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Abstract of the Dissertation

Traffic-Aware Spectrum Sharing Protocols

by

Chun-Hao Liu

Doctor of Philosophy in Electrical Engineering

University of California, Los Angeles, 2015

Professor Danijela Cabric, Chair

Current radio frequency (RF) spectrum is shown to be highly underutilized in both spatial

and temporal domain. One potential solution to improve the spectrum utilization is through

cognitive radio (CR). Traditional CR approach adopts the sense-and-transmit strategy to

exploit more transmission opportunities. After CR senses the RF channel, it will utilize this

channel as long as it is not occupied by licensed users. However, there are some limitations

using this approach. First, if the licensed users appear while CR is transmitting on the same

channel, the collision occurs. Second, if the licensed users stop transmitting and CR does

not detect this opportunity, the throughput loss occurs.

In this dissertation, we focus on studying the statistical properties of the licensed channel

bands, and explore the approaches to exploit the traffic knowledge to improve the traditional

CR strategy. The statistical knowledge of the busy/idle period on the licensed channel allows

CR to switch to better channels to increase throughput. To this end, our goal is to develop

traffic-aware spectrum sharing protocols. As a first step, we proposed a traffic classifier to

classify the distribution for the idle/busy period using less number of observations and ex-

tended to the cases where there is no perfect knowledge of traffic parameters and periods.

We also proposed a traffic prediction algorithm based on Markov chain derivation and esti-

mated traffic parameters, and we analyzed the impact of estimation errors on the prediction

accuracy. Based on this result, we further designed spectrum sharing protocols with multi-

channel sensing strategies for CR users. The CR users are scheduled for their transmission

ii



and cooperative sensing strategies in order to achieve maximal user throughput. We pro-

posed to solve the scheduling optimization problem with four low-complexity strategies, i.e.,

sequential, parallel, sequential-parallel, and iterative-parallel sensing strategies. The optimal

sensing order for sequential strategy was derived, and we also proposed several heuristics to

further reduce the computation complexity for other strategies. Furthermore, this protocol

is designed to be robust to both channel and traffic uncertainties.
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CHAPTER 1

Introduction

1.1 Introduction

Due to the proliferation of wireless devices to support the Internet of Things (IoT) in recent

years, the radio frequency (RF) spectrum becomes more crowded as all devices are competing

for the limited licensed spectrum resources. Furthermore, higher quality (such as data rate)

for these devices is required in order to support services from voice-only to multimedia

communications. This stringent requirement makes how to efficiently use the scarce spectrum

resources even more important while challenging. Hence, solving the spectrum utilization

and scarcity problem is definitely an urgent issue.

In order to address this problem, several spectrum measurement campaigns in [Yan05,

SCZ10b, WRM09, MTM06, CYZ09, PPS11, BGR14] show that the current fixed allocation

of spectrum is inefficient and causes most of channels being underutilized. One such result

in [MTM06], showing the measurements completed in Chicago, is presented in Fig. 1.1. It

has shown that the licensed channels are mostly used under 25% over time, leading to a

large amount of spectrum vacancies, which is inefficient. In addition to [MTM06], i.e., the

measurements done in USA, the authors in [PPS11] further summarized the worldwide spec-

trum occupancy measurement campaigns. They mentioned the average spectrum occupancy

found to be 22.57% for the frequency range from 75 MHz to 3 GHz in Barcelona, Spain.

Specifically the cellular GSM 900 and the UMTS uplink bands are both in a very low ac-

tivity. The measurement campaign done in Singapore showed that the average spectrum

occupancy is only 4.54% from 80 to 5850 MHz. The measurements done in New Zealand

showed that the actual spectrum utilization from 806 MHz to 2750 MHz is only about 6.21%
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Figure 1.1: Average spectrum utilization taken over multiple locations [MTM06].

for outdoor location and 5.72% for indoor location. Another spectrum measurement results

done in Waknaghat [BGR14], i.e., a rural area in India, showed that the RF spectrum from

80 MHz to 500 MHz is utilized under 15% on average. They pointed out that specifically

for the frequency range from 220 MHz to 270 MHz for space operation and fixed mobile, the

spectrum utilization is almost always empty. A recently published spectrum measurement

work completed in Grand Forks, USA [SRK15] concluded that the spectrum occupancy of

any channel over a frequency range of 824 MHz to 5.8 GHz was less than 20%. To sum-

marize, the spectrum utilization measurement campaign results conducted over the world in

the recent ten years are listed in Table 1.1. From the spectrum utilization table, we conclude

that the spectrum utilization rate is very low in most radio communication bands in a broad

range of countries.

1.1.1 Cognitive Radio Approach

Cognitive radio (CR) is a promising solution to solve the low spectrum utilization problem

and it attracts a lot of interest in recent years. The key idea for CR is to possibly exploit

all spectrum holes. The spectrum holes will be used by secondary users (SUs), temporally
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Table 1.1: Summary of Spectrum Measurement

Area Year Utilization Frequency Reference

USA (Chicago) 2006 17.4% 30–2900 MHz [MTM06]

New Zealand (Auckland) 2007 6.2% 806–2750 MHz [CRS07]

Singapore 2008 4.54% 80–5850 MHz [IKO08]

Spain (Barcelona) 2009 22.57% 75–3000 MHz [LUC09]

France (Paris) 2010 10.7% 400–3000 MHz [VMB10]

Japan (Yokosuka) 2011 11.45% 90–3000 MHz [CVF11]

UK (Hull) 2012 9.1% 80–2700 MHz [MRA12]

Brazil (Rio de Janeiro) 2013 19.6% 144–2690 MHz [LS13]

Finland (Oulu) 2013 11.93% 2.4 GHz (5 MHz) [HLK13]

Poland (Poznan) 2013 27% 223–2290 MHz [KKP13]

China (Beijing) 2013 15.2% 440–2700 MHz [XFC13]

India (Waknaghat) 2014 < 15% 80–500 MHz [BGR14]

USA (Grand Forks) 2015 < 20% 824–5800 MHz [SRK15]
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or spatially, when their interference to primary (licensed) users (PUs) is not affecting their

transmission. By using CR, the spectrum utilization would be increased tremendously and

the spectrum scarcity problem caused by fix allocation can be potentially solved.

The basic function of any cognitive radio can be simplified into a cycle of exploration and

exploitation. This cycle was first popularly presented in the work of Mitola and Maguire

[MM99]. A simplified version of this cycle from Haykin [Hay05] is illustrated in Fig. 1.2.

In the exploration stage, the CR transmitter transmits the signal through RF environment,

and the CR receiver can observe the RF channel based on the received signal quality. After

learning the channel information, the CR starts to exploit it. The CR receiver will send

the feedback signal to the transmitter, guiding it to adjust its transmit power or channel

exploring strategy. For instance, if CR can predict channel status in advance based on the

PU traffic knowledge, it can switch its transmitter to search for more opportunities on other

channels to avoid collisions and to increase throughput. The authors in [LCL11] presented

the CR architecture for network, media access control (MAC), and physical (PHY) layers.

The main functionalities were shown in [LCL11, Fig. 3]. This architecture consists with the

one proposed by [Hay05], which investigated the environmental learning by several spectrum

sensing techniques and transceiver optimization. In addition to the PHY layer, [LCL11]

provided more compact solutions in the upper layers such as sensing scheduling, sensing

access, and spectrum-aware routing algorithms.

1.1.2 Traditional Cognitive Radio Challenges

Traditional CR adopts a simple sense-and-transmit strategy [LZP08]. CR is assumed to

transmit its signal slot by slot. First, CR senses the channel using spectrum sensing tech-

niques such as energy detection, to determine if PU exists or not. Then the users can exploit

the channel vacancies if we find the channel is not occupied by PUs. However, there are

several limitations for this traditional approach. First, traditional CR only considers one

channel at a time. This means we may miss transmission opportunities on other channels.

In addition, relying on sense-and-transmit strategies can not avoid the collision/throughput
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loss. For example, the PU may appear/disappear later on the same channel even if we

initially sense it as idle/busy, i.e., the collision/throughput loss occurs. Second, traditional

CR techniques only adopt one SU to sense the channel. In this case, the sensing time is

long compared with the SU time slot. It is obvious that if CRs require longer sensing time

for sensing, which means SUs have less transmission time space and it will lower the SU

transmission throughput, assuming SU has a fixed time slot.

1.1.3 Motivations for Traffic-Aware Cognitive Radio Approach

In order to improve the traditional CR approach, CRs want to exploit the traffic knowledge

to design a better spectrum utilization strategy. We consider multiple channels and users in

a CR network. First CRs can observe traffic states and learn the traffic statistics. With the

traffic statistics, the CR not only knows roughly the utilization for each channel, but it also

can predict the future status for the channel. For instance, if the CR finds out the channel

has large probability of being used, it should try to avoid using this channel, or to switch to

other channels before the collision occurs. On the other hand, if the channel is found to be

idle most of the time, the CR should spend more effort to search transmission opportunities

on it. Second, CRs can cooperate multiple users to reduce the sensing time on each channel

since it is a well-known result that multiple sensors can provide a better sensing accuracy

within a shorter interval. Moreover, CRs can exploit the traffic to better schedule sensing

process for SUs. For example, CRs may prefer to cooperate more users to sense the channel

with light traffic in order to gain more transmission opportunities.

For all the advanced strategies for CR approach, the key point is that we need accurate

traffic knowledge to implement them.

1.2 Overview of Related Work

There are two major categories in terms of traffic-aware cognitive radio design. The first

category is the traffic analysis. Traffic analysis, including traffic classification, traffic predic-

tion, and traffic estimation are well-developed in wireless/wired communication fields. For
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example, classify the Internet Protocol (IP) traffic in an IP network [NA08] or PU traffic

pattern in a dynamic spectrum access (DSA) network [HPM10]. For traffic prediction, it is

well-studied that if we know the PU traffic behavior in advance, we can further improve the

wireless communication systems, e.g., efficiently allocating multi-carrier resource [LJX08]

or minimizing transmission energy [TPC11]. Understanding traffic parameters is another

famous topic, which is done through traffic estimation. Several traffic estimation techniques

were proposed [TTZ12,GLP13b] to estimate the mean channel idle/busy time, and their es-

timation bounds were also derived in the paper. The second category is to design spectrum

sharing protocols for the CR network. Most current literature focuses on the channel sensing

order problem, i.e., to figure out how to schedule the SUs to sense the channels in order to

achieve maximal throughput or minimal sensing delay [KS08a,CZ11].

However, none of the above mentioned works provide an efficient framework to link

the traffic analysis and the CR protocol design. Specifically for the protocol design, they

proposed to incorporate perfect traffic statistics in their protocol design. But in reality, the

traffic statistics can not be perfectly known. We need to apply traffic estimation techniques

to obtain the traffic statistics. Therefore, in this dissertation we aim at looking into deeper

development of traffic analysis, while incorporating the traffic analysis into the spectrum

sharing protocol design and analyze how the traffic estimation errors affect the protocol

performance.

1.3 Proposed Cognitive Radio Architecture

In this dissertation we propose two tasks to design spectrum sharing protocols shown in

Fig. 1.3. In the first task, we would like to understand the statistical properties of licensed

channels. To achieve this, we classify the accurate PU idle/busy time distribution, and

estimate some key parameters for the distribution. Based on these parameters, we further

design a channel predictor which can predict future channel state given past observations. In

task 2, we propose to integrate traffic statistics from task 1 into two protocols, i.e., sequential

sensing and opportunistic spectrum access (OSA).
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Figure 1.3: Proposed system architecture

1.3.1 Traffic Analysis

The first step in traffic analysis is traffic classification. We focuses on analytical studies of

the PU traffic classification problem. Observing that the gamma distribution can represent

positively skewed data and exponential distribution (popular in communication networks

performance analysis literature) it is considered here as the PU traffic descriptor. We inves-

tigate two PU traffic classifiers utilizing perfectly measured PU activity (busy) and inactivity

(idle) periods: (i) maximum likelihood classifier (MLC) and (ii) multi-hypothesis sequential

probability ratio test classifier (MSPRTC). Then, relaxing the assumption on perfect period

measurement, we consider a PU traffic observation through channel sampling. For a special

case of negligible probability of PU state change in between two samplings, we propose a

minimum variance PU busy/idle period length estimator. Later, relaxing the assumption

of the complete knowledge of the parameters of the PU period length distribution, we pro-

pose two PU traffic classification schemes: (i) estimate-then-classify (ETC), and (ii) average

likelihood function (ALF) classifiers considering time domain fluctuation of the PU traffic

parameters. Numerical results show that both MLC and MSPRTC are sensitive to the pe-

riods measurement errors when the distance among distribution hypotheses is small, and to

the distribution parameter estimation errors when the distance among hypotheses is large.

For PU traffic parameters with a partial prior knowledge of the distribution, the ETC out-
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performs ALF when the distance among hypotheses is small, while the opposite holds when

the distance is large.

The second step in traffic analysis is traffic prediction. In order to fully exploit the

availability of PUs’ unused spectrum by secondary users, traffic prediction can be used to

increase system throughput. In this work we propose a PU traffic prediction algorithm

based on estimated PU traffic state transition probabilities. The probabilities are obtained

via constrained-time PU traffic parameters estimation assuming exponentially/Erlang-2 dis-

tributed PU ON/OFF channel utilization intervals. Moreover, we define prediction regions

for the estimated parameters where the optimal traffic prediction is possible. Finally, we

theoretically quantify the prediction confidence as a function of the prediction time, the

total estimation time period and the number of samples used for estimation.

1.3.2 Traffic-Aware Spectrum Sharing

After traffic analysis, first we propose to design a sequential sensing protocol utilizing the

traffic knowledge. We present new results on the problem of finding the best channel sensing

order for multi-channel DSA networks. We start with the general assumption that all SUs

cooperatively sense each PU channel at one time., i.e., to design a multi-channel sequential

sensing protocol. Then, the SU sensing results are reported to a DSA base station that

schedules SU transmissions in order to maximize DSA network throughput. We then assume

that PU traffic parameters are not perfectly known to DSA network and change over time,

and propose a novel PU channel sensing order scheme based on the quality of PU traffic

estimation. We adopt a maximum likelihood estimator to estimate the traffic statistics of PU

channels and derive the Cramér-Rao (CR) bounds for the PU traffic estimation performance.

Based on the CR bound and its Gaussian approximation, we analyze the impact of the

estimation error on the DSA network throughput by computing a new metric called sensing

order confidence, i.e., the probability that the best selected sensing order is not affected

by PU traffic estimation errors. Finally, we formulate a convex optimization problem to

determine the minimum number of PU channel state samples required for estimating PU
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traffic parameters after determining a certain constraint on the sensing order confidence

metric to achieve the best sensing order.

Then we extend previous results and look at a more general DSA sensing scheduling

problem, i.e., to design a multi-channel opportunistic spectrum access (OSA) protocol. A

key factor to design an OSA network is the spectrum sensing algorithms for multiple channels

with multiple users. Multi-user cooperative channel sensing reduces the sensing time, and

thus it increases transmission throughput. However, in a multi-channel system, the problem

becomes more complex since the benefits of assigning users to sense channels in parallel must

also be considered. A sensing schedule, indicating to each user the channel that it should

sense at different sensing moments, must be thus created to optimize system performance.

In this work, we formulate the general sensing scheduling optimization problem and then

propose several sensing strategies to schedule the users according to network parameters

with homogeneous sensors. Later on we extend the results to heterogeneous sensors and

propose a robust scheduling design when we have traffic and channel uncertainty. We propose

three sensing strategies, and, within each one of them, several solutions, striking a balance

between throughput performance and computational complexity, are proposed. In addition,

we show that a sequential channel sensing strategy is the one to be preferred when the

sensing time is small, the number of channels is large, and the number of users is small.

For all the other cases, a parallel channel sensing strategy is recommended in terms of

throughput performance. We also show that a proposed hybrid sequential-parallel channel

sensing strategy achieves the best performance in all scenarios at the cost of extra memory

and computation complexity.

1.4 Thesis Organization

In this thesis, we develop two traffic-aware spectrum sharing protocols, i.e., sequential sens-

ing protocol and opportunistic spectrum access protocol, by utilizing the traffic knowledge.

In Chapter 2, we propose several classifiers to classify PU traffic distribution. We also ana-

lyze the performance for the traffic classifier if we have traffic parameter estimation errors.
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A design guideline is provided for energy-efficient or delay-efficient sensing design to achieve

a certain classification accuracy. In Chapter 3, we propose a traffic predictor based on the

Markov chain for PUs. Then we propose a prediction region to link the traffic prediction

performance and the traffic parameter estimation errors. A prediction confidence is proposed

to quantify the probability that the prediction performance is not affected by the parameter

estimation errors, using the prediction region. In Chapter 4, we design a sequential sensing

strategy for SUs to maximize their throughput in a DSA network. We also link the through-

put performance and the traffic estimation through a sensing confidence. In Chapter 5 we

discuss a more general sensing scheduling problem that is solved by not only the sequen-

tial strategy, but also the parallel and sequential-parallel sensing strategies. Furthermore,

the sensing strategies are designed to be robust to channel and traffic parameter estimation

variations. Finally, this work is concluded in Chapter 6.
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CHAPTER 2

Primary User Traffic Classification in Dynamic

Spectrum Access Networks

2.1 Introduction

Understanding the PUs’ channel occupancy distributions becomes important from a theo-

retical point of view [GLP13a], but most importantly it allows to improve seamless DSA

operation [KYY12, Sec. IV-B], [RW13, Fig. 2]. For example, if SUs have sufficient

knowledge about the PUs’ traffic distributions, they can minimize the channel switching

latency [KS08a], predict the PUs’ behavior to minimize interference [LGC12] or find an op-

timal PU channel sensing order [LTP13]. Therefore, the SUs should accurately estimate the

PUs’ traffic distribution, i.e., classify the PU traffic correctly from a set of possible distribu-

tions, e.g., exponential, gamma, log-normal, and Weibull distributions as tested in [LC13].

Looking at the recent DSA/OSA applications, traffic classification can be used in Licensed

Shared Access [PMP14] (LSA) systems, where traffic classification would help in identifying

the behavior of individual LSA licensees [AK14] and adapting licensing rules accordingly.

2.1.1 Related Work

Traffic classification is an important research area in many telecommunication domains,

e.g. in IP networks [NA08]. In parallel, analytical modeling of IP traffic has also been

concerned, refer to a discussion in e.g. [Pax98, Sec. III-D]. In the DSA area, the topic

has started to receive attention as well. Considering relevant works that aim at PU traffic

classification, [HPM10] was the first to deal with traffic pattern classification in DSA net-
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works. Therein, the classification of the traffic pattern was done by using the autocorrelation

function of the received PU signal. Work of [HSM11] improved the classification algorithm

of [HPM10] by filtering away the errors that were caused by noise and incorrect spectrum

sensing. Inspired by machine learning, the authors in [DB12] proposed two behavior classi-

fiers, namely a naive Bayesian classifier and an averaged one-dependence estimation classifier

to classify the channel selection strategy for SUs. However, the authors of [HPM10,HSM11]

considered the PU traffic pattern to be either stochastic or deterministic, without assigning

the PU traffic to a specific distribution. Furthermore, the classifier of [DB12] did not take

the distributions of PU traffic but only the mean busy/idle time into consideration. We thus

conclude, to the best of our knowledge, the performance of PU traffic classification is still

relatively unexplored from the theoretical point of view.

2.1.2 Our Contribution

This motivated us to perform detailed theoretical studies of PU traffic classification. Since

gamma distribution (including exponential and Erlang distributions) for PU traffic modeling

has been measured widely in current literature [LC13, WRM09], in this work we consider

the classification of gamma-distributed PU busy/idle time collected through an error-free

spectrum sensing process. The contribution of our work is fourfold:

1. We analytically derive the performance for the PU traffic classifier based on maximum

likelihood using Gaussian approximation;

2. We re-evaluate a sequential algorithm based on a multi-hypothesis sequential proba-

bility ratio test [BV94], to deal with the classification problem for multiple PU traffic

classes, when parameters of PU traffic classes are known in advance;

3. Considering PU channel sampling, for a special case when probability of PU period

change in-between two samples (busy-to-idle-to-busy or idle-to-busy-to-idle) is negligi-

ble, we evaluate (i) a minimum variance PU state length estimator, and (ii) propose a

modified maximum likelihood classifier, quantifying its performance analytically and

providing design guidelines based on traffic parameters;
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4. Finally, we propose (i) a PU traffic estimate-then-classify scheme which requires no

complete knowledge of the PU traffic parameters, and (ii) an average likelihood function

method which requires knowledge on the statistics of the PU traffic parameters when

they fluctuate in time domain.

In addition, we list the important limitations of our work:

1. We assume that the set size of distributions considered for classification is finite and

does not change over time;

2. The effect of spectrum sensing errors at the physical layer on the classification accuracy

is not considered;

3. The calculations of classification accuracy obtained in this paper depend on the exact

knowledge of a subset of traffic parameters and their stationarity.

2.2 System Model

We consider a single channel randomly accessed by a PU. To ease the analysis we disregard

(i) the effect of incidental SU operation within a PU band, i.e., the injection of SU traffic

into PU traffic which obfuscates the correct classification of the latter, and (ii) the effect of

spectrum sensing errors. The assumption (ii) is taken consciously, as the problem of traffic

classification is strictly coupled with the spectrum sensing problem and requires a separate

analytical study due to its complexity. For example, in [WM10, Sec. 4.2] it has been

concluded that “different energy detection thresholds (. . . ) result in significantly different

[PU traffic] distributions.” Recent work of [Lop13] provides a more formal discussion on the

effect of sensing errors on PU traffic analysis. Nevertheless, assumptions (i) and (ii) allow

us to use the results obtained in this paper also for the non-DSA scenarios and provide a

classification benchmark for interference-prone and sensing error-prone cases.

Further, we assume we can obtain traffic busy/idle periods (denoted as ON/OFF, re-

spectively) perfectly through time-domain fine-grained spectrum sensing, as in e.g. [TTZ12,
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Sec. II]. This assumption, in practical terms, results in a sampling time much smaller

than the shortest duration of PU traffic periods. The ON/OFF periods are denoted as

a random variable X with its n independent and identically distributed realizations x =

(x1, x2, · · · , xn)T , xi ∈ (0,∞). Those are assumed to belong to one of M = {1, · · · ,M}

possible gamma distributions. The gamma distribution is chosen for its flexibility to rep-

resent: (i) exponential distribution, due to its analytical popularity [JL12b, Sec. V-B] and

existence in real networks, e.g. as measured in [WMB08b, Sec. IV-A] for call arrival times in

CDMA-based system; and (ii) positively skewed data, which is also confirmed through the

traffic measurement, e.g. in [SCL04, Fig. 10] for call holding time in public safety systems.

Our objective is to minimize the required number of measurement periods in x in order

to classify X to the correct distribution. We can formulate such a classification problem as

a multi-hypothesis problem, i.e.,

X ∼ fX(x) =



f1(x|Θ1), H1,

f2(x|Θ2), H2,

...

fM(x|ΘM), HM ,

(2.1)

where fX(x) is the hypothesized probability density function (PDF) of X, fj(x|Θj) =
β
αj
j

Γ(αj)
xαj−1e−βjx is the gamma PDF of X under hypothesis Hj given the shape parameter

αj and the rate parameter βj, where Θj = (αj, βj)
T and Γ(x) =

∫∞
0
tx−1e−tdt is the gamma

function, where again x ∈ (0,∞). We assume that each hypothesisHj has a prior probability

πj, and we define Ω = (π1, π2, · · · , πM)T ,
M∑
i=1

πi = 1. Without loss of generality, in this paper

we assume that the elements in x denote either PU channel occupancy periods (ON times)

or idle periods only (OFF times).
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2.3 Traffic Classification with Perfect Knowledge of PU Traffic

Parameters

We start with assuming a perfect knowledge of all PU traffic parameters Θj = (αj, βj)
T ,

∀j ∈ M. Firstly, we introduce a maximum likelihood classifier (MLC) that requires a con-

stant number of PU traffic periods, which is an optimal classifier in terms of probability

of correct classification when the PDFs are known [DAB07, Sec. I] and derive its classifi-

cation performance for the considered model in Section 2.2. Such an analysis, to the best

of our knowledge, has not been performed before. Secondly, as a comparison to MLC, we

re-introduce the multi-hypothesis sequential probability ratio test classifier (MSPRTC) us-

ing [BV94] which adopts a sequential sample test instead of using a fixed number of PU

traffic periods for classification.

2.3.1 Maximum Likelihood Classifier

For the considered gamma distribution fj(x|Θj) the likelihood function given x for Hj can

be written as

LHj
(x) = πj

n∏
i=1

fj(xi|Θj)

= πj

n∏
i=1

(
β
αj

j

Γ(αj)
x
αj−1
i e−βjxi

)
, ∀j ∈M. (2.2)

Then, the MLC final decision, ν, is

ν = Hm,argmax
j
LHj

(x). (2.3)

To analyze the MLC classification performance for the system model considered in Sec-

tion 2.2, we start with calculating the log-likelihood function gHj
(x) , logLHj

(x) which can

be represented as

gHj
(x) = log

πjβ
nαj

j

Γ(αj)n
+

n∑
i=1

[(αj − 1) log xi − βjxi]. (2.4)
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Then we can calculate the probability of correct classification under Hj using (2.4) as

Pr{ν = Hj|Hj} = Pr{gHj
(x) > gHk

(x)} ∀k ∈ {M− {j}}

=
M∏

k=1, k ̸=j

Pr{gHj
(x)− gHk

(x) > 0}. (2.5)

Embedding (2.4) into (2.5) we can simplify (2.5) as

Pr{ν = Hj|Hj}

=
M∏

k=1, k ̸=j

Pr

{
n∑
i=1

y
(j,k)
i > − log

πjβ
nαj

j Γ(αk)
n

πkβ
nαk
k Γ(αj)n

}
, (2.6)

where y
(j,k)
i = αj,k log xi − βj,kxi and αj,k = αj − αk, βj,k = βj − βk. We also define the

mean and variance for the variable y
(j,k)
i as µj,k and σ2

j,k, respectively, which are derived in

Appendix A.1.

We can now define ȳ(j,k) ,
n∑
i=1

y
(j,k)
i and calculate its PDF as f

(
ȳ(j,k)

)
= f (n)

(
y
(j,k)
i

)
,

where f (n)(·) denotes the n-fold PDF convolution. Then, by calculating the cumulative dis-

tribution function (CDF) of ȳ(j,k) we can obtain an exact analytical expression for (2.6).

However, due to mathematical intractability of such operations we use a simple approx-

imation instead, which has a closed-form expression, to derive the probability of correct

classification. Therefore, let us transform (2.6) as

Pr{ν = Hj|Hj} =
M∏

k=1, k ̸=j

Pr{zj,k > τj,k}, (2.7)

where zj,k = 1√
nσ2

j,k

n∑
i=1

(
y
(j,k)
i − µj,k

)
and τj,k = − 1√

nσ2
j,k

(
log

πjβ
nαj
j Γ(αk)

n

πkβ
nαk
k Γ(αj)n

+ nµj,k

)
. Accord-

ing to the Central Limit Theorem, as n is large enough, zj,k will approach a standard normal

distribution, N (0, 1). Hence we can approximate (2.7) as

Pr{ν = Hj|Hj} ≈
M∏

k=1, k ̸=j

Q(τj,k), (2.8)

where Q(·) is the tail probability function of the standard normal distribution. Finally, the

average probability of correct classification Pc for all hypotheses is derived using (2.8) as

Pc =
M∑
j=1

πj Pr{ν = Hj|Hj}. (2.9)
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2.3.2 Multi-Hypothesis Sequential Probability Ratio Test Classifier

To compare the performance with MLC, we introduce a new classification method based

on MSPRTC of [BV94]. Unlike MLC which uses a constant number of PU traffic ON (or

OFF) periods, MSPRTC sequentially classifies multiple hypotheses requiring only as many

PU traffic periods as needed for correct classification. We adopt MSPRTC since the authors

in [BV94, Sec. III] show that it provides a good approximation to the optimal solution on

the condition of a perfect a priori knowledge for all distributions, i.e. their parameters, in

the sequential multi-hypothesis classification problem.

MSPRTC decision is then ν = Hm,argmax
j
pjNA

, where the posteriori probability pjn is given

as [BV94, Sec. II]

pjn , πj

n∏
i=1

fj(xi|Θj)

[
M∑
l=1

πl

(
n∏
i=1

fl(xi|Θl)

)]−1

. (2.10)

We define NA as the first n ≥ 1 such that pjn >
1

1+Aj
for at least one j ∈ M, where Aj > 0

is the design threshold.

Recalling [BV94, Sec. VII] Ak = c
δkγk

, where c = α∑M−1
k=0

πk
δk

, α is the total probability

of incorrect decision, γk is the constant defined in [BV94, Sec. VI] and δk is the measure

of probabilistic distance. In [BV94, Sec. VII] δk = min
k:k ̸=j

D(fj(x|Θj), fk(x|Θk)), D is the

Kullback-Leibler (KL) divergence which for two gamma distributions is defined in [Pen01, Eq.

(6)] and after simplifications

D(fj(x|Θj), fk(x|Θk)) ,
∫ ∞

−∞
fj(x|Θj) log

fj(x|Θj)

fk(x|Θk)
dx

= (αj − αk)ψ(αj)− log Γ(αj)

+ log Γ(αk) + αk(log βk − log βj) + αj

(
βj − βk
βk

)
, (2.11)

where ψ(x) = Γ′(x)
Γ(x)

is the digamma function1

Observation 1 The authors of [BV94] suggest to use KL for δk as a descriptor of prob-

abilistic distance for two distributions. For the squared Hellinger (SH) distance, defined

1For the derivation see http://stats.stackexchange.com/questions/11646/

kullbackleibler-divergence-between-two-gamma-distributions, retrieved December 22, 2013.
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as [Van98, Ch. 14.5, pp. 211]

H2(fj(x|Θj),fk(x|Θk))

, 1−
∫ ∞

−∞

√
fj(x|Θj)fk(x|Θk)dx, (2.12)

(note that the 0.5 constant is omitted for convenience as remarked in [Pol02, Ch. 3.3, pp.

61]), it can be shown to be the lower bound of KL divergence [Cas13, Proposition 1], i.e.,

D(fj(x|Θj), fk(x|Θk)) ≥ H2(fj(x|Θj), fk(x|Θk)). (2.13)

We thus propose to replace δi used in calculating the threshold for MSPRTC, Aj, with ηj

where

ηj = min
k:k ̸=j

H2(fj(x|Θj), fk(x|Θk)), (2.14)

and the SH distance between two gamma distributions (considered in the system model in

Section 2.2) is derived in Appendix A.2.

Observation 2 The procedure to calculate γk explained in [BV94, Sec. VII] is convolved2.

Therefore, in numerical evaluation in Section 5.6 we will replace Ak with a single value γ for

all the hypotheses. To find γ, before performing classification we sweep through γ ∈ [0,∞) to

determine the desired classification probability. For example, we can set γ = 0 and obtain the

first classification performance. If it does not satisfy the classification system requirement,

we increase γ by a pre-defined step size ∆γ > 0 until we reach our desired classification

performance.

2.4 Joint PU Traffic Period Estimation and Traffic Classification

So far, we have assumed the continuous observation of the PU channel state. In this section

we consider a more general traffic classification problem, where the elements of x also need

to be estimated. Therefore we relax the assumption on the continuous observation of PU

2Even though we used it in [LRP13] by actually not calculating it, but sweeping through a large set of
values of constant γ (Bayes classification risk minimizer) to obtain a desired classification.
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state and assume a PU channel observation at instants every Ts seconds to find the elements

in x.

First, we introduce the model for the PU period length estimation in Section 2.4.1.

Then, in Section 2.4.2, we propose a minimum variance period length estimator to minimize

estimation errors. Subsequently, we propose a modified MLC considering estimation error

and analytically derive the approximation of its classification performance in Section 2.4.3.

We then propose a modified MSPRTC considering estimation error in Section 2.4.4. Finally,

in Section 2.4.5 we propose a design guideline for MLC with energy or time constraints on

the spectrum sensing budget.

2.4.1 Period Estimation Noise Modeling under PU Traffic Sampling

We follow the system model shown in [Lop13, Section II, Fig. 1(a)], where a PU traffic

period, i.e., ON/OFF duration Ton/Toff, is estimated through sampling performed at regular

intervals of Ts seconds. Without loss of generality, we will focus on estimating Ton only, while

Toff can be estimated using the same technique. In addition, to ease the analysis, we assume

that the probability of PU state change between two samplings is negligible.

Denote s = 1 represents the channel being busy, while s = 0 represents the channel

being idle. Assuming as previously that we ignore spectrum sensing errors we would like

to estimate the length of Ton based on the set of samples obtained at Ts intervals. For the

actual Ton we denote four time instants, i.e., t0, t1, t2, and t3: (i) t0 is the starting point

with s = 0, (ii) t1 and (iii) t2 are the transition points from s = 0 to s = 1 and s = 1

to s = 0, respectively, and (iv) t3 is the end point with s = 0. After sampling the traffic,

we define the nearest sampling point to t1 as ζ1 in region (t0, t1) and ζ2 in region (t1, t2).

Similarly, we define the nearest sampling point to t2 as ζ3 in region (t1, t2) and ζ4 in region

(t2, t3). In other words, ζi are the actual discrete channel measurement points. Then we can

think of this PU channel sampling as a quantization process, i.e., there are four sources of

quantization noise which are ϕ1 = t1 − ζ1, ϕ2 = ζ2 − t1, ϕ3 = t2 − ζ3, and ϕ4 = ζ4 − t2. We

can now model quantization error as a uniformly distributed random variable, which implies
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that ϕi ∼ U(0, Ts), ∀i ∈ {1, 2, 3, 4}, where U(a, b) denotes the uniform distribution and a, b

are the minimum and maximum value for the random variable ϕi, respectively.

2.4.2 Ton Length Estimator

We first propose a minimum variance PU period length estimator that reduces the sampling

noise effect. Then we derive the average number of PU traffic samples needed for Ton length

estimation using the proposed estimator.

2.4.2.1 Minimum Variance Estimator

First we consider T1, i.e., the interval between two nearest s = 0 points, where T1 = ζ4−ζ1 =

Ton + ϕ1 + ϕ4. Then, we consider T2, i.e., the interval between two nearest s = 1 points,

where T2 = ζ3 − ζ2 = Ton − ϕ2 − ϕ3. We propose a weighted average of T1 and T2, i.e.,

Ta = wT1 + (1− w)T2 as our Ton estimator, where w ∈ [0, 1] is the weight that needs to be

designed. We know that the mean for Ta is

E{Ta} = wE{T1}+ (1− w)E{T2}

= wE{Ton + ϕ1 + ϕ4}+ (1− w)E{Ton − ϕ2 − ϕ3}

= (2w − 1)Ts + E{Ton}, (2.15)

since E{ϕi} = Ts
2
, ∀i ∈ {1, 2, 3, 4}. We can observe that with w = 1

2
, the mean of Ta will be

the same as the mean of Ton, resulting in Ta an unbiased estimator. Then we would like to

minimize the variance of Ta to derive the optimal w. Such variance is expressed as

Var{Ta} =
T 2
s

6
(w2 + (1− w)2) + Var{Ton}, (2.16)

since Var{ϕi} = T 2
s

12
, ∀i ∈ {1, 2, 3, 4}. Taking the derivative of (2.16) with respect to w and

setting it to zero, we can obtain the optimal weight as w∗ = 1
2
. Therefore, the minimum

variance estimator (MVE) is expressed as

Ta =
1

2
(T1 + T2) = Ton + ϕ1 − ϕ3 = Ton − ϕ2 + ϕ4. (2.17)
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2.4.2.2 Average Number of PU Traffic Samples for Period Estimation using

Minimum Variance Estimator

The following theorem summarizes the analytical results for the average number of PU traffic

samples, N , when we adopt the proposed MVE to estimate one PU state length Ton.

Theorem 1 The expected average number of traffic samples for estimating one PU period

is

E{N} =
M∑
j=1

πjE{N |Hj}, (2.18)

where

E{N |Hj} =
∞∑
k=1

Γ(αj, kβjTs)

Γ(αj)
+ 1. (2.19)

Proof: See Appendix A.3.

Corollary 1 If hypothesis Hj is an exponential distribution with parameter λ, then

E{N |Hj} =
1

1− eλTs
. (2.20)

Proof: We can simplify (2.19) by assigning αj = 1 and βj = λ, which results in

E{N |Hj} =
∞∑
k=1

Γ(1, kλTs)

Γ(1)
+ 1 =

∞∑
k=1

∫ ∞

kλTs

e−tdt+ 1

=
∞∑
k=1

e−kλTs + 1 =
1

1− e−λTs
. (2.21)

Corollary 2 If hypothesis Hj is an Erlang distribution with parameter αj = 2 and βj = λ

then

E{N |Hj} =
1− e−λTs + λTse

−λTs

(1− e−λTs)2
. (2.22)
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Proof: If αj is an integer then Γ(αj) = (αj−1)! and Γ(αj, kλTs) = (αj−1)!e−kλTs
αj−1∑
l=0

(kλTs)l

l!
.

Plugging the above two results with αj = 2 into (2.19) we have

E{N |Hj} =
∞∑
k=1

e−kλTs
1∑
l=0

(kλTs)
l

l!
+ 1

=

(
∞∑
k=1

e−kλTs + 1

)
+

∞∑
k=1

kλTse
−kλTs . (2.23)

The left hand side in (2.23) can be simply obtained from (2.21), and the right hand part

in (2.23) can be calculated as
∞∑
k=1

kλTse
−kλTs = λTse−λTs

(1−e−λTs )2
. Combining the left hand and right

hand parts completes the proof.

2.4.3 MLC under PU Period Estimation Error

To derive the MLC considering PU period estimation error, we first need to derive the

modified PDF for our proposed estimator. From (2.17) we can observe that the estimated

PU period length is represented by the real PU traffic periods plus two uniformly distributed

variables (representing sampling noise), one for the beginning and one for the end of the PU

traffic period. The PDF for the combined sampling noise, ϕ = ϕ1− ϕ3 or ϕ = −ϕ2 + ϕ4, can

be calculated by taking the convolution of two uniform distributions, which can be expressed

as a triangular function

fΦ(ϕ) = Λ(−Ts, Ts) =
I(−ϕ)

T 2
s

ϕ+
1

Ts
, (2.24)

where I(ϕ) = 1 if ϕ ≥ 0, else I(ϕ) = −1. By convolving the PDF for Ton and ϕ, we can

obtain the PDF for Ta, which can be derived using the following theorem.

Theorem 2 Given a random variable x̃ = x + ϕ, where x is gamma distributed with pa-

rameters Θ = (α, β) and ϕ is triangular distributed with parameter Ts, the PDF of x̃ can be
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expressed as

f(x̃|Θ, Ts) =



Γ(α+1,(x̃+Ts)β)−2Γ(α+1,x̃β)+Γ(α+1,(x̃−Ts)β)
Γ(α)βT 2

s

− (x̃+Ts)Γ(α,(x̃+Ts)β)
Γ(α)T 2

s

+2x̃Γ(α,x̃β)−(x̃−Ts)Γ(α,(x̃−Ts)β)
Γ(α)T 2

s
, if x̃ ≥ Ts,

Γ(α+1,(x̃+Ts)β)−2Γ(α+1,x̃β)+Γ(α+1)
Γ(α)βT 2

s

− (x̃+Ts)Γ(α,(x̃+Ts)β)
Γ(α)T 2

s

+2x̃Γ(α,x̃β)−(x̃−Ts)Γ(α)
Γ(α)T 2

s
, if 0 ≤ x̃ < Ts,

Γ(α+1,(x̃+Ts)β)−Γ(α+1)
Γ(α)βT 2

s

− (x̃+Ts)[Γ(α,(x̃+Ts)β)−Γ(α)]
Γ(α)T 2

s
, if− Ts ≤ x̃ < 0,

0, otherwise.

(2.25)

Proof: See Appendix A.4. Denote the realization for Ta as x̃i. We can obtain its PDF,

fj(x̃i|Θ, Ts), under hypothesis Hj from Theorem 2. We follow the same step in Section 2.3.1

to derive the MLC, where the likelihood function can be written as LHj
(x̃) = πj

n∏
i=1

fj(x̃i|Θ, Ts),∀j ∈

M, similarly to (2.2).

To quantify the probability of correct classification with estimation error, P̃c, in a closed-

form, we apply approximation in the same manner as in Section 2.3.1. First, let us assume

that the sampling period Ts is not large, which means that PDF of x̃i and xi would not

significantly deviate from each other. We first replace y
(j,k)
i with the ỹ

(j,k)
i = αj,k log(xi +

ϕi) − βj,k(xi + ϕi) where ϕi is a realization for the quantization noise. To be able to apply

(2.6) considering sampling noise we need to first find an expectation and variance of ỹ
(j,k)
i ,

i.e., µ̃j,k and σ̃2
j,k, respectively. For µ̃j,k, since xi +ϕi might be a negative value, the mean for

ỹ
(j,k)
i might be a complex number, which can not be used in the Q function. Therefore we

use µ̃j,k = µj,k. On the other hand, the derivation for σ̃2
j,k is given in Appendix A.5, which

is always a real number. We can now obtain the average probability of correct classification

P̃c under estimation noise using (2.8) and (2.9) by replacing σ2
j,k with σ̃2

j,k. It is thus im-

perative to emphasize that the proposed calculation method (due to above assumptions) is
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quite inaccurate considering all parameter combinations and needs to be taken with caution.

Therefore calculation of classification performance is still considered to be an open problem.

The reader is encouraged to experiment with our analytical procedure of classification based

on the accompanying MATLAB code, see Section 2.6.1.

2.4.4 MSPRTC under Period Estimation Error

The proposed MSPRTC under period estimation error follows the same procedure explained

in Section 2.3.2. The only adaptation is to replace the PDF fj(x|Θj) in (2.10) with the

modified PDF fj(x̃|Θj, Ts) derived in (2.25).

2.4.5 A Design Guideline for Traffic Classification using MLC

There are two parameters, i.e., total observation time, T , and total number of samples, N ,

to be used in classification that need to be optimized. Naturally, we would like to use the

smallest T or N to achieve the desired performance for MLC. To derive the performance of

correct classification using period estimation P̃c, we need to obtain the number of periods

and the sampling period Ts. Obviously Ts = T
N−1

. The average number of periods can be

derived as

E{K} =
M∑
j=1

πjE{K|Hj}, (2.26)

where

E{K|Hj} =
T

E{Ton|Hj}
(1−R(Ts|Hj)). (2.27)

Here E{K|Hj} is the average number of periods we can obtain under hypothesis Hj, which is

equal to the total average number of periods T
E{Ton|Hj} times the successful period detection

rate 1 − R(Ts|Hj), where R is the mis-detection rate for detecting one period defined as

R(Ts|Hj) = Pr{Ton < Ts|Hj} = G(Ts|Θj), where G(·|Θj) is the CDF function for a gamma

distribution under hypothesisHj. Note that Ts and E{K} are functions of T andN , therefore

we know P̃c is a function of traffic parameters Θj, ∀j ∈ M, Ω, observation time T , and

number of traffic samples N . Once the classification performance constraint ϵ is given, we
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can solve the optimization problem

min T (or N) subject to P̃c ≥ ϵ (2.28)

analytically.

2.5 Traffic Classification with Imperfect Knowledge of PU Traffic

Parameters

We further relax the system model assumptions from Section 2.2 and consider the lack of

complete information on Θj. Specifically, for the perfectly measured x we assume that the

shape parameters αj are known, but the rate parameters βj, ∀j ∈M are not.

First, we consider to treat βj as unknown deterministic value. In this case we propose the

estimate-then-classify (ETC) scheme to complete the traffic classification, where we estimate

all PU traffic parameters before applying them to the MLC (Section 2.5.1) and MSPRTC

(Section 2.5.2). Additionally, for the ETC we derive the classification performance of MLC

analytically. Then, if the PU traffic parameters βj follow a certain distribution, we propose

in Section 2.5.3 the average likelihood function (ALF) for the classifiers.

2.5.1 Estimate-Then-Classify: Using MLC

The ML estimator of βj for the distribution fj(x|Θj) can be derived by solving
∂

n∏
i=1

fj(xi|Θj)

∂βj
=

0 which gives

β̂j = αjn

(
n∑
i=1

xi

)−1

. (2.29)

Considering MLC, the ETC scheme is based on replacing βj with its estimate β̂j in the PDF

of x as fj(x|Θ̂j) where Θ̂j = (αj, β̂j) and subsequently to the likelihood function defined in

(2.2).

To analyze the classification performance for the proposed ETC-based MLC, we can sim-

ply use (2.9) except βj is replaced by the corresponding mean of the estimator E{β̂j}. To be
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more specific, under hypothesisHj, the mean is expressed as E{β̂−1
k |Hj} = 1

nαk

n∑
i=1

E{xi|Hj} =

αj

αk
β−1
j , and the variance is expressed as Var{β̂−1

k |Hj} =
αjβ

−2
j

nα2
k

, ∀k ∈ M. Therefore as n ap-

proaches infinity, the variance for β̂−1
k approaches zero, which means that β̂−1

k converges to

αj

αk
β−1
j asymptotically. To conclude, we replace βk with E{β̂k} and embed it into (2.9), and

the probability of correct classification using ETC-based MLC can be represented as

P̂c =
M∑
j=1

πj

M∏
k=1 k ̸=j

Q

− 1√
nσ̂2

j,k

×

(
log

πjα
nαk
j β

n(αj−αk)
j Γ(αk)

n

πkα
nαk
k Γ(αj)n

+ nµ̂j,k

))
, (2.30)

where µ̂j,k and σ̂2
j,k are the mean and variance of ŷ

(j,k)
i = αj,k log xi −

(
αj−αk

αj

)
βjxi, respec-

tively, which can also be derived analytically using the scheme given in Appendix A.1.

2.5.2 Estimate-then-Classify: Using MSPRTC

For the MSPRTC, we need to update the estimated posterior probabilities after collecting

each new PU traffic period if all the estimated posterior probabilities defined as

p̂jn , πj

n∏
i=1

fj(xi|Θ̂j)

[
M∑
l=1

πl

(
n∏
i=1

fl(xi|Θ̂l)

)]−1

, (2.31)

are less than or equal to the threshold. The complete algorithm for ETC-based MSPRTC is

listed in Algorithm 1.

2.5.3 Average Likelihood Function: Traffic Classification with Prior Knowledge

on Distribution of PU Traffic Parameters

We now consider a case when the PU traffic parameters βj are no longer constants, but

instead follow a certain distribution. When the distribution of the PU traffic parameter is

known, such knowledge can be exploited by averaging the conditional likelihood function

with respect to the distribution of the PU traffic parameter, which can better describe the
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Algorithm 1 ETC-based MSPRTC
1: procedure Classifier(x, fj(x|Θj),M,Ω, γ)

2: i← 1

3: x← x1

4: Calculate Θ̂j using (2.29), ∀j ∈ {1, 2, · · · ,M}

5: Calculate estimated posteriori probability p̂ji using (2.31)

6: while p̂ji ≤
1

1+γ∀j ∈ {1, 2, · · · ,M} do

7: i← i+ 1

8: x← (x1, x2, · · · , xi)T

9: Calculate Θ̂j using (2.29), ∀j ∈ {1, 2, · · · ,M}

10: Calculate estimated posteriori probability p̂ji using (2.31)

11: end while

12: NA ← i ◃ Stopping time

13: m← argmax
j

p̂jNA

14: ν ← Hm ◃ Final decision

15: end procedure

behavior for each hypothesis. The proposed ALF under Hj is defined as

hj(x) ,
∫ ∞

−∞
fj(x|Θj)qj(βj)dβj, (2.32)

where qj(βj) is the PDF for βj. Hence the likelihood function in (2.2) for MLC and the

posterior probability in (2.10) for MSPRTC are modified by replacing likelihood function

fj(x|Θj) with ALF hj(x). As an example, assuming βj ∼ U(Lj, Uj) then (2.32) can be

derived using (A.12) as

hj(x) =

∫ Uj

Lj

fj(x|Θj)qj(βj)dβj

=
xαj−1

(Uj − Lj)Γ(αj)

∫ Uj

Lj

β
αj

j e
−βjxdβj

=
Γ(αj + 1, Ljx)− Γ(αj + 1, Ujx)

(Uj − Lj)Γ(αj)x2
. (2.33)

Note that the average SH distance with ALF can be calculated by using (2.33) to replace

fj(x|Θj) in (A.11). Also note that for the average SH distance with ALF we were unable to

find a closed-form expression and it can only be computed through numerical integration.
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2.6 Numerical Results

We now present MATLAB-based numerical results for the performance of the proposed PU

traffic classification algorithms. We assume M = 3, as in [BV94, Sec. VIII] in which two

distributions are considered as special cases, that is where: (i) α1 = 1, i.e., exponential distri-

bution, and (ii) α2 = 2, i.e., Erlang distribution. Furthermore, we design two test scenarios

for the classifiers, i.e., Test I and Test II, with a relatively large and small average distri-

bution distance among hypotheses, respectively. The average distance among hypotheses is

evaluated through average SH distance, H2, which is calculated in Appendix A.2. The PU

traffic parameters for Test I and Test II are summarized in Table 2.1 for the PU traffic with

stable parameters and in Table 2.2 for PU traffic with fluctuating parameters, respectively.

The unit for βi is second−1. We assume that each hypothesis has the same prior probability,

i.e., πj = 1
M

, i.e. a maximum entropy case. Observe that for Test II, all hypotheses have

the same first moment in order to have a small average distance among hypotheses, which

is different from Test I. In our simulations, PU traffic periods are generated randomly from

three distributions in one realization. In case of PU sampled process we generate it by adding

two uniformly distributed random variables at the beginning and the end of PU traffic pro-

cess, following strictly the simplifying assumption from Section 2.4.1. Each simulation point

is obtained by method of batch means (unless otherwise stated) averaging 50 classification

runs, each having at least 2000 realizations for a confidence interval of 0.1.

2.6.1 Results Reproducibility and Open Code Access

In addition, for the reproducibility of results, the source code used in generating all fig-

ures is (i) available upon request or (ii) via http://cores.ee.ucla.edu/images/d/d4/Traffic-

classification-source-code-may-2014.zip. The code allows the reader to generate results for

a desired set of variables and experiment with the implementation and the accuracy of the

developed classifiers. Any future corrections and updates to the source code and the paper

will be also available therein.
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Table 2.1: Traffic Parameters (Stable)

Function Parameters (Test I) Parameters (Test II)

exponential α1 = 1, β1 = 0.4 α1 = 1, β1 = 0.4

Erlang α2 = 2, β2 = 0.3 α2 = 2, β2 = 0.8

gamma α3 = 0.8, β3 = 0.5 α3 = 0.5, β3 = 0.2

Average H2 0.1799 0.0695

Table 2.2: Traffic Parameters (Fluctuating)

Function Parameters (Test I) Parameters (Test II)

exponential α1 = 1, β1 ∼ U(0.4, 0.9) α1 = 1, β1 ∼ U(0.4, 0.9)

Erlang α2 = 2, β2 ∼ U(0.1, 0.3) α2 = 2, β2 ∼ U(1.2, 1.4)

gamma α3 = 0.2, β3 ∼ U(0.2, 0.5) α3 = 3, β3 ∼ U(1.1, 2.8)

Average H2 0.4482 0.0379

2.6.2 Traffic Classification Performance with Perfectly Sampled PU Traffic Pe-

riods and Parameters

In Fig. 2.1 we present the classification performance under perfect knowledge of PU traffic

parameters and perfect sampling of traffic ON/OFF periods as a function of traffic periods n.

First, we observe that under both tests the simulated MLC performance matches our derived

analytical performance. Second, the MSPRTC performs better than MLC since it can achieve

the same Pc using less number of PU traffic periods. Finally, our results prove the intuitive

observation that for a smaller average distance among hypotheses, shown in Fig. 2.1(b), a

higher number of PU traffic periods is needed to classify the correct hypotheses3.

3Note that in the MATLAB implementation we are constrained by the numerical precision of 32 bit
unsigned integers (due to frequent exponentiations of very small numbers) thus the analytical results are not
realizable for large values of n. Also, note that while plotting the analytical results for the MLC classifier,

we have used a simulation to generate statistics for mean and variance for y
(j,k)
i and ỹ

(j,k)
i , to speed up figure

generation. More details are provided in the code accompanying this paper.

30



0 5 10 15 20 25
0.7

0.75

0.8

0.85

0.9

0.95

Average Number of Traffic Periods

P
ro

ba
bi

lit
y 

of
 C

or
re

ct
 C

la
ss

ifi
ca

tio
n

 

 

MLC (Sim.)
MLC (An.)
MSPRTC (Sim.)

(a) Test I
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Figure 2.1: Probability of correct classification with the average number of PU traffic periods,

under perfect knowledge of PU traffic periods and parameters. MLC is compared with

MSPRTC. PU traffic parameters used in simulations are presented in Table 2.1. Simulation

results (Sim.) are plotted to verify analytical results (An.).
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2.6.3 Traffic Classification Performance with PU Traffic Period Estimation and

Perfect Knowledge of Parameters

Fig. 2.2 shows the normalized performance loss L , Pc−P̃c

Pc
for MLC with the average number

of traffic samples4 E{N}, which are both functions of Ts. We consider two cases of PU traffic

periods: (i) K = 10 and (ii) K = 16. First, as the average number of PU traffic samplings

increases, which means we adopt a small sampling period Ts, L decreases. This is because

we have higher resolution for sampling to estimate the PU traffic periods, thus resulting in

a more accurate classification. Second, we observe that the performance for higher number

of PU traffic periods is more sensitive to the PU traffic period estimation error. Therefore

more PU traffic samples for higher number of PU traffic periods are needed to achieve the

same performance as with a lower number of PU traffic periods. Finally, we show that for

a small average distance among hypotheses, the performance loss is large since in this case

the PU traffic classification is more sensitive to the period estimation errors.

In Fig. 2.3 we compare MLC and MSPRTC under sampling. First, as the sampling period

increases, the performance of both classifiers decreases. Naturally, a longer sampling period

will result in a larger estimation noise. Second, we observe that MSPRTC is as sensitive

as MLC to the period estimation error. This is because both MSPRTC and MLC adopt

the same likelihood function for classification, which requires accurate knowledge of the true

distributions. If the noise is added into the observation, it will distort the original PDF even

worse when the distance among hypotheses is small.

2.6.4 A Design Guideline Example for Traffic Classification using ML Classifier

We provide two examples for the design guideline shown in Section 2.4.5. First we consider

the case where, given observation time T , we need to design the number of traffic samples

and therefore sampling period Ts, to achieve a certain probability of correct classification.

In Fig. 2.4(a) we observe that as the number of traffic samples increases the classification

performance improves. This is because as the number of traffic samples increases, the period

4In this case we do not plot the confidence intervals as we plot the difference between the two means.
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Figure 2.2: Normalized classification performance loss with average number of traffic samples

using the minimum variance estimator for the MLC under perfect knowledge of PU traffic

parameters. The PU traffic parameters used are given in Table 2.1. All results were obtained

by simulations.
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Figure 2.3: Probability of correct classification with the average number of PU traffic periods

using the minimum variance estimator, under perfect knowledge of PU traffic parameters.

MLC is compared with MSPRTC. The PU traffic parameters used are given in Table 2.1.

All results were obtained by simulations.
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estimation errors decrease, and at the same time, we can obtain more PU traffic periods as

the PU traffic period mis-detection rate decreases which is shown in (2.26). Furthermore, as

the observation time increases, the classification performance also increase. Although in this

case the estimation error increases, the obtained traffic periods increases. This is because

the latter factor has more influence on the classification performance. In this traffic scenario,

for example, given the timing constraint T = 60 seconds we need at least N = 350 traffic

samples to achieve the performance ϵ = 0.90. This means the constraint for the sampling

rate Ts to sample this traffic should be no less than 60
350−1

= 0.1719 seconds to achieve the

classification performance of ϵ = 0.90.

Second we consider the case where, given the number of samples, we need to design

the observation time to achieve a certain classification performance. From Fig. 2.4(b), the

performance is a concave curve with respect to the observation time. This can be explained

by the behavior of (2.26). In (2.26), E{K} versus T has a similar shape as P̃c versus T .

However, to figure out the classification performance, not only E{K} but also the sampling

period Ts needs to be considered to determine the classification performance. Initially, as T

increases, E{K} increases, and Ts increases. Since the effect of E{K} is more significant, the

classification performance increases. As T increases through the maximum point of E{K},

E{K} starts to decrease. In this region Ts also increases. Therefore the performance will

decrease since we obtain less traffic periods with higher estimation errors. In this traffic

scenario, for example, given the energy constraint N = 50, we can solve for the optimal

observation time T = 100 seconds to achieve the maximal performance ϵ = 0.86. This means

the optimal sampling rate Ts to sample this traffic should be set as 100
50−1

= 2.04 seconds

to achieve ϵ = 0.86. Larger and smaller Ts than the optimal Ts will both degrade the

classification performance.

Finally, we see that our proposed analytical approximation matches the simulation results

for small values of Ts. But as Ts increases, shown in Fig. 2.4(b), the analytical results start

to deviate from the simulation results, refer again to Section 2.4.3.
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0 200 400 600 800 1000 1200
0.45

0.5

0.55

0.6

0.65

0.7

0.75

0.8

0.85

0.9

0.95

Observation Time (s)

P
ro

ba
bi

lit
y 

of
 C

or
re

ct
 C

la
ss

ifi
ca

tio
n

 

 

N=20 (Sim.)
N=20 (An.)
N=50 (Sim.)
N=50 (An.)
N=80 (Sim.)
N=80 (An.)

(b) Sensing constraint on number of traffic samples

Figure 2.4: Probability of correct classification with number of traffic samples in Fig. 2.4(a)

and observation time in Fig. 2.4(b) with perfect knowledge of traffic parameters using MLC.

The PU traffic parameters used are shown as Test I in Table 2.1. Simulation results (Sim.)

are plotted to verify analytical results (An.).
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2.6.5 Traffic Classification with Perfect PU Periods and No Knowledge of Pa-

rameters

Fig. 2.5 presents the probability of correct classification with the average number of PU

traffic periods assuming no knowledge of PU traffic parameters βj. We compare MLC and

MSPRTC with perfect knowledge of PU traffic parameters and the ETC method with no

knowledge of traffic parameters βj. First, we note that ETC-based method performs worse

than methods using perfect parameters. Second, the ETC-based MSPRTC outperforms

MLC as the distance among hypotheses is small, otherwise they perform similarly. Third,

the simulation results for ETC-based MLC matches our proposed analytical results in (2.30),

since the number of PU traffic periods is large enough for parameter estimation. Finally, we

can observe that ETC-based method will perform worse under Test I than Test II, compared

with the perfect classifiers. This is because in Test II the first moments for all hypotheses

are set to be the same, hence the estimated parameters will be close to the true parameters

for all hypotheses. But this is not the case for Test I since the first moments are more

different for all hypotheses—which means a small parameter estimation error will cause a

large classification performance degradation.

2.6.6 Traffic Classification Performance with Perfect PU Traffic Periods and

Prior Knowledge of Traffic Parameters

In Fig. 2.6 we present the classification performance comparisons assuming prior knowledge

about the distribution of PU traffic parameters βj. We note that ALF-based classifiers are

better than ETC-based classifiers under Test I, and the result is opposite under Test II. This

is because of the fact that ALF can capture most PU traffic parameter information if the

distance among hypotheses is large, i.e., the Test I case. If the distance among hypotheses

is small, as in Test II, ETC-based method provides a more accurate PU traffic parameter

estimation.
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Figure 2.5: Probability of correct classification with the average number of PU traffic periods,

under no knowledge of PU traffic parameters βj. MLC is compared with MSPRTC using

ETC scheme. The PU traffic parameters used are shown in Table 2.1. Simulation results

(Sim.) are plotted to verify analytical results (An.).
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Figure 2.6: Probability of correct classification with the average number of PU traffic periods,

with prior knowledge of PU traffic parameters βj. MLC is compared with MSPRTC using

ETC and ALF schemes. The PU traffic parameters used are shown in Table 2.2.
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2.7 Summary

We proposed novel primary user (PU) traffic classification algorithms which were based on

the maximum likelihood function and multi-hypothesis sequential probability ratio test clas-

sifiers, and we considered cases where the PU traffic periods and PU traffic parameters need

to be estimated. In addition, we analyzed a sampling technique to estimate PU traffic peri-

ods, and a minimum variance period estimator was derived to design a traffic classifier given

sensing constraints such as the number of traffic samples or observation time. Furthermore,

we proposed two classifiers, estimate-then-classify (ETC) and average likelihood function

(ALF) classifiers to handle the cases when there was only no/partial knowledge of PU traffic

parameters.

To conclude, for PU traffic with constant and known parameters, MSPRTC, a more

complicated classifier than MLC is recommended in terms of classification performance both

with and without period estimation. For PU traffic with prior knowledge of parameters, the

ALF-based classifier is suitable for traffic classification when the average distance among

hypotheses is large. If the average distance among hypotheses is small, the ETC-based

classifier is preferred to provide a good classification performance.
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CHAPTER 3

Prediction of Primary User Traffic for Dynamic

Spectrum Access

3.1 Introduction

In Chapter 2, we discussed how we can classify PU traffic into certain distribution. In this

chapter, we assume we can accurately classify PU traffic distribution so that we can exploit

the traffic distribution to predict PU states. Specifically, we propose a prediction algorithm

for PUs assuming perfect sensing with exponentially and Erlang-2 distributed traffic, which

are common distributions for wireless/wired traffic.

3.1.1 Related Work

The most notable work that considers PU traffic prediction can be found in [TPC11,YCZ10,

LJX08, SCZ10a]. In [TPC11], an energy-minimization framework is presented based on

predicting the PU traffic. The authors assume perfect prediction in order to reduce both

transmission and switching energy. Achievable throughput optimization based on the corre-

lation of different channels has been discussed in [YCZ10] with a single SU and multiple PUs

in a slotted-transmission mode using spectrum usage prediction. The authors in [LJX08]

adopt multi-carrier techniques to flexibly allocate channel resources over a wide bandwidth.

The prediction is performed across a number of frequency bands where subcarrier allocation

is achieved considering collision minimization. A Markov-based prediction method has been

proposed in [SCZ10a], which is a form of the universal predictor, that allows SUs to sense

the channels with most available probability.
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3.1.2 Our Contribution

The contribution of this work is threefold:

1. Prediction Algorithm: In [GLP13b], we study the accuracy of PU traffic estimation in

terms of the mean squared error of the traffic parameter estimates. Here, we propose

an algorithm that predicts the PU traffic based on the PU traffic parameter estimates

in contrary to prior works that assume perfect knowledge of traffic parameters;

2. Performance of Estimators: Our prediction algorithm does not assume any a priori

knowledge of traffic parameters. Therefore, we propose maximum likelihood (ML)

estimators to estimate traffic parameters. Then a general estimation performance

bound is derived for any sequence obeying a Markov chain;

3. Analysis of Prediction Confidence: We further define a number of regions which are

functions of the PU traffic parameters and for each region we derive conditions required

to achieve minimum prediction error rate. Moreover, we quantify the prediction con-

fidence for different regions based on the accuracy of the estimated traffic parameters.

The confidence serves as a guideline for determining the required estimation accuracy

needed to meet a given prediction error rate constraint.

3.2 System Model for Traffic Prediction

This section describes the models used for traffic estimation and prediction. We consider

a single channel randomly accessed by a single PU, where the traffic of the PU is assumed

to be stationary. Moreover, the PU ON/OFF intervals are assumed to be exponentially

distributed [WMB08a,LC11,KS08a] or Erlang-2 distributed [SS14,MM14], where the prob-

ability density function of the interval, t, is given by

fλ(t) =

 λe−λt for t ≥ 0,

0 otherwise,
(3.1)
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for the exponential traffic, and

fλ(t) =

 λ2te−λt for t ≥ 0,

0 otherwise,
(3.2)

for the Erlang-2 traffic, with λ = λn and λ = λf for the ON and OFF periods, respectively.

As a property of these distributions, the ON and OFF parameters are λn and λf , respectively.

The duty cycle u is defined by u =
λf

λf+λn
, indicating the fraction of time with the presence

of PU. This duty cycle also represents the channel utilization, which is the key parameter

for traffic estimation.

The PU traffic utilization is modeled as a semi-Markov process si [KS08a], where si

represents the state of the PU at any time instant Ti. si = 0 and 1 indicate the PU is

absent and present, respectively. The traffic is described by the stationary distribution and

the transition probabilities. The former indicates the probabilities of the PU being absent

and present at time Ti, with Pr{si = 0} = P0 = 1 − u and Pr{si = 1} = P1 = u. The

later states the probability of switching from state x to y during arbitrary time interval t.

The authors in [KS08a] have derived the Laplace transform for transition probabilities of a

two-state continuous-time Markov chain (CTMC) with ON/OFF length obeying arbitrary

traffic distributions. The probabilities of the four possible transitions are given by

P00(t) = 1− u(1− E), (3.3)

P01(t) = u(1− E), (3.4)

P10(t) = (1− u)(1− E), (3.5)

P11(t) = u(1− E) + E, (3.6)

where E = e−(λf+λn)t for the exponential traffic [KS08a] and

E =
e−

(λf+λn)t

2 (λf + λn)2[cosh(ψt)− sinh(ψt)
ψ

(
λf+λn

2
− 2λfλn

λf+λn
)]

4λfλn
− e−(λf+λn)t(λf − λn)2

4λfλn
,

where ψ =

√
λ2f
4
− 3λfλn

2
+ λ2n

4
for the Erlang-2 traffic.
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Figure 3.1: The block diagram for traffic estimation-based prediction algorithm.

3.3 Traffic Prediction

The proposed estimation and prediction algorithm is presented in Fig. 3.1 where at first,

the traffic parameters are estimated using the results of spectrum sensing measured at N

time instances. Spectrum sensing is assumed to be perfect. Then, the proposed algorithm

predicts the future PU state ŝi+1 based on the estimated parameters {λ̂f , λ̂n, û} and the

current PU state si. We analyze the impact of estimation errors on the prediction error rate,

and define prediction regions which quantify the prediction confidence. The estimation and

prediction procedures are elaborated in the following sections.

3.3.1 Traffic Estimation

Channel utilization as well as average PU ON/OFF interval durations need to be estimated

for traffic prediction. Sampling strategies and estimation schemes determine the accuracy

bounds of the traffic parameter estimates. It was shown in [GLP13b] that using uniform

sampling achieves comparable estimation accuracy compared to non-uniform sampling. Be-
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sides, uniform sampling is easier to implement. Hence, in our estimation procedure, given

the duty cycle u, we implement uniform sampling with a constant sampling time Tc. Note

that a CTMC with uniform sampling now becomes a discrete-time Markov chain (DTMC).

Then, we can write the likelihood function given N observed traffic samples as

L(s|Θ) = P s1
1 P

1−s1
0 P n0

00 (Tc)P
n1
01 (Tc)P

n2
10 (Tc)P

n3
11 (Tc), (3.7)

where n0, n1, n2,n3 represents the number of PU state transitions of (0 → 0), (0 → 1),

(1 → 0), and (1 → 1), respectively. The ML estimator of Θ is obtained by computing

Θ̂ = maxΘ L(s|Θ). Note that Θ can be either a scalar or a vector. Assuming we have perfect

knowledge of u, we can focus on estimating one parameter, for example, Θ = λf . Otherwise,

if we do not know all parameters, i.e., the blind case, we need to estimate Θ = (λf , λn)T

jointly. The maximum-likelihood (ML) estimates of λf and λn for an exponential traffic

assuming we know u are given by

λ̂f = −(u/Tc) log[(−β +
√
β2 − 4αγ)/(2α)], (3.8)

λ̂n = (1− u)λ̂f/u, (3.9)

where Tc = T
N−1

, α = (u−u2)(N−1), N is the overall number of samples used for estimation,

T is the observation window time, and β = −2α+N − 1− (1− u)n0 − un3, γ = α− un0 −

(1− u)n3. Unfortunately, there is no closed-form solution for estimators of Erlang-2 traffic,

and they can only be found numerically.

An important analysis for the ML estimator is its performance bound, i.e., the Cramér-

Rao (CR) bound. It is the lower bound for the variance of the estimator and when N

is large enough, the variance will approach the CR bound asymptotically. We derive CR

bounds for traffic parameters applicable to the traffic states following a two-state DTMC.

This result is more general than the bound derived in [GPL13], which is applicable only

to the exponentially distributed traffic. First, we derive the Fisher information matrix of

Θ = (λf , λn)T , and we derive their CR bounds correspondingly. The Fisher information

matrix with N traffic samples is defined as IN(Θ) = E{Ω2
N}, where E{·} is the expectation

operation, and ΩN = log ∂L(s|Θ)
∂Θ

. The following theorem states the closed form results for the

Fisher information matrix omitting Tc from transition probabilities for sake of readability.
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Theorem 3 Given any traffic sequence with length N following a two-state discrete-time

Markov chain, the Fisher information for traffic parameters (λf , λn)T can be represented as

IN(Θ)[1, 1] =
1

P0

(
∂P0

∂λf
)2 +

1

P1

(
∂P1

∂λf
)2 + (N − 1)(

P0

P00

(
∂P00

∂λf
)2

+
P0

P01

(
∂P01

∂λf
)2 +

P1

P10

(
∂P10

∂λf
)2 +

P1

P11

(
∂P11

∂λf
)2), (3.10)

IN(Θ)[1, 2] = IN(Θ)[2, 1] =
1

P0

∂P0

∂λf

∂P0

∂λn
+

1

P1

∂P1

∂λf

∂P1

∂λn

+ (N − 1)(
P0

P00

∂P00

∂λf

∂P00

∂λn
+
P0

P01

∂P01

∂λf

∂P01

∂λn
+
P1

P10

∂P10

∂λf

∂P10

∂λn

+
P1

P11

∂P11

∂λf

∂P11

∂λn
), (3.11)

IN(Θ)[2, 2] =
1

P0

(
∂P0

∂λn
)2 +

1

P1

(
∂P1

∂λn
)2 + (N − 1)(

P0

P00

(
∂P00

∂λn
)2

+
P0

P01

(
∂P01

∂λn
)2 +

P1

P10

(
∂P10

∂λn
)2 +

P1

P11

(
∂P11

∂λn
)2), (3.12)

where IN(Θ)[i, j], 1 ≤ i, j ≤ 2, is the i-th row and j-th column element in matrix IN(Θ).

Proof: We prove it by mathematical induction.

The CR bounds for λf and λn are derived respectively as σ2
λf

= IN (Θ)[2,2]
det(IN (Θ))

and σ2
λn

=

IN (Θ)[1,1]
det(IN (Θ))

, where det(·) is the determinant of a matrix.

Corollary 3 If u is known, the CR bound for estimating λf and λn for an exponential traffic

can be expressed as

σ2
f =

u(1− E)[E + u(1− E)2(1− u)]

(ETc)2(1− u)(1 + E)(N − 1)
, (3.13)

σ2
n =

(1− u)2σ2
f

u2
. (3.14)

For estimating u, we adopt a low-complexity averaging estimator [GLP13b,KS08a] which

is expressed as

û =
1

N

N∑
i=1

si. (3.15)
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3.3.2 Traffic Prediction under Perfect and Imperfect Knowledge of Traffic Pa-

rameters

Traffic prediction is performed according to the current traffic parameter estimates with the

transition probabilities. As the assumed traffic model is based on a semi-Markov process,

future traffic states can be predicted using the current traffic state. Assuming perfect knowl-

edge of traffic parameters, the predicted future traffic state is determined by comparing the

transition probability pair (TPP) {Pz0(Tp), Pz1(Tp)}, where z ∈ {0, 1} is the current state

and Tp is the time period between the current state and the predicted state. For instance,

when the current PU state is 0, the next state is predicted to be 0, with a prediction error

probability of P01(Tp), if P00(Tp) is larger than P01(Tp), and vice versa. Combining both PU

present and absent states, the theoretical prediction error probability is given by

Pe = P0 ×min {P00, P01}+ P1 ×min {P10, P11}, (3.16)

where Tp is omitted for convenience. If both transition probabilities of a TPP are equal, the

error probability Pe is always 0.5, regardless of the predicted state. Furthermore, expression

(3.16) holds for arbitrary prediction time period Tp due to the continuous-time semi-Markov

process assumption. Integrating both traffic estimation and prediction procedures, the joint

procedure is summarized in Algorithm 2.

3.3.3 Prediction Region

Next, we consider the influence of the traffic parameter estimation errors on the prediction

error. The traffic parameter estimation error results in an error in estimating the TPPs. For

example, when the current PU state is absent and the TPP is wrongly estimated, where the

actual TPP follows {P00 > P01}, but the estimated TPP follows {P̂00 < P̂01}, the prediction

error with traffic estimation error is P00, which is larger than P01. This reveals that the

estimation error leads to a higher prediction error, when the magnitudes of the estimated

TPP have reversed order with respect to the actual TPP. Combining the estimation error
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Algorithm 2 Prediction Algorithm

1: procedure Predictor(ŝi+1, si, s1, s2, · · · , sN , T,N, Tp)

2: Calculate duty cycle û using (3.15), with observation window T and number of samples

N .

3: Calculate λ̂f using (3.8) for exponential traffic, or numerically by solving (3.7) for

Erlang-2 traffic.

4: Calculate estimated TPPs (3.3)–(3.6) with û, λ̂f , and prediction period Tp.

5: Do spectrum sensing at current time to obtain si.

6: if si == 1 then ◃ Prediction starts

7: if P̂10 ≥ P̂11 then ◃ TPP comparison

8: ŝi+1 = 0. ◃ Predict the next state

9: else

10: ŝi+1 = 1.

11: end if

12: else

13: if P̂00 ≥ P̂01 then

14: ŝi+1 = 0.

15: else

16: ŝi+1 = 1.

17: end if

18: end if

19: return ŝi+1

20: end procedure
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with the prediction error model, we modify equation (3.16) as

Pe =P0

[
P01I(P̂00 − P̂01) + P00I(P̂01 − P̂00)

]
+P1

[
P10I(P̂11 − P̂10) + P11I(P̂10 − P̂11)

]
, (3.17)

where I(x) is the indicator function defined as I(x) = 1 for x ≥ 0, and I(x) = 0, otherwise.

The relationship of the TPPs given the current state defines the prediction regions. We will

discuss separately the prediction region for exponential and Erlang-2 traffic in the following

paragraphs.

For the exponential traffic, the sufficient and necessary condition for P00 > P01 is ex-

pressed as

Tp(λf + λn) < log(
2λf

λf − λn
), ∀λf > λn, (3.18)

and P00 > P01 is always true for λf ≤ λn. On the other hand, P10 < P11 is valid if

Tp(λf + λn) < log(
2λn

λn − λf
), ∀λn > λf , (3.19)

and P10 < P11 always holds valid for λn ≤ λf . It is hard to determine the prediction region

as a function of (λf , λn) based on (3.18) and (3.19), accordingly, we apply the change in

variables technique to facilitate defining the prediction regions. Letting A = λf + λn and

B = λf − λn, equation (3.18) becomes

B <
A

eTpA − 1
, ∀B > 0. (3.20)

Note that P00 > P01 always hold when B ≤ 0. Similarly, equation (3.19) becomes

B >
A

1− eTpA
, ∀B < 0, (3.21)

and P10 > P11 is always valid if B ≥ 0. This preserves the uniqueness of mapping (λf , λn)

into (A,B). The prediction region partitions are defined by equations (3.20) and (3.21), with

transformed boundary curves C1 and C2, respectively. Fig. 3.2 illustrates the prediction

region in terms of A and B for Tp ∈ {0.5, 1} s. The valid regions are A ≥ B and A+B ≥ 0,

which are constrained by λf ≥ 0 and λn ≥ 0, respectively. Each region corresponds to a

relationship of the TPPs, resulting in different prediction error rates.
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For the Erlang-2 traffic, the two-dimensional region for λf and λn shown in Fig. 3.3 is

categorized into four regions by C1 and C2, where

C1 : P00 = P01 ⇔ 1− u(1− E) = 0.5, (3.22)

C2 : P10 = P11 ⇔ u(1− E) + E = 0.5. (3.23)

Note that we can not solve λn as a closed-form function of λf , so C1 and C2 can only be

derived through numerical methods. Now we provide some important properties for this

prediction region.

Property 1 The line of symmetry for C1 and C2 is λf = λn.

Proof: By exchanging the variables λf and λn in C1, we get the equation of C2. This shows

that C1 and C2 are symmetric with respect to the line λf = λn.

Property 2 The boundary points of intersection with the axes are λf = −W (−1,−e−2)
t

and

λn = −W (−1,−e−2)
t

, where W (n, x) is the Lambert W function [CGH96] with branch n and

value x.

Proof: To figure out the point of intersection on λf -axis, we first need to calculate the

limiting value of C1. By L’Hospital’s rule, we have limλn→0E = (1 +
tλf
2

)e−λf t. Then we

can calculate the boundary point by solving (1 +
tλf
2

)e−λf t = 1
2
. Applying the change of

variable technique, i.e., let z = (1 +
λf t

2
), and plugging it into the above equation, we have

(−2z)e−2z = −e−2, and W (n,−e−2) are the solutions for this equation. Since z ≥ 1 and

we are interested in the real solution, this results in z = −1
2
W (−1,−e−2), which gives the

boundary point λf as the property shows. However, since C1 and C2 are symmetric, the

boundary point on the λn-axis has the same value as on the λf -axis.

Property 3 The crossing points for C1 and C2 are the points which satisfy the equation

λf = (π/2+nπ)
t

= λn, where n ∈ Z+.

Proof: By solving C1 and C2 jointly, we have u = 0.5 and E = 0. The equation u = 0.5

results in λf = λn, which means the crossing points are located on the line of symmetry.
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The equation E = 0 results in ψ = jλf , where j =
√
−1, and hence we have cosh(jλf t) = 0.

By solving the above equation, we can derive the solution shown in the property.

Property 4 The asymptote for both C1 and C2 is λf = λn.

Proof: We can easily show that limλf→∞E = 0 by L’Hospital’s rule; therefore, C1 → 1−u =

0.5 and C2 → u = 0.5. These two equations are both equivalent to λf = λn.

By observing the prediction error rate P̂e and prediction region, we conclude that as long

as the estimated TPPs are located in the same region as the true TPPs, the prediction error

rate with estimation errors will be the same as the case with perfect estimation. In the

next section, we would like to figure out how to link the traffic estimation and prediction

quantitatively in a probabilistic sense.

3.3.4 Prediction Confidence

The influence of the traffic estimation error on traffic prediction is evaluated by the predic-

tion confidence, which is the probability that the estimated parameters (Â, B̂) or (λ̂f , λ̂n)

and their actual parameters (A,B) (λf , λn) are located in the same prediction region. To

guarantee that they are located in the same prediction region, the sufficient condition is that

the Euclidean distance between the estimated parameters and the actual parameters needs

to be smaller than the minimum Euclidean distance between the actual parameters and the

boundary curves C1 and C2.

The prediction confidence is quantified by the cumulative distribution function (CDF) of

the traffic parameter estimation errors. Define two pairs of error random variables ∆λf =

λ̂f−λf and ∆λn = λ̂n−λn, where ∆A = Â−A = ∆λf+∆λn and ∆B = B̂−B = ∆λf−∆λn.

The prediction confidence for the exponential traffic is given by

Pr{(∆A)2 + (∆B)2 < d2}

= Pr{(∆λf + ∆λn)2 + (∆λf −∆λn)2 < d2}

= Pr{(∆λf )2 + (∆λn)2 <
d2

2
}, (3.24)
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Figure 3.2: Prediction regions with prediction period Tp = 0.5 s and Tp = 1 s.

where d is the minimum Euclidean distance between (A,B) and the boundary curves, which

is solved numerically by

Minimize d =

√
(Ã− A)2 + (B̃ −B)2

subject to


B̃ = Ã

eTpÃ−1
, ∀B ≥ 0,

B̃ = Ã

1−eTpÃ
, ∀B < 0.

For the Erlang-2 traffic, the prediction confidence can be derived as

Pr{(∆λf )2 + (∆λn)2 < d2}, (3.25)

where ∆λf = λ̂f − λf ,∆λn = λ̂n − λn, and d is the minimum distance from (λf , λn) to

the nearest boundary curves C1 or C2. d can be solved numerically by minimizing d =
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Figure 3.3: Prediction regions with prediction period Tp = 1s.

√
(λ̃f − λf )2 + (λ̃n − λn)2, subject to (λ̃f , λ̃n) ∈ {C1 ∪ C2}.

Note that ∆λf and ∆λn are the estimation errors which can be interpreted as the

noise added to λf and λn, respectively. Therefore, we model this noise as Gaussian ran-

dom variables, which is a general assumption for ML estimation [Mil11]. Their means are

E{∆λf} = mf and E{∆λn} = mn
1, where E{·} denotes expectation. Their variances are

Var{∆λf} = σ2
f and Var{∆λn} = σ2

n.

Define a random variable Z = (∆λf )2 + (∆λn)2 as the sum of the square errors, which

is a Chi-Square random variable due to the Gaussian assumption for the estimation errors.

1We assume the ML estimators for both λ̂f and λ̂n are asymptotically unbiased, i.e., mf ≈ 0 and mn ≈ 0.
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The correlation coefficient of λ̂f and λ̂n is ρ2 where

ρ =
E{∆λf∆λn} −mfmn

σfσn
. (3.26)

The CDF of Z is represented as [Sim02, Eq. (5.31)]

FZ(z) = 1 + exp(−1

4
(θ − ϕ)z)I0(

1

4
ϕz)

− 2Q1(

√
(σ2 − 2ζ

√
1− ρ2)z

2ζ
√

1− ρ2
,

√
(σ2 + 2ζ

√
1− ρ2)z

2ζ
√

1− ρ2
), (3.27)

where σ2 = σ2
f + σ2

n, ζ = σfσn, I0 is the modified Bessel function of the first kind with order

zero, Q1 is the first-order Marcum Q-function, and

ϕ =

√
σ4 − 4ζ2(1− ρ2)
ζ2(1− ρ2)

, θ = ϕ+
σ2

ζ2(1− ρ2)
.

Combining equations (3.24), (3.25), and (3.27), given a traffic estimation error, the pre-

diction confidence κ are FZ(d2/2) for the exponential traffic and FZ(d2) for the Erlang-2

traffic.

3.4 Numerical Results

This section presents numerical results for the prediction error rate yielded by different

prediction algorithms. Moreover, we discuss the joint traffic estimation and prediction design

issues. In our simulations, the traffic states are generated randomly with different traffic

parameters following the semi-Markov process described in Section 3.2. Each simulation

result is calculated by averaging over 10000 realizations.

3.4.1 Prediction Error Rate

Fig. 3.4 shows the prediction error rate with respect to the prediction period with exponential

traffic. First, our proposed algorithm achieves the prediction error rate of a predictor with

2The correlation coefficient approaches 1 if the mean of the ML estimators λ̂f and λ̂n approach λf and
λn respectively (see Appendix A.6 for detailed derivation for the exponential traffic). Here we set ρ = 1− ϵ
with ϵ = 10−7 in our simulations.

54



0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9
0.1

0.15

0.2

0.25

0.3

0.35

0.4

0.45

Prediction Period T
p
 (s)

P
re

di
ct

io
n 

E
rr

or
 R

at
e 

P
e

 

 

Bound
Proposed Alg.
0−th order Markov
1−th order Markov

Figure 3.4: Variation of the prediction error with the prediction period Tp with exponen-

tial traffic. The error is plotted for the proposed algorithm and the algorithm presented

in [SCZ10a]. The used parameters are T = 50 s, N = 300, u = 0.3, and λf = 0.9 s−1.

perfect knowledge of traffic parameters. Second, the prediction error rate increases as the

prediction period becomes longer. This is because the traffic becomes more uncorrelated,

resulting in more uncertainty in traffic prediction. Third, we compare our algorithm with

the universal predictor presented in [SCZ10a] which does not rely on the traffic distribution,

but only depends on past traffic states. It is called the k-th order Markov predictor since it

relies on k past states for prediction. The 0-th and 1-th order Markov predictors are shown

to yield the highest prediction accuracy and are hence used in this work as a reference. Since

our prediction algorithm exploits the characteristics of the traffic distribution, it outperforms

the two Markov predictors under all circumstances.
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Fig. 3.5 shows the prediction error rate with respect to the prediction period. First,

we compare the prediction error rate for the same prediction algorithm but different traffic

models, i.e., Erlang-2 and exponential distributions. In order to have a fair comparison, we

set λf in the Erlang-2 distribution as equal to twice the value in the exponential distribution.

Under this setting, they have the same first moment. The simulation figure shows that the

prediction error rate for Erlang-2 traffic is higher than that of exponential traffic. This is

because Erlang-2 traffic has a lower traffic sample correlation compared with exponential

traffic. The result is not surprising since both Erlang-2 and exponential distributions are

special cases of a gamma distribution but the shape parameter for Erlang-2 is of higher

order. This increases the difficulties to have accurate prediction. Finally, we observe that

the analytical results for prediction error rate match the simulation results and we can easily

show that the prediction error rate will saturate to min{u, 1 − u} as the prediction period

goes to infinity.

The variation of the prediction error rate with the channel utilization u is presented in

Fig. 3.6 with exponential traffic. The results are plotted for our proposed algorithm, and the

algorithm proposed in [SCZ10a] using 0-th and 1-th order Markov predictors. Our proposed

algorithm matches the analytical bound given by equation (3.16). Moreover, the prediction

error rates decrease when the channel utilization approaches 0 or 1. This is caused by the

decrease in the traffic uncertainty. Furthermore, our proposed algorithm achieves the best

prediction error rate among the three prediction algorithms under all channel utilizations.

3.4.2 Estimation Performance

Fig. 3.7 shows the standard deviation for the joint ML estimators of λf and λn with respect

to the number of traffic samples with Erlang-2 traffic. First, we observe that as the number

of samples increases, the standard deviation decreases. This is because more traffic samples

provide more information for the estimator and therefore the estimation accuracy will in-

crease. However, the standard deviation for λ̂n is much higher than λ̂f in this figure. This

can be explained by noting that the PU average OFF duration (2λ−1
f = 2.2s) is larger than
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Figure 3.5: Prediction error rate comparisons for exponential (Exp.) and Erlang-2 traffic with

the prediction period. Analytical (An.) and simulated (Sim.) results for Erlang-2 predictors

are compared. The used parameters are u = 0.3, λf = 0.9s−1 for Erlang-2 distribution and

λf = 0.45s−1 for exponential distribution.

the average ON duration (2λ−1
n = 0.95s). Given an observation time T , we are likely to get

more samples from the OFF period than the ON period, and thus we can estimate the OFF

period more accurately. Second, we verify that the CR bounds serve as the lower bounds

for the estimators. We will later use these bounds to calculate the prediction confidence

analytically.
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Figure 3.6: Variation of the prediction error with the channel utilization u with exponen-

tial traffic. The error is plotted for the proposed algorithm and the algorithm presented

in [SCZ10a]. The used parameters are T = 50 s, N = 300, Tp = 1 s, and λf = 0.9 s−1.

3.4.3 Prediction Confidence

The proposed analytical expression for the CDF, equation (3.27), is plotted with simulation

results in Fig. 3.8 for the exponential traffic. The simulation and analytical results provide

a good match indicating that the assumption of the Gaussian distribution of the estimation

errors as well as the unbiased assumption for the estimators are valid. Moreover, as N

increases, the CDF curve moves upwards. This can be explained by the fact that the variances

σ2
f and σ2

n decrease as N increases, hence, causing an increase in the CDF values. Therefore,

a higher prediction confidence is expected as the number of samples is increased.
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Figure 3.7: Simulated (Sim.) and analytical bound of standard deviation for Erlang-2 traffic

estimators with number of traffic samples. The used parameters are u = 0.3 , λf = 0.9s−1,

λn = 2.1s−1, and T = 50s.
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Figure 3.8: CDF for the sum of squares of the estimation errors of λ̂f and λ̂n with exponential

traffic. Analytical results (An.) and simulation results (Sim.) are presented. The used

parameters are T = 50 s, u = 0.3, and λf = 0.4 s−1.

The variation of the prediction confidence with the prediction period Tp is illustrated in

Fig. 3.9 for different number of samples N with exponential traffic. The simulation results

match the analytical results more accurately for larger N . Moreover, larger N decreases the

estimation errors of λf and λn, resulting in a higher prediction confidence. It is worth noting

that longer Tp leads to higher prediction confidence when the actual parameters (A,B) are

located in Region I or III, and vice versa. Furthermore, as Tp increases, the boundary curves

move inward, thus, the minimum Euclidean distance d increases, and the probability of

(Â, B̂) and (A,B) being located in the same region increases.

The prediction confidence for different channel utilization u under different typical val-
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Figure 3.9: Variation of the prediction confidence with the prediction period Tp with ex-

ponential traffic. The prediction confidence is plotted for different numbers of samples N .

Analytical results (An.) and simulation results (Sim.) are presented. The used parameters

are T = 50 s, u = 0.3, and λf = 0.9 s−1.

ues of λf [GLP13b] and prediction periods Tp is presented in Fig. 3.10. The trend of the

confidence level is determined by the position of the parameters (A,B) and the boundary

curves C1 and C2. The traffic parameters determine the position of (A,B), and the larger

prediction period makes the boundary curves C1 and C2 closer. As u increases, (A,B) move

from the bottom right to the top left with a slope of −1. Therefore, different combinations

of λf and Tp result in different trends of the confidence level. Given λf = 0.9 s−1 and Tp = 1

s, (A,B) move from (9,−7.2) to (1, 0.8) as u is swept from 0.1 to 0.9. The parameters (A,B)

initially move toward C2, then away from C2, then toward C1, and finally away from C1.
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Figure 3.10: Variation of the prediction confidence with the duty cycle u with exponential

traffic. The prediction confidence is plotted for different combinations of λf and Tp. Ana-

lytical results (An.) and simulation results (Sim.) are presented. The used parameters are

T = 50 s, N = 300.

This explains the dips in the prediction confidence for different λf and Tp.

Fig. 3.11 shows the prediction confidence with the prediction period for Erlang-2 traffic.

First we observe that as the prediction period increases, the prediction confidence decreases

initially and then it increases. This can be explained by looking at the prediction region. The

traffic parameters (λf , λn) = (0.9, 2.1) are located in region IV which is close to curve C2 for

t = 0.5 in this example. At this point, we can expect to have a low prediction confidence since

the traffic estimation error can easily cause the estimated traffic parameters to be located

outside region IV. As t increases to 0.6, C2 starts to move downward and (λf , λn) is moved
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Figure 3.11: Simulated (Sim.) and analytical bound of prediction confidence with prediction

period for Erlang-2 traffic. The used parameters are u = 0.3 , λf = 0.9s−1, and T = 50s.

to region I. At this point, C2 gets closer to (λf , λn); therefore, the prediction confidence

decreases. Moreover, as t increases beyond 0.6, C2 moves downward and farther away from

(λf , λn). Hence in this case, the prediction confidence increases. Note that as the prediction

period approaches infinity, d becomes a constant and hence κ will saturate. Second, as the

number of traffic samples increases, the prediction confidence increases. This is because as

the sample increases, the estimation accuracy for the traffic parameters increases. Therefore,

the estimator would have a higher chance to stay in the same region as the true parameters.

Finally, we verify that (3.25) serves as an upper bound for the simulation results since we

adopt the CR lower bounds for the variance of both traffic estimators.
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3.4.4 Joint Traffic Estimation and Prediction Design Issues

The prediction confidence serves as a guideline for jointly designing traffic estimation and

prediction algorithms. Achieving a low prediction error rate and a high confidence level for

different prediction periods are the design goals. Traffic parameters need to be estimated

accurately enough by properly choosing T and N in order to achieve a low prediction er-

ror rate, while maintaining sufficient prediction confidence κ by lowering the variance of

estimation errors.

3.5 Summary

In this work, we proposed a primary user traffic prediction algorithm. The algorithm was

based on the traffic estimation of the PU traffic parameters assuming exponentially and

Erlang-2 distributed ON/OFF channel utilization intervals. The prediction accuracy was

analyzed in terms of the estimation accuracy of the PU state transition probabilities, that

were calculated using the estimated traffic parameters. Furthermore, prediction regions were

defined for the actual and estimated traffic parameters, which linked the prediction error with

the traffic parameters estimation error. Finally, we quantified the prediction confidence in

terms of the cumulative distribution function of the Chi-Squared-distributed variance of the

estimated parameters. The prediction confidence analysis provided guidelines for selecting

the number of samples used for estimation as well as the total estimation time period needed

to achieve a certain prediction error.
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CHAPTER 4

Traffic-Aware Channel Sensing Order in Dynamic

Spectrum Access Networks

4.1 Introduction

In Chapters 2 and 3 we did the traffic analysis to obtain PU traffic knowledge. In the

following chapters, we would like to design/improve OSA protocols by exploiting the traffic

knowledge. In the event of multiple SUs and PU channels, it is important to have a well-

designed PU channel selection protocol and channel sensing order scheme, i.e. the process of

ordering PU channels to sense to optimize a predefined objective (throughput, delay, etc.)

of a DSA network.

For instance, in a centralized DSA network, PU channel selection and sensing order

scheduling can be done by the base station (or a coordinator). The DSA base station would

then decide on the best sensing policy based on the PU channel statistics and would schedule

SU transmissions accordingly when a channel is sensed to be vacant. In order to acquire the

PU traffic statistics of each channel (which vary over time, making exact a priori knowledge

of PU traffic impossible), a highly accurate PU traffic estimation algorithm is needed.

4.1.1 Related Work

Techniques of estimating the PU traffic parameters were studied in, e.g., [SCZ10a,GLP13a]

(and the references therein), in isolation from the channel sensing order problem. Consid-

ering channel sensing order, [KS08a] was the first work to investigate this aspect (to the

best of the authors’ knowledge) and introduced the concept of semi-Markov chain to model
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the availability of PUs (assuming perfect knowledge of the PU traffic statistics). Therein,

it was proposed to sense the channels in descending order of the PU idle probability to

find the spectrum opportunities with a small delay. In [KS08b], the authors improved the

sensing order results of [KS08a]. Their objective was to determine the optimal sensing se-

quence that minimizes the average delay in finding idle channels with the constraint of the

total capacity of the system being above a certain threshold. The approach was not only

based on the idle probability of the PU channel (again, assumed to be known perfectly),

but also on sensing time and channel capacity. In [CZ11], the authors proposed a simple

channel sensing order for SUs by sensing the channels in descending order of their achiev-

able rates. Therein they proved that the SUs should stop sensing at the first sensed-free

channel for maximum throughput without requiring a priori knowledge of PU traffic. This

work considered maximization of the throughput for one SU to transmit in one channel

while neglecting the transmission opportunities in other channels. The authors of [JLF09]

investigated the optimal sensing order with opportunistic transmissions by considering both

adaptive and non-adaptive modulations for SUs to exploit changes in PU channel physical

layer parameters. The problem of PU traffic parameter estimations was not considered in

this work. Finally, [ZGT08] considered finding an optimal channel sensing order (through

a constrained Markov decision process) taking collision probability between PU and DSA

network into consideration. As in all above referred works, the authors also assumed that

the arrival and departure rates for each PU channel were known perfectly in advance.

4.1.2 Our Contribution

The contribution of this work is threefold:

1. PU Channel Sensing Order Algorithm and Its Derivation: A sensing order algorithm

maximizing the throughput for SUs is proposed, assuming first a perfect knowledge of

PU traffic statistics and PU channel physical layer parameters;

2. PU Traffic Estimation Modeling and Analysis: For discrete PU traffic models, param-

eters of PU traffic are estimated using Maximum Likelihood (ML) estimation. More-
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over, the Cramér-Rao (CR) bound is derived for the adopted estimators by finding

their Fisher information matrix;

3. Analysis of Throughput for the Proposed Channel Sensing Order Algorithm Consider-

ing the Traffic Estimation Process: The proposed sensing order algorithm is analyzed

as a function of PU traffic estimation errors. We derive the throughput loss in terms

of a new sensing metric called sensing order confidence, which is derived from the CR

bound and Gaussian approximation for the proposed PU traffic estimators’ errors. We

form a convex optimization problem to determine the minimum number of PU traffic

samples needed to obtain a certain level of sensing order confidence on the chosen sens-

ing order. In addition, traffic estimation and our sensing order algorithm are discussed

when the traffic is non-stationary.

4.2 System Model

Following the model and assumptions of [KS08a, KS08b, CZ11, JLF09], in this paper, we

consider a DSA network consisting of M PU channels of known capacity Ci and K SUs, ∀i ∈

M, where M = {1, 2, · · · ,M} and M ≪ K. Each SU can be reconfigured to be a transceiver

or a sensor, i.e., it can either transmit on or sense one PU channel at a time [KS08a,KS08b,

CZ11]. The transmission structure for each PU is assumed to follow a synchronous, slotted

frame within slot time T , implying the activity for the PU is constant during one slot

time [PPS09,JL12a]. To enhance the detectability of the PU channels and to minimize the

time spent on sensing, the SUs jointly sense one channel at a time via a cooperative sensing

scheme [BZ09, LZP08]. In turn, the sensing results are forwarded to a DSA base station

which makes a collective decision on whether or not there is a PU present on a channel. To

simplify analysis, this paper considers the case where the DSA controller sensing decision

is free of spectrum sensing errors, unless explicitly specified otherwise. Note that spectrum

sensing free decision is a well justified assumption as under the cooperative sensing with

large K sensing errors are amply eradicated. If a PU vacancy in channel i is detected within

sensing time T
(i)
I < T , the DSA base station schedules one SU to switch to a transceiver
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Figure 4.1: An example of time and frequency domain DSA transmission structure for

M = 4 PU channels. Current state s = (1, 1, 0, 0), and next state ŝ = (0, 1, 0, 1). Sensing

order A = (1, 2, 3, 4).

and transmit on that channel. The remaining SUs continue to sense the rest of the channels

in an order governed by a predefined algorithm. Our task is to design such algorithm, i.e.,

a sequential sensing order A for SUs to sense all PU channels, which maximizes the overall

DSA network throughput on a slot basis.

PU traffic is modeled as a Markov process [ZTS07,SZ08], where s represents the current

state of the PU. States s = 0 and s = 1 indicate the PU absence and presence, respectively.

This traffic is characterized by the steady-state distribution and the transition probabilities.

Probability of the PU absence is described by P0 , Pr{s = 0} = 1−u and the probability of

PU presence is P1 , Pr{s = 1} = u. The transition probabilities describe the probability of

switching from the current state s to next state ŝ after a constant slot time T . The probability

of transition from state x to state y is denoted as Pxy with four possible probabilities given

by tuple {P00, P01, P10, P11} with u = P01

P01+P10
, P00 + P01 = 1 and P10 + P11 = 1. Define

s , (s1, s2, · · · , sM) and ŝ , (ŝ1, ŝ2, · · · , ŝM), where si is the current PU traffic state and

ŝi is the next PU traffic state for the i-th channel. Note each PU follows its own Markov

process, i.e., si is defined by its own traffic parameters
{
u(i), P

(i)
00 , P

(i)
10

}
.
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4.3 A Sensing Order Algorithm to Maximize Throughput in Multi-

Channel DSA Networks

We begin by explaining in detail our proposed sensing order algorithm and its relationship

to the throughput in our system model. The DSA throughput gains of this sensing order

algorithm are dependent on the accuracy of the traffic statistic estimates of the PUs on each

channel. Therefore, we show the need of a sensing order confidence metric which will govern

the level of impact of estimation errors on the throughput loss. This sensing order confidence

metric is derived from the CR bounds of the maximum likelihood traffic estimator adopted

in this work. Deployed SU networks will manually specify or tune this metric according

to network conditions (number of channels, MAC structure, etc.) and desired throughput.

Once the sensing order confidence is specified, SU networks will know how accurately they

will need to estimate the traffic before proceeding to sense channels and transmit. We show

how a convex optimization problem can be formulated to minimize the number of traffic

samples to take in a certain time period to estimate PU traffic statistics to a desirable

accuracy, which is determined by the sensing order confidence. Lastly, we will discuss how

to use the combination of traffic estimation and the proposed sensing order algorithm when

the traffic is non-stationary.

4.3.1 SU Network Throughput and Sensing Order Algorithm

Define a sensing order A = (a1, a2, · · · , aM) for SUs in M channels, which is a permutation

of the set U, i.e., U is a set that contains all the permutations of the sequence (1, 2, · · · ,M),

and |U| = M !. For example, Fig. 4.1 shows a sensing order (a1, a2, a3, a4) = (1, 2, 3, 4) for 4

channels. The SUs sense the PU channels in this order using the required sensing time T
(i)
I

for the i-th channel. Assume SUs have the current state information of PU channels, si for

the i-th channel. After sensing the next time slot, the SUs will obtain the information of the

next state ŝi. If it is sensed as available, the rest of the slot time, T −
i∑

j=1

T
(aj)
I , can be used

to transmit data. Otherwise, the SUs will fail to find an opportunity to transmit in their

respective queues. We define the effective rate for data transmission for all channels in one
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slot given the next state information after sensing as the system throughput R(A) [CZ11,

NLW10,PLG09]

R(A) =
M∑
i=1

(
T −

∑i
j=1 T

(aj)
I

T

)
CaiI(ŝai), (4.1)

whereas I(x) is the indicator function defined as I(x) = 1 for x = 0, and I(x) = 0, otherwise.

The expected throughput E{R(A)} is defined as the average throughput, where E{·} denotes

the expectation.

The problem is to maximize E{R(A)} by deciding on the proper sensing order A. We

introduce the following theorem.

Theorem 4 The sensing order to maximize E{R(A)} can be achieved by sensing the chan-

nels in descending order of the sensing factor Fi = Ci Pr{ŝi=0}
T

(i)
I

, ∀1 ≤ i ≤M .

Proof: Assuming we sense channels in a sequence A = (a1, a2, · · · , al, al+1, · · · , aM) in de-

scending order of Fi. Define A′ = (a1, a2, · · · , al+1, al, · · · , aM) which changes any two con-

secutive elements al and al+1 in A, ∀1 ≤ l ≤ M − 1. Subtracting E{R(A′)} from E{R(A)}

we have

E{R(A)} − E{R(A′)} =

E

{
T

(al+1)
I

T
CalI(ŝal)

}
− E

{
T

(al)
I

T
Cal+1I(ŝal+1

)

}
=

T
(al+1)
I

T
Cal Pr{ŝal = 0} − T

(al)
I

T
Cal+1

Pr{ŝal+1
= 0}. (4.2)

Since we sense the channels in descending order of Fi, we have Fal ≥ Fal+1
, which implies

that E{R(A)} − E{R(A′)} ≥ 0, and therefore E{R(A′)} ≤ E{R(A)}. Hence, interchanging

any two consecutive elements (ak, al) with Fak ≥ Fal will decrease the expected throughput.

However, any sequence B ∈ U can be obtained by a finite interchanging algorithm starting

from sequence A (see Appendix A.7), with each interchanging step of two consectuive ele-

ments (ak, al), ∀k < l. Therefore, since Fak ≥ Fal , ∀k < l, we have E{R(A)} ≥ E{R(B)},

which proves the theorem.

For example, given M = 5, assume sequence A is sorted by the proposed sensing factor.

If we would like to interchange A to a sequence B = (a2, a3, a5, a1, a4), we can follow the
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process

A = (a1, a2, a3, a4, a5)→ (a2, a1, a3, a4, a5)→ (a2, a3, a1, a4, a5)→ (a2, a3, a1, a5, a4)

→ (a2, a3, a5, a1, a4) = B.

Each step interchanges only two consecutive elements (ak, al), ∀k < l, so it decreases the

expected throughput, which implies E{R(A)} ≥ E{R(B)}.

The sensing factor Fi is composed of three parts: the capacity, sensing time, and idle

probability of the PU channel, as the throughput is related to all of these values. Since the

capacity and sensing time are known before deciding a sensing order, the accuracy of the

estimation of PU idle probabilities affects the sensing order the most. The idle probability

Pr{ŝi = 0} can be obtained by parameter 1− u(i). With the knowledge of the present state

si, we can estimate the idle probability as Pr{ŝi = 0} = P
(i)
si0

, where P
(i)
si0

is the transition

probability from the present state to state zero for the i-th channel. In addition, if we

consider sensing errors (given by false alarm and mis-detection probabilities, denoted by

P
(i)
f and P

(i)
m for the i-th channel, respectively1) in our model, the idle probability given the

current estimated state s̃i can be derived as

Pr{ŝi = 0} =


P

(i)
m P

(i)
00 + (1− P (i)

m )P
(i)
10 , if s̃i = 1,

(1− P (i)
f )P

(i)
00 + P

(i)
f P

(i)
10 , if s̃i = 0,

(4.3)

(see detailed derivation in Appendix A.10).

The proposed sensing order algorithm is shown in Algorithm 3. To analyze if the errors of

idle probability estimations negatively impact the correctness of our sensing order algorithm,

we next define and analyze the sensing order confidence metric.

4.3.2 Sensing Order Confidence Metric and Its Derivation

We start with the derivation of our proposed sensing order confidence metric without sensing

errors, i.e., P
(i)
f = P

(i)
m = 0 ∀i ∈M. First, we motivate the introduction of this metric. Then,

1The sensing error is assumed to be independent for each traffic sample. The estimated PU traffic sample
is denoted by s̃. It follows that s̃ = 1 if (i) s = 1 and no mis-detection error occurred, or (ii) s = 0 and a
false alarm error occurred. Similarly, s̃ = 0 if (i) s = 1 and a mis-detection error occurred, or (ii) s = 0 and
no false alarm error occurred.
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Algorithm 3 Proposed Sensing Order Algorithm

1: procedure Sensing(A,Ci, T
(i)
I , P

(i)
m , P

(i)
f )

2: i← 1

3: while i ≤M do

4: spectrum sensing at current time slot to obtain s̃i

5: i← i+ 1

6: end while

7: i← 1

8: while i ≤M do

9: if s̃i == 1 then

10: Fi =
Ci

(
P

(i)
m P

(i)
00 +(1−P (i)

m )P
(i)
10

)
T

(i)
I

11: else

12: Fi =
Ci

(
(1−P (i)

f )P
(i)
00 +P

(i)
f P

(i)
10

)
T

(i)
I

13: end if

14: i← i+ 1

15: end while

16: Sort sequence {F1, . . . , FM} in descending order as the sequence A

17: return A

18: end procedure

we formally introduce our adoption of an ML PU state transition probability estimator and

derive its CR bound2. Lastly, we show how the estimator and its bounds can be used to

derive the sensing order confidence metric.

4.3.2.1 Throughput Loss Derivation

As discussed earlier, when PU traffic statistics are not perfectly known, the sensing order

algorithm will not always produce the best sequence, and, as a result, incur DSA throughput

loss. We define the normalized throughput loss L as the normalized difference between the

expected throughput with estimated transition probabilities and expected maximal through-

2For further discussions and derivations of traffic estimation in terms of sensing errors, please refer
to [GLP13a].
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put when transition probabilities are perfectly known. This is expressed as

L = 1− E{R(Â)}
E{R(Ao)}

, (4.4)

where Â is the sensing order sequence obtained by the proposed sensing factor with estimated

transition probabilities, and Ao is the sensing order sequence obtained by the proposed

sensing factor with perfect transition probabilities. The expected maximal throughput is

derived as

E{R(Ao)} =
∑
s

∑
ŝ

Pr{s, ŝ}R(Ao), (4.5)

where Pr{s, ŝ} is the joint probability for current state s and next state ŝ. The expected

estimated throughput is derived in a similar way as

E{R(Â)} = Es

{
M !∑
i=1

κisEŝ{Rŝ(A
i)}

}

=
∑
s

M !∑
i=1

∑
ŝ

κis Pr{s, ŝ}Rŝ(A
i), (4.6)

where κis = Pr{Â = Ai|s} is the conditional probability of the estimated order equals to

the i-th order Ai ∈ U, given current state s (later we will denote κis as the sensing order

confidence metric), and Rŝ(A
i) is the throughput with sensing order Ai given the next state

ŝ, defined as (4.1) replacing A with Ai. Before defining and deriving κis for order Ai, we first

discuss the estimators for estimating transition probabilities and their analysis in the next

section.

4.3.2.2 ML Transition Probability Estimators

Assume we acquire N PU traffic samples3 that populate a state vector zN = (z1, z2, · · · , zN)

under perfect sensing from a PU channel, where zi ∈ {0, 1}, ∀1 ≤ i ≤ N . We formulate the

3Recall that in this paper a PU sample is the spectrum sensing result in a time slot. Therefore, the total
number of samples is equivalent to the time duration with the unit of a time slot.
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likelihood function L(zN) using the Markov chain property to be

L(zN) = Pr{zN} = Pr{z1}
N−1∏
i=1

Pr{zi+1|zi}

= uz1(1− u)1−z1
N−1∏
i=1

Pzizi+1

= uz1(1− u)1−z1P n0
00 P

n1
01 P

n2
10 P

n3
11

= uz1(1− u)1−z1P n0
00 (1− P00)

n1P n2
10 (1− P10)

n3 , (4.7)

where n0, n1, n2, and n3 represent the number of state transitions of (0 → 0), (0 → 1),

(1→ 0), and (1→ 1) respectively. It is known in ML estimation that the unknown variables

P00 and P10 are obtained by solving

∂ logL(zN)

∂P00

= 0, (4.8)

∂ logL(zN)

∂P10

= 0. (4.9)

Then the estimators are derived as

P̂00 =
n0

n0 + n1

, (4.10)

P̂10 =
n2

n2 + n3

, (4.11)

where P̂01 = 1− P̂00 and P̂11 = 1− P̂10.

4.3.2.3 ML Estimator CR Bound

We adopt the CR bound, the analytical lower bound for the variance of any unbiased ML

estimator, to quantify the performance of our adopted estimators. ML estimators achieve

this bound as the number of traffic samples approaches infinity when certain conditions are

satisfied [Mil11, Ch. 12]. The CR bound is obtained through the following Lemma.

Lemma 1 The CR bounds for estimators P̂00 and P̂01 are V0 and V1, respectively, which are

expressed as

V0 =
P00(1− P00)

P0(N − 1)
, (4.12)
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V1 =
P10(1− P10)

P1(N − 1)
. (4.13)

Proof: See Appendix A.8. Note that as N goes to infinity, the bound goes to zero. This

demonstrates that the accuracy of the estimator increases as the number of samples used for

estimation increases.

4.3.2.4 The Sensing Order Confidence Metric κis

In this section, we first derive analytically the sensing order confidence metric κis using the

CR bound of the estimators derived in Section 4.3.2.3. In addition, we define the average

sensing order confidence metric κ of obtaining the best order Ao.

We start first with the two channel case, i.e., M = 2. We consider sensing two channels

in any order (ai, ai+1) with perfect traffic estimation and (âi, âi+1) with traffic estimation

errors. Given the current state s = (sai , sai+1
), the sensing order confidence for two channels

only for the sensing order not being affected by traffic estimation errors, is given as κis,2. It

is defined as

κis,2 , Pr{(âi, âi+1) = (ai, ai+1)} = Pr
{
F̂ai ≥ F̂ai+1

}
= Pr

{
CaiP̂

(ai)
bi0

T
(ai)
I

≥
Cai+1

P̂
(ai+1)
bi+10

T
(ai+1)
I

}

= Pr

{
P̂

(ai)
bi0

P̂
(ai+1)
bi+10

≥ ϵi

}
= Pr

{
P̂

(ai)
bi0
− ϵiP̂ (ai+1)

bi+10
≥ 0
}

= Pr
{
P̂

(ai)
bi0
− P (ai)

bi0
− ϵi

(
P̂

(ai+1)
bi+10

− P (ai+1)
bi+10

)
+P

(ai)
bi0
− ϵiP (ai+1)

bi+10
≥ 0
}

= Pr
{
e(ai) − ϵie(ai+1) ≥ ϵiP

(ai+1)
bi+10

− P (ai)
bi0

}
, (4.14)

where bi = sai , ϵi =
Cai+1T

(ai)
I

CaiT
(ai+1)

I

, F̂ai =
Cai P̂

(ai)

bi0

T
(ai)
I

is the estimated sensing factor, P̂
(ai)
bi0

is the

estimated transition probability, and e(ai) = P̂
(ai)
bi0
− P (ai)

bi0
is the traffic estimation error for

the ai-th channel. We model the traffic estimation errors e(ai) and e(ai+1) as Gaussian random

variables, which is a general assumption for ML estimation if the number of samples used in
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the estimator is large enough [Mil11, Ch. 12]. Notice that E
{
e(ai)

}
= E

{
P̂

(ai)
bi0

}
−P (ai)

bi0
= 0

and E
{
e(ai+1)

}
= E

{
P̂

(ai+1)
bi+10

}
− P

(ai+1)
bi+10

= 0. We define Var
{
e(ai)

}
= Var

{
P̂

(ai)
bi0

}
, σ2

ai

and Var
{
e(ai+1)

}
= Var

{
P̂

(ai+1)
bi+10

}
, σ2

ai+1
. The distribution of the sum of two Gaussian

independent variables is also normally distributed as J = e(ai)−ϵie(ai+1) ∼ N (0, σ2
ai

+ϵ2iσ
2
ai+1

).

Hence, (4.14) is expressed as

κis,2 = Q

ϵiP (ai+1)
bi+10

− P (ai)
bi0√

σ2
ai

+ ϵ2iσ
2
ai+1

 , (4.15)

where Q(·) is the tail probability function of the standard normal distribution. In addition,

we derive the approximate closed-form expression for κis,2 in (4.15) by using the CR bound

(4.12) and (4.13) for σ2
ai

and σ2
ai+1

, respectively, which is expressed as

κis,2≈Q


ϵiP

(ai+1)
bi+10

− P (ai)
bi0√√√√P

(ai)

bi0

(
1−P (ai)

bi0

)
P

(ai)

bi
(Nai−1)

+ ϵ2i
P

(ai+1)

bi+10

(
1−P

(ai+1)

bi+10

)
P

(ai+1)

bi+1
(Nai+1−1)

 , (4.16)

where Nai is the number of samples for the ai-th channel.

Next, we consider the sensing order confidence metric for M channels. Assume the i-th

sensing order is Ai = (a1, a2, · · · , aM) with corresponding state vector s. The sensing order

confidence metric κis of the estimated best sensing order Â = (â1, â2, · · · , âM) is achieved as

long as the order for any two consecutive sequence is not affected by the estimation errors,

which is represented as

κis = Pr{Â = Ai}

= Pr{[(â1, â2) = (a1, a2)] ∩ [(â2, â3) = (a2, a3)] ∩ · · ·

∩ [(âM−1, âM) = (aM−1, aM)]}. (4.17)

Note that the order for any two consecutive sequence is not affected by other consecutive
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sequences, therefore the events in (4.17) are independent, i.e.,

κis =
M−1∏
i=1

Pr{(âi, âi+1) = (ai, ai+1)} =
M−1∏
i=1

κis,2

=
M−1∏
i=1

Q

ϵiP (ai+1)
bi+10

− P (ai)
bi0√

σ2
ai

+ ϵ2iσ
2
ai+1

 , (4.18)

by using κis,2 from (4.16).

Finally, the sensing order confidence metric of the best sensing order, denoted as κ
[o]
s , is

derived by applying the best sensing order Ao to (4.18). In addition, the average sensing

order confidence metric for the best sensing order is expressed as

κ = Es{κ[o]s }. (4.19)

4.3.3 Minimizing the Required Number of Samples for Traffic Estimation: A

Convex Optimization Problem

From the estimation point of view, using more PU traffic samples, i.e., a longer traffic

estimation time, will increase the accuracy of obtaining the transition probabilities. Although

higher sensing order confidence can be achieved with more traffic samples or longer estimation

time, it is realistic to consider energy-efficient, delay-aware traffic estimation. To do so, we

strive to find the minimum number of samples for each channel to satisfy the desired sensing

order confidence constraint, since each channel has its own traffic statistics. The optimization

problem becomes

min
M∑
i=1

Ni subject to κ[o]s ≥ η, (4.20)

where Ni ∀i ∈M, is the number of samples used for estimating the i-th channel, and η is the

minimum tolerated sensing order confidence metric. Expression κ
[o]
s is a function of Ni since

it contains the variances for the estimated transition probabilities, which are shown through

the CR bounds in (4.12) and (4.13). Note that the problem of (4.20) is purely theoretical,

as in a practical network implementation of the optimal sensing order Ao is not known.

The objective function is a linear combination of M variables. Therefore, it is a convex
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function. The constraint can be shown to be a convex constraint4 by the following Lemma.

Lemma 2 κ
[o]
s is a concave function.

Proof: See Appendix A.9. Since both the objective function and its constraint are convex,

we show that the optimization problem is a standard convex optimization problem which

can be solved by numerous methods (e.g. interior point method [BV04]) using computer

optimization tools (e.g. CVX [GB11]) efficiently.

4.3.4 Discussion: Traffic Estimation and The Sensing Order Algorithm in Non-

Stationary Traffic

We assume stationary PU traffic in our system model, which means the traffic of all channels

is estimated at once before the proposed sensing order algorithm starts. However, in the

real wireless scenario, the traffic statistics may change slowly according to the utilization

of PUs. This implies we need an algorithm which can track the traffic statistics together

with the proposed sensing order algorithm simultaneously. A sliding window method is a

good candidate to solve this problem. For example, in the initial phase, we adopt a long

time period to estimate each channel and obtain their statistics with high accuracy. Then,

we start the tracking phase by sensing the channels using the proposed sensing order. After

sensing each channel, we collect the samples and update the statistics within a window length

of Nw samples. The samples located outside the window are abandoned. The statistics are

updated gradually as time goes assuming the statistics do not vary rapidly with time, which

is a reasonable assumption.

4.4 Numerical Results

In this section, we verify our proposed algorithm and analysis with computer simulations.

The simulation model here follows directly the one introduced in Section 4.2. First, we

4A standard convex constraint is f ≤ ζ, where f is a convex function. It is equivalent to −f ≥ −ζ, where
−f is a concave function.
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compare the performance of our proposed sensing order algorithm with the state of the art

sensing order algorithms in [KS08a,KS08b,CZ11]. Then, we verify the CR bound of PU traffic

estimators and compare it with the simulated variance of our proposed ML estimators of

the PU traffic parameters. Furthermore, we show the analytical and simulated results of the

average sensing order confidence metric with respect to the number of samples used in traffic

estimation and the DSA network throughput loss with respect to the average sensing order

confidence metric. Lastly, we demonstrate two design examples of using traffic estimation

and the proposed sensing order algorithm. The examples will show the minimum required

number of samples for PU traffic estimation given a sensing order confidence constraint.

4.4.1 DSA Throughput with Perfect PU Traffic Estimation

Fig. 4.2 shows the throughput comparisons for different sensing order algorithms assuming

perfect PU traffic estimation. We choose M = 10 PU channels in our scenario. For the

system parameters, we choose the constant traffic parameters P00 and P10, which are vectors

containing the elements P
(i)
00 and P

(i)
10 , respectively, for the i-th channel ∀i ∈ M. For the

physical layer parameters, we choose constant capacity vector C and sensing time vector TI,

which contains the elements Ci and T
(i)
I , respectively, for the i-th channel ∀i ∈ M. T

(i)
I is

chosen to be less than or equal to 50 ms and Ci is less than or equal to 10 bits/s, which are

reasonable values following [KS08b]. Each simulation result is calculated by averaging over

104 realizations.

Under perfect sensing for the current PU states, Fig. 4.2(a) demonstrates that as the PU

slot time T increases, the DSA throughput increases as well. This is because as long as T

increases, there is more time for SU transmissions, i.e., enlarging T − T (i)
I . Furthermore, we

can observe that the analytical result of our proposed sensing order algorithm, derived in

(4.5), matches the simulation result. It is clear from Fig. 4.2(a) that our proposed sensing or-

der algorithm outperforms other well-known sensing order algorithms, such as the combined

algorithm which merges the two algorithms proposed in [KS08a,KS08b], the capacity-based

algorithm in [CZ11], and the random order algorithm. The combined algorithm adopts the
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sorting factor Pr{ŝi=0}
T

(i)
I

to sense the channels. The capacity-based algorithm considers simply

sensing the channels in descending order of Ci. The random order algorithm senses the chan-

nels randomly. By considering the traffic and physical layer sensing parameters together,

our proposed algorithm performs the best over the other sensing order algorithms.

Fig. 4.2(b) takes imperfect sensing for current PU states into account. First, we can

observe the throughput degradation when we have sensing errors with P
(i)
f = P

(i)
m = 0.1,∀i ∈

M. If we do not include sensing errors into our sensing factor (when sensing errors are

actually present), i.e., we set P
(i)
f = 0 and P

(i)
m = 0 in Algorithm 3 (refer to lines 10 and 12),

the performance degradation from the perfect sensing case is even worse. Second, since the

combined method also takes transition probabilities into consideration, its throughput will

degrade as well. However, the capacity and random order method does not rely on transition

probabilities. Therefore, they show the same performance as the case without sensing errors.

To validate the stochastic performance of the sensing order algorithms, we plot the ex-

perimental cumulative distribution function (CDF) of the throughput R in Fig. 4.3 under

perfect sensing, i.e. P
(i)
f = P

(i)
m = 0,∀i ∈ M. The CDF curve is obtained based on 100

randomly generated parameter sets S = {C,TI,P00,P10} with 104 random realizations for

parameters {s, ŝ} in each set. To obtain values for each element in S: (i) parameters P
(i)
00 in

P00 and P
(i)
10 in P10 are chosen uniformly and randomly from U(0, 1), where U(a, b) denotes

the uniform distribution within a range of minimum and maximum value of a and b, respec-

tively, for the i-th channel ∀i ∈ M; (ii) the capacity Ci in C and sensing time T
(i)
I in TI

are also chosen to be uniformly distributed in the range U(0, 2Cavg) and U(0, 2T avg
I ), where

Cavg and T avg
I are the average capacity and average sensing time, respectively. Because the

curve representing our proposed algorithm lays on the right-hand side of the other curves,

we conclude that our algorithm also outperforms state of the art approaches in a stochastic

manner.
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(a) Throughput within the PU slot time T with-

out sensing errors. The DSA throughput is plot-

ted for the proposed algorithm, combined algo-

rithm [KS08a, KS08b], capacity algorithm [CZ11],

and random order algorithm.
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(b) Throughput within the PU slot time T with

sensing errors (SE) P
(i)
f = P

(i)
m = 0.1 ∀i ∈ M.

The DSA throughput is plotted for the proposed

algorithm without sensing errors, the proposed al-

gorithm not considering sensing errors (assuming,

conversely, P
(i)
f = 0 and P

(i)
m = 0 in Fi in Algo-

rithm 3, the proposed algorithm considering sens-

ing errors (set P
(i)
f = 0.1 and P

(i)
m = 0.1 in Fi

in Algorithm 3, the combined algorithm [KS08a,

KS08b], the capacity algorithm [CZ11], and the

random order algorithm.

Figure 4.2: DSA throughput performance evaluation considering both with and without

sensing errors. The chosen parameters are M = 10, P00=(0.1, 0.2, 0.5, 0.3, 0.6, 0.3, 0.2, 0.7,

0.8, 0.9), P10=(0.7, 0.2, 0.3, 0.5, 0.4, 0.8, 0.9, 0.1, 0.6, 0.2), TI=(20, 10, 30, 40, 10, 20, 40,

40, 30, 50) ms, and C=(2, 8, 5, 1, 6, 3, 9, 7, 10, 1) bits/s.
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Figure 4.3: Experimental CDF comparisons of the DSA throughput obtained from each

realization under perfect sensing. The CDF is plotted for our proposed algorithm, combined

algorithm [KS08a, KS08b], capacity algorithm [CZ11], and random order algorithm. The

used parameters are M = 10, T avg
I = 25 ms, T = 0.1 s, Cavg = 5 bits/s, P

(i)
00 ∼ U(0, 1), and

P
(i)
10 ∼ U(0, 1).
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4.4.2 PU Traffic Estimation Performance Under Perfect Sensing

To measure the traffic estimation performance, we consider only one channel as multiple

channels can follow the same estimation process. Fig. 4.4 depicts the PU traffic estimation

performance. The traffic parameters are chosen as P00 = P10 = 0.7 in Fig. 4.4(a), and

N = 200, P01 = 0.1 in Fig. 4.4(b). The metric we use to evaluate the performance is the root-

mean-square (RMS) error of the estimated transition probabilities, i.e., taking the square

root of the mean-squared-error (MSE) of the estimated parameters. Fig. 4.4(a) demonstrates

that as the number of samples increases, the RMS error decreases. Improved accuracy for

the estimation is obtained by taking more traffic samples into consideration. Furthermore,

the estimator P̂00 is shown to have better performance than P̂10. This can be explained by

focusing at u = 0.3 in this example. Since P0 = 1 − u = 0.7, we know that there is higher

chance for zero to be present in the sequence. This increases the number of the estimation

information n0 and n1 for P̂00, which results in more accurate estimation. In addition, the

RMS error achieves the CR bound as long as the number of samples is large enough, which

verifies the ML estimation property stated in [Mil11]. Fig. 4.4(b) plots the RMS error with

respect to u. Note that CR bound remains a lower bound for the PU estimators. But for

the estimator P̂00, the RMS error deviates away from the CR bound when u is high. This

is because, as u grows larger, the channel has a higher probability of being occupied. Most

of the traffic samples are sensed busy, and therefore the measured transition numbers n0

and n1 are close to zero. The collection of such a small amount of transition numbers is not

sufficient for the accurate PU traffic estimation, especially when the number of samples is not

large enough (e.g. N = 200 in our simulations). In addition, P̂10 becomes more accurate as

u increases, since it has more information on n2 and n3 given a constant number of samples.

However, as we explained in Fig. 4.4(a), the performance of P̂00 and P̂10 depends on u. This

phenomenon is clearly shown here, i.e., P̂10 is better than P̂00 when u > 0.5, and P̂00 is better

than P̂10 when u < 0.5.
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(a) RMS error of estimated transition probabilities with the number of samples. The

parameters used are P00 = 0.7, P10 = 0.7.
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(b) RMS error of estimated transition probabilities with the probability of PU presence

u. The parameters used are N = 200, P01 = 0.1.

Figure 4.4: Traffic estimation performance evaluation: CR bound and simulation results

(Sim.).
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4.4.3 Sensing Order Confidence Metric and DSA Throughput Loss Under Per-

fect Sensing

Fig. 4.5 plots the average sensing order confidence, i.e., (4.19) versus the number of samples

used for traffic estimation. In this simulation, we apply the same number of samples used for

PU traffic estimation in each channel, which is more convenient for demonstrating the results.

The simulation results are shown under two different traffic parameter sets named ‘Test 1’

and ‘Test 2’. We define the probability of PU presence vector as u = {u(1), u(2), · · · , u(M)}.

From the simulation results, we can first observe that the average sensing order confidence

increases when the number of samples increases. This is because, once we estimate the traffic

parameters more accurately, the resulting sensing order will be with high probability closer

to the best one. Secondly, we can observe that the simulation results match the analytical

results. The results demonstrate that our approximation for the ML estimation errors being

Gaussian distributed and application of the CR bound for the variance are accurate enough

for deriving the average sensing order confidence.

Fig. 4.6 plots the normalized throughput loss L with respect to the average sensing order

confidence κ. The figure shows that, as the average sensing order confidence increases, the

throughput loss decreases. This is because increasing the average sensing order confidence

translates to a higher probability of obtaining the best sensing order (i.e., we have a larger

chance to achieve the maximal throughput). Note the analytical result for L matches the

simulation result when the sensing order confidence metric κis is known. As κis is derived

by (4.18), L deviates from the analytical results to the simulation result when the average

sensing order confidence is small. This can be explained by the Gaussian assumption we make

for the ML estimators’ errors. When the number of samples is not large enough, the ML

estimators’ errors will not approach a Gaussian distribution. Therefore κis is not accurate in

this region. The figure provides a guideline for choosing the sensing order confidence metric

in a system perspective, since we can get the information on the throughput loss in our

system given a corresponding average sensing order confidence. As in the example shown

in Fig. 4.6, if we would like to design a system with a normalized throughput loss of less
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Figure 4.5: Average sensing order confidence with the number of samples. Ana-

lytical (An.) results and simulation (Sim.) results are presented. The parame-

ters used are M = 6, u = (0.2, 0.1, 0.6, 0.5, 0.4, 0.3), TI = (20, 10, 30, 40, 10, 20) ms,

C = (2, 8, 5, 1, 6, 3) bits/s. Test 1 adopts P00 = (0.87, 0.90, 0.76, 0.72, 0.73, 0.83). Test 2

adopts P00 = (0.80, 0.90, 0.40, 0.50, 0.60, 0.70).

than 1% (note we have done the simulations up until this point), we need to design a traffic

estimation algorithm which keeps the average sensing order confidence higher than 57%.

4.4.4 Design Examples

In this section, we show two design examples for solving the proposed convex optimization

problem under perfect sensing. For a given state vector s, we need to determine the mini-

mum number of samples for PU traffic estimation to achieve certain confidence. Note that

confidence maps to equivalent throughput loss. We consider two designs:

Design 1

min N subject to κ[o]s ≥ η; (4.21)

Design 2 (See Section 4.3.3)

min
M∑
i=1

Ni subject to κ
[o]
s ≥ η. (4.22)
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Figure 4.6: Normalized throughput loss with the average sensing order confidence. Sim-

ulation (Sim.) results are compared to the analytical (An.) results. Both approximated

(Approx.) and perfect sensing order confidence are plugged into the analytical expres-

sion for normalized throughput loss. The parameters used are T = 0.15 s, M = 6,

u=(0.2,0.1,0.6,0.5,0.4,0.3), P00=(0.95, 0.94, 0.92, 0.89, 0.88, 0.93), TI=(20,10,30,40,10,20)

ms, C=(2,8,5,1,6,3) bits/s.

The first design optimizes a single variable N used for all channels, while the second design

optimizes M variables used for each channel. Obviously Design 1 solves a sub-optimal

solution while Design 2 solves the optimal solution since each channel should be optimized

according to its own traffic parameters, i.e., Design 1 is a special case of Design 2. It has

been proved in Section 4.3.3 that both designs are solving a convex optimization problem,

so we can solve it numerically by using optimization tools, e.g., those available in MATLAB.

Denote the optimal solutions N o and N o
i ∀i ∈M for Design 1 and Design 2, respectively.

Since the number of samples can only be taken in integers, the optimal solution should be

rounded to the nearest integer which is greater than itself, i.e., ⌈N o⌉ and ⌈N o
i ⌉. Note that

the rounding process preserves the convex constraint, since the sensing order confidence

function is an increasing function with respect to number of samples. We compare these

two solutions in terms of total number of samples needed for estimation, i.e., M⌈N o⌉ and
M∑
i=1

⌈N o
i ⌉, for Design 1 and Design 2 respectively.
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Figure 4.7: Total number of samples with optimization threshold. Compari-

son of optimizing single number of sample used for every channel with optimiz-

ing all number of samples used for each channel. The used parameters are

M = 6, u = (0.2, 0.1, 0.6, 0.5, 0.4, 0.3), P00 = (0.87, 0.90, 0.76, 0.72, 0.73, 0.83),

TI = (20, 10, 30, 40, 10, 20) ms, C = (2, 8, 5, 1, 6, 3) bits/s, current state vector

s = (1, 1, 1, 1, 1, 1).

Fig. 4.7 presents the total number of samples with optimization threshold η. First, as

the sensing order confidence constraint threshold increases, the total number of samples

increases. Since we have a tighter constraint, we need more PU traffic samples to raise the

estimation accuracy. Second, we see that the optimal solution requires much less traffic

samples than the sub-optimal solution. The optimal solution saves at most 48.36% samples

from the sub-optimal solution for η = 0.9. But the optimal solution takes longer time to be

solved, so there is a tradeoff between the duration of the traffic estimation process and the

computational complexity.

4.5 Summary

In this work, we proposed a sensing order algorithm to maximize the throughput of secondary

users transmitting on multiple primary user channels. The algorithm was based on deriving

the sensing factor which was dependent on the traffic statistics of the primary users and
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sensing parameters of the secondary user, assuming a discrete-time Markov chain channel

utilization model and a slotted transmission structure for primary users. Furthermore, we

proposed the use of a maximum likelihood estimator to estimate the traffic statistics and

quantify the estimation performance using the Cramér-Rao bound. Finally, we analyzed the

performance of the proposed sensing order algorithm together with the traffic estimation.

We derived the sensing order confidence metric of obtaining the best sensing order analyt-

ically by approximating the estimator errors with the Gaussian distribution and applying

the Cramér-Rao bound. The system throughput loss was derived according to the sensing

order confidence, which linked to the traffic estimation duration. We also formed a convex

optimization problem in order to select the number of samples needed to sense each channel

for a certain level of sensing order confidence.
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CHAPTER 5

Robust Cooperative Spectrum Sensing Scheduling

Optimization in Multi-Channel Dynamic Spectrum

Access Networks

5.1 Introduction

In addition to the sequential sensing order optimization shown in Chapter 4 which is analyzed

considering all physical layer details, this chapter is also the first work which formulates

the general sensing strategy problem and addresses the compromises that exists between

parallel and sequential sensing strategies, i.e., assigning less users to each channel in order

to sense a large number of channels in parallel versus the benefits of assigning multiple users

to each channel to cooperatively sense the same channel. We propose several structured

sensing strategies to maximize system throughput, and we investigate the tradeoff among

these strategies under various circumstances. Finally, we discuss the robust design when the

proposed sensing strategies encounter uncertainty in PU channel occupancy and detection

signal-to-noise ratio (SNR).

5.1.1 Related Work

Sensing strategies have so far been mostly investigated in what relates to sensing order opti-

mization and acquiring the stopping time in a sequential manner where channels are sensed

one after the other. A multi-user network is investigated in [AFS13] where channels are being

sensed in parallel, but the only parameter used for the decision making is channel occupancy

without considering the impact of cooperative sensing. In [DRW09], the authors proposed a
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scheduling scheme for spectrum sensing based on the idea that when a channel is free, the

channel can be sensed with a lower time resolution set based on a backoff scheme. [RG08]

proposed a robust routing schedule to maximize the social network utility subject to the

variance constraint. [LWC14] proposed an online decision scheduling algorithm to determine

the sensing period together with a sequential detection for spectrum sensing, which is robust

to short-term channel change and possible data outliers.

5.1.2 Our Contribution

The contribution of this work is thus threefold:

1. We introduce and formulate the general problem of sensing strategy for optimal sensing

allocation of SUs to maximize system throughput. However, due to implementation

and analysis complexity, the general problem is not solved. This is one of the limitation

of this work;

2. Three classes of structured sensing strategies, i.e., sequential1, parallel, and sequential-

parallel multi-channel sensing strategies are proposed, resolved with optimal and heuris-

tic algorithms, and compared in presence of homogeneous and heterogeneous sensors;

3. A robust optimization for the proposed strategies is provided to investigate how the

sensing strategy decision is affected when there is uncertainty for the detected PU SNR

and channel occupancy.

5.2 System Model and Problem Formulation

We consider a DSA network with N SUs transceiver pairs and M channels as shown in

Fig. 5.1. Similar to most of the works in the literature, channels and PUs’ activity in

the channels are assumed to be fully independent [KS08a]. PUs are assumed to transmit

1The optimal sequential strategy has been proposed in the previous chapter. But in the previous chapter,
we assume arbitrary sensing time. Here we consider the practical physical layer sensing method to obtain
the sensing time considering user cooperation.
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synchronously on the channels in a time-slotted fashion with a slot duration equal to T .

Note that the time slot length in our work is the period during which the channel and the

traffic statistics can be considered almost invariant. At the beginning of each time slot, the

SU central network controller determines the sensing strategy for SUs to maximize the total

expected spectrum opportunities for transmission. A spectrum sensing strategy includes

the time schedule (e.g., sensing order) and job schedule (which users sense which channels).

After the users finish sensing a channel, sensing results are sent to the central controller

where they will be merged to make the final scheduling decision. Since our work mostly

focuses on the sensing scheduling aspects of the problem, the transmission delay of sensing

results to the controller is not considered2.

The channel gain between the i-th SU transceiver pair operating on the m-th channel is

denoted as hm,i, and the channel gain from PU transmitter to the i-th SU receiver operating

on the m-th channel is denoted as gm,i. We thus define the i-th SU transmission capacity

on the m-th channel as Cm,i = Bm log2(1 + Γm,i), where Bm is the bandwidth of the m-

th channel, 1 ≤ m ≤ M , Γm,i =
Pih

2
m,i

σ2
m

is the received SNR for the i-th SU on the m-th

channel, Pi is the transmission power for the i-th SU, and σ2
m is the noise power on the m-th

channel. For simplicity, we assume Γm,i are the same for all SUs, which will be reduced to

Γm and hence Cm. For heterogeneous sensors, we define the corresponding detection SNR

as γm,i =
Ψmg2m,i

σ2
m

, where Ψm is the transmission power of the primary user at channel m and

gm,i is the channel gain from PU to the i-th SU receiver on the m-th channel. Note that

for simplicity we assumed channel sensing is performed at the SU receiver node. For the

homogeneous case, the detection SNR is denoted by γ. The probability for the m-th channel

of being occupied by primary users is assumed to be known at the central controller as um,

where um can be estimated or measured efficiently [LC13] in the training phase, as will be

discussed in Section 5.5.

2In the literature, some works addressed this issue. For instance, constraints on the number of reporting
sensors is discussed in [HSN12].
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Figure 5.1: The network model with a primary user transmitter (TX), two SU TXs, and two

SU receivers (RXs).
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5.2.1 Cooperative Spectrum Sensing

Cooperative sensing is a well-known solution to enhance sensing performance [GS05]. The

reason is that as the collective decision is made with several individual sensing results, the

requirement of sensing accuracy for each individual user can be lowered, hence the sensing

time can be reduced. In a time slotted DSA network, since the status of the channel does not

change during one time slot, minimizing the sensing time for the channel implies increasing

the expected transmission throughput [LZP08] for SUs.

5.2.1.1 Primary User Detection

Consider a secondary receiver that needs to detect primary users sending pilot signals on

a particular channel [CTB06]. Let τ be the sensing time and assume that the receiver’s

sampling frequency is fs such that Ns = τ × fs samples are gathered to make the decision

of whether a channel is occupied by a primary user. The minimum sensing time required to

satisfy the given detection quality under additive white Gaussian noise (AWGN) channel by

the optimal detector, i.e., the matched filter is equal to:

τ =
[Q−1(Pf )−Q−1(Pd)]

2

γfs
, (5.1)

where γ is the detected SNR and Pd is the probability of detection, defined as the probability

of detecting the primary user when it is present. Pf is the probability of false-alarm defined

as the probability of wrongly finding the channel occupied when it is actually vacant. Note

that even though we consider only AWGN channels, the discussion can be extended to any

detection model as long as Pd and Pf are represented as a function of SNR. For example, Pd

and Pf as a function of fading parameters can be found in [LZP08, Section V]. In addition,

we choose the sensing sampling frequency as the Nyquist frequency which equals to two

times the corresponding channel bandwidth in our simulations.
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5.2.1.2 Fusion Rules

Sensing results reported by different users may be combined in different manners, known as

fusion rules [GS05]. In what follows, we discuss OR and AND hard fusion rules because

they are commonly used in the literature and also they provide bounds for the more general

rule k-out-of-N . Assume all N users are homogeneous, i.e., they have the same Pd and Pf .

Thus, the cumulative probability of detection and false-alarm are given as Qd = 1−(1−Pd)N ,

and Qf = 1− (1−Pf )N for the OR fusion rule respectively, and as Qd = PN
d , and Qf = PN

f

for the AND fusion rule respectively.

From equation (5.1), the minimum cooperative sensing time by N homogeneous users to

satisfy the Qd and Qf is expressed as

τ =


[Q−1(1− N

√
1−Qf )−Q−1(1− N√1−Qd)]

2

γfs
for the OR Rule,

[Q−1( N
√
Qf )−Q−1( N√Qd)]

2

γfs
for the AND Rule.

(5.2)

Throughout the chapter, we also define τm,n as the cooperative sensing time of channel m

by n sensors. Equation (5.2) provides two important insights. First, for any channel m (we

thus drop the channel index), τn is a decreasing function of n. The other insight is related to

the number of cooperative sensors. As illustrated in Fig. 5.2, the sensing time gain τn−τn+1,

i.e., adding another user to the process of cooperative sensing, decreases when n increases.

The most improvement in cooperative sensing time is therefore obtained when two users

cooperate instead of sensing a channel by one user. This behavior promotes the idea of

distributing the users more evenly among channels. We will use this result in Section 5.3.3.

Note that in the discussions above, it is assumed that the detection SNR γ is given and the

same for all users. The case with heterogeneous sensors (different detection SNRs thus Pd

and Pf for different users) and the case with a random SNR will be investigated in Section 5.4

and 5.5, respectively.
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Figure 5.2: The gain of incorporating more users into the cooperative sensing process de-

creases when the number of users increases. The used parameters are fs = 5 kHz, Qd = 0.9,

and SNR is −5 dB.

5.2.2 Problem Formulation

We define the beginning of a time slot as the reference point t = 0, and the elapsed time

when the sensing process for channel i is finished as T
(i)
I . Note that T

(i)
I depends on the

sensing order and user allocation schemes, and the sensing time for channel i depends on the

number of users allocated to it. As illustrated in Fig. 5.3(a), if channel i is found available,

it is a potential spectrum opportunity with duration T − T
(i)
I . The expected throughput

obtainable from the spectrum opportunity of channel i is thus equal to Ci(1− ui)(T − T (i)
I ).

The elapsed time for a channel which is not sensed can be assumed to be T (no throughput

gain). Our objective is to maximize the total expected normalized throughput R from all
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channel spectrum opportunities3 by deciding the optimal sensing strategy, i.e.,

max
A

E{R(A)} =
M∑
i=1

(T − T (i)
I (A))Ci(1− ui)

T
, (5.3)

where E{·} is the expectation operation and A is a sensing strategy. Note for any channel

i, T
(i)
I (.) is a function of A.

5.3 Spectrum Sensing Strategies with Homogeneous Sensors

A sensing strategy determines the order in which the channels are sensed and the number of

users which sense a channel. In addition, the sensing strategy should also provide the timing

schedule for each user to sense different channels. The optimal sensing strategy, which is

called general strategy in this work, includes any possible strategy to sense a set of channels.

For instance, consider the scenario in Fig. 5.3(b) with 4 channels and 3 users. Channel 1, 2,

and 4 are sensed respectively by users 1, 2, and 3 starting from the beginning of the slot. To

sense channel 3, there are 3 possibilities: i) User 1 solely senses channel 3 when it finishes

its job sooner than user 2 and 3. Hence sensing channel 3 is finished at T
(3)
I = τ1,1 + τ3,1;

ii) User 1 waits for user 3 to finish its job and then they cooperatively sense channel 3

and T
(3)
I = τ4,1 + τ3,2; iii) Both users 1 and 3 wait also for user 2 and then sense channel

3 cooperatively and T
(3)
I = τ2,1 + τ3,3. As shown in the figure, it is assumed that option

(ii) is the optimal solution. However, due to the large number of possible solutions, solving

for the general strategy is highly cumbersome and can not be done efficiently in a timely

manner, and it is also difficult to be implemented in practice. Therefore, in this section,

to simplify the general sensing strategy, we propose three classes of multi-channel sensing

strategies with particular structures. Each strategy can be considered as a sub-optimal

scheme for the general strategy. In other words, we assume specific sensing strategies and,

3In this work, our focus is on the spectrum opportunity detection part and our objective is thus to
maximize the potential throughput for other transmitting users which do not participate in the sensing
process. The transmission scheduling problem where users participate both in sensing and transmission
is out of the scope of this work and remains as our future work. The potential throughput in (5.3) thus
represents an upper bound on the actual network throughput when joint sensing and transmission assignment
of users is taken into account.
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Figure 5.3: (a) Sensing structure when channel i is sensed by a subset s with |s| users.

(b) A general sensing strategy where user 1 waits for user 3 to finish its job and then they

sense channel 3 cooperatively. (c) An example of parallel strategy where channel 3 is not

sensed. (d) An example of sequential strategy with the channel (Ch) sensing order (Ch 2,Ch

1,Ch 3,Ch 4) by all users. (e) Sequential-parallel strategy where (Ch 2, Ch 1) are sensed

sequentially by users 1 and 2 and in parallel for (Ch 3, Ch 4) by user 3.

given this strategy, we provide the optimal answer. We assume in this section that we have

homogeneous sensors with the same detected SNR γ.

The three proposed strategies are: i) a sequential strategy where all channels, which can

be sensed in T , are sensed cooperatively by all N users in a sequential manner, ii) a parallel

strategy where channels are cooperatively sensed in parallel with a subset of users, and iii) a

mixture of sequential and parallel strategies called sequential-parallel strategy where different

sets of channels are sensed in parallel, but channels in each set are sensed in a sequential

manner. An example for each strategy is provided in Fig. 5.3.

5.3.1 Sequential Sensing Strategy

The sequential strategy with cooperative sensing was first discussed in Chapter 4. We briefly

review this strategy and show an example in Fig. 5.3(d). Given a list of users and channels,

it is assumed that all users cooperatively sense each channel, and channels are thus sensed
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one by one. Therefore, the cooperative sensing time of any channel m by N sensors is given

by τm,N . The sensing order is defined as A = (a1, a2, . . . , aM) which is a permutation of

(1, 2, . . . ,M), e.g., a1 = 3 implies that the first channel being sensed cooperatively by all

users is channel 3. The expected spectrum opportunity throughput can then be re-written

from equation (5.3) as

max
A

E{R(A)} =
M∑
i=1

(T − T (ai)
I )Cai(1− uai)

T
, (5.4)

where T
(ai)
I = min

{∑i
j=1 τaj ,N , T

}
. In the previous chapter, it is proved that the optimal

sensing order is found by sorting the channels in decreasing order of
Cj(1−uj)
τj,N

, j = 1, . . . ,M .

5.3.2 Parallel Sensing Strategy

In this strategy, channels are sensed in parallel and the central controller makes the decision

on the number of users who should sense each channel. Intuitively, when no user is assigned

to a channel, the channel is not sensed and no spectrum opportunity throughput is available

for this channel. Each user thus senses only one channel. An example of this strategy is

illustrated in Fig. 5.3(c). The optimization problem can be represented as

max
A

E{R(A)} =
M∑
i=1

(T − τi,ki)Ci(1− ui)
T

, s.t.
M∑
i=1

ki = N, (5.5)

where ki is the number of users assigned to channel i and A = k = (k1, k2, . . . , kM). This

is a classical integer programming problem. In the following, we first discuss a dynamic

programming (DP) solution, and then a heuristic solution. At the end, the condition to

have an integer assignment is relaxed and a relaxed optimization problem is discussed.

5.3.2.1 Dynamic Programming

As a resource allocation problem, we propose the following dynamic programming (DP)

solution to find the optimal assignment [Ber05]. The stage of the DP is the channel number.

Thus, starting from channel 1, we must decide at each stage, how many of the remaining

users should be assigned to the particular channel considered. The decision variable is the
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number of users, the instantaneous payoff is the throughput which may be obtained from this

channel, and the value function vk(n) is the total expected throughput which can be obtained

from the optimal assignment from now on when k channels and n users remain. Transition

possibilities naturally depend on the remaining number of users. Then, the Bellman equation

can be written as

vk(n) = max
0≤j≤n

{
(T − τk,j)Ck(1− uk)

T
+ vk−1(n− j)

}
. (5.6)

The terminal condition is when no users remain to be assigned, i.e., vk(0) = 0, ∀k. We thus

have v1(n) =
(T−τM,n)CM (1−uM )

T
, meaning that in the last stage, any remaining users should

be assigned to the last channel (channel M). The DP is finite, so it is solved by backward

induction, and the maximal throughput is equal to vM(N). Note that since the channels are

sensed in parallel, sensing order and the order of channels in the DP are irrelevant.

In the proposed DP solution, we choose the users as resource to be assigned since the DP

has a lower runtime complexity compared to the case where channels are assigned. Consider

an optimal assignment Ao = (k1, . . . , kM) with a given number of users. Assume one new

user is assigned to channel i to achieve an optimal allocation; for any other channel j, we

should thus have the condition E{R(k1, . . . , ki+1, . . . , kM)} ≥ E{R(k1, . . . , kj +1, . . . , kM)},

∀j ̸= i, and it can be simplified as (τi,ki − τi,ki+1)Ci(1 − ui) ≥ (τi,kj − τi,kj+1)Cj(1 − uj).

Therefore, each new user is added to a channel i with currently ki assigned users which has

the highest (τi,ki−τi,ki+1)Ci(1−ui) value. The DP algorithm for the parallel sensing strategy

is presented in Algorithm 4.

5.3.2.2 Greedy Heuristic

The high execution complexity of the DP solution prompts the need to have a low-complexity

heuristic. A simple, yet efficient solution is a greedy heuristic that puts more users on a

channel with a higher product of the channel capacity Ci and the probability of availability

1− ui. We thus propose

ki =

[
N

Ci(1− ui)∑M
j=1Cj(1− uj)

]
, (5.7)
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Algorithm 4 Pseudo Algorithm for Parallel DP Solution
1: procedure Parallel DP

2: for m = 1 : M

3: for n = 1 : N

4: R(m,n) = (T − τm,n)Cm(1− um)

5: end for

6: end for

7: R(:, 0) = 0

8: A = 0

9: while N > 0 do

10: m∗ = argmax
m

∆R = R(m, km + 1)−R(m, km), 1 ≤ m ≤M

11: km∗ = km∗ + 1

12: N = N − 1

13: end while

14: end procedure

where [·] is the rounding operation. Since the sum of ki values derived from equation (5.7)

is not necessarily N , if N −
∑M

j=1 kj > 0 the remaining N −
∑M

j=1 kj users are assigned

to the channel with the maximum Cj(1 − uj), otherwise
∑M

j=1 kj − N additional users are

eliminated from the channels starting with maximum Cj(1− uj). We refer to this heuristic

in the figures as “Par-GH (An.)” and “Par-GH (Sim.)”.

5.3.2.3 Constraint Relaxation

In this section, we propose to relax the constraint of the optimization problem in equa-

tion (5.5) where ki is not necessary an integer. This helps us to derive a bound for the

parallel strategy. It can be easily shown that the objective function E{R(A)} is not a

simple concave function, yielding to a non-convex optimization programming solution that,

given the reduced size, it can still be optimally solved by brute-force search. The detailed

derivation for relaxed optimal ki are provided in Appendix A.11.
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5.3.3 Analytical Comparisons for Sequential and Parallel Strategies with Ho-

mogeneous Channels

In this section, we compare the analytical throughput performance for the sequential and

parallel strategies assuming that all channels have the same capacity C and channel occu-

pancy rate u, i.e., the channels are homogeneous. It is complex to analytically derive the

throughput performance for heterogeneous channels since it depends on multiple channel

capacities and occupancy rates. We therefore only focus our effort on obtaining analytical

results for the homogeneous case to gain a better insight on the conditions, e.g., number

of channels, number of users, capacity, and occupancy rate, which make one scheme better

than the other, as fewer variables are involved. Let us start with the parallel strategy.

In the parallel scheme, it can be observed that in practical scenarios, it is always better

to sense more channels than to cooperatively sense fewer channels. For the case of similar

channels, assume there are two channels and two users (M = N = 2). The throughput

when each user senses a channel (no sensing cooperation) can be given by 2C(1−u)(T − τ1)

(channel index was dropped). The throughput of cooperatively sensing only one channel is

given by C(1− u)(T − τ2). Cooperatively sensing the same channel in the parallel strategy

is thus optimal when C(1 − u)(T − τ2) > 2C(1 − u)(T − τ1) ⇒ 2τ1 − τ2 > T . Note this

condition is rarely met, so it can be claimed that when channels are similar, it is better, for

the parallel scheme, to distribute the users as much as possible to sense and exploit more

channels. Given this insight and based on what we observed in Fig. 5.2, the total throughput

of the parallel scheme is represented as

E{RPar
Hom} =

(M − r)[C(1− u)(T − τL)] + r[C(1− u)(T − τL+1)]

T
, (5.8)

where L = ⌊N
M
⌋, ⌊·⌋ is the floor operator, and r is the reminder of the division, i.e., r =

mod(N,M). The intuition is as follows. We should first assign L users to each channel

and the remaining r users are distributed among r channels, so r channels will be sensed

by L + 1 users and the others by L users. We can also derive the analytical throughput

performance of the parallel sensing greedy heuristic algorithm for homogeneous channels.

Since channels are assumed similar, users are evenly assigned to channels and the remaining
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users are assigned to one of the channels. Defining Q = [N
M

], the throughput obtained by

this heuristic can thus be given by:

E{RPar−GH
Hom } =

N(T−τ1)C(1−u)
T

if N < M,

M(T−τQ)C(1−u)
T

if MQ = N and N ≥M,

(M−1)(T−τQ)C(1−u)
T

+
(T−τN−(M−1)Q)C(1−u)

T
if MQ < N and N ≥M,

(M−t)(T−τQ)C(1−u)
T

+
(T−τQ−MQ+N−(t−1)Q)C(1−u)

T
if MQ > N,N + (t− 1)Q < MQ,

MQ ≤ N + tQ, where t ∈ Z+,

and N ≥M.

(5.9)

For the sequential model, the sensing time of each channel is τN , so at most ⌊ T
τN
⌋ channels

can be sensed. Let us define K = min{⌊ T
τN
⌋,M}. The total throughput is thus given by

E{RSeq
Hom} =

C(1− u)
K∑
i=1

(T − iτN)

T
=
KC(1− u)

(
T − K+1

2
τN
)

T
(5.10)

Using equations (5.8) and (5.10), we are able to find the operating regions where one of the

strategies outperforms the other, as will be illustrated in Section 5.6.

5.3.4 Sequential-Parallel Strategy

We propose in this section a hybrid strategy named sequential-parallel. As can be seen in

the example provided in Fig. 5.3(e), channels are divided into several subsets, where within

each channel subset, a subset of users are adopting sequential cooperative sensing. In other

words, within each channel subset, a sequential strategy is followed while different channel

subsets are sensed in parallel. The decision to be made is thus to find the channel subsets,

the assignment of users to each subset and the sequential sensing order within each subset.
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We define a function Rs(Sm, n) which is the maximum expected throughput obtainable

from sequentially and cooperatively sensing by n users the channel subset Sm. From Sec-

tion 5.3.1, we already have the optimal sequential strategy within one channel subset. With

this type of structure, the throughput maximization problem is indeed a Knapsack prob-

lem [MT90] where we are looking for the best 2-tuples (Sm, n) to put in the knapsack. In

the following, a dynamic programming model and a greedy heuristic are proposed to solve

this problem.

5.3.4.1 Dynamic Programming

Given the function Rs, the state variable in the DP equation is represented by (S, n), where

S is a subset of channels, not sensed yet, and n is the number of remaining users, not assigned

to any channel set. The decision is one of the subsets of S and the number of users assigned

to it. Therefore, the total number of possible actions is equal to 2|S|(n + 1). The Bellman

equation can be given by

v(S, n) = max
0≤j≤n,X⊆S

{
Rs(X , j) + v(S − X , n− j)

}
, (5.11)

where X is the decision variable which is a subset of S. The DP model is of infinite-horizon,

so it can be solved by value iteration [Ber05]. As soon as we reach any state with v(∅, n) or

v(S, 0), the ongoing payoff is zero and the solution is terminated.

5.3.4.2 Greedy Heuristic

Similar to the classical Knapsack problem, the greedy approach starts with the 2-tuple whose

ratio of throughput versus the number of users is maximum. When a channel subset and

the number of users assigned to this subset are decided, the algorithm is continued for the

remaining users and channels. The greedy algorithm can be found in Algorithm 5. As

discussed in [MT90], the greedy heuristic is guaranteed to have a performance higher than

half of the optimal result.
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Algorithm 5 Pseudo Algorithm for Sequential-Parallel Greedy Heuristic Solution

1: procedure Sequential-Parallel Greedy Heuristic

2: while N > 0 do

3: Select 2-tuple (S∗, n∗) with maximum Rs(Sm,n)
n

4: Remove all entries (Sm, n) if Sm ∩ S∗ ̸= ∅

5: Remove all entries (Sm, n) if n > N − n∗

6: N = N − n∗

7: end while

8: end procedure

5.3.5 Iterative-Parallel Solution for the General Spectrum Sensing Strategy

The solutions provided for the parallel sensing strategy raise the idea of using an iterative

solution for the general model. Let us call the solution algorithm proposed for the parallel

strategy ParallelStrategy(·), which could be any of the proposed solutions. In the first itera-

tion of the iterative approach for the general model, a decision based on the parallel strategy

is made to sense some channels in parallel. Those channels are removed from the list and

for the remaining channels, a new decision is made based on the parallel strategy. Iterations

are continued until all channels are sensed (or until the end of time slot). However, we ob-

serve that in the parallel strategy users are all synchronized, while in the iterative solution,

sensing time of the channels may be different, and hence users finish their first assigned job

in different time instants.

To be able to employ the parallel strategy iteratively, we use the following approach,

which is illustrated with an example in Fig. 5.4. The parallel strategy has been called in

the beginning of the time slot and the optimal decision is to sense channel 1 by user one

and channel 2 by user two. Now, consider the point that sensing the first channel (shortest

sensing time) is finished and user one becomes idle. We call this point the new reference

point where a new decision is made. The remaining sensing time of channel 2 is known, so

if a new job (sensing channel 3) is assigned to a designated user who is currently busy, we

have to wait first for this user to finish its current job which takes (τ21 − τ11) time unit, and
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Figure 5.4: An example of the proposed Iterative-Parallel solution for the general sensing

model.
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then the user starts the new job. It is equivalent to assume that the sensing time of any

remaining channel, here channel 3, by this designated user, starting at new reference point,

is the sum of remaining sensing time of the channel being sensed by this designated user

and the original sensing time of the remaining channel, which is equal to (τ21 − τ11) + τ31.

Similarly, the cooperative sensing time of channel 3 is updated to (τ21 − τ11) + τ32 because

user one should wait for user two to finish and then join for a cooperative sensing. For

cooperative sensing, as discussed in Section 5.2.1, all collaborators should start at the same

time, so the updated sensing time for a channel is defined based on the longest remaining

job. As described in Algorithm 6, in each iteration, the list of remaining channels is updated

and based on the remaining job of the users, the table of all sensing times by different

subsets of users is recalculated. By modifying the length of the time slot in each iteration

(as throughput function is linear versus the time slot), the reference point is redefined. Note

that τ
[]
s is a matrix with M × 2N entries which keeps the sensing time of each channel sensed

cooperatively by a subset of users, as discussed in Section 5.2.1.2. After each iteration,

some channels remain which are still not sensed. Therefore, a new decision is made only

considering the remaining channels. It is worth noting that this algorithm is run offline

in the beginning of the time slot (similar to a DP) to find the optimal strategy, then the

strategy is followed and applied to the time slot. It is clear that since we are running the

parallel algorithm, we are maximizing the instantaneous payoff, so the proposed solution is

a myopic solution and not necessarily optimal.

5.3.6 Memory Usage and Computational Complexity Discussion

It is not possible to solve the throughput optimization problem in the general sensing strategy

in polynomial time, since all permutations of M channels along with all ways to divide N

users among M channels need to be considered. In terms of the memory space complexity,

the maximum memory space required for it is O(2M2N) to keep the sensing time of any

subset of channels by any subset of users, where O(·) is the big O notation. For the other

proposed strategies, the memory space and computational complexity are summarized in

Table 5.1. Note that for the sequential-parallel strategy, even though their big O complexity
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Algorithm 6 Pseudo Algorithm for Iterative-Parallel Solution

procedure Iterative-Parallel Solution

Function IterativeParallel(N,M, τ
[]
s , T ).

CH = 1 : M

while IsNotEmpty(CH) & T > 0 do

SensingSchedule=ParallelStrategy(N ,CH,τ
[]
s ,T ).

CH = CH-SensedChans (SensingSchedule).

T = T -MinSensingTime (SensingSchedule).

τM=UPDATE(T ,τ
[]
s ,SensingSchedule).

Solution=[Solution SensingSchedule].

end while

end procedure

is the same, DP has more lower order computation terms than the heuristic (e.g., 3n3+2n2+n

versus n3 while both are O(n3)). In addition, in calculating the computational complexity,

the execution time to fill the required data structures, already taken into account in the

memory usage, is not considered to avoid repetition.

Table 5.1: Memory space and computational complexity of homogeneous sensing strategies.

Strategy Memory Computation

Sequential O(M) O(M2)

Parallel-DP O(MN) O(MN2)/O(M2N)

Parallel-Heuristic O(1) O(M)

Sequential-Parallel-DP O(2MN) O(22MN2)

Sequential-Parallel-Heuristic O(2MN) O(22MN2)

Iterative-Parallel-DP O(MN) O(M2N2)
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Figure 5.5: Cooperative sensing time by AND fusion rule versus single-user sensing to satisfy

aggregated sensing accuracy of Q∗
d = 0.9 and Q∗

f = 0.15. Other parameters are fs = 4 kHz,

noise power σ2 = 10−5 W and the detection SNR for the first user γ1 = −5 dB.

5.4 Spectrum Sensing Strategies with Heterogeneous Sensors

In the previous section, it was assumed that the users are homogeneous in sensing with the

same detection SNR γ for all channels and all users. Due to different distances between

the SUs and PU transmitter, as well as channel variations, sensors in practice may have

different detection SNRs and consequently different sensing times to fulfill a given sensing

accuracy. In this section, the optimal sensing strategy is therefore investigated assuming

different detection SNR values γm,i for SU i in channel m. In this work we assume a more

realistic scenario where the cooperative sensing time is the same for all participating users

and sensing reports are sent to the controller at the same time. We do not address the

scenarios where the sensing duration is different for different users and the fusion center has

to wait to receive the last report to make its decision. Considering this assumption, a key

observation is that, depending on the fusion rule, the cooperative sensing time to meet target

Q∗
f and Q∗

d values may even increase with additional users if a user with a significantly lower
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detection SNR cooperates. Fig. 5.5 illustrates this fact. Only between the crossover points

at −7 dB and −3 dB should the users cooperatively sense the channel to achieve the lowest

sensing time. Below a −7 dB SNR for the second user, the channel should be sensed only

by the first user, which has a significantly better SNR than the second user. Similarly, when

the second user SNR is above −3 dB, only the second user should sense the channel for the

best performance.

For each channel m and within a set of sensors S, with known SNRs, we can thus find the

optimal subset of users S∗
m ⊆ S to cooperatively sense this channel. The cooperative sensing

time for a channel m will be the minimum sensing time such that the target sensing accuracy

is satisfied. Let us call it τ ∗m. In the following, we discuss how τ ∗m is found for a channel

m. It should be noted that finding τ ∗m is just an initial step in the scheduling optimization

procedure and we then come back in Section 5.4.1 to the original optimization problem, which

is to maximize the potential throughput by providing solutions to our proposed scheduling

strategies.

Consider a subset S of all N users with an SNR vector (γm,1γm,2 . . . γm,N). If we assume

that all users in S cooperatively sense channel m, the minimum cooperative sensing time

τm,S can be found by solving the following optimization model

min
τ,Υ

τ, s.t. Qd ≥ Q∗
d, Qf ≤ Q∗

f , (5.12)

where τ is the cooperative sensing time and Υ = (ϵ1 . . . ϵN) is the detection threshold of

all users. For the matched filter detection, we have [CTB06] Pf,i = Q( ϵi√
τfsθiσ2

w

) and Pd,i =

Q( ϵi−τfsθi√
τfsθiσ2

w

), where ϵi is the detection threshold, τ is the sensing time, θi is the PU signal

power so that γi = θi
σ2
w

, σ2
w is the noise power and fs is the sampling frequency. Channel

index has been dropped in all parameters above.

For AND fusion rule, we also have that Qf =
∏

i∈S(Pf,i) and Qd =
∏

i∈S(Pd,i), where

Pf,i and Pd,i, 1 ≤ i ≤ N are the probability of false alarm and detection for the i-th user in

S, respectively. Note they are both functions of τ and detection thresholds Υ. We thus have

|S| equations and |S|+ 1 variables (τ and ϵi), and we are looking for the minimum τ and a

feasible Υ. The optimization problem above can be solved by a solver to find the minimum
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cooperative sensing time τm,S .

The sensing time found above is the cooperative sensing time when all users in a subset

S cooperate. However, as we previously discussed, increasing the number of cooperating

sensors does not necessarily improve the sensing time, and the optimal set of users can be

a subset of the users. Therefore, the optimal sensing time for channel m can be given by

τ ∗m = min
S⊆{1,2,··· ,N}

τm,S , where S is any subset of N users, and the cooperative sensing time

for this subset is given by equation (5.12). The complexity of finding the best subset can be

decreased from O(2N) to O(N2) by the fact that it is not required to check all subsets. The

user with the best SNR should necessarily be one of the cooperating sensors, so if we sort the

vector of SNRs in a descending order and rename the users accordingly, only the sensing time

of N subsets {1}, {1, 2}, . . . {1, 2, . . . , N} should be found and compared. Starting from {1}

towards larger subsets, we continue the search until the cooperative sensing time increases

by adding the next user. We can see that this is equivalent to finding an SNR threshold and

only have users who have an SNR greater than this threshold participate to the cooperative

sensing.

Since the complexity of solving equation (5.12) depends on the solver and the algorithm

used, we call it E(N). From now on, we assume that the we know the optimal sensing

time and the optimal sensing set for any channel, found with E(N) +O(MN2) complexity,

and the cooperative sensing time for any subset of users found with an E(N) + O(M2N)

complexity. Using those pieces of information, we now discuss how the sequential, parallel

and sequential-parallel sensing strategies can be designed.

5.4.1 Sequential Sensing with Heterogeneous Sensors

As discussed, for any channel m, we could find the optimal set of users and the optimal

sensing time τ ∗m. We use this optimal sensing time to find the optimal channel sensing

order by sorting the channels in the decreasing value order of Cm(1−um)
τ∗m

, and each channel

is cooperatively sensed by its optimal set of users. Therefore, the only change compared to

the case with homogeneous sensors is that a channel is not sensed by all users and a user
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will not thus necessarily sense all channels. The results will be called “Seq (Opt.)” in the

numerical results figures.

As solving equation (5.12) and finding the optimal sensing time may be cumbersome

for a large number of users, we propose the following average-based heuristic called “Seq-

Heuristic-Avg” in the figures. For each channel m, we assume that the channel is sensed

only by the users who have a detection SNR greater than the average SNR of all users. The

rationale behind this heuristic is that, for a large number of users, there will also be a large

number of users in the sensing set. As discussed previously, the cooperative sensing time

gain is significant mostly for the first users. Therefore, discarding a few users will not have

a major impact on the performance. We then assume that all users who have a SNR higher

than the average have the same average SNR and we find the cooperative sensing time from

equation (5.1) denoted by τAvg
m . Channels are sensed in descending order of Cm(1−um)

τAvg
m

.

5.4.2 Parallel Sensing with Heterogeneous Sensors

We saw that each channel has an optimal set of users to cooperatively sense that channel.

If those sets were disjoint, it would be optimal to sense all channels in parallel, each one

with its optimal set. Since the sets are not necessarily disjoint, we propose the following

assignment strategies which follow similar concepts to the ones proposed for homogeneous

sensors. Using the cooperative sensing time for any channel and by any set of users given

from equation (5.12), we could have a dynamic programming model to find the optimal

assignment, and a sub-optimal scheme with a lower complexity similar to the one proposed

in Algorithm 4. Note that since the sensors are heterogeneous, the latter approach is not

the solution of the DP (as it was for homogeneous sensors) and results in a sub-optimal

assignment (i.e., the order of user assignment to channels is important here). We call the

optimal and heuristic approaches respectively “Par-DP (Opt.)” and “Par-DPSim-HetSens”

in the numerical results figures.

We also propose a classical greedy scheme, using the average sensing time introduced

for sequential strategy. The channels are sorted in decreasing order of Cm(1−um)

τAvg
m

. The best
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channel is selected and the user with the best SNR for this channel is assigned to the channel

and removed from the list of users. The algorithm is then continued for other channels. If

one user is assigned to all channels and there are still unassigned users (i.e., M < N), the

assignment is restarted from the first channel to add another sensor. This approach is called

“Par-Avg-Greedy-HetSens” in the numerical results. As can be seen, the objective of this

heuristic is to explore the most channels in parallel with their best user sets.

5.4.3 Sequential-Parallel Sensing with Heterogeneous Sensors

Similar to the Section 5.3.4 with homogeneous channels, we can find the expected throughput

which can be obtained from a set of channels sensed cooperatively by a set of users in a

selective manner. This is equivalent to using the sequential approach proposed above for

any set of users and channels. Recall that due to heterogeneity in sensing, all users may

not sense all channels. Forming a matrix with an O(2M2N) complexity, we could have a DP

model to find the optimal assignment. It is called “Seq-Par-DP (Opt.)” in the numerical

results figures. The complexity will however be too high. In the following, we thus propose

a heuristic with a very low complexity.

In this heuristic, called “Seq-Par-Heuristic” in the numerical results figures, channels

are sorted based on the obtainable throughput divided by the number of sensors, given the

optimal sensing time. The first channel which is selected thus has the maximum Rm(τ∗m)
|S∗

m|

where Rm(τ ∗m) is the throughput obtainable from channel m if it is sensed by its optimal set

of users. After selecting the first channel, any other channel i whose optimal set of sensors

is a subset of the optimal set of the selected channel (i.e., S∗
i ⊆ S∗

m) is also selected to be

sensed by the same set of sensors in a sequential manner. All these channels are removed

from the list and a new decision is made for the remaining channels and users. Naturally,

the optimal set of users and optimal sensing time for all remaining channels must then be

recalculated based on the remaining users.
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Table 5.2: Memory space and computational complexity of heterogeneous sensing strategies.

Strategy Memory Computation

Sequential (Opt) O(MNE(N)) O(M2)

Seq-Heuristic-Avg O(M) O(M2)

Parallel (DP,Opt) O(M2NE(N)) O(M22N)

Parallel-DPSim-Het O(M2NE(N)) O(MN2)

Parallel-Avg-Greedy O(MN) O(M2N)

Sequential-Parallel (DP,Opt) O(2M2NE(N)) O(2M22N)

Sequential-Parallel-Heuristic − O(M2NE(N))

5.4.4 Memory Usage and Computational Complexity Discussion with Hetero-

geneous Sensors

The complexity comparison of different solutions for the heterogeneous cases is summarized

in Table 5.2. The main difference between homogeneous and heterogeneous cases from

complexity point of view is the extra calculation for equation (5.12) for each channel, which

is denoted by E(N). In other words, after finding the optimal sensing time and optimal sets

for each channel, the complexity is similar to homogeneous scenarios.

5.5 Robust Spectrum Sensing Scheduling Design

Observing equation (5.3), it can be seen that three system parameters, i.e., PUs duty cycle u,

detection SNR γ, embedded in sensing time, and received SNR of SU transmission, embedded

in capacity, have a random nature while in previous sections, we assumed a perfect knowledge

of those parameters. A robust optimization, maximizing the throughput while keeping its

variation below a threshold, can be provided for those parameters to take into account

their random nature. Since in this work we focused on the sensing without taking the

actual transmission into account, we continue to use the assumption of full knowledge of the

channel capacity and discuss how the variation of the two other random parameters affect

the decision made by different sensing strategies.
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We now separately relax the assumptions that we have full knowledge for the duty cycle

u and the detected SNR γ, i.e., we first analyze the case with imperfectly known duty cycle

while the detected SNR is still assumed perfectly known, and then the inverse case is inves-

tigated. In the actual system, we need to estimate those parameters accurately so that the

estimates would not degrade the system performance tremendously. In the following robust

system design, we first propose a low-complexity average estimator to estimate the duty cycle

u on a single channel, based on the discrete-time Markov chain (DTMC) assumption for PU

transmission traffic, and then we analyze the statistics for the proposed estimator. Second,

we formulate two uncertainties, i.e., primary traffic and channel uncertainty, and combine

them with our proposed cooperative spectrum sensing scheduling schemes as a joint robust

optimization problem. The primary traffic uncertainty comes from the estimation errors of

the duty cycle, and the channel uncertainty comes from the detected SNR, which is not a

constant but a random variable following a certain distribution.

5.5.1 Primary Traffic Estimation: Average Estimator and Its Performance Anal-

ysis

The PU traffic on a single channel is modeled as a DTMC [GLP13a], where z represents the

current state of the PU (also termed as a PU traffic sample). States z = 0 and z = 1 indicate

the PU is absent and present, respectively within one slot time T . This traffic is characterized

by the steady-state distribution and the transition probabilities. The probability of PU

absence is denoted as P0 = Pr{z = 0} = 1− u and of PU presence as P1 = Pr{z = 1} = u.

The transition probabilities from state x to state y is denoted as Pxy with four probabilities

{P00, P01, P10, P11} with u = P01

P01+P10
, P00 + P01 = 1, and P10 + P11 = 1.

Assume we obtain W PU traffic samples to form a vector z = (z1, z2, · · · , zW ), zi ∈ {0, 1},

1 ≤ i ≤ W under perfect sensing from a PU channel. Our goal is to estimate the duty cycle

u using these observed traffic samples zi. We adopt a low-complexity average estimator,

i.e., û = 1
W

W∑
i=1

zi [GLP13a]. Its expected value is shown to be E{û} = 1
W

W∑
i=1

E{zi} = u,

and therefore it is an unbiased estimator. To derive its variance, we apply the results
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in [GLP13a, Eq. (15)] to obtain

Var{û} =
u(1− u)

W
+

2u(1− u)r(rW −Wr +W − 1)

W 2(1− r)2
, (5.13)

where r = P11−P01
4. Note that the asymptotic value for the variance of û is limW→∞ Var{û} =

0, which means that as we increase the number of PU traffic samples, the variance for the

estimator will go to zero to make a perfect estimation.

5.5.2 Robust Optimization

In this section, we formulate the robust optimization problem regarding the primary traffic

uncertainty and channel uncertainty, i.e., the estimation errors for duty cycle and statistical

behavior from the detected SNR, respectively. Note that we relax one variable at a time and

keep the other one fixed so that we can observe their effect separately.

5.5.2.1 Primary Traffic Uncertainty

By using the estimates of duty cycle ûi in the proposed system, where the channel activ-

ity is assumed independent among channels, with given traffic samples Wi, 1 ≤ i ≤ M

for all channels, we first formulate the robust optimization problem by maximizing the ex-

pected estimated throughput, subject to the constraints that the variance for the estimated

throughput should be no greater than a given threshold η [RG08], i.e.,

Robust Optimization Problem 1

max
S

E{R̂(S)} =
M∑
i=1

(T − T (i)
I (S))Ci(1− E{ûi})

T
,

s.t. S ∈ A, Var{R̂(S)} =
M∑
i=1

(T − T (i)
I (S))2C2

i Var{ûi}
T 2

≤ η, (5.14)

4Note that [GLP13a, Eq. (15)] is the variance for u assuming the traffic samples follow a continuous-time
Markov chain (CTMC). However, if we constraint the CTMC by using uniform sampling, it would turn into
the DTMC, where we can simply replace Γu in [GLP13a, Eq. (15)] with r in (5.13). The detailed derivation
can be found in Appendix A.12
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where R̂(S) is the estimated throughput and S is an element in the sensing strategy set A.

Since the estimator for the duty cycle is an unbiased estimator, i.e., E{ûi} = ui, we have

E{R̂(S)} = R(S). In addition, we can obtain Var{R̂(S)} by substituting the equation (5.13)

into equation (5.14). To solve this robust optimization problem (ROP), we search for all

the possible elements S in A, sort the corresponding estimated throughput in a descending

order, and then adopt this order to search for the variance constraint until we have the

variance being less or equal to η. This optimal solution is summarized in Algorithm 7.

From a practical system design point of view, we do not have the information of how

many traffic samples should we use in advance. Therefore, we need to have another opti-

mization problem formulation to obtain an efficient system design. As observed in ROP 1,

the objective function E{R̂(S)} does not depend on Wi, which means that we can always

achieve the optimal solution without considering the variance constraint. However, since

Var{R̂(S)} is a decreasing function in terms of Wi, as we keep increasing Wi, we can achieve

any arbitrary variance constraint if we have sufficient traffic samples. Hence, we propose to

obtain the minimum number of traffic samples if we have the variance constraint, or to ob-

tain the minimum variance of estimated throughput if we have a sensing energy constraint,

which are listed as two ROPs as follows respectively.

Robust Optimization Problem 2

min
Wi

M∑
i=1

Wi, s.t. Var{R̂(S)} ≤ η, (5.15)

and

Robust Optimization Problem 3

min
Wi

Var{R̂(S)}, s.t.
M∑
i=1

Wi ≤ ϵ. (5.16)

Here we show that the above two ROPs are equivalent by the following Lemma.
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Lemma 3 ROP 2 and ROP 3 are equivalent, i.e., the optimal solution for both problems

are the same.

Proof: See Appendix A.13.

From the above Lemma, we can solve either ROP 2 or ROP 3 to have an efficient system

design by minimizing both sensing energy and variation for the throughput.

Algorithm 7 Pseudo Algorithm for Solving ROP 1
1: procedure ROP Solution

2: for i = 1 : |A|

3: Qi = E{R̂(Si)}.

4: end for

5: Sort Qi in a descending order with the corresponding strategy E = (E1, E2, · · · , E|A|), Ei ∈ A.

6: i = 1.

7: while Var{R̂(Ei)} > η do

8: if i ≥M then

9: Return no solution.

10: else

11: i = i+ 1.

12: end if

13: end while

14: Return optimal strategy E∗i .

15: end procedure

5.5.2.2 Channel Uncertainty for PU Detection

In this section, we relax the assumption that the detected SNR γ is a constant value for all

SUs. Instead, we model γ as a random variable for all SUs and we would like to discuss how

its variation will affect the sensing scheduling optimization and thus our system performance.

First, assume the channel gain g from PU to SU receiver follows a Rayleigh distribution. We

can easily show that γ = Ψg2

σ2 follows an exponential distribution f(γ) = βe−βγ if γ ≥ 0, else

f(γ) = 0 with a parameter β. Second, we make an assumption that the random variable γ

should be constrained within a certain lower bound and upper bound, i.e., γ ∈ (ϕL, ϕU). The
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lower bound is due to the fact that the PU detector suffers from some channel uncertainty

effects (e.g. frequency offset and noise uncertainty), hence it can not detect PU signal below

a SNR value which is called the SNR wall [CTB06]. The upper bound comes from the fact

that the PU detector shown in equation (5.1) only targets the range of low SNR much less

than 0 dB. Hence, the truncated probability density function (PDF) for γ can be derived as

f(γ) = βe−βγ∫ ϕU
ϕL

f(γ)dγ
= βe−βγ

e−βϕL−e−βϕU
, γ ∈ (ϕL, ϕU), else f(γ) = 0. The mean for this truncated

γ can be derived as E{γ} = 1
β

+ ϕLe
−βϕL−ϕUe−βϕU

e−βϕL−e−βϕU
. Followed by the above assumptions, we

can formulate a similar optimization problem as shown in ROP 1 which is to maximize the

expected throughput given the variance constraint under the SNR variation, i.e.,

Robust Optimization Problem 4

max
S

E{R(S)} =
M∑
i=1

(
T − E

{
A(i)(S)

γ

})
Ci(1− ui)

T
,

s.t. S ∈ A, Var{R(S)} = Var

{
1

γ

}[ M∑
i=1

{A(i)(S)}Ci(1− ui)
T

]2
≤ η, (5.17)

since the sensing time can be written as T
(i)
I (S) = A(i)(S)

γ
, where A(i)(S) is a constant value

depending on the sensing strategy and the fusion rule. In order to obtain the first and second

moments for the throughput, we apply the following Lemma.

Lemma 4 Given a random variable γ with its truncated exponential PDF f̄(γ) for γ ∈

(ϕL, ϕU) with the shape parameter β, we can obtain the first and second moments for its in-

verse random variable respectively as E
{

1
γ

}
= β(Ei(βϕL)−Ei(βϕU ))

e−βϕL−e−βϕU
, and E

{
1
γ2

}
= β

e−βϕL−e−βϕU
[ e

−βϕL

ϕL
−

e−βϕU

ϕU
− β(Ei(βϕL)− Ei(βϕU))], where Ei(x) =

∫∞
x

e−t

t
dt is the exponential integral.

Proof: For the first moment of 1
γ
, it can be derived by calculating it directly by the definition

and with change of variable technique. For the second moment of 1
γ
, it can be derived using

integral by parts combining with the result of its first moment.

From Lemma 4, we can derive the variance for 1
γ

and therefore the variance for the

throughput. In addition, to solve ROP 4, we can apply the same Algorithm 7 by simply

replacing the objective and subjective functions accordingly.
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5.6 Numerical Results

In this section, numerical results evaluating the expected normalized throughput from spec-

trum opportunities under different strategies are presented and discussed.

5.6.1 Throughput Comparisons for All Strategies

In Fig. 5.6, it can be observed that, among the parallel strategies, the constraint relaxation

achieves the largest throughput because the solution in equation (5.5) is not necessarily

integer hence it provides an upper bound for the parallel strategies. Second, there exists a

performance gap between the proposed greedy heuristic strategy and the optimal parallel

strategy. This can be explained by the fact that in the heuristic, we only consider the traffic

and channel information, but we ignore the impact of the fusion model and thus sensing time.

Third, the sequential strategy outperforms the parallel strategies when the number of users is

small. This is due to the fact that all channels can be sequentially sensed in a time slot with

small sensing time for each channel. In addition, the number of channels is large compared

to the number of users so that the sequential strategy would not waste as many spectrum

opportunities as the parallel strategies. Finally, as expected, the sequential-parallel strategy

performs better than pure sequential and parallel strategies, and the proposed iterative

parallel strategy can not outperform the sequential-parallel. The proposed greedy heuristic

for the sequential-parallel does not perform well for the selected parameter values. Note that

in Fig. 5.6 we consider the OR rule, but for the AND rule we also have similar results.

5.6.2 Throughput Comparisons for Parallel and Sequential Strategies

To have a better insight on all the strategies, we vary different parameters in Fig. 5.7 to

show their impact on the optimal throughput. We assume that all channels have the same

parameters to simplify the results interpretation.

In Fig. 5.7(a), we first vary various Qd. A higher target Qd implies a longer sensing

time, and we thus observe a performance degradation for all strategies. When the sensing
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Figure 5.6: Performance comparison for parallel strategy with greedy heuristic (Par-GH), dy-

namic programming (Par-DP), constraint relaxation (Par-Relax), sequential strategy (Seq),

sequential-parallel strategy with greedy heuristic (Seq-Par-GH), sequential-parallel strategy

with dynamic programming (Seq-Par-DP), and iterative parallel strategy (Iterative-Paral-

lel) under OR fusion rule versus the number of users. Simulation parameters are T = 5 ms,

Γ = 10 dB, Qd = 0.9, Qf = 0.15, M = 6, γ = −5 dB, B = 0.5fs = (1, 1.5, 2, 2.5, 3, 5) kHz,

and u = (0.1, 0.2, 0.3, 0.4, 0.5, 0.3) for each channel.

time is short, the sequential strategy guarantees that all channels will be sensed. On the

other hand, the parallel strategy senses a maximum of N channels which is less than M .

Hence it can be seen that the parallel strategy performs better than the sequential when the

sensing time is long since the spectrum opportunities in the last channels in the sequential

schedule will be very short or null. The sequential-parallel strategy naturally outperforms the

sequential and parallel strategies. It can be seen that when the sensing time is very short, the

performance of the sequential strategy and the sequential-parallel is the same. This means
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that the optimal decision by the sequential-parallel strategy also senses all channels by all

users. When sensing time is very long, the sequential-parallel results are close to the parallel

strategy.

It can be seen that analytical results provided in Section 5.3.3 are matched well with the

numerical results except for the parallel strategy for very large values of Qd. For the selected

simulation parameters, sensing time with a few number of sensors to satisfy a large Qd is

larger than the time slot. We saw that the parallel analytical approach tries to distribute

users as much as possible with less cooperation, so the throughput will be zero for large

values of Qd. The optimal solution however selects the maximum cooperation on a single

channel.

Comparing the AND and OR rules, the performance is similar for the parallel strategy.

Except for very large values of Qd, the parallel strategy, for both AND and OR rules,

distributes the users evenly among channels, implying that each user will sense one channel

and no cooperation takes place for N ≤ M . Therefore, the fusion model is irrelevant. For

the sequential strategy, we can see that the AND rule outperforms the OR rule when the

sensing time is short. It can be explained by the fact that the sensing time is shorter for

the AND rule. However for Qd = 1−Qf = 0.85, they have the same performance and after

that the OR rule performs better since the sensing time becomes shorter for the OR rule.

It is worth noting that decreasing Qf or decreasing the sampling frequency has a similar

impact for both rules, as the sensing time increases.

In Fig. 5.7(b), the number of users is fixed to three. When the number of channels M

increases, it is expected to have some performance gain. However, the parallel strategy can

not sense more than three channels and thus its throughput saturates at three channels. The

sequential strategy performance increases with more channels until no more channels can be

sensed. Given the sensing time equal to τN , maximum ⌊ T
τN
⌋ channels may be sensed in one

time slot, which is ⌊ 5 ms
1.8 ms

⌋ = 2 channels in this figure. The sequential-parallel strategy may

have three user subsets and in each subset, maximum ⌊ T
τ1
⌋ = ⌊ 1 ms

3.4 ms
⌋ = 1 channels can

be sensed. The saturation thus occurs at M = 3. Discussions related to comparing AND

and OR fusion rules are similar to the previous figure.

122



When we increase the number of users, it is expected to observe that when N < M ,

the parallel strategy can not sense all channels, so that the sequential strategy outperforms

the parallel strategy. When the number of users increases, the parallel strategy is able to

sense all channels, so it becomes superior. However in Fig. 5.7(c), the sequential scheme can

not sense more than two channels when N ≥ 2, and three channels when N ≥ 4. So its

performance improves mostly by the decrease in the cooperative sensing time. However, the

parallel scheme will be able to sense four channels when the number of users increases from 2

to 4, and then for larger number of users benefits from cooperative sensing. Its performance

is thus always superior to the sequential scheme.

The other interesting point to observe is that as the number of users increases, the gap

between OR and AND fusion rules increases because cooperative sensing becomes more

likely and for the given Qd and Qf , the OR fusion model has shorter cooperative sensing

times.

5.6.3 Performance Comparison for Heterogeneous Sensors

In this section, we discuss the performance of the proposed solutions for the scenarios with

heterogeneous sensors. Due to space limit, we only provide the heterogeneous version of Fig.

5.7(c) since the results are similar for other scenarios. Further, the results are only for the

AND fusion rule because with the OR rule, mixing any set of SNRs does not worsen the

performance and the cooperative sensing time will not be worse than the non-cooperative;

therefore, the notion of optimal set of sensors is not applicable. Instead of a fixed detection

SNR equal to −5 dB, in this section users have an exponentially distributed random SNR

with an average of −5 dB but limited to the bound (−15, 0) dB. Fig. 5.8 is the heterogeneous

version of Fig. 5.7(c) comparing sequential, parallel and sequential-parallel strategies together

and with the proposed heuristics. We ran the simulation for 500 runs for all schemes except

the sequential-parallel DP for N = 6, which was repeated 100 times. However, it can be

seen that the confidence intervals are acceptable for 90% confidence. It should be noted

that even though the second heuristic proposed for the parallel strategy does not perform
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(a) Performance comparison versus probability of

detection Qd. Simulation parameters are Qf =

0.15, N = 3, M = 4, γ = −5 dB, fs = 2B = 5

kHz, u = 0.3, T = 5 ms, and Γ = 10 dB.
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(b) Performance comparison versus number of

channels. Simulation parameters are Qd = 0.9,

Qf = 0.15, N = 3, γ = −5 dB, fs = 2B = 5 kHz,

u = 0.3, T = 5 ms, and Γ = 10 dB.
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(c) Performance comparison versus number of

users. Simulation parameters are Qd = 0.9, Qf =

0.15, M = 4, γ = −5 dB, fs = 2B = 5 kHz,

u = 0.3, T = 5 ms, and Γ = 10 dB.

Figure 5.7: Throughput comparisons for using the OR fusion rule of parallel (Par-OR), se-

quential (Seq-OR), sequential-parallel (Seq-Par-OR), and the AND fusion rule of parallel

(Par-AND), sequential (Seq-AND), sequential-parallel (Seq-Par-AND) strategies with ho-

mogeneous channels. Simulation results (Sim.) are shown to be matched with analytical

results (An.).
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well, it is provided to reveal the fact that when two users with different SNRs cooperate, the

performance can be worse. For this heuristic, there are four channels, so up to N = 4, each

user has one channel. For N = 5, two users cooperate, but it may degrade the performance

since those cooperating users are not selected optimally in the second heuristic. Compared to

Fig. 5.7(c), we can also see that throughput is higher here with heterogeneous sensors. This

can be explained by Jensen’s inequality. Considering throughput as a function of detection

SNR, i.e., R(γ), we observed that this function is convex in the range of (−15, 0) dB (but

concave for higher values of SNR). Therefore, it is expected to have R(E{γ}) ≤ E{R(γ)}.

5.6.4 Performance Comparison for Primary Traffic and Channel Uncertainty

In this section, we compare the throughput performance under primary traffic and chan-

nel uncertainty by solving the Robust Optimization Problem 1 and Robust Optimization

Problem 4, respectively. To demonstrate the results, we choose the proposed parallel sensing

strategy as an example with fusion OR rule. For primary traffic uncertainty design in Robust

Optimization Problem 1, by applying the parallel sensing strategy, the strategy constraint,

i.e., S ∈ A, would be
N∑
i=1

ki = N , and the sensing time T
(i)
I (S) is equal to τi,ki , as shown

in equation (5.5). For channel uncertainty design in Robust Optimization Problem 4, by

applying the parallel sensing strategy, the strategy constraint is also
N∑
i=1

ki = N , while the

constant factor is A(i)(S) =
[Q−1(1− ki

√
1−Qf )−Q−1(1− ki

√
1−Qd)]

2

fs
, from equation (5.2). Fig. 5.9

shows the normalized throughput loss with the standard deviation of the throughput con-

straint for primary traffic uncertainty case given a constant number of traffic samples W for

all channels, and for the channel uncertainty case. Note that they are compared with the

same average detection SNR γ in −5 dB. The normalized throughput loss is defined as the

throughput loss from maximal throughput without variance constraint and normalized by it.

From the figure, first we observe that, as we increase the standard deviation of the through-

put constraint, which means that we have relaxed the robust optimization constraint, we

have a lower throughput loss. This is due to the fact that we have more search space for the

optimal allocation ki, and hence we can achieve higher throughput. Second, as we increase
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Figure 5.8: Throughput comparisons for using AND fusion rule for the scenario with hetero-

geneous sensors. Optimal results and proposed heuristics for Sequential (Seq), Parallel (Par)

and Sequential-Parallel (Seq-Par) strategies are compared. The figure is the heterogeneous

version of Fig. 5.7(c) with the same parameter values except the detection SNR γ, which is

random here. For the noise power, we set its variance σ2 = 10−8 W. The confidence interval

for each simulation points is set to be 90%.
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the number of traffic samples W , the throughput loss decreases. This is because as we use

more traffic samples to estimate the channel busy rate ui, we have less uncertainty on the

estimation. Therefore we can have lower variance for the estimator, which results in lower

variance for the throughput. In other words, we can achieve larger throughput with the same

variance constraint. Third, we can observe that the decreasing rate for the channel detection

uncertainty case is smaller than for the primary traffic uncertainty. This means that if we

have channel detection uncertainty, it will be difficult to achieve low throughput loss com-

pared with traffic uncertainty. This is important since in practice, accurately estimating the

instantaneous detection SNR can be difficult. Finally, as we increase the constraint, the op-

timal allocation solution ki will also change accordingly. Note that as the standard deviation

is large enough, the normalized throughput loss will eventually go to zero, i.e., to provide

the same optimal allocation as the optimization without constraint, e.g., k∗ = (0, 2, 2, 2, 2, 2)

when W = 20. In addition, since we have a discrete solution space for ki, if the variance

threshold does not increase significantly, the solution may stay the same hence resulting in

the ladder type curve as shown for channel detection uncertainty case.

5.6.5 Design Examples

In this section, we elaborate two design examples for primary traffic uncertainty by solving

ROP 2 assuming that we do not have knowledge of primary traffic statistics. To achieve

the maximal throughput without variance constraint with the optimal allocation k∗i , we

substitute it in ROP 2 to solve for the minimum number of traffic samples that we need

to use to achieve the minimum variance for the throughput. We propose two designs, i.e.,

homogeneous and heterogeneous estimation, shown as Design 1: min
W

W, s.t. Var{R̂(S)} ≤ η,

and Design 2: min
Wi

M∑
i=1

Wi, s.t. Var{R̂(S)} ≤ η. Design 1 represents the case where we

estimate the traffic duty cycle for all channels with the same number of traffic samples,

while Design 2 is when we estimate the traffic duty cycle on each channel with its own

necessary number of traffic samples. Fig. 5.10 shows the total number of samples needed

to achieve a certain standard deviation of throughput. First, as we relax the threshold to
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Figure 5.9: Normalized throughput loss comparison for traffic and channel uncertainty

with parallel sensing strategy under OR fusion rule versus the standard deviation of

throughput. Simulation parameters are T = 5 ms, Γ = 10 dB, Qd = 0.9, Qf = 0.25,

N = 10, M = 6, γ = −5 dB for the traffic uncertainty, (ϕL, ϕU) = (−15,−1) dB,

B = 0.5fs = (1, 1.5, 2, 2.5, 3, 5) kHz, u = (0.1, 0.2, 0.3, 0.4, 0.5, 0.3) and P00 = 0.9 for each

channel.

have less robustness, we need less number of samples for estimation. Second, since Design 2

is a general optimization process considering traffic characteristics for each channel, it can

achieve the same standard deviation threshold using less number of samples. Finally, from

the system design point of view, for example, if we want to achieve a robust design for the

optimal throughput with standard deviation less than 3.55 kbits/s, we need to use at least

100 samples for traffic estimation.
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Figure 5.10: Total number of samples comparison for Design I and Design II with parallel

sensing strategy under OR fusion rule versus the standard deviation of throughput. Simu-

lation parameters are T = 5 ms, Γ = 10 dB, Qd = 0.9, Qf = 0.25, N = 10, M = 6, γ = −5

dB, B = 0.5fs = (1, 1.5, 2, 2.5, 3, 5) kHz, u = (0.1, 0.2, 0.3, 0.4, 0.5, 0.3) and P00 = 0.9 for

each channel.

5.7 Summary

In this work, we proposed and compared several cooperative spectrum sensing strategies

for homogeneous and heterogeneous sensors, i.e., sequential, parallel, and sequential-parallel

to schedule users to sense multiple channels in order to achieve the optimal throughput.

For each strategy, we introduced several solutions including low-complexity heuristic and

dynamic programming methods. In addition, we proposed a robust scheduling design in

terms of both primary traffic and channel detection uncertainty, and a design guideline was

also provided for primary traffic estimation given the throughput variation constraint. In

terms of throughput performance, we showed that with longer sensing time, such as when we

have a stringent constraint on probability of detection, smaller number of channels, or larger

number of users, the parallel sensing strategy is recommended. Otherwise the sequential
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sensing strategy should be adopted. A hybrid sequential-parallel sensing strategy has the

benefits of both approaches and perform better in almost all scenarios while it suffers from

a high complexity limiting its implementation and usage.
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CHAPTER 6

Conclusions

6.1 Research Contributions

To summarize the contributions of this dissertation, first we proposed and analyzed traffic

distribution classification algorithms in DSA networks. In addition to the algorithm design,

we considered the effect of blind and imperfect information of traffic parameters on classifica-

tion algorithms. A design guideline was provided in order to use minimum energy or time for

spectrum sensing in order to achieve a certain correct classification rate. The classification

works are listed in the publications [J4] and [C3].

Second, we proposed traffic prediction algorithms based on traffic statistics. The predic-

tion of PU traffic states was achieved by constructing Markov chain using traffic ON/OFF

distributions. We also considered the case if we have blind knowledge of traffic parameters,

and we proposed prediction regions to link prediction performance and the traffic parameter

estimation errors. The prediction works are listed in the publications [J3] and [C5].

Finally we proposed several multi-user sensing and transmission scheduling strategies to

optimize the SU throughput. For each strategy, we not only derived its optimal solution,

but also provided the low-complexity heuristic solution. A robust optimization problem

was formulated in order to maximize the system throughput when we had both traffic and

channel uncertainties. The scheduling works are listed in the publications [J1], [J2], [J5],

and [C2].
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6.2 Future Work

In this dissertation, we limited the traffic distribution as the gamma distribution (including

exponential and Erlang-2 distributions) with independent and identically distributed proper-

ties for ON/OFF traffic durations. However, current literature has shown that other famous

distributions, such as log-normal, Weibull, and hyper-Erlang distributions are also measured

in certain frequency bands at various locations. Since these distributions have much differ-

ent characteristics than the gamma distribution, new classification/prediction frameworks

or algorithms should be designed and analyzed in order to have more general solutions with

respect to the realistic traffic scenarios. Moreover, current literature also showed that the

ON/OFF traffic durations may not be independent, i.e., they are correlated under certain

circumstances. Therefore the new classification/prediction frameworks should also take the

correlated ON/OFF durations into account which exploit the properties of joint ON/OFF

distributions.

When designing the OSA protocols, in this dissertation we limited the PUs transmitting

in a time-slotted fashion. Note that there are still many other communication protocols that

adopt the non-slotted transmission such as carrier sense multiple access (CSMA) protocol

for PUs. As we consider the non-slotted PU transmission, not only should SU throughput

being analyzed, but also collisions would occur with PUs. The collisions can be analyzed

according to different traffic distributions which will serve as an important metric to evaluate

the OSA protocol. Therefore, sensing scheduling protocols should be redesigned by including

the collision metric to form a general OSA network.
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APPENDIX A

Appendix

A.1 Derivation of Mean and Variance for the Distribution of y
(j,k)
i

To derive the mean and variance for y
(j,k)
i , we need to derive its PDF first. Here we ignore

the index i for convenience since all y
(j,k)
i have the same distribution. Since we know the

PDF for x under hypothesis Hj, we can apply the change of variable technique to derive the

PDF for y(j,k) as

fY (j,k)(y(j,k)) =

∣∣∣∣ ∂

∂y(j,k)
h−1

(
y(j,k)

)∣∣∣∣
× fj

(
h−1

(
y(j,k)

)
|Θj

)
, (A.1)

where | · | is the absolute value function, h(x) = αj,k log x − βj,kx, and h−1 is the inverse

function of h. To find h−1, we introduce first the following Lemma.

Lemma 5 The inverse function for h(x) = α log(x)− βx is

h−1(y) = −α
β
W
(

0, e
y
α
+log(−β

α )
)
, ∀α ̸= 0, if h−1(y) ≤ α

β
, (A.2)

and

h−1(y) = −α
β
W
(
−1, e

y
α
+log(−β

α )
)
∀α ̸= 0, otherwise, (A.3)

where W (k, y) is a Lambert W function of branch k, where k is an integer for complex y

and k ∈ {0,−1} for real y (refer to MATLAB’s lambertw function implementation descrip-

tion) [CGH96, Eq. (1.5)].
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Proof: Consider the Wright omega function, ω(y) [CJ00, Eq. (1)], which is defined as the

unique solution to y = log(x) + x, which can be also written recursively as

y = log(ω(y)) + ω(y), (A.4)

where W (0, ey) = ω(y). Embedding x = −α
β
ω
(
y
α

+ log
(−β
α

))
to the expression α log(x)−βx

we can show that

α log

(
−α
β
ω

(
y

α
+ log

(
−β
α

)))
− β

(
−α
β
ω

(
y

α
+ log

(
−β
α

)))
(A.5)

= α

(
logω

(
y

α
+ log

(
−β
α

))
+ ω

(
y

α
+ log

(
−β
α

)))
+ α log

(
−α
β

)
(A.6)

= α

(
y

α
+ log

(
−β
α

))
+ α log

(
−α
β

)
= y, (A.7)

where (A.7) stems directly from (A.4). Therefore we know x is an inverse function.

Now, note that the function h(x) is a concave function as α ≥ 0, and convex otherwise.

Therefore, for α ≥ 0, there are two possible real-value solutions for h(x) = y: (i) one is

located on the left hand side of the peak value for h(x), i.e., x = α
β

, and (ii) another located

on its right hand side. By definition of a Lambert W function, these two solutions are shown

to be located on k = 0 and k = −1 branches. For α < 0, there is only one solution on k = 0

branch since h(x) is a decreasing function.

134



By applying the derivative of the Lambert W function, i.e., ∂W (k,s)
∂s

= W (k,s)
s(1+W (k,s))

, and

Lemma 5 to (A.1), we can derive the PDF for y(j,k) as

fY (j,k)(y(j,k)) =

∣∣∣∣∣∣
W
(

0, eB
(j,k)
)

βj,k
(
1 +W

(
0, eB(j,k)

))
∣∣∣∣∣∣

× fj
(
−αj,k
βj,k

W
(

0, eB
(j,k)
)
|Θj

)

+ I

(
αj,k
βj,k

) ∣∣∣∣∣∣
W
(
−1, eB

(j,k)
)

βj,k
(
1 +W

(
−1, eB(j,k)

))
∣∣∣∣∣∣

× fj
(
−αj,k
βj,k

W
(
−1, eB

(j,k)
)
|Θj

)
, (A.8)

where B(j,k) , y(j,k)

αj,k
+ log

(
−βj,k
αj,k

)
(defined for presentation compactness), and I(a) = 1 if

a ≥ 0 and I(a) = 0 otherwise.

We can finally derive the mean and variance using (A.8) as

µj,k =

∫ ∞

−∞
y(j,k)fY (j,k)

(
y(j,k)

)
dy(j,k), (A.9)

σ2
j,k =

∫ ∞

−∞

(
y(j,k)

)2
fY (j,k)

(
y(j,k)

)
dy(j,k)

− (µj,k)
2 , (A.10)

respectively, through numerical integration.

A.2 Derivation of Squared Hellinger Distance between Two Gamma

Distributions

The SH distance for two probability distributions is defined as [Van98, Ch. 14.5, pp. 211]

H2(fj(x|Θj),fk(x|Θk))

, 1−
∫ ∞

−∞

√
fj(x|Θj)fk(x|Θk)dx, (A.11)

(again, note that the 0.5 constant is omitted for convenience as remarked in [Pol02, Ch.

3.3, pp. 61]). Before calculating the closed-form expression of SH distance for two gamma
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distributions we introduce the following integral∫ ∞

a

xρe−µxdx =
Γ(ρ+ 1, aµ)

µρ+1
, (A.12)

where Γ(ρ + 1, x) =
∫∞
x
tρe−tdt is the incomplete gamma function. Integral (A.12) can

be derived through calculating the incomplete gamma function by the change of variable

technique.

From the definition of (A.11) the SH distance for two distributions fj(x|Θj) and fk(x|Θk)

can be derived as

H2(fj(x|Θj), fk(x|Θk))

= 1− C(Θj,Θk)

∫ ∞

0

x
αj+αk

2
−1e

−
(

βj+βk
2

)
x
dx, (A.13)

where C(Θj,Θk) =

√
β
αj
j β

αk
k

Γ(αj)Γ(αk)
. Applying (A.12) with ρ =

αj+αk

2
−1 and µ =

βj+βk
2

to (A.13)

the SH distance in (A.13) can be simplified to

H2(fj(x|Θj),fk(x|Θk))

= 1− C(Θj,Θk)
Γ(

αj+αk

2
)(

βj+βk
2

)αj+αk
2

. (A.14)

Note that the average SH distance with ALF, which is used to represent the average distance

among hypotheses in Table 2.2, can be calculated by using (2.33) to replace fj(x|Θj) in

(A.11). Also note that the average SH distance with ALF has no closed-form expression and

it can only be computed through numerical methods.

A.3 Derivation of Expected Number of PU Traffic Samples under

Sampling

The expected average number of PU traffic samplings for one period Ton under hypothesis

Hj can be calculated as

E{N |Hj} = E
{⌊

Ton
Ts

⌋}
+ 1, (A.15)
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where ⌊·⌋ is the floor function. To calculate (A.15) we first need to derive the following

conditional probability, i.e.,

Pr

{⌊
Ton
Ts

⌋
= k|Hj

}
= Pr

{
Ton
Ts
− 1 < k ≤ Ton

Ts
|Hj

}
= Pr{kTs ≤ Ton < (k + 1)Ts|Hj}

= G((k + 1)Ts|Θj)−G(kTs|Θj), (A.16)

where G(·|Θj) is the CDF function for gamma distribution with parameters αj and βj.

Applying (A.16) to (A.15) we have

E
{⌊

Ton
Ts

⌋}
=

∞∑
k=1

k Pr

{⌊
Ton
Ts

⌋
= k|Hj

}

= lim
L→∞

L∑
k=1

k[G((k + 1)Ts|Θj)−G(kTs|Θj)]

= lim
L→∞

(L+ 1)G((L+ 1)Ts|Θj)−
L+1∑
k=1

G(kTs|Θj) (A.17)

= lim
L→∞

−LΓ(αj, (L+ 1)βjTs)

Γ(αj)
+

L∑
k=1

Γ(αj, kβjTs)

Γ(αj)
(A.18)

=
∞∑
k=1

Γ(αj, kβjTs)

Γ(αj)
, (A.19)

by applying G(kTs|Θj) =
Γ(αj)−Γ(αj ,kβjTs)

Γ(αj)
, and the left hand part in (A.18) can be shown to

be zero by L’Hopital’s rule. Then we introduce the following Lemma as a step to prove (A.19)

converges.

Lemma 6 ∫ ∞

0

Γ(αj, kβjTs)dk =
αjΓ(αj)

βjTs
. (A.20)

Proof: We can easily prove it by applying the change of variable technique. Since Γ(αj, kβjTs)

is a decreasing function with respect to k by definition and
∫∞
0

Γ(αj ,kβjTs)

Γ(αj)
dk =

αj

βjTs
, from the

integral test, we know (A.19) converges. Therefore, using (A.19) we can derive the average

expected number of PU traffic samples by taking the average for all possible hypotheses

which results in (2.18).
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A.4 PDF Derivation for Sum of the Gamma and Triangular Dis-

tributed Random Variables

By directly convolving the PDF of gamma distributed random variable x, i.e., fX(x|Θ)

where Θ = (α, β) with the PDF of triangular distributed random variable ϕ, i.e., fΦ(ϕ), we

have the PDF for x̃ = x+ ϕ as

fX̃(x̃) =

∫ ∞

−∞
fX(x̃− x|Θ)fΦ(x)dx

=



∫ 0

−Ts
βα

Γ(α)
(x̃− x)α−1eβ(x̃−x)

×
(

1
T 2
s
x+ 1

Ts

)
dx

+
∫ Ts
0

βα

Γ(α)
(x̃− x)α−1eβ(x̃−x)

×
(

−1
T 2
s
x+ 1

Ts

)
dx, if x̃ ≥ Ts,∫ 0

−Ts
βα

Γ(α)
(x̃− x)α−1eβ(x̃−x)

×
(

1
T 2
s
x+ 1

Ts

)
dx

+
∫ x̃
0

βα

Γ(α)
(x̃− x)α−1eβ(x̃−x)

×
(

−1
T 2
s
x+ 1

Ts

)
dx, if 0 ≤ x̃ < Ts,∫ x̃

−Ts
βα

Γ(α)
(x̃− x)α−1eβ(x̃−x)

×
(

1
T 2
s
x+ 1

Ts

)
dx, if − Ts ≤ x̃ < 0,

0, otherwise.

(A.21)

We now introduce the following Lemma.

Lemma 7 ∫ b

a

βα

Γ(α)
(x̃− x)α−1e−β(x̃−x)

(
1

T 2
s

x+
1

Ts

)
dx

=
Γ(α + 1, β(x̃− a))− Γ(α + 1, β(x̃− b))

Γ(α)βT 2
s

− (x̃+ Ts)(Γ(α, β(x̃− a))− Γ(α, β(x̃− b)))
Γ(α)T 2

s

, (A.22)
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∫ b

a

βα

Γ(α)
(x̃− x)α−1e−β(x̃−x)

(
− 1

T 2
s

x+
1

Ts

)
dx

=
−Γ(α + 1, β(x̃− a)) + Γ(α + 1, β(x̃− b))

Γ(α)βT 2
s

+
(x̃− Ts)(Γ(α, β(x̃− a))− Γ(α, β(x̃− b)))

Γ(α)T 2
s

. (A.23)

Proof: Expression (A.22) and (A.23) can be calculated directly from the definition of in-

complete gamma function and through the integration by parts technique. Finally, applying

Lemma 7 to (A.21) we obtain (2.25).

A.5 Derivation of Variance for ỹ
(j,k)
i

We ignore the index i for notation convenience and denote x̃ = x + ϕ. We would like to

find the variance of ỹ(j,k) = αj,k log x̃ − βj,kx̃, where x ∼ fj(x|Θj), ϕ ∼ Λ(−Ts, Ts), and

x̃ ∼ fj(x̃|Θj, Ts) given in Theorem 2. Since x̃ can be negative, ỹ(j,k) may be a complex

number. Therefore we define ỹ(j,k) , ỹ
(j,k)
R + jỹ

(j,k)
I , where ỹ

(j,k)
R = αj,k log x̃ − βj,kx̃ and

ỹ
(j,k)
I = 0, if x̃ ≥ 0, and ỹ

(j,k)
R = αj,k log(−x̃) − βj,kx̃ and ỹ

(j,k)
I = παj,k, otherwise. Note the

PDF of ỹ(j,k) can be represented as f
(j,k)

Ỹ

(
ỹ(j,k)

)
= fR

(
ỹ(j,k)

)
+ jfI

(
ỹ(j,k)

)
, where fR(·) and

fI(·) are the PDFs with respect to the real part and imaginary part of ỹ(j,k). Likewise, the

variance for ỹ(j,k), i.e., σ̃2
j,k, is the sum of the variance of its real part σ̃2

R,j,k and imaginary

part σ̃2
I,j,k.

First we calculate the variance of the imaginary part. Noting that the first and the second

moment for ỹ
(j,k)
I , which are

E
{
ỹ
(j,k)
I

}
= παj,kE {x̃ < 0} = παj,k

∫ 0

−∞
fj(x̃|Θj, Ts)dx̃ (A.24)

and

E
{(

ỹ
(j,k)
I

)2}
= π2α2

j,kE{x̃ < 0} = π2α2
j,k

∫ 0

−∞
fj(x̃|Θj, Ts)dx̃, (A.25)

respectively, we can derive σ̃2
I,j,k. The variance for the real part can be obtained through

fR(ỹ(j,k)). Using Lemma 5 and observing that there may be at most three solutions to
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ỹ
(j,k)
R = h(x̃), we can derive the PDF for the real part of ỹ(j,k) as

fR(ỹ(j,k))=



I(η1 − ỹ(j,k))
∣∣∣∣ W

(
−1,eB

(j,k)
)

βj,k

(
1+W

(
−1,eB

(j,k)
))
∣∣∣∣

×fj
(
−αj,k

βj,k
W
(
−1, eB

(j,k)
)
|Θj

)
+I(η1 − ỹ(j,k))

∣∣∣∣ W
(
0,eC

(j,k)
)

βj,k

(
1+W

(
0,eC

(j,k)
))
∣∣∣∣

×fj
(
−αj,k

βj,k
W
(

0, eC
(j,k)
)
|Θj

)
+

∣∣∣∣ W
(
0,eB

(j,k)
)

βj,k

(
1+W

(
0,eB

(j,k)
))
∣∣∣∣

×fj
(
−αj,k

βj,k
W
(

0, eB
(j,k)
)
|Θj

)
, if

αj,k

βj,k
≥ 0,∣∣∣∣ W

(
0,eB

(j,k)
)

βj,k

(
1+W

(
0,eB

(j,k)
))
∣∣∣∣

×fj
(
−αj,k

βj,k
W
(

0, eB
(j,k)
)
|Θj

)
+I(ỹ(j,k) − η2)

∣∣∣∣ W
(
0,eC

(j,k)
)

βj,k

(
1+W

(
0,eC

(j,k)
))
∣∣∣∣

×fj
(
−αj,k

βj,k
W
(

0, eC
(j,k)
)
|Θj

)
+I(ỹ(j,k) − η2)

∣∣∣∣ W
(
1,eC

(j,k)
)

βj,k

(
1+W

(
1,eC

(j,k)
))
∣∣∣∣

×fj
(
−αj,k

βj,k
W
(

1, eC
(j,k)
)
|Θj

)
, if

αj,k

βj,k
< 0.

(A.26)

whereB(j,k) and I(·) are defined in Appendix A.1, C(j,k) , y(j,k)

αj,k
−log

(
αj,k

βj,k

)
, η1 , αj,k log

(
αj,k

βj,k

)
−

αj,k, and η2 , αj,k log
(

−αj,k

βj,k

)
− αj,k. Therefore we can obtain σ̃2

R,j,k by (A.26).

A.6 Derivation of the Correlation Coefficient

The correlation coefficient ρ in equation (3.26) is derived as

ρ =
E{∆λf∆λn} −mfmn

σfσn

=
E{λ̂f λ̂n}−λfE{λ̂n}−λnE{λ̂f}+λfλn−mfmn

σfσn
. (A.27)
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Since E{∆λf} = E{λ̂f}−λf = mf and E{∆λn} = E{λ̂n}−λn = mn, we obtain E{λ̂2f} =

σ2
f+E{λ̂f}2 =σ2

f+(λf+mf )2. Substituting E{λ̂2f}, E{λ̂f}, E{λ̂n} in (A.27), we derive

ρ =
(1−u

u
)(σ2

f + (λf +mf )2)−λf (mn+λn)−mf (mn+λn)

(1−u
u

)σ2
f

=1−ϵ,

where ϵ =
λfmn+λnmf+λfλn+mfmn−( 1−u

u
)(λf+mf )

2

( 1−u
u

)σ2
f

. If mf and mn are small enough, then

ϵ ≈
λfλn − (1−u

u
)λ2f

(1−u
u

)σ2
f

=
λf (λn − (1−u

u
)λf )

(1−u
u

)σ2
f

= 0,

so that ρ approaches 1.

A.7 Sequence Interchanging Algorithm

Assume we have two sequences A = (a1, a2, · · · , aM) and B = (b1, b2, · · · , bM), where A and

B are two different permutations of the set M. Denote aj as the j-th element in A and bj

as the j-th element in B. In order to interchange A to B, we can follow Algorithm 8. Note

in each step of interchanging (al, am) we always follow the rule of l < m.

A.8 Cramér-Rao Bound Derivation

We derive the CR bound as given by (4.12) and (4.13) by deriving the Fisher information

matrix. Let θ = [P00, P10]
T . The bounds of the estimators are defined as the diagonal terms

of the reciprocal of the 2× 2 Fisher information matrix, which is written as

IN(P00, P10) = Ez

{
−∂2

∂θ2
logL(zN)

}
. (A.28)

The subscript N implies the Fisher information is calculated from N number of traffic

samples, and Ez{·} represents the expectation calculated over all permutations of zN . The

bounds are expressed as

V0 =
IN(P00, P10)[2, 2]

|IN(P00, P10)|
, (A.29)

V1 =
IN(P00, P10)[1, 1]

|IN(P00, P10)|
, (A.30)
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Algorithm 8 Sequence Interchanging Algorithm
1: procedure Interchange(A,B)

2: i← 1

3: while i ≤M do

4: Search k for ak == bi

5: j ← k

6: while j − i ≥ 1 do

7: Xj ← aj ◃ Interchange aj and aj−1 in A

8: Xj−1 ← aj−1

9: aj ← Xj−1

10: aj−1 ← Xj

11: j ← j − 1

12: end while

13: i← i+ 1

14: end while

15: return A

16: end procedure

where | · | represents determinant of a matrix. In order to derive the elements in the Fisher

information matrix, we need to introduce Lemma 8 beforehand.

Lemma 8 The expectation of transition numbers with n ≥ 1 PU traffic samples given a

discrete-time Markov chain zn are expressed as

Ez{n0(zn)} = P0P00(n− 1), (A.31)

Ez{n1(zn)} = P0P01(n− 1), (A.32)

Ez{n2(zn)} = P1P10(n− 1), (A.33)

Ez{n3(zn)} = P1P11(n− 1). (A.34)

Proof: Consider the transition number n0(zn). Note that n0(zn) is a function of the state

variable and its expectation can be expressed recursively as

Ez{n0(zn)} = Ez{n0(zn−1)}+ P0P00, ∀n ≥ 3, (A.35)
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with the initial condition Ez{n0(z2)} = P0P00. By solving (A.35), we derive Ez{n0(zn)} =

P0P00(n−1). Similarly, we apply the same procedure for Ez{n1(zn)}, Ez{n2(zn)}, Ez{n3(zn)}

using its own recursive equation, and we verify the results in (A.32)–(A.34), respectively.

Note that Lemma 8 also shows that the ML estimators for the transition probabilities are

unbiased, i.e., E{P̂00} = P00 and E{P̂10} = P10. Therefore, we can apply CR bound as

our lower bound for the variance of the estimators. The elements in the Fisher information

matrix are written as

IN(P00, P10)[1, 1] = Ez

{
−∂2

∂P 2
00

logL(zN)

}
= Ez

{
n0(zN)

P 2
00

+
n1(zN)

(1− P00)2

}
=

P0(N − 1)

P00(1− P00)
, (A.36)

IN(P00, P10)[2, 2] = Ez

{
−∂2

∂P 2
10

logL(zN)

}
= Ez

{
n2(zN)

P 2
10

+
n3(zN)

(1− P10)2

}
=

P1(N − 1)

P10(1− P10)
, (A.37)

IN(P00, P10)[1, 2] = Ez

{
−∂2

∂P00P10

logL(zN)

}
= 0, (A.38)

IN(P00, P10)[2, 1] = Ez

{
−∂2

∂P10P00

logL(zN)

}
= 0, (A.39)

by applying (A.31)–(A.34) into (A.36)–(A.37) with N traffic samples, and the determinant

is

|IN(P00, P10)| = IN(P00, P10)[1, 1]IN(P00, P10)[2, 2]

=
P0P1(N − 1)2

P00(1− P00)P10(1− P10)
. (A.40)

Finally, applying (A.36), (A.37) and (A.40) into (A.29)–(A.30), we obtain the CR bound as

V0 =
P00(1− P00)

P0(N − 1)
, (A.41)

V1 =
P10(1− P10)

P1(N − 1)
. (A.42)
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A.9 Proof of Concavity of κ
[o]
s

We want to prove that κ
[o]
s =

M−1∏
i=1

Q

(
ϵiP

(ai+1)

bi+10
−P (ai)

bi0√
σ2
ai
+ϵ2i σ

2
ai+1

)
is a concave function. Define gi ,

P
(ai)

bi0

(
1−P (ai)

bi0

)
P

(ai)

bi

(
P

(ai)

bi0
−ϵiP

(ai+1)

bi+10

)2 ≥ 0, hi ,
ϵ2iP

(ai+1)

bi+10

(
1−P

(ai+1)

bi+10

)
P

(ai+1)

bi+1

(
P

(ai)

bi0
−ϵiP

(ai+1)

bi+10

)2 ≥ 0, and P
(ai)
bi

as the absence/presence

probability of the ai-th channel such that Q

(
ϵiP

(ai+1)

bi+10
−P (ai)

bi0√
σ2
ai
+ϵ2i σ

2
ai+1

)
= Q

 −1√
gi

Ni−1
+

hi
Ni+1−1

 ,

f(Ni, Ni+1). To prove f(Ni, Ni+1) is a concave function we need to introduce the follow-

ing Theorem.

Theorem 5 Any real function in the form f(x, y) = Q

(
−1√
g
x
+h

y

)
is a concave function,

given g, h, x, y ≥ 0.

Proof: The sufficient and necessary condition for f(x, y) to be concave is ∇2f(x, y) ≤ 0, i.e.,

a negative semidefinite matrix. Therefore, we need to calculate all the elements in ∇2f(x, y).

Note that Q(x) =
∫∞
x

1√
2π
e−

m2

2 dm =
∫ −x
−∞

1√
2π
e−

m2

2 dm, thus f(x, y) =
∫ ( g

x
+h

y )
− 1

2

−∞
1√
2π
e−

m2

2 dm.

By the first fundamental theorem of calculus, the first partial derivative of f(x, y) is expressed

as
∂f

∂x
=

g

2
√

2π
x−2

(
g

x
+
h

y

)− 3
2

e−
1
2( g

x
+h

y )
−1

, (A.43)

∂f

∂y
=

h

2
√

2π
y−2

(
g

x
+
h

y

)− 3
2

e−
1
2( g

x
+h

y )
−1

, (A.44)

and the second partial derivative of f(x, y) is expressed as

∂2f

∂x2
=

g

2
√

2π
x−4

(
g

x
+
h

y

)− 7
2

e−
1
2( g

x
+h

y )
−1

×

(
−2x

(
g

x
+
h

y

)2

+
3

2

(
g

x
+
h

y

)
g − 1

2
g

)
, (A.45)

∂2f

∂y2
=

h

2
√

2π
y−4

(
g

x
+
h

y

)− 7
2

e−
1
2( g

x
+h

y )
−1

×

(
−2y

(
g

x
+
h

y

)2

+
3

2

(
g

x
+
h

y

)
h− 1

2
h

)
, (A.46)
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∂2f

∂x∂y
=

gh

2
√

2π
x−2y−2

(
g

x
+
h

y

)− 7
2

e−
1
2( g

x
+h

y )
−1

×
(

3

2

(
g

x
+
h

y

)
− 1

2

)
. (A.47)

Thus, we obtain ∇2f(x, y) = 1
2
√
2π

( g
x

+ h
y
)−

7
2W, where W is a 2× 2 matrix with Wij repre-

senting its i-th row and j-th column element, i, j ∈ {1, 2}. The elements Wij are calculated

to be

W11=gx
−4

(
−2x

(
g

x
+
h

y

)2

+
3

2

(
g

x
+
h

y

)
g − 1

2
g

)
, (A.48)

W22=hy
−4

(
−2y

(
g

x
+
h

y

)2

+
3

2

(
g

x
+
h

y

)
h− 1

2
h

)
, (A.49)

W12 = W21 = ghx−2y−2

(
3

2

(
g

x
+
h

y

)
− 1

2

)
. (A.50)

To prove ∇2f(x, y) ≤ 0 is equivalent to prove W ≤ 0. We introduce the following Lemma

which gives a sufficient and necessary condition of a 2×2 matrix being positive semidefinite.

Lemma 9 Given a 2× 2 matrix W, W is positive semidefinite if and only if W11 ≥ 0 and

|W| ≥ 0.

Proof: See [Lau05, Ch. 10]. Note that

−W11 = gx−4

((
g

x
+
h

y

)(
2xh

y
+
g

2

)
+
g

2

)
≥ 0, (A.51)

|−W| = W11W22 −W12W21

= ghx−4y−4

(
g

x
+
h

y

)(
(xh+ yg)

(
g

x
+
h

y

)2

+ (xh+ yg)

(
g

x
+
h

y

)
+ 1

)
≥ 0, (A.52)

from Lemma 9 we have −W ≥ 0, which implies W ≤ 0. Therefore ∇2f(x, y) ≤ 0 completes

the proof.

Since f(Ni, Ni+1) is a concave function by Theorem 5, log f(Ni, Ni+1) is also a concave

function by the composition rule [BV04]. Hence, the sum of concave functions
M−1∑
i=1

log f(Ni, Ni+1) =
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log
M−1∏
i=1

f(Ni, Ni+1) is a concave function. Taking the exponential of log
M−1∏
i=1

f(Ni, Ni+1) we

can derive
M−1∏
i=1

f(Ni, Ni+1), showing it is a concave function again by the composition rule,

which completes our proof.

A.10 Derivation of Transition Probabilities Considering Spectrum

Sensing Errors

First we note that the probability vectors for future state ŝ and current state s can be written

as Pr{ŝ = 0}

Pr{ŝ = 1}

 =

P00 P10

P01 P11

Pr{s = 0}

Pr{s = 1}

 . (A.53)

Furthermore, the probability vector under sensing errors for estimated current state s̃ can

be shown as Pr{s̃ = 0}

Pr{s̃ = 1}

 =

1− Pf Pm

Pf 1− Pm

Pr{s = 0}

Pr{s = 1}

 . (A.54)

Now, consider a reverse Markov chain describing transition from s̃ to s. The probability

vectors for this reverse Markov chain arePr{s = 0}

Pr{s = 1}

 =

1− Pf Pm

Pf 1− Pm

Pr{s̃ = 0}

Pr{s̃ = 1}

 . (A.55)

Embedding (A.55) into (A.53) we can derive the probabilistic relation for ŝ and s̃ asPr{ŝ = 0}

Pr{ŝ = 1}

 =

P00 P10

P01 P11

1− Pf Pm

Pf 1− Pm

Pr{s̃ = 0}

Pr{s̃ = 1}


, Q×

Pr{s̃ = 0}

Pr{s̃ = 1}

 , (A.56)

where Q , [Qs̃ŝ]2×2 is the observed transition probability matrix given as

Q=

(1− Pf )P00 + PfP10 PmP00 + (1− Pm)P10

(1− Pf )P01 + PfP11 PmP01 + (1− Pm)P11

 . (A.57)
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Figure A.1: Fitting τn with a 1-degree ae−bx and a 2-degree ae−bx + ce−dx exponential

functions using emphOR fusion rule with used parameters Qd = 0.9, Qd = 0.1, SNR = −5

dB, and fs = 5 kHz. Fitting results are a ≈ 0.0022 and b ≈ 0.0265 for 1-D exponential, and

a ≈ 0.0030, b ≈ 0.3088, c ≈ 0.0015 and d ≈ 0.0136 for the 2-D exponential fitting.

Therefore, Pr{ŝ = 0} = Q10 = PmP00 + (1 − Pm)P10 if s̃ = 1, and Pr{ŝ = 0} = Q00 =

(1− Pf )P00 + PfP10 if s̃ = 0.

A.11 Analytical Approximation for the General Parallel Strategy

We provided an analytical analysis for the case with homogeneous channels. For a more

general case, it can be seen that the convexity of the throughput function of the parallel

strategy depends on τi,ki values, so it should be investigated whether the function of sensing

time versus the number of collaborators is a convex function or not. For this aim, we define

f(x) = Q−1( k
√

1−Qf )−Q−1( k
√

1−Qd) (please see equation (5.2)). Examining the Hessian

of this function shows that f(k) is not convex unless if there are enough users. The exact

threshold for the number of users to have a convex function depends on the other parameters

such as Qd and Qf . Therefore, for a large number of users, if we approximate f(k) by an
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exponential function in the form ae−bk, a > 0, b > 0, the optimal user allocation can be found

analytically by convex optimization, which is equal to:

k∗i =
ln(abCi(1− ui))

b
− 1

Mb

M∑
j=1

abCj(1− uj) +
bN

M
, (A.58)

where 1 ≤ i ≤M . Fig. A.1 confirms that fitting with an exponential function is not accurate

when the number of users is low, but is acceptable when there are a large number of users.

In practical scenarios, it is expected to have a large number of users, otherwise the problem

can easily be solved by a Brute-Force method, so that the exponential approximation and

consequently the analytical derivation for optimal assignment are very helpful.

A.12 Derivation of the Variance for the Average Estimator

The variance of the proposed û can be written as

Var{û} = E{[û− E{û}]2}

= E


(

1

W

W∑
i=1

zi

)2
− u2

=
1

W 2

W∑
i=1

E
{
z2i
}

+
2

W 2

W−1∑
i=1

W−i∑
j=1

E {zizi+j} − u2. (A.59)

The expression E {zizi+j} in equation (A.59) is the correlation terms between zi and zi+j,

and we denoted as Ri,i+j. For Ri,i+j, ∀j ≥ 0, we can solve it by its recursive definition, i.e.,

Ri,i+j = E{zizi+j} = Pr{zi = 1, zi+j = 1}

= Pr{zi = 1, zi+j−1 = 1} × P11

+ Pr{zi = 1, zi+j−1 = 0} × P01

= Ri,i+j−1 × P11 + (u−Ri,i+j−1)× P01

= Ri,i+j−1 × r + u× P01, (A.60)

where r = P11−P01. The initial condition for the recursive equation (A.60) is Ri,i = E{z2i } =

u. Hence, solving the recursive equation (A.60) gives the result

Ri,i+j =
uP01(1− rj)

1− r
+ urj. (A.61)
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By plugging equation (A.61) into equation (A.59), we can simplify it as the result shown in

equation (5.13).

A.13 Proof of Lemma 3

First consider ROP 2. Define the objective function as f(W) =
M∑
i=1

Wi, and the con-

straint function as g(W) = Var{R̂(S)}. Assume we obtain the optimal solution W∗ =

(W ∗
1 ,W

∗
2 , · · · ,W ∗

M) to minimize the function f(W). Define ϵ = f(W∗). This means for any

other feasible solutions W ̸= W∗ satisfying g(W) ≤ η, we always have f(W) ≥ ϵ. The

above statement is equivalent to if we find a solution W such that f(W) ≤ ϵ, we should

always have the constraint being violated, i.e., g(W) ≥ η. Among all of these possible W′s,

we want to find the one with minimum g(W), which forms the proposed ROP 3. We can

see that since all the possible W ̸= W∗ gives g(W) ≥ η, while we know g(W∗) ≤ η by

the original constraint, we can conclude that W∗ is still the optimal solution for ROP 3 to

minimize g(W). Note that we can also proof the other equivalence by the same technique,

i.e., given the optimal solution for ROP 3, we can show that it is also the optimal solution

for ROP 2.
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