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Abstract

This report is a continuation of the work of (Douglas et al. 1996) which concerns vehicle
fault detection and identification and describes a vehicle health management approach based
on analytic redundancy. A point design of fault detection filters and parity equations is
developed for the vehicle longitudinal mode. Data from analytically redundant sensors and
actuators are fused in a way that unique, identifiable static patterns emerge in response to a
fault. Sensor noise, process disturbances, system parameter variations, unmodeled dynamics
and nonlinearities can distort these static patterns. A Shiryayev probability ratio test that
has been extended to multiple hypotheses examines the filter and parity equation residuals
and generates the probability of the presence of a fault. Tests in a high-fidelity vehicle
simulation where nonlinearities and road variations are significant are very encouraging. A
preliminary design of a range sensor fault monitoring system is outlined as an application of
a new decentralized fault detection filter. This system combines dynamic state information

already generated by the existing filter designs with inter-vehicle analytic redundancy.

Keywords. Automated Highway Systems, Automatic Vehicle Monitoring, Fault Detection

and Fault Tolerant Control, Reliability, Sensors, Vehicle Monitoring.
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Executive Summary

This report is a continuation of the work of (Douglas et al. 1996) which concerns vehicle
fault detection and identification and describes a vehicle health management approach based
on analytic redundancy. A point design of fault detection filters and parity equations is
developed for the vehicle longitudinal mode. Data from analytically redundant sensors and
actuators are fused in a way that unique, identifiable static patterns emerge in response to a
fault. Sensor noise, process disturbances, system parameter variations, unmodeled dynamics
and nonlinearities can distort these static patterns. A Shiryayev probability ratio test that
has been extended to multiple hypotheses examines the filter and parity equation residuals
and generates the probability of the presence of a fault. Tests in a high-fidelity vehicle
simulation where nonlinearities and road variations are significant are very encouraging. A
preliminary design of a range sensor fault monitoring system is outlined as an application of
a new decentralized fault detection filter. This system combines dynamic state information

already generated by the existing filter designs with inter-vehicle analytic redundancy.
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CHAPTER 1

Introduction

THIS REPORT is a continuation of the work of (Douglas et al. 1996) which concerns vehicle
fault detection and identification and describes a vehicle health management approach based
on analytic redundancy. A system view of vehicle health management is summarized by
Figure 1.1. Vehicle dynamics, which could be a high-fidelity nonlinear simulation or a
real vehicle, are driven by throttle, brake and steering commands, various unmeasured
exogenous influences such as road variations and wind and faults. Sensors measure a possible
nonlinear function of the dynamic states and are corrupted by noise, biases and faults of
their own. A fault detection module uses the sensor measurements and known dynamic
inputs to produce a conditional probability of a fault hypothesis. The fault hypothesis
is generated in two stages. First, a residual generator formed as a combination of linear
observers and algebraic parity equations produces a static pattern uniquely identified with
a given fault or no-fault condition. Since the static patterns are only clearly identifiable

in nominal operating conditions, the second stage, a residual processor, interogates the
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residual and matches it to one of many known patterns. The pattern matching is done with
a probabilistically based algorithm so the residual processor produces a fault hypothesis
probability rather than a simple binary announcement. A simple threshold mapping could
be added very easily to produce a binary announcement if that were needed. A fault
hypothesis probability is passed to a vehicle health monitoring and reconfiguration system.
These components determine the impact of the possible fault on safe vehicle operation
and adjust control laws if necessary to accomodate a degraded operating condition. These

components are being developed by the UC Berkeley team.

aults Inputs
Faults Plant and Fault
Disturbances an - Outputs Detection | Res | Residual Threshold Declaration
— * Vehicle Filters Processing Selection
Commands * Platoon
—_—
Redundancy Management
Controller
Controller Decision Health Management
Reconfiguration System
System
Information

Figure 1.1: A System View of Vehicle Health Management.

Chapters 2, 3, 4 and 5 describe a fault detection and identification system that is
designed to meet the requirements of a module in a comprehensive health monitoring and
reconfiguration system under development at UC Berkeley. The system is a point design. It
is designed to detect faults in sensors and actuators associated with the longitudinal motion
of the modeled vehicle. The vehicle has a nominal operating speed of 25 meters per second
and is travelling straight ahead. The nonlinear vehicle and road model used for simulation
and the reduced-order linear models used for fault detection filter design are described in
Chapter 2. The fault detection filter design is discussed in Chapter 3. The performance

of the fault detection filter is evaluated in Chapter 4. Finally, a residual processor design
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based on a multiple hypothesis Shiryayev sequential probability ratio test is described in
Chapter 5.

In Chapters 6, 7 and 8 a new disturbance attenuation approach to fault detection filter
design is described. First reported in chapter 9 of (Douglas et al. 1996), this is a completely
rewritten presentation with many improvements. Here, a differential game is defined where
one player is the state estimate and the adversaries are all the exogenous signals except
for the fault to be detected. By treating faults as disturbances to be attenuated, the usual
invariant subspace structure associated with fault detection filters is not present except
in the limit. By treating model uncertainty as another element in the differential game,
sensitivity to parameter variations can be reduced.

Also introduced is the notion of a fault detection filter for time-varying systems. This
is especially important in applications where a vehicle follows a maneuver such as a merge
or a split. While first considered in the game theoretic filter derivation, it is expected that
the Beard-Jones fault detection filter definition will be extended to time-varying systems in
the same way.

In Chapter 9 a decentralized fault detection filter is described. This filter is the result
of combining the game theoretic fault detection filter of Chapters 6, 7 and 8 and introduced
by Chung in (Chung and Speyer 1996) and (Chung and Speyer 1998) with the decentralized
filtering algorithm introduced by Speyer in (Speyer 1979) and extended by Willsky et al.
in (Willsky et al. 1982). This approach to health monitoring is well suited to large-scale
systems as it breaks the problem into smaller pieces and is easily scalable to the dimensions
of the problem. For systems of interest to PATH, such as the multi-car platoons which
will populate advanced highway systems, a decentralized approach may be the ideal way
to monitor sensors that measure quantities defined by relative vehicle motion, for example,
the range and range rate between a vehicle and the vehicle immediately ahead of it. An
example illustrates the application of a decentralized fault detection filter to the health
monitoring of a range sensor.

In Chapter 10 an approach to fault detection is described that combines the residual



4 Chapter 1: Introduction

generation and residual processing components into a single coherent design. This is a
specialization of a class of adaptive estimation problems where a system is an undetermined
element of a set of system models.

A common approach to adaptive estimation is the Multiple Model Adaptive Estimation
algorithm as first proposed by (Magill 1965) and later generalized by (Lainiotis 1976) to
form the framework of partitioned algorithms. Here the problem domain is restricted to
linear stochastic systems with time-invariant parametric uncertainty. With the parametric
uncertainty expressed as a set of hypotheses, the multiple model estimation algorithm is
formed as a joint estimation and system identification algorithm consisting of a bank of
Kalman filters, each matched to one hypothesis, and an identification subsystem, which may
be interpreted as a sub-optimal multiple hypothesis Wald’s sequential probability ratio test.
In addition to a system state estimate, a product of the algorithm is a set of probabilities,
conditioned on the measurement history, that the hypotheses match the true system, that
is, the system underlying the measurement history. As shown in (Athans 1977), there is no
proof that the probability of the hypothesis associated with the ’true’ system will converge
to one. Furthermore, the algorithm exhibits beta dominance (Menke and Maybeck 1995),
which arises out of incorrect system modeling and leads to irregular residuals. Finally, the
algorithm is computationally intensive since filters for each hypothesis are propagated.

A new approach to adaptive estimation is based on a single adaptive Kalman filter where
time-varying system model parameters are updated by feeding back the posterior probability
of each hypothesis conditioned on the residual process. It is shown that the expected value
of the true posterior probability converges to one and, under certain assumptions, the
expected value of the norm of the difference between the constructed error covariance and
the true posterior error covariance converges to a lower bound. It is also shown that in
the presence of modeling errors, the filter converges to the hypothesis which maximizes a
certain information function. The application to fault detection and identification follows
the use the dynamics of a multiple hypothesis Shiryayev sequential probability ratio test,

an algorithm that explicitly allows for parametric transitions in the system model.
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In Chapter 11 a new approach to the residual generation problem for fault detection
and identification based on linear quadratic optimization is presented. A quadratic cost
encourages the input observability of a fault that is to be detected and the unobservability
of disturbances, sensor noise and a set of faults that are to be isolated. Since the filter is
not constrained to form unobservability subspace structures, adjustment of the quadratic
cost could realize improved performance as reduced sensor noise and dynamic disturbance
components in the residual and reduced sensitivity to parametric variations. In the present
form, the filter detects a single fault so the structure could also be described as that of an
unidentified input observer. A bank of filters are constructed when multiple faults are to
be detected.

In Chapter 12 a new model input reduction algorithm is presented. This work was
motivated by the need for improved disturbance direction modeling for fault detection filter
design. Another application is to control blending but that is not used here. In disturbance
decoupling problems where the disturbance is meant to model neglected higher-order or
nonlinear dynamics, determination of the direction from first principles is not always possible
or practical. When the disturbance direction is found empirically, typically several directions
are found, each one associated with a different operating point, and a suitable representative
direction must be chosen. The problem is complicated further when the rank of the
disturbance map is not known, that is, when it is not clear how many directions should

be chosen from the empirically derived set.






CHAPTER 2

Vehicle Model

IN THIS CHAPTER, vehicle models are developed for the design and evaluation of fault
detection filters. A high-fidelity six degree of freedom nonlinear vehicle model described
in last year’s report (Douglas et al. 1996) allows for arbitrary variations in road slope and
road noise. An object-oriented vehicle simulation is implemented in C++ and is currently
hosted on an Apple Macintosh PowerPC 8100 computer.

Linear models for the longitudinal vehicle dynamics are derived numerically from the
nonlinear vehicle simulation using a central differences method. The models are described
in Section 2.1 and the derivation method is described in (Douglas et al. 1996). Model order
reduction issues related to the suspension model are discussed in Section 2.2.

The manifold temperature measurement model is discussed in Section 2.3. To monitor
the health of the manifold temperature sensor, an analytically redundant relationship for
the manifold temperature has to be found. Since the temperature enters the engine model
as a constant, a state model would introduce an unobservable integrator. An alternative is

to let the temperature be a known, that is measured, input to the engine.
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2.1 Linear Model

The linearized longitudinal dynamics of the vehicle are derived numerically from high-fidelity
nonlinear simulation using a central differences method. The nonlinear model and the
central differences method are described in detail in (Douglas et al. 1996). The linearization
is done at a single nominal operating point of 25 meters per second, about 56 miles
per hour, where the car is travelling straight ahead. Since the car is not in a turn,
the linear longitudinal dynamics decouple completely from the linear lateral dynamics.
The longitudinal model has thirteen states and three inputs. Two of the inputs, throttle
and brake actuator commands are regarded as controls. The third input is the manifold

temperature and is regarded as a known, that is measured, exogenous input.

States: mg : Manifold air mass.
we : Engine speed.
v, : Longitudinal velocity.
z : Vertical position.
v, : Vertical velocity.
0 : Pitch angle.
q : Pitch rate.
@y : Sum of front wheel speeds.
wy @ Sum of rear wheel speeds.
Fy : Sum of front suspension forces.
F,. : Sum of rear suspension forces.
a : Throttle state.
T, : Brake state.
Control inputs: Ug, : Throttle command.

ur, : Brake command.
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Exogenous input: wr,, : Manifold temperature.
The lateral model states and inputs are given for completeness although they are not used.

States: vy : Lateral velocity.
¢ : Roll angle.
p : Roll rate.
r: Yaw rate.
wy : Difference of front wheel speeds.
@, : Difference of rear wheel speeds.
Ff : Difference of front suspension forces.
F,. : Difference of rear suspension forces.
~ : Steering state.

Control inputs: u~ : Steering command.

2.1.1 Linear Model Reduction

The thirteenth-order longitudinal model has eigenvalues: —215.62, —160.79, —136.03+1.67¢,
—90.91, —31.56, —26.26, —2.004+6.557, —1.32+£5.567, —1.25 and —0.0418. Observe that five
of these eigenvalues are significantly faster than the rest. By inspection of the eigenvectors,
it is determined that the fast eigenvalues are associated with the states wy, @y, Ff, F, and
.

A model order reduction is done by dynamic truncation with a steady-state correction.
First, the derivatives of the fast states wy¢, @, F ', F, and « are set to zero. Then, the linear
dynamic equations are solved for the fast states in terms of the remaining states: mg, we,
Vg, Z, Vs, 0, ¢ and T. The result is substituted into the state equations of the remaining
states. This process is described in more detail in Section 2.3 of (Douglas et al. 1996).
The eigenvalues of the eighth-order reduced-order longitudinal model are —33.01, —25.87,
—2.08 +6.454, —1.44 £+ 5.47i, —1.25 and —0.0451 which are close to the eigenvalues of the
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full-order longitudinal model. Also the frequency responses of the reduced and full-order
models are close to each other.

The reduced-order linear longitudinal dynamics data are given in Appendix A.
2.1.2 Vehicle Measurements

There are thirteen sensors on the car.

Ym, : Manifold air mass sensor.
Yuw. : Engine speed sensor.
yr,, : Manifold temperature sensor.
Ypm : Manifold pressure sensor.
Yo, : Longitudinal velocity sensor.
Ya, : Longitudinal accelerometer.
Ya, : Vertical accelerometer.
Yuw, - Front left wheel speed sensor.
Yoy, : Front right wheel speed sensor.
Yw,, - Rear left wheel speed sensor.
Yw,, : Rear right wheel speed sensor.
Yo : Throttle sensor.

yr, : Brake sensor.

Since the dynamics naturally decompose into longitudinal and lateral components, the

following processed wheel speed sensors form a more natural set of measurements:

Yo, : Sum of front wheel speeds.
Yo, : Sum of rear wheel speeds.
Yo, : Difference of front wheel speeds.

Ya, © Difference of rear wheel speeds.
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For the longitudinal dynamics, the wheel speed difference sensors yz, and yg, are not
relevant. Also, the throttle and brake sensors y, and yr, measure control inputs rather
than states. The manifold temperature sensor yr,, measures an exogenous input. Finally,
the manifold pressure y,,, and manifold air mass y,,, are linearly dependent. Thus, there
are only seven sensors that provide measurements linearly related to the vehicle longitudinal

states: Ymgs Ywes Yous Yazs Yas, Yo, and Ys,

The reduced-order linear longitudinal measurement data are given in Appendix A.
2.2 Suspension Model

The suspension system is modelled as a nonlinear spring and linear damper. The tire is
a mass and linear spring. Since the mass of the tire is very small relative to the car,

the tire model is simplified to a linear spring as shown in Figure 2.1. It is possible to

mg

X3

Figure 2.1: Simplified suspension and tire model.

express the dynamics of the suspension model using either suspension force or suspension
length as states. Although both realizations are meant to model the same physical system,

their reduced-order linearized dynamics can be very different. In the following sections,
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two representations of the suspension model and their reduced-order linearized models are
derived. In Section 2.2.1, suspension length is used as the suspension state. In Section 2.2.2,
suspension force is used as the suspension state. Section 2.2.3 provides more discussion and

a numerical example is given to illustrate the modelling difficulty.
2.2.1 Suspension Model With Suspension Length State

In this section, the suspension model uses suspension length as the state. The suspension

force Fs acting on each wheel is given by
F,=-C4 (xg — :Eg,o)[l + 02(133 — $30)4] — D13+ mg (2.1)

where 3 is the length of the suspension system when a nominal load mg is applied.
Compare this with Equation 2.3 of (Douglas et al. 1996).

The force F; transmitted to the suspension by the tire spring is given by
Ft = —Kt(afg — T3 =T — 1‘10) (2.2)

where K is the tire spring stiffness and x1g is the nominal tire radius. Since the tire is

massless, the tire spring force is equal to the suspension force.

F, = F, (2.3)
Put (2.1) and (2.2) into (2.3),
) 1
T3 = E[—(Kt + Ch)az + Ky — C1Cy(n3 — w30)” — Ky + (mg + Crazo — Kiwio)] (24)

An equation of motion for the chassis given by
Mmio = Kt(—.’L‘Q +x3+7r+ 3310) (2.5)

provides another relation between x5 and x3.

The dynamics (2.4, 2.5) after a linearization become

d J}Q 0 1 0 xQ 0
; — | K K : Kt
7 Lo n 0 e To | + " T
t t 1 _ Ky
I3 D, 0 T3 D,
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with the characteristic equation

K,+C K K.C
3, Bt 2 B !
s° + D S+m8+mD1

=0 (2.6)

The linearized dynamics order is reduced by noting that the suspension length state 3
is fast. See the example in Section 2.2.3. Let @3 = 0 and algebraically eliminate z3 as a

linear combination of x9 and Zs.

d | x 0 1 o 0
— . = K.C1 0 . + K:C4 r
dt | @2 (K1) T2 MK+ C1)

The reduced-order dynamics characteristic equation is

K.C
2 tU1
=0 2.7
5 m(Kt—i—Cl) ( )

Clearly, the reduced-order dynamics (2.7) are very different from the full-order dynamics
(2.6) since the reduced-order dynamics exhibit no damping. The eigenvalues of the full and

reduced-order linearized models are evaluated in the example of Section 2.2.3.

2.2.2 Suspension Model With Suspension Force State

In this section, the suspension model uses suspension force as the state. Start with (2.1,

2.2, 2.3) of the last section

F; = —Cl(xg — T — :Cgo)[l + 02(332 — T — 1‘30)4] — Dl(sz — 33'1) + mg (2.8&)
Fy = —Ki(x1 —r — 210) (2.8b)
F;, = F (2.8¢)

The tire spring force F; is eliminated by rearranging (2.5) to get

F;
1 =7+xT10 — Ft (2.93)
t

iy =7 — - (2.9b)
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and then combining (2.8a), (2.8¢c) and (2.9) as

) K. F
F = D—I{—F—i—mg—Cl(l'Q—T—xlo—.CCgo*FE)

F . )
[1 + 02(1’2 —7r —x10 — T30 + E)ﬂ — Dl(x2 — 7")}

where F 2 F, s. An equation of motion for the chassis is given by combining (2.5) with (2.8b)
and (2.8c)

mfﬂ'g =F
The linearized model is
a | 0 1 0 T 0 0
o Zy | = 0 0 = Zy | + 0 0 [ ; }
with the characteristic equation
K.+ C K K.C
33+L32—|——ts+ 1 (2.10)

D4 m mDq

which is the same as (2.6) as expected.
Again, since the suspension force state F' is fast, the reduced-order linearized model is
derived by letting F' = 0 and algebraically eliminating F' as a linear combination of x5 and

9.

d [ T ] 0 1 [ X2 ]
— | " l=| _ ko KD e
dt | 2 (K1 C) m(K+O1) .

The reduced-order dynamics characteristic equation is

KDy K.Cy

2
+ -
K+ )T m(K+ O

=0 (2.11)

This reduced-order model includes a damping term and is probably a more realistic model
than the reduced-order model of Section 2.2.1. However, note that this model regards road
displacement r and road displacement rate 7 as two independent inputs. In the physical
system being modelled, they are not independent. The eigenvalues of this model are also

evaluated in Section 2.2.3.
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2.2.3 Example

Here is a numerical example of a suspension model. The parameters are obtained from the

vehicle simulation code from U.C. Berkeley.

m = 393.25 kg Mass of a quarter car.

N
K; =190632 — Tire spring constant.
m
N
Cy = 17000 — Suspension spring constant.
m

-8
Dy = 1500 — Suspension damper constant.
m

The eigenvalues of both full-order models in Section 2.2.1 and 2.2.2 are the same: —135.13,
—1.64 £+ 6.16¢. The eigenvalues of the reduced-order model in Section 2.2.1 are £6.30¢ and
the eigenvalues of the reduced-order model in Section 2.2.2 are —1.75 £ 6.05¢. The light
damping of the force-state model of Section 2.2.2 is more realistic so this model is considered

to be a better representation of the suspension dynamics.

Remark 1. If the model reduction is done by balanced realization and truncation, the
length-state and force-state realizations should have similar reduced-order linear models.
Balanced realization and truncation, discussed in detail in (Douglas et al. 1996), truncates
the least observable and controllable modes as determined by inspection of the observability
and controllability Grammians. By this method, the truncated modes are not necessarily
the fast modes so that the eigenvalues of the reduced-order model might be very different
from those of the full-order model. Further, when fast modes are truncated, the simple
state truncation with steady-state correction method illustrated in Sections 2.2.1 and 2.2.2
produces results that are dependent on the state basis. Regarding a balanced realization
as just another basis, it is possible that for some problems, a balanced realization does not
provide a best reduced-order model. Best is problem dependent but is generally determined

by comparing the full and reduced-order frequency responses and eigenstructures. )



16 Chapter 2: Vehicle Model

2.3 Manifold Temperature Model

In the engine model the manifold temperature is taken to be a constant. If a manifold
temperature sensor is to be monitored for a fault, two sensor models are possible. One model
has the manifold temperature as an engine state and appends an integrator to the engine
dynamics. Another model considers the manifold temperature as a measured exogenous
input.

Since manifold temperature changes are on a much longer time scale than the engine
dynamics, it is a natural choice to model the manifold temperature as a constant. With a

constant manifold temperature as an engine state, an integrator is appended to the engine

Lo =10 % L ]+ 8]
=[5 9] ]

where z7,, is the manifold temperature state and x are the rest of the states. A problem

dynamics.

with this model is that the observability Grammian is ill-defined because the eigenvalue at
the origin is associated with a measured state, the temperature z7,, .
An alternate model has the temperature as a known, that is measured, input to the

engine.

T = Ax + Bu + BmeTm

Yo = Cux

This approach avoids the observability Grammian problem and seems more reasonable in

that the manifold temperature is an environmental factor which cannot be controlled.



CHAPTER 3

Fault Detection By Analytic Redundancy

ANALYTIC REDUNDANCY is an approach to health monitoring that compares dissimilar
instruments using a detailed system model. The approach is to find dynamic or algebraic
relationships between sensors and actuators. That is, information provided by a monitored
sensor is, in some form, also provided by other sensors or, through the dynamics, by actuator
commands. In automated vehicles, these requirements preclude monitoring nonredundant
sensors such as obstacle detection or lane position sensors. The information provided by
a radar or infrared sensor designed to detect objects in the vehicle’s path has no dynamic
correlation with other sensors on the vehicle. A sensor that detects the vehicle’s position in
a lane is the only sensor that can provide this information. Actuators that do no observable
action are also difficult to monitor. For example, the health of a power window actuator is
easily monitored by the driver. But, unless specialized sensors are installed, no other part
of the car is affected by the operation of this actuator and there is no analytic redundancy.

A range sensor is another example of a sensor for which a vehicle has no redundant

information. In some configurations, range information is provided by several different

17
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types of sensors, for example, radar and optical range sensors. In this type of design, the
sensor measurements are fused at the vehicle regulation layer. So, for the purposes of vehicle
control and fault detection, the range sensors are regarded as providing a single synthesized,
and nonredundant, measurement.

Analytic dynamic redundancy requires a detailed model of the dynamic relationship
between sensors and actuator commands. This information is encoded in a fault detection
filter that detects and isolates faults by producing a static pattern in a linear observer
residual. Most sensors and actuators associated with the vehicle longitudinal dynamics
are monitored this way. Fault detection filter design is described in Section 3.1. Algebraic
redundancy provides a simple algebraic parity equation that must be satisfied. For example,
since the throttle actuator dynamics are very fast, the throttle actuator command minus
the throttle actuator position is nominally zero. Parity equation design is described in 3.2.

The fault detection and isolation system is summarized in Section 3.3.
3.1 Analytic Redundancy

Eleven sensors and two actuators are to be monitored. The sensors are the manifold air mass
Sensor Y, , engine speed sensor y,,. , manifold temperature sensor yr,, , manifold pressure
Sensor Ypm, longitudinal velocity sensor y,, and accelerometer y,,, vertical accelerometer
Ya., the sum of front wheel speed sensors yg,, the sum of rear wheel speed sensors yg,,
throttle sensor y, and brake sensor y7,. The two actuators are the throttle u, and brake
ur,. Three of the sensors y., y7, and ypm, are monitored with algebraically redundant
information. Hence, eight sensors and two actuators are included in the fault detection
filter design.

A very brief review of the fault detection filter is provided in Section 3.1.1. Section 3.1.2
describes the sensor and actuator fault models. Section 3.1.3 discusses several design
considerations that are specific to the longitudinal vehicle dynamics health monitoring
problem. Section 3.1.4 discusses how multiple faults are grouped among several filters. The

fault detection filter designs are sensor and actuator fault groups described in Sections 3.1.5
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and 3.1.6.
3.1.1 Beard-Jones Fault Detection Filter Background

A detailed review of fault detection filter design is provided in Appendix A of last year’s
report (Douglas et al. 1996). For a thorough background, several references are available,
a few of which are (Douglas 1993), (White and Speyer 1987) and (Massoumnia 1986).
Consider a linear time-invariant system with ¢ failure modes and no disturbances or
sensor noise
q
&= Ax + Bu+ Z Fimy; (3.1a)
i=1
y=Cx+ Du (3.1b)
The system variables x, u, y and the m; belong to real vector spaces and the system maps
A, B, C, D and the F; are of compatible dimensions. Assume that the input u and the
output y both are known. The F; are the failure signatures. They are known and fixed and
model the directional characteristics of the faults. The m; are the failure modes and model
the unknown time-varying amplitude of faults. The m; do not have to be scalar values.
A fault detection filter is a linear observer that, like any other linear observer, forms a
residual process sensitive to unknown inputs. Consider a full-order observer with dynamics

and residual

&= (A+LC)i+ Bu— Ly (3.2a)

r=Ct+Du—y (3.2b)
Form the state estimation error e = £ — x and the dynamics and residual are

q
e = (A + LC)@ - ZFzmz
=1

r=Ce

In steady-state, the residual is driven by the faults when they are present. If the system

is (C, A) observable, and the observer dynamics are stable, then in steady-state and in the
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absence of disturbances and modeling errors, the residual r is nonzero only if a fault has
occurred, that is, if some m; is nonzero. Furthermore, when a fault does occur, the residual
is nonzero except in certain theoretically relevant but physically unrealistic situations. This
means that any stable observer can detect the presence of a fault. Simply monitor the
residual and when it is nonzero a fault has occurred.

In addition to detecting a fault, a fault detection filter provides information to determine
which fault has occurred. An observer such as (3.2) becomes a fault detection filter when
the observer gain L is chosen so that the residual has certain directional properties that
immediately identify the fault. The gain is chosen to partition the residual space where each
partition is uniquely associated with one of the design fault directions F;. A fault is identified
by projecting the residual onto each of the residual subspaces and then determining which
projections are nonzero.

In a detection filter, the state estimation error in response to a fault in the direction
F; remains in a state subspace 7, an unobservability subspace or detection space. See
Appendix A of last year’s report (Douglas et al. 1996) for details. The ability to identify
a fault, to distinguish one fault from another, requires, for an observable system, that the
detection spaces be independent. Thus, the number of faults that can be detected and
identified by a fault detection filter is limited by the size of the state space and the sizes of
the detection spaces associated with each of the faults. If the problem considered has more
faults than can be accommodated by one fault detection filter, then a bank of filters will
have to be constructed.

For a fault Fj, the approach to finding the detection space 77 is to find the minimal
(C, A)-invariant subspace Wj that contains F; and then to find the invariant zero directions
of the triple (C, A, F;), if any. With the invariant zero directions denoted by V;, the minimal

unobservability subspace 77 is given by
T;=W;+V;

Before the fault detection filter design (3.2) can begin, a system model with faults has

to be found with the form (3.1). This is discussed in the next section.
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3.1.2 Fault Modelling

This section describes sensor and actuator fault models used for fault detection filter design.
Two classes of sensor fault are considered. One measures a linear combination of states. For
the longitudinal vehicle dynamics these include Ym,, Yu,s Yv,s Yars Ya.» Yo, and yo,. Another
class of sensor fault is one that measures exogenous inputs. The manifold temperature sensor
is the only sensor in this class.

The fault of a sensor which measures system states can be modelled as an additive term

in the measurement equation
y=Cx + Ejp; (3:3)

where Ej is a column vector of zeros except for a one in the i** position and where p; is an
arbitrary time-varying scalar. This is explained in last year’s report (Douglas et al. 1996)
but is included here for completeness. Since, for fault detection filter design, faults are
expressed as additive terms to the system dynamics, a way must be found to convert the

E; sensor fault form of (3.3) to an equivalent F; form as in (3.1). Let F; satisfy

and define a state estimation error e as
e=x—23+ Fp;
Using (3.2), the error dynamics are
¢ =(A+ LC)e+ Fiji; — AF;p; (3.4)
and a sensor fault E; in (3.3) is equivalent to a two-dimensional fault F;
i = Az + Bu+ Fm;  with F; = [F}, F}]
where the directions F! and F? are given by

E, = CF! (3.5a)

F? = AF} (3.5b)
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An interpretation of the effect of a sensor fault on observer error dynamics follows from
(3.4) where F}! is the sensor fault rate ji; direction and F? is the sensor fault magnitude
u; direction. This interpretation suggests a possible simplification when information about
the spectral content of the sensor fault is available. If it is known that a sensor fault has
persistent and significant high frequency components, such as in the case of a noisy sensor,
the fault direction could be approximated by the F}! direction alone. Or, if it is known
that a sensor fault has only low frequency components, such as in the case of a bias, the
fault direction could be approximated by the FZ-2 direction alone. For example, if a sensor
were to develop a bias, a transient would be likely to appear in all fault directions but, in

steady-state, only the residual associated with the faulty sensor should be nonzero.

A linear model partitioned to isolate first-order actuator dynamics can be expressed as

A R o | PR P

where z, is a vector of actuator states and w is an exogenous input. Typically, exogenous
inputs are dynamic disturbances such as road noise and wind gusts and are not known or
measured. However, as described in Section 2.3, the manifold temperature is modelled as a
dynamic input and is measured. A fault in this sensor is modelled as a direction given by

the associated column of the B,, matrix.

A fault in a control input is also modeled as an additive term in the system dynamics.
In the case of a fault appearing at the input of an actuator, that is the actuator command,
the fault has the same direction as the associated column of the [0, w]? matrix. A fault
appearing at the output of an actuator, the actuator position, has the same direction as the
associated column of the [BT, 0]7 matrix. In the vehicle model, the actuator dynamics are
relatively fast and, in an approximation made here, are removed from the system model.
Thus, the control inputs are applied directly to the system through a column of the B

matrix.
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3.1.3 Special Design Considerations

Several design considerations arise that are specific to the longitudinal vehicle dynamics
health monitoring problem. One problem is a conditioning problem that arises from the
model order reduction done in Section 2.1. Another concerns the output separability of the
modeled faults. A third problem concerns a reasonable expectation that a fault detection

filter should produce a nonzero fault residual for as long as a modeled fault is present.

Ill-conditioned fault direction

For all sensor and throttle actuator faults described in Section 3.1.2, the detection or

minimal unobservability subspaces are given by the fault directions themselves, that is,
T; =W;+V,=ImF,

For example, for the brake actuator, 7; = Im F; because C'FuTb # 0, (Douglas et al. 1996).
However, OFUTb =% 0 only holds for the reduced, eighth-order model. For the full-order
model, CFy;, = 0so Fy,;, should be considered as a very weakly observable direction. For
fault detection filter design, the brake actuator unobservability subspace is taken to be the

second-order space given by
T;, =Im [FuTb,AFuTJ

Output separability

The output separability design requirement states that the residuals produced by design
faults be pairwise linearly independent. Faults that are not output separable generate
co-linear residuals and cannot be isolated. Output separability of two faults F; and F} is

determined by
CT;NCT; =0 (3.6)

which may be checked by the column independence of realizations for C7; and C7T ;.
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Performing the check (3.6) reveals that two pairs of faults are not output separable.
The throttle actuator u, and manifold air mass sensor y,,, faults are not output separable
and the manifold temperature sensor yr,, and manifold air mass sensor y,,, faults are not

output separable. The problem is summarized as

T = Fu,

T;;Tm = Fyr,,

T;;ma = [Fyma AFme
Fu, =F,,,

F, YT, — AF, Yma

First, consider the throttle actuator and manifold air mass sensor faults where CF,,, =
CF,,,, indicates that they cannot be isolated. As explained in Section 3.1.2, the direction
of the air mass sensor fault magnitude is AFy,, while the direction of the fault rate is F),,, .
The throttle actuator and air mass sensor faults become output separable if only the sensor
fault magnitude direction is used. This design decision could allow a noisy but zero mean
sensor fault to remain undetected through the direction CAF), . Also, since the throttle
fault detection space is spanned by F,, = F,, , an air mass sensor fault rate will stimulate
the throttle fault residual. However, a throttle actuator fault could never stimulate the
air mass sensor fault residual. In summary, as long as the air mass sensor fault spectral
components are low frequency, the throttle actuator and manifold air mass sensor faults
should be detectable and isolatable.

Next, consider the manifold temperature and air mass sensor faults where C'F,,. =

CAF,

Yma

indicates that they cannot be isolated. Since AF), represents the fault magnitude
direction, this direction can not be dropped from the detection space. One remedy is
to design a second fault detection filter that does not take the manifold air mass as a
measurement. Such a filter will be unaffected by air mass sensor faults but will respond to
manifold temperature sensor faults. A problem with this fix is that the throttle actuator and

temperature sensor faults are not output separable without an air mass sensor measurement.
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Responses of the two filter designs are summarized in Figure 3.1. Each row represents
a bias (hard) fault in either the throttle actuator, the air mass sensor or the temperature
sensor. The columns are the residual responses to the given fault conditions. The first
column is the response of the throttle actuator fault residual of the first filter. The
second column is the response of the air mass sensor and temperature sensor fault residuals
also from the first filter. The third column is the response of the throttle actuator and
temperature sensor fault residuals of the second filter.

Figure 3.1 shows that neither filter alone can detect and isolate the three faults: the
throttle actuator, the air mass sensor and the temperature sensor. Taken together, the two
filters produce a pattern unique to each fault so that the faults may be isolated. However,
the picture is not yet complete. A problem with the second fault detection filter is described

in the next section.

Residual : .
Detection Filter #1 Detection
Filter #2
Fault Throttle Manifold Air Mass
Actuator and Temperature
Throttle
Actuator |
Manifold
Air Mass
Manifold
Temperature

Figure 3.1: Fault Signatures.

Zero steady-state fault residual

It is a reasonable expectation that a fault detection filter should produce a nonzero fault
residual for as long as a modeled fault is present. A necessary and sufficient condition is

given in the following theorem.
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Theorem 3.1. A necessary and sufficient condition for a fault detection filter residual to

hold a non-zero steady-state value in response to a bias fault is CA™'F # 0, that is,
C(sI —A—LC) 'Fly—g=0 & CA™'F =0
Proof. Let F2(A+ LO)'F. (=)

F=(A+LC)F = AF because CF = C(A+ LC)™'F = 0.
=F=A"F

= CA 'F=CF=0
(<)

AF+LCF =F
= F=A"F because CA™'F =0 and (A + LC) is unique.

= C(A+LC)'F=CF=CA'F=0

Since CAlemi = 0, the second fault detection filter will not see the temperature sensor
faults in the steady state. When a temperature bias fault occurs, the residual responds
with only a transient. Figure 3.1 is corrected in Figure 3.2 to illustrate the transitory
response. Once again, the fault patterns for the three faults are not unique, at least not in
steady-state.

Since a second fault detection filter no longer fixes the output separability problem,
another fix is needed. An algebraic relation between the manifold pressure and manifold

air mass is useful
manifold pressure — 19.9635 * manifold air mass = 0 (3.7)

This convenient relation arises from the perfect gas law. The magic number 19.9635 includes

the gas constant, a nominal temperature and the manifold volume. Equation (3.7) is a
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Residual Detection Filter #1

Detection
Filter #2
Fault Throttle Manifold Air Mass
Actuator and Temperature
Throttle _
Actuator

Manifold _
Air Mass
Manifold

Temperature

Figure 3.2: Fault Signatures.

parity equation that is satisfied when the manifold pressure and manifold air mass sensors
are working and is not satisfied when either sensor has failed. The parity equation by itself
cannot isolate a fault.

By combining the parity equation (3.7) with the first fault detection filter of the last
section, a residual pattern unique to each fault is formed and the faults may be isolated. The
faults are the throttle actuator, the air mass sensor, the temperature sensor and the manifold
pressure sensor. The residual patterns are summarized in Figure 3.3 Each row represents
a bias (hard) fault in either the throttle actuator, the air mass sensor, the temperature
sensor or the manifold pressure sensor. The columns are the residual responses to the given
fault conditions. The first column is the response of the throttle actuator fault residual of
the first filter. The second column is the response of the air mass sensor and temperature
sensor fault residuals also from the first filter. The third column is the response of the parity
equation for the manifold air mass and pressure sensors. The parity equation is discussed

further in Section 3.2.

3.1.4 Fault Assignment to Multiple Fault Detection Filters

The ability to identify a fault, to distinguish one fault from another, requires for an

observable system that the detection spaces be independent. Therefore, the number of
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Residual Detection Filter

Parity
Equation

Throttle Manifold Air Mass
Actuator And Temperature

Fault

Throttle
Actuator

Manifold — _
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Manifold
Temperature

Manifold
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Figure 3.3: Fault Signatures.

faults that can be detected and identified by a fault detection filter is limited by the size of
the state space and the sizes of the detection spaces associated with each of the faults. If the
problem considered has more faults than can be accommodated by one fault detection filter,
then a bank of filters will have to be constructed. The health monitoring system described
in this section for a vehicle going straight, considers nine system faults: seven sensor faults
and two actuator faults. Since the reduced-order longitudinal model has eight states and
seven measurements, clearly more than one fault detection filter is needed. The dimension
of the throttle actuator, the manifold air mass sensor and the manifold temperature sensor
detection spaces is one. The dimension of the brake actuator and the rest of the sensor
faults is two. Therefore, for this problem at least three filters are needed.

One consideration in grouping the faults among the fault detection filters is to group
faults which are robust to system nonlinearities. Note that an actuator fault changes the
vehicle operating point possibly introducing nonlinear effects into all measurements. The
nonlinear effect is small if the residual response is small compared to that for some nominal
fault. Also, sensor faults that are open-loop are easily isolated since they do not stimulate

any dynamics. One approach to fault grouping is to always group actuator and sensor faults
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with different fault detection filters.

Usually an attempt is made to group as many faults as possible in each filter. When
full-order filters are used, this approach minimizes the number of filters needed. When
reduced-order filters are used, this approach minimizes the order of each complementary
space and, therefore, the order of each reduced-order filter. Note that each fault included in
a fault detection filter design imposes more constraints on the filter eigenvectors. Sometimes,
the objective of obtaining well-conditioned filter eigenvectors imposes a tradeoff between

robustness and the reduced-order filter size.

With all the considerations above in mind, now we should decide how many fault
detection filters are needed and which faults should go together. Robustness to nonlinearities
requires all the actuator faults to be in the same filter. The output separability consideration
of Section 3.1.3 requires the throttle actuator and manifold air mass sensor fault to be in
the same filter. Thus, one fault detection filter has the throttle actuator u,, brake actuator
ur, and manifold air mass sensor y,,,. Note that this filter is also sensitive to faults in the
manifold temperature sensor yr,, since manifold temperature and manifold air mass sensor

faults are not output separable.

The six remaining sensor faults, Yw., Yv,, Ya, s Ya.» Yo, and yg, are assigned to two more
fault detection filters. Each filter has three faults. There are ten different combinations
for these two filters and they are all non-mutually detectable which means the invariant
zeros arising from the fault combinations will be the eigenvalues of the filters, that is, some
poles of the filters cannot be assigned. In six of these cases, the invariant zeros, hence the
fixed poles, are in the right-half plane resulting in an unstable fault detection filter. The
remaining four configurations are stable. Each stable case has been designed and tested.
The most robust combination is to put Y., ¥s, and yz, into the second filter and put yy,,
Yo, and yp, into the third filter. Here, most robust is taken to mean the filter with left
eigenvectors that are least ill-conditioned. This hedges against eigenstructure sensitivity to

small variations in system parameters. The three fault detection filters are
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Fault detection filter 1.

Uy : Throttle actuator.
ur, : Brake actuator.
Ym, : Manifold air mass sensor.

yr,, : Manifold temperature sensor.
Fault detection filter 2.

Yw, : Engine speed sensor.
Ya, : Longitudinal accelerometer.

Yo, : Sum of front wheel speed sensors.
Fault detection filter 3.

Yu, : Longitudinal velocity sensor.
Ya, : Vertical accelerometer.

Ya, : Sum of rear wheel speed sensors.

3.1.5 Fault Detection Filter Design For Sensors

In this and the following sections, Beard-Jones fault detection filters have been designed
using eigenstructure assignment while ensuring that the eigenvectors are not ill-conditioned.
The essential feature of a fault detection filter is the detection space structure embedded
in the filter dynamics. A left eigenvector assignment design algorithm explicitly places
eigenvectors to span these subspaces. An eigenvector assignment design algorithm also
has to balance the objective of having well-conditioned eigenvectors for robustness against
the objective of each fault being highly input observable for fault detection performance.
System disturbances, sensor noise and system parameter variations are not considered in
the fault detection filter designs described in this report. Note that they are considered

in performance evaluation. For such a benign environment, the filter designs are based on
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spectral considerations only; there is little else that can be used to distinguish a good design
from a bad design.

Since the calculations are somewhat long and they are the similar for each detection
filter, the calculation details are given for only the first and third fault detection filters. In
this section, the fault detection filter is designed for the third fault group which has the
longitudinal velocity sensor y,,, the vertical accelerometer y,, and the sum of rear wheel
speed sensors ¥g,.. In next section, a filter is designed for the first fault group which has the
throttle actuator u,, the brake actuator ur, and the manifold air mass sensor y,,,. Note
once again that the manifold air mass sensor y,,, is not output separable with respect to
the manifold temperature sensor yr,,.

The eight state reduced-order longitudinal model derived in Section 2.1 is used. The

dimension of each detection space was found in Section 3.1.4 as

_ *
Voo = dlmTyvz =2

v,

J— 3 * —_
Vya, = dlmTyaz =2

a

j— 3 * —
Vyo, =dimT, =2

The dimension of the fault detection filter complementary space 7 is also needed. The
complementary space is any subspace independent of the detection spaces that completes

the state-space.

X = T;;’Uz @ T;;llz @ T;‘;@r @ TO

Thus the dimension of 7T is two

Vo :n_yyvsc _l/yaz _Vy@r
=8—-2-2-2

=2

Next define the complementary faults sets. There are three faults F,, , Fy, and Fy_
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so there are four complementary fault sets which are:

vor = [Fyas s Fyon ) (3.8a)
Fy,. = [Fy,, Fy,] (3.8b)
By, = [Fy,, Fy,.] (3.8¢)
= [Py, Fy,. . Fyo. ] (3.8d)

Now choose the filter closed-loop eigenvalues. As discussed in Section 3.1.4, these three
faults are not mutually detectable. Therefore the invariant zero —14.52 has to be one of
the eigenvalues of the complementary subspace. Since the system model includes no sensor
noise, no disturbances and no parameter variations, there is little basis for preferring one
set of detection filter closed-loop eigenvalues over another. The poles are chosen here to
give a reasonable response time but are not unrealistically fast. The assigned eigenvalues

are

Ay, ={-3,—-4}
Ay, ={-3,-4}
Aywr = {_37 _4}

Ao = {—3,—14.52}

The next step is to find the closed-loop fault detection filter left eigenvectors. For each
eigenvalue \;; € A;, the left eigenvectors v;; generally are not unique and must be chosen
from a subspace as v; ; € Vi i where V; : and another space W; , are found by solving
AT — N1 CT Vi, 0
o o= (3.9)
F; 0 Wi, 0
There are eight V;, associated with eight eigenvalues. To help desensitize the fault detection
filter to parameter variations, the left eigenvectors are chosen from v;; € V;; as the set with
the greatest degree of linear independence. The degree of linear independence is indicated

by the smallest singular value of the matrix formed by the left eigenvectors. Upper bounds
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on the singular values of the left eigenvectors are given by the singular values of

V = [‘/01’ ‘/027 Vyvzl ’ VyUIQ ’ Vyazl ? Vyaz2 ) Vy‘:’rl ’ ‘/;J‘:’TQ]
These singular values are
o(V) ={2.83, 2.50, 1.69, 1.41, 1.32, 0.333, 0.080, 0.0088} (3.10)

If the left eigenvector singular value upper bounds were small, then all possible combinations
of detection filter left eigenvectors would be ill-conditioned and the filter eigenstructure
would be sensitive to small parameter variations. Since (3.10) indicates that the upper
bounds are not small, continue by looking for a set of fault detection filter left eigenvectors
that are reasonably well-conditioned. For this case, one possible set of left eigenvectors
from the set V' nearly meets the upper bound and should be well-conditioned. The singular

values of this set of left eigenvectors are
o(V) = {1.95, 1.12, 1.00, 1.00, 0.92, 0.285, 0.063, 0.00691}

Since the difference between the largest and the smallest singular values is only three orders
of magnitude, the detection filter gain will be reasonably small and the filter eigenstructure
should not be sensitive to small parameter variations.

The fault detection filter gain L is found by solving
vip=w?t (3.11)

where V is the matrix of left eigenvectors as found above, and W is a matrix of vectors Wy

AT - )\ijI CT Vi . 0
ET 0 wi, | |0

If the left eigenvector v;; is a linear combination of the columns of V;,, w;; is the same linear
combination of the columns of W, where V;, and W;, are from (3.9).
To complete the detection filter design, output projection matrices I:vax, I:Iyaz and I:Iyar

are needed to project the residual along the respective output subspaces C’j'zvz, C’j'zaz and
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A~

cT, . What this means is that, for example, T

v v, Pecomes the unobservable subspace
T xT

of the pair (lﬁlyw C,A + LC). Remember that by the definition of the complementary
faults (3.8), faults Fy, and Fy lie in ’]A'Z% and fault Fy, does not. The effect is that the
projected residual is driven by fault F,, —and only fault F, .

A projection H; is computed by first finding a basis for the range space of C’Ti* where
again, Tl* is any basis for the detection space Tj . This is done by finding the left singular

vectors of Cﬁ*. Denote this basis for now as h;. Then H; is given by
H; =1 — h;h!

In summary, a fault detection filter for the system with sensor faults E,, , E,, and
Yor
i = Ax + Bu + Br, wr,,

Yy = Cl‘ + DU’ + Eyvx /’Lyvx + Eyaz /"Lyaz + Eymr ﬂ’ymr
is equivalent to a fault detection filter for the system with faults F, , F, and F,

= Az + Bu + Br,wr,, + Fy, my, + Fy, my, + Fy, my,

y=Cx + Du
and has the form

z

=(A+LC)z+ (B+ LD)u+ By, yr,, — Ly
Zyy, = flyw (CZ 4 Du—vy)
2y, = ﬁyaz (Cz+ Du —vy)
Zyy = ﬁy@r (Cz+ Du —vy)

where L, lﬁlyvz, E[yaz and ﬁy@T are shown in Appendix A.
A fault detection filter design for the second fault group is carried out in the similar way
and is not shown here. However, the filter gain L and projections ﬁywe7 ]f[yaz and IA{yu_)f are

shown in Appendix A.
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3.1.6 Fault Detection Filter Design For Actuators

In next section, a fault detection filter is designed for the first fault group which has the
throttle actuator u,, the brake actuator uy, and the manifold air mass sensor y,,,. Note
once again that the manifold air mass sensor y,,, is not output separable with respect to
the manifold temperature sensor yr,,, .

The design procedure is similar to the previous section but does have a twist. As
discussed in Section 3.1.3, a reduced-order manifold air mass sensor fault is used to achieve
output separability with the throttle actuator fault. Also manifold air mass and manifold
temperature sensor faults cannot be isolated.

The dimension of each detection space was found in Section 3.1.4 as
Vu, =dim77, =1

Vur, = dim ’Z'ZTb =2

J— 1 * J—
Vi = dlmTyma =1

m

and the dimension of the fault detection filter complementary space 7y where

X=T, T, &T, &To
is four

Vo =1 = Vug = Vugy — Vyp,
=8-1-2-1
=4
Next define the complementary faults sets. There are three faults Fy,, Fu,, and Fy,,

so there are four complementary fault sets which are:

B = —FuTb,Fyma} (3.12a)
Fup, = [Fuo: Fyn,] (3.12b)
e = |Puas Pur,| (3.12¢)

By = [ Fuws Fury s Py, | (3.12d)
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Now choose the fault detection filter closed-loop eigenvalues. Since these three faults are

mutually detectable, all eigenvalues are freely assignable.

Aua = {_3}
Auy, = {3, —4}
Ayma ={-3}

Ao = {3, —4, —5, —6}

The next step is to find the closed-loop fault detection filter left eigenvectors. The left
eigenvectors v;; for each eigenvalue A;; € A; generally are not unique and must be chosen

from a subspace as v; ; € Vi, where V;, is found by solving

AT -\, 1 OT V. 0
a5 e ][0 019

There are eight V;, associated with eight eigenvalues. Upper bounds on the singular values

of the left eigenvectors are given by the singular values of

V = [%1)%25%37%47VUQ7V

UTyy? VuTbQ ’ Vyma]
These singular values are

o(V) = {2.83, 2.83, 2.82, 1.98, 1.41, 0.290, 0.174, 0.021} (3.14)

Since (3.14) indicates that the upper bounds are not small, continue by looking for a set
of fault detection filter left eigenvectors that are reasonably well-conditioned. One possible

choice has the following singular values
a(f/) = {1.46, 1.41, 1.35, 1.00, 1.00, 0.235, 0.056, 0.0028}

Since these singular values are quite close to their respective upper bounds, the detection
filter gain should not be large and the filter eigenstructure should not be sensitive to small

parameter variations. Asin Section 3.1.5, the fault detection filter gain L is found by solving

vip=wt (3.15)
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where the columns of V and W are found from (3.13). Output projection matrices I:Iua,

HuTb, Hy, —and fImi are found in the same way as for the sensor fault example of

~ A~ A~

Section 3.1.5. The filter gain L and projections H,_, HuTb, H and ﬁmi are shown

o Yma
in Appendix A

A note should be made regarding the throttle actuator fault residual. By the definition
of the complementary faults (3.12), Fup, and Fy, = lie in T;a while F),, does not. The effect
is that the projected residual is not driven by fault Fuy, or Fy, . Now recall that F,, isa
reduced-order approximation for E,, so the throttle actuator residual is not only driven by
F,,, but also the part of E,  not modeled by F,, . As shown in Figure 3.4, the throttle

actuator residual can only isolate faults well at low frequency while other residuals isolate

all faults.

-100 .

-150 | -

db

-200 b

-250 N

-300 B

-350 - . . ‘0 . .
10 10 10 10 10 10 10
rad/s

Figure 3.4: Singular value frequency response from all faults to throttle residual.

3.2 Algebraic Redundancy

Algebraic parity equations provide a second component to the fault detection and isolation

system. The following algebraically redundant pairs are available: the throttle sensor y,
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and throttle actuator, the brake sensor y7;, and brake actuator uz, and the manifold pressure

Sensor Ypm,m and manifold air mass sensor ¥,,,. Three parity equations are defined:

1. 0 = Throttle sensor y,— Throttle actuator u,
2. 0 = Brake sensor y1, — Brake actuator ug,
3. 0 = Manifold pressure sensor y,,, — Manifold air mass sensor ¥, * 19.9635

None of the parity equations can by itself identify a fault. But by combining the parity
equations with the first fault group detection filter of Section 3.1.4, a unique residual pattern
is presented allowing each fault to be isolated. The patterns are summarized in Figure 3.5.

Each row of Figure 3.5 represents a bias (hard) fault in either the throttle actuator,
the throttle sensor, the brake actuator, the brake sensor, the manifold air mass sensor,
the manifold temperature sensor or the manifold pressure sensor. The columns are the
residual responses to the given fault conditions. The first column is the response of the
throttle actuator fault residual of the first filter. The second column is the response of the
brake actuator fault residual of the first filter. The third column is the response of the air
mass sensor and temperature sensor residuals of the first filter. The fourth, fifth and sixth

columns are responses of the first, second and third parity equations.
3.3 Structure

Combining the fault detection filters of Section 3.1 and parity equations in Section 3.2, a
set of six analytic redundancy relationships either dynamic or algebraic are presented. The

designs are given in Appendix A.
Fault detection filter 1.

U : Throttle actuator.
ur, : Brake actuator.
Ym, : Manifold air mass sensor.

yr,, : Manifold temperature sensor.
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Figure 3.5: Fault Signatures.

Fault detection filter 2.

Yw, : Engine speed sensor.

Ya, : Longitudinal accelerometer.

Yo, + Sum of front wheel speed sensors.

Fault detection filter 3.

Yo, : Longitudinal velocity sensor.
Ya, : Vertical accelerometer.

Yw, : Sum of rear wheel speed sensors.
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Parity equation 1.

Yo : Throttle sensor.

U, : Throttle actuator.
Parity equation 2.

yr, : Brake sensor.

ur, : Brake actuator.
Parity equation 3.

Ypm : Manifold pressure sensor.

Yma : Manifold air mass sensor.



CHAPTER 4

Fault Detection Filter Evalution

FAULT DETECTION FILTER PERFORMANCE is evaluated using the nonlinear simulation
discussed in Section 2. The fault detection filters designed in Sections 3 are tested on smooth
and rough roads and at an off-nominal condition. The off-nominal operating condition is
with the vehicle travelling straight ahead at 27 meters per second. Recall that the fault
detection filters were designed for the vehicle traveling straight ahead at 25 meters per
second. Performance is evaluated with respect to robustness to model nonlinearities and
road noise. A smooth road model has no irregularities at all and a rough road model has
roughness similar to what would be found on a reasonably well maintained freeway.

With the filters operating at an off-nominal condition, it is expected that the residuals
will be nonzero but small even when no fault is present. Section 4.1 discusses the issue of
when a residual is small and when a residual is large enough to indicate that a fault has
occurred. Section 4.2 discusses the detection filter performance when the vehicle operates
on smooth roads. Section 4.3 discusses the detection filter performance when the vehicle

operates on rough roads.

41
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4.1 Residual Scaling

Since most residuals are not zero, as is to be expected, the natural question to ask is what
magnitude residual should be considered small. The answer lies in comparing the size of
a nonzero residual due to non-linearities and the size of a nonzero residual due to a fault.
A residual scaling factor is chosen such that when a fault is introduced into the linearized
dynamics the magnitude of the corresponding reduced-order fault detection filter residual
is one. Since all residuals generated by the off-nominal operating condition have magnitude
less than 0.12, they should not be easily mistaken for residuals generated by a fault.

Of course, the size of the residual is proportional to the size of the fault. The size of the
fault used for finding the residual scaling factors is determined as follows. For most sensors,
the size of the fault is given by the difference in magnitude between the sensor output at
the nominal and off-nominal steady state operating conditions. For accelerometers, the
output is zero in any steady state condition and another method has to be used. The value

0.5 ~ 0.05g is chosen as a reasonable value for an accelerometer bias fault.

4.2 Smooth Road

In this section, the fault detection filters of Section 3 are tested on smooth, flat roads at
an off-nominal operating point, that is, the vehicle operates in a steady state condition but
not the same one used to generate the linearized dynamics. This is achieved by letting the
car run at 27 meters per second rather than the nominal 25 meters per second. The road
is flat and smooth so only vehicle nonlinearities corrupt the filter residuals. If the vehicle
dynamics were linear, the increased throttle setting would have only a transient effect, if
any, on the linear fault detection filter state estimates. The state estimate errors and the
filter residuals would asymptotically go to zero. Since the vehicle dynamics are not linear
and the vehicle operating condition is not the same as it would be if the dynamics were
linear, the filter state estimates and the residuals are not zero.

The performance of the fault detection filter for the first fault group which includes

throttle and brake actuator faults, manifold air mass and temperature sensor faults is shown
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in Figures 4.1 and 4.2. A throttle fault is simulated by sending a two-degree incremental
or decremental step throttle command after two seconds to the nonlinear simulation but
not to the fault detection filter. This increases or decreases the speed of the car by about 2
meters per second or 4.5 miles per hour. Even though a throttle fault stimulates the vehicle
nonlinear dynamics and the residuals associated with other faults, Figure 4.1 shows that
both positive and negative throttle faults are clearly identifiable from other faults.

A brake fault is simulated by applying a brake torque just large enough to slow the
vehicle from 25 meters per second to 23 meters per second. This changes the vehicle steady
state operating point by the same amount as a minus two degree throttle fault. Figure 4.1
shows that the brake fault is clearly identified. It is important to note that when any of the
faults from the first fault design group occur, the residuals associated with a fault detection
filter designed for other faults have no meaning. This is why only four residuals are shown
in each plot of Figures 4.1 and 4.2.

A few interesting observations that follow from the discussion of Section 3.1.3 are
illustrated in Figure 4.2. First, since one direction of the throttle actuator fault corresponds
to the air mass sensor fault rate, a bias fault in the air mass sensor causes a transient response
in the throttle actuator residual. Because the transient dies out quickly, there should be no
problem distinguishing throttle actuator and air mass sensor faults as long as the air mass
sensor faults have only low frequency components. Second, since manifold air mass and
temperature sensor faults are not output separable, the fault detection filter has the same
residual response for both faults. However, the throttle actuator and manifold temperature
sensor faults are output separable so there is no transient in the throttle residual when a
manifold temperature fault occurs. Finally, note that the fault detection filter does not
respond to the manifold pressure sensor fault because the filter does not use a manifold
pressure measurement.

Figure 4.3 shows the magnitudes of the residuals for the fault detection filter derived
from the second fault design group: the engine speed sensor, the longitudinal accelerometer

and the sum of front wheel speed sensors. For each test, a sensor bias fault is added after two
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seconds. Only one sensor fault is added at a time since simultaneous faults are not allowed.
As with the first detection filter tests, when any of the sensor faults from the second fault
design group occur, the residuals of fault detection filters designed for other faults have no
meaning. This is why only three residuals are shown in each plot of Figures 4.3 and 4.4.
Distinguishing a meaningful residual from a non-meaningful residual is left to the residual
processing system . The residual associated with the fault quickly approaches one and other
residuals in the fault group remain unaffected.

Figure 4.4 shows the residuals for the three fault detection filters derived from the third
fault design group: the longitudinal velocity sensor, the vertical accelerometer and the sum
of the rear wheel speed sensors. Residual scaling factors are chosen in the same way as for
the first fault design group. The fault detection filter performance indicated by Figure 4.4
is the same as that indicated by Figure 4.3.

Figure 4.5 shows the residual from the parity equation derived for the fourth fault design
group: the throttle actuator and throttle sensor. Note that there is only one residual. The
scaling factor is chosen in the same way as for the other fault design groups. As discussed
in Section 3.1, a nonzero residual could mean that either or both components have failed.

Figures 4.6 and 4.7 show the residuals from parity equations derived for the fifth, the
brake actuator and brake sensor, and sixth, manifold air mass and temperature sensor, fault

design groups. They are similar to Figure 4.5.

4.3 Rough Road

Tests performed on the fault detection filters in this section closely follow those of the last
section except that the road is no longer smooth. The same types and sizes of faults are
used here as in Section 4.2.

To start, residuals for fault detection filter one in the no-fault case are illustrated
in Figure 4.8. Since actuator faults stimulate the nonlinear vehicle dynamics, alter the
operating point and cause all residuals to respond, plots of all residuals are provided when

actuator faults are simulated. Figures 4.9, 4.10, 4.11, 4.12 and 4.13 show each residual as a
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Figure 4.1: Residuals for fault detection filter one.
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Figure 4.2: Residuals for fault detection filter one.
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Figure 4.3: Residuals for fault detection filter two.
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Figure 4.4: Residuals for fault detection filter three.
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Figure 4.5: Residual for fault detection filter four.
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Figure 4.6: Residual for fault detection filter five.
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Figure 4.7: Residual for fault detection filter six.

separate plot for clarity.

Figure 4.14 shows the residuals for fault detection filter two derived from the second
fault group. Figure 4.14 illustrates a visually obvious contrast between cases where no fault
occurs and where a step fault occurs in the engine speed sensor, longitudinal accelerometer
and the sum of front wheel speed sensors.

Figure 4.15 shows the residuals for fault detection filter three derived from the third
fault group. Figures 4.16, 4.17 and 4.18 show the residuals for parity equations derived for

the third, fourth and sixth fault groups. They are the same as on a smooth road.
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Figure 4.8: Residuals for fault detection filter one when there is no fault.
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Figure 4.9: Residuals for fault detection filter one when a +2 deg throttle actuator fault

occurs.
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Figure 4.10: Residuals for fault detection filter one when a -2 deg throttle actuator fault
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Figure 4.11: Residuals for fault detection filter one when a brake actuator fault occurs.
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Figure 4.12: Residuals for fault detection filter one when a manifold air mass sensor fault

occurs.
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Figure 4.13: Residuals for fault detection filter one when a manifold temperature sensor

fault occurs.
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Figure 4.14:

Residuals for fault detection filter two.
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Figure 4.15: Residuals for fault detection filter three.
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Figure 4.16: Residual for fault detection filter four.
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Figure 4.17: Residual for fault detection filter five.
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Figure 4.18: Residual for fault detection filter six.



CHAPTER 5

Residual Processing

A PRIMARY OBJECTIVE of any analytic redundancy management scheme is to generate
residuals with sufficient statistics and to analyze these signals. The fault detection filters
perform this task by constraining the residual to respond in a known and fixed direction
for each fault, thereby aiding the fault isolation process. However, in the presence of
nonlinearities and process uncertainties, the directional properties of the residual process
are no longer well defined. Further analysis of the signals is needed.

In this scenario, fault isolation may be viewed as a pattern recognition problem. The
residual processor could be a Bayesian neural network whose input is the residual process
and the outputs, in some sense, approximate the posteriori probabilities of each fault
(Douglas et al. 1995). However, the Bayesian neural network, while easy to implement, is
not easily amenable to mathematical analysis. Moreover, due to feedback, the performance
deteriorates in the presence of noise at the input.

A better approach is to use a Sequential Probability Ratio Test (SPRT). We derived a

multiple hypothesis Shiryayev SPRT by adopting a dynamic programming viewpoint and
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Fault detection filter 1: | Throttle actuator

Brake actuator

Manifold air mass sensor
Manifold temperature sensor

Fault detection filter 2: | Engine speed sensor

Longitudinal accelerometer

Front wheel symmetric speed sensor
Fault detection filter 3: | Longitudinal velocity sensor
Vertical accelerometer

Rear wheel symmetric speed sensor
Parity equation 1: Throttle actuator

Throttle sensor

Parity equation 2: Brake actuator
Brake sensor
Parity equation 3: Manifold air mass sensor

Manifold pressure sensor

Table 5.1: Faults organized into analytically redundant groups.

showed that for a certain criterion of optimality, it detects and isolates a fault in minimum
time (Malladi and Speyer 1996, Malladi and Speyer 1997). The fault isolation problem is
now solved by assuming that each fault corresponds to a particular hypothesis. The multiple
hypothesis Shiryayev SPRT is described in detail in last year’s report (Douglas et al. 1996)
and in (Malladi and Speyer 1996) and (Malladi and Speyer 1997). The notation of this
chapter is the same as in Chapter 7 of (Douglas et al. 1996).

5.1 Residual Processor Design

As discussed in Sections 3.1.4 and 3.2, sensor and actuator faults are organized into the
analytically redundant groups of Table 5.1. The combined residual processes, zj € R!2,
from the fault detection filters and parity equations are considered to be the measurement
sequence for the Shiryayev sequential probability ratio test. The measurement sequence is
assumed to have a Gaussian distribution and be conditionally independent, that is, once a
fault occurs, the measurement process is independent.

There are 14 hypotheses {Hy...Hi3}, including the no-fault case. For convenience,
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Ho : No fault ‘H1 : Manifold air mass sensor

‘Ho : Manifold temperature sensor | Hs : Manifold pressure sensor

‘H4 : Throttle sensor ‘Hs : Throttle actuator

‘He : Brake sensor ‘H7 : Brake actuator

‘Hs : Engine speed sensor ‘Hg : Front wheel speed sensor
‘H1o : Rear wheel speed sensor ‘H11 : Longitudinal velocity sensor

‘H12 : Longitudinal accelerometer | His : Vertical accelerometer

Table 5.2: Fault hypotheses for residual processing.

they are listed below. Each hypothesis is a given residual probability density function. The
density functions for all hypotheses are constructed as follows. First, since the residuals
are assumed to have Gaussian distribution, the only required statistics are the mean and
covariance. Next, model a step fault as a sudden increase in the mean of the residual
process. While a ramp fault could be modelled as a gradual increase in the mean, no
hypothesis models this type of fault signature directly. Using the nonlinear simulation,
apply a design step fault of some particular size to one component at a time and compute
the resulting residual mean and covariance matrix.

It is important to state that while the hypothesis statistics are associated with a given
design step fault, the statistics remain fixed throughout all residual processor testing. The
hypothesis statistics are not recomputed when the size of an applied fault does not match

the design fault or when ramp faults are applied.

As an example, the bias vector for the design fault size in the manifold air mass sensor,

hypothesis {H1}, is

[0.197 5.226 1.799 6.595 1.639 5.504 0.448 0.533 6.620 — 0.001 0.012 1.392 |
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while the covariance matrix is

0.011
0.016
0.008
0.018
—0.001
0.008
0.002
0.005
0.018
0.0001
0.001
—0.001

0.016
11.26
0.113
0.070
0.104
0.135
—0.003
—0.015
0.072
—0.001
—0.017
—0.026

5.2 Simulations

0.008
0.113
0.158
0.575
0.205
0.721
0.033
0.037
0.577
0.0004
0.001
—0.003

0.018
0.070
0.575
2.142
0.756
2.668
0.121
0.132
2.148
—0.0001
0.003
—0.010

—0.001
0.104
0.205
0.756
0.318
1.074
0.043
0.042
0.758
0.001
0.002

—0.002

0.008
0.135
0.721
2.668
1.074
3.692
0.151
0.156
2.675
0.002
0.007
—0.011

0.018
0.072
0.577
2.148
0.758
2.675
0.121
0.132
2.154

—0.0001

0.003

—0.010

0.002
—0.003
0.033
0.121
0.043
0.151
0.008
0.008
0.121
0.0001
0.0002
—0.001

0.0001
—0.001
0.0004
—0.0001
0.001
0.002
0.0001
0.001
—0.0001
0.010
0.001
0.0002

0.005
—0.015
0.037
0.132
0.042
0.156
0.008
0.013
0.132
0.001
0.001
—0.001
0.001 —0.001 |
—0.017 —0.026
0.001 —0.003
0.003 —0.010
0.002 —0.002
0.007 —0.011
0.0002 —0.001
0.001 —0.001
0.003 —0.010
0.001  0.0002
0.010 —0.001
—0.001  0.010

The statistics of the residual process {x} are exactly modeled by the Shiryayev sequential

probability ratio test as

Under H;: z~ N(m; A;)

where m; and A; are a known mean and covariance. Therefore it is not surprising that

when a hard fault of the same magnitude as the design step fault is applied in the nonlinear

simulation, the residual processor isolates the fault almost immediately. However, real

faults have an unknown magnitude and never match the design case so it seems reasonable

to evaluate the residual processor by applying ramp faults to the nonlinear simulation.
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Manifold air mass sensor: xg derived from fault detection filter 1

Throttle actuator: 271 derived from fault detection filter 1
Brake actuator: x11 derived from parity equation 2
Vertical accelerometer: xg derived from fault detection filter 3

Table 5.3: Applied faults for residual processor testing.

To illustrate typical results, ramp faults in the manifold air mass sensor, throttle
actuator, vertical accelerometer and brake actuator are considered. Figures 5.1, 5.3, 5.4
and 5.5 show the residuals given in Table 5.3.

Figure 5.1 shows a 10 second simulation of a ramp fault applied to the manifold air mass
sensor. The size of the fault is gradually increased from zero at two seconds to the design
size of 0.07 kg/s at seven seconds. It is seen that the posteriori probability of a fault in the
manifold air mass sensor, hypothesis H1, becomes one at around five seconds.

Figure 5.2 shows the posteriori probability of a fault in the manifold temperature sensor,
hypothesis Hy. The probability increases initially, but goes back to zero as the fault size in
the manifold air mass sensor increases.

Figure 5.3 shows a ten second simulation of a ramp fault applied to the throttle actuator.
The size of the fault is gradually increased from zero at two seconds to the design size of two
degrees at seven seconds. In this case, the posteriori probability of a fault in the throttle
actuator, hypothesis Hs, increases to one at around three seconds.

Figure 5.4 shows a ten second simulation of a ramp fault applied to the brake actuator.
The size of the fault is gradually increased from zero at two seconds to the design size of
fifty at seven seconds. Here, the posteriori probability of a fault in the brake actuator,
hypothesis H7, increases to one at around three seconds.

In Figure 5.5, a ten second simulated ramp fault is applied to the vertical accelerometer.
The size of the fault is gradually increased from zero at two seconds to the design size

m

of 0.5 at seven seconds. Here, the posteriori probability of a fault in the vertical



60 Chapter 5: Residual Processing

Sensors Actuators
2 0.6
1]
g15 204
2 2
<05 Fo.2f
0 5 10 0 5 10

g
(0]
206
S
(0]
S04
3
<02
N
0 5 10
4
% 1 s 1
5 z
505 505
o 8
0 &0
0 5 10 0 5 10

Figure 5.1: Ramp fault in manifold air mass sensor.

accelerometer, hypothesis H13, increases to one at around three seconds.
5.3 Conclusions

The simulation studies clearly illustrate the efficacy of a health monitoring scheme which

blends a classical fault detection filters approach with hypothesis testing ideas.
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Figure 5.2: Probability of a fault in the manifold temperature sensor as a ramp fault in
manifold air mass sensor is applied.
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Figure 5.3: Ramp fault in throttle actuator.
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CHAPTER 6

A Game Theoretic Fault Detection Filter

THE FAULT DETECTION FILTER was introduced by Beard (Beard 1971) in his doctoral thesis
and later refined by Jones (Jones 1973) who gave it a geometric interpretation. Since then,
the fault detection filter has undergone many refinements. White (White and Speyer 1987)
derived an eigenstructure assignment design algorithm. Massoumnia (Massoumnia 1986)
used advances in geometric theory to derive a complete and elegant geometric version of a
fault detection filter and derived a reduced-order fault detector (Massoumnia et al. 1989).
Most recently, Douglas robustified the filter to parameter variations (Douglas 1993) and
(Douglas and Speyer 1996) and also derived a version of the filter which bounds disturbance
transmission (Douglas and Speyer 1995). The fault detection filter background and design
methods discussed in Appendices A,B and C of last year’s report (Douglas et al. 1996) as
well as the application to vehicle fault detection of Sections 2 through 4 all follow from
these sources.

Common to all of these sources is an underlying structure of independent, invariant

subspaces. Most design algorithms, an exception being (Douglas and Speyer 1995), rely
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on spectral methods, that is, specifying eigenvalues and eigenvectors, since these methods
lead directly to the needed filter structure. Spectral methods, however, also limit the
applicability of fault detection filters to linear, time-invariant systems and filters designed
by these methods can have poor robustness to parameter variations (Lee 1994).

For these reasons, we take a different approach to detection filter design. We look at the
fault detection process as a disturbance attenuation problem and convert the process into
a differential game which leads to the final design. The game is one in which the player is
a state estimate and the adversaries are all of the exogenous signals, save the fault to be
detected. The player attempts to exclude the adversaries from a specified portion of the
state-space much in the same way that the invariant subspace structure of the fault detection
filter restricts state trajectories when driven by faults. The end result is an Ho-type filter
which bounds disturbance transmission.

Since fault detection filters block transmission, it would seem reasonable to expect that
in the limiting case when the H, transmission bound is brought to zero, the game filter
no longer approximates, but actually becomes a fault detection filter. We will prove that
this is indeed the case. For linear time-invariant (LTI) systems, we will show, in fact,
that the game filter becomes a Beard-Jones fault detector in the sense of (Douglas 1993):
faults other than the one to be detected are restricted to a subspace which is invariant and
unobservable.

The method developed here has wider applicability than current techniques since time-
invariance is never assumed in the game solution. Thus, for a class of time-varying systems,
results analogous to the LTI case exist in the limit as disturbance bounds are taken to
zero. It is also possible with this method to deal with model uncertainty by treating it as
another element in the differential game (Chichka and Speyer 1995, Mangoubi et al. 1994).
In this manner, sensitivity to parameter variations can be reduced. Finally, by using a game
theoretic approach, the designer has the freedom to choose the extent to which the game
filter behaves as an H filter and the extent to which it behaves like a detection filter. This

flexibility is unique to this method of fault detection filter design.
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The development of game theoretic estimation closely followed the development of game
theoretic control theory. The most notable and the most cited (and most unreadable) work
in the latter was the paper by Doyle et al. (Doyle et al. 1989). The ascendant of the work
presented here is the paper by Rhee and Speyer (Rhee and Speyer 1991) which derived the
two Riccati solution of (Doyle et al. 1989) via the calculus of variations. It is hard to credit
the first derivation of the game theoretic estimator, though (Banavar and Speyer 1991) or
(Yaesh and Shaked 1993) are probable candidates.

In Section 6.1, we motivate the disturbance attenuation approach to FDI by showing
how it approximates the actions of a detection filter. In Section 6.2, we solve a disturbance
attenuation problem patterned after the fault detection process. The game theoretic fault
detection filter is a product of this solution. In Sections 6.3.1 and 6.3.2, we demonstrate

the effectiveness of the new filter with a pair of examples.

6.1 The Approximate Detection Filter Design Problem
6.1.1 Modeling the Detection Problem

The general class of systems that we will look at are linear, observable, possibly time-varying,

and driven by noisy measurements:

&(t) = Az(t) + Bu(t),

y(t) = Cx(t) +v. (6.1)
We will also assume that our state matrices have sufficient smoothness to guarantee the
existence of derivatives various order.

Beard (Beard 1971) showed that failures in the sensors and actuators, and unexpected

changes in the plant dynamics can be modeled as additive signals:
&= Ax+ Bu+ Fip + -+ Fyuy. (6.2)

Let n be the dimension of the state-space. The n x p; matrix, F;, ¢ = 1---¢q, is called a

failure map and represents the directional characteristics of the ith fault. The p; x 1 vector,
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Wi, s the failure signal and represents the time dependence of the failure. It will always
be assumed that each F; is monic, i.e. F;u; # 0 for u; # 0. We will look at F; and pu; in
more detail in Section 6.1.2, and we will show the importance of the monicity assumption
in Section 6.1.3. Throughout this paper, we will refer to p; as the “target fault” and the
other faults, u;, 7 = 2---q, as the “nuisance faults”. Without loss of generality, we can

represent the entire set of nuisance faults with a single map and vector:
&= Ax + Bu+ Fiuy + Fous.

Suppose that it is desired to detect the occurrence of the failure, pp, in spite of the
measurement noise, v, and the possible presence of the nuisance faults, puo. As described

earlier, a detection filter-based solution to this problem,

P=A

>
+
h
<=
|
Q
2

(6.3)

works by keeping the reachable subspaces of p; and po in separate and nonintersecting
invariant subspaces. Thus, with a properly chosen projector, H, we can project the filter
residual, (y — Cz), onto the orthogonal complement of the invariant subspace containing po

and get a signal,
z=H(y—Cz), (6.4)
such that
z2=0 when p; = 0 and pg is arbitrary. (6.5)
To be useful for FDI, z must also be such that
z2#0 when pq # 0. (6.6)

If we restrict ourselves to time-invariant systems, (6.6) will be equivalent to requiring that

the transfer matrix between p1(s) and z(s)! be left-invertible. Left-invertibility, however, is

Luy(s) and z(s) are the Laplace transforms of the time-domain signals pq(¢) and z(t).
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a severe restriction, and has no analog for the general time-varying systems that considered
here. Previous researchers (Douglas 1993, Massoumnia et al. 1989) have, in fact, only
required that the mapping from p1(t) to z(t) be input observable, i.e. z # 0 for any up that
is a step input. It is then argued (Massoumnia et al. 1989) that with input observability
z will be nonzero for “almost any” g, since p; is unlikely to remain in the kernal of the
mapping to z for all time.

We formulate the approximate detection filter problem by requiring input observability
and relaxing the requirement for strict blocking that is implied by (6.5). We, instead, only
require that the transmission of the nuisance fault be bounded above by a pre-set level,
v > 0:

I=1*

2]

(6.7)

Equation (6.7) is clearly a disturbance attenuation problem, and it is an H* problem if
we assume Lo norms for pe and z in (6.7). We refer to the solution to the approximate

detection filter problem as the game theoretic fault detection filter.

Remark 2. Detection filters typically make no assumptions about the time dependence
of nuisance faults. The Ly assumption that we make above is, thus, a new restriction. We
will, however, recover the full generality of the detection filter in the limiting case when we

take the disturbance attenuation bound to zero. )

Remark 3. The terms, “H,,” and “game theoretic,” are used interchangeably throughout
this chapter. Doyle (Doyle et al. 1989) showed that the solution to the infinite-horizon
linear quadratic game (Mageirou 1976) provides a fundamental solution to many H,-norm
minimizing problems, all other solutions being expressible in terms of this solution and a
free parameter?, Q. Other researchers established a direct equivalence between the two
problems by using a disturbance attenuation interpretation of the H., problem to recover
Doyle’s result with the calculus of variations (Rhee and Speyer 1991) and with dynamic

2The free parameter, @, is a real rational transfer function matrix.



68 Chapter 6: A Game Theoretic Fault Detection Filter

programming (Basar and Bernhard 1995)3. These researchers, moreover, derive significant
extensions of the H, result, obtaining solutions for finite-horizon problems and time-varying
systems. The differential game approach to solving H,, problems has since been revisited
by a number of researchers (Limebeer et al. 1992, Mills and Bryson 1994) and has led
to new results in estimation (Banavar and Speyer 1991, Yaesh and Shaked 1993), robust
control (Ghaoui et al. 1992), robust estimation (DeSouza et al. 1992, Mangoubi 1995), and
adaptive control (Chichka and Speyer 1995). The differential game approach has even made

its way into textbooks such as (Green and Limebeer 1995). e

6.1.2 Modeling Failures

In this section, we will show how to construct failure maps and signals for each type of
failure. Existing methods (Beard 1971, Douglas 1993, White and Speyer 1987) exist for
time-invariant systems. For actuator faults and plant changes, these methods can be
extended “as is” to time-varying systems. In the actuator fault case, this means that the
map is taken to be the corresponding column of the input matrix. In the plant fault case,
the map is similarly derived by pulling out the corresponding entries in the state matrix.
The failure signals in both cases can be found by choosing an appropriate time function®.
Sensor faults require a generalization of the time-invariant result. Because these failures
enter the system through the measurements, we can initially model them as an additive

input in the measurement equation:
y=Cx+ Ejpu;. (6.8)

C is an m x n matrix, and E; is an m x 1 unit vector with a one at jth position, which
corresponds to a failure in the jth sensor.

Following (Douglas 1993), we determine the sensor failure map by finding the input to
the plant which drives the error state in the same way that p; will in (6.8). This is elegantly
accomplished by a Goh transformation on the error space (Jacobson 1971). Defining the

3This approach was significantly extended by Chichka and Speyer in (Chichka and Speyer 1995).
4For example, hard failures or saturation failures can be modeled as step inputs.
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estimation error, e, as x — &, the filter residual is then

when there is no sensor noise (6.1). When a sensor failure occurs,
r=Ce+ Eju;. (6.9)

Let f; be the solution to E; = Cf;. The transformation begins by defining a new error

state,

1>

e=e+ fiu;, (6.10)

which allows us to rewrite (6.9) as r = C'é. Assuming a generic form for the observer, (6.3),
and a homogeneous dynamic system, & = Ax, we differentiate €,
€=+ fing+ fiiy
= Ae + LCe + Afjuj — Afjp; + fimg + fif)

=(A+LO)e+] f; (Afj_fj)]{ —M/Jﬁa }’

to get a differential equation for the transformed error trajectory. Clearly, the equivalent

input is one which enters the system through

F=1f f], (6.11)

where [ = Af; — f] When the system is time-invariant, fj = 0 and (6.11) will match
the time-invariant failure map given in (Beard 1971) and (White and Speyer 1987). For
our purposes, finding F} is the key result. The actual time history of the failure signal is
not important and so undue importance should not be attached to the “equivalent” input,
[ —uf ]

6.1.3 Constructing the Failure Signal

We complete our formulation of the disturbance attenuation problem for fault detection by

constructing a projector, H, which determines the failure signal, z, (6.4). For time-invariant
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systems, this projector is constructed to map the reachable subspace of the fault signal o

to zero (Beard 1971, Douglas 1993), i.c.
H=1-CF|(CF)'CF]| R, (6.12)
where
F=[A%f, ..., APf, ]. (6.13)

The vector, f;, ¢ = 1---py, is the ith column of F5, and the integer, (3;, is the smallest

natural number such that C A% f; # 0. The time-varying extension of this result is
. . -1
H=1-CE® [(C’F(t))TCF(t)} (CE@)" (6.14)

The columns of the matrix,

A~

B = [0, ... b |,

are constructed with the Goh transformation:

b (t) = fi(t), (6.15)
bl(t) = AL () — b1 (6.16)

In the time-varying case, (3; is the smallest integer for which the iteration above leads
to a vector, biﬂk (t), such that C’(t)bf’“(t) # 0 for all t € [tg,t1]. It will be assumed
that A(t),C(t), and Fy(t) are such that (; exists. Since the state-space has dimension
n, B is such that 0 < B; < n — 1. This restricts the class of admissible systems, but
such assumptions seem to be unavoidable when dealing with the time-varying case (see,
for example, (Clements and Anderson 1978)). The Goh transformation will be introduced
explicitly in Section 7.3, where we will also give an alternate representation of (6.12) and
(6.14).

We are now ready to discuss the conditions under which the solution to (6.7) will also

generate an input observable mapping from pq to z. The key requirement is that the system
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be output separable. That is, F} and F» must be linearly independent and remain so when
mapped to the output space by C' and A. For time-invariant systems, the test for output

separability is
rank [ CA%fy, ..., CA%f, , CAPfy, ..., CAP»f, | =pi+ps. (6.17)

Asin (6.13), f; is the ith column of Fy, and 3; is the the smallest integer such that C A% f; #
0. Similarly, fj is the jth column of F, and ¢; is the smallest integer such that A% fj #0.
The integer sum, p; + po, is the total number of columns in F} and F5.

For time-varying systems, the output separability test becomes

rank[c(t)ggl(t), L CbE), Copi), ..., C(t)b5§2(t)]

= p1 + P2, YVt € [to,tl], (6.18)

where the vectors, bf ‘ and Ej-j , are found from the iteration defined by (6.15) and (6.16).
The initial vector, lN)Jl, is set equal to the jth column of Fy, and b is initialized as the ith
column of F5.

The following proposition connects output separability to input observability and shows

the importance of the monicity assumption:

Proposition 6.1. Suppose that we have an approximate detection filter which satisfies
(6.7) and generates the failure signal, z, given by (6.4). If F} and F» are output separable

and F} is monic, then the mapping, u1(t) — z(t), is input observable.

Proof. The input observability of the mapping, 11 (t) — z(t), is equivalent (Douglas 1993,
Massoumnia et al. 1989) to requirement that F} be monic and that its image not intersect
the unobservable subspace of (HC, A). We have already assumed the former. To show the

latter, let us assume the converse, i.e. that there exists a vector,

&) =3 aifi(t), (6.19)
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such that
Ht)Ct)®(t,7)&1(r) =0, Vtand 7 < t. (6.20)

The vector, fi, is the ith column of Fp, and the coefficient, «;, is a real number. At least
one «; is nonzero. ®(t,7) is the state transition matrix of A(-) from 7 to ¢.

Equation (6.20) implies that & (t) € Ker H(t)C(t), since we can set 7 = t and get
®(t,t) = I. Since the vectors, fi, are independent by the monicity assumption, this implies

that

fi(t) e Ker H)C(t), Yi=1,--- ,pi. (6.21)

Now, if one of these vectors, say f;,(t), is not also in Ker C(t), then (6.21) can hold only if

C’f}o (t) is linearly dependent upon the vectors, C’bfi, which form the projector, H(t). This,

in turn, would imply that the output separability test, (6.18), will fail, which implies the

proposition. Thus, for argument’s sake, let us suppose that all the ﬁ lie in Ker C(t), so that
we can continue with the proof.

Now, because we have assumed that the underlying matrices are smooth enough to allow

for derivatives of arbitrary order, a necessary and sufficient condition for (6.20) is that the

derivatives of HC®&; be zero for all ¢ and 7. Thus,

; .
o HOC@)2(t, )& (1)) = HOC()2(¢,7) | ~A7)&(T) + &i(7) (6.22)

=Ht)C(t)P(t,7)&(r) =0, Vi,

where & S A& + €1, Again, setting 7 = ¢ in (6.22) implies that &(t) € Ker H(t)C(t).

From the definition of &; and the iteration formulas (6.15,6.16), we can rewrite £ as
& =aibi + ...+ oy b2 . (6.23)

The same arguments as before will lead us to the conclusion that either l;?(t) € KerC(t),Vj,t

or that our proposition holds. We will again assume the former for argument’s sake.
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In the general case, we consider the vector, &, which is the kth iteration of formula,

& = —A&_1+ &1, (6.24)

in which the initial vector, &1, is given by (6.19)%. We can also write & as
p1 _
&= ) aibf(t),
i=1

where b¥ is the kth step of the iteration (6.15,6.16) with b} taken to be f;, the ith column

of Fi. Previously, we saw for the case, k = 1, that

H(t)Ct)P(t, 7)éx(T) =0, Vtand 7 < ¢ (6.25)

implies
C)k(t) =0, Vi,t, (6.26)
H(t)Ct)P(t, 7)ékr1(7) =0, YVt and 7 < t, (6.27)

where &1 2 _ A& + §k is the next step in the iteration (6.24). The arguments used for
k = 1 are independent of the particular value of k, which means that (6.26,6.27) hold for
all k. Thus, by induction, we can claim that & unobservable through (HC, A) implies that
all of the vectors bi(t), i=1...n—1, k=1...p; from (6.15,6.16) lie in the kernal of C(t).
This, implies that the output separability test matrix,

culr, ., chr, o L obge |,
will fail to be full-rank. Therefore, the contrapositive argument,

image F» N Ker HC # 0 = F} and F5 not output separable,

implies our proposition. )

5Note that this formula is simply the Goh transformation.
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Remark 4. Although output separability is a necessary condition for the existence of
Beard-Jones filters (Beard 1971, Douglas 1993), Edelmayer et al. (Edelmayer et al. 1996),
show that even without output separability it is still possible to find approximate detection
filters which can distinguish the target input from nuisance inputs. There is no guarantee,
however, that this will always be the case, and our example in Chapter 8 will show that the

loss of output separability severely reduces our ability to distinguish the two faults. )

Remark 5. A property of the unknown input observer such as described by (Frank 1990,
Patton and Chen 1992, Saif and Guan 1993), and its approximations, such as the filter we
are about to derive, is the ability to distinguish only one fault out of a set of faults. In
general, this is a disadvantage when compared to the Beard-Jones Fault Detection Filter
which can identify several faults. An exception to this rule, however, is in the number of
faults which can be included in the nuisance set. In the unknown input observer, any fault
which is output separable from the target fault can be included, though a minimal set that
spans the range of the nuisance set may have to be used as the failure map in order to
preserve monicity. In a Beard-Jones Filter, all of the faults in the model will be target
faults at one point or another and so they must be pairwise output separable. This severely

limits the number of faults which can be included in a single Beard-Jones Filter®. )

6.2 A Game Theoretic Solution to the Approximate Detection Filter
Design Problem

6.2.1 The Disturbance Attenuation Problem

We now turn our attention to the disturbance attenuation problem implied by (6.7). We

begin by defining a disturbance attenuation function,

JEHC (@ — 2) )4 dt

to

t R )
2 (aall2 o + ol | de + (ko) — aoll3,

Dy = (6.28)

6In general, one can include, at most, only as many faults as there are measurements in the
system (Douglas 1993, Massoumnia et al. 1989).
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which is a ratio of the outputs to the disturbances (Rhee and Speyer 1991). Equation (6.28)
is patterned roughly after (6.7). We have added the sensor noise, v, and the initial error,
x(to) — o, to the set of disturbance signals to incorporate tradeoffs for noise rejection and
settling time into the problem. M, V, @, and Py are weighting matrices. Note that we do not
include the target fault, u1, at this stage of the design problem, since we are now focusing
on nuisance blocking. Our only concern with p; is that it be visible at the output, which is
what Proposition 6.1 guarantees.

The disturbance attenuation problem is to find the estimate, &, so that for all uo,

RS Lg[tl,tg], IE(to) S Rn,
Daf < 2

where v € R is called the disturbance attenuation bound. Since D,y is defined with Lo
norms, the disturbance attenuation problem is equivalent to a suboptimal H,, problem.
(C, A) will always be assumed to be an observable pair.

To solve this problem, we convert (6.28) into a cost function,

t1
J = /t [Hﬂc(x — )15 —v(lp2ll3—r + lly - cxuz‘v,l)}dt — ||z (to) — 2oll%,,  (6.29)

0

where we have used (6.1) to rewrite the measurement noise term. Note that we have also
rewritten the initial error weighting, defining IIo =~~'Py. The disturbance attenuation

problem is then solved via the differential game,

min max max max J < 0, (6.30)
T Yy H2 l‘(to)

subject to

T = Az + Fous, (6.31)

y=Cz+w.
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6.2.2 The Differential Game Solution

We will solve the differential game in two steps beginning with the subproblem,

maxmax J <0,
r2 z(to)

subject to (6.31) with y and & fixed. The first step in this solution is to append the problem
constraints, which are the system dynamics, (6.31), to the cost, (6.29), through a Lagrange

multiplier, A:

t1
7= [ [1HC@ = D) - (el + 1y = Cal} )

to
+ X (Az + Fopiz — )| dt — |l2(to) — o,

Integrate AT4 by parts,

t1
7= [[1HC@ = 81 = A (lnalyos + Iy = Cally) + X7 (A + Faa)

+ )\Tx} dt — ”.Z‘(to) — i‘onno + )\(to)Tx(tg) - /\(tl)TJ}(tl), (6.32)

and then take the variation of (6.32) with respect to pe and x(tg):

t1 .
§J = / { [(x —)I'CTHQHC + ~(y — Cx)TViCc + AT + )\TA] ox
to
+ |:—”y/uLgM71 + )\TFQ] (5#2}6# - )\(tl)T(Sa:(tl)

— [(a(to) = 20)™To = A(to) | (to).  (6.33)

Note that since H is a projector, H = H = H?. Equation (6.33) implies that the first-order

necessary conditions to maximize (6.29) with respect to z(tp) and po are
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1

wh = ;MFQT)\, (6.34)
A=ATN+CTHQHC(x — &) +vCTV Yy — Cx), (6.35)
A(t) =0, (6.36)
A(to) = T [:U*(to) - 550} . (6.37)

The asterisks in (6.34) and (6.37) denote that the extremizing value for the given variable is
being used. By substituting the maximizing strategy for uo, (6.34), into the state equation

(6.31), we get a nonhomogeneous two-point boundary value problem (TPBVP),

i\ A SEBMES T
Ui e 7207 {3

0
+{ CTHQHCE —ACTV 1y } (6.38)
by coupling (6.31) with (6.35). We will assume solutions z* and \* to (6.38) such that
N =T(z" — zp). (6.39)

The vector, x,, is a measurement-dependent variable which will reduce to the optimal state

estimate in the second-half of this game. If we take

TI(to) = o, (6.40)

p(to) = 2o, (6.41)

then (6.39) will match the boundary condition for A at ¢, (6.37). By differentiating (6.39)

and substituting in the equations for & and A from (6.38), we get

0= [1‘1 + AT+ TIA + %HFQMFQTH +CT(HQH - ’yV_l)C}x*

— Tz, — Hip, — ATz, - CTHQHCZ +yCTV ™1y, (6.42)
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Now, add and subtract yCTV~1C% and [HA+CT(HQH —~+V ~1)C]x, to (6.42) and collect

terms:

. |
0= [H + AT+ 1A + ;HFQMFQTH +CT(HQH — yv—l)c} (2" — 2,)
— i, + Az, — [CT (HQH — w—l)c] (& —2p) +CTV(y — Ci). (6.43)

We, thus, find that (6.39) solves the TPBVP identically if

. 1
—=ATI+ A+ ~“TIHLMFI T+ CT(HQH — 4V~ 1) C, (6.44)
Y
i, = Az, — [CT(HQH — v C|(@ - zp) +1CTV (Y — Cd). (6.45)
Equation (6.44) is clearly a Riccati equation, and its boundary condition is given by (6.40).
Equation (6.45) looks like an estimator equation, except that it propagates the intermediate
variable, z,, and not the state estimate, .

Substituting the maximizing values for us and x(to), (6.34,6.37), into the original cost

function, (6.29), gives us

— 1
J= / {ux — l2rquo — INB pyagey — 1y — Colfos [ de = INE)IBr (6.46)
0
The second half of the game is then

minmax J < 0,
T Yy

subject to (6.45). By adding the identically zero term,

t1 d
I Frgag)—1 — IAED ey +/t EH)\(t)H%—ldt =0,
0

to (6.46) and applying the boundary conditions for A, (6.36,6.37), we get

_ 1
7= [l = alraguc = IR sy = lly = Calfy

to

+ATIINT L NI+ NN | de. (6.47)
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If we substitute the differential equation for A from (6.38) into (6.47), we then have

_ t1 .
J = / {H:c — &2 pone + AT (AT =TT AT — BMES + 1171\

to

—(z—2)TCTHQHCTI N = NTI'CTHQHC (z — &)
- fy[Hy —Ca)|3 + (y— C)Tv—ton A+ A Ta ety 1y - cx)} }dt. (6.48)
From (6.44), the differential equation for II~! is

. : 1
' = -t = oA + At + ;FQMFQT

+ T 'CT(HQH — vV~ hHen™,  (6.49)
which, when substituted into the second term in (6.48), gives us

— 1
T= [N = @ = ) gne ~MCT A+ (v~ Ca)lfsJar (650
to
Substituting the optimal value for A, (6.39), into (6.50) then leads to
7 n 2 2
J = /t [Hi”_pocTHQHc_'YHQ_CfUz)val}dt' (6.51)
0

From (6.51), the minimizing strategy for & and the maximizing strategy for y are clearly

T =xp, (6.52)

I
N
g
+
2
=
Q

S
<
<
|
Q
@

z

Z(t) = o, (6.53)

which is simply the extremizing value of &, (6.52), applied to (6.45) and (6.41). II is found
by propagating (6.44) with the initial condition, (6.40).

Remark 6. The derivation presented in this section follows that presented by Banavar

and Speyer (Banavar and Speyer 1991). )
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6.2.3 Steady-State Results

In many cases, it is desired to extend finite-time solutions of game theoretic problems to
the steady-state condition. Whenever it is possible to find a steady-state solution to the
disturbance attenuation problem, the optimal estimator will be given by (6.53) with II being

the solution of the algebraic Riccati equation (Green and Limebeer 1995),
T 1 T T -1
0=A"TI+1IA + ;HFQMFQ II+C" (HQH —~V~)C. (6.54)

However, unlike the algebraic Riccati equation of linear-quadratic optimal control problems,
there are no conditions which guarantee the existence of a unique, nonnegative definite,
stabilizing solution to the steady-state Riccati equation (6.54), except in the special case

where A is asymptotically stable (Green and Limebeer 1995).
6.3 Applications

This section demonstrates the effectiveness of the new game theoretic fault detection filter

with a pair of examples.
6.3.1 Accelerometer Fault Detection in an F16XL

In this application, the F16XL example of (Douglas and Speyer 1996) is re-examined. The
objective is to detect a normal accelerometer fault in the presence of wind gusts and sensor

noise.

Aircraft Dynamics Model

The aircraft dynamics are linearized about trimmed level flight at 10,000 ft altitude and
Mach 0.9. For simplicity, a reduced-order, five-state model of the longitudinal dynamics

(including a first-order wind gust model) is considered:

T = Az + BygWyyg,

y=Cx+v.

The five components of the state vector are
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u long. wvelocity (ft/sec)
w normal velocity (ft/sec)
x = q pitch rate (deg/sec)
0 pitch (deg)
wy wind gust (ft/sec)
with the measurements,
q pitch rate (deg/sec)
B 0 pitch (deg)
Y79 A, long. acceleration (ft/sec?) (6.55)
Ay normal acceleration (ft/sec?).
The input, wyg, is windgust and v is the sensor noise. The system matrices are
—.0674  .0430 —.8886 —.5587  .0430
0205 —1.4666 16.5800 —.0299 —1.4666
A= A377  —1.6788 —.6819 0 —1.6788 |, (6.56)
0 0 1 0 0
0 0 0 0 —1.1948
Bi,=[0 0 0 0 20156 |, (6.57)
and
0 0 1 0 0
0 0 0 1 0
¢= 0.0139 1.0517 0.1485 —-0.0299 0O (6.58)
—0.0677 0.0431 0.0171 0 0

Full-Order Filter Design

Following the modeling techniques described in Section 6.1, we convert the accelerometer
fault into an input to the system,
j’. = A.T + FAzlu’Az + ng,uwgy

y=Czx+uv,
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where

0.6003 0
0.9429 —1.3706
Fy, = 0 —1.5003
0 0
0 0

In order to distinguish the accelerometer fault from the windgust disturbance, we model the
windgust as the nuisance fault. Hence, F,, is simply B,y and fi,4 is the wind gust input,
Wyg- A quick check shows that 4 and F,, are output separable. Finally, we generate the
residual projector, H. Since C'F,,; = 0, we must go through the Goh iteration one time to

find that
F = AF,,.
The projector is then
H = I = CAFyy|(CAF,) CAFy,| T CAF,)T

0.5330 0 —0.4982 —0.0264 (6.59)
0o 1 0 0

—0.4982 0 0.4685 —0.0281

—0.0264 0 —0.0281 0.9985

The full-order filter design problem boils down to finding a solution to the game Riccati
equation, (6.44), that leads to acceptable filter performance. Acceptable, in this example,
means that the filter transmits the target fault and attenuates the nuisance fault so that
there is good separation between the respective transmission levels. Since the inverse of I1
is used in the filter gain, we directly solve for this inverse using the steady-state version of

(6.49),
0=1"1A"T 4 AT~ ! + %FQMFJ + 00T (HQH — Vv Hon (6.60)

with
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y=5x10"7, Q=M=1, ~'V= (6.61)

SO O =
O O = O
—
=

The solution to (6.60) is

0.000001  —0.000050 —0.000053 —0.000000  0.002291
—0.000050  0.001603  0.001661  0.000009 —0.077892
I =10° x | —0.000053 0.001661 0.001704  0.000010 —0.088760 | . (6.62)
—0.000000  0.000009  0.000010  0.000000 —0.000020
0.002291  —0.077892 —0.088760 —0.000020  9.219357

The peculiar form of v~V is necessitated by the fact that, in the true system, the target

fault is a sensor fault which appears in the measurements,
y=Cx+ FEa pa_,
and, as a result, directly feeds through to the failure signal:
z2=H(y—C%)=HCe+ HE4, pa,.

Analysis

The effect of this feedthrough can be seen in Figure 6.1, which is a plot of the singular values
of the transfer function matrix between 114, and 4 and the failure signal, z. As Figure 6.1
shows, the direct feedthrough of the target fault prevents its transmission from rolling off
at higher frequencies and detrimentally effects its DC gain, as evidenced by the dashed-dot
line which depicts the performance of a filter designed with y~'V = I. By choosing v~V
as in (6.61), the contribution of the accelerometer channel is minimized because its gain and
bandwidth are kept small. In terms of detection performance, it can been seen that that
the filter does a good job of separating the target fault from nuisance fault transmissions
when the filter is designed with the weightings, (6.61).

Our choice of YV 71, (6.61), and the solution IT~!, (6.62), to (6.60) also result in high-gain

feedback for the other sensor channels (see Remark 6.3.1). High gain means high bandwidth
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Singular Value Plot of Game Theoretic Filter
0 T T T T T T T T T

Magnitude (db)
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Figure 6.1: F-16XL example: singular value plot of accelerometer fault transmission vs.
wind gust transmission (solid line - output due to p4_; dashed line - output due
to ftwg; dashed-dot line - output due to pa, for filter with vV =1 =1).
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which works against our ability to quench noise coming through these channels. As shown
in Figure 6.2, sensor noise is transmitted to the failure signal at distressingly amplified
levels. Ideally, we would like to be able to reverse this situation, i.e. keep the high gain on

the accelerometer channel and turn down the gain on the other channels to reject noise.

Singular Value Plot of Game Theoretic Filter
20 [ A A A A A A R A A

Magnitude (db)
&
o
T
I

00 [t T g b :

-120} > .

-140 * s i
10 10 10° 10 10
Frequency

Figure 6.2: F-16XL example: target fault transmission vs. sensor noise transmission (The
solid line represents the accelerometer fault and the dash-dot line represents
sensor noise from all four channels. The dashed line is the windgust input).

It should be noted that, with a different measurement suite, we might be able to mitigate
the detrimental effects of the direct feedthrough term. With our current measurement set,
(6.55), there are no other sensors that can observe the portion of the state-space covered
by accelerometer, and so there is nothing to compensate for the loss of this measurement.
Thus, augmenting the sensor set may be needed to improve our ability to health monitor
the system. This, of course, reduces some of the advantage to using analytical redundancy.

Finally, we note that we may not always be able to choose such an extreme form for

7~V and still get a solution to the game Riccati equation. In those cases, one simply
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has to do the best that one can and rely on residual post-processing to help with failure

identification.

Remark 7. The result that our solution is a high-gain filter, while not predicted, should not
be altogether surprising; since, as we will show in Chapter 7, we are asymptotically imposing
an invariant subspace structure on our filter. Previous work on asymptotic structures,
such as “almost invariant subspaces” (Willems 1981) and “almost disturbance decoupling”

(Ozcetin et al. 1992), also report high-gain feedback. @

6.3.2 Position Sensor Fault Detection for a Simple Rocket, A Time-Varying
System

In this section, we present, quite likely, the first example ever given for detection filtering
applied to a time-varying system. Our example is taken from (Rugh 1996) and is a rocket
moving in the vertical plane. The problem is to detect a fault in the rocket position sensor

without triggering a false alarm due to uncertainty in the rocket motor mass rate.

Rocket Dynamics Model

Consider a rocket moving in the vertical plane with height, h(t), and velocity, v(t). The

rocket is propelled against gravity, g, by thrust generated from expelled fuel mass:

Fthrust = _‘/eu(t)a

u(t) = 1i(t).

The variable, m, is the rate of change of the mass due to spent fuel, and V, is the exit
velocity of the fuel through the nozzle.
Kinematics gives us h(t) = v(t), and Newton’s Second Law of Motion gives us

Veu(t)
m(t) -

o(t) = —g+

. A A A
Defining 1 = h, x2 = v, and 3 = m, we get
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l"l (t) o (t)
ia(t) § = f() = | —g+ Veu(t) fas(t) (6.63)
a3(t) u(t)

as our state equation. If we assume that the mass rate, u(t), is nominally a constant, i.e.

u(t) = ug, then integrating each of the state equations in turn gives us

g42 mo Ve U ” u
z1(t) —5t +£—0[<1+m—%t> ln<1+m_%t> m_oot:|
;Qgg = —gt+ Ve In (1 + ;—%t) (6.64)
3
mo + ugt

as the nominal solution to (6.63). The scalar constant, my, is the initial mass of the rocket.
If the true mass rate of the rocket, however, is u(t) = ug + du(t) (where du is some “small”,
time-varying perturbation), then the system will be perturbed away from the nominal state,
ie. z(t) = z(t) + d0x(t). Using a Taylor expansion of (6.63) about (6.64) and neglecting
terms higher than first-order, we find that the behavior of the system about the nominal

trajectory can be described by

0 1 0 0

. Veu Ve
T = 0 0 —m 5:E(t) + otk (5u(t)

0 0 0 1

For this example, we will assume that we have sensors that measure the height and velocity

of the rocket so that
1 00
y(t)—[o 1 0]533.
With these measurements, our system is observable.
Full-Order Filter Design

Suppose that we want to detect a position sensor fault in spite of uncertainty about the
mass rate input, u(t). We can apply the game theoretic detection filter to this problem by

treating the perturbation, du(t), as the nuisance fault:
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0
By(t) = { ey v pa(t) = u(d).

mo—+uot

1

To check for output separability, we also need to find the failure map for the position sensor

fault. As described in Section 6.1.2, we begin with
y=Cx+ Ep,

where ET = [ 10 ] The first column of the sensor failure map is found as the solution

to the equation,
E=Cf.

It can easily be verified that f7 = [ 100 ] The second column is found from Af — f,
which in this case turns out to be zero. Thus, we only need a single column failure map for
the position sensor. The output separability test is then

M(t) = [ CF, Cf]—[ 9 H

mo-+uot

which is full rank so long ugt # —mg (note that ug is a negative quantity since it represents

the rate of mass loss). Finally, we get

-1
H=1-CF, [(CFQ)TCFQ] FreT
(10 0 (mo + uot)? 0 Ve
1o 1 - Ve V2 mo—+uot

mo—+uot e
(10
100

as the failure signal projector.

The detection filter is obtained by propagating the equations,
o0& = Aok + PCTV Y (y — Co1),

P=PAT t AP -CT(V™' —HQH)C + lFQMFQT.
Y



6.3 Applications 89

A failure is then declared whenever the failure signal,
z=H(y— Coz),
exceeds some a priori chosen threshold. After some trial and error, the following values for

the weighting matrices were chosen:

10 0 O

vz['g 025}, Q:['%l H Pt)=1] 0 10 0 |, M =10,000,
' 0 0 10

along with v = 0.25. The initial conditions were arbitrarily picked to be

0 0
Sr(t)) =4 0 %, e(to) =4 —0.3 . (6.65)
0 0.2

A nonzero initial error state was chosen to demonstrate the filter’s convergence properties.
The physical parameters of the rocket were taken from (Sutton 1986, pg. 263—264) and are

the characteristics of the first-stage Minuteman Missile Motor:

b — ft
mo = 50,550 1b — mass, up = —855 —— A% V, = —5180 —-.
Sec sec

Q@ and V were chosen to maximize the low frequency transmission of the target fault;
though, in this example, we were limited in our choices for @) and V' by the existence of a
finite escape time for the Riccati solution. The escape time turned out to be a function of

these weightings.
Analysis

The rocket dynamics along with the filter were simulated from ¢ty = 0 seconds to t; = 25
seconds. In Figure 6.3, the response of the failure signal generated by the time-varying
game theoretic fault detection filter is displayed for a hard failure of the position sensor at

t = 10 seconds and for a step bias in the mass rate also occurring at ¢ = 10 seconds.



90 Chapter 6: A Game Theoretic Fault Detection Filter

x107* Failure Signal Response to Nuisance Failure (Mass Rate Bias)
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Figure 6.3: Rocket example: failure signal response (failures occur at ¢t = 10 seconds).

The detrimental effect of the direct feedthrough can clearly be seen in this figure. The
response to the target fault has a transient quality which dies away noticeably after ¢t = 15
seconds. The magnitude of the target fault response, however, is still quite a bit greater
than the nuisance fault transmission and remains so for a substantial period of time. Thus,
a reasonably designed post-processing scheme should be able to detect and declare a sensor
fault. We should note that, as with the previous example, a different sensor suite might
improve our ability to detect a position sensor fault; since, with the current set, the position
bias is unobservable to the velocity sensor.

The initial response at the beginning of Figure 6.3 is the transient response of the filter
to the nonzero initial condition, (6.65). It must be noted that in this example the Riccati
matrix loses definiteness past ¢ = 50 seconds. For this application, however, this may not

be a liability, since the rocket motor is on for only a brief period of time.



CHAPTER 7

The Asymptotic
Game Theoretic Fault Detection Filter

THE ASYMPTOTIC PROPERTIES of the game theoretic fault detection filter are examined
in this chapter. In Section 7.1, we show how the limiting case disturbance attenuation
problem can be made into a singular differential game. In Section 7.2, we derive sufficient
conditions for a nonpositive cost in the original game and in the singular game. These
conditions turn out to be the key to our understanding of the asymptotic game theoretic
fault detection filter. In Section 7.3, we solve the singular game; and, in Section 7.4, we
explore the relationship between this solution and a pair of long standing detection filter
structures: the unknown input observer and the reduced-order residual generator. The
latter we accomplish by deriving our own reduced-order filter out of the singular game
solution. We conclude in Section 7.5 by returning to the example of Section 6.3.1 and

applying the new reduced-order filter.
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7.1 Finding the Limiting Solution: Singular Difierential Game Theory

We motivated the disturbance attenuation problem of Chapter 6 by formulating it in such
a way as to approximate the detection filter problem. It is clear, however, that when the
disturbance attenuation bound is zero the two problems are equivalent. It is logical to
then ask whether the solution to the disturbance attenuation problem likewise becomes a
detection filter at this limit. The answer to this question is by no means obvious, since it
is not clear that a limiting case solution even exists.

It is a well-known phenomena of game Riccati equations such as (6.44) that positive
semi-definite, symmetric solutions exist only for values of v larger than a critical value, veyit.
This would seem to immediately imply the nonexistence of limiting solutions. However, we
can prevent the onset of the 7. it phenomenon by taking the weighting, V', to zero along
with ~y so that their product, vV ~!, does not disappear in the limit. This, in and of itself,
does not resolve the existence question, but it does turn the limiting case problem into a
singular optimization problem since the game cost loses the input term, |[u2|2,_:, i.e.

t1
I = lim J = /t [Hx R —— cx||2v_1]dt —lz(to) — (1, (7.1)
0

We define V1 = lim .o 'yV_l and I, = lim_o Ily. This is a problem that we can solve.

Remark 8. Singular optimization theory has a rich legacy dating back to the beginning
of the modern control period. Much of the work from this period is summarized nicely in
the book by Bell and Jacobson (Bell and Jacobsen 1973), which is the source for many of
the singular optimal control techniques that we will use in this chapter. We should note
that a significant portion of this book originally appeared in (Jacobson and Speyer 1971).
Other important summaries from this period can be found in the survey article by Jacobson
(Jacobson 1971) and in the book by Bryson and Ho (Bryson and Ho 1975). The original
work on singular estimation, is due to Bryson and his students (Bryson and Johansen 1965,
Mehra and Bryson 1968). In more recent times, singular optimal control theory has taken

on a geometric flavor, e.g (Schumacher 1985, Stoorvogel 1991, Willems et al. 1986). ]
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7.2 Conditions for the Nonpositivity of the Game Cost

In this section, we will determine the properties of the limiting case filter by converting the
nonpositivity condition on the game cost, (6.30), into an equivalent linear matrix inequality
condition. The latter falls out when we manipulate the cost function to look like a simple
quadratic,
t1
J(&,2(t0), po,v) = 3 ¢rweat.

The vector, £, consists of linear combinations of the game elements. Nonpositivity of the cost
then hinges on the sign definiteness of W. In singular optimal control theory, W is called the
“dissipation matrix,” because its nonnegative definiteness ensures that the system will be
dissipative (Bell and Jacobsen 1973, Clements and Anderson 1978, Schumacher 1983). For
our purposes, W needs to be nonpositive definite, or opposite in sign to the dissipation
matrix, in order to guarantee a nonpositive game cost. A nonpositive game cost, in
turn, implies that the disturbance attenuation objective is satisfied, giving us a sufficiency
condition for an attenuating solution.

This sufficiency condition, however, is strongly tied to the game solution. Results from
the game solution are used! in several places to construct W, and the sufficiency condition
is really nothing more than the first half of the saddle point inequality that is implicit in

every differential game,
J(&", 2 (to), p2, p3,v) < J(&%, 2" (o), o, 13, v*) = 0 < J(Z, 2" (to), p3, 13, V™).

As before, the asterisk indicates that the game optimal strategy is being used for that
element.

We begin by appending the dynamics of the system, (6.31), to the cost, (6.29), through
the Lagrange multiplier?, (z — 2)”1I:

'One can think of this as 4 playing its optimal strategy before the adversaries get to play theirs.
2Note that this form of the Lagrange multiplier comes from the TPBVP solution in Section 6.2,
(6.39).
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t1
7= | le = erngne ~Alualiss ~ Ay~ Colfa +
0

( — 2)TTI(Az + Faps — 55)] dt — |[a(to) — dollZ,. (7.2)

Add and subtract (z — #)TTIA% and (z — )71z to (7.2) and collect terms to get

t1
J = / {Hx - i’H2HA+cTHQHc - ’YHNZH?\/F1
to
— Ay = Cx|} i + (2 — &) Ty — (x — &) (2 — &)
+(z—2)T [HA:@ - Hgé} }dt — [l (to) — dol|Z,
Integrate (z — &)TTI(& — 2) in the above by parts and substitute the state equation, (6.31),

into the appropriate places. Add and subtract £7 ATTI(z — #) to the result and collect terms

to get

t1
7= [ {1 =20y e e = el
+ (z — &) Fops + p3 Fy Iz — &) — ylly — Cx|l5
. . T
+(@—a)T [—ch + HAfc] + [—ch + HA:;;} (x — 2) }dt
~ Jla(to) = #ollZy ey — o) — EDI3,) (73)

Finally, by expanding ||y — Cz||?._, into ||(y — CZ) — C(z — 2)||}_, and collecting terms,

(7.3) can be rewritten as

t1
J = /to {HZE — i“l%[+HA+ATH+CTHQHC - 7”/-‘1‘2”?\/[*1
+ (x— ﬁ:)THFz,lQ + ugFgH(x — &) —|ly — Ci”%/,l
+ (e —2)" [—Hy'?: + 1Az +CTV L (y — Ci)}
; Ty, —1 T

= ll(to) = Zollft,—11(e0) — N2 (t1) = &(t1)Ifye,y- (74)
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Using the estimator equation, (6.53), we can eliminate the third and fourth lines in (7.4).

The remainder can then be compactly written as

t1
7= [ wame =l = Calf 1]t ~ latto) = ol -y ~ ottr) = a(61)

to

where

and

A [T+ AT+ TA+ CT(HQH — VYO 1IF,

W(Il) = F2TH —')’M_l (7.5)
Thus, for matrices II > 0 such that
W(II) <0,
Iy — I(to) > 0, (7.6)
I(t1) > 0, (7.7)

we will have J < 0. For v > 0, it is easy to see that the Riccati equation, (6.44), of the
previous section is embedded in W (II)3; but, unlike (6.44), W (II) can be evaluated in the
limit, v — 0. In fact, from (7.5), it is clear that the sufficient conditions for the limiting

case cost, J* (7.1), to be nonpositive are:

IIF, = 0, (7.8)

I+ A"+ 1A+ CT (HQH - V1) C <. (7.9)

The boundary conditions are (7.7) and a modification of (7.6) to account for a possible
jump in the value of II from ¢, to t§ (we will show this in the next section).

3In fact, the solution of (6.44) is the solution of W(II) which minimizes its rank
(Schumacher 1983).
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Equation (7.8) clearly shows that, in the limit, the Riccati matrix, IT, obtains a nontrivial
null space which contains the image of the nuisance map, F5. Moreover, those familiar with
singular optimal control theory will recognize (7.8) and (7.9) as conditions seen previously

for the singular linear quadratic regulator (Bell and Jacobsen 1973).

7.3 The Solution to the Singular Difierential Game

In this section, we solve the singular differential game obtained in Section 7.1. The key
result will be a Riccati equation for the limiting case problem. We will find, in subsequent
sections, that the solution to this equation is central to understanding the structure of the
limiting case game theoretic fault detection filter.

To get our Riccati equation, we must recast the limiting case problem to look like
the differential game solved in Section 6.2. This is done with the Goh transformation,
which is the same technique that was used in Section 6.1 to construct various elements of
the disturbance attenuation problem. The transformation begins when we define a new

nuisance fault vector, ¢, and a new state vector, aq:

A [t
o1(t) = / pa(T) dr, (7.10)
to

A

()é1:£U—F2¢1. (7.11)
Differentiating (7.11) gives us

&1 = Aaq + Bi¢, (7.12)
B2 AR, — B, (7.13)

Equation (7.12) is the new state equation. The need for the subscript on B; will become

obvious later. Substituting (7.10) and (7.11) into the limiting case game cost (7.1) gives us

t1
J' = /t [Hoﬂ - f”%'THQHc —|ly — Cal”%’/fl
0
+ (y — Ca)'VTICFp + ¢l Ff CTV L (y — Cany)

- Hﬁ”fwgcw—lc& dt — |l (to) + F21(tg) — dollfy, (7.14)
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At first glance, the term, ¢;(fJ), may seem odd, since ¢;(t) is defined to be the integral
of uo from ty to t. However, uo need not be an Lo function, or even a function at all,
since it no longer appears in the game cost, (7.1). Thus, we must be able to account
for impulsive jumps in ¢; at tg. Classical results from singular optimization theory, in
fact, contain many examples of control inputs (Bell and Jacobsen 1973) or state estimates
(Bryson and Johansen 1965, Mehra and Bryson 1968) that are impulsive at the initial time.

If FQTC'TVAC'FQ > (0, we have a new differential game,

min max max max J* <0,
z Y b1 al(to)

subject to (7.12). This is the essentially the same game that we examined in Section 6.2, the
only difference being new cross-terms between the nuisance input and measurement noise.
We should note that we are only able to recover the game from Section 6.2, because the
projector, H, (6.12,6.14), has been constructed so that HCF, = 0. Without this property,
there would be cross-terms involving & and ¢; in the cost, (7.14), which changes the game.

Begin by appending the state dynamics (7.12) to the cost (7.14) with a Lagrange

multiplier AT

t1
7 = [ los =l gne = Iy = Carllos ~ 1l orp-sc,
0
+(y— Ca))"VTICFR1 + ¢ Fy CTV ! (y — Can)

+ A (A + Bigy — én)|dt — [len (to) + Fachn (1) — dollf, - (7.15)

By maximizing (7.15) with respect to aq (o) and ¢1, the first-order necessary conditions are

AN=—ATA+CTVICF¢1 — CTV Yy — Con) — CTHQHC (o — &), (7.16)

¢1 = (FFCTVICR) ' BI A+ (FJCTVICR) ' FfCTV " (y - Can),  (7.17)

A(tg) = Tlo [Oél(to) + Fap1(to) — iﬁo} : (7.18)
At1) =0,

qbl(tg) = FQTﬁoFQ)_lFQTﬁO [Ozl (to) - fo} (719)
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Note that (7.19) results when we maximize the initial error term, ||ovy (to)+Fad (t]) — %o ||2ﬁ0,

with respect to ¢1(tg). Substituting this term into (7.18) gives us
- = = 175 X
At = [Ho — TloFy (FI T Fy) ™' FY Ho} (1 (to) — o). (7.20)

Using (7.17), we can rewrite our state equation, (7.12), and our co-state equation, (7.16),

as

d1 =[A = Bi(FfCTVICR)  F TV Cl
+ B (S CTVICR) ' BIA + By(F CTVICR) 'R CTV Yy, (7.21)
. _ _ T
A=— [A ~ B (FQTCTV—lcFQ)*FZ,TCTV—lc} A— CTHQHC(a — )

—cT [V*l — VCRy(FY CvaloFg)*lFJCval} (y— Ca). (7.22)

It will turn out that our notation can be greatly simplified if we rearrange the term in

front of (y — Ca) in (7.22),

VI VICR(FICTVICR) T R CTY !
(7.23)

=V I - VACR(F CTV I CR) T R CTV |V

(NI

Since the term inside the square brackets on the right hand side of (7.23) is a projector, we

can rewrite (7.23) as

VI VTICR(F CTVICR)

Frotv—t
:V—%[ Vi CR(FICTVICOR)” FQTCT %]
x [[-V3CR(F TV ICR) ' F

Pulling the V=2 terms through the projectors and in towards the center gives us
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VI VTIOR(FCTVTICR) T R CTY !
=[1-VIeR(F "V IoR) T F O]
x 71 [I _CF (FQTCTV—lch)‘lFQTCTV—l}
=H' VA,
where we have defined

HET1-CR(FICTVCR) ' FfcTv1, (7.24)

Aside from greatly condensing our equations, H has the same effect as a projector since it
is idempotent, i.e. H =T Thus, its eigenvalues will be either one or zero. H, in fact,
maps vectors onto the same subspace as H, since HCF, = 0. If V is of the form, vI, then
H is identically H. This becomes evident if one looks at (6.14) or (6.12) and substitutes Fb
in for F.

Using (7.24), we can write (7.21) and (7.22) compactly as a two-point boundary value

problem,

{ én }_ A By (FfCTV-CFR) ' BT
A | CTHE'VH - HQH)C —a'

aq
A
B, (FfCTV-1CF) ' FLCTV 1y
+ T(\Ty/ —177. T -, :
~CT(H)TV-"Hy + CTHQHC?

The matrix A is defined to be

1>

A= A- B (FfC™VieR) T H cTvle.

If we assume a solution of the form,
A= S(a1 — ap), (7.25)

where «,, is analogous to z;, from Section 6.2, then differentiating (7.25) gives us
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—$=8[A-Bi(F TV ICR) R CTVC]
_ _ T
+[a-Bi(F TV IoR) TR ¢V e s
=1 —_

+CT(HQH —H V'H)C + SB, (F{CTV-'CF) 'B'S  (7.26)

and

Séy, = SAay, + SB (FYCTV\CF) ' F CTV - (y — Cay,)

+CTHQHC (o — &) + CT(H)T'V ' H(y — Cayp) (7.27)

with the boundary conditions,
S(t§) = Mo — Mo Py (FY Mo )~ F T, (7.28)

ap(ty) = do-
The boundary conditions fall out when we match (7.25) with the boundary condition for A
at t§, (7.20). Note that

S(t) Py = Mg Fy — Mg By (FY TigFy) ™ FY Mg Fy = Ty Fy — o Fy = 0, (7.29)

which shows that S(t) takes an impulsive jump at ¢y. Equation (7.26) is sometimes referred
to in singular optimal control literature as the Goh Riccati equation. The existence of the
game optimal estimator, (7.27), will hinge upon the existence of a nonnegative definite,
symmetric solution to this equation. To get the final form of (7.27), we need to solve the

second half of the game,

min max J* < 0,
T Yy

_ t1
e / (llar = &l mome = ly = Canllry g

~ s = pls, oy 7

— [lea (t5) — ':%0HﬁofﬁoFg(FgﬁoFQ)_ngﬁo'
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J* is the singular game cost, (7.14), with the extremizing value of ¢ - including ¢ (tJ) -

substituted into the appropriate places. For simplicity, we define

so that the game is now

min max J* <0,
€ v

— t1
St = /t [H€HCTHQHC — olgrg gz = WPllsyrrorv-iom)-1prs)dt
0

- ”f(ta_)Hﬁo—ﬁOFQ(FgﬁOFQ)ingﬁ07 (730)

subject to

St = S(a1 — cp)
- {S[A — B\(FYCTV\CR) T E CTV*C} + 8B, (FfcTVCR) 'BlS
+CT(HQH — FTV_lﬁ)C}f —~CT(@TV'Ho - CTHQHCe. (7.31)
After appending (7.31) to (7.30) through the Lagrange multiplier, ¢/”, and taking the first

variation, we find that the first-order necessary conditions to extremize the cost with respect

to € and 7 are

0=CTHQHC(é — 1), (7.32)
0=H VYH®+ C#), (7.33)

S :S[A _B (Fgch—lom)*ngch—lc] "
+ By (FYCTV'CR) ' BT S7,  (7.34)

0 =(Tlo — TP (Ff o) ™' FF Tho ) [w6(t) — #(53)] (7.35)
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Because of (7.28), (7.35) can be rewritten as
0= S [wed) - 78] (7.36)

Using (7.31-7.33), we get

Si = {S[A - Bi(Ff CTV'CR) R ¢V
+ 5By (FQTCTV_lch)lBlTS}f
+ [CT(F)TV‘lﬁC - CTHQHC] (7 — ). (7.37)
Equations (7.36) tells us that
Y =7 mod KerSa‘ct:tar
which implies that
¢ =7 mod Ker HC (=Ker HC) at t = t{,

since Ker S = Ker HC at t = tg (7.29). Equation (7.37), therefore, simplifies to

St = S|A- Bi(Ff TV 'CR) T F CTV e

+ 8By (FY CTX_/*lCFg)_lBlTS} P(7.39)
at t = t&, which is the same equation as (7.34). Hence,
=7 mod KerS

over the entire time interval since they are equal (mod ker S) at tar and are propagated by

the same equations for ¢ > ta' . This means that

é=7 mod KerS, Vt,
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which implies that
Z=a, mod KerS, Vt.

The optimal estimate is, thus, given by

-1

Si = SA& + SBy (FJCTVICR) ' FICTV\(y — C#)

+ CTH)'VH(y - C#), (7.39)

where S is the solution of (7.26). While it is possible to generate an estimate from (7.39)
in full-order form, it may not be practical since S is not invertible. We will see in the next
section, however, that an easily implementable reduced-order estimator can be derived from
these results.

If Ff CTV~=1CF; fails to be positive definite, we will still have a singular problem and our
results from above will be invalid, since (7.26) requires that the inverse, (Ff CTV=1COF,)~L,
exists. We must, therefore, continue to transform our problem until it is nonsingular. The

way we proceed, however, depends on the type of singularity that we are dealing with.

1. If FQTCTV*10F2 is totally singular, i.e. equal to zero, we can repeat the Goh

transformation,
t
¢2(t) = [ ¢1(7)dr,
to
ag = a1 — B¢y,
G = Aag + Baga,
By = AB; — By, (7.40)
since we have the same problem that we started out with.

2. If Ff CTV~1CFy is only partially singular, that is, singular but nonzero, we can always

assume that this quantity takes the form,

Tor—1 Q0
RCTV CFQ_[ g 0},
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where @), is positive definite. This assumption is reasonable since we can reshuffle
the state-space if needed (Moylan and Moore 1971). In fact, we can also group the

nuisance input, ¢;, accordingly:
&1 = Aar + Bigf + B¢},

so that the game cost is singular with respect to qb?, but not ¢¢. The transformation

proceeds on qSI{ only:

t
#(t) = t 1(7) dr

s = a1 — BYgh.
The new input matrix is then
By=[ B} AB*'-B} ], (7.41)

and the new game is formed as before.

In both cases, we can stop with the transformation process if Bf CTV~1CB; is positive

definite. Otherwise, we must continue the transformation in the appropriate manner. When

we finally get a By such that Bgﬂ_lCvalCBk_l is positive definite, the differential game
will be

min max max max J* <0,

x Yy o) Oék;(to)

t1
7 = [l = 1 guo = Iy = Canli

0

+ (y — Cop) TV ICB_1p + L BE . CTV Yy — Coy)

- ||¢kH2B}{71C'TV*ICBk,1 dt — ||ak(t0) +§¢(t6r) - j()”%[()?

subject to

ar, = Aoy, + Broy,
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where
a =+ Fg?)(tar).

B is a matrix formed by eliminating the redundant columns of the composite matrix,
[ Fy, -+ Bp_ ], and qg(tg) is the corresponding vector, [ ol o ol }T, with the
redundant elements eliminated. These columns and elements must be removed to avoid
accounting for the same signal more than once. The potential for repeating elements
exists, because in the partially singular case the columns of B;_; which correspond to
the nonsingular inputs (denoted Bf) are simply carried over unchanged to the next input
matrix, Bj, e.g. (7.41).

The corresponding Goh Riccati equation for the general problem is
_§=4 [A _ By (B,f_lcTV—ICBk_l)‘1B,”{_10T17—10}
_ _ _ T
+ [A — By(BF_,CTV'CBy_1) 1B,{_1CTV—1C} S
+CT(HQH —H' V~'H)C + SBy(BI_,CTV'CB_1) 'BfS (7.42)
with the boundary condition,
n = = = =T= —\ —1=T=
S(ty) =1Ip — o B(B HOB) B Tlp. (7.43)
The general form of the estimator is

S3 = SA% + By (BL_,CTVCBy_,) ' BL_,CTV \(y - C#)

+ CT(ETVHy — C1). (7.44)

Implicit in the general form of the Goh Riccati equation is the assumption that the
projector, H, will be such that HCB; = 0, Vi < k — 1, where k is the iteration step which
leads to a nonsingular problem. If one examines the construction of H, however, he will
see that this is always indeed the case. Bj_; is constructed by operating on the columns of

the nuisance map, Fb, with the Goh transformation until they lie outside the kernal of C
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(7.13,7.40,7.41). This is the same way that the matrices, F or F(t), from the definition of
H, (6.14,6.12), are derived. Thus, one could equivalently define H as

—1
H=1-CBp, [(CBk_l)Tch_l} (CBy_1)T
and H as
_ _ —1 _
H=1-CBy [B,{_lcTV—chk_l] BI .cTy1, (7.45)

We can relate the Goh Riccati equation to our game Riccati equation and to the limiting

case analysis through the following theorem taken directly from (Bell and Jacobsen 1973):
Theorem 7.1. The solution to (7.42), S, is such that

SB;,_1 =0, Vt e [to,tl], (7.46)

S+SA+ATS+ 0T (HQH -V 1)C <o. (7.47)

Proof. Rewrite (7.42) as

S+S5A+ATS+ CT(HQH ~H V-'H)C =
— SBy(BE ,CTV10B_1) ' BES + SBy(BL ,CTV OBy ) T BE 0TVl

+CTV OBy (BI_,CTV™'CBy_,) 'BFS. (7.48)

Using (7.45), we can expand H in (7.48) and collect terms to get

$+S5A+ATS+ CT(HQH ~ V)€ = ~[SB, — CTV'CBy 4|

x (B, CTVCB) [ BES - B, CTV 0| (7.49)

Equation (7.49) clearly implies our first claim, (7.47). To prove our second claim, (7.46),

we first rearrange (7.49) as
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§ = —SA— ATS ~ CT(HQH — V™')C ~ [$By — CTV'CBy 4|
X (Bg—lchichkfl)_l [B;?S— BF .cTv-tic|. (7.50)

Multiply both sides of (7.50) by B{ | and then subtract BkT_lS from both sides of the result

to get

—-Bf \§-Bl ,S=-Bl ,SA-BI S+ Bl ATS
Bl TV lo - [B,{_ISBk - B,’{_ICTV*CB{_J
x (BL_,cTv Bt [B,{S - B,{_ICTV*C] .

If we collect terms, making use of the fact that By = ABp_1 — Bj_1, we get

d
L (BL 18] =

- B,{_ls[A + B(BF,CTVICB,) N (BLS - B,f_lCTV_lC)} . (7.51)
Equation (7.51) is a homogeneous differential equation in the B} |S. The boundary

condition to (7.51) is derived from (7.43), where we make use of fact that S(tJ) is a projector

that maps Bj_ to zero since B contains the columns of Bj_i:

= = = =T= —\—1=T
Bl_,S(td) = B}_ iy — B[_1lyB(B 11yB) B Iy = 0. (7.52)
Equations (7.51) and (7.52) together imply (7.46). e

The same arguments used to prove Theorem 7.1 are used in (Moylan and Moore 1971)
to show that (7.46) implies SF = 0, V¢t € [to, t1]. Hence, the Goh Riccati solution satisfies

all of the sufficient conditions for nonpositivity.

Remark 9. Equations (7.19) and (7.52) show that the nuisance input acts impulsively at

to to move the error trajectory onto the singular arc defined by (7.46). The projector, H,
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restricts z to this singular arc so that the transformed game becomes the same game that
was solved in Section 6.2, except restricted to the singular arc. In this sense, S is the limit

of IT on the singular arc. )

Remark 10. The requirement that Bl CTV~1CB; be invertible is the Generalized
Legendre-Clebsch Condition (Bell and Jacobsen 1973). Note that taking V' to zero along

with v so that 4V ~! has a nonzero limit is crucial to satisfying this condition. )

7.4 The Relationship Between the Limiting Game Filter and Detection
Filters

7.4.1 A Reduced-Order Detection Filter from the Limiting Game Solution

The results that we will present in this subsection are most easily derived for time-invariant
systems. We will, therefore, limit ourselves to this case to simplify the presentation.

To begin, we consider the initial condition, S(tp), (7.43), to the Goh Riccati equation,
(7.42). This matrix is symmetric, nonnegative definite with a nontrivial nullspace which
means that there exists a nonsingular, orthonormal transformation, I', such that

7S (to)T = [ S(g(’) 8 ] . (7.53)

S(to) is positive definite and symmetric. Applying the same transformation to our system

matrices, gives us

A A }
CT=[C, Oy, I'TAT = ,
[ G ] [ Aoy Ago
T _ | D1 T _ | G1
7B, | = [ o | IB=| G|

Note that since SBj;_1 = 0, applying the transformation, I', within the product, SBy_1,
gives us TTSTTTB;,_; = SD; = 0, which implies that D; = 0 since S is positive definite.
Hence,

- To
PB,H_[D2 :
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We can apply this transformation to the estimator state,

. Ui T,
= N :F :L"
! {m }

to get a reduced-order estimator by transforming (7.44):

-1 A )
A& yrm(-ta e {1 })
[0S )[&] (o e[ rie en[])
x [0 Dg][cli]v_l(y—clﬁl—@ﬁz)- (7.54)

From (7.54), we get a pair of equations:

gﬁl :gAllﬁl + S’A12772 + C?(ﬁ)valﬁ(y — Clﬁl — Czﬁg)

— 5G1(DJCTV1CyD,) T DY CTV " (y — Ciiy — Cap), (7.55)
0=C3 (H)"V~"H(y — Cyijn — Caip). (7.56)

Since the residual signal, y — C17; — Canje, is arbitrary, (7.56) implies that
HC, = 0. (7.57)

Since Ker S C Ker HC at t§ by construction (7.29), we can take a vector, £ € Ker S(t7),
and then pre- and post-multiply (7.42) by ¢7 and ¢ respectively to get fTS(tar)ﬁ = 0. This
implies that

S 0
0 0

rrsdr = [

Thus, if we apply the Goh transformation to the Goh Riccati equation, (7.42), we get three

equations:
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0=CY(HQH —H' V VH)Cs, (7.58)

0 =5[A1y — Gy (DFCTV1CyD,) ' DICTV 10y

+CT(HQH —H V'H)Cy,  (7.59)

§=8[4y; — Gy(DFCTV-1CyD,) ' DICTV 10y
_ _ T _
+ [An _ Gl(DQTCgv—lch)*DQTCZTV—lcl} 5

+ 585G, (DYCTVCyD,) ' GTS + CT (HQH —H V-'H)C,.  (7.60)

Equation (7.60) is a reduced-order Goh Riccati equation with a boundary condition taken

from (7.53). Equations (7.57) and (7.58) imply that
HCy = 0. (7.61)
By applying (7.57,7.61) to (7.59), we find that
S[Au — Gy (DECTV1CyD,) DY CT V*lcg] —0
which means that
Ay — Gy (DYCFV'CoDy) ' DY CTV 10y = 0, (7.62)

since S is positive definite. Together (7.57,7.61, and 7.62) reduce (7.55) to

ﬁl = Allﬁl + G4 (DgCQTV_lchg)_ngCQTV_l(y — 01771)
+ ST ( TV H(y — Ciip). (7.63)
Equations (7.57), (7.61), and (7.62) also imply that for all ¢ € [to, ¢1], the kernal of the Goh

Riccati matrix does not increase or decrease in size. Thus, the Goh Riccati equation, (7.42),

reduces to (7.60).
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To get the error equation, we define

A A . A .
U:{Z;}_FT%, er=mn — 1, ez =12 — 1)2.

If we transform the state dynamics, (6.31), and the measurements, (6.1), we get

m =Aun + Aienz + Gy, (7.64)
Ny =Ao1m + Agong + Gady,

y =Cay + CE(ZB +v=Cin 4 Cong + CoDopy + v. (7.65)

The expression on the furthest right hand side of (7.65) results from the fact that the only
columns in B which lie outside the kernal of C' are those which correspond to Bj,_;. Using

(7.63-7.65), the error equation for our reduced-order estimator is

¢y = [AH — Gy (DICIV'CyD,) ' DECTV Oy — g—lo{@f’v—lﬁc@el
+ [412 = G (DFCTV1Co2) ' DECT V1o + G
— G1(D]CTVT1CyDy) ™ DY CTV 1 Co( Doy +v)

— ST @YV YH(CyDagy, +v).  (7.66)

By using (7.57) and (7.62), (7.66) can be further simplified to

é1 = [An = G (DFCT V' CoD) T DICT VIO = ST CT () TV HCG e
- [Gl (DFCTV—1CyD,) ' DICTV 0y + 5—10{(H)Tv—1ﬁ]v. (7.67)
Equation (7.67) clearly shows that the error, e, is not influenced by the nuisance fault. In

practice, however, we will not be able to monitor ey directly, since our information about

the system comes from the filter residual, (y — C7;), which is not free from the influence
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of m2. The use of the projector, H, on this residual, however, will eliminate this influence.

The failure signal for the reduced-order filter is then
z=H(y — Ciip).
It is fairly easy to show:
Theorem 7.2. The reduced-order estimator, (7.63), is asymptotically stable.

Proof. From (7.67), it is clear that the stability of the reduced-order estimator depends

on the eigenvalues of the closed-loop matrix,
Ay = Ay — Gy (DYCTVCoDy) ' DY CTV L — STICT ()T VI HEG,.  (7.68)

We can show that A, is Hurwitz, i.e. its eigenvalues are in the open left-half plane, by

rewriting (7.60) as

S+ SAy+ ALS = —CT(HQH + H V'H)Cy

— 585G, (DY CTV'CoDy) ' GTS. (7.69)

The first term on the right-hand side of (7.69) is negative semi-definite. The second
term is negative definite, since S and (DICIV~1CyDs)~! are positive definite and G4

has independent columns by construction. Therefore,
§4 54,4+ AL5 <.
Lyapunov’s Stability Theorem (Khalil 1996) then implies that A, is Hurwitz. e

Remark 11. The reduced-order filter that we find here is similar to the “residual
generator” introduced by Massoumnia et al. in (Massoumnia et al. 1989) and establishes
an important link between our limiting case results and classical detection filters. A stronger
link will be established shortly when we show the equivalence between the limiting solution

and the unknown input observer. )
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Remark 12. The difficulty in deriving a reduced-order filter for the time-varying case
lies in finding a way to transform S so that the reduced-order estimator, (7.63), and the
reduced-order Riccati equation, (7.60), remain valid over the entire time interval. Note that
Theorem 7.1, Equation (7.46), gives insight on how to form the transformation matrix and

(Oshman and Bar-Itzhack 1985) gives similar insights on the propagation structure. @

Remark 13. Taking the limit of vV ! allows us to give a rigorous accounting of the
measurement uncertainty, v, in the lower-dimensional subspace determined by the singular
arc. The authors of (Massoumnia et al. 1989) claim that they can choose a reduced-order
filter structure to deal with such issues, though their analyses do not explicitly consider

sensor noise, making it unclear how such noise projects onto their reduced state-space. @

7.4.2 The Invariant Subspace Structure of the Limiting Case Filter

Unknown input observers work by placing the image of the nuisance failure map into the
unobservable subspace. We will show that the asymptotic game filter works in the same
way. Getting to this result, however, will require that we first introduce some concepts from
geometric control theory (Basile and Marro 1992, Wonham 1985).

Geometric control theory gets its name from its use of abstract subspaces and operators,
without specific bases, to define and solve problems in systems theory. Of particular
importance in this theory are subspaces which are invariant with respect to operators.
If we consider a system, (6.1,6.31), defined by the triple, (C, A, F»), and let X denote the
state-space, then a subspace W C X is said to be A-invariant if for every x € W, Ax € W.
This can be equivalently symbolized as AW C W. W is said to be (C,A )-invariant if there
exists an output injection feedback matrix, L, such that (A + LC)W C W.

Another important element in geometric control theory, and in control theory in general,
is the concept of invariant zeros. Invariant zeros are the complex numbers, A, which cause

the matrix,

P-4 R
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to lose column rank (Macfarlane and Karcanias 1976). Associated with each zero is an

mwvariant zero direction, z, such that

4 52

By (Moore and Laub 1978), when (7.70) holds, the vector w is such that w = Kz for
some matrix K. Invariant zeros behave like multivariable analogs to the transfer function
zeros of classical control theory. They play a fundamental role in determining the limits
of performance for optimal control systems (Francis 1979, Kwakernaak and Sivan 1972,
Shaked 1990), and they are also essential to defining special (C, A)-invariant subspaces,
called (C,A)-unobservability subspaces, which are used in Beard-Jones Fault Detection
Filters (Douglas 1993, Massoumnia 1986) and in reduced-order residual generators (see
(Massoumnia et al. 1989) and Remark (7.4.2)) for design.

The following theorem tells us that KerS is a (C, A)-invariant subspace, and it also
tells us something of Ker S’s invariant zero structure. The second claim will require the

following lemma:

Lemma 7.3. Let A and z be an invariant zero and zero direction for the triple, (C, A, F3).
Let W C X be a (C, A)-invariant subspace with the image of F5 contained in W and let L
be any map such that (A + LC)W C W. Then z ¢ W implies that \ is an eigenvalue of
(A + LC) restricted to the factor space, X'/W.

Proof. See (Douglas 1993), Proposition 2.9 e

Theorem 7.4.
1. Ker S is a (C, A)-invariant subspace.

2. The invariant zero directions corresponding to the right-half plane and jw-axis zeros

of (C, A, F») lie in Ker S.
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Proof. Consider the “state matrix,”
Ay = SA—SBy(Bf_,CTV'CB,,) ' BL,cTV'C + CT(H)TVHC,

of the full-order estimator found from the singular game solution, (7.44). If we pre- and

post-multiply Ay by I'T and T respectively, we get

ITALT = [ ‘g 8 ] [ A Arz } , (7.71)

where A is as defined in (7.68) and

N —_ - —_
A1y = Apy — G (DI CTVCoDy) ' DI CTV Oy,
- A —_ - =
Ay 2 Ay — Go(DFCTV1CyD,) ' DY CTV Oy,

- A _ — —
A = Agy — Go(DICTVCyDy) ' DICTVC.
From (7.62), Aj2 = 0, which means that (7.71) simplifies to

S 0 A 0
T _ Acl A
trar=[$ 0] 4a 07 12

Equation (7.72) clearly implies that Ker S is (C, A)-invariant, since the error e, if it initially

lies in Ker S, must be of the form,

elfo) = { @((zo) }

in the basis corresponding to the transformation, I'. In the absence of exogenous inputs,

(7.72) implies that e(t) will then be propagated by way of
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This clearly shows that the error trajectory will never leave Ker S.

The second part of our theorem follows from Lemma 7.3. Applied to our case, this
lemma tells us that any zero directions which do not lie in Ker .S will show up as eigenvalues
of the submatrix, Ay, in (7.72). We have just shown in Theorem 7.2, however, that A, is

asymptotically stable. Therefore these zero directions cannot lie outside of Ker S. )

Since the image of Fy lies in Ker S, the following theorem implies that the limiting case

game filter has the structure of an unknown input observer:

Theorem 7.5. Ker S is contained in the unobservable subspace of (HC, A), where H is
the projector defined by (6.12) or (6.14).

Proof. Let ¢ be a constant vector which lies in Ker S at ¢ = td. Define

{3}

and pre- and post-multiply the Goh Riccati equation, (7.42), by &7 and ¢ respectively to

get
0=¢TS¢+€TCT(HQH — H VH)CE. (7.73)
However,
EITTTSrrle = [0 €7 ] [ 5(; 8 { g } =0, (7.74)
which implies that
¢TCT(HQH — H' VH)CE = 0. (7.75)

Since HC and HC project onto the same space?, we can define é_é HC¢ = HCOE and then
rewrite (7.75) as

11352 = 0.

4See the discussion which follows (7.24).
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So long as Q # V1, this implies that ||£|| = 0, which, in turn, implies that
¢ € Ker HC = Ker HC. (7.76)
We will now consider the general case. We define the vector, &, to be
& 2 [A — Bi(Bl_,C"V'CB,,) ' BL,CTVC kg

and assume that & € KerS. Note that this implies that

¢, = { 50 }
Sk

which, in turn, means that S’ék = 0, since we can transform S’{k into a form similar to (7.74).
& lying in the kernals of both S and S then implies that &, also lies in Ker HC' since we
can pre- and post-multiply the Goh Riccati equation, (7.42), by {g and &g respectively to
get

TCT(HQH — H' VH)C& = 0.

Thus, if we post-multiply, (7.42) by &, the remainder,

0= S[A— Bu(B],CTV'CB 1) B CTV I
i|k+1

=9 [A — By(BE,CTV'CB, 1) ' B, CTV O] ¢,

tells us that

_ _ _ k+1

orr 2 [A — Bp(BL_,CTV\CB,,) ' B, CTV O] ¢
lies in the kernal of S. The same arguments as before then lead to &1 € Ker S and
&kr1 € Ker HC. Thus, & lying the the kernal of S implies it also lies in the kernal of HC
and that &gy lies in the kernal of S. By induction, we can claim that this holds for all k,

in particular, K =0,... ,n — 1, so that
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HCE¢ =0,

HC [A — By (B,Z,lcTV‘chkfl)’1kalCTV‘1C]f =0,

HC [A ~ B, (B,{,ICTV—chk_l)’1Bk_1CTV‘1C} e,

This leads us to the conclusion that our original vector, &, lies in the unobservable subspace
of (HC,A — Bg(B} ,CTV=ICBy_1)"'Bx_1CTV~1C). Since output injection feedback
cannot change the observability of a system, ¢ lies in the unobservable subspace of (HC, A).

Since £ is an arbitrary vector in Ker S, this implies the proposition. )

Remark 14. The fault-embedding state subspace of the residual generator described
by (Massoumnia et al. 1989) is a (C, A)-unobservability subspace. These subspaces are
distinguished by the fact that they contain all of the invariant zero directions associated
with the triple, (C, A, F5). This characteristic allows for complete eigenvalue assignment
on both the (C, A)-unobservability subspace and the associated factor space. The authors
of (Massoumnia et al. 1989) claim that this not only ensures the stability of their residual
generator, but that it also enables them to address other design issues such as sensor noise
rejection (see Remark 7.4.1). Our invariant subspace, Ker S, on the other hand, can only
be said to be (C, A)-invariant, since we cannot account for all of the invariant zeros with
Theorem 7.4. The game theoretic filter, however, provides the analyst the freedom to adjust
his designs through the use of the weighting matrices, and it has also been shown to be

asymptotic stable (Theorem 7.2). e

Remark 15. The proof to Theorem 7.4 is patterned after the proof to Lemma 3.1(b) from
(Limebeer and Halikias 1988). It is also possible to prove the second part of Theorem 7.4
using the proof given in Part 3 of Appendix B in (Francis 1979). Other reported results

concerning the null space of Riccati solutions are cited in (Saberi et al. 1995). e
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7.5 Revisited: Accelerometer Fault Detection in an F-16XL

In this section, we revisit the F-16XL example of Section 6.3.1 to demonstrate the use of the
reduced-order filter of Section 7.4.1. A description of this problem is given in Section 6.3.1.

The nominal failure model is

& =Ax + Fa_pa, + Fugliwg (7.77)
y=Cx+v, (7.78)
z=H(y—C%) (7.79)

with the system matrices given by (6.56-6.59).
The first step is to determine the transformation matrix, I'. This, in turn, comes from

the boundary condition of the Goh Riccati equation, (7.43). In this example,
B=| Fu,y AFu].

Using an initial weighting of Ilp = 10 x I, we get

s(t5)=10x [1-B(B"B) " B
9.9963 0.1269 0.1452 0 O
0.1269 5.6732 —4.9528 0 O
= | 0.1452 —4.9528 4.3305 0 O
0 0 0 10 0O
0 0 0 0 O

Using eigenvalue decomposition of S (tg ), we get the transformation matrix,

—0.0000 0.9998 0 0.0173  0.0086
—0.7531 0.0127 0 -0.5896 —0.2917
I'=1{ 0.6579 0.0145 0 -0.6749 -0.3339 |, (7.80)
0 0 1 0 0
0 0 0 0.4434 —0.8963
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by using the eigenvectors of S (tg ) as the columns of I'. By applying (7.80) to the F-16XL

model (7.77-7.79) and (6.56-6.59), we get a decomposition of the system and a steady-state

solution to the reduced-order Goh Riccati equation, (7.60),

S

Our choice of weightings is

0.0637 0.0341 0.8387
= | 0.0341 0.0577 0.4814
0.8387 0.4814 11.1811

20 0 O
yo]02 0 0 O—1
= R =
0 0 200 O
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Figure 7.1: Reduced-Order Detection Filter Performance for the F-16XL Example.

Figure 7.1 shows that the resulting reduced-order filter effectively blocks the nuisance

fault transmission while preserving the target fault transmission. If one compares the Goh

Riccati solution, (7.81), to the game Riccati solution used in Section 6.3.1, (6.62), he will

notice that the reduced-order filter does not necessarily lead to a high-gain filter. Looking
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back on the discussion on high-gain feedback in Section 6.3.1, this is an important aspect

of the reduced-order filter.






CHAPTER 8

A Parameter Robust
Game Theoretic Fault Detection Filter

A GAME THEORETIC FAULT DETECTION FILTER which is robust to uncertainty in the plant
dynamics is derived and analyzed in this chapter. In Section 8.1, we discuss the various
strategies that have been used to robustify detection filters. In Section 8.2, we discuss how
fault detection and parameter robustness can act as competing objectives and in Section 8.3
we formulate a new disturbance attenuation problem in which plant parameter variations
are modeled as additional disturbances. The parameter robust detection filter falls out from
the problem solution. In Section 8.4, we analyze the limiting case properties of the new
filter, and in Section 8.5 we work through an example which compares the performance of

filters designed with and without an accounting of model uncertainty.
8.1 Parameter Robustness and FDI

A fundamental issue in fault detection and identification is the sensitivity of the given

method to plant parameter variations. Detection filters and other analytical redundancy

123
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techniques rely on accurate representations of the systems that they monitor. FDI under
modeling error, however, is still an open question.

For unknown input observers, it has been proposed to treat model uncertainty as another
disturbance, for example, (Patton and Chen 1992). Using standard design techniques, the
uncertainty disturbance is then embedded in the unobservable subspace along with the other
inputs in the disturbance set. In general however, it is not always possible to separate the
effects of parameter variations from the target fault. Thus, some, (Ding and Frank 1989),
have proposed filters which maximize the ratio of the fault transmission to disturbance
transmission with model uncertainty, again, thrown into the disturbance set. Still others
(Viswanadham and Minto 1988) have considered bounding the effect of model perturbations
on the estimation error using stable factorization and H,, optimization.

Beard-Jones detection filters (Douglas 1993, Massoumnia 1986, White and Speyer 1987)
are difficult to robustify because of their reliance upon geometric methods. Schemes have
been introduced which robustify the detection filter to ill-conditioning in the eigenstructure
(Douglas and Speyer 1996) and to exogenous disturbances (Douglas and Speyer 1995); but,
to date, no significant progress has been made in handling plant parameter robustness. We
should note that it is possible to model plant uncertainty as an additional fault as in
(Patton and Chen 1992), but this approach, as shown in Section 8.5, leads to a filter with
poor performance if the plant uncertainty is not output separable from the target fault.

Approximate detection filter designs, such as the game theoretic fault detection filter,
can be robustified via the method of DeSouza et al. Here, plant parameter variations are
formulated as an additional element in the disturbance attenuation problem. The resulting
filter is still an H filter, but one with the added property of parameter robustness. In this
chapter, we will apply the methods of (DeSouza et al. 1992) to derive a parameter robust

version of the game theoretic filter introduced in Chapter 6.

Remark 16. We must acknowledge the work of Edelmayer et al. who derive a pair
of robust H., detection filters in (Edelmayer et al. 1994). Their first approach uses the

DeSouza method (as we will do), and their second is a modification of their original filter
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which was first presented in (Edelmayer et al. 1996). We contribute further analysis on the
filter which arises from the DeSouza construction, including an analysis of its asymptotic
properties. We will also show that the two filters proposed by Edelmayer et al. are actually

variations on the same theme, the second being a simplification of the first. )

Remark 17. The benefit of DeSouza’s approach is that it provides an easy and elegant
way to incorporate parameter robustness into the design problem. Classic detection filter
structures already have the freedom to incorporate features into their designs beyond basic
FDI objectives (Douglas 1993, Massoumnia et al. 1989). However, it is not always clear how
to make use of this freedom. An analogous situation is the well-known “Q-parameterization”
of Hs or Hs solutions (Doyle et al. 1989). Existence of this design freedom is well-known;

finding a way to use it is not. See the discussion in (Iwasake and Skelton 1994)). e

Remark 18. A good survey of the robust FDI problem is given in (Frank 1994). )

8.2 Parameter Robustness versus FDI

Suppose that instead of the system described by (6.2), we have one in which there is

uncertainty in the plant:

Clearly if we attempt to monitor (8.1) with a fault detection filter designed for the nominal

model, A, the error equation (e 2. z),
é= (A+LC’)€+AA1‘+F1M1 + Fouo + Lo, (8.2)

will be biased by the uncertainty term. Equation (8.2), however, suggests that we can
deal with modeling uncertainty by simply defining Fj 2 AA and pus 2 z. If Fy is output
separable from [}, conventional detection filter designs are applicable, since the effect
of plant uncertainty is completely decoupled from the target fault input. In general,
however, F; and F3 will not be output separable, and non-output separable faults cannot

be distinguished by a detection filter (Beard 1971).
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Output separability is not a necessary condition, however, for approximate detection
filters like the game theoretic fault detection filter (Edelmayer et al. 1996). Thus, we can
still design a filter which treats the plant parameter variations as another nuisance fault,
though the loss of this property eliminates the only guarantee we have that the target fault
will be visible at the output (Proposition 6.1). Our only recourse, therefore, is to proceed
with a design and attempt to find the best tradeoff between target fault transmission,

nuisance fault attenuation, and plant parameter robustness.

8.3 A Disturbance Attenuation Problem with Parameter Variations

8.3.1 The Modified Disturbance Attenuation Problem

This section repeats the derivation and analysis of Chapter 6 with the additional element
of model uncertainty. Start with a system described by (8.1) and measurements given by

the additive noise model, (6.1). As before, the disturbance attenuation function is

JENHC (x — 2)||3dt

to

t “ bl
i 3+ 0l - | de + (o) = @ol?,

where M, V, Q, and Py are weighting matrices. As in Chapter 6, the disturbance attenuation

problem is to find an estimator so that for all adversaries, po, v € Lo [t1,t2], z(to) € R™,

Das < 7. (8.3)

We solve (8.3) by converting it into a differential game,

min max max max.J' <0,
& v k2 ate)

t1
J = / (1HC @ = )13 = (231 + N0l ) [t = (o) — ol

0

A
subject to (8.1). Ily =~Fy !, Following DeSouza, we assume that the plant uncertainty,

AA, can be decomposed as

AA = F5AG. (8.4)
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F3 and G are known matrices of dimension, n X r and r X n, respectively. A is an r x r

matrix whose elements are unknown Lsltg, t1] functions. Defining
M3 £ AGz,
we get a new dynamical equation,
= Az + Bu+ Fipu1 + Fouo + F3pus. (8.5)

Additionally, we will augment the output, z,

= )

so that the disturbance attenuation function is now

S [IHC @ = 2)| + d|Gal?) dt

to

= ; ; ; — (8.6)
o b2l + sl + ol |t + flato) = oll?,

To solve the disturbance attenuation problem, we convert (8.6) into the cost function,
t1

J= | [IHC@ - )13 + el Gall? = (I3

to
o lasllFems + ol | de = fla(to) = ol
where Il 2 vFy ! and solve the differential game,
min max max max max J < 0,
z v p2 p3 x(to)
subject to

T = A.T—f—Fng + F3us. (87)

Note that we have eliminated a pair of elements from Equation (8.5). As in Chapter 6,

w1 is taken to be zero in the the derivation of the solution, since it is the target fault and
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should not be attenuated. We also take u to be zero for convenience. When the plant model

is perfectly known, it is possible to simply subtract out known signals such as u to nullify

their effects. However, in the case of model uncertainty, such signals can have a significant

impact upon filter performance (DeSouza et al. 1992). The inclusion of the control input

is an obvious extension of the work that we present here.

The following proposition, modified from (DeSouza et al. 1992), shows that the solution

to the new game also solves the original game under a mild restriction:

Proposition 8.1. If A is such that ||A]|cc < ——L—+—, then for any € > 0,

_ 1
V7 INT 2|

max max max max J’ < max max max max .J.
v M2 13 xz(to) v 2 p3 o z(to)

Proof. If one simply compares the terms in J' and .J, he would find that:

Now,

Thus, [|Allc <

1
1
VY INT 2o

J=J +e[|Gx]? = Gz

_1
YAGz {1 = 7I|NTZAGz|?
_1
<HINTZAL |Gl

_1
<AINTZZ ARG,

implies the proposition. )

As in Chapter 6, rewrite the sensor noise term, HvH%/_l, as the equivalent |y — C'a:|]%/_1:

/
t()

[HHC(ﬂc — 2)[IG + el Gell* =y (llu2ll3-2 + Nusllz -

+ly = Call} i) |dt — lla(to) — ol (8:8)

so that the game becomes

min max max maxmax J < 0.
&y p2 w3 ox(t)
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The differential game solution comes in two steps, beginning with

maxmaxmaxJ < 0.
M2 p3 o z(to)

We start by appending the system dynamics, (8.7), to the cost function, (8.8), through a

Lagrange multiplier, A7,

t1
J = / [HHC(OG — )G + ellGz)* =y (luallig— + sl F-1 + ly = C[[F-1)

to
+ X7 (Az + Fopa + Fopig — &) | dt — [[(to) — ol

and then integrate 7@ by parts:

t1
J= | [IHCE - 2)3 + e Ga|?

to
—v(llp2ll3- + luall i1 + lly = Czlf3 )

+ AT (Al' + Fous + Fg,ug) + /\T:L‘} dt

— [z (to) — 2ollfy, + Ato)" x(to) — A(t1) (t1). (8.9)

Taking the first variation of (8.9) with respect to pg, u3 and x(tp), then gives us

1

= ;MFZTA, (8.10)
wh = %NF;STA, (8.11)
A= A"\ +eGTGx + CTHQHC (v — &) + ~CTV "y — Cx), (8.12)
At) =0, (8.13)
A(to) = Ilo [l’(to)* - 560} (8.14)

as the first-order necessary conditions for the maximization of J. The asterisk is indicative
of the extremizing value of the variable. Substituting (8.10) and (8.11) into our dynamics,

(8.7), and combining the result with (8.12), gives us a two point boundary value problem,
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{ i }: [ A S(FRMF) + F3NFY) ] { x }

-CcT (HQH — vV_l)C' - eGTG —AT A
4 0 (8.15)
CTHQHC: —~CTV—1y (7 '
with initial conditions,

x*(to) =Zo+ Halk(to), (8.16)

N (t1) = 0.

Following Chapter 6, we will assume solutions, z* and \*, to (8.15) such that

N =T(z" — zp). (8.17)

If we take
II(to) = Mo, (8.18)
ap(to) = o, (8.19)

then (8.17) is in agreement with the boundary condition for A, (8.14), at the initial time,
to. In Chapter 6 we found that, in the absence of model uncertainty, x, is equivalent to the
optimal state estimate. With model uncertainty, however, z, will act like the state variable
in the second half of the game solution.

As we did in Chapter 6, we can substitute our assumed solution, (8.17), into the TPBVP,

(8.15), and manipulate the equations to find that the TPBVP is solved identically if

. 1
—1I=A"I+ TA+ —TI(FRMF] + F;NF])1I
v

+CT(HQH —yV 1) C +GTG  (8.20)

and
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i, = HAz, + ¢GTGa, — CTHQHC (i — 2,) +vCTV ™ (y — Cxy). (8.21)

Equation (8.20) is an estimator Riccati equation and its boundary condition is given by
(8.18). The boundary condition for (8.21) is given by (8.19). We will often need the inverse

of IT in derivations and applications. Thus, we can alternatively propagate

I =An' + 0 'A" + T 'CT (HQH — V- on!

1
+ I '\GTGI ! + —(FRMF] + FsNF]). (8.22)
gl

The second half of our solution begins by substituting the game optimal values of uo,

w3, and z(tg), (8.10,8.11,8.16), into the cost function, (8.8). The new cost, .J, is then

— tl
7= [l = #lrsonc + eIGal = I rpareg-s gy
0

—yly = Call}—: |dt = MG 2. (3.23)

Add the identically zero term,

t1 d
— 2 2 2
0 = I -t = Iy + [ IOt

to (8.23) and use the inverse Riccati equation, (8.22), the boundary condition for II at to,
(8.18), and the boundary condition for A at t1, (8.13), to get

— tl
7= [l = #lrqnc + elGal® = 1ly = Calfy
0
—(z—)TCTHQHCT N - NI ICTHQHC(x — ) — eNTTITIGT G2
—exTGTGU A + (y — Co)TV e A + NI eTv—L(y — Cx)

+ AT GTGI A+ AT CT (HQH — AV )OI A b (8.24)
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We can group all the terms in (8.24) into three quadratics,

_ t1
- / [l = ) = T\ 2 e + el — T Mg
to

— 9y = Cx) + CTA2 1 [at, (8.25)
and then use the solution, (8.17), to replace A in (8.25). This leaves us with

— tl
7= [ le0 = #1rnquc + dlzpllirg = lly = ol -] dr. (8.26)
to

The game is now

minmax.J <0,
T Yy

subject to (8.21). As in the first subproblem, we find the solution to this game by appending
the dynamics, (8.21), to the cost, (8.26), through a Lagrange multiplier, p”:

7= [y = g + llplin = 2l = Capl -
0
+ " | Azy + (7' GT G, ~ T CTHQHC (i - )

FA TV y = Cay) — iy | }dt. (8.27)

After integrating pTip by parts, we get
_ 131
0J = /t { [(-Tp - i)TCTHQHC + El‘Z;GTG 4 7(y _ Cdfp)TV_lC + pTA
0
+ep ' GTG + p I CTHQHC — p ' CTVTAC 4 7o,
+ [~ (@ = &)TCTHQHC — pTIT' CTHQHC |62 + | ~A(y — Ca,) V™!

+ ’ypTH_lc’TV_l} 5y}dt + pT (to)dzp(to) — pT (t1)dxp(t1) (8.28)



8.3 A Disturbance Attenuation Problem with Parameter Variations 133

by taking the variation of (8.27) with respect to y and Z. Note that dx,(t9) = 0, because
xp is fixed at ¢y by the boundary condition, (8.19). From (8.28), the first order necessary

conditions to extremize (8.26) with respect to Z and y are

i* =2, +10 'p mod Ker HC, (8.29)
y* = C(z, + T 1p), (8.30)

p=|-(A+a'6TG) — CT(HQH ~ v Cm
~CTHQHC (2, — &) —vCTV Y (y — Cx,) — eGT Gy, (8.31)

p(t1) = 0. (8.32)

If we substitute (8.29) and (8.30)! into (8.21) and (8.31), we get

ip = (A+ el 'GTG)z, — I 'CT(HQH — vV 1) CTL ' p, (8.33)

p=—(A+e1'GTa)" p - GT Gy, (8.34)

which is a homogeneous two-point boundary value problem in x, and p with boundary

conditions, (8.19) and (8.32). Using the sweep method, we take
p=Sxp (8.35)
and substitute (8.35) into (8.29) to get
=T +17'S), (8.36)
as the optimal estimate. The vector, x,, is propagated by

ip = (A+ 17 'GTG - ' CTHQHCTLS) z), + 4TI CTV L (y — Cay), (8.37)

'We can ignore any differences between 2 and z, that lie in ker HC' since these differences will
not show up at our controlled output, z.
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which is the result of substituting (8.36) into (8.21). S is found by propagating

5= (A+ I 'GTG) S + S(A+d17IGTq)

— SH'CT(HQH — V1) CI 'S +eGTG  (8.38)
from the terminal condition,
S(t1) =0. (8.39)

Equation (8.38) is found by differentiating (8.35) and using (8.33) and (8.34) where needed.
Equation (8.39) is determined from (8.32) and (8.35).

Remark 19. If we take ¢ = 0, S will be identically zero since (8.38) will be an unforced
differential equation with zero as its boundary condition. Thus, from (8.36), & = ), and

the robust game theoretic fault detection filter simplifies to

&= A +AIICTV (g - Ca),
: 1
1= AT+ 1A + ;H(FQMFQT + BNF)II+CT(HQH — vV~ 1)C,

TI(ty) = ILo.

This is identical to the results of Chapter 6, except that we still have the map, F3, which
corresponds to plant uncertainty. Thus, the filter is still robustified, though in a much
simpler way. As it turns out, this is Edelmayer’s alternative approach robustifying the
approximate detection filter (see Remark 8.1 and (Edelmayer et al. 1994)). Our results,

however, show that this “alternative” is just DeSouza’s method with ¢ = 0. )

8.3.2 Equivalence to the H,, Measurement Feedback Control Problem

The robust game theoretic fault detection filter requires the solutions to two differential
Riccati equations: one that is integrated forward in time, (8.20), and one that is integrated

backwards in time, (8.38). This is strikingly similar to the “two Riccati” solution to the
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H oo measurement feedback problem given in (Doyle et al. 1989, Green and Limebeer 1995,
Rhee and Speyer 1991). We will now show that the robust approximate detection filter
problem and the H,, measurement feedback control problem are one in the same problem.

We begin by making the following definitions:

2, sERedel AL A+ar'c’a,
w2, -7, R2CTHQHC, BET'CTHQHC,
wéy — Cuxyp, Wé'yvfl, FéfyﬂflCT‘/*l.

Assume for argument’s sake that R = CT HQHC is invertible. Substituting these definitions

into the cost function for the second half of the game, (8.26), gives us

7 h 2 2

T [ Wl + = ol e

0
If we also make these substitutions into the differential equation for z,, (8.37), we then get
i = A + Bu + T'w. (8.40)
Our game is now given by the following which is subject to (8.40):
min max .J <0,
u w

This is the classic, linear quadratic differential game. If we apply our definitions to the

well-known feedback solution for the game (Bagar and Bernhard 1995, Mageirou 1976),
u=—-R'BTSq, (8.41)
8§ =ATS+SA~S(BR'BT -TTW™'I")S + Q, (8.42)

we find that we recover the differential game solutions of Section 8.3. That is, from (8.41),

we get the optimal state estimate, (8.36):

u=-R'B"Si
— 1z, — 2 =—(CTHQHC) ' (CTHQHC)II"' S,

= &= (I+11"'9)x,
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and from (8.42) we get the our second Riccati equation, (8.38):

~S=A"S+SA-S(BR'BT —Tw'T")S +Q

— 5= (A+17'GTG) S+ S(A+17'GTG)
~S [H—lcTHQHc(CTHQHC) “oTHQHCT
— (Y (V) (v ien )]s + 676

— 5= (A+I7'GTG) 5+ S(A+ 17'GTG)
— S 'CT(HQH — V1) CII 'S + GT G.
Thus, if we think of the first half of the differential game as giving us an estimator, the

equivalence between the second-half and the classic linear quadratic game implies that the

entire game is equivalent to H., measurement feedback problem.

Remark 20. The results presented here imply that the results derived by DeSouza
(DeSouza et al. 1992) are also equivalent to a variation of the Ho measurement feedback

problem. This equivalence, to our knowledge, has not been recognized previously. )
8.4 The Robust Game Theoretic Fault Detection Filter in the Limit

In Chapter 7, it was shown that in the limit, v — 0, the game theoretic fault detection
filter becomes an unknown input observer in that it obtains the same invariant subspace
structure. In this section, we will examine whether the parameter robust filter derived in
the previous section also possesses this limiting property. As in Chapter 7, we will begin by
trying to find the conditions which guarantee that the game cost will be nonpositive. These
fall out after we manipulate the cost function to look like a single quadratic,
t
J(&,2(to), o, i3, v) = ) ¢rweat.
A nonpositive definite W ensures a nonpositive cost which ensures an attenuating solution.

We begin with the cost function as given by (8.8),



8.4 The Robust Game Theoretic Fault Detection Filter in the Limit 137

t1
0

=y = Call} -] dt — jw(to) - dollf,.  (8:43)

Appending the dynamic equations for z, (8.7), and x,, (8.21), to game cost, (8.43), through

the Lagrange multipliers, (z — #)7TI and xZ;S , we get

7= [ {1 = &8+ elEr — el = sl
“Ally = Colfms + (& = )T Aw + Forz + Fapss —
+a, S| Az, + el ' GT G, —TIT'CTHQHC (2 — xy)
+ ’YH_lcTV_l(y = Cxp) — j”p] }dt — |z (to) — £0||1210- (8.44)

Now expand some of the quadratic terms in (8.44) to introduce z, into the cost:

|z — fiH%THQHc — [z —xp) — (& - l’p)HZcTHQH(j
||93H3GTG — [[(z — ) + pozGTG

ly = [l — li(y = Cap) = Cla = zp)l[3—1.

After we introduce these expansions into (8.44) and collect terms, we get

t
J = /to1 { |z — xp”%’T(HQHfﬁ/V*l)CqLeGTG + ’|$P||§(A+6H*1GTG)+6GTG
+ 12— xp”%’THQHC - ’YHNZH?w—l - ’Y”Ms”?\f—l —lly - C’a:pH%/_1
+ (x —zp)T {—CTHQHC(:E —xp) + eGT Gy +~OTV(y - C’xp)}
+ {—C’THQHC(:% — ) + €GT Gy +yCTVHy — Cxp)]T(m — xp)
+ap S| CTHQHC (& — 3) + I CTV ™y = Cay) — iy

+ (w — xp>TH Ax + Fous + Fsus — J}i| }dt — HiL‘(to) — i'OHIQ'IO'
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Add and subtract (z — x,) TlAx, and (z — z,)T I, to the above and collect terms to get

t
J = tol{Hx - xpH2HA+CT(HQH—W—1)c+eGTG + HJTPH%(A+EH—1GTG)+€GTG
+ & = 2ller pone — Mulir— — Yl = Yy — Caplls
+ (2 = 2)" [T, + WAz, — CTHQHC (i — ) + €GT Gy +1CTV ™ (y = Cay)|
+ [~OTHQHO( — 2,) + €GT Gy + 40"V (y — Cy)| (2~ )
+al's [H‘IC’THQHC(ﬁ: —2p) ATV (y — Cy) — j:,,]

+ (z — &) T(Fopo + Faps) — (x — ap) TI(d — g‘cp)}dt — [lz(to) — Zollfy,- (8.45)

The third line of (8.45) can be eliminated by using (8.21), which comes from the first half
of the game solution derived in Section 8.3. We now integrate the terms, (z —x,) TI(2 — ;)

and nga‘cp, in (8.45) by parts so that the cost now becomes

t1
7= [ = s ascriqu-vesaar + 18~ siloraane
0
T T T 1 T
n [—Hj:p — CTHQHC(i — xp) + ¢GTGxp +vCTV " (y — cmp)} (x — )
+ (z — 2p) T Fopg + Fpg) + &' Tz — x) + 4, Sz — vy — Cp |3

+ a7 ST CTHQHC (& - w,) + A TV y = Cay)| = Al l3

2 2
S I uxpng%ﬂnIGTGHEGTG}dt O N O

— lla(to) — ol + ll2(to) — @p(to) gy — l(tr) = 2p(t1) 3. (8.46)

The first two terms on the last line of (8.46) can be combined by using the boundary
condition for x,, at tp, (8.19). Moreover, if we insert the state equation for z, (8.7), and z),

(8.21), into the third line of (8.46), we get
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t1
_ 2 - 2
J = /t {”x - xpH1*I+HA+CT(HQH—WV*1)C+6GTG +2 = zpllerugue
0

. T A T Tyr—1 T
+ [—Ha:p—C HQHC (& — xp) + eG* Gxp +yCV (y—Cxp)] (x —xzp)

- 7“”2“M 1= 7““3HN 1t Hx}?”5+5 A+elI-1GTG)+(A+ell-1GT ()T S+eGT G

T
+ (z — xp)TH(FQ,uQ + F3M3) + (Al’ + Foug + FS,U«3) (z —xp) —7lly — Cpo%/—l

T
+ [_HflcT HQHC (& — z,) + A1 TV (y — Cxp)} Sz,
+al'8 [—H—lcTHQHC(:z« —xp) + I CTV T (y — c:cp)] }dt

+ [l (t0) 13(20) — ll2(t0) — Zollfty —11(to) — ot G0,y — l2(ta) = 2p(t1) ey -

Now, add and subtract :chTH(x — x,) to the above and collect terms so that we end up
with

t1
J = /t {HSU — xpH2ﬁ+HA+ATH+CT(HQH—”/V*l)C-s—gGTG + ||f£‘ - xPHC'THQHC
0
—T14 T A T Trr_1 B T B
+ |-z, + Az, — C* HQHC(Z — xp) + €G" Gy +yC' V™ (y — Cxp) | (z— xp)

+ pr”SJrS A+ell-1GTG)+(A+ell-1GTG)T S+eGTG ,YH/LQH?\/I—l - 7””3”?\[—1

T
+ (z — azp)TH(FQ,uQ =+ Fgus) + (FQMQ + F3H3) H(z — xp) —vlly — Cmp”%/—l

T
+ [~ CTHQHC (5 — ) + 41171 CTV " (y — Cay)| Sy
+al'S [—H‘lcTHQHC(;% —zp) + AT CTV T (y — C:np)] }dt

+llap(to)lFo) — l2(t) = ol o) = 2t 0y = l2(t) = 2p(t)fey)- (8:47)

Using (8.21), we can eliminate the second line of (8.47). The remainder can then be
compactly written as

J

€TW§dt + |2y (to) I3y — ll(t0)

~ 112
= Zollf1,—ri(te)
to

~llap(t) e, — lle(t) = 2p(t) ey,
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where
[ (2 —zp)
2
M3
é‘ =
Tp
(& —xp)
(y — Cp)
The matrix, W, has the form,
_ | w0
=M ks |
in which
A Li(IT) TIIF, I1F3
Wi = | KO0 —yM—! 0 , (8.48)
FI'm 0 —yN~1
Li(T) ST+ ATTL + A + O (HQH — 4V~ 1)C + €GTG
and
A Ly(S) —SII'CTHQHC ~Su-tcTy-!
Wa(S)= | ~-CTHQHCTI'S CTHQHC 0 ,
AVTICTI—1S 0 —yV—1

Lo(S) 2 5+ (A+ TGTG) S + S(A+ 11 GTG) + GG

Therefore, for matrices II > 0 and S > 0 such that

W1 (IT) < 0,
WQ(S < 07
11y — II(tg) > 0,

~
(=]
SN— SN— SN— N— N— SN—
vl
= ]
[}
=
2>
o
Il
=

=
\Y,
o
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the cost, J, will be nonpositive.
In the special case, e = 0, we know from Remark 8.3.1 that .S will be zero, which allows
us to ignore Wa(S) altogether. The limiting conditions for v — 0 then come from (8.48)

and are

IF, =0, (8.49)
IF; =0, (8.50)
Ly(IT) < 0. (8.51)

Equations (8.49-8.51) are identical to the conditions found in Chapter 7 for the standard
problem with no model uncertainty, which is what we would expect. Note that (8.49) and
(8.50) clearly show that, in the limit, the Riccati matrix, II, obtains a nontrivial null space
which contains the image of the nuisance failure maps, F» and F3. This, in turn, implies
that a limiting solution does not exist for the case, € # 0, since Wa(.S) requires that an
inverse exist for II. Thus, robustifying the game theoretic fault detection filter destroys the
limiting property found in Chapter 7. The loss of this asymptotic property can be thought

of as a vivid example of the tradeoff between fault detection and parameter robustness.

8.5 Example: Accelerometer Fault Detection in an F16XL with Model
Uncertainty

8.5.1 Problem Statement

To show how the robust game theoretic detection filter can be used for fault detection and
identification, we once again revisit the F-16XL example introduced in Chapter 6. In this
section, we will add model uncertainty to the problem. A description of the states and the

measurements is given in Section 6.3.1. The nominal failure model is given by

&= Az + Fa,pa, + Fugltwg,
y=Cx+w,

z=H(y—C2).



142 Chapter 8: A Parameter Robust Game Theoretic Fault Detection Filter

The system matrices are given by (6.56-6.59). To complete our model, incorporate plant
uncertainty into the equations. In this example, we will assume that the system eigenvalues
are only known to within a certain range. The perturbation in A corresponding to this

uncertainty is found by decomposing A into its eigenvalues and eigenvectors:
A=XDXx !

X is a matrix whose columns are the eigenvectors of A; D is a diagonal matrix whose
diagonal elements are the corresponding eigenvalues. AA is then obtained by perturbing
the eigenvalues by 10%, reforming the matrix, and taking the difference from the nominal

A:

A=V(1.1x D)V}

AA=A-A

We do not need all of the elements of AA, however. Since any element in the fifth column of
AA enters the system in the same way as the nuisance fault, p,,4, it is redundant to include
these perturbations. Also, the fourth state, 6, is the integral of the third state, q. There is
no uncertainty in this dynamic relationship (since an integral is always an integral), and so

we can eliminate the corresponding element in AA, to get

—0.0067 0.0043 —0.0889
0.0020 —0.1467 1.6580

AA = 0.0138 —0.1679 —0.0682
0 0 0
0 0 0

o O O o O
o O O O O

Now implicit in this perturbation model is a perturbation size, 10 %. We remove this
assumption when we decompose AA into the form given by (8.4). We must also point out
that we are only interested in finding the map, F3, since this represents the way in which

the plant uncertainty drives the system. By using the singular value decomposition,

AA=USVT,
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we construct Fj from unitary matrix,

—0.0533 —0.0156 —0.9985 0 O
0.9981 —0.0331 —-0.0528 0 O

U= | -0.0322 -0.9993 0.0173 0 0 |,
0 0 0 10
0 0 0 0 1

which gives an orthonormal basis for the image of AA and its orthogonal complement
(Klema and Laub 1980). Since the first three columns of U correspond to the three nonzero
singular values of AA, these correspond to the image of AA and, thus, are the only columns

we will use for Fi:

—0.0533 —0.0156 —0.9985
0.9981 —0.0331 —0.0528

3= | —-0.0322 —-0.9993 0.0173
0 0 0
0 0 0

To complete the decomposition, we take G to be the least-squares solution to F3G = AA,

0.0020 —0.1412 1.6617 0 O
G=| —0.0137 0.1726 0.0147 0 O |,
0.0069  0.0005 0.0000 0 O

and assume that A has the form,

Again, for our purposes, F3 is the only important element of the uncertainty model. Note,

also, that Fj is not output separable from Fy_, our target fault.
8.5.2 Parameter Robust Filter Design

Our ultimate objective is to design a filter which transmits the accelerometer fault input

with little or no attenuation over a reasonable frequency range while simultaneously rejecting
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sensor noise and the windgust disturbance. Additionally, the filter must also be insensitive
to uncertainty in the eigenvalues, and it must be stable. To achieve this design goal, we
have the parameters, 7 and ¢, and the weighting matrices: @, V', M, and N.

A critical element in our design is the value chosen for the parameter, €. As we discussed
in Remark 8.3.1, with € = 0, the robust game theoretic detection filter simplifies to standard
game theoretic fault detection filter of Chapter 6. With € # 0, additional elements appear in
the estimator equation which bias the estimate in anticipation of variations in the plant. We
will, therefore, look at two different designs: one with ¢ = 0 and the other with € nonzero.

After much trial and error, in which target fault transmission was traded off for nuisance

fault attenuation, the following weightings,

R 10 0 0

V= , N=|0 10 0 Q=1, M=1000, (8.52)
0 0 4000 0 0 0 10
00 0 1

were used along with v = 0.0015 and ¢ = 0.000005. These values were found to give the

best design for nonzero €. The corresponding Riccati solutions are

0.4723 —0.0065 0.0019 —0.0012 0.0393
—0.0065 0.0004  0.0006 0.0001 —0.0138

O'=10°x | 00019 0.0006 0.0011 0.0000 —0.0162 |,
—0.0012 0.0001  0.0000  0.0034 —0.0002
0.0393 —0.0138 —0.0162 —0.0002 1.0895

0.0006 —0.0054 -0.0010 0.0001 —0.0045
—0.0054 0.0699 —0.0262 —0.0011 0.0597
S=10"°x | —0.0010 —0.0262 0.5650  0.0012 —0.0597
0.0001 —0.0011 0.0012 0.0171 —0.0003
—0.0045 0.0597 —0.0597 —0.0003 0.0729

If we take ¢ = 0, we find that the best results come when we keep all other parameters
as before, with the exception of -, which we change to 0.0000005. For this case, the

corresponding Riccati solutions are
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0.1406 —0.0019 0.0005  0.0000  0.0134
—0.0019  0.0000  0.0000  0.0000 —0.0006

O !'=10%x | 00005 0.0000 0.0000 0.0000 —0.0010 |,
0.0000  0.0000  0.0000  0.0010 —0.0000
0.0134  —0.0006 —0.0010 —0.0000 2.0780
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Figure 8.1: F-16XL example: signal transmission in the parameter robust game theoretic
fault detection filter with a 15% Shift in eigenvalues (The accelerometer fault and
nominal windgust transmission are represented by the solid line. The windgust
is the lower of the two. The dash-dot line corresponds to windgust transmission
when modeled eigenvalues are in error by 15%. The dashed line corresponds to
transmission under a -15% modeling error).

Figure 8.1 shows the performance of both filters for the nominal plant and for a perturbed
plant with a 15% shift in the eigenvalues. As we saw from before, the direct feedthrough
of the target fault has a very pronounced effect on target fault transmission. There is no

high frequency roll-off, and the low frequency transmission is degraded. This degradation
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Singular Value Plot of Game Theoretic Filter
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Figure 8.2: F-16XL example: signal transmission in the standard game theoretic fault
detection filter with a 15% shift in eigenvalues (The accelerometer fault and
nominal windgust transmission are represented by the solid line. The windgust
is the lower of the two. The dash-dot line corresponds to windgust transmission
when modeled eigenvalues are in error by 15%. The dashed line corresponds to
transmission under a -15% modeling error).

is mitigated somewhat by choosing the particular form of weighting, V', seen in (8.52).
We also note that the accelerometer fault transmission is invariant under plant parameter
changes. This is because the accelerometer fault comes in through the measurements and,

as a result, only drives the filter.

From Figure 8.1, we can see that the loss of the output separability property severely
degrades our ability to both maintain target fault sensitivity and achieve good separation
between the target fault and nuisance fault. This separation is particularly poor in the low
frequency region. Experience with this example has shown that little can be done to improve
the low frequency separation without severely degrading low frequency accelerometer fault
transmission. Figure 8.1 also shows that the ¢ parameter has a negligible, perhaps even
detrimental, effect upon the filter design. This result is due to the sensitivity of the Riccati

solution, S, to the values of € and v used in the problem. It was found that S will quickly
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lose its symmetry property when more aggressive values of € and v are used. This hurts the
performance of the robust filter by preventing the additional elements of the filter associated
with € and S from having an impact on the design. It also prevents the designer from using
lower values of v to improve nominal performance.

If one compares Figure 8.1 to Figure 8.2, which shows the performance of the filter
designed in Chapter 6 under a 15% perturbation, he will see that the parameter robust
filter achieves its robustness at the cost of nominal performance. The original filter design
from Chapter 6, in fact, has far superior low frequency performance, even under plant
parameter variations. This is critical for detecting “hard failures,” which look like step

inputs.






CHAPTER 9

A Decentralized Fault Detection Filter

FOR MANY of the larger scale systems of interest to PATH, such as multi-car platoons, the
design of a fault detection filter may best be done using a decentralized scheme, particularly
for the monitoring of sensors which measure relative states between cars. By this, we refer
to a filter that is formed indirectly by combining the state estimates generated by several
”local” estimators to form an estimate of the overall, or ”global,” system. This is distinct
from the standard approach, which is to design a single filter directly for the ”global”
system.

For large-scale systems, a decentralized filter may offer several advantages over using just
a single filter. First, by decentralizing the problem one simplifies it by decomposing it down
into a collection of smaller problems. Second, there are times when the decentralized point
of view reflects the actual physical structure of the system, such as a platoon of automated
cars. Third, the element of scalability is introduced into the fault detection filter with a

decentralized approach. When a car joins the platoon, for instance, there is a step change

149
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in the order of the problem. If the system is being monitored with a single filter, it may
be impossible to make a graceful adjustment. Finally, fault tolerance can be built into
the system by checking for faults in the local sensors and actuators prior to allowing their

outputs to be passed onto the global level as suggested by (Kerr 1985).
9.1 Decentralized Estimation Theory and its Application to FDI

The decentralized fault detection filter is the result of combining the game theoretic fault
detection filter of the Chapter 6 with the decentralized filtering algorithm introduced by
Speyer in (Speyer 1979) and extended by Willsky et al. in (Willsky et al. 1982). For
completeness, we will review the basics of decentralized estimation theory in this section.
The general theory was first presented in (Chung and Speyer 1995) which was research

sponsored in part by the PATH program.
9.1.1 The General Solution

Consider the following system driven by process disturbances, w, and sensor noise, v,

& = Az + Bw, z(0),x € R", (9.1)
y=Czx+wv, yeR™ (9.2)

for which it is desired to derive an estimate of x. The standard approach is a full-order

observer,
t=Ai+L(y—Ci),  (0)=0, (9.3)

which we will call a centralized estimator. An alternative to this method is to derive the
estimated with a decentralized estimator. In the decentralized approach, Z is found by

combining estimates based upon “local” models,

il = Alyd 4 Biwd, 21 eR™,  (j=1..N), (9.4)

y = Elad o, y e R™, (j =1..N), (9.5)
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which together provide an alternate representation of the original system, (9.1, 9.2), which,
as one might guess, is called the “global” system. The vector, x, is likewise called the
“global” state. The number of local systems, N, is bounded above by the number of
measurements in the system, i.e. N < m.

The global/local decomposition is really of only secondary importance, since, as argued
by (Chung and Speyer 1995), there are no real restrictions on how one forms the global and
local models. The real key to the decentralized estimation algorithm is the relationship
between the global set of measurements, y, and the N local sets, y/. The two basic

assumptions are that the local sets are simply segments of the global set,

y=19 . ¢ (9.6)

and that the local sets can be described in terms of both the local state and the global

state. In other words, 3/ can be given by (9.5) or by
y = Clx+ 7, (j=1...N). (9.7)

Equations (9.2), (9.6), and (9.7), consequently, imply that

Cl
C - :
CN
and that
1)1
UN

The decentralized estimation algorithm falls out when we attempt to estimate the global
state by first generating estimates of the local systems, (9.4), using the local measurement

sets, 3/, and the local models, A7:

P oA L LI — BIgT),  #(t) =0,  (j=1..N). (9.9)
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The global state estimate, Z, is then found via
= Z(Gﬂﬁ:ﬂ + h9>. (9.10)
j=1
where h/ is a measurement-dependent variable propagated by
W= ®h + (8G7 — GI — GIdN@i,  hI(0) = 0. (9.11)
The constituent matrices are defined as

N
*:=A-> L,
j=1
® = A - VF.

The G7 matrices are chosen “blending matrices”. In (Chung and Speyer 1995) it was found
that in order for the dectralized esimation algorithm, (9.10,9.11), to generate the same
estimate, Z, as a standard centralized estimator, (6.3), the blending matrices have to be
related to the gain of the centralized estimator and the gains of the local estimators through

the equation:

Lo ... 0
0o L% ... 0

L=[G" ... ¢N]| . . | . (9.12)
0 o --- LN

L is the gain for the global estimator, and L7 is the gain for the jth local estimator. This
is simply the requirement that a solution exists to a linear algebraic equation. In general,
however, this condition can not be met because of an insufficient number of equations with
which to solve for the unknowns.

There is, however, one general class of estimator for which (9.12) is satified almost
automatically. This class is comprised of estimators which take their gains from Riccati
solutions, that is Kalman filters (Speyer 1979, Willsky et al. 1982) or H*°-norm bounding

filters (Jang and Speyer 1994). In this case, the local gains are found from

L7 = PI(ENT (v, (9.13)
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where, in the case of the Kalman Filter, the matrix, P/ is the solution of the Riccati
equation:
Pi = APl 4 PI(ANT + BIWI(B)T — PI(E)T (Vi) BT PY,
Pi(0) = PI.

The initial condition, Pg , is chosen by the analyst based upon his knowledge of the system.

In the global system, the global gain is

L=prcty-!
where
|7 0
0 VZ o 0
y=| . , ) , (9.14)
: 0 ‘. :
0 VN

is restricted to a block diagonal form comprised of the local weightings, V7, and P is the

solution to the global Riccati equation,
P = AP+ PAT + BWBT — pcTyvCcP,  P(0) = PR,.
. The blending matrix solution is then,
G =P(SHTPHL  j=1,...,N, (9.15)
where S7 is any matrix such that
CV=FE1S. (9.16)

One can, in fact, always take S/ = (E7)C7 where (E7) is the pseudo-inverse of EJ
(Willsky et al. 1982). Note that the solutions for G’ will always exist for Riccati-based
observers so long as P7 is invertible or, equivalently, positive-definite. This will always be
the case if the triples, (C7, A7, B/), are controllable and observable for each of the local

systems.
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9.1.2 Implications for Detection Filters

The analysis of the previous section implies that will we be able to form a decentralized
fault detection filter in the general case only if we are able to find a Riccati-based observer
which is equivalent to a Beard-Jones Filter or unknown input observer. The most direct
way to achieve this is to find a linear-quadratic optimization problem which is equivalent
to the fault detection and identification problem. This is an analog of the famous inverse
optimal control problem first posed by Kalman (Kalman 1964). In (Chung 1997), however,
a counterexample was given which showed that FDI observers do not correspond one-to-one
with linear-quadratic problems.

Another way to address this problem, of course, is to use the Riccati-based game
theoretic fault detection filter that we have painstaking developed in the previous three
chapters. This filter is entirely suitable for use in the decentralized estimation algorithm.
One might, in fact, take the following steps to use the game theoretic fault detection filter

in this way:

1. Identify the sensors and actuators which must be monitored at the global level, i.e.

define the target faults for the global filter.

2. Identify the faults which should be included in the global nuisance set. The remaining

faults should be monitored at the local levels.

3. Derive global and local models for the system including failure maps. (Chung 1997)
contains a brief discussion about this process. In Section 9.2, we will demonstrate one
method in which the local models are derived from the global model via a minimum

realization.

4. Design game theoretic fault detection filters for the local and global systems. Solve

the corresponding Riccati equations and store the solutions for later use.

5. Determine the blending solutions, G7, from Equation (9.15).
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6. Propagate the local estimates, @7, and vectors, h?, and then use the decentralized

estimation algorithm (9.10) to derive a global estimate, .

7. Determine the global failure signal from (y — C'Z) where y is the total measurement
set, C is the global measurement matrix, and & is the global fault detection filter

estimate just derived.

We will now apply these steps in an example.

9.2 Range Sensor Fault Detection in a Platoon of Cars

Range

00§ 00

Car #1 Car #2

Figure 9.1: A two-car platoon with a range sensor.

9.2.1 Problem Statement

We will now examine the utility of the decentralized approach to FDI by working through
an example. The problem that we will look at involves the detection of failures within
a system of two cars traveling as a platoon. See Figure 9.1. The cars are controlled to
maintain a uniform speed and constant separation.

The platoon is the central component of automated highway schemes in which groups of
cars line up single file and travel as a unit, thereby eliminating the possibility of individual
vehicles impeding one another (Douglas et al. 1995, Douglas et al. 1996). With careful
coordination, these platoons will allow traffic to move with much the same order and
protocol as electrical signals on the Internet. The viability of the platooning scheme,

however, will depend on many factors, not the least of which are reliability and safety.
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The FDI schemes that we have examined to this point are capable of monitoring
individual cars, but may not be ideal for monitoring elements that deal with the interactions
between cars. For example, to maintain uniform speed throughout the platoon and to keep
the spacing between the cars constant, additional sensors will be needed to measure the
relative speed and the relative distance, or “range”, between the cars. In order to detect
a failure in the range sensor using analytic redundancy, however, it is necessary to have a
dynamic relationship between the range sensor and other sensors on the vehicles. Range,
however, involves the dynamics of both of the cars and so would require a higher-order
model for its detection filter.

While this is not necessarily prohibitive, it does not make use of the many different
state estimates that are already being propagated throughout the platoon. The sensors on
each of the cars, for instance, will be monitored by detection filters, and it is more than
likely that a state estimate would also be generated by the vehicles’ control loops. Given
these pre-existing estimates, it seems logical to make use of the decentralized estimation

algorithm to carry out range sensor fault detection.

9.2.2 System Dynamics and Failure Modeling

Our example starts with the car model used in (Douglas et al. 1995). In this model, the
nonlinear, six degree-of-freedom dynamics of an representative automobile are linearized
about a straight, level path at a speed of 25 meters/sec (roughly 56 miles per hour).
The linearized equations are found to decouple nicely into latitudinal and longitudinal
dynamics, much like an airplane. Moreover, the linearized equations can be further reduced
by eliminating “fast modes” and actuator states. For simplicity, we will only use the

longitudinal dynamics which we represent as

I
I
8N

I

|

I
Q

I8
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The vehicle states are

mg ) engine air mass (kg)
We engine speed (rad/sec)
Vg long. velocity (m/sec)
T=4 U, vertical velocity (m/sec) (9.17)

z vertical position (m)
q pitch rate (rad/sec)
0 pitch (rad)

7

and are propagated by the state matrix,

Al =10° x

[ —0.0226 —0.0001 0 0 0 0 0

0.3070 —0.0354 0.3974 —0.2381 —2.6980 —3.7530 —0.3311
0 0.0001  —0.0008 0.0006  0.0068  0.0168  0.0015

0 —0.0000 0.0000 —0.0036 —0.0404 —0.0091 —0.0008 |. (9.18)
0 0 0 0.0010 0 0 0

0 0 0 0 0 0 0.0010

0 —0.0000 0.0002 —0.0006 —0.0072 —0.0396 —0.0036 |

The measurements are

My, engine air mass (kg)

We engine speed (rad/sed)

Uy long. acceleration (m/sec?)
y=4q U, heave acceleration (m/sec?) (9.19)
- q pitch rate (rad/sec)

wy front symmetric wheel speed (rad/sec)

Wy rear symmetric wheel speed (rad/sec)

with the corresponding measurement matrix,

1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0.0713 —0.8177 0.5934 6.7786 16.8068  1.5162
ct=10 -00020 0.0221 —3.5646 —40.4210 —9.0765 —0.8141 |. (9.20)
0 0 0 0 0 0 1
0 0 7.1220 —4.5806 —51.9152 58.8718  5.1944
| 0 0.0888  5.9738 —3.5782 —40.5542 —-56.4109 —4.9773 |

The rear and front symmetric wheel speeds are states that were eliminated when the fast

modes were factored out of the linearized system.



158 Chapter 9: A Decentralized Fault Detection Filter

In order to build a detection filter for the range sensor, we need to use (9.17-9.20) to

build state space models for the platoon,

1= An+ Fiui + Faus,

y=0Cn,
and the two cars,

it = Ayt F g + Fy s,
yl = Byl
0’ = A + FPpd + Fyus,

y? = B2,
We will build up our models with the following steps:
1. Using (9.17-9.20), we will derive the global state matrices, A and C.

2. Using the modelling techniques described in (Douglas 1993), we will determine the

failure maps, F;.

3. We will then obtain the local state matrices, A?, B¢, and F;, from the minimum

realization of the triples (C!, A, F3) and (C?, A, ).

Our general strategy is to derive the global equation first and then get the local equations
from decompositions based upon observability and controllability. While this is by no means
the only way to obtain the global and local representations of a system, it is a logical method
that can be applied to any problem.

The obvious way the get the global matrices, A and C, is to form block diagonal
composite matrices with A” and C* repeated on the diagonal, i.e.

AL 0 ct o
I I
a=[ ) =[5 o]
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This, however, is not sufficient, since there is no way to describe the range, R, between the

two vehicles with the given states, (9.17). Range is the relative distance between the cars,

R=2z'— 22,

where 2’ is the longitudinal displacement of car 7. Displacement, however, is not a state of

the vehicle (9.17). We must, therefore, add a range state to the platoon dynamics, using

the equation,

5,1 2
R =v, —v;.

The end result is that the platoon will be a fifteen-state system,

The corresponding state matrix is

A=

(

N ON o8 I\Dmgwgsw %QH N»—ANGM ES—‘@EH QS,_.

R NS S
)

=y

AL
0
Eq

Vs

engine air mass (kg) - Car#1
engine speed (rad/sec) - Car#1
long. velocity (m/sec) - Car#1
vertical velocity (m/sec) - Car#1
vertical position (m) - Car#1
pitch rate (rad/sec) - Car#1
pitch (rad) - Car#1

engine air mass (kg) - Car#2
engine speed (rad/sec) - Car#2
long. velocity (m/sec) - Car#2
vertical velocity (m/sec) - Car#2
vertical position (m) - Car#2
pitch rate (rad/sec) - Car#2
pitch (rad) - Car#2

Range (m).

0

AL
—F

Ey=[001000 0].

The measurement matrix is

(9.21)

(9.22)
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where C! and C? can be inferred from (9.22). Finally, the local measurement sets are

3

engine air mass (kg)- Car#1

engine speed (rad/sed)- Car#1

long. acceleration (m/sec?)- Car#t1

heave acceleration (m/sec?)- Car#1

pitch rate (rad/sec)- Car#1

front symmetric wheel speed (rad/sec) - Car#1
) rear symmetric wheel speed (rad/sec) - Car#t1.

<
Il
xE.L\.,E e SRS SN @SH

and

engine air mass (kg)- Car#2

engine speed (rad/sed)- Car#2

long. acceleration (m/sec?)- Car2

heave acceleration (m/sec?)- Car#2

pitch rate (rad/sec)- Car#2

front symmetric wheel speed (rad/sec) - Car#2
rear symmetric wheel speed (rad/sec) - Car#2
) range (rad/sec).

SN DR N NS

5 ELER =2 &3

Our ultimate objective is to design a filter which will detect a range sensor fault in the
presence of potential failures in the other sensors.

In an actual health monitoring system, we would design the global filter to block out
all of the nuisance faults that are output separable from the range sensor fault and then
rely upon the local filters to monitor the remaining faults. Given the size of our example,
however, the full analysis required to do a detailed design would clutter our presentation.
We will, therefore, limit ourselves to constructing only one local filter and will choose simple
nuisance sets at both the global and local levels.

For this example, we choose to monitor the front symmetric wheel speed sensor at the
local level. The nuisance set is then chosen to be the engine air mass sensor and the heave
accelerometer. At the global level, the range sensor has already been designated as the
target fault. We, therefore, complete the problem definition by choosing the engine speed
sensor and longitudinal accelerometer as the global nuisance set. There is no particular
significance attached to any of our choices for the nuisance and target sets, aside from the

choice of the range sensor as the global target fault.



9.2 Range Sensor Fault Detection in a Platoon of Cars

Following standard modelling techniques (Douglas 1993), we construct the two engine

speed sensor failure maps,

0
1.0000
—0.0022
19.5036
—1.7202
0.0009
0

OO OO oo oo

—0.1168 ]

—41.3189
0
0
19.5036
0
0.3094
0

o O O oo

—0.0022

and the two longitudinal accelerometer failure maps,

0
0
—0.0707
—214.9888
18.9591
—0.0003
0

SO O OO oo o

0

0

1

0
—214.9888

0

—3.9921
0

o O O O O

—0.0707

OO O OO oo

0
1.0000
—0.0022
19.5036
—1.7202
0.0009
0
0

OO OO O o oo

0
—0.0707
—214.9888
18.9591
—0.0003
0
0

OO oo oo

0
—0.1168
—41.3189
0
0
19.5036
0
0.3094
0.0022

OO O OO o oo

0
1.0000
0
—214.9888
0
—3.9921
0.0707

To check for output separability, we need the the range sensor failure map,

FF={000000000000001}.
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For the local filters, we need the need the airmass sensor failure maps,

and the heave accelerometer sensor failure maps,

Finally, to check for output separability in the local filters, we will need the front wheel

1 —22.5605 |
0 307.0298
0 0
0 0
0 0
0 0
0 0
0 0 ,
0 0
0 0
0 0
0 0
0 0
0 0
L 0 0 .

0 0

0 0
—0.1767 0
—7874T 1
0.6698 —7.8747
~0.0007 0

0 0.0197

0 0

0 0

0 0

0 0

0 0

0 0

0 0

0 —0.1767 |

O DO DD DD DO ODDODO OO OO

OO OO oo oo

0
—0.1767
—7.8747

0.6698
—0.0007
0
0

—22.5605 |,
307.0298

SO O oo oo

0

o O O O O

—7.8747
0
0.0197
0.1767
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speed sensor failure maps,

0 0
0.0001  —0.3401
0.0645  0.0046
14.0371  0.0114
~1.2399  14.0371
0.0079 0
0.0000  —0.0241
Fy = 0 0
f
0 0
0 0
0 0
0 0
0 0
0 0
0 0.0645

OO O o oo

0
1.0000
0
0.0675
14.9324
—1.3186
0.0079

0

OO O oo oo

—22.5605
307.0298
0
0
14.9324
0
—0.0087

A quick application of (6.17) will show that all of our failure sets are output separable.

We are now in position to generate the local state equations.

car #1 come from the minimum realization of (C*, A, [

matrices are

Al =102 x

0
0.0004
—0.0044
—0.0002
0.0001
0.0003

| —0.0010

 —0.0001
—0.0000
0.0000
0.0001
0.0001
0.0009

| —0.0003

—0.0000
—0.0017
0.0000
0.0078
—0.0001
—0.0003
—0.0009

0.1861
—0.0142
—0.0007

0.0017
—0.0039

0
0
0
—-0.9787 0
0
0

—0.0001
—0.0571
—0.0226
0.3017
—0.0025
0.0002
0.0001

0
—0.9825
—0.0903
—0.0048
—0.1854

0.0069
—0.0192

0.0000
0.0072
—0.0001
—0.0386
0.0002
—0.0001
—0.0002

0
0.0081
—0.2118
—4.0642
0.0016
1.4478
2.1041

F,

m

F'[);

1
a

—0.0040
0.0263
0.0000

—0.1372
0.0009

—0.0004
0.0000

0
—0.0007
11.2661

—41.3183
0.0245
—34.1025
—55.2068

The local dynamics for

} ). The corresponding

~0.0426  0.0013
—0.6658 —0.4966
—0.0000 —0.0000
3.6120  2.8167
~0.0191 —0.0091
—0.0025 —0.0002
0.0013 —0.0014
0 -
—0.0004
14.3096
2.4264 |,
0.0845
71.3771
—42.9870 |
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A model for Car #2 is similarly found as a minimal realization of (C2, A, [ Fr2 Fg ])

[Nl elNell S =)

0.1213
57.1230
—22.5605
—301.6586 | ,
2.4980
—0.2041
—0.1202

The corresponding matrices are

A? =10° x
T —0.0003
0.0003
—0.0125
—0.0283
0.1951
0.0039
—0.0041
| —2.6548

—0.0003

0.0003

—0.0121
—0.0275

0.1939
0.0046

—0.0048
—2.6391

[ —0.0000
—0.0004
0.0044
0.0002
—0.0001
—0.0003
0.0010

0.9

0.0000
0.1861 0
—0.0142
—0.0007

0.0010
0.0000
—0.0015
—0.0021
—0.0024
0.0004
—0.0004
0.0323

1.0000

—0.0000
—0.0000

—0.9787 0

0.0017 0

—0.0039 0

o O O O

)

0

| 0.0733

Ne}

73

o O O

0.0002

0

0
—307.8575 |

—0.0000
0.0010
—0.0008
—0.0030
0.0389
0.0005
—0.0005
—0.5294

—0.0000
—0.9825
—0.0903
—0.0048
—0.1854
0.0069
—0.0192

0.0000

—0.0000
—0.0000

0.0000

—0.0002
—0.0000

0.0000

—0.3044

vz

0.0000
0.0081
—0.2118
—4.0642
0.0016

2.1041

7.9031

—0.0007
0

—0.0048

—0.1760

—0.0068

| —0.0003

0.0000
—0.0000
0.0000
0.0081
—0.1529
—0.0213
0.0228
2.0805

11

1.4478

o O o o

0

0

0.0000
—0.0007
.2661
—41.3183

0.0245
—34.1025
—55.2068

—5.0327
6.0961

—1.6879
—0.0213
0
—0.0057
—0.7911
—7.4136
—2.1388

—0.0000 7
0.0000
0.0000

0.0000
—0.0000
0.0000

0.0067 —0.0001
—0.1262  0.0027
—0.0184  0.0000
0.0178  —0.0000
1.7175  —0.0578 |

—0.0000 T
0.0004
—14.3096
—2.4264
—0.0845
—71.3771
42.9870 |

o O o o

0
—4.9282
—6.2254

0
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With all of these system matrices in place, we can now form the residual projectors, H,

(6.12) needed generate the failure signal, z. In the global filter, we define
F=[Fy Fy Fgp Fg]
so that the projector for the global filter is
A A 11 A
H=1- CF[(CF)TCF} (CFT.

In the local filters, we define

so that the projector is
, . N L P
Hi=1-CF [(C’FZ) CFZ} (CFYT.
We do not show either of these matrices explicitly because of their size.
9.2.3 Decentralized Fault Detection Filter Design

We will first design filters for the local systems. For simplicity, we will once again use the
steady-state version of the game theoretic fault detection filter. The design process boils
down to finding the design weightings which give the best tradeoff between target fault

transmission and nuisance fault attenuation. For this example, it was found that

M' =10 x I, Vli=diag[1 1 10 1 1 1 1],
Q' =1Ir, v =0.18
leads to the filter for Car #1 depicted in Figure 9.2. The minimum separation over frequency
is only 35 dB, but the filter has particularly good separation in the low frequency range.
For Car #2, the same weightings, adjusted for the different dimensions of the Car #2
dynamics,
M? =10 x Is, Vi=diag[1 1 10 1 1 1 1 1],

Q* =1Is, v =0.18,



166 Chapter 9: A Decentralized Fault Detection Filter

Singular Value Plot of Local Game Theoretic Filter #1
T T T
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Figure 9.2: Platoon example: signal transmission in the local detection filter on car
# 1 (accelerometer fault transmission shown with solid line, nuisance fault
transmission shown with dashed line).

Singular Value Plot of Local Game Theoretic Filter #2
T T T T T T T T

Magnitude (db)
\
|
|
i
/

—100}+ . L R . 4

-120 L L 1
10 10 10 10 10

Figure 9.3: Platoon example: signal transmission in the local detection filter on car
# 2 (accelerometer fault transmission shown with solid line, nuisance fault
transmission shown with dashed line).
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Singular Value Plot of Global Game Theoretic Filter
T T T

Magnitude (db)
/

-100 : T .

-120 ‘ ‘ ‘
10 10 10' 10 10
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Figure 9.4: Platoon example: signal transmission in the global detection filter (position
sensor fault transmission shown with solid line, nuisance fault transmission
shown with dashed line).

Residual Signal for Target Fault Input
T T T T T
1
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Figure 9.5: Platoon example: failure signal response of the decentralized fault detection
filter (Nuisance fault is a step failure in the longitudinal accelerometer on car #

1).
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lead to a filter with the performance depicted in Figure 9.3.
Finally, we turn to the global system. The decentralized fault detection filter for range

sensor health monitoring in the platoon is found by solving,
1
0=0"'AT + Al + —“RMF{ + T 'CT(HQH — vV~ YH)ci Y, (9.23)
Y
which is simply a variation of (6.54). The weightings,

AV = Iy, Q = I,

M =100 x I, ~ =0.18.

were used in the design. The resulting filter has the properties depicted in Figure 9.4. The
decentralized estimator should also exhibit this level of performance. As a check, a simple
time domain simulation was run comparing the response of the residual signal when the
system is driven by the target fault (a step failure of the range sensor) to when it is driven
by a nuisance fault (a step failure of the longitudinal accelerometer on Car #1). Because
we are using Riccati-based estimators, the blending matrices, G7, are given by (9.15). The
connecting matrices, S7, are taken to be the pseudo-inverses of E7. The remaining vectors
and matrices that form the decentralized estimation algorithm are as given in Section 9.1.
As Figure 9.5 shows, the resulting decentralized fault detection filter does a good job of
distinguishing the target fault from the nuisance fault.

It must be noted that we have assumed that the lead car will transmit its measurements,
y', its local state estimates, #?, and the vector, h', back to car #2 so that the latter can
form the global estimate via the decentralized estimation algorithm. Transmission issues
and limitations, quite obviously, open up the potential for new problems. We have also
assumed that each car will have stored on-board the needed Riccati solutions for all likely

scenarios.



CHAPTER 10

Multiple Model Adaptive Estimation

A CLASS OF ADAPTIVE ESTIMATION PROBLEMS is considered where an unknown system
model is assumed to correspond to one of a number of specified models and the model
uncertainty is summarized as a time-varying parametric uncertainty. In particular, we
concern ourselves with estimation in linear stochastic systems with time-varying parameters.
Early attempts to solve this problem produced the Multiple Model Adaptive Estimation
(MMAE) algorithm, first proposed by (Magill 1965) then generalized by (Lainiotis 1976)
to form the framework of partitioned algorithms. This algorithm addresses the most basic
adaptive estimation problem, estimation in a linear stochastic system with time-invariant
parametric uncertainty. It is a joint estimation and system identification algorithm with of
a bank of Kalman filters, each matched to one hypothesis and an identification subsystem,
which may be construed as the dynamics of a sub-optimal multiple hypothesis Wald’s
Sequential Probability Ratio Test (WSPRT). We denote the underlying dynamics of the
WSPRT by Fj , which is defined as the posterior probability of hypothesis H; conditioned

169
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on the residual history up to ¢;. The use of F}! is motivated by the implicit assumption
that we are dealing with a time-invariant parametric uncertainty. However, as stated in
(Athans 1977), there is no rigorous proof that the posterior probability associated with the
true model will converge to unity. Moreover, apart from being computationally intensive,
this algorithm suffers from beta dominance (Menke and Maybeck 1995), which arises out of
incorrect system modeling and leads to irregular residuals.

Recently, there have been efforts to improve the performance of the MMAE algorithm
(Maybeck and Hanlon 1995). Recall that the recursive relation for the generation of F}¥
does not allow for transitions from one hypothesis to another: It can be shown that if the
conditional probability of a particular hypothesis becomes unity /zero, it stays at unity/zero
irrespective of what the correct hypothesis is. To avoid this, the recursive relation was
modified by upper and lower bounding the conditional probabilities of all hypotheses.
Secondly, in an effort to remove beta dominance, the conditional density functions were
altered by removing the covariance term from the denominator. The probabilities still sum
to one, though the “density” functions are no longer scaled. However, there appears to be
no rigorous theoretical justification for both these procedures.

We develop a new algorithm based on a single adaptive Kalman filter wherein the
time-varying parameters are updated by feeding back the posterior probability of each
hypothesis conditioned on the residual process. It is then shown that the expected value
of the true posterior probability converges to unity and, under certain assumptions, the
expected value of the norm of the difference between the constructed error covariance and
the true posteriori error covariance converges to a lower bound. It is also shown that in the
presence of modeling errors, the filter converges to the hypothesis which maximizes a certain
information function. We also make a comment about the extension of the MMAE algorithm
by using the dynamics F}; of a multiple hypothesis Shiryayev sequential probability ratio
test (MHSSPRT), which explicitly allows for transitions to occur.

This chapter is organized as follows. In Section 10.1, we form the framework of the

time-varying parameter estimation problem. In Section 10.2, we highlight the salient
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features of the MMAE scheme. In Section 10.3, we develop the adaptive Kalman filter
algorithm and in Section 10.4, we derive the properties of this scheme. In Section 10.5, we
compare the two algorithms in various numerical simulations. Finally, in Section 10.6,
we conclude by summarizing the adaptive Kalman filter algorithm and its theoretical

properties.
10.1 Problem Statement

Consider a linear time-varying stochastic system:

Tyl = Az + by + wy (10.13)

yr = Crx + dp + vi (10.1b)

wherein x; € R" is the state, y; € R is the measurement, by € R™ and dj, € Re® are bias
vectors. Matrices Ay and Cj have the appropriate dimensions. Under each hypothesis H;,
the process noise {wy} and measurement noise {v} sequences are white, with the following

statistics:

wg ~ N(0, W;) Cr =Ch; dp = d; (10.3)

Note that instead of being parameterized, the noise statistics and other model parameters
are hypothesized. Clearly they are equivalent.

Now, as a particular application, we can reduce the problem of detection and isolation of
the occurrence of a change in a correlated measurement sequence, by assuming an ARMA
model for the measurement process. Assuming the AR-coefficients to be time-varying, we

can formulate a state-space equivalent of the ARMA process as:

Trr1 = Apxr + b + wy, (10.43,)
yr = Crxp + dp + vk (10.4b)
wherein y; € R® is the measurement, Cy = [yx—_1|...|yk—n| is the measurement matrix,

xr € R™ are the AR-coefficients, Ay is a given matrix and by and dj are appropriate bias
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vectors. Again, from (10.2-10.3), the process and sensor noise sequences are white with

different statistics under different hypotheses.

The problem may be stated as follows. Identify the current system model in minimum
time by detecting and isolating a change in the measurement process. As stated earlier, all
existing algorithms have an embedded identification subsystem construed as the recursive
relation for £}, It is assumed that no change occurs in the measurement process when the
test is in progress. However, in our AKF algorithm, we explicitly model the probability of a
transition from one hypothesis to another thereby allowing for time-varying hypotheses and
using the recursive relation for F}; (Malladi and Speyer 1996, Malladi and Speyer 1997).
We also extend the MMAE algorithm to time-varying hypotheses by using this F}; instead
of the bounded F}!. Finally, we develop sufficient conditions for the convergence of this

adaptive filter structure.

10.2 MMAE Algorithm

The Multiple Model Adaptive Estimation algorithm and its variations are widely applied
to linear stochastic system parameter estimation (Athans 1977, Menke and Maybeck 1995).
Let there be L 4 1 linear, discrete-time stochastic dynamic system models, each generating
measurements corrupted by white noise. It follows that the available measurement sequence
may be assumed to correspond to one of the m different hypotheses. The sensor and
process noise statistics vary with each hypothesis. One can then construct a bank of L 4 1
discrete-time Kalman filters, each matched to one hypothesis, generating a white residual
process provided the corresponding hypothesis is the true one. The residual process becomes
the input to the recursive relation for F}/, which generates the posterior probability of
each hypothesis, conditioned on the measurement sequence. This leads to a neat parallel

structure shown in Figure 10.1.
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Kalman
~|  Filter L . Fio
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»|  Filter LUTING - FiL
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Figure 10.1: Multiple Model Adaptive Estimation - Lainiotis Filters.
The update equations for a generic Kalman filter for hypothesis H; are
Sk = CkiMkiO]Z; +V; (10.5a

Kyi = My CLS,
Tri = Thi + Krilye — Cri%ri — di]
Pyi = [I — KyiCyi] M
Thi = Yk — CriThi — dki
Rii 2 [T - - Tki]

A
Rk- = [Rkl .. RkM]

wherein Mp,; is the apriori error covariance matrix, Pj; is the posteriori covariance matrix,

Ty; is the apriori state estimate and Zj; is the posteriori state estimate at time t;. The

propagation equations are

Tpi1y = ApiTri + bii

M1 = AP AL + W,

(10.6a)

(10.6b)
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In the cited literature and in the figure, I} is generated. However, allowing transitions

from one hypothesis to another, we generate F};
s A
Fy; = P(H;j/Re)

The overall posteriori state estimate and error covariance become

=D ki F (10.7a)
J
Py = { Py + (2} — &) (2], — &ay) "} F (10.7b)
J
Remark 21. The noise characteristics of each filter are time-invariant. @

Remark 22. As the number of hypotheses grows, the algorithm becomes computationally
intensive, as one needs to compute all the time-varying filter gains. To alleviate this problem,
sometimes the steady-state gains of each Kalman filter are used, instead of the time-varying

gains (Athans 1977). But this can lead to convergence to the wrong hypothesis. )

Remark 23. There is no rigorous proof that in the posterior probability associated with

the correct hypothesis will converge to unity. )

Remark 24. The recursive relation for F; or F}. assumes that the residual sequence
is conditionally independent, but when H; is true, Ry; is not conditionally independent
for allj # i. Hence the generated F} or F}; is always wrong no matter what the correct

hypothesis is. )

Remark 25. Under certain circumstances (Athans 1977), the algorithm leads to the
convergence to the wrong hypothesis. This phenomenon has been termed as beta dominance

in (Menke and Maybeck 1995). e
10.2.1 Beta Dominance

Let H; be true. Then, one would expect the residual process ri; to be small while the

residuals of the mismatched Kalman filters to be large. If for some reason this doesn’t
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happen, for example, if the wrong noise statistics are chosen, it can be shown that the
posterior probability of H; might actually decrease, depending upon Sy; for all j. Refer to

Section 10.7.1 for the proof.

10.3 Adaptive Kalman Filter Algorithm

We formulate an algorithm based on a structure which uses a single adaptive Kalman filter
in conjunction with the recursive relation for Fy},. Consider Figure 10.2. An approximate
posterior probability Fj; of each hypothesis conditioned on the residual history is generated
and fed back to the filter. All the bias vectors and system matrices, including the process

and sensor noise statistics, are updated in the following way:

Adaptive K Posteriori E
Yk Kalman > Probability K >
> Filter > Update
Delay |

Figure 10.2: Adaptive Kalman Filter Algorithm.

Vg ~ ./\/(O, Vk) Wi ~ N(O, Wk) Rk = [7“0 r.. .Tk] (10.8)
F; 2 approximate [ Ey, 2 [Fro Fr--- Frr)" (10.9)
Ay = Z FrjA; by, = Z Fyjb; Wi = Z FrjW; (10.10)

J J J

Cr =Y Fp1,C; dp =Y Fr1;d; V=) F1,;V;  (10.11)
J J J
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We derive sufficient conditions for the convergence of Fj; to F) ,jj in the next section. As
mentioned earlier, the structure of the MMAE algorithm never permits the exact calculation
of Fj, or F}Y. Note that Ay, b, and W}, are updated using Fy;, as it is already available.
That is not the case for Cj, di and Vi. However, this does not produce any difference in
the theoretical results presented later on in Section 10.4. The filter equations remain the

same except that we remove the subscript 7 from Equations (10.5-10.6). Therefore

S = Cpu MyCE + W (10.12a)
Ky, = MyCLS; ! (10.12b)
Ty = Ty + Kip[yx — CrZr, — di] (10.12¢)
Py = [I — K,,Cy] M, (10.12d)

Tk = Yk — CkTg — dy, (10.12¢)
Tpp1 = Apdy, + by (10.12f)
M1 = ARPp A + Wy (10.12g)

The true error covariance, My, , of this sub-optimal state estimate is not computed in this
algorithm as it requires the knowledge of the correct hypothesis. Instead, as shown later
on, it is approximated by Mj. Of course, if H; is true, we can compute M}, in the following

way:

A _ A

e =T — Tk €k =T — Tk
A ne O . e DN
mk:E{xk/Rk} mk:E{ek/Rk} mk:E{ek/Rk}
AN VAN " — A _
X = B{xpal /Ry} Ep = BE{xpel IRy} Ey = E{xrel /Ry}
~ A R — A _
Py, = E{érél /Ri} Ey = E{xye}, /Ry.} (10.13)

The error update and propagation become

ér = (I — chk)ék — Kk<C]ﬂ — C’k)xk — Kk(dkz — dk) — K (10.14)

€r+1 = Apép + (Ari — Ap)xp + (b — bi) + wy, (10.15)
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and the difference equations become
Pk = (I — Kka)Mk(I — chk)T + Kk(Cki — Ck)Xk(Cki — Ck)TKg

+ Ki(dii — di) (dii — die) "KL + KpViKG,

—2(I — KyCy)Ey, (Cri — Cr) T K, — 2(I — Ky Cr)mi(dis — di)" K, —
+ 2K, (Cri — Cr)my(di; — di) T K
M1 = A PeAY + (Agi — Ap) Xpo(Api — Ar)" + (bri — bi) (brs — b)) + W;
+ 2ALET (A — Ap)T + 24505 (b — bi)T (10.17)
+2(Agi — Ag)m (b — bi) "
Xiv1 = ApiXpAf; + bribly + Wi + 2Amibf; (10.18)
By, = Ey(I — KxCr)" — Xi(Cri — Co) 'K — mp K (dyi — d,) (10.19)
Eri1 = A Er AL + A Xi(Ari — Ar)T + A by, (10.20)
+ Agim (b — bi) " + (A — Ar)mbf; + bri(brs — b)) + W; .
M1 = Ay + by (10.21)
i, = (I — KiCr)my, — Ki(Cli — C)my, — Ky (dyi — dic) (10.22)
My = Apmf, + (Agi — Ag)miy + (ks — i) (10.23)

The initial conditions become:

>
i

Xo = Py + Toy 0=
. ce
mo = Zo mg =0

These equations are computationally intensive, but can be computed off-line to assess
the performance of the AKF algorithm for specific applications. In certain cases, the off-line
computation becomes necessary to analyze the steady-state behavior of the AKF algorithm,
in particular, its convergence to the correct hypothesis.

Given H;, the true distribution of r is
P A
Jri(ri) = fo(ri/Hi, Rig—1) (10.24)
_ A=
Elry/Hi, Re-1] = (Cri — C)Zx + (dii — di) = b (10.25)

ElrerT JHi, Ri—1] = CouMyCL + Vi 2 Sy (10.26)
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Therefore,

(ri/Hi, Ri—1) ~ N (bei, Ski) (10.27)

However, since the correct hypothesis is unknown, the AKF algorithm is designed
to approximate the true error covariance M) with the error “covariance” M), , which is
computed on-line from (10.12d) and (10.12g). In Section 10.4, this assumption is justified
by showing that under certain conditions, F{ M} /H;} — Mjy;, where Mjy; is the apriori error
covariance corresponding to the it filter in the MMAE algorithm. It is also shown that
E{M;,/H;} — M}, wherein M} is the exact apriori error covariance derived from (10.7b)

and E{M;,/H;} — My, At each t;, we assume

E[Tk/Hi,Rk_l] =0

A
E[T}J%/Hi, Rk—l] = CkiMkC]Z-; + Vi= Ay (10.28)
Under the Gaussian assumption, we explicitly construct the density function f;(-) as

fri(rr) 2 Approx. fi;i(ry)

(re/Hi, Ri—1) ~ N (0, Ag;) (10.29)

We make a crucial observation that {ry} is no longer an independent residual process.
Now, F}. requires the knowledge of the density functions fm() Since we approximate
these functions with f;(-), F}, has been approximated by Fj;.

Note that, by removing the parallel structure of the MMAE approach while retaining the
time-varying filter gain, the AKF algorithm is computationally less intensive, especially if
the number of hypotheses is large. Further, following the argument used in Section 10.7.1,
it can be shown that beta dominance cannot exist in this structure as there is only one

residual process here.
10.4 Performance of AKF Algorithm

The following sections consider the convergence and robustness properties of the AKF

algorithm and prove the following:
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e If hypothesis H; is true, then the generated posterior probability of H; (called Fy;)

decreases monotonically in time for all j # 7, that is, Fj41 ; < Fi; Vj # i.

e If hypothesis H; is true, then the posterior error covariance P of the AKF algorithm

converges to Py; of the “correct” filter from the MMAE algorithm.

A
e If hypothesis H; is true but not included in the set of probable hypotheses, © = {H,},
then, the generated posterior probability converges to that hypothesis H,, € © which

maximizes a particular information function.

10.4.1 Underlying Assumptions of MHSSPRT

We briefly rederive the MHSSPRT (Malladi and Speyer 1996, Malladi and Speyer 1997) by

defining the following notation:

m; = P(H;)

Di = Apriori probability of change from Hg to H; from tj to tgy1, for all k
Jri(¥) 2 Approximate probability density function of r; conditioned on H; and Ry_1
fro(?) = Approximate probability density function of r; conditioned on Hy and Ry_1

L+1 2 Number of hypotheses

A
0; = Time of occurence of H;

At stage t;

P(rl/ﬁi S tl)P(QZ S tl)

P(0; <t1/r1) = Plr)

(10.30)

L
P(ry) = Zp(m/ei < t1)P(0; < t1) + P(r1/0; > t1)P(0; > t1)

s
I
—

P(0; <t1) = P(0; <to) + P(t; = t1/0; > to)

=m +pi(l —m)
P(r1/0; < t1) = fii(r1)dry (10.31)
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Strictly, (10.31) denotes the probability that the measurement lies between r1 and 71 + drq
given the occurrence of H; at or before ¢;.

L

L
ZP(@ > tl) =1 —ZP(@ < tl)
=1 3

From (10.30), we get:

[ﬂ-i + ]51(1 - Wl)]flz(rl)

Fii=—= —
Sicalmi + Pl = m) fri(r1) + (1= 30 i+ pi(1 = 7)) fro(r1)
At stage to
_ P(Ra/0; < t2)P(0; < t2)

P(6; < ts/Rs) = R (10.32)

P(re/0; <to,r1) = foi(r2)drs (10.33)

P(r1/0 <t2) = P(Qilf(etjg?j(m (10.34)

P(R2) = P(ra/r1)P(r1) (10.35)

Since from (10.29), we know the density function fi(rx/Hi, Ri—1) for all k, from (10.32):

P(ra/0; < tg,r1)P(r1/0; < t2)P(6; < t2)
P(Rs)

P(#; <t2/Ra) =

Now, from (10.33), (10.34) and (10.35) we have

foi(r2) P(0; < ta/r1)drs
P(ra/r1)
P(QZ < tg/?”l) = P(QZ < t1/7“1) + P(Qz = tz/&i > Ifo,?“l)

P(0; <t2/R2) (10.36)

(10.37)

Fl +pz(1_Flz)

'Mh

P(?“Q/?“l) P(T2/9i S tg,rl)P(Gi S t2/7’1) + P(rg/ﬁi,ﬁ > tQ)P(Qi > t2/7’1)

=1

I
.Mh

[F1i+ pi(1 — F13)] fai(r2)dro

=1

1- ZFM +pi(1 = F1;)| foo(r2)drs

(10.38)
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Clearly, by induction, we can now write the recursive relation for Fj4; in terms of F},; as

Frpi=
(Fiei +9i(1 — Fi3)] fet16(Th+1)

S i+ Di(1 = Fi )] frsri(rien) + |1 = 00 Fri +5i(1 — Fii) | ferr.0(rks1)

Foi=m;

(10.39)

(10.40)

Nowhere have we made any assumptions about the independence of the residual process.

From (10.29), we explicitly construct fi;(-) for all ¢ and at each t;. This approximates F};

by F}; as mentioned in the earlier section. In the next section, we derive sufficient conditions

for the convergence of Fj; and the associated error covariance.

10.4.2 Convergence of the Posterior Probability

We seek to prove that when H; is true, the posterior probabilities of all hypotheses H; for

all j # ¢ decrease. We define the following:

FE{f(r/H): H e O}

T5i(k) & B In{ fi; (ri) }/ i, Re1]

Pimi

Sim (rk)

MAX jmi (Ri—1)

Feir) 1 0,
ml?xE JHis Ri—1 for some ¢ € (0,1)

Assumption 10.1. The family of density functions F is identifiable, that is,
f(T/HZ) = f(T/HJ) = 0; = 9j vr

This assumption is invoked to prove Claim 10.1.

(10.41)

(10.42)

(10.43)

Claim 10.1. By Assumption 10.1, beta dominance cannot exist in the AKF algorithm.

Proof. Refer to Section 10.7.2.
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In an effort to illustrate the classes of problems for which 7 j; is an information function,
we consider a time-varying ARMA process of order n, wherein the measurement noise is
different for each hypothesis. Therefore under each hypothesis H;, the process noise {wy}

and measurement noise {vy} sequences are white, with the following statistics:

UkNN(O,V%) Ak:Ak bk:bk
Wi ~ N(O, Wk) Ck = Ck dk = dk (10.44)
wherein Cy = [yg—_1|-..|Yk—n] is the measurement matrix. We now prove the following

lemma.

Lemma 10.2. Let H; be true. Then, for the ARMA process shown in (10.44):
o If V; >V} and My, > My, then My 1 > My, Vk.
o If V; < Vi, and My, < My, then My < My Vk.

Proof. From (10.16), (10.17), (10.12d) and (10.12g)

Py = (I — KxCp) My(I — K;,Cp)" + KR Viky,
Py, = (I — KxCy) My (I — KxCp)" + K Vi K[
Myy1 = AP AL + Wy,

Mpy1 = AkPkAg + Wy
Therefore
P, — Py = (I — KCp)(My, — M) (I — KpCy)' + K, (Vi — Vi) KT
Myy1 — M1 = Ap(Py — Pp) Ay,
from which the conclusion follows

Vi> Vi, My>M, = My > My vk

Vi <Vi, My <My = Myy1 < My vk
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As a consequence, from (10.12a), (10.26) and (10.28)
Vi> V= Ay <A < Sk Yk
Vi<Vj= Agj > Api > Sk Yk (10.45)

We could consider another class of problems similar to (10.44) wherein the hypotheses differ

only in the process noise statistics, that is, under H;
wy, ~ N (0, W) (10.46)
We now prove the following lemma.
Lemma 10.3. Let H; be true. Then, for the process shown in (10.46)
o If W; > Wy and M, > My, then My, > My, V.
o If W; < Wy and M, < My, then My, < My, V.

Proof. The proof is very similar to the one of Lemma 10.2. From (10.16), (10.17),
(10.12d) and (10.12g)
Dy = (I — KC) My (I — KxCp)" + K Vi K
Py, = (I — KxCy) My (I — KxCp)" + KV K|
Mk+1 = AkPkAg + W;

M1 = AP AT + W,
Therefore
P, — P, = (I — K ,Cy)(Mj, — My)(I — K,.Cp)T
M1 — My1 = Ag(Py — Py) Ay + (W; — W)
from which the conclusion follows

Wi > Wi, Mpy>M, = My > My, Yk

Wi < W, Mk <M, = Mk—i—l < Myyq Vk
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So, from (10.12a), (10.26) and (10.28):

W, > Wj = Akj <Ap; < Slm Vk

W; <W; = Agj > Ay > S Yk
These results are used in proving the following claim.
Claim 10.4. If the state estimate bias is sufficiently small and
Apj < Agi < Spi or  Ap;>Agi> Sk VEk
then [Jj; is an information function. Therefore, when H; is true:
Tii(k) > Tji(k) Vi #i , Vk (10.47)
Proof. See Section 10.7.3. ]

Remark 26. Claim 10.4 assumes that convergence to the wrong hypothesis has occurred
and proves that under certain conditions, the filter cannot remain in the wrong hypothesis.
The conditions spelt out are sufficient but not necessary. Moreover for the processes shown
in (10.44) and (10.46), the state estimate is unbiased and from Lemmas 10.2 and 10.3,

Claim 10.4 is always valid. )
Lemma 10.5. Let H; be true and H,,, € © be such that:
Tomi (k) 2 maxJji(k)  VH; €O (10.48)
Then
pimi <1 Vi#m

Proof. See Section 10.7.4. =)
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For the classes of problems that we consider, in view of Claim 10.4 and Lemma 10.5, if

H; € © then H; = H,, and
pyii <1 (10.49)

From now on, we only consider the classes of problems for which Claim 10.4 is valid.

We now proceed to prove the following theorem.
Theorem 10.6. Let the family F be identifiable and H; € © be true. Then
ElFy;/Hi] < E[Fp—1j/H:]  Vj#i (10.50)
Proof. Let hypothesis H; € © be true. Since Fj; < 1, we have
Fyj < F,ij for some ¢ € (0, 1) (10.51)

This is a crucial observation and is invoked to use pj; < 1 from (10.49). All the terms in

the denominator of the recursive relation (10.40) are positive. Therefore we get

[Fio—1,j + Pi(1 — Fi—1,5)] fj (1)
[Fr—1i +Pi(1 = Fe—1,0)] fri(rw)
b A Fp 1+ pi(1—Fy )

T P+ pi(1— Fr_1,)

Fyj <

(10.52)

We note that the density functions fi;(-) are the approximate conditional density functions

as defined in (10.29). Assume that p; = p for all j. Let

Fr_1;>Fr_1; Vi#i, Vk< N

Then
P+ (1 —p)Fk1
Gji = = —
p+(1—p)Fr-1;
= P

_ By (1-7) Fi—1 (10.53)
Fo-1i (1-p)+ 52—

< Fk—l j
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From (10.51), (10.52), (10.53):

iy <[] [l
< [Ftt] st} ) 031
<[2) ) e

We note that fi;(ry) are the constructed density functions fi(ry/H;i, Rr—1) in (10.26). Take

the expectation conditioned on H;

st < (2 o o] [fe] ]
21 ] [ dotmemoams 1059
2 ﬂ t[k

where I is the integral. Now

Fri(Ri/ M) = fri(rie/ Rio—1, Ha) frm1,i(rh—1/Ri—2, Ha) - -« fri(r1/Hs)

I = / flj(n)] HZ %ﬁ: 3] Froori(Riey JH:) AR

[ 1 ] Fri(ri/Ri—1, H;)dry,
(1

Tk

B B i om s

< Ip_1pjis
Therefore, from (10.55):

It
E[Fy;/Hi] < [%] P (10.56)

)

From Claim 10.4 and Lemma 10.5, pj;; < 1. Hence, the posterior probability rapidly

decreases as k — oo and the assumption of Fy_y ; > Fj_1; for all j # i and for all k is no
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longer valid. Let Fj_; ; < Fjy_1,; for all j # i and for all £ > N. Then

Fr1; 14+p(1/Fe15—1)

bii = . -
T Feoi 1451/ Fea — 1)
Fr_1; _
< F—] 1+p(1/Fr_q;—1)]
k1,
< By ﬂ;(l — Fi-1,)
Fr_1; Fr_1;
Fr_
<t
Frp_1;

Following the argument used above, we get:

Feovj o\ [fej(re)]’
Fiy < (Fk1z +p> [fki(rk)}

)

() | [fuem)

[fk—l,j(rk—l)y

Jr—1,i(rr—1)
Therefore:
‘ Fk—2,j:|t [fkj(rk)fk—l,j(rk—l)]t i [fkj(Tk)fk—Lj(Tk—ﬂ]t s [
Fk]§|:Fk2,i Jri (i) fro—1,6(Tr—1) P fri(re) fe—1,i(Tr—1) Tp

Again, taking an expectation conditioned on H; and from (10.43)

E[Fyj/H)| < E

(1>

€k

_ k—N
€k+1 — €k = Pjs; Fi
(A

<0 Vk > N

Fni\'
<ﬂ) /Hi] (pjis — 1) + Pl N

Hence
€< <€y <€ < €1 < ... Yk > N

Clearly, for the WSPRT, p = 0, and hence, the lower bound ¢ = 0.

;' _ _ _
[F—]} /Hz] P?iiN + 7' (Pjii + p?zz +...+ pfu N)
Ni

(10.57)

fkj(?“k)]t
Jri(Tk)

(10.58)

(10.59)

(10.60)

(10.61)
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Corollary 10.7. Let the family F be identifiable, H; ¢ © be true. Then
E[FRJ/HZ] < E[kalﬂ'/Hi] Vji#m (10.62)
where H,,, maximizes the information function defined in (10.48).

Proof. The proof remains essentially the same as at appropriate places we replace the
subscript ¢ by m, except that now pj,,; < 1. The corollary is relevant to the robustness

issues associated with any multiple model adaptive estimation scheme. )
10.4.3 Convergence of the Posterior Error Covariance

Let H; be true. We now compare the posteriori error covariance matrices of the adaptive
filter and the “true” filter matched to H; in the MMAE algorithm. From (10.5-10.6) and
(10.12a-10.12g)

Pri = (I = KyiChi) My, (10.63)
P, = (I — KxCy) My, (10.64)
My — My; = A1 Poe1 Al — Ap—1iPec1, AL+ (Wi — W0) (10.65)

Therefore
Py — Py = (I — KiCy)(My, — M) (I — KpiCri)™
+ (I = KxCr) My CL K — K CruMii (I — KpiCri) " (10.66)
= (I = KxCp) (Mg — Mpi)(I — K3iCri)" + G
Now from the definitions of K} and Kj; in (10.5b) and (10.12b)
Ghi = KpiCriMy — KyCpxMyCLK] — KyCp My + Ky O My CL KL
= My CLiS1 CriMy, — MxCL S, ' O MGl S, Cri My —
M. CES T Cp My + My CLS ! Cri My CL S, Oy My,
= My, [CLS:;' Chi — CiS;, 'O — CiSi Cri (My, — My;) CF S, 1Oy My,

Now

CLS O — CrS; 0y = CL (S5t = Si7Y) Ok — (CF S+ CLSY) (O — Ci)



10.4 Performance of AKF Algorithm 189

Therefore
Gri = My Cl; [Siit — Syt — Si' Cri (My, — My,) CF S 1] Cr My,

— Myi (G S, '+ CiSyt) (Cr = Cra) Mi

= MuCLS' [Sk — Ski — Cri (M — M) C | Sy ' Cre My,
— My, (CTS;t + CLSH) (Cr — Cry) My, 10.67)

= Kpi (CoMyCf + Vi — CriMiiC; — Vi = CiMy O + CriMiiCyp ) Ky
— My (CiL S, 1+ CSt) (Cr — Ci) My,

= Kii (Vi = Vi) Ki + Ky (Cr — Cri) (MCL + CriMyi) KL
— My (CEE S+ CLSLY) (Cr — Ci) My,

Similarly from (10.65)

My — My; = Ag—1 (Pie1 — Po1) ALy

+ (Ap1.iPe1i+ Ap 1 Po1) (Apy — A1) + (Wi — W)

and from (10.65-10.67)

Py — Py = (I — KpCr)Ap_1(Pro1 — Pr1)AL_1;(I — KpiCri)©
+ (I — KCr)(Ap—1iPr—1 + Ap—1Pe—1)(Ap—1 — A1) (I — KpiCri)*
+ (I = KpCr)(Wi—1 = Wi) (I — KiCri) " + Kii(Vie — Vi) Ki,
+ Kii (C — Cg) (M C + Ci My ) KL

— My (CES;! + CESM(Cr — Cri) My, (10.68)
The filter equations are

& = (I — KiChri)Ak—1i%k-1 + Kpi(Yr — Cribr—1, — dpi)

2 = (I — KCr)Ap—125—1 + Ki(yr, — Crbr—1 — di)
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Denote the state transition matrices as

Qi(k,k—1) = (I — KyiChi)Ak—1

Ok, k—1) 2 (I — KxCy) A1

Ui = (I KipCr)(Ap—1iPe_1i+ Ap_1Pe_1)(Ap_1 — Ap1.)" (I — KpiCri)*

+ (I = KCR)(Wi—1 — W) (I — KpiCri)T + Kii(Vi — Vi) K,

+ Kpi(Cl, — Cri) (MiClh + Cri My K|
- M]ﬂ(CgS + CkZSkz )(Ck - Ckz)
Therefore:

A
0Py = Py — Py

= ®(k,k — 1)0Pp_1,, 8T (k, k — 1) + Ty,

We now prove the following theorem:

(10.69)

(10.70)

Theorem 10.8. If the system in (10.1a-10.3) is uniformly completely controllable and

uniformly completely observable, and if {¥};} is uniformly bounded and decreasing, then

E[6Pyill /Hi ] < Ly
where
Li <...<Lpg1i <Lpi <Lp—1;<... Vk > Ny,

Proof. From (10.70)

k
0P = ®(k,0)5 Py ®] (k,0) + > ®(k, 1) ¥, @] (k,1)
=1

so that

k
E[0Pyi/Hi] = ®(k,0)0Pu®] (k,0) + > ®(k, ) E[Uy; /H;] ] (k,1)
=1

(10.71)

(10.72)
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Since the system is uniformly completely controllable and observable

1@ (k, 1)|| < Crem=tD

1@k, 1)|| < Cse™*D YTy, Cy, 3, ¢4 >0 (10.73)
Further
L—-1
[Wi—1 — Wi|| = Z Fy 1 ;W; — W,
7=0
<1 = Fre1,)Wo — (1 = Fp—1,) Wi| where W, = max W;
J
< Fk—l,aHWa - Wz” (1074)
Similarly
||Ak_1 — AZH S Fk—l,b”Ab — AZH where Ab = maXAj
J
Vi = Vill < By_rllVe — Vil where V, = max
J
ICr — Ci]| < Fk—l,dHCd — G| where Uy = max C} (10.75)
J

From (10.69), (10.74) and (10.75)
Bl [ Wrill/Hi ] < 1]l exill (10.76)

wherein from Theorem 10.6 and (10.61), {€x;} is monotonically decreasing for all k& > N

and bounded from below, and V¥ is some matrix defined from (10.69). From (10.72-10.76)

E[16P /Hs ] < IC1llI6Puilll[Calle =0k 4 |Cul|j @] | D e (et t:=D] g,

=1

1G]

A
=L

Lit1,i — Lii = ||C1]]]|6 Pogl||| Cs|e~ (2 Fe)k[e=(erte2) —q]

+[|CL1® | [lers || |Cs [l (catealk

k
+ [[Call[[¥]] Z6_(02+C4)(k_l)(HQH,z’H — llell)
=1

1Cs]|
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so that
Lri1i— Lk <0 VE> N
Hence

£i<...<£k+1,i<[4ﬂ'<£k,17i<... Vk > N

Remark 27. Note that the lower bound is governed by the factor p of the MHSSPRT as
it controls the lower bound of the sequence {eg;}, as shown in Theorem 10.6. This theorem,
based upon our adaptive filter structure, shows that the apriori “covariance” assumed for
the conditional density function of the residual fy;(ry) approaches the true apriori error
covariance, that is, E{My/H;} — Mjy;. As a special case, consider the Wald SPRT, where

p = 0. From Theorem 10.6, it can be seen that for p < 1
er ~ ept

so that

E[ 0P /H: ] <

k‘+1e(CQ+C4)(k+1) _ 6(02+C4)]€

I8 PoillCalle™ ek + [lca el |2 1Cs]l

pec2 +ca 1

and
E[|0Pyl|l|/H:] =0 as k — oo (10.77)

So, for the Wald SPRT, £; = 0. The adaptive filter converges exactly to the “true” filter
of the MMAE scheme. )

The assumptions in the AKF algorithm may be justified in yet another way, by looking

at the exact expressions for the overall state estimate and posteriori error covariance, as
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developed in the MMAE algorithm. Recall from (10.7a) and (10.7b)

LL’Z = Z xkijj
J

P =) [P+ (wf — zj) (@h — 2k5) "1 Fiy

J

Let
* A *
0P, =P, — Py (10.78)

We now show that the expected value of 6P conditioned on any hypothesis decreases as

k — oo.

Theorem 10.9. If the system in (10.1a-10.3) is uniformly completely controllable and

uniformly completely observable, then
E[l6PEl/Hi] < Ly VH;
where
L7<.o < Lpy1; <L <Lpq;<... Vk > Ny

Proof. From the above equations

0P = [(Pej — Pr) + (2}, — wkj) (wh — 2ij) | Py

J
= 3 8Py + (af — i) (i — )1 Fy
- (10.79)
— Z[éij + (2}, — zij) (), — k)" | iy
J#i
+ [(5sz + (3?;; — l’kl)(.%';; — .Tki)T]F]m'

Taking the norm and using an analysis similar to (10.75)
0Py <) [I8Pusll + I — zag) (af — 2i)) "] Fg

A
+ [I6Puill + |2k — zni) (@, — 28i) " ||| Fri
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[0 Pyjll = || Pej — Pl

= ||Prj — Pri + Pri — Pl (10.80)
<16 Prjill + 110 Py < I6Psill + 10 Pl 5 #7
ZAN * * T
10Xkl = 1(xf — wxj) (f — 2x5)" ||

< (1= Fiy)*l|wkm — zii|I?, m# j (10.81)
< (1 — Fiy)?|16X5]]

so that

5Py <> [II6Pwill + 16Psill + (1 — Fiy) 10X, ] Fr
J#i
+ 18Pl + (1 = Fi) (10X, ] Fri (10.82)

From Theorem 10.6 and Theorem 10.8, for all £ > Ny
ElFii1,i/Mi] < E[Fy;/Hi]
E[|6Peyrill/Hi ] < E[ 1|6 Prill /Hi |

E[Fyi1.:/Mi] > E[Fri/Hi) (10.83)

Therefore:

B[0P} /Hi] < E | Y [I6Pll + [16P;ill + (1 = Fig) 216Xl 1Fwj /M
| #i
+ E [[ 0P| + (1 — Fip) |6 X || 1Frs/ Hs]

=E | Y 6Pl + (1 = Fiy)? 10X, 1Fes/Hi
| i
+ E (1 = Fyi) 16X Fri /Hi] + E[ (|0 Pysl| /H ]

AN
:Eki

Now

Livri—Lri =Y 0Pl E [(Frarj — Frj) /Ml + E[(10Perill — 16Pkill) /Hi]
J#i
+ Z 16XG1E [(1 = Fiq1,5)* Fepry — (1 — Fij)?Fij/Hi] - (10.84)
J
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Consider the function:
E[(1 — Fyj)*Fy;/Hs] = EFy/Hi) + E[FE /i) — 2B[F2,/H,)
< 2B[Fyy;/Mi] — 2E[F¢; /H,]
Now
E[FE /M) > (E[Fy /M)
which implies that
E [(1 = Fyj)*Fij/Hi] <2{E[Fy;/Hi) — (E[Fy;/Hi])*}
AN

= @(E[Fr;/Hil)

Since ¢(-) is an increasing function in the interval [0,1/2) and a decreasing function in the

interval (1/2,1], it follows from (10.83) and (10.84) that
E[(1 = Fiq1)*Fesr/Hi] < E[(1 — Fiy)*Frj/Hi)  Vj#i
E[(1 = Fis1,0)* Forra/Mi] < BI(1 — Fii)*Fri/ M)
so that
Liy1i—Lu<0 k>N (10.85)
and
LF<. < Lpy1; <Ly <Lpq;<... Vk > Ny
e

Clearly the posteriori “covariance” of the AKF algorithm approaches the exact posteriori
error covariance as computed in the MMAE algorithm.
Finally, we analyze the difference between the assumed error “covariance” Py and the
exact error covariance Py. Let H; be true. From (10.12d), (10.16) and (10.17)
3Py 2 Py — P (10.86)
= (I — K3Cp) Ag(Pyo1 — P AL (I — K, Cp)" + 0y,

= ®(k,k—1)0P,_1®(k, k — 1)T + T, (10.87)



196 Chapter 10: Multiple Model Adaptive Estimation

wherein:

Uy, = Ki[(Vi = Vi) = (Ck — Cri) Xi(Cr — Cri) " + (i — i) (e — dlig) ™
+2(Cy, — Cri)mi (s — di) "1 K
— (I = KxCp)[2E} (C — Cri)" — 2mi(dy — dii) "1 K}
+ (I = KCr)[(Wio1 — Wi) — (A1 — Ap—1.0) Xpo1 (A1 — Ap_1)7
— (bp—1i — br1) (1.5 — b)) T + 245 1 EF_ (A1 — A1)
+ 24,1y (be—1 — b—14)”

— 2(Ap—1 — Ap—1i)mp—1(br—1 — bp—1,;)" |(I — KxCi)"
We now prove that the expected value of §Py; conditioned on H; decreases as k — co.

Theorem 10.10. If the system in (10.1a—10.3) is uniformly completely controllable and

uniformly completely observable, then
EL|[6Peill/Hi ] < Lia,  YH,

wherein:

L‘i<...<Zk+1,i<2ki<2k_17i<... Vk > N,

Proof. From (10.87)

k
0Pyi = ®(k, 0)0 Py ® (,0) + > (k, 1) ¥, @7 (k, 1)
=1

so that
~ ~ k ~
E[6P;/Hi] = ®(k,0)5P®" (k,0) + > ®(k, 1) E[¥y;/H;] @7 (k, 1)
=1
The rest of the proof follows that of Theorem 10.8. )

This concludes our analysis to justify the structure of the AKF algorithm. Under H;,
we derived sufficient conditions for the convergence of Fj; to F; and Py to f’k, Py;, and P;.

In the next section, we test the AKF algorithm in a few numerical simulations
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10.5 Simulations

10.5.1 Example 1

Consider a scalar dynamic system:

Tpt1 = Apxy + b + wy

yr = Crap + di + vy,

wherein under each hypothesis

Ho : Ay, = —0.5, be = 0.0, Cr = 1.0, dj, = 0.0
v ~ N(0, 1.0), wy, ~ N(0, 0.001)

H; : Ay, = —0.6, by = 0.25, Cr. = 1.25, dj, = 0.25
vk ~ N(0, 2.0), wy, ~ N(0, 0.001)

Hy : Ay, =—0.7, b = 0.50, Cr = 1.50, dj, = 0.50
vk ~ N(0, 3.0), wy, ~ N(0, 0.001)

The Adaptive Kalman Filter algorithm was compared to the MMAE algorithm. In the
MMAE approach, F} was replaced by F}; to allow for transitions from one hypothesis to
another. Of course, from our earlier discussion, it is clear that the recursive relation is not
strictly F};; but an approximation to it. In order to design the AKF algorithm, it is essential
to consider scenarios when a particular hypothesis is true and the filter is “matched” to
the wrong hypothesis. An off-line computation of the true residual error covariance was
conducted for all scenarios. It is seen from Figure 10.3 that when H; is true and the filter
is matched to H;, either Ay; < Ay < Sk or Apj > Ay > Ski. Moreover the matrix By,
in the exponential term is always positive definite and so, from Section 10.7.3, the system
satisfies Claim 10.4. This implies that the filter cannot remain matched to H;.

We now test the AKF algorithm. At ¢ = 40 sec, the hypothesis was changed from Hj
to Hi. The posterior probabilities of the three hypotheses are shown in Figure 10.4. The
bold line denotes the AKF approach while the dotted line denotes the MMAE approach.
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10§,

HO vs H2
[6)]

15

H1 vs H2
o

(&)

H2 vs H1

0 5 10 15 0 5 10 15

Figure 10.3: Off-line computation of Ag;, Ay; and Sy;: H; vs Hj; denotes H; is true while
the filter is matched to H;: Ay; is shown by the dotted line.

However, the computational time taken by the MMAE approach is much larger than the
AKF approach. These plots have been averaged over ten different realizations.

Figure 10.5 shows the normed differences between the posteriori error covariance matrix
of the AKF and each of the Lainiotis filters. For t < 40 seconds, Hy is true. As proved in
Theorem 10.8, E[ [0 Pyol||/Ho | — 0 while E] ||0Px1|/Ho | and E[ ||0Pk2||/Ho ] are high.
For t > 40 seconds, H; is true. Therefore E| ||0Pg1]|/H1 ] — 0 while EJ ||0Pxol|/H1 | and
E[ ||6Pk2||/H1 | are high.

10.5.2 Example 2

Consider another dynamic system wherein under each hypothesis:

Ho : A, = 0.5, by = 0.00, Cy, = 1.00, di = 0.00

v, ~ N(0, 1.0), wy, ~ N(0, 0.001)
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Figure 10.4: Adaptive Kalman Filter Performance - Change from Hy to H;.

Ay, = 0.6, be = 0.25, Cj, = 1.25, dp = 0.25
v ~ N(0, 1.5), wy, ~ N(0, 0.001)
A =0.7, b = 0.50, Cj, = 1.50, dj = 0.50
v ~ N(0, 2.0), wy, ~ N(0, 0.001)

Again, we compared the Adaptive Kalman Filter to the MMAE algorithm. At ¢ = 3 sec, the

hypothesis was changed from Hy to Ho. The posterior probabilities of the three hypotheses

are shown in Figure 10.6. The plots have been averaged over ten different realizations.

Figure 10.7 shows the normed differences between the posteriori error covariance matrix

of the AKF and each of the Lainiotis filters.
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Figure 10.5: E[|0Py;|] vs. tg.

10.5.3 Example 3

Consider three hypotheses wherein:

Ho v ~ N(0, 1.0)
Hl U ~ N(O, 1.5)
Ho v ~ N (0, 2.0)

A fourth order ARMA measurement process was simulated thus:
Y =01 [Ye1— Y2+ U3 —Yea]| + vk

Since the order of the ARMA process typically is unknown, a fifth order ARMA model

was assumed for the measurement process. The assumed system model is the same as
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Figure 10.6: Adaptive Kalman Filter Performance - Change from Hy to Ha.

(10.1a-10.3) and for all H;

A=1 W; = 0.001 % d=0

Cr = [Wi—1|- - |Yrs] b=100000"T

Recall from Lemma 10.2 and Section 10.7.3 that for ARMA processes, Claim 10.4 is always
valid thereby obviating any off-line computation. At ¢ = 40 sec, the hypothesis was changed
from Hy to H1. The posterior probabilities of the three hypotheses are shown in Figure 10.8.
The plots have been averaged over ten different realizations. Figure 10.9 shows the normed
differences between the posteriori error covariance matrix of the AKF and each of the

Lainiotis filters.
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Figure 10.7: E[|0Py;|] vs. tg.

10.5.4 Example 4

For the same system, the hypothesis was changed from Hy to Ho at ¢ = 40 seconds. The
posterior probabilities of the three hypotheses are shown in Figure 10.10. Again the plots
have been averaged over ten different realizations. Figure 10.11 shows the normed differences

between the posteriori error covariance matrix of the AKF and each of the Lainiotis filters.

10.6 Conclusions

An AKF algorithm and sufficient conditions for its convergence have been developed for
adaptive estimation in linear time-varying stochastic dynamic systems. In the simulated

examples, it performs comparably to the modified MMAE algorithm, while significantly
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Figure 10.8: Adaptive Kalman Filter Performance - Change from Hy to H;.

reducing the computational intensity. It has also been shown that for a class of problems, the
expected value of the true posterior probability conditioned on the residual history converges
to unity. In its most general form, an off-line computation is necessary to investigate the
convergence of the true posterior probability. Under assumptions of uniform complete
controllability and observability, the expected value of the norm of the difference between
the constructed error covariance and the true posteriori error covariance converges to a
lower bound. This lower bound is determined by the apriori probability of change from
one hypothesis to another in the MHSSPRT. In the presence of modeling errors, the AKF
algorithm has been shown to converge to the hypothesis which maximizes a particular

information function, while the MMAE algorithm might show beta dominance.
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10.7 Proofs

Proofs of some results developed in this chapter are presented in this section.

10.7.1 Proof A

From (10.40), for the MMAE scheme:

A 3
ki = Fri + pi(1 — Fr ;)

1 1 _ A
Srrri(rega) = @) S a2 eXP(— 5Tkt 1iSp 41 TR 1) = BriLihi1
k1,
Prifrr1,i(The1i) OriBra1i0ke1

Fry1i= =
L 0 Ok frr1 i (The1g) Dm0 PkiBka1 ey

Dri(1 — Fii) Br1,i0+1,0 — Doz Phj B, k1,5 Fa
Fry1;— i = ™
Dm0 Phj B 1, Ok,
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Figure 10.10: Adaptive Kalman Filter Performance - Change from Hy to Hs.
If ‘H; is true, then we would expect:
apy1; =0 ViFd
so that
Fri1;—Fr >0

However, if for some unknown reason, ay; ~ aVj for a prolonged sequence of measurements

then

(L =) > Frj (Brr1,i — Brr1,5) Fhi + D225 2i (Brr1,i — Brot1,5) Fri
> 750 BB,

If By < Br;Vj # i, then the posterior probability corresponding to the dominant 3 increases

Fry1i— Fri =

irrespective of the true hypothesis.
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Figure 10.11: E[|0Py;|] vs. tg.

10.7.2 Proof B1

For the AKF algorithm, there is only one residual process. Hence, if for some reason,

apj ~ o for all j for a prolonged sequence of measurements this implies that
Th1[Skt1i — Sk1,]Tk41 = 0
and
Sk41,i = Sk+1,; Yk

This violates the identifiability assumption of the family F. Moreover, since now [i; =

Br;j¥j, one B cannot dominate over the other.
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10.7.3 Proof B2
From (10.42):

Tjs(k) = B In { g (re)} /Mo, Ry-1]
Let ‘H; be true. Then

Tjilk) — Ta(k) = / In { J ’”'(”“) } Fri(r)dry

i(rk

~—

=

Since lnz <z —1

~—

Jrj(rk
Jri(Te)

Fei(re) \ 7oy | vy
fki(%)}fm( k)dk} 1 Vi #

Tji(k) — Tu(k) < /{

“t/

S -1

— 1} Fri(ri)dry

AN

—

From (10.25), (10.26) and (10.28),
Agi L/21A,11/2 ;
7, 2 Wil AN {_ak }

1Ak [12/2] S ]|1/2 2
where
ag; 2 b [Ski + (A];jl — AT o
= b Bribri
and

1>

14 &1 -1 -1
A, S+ Akj — A
with A;l > 0 for the integral to exist.
Now, it must be true that either Ay; < Ay < Sy; or Apj > A > Sy for all k. Clearly,

the integral always exists and Ax > 0. Since the bias terms are small, neglect the exponential

term ay;. However, note that if
Akj <Ap;= By >0

= ap; >0 kai

= exp{—%} <1
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Hence, in certain cases, the bias terms need not be small. Anyway, by removing the
exponential term from I, we can show that
Ir = [|AG Akj + A Sk — At A AL Sl Y2
<1
with the equality sign if and only if Ay; = Ag; or Ay = Sy, for all k. The former situation
violates the identifiability assumption while the latter assumes that Mj = M, for all k in

which case the algorithm has already converged. Therefore:
Jji(k) — Tii(k) <0

Now, the equality sign in holds if and only if fi;(-) = fi;(-) almost everywhere. Since we
assumed the family F to be identifiable, the J;(k) is strictly less than J;;(k)Vj # i and
Vk.

10.7.4 Proof B3

The proof follows the analysis in (Liporace 1971). Let H; € O be true. We first prove that

whenever 7 ji(k) < Tmi(k) Vk the following holds true

{ i (ri)
fkm (Tk)

By definition:

E

t
} /Hi,Rk_ll 2 pimi(Ri_1) <1 forsomet € (0,1)  Vk

)
: fei(ri) ' 10,
}g% ({fk:n(?”k)} — 1) t 1/H1,Rk—1]

Using the Lebesgue dominated convergence theorem, the limit and expectation may be

=F

interchanged. Therefore, for any § € (0, 1), there exists a ¢t € (0,1) such that

. 1 fk’j(rk) ! ) _ g _ . —
lim ¢ <E {fkm(rk)} /HZ,R;H] 1) < [T ji(k) = Tmi(k)] (1 =)
Feir) ", _ (T
E {fkm(Tk*)} JHi, Ri—1| < 1+t(1 —06)[Tji(k) = Tmi(k)]

<1



10.7 Proofs 209

The same analysis can be carried out Vk, that is, for any realization of Ry

pjmi(Rk—l) <1 vk

A
= Pjmi = MAX pimi(Ri—1) < 1






CHAPTER 11

Fault Detection and Identification
Using Linear Quadratic Optimization

A NEW APPROACH to the residual generation problem for fault detection and identification
based on linear quadratic optimization is presented. A quadratic cost encourages the input
observability of a fault that is to be detected and the unobservability of disturbances, sensor
noise and a set of faults that are to be isolated. Since the filter is not constrained to form
unobservability subspace structures, adjustment of the quadratic cost could realize improved
performance as reduced sensor noise and dynamic disturbance components in the residual
and reduced sensitivity to parametric variations. In the present form, the filter detects a
single fault so the structure could also be described as that of an unidentified input observer.

A bank of filters are constructed when multiple faults are to be detected.

211
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11.1 Problem Formulation

Consider a dynamic system described by the equations
T =Ax + B1U1 + BQ'LLQ; .%'(to) =X (11.1)

y=Cr+w (11.2)

In (11.1) and (11.2), y is a p X 1 measurement vector, w is the p x 1 measurement error, and
u1 and ue are unknown disturbance inputs representing faults. Our goal is to derive a fault
detection filter which processes the measurement y(t) and produces a scalar output h(t)
which is small if u; is zero and large only if u; is different from zero. Thus the filter should
respond to a non zero input ui, but not to the inputs ue, w, and xg. In this development
we shall consider filters in the form:

bt = 17 [u(t) - " oM (7, )y (r)dr (11.3)

to

Procedures for choosing the matrix f(¢1) and the p xn matrix M (7,t;) are developed below.
A filter with the properties described above can be used to detect a fault corresponding to
u1. The roles of u; and use can be interchanged to detect faults corresponding to us.

Introduce an n X n square matrix Z(t¢;t1) satisfying

%Z(t; t1) = —ATZ(t;t1) + CT M (t; 1y); Z(ti;t) =1 (11.4)

Form Z%z and differentiate with respect to t.

d 7 5T T,

—(Z'x)=Z"x+ 2" 1

dt
- [—¢A+MTC]x+ZT[f>é+Blu1 + Bous] (11.5)
= MTC:E + ZTBl’Ltl + ZTB2U2

Substitute (11.2) into (11.5).

d
E(ZTgc) = MT(y —w) + Z" Byuy + Z" Byus (11.6)
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Integrate (11.6) from ty to ¢;.

ZT(tl; t1>l’(t1) — ZT(to; tl).%'(to)

t1 t1
= MT(r;t)y(r)dr — MT(r;t)w(r)dr
[ year = [T i) i
t1 t1
+/ ZT(T;tl)BluldT+/ ZT(T;t1)Bgu2dT
to to
Using Z(t1;t1) = I and rearranging (11.7) we get
t1 t1
z(tr) — [ MT(r;t)y(r)dr = Z7 (to; t1)z(to) — | M7 (75 t1)w(r)dr
to to

t1 t1
—‘r/ ZT<T;t1)B1U1dT+/ ZT(T;tl)BQ’LLQdT (11.8)

to to
Multiply (11.8) from the left by f7'C where f is a vector to be determined. For the time
being, regard f as given. Later we will have more to say about choosing f.

ffex (t) — 7 ! CMTwdr = f1 [y (t1) —w (t1)] — fF ! CMTwdr

to to

= h(t1) = fTw(t)

t1
= 107" (to; t1)x(to) — ffeMTwdr

to

(11.9)

t1 t1
+ fTCZTBluldT + fTCZTBQ’LLQdT
to to

Thus

hty) = fFCZT (to; t1)x (to) + fFw (t1)

+ /t1 [fTCZ(T, t1) (Byug + Bous) — ffCM™ (7, tl)w] dr (11.10)
to

Note that h(t1) in Equation (11.9) is a scalar. We want to choose f and M such that h(ty)

is responsive to u1, but not to ug, w and xy. To accomplish this, set up the cost function

fIc {ZT(tO; t)WZ(to) + [ [27 BaQaBY Z + MTRM] dT} CTf+fvy
J =

(11.11)
fTC { h ZTBlQlBlTZdt} CTf

Equation (11.11) is subject to

%Z(t; t1) = —Alz(t;t) + CTM(t;t1);  Z(t1;t) =1 (11.12)
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The cost function J penalizes the impulse response of h(t1) due to the input wug, but seeks
to maximize the impulse response of h(t;) due to the input uw;. The cost function also
penalizes impulse response of the filter itself, and the response due to initial conditions. We
want to choose M and f such that J is minimized.

In subsequent work it will be useful to express J in a slightly different form. To this
end, add and subtract to the numerator of (11.12) 7, times the denominator of (11.12).
Thus

J =
fic {Z’(to; t)WZ(to; 1) + [} [2QZ + M'RM) dr + 2 [ Z’BlQlB;ZdT} C'f+fVf

f1C [ h Z’BlQlBiZdT] Cf

V4 £CL 2 0 )W Z (ks 1) + [ [2'QZ + M'RM] dr } C'f

_ 2 (11.13)

re g 28Q Bl Adr]
where
Q = B2@Q2B; — v B1@Q1Bf (11.14)

Equation (11.1) can be cast into a still more convenient form by introducing a symmetric

n X n matrix P(t) which satisfies the matrix Riccati equation:
P=PAT + AP - PCTR™ICP+Q; Pty)=W (11.15)

Next form Z7 PZ and differentiate. Using (11.12) and (11.15) one obtains

d

—ZTpzy=2TQz + MTCPZ

dt( ) @ (11.16)
+72'PC™ M - ZTPCTR'CPZ

Integrating both sides of (11.16) leads to

ZT(to; tl)P(tl)Z(to; tl) — ZT(to; tl)P(to)Z(to; tl) =

t1
/ Zz1Qz + MTCPZ + zT'PCTM — Z' PCTR™'CPZ]dt (11.17)

to
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After some rearrangement, (11.17) can be written as

t1
ZT (to; t))W Z(to; t1) + / (zTQZ + MTRM)dt =

to
t1
ZT(t1:t1)P(t) Z(ty; 1) + / (M — R'CPZ)TRM — R™'CPZ]dt (11.18)
to
Comparing (11.1) and (11.18) and using the fact that Z(¢1;t1) = I we see that J becomes

fre {P(tl) + ['[M ~ R\CPZ)"RIM — R*lcPZ]dT} CTf+fVf
J=7+

e, { h Z/BlQlB;ZdT} Cf
2 fICPt)C" +V]f

F1C { I Z’BlQlB’ZdT} C'f

re{ i (M- RCPz) R[M — R CPZ)dr | C'f

(11.19)

to

+

fic { o Z/BlQlB;ZdT} o' f
There are three quantities to be chosen in evaluating (11.19). They are v2, M(r,t;) and

f. For any particular values of f and 72 which are selected, .J is minimized by choosing

M (7,t1) to satisfy
M(7;t;) = RT'CP(1)Z(1;t1) (11.20)

With this choice J becomes:
f'ICP(t)C"+ V] f

J = 'yz + p
28, [ b Z/BlQlBgsz} Cf

(11.21)

Now let’s work on simplifying the demonimator of (11.21). Introduce S(t) defined as

A

S(t) = /t Z'(1:4)B1Q1 By Z (T, t)dt (11.22)

to
It can be shown (see Section 11.4) that S(¢) is the solution of the time varyng Lyapunov

equation
S(t) = Acp(t)S(t) + S(t) AL (t) + B1Q1B; (11.23)
S(te) =0 (11.24)

AcrL(t) = A—-K({#)C;  K(t) = P(t)C'R™* (11.25)
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Using S(t), J can be expressed as

o,  ['[CP(t)C"+V]f
frCS(t)C' f

J = (11.26)

Recall that this expression for J assumes that M (7;t;) has been chosen to satisfy (11.20).
Only 42 and f remain to be chosen. These parameters may be determined by a numerical

search procedure which may be summarized as follows:

1. Select a value for v? starting with 42 = 0 and gradually increasing 7.

2. For each value of 72 start with P(tg) = W, and solve the Riccati equation forward in

time to obtain P(t), to <t < t;. P(t1) is also determined in this step.

3. Using P(t) from step 2, determine Acyr(t) from (11.25). Then use Acr(t) to solve
Equations (11.23 — 11.24) for S(¢;).

4. Form the real symmetric matrices Ny = CP(t;)C" +V, Ny = CS(¢1)C’, J may be

expressed as

2 f/le
IE f'Naf

Solve the generalized eigenvalue problem
[Nl + /\ZZNQ] &=0

Choose f as the eigenvector corresponding to the smallest eigenvalue of this system,

and normalize f such that f'Nof = 1. Then f'Nif = \2.  and
J =7+ Nint
5. Gradually increase v? and repeat steps 1-4 until one of the following two events occurs:

a. The eigenvalues of the Hamiltonian (i.e., the filter eigenvalues) move onto the
imaginary axis. When this occurs y? cannot be increased further because the

filter would then become unstable.
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b. J passes through a smooth minimum (d.J/dy? = 0) at which point one of the

eigenvalues found in step 4 becomes zero. In this case f is chosen such that
ffep)ctf=o0
Thus,
J =7

The value of v which results in either (a) or (b) will lead to the minimum value

of J.

6. Once the minimizing value of 42 has been found, use this value to compute @ and
hence P(t). See (11.14), (11.12). Then using (11.12) and (11.20), the equation for
Z(t;t1) becomes

Z(tit) = [-A' + C'RT'CPW)] Z(t,tr);  Z(tists) =1
Solve (6) backward in time to obtain Z(7;t1), to <t < t;.

7. Let

M(r,t)) = R'CP(1)Z(r,t1)

8. Using f from step 4, construct the filter as

ho(t) = fT [y(tl) " CM'(7,t)y(r)dr (11.27)

to

11.2 On Line Filter

To develop an online version of the filter, let

() 2 t MT (7, t)y(r)dr (11.28)

where

M(7,t) = R"*CP(1)Z(1,1) (11.29)
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dZ(r,t)
dr

= (AT + CTR™'CP(1)) Z(1,1) (11.30)

Z(t,t) =1 (11.31)
After some manipulation it can be shown [AM-1, Appendix B] that £ satisfies the equation
§= A+ PCTRy—Ce; (o) =0 (11.32)
Thus, the filter given in (11.27) can also be expressed as
h(t) = fTly(t) — C&(t)] (11.33)
where £(¢1) is obtained from (11.32).
11.3 The Steady State Filter

In most cases, the fault detection filter will be implemented as a steady state filter, i.e.,
a linear filter in which the coefficient matrices are constant. Assume the pair (A4,C) is
detectable and that

lim P(ty) =0 (11.34)

to——0o0

The steady state filter is then obtained as

ho(t) = f7 [y(t) — CE(t)] (11.35)

{=A+PCTR ' y—C¢l;  &(to) =0 (11.36)
In (11.35) and (11.36), P satisfies
PAT + AP — PCTR™ICP+ Q=0 (11.37)

and f is chosen as described in step 4 of section 2.
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It is often instructive to look at a frequency domain expression for the steady state filter.

To obtain such an expression, take the Laplace transform of (11.36). This yields:

s¢ =[A—PCTR™'C| ¢+ PCTR™ Yy

Letting

K2 PCTR™
this becomes

E=(sI-A+KC) 'Ky
Substitute (11.40) into the transform of (11.29).
h=f'[I-C(sl—A+KC) 'Ky

After defining ® as

O 2 (s] — A)!
Equation (11.41) can be written:

h=fl(I+CoK) Yy
The frequency domain expression for y is:
y=CPBiu; + CPBous +w

Thus,

h=fT(I+COK) 'CPBuy

+ fT(I + COK)'C®Byus + f1 (I + COK)'w

(11.38)

(11.39)

(11.40)

(11.41)

(11.42)

(11.43)

(11.44)

(11.45)

Equation (11.45) can be used to study the frequency response functions from uq, uz, and w

to h. This will be illustrated by two examples.
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11.4 Proofs

Proofs of some results developed in this chapter are presented in this section.
Proof A

Given

S(t) 2 /t Z'(1;t)B1Q1 B, Z (1 t)dT (11.46)

to

The derivative of S with respect to t becomes

S(t) = Z'(t:0) B By (¢, 1)

td d
+ [ G 2Ol BQUBZ(rt) + 2(r BB G2 (rdt (1L47)

to

Using (11.12) and (11.20) we obtain

%Z(t t1)=—[A' = C'RT'CP(t)] Z(t;t1); Z(tyt)) =1 (11.48)
Let
K(t)2 P(t)C'R™ (11.49)
Acr(t) £ At) — K(t)C (11.50)
Then
D gt = — AL, (21 Altty) = 1 (11.51)

dt
Z(t,t1) is a transition matrix. Thus,

Z(ty,t Z(t tl) I

N-

) Z(tt) + Z(tist) Z(t 1) = 0

N-

t1,t) = Z(t1, 1) A (t)

t1,t) = Acp(t)Z'(t1,t)

(
/(
Z(tut)Z(tt) — Z(t ) App () Z(t; 1) = 0 (11.52)
/(
Z(



11.4 Proofs 221
Substitution of 7 for t; gives:
d !/ !/
EZ (1,t) = Acp(1)Z'(1,1) (11.53)
d /
aZ(T,t) =Z(1,t)Acp(7) (11.54)
Substitute (11.53) and (11.54) into (11.47) and note that Z(¢,t) = I. This yields:
t
S(t)=BiQ1Bi + | Act(t)Z'(r,t)BiQ1 B Z(7, t)dr
to
L /o , , (11.55)
+ VA (7’, t)BlQlBlz (T, t)BlQlBlz(T, t)ACL(t)dT
to
= B1Q1B] + Acr(t)S(t) + S(t) A L(t)
Hence, S(t) is the solution of the equation
S(t) =Acr()S(t) + S(t)Ap (t) + BiQ1B;
(11.56)
S(to) =0
Proof B
t
: T d..r
) =M"(t,t)y(t) + EM (r,t)y(r)dr (11.57)
to
M(t;t) = RT*CP(t)Z(t;t) = R™'CP(t) (11.58)
L rt(et) = L2 0y P(r) O R (11.50)
dt ’ e '
Since Z(,t) is a transition matrix,
Z(r, ) Z(t, 1) =1 (11.60)
SO
d d
—Z(1, ) Z(t,7) + 2(1,t)—=Z(t,7) =0 (11.61)

dt dt
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Using (11.4) we get

C2(02(t,7) + 2(5,1) [~ AZ(1,7) + O'M(1,7)] = 0

%Z@ﬂﬂuﬂ—Z@wwzwﬂ+2ﬁﬁcﬁ*cmoﬂmﬂ:0

%Z(T, B =Z(r ) A — Z(,)C'B-1CP(1)

=Z(r,t) [A' = C'R7'CP(t)]
From (11.59) and (11.64),

%M’(T, t)=[A-P@t)C'R'C] Z'(r,t)P(r)C'R™*

Substitute (11.58) and (11.65) into (11.57)

£(t) = P()C'R™y(t) + / t [A— P(t)C'R™'C] Z'(1,t)P(7)C'R™ Yy (7)dr

to

=A tZ'(T, t)P(1)C'R™ Yy (1)dr

to

+ P(t)C'R™? [y(T) -C tZ'(T, t)P(T)C/Rly(T)dT:|

to

=A [ M(rt)y(r)dr — P(t)C'"R™* [y(t) —-C | M'(r, t)y(T)dT:|

to to

= At — PC'R ™[y - C¢]

t1
h=fly= [ [CM'ydr

to
Z=-AZ+C'M;, Zt)=1I

t1 t

t1
M'wd7'+/ Z/BluldT+/

to to to

x(ty) — /M'ydr = Z/(to)x(to) —

1
7' Bouodr

(11.62)

(11.63)

(11.64)

(11.65)

(11.66)
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1
f5Cx(t) — [ LOM'ydr + fly — fly
t
’ 11 t1 t1
= féZ/(to)fL‘(t()) — féCM/wdT + féCZ/BluldT + féCZ,BQUQdT
to to to

= foly —w) — fly + fiy — f,CM'ydr
= h(t1) — fow + (f3 — f1)y

h(t1) = fow+ (fs — f)y + 2" (to)z(to)






CHAPTER 12

Model Input Reduction

TwO EXAMPLES of linear system input-order reduction problems are control blending and
disturbance direction identification problems. In control blending problems, system input
dimension is reduced to facilitate control design and implementation. Typically, the system
has dynamically redundant actuators which are to be mapped to a smaller set of generalized
controls and an associated control mapping.

In disturbance decoupling problems where the disturbance is meant to model neglected
higher-order or nonlinear dynamics, determination of the direction from first principles
is not always possible or practical. When the disturbance direction is found empirically,
typically several directions are found, each one associated with a different operating point,
and a suitable representative direction must be chosen. The problem is complicated further
when the rank of the disturbance map is not known, that is, when it is not clear how many
directions should be chosen from the empirically derived set.

One approach to model input reduction, appealing at first, is to inspect, pairwise, the

angle between each rank one input direction. If all the angles are small it might seem
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reasonable to choose any one direction or an average of all of them as a rank-one direction
representative of the set (Patton and Chen 1992). However, given that the input directions
form a linearly independent set, the angles depend on the chosen state-space basis. For
m < n linearly independent input directions where n is the dimension of the state-space,
state transformations may be found that make the pairwise angles between the directions
arbitrarily close to zero or 90deg. It is, therefore, not clear whether the rank of the input
map should be 1 or m or something in between.

A second approach is to group the input directions into a single multi-input mapping
and to consider the singular values of this map (Sobel and Lallman 1989). If B; is a linear
system input map and B = [Bj,..., B;,] an aggregate mapping, a reduced rank map is
formed by combining the left singular vectors associated with the largest singular values of
B, that is, once a threshold is chosen for what is to be considered a small singular value.
However, this approach amounts to the first since the left singular vectors and singular
values of B depend on the basis chosen for the state-space unless, of course, only unitary
transformations on the state-space are allowed.

The underlying difficulty with both approaches is that the dynamics and input-output
characteristics of the system are neglected. The following section introduces some notation.
Section 12.2 presents an approach to model input reduction based on maximizing a system
Hankel norm. Section 12.3 illustrates an application to a disturbance direction identification
problem. A numerical example is included. Section 12.4 discusses an extension to input and

output order reduction as applied to an internal feedback loop parameter variation model.

12.1 Notation

Let G be a linear time-invariant system with k£ inputs
& = Ax + Biuy + - - + Brug
y=Cx

All system variables belong to real vector spaces x € X, u; € U; and y € Y with n = dim X,

m; = dimU; and p = dim ). Define an aggregate control u € Y = U1 P - - - PU}, and control
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mapping B = [By, ..., Bg] where m = dimU. Also, define a reduced-input system G(q) as

T = Az + Bqu

y=Cz
where ¢ : R — R™ and ||¢|| = 1.

12.2 Input-Output Mappings and Model Input Reduction

The following sections build towards a Hankel norm maximization approach to model input
reduction. Section 12.2.1 considers only the system output dynamic characteristics, that is,
the pair (C, A) in forming a model input reduction problem. Section 12.2.2 considers only
the system input dynamic characteristics, that is, the pair (A, B). Section 12.2.3 considers
both system input and output characteristics in the triple (C, A, B) and a Hankel norm cost

function is formed.
12.2.1 Output Point of View

Consider the output of the system y(t) for ¢ € [0,00) generated only by a state initial
condition x(0) = xg. The L2 norm of y(t) is given by

o
2 T ATr AT~ A T
1% 0 o0y = /0 T AT T CeAT g dr = T Lo

where L,, the observability gramian, is found as a solution to a steady-state Lyapunov

equation
0=A"L,+L,A+CTC

Now, define a reduced-order input map as B = Bq where ¢ : R +— R™ and ||q|| = 1, that
is, a dimension m input is to be reduced to a dimension one input. If the state initial
condition x is restricted to Im B as x¢ = Bgq, a model input reduction problem is to find

¢ that maximizes ||y||

o0
max J° = qTBT/ eATTCTC'eATdTBq
0

p (12.1)

=q¢"'B"L,Bq
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This is solved as an eigenvalue problem

J2ax = Amax (BT LoB)
with ¢ taken to be the associated eigenvector. Since only the observability of the system
pair (C, A) is considered, no weighting is given to the control energy required to reach the

initial state xg.
12.2.2 Input Point of View

Having found an initial state direction x¢ € Im B, note that the control energy required to
reach z( by applying a control w(t) over t € (—o0, 0] could be arbitrarily large. A well-known
result (Doyle et al. 1989) is that for a given state o, the smallest signal w € £(—00, 0] that

produces xy has a norm given by
igf {||w||2|x(0) = CL‘o} = xOTLC_lJ:O
where L. is the controllability gramian,

0
Lo = / e~ A"BBT A" 47

—00

also found as a solution to a steady-state Lyapunov equation
0=AL.+ L.A" + BB"

A best initial state z¢ is considered here as one requiring the smallest signal w € Lo(—00,0].

ool _ . b

=\ L
y) ngglxo max( C)

sup
Pl oy

where Apax (Lc) is the largest eigenvalue of L. and ¢ is the associated eigenvector
Lexg = Amax®o

A model input reduction problem that follows is to find ¢, ||¢|| = 1 and the reduced-input

map B = Bq by solving the following maximization problem

T
Je Lo Lo

max

= max max —
q o 0 _ _ AT
xg{f_me ABqqT Ble—A TdT] x0 (12.2)
T 0 _—-A T RT —AT '
xp fiooe "Bqq' B e Tdrxg
= max max 7
g o x4 X0
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subject to ||¢|| = 1 which is equivalent to

0
J¢ . = maxmax xg/ e*ATquTBTe*ATTdT:ro (12.3)
q _

max Zo
o0
subject to ||g|| =1 and ||zp]| = 1. The maximization problem (12.3) may be solved by

adjoining the two constraints to the cost using Lagrange multipliers as in

C
Jmax

0
= max max :UOT/ e 4" Bqq" BTe A " drzy — Ae(@dwo — 1) = N\(gTqg—1)
a @0 oo

The first-order variation of J¢ with respect to x¢ and g,
0 T,
0J¢ = (:Eg/ e A" Bqg"BTe A Tdr — )\xa:g> dxg
—0oQ

0
+ <qTBT/ e_ATT:UO:cge_ATdTB — )\qu> 0q

—0o0

provides a pair of eigenvalue problems as necessary conditions for J¢ maximization

0
/ e_ATquTBTe_ATTdT:UO = Az Zg

e (12.4)
BT/ e_ATTxOxOTe_ATdTBq = A\q

—0o0

Furthermore, since ||g|| = [|zo]| = 1, it follows that A, = Ay = J¢. Thus Jg

max

is the largest

eigenvalue of (12.4) and the necessary condition for maximizing J¢ is

0
/ e A" Bqq" BT e A " drmy = Amax, 0 (12.5a)
—00
0 T.
BT/ e~ Txoxge_ATdTBq = Amax,q (12.5b)
—00

There is no known closed form solution to (12.2.2) but a convergent iterative solution
is to solve (12.5a) for xy while holding ¢ fixed, then to solve (12.5b) for ¢ while holding
xgo fixed and repeat. The convergence of the proposed iteration can be shown as follows.
First, the cost (12.2.2), either Jp = )\maxz,k or J = )\maxq’k, increases monotonically with
each iteration since the eigenvalue problems (12.2.2) may be expressed as maximization
problems. First, holding ¢ fixed, (12.5a) gives Amax, for iteration k as

mOTonoe_ATquTBTe_ATTdeO

M, . = %
0

(12.6)
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Now, holding z¢ fixed, (12.5b) gives Amay, for iteration & + 1 as

qTBTfEOOe_ATTxQJ:ge_ATdT Bgq

s = g
70 —Arp T RT,—ATr (12.7)
xof_ooe Bqq' B'e dT xg
= max 7
q xy To
Therefore,
Amaxq7k+1 Z Arnaxgc,k Z Amaxq7k71 Z e Z )\maxmyl
Clearly, as long as ||q|| = ||zo|| = 1, the cost J is bounded above. Thus J; approaches a

limit and the iteration must converge.

lim J; = Jj

max
k—o0

While the uniqueness of the limit is not guaranteed, the experience of the authors has shown
that in several practical applications the limit achieved is close to the upper bound given
by Amax (L¢) of the full-input system.

This approach is a dual to that of Section 12.2.1 in the sense that only the controllability
of the system pair (A, B) is considered. No weight is given to the energy required to

reconstruct the initial state z¢ from the output pair (C, A).
12.2.3 Output and Intput Point of View
Both input (12.1) and output (12.2.2) considerations are combined by maximizing the

Hankel norm of the system triple G 2 (C, A, Bq) as in

Jmaz = mgmx FG(Q)

2
_ ”?/HLQ[QOO)
= maxsup ——5————

7 w ”WH%Q(_OO,O}

ad Loxo

= max max —
o 0
? zd {f_ e~ ATBqqT BTe=A""dr| x

oo
0 — _AT
xg - e ATBaq" BT e~ "dr xq
= max max

q w0 ngglxo

(&)
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Necessary conditions for this problem are a pair of eigenvalue problems similar to (12.2.2)

but with the premultiplication of an observability gramian

0
LO/ e_ATquTBTe_ATTdeO = Amaz, L0 (12.8a)
—o0
0 T.
BT/ e A xoxle ATdrBg = Amazqq (12.8b)
—0o0

An iterative solution to (12.8) that is similar to that for (12.2.2) has been successfully

applied.
12.3 Application to Disturbance Direction Estimation

Parametric uncertainties in a linear system model can often be modeled as scalar or low
dimensional unknown inputs. Given the disturbance direction, a disturbance decoupling or
bounding controller may be constructed to provide robustness to variations in the unknown
system parameters. In practice, identifying this direction has its own uncertainty in the
sense that usually a set of directions is formed from which a representative direction is
chosen. For the purpose of illustration, an observer based method (Patton and Chen 1992)
for identifying a disturbance direction is outlined below.

Consider a linear time invariant system with a scalar disturbance d
= Ax+ Bu+ Ed

The vector E is unknown and represents the direction of uncertainty acting on the system
model. The direction E may be estimated by defining Fd = w, and forming an observer
to estimate w. First, assume that w is a slowly time varying vector of dimension n. Then

append it to the state vector to form a 2n-dimensional system

o l=[o o] Le ]+ 5] 120

Since (12.9) is a system model, full state information may be assumed so that the observation

relation is

y=1[1 0}[5} (12.10)
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An observer based on the model (12.9, 12.10) is used to estimate w. The measurements
provided to the observer are from the full higher-order or nonlinear system or simulation.
It is assumed that constant controls u are applied so that the observer eventually reaches
a steady-state and an estimate for w, that is w, becomes a constant. The disturbance
direction F is a normalized w. In general, the direction E found will depend on the size
and direction of the control vector u applied to the nonlinear plant. Thus a system model

with several disturbance directions is formed as

dl

d2
i=Ax+Bu+ | E Ey ... Ep|

dm
The problem now is to determine an appropriate reduced dimension and range for the
disturbance distribution matrix [Eq, Ea, ... , Ey).
A numerical example follows from the longitudinal dynamics of an automobile linearized
as the vehicle is driven on a straight and level road at a constant speed 25 m/s. A small

slope in the road appears as a disturbance in the dynamics. Thus the model becomes

T = Az + Bu + E1dy + Eady + Esds + Eydy
y=Cx

The states are engine manifold air mass, engine speed, longitudinal and vertical velocity,
vertical position, the sum of two front wheel speeds and the sum of two rear wheel speeds.
The control inputs are throttle and brake commands. The disturbance directions E =
[E1, Ey, E3, E4] are found for road slopes of —1, —2, —3 and 0 degrees respectively when
the brake is held fixed at the trim value and the throttle is held fixed slightly away from

the trim value. Data for the system are as follows.

[ —0.0521 —0.2213 0.2681 —0.0121  0.0136  0.0084 —0.0078 ]
—-0.3007 —=8.0277  19.0734 -1.1013 0.0795  0.2471  0.0378
—0.3263 —19.7571 —51.0638 —3.2675 —4.8766 —2.4258  0.0040

A= 0.0454 2.4036  15.7922 —-2.1857  6.4655 —0.2062  0.0495

0.0219 1.1136 8.6428 —7.1817 —0.6526 —0.2171  0.9316

0.0116 0.5928 3.8335 —1.0926 —0.6513 —0.9851  5.9628

0.0154 0.7868 4.8494 —-1.4900 -1.0329 —6.5688 —2.5996
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0.0362  0.0711  0.0976  0.0164 ]
0.0786  0.1585  0.2222  0.0343
0.2191  0.3765  0.4450  0.1128
B = 0.0404  0.0452  0.0628  0.0419

0.1057  0.1292  0.1559  0.0943

0.3199  0.2969  0.2822  0.3294
| —0.9107 —-0.8492 —-0.7970 —0.9310

0.0362  0.0711  0.0976  0.0164
0.0786  0.1585  0.2222  0.0343
0.2191  0.3765  0.4450  0.1128
E= 0.0404 0.0452  0.0628  0.0419

0.1057  0.1292  0.1559  0.0943

0.3199  0.2969  0.2822  0.3294
| —0.9107 —-0.8492 —-0.7970 —0.9310

[ 0.0075  0.4605  0.3710  0.1023  0.0513  0.0340 —0.0137
0.7318 27938 —2.8640 0.1680 —0.0415 -0.0491 —-0.0029
0.0028  0.1711 -0.2654 0.07v65 —0.0161  0.0093 —0.0008

C = 0.0000 -0.0007 —0.0005 —0.0216 —0.0496 —0.0438  0.0697

—0.0000 —0.0024  0.0050  0.0111  0.0205 -—0.0027  0.0009

0.4214 —-0.1440  0.0371  0.2203 -0.1764 —0.0129  0.1051
0.4211  0.1318 —-0.4410 —-0.2741 -0.0304 -0.0734  0.0585

Using the iterative approach of Section 12.2.3, it is found that the maximum Hankel norm
of the reduced-input system is 1.343161 where
q= [ 0.2816 0.5588 0.7699 0.1252 ]T

and is found in two iteration steps. The Hankel norm of the full-input system is 1.343171.
By considering the Hankel norm and system eigenvectors, the original and reduced-input
systems appear to be quite similar in their input-output properties. This might seem a
bit surprising given that the four disturbance directions are, pairwise, 24.26, 17.91, 17.52,
11.08, 6.85 and 6.64 degrees apart.

12.4 Extension to Parameter Variation Model Reduction

This section discusses an extension to input and output order reduction as applied to

an internal feedback loop parameter variation model (Tahk and Speyer 1987, Doyle 1982).
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Within the context of an uncertain parameter block variation model A of the form

= Az + Bu+ B,w

y=Cx
z=CLx
w=Az

consider a model input and output reduction problem posed as follows. Find ¢, and ¢, with
llgwll = |lgz|| = 1 such that the system triple

G é (CIZTCm A, Bwa)

maximizes the Hankel norm

Jmax = H(llax max FG(qu7 q,z)

w qz

:UOTLoa:O
= maxqw max max ﬁ
2= ®o x5 Le g

= max max A\pmaz(LeLo)
qu qz

where

w

0
Lc:/ eiATBwqquBfe*ATTdT

—00

o0
Loz/ eATTCZquZTCZeATdT
0

This problem is also solved iteratively. First, hold ¢, fixed and solve for ¢q,,, then hold
¢ fixed and solve for g,. The former problem is the same problem as that in Section 12.2.3;

the latter is the dual. Necessary conditions that follow are

LoLewo1 = Amaz,, o1 (12.11a)
BE/O e_ATTxmx"OFle_ATdTBwqw = Aazq, Qo (12.11b)
—oo
and
LeLoz02 = Ana,,, 02 (12.12a)

o
C’Z/ eATxogx%;eATTdTC’;fqz = Anaz,. 4= (12.12b)
0
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The proposed iteration is to solve (12.11a) and (12.11b) holding ¢, fixed until z; and
qw are found. Then, holding ¢, fixed, solve (12.12a) and (12.12b) iteratively for zp, and
q-- The stopping condition is when Jy,q, = )\mamzol = Am‘”wo? within some tolerance. Note

that with both ¢, and ¢, as one-dimensional mappings, A is a scalar.
12.5 Conclusions

A reduced-input system problem is formed from the point of view of preserving system
input-output properties. Necessary conditions for maximizing a reduced-input system
Hankel norm are stated and an iterative solution is proposed. An application to disturbance
direction identification is illustrated with a numerical example. Finally, an extension to

include applications to internal feedback loop parameter variation models is developed.






CHAPTER 13

Conclusions

ANALYTIC REDUNDANCY continues to be a viable approach to vehicle health monitoring.
The fault detection filters and parity equations developed here as a point design for the
longitudinal mode are tested in a high-fidelity vehicle simulation where nonlinearities and
road variations are significant. The designed static patterns emerge clearly and quickly
in response to a fault. The residual processor, a multiple hypothesis Shiryayev sequential
probability ratio test, examines the filter and parity equation residuals and generates the
probability of the presence of a fault. This system also works well, responding to soft failures
in the presence of dynamic disturbances and vehicle nonlinearites. Sensor noise has been
omitted pending development of higher fidelity sensor models.

The design as presented is intended to be packaged as a module of a comprehensive
health monitoring and reconfiguration system under development at UC Berkeley. Further
development of this module should involve testing with empirically derived data and the

design and implementation of a software interface compatible with the system at Berkeley.
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A preliminary design of a range sensor fault monitoring system is sketched as an
application of a new decentralized fault detection filter structure. This system combines
dynamic state information already generated by the existing filter designs with inter-vehicle
analytic redundancy. This approach will be more fully tested as a high-fidelity multi-vehicle

simulation becomes available.



APPENDIX A

Fault Detection Filter Design Data

THE REDUCED-ORDER longitudinal linearized system matrices used for fault detection filter

design are
[ —22.56 —0.12 0 0 0 0 0 0]
307.03 —35.41 396.80 —2698.58 —238.10 1901.28 —432.86 —0.08
0 0.07 —0.76 4.87 0.43 —3.29 0.87 —0.00
A 0 0 0.00 0 1.00 —25.00 0 0
0 -0.00 -0.01 —39.72 —3.50 78.91 24.20  0.00
0 0 0 0 0 0 1.00 0
0 —-0.02 0.22 —-7.19 —0.61 —25.26 -3.73 0.00
L 0 0 0 0 0 0 0 —1.25 |
2.35 0 —0.12 7
0 0 1.66
0 0 0
0 0 0
B= 0 0 0
0 0 0
0 0 0
| 0 1.25 0 |
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Appendix A. Fault Detection Filter Design Data

1.00
0
0
C = 0
0
0
L0
[0 0
00
0 0
D=0 0
00
00
L0 0

1.00

0.07
—0.00

0.09

OO O o o oo

0

0

1.00
—0.76
—0.01
7.10
5.96

0
0

4.87
—39.72
—45.34
—40.56

0 0

0 0

0 0
0.43 -3.29
-3.50 78.91
—4.00 146.48
—3.58  28.58

0

0

0

0.87
24.20
2.83
—6.51

0

0

0
—0.00
—0.00
—0.00
—0.00 |

A~

The filter gain L and the output projection matrices qua, quTb, Hy,..
first fault detection filter are as follows.
19.56 0.12 0.00 0.00 —0.00 -—0.00
—-307.03 523.06 —334.41 —-6277.18 839  3.99
—0.00 11.97 —-11.36 —156.00 0.20 0.10
I_ 0.00 0.00 —1.96 —0.10 —-0.06  0.19
0.00 -0.07 —7.21 —0.00 —1.17 —-0.08
—0.00 —0.00 0.01 —0.01 —-0.02 -0.02
0.00 -3.51 1.38 46.16 —0.26  0.32
—0.00 —60.65 19.39 784.64 —2.29  0.07
0.93 0.07r —-0.02 0.11 0.16 —0.10 —0.11 T
0.07 0.01 -0.00 0.01 0.00 0.03 —-0.05
—0.02 —-0.00 099 0.04 0.05 —-0.03 —0.04
ﬁua = 0.11 0.01 0.04 0.16 -—-0.28 —-0.12 -0.18
0.16 0.00 0.05 —-0.28 0.62 0.23 0.28
—0.10 0.03 -0.03 —-0.12 023 0.73 -0.35
| —0.11 —-0.05 —0.04 —0.18 0.28 —-0.35 0.55 |
0 0.00 0 0.00 —0.00 0 0.00 T
0.00 0.01 0 —0.07 0.00 0 —0.09
0 0 1.00 0 0 0 0
f[uTb = 0.00 —0.07 0 1.00  0.00 0 —0.01
—0.00 0.00 0 0.00 1.00 0 0.00
0 0 0 0 0 1.00 0
. 0.00 —0.09 0 —-0.01 0.00 0 1.00 |

and fImi for the

0.00 T
—832.46
—18.91
0.03
0.83
0.03
5.26
96.37
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0 0 0 0 0 0
0.08 -0.02 0.13 0.16 —-0.07 —-0.16
-0.02 1.00 0.00 0.00 —-0.00 -0.00
0.13 0.00 035 —-0.02 —-0.28 —0.36
0.16 0.00 —-0.02 097 0.01 0.03
-0.07 -0.00 -0.28 0.01 0.86 —-0.19
-0.16 —-0.00 -0.36 0.03 —-0.19 0.74

=
I
‘dm>
I
coocoocoo

The filter gain L and the output projection matrices Hy, , Hy,_, H

Vo for the second fault

detection filter are as follows.

18.56 0.12 -0.00 0.00  0.00 -0.00 0.00
-307.03 3832 —-0.00 —-0.00 —-0.00 0.00 —66.53
0.01 -0.00 -3.00 -1.00 0.00 0.00 0.00
0.75 0.01 016 —0.04 004 021 —-0.13
216 -0.00 411 -0.01 -0.61 —-0.00 —0.08
-0.01 -0.00 -0.13 —-0.02 -0.03 —-0.02 0.05
0.54 0.03  0.02 036 —-0.12 0.33 —0.38
0.01 —-95.97 3235 1230.72 -3.58 0.10 151.14

1.00 -0.00 -0.00 0.00 0.00 —0.00 —0.00
-0.00 1.00 -0.00 0.00 0.00 0.00 —-0.00
-0.00 —-0.00 0.99 0.00 0.09 —0.00 —-0.02
Hy, = 0.00 0.00 0.00 —-0.00 0.00 —0.00 -0.00

0.00 0.00 0.09 0.00 0.01 —-0.00 -0.00
-0.00 0.00 -0.00 -0.00 —-0.00 0.00 0.00
| —0.00 —-0.00 -0.02 -0.00 —-0.00 0.00  0.00

1.00 0.00 0.00 -0.04 0.06 —0.00 —-0.06
0.00  0.00 —0.00 0.00 0.00 —0.00 -—0.00
0.00 -0.00 1.00 0.00 -0.00 —-0.00 0.00
Hy, = | -004 000 0.00 0.03 018 -0.00 -0.03
0.01 0.00 -0.00 0.18 094 -0.00 -0.17
-0.00 -0.00 -0.00 —-0.00 —0.00 0.00 0.00
| —0.01 -0.00 0.00 -0.03 -0.17 0.00 0.03

[ 1.00 — 0.000.000.00 — 0.010.03 — 0.04 ]
—0.000 — 0.00 — 0.000.000.000.00
0.00 — 0.000.990.000.05 — 0.05 — 0.02
= | 0.00 — 0.000.000.00 — 0.00 — 0.00 — 0.00
—0.010.000.05 — 0.000.580.470.15
0.030.00 — 0.05 — 0.000.470.390.12
—0.040.00 — 0.02 — 0.000.150.120.04 |

Yoy




242 Appendix A. Fault Detection Filter Design Data

A~ ~

The filter gain L and the output projection matrices Hy, , Hy,_, I:Iyw for the third fault
detection filter are as follows.
i 1.96 0.12 —0.00 0.00 —0.00 —0.00 0.00 T
—-307.03  38.32 —0.00 0.01 —0.00 0.00 —66.53
—0.00 0.00 —-3.01 —1.01 0.00 —0.00 0.00
I_ 0.00 0.07 -1.11 =052 —-0.06 0.34 —0.10
0.00 0.38 —0.02 —-3.38 —1.14 0.56 0.01
—-0.00 —-0.00 —-0.24 —-0.06 —0.03 —0.04 0.05
0.00 0.03 0.26 0.39 —-0.15 0.36 —0.35
0.00 —94.97 14.68 1234.19 —-3.10 1.68 151.15 |
1.00 —-0.00 —-0.00 0.00 —0.00 —0.00  0.00 ]
—0.00 0.00 —-0.00 —-0.03 0.00 —0.01 0.00
—-0.00 —-0.00 1.00 0.00 —0.00 —0.00 0.00
ﬁyvm = 0.00 —0.03 0.00 090 -—-0.00 0.30 -0.00
—0.00 0.00 —0.00 —0.00 —0.00 —0.00 —0.00
—-0.00 -0.01 -0.00 0.30 —0.00 0.10 —0.00
0.00 0.00 0.00 —0.00 —0.00 —0.00 —0.00 |
[ 1.00 0.00 0.00 0.00 —0.00 0.00 0.00 ]
0.00 0.03 —0.00 —0.08 0.02 0.16 —0.00
0.00 —0.00 —0.00 0.00 —0.00 —0.00 —0.00
ﬂyaz = 0.00 —0.08 0.00 0.99 0.07 0.00 0.00
—-0.00 0.02 -0.00 0.07 0.03 0.16 —0.00
0.00 0.15 —0.00 0.00 0.16 0.95 —0.00
0.00 —0.00 —0.00 0.00 —0.00 —0.00 —0.00 |
1.00 —0.00 0.00 —0.00 —0.00 0.0  0.00 T
—-0.00 1.00 0.00 —0.00 0.00 0.00 0.00
0.00 0.00 —0.00 —0.00 —0.00 —0.00 —0.00
Awa = | —-0.00 —0.00 —0.00 0.99 -0.00 0.01 0.12
—0.00 0.00 —0.00 —0.00 0 —0.00 —0.00
0.00 0.00 —0.00 0.01 —-0.00 0.00 0.00
0.00 0.00 —-0.00 0.12 —0.00 0.00 0.01 |
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