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Plasma-based acceleration (PBA) refers to a class of advanced accelerator concepts in

which the electromagnetic fields sustained in a plasma wave are used to accelerate charged

particle beams. The strength of these fields can be orders of magnitude higher than those

achievable in conventional radio-frequency accelerators. Thus, PBA offers the prospect of

dramatically reducing the accelerator size and cost for a given beam energy. This makes PBA

attractive for a variety of accelerator-based applications including high-energy collider physics,

microscopy using free electron lasers, radiotherapy for cancer treatment, and ion implantation

in semiconductors. Laser wakefield acceleration (LWFA), in which an intense laser pulse

drives the plasma wave, is one of two concepts of interest for PBA. In this dissertation, new

results on LWFA and new capabilities for its simulation are presented through a combination

of theory and particle-in-cell computer simulations.

In LWFA, the acceleration length and the total energy gain for an accelerating beam

are critical system parameters. Lu et al. [1] provided estimates for how these parameters

scale in the nonlinear, self-guided regime as a function of basic quantities such as the laser
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wavelength, laser power, and plasma density. It was assumed that the laser is self-guided

over a length greater than the length over which the beam dephases with respect to the

wake, but it was recognized that this assumption may break down for sufficiently low plasma

density. New results on this physics are presented in this dissertation. Using the quasistatic

particle-in-cell (PIC) code QPAD, a parameter scan of simulations is carried out with a fixed

laser vector potential, a laser profile which scales with the plasma skin depth c/ωp, and a

varying ratio of the laser frequency ω0 to the plasma frequency ωp. It is found that the

Lu et al. scaling laws are accurate for densities above a threshold value, below which the

self-guiding length is less than the dephasing length and scales as Lguide ≈ 25zR where zR is

the Rayleigh range. This results in similar scalings for the acceleration length Lacc ≈ 25zR

and energy gain ∆E ≈ 25zR(ωp/c)mec
2 for sufficiently low density. The results indicate that

near-term 10 PW lasers may be able to generate 30-GeV electron beams in a single 2-m

plasma stage. They also inform longer-term design considerations for LWFA in the context

of a linear collider.

Spatiotemporally structured laser pulses, which feature coupled spacetime-dependent

properties, have been proposed to enable or enhance a variety of laser-plasma interactions,

including LWFA. Many of these methods require an accurate understanding of the linear

propagation of the pulse. Previous work on linear pulse propagation has mostly considered

the transverse or longitudinal evolution of the laser pulse separately, but these must be

considered simultaneously to describe spatiotemporally structured pulses. To address this

need, theory is developed to describe the linear evolution of the full spatiotemporal structure

of a laser pulse in a linear dielectric. The approach uses the dispersion relation to derive

integral expressions for the evolution of the pulse. Taylor expansion of the dispersion relation

leads to systematic estimates for length scales over which spatiotemporal coupling emerges

for a laser pulse with an envelope which is initially separable transversely and longitudinally.

These are derived in vacuum and in cold, uniform plasma. The results are also described from

the standpoint of single photons propagating within the pulse. Simulations confirm accuracy
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of the integral formulation and its predictions for the length scales over which spatiotemporal

coupling emerges.

Exploration of applications of spatiotemporally structured laser pulses requires an un-

derstanding of the kinds of spatiotemporal structure that can exist in nature. It is also

desirable to be able to describe a given kind of spatiotemporal structure with a mathematical

model that captures its essential features. In this dissertation, a general formalism describing

spatiotemporally structured laser pulses is introduced which meets both of these demands.

This concept of arbitrarily structured laser (ASTRL) pulses employs a superposition of

prescribed pulses to create a desired field structure. The ASTRL formalism is capable of

describing a variety of kinds of spatiotemporal structure, including pulses with an evolving

focal point, spot size, orbital angular momentum, or polarization. Several examples are

presented to illustrate the versatility of ASTRL pulses to address a broad range of laser-based

applications, including LWFA, inertial confinement fusion, nanophotonics, and attosecond

physics.

Laser wakefield acceleration (LWFA) may enable the next generation of TeV-scale lepton

colliders. Current designs are based on the use of multiple LWFA stages to overcome

limitations on the energy gain achievable in a single stage. The use of stages, however,

introduces challenges such as alignment, adiabatic matching between stages, and a lower

average accelerating gradient. Flying focus pulses, a specific type of spatiotemporally

structured pulse, have been proposed to circumvent dephasing. This would reduce both the

number of stages and the total accelerator length required for a target energy by enabling

operation at higher plasma densities. Adding to these concepts, LWFA driven by a discrete

flying focus based on the ASTRL formalism is proposed. A sequence of laser pulses with

staggered focal points and delays drives a plasma wave in which an electron beam experiences a

near-constant accelerating gradient over distances beyond those attainable with a conventional

pulse. Simulations with non-optimized parameters demonstrate that a discrete flying focus

with a total energy of 150 J can transfer 40 GeV per electron to a 50-pC beam in a single
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30-cm stage, corresponding to 50 dephasing lengths. Extension of the concept to positron

acceleration through the use of a discrete set of higher-order Laguerre-Gaussian pulses is also

presented.

Fully relativistic particle-in-cell (PIC) simulations are crucial for understanding a variety

of processes in plasma physics, including LWFA. Modern supercomputers based on graphics

processing units (GPUs) offer the potential to perform PIC simulations of unprecedented

scale, but require robust and feature-rich codes that can fully leverage their computational

resources. To address this demand, GPU acceleration was implemented in the PIC code

OSIRIS. An overview of the algorithm, which features a CUDA extension to the underlying

Fortran architecture, is given. Detailed performance benchmarks for thermal plasmas are

presented, which demonstrate excellent weak scaling on NERSC’s Perlmutter supercomputer

and high levels of absolute performance. The robustness of the code to model a variety of

physical systems is demonstrated via simulations of Weibel filamentation and laser-wakefield

acceleration run with dynamic load balancing. Finally, measurements and analysis of energy

consumption indicate that the GPU algorithm is up to 14 times faster and 7 times more

energy efficient than the optimized CPU algorithm on a node-to-node basis. The described

development addresses the PIC simulation community’s computational demands both by

contributing a robust and performant GPU-accelerated PIC code and by providing insight

into efficient use of GPU hardware.
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(Eq. 4.10), integrating the third-order approximation (Eq. 4.46) and integrating

using the second-order approximation (Eq. 4.36). Significant curvature in the true

solution is consistent with the estimate ∆t = 2τxxz. (f-k) Analogous plots for a

laser pulse with a duration 5 times larger, so that ∆t = 0.4τxxz. In this case, the

pulse structure remains approximately separable, consistent with theory. . . . . 104

4.2 Geometry leading to the development of spatiotemporal coupling as evident in

Fig. 4.1 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 106

4.3 Demonstration of spatiotemporal coupling and additional longitudinal broadening

induced by propagation in plasma in 3D. The initial condition and propagation

length are the same as in the vacuum cases shown Fig. 4.1, but now a plasma is

added such that k0/kp = 10. (kp = 0 in Fig. 4.1). (a–e) The effects of plasma-

induced dispersion manifest as broadening of the longitudinal envelope such that

the bow structure in vacuum becomes a triangular structure in plasma. The

agreement between OSIRIS and the FFT with the full ω(k) supports the theory,

as in the vacuum case. (f–k) In this case plasma-induced dispersion is negligible;

the evolution looks just as in vacuum except for the recession of the pulse with

respect to ξ because vg < 1. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 111
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5.1 (a): On-axis evolution of the envelope of an ASTRL flying focus pulse found

by evaluating Eq. 5.7 with k0w0 = 40, ω0τ0 = 20, and βf = 1.05. The dashed

line indicates the trajectory z = vf t. (b) The envelope from a quasi-3D FDTD

simulation for the same parameters. The two are in excellent agreement. (c)

– (e): A generalized flying focus constructed using the ASTRL formalism in

which the focal point oscillates transversely as it moves along the optical axis.

The propagation was simulated in 2D using the FDTD method. The pulse was

initialized at ct/zR = −10 using Eq. 5.7 with x⊥osc = w0, kosc = 1/zR, βf = 1.05,

L = 20zR, k0w0 = 40, and ω0τ0 = 20. From left to right, the frames show the

pulse at ct/zR = −4, 0, and 4. . . . . . . . . . . . . . . . . . . . . . . . . . . . . 119

5.2 Examples of ASTRL pulses constructed from superpositions of laser pulses focused

to the same point (s0(η) = 0): (a) A pulse everywhere linearly polarized, but with a

time-dependent polarization angle. The duration of each pulse in the superposition

is ω0τ0 = 20. (b) A laser pulse with a spot size that continuously decreases in

time with k0w0min = 40, w0max = 4w0min, ω0τ0 = 40, and ∆max = 20cτ0. (c) Time

slices of the transverse electric field of a laser pulse whose angular momentum

continuously varies in ξ. (d) A lattice of STOVs with k0w0 = 40 and ω0τ0 = 20.

All examples are evaluated using Eq. 5.7 and shown at the focal point s = 0. . . 121
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5.3 QPAD simulations illustrating the spatiotemporal structure of flying focus ASTRL

pulses described the closed-form Eq. 5.12, as well as differences in propagation

resulting from the dependence of the duration on the normalized focal velocity

βf (Eq. 5.17). (a) A flying focus with βf = 1.05 at t = 0. (b) Final state at

c∆t = 10zR. The state is mirror-symmetric (with minor deviations) because it is

described accurately by Eq. 5.12. In this case, Lstc = 80zR ≫ c∆t. (c) A flying

focus with the same focal range but with βf = 1.005. The structure is the same

as in (a) except for compression by a factor of 10× in the longitudinal direction.

(d) At c∆t = 10zR, there is significant distortion from Eq. 5.17, consistent with

the estimate Lstc = 8zR ≲ c∆t. Pulse parameters are in the text. . . . . . . . . . 128

5.4 An experimental concept to produce new classes of ASTRL pulses. Each pulse is

independently manipulated by a separate optical assembly, labeled “OAj”, which

can alter the amplitude, transverse profile, frequency, delay, or other properties.

The pulses are then coherently combined to form an ASTRL pulse. . . . . . . . 130

5.5 (a,b) Discrete approximations of Eq. 5.7 for the βf = 1.05 flying focus pulse

shown in Fig. 1 with N = 10 and N = 20 pulses, respectively; the continuum is

well approximated by 20 pulses, or 2 pulses per zR. (c) Peak on-axis amplitude

for the N = 10 and 20 cases, showing oscillation for N = 10. (d) Relative

amplitude oscillation, defined as (max |A| −min |A|)/(max |A|+min |A|) over the

interval [−zR, zR]. The relative oscillation decreases exponentially with N , which

determines the number of pulses required for a given tolerance. . . . . . . . . . . 131
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5.6 (a,b): On-axis evolution of the vector envelope for a negative-velocity flying focus

with structured polarization. The components of the vector envelope A are defined

by Aj ≡ êj ·
∫
dη Bη(ξ)Cη(x⊥, s)ϵ̂(η). The parameters are identical to those in

Fig. 5.1 except βf = −1 and the polarization evolves continuously. Specifically,

ϵ̂x(η) = cos(koscηL) and ϵ̂y(η) = sin(koscηL), where kosc = (3/2)z−1
R . The white

dashed lines indicate the focal trajectory z = −ct. Both plots are evaluated using

Eq. 5.7. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 136

6.1 Comparison of LWFA with a conventional pulse and a discrete flying focus in the

linear regime. (a) A single pulse traveling at its group velocity (black) drives a

plasma wave (gray), whose longitudinal field Ez accelerates a highly relativistic

electron (cyan). The pulse and longitudinal field slip backward in ξ = z − ct as

the pulse propagates from z = 0 to 2Ld. As a result, the electron moves from an

accelerating to a decelerating longitudinal field, which limits its energy gain—a

process referred to as dephasing. (b) A sequence of pulses (red, green, blue) with

appropriately selected delays and focal points drives a plasma wave (gray) whose

longitudinal field remains stationary in ξ. This eliminates dephasing by ensuring

that the electron (cyan) remains collocated with the maximum accelerating field

over the entire distance. In both (a) and (b), the field of the laser pulse is

calculated using Eq. (6.7), and the longitudinal field is calculated using linear

theory [5, 6]. The specific parameters, chosen for illustration, are k0/kp = 40,

kpτ0 = 0.5, fj = jLd, and ∆j = (1− vg/c)fj =
(
π
2

)
jk−1

p . The dephasing length is

kpLd = 1600π, the single pulse in (a) has kpzR = ∞, and each pulse in (b) has

kpzR = 320. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 142
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6.2 Evolution of a discrete flying focus and driven plasma wave in the linear regime

(a0 = 0.1). (a) The on-axis (|x⊥| = 0) envelope of the DFF pulse (red and

blue) and longitudinal electric field of the plasma wave (black and gray) have

nearly identical profiles in ξ = z − ct after the pulse has propagated 5 (solid) and

20 (dashed) dephasing lengths. (b,c) The spatiotemporal structure of the DFF

envelope (top) and longitudinal field (bottom) are also nearly identical at these

propagation distances. From left to right in ξ, the variation in the transverse width

of the DFF (i.e., the X structure) results from ξ slices that have already passed

through focus, are at or near focus, and have yet to come into focus, respectively.

This slice-dependent focusing is also the source of the pre and postcursors on the

envelopes in (a). In this example, N = 250 = Nmin ≫ Noverlap. Due to significant

overlap between individual pulses, the spot size of the overall envelope kpweff = 9

is larger than that of the individual pulses kpw0 = 4. . . . . . . . . . . . . . . . 150
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6.3 Dependence of the on-axis (|x⊥| = 0) longitudinal field Ez on the number of

pulses driving the plasma wave in the (a,b,c) linear and (d,e,f) nonlinear regimes.

(a) With a single pulse (N = 1) in the linear regime (a0 = 0.1), the maximum

accelerating field (dashed black line) recedes and drops in amplitude due to the

subluminal group velocity and diffraction of the pulse. (b) For a DFF composed of

N = 40 < Nmin = 250 pulses, the plasma wave persists over the entire propagation

range of 25 dephasing lengths, but the large separation between pulses results in

an irregular longitudinal field. (c) A DFF with N = 250 = Nmin pulses drives a

plasma wave with a smooth longitudinal field and a phase velocity vw = c. (d)

With a single pulse (N = 1) in the nonlinear regime (a0 = 4), the maximum

accelerating field (dashed black line) recedes and drops in amplitude due to a

combination of the subluminal group velocity and depletion. (e,f) Similar to

the linear regime, a DFF composed of too few pulses (N = 20 < Nmin = 50)

produces an irregular field, while a DFF composed of a sufficient number of pulses

(N = 40 ≈ Nmin) produces a smooth field. . . . . . . . . . . . . . . . . . . . . . 153

6.4 Acceleration of a 50 pC electron beam from 1 GeV to 41 GeV over 32 cm, or 50

dephasing lengths, using a discrete flying focus with tailored delays. (a) Electron

density of the background plasma and electron beam normalized to n0. The

beam profile and accelerating structure are preserved over the entire length of the

accelerator. Note that the beam density saturates the color map. (b) Mean slice

energy of the beam. At the end of the accelerator (z = 32 cm), the spectrum is

nearly monoenergetic with an energy spread σγ/γ̄ = 0.04. (c) Normalized slice

emittance. The emittance does not grow as the beam is accelerated. . . . . . . . 156
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6.5 The electron densities and electric field envelopes from (left) QPAD and (right)

OSIRIS simulations run with the same physical parameters. The results for a

single pulse (N = 1) are shown in (a) and (b), while the results for a DFF with

N = 9 pulses are shown in (c) and (d). The agreement between QPAD and

OSIRIS is excellent. In (c) and (d), local depletion and redshifting causes the

light to slip backward, where it is temporarily trapped by the plasma wave. This

prevents the rear sheath from closing. Over longer distances, the sheath undergoes

multiple cycles of opening and closing as the trapped light first accumulates and

then escapes out the back. [See Figs. 6.3(e) and (f)]. The quasistatic model

used in QPAD does not capture self-injection, which is observed in the OSIRIS

simulations (d). . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 162

6.6 Linear wakefields driven by a flying focus described by an ASTRL flying focus

with Cj(z,x⊥) given by an (ℓ, p) = (1, 0) Laguerre-Gaussian mode, kpw0 = 4 for

each pulse, kpL = 20,000 ≈ 10Ld, and N = 80. ∆j and fj are chosen in the

same way as for the electron acceleration cases. Top panels show the state at

z = 5000 ≈ 2.5Ld and z = 15,000 ≈ 7.5Ld. (a) Amplitude of the laser envelope

for the m = 1 mode. The laser envelope peaks off-axis and retains the same

structure throughout its propagation. The characteristic x-shape and precursor

are visible, as with an (ℓ, p) = (0, 0) profile. (b-d) m = 0 mode of the electron

number density, focusing field, and accelerating field. The structure is maintained

over the 5 dephasing lenths for each quantity. However, this configuration cannot

accelerate positrons because the focusing and accelerating fields vanish on the axis.166
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6.7 Nonlinear wakefields driven by a flying focus described by an ASTRL flying focus

with an (ℓ, p) = (1, 0) Laguerre-Gaussian transverse profile for each pulse. Each

pulse has a0j = 20 and kpw0 = 4. Alternating polarization is used. Top panels

show the state at z = 5000 ≈ 2.5Ld and z = 15,000 ≈ 7.5Ld. (a) Amplitude

of the laser envelope for the m = 1 mode. The evolution is significantly more

complex than in the linear regime and appears turbulent. (b) Unlike in the linear

regime, plasma electrons are pushed by the laser onto the axis. Multiple off-axis

wakes are visible. (c-d) The blue region for the focusing field and red region of

the accelerating field near kpξ = −20 are favorable for acceleration of positrons.

This structure is maintained throughout the propagation of the laser. . . . . . . 167

6.8 Time evolution of lineouts from the simulation in Fig. 6.7 for (a) the accelerating

field on-axis (kpr = 0) and (b) the focusing field at kpr = −20. The accelerating

and focusing fields persist over 10 dephasing lengths. Recession of the wake is

visible in the Ez lineout. The discreteness of the N = 16 pulses is evident. . . . 168

7.1 Schematic of the CPU memory layout, chunk pool data structure, and species

chunk manager. The CPU species object stores contiguous arrays of particle

position relative to nearest cell, momentum, charge, and cell index (x, p, q, and

ix) for each tile. The species chunk manager, whose state is maintained on both

CPU and GPU, stores pointers to chunks of device memory for each tile. Chunks

contiguously store all four data fields for a fixed number of particles. Each species

chunk manager may transfer pointers to chunks to and from the chunk pool with

nearly zero overhead, enabling arbitrary load-balancing between tiles with nearly

zero overhead. Particle transfer between the CPU species object and species chunk

manager is achieved through an object for buffered data movements, discussed in

Section 7.2.2. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 178
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7.2 Comprehensive thermal plasma benchmarks run on Perlmutter. (a): Weak scaling

tests for the cases described in the text, showing near-perfect scaling up to 4096

GPUs on Perlmutter. (b) Parameter scan showing dependence of throughput

on particles per cell and grid sizes. (c) Comparison of absolute performance

on one GPU and one core of one CPU for different interpolation orders. All

simulations are run in 3D with quadratic interpolation and 512 particles per cell

unless otherwise specified. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 185

7.3 Examples of spatially inhomogeneous plasma simulations run on Perlmutter. (a):

3D simulation of the Weibel instability on 4096 GPUs, demonstrating the tangling

of magnetic field lines. (b): charge density from a 2D simulation of LWFA in

the nonlinear regime with dynamic load balancing. The black lines indicate the

computational boundaries of different MPI ranks. . . . . . . . . . . . . . . . . . 189

7.4 Energy consumption per particle push for the GPU algorithm and for the CPU

algorithm. The comparison is between a simulation on a Perlmutter GPU node

with 4 GPUs and a Perlmutter CPU node with 128 CPU cores. The GPU node is

∼ 14 times faster than the CPU node and uses ∼ 2 times more energy, leading

to an overall energy efficiency ∼ 7 times higher. Further detail of what is being
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7.5 Pictorial explanation of an idea to improve performance for computational prob-

lems featuring a stationary plasma in a moving window, as in laser wakefield

acceleration. The black box is the computational domain, moving from left to

right, and the gray numbered boxes are tiles. In the current algorithm, the tiles

move with the moving window. This results in a stationary plasma particle, shown

in red, effectively moving across the tiles. In an improved algorithm, stationary

tiles could be used. In this case, the tiles are stationary in space and drift with

respect to the computational domain. This would in principle make the perfor-

mance for drifting plasmas the same with and without a moving window. Once

the computational domain passes the leftmost tile, that tile can be repositioned

on the right side of the domain. . . . . . . . . . . . . . . . . . . . . . . . . . . . 195
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CHAPTER 1

Introduction

This chapter provides an overview of the context and results of this dissertation. This includes

the history and status of laser wakefield acceleration (LWFA), the use of spatiotemporally

structured laser pulses in LWFA, the particle-in-cell algorithm for simulation of LWFA, and a

summary of the results of the dissertation. The chapter is written primarily at a conceptual

level. It was written with the goal of being intelligible to a lay audience. Chapter 2 serves

a similar purpose from a mathematical standpoint. In addition, this chapter serves as a

kind of glue for the dissertation. Chapters 5, 6, and 7, which reproduce material published

in peer-reviewed journals and are the key scientific contributions of this dissertation, are

largely unmodified from their published forms. Hence, at first glance there is little explicit

connection between them. This chapter provides this connection.

1.1 Laser wakefield acceleration: a brief overview

The central focus of this dissertation is laser wakefield acceleration (LWFA). Here a qualitative

overview of the process is provided. Figure 1.1 is a visualization of the key aspects of the

dynamics in the so-called blowout regime. In the blowout regime, the wake takes the form of

a sequence of bubbles trailing the laser. Both the wake and laser move forward (to the right,

in this case) at close to the speed of light. Within the bubbles, the Lorentz force is directed

radially inward for negatively charged particles. Thus, negative charges copropagating within

the first half of each bubble will be continuously focused toward the axis by the transverse

component of the force and accelerated by the longitudinal component the force. The particles

1



Figure 1.1: Visualization of laser wakefield acceleration in the nonlinear blowout regime. A

laser pulse (red) injected into a plasma drives a wake in the electron plasma density (blue).

The force field within the plasma wake (light gray arrows) for electrons moving forward near

the speed of light simultaneously accelerates and focuses the electrons. Accelerating electrons

can be either externally injected into the system (green) or “self-injected” from the back of

the plasma wake (dark blue). The wavelength of the wake is on the order of 10c/ωp. This

data was generated from a 3D particle-in-cell simulation using the code OSIRIS [2].

that undergo acceleration can be either externally injected as a preexisting particle beam

or, in the case of electrons, can be injected from the background plasma using a variety of

methods (e.g., [10, 11, 12, 13, 14]). When using a conventional laser pulse as in Figure 1.1,

the energy gain of the accelerating particles is limited by the finite energy of the laser, which

manifests as diffraction and pump depletion, as well as dephasing of the accelerating particles

with respect to the wake. These issues are discussed mathematically in Chapter 2.

LWFA is closely related to plasma wakefield acceleration (PWFA) [15], in which a particle

beam drives the wake. LWFA and PWFA are the main examples of what is generally

called plasma-based acceleration (PBA). In both LWFA and PWFA, the magnitude of the

accelerating force is typically on the order of 10–1000 GeV/m, orders of magnitude higher than

2



can be sustained in conventional RF accelerators such as synchrotrons and cyclotrons. The

maximum accelerating field of RF accelerators is fundamentally limited by the ability of the

component structures to withstand ionization and arc discharges. In contrast, plasma-based

accelerators can sustain arbitrarily large electric fields because they are already ionized.

Because the accelerating gradient in plasma-based accelerators is so much higher than in RF

accelerators, PBA offers the opportunity to build more compact and cost-effective particle

accelerators for specified particle beam properties. This could lower the size and cost for many

applications of particle accelerators, including a next-generation linear collider for high-energy

particle physics research, generation of both coherent and incoherent x-ray radiation for

high-resolution microscopy, semiconductor ion implantation, and radiotherapy for treatment

of various cancers [16]. Because of this high potential impact, plasma-based acceleration has

been extensively investigated theoretically, computationally, and experimentally since its

discovery nearly a half-century ago.

Although LWFA has much potential, it also has many challenges that must be overcome

for its application to be practical in a next-generation linear collider or x-ray free electron

laser (XFEL). One is positron acceleration [17]. Positrons can be accelerated easily in the

linear regime, but in this case the accelerating gradient is significantly lower. Positrons can

also be accelerated in the blowout regime within the on-axis electron density spikes in Fig. 1.1,

but the volume in which this is possible is much smaller than that for electrons within the

bubbles. Finding ways to accelerate positrons with LWFA at high accelerating gradients

and in larger phase volumes is an active area of research [17]. For electron acceleration

in the blowout regime, there are also a number of challenges. Certain applications, most

notably a next-generation linear collider, require an output beam energy far higher than can

be produced by a single LWFA stage using a conventional laser pulse. One way to address

this is to accelerate the particle beam through a sequence of independent LWFA stages [18].

Staging is technically very challenging because the diameter of the plasma wake is typically

on the length scale of 10–1000 µm, far smaller the length scale of the accelerating region of
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conventional RF accelerators. This is exacerbated by jitter and drift in laser systems. Staging

is also challenging because the accelerating particle beam must be adiabatically coupled

between the vacuum and plasma in every stage through a tailored plasma density profile [19].

Another possibility to overcome single-stage energy limitations is the use of spatiotemporally

structured laser pulses to extend the acceleration length of a single LWFA stage. This is a

major focus of this dissertation and is described in more detail in Section 1.3.

As mentioned above, LWFA is closely related to PWFA. There are many similarities in

the physics underlying the two methods, but also many practical differences. For the sake

of limiting the scope of this work, LWFA is the focus. However, many of the same ideas

explored in this dissertation can be applied to PWFA. For example, flying focus laser pulses,

discussed in Section 1.3, translate directly to flying focus particle beams, as in Ref. [20].

Exploration of the interaction of spatiotemporally structured particle beams with matter is a

natural extension of the work in this dissertation, particularly the ideas of ASTRL pulses

(Chapter 5).

1.2 Laser wakefield acceleration: a brief history

In this section, we provide a brief overview of the history of research on laser wakefield

acceleration. The purpose is to provide context for the specific research undertaken in this

dissertation. A more complete history of the field is provided in Ref. [16]. Table 1.1 shows a

brief chronology of research in laser wakefield acceleration including significant developments

in theory, simulation, and experiment. The table is not intended to be complete, but to

provide sufficient context to understand this dissertation.

4



Year Event

1959 Oscar Buneman publishes the first computer plasma simulations [21]

1962 John Dawson publishes electrostatic sheet model for computer simulation

of plasma [22]

1971 Demonstration of fully electromagnetic PIC simulations [23]

1979 Tajima and Dawson publish Laser Electron Accelerator, introducing the

concept of LWFA and showing the first PIC simulations of LWFA [24]

1993 First experimental demonstration of LWFA using beat wave excitation;

7 MeV was transferred to an electron beam over 1 cm [25]

1997 First PIC code featuring the quasistatic and ponderomotive-guiding-center

approximations (WAKE) [26]

2002 Demonstration in simulations of quasi-monoenergetic electron beams via

LWFA in the blowout regime [27]

2004 Three articles published in Nature experimentally demonstrate

monoenergetic ∼100 MeV electron beams accelerated using LWFA

[28, 29, 30]

2004 First 3D simulations of LWFA on centimeter scales in the nonlinear

blowout regime, demonstrating acceleration of self-injected electrons to

∼1 GeV [31]

2007 Lu et al. publish phenomenological theory of LWFA in the self-guided

regime [1]

2007 First experimental demonstration of acceleration of electrons to 1 GeV

using LWFA [32]

2008 First GPU-parallelized PIC simulations [33]

2014 First simulations demonstrating positron acceleration in LWFA using a

Laguerre-Gaussian transverse laser profile [34]
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2014 Experimental demonstration of acceleration of a self-injected

monoenergetic 4 GeV electron beam over 10 cm [35]

2018 Experimental demonstration of the chromatic flying focus [3]

2019 Experimental demonstration of acceleration of a self-injected

monoenergetic 8 GeV electron beam over 20 cm [36]

2020 Axiparabola-echelon flying focus laser proposed as a path toward

single-stage acceleration of electron beams to 1 TeV in ∼1 m in LWFA

[37, 38]

2021 Development of QPAD, a quasi-static PIC code based on azimuthal mode

decomposition [39]

2023 Concept of ASTRL pulses introduced [7]*

2025 GPU Acceleration of the Particle-in-Cell Code OSIRIS [9]*

2025 Simulation demonstration of 40 GeV electron acceleration in 30 cm using

ASTRL pulses [8]*

Table 1.1: A brief chronology of research in laser wakefield acceleration and plasma simulation

showing development of theory, simulation, and experiment. The emphasis is on work related

to this dissertation. Years correspond to the date of publication. The final three entries

marked with a * correspond to Chapters 5, 6, and 7 in this dissertation.

Research on laser wakefield acceleration began in 1979 with Tajima and Dawson’s publi-

cation of Laser Electron Accelerator [24]. Since then, experimental, theoretical, and computa-

tional capabilities have rapidly developed. At the time of writing, the highest-energy electron

beams produced in a single LWFA stage are on the order of ∼10 GeV in a ∼20 cm channel

(results from 2019) [36]. In addition, electron beams of sufficient quality (charge, energy,

energy spread, and angular digvergence) to drive an FEL at ultraviolet wavelengths have

been generated from an LWFA at a lower beam energies [40, 41, 42, 43]. The experimental

progress at higher energies has spurred exploration of new concepts that could be applied

6



to the development of a LWFA-based linear collider [18]. In 2020, two independent groups

proposed using an axiparabola-echelon pair to overcome the dephasing limit of a single LWFA

stage [37, 38]. Both works proposed acceleration of electrons to TeV energies in meter-scale

plasmas. This development set the conceptual foundation for the physics research conducted

by the author which is presented in this dissertation. In particular, investigations of other

kinds of laser pulses that could be used as a driver of LWFA led to the author’s research on

the concept of Arbitrarily Structured Laser (ASTRL) pulses, presented in Ref. [7]. ASTRL

pulses were later applied to LWFA in Ref. [8]. These two publications are reproduced in

Chapters 5 and 6.

Reference [16] describes the development of plasma-based acceleration as “a tale of synergy

between theory, simulation, and experiment.” Table 1.1 demonstrates this important point.

For example, the first experimental demonstration of LWFA 1993 in Ref. [25] was preceded

by a decade of theoretical and computational studies. As another example, consider the

2002 publication of Pukhov and Meyer-ter-Vehn [27]. They presented PIC simulation results

of ultra-intense and high power lasers (∼200 TW) propagating through mildly underdense

plasmas. It was found that these lasers created wakes in a nonlinear blowout regime (already

identified for particle beam drivers [44]), that was subsequently labeled the bubble regime.

The wake was sufficiently large that copious numbers of background electrons were trapped

and accelerated. These electrons eventually formed a quasi-monoenergetic beam as they

rotated in the axial phase space. Two years later in 2004 it was shown in simulations that

similar physics could occur for lower laser powers and lower plasma densities [31]. And

nearly simultaneously in 2004, three experimental groups independently demonstrated the

generation of monoenergetic electron beams with ∼100 MeV energy using lower intensities

and powers (10 TW) than the work of Pukhov and Meyer-ter-Vehn [28, 29, 30]. Each of these

experimental teams relied on particle-in-cell (PIC) simulations to interpret their experiments.

The synergy of simulations and experiments in which simulations provide the ability

to explore the physics of LWFA before experiments are conducted relates directly to this
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dissertation: theoretical and computational work on the use of spatiotemporal structured laser

drivers for LWFA is preceding experiments that are now under consideration [37, 38, 45, 8]. In

particular, at the time of writing, the National Science Foundation is funding an $18 million

design study on the feasibility of creating the NSF OPAL laser system at the University of

Rochester [46]. One of the proposed flagship experiments on NSF OPAL is the acceleration

of 100-GeV-class electron beams using LWFA with spatiotemporally structured laser drivers

[47]. This potential experimental reality has become apparent through numerical simulations.

Computational modeling of laser wakefield acceleration is possible through several simula-

tion methodologies. The most notable of these is the particle-in-cell (PIC) algorithm. An

overview of these methodologies is given in Sec. 1.5. Here a high-level historical overview is

provided, following the more detailed account in Ref. [48]. The first plasma simulation codes

were written in the late 1950s and early 1960s, notably by Buneman [21] and Dawson [22].

The earliest codes were one-dimensional “sheet models,” which simulate the pairwise Coulomb

interaction of all the plasma particles and are based on unique nature of the Coulomb force

in 1D. Langdon and Dawson later developed an electromagnetic sheet model in the late 1960s

[49]. Sheet models models exaggerate the effects of particle collisions compared to those of real

plasmas unless the number of simulation particles matches the number of physical particles.

This issue and the restriction of sheet models to 1D were addressed through the development

of electrostatic PIC codes, including those by Hockney [50], Dawson, Hsi, and Shanny [51], and

Birdsall and Fuss [52]. In these methods, particles do not directly interact through Coulomb’s

law. Instead, their charges are deposited onto a grid to compute the charge density, from

which the electric field is obtained by inverting Gauss’s law. The magnetic field is assumed

to not evolve. In the 1970s, fully electromagnetic PIC codes emerged. Early codes were

developed by Morse and Nielson [53], Boris [23], Langdon and Lasinski [54], and Buneman,

Barnes, Green, and Nielson [55]. Birdsall and Langdon developed early supporting theory

[56] and later wrote a standard textbook providing a complete mathematical description of

the PIC method and references to the early history [57]. In these codes, both the charge
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and current densities of the plasma are computing by depositing them on a grid; the full

set of Maxwell’s equations is then evolved to capture the full dynamical evolution of the

electric and magnetic fields. A half-century later, PIC codes are still the gold standard

for simulation of kinetic and nonlinear processes in plasmas. Active research is still being

carried out on improvement of the basic components of the algorithm including the field

solver [58, 59, 60, 61, 62], particle pusher [63, 64, 65], charge/current deposition, and field

interpolation. Furthermore, research continues on developing PIC algorithms that are more

computationally efficient, described in Sec. 1.5 and Appendix A.

The PIC algorithm has been essential for modeling LWFA in particular because of its

ability to numerically handle the complex evolution of fields and particles. These typically

feature crossings of particle trajectories which cannot be accurately modeled using fluid

codes. The first simulations of LWFA by Tajima and Dawson were carried out using the

PIC algorithm with 5120 electrons for about 1000 timesteps in one spatial dimension (1D)

[24]. As computing capabilities increased, both through increase in performance of individual

computing hardware as well as through creation of supercomputers, the ability to model

plasma physics, including LWFA, dramatically increased. For example, the main simulation

from Ref. [1] featured about 500 million particles pushed for 3 million timesteps in 3 spatial

dimensions. The developing hardware resources have required development of the software

implementing the PIC algorithm. For example, the version of OSIRIS in Ref. [1] was

parallelized to run on many CPUs using MPI. The past decades have seen the emergence

of GPU-based architectures which have enabled computing power to continue to increase

exponentially. However, this increase in computing power has arisen at the expense of software

complexity. New data structures and new parallelism strategies have been required for PIC

codes to run effectively on GPUs. One of the first efforts appeared in the literature in 2008

(Ref. [33]). Efficient implementation of the PIC algorithm on GPUs has remained an active

area of research since then. This is the topic for the final publication of the author appearing

in Table 1.1, namely Ref. [9]. This material is presented in Chapter 7.
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1.3 Overcoming dephasing in LWFA with spatiotemporally struc-

tured laser pulses

The previous section discussed the historical background in which exploration of spatiotem-

porally structured laser pulses in LWFA emerged. In this section, more detail on these

ideas is provided. We begin with a conceptual explanation of the physics of one type of

“flying focus” laser pulse, the primary type of spatiotemporally structured laser pulse that has

been considered. Figure 1.2 shows a chromatic flying focus. In this specific case, a chirped

pulse is focused by a lens with a sufficiently large chromatic aberration. The lens focuses

different colors to different points in space. Thus, the varying local color of the laser pulse

from the frequency chirp results in different longitudinal slices of the pulse being focused

to different longitudinal positions. The resulting pulse has two properties that differ from

a conventional pulse. First, the propagation length of the laser pulse is determined by the

difference in focal points between the highest and lowest frequencies of the laser pulse. In

general, this can be much larger than the length scale for propagation of a single color,

which is the Rayleigh range. Second, the intensity peak of the laser pulse can propagate

at a controllable velocity which is different than the speed of light in vacuum. This can be

understood conceptually by considering a laser pulse that consists of two frequencies, ω1 and

ω2, at longitudinal slices ξ1 and ξ2 and focused to positions z1 and z2. Because each slice

propagates at the speed of light, the intensity peak of the laser will effectively propagate at a

velocity vf = ∆z/∆t = c [∆z/(∆z −∆ξ)]. The velocity vf can be different than c and can

be customized through the parameters ∆z and ∆ξ. The effect is analogous to the arbitrary

propagation velocity that can be achieved by a crowd doing “the wave.” Negative-velocity

pulses are even possible given appropriate parameters.

The ability to control the velocity and propagation length of a laser pulse has application

to a wide variety of laser-matter interactions, including LWFA. In LWFA, dephasing of the

wake with respect to the particle beam occurs with a conventional pulse because the laser
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Figure 1.2: A flying focus laser pulse. The laser pulse features two unusual properties: (1)

a controllable range of propagation which exceeds the Rayleigh range and (2) controllable

envelope velocity which may be different from the speed of light. In this case, the flying focus

is created by sending a chirped laser pulse through a lens with a large chromatic aberration.

The data, measurements from an experiment of this optical configuration, show a flying focus

with a subluminal velocity propagating over about 100 Rayleigh ranges. Figure from Ref. [3].

Used with permission from Springer Nature.

pulse moves at close to the group velocity (less than the speed of light) while the accelerating

particles move at nearly the speed of light. This places a limit on the acceleration length.

This limit can potentially be overcome by customizing the velocity of the intensity peak of the

driver to be exactly the speed of light in plasma. The acceleration length is then determined

by the spread in focal points within the pulse and can in principle be arbitrarily large. These

are the ideas that were proposed in Refs. [37, 38]. These works proposed using a flying focus

formed using an axiparabola-echelon pair to accelerate electrons to TeV energies in a single

plasma stage of several meters. This optical configuration and the resulting pulse structure

of an axiparabola-echelon pair differ in some ways from those of the chromatic flying focus

shown in Figure 1.2, but the properties of an extended focal region and customizable envelope

velocity are shared. The chromatic flying focus is shown because the author finds it slightly

easier to explain.

11

https://www.springernature.com/gp


1.4 Arbitrarily Structured Laser Pulses

The experimental confirmation that flying focus laser pulses could be generated [3] led to

theoretical and computational studies exploring their application in a variety of laser-plasma

interactions, including Raman amplification [66], generation of ionization fronts [67], photon

acceleration [68], and laser wakefield acceleration [37, 38]. These early simulations studied

the fields predicted to be generated by specific optical configurations, namely the flying focus

produced by (1) sending a chirped pulse through a chromatic lens [3] and (2) reflecting a

pulse off an axiparabola and an appropriately tailored echelon [37]. Later, it was realized that

simpler theoretical models could be used to capture the essence of the flying focus, making

simulations simpler and calculations more tractable. This approach was used to study the

application of flying focus pulses in a variety of physical scenarios including vacuum electron

acceleration [69], photon acceleration [70], nonlinear Thomson scattering [71], radiation

reaction [72], charged-particle transport [73], and vacuum birefringence [74].

In order to computationally model LWFA with a flying focus pulse, the author, like several

others, sought solutions of Maxwell’s equations that captured the essential features of the

flying focus while being analytically simpler than the exact fields of the proposed optical

configurations. This led to the realization that approximate flying focus solutions could

naturally be generated by taking superpositions of conventional laser pulses with different

delays and focal points. It became clear that this method of generating solutions generalized

the concept of a flying focus: while a flying focus has a dynamic focal point, this method could

be used to mathematically build solutions that had other dynamically varying quantities

such as the spot size, polarization, and angular momentum. Because of the great flexibility of

this method, we named these solutions “Arbitrarily Structured Laser Pulses,” abbreviated to

“ASTRL pulses.” The name and acronym are due to John Palastro. The work was published

in Ref. [7]. To formulate this concept, it was necessary to develop an understanding of the

full spatiotemporal evolution of conventional laser pulses in linear media. This led to the
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results presented in Chapter 4.

The utility of the ASTRL framework is multifaceted. First, it provides a convenient way

to initialize and launch structured light in simulations (e.g., flying focus pulses into PIC

simulations for LWFA). By capturing the essential features of a given type of structured

light, it can shed light on fundamental aspects of the laser-matter interaction in question.

The ASTRL framework also serves as a unifying mathematical and conceptual language for

describing various types of structured light. For example, the ideas of pulses with evolving

focal points, polarization, and spot size were already present in the literature, but it was

not recognized that there was a natural connection between them. The simple nature of

ASTRL pulses also allows rapid conceptualization of new kinds of structured light. For

example, with this concept in mind, one can readily conceive of a flying focus pulse with

dynamic polarization. Finally, in addition to serving as a theoretical tool (e.g., for broadly

understanding the physics of LWFA with a flying focus driver), ASTRL pulses have the

potential to become an experimental reality. The simple idea of superposing pulses with

different properties naturally motivates an experimental configuration, discussed in Chapter 5.

1.5 Methodology: the particle-in-cell simulation algorithm

In this section, we provide an overview of the particle-in-cell (PIC) algorithm with a focus

on its connection to research on LWFA. Since the latter was first conceived and simulated

by Tajima and Dawson in 1979 (Ref. [24]), the particle-in-cell (PIC) algorithm has been the

workhorse methodology for its simulation. Fully electromagnetic PIC simulations capture

the full self-consistent evolution of the laser and the plasma. Fluid descriptions can have

difficulty capturing relativistic effects, modeling regions of particle-crossing, and modeling the

discontinuities that naturally form in laser-driven plasma wakes. PIC simulations capture all

these features and provide insight into the dynamics of LWFA. In simulations, time-resolved

diagnostics of the entire system can be output at arbitrary intervals. Such probing of the
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Figure 1.3: Schematic depicting a single time step in the fully electromagnetic particle-in-cell

(PIC) algorithm. Used with permission from Ref. [4].

system is impossible in real experiments. Simulations are also a natural platform to test new

ideas, such as injection methods or novel laser pulse drivers, to determine whether the ideas

are promising before investing resources to test them in an experiment. Examples of the

interplay between simulation (especially with PIC), theory, and experiment were discussed in

Section 1.2.

Figure 1.3 shows a breakdown of the key steps in the fully electromagnetic PIC algorithm.

The plasma is represented as a collection of particles with positions that vary continuously.

The electromagnetic fields are discretized on a grid. At a given timestep, the current

electromagnetic fields are used to evolve, or “push”, the particle trajectories using F = ma

and the usual Lorentz force F = q[E+ v ×B]. From the new positions and velocities of the

particles, the charge density ρ and current density J can be computed. Using these quantities,

the electric and magnetic fields can be advanced further in time. With the new fields, the

process can be repeated. This is a very basic overview of the method. Important details

and subtleties can be found in the literature (e.g. Ref. [75, 76]). Some are discussed in more
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detail in Chapter 2.

Several developments of the fully electromagnetic PIC algorithm and its implementation

are important to the work in this dissertation. One is the development of the PIC code

OSIRIS [2]. OSIRIS serves an important role in the plasma simulation community as a stable,

performant code which is built for extension. The research in this dissertation was possible

through developments implemented in OSIRIS by other scholars before the author arrived at

UCLA. One example is the quasi-3D simulation algorithm [77, 78]. In this method, particle

positions are stored without a grid in 3D, while all grid quantities (including E,B, and J) are

stored in 2D grids as components of an azimuthal Fourier expansion. This allows 3D plasma

physics to be accurately simulated with far less cost computational than full 3D simulations

for scenarios where there is a high degree of azimuthal symmetry. This simulation geometry

naturally applies to laser wakefield acceleration. Another example is the development of

customized finite-difference time domain (FDTD) field solvers, especially the “dual solver”

introduced in Ref. [65]. This field solver corrects for numerical dispersion, or inaccuracy in

wave propagation induced by numerics, of laser pulses propagating in plasma. This correction

is important for many of the simulations run in this dissertation.

Another important capability is the quasistatic PIC algorithm [26], implemented in

codes such as WAKE, QuickPIC, QPAD, and HiPACE++ [26, 79, 80, 39, 81, 82]. In these

simulations, time-averaged equations are used to evolve the laser and the plasma. The

simulation timestep resolves the timescale for evolution of the laser envelope rather than

the laser frequency. This results in a drastic speedup compared to fully electromagnetic

PIC. Quasistatic PIC codes can have numerical issues caused by inaccuracy in the rear of

highly-nonlinear plasma wakes. The quasistatic PIC code QPAD (QuickPIC with Azimuthal

Decomposition) was essential for the work in Chapters 3 and 6, which would not have been

possible with fully electromagnetic PIC simulations because of computational constraints.

More mathematical details on the quasistatic algorithm, which is also a useful theoretical

framework, are provided in Chapter 2.
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GPU acceleration of the PIC algorithm is another simulation capability directly related

to this dissertation. GPUs offer the potential to provide enormous speedups over CPUs, but

the implementation of the PIC algorithm of GPUs presents a number of nontrivial challenges.

Research on the PIC algorithm on GPUs and a practical implementation in OSIRIS were

a major part of the author’s doctoral research. Results from this effort were published in

Ref. [9] and are described in this dissertation in Chapter 7. This development may be helpful

for computational modeling of plasmas, including LWFA with spatiotemporally structured

laser pulses, in future work.

The final simulation capability we discuss is the so-called “Lorentz-boosted” simulation

method for LWFA [83, 84, 85]. In this method, the PIC simulation is run in a Lorentz frame

boosted with respect to the lab frame in the laser’s direction of propagation. Under such a

transformation, the laser is doppler-redshifted and the plasma is Lorentz-contracted. This

combination reduces the scale separation of the system in the boosted frame and ideally

results in speedup proportional to γ2 with respect to the moving-window lab-frame simulation,

where γ is the boost Lorentz factor. In practice, there are several challenges to modeling

LWFA in a Lorentz-boosted frame. Chief among these is the numerical Cherenkov instability

(NCI) [86, 87]. Overcoming the NCI was a major effort by many researchers during the 2010s

[88, 89, 90, 91, 92, 93, 94, 95, 59, 96]. In practice, boosted-frame simulations were not used

for the core chapters of this dissertation, but were an active focus of the author’s research.

Through this work, it was discovered that the dual solver (Ref. [61]) effectively suppresses

the NCI. Another aspect of the author’s doctoral research was implementing boosted-frame

simulation capabilities in OSIRIS. A summary of these developments and a practical guide

to running Lorentz-boosted simulations are provided in Appendix A.

1.6 Dissertation outline

An outline of the remainder of this dissertation is as follows:
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• Chapter 2 contains an overview of the physics of LWFA and the mathematics underlying

its simulation using the particle-in-cell method.

• Chapter 3 presents a study on the scaling laws for the acceleration length and energy

gain for LWFA in the blowout regime in uniform plasma.

• Chapter 4 contains a mathematical formulation of linear propagation of laser pulses in

general linear dielectrics, including plasma. This formulation provides a basis for the

design of ASTRL pulses.

• Chapter 5 contains the theory and simulations of arbitrarily structured laser pulses in

vacuum (Ref. [7]).

• Chapter 6 contains theory and simulations for the application of ASTRL pulses to

LWFA (Ref. [8]).

• Chapter 7 is an overview of GPU acceleration of the particle-in-cell code OSIRIS

(Ref. [9]).

• Chapter 8 contains a summary of this dissertation and a discussion of directions for

future work.

• Appendix A contains a detailed, practical guide for running Lorentz-boosted simulations

of LWFA.
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CHAPTER 2

Laser Wakefield Acceleration in the Blowout Regime:

Theory and Computational Methods

This chapter presents mathematical theory describing laser wakefield acceleration (LWFA) in

the blowout regime and the computational methods used for its simulation. In the context

of the dissertation, this chapter serves as a mathematical backbone for Chapter 6, which

synthesizes the concepts presented here of the plasma wake structure, laser evolution, and

witness beam evolution. It also introduces the key computational methods used throughout

the dissertation. More generally, this chapter serves as a summary of the key physics of

LWFA in the blowout regime. It is written to be as simple as possible while remaining

mathematically rigorous. It includes perspectives of the author which he found useful to

understand key concepts and is written to serve as both a primer and a reference.

The blowout regime is also often referred to as the “bubble regime”. Blowout refers to the

nearly complete expulsion of electrons from the axis when the laser amplitude is sufficiently

large, as in Fig. 1.1. This is the most relevant regime for most applications of LWFA for

electron acceleration, including the potential creation of the electron arm of a next-generation

linear collider. Although analysis of the wake properties in the linear regime provides insight

and intuition, this chapter focuses on the blowout regime because of its attractiveness for

electron acceleration. However, general concepts applicable to both the linear and nonlinear

regimes are discussed. Understanding the physics of laser evolution in the linear regime is

critical for the work in this dissertation. Linear propagation of the laser is considered more

fully in Chapter 4.
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Most of the chapter consists of distillation of theory emerging from the UCLA Plasma

Simulation Group, especially Refs. [97], [98], [1], and [99]. In this sense, the chapter also

serves as a kind of review of the thought and theory of the UCLA Plasma Simulation Group.

The chapter also includes details on the specific particle-in-cell codes (OSIRIS and QPAD)

and simulation features that enabled the research in this dissertation.

A note on variables and notation: the quasistatic theory in this chapter is presented in

terms of the variables ξ = z − ct and s = z. In much of the literature the choice ξ = ct− z

was adopted. This results in signs being flipped for terms in several equations. The author

have made this choice because he found it to be simpler to conceptualize. This variable choice

is also used throughout the rest of the dissertation. The notation Dxf(x) =
df
dx

is used for

total derivatives. In addition, the indicator function I[a,b](x), defined as

I[a,b](x) ≡


1, x ∈ [a, b]

0, x /∈ [a, b]

(2.1)

is frequently used in this chapter in order to streamline the notation. Note that I[a,b](x) =

η(x− a)− η(x− b) where η is the Heaviside step function (which can itself be expressed as

η(x) = I[0,∞)(x)).

2.1 Kinetic description of plasma

We begin by considering a fully ionized plasma for which quantum effects are negligible. The

most accurate and complete mathematical description of such a system is Newton’s law for

N point particles with the Lorentz force:

ẋj = vj (2.2)

ṗj = qj

[
E+

vj
c

×B
]

(2.3)

where pj and vj are related by

pj = mjγjvj (2.4)
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and the Lorentz factor is given by

γj =

[
1 +

(
p2
j

m2c2

)]1/2
. (2.5)

The Lorentz factor can also be expressed as γj =
[
1− v2

j/c
2
]−1/2. CGS units, which are

typically used in the literature, are used here. In Eq. 2.3, the electromagnetic fields evolve

self-consistently through Maxwell’s equations:

∇ · E = 4πρ (2.6)

∇× E = −∂tB (2.7)

∇ ·B = 0 (2.8)

∇×B =
4π

c
J+

1

c
∂tE (2.9)

Here, the charge density ρ and current density J are determined from the motion of the point

particles:

ρ(t,x) =
∑
j

qjδ(x− xj(t)) (2.10)

J(t,x) =
∑
j

qjvj(t)δ(x− xj(t)) (2.11)

Together, Eqs. 2.2–2.11 constitute a complete system of differential equations. The physics of

ionization and recombination are neglected, but this description can be modified to include

them. Aside from these and quantum effects, this system is the highest-level mathematical

description possible for a plasma and includes the effects of collisions (near-neighbor particle

interactions). In practice, this system is both analytically and computationally intractable.

In the point-particle description, the state of the plasma can be fully specified by the

function

Fs(t,x,p) ≡
Ns∑
j=1

δ(x− xj(t))δ(p− pj(t)) (2.12)

where s indexes each species of identical particles (e.g., electrons) with charge qs and mass

ms. In terms of Fs, Eqs. 2.2 and 2.3 can be recast as an equation known as the Klimontovich
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equation [100]:

∂tFs + v · ∇xFs +
qs
ms

[
E+

v

c
×B

]
· ∇pFs = 0 (2.13)

This equation, containing the same information as Eqs. 2.2 and 2.3, is thus also analytically

and computationally intractable.

On the other hand, if collective effects dominate the plasma such that nearest-neighbor

particle collisions are negligible, then one can derive from Eq. 2.13 the Vlasov equation as an

approximation:

∂tfs + v · ∇xfs +
qs
ms

[
E+

v

c
×B

]
· ∇pfs = 0 (2.14)

This equation has the exact same form as the Klimontovich equation, but is repeated to stress

the difference between Fs and fs. The latter, referred to as the particle distribution function,

can be arbitrary and continuous rather than a sum of delta functions as in Eq. 2.12. It

represents the probability density function for the distribution of particles in the (x,p) phase

space. For example, f(0,x,p) = exp(−x2/σ2
x) exp(−p2/σ2

p) is a valid initial distribution

function, though not an equilibrium. The Vlasov equation couples to Maxwell’s equations

through the continuum version of Eqs. 2.10 and 2.11:

ρ(t,x) =
∑
s

qs

∫
fs(t,x,p) dp (2.15)

J(t,x) =
∑
s

qs

∫
vfs(t,x,p) dp (2.16)

The Vlasov-Maxwell system, constituted by Eqs. 2.6–2.9 and 2.14–2.16, is a complete

description of a classical collisionless plasma. Unlike the point-particle description of plasma,

the Vlasov-Maxwell system is analytically tractable in certain situations (e.g., linear Landau

damping). For most plasmas of interest, however, it is also analytically intractable. But for

many problems, its solution can be approximated through the particle-in-cell method, which

simulates the particle-based description for finite-size particles.

Mathematically, the PIC algorithm begins by writing Newton’s law for finite-size particles:

ṗj = qj

∫ [
E(t,x′) +

vj
c

×B(t,x′)
]
S(xj − x′) dx′ (2.17)

21



Here, S(x) is referred to as the particle shape function, assumed for simplicity to be the same

for all particles. The plasma source terms for finite-size particles can be written as

ρ(t,x) =
∑
j

qjS(x− xj(t)) (2.18)

J(t,x) =
∑
j

qjvj(t)S(x− xj(t)) (2.19)

Equations 2.17–2.19, together with Maxwell’s equations (Eqs. 2.6–2.9) and Eq. 2.2, constitute

a complete system. In the PIC algorithm, these are simulated by discretizing the grid

quantities (either in real or Fourier space) and discretizing the evolution of both fields and

particles in time.

It is worth noting that the effects of collisions are still included in this description.

Macroparticle-macroparticle interactions occur on length scales on the order of or larger than

that of the particle shape function. For example, Refs. [101, 102, 103] use the PIC algorithm

to self-consistently simulate particle collisions for finite-size particles. The effects become

more pronounced when the inter-macroparticle spacing is resolved by the grid (i.e., less

than one macroparticle per cell on average). It is also possible to approximate the effect of

collisions without resolving the inter-macroparticle spacing by using Monte-Carlo algorithms,

as in Ref. [104]. Effects of field ionization can also be approximated, as in Ref. [105].

The analogue of Eq. 2.12 can be written for finite-size particles:

Fs(t,x,p) =
∑
j

S(x− xj(t))δ(p− pj(t)) (2.20)

However, unlike for point particles, the Klimontovich equation does not hold without a

nonzero right-hand-side for finite-size particles, i.e.,

∂tFs + v · ∇xFs +
qs
ms

[
E+

v

c
×B

]
· ∇pFs ̸= 0 (2.21)

with Fs given by Eq. 2.20. Note that PIC is neither a discretization of the Vlasov equation nor

a solution of the “Klimontovich equation for finite-size particles”. These ideas are discussed

in Ref. [106].
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2.2 Kinetic description of LWFA

The Vlasov-Maxwell system is appropriate for describing LWFA as collisions are negligible

in this process. What is the simplest initial condition for the Vlasov-Maxwell system that

gives rise to LWFA in the blowout regime? We consider an initially cold electron-ion plasma

and a conventional laser pulse in focus at the plasma entrance. We assume that the ions are

immobile and consider only the evolution of the electrons. We will drop subscripts for f , m,

and q, which subsequently refer to electrons. The following initial condition captures these

assumptions and is the simplest mathematical initialization that gives rise to LWFA in the

Vlasov-Maxwell system:

f(0,x,p) = n0H(z)δ(p) (2.22)

E⊥(0,x) = g(z)e−x2
⊥/w

2
0eik0zϵ̂ (2.23)

where n0 is the electron number density, H is the Heaviside step function, g(z) is the

longitudinal profile of the laser envelope chosen so that it vanishes in the plasma region

z ≥ 0, w0 is the initial spot size, k0 is the laser wavenumber, and ϵ̂ · ẑ = 0. B and Ez are

also nonzero initially and are chosen to satisfy Maxwell’s equations given the choice of E⊥.

The parameters must be chosen so that ω0 > ωp, where ω0 ≡ ck0 is the laser frequency and

ωp =
√

4πn0e2

m
is the plasma frequency. This is required so that the laser does not reflect at

the vacuum-plasma interface. The interaction of the laser with the plasma must be sufficiently

strong to drive out the electrons. In practice, this requires a0 ≳ 2 and kpw0 ≳ 2, where

a0 ≡ eE0/mcω0 is the initial peak normalized vector potential and E0 ≡ maxx |E⊥(0,x)| is

the initial peak laser amplitude. An external electron beam can be added to f behind the

laser, but this is not required for excitation of the wake. In addition, Eqs. 2.22 and 2.23 can

be modified to include various effects such as nonzero temperature, spatial density gradients,

more complex plasma distribution functions, and more complex laser profiles. For example,

the work in Chapter 6 modifies Eq. 2.23 to use a flying focus laser profile for the transverse

electric field, the functional form of which is derived in Chapter 5.
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Figure 2.1: 3D PIC simulation of LWFA initialized according to Eqs. 2.22 and 2.23. The laser

electric field is shown in red, an external electron beam in green, and the number density

of the plasma electrons in blue. (a) The initial condition at ωpt = 0. (b) The state of the

system at ωpt = 40. In this case, k0/kp = 10, a0 = 4, kpw0 = 4, and ωpτrise = ωpτfall = 2. The

piecewise-polynomial profile used in Ref. [1] is used for the g(z) function in Eq. 2.23. The

parameters for this system are the same as for the case shown in Fig. 1.1. The simulation

box moves forward at the speed of light.

The Vlasov-Maxwell system does not admit explicit solutions for the initial conditions

in Eqs. 2.22 and 2.23 in the blowout regime. However, its solution can be approximated

numerically. The particle-in-cell (PIC) algorithm, discussed in more detail in Sec. 2.10, is one

of the primary methods for approximating solutions of this system. In this method, a large

number of finite-size particles move in response to the self-consistent electromagnetic fields

generated through their motion. Figure 2.1(a–b) shows a 3D PIC simulation of LWFA for the

same parameters as in Fig. 1.1 run using OSIRIS. The initial condition from Eqs. 2.22 and

2.23 is shown in Fig. 2.1(a). The laser electric field is shown in red, an external electron beam

in green, and the number density of the plasma electrons in blue. Figure 2.1(b) shows the

state of the system at ωpt = 40 in a simulation domain moving foward at the speed of light.

The laser and electron beam both propagate forward at close to the speed of light, so their

locations in the box are approximately the same. The excess plasma upstream of the laser is
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included for illustration; only a narrow slab in front of the laser is required computationally.

Although the exact results shown in Figure 2.1(b) cannot be derived by hand, the figure

clearly shows some universal characteristics of the plasma response: the laser pushes plasma

electrons forward and outward, resulting in the formation of a narrow sheath (dark blue).

The expulsion of electrons leads to an ion cavity (white). The electrons in the sheath are

eventually pulled back to the axis by the ions, resulting in a bubble structure. A number of

basic questions can naturally be asked: why is the shape of the bubble roughly spherical? Can

the trajectories of the electrons along the sheath be described? What are the electromagnetic

fields inside the bubble? What is the length scale over which the laser drives this process?

How do the particle beams feed back on the wake? How do particle beams evolve? How

should the properties of an externally injected electron bunch be chosen? The remainder of

this chapter provides an overview of theoretical results that address these questions.

2.3 The ponderomotive guiding center approximation

The kinetic description of LWFA can be reduced to a more analytically tractable form

through the ponderomotive guiding center (PGC) approximation (coined in Ref. [107])

and the quasistatic approximation. In addition to providing the ability to use the PGC

approximation in full PIC simulations and enabling quasistatic PIC simulations, discussed

in Sec. 2.10, the equations derived from this approach provide a natural starting point for

phenomenological description of the physics of LWFA in the blowout regime. This theoretical

framework was introduced in Ref. [26], building on previous published work. The main

results of Ref. [26] are summarized below. The goal of this section is to explain the key

ideas, without necessarily deriving all of them, as clearly as possible. Reference [26] can be

studied for a rigorous derivation of the results. In this presentation, the PGC and quasistatic

approximations are separated into different sections so that one can clearly see the results of

each. To compartmentalize, the particle evolution, laser evolution, and wakefield evolution
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are further separated within each approximation.

The PGC approximation begins by decomposing all relevant quantities into rapidly- and

slowly-oscillating terms. These terms respectively vary in time on the frequency scales of

the laser frequency ω0 and the plasma frequency ωp. This decomposition is applied to the

potentials ϕ = ϕ̃ + ϕ̄ and A = Ã + Ā, the fields E = Ẽ + Ē and B = B̃ + B̄, the plasma

particle trajectories xj = x̃j + x̄j and momenta pj = p̃j + p̄j, and the plasma source terms

ρ = ρ̃+ ρ̄ and J = J̃+ J̄. For each quantity, a tilde denotes rapid variation and a bar denotes

slow variation (the same convention as in Ref. [26]). In addition, the wake potential is defined

as

ψ ≡ ϕ− Az (2.24)

and is also decomposed as ψ = ψ̃ + ψ̄. The variable ψ is useful because the gauge-invariant

combinations ϕ− Az and ϕ̄− Āz frequently occur in equations descending from this line of

analysis. Finally, the rapidly-varying part of the transverse vector potential (associated with

the laser) is expressed as an envelope Â modulated by a carrier wave:

Ã⊥(t, z,x⊥) =
1
2
Â(t, z,x⊥)e

ik0(z−ct)ϵ̂+ c.c.. (2.25)

The factor of 1
2

in Eq. 2.25 is not included in this definition in the original work Ref. [26],

which results in a few factors being different in the resulting equations. Reference [81] includes

this factor of 1
2
. Equation 2.25 by itself makes no assumption that that the laser evolution is

linear and hence contains no reference to phase or group velocity. When the plasma response

is linear, this physics is encoded in the phase and amplitude of Â. Similarly, any shift in in

the wavenumber of the laser pulse is encoded in the phase of Â.

Using all these definitions and assumptions, the PGC approximation is applied by starting

with the point-particle description of plasma and expanding the equations in powers of ωp/ω0.

This leads to differential equations for the evolution of the slowly-varying particle momenta

p̄ and and the laser envelope Â.
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2.3.1 Particle evolution

We begin by considering evolution of the particles. For ease of notation, the results are

derived for a single species of plasma particles of charge q and mass m. The results can easily

be extended to multiple species by generalizing q → qj and m→ mj. Starting with Eqs. 2.2

and 2.3, it was shown in Ref. [26] that the slowly-varying part of each particle’s position (the

“guiding center”) evolves as

˙̄xj = v̄j (2.26)

and the equation of motion for the slowly-varying part of the particle momentum is

˙̄pj = q

[
Ē+

v̄j
c

× B̄

]
− 1

4

q2

γ̄jmc2
∇|Â|2 (2.27)

where p̄j and v̄j are related by

p̄j = mγ̄jv̄j (2.28)

and the time-averaged Lorentz factor is given by

γ̄j =

[
1 +

1

m2c2

(
p̄2
j +

1

2

∣∣∣q
c
Â
∣∣∣2)]1/2 . (2.29)

Although Eqs. 2.26–2.29 appear simple and intuitive, their derivation is somewhat complicated.

The full details are given in Ref. [26].

Equation. 2.27 shows that the evolution of the slowly-varying part of the particle momenta

has the form of the Lorentz force equation with the full fields E and B replaced by the

slowly-varying fields Ē and B̄ and the presence of an additional term, referred to as the

ponderomotive force:

Fp ≡ −1

4

q2

γ̄jmc2
∇|Â|2 (2.30)

The ponderomotive force causes particles to move away from regions of high laser intensity,

independently of the sign of the charge q. The bubble structure of the plasma wakefield can

be qualitatively understood in terms of the ponderomotive force: electrons are pushed forward

and outward by the laser. For a sufficiently intense laser pulse, electrons are nearly completely
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expelled in the region of the laser. For parameters of interest, the movement of ions is

negligible. The result is an evacuated region behind the laser populated by approximately

stationary ions. Electrons are then attracted back to the axis by these ions, resulting in the

bubble closing.

Equation. 2.29 comes from the fact that the rapidly-varying transverse momentum can

be approximated in terms of the rapidly-varying vector potential from the conservation of

canonical momentum:

p̃⊥ ≈ −q
c
Ã⊥, (2.31)

where the vector potential and particle momentum are both taken to be zero upstream of the

laser. This relation assumes that the length scale of the transverse motion of the particle is

much smaller than the length scale of the transverse variation of Ã⊥. This approximation

provides a constitutive relation which will be used to write a closed equation for the evolution

of the laser envelope in the next subsection.

2.3.2 Laser evolution

Next we consider the evolution of the laser envelope within the PGC approximation. The

wave equations for the full potentials in the Lorenz gauge are

∇2ϕ− 1

c2
∂2t ϕ = −4πρ (2.32)

∇2A− 1

c2
∂2tA = −4π

c
J (2.33)

along with the gauge condition

∇ ·A+
1

c
∂tϕ = 0. (2.34)

Taking the rapidly-varying part of Eq. 2.33, we obtain

∇2Ã⊥ − 1

c2
∂2t Ã⊥ = −4π

c
J̃⊥ (2.35)

For finite-size particles, the rapidly-varying part of the current density may be computed

from Eq. 2.19 by approximating ṽj ≈ p̃j/mγ̄j, using Eq. 2.31 to obtain ṽ⊥j ≈ −qÃ⊥/mcγ̄j,
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and approximating xj ≈ x̄j. This yields

J̃⊥ ≈ χÃ⊥ (2.36)

where the plasma susceptibility χ is defined as

χ(t,x) ≡ −
∑
j

q2

mc

S(x− x̄j(t))

γ̄j(t)
(2.37)

Thus, Eq. 2.35 becomes

∇2Ã⊥ − 1

c2
∂2t Ã⊥ = −4π

c
χÃ⊥ (2.38)

We now transform into (s, ξ) coordinates, applying the Galilean transformation

s = z (2.39)

ξ = z − ct (2.40)

Note that this is purely a mathematical transformation, not a Lorentz transformation.

Using the multivariable chain rule, the derivatives transform as ∂z = ∂z(s)∂s + ∂z(ξ)∂ξ and

∂t = ∂t(s)∂s + ∂t(ξ)∂ξ, which may be computed as

∂z = ∂s + ∂ξ (2.41)

∂t = −c∂ξ (2.42)

Applying this transformation to Eq. 2.38 and substituting in the definition of the laser

envelope Â in Eq. 2.25, we obtain

[
∇2

⊥ + ∂2s + 2ik0∂s + 2∂s∂ξ
]
Â = −4π

c
χÂ. (2.43)

Although the information in Eq. 2.43 is the same as in Eq. 2.38, Eq. 2.43 is more appropriate

computationally because it involves only slowly-varying quantities. The fact that χ varies

slowly is key. The left-hand side of Eq. 2.43 would be the same if the full wave equation

Eq. 2.33 were transformed using the Galilean transformation and the definition of Â with

no assumptions about the particle motion. However, this would provide no computational
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advantage without a way to express J in terms of slowly-varying quantities as is done here

(i.e., Â and x̄).

In Eq. 2.43, the same symbol Â is used to represent the vector potential envelope before

and after the transformation. In order to compute the resulting differential equation in the

transformed variables, the author finds it easier to temporarily notate the transformed vector

potential envelope with a new symbol Âξs which satisfies Â(t(ξ, s), z(ξ, s),x⊥) = Âξs(s, ξ,x⊥).

After the transformation, the symbol Âξs can be relabeled as Â in order to reduce the number

of symbols. It is important to point out that Â(s, ξ,x⊥) and Â(t, z,x⊥) implicitly have

different functional dependencies on their respective independent variables. The meaning is

usually clear from the context.

2.3.3 Wakefield evolution

To complete the PGC description, we derive equations for the slowly-varying potentials

ϕ̄ and Ā and slowly-varying fields (also known as the “wakefields”) Ē and B̄. Taking the

slowly-varying part of the wave equations for the potentials (Eq. 2.32 and Eq. 2.33), the

slowly-varying potentials satisfy

∇2ϕ̄− 1

c2
∂2t ϕ̄ = −4πρ̄ (2.44)

∇2Ā− 1

c2
∂2t Ā = −4π

c
J̄ (2.45)

because all the terms in the wave equations for the potentials are linear. For finite-size

particles, the slowly-varying plasma source terms ρ̄ and J̄ can be expressed to lowest order as

ρ̄(t,x) =
∑
j

qS(x− x̄j(t)) (2.46)

J̄(t,x) =
∑
j

qv̄j(t)S(x− x̄j(t)) (2.47)

So the slowly-varying potentials obey wave equations of the same form as those of the full

potentials, except now the source terms come from depositing the macroparticles at their
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slowly-varying positions and with their slowly-varying velocities. Similarly, the slowly-varying

fields have the same form as Maxwell’s equations (Eq. 2.6–2.9) with the slowly-varying source

terms given above.

2.3.4 Summary

In summary, Eq. 2.27 governs the evolution of the slowly-varying part of the particle trajecto-

ries. The force in this equation includes the Lorentz force from the slowly-varying fields Ē and

B̄ and the ponderomotive force F̄p, the latter of which depends on the laser envelope Â. The

laser envelope evolves according to Eq. 2.43. The slowly-varying fields are derived from the

slowly-varying potentials ϕ̄ and Ā. Both evolve according to wave equations that are of the

same form as the wave equations for the full potentials, but with the slowly-varying plasma

source terms. The slowly-varying plasma source terms for the potential wave equations and

the laser envelope equation can be computed in terms of the slowly-varying particle positions

and momenta. So far, the only approximation applied is kp/k0 ≪ 1. The equations derived

so far are sufficient to implement the PGC approximation into the standard PIC algorithm,

as in Ref. [107]. This is discussed in Sec. 2.10.

2.4 The quasistatic approximation

The equations for the slowly-varying fields are further simplified through the quasistatic

approximation. The physical picture for this approximation is that the laser profile remains

approximately constant during the time it takes to pass by a plasma particle. The result of

this picture is that the laser envelope, electromagnetic fields of the wake, and slowly-varying

plasma source terms (1) copropagate at close to the speed of light and (2) evolve over

length scales much larger than the length of the wake. These assumptions typically hold in

LWFA and PWFA. The approximation is handled mathematically by changing variables to
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(ξ, s) = (z − ct, z) and applying the approximation

∂s ≪ ∂ξ (2.48)

for the laser envelope, the slowly-varying fields, and the slowly-varying plasma source terms.

Equation 2.48 is the quasistatic approximation. Here, s represents the distance the laser

has propagated into the plasma and ξ represents the relative position within a box moving

forward at the speed of light. For each of these quantities, the approximation is that the

length scale for evolution in s is much larger than the variation in ξ.

The consequences of this approximation are worked out in this section. As before, the

approximation is applied separately to the plasma particles, laser envelope, and wakefields.

2.4.1 Particle evolution

The equations for the evolution of p̄j and x̄j (Eqs. 2.26 and 2.27) are often expressed in

terms of the ξ coordinate of the particle, ξ̄j(t) = z̄j(t)− ct. This enables the particle to be

numerically advanced along constant intervals of ∆ξ. This is natural in quasistatic PIC codes

because it keeps the macroparticle ξ̄ coordinates aligned with the ξ values on which the grid

quantities are defined.

As in the discussion on the notation for the vector potential envelope discussed in Sec. 2.3,

the author finds it easier to temporarily notate the momentum in the transformed coordinates

with a new symbol p̄ξ which satisfies p̄(t) = p̄ξ̄(ξ̄(t)). (The j subscript is temporarily

omitted.) The time derivative in Eq. 2.27 then becomes ˙̄p(t) = Dtp̄ξ̄(ξ̄(t)), where Dt denotes

a total derivative with respect to t. Applying the chain rule, one obtains ˙̄p = (v̄z − c)Dξ̄p̄ξ̄.

One can then relabel p̄ξ̄ as p̄, understanding that p̄(t) and p̄(ξ̄) have different functional

dependencies on their respective independent variables.

Transforming Eq. 2.27 into the (ξ, s) variables, one obtains

(v̄zj − c)Dξ̄j p̄j = q

[
Ē+

v̄j
c

× B̄

]
− 1

4

q2

mc2
∇|Â|2

γ̄j
(2.49)
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where Dξ̄j is the total derivative with respect to ξ̄j. Similarly, in the same notation, Eq. 2.26

becomes

(v̄zj − c)Dξ̄j x̄j = v̄j (2.50)

Equations 2.49 and 2.50 are natural to use in the context of theory and simulations where the

fields are expressed in ξ and x⊥ at a given s. This is the case in quasistatic PIC simulations

and in the theory for the structure of the wake in Sec. 2.6.

Under the quasistatic approximation, it can also be shown that particles satisfying the

condition 1− vz/c≫ ωp/ω0 and starting at rest upstream of the laser possess the following

“constant of motion” [26]:

γmc− pz = mc− q

c
ψ̄ (2.51)

where ψ̄ is evaluated along the particle trajectory. (The j subscripts are dropped in Eq. 2.51

and the rest of this section for ease of notation.) In Eq. 2.51, both γ and pz contain both

slowly- and rapidly-varying components, but their difference is a slowly-varying quantity.

Explicitly, for the sake of clarity:

γ̄mc− p̄z = mc− q

c
ψ̄ (2.52)

and

γ̃mc− p̃z = 0 (2.53)

Equation 2.52 implies that p̄z and γ̄ can both be expressed in terms of p̄⊥ and ψ̄ by combining

Eq. 2.52 with Eq. 2.29:

p̄z =
m2c2 + p̄2

⊥ + 1
2

∣∣∣ qc Â∣∣∣2 − (mc− q
c
ψ̄)2

2(mc− q
c
ψ̄)

(2.54)

γ̄ =
m2c2 + p̄2

⊥ + 1
2

∣∣∣ qc Â∣∣∣2 + (mc− q
c
ψ̄)2

2(mc− q
c
ψ̄)

(2.55)

Computationally, these equations are significant because they imply that only p⊥ needs

to be advanced using the equation of motion; pz does not need to be advanced because it
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can be obtained from Eq. 2.54. Dividing Eq. 2.52 by Eq. 2.55, we also obtain the following

relationship:

1− v̄z
c

=
2
mc

(mc− q
c
ψ̄)2

m2c2 + p̄2
⊥ + 1

2

∣∣∣ qc Â∣∣∣2 + (mc− q
c
ψ̄)2

(2.56)

These equations will be helpful in Sec. 2.6.

2.4.2 Laser evolution

Almost all of the work is done in the PGC section for the laser. The ∂ξ∂sÂ in Eq. 2.43 term

cannot be dropped if changes in the local laser wavenumber and recession of the pulse due

to dispersion are physically relevant [108]. Both of these effects must be captured to model

LWFA in the blowout regime. The ∂2s Â term, however, can typically be dropped.

For completeness, the relationship between the laser vector potential envelope Â and

electric field envelope Ê under the quasistatic approximation is worked out here. We have

Ẽ⊥ = −∂tÃ⊥ ≈ ∂ξÃ⊥. Using Ã⊥ = Âeik0ξϵ̂, we obtain Ẽ⊥ ≈
[
ik0Â+ ∂ξÂ

]
eik0ξϵ̂. Hence we

obtain

Ê ≈ ik0Â+ ∂ξÂ. (2.57)

Although the quasistatic equations are more naturally formulated in terms of Â than Ê, the

latter can be helpful to look at for comparison with PIC simulations which simulate the full

laser electric field or for studying specific phenomena (e.g., laser guiding in Chapter 3).

2.4.3 Wakefield evolution

The most notable simplification under the quasistatic approximation occurs for the evolution

of the wakefields. Under the quasistatic approximation, ∂z ≈ ∂ξ. Thus, the wave equations

for the slowly-varying potentials in the Lorenz gauge (Eqs. 2.58 and 2.59) become

∇2
⊥ϕ̄ = −4πρ̄ (2.58)

∇2
⊥Ā = −4π

c
J̄ (2.59)
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while the gauge condition (Eq. 2.34) becomes

∂ξψ̄ +∇⊥ · Ā⊥ = 0 (2.60)

Thus, the 3+1D Maxwell’s equations approximately reduce to static (hence “quasistatic”) 2D

Poisson-like equations. (They are not purely Poisson equations because of the ξ dependence

of the source terms, but they are 2D Poisson equations for a fixed ξ.) This greatly simplifies

theoretical calculations and numerical simulation. Note that while different slices of the

potentials at fixed ξ are differentially decoupled (i.e., there is no ∂ξ derivative), they remain

coupled through the particle trajectories which determine ρ̄ and J̄ and which do not obey

a differentially decoupled evolution equation. Also note that Eqs. 2.58 and 2.59 can be

combined to write a Poisson-like equation for the wake potential:

∇2
⊥ψ̄ = −4π

[
ρ̄− J̄z/c

]
(2.61)

If ρ− Jz/c is specified, then this equation can be solved to obtain ψ̄ given ρ̄− J̄z/c and Ā⊥

can then be obtained by integrating the gauge condition Eq. 2.60.

Rather than the macroparticle description for the particles leading to the source terms

in Eq. 2.18 and 2.19, it is more natural under the quasistatic approximation to describe

the plasma as line charges representing a continuum of point particles in the longitudinal

direction. Discreteness is retained in the transverse direction. In (ξ, s) coordinates, the charge

and current density become

ρ̄(s, ξ,x⊥) =
∑
j

Λj(s, ξ)S(x⊥ − x̄⊥j(s, ξ)) (2.62)

J̄(s, ξ,x⊥) =
∑
j

Λj(s, ξ)v̄j(s, ξ)S(x⊥ − x̄⊥j(s, ξ)) (2.63)

where x̄⊥j(s, ξ) and v̄j(s, ξ) have been promoted to a continuum in s. They satisfy Eqs. 2.49

and 2.50 with Dξ̄j → ∂ξ and with s parameterizing the propagation of the system.

The form of the above source terms is constrained by conservation of charge. From the

slowly-varying part of the continuity equation for each species, we have

∂tρ̄+∇ · J̄ = 0 (2.64)
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Applying the change of variables (ξ, s) = (z − ct, z) and the quasistatic approximation

(∂s ≪ ∂ξ), this becomes

∂ξ(J̄z − ρ̄) +∇⊥ · J̄⊥ = 0 (2.65)

Integrating over the transverse coordinate and taking the plasma source terms to be zero

upstream of the laser, this becomes∫ (
J̄z − ρ̄

)
dx⊥ = 0 (2.66)

Thus,
∫ (

J̄z − ρ̄
)
dx⊥ is globally conserved. Inserting the forms of Eq. 2.68 and 2.69, we

obtain

∂ξ
∑
j

(
v̄zj(s, ξ)− 1

)
Λj(s, ξ) = 0 (2.67)

This equation can only hold identically if Λj(s, ξ) = Λ0j(s)/(1−v̄z(s, ξ)), i.e., the ξ dependence

of the line charge density is determined by v̄z. Λ0j(s) parameterizes the line charge density

upstream of the laser for each line charge and varies in s if there is a density gradient.

Assuming for simplicity that Λ0j(s) = Λ0(s) is the same for each particle, the slowly-varying

charge and current density become

ρ̄(s, ξ,x⊥) =
∑
j

Λ0(s)S(x⊥ − x̄⊥j(s, ξ))

(
1

1− v̄zj(s, ξ)

)
(2.68)

J̄(s, ξ,x⊥) =
∑
j

Λ0(s)v̄j(s, ξ)S(x⊥ − x̄⊥j(s, ξ))

(
1

1− v̄zj(s, ξ)

)
(2.69)

The need for these factors of 1/(1− v̄zj) was recognized by Mora and Antonsen in Ref. [26].

The connection to conservation of charge was made explicit in Ref. [79]. The factors can be

understood as an accounting for the varying inter-particle spacing within the line charges. For

example, particles that originate with some inter-particle spacing in a region where v̄z = 0 will

be closer together in regions where v̄z > 0. If this factor were not included, the longitudinal

density of particles would be the same everywhere as a function of ξ for fixed s.

Under the quasistatic approximation, the equations for the fields in terms of the potentials
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also simplify. In general, the full fields are related to the potentials by

E = −∇ϕ− 1

c
∂tA (2.70)

B = ∇×A (2.71)

Therefore the slowly-varying fields satisfy

Ē = −∇ϕ̄− 1

c
∂tĀ (2.72)

B̄ = ∇× Ā (2.73)

Under the quasistatic approximation, B̄ has the same form with ∂z → ∂ξ in the curl operator,

while Ē satisfies

Ēz = −∂ξψ̄ (2.74)

Ē⊥ = −∇⊥ϕ̄+ ∂ξĀ⊥ (2.75)

where the wake potential ψ has finally entered. The slowly-varying Lorentz force

F̄ = q

[
Ē+

v̄

c
× B̄

]
(2.76)

can be expressed in terms of the slowly-varying potentials under the quasistatic approximation,

in cylindrical coordinates, and under cylindrical symmetry as

F̄z = q
[
−∂ξψ̄ +

( v̄r
c

)
∂ξĀr −

( v̄r
c

)
∂rĀz

]
(2.77)

F̄r = q
[
−∂rϕ̄+

(
1− v̄z

c

)
∂ξĀr +

v̄z
c
∂rĀz

]
(2.78)

F̄φ = 0 (2.79)

In what follows, F̄ always refers to the Lorentz force rather than the total force F̄ + F̄p,

where F̄p is the ponderomotive force. In addition, the Lorentz force for beam particles

(vz ≈ c, |v⊥| ≪ c) can be approximated with no assumption of cylindrical symmetry as

F̄z ≈ −q∂ξψ̄ (2.80)

F̄⊥ ≈ −q∇⊥ψ̄ (2.81)
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Thus, the dynamics of the beam particles are completely determined by the wake potential.

The force fields in these equations have the following property:

∂ξF̄⊥ = ∇⊥F̄z. (2.82)

This is the so-called Panofsky-Wenzel theorem for relativistic plasma wave wakefields [109].

2.4.4 Summary

In summary, within the quasistatic approximation, the most significant simplification occurs

for the slowly-varying fields. Maxwell’s equations for the slowly-varying fields reduce to 2D

Poisson-like equations, which simplifies theory and computation considerably. The equations

developed in this section can be discretized to implement quasistatic PIC algorithms, discussed

in more detail in Sec. 2.10.3. Developing a numerical scheme to solve the equations in this

section is complicated; the equations in this section are not necessarily the ones discretized.

For example, the wave equations for the electric and magnetic fields under the quasistatic

approximation are discretized Ref. [80].

2.5 Dimensionless quantities

For most of the rest of this chapter and much of this dissertation, we will use dimensionless

quantities to simplify the algebra. Since we only consider electron dynamics, all quantities

are naturally normalized using the electron charge e, electron mass me, and initial electron

density n0. These parameters give rise to the plasma frequency ωp =
√
4πn0e2/m and the

plasma wavenumber kp = ωp/c. In terms of the dimensionless variables, factors of 4π in

Maxwell’s equations become unity. Table 2.1 shows how all relevant quantities are normalized

using these characteristic parameters.

In order to distinguish each quantity from its normalized version, additional notation

could be added, e.g., AN ≡ eA/mec
2. In practice, the same variable can be used to represent
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Variable
Dimensionless

Quantity

Time ωpt

Position kpx

Velocity v/c

Momentum p/mec

Charge q/e

Mass m/me

Density n/n0

Current Density J/ec

Force F/mecωp

Electric Field eE/mecωp

Magnetic Field eB/mecωp

Scalar potential eϕ/mec
2

Vector potential eA/mec
2

Table 2.1: Summary of how quantities are normalized according to electron plasma parameters.

the dimensionless quantity, understanding that dimensional factors can be added back. In

addition, because the laser and plasma evolution can be fully described in terms of slowly-

varying quantities in the PGC and quasistatic approximations, all equations of relevance only

include slowly-varying quantities. Thus, bars can be dropped. For both of these notational

choices, the notation is simplified at the expense of possible ambiguity.

As an example of this notation, Eq. 2.56 becomes

1− vz =
2(1 + ψ)2

1 + p2
⊥ + 1

2
|Â|2 + (1 + ψ)2

, (2.83)

which is considerably easier to read. This notation is used for most of the following calculations

in this chapter. Unnormalized quantities are used occasionally for clarity or for equations
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which are easily expressed explicitly in dimensionless form (e.g., kpw0 = 2
√
a0). Words will

be used to clarify any ambiguity.

2.6 Structure of the plasma wake

In order to understand how a particle bunch is accelerated in a plasma wake, it is necessary to

understand the structure of the plasma wake, including both the plasma charge and current

densities and the electromagnetic fields. A predictive theory describing the structure of

the plasma wake in the blowout regime was first worked out by Lu et al. in Ref. [97] and

expanded on in Ref. [98]. The key finding of this work was that the fields and plasma source

terms of the wake can be well-approximated based on the facts that (1)
∫
(ρ− Jz) dx⊥ = 0

is globally conserved (Eq. 2.66), (2) a simple function can be used to model the ρ − Jz

profile and the results are insensitive to the parameterization, (3) the shape of the bubble is

well-approximated by the trajectory of a single plasma electron moving within the sheath,

and (4) the fields within the bubble can be expressed in terms of the parameters of the model

for ρ − Jz, including the blowout radius rb(ξ). Here a simplified version of the analysis in

these papers is presented in order to explain and shed light on the calculation. More complex

models can be built using the same approach, as in Ref. [110]. A summary of the more

general treatment in Refs. [97] and [98] and comments on the slightly different results in

Ref. [111] are also provided.

The analysis begins by prescribing a model for the source terms for the plasma wake. After

discussing the structure of the sheath, Refs. [97] and [98] used the following approximation for

the structure of the plasma source terms including both electrons and ions (in dimensionless
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units):

ρ(ξ, r) = 1, r < rb(ξ) (2.84)

Jz(ξ, r) = 0, r < rb(ξ) (2.85)

ρ(ξ, r)− Jz(ξ, r) =


1, r ∈ [0, rb(ξ))

−n∆, r ∈ [rb(ξ), rb(ξ) + ∆)

0, r ∈ [rb(ξ) + ∆,∞)

(2.86)

where rb(ξ) is the bubble radius and ∆ is the thickness of the electron sheath. In words,

immobile ions of uniform density are assumed to be present everywhere. No electrons are

present for r ≤ rb(ξ), followed by an electron sheath of constant ρ − Jz and thickness ∆,

followed by uniform electrons (i.e., quasineutral plasma). Hence ρ = ρe + ρi and Jz = Jze.

Cylindrical symmetry is assumed. The sheath thickness ∆ can itself be parameterized as a

function of ξ, which is done in Refs. [97] and [98] as

∆(ξ) = ϵrb(ξ) + ∆L (2.87)

where ϵ and ∆L were assumed to not vary with ξ for simplicity.1 Note that ρ and Jz

are not independently specified for r ≥ rb(ξ) in this model. It is shown below that their

independent specification is not needed globally to calculate the fields within the bubble.

Conversely, global calculation of the fields requires global independent specification of ρ and

Jz. Independently specifying them globally also requires an additional model for J⊥(ξ, r) in

order for the continuity equation to be satisfied within the sheath.

In addition to the plasma source terms, those of a particle beam can be added, which is

approximated in Refs. [97] and [98] as

ρb(ξ, r) = −nbe−r
2/σ2

re−ξ
2/σ2

z (2.88)

Jzb(ξ, r) ≈ ρb(ξ, r) (2.89)

1The ∆L parameter models the linear response and has a width ∼ k−1
p while ϵrb(ξ) models the nonlinear

response. For rb(ξ) sufficiently large, the nonlinear part can dominate. In the rear, where rb(ξ) is small, the
linear response can dominate.
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where the equation for Jz assumes the beam propagates forward with vzb ≈ 1. Note that

ρb − Jzb = O(1/γ2b ) ≈ 0 where γb = 1/
√

1− v2zb/c
2, so so that the beam does not act as

source term for ψ. It is assumed that σr ≪ rb(ξ) for all ξ.

In order to simplify the presentation mathematically, we consider Eq. 2.86 under the limit

∆ → 0 from the beginning. While this is an unphysical assumption, particularly near the rear

of the bubble, it is instructive to consider this limit. The results obtained in Refs. [97] and

[98] without taking this limit will be summarized later. Under this limit, Eq. 2.86 becomes

ρ(ξ, r)− Jz(ξ, r) = I[0,rb(ξ)](r)− n∆rb(ξ)δ(r − rb(ξ)) (2.90)

where I[a,b](x) is the indicator function on [a, b] defined in Eq. 2.1 and the notation n∆ is

retained to distinguish n∆ from the number density n. We refer to this model as a “delta

function sheath” and Lu’s model in Eq. 2.86 as a “step function sheath”. In what follows, we

follow the same procedure given in Refs. [97] and [98] except here this delta function profile

is used.

In Eq. 2.90, the n∆ parameter is constrained by conservation of charge. Expressing

Eq. 2.66 in cylindrical coordinates and taking the constant of integration to be 0, we have∫∞
0
(Jz − ρ) r dr = 0. Evaluating the integral and solving for n∆ yields n∆ = 1

2
.

The next step is to calculate ϕ, A, and ψ from the Poisson-like equations derived in

Sections 2.3 and 2.4 with the source terms in Eqs. 2.84, 2.85, and 2.90. Expressions for ϕ

and Az can be computed independently for r < rb(ξ) from Eqs. 2.84 and 2.85 using the

Poisson-like equations ∇2
⊥ϕ = −ρ and ∇2

⊥Az = −Jz (Eqs. 2.58 and 2.59 for the dimensionless

quantities). Integrating the Poisson-like equations from 0 under cylindrical symmetry, we

obtain

ϕ(ξ, r) = ϕ0(ξ)−
r2

4
+ Λ(ξ) log r, r ≤ rb(ξ) (2.91)

Az(ξ, r) = Az0(ξ) + Λ(ξ) log r, r ≤ rb(ξ) (2.92)
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where ϕ0 and Az0 are the on-axis profiles of ϕ and Az and Λ(ξ) is the beam current defined as

Λ(ξ) ≡
∫ ∞

0

rnb(ξ, r) dr. (2.93)

The on-axis profiles and the structure of ϕ and Az for r ≥ rb(ξ) cannot be explicitly computed

without knowing the global structure of ρ and Jz independently. However, they are not

needed because only ∂rϕ and ∂rAz enter into the Lorentz force inside the bubble under the

quasistatic approximation (Eqs. 2.77–2.78). These vanish for the on-axis terms.

Next, the Poisson-like equation ∇2
⊥ψ = −(ρ− Jz) (Eq. 2.61) can be integrated to obtain

ψ. Writing ∇2
⊥ψ = 1

r
∂r(r∂rψ) and successively integrating from ∞ (instead of from 0 as for

ϕ and Az) and defining ψ(∞) = 0, we obtain

ψ(ξ, r) =


1
4
[r2b (ξ)− r2] , r ≤ rb(ξ)

0, r ≥ rb(ξ)

(2.94)

Note that although ψ and Az cannot be explicitly specified on-axis, ψ can: ψ0(ξ) ≡ ψ(ξ, 0) =

1
4
rb(ξ)

2. Also, note that Λ(ξ) does not appear because ρb − Jzb = 0.

Finally, A⊥ can be computed from the gauge condition ∂ξψ +∇⊥ ·A⊥ = 0 (Eq. 2.60).

Using ψ in Eq. 2.94, expressing ∇⊥ ·A⊥ = (1/r)∂r(rAr) from the assumption of cylindrical

symmetry, and using the fact that A⊥ vanishes as r → ∞, A⊥ may be computed as

A⊥ =


(
1
4

)
rrb(ξ)r

′
b(ξ)r̂, r ≤ rb(ξ)

0, r ≥ rb(ξ)

(2.95)

where r′b(ξ) ≡ Dξrb(ξ).

The next step is to express the force experienced by electrons using the potentials. Inserting

the expressions for ϕ, Az, A⊥, and ψ into the expressions Fz = ∂ξψ − vr∂ξAr + vr∂rAz and

Fr = ∂rϕ−(1−vz)∂ξAr−vz∂rAz (Eqs. 2.77 and 2.78, which hold under cylindrical symmetry),
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we obtain expressions for the components of the Lorentz force in terms of rb(ξ):

Fz(ξ, r) =

(
1

2

)
rb(ξ)r

′
b(ξ) +

(
1

4

)
rvrDξ

[
rb(ξ)r

′
b(ξ)

]
+ vr

Λ(ξ)

r
, r < rb(ξ) (2.96)

Fr(ξ, r) = −
(
1

2

)
r +

(
1

4

)
r(vz − 1)Dξ

[
rb(ξ)r

′
b(ξ)

]
− (vz − 1)

Λ(ξ)

r
, r < rb(ξ) (2.97)

Note that for beam electrons, with vz ≈ 1 and vr ≈ 0, the self-force is negligible.

The derivation will continue by finding a differential equation that constrains the form of

rb(ξ). However, it is worth pausing to note two insights that can be obtained from Eqs. 2.96

and 2.97 about the behavior of electron beams (which may be either a drive beam or an

accelerating beam) in an azimuthally symmetric wake in the blowout regime. First, for a

relativistic electron (vz ≈ 1, vr ≈ 0), the focusing force is linear in r and independent of ξ

(and in particular independent of rb(ξ)):

F⊥(ξ, r) ≈ −
(r
2

)
r̂ (2.98)

This is true both for electrons in a drive beam and for those accelerating in the wake. The

specific consequences of this linear transverse focusing force on an accelerating particle beam

will be discussed in Sec. 2.9. Second, the accelerating force Fz ≈ 1
2
rb(ξ)r

′
b(ξ) generally depends

on the shape of the bubble, but by inspection (Fig. 2.1), the bubble can be approximately

described by a sphere, i.e., rb(ξ)2 + ξ2 = R2
b where Rb is the radius of the bubble, with slight

deviation visible near the rear of the wake where rb(ξ) ≈ 0. (We will see below that the

near-spherical profile of rb(ξ) is predicted by the theory of Lu et al. using either the delta

function sheath or the step function sheath.) Using this functional form, the accelerating

force within the bubble may be approximated as

Fz(ξ, r) ≈ −ξ
2

(2.99)

Thus, electrons behind the midpoint of the bubble which copropagate with the structure will

be continuously accelerated while they are focused onto the axis. The force is independent

of r, so all electrons at the same ξ are accelerated at the same rate. However, the equation
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for Fz suggests that electrons will also gain a different amount of energy depending on their

phase within the wake, leading to an energy spread within an accelerating beam. This poses

a challenge for application in a collider or an XFEL, for which it is desirable for the energy

spread of the beam to be under 1%. However, this effect can addressed by “beam loading” of

the wake, or tailoring of the beam profile to make the accelerating field constant through

feedback of the beam on the wake [112, 99]. This is discussed in Sec. 2.8.

We next show how a differential equation describing the shape of the bubble can be

derived, following the approach of Refs. [97] and [98] for the simplified delta function sheath

in Eq. 2.90. The key idea is that the equation of motion for plasma particles in Eq. 2.27 is

satisfied for electrons moving along the boundary of the plasma sheath. The forces calculated

in Eq. 2.96 and Eq. 2.97 are expressed in terms of rb(ξ). The momentum of the particles along

the sheath is also related to rb(ξ) from the assumption that the trajectory of a single plasma

electron traces out the shape of the bubble. This leads to a closed differential equation for

rb(ξ). For simplicity, we perform this derivation in the regions where there is no laser, i.e.,

|Â|2 = 0.

It suffices to consider the transverse evolution. The equation for the evolution of the

transverse momentum is

ṗ⊥ = F⊥ (2.100)

where F⊥ = Frr̂ with Fr in Eq. 2.97 evaluated along the inner radius of the sheath, i.e.,

r = rb(ξ)
−. Subtleties associated with considering the inner instead of outer radius are

discussed in the next section. The transverse momentum p⊥ is related to rb from the constraint

that the particle trajectory follows the sheath. We have p⊥ = γv⊥. But along the bubble

trajectory, v⊥ = ṙbr̂. As before, the time derivative can be expressed as ṙb = (vz − 1)r′b(ξ).

Combining and using the relation γ − pz = 1 + ψ from Eq. 2.52, we obtain

pr = −(1 + ψ)r′b(ξ) (2.101)
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and similarly

ṗr = −(vz − 1)Dξ [(1 + ψ)r′b(ξ)] (2.102)

where ψ is evaluated along the particle trajectory, i.e., ψ = ψ(ξ, rb(ξ)). In addition, the 1− vz

factor does not cancel, so an equation for it in terms of rb(ξ) is needed. Inserting Eq. 2.101

into Eq. 2.56, we obtain

1− vz =
2(1 + ψ)2

1 + (1 + ψ)2 + [(1 + ψ)r′b(ξ)]
2 (2.103)

Eqs. 2.101–2.103 hold for any ψ. For the delta function sheath, we have ψ(ξ, rb(ξ)) = 0 from

Eq. 2.94. This results in simpler algebra than in the case of the step function sheath. Equating

Eqs. 2.102 and 2.97 and evaluating the latter at r = rb(ξ)
− (where f(rb(ξ)−) ≡ lim

r→rb(ξ)−
f(r),

i.e., the limit from below), we obtain the following second-order differential equation for rb(ξ):(
1 +

1

4
r2b

)
r′′b +

(
1

2

)
rb(r

′
b)

2 +

(
1

2

)
rb =

Λ(ξ)

rb
(2.104)

This equation closes the model. (Strictly speaking, the force outside the sheath, which is

nonzero for the delta function, must also be included. This is done in the next subsection.

But the calculation up to now illustrates the key flow of logic.)

In the above, the delta function sheath model was used to aid in explication of the

calculation, where it was known from the start that such a model cannot accurately describe

the wake when rb(ξ) is small. Here we summarize the results from Refs. [97] and [98] when

the step function profile of Eq. 2.86 is used for ρ− Jz in the bubble sheath. The equations

for ϕ and Az are unmodified from Eqs. 2.91 and 2.92. (The on-axis potentials ϕ0 and Az0

are themselves different, but still do not appear in the Lorentz force). The equation for ψ is

different:

ψ(ξ, r) =
rb(ξ)

2

4

(
1 + β

)
− r2

4
(2.105)

where

β ≡
(1 + α)2 log

[
(1 + α)2

]
(1 + α)2 − 1

− 1 (2.106)
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and

α ≡ ∆

rb(ξ)
(2.107)

which gives α = ϵ +∆L/rb(ξ). It can be shown that β ≈ α for α ≪ 1 and β ≈ 2 logα for

α≫ 1. Applying force balance as before, one obtains the following differential equation for

rb, where the laser envelope Â is also now included for completeness:

A(rb)r
′′
b +B(rb)rb(r

′
b)

2 + C(rb)rb =
Λ(ξ)

rb
−

1
4
∂r|Â|2

1 + β
4
r2b

(2.108)

where

A(rb) = 1 +

[
1

4
+
β

2
+

1

8
rb∂rbβ

]
r2b (2.109)

B(rb) =
1

2
+

3

4
β +

3

4
rb∂rbβ +

1

8
r2b∂

2
rb
β (2.110)

C(rb) =
1

4

[
1 +

1 + |Â|2
2

(1 + β
4
r2b )

2

]
(2.111)

and Â is evaluated along the particle trajectory. As ∆ → 0, β → α = ∆/rb. Hence

∂rbβ ≈ −∆/r2b and ∂2rbβ ≈ 2∆/r3b . As ∆ → 0, β → 0, ∂rbβ → 0, and ∂2rbβ → 0. Thus

A(rb) → 1 + 1
4
r2b , B(rb) → 1

2
, and C(rb) → 1

2
so that Eq. 2.104 is recovered from Eq. 2.108.

Lu et al. also discuss the ultrarelativistic limit, where rb ≫ 1, ∆ ≪ 1, but ∆rb ≫ 1. In this

limit, one obtains the equation(
1 +

1

4
r2b

)
r′′b +

(
1

2

)
rb(r

′
b)

2 +

(
1

4

)
rb =

Λ(ξ)

rb
(2.112)

This model is used in the section on beam loading. This equation is the same as for the limit

∆ → 0 when only considering the inner force except with a term of rb/4 instead of rb/2.

In both the delta function and the step function models for the sheath, ψ ≥ 0 everywhere.

Kinetic simulations show that ψ ≈ −1 near the rear of the plasma bubble. Thus, both

of these models have limited accuracy near the rear of the plasma bubble. If ρ − Jz = 1

for r ≤ rb(ξ), then a negative ψ can only be obtained if ρ − Jz is not negative-definite for

ρ − Jz ≥ rb(ξ). This condition does not hold in the original step function sheath model
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(Eq. 2.86). Assuming the ions remain stationary, this can only occur if ρe − Jze > −1 for

electrons with r > rb(ξ) + ∆. This is indeed satisfied for electrons with a linear response

outside the sheath where vz > 0 and ρ ≈ −1. Reference [110] shows that this can be modeled

using the same approach presented in this section with a multi-sheath parameterization of the

ρ−Jz function. In this case, a second step function with ρ−Jz > 0 is added for r ≥ rb(ξ)+∆.

For the appropriate parameters, this leads to a solution for ψ which may be negative. This

model is capable of more accurately modeling the dynamics near the wake rear.

In summary, the function of the models presented in this section is to provide a predictive

theory that identifies the key features of the wake. They provide a theoretical and conceptual

framework for understanding key physics including acceleration of a witness beam, beam

loading, and the effect of pulse-shaping for high transformer ratios. An area for future

work would be to write an algorithm that solves for rb(ξ) from a differential equation (e.g.,

Eq. 2.104, Eq. 2.108, or a more complex equation in the case of Ref. [110]). Using rb(ξ), one

could then evolve beam particles, advance the laser driver, and repeat the process. This

method would not be as accurate as PIC or quasistatic PIC simulations. However, it could

be reasonably accurate in certain situations and appears to not have been deeply explored.

Further analysis of the delta function sheath model

The author originally investigated the delta function sheath model (Eq. 2.90) in order to

better understand and explicate the calculations in Refs. [97] and [98], as presented in the

previous section. Afterward, it was realized that these calculations could potentially shed

light on a discrepancy that exists between Refs. [97] and [98] and Ref. [111], where similar

but slightly different differential equations for rb(ξ) are found. Here, the details of the delta

function sheath model are worked out in more detail and a brief discussion of the discrepancy

is provided.

Unlike in the step function sheath model, ρ and Jz can be specified when using the delta
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function sheath model with no further assumptions because all the electrons are in the sheath:

ρ(ξ, r) = I[0,rb(ξ)](r) + ρS(ξ)rb(ξ)δ(r − rb(ξ)) (2.113)

Jz(ξ, r) = JzS(ξ)rb(ξ)δ(r − rb(ξ)) (2.114)

where ρS(ξ) and JzS(ξ) account for variation of the line charge density within the sheath.

Reference [111] uses the same model but with the notation ρ0(ξ) instead of ρS(ξ).

The continuity equation leads to
∫∞
0
(Jz − ρ) r dr = 0 as before, which now provides

ρS(ξ)− JzS(ξ) = −1

2
(2.115)

The global expressions for ψ and A⊥ are unmodified from Eqs. 2.94 and 2.95. On the other

hand, ϕ and Az can now each be computed globally from the global structure of ρ and Jz.

Here the calculation is shown explicitly for ϕ for clarity. Neglecting any particle beams for

now, the Poisson-like equation ∇2
⊥ϕ = −ρ (Eq. 2.58) under cylindrical symmetry provides

1

r
∂r(r∂rϕ) = −ρS(ξ)rb(ξ)δ(r − rb(ξ))−


1, r ≤ rb(ξ)

0, r > rb(ξ)

(2.116)

Multiplying by r and integrating from 0, we obtain

r∂rϕ =


− r2

2
, r ≤ rb(ξ)

− rb(ξ)
2

2
− ρS(ξ)rb(ξ)

2, r > rb(ξ)

(2.117)

Dividing by r and integrating from 0 yields

ϕ(ξ, r) = ϕ0(ξ) +


− r2

4
, r ≤ rb(ξ)

− rb(ξ)
2

4
−
[
rb(ξ)

2

2
+ ρS(ξ)rb(ξ)

2
]
log
(

r
rb(ξ)

)
, r > rb(ξ)

(2.118)

where ϕ0(ξ) ≡ ϕ(ξ, 0) as before. Adding in the potential contributed by the beam and

performing the analogous integrations for Az, we obtain

ϕ(ξ, r) = ϕ0(ξ) + Λ(ξ) log r +


− r2

4
, r ≤ rb(ξ)

− rb(ξ)
2

4
−
[
rb(ξ)

2

2
+ ρS(ξ)rb(ξ)

2
]
log
(

r
rb(ξ)

)
, r > rb(ξ)

(2.119)
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and

Az(ξ, r) = Az0(ξ) + Λ(ξ) log r +


0, r ≤ rb(ξ)

−JzS(ξ)rb(ξ)2 log
(

r
rb(ξ)

)
, r > rb(ξ)

(2.120)

which agree with Eqs. 2.91 and 2.92 for r < rb(ξ).

Using these potentials, the radial component of force computed on the inner side of the

sheath, Fr(ξ, rb(ξ)−), is the same as in Eq. 2.97. However, the outer component can now be

computed as

Fr(ξ, rb(ξ)
+) = (vz − 1)JzS(ξ)rb(ξ) + (vz − 1)

(
1

4

)[
3rb(ξ)r

′
b(ξ

2 + rb(ξ)
2r′′b (ξ)

]
− (vz − 1)

Λ(ξ)

r
(2.121)

Further progress requires an expression for JzS(ξ). Expressions for JzS(ξ), ρS(ξ), and all

kinematic quantities in terms of rb(ξ) can be obtained through the assumptions of the

model. These are now computed. From the fact that a particle is assumed to follow the

trajectory rb(ξ), the radial velocity is related to the bubble radius as vr = (1 − vz)r
′
b(ξ).

Hence, pr = γvr = γ(1− vz)r
′
b(ξ). But γ − pz = 1 + ψ and ψ(ξ, rb(ξ)) = 0, so

pr(ξ) = r′b(ξ) (2.122)

From Eq. 2.54 and 2.55, we obtain

pz(ξ) =
1

2
r′b(ξ)

2 (2.123)

γ(ξ) = 1 +
1

2
r′b(ξ)

2 (2.124)

Dividing pr and pz by γ, we also obtain

vr =
r′b(ξ)

1 + 1
2
r′b(ξ)

2
(2.125)

vz =
1
2
r′b(ξ)

2

1 + 1
2
r′b(ξ)

2
(2.126)

Finally, the plasma source terms can be computed from the relationship

JzS(ξ) = ρS(ξ)vz(ξ) (2.127)
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This equation holds because in the delta function sheath model, all the electrons in the sheath

at a given ξ have the same vz(ξ). This is not true in the step function sheath model, for

which an analogous equation cannot be written. Combining Eq. 2.127 with Eq. 2.115 yields

JzS(ξ) = −1
2
vz/(1− vz). Substituting the above equation for vz yields

JzS(ξ) = −1

4
r′b(ξ)

2 (2.128)

Though not needed for this calculation, we calculate the charge density for completeness as

ρS(ξ) = −1

2
− 1

4
r′b(ξ)

2 (2.129)

At this point, we have expressions for both plasma source terms and all the kinematic

quantities in terms of rb(ξ).

Using Eq. 2.128 for JzS(ξ), the force on the outer side of the sheath may be computed as

Fr(ξ, rb(ξ)
+) = (vz − 1)

[
1

2
rb(ξ)r

′
b(ξ)

2 +
1

4
rb(ξ)

2r′′b (ξ)

]
, (2.130)

which is different from Fr(ξ, rb(ξ)
−) in Eq. 2.97 with r = rb(ξ)

−. Formally, the force to use

for the calculation when using the delta function is the average force across the sheath to

account for the jump in force: F̄r(ξ, rb(ξ)) = 1
2
[Fr(ξ, rb(ξ)

−) + Fr(ξ, rb(ξ)
+)]. When this is

done, one obtains the following equation for rb(ξ):(
1 +

1

4
r2b

)
r′′b +

(
1

2

)
rb(r

′
b)

2 +

(
1

4

)
rb =

Λ(ξ)

rb
(2.131)

Interestingly, this is the same as the ultrarelativistic limit from the step function sheath

model obtained in Eq. 2.112. Note that one obtains a different model if just the inner force

or outer force are used because of its discontinuity. At first, this issue appears not to emerge

in the step function sheath model because the force is continuous at r = rb(ξ). However, it is

present: the force on the inner radius of the sheath at r = rb(ξ)) is different from the force

on the outer sheath at r = rb(ξ) + ∆. Electrons moving along the inner and outer sheath

therefore follow slightly different trajectories. In practice, the profile for the outer sheath

radius cannot be calculated without additional assumptions for the step function model.

51



One could potentially account for this in a more accurate description through self-consistent

calculation of the trajectories rj(ξ) for particles with different initial radii rj0 moving within

the sheath.

Golovanov et al. (Ref. [111]) assumed the same delta function sheath model for ρ and Jz

(i.e., Eqs. 2.113–2.114, the ∆ → 0 limit of the step function sheath model from the beginning)

but followed an approach based on energy conservation instead of force balance to derive

a differential equation for rb. This approach cannot be applied to the step function sheath

model without further assumptions because it requires the global structure of the fields and

plasma source terms. The kinematic quantities derived in Eqs. 2.122–2.129 enter into this

derivation. The model of Golovanov et al. predicts a differential equation of the form(
1 +

1

4
r2b

)
r′′b +

(
1

rb
+
rb
2

)
(r′b)

2 +

(
1

4

)
rb =

Λ(ξ)

rb
(2.132)

The details of the calculation are not presented here, but much of the work is done through

the calculation of the potentials and plasma source terms above.

Eq. 2.132 is the same as the averaged Eq. 2.131 but with an additional term r−1
b (r′b)

2.

Why is there a discrepancy? Mathematically, one way this can be understood is that the

model implicitly assumes a form for the electron distribution function: f(s, ξ, r, pz, pr) =

nS(s, ξ)rb(s, ξ)δ(r−rb(s, ξ))p−1
r δ(pr−pr(s, ξ))δ(pz−pz(s, ξ)) where the functional dependence

on s is made explicit for quantities that up to now have assumed s to be constant. Because of

the finite number of free parameters and the fact that only the true Vlasov equation satisfies

all the fluid equations, this distribution function cannot satisfy all the fluid equations. In

fact, one can demonstrate that the equation of motion for a single particle and the fluid

momentum equation are inconsistent under the assumption of this form of the distribution

function. One can integrate the fluid momentum equation on its own to obtain a different

differential equation for rb than those of Eqs. 2.131 (particle force balance) and 2.132 (energy

conservation). A higher-order fluid equation could also be used and obtain yet another

different result. The inconsistency does not invalidate the model but necessitates care in its

application.
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As noted above, in actuality the plasma wake has a linear response outside the narrow

region of the sheath consisting primarily of blown-out electrons. This is not captured in the

delta function sheath model. In addition, as rb becomes small in the rear of the bubble or for

weak wakes, the assumption ∆ ≪ rb is not accurate. In addition, the delta function model

for the sheath cannot capture the negative values of ψ near the back of the wake, regardless

of whether the approach of force balance or of energy conservation is used. Nonetheless,

any approach based on energy conservation is attractive. The fact that both give nearly

the same differential equation is reassuring. In the end, a detailed comparison of how the

models compare with kinetic simulations will be the ultimate judge of their accuracy. While

the results in this dissertation shed insight into this comparison, this remains an area for

near-term investigation.

2.7 Laser evolution and its consequences: matching, depletion, and

dephasing

Although the full evolution of a laser evolving according to Eq. 2.43 is analytically intractable

in the blowout regime, the laser evolution and its consequences can be understood phenomeno-

logically in terms of a few key concepts: laser matching, pump depletion, and dephasing.

Here we summarize the results presented in Ref. [1], which synthesized these concepts and

derived estimates for key quantities.

We begin by considering how the laser parameters can be matched to the plasma wake.

Intuitively, the laser can be guided within a plasma wake in the same way that light is

guided within a coaxial cable. This requires that the index of refraction η = ck/ω =√
1−

(
ω0

ωp

)2
∆n
np

≈ 1− 1
2

(
ω0

ωp

)2
1

1+ψ
be larger on axis and that the spot size w0 of the laser to

be comparable to the radius R of the bubble. The radius of the bubble in terms of the laser

parameters can be estimated by equating the peak outward transverse ponderomotive force ex-

erted by the laser on plasma electrons to the peak inward transverse force exerted by the wake.

53



From Eq. 2.30 in dimensionless units, the transverse ponderomotive force is Fp,⊥ = − 1
4γ̄
∇⊥|Â|2.

For simplicity we approximate the laser envelope as Â(ξ, r) = a0 exp(−ξ2/τ 20 ) exp(−r2/w2
0).

Also from Eq. 2.29, the average Lorentz factor is γ̄ =
√

1 + p2 + 1
2
|Â|2 and may be estimated

as γ̄ ≈ 1√
2
|Â| for a0 ≳ 2. Inserting the form for Â, we obtain the estimate

Fp,⊥(ξ, r) ≈

(√
2a0
w2

0

)
re−ξ

2/τ20 e−r
2/w2

0 (2.133)

The maximum of this function occurs at (ξ, r) = (0, w0/
√
2). Hence we obtain the estimate

maxFp,⊥ ≈ 1
2
a0
w0

. On the other hand, the peak transverse force from the wake may be

estimated from Eq. 2.97 as max |F⊥| ≈ −R/2. Equating the forces, we obtain the estimate

(with factors of kp inserted for clarity) kpR ≈ a0/kpw0. An estimate for the laser spot size for

optimal guiding is w0 = R, which leads to the matching condition kpw0 =
√
a0.2 Through

simulations, the authors of Ref. [1] tested this and found that the following matching condition

leads to more stable guiding:

kpw0 = 2
√
a0 (2.134)

This equation is a starting point for how to choose a0 given w0 or vice versa.

The details of the physics of guiding are subtle. One might expect that the front of the

pulse is not guided because does not propagate within the bubble. In practice, it was found

that guiding using the matching condition in Eq. 2.134 is robust [1]. Reference [1] offers

the interpretation from Ref. [113] that the head of the pulse locally pump depletes, or loses

energy through transfer to the wake, before it diffracts, while the rear remains guided. This

manifests as the phenomenon of “etching”: the laser pulse develops a sharp rising edge which

gradually recedes over the course of propagation. Reference [113] showed using 1D nonlinear

calculations that the velocity of “etching” of the laser can be estimated as vetch = (ωp/ω0)
2c.

The authors of Ref. [1] confirmed through simulations that the estimate for vetch is accurate

2However, this estimate is based on a steady-state assumption. When a harmonic oscillator of frequency
ω0 is driven by a driver with a duration on the order of ω−1

0 , the oscillation amplitude is ∼ 2 times the
equilibrium value. This leads to the estimate kpw0 = 2

√
a0.
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in 1D, 2D, and 3D simulations for a0 ∈ [2, 2(k0/kp)] and provide theoretical justification for

the upper bound. The length scale over which all of the laser is depleted, known as the pump

depletion length Lpd, may be estimated using this etching velocity and the laser duration τ

as Lpd = τ/vetch, leading to the estimate

Lpd ≈ cτ

(
ω0

ωp

)2

(2.135)

The pump depletion length is a key length scale for the physics of LWFA.

Another important length scale is the dephasing length Ld. The laser group velocity due

to linear dispersion may be calculated as vg = c
√

1− (ωp/ω0)2 so that

vg ≈

[
1− 1

2

(
ωp
ω0

)2
]
c (2.136)

Concepts from the linear regime need to be applied with care to the nonlinear regime, but

this is a reasonable estimate. Because of the etching of the laser and its additional recession

due to dispersion (vg < c), particles accelerating within the wake will eventually outrun the

wake. This phemomenon is known as dephasing. The wake velocity vw may be estimated as

vw = vg − vetch, leading to the estimate

vw ≈

[
1− 3

2

(
ωp
ω0

)2
]
c (2.137)

For particles that start at the rear of the wake with velocity vz ∼ c, they will dephase

when they have advanced ∆ξ = R. But ∆ξ = (vz − vw)t. Equating at ct = Ld, we find

Ld = Rc/(c− vw). Plugging in Eq. 2.137 and using the estimate R = 2
√
a0, we obtain the

estimate

Ld ≈
4

3

(
ω0

ωp

)2√
a0 (2.138)

This length scale sets a limit on the acceleration length in LWFA in the blowout regime.

The energy gain for an electron accelerating in the bubble can be estimated by multiplying

the accelerating gradient by the length of acceleration: ∆W ≈ FzLacc. We assume acceleration

over the full dephasing length, i.e., Lacc = Ld. The longitudinal electric field experienced
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by the particles can be estimated from Eq. 2.99 as starting at Ez ≈ −R/2 and ending at

Ez ≈ 0 when the particles reach the bubble center. Therefore, the average gradient may be

estimated as

Ēz =

√
a0
2

(2.139)

Putting all this together and using ∆W = ∆γmec
2 leads to an estimate for the change in the

accelerating electron’s Lorentz factor:

∆γ ≈ 2

3

(
ω0

ωp

)2

a0 (2.140)

All of Eqs. 2.134–2.140 are derived in Ref. [1].

The estimate for the energy gain in Eq. 2.140 assumes that the acceleration length Lacc

is the same as the dephasing length Ld. This requires the additional assumption that the

laser pulse is guided over a length scale Lguide ≥ Ld. It was confirmed in Ref. [1] that this

assumption holds at a density of n0 = 1.5× 1018 cm−3 with an 800 nm laser with a0 = 4 and

kpw0 = 4, for which the simulated energy gain of 1.5 GeV closely matched the prediction

from Eq. 2.140 of 1.6 GeV in about 0.75 cm. (Strictly speaking, the simulation was only run

for half of Ld because of computational constraints, but most of the energy gain occurs in the

first half of acceleration.) However, this was not verified at lower plasma densities because it

was computationally infeasible and beyond the scope of the work. The authors proposed that

self-guiding could be maintained as the density is lowered by proportionally increasing a0 as

a0 ∝ ω−1/5
p (2.141)

However, this scaling was not verified in Ref. [1]. It was found in Ref. [114] that the scaling

law in Eq. 2.140 remains accurate for densities as low as n0 = 2.5×1017 cm−3 with a constant

a0 = 4, not necessarily following the scaling in Eq. 2.141. Investigation of the length scale for

laser guiding at lower plasma densities, and hence the estimate for the energy gain in Eq. 2.140,

is a natural direction for future work. Preliminary results are presented in Chapter 3.

The scalings in this section are sufficient to quantitatively establish the problem at the

core of the work in Chapter 6. The goal of laser wakefield acceleration is to accelerate
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charged particles at accelerating gradients of ≳ 10− 100 GeV/m, more than two orders of

magnitude higher than possible in conventional RF accelerators (≲ 100 MeV/m). In the

blowout regime, an order-of-magnitude estimate for the accelerating gradient (Eq. 2.139) is,

in terms of dimensional quantities, eEz/mecωp ≈ −1. Hence, Ez ∝ ωp. However, Eq. 2.140

shows that for a fixed laser wavelength (and hence ω0), the energy gain in a single stage

of LWFA in the blowout regime scales as ∆γmec
2 ∝ ω−2

p . Thus, as the plasma density is

increased, the accelerating gradient increases, but the energy gain decreases. This can be

addressed in principle by chaining together an increasing number of LWFA stages to achieve

a specified beam energy, but this introduces a number of significant technical challenges. The

goal of using a flying focus laser driver in LWFA is to address this problem by extending

the acceleration length far beyond the dephasing length for a fixed laser wavelength and

plasma density. This allows one to increase the accelerating gradient without decreasing

the acceleration length in a single plasma stage. This method is presented using an ASTRL

flying focus in Chapter 6.

2.8 Beam loading

The concept of “beam loading” refers to tailoring of the witness beam profile in order to make

Fz ≈ −eEz constant within the region of the beam. Why is this necessary? Suppose the

longitudinal electric field varies within the region of an accelerating witness beam in a laser

wakefield accelerator. Then the beam will acquire an energy spread. This is detrimental

because most applications of particle beams require a low energy spread (including collider

physics). As shown in Eq. 2.99, the accelerating field in the blowout regime is approximately

Fz(ξ, r) ≈ −ξ/2. At first sight, the ξ-dependence may seem to be a problem. However, this

profile does not include feedback from the witness beam itself on the wake, which modifies

the fields.

Beam loading was first considered in the linear regime of LWFA in Ref. [115]. Following a
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suggestion from S. van der Meer [116], Katsouleas et al. considered a beam with a trapezoidal

current profile (i.e., a current profile linear in ξ). The parameters for the bunch can be

found by requiring that the the wakes from the laser and from the witness beam produce

a constant accelerating field when linearly superposed. In the nonlinear regime, the details

are more complicated because linear superposition does not apply. Tzoufras et al. provided

a breakthrough in Refs. [99] and [117]: it was shown through analytic calculations and

supporting simulations that an electron beam with a trapezoidal current profile can flatten

the accelerating field in the nonlinear regime, just as in the linear regime. In this section, the

main details of this calculation are presented in a slightly simpler way. Although the rest of

the dissertation will not make use of the detailed calculations in this section, the calculations

illustrate the concept of beam loading which is employed in Chapter 6.

The starting point of Tzoufras et al. is Lu’s model for the electron sheath (Refs. [97] and

[98]) under the simultaneous limits β → 0 and βr2b → ∞. Under these limits, ψ ≈ 1
4
[rb(ξ)

2−r2].

From Eq. 2.80, the force experienced experienced by an electron with vz ≈ c and disjoint

from any other particle beams is Fz ≈ ∂ξψ. Hence we obtain

Fz(ξ, r) ≈
1

2
rb(ξ)r

′
b(ξ) (2.142)

This is the same force as in the delta sheath model.

We seek a functional form rb(ξ) such that Fz(ξ, r) is a constant value Fz0 for ξ ∈ [ξ−, ξ+].

Since Fz(ξ, r) = 1
4
Dξ(rb(ξ)

2), we can immediately integrate in ξ to obtain the required shape

of the bubble in the region of the bunch:

rb(ξ)
2 = r2b+ + Fz0(ξ − ξ+), ξ ∈ [ξ−, ξ+] (2.143)

where rb+ ≡ rb(ξ+). This tells us the required shape of the bubble to produce the flat

accelerating field: a paraboloid. The key insight of Ref. [99] is that the beam profile required

to produce this rb(ξ) can be obtained using the differential equation relating the bubble radius

and the beam current derived in Refs. [97] and [98]. In the limit of β → 0 and βr2b → ∞, the
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differential equation for the radius of the wake (Eq. 2.108) may be approximated as(
1

4

)
r2br

′′
b +

(
1

2

)
rb(r

′
b)

2 +
rb
4

=
Λ(ξ)

rb
(2.144)

which is the same as Eq. 2.131 with the r′′b term dropped. The current profile Λ(ξ) is as yet

undetermined. Substituting into Eq. 2.144 the equation for rb(ξ) in Eq. 2.143 and evaluating

the derivatives, the following current profile is obtained:

Λ(ξ) = F 2
z0 +

r2b+
4

+ Fz0(ξ − ξ+), ξ ∈ [ξ−, ξ+] (2.145)

This shows that under these approximations, the beam current profile required to flatten the

accelerating field is linear in ξ, or trapezoidal. The maximum length of the bunch Lb = ξ+−ξ−

can be estimated from Eq. 2.143 by setting rb(ξ−) = 0. This yields

Lb =
r2+
4Fz0

(2.146)

The current at the bunch head and tail Λ± ≡ Λ(ξ±) may be evaluated from Eq. 2.145 as

Λ+ = F 2
z0
+
r2b+
4

(2.147)

Λ− = F 2
z0 (2.148)

The total charge Q = 2π
∫
Λ(ξ) dξ may then be calculated as Q = 2π · 1

2
(Λ−+Λ+)Lb, yielding

Q =
π

16

(
8F 2

z0 + r2b+
)(r2b+

Fz0

)
(2.149)

Equations. 2.145–2.149 can be used to design a beam profile for the wake driven by a laser or

particle beam. A simulation without a beam can initially be run, from which one can read

off Fz0 and rb+ at a chosen location for the beam head ξ+. The tail position ξ− can be any

value such that ξ+ − ξ− < Lb from Eq. 2.146. The beam current at the head and tail are set

according to Eq. 2.147 and Eq. 2.148.

The equations can also be re-cast in terms of Rb ≡ maxξ rb(ξ) instead of rb+. This can be

done by integrating the equation of the bubble trajectory in the region where the beam is
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not present (ξ > ξ+). We define the coordinate system so that the maximum radius occurs

at ξ = 0. Hence rb(0) = Rb and r′b(0) = 0. It is assumed that the head of the beam is behind

the slice of maximum radius, i.e., ξ+ < 0. For ξ ∈ [ξ+, 0], the equation for the bubble radius

is rbr′′b + 2(r′b)
2 + 1 = 0. Since Fz = 1

2
rbr

′
b, we have 2∂ξFz = rbr

′′
b + (r′b)

2. Eliminating the rbr′′b

term from the differential equation using this identity, writing ∂ξ = r′b∂rb , and eliminating

the remaining r′b factors using r′b = 2Fz/rb, we obtain the equation(
4Fz
rb

)
∂rbFz +

4F 2
z

r2b
+ 1 = 0 (2.150)

Defining u ≡ 2Fz/rb and rewriting Eq. 2.150 in terms of u, we obtain

u∂rb(rbu) + u2 + 1 = 0 (2.151)

Using the product rule, this can written as

1

2
rb∂rbu

2 + u2 + 1 = 0 (2.152)

Defining v ≡ u2 + 1, this reduces to

1

4
rb∂rbv + v = 0 (2.153)

which is separable and can be integrated to obtain

v(ξ)

v(ξ0)
=

(
rb(ξ)

rb(ξ0)

)−1/4

(2.154)

for any ξ0. Now using Fz(0) = 0, rb(0) = Rb, Fz(ξ+) = Fz0, and rb(ξ+) = rb+, we obtain

1

2
(

2Fz0

rb+

)2
+ 1

=

(
rb+
Rb

)4

(2.155)

This leads to a quadratic equation for rb+ which can be solved to obtain

r2b+ = −4F 2
z0 +

√
16F 4

z0 +R4
b (2.156)
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This equation allows rb+ to be eliminated in favor of Rb in Eqs. 2.145–2.149. Doing so, we

obtain

Λ(ξ) =

√
F 4
z0 +

R4
b

16
+ Fz0(ξ − ξ+) (2.157)

Λ+ =

√
F 4
z0 +

R4
b

16
(2.158)

Λ− = F 2
z0 (2.159)

Lb =
1

Fz

[√
F 4
z0 +

R4
b

16
− F 2

z0

]
(2.160)

Q =
πR4

b

16Fz0
(2.161)

The equation for Q in Eq. 2.161 had a typo in Ref. [99] which was corrected in Ref. [117].

Note that the total beam energy gain, which scales as QFz0, is independent of Fz0. However,

the energy gain per particle, which scales as Fz0, is in competition with the total charge

because Q ∝ F−1
z0 .

In this flow of calculations, one begins with the desired form for Fz(ξ, r), obtains rb(ξ)

by solving Eq. 2.142, and calculates the required Λ(ξ) using Eq. 2.144. This procedure can

be repeated using more complex sheath models or non-constant Fz profiles. For example,

in Ref. [118], a more accurate model for the sheath in the rear of the bubble was described.

This model was demonstrated to improve the accuracy of the beam loading over the simpler

model presented in this subsection. For the purposes of this dissertation, the simpler model

presented here will suffice.

2.9 Witness beam evolution

In Sec. 2.8, it was assumed that the beam profile is invariant in time. In general, the witness

beam will evolve. Here the evolution is considered. Before proceeding, we note that there

is a vast literature on this subject. Key concepts include emittance preservation, beam

matching, Courant-Snyder parameters, differences between projected and slice parameters,
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and differences between the geometric and normalized emittance. The purpose of this section

is not to be complete but to derive the beam matching condition and address the preservation

of the normalized emittance. A more complete overview of this subject for PBA and definitions

of these terms can be found in Ref. [119].

In general, there are two possible approaches: the motion of a single particle can be

considered and then averaged over an ensemble of noninteracting particles, or the Vlasov

equation can be considered for the beam. Both treatments lead to the same result and are

thus equivalent. Here we follow the latter approach. We assume that the beam is chosen

self-consistently as in Sec. 2.8 so that Fz is constant in space and time. We also assume the

focusing force is linear as in Eq. 2.98. This leads to the system
∂tf + v · ∇xf + F⊥ · ∇p⊥f + Fz∂pzf = 0

Fz(t, z, r) = Fz0

F⊥(t, z, r) = −1
2
mc2k2prr̂

(2.162)

This approach is taken to simplify the ideas as much as possible. One can generalize this

approach by starting with the Vlasov equation under the quasistatic approximation and

considering each slice of the beam separately. Under this form for F⊥, the motion in x and y

is decoupled.

To understand the evolution of the beam, we consider the time evolution of the macroscopic

quantities ⟨x2⟩, ⟨p2x⟩, and ⟨xpx⟩, defined by

⟨x2⟩ ≡
∫
x2f(t,x,p) dx dp (2.163)

⟨p2x⟩ ≡
∫
p2xf(t,x,p) dx dp (2.164)

⟨xpx⟩ ≡
∫
xpxf(t,x,p) dx dp (2.165)

These quantities are only functions of time and are referred to as projected quantities for the

beam. Other averages are defined as ⟨g(x,p)⟩ =
∫
g(x,p)f(t,x,p) dx dp. From the Vlasov
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equation, we may compute Dt⟨x2⟩ as

Dt⟨x2⟩ =
∫
x2Dtf dx dp (2.166)

=

∫
x2
[
− vx∂xf − vy∂yf − vz∂zf

+
1

2
mc2k2px∂pxf +

1

2
mc2k2py∂pyf − Fz0∂pzf

]
dx dp (2.167)

=

∫
2xvxf dx dp (2.168)

= 2⟨xvx⟩ (2.169)

where the third line follows from integrating each term by parts. Similarly, we obtain

Dt⟨p2x⟩ = −mc2k2p⟨xpx⟩ (2.170)

and

Dt⟨xpx⟩ = ⟨vxpx⟩ −
1

2
mc2k2p⟨x2⟩ (2.171)

We assume that the pz dependence of f is strongly peaked in momentum space about

(px, py, pz) = (0, 0, pz0(t)) with spread (∆px ,∆py ,∆pz). Under this approximation, the Lorentz

factor is roughly constant throughout the beam with γ(p) ≈ pz0(t)/mc ≡ γb(t) and pz0(t) =

pz0(0) +
∫ t
0
Fz0(t

′) dt′ as long as ∆2
pz ≪ p2z0 and ∆px ≪ pz0/2. We assume these conditions

hold. Under this approximation, we have

⟨xvx⟩ =
1

mγb(t)
⟨xpx⟩ (2.172)

⟨vxpx⟩ =
1

mγb(t)
⟨p2x⟩ (2.173)

Using these identities, we obtain the following equations:

Dt⟨x2⟩ = − 2

m2c2k2pγb(t)
Dt⟨p2x⟩ (2.174)

D2
t ⟨p2x⟩ =

1

2
(mc2k2p)

2⟨x2⟩ −
c2k2p
γb(t)

⟨p2x⟩ (2.175)
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These coupled equations lead to oscillatory motion for both ⟨x2⟩ and ⟨p2x⟩ at a characteristic

frequency

ωβ ≡ ωp√
2γ

(2.176)

which is referred to as the betatron frequency.

Is it possible to find solutions for which D2
t ⟨p2x⟩ ≈ 0 so that ⟨x2⟩ and ⟨p2x⟩ do not oscillate?

We can seek them. Setting the right-hand side terms equal in Eq. 2.175, we obtain the

relationship

⟨p2x⟩ =
γb(t)m

2c2k2p
2

⟨x2⟩ (2.177)

This equation must be self-consistent with Eq. 2.174. Differentiating and substituting the

resulting equation for Dt⟨p2x⟩ into Eq. 2.174 yields

−1

2
γb(t)m

2c2k2pDt⟨x2⟩ =
1

2
γb(t)m

2c2k2pDt⟨x2⟩+
1

2
γ̇b(t)m

2c2k2p⟨x2⟩ (2.178)

Simplifying yields

Dt⟨x2⟩ = −1

2

(
γ̇b(t)

γb(t)

)
⟨x2⟩ (2.179)

Solving by separation of variables and using Eq. 2.177 to find ⟨p2x⟩, we obtain

⟨x2⟩ =
(
γb(t)

γb(0)

)−1/2

⟨x2⟩0 (2.180)

⟨p2x⟩ =
(
γb(t)

γb(0)

)1/2

⟨p2x⟩0 (2.181)

where

⟨p2x⟩0 =
[
1

2
γb(0)m

2c2k2p

]
⟨x2⟩0 (2.182)

These solutions exactly satisfy Eq. 2.174. The time dependence of ⟨p2x⟩ implies that Eq. 2.175

is not exactly satisfied. Eq. 2.175 implies that the first-order correction to the solutions in

Eq. 2.180–2.181 will exhibit oscillatory motion at frequency ω(1) = 1
2

√
γ̇b/γb. The condition

for the solutions in Eq. 2.181–2.181 to be accurate is that ω(1) ≪ ω(0) = ωβ. Assuming Fz0 is

constant, this leads to the condition

Fz0
mc2kp

≪
√
2γb (2.183)
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The left-hand side is typically of order unity in the nonlinear blowout regime, while γb is

typically ≫ 1. Thus, this condition is typically satisfied.

To summarize more practically, Eq. 2.182 is a matching condition. It shows how to design

the witness beam: given the beam spot size and Lorentz factor, the transverse momentum is

set to the appropriate value (or vice versa). Using the notation σpx ≡
√
⟨p2x⟩ and σx ≡

√
⟨x2⟩,

this matching condition can be expressed in dimensionless units in the more familiar form

σpx = γbkβσx (2.184)

where kβ ≡ kp/
√
2γb is the betatron wavenumber. From Eq. 2.177, this matching condition

will be satisfied for all time if it is satisfied initially. Under this condition, the spot size will

not oscillate at a frequency ωβ, but will adiabatically contract as the transverse momentum

spread adiabatically increases according to Eqs.2.180 and 2.181. The matching condition can

also be expressed as

σx′ = kβσx (2.185)

where x′ ≡ vx/c is the notation often used in the accelerator physics community.

We conclude this section by commenting on the normalized emittance ϵN , defined as

ϵN ≡ ⟨x2⟩⟨p2x⟩ − ⟨xpx⟩2 (2.186)

The normalized emittance is conserved for any beam solution of the system in Eq. 2.162 with

a linear focusing force and uniform accelerating field. This can be shown by direct calculation:

Dtϵ
2
N = Dt

[
⟨x2⟩⟨p2x⟩ − ⟨xpx⟩2

]
(2.187)

= ⟨x2⟩Dt⟨p2x⟩+ ⟨p2x⟩Dt⟨x2⟩ − 2⟨xpx⟩Dt⟨xpx⟩ (2.188)

= ⟨x2⟩
[
−mc2k2p⟨xpx⟩

]
+ ⟨p2x⟩

[
2

mγb(t)
⟨xpx⟩

]
− 2⟨xpx⟩

[
1

mγb(t)
⟨p2x⟩ −

1

2
mc2k2p⟨x2⟩

]
(2.189)

= 0 (2.190)
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In particular, ϵN is conserved even if the beam is not matched using the matching condition

in Eq. 2.182. However, if the beam is not matched, then the resulting oscillations of the beam

spot size are problematic. If the beam’s spot size is oscillating and there is any energy spread

in the beam, then particles with different energies oscillate at different betatron frequencies.

This results in phase mixing and leads to growth of the normalized emittance [119]. In

addition, if the beam’s spot size is oscillating and the beam exits the accelerator at any time

other than the moment when Dt⟨x2⟩ ≈ 0, then the beam will diverge upon exiting and will

not be able to be transferred to the target or next stage without corrective beam optics.

2.10 Simulation of laser wakefield acceleration in the blowout regime

John Dawson wrote: “There are no God-given correct methods of simulation, there are only

approximations with varying advantages and disadvantages” [75]. This is certainly true for

simulation of LWFA in the blowout regime. The main simulation methods are introduced

at a conceptual level in Chapter 1. This section goes into more detail on their subtleties,

advantages, disadvantages, and history.

2.10.1 The particle-in-cell algorithm

The fully electromagnetic particle-in-cell algorithm is the highest-fidelity method for com-

putational modeling of plasmas. It is also the most computationally expensive. The key

idea is to approximate the system of Maxwell’s equations coupled to the evolution of point

particles (Eqs. 2.2–2.11) using finite-size particles and a discretization for the evolution of

Maxwell’s equations (E,B, ρ, and J are represented on grids and are advanced discretely in

time). In this context, the finite-size particles are referred to as macroparticles. If the effects

of point-particle interactions on the length scale below that of the particle shape function

are negligible compared to the physics determined by interactions outside this length scale,

then finite-size particles provide a reasonable approximation. In particular, for a collisionless
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plasma for which the physics is completely dominated by the collective plasma response, PIC

is typically the most computationally effective approach. An alternative is a finite-difference

discretization of the Vlasov-Maxwell system, but this requires a 6D grid for the distribution

function and can become computationally infeasible. The most common implementation of

the PIC algorithm is summarized in Fig. 1.3 and the surrounding text. Here more technical

details are supplied, especially those of relevance to this dissertation.

Numerical dispersion, which refers to alteration of dispersion properties of waves due to

discretization, is an important subtlety of the PIC algorithm. For example, the simplest

discretization for the fields is a second-order explicit finite-difference solver on the so-called

Yee mesh [120] with uniform grid spacing ∆x and a timestep ∆t. There have been efforts to

develop mesh refinement but these are not discussed here. For a uniform grid spacing, it can

be shown that the physical dispersion relation for plane waves propagating in the ẑ direction

in vacuum

ω2 = k2 (2.191)

becomes with the Yee solver

[ω]2t = [k]Ez [k]Bz (2.192)

where

[ω]t = ω sinc

(
ω∆t

2

)
(2.193)

and

[k]Ez = [k]Bz = k sinc

(
k∆z

2

)
(2.194)

with sinc(x) ≡ sin(x)/x [4]. By Taylor-expanding the sinc function, the solution to the

numerical dispersion relation can be estimated as

ωYee ≈ k +
k3

24

[
−∆z2 +∆t2

]
(2.195)

This leads to an estimate for the group velocity vg = ∂kω for the Yee solver of

vg,Yee ≈ 1 +
k2

8

[
−∆z2 +∆t2

]
(2.196)
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The first term is the expected vacuum group velocity, vg = 1. The second is an alteration

due to numerical dispersion. Thus, for physical problems sensitive to the group velocity of

the laser, such as LWFA, effects of numerical dispersion can be problematic. In particular,

the Yee solver requires ∆t < ∆z as a necessary condition for stability, so the second term is

always negative. Thus, the Yee solver results in a forward-propagating wave packet traveling

subluminally in vacuum. The group velocity difference is approximately the same when

accounting for linear plasma dispersion, though in this case the parameters can be chosen so

that the numerical difference is smaller than the physical difference to due to linear dispersion.

The same ideas also apply when including nonlinear interaction.

The effect of numerical dispersion can typically be controlled by decreasing ∆z and ∆t,

e.g., in Eq. 2.196. Another option is to customize the field solver coefficients. This was the

focus of much research carried out by the UCLA Plasma Simulation Group during the 2010s,

mostly for the sake of addressing the numerical Cherenkov instability. Details about this latter

form of numerical dispersion, which occurs prominently in the context of Lorentz-boosted

simulations of LWFA, are discussed in Appendix A. Most noteworthy for this dissertation

was the development of the “dual solver”, introduced in Ref. [61]. This finite-difference field

solver is designed to reduce numerical dispersion for light propagating along the ẑ direction.

This field solver enabled the PIC simulations carried out in Chapters 5 and 6, which would

not have been possible with the Yee solver.

PIC simulations of LWFA also can benefit from cylindrical mode expansion [77, 78]. In

this description, which is appropriate for systems with a high degree of azimthual symmetry

such as LWFA, grid quantities (E,B, ρ,J) are approximated by a truncated Fourier series

with respect to ϕ. This allows the 3D structure of the fields to be captured using 2D grids.

Macroparticles are still pushed in 3D, but there is a substantial speedup because the number

of macroparticles required is significantly lower than in Cartesian 3D geometry (and also

because of the speedup of the field solver). This method was used extensively throughout my

doctoral research.
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Lorentz-boosted simulations [83, 84] are another method that can lead to substantial

speedup in PIC simulation of LWFA. This simulation method is discussed in detail in

Appendix A. This method is not used in simulations of this dissertation. The PIC algorithm

has been implemented in many computer codes over the decades. At the time of writing,

the most commonly used PIC codes for modeling LWFA include OSIRIS [2], EPOCH [121],

FBPIC [122], WarpX [123], and SMILEI [124].

2.10.2 The ponderomotive guiding center PIC algorithm

The ponderomotive guiding center approximation can be built into the PIC algorithm.

The algorithm is the same as the original PIC algorithm with a modified particle pusher

for the macroparticles to account for the ponderomotive force (Eq. 2.27) coupled to an

additional grid which discretizes Â and evolves it using Eq. 2.43. The original PIC simulation

quantities E,B, ρ,J,x,p are then interpreted as the slowly-varying quantities Ē, B̄, ρ̄, J̄, x̄, p̄.

No additional correction is required for deposition of J and ρ, as in quasistatic PIC codes.

Using this approximation, the laser wavelength and frequency no longer need to be

resolved. For typical LWFA simulations, this leads to a speedup of ≈
(
k0
kp

)2
because the

longitudinal resolution and temporal resolution both change from ∝ k−1
0 to ∝ k−1

p . Hence, it

can be significantly faster than the full PIC algorithm. Unlike with quasistatic PIC codes,

it retains the ability to model the physics of injection and is not prone to inaccuracy or

instability near the back of the wake. The main drawbacks are the possible breakdown of the

PGC approximation if the laser becomes significantly redshifted or spatially distorted and

sensitivity of the laser solver to numerical instability.

The PGC PIC algorithm, which was historically preceded by the quasistatic PIC algorithm,

was first implemented in the code turboWAVE, introduced in Ref. [107]. Later it was

implemented in VORPAL [125], OSIRIS [126], ALaDyn [127], and SMILEI [128]. It was

also recently shown how this method can be applied in a Lorentz-boosted frame [129]. This

method is not employed in this dissertation.
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2.10.3 Quasistatic PIC algorithms

Quasistatic PIC algorithms are the third main method for simulation of LWFA in the

blowout regime. In these codes, the full quasistatic approximation is applied. The algorithm

integrates particle trajectories throughout the entire simulation box using Eq. 2.49 and

Eq. 2.50, assuming that all laser and particle beams do not evolve during this time. However,

this is complicated by the fact that the slowly-varying fields Ē and B̄ and particle positions

and momenta are not time-centered as in the full PIC algorithm, so a leapfrog algorithm

cannot be employed. The fields are determined as the particles are advanced through an

iterative process. For this reason, along with other subtleties with deposition of the particles

and parallelization, the quasistatic PIC algorithm is more complex than the full PIC and

PGC PIC algorithms. In addition, quasistatic PIC algorithms can break down near the back

of the wake, where factors of 1/(1− vz) appearing in the plasma source terms (Eqs. 2.68 and

2.69) can blow up. In particular, quasistatic PIC codes cannot easily self-consistently model

the physics of injection of particles from the plasma into the wake because a different pusher

is ordinarily used for the beam particles and plasma particles.

When these limitations do not affect the physics of interest, the quasistatic PIC code

can be 104 to 106 times faster than full PIC with robust accuracy. For LWFA, the smallest

longitudinal spatial scale changes from the laser wavelength to the plasma skin depth, as

with the PGC PIC algorithm. However, the temporal timescale becomes not ω−1
p , but the

length scale for evolution of the laser envelope ∆s ≫ 0−1
p . The speedup relative to full PIC

thus scales for LWFA as
(
k0
kp

)2
kp∆s.

The first quasistatic PIC code was WAKE, introduced in Ref. [26]. Mora and Antonsen

recognized the need to weight particle charge and current depositions by a factor of 1/(1− vz)

for plasma particles (see Eqs. 2.68 and 2.69). Later came QuickPIC [79, 80], which was

the first fully 3D quasistatic PIC code. HiPACE++ was developed subsequently [82].

QPAD [39, 81] was later introduced, the acronym meaning “QuickPIC with Azimthual
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Decomposition”. This code integrates the azimuthal mode decomposition discussed above

with the QuickPIC algorithm. QPAD enabled the simulations in Chapter 6, which would

have been computationally infeasible with full PIC.

2.11 Summary

The Vlasov-Maxwell system provides a mathematical starting point for theoretical and

computational modeling of LWFA in the blowout regime. However, it is analytically intractable.

More tractable equations can be obtained by applying the ponderomotive guiding center

approximation and quasistatic approximations. The resulting equations can be used for

phenomenological description of various aspects of LWFA in the blowout regime, including

the structure of the plasma wake, laser evolution, beam loading, and witness beam evolution.

Though analytically intractable, the full Vlasov-Maxwell system can be simulated using

the PIC algorithm. This provides the highest-fidelity simulations of LWFA. The equations

resulting from application of the PGC approximation and quasistatic approximation can also

simulated using the PGC PIC algorithm and quasistatic PIC algorithm. These methods can

be significantly faster than the full PIC method.
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CHAPTER 3

On the Scaling Laws for the Acceleration Length and

Energy Gain in the Blowout Regime of LWFA in Uniform

Plasma

The present chapter is motivated by recent developments at ELI Beamlines [130], where

experiments of LWFA with laser powers in the range of 3–10 PW at 150 fs (energy of 0.5–1.5

kJ) and at plasma densities in the range of 1016 − 1017 cm−3 may soon be possible. The

theory of Lu et al. [1], presented in Chapter 2, provides scaling laws for the energy gain and

acceleration length. Based on these, one would expect that energy gains of 30–80 GeV in a

single several-meter stage of uniform plasma are possible in the near term with the above

laser and plasma parameters.

In Lu et al., it was recognized that assumptions made to obtain the scaling laws would

not continue to apply as the density was lowered because self-guiding of the laser pulse would

not continue to scale. It was suggested that this issue could be compensated by scaling

the laser amplitude as a0 ∝ (n/nc)
−1/5. However, simulation tools for determining at what

plasma density the scaling laws would begin to overestimate the energy gain did not exist

until recently.

In this chapter, we use QPAD simulations to quantitatively investigate the scaling laws

of Lu et al. as ω0/ωp is increased for fixed normalized laser parameters. As expected, these

simulations suggest that the scaling laws overpredict the energy gain and acceleration length

beyond a sufficiently large ω0/ωp. QPAD simulations show that this transition occurs for
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ω0/ωp ≳ 75 for fixed dimensionless values of a0 = 4, kpw0 = 4, and ωpτrise = ωpτfall = 4.

Beyond this threshold, the laser self-guiding length Lguide (defined for simplicity as the

z for which max e|Ê|/mcω0 decreases by a factor of 2 from its initial value), satisfies the

scaling Lguide ≈ 25zR and is less than Ld (the laser etching or dephasing length). For

these dimensionless parameters, it is found that the acceleration length and energy gain

approximately satisfy Lacc ≈ 25zR and ∆γ ≈ 25kpzR for ω0/ωp ≳ 250, where the threshold is

different because of subtle details in the evolution of the wake and laser beyond depletion.

These results have consequences both for near-term and long term experiments. In the

near-term, the simulations suggest that energy gains of 20–30 GeV may be possible at ELI

beamlines. In the long term, they place constraints on the regimes within which LWFA can

be efficiently operated, a concern that constrains design choices for an LWFA-based linear

collider. The chapter does not include simulations of LWFA driven by flying focus pulses.

However, the results are relevant in this context, because the motivation for using flying focus

pulses is based on an accurate understanding of the energy gain and acceleration length for

LWFA driven by a single laser pulse. This is discussed in the conclusion.

3.1 Introduction

In laser wakefield acceleration (LWFA), the acceleration length and the total energy gain for an

accelerating beam are critical system parameters. Models for these parameters as a function

of basic quantities such as the laser wavelength, laser power, and plasma density are essential

for designing the system. Nearly two decades ago, Lu et al. in Ref. [1] provided estimates for

these quantities as a function of the laser and plasma parameters in the self-guided blowout

regime. As discussed in Chapter 2, Ref. [1] provided the estimates ∆γ ≈ 2
3

(
ω0

ωp

)2
a0 and

Lacc = Ld ≈ 4
3

(
ω0

ωp

)2√
a0 where the laser satisfies the matching condition kpw0 = 2

√
a0. It

was noted that these estimates also apply when the laser is externally guided by a plasma

channel.
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A key assumption of the model of Lu et al. is that the length scale for self-guiding of the

laser Lguide occurs over a distance at least as large as the dephasing length Ld, i.e., Lguide ≥ Ld.

This assumption is explicitly acknowledged in Ref. [1], where it was found to be valid at a

frequency ratio ω0/ωp ≈ 34 for a0 = 4 using 3D PIC simulations. However, the validity of

this assumption for higher ratios of ω0/ωp (i.e., lower density for a fixed laser wavelength)

was not demonstrated and was left as an open research question. Lu et al. pointed out that

they did not not expect the scalings to hold for arbitrary plasma densities and argued that it

could be addressed by proportionately increasing the laser amplitude as a0 ∝ (n0/nc)
−1/5.

It is important and timely to examine these scaling laws for the energy gain and acceleration

length because they inform experimental decisions and exploration of new concepts in

LWFA. For example, modern high-power laser facilities such as ELI beamlines are on the

verge of exploring previously untested laser-plasma parameters (density in the range of

n0 ≈ 1016 − 1017 cm−3 for λ0 ≈ 1000 nm so that 100 ≲ ω0/ωp ≲ 300). As another example,

flying focus concepts have been recently proposed to outperform single-pulse concepts [37, 38];

fair comparison requires an accurate understanding of the physics of LWFA with a single

pulse.

In spite of the importance, there have been relatively few studies systematically inves-

tigating the accuracy of the scaling laws. A parameter scan in Ref. [131] using quasistatic

PIC simulations demonstrated that the Lu et al. scaling laws continue to work in the weakly

nonlinear regime (a0 ≈ 2) up to ω0/ωp = 2000 when a plasma channel is used to guide

the laser. Another parameter scan in Ref. [114] showed that the scaling laws continue to

work in uniform plasma in the blowout regime with fixed dimensionless values a0, kpw0, and

ωpτ0 (a0 = 4.44 in this case) up to ω0/ωp ≈ 80 using fully electromagnetic PIC simulations

with azimuthal mode decomposition (quasi-3D geometry) [78]. Isolated cases in Ref. [85]

using 3D PIC in a Lorentz-boosted frame demonstrated the accuracy of the scaling laws up

to ω0/ωp ≈ 80 with a0 = 5.8 in uniform plasma but suggested a slight overestimation at

ω0/ωp ≈ 280 with a0 = 2 in a plasma channel (53 GeV predicted, 40 GeV simulated) with
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external guiding. At the time of writing, parameter scans in the blowout regime in uniform

plasma with densities extending down to those relevant for modern multi-petawatt laser

systems appear not to be published.

In this chapter, this gap in the literature is addressed. The scaling laws for LWFA in

uniform plasma in the blowout regime with fixed dimensionless values of a0 = 4, kpw0 = 4,

and ωpτrise = ωpτfall = 4 are investigated using quasistatic PIC simulations. We find that for

ω0/ωp ≲ 50 the self-guiding length satisfies Lguide ≈ 1.5Ld. For ω0/ωp ≳ 75, the simulations

suggest that Lguide ≈ 25zR. These scalings are reflected in the energy gain and acceleration

length: for ω0/ωp ≲ 150, the Lu et al. scalings still hold for these quantities. However, for

ω0/ωp ≳ 250, the scalings ∆γ ≈ 25kpzR and Lacc ≈ 25zR better describe the data. The Lu et

al. scalings hold up to ω0/ωp ≈ 250 even though Lguide ≈ Ld at ω0/ωp ≈ 75 because of the

additional subtle physics of the evolution of the laser and wake beyond guiding. Between

the lower and upper thresholds, there is a smooth transition from one scaling to the other

for each quantity. The ramifications of these findings are discussed and future directions are

provided in the conclusion.

3.2 Results

The results are naturally divided into subsections on (1) the simulation setup, (2) the evolution

of the laser and wake, and (3) particle acceleration.

3.2.1 Simulation Setup

The tool we use to study these scaling laws is QPAD [39, 81]. QPAD is a quasistatic PIC

code which features azimuthal mode decomposition as in Ref. [78]. It solves for the evolution

of the electromagnetic fields and particle trajectories for the wake using the quasistatic

approximation. The field quantities and plasma source terms are decomposed into azimuthal

Fourier series; the different modes are represented on grids in r and ξ. The quasistatic
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approximation and QPAD are discussed in more detail in Chapter 2.

In order to test the scaling laws, a simple parameter scan is carried out. For each

simulation, the normalized laser parameters are a0 = 4, kpw0 = 4, ωpτrise = ωpτfall = 4. The

polynomial profile from Ref. [1] is used for the longitudinal envelope. These parameters were

chosen for simplicity and are not optimized. A range of densities from n0 = 1× 1019 cm−3 to

n0 = 1× 1015 cm−3 for a physical wavelength of λ0 = 1000 nm are tested by using a different

different frequency ratio ω0/ωp for each simulation. For each case, the laser is focused to the

entrance of the plasma.

In each simulation, the bounds of the computational domain are kprmax = 204.8 and

kp(ξmax − ξmin) = 17. The relatively large transverse box size (rmax ≈ 50w0) was chosen to

ensure there were no spurious numerical effects at the transverse boundary. The value could

probably be decreased. The longitudinal box size is large enough to capture one bubble of

the plasma wake. In all cases, a timestep of kp∆s ≈ 10 is used. The exact value was shifted

slightly in order to get the simulation output diagnostics to correspond to the same number

of multiples of Ld or zR. In all cases, kp∆s ∈ [6, 11]. This choice was informed by Ref. [8],

where it was found that kp∆s = 10 was required for agreement between QPAD and OSIRIS

using a flying focus driver with k0/kp = 25. Also, in each case a longitudinal resolution

kp∆ξ = 0.01 was used. This choice was also informed by the longitudinal resolution required

in Ref. [8]. The fine longitudinal resolution captures the redshifting of the laser. Sec. 3.3

includes a discussion on these choices. Only one azimuthal mode is used for all simulations.

In each simulation, a matched low-density electron beam is initialized along the axis with

nb/n0 = 0.01 and kpσr = 0.2. This gives a normalized line-charge density of Λ = 2× 10−4, so

feedback from the beam on the wake is negligible. The initial Lorentz factor is γb0 = 2000.

The initial transverse momentum spread of σpx/mc = 6.32 is chosen to satisfy the matching

condition of Eq. 2.182: σ2
px = 1

2
γbm

2c2k2pσ
2
x.

Table 3.1 summarizes the relevant parameters for the simulations that follow. In each case,

a reference wavelenth of λ0 = 1000 nm is used. This is to facilitate comparison with parameters
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n0 [cm−3] λ0 [nm] a0 k0/kp w0 [µm] τrise [fs] PL [PW] EL [J]
1× 1019 1000 4 11 6.7 22 0.016 0.27
5× 1018 1000 4 15 9.5 32 0.031 0.77
2× 1018 1000 4 24 15 50 0.078 3.0
1× 1018 1000 4 33 21 71 0.15 8.7
5× 1017 1000 4 47 30 100 0.31 24
2× 1017 1000 4 75 48 160 0.78 97
1× 1017 1000 4 110 67 220 1.6 270
5× 1016 1000 4 150 95 320 3.1 770
2× 1016 1000 4 240 150 500 7.8 3000
1× 1016 1000 4 330 210 710 16 8600
5× 1015 1000 4 470 300 1000 31 24,000

2× 1015 1000 4 750 480 1600 78 96,000

1× 1015 1000 4 1100 670 2200 160 2.7 ×105

Table 3.1: Summary of the relevant physical and dimensionless quantities associated with

the simulations. For each simulation, kpw0 = 4 and kpτrise = kpτfall = 4. Values are rounded

to 2 significant digits for legibility. The simulations used more precision for the ratio ω0/ωp,

which was calculated from the exact values of n0 in the first column. Any row within the

table can be rescaled to a different laser wavelength and plasma density with the same ω0/ωp.

at the ELI laser facility. These reference densities will be used to identify the simulations

in much of what follows, occasionally with reference to the corresponding dimensionless

parameter ω0/ωp. Each row in Table 3.1 can be rescaled to other laser wavelengths (e.g.,

800 nm) and plasma densities for a fixed ω0/ωp through the scalings w0 ∝ k−1
p , τrise ∝ k−1

p ,

PL ∝
(
k0
kp

)2
(so PL is invariant), and EL ∝

(
k0
kp

)2
k−1
p .

At a density n0 ≤ 1016 cm−3, the characteristic accelerating gradient is mcωp ≈ 10 GeV/m.

For densities below this, the accelerating gradient becomes less than two orders of magnitude

larger than maximum gradient in a conventional accelerator (∼ 100 MeV/m). Thus, there is

a diminishing return to the benefit of using plasma-based acceleration at these densities. In

addition, the laser and plasma parameters of the three lowest-density cases are far beyond

current experimental capabilities. Nonetheless, we will see below that the cases in the density
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range of 1015 − 1016 cm−3 add clarity to the physics.

3.2.2 Evolution of the laser and wake

We begin by considering the evolution of the laser and wake. Figure 3.1 shows snapshots of

the evolution of the laser and wake at z = 0.7Ld for each density. The diagnostic frequency

and ∆s for each simulation were chosen so that all the simulations output data at the same

values of z/Ld; this simplified the analysis. If the evolution of the laser and wake depended

only on the dimensionless parameter z/Ld, then all the images would appear the same in

these normalized units. At this propagation distance, the wake and laser structures appear

similar, though slightly different, for the five cases with n0 ≥ 5 × 1017 cm−3. These cases

suggest that in this density range, the evolution of the laser and wake depend weakly on k0/kp

but still evolve on the length scale of Ld. However, for the cases with n0 ≤ 2× 1017 cm−3,

there is a clear gradual weakening of the laser and the wake. This indicates that for these

cases, Lguide < Ld and the self-guiding length follows a weaker scaling with density than

Lguide ∝ Ld ∝ n−1
0 .

Figure 3.1 suggests a different scaling for the laser guiding length at lower densities.

Figure 3.2 shows the laser and wake evolution for the same cases as in Fig. 3.1 but with

each snapshot shown at a fixed z = 20zR. A separate set of simulations with the same laser

and plasma parameters but different diagnostic frequency and slightly different resolution

in ∆s were run so that the simulations could easily be compared for fixed ratios of z/zR.

The top three cases with n0 ≥ 1 × 1018 cm−3, for which z > Ld, exhibit complete pump

depletion. On the other hand, the structure of the three cases with n0 ≤ 1× 1017 cm−3 is

almost indistinguishable. This suggests that at these lower densities, the Lguide ∝ zR.

To further illustrate this point, the on-axis Ez is plotted in Fig. 3.3 for all the cases in

Figs. 3.1 and 3.2 as well as the four additional cases with densities down to n0 = 1×1015 cm−3.

Figure 3.3(a) shows results for these cases at a fixed z = 0.7Ld. It is clear that the amplitude

of the wake at this fixed z/Ld decreases with density. The alignment of Ez and the shared
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Figure 3.1: Snapshots of the laser envelope and electron charge density at densities ranging

from n0 = 1×1019 cm−3 down to n0 = 2×1016 cm−3 at a fixed z = 0.7Ld, where Ld depends on

the density for each case. If the evolution of the laser and wake depended on the dimensionless

parameter z/Ld, then all the images would appear the same. This is approximately true for

the 5 cases with n0 ≥ 5 × 1017 cm−3. For the cases with n0 ≤ 2 × 1017 cm−3, it is evident

that Lguide < Ld and the self-guiding length follows a weaker scaling with density than

Lguide ∝ Ld ∝ n−1
0 .
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Figure 3.2: Snapshots of the laser envelope and electron charge density as in Fig. 3.1, but

at fixed z = 20zR. The cases with n0 ≥ 1× 1018 cm−3 are fully depleted at this stage. On

the other hand, the three lowest-density cases are nearly indistinguishable in structure. This

suggests that Lguide ∝ zR at these lower densities.

value of kpξ where Ez = 0 in all simulations indicate that the wake velocity satisfies the scaling

βw − 1 ∝
(
ωp

ω0

)2
at all densities, consistent with the model of Lu et al. On the other hand,

Fig. 3.3(b) shows these cases at a fixed z = 20zR. Here it is clear that for n0 ≤ 5× 1017 cm−3,

the wake amplitude is roughly the same for the lower densities. This is consistent with the
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Figure 3.3: On-axis longitudinal electric field in normalized units for cases ranging from

n0 = 1× 1019 cm−3 down to 1× 1015 cm−3. (a) At z = 0.7Ld, it is clear that the normalized

wake amplitude decreases with density. The constancy of the position of the zero-crossing

indicates that βw − 1 ∝
(
ωp

ω0

)2
as in Lu et al. (b) At z = 20zR, the amplitude of the cases

with n0 ≤ 5× 1017 cm−3 is nearly identical. This is consistent with the scaling Lguide ∝ zR at

these lower densities.

scaling Lguide ∝ zR and the bound Lguide ≥ 20zR for these lower densities.

Finally, Fig. 3.4 shows the maximum value of e|Ê|/mcω0 as a function of the propagation

distance scaled by Ld in (a) and by zR in (b). This quantity is plotted instead of e|Â|/mcωp

because the latter peaks at late time with a value much larger than a0. (The quantities are

related by Eq. 2.57: Ê = ik0Â+ ∂ξÂ.) This effect results from photon deceleration associated

with pump depletion [132, 133] and makes the physics of guiding less evident. Figure 3.4(a)

shows that for densities n0 ≥ 5× 1017 cm−3, Lguide ≈ 1.5Ld. As mentioned above, we define

Lguide for simplicity as the length required for max e|Ê|/mcω0 to decrease to half of its initial

value. 1 For lower densities, Lguide is clearly less than Ld and follows a weaker scaling than

1Another relevant length scale is Ldrive, the length scale over which the laser drives the nonlinear wake. For
the cases in this study, Ldrive is approximately the length required for the laser to attain max e|Ê|/mcω0 ≈ 2
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Figure 3.4: Evolution of the maximum of e|Ê|/mcω0 for cases ranging from n0 = 1×1019 cm−3

down to 1 × 1015 cm−3. (a) When plotted against z/Ld, it is clear that the cases with

n0 ≥ 5 × 1017 cm−3 have Lguide ≈ 1.5Ld and exhibit similar dynamics on this length scale.

The cases with n0 ≤ 2× 1017 cm−3 do not propagate as far as Ld follow a different scaling.

(b) When plotted against z/zR, we see that Lguide ≈ 25zR for n0 ≤ 2 × 1017 cm−3. The fit

is the expected evolution under vacuum diffraction with a pulse with an effective Rayleigh

range zR,eff = 12.5zR.

Lguide ∝ Ld. Figure 3.4(b) shows that for densities n0 ≤ 2 × 1017 cm−3, Lguide ≈ 25zR. By

inspection, we found that the data is reasonably well-described by an empirical fit of the form

e|Ê|
mcω0

≈ a0√
1 + (z/zR,eff)2

(3.1)

for the cases with ω0/ωp ≳ 75 where the effective Rayleigh range is zR,eff = 12.5zR. In this

case, Lguide = 2zR,eff. The fit is overlayed in Fig. 3.4(b). This is the same form as for a laser

pulse diffracting in vacuum with zR → zR,eff.

Here we summarize the results from this subsection in dimensionless units. These QPAD

simulations suggest that for the parameters a0 = 4, kpw0 = 4, and ωpτrise = ωpτfall = 4, the

so that Lguide ≈ Ldrive. The two length scales could be different for a different a0.
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guiding length can be estimated as

Lguide ≈


1.5Ld, ω0/ωp ≲ 50

25zR, ω0/ωp ≳ 75

(3.2)

where there is a gradual transition for 50 ≲ ω0/ωp ≲ 75.

3.2.3 Particle Acceleration

The results in the previous section showed that the scaling Lguide ≤ Ld and the scaling shifts

from Lguide ∝ Ld shifts to Lguide ∝ zR for ω0/ωp ≳ 75. These same scalings would be expected

to apply to the energy gain and acceleration length of accelerating electrons because the

acceleration length should satisfy Lacc ∝ Lguide when Lguide < Ld. To study this, a slice from

the beam of test particles initially near the rear of the first plasma bubble is selected. The

region with kpξ ∈ [−11,−10.9] and kpr ∈ [0, 1] is shown by the white box in Fig. 3.5. This

method works because the structure of the wake at early time is nearly identical for all the

cases. Electrons initially located at values of kpξ slightly less than this are lost early on

because of their interaction with the electron sheath in the rear of the bubble. Electrons

ahead of this value experience a lower initial accelerating gradient, but are also accelerated for

a longer distance because it takes a longer distance for the rear of the bubble to cross them.

A more sophisticated analysis was also performed by using a separate ξ value corresponding

to the slice with the highest energy measured during simulation in regions where the beam

current was still close to its initial value (i.e., where electrons were not lost). This more

sophisticated analysis yielded similar results. Results from the less sophisticated analysis are

presented for simplicity.

Figure 3.6(a) shows the evolution of the maximum Lorentz factor (which is almost the same

for every particle in the slice) within this slice as a function of z/Ld for each of the 13 densities

tested. For n0 ≥ 1× 1018 cm−3, the particles are accelerated for approximately Lacc = Ld,

after which they lose energy because of dephasing. The energy gain for n0 ≥ 2× 1017 cm−3
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Figure 3.5: Illustration of the beam (gray) and the slice of the beam selected (white box)

for examining the energy gain of each simulation. The same slice can be used because the

structure of the wake at early time is nearly identical. A more sophisticated analysis using the

ξ slice of maximum energy gain for each simulation yielded similar results. The simulation

shown is the n0 ≤ 2× 1017 cm−3 case at z = 0.5zR.

is found empirically to be ∆γ ≈ 1.2∆γLu. On the other hand, for n0 ≤ 5× 1016 cm−3, the

acceleration length and energy gain are significantly lower than the predictions from Lu et

al. For each case in Fig. 3.6(a), the data is plotted up to the point at which Λ = Λ0/2 for

this slice. The current within this slice as a function of propagation distance is shown in

Figure 3.6(b). In most cases, the current is constant and equal to its initial value until it

abruptly transitions to 0. This occurs when the electron sheath at the rear of the bubble

crosses the beam. This occurs in spite of the particles moving forward with respect to the

etching laser position because of the competing effect of the contracting wake wavelength as

the wake transitions from nonlinear (kpλw ≈ 2
√
amax(z)) to linear (kpλw = 2π)). For some

cases, the transition is less abrupt or exhibits oscillatory motion. This occurs when the rear

sheath does not cross the particles during the transition to the linear wake. A more reliable

indicator of when the beam is no longer useful such as the spot size or normalized emittance

could potentially be used, but this one suffices for this study.

84



Figure 3.6: (a) Evolution of the maximum Lorentz factor for particles in the region kpξ ∈

[−11,−10.9] and kpr ∈ [0, 1]. The energy gain for n0 ≥ 2 × 1017 cm−3 is approximately

∆γ = 1.2∆γLu. For n0 ≤ 5 × 1016 cm−3, the acceleration length and energy gain are

significantly lower than the predictions from Lu et al. (b) Beam current for electrons in this

region. The data in (a) are plotted up to the lowest distance at which Λ ≤ Λ0/2.

From the data in Fig. 3.6, the energy gain ∆E ≡ max
z

∆γ(z)mc2 and acceleration length

Lacc ≡ argmax
z

∆γ(z) can be extracted for each density. These are plotted against the density

in Fig. 3.7. Figure 3.7(a) shows that the Lu et al. scaling ∆γ = 2
3

(
ω0

ωp

)2
a0 is accurate for

n0 ≥ 5× 1016 cm−3. The validity of the scaling law for ∆γ extends beyond where Lguide < Ld

because of the competing effect of the wake wavelength described above. For densities below

this, there is a clear breakpoint in the data for which a weaker power-law scaling holds. By

inspection, the expression ∆γ = 25kpzR models the data well for n0 ≤ 2× 1016 cm−3. One

could obtain a better fit through regression, but this simple model makes good physical

sense. In Fig. 3.7(b), one can see the same trend for the acceleration length Lacc. In this

case, the Lu et al. scaling is almost exact for n0 ≥ 5 × 1017 cm−3. For the density range

5× 1016 cm−3 ≤ n0 ≤ 2× 1017 cm−3, the Lu et al. scaling is less accurate but is still within

a factor of 2. For n0 ≤ 2× 1016 cm−3, there is clearly a different scaling. By inspection, the
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Figure 3.7: The maximum energy gain ∆E ≡ max
z

∆γ(z)mc2 and acceleration length Lacc ≡

argmax
z

∆γ(z) are extracted from the data in Fig. 3.6 and respectively plotted in (a) and

(b). (a): the energy gain is accurately modeled by Lu et al. for n0 ≥ 5 × 1016 cm−3.

∆γ = 25kpzR models the data well for n0 ≤ 2 × 1016 cm−3. (b): the Lu et al. model is

almost exact for the acceleration length for n0 ≥ 5× 1017 cm−3, within a factor of 2 down

to n0 = 5× 1016 cm−3. The acceleration length is more accurately described by the model

Lacc = 25zR for n0 ≤ 2× 1016 cm−3.

scaling Lacc = 25zR fits the data well. The measured values for ∆E and kpLacc in Fig. 3.6

are tabulated in dimensionless units in Table 3.2

Here we summarize the results from this subsection in dimensionless units. These QPAD

simulations suggest that for the parameters a0 = 4, kpw0 = 4, and ωpτrise = ωpτfall = 4, the

change in the Lorentz factor (which is the normalized energy gain) and acceleration length

may be estimated as

∆γ ≈


2
3

(
ω0

ωp

)2
a0, ω0/ωp ≲ 150

25kpzR, ω0/ωp ≳ 250

(3.3)
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n0 [cm−3] ∆E [GeV] Lacc [cm]
1× 1019 0.21 0.050
5× 1018 0.40 0.14
2× 1018 0.98 0.53
1× 1018 1.9 1.6
5× 1017 3.9 5.3
2× 1017 11 29
1× 1017 18 100
5× 1016 24 170
2× 1016 30 220
1× 1016 40 390
5× 1015 54 710
2× 1015 83 1600
1× 1015 120 3200

Table 3.2: Tabulation of the simulated values for the energy gain and acceleration length as

plotted in Fig. 3.7. Other simulation parameters can be cross-referenced with Table 3.1.

and

Lacc ≈


Ld, ω0/ωp ≲ 150

25zR, ω0/ωp ≳ 250.

(3.4)

where both quantities exhibit a gradual transition for 150 ≲ ω0/ωp ≲ 250.

3.3 Discussion and conclusions

In this study, the scaling laws for the acceleration length and energy gain in LWFA were tested

by varying the dimensionless frequency ratio ω0/ωp for fixed dimensionless laser parameters

of a0 = 4, kpw0 = 4, and ωpτrise = ωpτfall = 4. For a reference wavelength of 1000 nm,

the cases correspond to plasma densities ranging from 1× 1019 cm−3 to 1× 1015 cm−3. By

examining the evolution of the laser and wake, it was found that the laser guiding length

Lguide (defined here as the z for which max e|Ê|/mcω0 decreases to half of its initial value)

satisfies Lguide ≈ 1.5Ld for ω0/ωp ≲ 50, consistent with the assumptions of Lu et al (Ref. [1]).
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However, for ω0/ωp ≳ 75, the simulations suggest that Lguide < Ld and Lguide ≈ 25zR, a less

favorable scaling. The transition to this scaling also manifests in the properties of electron

acceleration. We find that the scaling law of Lu et al. Lacc ≈ Ld holds for ω0/ωp ≲ 150, while

Lacc = 25zR better fits the data for ω0/ωp ≳ 250. Similarly, the change in the Lorentz factor

follows the scaling law of Lu et al. ∆γ ≈ 2
3

(
ω0

ωp

)2
a0 for ω0/ωp ≲ 150, while ∆γ ≈ 25kpzR

better fits the data for ω0/ωp ≳ 250. The thresholds are different for laser guiding and for

electron acceleration because of subtle details in the evolution of the wake and laser beyond

depletion.

Here we comment on the accuracy of the simulations. In principle, one would expect

that the required resolution kp∆s scales as the Rayleigh range zR. Using a fixed value

increased the cost of the simulations but simplified the analysis by removing the need for

numerical convergence testing in this parameter. The kp∆ξ = 0.01 parameter may under-

resolve significant redshifting in some of the lower-density simulations. Reference [131]

used the condition k0∆ξ ≤ 2.45 to set the longitudinal resolution. For the lowest-density

simulation in this study, this would correspond to a resolution of kp∆ξ ≈ 0.002, lower than

the simulated value of kp∆ξ = 0.01. The resolution required to resolve redshifting can be

estimated as follows. The maximum change in laser wavenumber can be estimated as ∆k
k0

≈

−1
2

(
kp
k0

)2
kpLguide [68]. Since E⊥ = eik0ξÂϵ̂, this results in an oscillation in the laser envelope

with wavelength λosc = 2π
|∆k| . Using the estimate, we obtain kpλosc ≈ 4π

(
k0
kp

)
(kpLguide)

−1.

Taking Lguide ≈ 25zR and kpw0 = 4, we obtain kpλosc = 0.06 independently of k0 and kp. This

wavelength is marginally resolved with the simulated resolution kp∆ξ = 0.01. Nonetheless,

more simulations are needed at higher longitudinal resolution to confirm the results in this

chapter for the cases with k0/kp ≳ 250.

The accuracy of QPAD for modeling the ponderomotive force in the presence of significantly

redshifted laser light is also an area for investigation. Remarkable agreement between OSIRIS

and QPAD was found in Ref. [8] in the presence of significantly redshifted laser light. The

reasons for the accuracy are not completely clear. The redshifted light can be resolved by
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making ∆ξ sufficiently small, but the accuracy of the expression for J in terms of Â is not

obvious. Explaining the degree to which they agree is an area for future investigation. Another

future direction is to validate QPAD at higher ratios of ω0/ωp against fully electromagnetic

PIC simulations. This was done at ω0/ωp = 25 in Ref. [8]. These simulations become

impractical when ω0/ωp is increased in the lab frame. However, the interaction can in

principle be modeled with fully electromagnetic PIC by simulating the interaction in a

Lorentz-boosted frame. This is an area for future investigation.

Aside from validating the results, a natural next step to extend the research would be

to repeat the study for other pulse shapes and amplitudes to confirm that the behavior

of Lguide ∝ zR is satisfied beyond a threshold ω0/ωp. If so, then knowledge of the value of

ω0/ωp at the transition and the value of the coefficient β for which Lguide = βzR could be

valuable. One could attempt to find a more general parameterization for Lguide as a function

of the dimensionless parameters a0, kpw0, kpτ0, and k0/kp. One could also determine how the

scaling depends on the degree of beam loading or explore varying the focal position of the

laser within the plasma.

Based on the preliminary conclusions of this study, there are several consequences. In the

near-term, the 5× 1016 and 2× 1016 cm−3 cases may be on the experimental horizon for the

ELI laser system. It may then be possible to design an LWFA stage which can accelerate

electrons using controlled self-injection to the order of 20-30 GeV over ∼ 2 m for these laser

and plasma parameters. (Self injection is not modeled by QPAD, but the simulations give an

estimate for the energy gain that would be obtained by particles injected toward the beginning

of the LWFA stage.) While this would be scientifically exciting, these simulations suggest

that the energies would not be in the 30− 80 GeV range predicted by the Lu et al. scaling

for these laser and plasma parameters without additional improvements. In the short term,

this motivates both computational and experimental work to optimize the laser profile to

improve guiding. Improving the guiding by a factor of 2 could enable single-stage acceleration

of electrons to the range of 50 GeV in the near term at laser facilities with 3–10 PW laser
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systems. Guiding can potentially be improved by customization of the usual parameters for a

single pulse (a0, w0, τrise, τfall) as well as full spatiotemporal pulse shaping, e.g., a ξ-dependent

spot size as in Ref. [7]. As mentioned in the introduction, Ref. [1] proposed scaling the laser

amplitude as a0 ∝ (k0/kp)
1/10 to improve guiding as the density is decreased. Methods to

improve the guiding using a precursor laser pulse as in Ref. [134] could also be explored.

Critically, these concepts appear not to have been explored at the relevant values of ω0/ωp

in the range 150 − 250. For example, the precursor study of Ref. [134] was carried out at

ω0/ωp ≈ 34. One could also add modern machine-learning methods into this approach to

optimize the laser guiding length or electron energy gain.

The results also have long-term consequences. The simulations suggest the hypothesis that

for an initial laser profile that scales with k−1
p as in this study, the same phenomenon will be

observed that Lguide ∝ Ld for densities above some threshold density and Lguide ∝ zR below

this value; these scalings would also be expected to apply to Lacc and ∆γ at a potentially

different threshold density as seen here. If this is true, then there are several important

ramifications. First, the laser-to-beam efficiency for a fully loaded wake will be constant

for densities above the threshold, but decrease for densities below this. This is because the

maximum charge that can be loaded in the wake scales as Q ∝ k−1
p , as shown in Chapter 2.

The laser energy scales as EL ∝ k20k
−3
p for fixed kpw0 and ωpτ . Therefore, if ∆γ ∝ (k0/kp)

2,

then the laser-to-beam efficiency given by η = Q∆γ/EL is constant in k0 and kp. On the other

hand, for the scaling ∆γ ∝ kpzR for a fixed kpw0 (so that kpzR ∝ k0/kp), the laser-to-beam

efficiency scales as η ∝ kp/k0. Thus, the efficiency decreases with the scaling. To maximize

efficiency, it is then necessary operate in the higher-density regime for which Lacc ∝ Ld. One

can attempt to push down the density at which the transition occurs by tailoring the pulse

to maximize guiding. However, when using a uniform plasma, these effects ultimately place a

constraint on the parameter space of plasma densities that is viable in the context of linear

collider designs.

We close by noting that the results in this study also add contextual motivation to study
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LWFA driven by flying focus laser pulses. In Ref. [8], it was pointed out that LWFA driven

by a flying focus with an extended acceleration length could be compared to a LWFA driven

by a conventional pulse (as in these simulations) with the same acceleration length but at a

lower plasma density. But because of the diminishing returns in the energy gain and efficiency

implied by these results, the flying focus becomes comparatively more advantageous as the

acceleration length is increased. The argument presented in Ref. [8], which quantified the

comparison by assuming ∆γ ≈ ∆γLu for all densities, is strengthened by these results.
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CHAPTER 4

Linear Propagation of Laser Pulses in Cold, Uniform

Plasma

In most applications of laser-plasma interactions, the evolution of the laser is highly nonlinear

in the sense that Maxwell’s equations are nonlinear when coupled to the charge and current

density. However, linear laser propagation, which occurs in the limit a0 ≪ 1, remains

important to understand. In the context of this dissertation, laser-plasma interactions with

flying focus pulses involve a combination of linear and nonlinear physics; the linear physics

plays a large role in choosing the design parameters and describes how the laser propagates for

the parts of the laser far from focus. More generally, the concepts which emerge from studying

linear laser propagation, including phase and group velocity, beam solutions of Maxwell’s

equations, laser guiding, and pulse compression, form a basic picture for understanding

nonlinear interactions. Such concepts retain descriptive power and have been fruitfully

applied to build empirical models describing nonlinear processes.

Although linear laser propagation is treated extensively in the literature, the evolution

of the laser envelope’s transverse profile and longitudinal profile are typically considered

separately (e.g. in Chapters 9 and 16 of Siegman’s Lasers [135] and Chapters 16 and 18

of Zangwill’s Modern Electrodynamics [136]). Quantitatively, standard texts such as these

deal separately with one-dimensional pulses of the form E⊥(t, z,x⊥) = B(t, z)ei(k0z−ω0t) and

continuous-wave beams of the form E⊥(t, z,x⊥) = C(z,x⊥)e
i(k0z−ω0t), the Gaussian beam

being an example of C(z,x⊥) in the latter. (See equations 9.28 and 16.2 in Siegman and

16.126 and 18.84 in Zangwill.) For most applications, this is sufficient because either the

92



transverse or longitudinal evolution dominates. However, in the context of spatiotemporally

structured laser pulses, the evolution of the full envelope Ê(t, z,x⊥) must be considered

because the longitudinal and transverse structure are coupled. I did find several references

considering the full structure, but these lacked a straightforward development or exposition.

The calculations in this chapter address what I perceive to be a gap in the literature.

The most valuable result from this chapter is probably a clear description of the evolution

of laser pulses initialized in time as E⊥(0, z,x⊥) = B(z)C(z,x⊥)e
ik0zϵ̂ (generalized from

Eq. 2.23). This form, which captures the essential features of high-power laser pulses

produced using conventional optical methods, is commonly used to initialize simulations of

laser-plasma interactions. Thus, understanding its properties is important for simulators.

This understanding is also valuable for theorists and experimentalists. As a case in point,

understanding these details for conventional pulses was the key to formulating the theory

of Arbitrarily Structured Laser (ASTRL) pulses, presented in Chapter 5, and their use in

LWFA in Chapter 6. A particular question about this class of laser pulses drove me to

develop these calculations: what is the relationship between a continuous-wave Gaussian

beam and a pulse initialized as a Gaussian beam multiplied by a longitudinal envelope B(z)

when accounting for linear dispersion? In cold, uniform plasma, answer is that the full

evolution is approximately E⊥(t, z,x⊥) ≈ B(z − vgt)C(z,x⊥)e
i(k0z−ω0t)ϵ̂, where ω0 ≡ ω(k0ẑ)

and vg = ẑ · ∇k0ω(k0ẑ)ϵ̂ come from the dispersion relation for electromagnetic waves in cold,

uniform plasma: ω(k) = ω2
p + c

2k2. I sense that this was already widely known at an intuitive

level. These calculations show why and quantify the approximation.

Methodologically, the approach here is an integral formulation. It mostly follows and

generalizes calculations in Zangwill. The case of a linear dielectric with an arbitrary dispersion

relation is first considered. (An additional benefit of these calculations is an illustration

of the power of dispersion relations for solving initial-value problems; in my education in

plasma physics, dispersion relations were almost only presented as a way of understanding

monochromatic waves.) Applications to the cases of vacuum and cold, uniform plasma for
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separable laser pulses are then presented. Self-contained differential formulations for these

special cases are presented in Chapters 5 and 6. The integral and differential formulations are

complementary. The differential approach is more succinct (which is the main reason it was

presented in the published work corresponding to Chapters 5 and 6) and is better-suited to

finite-difference methods. The integral approach is more natural for consideration of arbitrary

dispersion relations and provides explicit solutions. Clarity is my goal in the exposition.

4.1 Integral solutions to linear partial differential equations using

dispersion relations

Suppose we are given a linear partial differential equation L̂ψ = 0, where L̂ is a linear

differential operator and ψ(t,x) is a complex-valued scalar function, along with an initial

condition ψ(0,x) = ψ0(x). For example, for electromagnetic waves propagating linearly in

cold, uniform plasma, we have L̂ = ∂2t − c2∇2 + ω2
p and ψ is any component of E, B, or A.

How can we derive the evolution for ψ(t,x) in terms of the initial data ψ(0,x)? The

dispersion relation is one approach. Suppose that we know the dispersion relation ω(k),

which has the property that plane waves

uk(t,x) ≡ exp
[
i
(
k · x− ω(k)t

)]
(4.1)

satisfy L̂uk = 0 for each k. Also, let ψ̃0(k) be the Fourier transform of the initial condition

ψ0(x), so that

ψ̃0(k) =
1

2π

∫
ψ0(x) exp [−ik · x] dx (4.2)

and

ψ0(x) =

∫
ψ̃0(k) exp [ik · x] dk (4.3)

Then from Eq. 4.1 and the linearity of L̂, a solution to the initial value problem may be

constructed as

ψ(t,x) =

∫
ψ̃0(k) exp

[
i
(
k · x− ω(k)t

)]
dk (4.4)
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Is this the solution? This depends on whether the PDE admits unique solutions. This is

equivalent to whether there is a multi-valued dispersion relation, i.e., multiple values of ω(k)

for which uk(t,x) in Eq. 4.1 is a solution of L̂ψ for a given k. In this case, data for N initial

time derivatives of ψ are required to express the unique solution for an N -valued dispersion

relation. This is not a totally arcane issue, because the dispersion relation for electromagnetic

waves in cold plasma is double-valued: ω±(k) = ±
√
c2k2 + ω2

p. In practice, Eq. 4.4 is the

unique solution if the initial condition is composed by only one branch of the dispersion

relation. In the context of light in plasma, this means only forward-going or backward-going

waves. This assumption is true for the cases considered in this chapter. One could generalize

the approach to relax this assumption.

The restriction of ψ to be a scalar function avoids a complication in Eq. 4.4: if ψ is

promoted to a vector, then polarization must be added to the plane waves in Eq. 4.1. As in

the case of a multi-valued dispersion relation, a more general superposition than Eq. 4.4 can

be expressed, in this case by taking an additional integral over polarization. This complicates

matching the initial condition to the superposition of plane waves unless the initial condition

is composed of plane waves of only a single polarization. This is also true when ψ is not

promoted to a vector but is the component of a vector: Eq. 4.4 remains the unique solution

if the initial condition for the full vector solution is only composed of plane waves of a single

polarization. This is assumed as an approximation throughout this chapter when Eq. 4.4 is

applied to construct solutions of E(t,x) for laser pulses.

With these two caveats, Eq. 4.4 illustrates an important point: the dispersion relation for

a linear partial differential equation is a natural tool for the solution of initial value problems.
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4.1.1 Formulation in terms of the envelope

Suppose that ψ̃0(k) is strongly peaked at some k0 in Fourier space. In this case, it is natural

to redefine the initial data ψ0(x) in terms of an envelope A0(x) defined according to

ψ0(x) = exp[ik0 · x]A0(x) (4.5)

To relate the solution ψ(t,x) to A0(x), it is necessary to relate ψ̃0(k) to A0(x) so that Eq. 4.4

can be applied. This comes from Eq. 4.2:

ψ̃0(k) =
1

2π

∫
A0(x) exp[ik0 · x] exp[−ik · x] dx (4.6)

= Ã0(k− k0) (4.7)

where Ã0(k) is the Fourier transform of A0(x). Inserting this into Eq. 4.4 and substituting

u ≡ k− k0, we obtain:

ψ(t,x) = exp
[
i
(
k0 · x− ω(k0)t

)] ∫
Ã0(u) exp

[
i
(
u · x− [ω(u+ k0)− ω(k0)] t

)]
du (4.8)

Therefore, we can exactly express the evolution of ψ(t,x) in terms of an evolving envelope

A(t,x):

ψ(t,x) = exp
[
i
(
k0 · x− ω(k0)t

)]
A(t,x) (4.9)

A(t,x) ≡
∫
Ã0(u) exp

[
i
(
u · x− [ω(u+ k0)− ω(k0)] t

)]
du (4.10)

It is then natural to Taylor-expand ω(u+ k0) about u = 0 (i.e., k = k0):

ω(u+ k0) ≈ ω(k0) + ua∂kaω(k0) +
1

2!
uaub∂ka∂kbω(k0) + . . . (4.11)

where a summation is implied by repeated indices. With this Taylor expansion, the envelope

may be exactly expressed as:

A(t,x) =

∫
Ã0(u) exp

[
i

(
u · [x−∇kω(k0)t]−

1

2!
uaub∂ka∂kbω(k0)t− . . .

)]
du (4.12)

This provides a sequence of increasingly accurate approximations to A(t,x), and hence ψ(t,x).
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4.1.2 Phase and group velocity

From Eq. 4.9, the full solution ψ(t,x) may be expressed as

ψ(t,x) = exp
[
ik0 · (x− vϕt)

]
A(t,x) (4.13)

where vϕ is the phase velocity defined as

vϕ ≡
ω(k0)

k0
k̂0 (4.14)

Because A(t,x) remains peaked in Fourier space at u = 0, the total phase of ψ(t,x) is

approximately ik0 · (x − vϕt) plus a slowly varying offset from A(t,x). Hence, the phase

fronts approximately travel at the phase velocity.

If the Taylor series in Eq. 4.12 is truncated at first order, one obtains the approximation

A(t,x) ≈
∫
Ã0(u) exp

[
iu ·

(
x−∇kω(k0)t

)]
du (4.15)

= A0 (x− vgt) (4.16)

where the group velocity vg is defined as

vg ≡ ∇uω(k0) (4.17)

Thus, to first order in the Taylor expansion for ω(k), the envelope maintains its shape but

moves with at a constant velocity vg.

4.1.3 The choice of t versus z as the propagation variable

All of the above was worked out with the initial condition specified at t = 0. This leads to t

serving as the propagation variable. This was done for ease of notation. All of the above

calculations can be repeated using one of the spatial variables, most commonly z, to prescribe

the initial condition and to serve as the propagation variable. In the context of optics and

plasma physics, the latter is usually more natural because of the common occurence of discrete
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transitions in space (e.g., a vacuum-plasma interface). Given a dispersion relation ω(k),

the theory can be reformulated with z as the propagation variable by inverting to obtain

kz(ω,k⊥) and Taylor-expanding this in the integral. Mathematically, there is no difference

between the two approaches aside from relabeling of variables and additional bookkeeping if a

notational distinction between temporal and spatial variables is maintained. In this chapter,

t is used as the propagation variable for simplicity. In several cases, the result when using z

as the propagation variable is noted.

4.2 Linear propagation of laser pulses in vacuum

In the next two sections, we examine approximations for the envelope in Equation 4.12 using

the dispersion relation for electromagnetic waves in cold, uniform plasma:

ω(k) =
√
k2p + k2 (4.18)

where dimensionless units are used so that c = 1 and hence ωp = kp. We assume that the

laser pulse is composed of plane waves with polarizations all in the same plane so that the

scalar equation Eq. 4.9 is approximately true in vector form:

E⊥(t,x) ≈ exp
[
i
(
k0 · x− ω(k0)t

)]
A(t,x)ϵ̂+ c.c. (4.19)

and Eq. 4.12 is unmodified. The derivatives of the above dispersion relation can be computed

and substituted into the Taylor series in Eq. 4.12. The derivatives up to third order may be

computed as

∂kaω(k) =
ka
ω(k)

(4.20)

∂ka∂kbω(k) =
δab
ω(k)

− kakb
ω(k)3

(4.21)

∂ka∂kb∂kcω(k) = 3
kakbkc
ω(k)5

− δabkc
ω(k)3

− δackb
ω(k)3

− δbcka
ω(k)3

(4.22)
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Using these equations to evaluate the derivatives of ω(k) at the central wavevector k0 = k0ẑ,

we obtain the following nonzero terms:

∂kzω(k0) =
k0
ω0

(4.23)

∂2kzω(k0) =
1

ω0

− k20
ω3
0

=
k2p
ω3
0

(4.24)

∂2kx,yω(k0) =
1

ω0

(4.25)

∂3kzω(k0) =
3k30
ω5
0

− 3k0
ω3
0

= −
3k0k

2
p

ω5
0

(4.26)

∂2kx,y∂kzω(k0) = − k0
ω3
0

(4.27)

The ∂kx,y terms mean that the equation holds for both ∂kx and ∂ky . In the limit that k0/kp ≫ 1,

these are approximately given by

∂kzω(k0) ≈ 1− 1

2

k2p
k20

(4.28)

∂2kzω(k0) ≈
k2p
k30

(4.29)

∂2kx,yω(k0) ≈
1

k0
(4.30)

∂3kzω(k0) ≈ −
3k2p
ω4
0

(4.31)

∂2kx,y∂kzω(k0) ≈ − 1

k20
(4.32)

We will now consider the vacuum case, for which kp = 0.

4.2.1 First-order propagation

To first order in vacuum, vg = ẑ. Therefore we obtain the approximation to first order

A(t,x) ≈ A0(z − t,x⊥). (4.33)

Suppose that the envelope is initially separable in its longitudinal and transverse spatial

dependence:

A0(x) = B0(z)C0(x⊥) (4.34)
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Then to first order, the envelope is approximated as

A(t,x) ≈ B0(z − t)C0(x⊥) (4.35)

Hence, to first order, the longitudinal envelope propagates in the direction of k0 at the speed

of light and the transverse profile does not change. The initial condition’s separability in

longitudinal and transverse spatial dependence leads to a solution with this same property.

4.2.2 Second-order propagation: diffraction and paraxial beams

From Equations 4.24 and 4.25, we have ∂2kzω(k0) = 0 and ∂2kxω(k0) = ∂2kyω(k0) = k−1
0 in

vacuum. All other second-order derivatives vanish. Substituting these derivatives into the

Taylor expansion, the second-order approximation to the envelope is given by

A(t,x) ≈
∫
Ã0(u) exp

[
iuz(z − t) + iu⊥ · x⊥ −

(
it

2k0

)
u2⊥

]
du (4.36)

The integrand is separable in z and x⊥. Thus, for the separable initial condition in Eq. 4.34,

the envelope remains separable:

A(t,x) ≈ B0(z − t)C(t,x⊥) (4.37)

where C(t,x⊥) is given by

C(t,x⊥) =

∫
C̃0(u⊥) exp

[
iu⊥ · x⊥ −

(
it

2k0

)
u2⊥

]
du⊥ (4.38)

and C̃0(x⊥) is the Fourier transform of C0(x⊥). This is the Fresnel diffraction integral under

the paraxial approximation and with t as the propagation variable instead of z. For example,

suppose that the initial function C0(x⊥) is a gaussian at time t = t0:

C0(x⊥) = exp

[
−x

2
⊥
w2

0

]
(4.39)

One may then compute

C̃0(u⊥) =
1

2π

(
πw2

0

)d⊥/2 exp [−w2
0u

2
⊥

4

]
(4.40)

100



where d⊥ is the transverse dimensionality (2 in 3D). Inserting this into Eq. 4.38, one obtains

a temporal Gaussial beam:

C(t,x⊥) =

[
1

q(t)

]d⊥/2
exp

[
−ik0x

2
⊥

2q(t)

]
(4.41)

where q(t) ≡ t− t0− izR is the complex beam parameter, t0 is the focal time, and zR ≡ 1
2
k0w

2
0

is the Rayleigh range.

To cast this discussion in terms slightly more familiar within the literature, it is helpful

to repeat the calculation with z as the propagation variable. In this case, one obtains the

following solution for the separable initial condition in Eq. 4.34 with z → t:

A(t,x) ≈ B0(z − t)C(z,x⊥) (4.42)

where, for the initially Gaussian transverse profile in Eq. 4.39 at initial position z = z0,

C(z,x⊥) is given by

C(z,x⊥) =

[
izR
q(z)

]d⊥/2
exp

[
−ik0x

2
⊥

2q(z)

]
(4.43)

and q(z) ≡ z − z0 + izR is the complex beam parameter and z0 is the focal point. For the

Gaussian transverse profile, Eqs. 4.37 and 4.42 are approximately the same if τ0 ≪ zR, where

τ0 is the duration of the longitudinal envelope B0(z − t).

What is the timescale over which the second-order approximation supercedes the first-

order approximation? One can read off that this is the timescale t = zR from Eq. 4.37 with

a temporal Gaussian beam for the transverse profile. One can also see this directly from

the integral in Eq. 4.36. The contribution from each term in the Taylor expansion becomes

significant when the term is of order unity because of its appearance as a complex phase.

This leads to timescales τxa , τxaxb , . . . which provide an estimate for when each term leads to

significant contributions to the evolution of the envelope. Here we work out this estimate from

the u2⊥ term, which is the timescale τxx = τyy. For an initially Gaussian transverse profile,

the maximal value of u2⊥ that contributes to the integral can be estimated from Eq. 4.40 from
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the condition

w2
0u

2
⊥,max

4
≈ 1 (4.44)

Hence, the timescale τxx over which the ∂2kx,yω terms lead to corrections from the first-order

approximation can be estimated from the condition 2τxx/k0w
2
0 = 1. This leads to the estimate

τxx =
1

2
k0w

2
0 (4.45)

which indeed is τxx = zR. This same method will be applied to estimate length scales over

which the higher-order terms in the expansion contribution in the following sections.

To summarize: in vacuum, the second-order approximation for a laser pulse initially

separable with respect to the longitudinal and transverse coordinates takes effect over a

timescale τxx = zR. Under this approximation, the longitudinal envelope still propagates in

the direction of k0 at the speed of light, while the transverse profile exhibits diffraction.

4.2.3 Third-order propagation: lowest-order spatiotemporal coupling

From Equations 4.26 and 4.27, we have ∂3kzω(k0) = 0 and ∂2kx∂kzω(k0) = ∂2ky∂kzω(k0) = k−2
0

in vacuum. All other third-order derivatives vanish. Substituting these derivatives into

Eq. 4.12 and accounting for the duplicate terms in the Taylor expansion, the third-order

approximation to the envelope is given by

A(t,x) ≈
∫
Ã0(u) exp

[
iuz(z − t) + iu⊥ · x⊥ −

(
it

2k0

)
u2⊥ +

(
it

2k20

)
u2⊥uz

]
du (4.46)

At this order, the integral is no longer analytically tractable (though it can be integrated

numerically, as we will see below). Qualitatively, the most notable difference from the

second-order approximation is that, because of the third-order u2⊥uz term, the solution is no

longer separable in its dependence on z and x⊥. This can be described as the emergence of

spatiotemporal coupling on the timescale over which this term becomes of order unity. The

same method as in the previous section can be used to estimate this timescale. We assume
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the initial longitudinal profile is a Gaussian

B0(z) = exp

[
−z

2

τ 20

]
(4.47)

so that the Fourier transform is

B̃0(uz) =
τ0

2
√
π
exp

[
−τ

2
0u

2
z

4

]
(4.48)

and thus
τ 20u

2
z,max

4
≈ 1. (4.49)

Using this and the same estimate for u⊥,max in Eq. 4.44, we obtain the estimate

τxxz ≡
1

4
τ0k

2
0w

2
0 (4.50)

for the timescale over which spatiotemporal coupling emerges in an initially separable pulse

in vacuum. This quantity was referred to as Lstc in Ref. [7] and as Lsζ in Ref. [8] (where in

both cases the estimate was a factor of 2 larger). Note that τxxz = 1
2
NzR, where N = ω0τ0 is

approximately the number of cycles in the laser pulse.

4.2.4 Comparison between theory and simulation

Figure 4.1 shows comparisons between theory and simulation that illustrate the key points.

Figure 4.1(a) shows |A| for a laser pulse initialized by Eq. 4.37 with C(z,x⊥) given by the

spatial Gaussian beam in Eq. 4.43. A sinusoid with finite extent is used for the B0 function:

B0(z) = cos2(π
2

z
τrise

)I[−τrise,τrise](z), where I[a, b] is the indicator function on the interval [a, b]

(Eq. 2.1). These choices are all made for comparison with an OSIRIS simulation mode

in which the laser pulse is initialized in space at a fixed time with a finite extent for the

laser duration and a spatially dependent Gaussian beam. The duration and spot-size are

ω0τrise = 20 and k0w0 = 40. The laser pulse is initialized at ct = −5zR at a distance 5zR from

its focal point and its profile is calculated at ct = +5zR; this is done so that the amplitude and

transverse extent of the pulse are similar at the beginning and end, simplifying visualization.
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Figure 4.1: Comparison between theory and simulation and illustration of the effect of

propagation beyond τxxz. (a) |A| for the initial condition at ct = −5zR. (b-e) Solutions

at ct = 5zR calculated by simulation in OSIRIS, integrating using the full ω(k) (Eq. 4.10),

integrating the third-order approximation (Eq. 4.46) and integrating using the second-order

approximation (Eq. 4.36). Significant curvature in the true solution is consistent with the

estimate ∆t = 2τxxz. (f-k) Analogous plots for a laser pulse with a duration 5 times larger,

so that ∆t = 0.4τxxz. In this case, the pulse structure remains approximately separable,

consistent with theory.

Figure 4.1(b) shows the result of simulating this profile in OSIRIS in quasi-3D geometry

[78] with the solver introduced in Ref. [61] to mitigate numerical dispersion. Bowing of the

pulse envelope is evident: the pulse has developed spatiotemporal structure which is not

separable in the longitudinal and transverse coordinates. This can be understood from the

τxxz parameter. Estimating τ0 ≈ 1
2
τrise for the formula, we may estimate τxxz ≈ 5zR so that

∆t = 2τxxz. This is consistent with the observation of bowing of the envelope.

Next, Fig. 4.1(c) shows the result of evaluating Eq. 4.10 using the full dispersion relation,

i.e., no truncation of the Taylor series, using a fully 3-dimensional FFT. The pulse structure

is indistinguishable from the simulated profile obtained from OSIRIS. This agreement corrob-

orates the theoretical formalism. Figure 4.1(d) shows the result of evaluating the third-order
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approximation, Eq. 4.46. There are slight differences from the exact solution, especially on

the axis, but the qualitative feature of bowing is captured at this order. Figure 4.1(e) shows

the result of evaluating the second-order approximation, Eq. 4.36. As expected from Eq. 4.37,

the pulse structure remains separable under this approximation and hence |A| has the exact

same structure as the initial condition.

Finally, Figs. 4.1(f-k) show the same quantities where the only difference is that the initial

pulse duration is ω0τrise = 100, a factor of 5 times larger. Hence, τxxz is 5 times smaller, so

that ∆t ≈ 0.4τxxz. In this case, though some curvature is seen in the OSIRIS, full FFT, and

3-order FFT cases, the pulse structure remains approximately separable. This is consistent

with τxxz providing an estimate for the length scale over which curvature becomes prominent.

4.2.5 Geometric understanding of the length-scale for spatiotemporal coupling

The formula for τxxz (Eq. 4.50) can also be estimated geometrically. This was done in Ref. [7],

which is reproduced in Chapter 5. Here a similar derivation is presented based on the results

shown in Fig. 4.1. Fig. 4.2 depicts the geometry of the situation. Curvature occurs on

the length scale over which ∆t ≳ τ0. Light rays on-axis and off-axis at the out-of-focus

spot size w ≈ w0f0/zR both propagate a distance ct in a time t. The difference in the

distance traveled along the axis can be estimated from the Pythagorean theorem as c∆t ≈

ct−
√
c2t2 − (2w0f0/zR)2. By design, f0 = ct/2. Substituting this in and Taylor-expanding,

one obtains the estimate c∆t ≈ 2t/k20w
2
0. The timescale τstc over which spatiotemporal

coupling develops can be estimated from the condition that ∆t ≈ τ0, which leads to the

condition tstc ≈ 1
2
τ0k

2
0w

2
0. This estimate has the same scaling but is a factor of 2 different

from the value of τxxz in Eq. 4.50. This example illustrates the utility of heuristic physical

pictures.
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Figure 4.2: Geometry leading to the development of spatiotemporal coupling as evident in

Fig. 4.1

4.3 Linear propagation of laser pulses in cold, uniform plasma

The above calculations are now repeated for the case of cold, uniform plasma. For simplicity,

the calculations are done in the limit k0 ≫ kp so that the approximations in Eqs. 4.28-4.32

may be used, but the calculations could also be done without making this approximation.

4.3.1 First-order propagation

The results to first order in plasma are the same as in vacuum except for the different value

of vg ≈
[
1− 1

2

(
kp
k0

)2]
ẑ. The envelope evolves as

A(t,x) ≈ A0(z − vgt,x⊥). (4.51)

with vg given above. Similarly, for the separable initial data in Eq. 4.34, we obtain the

first-order solution

A(t,x) ≈ B0(z − vgt)C0(x⊥). (4.52)

Compared to vacuum, the only difference is that the pulse propagates with vg < c.
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4.3.2 Second-order propagation: group-velocity-delayed paraxial beams and

dispersive longitudinal broadening

Including all the derivatives of ω(k) to second order, one obtains the approximation

A(t,x) ≈
∫
Ã0(u) exp

[
iuz(z − vgt) + iu⊥ · x⊥ −

(
it

2k0

)
u2⊥ −

(
ik2p
2k30

)
u2z

]
du (4.53)

The differences from the vacuum case are (1) that vg ≠ 1 and (2) that there is a new term in the

exponential proportional to itu2z. Its effect on the pulse’s longitudinal evolution is analogous

to the effect of the term proportional to itu2⊥ on the pulse’s transverse evolution. Again, it is

helpful to consider the example of a pulse which is initially separable in its longitudinal and

transverse dependence as in Eq. 4.34. In this case, the envelope is approximated to second

order as

A(t,x) = B(t, z)C(t,x⊥) (4.54)

where

B(t, z) ≈
∫
B̃0(uz) exp

[
iuz(z − vgt)−

(
ik2p
2k30

)
u2z

]
duz (4.55)

For example, if the initial longitudinal profile is a gaussian B0(z) = exp(−z2/τ 20 ), then the

integral results in a longitudinal profile which is mathematically the same as a Gaussian

beam in two spatial dimensions:

B(t, z) =

[
τ 20
4

+
ik2pt

2k30

]−1/2

exp

− (z − vgt)
2

4
[
τ20
4
+

ik2pt

2k30

]
 (4.56)

We see that the longitudinal profile evolves with a length-scale corresponding to the transverse

profile’s Rayleigh range given by

τzz ≡
1

2

(
k0
kp

)2

k0τ
2
0 (4.57)

For example, the pulse duration evolves analogously to the laser spot size as

τ(t) = τ0

[
1 +

(
t

τzz

)2
]1/2

(4.58)
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The τzz timescale can be calculated as in the previous sections by considering when the

phase contributed by the term proportional to itu2z becomes of order unity. It is the natural

timescale over which the pulse will dispersively broaden longitudinally. Note also that if

t≪ τzz, then B(t, z) ≈ B0(z − vgt), i.e. the envelope is described by the first-order solution.

Aside from these differences, the details of transverse focusing are unmodified by the presence

of the plasma: at second order, the transverse evolution is exactly the same as it would be in

vacuum (i.e., C(t,x⊥) is given by Eq. 4.38). Spatiotemporal coupling is not induced at this

order.

4.3.3 Plasma-induced local frequency evolution

It is worth noting that dispersion in cold, uniform plasma gives rise to a variation in the local

frequency within a laser pulse. For simplicity, we ignore the transverse evolution (i.e. we

assume w0 ≫ τ0) and consider an envelope given by A(t,x) = B(z, t) with B(z, t) given by

Eq. 4.56. The total envelope phase ϕ = argA may be extracted as

ϕ(z, t) =
ξ2g

(
k2pt

2k30

)
(
τ2

4

)
+
(
k2pt

2k30

)2 (4.59)

Therefore, the change in local wavenumber ∆kz(z, t) ≡ ∂zϕ(z, t) is given by:

∆kz(z, t) =
2(z − vgt)

(
k2pt

2k30

)
(
τ2

4

)
+
(
k2pt

2k30

)2 (4.60)

Inspecting this equation, we see that a linear chirp develops which first increases and then

decreases in time.

This dispersion-induced chirp can be understood from a single-photon picture. Suppose

the pulse is composed of photons of frequency ω, each of which has a dressed velocity vg(ω).
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After a time t, the ξ coordinate of each photon is given by:

ξω(t) = [vg(ω)− 1] t (4.61)

= −1

2

k2p
ω2
t (4.62)

≈ −1

2

k2p
k20

[
1− ∆ω

k0

]
t (4.63)

Inverting, we see that the same linear chirp is predicted in the limit of large time, i.e.
1
2

k2p
k20
t≫ τ :

∆ω(ξ) =
z − vgt

1
2

k2p
k30
t

(4.64)

This is consistent with the analytically derived chirp. This is another example which illustrates

the utility of heuristic physical pictures.

4.3.4 Third-order propagation: vacuum-like spatiotemporal coupling and addi-

tional longitudinal broadening

Substituting all of Eqs. 4.23-4.27 into the envelope expansion, we obtain the following

approximation at third order in cold, uniform plasma:

A(t,x) ≈
∫
Ã0(u) exp

[
iuz(z − vgt) + iu⊥ · x⊥ −

(
it

2k0

)
u2⊥ −

(
ik2pt

2k30

)
u2z

+

(
it

2k20

)
u2⊥uz +

(
ik2pt

2k40

)
u3z

]
du

(4.65)

The (it/2k20)u
2
⊥uz term is unchanged from vacuum. Thus, as in the vacuum case, the integral

is no longer tractable for a separable initial condition. All the discussion on the length

scale for the emergence of spatiotemporal coupling and the estimate for the τxxz parameter

apply as in the vacuum case. The term proportional to itu3z is an additional correction to

pulse-broadening.
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4.3.5 Comparison between theory and simulation

As in the vacuum case, the theory in this section can be compared directly with simulation.

Figure 4.3 shows simulations and calculations for the same initial conditions and propagation

time as in Fig. 4.1 but with plasma instead of vacuum. The frequency ratio is k0/kp = 10.

The differences in the results are attributable to the presence of plasma. The values of τxxz

are unmodified from the vacuum values, while τzz may be approximated for upper row as

τzz ≈ 6.25zR so that ∆t ≈ 1.6τzz. Because ∆t is larger than τzz, effects of longitudinal

broadening due to the plasma are expected. This is indeed observed. The bow structure

for the vacuum case in Fig. 4.1(b) becomes a triangular structure in the case with plasma,

as seen in Fig. 4.3(b). Unlike in the vacuum case, the pulse slips backward with respect

to the variable ξ because vg < 1. As in the vacuum case, Fig. 4.3(c) shows that the FFT

integration using the full ω(k) agrees well with OSIRIS, corroborating the theory. The

third-order approximation shown in Fig. 4.3 qualitatively captures the triangular structure

observed in the full solution. The second-order approximation in Fig. 4.3 does not capture the

triangular structure because the solution remains separable, but does capture the longitudinal

broadening.

For the laser in Fig. 4.3(f–k), τzz is 52 times smaller, so ∆t ≈ 0.06τzz. Hence effects

of plasma-induced dispersion are expected to be negligible. This is indeed observed in

Fig. 4.3(f–k), which are nearly indistinguishable from the vacuum cases (Fig. 4.1(f–k)) except

that the pulse recedes with respect to ξ because vg < 1.

4.4 Recovery of Envelope PDEs from the Integral Formulation

One can generate a PDE for the evolution of Â by taking taking derivatives of Equation 4.12.

Applying ∂t, and applying spatial derivatives to match the result, we obtain

∂tA+ ∂kaω(k0)∂xaA− i

2!
∂ka∂kbω(k0)∂xa∂xbA+ · · · = 0 (4.66)
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Figure 4.3: Demonstration of spatiotemporal coupling and additional longitudinal broadening

induced by propagation in plasma in 3D. The initial condition and propagation length are the

same as in the vacuum cases shown Fig. 4.1, but now a plasma is added such that k0/kp = 10.

(kp = 0 in Fig. 4.1). (a–e) The effects of plasma-induced dispersion manifest as broadening

of the longitudinal envelope such that the bow structure in vacuum becomes a triangular

structure in plasma. The agreement between OSIRIS and the FFT with the full ω(k) supports

the theory, as in the vacuum case. (f–k) In this case plasma-induced dispersion is negligible;

the evolution looks just as in vacuum except for the recession of the pulse with respect to ξ

because vg < 1.

This equation is exact, but can be truncated for an approximate equation. For example, for

evolution in cold, uniform plasma, this equation at second order for k0/kp ≫ 1 is

∂tA+

(
1− 1

2

k2p
k20

)
∂zA− i

2ω0

∇2
⊥A−

(
i

2

k2p
k30

)
∂2zA ≈ 0 (4.67)

In practice, this differential approach is impractical because it assumes the accuracy of the

linear solutions; but under this condition, we can fully write out the integral in Eq. 4.12.

On the other hand, the differential approach is useful conceptually for comparison with the

differential approach in nonlinear cases (see Eq. 2.43, Ref. [67]). In such cases, it may be

possible to formulate a PDE without being able to write down analytic integral solutions.
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4.5 Summary

In summary, this chapter contains an integral approach to understanding the linear propaga-

tion of laser pulses in plasma. The approach is based on material presented in Siegman’s

Lasers [135] and Zangwill’s Modern Electrodynamics [136]. The value of this approach is its

treatment of the full spatiotemporal evolution of the laser pulse. It provides a clear description

of the evolution of laser pulses initialized as E⊥(0, z,x⊥) = Ê||(z)C(z,x⊥)e
ik0zϵ̂. It is shown

that the full evolution is approximately E(t, z,x⊥) ≈ Ê||(z − vgt)C(z,x⊥)e
i(k0z−ω0t)ϵ̂, where

ω0 ≡ ω(k0ẑ). The length scale over which is estimate remains accurate is easily derived from

this framework. Higher-order effects can also naturally be quantified. Simulations in vacuum

and plasma confirm and demonstrate the results of the theory.
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CHAPTER 5

Arbitrarily Structured Laser Pulses

Spatiotemporal control refers to a class of optical techniques for structuring a laser pulse with

coupled space-time dependent properties, including moving focal points, dynamic spot sizes,

and evolving orbital angular momenta. This chapter fleshes out the concept of arbitrarily

structured laser (ASTRL) pulses which generalizes these techniques. The ASTRL formalism

employs a superposition of prescribed pulses to create a desired electromagnetic field structure.

Several examples in this chapter illustrate the versatility of ASTRL pulses to address a broad

range of laser-based applications, including laser wakefield acceleration, inertial confinement

fusion, nanophotonics, and attosecond physics.

A historical background on the development of ASTRL pulses in the context of this

dissertation is presented in Chapter 1. Most of this chapter comes from Ref. [7]. The latter

is distributed under the terms of the Creative Commons CC BY 4.0 license, which permits

unrestricted use, distribution, and reproduction in any medium, provided the original work

is properly cited. The only substantially new part is Sec. 5.4, discussing a specific class of

closed-form ASTRL pulses discovered after publication of Ref. [7]. A few modifications were

made in the other sections in reference to these solutions. The appendices of the paper were

also moved into the body of the chapter. Most of the theory in this chapter relating to

the structure of approximately separable laser-field solutions of the form in Eq. 5.6 and the

corresponding length scale Lstc (Eq. 5.20) is redundant with the calculations in Chapter 4.

For the sake of simplicity, I have not attempted to connect them. The main difference is that

Chapter 4 takes an integral perspective while Chapters 5 and 6 take a differential perspective.
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The notation in this chapter – foremost, the use of the variable A instead of Ê to describe

the laser envelope (e.g., Eq. 5.3) – is slightly different from the notation used in the other

chapters of this thesis. The variable A is a poor choice because it collides with the magnitude

of the vector potential A. However, I have decided to keep the original notation in order to

maintain consistency with the original article, avoid introducing errors, and prevent the need

to recreate the plots. I apologize to anyone whom this confuses.

5.1 Introduction

Light can exhibit structures in space, time, or coupled space-time. The realization that these

structures can be shaped using optical techniques has led to a deeper understanding of the

fundamental properties of light and advances in multiple laser-based applications. Spatial

shaping involves the use of static optical elements, such as phase plates, deformable mirrors, or

spatial light modulators, to form transverse structures with orbital angular momentum, Airy

or Bessel profiles, or tailored speckle patterns [137, 138, 139, 140]. Temporal shaping typically

employs Fourier methods, in which frequency components are separated by diffraction gratings

and separately modified, to synthesize pulses with nearly arbitrary time-dependent waveforms

and polarizations [141, 142].

Spatiotemporal pulse shaping invokes some combination of these techniques. Examples

go back as far as smoothing by spectral dispersion (1989) [143] and pulse front tilt (1996)

[144]. More modern examples include spatiotemporal optical vortices (STOVs) [145, 146, 147],

diffraction-free light sheets [148, 149, 150], and flying focus concepts [3, 151, 152, 153]. Flying

focus pulses, in particular, feature intensity peaks with programmable trajectories that

can travel distances far greater than a Rayleigh range while maintaining a near-constant

profile. The trajectory control afforded by these pulses has been proposed as a means to

overcome limitations of traditional pulses in a number of applications, including laser wakefield

acceleration [37, 38], Raman amplification [66], and nonlinear Thomson scattering [71], as well
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as for the exploration of fundamental physics, such as radiation reaction [72] and nonlinear

Compton scattering [154].

Spatiotemporally structured pulses may be created using either a forward- or inverse-

design approach. The forward-design approach requires identifying a specific solution to

Maxwell’s equations. Once known, this solution can be synthesized using programmable

phase modulation techniques [155, 156]. This is the approach taken to create light sheets,

STOVs, and pulses with dynamic orbital angular momenta. However, this approach does

not provide a method to systematically identify new solutions of Maxwell’s equations with

features that are desirable for a particular application. In the inverse-design approach, one

imagines an electromagnetic structure with desirable features and synthesizes this structure

using a superposition of solutions to Maxwell’s equations with known properties. This is the

approach presented here.

This chapter reproduces the concept and theoretical formalism for generating laser pulses

with arbitrary structure introduced in Ref. [7]. These arbitrarily structured laser (ASTRL)

pulses are synthesized using a superposition of traditional laser pulses with controlled and

varying properties. The ASTRL formalism generalizes the creation of pulses with evolving

focal points (flying foci), spot size, orbital angular momentum, and polarization, and can also

describe pulses with exotic topological structure such as STOVs. An example of each of these

is presented. The flexibility of the ASTRL concept opens new and previously unimagined

possibilities for structured light with the potential to improve a wide range of laser-based

applications, while its simplicity facilitates implementation into simulations.

5.2 Theoretical formalism

The formulation of the ASTRL concept begins with the vacuum wave equation for the electric

field of a laser pulse: [
∇2 − 1

c2
∂2t

]
E(x, t) = 0. (5.1)
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ASTRL pulses are constructed by superposing solutions to Eq. 5.1 with varying properties.

The electric field of an ASTRL pulse can be expressed either as a sum or an integral over

these solutions:

E(x, t) =

∫
dη Eη(x, t), (5.2)

where η parameterizes the varying properties of the solutions. For example, the amplitude,

spot size, focal point, pulse duration, or relative delay of each Eη can all depend on η.

Equation 5.2 is the most general representation of an ASTRL pulse in vacuum.

Analytic solutions for Eη simplify the process of designing an ASTRL pulse for a specific

application. Paraxial solutions, in particular, are expressed in terms of familiar quantities

that can be parameterized in terms of η. To derive such solutions, consider a laser pulse

propagating in the ẑ-direction with constant polarization ϵ̂. The transverse electric field

can be expressed as an envelope A(x⊥, z, t) (not to be confused with the vector potential)

modulated by a carrier

E⊥(x⊥, z, t) =
1
2
A(x⊥, z, t)e

i(k0z−ω0t)ϵ̂+ c.c., (5.3)

where k0 is the central wavenumber and ω0 = ck0. Substituting Eq. 5.3 into Eq. 5.1 and

performing the Galilean change of variables (ξ, s) = (z − ct, z) provides

[
∇2

⊥ + ∂2s + 2ik0∂s + 2∂ξ∂s
]
A(x⊥, s, ξ) = 0. (5.4)

Upon applying the slowly-varying envelope approximation (|∂ξ|, |∂s| ≪ k0), the mixed

derivative (∂ξ∂s) and non-paraxial (∂2s ) terms can be dropped and Eq. 5.4 reduces to

[
∇2

⊥ + 2ik0∂s
]
A(x⊥, s, ξ) ≈ 0. (5.5)

Equation 5.5 is the paraxial wave equation and its operator is independent of ξ. This

independence admits separable solutions, i.e., solutions with no spatiotemporal coupling, of

the form

A(x⊥, s, ξ) ≈ B(ξ)C(x⊥, s), (5.6)
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where C(x⊥, s) satisfies [∇2
⊥ + 2ik0∂s]C(x⊥, s) = 0 and B(ξ) is an arbitrary function. For

example, C(x⊥, s) may be any Laguerre-, Hermite-, or Ince-Gaussian mode and the longitu-

dinal profile may be B(ξ) = exp[−(ξ/cτ0)
2]. The validity of the approximations leading to

Eq. 5.6 is addressed below in Sec. 5.7.

The transverse electric field of a coherent ASTRL pulse can be approximated by summing

or integrating over paraxial solutions:

E⊥(x⊥, s, ξ) ≈ 1
2
eik0ξ

∫
dη Bη(ξ)Cη(x⊥, s)ϵ̂(η) + c.c., (5.7)

where the properties of Bη(ξ), Cη(x⊥, s), and ϵ̂(η) may vary with respect to η. The integral

over η may introduce spatiotemporal coupling, such that in general, Eq. 5.7 cannot be written

as a separable function. Thus, E⊥ may possess a high degree of spatiotemporal coupling

despite the absence of coupling in Eq. 5.6.

The η-dependence of Bη(ξ) may encode a delay ∆(η), duration τ0(η), and weight B0(η)

for each constituent pulse as

Bη(ξ) = B0(η) exp

[
−
(
ξ −∆(η)

cτ0(η)

)2
]
. (5.8)

The durations τ0(η) set the fastest timescale over which the properties of the ASTRL pulse

can vary and determine the number of pulses required for a discrete version of Eq. 5.7. Unless

otherwise stated, τ0 and B0 will be independent of η for the examples presented here. In

principle, each pulse can have a different phase (potentially random) contained in B0(η); for

all the examples considered here, B0(η) is real so that the pulses add coherently.

A natural example for the η-dependence of Cη(x⊥, s) is an η-indexed Gaussian-beam:

Cη(x⊥, s) =

[
zR(η)

qη(s)

]d⊥/2
exp

[
−ik0|x⊥ − x⊥0(η)|2

2qη(s)

]
, (5.9)

where qη(s) ≡ s− s0(η) + izR(η) is the complex beam parameter and d⊥ is the number of

transverse dimensions. In Eq. 5.9, the longitudinal focal position s0(η) (in qη(s)), transverse

focal position x⊥0(η), and Rayleigh range zR(η) (and associated spot size w0(η) =
√
2zR(η)/k0)
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may all be expressed as functions of the integration variable η, which allows for extended focal

ranges and evolving transverse structure. More generally, the mode numbers of the transverse

profile can depend on η, e.g., the radial or orbital angular momentum (OAM) quantum

numbers of a Laguerre-Gaussian mode. Finally, ϵ̂(η) may encode an evolving polarization.

5.3 Design of ASTRL pulses

The utility and generality of the ASTRL concept will be demonstrated by using Eq. 5.7 to

construct several examples of spatiotemporally structured laser pulses. To begin, consider

the flying focus [151, 3]. Each time slice in a flying focus pulse has a different focal point

along the propagation axis. The time and location at which each slice comes to focus can

be controlled to produce an intensity peak that travels at any velocity, including backwards

or faster than the speed of light. Within the ASTRL formalism, a flying focus pulse may

be described using a Gaussian transverse profile (Eq. 5.9) with η ∈
[
−1

2
, 1
2

]
and s0(η) = ηL.

This choice of s0(η) produces a focal range extending from s = −L/2 to s = L/2, where L

can be much larger than zR. At each s in the focal range, the focus will occur at a time

determined by the condition ξ = ∆(η) = ∆(s/L). The delay ∆(η) required for a given focal

trajectory can be derived from geometric optics as in Ref. [37]. For example, motion of the

focal point at a constant velocity vf = cβf is attained with ∆(η) = (1− 1/βf )Lη.

Figure 5.1(a) displays the on-axis envelope of a superluminal (βf = 1.05) flying focus

pulse obtained by evaluating Eq. 5.7. The white dashed line shows the spacetime trajectory

z = vf t and demonstrates that the laser envelope travels at the expected velocity over

10 Rayleigh ranges. A finite-difference time-domain (FDTD) simulation of the full set of

Maxwell’s equations produces nearly identical results [Fig. 5.1(b)]. The FDTD simulation

used Eq. 5.7 to initialize the fields, but did not make the envelope approximations leading

to Eq. 5.5. A slight discrepancy can be observed near ct ≈ 5zR due to the inexactness of

Eq. 5.6. The simulation was conducted using the code OSIRIS [2] with quasi-3D azimuthal
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Figure 5.1: (a): On-axis evolution of the envelope of an ASTRL flying focus pulse found

by evaluating Eq. 5.7 with k0w0 = 40, ω0τ0 = 20, and βf = 1.05. The dashed line indicates

the trajectory z = vf t. (b) The envelope from a quasi-3D FDTD simulation for the same

parameters. The two are in excellent agreement. (c) – (e): A generalized flying focus

constructed using the ASTRL formalism in which the focal point oscillates transversely as it

moves along the optical axis. The propagation was simulated in 2D using the FDTD method.

The pulse was initialized at ct/zR = −10 using Eq. 5.7 with x⊥osc = w0, kosc = 1/zR,

βf = 1.05, L = 20zR, k0w0 = 40, and ω0τ0 = 20. From left to right, the frames show the

pulse at ct/zR = −4, 0, and 4.
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decomposition [78] and the solver introduced in Ref. [61] to mitigate numerical dispersion.

The ASTRL concept can also be used to describe new types of generalized flying focus

pulses. For instance, a pulse whose focal point oscillates in the transverse direction as it

translates along the propagation axis could serve as a controllable wiggler for generating

radiation from relativistic electron bunches or enhance direct laser acceleration of electrons

through new parametric resonances. Such a pulse can be constructed by parameterizing

both the transverse and longitudinal focal coordinates: x⊥0(η) = x⊥osc sin[koscs0(η)]x̂ and

s0(η) = ηL, where, as before, η ∈
[
−1

2
, 1
2

]
. Figures 5.1(c)–(e) display the envelope from

2D OSIRIS simulations of this configuration. The intensity peak undergoes the expected

oscillatory motion. Here, Cη is given by Eq. 5.9 and ∆(η) = (1 − 1/βf)Lη, i.e., the focal

point moves with a constant axial velocity.

Aside from moving focal points, many applications can benefit from pulses that have a

fixed focal point with prescribed spatiotemporal profiles or ξ-dependent polarization (Fig. 5.2).

Traditional Fourier techniques for temporal pulse shaping, as in Ref. [142], produce pulses

described by Eq. 5.6 with a customized B(ξ). Similarly, previous polarization-structuring

methods amount to evaluating Eq. 5.7 with a prescribed ϵ̂(η) and Bη, but with a Cη that

is independent of η. Figure 5.2(a) shows such an example. This particular ASTRL pulse is

constructed from a discrete sum of seven pulses, indexed by η ∈ {0, 1, . . . 6}, that share a

common focal point s0(η) = 0 and constant Rayleigh range zR(η). The delay and polarization

of each pulse are given by ∆η = −2cτ0η and ϵ̂(η) = [cos(πη/5), sin(πη/5), 0] while Cη is

given by Eq. 5.9. Evolving polarization structures as in this example have led to advances in

nonlinear spectroscopy [157], quantum control [158, 159], nanophotonics [160], and a number

of other areas [161, 162]. More exotic pulses with continuous polarization evolution can also

be described using the ASTRL concept.

A time-dependent spot size can improve the performance of applications including laser

wakefield acceleration [1, 163] and inertial confinement fusion [164, 165, 166]. In laser wakefield

acceleration, a spot size that decreases in ξ (i.e., increases in time at a fixed z), can stabilize

120



–2
2

–11

p/cx0

y
/w

0

R
e[
E
x]

 (
a
rb

it
ra

ry
 u

n
it

s)

x/w 0

–2

2

0 2

1

(c)

p/cx0

E
y/
E

0

E x
/E 0

–1

1

0
1

8
4

–1

(a)

p/cx0

|A
| 

(a
rb

it
ra

ry
 u

n
it

s)1

0

x
/w

0

2

–2

0 4 8 12 16

0

(d)

x
9

/w
0

|A
| 

(a
rb

it
ra

ry
 u

n
it

s)

1

0

5

p/cx0

0 5 10 15 20

–5

0

(b)

Figure 5.2: Examples of ASTRL pulses constructed from superpositions of laser pulses

focused to the same point (s0(η) = 0): (a) A pulse everywhere linearly polarized, but with

a time-dependent polarization angle. The duration of each pulse in the superposition is

ω0τ0 = 20. (b) A laser pulse with a spot size that continuously decreases in time with

k0w0min = 40, w0max = 4w0min, ω0τ0 = 40, and ∆max = 20cτ0. (c) Time slices of the transverse

electric field of a laser pulse whose angular momentum continuously varies in ξ. (d) A lattice

of STOVs with k0w0 = 40 and ω0τ0 = 20. All examples are evaluated using Eq. 5.7 and

shown at the focal point s = 0.
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the propagation of an intense laser pulse in a plasma channel [163] while a spot size that

increases in ξ can potentially increase the self-guiding distance (see Refs. [1, 134]). In inertial

confinement fusion, a spot size that decreases continuously in ξ can mitigate cross-beam

energy transfer (this effect has been called “zooming”) [164, 165, 166]. As demonstrated

in Fig. 5.2(b), a pulse with a decreasing spot size in ξ can be described by Eqs. 5.7, 5.8,

and 5.9 with a spot size parameterized as w0(η) = w0min + η(w0max − w0min) and the delay

∆(η) = −∆maxη, where η ∈ [0, 1].

The orbital angular momentum and radial mode numbers (ℓ and p, respectively) of

Laguerre-Gaussian modes provide additional degrees of freedom to structure the time-

dependence of the transverse profile. Figure 5.2(c) displays a sequence of time slices in

an ASTRL pulse formed by superposing three pulses that partially overlap in time with

(ℓ, p) = (0, 2), (3, 0), (1, 1). Each pulse is indexed by η ∈ {0, 1, 2}, has a delay ∆η = −2cτ0η,

and a weight B0(η) = 1, 0.8, 1. This construction produces a continuous transformation

in angular momentum. In the first, third, and fifth frames, one pulse dominates, and

the transverse profile is nearly a pure Laguerre-Gaussian mode; in the second and fourth

frames, two pulses interfere to produce a hybrid mode. Investigations into structured

OAM have only recently begun [155, 156, 167, 168, 169], but its potential for ultrafast

probing of chiral systems has already drawn attention [169]. Many other applications based

on OAM [170], including optical trapping and manipulation [171, 172, 173, 174], imaging

[175, 176, 177], quantum optics [178, 179], nonlinear optics [180], and laser-plasma interactions

[34, 181, 182, 183, 184, 185, 186], may also benefit from added control over its structure.

As a final example, the ASTRL concept can be used to construct STOVs. In fact, the

vacuum STOV solution introduced in Ref. [145],

A(x⊥, s, ξ) =

[
ξ

cτ0
± ix

w(s)

(
−q∗(s)
q(s)

)1/2
]
zR
q(s)

exp

[
−ik0x

2
⊥

2q(s)

]
exp

[
−
(
ξ

cτ0

)2
]
, (5.10)

is a superposition of two separable solutions as in Eq. 5.6, where the Cη functions are

Hermite-Gaussian modes of order (0, 0) and (1, 0). Here the s-dependence has been included,
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w(s) ≡ w0

√
1 + (s/zR)2, and q∗(s) is the complex conjugate of q(s). The generalization

of Eq. 5.10 to higher-order vortex topologies (see Ref. [147]) can also be expressed as a

superposition of separable solutions. Figure 5.2(d) illustrates a novel STOV “lattice” assembled

by superposing solutions in the form of Eq. 5.10. The solutions are indexed by η ∈ {0, 1, . . . 7}

with delays ∆η = −2cτ0η, transverse displacements alternating between x0 = ±w0, and

polarities (the sign in Eq. 5.10) alternating between ±1.

5.4 Closed-form ASTRL pulses

In addition to superposing laser pulse solutions with varying properties as in Eq. 5.7,

there is another way to generate approximate solutions for spatiotemporally structured

laser fields from Eq. 5.5. Suppose Cα(x⊥, s) are solutions to the paraxial wave equation

[∇2
⊥ + 2ik0∂s]Cα(x⊥, s) = 0, where a multi-index α parameterizes properties of Cα – for

example, for a Gaussian beam, α = (w0, s0,x⊥0) fully parametrizes the solution. The key

idea is that because the differential operator in Equation 5.5 is independent of ξ, α itself

may depend on ξ so long as the approximations leading to Eq. 5.5 still hold. More explicitly,

A(x⊥, s, ξ) ≈ Cα(ξ)(x⊥, s) (5.11)

is an approximate solution of Eq. 5.4. For the solutions in Eq. 5.11, the transverse profile

is a solution of the paraxial wave equation at a fixed ξ, but the transverse profile may vary

continuously as a function of ξ. A special case of Eq. 5.11 was used to model a flying focus

in Ref. [70]. As an example, consider the Gaussian beam Cη(x⊥, s) from Eq. 5.9 with η → α.

Letting α(ξ) = (w0(ξ), s0(ξ),x⊥0(ξ)) vary with ξ, we obtain the following approximate

solution of Eq. 5.4:

A(x⊥, s, ξ) ≈ a0(ξ)

[
zR(ξ)

q(s, ξ)

]d⊥/2
exp

[
−ik0|x⊥ − x⊥0(ξ)|2

2q(s, ξ)

]
, (5.12)

where the complex beam parameter q(s, ξ) ≡ s− s0(ξ) + izR(ξ) now depends explicitly on

both ξ and s and the complex amplitude a0(ξ) only depends on ξ.
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Like Eq. 5.7 with the choices Bη(ξ) and Cη(x⊥, s) given in Eq. 5.8 and Eq. 5.9, Eq. 5.12

can be used to generate the fields of a constant-velocity flying focus pulse. The focal range

and velocity are determined by a0(ξ) and s0(ξ). It is illustrative to consider a constant

amplitude profile a0(ξ) = a0, constant minimum spot size w0(ξ) = w0, constant transverse

offset x⊥(ξ) = 0, and a linear parameterization of the focal length s0(ξ) = αξ. For these

choices, |A|2 can be expressed as

|A(x⊥, s, ξ)|2 = a20

[
w0

w(s, ξ)

]d⊥
exp

[
− 2x2⊥
w(s, ξ)2

]
(5.13)

where

w(s, ξ) ≡ w0

[
(s− s0(ξ))

2

z2R
+ 1

]1/2
(5.14)

is the spot size of each slice. For a fixed s, |A|2 is peaked on-axis at the value of ξ where

w(s, ξ) is minimal (i.e., the point of smallest spot size where the pulse is in focus). This occurs

at a value ξ = ξp satisfying s = s0(ξp), where the minimal spot size w(s, ξp) = w0 is attained.

In this case, ξp(s) = α−1s. Thus, the ξ coordinate of the intensity peak varies linearly with s.

The intensity peak follows the spacetime trajectory s = s0(ξ), so in (z, t) coordinates, the

trajectory is z(t) = α[z(t)− t]. Solving for z(t), we obtain z(t) = [α/(α− 1)]t, which tells us

that the normalized velocity of the intensity peak in vacuum is βf = α/(α− 1). Equivalently,

to choose α for a desired βf , we have α = βf/(βf − 1). This parameter is the same as the

ratio s0(η)/∆(η) in Section 5.3. Note that if a0(ξ) varies (and hence also the power P (ξ)),

then s = s0(ξp) no longer holds. In this case, the intensity peak does not occur at the slice

which is in focus.

What is the significance of the structured laser field in Eq. 5.11? Equation 5.11 and Eq. 5.7

are approximately equal for certain choices of the B and C functions. In this circumstance,

Eq. 5.11 is the more natural choice to use for calculations (both theoretical and computational)

because it is simpler. No integral needs to be evaluated. For example, in the case of a flying

focus with constant velocity described by Eq. 5.7, at any ξ value, the pulses with with peaks

ξ0 satisfying |ξ − ξ0| ≲ cτ0 dominate the integral. Thus, at any ξ value, there is a spread of
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peak values of ∆ξ0 ≈ cτ0. The spread in focal points contributing to the integral from the Cη

factor is then given by ∆s0 ≈ α∆ξ0 = [βf/(βf − 1)]cτ0, where α = βf/(βf − 1) comes from

the previous paragraph. But if |∆s0| ≪ zR, then all pulses contributing have approximately

the same Cη function. (All the pulses are at a similar stage of evolution since Cη evolves on

the scale of zR.) Thus, under this condition, the longitudinal factor can be approximated

as a delta function: B(ξ −∆(η)) ≈ B0δ(ξ −∆(η)). But when using a delta function for B,

one obtains exactly Eq. 5.11. Hence, when ∆s0 = |βf/(βf − 1)|cτ0 ≪ zR, the closed-form

equation Eq. 5.11 approximates Eq. 5.7 for a constant-velocity flying focus. Another way

of looking at this: for certain choices of the B and C functions, Eq. 5.7 is a convolution of

Eq. 5.11. For example,

A(x⊥, s, ξ) ≈
∫
B(ξ − ξ0)Cα(ξ0)(s,x⊥) dξ0 (5.15)

is a convolution of Eq. 5.11, where B(ξ − ξ0) acts as a convolutional filter, and is of the same

form as Eq. 5.7 with η reparameterized to a dummy variable ξ0. When the duration of the B

function is sufficiently small, the convolution does not result in a substantial difference from

the original function, Eq. 5.11.

As an example of the utility of Eq. 5.11 for analytic calculations, the duration of a

constant-velocity flying focus pulse can be explicitly calculated from Eq. 5.12. Without loss

of generality, we compute the duration at s = 0. From Eq. 5.13, the on-axis intensity profile

in 3 spatial dimensions satisfies

|A(0, 0, ξ)|2 ∝ 1

α2ξ2 + z2R
(5.16)

From this, the full-width at half-maximum of the intensity peak may be calculated exactly as

cτfwhm = 2

∣∣∣∣βf − 1

βf

∣∣∣∣ zR (5.17)

This equation illustrates an important point: the pulse duration depends on the flying focus

normalized velocity βf , laser wavenumber k0, and laser spot size w0 (the latter two implicitly

through zR). This is a constraint that conventional laser pulses do not possess, i.e., the
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duration τ0 can be freely chosen independently of k0 and w0 (as in Eq. 5.8). For flying focus

pulses, this dependence of the duration on other laser parameters generally constrains their

application. For example, a negative-velocity flying focus with βf = −1 has been proposed

for several applications [66, 68]. In this case, the full-width at half maximum of the intensity

is given from Eq. 5.17 by cτfwhm = 4zR, which may be impractically large for standard laser

and plasma parameters.

In the particular case of Eq. 5.17, another consequence of the dependence of τfwhm on βf

is that τfwhm → 0 as βf → 1. In practice, βf = 1 is a degenerate, unrealizable case because

α → ∞ in this limit. This pathology arises from the parameterization s0(ξ) = αξ with a

constant amplitude a0(ξ) = a0. For a conventional laser pulse, s0(ξ) is constant and a0(ξ)

varies; in this case, the duration is determined by a0(ξ) and can be arbitrary while the pulse

propagates luminally in vacuum. However, in this case the pulse decays in amplitude over the

length scale zR. Note that one could potentially design a non-degenerate closed-form flying

focus using Eq. 5.12 with βf = 1 by allowing a0(ξ) to vary, since in this case the location of

the intensity peak no longer occurs at the slice which is in focus (see above).

For any βf ̸= 1, the structure of the laser field will deviate from from Eq. 5.11 over length

scales longer than Lstc (Eq. 5.20). This means that Eq. 5.11 may not behave as expected when

designing a flying focus with a focal range L > Lstc. This effect becomes prominent when

βf ≈ 1 because Lstc ∝ τfwhm. Fig. 5.3 shows two simulations which illustrate the efficacy of

Eq. 5.11 for designing structured light and clarify this point about the pulse duration. Flying

focus pulses described by Eq. 5.12 are shown with βf = 1.05 (Fig. 5.3(a-b)) and βf = 1.005
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(Fig. 5.3(c-d))). Both pulses are initialized using Eq. 5.12 at t = 0 with the amplitude profile

a0(ξ) =



0, ξ < −∆ξ

sin2
[
π
2

(
ξ+∆ξ
4∆ξ

)]
, ξ ∈

[
−∆ξ,−3

4
∆ξ
]

1, ξ ∈
[
−3

4
∆ξ, 3

4
∆ξ
]

sin2
[
π
2

(
ξ−∆ξ
4∆ξ

)]
, ξ ∈

[
3
4
∆ξ,∆ξ

]
0, ξ > ∆ξ

, (5.18)

where ∆ξ ≡ L
α

is the spread in pulse duration leading to propagation through a distance

L = 10zR, and the focal point profile

s0(ξ) = α
[
ξ + 1

2
∆ξ
]

(5.19)

where α = βf/(βf − 1) as before. Both pulses have k0w0 = 40. In each case, the left plot

(Figs. 5.3(a,c)) is the initial structure of the pulse initialized using Eq. 5.12 and the right

(Figs. 5.3(b,d))) is the state after a time ∆t = L = 10zR. For the sake of illustration, the

pulses are initialized well-within the focal trajectory: the peak originally occurs at ξ = ∆ξ/2.

The initial structure of the two pulses is the same aside from a scale factor of 10 in the

longitudinal direction. The duration of the βf = 1.005 case is 10× shorter, in agreement with

Eq. 5.17.

The state of the pulses at ct = L = 10zR is shown in Figs. 5.3(b,d). If both pulses evolved

according to the approximate solution in Eq. 5.12, they would be symmetric with respect

to the initial condition. For the case with βf = 1.05 (Fig. 5.3(b)), this is approximately the

case. On the other hand, while there is still a discernible focal point for the βf = 1.005 case

in Fig. 5.3(d), the structure is clearly distorted, the amplitude is reduced, and the ξ value in

focus deviates substantially from the prescribed value of k0ξ = 20.

The duration of the pulses may be estimated (not exactly because of the inconstancy of

a0(ξ)) from Eq. 5.17 as ω0τfwhm = 8 for βf = 1.005 and ω0τfwhm = 80 for βf = 1.05. For a

rough estimate of when effects of spatiotemporal coupling are expected to rise, this duration
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Figure 5.3: QPAD simulations illustrating the spatiotemporal structure of flying focus ASTRL

pulses described the closed-form Eq. 5.12, as well as differences in propagation resulting

from the dependence of the duration on the normalized focal velocity βf (Eq. 5.17). (a)

A flying focus with βf = 1.05 at t = 0. (b) Final state at c∆t = 10zR. The state is

mirror-symmetric (with minor deviations) because it is described accurately by Eq. 5.12.

In this case, Lstc = 80zR ≫ c∆t. (c) A flying focus with the same focal range but with

βf = 1.005. The structure is the same as in (a) except for compression by a factor of 10× in

the longitudinal direction. (d) At c∆t = 10zR, there is significant distortion from Eq. 5.17,

consistent with the estimate Lstc = 8zR ≲ c∆t. Pulse parameters are in the text.
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can be inserted into the formula for the spatiotemporal coupling length scale, Eq. 5.20. This

yields Lstc = 8zR for βf = 1.005 and Lstc = 80zR for βf = 1.05. This estimate is consistent

with the observation of major deviations from Eq. 5.12 for the βf = 1.005 case and minor

deviations for the βf = 1.05 case for propagation over c∆t = 10zR.

5.5 Experimental approaches to synthesizing ASTRL pulses

Optical configurations for producing specific subclasses of ASTRL pulses have already been

proposed or experimentally realized [37, 146, 151, 187]. These configurations may be modified

to produce new kinds of ASTRL pulses informed by Eq. 5.7, such as the oscillating flying focus

in Fig. 1(c)-(e). In addition, experimental approaches for synthesis of arbitrary solutions

of Maxwell’s equations as in [155, 156] can be used to create solutions designed using the

ASTRL approach. Here we propose a different approach, based on recent developments in

divided pulse amplification, which enables synthesis of more general classes of ASTRL pulses.

Wavelength-multiplexed communication and power scaling have motivated decades of

progress in methods for combining continuous-wave laser beams [188, 189, 190, 191]. Concep-

tually, N independent beams or N copies of one beam are individually amplified and then

recombined into a single beam with N times the original power. Splitting and recombination

are achieved using standard optics, such as diffraction gratings, fibers, and beamsplitters.

More recently, these methods have been applied to ultrashort laser pulses as a path towards

pulses beyond the petawatt class [192, 193, 194, 195, 196, 197, 198, 199, 200], with coherent

combinations of up to 81 pulses [201]. In this method, one could also use random or engineered

phases for each of the N copies.

Divided pulse amplification techniques can be extended to produce ASTRL pulses. In

addition to being amplified, the separated pulses can be independently focused, delayed,

polarization-rotated, or altered in other ways before being recombined. Figure 5.4 shows

a schematic of the proposed experimental concept in which different optical assemblies
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Figure 5.4: An experimental concept to produce new classes of ASTRL pulses. Each pulse is

independently manipulated by a separate optical assembly, labeled “OAj”, which can alter

the amplitude, transverse profile, frequency, delay, or other properties. The pulses are then

coherently combined to form an ASTRL pulse.

independently manipulate each of the divided pulses. As an example, optical assemblies

composed of a spiral phase plate and delay stage could produce a pulse with continuously

evolving OAM as in Fig. 2(c); alternatively, using a half-waveplate and delay stage could

produce a pulse with continuously evolving polarization as in Fig. 2(a). Despite the potential

challenges of alignment and timing, divided pulse manipulation could provide unprecedented

control over the structure of the combined pulse and enable creation of the broad class of

pulses described by Eq. 5.7. Note that Ref. [169] has used a special case of this concept to

combine two pulses with different OAM; the combined pulse was used to drive high-harmonic

attosecond pulses.

This approach to synthesizing ASTRL pulses is based on approximating the integral in

Eq. 5.7 as a discrete sum of pulses. To illustrate this, consider the βf = 1.05 flying focus

example shown in Fig. 5.1. Figure 5.5 demonstrates that 20 pulses are more than sufficient

to approximate the integral when L = 10zR. More generally, the minimum number of laser
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Figure 5.5: (a,b) Discrete approximations of Eq. 5.7 for the βf = 1.05 flying focus pulse

shown in Fig. 1 with N = 10 and N = 20 pulses, respectively; the continuum is well

approximated by 20 pulses, or 2 pulses per zR. (c) Peak on-axis amplitude for the N = 10

and 20 cases, showing oscillation for N = 10. (d) Relative amplitude oscillation, defined as

(max |A| −min |A|)/(max |A|+min |A|) over the interval [−zR, zR]. The relative oscillation

decreases exponentially with N , which determines the number of pulses required for a given

tolerance.

pulses required to approximate Eq. 5.7 can be estimated by ensuring that the sum-total

duration of all constituent pulses is greater than the duration of the entire ASTRL pulse
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T , i.e., N ≳ T/τ0. For a flying focus pulse, the effective duration of the intensity peak,

τeff = (1 − βf)zR/vf [153], satisfies τeff/T = zR/L, which implies that N ≳ (1 − βf)L/vfτ0

pulses are required. Note, however, that for certain applications, discrete separation of the

constituent pulses as in the N = 10 case of Fig. 5.5 may also be desirable.

For the closed-form ASTRL pulse in Eq. 5.11, methods for arbitrary waveform generation

(e.g., Refs. [156, 155]) can potentially be used. Alternatively, this form can be used to

phenomenologically model a given experimental setup. For example, in Ref. [202], this

closed-form ASTRL pulse was used to computationally model the fields of a flying focus

formed by sending a chirped pulse through a chromatic lens (as in Ref. [3]) in the context of

laser wakefield acceleration.

5.6 Accuracy of Equation 5.6

As demonstrated by the examples above, an ASTRL pulse may generally exhibit spatiotem-

poral coupling despite being assembled from pulses with no spatiotemporal coupling (i.e.,

Eq. 5.6). The separability of Eq. 5.6 was derived by reducing the full wave equation

(Eq. 5.4) to the paraxial wave equation (Eq. 5.5). The validity of the approximations lead-

ing to Eq. 5.5 may be determined by evaluating derivatives of the approximate solution

A(x⊥, s, ξ) = zR/q(s) exp[−ik0x2⊥/2q(s)] exp[−(ξ/cτ0)
2]. At any location, |∂2sA| ≪ |2ik0∂sA|

when k0w0 ≫ 1; this is the usual paraxial approximation, which fails only for tightly focused

laser pulses. On the other hand, |2∂ξ∂sA| ≪ |2ik0∂sA| when ω0τ0 ≫ 1. This condition only

fails for pulses with durations less than a few-cycles. These two conditions, i.e., k0w0 ≫ 1

and ω0τ0 ≫ 1, place constraints on Cη and Bη, respectively.

For an envelope that is initially separable at some s = si, spatiotemporal coupling will

develop beyond a range |s− si| ≳ Lstc ≡ 1
2
cτ0k

2
0w

2
0 because of the ∂ξ∂z term in Eq. 5.4 (see

Sec. 5.7). There are two common scenarios that can be considered. In the first scenario,

every pulse comprising an ASTRL pulse is separable at its focus. Because each pulse only
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contributes significantly within a Rayleigh range of its focus, the condition on the accuracy

of Eq. 5.6 can be expressed as Lstc ≳ zR or, equivalently, ω0τ0 ≳ 1. In the second scenario,

which is more applicable to field initialization in a simulation, every pulse is separable at

a specified distance Lη from focus. The condition on the accuracy of Eq. 5.6 is then given

by Lstc ≳ maxη Lη. For example, in Fig. 1(a-b) maxη Lη = 1
2
Lstc, which contributes to

the slight discrepancy at the end of the focal region. However, even if Lstc ≲ maxη Lη and

spatiotemporal coupling develops in the constituent pulses, the qualitative features of the

desired electromagnetic structure would remain intact.

5.7 Length scale for emergence of spatiotemporal coupling

Over a long enough propagation path, the 2∂s∂ξ term omitted in Eq. 5.5 will lead to the

development of spatiotemporal coupling in an initially separable envelope. The length scale

over which this coupling develops can be estimated using geometric optics. Consider a pulse

initialized by Eq. 5.6 at s = −s0 with a focal point at s = 0. The distance from a radial

location r to the focal point is given by d(r) =
√
r2 + s20. The separable form of Eq. 5.6

begins to break down when the delay between the center and outer radii of the pulse (at the

same initial ξ) becomes comparable to its duration τ0. For an initial Gaussian transverse

profile, the spot size at s = −s0 is w(−s0) ≈ w0s0/zR = 2s0/k0w0, where w0 is the spot

size at focus. Setting r = w provides the delay ∆ ∼
√

(2s0/k0w0)2 + s20 − s0 ∼ 2s0/(k0w0)
2.

Equating ∆ to cτ0, we find that that Eq. 5.6 breaks down for propagation distances

s0 ≳ Lstc ≡
1

2
cτ0k

2
0w

2
0. (5.20)

For most pulses of interest, ω0τ0 ≫ 1 so that Lstc ≫ zR, i.e., Eq. 5.6 remains valid over

distances much longer than a Rayleigh range.

Equation 5.20 can also be derived using a multi-scale expansion of the operators in Eq. 5.4,

where it is explicitly assumed that the mixed derivative term is a first-order correction. The

∂s operator on the full solution A may be expanded as ∂s ≈ ∂s0 + ∂s1, where ∂s0 ≫ ∂s1. To
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lowest order, k0∂s0 balances ∇2
⊥ and one finds the scaling, ∂s0 ∼ z−1

R . At first order, k0∂s1

balances ∂s0∂ξ, providing the scaling relation k0/Lstc ≈ 1/cτ0zR. Upon solving for Lstc, this

reduces exactly to Eq. 5.20.

5.8 Separable envelope decomposition of arbitrary laser fields

Consider an electric field with characteristics of a monochromatic laser pulse, i.e., a power

spectrum peaked at a single ω0 such that ω0τ0 ≳ 1, but otherwise arbitrary structure. It

is possible to show that such an arbitrary field may be decomposed as a superposition of

separable pulses through a generalization of Eq. 5.7. In particular, the envelope may be

exactly decomposed as

A(x⊥, s, ξ) = C−1
ψ

∫
R

∫
R

da db

a2|a|1/2
C(a,b)(x⊥, s)ψ

(
ξ − b

a

)
(5.21)

where C−1
ψ is a constant, ψ is a wavelet mother function, and

C(a,b)(x⊥, s) =
1

|a|1/2

∫
R
dξ A(x⊥, s, ξ)ψ

∗
(
ξ − b

a

)
(5.22)

is the wavelet transform of A(x⊥, s, ξ) with respect to ξ for fixed x⊥ and s [203]. For

example, one may use the Ricker wavelet ψ(g) = ψ0 exp[−g2/2](1− g2). In Eq. 5.21, a and

b are respectively the length and delay of each constituent pulse. The properties of each

C(a,b)(x⊥, s), such as spot size and focal point, may depend on a and b.

Equation 5.21 is a superposition of separable pulses at each slice in s. Given initial

data for the envelope A(x⊥, 0, ξ) at some slice s = 0, the decomposition may be used to

approximately evolve the full solution A(x⊥, s, ξ) using Eq. 5.6 as

A(x⊥, s, ξ) ≈ C−1
ψ

∫
R

∫
R

da db

a2|a|1/2
C(a,b)

parax(x⊥, s)ψ

(
ξ − b

a

)
(5.23)

where C(a,b)
parax(x⊥, s) are solutions to the paraxial wave equation [2ik0∂s +∇2

⊥]Cparax(x⊥, s) = 0

with initial condition Cparax(x⊥, 0) = C(a,b)(x⊥, 0). The properties of C(a,b)
parax determine the
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range of s over which Eq. 5.23 remains valid. For example, if C(a,b)
0 (x⊥) resembles a Gaussian

beam with spot size w0(a, b) for each (a, b), then Equation 5.23 remains valid when

|s| ≲ min
a,b

Lstc(a, b) = min
a,b

ak20w0(a, b)
2, (5.24)

where the minimum is taken over (a, b) with significant contribution to the integral in Eq. 5.21.

Note that the specific choice of wavelet is not important, but the wavelet determines the

conditions required for validity of Eq. 5.23.

Equation 5.23 generalizes Eq. 5.7 and shows that any fully coherent laser pulse solution

may be approximately decomposed as a superposition of pulses with separable envelopes. In

this sense, all monochromatic laser pulses can be constructed as ASTRL pulses. However, we

restrict the scope of ASTRL pulses to include pulses that have been intentionally designed to

exhibit a particular structure either through Eq. 5.2 or Eq. 5.7.

5.9 Discussion

In this chapter, the concept of Arbitrarily Structured Laser (ASTRL) pulses was introduced.

In addition to facilitating the creation of new and previously unimagined electromagnetic

structures, the ASTRL formalism simplifies the injection of structured light in simulations.

Previous simulations of flying focus pulses required a Fresnel integral to propagate the field

from the optic plane of a specific experimental design to the simulation plane. In contrast, the

ASTRL description enables direct field initialization in the simulation plane, which simplifies

implementation. Further, by decoupling the structured light-matter interaction physics from

the details of a particular optical configuration, the ASTRL description expedites prototyping

of new concepts. For example, the axiparabola-echelon pair used in Ref. [37] would not need

to be redesigned for every simulation. An optical configuration capable of delivering the

desired pulse can be designed or implemented in a simulation after a concept shows promise.

The generality of the ASTRL concept extends well beyond Eq. 5.7 and the examples
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Figure 5.6: (a,b): On-axis evolution of the vector envelope for a negative-velocity flying

focus with structured polarization. The components of the vector envelope A are defined

by Aj ≡ êj ·
∫
dη Bη(ξ)Cη(x⊥, s)ϵ̂(η). The parameters are identical to those in Fig. 5.1

except βf = −1 and the polarization evolves continuously. Specifically, ϵ̂x(η) = cos(koscηL)

and ϵ̂y(η) = sin(koscηL), where kosc = (3/2)z−1
R . The white dashed lines indicate the focal

trajectory z = −ct. Both plots are evaluated using Eq. 5.7.

presented here. The time-dependence of any combination of parameters can be simultaneously

structured. For instance, a negative-velocity flying focus can be combined with continu-

ously evolving polarization (Fig. 5.6). Further, the ASTRL concept can be extended to

accommodate multi-color pulses [204, 205], superpositions of pulses with vector polarization

[206, 207, 208, 209], and pulses structured in the spatiospectral domain. In fact, using a

wavelet transform one can show that arbitrary monochromatic laser fields may be decomposed

as a generalized version of Eq. 5.7 (see Sec. 5.8).

In summary, the ASTRL formalism provides a framework for constructing laser pulses

with desired spatiotemporal structure. An ASTRL pulse is synthesized using superpositions

of known solutions to Maxwell’s equations, such as an ensemble of traditional laser pulses.
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The flexibility of the ASTRL concept was illustrated with several examples, including pulses

with moving focal points, dynamic polarization, evolving angular momentum, and nontrivial

topological structure. In practice, ASTRL pulses can be synthesized using a number of

experimental techniques, including the divided pulse manipulation scheme proposed here.

New pulses based on the ASTRL concept may enable or enhance techniques in a range of

scientific disciplines, including microscopy, nonlinear optics, quantum optics, and laser-plasma

interactions.
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CHAPTER 6

Laser Wakefield Acceleration with Arbitrarily Structured

Laser Pulses

In the last chapter, the concept of Arbitrarily Structured Laser (ASTRL) pulses was introduced.

In this chapter, we apply ASTRL pulses to laser wakefield acceleration (LWFA). LWFA

may enable the next generation of TeV-scale lepton colliders. Reaching such energies will

likely require multiple LWFA stages to overcome limitations on the energy gain achievable

in a single stage. The use of stages, however, introduces challenges such as alignment,

adiabatic matching between stages, and a lower average accelerating gradient. Here, we

propose a discrete flying focus that can deliver higher energy gain in a single stage, thereby

reducing the number of stages required for a target energy. A sequence of laser pulses

with staggered focal points and delays drives a plasma wave in which an electron beam

experiences a near-constant accelerating gradient over distances beyond those attainable with

a conventional pulse. Results from simulations in this chapter demonstrate that a discrete

flying focus with a total energy of 150 J can transfer 40 GeV per electron to a 50-pC beam

in a single 30-cm stage, corresponding to 50 dephasing lengths. As discussed later, there

is much room for optimization of this method to deliver higher energies within a single

plasma stage. In addition, preliminary results demonstrating the efficacy of an ASTRL flying

focus for extending the acceleration length of wakefields suitable for positron acceleration are

presented.

Most of this chapter comes from Ref. [8]. This article is distributed under the terms of

the Creative Commons CC BY 4.0 license, which permits unrestricted use, distribution, and
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reproduction in any medium, provided the original work is properly cited. The main addition

is Sec. 6.7, which explores the use of an ASTRL LWFA driver for positron acceleration.

6.1 Introduction

In laser wakefield acceleration (LWFA), a laser-driven plasma wave focuses and accelerates

an electron beam [24]. Because plasma waves can sustain accelerating gradients that are

orders of magnitude higher than those of conventional radio-frequency accelerators, LWFA

has been considered for a next-generation TeV-scale lepton collider [210, 18]. However, the

required TeV-scale beam energies are far higher than the GeV-scale energies that can be

transferred to a beam in a single LWFA stage. This is due to two limitations: (i) dephasing

[Fig. 6.1(a)], where the beam outruns the accelerating phase of the plasma wave, and (ii)

pump depletion, where the laser pulse exhausts its energy by driving plasma waves. To

overcome these limitations, the advanced accelerator community envisions chaining together

multiple LWFA stages. For example, the Snowmass 2021 Design Frontier proposed an electron

accelerator with an accelerating gradient of ∼100 GeV/m, but only ∼3 GeV of energy gain

per 3-cm stage [18]. With these parameters, ∼300 stages would be required to accelerate an

electron beam to 1 TeV.

The use of stages for LWFA poses significant challenges, including beam transport between

stages, adiabatic matching of the beam into each plasma section, and alignment and temporal

synchronization of the beam and laser pulses [6, 211, 212, 19]. In addition, the meter-scale

gaps required between each stage would reduce the average accelerating gradient by a factor of

∼ 30 for the 3-cm stage case described above. These challenges, along with the overall collider

complexity, can be mitigated by decreasing the number of stages Nstages. One approach is to

increase the energy gain in each stage by operating at lower electron densities: ∆Estage ∝ n−1
0

so that Nstages ∝ n0. However, this approach decreases the accelerating gradient (Ez ∝
√
n0)

and hence increases the total length of plasma LT ∝ n
−1/2
0 [6]. Another approach would be
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to use a density upramp to eliminate dephasing [112], but pump depletion would remain an

issue.

Space-time structured laser pulses offer an alternative approach to enhancing the energy

gain in a single LWFA stage [213, 37, 38, 45, 214, 215]. These “flying focus” concepts rely on a

controllable-velocity intensity peak to keep the accelerating phase of the driven plasma wave

collocated with an electron beam, thereby eliminating dephasing. This allows for operation at

higher densities, enabling larger energy gains over the same length or identical energy gains

over shorter lengths when compared to equal-energy conventional pulses. By providing higher

energy gains, such concepts could reduce the number of required stages without increasing

the length of the plasma. Flying-focus pulses have been experimentally demonstrated using

two techniques: (i) chromatic focusing of a chirped laser pulse [3, 216] and (ii) reflection from

an axiparabola–echelon pair, which independently focuses and delays radial annuli of a pulse

[217]. This latter technique is now being considered as the basis for an experiment to achieve

a 100-GeV-scale electron beam in a single meter-scale stage as part of the NSF OPAL project

[46, 218].

Here, we introduce a concept for enhancing the energy gain in a single LWFA stage using a

train of collinear laser pulses with different focal points [Fig. 6.1(b)]. The delays between the

pulses in this discrete flying focus (DFF) are chosen so that each pulse comes into focus and

drives the plasma wave a fixed distance ahead of the electron beam. Despite the subluminal

group velocity of each pulse, the accelerating phase of the plasma wave advances at the

vacuum speed of light. As a result, the accelerating phase remains collocated with a highly

relativistic electron beam over the entire stage. In the linear regime (normalized vector

potentials a0 ≲ 0.5), each pulse drives the plasma wave strongly over its Rayleigh range. In

the nonlinear regime (a0 ≳ 2), each pulse self-guides and strongly drives the plasma wave

over its pump depletion length. Quasistatic particle-in-cell simulations in this regime show

that a DFF can drive a plasma wave that accelerates a 50-pC electron beam by 40 GeV in a

single 30-cm stage, corresponding to 50 dephasing lengths. The 40 GeV energy gain is not a
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fundamental limitation of the DFF; we comment on how the energy can be increased at the

end of the chapter.

The remainder of this chapter begins with theory describing propagation of a DFF pulse

(Sec. 6.2). The theory extends the Arbitrarily Structured Laser (ASTRL) pulse concept [7]

to account for plasma dispersion. The pulse and plasma parameters for an LWFA stage far

longer than a dephasing length are designed using scaling laws in the linear and nonlinear

regimes (Sec. 6.3). QPAD simulations [39, 81] based on these designs confirm that a plasma

wave driven by a DFF can accelerate an externally injected electron beam over tens of

dephasing lengths in both regimes (Sec. 6.3). Higher order effects of linear propagation not

considered in the theory section are considered more carefully in Sec. 6.4. The accuracy of

QPAD compared to fully electromagnetic PIC simulations is demonstrated and discussed in

Sec. 6.6. Additional simulation details for the simulations in Sec. 6.3 are provided in Sec. 6.5.

Simulations of the same scheme using a Laguerre-Gaussian driver for positron are shown in

Sec. 6.7. Finally, a summary and possibilities for future directions, including various ways to

optimize this configuration, are provide in Sec. 6.8.

6.2 Theory

The design of a DFF for LWFA begins with an extension of the formalism developed for

ASTRL pulses [7] to account for linear dispersion in cold, uniform plasma. The propagation

of a laser pulse through such a plasma is described by the wave equation[
∇2 − 1

c2
∂2t

]
A =

ω2
p

c2
A, (6.1)

where A is the vector potential of the pulse in the Coloumb gauge, ∇ · A = 0, and

ωp = (e2n0/meε0)
1/2 is the plasma frequency. For propagation along the ẑ direction, the

transverse vector potential can be expressed as a normalized vector envelope a(t, z,x⊥)
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Figure 6.1: Comparison of LWFA with a conventional pulse and a discrete flying focus in the

linear regime. (a) A single pulse traveling at its group velocity (black) drives a plasma wave

(gray), whose longitudinal field Ez accelerates a highly relativistic electron (cyan). The pulse

and longitudinal field slip backward in ξ = z − ct as the pulse propagates from z = 0 to 2Ld.

As a result, the electron moves from an accelerating to a decelerating longitudinal field, which

limits its energy gain—a process referred to as dephasing. (b) A sequence of pulses (red,

green, blue) with appropriately selected delays and focal points drives a plasma wave (gray)

whose longitudinal field remains stationary in ξ. This eliminates dephasing by ensuring that

the electron (cyan) remains collocated with the maximum accelerating field over the entire

distance. In both (a) and (b), the field of the laser pulse is calculated using Eq. (6.7), and

the longitudinal field is calculated using linear theory [5, 6]. The specific parameters, chosen

for illustration, are k0/kp = 40, kpτ0 = 0.5, fj = jLd, and ∆j = (1− vg/c)fj =
(
π
2

)
jk−1

p . The

dephasing length is kpLd = 1600π, the single pulse in (a) has kpzR = ∞, and each pulse in

(b) has kpzR = 320.
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modulated by a carrier wave

A⊥(t, z,x⊥) =
1
2
(mec2

e
)a(t, z,x⊥)e

ik0(z−vϕt) + c.c., (6.2)

where k0 is the central wavenumber and vϕ = ω0/k0 is the phase velocity, with ω2
0 = ω2

p+ c
2k20.

Because the transverse components of the vector potential evolve independently, it is sufficient

to consider the evolution of a single component: a(t, z,x⊥) = a(t, z,x⊥)ϵ̂ where ϵ̂ is a

polarization unit vector. Substituting Eq. (6.2) into Eq. (6.1) and transforming to the

coordinates (ζ, s) ≡ (z − vgt, z), where vg = c2k0/ω0 ≈
[
1− 1

2
(ω0/ωp)

2
]
c is the linear group

velocity, yields [
∂2s + 2∂s∂ζ +

(
1− vg

c

)2
∂2ζ +∇2

⊥ + 2ik0∂s

]
a(ζ, s,x⊥) = 0. (6.3)

The first three terms in Eq. (6.3) are dropped since they are small compared to the ∇2
⊥ and

2ik0∂s terms (see Sec. 6.4). This reduces Eq. (6.3) to the steady-state paraxial wave equation

[
∇2

⊥ + 2ik0∂s
]
a(ζ, s,x⊥) ≈ 0. (6.4)

The absence of ∂ζ terms in Eq. (6.4) implies that each temporal slice of the laser pulse evolves

independently. Thus, Eq. (6.4) admits separable solutions of the form

a(t, z,x⊥) = A0B(z − vgt)C(z,x⊥), (6.5)

where the coordinates (t, z) have been reintroduced. Here, A0 is the amplitude, B is an

arbitrary complex function, and C is a complex function satisfying the paraxial wave equation

[∇2
⊥ + 2ik0∂z]C = 0. This is the same form derived for vacuum propagation in Ref. [7] with

vg replacing the vacuum speed of light in B.

A laser pulse with an envelope described by Eq. (6.5) will excite a plasma wave with a

relativistic phase velocity when propagating in an underdense plasma (ωp ≪ ω0). In the linear

regime (a0 ≡ max|a| ≲ 0.5), the distance over which a plasma wave excited by the solution

in Eq. (6.5) can accelerate a particle with vz ≈ c is limited by diffraction and dephasing.

Diffraction is associated with the transverse profile C(z,x⊥), which determines the length
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scale over which the pulse maintains a high intensity and strongly drives the plasma wave.

Dephasing is associated with the temporal profile B(z − vgt), which determines the phase

velocity of the plasma wave vw = vg. The wavelength of the wave is λw = 2πk−1
p , where

kp ≡ ωp/c is the plasma wavenumber. Thus, electrons with vz ≈ c initially collocated with

the maximum accelerating field of the wave will encounter a decelerating field when the laser

pulse has slipped backward by ∆ξ = (π/2)k−1
p , where ξ ≡ z − ct. (Note that, in the linear

regime, only a quarter of the full phase of the wave both accelerates and focuses an electron.)

This occurs after a distance referred to as the dephasing length Ld, given by

kpLd ≡
π

2

(
1− vw

c

)−1

. (6.6)

For ω0/ωp ≫ 1, kpLd ≈ π(ω0/ωp)
2. Figure 6.1(a) illustrates dephasing in the linear regime

for a single pulse with C = 1. The pulse (black) and accelerating field of the plasma wave

(Ez, gray dotted line) slip backward with respect to the electron (cyan) such that it is no

longer accelerated for z > Ld.

The key idea of the present work is that dephasing can be overcome by using a train of

collinear pulses with different focal points. To demonstrate this, a linear superposition of N

laser pulses of the form given by Eq. (6.5) is considered:

a(t, z,x⊥) ≈
N∑
j=1

1
2
A0jBj(z − vgt)Cj(z,x⊥)× eik0(z−vϕt)ϵ̂j + c.c.. (6.7)

The amplitude of each pulse A0j is chosen to produce a desired amplitude a0 for the overall

structure. The profiles Bj and Cj are selected so that each pulse comes into focus when it

has slipped backward into the value of ξ where the previous pulse was focused. Here, as in

Ref. [7], a Gaussian temporal profile is used:

Bj(z − vgt) = exp

[
−
(
z − vgt−∆j

cτj

)2
]
, (6.8)

where τj is the duration and ∆j is the initial peak position of each pulse. Similarly, the

paraxial solution for a Gaussian beam is used for the transverse profile:

Cj(z,x⊥) =

(
zR,j
qj(z)

)
exp

[
−ik0|x⊥|2

2qj(z)

]
, (6.9)

144



where qj(z) ≡ z−fj+izR,j is the complex beam parameter, fj is the focal point, zR,j = 1
2
k0w

2
0j

is the Rayleigh range, and w0j is the spot size of each pulse. For simplicity, the same amplitude

A0j = A0, Rayleigh range zR,j = zR, and duration τj = τ0 are used for each pulse.

With these choices, the overall amplitude of the envelope (Eq. (6.7)) peaks when each

pulse comes into focus at zfocus,j = fj and tfocus,j = (fj −∆j)/vg. The corresponding ξ value

of the peak amplitude is then given by ξfocus,j = zfocus,j − ctfocus,j = (c/vg)∆j + (1− c/vg)fj.

Thus, each pulse will come into focus at the same value of ξfocus,j = ξ0 if the ∆j are chosen as

∆j =
(vg
c

)
ξ0 +

(
1− vg

c

)
fj. (6.10)

In the limit of many pulses (N ≫ 1), this choice for ∆j produces a continuous peak that

moves through the plasma at the vacuum speed of light vf = c (or through vacuum at the

superluminal velocity vf = c2/vg). In practice, the phase velocity of the plasma wave vw may

be slightly different from vf due to nonlinear effects, linear effects absent in Eq. (6.7) (e.g.,

higher-order dispersion or space–time couplings), and the dependence of the plasma wave

structure on the entire pulse profile rather than its peak location. Nevertheless, Eq. (6.10)

provides a starting point that can be tailored to compensate for these effects and achieve

vw = c.

Figure 6.1(b) illustrates how dephasing can be circumvented in the linear regime using a

DFF with N = 3 pulses. The schematic shows the transverse vector potential of the three

pulses [Eq. (6.7)] and the longitudinal electric field Ez of the plasma wave that they drive. As

each pulse slips backward in ξ, it is replaced by its successor, which becomes the predominant

driver of the plasma wave. With ∆j and fj related by Eq. (6.10), the ξ value of the peak

accelerating field remains stationary and collocated with a highly relativistic electron (cyan)

over multiple dephasing lengths (z = 0 to 2Ld).

The total length that the DFF drives the plasma wave LD is determined by the number of

pulses N , the distance between successive focal points δfj = fj+1 − fj, and the distance over
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which a single pulse drives the plasma wave Lp. For equally spaced focal points, δfj = δf and

LD = (N − 1)δf + Lp. (6.11)

A minimum number of pulses Nmin is required to maintain a near-uniform accelerating field

over the length LD. This minimum can be estimated from the condition that the distance

between successive focal points is less than the distance over which a single pulse drives the

plasma wave: δf < Lp. A single pulse maintains a high amplitude and drives the plasma

wave over a Rayleigh range zR in the linear regime (a0 ≲ 0.5) and a pump depletion length

Lpd in the nonlinear regime (a0 ≳ 2) [1]. For a nonlinearly matched pulse with kpw0 = 2
√
a0,

the pump depletion length is given by Lpd = (k0/kp)
2cτ0 [1]. Thus, the minimum number of

pulses required for near-uniform acceleration may be estimated as

Nmin ≈


LD/zR, a0 ≲ 0.5

LD/Lpd, a0 ≳ 2

. (6.12)

In most cases of relevance, zR ≪ Lpd, such that a DFF would require many more pulses in

the linear regime than the nonlinear regime.

A highly relativistic electron (vz ≈ c) that experiences a nearly uniform accelerating field

over a distance L will gain an energy mec
2∆γ ≈ −eEzL. In the linear and nonlinear regimes,

∆γ ≈


π
8
kpLa

2
0, a0 ≲ 0.5

1
2
kpL

√
a0, a0 ≳ 2

. (6.13)

With a conventional pulse, L is limited to a dephasing length: either kpLd = π(k0/kp)
2 in

the linear regime or kpLd = 4
3
(k0/kp)

2√a0 in the nonlinear regime [1]. While the dephasing

length can be increased by using a density gradient [219], the acceleration length would still

be limited by pump depletion, which also scales as k20/k2p. Thus, for fixed a0 and k0 in the

conventional case, increasing the energy gain in a single stage, ∆γC ∝ n−1
0 , requires operating

at lower electron densities with weaker accelerating fields, Ez ∝ √
n0, and longer stages,

Ld ∝ n
−3/2
0 .
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With the DFF, L = LD ≈ Nδf , which is limited only by the number of pulses when

δf is fixed. As a result, the singe-stage energy gain can be increased without resorting to

lower densities and weaker fields by using more pulses. For δf = zR in the linear regime and

δf = Lpd in the nonlinear regime,

∆γD ≈


π

8
kpzRNa

2
0, a0 ≲ 0.5

k20
2kp

cτ0N
√
a0, a0 ≳ 2

. (6.14)

In this configuration, the energy gain increases linearly with the number of pulses N and

has a more favorable scaling with the density compared to a conventional pulse: ∆γD ∝ √
n0

and ∝ 1/
√
n0 in the linear and nonlinear regimes, respectively. In practice, kpw0 ≲ 1 in the

linear regime for reasonable beam loading efficiency [112]. Furthermore, cτ0 ≈
√
a0k

−1
p in the

nonlinear regime. Under these conditions, the energy gain scales as ∆γD ∝ N/
√
n0 in the

linear regime and ∆γD ∝ N/n0 in the nonlinear regime.

By eliminating dephasing, LWFA driven by a DFF can operate at higher densities where

the accelerating field is stronger: Ez ∝
√
n0. This allows for (i) larger energy gains over the

same length, (ii) equal energy gains over shorter lengths, or (iii) anything in between. Option

(i) would minimize the number of stages required to reach a target energy. In a single stage

of fixed length L, the ratio of energy gains attainable by a DFF and conventional pulse with

the same a0 and k0 is given by ∆γD/∆γC = kpD/kp where kpD = (e2n0D/meε0c
2)1/2 and n0D

is the design density for LWFA driven by a DFF, which can be much higher than in LWFA

with a conventional pulse [37]. For a conventional pulse, the value of kp can be related to the

dephasing length as

kp =


k0

(
π

k0Ld

)1/3

a0 ≲ 0.5

k0

(
4
√
a0

3k0Ld

)1/3

a0 ≳ 2

. (6.15)
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This leads to the useful expression [37]:

∆γD
∆γC

≈
(
kpD
k0

)
(
k0L

π

)1/3

a0 ≲ 0.5(
3k0L

4
√
a0

)1/3

a0 ≳ 2

. (6.16)

As an example, in a single stage with L = 32 cm, n0D = 3 × 1018 cm−3, a0 = 4, and

λ = 2πc/ω0 = 800 nm, ∆γD ≈ 4∆γC—the energy gain attainable with a DFF is approximately

4× higher than that attainable with a conventional pulse. The advantage of the DFF would

be even larger at higher densities or with longer stages, albeit at the cost of more pulses.

We note that while the ratio of energy gains increases as the density increases, the amount

of charge that can be loaded into the wakefield decreases as n−1/2
0D , so there is a balance

between acceleration gradient and the amount of charge that can be loaded into the wakefield

[1, 99, 118].

The number of pulses composing a DFF N also controls the amount of overlap between

pulses (for fixed ∆j and τj). When the pulses overlap significantly, the profile of the overall

envelope [Eq. (6.7)] is sensitive to the relative phases of the pulses and may be different than

that of the individual pulses. For example, the effective spot size weff may be larger than the

spot size of each pulse w0. The pulses begin to overlap when their spacing is comparable to

the pulse duration, i.e., ∆j+1 −∆j ≈ cτ0. The number of pulses beyond which overlapping

occurs may be estimated as T/τ0, where T = ∆N −∆1 ≈
(
1− vg

c

)
L/c is the total duration

of the pulse, to obtain

Noverlap =
(
1− vg

c

) L

cτ0
. (6.17)

In the nonlinear regime, Noverlap ≈ 1
2
Nmin. This shows that the pulses at least partially

overlap in the nonlinear regime if the condition N > Nmin is satisfied, regardless of the pulse

or plasma parameters. In the linear regime, Noverlap ≈ 1
4
(k2pw

2
0/ω0τ0)Nmin. Here, the degree of

overlap depends on the pulse and plasma parameters. In either case, overlap can be mitigated

by choosing the polarization of successive pulses to be orthogonal, which effectively doubles

Noverlap.
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6.3 Simulations: electron acceleration

To demonstrate that a DFF can eliminate dephasing in LWFA, simulations were performed

using the quasistatic, quasi-3D particle-in-cell (PIC) code QPAD [39]. QPAD models the

evolution of the plasma electrons in response to the ponderomotive force of a laser pulse, as

well as the electric and magnetic fields generated by the resulting charge separation. The

induced electron current, in turn, feeds back onto the propagation of the pulse through the

relativistic nonlinearities and ponderomotive modifications to the electron density profile.

Further details regarding the algorithm and numerical parameters can be found in Sec. 6.5.

Comparisons of QPAD to the full (i.e., non-quasistatic) PIC code OSIRIS [220] are presented

in Sec. 6.6.

6.3.1 Linear Regime

Figure 6.2 shows that dephasing can be circumvented in the linear regime by using a DFF

and provides insight into the DFF and plasma wave structure. A DFF with N = 250 and

a0 = 0.1 drives a plasma wave with vw = c over 20 dephasing lengths, L = 20Ld (see Table 6.1

for other parameters). The absence of dephasing and the velocity vw = c are evident in

Fig. 6.2(a) by the nearly identical structures and locations of the pulse and plasma wave in

ξ, i.e., neither recedes in ξ over 20 dephasing lengths of propagation. This indicates that a

highly relativistic electron (vz ≈ c) initially located in the maximum accelerating field will

remain in that field over the entire length of the accelerator.

Figures 6.2(b) and (c) display the transverse structure of the DFF pulse and plasma

wave. Both the DFF pulse and plasma wave maintain near-constant transverse profiles

throughout propagation, which is critical to ensuring that an ultra-relativistic electron

experiences a constant focusing force as it accelerates. The coherent superposition of the

N = Nmin ≫ Noverlap pulses produces a continuous DFF envelope with an “X”-shaped

structure, arising from the slice-dependent focal length. The temporal precursor of the DFF
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Figure 6.2: Evolution of a discrete flying focus and driven plasma wave in the linear regime

(a0 = 0.1). (a) The on-axis (|x⊥| = 0) envelope of the DFF pulse (red and blue) and

longitudinal electric field of the plasma wave (black and gray) have nearly identical profiles in

ξ = z − ct after the pulse has propagated 5 (solid) and 20 (dashed) dephasing lengths. (b,c)

The spatiotemporal structure of the DFF envelope (top) and longitudinal field (bottom) are

also nearly identical at these propagation distances. From left to right in ξ, the variation in

the transverse width of the DFF (i.e., the X structure) results from ξ slices that have already

passed through focus, are at or near focus, and have yet to come into focus, respectively. This

slice-dependent focusing is also the source of the pre and postcursors on the envelopes in (a).

In this example, N = 250 = Nmin ≫ Noverlap. Due to significant overlap between individual

pulses, the spot size of the overall envelope kpweff = 9 is larger than that of the individual

pulses kpw0 = 4.

pulse, visible in Figs. 6.2(a) and (b), gradually recedes as each pulse comes into focus and is

replaced by the “postcursor” visible in Figs. 6.2(a) and (c).

Figures 6.3(a)–(c) show how the structure of the accelerating field (Ez) depends on the

number of pulses composing a DFF in the linear regime. With a single pulse [Fig. 6.3(a)],

the on-axis (|x⊥| = 0) accelerating field slides backward in ξ and quickly drops in magnitude.

These are direct results of the pulse driving a plasma wave with vw = vg < c and quickly

diffracting, respectively. The dashed line in the inset marks a trajectory traveling at vg over
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Laser parameters Value Normalized
λ0 800 nm 2π/25

k0 7.8 µm−1 25

τ0 16 fs 1.5

w0 13 µm 4

zR 640 µm 200
Ld 0.64 cm 2000

Lpd 0.32 cm 1000

Discrete flying focus parameters
(a0 = 0.1)
N – 40, 250
Nmin – 250
Noverlap – 25
a0j – 0.1, 0.024
fj+1 − fj 4 mm, 0.6 mm 1250, 200
∆j+1 −∆j 3.2 µm, 0.5 µm 1, 0.16

Discrete flying focus parameters
(a0 = 4)
N – 20, 40
Nmin – 50
Noverlap – 25
a0j – 4
fj+1 − fj 8 mm, 4 mm 2500, 1250
∆j+1 −∆j 6.4 µm, 3.2 µm 2, 1
Plasma parameters
n0 3× 1018 cm−3 –
k−1
p 3.2 µm 1
L 16 cm 50,000

Table 6.1: Parameters for the simulations presented in Figs. 6.2 and 6.3. The normalized

vector potential of each pulse a0j is scaled to achieve the desired a0 for the overall envelope.

Note that for the profile choices defined in Eqs. (6.8) and (6.9), a0j = A0j. The values for

fj+1 − fj and ∆j+1 −∆j are respectively listed for the N > 1 cases. Time and space are

normalized by ω−1
p and k−1

p where indicated.
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a single dephasing length. Thus, even if diffraction could be counteracted (for instance with

a plasma waveguide), dephasing would still occur over a distance consistent with Eq. (6.6)

(kpLd ≈ 2000).

When the number of pulses is increased to N = 40 < Nmin, the accelerating field persists

over the entire propagation distance of 25Ld [Fig. 6.3(b)]. However, the phase velocity of the

plasma wave vw evolves irregularly, and the longitudinal field exhibits discrete gaps due to the

large separation between the focal points of each pulse. In this case, each pulse contributes

to the drive over a long enough distance that spatiotemporal couplings develop in its profile.

This invalidates the separable form of Eq. (6.5) (see Sec. 6.4) and contributes a temporal

broadening that smooths the longitudinal field at larger distances in Fig. 6.3(b). Despite this

smoothing, a constant accelerating field over the entire acceleration distance still requires

N ≳ Nmin.

Figure 6.3(c) demonstrates that a DFF with N = Nmin = 250 pulses in the linear regime

can excite a smooth and constant accelerating field with vw = c. The parameters are the

same as those in Fig. 6.2. A highly relativistic electron (vz ≈ c) initially collocated with

the maximum accelerating field [blue stripe at kpξ ≈ −3 in Fig. 6.3(c)] would travel along a

vertical line in ξ − z space and experience the maximum accelerating field over the entire 25

dephasing lengths.

6.3.2 Nonlinear Regime

While the linear regime provides important insights into the benefit of LWFA driven by a

DFF, the nonlinear regime (a0 ≳ 2) offers several key advantages. First, the accelerating field

is much higher, allowing for significantly larger energy gains in a single stage. Second, the

focusing fields are much stronger and linear in radius, which helps preserve the emittance.

Finally, the DFF can be composed of far fewer pulses, which would reduce the complexity of

an experimental implementation. This latter advantage arises because self-guiding allows

each pulse in the DFF to strongly drive the plasma wave over its depletion length, rather
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Figure 6.3: Dependence of the on-axis (|x⊥| = 0) longitudinal field Ez on the number of pulses

driving the plasma wave in the (a,b,c) linear and (d,e,f) nonlinear regimes. (a) With a single

pulse (N = 1) in the linear regime (a0 = 0.1), the maximum accelerating field (dashed black

line) recedes and drops in amplitude due to the subluminal group velocity and diffraction

of the pulse. (b) For a DFF composed of N = 40 < Nmin = 250 pulses, the plasma wave

persists over the entire propagation range of 25 dephasing lengths, but the large separation

between pulses results in an irregular longitudinal field. (c) A DFF with N = 250 = Nmin

pulses drives a plasma wave with a smooth longitudinal field and a phase velocity vw = c. (d)

With a single pulse (N = 1) in the nonlinear regime (a0 = 4), the maximum accelerating field

(dashed black line) recedes and drops in amplitude due to a combination of the subluminal

group velocity and depletion. (e,f) Similar to the linear regime, a DFF composed of too

few pulses (N = 20 < Nmin = 50) produces an irregular field, while a DFF composed of a

sufficient number of pulses (N = 40 ≈ Nmin) produces a smooth field.
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than being limited to the Rayleigh range as in the linear regime.

Figures 6.3(d)–(f) illustrate how the structure of the on-axis accelerating field depends

on the number of pulses composing the DFF in the nonlinear regime. With a single pulse

[Fig. 6.3(d)], the accelerating field slides backwards in ξ, as it did in the linear regime.

However, in contrast to the linear regime, the maximum amplitude of the accelerating field is

relatively constant over a single dephasing length (see inset). This is because the individual

pulse parameters were chosen to be nonlinearly matched for self-guiding (kpw0 = 2
√
a0),

which prevents the drop in amplitude due to linear diffraction. Instead the amplitude drops

over a depletion length Lpd = Ld/2 ≈ 10zR as the pulse transfers its energy to the plasma

wave.

The dashed line in the inset of Fig. 6.3(d) marks the trajectory of the accelerating field

driven by a single pulse in the nonlinear regime. The accelerating field slips backward 2.5×

more rapidly than in the linear regime [see Fig. 6.3(a) inset]. This is consistent with Ref. [1],

which predicts a 3× higher rate of slippage due to etching, i.e., local depletion at the front of

the pulse. Although the rate of slippage is higher, the nonlinear dephasing length is similar

to the linear dephasing length (kpLd ≈ 2000) because the wavelength of the plasma wave is

longer in the nonlinear regime.

As in the linear regime, increasing the number of pulses in the nonlinear regime provides a

smoother and more-constant accelerating field that persists over a longer distance [Figs. 6.3(e)

and (f)]. However, the evolution of the accelerating field is now more complex. For N = 20 <

Nmin, the large separation between the pulses results in a longitudinal field with a modulated

period [Fig. 6.3(e)]. In the nonlinear regime, the period of the plasma wave depends on the

amplitude and spot size of the driving pulse, both of which oscillate as each pulse comes

into focus and then depletes. At larger z, the modulations are partially smoothed due to

the development of space-time couplings in the profile of each pulse, which increases their

overlap.

Figure 6.3(f) demonstrates that a DFF with N = 40 ≈ Nmin pulses in the nonlinear
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regime can excite a smooth and constant accelerating field with vw = c. Because the overall

pulse is more uniform, the modulations in the accelerating field observed with N = 20 are

mostly absent. In principle, the residual modulations could be mitigated by optimizing the

parameters of each pulse, such as the relative delays, focal locations, durations, or spot

sizes. This is a topic for future investigation. For the examples in Figs. 6.3(e) and (f), the

polarization alternated between the x̂ and ŷ directions from one pulse to the next. This

reduces the interference between pulses and was found to produce a more stable accelerating

structure.

With regards to the striations observable at smaller ξ in Figs. 3(d)–(f), QPAD is accurate

within the first period of the plasma wave, but can deviate from full OSIRIS simulations in the

nonlinear regime after the first period (see Sec. 6.6 for comparisons). This is a consequence of

the quasistatic approximation, which assumes that the background electrons have a velocity

less than vw. These deviations, however, do not impact the accelerating field experienced by

a separate population of highly relativistic electrons located in the first period.

6.3.3 Acceleration in the Nonlinear Regime

The plasma wave driven by a DFF in the nonlinear regime can accelerate an electron beam over

many dephasing lengths while preserving the initial emittance of the beam. To demonstrate

this, QPAD simulations were conducted with an axially uniform 48-pC, 1-GeV monoenergetic

electron beam externally injected into a plasma wave driven by a DFF with a0 = 4, N = 80,

and L = 50Ld = 32 cm. These are the same DFF parameters used for the example in

Sec. II and for Fig. 3(f), but with twice the length. The length L = 50Ld was chosen to

accommodate demands on computational resources and does not represent a physical limitation

of DFF-driven LWFA.

Figure 6.4 shows that the DFF-driven plasma wave [Fig. 6.4(a)] accelerates the injected

electrons from 1 GeV to an average energy of mec
2γ̄ = 41 GeV [Fig. 6.4(b)]. This is 3× higher

than the energy achievable with a conventional pulse in a lower-density stage of the same
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Figure 6.4: Acceleration of a 50 pC electron beam from 1 GeV to 41 GeV over 32 cm,

or 50 dephasing lengths, using a discrete flying focus with tailored delays. (a) Electron

density of the background plasma and electron beam normalized to n0. The beam profile

and accelerating structure are preserved over the entire length of the accelerator. Note that

the beam density saturates the color map. (b) Mean slice energy of the beam. At the end of

the accelerator (z = 32 cm), the spectrum is nearly monoenergetic with an energy spread

σγ/γ̄ = 0.04. (c) Normalized slice emittance. The emittance does not grow as the beam is

accelerated.

length. Over the entire beam, the acceleration preserves the normalized slice emittance at its

initial value of ϵx = 4 µm [Fig. 6.4(c)]. The average slice energy develops a slight positive

chirp, which contributes to a final energy spread of σγ/γ̄ = 0.04. The slice energy spread,

however, is significantly lower: σγ(ξ)/γ̄(ξ) = 0.001. The slight decrease in the spot size of

the beam, observable in Fig. 6.4(a), is consistent with the theoretically predicted adiabatic

evolution σx(γ) ∝ γ−1/4 [221].

For this example, the parameters of each pulse composing the DFF were tailored to

prevent the injected beam from interacting with the rear sheath of the plasma wave. The

delays ∆j of the first two pulses were shifted back relative to Eq. (6.10) by 2k−1
p and 1k−1

p ,

respectively. All subsequent pulses had delays given by ∆j =
[
1
2
(kp/k0)

2 − S
]
fj, where

fj = 1250(j − 1)k−1
p ≈ (5/4)(j − 1)Lpd. Here, S = 1.25× 10−5 is a correction to the linear
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group velocity factor 1 − vg/c ≈ 1
2
(kp/k0)

2 = 8 × 10−4 that corresponds to an additional

slippage of 1 k−1
p over 40Ld of propagation. These customized parameters were chosen to

compensate a slight advance in the accelerating field observed in a separate QPAD simulation

with uniformly spaced pulses. With uniform spacing, most of the beam was lost: the rear

sheath of the plasma wave repeatedly swept over and defocused the beam. The advance of the

accelerating field is visible for the analogous simulation with L = 25Ld shown in Fig. 6.3(f).

The initial normalized emittance of the beam, ϵx = 4 µm, was chosen to satisfy the

emittance matching condition for the initial spot size kpσx = 0.2. This emittance value is

relatively high in the context of linear collider designs. While the matched emittance can be

decreased by using a smaller spot, the spot was limited in the simulations by computational

demands on the transverse resolution kp∆x = 0.1. To examine the emittance growth of a lower-

emittance beam, QPAD simulations were also run with L = 5Ld (i.e., 10× shorter distance), a

10× higher transverse resolution of kp∆x = 0.01, a spot size of σx = 0.02k−1
p = 65 nm, and a

matched normalized emittance of ϵx = 0.0126k−1
p = 40 nm. These simulations also exhibited

negligible emittance growth. This suggests that emittance growth would be negligible over a

distance L = 50Ld if the beam were initialized with a collider-quality emittance.

The DFF and electron beam parameters were chosen to demonstrate the concept and

were not optimized for accelerated charge or efficiency. Nevertheless, it is still instructive

to calculate the efficiency. The initial energy in the overall pulse was 150 J, while the total

energy gain of the electron beam was 1.9 J, yielding an efficiency of 1.3%. This efficiency is

low for two reasons. First, the beam needs to be in front of the rear sheath of the plasma wave

because the bubble size oscillates, as seen in Fig. 6.3(f). Second, the blowout is incomplete,

i.e., the background electrons have not been completely expelled in the first period of the

plasma wave. If these issues can be resolved through optimization of the pulse train, the

efficiency could be significantly higher. Equation 6 of Ref. [99] indicates that a total charge

of Q ≈ 400 pC with an optimized trapezoidal beam profile can be loaded in a fully blown out

wave at Ez = −mecωp/e, which would increase the efficiency to 10%.
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6.4 Higher-Order Effects of Linear Laser Propagation

The laser profiles in Eqs. 6.5 and 6.7 were derived by dropping three terms from Eq. (6.3):

the mixed derivative ∂s∂ζ , the dispersive term (1− vg/c)
2∂2ζ , and the ∂2s term. Each of these

terms has a corresponding length scale Lsζ , Lζζ , Lss that determines when higher-order

corrections to the approximate solution in Eq. (6.5) may be important. These length scales

can be estimated for a single pulse following the multiscale expansion approach in Ref. [7]:

Lsζ =
1

2
cτ0k

2
0w

2
0 (6.18)

Lζζ =
1

2

(
k0
kp

)2

k0(cτ0)
2 (6.19)

Lss =
1

2
k30w

4
0 (6.20)

For example, the calculation for Lζζ is shown in detail here. We consider a pulse with

the initial condition a(ζ, 0,x⊥) = exp(−x2
⊥/w

2
0) exp(−ζ/cτ0) at s = 0. To zeroth order,

we have [∇2
⊥ + 2ik0∂s0 ]a = 0. This determines the zeroth order solution a(ζ, s,x⊥) ≈

exp(−ζ2/(cτ0)2)
[
zR
q(s)

]
exp

[
− ik0|x⊥|2

cτ0

]
(i.e., Eq. 6.5). To first order, assuming that the (1−

vg/c)∂
2
ζ dominates the other first-order correction terms, we have [(1− vg/c) ∂

2
ζ+2ik0∂s1 ]a = 0.

From the zeroth order solution, one may evaluate ∂2ζa ≈ − 2
(cτ0)2

at (ζ, s,x⊥) = (0, 0,0).

Also, 1 − vg/c ≈ 1
2

(
kp
k0

)2
. Hence, one obtains |∂s1a| ≈ 1

2k0

(
kp
k0

)2
1

(cτ0)2
. Finally, estimating

Lsζ ≈ 1/|∂s1a|, one obtains the estimate in Eq. 6.19.

The Lsζ and Lss length scales are the same in vacuum and plasma. For a pulse initialized

according to Eq. (6.5), Lsζ is the length scale over which the envelope will develop non-

separable dependencies on the temporal and transverse coordinates. Beyond the Lζζ length

scale, group velocity dispersion causes substantial temporal broadening of the pulse, which

reduces its amplitude. Finally, when Lss is comparable to the Rayleigh range zR = 1
2
k0w

2
0

(i.e., when k20w2
01), non-paraxial corrections will cause the transverse profile to deviate from a

solution to the paraxial wave equation.

These estimates apply to a single pulse. Due to interference, the evolution of the pulse
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train is more complex. Nonetheless, the length scales for a single pulse provide estimates

for when higher-order linear effects can contribute. When they do contribute, it may be

necessary to tailor the pulse train to compensate. For example, the Lsζ term results in a

non-ideal radial group delay, where the amount of slippage depends on radius. This can

be compensated by adjusting the ∆j for each pulse. The correction can be estimated from

geometric optics as ∆j = ∆
(0)
j +∆

(1)
j , where ∆

(0)
j is the right-hand side of Eq. (6.10) and the

first-order correction is given by

∆
(1)
j =

fj
k20w

2
0

. (6.21)

The simulation results in Section 6.3 can be interpreted in light of these considerations. The

single-pulse length scales using the parameters in Table 6.1 are kpLsζ = 7500, kpLζζ = 2×104,

and Lss = 104zR. The correction in Eq. (6.21) is consistent with the evolution of the phase

velocity in the case with a0 = 0.1 and N = 40 shown in Fig. 6.3(b), where there is a large

separation between the individual pulses. For the case with a0 = 0.1 and N = 250 shown

in Fig. 6.3(c), the phase fronts do not slip backward even though L > Lsζ and L > Lζζ . In

this case, there is significant overlap between the pulses. The resulting interference produces

an overall pulse with an effective spot size kpweff = 9 and duration ωpτeff = 4 that are larger

than those of the individual pulses. Using these values in Eqs. (6.18) and (6.19), the length

scales become kpLsζ = 105 and kpLζζ = 1.25× 105 so that higher-order effects are negligible

over the simulated length scale kpL = 5× 104. The a0 = 4 cases in Sec. 6.3 demonstrate that

despite propagation beyond Lsζ and Lζζ and some distortion to the profile in Eq. (6.7), it is

possible to obtain good results without additional compensation to the delays ∆j given by

Eq. (6.10). However, additional tailoring could potentially improve the results.

6.5 Simulation details

QPAD is a quasistatic PIC code [39, 81]. Quasistatic PIC codes take advantage of several

physics approximations to reduce computational expense: (i) the laser pulse or particle beam
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driver does not evolve in the time it takes a slice of plasma particles to pass through it; (ii)

all relevant waves have phase velocities near the speed of light; and (iii) in the case of a

laser pulse, laser-cycle averaged (or “ponderomotive guiding center") equations of motion

can be used for the background electrons [26]. With these approximations, the full set of

Maxwell’s equations are simplified to a set of Poisson-like equations for the potentials of the

plasma wave and a nonlinear wave equation for the envelope of the laser pulse. The quasi-3D

algorithm expands the fields, charge and current densities, and laser envelope into azimuthal

modes. These quantities are calculated on grids in the coordinates (r, ξ), and the expansion

is truncated at a desired mode number. For the electron acceleration simulations presented

in this work, only mode 0 was used.

In all cases considered in this study, a uniform plasma was simulated. The radius of the

plasma Rp was large enough to fit the spot size wmax of the most out-of-focus laser pulse at z =

0. For the simulations with kpL = 50,000 in Figs. 6.2 and 6.3, the most out-of-focus spot size

was wmax ≈ (L/zR)w0 = 1000k−1
p . These simulations used Rp = 3300k−1

p . For the simulation

with an externally injected beam in Fig. 6.4, the plasma radius was Rp ≈ 6600k−1
p ≈ 2 cm.

The initial Lorentz factor of the beam was γ0 = 2000 so that mec
2γ0 ≈ 1 GeV. The beam was

cylindrically symmetric with a spot size σx = 0.2k−1
p = 650 nm and a matched normalized

emittance ϵx = kpσ
2
x(γ0/2)

1/2 = 1.26k−1
p = 4 µm [221]. The current profile was constant in

ξ with a length kpLb = 1. The resolution in all cases was kp∆z = 0.01, kp∆x⊥ = 0.1, and

ωp∆t = 10. These values were chosen to ensure numerical convergence in the cases where

a0 = 4.

6.6 Comparison of nonlinear LWFA in QPAD and OSIRIS

In order to demonstrate the accuracy of QPAD, reduced-scale simulations were performed

to compare QPAD and the fully electromagnetic PIC code OSIRIS [220] using identical

laser pulse and plasma parameters. The OSIRIS simulations were run using the quasi-3D
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azimuthal decomposition [222] and the field solver introduced in Ref. [223] to mitigate

numerical dispersion. The transverse resolution is the same between the two simulations

(kp∆x⊥ = 0.1), while a finer longitudinal resolution of kp∆z = 0.008 is used in OSIRIS.

Remarkable agreement between the electron densities and the electric field envelopes of the

laser pulses is evident in Fig. 6.5. The physical parameters correspond to the nonlinear

(a0 = 4) cases presented in Table I, but with N = 1 [Figs. 6.5(a) and (b)] or N = 9 [Figs. 6.5(c)

and (d)].

Figures 6.5(a) and (b) show the electron densities and electric field envelopes of the laser

pulses from (a) QPAD and (b) OSIRIS for N = 1 at kpz = 100 ≪ kpLpd. Within the first

period of the plasma wave, the structure of the waves and envelopes agree. For kpξ ≲ −7,

the QPAD results deviate from the OSIRIS results: In the nonlinear regime, background

electrons in the rear sheath of the wave can be accelerated to velocities close to vw, which

causes the quasistatic approximation to break down.

Figures 6.5(c) and (d) show the electron densities and electric field envelopes of DFF

pulses from (c) QPAD and (d) OSIRIS for N = 9 at kpz = 9000. A major difference from

the N = 1 case seen in both the OSIRIS and QPAD simulations is the highly modulated

and lengthened envelope of the pulses. As the individual pulses in the DFF deplete, they

are locally redshifted. The lower group velocity of the redshifted light causes it to slide back

into the plasma wave structure. This redshifted light can become trapped in the wave and

modify its structure—for example, by preventing closure of the rear sheath, as seen in both

Figs. 6.5(c) and (d). For longer stages, the redshifted light can cause multiple cycles of sheath

opening and closing, as observed in Fig. 6.3(f). The local wavenumber of the light (not

shown) drops from k(ξ) = k0 = 25kp at ξ = 0 to k(ξ) = 12kp ≈ k0/2 at kpξ ≈ −6. To obtain

good agreement between OSIRIS and QPAD, the longitudinal resolution kp∆ξ = 0.01 in the

QPAD simulations was chosen to resolve this redshifting.

Another difference between the N = 1 and N = 9 cases is the more complete blowout

in the N = 1 case. The incomplete blowout driven by the DFF (on-axis density ≈0.1 n0)
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Figure 6.5: The electron densities and electric field envelopes from (left) QPAD and (right)

OSIRIS simulations run with the same physical parameters. The results for a single pulse

(N = 1) are shown in (a) and (b), while the results for a DFF with N = 9 pulses are shown

in (c) and (d). The agreement between QPAD and OSIRIS is excellent. In (c) and (d), local

depletion and redshifting causes the light to slip backward, where it is temporarily trapped

by the plasma wave. This prevents the rear sheath from closing. Over longer distances, the

sheath undergoes multiple cycles of opening and closing as the trapped light first accumulates

and then escapes out the back. [See Figs. 6.3(e) and (f)]. The quasistatic model used in

QPAD does not capture self-injection, which is observed in the OSIRIS simulations (d).
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reduces the accelerating field and limits how much charge can be loaded in the plasma wave.

The incomplete blowout is caused by a reduction in the DFF amplitude, which falls to about

half its original amplitude. The amplitude reduction could potentially be addressed by further

tailoring of the laser pulses.

The electron density from the N = 9 OSIRIS simulation features a 0.35-nC self-injected

bunch [Fig. 6.5(d)]. Self-injection cannot be modeled within the quasistatic approximation

[224]. Nevertheless, QPAD accurately models the laser pulse and plasma evolution in the

region upstream of the self-injected bunch, where the dynamics are causally disconnected from

the self-injected bunch. In this region, QPAD effectively cycle-averages the short-wavelength

(k ≈ 2k0) oscillations in the plasma density observed in the OSIRIS simulations. Self-injection

only occurs in the vicinity of the moving density spike at the rear of the sheath. Thus,

self-injection does not alter the evolution of the externally injected beam in Fig. 6.4. However,

the OSIRIS simulation suggests that the design presented in Fig. 6.4 could have dark current.

This dark current could be mitigated by beam loading or tailoring the properties of the

individual DFF pulses to stabilize the rear sheath.

Figures 6.5(c) and (d) also indicate that redshifted light would be spatially overlapped

with an externally injected electron beam, as used in Fig 6.4. The coupling between this

light and the electron beam (i.e., direct laser acceleration [225]) is not currently modeled

in QPAD. In principle, direct laser acceleration could lead to an increase in the transverse

momentum and emittance of the beam. In practice, the effect of direct laser acceleration

on the beam is negligible: The beam betatron wavenumber kβ and the wavenumber of the

redshifted light kL are always far from the DLA resonance condition kβ = kL. For the

parameters used here, kL ≈ 12kp and kβ(t) < kβ(0) = kp(2γ0)
−1/2 = 0.016kp. To confirm

that direct laser acceleration is negligible, the equations of motion for a subset of externally

injected electrons were numerically solved using laser pulse and plasma wave fields derived

from a phenomenological model, as in Ref. [62]. These calculations indicated that the

emittance growth from the beam–laser interaction was negligible for the case in Fig. 6.4 with
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kpL = 100,000 when using a beam with a spot size σ0x = 0.02k−1
p = 65 nm and matched

emittance ϵx = 0.0126k−1
p = 40 nm.

In Fig. 6.5, the electric field envelope for QPAD was calculated from the complex vector

potential (amplitude and phase), while the electric field envelope for OSIRIS was extracted

using a Hilbert transform.

6.7 Simulations: positron acceleration using an ℓ = 1 Laguerre-

Gaussian ASTRL driver

The examples in the previous section are not capable of accelerating positrons because the

fields within the ion column are focusing only for negative charges. This happens because the

laser intensity is peaked on-axis and expels electrons from the axis. Viera et al. introduced the

idea of using a Laguerre-Gaussian pulse, which has an off-axis intensity peak, for acceleration

of positrons in the nonlinear regime [34]. In this case, the ponderomotive force of the laser

is directed radially inward for electrons with radii smaller than the intensity peak; for an

appropriate laser amplitude, these electrons are compressed inward and form a filament

on-axis which can provide focusing fields appropriate for positive charges. With a single

pulse, the same limitations apply as in the case of electron acceleration: the laser pulse

dephases and pump-depletes, constraining the length scale over which acceleration can occur.

These issues are exacerbated by the weaker self-guiding of Laguerre-Gaussian modes. Using

a discrete ASTRL flying focus with a Laguerre-Gaussian transverse profile for each mode

can potentially address these issues. In this section, preliminary results are presented which

suggest that this configuration can indeed create an accelerating structure for positrons which

is maintained over many dephasing lengths.
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6.7.1 Linear Regime

As before, we begin with the linear regime to provide intuition for the process. Figure 6.6

shows an example of a DFF with (ℓ, p) = (1, 0) Laguerre-Gaussian modes. The length

scale is L = 20,000k−1
p ≈ 10Ld. The a0j of each pulse is scaled so that a0 = 0.1 at

kp(s, ξ,x⊥) = (0,−16, 3). The parameters are otherwise the same as for the N = 250,

a0 = 0.1 case in Table 6.1 and Fig. 6.2, including the ∆j and fj sequences. The simulation

uses modes up to m = 1, the only mode in which the laser envelope is nonzero. As desired,

the laser amplitude peaks off-axis. Aside from this, the results are similar to those of the

analogous simulation with a Gaussian transverse (i.e., (ℓ, p) = (0, 0) Laguerre-Gaussian)

profile in Section 6.3: the linear wakefields are maintained over the range of propagation of

the laser. In this case, the linear wakefields cannot accelerate positrons because they vanish

on-axis.

6.7.2 Nonlinear Regime

Next, we consider the results in the nonlinear regime. Figure 6.7 shows a case with N = 16,

L = 20,000k−1
p ≈ 10Ld, (ℓ, p) = (1, 0), and a0 = 20 for each pulse. The parameters are

otherwise the same as for the a0 = 4, N = 40 case in Table 6.1. As in the cases with a

Gaussian transverse profile, the structure of the laser and wake are much more complicated

than in the linear regime. It is clear that at these two snapshots, the wake structure has not

dephased and is suitable for the acceleration of positrons. The column of electrons along

the axis results in electromagnetic fields of the right sign for acceleration and focusing of

positrons along the axis.

Figure 6.8 shows the evolution of the on-axis accelerating field (Ez) and a transverse

slice of the focusing field (Er − Bϕ) at kpξ = −20. These plots demonstrate that for this

simulation, the wake structure indeed persists over the 10 dephasing lengths of propagation.

Recession of the wake is visible in the Ez lineout. The discreteness of the N = 16 pulses is
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Figure 6.6: Linear wakefields driven by a flying focus described by an ASTRL flying focus

with Cj(z,x⊥) given by an (ℓ, p) = (1, 0) Laguerre-Gaussian mode, kpw0 = 4 for each pulse,

kpL = 20,000 ≈ 10Ld, and N = 80. ∆j and fj are chosen in the same way as for the electron

acceleration cases. Top panels show the state at z = 5000 ≈ 2.5Ld and z = 15,000 ≈ 7.5Ld.

(a) Amplitude of the laser envelope for the m = 1 mode. The laser envelope peaks off-axis

and retains the same structure throughout its propagation. The characteristic x-shape and

precursor are visible, as with an (ℓ, p) = (0, 0) profile. (b-d) m = 0 mode of the electron

number density, focusing field, and accelerating field. The structure is maintained over the 5

dephasing lenths for each quantity. However, this configuration cannot accelerate positrons

because the focusing and accelerating fields vanish on the axis.
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Figure 6.7: Nonlinear wakefields driven by a flying focus described by an ASTRL flying

focus with an (ℓ, p) = (1, 0) Laguerre-Gaussian transverse profile for each pulse. Each pulse

has a0j = 20 and kpw0 = 4. Alternating polarization is used. Top panels show the state at

z = 5000 ≈ 2.5Ld and z = 15,000 ≈ 7.5Ld. (a) Amplitude of the laser envelope for the m = 1

mode. The evolution is significantly more complex than in the linear regime and appears

turbulent. (b) Unlike in the linear regime, plasma electrons are pushed by the laser onto the

axis. Multiple off-axis wakes are visible. (c-d) The blue region for the focusing field and red

region of the accelerating field near kpξ = −20 are favorable for acceleration of positrons.

This structure is maintained throughout the propagation of the laser.

evident. A more uniform wake could potentially be created by tailoring the laser pulses.

The value of a0 = 20 was found through trial and error. A sufficiently large a0 is required
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Figure 6.8: Time evolution of lineouts from the simulation in Fig. 6.7 for (a) the accelerating

field on-axis (kpr = 0) and (b) the focusing field at kpr = −20. The accelerating and focusing

fields persist over 10 dephasing lengths. Recession of the wake is visible in the Ez lineout.

The discreteness of the N = 16 pulses is evident.

to produce the electron filament. It found that, unlike in the case of a Gaussian transverse

profile, a sufficiently low number of pulses is required. In several cases in the nonlinear regime

where the pulses overlapped substantially, it was observed that the laser peak was deflected

substantially away from the axis, resulting in a negligible wake on the axis. Exploration of

this physics and optimization of the pulse parameters is a natural area for future work.

Although the signs of the fields are seen to be favorable for positron acceleration in

Figs. 6.7 and 6.8, the simulation cannot be run with a positron beam at the time of writing.

This is because the numerical scheme breaks down within the electron filament for some

timesteps. This is visible in 6.8(a) at several values of z. This phenomenon also occurs in the

electron acceleration cases and is visible in Fig. 6.3. However, it was not a problem because

in those cases the algorithm only breaks down behind the electron beam. In this case, the

algorithm breaks down where the positrons would reside. An area for future development is

to find numerical parameters that lead to convergence or develop a numerical scheme that

addresses this. Estimating an average accelerating gradient of eEz/mcωp = +1, an order of
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magnitude estimate of 10 GeV in 6 cm can be made for the energy gain positrons would

experience in the fields of Fig. 6.8.

6.8 Discussion

A discrete flying focus can eliminate dephasing by driving a plasma wave with a phase velocity

equal to the vacuum speed of light (vw = c). This allows highly relativistic electrons to

remain collocated with the maximum accelerating field of the plasma wave over a distance

limited only by the number of pulses or total pulse energy. By removing the constraint of

dephasing, a DFF-driven LWFA can operate at higher densities, providing larger energy

gains in a single stage or equal energy gains in a shorter stage. The former would reduce the

number of stages required to reach a target electron beam energy.

Quasi-3D PIC simulations with non-optimized parameters demonstrated that a DFF-

driven plasma wave can accelerate a 50-pC electron beam from 1 GeV to 41 GeV over 50

dephasing lengths while preserving the beam quality. This is 3× the maximum energy

gain achievable with a conventional pulse in a lower-density stage of the same length. The

acceleration length in the simulation was limited by computational resources and could, in

principle, be extended to attain beam energies beyond 100 GeV in a single stage. With a

longer stage or at higher density, the energy gain achievable by a DFF becomes even larger

than that of a conventional pulse [Eq.(6.16)].

The simulation domain was filled with pre-ionized plasma. In practice, this would require

a large amount of energy, which would reduce the overall efficiency. For the 41-GeV result,

the energy required to pre-ionize the hydrogen gas would be πR2
pLpn0Ui ≈ 2600 J, where

Rp = 2.1 cm is the maximum radius of the simulation and Ui = 13.6 eV is the ionization

potential. In principle, the energy required for ionization could be reduced by a factor of

3 with no changes to the laser pulse if the pre-ionized plasma were structured into a cone.

Alternatively, the energy required for ionization could be reduced by orders of magnitude if
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the DFF could be efficiently coupled into a pre-ionized plasma with a radius of a few spot

sizes Rp ≈ 3w0. This approach would likely necessitate customization of the pulse parameters

and radial density profile to mitigate refraction. Another approach to reducing the required

energy by orders of magnitude is to redesign the DFF to both ionize a gas and drive a

plasma wave as in Ref. [12]. The spacing of the pulses would be chosen to account for linear

dispersion in both the gas and plasma. This approach would also necessitate careful design

of the pulse and plasma to mitigate refraction—in this case ionization-induced. Both of these

approaches are areas for future work.

The DFF was designed using the formalism of ASTRL pulses [7]. The ASTRL formalism

is sufficiently general that it encompasses continuous flying focus pulses, and therefore is

inherently more flexible. The configuration considered here consists of multiple, collinear

pulses with tunable delays, focal points, and polarizations that can be independently tuned.

However, the ASTRL formalism also allows for tunable spot sizes, durations, and topological

structure, such as transverse or longitudinal orbital angular momentum. This provides an

extremely open parameter space for optimizing LWFA. In addition, unlike the axiparabola-

echelon flying focus, the DFF used here features a near-constant spot size, which helps

to mitigate evolution of the accelerating field. The cost for these benefits is increased

experimental complexity due to the use of multiple pulses.

Future work could explore customization of individual pulse parameters in order to

optimize plasma formation, energy gain, or beam quality. For instance, the techniques

described in Refs. [226, 227] could be adapted to determine a pulse train that mitigates

refraction, produces a more complete blowout, or suppresses the oscillations in the rear sheath

of the plasma wave observed in Figs. 6.3(e) and (f). More generally, the duration, axial shape,

spot size, or orbital angular momentum of each pulse could also be tuned using the ASTRL

formalism, offering extensive possibilities. A train of incoherent pulses could also be used to

relax requirements on the coherence of each pulse. The alternating polarization case, which

resembles an incoherent sum, provides confidence that this approach could be effective.
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Here, the DFF was used solely to produce a plasma wave with vw = c, but the flexibility

to structure the pulse train could be beneficial in a variety of LWFA scenarios. For instance,

a DFF could drive a plasma wave with a slower phase velocity for muon acceleration [228], or

a superluminal phase velocity to prevent wave breaking [229]. The first few pulses could be

tailored to either facilitate self-injection or to suppress it when external injection is employed.

The use of a DFF to produce wakefields suitable for positron acceleration by using an

(ℓ, p) = (1, 0) Laguerre-Gaussian transverse profile for each pulse was explored. Such modes

can produce wakes with electron filaments on-axis so that positrons can be accelerated and

focused. It was found that this method can indeed extend the acceleration length to at

least ∼ 10 dephasing lengths. This is a natural area for continued investigation. One of

the challenges that would need to be addressed is the occasional failure of the numerical

algorithm within the on-axis electron filament.

An experimental realization of a DFF pulse could take advantage of techniques for

manipulating and assembling multiplexed laser pulses. For instance, the multiplexed pulses

of a high-power fiber laser [230] could be independently delayed and focused before being

coherently combined on a collinear path. Alternatively, if the central frequency of each

pulse can vary, a broad bandwidth pulse could be dispersed into several pulses that could

be independently delayed and focused. Note, however, that dividing the bandwidth in this

manner would place a lower bound on the duration τj of each pulse. The possibility of using

different central frequencies and assessing the limitations thereof requires further investigation.

A schematic and further discussion of possible techniques can be found in the original work

on ASTRL, Ref. [7].
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CHAPTER 7

Acceleration of the Particle-in-Cell Code OSIRIS with

Graphics Processing Units

This chapter includes details on the implementation of GPU acceleration in the particle-in-cell

code OSIRIS. Although GPU-enabled OSIRIS was not used for results presented in this

dissertation outside this chapter, it can be used for future LWFA simulations and its concepts

can be applied in other PIC codes such as WarpX.

Fully relativistic particle-in-cell (PIC) simulations are crucial for advancing knowledge

of plasma physics. Modern GPU-based supercomputers offer the potential to perform PIC

simulations of unprecedented scale, but require robust and feature-rich codes that can fully

leverage their computational resources. In Ref. [9], this demand is addressed by adding GPU

acceleration to the PIC code Osiris. An overview of the algorithm, which features a CUDA

extension to the underlying Fortran architecture, is given. Detailed performance benchmarks

for thermal plasmas are presented, which demonstrate excellent weak scaling on NERSC’s

Perlmutter supercomputer and high levels of absolute performance. The robustness of the code

to model a variety of physical systems is demonstrated via simulations of Weibel filamentation

and laser-wakefield acceleration run with dynamic load balancing. Finally, measurements and

analysis of energy consumption are provided that indicate that the GPU algorithm is ∼ 14

times faster and is ∼7 times more energy-efficient than the optimized CPU algorithm on a

node-to-node basis. The described development addresses the PIC simulation community’s

computational demands both by contributing a robust and performant GPU-accelerated PIC

code and by providing insight on efficient use of GPU hardware.
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This chapter is taken almost verbatim from Ref. [9]. The latter is distributed under

the terms of the Creative Commons CC BY 4.0 license, which permits unrestricted re-use,

distribution and reproduction, provided the original article is properly cited. The only

substantial difference is Fig. 7.5 and an associated paragraph in Sec. 7.4, which discusses an

idea to improve the performance of the code for simulations involving stationary plasmas

in a moving window (as in laser wakefield acceleration). Other than this, self-referential

statements (e.g., “this paper”) were translated to self-references to the chapter or to references

to Ref. [9]. Finally, the original article was written heavily in the first-person plural; the

text has been lightly edited to reflect the single-author nature of the dissertation, e.g. by

rewording to remove most instances of the word “we”.

7.1 Introduction

Since the early 2000s, graphics processing units (GPUs) have emerged as the architecture of

choice for scientific computing, owing to their increased computational throughput, parallelism,

and energy efficiency relative to CPUs [231, 232, 233]. Modern supercomputers increasingly

rely on GPUs for acceleration: at the time of writing, TOP500 rankings report that GPU

hardware is used by 66 of the 100 fastest and 79 of the 100 greenest supercomputers in the

world [234].

In order to leverage these computational resources, scientists have been faced with the

challenge of rethinking the implementation of many simulation algorithms. Among these

are particle-mesh simulation algorithms. In particular, the particle-in-cell (PIC) plasma

simulation algorithm is the tool of choice for fully self-consistent simulation of nonlinear plasma

physics where kinetic physics is important [57, 235]. PIC simulations have played an essential

role in advancing the understanding of laser-plasma interactions, plasma-based acceleration,

space physics, plasma astrophysics, and basic kinetic plasma physics [236, 121, 237]. In spite

of the relative simplicity of the PIC algorithm, its implementation on GPU hardware is
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complicated by the use of particles, which result in irregular patterns of memory access and

movement. Coupled with evolving GPU capabilities and the growing number of available

software paths to GPU acceleration, many questions remain about best practices and paths

toward GPU acceleration of PIC codes.

GPU acceleration of PIC codes is an ongoing effort by the plasma simulation community.

Early algorithms were constrained by limited device memory capacity and the need to

circumvent the relatively poor performance of global atomic writes during current deposition

on older hardware [33, 238, 239, 240, 241, 242, 243, 244, 245]. More recently, feature-rich,

user-oriented PIC codes targeting modern GPU architectures have begun to emerge, including

WarpX [246, 247, 248], HiPACE++ [82], VPIC [249], PIConGPU [250], and Osiris 2.0 [251]

and Osiris 3.0 [252].

In this chapter, the approach taken to enable GPU acceleration of the fully electromagnetic

PIC code Osiris 4.0 in Ref. [9] is presented. Osiris [220] is widely used by the plasma

simulation community because of its maturity, speed and parallel scalability, and extensive

suite of simulation capabilities, including customized field solvers for suppression of numerical

dispersion [59, 60, 61], cartesian and quasi-3D geometries [222], analytic pushers including

radiation reaction [65], monte-carlo modeling of Coulomb collisions [104], tile-based dynamic

load balancing [253], particle-damping for laser-solid interactions [254], field ionization [105],

real-time subgrid radiation calculation [255], and semiclassical prescriptions for modeling

QED effects [256]. GPU acceleration was implemented in previous versions of Osiris, and

was used in some physics studies. However, these versions were stand-alone, and due to the

new data structures in Osiris 4.0 and developments in GPU hardware a new algorithm was

needed. The new implementation, which improves upon previous versions, provides robust

and performant acceleration of the base code via CUDA in all Cartesian geometries (1D,

2D, 3D). This is a step toward the larger software challenge of incorporating all the features

listed above.

The outline of the remainder of this chapter is as follows. In Section 7.2, details of
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the algorithm and software implementation in CUDA are discussed. Section 7.3 includes

simulations run on NERSC’s Perlmutter system, which demonstrate (1) characterization of

the absolute performance and weak scaling of the code on thermal plasmas, (2) capability of

the code to model more complex physics problems such as Weibel filamentation and laser

wakefield acceleration, and (3) 7x improved energy efficiency relative to the CPU algorithm

on a node-to-node basis. Finally, Section 7.4 contains a discussion and perspectives on future

development.

7.2 Methodology

7.2.1 GPU programming framework

A variety of software approaches have been taken to implement the PIC algorithm on GPUs,

including those designed in CUDA [33, 238, 239, 240, 241, 242, 243, 245, 246, 257], HIP

[246, 238], SYCL [246], OpenCL [244], Kokkos [249], AMRex [246, 82], Alpaka [250], and

OpenACC [258]. OpenMP and RAJA are other approaches that have not been used. These

frameworks have different levels of maturity and developer support, as well as differing

implications for performance, supported GPU architectures, and implementation flexibility.

The choice of which software approach to take is a significant and nontrivial developer decision

that must consider these aspects of the available frameworks. For example, CUDA is the

most mature general-purpose GPU programming language, is generally regarded to give the

highest performance, and provides the greatest control over the GPU hardware. However, its

greater level of control can come at the cost of greater quantity and complexity of code. This

is especially true if cross-platform portability is required, since CUDA must be combined

with other frameworks in order to support non-NVIDIA GPUs.

On the other end of the spectrum, a high-level approach abstracts hardware details,

freeing application developers from the burden of supporting specialized, rapidly evolving

systems. For example, OpenMP and OpenACC provide cross-platform portability through a
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set of compiler directives. While perhaps the simplest to implement, these approaches offer

the least amount of flexibility, hardware control, and performance. High-level abstraction

layers, like Kokkos, are somewhere in between. These provide cross-platform portability and

some degree of control over device memory, but to a lesser extent than CUDA.

Weighing the options led us to write our implementation in CUDA C through Fortran-C

interoperability. This was informed by our goal of obtaining maximal performance. The

low-level exposure of the code allowed us to optimize the particle-pushing kernels. The

natural access to raw device memory pointers was also helpful for parts of the code with

lower computational cost but greater algorithmic complexity, including particle sorting,

management of the memory pool (discussed in Section 7.2.3), and buffered data movements.

These aspects of the algorithm may have been significantly more difficult to implement

in a higher-level framework. As a production code supporting a large user community,

the stability and maturity of CUDA also weighed heavily in our decision. Restriction to

NVIDIA hardware is not a significant limitation because many supercomputers in the modern

supercomputing ecosystem use NVIDIA GPUs. Furthermore, a preliminary HIP version

of our code demonstrated that translation from CUDA is relatively straightforward. This

provides a reasonable path to supporting AMD GPUs as well, and thereby the vast majority

of top supercomputers.

7.2.2 Tile-based domain decomposition

Most implementations of the PIC algorithm on GPUs have used some form of domain

decomposition with more subdomains than GPUs. The resulting subdomains have been

referred to in the literature as tiles, bins, clusters, and supercells. Here these subdomains are

referred to as tiles. Tiles provide increased memory localization. In particular, they enable

the use of shared memory as a developer-controlled cache by partitioning the computational

domain into subdomains whose field and current arrays fit into shared memory. This gives

higher performance for read, write, and atomic operations in both the field interpolation and
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current deposit. Shared memory capacity determines the maximum tile size.

This GPU implementation is built on top of the existing tile data structure in Osiris,

which was originally implemented to enable tile-based dynamic load balancing. The details

of this implementation are discussed in Ref [253]. In essence, different MPI ranks can freely

exchange tiles in order to ensure that the computational load is balanced. In addition to

enabling the benefits for GPU performance previously discussed, the GPU implementation

inherits the capacity for tile-based dynamic load balancing from the CPU code. This enables

the GPU algorithm, like the CPU algorithm, to potentially run faster or with a lower memory

footprint on load-imbalanced problems. The use of this tile data structure as the foundation

of the algorithm is one of the main differences between this new implementation of GPU

acceleration in Osiris and previous implementations in Osiris 2.0 [251] and Osiris 3.0 [252].

In this implementation, each MPI rank has access to one GPU, and as many shared-

memory CPU cores as available on the compute node on which the code is running. For

example, a Perlmutter GPU node has 64 CPU cores, and 4 GPUs. Therefore, a typical

configuration would be 1 GPU and 16 CPU cores per MPI rank.

The use of tiles makes it more difficult to efficiently transfer memory between CPU and

GPU. Naively calling CUDA memory copying operations within a loop over tiles results

in a bottleneck due to function launch overhead. This issue is circumvented through the

implementation of a memory transfer class which buffers unidirectional data movements of

both particle and field data. The size of the buffer (typically several gigabytes) is specified

by the user. The memory manager performs a data transfer only when the buffer is full or

the source code explicitly flushes the buffer.

7.2.3 Particle chunk pool

The use of tiles also introduces the problem of inter-tile memory management. Naively

allocating a fixed-size particle buffer for each tile leads to the possibility of buffer overflow as

177



Particle chunks (GPU)
Chunk Pool

Species Chunk Manager

Tile 1:

Tile M:

xc,1 pc,1 qc,1 ic,1
…

xc,N pc,N qc,N ic,N

CPU Species Object

Tile 1: xt,1

Tile M:

pt,1

qt,1

it,1

xt,M

pt,M

qt,M

it,M

…

…

1*

N*

Chunk pointers (GPU)

…

Buffered 
particle 
transfer

Particle buffers (CPU)

Transfer chunk 
pointers

1* 2* 5* 6*

3*

7*

4*

Figure 7.1: Schematic of the CPU memory layout, chunk pool data structure, and species

chunk manager. The CPU species object stores contiguous arrays of particle position relative

to nearest cell, momentum, charge, and cell index (x, p, q, and ix) for each tile. The species

chunk manager, whose state is maintained on both CPU and GPU, stores pointers to chunks

of device memory for each tile. Chunks contiguously store all four data fields for a fixed

number of particles. Each species chunk manager may transfer pointers to chunks to and

from the chunk pool with nearly zero overhead, enabling arbitrary load-balancing between

tiles with nearly zero overhead. Particle transfer between the CPU species object and species

chunk manager is achieved through an object for buffered data movements, discussed in

Section 7.2.2.

load fluctuates. Allowing the size of each tile’s particle buffer to vary through reallocation can

overcome this issue. However, reallocation of device memory is not possible within kernels,

may not be possible if the GPU operates at full memory capacity, and can otherwise become

a bottleneck.
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These issues were addressed by using a memory pool of preallocated chunks of particle

data, similar to Ref. [246]. The data structures are shown in Figure 7.1. Each MPI rank has

its own chunk pool object, which allocates the majority of device memory as particle chunks

at the beginning of the simulation. Each chunk contiguously stores the position, momentum,

and charge for a fixed number of particles. The chunk pool stores pointers to these chunks in

a circular buffer in device memory. Chunk pointers can be taken from or given back to the

circular buffer through buffered device-to-device memory transfers. The state of the circular

buffer is maintained on both the host and device so that chunks can be retrieved from the

queue within either host functions or device kernels.

Each particle species has a species chunk manager object, which is responsible for ensuring

that there is an appropriate number of chunks to store the particles on each tile. All species

chunk managers on a given GPU share the same chunk pool and may store a different number

of chunks for each tile. During each timestep, the species chunk managers transfer chunk

pointers to and from the chunk pool so that each tile retains a specified number of empty

chunks prior to the particle push. The number of empty chunks is chosen to be large enough

to avoid overflow during the sort, but small enough to avoid under-utilization of device

memory. When particles are sent to and from the host for communication or diagnostics,

buffered particle transfers are used to move the data. Each CPU species object for each tile

stores particles in one contiguous buffer instead of a memory pool. A CPU memory pool is

not necessary because of the typically abundant levels of CPU memory.

The overhead of using particle chunks compared to larger contiguous blocks of memory is

negligible. Within kernels that loop through particles, only a few additional variables and

operations are required to also loop through the chunks. Furthermore, memory accesses of

chunks within a kernel occur with the same performance as when accessing a larger contiguous

block of memory. This is because by choosing the number of particles per chunk to be greater

than or equal to the warp size, each warp sees contiguous memory. This was confirmed by

tests with a large chunk size. Outside of kernels, the overhead of the species chunk managers

179



exchanging chunks with the chunk pool is negligible because only pointers to chunks are

passed. Occasional realloaction of a species chunk manager’s chunk buffer for a particular

tile is not a problem; these buffers can be much larger than necessary because they contain

significantly less memory than the memory stored by the chunks themselves.

The particle chunk pool enables load to fluctuate between tiles with little wasted memory.

When combined with dynamic load balancing for inter-GPU load imbalances, which ensures

that total memory load per GPU remains roughly fixed, this enables simulations which nearly

max out available system memory. This could be useful for running as large a simulation as

possible given limited device memory resources, as in Ref. [259].

7.2.4 Particle pushing and current deposition

Particle pushing and current deposition is typically the most computationally expensive

part of a PIC code. Thus, significant effort went into profiling and optimizing this part of

the code, which is broken into two separate kernels. In the first kernel, which is referred

to as update_velocity, electric and magnetic fields are interpolated onto the particle

positions, then particle momenta are updated. In the second kernel, which is referred to

as advance_deposit, particles positions are advanced, and a charge-conserving current

deposition is performed.

While the update_velocity kernel is straightforward to parallelize — particles can be

processed individually in parallel — advance_deposit is not; a simple loop in parallel over

particles could result in a memory collision when depositing their current onto the grid. This

is circumvented by depositing the current via atomic addition. On modern architectures,

atomic addition of both single and double precision floats is natively supported and therefore

fast enough that this is the typical solution [245, 246, 247, 248, 249, 250].

Both kernels saw a significant speedup when fields were explicitly loaded into shared

memory. This includes both the electric and magnetic field arrays in update_velocity, and

180



the current array in advance_deposit. With fields and currents instead simply stored in

global memory, both kernels (in particular advance_deposit) suffered from high latency due

to an L2 Cache bottleneck, which was alleviated by using shared memory.

Best performance with shared memory came when using one CUDA thread block per tile

with a block size of 512. Using more than one block added additional overhead related to

shared memory without increasing occupancy. However, there may be situations where this

would not give the best performance. For example, in problems with severe load imbalance,

one MPI rank can sometimes be responsible for a small number of tiles (order 1), each

with many more particles than average. With one block per tile, far fewer warps would be

launched than is sufficient to achieve high device occupancy. In these situations, the benefits

of minimizing data duplication could be outweighed by the benefits of launching multiple

blocks per tile. This is a possible future direction.

In addition to using shared memory, kernels benefited from other optimizations. This

applies particularly to advance_deposit, which has more complicated logic and flow control.

Memory transactions (both to global and shared) were minimized, arithmetic was streamlined

to minimize instructions executed, and register usage was optimized to ensure maximal

warp occupancy. NVIDIA’s profiling tool, Nsight Compute, played an important role in this

process.

The possibility was also explored of enhancing performance by optimizing the memory

layout of particle data. GPU (and SIMD) programming guides would suggest that “array

of structs” (AoS) layout for particle data is best on CPU architectures, while a “struct of

arrays” (SoA) is best on GPUs due to coalesced memory access. For example, for N particles,

each with position (xi, yi), where i ∈ [1, N ] is the particle index, optimal performance on a

GPU would be obtained by storing particle data as (x1, x2, ..., xN , y1, y2, ..., yN), instead of

(x1, y1, x2, y2, ..., xN , yN ). This layout is used in Ref. [249]. In the code, particle data is stored

in this manner. However, it was found that there was no measurable difference between SoA

and AoS.
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Finally, this algorithm makes use of a distinct particle initialization scheme compared to

what is done for CPU simulations. Particles that are close together in simulation space are

staggered in memory upon initialization. This results in a speedup in advance_deposit by

reducing the likelihood of memory collisions in the current deposition. This is particularly

important for simulations with a cold plasma (e.g. plasma based acceleration) where particle

position evolves slowly after initialization. Benefit is also seen for warm plasmas over the first

few 100 simulation iterations, until particle positions become sufficiently scrambled. A small

slowdown occurs in update_velocity due to decreased data locality when interpolating fields

onto particles, but this is outweighed by the speedup in advance_deposit.

In aggregate, the optimizations above resulted in a roughly 5–6x speedup relative to the

initial implementation. As stressed above, this level of optimization may not have been

possible had a higher-level approach using a framework such as OpenMP, OpenACC or Kokkos

been taken. Nevertheless, these optimizations may well apply to other GPU programming

frameworks.

7.2.5 Particle sorting and boundary conditions

The literature refers to spatial grouping of particles as particle sorting. This includes

organizing particles by MPI rank, by tile, or by any other grouping of cells. Formally this is

a bucket sort. The order of the particles within buckets typically doesn’t matter, and one

can make the additional assumption that particles are mainly presorted — only a fraction of

the particles will move between buckets on any given timestep. Particle sorting is required

when any form of domain decomposition is used, or in special cases such as particle-particle

collisions [104, 260, 261].

Efficient particle-sorting in PIC codes on the GPU is non-trivial. Particle arrays must be

compact; both in order to make efficient use of memory, and because a particle array with

holes scattered throughout would result in poor performance during particle push and current

deposition due to complicated control flow, warp divergence, and non-coalesced memory
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access. In general, sorting is achieved by making use of some combination of atomic operations

to resolve memory collisions, prefix scans and stream compaction to obtain ordered arrays,

and temporary buffers to store moving particles and counting integers. Many algorithms

have been proposed by others [33, 239, 240, 245, 246, 258, 262, 263]. Differences between

algorithms in the literature arise because different codes face different constraints.

Our aim was to design a sorting algorithm with robust fault tolerance to memory overflow

to handle the variety of physical systems modeled by the Osiris user community. Memory

overflow can occur in a particle sorting kernel due to buffering of particles moving between

tiles. This is prevented from occurring by using the chunk pool, as discussed in Section 7.2.3,

and by minimizing the memory footprint of the sort algorithm altogether. The sort kernel

was developed to be as performant as possible given these constraints. Ultimately, the

choice to prioritize fault tolerance over performance was justified because performance was

sufficient: kernel duration was dwarfed by CPU MPI communications of the particle data.

The performance of the sort could potentially be improved by taking advantage of remote

direct memory access (RDMA) via CUDA-Aware MPI.

In the remaining paragraphs of this section the algorithm is described in detail. The

algorithm takes place in three steps. First, a kernel is called where threads loop over

all particles on a given tile, identify those departing, and buffer them according to their

destination. Particles whose destination tile is local (i.e., on the same MPI rank) are appended

to the destination tile’s particle buffer directly, which is made up of globally accessible chunks.

Particles crossing an MPI rank boundary or the simulation boundary (e.g., absorbing wall)

are buffered in a dedicated array of chunks also stored in global memory. An additional

buffer for each tile, i_hole, is required to store the array indices of departing particles, which

are referred to as “holes.” In the current implementation, this buffer is of fixed size. But it

could be implemented using chunks as well. Three integers are required to count the number

of particles: departing a given tile; being received by a given tile locally; and crossing an

MPI rank or simulation boundary. These are stored in global memory and are incremented
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atomically.

Second, particles crossing an MPI rank or simulation boundary are copied from device

to host. The host handles processing of particle boundary conditions (e.g. thermal-bath,

open, or reflecting particle boundaries), as well as exchange of particles with other MPI ranks.

Then, the new set of particles is copied from host back to device.

Finally, a kernel is called to compact the buffers for each tile: holes left by particles

that have departed are filled so that particles are stored contiguously. Mainly, this kernel is

embarrassingly parallel. Threads loop over particles (that previously were either received

locally from other tiles, or copied from the host) and move them into holes specified by

i_hole. However, special care must be taken for the case where the new number of particles

on a given tile, n_p_new, is less than its old number of particles, n_p_old. This is because, in

this case, some of the holes specified by i_hole are “invalid”, i.e. they have index greater than

n_p_new. Since the holes in i_hole are in no particular order, an initial step is implemented

in which i_hole is compacted into a smaller array containing only valid holes. This process

is known as stream compaction and relies on parallel prefix scans [264]. A similar compaction

step is required when moving particles with index between n_p_new and n_p_old into holes,

since that part of the array contains the invalid holes that must be filtered out. No atomic

operations are necessary in this kernel.

7.3 Results

In this section, examples of simulations run on NERSC’s Perlmutter system are presented.

Each Perlmutter GPU node has four NVIDIA A100 GPUs with 40 GB of device memory and

a single AMD EPYC 7763 CPU. Each CPU node has two AMD EPYC 7763 CPUs. Each

AMD EPYC 7763 CPU has 64 cores.

In all of the results, the absolute throughput is defined as the total number of particle

pushes divided by the total simulation time minus the time required to initialize the simulation.
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Figure 7.2: Comprehensive thermal plasma benchmarks run on Perlmutter. (a): Weak scaling

tests for the cases described in the text, showing near-perfect scaling up to 4096 GPUs on

Perlmutter. (b) Parameter scan showing dependence of throughput on particles per cell and

grid sizes. (c) Comparison of absolute performance on one GPU and one core of one CPU for

different interpolation orders. All simulations are run in 3D with quadratic interpolation and

512 particles per cell unless otherwise specified.

This metric is the average number of particles pushed per unit time when including the

additional costs of particle communication, grid communication, and field evolution. No

additional normalization is used if more than one GPU is used.

7.3.1 Thermal plasma benchmarks

Figure 7.2 shows several performance tests from simulations of thermal plasmas. Weak scaling

is first considered, shown in Figure 7.2(a). To understand the effect of different configuration

settings on performance, all of our simulations are derived from a single base case, which

serves as a control. Weak scaling tests were run of the following computational problems,

which can be extrapolated to understand a variety of use-cases:

• Base: 3D simulation of a uniform plasma using our GPU algorithm run on 64 GPUs.

The plasma is warm (uth = 0.1mec in all directions) and is represented by 512 particles
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per cell. Quadratic particle shapes are used. Single precision is used for both field

and particle data. Note that particle positions are referenced with respect to cells,

as depicted in Figure 7.1, so that the use of single precision does not limit accuracy

for large position values. The box is fully periodic with no moving window. The grid

dimensions are 512 × 512 × 256 cells. The tile dimensions are 8 × 8 × 8 cells. The

resolution is kp∆x = 0.1 in all directions, where kp ≡ ωp/c, and ωp∆t = 0.05. The

simulation is run for 1000 timesteps. One MPI rank is used per GPU and one CUDA

thread block per tile with 512 threads.

• Cold : Same as base with uth = 0. Particle communication vanishes aside from pings

between neighboring ranks.

• Drift : Same as cold but with a moving window in the x̂1 direction. Particles are

stationary but move relative to MPI partitions. This problem has the most particle

communication and approximates the data movement for simulations of plasma-based

acceleration.

• 2D : A 2D version of base. The number of particles per cell and thermal velocity are the

same. The grid size of 8192× 8192 cells gives the same number of total grid points and

total number of particles. The tile dimensions are 32× 32 cells.

Figure 7.2(a) shows weak scaling tests for the four test problems. In each test, the grid

dimensions are scaled proportionately to the number of MPI ranks used to decompose the

problem. For ideal scaling, depicted by solid gray lines, the total throughput is proportional

to the number of MPI ranks. In each case, weak scaling is nearly perfect up to 4096 GPUs,

the highest power of two below the full system size of 6144. The drift case is slower than cold

because of increased communication cost. It exhibits jitter due to variation in communication

cost. Cold is faster than base due to the use of the staggered initialization discussed in

Section 7.2.4 and reduced communication costs. Without the staggered initialization, cold is

several times slower than base.
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Figure 7.2(b) shows the dependence of the absolute throughput on the number of gridpoints

and particles per cell. All simulations are run on one GPU with the same parameters as

the 3D base simulation other than the number of gridpoints and particles per cell. The tile

size is decreased for smaller grid sizes to maintain a sufficient number of blocks to saturate

performance.

For a fixed total grid size, performance increases with particles per cell for two reasons.

First, particle pushing contributes a greater fraction of the total simulation cost relative to

the field solver and grid communication, and particle communication. Second, similarly, the

kernels update_velocity and advance_deposit are both more efficient since they also have

fixed costs, and particle pushing contributes a greater fraction of total kernel time when

higher particles per cell is used. The update_velocity kernel has the fixed cost of loading

fields into shared memory arrays. It also likely benefits from caching of field values. The

advance_deposit kernel has the fixed cost of zeroing the shared-memory current array, and

adding that array back to global memory after deposition. On the other hand, for a fixed

number of particles per cell, performance decreases with decreasing grid size. This is because

the relative cost of pushing to communication scales as the ratio of volume to surface area of

the grid and because kernels are less efficient with smaller grid size.

While performance decreases with decreasing either particles per cell or gridpoints per

GPU, the performance is still within a factor of two of the maximum with 218 or more

gridpoints and ∼ 16 or more particles per cell. Note that the performance does not depend

only on the total number of particles (i.e. particles per cell times grid points). For example,

the cases with 216 gridpoints and 128 particles per cell has the same number of particles as

the case with 220 gridpoints and 8 particles per cell, but has about double the performance.

Finally, Figure 7.2(c) shows the absolute performance of the GPU and CPU algorithms

for different particle interpolation orders on a version of the base GPU case scaled to fit one

GPU. The CPU code uses an optimized SIMD pusher [265]. The orders 1, 2, and 3 are linear,

quadratic, and cubic interpolations. For these three cases, the GPU algorithm on one GPU
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is about 300 times faster than the CPU algorithm on one core of one CPU. One CPU core

was used (instead of all 64 cores) in order to simplify the comparison since both CPU and

GPU tests are run with one MPI rank. The results in Figure 7.2(c) are tabulated along with

2D timings in Table 7.1. Note that the 2D CPU algorithm shares the same cost for 2nd and

3rd interpolation because of specific memory alignment requirements for the SIMD pusher.

Interpolation Order

1 2 3

2D GPU 9.6 5.8 3.3

3D GPU 5.1 2.0 0.55

2D CPU 0.019 0.011 0.010

3D CPU 0.011 0.0054 0.0036

2D speedup 500 530 330

3D speedup 460 370 140

Table 7.1: Absolute throughput in gigaparticles per second for the GPU and CPU algorithms

on one GPU and one core of one CPU with different interpolation orders. The benchmarks

are measured on a thermal plasma.

7.3.2 Simulations of more complex plasma systems

Here the ability of the code to simulate commonly studied plasma systems with higher

degrees of spatial inhomogeneity and more complex particle movement patterns is shown.

The level of robustness of the code required to handle these problems is significantly higher

than that required to simulate the thermal plasma cases shown in Section 7.3.1. Anecdotally,

many bugs concerning edge cases outside particle pushing kernels were exposed in these

cases which did not manifest for thermal problems. Furthermore, these problems stress

the performance of the code because they depart from several factors which led to best

performance in thermal plasma tests from Figure 7.2. Namely, they have lower particles per
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Figure 7.3: Examples of spatially inhomogeneous plasma simulations run on Perlmutter.

(a): 3D simulation of the Weibel instability on 4096 GPUs, demonstrating the tangling of

magnetic field lines. (b): charge density from a 2D simulation of LWFA in the nonlinear

regime with dynamic load balancing. The black lines indicate the computational boundaries

of different MPI ranks.

cell, higher communication levels, and greater degrees of spatial inhomogeneity.

Figure 7.3 shows two examples. Figure 7.3(a) shows tangling of magnetic filaments

generated in a 3D simulation of the Weibel instability [266, 267, 268]. The simulation features

two pairs of relativistically counterstreaming electron-positron plasmas with uth = 0.1,

udrift = 0.75, and 32 particles per cell per species with quadratic interpolation. The grid

dimensions are 2048 × 2048 × 1024. The resolution is kp∆x = 0.1kp. The simulation was

run on 4096 GPUs on Perlmutter up to ωpt = 50. The turbulence, relativistic streaming,

and moving plasma structures with densities varying from 0 to 8n0 stress the code more

than the thermal plasmas in Section 7.3.1. The code is robust to these stresses and the

performance is 0.4 Gp/s, slightly less than 2 times lower than for an analogous thermal case

(with 32 particles per cell, 220 gridpoints per GPU, on 4096 GPUs) based on extrapolation

from Figures 7.2(a) and (b).

Shown in Figure 7.3(b) is a 2D simulation with dynamic load balancing of a laser wakefield
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accelerator (LWFA) with a frequency ratio of ω0/ωp = 80, corresponding to an 800 nm laser

pulse incident on a plasma of density 2.7× 1017 cm−3. The laser and plasma are matched

according to the scaling in Ref.[269] with a0 = 4 and kpw0 = 4. The simulation dimensions

are (6400× 9600) with kp∆x = 0.0025 in all directions and ωp∆t = 0.0015. The simulation

uses a moving window in the x̂1 direction. 64 particles per cell with quadratic interpolation

are used for the plasma. The simulation was run on Perlmutter on 256 GPUs. The electron

charge density is shown in color. The black lines outline the domain boundaries processed by

different GPUs. The domains are formed by free exchange of tiles between different MPI

ranks, as described in Section 7.2.2, to ensure load balance of simulation particles. Due to the

particle communication associated with the moving window, this problem stresses the code

similarly to the Weibel problem, but with a greater particle imbalance among GPUs. In this

case, the performance is 0.2 Gp/s, roughly 8 times lower than for an analogous 2D thermal

case (with 64 particles per cell, 218 gridpoints per GPU, on 256 GPUs) based on extrapolation

from Figures 7.2(a) and (b), and table 7.1. The discrepancy may be attributable to the fact

that communication in this simulation is significantly higher relative to particle pushing (4

times higher) than in the thermal plasma benchmarks from Figures 7.2(a) and (b), limiting

the accuracy of the extrapolation.

This example illustrates the functionality of dynamic load balancing in Osiris. Despite the

existence of a particle load imbalance, the performance is roughly identical with and without

dynamic load balancing. This is because the simulation is dominated by communication; load

balancing can only lead to a speedup when the simulation is dominated by particle pushing.

Nevertheless, we anticipate that this feature could provide a significant speedup on other

problems, other systems, or as the code and hardware evolves (e.g., with the incorporation of

CUDA-aware MPI, which could lower communication costs). Load balancing also ensures

efficient use of limited device memory, which could enable running very large problems as

discussed in Section 7.2.3.

The electron charge density is shown in color. The black lines outline the domain
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boundaries processed by different GPUs. The domains are formed by free exchange of

tiles between different MPI ranks, as described in Section 7.2.2, to ensure load balance of

simulation particles.

A major motivation for the transition of supercomputers from CPU to GPU hardware is

the higher energy efficiency of GPUs. However, the energy efficiency of specific applications

may vary because of different patterns of computation and data movement. Here the energy

efficiency of CPU and GPU implementations of Osiris are measured. To our knowledge,

these are the first published measurements of energy consumption of the PIC algorithm.

A node-to-node comparison was run for a thermal plasma. The codes were used to

simulate a thermal plasma just as in the base weak scaling test scaled to one GPU node.

The CPU code was run with 128 MPI ranks and 128 cores on a Perlmutter CPU node, while

the GPU code was run with 4 MPI ranks and 4 GPUs on a Perlmutter GPU node. Both

the CPU and the GPU simulation were allowed to progress indefinitely and were terminated

after 4 hours.

7.3.3 Energy efficiency

For both simulations, the total energy was measured using the Slurm sacct command, which

reports energy consumption as measured by Cray’s Power Management System. The estimate

provides a comprehensive measurement of energy consumption for the entire node. This

includes power required for data movement, floating point operations, and baseline power

needed to keep the node running. For GPU nodes, the measurement includes the energy

consumption of the CPUs and the GPUs. Ref [270] provides more information on power

consumption measurements on Perlmutter.

Performance on the GPU node was higher on a node-to-node basis: over the 4 hours, a

factor of 13.7 times more simulation iterations were performed, higher than the value of 11.3

expected from extrapolating single-GPU and single-CPU benchmarks. The GPU node also
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Figure 7.4: Energy consumption per particle push for the GPU algorithm and for the CPU

algorithm. The comparison is between a simulation on a Perlmutter GPU node with 4 GPUs

and a Perlmutter CPU node with 128 CPU cores. The GPU node is ∼ 14 times faster than

the CPU node and uses ∼ 2 times more energy, leading to an overall energy efficiency ∼ 7

times higher. Further detail of what is being measured is in the text.

consumed 1.9 times the energy of the CPU node. Dividing these numbers, the simulation

was 7.2 times more energy-efficient when run on the GPU node. The results are shown in

absolute units of nanojoules per push in Figure 7.4.

This simple test does not account for heating costs from inter-node communication or the

potentially differing energy costs for creation and maintenance of CPU and GPU devices.

Results may also vary significantly on different systems and hardware. Nonetheless, the test

suggests that GPU architectures may be the more environmentally sustainable choice for

PIC simulations. Alternatively, increased efficiency could result in greater demand, resulting

in increased overall power consumption due to the Jevons paradox.
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7.4 Discussion

In this chapter, the new implementation of GPU acceleration in the PIC code Osiris of

Ref. [9] was presented. The code, written in CUDA, is built upon a tile-based domain

decomposition in order to enable shared memory storage of grid quantities, enhance memory

localization, and enable tile-based dynamic load balancing. For efficient memory usage when

using tiles, a memory pool was implemented for particle data. Aspects of the optimization of

the particle push were described in detail, along with details about the implementation of

the particle sort. The pros and cons of using CUDA were discussed.

This chapter contains a comprehensive picture of the performance, capabilities, and

energy efficiency of the code through several tests. A variety of thermal plasma simulations

demonstrate strong absolute performance (e.g. 5.0 gigaparticles per second in 3D with linear

interpolation) and excellent weak scaling up to 4096 GPUs on Perlmutter. Simulations of

Weibel filamentation and laser wakefield acceleration illustrate the capacity of the code to run

on more complex physical systems. Finally, node-to-node energy consumption measurements

indicated that, on a node-to-node basis on Perlmutter, the GPU code is ∼ 14 times faster

and and ∼ 7 times more energy-efficient than the heavily optimized CPU code.

Within the implementation, several areas of improvement remain. The degraded perfor-

mance when running with few particles per cell (≲ 16) is likely caused by bottlenecks which

could be identified by NSight Systems and subsequently alleviated. CUDA-aware MPI could

also be used for particle and field communication, which is currently a bottleneck in cases

such as the drift ing plasma in Figure 7.2.

Fault tolerance in the particle sort could also be improved. In the current implementation,

fixed-size temporary buffers are allocated for to store the array indices of departing particles

(i_hole). Overflowing these buffers causes a crash, and reallocation is not possible within

the sort kernel. These buffers could be replaced by spare particle chunks from the memory

pool. This would remove the need for preallocation of the fixed-size buffers and would make
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any overflow impossible during the sort as long as the chunk pool does not become empty.

The performance of the algorithm for simulations using a moving window could be

substantially improved by using stationary tiles which drift with respect to the moving

window instead of moving tiles as in the current algorithm. This idea is illustrated in Fig. 7.5.

This would make it so that no data movement occurs for a cold stationary plasma in a moving

window. This would in principle improve the performance of the drift case in Fig. 7.2 to the

level of the cold case. Once the computational domain has moved sufficiently far, tiles on the

left side of the domain can be removed and appended to the right side containing freshly

injected plasma. Parallelization works the same way as in the current algorithm. In Fig. 7.5,

the load could be partitioned so that one GPU is assigned to tiles 1 and 2 and another GPU

to tiles 3 and 4. This would work even with the tiles being spatially disjoint when using

stationary tiles.

The final major area of improvement is GPU acceleration of other Osiris simulation

modes and features, such as quasi-3D, QED, Monte Carlo collisions, and general relativity.

The current implementation, which accelerates the base Cartesian simulation modes in 1D,

2D, and 3D, is the first step in accelerating the entire codebase.

In conclusion, the GPU implementation of Osiris provides excellent performance, supports

a variety of use-cases, and provides backward compatibility with existing CPU code. This

poses Osiris to continue to serve the PIC simulation community’s computational demands.

The details of this implementation may also be fruitful for the development of other feature-rich

GPU-accelerated PIC codes.
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Figure 7.5: Pictorial explanation of an idea to improve performance for computational

problems featuring a stationary plasma in a moving window, as in laser wakefield acceleration.

The black box is the computational domain, moving from left to right, and the gray numbered

boxes are tiles. In the current algorithm, the tiles move with the moving window. This

results in a stationary plasma particle, shown in red, effectively moving across the tiles. In

an improved algorithm, stationary tiles could be used. In this case, the tiles are stationary in

space and drift with respect to the computational domain. This would in principle make the

performance for drifting plasmas the same with and without a moving window. Once the

computational domain passes the leftmost tile, that tile can be repositioned on the right side

of the domain.
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CHAPTER 8

Summary

This dissertation concerns computational modeling of laser wakefield acceleration (LWFA)

with spatiotemporally structured laser pulses. In particular, the use of flying focus pulses

to extend the acceleration length beyond the dephasing length was explored. These results

are particularly relevant in the context of next-generation particle colliders, but are also

relevant for other accelerator applications including x-ray free electron lasers, radiotherapy,

and ion implantation. The work in this dissertation has led to several publications, including

Refs. [7, 8, 9]. This chapter summarizes the main results of the dissertation and discusses

ideas for future work.

Chapter 2 presents theory and computational method for LWFA in the blowout regime.

This includes the key physical descriptions (single-particle, Vlasov, PGC approximation,

quasistatic approximation), the key concepts (structure of the plasma wake, estimates for the

acceleration length and energy gain, beam loading, emittance preservation), and simulation

methods (PIC, PIC with the PGC approximation, and quasistatic PIC). While the chapter

includes few original ideas, it does include some new perspectives and is certainly an original

presentation of the material. It is written to streamline and clarify these topics. The author

hopes that it will serve as a useful primer for others who are interested in understanding

LWFA in the blowout regime.

Chapter 3 examines the scaling laws for the acceleration length and energy gain in the

blowout regime of LWFA discussed in Chapter 2 for conventional laser pulses. This is

important to understand both because of near-term experimental prospects as well as for
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accurate comparison of a conventional pulse with new concepts involving spatiotemporal

structure. In this study, the scaling laws for the acceleration length and energy gain in LWFA

were tested by varying the dimensionless frequency ratio ω0/ωp for fixed dimensionless laser

parameters of a0 = 4, kpw0 = 4, and ωpτrise = ωpτfall = 4. By examining the evolution of

the laser and wake, it was found that the laser guiding length satisfies Lguide ≈ 1.5Ld for

ω0/ωp ≲ 50, consistent with the assumptions of Lu et al (Ref. [1]). However, for ω0/ωp ≳ 75,

the simulations suggest that Lguide ≈ 25zR, a less favorable scaling. The transition to this

scaling also manifests in the properties of electron acceleration. We find that the Lu et al.

scaling for the acceleration length Lacc ≈ Ld holds for ω0/ωp ≲ 150, while Lacc = 25zR better

models the data for ω0/ωp ≳ 250. Similarly, the Lu et al. scaling for the change in Lorentz

factor ∆γ ≈ 2
3

(
ω0

ωp

)2
a0 holds for ω0/ωp ≲ 150, while ∆γ ≈ 25kpzR better models the data for

ω0/ωp ≳ 250. The results are of interest for near-term experimental prospects with lasers in

the 3–10 PW range at plasma densities of 1016−1017 cm−3 at facilities such as ELI Beamlines.

Future directions of this work are to confirm the accuracy of the simulations and to further

explore the parameter space, including how to optimally shape the laser pulse. These are

discussed in detail in Chapter 3.

Chapter 4 provides an original integral formulation for understanding linear laser prop-

agation of laser pulses in linear dielectric. It extends calculations presented in Siegman’s

and Zangwill’s textbooks [135, 136] to consider the full spatiotemporal evolution of the laser

envelope, rather than just the transverse or longitudinal evolution. These calculations provide

details about the linear propagation of laser pulses in plasma which are important to consider

in the context of LWFA with flying focus pulses, especially with the ASTRL description used

in Chapter 6. The approach in this chapter could easily be extended to consider higher-order

effects of linear laser propagation in inhomogeneous plasmas, magnetized plasmas, and other

linear dielectrics. In particular, extending the theory to plasma channels could provide insight

into the coupling of flying focus pulses into a plasma column or plasma channel.

Chapter 5 presents the theory of Arbitrarily Structured Laser (ASTRL) pulses. This is a
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general theoretical framework for the forward-design and mathematical description of various

kinds of spatiotemporally structured light. The key idea is that many kinds of structured

light can be described as a superposition of multiple unstructured laser pulses. The idea

abstracts the flying focus concept, which can be seen as a superposition of pulses with

different focal points. Though originally intended as a mathematical description of flying

focus pulses for LWFA, this framework is much more general: it provides a framework for

design and description of spatiotemporally structured light for laser-matter interactions in

general. A clear direction for future research is to continue to conceptualize how ASTRL

pulses can enable or enhance laser-matter interactions of interest. For example, some laser-

plasma process can potentially be enhanced by using a pulse with evolving polarization or

evolving Laguerre-Gaussian (ℓ, p) quantum numbers. In this vein, it is worth concentrating

on applications that use superpositions of a handful (2-5) of laser pulses. Such applications

could be feasible at experimental facilities in the near-term.

In Chapter 6, LWFA driven by an ASTRL flying focus is studied. This chapter contains

the key result of this dissertation: quasistatic PIC simulations demonstrate that at a plasma

density of 3× 1018 cm−3, an ASTRL flying focus with a total energy of 150 J can transfer

40 GeV per electron to a 50-pC beam in a single 30-cm stage, corresponding to 50 dephasing

lengths. The result was obtain for non-optimized parameters and was limited by simulation

cost. This chapter also includes novel results on the application of ASTRL pulses to positron

acceleration. Collectively, these results provide strong motivation for continued exploration

of flying focus concepts for LWFA. Several future directions from this work stand out. First,

one could explore the use of a neutral gas or plasma column in LWFA driven by a flying focus.

This could increase the efficiency of the process by orders of magnitude by removing the need

to preionize the plasma out to the initial spot size of the laser. Second, one could use machine

learning methods to customize the parameters, delay, and shape of each pulse in order to

optimize the resulting plasma wake. This could result in increases to the acceleration gradient,

acceleration length, efficiency, and charge that can be loaded in the wake. The results in this
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chapter show proof of principle but were not optimized. Finally, one can keep exploring the

use of these methods for positron acceleration. This would require adjustment to the QPAD

algorithm to ensure that it always converges within the on-axis electron filament.

In Chapter 7, the implementation of GPU acceleration in the particle-in-cell code OSIRIS

is described. Though this algorithm was not used for the main simulations of this dissertation,

these computational improvements may be beneficial for a variety of plasma simulations.

Detailed performance benchmarks for thermal plasmas are presented, which demonstrate

excellent weak scaling on NERSC’s Perlmutter supercomputer and high levels of absolute

performance. The robustness of the code to model a variety of physical systems is demonstrated

via simulations of Weibel filamentation and LWFA run with dynamic load balancing. Finally,

measurements and analysis of energy consumption are provided that indicate that the GPU

algorithm is ∼ 14 times faster and is ∼7 times more energy-efficient than the optimized CPU

algorithm on a node-to-node basis. The described development addresses the PIC simulation

community’s computational demands both by contributing a robust and performant GPU-

accelerated PIC code and by providing insight on efficient use of GPU hardware. Several

future directions are possible. First, the field solver can be implemented on the GPU. This

would increase the performance of the field solver (which can be significant for LWFA runs

using customized stencils which are often 16th-order longitudinally). It would also eliminate

the need for copying field data back and forth every timestep. Implementing this in a way

which preserves the full suite of available field solvers is a software challenge, which is why this

was not implemented originally. More memory bottlenecks could be removed by implementing

the particle and field boundary conditions on the GPU. Similarly, it would require a huge

amount of effort to implement this while preserving all existing features. Other simulation

features and modes (ionization, collisions, QED, quasi-3D, GR) could also be integrated

with the GPU algorithm. A technical document written by the primary developers with

suggestions on how to do this has been added to the main OSIRIS repository. These tasks

could potentially be facilitated with the help of modern large language models. Finally,
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performance on simulations involving a moving window (such as almost all LWFA simulations)

could be significantly improved by using the method of moving tiles described in this chapter.
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APPENDIX A

Detailed Guide to Running Lorentz-Boosted Simulations

of LWFA

In this appendix we briefly review the concept of simulating LWFA and related processes in a

Lorentz-boosted frame. So-called “Lorentz-boosted” simulations of laser wakefield acceleration

are run in a Lorentz-boosted frame copropagating with the laser. The laser is doppler-

redshifted and the plasma is Lorentz-contracted. This leads to a shorter light-crossing time

and coarser longitudinal resolution in the boosted frame, yielding a computational speedup.

Although Lorentz-boosted simulations turned out to not be a significant methodology in the

research of this dissertation, getting them working in OSIRIS was a significant focus of the

author’s doctoral research. This appendix explains a number of details involved in running

Lorentz-boosted simulations, emphasizing their implementation in the PIC code OSIRIS.

The material is adapted from a document jointly written with Kyle Miller, available in a

README in the OSIRIS dev version as of September, 2024.

A.1 Introduction

Consider a particle-in-cell (PIC) simulation of a typical laser wakefield acceleration (LWFA)

system in the lab frame. The largest degree of scale separation is typically given by the ratio

of the final simulation time tmax to the timestep ∆t. The latter is determined by the need to

resolve the laser period, i.e., ∆t ≪ λ0/c ≡ 2π/ω0. Thus, the ratio of the largest to smallest

scales is proportional to ω0tmax. What would happen if we were to simulate the system in a
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Lorentz-boosted frame with velocity β (and corresponding Lorentz factor γ = 1/
√

1− β2)

copropagating with the laser in the z-direction? In this frame, the plasma is be Lorentz-

contracted by a factor of γ and has a drift velocity of −β, so that t′max ∼ tmax/γ(1 + β). The

laser wavelength is redshifted so that λ′0 = γ(1 + β)λ0. Thus, the temporal scale separation

in the boosted frame is ω′
0t

′
max = γ2(1 + β)2ω0tmax. Thus, because of the reduced temporal

scale separation, one would expect a computational speedup on the order of 4γ2.

The Lorentz factor γ cannot be increased arbitrarily. Reasons for this will be discussed

below. However, we will see that γ can potentially be increased for typical LWFA problems

to γ > 10, which would yield a theoretical speedup of more than 400. So, what’s stopping us

from simulating everything in a boosted frame? There are several reasons. One challenge is

the Numerical Cherenkov Instability (NCI), which, if unsuppressed, can lead to exponential

growth of fields on timescales shorter than t′max. In addition, sometimes the physics of interest

has a higher resolution requirement in the boosted frame (e.g., backward-going light, which

is blueshifted); in principle the physics can be resolved with sufficient resolution, but this

may limit or outweigh the benefit of boosting. In the boosted frame, the number of particles

may also be too low to study statistical processes such as self-injection in LWFA. Finally,

there are a number of complications for simulation initialization and diagnostics which must

be considered.

The complications of the NCI, initialization, and diagnostics are all addressed in OSIRIS.

Hence, Lorentz-boosted simulations of LWFA or other processes benefiting from boosting

can be run. However, when running in this simulation configuration, it is important to

understand the subtleties of these complications. The purpose of this appendix is to explain

these subtleties.
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A.1.1 What is the maximum γ that can be applied?

We begin by considering the maximum γ, because this gives a sense of the potential speedup

that can be obtained with boosted simulations. Again, we consider the case of LWFA. For

the NCI-mitigating field solvers in OSIRIS, the maximum γ is constrained by the CFL

condition: ∆′
t will become limited by the transverse cell size ∆′

x = ∆x instead of by the

longitudinal cell size ∆′
z as the boost velocity is increased. Thus, the maximum speedup occurs

approximately in the frame where ∆′
z = ∆′

x. For a typical lab-frame resolution of ∆z = λ0/30

and ∆x = k−1
p /10, the maximum speedup will occur for a boost of γ = 1

4

(
k0
kp

)
, which would

yield a theoretical speedup of 1
4

(
k0
kp

)2
. Such a speedup could be very large for realistic laser

parameters, potentially enabling simulations that would otherwise be impossible.

In practice, the speedup is generally significantly less than the heuristic theoretical speedup

of 1
4

(
k0
kp

)2
. This is because the true speedup is lower when one performs a more detailed

analysis of the theoretical speedup and also because of IO and other sources of simulation

overhead. For example, at the time of writing (August 2024), replications of a simulation

from Ref. [1] yield a heuristic theoretical speedup of ∼ 300, a more-accurate theoretical

speedup of ∼ 70, and an actual speedup of ∼ 20.

A.1.2 When is a Lorentz-boosted simulation beneficial?

A necessary condition for the boosted frame to be useful is that the system timescale

is decreased and the simulation timestep is increased in the boosted frame. Because of

the constraint of the CFL condition, the transverse cell size must also be larger than the

longitudinal cell size in the lab frame. In addition, backward-going light in the lab-frame will

become blueshifted under Lorentz transformation; therefore, if backward-going light plays

a significant role in the dynamics, the Lorentz factor will be constrained by its resolution.

These restrictions constrain the problems for which a boosted-frame simulation leads to a

speedup. LWFA simulations typically can benefit, but may not benefit if a high transverse
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resolution is required. Some work has been done to permit small transverse cell sizes by

developing solvers which do not require c∆t < ∆x⊥ (e.g., Ref. [95]). PWFA simulations

typically do not benefit from boosting, but may under special circumstances, e.g., if a laser is

included as in Ref. [271].

A.1.3 Brief review and current status in the field

A complete review of work on the problem is beyond the scope of this appendix, but here

we include some brief details. The idea of carrying out PIC simulations of physics problems

in different reference frames originated in studies of shocks. It was recognized in the early

1990s that simulation of LWFA in a boosted frame could lead to very large speedups [83].

Initial unpublished work found that the method worked in 1D Cartesian geometry. However,

in 2D and 3D, the simulation fields were observed to be numerically unstable. Interest in

the method resurged after publication of Ref. [84]. The numerical instability was eventually

identified as the Numerical Cherenkov Instability (NCI) [88, 89]. The NCI had been first

analyzed in a different context by B. Godfrey in Ref. [86]. There was not much progress

in dealing with the NCI until the late 2000s, when some results were published in which

aggressive current filters were applied [85]. Throughout the 2010s, various field solvers were

developed which were designed to mitigate the NCI (and numerical dispersion more generally)

[90, 91, 92, 93, 94, 95, 59, 96].

At this point, the NCI has largely been addressed. However, at the time of writing in

2025, Lorentz-boosted simulations of plasma-based acceleration remain under-utilized. Here

are a number of the author’s guesses as to why this may be:

• Not all PIC codes include NCI-suppressing field solvers

• Not all PIC codes include algorithms for laser, beam, and plasma injection in a boosted

frame

• Not all PIC codes support boosted diagnostics for lab-frame time-slice reconstruction
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in a boosted frame

• The simulation initialization is significantly more complex than in the lab frame

• There can be subtle differences in the physics which require experience and familiarity

with the method to understand and interpret

Although the NCI was historically the main bottleneck to getting boosted-frame plasma-

based acceleration (PBA) simulations to run, these subtle details of initialization and diag-

nostics are still nontrivial. Almost all of the rest of the appendix discusses technical details

of initialization and diagnostics.

A.2 Initialization of lorentz-boosted simulations

Here we give an overview of mathematical and computational considerations for various

aspects of initializing Lorentz-boosted PIC simulations with an emphasis on features supported

in OSIRIS. In all of what follows, the boost and laser propagation are in the ẑ direction.

A.2.1 Field solvers

As discussed in Sec. A.1, the NCI induced by a quasi-neutral drifting plasma is the primary

numerical challenge to running Lorentz-boosted simulations of PBA. OSIRIS provides several

field solvers for suppression of the NCI. One example is the “bump” solver, which modifies the

dispersion relation of electromagnetic waves directed along the axis at the specific wavenumber

where the NCI occurs [59]. This solver was specifically designed to suppress the NCI. Another

example is the “dual” solver, which was designed for general-purpose reduction of numerical

dispersion for electromagnetic waves along the axis [61]. Although it was not specifically

designed for suppression of the NCI, it was later discovered that it naturally suppresses the

NCI even more effectively than the bump solver. At the time of writing, it is recommended

to use the dual solver for boosted-frame simulations in OSIRIS. Reference [271] is the first

205



published work employing the dual solver in Lorentz-boosted simulations.

In the author’s experience, the default dual solver parameters are sufficient for the vast

majority of cases. If the NCI is still suspected to be an issue, it may be able to be addressed

by changing the solver parameters. The normal procedure for doing this is to use a script to

compute and visualize the numerical dispersion relation of the solver. The dispersion relation

depends on the solver parameters as well as the plasma density, boost velocity, timestep,

and cell sizes. One can try experimenting with the parameters to find a field solver with a

dispersion relation such that the NCI growth rate is sufficiently low. The script for doing this

is not included here. This procedure should be unnecessary for the vast majority of users.

A.2.2 Boundary conditions

The author recommends to always run Lorentz-boosted simulations of PBA in a moving

window. This is typically the most natural choice, since the Lorentz transformation of a

moving window in the lab frame is a moving window in any boosted frame. In addition, the

large plasma outflow can lead to numerical instability at the left wall when using a stationary

box. Using a moving window addresses this problem because the outflow becomes causally

disconnected from the simulation domain. For the transverse boundary conditions, thermal

boundary conditions can be used. Leaving a small gap between the plasma and the transverse

boundary can prevent numerical instability there.

A.2.3 Simulation box boundaries

The simulation box size can be determined by applying Lorentz transformations to the

boundaries of the volume of spacetime simulated in the lab frame. In what follows, the

boosted-frame and lab-frame coordinates will be respectively primed and unprimed. We

will work everything out in the case that both simulations are run in a window moving at

the speed of light, but the calculations can be repeated for a general case (although this
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configuration is not recommended). We work in units where c = 1 for simplicity.

Suppose that the lab-frame simulation starts with z ∈ [z−, z+], runs for t ∈ [t−, t+], and

runs with a moving window. (Typically, t− = 0.) Assume also that the simulation can be

initialized at any point outside the causal light cone of an interaction point (t∗, z∗) – for

example, in an LWFA simulation, this is the point in spacetime at which the laser hits the

plasma. Assume that the laser and the plasma can be analytically initialized outside of a light

cone propagating with speed c from this point. It will become clear why this is important in

the sections on initialization of laser pulses and particle beams.

What are the spatiotemporal boundaries of a Lorentz-boosted simulation to contain all

the dynamics beyond the interaction point? We can find them algebraically by applying

Lorentz transformations. First, what is the time t′+ up to which the boosted-frame simulation

must be run? The boundaries of the simulation in spacetime at the end of the lab-frame

simulation are (tb±, zb±) = (t+, z± + (t+ − t−)). Applying a Lorentz transformation, the

boosted coordinates are (t′b±, z
′
b±) = (γt+ − γβ(z± + (t+ − t−)), γ(z± + (t+ − t−))− γβt+). Of

these values, the one associated with z− has a larger t′. This t′ is the point up to which the

boosted-frame simulation must be run if we are to capture the entirety of the t+ timeslice.

Therefore, t′+ = γ(1− β)t+ − γβ(z− − t−).

Next, what is the time t′− at which the boosted simulation must be started? This

comes from the interaction point. In the boosted frame, the interaction point occurs at

(t′∗, z
′
∗) = (γt∗ − γβz∗, γz∗ − γβt∗). Thus, the simulation must be started at (or before)

t′− = t′∗ = γt∗ − γβz∗.

Finally, the box boundaries for the boosted simulation can be calculated from their known

final positions. We know that, in the boosted frame, the box boundaries at time t′ are

z′b′± = z′± + (t′ − t′−) for a box with z′ ∈ [z′−, z
′
+] and with t′− given above. To determine

the initial box boundaries in the boosted frame z′±, we can equate the above spacetime

coordinates corresponding to the boosted-frame box with the transformed coordinates of the

lab-frame box given previously, or (t′, z′b′±) = (t′b±, z
′
b±). Solving this equation for the initial
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boosted-frame box boundaries results in z′± = t′− − t′b± + z′b± = t′− + γ(1 + β)(z± − t−).

All this has been worked out in full generality. In the author’s experience, the most

convenient way to center the simulation is to choose t− = 0 and (t∗, z∗) = (0, 0) in the lab

frame. When this is done, the box boundaries in the boosted frame simplify to z′± = γ(1+β)z±,

with t′− = 0 and t′+ = γ(1− β)t+ − γβz−. The box is therefore longitudinally expanded by a

factor of γ(1+β). Note that γ(1−β) = 1/γ(1+β), so that the first term in the t′+ expression

represents a Lorentz contraction of the simulation timescale. This is the term corresponding

to the heuristic timescale estimate in the introduction from length contraction plus the drift.

The more detailed analysis here shows that there is an additional −γβz− term (note that

z− < 0) which adds a penalty to increasing γ.

The above analysis was worked out purely algebraically. It is also possible to visualize

what the simulation boundary looks like in terms mappings of parallelograms in (t, z) space

between the lab and boosted frame. Some relevant visualizations of these parallelograms

can be found in Ref. [94]. The mapping of the parallelogram in the lab frame, starting and

ending with constant t (i.e., t = t±), maps to a tilted parallelogram in the boosted frame

with non-constant t′ at the beginning and end. We have computed what the coordinates of

an enclosing parallelogram need to be (i.e., such that there is constant t′ = t′±) in the boosted

frame such that the tilted parallelogram is surrounded by a non-tilted parallelogram.

A.2.4 Resolution: ∆′
z, ∆′

x, ∆′
t, and particles per cell

The transverse dimensions are not affected by Lorentz transformations. Thus, the dynamics

take place over the same length scale in the boosted frame and require the same resolution as

in the lab frame: ∆′
x = ∆x.

As in the lab frame, the longitudinal cell size must be chosen to resolve the finest spatial

scale. In the case of a laser, this is the doppler-shifted wavelength λ′0 = γ(1 + β)λ0. Thus, for

a laser, one would naturally choose ∆′
z = γ(1 + β)∆z. Note that γ(1 + β) is the same factor
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for the overall expansion of the box longitudinally, so that the number of cells longitudinally

is the same for the case of a laser.

The timestep is contrained by the required temporal resolution and the CFL condition.

The former is implied by the latter in the case of PBA problems. As noted in the introduction,

the CFL condition places a constraint on the maximum possible boost.

The number of macroparticles per cell, which effectively controls resolution of the particle

distribution functions, is more subtle. The number of physical particles (not macroparticles)

is a Lorentz invariant. The total physical charge is the number of physical particles times

the charge per particle, independent of their motion. Thus, the total charge is a Lorentz

invariant. However, the plasma is Lorentz contracted by a factor of γ. In addition, ∆z is

larger by a factor of γ(1 + β). Thus, if the same number of macroparticles per cell is used as

in the lab frame, then the total number of macroparticles is reduced by a factor of γ2(1 + β).

This is an important consideration for processes such as self-injection of particles in LWFA,

which may occur with few particle statistics in the lab frame.

The charge of each macroparticle, which is the total charge divided by the number of

macroparticles, is also higher by the same factor of γ2(1 + β). Thus, each macroparticle has

a higher response to fields. The fields themselves are also different because of the Lorentz

transformation. For example, one can show that the focusing field Ex −By will transform as

γ(1 + β)(Ex − By). Thus, the total focusing force Fx = q(Ex − By) on the macroparticles

will be ∼ γ3(1 + β) times the value in the lab frame.

The above scalings assume that we use the same number of macroparticles in the boosted

frame as in the lab frame. But one does not necessarily have to do this. How many should

be used? In the author’s experience, 32 particles per cell is typically sufficient for modeling

LWFA in 2D and quasi-3D geometries in the lab frame. A similar rule of thumb is not known

to the author for a simulation in the boosted frame. Although the answer is not clear in

general, using 32 is a natural starting point. However, for simulating a particular physical

process, there is a clear answer: a sufficient number of particles are required for numerical
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convergence. One ought to increase the particles per cell until the results do not change.

That is the number of particles that are required for any PIC simulation. Hopefully a general

rule of thumb will emerge as the community makes more frequent use of this simulation

method. Certain processes such as self-injection in LWFA may require more particles per cell

in the boosted frame than in the lab frame.

A.2.5 Estimation of the simulation cost

Given the simulation box size and resolution parameters, the cost of the simulation in both

the lab frame and boosted frame can be estimated. This can be done by counting the total

number of particle pushes, assuming that particle pushing dominates the simulation cost

and that there is no imbalance in the number of particles among different processors. Both

of these assumptions are not true in practice, but this approximation is a useful point of

reference.

Under these approximations, the cost of the simulation in both the lab frame and the

boosted frame can be approximated as Cost ∝ Nppc

(
Lt

∆t

)(
Lz

∆z

)(
Lx

∆x

)d⊥
, where Nppc is the

number of particles per cell, Lj denotes the total time or length in each dimension, and d⊥ is

the transverse dimensionality. From the above calculations, neither Lx nor ∆x is changed, so

the last factor contributes no speedup. Lz and ∆z are changed by the same factor, so this

factor also contributes no speedup. Thus, the theoretical speedup all comes from the particles

per cell and the temporal factor and is given by
(
Nppc
N ′

ppc

)(
γ(1+β)Lz

γ(1−β)Lz−γβz−

)
. If the particles

per cell are the same and the γβz− term is neglected, this gives the heuristic speedup of

γ2(1 + β)2 computed in the introduction.

A.2.6 Background plasma initialization

The initialization of the plasma in the boosted frame must account for the Lorentz contraction

of the plasma as well as the relativistic drift of the plasma. The former is easily handled
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by changing the length of the plasma in the usual way. The charge density must also be

increased by a factor of γ because the total physical charge is conserved.

The drift of the plasma adds a nontrivial complication when injecting from a moving

wall. In the standard moving-wall injection algorithm of OSIRIS, new simulation particles

are injected into new cells whenever the latter are added to the right boundary. When the

particles are cold, they will not evolve before the injection of new particles during a later

timestep. This is still approximately true if the velocity is nonrelativistic in the axial direction.

However, when the axial velocity is relativistic, injected particles will evolve significantly by

the time later particles are injected. In particular, if the window does not move on each

timestep, then particles that are moving to the left may move such that the cell they were

injected into is empty by the time new particles are injected into the next cell. This leads to

a high-frequency longitudinal density modulation in what should be a uniform plasma. This

problem occurs whenever particles are continuously injected with a relativistic axial velocity,

independently of the plasma temperature. For example, the problem occurs both for a cold

relativistically drifting plasma and for a non-drifting relativistic thermal Maxwellian.

In order to resolve this, the injector must account not just for whether it has crossed

a sufficient number of cells for injection, but also the shift of the particles during the time

between injections. This is accomplished by the “cathode” module in OSIRIS. The cathode

must be used for injecting particles in boosted simulations when using a moving window. It

is currently supported in quasi-3D and Cartesian geometries.

One final note about the plasma initialization: in the current implementation, ion particles

must be included to neutralize the plasma. This is unnecessary in lab-frame simulations,

where injecting electrons with no ions is equivalent to assuming a current-free neutralizing

ion background. It may be possible to write a new current deposition algorithm that assumes

a stationary drifting ion background so that the inclusion of ions in the boosted frame is not

necessary. For the time being, the inclusion of ion particles leads to another factor of ∼ 2

slowdown for the boosted simulation compared to a lab-frame simulation without ions. The
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same number of particles per cell should be used for ions and electrons to avoid numerical

artifacts.

A.2.7 Electromagnetic field initialization (including lasers)

Boosting changes two properties of the initial electromagnetic fields: (1) the spatiotemporal

structure of the fields and (2) the strength of the fields. Here we discuss how both are accounted

for in the simulation initialization. We focus on the case of laser initialization. For simplicity,

we consider the case where the structure of the vacuum laser field (i.e., before entering plasma)

in the lab frame is of the separable form E⊥(t, z,x⊥) ≈ E0B(z − t)C(z,x⊥) exp(ik0(z − t))ϵ̂.

Here B(z− t) is the longitudinal profile, C(z,x⊥) is a paraxial beam solution, exp(ik0(z− t))

is the fast phase factor, and ϵ̂ is the laser polarization vector. This functional form is

commonly used to initialize lab-frame laser fields in various simulation codes. Details on

when this approximate solution is valid are discussed in Chapters 4 and 5. We will specifically

consider the case that C(z,x⊥) is a Gaussian beam with spot size w0 and focal point at

(z,x⊥) = (0,0).

We begin by calculating the structure of such a field in the boosted frame. Applying a

Lorentz transformation, the electric field in the boosted frame is given by E′
⊥(t

′, z′, x′⊥) =

γ(1 − β)E0B(γ(1 − β)(z′ − t′))C(γz′ + γβt′,x′
⊥) exp(ik0γ(1 − β)(z′ − t′))ϵ̂. Thus, in the

boosted frame, the duration of the pulse is increased by a factor of 1/γ(1− β) = γ(1 + β).

The amplitude of the transverse field is also reduced by a factor of γ(1 − β). The laser

wavenumber is decreased by a factor of γ(1− β) so that the wavelength is doppler-redshifted

by a factor of γ(1 + β).

The most notable change in the field structure comes from the paraxial factor C(z,x⊥).

In the lab frame, the spot size of the laser pulse is w(z) = w0

√
1 +

(
z
zR

)2
, where zR ≡ 1

2
k0w

2
0

is the Rayleigh range. Therefore, the spot size of the laser pulse in the boosted frame at a

given (t′, z′) is w(z(t′, z′)) = w(γz′ + γβt′). Thus, in the lab frame, the spot size depends
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only on space (z); in the boosted frame, it depends on both space (z′) and time (t′).

A few asides are worth mentioning about the laser field in the boosted frame. First, in

the boosted frame, the pulse can be described as possessing spatiotemporal coupling, which

is defined as the inability of E′
⊥ to be expressed in a separable functional form (unlike in the

lab frame). Second, we see that the point z′ in spacetime at which the spot size is minimal,

i.e., at which the pulse is in focus, now varies with t′. The focus occurs in the lab frame at

z = 0, which in the boosted frame is the trajectory z′ = −βt′. This means that the pulse has

a time-varying focal point in the boosted frame. A time-varying focal point is equivalent to

saying that the pulse is a so-called “flying-focus” pulse. This latter insight was first published

in Ref. [272].

Returning to the initialization: in the lab frame, we ordinarily initialize the laser pulse

at t = 0 (we take t− = t′− = 0 for simplicity in this discussion). The laser is initialized in

vacuum and propagates into the plasma. What happens if we follow the same initialization

approach at t′ = 0 in the boosted frame? Suppose that the pulse tail occurs at z = z0 < 0

for t = 0 in the lab frame, i.e., B(z − t) = 0 for z < z0 at t = 0. In the boosted frame, the

rear position of the laser occurs at z′ = z′0 = γ(1 + β)z0. What is the spot size of the laser

at (t′, z′) = (0, z′0)? We compute w(z(t′, z′)) = w0

√
1 + γ2(1 + β)2z20/z

2
R. Thus, the spot size

will be significantly larger than w0 when γ(1 + β)z0 > zR.

Why is this a problem? The transverse box size needs to fit the laser if it is initialized

during a single timestep. Thus, if one is to fit the laser in the box at t′ = 0, one would have

to make transverse box size very large in order to fit the laser, even though no dynamics

of interest take place outside the lab-frame upper transverse boundary. This increases the

simulation cost.

Another option is to dynamically initialize the laser pulse, where only the part that is

close to being in focus is injected. From the earlier calculation, this occurs in the vicinity

of the trajectory z′ = −βt′. One can either initialize all the field cells with z′ < −βt′

according to the structure of the boosted laser field, or one can just initialize a narrow region
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behind z′ = −βt′, since cells to the left will eventually be overwritten later anyway. The

latter algorithm has been referred to as a “moving wall injector.” This feature is currently

implemented in OSIRIS. Note that such a moving-wall injector does not override the physics

so long as it initializes the laser pulse fully outside the causal light cone of the interaction

point (t′∗, z′∗), i.e., all points (t′, z′) in the boosted frame such that t′ < t′∗ and z′ − z′∗ < t′ − t′∗.

In WarpX and a previous OSIRIS implementation, this was done by propagating a slab of

simulation particles along this trajectory and setting their momenta appropriately to generate

the laser field. In the current version of OSIRIS, the fields are set directly. The moving-wall

injector can be used to inject the pulse in the boosted frame along either a constant lab-frame

z or t. Both options are possible in the current OSIRIS implementation. Constant t is

recommended so that the initial condition can be verified to be correct by comparing the

boosted diagnostics with a lab-frame simulation. This also results in the initial laser fields

being visible at t = 0 in boosted diagnostics.

The final subtlety for laser field initialization is setting the axial field. Getting the axial

field right is potentially more important in the boosted frame than in the lab frame. In the

lab frame, the laser propagates out of the region of initialization and into the plasma, so

that any numerical errors associated with not satisfying ∇ · E = 0 at initialization exit the

simulation. This is not true in the boosted frame, because the plasma drifts into the region

where the laser was injected.

In practice, the axial field in the lab frame is normally computed in OSIRIS through a

so-called “divergence correction.” In this method, the transverse field is set in some way, such

as by using the above formula for the laser field. The axial field is then set by numerically

integrating Gauss’s law in vacuum, starting from before the head of the laser pulse. This

same procedure can be done in the boosted frame, but now must be done along the moving-

wall boundary and at every timestep. This makes it more complicated to implement. For

simulations where the contribution of Ez of the laser is negligible in the boosted frame, it

can also be neglected in the boosted frame.
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All of the above discussion applies to laser fields. What about for more-general electro-

magnetic fields? If it is possible to write the fields down analytically outside the light cone of

the interaction point, then the same procedure can be followed to derive the structure of the

fields in the boosted frame. The solution of using a moving wall should work for all cases in

which the fields can be initialized fully in the box at t = 0 in the lab frame or at the plane

z = 0 in the lab frame. However, a moving-wall injector may not always be necessary. For

example, if a function is applied for external fields, it can be Lorentz transformed directly

(amplitude and spatiotemporal dependence) without any other simulation changes.

A.2.8 Particle beam initialization

For Lorentz-boosted simulations including a particle beam, similar considerations apply as for

a laser pulse. By the same reasoning, the beam spot size at the tail will be significantly larger

than at the focal point if γ(1 + β)z0 > β∗, where β∗ ≡ σx/σx′ is the analogue of the Rayleigh

range for a beam and z0 is the location of the tail of the beam at t = 0 in the lab frame.

Thus, the same issue with the transverse box size applies as for a laser when initializing the

beam at t′ = 0. Two possibilities are implemented in OSIRIS: injection using the standard

algorithm at t′ = 0 in OSIRIS or “thawing beam injection,” the analogue of a moving wall

injector for a laser. In either case, the momentum, charge density, and length of the beam

need to be adjusted from their values in the lab frame. These are discussed in the following

subsections.

A.2.8.1 Standard injection

If the beam spot size at the tail and head are comparable at t′ = 0, then the beam can be

reasonably approximated using the standard OSIRIS initialization method. This involves

simply increasing the beam duration by a factor of γ(1+β′
zβ) = [γ(1−βzβ)]−1 and decreasing

the charge by the same factor. The beam is fully initialized at t′ = 0.
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A.2.8.2 Thawing beam injection

If the above condition does hold (i.e., the beam spot size varies significantly across the beam

at t′ = 0), a kind of moving-wall injector is needed. One possibility is to use a moving-wall

injector analogous to the case of the moving-wall laser injector described above: simulation

particles are injected and their corresponding electromagnetic fields are set at each timestep.

However, the fact that the beam is constituted by simulation particles enables a simpler

injection algorithm. This method may be described as a “thawing-beam” initialization. In this

method, the beam is fully injected at t′ = 0 with each axial slice initialized with the profile

the beam has at t = 0 rather than at t′ = 0. Thus, the beam is initialized at t′ = 0 differently

from how it should actually look if the evolution were fully self-consistent. The beam’s

transverse evolution is neglected, i.e., the beam advances only according to its longitudinal

momentum, until it has reached the lab-frame t = 0 timeslice (i.e., t′ ≥ −βz′). The full

particle evolution is then unfrozen. Keeping the particles moving in the z-direction before

thawing is analogous to the particle cathode: this prevents the problem of high-frequency

density modulations if the particles are unfrozen from rest in the axial direction. Keeping

the particles moving axially before unfreezing also enables the particle beam fields to be set

self-consistently at t′ = 0. This method of initializiation is implemented in OSIRIS.

How should the beam be initialized when using the thawing-beam method? We must

consider the initial particle locations, density, and momentum distribution in the boosted

frame. Let us first consider the initial particle locations. Consider a slice of particles located

at zinj in the lab frame at t = t−. In the boosted frame, the transverse coordinates are set to

whatever they would be when the beam is in focus. What about the axial coordinate? In the

thawing scheme, the axial position of the particles for t′ < t′inj is given by z′(t′) = z′0 + β′
zt

′,

where z′0 is the initial particle location that we must determine and β′
z is given from the

usual velocity-addition formula as β′
z =

βz−β
1−ββz . Applying a Lorentz transformation to the

lab-frame injection coordinates (t−, zinj), we find that the injection in the boosted frame will

occur at t′inj = γt− − γβzinj and z′inj = γzinj − γβt−. Now, what does z′0 need to be such

216



that the particles arrive at this (t′inj, z
′
inj) given the above trajectory? Equating z′(t′inj) = z′inj

allows us calculate z′0 = γ(1 + β′
zβ)zinj − γ(β′

z + β)t−. When β′
z > 0 (i.e., the boost does not

reverse the propagation direction of the bunch), we see from the first term that the bunch

is Lorentz-expanded by a factor of γ, with an additional factor of (1 + β′
zβ) ∈ [1, 2). From

conservation of charge, we see that the charge density must be lower in the boosted frame

by the same factor of γ(1 + β′
zβ), which can also be written as [γ(1− βzβ)]

−1. All of these

calculations hold for the initial particle locations, independently of whether the beam has a

spread in its transverse or longitudinal momentum.

Note that, as in the case of a laser, the beam can be injected in the boosted frame at a

constant lab-frame t or z. The above calculation was for a constant t. The calculations could

be repeated for a constant z.

A.2.8.3 Beam momentum

We now consider how the momentum distribution should be initialized for a relativistic beam

(with or without the thawing-beam injector). In general, the four-momentum of a particle

pµ = (p0(p),p) is a rank-1 Lorentz tensor, where p0(p) ≡
√

1 + p2 is the Lorentz factor of

the particle. Thus, in the boosted frame, we have p′
⊥ = p⊥ and p′z = γpz − γp0(p). (Note

that γ is the Lorentz factor of the boost and p0(p) is the Lorentz factor of the particle).

Thus, p⊥ is unaffected by the boost and should be sampled from the same distribution as

in the lab frame. However, because of the appearance of p0(p) in the equation for p′z, the

distribution of p′z now depends on the distribution of both the lab-frame momenta pz and p⊥.

This complicates the distribution function in the boosted frame. A robust way to mitigate

this complication is to sample the particle momenta from the lab-frame distribution function

and to subsequently apply a Lorentz transformation using the above formula to compute the

new momenta in the boosted-frame.

An approximation for the distribution of p′z can be derived in the limit that σpz ≪ pz0 and

σp⊥ ≪ pz0, where pz0 is the mean pz for the beam in the lab frame. These approximations
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typically hold in simulations of LWFA and PWFA. Such an approximation is useful both

because it simplifies the initialization and also because it gives intuition about the structure

of the beam in the boosted frame. Under these assumptions, we can approximate p0(p) ≈ pz.

For each particle, we decompose pz = pz0+∆pz. We can then approximate p′z ≈ γ(1−β)pz =

γ(1− β)pz0 + γ(1− β)∆pz. Thus, under this approximation, we have p′z = p′z0 +∆p′z, where

p′z0 = γ(1 − β)pz0 and the distribution for ∆p′z is the same as it was before but scaled by

γ(1−β). For example, if the distribution for ∆pz in the lab frame is a Gaussian with standard

deviation σpz , in the boosted frame it would have σp′z = γ(1− β)σpz . The relative error in

this approximation is roughly (p0(p)− pz)/pz ≈
(

1+σ2
p⊥

p2z0

)(
1− 2

(
σpz
pz0

))
.

In the current OSIRIS implementation, the Lorentz transformation for the momentum

distribution is not done automatically, so one must use the approximation in the previous

paragraph. It would not be difficult to implement the more-robust algorithm for initializing

the momentum distribution.

A.3 Boosted diagnostics

In the lab frame, we typically output simulation data at fixed timeslices of the simulation, e.g.,

ωpt = 0, 10, 20, . . . . A challenge with running boosted-frame simulations is that timeslices in

the lab frame do not correspond to a single time in the boosted frame because of the spatial

dependence of the Lorentz transformation, i.e., the fact that t′ = γt−γβz. Simultaneity is not

preserved under Lorentz transformations. Conversely, dumping data at constant timeslices

in the boosted frame is not sufficient to reconstruct timeslices in the lab frame. (One could

get around this by dumping the entire boosted simulation dataset and reconstructing the

lab-frame timeslices in postprocessing, but this would be prohibitively expensive, both in

memory and in IO cost, for most problems of interest.)

Why is it necessary to have lab-frame timeslices from a boosted simulation? Strictly

speaking, it is not. The timeslices from the boosted frame contain interpretable physics. They
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are also the more-useful diagnostics for debugging initialization or numerical issues. However,

it is very useful to also have the capability of reconstructing lab-frame timeslices for two

reasons: (1) this allows direct comparison with lab-frame simulations, which have now been

stress-tested for several decades, and (2) scientists studying LWFA are far more familiar with

observing the results in the lab frame. Lab-frame reconstructions may eventually become

unnecessary as computational physicists hone the art of running and analyzing boosted-frame

simulations. At the time of writing, they are necessary. It could also be useful to translate

lab-frame data into boosted-frame data, both for comparison and for insight into the physics.

How can lab-frame timeslices be reconstructed during a simulation? The problem is

analogous to the problem of injecting fields or particles at the lab-frame t = 0 timeslice

within the boosted frame. In that case, a moving wall is used to initialize the simulation

dynamically in spacetime. The analogous solution for boosted diagnostics is effectively to use

a “moving-wall receptor,” instead of a moving-wall injector, to dynamically pull data out of

the simulation for the reconstruction of a specified timeslice. We refer to such diagnostics as

“boosted diagnostics.”

Boosted diagnostics are currently implemented for grid quantities (electromagnetic fields

and covariant particle distribution function moments) and raw particle data in OSIRIS. The

boosted diagnostics are supported in Cartesian geometries and in quasi-3D. Boosted slice

diagnostics have also been implemented, which is important for reducing the cost of diagnostic

output in 3D simulations. Additional boosted particle diagnostics (higher-order covariant

moments of the distribution function) are not yet supported.

A.3.1 Code details

One of the challenges of boosted diagnostics that does not apply to the moving-wall injection

algorithms is that the timeslices being reconstructed do not necessarily snap to the gridpoints

in the boosted frame. Thus, interpolation onto the desired lab-frame timeslice is required in

both space and time in the boosted simulation. To perform the interpolation, grid data from
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the previous timestep is buffered. For a given lab-frame point (t, z) to be reconstructed, the

four surrounding gridpoints in the boosted frame are used to linearly interpolate onto (t, z).

This data is then buffered. Because of memory constraints, all of the timeslices undergoing

reconstruction cannot in general fit in memory. Thus, reconstructed data has to be dumped

periodically. The dumping may occur before timeslices have been fully reconstructed. Thus,

there are two decoupled dump frequencies: (1) the frequency of the lab-frame timeslices,

which is determined by the necessary diagnostic resolution, and (2) the frequency of dumping

of the buffered boosted diagnostics, which is determined by memory constraints.

All of this work is handled by two classes: in the code: a boosted grid manager class and

a boosted diagnostic class. The boosted grid manager is responsible for handling coordinate

conversions between the two frames and nothing more. Each boosted diagnostic object stores

a pointer to a boosted grid manager object that informs which computations must be done

at each timestep; the boosted diagnostic object handles buffering data from the simulation,

performing, interpolation, and writing the data at specified intervals. The boosted grid

manager will work with any γ, which is specified in the input deck.

It is important to point out that the spatiotemporal interpolation used is not consistent

with the field solver used in the code. This would be a problem if the boosted diagnostics

were coupled to the simulation, but since they are not, they should be close to the “true”

simulation quantities (with quotes because these quantities are not actually attained in the

simulation). With that said, the interpolation may be problematic for applications in which

values of the simulation fields consistent with the numerical scheme are important, e.g.,

discovering equations from the data as in Ref. [273]. In such a case, more care could be taken

to perform the spatiotemporal interpolation self-consistently with the field solver.

A.3.2 Other applications of boosted diagnostics

Aside from Lorentz-boosted simulations, there are other scenarios where boosted diagnostics

may be beneficial. Two examples are a relativistic shock simulated in the shock frame or a
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relativistic jet in its comoving frame. Boosted diagnostics may be insightful in these cases,

for example if theoretical calculations are easier to carry out in the lab frame.

Another potentially useful application would be to forward-boost the data from a lab-frame

LWFA simulation. This could be used to directly assess the quality of a given boosted-frame

simulation if the lab-frame simulation is trusted.

Another useful feature made possible by boosted diagnostics is reporting of subsets of

simulation data without boosting. For example, one can use the current implementation of

the boosted diagnostics with γ = 1 to extract a high-resolution subvolume moving at arbitrary

velocity. At present this would only work for subvolumes with full transverse dimensions, i.e.,

only a reduction in longitudinal spacing is possible; implementation of subvolume tracking

with arbitrary transverse sizes would be possible using this framework.
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