time. These methods differ in how they handle vertical dependence, temporal
dynamics, and uncertainty quantification. Since the models reviewed below use different
formulations and notation, we describe them using notation that is as consistent as
possible with the notation introduced in this thesis. This notation is used only to facilitate

comparison; it does not imply that the models are identical in structure.

3.1 Spline-based Joint Modeling Across Altitude

Chang et al. [32] proposed a statistical regularization method for detecting long-term
trends from sparse tropospheric ozone profile data. Their approach treats the profile time
series as a collection of correlated time series observed on discrete pressure surfaces or
altitude levels and fits these series jointly using a smoothing spline ANOVA framework
with roughness penalties.

Let y;(a;) denote the ozone observation at time ¢ and altitude level a;, where i =

1,...,ne. In Chang et al. [32], the observations are first aggregated to monthly means.
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For a single altitude or pressure level, the basic time series decomposition is

y¢(a;) = seasonal cycle + trend + residual. (3.1)

To model the full vertical profile jointly, they decompose the time index into a monthly
seasonal index and an interannual index. Let ¢(¢) € {1,...,12} denote the month cor-
responding to time ¢, and let r(¢) € {1,...,n,} denote the year or interannual index.

Their two-dimensional profile model can then be written as

yt(ai) = fseasonal{(l(t>7 CL,‘} + finterannual{r(t)a ai} + Et(ai)a (32)

where the first term fieasonat{q(t), a;} represents the altitude-dependent seasonal cycle,
finterannual{7"(t), a;} represents the de-seasonalized interannual variation, and ¢;(a;) is the

residual term. In vector form, this can be written as

Y = fseasonal{q(t>} + finterannual{,r(w} + €t, (33)

where

fseasonal{Q(t)a al}
fseasonal{q(t)} = ) (34)

fseasonal{Q(t) y Ang }
finterannual{r(t)7 al}
finterannual{r(t)} = ’ (35)

finterannual {T (t> y Ang }

Both components are represented using two-dimensional penalized regression spline

basis expansions. In notation adapted to the altitude grid ay,...,a,,, their smooth
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components can be written as

fseasonal q,a Z Cf q,a 7 (36)

and

flnterannual r (I ch (37)

where wés)(q, a) and wél) (r,a) are two-dimensional smoothing spline basis functions eval-
uated over the seasonal-altitude and interannual-altitude grids, respectively. The coeffi-

cients are estimated by minimizing a penalized least squares criterion of the form

Z [yt(az) - fseasonal{Q(t)a ai} - finterannual{'r(t); ai}]2 + D2F, (38)

ti

where the norm is taken over the observed time and altitude grid, and D?F is a roughness
penalty involving second-order partial derivatives of the fitted smooth surfaces. This
penalty discourages overly rough seasonal and interannual surfaces and allows information
to be borrowed across neighboring altitude or pressure levels.

The main similarity between Chang et al. [32] and the present work is that both
approaches model ozone profiles jointly across altitude and use smooth basis-function
representations to capture vertical dependence. However, the role of the basis functions
is different. In Chang et al. [32], the spline basis functions directly define smooth two-
dimensional regression surfaces over time and altitude. In our proposed model, the B-
spline basis functions are evaluated only over altitude and are used inside the observation
matrix of a state-space model. Specifically, the noise-free observation equation in this
thesis is described in equation . Thus, the seasonal variation in the proposed

model is represented through latent harmonic states M, ; and M., while the altitude

t,7°

dependence of the seasonal amplitude and phase is represented through the B-spline
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coefficient vectors 7, ; and ~ ;.

The two approaches also differ in their treatment of temporal dependence. Chang et
al. [32] model temporal variation through smooth seasonal and interannual functions,
with regularization used to reduce the influence of short-lived anomalies. Their method
is therefore well suited for estimating smooth long-term trend structure from sparse
profile observations. In contrast, our proposed model specifies an explicit stochastic
state equation for the latent spline coefficients and harmonic states. Therefore, temporal
dependence and uncertainty propagation are handled through the state-space evolution

and Kalman filtering framework, rather than through penalized regression surfaces alone.

3.2 Reduced Fourier-Form Dynamic Linear Models

Johnson et al. [42] used a Bayesian reduced Fourier-form dynamic linear model for
estimating phenological events from univariate remote sensing time series, commonly
used in seasonally varying state space models (e.g., [22]). Although their applications
differ from the functional ozone profile setting considered here, our model incorporates
closely related harmonic components within a functional state space model. We review
their approach and reformulation within the components of our model here.

Consider a univariate time series observed at a single location. Let p denote the
number of retained harmonic pairs, corresponding to ¢ in Johnson et al. [42], and let
(Stj, St ;) denote the jth harmonic pair. The reduced Fourier-form observation equation

can be written as

p
Y, = Z Stj + v, (3.9)
j=1

where only the first component S; ; of each harmonic pair enters the observation equation.

The conjugate component Sy ; is included so that the harmonic pair can evolve through
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a rotation matrix:

Sty = cos(w;) Sy + sin(w;) Sy + Wi, (3.10)
i1, = —sin(w;) S + cos(wy) Sy, +wiyy (3.11)
Equivalently, if
Stj Wt41,5
Si; = ! ) Wity = ’ ) (3.12)
St Wit

then the harmonic evolution can be written as
Sir1j = R(w;)St; + wiy, (3.13)

where
R(s,) = cos(wj)  sin(w;) | (3.14)
—sin(w;) cos(w;)
Thus, in the reduced Fourier-form dynamic linear model, the observation equation selects
only the first component of each harmonic pair, while the second component is needed
for the rotation-based state evolution.
The seasonal component in the present thesis can be viewed as an altitude-profile

extension of an equivalent seasonal representation. Recall from equation (2.28)) that, for

altitude level q;, the seasonal contribution is
p
St(ai) = Z (cith,j + bithfj) s (315)

j=1

where ¢;; and b;; are the i elements of the loading vectors Z.; and Z, ;, respectively.

In contrast to equation (3.9), both components M; ; and My ; appear in the observation
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equation through the altitude-dependent loadings c;; and b;;.
However, for each fixed altitude level a; and harmonic component j, the term ¢;; M, ;+

bij M ; can be rewritten as the first component of a transformed harmonic pair. Define

§t(’l]) = CithJ' + bijM;:jy (316)
and define the corresponding conjugate component by
Szgz) = —bithJ’ + CijM;j- (317)
In vector form,
SLSZJ) Mt,j Cij bij
. ;) = Cij s for Cij = . (318)
St M bij iy
The harmonic pair in our proposed model evolves according to
M, 1,5 M, J €t+1,5,M
TP —arwy) | | T (3.19)
Mt*—i-l,j Mtfj €t+1,5,M~

where R(w;) is defined as in equation (3.14), and d is the damping factor. Multiplying
both sides of equation (3.19)) by C;; gives

g(l) ; M, ; €1 M
) gm0 o, [ ] (3.20)
St—i—l,j Mtfj €t41,5,M*
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Note that:

—bij ¢ —sin(w;) cos(w;)

Cij by cos(w;)  sin(w;)
CR(w;) =

cij cos(wj) — bijsin(w;) ¢ sin(w;) + by, cos(w;)

—cijsin(w;) — by cos(wj) ¢ cos(w;) — by sin(w;)

cos(w;)  sin(w;) cij  bij
—sin(w;) cos(w,) —bij ¢

Using equation (3.21]), equation (3.20]) becomes

30 50 NN
jt})ﬂ = dR(w;) j;?) T ti” , (3.22)
St St Nit1,5
where
(@)
n i €t+1,5,M
ti’ —cy | M. (3.23)
My1,5 €t41,5,M*

Expanding equation (3.22]), we obtain

Sty = deos(w) S + dsin(w;) S + i, . (3.24)
i, = —dsin(w;) S} + dcos(w)) S, + i . (3.25)

Therefore, for any fixed altitude level a;, the transformed harmonic pair (gt(?, S ) fol-
lows the same rotation-based state evolution as the reduced Fourier-form dynamic linear

model, apart from the damping factor d. When d = 1, the state evolution has exactly
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the same rotation form as equations (3.10))- (3.11)); when d < 1, it is the corresponding
damped version.

Under this reparameterization, the seasonal contribution at altitude a; becomes
p ~f .
Si(a) =" 8. (3.26)
j=1

This has the same structure as the reduced Fourier-form observation equation ([3.9)).
Hence, for a fixed altitude level, the seasonal component of the proposed model is math-
ematically equivalent to a reduced Fourier-form dynamic linear model written in terms
of the transformed states §§?

The difference is mainly one of model organization and interpretation. In a univariate
reduced Fourier-form dynamic linear model, the amplitude and phase information are
absorbed into the harmonic states .S; ;. In the present multivariate altitude-profile model,

the temporal harmonic states (M, ;, M) are shared across all altitude levels, while the

t,j
altitude-dependent amplitude and phase are represented through the loading functions
Z.; and Z; defined in equation ([2.25)).

The advantage of our formulation incorporating B-splines in the ozone profile setting
is that it avoids introducing a separate harmonic state pair for every altitude level. If
separate transformed harmonic states were introduced for each altitude and each har-
monic component, the seasonal state dimension would increase to 2pn,. In our proposed
formulation, the harmonic states are shared across altitudes, so the seasonal state dimen-
sion remains 2p, while the altitude dependence of the seasonal contribution is modeled

smoothly through the B-spline loading functions in the observation matrix. This reduces

the state dimension and thereby improves computational efficiency [36].
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3.3 State-Space Models At Individual Altitudes

Laine et al. [23] proposed a dynamic linear model for analyzing time-varying trends
in stratospheric ozone time series. Their study uses combined SAGE II and GOMOS
satellite ozone profile observations from 1984 - 2011. The vertical ozone profiles are
interpolated onto an altitude grid and monthly averages are formed for each altitude
and latitude bin. The state-space model is then applied separately to individual altitude
levels or altitude-latitude regions.

Using notation adapted to the present thesis, let y;(a;) denote the monthly mean
ozone value at time ¢ for a given altitude level or altitude region a;. Laine et al. [23]
write their model using the notation F'; for the observation matrix and G, for the state
transition matrix. To make the comparison with the notation in this thesis clearer,
we denote the corresponding matrices by ZgL) and B"(q;), where the superscript (L)
indicates the model of Laine et al. For a fixed altitude level or altitude region a;, their

linear Gaussian state-space model can then be written as

yi(a) = 2@ (@) + vns, v ~ N0, 0% (@), (3.27)

2" (@) = BY (a)ayy () +wila), wilar) ~ NO,W(a),  (3.28)
where a:,gL)(ai) is a latent state vector containing components for the local mean level,
local trend, seasonal oscillations, proxy effects, and residual autocorrelation for the ozone

time series at altitude level or altitude region a;.

Specifically, their full state vector for a fixed altitude level or altitude region a; is

-
(L) _
Ly (a'i)_(,ut,i Rei Ui U:“ Ut 2, Ufgl 51,z‘ 52,2' 53,2‘ 54,i Ut,i) : (3'29)
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. . .
Here ju1 ; is the local mean or background ozone level, ry ; is the local trend, (uy ., uj ;) are
seasonal harmonic state pairs, 3, ..., 84, are regression coefficients for proxy variables,
and 7, ; is an autoregressive state component of order one.

With this state vector, the observation equation can be written in expanded form as

Yr(@i) = poi + weri + o + 214010 + 220820 + 23,483, + 2aBai + i + Vi, (3.30)

where 214,..., 24, denote the proxy time series used to represent solar activity, QBO,

and ENSO effects. Equivalently, the observation matrix is

ZgL):(l 01 01 0 21y 224 234 Zup 1>' (331)

Thus, ZgL) selects the local mean component, the first component of each seasonal har-
monic pair, the proxy-variable contributions, and the autoregressive residual component.

The trend component is specified through a local linear trend model. Since Laine et
al. [23] fit the model separately for each altitude level or altitude-latitude region, the
trend states should be interpreted as specific to the time series being analyzed. For a

fixed altitude level or altitude region a;, this component can be written as

Mt = Mt—14 T Ki—1,i T €levelt,i (3.32)

Kti = Kt—1, T €trend,t,i- (3.33)

Here 1, represents the slowly varying background ozone level for that altitude level or
altitude region, while k;; represents the local change in that background level from one

month to the next. Equivalently, for each fitted univariate time series, the corresponding
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transition block is

11
Btrend - . (334)

01

Thus, the same local linear trend structure is used across altitude levels or altitude
regions, but the latent background level and local trend are estimated separately for
each individual ozone time series.
Seasonality is modeled using harmonic state pairs. For monthly data, the k* har-
monic component is updated by the rotation matrix
cos(2rk/12)  sin(27k/12)
By..s(k) = , k=1,2. (3.35)
—sin(27k/12) cos(2mk/12)
For the time series at altitude level or altitude region a;, if 1 ; and (O denote the two

states associated with the k" seasonal harmonic, then

U1,k Ut ki

= Bscas(k)

*
Upr 1 ke Uy ki

(3.36)

This harmonic representation is closely related to the seasonal rotation structure used in
the present thesis.

In addition to trend and seasonal components, Laine et al. [23] include proxy vari-
ables for solar activity, QBO, and ENSO through the observation equation. The proxy

coefficients are treated as time-invariant, so the proxy transition block is

Bproxy - I4~ (337)

For the time series at altitude level or altitude region a;, the autoregressive residual
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component follows an AR(1) transition:

Nei = PiMli—1,i T €EAR L (3.38)

so that

Bar,i = (pi). (3.39)

Combining these components, the full transition matrix is block diagonal:

B ena 0 0 0 0
0 Bueas(1) 0 0 0
BP(a)=| o 0 Bew(2 0 0 (3.40)
0 0 0 Bpoy O
0 0 0 0 B g

)

The state noise covariance matrix is specified as diagonal:

diag(W (a;)) = ( 0, Ut2rend,i7 Us2eas7i7 Ugeas,m USQeas,i7 Useas,ia 0, 0, 0, 0, O'%AR,i ) :

(3.41)

Thus, the local trend, seasonal states, and autoregressive residual component are al-

lowed to evolve stochastically, while the local level innovation and the proxy coefficient
innovations are set to zero in their final model specification.

For estimation, Laine et al. [23] use Kalman filtering and smoothing together with

Bayesian inference for the auxiliary model parameters. For the time series at altitude

level or altitude region a;, the unknown auxiliary parameters are

T
Bi: (Utrend,i Oseas;i OAR,i pz) ’ (342)
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For fixed 6;, the Kalman filter provides the likelihood of the observed time series, and the
Kalman smoother provides estimates of the latent states. They then use Markov chain
Monte Carlo to sample from the posterior distribution of 8;. Conditional on sampled
values of 8;, a Kalman simulation smoother is used to generate realizations of the latent
state sequence. This procedure propagates both latent-state uncertainty and auxiliary-
parameter uncertainty into the trend estimates.

The trend is estimated from the posterior distribution of the background level ;.

For monthly data, Laine et al. [23] define a 10-year trend at time ¢ as

trend;(t) = L1604 — He—60,is (3.43)

where the time index is measured in months. Repeating this calculation over posterior
draws of j;; gives posterior summaries and uncertainty intervals for the time-varying
trend.

The main similarity between Laine et al. [23] and the present work is that both use a
linear Gaussian state-space framework and both represent seasonality through harmonic
state pairs evolving by a rotation matrix. Both approaches also use Kalman filtering and
smoothing to estimate latent states and quantify uncertainty.

However, the modeling goals and structure differ. Laine et al. [23] focus on estimating
time-varying trends in ozone time series at individual altitude levels or altitude-latitude
regions. Their state vector is designed to decompose a single ozone time series into
background level, trend, seasonal, proxy, and residual components. In contrast, our
proposed model treats the full ozone profile at time ¢ as the observation vector y, and
models all altitude levels jointly, see equation . The B-spline basis matrix By,
allows the proposed model to represent smooth vertical dependence directly within the

observation equation. Therefore, information is shared across altitudes through the spline
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basis structure, rather than by fitting separate state-space models at individual altitude
levels.

Another difference is the role of the harmonic states. In Laine et al. [23], the seasonal
harmonic states form part of a univariate time-series decomposition for a given altitude
or altitude region. In the present model, the harmonic states are shared across the
altitude profile, while their altitude-dependent amplitudes and phases are controlled by
the loading functions B,,7..; and By, ;. This construction preserves the dynamic state-
space treatment of seasonal variation while explicitly modeling the vertical structure of

the ozone profile.

3.4 Functional Modeling of Entire Ozone Profiles

Meiring [30] proposed a functional data analysis approach to study altitude-dependent
patterns of variation in ozonesonde profiles. The analysis focused on Hohenpeissenberg
ozonesonde observations over the altitude range from 15.5 km to 30.5 km from January
to July of 1967 - 1998. Each ozonesonde flight was treated as an observed curve over
altitude, so that a sequence of flights formed a time series of functional observations.
This formulation allowed ozone variability to be studied jointly across altitudes, rather
than fitting separate regression models at individual altitude levels.

The main goal of the analysis was to estimate altitude-dependent nonlinear time
trends and ozone variation associated with the quasi-biennial oscillation (QBO). In con-
trast to standard multiple regression approaches, where linear or piecewise-linear trends
are typically estimated separately by altitude, Meiring [30] used a hierarchical functional
modeling strategy. The observed log ozone partial pressure profile was first mean-filtered
and standardized. Functional principal components were then used to obtain a low-

dimensional basis representation of the standardized profile variability. The approxima-
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tion retains the first K functional principal components, ordered by decreasing explained
variation. Let By (a) denote the continuous basis function representing the k& functional
principal component, evaluated at altitude a. Then the standardized ozone profile at
time t; was approximated by

yla,t;) = ck(tj)Bi(a), (3.44)

I

where the coefficients ¢ (t;) describe the temporal evolution of the dominant modes of
vertical profile variability.
The coefficient time series were then modeled as follows. For each month m and k"

principal component, a smoothing spline analysis of variance (SSANOVA) model was

fitted:

Ck<t) = Kkm + fk,m(Qt> + gk,m(yt) + nk,m(t)7 ¢t within month m, (345)

where ¢; is a QBO index and y; denotes calendar year. Here py ,, is the month-specific
intercept for the k™ coefficient model. The function fj,,(q;) represents the QBO-related
component of coefficient variability modeled by a periodic spline, while gy, ,,, (v;) represents
the year effect component modeled using a cubic spline. Then for each k and m, . +
Gr.m(y:) together represents the year effect, including both the month-specific baseline
and the nonlinear temporal departure from that baseline.

These coefficient-level functions were then combined with the functional principal
component basis functions and transformed back to the original profile scale to obtain
altitude-dependent estimates of QBO effects and long-term time trends, both of which

also vary by month. Specifically, the QBO-related profile component and the year-effect
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profile component are given by

(a,q,m kam )Bi(a (3.46)

and

G(a,y,m Z{Mkm + grm(y)} Be(a), (3.47)

respectively. After multiplication by the altitude-dependent standardization curve and
addition of the estimated seasonal mean field, these components are transformed back to
the original log ozone profile scale. This gives altitude-dependent estimates of QBO effects
and long-term time trends. The study found clear altitude-dependent QBO features
in some months and provided evidence of nonlinear time variation, including possible
approximately 11-year oscillatory behavior in ozone levels.

This work is closely related to the present thesis because both approaches consider
ozone profiles as functional observations over altitude and aim to model vertical struc-
ture and temporal evolution jointly. However, for computational reasons, the approach
in Meiring [30] did not formulate the entire profile evolution in a state-space model. In-
stead, mean-filtering with standardization and functional principal component analysis
were performed in an initial step, followed by a separate step in which serial dependence of
dominant modes of variability was represented through smoothing SSANOVA-based evo-
lution of the latent functional principal component coefficients, performed separately by
coefficient, relying on approximate orthogonality of the functional principal components.
Covariate effects were incorporated within the SSANOVA coefficient models, separately
by coefficient, before being combined with the basis functions and transformed back to
the original profile scale.

As a result, cross-coefficient temporal evolution dependence is not explicitly modeled
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through a stochastic process in Meiring [30]. The coefficient models are fitted separately,
so the dependence among different functional principal component coefficients is not
represented through a joint transition equation. In contrast, the model developed in this
thesis places the latent spline coefficients in a unified state-space model; the temporal
dependence among the nonseasonal spline coefficients is modeled through the tridiagonal
transition matrix B., which allows cross-coefficient dependence to be represented directly
in the latent stochastic process.

Another difference is the choice of dimension-reducing basis functions used to approx-
imate the ozonesonde profiles as a function of altitude. Functional principal component
basis functions are data-adaptive and efficient for dimension reduction, but they are in
general global functions over altitude and are not compactly supported. Consequently,
a change in one coefficient can affect the fitted profile over a broad altitude range. In
this thesis, compactly supported B-spline basis functions are used to approximate the
profile as a function of altitude. This provides a more local representation of altitude
dependence and makes the coefficient interpretation more directly connected to neighbor-
ing altitude regions. The local support of B-splines also supports the use of structured
transition matrices for the latent coefficient process.

The treatment of seasonality also differs. In Meiring [30], seasonal behavior is handled
through mean-filtering and month-specific coefficient models, specifically to investigate
seasonal variation in QBO associations and time trends. In the model proposed in this
thesis, the seasonal component is estimated within the state-space framework. The har-
monic seasonal states are included in the latent process, while altitude-dependent seasonal
loading functions allow the magnitude and phase of the seasonal cycle to vary smoothly
across altitude. This formulation also provides a framework in which the evolution of
seasonal states is represented dynamically.

Finally, uncertainty assessment is handled differently. In Meiring [30], uncertainty is
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based on SSANOVA Bayesian confidence intervals for the coefficient-level smooth func-
tions, which are then transformed to the profile scale. However, uncertainty in the initial
steps, including mean filtering, standardization, and functional principal component es-
timation, is not included in the final uncertainty assessment. In contrast, this thesis uses
a bootstrap-based uncertainty assessment within the fitted state-space modeling frame-
work, to account more directly for uncertainty across the estimated components of the
model, including the latent state evolution, basis-function loading parameters, variance

parameters, and the fitted seasonal and nonseasonal profile components.

3.5 Functional Mixed Models for Ozone Trends

Park et al. [31] provided a complementary functional data analysis framework for
ozone profiles, again by combining functional principal component analysis with additive
mixed effects models for the corresponding scores, while including additional covariates.
(We note that SSANOVA models used in Meiring ([30]) may be written as additive
mixed effect models, linking the two approaches for modeling the principal component
scores.) They analyze monthly Umkehr ozone profiles from Boulder, USA, and Arosa,
Switzerland, over the period 1978-2011. The profiles were observed over Umkehr lay-
ers, corresponding approximately to altitudes from 2 km to 45 km. Since the Umkehr
retrievals are naturally ordered over altitude, these authors treat the ozone profiles as
smooth functional observations rather than as unrelated measurements at separate alti-
tude levels.

Park et al. [31] proposed a single model that includes seasonality in mean and variance
as well as additive effects of additional atmospheric covariates beyond ([30]) within the
coefficient models; differing also in steps taken before principal component dimension

reduction, and their approach to include seasonally-varying heteroskedasticity, within a
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single model including all months. We review their approach here. For each station,
let y; ; denote the ozone value corresponding to time 7 (month and year combination)
and layer j. Park et al. [31] first represented each monthly ozone profile using a cubic

B-spline basis expansion:

Yij = vi(x;) + €5, (3.48)
where
K
yi(z) = Z CirPr(z). (3.49)
k=1
Here {¢x(z) : k =1,..., K} are cubic B-spline basis functions and ¢;;, are the correspond-

ing basis coefficients for profile at time ¢. The coefficients were estimated by penalized

least squares, with a roughness penalty on the second derivative of the fitted function:

minz {y] — Zcik¢k(a:j)} +AY {Z cikp%k(xj)} . (3.50)

Cik .
J

The first term measures goodness-of-fit to the observed ozone profile, while the second
term penalizes roughness. Thus, the initial spline representation smooths the discrete
Umkehr profile observations and provides a functional representation of each monthly
ozone profile.

After obtaining smoothed ozone profiles using penalized B-splines, Park et al. [31]
used functional principal component analysis for dimension reduction of these smoothed

curves. Using the Karhunen—Loeve representation, each profile was written as

vi(z) = G(@) + Y &()a, (3.51)

where y(z) is the mean of the smoothed ozone profiles (already obtained using B-splines),

&(z) is the "™ functional principal component, and 6 is the corresponding principal
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component score for profile 2. In practice, the expansion was truncated to the first d

components:

d
yi(w) = gle) + > &) (3.52)
=1

Park et al. [31] retained the first d = 5 functional principal components, which
explained most of the ozone profile variability at both Boulder and Arosa. The score for
the [ component was computed by projecting the centered smoothed profile onto the

estimated principal component,

b = / &) {s(z) — §(2)} dac (3.53)

The time series of scores #;; were then used to represent the dominant temporal evolution
of the vertical ozone profile shape.
Each principal component score time series was then modeled using an additive mixed

effects model. For each retained component [, the score #;; was modeled as

0;; = c; + gin(Month;) + gio(Year;) + g;3(QBO1,) + ¢14(QBO2;))

+ gis(solar cycle;) + gi6(AO;) + gi7(ENSO;) + gis(EP flux;) + €, (3.54)

where ¢; is an intercept, and the functions g;;(-) represent smooth effects of the corre-

sponding covariates on the [*

principal component score. Covariates included month,
year, two QBO indices, solar cycle, Arctic Oscillation (AO), El Nino—Southern Oscil-
lation (ENSO), and Eliassen—Palm flux. The month effect was modeled using a cyclic

cubic spline, while the remaining smooth effects were modeled using penalized regression

cubic splines.
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Each smooth function was represented by a spline expansion,

K;
91 (Fy) = Z ki (F), (3.55)
k=1

where F; denotes the j covariate, ¢;(-) are spline basis functions, and ayji; are basis
coefficients. The coefficients were estimated by minimizing a penalized least squares

criterion,
n

Z leli —C — Zglj(Fij)

=1

+D N / {D%q;(F)} dF;, (3.56)

to balance goodness-of-fit with smoothness of the covariate effects. Park et al. [3]]
formulated the penalized spline model within a mixed effects framework, so that the
smoothing parameters could be estimated as variance components. In matrix form, the

model for the [*" score vector can be written as

01 = BFbl + BR'U,l + €, (357)

where B rb; contains the fixed-effect part of the spline representation and B ru,; contains

the random-effect part. The random effects and errors are assumed to satisfy

u; ~ N(O, Q/\l), € ~ N(O, 0'121-”) (358)

Under this representation, smoothing is induced through the covariance structure of the
random effects, and the smoothing parameters are related to the corresponding variance
components.

Park et al. [31] also extended above, including a heteroskedastic error structure in
the additive mixed effect models, because diagnostic plots suggested that the residual
variability of the principal component score models changed systematically by month.
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This enabled the uncertainty assessment for the second-stage score models to reflect
seasonal differences in residual variance. However, the uncertainty assessment is still
conditional on the earlier dimension-reduction steps, including the initial smoothing of
the Umkehr profiles, the estimation of the functional principal components, and the
truncation to the first five components.

The fitted score-level smooth functions were then transformed back to the profile
scale. In particular, the ozone trend at altitude x and time ¢ was obtained by combining

the year-effect terms across the retained functional principal components:

Oi(x) =Y &i(x)dia(Year;), (3.59)

=1

where g;5(Year;) is the fitted year-effect component from the additive mixed effects model
for the I™ principal component score, and &(z) is the estimated [™ functional principal
component evaluated at altitude x. Thus, the altitude-dependent trend estimate is re-
constructed by weighting the fitted year effects of the principal component scores by the
corresponding estimated functional principal components, giving profile-level estimates
of ozone trends after adjusting for month, QBO, solar cycle, AO, ENSO, and EP flux
effects.

Compared with Meiring [30], Park et al. [3I] modified the multi-stage functional
data analysis framework, using additive mixed effects models for the principal component
scores with broader set of atmospheric covariates and different heteroskedasticity models,
on a different (monthly) time scale. They included all months within a single model, with
a more complex heteroskedastic error structure in the score models. Conditional on other
covariates in their model, they did not find significant evidence of interactions between
several covariates, although their model does not specifically investigate seasonality of

the QBO associations after including seasonality (as an effect of month) in the coefficient-
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level additive models. They included a four-month lag in the equatorial to mid-latitude
impact of QBO. The features in Park et al. [31] provide complementary flexibility to the
functional regression approach, enabling the effects of several atmospheric covariates to
be studied simultaneously on the monthly time scale, with heteroskedastic covariance.

However, the main distinction of ([31]) from the goals of the present thesis remains
similar to that discussed for Meiring [30], except for their study of many additional covari-
ates than we present in this thesis. The approach of ([31]) is still based on separate stages
of profile smoothing, functional principal component estimation, and score-level regres-
sion modeling. Consequently, the final uncertainty assessment does not fully propagate
uncertainty from the first-stage smoothing and dimension reduction into the profile-level
trend estimates. In contrast, the model developed in this thesis formulates the latent
profile evolution directly within a unified state-space framework, so that the temporal dy-
namics, seasonal structure, loading parameters, variance parameters, and reconstructed
profile components are estimated and assessed within one model-based framework. In
this thesis we propose a model including seasonality and local temporal evolution within
our unified functional state space model; extensions to include additional atmospheric
dynamics remain as future work.

Another important difference is the choice of functional basis. Park et al. [31], like
Meiring [30], used functional principal components as data-driven empirical basis func-
tions. These basis functions are efficient for dimension reduction, but they are generally
global over altitude. In this thesis, compactly supported B-spline basis functions are
used to represent the vertical profile structure within the observation equation of the
state space model, with their coefficients being modeled within the latent state evolu-
tion equation. This gives the latent coefficients a more local representation of altitude
dependence, enabling the simultaneous temporal evolution of all spline coefficients to be

modeled directly through the transition matrix in the state-space model.
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3.6 Positioning of This Work

The existing approaches highlight a trade-off between capturing vertical dependence,
modeling temporal dynamics, and maintaining computational efficiency. State-space
models provide temporal dynamics but are often applied independently across altitude
levels, without incorporating the vertical dependence that functional representations
would provide. Dimension reduction methods frequently improve computational effi-
ciency, but should be included in unified models with explicit modeling of dynamics and
improved uncertainty quantification.

The model proposed in this work addresses these limitations by jointly modeling ozone
profiles across altitude within a unified state-space framework. Vertical dependence is
captured through B-spline basis functions with compact support, allowing localized struc-
ture to be represented flexibly, while temporal evolution is governed by a low-dimensional
latent state process. In contrast to existing approaches, the proposed model simultane-
ously incorporates vertical coupling and stochastic temporal dynamics without increasing
the state dimension unnecessarily. This is achieved by introducing altitude-dependent
seasonal loading functions Z; and Z, ;, defined through B-spline basis expansions in the
observation matrix (see equations and [2.26)), resulting in a parsimonious yet flexible

representation.
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Chapter 4

Maximum Likelihood Estimation in

Linear Gaussian State-Space Models

In this chapter, we describe the maximum likelihood estimation (MLE) framework for the
linear Gaussian state-space model introduced in Chapter [2| (see for example [19]). The
objective is to estimate the unknown model parameters based on observed data while

accounting for the presence of latent state variables.

4.1 Maximum Likelihood Estimation

Recall the linear Gaussian state-space model defined in equation (2.3)) - (2.4). Let

6 denote the collection of unknown parameters. In this work, the parameters to be

2

2 2
wr O ORr, Go, O,

c

estimated are Q, R, B and Z, or equivalently, the scalar parameters o
together with the seasonal loading vectors {7v.1,...,¥.,} and {vy 1, -, Y p}-

For each time point ¢ € {1,...,T}, let ); denote the set of all the observations up to
and including time point ¢, namely, V; = {y,,Ys, ..., y;}. The likelihood function based

on the entire time trajectory is defined as
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L) =p(Yy,,Ys, -,y | 0)

=p(y, | 0)p(ys | y1,0) - -p(yr | Y1, -, Y7r_1,0)

[T | Yi1.6). (4.1)

where p(+) denotes a probability density function. Here )y denotes the empty information
set, so that p(y, | Vo, 0) = p(y, | €). This decomposition follows from the chain rule of
probability [19].

The maximum likelihood estimator is obtained by solving

~

0 = arg max L£(6), (4.2)

or equivalently,

~

0 = arg n’bin (—log £(6)). (4.3)

A key difficulty in evaluating the likelihood arises from the presence of the latent
state sequence {x;}, which is not directly observed. As a result, the likelihood cannot be
evaluated directly.

However, under the Gaussian assumption, the likelihood can be evaluated efficiently
using the Kalman filter. In particular, the Kalman filter [I9] provides a recursive de-
composition of the likelihood into a product of one-step-ahead predictive densities p(y, |
Vi1, 0), which are Gaussian and can be computed sequentially.

We therefore begin by introducing the Kalman filter and related state estimators,
including one-step-ahead forecasting, filtering, and smoothing. The likelihood evaluation

is then presented based on these results.
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4.2 Kalman Filter and State Estimation

The Kalman Filter recursions and related results presented in this section review
established results for linear Gaussian state-space models; see, for example, [19, 20].

The Kalman filter provides a recursive procedure for estimating the latent state vector
x; based on observed data. At each time point ¢, the procedure produces different types
of state estimates depending on the information set used. The smoothed estimates are
obtained through a separate backward recursion after filtering.

In particular, for each time point ¢t € {1,...,T}, the one-step-ahead predicted state
is defined as

jf‘t\t—l = E[wt | yt—l], (4.4)

which represents the expectation of the state at time ¢ given observations up to and
including time ¢ — 1.

The filtered state estimate is defined as

Ty = Elxy | Vi, (4.5)

which incorporates information from the current observation y, in addition to V;_;.

Later, we will also consider the smoothed state estimate

Ty = Elx: | Yrl, (4.6)

which is based on the full dataset.

In addition to the state estimates, the Kalman filter tracks the corresponding estima-
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tion uncertainty through covariance matrices. These are defined as

Pt|t—l = Var(a:t | yt—l)» (4-7)
Pt‘t = Var(att | yt>, (48)
Pt‘T = Var(a:t | yT) (49)

The Kalman filter provides recursive expressions for the predicted and filtered state
estimates. The smoothing step is then applied as a backward pass using these quantities

to incorporate information from future observations.

4.2.1 One-Step-Ahead Prediction

We first consider the one-step-ahead predicted state. Starting from the definition of
the one-step-ahead predicted state in equation (4.4)) and substituting the state equation
(2.4), we take conditional expectation given }; ;. Using the fact that E[w, | J,_1] = 0,

we obtain

i‘t|t71 = E[mt | yt—l]
=E[Bx,_, +w; | V1]
= BE[wt—l ‘ yt—l]

- Bitfl‘tfl. (410)

Similarly, starting from the definition of the prediction covariance in equation (4.7
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and using properties of conditional variance, we obtain

Pt|t—1 = VaT(Be’Ut—l + wy | yt—l) = BVaT(th—l | yt—l)BT +Q = BPt—1|t—1BT +Q,

(4.11)
where we have used the independence of w; from ), _; and equation (2.13)).
4.2.2 Observation Prediction and Innovation
We denote the one-step-ahead predicted observation by
?A/t\t—l = Ely, | Yi_1]. (4.12)

Using the predicted state ;1 in equation (4.10)), we can derive the corresponding
prediction for the observation. From the observation equation (2.3), taking conditional

expectation given );_; yields

@t|t—1 =Ely, | Vi-1]
= E[Z«’Bt + V¢ | yt,l]
= ZE[wt | ytfl]

= Zi?ﬂt_l, (413)

where we have used the fact that E[v, | ;1] = 0.
The innovation (or prediction error) is defined as the difference between the observed

value and its one-step-ahead prediction:

0=y, — @t\t—h (4.14)

60



Maximum Likelihood Estimation in Linear Gaussian State-Space Models Chapter 4

thereby measuring the discrepancy between the model-based prediction and the actual
observation at time t.

We now derive the covariance matrix of the innovation §;, denoted as F';. Starting
from the definition of the innovation §; in equation and using the observation

equation ([2.3)), we obtain

F, = Var(d; | YV;1)
= Var(y, — Yyi_1 | Vi-1)
= Var(Zx; + v | V1)
= ZVar(z, | Vi )Z' + Var(vy)

=ZPy.Z' +R, (4.15)

where we have used the fact that g, , is deterministic given }; 1, so subtracting it
does not affect the conditional variance. We have also used the independence of v; from
Y;—1 and Var(v;) = R. The matrix F'; represents the uncertainty associated with the

prediction error at time t.

4.2.3 Filtering

The filtered state &, is an update of the one-step-ahead predicted state @;;_; using
the new observation y,. The filtered state estimate is defined in equation . The
Kalman filter updates the predicted state Z;;_; using the innovation d, derived in (4.14]).
Under the Gaussian assumption, the conditional expectation of x; given &; is linear in

d;, leading to
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53t|t = ]E[ilft | yt} = E[mt | yt—la(st]
= ]E[mt | yt_l] + COV(CL‘t,(St | yt_l)[var(ét | yt_l)]_lét
= Zy—1 + Pt|t71ZT[var(5t | yt—l)]_l(st

= &y1 + Py 1 Z ' F;'6, (4.16)

Again using properties of conditional distributions under Gaussian assumptions, we

obtain the corresponding covariance matrix

Pt|t = Var(:l}t | yt) = Var(:l:t | yt_l,(st)
= Var(z; | V;-1) — Cov(zy, 6 | V1) [Var(é; | yt—l)]_ICOV(CUu(St | yt—l)T

=Py — Pt|t71ZTF;1ZPt\t71 (4.17)

Both equations 1) and 1) use the fact that Cov(xy, &, | Vio1) = Pt|t,1ZT,

which can be derived as follows, using the fact that y,,_, is deterministic given J;_; and

Cov(xy, vy) = 0:

COV(wt, 0, ’ ytfl) = COV(CUt, Yy — @ﬂt—l ’ ytfl)
= Cov(zx;, Zx + vy — @t\t—l | Vi-1)
= Cov(xy, Zay + vy | Vi1)

=Py Z" (4.18)

The update step combines the model-based prediction with information from the new
observation, where the term P;; Z TFt_ ! in some literature defined as the ”Kalman

gain”, determines the relative weight given to the innovation.
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4.2.4 Smoothing

While the filtered state estimate &, uses observations up to and including time ¢, it
is often desirable to estimate the latent state using the full set of observations Vy. This
leads to the smoothed state estimate, defined in equation (4.6)).

Unlike filtering, which proceeds forward in time, smoothing is obtained through a
backward recursion after the filtering step has been completed.

We begin from the definition in equation (4.6)):
zyr = Elz, | Yr] = Elz | Vi, Verrr], (4.19)

since Yr = Yy U Vig1.r, using notation Yip1.0 = {y, 41, ..., Y7}
Under the Gaussian assumption, the conditional expectation of x; given future ob-
servations can be expressed in terms of the next-step smoothed estimate. In particular,

we have

xyr = B[z, | Vo] + Cov(xy, ey | Vy) [Var(eeg | Yt (11 — Tis1e)

= &y + PyB P, (@00 — Beqap) (4.20)
Here, we have used the state equation ([2.4]) and the fact that
Cov(xy, xep1 | Vi) = Pt|tBT-

Now we denote

J,=P,,B' P, (4.21)

t+1t
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thus equation (4.20)) becomes
Ty = Ty + Jy (iAUt+1|T — ii?t+1|t) (4.22)

The matrix J; determines how information from future states is incorporated backward
to refine the estimate of x;.

The corresponding covariance matrix is updated as

Py = Var(x; | Yr)

=Py, + Pt|tBTP_1 (Pt—‘rllT — Pt+1|t) P!

t+1]t t+1|tBPt|t (4.23)

The smoothing recursion proceeds backward in time from ¢t =T — 1 to t = 1, using
the filtered estimates &, and predicted estimates ;;; obtained from the Kalman filter.
Although smoothing is not required for the forward Kalman filtering procedure, it
provides improved state estimates by incorporating information from the entire dataset.

As such, it is often useful in analysis and inference.

4.3 Likelihood Evaluation via the Kalman Filter

As discussed in Section the likelihood function can be written as a product of
one-step-ahead predictive densities, as shown in equation (4.1). Under the Gaussian
state-space model, each term p(y, | Vi—1,0) follows a multivariate normal distribution.

From the results of the Kalman filter, we have

Y, | V1,0 ~ N(@t|t—1a Ft)v (4-24)
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where y,,_; is the one-step-ahead predicted observation defined in equation 1) and
F, is the innovation covariance matrix defined in (4.15)).

Therefore, the likelihood function can be written as

T
nag 1 ]_ _
L£(0) = H(QW)’T‘Ft"i exp (—55:Ft lét) , (4.25)

t=1

where §; =y, — Y, is the innovation, defined in equation (4.14)).
Since our goal is to obtain the maximum likelihood estimator 6 which is defined in

equation (4.3), we take the negative logarithm of equation (4.25)) and obtain

T
> [log|Fy| + 8] F; '8, + nglog(2m)] (4.26)

t=1

—log L(0) =

N | —

where n, denotes the dimension of the observation vector y,.

4.4 Innovation-Based Bootstrap for Parameter In-
ference

While the likelihood framework developed in Section provides point estimates of
the model parameters, it does not directly quantify their uncertainty. To address this,
we employ the innovation-based bootstrap procedure of [44]. This approach resamples
standardized innovations from the fitted state-space model and reconstructs bootstrap
datasets using the Kalman recursion. The method preserves the temporal dependence
structure implied by the fitted model while introducing sampling variability through
resampled innovations.

Suppose the model parameters @ have already been estimated via maximum likelihood

as described in Sections -[£.3] Recall from Section that the innovation (one-step-
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ahead prediction error) at time ¢ is defined as d; in equation (4.14)), with corresponding

variance matrix F'; given in equation (4.15)).

Standardized Innovations

Define the standardized innovations as
e, = F; %, (4.27)

where F', Y2 denotes a symmetric square-root inverse of F';. Since F'; is generally a
dense n, X n, covariance matrix, the standardization in equation simultaneously
decorrelates and rescales the entire multivariate innovation vector rather than standard-
izing each altitude level separately. We therefore refer to elements of e; as standardized
innovation components in this transformed space, instead of describing them as corre-
sponding to altitude levels a4, ..., a,,. This distinction is important when standardized
innovations are displayed or used for diagnostic plots in Chapter [0} Under correct model
specification and Gaussian assumptions, the standardized innovations are approximately

independent and identically distributed with mean zero and identity covariance.

Bootstrap Algorithm

For the b™ bootstrap replicate (b =1,. .., nyo0t), proceed as follows:

1. Sample with replacement from {ej,...,er} with equal probability, to obtain a

bootstrap sequence

{(e;® . e} (4.28)
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2. Construct bootstrap innovations by transforming back to the original scale:
50 =F2e" t=1,...,T (4.29)

By construction, Var(ér(b)) =F,.

3. Generate a bootstrap dataset recursively using the Kalman prediction and filter
equations, holding the initial state estimate and its covariance fixed at the values

obtained from the original fit:

1)) = @ijo. (4.30)
Fort=1,...,T, compute
*(b ~*(b *(b
vV =z + 8, (4.31)
) =ay) + Py Z F;'5,", (4.32)
~x(b) (D)
T, = By, (4.33)

*(b)

Since we initialize the one-step-ahead state prediction for ﬁ:1|0 ,

the algorithm in
equations (4.30))-(4.33)) matches the order of the Kalman Filter steps in Section for

t = T, the last step in equation (4.33) to obtain the one-step-ahead state prediction

~ #(b)
LT

For b =1,... Moo, estimate the parameters @ of the model defined in equations ([2.3)

is usually omitted.

- (2.4)) from the b bootstrap dataset

*(b *(b
{yl( )7 e ayT( )}7 (434)

treating this bootstrap dataset as the observations, and estimating model parameters
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using the maximum likelihood procedure described in Sections [4.1] - [4.3] yielding the b

~ (b
bootstrap estimator 0*( ).

Bootstrap Confidence Intervals

After generating ny,.; bootstrap replicates and estimating @ from each bootstrap

sample, the resulting bootstrap estimators
A *(nboot)
{6 ,....0 } (4.35)

provide an empirical approximation to the sampling distribution of 6.
For the j parameter component 6;, and any chosen value of a, a 100(1 — a)%
bootstrap confidence interval is constructed as

Axla/2]  fx[l—a/2]
[9‘ 6 ] , (4.36)

J

9 denotes the empirical ¢"" quantile of the bootstrap estimates for this compo-

where é;
nent.
This procedure provides bootstrap-based uncertainty quantification for all model pa-

rameters.

4.5 Numerical Optimization

The maximum likelihood estimator is then obtained by minimizing the negative log-
likelihood function in equation (4.26). Since this objective function does not have a
closed-form solution, numerical optimization methods are required.

In this work, we employ a quasi-Newton method, specifically the BFGS algorithm
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[45], to carry out the optimization. This method iteratively updates parameter estimates
using gradient information and provides efficient convergence in moderate-dimensional
settings. At each iteration of the optimization, evaluation of the objective function re-
quires running the Kalman filter to compute the innovations §; and their covariance
matrices F;. A different estimation approach frequently used for maximum likelihood
estimation in state-space models is the expectation - maximization (EM) algorithm (see
[46], 47]). In this setting, the E-step uses Kalman filtering and smoothing to compute
conditional expectations of the latent states, while the M-step updates the model param-
eters by maximizing the expected complete-data log-likelihood. However, BFGS is much
faster than EM under this framework in general (see [47, [48]). For this reason, we use
the BFGS algorithm as the primary optimization method.

The optimization is performed over all model parameters, including the elements of
Q, R, B, and Z. Parameter constraints, such as positivity of variance components, are
enforced through appropriate parameterization.

The optimization procedure requires specification of initial parameter values. In prac-
tice, these are chosen based on simple heuristics or prior knowledge to ensure numerical
stability of the optimization.

The numerical optimization is carried out using tools from the MARSS package in R
[49], which are adapted to accommodate the specific structure of the proposed model.
Further details of initialization setup and optimization settings are provided in Appendix

Bl
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Chapter 5

Simulation Study

This chapter presents a comprehensive simulation study to evaluate the performance
of the proposed state-space model and estimation procedure. The study is organized
around three simulation configurations, denoted A, B, and C, which differ in the number
of seasonal harmonic pairs and in the seasonal harmonic state noise variance. These
configurations allow us to compare model performance under deterministic seasonal dy-
namics, stochastic seasonal dynamics, and increased seasonal complexity.

The study consists of the following components: parameter specification, data gen-
eration, model fitting, bootstrap inference, and performance assessment. We first de-
scribe the common data-generating mechanism and the configuration-specific parameter
settings. We then describe the estimation procedure and innovation-based bootstrap im-
plementation. The chapter concludes with a comparison of simulation results across the

three configurations.
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5.1 Parameter Specification

We begin by explicitly specifying the complete state-space model that constitutes the
data-generating process for the simulation study. For each time point ¢t = 1,...,T, the
simulated data are generated from the following multivariate autoregressive state space
model we introduced in Section 2.3 - BBl We first review the observation and state
evolution equations in terms of their parameters, before describing data generation with

specific simulation parameter settings.

The observation equation is

p p
Y, = Zwt + v = Bspmt,c + Z Bsp’yc,th,j + Z Bsp'ys,thJ + Uy, Uy ~ N(O, U?%Ina)a

J=1 J=1
(5.1)
where the observation matrix Z is defined implicitly through its components as
Z = (Bsp ByYe1 Bopvs: - Bopve, Bsp’ys’p) ) (5.2)

and where:
e y, € R™ denotes the observed ozone profile across n, altitude levels at time ¢,

e B, € R"™** is the cubic B-spline basis matrix with k degrees of freedom evaluated

at the altitude grid where n, is the number of altitudes,

e x;,. € RF is the time-varying B-spline coefficient vector for the non-harmonic func-

tional component; ;. is the first component of the latent state vector,

® Y. Vs € R* are the static B-spline coefficient vectors that determine the altitude-

dependent loading functions for the j** harmonic pair, for j = 1,...,p,
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e M;; and M, are the harmonic state variables for the 4" harmonic pair, for j =

1,...,p; evolving as the second component of the latent state vector,

P

e v, is the observation noise vector at time point ¢, with common variance parameter

0% across altitude levels, assumed iid across time.

The state evolution equation is
z, =Bz, +w;,  w, ~ N0,Q), (5.3)

where the full state vector is defined as

t,p

.
wt:<m; My Mp, ... My, M*) € R, (5.4)

evolving according to a block-diagonal transition matrix B:

Bc kag C kag
B_ 02><k dR(a)1> Ce 02><2 (55)
OQXk 02><2 . dR(wp)

Within B, the component B, € R¥** is a symmetric tridiagonal Toeplitz
matrix that controls the evolution of the non-harmonic B-spline coefficients

a:tT -» specifically
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g Q7 0 0

a1 Gy O

Bc = 0 a1 Qg . 0 (56)
ai
0o --- 0 a1

The evolution of the harmonic block is defined through rotation matrices

cos(w; sin(w; Qi
R(w;) = () () L w= =1 (5.7)

—sin(w;) cos(w;)

where 7}, denotes the nominal seasonal period and d is a damping factor.

The state noise covariance matrix is given by

oI, 0
0- ko Orx2p | (5.8)

2
02p><k UwIQp

where o controls the variability of the spline coefficient states and o2 governs
stochastic variation in the seasonal harmonic states. A special case is 02 = 0,

where the seasonal cycle does not change stochastically.

For data generation: The harmonic component is initialized deterministically as

(Mo, Mgy, ..., Moy, Mg ) = (1,0,...,1,0), (5.9)

and the true initial spline coefficient vector . is constructed from a smooth ozone
profile, as described in Section [5.2] Later in model fitting, the spline component of the

initial state is treated as unknown and estimated from the simulated data, while the
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harmonic initial states are fixed as above due to the identifiability issues discussed in
Section 2.6

Together, equations — fully specify the data-generating mechanism used
throughout the simulation study. The model used for estimation in Section coincides
with the data-generating model, so that the simulation study evaluates finite-sample
performance under correct model specification.

We now specify the simulation settings for key model parameters, including 2, 02, 0%,
g, and a1, and the number of replications in our simulation. Table summarizes the

parameters that are held fixed or varied across the simulation configurations. The three

configurations used in the simulation study are then listed in Table [5.2] Specification of

the higher-dimensional vector parameters v, ; and v, ; , j € {1,...,p} is described in
Section [5.2

Notation | Definitions Simulation Settings

k B-spline degrees of freedom 7

P Number of seasonal harmonic pairs 1 and 2

T Total number of evenly spaced time points 730

Ng Number of altitudes 30

o Observation noise variance parameter in equa- 0.06

tion m
d Damping factor in equation (|5.5) 1
g, Qp Diagonal and off-diagonal parameters in the ag =0.25,a; = 0.1

spline-state transition block B, in equation

F9)

o Spline coefficient state noise variance in equa- 0.01

tion @D

o Seasonal harmonic state noise variance in equa- 0 and 0.1

tion m

Nerep Number of replicates for each parameter con- 100
figuration

Table 5.1: Simulation settings: parameters and dimensions in the simulation study.
Where 2 numbers are listed for a single parameter under the Simulation Settings
column, the simulations are performed for both values of these parameters.
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The total number of time points is fixed at T = 730. Under 5-day pentad aggrega-
tion, one calendar year consists of 73 pentads. For simplicity, the simulation does not
account for leap years, and each year is assumed to contain exactly 73 pentads. Thus,
T = 730 corresponds to 10 years of observations. This length was chosen to provide suf-
ficient temporal information for estimating both state dynamics and seasonal structure
while keeping the repeated simulation, fitting, and bootstrap procedures computationally
feasible.

The simulation configurations are constructed by varying only a small number of
parameters while holding the remaining settings fixed. In particular, the configurations
differ in the number of seasonal harmonic pairs p and the seasonal harmonic state noise
variance o2. This design allows us to compare deterministic seasonal dynamics, stochastic
seasonal dynamics, and increased seasonal complexity in a controlled setting.

For each parameter configuration selected, we generate n,e, replicates. The number
of replicates n,ep is the same across all parameter configurations.

To ensure reproducibility while maintaining independence across replicates within
each configuration, we first set a configuration-specific seed value. Using this seed, we
generate n.., distinct seed values, each of which is assigned to a specific replicate within
this given parameter configuration. Thus, every replicate within each configuration is

generated using a distinct, recorded seed value.

5.2 Data Generation

Within the simulation settings in Table 5.1 the configurations differ only in the

number of seasonal harmonic pairs p and the seasonal harmonic state noise variance o2.
For each selected parameter configuration, n,e, replicates are generated. The transition

matrix B is constructed according to equation ((5.5)), consisting of a tridiagonal Toeplitz
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spline-state block and p harmonic rotation blocks with frequencies w; = jw; for j =

1,...,p.
For each harmonic pair j = 1,...,p, the seasonal loading coefficient vectors «,; and

v, in equation (5.2) are generated independently from the uniform distribution

U[’Ymina ’Ymax]a (510)

with Ypin = —0.8 and Y. = 0.8 in the simulation study. These loading coefficient vectors
are generated once for each parameter configuration and are held fixed across all the n,e,
replicates within that configuration. The observation matrix Z is then constructed as in
equation ([5.2]).

The initial state vector x is constructed as follows. To mimic a realistic ozone profile
across altitude, we first select the middle altitude a|,, /2. A baseline value at this altitude
is drawn from N (g, 08), with g = 0.5 and og = 0.1 in the simulation study. Altitude
levels above and below the center are then generated by subtracting small independent
random increments so that the profile decreases smoothly away from the midpoint. The
increments are drawn from
(5.11)

Amax
g |

[na/2] =1
with Apax = 0.2 in the simulation study.

The resulting simulated ozone profile is projected onto the B-spline basis, and the
estimated spline coefficients form the first & components of 3. The harmonic components

are initialized deterministically as
(Mox, Mgy, .., Moy, Mg,) = (1,0,...,1,0). (5.12)

The true initial state vector x is fixed across all the n,, replicates within each parameter
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configuration.

For each replicate, the state and observation processes are simulated recursively ac-
cording to equations and for t = 1,...,T. At each time step, the state
vector x; is updated via the transition equation, and the corresponding observation vy,
is generated from the observation equation.

The simulated state trajectories x;, noise-free observations y,, and noisy observations

y, are stored for subsequent model fitting and performance evaluation.

5.3 Model Fitting

Each simulated dataset is fitted using the state-space model described in Chapter [4]
For each parameter configuration, the same initialization scheme is used for all replicates.
This ensures that differences in estimation performance are not attributable to differences
in the initialization procedure across replicates.

The transition matrix B contains two free parameters, agy and a4, governing the spline
coefficient block, while the harmonic rotation blocks are fixed and not estimated. The

initial values for the free transition parameters are set as

al? ~ N(0.25, 0.05%), (5.13)
al” ~ N(0.1, 0.05). (5.14)

The state covariance matrix @ is specified as diagonal. The spline coefficient state

2

2 is treated as a free parameter. The seasonal state noise variance o2

noise variance o

is fixed at the value specified by the corresponding simulation configuration. The free
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spline coefficient state noise variance is initialized as

a2 ~ N(0.05, 0.01%). (5.15)

The observation matrix Z consists of a fixed B-spline basis component and free sea-

sonal loading coefficient vectors {v,;,7,; : 7 = 1,...,p}. These coefficients are initialized
at zero:
A =0 =11, (5.16)
A =0 j=1,....p. (5.17)

The observation covariance matrix is specified as
R=o0%1,,, (5.18)

and the common variance parameter is initialized at
2% = 0.05. (5.19)

Collecting the free parameters, the parameter vector estimated in each simulated

dataset is

_ 2 2 T T T T T\'
0 = (O[(), a1, 0., O-Rv’yc,la 73,17 o a7c,p> 73,p7 230,0) : (520)

The spline component of the initial state, T, is included in € and estimated from the
simulated data. The harmonic initial conditions (Mo1, Mg, ..., Mo,, Mg,) are fixed at
(1,0,...,1,0), and are not estimated. Given these starting values, maximum likelihood

estimation proceeds by minimizing the negative log-likelihood function f(0) = — log £(8)
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as described in Chapter [4]
The resulting parameter estimates from all replicates are retained for performance

evaluation and for subsequent innovation-based bootstrap inference.

5.4 Simulation Bootstrap Implementation

In this section, we describe how the innovation-based bootstrap procedure introduced
in Section is implemented within our simulation study.

For each replicate generated under a given parameter configuration, the state-space
model is first fitted via maximum likelihood as described in Section [5.3] yielding parame-
ter estimates 6. Using the fitted model, we compute the innovations {01,...,07} defined
in equation and the corresponding innovation covariance matrices {F,..., Fr}

defined in equation (|4.15).

Bootstrap Replication

For each replicate dataset, we generate nyoo bootstrap datasets using the innovation-
based bootstrap algorithm described in Section 4.4l Specifically, for each bootstrap

iteration b =1, ..., Npoot:
1. The standardized innovations are resampled with replacement.
2. A bootstrap dataset {g}”, ... ,yi}(b)} is reconstructed via the Kalman recursion.

3. The state-space model is re-fitted to the bootstrap dataset, producing a bootstrap

) ~x(b)
estimator @

The same model specification and configuration-specific fixed quantities are used in
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the bootstrap refits. This yields a collection of bootstrap estimates
P p *(nboot)
{6 ,...,0 } (5.21)

for each original replicate.

Bootstrap Confidence Intervals and Coverage

For each estimated parameter component ;, a nominal (1 — «) percentile bootstrap
confidence interval is constructed using the empirical a/2 and 1 — «/2 quantiles of the
bootstrap estimates.

To evaluate finite-sample performance, we compute empirical coverage probabilities
across simulation replicates. Specifically, for each parameter 6;, the coverage rate is
defined as the proportion of simulation replicates for which the corresponding bootstrap
confidence interval contains the true parameter value used in data generation.

All reported bootstrap confidence intervals and parameter coverage results in Section

are based on this procedure.

5.5 Simulation Results

We now summarize the simulation results across the three configurations introduced
in Sections[5.1]-[5.2l The data are generated according to the state-space model described
above, with the common parameter settings given in Table

The three configurations are designed to compare the effect of seasonal state noise
variation and seasonal model complexity. Configuration A uses one deterministic sea-
sonal harmonic pair. Configuration B keeps one seasonal harmonic pair but introduces

stochastic variation in the seasonal harmonic states. Configuration C keeps stochastic
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seasonal harmonic states and increases the number of seasonal harmonic pairs from one
to two. Thus, the comparison from A to B isolates the effect of allowing stochastic sea-
sonal state variation, while the comparison from B to C examines the effect of increased
seasonal complexity.

The configurations considered in this study are summarized in Table [5.2]

Configuration o2 k p
A 0 7 1
B 0.1 7 1
C 0.1 7 2

Table 5.2: Simulation configurations used in the simulation study. All other parame-

ters are fixed as specified in Table

Configuration A represents the baseline setting with deterministic seasonal harmonic
dynamics, p = 1, and 02 = 0. Configuration B uses the same number of seasonal har-
monic pairs but sets 02 = 0.1, allowing the seasonal harmonic states to evolve stochas-
tically around the rotation dynamics. Configuration C also uses 02 = 0.1, but increases
the number of seasonal harmonic pairs to p = 2. This configuration is used to assess the
effect of adding a second seasonal harmonic pair under stochastic seasonal dynamics.

For each configuration, n.,, = 100 simulated datasets were generated and fitted.
For each fitted dataset, npoor = 100 innovation-bootstrap datasets were generated and
refitted using the same model specification. All original model fits and all bootstrap refits
converged successfully. Therefore, the parameter estimation summaries and bootstrap
coverage results reported below are based on the full set of simulation replicates and

bootstrap refits.

5.5.1 Example Simulated Profiles

Before evaluating estimation and bootstrap performance, we first display represen-

tative simulated profiles from the three configurations. Figure [b.1] shows the noise-free
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profile y, and the corresponding observed profile y, at time ¢ = 365 for Configurations
A, B, and C.

The profiles in Figure [5.1] should be interpreted as simulated profile-valued observa-
tions generated from the proposed state-space model. They are not intended to reproduce
the exact physical shape or scale of observed ozone profiles. The simulated values are
interpreted on the model scale; therefore, the data-generating process does not impose
positivity constraints on the profile values. Instead, the purpose of the simulation study
is to provide a controlled setting in which the true states, loading functions, and model
parameters are known. This allows us to evaluate parameter estimation, state estimation,
and bootstrap uncertainty quantification under the specified data-generating mechanism.

Across the three panels, the same general state-space construction produces different
model-generated profile shapes under different seasonal specifications. Configuration A
uses deterministic seasonal dynamics with one harmonic pair. Configurations B and C
allow stochastic seasonal state variation, and Configuration C further includes a second
harmonic pair. Thus, the example profiles provide a visual summary of the types of
simulated observations generated under the three configurations, while the quantitative
evaluation is provided in the following subsections.

While Figure [5.1] illustrates the cross-sectional profile shape across altitude at a fixed
time point, it is also helpful to examine how the simulated observations vary over time.
Figure[5.2)therefore displays illustrative observation series at one selected altitude for each
configuration. For visual clarity, each series is split into two time windows, t = 1,...,365
and t = 366, ..., 730.

For each configuration, the selected replicate-altitude pair is chosen to have moder-
ate temporal variation in the noise-free signal and a visible one-step-ahead prediction
discrepancy. This selection is used only for visualization and is not part of the formal

estimation or coverage evaluation.

82



Simulation Study Chapter 5

Representative simulated profiles, time 365

Configuration A Configuration B Configuration C
p=1,0,=0 p=1,02=0.1 p=2062=0.1
o | o | o |
(a0} (<o) ™
ol Te Tegl
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Figure 5.1: Representative simulated profiles under Configurations A, B, and C at
time ¢ = 365. The solid curve shows the noise-free profile y,, and the points show the
observed profile y,. The profiles are model-generated profile-valued observations from
the proposed state-space model and are used to illustrate the data-generating process
under the three configurations.
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Observed, noise-free, and
one-step-ahead forecast series
® QObserved — Noise-free - - Forecast
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Figure 5.2: Illustrative observation series for one selected replicate and one selected
altitude under Configurations A, B, and C. Each configuration is split into two time
windows to make the temporal variation easier to see. The black points show the
observed values y;(a;), the blue solid curve shows the noise-free values g;(a;), and
the red dashed curve shows the one-step-ahead predictions 7,1 (a;) from the fitted
model.
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Across the three configurations, the observed series fluctuate around the correspond-
ing noise-free trajectories, while the one-step-ahead predictions track the dominant tem-
poral pattern. Configuration A shows more visibly noisy observations relative to the
underlying signal. Configurations B and C exhibit clearer seasonal structure, with Con-
figuration C showing repeated peaks over time, although the peak amplitudes vary across
cycles, reflecting the stochastic seasonal dynamics and the inclusion of two seasonal har-
monic pairs. Overall, the figure provides a representative visual check that the fitted

model captures the main temporal structure in the simulated observations.

5.5.2 State Estimation Performance

We next evaluate the uncertainty of the latent state estimates. We focus on the spline
coefficient states because they represent the time-varying altitude-profile component of
the model. The harmonic states are shared seasonal states whose initial values are fixed
for identifiability, and the uncertainty in the seasonal structure is examined later through
the estimated loading functions and bootstrap inference.

Filtered and smoothed state estimators &;; and &y, together with their covariance
matrices Py, and Py, are defined in Section . Under the Gaussian state-space model,
x; | Yr is multivariate normal (see [20]). Accordingly, for each simulation replicate
r = 1,...,Nep, a nominal 100(1 — a)% pointwise confidence interval for the j" state
component at time ¢ is constructed using the corresponding filtered or smoothed state
estimate and covariance matrix.

For the filtered estimator,

Ly = {fﬁjf) — 210 B 7 4 g Pt(i"j”")} . (5.22)

For the smoothed estimator,
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C167) {fu,r) N =T L B P(m)]_ (5.23)

{7 tT tT T

In the reported results, we use a = 0.05, so that z;_, /2 = 1.96.

Coverage rates are computed separately for the filtered estimator, denoted by m = f,
and the smoothed estimator, denoted by m = s. Let :Et ") denote the true value of the gth
spline coefficient latent state at time point ¢ in replicate r. Define the coverage indicator

variable

190 =1 {x?’” € CIE?’;;)} m e {f,s}). (5.24)

The empirical coverage rate for replicate r and state component j is then computed

as

Cover]r) = ZI(%) m € {f,s}. (5.25)

This yields one coverage rate value per replicate for each state component and each
estimation method, either filtering or smoothing.
To summarize performance for each latent state across replicates, we further define

the pooled mean coverage for state component j as

Covery) = — 3 Covery, m € {f,s}. (5.26)

nrep r=1

This pooled mean coverage is used to summarize the calibration of each spline state
component.

For comparing the three configurations in a compact way, we further average the
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replicate-level state coverage over the k spline coefficient states:
—_— 1 —_— ',7"
Cover( =7 Z Cover(] ), m € {f,s}. (5.27)

This produces one coverage summary for each replicate, method, and configuration.

Figure displays the replicate-level averaged coverage values defined in equation
, where coverage is first evaluated across time for each spline state component and
then averaged across the £ = 7 spline states. Across the three configurations, the state
coverage is generally close to the nominal 95% level. For the filtered estimator, the mean
replicate-level averaged coverage is 0.9477, 0.9473, and 0.9425 for Configurations A, B,
and C, respectively. For the smoothed estimator, the corresponding mean coverage values
are 0.9474, 0.9474, and 0.9421. Thus, Configurations A and B are centered very close to
the nominal level, while Configuration C shows slightly lower average coverage and more
low-coverage outliers. Nevertheless, the mean coverage in Configuration C remains above
0.94 for both filtered and smoothed estimators. Thus, even in the more complex setting
with two harmonic pairs, the state intervals remain close to the nominal 95% level.

Figure |5.4] gives a more detailed state-by-state summary based on the replicate-level
coverage values in equation . In Configurations A and B, the state-specific pooled
mean coverage values are close to the nominal level for all seven spline states. For Con-
figuration A, the state-specific pooled means range from 0.9457 to 0.9488 for the filtered
estimator and from 0.9453 to 0.9486 for the smoothed estimator. For Configuration B,
the corresponding ranges are 0.9458 to 0.9491 and 0.9458 to 0.9486. Configuration C has
lower state-specific pooled means, ranging from 0.9408 to 0.9448 for the filtered estimator
and from 0.9398 to 0.9441 for the smoothed estimator, indicating mild undercoverage but
still strong overall calibration across all spline state components.

Overall, the filtered and smoothed intervals exhibit very similar coverage behavior.
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State coverage averaged across time and spline states
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Figure 5.3: Empirical coverage rates of nominal 95% pointwise confidence intervals
for the spline coefficient states across Configurations A, B, and C. For each replicate,
coverage is first averaged over time for each spline state and then averaged across the
k = 7 spline states. Boxplots summarize the resulting replicate-level coverage values
across nyep = 100 replicates. The dashed horizontal line indicates the nominal 95%
coverage level.
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State coverage by spline component across configurations
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Figure 5.4: State-specific empirical coverage rates of nominal 95% pointwise confidence

intervals for the spline coefficient states.

Each panel corresponds to one simulation

configuration. For each spline state component, the boxplots summarize the repli-

across nyep = 100 replicates, separately for the

()

cate-level coverage values Cover

filtered and smoothed estimators. The dashed horizontal line indicates the nominal

95% coverage level.
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The mild undercoverage relative to the nominal level is not surprising. The confidence in-
tervals rely on plug-in estimates of model parameters. The intervals in equations
and are constructed from the Kalman filter and smoother covariance matrices
computed at the fitted parameter values. Therefore, they describe conditional state un-
certainty under the fitted model, but they do not fully incorporate uncertainty from
estimating the model parameters (see [49]). In finite samples, this plug-in treatment can
lead to slight deviations from nominal coverage. The slightly lower coverage in Configu-
ration C is also consistent with its increased seasonal complexity, since this configuration
includes two seasonal harmonic pairs and a larger number of seasonal loading parame-
ters. Nevertheless, the coverage remains broadly close to the nominal level across the
three configurations, suggesting that the filtered and smoothed state intervals provide
reasonably well-calibrated pointwise uncertainty quantification for the spline coefficient

states.

5.5.3 Parameter Estimation Performance

We next evaluate the finite-sample performance of the maximum likelihood estimators

for the scalar model parameters. We focus on ag, ay, 02, and 0%. The seasonal harmonic

2

- is not included in this comparison because it is fixed at the

state noise variance o
configuration-specific value during estimation to avoid identifiability and scaling issues,
as discussed in Section [2.6] rather than as a restriction on the general model formulation.

For each configuration and each simulation replicate r = 1,..., n.p, let 0 denote

the maximum likelihood estimate of a scalar parameter ¢,. Estimation accuracy is sum-

marized using the estimation error

0 — . (5.28)

Across replicates, we also compute the mean estimate, empirical bias, empirical stan-

90



Simulation Study Chapter 5

dard deviation, and root mean squared error. The empirical bias and root mean squared

error are defined as
1 Nrep

Bias(d) = — > (é“) - 90) , (5.29)
reP =1
and . 1/
RMSE() — {nl > (60 - 90>2} . (5.30)
Tep 1

Figure [5.5| shows the estimation errors for the four scalar parameters across Configu-
rations A, B, and C. The variance parameters are estimated accurately across all three

configurations. The observation noise variance 0% is especially stable, with estimation

2

2 also shows small

errors tightly centered near zero. The spline state noise variance o
errors, although a mild downward bias is visible, especially in Configuration C.

The transition parameters c«gy and «; exhibit greater variability than the variance
parameters. This variability is largest in Configuration C, which is consistent with the
increased complexity introduced by the second seasonal harmonic pair. Nevertheless,
the estimates remain broadly centered near the true values, indicating that the scalar
parameters are recovered reasonably well across all three configurations.

Table [5.3| provides numerical summaries of the scalar parameter estimates. The ob-
servation noise variance 0% is recovered very accurately in all three configurations. The
mean estimates are essentially equal to the true value 0.06, with RMSE values below
0.001. The spline state noise variance o2 is also estimated well. The mean estimates are
close to the true value 0.01, with small negative biases. The downward bias is slightly
larger in Configuration C, but remains small in absolute magnitude.

For the transition parameters, the mean estimates of oy and «; are reasonably close
to their true values, but their empirical standard deviations and RMSE values are larger

than those of the variance parameters. This indicates that the transition parameters are

more difficult to estimate in finite samples. Configuration C has the largest RMSE values
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Estimation error for scalar parameters
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Figure 5.5: Estimation errors é—@o for the scalar parameters oy, o7, ag, and 0% across
Configurations A, B, and C. The dashed horizontal line indicates zero estimation error.
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for both oy and aq, reflecting the additional difficulty introduced by the second seasonal
harmonic pair. Even so, the estimates remain within a reasonable range of the true

values, and the overall scalar-parameter estimation performance remains satisfactory.

Configuration Parameter True Mean Bias SD  RMSE

A o 0.25 0.2270 -0.0230 0.0829 0.0857
B o 0.25 0.2603 0.0103 0.1138 0.1137
C o 0.25 0.2640 0.0140 0.1334 0.1334
A o 0.10 0.1105 0.0105 0.0532 0.0539
B o 0.10 0.0933 -0.0067 0.0668 0.0669
C o 0.10 0.0822 -0.0178 0.0991 0.1002
A o2 0.01 0.0098 -0.0002 0.0009 0.0009
B o? 0.01 0.0097 -0.0003 0.0012 0.0013
C o? 0.01 0.0093 -0.0007 0.0014 0.0016
A o 0.06 0.0600 0.0000 0.0007 0.0007
B o 0.06 0.0599 -0.0001 0.0006 0.0006
C o 0.06 0.0600 0.0000 0.0006 0.0006

Table 5.3: Summary of scalar parameter estimation performance across ny., = 100
simulation replicates. Bias is computed as the mean estimate minus the true value,
SD denotes the empirical standard deviation of the estimates across replicates, and
RMSE denotes root mean squared error.

5.5.4 Recovery of Seasonal Loading Functions

We next evaluate recovery of the altitude-dependent seasonal loading functions. In
the observation equation, the seasonal contribution is represented through the loading

vectors

ZCJ‘ = B8p7c,j7 Zs,j = Bsp73,j7 J=1...,p (531)

These vectors give the altitude-domain loadings for the seasonal components of the j*
harmonic pair. We examine these transformed loading functions rather than the raw

spline coefficient vectors =, ; and =, ; because Z.; and Z, ; are directly interpretable as
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functions over altitude.
For each configuration, the true loading functions are fixed across simulation repli-
cates. After fitting the model to each simulated dataset, we compute the estimated

altitude-domain loading functions for the r* replicate within each configuration:

/\(7’

z" — B, A" Z" =B,AY. r=1,.. . (5.32)

c.Jj sp lego $,J sp s,

Figures - compare the true loading functions with the mean estimated loading
functions across simulation replicates.

It is important to interpret the gray bands carefully. The gray bands show the
central 95% empirical range of the estimated loading functions across the n,e, = 100
simulation replicates. They are not confidence bands for a single fitted dataset. Instead,
they summarize replicate-to-replicate variability in the estimated loading functions across
independently generated datasets from the same parameter configuration. Bootstrap-
based uncertainty for a single fitted dataset is considered separately in Section |5.5.5

Configuration A shows a very accurate recovery of the seasonal loading functions.
The mean estimated curves are nearly indistinguishable from the true curves, and the
empirical ranges across replicates are narrow. This is consistent with Configuration A
having deterministic seasonal state dynamics, with 02 = 0, so the seasonal signal is more
regular and the loading functions are easier to identify.

In Configuration B, the recovery becomes less stable. The mean estimate of Z.; still
captures the main shape of the true loading function, but the empirical range across repli-
cates is much wider than in Configuration A. The recovery of Z, ; is also less stable, and
the mean estimated curve deviates more noticeably from the true curve. This indicates
that allowing stochastic variation in the seasonal states makes the altitude-dependent

loading functions more difficult to estimate precisely.
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Seasonal loading function recovery: Configuration A
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Figure 5.6: Recovery of the altitude-dependent seasonal loading functions under Con-
figuration A. The black solid curve shows the true loading function, the red dashed
curve shows the mean estimated loading function across n.ep = 100 simulation repli-
cates, and the gray band shows the central 95% empirical range of the estimated
loading functions across replicates.
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Seasonal loading function recovery: Configuration B
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Figure 5.7: Recovery of the altitude-dependent seasonal loading functions under Con-
figuration B. The black solid curve shows the true loading function, the red dashed
curve shows the mean estimated loading function across n.ep = 100 simulation repli-
cates, and the gray band shows the central 95% empirical range of the estimated
loading functions across replicates.
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Seasonal loading function recovery: Configuration C
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Figure 5.8: Recovery of the altitude-dependent seasonal loading functions under Con-
figuration C. The black solid curve shows the true loading function, the red dashed
curve shows the mean estimated loading function across n.ep = 100 simulation repli-
cates, and the gray band shows the central 95% empirical range of the estimated
loading functions across replicates.
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Configuration C has two harmonic pairs, thus includes four altitude-dependent sea-
sonal loading functions. The mean estimated curves generally follow the main altitude-
dependent features of the true loading functions, indicating that the fitted model re-
covers the overall shapes of these components. The empirical ranges are wider than in
Configuration A, reflecting greater replicate-to-replicate variability in the fitted loading
functions. The increased variability is expected in this setting because the model must
estimate more seasonal loading functions while the seasonal states themselves evolve
stochastically. Although the visual agreement between the mean and true curves differs
across Configurations B and C, these configurations should not be interpreted as a direct
ranking because they are generated under different seasonal structures.

Overall, these results show that the altitude-dependent seasonal loading functions
are recovered very well in the deterministic seasonal setting and remain qualitatively
recoverable in the more challenging stochastic seasonal settings. The comparison across
Configurations A, B, and C indicates that the estimated seasonal loading functions show
greater replicate to replicate variability when the seasonal states are stochastic and when
additional harmonic components are included. Across several panels, the empirical ranges
appear somewhat wider near the boundary altitude levels. This suggests that recovery
of the loading functions is less stable at the edges of the altitude grid, which is consistent

with the reduced local support of spline-based representations near the boundaries.

5.5.5 Bootstrap Inference for Model Parameters

We next evaluate the empirical coverage of the percentile bootstrap confidence in-

tervals for the scalar model parameters. We focus on the estimated scalar parameters

2

g, a1, o2 and o%. The seasonal harmonic state noise variance o

2

~ is not included

because it is fixed at the configuration-specific value during estimation.
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For each simulation replicate r = 1,...,n.p, the fitted model is used to generate
Npoot = 100 bootstrap datasets using the innovation-based bootstrap described in Sec-
tion Let é*(b”"), bel,..., nyot denote the bootstrap estimates of a scalar parameter
6 for the " replicate within that configuration. A nominal 95% percentile bootstrap

confidence interval is constructed as

CI),(0) = [§1e/2, grtiesen] (5.33)
where 6971 denotes the empirical ¢ quantile of {é*(l”’), . ,é*("bm”)}. In the reported

results, a = 0.05.

The empirical coverage rate is then computed across simulation replicates as

o 1 Nrep
Coverpoo (6) = — 1 {em c cxg?m(e)} , (5.34)
rep | |

where 6., denotes the true parameter value used in data generation. We also record the
mean interval width across simulation replicates.

Figure summarizes the empirical coverage rates of the nominal 95% percentile
bootstrap confidence intervals for the scalar parameters. The points show the empirical
coverage rates for Configurations A, B, and C, and the dashed horizontal line indicates
the nominal 95% level. Overall, the bootstrap intervals provide reasonably good cover-
age, although several empirical coverage rates are slightly below the nominal level. The
variance parameters o2 and 0% show particularly strong performance, with coverage val-
ues between 0.92 and 0.95 across the three configurations. The transition parameters
ap and «ay show slightly lower coverage, especially for «; in Configuration A, where the
empirical coverage is 0.87. However, the remaining transition-parameter coverage rates

range from 0.90 to 0.92, indicating moderate rather than severe undercoverage.
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Bootstrap confidence interval coverage
for scalar parameters
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Figure 5.9: Empirical coverage rates of nominal 95% percentile bootstrap confidence
intervals for the scalar parameters ag, ai, o2, and a% across Configurations A, B,
and C. The points show the empirical coverage rates, and the dashed horizontal line
indicates the nominal 95% coverage level.
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Table [5.4] provides the corresponding coverage rates and mean interval widths. The
interval widths generally increase from Configuration A to Configuration C for ay, oy,
and o2. This reflects greater uncertainty in the more complex configurations, especially
when stochastic seasonal states are included and when the number of harmonic pairs
increases. For o%, the mean interval widths are similar across configurations, indicating

stable uncertainty quantification for the observation noise variance.

Configuration Parameter Coverage Mean width

A o 0.92 0.3123
B o 0.91 0.4098
C ap 0.90 0.5658
A a 0.87 0.1954
B a 0.90 0.2396
C a 0.92 0.3572
A o2 0.92 0.0033
B o2 0.95 0.0047
C o2 0.92 0.0076
A o 0.92 0.0027
B o2 0.95 0.0027
C o 0.92 0.0027

Table 5.4: Empirical coverage rates and mean widths of nominal 95% percentile boot-
strap confidence intervals for scalar parameters across n.p = 100 simulation replicates.

Overall, the percentile bootstrap intervals provide reasonably good scalar-parameter
coverage, with some mild undercoverage. In particular, the transition parameters «q
and o« show greater finite-sample variability than the variance parameters, and their
bootstrap intervals tend to have slightly lower coverage. Nevertheless, most coverage
values are close to the nominal level, and the bootstrap intervals remain informative for

quantifying scalar-parameter uncertainty across the three simulation configurations.
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Chapter 6

Application to Hohenpeissenberg

Ozonesonde Profiles

In this chapter, we apply the proposed state-space modeling framework to real ozone pro-
file data from the WOUDC Hohenpeissenberg ozonesonde dataset. While the simulation
study in Chapter [5| evaluates the performance of the model under controlled settings,
the purpose of this chapter is to examine how the method performs on observed real-
world atmospheric data, at a midlatitude location (Hohenpeissenberg in Germany). The
analysis focuses on modeling the temporal evolution of ozone concentration profiles si-
multaneously across altitudes, with particular attention to the smooth vertical structure,

and altitude-dependent seasonal behavior captured by the fitted model.

6.1 WOUDC Hohenpeissenberg Ozonesonde Data

In this chapter, we analyze ozonesonde profile observations from the Hohenpeissenberg
station, obtained from the World Ozone and Ultraviolet Radiation Data Centre

(WOUDC) [33]. WOUDC is part of the World Meteorological Organization Global Atmo-
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sphere Watch program and serves as an international archive for ozone and ultraviolet ra-
diation observations. The Hohenpeissenberg station was selected because it provides one
of the longest ozonesonde records with vertical ozone profile measurements using Brewer-
Mast instruments consistently, for estimating temporal variation and altitude-dependent
ozone structure. Many analyses of stratospheric ozone trends include data from Ho-
henpeissenberg analyzed at different spatio-temporal scales (for example, [30, 50, 51]).
Our state-space model will produce functional profile estimates on the pentad time scale,
based on data interpolated to a regular altitude grid. Extending the model to incorporate
responses on differing measurement observations remains a future extension.

The objective of analyzing these data is to examine whether the proposed model can
capture the main features of observed ozone profile dynamics, including smooth vertical
structure, temporal dependence, and altitude-dependent seasonal variation. Unlike the
simulation study in Chapter 5] the true latent states and model parameters are unknown
in this real-data setting. Therefore, the analysis focuses on model fit, estimated latent
components, seasonal loading functions, and diagnostic assessment. Potential extensions
to include additional atmospheric dynamics and chemical impacts (such as associations
with the Quasi-Biennial Oscillation, impacts of aerosols from volcanic eruptions) are
posed under future directions.

The rest of this chapter is organized as follows. Section describes the preprocess-
ing steps used to prepare the raw ozonesonde data for model fitting on a pentad (5-day)
time-scale. Section presents exploratory summaries/visualizations. Section spec-
ifies the state-space model used for the Hohenpeissenberg ozone profiles and discusses
the model-selection procedure. Section presents the fitted model results, including
parameter estimates, reconstructed ozone profiles, estimated seasonal loading functions
and decomposition of the smoothed reconstruction. Section [6.6] examines model diagnos-

tics based on standardized innovations. Section reports bootstrap-based uncertainty
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quantification. Finally, Section summarizes the main findings from the real-data

analysis.

6.2 Data Preprocessing

Each ozonesonde sounding provides measurements of ozone concentration at multiple
altitudes; and soundings frequently occur irregularly in time with different altitudes
in different soundings. Therefore, before applying the state-space model developed in
Chapter[2] we preprocessed the raw profile data into a regular time-by-altitude array. The
preprocessing steps included extracting the relevant ozonesonde variables, interpolating
profiles onto a common altitude grid, and aggregating observations into 5-day pentads.

The WOUDC Hohenpeissenberg data we downloaded consisted of ozonesonde sound-
ings for each sounding-day, where each file may contain one or more sounding profiles.
These raw files are not directly suitable for our state-space model because the profiles are
observed at irregular dates, may contain different vertical measurement heights, and may
include incomplete or invalid observations. Therefore, the raw data are first processed
into a structured altitude-by-time array before model fitting.

The preprocessing procedure consists of three main stages. First, the WOUDC data
file URLs were downloaded from the WOUDC data portal for the Hohenpeissenberg
station, and the corresponding daily profile files were downloaded on April 28, 2025
([33]). For each downloaded file, the timestamp information was extracted to identify
the date and launch time of each sounding. When a file contained more than one profile
on the same day, the profiles were separated according to the timestamp blocks. The
profile section of each sounding was then read into R, and rows containing insufficient
numerical information were removed.

Second, the relevant profile ozone partial pressure and geopotential height data were
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extracted and transformed for each sounding. Geopotential height was converted from
meters to kilometers. In cases where the geopotential height variable was entirely missing,
altitude was approximated from atmospheric pressure via the empirical formula used in
[30]:

a=49.3 —7.131og(P),

where P denotes atmospheric pressure (hPa), that approximates the geopotential height
formula in [52]. Ozone partial pressure values that were nonpositive were treated as
missing.

Third, ozone partial pressures from each sounding were interpolated onto a common
altitude grid. Specifically, linear interpolation was used to evaluate the profile variables
on the regular grid from 15 km to 30 km with a spacing of 0.5 km. This produced a
common set of altitude levels so that each interpolated sounding could be represented
as a vector over the same vertical grid. Profiles with insufficient valid observations for
a given variable were not interpolated and were instead recorded as missing for that
variable. This interpolation step is necessary because the proposed state-space model
assumes a fixed observation dimension and uses a fixed B-spline basis matrix evaluated
at the common altitude grid.

After interpolation, the ozone profiles were aggregated to the pentad time-scale. The
analysis uses observations from January 1, 1979 to December 31, 2024. For each obser-
vation date, the day of year was converted to a pentad index by

(6.1)

day of
pentad within year = min {73, [w—‘ } :

5

This definition assigns days 1 to 5 of each year to the first pentad, days 6 to 10 to the
second pentad, and so on. The use of the minimum with 73 ensures that each calendar

year is represented by exactly 73 pentads. In non-leap years, the final pentad contains the
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last five days of the year, i.e., days 361 to 365. In leap years, since the year contains 366
days, the final pentad contains six days, i.e., days 361 to 366. This convention preserves
a fixed seasonal period of 73 pentads per year, matching the harmonic period 7, = 73
used in the state-space model.

The full time index across pentads and years was then constructed as
pentad = 73(year — 1979) 4 pentad within year. (6.2)

When more than one profile was available within the same pentad, ozone values were
averaged at each altitude level. A complete sequence of pentads from 1979 through
2024 was then created, and the aggregated ozone profiles were joined to this full pentad
sequence. For pentads with no available sounding data at specific altitudes, ozone values
were filled using the most recent previous available value at the same altitude level. The
resulting dataset is a regular pentad-level ozone profile array, with rows corresponding to
pentad time points and columns corresponding to altitude levels. This processed dataset

is used as the observational input for the functional state-space model in later sections.

6.3 Exploratory Analysis

Before fitting the proposed state-space model, we first examine the main empirical fea-
tures of the processed Hohenpeissenberg ozone profiles. The purpose of this exploratory
analysis is to assess whether the data exhibit the two main structures targeted by the
model: smooth variation across altitude and systematic seasonal variation over time.
All plots in this section are based on the pentad-level ozone profile array constructed in

Section [6.2]

Figure displays average ozone profiles for four selected pentads within an annual
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cycle, calculating by averaging the altitude-dependent profiles for each selected pentad
across all study years. The four selected pentads are chosen to be roughly evenly spaced
across the annual cycle, representing different phases of the year. For each selected pentad
q, the plotted curve is computed by averaging ozone partial pressure at each altitude over
all years in the study period for which the pentad-within-year equals q. Let y;(a;) denote
the component of the observation vector y, corresponding to altitude level a;. More

specifically, for altitude level a;, the plotted value is

Jolar) = — > wila), (6.3)
I {t:q()=q}

where ¢(t) denotes the pentad within year corresponding to time point ¢, and N, = [{t :
q(t) = q}| is the number of time points contributing to pentad g. The profiles vary
smoothly with altitude, with a clear ozone maximum in the stratospheric altitude range,
while the magnitude and shape of the profiles differ across pentads. This smoothness
supports the use of B-spline basis functions to represent the vertical ozone structure and
illustrates the systematic seasonal changes in the vertical profile.

Figurel[6.2)illustrates the full preprocessed pentad-level ozone profile dataset from 1979
through 2024. In this heatmap, the horizontal axis represents calendar time, indexed by
pentad, the vertical axis represents altitude, and the color represents the ozone partial
pressure value at that time and altitude. Equivalently, the figure visualizes the entries of
the processed data matrix {y;(a;), t=1,...,7, i=1,...,n,}. The heatmap shows
that ozone concentration varies over both time and altitude. The vertical structure is
not constant over time, and recurring temporal patterns are visible across years. This
motivates the use of a dynamic model rather than a purely static altitude-profile model.

To more directly examine the annual pattern, Figure displays the mean seasonal
cycle of the ozone profiles. For each pentad within year ¢ and each altitude level a;, the
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Mean Ozone Profiles at Selected Pentads
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Figure 6.1: Averaged ozone profiles at selected pentads within the annual seasonal
cycle. For each selected pentad, ozone partial pressure is averaged across all years
from 1979 through 2024 at each altitude level separately.
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Pentad-Level Ozone Profiles from 1979 to 2024

1979 1989 1999 2009 2019
Year

Figure 6.2: Heatmap of the processed pentad-level ozone profiles from 1979 through
2024. The horizontal axis represents calendar time, the vertical axis represents alti-

tude, and color represents ozone partial pressure.
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plotted value is the average ozone partial pressure over all years from 1979 through 2024.

Thus, the figure visualizes the full collection of mean profile values

1 .
Tola;) = > wla),  g=1,....73, i=1...n, (6.4)

ﬁq
Unlike Figure 6.2 which shows the full time series, this plot averages across years and
therefore emphasizes the typical within-year seasonal pattern. The seasonal variation
is clearly altitude-dependent: the timing and magnitude of the annual variation differ
across altitude levels. This feature is consistent with the modeling strategy in Chapter
[2) where seasonal effects enter through altitude-dependent loading functions rather than
through a single common seasonal effect shared by all altitudes.

Together, these exploratory plots indicate that the processed Hohenpeissenberg ozone
data exhibit smooth vertical structure, temporal dependence, and a recurring seasonal cy-
cle whose magnitude and timing vary across altitude levels. These features are consistent
with the proposed state-space model, in which B-spline basis functions represent smooth

altitude dependence and harmonic components capture seasonal temporal variation.

6.4 Model Specification for the Real Data

We fit the state-space model introduced in Chapter [2| to the processed Hohenpeis-

senberg pentad-level ozone profiles. The observation vector at time ¢ is defined as

y, = (yelar), ... yelan,)) (6.5)

where ay, ..., a,, denote the common altitude grid. In the real-data analysis, the altitude

range is 15 km to 30 km with spacing 0.5 km, so that n, = 31. The time index is measured
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Mean Seasonal Cycle of Ozone Profiles
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Figure 6.3: Mean seasonal cycle of ozone profiles. For each pentad within year and
altitude level, ozone partial pressure is averaged across all years from 1979 through

2024.
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in pentads from 1979 through 2024, giving

T = 46 x 73 = 3358 (6.6)

time points.

To guide the choice of the number of seasonal harmonic pairs p and the number of
B-spline basis functions k, we fitted a collection of candidate models and compared their
AIC, AICc, and BIC values. The information criteria were computed from the Kalman-
filter log-likelihood. The detailed computation of these criteria is given in Section [6.5.1]

Figure [6.4] shows the information criteria for candidate models with different values
of p and k. Over the candidate grid considered, larger models generally produce smaller
values of AIC, AICc, and BIC. Therefore, the information criteria alone do not select a
unique parsimonious model within this range. Instead, they indicate that additional har-
monic pairs and additional B-spline basis functions improve the fitted likelihood enough
to offset the corresponding penalty terms.

Here we use p = 2 harmonic pairs as a balance between model fit, interpretabil-
ity, and computational feasibility. Under the pentad time scale, the first two harmonic
pairs correspond to annual and semiannual seasonal components, which have a clear
interpretation for ozone profile seasonality and are consistent with harmonic seasonal
representations used in previous ozone state-space analyses [23]. Although models with
p = 3 or p = 4 further reduce the information criteria, they introduce additional sea-
sonal loading functions and make the fitted seasonal structure more difficult to interpret.
They also increase the computational cost of repeated model fitting, especially for the
bootstrap uncertainty analysis. Therefore, we regard p = 2 as a practically interpretable
seasonal specification rather than the strict minimizer of the information criteria.

Conditional on p = 2, the information criteria decrease substantially when k in-
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Figure 6.4: Comparison of AIC, AICc, and BIC for candidate real-data models with
different numbers of seasonal harmonic pairs p and B-spline basis functions k. The
criteria generally decrease as model complexity increases. The final choice p = 2 and
k = 13 is made as a practical compromise between model fit, interpretability, and
computational feasibility.
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creases from 12 to 13, indicating that the additional B-spline flexibility captures impor-
tant altitude-dependent structure. Further increases from k£ = 13 to k = 14 and k = 15
continue to reduce the information criteria, but the incremental improvement is smaller
than the decrease from k = 12 to £ = 13 and comes with additional parameters and
greater computational cost. We therefore use £ = 13 as a parsimonious choice that
captures much of the improvement while keeping the model and subsequent bootstrap
analysis computationally feasible.

Based on these considerations, the real-data analysis uses p = 2 seasonal harmonic
pairs and k = 13 cubic B-spline basis functions.

The model fitted to the real data follows the observation and state equations defined
in equations - . The state vector is partitioned into the time-varying B-spline
coeflicient component and the seasonal harmonic component, as described in equation
(2.5). The B-spline coefficient vector @; . represents the smoothly varying nonseasonal
vertical profile component, while the harmonic states represent seasonal variation over
the pentad time scale.

For the vertical representation, cubic B-spline basis functions are evaluated on the
altitude grid aq, ..., a,,. Based on the model-selection comparison above, we use k = 13
B-spline basis functions. Let By, € R"™** denote the corresponding B-spline design

matrix. The observation matrix has the same structure as in equation ([2.25]), where

Zc,j = Bsp’yc,ja Zs,j = Bsp’)/s,jv ] =1,... » P- (67)

Thus, the seasonal loading functions are smooth functions of altitude, parameterized
through the B-spline coefficient vectors «, ; and ~ ;.

The seasonal period is fixed at 7}, = 73, corresponding to one annual cycle under the
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pentad aggregation used in Section 6.2} The harmonic frequencies are therefore

215 ,
wj = —= j=1...,p. (6.8)
Based on the same comparison, we use p = 2 seasonal harmonic pairs. The damping

factor is fixed at d = 0.9999. The harmonic initial states are fixed as
(MO:j7M8<,j) = (170)7 j - 17"'7p7 (69)

to remove the rotational non-identifiability discussed in Section [2.6]

The state noise covariance matrix is specified in equation (2.13)). Following the iden-
tifiability discussion in Section , the seasonal innovation variance o2 is fixed at 1,
rather than estimated jointly with the seasonal loading vectors. The observation noise
covariance is assumed to be diagonal and equal across altitudes, as described in equation
(12.27)).

The initial values of the spline coefficient states, denoted by xy,. € R* (for t = 0 in
equation , are estimated from the data, while the harmonic initial states are fixed as
specified above. The set of unknown parameters estimated from the real data across the

state and observation equations, are therefore

_ 2 2 T T T T T\
0 - (@0,@1,UC,UR77071,7571, e 770,p7’757p7w07c) ) (610)

with 02, d, T,, and the harmonic initial states treated as fixed. Maximum likelihood es-
timation is carried out using the Kalman-filter likelihood and the numerical optimization

procedure described in Chapter [4]
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6.5 Fitted Model Results

6.5.1 Model Fit Summary and Parameter Estimates

The model described in Section was fitted to the processed Hohenpeissenberg
pentad-level ozone profiles using maximum likelihood estimation. In this fit, we used
k = 13 cubic B-spline basis functions, p = 2 seasonal harmonic pairs, damping factor
d = 0.9999, and fixed seasonal innovation variance o2 = 1. The model was fitted using the
BFGS optimization method, within R library MARSS [49]. The optimization converged
successfully after 335 iterations.

The maximized log-likelihood was
log £(0) = —131569.9 (6.11)
For this real-data fit, the number of estimated parameters is
neg = 2pk + k + 4. (6.12)

Here, 2pk is the number of seasonal loading coefficients in {~, ;, ¥, ;}}-, within observa-
tion matrix Z (equation ([2.25))), k is the number of estimated initial B-spline coefficient

. . . 2 2 . _
states in @y ., and the remaining four parameters are oy, oy, o2, and o%. Since p = 2

c

and k = 13 in the present fit, this gives
ng=2x2x13+13+4 =69. (6.13)

The information criteria are computed from the maximized log-likelihood and the
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number of estimated parameters. The Akaike information criterion is

~

AIC = —2log L(0) + 2n. (6.14)

For the Bayesian information criterion, we use the number of time points T as the
effective sample size since the Kalman-filter likelihood in equation is written as a
product of T one-step-ahead predictive densities for the multivariate observation vectors
y,. Thus,

BIC = —2log £(8) + ng log(T). (6.15)

The corrected AIC also requires a choice of effective sample size in the correction
term. In this analysis, we use T' rather than T'n, as the effective sample size, for the same
reason: the altitude components observed at the same time point are modeled jointly
as a multivariate observation vector, rather than treated as independent replicates [53].

Therefore, we compute

2ng(ng + 1)
AlICc = Al —_— 1
Ce C+T—n9—1 (6.16)
Using log E(é) = —131569.9, ng = 69, and T" = 3358, we obtain
AIC = 263277.8, AICc = 263280.7, BIC = 263700.0. (6.17)

The AICc value is close to the AIC value because the number of time points is large
relative to the number of estimated parameters. However, it is not exactly identical to
AIC under the T-based effective sample size convention.

The main scalar parameter estimates are summarized in Table [6.I] The estimated

transition parameters &g and &; determine the temporal evolution of the B-spline coef-

2
c

ficient states through the tridiagonal coefficient block B.. The estimate &° represents
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the innovation variance of the spline coefficient states, while 6% represents the common

observation noise variance across altitude levels.

Parameter Estimate

o 0.3627
1 0.3252
o? 1.4253
o% 0.2657

Table 6.1: Estimated scalar parameters for the real-data state-space model fitted to
the Hohenpeissenberg pentad-level ozone profiles.

The seasonal loading coefficient vectors =, ; and 7, ; are also estimated as part of
the observation matrix Z. Since these coefficients depend on the chosen B-spline basis,
their individual numerical values are not directly interpreted. Instead, we interpret the

corresponding altitude-dependent loading functions

A A

chj = BSP’S’C,]‘? ZS,j - Bsp:)/&j? (618)

which describe how the seasonal harmonic states contribute to the ozone profile at each

altitude. These fitted loading functions are examined in subsection [6.5.3]

6.5.2 Model-Based Reconstructed Ozone Profiles

The fitted model can be used to construct model-based reconstructions of the ozone
profile at each time point. Using the one-step-ahead, filtered, and smoothed state esti-

mates defined in equations (4.4) - (4.6)), the corresponding reconstructed profiles are

Y1 = Z«’%ﬂt—l (6.19)
Yup = Zi’ﬂt (6.20)
Yuyr = Zayyr. (6.21)
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The one-step-ahead predicted profile uses observations only up to and including time
t — 1, the filtered profile uses observations up to and including time ¢, and the smoothed
profile uses the full observed time series.

Uncertainty in the smoothed reconstructed profile can be obtained from the smoothed
state covariance matrix. Let Pyr denote the covariance matrix of the smoothed state
estimate &, 7. Conditional on the fitted model parameters, the covariance matrix of the

smoothed reconstructed profile is
— . AT
Var(yyr) = ZPyrZ . (6.22)

Therefore, a pointwise approximate 95% confidence interval for the reconstructed ozone
value at altitude a; is given by

Gy (a;) £ 1.96 [ZPﬂTZT} . (6.23)

(2

These intervals describe the uncertainty in the fitted latent signal due to state estimation,
after propagating the smoothed state uncertainty through the observation equation. They
do not include additional observation error, since the target is the reconstructed latent
ozone profile rather than a new noisy observation.

Since this chapter analyzes the data retrospectively, we use the smoothed recon-
structed profiles g, for visualization and interpretation.

Figure [6.5] compares the observed and smoothed reconstructed ozone profiles at four
selected pentads in the year 2000. The year 2000 is chosen as a representative year near
the middle of the study period 1979 - 2024, so that the comparison is not based on
either the beginning or the end of the record. Within this year, the selected pentads

are roughly evenly spaced across the annual cycle and correspond to different phases of
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Observed and Smoothed Ozone Profiles
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Figure 6.5: Observed and smoothed reconstructed ozone profiles at selected pentads
in the year 2000, with pointwise approximate 95% confidence intervals. Observed
ozone partial pressure values are shown as points, smoothed reconstructed profiles
are shown as solid curves, and confidence intervals are shown as shaded bands. The
selected pentads 1, 19, 37, and 55 are roughly evenly spaced across the annual cy-
cle. The reconstructed profiles are computed as -@t\T = Zi’t‘T using the smoothed
state estimates, and the pointwise intervals are computed from the diagonal entries

Of ZPt‘TZT.
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the seasonal pattern. The observed ozone partial pressure values are shown as points,
while the smoothed reconstructed profiles are shown as solid curves. The shaded bands
represent pointwise approximate 95% confidence intervals obtained by propagating the
smoothed state covariance matrix through the fitted observation matrix.

Across the four selected pentads, the fitted profiles capture the main smooth vertical
structure of the observed ozone profiles. In particular, the fitted curves reproduce the
broad ozone maximum in the stratospheric altitude range and the decrease toward lower
and higher altitudes. Local deviations between the observed points and fitted curves are
expected, since the model represents the vertical structure through a low-dimensional
B-spline basis and separates the fitted signal from observation noise. The confidence
bands are relatively narrow where the latent profile is well informed by the data and
the fitted state-space structure, and they provide a visual summary of uncertainty in the
reconstructed latent profile. The bands are slightly wider near the lower or upper altitude
boundary; this reflects greater uncertainty in the reconstructed profile at the edge of the
fitted altitude domain. Overall, the fitted profiles indicate that the model captures the
dominant altitude-dependent structure of the observed ozone profiles at representative

time points.

6.5.3 Estimated Seasonal Loading Functions

We next examine how the fitted model represents seasonal variation across altitude. In
the proposed model, the seasonal harmonic state pairs are shared across all altitude levels,
but their contributions to each altitude level are controlled by the loading functions Z ;
and Z,;, j = 1,2. Therefore, these loading functions describe how the common seasonal
harmonic dynamics are translated into altitude-dependent ozone variation. Since the

raw coefficient vectors 7, ; and =, ; depend on the chosen B-spline basis, we interpret the
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altitude-domain loading functions

~

Zej=BgyYy.;, =12 (6.24)
Z,;=By~,;, j=12 (6.25)
For altitude level a;, the corresponding entries Z,;(a;) and Z, ;(a;) determine how the
two components of the j seasonal harmonic state pair contribute to the ozone profile
at that altitude.

Figure shows the estimated seasonal loading functions for the two harmonic state
pairs over altitude. The loading functions vary substantially across altitude, indicating
that the fitted seasonal component is not simply a common annual pattern added equally
to all altitude levels. Instead, the model estimates altitude-dependent combinations of
the harmonic state components. For the first harmonic, Zc,l is mostly positive across
the altitude range, while Z s1 1s mostly negative except near the lower boundary. For
the second harmonic, the loading functions are most pronounced in the lower part of the
analyzed altitude range and are closer to zero at higher altitudes. These patterns show
that the two harmonic pairs contribute differently across altitude. The estimated loading
functions also show some local variation near the lower boundary of the analyzed altitude
range. This may reflect both stronger variability in the lower stratospheric portion of
the profiles and boundary effects from estimating smooth B-spline loading functions on
a finite altitude interval. Therefore, the local behavior near 15 km should be interpreted
cautiously.

To summarize the overall magnitude of the fitted seasonal effect for each harmonic,

we compute the estimated seasonal amplitude at each altitude level as

Aj(a;) = \/Zc,j(ai)2 + Zo(a)?, =12 (6.26)
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Figure 6.6: Estimated seasonal loading functions for the two harmonic state pairs.
For each harmonic j, the solid curve shows ZCJ = BgyY.,;, and the dashed curve
shows Z sj = Bsp?s,- Together, these loading functions determine how the seasonal
harmonic state pairs contribute to the ozone profile across altitude.

123



Application to Hohenpeissenberg Ozonesonde Profiles Chapter 6

This amplitude combines the two seasonal loading functions for the j** harmonic into a
single measure of the magnitude of the annual harmonic contribution at altitude a;.

Figure indicates that the estimated seasonal amplitudes are highly altitude-
dependent. The first harmonic has relatively large amplitude over a broad portion of
the analyzed altitude range, with larger values in the lower and middle altitudes and
somewhat smaller values near the upper part of the range. The second harmonic is most
pronounced in the lower stratospheric portion of the profile, especially around 15-18
km, and decreases rapidly with altitude. Above roughly 22 km, the second harmonic
amplitude is much smaller.

These results are consistent with the motivation for introducing altitude-dependent
seasonal loading functions in the observation equation. Rather than forcing all altitude
levels to share the same seasonal amplitude or the same combination of harmonic com-
ponents, the fitted model allows each harmonic state pair to have different strengths and
combinations across altitude. The estimated loading functions and amplitude therefore
provide an interpretable summary of the altitude-dependent seasonal structure captured

by the model. Model adequacy is assessed separately through the diagnostic analysis in
Section [6.6]

6.5.4 Decomposition of the Smoothed Reconstruction

The previous subsection compared observed and smoothed reconstructed ozone pro-
files at selected time points in Figure [6.5] We now examine the same smoothed recon-
struction over the full study period and decompose it into two profile-scale contributions.
This provides a more global view of how the fitted model represents the ozone profile

dynamics from 1979 through 2024.
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Figure 6.7: Estimated seasonal amplitude by altitude for the two harmonic state pairs.

The amplitude is computed as /lj (a;) = \/ ZAC7j(ai)2 + ZAS,j(aZ-)2 and summarizes the
strength of that harmonic contribution at each altitude level.
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For each time point ¢, the smoothed reconstructed profile can be written as

p
i = Bo@iar + I (ZeiMygr + ZosM;51r) (6.27)

j=1
We define the smoothed spline contribution as

Bt\T = Bspit,dT; (628)

and the smoothed seasonal contribution as

p
Syr = <Zc,th,le + ZS,th*,j\T> : (6.29)
j=1
Thus,
Yyr = i)t\T + Syr- (6.30)

Here l;t|T represents the profile-scale contribution of the time-varying B-spline coefficient
states, while 8,7 represents the profile-scale seasonal contribution induced by the seasonal
harmonic state pairs and the estimated seasonal loading functions.

It is important to note that l;t‘T should not be interpreted as a purely nonseasonal
background component. Rather, it represents the portion of the smoothed reconstruc-
tion captured by the time-varying B-spline coefficient states. Therefore, it may include
slow temporal variation, interannual variation, and other non-harmonic changes in the
ozone profile. In contrast, 8,7 represents the portion of the reconstruction associated
specifically with the seasonal harmonic state pairs and their altitude-dependent loading
functions.

Figure shows the smoothed spline contribution over time and altitude. This

component captures the broad vertical structure of the ozone profiles, including higher
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ozone values in the middle part of the analyzed altitude range and lower values near
the lower and upper boundaries. Because this component is constructed through the B-
spline basis, it represents the smoothly varying profile-scale contribution estimated from

the time-varying B-spline coefficient states.

Smoothed Spline Component
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k [

1979 1989 1999 2009 2019
Year

Figure 6.8: Smoothed spline contribution to the reconstructed ozone profiles. The
heatmap shows byr = Bsp&; 7 over time and altitude. This contribution represents
the portion of the smoothed reconstruction captured by the time-varying B-spline

coefficient states.

Figure[6.9]shows the smoothed seasonal contribution. In contrast to the spline contri-

bution, this quantity represents signed deviations associated with the seasonal harmonic
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state pairs. The seasonal contribution shows visible variation over time and altitude, with
stronger local variation near the lower part of the analyzed altitude range and a broader
positive contribution across much of the upper altitude range. This agrees with the es-
timated seasonal amplitude in Subsection where the two harmonic contributions

showed different altitude-dependent strengths.
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Figure 6.9: Smoothed seasonal contribution to the reconstructed ozone profiles. The
heatmap shows 8, = Z§:1 (Zc,th,ﬂT + Z&jM;ﬂT) over time and altitude. Pos-
itive and negative values represent signed deviations associated with the seasonal

harmonic state pairs and their altitude-dependent loading functions.

Figure shows the total smoothed reconstruction over the full time period. While
128



Application to Hohenpeissenberg Ozonesonde Profiles Chapter 6

Figure[6.5|displayed selected vertical profiles, this heatmap summarizes the reconstructed
ozone profile over all pentads from 1979 through 2024. The reconstruction preserves the
main altitude-time structure seen in the processed data, while the decomposition pro-
vides a model-based separation between the spline contribution and the signed seasonal
contribution. This decomposition provides an interpretable summary of the fitted model:
the B-spline coefficient states describe the evolving smooth vertical profile, and the sea-
sonal harmonic state pairs contribute altitude-dependent seasonal deviations through the

estimated loading functions.

6.6 Model Diagnostics

After examining the fitted reconstruction and its profile-scale contributions, we assess
the adequacy of the fitted state-space model using diagnostics based on one-step-ahead in-
novations. For a state-space model, the primary diagnostic residual is the one-step-ahead
prediction error, rather than the residual from the smoothed reconstruction [54]. This
is because the Kalman filter likelihood is constructed from the one-step-ahead predictive
distribution. Let g, defined in equation denote the one-step-ahead predicted
observation vector. The innovation is defined in equation . The corresponding
innovation covariance matrix is defined in equation . The standardized innovation
is then computed as in equation (4.27)).

Under a well-specified linear Gaussian state-space model, the standardized innova-
tions should be approximately centered around zero and show little remaining autocor-
relation.

Figure shows the standardized innovations. As discussed in Section [4.4] since the
standardization uses the full innovation covariance matrix F';, the plotted rows are inno-

vation components rather than direct altitude levels. The standardized innovations are
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Figure 6.10: Total smoothed reconstruction of the ozone profiles over the full study
period. The heatmap shows y,p = by + 8y across time and altitude.
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mostly centered around zero and do not show an obvious persistent trend over the study
period. This suggests that, at the level of the standardized one-step-ahead innovations,

the fitted model removes much of the systematic prediction structure.
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Figure 6.11: Standardized innovations for the fitted real-data model, with 73 pentads
within each year (horizontal axis). The standardized innovation vector is computed

as e, = F, 1 26,5, where F'; is the innovation covariance matrix for each time point
t (i.e., for each pentad). Since the full innovation covariance matrix is used in the
standardization, the vertical axis represents entries of the standardized innovation
vector rather than specific altitude levels.

For the ACF diagnostics, we display representative interior components of the stan-

dardized innovation vector. As discussed in Section these components are entries
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of the decorrelated and rescaled innovation vector rather than altitude-specific residu-
als. Therefore, they are selected by their positions in e;, not by altitude. The displayed
components are selected at approximately the 20%, 40%, 60%, and 80% positions of the
standardized innovation vector. Boundary components are not shown in the main figure
because they can be more sensitive to edge effects from the finite altitude range and from
the whitening transformation.

Figure |6.12 shows that the representative interior components have small autocorre-
lations at most lags, with most values lying within the approximate confidence bounds.
This suggests that, for these representative components, the fitted model removes much
of the remaining temporal dependence in the standardized one-step-ahead prediction
errors. Boundary components were also inspected and showed somewhat stronger short-
lag behavior, indicating that diagnostics near the edges of the altitude range should be
interpreted with additional caution.

Overall, the diagnostic plots suggest that the fitted model captures important pre-
dictable structure in the Hohenpeissenberg ozone profiles. The standardized innovation
heatmap does not show a strong large-scale remaining pattern, and the representative in-
terior ACF plots show limited remaining autocorrelation. At the same time, the boundary
behavior indicates that the fit near the edges of the altitude range should be interpreted

with additional caution.

6.7 Bootstrap Uncertainty Quantification

To assess estimation uncertainty for the real-data fit, we apply the innovation-based
bootstrap procedure described in Section Starting from the fitted state-space model,
bootstrap datasets are generated by resampling standardized innovations and recon-

structing bootstrap observation sequences through the fitted Kalman filter recursion.
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Figure 6.12: Sample autocorrelation functions of representative interior standard-

ized innovation components.

The displayed components are selected at approxi-

mately the 20%, 40%, 60%, and 80% positions of the standardized innovation vector
e =F, 1 2(5t. Since the full innovation covariance matrix is used in the standard-
ization, these components are entries of the whitened innovation vector rather than
specific altitude levels.
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The same model specification is then refitted to each bootstrap dataset.

In this analysis, we use 100 bootstrap samples. All bootstrap refits converged numer-
ically. The resulting bootstrap estimates are used to summarize uncertainty in the scalar
model parameters and to assess the stability of the fitted seasonal loading estimates.

Figure [6.13| shows the bootstrap distributions of the main scalar parameters. The
solid vertical line in each panel indicates the estimate from the original real-data fit,
and the dashed vertical lines indicate the 2.5% and 97.5% bootstrap quantiles. The

istributi 0, 1, O o v Vi \4
bootstrap distributions for ag, oy, 02, and ¢% are concentrated over relatively narro

c)
ranges, suggesting that these scalar parameters are reasonably stable under the innovation
bootstrap.

The bootstrap percentile intervals for the scalar parameters are summarized in Table

[6.2l These intervals provide an empirical measure of estimation uncertainty under the

fitted model and the innovation bootstrap scheme.

Parameter Estimate Bootstrap 2.5% Bootstrap 97.5%

Qo 0.3627 0.3436 0.3672
o 0.3252 0.3240 0.3361
o? 1.4253 1.3912 1.4794
o 0.2657 0.2533 0.2700

Table 6.2: Bootstrap percentile intervals for scalar parameters in the real-data model.

The bootstrap behavior of the seasonal loading structure was also examined on the
altitude scale. Since the raw B-spline coefficient vectors =, ; and =, ; are basis-dependent,

we focus on the corresponding altitude-domain loading functions

Zc,j = Bsp’ycd‘a Zs,j = Bsp’ys,ja j = 17 <oy D (631>

These quantities are more directly interpretable because they represent fitted seasonal

loading values at specific altitudes. Figure [6.14] shows bootstrap distributions of selected
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Bootstrap Distributions of Scalar Parameters
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Figure 6.13: Bootstrap distributions of scalar parameter estimates for the real-data
model. The solid vertical line in each panel denotes the estimate from the original fit,
and the dashed vertical lines denote the 2.5% and 97.5% bootstrap quantiles.
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values of Z, 1(a) and Z.5(a) at 15, 22, and 30 km. The solid vertical line in each panel de-
notes the estimate from the original fit, and the dashed vertical lines denote the bootstrap
2.5% and 97.5% quantiles.

Compared with the scalar parameters in Figure [6.13] these selected loading values
generally show wider and less regular bootstrap distributions. In the selected examples
shown here, the first-harmonic loading values, represented by stl(a), tend to be more
dispersed across bootstrap refits. By contrast, the selected second-harmonic loading
values, represented by ZACQ(@), are often more concentrated near the fitted estimate,
although some extreme bootstrap values are still present. Thus, the bootstrap results
suggest that uncertainty in the detailed seasonal loading structure is larger than for the
scalar transition and variance parameters.

Overall, the bootstrap analysis suggests that the main scalar parameters are relatively
stable for the fitted real-data model, whereas uncertainty in the detailed seasonal loading
structure is substantially larger. Consequently, the fitted seasonal loading functions in
Subsection [6.5.3] should be interpreted as model-based estimates of altitude-dependent

seasonal structure, with greater uncertainty than the scalar parameter estimates.

6.8 Discussion and Summary

This chapter applied the proposed B-spline harmonic state-space model to the Ho-
henpeissenberg ozonesonde profile data. The raw WOUDC profiles were first processed
into a regular pentad-level altitude-by-time array over the period 1979-2024. This al-
lowed the model to be fitted to a multivariate time series of ozone profiles on a common
altitude grid from 15 km to 30 km.

The fitted model captures several important features of the processed ozone profiles.

The smoothed reconstructed profiles reproduce the broad vertical structure of the ob-
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iotstrap Distributions of Selected Altitude—Domain Loading Valu
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Figure 6.14: Bootstrap distributions of selected altitude-domain seasonal loading val-
ues. The panels show selected values of Z; 1(a) and Z.»(a) at 15, 22, and 30 km. In
each panel, the solid vertical line denotes the estimate from the original fit, and the
dashed vertical lines denote the 2.5% and 97.5% bootstrap quantiles.
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served profiles, including the main stratospheric ozone maximum. The estimated seasonal
loading functions show clear altitude dependence, indicating that the seasonal component
is not represented as a single common seasonal pattern added equally to all altitudes.
Instead, the harmonic state pairs contribute differently across altitude through the fitted
loading functions.

The decomposition of the smoothed reconstruction provides an interpretable model-
based summary of the fitted ozone dynamics. The B-spline coefficient states capture the
smooth time-varying profile-scale contribution, while the seasonal harmonic state pairs
contribute signed seasonal deviations through the altitude-dependent loading functions.
This decomposition should not be interpreted as a unique physical separation between
background and seasonal ozone variation. In particular, the spline contribution may also
contain low-frequency, interannual, and other non-harmonic temporal variation.

The innovation diagnostics suggest that the fitted state-space model captures impor-
tant predictable structure in the ozone profiles. The standardized innovation heatmap
does not show a strong large-scale remaining pattern, and the representative interior ACF
plots show limited remaining autocorrelation. However, boundary behavior indicates that
the fit near the edges of the altitude range should be interpreted with additional caution.

The bootstrap analysis provides further information about estimation uncertainty.
The main scalar parameters, including the transition parameters and variance param-
eters, show relatively stable bootstrap distributions and reasonably narrow percentile
intervals. In contrast, selected altitude-domain seasonal loading values show larger boot-
strap variability. This suggests that the detailed seasonal loading structure is more un-
certain than the scalar parameters, even though the fitted loading functions still provide
a useful model-based description of altitude-dependent seasonality.

Overall, the real-data analysis demonstrates how the proposed state-space model can

be used to represent ozone profile dynamics through smooth altitude dependence and
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altitude-dependent seasonal structure. At the same time, the diagnostic and bootstrap
results indicate that the fitted model should be viewed as a useful but imperfect represen-
tation of the Hohenpeissenberg ozone profiles. Further refinements, including alternative
choices of the number of B-spline basis functions, the number of harmonic pairs, the
seasonal damping factor, and the seasonal innovation variance, may improve model fit
and estimation stability. Extensions incorporating additional atmospheric covariates or

more flexible error structures may also be useful for future work.
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Chapter 7

Summary, Discussion, and Future

Work

This chapter concludes the thesis by summarizing the main ideas, findings, and contri-
butions developed in the preceding chapters. The thesis has focused on constructing a
functional state-space modeling framework for analyzing time series of ozone vertical pro-
files, with particular emphasis on representing altitude dependence through B-spline ba-
sis functions and seasonal variation through a reduced-dimensional harmonic state-space
structure. The chapter first reviews the main components of the proposed framework and
the results of simulation and real-data studies. We then discuss the main contributions
and limitations of the current work, followed by several possible directions for future

research.

7.1 Summary of the Thesis

This thesis develops a functional state-space modeling framework for time series of

ozone vertical profiles. The motivating data consist of ozone measurements observed
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repeatedly over time and across altitude, where the scientific interest lies not only in
temporal variation at individual altitude levels, but also in the smooth vertical structure
of the full ozone profile. A model applied separately at each altitude level would not
directly use the smoothness of the vertical profile and may become inefficient when the
number of altitude levels is large, failing to borrow strength across altitudes. To address
this issue, the proposed framework represents the altitude-dependent ozone profile using
B-spline basis functions, so that the temporal evolution is modeled through a lower-
dimensional set of latent spline coefficients, in addition to seasonally varying functional
components.

The model is formulated as a linear Gaussian state-space model. In the observa-
tion equation, the ozone profile at each time point is decomposed into a combination of
a smooth dynamic component and a seasonal component. The smooth dynamic com-
ponent is modeled through B-spline basis functions across altitudes, while the seasonal
component is represented using harmonic state variables with altitude-dependent loading
functions. This formulation allows the seasonal cycle to vary smoothly with altitude while
avoiding the need to introduce a separate seasonal state process at every altitude level.
As a result, the model provides a reduced-dimensional and interpretable representation
of both temporal and vertical variation in ozone profiles.

The estimation procedure is based on maximum likelihood, where the likelihood is
evaluated using the Kalman Filter. Unknown parameters in the observation and state
equations are estimated by numerical optimization of the log-likelihood. The thesis
also discusses several practical modeling issues that arise in this setting, including the
choice of B-spline dimension, the number of seasonal harmonics, parameter constraints,
and identifiability considerations. In particular, constraints on the seasonal states or
innovation variances are needed to avoid scaling ambiguities between the latent seasonal

states and their corresponding altitude-dependent loading functions.
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Simulation studies were used to evaluate the finite-sample behavior of the proposed
model under controlled settings. These studies examined the accuracy of parameter esti-
mation, the recovery of latent components, and the performance of bootstrap uncertainty
quantification under different configurations. The simulation results show that the model
can recover the main dynamic and seasonal structures, while also illustrating that some
parameters are more difficult to estimate than others. The bootstrap results provide
useful empirical uncertainty assessments, although the coverage behavior depends on the
parameter, model configuration, and finite-sample variability.

The proposed method was then applied to ozonesonde data from Hohenpeissenberg,
demonstrating how the model can be used to estimate time-evolving functional variation
in the shape of the ozone profile, based on a long-term ozone profile time series inter-
polated to a common altitude grid. Exploratory plots show strong vertically-dependent
seasonal structure in the observed data, motivating the use of a functional state-space
approach. The fitted model is used to estimate the profile variation across time, includ-
ing altitude-dependent seasonal behavior. The diagnostic and bootstrap analyses provide
additional information about model fit and uncertainty. Together, the simulation and
real-data studies illustrate the usefulness of the proposed framework for modeling ozone
profile time series in a way that is both interpretable and computationally feasible, and

will naturally lead to future extensions, built on the foundations of this dissertation.

7.2 Main Contributions

The primary contribution of this thesis is the development of a functional state-space
modeling framework for analyzing a time series of ozone profiles (each profile being a
function of altitude). The motivating data are observed repeatedly over time and across

altitudes, so the model must account for both temporal dependence and smooth vertical
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structure. The proposed framework addresses this by combining B-spline basis functions
with a linear Gaussian state-space model. This allows each ozone profile to be treated
as a smooth altitude-dependent function, while the temporal evolution of the profile
is modeled through a lower-dimensional latent state process, including latent seasonal
harmonics, that drive the evolution of ozone profiles at each time through the observation
equation, using B-splines and seasonal harmonic loadings in the observation equation.

A central feature of the proposed model is the use of cubic B-spline basis functions to
represent the vertical structure of the ozone profile as a functional object at each time.
Instead of modeling the time series independently at each altitude level, the altitude
dependence is represented through a fixed set of smooth basis functions, and the time-
varying behavior is captured by the corresponding latent spline coefficients and latent
seasonal harmonics. This formulation reduces the dimension of the dynamic system and
links nearby altitude levels through the shared spline basis functions. It also gives the
latent states an interpretable role, since temporal evolution in the latent spline coefficients
and seasonal harmonics corresponds to changes in the smooth vertical profile across time.

The thesis develops a reduced-dimensional representation of altitude-dependent sea-
sonal variation in the ozone profile. Seasonal dynamics are described using harmonic
state variables, while their effects on the ozone profile are allowed to vary smoothly with
altitude through B-spline loading functions. This construction avoids assigning a sepa-
rate seasonal state process to every altitude level. As a result, the model can describe
altitude-dependent seasonal cycles while keeping the state dimension relatively small.
This is appropriate for ozone profile data, where seasonal behavior is important but is
expected to change smoothly with altitude.

Another contribution is the introduction of an interpretable transition structure for
the latent spline coefficients. The state transition matrix allows each spline coefficient at

a given time to depend on both it’s own value and on neighboring coefficient values at
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the prior time point, reflecting the local support of the B-spline basis and cross-altitude
dependence in the evolution of the smooth vertical ozone profile. This structure provides
a simple way to model dependence among nearby altitude regions without losing the
reduced-dimensional nature of the state-space formulation.

The thesis further contributes a practical likelihood-based estimation procedure for
this model. The likelihood is evaluated using the Kalman Filter, and the unknown
parameters are estimated through numerical optimization. In developing this estima-
tion framework, the thesis also addresses several practical issues that arise in fitting the
model, including parameter constraints, initialization, choice of model dimension, and
identifiability. In particular, the interaction between latent seasonal states and altitude-
dependent loading functions creates scaling ambiguities, so appropriate constraints are
imposed to remove such ambiguities.

The proposed framework is evaluated through simulation studies and a real-data
application. The simulation studies examine the finite-sample behavior of parameter
estimation, latent component recovery, and bootstrap uncertainty quantification under
several model configurations. These results show that the model can recover the main
dynamic and seasonal structures, while also showing that some parameters and derived
quantities are more difficult to estimate than others. The thesis then fits the proposed
model to long-term ozonesonde data from Hohenpeissenberg and demonstrates how the
model can be used to decompose ozone profile variation into smooth dynamic and seasonal
components. Together, these studies demonstrate how the proposed framework can be
used to model seasonality and local trend structures in ozone profile time series in an

interpretable and structured way.
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7.3 Discussion of Findings

The results in this thesis show how the proposed functional state-space framework
can be used to describe temporal and vertical patterns in ozone profile time series. By
representing the vertical ozone profile through B-spline basis functions, the model avoids
treating measurements at different altitude levels as unrelated time series. At the same
time, the model does not require a separate latent process for every altitude level. This
reduced-dimensional structure is important because ozone profile data contain strong
dependence across altitude, and modeling this dependence with individual states per
altitude level can quickly become computationally demanding. In addition, the true
ozone profiles are functions, motivating a functional data analysis approach.

The seasonal component plays an important role in explaining ozone profile variation.
The harmonic state-space representation provides a compact way to describe recurring
seasonal behavior, while the altitude-dependent loading functions enable the magnitude
and shape of the seasonal cycle to vary across the vertical profile. Both the simulation
studies and real-data application indicate that this formulation can capture the dominant
seasonal structure while maintaining a relatively low-dimensional state process. In par-
ticular, the model can capture smooth seasonal structure without substantially increasing
the dimension of the latent state vector. This is one of the main practical advantages of
sharing the seasonal states across altitude.

The simulation studies also show that the difficulty of estimation is not the same for
all model parameters and components. Parameters controlling the main dynamic and
seasonal structures can often be recovered reasonably well. Transition parameters and
variance parameters may show larger variability, especially under finite-sample settings
or more challenging configurations. In many cases, however, the bootstrap confidence

intervals reflect this additional uncertainty through wider intervals, so the coverage re-
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sults remain reasonably satisfactory even when the point estimates are more variable.
This suggests that model interpretation should not rely only on point estimates. Diag-
nostic plots, bootstrap distributions, and derived altitude-dependent quantities provide
important additional information for understanding the fitted model.

The bootstrap results provide an empirical assessment of uncertainty for both model
parameters and derived quantities. In the simulation study, the confidence intervals are
evaluated through coverage rates and interval widths across repeated simulation repli-
cates. The results show that interval behavior depends on the parameter being considered
and on the simulation configuration, but the coverage rates are reasonably satisfying in
most cases. In the real-data application, the bootstrap procedure is used to assess un-
certainty in fitted parameters and selected altitude-dependent model components. Thus,
the bootstrap results should be viewed as empirical uncertainty summaries for the fitted
model rather than as a complete theoretical guarantee of uncertainty quantification. The
latter motivates additional study beyond this thesis.

The real-data application to Hohenpeissenberg ozonesonde profiles demonstrates how
the proposed framework can be implemented and interpreted in practice. The exploratory
plots show strong vertical structure, temporal dependence, and seasonal variation, all of
which motivate the use of a functional state-space model. The fitted model captures the
main smooth variation in the ozone profiles and provides an interpretable decomposi-
tion into dynamic and seasonal components. At the same time, the diagnostic results
show that some residual structure may remain, which is expected given the complexity
of long-term atmospheric profile data, and planned extensions to include additionally
atmospheric covariates. These findings suggest that the proposed model can serve as a
structured baseline framework, while also leaving room for future extensions that include
additional atmospheric drivers or more flexible dependence structures.

Overall, the findings demonstrate that this functional state-space formulation pro-
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vides an interpretable way to describe ozone profile time series by combining smooth
altitude dependence with dynamic temporal evolution. The proposed framework is es-
pecially useful when the goal is to describe broad vertical-temporal patterns, seasonal
behavior, and uncertainty in fitted components. The results also highlight the impor-
tance of combining statistical modeling with careful diagnostics, since no single model
summary is sufficient to evaluate all aspects of fit, estimation stability, and scientific

interpretation.

7.4 Limitations

Although the proposed framework provides a structured approach for modeling ozone
profile time series, several limitations remain. Some modeling choices are guided by prac-
tical considerations. In particular, the number of B-spline basis functions, the number of
seasonal harmonics, and certain variance constraints are selected based on a combination
of model fit, diagnostic checks, identifiability considerations, and computational feasibil-
ity. These choices are reasonable for the settings considered in this thesis, but they may
need to be reconsidered for other datasets or applications.

The model relies on constraints to address identifiability issues. In particular, the
interaction between the latent seasonal states and the altitude-dependent seasonal loading
functions can lead to scaling ambiguities if no constraints are imposed. The constraints
used in this thesis reflect only one possible way of resolving the ambiguities. In particular,
additional study of sensitivity to different choices of the seasonal harmonic evolution
variance 2 and the damping factor d will be important in practice, as well as studies
of sensitivity and estimability when including additional atmospheric covariates with

complex interactions.

Another limitation is that the current real-data analysis focuses on a single ozonesonde
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station. This allows the model behavior and interpretation to be studied carefully in one
long-term profile dataset, but it does not address spatial variation across stations or
regions. Extending the framework to multiple stations would be needed for broader
spatial comparisons.

Finally, the current model remains a linear Gaussian state-space model. This assump-
tion provides a tractable and interpretable framework for estimation using the Kalman
Filter, but it may not fully capture all nonlinear, non-Gaussian, or event-driven fea-
tures of atmospheric ozone processes. These limitations do not undermine the proposed

framework, but they indicate where future extensions may further improve the model.

7.5 Future Work

The current thesis develops and evaluates a functional state-space framework for
ozone profile time series. Several extensions could further develop this framework and
broaden its scientific use. One natural direction is to incorporate additional atmospheric
covariates, such as quasi-biennial oscillation (QBO), the El Nino—Southern Oscillation
(ENSO), aerosol loading, water vapor, and temperature. There are different ways to
introduce these covariates into the model. If covariates are included in the observation
equation, they can be interpreted as having direct effects on the observed ozone profile
after accounting for the latent dynamic and seasonal components. Alternatively, if co-
variates are included in the state equation, they can be viewed as drivers of the latent
ozone-profile evolution. The former approach may provide a more direct interpretation
at the observation level, whereas the latter may better reflect the idea that atmospheric
drivers influence the underlying dynamic process. Comparing these formulations and
studying their statistical and scientific implications would be an important direction for

future work.
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Another extension is to apply the proposed framework to multiple ozonesonde sta-
tions. A multi-station analysis would allow comparison of fitted dynamic and seasonal
components across different locations and could provide a broader view of vertical ozone
variability. However, this extension would also introduce additional challenges. Different
stations may have different altitude ranges, missingness patterns, observational histories,
and data quality levels. Since the current model uses B-spline basis functions evaluated
at on a standardized altitude grid, a multi-station analysis would also require careful con-
sideration of whether to use a common altitude basis across stations or station-specific
choices. More comprehensive multi-station modeling may also require station-level or
spatial structure, which is beyond the scope of the current thesis.

One possible related direction is to extend the current implementation beyond using
the regular time-by-altitude grid. In Chapter [6] the raw ozonesonde profiles are interpo-
lated and aggregated onto a regular pentad-by-altitude array before model fitting. This
step makes the observation vectors have a common dimension and allows a fixed B-spline
design matrix to be used in the observation equation throughout the analysis. However,
the state-space framework itself is not inherently limited to complete observations on a
common altitude grid. Missing observations can be handled naturally in Kalman Filter-
ing by modifying the observation equation at each time point to include only the available
components of the profile. More generally, one could allow the observation matrix to vary
with time, so that the B-spline basis is evaluated at the altitude levels actually observed
for each ozonesonde profile. Such an extension would reduce the need for interpolation
or imputing missing data (in our case a few pentads were imputed), and would make
the method more directly applicable to irregularly sampled ozonesonde records in both
altitude and time. Developing and evaluating this irregular-grid version of the model
would be a useful direction for future work.

The model could also be refined by allowing more flexible variance and seasonal struc-
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tures. For example, the current framework could be extended to allow the observation
variance to vary across altitudes, or to allow different state noise variances for bound-
ary and interior spline coefficients, although at the cost of increasing the number of
parameters to be estimated in the model. These refinements may be useful when diag-
nostic results suggest altitude-dependent residual variability or different behavior near
the boundaries of the spline basis. Another possible extension is to relax the assumption
that the seasonal loading functions remain fixed over the full study period. A practical
first step would be to divide the long observational record into several shorter periods
and allow the seasonal loading functions to differ across periods. These periods could
be chosen based on scientific considerations, such as major atmospheric events, or ex-
plored using data-driven approaches in future work. More generally, slowly time-varying
seasonal loading functions could be considered, although this would introduce additional
identifiability and computational challenges.

Finally, although this thesis focuses on ozone profiles, the proposed framework is not
mathematically limited to ozone. The same general modeling idea could be applied to
other atmospheric profile variables observed repeatedly over time and altitude, such as
water vapor or temperature, or time series of other seasonally varying smooth functions
across domains. In such applications, the interpretation of the dynamic and seasonal
components would need to be adapted to the scientific context of the variable being
studied. Nevertheless, the combination of smooth functional dependence and state-space
temporal dynamics provides a general structure that may be useful for other types of

atmospheric profile data.
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7.6 Concluding Remarks

This thesis develops a functional state-space modeling framework for ozone profile
time series by combining smooth altitude dependence with latent temporal dynamics.
The proposed model uses B-spline basis functions to represent vertical structure and a
reduced-dimensional harmonic formulation to describe altitude-dependent seasonal vari-
ation.

The simulation studies and real-data application illustrate how the framework can be
estimated, evaluated, and interpreted in practice. They also show the importance of using
uncertainty summaries and diagnostic checks when interpreting fitted model components.
Overall, this work provides a foundation for further development of functional state-
space models for atmospheric profile data, including extensions to additional covariates,

multiple stations, more flexible model structures, and other profile variables.

151



Appendix A

Cubic B-spline Basis Functions

Spline basis functions provide a flexible representation for smooth functions and are
widely used in regression and smoothing problems due to their local support and numer-
ical stability [34, [35]. In this part we briefly introduce the cubic B-spline basis functions

used to construct the altitude-dependent loading vectors in the proposed model.

A.1 B-spline Basis Functions

Let

TN=To=""=Tn<Tm1 < < Tkim < TKtmt1 = *** = TK+2m (A1)

denote a sequence of knots. Here K denotes the number of interior knots. The left
boundary point is given by 71 = --- = 7,,,, and the right boundary point by 7 mi1 =

- = Tkiom- The knots 7,,41,...,Tk1m correspond to the K interior knots. The knot
sequence determines the support and shape of the B-spline basis functions and thus

controls the flexibility of the spline representation used in the model. This structure
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corresponds to a clamped knot sequence, which ensures that the spline is well-defined at
the boundaries of the domain. The B-spline basis functions are defined recursively using
the Cox—de Boor recursion formula [34, [35].

For order m = 1, the basis functions are

1 <o <y

)

0 otherwise

fori=1,..., K + 1. These functions are also known as the Haar basis functions.
For order m > 2, the recursion is
r —T;

Ti4em — T
Bim(x) = —————Bjm_1(z) + — Bit1m—1(z), (A.3)
Ti+m—1 — T4 Ti+m — Ti+1

fori=1,..., K +m.
Each B-spline basis function has compact support on the interval [7;, 7,4, which

leads to sparse design matrices and stable numerical computation.

A.2 Cubic B-splines

In this thesis we use cubic B-splines, corresponding to order m = 4 (or equivalently,
degree 3). Cubic splines are commonly used in statistical modeling because they provide
sufficient smoothness while remaining computationally efficient.

A spline function can be expressed as a linear combination of the B-spline basis

functions,

K+m K+4

f(z) = Z Vi Bjm(x) = Z Vi Bja(x), (A4)

where {B;,(x)} denote the B-spline basis functions of order m, and in the cubic case
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{Bj.(x)} are the cubic B-spline basis functions. The coefficients 7; are the corresponding

spline coefficients.

A.3 Knots and Degrees of Freedom

As defined in section [A. 1] K denotes the number of interior knots and m denotes the

order of the spline. The total number of B-spline basis functions is

k=K+m. (A.5)

In the proposed state-space model discussed in chapter [2| the notation k is used for
this quantity. This is the same quantity as defined in equation (A.5]).

To ensure proper boundary behavior, each boundary knot (i.e., the leftmost and
rightmost knots) is repeated m times. That is, the first m knots are equal to the left
boundary knot, and the last m knots are equal to the right boundary knot. This produces

a knot sequence of length K + 2m. These are exactly the knots in equation (A.1)).

A.4 B-spline Design Matrix

Let ay,...,a,, denote the altitude grid used in the ozone profile data. Evaluating the

k

cubic B-spline basis functions {B;4(7)};

_, at the altitude grid points a4, ..., a,, yields

the B-spline design matrix

B1,4(0l1) Tt Bk,4(a1)
B, = : : . (A.6)

B1,4(Gna) Bk,4(ana)

The matrix By, € R™** appears as a block of the observation matrix Z in the
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observation equation (see equation (2.25))). At the same time, it provides the evaluated

spline basis used to construct the altitude-dependent seasonal loading vectors in Z, as

described in equation ([2.25)).

ZCJ = B5P7c,j7 Zs,j = Bsp737j, (A7)

where v, ; and 7, ; are spline coefficient vectors estimated within the state-space

model.
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Appendix B

Details for Numerical Optimization

This appendix provides additional details for the numerical optimization procedure de-
scribed in Section[4.5] These details include the initialization setup, optimization settings,

and convergence assessment used in fitting the proposed state-space model.

B.1 Initialization Setup

The numerical optimization procedure requires the initial values for all free param-
eters in the model. These include the free components of the transition matrix B, the
state covariance matrix @, the observation matrix Z, and the observation covariance
matrix R.

The transition matrix B contains free parameters only in the spline coefficient block
B, (as defined in equation (2.17))). The harmonic block, given by the damped rotation
matrix d R(w;) in equation , is treated as fixed. In particular, the damping factor
d is regarded as known and is not estimated. Consequently, only the spline block B.
contributes free parameters to B.

The state covariance matrix @ is specified as diagonal. Variance parameters are
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associated with the spline coefficient states. For the harmonic states, the corresponding
innovation variance o2 is treated as fixed in order to ensure identifiability, as discussed in
Chapter . Depending on the modeling assumption, ¢ may be set to 0 (deterministic
harmonic dynamics) or to other fixed constants (stochastic harmonic innovations), for
example, 1 or 0.1.

The observation matrix Z contains both fixed B-spline basis components and free
seasonal loading parameters. Here, the seasonal loading vectors {v.,,...,7.,} and
{Ye1>- - 7sp) described in Section are initialized to 0.

The observation covariance matrix is specified as
R=o%1,, (B.1)

is parameterized by a single variance parameter. And the initial value of % is set to be
0.05.

The initial state vector is specified based on simple heuristics consistent with the scale
of the observed data. In simulation studies, it is constructed from a simulated ozone
profile projected onto the B-spline basis, while in real data applications it is initialized
using simple deterministic values. In both cases, the initialization is chosen to ensure

numerical stability of the optimization.

B.2 Optimization Settings

The negative log-likelihood function is evaluated using the Kalman filter recursion
described in Chapter . At the i*" iteration of the optimization, given the current pa-
rameter estimate 6;, the Kalman filter produces the innovations &; and their covariance

matrices F';, which are used to compute the objective function in (4.26]).
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The optimization is carried out using the BFGS algorithm. The algorithm iteratively
updates the parameter vector in order to reduce the negative log-likelihood. Convergence
is assessed based on changes in the objective function and changes in the parameter

estimates across iterations.

1. Log-likelihood evaluation: Compute the negative log-likelihood

f(8;) = —log L(8;) (B.2)

by running the Kalman filter with the current parameter value 6;.

2. Gradient computation: Let V f(8;) denote the gradient of the objective function.

In practice, this gradient is approximated numerically using finite differences.

3. Parameter update: Update the parameter estimate using the BFGS update rule:

9¢+1 =0, — Tth‘Vf(ez'), (B-3)

where H; is an approximation to the inverse Hessian of f at iteration ¢, and 7, is

a step size obtained via a line search procedure.

The step size 7; is chosen to satisfy the sufficient decrease (Armijo) condition:

[(8; = nHV f(8:)) < f(0;) — cniV f(6,) HiV f(8:), (B4)

where ¢; € (0,1) is a small fixed constant.

4. Inverse Hessian update: The inverse Hessian approximation H; is updated

using the BFGS formula:
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Ti'f’T HZSZS;FHl

Hi-‘rl = HZ + ’r';-l—Si SZTH@Si ) (B5)

where
si=0i11—0;, (B.6)
ri =V [(0i11) — V[(0;). (B.7)

In implementation, the BFGS algorithm is carried out using the optim() function
in R, where gradients are computed numerically and the line search is performed using

default settings.

B.3 Convergence and Practical Considerations

Convergence of the numerical optimization is assessed using the diagnostic informa-
tion returned by the optimization routine. In particular, convergence is determined based
on the stopping criteria of the BFGS algorithm, which typically involve thresholds on
changes in the objective function and parameter estimates.

In simulation and bootstrap studies, convergence information is recorded for each
model fit. This allows identification of runs in which the optimization procedure may
not have converged successfully. Such cases are monitored when evaluating parameter
estimates and constructing bootstrap confidence intervals.

When performing repeated model fitting, such as in bootstrap procedures, we carefully
manage computational resources and ensure that outputs from different runs are properly

organized.
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