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Abstract

Multiscale Modeling of Coupled
Electro-Magneto-Thermo-Mechanical Media

by

Linus Ken Mettler
Doctor of Philosophy in Engineering – Mechanical Engineering

University of California, Berkeley

Professor Panayiotis Papadopoulos, Chair

The theory of coupled electro-magneto-thermo-mechanical (EMTM) materials lies
at the intersection between the theories of classical electromagnetism and contin-
uum thermomechanics. In this dissertation, the balance laws and thermodynamics of
EMTM materials are viewed from a pre-metric electrodynamics, that is, before intro-
ducing the aether relations. Upon a description of the transformation properties of
the relevant fields under (non-relativistic) superposed rigid-body motions, it is shown
that the balances of momenta are derivable from the balance of energy consistent
with the Green-Naghdi-Rivlin theorem. Next, a multiscale homogenization the-
ory is derived, whereby it is assumed that the characteristic length of the microscopic
structure is sufficiently separated from the macroscopic dimensions for both scales to
be viewed as a continuum. In accordance with the Irving-Kirkwood theory, ho-
mogenization is effected by postulating that the extensive quantities of mass, linear
momentum, total energy, and electric charge are determined on the macroscopic scale
by volumetric averages of their microscopic counterparts. Lastly, a 2-dimensional elec-
trostatic finite element implementation of the multiscale EMTM model is presented
to illustrate its applicability in practice.
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Chapter 1

Introduction

Coupled electro-magneto-thermo-mechanical (EMTM) behavior is observed in a wide
variety of materials. In recent decades, such materials have attracted growing atten-
tion in the design of advanced engineered devices and systems. In many cases, a ma-
terial’s desired macroscopic characteristics arise not only from the EMTM properties
of its constituents, but also from the inhomogeneous morphology of its microscopic
structure. In this dissertation, the theoretical foundations of a thermodynamically
consistent framework for EMTM behavior are discussed. Building on this foundation,
a novel approach for the multiscale homogenization of the constitutive response of
EMTM materials is proposed. Its applicability is subsequently demonstrated by way
of a numerical implementation using the finite element method.

1.1 Motivation and Context

EMTM behavior encompasses a broad range of phenomena. For example, piezoelec-
tricity and electrostriction describe the polarization of a material due to mechanical
strain or, conversely, the deformation of a medium as a result of an applied electric
field [4, 21, 73, 155]. Similarly, in piezomagnetism and magnetostriction, mechanical
strain induces the magnetization of a material and vice versa [75, 80, 88]. On the
other hand, magnetic shape memory alloys revert to a particular form when exposed
to magnetic fields [100,106,134,148,150]. Meanwhile, the magnetocaloric effect refers
to the temperature change experienced by certain materials when subjected to an
external magnetic field [87, 116]. Of course, EMTM materials can simultaneously
exhibit purely thermomechanical (TM) and electromagnetic (EM) behaviors. This
includes the dielectric polarization and magnetization of the underlying medium in
response to applied EM fields [23, 70, 139, 147], as well as transverse EM phenomena
such as the Hall effect where a voltage develops perpendicular to the electric current
and the magnetic field [34,69,119].

Coupled EMTM properties are exhibited by various inorganic, polymeric, and
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even biological materials of engineering concern. For example, quartz, polyvinylidene
fluoride, and bone all display piezoelectric behavior [76]. Such EMTMmaterials are of
increasing interest in the context of multifunctional devices, from energy-harvesting
piezoelectric composites [10, 25, 76], flexible actuators for soft robotics [9, 60, 128],
solid-state thermoelectric refrigeration [87, 116, 121], to the design of EMTM meta-
materials [98,130,161].

The aforementioned applications typically rely on the interplay between thermal,
mechanical, electrical, and magnetic phenomena. Moreover, their functionality often
originates not only from the EMTM properties of the materials themselves, but also
from the morphology of their underlying microstructure. In cases where the material
properties of the microscopic constituents are accessible to experimental testing, it
is advantageous to infer the behavior of the bulk material from the arrangement
of the microstructure. Provided that the microscopic and macroscopic scales are
sufficiently separated, the continuum assumption holds on both scales and multiscale
methods can be employed to deduce the macroscopic constitutive response by way of
homogenization of the microscopic scale [31,32,50,62,63,95,162].

1.2 Prior Work

Despite decades of progress in the fields of electromagnetism and continuum mechan-
ics, their intersection remains a topic of ongoing academic discourse. The classic
monographs on electrodynamics typically do not consider the motion1 of the under-
lying medium [26, 38, 69, 139], as the field is yet to fully embrace the concepts of
modern continuum mechanics [103]. One point of debate in the coupled theory of
EMTM materials stems from the conflict between the Newtonian description of
the balance laws in continuum mechanics and the inherently relativistic nature of
electromagnetism [56,120,133].

It is widely known that the governing equations of electromagnetism are invari-
ant under Lorentz transformations [38, 69, 139], while conventional non-relativistic
continuum mechanics is formulated under Euclidean objectivity [40, 146]. How-
ever, the pre-metric2 Maxwell’s equations are covariant under the general lin-
ear group GL(4,R), which includes both Lorentzian and Galilean symmetry
groups [30, 44, 46]. In their seminal work, Le Bellac and Lévy-Leblond [71]
clarify that the incompatibility between the two theories originates in the choice of
constitutive relations rather than the field equations themselves. It is the linearity

1For example, partial and material time derivatives are often conflated in the formulation of
Faraday’s law, leading to a lack of precision in the treatment of moving or deformable media.

2In pre-metric electrodynamics, Maxwell’s equations are based on the conservation of electric
charge and magnetic flux, but remain independent of a choice of coordinates or metric (i.e., the
speed of light c). The spacetime metric is introduced by the aether relations, which are viewed as
the constitutive relations for spacetime itself [45].
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of the aether relations which ultimately imposes Lorentz or Poincaré covariance
onto the EM theory [33,64,103,137].

The Lorentzian and Galilean transformations are asymptotically coincident,
provided that the material body is bounded and its velocity (relative to a Galilean
frame) is small compared to the speed of light, v/c≪ 1 [103, 147]. Moreover, two
distinct (and mutually exclusive) quasi-static Galilean limits of Maxwell’s equa-
tions are identified: The electric limit, where magnetic induction in Faraday’s law is
negligible, and the magnetic limit, where the displacement current in Ampère’s law
is disregarded [19, 47, 71, 123]. These limits furnish approximations of Maxwell’s
equations for the low-velocity regime, where continuum mechanics and electromag-
netism can coexist under a unified framework consistent with Galilean invariance.
However, this necessitates suitably modified (nonlinear or field-dependent) constitu-
tive relations [33, 71, 133]. Some authors resolve the lack of form-invariance of the
classical aether relations by replacing the electric field with the electromotive inten-
sity, as well as the current potential with the magnetomotive intensity [56].

Another ongoing discourse in the literature concerns the formulation of the balance
laws of linear and angular momenta, energy, and entropy for coupled EMTM con-
tinua. Truesdell and Toupin [147] laid the groundwork for the modern treatment
of coupled EMTM in their authoritative handbook. However, as Hutter et al. [56]
point out in their survey of electro-magneto-mechanical interaction models, there is
no clear consensus regarding the definition of short-range effects (which give rise to
surface tractions and hence the stress tensor) and long-range effects (such as body
forces and body couples).3 Likewise, the distinction between “heat” flux and energy
supply is not unique, hence the flux can be both thermal and electromagnetic in na-
ture [77,102]. Moreover, conflicting definitions of “momentum” and “energy” among
authors [23,64] has led to considerable confusion [22], even though the resulting the-
ories are ultimately found to align with each other [137].

The various approaches to obtaining the balance equations loosely fall into two
main categories. In the first, the equations of conventional continuum mechanics are
extended to account for any interactions with the EM fields [23, 29]. For example,
the Lorentz force imposed by the EM fields onto the body4 leads to the produc-
tion of mechanical momentum. Similarly, the power exerted by the EM fields on
the body, quantified by the inner product of electric current and the electric field,
contributes to the internal or kinetic energy [102, 145]. The second approach, on the
other hand, begins with an a priori assumption for the general form of the balance
equations, which involve generalized quantities of linear and angular momenta, en-
ergy, stress tensor, and heat flux [41,64]. The generalized quantities are later derived
from thermodynamic principles.

3This can result in a non-zero EM stress tensor even outside of matter [22]. Nevertheless, osten-
sibly contradictory theories are often mutually compatible because a difference in the stress tensor
can be absorbed as a divergence in the body force.

4This of course requires an equal and opposite force sustained by the EM fields [22,114].
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Most authors follow the Maxwell–Minkowski formulation, substituting the
electromagnetic momentum and energy balances5 into the EMTM balance equa-
tions [29, 56, 64, 102, 149]. However, this inadvertently imposes Lorentzian covari-
ance onto the equations. Ericksen [22, 23] advocates instead deriving the consti-
tutive equations prior to enforcing the aether relations. This is consistent with the
pre-metric electrodynamics [46] mentioned earlier.

The electromagnetic properties of matter are accounted for by its polarization
and magnetization. A variety of models exist, yielding different sets of Maxwell’s
equations [56]. The most prominent approach involves an additive decomposition of
the charges and currents [23,26,38,55,102,103]. Following the method of Coleman
and Noll [17], constitutive relations for the stress, polarization, and magnetization
are obtained from a Helmholtz potential, while thermodynamic restrictions are
derived for the energy flux and the electric current [23, 64]. For this purpose, most
authors adopt a modified form of the Clausius-Duhem inequality for EMTM me-
dia [23,55,64,77,101,102,137] involving a generalized heat flux [77,102], and transform
the EM field quantities to the reference configuration [23,24,55,70,106,147].

Multiscale homogenization methods provide a framework to infer, analytically
or computationally, the macroscopic behavior of a material from its underlying mi-
crostructure [32, 49, 50]. Provided that the two scales are sufficiently separated and
each scale can be described by a continuum theory, the finite element method (FEM)
may be employed at both scales to effect homogenization in what is known as the
FE2 method or multilevel FEM [31,39,62,95,96,124]. The microstructure is typically
resolved at the integration points of the macroscopic finite element mesh, where a
representative volume element (RVE) emulates its constitutive response.6

Of particular interest is the first-order FE2 micro–macro modeling strategy devel-
oped by Kouznetsova et al. [63] for history-dependent, nonlinear behavior under
large deformations. Each macroscopic Gauss point is associated with a local RVE
boundary value problem whose deformation is prescribed using the macroscopic defor-
mation gradient. Volume-averaging of the microscopic stress tensor furnishes the ho-
mogenized macroscopic stress and tangent stiffness. This method has been extended
to thermal and thermo-mechanical problems in subsequent studies [127,162,163].

As in most FE2 schemes reported in the literature, the aforementioned method
incorporates the Hill-Mandel criterion [49, 83] to ensure energetically consistent
micro-macro coupling. However, this entails significant limitations with regard to
(i) the allowable RVE boundary conditions, (ii) the study of microscale inertial ef-
fects, and (iii) the generalization of the criterion to the thermal domain. To address
these shortcomings, Mandadapu et al. [82] introduce an alternative mechanism for

5The Lorentz force and the EM power can be expressed in terms of the EM field quantities
using Maxwell’s equations. In the aether frame, the ensuing expressions resemble EM balances of
momentum and energy, respectively [38, 102]. However, these are not independent principles, but
mere identities derived from Maxwell’s equations [26,64].

6In this scheme, the scales are sometimes referred to as weakly coupled [126].
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upscaling of the relevant fields by prescribing a weighted volume-averaging scheme for
the extensive quantities of mass, linear momentum, and total energy. This approach
is rooted in the Irving-Kirkwood theory for the homogenization of atomistic and
molecular quantities [57]. Successful implementations of this method have been re-
ported for quasi-static [89] and dynamic [90] problems.

A host of analytical homogenization methods have been proposed to predict and
optimize the properties of multiscale EMTM continua [7, 8, 42, 53, 58, 65, 104, 136].
Based on the work by Mori and Tanaka [99], these models are geared toward
two-phase microstructures with idealized geometries such as elliptical inclusions or
unidirectional fibers. In recent years, numerical strategies for the homogenization of
coupled EMTMmaterials have been developed [11,86,112,151,157]. Such models typi-
cally rely on a generalized macro-homogeneity condition similar to the Hill-Mandel
energy criterion. Most studies [73,94,125,126] are limited to quasi-static conditions7

and the EMTM coupling is implemented using heuristic constitutive relations rather
than the thermodynamic framework discussed earlier.

1.3 Objectives and Scope

The preceding discussion underscores the need for a rigorous framework for the multi-
scale homogenization of EMTM media. Such a theory entails (i) governing equations
conforming to the principles of objectivity and Galilean invariance, (ii) thermo-
dynamically consistent constitutive relations, and (iii) a versatile and robust FE2
homogenization strategy.

The objectives of this dissertation are threefold. First, the governing equations
of coupled EMTM media are discussed. Particular attention is directed towards
the transformation properties of the EM fields under superposed rigid-body motions
(SRBM), which are derived using the conventional methods of continuum mechan-
ics rather than the four-dimensional Minkowski space-time formulation typically
found in the literature. It is verified that, in a pre-metric setting, Maxwell’s equa-
tions are indeed invariant under Galilean transformations. Moreover, it is shown
that the EMTM balance equations provided by Ericksen [23] satisfy the Green-
Naghdi-Rivlin theorem (GNR) [37, 156]. Hence, the postulated form-invariance of
the energy balance under SRBM implies that the balances of mass, linear momentum,
and angular momentum must hold.8 This suggests that the choices of the energy and

7Any effects due to inertia, heat capacity, magnetic induction, or electric displacement current in
the governing equations are neglected. Nevertheless, rate-dependent constitutive behavior may be
included.

8Hutter et al. [56, Chapter 3.4] and Van de Ven [149, Chapter II] take a similar approach.
However, the authors invoke a non-standard version of the aether relations, rendering the resulting
Maxwell’s equations incompatible with other EMTM theories. Even if the standard aether rela-
tions were employed, any Euclidean motion imposed by the GNR theorem would cause a departure
from the aether frame, thus rendering the post-metric Maxwell’s equations invalid.
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momentum balances are mutually consistent.
Next, the Irving-Kirkwood-type homogenization method developed by Man-

dadapu et al. [82] is generalized to coupled EMTM continua. In addition to the
prescribed volumetric averaging of mass, linear momentum, and total energy,9 it is
postulated that the electric charges homogenize like extensive quantities. This fur-
nishes homogenization formulae for the polarization and magnetization.

Lastly, the EMTM homogenization scheme is implemented using the finite element
method. This implementation is limited to quasi-static problems involving trans-
versely isotropic, piezoelectric, thermoelastic solids. The FE2 method introduced by
Kouznetsova et al. [63] is generalized to encompass the electric and magnetic poten-
tials, which are imposed on the RVE boundary by the gradients of their macroscopic
counterparts. The ensuing algorithm is tested on a range of simple, two-dimensional
problems involving two types of RVE: (i) a mixture of two materials randomly as-
signed to the elements of the RVE mesh, and (ii) an RVE comprised of randomly
oriented piezoelectric crystals.

1.4 Dissertation Roadmap

This dissertation is organized as follows: In Chapters 2 - 4 the relevant physical quan-
tities and the governing equations are introduced. The discussion is organized in three
parts. In Chapter 2, the theory of classical nonlinear continuum thermomechanics is
presented. This includes the kinematics, the balance equations, and the concept of
invariance and superposed rigid-body motion. While the theory is well-established in
the literature, this chapter also serves to introduce the notational convention adopted
throughout this document. Furthermore, some of the identities of tensor calculus
introduced here will be employed in various derivations throughout the remainder of
this text.

This is followed in Chapter 3 by a review of Maxwell’s equations of electro-
magnetism along with the Galilean invariance properties of the corresponding field
quantities. The subject is approached from the paradigm of classical continuum me-
chanics. For example, conservation laws are expressed in terms of integrals over
material regions rather than fixed regions of space. To preserve a notation familiar to
the continuum mechanist, the four-dimensional Minkowski space-time formulatio is
avoided.

In Chapter 4, the governing laws of coupled electro-magneto-thermo-mechanical
media are presented, including the balances of linear and angular momenta, the bal-
ance of energy, and the Clausius-Duhem inequality for entropy. The validity of

9Here, it is emphasized that “linear momentum” and “total energy” refer to the purely mechanical
momentum and the sum of kinetic and internal energies, respectively. They do not include the
electromagnetic momentum and energy, which are regarded as external to the body. In any case,
the EM momentum and energy are not well-defined in the pre-metric form of Maxwell’s equations.
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the so-called Green-Naghdi-Rivlin theorem is verified and serves as additional
reassurance for the choice of the aforementioned balance equations. Employing the
method of Coleman and Noll, the entropy inequality informs the development of
constitutive relations in agreement with the second law of thermodynamics. The
balance laws, Maxwell’s equations, and the constitutive relations collectively pro-
vide closure, i.e., they provide a complete set of equations that form a well-defined
boundary-value problem.

In Chapter 5, a multiscale homogenization theory is developed in accordance with
the Irving-Kirkwood framework. First, the properties of the volumetric averaging
scheme are discussed. This is followed by a list of extensive variables which are postu-
lated to homogenize according to the averaging scheme. By enforcing certain balance
equations on the microscopic and macroscopic scales, homogenization formulae can
be inferred for the fluxes (i.e., the stress, heat flux, polarization, and magnetization)
as well as the volumetric sources (i.e., the body force, body heating, and the charge
density).

Chapter 6 is concerned with the single-scale finite element problem arising from the
EMTM theory in Chapter 4. The simplifying assumptions, constitutive parameters,
and the boundary conditions are described. Upon a brief review of the Newton-
Raphson method, a detailed derivation of the residual and stiffness matrix is pro-
vided. The ensuing equations are implemented in a (2-dimensional, quasi-static)
single-scale model, whose main purpose is to lay the foundation for the development
of the multiscale finite element model.

Finally, the multiscale numerical model is examined in Chapter 7. The RVE
boundary conditions, the volume-averaging Gaussian integration scheme, and the
computation of the homogenized tangent stiffness are discussed. A finite element
implementation of the multiscale homogenization scheme is devised using a rudimen-
tary parallel processing strategy. To illustrate its applicability in practice, and a
range of test problems is carried out using both homogeneous and inhomogeneous
RVE models.

Lastly, brief concluding remarks are presented in Chapter 8, reflecting on the work
conducted in this dissertation and outlining prospective steps to further enhance the
proposed method’s capabilities.



8

Chapter 2

Governing Equations of
Thermomechanics

This chapter offers a summary of the theory of nonlinear continuum mechanics, start-
ing with a review of tensors and the kinematics of large deformations. Upon presenta-
tion of the balance laws for momentum, energy, and entropy, the invariance properties
of the thermomechanical quantities are examined. This theory is well-established and
a wide variety of monographs may be consulted for further details and proofs, such
as Chadwick [13], Curnier [18], Gurtin [40], Holzapfel [52], or Marsden and
Hughes [84]. The concepts presented in this chapter will be relied upon throughout
this text.

2.1 Elements of Tensor Algebra and Calculus

This section contains a superficial review some of the classical results of tensor al-
gebra and calculus, which are frequently employed in this dissertation. A more rig-
orous discussion can be found, for example, in Sokolnikoff [132] or Synge and
Schild [140]. Readers already familiar with the subject may consult this section for
an overview of the adopted notation.

The discussion begins with a brief overview of the concept of vectors and ten-
sors, along with the basic rules of their algebraic operations. This is followed by
tensor calculus, i.e., the generalization of differentiation to vector- or tensor-valued
functions of vector- or tensor-valued arguments. The review concludes with a list of
identities and integral theorems which play an important role in the manipulation of
the mechanical, thermal, and electromagnetic balance equations.

It is mentioned beforehand that real-valued (i.e., scalar) quantities α are denoted
by latin or greek letters in light font, whereas boldface font is reserved for vectors w
and second-order tensorsT. Vectors and tensors are discerned by the use of lower- and
uppercase letters, respectively, unless historically established notation takes prece-
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dence. Third- and fourth-order tensors ccc and CCC, respectively, are represented by
blackboard bold font. Round parentheses ( ·) indicate that the field contained therein
is real- or vector-valued, while square brackets [ · ] signify second- or higher-order ten-
sors. Braces {·} are used discretionarily to group larger expressions.

2.1.1 Vectors

A vector w is an element of the n-dimensional linear (or vector) space Vn, which
is subject to the usual basic properties pertaining to summation and multiplication
between scalars and vectors. A set of vectors wi ∈Vn is linearly independent , if
the null vector 0∈Vn can be attained by a linear combination of wi only when all
factors αi ∈R vanish, ∑

i

αiwi = 0 ↔ αi = 0 . (2.1)

This further implies that any set {w1, . . . ,wn}∈Vn of n linearly independent vec-
tors forms a basis , so that all elements in Vn can be represented by a unique linear
combination thereof.

Within the scope of this dissertation, all vectors are considered to be elements of
the 3-dimensional Euclidean vector space E3 (also known as Euclidean 3-space).
The dot product (or contraction) of w∈E3 with another vector satisfies the property

w ·
(
αu+ βv

)
= α

(
w · u

)
+ β

(
v ·w

)
∀ α, β ∈ R and u,v ∈ E3 . (2.2)

Two vectors u,v are said to be orthogonal if u ·v=0, while the magnitude (or Eu-
clidean distance) of w is given by the 2-norm1 |w|= ∥w∥2=

√
w ·w.

The preceding definitions give rise to the ability to orthogonalize and normalize
vectors. Since mutually orthogonal vectors are linearly independent, an orthonormal
basis ei with i={1, 2, 3} may be constructed, i.e.,

ei · ej = δij , δij =

{
1 if i= j
0 if i ̸= j , (2.3)

where the so-called Kronecker delta δij allows for a more compact notation. Rel-
ative to this basis, any vector w∈E3 is uniquely resolved as a linear combination

w =
3∑

i=1

wiei = wiei , wi = w · ei , (2.4)

where wi ∈R represents the i-th Cartesian component of w. In view of (2.3)
and (2.4), the dot product is given in components by u ·v=ukvk.

1The notations ∥w∥2 and |w| are used synonymously.
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According to Einstein’s summation convention, the repeated occurrence of an
index (or dummy index ) signifies its summation, see Equation (2.4)1. A single occur-
rence (or free index ) can take any value {1, 2, 3}, see (2.4)2. Unless stated otherwise,
this convenient notation is tacitly adopted throughout this text.

The cross (or vector) product u×v of two vectors u,v∈E3 produces a vector
given in components relative to the basis ek by

u× v = ϵijk ui vj ek , ϵijk =

{
1 if {i, j, k}={1, 2, 3},{2, 3, 1},{3, 1, 2}
−1 if {i, j, k}={3, 2, 1},{2, 1, 3},{1, 3, 2}
0 else

,

(2.5)
where ϵijk is the so-called permutation (or Levi-Civita) symbol . This notation re-
quires the basis to be right-hand orthonormal, i.e., that the basis vectors ek are
numbered in an order that satisfies(

ei × ej
)
· ek = ϵijk . (2.6)

Moving forward it is assumed that all bases are arranged in accordance with the right-
hand rule (2.6), which is of course more restrictive than the orthonormality condition
of (2.3)1. The scalar triple product of u,v,w∈E3 is given by[

u,v,w
]
=

(
u× v

)
·w = u ·

(
v ×w

)
, (2.7)

where the permutation properties [u,v,w]=[v,w,u]=−[w,v,u] are inherited from
Equation (2.5)2. It is associated with the volume of a parallelepiped outlined by the
vector triad u,v,w. Following (2.4)1 and (2.6), the scalar triple product is expressed
in Cartesian components by [u,v,w]= ϵijkuivjwk. Note that, unlike individual
components of a vector, the dot and scalar triple products are independent of the
choice of right-hand orthonormal basis.

2.1.2 Second-Order Tensors

The so-called tensor product u⊗v between two vectors u,v∈E3 is defined through
its interaction with a third vector according to[

u⊗ v
]
w =

(
v ·w

)
u ∀ w ∈ E3 . (2.8)

A second-order (or second-rank) tensor T, or tensor for short, describes a linear
mapping t : E3→E3 from one vector to another. A mapping t(w)=Tw is linear, if
it satisfies2

t(αu+βv) = αt(u) + β t(v) ∀ α, β ∈ R and u,v ∈ E3 . (2.9)

2Note the similarity with the dot product in (2.2), which may be regarded as a linear map-
ping w : E3→R from a vector to a scalar w(u)=w ·u.
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Given the linearity of the dot product it is readily verified that u⊗v in (2.8) repre-
sents a tensor with six independent components. However, in view of (2.4)1 and (2.9)
it is concluded that a general tensor T comprises nine independent Cartesian com-
ponents Tij ∈R. It is uniquely resolved as a linear combination

T = Tij ei ⊗ ej , Tij = ei ·Tej , (2.10)

where the nine tensor products ei⊗ej form a basis for the linear space of second-order
tensors L(E3, E3) of which T is an element. The linear mapping u=Tv is thus given
in components relative to the basis ei by u=Tijvjei.

The tensor multiplication ST between two tensors S,T∈L(E3, E3) is defined
according to the rule [

ST
]
w = S

(
Tw

)
∀ w ∈ E3 , (2.11)

from which it is deduced that its components are ST=SikTkjei⊗ej.
The trace of a tensor is a scalar quantity defined through the relation

tr
[
u⊗ v

]
= u · v ∀ u,v ∈ E3 , (2.12)

from which it is concluded that trT=Tijei ·ej =Tkk for all tensors T. The trace
is a so-called principal invariant of T because, whereas individual components Tij
typically depend on the choice of orthonormal basis, the trace Tkk does not.

Second-order tensors contain three independent principal invariants, defined by

IT = trT ,

IIT =
1

2

{(
trT

)2 − tr
[
T2

]}
,

IIIT =
1

6

{(
trT

)3 − 3
(
trT

)
tr
[
T2

]
+ 2tr

[
T3

]}
= detT ,

(2.13)

where T2 and T3 represent tensor multiplications of T with itself according to (2.11).
The third invariant IIIT in (2.13)3 corresponds to the determinant of T, which is
identical to its counterpart from linear algebra when expressed in Cartesian com-
ponents Tij.

The eigenvalues λi of a tensor are synonymous with the eigenvalues of the matrix
components Tij of T with respect to any orthonormal basis. They are obtained from
the solution to the cubic polynomial

det
(
T−λI

)
= −λ3 + ITλ

2 − IITλ + IIIT = 0 , (2.14)

where the so-called identity (or unit) tensor I= δijei⊗ej (also denoted by 1 or i
depending on context) maps vectors w and tensors T onto themselves, w= Iw and
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T=TI= IT. Equation (2.14) is commonly referred to as the characteristic equa-
tion. The Cayley-Hamilton theorem asserts that any tensor T satisfies its own
characteristic equation

T3 − ITT
2 + IITT − IIITI = 0 . (2.15)

This implies that any3 integer power Tn may be expressed by a linear combination
of three successive integer powers of T, with factors determined by the principal
invariants.

The transpose TT of a second-order tensor T∈L(E3, E3) is defined by the relation

u ·Tv = v ·TTu ∀ u,v ∈ E3 , (2.16)

so that the transpose of T=Tijei⊗ej is given by TT=Tijej⊗ei. A tensor T is
symmetric if T=TT (or Tij =Tji) and skew-symmetric if T=−TT (or Tij =−Tji).
Any tensor can be decomposed uniquely into its symmetric and skew-symmetric parts

T =
1

2

[
T+TT

]
+

1

2

[
T−TT

]
= sym

[
T
]
+ skw

[
T
]

, (2.17)

where sym[T] (sometimes denoted by Ts) comprises six independent components
and skw[T] the remaining three. A tensor T is positive-definite if

w ·Tw > 0 ∀ w ̸= 0 ∈ E3 . (2.18)

Note that positive-definiteness is a property of symmetric tensors only, since Equa-
tion (2.16) implies that w ·Tw=0 for all skew-symmetric T.

The inverse T−1 of a tensor T∈L(E3, E3) is defined by the relation

Tu = v ↔ u = T−1v ∀ u,v ∈ E3 . (2.19)

A unique inverse exists if, and only if, detT ̸=0, in which case T is termed invertible.
It follows immediately from (2.19)1,2 that T−1T= I and TT−1= I. It is mentioned
that the inverse commutes with the transpose, therefore

T−T =
[
TT

]−1
=

[
T−1

]T
. (2.20)

An invertible tensor Q∈L(E3, E3) is called orthogonal if its inverse coincides with
its transpose,

QT = Q−1 . (2.21)

Its determinant is detQ=±1, since det [QTQ]=(detQ)2=1. Orthogonal tensors are
said to be elements of the orthogonal group, Q∈Orth. Proper orthogonal tensors are
further restricted to detQ=1, and are members of the proper orthogonal group Orth+.

3This includes negative integers n if T is invertible, see (2.19).
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The contraction (or inner product) S ·T between two tensors S,T∈L(E3, E3) is
a scalar quantity defined as4

S ·T = tr
[
STT

]
, (2.22)

and therefore given in components by S ·T=SijTij. It follows that the trace may
be written as a contraction trT=T ·I. Two tensors are termed mutually orthogonal
if S ·T=0, while the 2-norm of a tensor is defined by ∥T∥2 =

√
T ·T. It is readily

verified that the tensor basis in (2.10)1 is orthonormal,[
ei ⊗ ej

]
·
[
ek ⊗ el

]
= δik δjl =

{
1 if i= k and j= l
0 else , (2.23)

which is the tensor-valued counterpart to Equation (2.3). The components in (2.10)2
are alternatively expressed by a contraction Tij =T ·[ei⊗ej] with the corresponding
basis, akin to (2.4)2 for vectors.

2.1.3 Higher-Order Tensors

As discussed in the preceding section, second-order tensors provide linear mappings
from one vector to another. Higher-order tensors are needed to describe the map-
ping of second-order tensors. A third-order tensor ccc∈L(E3, E3, E3) describes the
linear mapping from a vector to a second-order tensor C : E3→L(E3, E3), or from a
second-order tensor to a vector c : L(E3, E3)→E3. Similarly, a fourth-order tensor
CCC∈L(E3, E3, E3, E3) represents a linear mapping between two second-order tensors
C : L(E3, E3)→L(E3, E3). In the context of this dissertation, the need for such
mappings arises primarily from the constitutive relations. For example, piezoelec-
tric behavior involves the coupling of electric polarization (a vector) with mechanical
strain (a tensor), which is effectuated by a third-order tensor comprised of material
parameters.

Repeated application of the tensor product, see (2.8), produces a chain u⊗ ...⊗w
of n vectors u, ...,w∈E3. For n=3, its interaction with another vector or tensor are
derived from [

u⊗ v ⊗w
]
t =

(
w · t

)[
u⊗v

]
∀ t ∈ E3 ,[

u⊗ v ⊗w
]
T =

([
v⊗w

]
·T

)
u ∀ T ∈ L(E3, E3) ,

(2.24)

respectively, where the contraction
[
v⊗w

]
·T= viwjTij is defined in (2.22). Similarly,

a chain of n=4 vectors interacts with a tensor according to the rule[
t⊗ u⊗ v ⊗w

]
T =

([
v⊗w

]
·T

)[
t⊗u

]
∀ T ∈ L(E3, E3) . (2.25)

4In this dissertation it is assumed that contractions occur exclusively between tensors of equal
order, both of which are thus consumed in their entirety, producing a scalar. It is left to the reader
to infer the tensor order from context. Some authors instead employ a colon (S :T) to distinguish
the contraction of second-order tensors from that of vectors (u ·v).
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It is readily verified that (2.24) and (2.25) constitute linear mappings, and therefore
represent n-th order5 tensors.

In general, n-th order tensors comprise 3n independent Cartesian components,
which are uniquely resolved with respect to an orthonormal basis ei⊗ ...⊗el for
the linear space of n-th order tensors L(E3, ..., E3). The 3rd- and 4th-order tensors
ccc∈(E3, E3, E3) and CCC∈(E3, E3, E3, E3) are expressed in components cijk and Cijkl

by the linear combinations

ccc = cijk ei ⊗ ej ⊗ ek , cijk =
[
ei⊗ej

]
·
[
cccek

]
= ei ·

(
ccc
[
ej⊗ek

])
,

CCC = Cijkl ei ⊗ ej ⊗ ek ⊗ el , Cijkl =
[
ei⊗ej

]
·
(
CCC
[
ek⊗el

])
.

(2.26)
It follows from (2.24)1,2 that linear mappings T=cccw and w=cccT are given in com-
ponents by T= cijkwkei⊗ej and w= cijkTjkei, respectively, while (2.25) for S=CCCT
furnishes S=CijklTklei⊗ej. Note that these tensor multiplications often lack asso-
ciativity. For example, it is observed that (cccS)T ̸=ccc[ST] and [CCCS]T ̸=CCC[ST], while
the expressions ccc(Tw) and (cccT)·w are not even of the same tensor order. However,
such ambiguities are readily avoided by the judicious use of parentheses.

The contraction in (2.22) is generalized to higher orders according to

ccc ·ddd = cijkdijk ,

CCC ·DDD = CijklDijkl ,
(2.27)

from which orthogonality and the norm are derived. To align the notation in (2.26)2,4
with Equation (2.4)2 for vectors, the tensor components may alternatively be written
in terms of contractions cijk =ccc · [ei⊗ej⊗ek] and Cijkl =CCC · [ei⊗ej⊗ek⊗el], respec-
tively.

Previously introduced vector and tensor operations may occasionally be substi-
tuted with higher-order tensor expressions. For example, the cross product (2.5) and
scalar triple product (2.7) are given by

u× v = ϵijk ui vj ek = eee
[
u⊗v

]
,[

u,v,w
]
= ϵijk ui vjwk = eee ·

[
u⊗v⊗w

]
,

(2.28)

where eee= ϵijkei⊗ej⊗ek represents the third-order permutation tensor . The sym-
metric and skew-symmetric parts of a tensor may be written as

sym
[
T
]
= IIIsym T , skw

[
T
]
= IIIskw T , (2.29)

by separating the fourth-order identity tensor III= δikδjl ei⊗ej⊗ek⊗el = IIIsym +IIIskw
into the components for the symmetric and skew-symmetric parts, 1

2
(δikδjl ± δjkδil).

Lastly, the trace identity tensor is defined as IIItr = I⊗I.

5Vectors may be regarded as first-order tensors and scalars are of order zero.
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In conclusion, it is emphasized that tensors are not matrices. Only when expressed
in Cartesian components relative to a right-hand orthonormal basis do analogies
arise with the linear algebra of 3×3 matrices and 3×1 vectors. Note that the compo-
nents Tij in (2.10)2 are defined by convention to preserve these similarities, despite the
converse notation (T=Tjiei⊗ej, Tji= ei ·Tej) being equally permissible. However,
linear algebra struggles to describe higher-order tensor interactions, such as S=CCCT.
Alternative matrix representations have been devised to overcome this deficiency. For
example, in the so-called Voigt notation the components of symmetric tensors S,T
are reduced to 6×1 vectors acted upon by 6×6 matrices instead of fourth-order
tensors.

2.1.4 Identites of Tensor Algebra

The properties of the Kronecker delta (2.3)2 and permutation symbol (2.5)2 lead
to

∥I∥22 = I · I = δkk = 3 ,

∥eee∥22 = eee · eee = ϵijk ϵijk = 6 ,

eeeI = ϵijk δjk ei = 0 .

(2.30)

Furthermore, it is readily verified that δij and ϵijk are related by

ϵijk ϵijm = 2δkm ,

ϵijk ϵilm = δjl δkm − δjm δkl ,

ϵijk ϵlmn = δil
(
δjm δkn−δjn δkm

)
+ δim

(
δjn δkl−δjl δkn

)
+ δin

(
δjl δkm−δjm δkl

)
.

(2.31)

Note that (2.30)3 originates in the symmetry of I and skew-symmetry (with respect
to any two of its indices) of eee. It fact, any symmetric and skew-symmetric tensors
are mutually orthogonal,[

skwS
]
·
[
symT

]
= 0 ∀ S,T ∈ L(E3, E3) . (2.32)

Using (2.31)2, the so-called vector triple product is expressed by

u×
(
v ×w

)
=

(
u ·w

)
v −

(
v · u

)
w . (2.33)

The principal invariants in (2.13) are derived from the requirement, that[
u,v,w

]
IT =

[
Tu,v,w

]
+

[
u,Tv,w

]
+

[
u,v,Tw

]
,[

u,v,w
]
IIT =

[
Tu,Tv,w

]
+

[
u,Tv,Tw

]
+

[
Tu,v,Tw

]
,[

u,v,w
]
IIIT =

[
Tu,Tv,Tw

]
,

(2.34)

for all vectors u,v,w∈E3. This highlights the close relationship between the in-
variants and the scalar triple product. Indeed, borrowing the terminology of linear
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algebra, the determinant of T in (2.34)3 can be stated as a scalar triple product of the
‘column vectors’ of its components, detT=[Te1,Te2,Te3]. The determinant further
exhibits the properties

det
[
TT

]
= detT ,

det
[
αST

]
= α3 detS detT ,

det
[
S+T

]
≥ detS + detT .

(2.35)

It follows from det I=1 and Equation (2.35)2, that the determinant and the inverse
are commutatitve, det [T−1]=(detT)−1. The transpose (2.16) and inverse (2.19) of
two (invertible) second-order tensors obey[

S+T
]T

= ST + TT ,[
ST

]T
= TTST ,[

ST
]−1

= T−1S−1 .

(2.36)

In view of the tensor product (2.8), multiplication (2.11), and transpose (2.16), it is
seen that the the dot, vector, and tensor products can be rearranged according to

Su ·Tv = u · STTv = TTSu · v ,

Tu×Tv =
(
detT

)
T−T

(
u× v

)
,(

Su
)
⊗
(
Tv

)
= S

[
u⊗ v

]
TT ,

(2.37)

for all u,v∈E3 and S,T∈L(E3, E3). For orthogonal tensors Q∈Orth, the identities
in (2.37) simplify to

Qu ·Qv = u · v ,

Qu×Qv = ±Q
(
u× v

)
,(

Qu
)
⊗
(
Qv

)
= Q

[
u⊗ v

]
QT .

(2.38)

According to (2.38)1, orthogonal tensors Q preserve the length and relative angle
between vectors they act upon. Equation (2.38)2 implies the inversion of any vector
triad if detQ=−1, whereas proper orthogonal tensors represent only rotations.

2.1.5 Generalized Derivatives and Differential Operators

Let F(x) be a real-, vector- or tensor-valued fields of a vector-valued argument x.
The gradient of F with respect to x is defined by the relation

d

dα

[
F(x+αh)

]
α=0

=
∂F
∂x
· h =

[
gradF

]
· h = DF(x,h) ∀ h ∈ E3 , (2.39)

where the dot ( ·) indicates either a dot product with the vector h if F is real-valued,
or a tensor multiplication otherwise. Note that the application of the gradient to F
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increases its tensor order by one. Similarly, let F(T) instead depend on a tensor-
valued argument T. The tensor derivative of F with respect to T is defined such
that it satisfies

d

dα

[
F(T+αH)

]
α=0

=
∂F
∂T
·H = DF(T,H) ∀ H ∈ L(E3, E3) , (2.40)

where ( · ) represents a contraction if F is real-valued, or higher-order tensor mul-
tiplication otherwise, with the second-order tensor H. The tensor derivative of F
increases its tensor order by two. The right-hand side is called a Gâteaux differen-
tial or generalized directional derivative.

Let the vector v(x) and second-order tensor T(x) be continuously differentiable
functions of x, and let h be an arbitrary constant vector. Based on the gradient
in (2.39), the divergence (of a vector and a tensor) and the curl (of a vector) are
defined by

divw = tr
[
gradw

]
,(

divT
)
· h = div

(
TTh

)
,(

curlw
)
· h = div

(
w × h

)
.

(2.41)

The gradient, divergence, and curl are more conveniently interpreted as differential
operators, expressed using the Cartesian components xi of x with respect to an
orthonormal right-hand basis ei by

6

grad[ · ] = ∂[ · ]
∂xi
⊗ei , div[ · ] = ∂[ · ]

∂xi
· ei , curl[ · ] = ei ×

∂[ · ]
∂xi

. (2.42)

For example, the application of (2.42) to a vector w=wiei produces

gradw = wi,jei ⊗ ej , divw = wi,i , curlw = ϵijkwi,jek . (2.43)

For brevity, the spatial derivatives are identified in index notation by a preceding
comma. For instance the components wi,j of the second-order tensor [gradw] represent
the partial derivative of component wi with respect to coordinate basis ej.

2.1.6 Identites of Tensor Calculus

Some useful results of vector and tensor calculus are listed below without proof.
To this end, let the real-valued α(x), vectors u(x), v(x), w(x), and second-order
tensors S(x), T(x) be continuously differentiable fields of the vector x. The gradient
of a scalar is identically expressed as a divergence

grad
(
α
)
= div

[
αI

]
where I = δij ei⊗ej . (2.44)

6The curl operator as expressed in (2.42)3 applies only to vectors.
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The product rule of differentiation is applied to the gradient to obtain the relations

grad
(
αw

)
= α gradw + w ⊗ gradα ,

grad
(
u · v

)
=

[
gradTu

]
v +

[
gradTv

]
u ,

(2.45)

where the notation gradTw=[gradw]T=wi,jej⊗ei was used. Similarly, the product
rule yields for the divergence

div
(
αw

)
= α divw + w · gradα ,

div
[
αT

]
= T

(
gradα

)
+ α divT ,

div
(
Tw

)
= TT·

[
gradw

]
+ div

[
TT

]
·w ,

div
[
ST

]
=

[
gradS

]
T + S

(
divT

)
,

div
[
u⊗ v

]
=

[
gradu

]
v +

(
divv

)
u ,

div
(
u× v

)
= v · curlu − u · curlv .

(2.46)

Note that gradS in (2.46)4 constitutes a third-order tensor, which according to (2.24)2
produces a vector [gradS]T. Meanwhile, the curl expands into

curl
(
αw

)
= α curlw +

(
gradα

)
×w ,

curl
(
u× v

)
= div

[
u⊗ v − v ⊗ u

]
.

(2.47)

It is further noted that in view of (2.31)2 the vector product of a curl exhibits the
property (

curlu
)
× v =

[
gradu− gradTu

]
v . (2.48)

Lastly, the repeated application of differential operators leads to the identities

curl
(
gradα

)
= 0 ,

div
(
curlw

)
= 0 ,

curl
(
curlw

)
= grad

(
divw

)
− ∆w ,

grad
(
divw

)
= div

[
gradTw

]
,

(2.49)

where ∆( ·)=div{grad[ · ]} denotes the Laplace operator , which is given in compo-
nents as ∆α=α,kk for scalars and ∆w=wi,kkei for vectors. The relations (2.45 - 49)
are most conveniently verified in indicial notation.

2.1.7 Integral Theorems

Integral theorems are an essential tool for the manipulation of scalar- and vector-
valued balance equations. Formal mathematical proofs of the upcoming theorems
may be found in standard monographs on vector calculus, such as Marsden and
Tromba [85, Chapter 8] or Stewart [138, Chapter 16].
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The divergence (or Gauss’ ) theorem states that for any open, bounded region7

P ⊂R with piecewise smooth boundary ∂P , the continuously differentiable vector-
valued field w(x) satisfies ∫

P
divw dv =

∫
∂P

w · n da . (2.50)

The right-hand side represents the flux of w through ∂P , where n(x) represents the
outward normal unit vector to the boundary ∂P . This classical form of the divergence
theorem leads to a number of useful corollaries, two of which are frequently employed
in this text. First, Equation (2.50) implies for the curl, that∫

P
curlw dv =

∫
∂P

n×w da . (2.51)

Second, a continuously differentiable tensor-valued field T(x) satisfies∫
P
divT dv =

∫
∂P

Tn da . (2.52)

A brief derivation of Equations (2.51) and (2.52) is provided in Appendix A.1.
The (Kelvin-) Stokes theorem asserts that for an open surface A bounded by

a closed, non-intersecting curve C,∫
A
curlw · n da =

∮
C
w · dx . (2.53)

The flux of curlw through A is thus equal to the circulation of w around C, where dx
is the infinitesimal line element tracing the boundary C according to the right-hand
rule around the surface normal n. If the surface A is closed8 then the right-hand side
of (2.53) vanishes since C ∈ ∅. In view of the divergence theorem (2.50) this confirms
that curlw is divergence-free, see Equation (2.49)2. The Stokes theorem is a three
dimensional generalization of the so-called Green’s theorem (not introduced here).

The gradient theorem, also called the fundamental theorem of calculus for line
integrals , states that the line (or path) integral of the gradient of a differentiable
scalar field α(x) is path independent,∫

S
gradα · dx =

[
α
]s2
s1

. (2.54)

Here, S symbolizes an arbitrary open path originating at a point s1 and ending at s2,
with [α]s2s1 =α(s2)−α(s1). The path is traced by infinitesimal line segments dx in the

7The region is considered open if it does not contain its boundary, and bounded (i.e., compact) if
it may be enclosed by a finite sphere. A smooth boundary has a well-defined outward unit normal.

8The surface A is said to be closed if it is bounded (i.e., compact) and has no boundary C.
Therefore, such a surface itself corresponds to the boundary ∂P of a bounded region P.
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appropriate direction along S. According to (2.54), the integral depends only on
the difference in value of α at the boundary. Vector fields which obey this property
are termed conservative. Their circulation vanishes because s1 coincides with s2
when S is reduced to a closed curve C. Using Stokes’ theorem (2.53) and the
localization theorem introduced below in (2.55) (applied to the open surface A), this
further implies that conservative vector fields are curl-free, i.e., irrotational , which is
in agreement with Equation (2.49)1.

Finally, the localization theorem argues that a continuous (scalar, vectorial, or
tensorial) quantity F(x), for which any arbitrary region P ⊂R yields∫

P
F dv = 0 ∀ P ⊂ R ←→ F = 0 ∀ x ∈ R (2.55)

must vanish everywhere in R. This theorem allows for integral equations to be con-
verted into a local, differential form. The same argument can be made for the lo-
calization of surface integrals over arbitrary open areas A, as well as line integrals
over arbitrary open paths S. The theorem does not hold when the domain of the
integral is closed. Indeed, closed surfaces ∂P or curves C can be converted into the
open domains P or A using (2.50) or (2.53), respectively, upon which the localization
theorem applies. However, the ensuing local equations confer information only about
the divergence, gradient, or curl of the original quantity.

2.1.8 Potentials and the Helmholtz Theorem

Due to the structure of Maxwell’s equations of electromagnetism, it can be ad-
vantageous to view vector fields in terms of their irrotational and divergence-free
parts. This is especially true in the context of electrostatics and magnetostatics, see
Section 3.7. The following discussion is based on Griffiths [38, Chapter 1.6].

Any irrotational vector field w(x) can be expressed by the gradient of a scalar
potential α(x),

curlw = 0 ↔ w = −gradα , (2.56)

where the negative sign is placed by convention. Note that α is only unique to within
an arbitrary constant. Note that w in (2.56) represents a conservative vector field
and satisfies the gradient theorem (2.54).

Any divergence-free vector field w(x) can be written in terms of the curl of a
vector potential a(x),

divw = 0 ↔ w = curla . (2.57)

The potential a is determined to within an arbitrary irrotational field gradα and
thus not unique. Divergence-free vector fields are sometimes called solenoidal or
incompressible.
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Any arbitrary vector field w(x) can be decomposed into a linear combination of
an irrotational part and a divergence-free part,

w = −gradα + curla . (2.58)

However, note that this decomposition is not unique because there are non-trivial
vector fields (so-called harmonic vector fields) whose curl and divergence are both
zero. Harmonic vector fields are thus attributable to either term on the right side
of (2.58). Nevertheless, boundary conditions may be imposed on the potentials α
and a in order to render the decomposition unique.9

Let w(x) represent an unknown differentiable vector field which satisfies the sys-
tem of coupled differential equations,

divw = d ,

curlw = c ,
(2.59)

where d(x) and c(x) are known scalar- and vector-valued functions, respectively.10

Again, a unique solution is available only if provided with appropriate boundary
conditions. For example, the Helmholtz theorem guarantees that w is uniquely
defined by d and c if w(x) goes to zero at infinity, see Griffiths [38, Appendix B]
for a proof.

2.2 Kinematics of Large Deformations

In preparation for the derivation of the global and local balance laws of thermo-
mechanics, the mathematical framework for the description of the motion of solid
continua is briefly discussed in the following.

2.2.1 Motion

Consider a so-called Lagrangian description of the motion of a continuous body,
represented by an invertible mapping χ : E3 × R 7→ E3, with

x = χ(X, t) . (2.60)

The motion χ maps a referential point X∈R0 of the body to its current spatial
position x∈R at time t, and is assumed to be continuously differentiable in both
arguments. The inverse motion χ−1, with

X = χ−1(x, t) , (2.61)

9Boundary conditions ensure the uniqueness, for example, of the so-called Helmholtz-Hodge
decomposition, see Abraham et al. [1], Bhatia et al. [6], and Tong et al. [143].

10For Equations (2.59)1,2 to be well-posed, c must of course satisfy the condition divc=0,
see (2.49)2.
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identifies the material point X of the reference configuration, which at time t oc-
cupies a given spatial location x. Note that the motion is inverted with respect to
the first argument at fixed t. This is emphasized by some authors with the nota-
tion x=χ(X, t)=χt(X) and thus X=χ−1

t (x). The vectors x and X are resolved in
components with respect to fixed right-hand orthonormal bases ei and EA associated
with the current and reference configurations, respectively, according to

x = xiei = χi(X, t)ei and X = XAEA = χ−1
A (x, t)EA . (2.62)

The lower- and upper-case indices refer to the spatial and referential bases, respec-
tively.

The reference configuration R0 often, but not necessarily, corresponds to a pre-
vious state of the body such as an initially stress-free configuration. If so, a relative
displacement u may be specified by

u = x − X = uAEA = uiei , (2.63)

whose components may be resolved in both the referential or current bases. With the
aid of the motion (2.60) and its inverse, the functional form of u may be expressed
either in terms of the referential coordinates û(X, t)=χ(X, t)−X (Lagrangian de-
scription) or the spatial coordinates ũ(x, t)=x−χ−1(x, t) (Eulerian description).

The distributions of physical quantities associated with a body (such as the tem-
perature, electric current, or mechanical stress) are described by (real-, vector-, or
tensor-valued) fields of the form F = F̂(X, t)= F̃(x, t). Owing to the presumed invert-
ibility of the motion (2.60), the referential and spatial descriptions of F are entirely
interchangeable,

F = F̃(x, t) = F̃(χ(X, t), t) = F̂(X, t) = F̂(χ−1(x, t), t) . (2.64)

While representing the same physical quantity F , the functional form of the two
descriptions differs. However, the rules of differentiation and integration of F pre-
sented in Section 2.1 apply irrespectively.11 Capitalized symbols Grad[ · ], Div[ · ],
and Curl[ · ] signify referential differential operators, as opposed to their spatial coun-
terparts (2.42). For partial time derivatives, the tilde and hat accents help to clarify
whether x or X is intended to be fixed, see later in Equation (2.95).

2.2.2 Deformation

Consider the linear mapping of an infinitesimal referential line element dX at material
point X to its deformed counterpart dx at (x, t), given by

dx = FdX . (2.65)

11Note that the mapping χ(X, t) is assumed to be continuously differentiable in x and t, see (2.60).
Therefore if F̃(x, t) is differentiable, then so is F̂(X, t). Furthermore, if the boundary ∂P of a bounded
region P ⊂R is smooth, then so is ∂P0 of the reference configuration P0 ⊂ R0.
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The deformation gradient F, which is thus a measure of both the stretch and rotation
of dX, is defined as

F =
∂χ(X, t)

∂X
= Gradχ or FiA =

∂χi

∂XA

= χi,A , (2.66)

where Grad[ · ]= ∂[ · ]
∂X

=[ · ],A⊗EA is the referential version of Equation (2.42)1. Note
that F=FiAei⊗EA is a so-called two-point tensor , because its components are rooted
in both the spatial and the referential bases.12 If the current configuration coincides
with the reference, the deformation gradient evaluates to F=1, where 1= δiAei⊗EA

denotes the two-point unit tensor .
The inverse deformation gradient F−1=F−1

Ai EA⊗ei maps a spatial line element dx
at (x, t) to its original dX=F−1dx as in (2.65). It may be expressed by the spatial
gradient of the inverse motion (2.60)2,

F−1 =
∂χ−1(x, t)

∂x
= gradχ−1 or F−1

Ai =
∂χ−1

A

∂xi
= χ−1

A,i . (2.67)

The deformation gradient is invertible if the Jacobian determinant

J = detF (2.68)

is non-zero. The inverse function theorem further states that the mapping χ(X, t) is
invertible at time t if J is non-zero everywhere, i.e., J ̸=0 ∀ X∈R0. The smoothness
of motion χ in time thus implies that the sign of J cannot flip, so that J > 0 ∀ (x, t)
remains positive13 throughout.

A host of deformation measures may be constructed from F. In the scope of this
text, it is mentioned that according to the polar decomposition theorem invertible
tensors may be uniquely decomposed into

F = RU = VR , (2.69)

where the two-point tensor R=RiAei⊗EA is orthogonal, and the (referential) right
and (spatial) left stretch tensors U=UABEA⊗EB and V=Vijei⊗ej, respectively,
are symmetric positive-definite. The polar decomposition (2.69) separates the effects
of rotation and stretch. The stretch tensors are related to the right and left Cauchy-
Green deformation tensors C and B by

C = FTF = U2 , B = FFT = V2 . (2.70)

12This is due to the fact that F is the referential gradient of a spatial quantity. The two-pointed
nature of F is of course consistent with Equation (2.65), which describes a linear mapping between
vectors in the two configurations.

13Here it was assumed that the reference configuration (where J =1) is physically attainable from
the current state by a smooth, invertible path.
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Lastly, the Green-Lagrange and Euler-Almansi14 strain tensors E and e are
convenient measures of strain for the formulation of constitutive relations in the ref-
erential and spatial bases, respectively,

E =
1

2

[
C − I

]
, e =

1

2

[
i − B−1

]
. (2.71)

Here, I= δABEA⊗EB and i= δijei⊗ej denote the referential and spatial unit tensors ,
respectively. A (local) absence of strain E=0 and e=0 implies that U= I and V= i,
which corresponds to a (locally) rigid rotation F=R according to (2.69).

The displacement vector (2.63) offers an alternative description of the aforemen-
tioned deformation measures, which is more conducive to a numerical implementation
using finite elements. For convenience, the referential displacement gradient H is de-
fined by

H = Gradu or HAB = uA,B , (2.72)

and the spatial displacement gradient h by

h = gradu or hij = ui,j . (2.73)

The deformation gradient may then be written as

F = 1
[
I+H

]
or FiA = δiA + δiB uB,A , (2.74)

and its inverse

F−1 = 1T
[
i− h

]
or F−1

Ai = δAi − δAj uj,i . (2.75)

The displacement gradients H and h thus quantify the departure of F and F−1 from
identity, respectively. The referential deformation and strain tensors become

C = I + 2 sym
[
H
]
+ HTH or CAB = δAB + uA,B + uB,A + uC,AuC,B ,

E = sym
[
H
]
+ 1

2
HTH or EAB = 1

2

[
uA,B + uB,A + uC,AuC,B

]
.
(2.76)

Likewise, their spatial counterparts B−1=F−TF−1 and e read

B−1 = i − 2 sym
[
h
]
+ hTh or B−1

ij = δij − ui,j − uj,i + uk,iuk,j ,

e = sym
[
h
]
− 1

2
hTh or EAB = 1

2

[
ui,j + uj,i − uk,iuk,j

]
.

(2.77)

Meanwhile, the inverse of the right Cauchy-Green tensor C−1=F−1F−T is ex-
pressed as

C−1 = 1T
{
i−2 sym

[
h
]
+hhT

}
1 or C−1

AB = δiA δjB
{
δij−ui,j−uj,i+uk,iuk,j

}
.

(2.78)

14In Chapter 3 the lower-case bold symbol e will be repurposed to denote the electric field vec-
tor. However, the Euler-Almansi strain makes a reappearance in the discussion of constitutive
equations in Section 6.1.2.
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According to Equation (2.65), an infinitesimal referential volume element defined
by the parallelepiped dV =dX1 ·(dX2×dX3) is mapped to the volume dv in the
current configuration via

dv = dx1 · (dx2 × dx3) = FdX1 · (FdX2 × FdX3) = JdV , (2.79)

which follows immediately from the property of the scalar triple product in (2.34)3.
An infinitesimal referential area element NdA=dX1×dX2 with area dA and unit
normal N is mapped to nda=dx1×dx2 in the current configuration by

nda = JF−TNdA = F∗NdA . (2.80)

Nanson’s formula (2.80) is obtained directly from the identity (2.37)2, or by taking
the inner product of NdA with an arbitrary dX3 and applying Equation (2.79). The
tensor

F∗ = JF−T (2.81)

is the so-called adjugate of F, which also coincides with tensor derivative F∗= ∂J
∂F

of
the Jacobian determinant J with respect to F, see (2.40). The notation F∗ is not
to be confused with the flux derivative

⋆
w introduced later in (2.106), which is a type

of time derivative for vector-valued fields.

2.2.3 Relations Between Spatial and Referential Derivatives

Recall the interchangeability (2.64) between the Eulerian and Lagrangian de-
scriptions of a field F . Due to chain rule, the spatial and referential derivatives of F
are related to each other by the deformation gradient (2.66) or its inverse (2.67). For
example, the gradient of a scalar field α= α̃(x, t)= α̂(X, t) furnishes

gradα =
∂α

∂xi
=

∂α

∂XA

∂XA

∂xi
ei = F−T

(
Gradα

)
, (2.82)

and thus, given a second scalar field β,

gradα · gradβ =
(
Gradα

)
·C−1

(
Gradβ

)
. (2.83)

Analogously, the gradient of a spatial vector field w= w̃(x, t)= ŵ(X, t) is given by

gradw =
∂wi

∂xj
=

∂wi

∂XA

∂XA

∂xj
ei ⊗ ej =

[
Gradw

]
F−1 , (2.84)

and its divergence by

divw =
∂wi

∂xi
=

∂wi

∂XA

∂XA

∂xi
=

[
Gradw

]
· F−T . (2.85)
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Finally, the divergence of a spatial tensor field T= T̃(x, t)= T̂(X, t) is expressed by

divT =
∂Tij
∂xj

=
∂Tij
∂XA

∂XA

∂xj
=

[
GradT

]
F−T , (2.86)

where GradT constitutes a third-order two-point tensor, see (2.24)2.
Nanson’s formula (2.80) and the divergence theorem (2.52) for T≡ i imply that

0 =

∫
P
div i dv =

∫
∂P

n da =

∫
∂P0

JF−TN dA =

∫
P0

Div
[
JF−T

]
dV , (2.87)

where P ⊂R and P0⊂R0 are regions of the body in the current and referential
configurations, respectively. The localization theorem (2.55) thus furnishes for the
adjugate F∗ in (2.81) the property

Div
[
JF−T

]
= 0 . (2.88)

Conversely, by applying the above argument to the referential form of the divergence
theorem using DivI=0, it is found that the inverse of F∗ satisfies

div
[
J−1FT

]
= 0 . (2.89)

The so-called Piola identity (2.88) (sometimes called the Euler-Piola-Jacobi
identity) affords a simple relation between the divergence of a spatial vector w or
tensor T and their referential counterparts,

J divw = Divw0 with w0 = JF−1w ,

J divT = DivT0 with T0 = JTF−T ,
(2.90)

where the identities in (2.46)3,4, (2.85), and (2.86) were used. The referential15 quan-
tities w0 and T0 are called Piola transforms of the spatial fields w and T. For a
physical interpretation it is noted that Nanson’s formula (2.80) furnishes the rela-
tions ∫

A
w · n da =

∫
A0

w0 ·N dA and

∫
A
Tn da =

∫
A0

T0N dA , (2.91)

where A and A0 are the current and referential configurations of an arbitrary, open
material surface, respectively. Equation (2.91)1 represents the flux of w through A,
so that w0 may be interpreted as a flux density measured per unit (and relative to the
orientation of) referential area. Equation (2.91)2 describes the flux of a tensor, which
in the context of continuum mechanics corresponds to the traction exerted on A by

15More precisely, only the last index of a Piola transform is referential, such that it may op-
erate on a referential vector or divergence. For example, T0 is a two-point tensor with compo-
nents [T0]iA = JTijF

−1
Aj .
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the so-called stress tensor T. Therefore, T0 symbolizes the stress tensor per unit (and
orientation of) referential area.16

The list of transformations (2.82 - 86) between the spatial and referential descrip-
tions of differential operators remains incomplete without the curl. Rather than
a straightforward application of chain rule, its derivation is based on the defini-
tion (2.41)3 of the curl by which it is transformed into a divergence. It is first noted
that

Curl
(
FTh

)
= ϵABC χi,CB hiEA = 0 , (2.92)

due to the symmetry of χi,CB and the skew-symmetry of ϵABC with respect to the
latter two indices, see (2.30)3. Hence, with the aid of (2.85), (2.81), (2.46)3, (2.88),
(2.37)2, (2.46)6, and (2.92) (in order of their application), it is observed that(

curlw
)
· h = div

(
w×h

)
=

[
Grad

(
w×h

)]
· F−T

= J−1F∗ ·
[
Grad

(
w×h

)]
= J−1

{
Div

(
F∗T(w×h

))
− Div

[
F∗] · (w×h

)}
= J−1Div

(
FTw×FTh

)
= J−1

{
FTh · Curl

(
FTw

)
− FTw · Curl

(
FTh

)}
= J−1FCurl

(
FTw

)
· h ∀ constant h .

(2.93)
Finally, in view of the arbitrariness of the constant vector h it is concluded that

curlw = J−1FCurl
(
FTw

)
. (2.94)

2.2.4 Rate of Deformation

The material (or total) time derivative
.
F = d

dt
F describes the rate of change of a

quantity as experienced by a material point, thus taking into account the motion of
the body. On the other hand, the partial time derivative ∂

∂t
F̃(x, t) determines the

rate of change of F at a fixed spatial location x. The two time derivatives are related
by chain rule,

.
F =

dF
dt

=
∂F̂(X, t)

∂t
=

∂F̃(x, t)
∂t

+
∂F̃(x, t)
∂xi

∂χi(X, t)

∂t
. (2.95)

Let the scalar-, vector-, and (second-order) tensor-valued spatial fields α̃(x, t), w̃(x, t),
and T̃(x, t) be continuously differentiable in both arguments. Equation (2.95) be-

16In the context of this work, the flux density w is typically associated with heat flux or electric
current density, see later in Equations (2.123) and (3.3). The stress tensor T is introduced in
Equation (2.114).
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comes
.
α =

∂α̃

∂t
+

(
grad α̃

)
· v or

.
α =

∂α̃

∂t
+ α̃,i · vi ,

.
w =

∂w̃

∂t
+

[
gradw̃

]
v or

.
wi =

∂w̃i

∂t
+ w̃i,j vj ,

.
T =

∂T̃

∂t
+

[
gradT̃

]
v or

.
Tij =

∂T̃ij
∂t

+ T̃ij,kvk ,

(2.96)

where v=
.
x(=

.
u) is the material velocity . Its Lagrangian form is readily obtained

from v̂(X, t)= ∂
∂t
χ(X, t) and converted to Eulerian form ṽ(x, t)= v̂(χ−1(x, t), t) us-

ing (2.64).
Similar to the deformation gradient (2.66), the spatial velocity gradient L relates

an infinitesimal spatial material line element dx to the corresponding velocity incre-
ment dv,

dv = Ldx where L = grad ṽ = ṽi,j ei ⊗ ej . (2.97)

The increment dv quantifies how much the material velocity v varies at a point
separated from x by dx. Unlike the two-point tensor F, the velocity gradient L is
entirely spatial. It may also be computed from the Lagrangian description v̂(X, t)
by Equation (2.84), L=[Grad v̂]F−1.

The rate of change
.
dv of an infinitesimal volume element is obtained by taking

the material time derivative of Equation (2.79)2,

.
dv = (trL)dv = (divv)dv , (2.98)

where the identity trL=tr(gradv)=divv was used. A comparison between (2.79)3
and (2.98)2 implies that .

J = J divv . (2.99)

The material time derivative of F may be written in terms of the velocity gradient as

.
F =

d

dt

[
∂χ(X, t)

∂X

]
=

∂

∂X

(
∂χ(X, t)

∂t

)
=

∂v̂(X, t)

∂X
=

∂ṽ(x, t)

∂x

∂χ(X, t)

∂X
= LF .

(2.100)
In order to commute the derivatives of χ(X, t) with respect to X and t in (2.100),
it was assumed that the mixed derivative is continuous. Note that Equation (2.97)1

may also be interpreted as the material time derivative
.
dx of an infinitesimal line

element, since .
dx =

.
FdX =

.
FdX = LFdX = Ldx . (2.101)

Finally, the tensor derivative (2.40) may be employed to express the material time

derivative of the inverse of an invertible tensor
.

T−1 in terms of
.
T,

.
T−1 =

[
∂T−1

∂T

]
·
.
T = −T−1

.
TT−1 , (2.102)
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see Appendix A.2 for a derivation. Unsurprisingly, the material time derivative
does not commute with the inverse. Given Equations (2.99 - 102), which imply that.
F−1=−F−1L, the material time derivative

.
nda of Nanson’s formula (2.80) can be

expressed as
.

nda =
[ .
JF−T+J

.
F−T

]
NdA

=
[(
trL

)
i−LT

]
nda =

[(
divv

)
i−

[
gradv

]T]
nda .

(2.103)

2.2.5 Rate of Change of Integral Quantities

Balance equations often involve the total time derivative of quantities, which are inte-
grated over a material region, surface, or path. Consider a continuously differentiable
real, vector, or tensor-valued field F(x, t) integrated over an open, bounded material
region P with smooth boundary ∂P . In light of Equation (2.98), its material time
derivative is given by

d

dt

∫
P
F dv =

∫
P

{ .
F + F divv

}
dv

=

∫
P

∂F
∂t

dv +

∫
∂P
F (v · n)da ,

(2.104)

where Equations (2.46)1, (2.96)1, and (2.50) were used to obtain (2.104)2. This result
is known as the Reynolds’ transport theorem and will be employed frequently in the
manipulation of balance equations. Equation (2.104)2 identifies two contributions to
the rate of change of the total amount of F contained in a material region P . The first
quantity describes the change of F contained in the fixed region currently occupied
by P , and the second term is due to the motion of the boundary ∂P at the velocity v.

A similar expression may be derived for surface integrals. Let w(x, t) be a con-
tinuously differentiable vector field and A a smooth (open or closed) material surface
with corresponding unit normal n(x, t). The material time derivative of the flux of w
through A is written with the aid of (2.103) as

d

dt

∫
A
w · n da =

∫
A

⋆
w · n da , (2.105)

where the so-called flux derivative17
⋆
w of w is given by

⋆
w =

.
w +

(
divv

)
w −

(
gradv

)
w

=
∂w

∂t
+ div

(
w ⊗ v

)
−

(
gradv

)
w

=
∂w

∂t
+

(
divw

)
v + curl

(
w × v

)
.

(2.106)

17Some older works, such as Toupin [145] or Hutter [55], refer to
⋆
w as the convected time

derivative.
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Equations (2.106)2,3 are derived with the aid of (2.46)5, (2.47)2, and (2.96)2. If needed,
Stokes’ theorem (2.53) may be employed to further convert the curl in (2.106)3 into
the circulation of w×v around the boundary C.

Finally, consider a continuously differentiable vector field w(x, t) integrated in di-
rection dx along the material path S at time t. Its total time derivative is conveniently
expressed using the notation

d

dt

∫
S
w · dx =

∫
S

◦
w · dx , (2.107)

where the path derivative
◦
w of w is obtained with (2.101) as

◦
w =

.
w +

[
gradv

]T
w

=
⋆
w −

(
divv

)
w + 2 sym

[
gradv

]
w

=
∂w

∂t
+

(
curlw

)
× v + grad

(
w · v

)
.

(2.108)

The comparison in (2.108) between
◦
w and the total, partial, and flux derivatives is

readily verified with (2.45)2, (2.48), (2.96)2, and (2.106)1. The last term in (2.108)3
may be further simplified using the gradient theorem (2.54).

2.3 Balance Equations

The mathematical building blocks are now in place to discuss the balance equations
of classical nonlinear continuum mechanics. These well-established laws will serve as
a starting point for the coupled electro-magneto-thermo-mechanical equations.

2.3.1 Principle of Mass Conservation

The mass m(P)> 0 is an extensive property of a material region P ⊂R of the body,
i.e., the combined mass of multiple non-intersecting regions is additive. The mass
density ρ(x, t)> 0 is obtained from the ratio of mass m(P) per volume vol(P) of a
region around x at time t, in the limit where the volume becomes infinitesimal,

m(P) =

∫
P
ρ dv where ρ = lim

m(P)
vol(P)

. (2.109)

In reality discontinuities arise when the limit approaches a granular or molecular
length scale of the material. It may nevertheless be approximated by a continuum with
continuously differentiable ρ(x, t), if sufficient scale separation can be ensured between
the characteristic macroscopic dimension of the body and its microscopic structure.
This notion, discussed in more detail in the introduction to Chapter 5, is referred
to as the continuum assumption. A more rigorous discussion of the concept of mass



31

in continuum mechanics is provided, for example, by Truesdell and Toupin [147,
Section 155].

Conservation of mass requires that the total mass contained in any material re-
gion P ⊂R be constant in time. The principle of mass conservation is formally
expressed in integral form by

.
m(P) =

d

dt

∫
P
ρ dv =

∫
P

{ .
ρ+ ρ divv

}
dv = 0 , (2.110)

where the transport theorem (2.104)1 was invoked. Due to the arbitrariness of P and
the continuity of the integrand in parentheses, the localization theorem (2.55) may
be applied to deduce

.
ρ + ρ divv = 0 . (2.111)

Equation (2.111) constitutes the local form of conservation of mass.
A convenient corollary of the Reynolds’ transport theorem (2.104)1 and conser-

vation of mass (2.111) is obtained for material time derivatives of the form

d

dt

∫
P
ρF dv =

∫
P

{ .
ρF + ρF divv

}
dv

=

∫
P

{( .
ρ+ρ divv

)
F + ρ

.
F
}
dv

=

∫
P
ρ
.
F dv , (2.112)

where F(x, t) is a continuously differentiable real, vector, or scalar field. Expressions
of this kind often arise for specific quantities, that is, for fields F that are defined per
unit mass (and thus ρF per unit volume). Equation (2.112) furnishes a straightfor-
ward rule to convert the material time derivative of an integral into the integral of a
material time derivative.

2.3.2 Principle of Linear Momentum Balance

The linear momentum dp of an infinitesimal volume element dv of mass dm= ρdv
traveling at velocity v is defined by dp=dmv. Like mass, linear momentum is
an extensive quantity due to its additive nature. Akin to Newton’s second law,
the principle of linear momentum balance states that the rate of change of linear
momentum for any material region P is equal to the sum of external forces acting on
it.

Two types of external forces are identified. Surface tractions t(n)(x, t) per unit
area are exerted on the region’s boundary ∂P , typically by the material adjacent to
the region. A differential area da of the boundary is thus subjected to a traction
force df = t(n)da. The subscript [ · ](n) indicates the dependence of t(n) on the outward
normal unit vector n. Secondly, a distribution of body forces fB(x, t) per unit mass may
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act throughout the region, for example due to gravitational forces.18 A differential
volume dv experiences a body force df = ρfBdv.

The corresponding integral statement of momentum balance thus reads

d

dt

∫
P
ρv dv =

∫
∂P

t(n) da +

∫
P
ρfB dv . (2.113)

Noll’s theorem [108, Theorem 4] states that the surface traction t(n) depends on
the local tangent plane to the boundary (i.e., its normal vector n), provided that
the volume integrals in (2.113) are bounded and ∂P smooth. Moreover, according
to Cauchy’s stress theorem, the dependence of t(n) on the orientation n is linear.
The local state of stress is thus fully described by the so-called Cauchy stress ten-
sor 19 T(x, t), where

t(n) = Tn with T(x, t) =
∑
i

t(ei) ⊗ ei . (2.114)

This well-known result follows from the momentum balance (2.113) applied to an
infinitesimal tetrahedral region, see Gurtin [40, Section 14], for example.

The divergence theorem (2.52) is employed to convert the boundary integral
in (2.113) into a volume integral. The time derivative (2.112) and localization theo-
rem (2.55) furnish the local form of the principle of linear momentum balance,

ρa = divT + ρfB , (2.115)

where a(x, t)=
.
v(x, t) is the acceleration vector.20

2.3.3 Principle of Angular Momentum Balance

Similar to the preceding discussion of linear momentum, the angular momentum dl of
an infinitesimal volume element dv located at x is defined by21 dl=x×(dmv), again
an extensive quantity. The principle of angular momentum balance asserts that the
rate of change of angular momentum of a region is equal to the sum of all external
moments acting upon it. This is expressed in integral form by

d

dt

∫
P
x× ρv dv =

∫
∂P

x× t(n) da +

∫
P
x× ρfB dv . (2.116)

18In classical continuum mechanics, including this dissertation, Newton’s view of gravity as
a force (per unit mass) is adopted, rather than the relativistic interpretation through space-time
curvature.

19To prevent potential confusion, the reader is reminded that the same symbol T occasionally
represents arbitrary tensor fields in the discussion of general mathematical identities. Its appropriate
interpretation is evident from the surrounding context.

20The same symbol a is introduced in Equation (3.12) for the magnetic potential. The acceleration
is represented by

.
v when necessary to preempt any confusion.

21Here, angular momentum is defined from the perspective of the origin of the spatial coordinate
system.
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Note that this postulate differs from the linear momentum balance in (2.113). It
can be shown that the statement is independent of the point with respect to which
the moments are defined. Indeed, for any alternative x′=x+c with constant c,
Equation (2.116) is recovered using (2.115).

In order to derive the local form, the material time derivative is moved to the
integrand using Equation (2.112) and [x×v]

.
=x×a. The second term in (2.116) is

more conveniently expressed in components by t(n) =Tn=Tijnjei= tjnj, so that the
integrand

x× t(n) = x×
(
Tijnjei

)
=

[
(x× Tijei)⊗ ej

](
nkek

)
(2.117)

takes a form conducive to the application of the divergence theorem (2.52). Therefore,∫
∂P

x× t(n) da =

∫
P
div

[
(x× Tijei)⊗ ej

]
dv

=

∫
P
(x× Tijei),j dv

=

∫
P

{
x,j × Tijei + x× Tij,jei

}
dv

=

∫
P

{
Tijej × ei + x× divT

}
dv ,

(2.118)

where the subscript (·),j indicates a spatial derivative with respect to the j-th coor-
dinate direction. Equation (2.116) simplifies to∫

P
Tijej × ei dv =

∫
P
x×

(
ρa−divT−ρfB

)
dv = 0 , (2.119)

where the linear momentum balance (2.115) was used. Invoking the localization
theorem and the fact that ej×ei is skew-symmetric in (i, j), it is concluded that the
stress tensor must be symmetric, i.e.,

T = TT . (2.120)

Equation (2.120) constitutes the local form of the principle of angular momentum
balance.

2.3.4 Principle of Energy Balance

The principle of energy balance is a version of the first law of thermodynamics suited
for continuum thermomechanical systems. It postulates that the rate of change of
total internal energy contained in a region is balanced by the power of external forces
as well as the heat transferred to and from it. The energy balance models the con-
vertibility between thermal and mechanical energy.
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The principle of energy balance is stated in integral form as

d

dt

∫
P
ρ

(
1

2
v · v + ε

)
dv =

∫
P
ρfB · v dv +

∫
∂P

t(n) · v da

+

∫
P
ρr dv −

∫
∂P
q(n) da . (2.121)

The specific internal energy ε(x, t) per unit mass accounts for mechanical strain en-
ergy, thermal energy, and any other potential sources (e.g., chemical), except for
kinetic energy. The specific total energy e(x, t) per unit mass is thus defined as

e =
1

2
v · v + ε . (2.122)

Note that ρεdv and ρedv are extensive quantities. The second and third inte-
grals in (2.121) represent the power exerted on region P by body forces and sur-
face tractions, respectively. The fourth term contains the external supply of heat
per unit mass r(x, t), typically absorbed (or emitted when r < 0) through radiation.
Lastly, q(n)(x, t) is the heat flux per unit area across boundary ∂P , which takes account
of conduction and convection. Heat is transferred out of the system when q(n)> 0 by
convention, therefore the corresponding term in (2.121) carries a negative sign.

In a procedure identical to the derivation of Cauchy’s stress theorem (2.114), it
can be shown from the energy balance (2.121) that

q(n) = q · n with q(x, t) =
∑
i

q(ei)ei . (2.123)

where q(x, t) is the heat flux vector . Heat exits the region when q points toward the
outward normal n, consistent with the sign convention for q(n).

In view of the preceding result, the integral statement (2.121) can be localized
using the time derivative (2.112), the divergence theorem (2.50), and the localization
theorem (2.55), giving rise to the local form of the principle of energy balance,

ρ
[
1
2
v · v+ε

].
= ρfB · v + div

(
TTv

)
+ ρr − divq . (2.124)

The traction term in (2.124) can be expanded according to the product rule in (2.46)3
and the definition of the velocity gradient in (2.97),

ρa · v + ρ
.
ε = ρfB · v + (divT) · v + T · L + ρr − divq . (2.125)

The first, third, and fourth term of (2.125) constitute the so-called balance of me-
chanical power , which corresponds to the linear momentum balance (2.115) dotted
with velocity v. It is eliminated from (2.125) and the remaining terms

ρ
.
ε = T · L + ρr − divq , (2.126)
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comprise the local statement of the balance of thermal energy . It is mentioned that
the integral

∫
P T ·L dv is called the stress power , since it quantifies the rate at which

the stresses perform work in P . Note that only the symmetric part D=sym[L] of the
velocity gradient contributes to the stress power, because T is symmetric on account
of (2.120).

2.3.5 Second Law of Thermodynamics

In the context of continuum mechanics, there exists some ambiguity as to the exact
formulation of the second law of thermodynamics. It is often enforced by means of
the Clausius-Duhem inequality ,

d

dt

∫
P
ρη dv ≥

∫
P

ρr

θ
dv −

∫
∂P

q(n)
θ

da , (2.127)

where the existence of a specific entropy η(x, t) and absolute temperature θ(x, t)> 0
is assumed. The entropy ρηdv contained in a unit volume is extensive. Inequal-
ity (2.127) states that the rate of increase of entropy contained in a material region
must be greater than the external supply of entropy through the volume P minus
the entropy flux q(n)/θ across its boundary ∂P .22 The negative sign arises from the
convention in the definition of the outward heat flux.

The local form of the Clausius-Duhem inequality is obtained from its integral
statement (2.127) by application of time derivative (2.112), divergence theorem (2.50)
for the heat flux (2.123), and the localization theorem (2.55),

ρ
.
η ≥ ρr

θ
− div

(
q

θ

)
. (2.128)

An equivalent representation of (2.128) is obtained by using product rule (2.46)1 and
substituting the energy balance (2.126) for divq,

ρ
( .
ε−θ .η

)
− T · L + q ·

(
gradθ

)
/θ ≤ 0 . (2.129)

2.3.6 Method of Coleman and Noll

In a procedure known as the method of Coleman and Noll [17], thermodynamic
restrictions on the constitutive equations can be deduced from (2.129). To this end,
the specific Helmholtz free energy

Ψ = ε − ηθ (2.130)

22Müller [101] points out that the entropy flux (i.e., q/θ) in this context is assumed to be
proportional to the heat flux: “The motivation for this relation rests upon the definition of entropy
in thermostatics and on an approximate calculation of the entropy flux based on the kinetic theory
of gases”.
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is defined, so that (2.129) becomes

ρ
.
Ψ + ρη

.
θ − T · L + q ·

(
gradθ

)
/θ ≤ 0 . (2.131)

Suppose, for example, a class of so-called thermoelastic materials whose Helmholtz
free energy takes a functional dependence

Ψ = Ψ̌(F, θ, gradθ) . (2.132)

Its material time derivative is

.
Ψ =

∂Ψ̌

∂F
·
.
F +

∂Ψ̌

∂θ

.
θ +

∂Ψ̌

∂gradθ
·

.
gradθ , (2.133)

where the tensor derivative is defined in (2.40) and
.
F given by (2.100). Substituting

.
Ψ

into Equation (2.131) furnishes(
ρ
∂Ψ̌

∂F
FT−T

)
·L + ρ

(
∂Ψ̌

∂θ
+ η

)
.
θ + ρ

(
∂Ψ̌

∂gradθ

)
·

.
gradθ +

q · gradθ
θ

≤ 0 . (2.134)

This inequality must hold for all x∈R and t, including the initial conditions. Since
the initial distributions of x, v, and θ can be chosen at will, so can the individual

components of their gradients F, L, and gradθ. In addition,
.
θ and

.
gradθ may be

determined arbitrarily by means of an appropriate distribution of body heating r.
Hence, the only way to uphold inequality (2.134) is to require

T = ρ
∂Ψ̌

∂F
FT ,

∂Ψ̌

∂gradθ
= 0 ,

η = −∂Ψ̌
∂θ

, q · gradθ ≤ 0 ,

(2.135)

where θ > 0 was used in (2.135)4. Since any time t may be viewed as initial, Equa-
tions (2.135) must hold at all times.

According to (2.135)2 the free energy of thermoelastic materials (2.132) must
be independent of gradθ, that is, Ψ= Ψ̌(F, θ). Meanwhile (2.135)4 indicates that q
opposes the direction of gradθ. Heat thus flows in direction of decreasing temperature,
a well known consequence of the second law of thermodynamics. The symmetry of
the Cauchy stress (2.120) ostensibly places an additional restriction on Ψ̌(F, θ) so
as not to clash with (2.135)1. However, it will be shown in Section 4.4.5 that, in the
case of thermoelastic materials Ψ= Ψ̌(F, θ), this is automatically satisfied when Ψ is
required to be invariant under superposed rigid-body transformations.
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2.3.7 Referential Form of the Balance Equations

In view of the distinction between the Eulerian and Lagrangian descriptions in-
troduced in Section 2.2.1, it may be desirable to evaluate the integrals of the preceding
balance equations with respect to a referential region P0 rather than its current con-
figuration P . Furthermore, a Lagrangian formulation is often advantageous in the
discussion of the constitutive equations, see Section 6.1.2.

A referential statement for the conservation of mass is obtained as follows: Let
the mass density of the reference configuration be denoted by ρ0(X, t)> 0. It is
determined from the limit

m(P0) =

∫
P0

ρ0 dV where ρ0 = lim
m(P0)

vol(P0)
. (2.136)

The mass m(P0) contained within the volume vol(P0) of a referential region P0

around X at time t0 is conserved. Therefore, at any time t of the motion the de-
formed region P must contain the same mass m(P)=m(P0). A comparison between
the spatial and referential integrals in (2.109)1 and (2.136)1 immediately yields

ρ0 = ρJ , (2.137)

where use was made of the relation in (2.79) and the localization theorem. This
corresponds to a referential description of conservation of mass, see Serrin [129,
Section B.I.5].

The balance of linear momentum (2.113) is expressed referentially as

d

dt

∫
P0

ρ0v dV =

∫
∂P0

p(N) dA +

∫
P0

ρ0fB dV , (2.138)

where the volume integrals follow from ρdv= ρ0dV , see (2.109)1 and (2.136)1. Mean-
while, the surface traction p(N)(X, t) per unit referential area

23 is defined through the
requirement that df = t(n)da=p(N)dA. By applyingCauchy’s stress theorem (2.114)
to p(N) =PN the local form becomes

ρ0a = DivP + ρ0fB , (2.139)

which is the referential version of (2.115). It follows from Nanson’s formula (2.80)
that the so-called first Piola-Kirchhoff stress tensor P(X, t) is related to the
Cauchy stress tensor T via

P = JTF−T or T = J−1PFT . (2.140)

23Note that, despite quantifying the traction relative to the referential area, p(N) is a spatial
vector, i.e., resolved in the spatial bases ei. It differs from t(n) only in magnitude, not direction.
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Note that P corresponds to the Piola transform of T derived in (2.90)2. Lastly, it
is mentioned that P=PiAei⊗EA is a two-point tensor whose components are rooted
in both the spatial and referential bases similar to F.

The referential forms of the balance of angular momentum (2.116) and its local
counterpart (2.120) are given by

d

dt

∫
P0

x× ρ0v dV =

∫
∂P0

x× p(N) dA +

∫
P0

x× ρ0fB dV , (2.141)

and
PFT = FPT , (2.142)

where the local form is obtained using the same procedure employed in Section 2.3.3.
Of course the spatial and referential angular momentum balances (2.120) and (2.142)
are in agreement with the Piola transform in (2.140).

The principle of energy balance (2.121) and its local version (2.124) are stated in
referential form as

d

dt

∫
P0

ρ0

(
1

2
v · v + ε

)
dV =

∫
P0

ρ0fB · v dV +

∫
∂P0

p(N) · v dA

+

∫
P0

ρ0r dV −
∫
∂P0

q0(N) dA , (2.143)

and
ρ0
[
1
2
v · v+ε

].
= ρ0fB · v + Div

(
PTv

)
+ ρ0r − Divq0 . (2.144)

The heat flux per unit referential area q0(N)(X, t) is defined via q(n)da= q0(N)dA.
It follows from Nanson’s formula (2.80) and Cauchy’s theorem for the heat flux
in (2.123) that

q0 = JF−1q or q = J−1Fq0 . (2.145)

As expected, the referential heat flux vector q0 corresponds to the Piola transform
of q, see (2.90)1. It quantifies the heat flux relative to the area and orientation of a
referential boundary segment.

Recall from (2.126) that the balance of mechanical power (i.e., the momentum
balance contracted with the velocity v) may be subtracted from the energy balance
to yield the balance of thermal energy. Following the same procedure, the referential
statements (2.139) and (2.144) furnish

ρ0
.
ε = P ·

.
F + ρ0r − Divq0 . (2.146)

It is readily verified with Equations (2.100) and (2.140)1 that the preceding result
is consistent with the spatial version in (2.126), and that the stress power expended
in P is expressed referentially as∫

P
T · L dv =

∫
P0

P ·
.
F dV . (2.147)
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The first Piola-Kirchhoff stress tensor P is thus called energy (or work) conjugate
to the deformation gradient F. The stress power may alternatively be expressed with
respect to the Green-Lagrange strain tensor E according to∫

P
T · L dv =

∫
P0

S ·
.
E dV , (2.148)

where the so-called second Piola-Kirchhoff stress tensor S(X, t) is defined by

S = F−1P = JF−1TF−T or P = FS or T = J−1FSFT . (2.149)

Note that S=SABEA⊗EB is entirely referential, as opposed to the two-point ten-
sor P and spatial tensor T. The symmetry of T in (2.120) implies that S is likewise
symmetric. The relation in (2.148) is readily obtained from the material time deriva-
tive of (2.71)1 by invoking the symmetry of S.

Lastly, the integral form of the Clausius-Duhem inequality in (2.127) is written
in terms of the referential configuration according to

d

dt

∫
P0

ρ0η dV ≥
∫
P0

ρ0r

θ
dV −

∫
∂P0

q0(N)

θ
dA , (2.150)

or in local form

ρ0
.
η ≥ ρ0r

θ
− Div

(
q0

θ

)
. (2.151)

Similarly, the inequality in (2.129) is stated referentially as

ρ0
( .
ε−θ .η

)
− P ·

.
F + q0 ·

(
Gradθ

)
/θ ≤ 0 , (2.152)

where use was made of the preceding result for the referential stress power. Note
that the thermodynamic restrictions (2.135) on the constitutive equations, attained in
Section 2.3.6 using the method of Coleman and Noll, can be identically reproduced
using the referential description.

2.4 Superposed Rigid-Body Motions and Galilean

Transformations

In order to examine the transformation properties of physical quantities, the concept
of superposed rigid-body motions (SRBM) is presented. Following common practice
in classical continuum mechanics, SRBMs are viewed as rotations and translations of
the body rather than of the coordinate system.
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2.4.1 Position, Velocity, and Acceleration

Rigid body motion is prescribed by subjecting all material points x to a uniform
proper orthogonal rotation Q(t)∈Orth+, see (2.21), followed by a uniform transla-
tion c(t) according to

x+ = Qx+c and t+ = t . (2.153)

It is readily verified that Euclidean distances |x2−x1| are preserved, which is why
Equation (2.153) is also known as a Euclidean transformation. On the other hand,
a Galilean transformation is a special case of (2.153), where the motion consists of
a translation at constant velocity v0 and fixed rotation Q0, such that

x+ Gal.
= Q0

(
x+v0t

)
and t+ = t . (2.154)

The equation superscript
Gal.
= is intended to avoid confusion between general (Eu-

clidean) SRBM (2.153) and Galilean transformations (2.154).
The velocity of the transformed system is obtained by taking the material time

derivative of x+. For general SRBMs (2.153),

.
x+ = v+ = Qv +

.
Qx +

.
c

= Q
(
v + Ωx + QT.c

)
= Q

(
v+β

)
,

(2.155)

where a tensor Ω(t) and vector β(x, t) are defined for notational convenience,

Ω(t) = QT
.
Q ,

β(x, t) = QT
( .
Qx+

.
c
) (

= Ωx+QT.c
)

.
(2.156)

It follows from the orthogonality of Q that Ω is skew-symmetric,

Ω = −ΩT . (2.157)

Therefore its operation Ωw on an arbitrary vector w can alternatively be described
by a vector product with the axial vector ω,

Ωw = ω ×w where ω(t) = 1
2
Ωjiϵijkek . (2.158)

Furthermore, it is observed that material time derivatives
.
Ω,

..
Ω, etc., remain skew-

symmetric. Powers Ωn are symmetric when n is even, and skew when n is odd. The
linearity of β with respect to x and skew-symmetry of Ω further imply that

gradβ = QT
.
Q = Ω ,

divβ = tr
[
gradβ

]
= tr(Ω) = 0 .

(2.159)
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For Galilean transformations (2.154) the parameters of the SRBM simplify to

Q(t)
Gal.
= Q0 , c(t)

Gal.
= Q0v0t , β(x, t)

Gal.
= v0 ,

Ω(t)
Gal.
= 0 ,

.
c(t)

Gal.
= Q0v0 ,

.
β(x, t)

Gal.
= 0 .

(2.160)

Transformation formulae for general SRBMs, like Equation (2.155) for the velocity,
are readily specialized to Galilean transformations using the relations (2.160).

Another material time derivative on (2.155)1,3 yields the acceleration of the body
under general SRBMs,

..
x+ =

.
v+ = a+ = Q

(
a+ 2Ωv +Ω2x+

.
Ωx+QT..c

)
= Q

{(
a+

.
β
)
+Ω

(
v+β

)}
,

(2.161)

where use was made of
.
Q=QΩ and Q̈=Q

[
Ω2+

.
Ω
]
.

2.4.2 Spatial Differential Operators

The transformation of the differential operators (2.42) under SRBMs is examined
next. These properties will be applied frequently in the transformation of the bal-
ance equations. Appealing to Equation (2.153), the mixed gradients of the position
vectors x+ and x are, respectively,

gradx+ =
∂x+

∂x
= Q and grad+x =

∂x

∂x+
= Q−1 = QT , (2.162)

where grad+ signifies the gradient with respect to the transformed position x+. The
gradient of a scalar field α+= ᾱ+(x+, t)= ᾱ+(Q(t)x+c(t), t)= α̃+(x, t) transforms by
chain rule according to

grad+α+ =
∂ᾱ+

∂x+
=

∂α̃+

∂x

∂x

∂x+
= Q gradα+ . (2.163)

The gradient of a vector field w+= w̄+(x+, t)= w̃+(x, t) obeys

grad+w+ =
∂w̄+

∂x+
=

∂w̃+

∂x

∂x

∂x+
=

[
gradw+

]
QT = Q

[
grad

(
QTw+

)]
QT , (2.164)

where the uniformity of Q(t) was exploited.
Similarly, chain rule furnishes transformation relations for the divergence of vector

fields w+ and tensor fields T+= T̄+(x+, t)= T̃+(x, t),

div+w+ =
∂w̄+

i

∂x+i
=

∂w̃+
i

∂xj

∂xj
∂x+i

= gradw+ ·Q = div
(
QTw+

)
, (2.165)
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and

div+T+ =
∂T̄+

ij

∂x+j
ei =

∂T̃+
ij

∂xk

∂xk
∂x+j

ei =
∂T̃+

ij

∂xk
Qjkei = div

[
T+Q

]
= Qdiv

[
QTT+Q

]
,

(2.166)
respectively.

The transformation of the curl is conveniently obtained by first converting it to a
divergence using its definition (2.41)3, upon which transformation (2.165) is applied.
With the aid of (2.37)2,(

curl+w+
)
· h = div+

(
w+×h

)
= div

(
QT(w+×h)

)
= div

(
QTw+×QTh

)
= curl

(
QTw+

)
·QTh

= Qcurl
(
QTw+

)
· h ∀ constant h ,

(2.167)

and hence
curl+w+ = Qcurl

(
QTw+

)
. (2.168)

It is mentioned that the preceding result is readily verified in integral form by applying
the Stokes theorem (2.53) to

∫
A+ curl

+w+ · n+da+ and employing the transforma-
tions for dx+, n+, and da+ discussed later in (2.170)2−4.

Note the similarity of the transformations in (2.163 - 166) and (2.168) with the re-
lations between the spatial and referential derivatives in Equations (2.82), (2.84 - 86),
and (2.94). This is of course to be expected, given that the SRBM in (2.153)1 rep-
resents a motion from x to x+, with ‘deformation gradient’ Q and QT in (2.162)1,2
assuming the role F and F−1 in (2.66) and (2.67).

With the definition and properties of superposed rigid-body motions in place, the
transformation rules for individual physical quantities are examined next. First the
kinematic quantities are derived, followed by the thermomechanical fields.

2.4.3 Kinematic Quantities

The transformation of the deformation gradient (2.66) and its polar decomposi-
tion (2.69) follows immediately from the superposed motion (2.153),

F+ =
∂x+

∂x

∂χ

∂X
= QF , R+ = QR , U+ = U , V+ = QVQT . (2.169)

The transformation of the Jacobian J (2.68) is obtained from (2.165) and (2.169)1.
Furthermore, it follows that the infinitesimal material line elements dx (2.65), area
elements nda (2.80), and volume elements dv (2.79) transform according to

J+ = J , dx+ = Qdx , n+ = Qn , da+ = da , dv+ = dv . (2.170)
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The transformation of the spatial velocity gradient L (2.97) is obtained with the aid
of (2.155)3, (2.159)1, and (2.164),

L+ = grad+v+ = Q grad
(
v+β

)
QT = Q

[
L+Ω

]
QT . (2.171)

This result is consistent with Equation (2.100) for
.
F and (2.169)1 in the sense that

.
F+ =

.
QF+Q

.
F = QΩF+QLF = Q

[
L+Ω

]
QTQF = L+F+ = (

.
F)

+
. (2.172)

Finally it is seen from (2.171) that, despite v+ transforming according to (2.155), its
divergence

div+v+ = tr
[
L+

]
=

[
L+Ω

]
· i = trL = divv . (2.173)

remains unchanged under SRBM because Ω is skew. This is in agreement with

Equations (2.98) for
.
dv and (2.170)5 for dv

+. The result in (2.173) may alternatively
be derived from Equations (2.155)3, (2.159)2, and (2.165).

2.4.4 Thermomechanical Quantities

To derive transformation rules for thermomechanical fields it is postulated that

t+(n+) = Qt(n) , ε+ = ε , r+ = r , q+(n+) = q(n) . (2.174)

Applying the transformation (2.170)3 for n
+ to Cauchy’s stress theorem (2.114) and

its heat flux counterpart (2.123) leads to

T+ = QTQT , q+ = Qq . (2.175)

The divergence of the stress and heat flux (2.175) with respect to x+ simplifies to

div+T+ = div(T+Q) = div(QT) = QijTjk,kei = Q divT ,

div+q+ = div(QTq+) = divq ,
(2.176)

where Equations (2.165) and (2.166) were used.
It is further postulated that the balance equations derived in Section 2.3 are form-

invariant under SRBM. This means that different observers experience the same laws
of motion despite their disagreement on the measured value of individual quantities
like acceleration (2.161). The balances of mass (2.111) and linear momentum (2.115),
respectively, furnish the transformations

ρ+ = ρ , f+B = Q
(
fB−a

)
+ a+ , (2.177)

where Equations (2.155), (2.171)3, and (2.176)1 were employed. The balances of angu-
lar momentum (2.120) and thermal energy (2.126) are automatically satisfied by the
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transformed quantities (2.171), (2.174)2,3, and (2.175)1,2. Finally, the temperature θ
of a material point is postulated to be unaffected by SRBM, so that the invariance
of the entropy inequality (2.128) implies

θ+ = θ , η+ = η , Ψ+ = Ψ . (2.178)

The expression for f+B in Equation (2.177)2 is relatively complicated in view of
transformation (2.161) for a+. However, a simple relation may be found for the
power of the body force,

f+B · v
+ =

(
Q
(
fB−a

)
+ a+

)
·Q

(
v+β

)
=

(
fB−a

)
·
(
v+β

)
+

(
a+

.
β
)
·
(
v+β

)
+ Ω

(
v+β

)
·
(
v+β

)
=

(
fB+

.
β
)
·
(
v+β

)
,

(2.179)

where the skew-symmetry of Ω (2.157) was used.

2.4.5 Time Derivatives: Partial, Flux, and Path Derivatives

In the discussion of transformation properties of partial time derivatives, it must be
explicitly specified whether x+ or x shall be fixed, because the SRBM in (2.153)
generally evolves with time.24 Notwithstanding, the chain rule (2.95) for the total
time derivative applies to both functional representations F+= F̄+(x+, t)= F̃+(x, t),
hence using (2.96)1,2

.
α+ =

∂ᾱ+

∂t

∣∣∣∣
x+ fix

+
(
grad+ ᾱ+

)
· v+ =

∂α̃+

∂t

∣∣∣∣
xfix

+
(
grad α̃+

)
· v ,

.
w+ =

∂w̄+

∂t

∣∣∣∣
x+ fix

+
(
grad+w̄+

)
v+ =

∂w̃+

∂t

∣∣∣∣
xfix

+
(
gradw̃+

)
v .

(2.180)

Equations (2.180) do not assert that the material time derivative of a field F+ is

invariant under SRBM. They merely observe that
.
F+ is independent of its func-

tional representation in terms of (x+, t) vs. (x, t) by virtue of being material. Equa-
tions (2.180) furnish a relation between the partial time derivatives of F̄+ and F̃+,
more succinctly expressed using (2.155)3, (2.163) and (2.164) by

∂ᾱ+

∂t
=

∂α̃+

∂t
−

(
gradα+

)
· β ,

∂w̄+

∂t
=

∂w̃+

∂t
−

[
gradw+

]
β ,

(2.181)

24This is unlike the spatial differential operators of Section 2.4.2, which are unambiguous in the
sense that time t is considered fixed irrespective of whether the partial derivatives are with respect
to x+ or x.
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where β is defined by (2.156)2. The subscripts of Equation (2.180) are dropped for
brevity, leaving only the bar and tilde accents to indicate whether x+ or x shall be fixed
in partial time derivatives. However, most quantities throughout this dissertation
are not explicitely equipped with an accent even when partial time derivatives are
involved, such as in (2.104)2. Instead, it is tacitly assumed that their representation
is Eulerian. Hence, F+= F̄+(x+, t) and F = F̃(x, t) are understood to be functions
of their corresponding spatial positions x+ and x, respectively.25

The preceding discussion illustrates that partial time derivatives, much like the dif-
ferential operators in Section 2.4.2, are subject to transformation rules under SRBM.
This raises the question of how the the flux derivative

⋆
w transforms under the general

SRBM of (2.153). Applied to w̄+(x+, t), the definition of the flux derivative (2.106)3
reads (

w̄+
)⋆

=
∂w̄+

∂t
+

(
div+w+

)
v+ − curl+

(
v+×w+

)
, (2.182)

whose transformations are given by Equations (2.155)3, (2.165), (2.168), and (2.181)2.
Upon some rearrangements it can be shown that(

w̄+
)⋆

= Q
{ ∂
∂t

(
QTw̃+

)
+ div

(
QTw+

)
v − curl

{
v ×

(
QTw+

)}}
= Q

(
QTw̃+

)⋆
.

(2.183)

A detailed derivation of (2.183) is provided in Appendix A.3.
Similarly, it follows from (2.171), (2.173), and (2.183) that the path derivative

in (2.108)3 transforms according to(
w̄+

)◦
=

(
w̄+

)⋆
−

(
div+v+

)
w+ + 2

[
symL+

]
w+

= Q
{(

QTw̃+
)⋆
−

(
divv

)(
QTw+

)
+ 2

[
symL

]
QTw+

}
= Q

(
QTw̃+

)◦
.

(2.184)

As in the preceding discussion for partial time derivatives, it is again emphasized
that the accents w̄+ vs. w̃+ stipulate whether the flux and path derivatives are to
be taken with respect to the transformed or the untransformed representation of w+,
respectively. This affects not only differential operators and partial time derivatives
of w̄+(x+, t) vs. w̃+(x, t), but also the velocity v+ vs. v in the definitions of the flux
and path derivatives (2.106) and (2.108). As per the aforementioned convention for
partial time derivatives, in the absence of accents the derivatives refer to the natural
Eulerian representation of w+= w̄+(x+, t) and w= w̃(x, t).

25For example, let a vector field w transform according to w+=Qw. Equation (2.181)2 is ex-
pressed without accents by ∂

∂t(w
+)= ∂

∂t(Qw)−[grad(Qw)]β, where x+ is fixed in ∂
∂t(w

+) and x is

fixed for ∂
∂t(Qw), because its natural Eulerian functional representation is Q(t)w̃(x, t).
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2.4.6 Objectivity and Galilean Invariance

A field is termed objective if it transforms under SRBM in the same way its coordi-
nate basis does.26 Real-, vector-, and tensor-valued spatial fields are thus objective
if α+=α, w+=Qw, and T+=QTQT. Given a set of objective fields α, β, u, v, S,
and T, any multiplication (such as αw, Tw, ST) or contraction (such as αβ, u ·w,
S ·T) thereof results in an objective quantity as well.

A superposed rigid-body motion where the body forces f+B =QfB transform ob-
jectively is called inertial . Inertial motions do not introduce artificial body forces
and exhibit an objective acceleration a+ as evident from (2.177)2. Galilean trans-
formations (2.154) are inertial (and vice versa), see (2.160 - 161), so that the two
terms are used synonymously. Fields that transform objectively under Galilean
transformations are termed Galilean invariant .

Of course, all objective fields are Galilean invariant but not all Galilean in-
variant fields are objective. This is to say that general objectivity is more restrictive
than invariance under the limited subset of Galilean transformations. For exam-
ple, the acceleration a+ is (by definition) invariant under inertial motions, but not
for general SRBM’s. The velocity gradient L+, although Galilean invariant, is not
objective according to (2.171). Note that the stress power T+·L+ is nevertheless
objective on account of the symmetry of T and skew-symmetry of Ω.

The transformation rules in (2.163 - 166) and (2.168) for the differential operators
are found to preserve the objectivity of the fields they act upon. This means, for ex-
ample, that grad+w+=Q[gradw]QT, div+T+=QdivT, and curl+w+=Qcurlw are
themselves objective, provided that w+ and T+ are objective.

Among the total time derivatives (2.96)1−3 only the scalar-valued fields preserve
objectivity. Nevertheless, the material time derivatives of vectors and tensors are
Galilean invariant since, for example, (w+)

.
=Q

.
w+

.
Qw = Q

.
w etc. Partial time

derivatives (2.181)1,2 are neither objective nor Galilean invariant due to the con-
vective contribution of β as defined in (2.156)2.

The flux derivative (2.106) and the path derivative (2.108) of objective vectors
transform according to (w̄+)

⋆

=Q(w̃)
⋆

and (w̄+)
◦
=Q(w̃)

◦
, respectively, see (2.183 - 184).

Hence it is concluded that (unlike the total and partial time derivatives) the flux
and path derivatives of objective vector fields are again objective. This result is not
surprising: Due to the materiality of the integral domainsA and S, the flux

∫
Aw · n da

in (2.105) and the path integral
∫
S w · dx in (2.107) are invariant scalar quantities

provided that w+=Qw is objective. Therefore, its material time derivative must be
objective, too.

26Objective transformations are akin to a push-forward operation of the spatial
fields α, w, T to the transformed spatial fields α+, w+, T+. The corresponding pull-back
is α=α+, w=QTw+, T=QTT+Q. According to this narrative, Q may be regarded as a deforma-
tion gradient between the two spatial configurations, with a multiplicative decomposition (2.169)1
for the total deformation F+.
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Lastly, it is mentioned that the Piola transform of a vector, see (2.90)1, trans-
forms according to w+

0 = JF−1(QTw+). It is thus concluded from Equation (2.175)2
that the referential form of the heat flux q0 in (2.145)1 is invariant under SRBM,
or q+

0 =q0. Similarly, the second Piola-Kirchhoff stress tensor in (2.149) trans-
forms via S+= JF−1[QTT+Q]F−T=S, which is invariant under SRBM due to the
objectivity of T according to (2.175)1.
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Chapter 3

Governing Equations of
Electromagnetism

In this chapter the governing equations of electromagnetism (EM) are summarized,
in particular Maxwell’s equations. This serves as background for the formula-
tion of amended balance equations in Chapter 4 for coupled electro-magneto-thermo-
mechanical (EMTM) continua that reflect the contribution of the EM fields to the
balance equations of momentum and energy.

As Müller et al. [103, Section 1] point out in their recent review article, the
field of electrodynamics is yet to fully embrace the concepts and methods of modern
continuum mechanics. Indeed, the classic monographs on the subject, for example
Feynman [26], Griffiths [38], Landau and Lifshitz [69], or Stratton [139],
present the governing equations without considering any deformation (or even rigid
motion, for that matter) of the underlying medium. Integral statements are often
evaluated over regions, surfaces, or curves that are assumed to be fixed in space,
which inadvertently blurs the line between partial and material time derivatives.
While working well in vacuum, this can lead to a lack of precision in formulating the
EM laws for moving or deformable media.1

For this reason, the upcoming discussion is based primarily on the monographs
by Hutter et al. [56], Kovetz [64], and Müller [102], whose approaches are more
closely aligned with the notation and paradigms of classical continuum mechanics.
Furthermore, it is mentioned that Truesdell and Toupin [147] laid the groundwork
for the modern treatment of the subject, and references to their encyclopedic article
are ubiquitous in literature.

Many of the aforementioned monographs at least occasionally resort to the four-
dimensional Minkowski space-time formulation. This is particularly true in the con-

1This issue is exemplified by the treatment of Faraday’s law by Feynman [26, Equations 17.2
and 17.3] andGriffiths [38, Equations 7.14 and 7.15]. Despite dealing with the motion of a physical
wire through a magnetic field, both authors use partial and total time derivatives interchangeably,
which impedes a proper discussion of the flux derivative and its physical interpretation.
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text of Lorentz transformations and relativity theory,2 such as in Feynman [26,
Chapter 25], but also for the derivation of transformation properties under Eu-
clidean SRBM, for example, by Ericksen [23]. However, in an effort to preserve
the three-dimensional notation introduced in Chapter 2, the four-vector formalism
and Minkowski space-time is avoided here.

This chapter is organized as follows: Maxwell’s equations are first presented in
their most general form, i.e., written in terms of the total EM fields irrespective of
any interactions with the underlying medium. This is followed by the introduction
of polarization and magnetization, as well as the aether relations. Together, they
form the basis for the modeling of EM behavior within an underlying continuum.
After a discussion of the transformation properties of the EM fields under SRBM,
Maxwell’s equations are reformulated in terms of objective (Galilean invariant)
fields. Finally, a brief review of electrostatics and magnetostatics is offered.

In the scope of this dissertation the electromagnetic fields are considered continu-
ously differentiable, thus permitting the application of the divergence theorem (2.50)
and Stokes’ theorem (2.53). This assumption greatly simplifies the manipulation of
equations but precludes, for example, jumps in the EM fields across surfaces that are
often present due to local accumulations of electric charges.

3.1 Maxwell’s Equations

Maxwell’s well-known equations of electromagnetism originate from the conserva-
tion of electric charge as well as from Faraday’s law of induction. As with the
balance laws of Section 2.3, the physical principles are first discussed on the basis of
their integral forms, which are thereafter localized to yield their differential form.

3.1.1 Principle of Charge Conservation

The first pair of Maxwell’s equations derives from the principle of charge conser-
vation. It states that the rate of change of electric charge Q(P) contained in material
region P is balanced by the flow of electric current conducted across its boundary ∂P .
The integral form of this statement reads

.
Q(P) =

d

dt

∫
P
q dv = −

∫
∂P
j(n) da , (3.1)

where q(x, t) is the electric charge density (per unit volume) and j(n)(x, t) represents
the outward conduction of charges across ∂P (per unit area). The charge Q(P) is
an extensive quantity. In order to depict a collection of elementary charges as a

2Continuum mechanists are unlikely to encounter conditions which depart from the non-
relativistic Newtonian theory. The special theory of relativity is briefly mentioned in Section 3.4.6
but not pursued any further.
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continuous distribution, a continuum assumption similar to that in (2.109) is made.
A slightly different, albeit equally valid, statement of charge conservation may be
more familiar to physicists, according to which∫

P

∂q

∂t
dv = −

∫
∂P
J(n) da . (3.2)

Here, the rate of change of the electric charge is computed for a fixed spatial region P
and the outward flow J(n)(x, t) is quantified relative to the coordinate system rather
than the material boundary in motion. The Eulerian description (3.2) is best suited
for the discussion of EM in vacuum or in fluid media, as opposed to the Lagrangian
viewpoint (3.1) adopted for rigid or solid continua.3 A more nuanced interpretation
of this distinction arises from the transformation of the EM fields under SRBM, see
Sections 3.4 and 3.5.

Analogous to Cauchy’s theorem for the heat flux (2.123), it can be shown using
Equation (3.1) that

j(n) = j · n , (3.3)

where j(x, t) is the electric conduction current density (per unit area).4 In view of
the Reynolds transport theorem in (2.104)2, Equations (3.1) and (3.2) yield the
relation

J(n) = J · n where J = j + qv . (3.4)

As expected, the total current density J(x, t) consists of the conduction current j plus a
convective term qv which accounts for the material motion of the electrically charged
body. Granted sufficient differentiability of q and j, the divergence theorem (2.50)
and localization theorem (2.55) furnish the local form of Equation (3.2) as

∂q

∂t
+ divJ = 0 . (3.5)

Note that some monographs, for example Griffiths [38, Equation 8.4], refer to (3.5)
as the continuity equation. However, this ambiguous terminology is avoided here
because depending on context it may refer to the conservation of mass in (2.111) (or,
for that matter, the transport equation of any other conserved extensive quantity).

3Note that this terminology is somewhat different from its original usage in Sections 2.2.1
and 2.3.7, where the distinction between the Eulerian (current) and Lagrangian (referential)
originates in the functional form F̃(x, t) or F̂(X, t) chosen to express the relevant quantities. Here,
the nomenclature focuses on whether an integral domain is considered fixed or material when taking
a time derivative.

4It is once more emphasized that (3.1) balances the charge inside a material region, so that
the current density j is measured relative to the body and is therefore associated with electrical
conduction through the body.
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Equation (3.2) is identically satisfied by the so-called charge potential d(x, t) and
current potential h(x, t),5 which are related to q and J according to∫

P
q dv =

∫
∂P

d · n da ,∫
A
J · n da =

∮
C
h · dx −

∫
A

∂d

∂t
· n da .

(3.6)

Gauss’ law (3.6)1 and Ampère’s circuital law (3.6)2 constitute the first pair of
Maxwell’s equations. Note that the circulation of h in (3.6)2 vanishes when sub-
stituted into (3.2), because ∂P is a closed surface without a boundary edge C= ∅.

Assuming the necessary differentiability of d and h, Equations (3.6) are local-
ized using the divergence theorem (2.50), Stokes’ theorem (2.53), and localization
theorem (2.55),

q = divd ,

J = curlh − ∂d

∂t
.

(3.7)

It is readily verified that these local statements of Gauss’ and Ampère’s laws satisfy
the local form of charge conservation (3.5), since the contribution of h vanishes on
account of identity (2.49)2. However, it is mentioned that Equations (3.7) do not
produce unique solutions for the charge-current potentials {d,h}. Indeed, (3.5) is
satisfied by any

d′ = d + curly ,

h′ = h +
∂y

∂t
+ gradΨ ,

(3.8)

where Ψ(x, t) and y(x, t) are arbitrary real- and vector-valued fields,6 respectively.
This result follows immediately from the identities for curl(gradΨ) and div(curly) in
Equations (2.49)1,2.

3.1.2 Faraday’s Law of Induction

The second pair of Maxwell’s equations derives from Faraday’s law of induction,
which describes the induction of an electromotive force on an electrical circuit due to
a change in the magnetic field. In an Eulerian description (sometimes referred to as
the Maxwell-Faraday equation), it is argued that the rate of change of magnetic

5In (older) literature, d is also referred to as the electric displacement , and h as the magnetic force
or magnetic intensity . This nomenclature is due to the aether relations, see Section 3.3, according
to which the charge and current potentials are closely related to the electric and magnetic fields,
respectively.

6The arbitrary scalar field Ψ of (3.8)2 is not to be confused with the Helmholtz potential
in (2.130).
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flux through any fixed area A equals the negative circulation7 of the electric field
around its boundary C, ∫

A

∂b

∂t
· n da = −

∮
C
e · dx , (3.9)

where e(x, t) denotes the electric field and b(x, t) the magnetic field .8 Both b and e
are considered intensive (as opposed to extensive) quantities.

In the special case of (3.9) where A consists of a closed surface ∂P , the right-hand
side vanishes since C= ∅. If it is further assumed that at some time in the past b=0
on ∂P , then Equation (3.9) furnishes Gauss’ law for magnetism,∫

∂P
b · n da = 0 . (3.10)

Since the net magnetic flux across the boundary of any region P is zero, Equa-
tion (3.10) implies the absence of magnetic sources (i.e., magnetic monopoles), which
is in agreement with experimental observation. This is in contrast with Gauss’
law (3.6)1, where electric charges assume the role of sources (i.e., electric monopoles)
for the charge potential d. It is nevertheless mentioned that, much like the total
charge Q(P), the total amount of magnetic monopoles contained in P would be con-
sidered an extensive quantity, were it not zero.

Equations (3.9) and (3.10) are localized by means of the divergence theorem (2.50),
Stokes’ theorem (2.53), and the localization theorem (2.55). Gauss’ law for mag-
netism and Faraday’s law become

divb = 0 ,

∂b

∂t
+ curle = 0 ,

(3.11)

which constitute the local form of Maxwell’s second pair of equations.
An alternative description of Equations (3.9) and (3.10) can be devised using a

real-valued electric potential ϕ(x, t) and vector-valued magnetic potential9 a(x, t). In
integral form they are related to the electromagnetic fields {e,b} via∫

S
e · dx = −

∫
S

∂a

∂t
· dx −

[
ϕ
]s2
s1

,∫
A
b · n da =

∮
C
a · dx .

(3.12)

7The circulation of e may be interpreted as the work (per unit charge) done on a small test charge
as it completes one revolution around the (fixed) boundary C according to the right-hand rule, see
Section 3.5.2 for a more detailed discussion.

8Some authors refer to the magnetic field b as the magnetic flux density or magnetic induction.
9The magnetic potential a is not to be confused with the acceleration vector represented by the

same symbol, see Equation (2.115).
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Unlike the closed boundary C around A, the arbitrary open curve S forms a path
from point s1 to s2, see the notation in (2.54). Faraday’s law (3.9) is recovered
by reducing the open path S in (3.12)1 to a closed curve C, which eliminates the
contribution of ϕ. Similarly, Gauss’ law for magnetism (3.10) is immediately satisfied
by Equation (3.12)2 when ∂P is substituted for A.

Equations (3.12) are localized using Stokes’ theorem (2.53), the gradient theo-
rem (2.54), and the localization theorem (2.55) applied to A and S,

e = −∂a
∂t
− gradϕ ,

b = curla .
(3.13)

Like the charge-current potentials {d,h} in (3.8), the electromagnetic potentials {ϕ, a}
are not unique. In view of identity (2.49)1 for curl(gradΨ), Equations (3.13) are
satisfied by any pair {ϕ′, a′} with

ϕ′ = ϕ − ∂Ψ

∂t
,

a′ = a + gradΨ ,
(3.14)

where Ψ(x, t) is an arbitrary real-valued field.10 The relations (3.14) are referred
to as gauge transformations . Equations (3.13)1,2 offer an alternative description for
Gauss’ law for magnetism and Faraday’s law (3.11)1,2 in terms of electromagnetic
potentials, which is exploited in the context of electrostatics and magnetostatics in
Section 3.7.

3.1.3 Summary

Maxwell’s equations of electromagnetism are expressed in local form according to
Equations (3.7)1,2 and (3.11)1,2,

divd = q ,

curlh = J +
∂d

∂t
,

divb = 0 ,

curle = −∂b
∂t

.

(3.15)

The four equations consist of two pairs11 of disjoint systems of equations for the
fields {d,h} and {e,b}. A tally of the number of unknowns indicates that the equa-
tions on their own are under-determined. However, the charge-current potentials

10As before, the arbitrary scalar field Ψ in (3.14) is not to be confused with the Helmholtz
potential (2.130).

11More precisely the ‘four’ expressions (3.15) comprise eight equations, on account of the two
scalar and two vector-valued statements. Each disjoint ‘pair’ thus contains four equations.
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are intimately related to the electromagnetic fields via the aether relations discussed
in Section 3.3. Alternative forms of Maxwell’s equations will be derived later in
Sections 3.5 and 3.6.

3.2 Polarization and Magnetization

The laws of electromagnetism in Section 3.1 make no mention of the physical origin
of the electric charge and current densities q and J. Equations (3.15) model the
cumulative effect of all charge-currents and are thus equally valid in vacuum and in
matter. However, when dealing with EM fields in matter, it is often desirable to
separate the equations governing the freely moving charges and currents from the
effects of the bound charge-currents associated with polarization and magnetization
of the medium. Since Maxwell’s equations are linear in the electromagnetic fields12

a simple additive decomposition for the free and bound EM fields suffices.
The upcoming discussion of polarizable and magnetizable matter is based on the

monographs ofGriffiths [38, Chapters 4 and 6],Kovetz [64, Chapters 7, 9, and 11],
and Müller [102, Chapters 9.4-9.6]. The former, in particular, offers a convenient
overview of the constitutive behavior of EM continua as well as the (sub-)atomic or
molecular mechanisms from which they originate.

Conductors are materials which contain free electrons that are not associated with
any particular atom. In contrast, dielectric materials are insulators whose electrons
are bound to its nuclei or molecules. Although the movement of such charges is
greatly inhibited, an electric dipole moment13 nevertheless arises in the presence of
an external electric field. Furthermore, polar molecules are themselves tiny dipoles
which may slightly reorient from their previously random equilibrium positions. They
collectively result in dielectric polarization of the material when acted upon by an
electric field, which is manifested by a change in the electric charge distribution and
an apparent electric current.

Magnetic materials exhibit a similar behavior, whereby they respond to an exter-
nally applied magnetic field with a magnetic dipole moment , which in turn results
in an apparent electric current. This magnetization originates from looping currents
generated by the electron cloud surrounding the nucleus, as well as a collective align-
ment of the spin of elementary particles. In some cases this magnetization remains
even in the absence of an external magnetic field.14 Materials which respond to the

12Note that Equations (3.15) are linear only because the charge-currents {q, j} are featured in the
form of source terms. In practice, the oftentimes complicated dependence of the charge-currents on
the EM fields usually renders the equations nonlinear, as remarked by Kovetz [64, Chapter 13].

13The dipole moment is caused by a small eccentricity between the positively charged nucleus and
its electron cloud. Under the action of a sufficiently strong electric field, atoms may even become
ionized, rendering the material a conductor.

14Ferromagnetic materials below the Curie temperature may be magnetized permanently by an
external magnetic field. This history-dependent process is not completely reversible - a hysteresis
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external magnetic field by a net attractive force are classified as paramagnets , whereas
a net repulsive force is experienced by diamagnets .

3.2.1 Polarization Charge

To account for the effect of polarization on charge distribution, a distinction is intro-
duced between free and bound charges. The free charge density qF(x, t) is associated
with free electrons or ions, whereas the bound charge density qR(x, t) models the
charge distribution caused by the aforementioned electric dipole moments. Together
they form the overall charge density distribution q= qF+qR.

The bound charge contained in a material region P is called polarization charge,
such that in any region P with boundary ∂P ,∫

P
qR dv = −

∫
∂P

p · n da , (3.16)

where p(x, t) represents the dielectric polarization density , which may be thought
of as the average electric dipole moment (in units of charge times distance) per unit
volume. The surface integral in (3.16) represents the excess of electric charge inside P
due to dipoles ‘cut’ across the boundary ∂P .15 By sign convention, the vector p points
from the negative to the positive side of the local average electric dipole, thus placing
negative charges inside of P when p points in direction of the outward normal n.

Only if p varies along the boundary ∂P does the surface integral make a net
contribution to the overall charge. This is also reflected in the local form of (3.16),

qR = −divp , (3.17)

which follows from the divergence theorem (2.50) and the localization theorem (2.55).

3.2.2 Polarization Current

Let the free conduction current density jF(x, t) be associated with the conduction
of free charges. Since the polarization of bound charges can effect changes in the
overall charge distribution, temporal variations in p will simultaneously amount to a
polarization current density jP(x, t) per unit area, given by∫

A
jP · n da =

d

dt

∫
A
p · n da . (3.18)

loop is observed when plotting the magnetization against the external field, much like the stress-
strain curves of elasto-plastic materials.

15To draw this analogy a continuum assumption is made, whereby the size of a dipole (i.e., the
distance by which opposite elementary charges are separated) is much smaller than the characteristic
length of P. Individual dipoles are so numerous and infinitesimal in strength that a continuous
distribution p arises. Similar assumptions were previously made for the mass and charge densities ρ
and q, respectively.
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The right-hand side of (3.18) represents the net transfer of charges across the mate-
rial surface A due to changes in orientation of the electric dipoles. Following the sign
convention for p, net positive charge is moving in direction n when p ·n increases,
causing a net positive outward current jP ·n. This is in agreement with the sign
convention for j employed in the discussion of charge conservation. Note that inde-
pendent of the free charges, Equations (3.16) and (3.18) satisfy the integral form (3.1)
of conservation of electric charge.

Locally, Equation (3.18) is expressed using the flux derivative (2.105) and local-
ization theorem (2.55) for arbitrary surface integrals by

jP =
⋆
p . (3.19)

Of course the fields qR and jP, too, satisfy the local form of the principle of charge
conservation (3.5), since

∂qR
∂t

+ div
(
jP+qRv

)
= div

(
−∂p
∂t

+
⋆
p−

(
divp

)
v

)
= div

(
⋆
p− ∂p

∂t
−
(
divp

)
v + curl

(
v×p

))
= 0 ,

(3.20)

where Equations (2.49)2 and (2.106)3 were used.

3.2.3 Magnetization Current

In addition to jF and jP, magnetization contributes to the overall conduction current j
a magnetization current density jM(x, t) per unit area. This is due to the equivalence
between magnetic dipole moments and infinitesimal loops of electric current. The
magnetization current obeys∫

A
jM · n da =

∮
C
M · dx , (3.21)

where the magnetization density M(x, t) represents the magnetic dipole moment (in
units of electric current times area) per unit volume. The line element dx traces
the boundary C according to the right-hand rule around the normal n of surface A.
The boundary line integral adds up the infinitesimal current loops ‘pierced through’
by dx.16 If a magnetic dipole points in direction dx, its corresponding current loop
carries a positive contribution to the current through A in direction n following the
right-hand rule around M.

The line integral (3.21) causes a net current through A only when M varies along
the edge C, such that the resulting circulation of M is non-zero. This is reflected in

16A continuum assumption analogous to that made for p applies to the size and magnitude of
elementary magnetic dipoles, so as to arrive at a continuous density M.



57

local form by a magnetization current of

jM = curlM , (3.22)

where Stokes’ theorem (2.53) and the localization theorem (2.55) were used. Note
that jM automatically satisfies charge conservation (3.5) (with qM =0) because, in
view of (2.49)2, it is divergence-free.

3.2.4 Maxwell’s Equations for the Free Charges and Currents

The preceding discussion leads to the conclusion that the net electric charge Q(P)
contained in a material region P is given by∫

P
q dv =

∫
P
qF dv −

∫
∂P

p · n da , (3.23)

and the overall conduction current through a material surface A is∫
A
j · n da =

∫
A
jF · n da +

d

dt

∫
A
p · n da +

∮
C
M · dx , (3.24)

see Equations (3.16), (3.18), and (3.21).
The free charge-currents {qF, jF} are given in local form as

qF = q − qR ,

jF = j− jR ,
(3.25)

where the bound conduction current density jR(x, t) accounts for both polarization
and magnetization. The bound charge-currents {qR, jR} are thus given with the aid
of (3.17), (3.19), and (3.22) by

qR = −divp ,

jR = jP + jM =
⋆
p + curlM .

(3.26)

These are determined by constitutive relations for p an M, see Section 6.1.2, which
depend primarily on the electromagnetic fields {e,b} but may be coupled with defor-
mation or temperature. The total (conductive plus convective) current density (3.4)
may likewise be decomposed into its bound and free parts. Appealing to the flux
derivative (2.106)3, the free and bound total current densities JF(x, t) and JR(x, t) are
expressed as

JF = jF + qFv = J − JR ,

JR = jR + qRv = curlM +
⋆
p −

(
divp

)
v = curlm +

∂p

∂t
,

(3.27)
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where the Minkowski magnetization m(x, t) is defined by

m = M − v × p . (3.28)

Recall that the local statement of charge conservation (3.5) is linear in q and j.
It is satisfied independently by each pair {q, j}, {qR, jP}, {0, jM}, and thus any linear
combination thereof, including {qF, jF}. The ensuing Maxwell equations (3.15)1,2
preserve this linearity, suggesting an additive decomposition of the potentials {d,h}
as well. Since the bound charge-current potentials {dR,hR} are determined constitu-
tively, only the part of Maxwell’s equations associated with the free charge-current
potentials {dF,hF} is of interest. The free part of Gauss’ law (3.15)1 is expressed as

qF = q − qR = div
(
d+p

)
= divdF , (3.29)

whereas Ampère’s circuital law (3.15)2 reduces to

JF = J − JR = curl
(
h−m

)
− ∂

∂t

(
d+p

)
= curlhF −

∂dF

∂t
. (3.30)

The free charge-current potentials {dF,hF} are thus given by

dF = d + p ,

hF = h − m ,
(3.31)

and the bound potentials {dR,hR} are obtained constitutively from

dR = d − dF = −p ,

hR = h − hF = m .
(3.32)

It is mentioned that in literature Maxwell’s first pair of equations is often stated
in terms of the free parts (3.29) and (3.30), whilst tacitly dropping the subscript [ · ]F
for brevity, such as in Griffiths [38, Chapters 4.3.1 and 6.3.1]. The reader is thus
cautioned to take note of whether the charge-currents and their potentials refer to
the total fields or only free part thereof.

3.2.5 Summary

In the presence of magnetization or polarization, the charge-currents {q,J} and their
potentials {d,h} are additively decomposed into the contributions of the free and
bound parts. Maxwell’s first set of equations in (3.15)1,2 is replaced with (3.29)
and (3.30) for the free parts,

divdF = qF ,

curlhF = JF +
∂dF

∂t
,

(3.33)
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while the second set (3.15)3,4 remains unchanged. The bound charge-current poten-
tials {dR,hR}={−p,m} are determined primarily by the electromagnetic fields {e,b}
through constitutive equations. They cause bound charge-currents amounting to

qR = −divp ,

JR = curlm +
∂p

∂t
,

(3.34)

according to (3.26)1, (3.27)2.

3.3 Aether Relations

Recall that Maxwell’s Equations (3.15)1−4 are comprised of two sets of disjoint
equations. The first set of equations describes the charge-current potentials {d,h}
and arises from the principle of charge conservation, see Section 3.1.1. The second
set comprises Faraday’s law of induction for the electromagnetic fields {b, e}, see
Section 3.1.2.

However, experimental evidence suggests a universal relation between the two
sets, called theMaxwell-Lorentz aether relations . In the classical, non-relativistic
theory these relations depend on theGalilean frame in which they are formulated.17

There exists an inertial frame called the aether frame in which

d
Aet.
= ε0e ,

h
Aet.
= b/µ0 ,

(3.35)

where the (positive) scalars ε0 and µ0 are fundamental constants of nature termed the
electric permittivity and magnetic permeability of vacuum, respectively. According to
the National Institute of Standards and Technology [117], their values are given by
ε0=8.854 187 818 8(14)× 10−12 F/m and µ0=1.256 637 061 27(20)× 10−6H/m. Note

that the superscript
Aet.
= in (3.35) signifies that an equation holds only in the aether

frame.
Curiously, the aether relations provide closure to Maxwell’s equations not by

connecting the ‘physical’ fields {q,J} with {b, e}, or perhaps the potentials {d,h}
with {ϕ, a}. Instead, by setting the charge-current potentials directly proportional
to the electromagnetic fields, the indeterminacy previously granted to the potentials
in (3.8) no longer holds, as pointed out by Kovetz [64, Chapter 5].

Note that the aether relations may be regarded as constitutive equations18 for the
electromagnetic behavior of empty space, where the universal constants ε0 and µ0 take

17Frame-dependency implies that the aether relations (3.35) are not form-invariant under SRBM.
This raises serious issues with the classical treatment of frame invariance in EM, as discussed in
Section 3.4.6.

18See, for example, Hehl and Obukhov [45]: “We may consider [...] as constitutive relations for
spacetime itself.”
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the place of material properties. They determine, for example, the speed of light c in
vacuum

c =

√
1

ε0µ0

, (3.36)

which evaluates to exactly19 c=299 792 458m/s [117]. A brief derivation of the cor-
responding wave equations is provided in Appendix A.5.

It is emphasized that the aether relations (3.35) hold both in vacuum and in
matter. They refer to the total (free and bound) charge-current potentials irrespective
of the underlying medium. Moreover, the additive decomposition of {q, j} and {d,h}
discussed in the preceding section for polarizable and magnetizable media applies to
the aether relations as well. Equations (3.31) are substituted into (3.35) to furnish

dF
Aet.
= ε0e + p ,

hF
Aet.
= b/µ0 − m .

(3.37)

Recall that {p,m} are determined constitutively from the electromagnetic fields {e,b}
(and potentially from coupling with the thermomechanical quantities). The aether
relations of the form (3.37) thus represent constitutive equations which explicitly
account for the electromagnetic properties of the continuum body.

It is common for physics textbooks to state the aether relations (3.37) in the
alternative form

dF
Aet.
= εe ,

b
Aet.
= µhF ,

(3.38)

where the subscript [ · ]F for the free charge-current potentials is often ommitted, such
as in Feynman [27, Chapter 10-4] orGriffiths [38, Chapter 4.4.1]. The constitutive
properties of the medium are encapsulated in the permittivity20 ε and permeability µ.
Various alternative measures of permittivity and permeability are used across different
disciplines and applications, such as the dimensionless relative permittivity εr and rel-
ative permeability µr, or the electric susceptibility χe and magnetic susceptibility χm.
They are related to ε and µ via

εr = ε/ε0 , χe = εr − 1 ,

µr = µ/µ0 , χm = µr − 1 .
(3.39)

The two descriptions (3.37) and (3.38) can be reconciled only if p and m are collinear
to e and b, respectively, with the corresponding proportionality factors determined
by scalar constitutive functions. However, this precludes any anisotropic electro-
magnetic behavior and severely limits the possibilities for coupling between EM and
deformation.

19According to the modern definition of the Système International (or SI ), a meter corresponds
to the distance travelled by light through vacuum in exactly 1/c seconds.

20Note that the same symbol is used to denote the specific internal energy, see Equation (2.121).
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Recall from Section 3.2 that dielectric materials polarize under an external electric
field due to the development or reorientation of electric dipoles. Given the physical
origins of this effect, it is expected that p cannot oppose e, so that e ·p> 0. It may
thus be concluded from a comparison between (3.37)1 and (3.38)1 that the permit-
tivity of polarizable matter exceeds the vacuum permittivity, ε> ε0 or εr> 1. On the
other hand, the magnetic permeability µ of matter does not suffer the same limita-
tion. In paramagnetic materials the permeability exceeds the vacuum value µ>µ0,
whereas diamagnets exhibit21 µ<µ0. In most materials the paramagnetic (attractive)
effect dominates over the diamagnetic (repulsive) effect, which in turn implies that
the phase velocity of EM waves in such media does not exceed the vacuum speed c,
see the wave equation in (A.21).

In an aether frame, the relations in (3.35) may be employed to replace the charge-
current potentials {d,h} in the first pair of Maxwell’s equations with the electro-
magnetic fields {e,b}. The local form in (3.15) thus becomes

ε0dive
Aet.
= q , divb = 0 ,

curlb/µ0
Aet.
= J + ε0

∂e

∂t
, curle = −∂b

∂t
.

(3.40)

The integral forms of Gauss’ law (3.6)1 and Ampère’s circuital law (3.6)2 are stated
in an aether frame as ∫

P
q dv

Aet.
= ε0

∫
∂P

e · n da ,

µ0

∫
A
J · n da

Aet.
=

∮
C
b · dx − 1

c2

∫
A

∂e

∂t
· n da ,

(3.41)

where (3.36) for the vacuum speed of light c was used. In some cases the 1/c2-
term may be negligible. Faraday’s law of induction (3.9) and Gauss’ law for mag-
netism (3.10) remain unchanged since they are already expressed in {e,b}.

3.4 Transformation Properties of Electromagnetic

Fields

In this section, the transformation properties under classical SRBMs are derived for
all relevant EM fields. These results are used to examine the aforementioned lack
of form-invariance of the aether relations. The transformation rules derived here
motivate the formulation of Maxwell’s equations comprised of only objective terms

21Due to its quantum origins, the diamagnetic effect is relatively weak so that the measured
permeability in most cases remains very close to µ0. A notable exception are superconductors,
whose magnetic permeability vanishes, or χm =−1, in what is called the Meissner effect, see
Feynman [27, Chapter 21-6] or Landau and Lifshitz [75, Chapter 6].
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in Section 3.5. They are furthermore used to verify the validity of the Green-
Naghdi-Rivlin theorem for the fully coupled electro-magneto-thermo-mechanical
balance equations in Section 4.3.

The analysis rests on the following two assumptions: First, it is postulated that
the charge Q(P) contained in a material region P is unaffected by SRBM and is,
therefore, objective, so that Q+(P+)=Q(P). The same premise holds separately for
the free and bound charges QF(P) and QR(P), as well as the (non-existent) magnetic
monopoles. Second, the governing equations of EM presented in Sections 3.1 and 3.2
(but not the aether relations) are postulated to be form-invariant,22 which is the
same attribute ascribed to the thermomechanical balance equations in Section 2.4.4.
The upcoming analysis is based on the integral form of the governing equations. An
alternative derivation using their local forms is presented in Appendix A.4, which also
serves to corroborate the results from this section.

3.4.1 Charge and Current Densities

The first assumption is expressed in integral form as

Q+(P+) =

∫
P+

q+dv+ =

∫
P
q dv = Q(P) . (3.42)

The statement is localized with the aid of (2.170)5 and the localization theorem (2.55)
to

q+ = q . (3.43)

Unsurprisingly, the charge density q transforms objectively.
From the material time derivative of (3.42) and the postulated form-invariance of

the integral form of charge conservation (3.1) it is concluded that

.
Q+(P+) = −

∫
∂P+

j+(n) da
+ = −

∫
∂P
j(n) da =

.
Q(P) . (3.44)

In view of the transformation rules (2.170)3,4 and Cauchy’s theorem (3.3) for j(n),
the condition is restated as∫

∂P

(
j+−Qj

)
·Qn da = 0 . (3.45)

22This derivation makes explicit use of the form-invariance of the integral forms of charge conser-
vation (3.1), Gauss’ law (3.6)1, Ampère’s circuital law (3.6)2, Faraday’s law of induction (3.9),
Gauss’ law for magnetism (3.10), the electromagnetic potentials (3.12)1,2, as well as the definitions
for the polarization charge (3.16), polarization current (3.18), and magnetization current (3.21).
Postulating the form-invariance of all governing equations is internally consistent, albeit not always
mutually independent. For example, the form-invariance of the Lagrangian and Eulerian de-
scriptions of charge conservation (3.1) and (3.2) implies the form-invariance of the definition of total
current (3.4)2.
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The divergence and localization theorems (2.50) and (2.55) thus furnish the transfor-
mation rule

div
(
QTj+− j

)
= 0 , (3.46)

or equivalently
j+ = Q

(
j+ curly

)
, (3.47)

where y(x, t) is an unknown vector-valued field. Therefore curly is understood to
be an unspecified divergence-free ‘integration constant’. From a physical standpoint
there is no room for arbitrariness in j+ and the only reasonable resolution is for curly
to vanish,

j+ = Qj , (3.48)

so that the conduction current density j transforms objectively. Note that balance
equations are concerned only with the net flow of a quantity across the boundary, and
are thus unsuitable for a conclusive derivation of the transformation properties of the
flux.23 From a mathematical perspective the issue traces back to the closed domain ∂P
of the boundary integral in (3.1) which, as discussed at the end of Section 2.1.7,
necessitates the use of the divergence theorem prior to localization. Of course, a
similar loss of information is incurred when the Stokes and gradient theorems are
applied, see Equations (2.50 - 54).

The form-invariance of the definition for the total (conductive plus convective)
current density (3.4)2 furnishes the transformation

J+ = j++ q+v+ = Q
(
J+ qβ

)
, (3.49)

where (2.155)3, (3.43), and (3.48) were used. Unlike j+, the total current J+ is not
objective due to the dependence of the convective term q+v+ on the material velocity.
The same result may be obtained from the invariance of the Eulerian form of
charge conservation (3.2) with the aid of Equations (2.46)1, (2.50), (2.159)2, (2.181)1,
(2.170)3−5, and (3.43).

3.4.2 Charge and Current Potentials

The imposition of form-invariance on the integral statement of Gauss’ law (3.6)1
leads to ∫

∂P+

d+· n+ da+ =

∫
P+

q+dv+ =

∫
P
q dv =

∫
∂P

d · n da , (3.50)

or upon the use of Equations (2.170)3−5 and (3.43)∫
∂P

{
Qd− d+

}
·Qn da = 0 . (3.51)

23For example, the boundary traction t(n) and heat flux q(n) in Section 2.4.4, whose transformation
properties cannot be unambiguously determined from the form-invariance of the momentum and
energy balances, are simply postulated to be objective according to (2.174)1,4. In the context of
charge conservation, this is akin to postulating that j+(n+) = j(n).
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The divergence and localization theorems (2.50) and (2.55) thus furnish an objective
transformation of the charge potential

d+ = Qd′ where d′ = d+ curly , (3.52)

to within an unspecified divergence-free term.24 Unlike before, this term may not
necessarily be dismissed on physical grounds, since the charge potential is not an ob-
servable quantity itself. However, its divergence-free part does not affect the physical
fields q and j as long as it falls within the indeterminate part of the charge-current
potentials {d,h} according to (3.8)1.

Form-invariance of Ampère’s circuital law (3.6)2 is expressed by∫
A+

J+· n+da+ =

∮
C+

h+· dx+ −
∫
A+

∂d+

∂t
· n+da+ , (3.53)

where the partial time derivative assumes a functional form d+= d̄+(x+, t) accord-
ing to the notational convention outlined in (2.181)2. The transformation rules
in (2.170)2−4, (3.49), and (3.52)1, as well as the uniformity of Q lead to∫

A

(
J+ qβ

)
·n da =

∮
C
QTh+·dx −

∫
A

{
QT

.
Qd′ +

∂d′

∂t
−
[
gradd′]β}·n da , (3.54)

where (3.8)1 is employed for the sake of brevity. The left-hand side of (3.54) is
substituted with the untransformed version of Ampère’s circuital law and rearranged
to read∮

C

{
QTh+− h

}
·dx −

∫
A

{
qβ +Ωd′ +

∂

∂t

(
curly

)
−
[
gradd′]β} ·n da = 0 . (3.55)

It is seen with the aid of (2.46)5, (2.47)2, (2.159)1,2, and (3.15)1 that parts of the
argument in the surface integral can be restated as

curl
(
β × d′) = div

[
β ⊗ d′ − d′ ⊗ β

]
=

[
gradβ

]
d′ +

(
divd′)β − [

gradd′]β − (
divβ

)
d′

= Ωd′ + qβ −
[
gradd′]β .

(3.56)

In view of Stokes theorem (2.53), and the commutativity between the curl and the
partial time derivative, Equation (3.55) thus simplifies to∫

A
curl

{
QTh+− h− ∂y

∂t
− β × d′

}
· n da = 0 . (3.57)

24Although represented by the same symbol y(x, t), the ‘integration constant’ curly is different
from the one featured in Equation (3.47).
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Due to the arbitrariness of the open surfaceA this statement can be localized to obtain
the transformation of the current potential to within an unspecified irrotational (curl-
free) term gradΨ according to

h+ = Q
(
h′ + β × d′) where h′ = h+

∂y

∂t
+ gradΨ . (3.58)

As anticipated, the ‘integration constants’ Ψ(x, t) and y(x, t) in (3.52)2 and (3.58)2 fall
precisely within the non-uniqueness in (3.8)1,2 of the charge-current potentials {d,h}.
The conservation of charge in (3.5) is satisfied by Maxwell’s Equations (3.15)1,2
for any choice of Ψ and y. It is thus concluded that the transformations (3.52)1
and (3.58)1 of the charge-current potentials simplify to

d+ = Qd ,

h+ = Q
(
h+ β × d

)
,

(3.59)

where Ψ and y are neglected without loss of generality since they carry no physical
significance.

While h+ is clearly not objective (nor Galilean invariant), an objective coun-
terpart may be constructed from d and h. Indeed, it is readily verified from (2.155)3
and (3.59)1,2 that the so-called magnetomotive intensity H(x, t), defined as

H = h − v × d , (3.60)

transforms objectively, since

H+ = h+− v+× d+ = Q
(
h− v × d

)
= QH . (3.61)

3.4.3 Electric and Magnetic Fields

The objectivity of magnetic monopoles and the form-invariance of Gauss’ law for
magnetism (3.10) suggest that∫

∂P+

b+· n+da+ =

∫
∂P

b · n da = 0 . (3.62)

It follows immediately using (2.170)3,4 that

b+ = Qb . (3.63)

Note that, again, an arbitrary divergence-free term curly arises from the use of the
divergence and localization theorems, but is dismissed on physical grounds similar
to (3.48).
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The transformation of the electric field is obtained by appealing to the form-
invariance of Faraday’s law of induction (3.9),∫

A+

∂b+

∂t
· n+da+ = −

∮
C+

e+· dx+ . (3.64)

The transformations (2.181)2, (2.170)2−4, and (3.63) are inserted to obtain∫
A

{
Ωb+

∂b

∂t
−
[
gradb

]
β
}
· n da = −

∮
C
QTe+· dx , (3.65)

after which the partial time derivative is substituted with the untransformed state-
ment of Faraday’s law. As in Equation (3.56), the remaining terms in the surface
integral are simplified using (2.46)5, (2.47)2, (2.159)1,2, and (3.15)3, furnishing∫

A
curl

{
QTe+− e+ β × b

}
· n da = 0 . (3.66)

Upon the use of the localization theorem, it is concluded that the electric field trans-
forms according to

e+ = Q
(
e− β × b

)
, (3.67)

where, again, an arbitrary irrotational term gradΨ is dismissed on physical grounds.
The so-called electromotive intensity E(x, t), defined as

E = e + v × b , (3.68)

forms an objective counterpart to the electric field. Indeed, Equations (2.155)3, (3.63),
and (3.67) immediately yield

E+ = e++ v+× b+ = Q
(
e+ v × b

)
= QE . (3.69)

The electromotive intensity is important for the Lagrangian viewpoint of Fara-
day’s law of induction, see Equation (3.100)3. A detailed discussion of its implications
is provided in Section 3.5.2.

3.4.4 Electric and Magnetic Potentials

Recall from Section 3.1.2 that the electromagnetic fields {e,b} can be alternatively
represented by electromagnetic potentials {ϕ, a}. Faraday’s law of induction (3.9)
and Gauss’ law for magnetism (3.10) are subsumed by Equations (3.12)1,2, whose
form-invariance is exploited to derive the transformation under SRBM of the EM
potentials.

Starting with the derivation of the magnetic potential a+, it is seen from the
transformations in (2.170)3,4 and (3.63) that the form-invariance of (3.12)2 implies∮

C
a · dx =

∫
A
b · n da =

∫
A+

b+ · n+da+ =

∮
C+

a+ · dx+ . (3.70)
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Hence it follows from the Stokes theorem (2.53) and the transformation of the
curl (2.168) that ∫

A
curl

(
QTa+− a

)
· n da = 0 . (3.71)

Given the arbitrariness of the open surface A, this statement is readily localized to
obtain

a+ = Qa′ where a′ = a+ gradΨ . (3.72)

Here, Ψ(x, t) represents an arbitrary real-valued ‘integration constant’. As with the
charge-current potentials in Section 3.4.2, this term is not disregarded on physical
grounds since it falls within the range of indeterminacy of the gauge transforma-
tion (3.14)2, although it is yet to be verified that the term carries over to ϕ+ in line
with (3.14)1.

The transformation of the electric potential ϕ+ is deduced from the form-invariance
of Equation (3.12)1, that is,∫

S+

e+ · dx+ = −
∫
S+

∂a+

∂t
· dx+ −

[
ϕ+

]s+2
s+1

. (3.73)

Similar to partial time derivatives, the potential difference (or voltage) must take into
account the functional representation of ϕ+= ϕ̄+(x+, t)= ϕ̃+(x, t),[

ϕ̄+
]s+2
s+1

= ϕ̄+(s+2 , t) − ϕ̄+(s+1 , t) = ϕ̃+(s2, t) − ϕ̃+(s1, t) =
[
ϕ̃+

]s2
s1

, (3.74)

where the boundary points s+1 and s+2 of the open path S+ symbolize the transformed
counterparts for s1 and s2 of S. This observation is of course in agreement with the
gradient theorem (2.54) and the transformations in (2.163) and (2.170)2. Using (3.14)2
for brevity, Equation (3.73) becomes∫

S

(
e− β × b

)
· dx = −

∫
S

{
QT

.
Qa′ +

∂a′

∂t
−
[
grada′]β} · dx − [

ϕ̃+
]s2
s1

, (3.75)

where (2.181)2, (2.170)2, (3.67), and (3.72)1 were employed. The untransformed ver-
sion of (3.12)1 is substituted for e to yield[
ϕ̃+− ϕ̃

]s2
s1
+

∫
S

{
−β ×

(
curla′)+Ωa′ +

∂

∂t

(
gradΨ

)
−
[
grada′]β}·dx = 0 , (3.76)

where b=curla′ following (2.49)1 and (3.13)2. In order to simplify the argument of
the path integral, it is noted that

grad
(
β · a′) =

[
gradβ

]T
a′ +

[
grada′]Tβ

= −
[
gradβ

]
a′ −

([
grada′]β − [

grada′]Tβ) + [
grada′]β

= −Ωa′ −
(
curla′)× β +

[
grada′]β ,

(3.77)
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where use was made of (2.45)2, (2.48), and the skew-symmetry of Ω=−[gradβ]T
in (2.159)1. Furthermore, the electric potentials in Equation (3.76) are moved inside
the path integral using the gradient theorem (2.54), furnishing∫

S
grad

{
ϕ+− ϕ+

∂Ψ

∂t
− β · a′

}
· dx = 0 . (3.78)

Given the arbitrariness of the open path S this statement is readily localized to

ϕ+ = ϕ′ + β · a′ where ϕ′ = ϕ− ∂Ψ

∂t
+ ψ , (3.79)

where ψ(t) is an arbitrary uniform real-valued field arising from the integration of
the gradient. Recall from (3.72)1,2 that Ψ(x, t) enters the transformation of a+ only
in terms of its gradient, so that in (3.79)2 ψ is simply absorbed into Ψ (in the sense
that Ψ′=Ψ+ψt). Hence, the unspecified ‘integration constant’ Ψ enters both charge-
current potentials {ϕ+, a+} as prescribed by the gauge transformations (3.14)1,2 and
can thus be disregarded without consequence. It is concluded that the transformation
of the EM potentials are given by

ϕ+ = ϕ + β · a ,

a+ = Qa .
(3.80)

Evidently, a+ transforms objectively whereas ϕ+ does not. An objective counter-
part for the electric potential is readily obtained as25

φ(x, t) = ϕ − v · a , (3.81)

whose objectivity
φ+ = ϕ+− v+· a+ = ϕ − v · a = φ , (3.82)

is readily verified with (2.155)3 and (3.80)1,2. The reader is reminded that, while v
denotes the material velocity, a denotes the magnetic potential rather than the ac-
celeration. The latter will be denoted

.
v where necessary to avoid confusion.

3.4.5 Polarization and Magnetization

Recall that the postulated invariance of Q(P) (i.e., the total amount of electric charge
contained in a material region P) is assumed to hold separately for the free and
bound charges, QF(P)=Q+

F(P+) and QR(P)=Q+
R(P+). Due to the additive nature

of this decomposition, see (3.25) and (3.26), and the linearity of Maxwell’s Equa-
tions (3.15)1,2, the ensuing transformation formulae for the free and bound parts of

25Note that the symbol φ for the objective version of the electric potential will be repurposed in
the context of electrostatics, starting in Section 3.7, where it will replace a as a magnetic potential.
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the EM fields are largely identical to those of the total fields. Given the similarity
with the preceding discussion of the total EM fields, their derivation is not presented
in full detail here.

It follows from the above postulate that the free and bound charge densities qF
and qR transform objectively,

q+F = qF , q+R = qR . (3.83)

Recall that the conservation of charge is satisfied independently by the charge-currents
{qF, jF}, {qR, jP}, and {0, jM} associated with conduction, polarization, and magneti-
zation. Hence the form-invariance of (3.1) and (3.6)1,2 for the free parts furnishes

j+F = QjF ,

d+
F = QdF ,

h+
F = Q

(
hF + β × dF

)
.

(3.84)

The derivation of this result is entirely analogous to that of the total fields j, d,
and h, see (3.48) and (3.59)1,2, including the dismissal of ‘integration constants’. A
comparison between the free and the total fields leads to the transformation of the
bound parts

j+R = QjR ,(
−d+

R =
)
p+ = Qp ,(

h+
R =

)
m+ = Q

(
m− β × p

)
.

(3.85)

This result is consistent with the form-invariance of (3.16), (3.18), and (3.21) (to
within a divergence-free term in j+R, p

+, and an irrotational term inm+, all of which are
discounted for physical reasons). Note that the sign of the vector product in (3.85)3
differs from (3.59)2 and (3.84)3 due to the sign convention introduced in the definition
of p.

In view of the preceding results, the transformations of the total (conductive plus
convective) free and bound currents (3.27)1,2 are given by

J+
F = Q

(
JF + qFβ

)
,

J+R = Q
(
JR + qRβ

)
.

(3.86)

The free magnetomotive intensity HF(x, t) represents an objective replacement for
the free current potential hF, where

HF = hF − v × dF . (3.87)

In view of (3.28), (3.32)1,2, and (3.60), the magnetomotive intensity H is additively
decomposed into the free and bound parts HF =H−M and HR=M. Their trans-
formation is given by

H+
F = QHF ,(

H+
R =

)
M+ = QM ,

(3.88)

as opposed to their non-objective alternative in (3.84)3 and (3.85)3.
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3.4.6 Aether Relations under SRBM

The aether relations raise a fundamental issue with the non-relativistic treatment of
frame invariance. The objective fields d and b in (3.35) are directly proportional to
the non-objective fields e and h. The aether relations are therefore not form-invariant
under general SRBMs as defined by (2.153), or even under Galilean transforma-
tions (2.154). Although the aether frame is always inertial, not every inertial frame
is an aether frame. For example, it is readily seen from Equations (3.59)1,2, (3.63),
and (3.67) that the relations (3.35) cannot hold in a frame moving at constant velocity
relative to the aether frame.

Before the advent of the theory of special relativity, the prevailing scientific un-
derstanding was that the propagation of light, like acoustic waves, requires a medium,
see Whittaker [154] for a historical recount. The existence of such a luminiferous
aether , and the corresponding aether frame in which it is at rest, would imply that
the speed of light depends on the frame of the observer. However, the concept was
largely abandoned when the celebrated Michelson-Morley experiments [91–93]
provided experimental evidence to the contrary. This led to the development of the
Lorentz transformations ,

x+ = Q0

{
x+

γ2

γ+1

v0 ·x
c2

v0 − γv0 t
}

t+ = ±γ
(
t− v0 ·x

c2

) where

v0 = |v0|

γ =
1√

1− v20/c2

(3.89)

under which frame invariance is achieved for both the Maxwell equations (3.15)
and the aether relations (3.35) simultaneously. Any frame reached from the aether
frame by means of a Lorentz transformation is called a Lorentz frame, which is
itself another aether frame.

In order to avoid a complex solution for (3.89) the parameter v0 is assumed not
to exceed the vacuum speed of light, 0<v0<c, see (3.36). Indeed, in the limit
where v0 approaches c the parameter γ tends toward infinity. Conversely, for v0≪ c
(and thus v0 ·x≪ c2 and γ

.
=1) Equations (3.89) approach the classical limit given

by the Galilean transformation in (2.154).26 Note that outside of the classical
limit, the Lorentz transformations preserve neither time intervals t2− t1 nor Eu-
clidean distances |x2−x1|, rendering these parameters dependent on the observer.
The concession that the notions of time and space are not absolute, of course, led to
the revision of classical theories such as mechanics, thermodynamics, and gravitation
under the framework of relativity theory.

The above remarks highlight the fact that electromagnetism is a fundamentally
relativistic phenomenon. The development of a consistent framework for the cou-

26See, for example, Steigmann [137]: “[...] these transformations are asymptotically coincident if
the material velocity relative to a Galilean frame is much smaller than c and if the diameter of the
material body is bounded.”
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pled electro-magneto-thermo-mechanical model necessitates a relativistic treatment
of thermomechanics. Under the relativistic framework, Lorentz frames take up
the role of Galilean frames and the thermomechanical balance equations must be
revised to ensure their frame-invariance under Lorentz transformations. While a
fully formed theory of relativistic continuum mechanics exists,27 this is unpractical
for engineering applications and beyond the scope of this dissertation.

The lack of form-invariance of the aether relations is discussed extensively in the
literature, see Goldin and Shtelen [33], Kovetz [64, Section 12], Le Bellac and
Lévy-Leblond [71], or Müller et al. [103, Section 5.3]. Some authors28 propose an
alternative (non-relativistic) form of the aether relations (3.35) according to which

d
Aet.
= ε0E and H Aet.

= b/µ0 . (3.90)

Likewise, if the free and bound parts are explicitly accounted for, form-invariance of
the aether relations (3.37) is restored by setting

dF
Aet.
= ε0E + p and HF

Aet.
= b/µ0 −M . (3.91)

The lack of objectivity of e and h=hF+m is thus reconciled by substitution with
their objective counterparts. However, note that Equations (3.90) and (3.91) are in
direct conflict with (3.35) and (3.37) even at modest velocities unless the convective
terms are negligible, that is, v×b≪ e and v×d≪h.

In the course of this dissertation, however, the question of the aether frame is
avoided altogether by presenting the theory before application of the aether equations
and thus independent of the frame of reference. The aether relations are regarded
as constitutive relations whose role is to provide closure for an otherwise under-
determined set of balance equations. They need not be specified for the upcoming
discussion of the balance equations for the coupled EMTM continuum. As with the
mechanical and thermal constitutive relations, no assumptions will be made at the
outset regarding the form of the aether relations.

27Relativistic continuum mechanical theories are typically formulated in the four-dimensional
Minkowski space-time notation, employing a four-velocity vµ and energy-momentum tensor Tµν .
Areas of application are in astrophysics (e.g., the modeling of neutron stars and accretion disks) and
in high-energy physics (e.g., quark-gluon plasma dynamics in heavy-ion collisions), see for example
Beig and Schmidt [5], Carter and Quintana [12], and Landau and Lifshitz [68, Chapter XV].

28See, for example, Hutter et al. [56, Chapter 3.4], where the conventional aether relations in
Equations 3.4.3 are replaced with 3.4.13.
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3.4.7 Summary

The charge-current densities {q,J} and the corresponding potentials {d,h} transform
according to (3.43), (3.49), (3.59)1,2, (3.83)1,2, (3.84)2,3, (3.85)2,3, and (3.86)1,2 via

q+ = q , J+ = Q
(
J+ qβ

)
, d+ = Qd , h+ = Q

(
h+ β × d

)
,

q+F = qF , J+F = Q
(
JF + qFβ

)
, d+

F = QdF , h+
F = Q

(
hF + β × dF

)
,

q+R = qR , J+R = Q
(
JR + qRβ

)
, p+ = Qp , m+ = Q

(
m− β × p

)
.

(3.92)
The free and bound parts of each field undergo the same transformations as their
combined counterparts. The current densities J[ · ] and the current potentials h[ · ] (or
Minkowski magnetization m) are not objective.29 They are alternatively repre-
sented by the conduction currents j[ · ]=J[ · ]−q[ · ]v and the magnetomotive intensities
H[ · ]=h[ · ]−v×d[ · ] (or magnetization density M=m+v×p), which transform ob-
jectively as

j+ = Qj , H+ = QH ,

j+F = QjF , H+
F = QHF ,

j+R = QjR , M+ = QM ,

(3.93)

following the results in (3.48), (3.61), (3.84)1, (3.85)1, and (3.88)1,2.
The EM fields {e,b} and the corresponding potentials {ϕ, a} transform via

e+ = Q
(
e− β × b

)
, b+ = Qb , ϕ+ = ϕ + β · a , a+ = Qa , (3.94)

see (3.63), (3.67), and (3.80)1,2. The electric field e and electric potential ϕ are not
objective, but the electromotive intensity E = e+v×b and its potential φ=ϕ−v ·a
are,

E+ = QE , φ+ = φ , (3.95)

see Equations (3.69) and (3.82).
Recall that the above transformation properties were derived from the form-

invariance of the governing equations and the postulated invariance of the (free and
bound) charges contained in a material region. This gave rise to undetermined ‘in-
tegration constants’ in the transformation formulae of the current, electromagnetic
fields, polarization, and magnetization, all of which were disallowed on the basis that
any arbitrariness in these fields would be unphysical. However, any such ambiguities
can be eliminated if it is instead postulated that j and E as well as p and M are
objective, or∫

A
j · n da =

∫
A+

j+ · n+da+ ,

∫
S
E · dx =

∫
S+

E+ · dx+ ,∫
A
p · n da =

∫
A+

p+ · n+da+ ,

∫
S
M · dx =

∫
S+

M+ · dx+ .

(3.96)

29The subscript indicates that a statement is valid for the free, bound, and the total fields. For
example, J[ · ] represents J, JF, and JR simultaneously.
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This assumption is akin to the postulates in (2.174)1,4 for the traction vector and
heat flux. Any arbitrariness remaining in the transformations of the charge-current
potentials and the electromagnetic potentials is absorbed into the non-uniqueness of
the potentials in (3.8)1,2 and (3.14)1,2.

3.5 Maxwell’s Equations in Objective Terms

It was discussed in Section 2.2.1 that the distinction between the Eulerian and
Lagrangian descriptions in continuum mechanics hinges on the configuration with
respect to which a physical quantity is functionally expressed. This distinction also
affects the balance laws, where integrals are either evaluated with respect to the
current or the referential domains, R or R0, and where time derivatives are either
partial or material, respectively.

The resulting Lagrangian statements and Piola transforms in Section 2.3.7 are
predicated on the existence of a reference configuration. However, the discussion of
the laws of electromagnetism does not usually involve deformable media. As a result,
the governing EM equations are typically presented in Eulerian form.

Nevertheless, it was argued in Section 3.1.1 that the governing equations can
adopt an Eulerian (i.e., spatial) or Lagrangian (i.e., material) viewpoint in the
following sense: In the former, the rate of change of a conserved quantity is computed
for a fixed spatial region, resulting in a partial time derivative inside the integral such
as in (3.2). In the latter, the rate of change is measured for a spatial region whose
boundary convects with the motion χ(X, t), which leads to a total time derivative as
seen in (3.1).

3.5.1 Eulerian and Lagrangian Time Derivatives

The aforementioned classification is used in this section to examine the relationship
between time derivatives and objectivity under SRBM. It is observed that the La-
grangian perspective on time derivatives naturally leads to the objective fields j,
H, M, E , and φ, whereas the Eulerian perspective produces their non-objective
counterparts J, h, m, e, and ϕ. This is due to the lack of objectivity of partial time
derivatives, see (2.181), which must be compensated by the remaining terms in the
balance equation to maintain overall form-invariance of the EM laws. Meanwhile,
governing equations that do not involve time derivatives cannot be categorized as ei-
ther Eulerian or Lagrangian. They feature the objective fields q, d, p, b, and a,
see Equations (3.6)1, (3.7)1, (3.10), (3.11)1, (3.12)2, and (3.13)2.

The conservation of electric charge is reproduced from Equations (3.1), (3.2),
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and (3.5) as ∫
P

∂q

∂t
dv +

∫
∂P

J · n da = 0 ,
∂q

∂t
+ divJ = 0 ,

d

dt

∫
P
q dv +

∫
∂P

j · n da = 0 ,
.
q + qdivv + div j = 0 ,

(3.97)

where the Reynolds transport theorem (2.104) was used to localize the integral
form (3.97)3 of the Lagrangian representation to obtain Equation (3.97)4. It is en-
tirely comprised of objective terms according to (2.165), (2.173), (3.43), and (3.48).
Note that, even though the region P and its boundary ∂P in (3.97)1,3 are always con-
sidered material (and thus time dependent), the distinction between the Eulerian
and Lagrangian viewpoints arises from the placement of the time derivatives. The
Eulerian form (3.97)1 is characterized by a partial time derivative of the integrand,
whereas the Lagrangian statement (3.97)3 features a material time derivative of
the entire integral.

Similarly, Ampère’s circuital law (3.6)2 and (3.7)2 is rearranged according to∮
C
h · dx =

∫
A
J · n da +

∫
A

∂d

∂t
· n da , curlh = J +

∂d

∂t
,∮

C
H · dx =

∫
A
j · n da +

d

dt

∫
A
d · n da , curlH = j +

⋆

d ,

(3.98)

where the flux derivative (2.105) was employed to deduce the local statement (3.98)4
featuring only objective terms. As before, while A denotes an arbitrary material
surface, the Eulerian statement (3.98)1 involves a partial time derivative inside
the integral, as opposed to the material time derivative in front of the integral in
the Lagrangian statement (3.98)3. Equation (3.98)1 represents the rate of change
of the flux of d through the fixed spatial surface A|t= τ occupied by A at any given
time t= τ , whereas the material time derivative in (3.98)3 quantifies the rate of change
while accounting for the motion of A.

Naturally, the laws governing polarization and magnetization in (3.24) and (3.26)2
are already expressed in Lagrangian form, since they quantify the constitutive
response of the underlying medium. Hence, the bound part of Ampère’s circuital
law reads∮

C
m · dx =

∫
A
JR · n da −

∫
A

∂p

∂t
· n da , curlm = JR −

∂p

∂t
,∮

C
M · dx =

∫
A
jR · n da − d

dt

∫
A
p · n da , curlM = jR −

⋆
p ,

(3.99)

where (3.99)1 is the integral form of the Eulerian statement in (3.27)2.
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The integral and local forms of Faraday’s law of induction (3.9) and (3.11)2,
respectively, are rewritten as∫

A

∂b

∂t
· n da +

∮
C
e · dx = 0 ,

∂b

∂t
+ curle = 0 ,

d

dt

∫
A
b · n da +

∮
C
E · dx = 0 ,

⋆

b + curlE = 0 ,

(3.100)

where the flux derivative (2.105) was once more employed to localize the material
time derivative in (3.100)3.

Lastly, the integral and local statements for the EM potentials in Equations (3.12)1
and (3.13)1, respectively, are reformulated in objective terms as∫

S
e · dx = −

∫
S

∂a

∂t
· dx −

[
ϕ
]s2
s1

, e = −∂a
∂t
− gradϕ ,∫

S
E · dx = − d

dt

∫
S
a · dx −

[
φ
]s2
s1

, E = − ◦
a − gradφ ,

(3.101)

where the path derivative (2.107) was employed to localize the material time derivative
and obtain the objective form (3.101)4. Here, the reader is cautioned not to confuse
the electric potential ϕ and its objective counterpart φ, see (3.81).

3.5.2 Faraday’s Law of Induction Revisited

Induction was originally discovered by Henry and Faraday in experiments with
electric circuits and magnets, before Maxwell included the differential statement
of (3.100)2 in his equations. Thus the preceding discussion on the interplay between
time derivatives and objectivity warrants a closer look at the integral forms (3.100)1,3
of Faraday’s law. This section also highlights the usefulness of the basic concepts
of continuum mechanics for the study of electromagnetism.

EMF and Lorentz Force

Let the closed path C represent a circuit comprised of a thin wire immersed in a
magnetic field b, and let A denote the area enclosed by C. The so-called electromo-
tive force30 (or EMF for short) E is defined as the circulation of the electromotive
intensity E around C,

E =

∮
C
E · dx . (3.102)

Despite its name, the EMF does not represent an actual force, but carries the units
of energy per charge. A physical interpretation for E is developed in the following.

30The EMF E and the electromotive intensity E are distinguishable by their font weight - the
former being a scalar, and the latter a vectorial quantity.
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The Lorentz force31 FLi quantifies the force due to interactions with the EM
fields experienced by a free point charge Qi moving at a particle velocity vi. It is
given by

FLi = Qi

(
e + vi × b

)
, (3.103)

where the EM fields {e,b} are measured in the same inertial frame relative to whichQi

is found to move at velocity vi. Note that FLi comprises an electric contribution
parallel to e and a magnetic part perpendicular to b and vi.

Recall from Section 3.1.2 that the circulation of the electric field e, featured in
Equation (3.100)1, may be interpreted as the work (per unit charge) done by the EM
fields on a test charge in one revolution around the fixed path C. To see this, consider
a hypothetical test charge Qi which is allowed to move freely along the circuit C. The
test charge is assumed to be infinitesimally small so as not to alter the EM fields. It
is readily seen that the work (per unit charge) done by the Lorentz force in one
cycle is

1

Qi

∮
C
FLi · dx =

∮
C
e · dx . (3.104)

Note that the magnetic contribution to FLi does not perform any work, since the
particle velocity vi around C is tangential to dx and therefore vi×b is perpendicular
to dx.

On the other hand, the definitions for E in (3.68) and E in (3.102) furnish

E =

∮
C
e · dx +

∮
C

(
v⊥×b

)
· dx , (3.105)

where v⊥=v−v∥ denotes the component of the material velocity v perpendicular
to dx. The EMF thus accounts for two kinds of work on Qi: the work due to a
curl in the electric field, see (3.104), plus the work done by the magnetic field due to
changes in the shape of the circuit, v⊥×b.32 The EMF may be regarded as an electric
potential, or a ‘driving force’ for charges to travel around the circuit. It is once again
stressed that the convective motion of C must be accounted for, since it is considered
to be material.

Experimental Setups and the Flux Rule

As already mentioned in the introduction to Chapter 3, monographs on electromag-
netism often conflate the partial and material time derivatives without fully exploiting

31In Section 4.1.1, the Lorentz force will be generalized into a distributed body force experienced
by the charge-current densities {q,J}. This will play an important role for the formulation of the
balances of linear and angular momenta.

32For any time t, this hypothetical work is measured instantaneously all around the circuit. The
picture of a single point charge traveling around C is thus somewhat inadequate.
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the tools developed in continuum mechanics. This includes, for example, Feyn-
man [26, Chapter 17] and Griffiths [38, Chapter 7.2], upon which the upcoming
discussion is based.

Experiments on induction identify two physical mechanisms by which an EMF is
induced around C:

1. The circuit moves, while the magnetic field remains steady. This includes

(a) a rigid translation of C (in which case b must be non-uniform), or

(b) a change in the size A of the circuit.

2. The magnetic field is varied, while the circuit remains stationary. This is effected
by

(a) a permanent magnet being moved relative to the circuit,33 or by

(b) a stationary electromagnet whose strength is modulated.

Irrespective of physical origin, the experiments show that the EMF is always equal
to the negative rate of change of magnetic flux through A,

E = −dΦ

dt
where Φ =

∫
A
b · n da . (3.106)

This so-called flux rule is of course none other than the integral statement of the La-
grangian viewpoint in (3.100)3. This is not surprising, given that the experimental
setup adopts an inherently Lagrangian viewpoint since the measurements of flux
and EMF are performed relative to the wire.

The motional EMF generated in experiments of Category (1) is represented by
the term v⊥×b in (3.105), and it is readily verified that it matches the change in
flux due to the corresponding change in A. Indeed, when viewed through the lens of
continuum mechanics, the rate of change of magnetic flux is expressed as

dΦ

dt
=

∫
A

∂b

∂t
· n da −

∮
C

(
v⊥×b

)
· dx , (3.107)

where the Stokes’ theorem (2.53), flux derivative (2.106)3, and Gauss’ law for mag-
netism (3.11)1 were used. To explain the EMF in experiments of type (2), however, an
electric field is needed. This, of course, led Faraday to conclude that the divergence-
free part of e is induced by the change in b according to (3.100)1.

34 The same result
is obtained from a comparison of (3.105 - 107).

33Note that Experiments 1.(a) and 2.(a) are mere Galilean transformations of one another,
see (2.154), viewed either from the frame of the magnet or the frame of the circuit.

34In contrast, the irrotational part of e is due to static charges, see Gauss’ flux theorem later
in (3.147).
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From a continuum mechanics perspective the Lagrangian form of Faraday’s
law (3.100)3, and thus the flux rule in (3.106), may be viewed as a balance equations
for the magnetic flux Φ. This is in contrast to Feynman [26], who states:

“Our examples involve situations to which the ‘flux rule’ cannot be ap-
plied - either because there is no wire at all or because the path taken by
induced currents moves about within an extended volume of a conductor.
[...] The part of the EMF that comes from the E-field does not depend on
the existence of a physical wire (as does the v×b part).”

But the continuum interpretation of the flux rule, of course, does not require a physical
wire nor the existence of a reference configuration. The only requisite is knowledge of
the velocity field of the underlying medium. In vacuum (i.e., where v is unavailable)
the Eulerian viewpoint suffices and A may be assumed to be fixed.

3.5.3 Summary

The Lagrangian viewpoint on time derivatives in Equations (3.98)4 and (3.100)4
furnishes an alternative set of Maxwell’s equations,

divd = q ,

curlH = j +
⋆

d ,

divb = 0 ,

curlE = −
⋆

b ,

(3.108)

which is entirely equivalent to the original version in (3.15)1−4, yet formulated solely
using objective terms.35 Note that (3.108)1,3 remain unaltered due to their lack of
time derivatives.

In the presence of polarization or magnetization, Gauss’ law and Ampère’s cir-
cuital law are further decomposed into

divdF = qF , qR = −divp ,

curlHF = jF +
⋆

dF , jR = curlM +
⋆
p ,

(3.109)

for the free and bound parts of {q,J} and {d,h}. As before, Equations (3.33)1
and (3.34)1 remain unchanged, whereas (3.33)2 and (3.34)2 are replaced by (3.98)4
and (3.99)4 using the objective measures.

35For example, recall from (2.183) and the discussion in Section 2.4.6 that the flux derivative of an
objective vector is also objective. Note that, although Equations (3.108)1−4 are sometimes referred
to as the ‘objective form’ of Maxwell’s equations, it should be understood that the equations as a
whole are always objective (by postulate).
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It is of course readily verified that the Eulerian statements in (3.97)1,2-(3.101)1,2
are equivalent to their Lagrangian counterparts in (3.97)3,4-(3.101)3,4. For example,
the flux derivative (2.106) andGauss’ law for magnetism (3.11)1 may be used to show
that (3.100)2,4 are interchangeable.

3.6 Maxwell’s Equations in Referential Descrip-

tion

In Section 2.3.7, the integrals of the thermomechanical balance equations are rewritten
with respect to the referential configuration. This furnishes referential versions for
the global and the local forms of each balance law. In the process of converting the
boundary integrals (i.e., the flux terms) into referential form, Piola transforms (2.90)
emerge for the first Piola-Kirchhoff stress tensor (2.140) and the referential heat
flux (2.145).

If a reference configuration is available, as is often the case in electro-magneto-
thermo-mechanics, it is possible to apply the same technique to express Maxwell’s
equations in referential form, whereby the EM fields are pulled back to the reference
configuration. The referential equations are often used to examine the constitutive
relations and material symmetries of EMTM continua. Indeed, referential versions
of Maxwell’s equations can be found in Ericksen [23, Appendix], Hutter [55,
Section 2] or Lax and Nelson [70].

The referential form of Maxwell’s equations is derived as follows: First, the ob-
jective version of Maxwell’s equations is written in integral form, see Section 3.5.1,
where all time derivatives are already material. Next, the integration variables are
transformed to the referential frame using (2.65) for line elements, (2.79) for volume
elements, and Nanson’s formula (2.80) for area elements. Lastly, the referential EM
fields are defined and the corresponding referential equations are converted to local
form.

3.6.1 Principle of Charge Conservation

The conservation of charge in (3.97)3 is expressed referentially as

d

dt

∫
P0

q0 dV +

∫
∂P0

j0 ·N dA = 0 . (3.110)

The referential charge density and the referential conduction current density

q0 = J q and j0 = JF−1j = JF−1
(
J− qv

)
(3.111)

are determined from the requirements, that q0dV = qdv and j0 ·NdA= j ·nda. The
total current in (3.4)2 was used for the last step in (3.111)2. Equation (3.110) is
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localized to
.
q0 + Div j0 = 0 . (3.112)

It is readily verified with the aid of (2.46)3, (2.88), and (2.99) that this result is in
agreement with the local equation in (3.97)4 (multiplied by J).

Gauss’ law (3.6)1, which does not contain any time derivatives, is converted to
the material frame according to∫

P0

q0 dV =

∫
∂P0

d0 ·N dA , (3.113)

where q0 was already defined in (3.111)1. The referential charge potential is given by
the Piola transform

d0 = JF−1d , (3.114)

so as to satisfy the condition d0 ·NdA=d ·nda. The local form of (3.113) is

q0 = Divd0 . (3.115)

It follows immediately from the property in (2.90)1 that the preceding statement is
consistent with the spatial form of Gauss’ law (3.108)1 (multiplied by J).

Next, Ampère’s circuital law (3.98)3 is written in terms of referential integration
variables as ∮

C0
H0 · dX =

∫
A0

j0 ·N dA +
d

dt

∫
A0

d0 ·N dA , (3.116)

where (3.111)2 and (3.114) were used for j0 and d0, respectively. A referential counter-
part of the current potential is obtained from the requirement that H0 ·dX=H ·dx,
hence

H0 = FTH = FT
(
h − v × d

)
, (3.117)

where the definition of the magnetomotive intensity in (3.60) was employed. The
local form of (3.116) is given by

CurlH0 = j0 +
.
d0 . (3.118)

It is seen from (2.94), (2.97)2, (2.99), (2.100), (2.102), and (2.106)1 that Equa-
tion (3.118) is consistent with (3.108)2 (premultiplied by JF−1).

3.6.2 Faraday’s Law of Induction

Similarly to (3.113), Gauss’ law for magnetism (3.10) is restated in the referential
configuration as ∫

∂P0

b0 ·N dA = 0 , (3.119)
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where the magnetic field is given by the Piola transform

b0 = JF−1b . (3.120)

Localization of (3.119) furnishes

Divb0 = 0 . (3.121)

Again, in view of the property for Piola transforms in (2.90)1, it is readily verified
that this represents the referential version of (3.108)3 (times J).

Next, Faraday’s law of induction in (3.100)3 is transformed to the material con-
figuration according to

d

dt

∫
A0

b0 ·N dA +

∮
C0
E0 · dX = 0 . (3.122)

Similar to (3.117), the referential version of the electric field is determined from the
condition E0 ·dX=E ·dx, or

E0 = FTE = FT
(
e + v × b

)
, (3.123)

where (3.68) was used. Localization of Equation (3.122) furnishes

.
b0 + CurlE0 = 0 , (3.124)

which is, of course, in agreement with (JF−1 times) Equation (3.108)4.
Lastly, Equations (3.101)3 and (3.12)2 for the electromagnetic potentials36 are

expressed in material coordinates as∫
S0

E0 · dX = − d

dt

∫
S0

a0 · dX −
[
φ0

]S2

S1
,∫

A0

b0 ·N dA =

∮
C0
a0 · dX ,

(3.125)

where b0 and E0 are given by (3.120) and (3.123), respectively. Since a0 ·dX= a ·dx,
it is concluded that the referential counterparts for the EM potentials are given by

φ0 = φ = ϕ − v · a ,

a0 = FTa ,
(3.126)

where the relation in (3.81) was used. Note that, although no transformation is needed
to obtain φ0 from φ, the referential quantity is considered to be a Lagrangian
function and it is evaluated in (3.125)1 in terms of the referential location of the

36The reader is reminded that a in this context represents the magnetic potential, not the
acceleration.
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start- and endpoints S1 and S2 of the path S0. In contrast, φ is an Eulerian
function evaluated at s1 and s2 in Equation (3.101)3. The integral forms in (3.125)
furnish the local statements

E0 = −.a0 − Gradφ0 and b0 = Curla0 , (3.127)

which correspond to (FT times) Equation (3.101)4 and (JF−1 times) (3.13)2, respec-
tively, as is verified using (2.82), (2.94), (2.100), (2.108)1, (3.120), and (3.126)1,2.

3.6.3 Polarization and Magnetization

Recall that the first pair of Maxwell’s equations may be decomposed into the free
and bound parts for polarizable or magnetizable materials, see Equations (3.33)1,2
and (3.34)1,2, or in objective terms in Equations (3.109)1−4. Their conversion to
referential form is carried out using the same procedure as in Section 3.6.1 for the
total fields. The integral form of Gauss’ law and Ampère’s circuital law are written
in referential coordinates as∫

P0

qF0 dV =

∫
∂P0

dF0 ·N dA ,∮
C0
HF0 · dX =

∫
A0

jF0 ·N dA +
d

dt

∫
A0

dF0 ·N dA ,

(3.128)

for the free parts, and∫
P0

qR0 dV = −
∫
∂P0

p0 ·N dA ,∮
C0
M0 · dX =

∫
A0

jR0 ·N dA − d

dt

∫
A0

p0 ·N dA ,

(3.129)

for bound parts. Here, the referential (free and bound) charge-currents transform the
same way as the total quantities (3.111)1,2,

qF0 = J qF , jF0 = JF−1jF = JF−1
(
JF − qFv

)
,

qR0 = J qR , jR0 = JF−1jR = JF−1
(
JR − qRv

)
.

(3.130)

Meanwhile, the referential (free and bound) charge-current potentials are defined as

dF0 = JF−1dF , HF0 = FTHF = FT
(
hF − v × dF

)
,

p0 = JF−1p , M0 = FTM = FT
(
m + v × p

)
.

(3.131)

The integral statements in (3.128)1,2 and (3.129)1,2 are localized to furnish

DivdF0 = qF0 , qR0 = −Divp0 ,

CurlHF0 = jF0 +
.
dF0 , jR0 = CurlM0 +

.
p0 ,

(3.132)

which constitute the referential counterparts of Equations (3.109)1−4.
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3.6.4 Summary

If a reference configuration is available, Maxwell’s equations are expressed in ma-
terial form according to

Divd0 = q0 ,

CurlH0 = j0 +
.
d0 ,

Divb0 = 0 ,

CurlE0 = −
.
b0 .

(3.133)

This set of equations is consistent with the original Eulerian version (3.15)1−4 as
well as the objective form in (3.108)1−4. The EM fields are pulled back to the reference
configuration via the transforms

q0 = J q , j0 = JF−1j = JF−1
(
J− qv

)
,

d0 = JF−1d , H0 = FTH = FT
(
h − v × d

)
,

b0 = JF−1b , E0 = FTE = FT
(
e + v × b

)
.

(3.134)

Note that the referential counterparts for the non-objective fields J, h, and e are
considered to be j0, H0, and E0, respectively (i.e., they are identical to the pull-back
of j, H, and E).

For polarizable and magnetizable materials, the first pair ofMaxwell’s equations
is decomposed into (3.132)1−4 for the free and bound parts. The referential quantities
involved are defined according to the transformations in (3.130)1,2 and (3.131)1,2.

3.7 Magnetostatics and Electrostatics

The speed with which changes in the EM fields propagate through vacuum or matter
is on the order of the speed of light. Thermomechanical continua respond much
slower to external stimuli, on the order of the speed of sound.37 Coupled EMTM
continua are subject to the same limitations and therefore, for size and time scales of
engineering significance, it may often be assumed that changes in the EM fields are
(quasi -)static. This means that fluctuations in the externally applied EM fields are
orders of magnitude slower than the time it takes for light to propagate across the
characteristic length of the problem domain.38 It may be equivalently argued that the
wavelengths of the electromagnetic problem far exceed the dimensions of the body.

37Thermal equilibrium is arguably reached even slower than mechanical equilibrium. Although
thermal vibrations do propagate at the speed of sound, the randomness of their motion results in a
comparatively slow thermal diffusion process.

38A similar argument is made in classical thermomechanics, whereby a dynamic system may
be considered quasi-static if the external stimuli are applied slow enough for the internal forces to
achieve equilibrium at all times, so that the contribution of the acceleration vector to the momentum
balance may be neglected, see (2.115).
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Under such conditions, the governing EM equations simplify significantly by un-
coupling39 into an electric and a magnetic part, each of which is governed by a scalar
or vectorial Poisson’s equation. These simplified equations are introduced in this
section, first for the total EM fields, followed by a formulation accounting for the free
and bound parts in polarizable and magnetizable materials.

3.7.1 Total EM Fields

The EM fields are considered (quasi-)static, if they do not change over time (or if
they do so very slowly relative to the speed of light). As a consequence, there is ample
time for the EM problem to equilibrate, which implies that the contributions of time
derivatives to the charge balance and to Maxwell’s Equations are negligible.

In the context of EMTM, the EM fields may be seen as ‘static’ either from a
spatial or from a referential perspective. In the spatial interpretation, the charge-
currents {q,J}, their potentials {d,h}, and the EM fields {e,b} are assumed to be
steady , which means that they depend only on the spatial location x but not on time t.
This implies that the partial time derivatives in (3.15)2,4 are negligible. On the other
hand, the referential view requires that {q, j}, {d,H}, and {E ,b} depend onX but not
on t, and thus the flux derivatives in (3.108)2,4 are set to zero. Both interpretations
cannot be true simultaneously unless the TM problem is also (quasi-)static, v

.
=0,

which eliminates any convective terms.

Time-Independent Maxwell’s Equations

In adopting the spatial viewpoint, Maxwell’s equations (3.15)1−4 simplify to

divd = q ,

curlh = J ,

divb = 0 ,

curle = 0 .

(3.135)

In conjunction with the aether relations in (3.35), they furnish for the electric field

dive
Aet.
= q/ε0 , curle = 0 , (3.136)

and for the magnetic flux density

divb = 0 , curlb
Aet.
= µ0J . (3.137)

39In order for the equations to be fully decoupled, the constitutive function must also separate
the electric (i.e., polarization) and magnetic (i.e., magnetization) responses. If so, the two parts
independently describe the electrostatic and the magnetostatic conditions, respectively.
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It is concluded that the electric field e is irrotational whereas the magnetic field b is
divergence-free (as always). The total current J is divergence-free following (3.137)2,
which is in agreement with a steady distribution of charge q according to the charge
balance (3.5).

Static Solution using Potentials

Let e and b be given by

e(x) = −gradϕ(x, t) , b(x) = curla(x, t) (3.138)

where the real-valued electrostatic potential40 ϕ(x, t) and vector-valued magnetostatic
potential a(x, t) can depend on time t only insofar as they produce steady electro-
magnetic fields. Note that Equations (3.138)1,2 coincide with the time-independent
form of the governing equations of the electromagnetic potentials in (3.13)1,2 which
were devised to replace Faraday’s law of induction. Equations (3.136)2 and (3.137)1
are automatically satisfied by the potentials in (3.138) due to the identities (2.49)1,2.
Meanwhile (3.136)1 furnishes a scalar Poisson’s equation for ϕ,

∆ϕ
Aet.
= −q/ε0 , (3.139)

with Laplace operator ∆[ · ]= div(grad[ · ]). Equation (3.137)2 leads to a coupled set
of partial differential equations for a,

curl
(
curla

)
= grad(diva) − ∆a

Aet.
= µ0J , (3.140)

where the identity in (2.49)3 was used. Recall that the potentials {ϕ, a} do not
uniquely solve Maxwell’s equations (3.15)3,4.

41 They are subject to the gauge
transformations (3.14) whose arbitrary parameter Ψ may be selected so as to sim-
plify the above differential equations for a. The so-called Coulomb gauge uniquely
determines {ϕ, a} by setting

lim
|x|→∞

ϕ = 0 and diva = 0 . (3.141)

The electromagnetic equations are thus reduced to a pair of Poisson’s equations

∆ϕ(x)
Aet.
= −q(x)/ε0 and ∆a(x)

Aet.
= −µ0J(x) , (3.142)

where a is subject to the constraint in (3.141)2.

40The negative sign in (3.138)1, indicating that the electric field points towards decreasing electric
potential, is placed by convention. This is consistent with the fact that electric fields point from
positive charges to negative ones.

41This is unlike the charge-current potentials, whose arbitrariness (3.8) is forfeited due to the use
of the aether relations in the derivation of (3.136) and (3.137).
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Equation (3.142)2 describes a magnetostatic system, which may sustain steady
currents and their ensuing magnetic fields so long as the distribution of charge is
not altered. In an electrostatic system, however, the charges q are assumed to be
stationary42 (i.e., remain fixed in place) so that the presence of any current J is
precluded. Ampère’s law (3.137)2 thus renders b irrotational (i.e., curlb=0). In
the absence of any magnetization, the current potential

h(x)
Aet.
= b(x)/µ0 = −gradφ(x) (3.143)

may therefore be expressed in terms of a real-valued magnetic potential φ(x). There-
fore in electrostatics the magnetic flux derives from a scalar Laplace’s equation

∆φ(x)
Aet.
= 0 , (3.144)

according toGauss’ law (3.137)1. This greatly simplifies the solution of the EM equa-
tions by circumventing numerical challenges posed by differential equations involving
the curl operator.

Alternative Derivation of Static Equations

It is mentioned that, rather than by eliminating time derivatives from Maxwell’s
equations, the preceding results can also be derived43 from two well-known experi-
mental principles in electrostatics and magnetostatics.

The first principle is Coulomb’s law , which is an inverse-square law quantifying
the EM interaction force between two stationary point charges. Since the electric
field represents the force per unit test charge, Coulomb’s law states that a collection
of i point charges Qi situated at xi contribute to the electric field at location x an
amount

e(x) =
1

4πε0

∑
i

Qi
x− xi

|x− xi|3
. (3.145)

The electrostatic Equations (3.136)1,2 and (3.138)1 are obtained from (3.145) in the
limit, where a distribution of infinitesimal charges dQi = qdv is integrated over all xi.

42Note the difference between steady and stationary: A steady charge distribution implies that
the amount of charge enclosed in any fixed spatial region remains constant. Individual charges may
still move, so long as the net exchange across the boundary of any such region is zero, or divJ=0
according to (3.5). Stationary charges, on the other hand, do not move at all. This implies not only
that q is steady, but also that there is no current J.

43A detailed derivation is provided, for example, by Dorfmann and Ogden [21, Chapters 2.1
and 2.2].
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The derivation makes use of the identities44

grad

(
1

|x− xi|

)
= − x− xi

|x− xi|3
,

div

(
x− xi

|x− xi|3

)
= 0 .

(3.146)

In particular, it can be shown that (3.145) furnishes Gauss’ law (or Gauss’ flux
theorem), ∫

∂P
e · n da = Q(P)/ε0 , (3.147)

which states that the resultant flux of the electric field e across any closed surface ∂P
is proportional to the total charge Q(P) contained therein. This is the integral form
of (3.136)1.

The second principle is the Biot-Savart law , which represents the magnetostatic
equivalent of Coulomb’s law. It quantifies the magnetic field produced by i finite
electric currents Ii carried by thin wires along the paths Si in direction dxi,

b(x) =
µ0

4π

∑
i

Ii

∫
Si

dxi ×
(
x− xi

)
|x− xi|3

. (3.148)

Equation (3.137)2 is obtained in the limit, where the wire is replaced by infinitesi-
mal distributed currents dIi = |J|da, and thus dIidxi=Jdv, integrated over all xi.
The magnetostatic Equations (3.137)1,2 and (3.138)2 are deduced with the aid of the
identities in (2.47)1 and (3.146)1,2.

3.7.2 With Polarization and Magnetization

The preceding discussion is readily extended to polarizable and magnetizable mate-
rials. It is first noted that the prescription (3.138) for the steady e and b in terms of
potentials, as well as the ensuing Poisson’s equations (3.142), remain valid as long
as {q,J} pertain to the total charge-currents. Furthermore, recall that the charge-
currents may be additively decomposed into their free and bound parts, which are, in
turn, described by Maxwell’s equations of the form (3.33) and (3.34). Therefore,
to obtain the magnetostatic equations of a polarizable or magnetizable material, it
suffices to expand the right-hand side of (3.142) into its free and bound parts,

∆ϕ
Aet.
= −

(
qF − divp

)
/ε0 and ∆a

Aet.
= −µ0

(
JF + curlm

)
. (3.149)

As before, it is required that a satisfy the constraint in (3.141)2. The electromagnetic
fields {e,b} are deduced from {ϕ, a} through (3.138), after which the (free) charge-
current potentials {dF,hF} are obtained with the extended aether relations (3.37).

44Note that Equations (3.146)1,2 imply that 1/|x−xi| is a fundamental solution of Laplace’s
equation.
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Note that p and m are assumed to be steady, so that Equation (3.34)2 reduces
to JR=curlm.

Consider the electrostatic case, where the free and bound charges are assumed to
be stationary and thus the corresponding currents are negligible. Since curlhF=0
due to (3.33)2, the current potential may be expressed by

hF(x) = −gradφF(x) . (3.150)

Given b
Aet.
= µ0(hF+m) from (3.37)2, Gauss’ law for magnetism (3.15)3 furnishes a

Poisson equation for φF,

∆φF(x)
Aet.
= divm(x) , (3.151)

which represents the generalized counterpart of Equation (3.144).
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Chapter 4

Coupled electro-magneto-thermo-
mechanical Model

This chapter examines the coupled electro-magneto-thermo-mechanical model, or
EMTM for short, merging the concepts of classical thermomechanics from Chap-
ter 2 and electromagnetism from Chapter 3. This discussion is based on the account
by Ericksen [23] as well as the so-called Maxwell–Minkowski formulation, see
Hutter et al. [56]. The analysis is structured similarly to Section 2.3, whose balance
laws are amended to reflect the contributions of the EM fields to the linear and angu-
lar momenta as well as energy. In view of the wide dissimilitude found in literature
for formulating the coupled balance equations, alternative (but in essence equivalent)
representations thereof are presented in Appendix A.6. A discussion of the extended
Green-Naghdi-Rivlin theorem follows, from which it is concluded that the energy
and momentum equations are mutually consistent. Finally, the entropy inequality and
its implications and restrictions imposed on the constitutive equations is discussed.

4.1 Principles of Linear and Angular Momentum

Balance

To derive the balances of linear and angular momenta for the coupled EMTM ma-
terial, the forces exerted on the material body by the electromagnetic fields need to
be quantified. Although the EM fields are regarded as external to the material body,
they interact with the body through its (free or bound) electric charges and currents.
Forces imparted on those charges are considered to be acting on the continuum of the
material body, akin to the body forces ρfB in Equation (2.113).
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4.1.1 Lorentz Force Density

Recall that the interaction between moving charges and the EM fields is characterized
by the Lorentz force. As already stated in Equation (3.103), a single point charge Qi

moving at a velocity vi (as measured relative to an inertial frame) is subjected to a
corresponding Lorentz force of

FLi = Qie + Qivi × b . (4.1)

It is important to distinguish the particle velocity vi from the material velocity v. IfQi

is a free point charge within a material body, then vi accounts for both conduction
of Qi relative to the material, as well as convection due to motion v.

The distribution of infinitesimal point charges Qi is related to the charge density q
in the same way point masses Mi are related to the mass density ρ of the continuum.
The charge density q is thus obtained from the charge Q(P) contained in region P
using the same limiting process outlined in Equation (2.109)1 for ρ. Furthermore,
the total current density J is obtained when this limit is applied to the movement
of infinitesimal point charges Qivi. Thus J can be thought of as a charge-weighted
volume average of the velocity of infinitesimal point charges.

This hypothetical approach forQi andQivi in Equation (4.1) furnishes, in the limit
of infinitesimal point charges, the Lorentz force density fL(x, t) (per unit volume)

fL = qe + J× b = qE + j× b . (4.2)

The alternative expression (4.2)2 is readily obtained from the definitions of the total
current J in (3.4)2 and the electromotive intensity E in (3.68).

The Lorentz force density transforms objectively under SRBM because q, j, b,
and E are objective. Indeed, using the transformations (3.43), (3.48), (3.63), (3.69)
and the identity (2.37)2,

f+L = QfL . (4.3)

This result may seem surprising, given that the Lorentz force of point charge Qi de-
pends on its (non-objective) velocity vi relative to b. However, this effect is cancelled
by the (non-objective) transformation of the contribution due to e.

The Lorentz force density may be further decomposed into the contributions
of the free and bound charges. With e and b unaffected by this distinction, the
linearity of the expression (4.2)1 with respect to q and J implies that the free and
bound Lorentz force densities are additive as well,

fL = (fL)F + (fL)R =
(
qF + qR

)
e +

(
JF + JR

)
× b . (4.4)

4.1.2 Linear Momentum

The net Lorentz force experienced by a material region P is given by the volume
integral of fL, hence Müller [102, Chapter 9.5] refers to fL as the “production density
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of mechanical momentum”.1 This EM force is exerted in addition to the boundary
tractions on ∂P and the body forces in P , suggesting that the integral statement of
linear momentum balance takes the form

d

dt

∫
P
ρv dv =

∫
∂P

Tn da +

∫
P
ρfB dv +

∫
P
fL dv . (4.5)

This is the EMTM counterpart of (2.113). Application of the divergence theo-
rem (2.52), the material time derivative rule (2.112), and the localization theorem
furnishes the local form of linear momentum balance,

ρa = divT + ρfB + fL , (4.6)

which is the corresponding extension of (2.115). Note that the Lorentz force is is
assumed to impart on the continuum as a whole, rather than on individual charged
particles. This may be justified by EM interactions between the free and bound
charges, whereby the linear momentum associated with the motion of electrons or
ions relative to the overall medium is neglected.

4.1.3 Angular Momentum

In analogy to Equation (2.116), the integral statement of the principle of angular
momentum balance takes the form

d

dt

∫
P
x× ρv dv =

∫
∂P

x× t(n) da +

∫
P
x× ρfB dv +

∫
P
x× fL dv . (4.7)

The EM fields are assumed not to exert any distributed moments on the material.
Instead, they only enter (4.7) through the Lorentz force. As in the thermomechan-
ical case, fL along with most other terms cancel out due to the linear balance (4.6).
Therefore, the angular momentum balance is not affected by EM effects.2 Follow-
ing the procedure in Section 2.3.3, see Equation (2.118), the local form of angular
momentum balance reads

T = TT . (4.8)

Equation (4.8) for the EMTM model is identical to its TM counterpart (2.120).

1This of course implies that an equal and opposite force is exerted by the medium on the electro-
magnetic fields. Indeed, as Ericksen [22] points out in reference to the earlier work by Page [114]
on radiation pressure, the EM fields can sustain forces.

2Note that the stress tensor T itself does in general depend on the EM fields through the consti-
tutive equations. However, it must remain symmetric according to (4.8).
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4.1.4 Maxwell Stress

The Lorentz force may be expressed solely in terms of the EM fields d, h, e, and b
by eliminating q and J using Maxwell’s first pair of equations. This equation
can be made to resemble a balance of electromagnetic momentum similar in form
to (2.115), albeit only in the aether frame. This method is used by some authors3 to
reformulate the balances of linear and angular momenta to include an EMmomentum,
see Appendices A.6.1 and A.6.2, respectively. However, such alternative forms of
the balance equations apply only to the aether frame and will not be used in the
context of this disseration. Furthermore, the increased number of terms are found
to unnecessarily complicate some of the derivations, in particular for the Green-
Naghdi-Rivlin Theorem in Section 4.3 and the multiscale homogenization scheme
discussed in Sections 5.3 and 5.4.

Employing all of Maxwell’s Equations (3.15)1−4 and the identities of tensor
calculus in (2.46)5 and (2.48), the Lorentz force (4.2)1 becomes

fL =
(
divd

)
e +

(
curlh− ∂d

∂t

)
× b

= − ∂

∂t

(
d× b

)
+

(
divd

)
e +

(
curle

)
× d +

(
curlh

)
× b

= − ∂

∂t

(
d× b

)
+

(
divd

)
e +

([
grade

]
d −

[
grade

]T
d
)

+
(
divb

)
h +

([
gradh

]
b−

[
gradh

]T
b
)

= − ∂

∂t

(
d× b

)
+ tM ,

(4.9)

where the force density tM is defined by

tM = div
[
e⊗d+ h⊗b

]
−

([
grade

]T
d+

[
gradh

]T
b
)

. (4.10)

The term d×b in (4.9) may be interpreted as a momentum density of the electromag-
netic field. Its rate of change is measured with a partial, not material, time derivative
at a fixed location x. Only in the aether frame (3.35) can the vector tM be written in
terms of the divergence of a tensor, in which case using identities (2.44) and (2.45)2,

tM
Aet.
= divTM where TM =

[
e⊗d+ h⊗b

]
− 1

2

(
e ·d+ h ·b

)
i . (4.11)

Note that the definitions of tM and TM are independent of the aether frame, see (4.10)
and (4.11)2, respectively. Only the identity in (4.11)1 relies on the aether relations.
Following the premise that (4.9) constitutes a momentum balance, TM may be inter-
preted as a stress tensor. In the aether frame this so-called Maxwell stress TM is

3See, for example, Hutter et al. [56, Chapter 3.4], Kovetz [64, Section 54], Müller [102,
Chapter 9.5], and Van de Ven [149, Chapter II].
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symmetric.4 Note that unlike the mechanical momentum balance (2.115), the balance
equation (4.9) is not an independent principle, but instead follows directly from the
definition of the Lorentz force and the Maxwell equations.

An analogous derivation can be devised in terms of the objective fields d, H, E ,
and b. Starting with the objective Lorentz force (4.2)2 and applying the objective
form of Maxwell equations (3.108)1,2 for the elimination of q and j, the procedure
in (4.9) leads to

fL = −
( ⋆

d×b+ d×
⋆

b
)
+div

[
E⊗d+H⊗b

]
−
([
gradE

]T
d+

[
gradH

]T
b
)

. (4.12)

This relation is written entirely in terms of objective fields. This is possible because
the Lorentz force, too, is objective. It should be noted however that tM and TM are
not objective, since the partial time derivative in (4.9) is not objective (even though
the momentum term d×b is objective).

4.2 Principle of Energy Balance

Energy is transferred to and from the coupled EMTM continuum not only through
the power of the external forces and external supply of heat, but also on account
of the power of the electromagnetic fields. This energy transfer originates from the
interaction between the external EM field and the electric charges contained in the
material region. Similarly to the preceding discussion of the Lorentz force, the EM
power is considered to act on the continuum material as a whole. The continuum
body, not the charges themselves, is considered to carry the resulting (kinetic, strain,
thermal, etc.) energy.

4.2.1 Power of the Electromagnetic Fields

In view of the Lorentz force density fL derived in Section 4.1.1, it may be tempting
to conclude that the corresponding power imparted on the body is simply fL ·v.
However, the Lorentz force is mediated by the electric charges Q(P) contained in
region P , not the medium itself. In the presence of a conduction current j these
charges move (on average) relative to the material body.

To identify the power density of the EM field, its effect is first examined for a
hypothetical point charge Qi. According to Equation (4.1), the Lorentz force FLi

is exerted on Qi traveling at velocity vi. The corresponding power PLi amounts to

PLi = FLi · vi = Qivi · e . (4.13)

4It is emphasized that {d,h} in (4.11)2 refer to the total charge-current potentials, for which the
aether relations (3.35)1,2 apply irrespective of the underlying medium. Therefore, the Maxwell
stress TM is always symmetric (in the aether frame). For polarizable or magnetizable continua TM

may be further decomposed into its free and bound parts. However, to guarantee the symmetry of
these individual parts the medium must be electromagnetically isotropic, see Equations (3.38)1,2.
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The energy of the point charge increases when FLi ·vi> 0. The portion Qivi×b
of FLi is orthogonal to the direction vi of travel and does not contribute to the power.
As argued in (4.2), the volume average of Qivi converges in the continuum limit to
the total current density J. The EM power density imparted on the continuum is
therefore given by

pL = J · e = j · e + q
(
e+ v×b

)
· v , (4.14)

where (3.4) was used to further expand J ·e into a form reminiscent of the Lorentz
force in (4.1). The result in (4.14)2 thus offers an alternative interpretation of the
EM power J ·e by separating it into two physical origins: The first term is caused by
conduction of j relative to the field e. The second part describes convection, i.e., the
power due to the Lorentz force as if charge density q were material, i.e. moving
with the material body at v.

Unlike the Lorentz force in (4.2), the EM power density is not objective. Indeed,
it is readily shown with Equations (2.155)3, (3.48), (3.69), and (4.3) that

J+ · e+ = J · e + fL · β = j · E + fL ·
[
v + β

]
. (4.15)

It is thus impossible to write (4.14) purely in objective terms. Nevertheless, consider
an alternative expression in terms of the objective quantities j, E , fL, and the (non-
objective) material velocity v,

J · e = j · E + fL · v . (4.16)

Equation (4.16) follows a pattern that will recur in the context of the Green-
Naghdi-Rivlin theorem in Section 4.3, whereby a non-objective scalar field can
be uniquely5 decomposed into an objective part (here j ·E) plus the scalar product of
an objective vector (fL) with the velocity v.

As with the Lorentz force density fL, the power density in (4.14) or (4.16) can
be further split into the contributions of free and bound fields. The linearity of J ·e
with respect to J (or j and fL) again suggests an additive decomposition into the two
parts. The distinction between free and bound parts of j ·E will become significant
in the discussion of the entropy inequality and constitutive relations in Section 4.4.

4.2.2 Energy Balance

The principle of energy balance for the coupled EMTM material is postulated as

d

dt

∫
P
ρ

(
1

2
v · v + ε

)
dv =

∫
P
ρfB · v dv +

∫
∂P

t(n) · v da

+

∫
P
ρr dv −

∫
∂P
q(n) da +

∫
P
J · e dv . (4.17)

5The decomposition is unique in the sense that its (objective and non-objective) scalar parts are
unique. The components of fL orthogonal to v are arbitrary.
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Here, the original statement (2.121) is amended only by an additional term accounting
for the power J ·e due to the interaction between the electric charges of the body and
the electromagnetic field. The term represents an external supply of energy by the
EM field. The energy associated with the EM field itself is not considered part of the
internal energy of the material body. The total (kinetic plus internal) energy density
per unit volume is given by ρe= ρ(1

2
v ·v+ε), see (2.122).

The local form of (4.17) is obtained using Cauchy’s theorems (2.114) and (2.123),
the divergence theorem (2.50), the material time derivative rule (2.112), and the
localization theorem, leading to

ρ
[
1
2
v · v + ε

].
= ρfB · v + div

(
TTv

)
+ ρr − divq + J · e . (4.18)

This is the generalization of Equation (2.124) to EMTM materials. The balance of
thermal energy may be derived following the procedure in (2.125), as

ρ
.
ε = T · L + ρr − divq + j · E . (4.19)

This constitutes the electromagnetic generalization of Equation (2.126). The term j ·E
is sometimes interpreted as Joule heating .6

Recall that the conservation of mass (2.111) was used to derive identity (2.112)
and thus also (4.18). Whereas the energy balance in (4.17) is a standalone postulate,
its local form (4.18) is not. Furthermore, the thermal energy balance (4.19) requires
knowledge of the balances of linear and angular momenta. However, the Green-
Naghdi-Rivlin theorem deduces the conservation of mass and momentum directly
from the postulated energy equation, see Section 4.3.

4.2.3 Poynting’s Theorem

Recall the expressions (4.9) of the Lorentz force in terms of the EM fields, which
in the aether frame resembles a momentum balance equation. Conversely, when the
power density J ·e is written in terms of these fields, the resulting equation takes the
form of an energy balance equation as long as the aether relations hold. This fact can
be exploited to include electromagnetic energy as part of the energy balance of the
coupled EMTM material, see Appendix A.6.3. However, this form is not employed in
this dissertation because it entails an unnecessary increase in the number of terms,
while being (arguably) beneficial only in the aether frame.

6Recall from (3.25)2 and (3.26)2 that the conduction current j can be split into the free and bound
parts. Joule heating is primarily attributed to the free current jF ·E, see the discussion around (4.53).
Nevertheless, the bound currents due to polarization

⋆
p and magnetization curlM in principle, too,

contribute to heating in (4.19). The distinction between free and bound parts of j ·E is important
for the constitutive description of the EM properties of the continuum.
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Using Equations (2.46)6 and (3.15)2,4, Poynting’s theorem expresses the EM
power as

J · e =

(
curlh− ∂d

∂t

)
· e

= −div
(
e× h

)
− e · ∂d

∂t
+ h · curle

= −div
(
e× h

)
−
(
e · ∂d

∂t
+ h · ∂b

∂t

)
.

(4.20)

In the aether frame, the relations (3.35) allow further simplification of the partial
time derivatives of (4.20) into the form

−∂u
∂t

Aet.
= divs + J · e where s = e× h and u =

1

2

(
e · d+ h · b

)
, (4.21)

or as some authors put it purely in terms of e and b,

−1

2

∂

∂t

(
ε0e · e+

1

µ0

b · b
)

Aet.
=

1

µ0

div
(
e× b

)
+ J · e . (4.22)

Equations (4.21)1 or (4.22) resemble an energy balance, whereby the rate of change
of energy u stored in the EM field per unit volume is balanced by the outward flux s
(called the Poynting vector) of energy across the boundary and the work imparted
onto charges through the Lorentz force.

It is emphasized here that (4.21) is not an independent principle, but merely the
result of a rearrangement of Maxwell’s equations and thus an identity which must
be satisfied by all of its solutions. The interpretation of (4.22) as a balance law of
EM energy appears to be somewhat controversial, with a wide range of proponents7

and detractors.8 As Feynman [26, Chapter 27] points out, there are infinite possible
ways to use Maxwell’s equations to devise a flux s and energy u such that they
satisfy an energy balance of the form (4.21)1. However, such alternative expressions
typically involve higher-order derivatives. The definitions (4.21)2,3 for energy flux
and energy density are indeed remarkably simple, with u comprising the electrostatic
energy plus the magnetic energy.

Note that the objective part j ·E of the power density, see Equation (4.16), may
be expressed similarly to Poynting’s theorem (4.20) in terms of the objective EM
fields. Independently of the aether frame, Equations (2.46)6 and (3.108)2,3 furnish

j · E = −div
(
E ×H

)
−

[
E ·

⋆

d+H ·
⋆

b
]

. (4.23)

7For example Griffiths [38, Chapter 8.1.2]: “[...] the work done on the charges by the electro-
magnetic force is equal to the decrease in energy stored in the field, less the energy that flowed out
through the surface.” Müller [102, after Equation 9.59] draws similar conclusions.

8For example Kovetz [64, after Equation 55.4]: “[...] is often, and erroneously, regarded as a
balance law for ‘electromagnetic energy’.”
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Using the vector triple product in (2.33), it can be shown that the objective field E×H
is related to the Poynting vector s= e×h by

E ×H =
(
e+ v×b

)
×
(
h− v×d

)
= e× h −

[(
e ·d

)
v −

(
v ·e

)
d
]
+

[(
v ·h

)
b−

(
h ·b

)
v
]
−

([
v×b

]
·d

)
v

= e× h +
[
e⊗ d+ h⊗ b

]T
v −

(
e · d+ h · b

)
v −

([
b×d

]
·v
)
v

= s +
[
TM − ui+

(
d×b

)
⊗ v

]T
v , (4.24)

where TM is the Maxwell stress (4.11)2, u is the EM energy density (4.21)3,
and d×b the EM momentum density in Equation (4.9).9

Neither the Poynting vector s nor the energy density u are objective. The trans-
formation of u under superposed rigid-body motion is obtained from (3.59), (3.63)
and (3.67),

u+ = u +
(
d× b

)
· β . (4.25)

4.3 The Green-Naghdi-Rivlin Theorem

The Green-Naghdi-Rivlin theorem (GNR) [37] is a profound result in contin-
uum mechanics, according to which the balance equations of mass, linear momentum
and angular momentum can be derived from the principle of energy balance. This is
achieved by postulating form-invariance of the energy balance under superposed rigid-
body motion in covariant theories. This is similar toNoether’s first theorem [107] of
mathematical physics, where certain frame indifferences in Lagrangian or Hamil-
tonian systems imply corresponding balance laws.10

It is mentioned that Hutter et al. [56, Chapter 3.4] advocate for a similar ap-
proach based on the work by Van de Ven [149, Chapter II]. However, they start
with a vastly more complex energy equation (see [56, Equation 3.4.19]), which in-
corporates the Maxwell stress (4.10) and Poynting’s theorem (4.20) similar to
the balance equations presented in Section A.6. Furthermore, they seem to employ
the alternative aether relations in (3.90), which is in conflict with the more widely
adopted relations (3.35). The upcoming derivation refrains from using the aether
relations altogether, thus avoiding this point of contention.

9The interpretation of s, TM, u, and d×b as EM ‘energy flux’, ‘stress’, ‘energy’ and ‘momentum’
is reasonable only in the aether frame. Nevertheless, their definition does not rely on the aether
relations so the quantities may be used outside of the aether frame, for example in (4.24).

10See Marsden and Hughes [84, Chapter 5.5] for an introduction to Noether’s theorem in
the context of elasticity. Furthermore, Yavari and Marsden [156] discuss the connection between
covariance and Noether’s theorem for continua with microstructure.
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4.3.1 Standard GNR Procedure in Integral Form

The GNR theorem is typically derived as follows: It is postulated that the energy
balance (4.17) is form-invariant under arbitrary SRBMs, which requires the balance
equation to be equally satisfied by the transformed quantities

d

dt

∫
P+

ρ+
(
1

2
v+· v+ + ε+

)
dv+ =

∫
P+

ρ+f+B · v
+ dv+ +

∫
∂P+

t+(n+) · v
+ da+

+

∫
P+

ρ+r+ dv+ −
∫
∂P+

q+(n+) da
+ +

∫
P+

J+· e+ dv+ . (4.26)

The original energy balance (4.17) is then subtracted from (4.26) using the relevant
transformation formulae for SRBM. By their very nature, the non-objective fields
cannot be entirely eliminated, whereas the objective terms (such as ρε, ρr, and q(n))
cancel right away. The transformation rules in (2.155)3, (2.174)1−4, (2.179), and (4.15)
furnish

d

dt

∫
P
ρ
(
1
2
β ·β + v ·β

)
dv −

∫
∂P

t(n) · β da −
∫
P

(
ρfB + fL

)
· β dv

−
∫
P
ρ
.
β ·

(
v+β

)
dv = 0 . (4.27)

This equation enforces the form-invariance of the energy equation and must be satis-
fied by all SRBMs. In the following, two particular SRBMs are deliberately chosen to
extract the conditions necessary for (4.27) to hold. This gives rise to the conservation
of mass and the balances of linear and angular momenta.

To this end consider the Galilean transformation (2.154), for which β=v0,.
β=0, and Ω=0, see Equations (2.160). Since v0 is uniform in (x, t) it may be
removed from the integrals and material time derivatives, so that

v0 ·
{
d

dt

∫
P
ρv dv −

∫
∂P

t(n)da −
∫
P
ρfB dv −

∫
P
fL dv

}
+

(
1
2
v0 · v0

){ d

dt

∫
P
ρ dv

}
= 0 . (4.28)

Equation (4.28) represents a scalar requirement for form-invariance of the energy to
hold under allGalilean transformations. The arbitrariness of the constant vector v0

immediately furnishes11 the balances of mass (2.110) and linear momentum (4.5). It
is concluded that the electromagnetic generalization of the energy balance (4.17) is

11This is readily verified, for example, by requiring (4.28) to hold for both signs of ±v0 and taking

the sum (or the difference) between the two resulting conditions. The linear independence of |v0|2
and the three components of v0 allows the scalar condition (4.28) to give rise to four independent
balance equations.
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indeed consistent with the generalized linear momentum balance (4.5). This result
hinges on the transformation rule for the EM power (4.15), whose lack of objectivity
is quantified by the Lorentz force.

Next, consider a superposed motion (2.153) with an arbitrary constant angular

velocity
.
Q=Ω0, and without translation

.
c=0. For convenience, pick a time t0 at

which the momentary rotation Q= I and translation c=0 are trivial. It follows
from (2.156)1,2 that Ω=Ω0, β=Ω0x, and

.
β=Ω0v. The skew-symmetry of Ω0 may

be invoked to write β=ω0×x in terms of the axial vector ω0 according to (2.158).
Equation (4.27) furnishes

ω0 ·
{
d

dt

∫
P
x×ρv dv −

∫
∂P

x×t(n) da−
∫
P
x×ρfB dv −

∫
P
x× fL dv

}
+ 1

2
Ω2

0 ·
{∫

P
ρ
[
v⊗x− x⊗v

]
dv −

∫
P

{ .
ρ+ ρ divv

}[
x⊗x

]
dv

}
= 0 , (4.29)

where the permutation property of the triple scalar product (2.7) and the uniformity
of Ω0 (and thus ω0) were exploited. Similar to the previous argument for v0, the
arbitrariness of ω0 implies that the balance of angular momentum (4.7) must hold.
Meanwhile, the second term is quadratic in ω0 and is independently satisfied by the
balance of mass.12

If the energy equation was comprised only of objective terms, then form-invariance
would hold trivially and no additional information could be attained. Only when
quantities depart from objectivity, will the GNR procedure yield any requirements
for maintaining form-invariance. This motivates the derivation of an alternative form
of the energy balance in Section 4.3.2, which distinguishes between objective and
non-objective parts.

Lastly, it is mentioned that knowledge of the transformation properties is necessary
to derive the GNR theorem. However, the transformations (2.177) are themselves
motivated by the form-invariance of mass conservation and linear momentum balance,
making the argument somewhat circular. Nevertheless, the GNR theorem provides a
useful indication that the choice of balance equations is consistent.

4.3.2 Split into Objective and Non-Objective Terms

There is an entirely equivalent but more suggestive way to express the energy bal-
ance (4.17), provided that the relevant fields are sufficiently smooth to apply the
divergence theorem. The upcoming derivation aims to separate the objective from
the non-objective quantities. In line with the premise of the Green-Naghdi-Rivlin

12Note that Ω2
0 is symmetric on account of the skew-symmetry of Ω0. Indeed there are up to 6

linearly independent quadratic combinations of the components of the axial vector ω0. Meanwhile,
the first integral on the second line of (4.29) is skew-symmetric, therefore its contraction with Ω2

0

vanishes.
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theorem, no knowledge of mass conservation or the linear and angular momentum
balances shall be assumed. The divergence theorem (2.50) and Reynolds’ transport
theorem (2.104)1 are used, but these involve only tensor calculus and kinematics,
not the balance equations. Note that Equation (2.112), although more practical, is
expressly avoided because of its reliance on conservation of mass.

The two surface integrals in (4.17) are converted to volume integrals using the
divergence theorem in (2.50) along with Cauchy’s theorems (2.114) and (2.123).
Any non-objective terms are decomposed into their objective and non-objective con-
stituents. For example, the EM power J ·e is split into j ·E and fL ·v following (4.16).
Meanwhile, the traction term div(TTv) is separated with identity (2.46)3 into

div
(
TTv

)
= sym

[
T
]
· L + skw

[
T
]
· L +

(
divT

)
· v , (4.30)

of which only the first term is objective,13 see (2.171) and (2.175)1. The energy
balance (4.17) becomes{

d

dt

∫
P
ρ
1

2
v · v dv −

∫
P

{
ρfB + divT+ fL

}
· v dv −

∫
P
skw

[
T
]
· L dv

}
+

{
d

dt

∫
P
ρε dv −

∫
P

{
sym

[
T
]
· L+ ρr − divq+ j · E

}
dv

}
= 0 , (4.31)

where the first line comprises the non-objective terms and the second line is entirely
objective. Note that the objective terms together constitute the integral form of the
balance of thermal energy (4.19),

d

dt

∫
P
ρε dv =

∫
P
sym

[
T
]
· L dv +

∫
P
ρr dv −

∫
∂P
q(n) da +

∫
P
j · E dv . (4.32)

In order to localize Equation (4.31), Reynolds’ transport theorem (2.104)1 is
applied to the material time derivatives, furnishing{ .

ρ+ ρ divv
}

1
2
|v|2 +

{
ρa− ρfB − divT− fL

}
· v −

{
skw

[
T
]}
· L

+
{ .
ρ+ ρ divv

}
ε +

{
ρ
.
ε− sym

[
T
]
· L− ρr + divq− j ·E

}
= 0 . (4.33)

This is a version of the local form of energy balance (4.18) whose derivation does
not rely on prior knowledge of any other balance equations. The first three terms
represent the non-objective quantities. Each contains in braces {·} an objective14

13It was argued in Section 2.4.6 that the stress power T ·L is entirely objective. However,
this statement relies on the symmetry of T and thus angular momentum balance. Without such
knowledge, T must be separated into its symmetric part sym[T]= 1

2[T+TT], and skew-symmetric
part skw[T]= 1

2[T−TT].
14Strictly speaking, a and fB are objective only under inertial motions. Still, under general SRBM

the term (fB−a) is objective, see (2.177)2.
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scalar-, vector-, or tensor-valued expression which is contracted with the non-objective
quantities (v ·v), v, or gradv, respectively. The lack of objectivity is thus confined
entirely to the contraction with a velocity term. The expressions in braces correspond
to the local forms of conservation of mass (2.111) and the balances of linear (4.6)
and angular (4.8) momentum. The remainder of (4.33) consists only of objective
quantities and furnishes the local form of the balance of thermal energy (4.19).

Of course, the aforementioned balance equations are readily extracted from Equa-
tion (4.33) using the procedure outlined in Section 4.3.1. Subtracting (4.33) from its
transformed counterpart leads to{.
ρ+ρ divv

}(
1
2
β ·β+v ·β

)
+
{
ρa−ρfB−divT− fL

}
·β −

{
skw

[
T
]}
·Ω = 0 , (4.34)

where use was made of (2.155)3 and (2.171), with all other fields transforming ob-
jectively. Equation (4.34) must hold for all SRBMs (2.153), where c(t) and Q(t) are
arbitrary differentiable functions so long as Q∈Orth+ (proper orthogonal). At some
fixed time t0, not only can Q0 and c0 be specified freely but also their time deriva-
tives, provided that Ω0 is skew-symmetric. Thus, Ω0=QT

0

.
Q0 and β0=Ω0x+QT

0
.
c0

are mutually independent. Condition (4.34) therefore necessitates that all three ex-
pressions in braces vanish, furnishing the expected balance equations in (2.111), (4.6),
and (4.8).

Lastly, it is emphasized that Equation (4.33) cannot be derived if a lack of continu-
ous differentiability in T or q prevents the use of the divergence theorem. Under such
circumstances only the integral form (4.17) may be used for the purpose of the GNR
theorem, see Section 4.3.1. In any case, the divergence theorem for T is necessary to
obtain the balance of thermal energy, even in its integral form (4.32).

4.4 Second Law of Thermodynamics

In this section the Clausius-Duhem inequality is applied to the EMTM model.
The energy equation is first reorganized and substituted into a modified entropy in-
equality. Following the method of Coleman and Noll, thermodynamic restrictions
for the constitutive equations are deduced. Lastly, the requirement of invariance of
the constitutive equations is examined, as well as its implications for the balance
equations.

4.4.1 Body Heating

Before discussing the entropy inequality, the balance of thermal energy (4.19) is first
rewritten in terms of the free and bound fields. To this end, the EM power density j ·E
is separated into the contributions of the free and bound parts. For the bound part
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in particular, Equations (2.46)6, (3.108)3 and (3.109)4 furnish

j · E − jF · E = jR · E =
(
curlM+

⋆
p
)
· E

= −div
(
E×M

)
+ E · ⋆

p + M · curlE

= −div
(
E×M

)
−

[
−E · ⋆

p+M ·
⋆

b
]

.

(4.35)

The structure of relation (4.35) is analogous to the objective version of Poynting’s
theorem (4.23), but applied only to the bound quantities. Likewise, Poynting’s
original statement (4.20) may be rederived for the bound parts,

jR · e = −div
(
e×m

)
−
[
−e · ∂p

∂t
+m · ∂b

∂t

]
. (4.36)

The flux derivatives in (4.35) are expressed in terms of material time derivatives using
definition (2.106)1, where gradv=L and divv=trL= i ·L,

E · ⋆p−M ·
⋆

b =
[
E ·p

].
−
.
E ·p+ E ·

(
⋆
p− .

p
)
−M ·

.
b−M ·

( ⋆

b−
.
b
)

=
[
E ·p

].
−
.
E ·p−M ·

.
b+

[(
E ·p−M ·b

)
i−

(
E⊗p−M⊗b

)]
·L .

(4.37)

With Equations (4.35) and (4.37), the body heating per unit volume ρr in the
balance of thermal energy (4.19) may thus be expressed by

ρr = ρ
.
ε − T · L + divq − j · E

= ρ
.
ε −

[
E ·p

].
−

[
T+

(
E ·p−M ·b

)
i−

(
E⊗p−M⊗b

)]
· L

+ p ·
.
E + M ·

.
b + div

(
q+E×M

)
− jF · E

= ρ
.
ε −

[
E ·p

].
−

(
E ·p

)
trL − τ · L + p ·

.
E + M ·

.
b + div q̂ − jF · E ,

(4.38)
where a stress τ and a generalized heat flux q̂ are defined for convenience according
to

τ = T −
(
M ·b

)
i −

(
E⊗p−M⊗b

)
, q̂ = q + E×M . (4.39)

A qualitative physical interpretation of E×M as an energy flux is provided by Liu
and Müller [77, Section 6] and Müller [102, Figure 9.5] using a simple example
in thermal equilibrium. Magnetization currents caused by a uniform magnetic field,
in the presence of an electromotive force, lead to a transfer of energy perpendicular
to E and M.
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4.4.2 Entropy Inequality

For the purpose of this dissertation, the Clausius-Duhem inequality for EMTM
materials is taken to be (in local form)

ρ
.
η ≥ ρr

θ
− div

(
q̂

θ

)
. (4.40)

This may be restated using the product rule in (2.46)1 as

ρr − ρθ
.
η − div q̂ + q̂ · gradθ

θ
≤ 0 . (4.41)

Note that the inequality in (4.40) departs from the purely thermomechanical ver-
sion (2.128) invoked by Coleman and Noll [17] insofar as the entropy flux (i.e., the
term q̂/θ inside the divergence) is in general not anymore proportional to the heat
flux q, see (4.39)2. The additional electromagnetic energy flux E×M in (4.40) com-
pensates for the same term in (4.38), which would otherwise complicate the derivation
of thermodynamic restrictions on the constitutive equations, see Section 4.4.3.

A wide range of authors adopt the inequality in (4.40). The justification for (4.40)
is based onMüller [101], who dispenses with the prescribed proportionality between
the entropy flux and the heat flux and proposes that the entropy flux is determined
constitutively instead. Ericksen [23, Equation 3.17], Hutter [55, Equation 4.21(2)],
Liu and Müller [77, Equation 3.23(2)], as well as Müller [102, Equation 9.124]
use this method to conclude that (4.39)2 and (4.40) hold. Although Kovetz [64,
Equation 54.12] appears to postulate (2.128), it is seen upon further inspection of his
definition for q that he is, too, in agreement with the extended inequality in (4.40),
as pointed out by Steigmann [137, Equations 60 and 67]. Meanwhile, Toupin [145]
does not treat magnetization (M=0), rendering the issue moot since the two energy
fluxes q̂ and q coincide.

4.4.3 Method of Coleman and Noll

The specific Helmholtz free energy, introduced for thermomechanics in (2.130), is
augmented by a term E ·p to account for dielectric polarization,

Ψ = ε − ηθ − E ·p/ρ . (4.42)

Recall that the free energy Ψ, internal energy ε, and entropy η are specific quantities
(per unit mass), whereas p is a density (per unit volume) and thus divided by ρ.
Equation (4.42) is consistent with Hutter et al. [56, Equation 3.4.29], Kovetz [64,
Equation 55.7], and Steigmann [137, Equation 70]. However, note that Erick-
sen [23, Equation 3.19] takes a different route, as he states, “to indicate how one can
make another choice”.15

15Ericksen’s choice for the Helmholtz free energy results in constitutive relations where the
roles of two conjugate EM quantities are reversed: e= ρΨ̌p and b= ρΨ̌M are determined from a
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The material time derivative of the free energy (4.42) is expressed as

ρ
.
Ψ = ρ

.
ε − ρθ

.
η − ρη

.
θ −

.
E ·p −

(
E ·p

)
trL , (4.43)

where the conservation of mass (2.111) was employed. Following the method of
Coleman and Noll in Section 2.3.6, the body heating per unit volume ρr in the
entropy inequality (4.41) is substituted with (4.38). It is thus concluded with (4.43),
that

ρ
.
Ψ + ρη

.
θ − τ · L + p ·

.
E + M ·

.
b − jF · E + q̂ · gradθ/θ ≤ 0 . (4.44)

This is the electromagnetic generalization of the entropy inequality in (2.131).
Consider a class of materials whose Helmholtz free energy is given by a consti-

tutive function of the form16

Ψ = Ψ̌(F,E ,b, θ) . (4.45)

In view of relation (2.100), its material time derivative is given by

.
Ψ =

∂Ψ̌

∂F
FT · L +

∂Ψ̌

∂E ·
.
E +

∂Ψ̌

∂b
·
.
b +

∂Ψ̌

∂θ

.
θ

= Ψ̌FF
T · L + Ψ̌E ·

.
E + Ψ̌b ·

.
b + Ψ̌θ

.
θ ,

(4.46)

where the subscripts denote partial derivatives of Ψ̌ with respect to the correspond-
ing argument.17 Recall that the derivatives Ψ̌E and Ψ̌b with respect to the vector-
valued arguments E and b are defined by the generalized directional derivative for
vectors (2.39), and Ψ̌F according to Equation (2.40) for tensor derivatives. Inequal-
ity (4.44) now reads[
ρΨ̌FF

T− τ
]
· L +

(
ρΨ̌E + p

)
·
.
E +

(
ρΨ̌b +M

)
·
.
b

+ ρ
(
Ψ̌θ + η

) .
θ − jF · E + q̂ · gradθ/θ ≤ 0 ∀(x, t) . (4.47)

As discussed in the lead-up to conclusion (2.135) for the thermomechanical case,
due to the arbitrariness of the initial distributions of (F,E ,b, θ) and their material
time derivatives, inequality (4.47) furnishes the conditions

τ = ρΨ̌FF
T , p = −ρΨ̌E , M = −ρΨ̌b ,

η = −Ψ̌θ , 0 ≤ jF · E − q̂ · gradθ/θ .
(4.48)

derivative of Ψ with respect to p and M, respectively, as opposed to the result in (4.48)2,3. The
two approaches are related via Legendre transforms.

16It was already argued in (2.135)2 that Ψ does not depend on gradθ. Other functional depen-

dencies may be ruled out in a similar fashion. For example, Ψ is independent of
.
E because (4.44)

does not contain any terms for
..
E .

17The derivative with respect to F, as in Ψ̌F, should not be confused with the subscript used to
indicate the free part of the charge-currents {qF,JF} and their potentials {dF,hF}. The difference
is discernible from the font weight of the subscript, as well as from the surrounding context.
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Equations (4.48)1−4 provide constitutive relations for the stress τ , polarization p,
magnetization M, and entropy η. For the Cauchy stress in particular, it follows
from definition (4.39)1 and (4.48)1−3 that

T = τ +
(
M · b

)
i + E ⊗ p −M⊗ b

= ρ
[
Ψ̌FF

T −
(
Ψ̌b · b

)
i − E ⊗ Ψ̌E + Ψ̌b⊗ b

]
.

(4.49)

Meanwhile, the last remnant of the entropy inequality in (4.48)5 imposes limitations
on the constitutive relations governing jF and q̂. Unlike Ψ (and thus its derivatives T,
p, M, and η), whose functional dependencies are restricted by the terms available
in (4.44), it is entirely possible for jF and q̂ to depend, for example, on gradθ.18 The
implications of (4.48)5 are discussed by Kovetz [64, Chapter 57] for the subclass
of linearly conducting perfect fluids. Any process for which E =0 and gradθ=0 is
reversible since the entropy inequality reduces to an equality. Such states are typically
associated with thermodynamic equilibrium or quasi-static processes.

4.4.4 Balance Laws in Terms of the Helmholtz Free Energy

The preceding results may be employed to express the balance equations in terms of
the Helmholtz potential. Recall that the Lorentz force (4.2)2 may be additively
decomposed into its free and bound parts, (fL)F and (fL)R, so that using (3.109)3,4
and (4.48)2,3

fL =
(
qF+qR

)
E +

(
jF+ jR

)
× b

= (fL)F −
(
divp

)
E +

(
curlM+

⋆
p
)
× b

= (fL)F + div
(
ρΨ̌E

)
E −

(
curl

(
ρΨ̌b

)
+
[
ρΨ̌E

]⋆)
× b .

(4.50)

This is used to write the balance of linear momentum (4.6) as

ρa = div
[
τ +(M ·b)i+E⊗p−M⊗b

]
+ρfB+(fL)F−(divp)E+(curlM+

⋆
p)×b

= divτ + ρfB + (fL)F +
⋆
p×b +

[
gradE

]
p +

[
gradb

]TM
= div

(
ρΨ̌FF

T
)
+ ρfB + (fL)F −

[
ρΨ̌E

]⋆
×b − ρ

[
gradE

]
Ψ̌E − ρ

[
gradb

]T
Ψ̌b ,

(4.51)

where use was made of identities (2.44), (2.45)2, (2.46)5, (2.48), and Gauss’ law for
magnetism (3.15)3.

18Note that the functional dependencies of constitutive relations are additionally subject to in-
variance considerations. For instance, the objectivity of Ψ, jF, and q̂ under SRBM implies that
they cannot explicitly depend on the location x or material velocity v. The form-invariance of the
Helmholtz potential is discussed in more detail in Section 4.4.5.
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The balance of angular momentum (4.8) requires symmetry of the Cauchy stress,
which is already expressed in terms of Ψ in (4.49). It will be shown in Section 4.4.5
that this is satisfied automatically by the invariance of the constitutive function for Ψ
under SRBM, see (4.55), (4.67), and (4.70).

Lastly, the thermal energy balance (4.19) is reformulated as follows: First, Equa-
tions (4.43) and (4.46) are combined to obtain an expression for the rate of change
of internal energy ρ

.
ε,

ρ
.
ε = ρ

(
Ψ̌FF

T·L+Ψ̌E ·
.
E+Ψ̌b·

.
b+Ψ̌θ

.
θ
)
+ ρθ

.
η + ρη

.
θ +

(
E ·p

).
+
(
E ·p

)
trL

= τ ·L − p ·
.
E −M ·

.
b + ρθ

.
η +

(
E ·p

).
+

(
E ·p

)
trL ,

(4.52)

where the constitutive relations (4.48)1−4 were used. This may be conveniently in-
serted into the balance of thermal energy in the form of (4.38), where j ·E was split
into the free and bound contributions, furnishing

ρθ
.
η = ρr − div q̂ + jF · E . (4.53)

Here, the free conduction current jF and the generalized heat flux q̂ are determined
by constitutive equations subject to (4.48)5. Similar to the balance of thermal energy
in (4.19), the form (4.53) of the energy balance suggests the interpretation of jF·E
as Joule heating. However, Kovetz [64, after Equation 56.18] takes issue with this
terminology, calling Equation (4.53) an “excuse, rather than the justification” for the
use of the name. Note again that q̂ may comprise not only the heat flux, but an
additional EM contribution provided that the material is magnetizable, see (4.39)2.

4.4.5 Invariance of the Constitutive Relations

Under superposed rigid-body motions, both the external stimuli (say, the deforma-
tion gradient F) and the corresponding response of the material (say, the stress T)
transform according to the established rules. It is reasonable to expect the material
behavior to be independent of the observer, which implies that the constitutive rela-
tion between F and T is form-invariant under SRBM. It is thus postulated that the
response function T= Ť(F) satisfies T+= Ť(F+) for all SRBMs, where the functional
form of Ť( ·) remains unchanged. The form-invariance of the constitutive relations is
discussed, for example, by Pipkin and Rivlin [118, Section 2].

Invariance of the Helmholtz Free Energy

The constitutive relation for the Helmholtz free energy is postulated to be invariant
under SRBM,

Ψ+ = Ψ̌(F+,E+,b+, θ+) , (4.54)

where the functional form of Ψ̌( ·) is identical in (4.45) and (4.54). It is readily verified
that Ψ+=Ψ is objective according to its definition (4.42) using the transformation
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formulae in (2.174)2, (2.177)1, (2.178)1,2, (3.69), and (3.85)2. It is therefore concluded
with (2.169)1 and (3.63) that

Ψ+ = Ψ̌(QF,QE ,Qb, θ) = Ψ̌(F,E ,b, θ) = Ψ ∀ Q(t) ∈ Orth+ . (4.55)

This represents the requirement of form-invariance of the Helmholtz free energy.
Equation (4.55) must be satisfied by any proper orthogonal Q. In particular, pick

the case where Q≡RT exactly cancels the rotation R contained in F=RU of the
polar decomposition (2.69). For this choice of Q, Equation (4.55) becomes

Ψ = Ψ̌(U,RTE ,RTb, θ) , (4.56)

where U is the left stretch tensor. This expression is advantageous in that its ar-
guments are unaffected by SRBMs,19 see (2.169)2,3. When written in terms of these
arguments, the constitutive function Ψ̌( ·) is automatically form-invariant.

Referential Description

Let the Helmholtz free energy be described by a different constitutive function Ψ̄( ·)
which is related to Ψ̌( ·) via

Ψ = Ψ̌(U,RTE ,RTb, θ) = Ψ̄(U2,URTE ,URTb, θ) = Ψ̄(C,FTE ,FTb, θ) . (4.57)

This expression makes use of the left Cauchy-Green tensor C in (2.70)1 and the
symmetry of U. The arguments in Ψ̄( ·) are entirely pulled back to the reference
configuration and are unaffected by SRBMs. It is once again emphasized that the
functional form of Ψ̄( ·) differs from that of Ψ̌( ·).

Recall the constitutive relations in (4.48)1−3 according to which the stress, polar-
ization, and magnetization are obtained from derivatives of theHelmholtz potential
with respect to F, E , and b, respectively. The preceding discussion on alternative
functional representations for Ψ raises the question of how Ψ̌F, Ψ̌E , and Ψ̌b are related
to the derivatives with respect to the referential arguments Ψ̄C, Ψ̄FTE , and Ψ̄FTb. To
this end, consider the tensor derivative of C=FTF with respect to F, which furnishes
a fourth-order tensor whose components are given by[

CF

]
ABiC

=
∂CAB

∂FiC

=
∂

∂FiC

(
FjAFjB

)
= δACFiB + FiAδBC . (4.58)

Note that, like F, the components of CF are resolved partly in the referential and in
the current bases. Similarly, the tensor derivative of FTE with respect to F furnishes
the third-order tensor[(

FTE
)
F

]
AiB

=
∂

∂FiB

(
FjAEj

)
= δABEi , (4.59)

19In effect, the arguments have been pulled back to an intermediate configuration which is
stretched, but not rotated relative to the reference configuration. These intermediate quantities, for
example U=UABEA ⊗EB and RTE =[RiAei ⊗EA]

T
[Ejej ]=RiAEiEA, are thus resolved in the ref-

erential bases EA, which makes them indifferent to superposed rotations in the spatial configuration.
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and the vector derivative of FTE with respect to E is[(
FTE

)
E

]
Ai

=
∂

∂Ei
(
FjAEj

)
= FiA . (4.60)

For the functional form Ψ= Ψ̄(C,FTE ,FTb, θ) it is thus concluded by chain rule that

[
ΨF

]
iC

=
∂Ψ

∂FiC

=
∂Ψ̄

∂CAB

∂CAB

∂FiC

+
∂Ψ̄

∂FkAEk
∂FjAEj
∂FiC

+
∂Ψ̄

∂FkAbk

∂FjAbj
∂FiC

= FiA
∂Ψ̄

∂CCA

+ FiA
∂Ψ̄

∂CAC

+
∂Ψ̄

∂FkCEk
Ei +

∂Ψ̄

∂FkCbk
bi

=
[
2FΨ̄C + E⊗Ψ̄FTE + b⊗Ψ̄FTb

]
iC

,

(4.61)

and (
ΨE

)
i
=

∂Ψ

∂Ei
=

∂Ψ̄

∂FkAEk
∂FjAEj
∂Ei

= FiA
∂Ψ̄

∂FkAEk
=

(
FΨ̄FTE

)
i

,

(4.62)

where Equations (4.58 - 60) and the symmetry of C (and therefore Ψ̄C) were used.
Alternatively, suppose the Helmholtz free energy is described by a function Ψ̆( ·)

which is related to Ψ̄( ·) by

Ψ = Ψ̄(C,FTE ,FTb, θ) = Ψ̆(E,FTE ,FTb, θ) . (4.63)

Here, E denotes the Green-Lagrange strain tensor from (2.71)1. Note the trivial
identity[
EC

]
ABCD

=
∂EAB

∂CCD

=
∂

∂CCD

(
1
2
CAB − IAB

)
= 1

2

(
δAC δBD

)
= 1

2

[
III
]
ABCD

, (4.64)

where III is the (referential) fourth-order identity tensor, see (2.29). Equation (4.61) is
thus alternatively expressed as

ΨF = FΨ̆E + E⊗Ψ̆FTE + b⊗Ψ̆FTb , (4.65)

where chain rule and (4.64) were used to write Ψ̄C = 1
2
Ψ̆E.

It is mentioned that similar inferences can be drawn from the chain rule for
derivatives of Ψ= Ψ̌(U,RTE ,RTb, θ). However, the tensor derivatives RF and UF of
the polar decomposition are less straightforward, see Chen and Wheeler [14] and
Wheeler [153], and are thus avoided here.
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Implications for the Angular Momentum Balance

Unlike in the purely thermomechanical case (2.135)1, the result in (4.61) implies
that τ is in general not symmetric, since

τ = ρΨFF
T = ρ

[
2FΨ̄CF

T + E⊗
(
FΨ̄FTE

)
+ b⊗

(
FΨ̄FTb

)]
. (4.66)

This is a direct consequence of the invariance requirement (4.55) imposed on Ψ, which
prevents the electromagnetic fields in the arguments of Ψ̄( ·) from being uncoupled
from the deformation (in general).20 Nevertheless, it is readily verified with (4.49),
(4.62), and (4.66) that the Cauchy stress

T = ρ
[
2FΨ̄CF

T + b⊗Ψ̌b + Ψ̌b⊗ b −
(
Ψ̌b · b

)
i
]

, (4.67)

is indeed symmetric as required by the balance of angular momentum.21

The preceding derivation shows that the balance of angular momentum (4.8) fol-
lows naturally from the requirement of form-invariance of the Helmholtz potential,
because it implies that Ψ can be functionally represented by Ψ= Ψ̄(C,FTE ,FTb, θ).
This result can be replicated directly from (4.55) without resorting to the representa-

tion (4.57) as follows: Invocation of form-invariance of the total time derivative
.
Ψ+=

.
Ψ

furnishes

∂

∂(QF)

[
Ψ̌(QF,QE ,Qb, θ)

]
·
[
QF

].
+

∂

∂(QE)
[
Ψ̌(QF,QE ,Qb, θ)

]
·
[
QE

].
+

∂

∂(Qb)

[
Ψ̌(QF,QE ,Qb, θ)

]
·
[
Qb

].
+

∂

∂θ

[
Ψ̌(QF,QE ,Qb, θ)

] .
θ

=
∂

∂F

[
Ψ̌(F,E ,b, θ)

]
·
.
F +

∂

∂E
[
Ψ̌(F,E ,b, θ)

]
·
.
E

+
∂

∂b

[
Ψ̌(F,E ,b, θ)

]
·
.
b +

∂

∂θ

[
Ψ̌(F,E ,b, θ)

] .
θ . (4.68)

This condition must be satisfied for all SRBMs of the form (2.153) with proper orthog-

onal tensor Q(t)∈Orth+, including the special case where Q= i and
.
Q=QΩ=Ω0 at

some instant in time.22 In that case Equation (4.68) reduces to

∂[Ψ̌(F,E ,b, θ)]
∂F

·Ω0F +
∂[Ψ̌(F,E ,b, θ)]

∂E ·Ω0E +
∂[Ψ̌(F,E ,b, θ)]

∂b
·Ω0b = 0 , (4.69)

20It is observed that (4.66) is symmetric only if p and M are collinear to E and b, respectively,
see (4.48)2,3 and (4.62). This is achieved if Ψ depends on the EM fields only through their norms |E|
and |b|, thereby avoiding any coupling terms.

21Equation (4.67) is intended only to demonstrate the symmetry of T and should be used with
caution, because it employs a combination of both functional representations Ψ̌( ·) and Ψ̄( ·). For ex-
ample, it does not imply that T is independent of the derivative ΨE with respect to the electromotive
intensity E.

22This is the same superposed motion prescribed by the Green-Naghdi-Rivlin theorem to de-
duce the momentum balance from (4.29).
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where [QF]
.
=
.
QF+Q

.
F=Ω0F+

.
F was used. The above requirement is more suc-

cinctly expressed as [
Ψ̌FF

T + Ψ̌E⊗E + Ψ̌b⊗b
]
·Ω0 = 0 . (4.70)

It is concluded from the arbitrariness of the three independent components in Ω0 that
the bracketed term in (4.70) is symmetric. A comparison with Equation (4.49) im-
mediately yields the symmetry of the Cauchy stress T, because the skew-symmetry
of Ω0 implies that (Ψ̌E⊗E)·Ω0=−(E⊗Ψ̌E)·Ω0 as well as i ·Ω0=trΩ0=0.

Invariance of the Dissipative Fluxes

Recall that, unlike T, p, M, and η, the generalized heat flux q̂ and the free electric
current jF are not derived from a thermodynamic potential. Their constitutive func-
tions, restricted only by the entropy inequality in (4.48)5, are nevertheless subject to
the same requirement of form-invariance as Ψ. In view of Equation (2.163), which
states that gradients of objective scalar fields transform as objective vectors, it is
concluded that the functional representation

jF = R j̄F(C,F
TE ,FTb,FTgradθ, θ) ,

q̂ = R ¯̂q(C,FTE ,FTb,FTgradθ, θ) ,
(4.71)

automatically satisfies form-invariance. All function arguments are pulled back to the
reference configuration and thus invariant under SRBM. The resulting flux vector is
subsequently rotated by R, which is determined from the polar decomposition of F
in (2.69). In view of the transformation of R+ in (2.169)2, this ensures that the
resulting jF and q̂ transform objectively.

Rather than relying on the polar decomposition to express the generalized heat flux
and the free conduction current in (4.71)1,2, it may be more convenient to formulate
the constitutive functions for their referential counterparts jF0 and q̂0 instead. Form-
invariance is satisfied because, as remarked at the end of Section 2.4.6, the Piola
transform of any objective vector is invariant under SRBM.

Recall from (3.130)2 that the referential free conduction current jF0 is given by
the Piola transform of jF. This raises the question of how the generalized heat
flux q̂ is pulled back to the reference configuration. In view of the results for q0, E0,
and M0 in Equations (2.145), (3.123), and (3.131)4, respectively, the definition of
the generalized heat flux q̂ in (4.39)2 furnishes

q̂ = q+ E×M = J−1Fq0 +
(
F−TE0

)
×
(
F−TM0

)
= J−1F

{
q0 + E0×M0

}
, (4.72)

where the identity in (2.37)2 was employed. It is thus concluded that the referential
form of the generalized heat flux, that is,

q̂0 = q0 + E0×M0 = JF−1q̂ , (4.73)
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is given by the Piola transform of q̂.
The constitutive functions in (4.71) are thus alternatively expressed by invariant

referential functions for jF0 and q̂0 of the form

JF−1jF = j̄F0(C,F
TE ,FTb,FTgradθ, θ) = j̆F0(E,F

TE ,FTb,FTgradθ, θ) ,

JF−1q̂ = ¯̂q0(C,F
TE ,FTb,FTgradθ, θ) = ˘̂q0(E,F

TE ,FTb,FTgradθ, θ) .
(4.74)

Note that the gradients in (4.71) and (4.74) may be simplified to FTgradθ=Gradθ
using the chain rule in (2.82).

4.4.6 Isotropy of the Helmholtz Free Energy

The condition of invariance in (4.55) does not imply isotropy of the material response.
Rather, it states that the material response function (here Ψ̌) ‘commutes’ with the
SRBM: The response of the transformed system may be obtained either from the
transformed stimuli acting on the rotated body, or by transforming the response of
the untransformed system. It is expected that all reasonable constitutive models
preserve invariance under SRBM.

Isotropy , on the other hand, imposes much more far-reaching restrictions on the
constitutive equations. It asserts that the material response does not change when
the reference configuration (but not the orientation of the external stimuli) is ro-
tated. This corresponds to a transformation F−=FQ,23 whereby a referential line
element dX is rotated by Q before it is mapped into dx by the deformation gra-
dient F. Therefore, Q represents a set of transformations which map the reference
configuration onto constitutively equivalent configurations. In the case of isotropy,
the set of Q coincides with the orthogonal group.

Appealing to the polar decomposition theorem (2.69),

F− = FQ = VRQ = V−R−

= RUQ = R−U− ,
(4.75)

it follows that the polar factors transform according to

R− = RQ , U− = QTUQ , V− = V , C− = QTCQ . (4.76)

It is readily verified that Equations (4.76)1−4 preserve the orthogonality ofR− and the
symmetry of U−, V−, and C−. Since E−=E and b−=b are not rotated, the condition

23The notation F−=FQ is used to separate transformations of material symmetries from trans-
formations under SRBM, F+=QF, see (2.169)1. Note that the rotation tensors in the two formulae
are different: the former Q is orthogonal and resolved in the referential bases, whereas the latter Q
is proper orthogonal and resolved spatially.



112

of isotropy of the Helmholtz potential for the functional representations (4.56)
and (4.57) is encapsulated by

Ψ = Ψ̌(U,RTE ,RTb, θ) = Ψ̌(QTUQ,QTRTE ,QTRTb, θ)

= Ψ̄(C,FTE ,FTb, θ) = Ψ̄(QTCQ,QTFTE ,QTFTb, θ) ∀ Q ∈ Orth .
(4.77)

Equations (4.77) describe an isotropic scalar-valued function of a tensor, two vectors,
and a scalar variable.

Representation theorems delineate the most general form a function can take
whilst subject to a given symmetry group. Truesdell and Noll [146, Chapter B.II]
provide a summary24 of representation theorems for scalar- and tensor-valued func-
tions of vector-, and (symmetric) tensor-valued arguments, which are invariant under
the full orthogonal group (i.e., isotropic). It is concluded that an isotropic function
of the form Ψ= Ψ̄(C,FTE ,FTb, θ) can depend at most on the scalar arguments

IC ,
(
FTE

)
·
(
FTE

)
,

(
FTE

)
·
(
FTb

)
,

(
FTb

)
·
(
FTb

)
,

IIC ,
(
FTE

)
·C

(
FTE

)
,

(
FTE

)
·C

(
FTb

)
,

(
FTb

)
·C

(
FTb

)
,

IIIC ,
(
FTE

)
·C2

(
FTE

)
,

(
FTE

)
·C2

(
FTb

)
,

(
FTb

)
·C2

(
FTb

)
, θ .

(4.78)
Here, IC, IIC, and IIIC represent the principal invariants of C as defined in (2.13)1−3.
The arguments may alternatively be written in terms of the left Cauchy-Green
tensor (2.70)2 as

IB , E · E , E · b , b · b ,

IIB , E ·BE , E ·Bb , b ·Bb ,

IIIB , E ·B2E , E ·B2b , b ·B2b , θ .

(4.79)

Here, use was made of the Cayley-Hamilton theorem (2.15) to express B=FFT,
B2=FCFT, and B3=FC2FT in (4.78) in terms of i, B, and B2 in Equations (4.79).
The so-called integrity bases in (4.78) and (4.79) may be employed in the construc-
tion of form-invariant, isotropic constitutive relations. Less restrictive material sym-
metries, such as transverse isotropy or orthotropy , may be enforced by introducing
so-called structural tensors, see Zheng [158].

24Their summary is based on the work by Pipkin and Rivlin [118], Smith [131], Spencer and
Rivlin [135], Weyl [152] and others.
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Chapter 5

Multiscale Modeling

In Chapters 2 - 4, integral forms of the balance equations of thermomechanics (TM),
Maxwell’s equations of electromagnetism (EM), and the balance equations of cou-
pled electro-magneto-thermo-mechanical (EMTM) materials were postulated. There-
after, the local counterparts of the governing equations were deduced. In the presence
of discontinuities, the local equations must be augmented with appropriate jump con-
ditions arising from the localization of piece-wise smooth regions. However, in the
context of this dissertations, it is assumed that the fields are sufficiently smooth for
the integral theorems in Section 2.1.7 to hold everywhere in the body. This, in turn,
implies that the continuum assumption, first introduced after Equation (2.109), must
hold throughout.

In the continuum-on-continuum multiscale setting presented here, it is assumed
that the microstructure is sufficiently separated in scale (both length and time) to
allow for both the microscopic and the macroscopic scales to be treated as continua.
It is thus required that the dimensions of the macroscopic problem far exceed the
characteristic length of the microstructure, and that the macroscopic load duration
allows perturbations to propagate well beyond the microscopic scale. Under such
assumptions the continuum variables (such as density, polarization, or stress) suffi-
ciently approximate the behavior of the body.

The constitutive relations of the continuum model are often quantified by experi-
mental tests on macroscopic material samples. The makeup and arrangement of the
microstructure, which gives rise to the macroscopic behavior measured, is thereby
disregarded. However, in some cases the material properties of the microscale con-
stituents are accessible to experimental testing (such as micro-indentation). It may
thus be desirable to infer the bulk material response from the constitutive properties
and morphology of the underlying microscale structure. When sufficient scale sepa-
ration can be established between the micro- and macroscales, and if the continuum
assumption holds on both scales, multiscale methods may be employed to obtain the
macroscopic fields (such as stress, heat flux, or polarization) through homogenization
of the microscopic variables, for example, see Hill [49,50], Kouznetsova et al. [62,
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63], Miehe et al. [95], and Özdemir et al. [162].
In this chapter, a multiscale homogenization method proposed in recent years

by Mandadapu et al. [82] for thermomechanical behavior is extended to coupled
electro-magneto-thermo-mechanical (EMTM) materials. Their approach is rooted in
the seminal work by Irving and Kirkwood [57], who develop a method to derive
continuum thermomechanical balance equations from the behavior at the molecular
scale. Thereby, atomistic variables (such as the position and momentum used in
the kinetic theory of gases, as well as intermolecular forces) are upscaled to obtain
expressions for the stress and the heat flux of the continuum.

The work by Mandadapu et al. [82] extends the Irving-Kirkwood method to
upscaling between two continuum scales. Homogenization is effected by prescribing
a weighted volume-averaging scheme for the densities of the extensive quantities of
mass, linear momentum, and total energy.1 Due to the extensivity of these quanti-
ties, their macroscale densities per unit volume (i.e., the mass density ρ, the linear
momentum density ρv, and the total energy density ρe) are naturally expected to be
volume averages of their microscale counterparts. Thus, they lend themselves to the
prescription of a volume averaging homogenization scheme to relate the quantities
between the two scales. The balance equations of the microscopic and macroscopic
continua, along with the prescribed volume-averaging scheme, furnish homogeniza-
tion formulae for the macroscopic stress, heat flux, body force, and body heating.
A numerical implementation of this homogenization theory is presented by Mer-
cer et al. [89] for the purely mechanical, quasistatic case and by Mercer et al. [90]
for purely mechanical high-frequency wave propagation.

For the EMTM material described in this dissertation, the macroscopic densities
of the extensive quantities of mass, linear momentum, total energy, total and bound
electric charge, and magnetic ‘monopole’2 are attributed to the volume-averaging ho-
mogenization rule. Since both scales satisfy the continuum assumption, the behavior
at each scale can be described by balance equations of the form derived in Chapter 4
as well as by Maxwell’s equations. Therefore, the homogenization schemes for the
stress tensor T, the total external force density ρ fB+ fL, the heat flux q, and the total
body heating ρr+ j ·E are inferred from a comparison between the linear momentum
and energy balance equations at the two scales. The EM fields d, h, e, b, and the total
current J are homogenized using the Maxwell equations in conjunction with the
prescribed volume-averaging scheme for the total electric charge density q and the

1As first introduced in Section 2.3.1, an extensive property (e.g., the linear momentum) is addi-
tive when non-intersecting material regions are combined. Note, however, that the density thereof
(e.g., the momentum density) is not extensive since the division of an extensive quantity by another
extensive quantity (e.g., the volume) yields an intensive variable.

2Magnetic monopoles are the magnetic counterpart of the electric charge. Experimental evidence
suggests that magnetic dipoles physically always originate from looping currents or electron spin,
hence magnetic monopoles are not known to exist. They are nevertheless considered an extensive
quantity in the context of this theory, albeit always amounting to zero.
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magnetic ‘monopole’ density. Likewise, homogenizations of the polarization p and
Minkowski magnetization m are obtained from the bound parts of Maxwell’s
equations in conjunction with the volume-averaging scheme for the bound charge
density qR.

This chapter is organized as follows: First, the underlying assumptions and prop-
erties of the volume-averaging scheme are introduced. The homogenization scheme
is then prescribed to the densities of the aforementioned extensive quantities. There-
after, homogenization rules for the remaining variables are systematically obtained
from the balance equations and Maxwell’s equations at the two scales.

5.1 Volume-Averaging Scheme

The scheme, according to which the aforementioned densities of extensive quanti-
ties shall be homogenized, is based on the method by Mandadapu et al. [82]. In
this section, the volume-averaging homogenization rule is introduced along with its
postulated properties.

5.1.1 Overview

Consider a body which in the spatial configuration occupies the open, bounded ma-
terial region R. Let y∈R denote the position of a material point of the macroscopic
scale. Each point y is associated with a surrounding region on the microscopic scale,
where a material point is denoted by the position x∈R. For a schematic represen-
tation of the two scales see Figure 5.1. The corresponding material velocities in the
macro- and microscales are thus given by

vM(y, t) =
.
y and vm(x, t) =

.
x , (5.1)

respectively, where the superscripts ( ·)M and ( ·)m signify quantities in the macroscale
and in the microscale, respectively.

Furthermore, let Gm(x, t) be the (real- or vector-valued) continuously differentiable
density (per unit volume) of an extensive quantity defined at the microscopic scale
in R, say, for example, the linear momentum density ρmvm. Its macroscopic counter-
part GM(y, t) is defined by the weighted volume-averaging homogenization scheme

GM(y, t) =

∫
R
Gm(x, t)g(y,x)dvm . (5.2)

The preceding integral is evaluated for the independent variable x of the microscale,
thus producing a macroscale function of y. For any given macroscale point y, the
continuously differentiable function g(y,x) quantifies the weight of the contribution
of Gm(x, t) at position x in the vicinity y to the macroscopic value GM(y, t). It will
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macroscale

microscale

Figure 5.1: Schematic representation of the microscopic and macroscopic scales in the current
configuration. At any given macroscopic point y the microscopic scale is represented by an RVE
with points x. Reproduced from Mandadapu et al. [82].

be postulated later that g(y,x) is non-zero only within a small subregion of R. This
subregion constitutes the representative volume element (RVE).

The volume-weighted average of the form (5.2) (rather than, say, a mass-weighted
one) is a natural choice given that Gm(x, t) represents an extensive quantity per unit
volume. The density GM in the macroscopic scale, by the very definition of extensiv-
ity, constitutes the volumetric average of the corresponding microscopic density Gm.
Alternatively, let an extensive quantity be expressed per unit mass Fm(x, t) using the
relation Gm= ρmFm, see also in (2.112). In this case, of course, the homogenization
scheme in (5.2) may be viewed as a mass-weighted average of the specific quantity Fm,

FM(y, t) =

∫
R
Fm(x, t)f(y,x)dvm , (5.3)

where the weighting function is replaced with f(y,x)= ρm(x, t)g(y,x).

5.1.2 Properties of the Weighting Function

The postulated properties of g(y,x) are discussed in the following. Note that the
conditions introduced in (i)-(v) are adopted identically from [82].

(i) Since the homogenization (5.2) represents a weighted volume average of Gm(x, t),
the weight density function g(y,x) is normalized, that is,∫

R
g(y,x)dvm = 1 . (5.4)



117

This ensures, for example, that a uniform microscale distribution Gm results in
the same constant value for GM, as to be expected from a consistent averaging
scheme.

(ii) As part of the scale separation and continuum assumptions, it is required that

lm ≪ supp
{
g(y,x)

}
≪ R , (5.5)

where lm represents the characteristic length of the microstructure and the sup-
port3 of g(y,x) is denoted by supp{g(y,x)}. Therefore, the weighted average
for GM encompasses a sufficiently large region of the microstructure to be consid-
ered continuous, yet small enough compared to the overall size of the macroscale
body R for a good spatial resolution of the macroscopic problem.

(iii) This property of g(y,x) concerns the locality of GM. It is assumed that the value
of GM(y, t) is more sensitive to contributions Gm(x, t) of points x close to y. In
particular, it is required that

g(y,x) attains a maximum when x ≡ y . (5.6)

(iv) It is assumed for practical purposes that the averaging scheme in (5.2) encom-
passes only interior locations x, so that

g(y,x) = 0 on ∂R when y ∈ R . (5.7)

The value of GM at y is thus unaffected by Gm on the boundary.

(v) Lastly, it is postulated that the function g(y,x) is invariant under superposed
rigid-body motions, that is,

g(y,x) = g+(y+,x+) = g(y+,x+) . (5.8)

Equation (5.8) implies that

g(y,x) = g(Qy+c,Qx+c) ∀ Q(t) ∈ Orth+ , ∀ c(t) ∈ E3 , (5.9)

where the transformation in (2.153) was used for SRBM of the locations x+ and y+

at both scales. For relation (5.9) to hold under all translations c(t), the function

3The support is defined as follows: First define supp{g(y0,x)} for a fixed macroscale point y0 ∈R.
The support of g(y0,x) is understood to be the characteristic length of the smallest possible subre-
gion Pm ⊂ R of the body R, for which the points x∈Pm map to a non-zero value of g(y0,x). There-
fore, the support of g(y,x) denotes the characteristic length obtained in this way for all macroscale
points y∈R.
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may depend only on the relative position x−y. The condition for form-invariance
simplifies to

ǧ(x−y) = ǧ(x+−y+) = ǧ(Q(x−y)) ∀ Q(t) ∈ Orth+ . (5.10)

Note that this is a special case of the representation theorem in (4.78) where the
function depends only on a single, vector-valued argument. Equation (5.10) is satisfied
for all proper orthogonal Q(t) only when g depends solely on the norm |x−y| but
not its direction, see Truesdell and Noll [146, Chapter B.II]. It is therefore
concluded that g(y,x) is a spherically symmetric function of x centered around a
given y.4 This is functionally represented by the real-valued argument ḡ(|x−y|),
from which it follows that gradients with respect to x and y are related by

gradx g(y,x) = −grady g(y,x) . (5.11)

The material time derivative
.
g(y,x)= grady g(y,x)·

.
y+gradx g(y,x)·

.
x is thus related

to the velocities (5.1) via

.
g(y,x) = −grady g(y,x) ·

(
vm− vM

)
= gradx g(y,x) ·

(
vm− vM

)
, (5.12)

where (vm−vM) may be interpreted as a deviation of the microscale velocity vm from
the local ‘average’ vM.

In the multiscale context a subscript is attached to differential operators to clarify
whether the operation is to be performed with respect to the micro- or macroscale
position, such as in Equation (5.11 - 12). For example, DivY( ·) represents a divergence
with respect to the referential macroscopic location Y. Despite the preceding results,
the weighting function will simply be denoted g(y,x) with the tacit understanding
that the function can be written in terms of the real-valued argument ḡ(|x−y|).

Note that the assumptions in (5.4 - 8) are at odds with each other when y is
close to the boundary. Condition (5.7) implies that the support of g(y,x) must
narrow so as not to include any boundary contribution from x∈ ∂R. In the limit
as y approaches ∂R, the weight density g(y,x) becomes a Dirac delta function
(also known as δ-distribution) and no averaging takes place. This is in violation
of the continuum assumption in (5.5), according to which the support of g(y,x) is
much larger than the underlying microstructure. Moreover, it was concluded from
the form-invariance property in (5.8) that the weight density can be functionally
dependent only of the distance |x−y| but not its absolute position. This implies
that g(y,x) cannot vary across the body so that the same homogenization weights
apply everywhere in R.

4This picture is based on the premise that any given point y of the macroscale is surrounded by
a region of microstructure, where g(y,x) weighs the contribution Gm(x, t) to the average GM(y, t).
It is of course mathematically equally valid to interpret g(y,x) as a spherically symmetric function
of y around a fixed x.
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The aforementioned shortcomings of the homogenization scheme near the bound-
ary can be rectified, for example, by additionally allowing g(y,x) to depend on the
position of the nearest point on the boundary ∂R relative to any given macroscale
point y. Since such a vector is objective, the form-invariance in (5.8) would not be
compromised. Thus by relaxing the restrictions on g(y,x) with regard to its spheri-
cal symmetry and uniformity across R, the assumptions in (5.4 - 8) become mutually
compatible. However, in the interest of simplicity, the inconsistency at the bound-
ary is disregarded in the context of this dissertation with the understanding that the
homogenization scheme is valid only in interior regions.

5.1.3 Useful Corollaries Involving the Weighting Function

The properties of the weighting function postulated in Section 5.1.2 give rise to a
number of useful corollaries for the homogenization of quantities involving differential
operators. In particular, the property in (5.7) is exploited to eliminate boundary
integrals, while (5.11) is used to transform microscopic derivatives to macroscopic
ones. The relations derived here afford a seamless conversion between differential
operators in the two scales. They will be employed repeatedly in Section 5.4, where
the balance equations as well as the Maxwell equations are homogenized.

Letwm(x) represent a continuously differentiable vector-valued spatial quantity on
the microscopic scale, and let wM(y) denote its macroscopic counterpart. It is irrele-
vant for the upcoming argument whether or not the fields are also time-dependent. It
is seen that the homogenization of the microscale divergence divxw

m can be expressed
as ∫

R

(
divxw

m
)
g(y,x)dvm =

∫
R

{
divx

(
wmg(y,x)

)
−wm · gradx g(y,x)

}
dvm

=

∫
∂R

wm g(y,x)︸ ︷︷ ︸
= 0

·nm dam +

∫
R
wm · grady g(y,x)dv

m

=

∫
R

{
divy

(
wmg(y,x)

)
−
(
divyw

m
)︸ ︷︷ ︸

= 0

g(y,x)
}
dvm

= divy

{∫
R
wmg(y,x)dvm

}
, (5.13)

i.e., the weighted volume-average of the divergence of wm is equal to the divergence
of the weighted volume-average of wm. This result is achieved as follows: First, the
integrand (divxw

m)g(y,x) is expanded into a boundary integral plus a term involv-
ing gradx g(y,x) by appealing to the identity in (2.46)1 and the standard form of the
divergence theorem (2.50). The former vanishes on account of the boundary property
in (5.7), whereas the latter is converted into a macroscopic gradient grady g(y,x) by
application of the property in (5.11). The product rule in (2.46)1 is reapplied, this
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time with respect to the macroscopic position y, to convert the gradient back into
a divergence. However, the term divyw

m vanishes because the microscopic quan-
tity wm is functionally independent of y. Likewise, the divergence operator can be
removed from the integral since the integral domain

∫
R ( ·)dvm is microscopic and thus

independent of y, thus furnishing the result in (5.13).
Next, consider the homogenization of the microscale quantity curlxw

m. An iden-
tical line of argument furnishes the property∫

R

(
curlxw

m
)
g(y,x)dvm =

∫
R

{
curlx

(
wmg(y,x)

)
− gradx g(y,x)×wm

}
dvm

=

∫
∂R

nm×wm g(y,x)︸ ︷︷ ︸
= 0

dam +

∫
R
grady g(y,x)×wm dvm

=

∫
R

{
curly

(
wmg(y,x)

)
−
(
curlyw

m
)︸ ︷︷ ︸

= 0

g(y,x)
}
dvm

= curly

{∫
R
wmg(y,x)dvm

}
. (5.14)

It is thus concluded that the weighted volume-average of the curl of wm corresponds
to the curl of the weighted volume-average of wm. Here, the product rule for the
curl in (2.47)1 and the corollary of the divergence theorem in (2.51) were used to
expand the integrand into a boundary integral plus a term involving gradx g(y,x).
As before, the boundary term vanishes on account of (5.7). The gradient is written in
terms of y using (5.11) and converted to the curl by reapplication of (2.51). Lastly,
the independence of the microscopic quantities wm and dvm from the macroscopic
position y is exploited to obtain the result in Equation (5.14).

The last property concerns the homogenization of the divergence of a continuously
differentiable tensor field Tm(x),5 which may or may not be time-dependent. It is
readily seen using the product rule in (2.46)2 along with the tensorial statement of

5Note that in the context of this derivation Tm denotes an arbitrary tensor-valued quantity not
limited to the Cauchy stress. Nevertheless, no effort is made here to generalize the notation because
this property will indeed be applied only to the Cauchy stress.
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the divergence theorem in (2.52), that∫
R

(
divxT

m
)
g(y,x)dvm =

∫
R

{
divx

[
Tmg(y,x)

]
−Tm gradx g(y,x)

}
dvm

=

∫
∂R

Tm g(y,x)︸ ︷︷ ︸
= 0

nm dam +

∫
R
Tm grady g(y,x)dv

m

=

∫
R

{
divy

[
Tmg(y,x)

]
−
(
divyT

m
)︸ ︷︷ ︸

= 0

g(y,x)
}
dvm

= divy

{∫
R
Tmg(y,x)dvm

}
. (5.15)

This result states that the weighted volume-average of the divergence of a tensor
is equal to the divergence of the weighted volume-average thereof. The derivation
in (5.15) is not narrated here since it employs the same strategy used in (5.13 - 14).

5.2 Postulated Homogenization of Extensive Vari-

ables

As previously argued, extensive variables naturally lend themselves to a volume-
averaging homogenization method because their macroscopic densities constitute vol-
umetric averages of their microscopic counterparts. However, not all ostensibly exten-
sive quantities can simultaneously be associated with this averaging method, for this
would inevitably lead to inconsistencies that would contradict the balance equations
or other relations of the homogenized continuum. One such example of a conflicting
choice is between total and internal energy, see later in Equation (5.90). This is to
say that the variables which are prescribed with the volume-averaging homogenization
scheme in (5.2) should be chosen judiciously.

In the prior work by Mandadapu et al. [82] it is postulated that the densities of
the extensive variables of mass, linear momentum, and total (kinetic plus internal)
energy homogenize according to (5.2). To incorporate the electromagnetic aspect
of the materials studied in this dissertation, the densities of the total and bound
electric charges and of the ‘magnetic monopoles’ are further added to this list. The
homogenized macroscopic fields are thus given by

(a) the mass density ρ,

ρM(y, t) =

∫
R
ρm(x, t)g(y,x)dvm , (5.16)

(b) the linear momentum density ρv,

ρM(y, t)vM(y, t) =

∫
R
ρm(x, t)vm(x, t)g(y,x)dvm , (5.17)
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(c) the total energy density,

ρM(y, t)eM(y, t) =

∫
R
ρm(x, t)em(x, t)g(y,x)dvm , (5.18)

(d) the total electric charge density q,

qM(y, t) =

∫
R
qm(x, t)g(y,x)dvm , (5.19)

(e) and the bound electric charge density qR,

qMR(y, t) =

∫
R
qmR(x, t)g(y,x)dv

m . (5.20)

It is mentioned that, in view of the postulated homogenization of the mass density
in (5.16), Equations (5.17) and (5.18) may equivalently be regarded as definitions for
the homogenization of vM(y, t) and eM(y, t), respectively. This is explored in more
detail in Section 5.4.8. The critical point, however, is that homogenization is volume
averaged only for the densities of extensive quantities (of which velocity is not one, but
linear momentum is). Homogenization formulae for such (non-extensive) quantities
may be derived if desired, but are not needed for the solution of the boundary-value
problem of the homogenized macroscopic scale.

Recall that, unlike Gauss’ law (3.6)1 for the charge potential, the magnetic coun-
terpart in (3.10) does not feature any source terms. Such ‘magnetic monopoles’,
if they indeed existed, would be considered extensive akin to (5.20). Hence, it is
assumed a priori that ‘magnetic monopoles’ vanish on both scales. An analogy is
drawn between electric charge versus ‘magnetic monopoles’, as well as their respec-
tive potentials d and b. This approach will be used in Section 5.4.5 to obtain a
homogenization rule for the magnetic flux density bM(y, t), as well as in Section 5.4.6
for the magnetization density mM(y, t).

It is emphasized that the homogenization of total energy in (5.18) refers to the
kinetic plus the internal energy, see the definition in (2.122). According to the integral
form of the principle of energy balance in (4.17) for coupled EMTM materials, the
electromagnetic energy is not considered part of the total energy. Instead, the energy
balance accounts for the power J ·e of the EM fields imparted on the body due to
the effect of the surrounding electromagnetic field on electric charges contained in
the body, which affects the balance of total (kinetic and thermal) energy. Therefore,
according to this viewpoint, the EM fields are not considered part of the body and
the EM energy itself is not included in the energy balance. Instead, electromagnetism
only affects the balances of momenta and energy through the interactions of the EM
fields with the charges contained in the body.6 The postulated homogenizations in

6This point of view is opposed to the alternative representation, employed by Kovetz [64] and
others, of the balance laws discussed in Appendix A.6. In particluar, Equation (A.43) states the
energy balance for the combined kinetic, internal, and electromagnetic parts, that is, 1

2v ·v+ε+u/ρ.
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Equations (5.18) and (5.19) represent a natural extension of this viewpoint, whereby
the total (kinetic and thermal) energy and the electric charges are assumed to be
extensive quantities, whereas the EM part of the energy is viewed as external to the
body and thus not extensive.

5.3 Multiscale Balance Equations

Both the microscopic and macroscopic scales are assumed to independently satisfy
the continuum assumption. As previously discussed, this requires sufficient scale sep-
aration (both in space and time) along with the property in (5.5) concerning the
characteristic length of the support of the weight density g(y,x). If the continuum
requirements are met, it is expected that Maxwell’s equations presented in Chap-
ter 3 and the balance equations of Section 4 are valid at both scales. These governing
equations form the basis for the derivation of homogenization rules for the remain-
ing electromagnetic and thermomechanical variables using the postulated volumetric
averages of the extensive quantities in Section 5.2.

In particular, the integral form of the statement of conservation of mass (2.110),
linear momentum (4.5), angular momentum (4.7), and energy (4.17) are adopted iden-
tically for the microscopic and macroscopic scales of the multiscale model. Likewise,
the integral forms of Maxwell’s Equations (3.6)1,2, (3.9), and (3.10) are assumed to
apply on both scales, which implies that the principle of charge conservation in (3.2)
is valid, too. Lastly, it is assumed that the polarization and magnetization satisfy
the first pair of Maxwell’s Equations on both scales, see the integral statements
in (3.16) and (3.99)1.

In the interest of brevity, the aforementioned integral statements are not repeated
here. Of course, all previous quantities ( ·) are now given by functions ( ·)m(x, t)
and ( ·)M(y, t) depending on their scale. Volumetric balance statements are expressed
in terms of integrals over arbitrary (open, bounded) material subregions Pm⊂R
or PM⊂R and their (smooth) boundaries ∂Pm or ∂PM, respectively. Meanwhile,
balances of flux integrals are stated with respect to arbitrary (open, bounded) material
surfaces Am or AM and their (smooth) boundaries Cm or CM. Differential operators
are understood to act with respect to either the micro- or macroscale position, x or y,
and are equipped with a corresponding subscript to avoid confusion, such as divx( ·)
or CurlY( ·).

Lastly, it is noted that the conclusions drawn in Section 2.1 for the identities
and integral theorems of tensor calculus as well as in Section 2.2 for the kinematics
are valid for the continuum at both scales. Since the divergence, localization, and
Reynolds’ transport theorems are applicable on both scales, the integral forms of the
governing equations are readily converted into their local expressions. The relevant
microscopic and macroscopic equations are briefly summarized here in preparation
for the homogenization in Section 5.4.
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5.3.1 Microscopic Scale

In the multiscale setting, the microscopic scale represents the most fundamental level
for which the continuum approximation holds. It is thus assumed a priori that all
governing equations and definitions introduced in Chapters 3 and 4 must hold, of
which the most important results are listed in the following. In particular, the local
forms of the balances of mass (2.111), linear momentum (4.6), and energy (4.18) are
given by

.
ρm(x, t) = −ρm(x, t) divx

{
vm(x, t)

}
,

ρm(x, t)
.
vm(x, t) = divx

{
Tm(x, t)

}
+ ρm(x, t) fmB (x, t) + fmL (x, t) ,

ρm(x, t)
.
em(x, t) = divx

{[
Tm(x, t)

]T
vm(x, t)

}
+

{
ρm(x, t) fmB (x, t)+ fmL (x, t)

}
· vm(x, t)

− divx

{
qm(x, t)

}
+ ρm(x, t)rm(x, t) + jm(x, t) · Em(x, t) ,

(5.21)

respectively, where the definition in (2.122) was used for the total energy density ρmem.
Note that Equation (5.21)3 differs from (4.18) in that the power of the EM fields is
split into its objective and non-objective parts. This is achieved using the microscopic
version of (4.16) for the EM power density,

Jm(x, t) · em(x, t) = jm(x, t) · Em(x, t) + fmL (x, t) · vm(x, t) . (5.22)

Recall that this relation was derived in (4.16) solely using the definitions of the
total current density (3.4)2, the electromotive intensity (3.68), and the Lorentz
force (4.2), which are given in the microscopic scale by

Jm(x, t) = jm(x, t) + qm(x, t)vm(x, t) ,

Em(x, t) = em(x, t) + vm(x, t)× bm(x, t) ,

fmL (x, t) = qm(x, t)em(x, t) + Jm(x, t)× bm(x, t) .

(5.23)

Of course, Equations (5.22) and (5.23)1,3 are satisfied separately by the free and bound
parts of qM and jM as well.

The local forms of Maxwell’s Equations (3.15)1−4 are reproduced on the micro-
scopic scale according to

qm(x, t) = divx

{
dm(x, t)

}
,

Jm(x, t) +
∂

∂t

{
dm(x, t)

}
= curlx

{
hm(x, t)

}
,

∂

∂t

{
bm(x, t)

}
= −curlx

{
em(x, t)

}
,

0 = divx

{
bm(x, t)

}
.

(5.24)

They comprise Gauss’ law, Ampère’s circuital law, Faraday’s law of induction,
and Gauss’ law for magnetism. Equations (5.24)1,2 pertain to the total fields, which
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decompose additively into the free and bound parts. For polarizable (dR=−p) or
magnetizable (hR=m) materials, the first pair of Maxwell’s equations is given
separately according to Equations (3.33)1,2 and (3.34)1,2 by

qmF(x, t) = divx

{
dm
F(x, t)

}
, Jm

F(x, t) +
∂

∂t

{
dm
F(x, t)

}
= curlx

{
hm
F(x, t)

}
,

qmR(x, t) = −divx

{
pm(x, t)

}
, Jm

R(x, t) −
∂

∂t

{
pm(x, t)

}
= curlx

{
mm(x, t)

}
.

(5.25)
The local form of electric charge conservation (3.5), which gave rise to the first
pair (3.15)1,2 of Maxwell’s equations, is stated as

∂

∂t

{
qm(x, t)

}
= −divx

{
Jm(x, t)

}
. (5.26)

As previously discussed in Section 3.2, the free and bound parts {qmF ,Jm
F} and {qmR ,Jm

R}
of the charge-currents separately satisfy the conservation of charge,

∂

∂t

{
qmF(x, t)

}
= −divx

{
Jm
F(x, t)

}
,

∂

∂t

{
qmR(x, t)

}
= −divx

{
Jm
R(x, t)

}
.

(5.27)

Finally, the aether relations (3.35) are given in the microscale by

dm(x, t)
Aet.
= ε0e

m(x, t) ,

hm(x, t)
Aet.
= bm(x, t)/µ0 ,

(5.28)

or alternatively

dm
F(x, t)

Aet.
= ε0e

m(x, t) + pm(x, t) ,

hm
F(x, t)

Aet.
= bm(x, t)/µ0 − mm(x, t) ,

(5.29)

where the polarization and magnetization are explicitly accounted for, see (3.37)1,2.
Note that the upcoming derivation does not rely on the aether relations unless ex-

plicitly indicated by the superscript
Aet.
=, see Section 5.4.7.

5.3.2 Macroscopic Scale

It was previously argued that the macroscopic scale satisfies the continuum assump-
tion, too, hence the governing equations derived in Chapters 3 and 4 are valid on
both scales. However, unlike in the microscopic scale, the macroscopic quantities
are determined from the microscopic fields by way of homogenization. Appropriate
homogenization rules for these fields (say, for example, the stress TM(y, t) or the po-
larization pM(y, t)) are derived by enforcing the desired governing equations on the
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macroscopic scale while applying the prescribed volumetric averages of the extensive
quantities from Section 5.2.

Therefore, rather than an a priori assumption of the validity of all macroscopic
governing equations, the homogenization formulae are defined such that the resulting
fields indeed satisfy the desired macroscopic balance equation. Nevertheless, it is
tacitly understood that all equations derived in the context of the continuum theory
are valid in the macroscopic scale, provided that homogenization formulae are defined
consistently for all relevant fields.

In this section, only those equations are listed which will be enforced in Section 5.4
to derive homogenization formulae for macroscopic fields of interest. Recall that the
macroscopic fields are functions of the position y rather than x. The macroscale
balance equations read

.
ρM(y, t) = −ρM(y, t) divy

{
vM(y, t)

}
,

ρM(y, t)
.
vM(y, t) = divy

{
TM(y, t)

}
+ ρM(y, t) fMB (y, t) + fML (y, t) ,

ρM(y, t)
.
eM(y, t) = divy

{[
TM(y, t)

]T
vM(y, t)

}
+
{
ρM(y, t) fMB (y, t)+ fML (y, t)

}
·vM(y, t)

− divy

{
qM(y, t)

}
+ ρM(y, t)rM(y, t) + jM(y, t) · EM(y, t) ,

(5.30)

which are entirely analogous to their microscopic counterparts in Equations (5.21)1−3.

Note that the angular momentum balance TM=TMT
is not explicitly enforced here.

However, it will be shown in Equation (5.45) that the symmetry of TM follows from
the linear momentum balance (5.30)2 provided thatTm=TmT. TheMaxwell Equa-
tions (5.24)1−4 for the macroscopic scale read

qM(y, t) = divy

{
dM(y, t)

}
,

JM(y, t) +
∂

∂t

{
dM(y, t)

}
= curly

{
hM(y, t)

}
,

∂

∂t

{
bM(y, t)

}
= −curly

{
eM(y, t)

}
,

0 = divy

{
bM(y, t)

}
.

(5.31)

The first pair (5.31)1,2 may be further separated into the free and bound contributions.
For the purposes of homogenization in Section 5.4 only the bound part is used, that
is,

qMR(y, t) = −divy

{
pM(y, t)

}
,

JM
R(y, t) −

∂

∂t

{
pM(y, t)

}
= curly

{
mM(y, t)

}
.

(5.32)

Equations (5.32)1,2 constitute the macroscopic counterparts of (5.25)3,4. The local
form of conservation of electric charge is given in the macroscale by

∂

∂t

{
qM(y, t)

}
= −divy

{
JM(y, t)

}
, (5.33)
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or separately for the bound charge-currents according to

∂

∂t

{
qMR(y, t)

}
= −divy

{
JM
R(y, t)

}
. (5.34)

These are the macroscopic counterparts of Equations (5.26) and (5.27)2. It is pointed
out that the charge balances (5.33) and (5.34) follow immediately from (5.31)1,2
and (5.32)1,2, respectively. They may thus be regarded as a consequence of the
Maxwell equations rather than separately enforced governing equations.

It is mentioned that there is no particular reason to expect the aether relations,
given in the microscale by (5.28 - 29), to be automatically satisfied in the macroscopic
scale. They are not derived from any balance equation, but instead represent con-
stitutive equations of the homogenized material. As such, they may well differ from
their microscopic counterparts. Nevertheless, it will be shown in Section 5.4.7 that
the aether relations are indeed satisfied on the macroscopic scale.

Lastly, it is pointed out that each extensive thermomechanical variable whose
homogenization was postulated in (5.16 - 18) is associated with a corresponding bal-
ance law (5.30)1−3 enforced on the macroscopic scale. Similarly, the total and the
bound electric charges postulated in (5.19 - 20) are associated with the charge bal-
ances in (5.33 - 34). However, there is no clear one-to-one correspondence between
the homogenized extensive quantities and the Maxwell equations. For example,
the homogenization of charge qM is simultaneously associated with the charge bal-
ance (5.33) and the first pair of Maxwell’s Equations (5.31)1,2.

5.4 Homogenization of Governing Equations

In this section, the as of yet unspecified homogenization formulae for the macroscopic
fields featured in the governing equations of Section 5.3.2 (such as TM, JM, etc.)
are obtained as follows: First, the microscopic balance equations of Section 5.3.1 are
substituted into the volume-weighted averaging integrals postulated in Section 5.2.
Appealing to the properties of the weighting function g(y,x) outlined in Section 5.1,
the homogenized balance equations are manipulated into a form comparable to the
macroscopic equations listed in Section 5.3.2. The missing homogenization formulae
may then be inferred from a comparison of the ensuing expression with the corre-
sponding macroscopic balance equation. Therefore, in effect, the homogenization
formulae are deliberately chosen to ensure that the balance equations of the macro-
scopic continuum are indeed satisfied. For the sake of brevity, the arguments of the
fields ( ·)M(y, t) and ( ·)m(x, t) are omitted from now on, leaving only the superscript
letter to distinguish between micro- and macroscale functions.
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5.4.1 Mass Density

Recall the postulated homogenization rules for the macroscopic mass density ρM(y, t)
and for the linear momentum density ρM(y, t)vM(y, t) in Equations (5.16) and (5.17),
respectively. Given that the local statement of conservation of mass (5.21)1 is valid at
the microscopic level, it is yet to be verified whether the aforementioned homogeniza-
tion formulae are consistent with the conservation of mass (5.30)1 at the macroscopic
scale. To this end, the material time derivative of (5.16) is taken, furnishing

.
ρM =

d

dt

∫
R
ρmg(y,x)dvm

=

∫
R
ρm

.
g(y,x)dvm

=

∫
R
ρm grady g(y,x) · vM dvm −

∫
R
ρm grady g(y,x) · vm dvm . (5.35)

Here, the Reynolds’ transport theorem of the form (2.112) was employed,7 upon
which Equation (5.12)1 was substituted for

.
g(y,x). Since the integral

∫
R ( ·)dvm per-

tains to the microscopic argument x it is concluded that the macroscopic gradient
operator grady( ·) and the macroscopic velocity vM may be removed from the inte-
gral of the first term in (5.35). Furthermore, given that ρmvm is functionally inde-
pendent of the macroscopic position y, the gradient for the second term in (5.35)
is readily converted to a divergence by means of the identity in (2.46)1, that is,
grady g ·(ρmvm)=divy(gρ

mvm). Equation (5.35) therefore simplifies to

.
ρM =

∫
R
grady

(
ρmg(y,x)

)
dvm · vM −

∫
R
divy

(
ρmg(y,x)vm

)
dvm

= grady

{∫
R
ρmg(y,x)dvm

}
· vM − divy

{∫
R
ρmvmg(y,x)dvm

}
= grady

(
ρM

)
· vM − divy

(
ρMvM

)
= −ρM divyv

M , (5.36)

where use was made of definitions (5.16) and (5.17), as well as identity (2.46)1 once
again. This result of course corresponds to the macroscopic statement for the conser-
vation of mass, see (5.30)1. Equation (5.36) confirms that the choice of homogeniza-
tion for (5.16) and (5.17) it is indeed consistent. In other words, if the mass density
homogenizes by volume-averaging rule (5.16), then the momentum density must ho-
mogenize according to (5.17) in order for the macroscopic continuum variables to
satisfy the conservation of mass.

7Recall that the conservation of mass (2.111) was used to derive this identity. When applied
in (5.35), this relies on the microscopic mass balance (5.30)1. Since the derivation aims to show that
the macroscopic balance is identically satisfied, the use of (2.112) does not compromise the validity
of the result.
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5.4.2 Linear Momentum Density

The balance of linear momentum is given on the microscopic and macroscopic scales
by Equations (5.21)2 and (5.30)2. The homogenizations of some quantities involved in
these equations are already known. Specifically, the macroscopic densities of mass ρM

and linear momentum ρMvM are determined by (5.16) and (5.17), respectively. Yet to
be determined are the homogenization formulae for theCauchy stress tensorTM(y, t)
and for the density of total external forces ρM(y, t)fMB (y, t)+ fML (y, t).

In this section, aforementioned quantities are deduced from the postulated macro-
scopic balance (5.30)2 as follows: First, it is noted that by product rule and Equa-
tion (5.30)1 the rate of change of macroscopic linear momentum is given by

ρM
.
vM =

(
ρMvM

).
− .
ρMvM =

(
ρMvM

).
+

(
divyv

M
)
ρMvM . (5.37)

In order to write the macroscopic statement of linear momentum balance in terms of
the microscopic variables, the quantities on the right-hand side of (5.37) are expressed
using their homogenization rules. Next, upon minor manipulations, the microscopic
momentum balance (5.21)2 is substituted into the right-hand side. Lastly, the ensuing
expression is made to look like the macroscale momentum equation (5.30)2, from
which TM and fMB are deduced.

The material time derivative of the homogenization of linear momentum ρMvM

in (5.17) is given by

(
ρMvM

).
=

d

dt

∫
R
ρmvmg(y,x)dvm

=

∫
R
ρm

(
vmg(y,x)

).
dvm

=

∫
R
ρm

.
vmg(y,x)dvm +

∫
R
ρmvm

{
grady g(y,x) ·

(
vM−vm

)}
dvm︸ ︷︷ ︸

(i)

,

(5.38)

where use was made of the Reynolds transport theorem of the form (2.112) for
the microscale and Equation (5.12)1 for

.
g(y,x). The last integral in (5.38) is further

expanded and rearranged as

(i) =

∫
R
ρm

[
vm⊗grady g(y,x)

]
vM dvm −

∫
R
ρm

[
vm⊗vm

]
grady g(y,x)dv

m

= grady

{∫
R
ρmvmg(y,x)dvm

}
vM︸ ︷︷ ︸

(ii)

−divy

{∫
R
ρm

[
vm⊗vm

]
g(y,x)dvm︸ ︷︷ ︸

(iii)

}
,

(5.39)
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where the independence of the microscopic variables on y was exploited to remove vM

and the gradients from the integrals, in part with the aid of (2.46)2. The first term
of (5.39) is expanded using identity in (2.46)5 to write

(ii) =
[
grady

(
ρMvM

)]
vM = divy

[
ρMvM⊗vM

]
−

(
divyv

M
)
ρMvM . (5.40)

Note that the last term in (5.40) partially cancels with (5.37), hence the the time
derivative on the left-hand side of (5.38) can be simplified. Meanwhile, the second
part of (5.39) is alternatively expressed as

(iii) =

∫
R
ρm

[(
vm−vM

)
⊗
(
vm−vM

)
+ vm⊗vM + vM⊗vm− vM⊗vM

]
g(y,x)dvm

=

∫
R
ρm

(
vm−vM

)
⊗
(
vm−vM

)
g(y,x)dvm +

∫
R
ρmvmg(y,x)dvm⊗ vM

+ vM⊗
∫
R
ρmvmg(y,x)dvm −

∫
R
ρmg(y,x)dvmvM⊗ vM

=

∫
R
ρm

(
vm−vM

)
⊗
(
vm−vM

)
g(y,x)dvm + ρMvM⊗vM , (5.41)

where (5.16) and (5.17) were employed. Note that the last term in (5.41) cancels with
the first term in (5.40). It is thus concluded from (5.37 - 41) that the rate of change
of macroscopic linear momentum may be expressed by

ρM
.
vM =

∫
R
ρm

.
vmg(y,x)dvm︸ ︷︷ ︸

(iv)

−divy

{∫
R
ρm

(
vm−vM

)
⊗
(
vm−vM

)
g(y,x)dvm

}
.

(5.42)
According to Equation (5.42) the homogenization rule for ρM

.
vM deviates from the

volume-averaging scheme (5.2) by an amount determined by the fluctuation of the
microscopic velocity vm away from the macroscopic ‘average’ vM.8

Lastly, the microscopic balance of linear momentum (5.21)2 is substituted into the
first integral of Equation (5.42),

(iv) =

∫
R

{
divxT

m + ρmfmB + fmL

}
g(y,x)dvm

= divy

{∫
R
Tmg(y,x)dvm

}
+

∫
R

(
ρmfmB + fmL

)
g(y,x)dvm , (5.43)

where the corollary in (5.15) was used to remove the divergence operator from the

8The reader is reminded that the micro- and macroscopic velocities are given by the material
time derivatives of the respective position vectors x and y, respectively, see (5.1).
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integral. Equation (5.42) thus becomes

ρM
.
vM = divy

{∫
R

[
Tm− ρm

(
vm−vM

)
⊗
(
vm−vM

)]
g(y,x)dvm

}
+

∫
R

(
ρmfmB + fmL

)
g(y,x)dvm ,

(5.44)

where the terms are grouped into boundary tractions (as indicated by the divergence)
and volumetric forces.

Note the similarity between the result in (5.44) and the macroscopic balance of
linear momentum (5.30)2. To ensure that the macroscopic balance takes the desired
form it is concluded that the macroscopic stress tensor is given, to within a divergence-
free tensor-valued function of (y, t),9 by

TM(y, t) =

∫
R
Tm(x, t)g(y,x)dvm

−
∫
R
ρm(x, t)

(
vm(x, t)−vM(y, t)

)
⊗
(
vm(x, t)−vM(y, t)

)
g(y,x)dvm .

(5.45)

The deviation of (5.42) from a pure volume average is thus carried over to the stress
tensor. The macroscopic stress (5.45) comprises the volume average of microscopic
stress Tm plus a momentum-like term due to the difference vm−vM between the
material velocities at the two scales. It accounts for the effects of micro-inertia due
to microscopic fluctuations in the velocity, similar to the effects of particle inertia in
the Irving-Kirkwood theory [57]. It is seen from (5.45) that TM is symmetric as
long as Tm is, thereby satisfying the angular momentum balance on the macroscale
automatically.

The comparison between (5.44) and (5.30)2 further implies that the sum of the
body- and Lorentz force densities homogenizes as

ρM(y, t) fMB (y, t)+ fML (y, t) =

∫
R

(
ρm(x, t)fmB (x, t)+ fmL (x, t)

)
g(y,x)dvm . (5.46)

This is in accordance with the weighted volume-averaging scheme in (5.2) albeit not
for each force individually, as will be discussed in Section 5.4.8. Indeed, from the
viewpoint of the macroscale initial/boundary-value problem (IBVP) the distinction
between the Lorentz force and other body forces is irrelevant.

9It is argued by Mandadapu et al. [82] that “at any given point y and time t, this function
may be set to zero, provided that the balance laws and assorted boundary conditions are satisfied
simultaneously in both scales.”
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5.4.3 Total Energy Density

The macroscopic total energy density per unit volume is given by the postulated vol-
umetric averaging scheme in (5.18). Yet to be determined are the homogenizations
for the volumetric heat sources ρM(y, t)rM(y, t)+ jM(y, t)·EM(y, t) and for the macro-
scopic heat flux qM(y, t). They are derived in this section using the microscopic and
macroscopic statements for the balance of energy, see Equations (5.21)3 and (5.30)3,
following the same approach adopted in Section 5.4.2 for the linear momentum.

The rate of change of macroscopic total energy density is expressed in terms of
the microscopic fields using Equations (2.112), (5.12)1, (5.18), and (5.30)1,

ρM
.
eM =

[
ρMeM

].
− .
ρMeM

=
d

dt

∫
R
ρmemg(y,x)dvm + ρMeM divyv

M

=

∫
R
ρm

.
emg(y,x)dvm + ρMeM divyv

M

+

∫
R
ρmem

[
grady g(y,x) ·

(
vM−vm

)]
dvm︸ ︷︷ ︸

(i)

. (5.47)

The term involving grady g(y,x) is expanded according to

(i) = grady

{∫
R
ρmemg(y,x)dvm

}
· vM︸ ︷︷ ︸

(ii)

−divy

{∫
R
ρmemg(y,x)vm dvm︸ ︷︷ ︸

(iii)

}
, (5.48)

where (2.46)1 was used, as well as the independence from y of the microscopic fields.
The above two terms are more conveniently rewritten as

(ii) = grady

(
ρMeM

)
· vM = divy

(
ρMeMvM

)
− ρMeM divyv

M

(iii) =

∫
R
ρmemg(y,x)

(
vm−vM

)
dvm + ρMeMvM ,

(5.49)

where (5.18) was employed. It is thus concluded from (5.47 - 49) that the rate of
change of macroscopic total energy density may be expressed as

ρM
.
eM =

∫
R
ρm

.
emg(y,x)dvm − divy

{∫
R
ρmemg(y,x)

(
vm−vM

)
dvm︸ ︷︷ ︸

(iv)

}
. (5.50)

The preceding homogenization does not observe a volumetric average due to the
deviation of the microscale velocity from its macroscopic ‘average’. Note the simi-
larity between the homogenization formulae for the rates of change of the (scalar)
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energy ρM
.
eM in (5.50) and of the (vector-valued) momentum ρM

.
vM in (5.42). The

microscale velocity fluctuations enter linearly in the former and quadratically in the
latter.

An instructive alternative formulation of (5.50) can be derived using the identity∫
R
ρmg(y,x)

(
vm−vM

)
dvm = 0 , (5.51)

which is readily derived from (5.16) and (5.17). The term in the divergence of (5.50)
may thus be rewritten as

(iv) =

∫
R
ρm

[
εm+ 1

2
vm ·vm

]
g(y,x)

(
vm−vM

)
dvm

=

∫
R
ρm

[
εm+ 1

2

(
vm−vM

)
·
(
vm−vM

)]
g(y,x)

(
vm−vM

)
dvm

+

∫
R
ρm

[(
vm−vM

)
·vM

]
g(y,x)

(
vm−vM

)
dvm

=

∫
R
ρmẽmg(y,x)

(
vm−vM

)
dvm

+

[∫
R
ρm

(
vm−vM

)
⊗
(
vm−vM

)
g(y,x) dvm

]
vM , (5.52)

where ẽm is an alternative measure of microscale total energy density per unit mass,
introduced by Mandadapu et al. [82, Equation 2.40] according to

ẽm = εm+ 1
2

(
vm−vM

)
·
(
vm−vM

)
. (5.53)

It represents the sum of internal and kinetic energies, where the kinetic energy is
measured not from the reference frame but instead relative to a convected frame
moving at the ‘average’ local velocity vM of the macroscopic material. Of course, this
frame is neither inertial nor does it correspond to a rigid-body motion relative to the
reference frame. Nevertheless, a convenient consequence of this formulation is that the
last term in Equation (5.52) mirrors the amount to which the macroscopic stress TM

deviates from the volumetric average of Tm in Equation (5.45). With (5.52) the
homogenization of the rate of change of total energy density in (5.50) can be restated
as

ρM
.
eM =

∫
R
ρm

.
emg(y,x)dvm︸ ︷︷ ︸

(v)

−divy

{∫
R
ρmẽmg(y,x)

(
vm−vM

)
dvm

}

− divy

{[∫
R
ρm

(
vm−vM

)
⊗
(
vm−vM

)
g(y,x) dvm

]
vM

}
.

(5.54)
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Lastly the microscopic balance of energy (5.21)3 is substituted into the first term
on the right-hand side of Equation (5.54),

(v) =

∫
R
divx

(
TmTvm

)
g(y,x)dvm +

∫
R

(
ρm fmB + fmL

)
· vmg(y,x)dvm

−
∫
R
divx

(
qm

)
g(y,x)dvm +

∫
R

(
ρm rm+ jm · Em

)
g(y,x)dvm

= divy

{∫
R
TmTvmg(y,x)dvm︸ ︷︷ ︸

(vi)

}
+

∫
R

(
ρm fmB + fmL

)
· vmg(y,x)dvm︸ ︷︷ ︸

(vii)

− divy

{∫
R
qmg(y,x)dvm

}
+

∫
R

(
ρm rm+ jm · Em

)
g(y,x)dvm , (5.55)

where the property in (5.13) was used to convert the divergences. Recall that the
stress TM and the external forces ρMfMB + fML in the macroscopic scale were derived in
the preceding section, see (5.45) and (5.46), respectively. It is thus more convenient
to express (5.55) in terms of the velocity fluctuations

(vi) =

[∫
R
Tmg(y,x)dvm

]T
vM +

∫
R
TmT

(
vm−vM

)
g(y,x)dvm

= TMT
vM +

∫
R
TmT

(
vm−vM

)
g(y,x)dvm

+

[∫
R
ρm

(
vm−vM

)
⊗
(
vm−vM

)
g(y,x) dvm

]
vM , (5.56)

and

(vii) =
(
ρM fMB + fML

)
· vM +

∫
R

(
ρm fmB + fmL

)
·
(
vm−vM

)
g(y,x)dvm . (5.57)

The last term in Equation (5.56) ultimately cancels with the last term in (5.54), so
that Equations (5.54 - 57) furnish

ρM
.
eM = divy

(
TMT

vM
)
+

(
ρM fMB + fML

)
· vM

− divy

{∫
R

[
qm + ρmẽm

(
vm−vM

)
−TmT

(
vm−vM

)]
g(y,x)dvm

}
+

∫
R

[
ρm rm + jm · Em +

(
ρm fmB + fmL

)
·
(
vm−vM

)]
g(y,x)dvm .

(5.58)

Here, all remaining terms are identified either as boundary heat fluxes (as indicated
by the divergence) or volumetric sources of heat, similar to the expression in (5.44)
for linear momentum.
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A comparison with the macroscopic energy balance (5.30)3 yields a homogeniza-
tion rule for the heat flux which is given to within a divergence-free vector function
of (y, t) by

qM =

∫
R

[
qm + ρmẽm

(
vm−vM

)
−TmT

(
vm−vM

)]
g(y,x)dvm . (5.59)

The heat flux at the macroscopic scale thus accounts for the weighted volumet-
ric average of the microscopic heat flux plus two additional contributions. Recall
that ẽm represents an alternative measure of total microscopic energy which accounts
for the internal energy plus the kinetic energy due to microscopic velocity fluctua-
tions vm−vM relative to the ‘average’ velocity, see (5.53). The second term in (5.59)
is thus interpreted as a convective transport of internal energy across the boundary
of a macroscopic region due to microscopic velocity fluctuations. The third term rep-
resents the flux of energy across the boundary of a macroscopic region due to work
performed by the stresses in the presence of microscopic velocity fluctuations.

Meanwhile, the total body heating is found to homogenize according to

ρM rM + jM · EM =

∫
R

[
ρm rm + jm · Em +

(
ρm fmB + fmL

)
·
(
vm−vM

)]
g(y,x)dvm .

(5.60)
The macroscopic rate of volumetric heating consists not only of the weighted volu-
metric average of the microscopic counterpart, but also the rate of work performed by
the external forces ρm fmB + fmL as a result of microscopic velocity fluctuations vm−vM

relative to the ‘average’. Note that the external heating ρMrM+ jM ·EM is homoge-
nized as a whole, irrespective of its physical origin. Indeed, the distinction between
Joule heating and any other external sources of volumetric heating is irrelevant for
the macroscopic problem. The same argument was made in (5.46) for the external
body forces. Additional macroscopic relations can be invoked to obtain individual
homogenization formulae for ρMrM and jM ·EM if necessary, see Section 5.4.8.

5.4.4 Total Charge Density

Recall that the microscopic charge density qm(x, t) is related to the current Jm(x, t)
through the conservation of electric charge in Equation (5.26). Furthermore, the first
pair of Maxwell’s Equations (5.24)1,2 connects the charge-currents {qm,Jm} to the
charge-current potentials dm(x, t) and hm(x, t). The same continuum equations shall
be enforced on the macroscopic variables, see Equations (5.31)1,2 and (5.33). The
three aforementioned governing equations in the two scales are related via the postu-
lated volume-averaging scheme in (5.19) for qM(y, t). Therefore, they can be employed
to derive consistent homogenization rules for JM(y, t), dM(y, t), and hM(y, t).
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Total Current

The derivation of the homogenization of JM(y, t) begins with the partial time deriva-
tive of the volume-weighted average in (5.19), into which microscopic charge bal-
ance (5.26) is inserted, furnishing

∂qM

∂t
=

∂

∂t

∫
R
qmg(y,x)dvm

=

∫
R

∂qm

∂t
g(y,x)dvm

= −
∫
R

(
divxJ

m
)
g(y,x)dvm . (5.61)

In order to obtain an expression comparable to (5.33) the weighted volumetric average
of the divergence

∫
divx( ·)g in (5.61) must be converted into the divergence divy

∫
( ·)g

of the weighted volume-average. This of course corresponds exactly with the corollary
in (5.13) derived from the properties of g(y,x) postulated in Section 5.1.2, so that

∂qM

∂t
= −divy

{∫
R
Jmg(y,x)dvm

}
. (5.62)

It is therefore concluded by comparison with (5.33) that the macroscale current, to
within a divergence-free vector function of (y, t), homogenizes according to

JM(y, t) =

∫
R
Jm(x, t)g(y,x)dvm . (5.63)

Charge Potential

Recall that the microscopic charge density qm(x, t) is related to the charge poten-
tial dm(x, t) via Gauss’ law in Equation (5.24)1. Its macroscopic counterpart qM(y, t)
is postulated to homogenize according to (5.19). Hence, by enforcing Gauss’ law on
the macroscopic scale the homogenization of dM(y, t) may be inferred. This leads to

qM =

∫
R
qmg(y,x)dvm

=

∫
R

(
divxd

m
)
g(y,x)dvm

= divy

{∫
R
dmg(y,x)dvm

}
, (5.64)

where, again, the microscale term
∫
divx( ·)g is converted to a macroscopic divy

∫
( ·)g

using the property in (5.13). A comparison with (5.31)1 thus yields the homogeniza-
tion of dM to within a divergence-free vector function of (y, t),

dM(y, t) =

∫
R
dm(x, t)g(y,x)dvm . (5.65)
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Current Potential

Ampère’s circuital law (5.24)2 relates the total current Jm(x, t) and the charge po-
tential dm(x, t) to the current potential hm(x, t). Since the macroscopic JM(y, t)
and dM(y, t) are already given by Equations (5.63) and (5.65), respectively, the macro-
scopic counterpart (5.31)2 can be invoked to deduce the homogenization of hM(y, t).
To this end, the left-hand side of (5.31)2 is expressed as

JM +
∂dM

∂t
=

∫
R
Jmg(y,x)dvm +

∂

∂t

∫
R
dmg(y,x)dvm

=

∫
R

(
Jm +

∂dm

∂t

)
g(y,x)dvm

=

∫
R

(
curlxh

m
)
g(y,x)dvm . (5.66)

Next, the curl operator in
∫
curlx( ·)g is removed from the integral to curly

∫
( ·)g using

the property in (5.14), so that

JM +
∂dM

∂t
= curly

{∫
R
hmg(y,x)dvm

}
. (5.67)

Therefore, by comparison with (5.31)2, the macroscopic current potential is given to
within a curl-free vector function of (y, t) by

hM(y, t) =

∫
R
hm(x, t)g(y,x)dvm . (5.68)

5.4.5 Magnetic Monopole Density

Gauss’ law for magnetism on the microscale (5.24)4 states that the magnetic flux den-
sity bm(x, t) is divergence-free. This is analogous to Gauss’ law (5.24)1 for the charge
potential dm(x, t) in the case where the charge distribution qm(x, t) vanishes. As pre-
viously discussed in (3.10) this implies the absence of any lone ‘magnetic charges’,
which is in line with experimental evidence that magnetism manifests only in the
form of magnetic dipoles arising from circular electric currents.

The (vanishing) magnetic monopoles, like electric charges, are considered an ex-
tensive quantity. Their density distribution is thus postulated to follow the homog-
enization scheme (5.2), which of course reduces trivially in this case. Nevertheless,
this premise yields homogenization formulae for bM(y, t) and eM(y, t).

Magnetic Flux Density

The volume-weighted average defined in (5.2) is applied to the entirety of the mi-
croscopic form of Gauss’ law for magnetism (5.24)4. The property in (5.13) for the



138

homogenization of divergences leads to

0 =

∫
R

(
divxb

m
)
g(y,x)dvm

= divy

{∫
R
bmg(y,x)dvm

}
. (5.69)

A comparison with the macroscopic counterpart (5.31)4 yields the homogenization
of bM to within a divergence-free vector function of (y, t),

bM(y, t) =

∫
R
bm(x, t)g(y,x)dvm . (5.70)

Electric Field

Given the preceding result for bM(y, t), Faraday’s law of induction is invoked on
both scales, (5.24)3 and (5.31)3, respectively, to deduce a homogenization rule for the
macroscopic electric field eM(y, t). Due to the similarity with Ampère’s law (5.24)2
in the case Jm=0, the derivation closely follows Equations (5.66 - 68). In particular,

∂bM

∂t
=

∫
R

∂bm

∂t
g(y,x)dvm

= −
∫
R

(
curlxe

m
)
g(y,x)dvm

= −curly
{∫

R
emg(y,x)dvm

}
. (5.71)

It is thus concluded by comparison with (5.31)3 that e
M is given to within a curl-free

vector function of (y, t) by

eM(y, t) =

∫
R
em(x, t)g(y,x)dvm . (5.72)

5.4.6 Bound Charge Density

The homogenization formulae for JM, dM, and hM were derived in Section 5.4.4 using
the volume-weighted average postulated for qM in conjunction with the premise that
the first pair of Maxwell’s equations are valid on the macroscopic scale. Likewise,
the postulated volumetric average of qMR in (5.20) furnishes homogenization formu-
lae for JM

R , p
M, and mM. This is achieved by enforcing the bound parts of charge

conservation in (5.34) and of Maxwell’s first pair of Equations (5.32)1,2, respec-
tively, on the macroscale. Note that this process is entirely analogous to the one in
Section 5.4.4.
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Total Bound Current

The partial time derivative of the prescribed homogenization in (5.20) for the bound
charges qMR(y, t) yields

∂qMR
∂t

=

∫
R

∂qmR
∂t

g(y,x)dvm

= −
∫
R

(
divxJ

m
R

)
g(y,x)dvm

= −divy

{∫
R
Jm
Rg(y,x)dv

m

}
, (5.73)

where the microscopic charge conservation in (5.27)2 and the divergence property
in (5.13) were used. It is thus inferred from the macroscopic statement of charge con-
servation in (5.34) that, up to a divergence-free term, the total bound current JM

R(y, t)
reads

JM
R(y, t) =

∫
R
Jm
R(x, t)g(y,x)dv

m . (5.74)

Polarization

The bound part of Gauss’ law (5.25)3 is inserted into (5.20) to write

qMR =

∫
R
qmR g(y,x)dv

m

= −
∫
R

(
divxp

m
)
g(y,x)dvm

= −divy

{∫
R
pmg(y,x)dvm

}
, (5.75)

where (5.13) was used. By enforcing the macroscopic counterpart (5.32)1 it is con-
cluded that the polarization pM(y, t) homogenizes to within a divergence-free term
according to

pM(y, t) =

∫
R
pm(x, t)g(y,x)dvm . (5.76)
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Magnetization

Equations (5.14), (5.74) and (5.76) are employed to homogenize Ampère’s circuital
law (5.25)4 for the bound fields, furnishing

JM
R −

∂pM

∂t
=

∫
R
Jm
Rg(y,x)dv

m − ∂

∂t

∫
R
pmg(y,x)dvm

=

∫
R

(
Jm
R −

∂pm

∂t

)
g(y,x)dvm

=

∫
R

(
curlxm

m
)
g(y,x)dvm

= curly

{∫
R
mmg(y,x)dvm

}
. (5.77)

A comparison with the macroscopic Ampère’s law (5.32)2 yields the homogenization
of the Minkowski magnetization mM(y, t),

mM(y, t) =

∫
R
mm(x, t)g(y,x)dvm , (5.78)

to within a curl-free term.

5.4.7 Aether Relations

According to Equations (5.19), (5.63), (5.65), (5.68), (5.70), and (5.72), the homoge-
nization formulae of qM, JM, dM, hM, bM, and eM obey the weighted volumetric aver-
aging scheme outlined in (5.2). This is not entirely surprising given that Maxwell’s
partial differential equations are linear, thereby avoiding any products between two
homogenization integrals.

The microscopic aether relations in (5.28)1,2 describe a proportional relationship
between the pairs of fields {dm, em} and {hm,bm}. Since their macroscopic coun-
terparts follow the same homogenization rule, the aether relations are automatically
preserved on the macroscopic scale,

dM(y, t) =

∫
R
dmg(y,x)dvm

Aet.
=

∫
R
ε0e

mg(y,x)dvm = ε0e
M(y, t) , (5.79)

and

hM(y, t) =

∫
R
hmg(y,x)dvm

Aet.
=

∫
R

(
bm/µ0

)
g(y,x)dvm = bM(y, t)/µ0 . (5.80)
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Likewise, recall from (5.20), (5.74), (5.76), and (5.78) that the bound quantities qMR ,
JM
R , p

M, and mM homogenize as weighted volumetric averages. It is therefore con-
cluded that the free parts qMF , J

M
F , d

M
F , and hM

F are volume averages, too. This implies
that the additive decomposition of the electric charges-currents {q,J} into their free
and bound parts, as well as the additive decompositions of the charge-current po-
tentials {d,h}, are preserved on the macroscopic scale. Hence the extended aether
relations (5.29)1,2, too, are preserved on the macroscopic scale,

dM
F (y, t)

Aet.
= ε0e

M(y, t) + pM(y, t) ,

hM
F (y, t)

Aet.
= bM(y, t)/µ0 − mM(y, t) .

(5.81)

The preceding discussion highlights that the notion of extensivity applies sepa-
rately to the free and the bound charges. The clear delineation between free and
bound quantities on the microscopic scale is retained at the macroscopic level, be-
cause the linearity ofMaxwell’s equations allows the free and bound fields to coexist
independently of each other. This is in stark contrast to the distinction (or the lack
thereof) between the kinetic and internal energies, for example, where microscopic
terms associated with the kinetic energy of velocity fluctuations are upscaled into
macroscopic contributions to the internal energy.10 As a result, only the total en-
ergy is postulated to homogenize according to the weighted volumetric average for
extensive quantities, see (5.18), but not the internal or kinetic energies.

5.4.8 Implications for Other (Non-Extensive) Quantities

It may be inferred from Equations (5.16) and (5.17) that the macroscale velocity vM

is related to vm by a homogenization of the form

vM(y, t) =
ρM(y, t)vM(y, t)

ρM(y, t)
=

∫
R ρ

m(x, t)vm(x, t)g(y,x)dvm∫
R ρ

m(x, t)g(y,x)dvm
, (5.82)

which connects the motion of material points x at the microscale to the motion of y
at the macroscale, see Equation (5.1). This interdependence of

.
y on

.
x is a direct

consequence of the definition of mass ρM and momentum densities ρMvM by volume
averages.

The results in Equations (5.46) and (5.60), which provide the homogenizations for
the external volumetric forces (i.e., the sum of the body force and the Lorentz force
densities ρMfMB + fML ) and for the volumetric heating (i.e., the sum of the external heat
source and Joule heating ρMrM+ jM ·EM), respectively. Although it was previously
pointed out that only the combined quantities are relevant for the IBVP posed by

10The entangled nature of the microscopic velocity fluctuations and the macroscopic heat flux and
body heating are discussed in the context of Equations (5.59 - 60).
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the balance equations and Maxwell’s equations, these results nevertheless raise the
question of what ρMfMB and ρMrM are given as individually.

To this end, recall Equations (5.22) and (5.23)1−3 for the microscopic scale. For
the sake of argument, let the same relations be enforced on the macroscopic scale,
that is,

JM(y, t) · eM(y, t) = jM(y, t) · EM(y, t) + fML (y, t) · vM(y, t) , (5.83)

and
JM(y, t) = jM(y, t) + qM(y, t)vM(y, t) ,

EM(y, t) = eM(y, t) + vM(y, t)× bM(y, t) ,

fML (y, t) = qM(y, t)eM(y, t) + JM(y, t)× bM(y, t) .

(5.84)

Note that Equation (5.83) is derived from (5.84) and may thus be viewed as a conse-
quence of enforcing the latter relations. Equations (5.84)1−3 impose new conditions
used to derive the homogenization of jM, EM, and fML , respectively, which are in addi-
tion to the minimal set of assumptions listed in Section 5.3.2. The new requirements
do not cause any contradictions with previous results since jM, EM, and fML are yet
unspecified.

The homogenization of the conduction current jM(y, t) is less straightforward than
the total current JM(y, t). According to Equation (5.84)1 the conduction current is
obtained by subtracting the convective contribution,

jM(y, t) =

∫
R
Jm g(y,x)dvm −

∫
R q

m g(y,x)dvm
∫
R ρ

mvm g(y,x)dvm∫
R ρ

m g(y,x)dvm
, (5.85)

where the homogenizations (5.19), (5.82), and (5.63) were used. Likewise, the bound
part of the conduction current jMR(y, t) is obtained by enforcing Equation (5.84)1 for
the bound parts, jMR =JM

R −qMR vM, and employing Equations (5.20), (5.74), and (5.82).
The macroscopic definition of the electromotive intensity EM in (5.84)2 implies

that its homogenization is expressed as

EM(y, t) =

∫
R
emg(y,x)dvm +

∫
R ρ

mvmg(y,x)dvm×
∫
R bmg(y,x)dvm∫

R ρ
mg(y,x)dvm

, (5.86)

where use is made of the homogenizations in (5.70), (5.72), and (5.82).
Lastly, the Lorentz force density is obtained from the definition in (5.84)3, the

postulated extensivity of the electric charge (5.19), and the derived homogenizations
of the electromagnetic quantities in Equations (5.63), (5.70), and (5.72),

fML (y, t) =

∫
R
qm g(y,x)dvm

∫
R
emg(y,x)dvm+

∫
R
Jm g(y,x)dvm×

∫
R
bmg(y,x)dvm .

(5.87)
It is readily verified that this result agrees with Equation (5.83) for the EM power
density. This is no surprise, because just enough (but not too many) homogenization
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rules and macroscale equations have been stipulated to derive all quantities without
contradiction.

Expressions for ρMfMB and ρMrM are readily obtained from (5.46) and (5.60) in
conjunction with (5.16) and the preceding results in (5.85 - 87). For example, even
though the total external force density ρMfMB + fML is found to homogenize in accor-
dance with the volumetric averaging scheme (5.2), its two constituents do not, since
Equation (5.87) already establishes that the Lorentz force density on its own fails
to obey a simple volume average. The resulting homogenization formula for fMB is not
printed here in its entirety.

Recall that the total energy density per unit mass (2.122) is defined by the sum
of the kinetic and internal energies. This relation certainly applies in the microscopic
scale, but can be additionally enforced in the macroscopic scale as

eM(y, t) = 1
2
vM(y, t) · vM(y, t) + εM(y, t) . (5.88)

The homogenization for the total energy density per unit volume ρMeM is postulated
by the volume-averaging scheme in (5.18). The homogenization of the kinetic part is
readily available, here stated per unit volume using Equations (5.16) and (5.17),

1
2
ρMvM · vM =

1

2

∫
R ρ

mvmg(y,x)dvm ·
∫
R ρ

mvmg(y,x)dvm∫
R ρ

mg(y,x)dvm
. (5.89)

Unlike (5.18), this expression does not represent a simple volumetric average. In view
of the additive decomposition (5.88) the internal energy density ρMεM, too, cannot
obey the volume-averaging scheme (5.2) on its own. It is instead given by

ρMεM =

∫
R
ρm emg(y,x)dvm − 1

2

∣∣∫
R ρ

mvmg(y,x)dvm
∣∣2∫

R ρ
mg(y,x)dvm

. (5.90)

This example highlights the fact that, despite the total and internal energies being
ostensibly extensive quantities, only either ρMeM or ρMεM may be defined by a volu-
metric average of the microscopic counterpart, but not both. Indeed it can even be
argued, within the context of multiscale homogenization, that the kinetic and inter-
nal energies are not in fact extensive quantities. This is because quantities associated
with the kinetic energy in the microscale become entangled with the internal energy
on the macroscale during the process of upscaling from continuum to continuum. The
notion of extensivity of the kinetic and internal energies, i.e., that their total value
corresponds to the sum of the individual parts, disintegrates when applied to the
homogenization across two scales.

In closing, it is reiterated that the imposition of additional macroscopic relations
for the sake of deriving homogenization formulae for more quantities is not advocated
for, especially since they are unnecessary for the solution of the IBVP posed by
the EMTM balance equations. It is instead preferred to enforce only the minimum
number of necessary relations on the macroscopic scale.
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Chapter 6

Numerical Implementation of
EMTM on Single Scale

In Chapter 4, the balance equations and constitutive restrictions for coupled electro-
magneto-thermo-mechanical materials were introduced. In the present chapter, a nu-
merical implementation thereof is presented using the finite element method (FEM).
Although this implementation operates on a single scale continuum, it serves as back-
ground for the multiscale algorithm of Chapter 7. Indeed, the single-scale model forms
the basis for the microscopic scale in the multiscale algorithm, for the microscale em-
ploys the constitutive equations to compute average stresses, fluxes, and tangents
to be sent to the macroscale. Ultimately, the goal of Chapters 6 and 7 is to pro-
vide a practical demonstration of the multiscale homogenization scheme introduced
in Chapter 5.

A number of simplifying assumptions are introduced to the governing equations
and the problem setup, so as not to unnecessarily complicate the numerical imple-
mentation of the EMTM model and detract from the aforementioned main objective.
Most notably, it is assumed that the problem is entirely static. In particular, the
problem is assumed to be electrostatic, which leads to a substantial simplification
of the governing EM equations.1 Furthermore, the implementation is limited to 2-
dimensional problems in an effort to keep the computational cost of the ensuing mul-
tiscale algorithm of Chapter 7 relatively low. Hence the domain of the finite element
model consists of a 2-dimensional shape, whereby the physical continuum is assumed
to extend infinitely toward the out-of-plane directions. The boundary conditions,
external loads, constitutive parameters, and solution fields (i.e., the displacements,
temperature, etc.) are allowed to vary only within the in-plane dimensions of the

1Even the magnetostatic case poses numerical challenges related to the null-space of the curl op-
erator, which are typically addressed using so-called edge elements. The numerical implementation
of electrodynamics is beyond the scope of this dissertation and the reader is referred to Ciar-
let et al. [15], Demkowicz [20], Hiptmair et al. [51], Lee [72], Monk [97], Nicaise [105], and
Nedelec [109,110].
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finite element domain. This also implies that any deformations occur in plane strain.
This chapter is organized as follows: First, the so-called initial/boundary-value

problem (IBVP) is formulated for the single scale, which later forms the basis for the
microscopic scale of the multiscale (or FE2 for short) model. This includes the gov-
erning laws, constitutive relations, and the initial and boundary conditions. Second,
to make the problem amenable to solution by finite elements (FE), the so-called weak
form and the corresponding residuals are derived. Third, upon a brief review of the
Newton-Raphson method, the differentials of the residuals are deduced in prepa-
ration for the application of the method to solve the nonlinear system of equations.
Next, a standard finite element discretization is introduced to convert the continuous
fields and differential equations into finite-dimensional approximations. This furnishes
a set of algebraic equations for the nodal values of the relevant fields u, θ, ϕ, and φ.
Lastly, a 2-dimensional version of the ensuing residuals and tangents is implemented
in FEAP [142], and validated for accuracy and convergence. Note that the discus-
sion and implementation of the FEM relies in part on the books by Hughes [54],
Ottosen and Petersson [113], and the first two volumes of Zienkiewicz and
Taylor [159,160].

6.1 Initial/Boundary-Value Problem

In this section a well-posed2 IBVP is formulated for the single-scale model. The IBVP
encompasses the balance equations, the constitutive model, the initial conditions, and
the boundary conditions. This discussion concludes with a summary of all simplifying
assumptions invoked throughout this section.

Note that the dependent variables (i.e., the unknown scalar-, vector-, and tensor-
valued fields of the IBVP) can be grouped into three main categories. These groups
are referred to henceforth using the following nomenclature:

(i) The displacement vector u, the temperature θ, and the EM potentials {ϕ, a}
(or the electrostatic potentials {ϕ, φ}) are called the primary variables . Their
primacy stems from the fact that the gradients (see (ii) below) and the consti-
tutive response (see (iii) below) are derived from them. One balance equation
is available per each primary variable, which in a discrete setting are associated
with degrees of freedom (DoF).

Note that, due to their trivial relation to the primary variables, material time
derivatives thereof are not afforded their own category or nomenclature. For
example, the velocity

.
u and the acceleration

..
u represent the same primary

variable u, which is associated with the vector-valued balance equation of linear

2An IBVP is considered well posed if it has a unique solution which depends continuously on the
initial and boundary conditions.
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momentum.3

(ii) Quantities which are defined in terms of the (spatial or referential) gradients
of the primary variables, are collectively referred to as the gradient quantities .
The expressions by which they are derived from the primary variables are called
the gradient relations .

For example, the EM fields {e,b} are gradient quantities because they are given
by the spatial gradient and the spatial curl of the EM potentials {ϕ, a}, respec-
tively, see Equations (3.138)1,2. This category also comprises the kinematic
quantities introduced in Section 2.2. For example, the Green-Lagrange
strain tensor E is expressed in terms of the referential displacement gradi-
ent (2.72) according to (2.76)2. Note that rates of deformation, such as the
spatial velocity gradient L, are also considered to be gradient quantities.

(iii) The so-called fluxes quantify the response of the continuum to the external
stimuli. The fluxes are obtained from the constitutive relations , which are given
by explicit functions of the primary variables and their gradient quantities, see
for example the functional dependence of the constitutive functions in (4.57)
and (4.74)1,2. Since the fluxes prominently feature in the balance equations,
knowledge of the constitutive relations is indispensable for a solution.

Examples of fluxes are the Cauchy stress tensor T, the generalized heat flux q̂,
the polarization p, the magnetization M, and the free conduction current jF.
Their referential counterparts (such as the second Piola-Kirchhoff stress
tensor S, or the referential polarization vector p0) are also considered to be
fluxes. Since, arguably, the aether relations may be viewed as constitutive
relations, the charge-current potentials {d,h} may be considered fluxes, too.4

6.1.1 Governing Equations

Maxwell’s equations of electromagnetism and the thermomechanical balance equa-
tions for coupled electro-magneto-thermo-mechanical media have been discussed in
ample detail in Chapters 3 and 4, respectively. Here, the relevant equations are briefly
reviewed and simplifications are introduced where appropriate.

3In a two-dimensional setting, of course, there are only two non-zero components of displace-
ment u and thus only two non-trivial components of the linear momentum balance.

4In electromagnetism the distinction between gradient quantities and fluxes is not always clear
cut. For example, for electrostatics the free current potential hF is obtained from the gradient
in (3.150). Hence hF is seen as a gradient quantity, whereas M (and thus b via the aether relations)
represent fluxes.
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Thermomechanical Part

The displacement and temperature fields are governed by the balances of linear mo-
mentum and thermal energy. Their differential statements are given for EMTM ma-
terials by Equations (4.6) and (4.19), respectively, or5

ρ
..
u = divT + ρfB + fL ,

ρ
.
ε = T · L + ρr − divq + j · E .

(6.1)

Note that the balance of angular momentum in (4.8) can be satisfied automatically
by an appropriate constitutive equation for the stress which enforces symmetry of T.
Furthermore, the conservation of mass (2.111) does not need to be enforced separately
for solid materials: If the density in the reference configuration at time t0 is given by
a field ρ0(X)> 0, then the density of the current configuration follows trivially from

ρ =
ρ0
J

with J = detF = det
[
I+

∂u

∂X

]
> 0 , (6.2)

where J is the Jacobian determinant defined in (2.68). Here, use was made of
the referential form of the mass balance, see (2.137). The referential configuration
is assumed to be free of internal stresses while in thermal equilibrium at temper-
ature θ0 and devoid of any EM fields. In the interest of simplicity the reference
configuration is assumed to coincide with initial configuration at time t0=0. The
motion (2.60) at t0 thus returns x0=χ(X, 0)=X. This of course implies zero dis-
placements u0=u(x, 0)=0, a trivial deformation gradient F0=F(x, 0)=1 with cor-
responding Jacobian J(x, 0)= J0=1, and a referential density of ρ(x, 0)= ρ0.

It is assumed that the mechanical problem is (quasi-)static, and thus the internal
stresses and external forces are (approximately) in equilibrium. This means not only
that the acceleration is negligible, but also that the velocity (and any convective
terms arising from it) are insignificant. The thermal problem, too, is assumed to
have reached steady state so that the internal energy is approximately constant. In
summary, it is assumed that

.
u

.
= 0 ,

..
u

.
= 0 ,

.
ε
.
= 0 . (6.3)

The preceding assumptions may be regarded as limitations imposed on the range of
physical problems that this numerical model encompasses for a single scale contin-
uum. However, in the context of multiscale modeling a physical justification for the
approximations in (6.3)1−3 is available for the microscopic scale: Recall from the in-
troduction to Chapter 5 that the characteristic length and time of the microscopic

5Since the displacement (2.63) is considered to be the primary variable of the mechanical finite
element problem, the velocity and acceleration are expressed in terms of material time derivatives
of u. Moreover, this precludes any potential confusion with the notation for the magnetic potential a.
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scale are much smaller than on the macroscopic scale. Therefore, even though dy-
namic effects may be significant on the macroscopic scale, over microscopic distances
such disturbances will propagate quickly and equilibrium is reached almost instantly.6

Hence, for the microscopic problem the rates of change of momentum ρ
..
u and inter-

nal energy ρ
.
ε may be neglected since they are far outweighed by the other terms in

Equations (6.1)1,2.
Next, it is assumed that the external volumetric loads in the linear momentum

and thermal energy balances (6.1)1,2 are negligible. In particular, the contributions
of the external body force fB and body heating r, as well as the Lorentz force fL
and Joule heating j ·E are set to vanish,

fB
.
= 0 , r

.
= 0 , fL

.
= 0 , j · E .

= 0 . (6.4)

All volumetric source terms are thus eliminated from the balance equations. Only
the stress-divergence and flux-divergence terms remain in the (microscopic) balance
Equations (6.1)1,2. In the context of multiscale modeling, again, a physical argument
is made in favor of the simplifications in (6.4) on the basis of the scale separation be-
tween the microscopic model and the macroscopic problem: On the macroscopic scale
the aforementioned volume source terms are assumed to be bounded. It follows that
at microscopic length scales their contribution (per volume) is far outweighed by the
boundary terms (per surface) due to traction and heat flux, hence Equations (6.4)1−4

are justified.
The approximations in (6.3)2,3 and (6.4)1,2 are attributed to the microscopic scale

by many authors in the context of multiscale modeling, see, for example, Fish and
Fan [28], Kouznetsova [62], Sengupta et al. [127], and Özdemir et al. [162].
Meanwhile, the conditions in (6.4)3,4 for the EM terms appear to be used inadvertently
by some authors, see Labusch [67] and Schröder et al. [126], where the EM effects
are not a priori included in the TM balance equations.

Electromagnetic Part

Recall that the EM problem is described by Maxwell’s Equations (3.15). The
charge-current potentials additively decompose into their free and bound parts, which
separately obey (3.33) and (3.34), respectively.

However, it was argued in Section 3.7 that the typical timescale for the propagation
of EM phenomena is much shorter than the duration of thermomechanical effects.
Since the TM problem is already assumed to be in equilibrium, see (6.3)1−3, the
EM problem is likewise considered to be (quasi-)static. This, of course, implies that

6The microscale may be considered to be quasi-static only when its microscopic length scale is put
vis-à-vis the macroscopic time scale of external loading. This limitation does not allow shock waves,
for example, whose time and length scales are both microscopic. However, such examples violate the
continuum assumption made at the outset of Chapter 5, upon which the present multiscale model
is based.
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the EM fields are steady and that the EM problem simplifies to a set of uncoupled
Poisson equations, reproduced from (3.138)1,2 and (3.149)1,2 as

∆ϕ
Aet.
= −

(
qF − divp

)
/ε0 where e = −gradϕ ,

∆a
Aet.
= −µ0

(
JF + curlm

)
where b = curla .

(6.5)

The EM potentials {ϕ, a} are additionally subject to the Coulomb gauge in (3.141).
Recall that Equations (6.5) emerge under the assumption that the partial time deriva-
tives in (3.15)2,4 are negligible, as opposed to the flux derivatives in (3.108)2,4. How-
ever, since the underlying material is assumed to be at rest according to (6.3)1, the
aforementioned time derivatives coincide. Indeed it is seen from Equations (2.96),
(2.106), and (2.108) that the total, partial, flux, and path derivatives are identical
when v (i.e.,

.
u) vanishes. Moreover, the convective contributions to the EM quanti-

ties is negligible, so that

JF
.
= jF , m

.
= M , h

.
= H , e

.
= E , (6.6)

where the relations in (3.4), (3.28), (3.60), and (3.68) were used.
For the purposes of this numerical implementation, it is additionally assumed that

the free charge-current distributions are negligible,

qF
.
= 0 , jF

.
= 0 . (6.7)

Note that the former may be regarded as an initial condition, see later in (6.63)4,
whereas the latter results from a constitutive assumption, see later in (6.54). The
governing Equations (6.5) thus further simplify to

∆ϕ
Aet.
= divp/ε0 where e = −gradϕ ,

∆φF
Aet.
= divm where b

Aet.
= µ0

(
hF +m

)
, hF = −gradφF ,

(6.8)

see (3.150) and (3.151), where the vector-valued magnetostatic equation in (6.5)3
reduces to a scalar Poisson equation. Note that the electric and magnetic parts of
the governing Equations (6.8) are mutually uncoupled and identical in form. Due to
the assumptions made in (6.4)3,4, the EM equations interact with the TM balances
(and vice versa) only through the constitutive functions. It is thus concluded that,
under the simplified conditions outlined here, there is an analogy between magneto-
mechanical effects (such as piezomagnetism) and electro-mechanical ones (such as
piezoelectricity). The magnetic equation is regarded as a dummy equation, hence for
simplicity

m
.
= 0 , q̂

.
= q , (6.9)

where the latter expression follows from (4.39)2, (6.6)2,4, and (6.9)1. The constitutive
model in Section 6.1.2 will instead focus only on electro-mechanical behavior. The
magnetic equation devolves into a Laplace equation which is entirely uncoupled
from the mechanical, thermal, and electrostatic problems. It will nevertheless be
implemented here as a dummy equation.
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Summary

The governing equations for a dynamic thermomechanical problem coupled with a
(quasi-) electrostatic problem are given by

ρ
..
u = divT + ρ fB + fL ,

ρ
.
ε = T · L + ρr − divq + j · E ,

∆ϕ =
(
divp− qF

)
/ε0 ,

∆φF = divm .

(6.10)

In the context of this demonstration it is assumed that the single-scale TM problem
is static, see (6.3), and that volumetric source terms are negligible, see (6.4). As a
result, all but the stress-divergence and flux-divergence terms vanish from the (micro-
scopic) balance Equations (6.1)1,2. It is furthermore assumed that the EM problem
is electrostatic, see (6.8), and that the magnetization is neglected. Therefore, the
governing equations of the simplified single-scale EMTM model are given by

divT = 0 ,

divq = 0 ,

∆ϕ = divp/ε0 ,

∆φ = 0 .

(6.11)

If desired, the electric field and the current potential are recovered from the gradient
relations

e = −gradϕ and hF = −gradφ . (6.12)

It is tacitly understood that the material frame, which is inertial due to (6.3)2, is

an aether frame and the corresponding superscript
Aet.
= is dropped. In the absence of

magnetization m the bound current potential hR vanishes so that h=hF and φ=φF,
see (3.32)2, hence the subscript in φF is dropped. The magnetic field is obtained
trivially from b=µ0h, see Equation (3.35)2.

6.1.2 Constitutive Model

Recall from Section 4.4.3 that constitutive functions are needed for the Helmholtz
free energy Ψ, defined in (4.42), as well as for the dissipative fluxes jF and q̂, all of
which are expressed as functions of the relevant gradient quantities. The constitutive
model is subject to thermodynamic restrictions deduced from the Clausius-Duhem
inequality using the method of Coleman and Noll. In particular, the polariza-
tion p, magnetization M, entropy η, and the Cauchy stress T are obtained from
derivatives of Ψ according to (4.48)2−4 and (4.49), respectively. Moreover, the en-
tropy inequality reduces to the condition in (4.48)5, which imposes a thermodynamic
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restriction on the constitutive functions for the dissipative fluxes jF and q̂. It is addi-
tionally assumed that the constitutive functions depend solely on the current values
of the primary variables and gradient quantities. Consequently, this model is limited
to history-independent material behavior.

The constitutive equations provide closure to the governing equations of the IBVP,
i.e., they supply the necessary number of additional equations for what would other-
wise be an underdetermined system of equations (6.11 - 12). The combined number of
balance equations, gradient relations, and the constitutive relations is commensurate
with the number of unknown quantities of the IBVP. Therefore, a unique solution is
available if adequate initial and boundary conditions are prescribed.

Helmholtz free energy

It was discussed in Section 4.4.5 that the Helmholtz free energy, when expressed
using any of the functional forms

Ψ = Ψ̌(U,RTE ,RTb, θ) = Ψ̄(C,FTE ,FTb, θ) = Ψ̆(E,FTE ,FTb, θ) , (6.13)

automatically complies with the invariance requirement in Equation (4.55). The di-
electric polarization, the magnetization, and the Cauchy stress are given by (4.48)2,3
and (4.49), respectively, or

p = −ρΨ̌E ,

M = −ρΨ̌b ,

T = ρ
[
Ψ̌FF

T −
(
Ψ̌b · b

)
i − E ⊗ Ψ̌E + Ψ̌b⊗ b

]
.

(6.14)

For the functional form Ψ= Ψ̄(C,FTE ,FTb, θ) it was shown in (4.61) and (4.62) that
the chain rule furnishes

ΨF = 2FΨ̄C + E⊗Ψ̄FTE + b⊗Ψ̄FTb and ΨE = FΨ̄FTE . (6.15)

Similarly, the alternative form Ψ = Ψ̆(E,FTE ,FTb, θ) leads to the relation in (4.65),
or

ΨF = FΨ̄E + E⊗Ψ̄FTE + b⊗Ψ̄FTb , (6.16)

whereas ΨE remains unchanged from (6.15)2.
According to the assumption in (6.9)1, the magnetization (and thus the depen-

dence of Ψ on the magnetic field b) is neglected.7 Therefore, the Helmholtz poten-
tial Ψ= Ψ̆(E,FTE ,FTb, θ) is formulated for dielectric materials with linear electro-
mechanical coupling according to

Ψ = 1
2
CCC ·

[
E⊗ E

]
− CCCA · E

(
θ−θ0

)
+ c

{
θ−θ0−θ log

(
θ/θ0

)}
+ c1 · FTE + ccc2 ·

[
E⊗ FTE

]
− 1

2
ε0c3 ·

[
FTE ⊗ FTE

]
,

(6.17)

7It was argued that, because the equations describing electro-mechanical and magneto-mechanical
behavior are formally similar, the magnetic part may be regarded as a dummy equation for the
purposes of this demonstration.
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where the notation in (2.24 - 27) for the multiplication and contraction of higher-
order tensors is employed. In Cartesian components using Einstein’s summation
convention, the preceding expression reads

Ψ = 1
2
EABCABCDECD − EABCABCDACD

(
θ−θ0

)
+ c

{
θ−θ0−θ log

(
θ/θ0

)}
+ c1AFiAE i + c2ABCEABFjCEj − 1

2
ε0c3ABFiAE iFjBEj .

(6.18)

The material parameters CCC, A, c1, ccc2, c3 are resolved in the referential bases, since
they represent linear transformations of the referential gradient quantities E and FTE .
This guarantees the aforementioned form-invariance of Ψ under superposed rigid-body
motion. Recall that the Green-Lagrange strain tensor E was defined in (2.71)1.
Moreover, recall from Equation (3.123) that FTE represents the referential counter-
part to the electric field. In light of the approximations introduced in Equations (6.6)4
and (6.12)1, it is readily seen that

E0 = FTE .
= FTe = −FTgradϕ = −Gradϕ , (6.19)

where the final equality follows from the chain rule in (2.82). It is thus concluded that
the term FTE represents the referential gradient of the electric potential ϕ. Note that,
although the material parameters may themselves be functions of the temperature θ,
it is assumed for simplicity that they are constant.

The first line of Equation (6.17) models the thermo-elastic part of the constitutive
behavior similar to Sengupta et al. [127, Equation 63]. The first term represents the
elastically stored strain energy per unit mass of the Saint Venant-Kirchhoff hy-
perelastic material model (SVK), where the fourth-order tensor CCC contains the elastic
moduli . This constitutes an extension to large deformations of the linearly elastic
model also known as the generalized Hooke’s law . However, the reader is cautioned
that the SVK finite elasticity model is flawed under extreme strains. For example, in
the limit where a volume element is compressed to a point, i.e., J =dv/dV → 0, the
elastically stored energy in Ψ does not tend to infinity. Furthermore, the SVK model
is non-polyconvex, which has implications for the existence of an equilibrium state,
see Ball [3], Ciarlet [16], and Raoult [122].

The second-order tensor A comprises the anisotropic thermal expansion coeffi-
cients , so that A(θ−θ0) quantifies the unconstrained thermal strain relative to a
reference temperature θ0. The thermal expansion coefficients simplify to A=αI in
the isotropic case. Lastly, c represents the volumetric heat capacity .8

The second line of Equation (6.17) describes the properties of the dielectric and
includes terms of up to quadratic order in FTE . The first term is governed by the

8This parameter relates to the entropy via the result in (4.48)4, see Sengupta et al. [127,
Section 8.1] for an interpretation of this term. It may be more convenient to relate internal energy
and temperature via ε= cP(θ−θ0), where cP represents the specific heat capacity . However, the
internal energy is not needed in the absence of any transient thermal effects, as assumed in (6.3)3.
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vector-valued material parameter c1. The term is linear in the electromotive inten-
sity E so that, in view of (6.14)1, its contribution to the polarization is independent
of E . This phenomenon is known as pyroelectricity because the polarization p arises
spontaneously, i.e., in the absence of any electromotive intensity E . Note that this
model accounts only for irreversible pyroelectric polarization because any history
dependence of Ψ was ruled out. Therefore, this model precludes behavior such as
ferroelectricity .9

The second term on the second line of (6.17) couples the Green-Lagrange
strain tensor E with the referential form of the electromotive intensity FTE via the
third-order material tensor ccc2. This electro-mechanical interaction is referred to as
piezoelectricity , where polarization is caused by mechanical deformation and vice
versa.10 Like pyroelectricity, piezoelectricity can induce polarization even in the ab-
sence of E .

The last term on the right-hand side of (6.17) is quadratic in E and thus yields a
polarization which is proportional to E . Note that a comparison between the general
aether relations (3.37)1 and the isotropic version (3.38)1 yields the relation p/ε0=χee,
where χe represents the isotropic electric susceptibility, see (3.39)2. Therefore, in view
of the approximation in (6.6)4 it is readily seen that the second-order tensor χ, defined
as

χ = ρFc3F
T , (6.20)

may be interpreted as the (spatial) electric susceptibility tensor , which is a gen-
eralization of χe for anisotropic, deformable materials. Note that the constitutive
model (6.17) does not, for example, accommodate the magnetocaloric effect , whereby
an external magnetic field causes a change in temperature experienced by some ma-
terials, see Pecharsky and Gschneidner, Jr [116].

Due to the symmetry of E in (6.17) (as well as the major symmetry in the fourth-
order tensor E⊗E) it may be assumed without loss of generality that CCC is both ma-
jorly and minorly symmetric, i.e., CABCD =CCDAB and CABCD =CBACD =CABDC ,
respectively. Likewise, the thermal expansion tensorA is symmetric, AAB =ABA, and
the piezoelectric tensor ccc2 is symmetric in the first two indices, c2ABC = c2BAC . Fi-
nally, the symmetry of FTE⊗FTE implies that c3 (and thus the electric susceptibility
tensor χ) may be assumed symmetric, c3AB = c3BA.

9Ferroelectrets are a subgroup of the pyroelectrets, where the polarization can be reversed by
application of an external electric field, see Känzig [66]. Ferroelectricity is the electric counter-
part of ferromagnetism, although (unlike the latter) the former behavior is unrelated to iron, see
Kovetz [64, Sections 69 and 71].

10A wide range of materials exhibit piezoelectric properties, including inorganic (crystalline or
ceramic) materials such as quartz , polymeric materials such as polyvinylidene fluoride (PVDF), and
even biological materials such as bone; see Liuet al. [76].
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Stress and Polarization

Application of the result from the method of Coleman and Noll in (6.14)1 yields
for the polarization

p = −ρF
{
c1 + E · ccc2 − ε0c3FTE

}
, (6.21)

where the symmetry of c3 was used. In indicial notation Equation (6.21) reads

pi = −ρFiA

{
c1A + EBCc2BCA − ε0c3ABFjBEj

}
. (6.22)

Similarly, the relation for the Cauchy stress tensor in (6.14)3 furnishes

T = ρΨ̌FF
T − ρE ⊗ Ψ̌E

= ρF
{
CCCE−CCCA

(
θ−θ0

)
+ ccc2

(
FTE

)}
FT ,

(6.23)

where the major symmetry of CCC was employed. The preceding result is written in
components as

Tij = ρFiA

{
CABCDECD − CABCDACD

(
θ−θ0

)
+ c2ABCFkCEk

}
FjB . (6.24)

The magnetization in (6.14)2 vanishes by design, M=0, given that Ψ is assumed to
be independent of b.

In view of the Piola transform in (3.131)3, the referential counterpart p0 of the
polarization p in (6.21) is given by

p0 = JF−1p = −ρ0
{
c1 + E · ccc2 − ε0c3E0

}
, (6.25)

where (2.137) was used for the density and (6.19) replaces the term FTE . Simi-
larly, the second Piola-Kirchhoff stress tensor S, defined in (2.149), is obtained
from (6.23) as

S = JF−1TF−T = ρ0
{
CCCE−CCCA

(
θ−θ0

)
+ ccc2E0

}
. (6.26)

Alternatively, the expressions for the spatial fluxes p and T in (6.21) and (6.23) are
simplified by absorbing the deformation gradients F into the material parameters.
To this end, it is first noted that the Green-Lagrange and the Euler-Almansi
strain tensors E and [e ] are related via11

FT[e ]F =
1

2
FT

[
i − B−1

]
F =

1

2

[
C − I

]
= E , (6.27)

see (2.70 - 71). It follows from (6.27) that Equations (6.21) and (6.23) simplify to

p = −ρ
{
c1 + [e ] · ccc2 − ε0c3E

}
, (6.28)

11In this context, brackets are used to distinguish the Euler-Almansi tensor [e ] from the vector-
valued electric field e.
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and
T = ρ

{
CCC[e ]−CCCA

(
θ−θ0

)
+ ccc2E

}
. (6.29)

Here, the spatial counterparts of the material tensors are defined according to

c1 = Fc1 or c1i = FiAc1A ,

ccc2 = . . . or c2ijk = FiAFjBc2ABCFkC ,

c3 = Fc3F
T or c3ij = FiAc3ABFjB ,

CCC = . . . or Cijkl = FiAFjBCABCDFkCFlD ,

CCCA = F
[
CCCA

]
FT or CAij = FiACABCDACDFjB .

(6.30)

The transformations in (6.30)1−5 represent contravariant push-forward operations,
where each referential ‘leg’ EA is pushed to the current configuration ei by the appli-
cation of F=FiAei⊗EA. In view of the relations in (6.30)4,5, the spatial form A of
the thermal expansion coefficient tensor is given by

A = F−TAF−1 or Aij = F−1
Ai AABF

−1
Bj , (6.31)

which is a covariant push-forward .
If the referential material parameters c1, ccc2, c3, CCC, and CCCA are assumed to be

functions only of the temperature (i.e., independent of the deformation), then the
corresponding spatial parameters c1, ccc2, c3, CCC, and CCCA in (6.30) must evolve with F.
This leads to a material nonlinearity under large deformations.

The symmetries observed in the referential tensors ccc2, c3, CCC, and A (hence also
in CCCA) are preserved by the conversions to spatial form in (6.30 - 31). This is because
every referential index (say, A) is pushed to the current configuration index (say, i)
by application of the same FiA (or in the case of A by the same F−1

Ai ), so that the
interchangeability of two referential indices implies the interchangeability of their
spatial counterparts. In particular, it is readily seen that c2ijk = c2jik, c3ij = c3ji,

Cijkl =Cklij, Cijkl =Cjikl =Cijlk, and Aij =Aji.

Comparison with Kovetz

For dielectrics with linear electro-mechanical behavior, Kovetz [64, Equation 68.5]
proposes a potential of the form

Ψ = a · FTE + bbb ·
[
FTF⊗ FTE

]
− 1

2
ε0c ·

[
FTE ⊗ FTE

]
= FiAaAE i + FiAFiBbABCFjCEj − 1

2
ε0FiAcABFjBE iEj .

(6.32)

The vector a, third-order tensor bbb, and the second-order tensor c represent the (ref-
erential) material parameters, which are again assumed to be functions only of the
temperature. Equation (6.32) bears a resemblance to the second line of (6.17), whose
material parameters c1, ccc2 and c3 associated with pyroelectricity, piezoelectricity, and
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electric susceptibility, respectively, appear to coincide with Kovetz’ material param-
eters a, bbb, and c. Nevertheless, one crucial difference persists: The second term bbb

in (6.32) couples the right Cauchy-Green deformation tensor C=FTF with E ,
whereas in Equation (6.17) the parameter ccc2 instead contracts with the Green-
Lagrange strain tensor E= 1

2
[C−I]. Although Kovetz attributes the term bbb

to piezoelectricity, it should be pointed out that this term contains both piezoelec-
tric and pyroelectric contributions. Indeed, even in the absence of any deformation
(i.e., when F

.
= I and thus C

.
= I), a non-zero polarization originates from this term.

By instead coupling E to E, Equation (6.17) ensures that the piezoelectric term van-
ishes in the absence of deformation, E

.
=0. In order to reconcile the two versions

for Ψ, a part of bbb must be absorbed into the pyroelectric vector, or

c1 = a + I ·bbb or c1C = aC +δABbABC ,

ccc2 = 2bbb or c2ABC = 2bABC .
(6.33)

Comparison with Schröder

Schröder et al. [126, Equations 56-61] adopt a linear piezoelectric model expressed
using a generalized matrix notation as12(

σ
−d

)
=

[
CCC −eeeT
−eee −ϵ

](
ε
e

)
, (6.34)

where σ and ε denote the stress and strain tensors, respectively, under the assump-
tion of small deformations.13 The fluxes are represented by the ‘vector’ on the left
of (6.34) whereas the gradient quantities are on the right. The material parameters
are contained in the square ‘matrix’. Note that Schröder et al. view the charge
potential d, rather than the polarization p, as a flux. This is in agreement with the
interpretation that the aether relations in (3.37) represent constitutive relations, as
previously discussed under (iii) of the introduction to Section 6.1.

To compare the material parameters in (6.34) with the Helmholtz potential
of the form (6.17), the aether relations in (3.37)1 are pulled back to the referential
configuration using (3.131)1,3, or

dF0 = JF−1dF
Aet.
= ε0JF

−1e + JF−1p

= ε0JC
−1E0 + p0

= −ρ0c1 − ρ0ccc
T
2E + ε0

[
JC−1 + ρ0c3

]
E0 .

(6.35)

12Note that the magnetic contribution in Schröder et al. [126, Equations 61] is omitted in (6.34).
However, their electric and magnetic parts are always uncoupled, as evident from the parameters
in [126, Table 3] for piezoelectric and piezomagnetic materials.

13For small deformations, it is assumed that the deformation gradient F does not depart signif-
icantly from the identity tensor. Therefore, quadratic terms of the displacement gradient H are
neglected in C and E, see Equation (2.76).
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Here, the gradient relation (6.19) and the referential polarization (6.25) were invoked.
In the limit of small deformations Equation (6.35) reduces to

dF0
Aet.
= −ρ0c1 − ρ0ccc

T
2 ε + ε0

[
I+ ρ0c3

]
E0 . (6.36)

A comparison with (6.34) thus yields the parameter conversion

ρ0c1 = 0 ,

ρ0ccc2 = −eeeT or ρ0c2ABC = −eCAB ,

ρ0c3 = ϵ/ε0 − I or ρ0c3AB = ϵAB/ε0 − δAB .

(6.37)

Note that (6.37)3 may be intepreted as an anisotropic generalization of the definition
for the electric susceptibility χe= ε/ε0−1, see (3.39)1,2.

Transversely Isotropic Model

According to the constitutive model adopted by Schröder et al. [126, Equation 59]
for transversely isotropic linearly piezoelectric solids, the stiffness tensor CCC, the piezo-
electric parameters ccc2, and the electric susceptibility tensor c3 are expressed as

ρ0CCC = λIIItr + 2µIIIsym + ω1Ξ + 2ω2

[
M⊗M

]
+ ω3

[
I⊗M+M⊗ I

]
,

ρ0ccc2 = β1I⊗α + β2M⊗α + β3θθθ
T ,

ε0ρ0c3 = −(2γ1 + ε0)I − 2γ2M .

(6.38)

Here, Equations (6.37)2,3 were employed to convert the notation from {eee, ϵ} to {ccc2, c3},
respectively. Recall from (2.29)1 that IIIsym = 1

2
(δikδjl+δjkδil)ei⊗ej⊗ek⊗el denotes

the fourth-order symmetric identity tensor and IIItr = I⊗I is the trace identity tensor.
The vector α represents the preferred crystal direction of the transversely isotropic
material.14 The second-, third-, and fourth-order structural tensors M, θθθ, and Ξ are
defined as

M = α⊗α ,

θθθ =
[
I⊗α

]sym
,

Ξ = 2
[
α⊗ I⊗α

]sym
= 2 IIIsym

[
α⊗ I⊗α

]
IIIsym ,

(6.39)

where IIIsym is used to enforce the minor symmetries of the fourth-order tensor Ξ.15

The preceding structural tensors are expressed in Cartesian components as

MAB = αAαB ,

θABC = 1
2

(
δACαB + δABαC

)
,

ΞABCD = 1
2

(
αAδBCαD + αBδACαD + αAδBDαC + αBδADαC

)
.

(6.40)

14The symbols α and M correspond with a and m used by Schröder et al. [126]. The notation
is modified here to prevent any confusion with the acceleration vector or the magnetic potential a,
see (2.115) and (3.12), or with the magnetization m in (3.28).

15The definition of Ξ differs slightly from the one by Schröder et al. [126, Equation 602]. This is
to ensure that not only the major, but also the minor symmetries of Ξ (and thus of CCC) are enforced.
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For transversely isotropic materials of the type in (6.38)1−3, the referential form
of the polarization in (6.25) evaluates to

p0 = −β1
(
trE

)
α − β2

(
M ·E

)
α − β3Eα +

(
2γ1 + ε0

)
E0 + 2γ2

(
α ·E0

)
α , (6.41)

where use is made of θθθE=Eα due to the symmetry of E. Likewise, the second
Piola-Kirchhoff stress tensor in (6.26) furnishes

S =
{
λ
(
trE′)+ ω3

(
M ·E′)− β1(α ·E0

)}
I + 2µE′ + ω1

[
α⊗

(
E′α

)
+
(
E′α

)
⊗α

]
+

{
ω3

(
trE′)+ 2ω2

(
M ·E′)− β2(α ·E0

)}
M − 1

2
β3
[
α⊗E0 + E0⊗α

]
,

(6.42)
where the property ΞE′=α⊗

(
E′α

)
+
(
E′α

)
⊗α was employed. The modified strain

tensor E′ in (6.42) accounts for the thermal strain by setting

E′ = E − A
(
θ−θ0

)
. (6.43)

The thermomechanical contribution to the stress is thus given byCCCE′, see (6.26). De-
spite the transversely isotropic thermomechanical response, it is assumed that thermal
expansion is isotropic. Hence,

A
.
= αI , (6.44)

where α represents the (scalar) isotropic coefficient of thermal expansion.

Free Conduction Current and Heat Flux

Coleman and Noll’s method furnishes a reduced Clausius-Duhem inequality,
restated from (4.48)5 as

0 ≤ jF · E − q̂ · gradθ/θ . (6.45)

This inequality represents a thermodynamic restriction on the constitutive equa-
tions for the dissipative fluxes jF and q̂. Furthermore, the requirement of form-
invariance implies that the constitutive model exhibits a functional dependence the
form (4.74)1,2, or

JF−1jF = j̄F0(C,F
TE ,FTb,FTgradθ, θ) ,

JF−1q̂ = ¯̂q0(C,F
TE ,FTb,FTgradθ, θ) .

(6.46)

Note that the dissipative fluxes may well depend on gradθ. This is unlike p, M,
and T in (6.13 - 14), which are derived from the Helmholtz potential. By way
of notation, let g(x, t) and g0(X, t) denote the spatial and referential form of the
temperature gradient , respectively, where

g = gradθ and g0 = FTg = Gradθ , (6.47)
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see the chain rule in (2.82). This is the thermal counterpart to Equation (6.19) for
the electric potential.

Recall from Section 4.4.3 that any process in thermodynamic equilibrium (i.e., a
process for which both E =0 and gradθ=0) is reversible, because the entropy inequal-
ity reduces to an equality. The right-hand side of (6.45) may thus be viewed as a
function of E and gradθ which reaches a global minimum in a state of thermodynamic
equilibrium. Hence, if the constitutive functions for jF and q̂ are differentiable, it can
be further shown that a necessary (but not sufficient) condition for an equilibrium
state to constitute a minimum is that jF =0 and q̂=0 vanish whenever E =0 and
gradθ=0. This corollary of the method of Coleman and Noll is derived without
any a priori assumptions on the constitutive equations (other than differentiability),
see Kovetz [64, Section 57].

A linear conductor is characterized by a linear dependence of jF and q̂ on the gra-
dients E and g, while the dependence on any other arguments in (4.74) is assumed to
be negligible. These relations must further be homogeneous (i.e., no constant terms)
due to the preceding corollary on thermodynamic equilibrium. The constitutive equa-
tions are thus given in referential form by

JF−1jF = j̄F0(E0,g0) = σE0 + βg0 ,

JF−1q̂ = ¯̂q0(E0,g0) = γE0 − κg0 ,
(6.48)

where the second-order tensors σ, β, γ, and κ, represent referential material proper-
ties. In view of (6.19) and (6.47), this is readily converted to the current configuration
to write

jF = ǰF(E ,g) = σE + βg ,

q̂ = ˇ̂q(E ,g) = γE − κg ,
(6.49)

where the spatial material parameters σ, β, γ, and κ are defined as

σ = J−1FσFT ,

β = J−1FβFT ,

γ = J−1FγFT ,

κ = J−1FκFT .

(6.50)

This is analogous to the conversions for c1, ccc2, c3, CCC, and CCCA in (6.30), except that
those parameters are pre-multiplied with the density, ρ0c1, etc., so that the inverse
Jacobian J−1 is absorbed into ρc1, etc. The symmetric and skew-symmetric parts
of the material parameters in (6.49) describe various thermoelectric effects.16

16It is more common to solve the linear system of Equations (6.49) for E and q̂ rather than jF
and q̂, see Kovetz [64, Equation 57.6]. The linear thermoelectric effects described by (6.49) are
called the Hall, Nernst-Ettingshausen, Righi-Leduc, Thomson, and Peltier effects, see, for
example, Goldsmid [34], Landau and Lifshitz [69, Section 25], and Pipkin and Rivlin [119].
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Of course, the entropy inequality in (6.45) imposes restrictions on the parameters.
For example, it is readily seen that the symmetric parts of the material tensors σ
and κ must be positive semi-definite, that is,

E · σE ≥ 0 ∀ E ,

q̂ · κ q̂ ≥ 0 ∀ q̂ ,
(6.51)

where it was used that the absolute temperature θ > 0 is positive. In the context of
this dissertation, any thermoelectric coupling is neglected, hence it is assumed that
the tensors β

.
=0 and γ

.
=0 vanish. Moreover, transverse electric and thermal effects

are neglected, so that skw
[
σ
] .
=0 and skw

[
κ
] .
=0. The dissipative fluxes are thus

governed by
jF = σE = − σ gradϕ ,

q̂ = −κg = − κgradθ .
(6.52)

Equation (6.52)1 constitutes Ohm’s law , where σ is the (symmetric, spatial) electric
conductivity . The positive semi-definiteness of σ in (6.51)1 ensures that the free con-
duction current jF never flows against the direction of the electromotive intensity E .
Equation (6.52)2 represents Fourier’s law , where κ denotes the (symmetric, spatial)
thermal conductivity . Likewise, the condition in (6.51)2 prevents heat from flowing
towards increasing temperatures.17 Despite the name, Ohm’s law and Fourier’s
law should be regarded as constitutive relations rather than laws. In the referential
configuration, Equations (6.52)1,2 are expressed analogously as

jF0 = JF−1jF = σE0 = −σGradϕ ,

q̂0 = JF−1q̂ = −κg0 = −κGradθ ,
(6.53)

where the referential material parameters σ and κ, too, are symmetric and positive
semi-definite. However, recall that the free charge-current distributions {qF, jF} are
neglected in order to simplify the electromagnetic problem to two scalar Poisson
equations, see (6.8). The electric conductivity must therefore vanish,

σ
.
= 0 , (6.54)

thus limiting this numerical implementation to perfect dielectrics. The thermal con-
ductivity is assumed to be isotropic,

κ
.
= κI , (6.55)

where κ represents the (scalar) isotropic thermal conductivity .

17Actually q̂ represents a generalized heat flux according to definition (4.39)2. This somewhat
complicates the physical interpretation of (6.52)2 as Fourier’s law. Some authors regard q̂ rather
than q as the heat flux, see for example Kovetz [64, Equation 54.12] and Liu and Müller [77,
Section 6]. In the present context, however, this question is moot due to the approximation in (6.9)2.



161

Summary

According to Equations (6.25 - 26) and (6.53)2, the constitutive equations are ex-
pressed in the referential configuration as

p0 = −ρ0c1 − ρ0ccc
T
2E + ε0ρ0c3E0 ,

S = ρ0CCC
[
E−A

(
θ−θ0

)]
+ ρ0ccc2E0 ,

q0 = −κg0 ,

(6.56)

where the approximation in (6.9)2 was used for q̂0. The referential gradient quantities
are derived from the primary variables according to (2.76)2, (6.19), and (6.47)2, that
is,

E = 1
2

{
Gradu+GradTu+GradTuGradu

}
,

E0 = −Gradϕ ,

g0 = Gradθ .

(6.57)

The material tensors in (6.56)1−3 for transversely isotropic, linearly piezoelectric solids
are given by Equations (6.37)1, (6.38), (6.44), and (6.55) as

ρ0c1 = 0 ,

ρ0ccc2 = β1I⊗α + β2M⊗α + β3θθθ
T ,

ε0ρ0c3 = −(2γ1 + ε0)I − 2γ2M ,

ρ0CCC = λIIItr + 2µIIIsym + ω1Ξ + 2ω2

[
M⊗M

]
+ ω3

[
I⊗M+M⊗ I

]
,

A
.
= αI ,

κ
.
= κI .

(6.58)

Here, M, θθθ, and Ξ are second-, third-, and fourth-order structural tensors defined
in (6.39) as

M = α⊗α ,

θθθ =
[
I⊗α

]sym
,

Ξ = 2
[
α⊗ I⊗α

]sym
,

(6.59)

where α represents the preferred crystal direction of the transversely isotropic contin-
uum. Note that the symmetry operator [ · ]sym refers to the second and third indices
of θθθ and to all (minor and major) symmetries of Ξ. This ensures that the desired
symmetries are prevalent in the material tensors in (6.58). The scalar material pa-
rameters β1, β2, β3, γ1, γ2, λ, µ, ω1, ω2, ω3, α, and κ in (6.58) are assumed to be
constant, and shall be defined for a given material based on experimental data, see
Section 6.4.1. Note that in practice, as indicated by the left-hand side of (6.58), the
density ρ0 is absorbed into c1, ccc2, c3, and CCC (or CCCA) for simplicity. Moreover, the
factor ε0 is absorbed into c3.
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The fluxes in (6.56)1−3 are alternatively expressed in the current configuration
according to (6.28 - 29) and (6.52)2, or

p = −ρc1 − ρcccT2 [e ] + ε0ρc3E ,

T = ρCCC[e ]− ρCCCA
(
θ−θ0

)
+ ρccc2E ,

q = −κg ,

(6.60)

where (6.9)2 simplifies q̂. The spatial gradient quantities are given by

[e ] = 1
2

{
gradu+ gradTu− gradTu gradu

}
,

E = −gradϕ ,

g = gradθ ,

(6.61)

see (2.77)2, (6.12)1, and (6.47)1. Meanwhile, the spatial material tensors are obtained
from their referential counterparts in (6.58) via the conversion in (6.30) and (6.50)4,
that is,

ρc1 = J−1F
(
ρ0 c1

)
,

ρc2ijk = J−1FiAFjB

[
ρ0c2ABC

]
FkC ,

ε0ρc3 = J−1F
[
ε0ρ0 c3

]
FT ,

ρCijkl = J−1FiAFjB

[
ρ0CABCD

]
FkCFlD ,

ρCCCA = J−1F
[
ρ0CCCA

]
FT ,

κ = J−1FκFT .

(6.62)

As before in the referential notation, in practice the factors ρ and ε0 will be absorbed
into the spatial material parameter tensors. They are used in (6.62) to emphasize the
presence of the Jacobian J in this conversion, see (2.137).

6.1.3 Initial and Boundary Conditions

The governing equations of the coupled EMTM problem as well as the relevant con-
stitutive equations were presented in Sections 6.1.1 and 6.1.2, respectively. Lastly,
appropriate initial and boundary conditions are needed to complete the IBVP.

Initial conditions are specified within the entire domain R0 at time t0 for the
displacement, velocity, density, temperature, and the free charge distribution. They
simplify substantially due to the fact that (i) the initial configuration is assumed
to coincide with the referential configuration, which is stress-free and in thermal
equilibrium, (ii) the EMTM problem is entirely (quasi-)static, and (iii) the dielectric
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material is assumed to contain no free electric charges.

u(X, 0) = u0 = 0 ,
.
u(X, 0) = v0 = 0 ,

ρ(X, 0) = ρ0 ,

qF(X, 0) = qF0 = 0 ,

θ(X, 0) = θ0 ,

ϕ(X, 0) = ϕ0 ,

φ(X, 0) = φ0 .

(6.63)

Initial conditions are typically not needed for static problems as in (6.11) but the
density may nevertheless be used to compute the density of the deformed configuration
using the relation in (6.2)1.

Each of the primary variables u, θ, ϕ, and φ is subject to boundary conditions.
The boundary of the domain in the current configuration is represented by a closed
surface Γ. It is subdivided into the so-called Dirichlet boundary where the value of
the field itself is specified, and the Neumann boundary where a condition is instead
imposed on the gradient or flux of the field in the outward normal direction of the
boundary.

Regions on the Dirichlet boundary are denoted by Γu, Γθ, Γϕ, and Γφ, respec-
tively, where the subscript indicates which field is fixed. The value of the respective
degree of freedom is fixed at a known value, indicated here with a bar accent,

u = ū on Γu ,

θ = θ̄ on Γθ ,

ϕ = ϕ̄ on Γϕ ,

φ = φ̄ on Γφ .

(6.64)

In preparation for the multiscale implementation, the reader is reminded that the
microscopic domain corresponds to a representative volume element (RVE) and the
Dirichlet boundary conditions for the RVE are dictated by the macroscopic gradi-
ent quantities, see later in Section 7.1.

The domain of the Neumann boundary is denoted by Γt, Γq, Γd, and Γb, re-
spectively, where the subscript indicates which flux or gradient is prescribed. The
boundary condition is specified relative to the outward normal vector n according to

t(n) = Tn = t̄(n) = 0 on Γt ,

q(n) = q · n = q̄(n) = 0 on Γq ,

d(n) = dF · n= d̄(n) = 0 on Γd ,

b(n) = b · n = b̄(n) = 0 on Γb .

(6.65)
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In preparation for the multiscale model it is assumed either that the values prescribed
at the Neumann boundary vanish, or that the entire boundary is composed only
of Dirichlet boundary. Note that a point is considered part of the Neumann
boundary, if neither the primary quantity nor a (non-zero) flux is imposed.

Of course, any point on the boundary Γ must belong to either the Dirichlet or
the Neumann boundary but not both simultaneously. This requirement is formally
stated as

Γui
∪ Γti= Γ and Γui

∩ Γti= ∅ ,

Γθ ∪ Γq = Γ and Γθ ∩ Γq = ∅ ,

Γϕ ∪ Γd = Γ and Γϕ ∩ Γd = ∅ ,

Γφ ∪ Γb = Γ and Γφ ∩ Γb = ∅ .

(6.66)

The subscripts Γui
and Γti in Equation (6.66) further distinguish independent degrees

of freedom of u and t(n) for which boundary conditions may be specified individually.

6.1.4 Summary of Simplifying Assumptions

The following list contains a comprehensive summary of the simplifying assumptions
introduced during the preparation of the initial/boundary-value problem throughout
Section 6.1.

A. Governing equations

(1) The problem is limited to 2 spatial dimensions (plane strain) to reduce
the problem size and computational cost in preparation for the multiscale
implementation in Chapter 7.

(2) The electromagnetic equations are static, that is, the partial time deriva-
tives in Maxwell’s Equations (3.15) are negligible. This reduces the EM
problem to a scalar and (at most) a vectorial Poisson equation for the
EM potentials {ϕ, a}, see (3.149)1,2.

(3) The mechanical and thermal equations are static,
.
u
.
=0,

..
u
.
=0, and

.
ε
.
=0.

The convective effect of v= u̇ is thus negligible. This also implies that
(i) the partial, material, and flux derivatives coincide, (ii) the distinction
between objective and non-objective quantities collapses, see Section 3.5,
(iii) the issue of objectivity of the aether relations in Section 3.4.6 is ren-
dered moot, and (iv) the effect of microscopic velocity fluctuations vanishes
in the homogenizations of TM, ρM fMB , qM, and ρMrM in Equations (5.45),
(5.46), (5.59), and (5.60).
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B. Constitutive relations

(1) The materials are history-independent, hence their response depends only
on the current state of the system. This precludes ferroelectricity, for
example.

(2) The materials are perfect dielectrics, hence the conductivity σ
.
=0 and the

free electric current jF
.
=0 are negligible.

(3) The materials are non-magnetizable, or M .
=0. This also implies in con-

junction with (A.3) that jR=
⋆
p+curlM .

=0. Hence the total current J
.
=0

vanishes and the EM problem reduces to the electrostatic case, governed
by a scalar Laplace equation for the magnetic potential φ, see (3.144).

(4) Thermoelectric coupling, pyroelectricity, or magnetocaloric effects are ne-
glected.

(5) The coupled electro-mechanical behavior is assumed to be linear (hence Ψ
is a quadratic function of E and FTE). A transversely isotropic constitutive
model is used.

(6) Thermal expansion and heat conduction are linear. The corresponding
thermal expansion coefficient and conductivity are taken to be isotropic.

(7) Material parameters, when expressed in the referential configuration, are
taken to be constant (independent of temperature, deformation, etc.).

C. External loads, initial conditions, and boundary conditions

(1) Volumetric ‘sources’ fB
.
=0 and r

.
=0 are neglected (as is typical for the

microscale RVE in FE2 models).

(2) The initial configuration coincides with the reference configuration. It is
assumed to be stress-free, in thermal equilibrium at θ0, and absent of any
EM loads.

(3) The initial free charge density vanishes, qF0
.
=0. In view of (B.2) the free

charge is thus always negligible, qF
.
=0.

(4) Only Dirichlet boundary conditions and zero-Neumann boundary con-
ditions are prescribed.

6.2 Numerical Solution Strategy

In this section, the essential ingredients for the finite element implementation are put
in place. First, the weak form of the IBVP is derived and the residuals of the weak
form are deduced. The latter are to be solved using the Newton-Raphson method.
Hence, upon a brief review of the method, the required differentials of the residuals
are also derived.
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6.2.1 Weak Forms and Residuals

The initial/boundary-value problem outlined in Section 6.1 has the displacements u,
temperature θ, electrostatic potential ϕ, and magnetostatic potential φ as unknowns.
The so-called strong form of the IBVP is stated as follows: Find the primary quan-
tities, with u subject to the additional requirement in (6.2)2 for the invertibility of
the motion, such that that they satisfy the balance laws (6.10) or (6.11) in con-
junction with the constitutive relations (6.60) in R at all times,18 given the initial
conditions (6.63) in R at time t0

19 and the boundary conditions (6.64 - 65) on ∂R at
all times. Any external forces, heat sources, or electric charges are neglected as per
the simplifications introduced in the preceding section.

Let u, θ, ϕ, and φ be restricted to the space of admissible solutions , that is,
fields which satisfy the initial conditions (6.63) and the Dirichlet boundary condi-
tions (6.64). For example, the space Ua of admissible displacements is defined as

Ua =

 u(x, t) : R× R→ E3

∣∣∣∣∣∣∣∣∣
det

[
I+

∂u

∂X

]
> 0 in R

ui(x, t) = ūi on Γui

u(X, 0) = 0 ,
.
u(X, 0) = v0 in R0

 ,

(6.67)
where E3 denotes the three-dimensional Euclidean vector space.20 Likewise, the
spaces Ta, Ea, andMa of the admissible temperatures, electric potentials, and mag-
netic potentials are given by

Ta =

{
θ(x, t) : R× R→ R

∣∣∣∣∣ θ(x, t) = θ̄ on Γθ

θ(X, 0) = θ0 in R0

}
, (6.68)

Ea =

{
ϕ(x, t) : R× R→ R

∣∣∣∣∣ ϕ(x, t) = ϕ̄ on Γϕ

ϕ(X, 0) = ϕ0 in R0

}
, (6.69)

Ma =

{
φ(x, t) : R× R→ R

∣∣∣∣∣ φ(x, t) = φ̄ on Γφ

φ(X, 0) = φ0 in R0

}
, (6.70)

respectively.
Further define the virtual displacements δu, virtual temperature δθ, virtual elec-

trostatic potential δϕ, and virtual magnetostatic potential δφ. These are restricted to
the space of admissible tangents , sometimes called test functions , which must vanish

18Recall that the balance of angular momentum, i.e., the symmetry of T, is ‘hard-wired’ into the
constitutive relation (6.60)2 through the prescribed symmetry of ρCCC and ρccc.

19As mentioned before, the initial conditions are not necessary for static problems but are never-
theless listed here.

20Although the implementation will later be reduced to two-dimensional plane strain problems,
the domain is assumed to be three-dimensional for now.



167

on the Dirichlet boundary Γu, Γθ, Γϕ, or Γφ (but not on the Neumann boundary).
For example, the admissible virtual displacements belong to the space δUa defined as

δUa =
{
δu(x, t) : R× R→ E3

∣∣ δui = 0 on Γui

}
. (6.71)

The remaining spaces for admissible virtual temperatures δθ∈ δTa, admissible virtual
electric potentials δϕ∈ δEa, and admissible virtual magnetic potentials δφ∈ δMa are
defined identically to (6.71).

Weak forms of the governing Equations (6.10) or their simplified forms (6.11)
are deduced using the standard Galerkin approach. Each balance equation is con-
tracted with the respective virtual multiplier and the resulting (scalar-valued) expres-
sion is integrated over the domain R of the RVE (and over time t for the transient
case), furnishing

−
∫
R
δu · divT dv +

∫
R
δu ·

{
ρ
..
u− ρ fB − fL

}
dv = 0 ,∫

R
δθ divq dv +

∫
R
δθ

{
ρ
.
ε−T · L− ρr − j · E

}
dv = 0 ,

−
∫
R
δϕ div

(
gradϕ− p/ε0

)
dv −

∫
R
δϕ qF/ε0 dv = 0 ,

−
∫
R
δφ div(gradφ−m)dv = 0 .

(6.72)

Here, without loss of generality, the sign of each equation is deliberately chosen such
that the tangent matrix resulting from a linearization of (6.72)1−4 yields positive
entries in the diagonal.

Next, the product rules in (2.46)1,2 and the divergence theorem in (2.50) are
applied. In particular, it is noted that

δu · divT = −grad
(
δu

)
·T + div

(
TTδu

)
,

δθ divq = −grad
(
δθ
)
· q + div

(
δθ q

)
,

δϕ div
(
gradϕ− p/ε0

)
= −grad

(
δϕ

)
·
(
gradϕ− p/ε0

)
+ div

{
δϕ

(
gradϕ− p/ε0

)}
,

δφ div
(
gradφ−m

)
= −grad

(
δφ

)
·
(
gradφ−m

)
+ div

{
δφ

(
gradφ−m

)}
.

(6.73)
The identities reduce the order of the spatial derivatives in (6.72) in exchange for
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derivatives on the test functions and new boundary integrals as

ru =

∫
R
grad

(
δu

)
·T dv +

∫
R
δu ·

{
ρ
..
u−ρ fB− fL

}
dv −

∫
∂R
δu ·Tn da = 0 ,

rθ = −
∫
R
grad

(
δθ
)
· q dv +

∫
R
δθ

{
ρ
.
ε−T ·L−ρr− j ·E

}
dv +

∫
∂R
δθ q · n da = 0 ,

rϕ =

∫
R
grad

(
δϕ

)
·
(
gradϕ−p/ε0

)
dv −

∫
R
δϕ qF/ε0 dv +

1

ε0

∫
∂R
δϕdF · n da = 0 ,

rφ =

∫
R
grad

(
δφ

)
·
(
gradφ−m

)
dv +

1

µ0

∫
∂R
δφb · n da = 0 .

(6.74)
For the boundary terms in (6.74)3,4 use was made of the relations

dF/ε0 = p/ε0 − gradϕ ,

b/µ0 = m − gradφ ,
(6.75)

which are obtained immediately from the aether relations in (3.37)1,2 and the gradient
quantities (6.12)1,2.

21 It can be shown that the weak form (6.74) is equivalent to the
aforementioned strong form only if all integrands are continuous functions of (x, t).

Given the interpretation of δu, δθ, δϕ, and δφ as variations of the respective fields,
Equation (6.74)1 may be regarded as a statement of virtual work. It states that in
aggregate over the whole body (or the RVE) the virtual work done by the internal
forces (i.e., the inertial forces and the stresses) is equal to the virtual work expended
by the external forces (i.e., the body forces, the Lorentz forces, and the surface
tractions).

The boundary integrals in (6.74)1−4 pertain to the entirety of Γ≡ ∂R which is
subdivided into regions of Dirichlet and Neumann boundary conditions according
to (6.66). However, since the admissible virtual multipliers are devised to vanish on
the Dirichlet boundary, see (6.71), only the Neumann portions of the boundary
(Γt, Γq, Γd, and Γb) contribute to the integral. The traction boundary conditions are
enforced by substituting the desired quantities (6.65)1−4 into the boundary integrals
in (6.74)1−4.

22

For the simplified set of governing Equations (6.11), subject to the assumptions

21It should be emphasized, however, that Equations (6.75)1,2 require the material frame to ap-
proximately correspond to the aether frame, and the convective term in e to be negligible according
to (6.6).

22Equations (6.72)1−4 may be viewed as weighted residuals, where the variations δu, δθ, δϕ, and δφ
are arbitrary weights which enforce the desired balance equations. Some authors take issue with
the fact that the Neumann boundary conditions are not explicitly enforced by the aforementioned
weighted residuals, see Papadopoulos [115]. Indeed, this would imply that the traction boundary
conditions are assumed to be satisfied at the outset, rather than enforced by the weighted residuals.
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listed in Section 6.1.4, the weak forms (6.74) reduce to

ru =

∫
R
grad

(
δu

)
·T dv = 0 ,

rθ = −
∫
R
grad

(
δθ
)
· q dv = 0 ,

rϕ =

∫
R
grad

(
δϕ

)
·
(
gradϕ− p/ε0

)
dv = 0 ,

rφ =

∫
R
grad

(
δφ

)
· gradφ dv = 0 .

(6.76)

Note that the Neumann boundary is subject to the zero-flux assumption in (6.65)
so that the boundary integrals vanish entirely.

The scalar quantities ru, rθ, rϕ, and rφ defined in Equations (6.74) or (6.76)
are often termed residuals . The weak form problem statement reads: Find the pri-
mary quantities (here symbolized collectively as [ · ]={u, θ, ϕ, φ}) such that the residu-
als r[ · ]=0 vanish at all times, given that the fields [ · ] and their virtual counterparts δ[ · ]
are admissible as defined in (6.67 - 71).

6.2.2 Newton-Raphson Method

Solving the weak form of the problem for u, θ, ϕ, and φ involves finding the roots of
the residuals in (6.74) or (6.76), which comprise a set of coupled differential equations.
The so-called Newton-Raphson Method and its variants are a standard numerical
approach for the solution of equations of the form r(ũ)=0, where ũ is the desired
solution.23 The method is based on a first-order Taylor expansion of r around an
initial estimate ũ0 of the solution,

0 = r(ũ) = L
[
r; ũ− ũ0

]
ũ0

+ O(|ũ− ũ0|) , (6.77)

where L
[
r; ũ− ũ0

]
ũ0

symbolizes the linear part of r in the direction ũ− ũ0 at the fixed

location ũ0, and O are the higher-order terms of |ũ− ũ0|. The linear part is expressed
in terms of the Gâteaux differential Dr(ũ0, ũ− ũ0) of r at the ‘location’ ũ0 in the
‘direction’ of ũ− ũ0 as

L
[
r; ũ− ũ0

]
ũ0

= r(ũ0) + Dr(ũ0, ũ− ũ0) . (6.78)

Recall that theGâteaux differential was introduced in (2.39) and (2.40) for arbitrary
functions of a vector-valued or a tensor-valued argument, respectively.

23Here, ũ and r are not members of the Euclidean 3-space but rather vectors (in the sense of
linear algebra) whose length is determined by the number of residuals and unknowns.
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Provided that r(ũ) is sufficiently smooth for the so-called Fréchet differential
to exist, the Gâteaux differential Dr(ũ0, ũ− ũ0) in (6.78) can alternatively be rep-
resented by a matrix-vector product between the Fréchet derivative [J ] and the
vector (ũ− ũ0),

Dr(ũ0, ũ− ũ0) =
[
J(ũ0)

](
ũ− ũ0

)
where Jij(ũ) =

∂ri(ũ)

∂ũj
. (6.79)

Note that [J ] represents a Jacobian matrix (not tensor) of r and should not to be
confused with the total electric current J or the Jacobian determinant J of the
deformation. If the higher-order terms of |ũ− ũ0| are neglected, the approximate
solution r+Dr∼= 0 to Equation (6.77) yields the iterative scheme

ũ(k+1) = ũ(k) −
[
J−1(ũ(k))

](
r(ũ(k))

)
. (6.80)

At every iteration of this numerical scheme, the residual and the Jacobian are
computed and an algebraic set of equations is solved.

6.2.3 Differentials of Residuals

In order to apply the Newton-Raphson method (6.80) to the residuals (6.74)
or (6.76), their differentials in the ‘direction’ of

{
du, dθ, dϕ, dφ

}
are needed. Within

the scope of this implementation only the simplified residuals in (6.76) are linearized.
Note that the spatial gradients and the integrals over the current configuration of the
RVE themselves depend on the deformation, thereby affecting the differential with
respect to the displacements du. Therefore, the weak form residuals are first pulled
back to the reference configuration. Next, the constitutive relations (6.56) and the
gradient quantities (6.57) are linearized. With their aid, the differentials of the resid-
uals are readily expressed in referential form. Lastly, the resulting differentials are
transformed back to the current configuration.

The gradients and integral domains in (6.76) are converted to referential form
with the aid of (2.79) and (2.82 - 86), furnishing

ru =

∫
R0

Grad
(
δu

)
· JTF−T dV = 0 ,

rθ = −
∫
R0

Grad
(
δθ
)
· JF−1q dV = 0 ,

rϕ =

∫
R0

Grad
(
δϕ

)
· J

(
C−1Gradϕ− F−1p/ε0

)
dV = 0 ,

rφ =

∫
R0

Grad
(
δφ

)
· JC−1Gradφ dV = 0 .

(6.81)
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The preceding expressions are linearized according to

dru =

∫
R0

Grad
(
δu

)
·
[
dFS+ FdS

]
dV ,

drθ = −
∫
R0

Grad
(
δθ
)
· dq0 dV ,

drϕ =

∫
R0

Grad
(
δϕ

)
·
{
d
[
JC−1

]
Gradϕ+ JC−1Grad

(
dϕ

)
− dp0/ε0

}
dV ,

drφ =

∫
R0

Grad
(
δφ

)
·
{
d
[
JC−1

]
Gradφ+ JC−1Grad

(
dφ

)}
dV ,

(6.82)

where the second Piola-Kirchhoff stress tensor S, the referential heat flux q0,
and the referential polarization p0 were employed. It is recalled that these are related
to their spatial counterparts T, q, and p according to Equations (2.149), (2.145),
and (3.131)3, respectively.

Preliminaries

The linearization of (6.82) requires knowledge of the differentials of the constitutive
relations in the referential notation (6.56)1−3 (that is, dS, dq0, and dp0). These
terms represent the contributions of the material parameters (6.58) to the Jacobian
in (6.79). For example, the term in (6.82)1 involving dS comprises the so-called ma-
terial stiffness . Moreover, Equations (6.82) call for the differentials of the purely
kinematic quantities dF and d[JC−1]. The former, see (6.82)1, is associated with the
so-called geometric stiffness , which quantifies the effect of the change in geometry
of the spatial configuration (at fixed stress). The latter term, featured in the elec-
tromagnetic Equations (6.82)3,4, accounts for the distortion of the spatial geometry
within which the electrostatic equations are computed. The correct implementation
of this term will be verified in Section 6.4.3.

The differentials of the gradients of the primary quantities, H, E0, and g0 with
respect to the referential configuration are obtained trivially from their definitions in
Equations (2.72) and (6.57)1,2, respectively. In particular,

dH = Grad
(
du

)
,

dE0 = d
[
FTE

]
= −Grad

(
dϕ

)
,

dg0 = Grad
(
dθ

)
.

(6.83)

The differential of the Green-Lagrange strain tensor E is obtained from (6.83)1
using the definitions in (2.70)1, (2.71)1, and (2.74), or

dF = d
[
1+H

]
= Grad

(
du

)
,

dE = 1
2
dC = 1

2

[
FTGrad

(
du

)
+GradT

(
du

)
F
]
=

[
FTGrad

(
du

)]sym
.

(6.84)
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Of course, the differential of a symmetric tensor must itself be symmetric. Lastly, it
remains to express d[JC−1] in terms of du. To this end, it is first noted that

dJ =
∂J

∂F
· dF = JF−T ·Grad

(
du

)
= J tr

{
Grad

(
du

)
F−1

}
,

dF−1 =
∂F−1

∂F
· dF = −F−1Grad

(
du

)
F−1 .

(6.85)

The identity in (6.85)1 is derived with the aid of the adjugate of F defined in (2.81).24

The relation in (6.85)2 is an adaptation of (A.5) derived in Appendix A.2, which is
further employed to deduce that

dC−1 = d
[
F−1F−T

]
= −F−1

[
Grad

(
du

)
F−1 + F−TGradT

(
du

)]
F−T

= −2F−1
[
Grad

(
du

)
F−1

]sym
F−T . (6.86)

Of course, the identical result is obtained via the alternate route

dC−1 =
∂C−1

∂C
· dC = −2C−1dEC−1 , (6.87)

and inserting (6.84)2 into the right-hand side. Equations (6.85)1 and (6.86) are com-
bined to yield the differential

d
[
JC−1

]
= J tr

{
Grad

(
du

)
F−1

}
C−1− 2JF−1

[
Grad

(
du

)
F−1

]sym
F−T , (6.88)

which is used for the electromagnetic Equations (6.82)3,4.
The referential form of the constitutive relations in (6.56) is readily linearized with

the aid of (6.83)2,3 and (6.84)2,

dp0 = −ρ0cccT2 dE + ε0ρ0c3dE0

= −ρ0cccT2
[
FTGrad

(
du

)]sym− ε0ρ0c3Grad
(
dϕ

)
,

dS = ρ0CCCdE − ρ0CCCAdθ + ρ0ccc2dE0

= ρ0CCC
[
FTGrad

(
du

)]sym− ρ0CCCAdθ − ρ0ccc2Grad
(
dϕ

)
,

dq0 = −κdg0

= −κGrad
(
dθ

)
.

(6.89)

Note that the constant pyroelectric parameter c1 in (6.56)1 lacks any contribution to
the differentials. This justifies dropping the term altogether for a lack of interest, as
was done for the constitutive model in (6.58)1.

24It was pointed out in (2.81) (without proof) that the adjugate F∗ also represents the tensor
derivative F∗ = ∂J

∂F of the Jacobian determinant J with respect to F.
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It was assumed in the derivation of the preceding differentials in (6.89)1−3 that the
referential material parameters c1, ccc2, c3, CCC, CCCA, and κ are constant, i.e., unaffected
by any changes

{
du, dθ, dϕ, dφ

}
in the primary variables. This is consistent with

the Saint Venant-Kirchhoff model, where CCC is typically constant. For heat
conduction, on the other hand, it may be desirable to require that the spatial form of
the thermal conductivity tensor κ be constant rather than the referential parameter κ,
see Equations (6.60)3 and (6.62)6. This of course leads to thermomechanical coupling
between dq0 and du, which is derived with the aid of (6.85)1,2 as

dq0 = −d
[
JF−1κF−TGradθ

]
= tr

{
Grad

(
du

)
F−1

}
q0 + 2

[
F−1Grad

(
du

)
κ
]sym

Gradθ − κGrad
(
dθ

)
,

(6.90)

where κ is assumed to be constant, that is, dκ=0. In the upcoming derivation of the
single-scale finite element equations, a solution is provided for both variants (6.89)3
and (6.90). However, in the context of the multiscale model of Chapter 7 only the
referential form (6.89)3 is implemented.

Mechanical Equation

The preceding results are inserted into the differential dru of the mechanical resid-
ual (6.82)1. The referential gradients are converted to spatial ones using Equa-
tions (2.82) and (2.84), and spatial integrals are obtained with the aid of (2.79)
and (2.137). The differential reads

dru =

∫
R0

Grad
(
δu

)
·
[
dFS+ FdS

]
dV

=

∫
R0

∂
(
δu

)
∂X

·
{
∂
(
du

)
∂X

S+ F

[
ρ0CCC

{
FT ∂

(
du

)
∂X

}sym

− ρ0CCCAdθ − ρ0ccc2
∂
(
dϕ

)
∂X

]}
dV

=

∫
R0

∂
(
δu

)
∂x

F ·
∂
(
du

)
∂x

FS dV +

∫
R0

∂
(
δu

)
∂x

F · F
{
ρ0CCC

[
FT ∂

(
du

)
∂x

F

]sym}
dV

−
∫
R0

∂
(
δu

)
∂x

F · F
[
ρ0CCCA

]
dθ dV −

∫
R0

∂
(
δu

)
∂x

F · F
[
ρ0ccc2

(
FT ∂

(
dϕ

)
∂x

)]
dV

=

∫
R

∂
(
δu

)
∂x

·
∂
(
du

)
∂x

1

J
FSFT dv +

∫
R

∂
(
δu

)
∂x

· F
{
ρCCC

[
FT ∂

(
du

)
∂x

F

]}
FT dv

−
∫
R

∂
(
δu

)
∂x

· F
[
ρCCCA

]
FTdθ dv −

∫
R

∂
(
δu

)
∂x

· F
[
ρccc2

(
FT ∂

(
dϕ

)
∂x

)]
FT dv

(6.91)

Note that the symmetry operator [ · ]sym was dropped on account of the minor sym-
metry of CCC in the third and fourth indices. Finally, the conversion in (6.62) between
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the referential and the spatial material tensors simplifies the preceding result to

dru =

∫
R

∂
(
δu

)
∂x

·
∂
(
du

)
∂x

T dv︸ ︷︷ ︸
geometric stiffness

+

∫
R

∂
(
δu

)
∂x

·
{
ρCCC

[
∂
(
du

)
∂x

]}
dv︸ ︷︷ ︸

material stiffness

−
∫
R

∂
(
δu

)
∂x

·
[
ρCCCAdθ

]
dv︸ ︷︷ ︸

thermal expansion

−
∫
R

∂
(
δu

)
∂x

·
{
ρccc2

(
∂
(
dϕ

)
∂x

)}
dv︸ ︷︷ ︸

piezoelectric effect

. (6.92)

Each term in the linearized tangent (6.92) is clearly attributable to an underlying
effect, that is, the change in stiffness due to the geometry, the contribution of the
elastic moduli, the thermal expansion, and the piezoelectric strain, respectively. The
geometric and material stiffnesses, which relate δu with du and thus lie near the
diagonal of the tangent, are symmetric on account of the symmetries of T and CCC,
respectively. However, it will be seen in the upcoming sections that the off-diagonal
coupling of the thermal or electric part with the displacements is not symmetric.

Thermal Equation

It is first noted that the differential dq0 of the referential heat flux obtained in (6.90)
can be expressed in terms of the spatial quantities according to

J−1Fdq0 = div
(
du

)
q + 2

[
grad

(
du

)
κ
]sym

gradθ − κgrad
(
dθ

)
, (6.93)

where the definition of the divergence (2.41)1 and the relations in (2.82) and (2.84)
were used. The second term in (6.93) made use of the fact that

2
[
F−1Grad

(
du

)
κ
]sym

Gradθ = 2 JF−1
[
grad

(
du

)
κ
]sym

gradθ (6.94)

The result in (6.93) is inserted into the differential drθ of the thermal residual,
see (6.82)2, furnishing

drθ = −
∫
R0

Grad
(
δθ
)
· dq0 dV

= −
∫
R

(
∂
(
δθ
)

∂x
· q
)(

∂

∂x
· du

)
dv︸ ︷︷ ︸

volume change

−2

∫
R

∂
(
δθ
)

∂x
·
([
∂
(
du

)
∂x

κ

]sym
∂θ

∂x

)
dv︸ ︷︷ ︸

shape change

+

∫
R

∂
(
δθ
)

∂x
· κ

∂
(
dθ

)
∂x

dv︸ ︷︷ ︸
material ‘stiffness’

, (6.95)

where ∂
∂x
·du denotes the divergence of du. The first two terms in (6.95) are as-

sociated with changes in the geometry. They are caused by the dependence of the
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referential κ on the deformation, because it was assumed in (6.90) that the spatial
counterpart κ is constant. On the other hand, if κ were kept constant instead, the
coupling between δθ and du vanishes according to dq0 in (6.89)3. In that case only
the third term in (6.95) remains, which accounts purely for the thermal conductivity
at a fixed spatial configuration.

The term involving dθ is symmetric due to the symmetry of κ. Given that κ
is positive semi-definite, this result confirms the choice for the sign of the thermal
residual in (6.72)2, which ensures positive diagonal entries in the tangent matrix.
Note that the coupling between δθ and du in the first two terms of (6.95) is different
from the reverse coupling between δu and dθ in the third term of (6.92). It is thus
concluded that the overall tangent will be unsymmetric.

Electric Equation

The results for d[JC−1] in (6.88) and for dp0 in (6.89)1 are inserted into the differential
of the electric residual (6.82)3, furnishing

drϕ =

∫
R0

Grad
(
δϕ

)
·
{
d
[
JC−1

]
Gradϕ+ JC−1Grad

(
dϕ

)
− dp0/ε0

}
dV

=

∫
R0

∂
(
δϕ

)
∂X

·
{
J tr

(
∂
(
du

)
∂X

F−1

)
C−1− 2JF−1

[
∂
(
du

)
∂X

F−1

]sym
F−T

}
Gradϕ dV

+

∫
R0

∂
(
δϕ

)
∂X

· JC−1 ∂
(
dϕ

)
∂X

dV

+

∫
R0

∂
(
δϕ

)
∂X

· 1
ε0

{
ρ0ccc

T
2

[
FT ∂

(
du

)
∂X

]sym
+ ε0ρ0c3

∂
(
dϕ

)
∂X

}
dV

=

∫
R

∂
(
δϕ

)
∂X

· F−1

{(
∂

∂x
· du

)
i− 2

[
∂
(
du

)
∂x

]sym}
F−T ∂ϕ

∂X
dv

+

∫
R

∂
(
δϕ

)
∂X

· F−1F−T ∂
(
dϕ

)
∂X

dv

+

∫
R

∂
(
δϕ

)
∂X

· 1
ε0

F−1

{
F

(
ρcccT2

[
FT ∂

(
du

)
∂x

F

]sym)
+ ε0 ρFc3F

TF−T ∂
(
dϕ

)
∂X

}
dv

=

∫
R

∂
(
δϕ

)
∂x

·
{(

∂

∂x
· du

)
i− 2

[
∂
(
du

)
∂x

]sym}
∂ϕ

∂x
dv +

∫
R

∂
(
δϕ

)
∂x

·
∂
(
dϕ

)
∂x

dv

+

∫
R

∂
(
δϕ

)
∂x

· 1
ε0

{
F

(
ρcccT2

[
FT ∂

(
du

)
∂x

F

]sym)
+ ε0 ρFc3F

T ∂
(
dϕ

)
∂x

}
dv ,

(6.96)

where the usual relations (2.41)1, (2.79), (2.82), (2.84), and (2.137) were employed.
Lastly, appealing to the definitions of the spatial material parameters ccc2 and c3
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in (6.62)2,3 and exploiting the symmetry c2ijk = c2jik in the first two indices, Equa-
tion (6.96) simplifies to

drϕ =

∫
R

(
∂
(
δϕ

)
∂x

· ∂ϕ
∂x

)(
∂

∂x
· du

)
dv︸ ︷︷ ︸

volume change

−2

∫
R

∂
(
δϕ

)
∂x

·
([
∂
(
du

)
∂x

]sym
∂ϕ

∂x

)
dv︸ ︷︷ ︸

shape change

+

∫
R

∂
(
δϕ

)
∂x

·
([

i+ ρc3

]∂(dϕ)
∂x

)
dv︸ ︷︷ ︸

material ‘stiffness’

+
1

ε0

∫
R

∂
(
δϕ

)
∂x

·
{
ρcccT2

∂
(
du

)
∂x

}
dv︸ ︷︷ ︸

piezoelectric effect

.

(6.97)

The first two terms in (6.97) represent the geometric ‘stiffness’, that is, the change in
the electric response exclusively due to a change in the geometry of the current config-
uration. Note their similarity with the first two terms of the thermal equation (6.95)
(except that the second term is additionally modulated by κ). The third term repre-
sents the material ‘stiffness’ due to the (spatial) relative permittivity tensor εr or the
corresponding permittivity tensor ε, which are defined as25

εr = i + ρc3 = i + χ ,

ε = ε0εr = ε0 i + ε0ρc3 ,
(6.98)

where the (spatial) electric susceptibility tensor χ was used, see Equation (6.20).
Indeed, the relative permittivity tensor (6.98)1 is a tensor-valued (i.e., anisotropic)
generalization of the isotropic relative permittivity εr. In the isotropic case, that is,
for εr = εr i and χ=χe i, the relations in (6.98)1,2 between ε, εr, and χ reduce to
the isotropic relations in (3.39)1,2. Lastly, the fourth term in (6.97) accounts for the
polarization due to the piezoelectric effect.

As with the mechanical and thermal residuals, it is noted that the term involv-
ing dϕ is symmetric due to the symmetry of c3. However, it is yet again seen that
the coupling between δϕ and du differs from the reverse coupling between δu and dϕ.
It is thus concluded that the electro-mechanical coupling, too, contributes to the
asymmetry of the tangent.

Magnetic Equation

Recall that in the context of this implementation the magnetization is neglected
from the outset, so that the Poisson Equation (6.10)4 reduces to a Laplace Equa-
tion (6.11)4. The corresponding differential drφ of the magnetic residual, see (6.82)4,

25The reader is cautioned that the material model for the parameters in c3 in (6.58)3 and thus c3
in (6.62)3 already incorporates the vacuum permittivity ε0 (as well as the density). Hence, in
practice, division by ε0 may be needed to evaluate the third term in (6.97).
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simply reads

drφ =

∫
R

(
∂
(
δφ

)
∂x

· ∂φ
∂x

)(
∂

∂x
· du

)
dv︸ ︷︷ ︸

volume change

−2

∫
R

∂
(
δφ

)
∂x

·
([
∂
(
du

)
∂x

]sym
∂φ

∂x

)
dv︸ ︷︷ ︸

shape change

+

∫
R

∂
(
δφ

)
∂x

·
∂
(
dφ

)
∂x

dv︸ ︷︷ ︸
vacuum ‘stiffness’

. (6.99)

Note that the form of (6.99) is identical to the electric differential in (6.97) for the
special case where the susceptibility and the piezoelectricity are neglected, ccc2=0
and c3=0. The magnetic variation δφ is coupled to du only due to the geometric
‘stiffness’, represented by the first two terms in (6.99). Recall that none of the other
variations δu, δθ, or δϕ are coupled with dφ, see (6.92), (6.95), and (6.97), hence the
magnetic problem can be regarded as a dummy equation.

6.3 Implementation

The goal of this section is to employ the Newton-Raphson method (6.80) for the
solution of the residual Equations (6.76)1−4 using the differentials in Equations (6.92),
(6.95), (6.97), and (6.99). To achieve this in a numerical setting, the continuous
integrals in the aforementioned equations are evaluated by a numerical scheme, that
is, Gaussian quadrature. Meanwhile, the primary variables, the gradient quantities,
and the fluxes, which are comprised of continuous piece-wise smooth functions, are
approximated by element-wise interpolation (or shape) functions in conjunction with
a finite number of discrete nodal values. In conjunction with the Newton-Raphson
method, this leads to an iterative sequence of linear algebraic equations for the nodal
values of the primary variables, which can be solved using standard numerical methods
such as Gaussian elimination or the conjugate gradient method .

This section is organized as follows: First, the so-called Voigt notation is pre-
sented, which enables a compact notation for multiplications of tensors up to fourth
order. Next, finite element approximations are introduced for the relevant quantities.
The preceding results are employed to express the residuals and their differentials in
terms of a matrix-vector notation, whose components are given by global integrals
of the shape functions, material parameters, and fluxes. Lastly, the preceding global
notation is reduced to an element-wise form involving only the element nodal val-
ues and integrals over the element domain. The global problem can be recovered by
assembly of the individual element residual vectors and element stiffness matrices .

This section does not attempt to present a complete overview of finite element
analysis. Enough information is supplied to implement the element residual and stiff-
ness. The Gaussian quadrature of the shape functions, the assembly of the element
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stiffnesses into the global form, the incorporation of the Dirichlet boundary condi-
tion using a so-called Schur complement , and the numerical solution of the ensuing
linear system of equations are not discussed here. Furthermore, questions of accuracy,
stability, and convergence are not addressed in the context of this dissertation.

6.3.1 Voigt Notation

Voigt notation allows for a convenient matrix-vector representation of the usual
tensor operations (such as tensor multiplication, tensor product, contraction, etc.),
without having to resort to indicial notation for higher-order tensors. Its basic defini-
tions and identities are introduced here. Note that, in practice, the Voigt notation
can always be deduced from the indicial form of an equation. Nevertheless, a more
formal and systematic approach is taken here to express the residuals and their dif-
ferentials in Voigt notation.

Vectors and Tensors

Let u, T, ccc, and CCC represent an arbitrary vector and second-, third-, and fourth-
order tensors.26 In Voigt notation, the 3×3 independent components Tij of T are
represented by a 9×1 vector. Likewise, the 3×3×3×3=81 components Cijkl of CCC
are expressed as a 9×9 matrix. Third-order tensors ccc are given either by 9×3 or
by 3×9 matrices to represent their components cijk, depending on how the tensor
is intended to operate against other vectors and tensors. For example, the third-
order material tensor ccc2 defined in (6.38)2 operates on (symmetric) tensors from the
left and vectors from the right, see (6.56)1,2, hence its Voigt notation must be of

26For the purposes of this section it is assumed that u, T, ccc, and CCC are completely arbitrary and
unrelated to the displacement, stress or material tensors of the EMTM continuum theory.
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dimensions 9×3. Here it is defined that

(
u
)

3×1

=

u1u2
u3

 ,
〈
T
〉

9×1

=



T11
T22
T33
T12
T23
T31
T13
T21
T32


,

〈
ccc
〉

9×3

=



c111 c112 c113

c221 c222 c223

c331 c332 c333

c121 c122 c123

c231 c232 c233

c311 c312 c313

c131 c132 c133

c211 c212 c213

c321 c322 c323


,

〈
CCC
〉

9×9

=



C1111 C1122 C1133 C1112 C1123 C1131 C1113 C1121 C1132

C2211 C2222 C2233 C2212 C2223 C2231 C2213 C2221 C2232

C3311 C3322 C3333 C3312 C3323 C3331 C3313 C3321 C3332

C1211 C1222 C1233 C1212 C1223 C1231 C1213 C1221 C1232

C2311 C2322 C2333 C2312 C2323 C2331 C2313 C2321 C2332

C3111 C3122 C3133 C3112 C3123 C3131 C3113 C3121 C3132

C1311 C1322 C1333 C1312 C1323 C1331 C1313 C1321 C1332

C2111 C2122 C2133 C2112 C2123 C2131 C2113 C2121 C2132

C3211 C3222 C3233 C3212 C3223 C3231 C3213 C3221 C3232


,

(6.100)

where ccc is assumed to operate with tensors from the left and vectors from the right.
Greek indices are used occasionally to refer to the components of a tensor inVoigt

notation. For example, the components of ⟨T⟩ are represented by Tα where α=1 . . . 9
correspond with the indices ij according to the ordering defined in (6.100)2. Likewise,
the 9×3 components of ⟨ccc⟩ are indexed according to cαk, where k=1 . . . 3, and the
9×9 components of ⟨CCC⟩ are represented as Cαβ.

Note that slightly different variants of the Voigt notation exist, where the off-
diagonal entries of ⟨T⟩ (i.e., Tα where α=4 . . . 9) are ordered differently. All repre-
sentations are equivalent as long as they are employed consistently.

Higher-Order Tensor Multiplications

It is easy to verify that matrix-vector operations using the definitions in (6.100)
emulate the tensor multiplications of the corresponding tensorial quantities. For
example, it is readily seen that〈

cccu
〉

9×1

=
〈
ccc
〉

9×3

〈
u
〉

3×1

= cαkuk ↔ cijk uk ,〈
ccc
TT

〉
3×1

=
〈
ccc
T
〉

3×9

〈
T
〉

9×1

= cαkTα ↔ cijkTij ,〈
CCCT

〉
9×1

=
〈
CCC
〉

9×9

〈
T
〉

9×1

= CαβTβ ↔ CijklTkl ,

(6.101)
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which is in accordance with the corresponding tensor multiplication.

Second-Order Tensor Multiplication

It is clear from (6.101) that the Voigt notation conveniently represents tensor mul-
tiplications involving higher-order tensors. However, this raises the question of how
operations involving vectors and second-order tensors are represented in Voigt no-
tation. To examine this, let S and T be two arbitrary second-order tensors. The
components TikSkj of the tensor multiplication TS are obtained from a simple ma-
trix multiplication of their 3×3 matrix representation. However, if S is represented
by the 9×1 Voigt vector ⟨S⟩, then the tensor multiplication must be expressed as

〈
TS

〉
9×1

=



T1kSk1

T2kSk2

T3kSk3

T1kSk2

T2kSk3

T3kSk1

T1kSk3

T2kSk1

T3kSk2


=



T11 0 0 0 0 T13 0 T12 0
0 T22 0 T21 0 0 0 0 T23
0 0 T33 0 T32 0 T31 0 0
0 T12 0 T11 0 0 0 0 T13
0 0 T23 0 T22 0 T21 0 0
T31 0 0 0 0 T33 0 T32 0
0 0 T13 0 T12 0 T11 0 0
T21 0 0 0 0 T23 0 T22 0
0 T32 0 T31 0 0 0 0 T33


︸ ︷︷ ︸

=
〈
T
〉

9×9

(1)



S11

S22

S33

S12

S23

S31

S13

S21

S32


.

(6.102)
Similarly, if T is represented by the 9×1 vector ⟨T⟩, then

〈
TS

〉
9×1

=



Sk1T1k
Sk2T2k
Sk3T3k
Sk2T1k
Sk3T2k
Sk1T3k
Sk3T1k
Sk1T2k
Sk2T3k


=



S11 0 0 S21 0 0 S31 0 0
0 S22 0 0 S32 0 0 S12 0
0 0 S33 0 0 S13 0 0 S23

S12 0 0 S22 0 0 S32 0 0
0 S23 0 0 S33 0 0 S13 0
0 0 S31 0 0 S11 0 0 S21

S13 0 0 S23 0 0 S33 0 0
0 S21 0 0 S31 0 0 S11 0
0 0 S32 0 0 S12 0 0 S22


︸ ︷︷ ︸

=
〈
S
〉

9×9

(2)



T11
T22
T33
T12
T23
T31
T13
T21
T32


.

(6.103)
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In summary, it is concluded that tensor multiplications between two second-order
tensors are alternatively expressed in Voigt notation as〈

TS
〉

9×1

=
〈
T
〉

9×9

(1)〈
S
〉

9×1

=
〈
S
〉

9×9

(2)〈
T
〉

9×1

.
(6.104)

where the operators
〈
[ · ]
〉(1)

and
〈
[ · ]
〉(2)

convert the components of a second-order tensor
into a 9×9 matrix defined by (6.102) or (6.103), respectively.

Note that the preceding result may be viewed as a tensor multiplication between
the fourth-order tensors TTT(1) or SSS(2), represented in Voigt notation by ⟨T⟩(1) or ⟨S⟩(1),
and the second-order tensors S or T, represented in Voigt notation by ⟨S⟩ or ⟨T⟩,
respectively. The components of the aforementioned fourth-order tensors are inferred
from

TikSkj =
[
Tikδjl

]
Skl ↔

〈
T
〉

9×9

(1)
=

〈
TTT(1)

〉
9×9

where TTT(1) = Tikδjl ei ⊗ ej ⊗ ek ⊗ el

=
[
δikSlj

]
Tkl ↔

〈
S
〉

9×9

(2)
=

〈
SSS(2)

〉
9×9

where SSS(2) = δikSlj ei ⊗ ej ⊗ ek ⊗ el .

(6.105)
According to this result, the second-order tensor multiplication TS, see (2.11), is
identical to the fourth-order tensor multiplications TS=TTT(1)S=SSS(2)T, see (2.25),
where the components of TTT(1) and SSS(2) are given by (6.105). This observation is based
solely on tensor algebra and is thus independent of Voigt notation.

It is seen by inspection of the components of TTT(1) and SSS(2) defined by (6.102 - 103)
that for the transpose 〈

TT
〉

9×9

(1)
=

[〈
T
〉

9×9

(1)
]T

,

〈
TT

〉
9×9

(2)
=

[〈
T
〉

9×9

(2)
]T

.

(6.106)

Therefore the symmetry of T also implies that ⟨T⟩(1) and ⟨T⟩(2) are symmetric (and
vice versa). For the second-order identity tensor I, the result in (6.105) yields〈

I
〉

9×9

(1)
=

〈
I
〉

9×9

(2)
=

〈
III
〉

9×9

= I(9)
9×9

, (6.107)

where III= δikδjl ei⊗ej⊗ek⊗el is the fourth-order identity tensor, see (2.29), and I(9)
denotes the 9×9 identity matrix. This result is consistent with (6.104)1,2 where the
identity I is substituted into either T or S.
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Vector Mapping

Lastly, consider the linear operation Tu between the second-order tensor T and the
vector u. This is trivial, of course, if the components of T are expressed as a 3×3
matrix. However, if T is instead given in Voigt notation by the 9×1 vector ⟨T⟩,
this operation must be represented as

(
Tu

)
3×1

=

ukT1kukT2k
ukT3k

 =

u1 0 0 u2 0 0 u3 0 0
0 u2 0 0 u3 0 0 u1 0
0 0 u3 0 0 u1 0 0 u2


︸ ︷︷ ︸

=
〈
u
〉

3×9

(3)



T11
T22
T33
T12
T23
T31
T13
T21
T32


. (6.108)

Hence, the linear mapping Tu of the vector u by the second-order tensor T is ex-
pressed in Voigt notation as (

Tu
)

3×1

=
〈
u
〉

3×9

(3) 〈
T
〉

9×1

. (6.109)

A similar identity for the vector Tu is stated as〈
Tu

〉
3×9

(3)
=

〈
u
〉

3×9

(3) 〈
T
〉

9×9

(2)
, (6.110)

which is readily verified by components. Note that, akin to (6.105), ⟨u⟩(3) may be
viewed as the Voigt notation of a third-order tensor whose components are given by

Tikuk =
[
δijuk

]
Tjk ↔

〈
u
〉

3×9

(3)
=

〈
uuu

(3)
〉

3×9

where uuu
(3) = δijuk ei ⊗ ej ⊗ ek .

(6.111)
The mapping Tu defined by (2.8) is identical to the tensor product in (2.24)2 between
the third-order tensor uuu(3) and the second-order tensor T, i.e., Tu=uuu

(3)T.
Similar representations are available for other vector and tensor operations by

applying the same principles discussed here. That is, vector or tensor operations
are converted to Voigt notation by deliberately expressing the same result as a
multiplication or contraction of higher-order tensors. This has been encountered
before in Equation (2.158), where the axial vector of a vector product is equivalently
represented by a skew-symmetric second-order tensor.
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Tensor Products

The second-order tensor consisting of a tensor product u⊗v between two vectors u
and v is represented in Voigt notation as〈

u⊗v
〉

1×9

T
=

[
u1v1 u2v2 u3v3 u1v2 u2v3 u3v1 u1v3 u2v1 u3v2

]
=

[
u1 u2 u3

] v1 0 0 v2 0 0 v3 0 0
0 v2 0 0 v3 0 0 v1 0
0 0 v3 0 0 v1 0 0 v2

 =
(
u
)

1×3

T 〈
v
〉

3×9

(3)

(6.112)
where the definition in (6.108) was used for ⟨v⟩(3). Furthermore, it can be shown that[〈

v
〉

3×9

(3)
]T 〈

w
〉

3×9

(3)
=

[〈
v⊗w

〉
9×9

(2)
]T

. (6.113)

Meanwhile, the third-order tensor T⊗u resulting from the tensor product between a
second-order tensor T and a vector u is written as

〈
T⊗u

〉
9×3

=



T11u1 T11u2 T11u3
T22u1 T22u2 T22u3
T33u1 T33u2 T33u3
T12u1 T12u2 T12u3
T23u1 T23u2 T23u3
T31u1 T31u2 T31u3
T13u1 T13u2 T13u3
T21u1 T21u2 T21u3
T32u1 T32u2 T32u3


=



T11
T22
T33
T12
T23
T31
T13
T21
T32


[
u1 u2 u3

]
=

〈
T
〉

9×1

(
u
)

1×3

T
. (6.114)

However, if the third-order tensor is produced by the opposite tensor product u⊗T
while still being considered to operate on tensors from the left (i.e., its Voigt repre-
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sentation is given by a 9×3 matrix), then

〈
u⊗T

〉
9×3

=



u1T11 u1T12 u1T13
u2T21 u2T22 u2T23
u3T31 u3T32 u3T33
u1T21 u1T22 u1T23
u2T31 u2T32 u2T33
u3T11 u3T12 u3T13
u1T31 u1T32 u1T33
u2T11 u2T12 u2T13
u3T21 u3T22 u3T23



=



T11 0 0 0 0 T13 0 T12 0
0 T22 0 T21 0 0 0 0 T23
0 0 T33 0 T32 0 T31 0 0
0 T12 0 T11 0 0 0 0 T13
0 0 T23 0 T22 0 T21 0 0
T31 0 0 0 0 T33 0 T32 0
0 0 T13 0 T12 0 T11 0 0
T21 0 0 0 0 T23 0 T22 0
0 T32 0 T31 0 0 0 0 T33





u1 0 0
0 u2 0
0 0 u3
u2 0 0
0 u3 0
0 0 u1
u3 0 0
0 u1 0
0 0 u2


=

〈
T
〉

9×9

(1)
[〈
u
〉

3×9

(3)
]T

,

(6.115)

see Equation (6.102). Lastly, a fourth-order tensor defined by the tensor prod-
uct S⊗T of two second-order tensors is given simply by〈

T⊗S
〉

9×9

=
〈
T
〉

9×1

〈
S
〉

1×9

T
. (6.116)

Contraction

Trivially, the contraction between two tensors of equal order, see (2.22) and (2.27), is
given in Voigt notation by the contraction of the respective matrices.

Symmetries and Reduced Voigt Notation

Recall the definition in (6.100)4 of the Voigt notation for ⟨CCC⟩ with 9×9 compo-
nents Cαβ, which represents the fourth-order tensor CCC with components Cijkl. It is
readily seen that the symmetry of the matrix ⟨CCC⟩ is equivalent to a major symmetry
in the corresponding tensor CCC, since the indices are given by Cijkl ↔ Cαβ. However,
no such conclusion can be drawn for minor symmetries of CCC. Similarly, symmetries
in second-order tensors T and third-order tensors ccc are not as readily apparent in
Voigt notation.
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Recall from (2.29) that the fourth-order identity tensor can be additively decom-
posed into III= IIIsym +IIIskw , where the mappings sym

[
T
]
= IIIsymT and skw

[
T
]
= IIIskwT

produce the symmetric part and the skew symmetric part of T, respectively. The
same decomposition holds in Voigt notation, where it was already noted in Equa-
tion (6.107) that III produces the 9× 9 identity matrix I(9). Furthermore, let the 9×9
transpose operator ⟨ IIIT⟩ be given by

〈
IIIT
〉

9×9

=



1 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 1 0 0
0 0 0 0 0 1 0 0 0
0 0 0 1 0 0 0 0 0
0 0 0 0 1 0 0 0 0


. (6.117)

Hence, the components of the fourth-order symmetry operator Isymijkl =
1
2
(δikδjl+δjkδil)

are expressed in Voigt notation as

〈
IIIsym

〉
9×9

=
1

2

[〈
III
〉

9×9

+
〈
IIIT
〉

9×9

]
=



1 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0
0 0 0 1

2
0 0 0 1

2
0

0 0 0 0 1
2

0 0 0 1
2

0 0 0 0 0 1
2

1
2

0 0
0 0 0 0 0 1

2
1
2

0 0
0 0 0 1

2
0 0 0 1

2
0

0 0 0 0 1
2

0 0 0 1
2


. (6.118)

It is observed that ⟨ IIIsym ⟩ is symmetric, i.e., Isym is majorly symmetry,〈
IIIsym

〉
9×9

=
〈
IIIsym

〉
9×9

T
, (6.119)

and that the rows and columns 4 through 9 corresponding with the off-diagonals in
Voigt notation exhibit a repeating pattern. It is readily verified that〈

IIIsym
〉

9×9

〈
T
〉

9×1

=
〈
sym

[
T
]〉

9×1

(6.120)

indeed produces the components of the symmetric part of T, and that the repeated
application 〈

IIIsym
〉

9×9

=
〈
IIIsym

〉
9×9

〈
IIIsym

〉
9×9

(6.121)
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of the symmetry operator yields the same result.
The symmetric tensor sym[T] contains only six independent components, which is

also evidenced in Voigt notation by the repeating pattern of the entries 4 through 9.
Since symmetries are a common occurrence in the EMTM equations, it is economical
to introduce a reduced Voigt notation for symmetric tensors. To this end, it is
observed that 〈

IIIsym
〉

9×9

=
〈
IIIsym(1)

〉
9×6

T 〈
IIIsym(2)

〉
6×9

=
〈
IIIsym(2)

〉
9×6

T 〈
IIIsym(1)

〉
6×9

,
(6.122)

where reduced symmetry operators were defined as

〈
IIIsym(1)

〉
6×9

=


1 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0
0 0 0 1

2
0 0 0 1

2
0

0 0 0 0 1
2

0 0 0 1
2

0 0 0 0 0 1
2

1
2

0 0

 , (6.123)

and

〈
IIIsym(2)

〉
6×9

=


1 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0
0 0 0 1 0 0 0 1 0
0 0 0 0 1 0 0 0 1
0 0 0 0 0 1 1 0 0

 . (6.124)

The preceding definitions observe the relations〈
IIIsym(1)

〉
6×9

〈
IIIsym(2)

〉
9×6

T
=

〈
IIIsym(2)

〉
6×9

〈
IIIsym(1)

〉
9×6

T
= I(6)

6×6

, (6.125)

where I(6) denotes the 6×6 identity matrix. Similar to (6.121), the repeated applica-
tion of ⟨ IIIsym ⟩ does not alter the reduced symmetry operators,〈

IIIsym(1)

〉
6×9

=
〈
IIIsym(1)

〉
6×9

〈
IIIsym

〉
9×9

,〈
IIIsym(2)

〉
6×9

=
〈
IIIsym(2)

〉
6×9

〈
IIIsym

〉
9×9

.
(6.126)

The preceding result follows immediately from (6.122)1,2 and (6.125).
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Note that, when applied to a tensor ⟨T⟩ in Voigt notation, the operator ⟨IIIsym(1) ⟩
takes the average of the off-diagonal components of T

〈
Tsym

(1)

〉
6×1

=
〈
IIIsym(1)

〉
6×9

〈
T
〉

9×1

=


T11
T22
T33

1
2

(
T12+T21

)
1
2

(
T23+T32

)
1
2

(
T31+T13

)

 . (6.127)

Conversely, application of ⟨IIIsym(2) ⟩ to ⟨E⟩ yields the sum of the off-diagonal components
of E,

〈
Esym

(2)

〉
6×1

=
〈
IIIsym(2)

〉
6×9

〈
E
〉

9×1

=


E11

E22

E33

E12+E21

E23+E32

E31+E13

 , (6.128)

thereby introducing a factor of 2 on the entries 4 through 6.
The preceding results are employed to reduce the 9×9 notation of a fourth-order

tensor CCC to a reduced 6×6 notation by enforcing the minor symmetries in Cijkl.
Consider the linear stress-strain relationship S=CCCE, see (6.56)2, where both S and E
are symmetric second-order tensors (which implies that minor symmetries can be
imposed on CCC without loss of generality). In Voigt notation, this implies that S can
be expressed in reduced 6×6 notation ⟨Ssym

(1) ⟩, see Equation (6.127), according to〈
Ssym

(1)

〉
6×1

=
〈
IIIsym(1)

〉
6×9

〈
S
〉

9×1

=
〈
IIIsym(1)

〉
6×9

〈
CCC
〉

9×9

〈
E
〉

9×1

=
〈
IIIsym(1)

〉
6×9

〈
CCC
〉

9×9

〈
IIIsym

〉
9×9

〈
E
〉

9×1

=
〈
IIIsym(1)

〉
6×9

〈
CCC
〉

9×9

〈
IIIsym(1)

〉
9×6

T

︸ ︷︷ ︸〈
CCCsym

(1)

〉
〈
IIIsym(2)

〉
6×9

〈
E
〉

9×1︸ ︷︷ ︸〈
Esym

(2)

〉
=

〈
CCCsym

(1)

〉
6×6

〈
Esym

(2)

〉
6×1

, (6.129)

where (6.120) and (6.122)1 were used. The minor symmetries of the fourth-order
tensor CCC are thus exploited to obtain the reduced 6×6 stiffness matrix〈

CCCsym
〉

6×6

=
〈
IIIsym(1)

〉
6×9

〈
CCC
〉

9×9

〈
IIIsym(1)

〉
9×6

T
. (6.130)
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No loss of information is incurred by this reduction if CCC is already minorly symmetric,
in which case (6.130) is equivalent to setting ⟨CCCsym

(1) ⟩ equal to the first 6×6 entries of
the 9×9 matrix ⟨CCC⟩. The full 9×9 notation of the (still minorly symmetric) tensor ⟨CCC⟩
is recovered using 〈

CCC
〉

9×9

=
〈
IIIsym(2)

〉
9×6

T〈CCCsym
〉

6×6

〈
IIIsym(2)

〉
6×9

. (6.131)

Note that it is customary to place the factor 2 for the off-diagonal entries (i.e., for
indices 4 through 6) on the strain ⟨Esym

(2) ⟩ rather than the stress ⟨Ssym
(1) ⟩, see (6.129). Al-

beit equally valid, the opposite convention would require ⟨CCCsym
(2) ⟩=⟨III

sym
(2) ⟩⟨CCC⟩

〈
IIIsym(2)

〉T
,

which introduces unnecessary factors of 2 and 4 into the reduced 6× 6 stiffness.
Lastly, it is mentioned that no use was made of the major symmetry of CCC. Neverthe-
less, it is observed from (6.130) that the symmetry of

〈
CCC
〉
is preserved in the reduced

notation ⟨CCCsym ⟩.
In order to derive a reduced 6×3 notation for third-order tensors ccc, consider

the multiplication of ccc with a symmetric second-order tensor E from the left, that
is, cccTE.27 This is represented in Voigt notation with the aid of (6.101)2 as〈

ccc
TE

〉
3×1

=
〈
ccc
T
〉

3×9

〈
E
〉

9×1

=
〈
ccc
T
〉

3×9

〈
IIIsym

〉
9×9

〈
E
〉

9×1

=
〈
ccc
T
〉

3×9

〈
IIIsym(1)

〉
9×6

T

︸ ︷︷ ︸〈
ccc
sym

〉T
〈
IIIsym(2)

〉
6×9

〈
E
〉

9×1︸ ︷︷ ︸〈
Esym

(2)

〉
. (6.132)

It is thus concluded, that 〈
ccc
sym

〉
6×3

=
〈
IIIsym(1)

〉
6×9

〈
ccc
〉

9×3

. (6.133)

As before, no information is lost if ccc is already symmetric. The full 9× 3 notation of
the (albeit still symmetric) tensor ⟨ccc⟩ is recovered from〈

ccc
〉

9×3

=
〈
IIIsym(2)

〉
9×6

T〈
ccc
sym

〉
6×3

. (6.134)

Note that the definition (6.133) is based on the assumption that ccc operates on the
strain, not the stress, where the Voigt notation of ⟨Esym

(2) ⟩ carries a factor of 2 on the
shear components.

27Recall from the constitutive relation in (6.56)1 that the symmetric strain tensor E contracts
with the piezoelectric tensor ccc2 from the left. This is the motivation for the definition of

〈
ccc

〉
as a

9×3 matrix rather than a 3×9 matrix.
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Useful Identities

In view of the transpose and the symmetry operators in Equations (6.117) and (6.118),
respectively, a pair of convenient identities are available for 3×9 matrices of the
form ⟨w⟩(3) introduced in (6.108). In particular, it is noted that〈

w
〉

3×9

(3) 〈 III 〉
9×9

[〈
v
〉

3×9

(3)
]T

=
(
v ·w

) [
I
]

3×3

,

〈
w
〉

3×9

(3) 〈 IIIT〉
9×9

[〈
v
〉

3×9

(3)
]T

=
[
v⊗w

]
3×3

,

(6.135)

where (6.135)1 is a special case of the more general statement〈
w
〉

3×9

(3) 〈
T
〉

9×9

(2)
[〈

v
〉

3×9

(3)
]T

=
(
v ·Tw

) [
I
]

3×3

. (6.136)

The preceding results will be used in Section 6.3.4.

Second-Order Transformations

It is instructive to extend the relations in (6.104)1,2 to the consecutive tensor multi-
plication between three second-order tensors S, T, and U. In particular,〈

UTS
〉

9×1

=
〈
U
〉

9×9

(1)〈
S
〉

9×9

(2)〈
T
〉

9×1

, (6.137)

where the properties of (6.104)1,2 were deliberately applied to ensure that the tensorT
in the middle of the chain UTS is represented by a 9×1 vector ⟨T⟩. The components
of the 9×9 matrix ⟨U⟩(1)⟨S⟩(2) are given by〈
U
〉

9×9

(1)〈
S
〉

9×9

(2)
=

〈
UUU(1)

〉
9×9

〈
SSS(2)

〉
9×9

=
〈
UUU(1)SSS(2)

〉
9×9

=



U11S11 U12S21 U13S31 U11S21 U12S31 U13S11 U11S31 U11S21 U13S21

U21S12 U22S22 U23S32 U21S22 U22S32 U23S12 U21S32 U21S22 U23S22

U31S13 U32S23 U33S33 U31S23 U32S33 U33S13 U31S33 U31S23 U33S23

U11S12 U12S22 U13S32 U11S22 U12S32 U13S12 U11S32 U11S22 U13S22

U21S13 U22S23 U23S33 U21S23 U22S33 U23S13 U21S33 U21S23 U23S23

U31S11 U32S21 U33S31 U31S21 U32S31 U33S11 U31S31 U31S21 U33S21

U11S13 U12S23 U13S33 U11S23 U12S33 U13S13 U11S33 U11S23 U13S23

U21S11 U22S21 U23S31 U21S21 U22S31 U23S11 U21S31 U21S21 U23S21

U31S12 U32S22 U33S32 U31S22 U32S32 U33S12 U31S32 U31S22 U33S22


(6.138)
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and it is readily verified that the fourth-order tensor

UUU(1)SSS(2) =
[
Uimδjnei ⊗ ej ⊗ em ⊗ en

] [
δokSlpeo ⊗ ep ⊗ ek ⊗ el

]
= UikSlj ei ⊗ ej ⊗ ek ⊗ el (6.139)

satisfies the desired property UUU(1)SSS(2)T=UTS.
In view of the correspondence Cijkl ↔ Cαβ, the transpose of a 9×9 matrix in

Voigt notation is equivalent to switching the pairs of basis vectors ei⊗ej and ek⊗el,
so that 〈

UikSlj ei ⊗ ej ⊗ ek ⊗ el
〉

9×9

T
=

〈
UkiSjl ei ⊗ ej ⊗ ek ⊗ el

〉
9×9

. (6.140)

This implies by comparison of (6.138 - 140) that[〈
U
〉

9×9

(1)〈
S
〉

9×9

(2)
]T

=
〈
UT

〉
9×9

(1)〈
ST

〉
9×9

(2)
, (6.141)

which is restated with the aid of (6.106)1,2 according to〈
U
〉

9×9

(1)〈
S
〉

9×9

(2)
=

〈
S
〉

9×9

(2)〈
U
〉

9×9

(1)
. (6.142)

This result states that ⟨U⟩(1) and ⟨S⟩(2) are commutative under matrix multiplication.
The results in (6.137 - 142) allow for a convenient Voigt representation of the

contravariant push-forward of second-order tensors, encountered in (6.30)3 for the
electric susceptibility parameter c3.

28 It is observed that〈
FTFT

〉
9×1

=
〈
F
〉

9×9

(1)〈
FT

〉
9×9

(2)〈
T
〉

9×1

=
〈
FFF(1)FFF(2)T

〉
9×9

〈
T
〉

9×1

, (6.143)

where the property (6.106)2 for the transpose was used. The components of the
fourth-order tensor FFF(1)FFF(2)T are given by

FFF(1)FFF(2)T = FikFjl ei ⊗ ej ⊗ ek ⊗ el . (6.144)

It is again readily verified that (6.144) operates on T the same way as a contravariant
push-forward, FFF(1)FFF(2)TT=FTFT.

While the Cartesian components in (6.144) display neither major nor minor
symmetries, it is worth noting that FFF(1)FFF(2)T does exhibit a ‘mixed’ minor symmetry

28The contravariant push-forward is chosen for this discussion because it will later be employed
for the transformation of the material parameters. Of course, Equations (6.137 - 142) are equally
applicable to the covariant push-forward (as well as the contra- or covariant pull-backs), as long as
the correct substitutions are made for U and S.
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which requires exchanging the indices i↔ j and k ↔ l simultaneously. As a result,
it can be shown that〈

IIIsym
〉

9×9

〈
FFF(1)FFF(2)T

〉
9×9

=
〈
FFF(1)FFF(2)T

〉
9×9

〈
IIIsym

〉
9×9

=
〈
IIIsym

〉
9×9

〈
FFF(1)FFF(2)T

〉
9×9

〈
IIIsym

〉
9×9

. (6.145)

In particular, the preceding property ensures that the push-forward of a symmetric
tensor T (or the minor symmetries of the push-forward of higher-order tensors, see
the next section) preserves this symmetry.

Third-Order Transformations

Transformations of higher-order tensors are effected inVoigt notation using the same
tools as described in the preceding section. For example, consider the transformation
of a third-order tensor ccc given in components as

cijk = SiATjBcABCUkC . (6.146)

It is easy to show from the components in (6.139) that this corresponds to〈
ccc
〉

9×3

=
〈
S
〉

9×9

(1)〈
TT

〉
9×9

(2)〈
ccc
〉

9×3

[
UT

]
3×3

. (6.147)

In the special case of a contravariant push-forward of ccc, as previously encountered
in (6.30)2, the preceding result becomes〈

ccc
〉

9×3

=
〈
F
〉

9×9

(1)〈
FT

〉
9×9

(2)〈
ccc
〉

9×3

[
FT

]
3×3

=
〈
FFF(1)FFF(2)T

〉
9×9

〈
ccc
〉

9×3

[
FT

]
3×3

, (6.148)

whose components of the 9×9 transformation matrix were defined in (6.144).
Next, suppose that cABC = cBAC is symmetric in the first two indices. This is

enforced in Voigt notation by the condition〈
ccc
〉

9×3

=
〈
IIIsym

〉
9×9

〈
ccc
〉

9×3

. (6.149)

This is the same assertion as in (6.132)2 (albeit for the transpose, where the symmetry
of ⟨ IIIsym ⟩ in (6.119) is used). An immediate consequence of the property in (6.145)
for the push-forward (6.148) is that〈

ccc
〉

9×3

=
〈
FFF(1)FFF(2)T

〉
9×9

〈
ccc
〉

9×3

[
FT

]
3×3

=
〈
FFF(1)FFF(2)T

〉
9×9

〈
IIIsym

〉
9×9

〈
ccc
〉

9×3

[
FT

]
3×3

=
〈
IIIsym

〉
9×9

〈
FFF(1)FFF(2)T

〉
9×9

〈
ccc
〉

9×3

[
FT

]
3×3

=
〈
IIIsym

〉
9×9

〈
ccc
〉

9×3

, (6.150)
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hence the symmetry of ccc is preserved by the push-forward operation. The reduced
notation of the transformed quantity, defined in accordance with (6.133), yields〈

ccc
sym

〉
6×3

=
〈
IIIsym(1)

〉
6×9

〈
ccc
〉

9×3

=
〈
IIIsym(1)

〉
6×9

〈
FFF(1)FFF(2)T

〉
9×9

〈
IIIsym(2)

〉
9×6

T

︸ ︷︷ ︸
(∗)

〈
IIIsym(1)

〉
6×9

〈
ccc
〉

9×3︸ ︷︷ ︸〈
ccc
sym

〉
[
FT

]
3×3

, (6.151)

where Equations (6.122)2, (6.126)1, (6.133), (6.145), and (6.148) were used. The
term (∗) in (6.151) represents a 6×6 transformation matrix for the contravariant
push-forward of (minorly) symmetric quantities given in reduced notation.

Fourth-Order Transformations

In analogy to the derivations of the preceding section, the transformation of a fourth-
order tensor CCC, whose components are given as

Cijkl = SiATjBCABCDUkCVlD , (6.152)

is expressed in Voigt notation according to〈
CCC
〉

9×9

=
〈
S
〉

9×9

(1)〈
TT

〉
9×9

(2)〈CCC〉
9×9

〈
UT

〉
9×9

(1)〈
V
〉

9×9

(2)

=
〈
S
〉

9×9

(1)〈
TT

〉
9×9

(2)〈CCC〉
9×9

[〈
U
〉

9×9

(1)〈
VT

〉
9×9

(2)
]T

, (6.153)

where the transpose (6.106)1,2 and the commutativity (6.142) were used. In the case
of a contravariant push-forward, see (6.30)4, Equation (6.153) becomes〈

CCC
〉

9×9

=
〈
F
〉

9×9

(1)〈
FT

〉
9×9

(2)〈CCC〉
9×9

[〈
F
〉

9×9

(1)〈
FT

〉
9×9

(2)
]T

=
〈
FFF(1)FFF(2)T

〉
9×9

〈
CCC
〉

9×9

〈
FFF(1)FFF(2)T

〉
9×9

T
, (6.154)

where the same 9×9 transformation matrix is employed as for second- and third-
order tensors, see (6.144). It is clear from (6.154) that if the matrix ⟨CCC⟩ is symmetric
(hence the tensor CCC is majorly symmetric), then so is ⟨CCC⟩.

Minor symmetries of CCC (i.e., the interchangeability of indices A↔ B and C ↔ D
in CABCD) are enforced in Voigt notation by requiring〈

CCC
〉

9×9

=
〈
IIIsym

〉
9×9

〈
CCC
〉

9×9

〈
IIIsym

〉
9×9

. (6.155)
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It is seen akin to (6.150) that the property in (6.145) preserves the minor symmetries〈
CCC
〉

9×9

=
〈
IIIsym

〉
9×9

〈
CCC
〉

9×9

〈
IIIsym

〉
9×9

. (6.156)

Lastly, it can be shown that the reduced 6×6 notation defined by (6.130) is trans-
formed according to〈
CCCsym〉
6×6

=
〈
IIIsym(1)

〉
6×9

〈
CCC
〉

9×9

〈
IIIsym(1)

〉
9×6

T

=
〈
IIIsym(1)

〉
6×9

〈
FFF(1)FFF(2)T

〉
9×9

〈
IIIsym(2)

〉
9×6

T

︸ ︷︷ ︸
(∗)

〈
IIIsym(1)

〉
6×9

〈
CCC
〉

9×9

〈
IIIsym(1)

〉
9×6

T

︸ ︷︷ ︸〈
CCCsym

〉
〈
IIIsym(2)

〉
9×6

〈
FFF(1)FFF(2)T

〉
9×9

T〈
IIIsym(1)

〉
6×9

T

︸ ︷︷ ︸
(∗)T

,

(6.157)

where the term (∗) represents the same 6×6 transformation matrix as in (6.151). If
minor symmetries are available, as is the case for the EMTM material tensors (6.58),
Equation (6.157) constitutes a memory-efficient alternative to the full 9×9 push-
forward operation in (6.154).

6.3.2 Finite Element Discretization

It was established in Section 6.2.1 that the weak form is equivalent to the strong
form of the IBVP, provided that the integrands are continuous. The weak form
Equations (6.74) or (6.76) must be satisfied by the solution {u, θ, ϕ, φ} under the
arbitrary admissible variations {δu, δθ, δϕ, δφ}. In order to turn the search for the
primary variables into a discrete set of algebraic equations amenable for a numerical
implementation, the primary variables and their variations are approximated using a
finite element discretization.

Nodal Vector and Shape Functions

At any given time, the primary variables {u, θ, ϕ, φ}, typically continuous func-
tions of x, are approximated by a linear combination of n predefined shape func-
tions Ni(x) weighted by n discrete nodal values {ûi, θ̂i, ϕ̂i, φ̂i}, i = 1 . . . n.29 Like-
wise, the corresponding continuous variations {δu, δθ, δϕ, δφ} are represented by a
linear combination of the same shape functions Ni(x) multiplied with the nodal val-

29It is emphasized that Ni(x) represent the global (as opposed to the element) shape functions,
hence they are defined on the entirety of the problem domain (rather than on the domain of a single
element). Accordingly, n denotes the total number of nodes in the global finite element mesh.
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ues {δûi, δθ̂i, δϕ̂i, δφ̂i},

u(x)
.
=

n∑
i=1

Ni(x)ûi , δu(x)
.
=

n∑
i=1

Ni(x)δûi ,

θ(x)
.
=

n∑
i=1

Ni(x)θ̂i , δθ(x)
.
=

n∑
i=1

Ni(x)δθ̂i ,

ϕ(x)
.
=

n∑
i=1

Ni(x)ϕ̂i , δϕ(x)
.
=

n∑
i=1

Ni(x)δϕ̂i ,

φ(x)
.
=

n∑
i=1

Ni(x)φ̂i , δφ(x)
.
=

n∑
i=1

Ni(x)δφ̂i .

(6.158)

The nodal values of the primary variables {ûi, θ̂i, ϕ̂i, φ̂i} are yet to be determined,
whereas the corresponding variations {δûi, δθ̂i, δϕ̂i, δφ̂i} are assumed to be arbitrary.30

Recall the expressions for the residuals
{
ru, rθ, rϕ, rφ

}
in Equations (6.76)1−4 and

their differentials
{
dru, drθ, drϕ, drφ

}
in (6.92), (6.95), (6.97), and (6.99). Each equa-

tion contains an integral over R which, given the approximations (6.158), amounts to
a linear combination of integrals over R for each shape function. The aforementioned
residuals and differentials give rise to the global finite element residual and the global
stiffness matrix, respectively. For illustration purposes, the shape functions Ni(x) are
regarded as global functions defined in the whole domain R, where i = 1 . . . n refers
to any of a total of n nodes in the entire finite element model.31 Note that the shape
functions Ni(x) are assumed to depend on the spatial position, hence its derivatives
represent spatial gradients. This is in accordance with the notation chosen for the
residuals and their differentials, which are expressed in terms of spatial derivatives
and spatial integrals.

The approximations introduced in (6.158) are more conveniently expressed in

30Recall that admissible test functions were assumed to vanish on the Dirichlet boundary,
see (6.71). This implies that the nodal values {δûi, δθ̂i, δϕ̂i, δφ̂i} of the test functions vanish

on {Γu,Γθ,Γϕ,Γφ}, whereas the nodal values of the primary variables {ûi, θ̂i, ϕ̂i, φ̂i} are given by the
value of {ū, θ̄, ϕ̄, φ̄} at the respective boundary location, see (6.64). For the sake of simplicity, it is

assumed here that all nodal variations {δûi, δθ̂i, δϕ̂i, δφ̂i} are arbitrary. Thereafter, the enforcement
of the Dirichlet boundary condition amounts to the evaluation of a Schur complement .

31Of course, in a typical finite element setting, the shape functions are non-zero only in the vicinity
of the corresponding node. The only non-zero contributions to the global integral involving a given
shape function Ni(x) originate from elements adjacent to the node i. Hence, in practice, the global
integral is subdivided into integrals over the element domains Ωe⊂R which furnish the element
residual and element stiffness matrix . They can be assembled into the global residual and stiffness
matrix if needed.
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matrix form according to

u(x)
3×1

.
=

[
N(3)(x)

]
3×3n

[
û
]

3n×1

, δu(x)
3×1

.
=

[
N(3)(x)

]
3×3n

[
δû

]
3n×1

,

θ(x)
1×1

.
=

[
N(1)(x)

]
1×n

[
θ̂
]

n×1

, δθ(x)
1×1

.
=

[
N(1)(x)

]
1×n

[
δθ̂

]
n×1

,

ϕ(x)
1×1

.
=

[
N(1)(x)

]
1×n

[
ϕ̂
]

n×1

, δϕ(x)
1×1

.
=

[
N(1)(x)

]
1×n

[
δϕ̂

]
n×1

,

φ(x)
1×1

.
=

[
N(1)(x)

]
1×n

[
φ̂
]

n×1

, δφ(x)
1×1

.
=

[
N(1)(x)

]
1×n

[
δφ̂

]
n×1

.

(6.159)

Here, the matrices [N(3)(x)] and [N(1)(x)] for the shape functions are defined as[
N(3)

]
3×3n

=
[
N1(x)

[
I(3)

]
3×3

N2(x)
[
I(3)

]
3×3

· · · Nn−1(x)
[
I(3)

]
3×3

Nn(x)
[
I(3)

]
3×3

]
, (6.160)

and [
N(1)

]
1×n

=
[
N1(x) N2(x) · · · Nn−1(x) Nn(x)

]
, (6.161)

where I(3) denotes the 3×3 identity matrix. Meanwhile, the nodal values are compiled
into the vectors

[
û
]

3n×1

=


û1

û2
...

ûn−1

ûn

 ,
[
θ̂
]

n×1

=


θ̂1
θ̂2
...

θ̂n−1

θ̂n

 ,
[
ϕ̂
]

n×1

=


ϕ̂1

ϕ̂2
...

ϕ̂n−1

ϕ̂n

 ,
[
φ̂
]

n×1

=


φ̂1

φ̂2
...

φ̂n−1

φ̂n

 ,

[
δû

]
3n×1

=


δû1

δû2
...

δûn−1

δûn

 ,
[
δθ̂

]
n×1

=


δθ̂1
δθ̂2
...

δθ̂n−1

δθ̂n

 ,
[
δϕ̂

]
n×1

=


δϕ̂1

δϕ̂2
...

δϕ̂n−1

δϕ̂n

 ,
[
δφ̂

]
n×1

=


δφ̂1

δφ̂2
...

δφ̂n−1

δφ̂n

 .

(6.162)

Derivatives of Discretized Functions

Gradients of the finite element approximations for the vector- and real-valued fields
in Equations (6.158) are determined from the spatial derivatives of the shape func-
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tions Ni(x). Using the matrix form in (6.159), this yields〈
∂u

∂x

〉
9×1

.
=

[
B(3)(x)

]
9×3n

[
û
]

3n×1

,

〈
∂δu

∂x

〉
9×1

.
=

[
B(3)(x)

]
9×3n

[
δû

]
3n×1

,

(
∂θ

∂x

)
3×1

.
=

[
B(1)(x)

]
3×n

[
θ̂
]

n×1

,

(
∂δθ

∂x

)
3×1

.
=

[
B(1)(x)

]
3×n

[
δθ̂

]
n×1

,

(
∂ϕ

∂x

)
3×1

.
=

[
B(1)(x)

]
3×n

[
ϕ̂
]

n×1

,

(
∂δϕ

∂x

)
3×1

.
=

[
B(1)(x)

]
3×n

[
δϕ̂

]
n×1

,

(
∂φ

∂x

)
3×1

.
=

[
B(1)(x)

]
3×n

[
φ̂
]

n×1

,

(
∂δφ

∂x

)
3×1

.
=

[
B(1)(x)

]
3×n

[
δφ̂

]
n×1

.

(6.163)

Here, the gradient matrix [B(3)] of the shape functions in [N(3)] is defined as[
B(3)

]
9×3n

=
[ [

B(3)

1

]
9×3

[
B(3)

2

]
9×3

· · ·
[
B(3)

n−1

]
9×3

[
B(3)

n

]
9×3

]
, (6.164)

where each 9×3 sub-matrix
[
B(3)

i

]
consists of the derivatives

[
B(3)

i

]
9×3

=



Ni,1 0 0
0 Ni,2 0
0 0 Ni,3

Ni,2 0 0
0 Ni,3 0
0 0 Ni,1

Ni,3 0 0
0 Ni,1 0
0 0 Ni,2


. (6.165)

Similarly, the gradient matrix [B(1)] of the shape functions in [N(1)] is defined as[
B(1)

]
3×n

=
[ (

B(1)

1

)
3×1

(
B(1)

2

)
3×1

· · ·
(
B(1)

n−1

)
3×1

(
B(1)

n

)
3×1

]
, (6.166)

where each 3×1 sub-vector
[
B(1)

i

]
contains the derivatives

(
B(1)

i

)
3×1

=

Ni,1

Ni,2

Ni,3

 . (6.167)

Equations (6.165) and (6.167) are related via[
B(3)

i

]
9×3

=
[〈(

B(1)

i

)
3×1

〉(3)]T
, (6.168)
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where the definition of the 3×9 matrix
〈
u
〉(3)

in (6.108) was used.
Equations (6.163)1,2 make use of Voigt notation to represent the second-order

tensors ensuing from the gradient of vector-valued quantities. The symmetric part
of the displacement gradient is defined in reduced Voigt notation in accordance
with (6.128), or

〈[
∂u

∂x

]sym〉
6×1

=

〈
IIIsym(2)

〉
6×9

〈
∂u

∂x

〉
9×1

=


u1,1
u2,2
u3,3

u1,2+u2,1
u2,3+u3,2
u3,1+u1,3

 . (6.169)

This implies a reduced gradient matrix [B(3)]sym given by[
B(3)

]
6×3n

sym
=

[ [
B(3)

1

]
6×3

sym [
B(3)

2

]
6×3

sym · · ·
[
B(3)

n−1

]
6×3

sym [
B(3)

n

]
6×3

sym
]

, (6.170)

where each 6×3 sub-matrix
[
B(3)

i

]sym
consists of the derivatives

[
B(3)

i

]
6×3

sym
=

〈
IIIsym(2)

〉
6×9

[
B(3)

i

]
9×3

=


Ni,1 0 0
0 Ni,2 0
0 0 Ni,3

Ni,2 Ni,1 0
0 Ni,3 Ni,2

Ni,3 0 Ni,1

 . (6.171)

Note that the definition in (6.169) places a factor of 2 on the off-diagonal entries of
the displacement gradient (i.e., for indices 4 through 6). This is consistent with the
remarks following Equation (6.134).

The product between the displacement gradient (in Voigt notation) and a vec-
tor w is obtained with the aid of Equations (6.108 - 109),(

∂u

∂x
w

)
3×1

=

〈
w

〉
3×9

(3) 〈
∂u

∂x

〉
9×1

.
=

〈
w
〉

3×9

(3) [
B(3)(x)

]
9×3n︸ ︷︷ ︸

(∗)

[
û
]

3n×1

. (6.172)

It is readily verified that the 3×3n components of (∗) can be written as

〈
w
〉

3×9

(3) [
B(3)(x)

]
9×3n

=

[
w1

∂

∂x1

[
N(3)

]
3×3n

+ w2
∂

∂x2

[
N(3)

]
3×3n

+ w3
∂

∂x3

[
N(3)

]
3×3n

]
, (6.173)

where (6.160) was used.
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Lastly, the divergence of the displacement vector is approximated by the finite
element discretization according to

divu = tr
[
gradu

]
.
=

〈
I
〉

1×9

T[
B(3)

]
9×3n︸ ︷︷ ︸[

B(2)

]
[
û
]

3n×1

, (6.174)

where ⟨I⟩ is the second-order identity tensor in Voigt notation. The components of
the 1×3n array [B(2)] are obtained as[

B(2)
]

1×3n

=
〈
I
〉

1×9

T[
B(3)

]
9×3n

=
[[
N1,1 N1,2 N1,3

] [
N2,1 N2,2 N2,3

]
· · ·

[
Nn,1 Nn,2 Nn,3

]]
.

(6.175)

6.3.3 Global Residual and Stiffness Matrix

Recall from Section 6.2.2 that the Newton-Raphson method provides a framework
for solving the weak form problem using the residuals and their differentials. Owing
to the finite element discretization introduced in Section 6.3.2, the problem can be
converted into a system of linear algebraic equations, which will be derived in this
section with the aid of the Voigt notation discussed in Section 6.3.1.

Residuals

The residuals {ru, rθ, rϕ, rφ} are given in Equations (6.76)1−4. The mechanical residual
is discretized with the aid of the virtual multiplier in (6.163)2 according to

ru =

∫
R

∂
(
δu

)
∂x
·T dv

.
=

∫
R

[[
B(3)

]
9×3n

[
δû

]
3n×1

]T〈
T
〉

9×1

dv

=
[
δû

]
1×3n

T
∫
R

[
B(3)

]
3n×9

T 〈
T
〉

9×1

dv

=
[
δû

]
1×3n

T
∫
R

[[
B(3)

]
6×3n

sym
]T〈

Tsym
(1)

〉
6×1

dv , (6.176)

where the symmetry of T is exploited using Equations (6.120), (6.122)2, (6.127),
and (6.170). Note that the above integral is computed numerically using Gaussian
quadrature, hence the current stress T is evaluated from the constitutive relations
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using the primary variables and the gradient quantities at the Gaussian integration
points.

Meanwhile, the thermal residual (6.76)2 is expressed using the discretization of δθ
in (6.163)4 as

rθ = −
∫
R

∂
(
δθ
)

∂x
· q dv

.
= −

∫
R

[[
B(1)

]
3×n

[
δθ̂

]
n×1

]T(
q
)

3×1

dv

= −
[
δθ̂

]
1×n

T
∫
R

[
B(1)

]
n×3

T(
q
)

3×1

dv . (6.177)

Again, the constitutive equation for the heat flux q is evaluated at the integration
points in order to effect the Gaussian quadrature.

The electric residual (6.76)3 is given with the aid of the finite element approxima-
tion for δϕ in (6.163)6 as

rϕ =

∫
R

∂
(
δϕ

)
∂x
·
(
∂ϕ

∂x
− p

ε0

)
dv

.
=

∫
R

[[
B(1)

]
3×n

[
δϕ̂

]
n×1

]T(∂ϕ
∂x
− p

ε0

)
3×1

dv

=
[
δϕ̂

]
1×n

T
∫
R

[
B(1)

]
n×3

T
(
∂ϕ

∂x
− p

ε0

)
3×1

dv , (6.178)

where gradϕ and p are evaluated at the Gauss points.
Lastly, the magnetic residual is restated from (6.76)3 with the aid of the finite

element discretization in (6.163)8 according to

rφ =

∫
R

∂
(
δφ

)
∂x
· ∂φ
∂x

dv

.
=

∫
R

[[
B(1)

]
3×n

[
δφ̂

]
n×1

]T(∂φ
∂x

)
3×1

dv

=
[
δφ̂

]
1×n

T
∫
R

[
B(1)

]
n×3

T
(
∂φ

∂x

)
3×1

dv , (6.179)

where only the gradient quantity gradϕ, but no constitutive equation, is computed
for the Gaussian quadrature.
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Differentials

The differential dru of the mechanical residual was derived in Equation (6.92). It is
restated using the finite element discretization for du, δu, dθ, δϕ, and their derivatives,
see (6.159) and (6.163), as

dru =

∫
R

∂
(
δu

)
∂x
· ∂

(
du

)
∂x

T dv +

∫
R

∂
(
δu

)
∂x
·
{
ρCCC

[
∂
(
du

)
∂x

]}
dv

−
∫
R

∂
(
δu

)
∂x
·
[
ρCCCAdθ

]
dv −

∫
R

∂
(
δu

)
∂x
·
{
ρccc2

(
∂
(
dϕ

)
∂x

)}
dv

.
=

∫
R

[[
B(3)

]
9×3n

[
δû

]
3n×1

]T〈
T
〉

9×9

(2)[
B(3)

]
9×3n

[
dû

]
3n×1

dv

+

∫
R

[[
B(3)

]
9×3n

[
δû

]
3n×1

]T{〈
ρCCC

〉
9×9

[
B(3)

]
9×3n

[
dû

]
3n×1

}
dv

−
∫
R

[[
B(3)

]
9×3n

[
δû

]
3n×1

]T〈
ρCCCA

〉
9×1

[
N(1)

]
1×n

[
dθ̂

]
n×1

dv

−
∫
R

[[
B(3)

]
9×3n

[
δû

]
3n×1

]T{〈
ρccc2

〉
9×3

[
B(1)

]
3×n

[
dϕ̂

]
n×1

}
dv

=
[
δû

]
1×3n

T
∫
R

[
B(3)

]
3n×9

T 〈
T
〉

9×9

(2)[
B(3)

]
9×3n

dv
[
dû

]
3n×1

+
[
δû

]
1×3n

T
∫
R

[[
B(3)

]
6×3n

sym
]T 〈

ρCCCsym〉
6×6

[
B(3)

]
6×3n

sym
dv

[
dû

]
3n×1

−
[
δû

]
1×3n

T
∫
R

[[
B(3)

]
6×3n

sym
]T 〈

ρCCCA
sym〉

6×1

[
N(1)

]
1×n

dv
[
dθ̂

]
n×1

−
[
δû

]
1×3n

T
∫
R

[[
B(3)

]
6×3n

sym
]T 〈

ρcccsym
2

〉
6×3

[
B(1)

]
3×n

dv
[
dϕ̂

]
n×1

. (6.180)

Here, the minor symmetries of CCCA, CCC, and ccc2 were exploited to use the reduced 6×6
notation introduced in (6.127), (6.130), and (6.133), in conjunction with the reduced
gradient operator defined by (6.170). However, no reduction is possible for the term

involving
〈
T
〉(2)

, see (6.104)2, because it lacks the necessary minor symmetries, that
is, 〈

CCC
〉

9×9

̸=
〈
IIIsym

〉
9×9

〈
T
〉

9×9

(2)

̸=
〈
T
〉

9×9

(2)〈 IIIsym〉
9×9

,
(6.181)

as immediately evident by inspection of its components in (6.103).
The differential for the thermal residual drθ in Equation (6.95) is similarly dis-

cretized using du, δθ, and dθ from Equations (6.159) and their derivatives in (6.163),
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to write

drθ = −
∫
R

(
∂
(
δθ
)

∂x
· q

)(
∂

∂x
· du

)
dv − 2

∫
R

∂
(
δθ
)

∂x
·
([

∂
(
du

)
∂x

κ
]sym

∂θ

∂x

)
dv

+

∫
R

∂
(
δθ
)

∂x
· κ ∂

(
dθ

)
∂x

dv

.
= −

∫
R

([[
B(1)

]
3×n

[
δθ̂

]
n×1

]T(
q
)

3×1

)([
B(2)

]
1×3n

[
dû

]
3n×1

)
dv

−
∫
R

[[
B(1)

]
3×n

[
δθ̂

]
n×1

]T〈
2
∂θ

∂x

〉
3×9

(3)〈
IIIsym

〉
9×9

〈
κ
〉

9×9

(2)[
B(3)

]
9×3n

[
dû

]
3n×1

dv

+

∫
R

[[
B(1)

]
3×n

[
δθ̂

]
n×1

]T[
κ
]

3×3

[
B(1)

]
3×n

[
dθ̂

]
n×1

dv

= −
[
δθ̂

]
1×n

T
∫
R

[
B(1)

]
n×3

T(
q
)

3×1

[
B(2)

]
1×3n

dv
[
dû

]
3n×1

−
[
δθ̂

]
1×n

T
∫
R

[
B(1)

]
n×3

T
〈
2
∂θ

∂x

〉
3×9

(3)〈
IIIsym

〉
9×9

〈
κ
〉

9×9

(2)[
B(3)

]
9×3n

dv
[
dû

]
3n×1

+
[
δθ̂

]
1×n

T
∫
R

[
B(1)

]
n×3

T[
κ
]

3×3

[
B(1)

]
3×n

dv
[
dθ̂

]
n×1

. (6.182)

Here, the Voigt notation for multiplications in (6.104)2 and (6.108), the symmetry
operator in (6.120), and the divergence in (6.174 - 175) were used. Recall that the
first two terms in the differential (6.95), and thus the first two terms in (6.182), are
due to the assumption in (6.90) that the thermal conductivity tensor is constant in
the current configuration. If instead a referential form of Fourier’s law is adopted
according to (6.89)3, then the first two terms in the preceding result (i.e., the coupling
between δθ̂ and dû) vanish and only the third term remains.

The differential of the electric residual, presented in (6.97), is discretized along
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the same lines as the preceding differentials to obtain

drϕ =

∫
R

(
∂
(
δϕ

)
∂x
· ∂ϕ
∂x

)(
∂

∂x
· du

)
dv − 2

∫
R

∂
(
δϕ

)
∂x
·
([

∂
(
du

)
∂x

]sym
∂ϕ

∂x

)
dv

+

∫
R

∂
(
δϕ

)
∂x
·
([

i+ ρc3

]
∂
(
dϕ

)
∂x

)
dv +

1

ε0

∫
R

∂
(
δϕ

)
∂x
·
(
ρcccT2

∂
(
du

)
∂x

)
dv

.
=

∫
R

[[
B(1)

]
3×n

[
δϕ̂

]
n×1

]T( ∂ϕ
∂x

)
3×1

([
B(2)

]
1×3n

[
dû

]
3n×1

)
dv

−
∫
R

[[
B(1)

]
3×n

[
δϕ̂

]
n×1

]T〈
2
∂ϕ

∂x

〉
3×9

(3)〈
IIIsym

〉
9×9

[
B(3)

]
9×3n

[
dû

]
3n×1

dv

+

∫
R

[[
B(1)

]
3×n

[
δϕ̂

]
n×1

]T[
i+ ρc3

]
3×3

[
B(1)

]
3×n

[
dϕ̂

]
n×1

dv

+

∫
R

[[
B(1)

]
3×n

[
δϕ̂

]
n×1

]T〈
ρ
ε0
ccc2

〉
3×9

T[
B(3)

]
9×3n

[
dû

]
3n×1

dv

=
[
δϕ̂

]
1×n

T
∫
R

[
B(1)

]
n×3

T
(
∂ϕ

∂x

)
3×1

[
B(2)

]
1×3n

dv
[
dû

]
3n×1

+
[
δϕ̂

]
1×n

T
∫
R

[
B(1)

]
n×3

T
[〈

ρ
ε0
ccc
sym
2

〉
3×6

T−
〈
2
∂ϕ

∂x

sym〉
3×6

(3)
][

B(3)
]

6×3n

sym
dv

[
dû

]
3n×1

+
[
δϕ̂

]
1×n

T
∫
R

[
B(1)

]
n×3

T[
i+ ρc3

]
3×3

[
B(1)

]
3×n

dv
[
dϕ̂

]
n×1

. (6.183)

As before, the symmetry for third-order tensors, see (6.133) and (6.170), was exploited
for the reduced notation.

Lastly, the magnetic differential drφ in Equation (6.99) is discretized. Due to its
similarity with the electric differential (6.183), only the result is stated here as

drφ
.
=

[
δφ̂

]
1×n

T
∫
R

[
B(1)

]
n×3

T
(
∂φ

∂x

)
3×1

[
B(2)

]
1×3n

dv
[
dû

]
3n×1

−
[
δφ̂

]
1×n

T
∫
R

[
B(1)

]
n×3

T
〈
2
∂φ

∂x

sym〉
3×6

(3) [
B(3)

]
6×3n

sym
dv

[
dû

]
3n×1

+
[
δφ̂

]
1×n

T
∫
R

[
B(1)

]
n×3

T[
B(1)

]
3×n

dv
[
dφ̂

]
n×1

. (6.184)

Summary

The residuals and their differentials derived in the preceding discussion are summa-
rized in the form of the global residual and stiffness matrix. To this end, recall that
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the Newton-Raphson method (6.77) is of the form

r + dr = 0 where r = ru + rθ + rϕ + rφ ,

dr = dru + drθ + drϕ + drφ .
(6.185)

It is clear from the residuals in Equations (6.176 - 179) that the vectors of arbitrary
nodal variations [δû ], [δθ̂ ], [δϕ̂ ], and [δφ̂ ] can be factored out of each expression. The
same is true for the corresponding differentials in (6.180 - 184) where, in addition, the
differentials [dû ], [dθ̂ ], [dϕ̂ ], and [dφ̂ ] of the discrete nodal vectors can be factored
out. For convenience, all nodal variations and all nodal differentials are combined
into one vector each, defined as

[
δÛ

]
6n×1

=



[
δû

]
3n×1[
δθ̂

]
n×1[
δϕ̂

]
n×1[
δφ̂

]
n×1


and

[
dÛ

]
6n×1

=



[
dû

]
3n×1[
dθ̂

]
n×1[
dϕ̂

]
n×1[
dφ̂

]
n×1


. (6.186)

Equation (6.185) can thus be restated as[
δÛ

]T
1×6n

{
−
[
R

]
6n×1

+
[
K

]
6n×6n

[
dÛ

]
6n×1

}
= 0 , (6.187)

where it was defined that

r = −
[
δÛ

]T
1×6n

[
R

]
6n×1

,

dr =
[
δÛ

]T
1×6n

[
K

]
6n×6n

[
dÛ

]
6n×1

.
(6.188)

Due to the arbitrariness of the nodal variations [δÛ ] (except at theDirichlet bound-
ary, where admissible test functions must vanish), Equation (6.187) implies that[

K
]

6n×6n

[
dÛ

]
6n×1

=
[
R

]
6n×1

, (6.189)

which represents a system of algebraic equations for the nodal differentials [dÛ ].
Here, it is assumed that the Dirichlet boundary conditions are enforced after the
fact, by eliminating the corresponding degrees of freedom from (6.189) using a Schur
complement.
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The entries in the so-called residual vector [R ] and the stiffness matrix [K ] are
inferred from Equations (6.176 - 179) and (6.180 - 184). For convenience, the algebraic
system (6.189) is expanded back to

[
Kuu

]
3n×3n

[
Kuθ

]
3n×n

[
Kuϕ

]
3n×n

[
Kuφ

]
3n×n[

Kθu

]
n×3n

[
Kθθ

]
n×n

[
Kθϕ

]
n×n

[
Kθφ

]
n×n[

Kϕu

]
n×3n

[
Kϕθ

]
n×n

[
Kϕϕ

]
n×n

[
Kϕφ

]
n×n[

Kφu

]
n×3n

[
Kφθ

]
n×n

[
Kφϕ

]
n×n

[
Kφφ

]
n×n


︸ ︷︷ ︸[

K
]

6n×6n



[
dû

]
3n×1[
dθ̂

]
n×1[
dϕ̂

]
n×1[
dφ̂

]
n×1


︸ ︷︷ ︸[

dÛ
]

6n×1

=



[
Ru

]
3n×1[
Rθ

]
n×1[
Rϕ

]
n×1[
Rφ

]
n×1


︸ ︷︷ ︸[

R
]

6n×1

. (6.190)

The entries in the residual vector are obtained from (6.176 - 179) as

[
Ru

]
3n×1

= −
∫
R

[[
B(3)

]
6×3n

sym
]T 〈

Tsym
(1)

〉
6×1

dv ,

[
Rθ

]
n×1

=

∫
R

[
B(1)

]
n×3

T (
q
)

3×1

dv ,

[
Rϕ

]
n×1

= −
∫
R

[
B(1)

]
n×3

T
(
∂ϕ

∂x
− p

ε0

)
3×1

dv ,

[
Rφ

]
n×1

= −
∫
R

[
B(1)

]
n×3

T
(
∂φ

∂x

)
3×1

dv .

(6.191)

The first row of [K ] is inferred from Equation (6.180) according to

[
Kuu

]
3n×3n

=

∫
R

[
B(3)

]
3n×9

T 〈
T
〉

9×9

(2)[
B(3)

]
9×3n

dv +

∫
R

[[
B(3)

]
6×3n

sym
]T 〈

ρCCCsym〉
6×6

[
B(3)

]
6×3n

sym
dv ,

[
Kuθ

]
3n×n

= −
∫
R

[[
B(3)

]
6×3n

sym
]T 〈

ρCCCA
sym〉

6×1

[
N(1)

]
1×n

dv ,

[
Kuϕ

]
3n×n

= −
∫
R

[[
B(3)

]
6×3n

sym
]T 〈

ρcccsym
2

〉
6×3

[
B(1)

]
3×n

dv ,[
Kuφ

]
3n×n

= 0 .

(6.192)
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The second row of [K ] is given by the thermal differential (6.182) as[
Kθu

]
n×3n

= −
∫
R

[
B(1)

]
n×3

T(
q
)

3×1

[
B(2)

]
1×3n

dv −
∫
R

[
B(1)

]
n×3

T
〈
2
∂θ

∂x

〉
3×9

(3)〈
IIIsym

〉
9×9

〈
κ
〉

9×9

(2)[
B(3)

]
9×3n

dv ,

[
Kθθ

]
n×n

=

∫
R

[
B(1)

]
n×3

T[
κ
]

3×3

[
B(1)

]
3×n

dv ,[
Kθϕ

]
n×n

= 0 ,[
Kθφ

]
n×n

= 0 .

(6.193)
The expression for [Kθu] in (6.193)1 vanishes if a referential form of Fourier’s law
is adopted, implying that the thermal equation is uncoupled from the deformation.
Indeed, it is readily seen that [Kθu] arises from the additional terms in the linearization
of Fourier’s law in (6.90) as opposed to the referential form in (6.89)3. The electric
differential (6.183) gives rise to the third row of [K ], given by[

Kϕu

]
n×3n

=

∫
R

[
B(1)

]
n×3

T
(
∂ϕ

∂x

)
3×1

[
B(2)

]
1×3n

dv

+

∫
R

[
B(1)

]
n×3

T
[〈

ρ
ε0
ccc
sym
2

〉
3×6

T−
〈
2
∂ϕ

∂x

sym〉
3×6

(3)
][

B(3)
]

6×3n

sym
dv ,

[
Kϕθ

]
n×n

= 0 ,

[
Kϕϕ

]
n×n

=

∫
R

[
B(1)

]
n×3

T[
i+ ρc3

]
3×3

[
B(1)

]
3×n

dv ,[
Kϕφ

]
n×n

= 0 .

(6.194)

Lastly, the differential of the magnetic residual in (6.184) is employed to write the
fourth row of [K ] as[

Kφu

]
n×3n

=

∫
R

[
B(1)

]
n×3

T
(
∂φ

∂x

)
3×1

[
B(2)

]
1×3n

dv −
∫
R

[
B(1)

]
n×3

T
〈
2
∂φ

∂x

sym〉
3×6

(3) [
B(3)

]
6×3n

sym
dv ,

[
Kφθ

]
n×n

= 0 ,[
Kφϕ

]
n×n

= 0 ,

[
Kφφ

]
n×n

=

∫
R

[
B(1)

]
n×3

T[
B(1)

]
3×n

dv .

(6.195)
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6.3.4 Nodal Residual and Stiffness Matrix

Recall that the number of 6n equations in (6.190) (before accounting for Dirichlet
nodes) is determined by the number of degrees of freedom (DoF) per node times the
total number of nodes n of the finite element problem. Every row in the 6n×6n
global stiffness matrix [K ] is associated with the variation of a given node and DoF
from the vector [δÛ ]. Likewise, every column of [K ] accounts for the contribution of
the differential of a given node and DoF within the vector [dÛ ].

The global expressions for [R ] and [K ] derived in the preceding section involve
large matrices of the shape functions and their derivatives, such as the 9×3n matrix
[B(3)], which are not amenable to numerical implementation. In this section, the
residual and the stiffness matrix are expressed only for the degrees of freedom of a
single variational node i and a single differential node j. The resulting subsets [Ri ]
and [Kij ] of size 6×6 can be conveniently assembled into the element (and global)
residual and stiffness matrix.

The global system of algebraic Equations (6.190) is rewritten for each differential
node j as

n∑
j=1



[
Kij

uu

]
3×3

[
Kij

uθ

]
3×1

[
Kij

uϕ

]
3×1

[
0
]

3×1[
Kij

θu

]
1×3

[
Kij

θθ

]
1×1

[
0
]

1×1

[
0
]

1×1[
Kij

ϕu

]
1×3

[
0
]

1×1

[
Kij

ϕϕ

]
1×1

[
0
]

1×1[
Kij

φu

]
1×3

[
0
]

1×1

[
0
]

1×1

[
Kij

φφ

]
1×1


︸ ︷︷ ︸[

Kij
]

6×6



[
dûj

]
3×1[
dθ̂j

]
1×1[
dϕ̂j

]
1×1[
dφ̂j

]
1×1


︸ ︷︷ ︸[

dÛj
]

6×1

=



[
Ri

u

]
3×1[
Ri

θ

]
1×1[
Ri

ϕ

]
1×1[
Ri

φ

]
1×1


︸ ︷︷ ︸[

Ri
]

6×1

. (6.196)

The residuals in (6.191) are stated for the i-th variational node by reducing
[
B(3)

]
and

[
B(1)

]
to their constituent submatrices

[
B(3)

i

]
and

[
B(1)

i

]
according to the definitions
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in (6.164) and (6.166). In particular,

[
Ri

u

]
3×1

= −
∫
R

[
B(3)

i

]
3×9

T 〈
T
〉

9×1

dv

= −
∫
R

[
T
]

3×3

(
B(1)

i

)
3×1

dv ,

[
Ri

θ

]
1×1

=

∫
R

[
B(1)

i

]
1×3

T (
q
)

3×1

dv ,

[
Ri

ϕ

]
1×1

= −
∫
R

[
B(1)

i

]
1×3

T
(
∂ϕ

∂x
− p

ε0

)
3×1

dv ,

[
Ri

φ

]
1×1

= −
∫
R

[
B(1)

i

]
1×3

T
(
∂φ

∂x

)
3×1

dv .

(6.197)

Note that (B(1)

i ) represents a 3×1 vector which is related to [B(3)

i ] via Equation (6.168).

Therefore, (6.109) can be employed to simplify operations of the form [B(3)

i ]
T⟨T⟩ into

simple 3×3 matrix-vector products of the form [T](B(1)

i ), see (6.197)1. The preceding
result is stated in components as

[
Ri

]
3×1

=

∫
R


−T11 −T12 −T31
−T12 −T22 −T23
−T31 −T23 −T33
q1 q2 q3

−(ϕ,1− 1
ε
p1) −(ϕ,2− 1

ε
p2) −(ϕ,3− 1

ε
p3)

−φ,1 −φ,2 −φ,3


Ni,1

Ni,2

Ni,3

 dv . (6.198)

The non-zero entries of [Kij ] are similarly deduced from (6.192 - 195), in particular
with the aid of the identities in (6.135)1,2 and (6.136). It is readily seen that the
entries of the nodal-based stiffness matrix are given by[
Kij

uu

]
3×3

=

∫
R

[
B(3)

i

]
3×9

T 〈
T
〉

9×9

(2)[
B(3)

j

]
9×3︸ ︷︷ ︸([

B(1)

j

]
1×3

T[
T
]

3×3

[
B(1)

i

]
3×1

)[
I
]

3×3

dv +

∫
R

[[
B(3)

i

]
6×3

sym
]T 〈

ρCCCsym〉
6×6

[
B(3)

j

]
6×3

sym
dv

=

∫
R

[
Nj,1 Nj,2 Nj,3

] T11 T12 T31
T12 T22 T23
T31 T23 T33

Ni,1

Ni,2

Ni,3

 dv

1 0 0
0 1 0
0 0 1


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+

∫
R

Ni,1 0 0 Ni,2Ni,1 0
0 Ni,2 0 0 Ni,3Ni,2

0 0 Ni,3Ni,3 0 Ni,1

ρ


C1111C1122C1133C1112C1123C1131

C2211C2222C2233C2212C2223C2231

C3311C3322C3333C3312C3323C3331

C1211C1222C1233C1212C1223C1231

C2311C2322C2333C2312C2323C2331

C3111C3122C3133C3112C3123C3131




Nj,1 0 0
0 Nj,2 0
0 0 Nj,3

Nj,2Nj,1 0
0 Nj,3Nj,2

Nj,3 0 Nj,1

 dv ,

(6.199)[
Kij

uθ

]
3×1

= −
∫
R

[
B(3)

i

]
3×9

T 〈
ρCCCA

〉
9×1

Nj

1×1

dv

= −
∫
R

[
ρCCCA

]
3×3

(
B(1)

i

)
3×1

Nj

1×1

dv

= −
∫
R
ρ

C11klAkl C12klAkl C31klAkl

C12klAkl C22klAkl C23klAkl

C31klAkl C23klAkl C33klAkl

Ni,1

Ni,2

Ni,3

 Nj dv , (6.200)

[
Kij

uϕ

]
3×1

= −
∫
R

[[
B(3)

i

]
6×3

sym
]T 〈

ρcccsym
2

〉
6×3

[
B(1)

j

]
3×1

dv

= −
∫
R

Ni,1 0 0 Ni,2Ni,1 0
0 Ni,2 0 0 Ni,3Ni,2

0 0 Ni,3Ni,3 0 Ni,1

 ρ

c111 c112 c113

c221 c222 c223

c331 c332 c333

c121 c122 c123

c231 c232 c233

c311 c312 c313


Nj,1

Nj,2

Nj,3

 dv , (6.201)

[
Kij

θu

]
1×3

= −
∫
R

[
B(1)

i

]
1×3

T(
q
)

3×1

[
B(2)

j

]
1×3

dv −
∫
R

[
B(1)

i

]
1×3

T
〈
2
∂θ

∂x

〉
3×9

(3)〈
IIIsym

〉
9×9

〈
κ
〉

9×9

(2)[
B(3)

j

]
9×3

dv

= −
∫
R

[
Ni,1 Ni,2 Ni,3

] q1q2
q3

[
Nj,1 Nj,2 Nj,3

]
dv

−
∫
R

[
Nj,1 Nj,2 Nj,3

] κ11 κ12 κ31
κ12 κ22 κ23
κ31 κ23 κ33

θ,1θ,2
θ,3

[
Ni,1 Ni,2 Ni,3

]
dv

−
∫
R

[
Nj,1 Nj,2 Nj,3

] κ11 κ12 κ31
κ12 κ22 κ23
κ31 κ23 κ33

Ni,1

Ni,2

Ni,3

[
θ,1 θ,2 θ,3

]
dv ,

(6.202)[
Kij

θθ

]
1×1

=

∫
R

[
B(1)

i

]
1×3

T[
κ
]

3×3

[
B(1)

j

]
3×1

dv
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=

∫
R

[
Ni,1 Ni,2 Ni,3

] κ11 κ12 κ31
κ12 κ22 κ23
κ31 κ23 κ33

Nj,1

Nj,2

Nj,3

 dv , (6.203)

[
Kij

ϕu

]
1×3

=

∫
R

[
B(1)

i

]
1×3

T
(
∂ϕ

∂x

)
3×1

[
B(2)

j

]
1×3

dv +

∫
R

[
B(1)

i

]
1×3

T 〈
ρ
ε0
ccc
sym
2

〉
3×6

T [
B(3)

j

]
6×3

sym
dv

−
∫
R

[
B(1)

i

]
1×3

T
〈
2
∂ϕ

∂x

sym〉
3×6

(3) [
B(3)

j

]
6×3

sym

︸ ︷︷ ︸([
B(1)

j

]
1×3

T[
∂ϕ
∂x

]
3×1

)[
B(1)

i

]
1×3

T

+

([
B(1)

j

]
1×3

T[
B(1)

i

]
3×1

)[
∂ϕ
∂x

]
1×3

T

dv

=

∫
R

[
Ni,1 Ni,2 Ni,3

] ϕ,1

ϕ,2

ϕ,3

[
Nj,1 Nj,2 Nj,3

]
dv

+

∫
R


Nj,1 0 0 Nj,2Nj,1 0

0 Nj,2 0 0 Nj,3Nj,2

0 0 Nj,3Nj,3 0 Nj,1

 ρ

ε0


c111 c112 c113

c221 c222 c223

c331 c332 c333

c121 c122 c123

c231 c232 c233

c311 c312 c313


Ni,1

Ni,2

Ni,3




T

dv

−
∫
R

[
Nj,1 Nj,2 Nj,3

] ϕ,1

ϕ,2

ϕ,3

[
Ni,1 Ni,2 Ni,3

]
dv

−
∫
R

[
Ni,1 Ni,2 Ni,3

] Nj,1

Nj,2

Nj,3

[
ϕ,1 ϕ,2 ϕ,3

]
dv , (6.204)

[
Kij

ϕϕ

]
1×1

=

∫
R

[
B(1)
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=
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[
Ni,1 Ni,2 Ni,3
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φ,2

φ,3

[
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dv

−
∫
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[
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−
∫
R

[
Ni,1 Ni,2 Ni,3

] Nj,1

Nj,2

Nj,3

[
φ,1 φ,2 φ,3

]
dv , (6.206)
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Kij
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=

∫
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[
B(1)

i

]
1×3

T[
B(1)

j

]
3×1

dv

=

∫
R

[
Ni,1 Ni,2 Ni,3

] Nj,1

Nj,2

Nj,3

 dv . (6.207)

As discussed in the context of (6.193)1, the terms for [Kij
θu] in (6.202) vanish if a

referential form of Fourier’s law is adopted, because this implies that the lineariza-
tion in (6.89)3 holds rather than the deformation-dependent result in (6.90). For
2-dimensional plane strain problems, the nodal residual and stiffness matrix are re-
duced to 5 degrees of freedom by eliminating the superfluous parts from the preceding
results, that is, any terms involving derivatives in the out-of plane direction, Ni,3

.
=0.

6.4 Verification of Implementation

In this section, the residuals and differentials of the static32 problem derived in Sec-
tion 6.3 are implemented in FEAP [142], a Fortran-based finite element analysis
program. The ensuing single-scale finite element model is subjected to a range of
simple tests. The algorithm is limited to 2-dimensional plane-strain problems so
as to minimize the computational cost of the multiscale implementation in Chap-
ter 7, which itself is built upon the single-scale code. The coupled electro-magneto-
thermo-mechanical (EMTM) constitutive model is of the type summarized in Equa-
tions (6.56 - 62), that is, a linearly coupled transversely isotropic piezoelectric material
with a preferred crystal orientation.

This section is organized as follows: First, the material parameters for the afore-
mentioned constitutive model are listed. Next, a purely thermomechanical test prob-
lem is compared to an existing implementation of a Saint Venant-Kirchhoff
hyperelastic thermomechanical material. This is followed by an electrostatic test

32Recall that the problem is assumed to be mechanically, thermally, and electrically static. See
the list in Section 6.1.4 for a comprehensive summary of the simplifying assumptions.
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problem for a non-piezoelectric material with deformed and undeformed problem do-
mains, designed to verify the implementation of the Poisson solver associated with
the purely electrostatic problem. Next, the convergence of the residual for successive
iterations of the Newton-Raphson scheme is examined and, lastly, the numerical
values of the element stiffness matrix are verified by comparison with a numerical
approximation using complex arithmetic.

6.4.1 Material Properties

Both the single- and multi-scale finite element implementations are tested using the
material properties of barium titanate (or BaTiO3). Recall that the expressions
in (6.58)2−4 for ccc2, c3, and CCC are derived from the work by Schröder et al. [126],
hence the corresponding linearly elastic and piezoelectric material parameters of
BaTiO3 are obtained from the same source.33 In particular, this includes the isotropic
Lamé coefficients λ and µ, the transversely isotropic elasticity parameters ω1−3, the
piezoelectric coefficients β1−3, as well as the parameters γ1−2 related to the permit-
tivity of the dielectric. Note that Schröder et al. limit their model to small strains.
However, it is assumed here that the model can be extended to large deformations us-
ing the same parameters according to the Saint Venant-Kirchhoff hyperelastic
constitutive model.

Although the authors provide the properties in terms of the components of the
material tensors in (6.34), Schröder et al. [126, Equations 82] include conversion
formulae for the aforementioned coordinate-independent material parameters. They
are given by

λ = C12 , µ = 1
2

(
C11−C12

)
,

ω1 = 2C44+C12−C11 , ω2 = 1
2

(
C11+C33

)
−2C44−C13 , ω3 = C13−C12 ,

β1 = −e31 , β2 = e31−e33+2ee15 , β3 = −2e15 ,

γ1 = −1
2
ϵ11 , γ2 = 1

2

(
ϵ11−ϵ33

)
,

(6.208)
where Voigt notation is used for the components of CCC and eee. The numerical values
adopted for the parameters in (6.208) for BaTiO3 are listed in Table 6.1. The isotropic
portion of the elastic moduli are alternatively expressed in terms of the Young’s
modulus and Poisson’s ratio using the usual conversion

E =
µ(3λ+2µ)

λ+µ
and ν =

λ

2(λ+µ)
. (6.209)

Note that the electromagnetic properties of the vacuum in the aether relations (3.35)
must be specified in units consistent with the material parameters defined. For ex-

33It is mentioned that Schröder et al. [126] themselves obtained the parameters for their model
from the works of Bechmann [4] and Lee et al. [73].
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Electro-Mechanical Parameters of BaTiO3 Units
λ 76.6× 103 µ 44.7× 103 N/mm2

ω1 −3.6× 103 ω2 0.7× 103 ω3 0.9× 103 N/mm2

β1 4.4 β2 0.2 β3 -23.2 C/m2

γ1 −5.6× 10−3 γ2 −0.7× 10−3 mC/(kVm)

Table 6.1: Coordinate-independent material parameters of Barium Titanate (BaTiO3) obtained
from Schröder et al. [126] using Equations (6.208).

Thermal Properties of BaTiO3

Conductivity Expansion Coefficient
κ 2.7 W/(mK) α 6.1× 10−6 1/K

Table 6.2: Thermal properties of Barium Titanate (BaTiO3) obtained from He [43] for (isotropic)
polycrystalline BaTiO3.

ample, the permittivity ε0 is alternatively given by ε0=8.854 188× 10−6mC/(kVm),
which is consistent with the units of γ1 and γ2 in Table 6.1.

In addition to the aforementioned parameters, the anisotropic response of the ma-
terial depends strongly on the preferred crystal orientation α. This unit vector gives
rise to the second-, third- and fourth-order structural tensors in (6.59). Given that the
upcoming finite element implementation is limited to two dimensions, it is reasonable
to assume that the crystal orientation α lies within the plane of the 2-dimensional
domain of the problem. It is thus assumed that the out-of-plane component α3

.
=0

vanishes.34

Lastly, the thermal properties for BaTiO3 are sourced from He [43, Table 1], who
provides experimental results for test samples of two different suppliers. In particu-
lar, approximate values for the thermal conductivity and the coefficient of thermal
expansion are given at room temperature in Table 6.2. Note that the experiments
in [43] were conducted on samples of polycrystalline BaTiO3, hence the measured
thermal properties are isotropic. This suffices for the scope of this implementation
where the thermal behavior is not of main concern. However, as He points out, the
thermal expansion of monocrystalline BaTiO3 is indeed expected to be anisotropic.

6.4.2 Purely Thermomechanical Case

Before the coupled EMTM behavior of the single-scale FEAP implementation is
tested, it is first verified that the purely thermomechanical part is in agreement with

34Note that the only alternative choice for α compatible with the plane-strain assumption
is α1 =α2

.
=0, thus α3

.
=1. However, this renders the in-plane behavior isotropic, thereby pre-

cluding the observation of any orientation-dependent effects. This would substantially limit the
scope of this implementation. Indeed, the testing and validation of the multiscale implementation
of Chapter 7 relies in part on variations of α within the microstructure of the RVE.
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an existing implementation of a Saint Venant-Kirchhoff hyperelastic material
model. This material is invoked in FEAP using the command ELAStic STVK E nu

for isotropic behavior or by ELAStic ORTHotropic e1 e2 e3 nu12 nu23 nu31 g12

g23 g31 for orthotropic materials. This material is capable of representing finite
deformations35 for materials consistent with the thermomechanical part of the consti-
tutive model introduced in Section 6.1.2. The existing implementation of the Saint
Venant-Kirchhoff model is based on the referential form of Fourier’s law for the
heat flux, that is, Equation (6.89)3 rather than (6.90). Therefore, to accurately com-
pare the two implementations under large deformations, the terms for [Kij

θu] in (6.202)
must be neglected.

Contour plots of the resulting fluxes, such as the components of theCauchy stress
tensor or the heat flux vector, are constructed in FEAP using a local least-squares
method to project the values from the integration points to the nodes, see Govind-
jee et al. [35] and Zienkiewicz and Taylor [159]. Note that the built-in models
ELAStic STVK and ELAStic ORTHotropic generate plots for the referential heat flux
vector q0 (i.e., the Piola transform of q) rather than the spatial flux. This is some-
what inconsistent, given that stress contour plots are based on the components of the
spatial (Cauchy) stress. To ensure that the implementation of the EMTM material
is consistent with the built-in thermomechanical models in FEAP, the heat flux is
thus first pulled back to the reference configuration according to Equation (2.145)
before the least-squares projection algorithm is applied.

It is observed that both the built-in model and the EMTM implementation pro-
duce identical results for the displacement, temperature, stress, and heat flux. For
example, Figure 6.1 shows the displacement and temperature distributions for a rect-
angular region of an arbitrary thermoelastic material subjected to external shear
forces and a linear (referential) temperature gradient. The finite element mesh is com-
prised of quadrilateral elements with bi-linear shape functions. The EMTM model
produces identical contour plots as the built-in STVK material, provided that the ref-
erential form of Fourier’s law is used and the heat flux is pulled back to the reference
configuration. Furthermore, it is observed that the number of iterations needed for
the EMTM model to converge is identical to the STVK model. This suggests that
the thermomechanical part of the EMTM tangent matrix in (6.196) is implemented
correctly, thereby preserving the convergence properties of the Newton-Raphson
scheme.

6.4.3 Purely Electrostatic Case

Recall that the electrostatic problem consists of the Poisson Equation (6.10)3. Due
to the spatial nature of the corresponding Laplace operator, this results in a ge-

35It is mentioned that ELAStic ORTHotropic must be followed by the command FINIte in order
to enable finite deformations, see FEAP user manual [142, Section 7.3.2]. This keyword is optional
for the isotropic model ELAStic STVK.
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Figure 6.1: Rectangular thermomechanical material subjected to uniform shear and linear tem-
perature gradient. The EMTM implementation and the pre-existing STVK model produce identical
results, shown here for (a) X-displacement, (b) Y-displacement, (c) temperature, and (d) heat flux
in Y-direction. Deformations are shown to scale.

ometric stiffness represented by the first two integrals in the electric residual Equa-
tion (6.97). Consequently, the coupling termsKij

ϕu in the stiffness matrix in (6.204) do
not vanish even for non-piezoelectric materials, ccc=0. This becomes particularly im-
portant under large deformations, where the spatial domain for the Poisson equation
may differ significantly from the undeformed configuration.

To verify that the geometric tangent of the electromagnetic equation is imple-
mented correctly, the following set of numerical experiments is devised: In the first
experiment, a rectangular material region is subjected to large deformation under uni-
axial normal stress or simple shear, resulting in a distorted rectangle or parallelogram,
respectively. The material is assumed to be non-piezoelectric, so that the deformation
does not affect the polarization and vice versa. A non-uniform electric potential is
prescribed at the boundary, whose solution is governed by the aforementioned Pois-
son equation. In the second experiment, the (undeformed) initial configuration of
the problem domain is chosen to coincide with the deformed shape of experiment 1.
When subjected to the same electric potential distribution at the boundary, the so-
lution for the electric potential is identical in the two experiments. This indicates
that the effect of the geometric nonlinearity due to the spatial Laplace operator is
implemented correctly.

6.4.4 Convergence

The convergence properties of the fully coupled two-dimensional implementation are
examined using a simple rectangular problem domain subjected to a range of mixed
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Figure 6.2: Electrostatic equation for a non-piezoelectric material: The solution is independent
of whether or not the spatial geometry includes any deformation. (a) Square region under uniaxial
stretch of 50% (see undeformed mesh in background). (b) The solution of the electrostatic equation,
obtained with either a deformed or undeformed model.
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Figure 6.3: Similar to Figure 6.2: (a) Parallelogrammatic region obtained from a square domain
under simple shear. (b) The solution of the electrostatic equation is identical for a deformed or
undeformed model.

EMTM boundary loads. The uniform material is described by the parameters for bar-
ium titanate provided in Section 6.4.1, with a crystal orientation of α= 1√

5
e1+

2√
5
e2

according to the constitutive equations outlined in (6.58 - 59). The external loads
consist of tensile and shear forces, a thermal gradient, as well as an electric potential
gradient. They are chosen to be large enough that the resulting strains are finite,
thus leading to nonlinear geometric effects in the residuals. The mechanical, thermal,
and electric loads are adjusted relative to each other such that each field leads to
deformations comparable in magnitude.

It is expected that, if correctly implemented, the Newton-Raphson method
furnishes an asymptotically quadratic rate of convergence.36 As shown in Figure 6.4,
the homogeneous single-scale problem converges in only 5 iterations despite the finite
deformations imposed.37 It is further seen that the mechanical, thermal, and electric
equations converge at different rates over the course of the solution iterations. The
thermal residual reaches close to zero in a single iteration, whereas the residual of the

36For a formal discussion of the convergence properties of the Newton-Raphson method, see,
for example, the monographs by Kantorovich and Akilov [59] as well as Ortega and Rhein-
boldt [111].

37The problem is considered to have converged when the relative energy norm of the residual
reaches below 1×10−16 compared to the initial value.
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Figure 6.4: Residual for each successive iteration of the Newton-Raphson scheme, measured in
terms of the energy norm relative to the initial value. The rate of convergence is at least quadratic
overall, although the different degrees of freedom (displacement, temperature, and electric potential)
converge at different rates.

displacement degrees of freedom initially reduces at the slowest rate. This is in part
because the initial (absolute) value of the energy norm of the displacement degree
of freedom is smaller than the energy norm of the thermal and electric residuals, see
Table 6.3.

6.4.5 Numerical Tangent using Complex Arithmetic

In Section 6.2, the governing equations of EMTM were converted into the weak form
and written in terms of the residuals. Furthermore, explicit expressions for the dif-
ferentials of the residuals were derived in preparation for the Newton-Raphson

Residual - Energy Norm
total displacement thermal electric

initial value 5.6301672e+11 2.0753010e+00 7.5000000e+01 7.4736963e+03

iteration 1 2.3847904e+07 4.5788630e-01 3.3083459e-14 1.8650586e+00

iteration 2 4.0206298e+05 8.3212803e-02 2.0365399e-14 4.8986347e-01

iteration 3 6.9734247e+02 7.8877107e-03 1.9644869e-14 6.5246365e-02

iteration 4 4.6808039e-02 3.2827591e-05 9.4719931e-15 7.8253889e-04

iteration 5 4.5539096e-11 1.5897537e-09 1.5350916e-14 2.6822840e-08

Table 6.3: Energy norm for successive iterations of the Newton-Raphson scheme, for the total
problem and separately for the different types of degrees of freedom.
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method. In Section 6.3, a finite element discretization was introduced to convert the
residuals and their differentials into a finite-dimensional set of algebraic equations.
In the present section, an alternative method is introduced for the numerical approx-
imation of the differentials using complex-valued arithmetic. This approximation is
used to verify the aforementioned exact expression for the differentials by comparing
the numeric values of the element stiffness matrix obtained with the exact and with
the approximate methods.

For simplicity, consider a scalar-valued function f(x) of a scalar argument x. The
numerical differentiation of f at some location x0 is often performed using a first-order
finite difference (FD) scheme of the form

∂f

∂x

∣∣∣∣
x=x0

.
=

f(x0+h)− f(x0)
h

, (6.210)

where h represents a small perturbation from x0. Of course, the approximation
in (6.210) converges to the exact derivative in the limit of h→0, provided that f(x)
is differentiable at x0. In a numerical setting, however, this method can introduce
substantial round-off errors if the numerator on the right-hand side of (6.210) is small
compared to the absolute value of f(x0). This numerical error is further exacerbated
if the perturbation h is decreased. The choice of h thus represents a tradeoff between
the truncation error of the first-order approximation in (6.210) and the round-off error
of the numerical scheme.

To avoid the computation of differences between two similar values, an alternative
numerical differentiation scheme using complex arithmetic was proposed by Lyness
and Moler [78, 79]. According to this method, the function f(x) is extended to the
complex plane by allowing x to assume complex values. At any given (real-valued)
location x0 a perturbation h is introduced along the imaginary axis. The resulting
perturbation in f(x) is limited (in a first-order approximation) to the imaginary axis
as well, thereby avoiding the round-off error observed in the FD scheme (6.210). To
see this, consider the Taylor series expansion of f(x) around x0 given by

f(x0+ ih) = f(x0) + ihf ′(x0) − 1
2!
h2f ′′(x0) − 1

3!
ih3f ′′′(x0) + . . . , (6.211)

where i represents the imaginary unit number, i2=−1, and n! denotes a factorial of n.
Here, it is assumed that x0 and thus f(x0) are real-valued, whereas the (real-valued)
perturbation h is applied solely along the imaginary axis. The real and imaginary
parts of the series in (6.211) are thus given by

ℜ
{
f(x0+ ih)

}
= f(x0) + O(h2) , (6.212)

and
ℑ
{
f(x0+ ih)

}
= hf ′(x0) + O(h3) , (6.213)
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respectively. The derivative f ′ at x0 is thus readily obtained by dividing the imaginary
part in (6.213) with the perturbation h, that is,

f ′(x0)
.
=
ℑ
{
f(x0+ ih)

}
h

. (6.214)

Note that, since a reduction of h does not introduce any round-off errors to the
numerical differentiation scheme (6.214), the approximate derivative is obtained to
within the numerical precision declared in the implementation.

The preceding numerical differentiation scheme is readily generalized to higher-
order functions of higher-order arguments. For example, recall the definition in (2.39)
of the gradient of a function F(x) by means of the Gâteaux differential DF(x,h),
that is, the directional derivative of F(x) in direction h. It can be shown that

DF(x,h) =
d

dα

[
F(x+αh)

]
α=0

= lim
α→0

F(x+αh)−F(x)
α

. (6.215)

Equation (6.215)2 immediately leads to the FD scheme

DF(x,h) .
=
F(x+αh)−F(x)

α
, (6.216)

which suffers the same numerical shortcomings as the scalar version in (6.210) when
the perturbation α is chosen to be too small. On the other hand, a Taylor expansion
of F around x with respect to a small perturbation iαh in direction h leads to the
complex-valued scheme

DF(x,h) .
=
ℑ
{
F(x+ iαh)

}
α

. (6.217)

As before, this scheme does not introduce a round-off error because the perturbation
is applied along the imaginary axis rather than the real axis. Therefore, the result-
ing approximation for the differential DF(x,h) is expected to be to within machine
precision as long as a sufficiently small α is selected, since the truncation error of the
first-order approximation in (6.217) scales with O(α3).

Note that, in view of (2.4)2 and (2.39), the differentiation scheme in (6.217) must
be separately applied to all directions of the orthonormal basis h={e1, e2, e3} in order
to numerically approximate all Cartesian components of the gradient, that is,

DF(x, ei) =
∂F
∂x
· ei =

∂F
∂xi

∀ i . (6.218)

Therefore, the numerical approximation of the components of a gradient involves a
total of 3 independent complex-step computations. Likewise, the method is readily
adapted to the Gâteaux differential DF(T,H) of functions of tensor-valued argu-
ments, see Equation (2.40). Thus, the approximation of the components of a tensor
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derivative involves 9 independent applications of the complex-valued differentiation
scheme, once for each direction of the orthonormal basis H= ei⊗ej.

38

Recall from Section 6.2.2 that the Newton-Raphson method, which is em-
ployed to solve a nonlinear problem r(ũ)=0 for ũ, relies on the Gâteaux differ-
ential Dr(ũ0, ũ− ũ0) around the initial estimate ũ0 in the direction of ũ− ũ0. This
method applies to vectors of arbitrary length (in the conventional sense used in linear
algebra). For example, if both the residual r and the desired solution ũ are vectors
of length n, then the Fréchet derivative J in (6.79) furnishes an n×n matrix to
be employed in the iterative scheme (6.80). Accordingly, in view of the definitions
in (6.188)1,2, the finite element stiffness matrix K in (6.189) may be computed by
means of numerical differentiation of the residual vector R using n repetitions of the
complex-step algorithm.39 Thereby, a complex-valued perturbation is introduced to
the i-th entry of the solution vector Û. This leads to complex-valued gradient quan-
tities, from which complex-valued fluxes are obtained via the constitutive equations.
The imaginary part (divided by α) of the resulting residual R(Û) then furnishes the i-
th column of K. Lastly, in the interest of computational efficiency, the residual itself
may be extracted from the real part of R(Û) during any of the n iterations. Its value
is accurate to within machine precision provided that α is sufficiently small, since the
truncation error in the real part is of order O(α2), see (6.212).

In the context of this dissertation, the complex-step algorithm is implemented
as an alternative to the exact expressions for the computation of the finite element
stiffness matrix derived in Section 6.3. The complex numerical approximation is
thereafter compared with the exact solution under a variety of coupled EMTM load-
ing conditions. For example, consider a simple rectangular domain of 4 elements
per dimension, see Figure 6.5. Tensile and shear forces of fx =1kN, fy =5kN,
and fτ =2kN are applied (per millimeter of thickness in the out-of-plane direc-
tion), respectivly. A linear temperature gradient is prescribed in the y-direction
with T1=0 ◦C and T2=16× 103 ◦C, where the reference temperature for thermal ex-
pansion is set at 0 ◦C. Lastly, an electric potential gradient is applied with ϕ1=10 kV
and ϕ2=0V. The aforementioned loading is not intended to be realistic, of course,
but is instead designed to elicit large deformations due to a combination of mechani-
cal, thermal, and electrostatic loads.

Table 6.4 lists the ensuing residual Ri and the 5×5 entries40 of the element stiff-
ness matrix Kij of an interior element for the degrees of freedom associated with
the variational node i=1 and the differential node j=3, see Section 6.3.4, where i

38This method was applied, for example, by Tanaka et al. [141] to the computation of tangent
moduli from the stress-strain relationships of hyperelastic material models.

39See Kim et al. [61] for an application of the complex-step algorithm to the approximation of
element tangent matrices.

40The size ofKij is 5×5, rather than 6×6, because the problem is 2-dimensional, thereby removing
one degree of freedom per node. Furthermore, it is noted that the stiffness matrix is not symmetric,
see Table 6.4.
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fτ

fτ

fτ
fτ

fxfx

fy

fy T1 , ϕ1

T2 , ϕ2

Figure 6.5: Geometry and boundary conditions of a test problem used to compare the exact
implementation of the element residual and tangent with a numerical approximation using complex
arithmetic. The contour plot in the background represents the x-displacement in the deformed
configuration.

and j were arbitrarily chosen. As shown in Table 6.5, the relative error between the
complex approximation and the exact result remains on the order of 10−15, indicating
that the two implementations agree to within double-precision accuracy, which is con-
sistent with the variable declaration employed for the arrays R and K. It is therefore
concluded that the derivation and implementation of the exact EMTM tangents in
Equations (6.198 - 207) are indeed correct.
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Residual and Stiffness of the Exact Implementation
residual Ri element stiffness Kij

u1 u2 θ ϕ φ
u1 2.3050E+03 -4.9767E+04 -4.8231E+04 4.0350E+01 -5.2155E+00 -0.0000E+00

u2 4.6586E+03 -4.8395E+04 -5.7182E+04 4.2063E+01 -6.7668E+00 -0.0000E+00

θ 1.2500E+02 -0.0000E+00 -0.0000E+00 -3.3333E+00 -0.0000E+00 -0.0000E+00

ϕ -2.4617E+06 5.8103E+05 7.6489E+05 -0.0000E+00 -4.7955E+02 -0.0000E+00

φ 0.0000E+00 -0.0000E+00 -0.0000E+00 -0.0000E+00 -0.0000E+00 -2.6078E-01

Table 6.4: Example of numerical values for the element residual Ri and stiffness matrix Kij

associated with variational node i=1 and differential node j=3 of an interior element of the finite
element model depicted in Figure 6.5.

Relative Error between Exact vs. Complex Implementation
residual Ri element stiffness Kij

u1 u2 θ ϕ φ
u1 3.9458E-15 8.7721E-16 7.5429E-16 1.7610E-16 8.5147E-16 NaN

u2 1.3666E-15 4.5104E-16 6.3621E-16 0.0000E+00 6.5628E-16 NaN

θ 4.5475E-16 NaN NaN 6.6613E-16 NaN NaN

ϕ 1.8916E-16 8.0145E-16 7.6100E-16 NaN 5.9267E-16 NaN

φ NaN NaN NaN NaN NaN 8.5147E-16

Table 6.5: Relative error between the exact implementation and the complex approximation of Ri

and Kij listed in Table 6.4. Note that the relative error is undefined for vanishing entries of Ri

and Kij . For all non-zero entries, the error is in the order of machine precision.
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Chapter 7

Numerical Implementation of
EMTM on Two Scales

The preceding chapter offers a detailed account of the single-scale implementation,
including the governing equations and their weak forms, the constitutive model, the
boundary conditions, the linearization of the residuals, and the algebraic system of
equations resulting from a finite element discretization. Many aspects of the single-
scale implementation, such as the residuals and their linearizations, apply identically
to the multiscale problem discussed in the present chapter.

The multiscale problem differs from the single-scale model in the following ways:
First, the boundary conditions of the microscopic scale (i.e., the RVE) are dictated by
the macroscopic gradient quantities. In particular, a Dirichlet boundary condition
is imposed such that the volumetric average of the microscale gradient coincides with
the macroscopic gradient. Second, the macroscopic fluxes and material tangents are
obtained not from a constitutive model, but from homogenization of the response
of the RVE to the aforementioned boundary conditions. Likewise, any volumetric
sources on the macroscopic scale are obtained from homogenization of the microscopic
counterparts.

Hence, for each iteration of the macroscopic Newton-Raphson scheme and at
eachGaussian quadrature point of the macroscopic problem, a nonlinear RVE model
is discretized and solved. The macroscopic gradients are passed to the RVE and
applied as boundary conditions. Once the microscopic problem has converged, the
homogenized fluxes, volumetric source terms (if applicable), and material tensors are
computed at the RVE and returned to the macroscopic problem. This is used to
compute the contribution of the given Gauss point to the macroscopic residual and
stiffness matrix according to the expressions derived in Section 6.3.4. After collecting
this information from the RVEs at all Gauss points, the macroscopic system of
equations is solved and theNewton-Raphson scheme proceeds to the next iteration.

This chapter is organized as follows: First, the RVE boundary conditions, which
prescribe the primary variables at the Dirichlet boundary in terms of the macro-
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scopic gradient quantities, are introduced. Next, the macroscopic fluxes are expressed
by integrals of the microscopic quantities over the RVE volume. This is followed by
the linearization of the macroscopic fluxes, from which the material moduli are in-
ferred. Lastly, a range of simple test problems are presented to demonstrate the
validity of the numerical implementation of the multiscale model.

7.1 RVE Boundary Conditions

Recall from Section 5.1 that macroscopic and microscopic quantities are denoted
by upper- and lowercase superscripts [ · ]M(y, t) and [ · ]m(x, t), respectively, and depend
functionally on the spatial coordinates y and x. Alternatively, a referential description
may be employed using the undeformed macroscopic and microscopic coordinates Y
and X, respectively. The kinematic, thermal, electrostatic, and the magnetostatic
Dirichlet boundary conditions of the microscale RVE are determined from the
macroscopic variables according to

x = y + FM
(
X−Xc

)
on Γu ,

θm = θM + GradY θ
M ·

(
X−Xc

)
on Γθ ,

ϕm = ϕM + GradYϕ
M ·

(
X−Xc

)
on Γϕ ,

φm = φM + GradYφ
M ·

(
X−Xc

)
on Γφ ,

(7.1)

respectively, where Xc represents the location of the centroid of the RVE in the refer-
ence configuration. This corresponds to a linear extrapolation of the average (i.e., the
macroscopic) field to the boundary. Since FM=

[
I+GradYuM

]
, Equation (7.1)1 may

restated in terms of the displacements um=x−X and uM=y−Y as

um = uM +
[
GradYuM

](
X−Xc

)
on Γu , (7.2)

provided that the RVE center coincides with the macroscopic location, Xc=Y. The
notation in (7.2) is more closely aligned with (7.1)2−4.

Equations (7.1) may be regarded as a generalization of the boundary conditions
proposed by Kouznetsova et al. [63, Equation 8] for the purely mechanical case,
which were augmented with a similar thermal condition by Sengupta et al. [127,
Equation 13]. The conditions in (7.1) ensure that the volume average of the gradient
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within the RVE is equal to the macroscopic value, that is,1

FM =
1

V0

∫
R0

Fm dV m ,

GradY θ
M =

1

V0

∫
R0

GradX θ
m dV m ,

GradYϕ
M =

1

V0

∫
R0

GradXϕ
m dV m ,

GradYφ
M =

1

V0

∫
R0

GradXφ
m dV m ,

(7.3)

where V0=
∫
R0

dV m denotes the volume of the RVE in the reference configuration.
Again, Equation (7.3)1 is equivalently stated in terms of the displacements as

GradYuM =
1

V0

∫
R0

GradXum dV m , (7.4)

where Fm=
[
I+GradXum

]
was used.

The space of admissible solutions, see Equations (6.67 - 70), can be restated for
the microscopic problem to explicitly reflect the conditions imposed by (7.1 - 2) on the
Dirichlet boundary of the RVE. For example, the space Ua of admissible microscopic
displacements reads

Um
a =


um(x, t) : R× R→ E3

∣∣∣∣∣∣∣∣∣∣∣
det

[
I+

∂um

∂X

]
> 0 in R

umi (x, t) = uMi +
∂uMi
∂YA

(
XA−YA

)
on Γui

um(X, 0) = 0 ,
.
um(X, 0) = vm

0 in R0


.

(7.5)
The spaces Ta, Ea, andMa of admissible temperatures, electric potentials, and mag-
netic potentials are defined analogously. Meanwhile, the definitions for the spaces
of admissible virtual displacements δUa, temperatures δTa, electric potentials δEa,
and magnetic potentials δMa remain unchanged. For example, admissible virtual
displacements vanish on the Dirichlet boundary,

δUm
a =

{
δum(x, t) : R× R→ E3

∣∣ δumi = 0 on Γui

}
, (7.6)

in accordance with Equation (6.71).
In the context of this implementation, it is assumed that the entire RVE boundary

is comprised only of the Dirichlet type described in (7.1). This forces the primary

1This scale transition is discussed in Özdemir et al. [162, Equations 4-8] for the purely thermal
problem. Equation (7.1)2 represents the special case where the constraint in [162, Equation 8] is
strictly enforced everywhere on the boundary.
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quantities to adopt an entirely linear distribution around the RVE boundary which,
as observed by Mercer et al. [89] for the purely mechanical case, leads to a slight
overestimation of the homogenized stiffness of the RVE. Alternatively, Lagrange
multipliers may be employed to enforce the constraints in (7.3)1−4. In conjunction
with zero-Neumann boundary conditions for the RVE akin to (6.65), the Lagrange
multipliers effectively impose a traction on the Neumann boundary required to sat-
isfy the constraints, see [89, Equation 28].

7.2 Homogenized RVE Response

To solve the IBVP of the macroscopic scale, the homogenized response of the mi-
croscale must be quantified at each macroscopic integration point. This requires
the RVE to provide two types of quantities to the macroscale: First, the homoge-
nized fluxes (and the volumetric sources, if applicable) are computed by averaging
the microscopic quantities over the RVE domain according to the relations derived in
Chapter 5. These averaged quantities are subsequently returned to the macroscopic
problem, in particular the fluxes

{
TM,qM,pM

}
.

Second, homogenized material moduli are used in lieu of the constitutive equa-
tions. They quantify the response

{
dTM, dqM, dpM

}
of the RVE to any changes{

duM, dθM, dϕM
}
in the primary variables, akin to the linearized constitutive equa-

tions in (6.89). This homogenized response of the RVE is derived in two steps: First,
the homogenization formulae for the macroscopic fluxes

{
TM,qM,pM

}
are linearized

with respect to the microscopic primary variables
{
dum, dθm, dϕm

}
. Upon introducing

a finite element discretization, the differentials of the macroscopic fluxes are given in
terms of the differentials of the degrees of freedom of the RVE (including the inter-
nal and the boundary nodes). Second, the Dirichlet boundary conditions (7.1)1−4

are incorporated into the system of equations, thereby expressing the primary quan-
tities at the boundary nodes in terms of the macroscopic gradient quantities. In
conjunction with the RVE system of algebraic equations in (6.190), a linear rela-
tionship between

{
dTM, dqM, dpM

}
and

{
duM, dθM, dϕM

}
is derived from a Schur

complement of the combined system of equations.
This section begins with the homogenization of the RVE fluxes. This is followed

by a linearization thereof, which furnishes expressions for
{
dTM, dqM, dpM

}
in terms

of the microscopic differentials
{
dum, dθm, dϕm

}
. Next, the microscopic differentials

are replaced by the nodal degrees of freedom
{
dûm, dθ̂m, dϕ̂m

}
of the finite element

approximation. Lastly, the RVE boundary conditions are applied and, in conjunc-
tion with the algebraic system of equations of the RVE, the desired relation be-
tween

{
dTM, dqM, dpM

}
and

{
duM, dθM, dϕM

}
is obtained.
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7.2.1 Homogenization of the Fluxes

Recall that the fluxes TM, qM, pM, and mM are homogenized according to Equa-
tions (5.45), (5.59), (5.76), and (5.78), respectively. Likewise, the volumetric source
terms ρMfMB + fML and ρMrM+ jM ·EM are obtained in the macroscopic scale from the
homogenizations in (5.46) and (5.60). However, in the context of this implementa-
tion it is assumed that volumetric sources are negligible and that both the electric
and thermomechanical problems are static. This implies the absence of free charges,
currents, or magnetization, and that any velocity fluctuations vm−vM are negligible.
The homogenizations of the fluxes TM, qM, and pM thus reduce to simple weighted
volume averages

TM =

∫
R
Tmg(y,x)dvm ,

qM =

∫
R
qmg(y,x)dvm ,

pM =

∫
R
pmg(y,x)dvm ,

(7.7)

see Equations (5.45), (5.59), and (5.76). The simplest choice for the weighting func-
tion is characterized by a uniform step function of the form

g(y,x) =

{
1/V if x ∈ RRVE

0 otherwise , (7.8)

where RRVE⊂R denotes the subregion of R occupied by the RVE associated with the
macroscopic point y, and where V represents the volume of the RVE in the current
configuration. In this case, the homogenizations in (7.7) further simplify to

TM =
1

V

∫
RRVE

Tm dvm ,

qM =
1

V

∫
RRVE

qm dvm ,

pM =
1

V

∫
RRVE

pm dvm .

(7.9)

After a given RVE model has solved, the homogenized fluxes in (7.9) are readily
computed from a Gaussian quadrature within each element followed by an accumu-
lation over all elements of the RVE mesh divided by the RVE volume.2 Once returned
to the macroscopic scale, this information is used to compute the contribution of the
Gauss point associated with the current RVE to the macroscopic residual.

2It is mentioned that this summation of element contributions, especially for RVE models com-
prising a very large number of elements, can lead to an accumulation of round-off errors. A variety
of algorithms can be found in the literature to mitigate a potential loss of precision, such as the
Kahan summation algorithm, see Higham [48]. Due to the limited number of RVE elements in this
dissertation, such strategies are not further pursued here.
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7.2.2 Linearization of Homogenization Formulae

In this section, the homogenization formulae for the macroscopic fluxes
{
TM,qM,pM

}
in Equations (7.9)1−3 are linearized with respect to the microscopic primary variables,
furnishing a relation between

{
dTM, dqM, dpM

}
and

{
dum, dθm, dϕm

}
.

Stress

The macroscopic Cauchy stress (7.9)1 is linearized with respect to the microscopic
primary quantities {um, θm, ϕm} according to

dTM = d

[
1

V

∫
RRVE

Tm dvm
]

= −dV

V 2

∫
RRVE

Tm dvm +
1

V
d

[∫
RRVE

Tm dvm
]

= −dV

V
TM +

1

V

∫
RRVE0

d
[
JmTm

]
dV m . (7.10)

The first term on the right side of (7.10) involves the linearization of the RVE volume
with respect to the microscopic displacements, and is given by

dV = d

[∫
RRVE

dvm
]

=

∫
RRVE0

dJm dV m

=

∫
RRVE

divx

(
dum

)
dvm , (7.11)

where (2.41), (2.84), and (6.85)1 were used to obtain the identity dJ = Jdivdu. The
second term on the right side of (7.10) calls for the linearization of the so-called
Kirchhoff stress tensor 3 according to

d
[
JmTm

]
= d

[
FmSmFmT

]
=

[
GradXdum

]
SmFmT + FmSm

[
GradXdum

]T
+ Fmρm0 CCCm

[
FmTGradX

(
dum

)]sym
FmT

− Fmρm0
[
CCCA

]m
FmTdθm − Fm

[
ρm0 ccc

m
2 GradX

(
dϕm

)]
FmT , (7.12)

3The Kirchhoff stress tensor is often represented by τ = JT in the literature. However, this
notation is avoided here because of the same symbol was used in the context of the method of
Coleman and Noll, see (4.39) and (4.48)1. The relation between the Kirchhoff stress tensor
and the second Piola-Kirchhoff stress tensor S is readily obtained from (2.149).
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where the differentials dFm and dSm are given by Equations (6.84)1 and (6.89)2,
respectively. Equation (7.12) is readily converted into spatial form as

1

Jm
d
[
JmTm

]
=

[
gradxdu

m
]
Tm + Tm

[
gradxdu

m
]T

+ ρmCCCm[
gradx

(
dum

)]sym− ρmCCCA
m
dθm − ρmcccm2 gradx

(
dϕm

)
,

(7.13)

where (2.84), (2.137), (2.149), and (6.62)2,4,5 were used. The differential of the macro-
scopic Cauchy stress (7.10) is therefore expressed as

dTM = −TM 1

V

∫
RRVE

(
∂

∂xm
· dum

)
dvm +

1

V

∫
RRVE

[
∂
(
dum

)
∂x

]
Tm dvm

+
1

V

∫
RRVE

Tm
[
∂
(
dum

)
∂x

]T
dvm +

1

V

∫
RRVE

ρmCCCm
[
∂
(
dum

)
∂x

]
dvm

− 1

V

∫
RRVE

ρmCCCA
m
dθm dvm − 1

V

∫
RRVE

ρmcccm2

(
∂
(
dϕm

)
∂x

)
dvm , (7.14)

where the symmetry operator from Equation (7.13) was dropped on account of the
minor symmetry in the third and fourth indices of CCCm

.

Heat Flux

Repeating the procedure in (7.10) for the macroscopic heat flux (7.9)2, its differential
is expressed as

dqM = −dV

V
qM +

1

V

∫
RRVE

1

Jm
d
[
Jmqm

]
dvm . (7.15)

The first term on the right side of (7.15), i.e., the differential of the RVE volume, is
again given by (7.11). The second term is obtained using the differentials for dFm

and dqm
0 in Equations (6.84)1 and (6.89)3,

1

Jm
d
(
Jmqm

)
=

1

Jm
d
(
Fmqm

0

)
=

1

Jm

[
GradXdum

]
qm
0 +

1

Jm
FmκmGradX

(
dθm

)
=

[
gradxdu

m
]
qm + κmgradx

(
dθm

)
, (7.16)

where Equations (2.84), (2.137), (2.145), and (6.62)6 are employed for the final step
in (7.16). Note that, for simplicity, the referential form of Fourier’s law in (6.56)3
is adopted.4 In view of the preceding results, Equation (7.15) is written in terms of

4This implies that the linearization of Fourier’s law is given by Equation (6.89)3 rather
than (6.90), hence the thermal differential is uncoupled from the deformation du. The choice of
Fourier’s law must be consistent with the linearization of the residuals at both scales. Therefore,
the corresponding terms in drθ in Equations (6.95) and (6.182), and consequently the entries [Kθu]
and [Kij

θu] of the stiffness matrix (6.193)1 and (6.202), are assumed to vanish.
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the differentials of the microscopic primary variables according to

dqM = −qM 1

V

∫
RRVE

(
∂

∂xm
· dum

)
dvm +

1

V

∫
RRVE

[
∂
(
dum

)
∂x

]
qm dvm

− 1

V

∫
RRVE

κm
(
∂
(
dθm

)
∂x

)
dvm . (7.17)

Polarization

The differential of the macroscopic polarization pM is derived using the same approach
as in the preceding section for the heat flux qM. In particular, Equations (2.84),
(2.137), (3.131)3, (6.25), (6.62)2,3, and (7.11) furnish

dpM = −dV

V
pM +

1

V

∫
RRVE

1

Jm
d
[
Jmpm

]
dvm

= −pM 1

V

∫
RRVE

(
∂

∂xm
· dum

)
dvm +

1

V

∫
RRVE

[
∂
(
dum

)
∂x

]
pm dvm

− 1

V

∫
RRVE

[
ρmcccm2

]T[∂(dum
)

∂x

]
dvm − 1

V

∫
RRVE

ε0ρ
mcm3

(
∂
(
dϕm

)
∂x

)
dvm ,

(7.18)

where the symmetry in the first two indices of cccm2 was used to omit the symmetry
operator in [gradxdu

m]sym .

7.2.3 Finite Element Approximation

Equations (7.14), (7.17), and (7.18)2 express
{
dTM, dqM, dpM

}
in terms of the dif-

ferentials of the microscopic primary variables
{
dum, dθm, dϕm

}
. In this section, the

finite element discretization of Section 6.3.2 is employed to rewrite the components
of

{
dTM, dqM, dpM

}
, in Voigt notation, as a set of algebraic equations of the 6n×1

vector5 of the nodal degrees of freedom of the RVE mesh, [dÛ], defined in (6.186)2.

Stress

The differential of the macroscopic Cauchy stress in Equation (7.14) is discretized by
expressing the microscopic primary variables

{
dum, dθm, dϕm

}
in terms of their finite

element approximations in (6.158). In view of the finite element discretization of the

5Recall from Section 6.3.2 that n represents the total number of nodes in the global finite ele-
ment mesh, i.e., the number of nodes of the RVE model. Therefore, the (static) EMTM problem
exhibits 6n nodal degrees of freedom. This number decreases to 5n, for example, in the two-
dimensional plane-strain case, or to 4n in a three-dimensional thermomechanical model. Note that,
for the purposes of this derivation, the number n includes internal and boundary nodes alike, because
it is assumed that boundary conditions have not yet been enforced.
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divergence operator, see Equations (6.174 - 175), the differential of the RVE volume
in (7.11) is approximated by the nodal displacement vector of the RVE problem
according to

dV
.
=

[∫
RRVE

[
B(2)

]
1×3n

dvm
][

dûm
]

3n×1

. (7.19)

Therefore, Equation (7.14) is expressed as a linear combination of the nodal values
according to 〈

dTM
〉

9×1

.
= − 1

V

〈
TM

〉
9×1

∫
RRVE

[
B(2)

]
1×3n

dvm
[
dûm

]
3n×1

+
1

V

∫
RRVE

2
〈
IIIsym

〉
9×9

〈
T
〉

9×9

(2)[
B(3)

]
9×3n

dvm
[
dû

]
3n×1

+
1

V

∫
RRVE

〈
ρCCC

〉
9×9

[
B(3)

]
9×3n

dvm
[
dû

]
3n×1

+
1

V

∫
RRVE

〈
ρCCCA

〉
9×1

[
N(1)

]
1×n

dvm
[
dθ̂

]
n×1

+
1

V

∫
RRVE

〈
ρccc2

〉
9×3

[
B(1)

]
3×n

dvm
[
dϕ̂

]
n×1

. (7.20)

The symmetry of the macroscopic Cauchy stress TM, hence also its differential dTM

in (7.20), is invoked to employ the reduced Voigt notation,〈
dTMsym〉

6×1

=
〈
IIIsym(1)

〉
6×9

〈
dTM

〉
9×1

, (7.21)

where use was made of the reduced symmetry operator
〈
IIIsym(1)

〉
, see (6.123), in ac-

cordance with the convention for the representation of shear stresses and strains
in (6.127 - 128). It follows that Equation (7.20) reduces to〈

dTMsym〉
6×1

.
= − 1

V

〈
TMsym〉

6×1

∫
RRVE

[
B(2)

]
1×3n

dvm
[
dûm

]
3n×1

+
1

V

∫
RRVE

2
〈
IIIsym(1)

〉
6×9

〈
T
〉

9×9

(2)[
B(3)

]
9×3n

dvm
[
dû

]
3n×1

+
1

V

∫
RRVE

〈
ρCCCsym〉

6×6

[
B(3)

]
6×3n

sym
dvm

[
dû

]
3n×1

+
1

V

∫
RRVE

〈
ρCCCA

sym〉
6×1

[
N(1)

]
1×n

dvm
[
dθ̂

]
n×1

+
1

V

∫
RRVE

〈
ρcccsym

2

〉
6×3

[
B(1)

]
3×n

dvm
[
dϕ̂

]
n×1

, (7.22)

where the properties in (6.122), (6.130), and (6.133) were used.
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Heat Flux

The preceding derivation is repeated for the discretization of the differential of the
macroscopic heat flux in Equation (7.17). In view of the finite element approximations
in (6.158) and (7.19), dqM can be expressed as

(
dqM

)
3×1

.
= − 1

V

(
qM

)
3×1

∫
RRVE

[
B(2)

]
1×3n

dvm
[
dûm

]
3n×1

+
1

V

∫
RRVE

〈
q
〉

3×9

(3)[
B(3)

]
9×3n

dvm
[
dû

]
3n×1

− 1

V

∫
RRVE

[
κ
]

3×3

[
B(1)

]
3×n

dvm
[
dθ̂

]
n×1

, (7.23)

where the notation in (6.109) was used.

Polarization

Following the same method, the discretization of the differential of the macroscopic
polarization in Equation (7.18) is approximated by a finite element discretization
according to (

dpM
)

3×1

.
= − 1

V

(
pM

)
3×1

∫
RRVE

[
B(2)

]
1×3n

dvm
[
dûm

]
3n×1

+
1

V

∫
RRVE

〈
p
〉

3×9

(3)[
B(3)

]
9×3n

dvm
[
dû

]
3n×1

− 1

V

∫
RRVE

〈
ρccc2

〉
3×9

T[
B(3)

]
9×3n

dvm
[
dû

]
3n×1

− 1

V

∫
RRVE

[
ε0ρc3

]
3×3

[
B(1)

]
3×n

dvm
[
dϕ̂

]
n×1

. (7.24)

The symmetry of ccc2 in the first two indices can be exploited to write the third term
on the right-hand-side of (7.24) in reduced Voigt notation.

Global Homogenization Matrix

The preceding results form a system of algebraic equations, where the differentials
of the macroscopic fluxes are given by a linear combination of the differentials of
the primary variables of the microscale RVE. This algebraic system is conveniently
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expressed according to

[
HTu

]
6×3n

[
HTθ

]
6×n

[
HTϕ

]
6×n

[
HTφ

]
6×n[

Hqu

]
3×3n

[
Hqθ

]
3×n

[
Hqϕ

]
3×n

[
Hqφ

]
3×n[

Hpu

]
3×3n

[
Hpθ

]
3×n

[
Hpϕ

]
3×n

[
Hpφ

]
3×n[

HMu

]
3×3n

[
HMθ

]
3×n

[
HMϕ

]
3×n

[
HMφ

]
3×n


︸ ︷︷ ︸[

H
]

15×6n



[
dû

]
3n×1[
dθ̂

]
n×1[
dϕ̂

]
n×1[
dφ̂

]
n×1


︸ ︷︷ ︸[

dÛ
]

6n×1

=



[
dTM

]
6×1[
dqM

]
3×1[
dpM

]
3×1[

dMM
]

3×1


︸ ︷︷ ︸[

dT̂M
]

15×1

. (7.25)

Note the similarity of (7.25) with the global finite element equations in (6.190), where
the stiffness matrix [K ] operates on the 6n nodal degrees of freedom of the RVE
problem, represented by dÛ. The matrix [H ] will be subsequently referred to as
the (global) homogenization matrix , and its 15×6n entries are deduced from Equa-
tions (7.22 - 24). In particular, it is readily seen that the first row of [H ] is given
by [

HTu

]
6×3n

= − 1

V

〈
TMsym〉

6×1

∫
RRVE

[
B(2)

]
1×3n

dvm +
1

V

∫
RRVE

2
〈
IIIsym(1)

〉
6×9

〈
T
〉

9×9

(2)[
B(3)

]
9×3n

dvm

+
1

V

∫
RRVE

〈
ρCCCsym〉

6×6

[
B(3)

]
6×3n

sym
dvm ,

[
HTθ

]
6×n

=
1

V

∫
RRVE

〈
ρCCCA

sym〉
6×1

[
N(1)

]
1×n

dvm ,

[
HTϕ

]
6×n

=
1

V

∫
RRVE

〈
ρcccsym

2

〉
6×3

[
B(1)

]
3×n

dvm ,[
HTφ

]
6×n

= 0 .

(7.26)
Likewise, the second row of [H ] is obtained from (7.23) as[

Hqu

]
3×3n

= − 1

V

(
qM

)
3×1

∫
RRVE

[
B(2)

]
1×3n

dvm +
1

V

∫
RRVE

〈
q
〉

3×9

(3)[
B(3)

]
9×3n

dvm ,

[
Hqθ

]
3×n

= − 1

V

∫
RRVE

[
κ
]

3×3

[
B(1)

]
3×n

dvm ,[
Hqϕ

]
3×n

= 0 ,[
Hqφ

]
3×n

= 0 ,

(7.27)
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and the third row of [H ] is determined by (7.24) as

[
Hpu

]
3×3n

= − 1

V

(
pM

)
3×1

∫
RRVE

[
B(2)

]
1×3n

dvm +
1

V

∫
RRVE

〈
p
〉

3×9

(3)[
B(3)

]
9×3n

dvm

− 1

V

∫
RRVE

〈
ρccc2

〉
3×9

T[
B(3)

]
9×3n

dvm ,[
Hpθ

]
3×n

= 0 ,

[
Hpϕ

]
3×n

= − 1

V

∫
RRVE

[
ε0ρc3

]
3×3

[
B(1)

]
3×n

dvm ,[
Hpφ

]
3×n

= 0 .

(7.28)

Lastly, the fourth row of [H ] is zero, given that the material is assumed to be non-
magnetizable.

Nodal Homogenization Matrix

Similarly to the nodal residual and stiffness matrix derived in Section 6.3.4, the alge-
braic system of equations in (7.25) may be expressed by a sum of the contributions
of each node,

n∑
j=1



[
Hj

Tu

]
6×3

[
Hj

Tθ

]
6×1

[
Hj

Tϕ

]
6×1

[
0
]

6×1[
Hj

qu

]
3×3

[
Hj

qθ

]
3×1

[
0
]

3×1

[
0
]

3×1[
Hj

pu

]
3×3

[
0
]

3×1

[
Hj

pϕ

]
3×1

[
0
]

3×1[
0
]

3×3

[
0
]

3×1

[
0
]

3×1

[
0
]

3×1


︸ ︷︷ ︸[

Hj
]

15×6



[
dûj

]
3×1[
dθ̂j

]
1×1[
dϕ̂j

]
1×1[
dφ̂j

]
1×1


︸ ︷︷ ︸[

dÛj
]

6×1

=



[
dTM

]
6×1[
dqM

]
3×1[
dpM

]
3×1[

dMM
]

3×1


︸ ︷︷ ︸[

dT̂M
]

15×1

. (7.29)

The element-wise entries in the 15×6 matrix [Hj ] are given as

[
Hj

Tu

]
6×3

= − 1

V

〈
TMsym〉

6×1

∫
RRVE

[
B(2)

j

]
1×3

dvm +
1

V

∫
RRVE

2
〈
IIIsym(1)

〉
6×9

〈
T
〉

9×9

(2)[
B(3)

j

]
9×3

dvm

+
1

V

∫
RRVE

〈
ρCCCsym〉

6×6

[
B(3)

j

]
6×3

sym
dvm
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= − 1

V


TM
11

TM
22

TM
33

1
2

(
TM
12+T

M
21

)
1
2

(
TM
23+T

M
32

)
1
2

(
TM
31+T

M
13

)


∫
RRVE

[
Nj,1 Nj,2 Nj,3

]
dvm

+
1

V

∫
RRVE


2Ti1Nj,i 0 0

0 2Ti2Nj,i 0
0 0 2Ti3Nj,i

Ti2Nj,i Ti1Nj,i 0
0 Ti3Nj,i Ti2Nj,i

Ti3Nj,i 0 Ti1Nj,i

 dvm

+
1

V

∫
RRVE

ρ



C1111C1122C1133C1112C1123C1131

C2211C2222C2233C2212C2223C2231

C3311C3322C3333C3312C3323C3331

C1211C1222C1233C1212C1223C1231

C2311C2322C2333C2312C2323C2331

C3111C3122C3133C3112C3123C3131




Nj,1 0 0
0 Nj,2 0
0 0 Nj,3

Nj,2Nj,1 0
0 Nj,3Nj,2

Nj,3 0 Nj,1

 dvm ,

(7.30)[
Hj

Tθ

]
6×1

=
1

V

∫
RRVE

〈
ρCCCA

sym〉
6×1

Nj

1×1

dvm , (7.31)

[
Hj

Tϕ

]
6×1

=
1

V

∫
RRVE

〈
ρcccsym

2

〉
6×3

[
B(1)

j

]
3×1

dvm

=
1

V

∫
RRVE

ρ


c111 c112 c113

c221 c222 c223

c331 c332 c333

c121 c122 c123

c231 c232 c233

c311 c312 c313


Nj,1

Nj,2

Nj,3

 dvm , (7.32)

[
Hj

qu

]
3×3

= − 1

V

(
qM

)
3×1

∫
RRVE

[
B(2)

j

]
1×3

dvm +
1

V

∫
RRVE

〈
q
〉

3×9

(3)[
B(3)

j

]
9×3

dvm

= − 1

V

qM1qM2
qM3

 ∫
RRVE

[
Nj,1 Nj,2 Nj,3

]
dvm

+
1

V

∫
RRVE

[
q1 q2 q3

] Nj,1

Nj,2

Nj,3

 dvm
[
I
]

3×3

, (7.33)



235

[
Hj

qθ

]
3×1

= − 1

V

∫
RRVE

[
κ
]

3×3

[
B(1)

j

]
3×1

dvm

= − 1

V

∫
RRVE

κ11 κ12 κ31
κ12 κ22 κ23
κ31 κ23 κ33

Nj,1

Nj,2

Nj,3

 dvm , (7.34)

[
Hj

pu

]
3×3

= − 1

V

(
pM

)
3×1

∫
RRVE

[
B(2)

j

]
1×3

dvm +
1

V

∫
RRVE

〈
p
〉

3×9

(3)[
B(3)

j

]
9×3

dvm

− 1

V

∫
RRVE

〈
ρcccsym

2

〉
3×6

T[
B(3)

j

]
6×3

sym
dvm

= − 1

V

pM1pM2
pM3

 ∫
RRVE

[
Nj,1 Nj,2 Nj,3

]
dvm

+
1

V

∫
RRVE

[
p1 p2 p3

] Nj,1

Nj,2

Nj,3

 dvm
[
I
]

3×3

− 1

V

∫
RRVE

ρ

c111 c221 c331 c121 c231 c311c112 c222 c332 c122 c232 c312

c113 c223 c333 c123 c233 c313



Nj,1 0 0
0 Nj,2 0
0 0 Nj,3

Nj,2 Nj,1 0
0 Nj,3 Nj,2

Nj,3 0 Nj,1

 dvm ,

(7.35)[
Hj

pϕ

]
3×1

= − 1

V

∫
RRVE

[
ε0ρc3

]
3×3

[
B(1)

j

]
3×1

dvm

= − 1

V

∫
RRVE

ε0ρ

c11 c12 c31
c12 c22 c23
c31 c23 c33

Nj,1

Nj,2

Nj,3

 dvm . (7.36)

The remaining entries in the element homogenization matrix [Hj ] are zero, as indi-
cated in Equation (7.29).

7.2.4 Homogenized Material Moduli

Recall that the homogenized response of the RVE serves as constitutive model for
the macroscopic material, whose behavior is governed by its microstructure. The
RVE not only furnishes the homogenized fluxes TM, qM, pM, and MM, but also the
material moduli6 such as ccc2, c3, CCC, and CCCA.

6The reader is reminded that the overline accent, such as in ccc2, signifies that the material moduli
are expressed in spatial form. They are related to their referential counterparts, for example ccc2, via
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In the preceding section, the differentials dTM, dqM, dpM, and dMM of the macro-
scopic fluxes were expressed in terms of the 6n×1 vector [dÛ] of the nodal degrees
of freedom of the RVE mesh, see (6.186)2. The corresponding algebraic system of
Equations (7.25) is governed by the 15×6n global homogenization matrix [H ]. In or-
der to extract homogenized tangent moduli from the RVE, a direct relationship must
be established between the aforementioned differentials of the macroscopic fluxes and
the differentials of the macroscopic primary variables, duM, dθM, dϕM, and dφM.

This is achieved as follows: First, the Dirichlet boundary conditions in (7.1) are
converted into differential form. This furnishes a relation between dum, dθm, dϕm,
and dφm on the RVE boundary and their macroscopic counterparts. Next, these
boundary conditions are applied to the global finite element equations in (6.190) as
well as the global algebraic system for the homogenization of the RVE in (7.25). This
separates the internal degrees of freedom of the RVE equations from the Dirichlet
boundary nodes. Lastly, the desired relation between the fluxes dTM, dqM, dpM,
and dMM and the primary variables duM, dθM, dϕM, and dφM is extracted from the
ensuing system of equations by means of a Schur complement.

Differential Form of the Boundary Conditions

The Dirichlet boundary conditions for the RVE in Equations (7.1) are restated in
differential form as

dum = dFM X on Γu ,

dθm = dθM + GradYdθM ·X on Γθ ,

dϕm = GradYdϕM ·X on Γϕ ,

dφm = GradYdφM ·X on Γφ .

(7.37)

Here, the centroid of the undeformed RVE is assumed to be located at the origin.
Furthermore, the absolute values of the displacement, electric potential, and mag-
netic potential are neglected because, according to the constitutive model outlined
in Section 6.1.2, they do not affect the resulting fluxes. Only their gradients are
needed to determine the corresponding material response. The temperature, how-
ever, does affect the fluxes via thermal expansion (and, possibly, via a temperature
dependence of the material parameters). For this reason, the term dθM is retained in
Equation (7.37)2.

Distinction Between Interior and Boundary Nodes

Any incremental change duM, dθM, dϕM, and dφM in the macroscopic primary vari-
ables is imparted on the RVE via the boundary nodes according to Equations (7.37).
These boundary conditions are not yet explicitly accounted for in the global finite

a contravariant push-forward operation according to Equations (6.30).
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element equations of the RVE in (6.190) as well as the homogenization in (7.25). To
do so, the 6n×1 vector of nodal degrees of freedom [dÛ] is split into the interior
nodes [dÛint] and boundary nodes [dÛext]. The linear algebraic system of equations
for the global finite element problem reduces to 6nint equations for the degrees of
freedom of the interior nodes of the RVE, given by

[
Kint

uu

]
3nint×3nint

[
Kint

uθ

]
3nint×nint

[
Kint

uϕ

]
3nint×nint

[
Kint

uφ

]
3nint×nint[

Kint
θu

]
nint×3nint

[
Kint

θθ

]
nint×nint

[
Kint

θϕ

]
nint×nint

[
Kint

θφ

]
nint×nint[

Kint
ϕu

]
nint×3nint

[
Kint

ϕθ

]
nint×nint

[
Kint

ϕϕ

]
nint×nint

[
Kint

ϕφ

]
nint×nint[

Kint
φu

]
nint×3nint

[
Kint

φθ

]
nint×nint

[
Kint

φϕ

]
nint×nint

[
Kint

φφ

]
nint×nint


︸ ︷︷ ︸[

Kint
]

6nint×6nint



[
dûint

]
3nint×1[
dθ̂int

]
nint×1[
dϕ̂int

]
nint×1[
dφ̂int

]
nint×1


︸ ︷︷ ︸[

dÛint
]

6nint×1

+



[
Kext

uu

]
3nint×3next

[
Kext

uθ

]
3nint×next

[
Kext

uϕ

]
3nint×next

[
Kext

uφ

]
3nint×next[

Kext
θu

]
nint×3next

[
Kext

θθ

]
nint×next

[
Kext

θϕ

]
nint×next

[
Kext

θφ

]
nint×next[

Kext
ϕu

]
nint×3next

[
Kext

ϕθ

]
nint×next

[
Kext

ϕϕ

]
nint×next

[
Kext

ϕφ

]
nint×next[

Kext
φu

]
nint×3next

[
Kext

φθ

]
nint×next

[
Kext

φϕ

]
nint×next

[
Kext

φφ

]
nint×next


︸ ︷︷ ︸[

Kext
]

6nint×6next



[
dûext

]
3next×1[
dθ̂ext

]
next×1[
dϕ̂ext

]
next×1[
dφ̂ext

]
next×1


︸ ︷︷ ︸[

dÛext
]

6next×1

=



[
Rint

u

]
3nint×1[
Rint

θ

]
nint×1[
Rint

ϕ

]
nint×1[
Rint

φ

]
nint×1


︸ ︷︷ ︸[

Rint
]

6nint×1

.

(7.38)

The remaining 6next equations of the extended finite element system in (6.190), typi-
cally used to compute nodal reaction forces associated with the Dirichlet boundary
via a Schur complement, are not needed in the context of this derivation and are
thus discarded. Note that the extended 6n×6n stiffness matrix [K] is typically singu-
lar. Only after enforcing appropriate Dirichlet boundary conditions akin to (7.38)
does the linear algebraic system yield a unique solution. This implies that the reduced
matrix [Kint] is invertible. It is further noted that, during each iteration of the macro-
scopic problem, the RVE model is first solved using the boundary displacements (7.1)
at the current macroscopic values of uM, θM, ϕM, and φM before homogenization is
performed. Hence, by the time homogenization is performed, the residual vector [Rint]
vanishes since the Newton-Raphson scheme of the RVE problem has converged.
The global system of Equations (7.38) thus reads[

Kint
]

6nint×6nint

[
dÛint

]
6nint×1

+
[
Kext

]
6nint×6next

[
dÛext

]
6next×1

=
[
0
]

6nint×1

. (7.39)
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Meanwhile, the linear algebraic system of Equations (7.25) associated with the lin-
earization of the homogenization formulae for the macroscopic fluxes is restated as

[
Hint

Tu

]
6×3nint

[
Hint

Tθ

]
6×nint

[
Hint

Tϕ

]
6×nint

[
Hint

Tφ

]
6×nint[

Hint
qu

]
3×3nint

[
Hint

qθ

]
3×nint

[
Hint

qϕ

]
3×nint

[
Hint

qφ

]
3×nint[

Hint
pu

]
3×3nint

[
Hint

pθ

]
3×nint

[
Hint

pϕ

]
3×nint

[
Hint

pφ

]
3×nint[

Hint
Mu

]
3×3nint

[
Hint

Mθ

]
3×nint

[
Hint

Mϕ

]
3×nint

[
Hint

Mφ

]
3×nint


︸ ︷︷ ︸[

Hint
]

15×6nint



[
dûint

]
3nint×1[
dθ̂int

]
nint×1[
dϕ̂int

]
nint×1[
dφ̂int

]
nint×1


︸ ︷︷ ︸[

dÛint
]

6nint×1

+



[
Hext

Tu

]
6×3next

[
Hext

Tθ

]
6×next

[
Hext

Tϕ

]
6×next

[
Hext

Tφ

]
6×next[

Hext
qu

]
3×3next

[
Hext

qθ

]
3×next

[
Hext

qϕ

]
3×next

[
Hext

qφ

]
3×next[

Hext
pu

]
3×3next

[
Hext

pθ

]
3×next

[
Hext

pϕ

]
3×next

[
Hext

pφ

]
3×next[

Hext
Mu

]
3×3next

[
Hext

Mθ

]
3×next

[
Hext

Mϕ

]
3×next

[
Hext

Mφ

]
3×next


︸ ︷︷ ︸[

Hext
]

15×6next



[
dûext

]
3next×1[
dθ̂ext

]
next×1[
dϕ̂ext

]
next×1[
dφ̂ext

]
next×1


︸ ︷︷ ︸[

dÛext
]

6next×1

=



[
dTM

]
6×1[
dqM

]
3×1[
dpM

]
3×1[

dMM
]

3×1


︸ ︷︷ ︸[

dT̂M
]

15×1

.

(7.40)

Unlike (7.39), which represents a reduced form of the linear algebraic system of Equa-
tions (6.189), the expression in (7.40) is entirely analogous to the 15 equations given
by (7.25). Equations (7.39 - 40) are restated more compactly as

[
Kint

]
6nint×6nint

[
Kext

]
6nint×6next[

Hint
]

15×6nint

[
Hext

]
15×6next



[
dÛint

]
6nint×1[
dÛext

]
6next×1

 =


[
0
]

6nint×1[
dT̂M

]
15×1

 , (7.41)

since both equations involve the 6n×1 vector of nodal degrees of freedom [dÛ] com-
prised of the internal and the boundary nodes.

Enforcement of the Boundary Conditions

According to the boundary conditions for the RVE, given in differential form by (7.37),
the degrees of freedom [dÛext] of the boundary nodes are determined from their refer-
ential position X in conjunction with the gradients of the macroscopic primary vari-
ables dFM, GradYdθM, GradYdϕM, and GradYdφM, as well as the macroscopic tem-
perature dθM. The matrix-vector products associated with [Kext] and [Hext] in (7.41)
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can thus be reformulated in terms of the macroscopic primary variables. The system
of equations in (7.41) is rewritten as

[
K̂

]
6nint×6nint

[
Ĝ1

]
6nint×19[

Ĝ2

]
15×6nint

[
Ĥ

]
15×19



[
dÛint

]
6nint×1[
dF̂M

]
19×1

 =


[
0
]

6nint×1[
dT̂M

]
15×1

 , (7.42)

where, for convenience, the sub-matrices in the first column on the left-hand side
of (7.41) were renamed in (7.42), that is,[

K̂
]
=

[
Kint

]
,[

Ĝ2

]
=

[
Hint

]
.

(7.43)

Meanwhile, a 19×1 vector [dF̂M] was defined for the macroscopic primary (gradient)
quantities according to

[
dF̂M

]
19×1

=



[
dFM

]
9×1[
dθM

]
1×1[

GradY dθM
]

3×1[
GradY dϕM

]
3×1[

GradY dφM
]

3×1


. (7.44)

The entries in the matrices [Ĝ1] and [Ĥ] of the second column on the left-hand
side of (7.42) are obtained from a comparison between Equations (7.42 - 41). In
particular, [Ĝ1] is deduced from the relation[

Kext
]

6nint×6next

[
dÛext

]
6next×1

=
[
Ĝ1

]
6nint×19

[
dF̂M

]
19×1

, (7.45)

and [Ĥ] is given by [
Hext

]
15×6next

[
dÛext

]
6next×1

=
[
Ĥ

]
15×19

[
dF̂M

]
19×1

, (7.46)

where the nodal values [dÛext] at the RVE boundary are related to the macroscopic
gradients [dF̂M] at the macroscopic integration point corresponding to the present
RVE via the boundary conditions in (7.37).
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Upon expanding the system of equations into the displacement, thermal, elec-
tric, and magnetic degrees of freedom, the condition in (7.45) for the finite element
equations reads

[
Kext

uu

]
3nint×3next

[
Kext

uθ

]
3nint×next

[
Kext

uϕ

]
3nint×next

[
Kext

uφ

]
3nint×next[

Kext
θu

]
nint×3next

[
Kext

θθ

]
nint×next

[
Kext

θϕ

]
nint×next

[
Kext

θφ

]
nint×next[

Kext
ϕu

]
nint×3next

[
Kext

ϕθ

]
nint×next

[
Kext

ϕϕ

]
nint×next

[
Kext

ϕφ

]
nint×next[

Kext
φu

]
nint×3next

[
Kext

φθ

]
nint×next

[
Kext

φϕ

]
nint×next

[
Kext

φφ

]
nint×next


︸ ︷︷ ︸[

Kext
]

6nint×6next



[
dûext

]
3next×1[
dθ̂ext

]
next×1[
dϕ̂ext

]
next×1[
dφ̂ext

]
next×1


︸ ︷︷ ︸[

dÛext
]

6next×1

=



[
G(1)

uF

]
3nint×9

[
G(1)

uθ

]
3nint×1

[
G(1)

u∇θ

]
3nint×3

[
G(1)

u∇ϕ

]
3nint×3

[
G(1)

u∇φ

]
3nint×3[

G(1)

θF

]
nint×9

[
G(1)

θθ

]
nint×1

[
G(1)

θ∇θ

]
nint×3

[
G(1)

θ∇ϕ

]
nint×3

[
G(1)

θ∇φ

]
nint×3[

G(1)

ϕF

]
nint×9

[
G(1)

ϕθ

]
nint×1

[
G(1)

ϕ∇θ

]
nint×3

[
G(1)

ϕ∇ϕ

]
nint×3

[
G(1)

ϕ∇φ

]
nint×3[

G(1)

φF

]
nint×9

[
G(1)

φθ

]
nint×1

[
G(1)

φ∇θ

]
nint×3

[
G(1)

φ∇ϕ

]
nint×3

[
G(1)

φ∇φ

]
nint×3


︸ ︷︷ ︸[

Ĝ1

]
6nint×19



[
dFM

]
9×1[
dθM

]
1×1[

GradY dθM
]

3×1[
GradY dϕM

]
3×1[

GradY dφM
]

3×1


︸ ︷︷ ︸[

dF̂M
]

19×1

.

(7.47)

For example, in view of the boundary condition in (7.37)1, Equation (7.47) implies
that the first column of entries in [Ĝ1] is obtained from the requirement that[

Kext
uu

]
3nint×3next

[
dûext

]
3next×1

=
[
G(1)

uF

]
3nint×9

[
dFM

]
9×1

,[
Kext

θu

]
nint×3next

[
dûext

]
3next×1

=
[
G(1)

θF

]
nint×9

[
dFM

]
9×1

,[
Kext

ϕu

]
nint×3next

[
dûext

]
3next×1

=
[
G(1)

ϕF

]
nint×9

[
dFM

]
9×1

,

[
Kext

φu

]
nint×3next

[
dûext

]
3next×1

=
[
G(1)

φF

]
nint×9

[
dFM

]
9×1

.

(7.48)

Likewise, on account of the thermal boundary condition (7.37)2, the second and third
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columns of entries in [Ĝ1] are extracted from Equation (7.47) according to[
Kext

uθ

]
3nint×next

[
dθ̂ext

]
next×1

=
[
G(1)

uθ

]
3nint×1

[
dθM

]
1×1

+
[
G(1)

u∇θ

]
3nint×3

[
GradY dθM

]
3×1

,

[
Kext

θθ

]
nint×next

[
dθ̂ext

]
next×1

=
[
G(1)

θθ

]
nint×1

[
dθM

]
1×1

+
[
G(1)

θ∇θ

]
nint×3

[
GradY dθM

]
3×1

,

[
Kext

ϕθ

]
nint×next

[
dθ̂ext

]
next×1

=
[
G(1)

ϕθ

]
nint×1

[
dθM

]
1×1

+
[
G(1)

ϕ∇θ

]
nint×3

[
GradY dθM

]
3×1

,

[
Kext

φθ

]
nint×next

[
dθ̂ext

]
next×1

=
[
G(1)

φθ

]
nint×1

[
dθM

]
1×1

+
[
G(1)

φ∇θ

]
nint×3

[
GradY dθM

]
3×1

.

(7.49)

Lastly, the fourth column of [Ĝ1] in Equation (7.47) is determined from[
Kext

uϕ

]
3nint×next

[
dϕ̂ext

]
next×1

=
[
G(1)

u∇ϕ

]
3nint×3

[
GradY dϕM

]
3×1

,

[
Kext

θϕ

]
nint×next

[
dϕ̂ext

]
next×1

=
[
G(1)

θ∇ϕ

]
nint×3

[
GradY dϕM

]
3×1

,

[
Kext

ϕϕ

]
nint×next

[
dϕ̂ext

]
next×1

=
[
G(1)

ϕ∇ϕ

]
nint×3

[
GradY dϕM

]
3×1

,

[
Kext

φϕ

]
nint×next

[
dϕ̂ext

]
next×1

=
[
G(1)

φ∇ϕ

]
nint×3

[
GradY dϕM

]
3×1

,

(7.50)

and the fifth column is obtained analogously.
The condition in (7.46), which originates from the reformulation of the homoge-

nization Equations (7.40) in terms of the macroscopic gradient quantities, is expanded
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akin to (7.47) into

[
Hext

Tu

]
6×3next

[
Hext

Tθ

]
6×next

[
Hext

Tϕ

]
6×next

[
Hext

Tφ

]
6×next[

Hext
qu

]
3×3next

[
Hext

qθ

]
3×next

[
Hext

qϕ

]
3×next

[
Hext

qφ

]
3×next[

Hext
pu

]
3×3next

[
Hext

pθ

]
3×next

[
Hext

pϕ

]
3×next

[
Hext

pφ

]
3×next[

Hext
Mu

]
3×3next

[
Hext

Mθ

]
3×next

[
Hext

Mϕ

]
3×next

[
Hext

Mφ

]
3×next


︸ ︷︷ ︸[

Hext
]

15×6next



[
dûext

]
3next×1[
dθ̂ext

]
next×1[
dϕ̂ext

]
next×1[
dφ̂ext

]
next×1


︸ ︷︷ ︸[

dÛext
]

6next×1

=



[
HM

TF

]
6×9

[
HM

Tθ

]
6×1

[
HM

T∇θ

]
6×3

[
HM

T∇ϕ

]
6×3

[
HM

T∇φ

]
6×3[

HM
qF

]
3×9

[
HM

qθ

]
3×1

[
HM

q∇θ

]
3×3

[
HM

q∇ϕ

]
3×3

[
HM

q∇φ

]
3×3[

HM
pF

]
3×9

[
HM

pθ

]
3×1

[
HM

p∇θ

]
3×3

[
HM

p∇ϕ

]
3×3

[
HM

p∇φ

]
3×3[

HM
MF

]
3×9

[
HM

Mθ

]
3×1

[
HM

M∇θ

]
3×3

[
HM

M∇ϕ

]
3×3

[
HM

M∇φ

]
3×3


︸ ︷︷ ︸[

Ĥ
]

15×19



[
dFM

]
9×1[
dθM

]
1×1[

GradY dθM
]

3×1[
GradY dϕM

]
3×1[

GradY dφM
]

3×1


︸ ︷︷ ︸[

dF̂M
]

19×1

.

(7.51)

The implications of (7.51) for the individual entries in the 15×19 matrix [Ĥ] are
entirely analogous to the expressions in (7.48 - 50), and are not repeated here.

Detailed Derivation of Entries in [ Ĝ1]

To simplify the preceding results, consider the 6×6 nodal stiffness matrix [Kαβ] as-
sociated with a variational node α and a differential node β, whose components are
given according to (6.196) by

[
Kαβ

]
6×6

=



[
Kαβ

uu

]
3×3

[
Kαβ

uθ

]
3×1

[
Kαβ

uϕ

]
3×1

[
0
]

3×1[
Kαβ

θu

]
1×3

[
Kαβ

θθ

]
1×1

[
0
]

1×1

[
0
]

1×1[
Kαβ

ϕu

]
1×3

[
0
]

1×1

[
Kαβ

ϕϕ

]
1×1

[
0
]

1×1[
Kαβ

φu

]
1×3

[
0
]

1×1

[
0
]

1×1

[
Kαβ

φφ

]
1×1


. (7.52)
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It is assumed that the index α is associated only with internal nodes, whereas β
denotes only boundary nodes. Hence [Kαβ] represents a portion of the 6nint×6next

matrix [Kext] associated with the boundary terms in the reduced finite element system
of Equations (7.38).

It is readily seen that, for the 3nint displacement degrees of freedom of the internal
nodes α=1 . . . nint, the left-hand side of Equation (7.48)1 furnishes

next∑
β=1

[
Kαβ

uu

]
3×3

[
dûβ

]
3×1

=
next∑
β=1

[
Kαβ

uu

]
3×3

[
dFM

]
3×3

[
X̂β

]
3×1

, (7.53)

where the boundary condition (7.37)1 was used. To arrive at the desired expression
for [G(1)

uF ], the macroscopic deformation gradient on the right-hand side of (7.53) must
be converted to 9×1 Voigt notation. To facilitate this conversion, the preceding
result is first restated using index notation as

next∑
β=1

[
Kαβ

uu

]
ij

[
dûβ

]
j
=

next∑
β=1

[
Kαβ

uu

]
ij

[
X̂β

]
A︸ ︷︷ ︸[

G(1)

uF

]α
ijA

[
dFM

]
jA

, (7.54)

where the indices i and α correspond with the 3nint rows of [G(1)

uF ] and the indices j
and A produce its 9 columns. It can be shown with the aid of (6.106), (6.115),
and (6.117), that a tensor multiplication of the form TSu=TijukSjkei can be repre-
sented using the Voigt notation according to[

T
]

3×3

[
S
]

3×3

(
u
)

3×1

=
〈
u⊗TT

〉
3×9

T 〈
ST

〉
9×1

=

[〈
TT

〉
9×9

(1)
[〈
u
〉

3×9

(3)
]T]T 〈

IIIT
〉

9×9

〈
S
〉

9×1

=
〈
u
〉

3×9

(3) 〈
T
〉

9×9

(1) 〈 IIIT〉
9×9

〈
S
〉

9×1

, (7.55)

where ⟨IIIT⟩ denotes the transpose operator for second-order tensors inVoigt notation.
This identity is used to reformulate Equation (7.53) using Voigt notation consistent
with (7.48)1 as

next∑
β=1

[
Kαβ

uu

]
3×3

[
dûβ

]
3×1

=
next∑
β=1

〈
X̂β

〉
3×9

(3) 〈
Kαβ

uu

〉
9×9

(1) 〈 IIIT〉
9×9︸ ︷︷ ︸[

G(1)

uF

]
3×9

α

〈
dFM

〉
9×1

, (7.56)
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where the 3nint×9 matrix [G(1)

uF ] is assembled from the 3×9 sub-matrices [G(1)

uF ]
α

associated with each internal node α. This 3×9 matrix may be loosely interpreted
as containing the components of a third-order tensor obtained from a tensor product
between a second-order tensor and a vector, Kαβ

uu⊗X̂β.
Using the same procedure as before, the remaining entries in the first column

of [ Ĝ1] are readily deduced from the conditions in (7.48)2−4. For example, the left-
hand side of (7.48)2 is restated with the aid of the displacement boundary condi-
tion (7.37)1 as

next∑
β=1

[
Kαβ

θu

]
1×3

[
dûβ

]
3×1

=
next∑
β=1

[
Kαβ

θu

]
1×3

[
dFM

]
3×3

[
X̂β

]
3×1

=
next∑
β=1

[
Kαβ

θu

]
1×3

〈
X̂β

〉
3×9

(3)

︸ ︷︷ ︸[
G(1)

θF

]
1×9

α

〈
dFM

〉
9×1

,

(7.57)
where use was made of Equation (6.112) for the Voigt notation of a tensor product
between two vectors. Analogous results are obtained for the 1×9 sub-matrices [G(1)

ϕF ]
α

and [G(1)

φF ]
α
.

In summary, it is concluded that the first 9 columns in the 6nint×19 matrix [ Ĝ1]
are given by [

G(1)

uF

]
3×9

α
=

next∑
β=1

〈
X̂β

〉
3×9

(3) 〈
Kαβ

uu

〉
9×9

(1) 〈 IIIT〉
9×9

,

[
G(1)

θF

]
1×9

α
=

next∑
β=1

[
Kαβ

θu

]
1×3

〈
X̂β

〉
3×9

(3)

,

[
G(1)

ϕF

]
1×9

α
=

next∑
β=1

[
Kαβ

ϕu

]
1×3

〈
X̂β

〉
3×9

(3)

,

[
G(1)

φF

]
1×9

α
=

next∑
β=1

[
Kαβ

φu

]
1×3

〈
X̂β

〉
3×9

(3)

,

(7.58)

where α=1 . . . nint indicates the sub-matrix associated with each internal nodes of
the RVE mesh. The components in (7.58) represent the first column block of entries
in [Ĝ1] on the right-hand side of (7.47).

Next, consider the second and third blocks of entries in [Ĝ1], which are associated
with the thermal boundary of the RVE. They are deduced from Equations (7.49)1−4

by appealing to the Dirichlet boundary condition in (7.37)2. To simplify this,
the 6×6 nodal stiffness matrix [Kαβ] is employed where, as before, α denotes an
interior variational node whereas β represents a differential node on the boundary of
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the RVE. For example, the left-hand side of (7.49)1 is restated as

next∑
β=1

[
Kαβ

uθ

]
3×1

[
dθ̂β

]
1×1

=
next∑
β=1

[
Kαβ

uθ

]
3×1︸ ︷︷ ︸[

G(1)

uθ

]
3×1

α

[
dθM

]
1×1

+
next∑
β=1

[
Kαβ

uθ

]
3×1

[
X̂β

]
1×3

T

︸ ︷︷ ︸[
G(1)

u∇θ

]
3×3

α

[
GradY dθM

]
3×1

. (7.59)

Likewise, the condition in (7.49)2 furnishes

next∑
β=1

[
Kαβ

θθ

]
1×1

[
dθ̂β

]
1×1

=
next∑
β=1

[
Kαβ

θθ

]
1×1︸ ︷︷ ︸[

G(1)

θθ

]
1×1

α

[
dθM

]
1×1

+
next∑
β=1

[
Kαβ

θθ

]
1×1

[
X̂β

]
1×3

T

︸ ︷︷ ︸[
G(1)

θ∇θ

]
1×3

α

[
GradY dθM

]
3×1

, (7.60)

and Equations (7.49)3,4 lead to analogous results. The corresponding columns of

the 6nint×19 matrix [ Ĝ1] thus read

[
G(1)

uθ

]
3×1

α
=

next∑
β=1

[
Kαβ

uθ

]
3×1

,
[
G(1)

u∇θ

]
3×3

α
=

next∑
β=1

[
Kαβ

uθ

]
3×1

[
X̂β

]
1×3

T
,

[
G(1)

θθ

]
1×1

α
=

next∑
β=1

[
Kαβ

θθ

]
1×1

,
[
G(1)

θ∇θ

]
1×3

α
=

next∑
β=1

[
Kαβ

θθ

]
1×1

[
X̂β

]
1×3

T
,

[
G(1)

ϕθ

]
1×1

α
=

next∑
β=1

[
Kαβ

ϕθ

]
1×1

,
[
G(1)

ϕ∇θ

]
1×3

α
=

next∑
β=1

[
Kαβ

ϕθ

]
1×1

[
X̂β

]
1×3

T
,

[
G(1)

φθ

]
1×1

α
=

next∑
β=1

[
Kαβ

φθ

]
1×1

,
[
G(1)

φ∇θ

]
1×3

α
=

next∑
β=1

[
Kαβ

φθ

]
1×1

[
X̂β

]
1×3

T
.

(7.61)

The components in (7.61), assembled for all α=1 . . . nint, comprise the second and
third blocks of columns in [Ĝ1] as defined in (7.47).

Following the same procedure, it is readily seen that the last two blocks of entries
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in [Ĝ1] are given by [
G(1)

u∇ϕ

]
3×3

α
=

next∑
β=1

[
Kαβ

uϕ

]
3×1

[
X̂β

]
1×3

T
,

[
G(1)

θ∇ϕ

]
1×3

α
=

next∑
β=1

[
Kαβ

θϕ

]
1×1

[
X̂β

]
1×3

T
,

[
G(1)

ϕ∇ϕ

]
1×3

α
=

next∑
β=1

[
Kαβ

ϕϕ

]
1×1

[
X̂β

]
1×3

T
,

[
G(1)

φ∇ϕ

]
1×3

α
=

next∑
β=1

[
Kαβ

φϕ

]
1×1

[
X̂β

]
1×3

T
,

(7.62)

and [
G(1)

u∇φ

]
3×3

α
=

next∑
β=1

[
Kαβ

uφ

]
3×1

[
X̂β

]
1×3

T
,

[
G(1)

θ∇φ

]
1×3

α
=

next∑
β=1

[
Kαβ

θφ

]
1×1

[
X̂β

]
1×3

T
,

[
G(1)

ϕ∇φ

]
1×3

α
=

next∑
β=1

[
Kαβ

ϕφ

]
1×1

[
X̂β

]
1×3

T
,

[
G(1)

φ∇φ

]
1×3

α
=

next∑
β=1

[
Kαβ

φφ

]
1×1

[
X̂β

]
1×3

T
.

(7.63)

The components of [Ĝ1] are thus given by Equations (7.58) and (7.61 - 63).
Lastly, it is noted that the 15×19 entries of [Ĥ], see on the right-hand side of

Equation (7.51), depend on the 15× 6next matrix [Hext] in the exact same way as
the 6nint×19 components of [Ĝ1] are obtained from the 6nint×6next matrix [Kext].
Hence, a detailed derivation of the entries in [Ĥ] is not presented here.

Homogenized Macroscopic Moduli

Recall the system of Equations (7.42), reproduced here as
[
K̂

]
6nint×6nint

[
Ĝ1

]
6nint×19[

Ĝ2

]
15×6nint

[
Ĥ

]
15×19



[
dÛint

]
6nint×1[
dF̂M

]
19×1

 =


[
0
]

6nint×1[
dT̂M

]
15×1

 . (7.64)

The components of [K̂] and [Ĝ2] are obtained immediately from the 6n×6n global
stiffness matrix [K] and the 15×6n homogenization matrix [H], respectively, by ex-
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tracting the entries associated with the internal nodes of the RVE. The components
of [Ĝ1] and [Ĥ], on the other hand, are extracted from the sub-matrices of the bound-
ary nodes in [K] and [H] according to the preceding derivation. The first line of (7.64)
yields the nodal differential vector [dÛint] for the finite element equations of the RVE,[

dÛint
]

6nint×1

= −
[
K̂

]−1

6nint×6nint

[
Ĝ1

]
6nint×19

[
dF̂M

]
19×1

. (7.65)

Note that the inverse of [K̂] indeed exists, because it is obtained from the (singular) ex-
tended stiffness matrix [K] by applying appropriate Dirichlet boundary conditions.
Next, Equation (7.65) is inserted into the second line of (7.64) to eliminate [dÛint].
This yields the desired relation between [dF̂M] and [dT̂M],[

dT̂M
]

15×1

=
{[

Ĥ
]

15×19

−
[
Ĝ2

]
15×6nint

[
K̂

]−1

6nint×6nint

[
Ĝ1

]
6nint×19

} [
dF̂M

]
19×1

. (7.66)

The expression in braces in (7.66) comprises the Schur complement of the matrix
in (7.64). This 15×19 matrix quantifies the change in macroscopic fluxes in response
to a change in the macroscopic primary variables and gradient quantities. Hence,
Equation (7.66) may be regarded as a constitutive model for the homogenized behav-
ior of the RVE.

7.2.5 Summary

At each integration point of the macroscale mesh (and during each iteration of
the macroscopic Newton-Raphson scheme) a microscale RVE model is created
and solved. The RVE takes as input the macroscopic temperature θM, as well as
the referential gradient quantities7 FM, GradYθ

M, GradYϕ
M, and GradYφ

M at the
corresponding integration point of the macroscopic finite element problem. These
macroscopic primary variables and gradient quantities determine the RVE Dirich-
let boundary loads according to (7.1).8

Given the aforementioned boundary conditions, each RVE problem is solved us-
ing the Newton-Raphson method, which involves a succession of linear algebraic

7Recall definition (2.66) for the deformation gradient F. In general, gradients with respect

to the referential coordinates are denoted by a capital Grad[ · ]= ∂[ · ]
∂X as opposed to spatial gra-

dients grad[ · ]= ∂[ · ]
∂x . In the context of multiscale modeling, an additional subscript GradY[ · ]M

or GradX[ · ]m serves as a reminder that the gradient operates on the macro- or microscopic referen-
tial coordinates Y or X, respectively.

8The reader is reminded that, according to the constitutive model in Section 6.1.2, the ma-
terial response (i.e., the fluxes) is independent of the absolute values of the macroscopic displace-
ments uM=y−Y, electrostatic potential ϕM, and magnetostatic potential φM. Hence, in the context
of this implementation, the values of uM, ϕM, and φM do not necessarily need to be communicated
to the RVE. This fact was taken into account in (7.37).
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Figure 7.1: Exchange of information between the two scales: The macroscopic scale provides the
average temperature and gradient quantities at a given integration point. Using this information to
apply boundary conditions to the RVE, the microscopic scale solves the RVE problem and returns
the homogenized fluxes and material moduli.

systems of equations of the form (6.189). Once converged, the method furnishes the
primary quantities um=x−X, θm, ϕm, and φm (in form of the nodal solution vec-
tor [Û]), the corresponding fluxes Tm, qm, pm, and Mm computed from the constitu-
tive response of the microstructure (evaluated at the Gaussian integration points),
as well as the 6n×6n extended global finite element stiffness matrix [K].

Next, the homogenized macroscopic fluxes are obtained from a volumetric aver-
age of their microscopic counterparts, see (7.9). In the context of a finite element
implementation, this involves an element-wise Gaussian quadrature followed by a
summation over each element. Similarly, the 15×6n homogenization matrix [H ] is
computed according to Equations (7.25 - 28) using element-wise Gaussian quadra-
ture and subsequent accumulation.

Lastly, the system of Equations (7.42) is derived by subdividing [K] and [H ] into
entries associated with the internal and boundary nodes, respectively. The internal
nodes give rise to the reduced stiffness and homogenization matrices [K̂] and [Ĝ2].
The parts associated with the boundary nodes, in conjunction with the boundary
conditions of the form (7.37), give rise to [Ĝ1] and [Ĥ]. Their components are given
by Equations (7.58) and (7.61 - 63). Thereafter, the Schur complement in (7.66) fur-
nishes the homogenized material moduli, which are returned to the macroscopic scale
along with the homogenized fluxes. A schematic depiction of the flow of information
between the two scales is provided in Figure 7.1.
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7.3 Verification and Examples

The multiscale algorithm outlined in Section 7.2 is implemented in the finite element
software FEAP [142] for two-dimensional plane strain quasi-static EMTM problems.
The constitutive model employed in the microscopic scale is identical to the single-
scale model, hence it is limited to the transversely isotropic piezoelectric behavior
described by Equations (6.56 - 62). Likewise, the computation of the residual and
stiffness matrix are identical to the single-scale problem, see Section 6.3.4.

This section begins with a broad outline of the algorithmic structure of the multi-
scale model using parallel processing. Thereafter, the implementation is tested using
a range of simple RVE models and load cases. In particular, these include a prob-
lem comprised of a fully homogeneous microstructure, a random mixture between
two different materials, as well as a transversely isotropic material with a random
distribution of crystal orientation.

7.3.1 Outline of the Program Structure

The Fortran-based multiscale algorithm makes use of Open MPI [36], or Open Mes-
sage Passing Interface, which is an open-source implementation of the MPI standard
for parallel processing. One processor (subsequently referred to as rank=0) is reserved
solely for solving the macroscopic problem. The remaining processors (rank>0) are
tasked with successively solving RVE problems as requested by rank=0. The ba-
sic structure of the code is outlined in this section. In particular, the distribution
of workload and the communication between the rank=0 and rank>0 processes is
discussed.

Input Files

To run a multiscale simulation using the present FEAP implementation, at least three
input files are required. Examples for these input files are provided in Figures 7.2 - 7.4.
The first file describes the macroscopic problem, including the mesh, material assign-
ments, load distributions, boundary conditions, solution commands, and any post-
processing instructions. During the material assignments, the multiscale EMTM ma-
terial is identified by the name emtm 2d.9 Furthermore, among the material param-
eters for emtm 2d, an RVE input file name must be specified using the MRVE input
command. This second input file contains the commands necessary to build the
finite element model of the RVE. However, the RVE input file only specifies informa-
tion about the RVE mesh, the microscopic material parameters, and the Dirichlet

9The material name emtm 2d invokes the user element elmt02.f. Note that the same subroutine
is used to handle both the macroscopic and microscopic scales. Some tasks (such as the computation
of the constitutive response) differ between the two scales. In that case, the user element subroutine
performs the appropriate tasks based on the process rank from which the routine was called.
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boundary identifiers. It does not specify any loads or invoke any solution commands.
Unlike the macroscopic scale, whose constitutive model is based on the RVE re-
sponse, the RVE employs the same transversely isotropic piezoelectric constitutive
model used for the single-scale model. Even though the same user-defined element
emtm 2d is used on both scales, the commands associated with the material parameter
definitions differ significantly between the macroscopic and microscopic input files.

A third input file, called solve mpi, is used to specify the solution commands for
the RVE problem.10 The structure of this input file is dominated by the FE2 command,
which prompts the program to call the subroutine pfe2solv.f. In particular, the
command FE2 STARt <switch>11 is invoked to allocate arrays and prepare for MPI
communications. Thereafter, solve mpi enters an infinite loop, during which the
command FE2 GET prompts the RVE to await an MPI message with instructions
from rank=0. Upon performing the requested task, the RVE returns the results to
the macroscopic scale via FE2 SEND.

Macroscopic Problem

The rank=0 process is responsible for the macroscopic finite element problem. This
includes (i) the pre-processing of the macroscopic mesh, material properties, boundary
conditions, and external loads, (ii) the solution of the ensuing nonlinear problem using
the Newton-Raphson method, and (iii) the post-processing of results such as least-
squares projection and plotting.

Each Newton-Raphson iteration involves the following tasks: (a) communicat-
ing the primary and gradient quantities at each macroscopic integration point to the
RVE processors via MPI messages, (b) collecting the resulting homogenized fluxes
and material moduli that characterize the RVE response, (c) constructing the ele-
ment residual vector and stiffness matrix, (d) assembling the global finite element
arrays, and (e) solving the ensuing linear algebraic system of equations. With the
exception of the constitutive model, the basic structure of the macroscopic algorithm
is similar to the single-scale implementation.

During the solution process, any MPI communications of rank=0 with the rank>0
processes is handled by rvesr.f. This subroutine uses the variable frvel(*,nrecv)
to store the macroscopic gradients and srvel(*,nrecv) to store the resulting RVE
response returned by rank>0, that is, the homogenized fluxes and material moduli.

10This file name of solve mpi is currently hard-wired into the FEAP code structure. Multiscale
problems are initialized by FEAP in mpi start feap.f, where a temporary input file is automati-
cally generated for each rank>0 process using pfe2outf.f. This temporary input file later invokes
solve mpi via the INCLude command.

11It is mentioned that FE2 STARt <switch> creates a parameter whose name is specified by
<switch>. Upon receipt of an MPI message during FE2 GET, this parameter is assigned the current
value of isw, which is a variable used internally in FEAP to encode different tasks. This allows the
input commands in solve mpi to explicitly depend on the value of isw using an IF - ELSEif - ENDIf
structure.



251

feap  *  *  <TITLE> 
  0 0 0 2 5 4               ! no need to specify the control record 

global 
  norm node 1 1 2 3 4       ! set groups for convergence data output 

MATErial 1                  ! electro-magneto-thermo-mechanical fe2 model 
  emtm_2d                   ! elmt02.f 
    ACTIve equations 5      ! limit the #DoF if desired (default ndf = 5) 
    QUADrature order 2      ! for pstyp 
    FOURier REFErential     ! referential / spatial Fourier's law 
    MRVE <rve_inputfile> 
    TYPE KIRK 

block 
  cart <n> <n> 
   material 1               ! generate mesh 
    ... 

CBOUndary codes             ! identify Dirichlet boundary nodes and edges 
  ... 
EBOUndary codes 
  ... 

CSURface                    ! apply boundary loads 
  NORMal 
  ... 
CSURface 
  TRACtion 1 
  ... 
CSURface 
  DISPlacement 3 
  ... 

end                         ! finish problem setup 

batch 
  rve                       ! activate FE2 solution 
  set opar o1 o2            ! random RVE assignment 
 dt,,1.0 
  time 
  loop,,30 
    utang,,1                ! Newton-Raphson iteration 
 next 
  STREss ALL                ! project the stresses onto the nodes 
  plot ...                  ! plots 1-10 for fluxes, 11-20 for grads. 
end 

inter                       ! interactive mode 

stop 

Figure 7.2: Outline of a typical input file describing the macroscopic boundary-value problem.
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feap  *  *  <TITLE> 
  <numnp> <numel> <numma> 2 5 4               ! specify control record for RVE 

! note:  
!   numnp = ( n+1)*( n+1) (for QUADrature order 2) 
!   numnp = (2n+1)*(2n+1) (for QUADrature order 3) 
!   numel = n^2 

MATErial 1                                    ! multiscale EMTM model 
  emtm_2d                                     ! elmt02.f 
    ACTIve equations 5                        ! limit the #DoF (default ndf = 5) 
    QUADrature order 2                        ! for pstyp 
    FOURier REFErential                       ! referential / spatial Fourier's law 
    ELAStic ISOTropic 117627.7 0.315746       ! Young's modulus E, Poisson's nu 
    ELAStic TRANsverse -3600 700 900          ! transversely isotropic omega w(3) 
    FOURier ISOTropic 2.7                     ! kappa 
    ELAStic ALPHa 6.1d-6  0.0                 ! thermal expansion alpha, reference T0 
    VACUum properties 8.8541878d-6 1.25663706 ! eps0 and mu0 
    ORIEntation vector 1 2 0                  ! preferred crystal orientation a(3) 
    PYROelectric polarization 0.0 0.0 0.0     ! pyroelectric polarization C1(3) 
    PIEZoelectric TRANsverse 4.4 0.2 -23.2    ! piezoelectric parameters beta b(3) 
    POLArization TRANsverse -0.0056 -0.0007   ! polarization properties gamma g(2) 
    MAGNetization TRANsverse -0.63 0          ! magnetization properties xi(2) 

MATErial 2 
  emtm_2d                                     ! elmt02.f 
    ... 

block                                         ! generate mesh (RVE centered around origin) 
  cart <n> <n> 
   material 1 
    ...  

EBOUndary codes                               ! Dirichlet boundary only  
     1  -d   1   1   1   1   1 
     1   d   1   1   1   1   1 
     2  -d   1   1   1   1   1 
     2   d   1   1   1   1   1 
! xdim loc  u1  u2   T Phi phi 

end 

Figure 7.3: Outline of a typical input file for setting up the RVE model (without solution com-
mands).

batch 
  fe2  start sw 0            ! initiate RVE and switch parameter 
  fe2  plot  pl <n1> 1       ! request plot of <n1>-th integration point handled by rank 1 
  fe2  plot  pl <n2> 2       ! request plot of <n2>-th integration point handled by rank 2 
  loop,infinite              ! enter infinite solution loop 
    fe2  get                 ! MPI_Recv instructions and gradients from macroscale 
    if sw-12                 ! time step (isw = 12) 
      noprint                ! (do nothing statement needed) 
    else sw-3                ! solution step (3 <= isw < 12) 
      loop,,30               ! iterate local solution 
        utan, ,1 
      next                   ! solution converged 
    endif 
    if pl                    ! add plot commands here 
      plot ... 
    endif 
    fe2  send                ! MPI_Send return RVE response back to macroscale 
  next                       ! go to next macroscale Gauss point 
end 

Figure 7.4: Solution commands in solve mpi to be executed by each RVE processor.
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The constitutive model, implemented in the subroutine emtm02.f, is superseded in
the macroscopic scale by the RVE response. Hence, for the rank=0 process, the
subroutine u frvemat.f is tasked with retrieving the material response from the
data in srvel(*,nrecv) previously collected by rvesr.f.12

Microscopic Problem

In an attempt to evenly distribute the computational workload, each rank>0 proces-
sor is assigned an approximately13 equal number of macroscopic integration points
(each corresponding to an individual RVE problem to be solved). During the pre-
processing phase, each rank>0 processor is prompted by the FE2FEAP input command
to call the function fe2prob.f. Here, the rank>0 processor awaits an MPI message14

from rank=0 with the necessary information to build the RVE mesh it was assigned.
As soon as this message is received, the rank>0 process executes the RVE input file
commands and thereafter enters an infinite loop in solve mpi to await further in-
structions from rank=0. The RVE will continue to perform tasks as requested until
it receives a termination command (encoded by an MPI message with ni=-999).

Aside from the macroscopic primary variables and the components of their gradi-
ents, a typical MPI request from rank=0 can include information about the current
integration point number ni, time step, time increment, iteration count, and a variety
of flags. Most importantly the MPI message contains the isw number, which specifies
the type of task to be performed by the RVE. In particular, isw=3 is a request to
compute the RVE response for the given set of Dirichlet boundary loads, whereas
isw=6 and isw=12 signify RVE initialization and time step update tasks.

12The subroutine rvesr.f is called via the path formfe.f→ pform.f→ rvesr.f, upon which the
variables frvel and srvel are stored within the dynamically allocated common block variable hr(*)
using the pointers np(260) and np(261). The subroutine formfe.f is responsible for forming the
finite element arrays. This invokes the user element formfe.f→ pform.f→ pforma.f→ elmt02.f

to compute the element residual and stiffness. The fluxes and material moduli are obtained by
elmt02.f → stif02.f → emtm02.f, where, for rank=0, the constitutive model is replaced with the
RVE response using u frvemat.f.

13The macroscopic problem setup may specify multiple RVE models. However, at least one proces-
sor is needed per each RVE model. For example, a macroscopic problem consisting of two different
multiscale materials requires a minimum of 3 processors: One for the macroscale (rank=0) and one
for each RVE model (rank=1 and rank=2). The number of processors assigned to each material ma is
stored in the variable unproc(ma). If multiple processors are available for one RVE model, the cor-
responding macroscale integration points are evenly distributed across the available processors. The
corresponding task allocation table is stored in rvesd(ncol,nrow) within the dynamically allocated
integer common block mr(*) at pointer np(270).

14Note that the FE2FEAP command is issued by the same temporary RVE input file which later
issues the INCLude solve mpi command. The aforementioned MPI message originates from the
rank=0 subroutine pfe2rve.f, which is invoked by the macroscopic solution command RVE. The MPI
message contains a filename matfile(ma) specifying the input commands for the pre-processing of
the RVEmesh associated with the macroscopic material ma, as well as the parameters prtyp(1:3,ma)
to specify the basic RVE type (e.g., an Irving-Kirkwood type for finite deformations).
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A typical RVE computation adheres to the following basic sequence: In executing
the command FE2 GET, the rank>0 processor receives an MPI message from rank=0.
For example, let the switch value isw=3 indicate that an RVE response is requested.

First, RVE data associated with the current macroscale integration point are
retrieved from storage using pfe2setio.f. Next, the macroscopic primary variables
and gradients are extracted from the MPI message by pfe2setrv.f, and subsequently
applied as Dirichlet boundary conditions to the RVE in ufe2setd.f. This con-
cludes the command FE2 GET. Based on the value of isw=3, the input file solve mpi

executes solution commands to solve the RVE problem. This typically comprises the
sequence of commands LOOP, UTANgent, and NEXT.

After the solution has converged the command FE2 SEND is issued, which prompts
pfe2setio.f to return the RVE data back to storage. The subroutine iksets.f is
tasked with computing the homogenized RVE response. This routine performs one
more sweep of formfe.f, where mrve02.f integrates the fluxes in u flux(*) as well
as the element-wise components of the homogenization matrix [H], see (7.25), in
u multi(*,ndf,nel). Thereafter, ikprojuu.f computes the matrices [Ĝ1] and [Ĥ]
from the values of u multi, as well as the volume-averaged fluxes u ints(*) from
u flux(*). This is followed by formhh.f, which evaluates the Schur complement
in Equation (7.66). This results in the homogenized material moduli u tang(*,*),15

which are sent back to rank=0 via MPI message along with the homogenized fluxes.
The infinite loop in solve mpi brings the rank>0 process back to FE2 GET to await
further instructions.

Random RVE Mesh

In the context of this dissertation, two types of RVE models are implemented, namely
(i) an RVE with two different sets of material properties randomly assigned to the ele-
ments of the mesh and (ii) an RVE consisting of a single material but where the crystal
orientation of the orthotropic material is assigned randomly for each element. In both
cases, a random number generator with uniform probability distribution is employed.
The two options are controlled by the solution command SET OPAR <o1> <o2> issued
in the input file of the macroscopic problem.

The parameter o1 is stored in the FEAP variable itype. The option o1=1 signifies
the random material assignment, where 0<=o2<=1 specifies the approximate fraction
of elements assigned to material 2. For example, the command SET OPAR 1 0.25

will generate an RVE mesh where approximately 75% of elements consist of material
ma=1 and the remaining 25% are assigned to ma=2.

On the other hand, the option o1=2 signifies an RVE mesh with element-wise ran-
dom crystal orientation. In this case, the second parameter o2 (0<=o2<=1) indicates

15The arrays for u flux(*), u multi(*,ndf,nel), u ints(*), and u tang(*,*) are declared
such that the dimension * corresponds to 13 components in two-dimensional problems or 18 in three
dimensions.
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the range (relative to the orientation vector specified by the material parameters in
the RVE input file) across which the orientation vector is allowed to vary. For exam-
ple, SET OPAR 2 0.25 signifies that each element of the RVE is randomly oriented
between ±45◦ around the preferred crystal orientation.

Note that, even for problems consisting only of a single RVE material, each inte-
gration point is associated with its own individual random RVE. Hence, the macro-
scopic problem consists of a collection of randomly generated RVEs, all of which are
characterized by the approximate distributions of elements set by the o2 parameter.16

7.3.2 Homogeneous RVE

The numerical implementation of the multiscale EMTM model is first tested using an
entirely homogeneous RVE. It is expected that the multiscale model, if implemented
correctly, yields results that are identical to the single-scale implementation discussed
in Section 6.4.

Homogenized Material Moduli

The homogenization procedure for the material moduli, implemented in the FEAP
subroutines ikprojuu.f and formhh.f, is tested using a multiscale problem with
homogeneous RVE. The geometry and mesh of the macroscopic problem may be
chosen arbitrarily. Here, for example, a square block of 4×4 quadrilateral elements
with bi-linear shape functions is defined. No external loads are applied, except for
the zero-Dirichlet boundary conditions necessary for the stiffness matrix to become
invertible. The RVE model is comprised of a rectangular mesh with 10×10 elements.
Its dimensions are much smaller than the macroscopic problem (by a factor of 106)
and its centroid is located at the coordinate origin. The homogeneous RVE material
is assumed to consist of monocrystalline Barium Titanate, a transversely isotropic
piezoelectric material characterized by the parameters listed in Section 6.4.1. Given
the absence of any loading or deformation, the finite element problem is entirely
linear. As a result, the referential material moduli in (6.58) coincide with their spatial
counterparts in (6.62).

As expected, the homogenized material moduli of the RVE, extracted from the
13×13 array u tang(*,*), are found to be in agreement with the the single-scale
implementation of the constitutive model using (6.62) with the material parameters

16The SET OPAR command calls the subroutine pfe2solv.f→ ufe2opar.f, where a set of random
numbers is seeded, computed, and stored as variable randn under the dynamically allocated array
hr(*) associated with the pointer np(384). The random material assignment for o1=1 is performed
by ufe2opar.f, whereas the random crystal orientation for o1=2 is implemented in emtm02.f. Since
each rank>0 processor is responsible for multiple RVEs (i.e., macroscopic integration points), the
random numbers of each RVE must be retained for future iterations of the macroscopic Newton-
Raphson scheme. This is accomplished by writing and reading the pertinent information to and
from a data file using the subroutine pfe2setio.f.
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of BaTiO3. In particular, the numerical values17 of ccc2, c3, CCC, CCCA, and κ are equal to
the single-scale constitutive model to within about 10 significant digits. For example,
the two-dimensional form of the elastic moduli CCC is obtained in Voigt notation as

CCC =


0.165E+06 0.777E+05 0.000E+00 -.968E+03

0.777E+05 0.163E+06 0.000E+00 -.632E+03

0.000E+00 0.000E+00 0.000E+00 0.000E+00

-.968E+03 -.632E+03 0.000E+00 0.431E+05

 , (7.67)

and the piezo-electric tensor ccc2 evaluates to

ccc2 =

[
-.839E+01 0.204E+01 0.000E+00 -.103E+02

0.397E+01 -.167E+02 0.000E+00 -.512E+01

]
. (7.68)

These results are in agreement with the components of (6.58)2,4, or alternatively
with (6.62)2,4. Furthermore, it is observed that u tang(*,*) is approximately sym-
metric and that the homogenized fluxes obtained from u ints(*) are indeed zero as
expected in the absence of any loading.

Comparison with Single Scale under Loading

In the preceding section, it was confirmed that the multiscale model successfully
extracts the material moduli of the underlying homogeneous RVE in the absence
of loading or deformation. Next, the same homogeneous multiscale EMTM model is
subjected to a mixture of mechanical, thermal, and electrostatic boundary loads. The
resulting deformations and fluxes are compared with the single-scale implementation
discussed in Section 6.4.

In particular, consider the single-scale EMTM problem illustrated in Figure 6.5,
which was designed to compare the exact implementation of the element stiffness ma-
trix with a numerical approximation using the complex-step method. As before, ten-
sile forces of fx =1kN and fy =5kN are applied, along with shear tractions amounting
to fτ =2kN (per millimeter of thickness). Linear distributions are prescribed along
the thermal and electricDirichlet boundaries, where T1=0 ◦C and T2=16× 103 ◦C
(relative to a reference temperature of T1=0 ◦C) as well as ϕ1=10 kV and ϕ2=0V.
The same rectangular domain with 4 elements per dimension is used for the macro-
scopic model, whereas the RVE mesh consists of 10×10 elements, as in the preceding
example.

It is observed that the distributions of the primary variables (i.e., the displace-
ment, temperature, and electric potential) and the fluxes (i.e., the stress, heat flux,
and polarization) are virtually identical in the multiscale implementation and in the
single-scale EMTMmodel. For example, the contour plots for the X-displacement and

17Recall that, in the context of the numerical implementation, the factors ρ0 (or ρ) and ε0 were
absorbed into the referential (or spatial) material parameters for simplicity.
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the X-polarization of the multiscale model, shown in Figure 7.5, are indiscernible from
the single-scale results. Furthermore, it is seen that the components of the element
residual Ri and stiffness matrix Kij for the macroscopic problem is consistent with
the residual and stiffness observed in the single-scale implementation. In particular,
the components of Ri and Kij associated with variational node i=1 and differential
node j=3, tabulated in Table 6.4 for the same element in the single-scale model, are
indeed identical to within 10 significant digits.
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Figure 7.5: The EMTM problem illustrated in Figure 6.5, is run as a multiscale model with
homogeneous RVE. As expected, the resulting deformation and fluxes are identical to the single-
scale solution. Here, contour plots are shown for (a) the X-component of displacement and (b) the
X-component of polarization.

Lastly, it is noted that the multiscale implementation converges within the same
number of iterations as the single-scale model. This serves as further indication that
the RVE material response, and thus the residual and stiffness matrix, are computed
correctly. However, note that the multiscale model demands significantly more CPU
time overall. The increase is primarily due to the additional computational workload
required to process the RVE models, as well as the time spent communicating among
the processors.

For example, Table 7.1 shows an excerpt of the FEAP log file produced by the
single-scale implementation. Each time step is solved within 4 iterations, requiring a
total CPU time of about 60ms. On the other hand, the log file of the multiscale model
with a 10×10 RVE mesh is shown in Table 7.3. The macroscopic problem still solves
within 4 iterations but takes almost three times longer to compute, at a total CPU
time of about 170ms. The simulation associated with the log file in Table 7.2 repre-
sents an intermediate case, where the multiscale user element emtm 2d is employed to
solve a single-scale problem by executing the fe2-version of FEAP serially.18 In this
case, the problem initialization takes about 50ms longer than the serial version of

18Let $FEAPHOME denote the parent directory of the FEAP program structure. The single-scale,
serial version of FEAP is executed using the command $FEAPHOME/main/feap. On the other hand,
the parallel version of FEAP is invoked by mpirun from the ./fe2 folder. For example, a command
of the form $PETSC DIR/$PETSC ARCH/bin/mpirun -np 6 $FEAPHOME/fe2/feap enlists a total of 6
parallel processors to solve the multiscale problem. The ./fe2 version of FEAP can alternatively
be run serially by executing $FEAPHOME/fe2/feap without the use of mpirun.
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FEAP in Table 7.1, but the iterative solution itself completes approximately within
the same CPU time.

Note that a slight difference in the final energy norm is observed for the multiscale
model, see the penultimate column of Table 7.3, compared with the single-scale simu-
lations in Tables 7.1 and 7.2. This is caused by minute differences in the homogenized
material moduli, which have a small but cumulative effect on the iterative solution
process. However, this does not adversely affect the accuracy of the final result. In-
deed, in 4 iterations the energy norm went down by more than a factor of 10−18 from
the initial value, which is well within the default tolerance of 10−16. Moreover, any
additional iteration would further bring down the energy norm by several orders of
magnitude.

Load Total Solution Time Residual Norm Energy Norm CPU Time Cn

Step Tang+Form Time Incr. Initial Final Initial Final (Seconds)

---------------------------------------------------------------------------------------

1 4 0 1.000E-01 1.00E-01 2.08E+04 1.67E-05 6.13E+03 5.22E-15 0.03 EQ

2 4 0 2.000E-01 1.00E-01 2.16E+04 1.43E-05 6.05E+03 3.71E-15 0.04 EQ

3 4 0 3.000E-01 1.00E-01 2.24E+04 1.33E-05 5.99E+03 3.08E-15 0.06 EQ

Table 7.1: Excerpt from the log file for an EMTM test problem using the single-scale implemen-
tation from Section 6.4.

Load Total Solution Time Residual Norm Energy Norm CPU Time Cn

Step Tang+Form Time Incr. Initial Final Initial Final (Seconds)

---------------------------------------------------------------------------------------

0 0 0 0.000E+00 1.00E-01 0.00E+00 0.00E+00 0.00E+00 0.08 UN

1 4 0 1.000E-01 1.00E-01 2.08E+04 1.67E-05 6.13E+03 5.22E-15 0.08 EQ

2 4 0 2.000E-01 1.00E-01 2.16E+04 1.43E-05 6.05E+03 3.71E-15 0.09 EQ

3 4 0 3.000E-01 1.00E-01 2.24E+04 1.33E-05 5.99E+03 3.08E-15 0.11 EQ

Table 7.2: Excerpt from the log file for an EMTM test problem using the multiscale element, but
employed as a single-scale model by running FEAP serially.

Load Total Solution Time Residual Norm Energy Norm CPU Time Cn

Step Tang+Form Time Incr. Initial Final Initial Final (Seconds)

---------------------------------------------------------------------------------------

0 0 0 0.000E+00 1.00E-01 0.00E+00 0.00E+00 0.00E+00 0.07 UN

1 4 0 1.000E-01 1.00E-01 2.08E+04 1.67E-05 6.13E+03 5.22E-15 0.11 EQ

2 4 0 2.000E-01 1.00E-01 2.16E+04 1.43E-05 6.05E+03 3.71E-15 0.13 EQ

3 4 0 3.000E-01 1.00E-01 2.24E+04 1.33E-05 5.99E+03 3.09E-15 0.17 EQ

Table 7.3: Excerpt from the log file for an EMTM test problem using the multiscale element using
a homogeneous RVE with parallel computing using mpirun.

Dependence of Macroscopic Convergence on RVE Dimensions

In the preceding examples, the size of the RVE was deliberately chosen to measure
about five orders of magnitude less than the dimensions of the macroscopic domain.
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Figure 7.6: The X- and Y-displacements of the top right corner of the macroscopic mesh, plotted
as a function of the RVE size. The size of the macroscale problem is indicated by the vertical dashed
line. As the dimensions of the RVE model approach the macroscopic size scale, the displacements
begin to diverge. Further increasing the size of the RVE leads to a complete loss of convergence of
the macroscopic problem.

The actual size of the RVE does not significantly affect its behavior or the macroscopic
result, as long as it several orders of magnitude smaller than the macroscopic model.
For example, the preceding results are readily reproduced using an RVE which is, say,
eight orders of magnitude smaller than the macroscale problem.

Note, however, that the results of the macroscopic EMTM model begin to diverge
as the RVE size approaches an order of magnitude similar to the macroscopic model
dimensions. This is demonstrated in Figure 7.6 by tracking the X- and Y- displace-
ments of the upper-right corner node of the macroscopic mesh as a function of the
RVE size. Each dot on the graph corresponds to a separate multiscale simulation
with a different RVE geometry size. It is seen that the macroscopic displacement is
independent of the RVE dimension as long as it remains well below the macroscopic
size (say, by at least two orders of magnitude). As the RVE size increases further,
the displacements begin to deviate as the macroscopic problem struggles to converge
until, finally, the numerical scheme diverges.

This loss of convergence is further illustrated in Figure 7.7, which shows the energy
norm for successive Newton-Raphson iterations. As long as the RVE is small, the
macroscopic problem converges in four iterations. As the RVE size increases, the
number of iterations needed to satisfy the convergence criterion begins to increase,
until eventually the energy norm diverges entirely.

It is emphasized that the aforementioned dependence on RVE size is observed only
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Figure 7.7: Dependence of macroscopic convergence on the size of the RVE. Each curve shows the
residual energy norm for successive iterations of the Newton-Raphson scheme. As the RVE size
is increased beyond d=1, convergence becomes slower and eventually ceases entirely.

in EMTM problems exhibiting thermal expansion in the presence of a temperature
gradient. If either the macroscopic temperature is uniform, or if the coefficient of
thermal expansion of the RVE material vanishes, the diverging behavior in Figures 7.6
and 7.7 disappears. It is therefore concluded that this loss of convergence is directly
related to thermal expansion.

Indeed, thermal expansion is distinct from the other constitutive behaviors in
the sense that the resulting deformation depends on the absolute value of a primary
quantity (i.e., the temperature) rather than its gradient. In view of the thermal
Dirichlet boundary condition in Equation (7.1)2, an increase in the RVE size leads
to a similar increase in the absolute temperature at the RVE boundary, since its
value is proportional to the distance from the centroid as well as to the macroscopic
temperature gradient (which is considered to be constant). As the RVE experiences
extreme temperatures at the boundaries, the corresponding thermal strains impede
the convergence of the RVE equations.

7.3.3 Random Material Mixture

In Section 7.3.2, the multiscale model was examined using a purely homogeneous
RVE material. In the present section, an element-wise random material assignment
is introduced to the RVE mesh. For this purpose, two different material parameter
sets are defined in the RVE input file. Thereafter, the multiscale algorithm employs
a set of random numbers to assign either material ma=1 or ma=2 to each element
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Parameters of Non-Piezoelectric Version of BaTiO3 Units
λ 76.6× 103 µ 44.7× 103 N/mm2

ω1 −3.6× 103 ω2 0.7× 103 ω3 0.9× 103 N/mm2

β1 0.0 β2 0.0 β3 0.0 C/m2

γ1 8.854 188× 10−6 γ2 0.0 mC/(kVm)

Table 7.4: Coordinate-independent material parameters of a fictitious, non-piezoelectric and non-
polarizable adaptation of Barium Titanate (BaTiO3), see Table 6.1.

of the RVE mesh. As elaborated in Section 7.3.1, the random material assignment
is controlled by the macroscopic solution command SET OPAR 1 <o2>, where the
parameter o2 (with 0<=o2<=1) specifies the approximate fraction of elements that
are assigned to ma=2.

The preceding numerical examples were based on Barium Titanate, whose trans-
versely isotropic piezoelectric properties are listed in Section 6.4.1. For the purpose of
demonstrating the random RVE material assignment, a second set of material proper-
ties is introduced. This fictitious material exhibits the same thermomechanical prop-
erties as BaTiO3, but is assumed to be non-piezoelectric and non-polarizable. This im-
plies that the parameters β1−3 and γ2 in Equations (6.58)2,3 are zero, whereas γ1= ε0 is
equal to the electric permittivity of vacuum, see Section 3.3. The material parameters
of this electrically inert material are summarized in Table 7.4.

Effect of Inhomogeneous Microstructure on RVE Solution

To illustrate the random nature of the material assignment within the RVE (and
across different macroscopic integration points), consider a domain composed of an
inhomogeneous RVE microstructure and subjected to mixed EMTM loads. Let the
macroscale be given by a 4×4 rectangular mesh comprised of quadrilateral ele-
ments with bi-linear shape functions, whereas the RVE model consists of 30×30
elements. Using the command SET OPAR 1 0.5, about half of the RVE elements are
randomly attributed to material ma=1 and the remaining half to ma=2. The mixed
EMTM boundary conditions previously employed in Section 7.3.2 are applied to the
macroscale problem.

A linear distribution of electric potential is applied to the boundary of the macro-
scopic model along the Y-direction. This results in an approximately19 linear distri-
bution of ϕ throughout the body, which corresponds to a uniform Y-component of
the electric field. This is illustrated in Figure 7.8, which shows contour plots of the
macroscopic primary variables of displacement, temperature, and electric potential.
The macroscopic electric potential gradient is transferred to the RVE boundary as
part of theDirichlet boundary condition in Equation (7.1)3. The resulting distribu-

19Since each integration point is associated with a different random RVE, small variations in the
macroscopic constitutive properties persist. This can be seen in the electric potential in Figure 7.8.
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Figure 7.8: Contour plots of the macroscopic primary variables, i.e., the displacements, temper-
ature, and the electric potential. A mixture of mechanical, thermal, and electrostatic loads are
applied to the boundary of the 4×4 macroscopic mesh. The electric properties of the 30×30 RVE
elements is randomly assigned, see Figures 7.9 and 7.10, causing the macroscopic electric potential
to deviate slightly from a perfectly linear distribution.

tion of electric potential on the microscopic scale is illustrated in Figure 7.9 for four
arbitrarily chosen RVEs, each corresponding to a different macroscopic integration
point.20

Figure 7.9 shows that, despite the linear prescription of ϕ at the boundary, the
electric potential in the interior of the RVE departs significantly from the linear
distribution otherwise expected of a homogeneous RVE. This illustrates that the effect
of an inhomogeneous RVE microstructure on the distribution of the primary variables
can be substantial. Moreover, the internal distribution of ϕ varies considerably across
the different RVEs. As a consequence, the randomness on the RVE level is appreciable
even on the macroscopic scale, where each integration point exhibits slightly different
homogenized material moduli.

Figure 7.10 depicts the Y-component of dielectric polarization for the same RVEs
used in Figure 7.9. Approximately half of the elements comprising the RVE mesh
are non-polarizable, and hence colored in uniform blue color in the contour plots of

20More specifically, plots are provided for (a) np=10, rank=2, (b) np=13, rank=2, (c) np=13,
rank=3, and (d) np=13, rank=4, where np and rank signify the np-th integration point handled by
processor rank. The macroscopic node associated with this integration point can be retrieved from
the task allocation table rvesd(rank,np). Because of how tasks are distributed to the RVEs (in the
subroutine psetrvsd.f), the node number is given by (np-1)*(ntasks-1)+rank, where ntasks is
the total number of processors. The present simulation was run with mpirun -np 6, i.e., ntasks=6.
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Figure 7.9: Examples of RVE contour plots of the electric potential, associated with different
integration points in the macroscopic model shown in Figure 7.8. Plots are provided for (a) np=10
and rank=2, (b) np=13 and rank=2, (c) np=13 and rank=3, and (d) np=13 and rank=4, which denotes
the np-th macroscopic integration point computed by the RVE processor rank.

Figure 7.10. As expected from the element-wise prescription of material parameters,
the polarization is observed to be highly discontinuous across element boundaries.

Effect of Volume Fraction on Piezoelectric Behavior

Next, the multiscale model with random RVE material assignment is used to examine
the effect of the volume fraction (i.e., the value of the parameter o2) on the result-
ing piezoelectric behavior. To this end, consider yet again a macroscopic domain
comprised of 4×4 quadrilateral elements. Unlike before, however, its boundary is
subjected only to an electric potential without any mechanical or thermal loads ap-
plied. The electric potential at the boundary is varied linearly in the Y-direction such
that the macroscale Y-component of the electric field amounts to 1 kV/m on average.
The body is simply supported using the corners on the lower edge.

Meanwhile, the elements of the 10×10 RVE mesh are randomly assigned to
the same set of materials used in the preceding example, that is, Barium Titanate
and its fictitious, electrically inert counterpart, see the parameters in Tables 6.1
and 7.4. The crystal orientation vector of these transversely isotropic materials is set
to α= 1√

5
e1+

2√
5
e2 according to the constitutive relations in (6.58 - 59). The volume

fraction of the RVEmaterial mixture is prescribed using the command SET OPAR 1 <o2>.
The parameter is varied from o2=0.0 (i.e., a homogeneous RVE consisting only of
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Figure 7.10: Contour plots of the dielectric polarization throughout the RVE. The same macro-
scopic integration points as in Figure 7.9 are selected for plotting, namely (a) np=10 and rank=2,
(b) np=13 and rank=2, (c) np=13 and rank=3, and (d) np=13 and rank=4.

material ma=1) to o2=1.0 (only ma=2) in increments of 5%.
Figure 7.11 depicts the X- and Y-displacements of the top-right corner of the

macroscopic domain as a function of the volume fraction of the RVE attributed to
material ma=2. For the homogeneous RVE of monocrystalline BaTiO3, or o2=0.0,
the external electric field induces a piezo electric deformation. Due to the simply
supported domain and the diagonal orientation of the crystal direction α, the upper-
right corner displaces in both the X- and the Y-directions. On the other hand, the
displacements vanish as expected for o2=1.0 where the RVE consists entirely of the
non-piezoelectric material ma=2. In between the two homogeneous extremes, there is
a nonlinear relation between the volume fraction and the resulting piezoelectric defor-
mation. The rule of mixtures, i.e., the volume-weighted average of the piezoelectric
constants in ccc2 for the two materials, furnishes an upper bound for the effective
piezoelectric moduli. This is confirmed by the result in Figure 7.11, because the
deformation is proportional to the homogenized piezoelectric constants. Note that
the graph appears to be slightly erratic due to the relatively small number of RVE
elements available for random material assignment.

The sequence of contour plots in Figure 7.12 illustrates the effect of volume frac-
tion on the piezoelectric deformation of the RVE. For the pure Barium Titanate the
piezoelectric deformation leads to a trapezoidal shape. With increasing volume frac-
tion of ma=2 the piezoelectric deformation gradually reduces to zero. The distribution
of the electric potential is perfectly linear only in the homogeneous cases o2=0.0 and
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Figure 7.11: Piezoelectric deformation as a function of the RVE volume fraction between Barium
Titanate and its non-piezoelectric counterpart. A nonlinear dependence is observed between the
homogeneous monocrystalline BaTiO3 (for o2=0.0) and the electrically inert material (for o2=1.0).
The piezoelectric deformation is quantified in terms of the deflection of the top-right node of a simply
supported domain subjected to an electric gradient in the Y-direction.

o2=1.0. Meanwhile, it is evident from the contour plots of the polarization depicted in
Figure 7.13 which elements of the RVE were randomly assigned to the non-polarizable
material.

7.3.4 Random Crystal Orientation

The preceding discussion in Section 7.3.3 was based on a multiscale model, where two
different kinds of materials are randomly assigned to each element of the RVE mesh at
a prescribed target volume fraction. In the present section, the RVE consists of only
one material (Barium Titanate). Instead, each element is assigned a random crystal
orientation vector α using a random number generator with a uniform probability
distribution.

This option is invoked by the macroscopic solution command SET OPAR 2 <o2>,
where the parameter 0<=o2<=1 specifies the extent to which α is allowed to vary.
For example, SET OPAR 2 0.0 corresponds to a homogeneous RVE comprised of
monocrystalline BaTiO3 oriented in the direction of α0 specified by the RVE mate-
rial parameter input. On the other hand, SET OPAR 2 1.0 causes the orientation α
of the transversely isotropic material to vary randomly in any direction within the
two-dimensional plane of the problem. For any intermediate value of <o2>, the angle
of α varies within a range of ±π<o2> around the target direction α0.
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(f)

Figure 7.12: Contour plot of the electric potential within a typical RVE, depending on the volume
fractions of the randomly assigned RVE materials ma=1 and ma=2. Volume fraction of (a) o2=0.0
(monocrystalline BaTiO3), (b) o2=0.1, (c) o2=0.25, (d) o2=0.45, (e) o2=0.7, (f) o2=1.0 (homoge-
neous non-piezoelectric material).
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Figure 7.13: Contour plots of the polarization along the Y-direction for different volume fractions
of BaTiO3 and its non-polarizable counterpart. See Figure 7.12 for a list of the parameter o2

employed in Figures (a)-(f).
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Figure 7.14: X- and Y-displacements of the top-right corner of the macroscopic mesh as a function
of the level of randomness attributed to the crystal orientation of individual RVE elements. The
simply supported macroscopic domain is subjected to a linearly varying electric potential at the
boundary. The macroscopic piezoelectric deformation gradually reduces to zero with increasing
randomness of the RVE, until its homogenized behavior is approximately isotropic.

To test the capability of this feature, consider once again a macroscopic domain
of 4×4 elements, which is simply supported at the bottom and subjected to an
electric potential gradient in the Y-direction. To assess the piezoelectric behavior of
the homogenized material, the X- and Y-displacements on the upper-right corner are
tracked. Provided that the RVE comprises a sufficiently large number of elements,
it is expected that the macroscopic behavior is approximately isotropic when the
microscopic crystal orientations are completely random (o2=1.0).

Figure 7.14 depicts the X- and Y-displacements of the top-right node as a function
of the parameter <o2>. Note that, since a value of o2=0.0 corresponds to monocrys-
talline Barium Titanate, the graphs in Figures 7.11 and 7.14 exhibit the same Y-
intercepts. With increasing randomness of the RVE, the macroscopic displacement
reduces to approximately zero. This is expected from an isotropic material comprised
of a microscale of randomly oriented crystal grains, because the piezoelectric defor-
mation of the RVE is on average isochoric (in the absence of additional mechanical
or thermal loads). Note that the data in Figure 7.14 appears smoother than the pre-
vious graph in Figure 7.11 in part because the RVE is comprised of a larger number
of elements.

Figure 7.15 illustrates the distribution of the Y-deformation within the RVE for
varying degrees of randomness <o2>. It is apparent from the overall shape of the
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RVE (drawn here to scale) that the overall piezoelectric deformation of the multiscale
material diminishes with increasing randomness and isotropy. The trapezoidal shape
characteristic of the piezoelectric deformation of monocrystalline BaTiO3 gradually
gives way to a virtually undeformed macroscale. Nevertheless, the RVE is subject to
significant micro-stresses due to the competing piezoelectric deformation of adjacent
crystal grains. This is evident, for example, from the significant distortion observed
in the RVE mesh of Figure 7.15(f).
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Figure 7.15: Contour plots of the Y-displacement for RVEs with varying levels of random crystal
orientation. The degree of randomness is given by (a) o2=0.0 (monocrystalline BaTiO3), (b) o2=0.1,
(c) o2=0.25, (d) o2=0.45, (e) o2=0.7, (f) o2=1.0 (completely random crystal orientation).

Lastly, it is observed that the rate of convergence for the macroscopic problem
depends on <o2>, i.e., the range of random orientation defined for the RVE. As
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Figure 7.16: Convergence behavior of the macroscopic Newton-Raphson scheme for different
values of <o2>. This parameter controls the range of the random orientation angles assigned to the
elements of the RVE mesh. Each line depicts the energy norm of the residual until the convergence
criterion is satisfied. It is observed that the computational workload increases for RVE models with
greater levels of randomness.

before, the macroscopic problem is considered to have converged when the energy
norm of the global residual has decreased by at least a factor of 10−16 relative to
its initial value. Recall that it was found in Section 7.3.2 that the homogeneous
model (o2=0.0) converges in only four iterations, see Figure 7.7. On the other hand,
a multiscale model with completely random RVE orientations (o2=1.0) requires a
total of ten macroscopic iterations to solve. Figure 7.16 shows the energy norm of
the residual for successive iterations of the Newton-Raphson scheme. Each curve
represents a separate simulation with a different value of the parameter <o2>. The
general tendency of more iterations necessary for increasing values <o2> is apparent
from Figure 7.16.
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Chapter 8

Concluding Remarks

The multiscale modeling of coupled electro-magneto-thermo-mechanical media is an
important subject with a wide range of applications, from the constitutive descrip-
tion of the coupled behavior of engineering and biological materials with complex
microstructures, to the design of metamaterials with tailored electromechanical or
magnetomechanical properties. In this dissertation, the following three overarching
goals were accomplished: First, an in-depth review of Maxwell’s equations and the
balances of momenta and energy for coupled EMTM materials was conducted from
the perspective of conventional continuum mechanics. Special attention was paid
to the transformation properties of the relevant fields under superposed rigid-body
motion. This highlighted the need for a pre-metric treatment of electrodynamics
consistent with Galilean invariance. This implies that the aether relations are not
invoked from the outset, and that the electromagnetic momentum and energy are not
integrated into the overall momentum and energy of the underlying body, as would
otherwise be customary in the context of the Maxwell–Minkowski formulation.
Moreover, the Green-Naghdi-Rivlin theorem was called upon to highlight that the
balances of mass and momenta are derivable from the energy balance. This serves as
important confirmation that the choice of linear and angular momentum balances is
consistent with the energy equation.

Next, a consistent multiscale homogenization scheme was introduced for the cou-
pled EMTM behavior. The upscaling behavior of the relevant quantities was deduced
from the postulated weighted volumetric averaging of certain extensive quantities
in accordance with the Irving-Kirkwood theory. In particular, the mass, linear
momentum, thermomechanical energy, and electric charge were prescribed with the
aforementioned averaging scheme. This represents the minimal set of assumptions
needed to upscale all relevant quantities. Due to the extensivity of these quantities,
their macroscopic densities (per unit volume) are naturally given by volume aver-
ages of their microscopic counterparts. This homogenization scheme eliminates the
need for an energy-based micro-macro criterion such as the Hill-Mandel condition.
In addition, it offers greater versatility in the range of RVE boundary conditions



272

permitted, as well as allowing the study of micro-inertial effects.
Lastly, a numerical implementation of the multiscale model was devised using a

first-order FE2 strategy. Each macroscopic integration point is associated with an
individual RVE, whose boundary value problem is solved during each iteration of
the macroscopic Newton-Raphson solution scheme. The macroscale provides the
gradients necessary to apply the RVE boundary conditions, and the RVE reports back
the homogenized fluxes and material moduli. The homogenized fluxes are computed
from volumetric averages of the relevant quantities over the RVE mesh, whereas the
homogenized material moduli are obtained by means of a linearization of the averaged
fluxes followed by a Schur complement of the ensuing system of linear algebraic
equations.

The multiscale finite element algorithm was validated using a variety of quasi-
static two-dimensional test problems, employing both homogeneous and inhomoge-
neous RVE models. It was shown that, as expected, an FE2 model with homogeneous
RVE furnishes identical results as a single-scale model comprised of the same material.
However, for problems involving a non-zero thermal gradient in conjunction with a
non-zero coefficient of thermal expansion, it was observed that the convergence of the
macroscopic Newton-Raphson scheme depends on the RVE dimension. In partic-
ular, the RVE dimensions must be at least two orders of magnitude smaller than the
macroscopic problem size in order to ensure an accurate result. Inhomogeneous RVE
models were simulated, where each element of the finite element mesh is randomly as-
signed one of two different materials, or where the crystal orientation of the material
is randomly selected. It was shown that RVE models whose elements are randomly
oriented exhibit isotropic behavior on the macroscale, as expected of polycrystalline
materials with random texture.

The present multiscale theory and finite element implementation are subject to
several limitations. First, the EM fields were assumed to be continuously differen-
tiable when the local forms of Maxwell’s equations (as well as the weak forms
of the finite element problem) were derived. However, discontinuities are of central
importance for electric conductors, where free electric charges tend to accumulate
at surfaces and boundaries. Such surface charges typically entail discontinuous EM
fields which must be accounted for using jump conditions. In a multiscale framework,
discontinuities within the RVE must be taken into consideration during homogeniza-
tion. Second, the numerical implementation was limited to the electrostatic case.
It was therefore assumed that the material is dielectric, i.e., electric currents and
associated Joule heating were neglected. It was further postulated that there are
no free charges distributed across the body. These conditions imply the absence of
any EM volumetric source terms in the momentum and energy balances, since neither
Joule heating nor Lorentz forces occur. This removes an important mechanism for
EMTM coupling via the balance equations. Any interactions between the EM fields
and the underlying body are thus confined to the coupling prescribed by the constitu-
tive equations. A quasi-static finite element model for electrical conductors requires
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the solution of the magnetostatic equations. These involve a curl operator, whose
numerical implementation was beyond the scope of this dissertation. Lastly, it is ac-
knowledged that the lack of objectivity of the aether relations under non-relativistic
SRBM remains unaddressed. Instead, this matter was circumvented altogether by the
assumption that any convective terms are negligible. A proper treatment of objectiv-
ity within the framework of Galilean electrodynamics requires the use of nonlinear
aether relations. These depend on which Galilean limit of Maxwell’s equations
is under consideration (i.e., the electric limit or the magnetic limit). Alternatively,
a consistent theory may be constructed from a fully relativistic treatment of both
electromagnetism and thermodynamics. All the above topics represent fertile ground
for further research.
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Appendix A

Ancillary Derivations

The contents of this appendix are referenced throughout Chapters 2 - 4. In particular,
Sections A.1 -A.3 provide detailed derivations for some of the more tedious results of
vector calculus employed in Chapter 2. An alternative derivation for the invariance
properties of the electromagnetic fields obtained in Chapter 3 are presented in Ap-
pendix A.4, followed by a brief discussion of the wave equations in Appendix A.5.
Lastly, Appendix A.6 presents an alternative form of the balances of momenta and
energy, where the concept of momentum and energy is generalized to include electro-
magnetic effects.

A.1 Corollaries of the Divergence Theorem

Equation (2.51) is deduced from the classical form (2.50) of the divergence theo-
rem as follows: The vector field w(x) is substituted with w(x)×c, where c is an
arbitrary constant vector. Identity (2.46)6 simplifies to div(w×c)= c ·(curlw) and
consequently

0 =

∫
P
div

(
w×c

)
dv −

∫
∂P

(
w×c

)
· n da

= c ·
(∫

P
curlw dv −

∫
∂P

(
n×w

)
da

)
∀ constant c .

(A.1)

Since c is an arbitrary constant vector it is concluded that the term in parentheses
must vanish, giving rise to the desired result (2.51).

Corollary (2.52) of the divergence theorem is obtained following a similar ap-
proach. The vector field w(x) is instead replaced by [T(x)]Tc, where c is again ar-
bitrary and constant. Identity (2.46)3 simplifies to div(TTc)= c ·(divT) and Equa-
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tion (2.50) becomes

0 =

∫
P
div

(
TTc

)
dv −

∫
∂P

(
TTc

)
· n da

= c ·
(∫

P
divT dv −

∫
∂P

Tn da

)
∀ constant c ,

(A.2)

which immediately leads to Equation (2.52). Note that despite (A.1) and (A.2) being
scalar expressions, the extracted equations are vector-valued owing to the arbitrari-
ness of vector c.

A.2 Material Time Derivative of T−1

Expression (2.102)2 for
.

T−1 may be derived as follows (assuming that the inverse T−1

exists). Let A(T) and B(T) be two differentiable tensor-valued functions of a tensor
argument T. The product rule for the Gâteaux differential (2.40) reads

∂

∂T

(
A(T)B(T)

)
·H =

∂

∂Tlm

(
Aik(T)Bkj(T)ei ⊗ ej

)
Hlm

=

([
∂Aik

∂Tlm
Bkj + Aik

∂Bkj

∂Tlm

]
ei ⊗ ej

)
Hlm

=

[
∂A

∂T
·H

]
B + A

[
∂B

∂T
·H

]
.

(A.3)

This product rule is applied to the identity tensor i=T−1T,

0 =
∂

∂T

(
T−1T

)
·H =

[
∂T−1

∂T
·H

]
T + T−1

[
III ·H

]
, (A.4)

where III= δikδjl ei⊗ej⊗ek⊗el is the fourth-order identity tensor , which maps any
second-order tensor onto itself. Equation (A.4) thus furnishes

∂T−1

∂T
·H = −T−1HT−1 , (A.5)

which in the special case H≡
.
T immediately leads to the desired result (2.102)2.

Note that, although the preceding notation suggests that T is a spatial tensor, the
derivation applies identically to referential tensors.
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A.3 SRBM Transformation of Flux Derivative

The definition of the flux derivative in (2.106)3 is applied to the vector field w̄+(x+, t)
in the transformed system according to(

w̄+
)⋆

=
∂w̄+

∂t
+

(
div+w+

)
v+ − curl+

(
v+×w+

)
=

∂w̃+

∂t
−

[
gradw+

]
β + div

(
QTw+

)
Q
(
v+β

)
− Q curl

{(
v+β

)
×
(
QTw+

)}
,

(A.6)

where (2.38)2, (2.155)3, (2.165), (2.168), and (2.181)2 were used. As indicated by
the accents, the first partial time derivative is taken at fixed x+ whereas the second
derivative is at fixed x. By product rule, the time derivative is expanded into

∂w̃+

∂t
= Q

∂

∂t

(
QTw̃+

)
+ QΩQTw̃+ , (A.7)

where the properties of Ω in (2.156)1 and (2.157) were employed. Appealing to
the uniformity of Q, the identities in (2.46)5 and (2.47)2, and the properties of β
in (2.159)1,2, it is readily seen that[

gradw+
]
β = Q

[
grad

(
QTw+

)]
β = Q div

[(
QTw+

)
⊗ β

]
,

div
(
QTw+

)
Qβ = Q

{
div

[
β ⊗

(
QTw+

)]
−ΩQTw+

}
,

Q curl
{
β ×

(
QTw+

)}
= Q

{
div

[
β ⊗

(
QTw+

)]
− div

[(
QTw+

)
⊗ β

]}
.

(A.8)

Therefore, Equation (A.6) simplifies to(
w̄+

)⋆
= Q

{ ∂
∂t

(
QTw̃+

)
+ div

(
QTw+

)
v − curl

{
v ×

(
QTw+

)}}
−Q

.
QTw+ −

[
gradw+

]
β + div

(
QTw+

)
Qβ − Q curl

{
β ×

(
QTw+

)}︸ ︷︷ ︸
(i)

= Q
(
QTw̃+

)⋆
,

(A.9)

where Equations (A.7) and (A.8)1−3 imply that the term (i) vanishes. This is the
desired result in (2.183).

A.4 Invariance Properties of Electromagnetic

Fields using Local Equations

The postulated form-invariance of an integral statement automatically implies the
form-invariance of the corresponding local statement as well. Provided that the fields
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are sufficiently differentiable, the two postulates hold equal predictive power and the
same inferences can be drawn from either the global or local form. To demonstrate
this, the transformation formulae of the electromagnetic quantities in Section 3.4 are
re-derived from the local equations.

A.4.1 Current

Suppose that j+ is derived from invariance of the local principle of charge conserva-
tion (3.5) rather than its global counterpart (3.1),

∂q̄+

∂t
+ div+

(
j++q+v+

)
=

∂q̃

∂t
+ div

(
j+qv

)
. (A.10)

The functional form of q+= q̄+(x+, t) and q= q̃(x, t) must be taken into account for
the partial time derivative according to (2.181)1. Upon application of transformation
rules (2.165), (3.43), and (2.155), Equation (A.10) simplifies to

div
(
QTj+− j+qβ

)
− (gradq) · β = 0 . (A.11)

The contribution of β vanishes in view of the product rule (2.46)1 and the prop-
erty (2.159)2, furnishing

div
(
QTj+− j

)
= 0 . (A.12)

Hence, the conduction current transforms to within a divergence-free term according
to Equation (3.48).

A.4.2 Charge and Current Potentials

Form-invariance of Gauss’ law (3.15)1 and the objectivity of q in (3.43) immediately
lead to

div
(
QTd+−d

)
= 0 , (A.13)

giving rise to (3.52) for the transformation of the charge potential. Form-invariance
of Ampère’s circuital law (3.15)2 implies that

QTJ+ − J = QT

(
curl+h+− ∂d̄+

∂t

)
−
(
curlh− ∂d̃

∂t

)
. (A.14)

Application of transformation rules (3.49), (2.168), (3.52), and (2.181)2 leads to

qβ = curl
(
QTh+−h

)
−QT

.
Q
(
d+curly

)
− ∂

∂t

[
curly

]
+
[
grad(d+curly)

]
β . (A.15)

This is further simplified using identities (2.46)5, (2.47)2, (2.159)1,2, and (3.15)1, as
well as the commutativity of the curl with the partial time derivative, furnishing

curl

(
QTh+− h− ∂y

∂t
− β×

(
d+curly

))
= 0 . (A.16)

Integration of this result leads to (3.58).
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A.4.3 Electric and Magnetic Fields

It follows immediately from (2.165) and the form-invariance of Gauss’ law for mag-
netism in (3.15)3 that

div
(
QTb+−b

)
= 0 . (A.17)

Hence the magnetic flux density is objective, see (3.63), if the ensuing divergence-
free ‘integration constant’ is precluded on physical grounds. The form-invariance of
Faraday’s law of induction (3.15)4 furnishes

curl
{
QTe+− e+ β × b

}
= 0 , (A.18)

which leads to the transformation of the electric field in (3.67). The derivation em-
ploys Equations (2.46)5, (2.47)2, (2.159)1, (2.168), (2.181)2, and (3.63). Since it
follows closely along the lines of derivation (A.14 - 16), it is not repeated here. An
irrotational (curl-free) term was dismissed on physical grounds.

A.5 Electromagnetic Wave Equations

The electric permittivity ε0 and magnetic permeability µ0 in the aether relations (3.35)
determine the speed of light c in empty space, which is obtained from a wave solution
of the Maxwell equations with vanishing charge-currents {q, j}. Ampère’s circuital
law (3.15)2 and Faraday’s law of induction (3.15)4 read

curlb = µ0ε0
∂e

∂t
, curle = −∂b

∂t
, (A.19)

and Gauss’ laws (3.15)1,3 imply that e and b are divergence-free. An additional
application of the curl operator to both sides of (A.19) yields

curl
(
curlb

)
= µ0ε0

∂

∂t

(
curle

)
, curl

(
curle

)
= − ∂

∂t

(
curlb

)
, (A.20)

where the fields are assumed to be sufficiently smooth for the spatial and temporal
derivatives to commute.

Equations (A.19)1,2 are inserted into the right-hand sides of (A.20)1,2 in order
to separate the variables. Meanwhile, the left-hand sides simplify on account of the
identity in (2.49)3, furnishing

∆b = µ0ε0
∂2b

∂t2
, ∆e = µ0ε0

∂2e

∂t2
, (A.21)

where the Laplace operator ∆[ · ]= div(grad[ · ]) is used. These are the well-known
electromagnetic wave equations . Their solution using a wave ansatz leads to contin-
uous EM waves whose phase velocity in vacuum is given by the expression in (3.36).

To obtain the uncoupled wave equations in (A.21), the curl operator was applied
to Equations (A.19). Note that the same result may be attained following a similar
procedure, but instead taking the partial time derivative of (A.19).
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A.6 Alternative Representations of the Balance

Equations

Recall from Sections 4.1.4 and 4.2.3 that the Lorentz force fL and the EM power
density J ·e may be expressed in terms of the EM fields using Maxwell’s Equa-
tions (3.15)1−4. This furnishes the expressions in (4.9) and (4.20), which look like
balance equations of linear momentum and energy, respectively, for the EM fields.
They are subsequently substituted into the balance equations of momentum and en-
ergy, where the material time derivative of the conserved TM quantity is (somewhat
haphazardly) combined with its EM counterpart. This furnishes expressions which
may be loosely interpreted as a combined EMTM momentum or energy, respectively.

It is, however, once again stressed that the interpretation of the aforementioned
relations as EM momentum and energy balances is rather controversial. In this text,
they are instead regarded as mere identities derived from Maxwell’s equations.
Furthermore, the justification for the interpretation of TM in (4.11) as the Maxwell
stress tensor and u in (4.21) as the stored EM energy density is predicated on the
applicability of the aether relations (3.35). Outside of the aether frame the analogy
with momentum and energy breaks down.

Note that the resulting balance laws are entirely in agreement with those presented
in Sections 4.1 and 4.2. Since they rely only on the EM (and TM) fields, they may be
of advantage if it is preferable not to make explicit use of the charge-currents {q,J}.
However, in the context of this dissertation, any potential benefits are outweighed by
the increase in the number of terms and the lack of a clear physical interpretation for
the quantities involved.

Such alternative formulations of the balance equations are used in different varia-
tions by many authors, most notably by Kovetz [64].1 Other authors who incorpo-
rate the electromagnetic ‘momentum’ and ‘energy’ into the balance equations include
Fosdick and Tang [29, Section 3.1], Hanappier et al. [41], Hutter et al. [56,
Chapter 3.4], Müller [102, Chapter 9.5], and Van de Ven [149, Chapter II].

A.6.1 Linear Momentum Balance

Equation (4.9) for the Lorentz force fL is substituted into the linear momentum
balance (4.5) of the EMTM model, leading to

d

dt

∫
P
ρv dv +

∫
P

∂

∂t

(
d× b

)
dv =

∫
∂P

Tn da +

∫
P
ρfB dv +

∫
P
tM dv . (A.22)

1According to Steigmann [137] (despite some questions raised by Ericksen [22]), Kovetz’ work
is entirely compatible with the results from other authors, including the derivations in Chapter 4 of
this dissertation.
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The local form of the linear momentum balance (4.6) becomes

ρa +
∂

∂t

(
d× b

)
= divT + ρfB + tM , (A.23)

where Maxwell’s ‘traction vector’ tM is defined in (4.10) independent of the frame
of reference.

By employing the objective expression for fL in (4.12) rather than (4.9), an ob-
jective2 form of (A.23) is obtained, according to which

ρa +
( ⋆

d×b+ d×
⋆

b
)
= divT + ρfB + τM . (A.24)

Here, τM represents the objective counterpart to tM, defined as

τM = div
[
E⊗d+H⊗b

]
−

([
gradE

]T
d+

[
gradH

]T
b
)

. (A.25)

It is mentioned that, similar to the Maxwell stress TM in (4.11), τM can be written
in terms of the divergence of a tensor T M. However, this works only for the alterna-
tive3 aether relations in (3.90) rather than the standard form (3.35). In that case the
objective version T M of the Maxwell stress is given by

τM
Aet.*
= divT M where T M =

[
E⊗d+H⊗b

]
− 1

2

(
E ·d+H ·b

)
i , (A.26)

where the superscript
Aet.*
= indicates that the expression is predicated on the alternative

aether Equations (3.90). Equations with
Aet.
= and

Aet.*
= are mutually incompatible, as

they are valid under different aether relations. Although enticing, the alternative
aether relations are not pursued any further in this dissertation.

Motivated by the interpretation of d×b as a momentum density of the EM fields,
it is combined with the mechanical momentum ρv using Reynolds’ transport the-
orem (2.104) to write

d

dt

∫
P

{
ρv + d×b

}
dv =

∫
∂P

(
d×b

)
(v ·n)da +

∫
∂P

Tn da +

∫
P
ρfB dv +

∫
P
tM dv .

(A.27)
In local form, Equation (A.27) amounts to

ρ
[
v + d×b/ρ

].
= div

[(
d×b

)
⊗ v

]
+ divT + ρfB + tM , (A.28)

or, equivalently,

ρa +
[
d× b

].
=

[
grad

(
d×b

)]
v + divT + ρfB + tM . (A.29)

2Although a and fB are not individually objective, their difference (fB−a) is, see (2.177). All
other terms in (A.24) are objective.

3Recall that these relations were introduced in an attempt to resolve the lack of form-invariance
of the standard aether relations, see Hutter et al. [56, Chapter 3.4].
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Equation (A.29) readily follows from (A.28) using the identities in (2.46)5 and (2.111),
or from (A.23) using (2.96)2.

Let the generalized velocity vK be defined such that the combined EMTM mo-
mentum corresponds to ρvK. Furthermore, use the aether frame to write tM in terms
of the Maxwell stress tensor (4.11) and combine all divergence terms in (A.28) into
a generalized stress TK,

vK = v + d×b/ρ and TK = T + TM +
(
d×b

)
⊗ v . (A.30)

Equation (A.28) immediately simplifies to

ρ
.
vK

Aet.
= divTK + ρfB , (A.31)

which looks much like the thermomechanical balance of linear momentum (2.115).
Although this balance equation looks simple, it can be at times confusing due

to the dissociation of vK and TK from straightforward physical quantities. It is
nevertheless in complete agreement with the theory presented in Section 4. Note that
this approach is (tacitly4) taken by Kovetz [64, Equation 54.9], who uses (A.31) as
a primitive statement of momentum balance throughout his monograph. Fosdick
and Tang [29, Equation 3.1.10a] adopt an intermediate stance, whereby the stress
tensor is given by the transpose of (A.30)2 but the generalized momentum in (A.30)1
is not used.

A.6.2 Angular Momentum Balance

With the aid of the definitions in (A.30)1,2 for the generalized vK and TK, the balance
of angular momentum (4.7) is alternatively stated by

d

dt

∫
P
x× ρvK dv

Aet.
=

∫
∂P

x×TKn da +

∫
P
x× ρfB dv , (A.32)

which again closely resembles the purely thermomechanical balance (2.116). The local
form is derived following the standard procedure outlined in Section 2.3.3. However,
since v and vK are generally not collinear, an additional term arises on the left-hand
side,∫

P

{
v×ρvK + x×ρ .vK

}
dv

Aet.
=

∫
P

{
TK
ij ej×ei + x×divTK

}
dv +

∫
P
x×ρfB dv .

(A.33)

4In Kovetz’ notation the generalized velocity vK is represented by a vector g whereas TK

is represented by T, see [64, Equation 54.1]. Although Kovetz does not derive the conversion
in (A.30)1 universally, Steigmann [137, Equation 31(1)] points out that “For the examples that he
considers, pertaining to viscous and inviscid fluids and elastic solids, g is always found to reduce
to [(A.30)1].”
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Here, Equation (2.112) was used for the time derivative and (2.118) for TK. Upon
application of linear momentum balance (A.31) and the localization theorem,

ρv×vK
Aet.
= TK

ij ej×ei . (A.34)

With ei×ej = ϵijkek, see (2.6), the statement is more conveniently written as

ϵijk
(
ρviv

K
j + TK

ij

)
ek

Aet.
= 0 , (A.35)

which implies that ρv⊗vK+TK is symmetric. The same statement of angular mo-
mentum balance is attained by Kovetz [64, Equation 54.10]. It is readily verified
using the definitions in (A.30)1,2 that (A.35) is in agreement with the earlier re-
sults that T and TM are symmetric (but not TK). Fosdick and Tang [29, Equa-
tion 3.1.11b] arrive at an equivalent conclusion, namely that TT

K−v⊗(d×b) is sym-
metric.

A.6.3 Energy Balance

Similar to the substitution of fL in the linear momentum balance, Poynting’s the-
orem (4.20) is employed to replace J ·e in the energy balance (4.17), furnishing

d

dt

∫
P
ρ

(
1

2
v · v + ε

)
dv +

∫
P

(
e · ∂d

∂t
+ h · ∂b

∂t

)
dv =

∫
P
ρfB · v dv

+

∫
∂P

Tn · v da +

∫
P
ρr dv −

∫
∂P

q · n da −
∫
∂P

(
e× h

)
· n da . (A.36)

The corresponding local form (4.18) becomes

ρ
[
1
2
v · v + ε

].
+

(
e · ∂d

∂t
+ h · ∂b

∂t

)
= ρfB · v + div

(
TTv

)
+ ρr − divq − div

(
e× h

)
, (A.37)

or alternatively using (4.16) and (4.23)

ρ
[
1
2
v · v + ε

].
+

[
E ·

⋆

d+H ·
⋆

b
]
= ρfB · v + div

(
TTv

)
+ ρr − divq − div

(
E ×H

)
+ fL · v . (A.38)

In the aether frame, the partial time derivatives in (A.37) can be isolated according
to Equation (4.21), allowing for Poynting’s theorem to be interpreted as an energy
balance. This electromagnetic energy may then be combined with the kinetic and
internal energies, ρ1

2
v ·v and ρε, respectively. The partial and total time derivatives

of the EM energy u may be related using (2.46)1, (2.96)1, and (2.111) by

∂u

∂t
= ρ

[
u/ρ

].
− div

(
uv

)
. (A.39)
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The energy balance (A.37), in the aether frame, may thus be restated as

ρ
[
1
2
v · v + ε+ u/ρ

].Aet.
= ρfB · v + div

([
T+ ui

]T
v
)

+ ρr − divq − div
(
e×h

)
, (A.40)

or by invoking (4.24) for the objectivePoynting vector and definition (A.30)2 forTK,

ρ
[
1
2
v · v + ε+ u/ρ

].Aet.
= ρfB · v + div

(
TT

Kv
)
+ ρr − divq − div

(
E×H

)
. (A.41)

Note that Equation (A.41) is in agreement with Kovetz [64, Equation 54.11].
By defining a generalized internal energy εK and heat flux qK,

εK = ε + u/ρ and qK = q + E×H , (A.42)

the energy balance simplifies in the aether frame to

ρ
[
1
2
v · v + εK

].Aet.
= ρfB · v + div

(
TT

Kv
)
+ ρr − divqK , (A.43)

which resembles the thermomechanical case (2.124).
As expected the generalized quantities vK, TK, εK, and qK reduce to their thermo-

mechanical counterparts v, T, ε, and q when the EM fields are negligible. However,
this analogy is somewhat misleading for several reasons. Despite ε and T being objec-
tive according to (2.174)2 and (2.175)1, their generalized versions εK and TK are not,
because u (4.25) and TM themselves are not objective. Furthermore, TK as defined
by (A.30)2 is not symmetric unlikeT andTM. Lastly, the generalized velocity vK does
not fully replace v in the angular momentum and energy balances (A.34) and (A.43)
respectively. Instead, vK is regarded by Kovetz as a new quantity which is yet to be
constitutively determined via the method of Coleman and Noll. Of course, start-
ing with the same Clausius-Duhem inequality in (4.40) for the entropy of EMTM
materials, Kovetz arrives at constitutive expressions for vK identical to (A.30)1.

The balance of thermal energy (4.19) may be re-derived by subtracting the balance
of mechanical energy, i.e., Equation (A.31) dotted with velocity v, from the total
energy balance (A.43), furnishing

ρ
.
εK = ρ

[
d×b/ρ

].
· v + TK · L + ρr − divqK . (A.44)

Outside of the aether frame, the partial time derivatives do not combine into an EM
energy u and the EM traction tM cannot be written in terms of the divergence of the
Maxwell stress tensor. The corresponding balance of thermal energy is thus less
compact, reading

ρ
.
ε +

(
e · ∂d

∂t
+ h · ∂b

∂t

)
=

∂

∂t

(
d× b

)
· v + T · L − tM · v

+ ρr − div
(
q+ e× h

)
. (A.45)
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