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5NCERTAINTY IS AN IMPORTANT ELEMENT IN THE ECONOMIC DECISIONS OF AGENTS� 4HE
PRECAUTIONARY SAVINGS LITERATURE� GOING BACK TO ,ELAND �����	� INDICATES THAT IN
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PARTIAL EQUILIBRIUM AGENTS INCREASE THEIR SAVINGS RATE WHEN UNCERTAINTY ABOUT
FUTURE INCOME INCREASES� GIVEN A POSITIVE THIRD DERIVATIVE OF THE UTILITY FUNCTION��

4HE IRREVERSIBLE INVESTMENT LITERATURE� NOTABLY "ERNANKE �����	 AND $IXIT AND
0INDYCK �����	� SUGGESTS AGENTS DELAY LUMPY IRREVERSIBLE INVESTMENTS WHEN THE
VARIANCE OF FUTURE RETURNS INCREASES�� 4HESE TWO IDEAS HAVE OPPOSITE IMPLICA

TIONS FOR AGGREGATE INVESTMENT IN A CLOSED ECONOMY GENERAL EQUILIBRIUM MODEL�
4HIS PAPER USES A DYNAMIC STOCHASTIC GENERAL EQUILIBRIUM MODEL TO CHARACTER

IZE THE IMPACT OF AN INCREASE IN VARIANCE ON AGGREGATE INVESTMENT SUBJECT TO
IRREVERSIBILITY�

5NCERTAINTY IS INTRODUCED IN SEVERAL FORMS� TECHNOLOGY SHOCKS �MULTIPLICATIVE
SHOCKS TO OUTPUT	� ADDITIVE SHOCKS TO OUTPUT� AND SHOCKS TO THE MARGINAL Ep

CIENCY OF INVESTMENT �SHOCKS TO THE RELATIVE PRICE BETWEEN CONSUMPTION AND IN

VESTMENT� HEREAFTER INVESTMENT SHOCKS	� !N INCREASE IN UNCERTAINTY IS INTRODUCED
THROUGH A MEAN PRESERVING SPREAD IN THE SHOCK DISTRIBUTIONS� 4HE RESPONSE OF
SAVINGS TO AN INCREASE IN VARIANCE CHANGES WITH THE TYPE OF SHOCK CONSIDERED� AS
IMPLIED BY THE DImERENT RESULTS OF ,ELAND� WHO USES ADDITIVE SHOCKS TO INCOME�
AND OF ,EVHARI AND 3RINIVASAN �����	� WHO USE RANDOM INTEREST RATES IN PARTIAL
EQUILIBRIUM�� !S WE WILL SEE� INVESTMENT TENDS TO RESPOND MORE TO INCREASES IN
THE VARIANCE OF INTEREST RATES THAN TO INCREASES IN THE VARIANCE OF OUTPUT� 4HIS
RESPONSE IS DEPENDENT ON THE CHARACTERISTICS OF THE UTILITY FUNCTION� ANOTHER LONG
STANDING ISSUE INVESTIGATED HERE� )NTUITIVELY� BECAUSE CONCAVITY INDUCES CON

SUMPTION SMOOTHING� IT DIRECTLY COUNTERS THE IMPACT OF INVESTMENT SHOCKS SINCE
THEY INDUCE A NEGATIVE CORRELATION BETWEEN CONSUMPTION AND INVESTMENT�

)RREVERSIBILITY IS INTRODUCED THROUGH A NON
NEGATIVITY CONSTRAINT ON INVEST

MENT� ! DETERMINISTIC VERSION OF THE PROBLEM IS STUDIED BY !RROW AND +URZ
�����	� -ORE RECENTLY #HRISTIANO AND &ISCHER �����	 USE THE STOCHASTIC MODEL
WITH TECHNOLOGY SHOCKS TO DEVELOP NUMERICAL SOLUTION METHODS FOR MODELS WITH
CONSTRAINTS� 4HE INVESTMENT LITERATURE USES PARTIAL EQUILIBRIUM 3�S MODELS TO
STUDY UNCERTAINTY AND IRREVERSIBILITY� &IXED COSTS ARE A PERVASIVE FEATURE IN
THESE MODELS� 7E WILL SEE THAT INCORPORATING nXED COSTS INDUCES LARGE RESPONSES
OF CONSUMPTION AND INVESTMENT TO AN INCREASE IN VARIANCE� WHEREAS WITH ONLY
THE NON NEGATIVITY CONSTRAINT THE RESPONSE IS MUCH SMALLER AND OFTEN NEGLIGIBLE�

3EVERAL RELATED PAPERS LOOK AT IRREVERSIBILITY WITH MULTIPLE CAPITAL GOODS�
&AIG �����	 GENERALIZES !BEL AND %BERLY�S �����	 PARTIAL EQUILIBRIUM EXERCISE��
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6ERACIERTO �����	 LOOKS AT BUSINESS CYCLE STATISTICS FOR MODELS WITH AND WITHOUT
IRREVERSIBILITY UNDER IDIOSYNCRATIC SHOCKS AND CONCLUDES THAT REALLOCATION AND
IRREVERSIBILITY ARE NOT SIGNInCANT ISSUES OVER THE CYCLE� #OLEMAN �����	 LOOKS AT
A TWO SECTOR MODEL WITH NEGATIVELY CORRELATED IDIOSYNCRATIC SHOCKS AND REACHES
THE OPPOSITE CONCLUSION�� )N %JARQUE �����	� DImERENT DEGREES OF IRREVERSIBILITY
FOR DImERENT CAPITAL GOODS MAKE UNCERTAINTY MATTER OVER THE CYCLE BOTH FOR TOTAL
AND RELATIVE INVESTMENT EXPENDITURES�� 4HE PRESENT PAPER PROVIDES A WIDER
TREATMENT OF THE IMPACT OF PREFERENCES� STOCHASTIC PROCESSES� TYPES OF SHOCKS
AND TYPES OF IRREVERSIBILITY THAN THE ABOVE LITERATURE AND PROVIDES A BENCHMARK
FOR UNDERSTANDING THE RESULTS OBTAINED BY THE PREVIOUS AUTHORS�

3ECTION )) INTRODUCES THE BASIC MODEL WHERE THE CAPITAL STOCK IS THE IRRE

VERSIBLE GOOD� &OR THE IRREVERSIBILITY CONSTRAINT TO BIND� LOW CONCAVITY OF THE
UTILITY FUNCTION� LARGE POTENTIAL SHOCKS� AND LOW DEPRECIATION OF CAPITAL ARE NEC

ESSARY� 4ECHNOLOGY SHOCKS AND ADDITIVE SHOCKS TO OUTPUT GENERATE LITTLE OR NO
MOVEMENT IN CONSUMPTION AND INVESTMENT IN RESPONSE TO AN INCREASE IN VARI

ANCE� (OWEVER� HIGH VARIANCE OF INVESTMENT SHOCKS MAY HAVE LARGE EmECTS ON
INVESTMENT EXPENDITURE IF UTILITY IS NOT TOO CONCAVE�� &INALLY� PERSISTENCE IN THE
SHOCK PROCESS HAS MAINLY PRECAUTIONARY SAVINGS EmECTS RATHER THAN CONTRIBUTING
TO THE EmECT OF IRREVERSIBILITY�

3ECTION ))) FOLLOWS #OOPER� (ALTIWANGER AND 0OWER �����	 AND INTRODUCES
A CROSS SECTION DISTRIBUTION OVER CAPITAL BY ADDING IDIOSYNCRATIC SHOCKS TO THE
MODEL� )NTUITIVELY� IF THE CROSS SECTION DISTRIBUTION IS SKEWED TOWARDS ONE TAIL�
MANY AGENTS MAY FACE THE IRREVERSIBILITY CONSTRAINT� AND THEREFORE INCREASED
UNCERTAINTY MAY HAVE A BIG IMPACT ON AGGREGATE INVESTMENT� 4WO EXPERIMENTS
ARE PERFORMED WITH INVESTMENT SHOCKS� )NCREASING THE VARIANCE OF IDIOSYNCRATIC
SHOCKS ) nND THAT AGGREGATE INVESTMENT INCREASES� EVEN IF EVERY AGENT WANTS TO
INVEST LESS� 4HIS OCCURS BECAUSE ZERO INVESTMENT IS AN ACTIVE LOWER BOUND FOR
SOME AGENTS� )NCREASING THE VARIANCE OF AGGREGATE SHOCKS DECREASES AGGREGATE
INVESTMENT ALTHOUGH GENERALLY BY A SMALL AMOUNT�

3ECTION )6 CONCLUDES THE PAPER� 4HE MODEL SUGGESTS THAT INCREASED UNCER

TAINTY AND INVESTMENT IRREVERSIBILITY CAN BE RESPONSIBLE FOR LARGE MOVEMENTS IN
REAL VARIABLES ONLY IF UNCERTAINTY IS ASSOCIATED WITH THE SLOPE OF THE INTERTEMPO

RAL BUDGET CONSTRAINT RATHER THAN WITH ITS LEVEL� 4HE MODEL WITH HETEROGENEOUS
AGENTS ALSO SUGGESTS THAT AGGREGATE INVESTMENT IS UNLIKELY TO FALL SIGNInCANTLY
WITH A MEAN PRESERVING SPREAD�
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#ONSIDER A STANDARD CLOSED ECONOMY� REPRESENTATIVE AGENT� DYNAMIC MODEL WITH

OUT GOVERNMENT� 0RODUCTION IN THIS ECONOMY IS DIVIDED BETWEEN CONSUMPTION
AND INVESTMENT� 4ECHNOLOGY IS #OBB
$OUGLAS WITH CAPITAL SHARE EQUAL TO m� AND
IS SUBJECT TO ADDITIVE �Z	 AND MULTIPLICATIVE �!	 SHOCKS�

9 � # � ) � & �K�!� Z	 � Z �!Km

,ABOR SUPPLY IS ASSUMED TO BE INELASTIC AND NORMALIZED TO �� IMPOSING THE
BURDEN OF ADJUSTMENT TO SHOCKS ON THE DIVISION OF OUTPUT BETWEEN CONSUMPTION
AND INVESTMENT�� 4HE CAPITAL STOCK DEPRECIATES AT THE RATE p AND HAS THE LAW OF
MOTION�

K� � ��` p	K � Q)

WHERE Q IS A RANDOM VARIABLE�� )NVESTMENT WILL HAVE A NON NEGATIVITY CONSTRAINT
WITH AN ASSOCIATED ,AGRANGE MULTIPLIER w � ) w � OR K� w ��` p	K� 4HIS IS THE
IRREVERSIBILITY CONSTRAINT� )T IMPLIES THAT AGENTS CANNOT TRANSFORM CAPITAL GOODS
INTO CONSUMPTION GOODS ONCE THEY HAVE CREATED THEM THROUGH INVESTMENT� 4HE
ONLY WAY CAPITAL GOODS CAN DISAPPEAR IS THROUGH DEPRECIATION���

4ECHNOLOGY SHOCKS �!	� ADDITIVE SHOCKS TO OUTPUT �Z	 AND INVESTMENT SHOCKS
�Q	 ARE THE SOURCES OF oUCTUATIONS IN THE MODEL AND FOLLOW -ARKOV PROCESSES WITH
TRANSITION PROBABILITY MATRICES {

!
� {

Z
AND {

Q
� 4HE VARIANCE OF THESE PROCESSES

IS ALSO A RANDOM VARIABLE WHICH FOLLOWS A TWO STATE -ARKOV PROCESS WITH MATRIX
{
V
� 4HIS TRANSLATES INTO DImERENT MATRICES FOR LOW AND HIGH VARIANCE STATES� FOR

EXAMPLE {
!,

AND {
!H

�
0REFERENCES ARE #22!� U�C	 � �

�`|
#�`| OR U�C	 � LOG�C	 IF | � �� #ON


SUMPTION MUST ALWAYS BE POSITIVE AND CARRIES A ,AGRANGE MULTIPLIER w
C
� 4HE

AGENT MAXIMIZES THE DISCOUNTED SUM OF UTILITY oOWS WITH DISCOUNT FACTOR n� 4HE
DYNAMIC PROGRAMMING PROBLEM� WHERE 6 � 6 �K�!� Z� Q� }

!
� }

Q
� }

Z
	 IS THE VALUE

OF ENTERING THE CURRENT PERIOD WITH CAPITAL STOCK K� AND FACING TECHNOLOGY !�
ADDITIVE SHOCK Z� INVESTMENT SHOCK Q� AND THEIR RESPECTIVE VOLATILITIES IS�

6 � MAX
K
�

U

t
Z �!F�K	` K� ` ��` p	K

Q

u
� n%6 �

SUBJECT TO # � � AND ) w �� WHERE 6 � � 6 �K�� !�� Z�� Q�� }�
!

� }�
Q
� }�

Z
	� 4HE %ULER

EQUATION FOR THIS PROBLEM IS�

U
C
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AND THE ,AGRANGE MULTIPLIERS ARE EITHER POSITIVE OR ZERO ACCORDING TO WHETHER
THE RESPECTIVE CONSTRAINTS BIND�

4O UNDERSTAND THIS nRST ORDER CONDITION� SUPPOSE THE AGENT WANTS TO INVEST
ONE LESS UNIT INTO CAPITAL� (E GAINS MARGINAL UTILITY IN CONSUMPTION TODAY BUT
LOSES w IF HE MEETS THE CURRENT CONSTRAINT ON NON NEGATIVE INVESTMENT� 4OMORROW
HE LOSES THE VALUE OF THE MARGINAL PRODUCT OF CAPITAL IN MARGINAL UTILITY� BUT THIS
LOSS IS NOT AS BIG OVERALL SINCE THE CONSTRAINT ON NONNEGATIVE INVESTMENT TOMOR

ROW IS RELAXED� GIVEN ANY K�� HE MAY WANT TO ACHIEVE� "Y EXERCISING THE CURRENT
OPTION OF WAITING� THE AGENT RELAXES THE IRREVERSIBILITY CONSTRAINT TOMORROW�

!LSO� INTRODUCING THE CONSTRAINT IN THE STOCHASTIC PROBLEM DOES NOT INCREASE
INVESTMENT RELATIVE TO THE UNCONSTRAINED CASE IF THE CONSTRAINT IS NOT CURRENTLY
BINDING� 4HE IRREVERSIBILITY CONSTRAINT IS A COST ASSOCIATED WITH EXCESSIVE LEVELS
OF CAPITAL WHICH CAN ONLY BE AVOIDED BY REDUCING INVESTMENT� !S IS CLEAR FROM
THE %ULER EQUATION� THE PROBABILITY OF A BINDING IRREVERSIBILITY CONSTRAINT AND
ITS ASSOCIATED ,AGRANGE MULTIPLIER REDUCE THE FUTURE RETURN ON CAPITAL� AND SO
THE MARGINAL PRODUCT MUST BE HIGHER TO COMPENSATE� 4HIS IS THE HIGHER RENTAL
COST OR USER COST EmECT DESCRIBED IN !BEL AND %BERLY �����	 AND IN &AIG �����	�
/BVIOUSLY� A CURRENTLY BINDING CONSTRAINT IMPLES ZERO INVESTMENT WHICH IS MORE
THAN THE DESIRED AMOUNT� 4HAT IS THE HANGOVER EmECT ALSO EXAMINED BY THE SAME
AUTHORS�

�
� /NKHBX %TMBSHNMR

4HE SOLUTION TO THE MODEL IS A POLICY FUNCTION K��K�!� Z� Q� }
!
� }

Q
� }

Z
	� WHERE THE

ARGUMENTS ARE THE STATE VARIABLES OF THE SYSTEM���&IGURE � SHOWS THE OPTIMAL
DECISION FOR THIS PROBLEM UNDER CERTAINTY� )N CASE THE AGENT HOLDS TOO MUCH
CAPITAL TODAY �+�	 RELATIVE TO THE STEADY STATE �+�	� HE MAY BE LIMITED �DISTANCE
;A B=	 BY THE IRREVERSIBILITY CONSTRAINT� K� � �� ` p	K� 3INCE THIS DETERMINISTIC
PROBLEM HAS A UNIQUE STEADY STATE WHERE THE CONSTRAINT NEVER BINDS� NEAR THAT
POINT THE DECISION WITH OR WITHOUT THE CONSTRAINT IS THE SAME���

&IGURE � ILLUSTRATES THE IMPACT OF INCREASING CONCAVITY IN THE UTILITY FUNCTION�
)F UTILITY IS LINEAR THE POLICY FUNCTION WILL BE HORIZONTAL OVER THE RANGE WHERE
THE CONSTRAINTS ARE NOT BINDING� )F UTILITY IS CONCAVE IT WILL BE UPWARD SLOPING���

4HE POLICY FUNCTION ROTATES UPWARD AND MOVES CLOSER TO THE DIAGONAL WHEN
CONCAVITY INCREASES� )N THE INTERVAL ;B��B�= THE CONSTRAINT IS RELAXED� 4HIS OCCURS
BECAUSE HIGH CONCAVITY OF UTILITY IMPLIES THAT� WHEN CURRENT CAPITAL IS HIGH�
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CONSUMPTION IS HIGH AND THE MARGINAL UTILITY COST OF INVESTMENT IS LOW� AND VICE
VERSA� 4HEREFORE� RELATIVE TO THE LINEAR UTILITY CASE� THE AGENT WILL INVEST MORE
UNDER HIGH CURRENT CAPITAL AND LESS UNDER LOW CURRENT CAPITAL�

&IGURE � SHOWS A STOCHASTIC PROBLEM WITH TWO STATES� WHERE THE RANDOM
VARIABLE CAN BE EITHER !� Z OR Q� AND THE VARIANCE IS HELD CONSTANT� )F THE AGENT
IS AT THE �HIGH STEADY STATE� 
 DEnNED AS THE POINT WHERE THE HIGH POLICY FUNCTION
CROSSES THE DIAGONAL 
 AND IS HIT WITH A BAD SHOCK� HE WANTS TO REDUCE HIS CAPITAL
STOCK� )F THE DEPRECIATION RATE IS VERY LOW� HE CANNOT RELY ON IT TO REDUCE THE
CAPITAL STOCK ENOUGH� AND SO THE ZERO INVESTMENT CONSTRAINT BINDS� 4HEREFORE�
LOW DEPRECIATION INCREASES THE LIKELIHOOD OF A BINDING CONSTRAINT� AND SO DO LARGE
SHOCKS �LARGE DISTANCE BETWEEN POLICY FUNCTIONS	� 4HE CAPITAL STOCK LIVES INSIDE
A CLOSED INTERVAL 
 AN �ACTIVE RANGE� 
 DEnNED BY THE CROSSING OF THE LOWEST �LOW
STATE	 AND HIGHEST �HIGH STATE	 POLICY FUNCTIONS WITH THE DIAGONAL�

4HERE IS ANOTHER IMPORTANT EmECT OF CONCAVITY DESCRIBED IN nGURES � AND ��
&OR ADDITIVE AND TECHNOLOGY SHOCKS� LINEAR UTILITY AND I�I�D� SHOCKS IMPLY THE CUR

RENT STATE IS IRRELEVANT AND SO ALL POLICY FUNCTIONS CROSS THE DIAGONAL HORIZONTALLY
IN THE SAME PLACE� #ONCAVITY WILL THEN SEPARATE THE POLICY FUNCTIONS FROM EACH
OTHER� .EVERTHELESS� THE IRREVERSIBILITY CONSTRAINT IS AT BEST MARGINALLY BINDING
SINCE JUST WHEN THE POLICY FUNCTIONS START TO SEPARATE THEY ALSO ROTATE TOWARDS
THE DIAGONAL� &OR INVESTMENT SHOCKS THE CURRENT STATE AmECTS THE POLICY FUNCTION
AND THUS THEY DO NOT COINCIDE AS THEY CROSS THE DIAGONAL� 4HE POLICY FUNCTIONS
RESPOND TO AN INCREASE IN CONCAVITY BY MOVING TOWARDS EACH OTHER� NARROWING THE
ACTIVE CAPITAL RANGE� 4HE IRREVERSIBILITY CONSTRAINT IS BINDING UNDER LINEAR UTILITY
AND IMPLIES LARGE EmECTS OF THE INCREASE IN VARIANCE� (OWEVER� THE MOVEMENT
OF THE POLICY FUNCTIONS TOWARDS THE INSIDE AS THEY ROTATE MAKES THE IRREVERSIBIL

ITY CONSTRAINT IRRELEVANT VERY QUICKLY� 4HESE DImERENT EmECTS OF CONCAVITY ARE A
RESULT OF THE DImERENT EXPENDITURE SWITCHING EmECTS OF THE DImERENT SHOCKS���

�
� ,D@M OQDRDQUHMF ROQD@C DWODQHLDMS

4HE GOAL IS TO KNOW WHETHER CHANGES IN UNCERTAINTY ALONE SUBSTANTIALLY CHANGE
INVESTMENT DECISIONS� 4O THAT PURPOSE ) START BY LOOKING AT I�I�D� SHOCKS� ! MEAN
PRESERVING SPREAD IS IMPOSED KEEPING THE SUPPORT OF THE DISTRIBUTION CONSTANT�
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HOLDING ALL CONDITIONAL EXPECTATIONS CONSTANT AND HIGH AND LOW CONDITIONAL VARI

ANCES EQUAL ACROSS STATES� )N THIS WAY� ONLY THE CHANGE IN VARIANCE DRIVES THE
RESULTS�

4HE RANDOM VARIABLES ! AND Q BOTH TAKE VALUES IN THE SET F���� �� ���G �
F!�� !�� !�G � FQ�� Q�� Q�G� "OTH HAVE UNCONDITIONAL EXPECTATION EQUAL TO ��
!DDITIVE SHOCKS ARE DEnNED TO HAVE THE SAME IMPACT ON OUTPUT AS TECHNOLOGY
SHOCKS��� )N THE NUMERICAL IMPLEMENTATION ONLY ONE TYPE OF SHOCK IS CONSIDERED
AT A TIME�

4HE FOLLOWING ARE THE -ARKOV MATRICES USED IN THIS EXPERIMENT�
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H
IS THE TRANSITION MATRIX FOR ! IN THE HIGH VARIANCE CASE AND {

,
IS THE TRANSITION

MATRIX FOR ! IN THE LOW VARIANCE CASE� {
V
IS THE MATRIX GOVERNING THE TRANSITION

BETWEEN {
H
AND {

,
���

4O PUT SOME PERSPECTIVE ON THE RESULTS TO COME� FOR I�I�D� SHOCKS THE CON

DITIONAL VARIANCE INCREASES BY A FACTOR OF �� FROM THE LOW TO THE HIGH VARIANCE
STATE� AND THE HIGH VARIANCE -ARKOV PROCESS DESCRIBED ABOVE DELIVERS A STANDARD
DEVIATION OF OUTPUT OF AROUND ��� IN THE TECHNOLOGY�ADDITIVE SHOCKS CASE AND
OF AROUND �� IN THE INVESTMENT SHOCKS CASE���

) ALSO WANT TO LOOK AT THE IMPACT OF PERSISTENCE IN THIS EXPERIMENT AND
DISCRETIZE AN !2��	 PROCESS INTO A -ARKOV MATRIX� &OR EXAMPLE WITH TECHNOLOGY
SHOCKS� !

T
� A � B!

T`� � w�
T
� WITH w AS THE MEAN PRESERVING SPREAD FACTOR���

4HE TRANSITION BETWEEN THE TWO !2��	 PROCESSES� HIGH AND LOW VARIANCE� FOLLOWS
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THE SAME -ARKOV PROCESS DESCRIBED ABOVE� 0ERSISTENCE IN THE !2��	 PROCESS IS
TO BE DISTINGUISHED FROM PERSISTENCE IN THE -ARKOV PROCESS�

4HE EXPERIMENT CONSISTS OF SOLVING THE MODEL AND EVALUATING THE DImERENCE
BETWEEN THE POLICY FUNCTIONS K

T���3T� KT� }H	 AND K
T���3T� KT� },	� WHERE K

T
AND

3
T
ARE THE CURRENT STATES� }

H
AND }

,
ARE INDEXES OF THE VARIANCE FOR NEXT PERIOD�S

DISTRIBUTION� AND 3
T
MAY BE A TECHNOLOGY� ADDITIVE OR AN INVESTMENT SHOCK���

&IGURE � PROVIDES A GENERAL DESCRIPTION OF THIS DImERENCE FOR AN INCREASE IN THE
VARIANCE OF I�I�D� SHOCKS UNDER CONCAVE UTILITY� ,OW VARIANCE POLICY FUNCTIONS
ARE DISPLAYED WITH SOLID LINES� AND HIGH VARIANCE POLICY FUNCTIONS WITH DOTTED
LINES� +

,
� +

M
AND +

H
REPRESENT THE LOW� MIDDLE AND HIGH STOCHASTIC STEADY

STATES 
 DEnNED AS THE POINT WHERE THE RESPECTIVE POLICY FUNCTION CROSSES THE
DIAGONAL� +

C
IS THE POINT WHERE THE IRREVERSIBILITY CONSTRAINT nRST STARTS TO BIND�

4HE EmECTS OF HIGH VARIANCE ARE REVERSED IF THE SHOCK PROCESS IS AN !2��	 WITH
PERSISTENCE� AS ILUSTRATED IN nGURE ��A� 0ERSISTENCE HAS PRECAUTIONARY SAVINGS
EmECTS AND GOES AGAINST IRREVERSIBILITY�

�
� 2HLTK@SHNM 1DRTKSR��

)T IS CONVENIENT TO START WITH THE LINEAR UTILITY CASE AND THEN LOOK AT CONCAVE
UTILITY FOR THE DImERENT RANDOM VARIABLES� ,INEAR UTILITY PROVIDES A LINK TO SEC

TION ))) WHERE HETEROGENEITY IS INTRODUCED AND IS SOMEWHAT CLOSER TO THE nRM�S
PROBLEM IN A DECENTRALIZED GENERAL EQUILIBRIUM MODEL� 4HE DISCUSSION WILL CEN

TER AROUND I�I�D� SHOCKS SINCE PERSISTENCE IN THE SHOCK PROCESS WILL GENERATE ONLY
PRECAUTIONARY SAVINGS EmECTS AND WILL NOT ADD TO THE IMPACT OF IRREVERSIBILITY�

����� !DDITIVE /UTPUT 3HOCKS

,ELAND �����	 SHOWS THAT POSITIVE PRECAUTIONARY SAVINGS ARISE IN A PARTIAL EQUI

LIBRIUM PROBLEM WITH INCOME SHOCKS������ /UTPUT HERE IS Y � Z � F�K	� %�Z	 �
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�� AND IN THE I�I�D� CASE %�Z�JZ	 � �� FOR ANY Z� 4HE %ULER EQUATION WITH LINEAR
UTILITY IS�

�` w� w
C
� n FF

K
�K�	 � ��` p	` ��` p	%�w� ` w�

C
	G

4HE CURRENT VALUE OF Z HAS NO IMPACT ON THIS nRST ORDER CONDITION UNLESS ONE
OF THE CURRENT CONSTRAINTS IS BINDING� 7ITH I�I�D� SHOCKS ALL POLICY FUNCTIONS K��K	
CROSS THE DIAGONAL AT THE SAME POINT� INDEPENDENTLY OF �}� Z	� 4HE CONSTRAINTS
NEVER BIND IN THE NEIGHBORHOOD OF THIS POINT� 4HE MEAN PRESERVING SPREAD
AND THE INTRODUCTION OF THE IRREVERSIBILITY CONSTRAINT CANNOT AmECT THE OPTIMAL
DECISION AS LONG AS SHOCKS DO NOT COME CLOSE TO TOTALLY DESTROYING OUTPUT� 7ITH
| � ��� AND p � ����� THE SIMULATIONS SHOW VIRTUALLY NO IMPACT OF THE INCREASE
IN VARIANCE OR OF THE INTRODUCTION OF THE IRREVERSIBILITY CONSTRAINT� 4HE VARIANCE
OF ADDITIVE I�I�D� SHOCKS CAN ONLY MATTER IF UTILITY IS CONCAVE� 7ITH | � � WE HAVE
U
C
`w � n ;��` p	 � F

K
�K�	=%�U

C
�	` ��` p	n%�w�	� (ERE THERE WAS VIRTUALLY NO

EmECT OF THE INCREASE IN VARIANCE FOR AT LEAST � � | � � AND ����� � | � ����
3O� FOR ADDITIVE I�I�D SHOCKS� NEITHER IRREVERSIBILITY NOR PRECAUTIONARY SAVINGS ARE
RELEVANT�

����� 4ECHNOLOGY 3HOCKS

4HE %ULER EQUATION WITH LINEAR UTILITY AND POSITIVE CONSUMPTION IS�

�` w� w
C
� nF%�!�	F

K
�K�	 � ��` p	` ��` p	%�w� ` w�

C
	G�

!GAIN� I�I�D� SHOCKS IMPLY THAT ALL POLICY FUNCTIONS K��K	 CROSS THE DIAGONAL AT
THE SAME POINT� 4HE MEAN PRESERVING SPREAD AND THE IRREVERSIBILITY CONSTRAINT
DO NOT AmECT THE PROBLEM ONCE THE AGENT IS IN THIS REGION��� !LSO� EVEN AT
MODERATE LEVELS OF CONCAVITY THE POLICY FUNCTIONS ARE CLOSE TO THE DIAGONAL AND
THE IRREVERSIBILITY CONSTRAINT DOES NOT BIND� )N THE SIMULATIONS FOR ROUGHLY p �
����� AND | � ��� THE IRREVERSIBILITY CONSTRAINT IS NEVER BINDING OVER THE ACTIVE
CAPITAL RANGE�

I�I�D� SHOCKS� &OR � � | � � AND p � ������ IN THE LOW STATE WITH LOW CAPITAL�
INVESTMENT INCREASED LESS THAN �� WITH TEMPORARY HIGH VARIANCE AND LESS THAN
�� IF THE VARIANCE STATES ARE VERY PERMANENT� 7ITH THE IRREVERSIBILITY CONSTRAINT
THE MAXIMUM NEGATIVE IMPACT ON INVESTMENT OF THE INCREASE IN VARIANCE WAS
AROUND �� WITH HIGH CAPITAL AND IN THE HIGH STATE OF NATURE WITH PERSISTENT
VARIANCE� AND �� WITH TEMPORARY VARIANCE���

4HE IDEA THAT A TEMPORARY INCREASE IN UNCERTAINTY CARRIES A HIGHER PREMIUM
FOR WAITING DOES NOT nND SUPPORT IN THIS FRAMEWORK BECAUSE CAPITAL HAS AN INSUR

ANCE COMPONENT� 7HEN IT IS LOW IT INSURES THE AGENT AGAINST THE IRREVERSIBILITY
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CONSTRAINT AND WHEN IT IS HIGH IT INSURES HIM AGAINST LOW CONSUMPTION� 4HIS
INSURANCE VALUE IS HIGHER THE MORE PERSISTENT THE HIGH VARIANCE STATE�

0ERSISTENCE IS INTRODUCED IN THE FORM OF THE !2��	 PROCESS DISCUSSED ABOVE
WITH THE FOLLOWING MODEL SPECInCATION� m � ����� n � ����� p � ������ | � ����
A � �� AND B � ����� OR B � ����� AND THE CONDITIONAL STANDARD DEVIATION
INCREASING �� TIMES FROM ��� TO �� 4HE VARIANCE STATES WERE PERMANENT� 4HIS
YIELDS THE FOLLOWING RESULTS IN THE PRESENCE OF THE IRREVERSIBILITY CONSTRAINT�

I	 B � ����� AT THE HIGH STATE WITH A HIGH CAPITAL STOCK� �� IS AN UPPER
BOUND ON THE INVESTMENT REDUCTION DUE TO THE INCREASE IN VARIANCE� 6IRTUALLY
EVERYWHERE ELSE THE IMPACT IS ZERO�

II	 B � ����� AT THE HIGH STATE WITH HIGH CAPITAL� INVESTMENT ACTUALLY INCREASES
AROUND ��� !T THE LOW STATE WITH LOW CAPITAL INVESTMENT CAN DECREASE UP TO
��� )N A LARGE �!�K	 NEIGHBORHOOD OF THE DETERMINISTIC STEADY STATE THE CHANGE
IN INVESTMENT DOES NOT EXCEED ���

0ERSISTENCE AND A MINIMUM LEVEL OF CONSUMPTION INDUCES VERY LARGE
MOVEMENTS IN INVESTMENT IN THIS MODEL� ) SIMULATED A VERSION OF THIS PROBLEM
WITH UTILITY GIVEN BY U � �

�`|
;C
T
` xC=�`| WITH xC EQUAL TO ��� OF DETERMINISTIC

STEADY STATE CONSUMPTION��� ) ALSO INCREASED THE DEGREE OF CONCAVITY TO | � ����
7ITH B � ���� THE INCREASE IN VARIANCE FAILED TO PRODUCED MORE THAN �� CHANGES
IN INVESTMENT� 7ITH PERSISTENCE� B � ����� THE SCENARIO IS DRAMATICALLY DImERENT�
!T HIGH LEVELS OF CAPITAL AND HIGH STATES INVESTMENT CAN INCREASE AS MUCH AS
���� AND AT LOW LEVELS OF CAPITAL INVESTMENT CAN FALL BY AS MUCH AS ���� -ORE
IMPORTANTLY� HERE IT IS POSSIBLE TO GENERATE SIZEABLE MOVEMENTS ���
���	 IN
INVESTMENT REASONABLY NEAR THE DETERMINISTIC STEADY STATE� &INALLY� WITH B � ����
AND | � ��� WE GET A ��� INCREASE IN INVESTMENT WITH HIGH CAPITAL AND AT THE
HIGH STATE OF NATURE� AND A ��� DECREASE AT THE OPPOSITE END� )N A VERY SMALL
NEIGHBORHOOD OF THE DETERMINISTIC STEADY STATE THE EmECT IS AROUND ZERO� BUT IN
A SMALL NEIGHBORHOOD THE VARIATION IN INVESTMENT CAN REACH f����

����� )NVESTMENT 3HOCKS

,EVHARI AND 3RINIVASAN �����	 SHOW THAT FOR THE #22! UTILITY FUNCTION AND A
LOG NORMAL DISTRIBUTION� SAVINGS INCREASE WITH A MEAN PRESERVING SPREAD IF | �
� AND DECREASE IF | ����� 4HE %ULER EQUATION WITH LINEAR UTILITY AND POSITIVE
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CONSUMPTION IS�
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4HE CURRENT Q CHANGES THE AGENT�S DECISION AND THEREFORE THERE ARE DImERENT
STOCHASTIC STEADY STATES EVEN WITH I�I�D� SHOCKS AND LINEAR UTILITY� UNLIKE THE
PREVIOUS ADDITIVE AND TECHNOLOGY SHOCKS� 4HIS IS BECAUSE ��Q IS THE PRICE OF
INVESTMENT IN CONSUMPTION UNITS� AND EVEN IN THE LINEAR CASE� MARGINAL UTILITY
OF CONSUMPTION IS WEIGHED BY THIS RELATIVE PRICE������ 4HERE IS NO IMPACT OF
THE INCREASE IN VARIANCE ON THE RETURN ON INVESTMENT� OTHER THAN THROUGH THE
,AGRANGE MULTIPLIERS� !T THE LOW CURRENT Q STATE� IF THE CURRENT CONSTRAINTS DO
NOT BIND� AN INCREASE IN VARIANCE WILL NOT AmECT INVESTMENT UNLESS FUTURE SHOCKS
CAN MAKE THE CONSUMPTION CONSTRAINT BIND��� )N THE HIGH Q STATE� THE NEGATIVE
EmECT OF THE IRREVERSIBILITY CONSTRAINT WILL GENERATE LARGE INVESTMENT REDUCTIONS
FOLLOWING THE INCREASE IN VARIANCE�
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AND WE KNOW THAT THE CONSTRAINT QUICKLY CEASES TO MATTER� )N THE SIMULATIONS
WITH p � ����� AND | � ��� THE IRREVERSIBILITY CONSTRAINT NEVER BINDS�

I�I�D� SHOCKS� 7ITH LINEAR UTILITY� IN THE LOW Q STATE WITH PERSISTENT VARIANCE�
INVESTMENT DOES NOT CHANGE WITH THE MEAN PRESERVING SPREAD �MPS	��� )N THE
HIGH Q STATE AND AT HIGH LEVELS OF CAPITAL� INVESTMENT DECREASES �� TO ������

3O� FOR THE �NEAR	 LINEAR MODEL THE IRREVERSIBILITY CONSTRAINT ALWAYS BINDS WITH A
NEGATIVE SHOCK FOR SUpCIENTLY HIGH LEVELS OF CAPITAL� 4HERE IS A STRONG REDUCTION
IN INVESTMENT AT HIGH LEVELS OF CAPITAL AND IN THE HIGH Q STATE� IN THE PRESENCE
OF THE CONSTRAINT AND WITH PERSISTENT VARIANCE� 7ITHOUT THE CONSTRAINT THE
MEAN PRESERVING SPREAD HAS VIRTUALLY ZERO IMPACT� &OR THE CONCAVE MODEL THE
IRREVERSIBILITY CONSTRAINT GENERALLY DOES NOT BIND� ANY LARGE EmECTS OF THE LINEAR
MODEL DISAPPEAR WHEN | RISES ABOVE ��� TO ���� &INALLY� IF THE HIGH VARIANCE
STATE IS TEMPORARY THE REDUCTION IN INVESTMENT WITH THE INCREASE IN VARIANCE IS
SUBSTANTIALLY SMALLER�

0ERSISTENCE� 7ITHOUT THE IRREVERSIBILITY CONSTRAINT WE OBTAIN���
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�A	 B � ����� 3HOCKS ARE CLOSE TO I�I�D� 7ITHOUT THE CONSTRAINT THERE IS
VIRTUALLY NO EmECT OF THE MEAN PRESERVING SPREAD� 4HIS REPLICATES THE RESULT
FROM THE THREE STATE PROCESS ABOVE�

�B	 B � ����� !T THE HIGH STATE THE AGENT INCREASES INVESTMENT SUBSTAN

TIALLY �AS MUCH AS ���	 WITH THE HIGH VARIANCE� !T THE LOW STATE THE AGENT
DECREASES INVESTMENT SUBSTANTIALLY �AS MUCH AS 
���	� 4HESE �OVERINVESTMENT�
AND �UNDERINVESTMENT� REACTIONS ARE EXACERBATED AS CAPITAL INCREASES� #LOSE TO
THE DETERMINISTIC STEADY STATE THE EmECT IS ABOUT ZERO���

7ITH THE IRREVERSIBILITY CONSTRAINT WE OBTAIN�
�A	 B � ����� (ERE� THE HIGHER THE STATE OF NATURE� AND THE MORE CAPITAL

THE AGENT HAS� THE MORE HE REDUCES INVESTMENT� UP TO 
���� 4HE AGENT NEVER
INCREASES INVESTMENT MORE THAN ���� AT THE VERY LOWEST STATE AND WITH AS LITTLE
CAPITAL AS ALLOWED IN THE MODEL�

�B	 B � ����� THE RESULTS FROM POINT �B	 ABOVE ARE BASICALLY REPLICATED � !T
HIGH VALUES OF CAPITAL AND FOR THE HIGH STATES� THE INCREASE IN INVESTMENT IS WELL
ABOVE ��� AS THE VARIANCE INCREASES� 4HUS� PERSISTENCE INDUCES PRECAUTIONARY
SAVINGS AND DOES NOT COMPOUND ON THE IRREVERSIBILITY EmECT���

����� 3UMMARY

4HE MODEL IMPLIES THAT A NEAR LINEAR UTILITY FUNCTION� A LOW DEPRECIATION RATE�
AND LARGE INVESTMENT SHOCKS ARE NECESSARY TO MAKE THE IRREVERSIBILITY CONSTRAINT
BIND IN THE STOCHASTIC PROBLEM� 4HIS IS INTUITIVE SINCE WITH LOW CONCAVITY THE
AGENT IS WILLING TO MAKE LARGER SHIFTS BETWEEN CONSUMPTION AND INVESTMENT�
AND INVESTMENT SHOCKS �SHOCKS ON THE RELATIVE PRICE BETWEEN CONSUMPTION AND
INVESTMENT	 AmECT EXACTLY THIS DECISION�

#ONCAVITY ALSO HIGHLIGHTS THE DImERENCE BETWEEN THE TWO TYPES OF SHOCKS�
5NDER TECHNOLOGY OR ADDITIVE SHOCKS� AN INCREASE IN CONCAVITY IMPLIES A HIGHER
PROBABILITY OF A BINDING IRREVERSIBILITY CONSTRAINT BECAUSE CONSUMPTION SMOOTH

ING IS NOW DESIRABLE AND THAT FORCES INVESTMENT TO ABSORB INCOME oUCTUATIONS
AND MAYBE HIT THE CONSTRAINT� 4HIS EmECT IS NEVERTHELESS NEGLIGIBLE� 5NDER IN

VESTMENT SHOCKS� CONCAVITY AND CONSUMPTION SMOOTHING WORK DIRECTLY AGAINST
THE SHOCK� MAKING THE IRREVERSIBILITY CONSTRAINT LESS BINDING�

4HE EmECTS ARE MORE PRONOUNCED WHEN THE HIGH VARIANCE STATE IS PERSISTENT�
4HIS IS DUE TO THE FACT THAT WHEN CAPITAL IS LOW IT INSURES THE AGENT AGAINST THE
IRREVERSIBILITY CONSTRAINT AND WHEN IT IS HIGH IT DOES SO AGAINST LOW CONSUMPTION�

7ITH AN !2��	 PROCESS WITH PERSISTENCE� AN INCREASE IN VARIANCE CAN INDUCE
LARGE MOVEMENTS IN INVESTMENT OF A PRECAUTIONARY SAVINGS NATURE� IRRESPECTIVE
OF THE TYPE OF SHOCK� )NVESTMENT WILL INCREASE �DECREASE	 IN THE HIGH �LOW	 STATES
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OF NATURE� )NVESTMENT WILL ONLY FALL SIGNInCANTLY �AFTER THE INCREASE IN VARIANCE	
BECAUSE OF IRREVERSIBILITY WITH I�I�D� INVESTMENT SHOCKS AND LOW CONCAVITY OF
UTILITY�

4HIS EXERCISE INDICATES THAT THE DEnNITION OF THE STOCHASTIC PROCESS AND THE
SHAPE OF PREFERENCES ARE ESSENTIAL FOR THE RESULTS� !LSO� THE LENGTH OF THE TIME
PERIOD IS IMPORTANT AS IT DETERMINES THE DEPRECIATION AND INTEREST RATES� )F WE
BELIEVE THAT LARGE SHOCKS TO THE ECONOMY ARE LIKE THE OIL PRICE SHOCKS AND OCCUR
IN A SHORT PERIOD OF TIME� THEN IRREVERSIBILITY CAN HAVE A LARGER IMPACT THAN IN
SOME OF THE EXPERIMENTS PERFORMED HERE� .EVERTHELESS� A SUBSTANTIAL DEGREE OF
ADJUSTMENT CAN OCCUR OVER THE COURSE OF A QUARTER OR A YEAR� )N ANY CASE� THE
QUALITATIVE NATURE OF THE RESULTS DOES NOT CHANGE�

�
� %HWDC "NRSR

)T IS USEFUL HERE TO DISCUSS THE NOTION OF IRREVERSIBILITY FURTHER� 3�S MODELS OF IN

VESTMENT TYPICALLY INCLUDE nXED COSTS OF ADJUSTMENT� 4HESE ARE GENERALLY PRESENT
INDEPENDENTLY OF THE DIRECTION OF ADJUSTMENT� 4HAT IS ALSO A COMMON FEATURE OF
OTHER INVESTMENT MODELS LIKE THE MACHINE REPLACEMENT MODEL OF #OOPER� (ALTI

WANGER AND 0OWER �����	� 4HE ZERO INVESTMENT CONSTRAINT IS A FUTURE COST ASSO

CIATED WITH THE PROBABILITY OF MAKING THE WRONG CURRENT DECISION� 4HE nXED COST
IS A CURRENT COST ASSOCIATED WITH ANY DECISION� 7HILE THE RESULTS OF 2AMEY AND
3HAPIRO �����	 SUGGEST THE NON
NEGATIVITY CONSTRAINT IS AN IMPORTANT ASPECT OF
IRREVERSIBILITY� nXED COSTS CAN HAVE A LARGE IMPACT ON THE BEHAVIOR OF THE MODEL
USED IN THIS PAPER��� 4HE DYNAMIC PROBLEM WITH A nXED COST OF INVESTING �&	
AND TECHNOLOGY SHOCKS IS�

6 �K�!� }	 � MAX

|
MAX

K
� U�!F�K	` ) ` & 	 � n%6 �K�� !�� }�	

U�!F�K		 � n%6 ���` p	K�!�� }�	

}

WITH K� � �� ` p	K � )� AND # � �� ) w �� ) DEnNE THE nXED COST TO BE
SMALL ENOUGH SUCH THAT THE DETERMINISTIC MODEL HAS A STEADY STATE WITH POSITIVE
INVESTMENT� %VEN SO� THE nXED COST CAN BE A POWERFUL INVESTMENT DETERRENT AND
SHOULD INDUCE LARGE EmECTS OF THE INCREASE IN VARIANCE���

&IGURE � ILLUSTRATES THE POLICY FUNCTIONS FOR THIS MODEL WITH n � ����� m �
����� p � ���� AND | � ���� 4HE nXED COST IS SET AT �� OF THE DETERMINISTIC STEADY
STATE OUTPUT� AND SHOCKS ARE I�I�D���� 7E CAN SEE THAT THE POLICY FUNCTIONS ARE
SUBSTANTIALLY ALTERED RELATIVE TO THE STANDARD MODEL� )N PARTICULAR� AS THE AGENT
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APPROACHES THE REGION WHERE THE ZERO INVESTMENT DECISION IS DOMINANT� THE POLICY
FUNCTION STARTS TO REoECT THAT DISCONTINUITY� )N ADDITION� HIGH VARIANCE INDUCES
SIGNInCANT CHANGES IN THE POLICY FUNCTIONS� .OTE THAT FOR | � ��� THE STANDARD
MODEL DELIVERED NO IMPACT OF THE VARIANCE INCREASE� (ERE INVESTMENT DECREASES
SUBSTANTIALLY� ABOUT ���� WHEN THE CAPITAL STOCK IS HIGH AND THE INACTION OP

TION DOMINATES� !T LOW VALUES OF CAPITAL THE MARGINAL PRODUCT IS SO HIGH THAT
THE INVESTMENT OPTION ALWAYS DOMINATES AND THE INCREASE IN VARIANCE INCREASES
INVESTMENT �� TO ��	� 4HEREFORE THE VARIANCE HAS A SIGNInCANT IMPACT ON THIS
PROBLEM� 4HE CRUCIAL FEATURE OF THIS MODEL IS THAT INACTION HAS TWO BENEnTS�
&IRST IT SAVES THE nXED COST� AND SECOND� IT MOVES THE AGENT AWAY FROM THE OTHER
IRREVERSIBILITY CONSTRAINT�

&INALLY� WHILE THE REPRESENTATIVE AGENT FRAMEWORK CAN BE REGARDED AS INADE

QUATE FOR THIS EXERCISE� IT IS STILL THE CASE THAT EVEN IF WE CONSIDER HETEROGENEITY
THERE IS AN INTEREST RATE THAT CLEARS THE MARKET� 4HIS MEANS THAT NOT ALL AGENTS
WILL BE CONSTRAINED SINCE THE INTEREST RATE WOULD FALL AND SOME INVESTMENT WOULD
OCCUR� 4HE EmECT MUST BE ON A GROUP OF MARGINAL AGENTS AND THIS IS CAPTURED
IN THE REPRESENTATIVE AGENT FRAMEWORK� .EVERTHELESS� IT IS USEFUL TO LOOK AT
HETEROGENEITY� WHICH ) DO NEXT�

� "QNRR 2DBSHNM  M@KXRHR

4HE PREVIOUS SECTION DEVELOPED THE INDIVIDUAL DECISION PROBLEM AND MAPPED
IT INTO THE AGGREGATE ECONOMY VIA THE REPRESENTATIVE AGENT ASSUMPTION� 4HIS
SECTION TAKES A STEP AWAY FROM THAT INTERPRETATION AND INTRODUCES IDIOSYNCRATIC
SHOCKS AND A CROSS SECTION DISTRIBUTION OVER CAPITAL� )NTUITIVELY� IF MANY AGENTS
ARE LOCATED ON THE TAIL OF THE CAPITAL DISTRIBUTION WHERE THE IRREVERSIBILITY CON

STRAINT BINDS� AGGREGATE EmECTS OF UNCERTAINTY AND IRREVERSIBILITY MAY BE LARGE�

)DIOSYNCRATIC TECHNOLOGY SHOCKS AmECT THE INDIVIDUAL PRODUCTION PROCESS ONCE
THE FACTORS OF PRODUCTION ARE IN PLACE� )DIOSYNCRATIC INVESTMENT SHOCKS MAY PER

TAIN TO SPECInC INVESTMENT PROJECTS LIKE THEIR PROBABILITY OF SUCCESS� INSTALLATION
COSTS OR SPECInC RELATIONS WITH nNANCIAL INTERMEDIARIES� 4HIS HETEROGENEITY RE

QUIRES KEEPING TRACK OF THE CROSS SECTION DISTRIBUTION OVER CAPITAL� IMPLYING THAT
THE CAPITAL STOCK OF EACH AGENT IS A STATE VARIABLE� (ERE ) FOLLOW #OOPER� (ALTI

WANGER AND 0OWER �����	 AND RULE OUT THE POSSIBILITY OF SMOOTHING CONSUMPTION
BY TRADING AWAY THE IDIOSYNCRATIC UNCERTAINTY��� 4HE ONLY CHARACTERISTICS THAT
DImERENTIATE AGENTS ARE THE REALIZATION OF THE IDIOSYNCRATIC SHOCK AND THE CUR

RENT CAPITAL STOCK� ) SOLVE THE PREVIOUS REPRESENTATIVE AGENT PROBLEM AND USE THE
POLICY FUNCTIONS TO ITERATE ON AN INITIALLY EXOGENOUS CROSS SECTION DISTRIBUTION�
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4HIS ALLOWS ME TO HIGHLIGHT SOME CHARACTERISTICS OF THE MORE GENERAL PROBLEM�
AT THE EXPENSE OF THE GENERAL EQUILIBRIUM INTERPRETATION�

4HIS SECTION ADDRESSES THE PROBLEM OF THE nRM RATHER THAN THE CONSUMER� 4HE
EXERCISE IS THEREFORE COMPARABLE TO THAT PERFORMED IN THE MACHINE REPLACEMENT
PROBLEM AND IN THE STANDARD 3�S LITERATURE� &INALLY� GIVEN THE PREVIOUS SECTION
RESULT THAT CHANGES IN THE VARIANCE OF I�I�D� INVESTMENT SHOCKS DELIVER THE LARGEST
IMPACT OF IRREVERSIBILITY IN THE MODEL� THIS SECTION FOCUSES ON THOSE SHOCKS IN THE
QUANTITATIVE ANALYSIS���
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� 3GD ,NCDK VHSG (MUDRSLDMS 2GNBJR

z
T
IS THE REALIZATION OF AN IDIOSYNCRATIC INVESTMENT SHOCK� WITH DENSITY F�z

T
Jz
T`�	�

!S BEFORE� EACH AGENT SOLVES THE USUAL DYNAMIC PROGRAMMING PROBLEM� "UT NOW
THERE IS A CONTINUUM OF AGENTS�nRMS WITH MASS EQUAL TO �� EACH OF WHOM HAS A
GIVEN AMOUNT OF CAPITAL� 4HEY ARE DISTRIBUTED IN THE CAPITAL STOCK STATE SPACE
WITH DENSITY G

T
�K	� &OR EVERY POINT IN THE K STATE SPACE THERE IS A CONTINUUM OF

nRMS HOLDING THAT AMOUNT OF CAPITAL� %ACH AGENT KNOWS THE CURRENT REALIZATION OF
THE AGGREGATE INVESTMENT STATE� Q

T
� AND HIS IDIOSYNCRATIC �INVESTMENT ABILITY�� z

T
�

4HEY ALSO KNOW THE PROCESS GOVERNING Q
T�� AND z

T��� IN PARTICULAR THE VARIANCE�
�}	� OF THE RELEVANT DISTRIBUTION� )NDIVIDUAL CAPITAL ACCUMULATION OBEYS�

K
T�� � ��` p	K

T
� z

T
Q
T
)
T

4HE CROSS SECTION DENSITY EVOLVES THROUGH TIME ACCORDING TO�

G
T���KJ	 �

: :
>)
K
�K

T���KI� QT� }T� z	 � K
J
	 F�z

T
Jz
T`�� }T`�	GT�KI	DzDKI

WHERE >)
K
IS AN INDICATOR FUNCTION THAT ASSUMES THE VALUE � IF THE POLICY FUNCTION

IS SUCH THAT K
T�� � K

J
� AND ZERO OTHERWISE� )F THE F�z

T
Jz
T`�� }T`�	 DISTRIBUTION

IS NEVER DEGENERATE THERE WILL EXIST A STATIONARY DISTRIBUTION G�K	 FOR EACH VALUE
OF Q AND }��� )N THE ABSENCE OF THE IDIOSYNCRATIC DISTRIBUTION� ALL AGENTS WOULD
CONVERGE TO THE SAME POINT IN THE K STATE SPACE� !GGREGATE INVESTMENT IS GIVEN
BY�

)
T
�

: : v
K
T���KI� QT� }T� zJT	` ��` p	K

I

Q
T
z
JT

w
F�z

JT
Jz
T`�� }T`�	GT�KI	DzJTDKI

4HE INTEGRAND IS TOTAL INVESTMENT OF AGENTS LOCATED AT K
I
�
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! TIMING ISSUE ARISES HERE� 7HEN IDIOSYNCRATIC UNCERTAINTY INCREASES� CUR

RENT SHOCKS �AGGREGATE AND IDIOSYNCRATIC	 HAVE ALREADY OCCURRED� AND SO� WITH
K
T���KI� QT� }V� zJT	 s K

T���c� }V	� THE IMPACT CHANGE IN INVESTMENT IS GIVEN BY

)
T�H
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T�,
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T���c� }H	` K
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Q
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z
JT

w
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!T THIS POINT THE CURRENT �LOW VARIANCE	 DISTRIBUTION F�z
JT
Jz
T`�� },	 HAS NO IM


PACT ON THE PROBLEM� !GGREGATE INVESTMENT WILL DECREASE AT IMPACT� )T IS ONE PE

RIOD LATER� WHEN z ACTUALLY FOLLOWS THE HIGH VARIANCE DISTRIBUTION F�z

JT
Jz
T`�� }H	�

THAT THIS COMPONENT AmECTS INVESTMENT� )N THIS NEXT PERIOD� A LARGER PROPORTION
OF AGENTS IS INCURRING GOOD OR BAD SHOCKS� 4HE AGENTS THAT INCUR POSITIVE SHOCKS
WILL INCREASE THEIR INVESTMENTS� BUT THE AGENTS THAT INCUR BAD SHOCKS MAY NOT
BE ABLE TO CUT INVESTMENT BY AS MUCH AS THEIR DESIRED AMOUNT DUE TO THE IRRE

VERSIBILITY CONSTRAINT� &IGURE � ILLUSTRATES THIS POINT��� !GGREGATE INVESTMENT
WILL THEN INCREASE�

&INALLY� AN INCREASE IN THE DEPRECIATION RATE WILL RELAX THE BINDING IRREVERSIBIL

ITY CONSTRAINT FOR SOME AGENTS AND MAY ACTUALLY REDUCE AGGREGATE INVESTMENT�
WHEREAS FOR A REPRESENTATIVE AGENT LOCATED AT POINT B AN INCREASE IN THE DEPRECI

ATION RATE WOULD ACTUALLY INCREASE INVESTMENT SINCE THE AGENT WOULD HAVE A NON
BINDING CONSTRAINT RELAXED�

�
� 2HLTK@SHNMR

)N THE nRST EXPERIMENT ) INCREASE THE VARIANCE OF IDIOSYNCRATIC SHOCKS� ) SIMULATE
A TIME SERIES OF THE MODEL UNDER {

zH
� AND ANOTHER UNDER {

z,
� WITH THE SAME

AGGREGATE SHOCKS� 4HE POLICY FUNCTIONS ARE OBTAINED SOLVING THE DYNAMIC PRO

GRAMMING PROBLEM WHERE THE STATE VECTORS ARE >z � ;��� � ���= AND >Q � ;��� � ���=�
.OTE THAT THE VOLATILITY TRANSITION APPLIES ONLY TO IDIOSYNCRATIC SHOCKS �WHICH
ARE AGGREGATED OUT	� 4HE SEQUENCE OF AGGREGATE SHOCKS CORRESPONDS TO ONE GIVEN
DRAW FROM THEIR -ARKOV PROCESS� 4HE TRANSITION MATRICES USED� {

zH
AND {

zH
� ARE

THE SAME AS IN THE THREE STATE MEAN PRESERVE EXPERIMENTS PERFORMED EARLIER WITH
I�I�D� SHOCKS� 4HE TRANSITION MATRIX FOR THE VARIANCE AND THE ONE FOR AGGREGATE
SHOCKS ARE�
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&IGURE � SHOWS THE DImERENCE BETWEEN TIME SERIES OF CONSUMPTION AND IN

VESTMENT UNDER LOW AND HIGH VOLATILITY� GENERICALLY DX � �X

H
` X

,
	�X

,
� 4HE
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PARAMETERS USED ARE m � ����� n � ����� p � ���� | � ���� 4HERE ARE THREE GRAPHS
CORRESPONDING TO THIS EXPERIMENT� )N ALL OF THEM THE HORIZONTAL AXIS SHOWS THE
TIME SERIES OF AGGREGATE SHOCKS� )N THIS EXPERIMENT� AFTER THE EmECT OF SHOCKS
DISAPPEARS� CONSUMPTION INCREASES AROUND ��� FOR ALL � AGGREGATE STATES� 7E
HAVE ALSO FOR INVESTMENT� DI { ;��� ��� ��= FOR STATES ;LOW MIDDLE HIGH=� )N
THE LOW AGGREGATE STATE INVESTMENT INCREASES MORE WITH THE HIGH IDIOSYNCRATIC
VARIANCE BECAUSE THERE IS ALWAYS THE PROBABILITY THAT AN AGGREGATE SHOCK WILL
SEND THE ECONOMY UP AND THEREFORE RELAX THE BINDING CONSTRAINT ON THE BOTTOM
OF THE CROSS SECTION DISTRIBUTION�

! MEAN PRESERVING SPREAD ON THE DISTRIBUTION OF IDIOSYNCRATIC SHOCKS CAN
HAVE SUBSTANTIAL POSITIVE EmECTS ON AGGREGATE INVESTMENT� 7HEN WE AGGREGATE
THE CROSS SECTION DISTRIBUTION� AGENTS THAT REMAIN IN THE MIDDLE STATE FOR z DO
NOT CHANGE THEIR DECISION SIZEABLY� AND THE INVESTMENT OF AGENTS THAT DO SUmER
SHOCKS MAY AGGREGATE TO A HIGHER VALUE THAN BEFORE� SINCE AGENTS THAT SUmER
NEGATIVE SHOCKS ARE NOT ABLE TO DISINVEST DUE TO THE NON NEGATIVITY CONSTRAINT���

3ECOND� ) INCREASE THE VARIANCE OF AGGREGATE SHOCKS� 4HE {
V
MATRIX NOW

GOVERNS THE TRANSITION BETWEEN HIGH AND LOW VARIANCE OF AGGREGATE INVESTMENT
SHOCKS� 7ITH THE APPROPRIATE RELABELING {

QH
� {

QH
� {

z
� {

V
ARE JUST AS IN THE

PREVIOUS EXPRIMENT� &OR THE PERCENTAGE INDICATOR DX � �X
H
`X

,
	�X

,
� THE IMPACT

ON AGGREGATE VARIABLES OF A HIGHER VARIANCE OF AGGREGATE SHOCKS IS VIRTUALLY ZERO�
4HIS IS DUE TO THE NARROW SUPPORT OF AGGREGATE SHOCKS� 7ITH LARGER SHOCKS
AGGREGATE INVESTMENT WILL FALL WITH THE MEAN PRESERVING SPREAD� BUT NOT BY
MUCH�

)F THE DISTRIBUTION OF IDIOSYNCRATIC SHOCKS REMAINS CONSTANT AND AGGREGATE
SHOCKS SUmER A MEAN PRESERVING SPREAD� THE IMPACT ON AGGREGATE INVESTMENT IS
LIKELY TO BE NEGATIVE BUT SMALL�

� "NMBKTRHNM

4HIS PAPER USES A DYNAMIC STOCHASTIC GENERAL EQUILIBRIUM MODEL TO CHARACTERIZE
THE RELATIVE IMPORTANCE OF PRECAUTIONARY SAVINGS INCENTIVES AND OF IRREVERSIBILITY
CONSTRAINTS IN RESPONSE TO AN INCREASE IN UNCERTAINTY� 5NCERTAINTY IS ASSOCIATED
WITH THE VARIANCE OF THE RANDOM VARIABLE DRIVING THE MODEL� !DDITIVE SHOCKS TO
OUTPUT� TECHNOLOGY SHOCKS AND SHOCKS TO THE MARGINAL EpCIENCY OF INVESTMENT
ARE INVESTIGATED� )RREVERSIBILITY IS INTRODUCED BY A NON NEGATIVITY CONSTRAINT ON
INVESTMENT�

-ODEL SIMULATIONS SHOW THAT IT IS DIpCULT TO MAKE THIS CONSTRAINT BIND FOR
THE TECHNOLOGY AND ADDITIVE SHOCKS CASES� &OR THE INVESTMENT SHOCKS MODEL
LOW CONCAVITY OF UTILITY IS ENOUGH TO GENERATE A BINDING CONSTRAINT� 4HIS IS
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INTUITIVE SINCE WITH LOW CONCAVITY THE AGENT IS WILLING TO MAKE LARGER SHIFTS BE

TWEEN CONSUMPTION AND INVESTMENT� AND THE SHOCK AmECTS EXACTLY THIS DECISION�
!N INCREASE IN CONCAVITY� BY IMPOSING CONSUMPTION SMOOTHING� WORKS DIRECTLY
AGAINST THE IRREVERSIBILITY CONSTRAINT AND REDUCES THE IMPACT OF THE MEAN PRE

SERVING SPREAD VERY QUICKLY� )N ALL VERSIONS OF THE MODEL THE EmECTS ARE MORE
PRONOUNCED WHEN THE HIGH VARIANCE STATE IS PERSISTENT� 4HIS IS DUE TO THE FACT
THAT CAPITAL HAS AN INSURANCE VALUE AGAINST LOW CONSUMPTION �WHEN IT IS HIGH	
AND AGAINST THE IRREVERSIBILITY CONSTRAINT �WHEN IT IS LOW	� 7HEN THE SHOCKS
THEMSELVES ARE PERSISTENT� AN INCREASE IN VARIANCE INDUCES A PRECAUTIONARY SAV

INGS REACTION� )NVESTMENT INCREASES IN THE HIGH STATES OF NATURE AND DECREASES
IN THE LOW STATES�

! VARIANT OF THE MODEL WITH INVESTMENT SHOCKS INTRODUCES A CROSS SECTION
DISTRIBUTION OF AGENTS OVER CAPITAL AND ADDS IDIOSYNCRATIC SHOCKS� !GGREGATE
INVESTMENT INCREASES FOLLOWING A MEAN PRESERVING SPREAD ON IDIOSYNCRATIC SHOCKS
BECAUSE ZERO INVESTMENT IS AN ACTIVE LOWER BOUND FOR SOME AGENTS� 4HIS EmECT
IS ENHANCED THE BIGGER IDIOSYNCRATIC SHOCKS ARE� )F WE ARE WILLING TO ACCEPT
LARGER SHOCKS FOR INDIVIDUAL AGENTS THAT MAY MAKE IRREVERSIBILITY MATTER MORE�
WE SHOULD ALSO EXPECT A LARGER INCREASE IN AGGREGATE INVESTMENT FOLLOWING AN
INCREASE IN IDIOSYNCRATIC VARIANCE� 7HEN THE INCREASE IN UNCERTAINTY OCCURS IN
THE DISTRIBUTION OF AGGREGATE SHOCKS� AGGREGATE INVESTMENT IS LIKELY TO DECREASE
FOLLOWING THE MEAN PRESERVING SPREAD� ALTHOUGH BY A SMALL AMOUNT�

4HE RESULTS WITH INVESTMENT SHOCKS SUGGEST THAT AN INCREASE IN VARIANCE MAY
HAVE SIZEABLE EmECTS MAINLY IF IT IS ASSOCIATED WITH A RELATIVE PRICE� INDUCING
AGENTS TO CHANGE RELATIVE PURCHASES� ! nXED LABOR SUPPLY MAY BIAS THE RESULTS
SINCE THE AGENT DOES NOT CHANGE ITS LABOR SUPPLY IN RESPONSE TO THE RELATIVE
PRICE OF LEISURE �WAGE	� (OWEVER� THE EMPIRICAL EVIDENCE OF A LOW LABOR SUPPLY
ELASTICITY SUGGESTS THIS MAY NOT BE A VERY STRONG LIMITATION OF THE MODEL� !
BIGGER LIMITATION IS THE EXISTENCE OF ONLY ONE ASSET WITH ONLY ONE DEPRECIATION
RATE� %JARQUE �����	 nNDS SIGNInCANT EmECTS OF A MEAN PRESERVING SPREAD ON
TECHNOLOGY SHOCKS EXACTLY BECAUSE DImERENT IRREVERSIBILITY CHARACTERISTICS IMPLY
A CHANGE IN THE RELATIVE PRICE BETWEEN DImERENT ASSETS�

4HE DEnNITION OF IRREVERSIBILITY IS ALSO IMPORTANT� )F WE CONSIDER A MODEL
WITH THE ADDITIONAL FEATURE OF A nXED COST OF UNDERTAKING ANY NONZERO LEVEL OF
INVESTMENT� THE INCREASE IN VARIANCE MAY HAVE LARGE EmECTS IN THE REPRESENTATIVE
AGENT ECONOMY� EVEN WITH TECHNOLOGY SHOCKS� 3UCH A FEATURE IS PERVASIVE IN THE
INVESTMENT LITERATURE� NAMELY IN 3�S TYPE MODELS� AND IT SUGGESTS A TRANSACTION
COST PROBLEM RATHER THAN A SECOND HAND MARKET NOTION OF IRREVERSIBILITY� 4HIS
SUBTLE DImERENCE PRODUCES LARGE DImERENCES IN THE BEHAVIOR OF THE MODELS� )N THE
STANDARD MODEL WITH A NON NEGATIVITY CONSTRAINT� INVESTMENT ONLY FALLS WITH AN
INCREASE IN VARIANCE IF UTILITY IS CLOSE TO LINEAR� IF SHOCKS AmECT THE RELATIVE PRICE
BETWEEN CONSUMPTION AND INVESTMENT� IF THE HIGH VARIANCE STATE IS PERSISTENT�
AND IF THE SHOCK PROCESS CONDITIONAL ON THE VARIANCE IS CLOSE TO I�I�D��
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Consum pt ion and Investm ent .   %  diff erences bet w een econom ies w it h high
and low  variance id iosyncratic shocks.   Invest m ent shocks.
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Consum ption and Invest m ent.   Econom y w ith  low  variance of idiosyncrat ic
investm ent  shocks.
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V ariance of  t he cross sect ion d istribution of  capit al.   H igh and low  variance of
idiosyncrat ic shocks.
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