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Abstract

Towards Scalable Model Predictive Control for Autonomous Driving in Dynamic and Complex
Environments

by
Hansung Kim
Doctor of Philosophy in Mechanical Engineering
University of California, Berkeley

Professor Francesco Borrelli, Chair

Model Predictive Control (MPC) has become a fundamental tool for motion planning and con-
trol in autonomous driving, valued for its ability to enforce constraints on states and inputs while
optimizing a performance objective over a finite prediction horizon. Even as the autonomous
vehicle industry increasingly delegates perception, prediction, and high-level planning to learned
models from data, MPC remains a critical component of the control and planning stack at major au-
tonomous driving companies, providing interpretable constraint enforcement, safety verification,
and fallback planning that complement the primary neural planner. However, as driving scenarios
grow in complexity—interacting agents with coupled decisions, surrounding vehicles exhibiting
uncertain multi-modal behavior, and long planning horizons that span multiple traffic lights in
urban driving—the optimization problem MPC must solve at each control step becomes computa-
tionally intractable for real-time deployment. This dissertation develops computationally efficient
MPC algorithms that make optimization-based planning practical and scalable across three distinct
areas of complexity in autonomous driving.

The first part addresses scalable multi-agent interactive planning using MPC. We propose a dis-
tributed MPC coordination framework for cooperative multi-vehicle lane changing, in which a des-
ignated facilitator vehicle proactively modifies the traffic environment to enable lane changes for
the remaining vehicles in a platoon, yielding a formulation that scales with the number of agents
without a corresponding growth in per-agent computational cost. We then address competitive
and cooperative two-agent interactions through a game-theoretic lens: a value function learned
offline from generalized Nash equilibrium solutions is embedded as the terminal cost-to-go in a
short-horizon MPC policy, preserving strategic behavior while reducing online computation to a
fixed-size optimal control problem that each agent solves independently.

The second part addresses scalable stochastic MPC with multi-modal trajectory predictions of sur-
rounding vehicles, where collision-avoidance constraints grow combinatorially with the number
of agents and prediction modes, preventing real-time deployment. We introduce a duality-based



screening framework that uses an attention-based recurrent neural network to predict active con-
straints via Lagrangian duality, enabling significant reductions in optimization problem size with
open-source numerical solvers. We then extend this framework with certifiable safety guarantees,
deriving conditions from strong convexity and Lagrangian duality that ensure all removed con-
straints remain satisfied and all eliminated decision variables are zero at optimality. The resulting
algorithm is validated in complex urban driving scenarios using an open-source simulator based
on real traffic data.

The third part develops a real-time energy-aware lane planning framework for connected electric
vehicles that jointly optimizes longitudinal speed and lateral lane-change decisions using vehicle-
to-infrastructure communication. A hybrid approach combines short-horizon optimal control with
a graph-based approximation of long-term energy costs, supported by a data-driven energy model
calibrated on a physical battery electric vehicle to reason about long-horizon energy optimal de-
cisions in real-time. Vehicle-in-the-loop experiments demonstrate over 39% reduction in motion
energy consumption relative to a human driver baseline and up to 24% reduction in total energy
consumption, validating both the real-time deployability and energy efficiency of the proposed
framework.
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Chapter 1

Introduction

1.1 Background

MPC for Autonomous Driving: Role and Computational Challenge

Autonomous driving has progressed from research prototypes to commercial deployment in recent
years. Waymo launched a fully driverless ride-hailing service in Phoenix in 2020 and has since
expanded to San Francisco and Los Angeles [95]. Zoox, acquired by Amazon, has developed a
purpose-built autonomous vehicle without a steering wheel and is testing on public roads in Las
Vegas and San Francisco [[105]]. Tesla has also deployed a supervised robotaxi service leveraging
its vision-based Full Self-Driving system in Houston and San Francisco Bay Area [88]]. Nuro has
deployed autonomous delivery vehicles for last-mile logistics [77] and is planning on partnering
with Uber to deploy their Nuro Driver to provide ride-hailing services in 2026, and Wayve, based
in London, has pursued an end-to-end learned driving approach trained from real-world data [97]]
with plans to deploy ride-hailing services soon. While these companies differ in their sensing, per-
ception, and planning stacks, all share a fundamental requirement: a motion planning and control
layer that generates safe, dynamically feasible trajectories in real time under hard constraints.

Model Predictive Control (MPC) has become a fundamental tool for satisfying this require-
ment. At each control step, MPC solves a constrained optimization problem using a model of
vehicle dynamics and a finite-horizon performance objective, applies the first element of the opti-
mal input sequence, and re-solves at the next time step. This receding-horizon structure provides
a natural mechanism for reacting to changing environments while enforcing constraints arising
from vehicle dynamics, road geometry, traffic rules, and surrounding agents [12]. MPC has been
applied across a range of autonomous driving tasks including path tracking [28]], lane keeping,
obstacle avoidance [102]], and autonomous racing [61, [104].

Even as data-driven methods dominate perception and prediction, model-based principles con-
tinue to play a critical role in ensuring safety. Waymo’s control architecture hybridizes MPC
with neural policies for smooth, safe execution and maintains redundant safety systems that per-
form high-frequency fault checks [98, [96]]. Approaches such as SafetyNet [92] combine machine-
learned motion planners with lightweight fallback layers that validate trajectories against safety and
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traffic rule constraints. These architectures share a common structure where data-driven planners
generate nominal trajectories while MPC provides constraint enforcement, safety verification, and
fallback planning. MPC expertise continues to appear in open engineering positions at Waymo,
Zo0ox, and other industry leaders as of 2026, further confirming its practical relevance.

However, the central challenge for MPC in autonomous driving is computational tractability.
As the driving scenario grows in complexity—more surrounding vehicles, longer prediction hori-
zons, nonlinear dynamics, and uncertain multi-modal predictions—the optimization problem that
must be solved at each control step becomes larger and harder to solve within real-time require-
ments (typically on the order of tens of milliseconds). This dissertation is organized around three
distinct areas, each presenting its own source of computational complexity, and develops algo-
rithms that exploit the structure of each to restore real-time feasibility.

Three Areas of Scalability Challenge
Multi-Agent Coupling

In multi-agent driving scenarios, the ego vehicle must account for the behavior of surrounding
agents whose actions are coupled through shared constraints such as collision avoidance. In con-
nected autonomous vehicle (CAV) platoons, an explicit coordination mechanism can be designed
to manage this coupling. Lane changing within a platoon, for example, demands that surrounding
vehicles actively adjust their trajectories to create feasible gaps—a task whose complexity grows
with the number of agents and whose real-time coordination through distributed MPC becomes in-
creasingly expensive. Chapter[2]addresses this setting by introducing a facilitator-based framework
in which a designated facilitator vehicle proactively modifies the surrounding traffic environment
to enable lane changes for the platoon, coordinated through distributed MPC with finite state ma-
chines that scales with the number of agents.

When no such coordination structure exists, agents must independently reason about their in-
teractions. Game theory provides a natural framework for modeling these settings by treating each
agent as a player with its own objective function and constraints. The generalized Nash equi-
librium (GNE)—a set of strategies from which no agent has an incentive to unilaterally deviate
without violating the constraints—is a common solution concept for such problems [27]]. Several
computational methods have been proposed for solving constrained dynamic games in the con-
text of multi-agent motion planning. ALGAMES [56] uses an augmented Lagrangian approach
for general-sum games. Iterative linear-quadratic methods [32]] approximate the game solution
through successive linearizations. The Potential-iLQR approach [99] formulates multi-agent inter-
actions as potential games and uses distributed optimization to approximate the GNE, though it is
designed for cooperative settings. The DG-SQP solver [[104] addresses open-loop dynamic games
with general state and input constraints using sequential quadratic programming. All the afore-
mentioned methods involve significant online cost that scales poorly with the number of agents,
horizon length, and constraint complexity, and efficient computation of generalized Nash equilib-
ria remains an active area of research. Chapter 3 addresses this bottleneck by learning a value
function from offline GNE solutions and embedding it as the terminal cost-to-go in a short-horizon
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MPC policy. The result is a distributed policy—each agent independently solves a fixed-size MPC
problem—that emulates GNE behavior without online equilibrium computation.

Stochastic Multi-Modal Predictions

In urban driving, surrounding vehicles exhibit uncertain behavior—a vehicle approaching an in-
tersection may turn left, proceed straight, or turn right, each with different likelihoods. Because
human driver behavior is difficult to predict, motion prediction models are designed to capture
this uncertainty, often representing predictions as multi-modal distributions. Many state-of-the-art
prediction models consumed by downstream planners, such as MPC, represent their outputs as
Gaussian mixture models to encode this uncertainty, including Wayformer [75] and MTR++ [84].
Stochastic MPC (SMPC) provides a principled framework for incorporating such probabilistic
forecasts and enforcing collision-avoidance constraints with a prescribed probability level [|68]].

Multi-modal trajectory predictions are typically represented as marginal distributions per agent,
serving as exogenous inputs to the optimal control problem. This treats surrounding vehicles’
future trajectories as independent of the ego vehicle’s decisions. Although agent behaviors are in
principle governed by a joint distribution over all participants including the ego vehicle, marginal
predictions are amenable to integration into MPC-based planning because they carry no circular
dependency on the ego vehicle’s own planned trajectory, making them favorable for model-based
planning.

In the SMPC formulation proposed by [73]], the marginal multi-modal forecasts of surrounding
vehicles leads to a combinatorial growth of scenarios. For V' surrounding vehicles each with M
predicted modes, the number of scenario configurations is A", and the collision-avoidance con-
straints scale as O(N - M) over a prediction horizon N. Even with efficient solvers, this combina-
torial growth renders the SMPC problem intractable at the control rates required for deployment.
Nair et al. [[73]] proposed an SMPC formulation using affine disturbance feedback (ADF) policies
to reduce conservatism, but the underlying constraint scaling problem remains.

Chapters 4 and 5 address this bottleneck via duality-based screening. The key insight is that at
any given operating point, most collision-avoidance constraints are inactive at the optimum; enforc-
ing them wastes computation without affecting the solution. Chapter @ introduces RAID-Net, an
attention-based recurrent neural network trained via imitation learning to predict which constraints
are active using Lagrangian duality as a labeling criterion, enabling significant speedups without
formal guarantees on removed constraints. Chapter [5|extends this framework to provide certifiable
safety guarantees: by adding ¢; regularization and deriving certification conditions from strong
convexity and Lagrangian duality, the algorithm guarantees that all removed constraints remain
satisfied and all removed decision variables are zero at optimality—producing a joint constraint
and variable reduction with provable safety certificates.

Long-Horizon Connected Operation

Vehicle-to-Everything (V2X) communication enables vehicles to receive information—such as
Signal Phase and Timing (SPaT) data from traffic lights—that extends the planning horizon far
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beyond what onboard sensors alone can support. V2X encompasses several communication cate-
gories: Vehicle-to-Vehicle (V2V) for sharing states and intentions to enable cooperative maneuvers
such as platooning [51]] and coordinated lane changes [47]]; Vehicle-to-Infrastructure (V2I) for ac-
cessing traffic signal data to improve energy efficiency [7, 8|]; and Vehicle-to-Cloud (V2C) for
traffic flow data and over-the-air updates [33|]. The U.S. Department of Transportation has out-
lined a plan for nationwide deployment of secure, interoperable V2X communication within the
coming decade [89]], and research in connected autonomous vehicles has demonstrated energy sav-
ings of 11-16% in signalized corridors through eco-driving strategies that leverage SPaT data [58|,
36]. However, most eco-driving studies focus exclusively on longitudinal speed optimization in a
single lane and ignore the impact of lateral decisions on energy efficiency—a gap that becomes
significant on multi-lane urban roads with heterogeneous traffic.

The computational challenge here is one of horizon length: jointly optimizing speed and lane-
change decisions over the extended horizons enabled by V2X yields a combinatorially large plan-
ning problem. Chapter 6 addresses this by developing a hybrid framework that pairs a short-horizon
MPC with a graph-based approximation of long-term energy costs over multiple traffic signals. A
data-driven energy model calibrated on a physical battery electric vehicle provides the energy es-
timates, and vehicle-in-the-loop experiments on a real vehicle demonstrate over 39% reduction in
motion energy consumption compared to baseline driving.

1.2 Outline

The dissertation is organized in three parts. Part I, comprising Chapters 2 and 3, proposes dis-
tributed planning and control algorithms for interactive multi-vehicle environments where multiple
vehicles share the drivable area with the objective of reaching their destinations while remaining
safe. Chapter [2] introduces the vehicle models used in Chapters 2 and 3 and presents an algorithm
for distributed multi-vehicle cooperative lane changing. Chapter 3| provides a novel framework for
distributed model predictive control in interactive multi-agent scenarios based on game-theoretic
reasoning, improving computational efficiency compared to existing game-theoretic approaches.

Part II, comprising Chapters 4 and 5, proposes algorithms for scalable model predictive con-
trol in complex urban scenarios with multi-modal predictions, leveraging duality and machine
learning. Chapter 4| motivates the scalability challenge for stochastic model predictive control ap-
proaches that handle multi-modal predictions and proposes an algorithm for reducing the number
of constraints using duality and imitation learning. Chapter |5| presents an algorithm that extends
the approach proposed in Chapter [ to enable both constraint and decision-variable reduction with
safety (i.e., original constraint satisfaction) guarantees by leveraging strong convexity and duality.

Finally, Part III consists of Chapter [6] which focuses on real-time long-horizon operations of
connected autonomous vehicles that leverage machine learning to enable real-time energy-aware
motion planning. This chapter presents a data-driven, energy-efficient planning framework with
experimental validation for real-time deployment.
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Chapter 2: Distributed and Cooperative Multi-vehicle Lane Change

Based on [47], this chapter introduces the vehicle models used throughout the dissertation and
presents a distributed coordination method for cooperative multi-vehicle lane change maneuvers.
A designated facilitator vehicle proactively modifies the environment to enable lane changes for
the platoon, coordinated through distributed MPC path-planners with finite state machines. The
distributed formulation scales with the number of agents and establishes a computationally scalable
multi-vehicle cooperative coordination framework.

Chapter 3: Learning Two-agent Motion Planning Strategies for MPC

This chapter, based on [50]], proposes a novel approach to multi-agent motion planning by aug-
menting MPC with game-theoretic reasoning through embedding a value function learned from
generalized Nash equilibrium solutions as the terminal cost-to-go in a short-horizon MPC policy.
This replaces computationally expensive online equilibrium computation while preserving strate-
gic behavior. The resulting policy is distributed: each agent independently solves its own fixed-size
MPC problem online, with the learned terminal cost implicitly encoding the game-theoretic inter-
actions with other agents.

Chapter 4: Learning-Guided Scalable MPC using Duality-based Criterion:
Constraint Reduction

Based on [48]], this chapter focuses on addressing the computational scalability challenge arising
from multi-modal predictions in stochastic MPC. We use Lagrangian duality to identify active con-
straints and propose RAID-Net, an attention-based recurrent neural network that predicts which
collision-avoidance constraints to enforce. This chapter introduces the duality-based screening
framework, which enables fast and scalable MPC. We demonstrate the effectiveness of our algo-
rithm via numerical simulation of unsignalized intersection navigation using the SMPC formula-
tion 73] to handle uncertain, multi-modal predictions as an example. We also identify its key
limitation: the lack of formal guarantees for removed constraints.

Chapter 5: Learning-Guided Scalable MPC using Convex Duality-based
Criterion: Safe Variable and Constraint Reduction

This chapter addresses this limitation by extending the duality-based screening framework to pro-
vide certifiable safety guarantees. We add ¢, regularization to promote sparsity in the control policy
parameters and derive certification conditions from strong convexity and Lagrangian duality that
guarantee all removed constraints remain satisfied, and all removed variables are zero at optimal-
ity. A transformer-based classifier trained via imitation learning guides the dual certificate com-
putation, and the complete algorithm that chains classification, dual estimation, certification, and
reduced problem formulation, enabling fast and scalable MPC for autonomous driving in complex
scenarios such as urban driving. The effectiveness of the approach is demonstrated via numerical
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simulation on nuPlan [35] to safely accelerate the computation of the SMPC framework [73] for
motion planning.

Chapter 6: Energy-Aware Lane Planning for Connected Electric Vehicles

This chapter, based on [49], proposes an energy-aware lane selection framework for connected
electric vehicles that jointly optimizes longitudinal speed and lateral lane-change decisions us-
ing vehicle-to-infrastructure communication. A hybrid approach combines short-horizon optimal
control with a graph-based approximation of long-term energy costs, supported by a data-driven
energy model calibrated on a physical battery electric vehicle. This chapter demonstrates that the
optimization-based planning tools underlying this dissertation (MPC) can be deployed for real-time
and energy-efficient autonomous driving beyond safety and lane following, and provides experi-
mental validation through vehicle-in-the-loop experiments.

Chapter 7: Conclusion

Chapter [/| concludes the dissertation by summarizing key results, highlighting our contributions,
and discussing future research directions.

1.3 New Contributions

The overarching goal of this dissertation is to develop computationally efficient MPC algorithms
that make optimization-based planning practical and scalable for autonomous driving in complex
environments. This objective is comprised of contributions across three areas: multi-agent interac-
tive planning, scalable stochastic MPC with multi-modal predictions, and long-horizon connected
operation. The novel contributions of each chapter are summarized below.

Chapter [2; Distributed and Cooperative Multi-vehicle Lane Change

* The facilitator concept. We introduce the concept of a facilitator, a designated vehicle
that proactively changes lanes first and then regulates the gap to create free space for the
remaining platoon vehicles. By actively modifying the traffic environment rather than pas-
sively waiting for a feasible gap, the facilitator reduces the interaction complexity between
the platoon and surrounding target vehicles and enhances the feasibility of multi-vehicle lane
changes in dense traffic.

* Three-mode finite state machine for distributed coordination. We design a finite state
machine (FSM) with three modes (Lane Keeping, Lane Change, and Gap Regulation) whose
transition logic depends on the states of other connected autonomous vehicles in the platoon,
not solely on the controlled vehicle. This enables coordinated sequential maneuvers across
the platoon without centralized computation.
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Mode-dependent MPC path planner. We formulate a single constrained finite-time opti-
mal control problem in which constraints, terminal conditions, and cost terms change de-
pending on the FSM mode: a terminal constraint to the target lane in Lane Change mode,
free-space constraints in Lane Change mode, adaptive cruise control with slack variables
in Lane Keeping and Gap Regulation modes, and a gap tracking cost only in Gap Regula-
tion mode. The resulting distributed formulation scales with the number of agents without a
corresponding growth in per-agent computational cost.

Chapter [3;: Learning Two-agent Motion Planning Strategies for MPC

Implicit Game-Theoretic MPC (IGT-MPC) algorithm. We propose a decentralized two-
agent motion planning scheme that embeds a neural network value function, learned offline
from generalized Nash equilibrium (GNE) solutions, as the terminal cost-to-go in a short-
horizon MPC policy. By integrating a learned value function that encodes the strategic out-
comes arising from game-theoretic motion planning, IGT-MPC enables implicit interaction-
aware motion planning without the need for explicit interaction models or computationally
intensive online equilibrium computation.

Offline game-theoretic dataset generation pipeline. We develop a data generation proce-
dure that randomly samples joint initial conditions, solves constrained dynamic games for
the GNE, and extracts reward outcomes as training targets. The reward design is problem-
specific: progress advantage over the opponent for competitive racing, and collective progress
along each agent’s route for cooperative intersection navigation.

Problem-specific reward and feature design. We design distinct reward definitions and
input feature constructions for competitive settings (progress advantage, relative state fea-
tures) and cooperative settings (collective progress, scenario encoding), enabling a single
algorithmic framework to handle both competitive and cooperative multi-agent interactions.

Implicit symmetry breaking through perspective-dependent features. We demonstrate
that identical decentralized policies using the same learned value function produce asym-
metric cooperative behavior, such as establishing a passing order at an intersection, through
perspective-dependent feature construction. This avoids gridlock without explicit communi-
cation of intent between agents.

Robustness to prediction model quality. We demonstrate that replacing oracle predictions
with a constant-acceleration forecast model preserves the same qualitative strategic behavior,
since the game-theoretic strategy is encoded in the learned value function at the terminal state
rather than derived from the accuracy of intermediate trajectory forecasts.
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Chapter 4 Learning-Guided Scalable MPC using Duality-based Criterion: Constraint
Reduction

* Duality-based screening criterion using sensitivity analysis. We develop a sensitivity-
based rule that uses the shadow price interpretation of Lagrangian dual variables to determine
when a target vehicle or scenario can be safely removed from the optimization problem. The
screening threshold is bounded by the maximum possible constraint violation and a user-
specified cost deviation, providing an interpretable and tunable mechanism for constraint
reduction.

RAID-Net architecture. We propose the Recurrent Attention for Interaction Duals Net-
work (RAID-Net), an attention-based recurrent neural network that predicts active and in-
active dual classes given the scene observation. The architecture is designed with three key
properties: permutation invariance to vehicle ordering and number via a graph encoding with
summed feature vectors, horizon-independent memory footprint due to the shared-parameter
recurrent structure, and ego-vehicle-centric encoding using time-to-collision.

Chapter [5; Learning-Guided Scalable MPC using Convex Duality-based Criterion: Safe
Variable and Constraint Reduction

* Joint constraint and variable reduction with certifiable safety. We propose the SHIELD
(Safe Hierarchical Inference for Lightweight Duality-screened MPC) algorithm, which re-
moves both screenable constraints and decision variables (affine disturbance feedback gains)
from an /;-regularized convex program while guaranteeing that all removed constraints re-
main satisfied and all removed variables are zero at the reduced solution.

Safety certification conditions from strong convexity and Lagrangian duality. We derive
certification conditions that extend the screening conditions from optimal dual variables to
any feasible dual via a dual optimality-gap bound. This enables certifiable screening with
approximate duals computed from a neural network, without requiring exact optimal dual
solutions.

Two-stage SHIELD pipeline. We design a complete algorithmic pipeline that chains neu-
ral network classification, reduced dual solve and projection, gap-based certification, and
reduced primal solve. When certification fails, the algorithm defaults to solving the full
problem, ensuring that the worst-case behavior is equivalent to standard MPC.

Chapter [6; Energy-Aware Lane Planning for Connected Electric Vehicles

* Formulation of lane selection as a joint lateral-longitudinal behavior planning problem.
We formulate the lane selection problem in urban environments as a joint behavior planning
task over lateral lane-change and longitudinal pass/nonpass decisions, using Signal Phase
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and Timing (SPaT) data and surrounding traffic information. This extends conventional eco-
driving, which considers only longitudinal speed optimization in a single lane, to a multi-lane
context.

* Hybrid lane selection algorithm. We propose a hybrid approach that combines short-
horizon optimal control, solved up to the next traffic light for each candidate lane and
pass/nonpass decision, with a graph-based approximation of long-term energy costs across
multiple downstream traffic lights. The graph solution serves as a terminal cost-to-go, en-
abling the lane selector to reason about energy consequences beyond the immediate traffic
light without solving a computationally intractable long-horizon problem.

* Graph construction for multi-traffic-light planning. We construct a directed graph with
discretized velocity nodes at each traffic light and edges encoding kinetic energy changes
and red-light stopping penalties. The additive cost structure enables efficient computation of
the globally optimal path via Dijkstra’s algorithm.

* Insight on regenerative braking and electric vehicles. We highlight that traditional eco-
driving benefits, primarily minimizing stop-and-go driving, are diminished for electric vehi-
cles with regenerative braking, motivating a refined understanding of energy-optimal driving
behavior specific to electric drivetrains.

* Vehicle-in-the-loop experimental validation. We validate the proposed framework through
vehicle-in-the-loop experiments using a physical battery electric vehicle embedded in virtual
traffic, demonstrating a 39% reduction in motion energy consumption compared to a human
driver, a 24% reduction in total energy consumption compared to a human driver, and a 7%
savings over a lane-keeping eco-driving baseline.
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Chapter 2

Distributed and Cooperative Multi-vehicle
Lane Change

This chapter is adapted from a previous publication: Hansung Kim and Francesco Borrelli.
“Facilitating Cooperative and Distributed Multi-Vehicle Lane Change Maneuvers”. In: IFAC-
PapersOnLine 56.2 (2023). 22nd IFAC World Congress

As discussed in Chapter 1, multi-agent coupling in cooperative driving scenarios requires co-
ordination among vehicles that share the drivable space, and the computational cost of centralized
planning grows prohibitively with the number of agents. This chapter presents a distributed coor-
dination method for cooperative multi-vehicle lane change maneuvers that addresses this scaling
challenge. The main contribution is the concept of a facilitator—a designated vehicle that proac-
tively modifies the environment to enable lane changes for the remaining vehicles in the platoon.
The coordination is implemented through distributed MPC path-planners governed by finite state
machines, which avoids the need for centralized computation and yields a formulation that scales
with the number of agents without a corresponding growth in per-agent computational cost. We
demonstrate the effectiveness of the proposed approach through numerical simulations in dense
traffic scenarios.

2.1 Introduction

By leveraging vehicle connectivity, connected autonomous vehicles (CAVs) can form platoons
with short headway time and coordinate multi-vehicle maneuvers such as lane changes, resulting
in increased traffic throughput, reduced motion delays, and enhanced energy efficiency [33]]. In
recent years, there has been growing interest in vehicle platooning and its cooperative systems as a
means to improve safety, energy efficiency, and robustness of CAV controllers. For example, [51]
demonstrated significant energy savings and jerk reduction using a model predictive control archi-
tecture that incorporated preceding platoon vehicle’s state and acceleration forecast information
received via vehicle-to-vehicle (V2V) communication while ensuring collision avoidance within a
model predictive control (MPC) framework
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With advancements in vehicle connectivity technology, more complex coordinated and coop-
erative maneuvers such as platoon merging, splitting, reconfiguration, and lane change can be
implemented. In existing literature, cooperative platoon maneuver coordination is typically for-
mulated in two ways: 1) a centralized control assuming either no uncooperative target vehicles
(TV) are present in the environment, or their state forecasts are exactly known [64, [30] or 2) a
distributed control assuming no target vehicles are present in the environment 55, |60]. However,
target vehicles, typically human-driven vehicles, are present in the environment and their motion
forecasts are uncertain in a real world environment. Moreover, platoon lane change maneuvers in
[64] and [30] are executed simultaneously and are passive and opportunistic as the platoon adapts
their policies to the changing environment. When the environment is configured such that a platoon
lane change is not possible, the platoon remains in its original lane until the environment evolves
into a configuration where safe execution of a lane change is possible. Simultaneous platoon lane
changes have fewer opportunities to change lanes in certain traffic conditions than a single vehicle,
and a larger free space is required for safe execution of the maneuver with multiple vehicles. Thus,
lane change maneuvers are more complex when considering a multi-vehicle platoon interacting
with target vehicles.

In this chapter, we propose a distributed coordination method to implement a novel proactive
and cooperative multi-CAV platoon lane change strategy. In the proposed strategy, a CAV performs
a role of a facilitator. The facilitator actively interacts and modifies the environment to aid the
multi-CAV platoon in executing a lane change while reducing the interaction between the multi-
CAV platoon and target vehicles. A multi-CAV platoon refers to a single-lane platoon with a small
number of interconnected vehicles. Our approach to distributed coordination uses three modes
(Lane Keeping, Lane Change, Gap Regulation) to describe the CAV maneuver modes. Finite
state machines which control the mode transitions of each CAVs are also used to coordinate CAV
maneuvers. The mode transition logic depends on not only the state of the controlled CAV but also
on those of other CAVs in the multi-CAV platoon by design. In each mode, distinct constraints and
cost functions in distributed MPC path-planners are designed to execute the desired maneuvers for
multi-CAV coordination.

We demonstrate that the proposed lane change strategy enhances feasibility of multi-CAV pla-
toon lane change compared to the passive and opportunistic multi-CAV platoon lane change strat-
egy through numerical simulation. In numerical simulation, a real-world NGSIM dataset [71] is
used to generate realistic initial conditions for the set of CAVs and target vehicles under consider-
ation. The contributions are summarized as follows:

1. A novel proactive and cooperative multi-CAV platoon lane change strategy which relies on
the role of a facilitator.

2. A distributed coordination method consisting of a MPC based path-planner with three modes—
in which different terminal constraints and safety constraints as well as cost functions are
used—and a finite state machine that controls the mode transitions of the CAVs.

3. A simulation study demonstrating enhanced feasibility of multi-CAV platoon lane change
using the proposed strategy compared to opportunistic simultaneous multi-CAV lane change
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strategy.

The remainder of the chapter is organized as follows. Section [2.2] introduces the concept of
a facilitator and its role in proactive and cooperative multi-CAV platoon lane change strategy.
Section [2.3] discusses the vehicle dynamic model and the target vehicle prediction model used
in our MPC path-planner formulation. Section discusses the distributed coordination method
including the higher-level FSM and distributed MPC path-planner used to implement the proposed
lane change strategy. The numerical simulation setup and results of multi-vehicle lane change in
dense traffic is presented in Section [2.5] Finally, Section [2.6] concludes the chapter and discusses
future research directions.

2.2 The Concept of a Facilitator

In a scenario with a multi-CAV platoon of n-CAVs traveling in the same lane, the platoon must
interact with target vehicles when executing a maneuver to change into the Target Lane (TL) from
the Original Lane (OL). For instance, the multi-CAV platoon (orange vehicles) of 3 CAVs in the
environment shown in Fig. [2.1(a) must consider TV 2 and TV 3’s positions and velocities to
determine the feasibility of a lane change. The passive and opportunistic lane change strategy
can result in the multi-CAV platoon only changing lanes when the target vehicles’ positions and
velocities are such that lane change is simultaneously feasible for all CAVs in the multi-CAV
platoon (i.e. if lane change is feasible for all but one vehicle, such as CAV 3, the multi-CAV
platoon does not change lanes). Under certain traffic conditions, this approach may prevent the
platoon from changing lanes for a long time. Our proposed lane change strategy introduces a
facilitator that proactively manipulates the environment in favor of the multi-CAV platoon. The
facilitator changes lanes when feasible and regulates the free space between itself and the vehicle
in front of it, allowing the other CAVs in the platoon to change lanes into the free space without
considering target vehicles. This reduces the complexity of interaction between the platoon and
target vehicles and potentially enhances the feasibility of multi-vehicle lane change under certain
traffic conditions. In order to implement the proactive and cooperative lane change strategy, a
sequence of coordinated maneuvers must be executed by each CAVs in the platoon as shown in

Fig. 2.1(a)-(d).

2.3 Vehicle Models

We first describe the kinematic bicycle model of nonlinear vehicle dynamics in the Frenet frame.
Then, we describe the surrounding prediction model used in our path-planner formulation. In this
work, we assume the OL center line and curvature information are known.
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(a)

(b)

(c)

(d)

Figure 2.1: Snapshots of the proactive and cooperative lane change strategy: (a) the facilitator
changes lane into the Target Lane (TL), (b) CAV 1 and CAV 2 accelerate while the facilitator
decelerates to create free space for CAV 1 and CAV 2, (¢) lane change for CAV 1 and CAV 2 is
rendered feasible, (d) CAV 1 and CAV 2 complete a lane change

Vehicle Dynamics
The i-th CAV state variables are defined as z(t) := [s'(1), €}(1), €},(t), v ()] fori € {1,2,...,n},

where s'(¢) and e; (t) represent the longitudinal and lateral dZiJsplacement of the vehicle with respect
to the desired lane’s center line, respectively, as seen in Fig. @ n is the number of CAVs in the
platoon. e;,(t) is the heading angle difference between that of the vehicle and the center line and v
is the longitudinal velocity of the vehicle at the center of gravity (C.G.). The control input vector

is u'(t) = [a’(t), 0%(t)] ", where a’(t) is the longitudinal acceleration of the vehicle at the C.G. and
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Figure 2.2: The kinematic bicycle model in Frenet Frame

0%(t) is the steering angle. The vehicle dynamics are

¥ i cos el (t)

§'(t) = v'() 17615(2/3 (D)
¢,/ (t) = v'(t) siney(t), 2.1)
i = i ; tan6j,(t) k(t) cos ef/)(t) .
€y ( ) = ( )( ljﬁ-li - 17n(t)e%(t) )’

0'(t) = d'(1),

l} and [’ are distance from the front axle to the C.G. and distance from the rear axle to the C.G.,
respectively. x(t) is the curvature of the reference centerline.

The continuous-time dynamics model is discretized using forward Euler method with sampling
time At as follows

z'(k+1) = f(z'(k),u’(k)) (2.2)
where z'(k) is the state vector z’ at time kAt + ¢ for k € Z .

Target Vehicle Prediction Model

During the prediction horizon N, we use a longitudinal uncertain prediction model to predict
target vehicle’s motion. The model assumes uncertainty on acceleration and that the target vehicle
does not change lanes within the prediction horizon. Given the OL centerline and road curvature
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information: (K, ..., ki n), the resulting discretized dynamics of the target vehicle is
TV
TV _ TV TV €05Cy k|t
Skt = Sk T DL Uy 77w o)
y, k[t
™V  _ TV
Cyk+1t — Cy (t), (2.3)
vV
Cok+1lt — 0,

TV _ TV
Uk—l—l\t = Uk\t + At W

for k = t,...,t + N; where €]V (t) is e, of the target vehicle at time . wy, ~ N(0,0°) is a
random variable representing acceleration at time k. The variance o is the design parameter of
the model and depends on the acceleration limitation of the target vehicle. The proposed approach
can accommodate different prediction models for improved prediction accuracy and robustness.

2.4 Distributed Coordination

A distributed coordination of CAVs to implement a proactive and cooperative lane change strategy
is designed as follows: MPC Path-planners with three modes in which different terminal con-
straints and safety constraints as well as cost functions are used to plan trajectories of each CAVs.
Each CAVs has a corresponding finite state machine that manages the mode transitions of the
planners and coordinates multi-CAV platoon maneuvers. In this section, the FSM and MPC path-
planner are formulated.

Finite State Machine

The CAVs in the platoon are indexed by ¢ starting from the front-most CAV. Without loss of gen-
erality, we assign the facilitator role to CAV 7 = 1. The FSM makes use of parameters and
binary inputs associated with every CAVs in the platoon which are denoted by the superscript
i € {1,2,...,n} for the i-th CAV. The parameters and binary inputs are listed in Table
The desired minimum longitudinal inter-vehicular signed distances are defined as the follow-
ing:
Ayps = 1+ dsage (2.4)

bos = —1 - dsafe, fori # 1 (2.5)

where d, . is the user-defined safe vehicular distance and impacts the conservativeness of the
controlled vehicle’s driving behavior. In the context of multi-CAV lane change, d!_, represents
the desired free space that the facilitator must create. d’,, corresponds to the desired distance
(relative to the facilitator) for the i-th CAV to execute a lane change into the free space created
by the facilitator. These inter-vehicular signed distances fully describe the relative positions of the
multi-CAV platoon and the facilitator.

Typically, autonomous highway driving can be categorized into two modes: Lane Keeping
(LK) and Lane Change (LC). In LK mode, the CAV maintains its lane and follows a reference
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Table 2.1: FSM parameters and inputs

Parameter Definition
TL Target lane for lane change
oL Original lane of the platoon
Asrr Distance from the facilitator
to the preceding vehicle in the 7'L
Asor, Distance from the facilitator
to the preceding vehicle in the OL
d! min(Asrr, Asor)
d’ Signed-distance from i-th CAV
to the facilitator, for 7 : [2, n]
dl.. Desired minimum distance from the
facilitator to the preceding
vehicles in T'L or OL
dy., Desired minimum signed distance
from i-th CAV to the facilitator
fori : [2,n]
FSM binary inputs Definition
LC’}msible Lane change feasibility of the
t-th CAV in the platoon
LCéomplete Lane change completion of the
i-th CAV in the platoon
chmplete H?:2 Lcéomplete
Tt atisfied d" > d} . satisfied

velocity while keeping a safe distance from the preceding vehicle. In LC mode, the CAV attempts
to safely change lanes into the TL. An FSM for the transition between the two modes in a multi-
CAV platoon is shown in Fig. [2.3((a). This FSM is sufficient for a passive and opportunistic lane
change strategy, in which the platoon changes lanes only if it is simultaneously feasible for all
vehicles ([]_, LC}easible is True). After completing the lane change, the planner switches back to
LK mode.

Our proposed FSM has an additional mode: Gap Regulation (GR). In GR mode, the CAV
regulates the inter-vehicular signed distance of interest (gap) to the desired longitudinal distance
set according to (2.4)-(2.5). This reconfigures the multi-CAV platoon into a desired formation in
a distributed manner. The mode transition depends on not just the controlled CAV’s states but
also on the states of other CAVs as a mechanism for coordination. For instance, the multi-CAV
platoon (excluding the facilitator) switches to GR mode only after the facilitator has completed a
lane change into the TL. In this mode, the facilitator modifies the environment and creates free
space in the TL for the rest of the multi-CAV platoon to change lanes while they get in desired
formation to execute a simultaneous lane change as shown in Fig. 2.1(b)-(c).
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Else

(a)

(b) !

i i
1_[ LCfeasible LCcomplete
i=1
Lane Lane Gap
Keeping Keeping Regulation
(LK) (LK) (GR)
7 7
Else
(C) Transition Facilitator Platoon (non-Facilitators)
P
1 ~LCclomplete A LCfleasible NLCé)omplete A LCfeasible A (LCfleasible | chomplete )
2 LCclomplete A Nrslatisfied A NLCfomplete N/A
1 P
3 (Lcclomplete A rsatisfied) I LCcomplete N/A
1 P i i
4 LCgomplete A ~Tsatisfied A NLCcomplete LCclomplete A Nrslatisfied A NLCclomplete
5 N/A Lcjfeasible A Tslatisfied A NLCclomplete
6 (LC} ATE visriod M~ LChogsi LC! | ~LClgsi
complete satisfied ‘feasible complete feasible
7 Else Else

Figure 2.3: Finite state machines of path planner modes in a highway driving scenario: (a) a
FSM representing a passive and opportunistic lane change strategy (b) FSM with an additional
mode—Gap Regulation—and its switching conditions listed in (c) for the proposed proactive and

cooperative lane change strategy.

The mode transition logic for the facilitator and the non-facilitator CAV are listed in Fig.
c) in separate columns. We denote the FSM mode of the i-th CAV at time t as 2%gq,,(t) €
{LK,LC,GR} and the vector containing FSM binary inputs listed in Table for all CAVs as
Xrsy. The i-th CAV’s FSM mode transition at time t is denoted as

Zign (E+ At) = fi<Z%SM(t)a XrFsMm), (2.6)
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Note that the proposed FSM in Fig. [2.3|and Table 2.1]also allows simultaneous platoon-wise lane
change when feasible by design. Further, in cases of infeasibilities while in LC mode, the mode
transitions back to LK mode and returns to OL by design for safety.

MPC Path Planner

Path planning is formulated as a constrained finite time optimization problem (CFTOP) to plan
dynamically feasible, smooth, and collision-free trajectories for each vehicle. The MPC path-
planner solves the CFTOP repeatedly in receding horizon at a constant frequency. The path-planner
is designed using the MPC framework with an augmented state vector i};‘t = [z};‘tT, d2|t]T where
zj,, 1s defined as z of the i-th vehicle at time k predicted at time ¢. d}dt is d* at time k predicted at

time ¢ with the following dynamics
dllc+1\t = Sg—‘i-/lht - 3114+1|t= (2.7)

iy 1t = Skyrle — Skyap fori# 1. (2.8)

Therefore, the augmented state dynamics z, L = g(ifCI " ufcl .»wy,) is represented by l| and
d§c+1\t :
i # 1, d;, e is deterministic because it is the inter-vehicular distance between two CAVs. In a
distributed multi-CAV system, the exact motion forecasts of other CAVs are communicated via

V2V. Using the augmented state dynamics, the path-planner is defined as follows

which depends on the target vehicles’ prediction with uncertainty in li when ¢ = 1. For

t+N t+N-1

min Y E|Q(@, — 2y )13+ e ehge + Y [Ruujyli + [Raudujy 3 (292)

Ry k=t

€ilt)

S Zypy = 9(Zhp Wiy wh), (2.9b)

Aug‘fn < Auzlt < Au}?‘fgg, (2.9¢)
uy, €U, Vk=t, .. t+N-1 (2.9d)
zj, = 7'(t) (2.9e)
zi, € Z, Vk=t, .., t+N (2.9
if 2%.g,,(t) € {LC} :
Ziny € Z5 (2.92)
E[Szﬁun] + dsafe < Si:|t < E[SZ(:&I] - dsafe (29h)
if 2bgy,(t) € {LK,GR} :
safe — E;dt < E[Sj‘ront,k\t] - 52|t (2.91)

e >0, Vh=t,...,t+N (2.9))
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where u'(-|t) = {ué‘t, U n N_1|t} is the control input sequence over the horizon for the i-th
vehicle, V. Furthermore, Au}dt = uﬁdt — ujﬂ_”t and i%es is the desired state of the i-th vehicle
which is determined by the lane center line and the speed limit of the road. @) := diag(0, ¢, cy, ¢y,
cq) where each scalar elements represent the tracking costs for e;, eib, v?, and d, respectively. R,
‘R A« are the input cost matrix and input rate cost matrix, respectively. Note that these cost matrices
are positive definite matrices and tuning parameters. sets the initial condition at time . Zisa
feasible state set representing the road boundaries and vehicle dynamics limitations, / is a feasible

input set, and Auﬁr,“'” and Au_"’?‘” are input rate limits that arise from vehicle dynamic limitations.

2tg1r(t) is the FSM mode of the i-th CAV at time t at which the CFTOP is solved. The FSM
mode is fixed during the horizon and its transition is described by (2.6).

As previously stated, the planner has three modes with different constraints and tracking costs.
Firstly, in LC mode, a state terminal constraint is applied. The terminal state set, Z, is
determined by the TL’s lateral displacement from the OL and curvature at SZM , and requires the
controlled vehicle to reach the target lane at the end of the horizon. (2.9h) is applied to constrain
the vehicle to the free space in the target lane and avoid collisions. The s;ﬁ“" and sZ‘T‘” are
the longitudinal displacement of the rear and front (with respect to that of the controlled vehicle)
vehicles in the TL at time & predicted at time ¢, respectively, if any. The expectation-type constraint
is applied because s;ﬁ“” and s;;’ﬁwx may be stochastic target vehicle predictions. This constraint
ensures that the controlled vehicle remains in free space in the TL while changing lanes within
the horizon. Secondly, in LK and GR mode, and (2.9j) are applied for safe adaptive cruise
control if there exists a preceding vehicle (its longitudinal position denoted as Sj‘ront,klt) in the
same lane as the controlled vehicle. Otherwise, and are not applied. To prevent
infeasibility occurring from target vehicles’ sudden deceleration, the safety constraint is
relaxed by the time-varying slack variable Ei:l , with the cost ¢;. In LC mode, the desired e, is the
lateral-displacement of the TL whereas it is zero (OL) in other modes. Lastly, the tracking cost
for d};‘t is only included in GR mode. Accordingly, c; = ¢4 if in GR mode and ¢; = 0 otherwise,

where ¢; € R is a tracking cost for gap regulation and a design parameter.

2.5 Numerical Example

We validate the proposed distributed coordination method and demonstrate the enhanced feasibil-
ity of platoon lane change using the proactive and cooperative multi-CAV platoon lane change
strategy in comparison to that of using passive and opportunistic strategy (the baseline) through
numerical simulations. In the baseline strategy, the multi-CAV will change lanes only when it is
feasible for all three CAVs simultaneously. The nonlinear optimization problem is modeled
using CasADi [2] and solved using IPOPT [16]. In this section, the target vehicle controller and
the numerical simulation scenario setup are discussed.
The assumptions in our numerical simulations include the following.

1. The platoon has 3 CAVs with identical lengths
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2. The Facilitator role is preassigned to CAV 1

3. An undirected communication network is established between the CAVs

Target Vehicle Controller

To close the loop in our simulation, the target vehicles are controlled using the Enhanced Intel-
ligent Driver Model (EIDM) to emulate an adaptive cruise control behavior. The EIDM relaxes
sudden deceleration in situations that are not safety-critical while inheriting the crash-free charac-
teristics of the Intelligent Driver Model’s (IDM) [44]]. This model combines the IDM and constant-
acceleration heuristics, which assumes that the leading vehicle will not change its acceleration for
the next few seconds, to relax the sudden deceleration in non-safety-critical situations [44]. Fur-
thermore, a scaling constant called coolness factor, c, determines the sensitivity with respect to
changes in the gap with the vehicle in front. [44] recommend ¢ € [0.95,1.00] to simulate a real-
istic driving behavior. The EIDM parameters used in the simulation are reported in Table [2.2] s
represents the minimum desired spacing between the controlled vehicle and the preceding vehicle.
v 1s the desired velocity, 7' is the desired time headway, a is the maximum vehicle acceleration,
and b is the comfortable braking deceleration where b > 0.

NGSIM Dataset Simulation

Our proposed planner was tested in a dense traffic scenario based on reconstructed NGSIM dataset
[71]. The NGSIM dataset contains the recorded trajectories (sampling frequency of 10 Hz) of all
vehicles passing a segment of freeway I-80 for 15 minutes [[71]. The initial scene is generated by
randomly selecting the initial frame and two adjacent lanes (i.e. lane 1 and 2) out of 5 total lanes.
Then, three vehicles with the shortest inter-vehicle distances in the initial scene are selected as
CAVs. The inter-vehicle distances must be smaller than the user-defined threshold which is set to
9 meters in our simulation. If the threshold condition is not satisfied, the scene is discarded and
generated again randomly. After selecting the CAVs, the desired velocity of all CAVs and target
vehicles are set to the maximum velocity of all vehicles in the initial scene: v[.er . The target
vehicles are simulated using the target vehicle controller as described previously. CAVs and sur-
roundings are simulated in a closed loop with a kinematic bicycle model by applying the planner
and target vehicle controller at 20 Hz using the parameters in Table 2.2|for 25 seconds. The predic-
tion horizon and cost function parameters are manually tuned to balance real-time implementation
and performance. Note that the target vehicles in the scene have different initial speeds and time-
varying accelerations, which renders it a more challenging environment for a multi-CAV platoon
to change lanes.

In 200 randomly generated dense traffic scenarios, the baseline and our proposed lane change
strategies were applied. The performance metrics are the number of successful lane change com-
pletion of all three CAVs and the average lane change competition time in successful lane change
simulation runs. Table[2.3|reports the obtained results. Over two-fold increase in number of lane
change completions using our proposed strategy is mainly because it only requires a single vehi-
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Figure 2.4: Top: A multi-CAV platoon changes lanes using the proactive and cooperative lane
change strategy in a dense traffic scenario. Note that orange vehicle 1, vehicle 2, and vehicle 3
correspond to CAV 1, CAV 2, and CAV 3, respectively. Scene (a) shows the initial scene of lane 2
and 3 at frame 561 from the NGSIM dataset. Scene (b)-(c) show the facilitator’s (CAV 1) changing
lanes and regulating the distance while CAV 2 and 3 get in the desired formation. Scene (d) shows
the completion of platoon-wise lane change. Bottom: The multi-CAV platoon vehicle’s states and
inputs are shown. The labeled sections on the time axis correspond to the scenes described above.

cle (facilitator) to change lanes to initiate the coordinated maneuvers to enable multi-CAV lane
change whereas the baseline controller requires three-vehicles to change lanes simultaneously. Af-
ter changing lanes, the facilitator regulates the free space by proactively modifying the environment
to render the lane change feasible for the other CAVs. Moreover, multi-CAV platoon completed
lane change using the proposed strategy in every traffic scenario that the baseline strategy success-
fully completed lane change. On average, the baseline strategy takes 12.20 seconds to complete a

15
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Table 2.2: Numerical simulation parameters

Vehicle Parameters | target vehicle Model Parameters
Parameter Value Parameter Value
Ly 2.235m c 1.0
l, 2.235m S 2m
w 2m Vo vt
Umin 1.0 m/s T 1.0s
Vmax 32 m/s a 0.73 m/s*
(i -3 m/s? b 1.67 m/s?
Omax 2 m/s” o2 0.2 m/s?
Omin -04 Planner Parameters
Omax 04 Parameter Value
At -2 m/s? N 40
Almax 2 m/s? At 0.1s
Adin -0.3 rad/s dsafe 24+ (ly+1,)m
Abmax 0.3 rad/s n 3
Scene Parameter Cs 20
Parameter Value Cy, Cypy Qd 3
Lane Width 3.8 m Co 2

Table 2.3: Performance comparison of baseline and proposed lane change strategies

Num. of LCY, ... Avg. LCY ... time
Baseline 27 12.20 s
Proposed 57 12.64 s

multi-CAV platoon lane change while the proposed strategy takes 12.64 seconds. Fig. shows
snapshots of platoon-wise lane change using the proposed strategy in a dense traffic scenario gen-
erated from NGSIM dataset as well as time series of states and inputs of the CAVs during the
simulation. In this scenario, platoon-wise lane change using the baseline strategy is not feasible
during the duration of the simulation.

2.6 Chapter Summary

In this chapter, we introduced a proactive and cooperative multi-CAV platoon lane change strategy
that utilizes a facilitator. A distributed coordination method with MPC path-planners with three
modes and a higher-level FSM to manage mode transitions were used to implement the proposed
lane change strategy. By proactively modifying the environment, the facilitator enhances the fea-
sibility of the lane change objective. Simulations with 200 dense traffic scenarios based on the
NGSIM dataset demonstrate over a two-fold increase in lane change completion compared to a
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passive and opportunistic approach. The results substantiate the proposed approach in certain traf-
fic conditions (i.e. dense traffic and small speed difference between OL and TL). Furthermore, the
proposed distributed coordination method is scalable to more CAV's without adding constraints to
the CFTOP @) As the number of CAVs increases, the implementation of the front/rear vehi-
cle selection algorithm (which is essentially a sorting algorithm) in constraints (2.9h) and (2.9})
has a complexity of O(nlogn). Future work will consider the vehicle interaction modeling and a
facilitator selection algorithm to improve performance.
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Chapter 3

Learning Two-agent Motion Planning
Strategies for MPC

This chapter is adapted from a previous publication: Hansung Kim et al. “Learning Two-agent
Motion Planning Strategies from Generalized Nash Equilibrium for Model Predictive Control”.
In: Proceedings of the 7th Annual Learning for Dynamics & Control Conference. Ed. by Necmiye
Ozay et al. Vol. 283. Proceedings of Machine Learning Research. PMLR, Apr. 2025, pp. 112-123.
URL: https://proceedings.mlr.press/v283/kim25a.html

Chapter 2 addresses multi-agent coupling through explicit coordination via a finite state ma-
chine mechanism. This chapter considers settings where no such coordination structure exists and
agents must independently reason about their interactions. As outlined in Chapter 1, solving for
generalized Nash equilibria online is computationally expensive and scales poorly with horizon
length and constraint complexity. We propose Implicit Game-Theoretic Model Predictive Control
(IGT-MPC), a decentralized algorithm for two-agent motion planning. We formulate multi-agent
interactions as constrained dynamic games and solve for the generalized Nash equilibrium (GNE)
offline to generate a dataset of game-theoretic interaction outcomes. A neural network is trained
to predict the reward outcome of these interactions and embedded as the terminal cost-to-go in
a short-horizon MPC policy, enabling each agent to implicitly account for strategic interactions
without solving the game online. By shifting the computational cost of GNE solving offline, the
resulting online policy reduces to a short-horizon MPC problem of fixed size, yielding predictable
and bounded computation time at each control step. The resulting policy is distributed: each
agent independently solves its own fixed-size MPC problem online, with the learned terminal cost
implicitly encoding the game-theoretic interactions with other agents. The primary aim of this
work is not to solve autonomous racing or driving, but to demonstrate that game-theoretic strategic
outcomes can be effectively encoded in neural networks and integrated into numerical optimiza-
tion schemes for model-based optimal control—paving the way for research at the intersection of
game-theoretic reasoning, machine learning, and model-based optimal control.

We demonstrate IGT-MPC for two agents in competitive head-to-head racing and cooperative
unsignalized intersection navigation, showing that the learned value function produces emergent
behaviors consistent with Nash equilibrium solutions at a fraction of the computational cost of
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direct game solvers.

3.1 Introduction

Multi-agent motion planning is a fundamental challenge for autonomous systems navigating com-
plex and dynamic environments, especially when an ego agent must adapt in real-time to the ac-
tions of other agents. Multi-agent settings are generally categorized as competitive, cooperative,
or non-cooperative. In competitive settings, agents pursue conflicting goals, often seeking out-
comes that favor themselves at the expense of their opponents. An example, as shown in Fig.
[3.Th, is head-to-head car racing, where competing agents attempt to finish a race ahead of their
opponent. In cooperative settings, agents collaborate to achieve shared objectives, such as nav-
igating an un-signalized intersection with connected autonomous vehicles (CAVs), which must
coordinate to move safely and efficiently without causing delays or collisions, as shown in Fig.
[3.1b. Lastly, in non-cooperative settings, agents act independently to maximize their own inter-
ests without collaboration. While our approach applies to all three multi-agent environment set-
tings, we will demonstrate our approach on the two examples illustrated in Fig. The main
source of challenge in multi-agent motion planning is the complex interaction between agents in a
shared environment. Robotaxi services, now operational in select U.S. cities, showcase advanced
autonomous navigation but occasionally face the “freezing robot” problem—rvehicles freezing to
avoid collisions—highlighting challenges in real-world interactions between robots [11, |67]. As
analyzed by Jankovic [39]], the propensity to gridlock is fundamentally tied to the stability proper-
ties of the multi-agent system’s equilibria: decentralized algorithms that produce stable equilibria
in the interagent dynamics trap agents in deadlock states from which small perturbations cannot es-
cape, while algorithms with unstable equilibria naturally break symmetry and establish a passing
order through continuous dynamics without requiring explicit discrete decisions. More broadly,
decentralized non-convex algorithms with coupled collision avoidance constraints are prone to
reciprocal oscillations caused by the combination of discontinuous control actions and perception
delays, while purely decentralized strategies without interaction modeling often lead to gridlock. In
contrast, interaction-aware decentralized approaches that account for other agents’ actions through
best-response computations or co-optimization effectively avoid these issues.

A common method for interaction-aware motion planning leverages game-theoretic principles
to explicitly model multi-agent interactions, accounting for how each agent’s actions influence
others. As in [[104, 94, 43, 99], the multi-agent motion planning problem is posed as an equi-
librium finding problem of a constrained dynamic game, for which the generalized Nash equilib-
rium (GNE)—a set of strategies where no agent has an incentive to unilaterally deviate from its
GNE strategy—is a common solution concept. In [104], a novel numerical solver for computing
GNE for open-loop dynamic games with state and input constraints is proposed and the solver is
demonstrated in autonomous racing examples. However, this method suffers from computational
efficiency which limits its use for real-time planning. Similarly, [94] proposed a game-theoretic
formulation for multi-robot racing that approximates the GNE using an iterative best-response
method but also faces scalability challenges. The Potential-iILQR approach [43, |10] formulates
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Figure 3.1: Two-agent interaction scenarios: a) competitive head-to-head racing, and b) coop-
erative un-signalized two-way intersection navigation, with colored squares showing vehicles’
planned trajectories.

multi-agent interactions as a potential dynamic game [70] and uses distributed optimization to ap-
proximate the GNE in a scalable manner in [99]]. However, the potential game formulation cannot
typically capture purely zero-sum components in agent objective functions, limiting its applicabil-
ity in competitive scenarios such as autonomous racing. More critically, the game-theoretic motion
planning approaches presented in these works require precise knowledge of other agents’ dynam-
ics, costs, and decision-making processes [103]], often requiring assumptions about other agents’
behavior that may not hold true in real-world scenarios. In practice, such information is rarely
available—agents may have unknown or partially observed objectives, heterogeneous dynamics,
or strategies that deviate from assumed rationality—making these methods fragile when deployed
outside of controlled settings.

Furthermore, a key limitation shared by these game-theoretic motion planning methods is com-
putational cost. Solving for the GNE online at each control step requires iteratively solving coupled
optimization problems whose complexity grows with the number of agents, the prediction horizon,
and the number of constraints. ALGAMES [56]], one of the fastest constrained dynamic game
solvers, achieves real-time performance at over 60 Hz in an MPC loop but is demonstrated only
for scenarios with up to three vehicles using simplified dynamics. The iLQGames algorithm [99]
provides feedback Nash equilibrium strategies through iterative linear-quadratic approximations
but cannot natively handle state and input constraints, requiring penalty-based workarounds for
collision avoidance that can degrade convergence and solution quality. DG-SQP [104]] handles
general nonlinear constraints through sequential quadratic programming but its per-iteration cost
scales with the joint state and input dimensions of all agents. Even among these more scalable
iterative methods, computation times on the order of seconds are common for problems with long
horizons.

This limitation motivates our approach to design a feedback policy that uses game-theoretic
reasoning as a guiding strategy while adapting to the observed behaviors of other agents by using
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a learned value function to integrate game-theoretic reasoning into a feedback MPC policy via the
terminal cost function.

In this chapter, we present an algorithm for learning two-agent motion planning strategies from
a dataset of game-theoretic interactions and embedding it in a real-time model predictive control
(MPC) scheme to guide the solution of short-horizon optimal control problems. Our approach
comprises three main steps:

1. Game-theoretic Interaction Dataset Generation: Generate the dataset offline by randomly
sampling joint initial conditions and solving constrained dynamic games over agents and
storing the GNE solutions.

2. Reward Outcome Learning: Train a neural network value function to predict the reward
outcomes associated with these interactions. The reward outcome captures the objective of
the multi-agent task in a low-dimension. For example, in racing scenarios, the reward reflects
progress advantage along a racetrack relative to the opponent; in cooperative navigation, it
represents collective progress toward the agents’ target positions.

3. Implicit Game-Theoretic MPC (IGT-MPC): Use the learned value function as the terminal
cost-to-go function in an MPC policy for online control.

By integrating a learned value function that encodes the strategic outcomes arising from game-
theoretic motion planning, IGT-MPC enables implicit interaction-aware motion planning without
the need for explicit interaction models or computationally intensive game-theoretic equilibrium
finding [[104, 94].

Remark 1. The current IGT-MPC implementation focuses on two-agent motion planning prob-
lems, leaving open the challenges of scaling to larger numbers of agents and generalizing to un-
seen environments such as varying race track layouts or intersection geometries. While this initial
effort does not address these challenges, we acknowledge their importance for enabling practical
real-world applications. The primary aim of this work is not to provide an immediate solution for
autonomous racing or driving but to demonstrate that game-theoretic strategic outcomes can be
effectively encoded in neural networks which can then be integrated into numerical optimization
schemes for model-based optimal control, paving the way for research in integration of game-
theoretic reasoning, machine learning, and model-based optimal control.

3.2 Problem Formulation

Consider a two-agent autonomous vehicle system where the finite-horizon, discrete-time dynamics
are described by

Zt41 = f(Ztﬂit), (3.1
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where z} € Z',ul € U are the state and input of agent 7 at time ¢ and
z = [2,27) € 2' x 22 = Z CR™, (3.2)
wp = [ul, ] €Ut x UP =U C R, (3.3)

are the concatenated states and inputs of all agents.

Agent i is subject to state and input constraints defined by Z' = {z € R™ | 2 < z <
Zi}and U = {u € R™ |« < u < u'}, where z and T are lower and upper bounds on the
respective variables which can be derived from the vehicle’s actuation limitations, traffic law, or
road boundaries. Also, agent i is subject to actuation rate limits denoted by AU' = {Au €
R™ | Au' < Au < Auf}, where Auy, = [uf, —ul_,uj —ui_,]T € AU x AU? = AU C R,

Each agent ¢ minimizes its own cost function, which is comprised of stage cost £} (2, u,) and
terminal cost (y_(zn,;) over a finite horizon length of Ng:

Neo—1
Tz, 0) = > 0 (2 up) + Oy, (o) (3.4a)

k=0
= J'(u',u™, z), (3.4b)
where the u' = [uf ..., u}y,__,] denote the input sequences of agent i, and z = [z, ..., 2n,] is

the sequence of joint states over the prediction horizon Ng. In this work, we use the notation
2" and u;" to denote the collection of states and inputs for all but the i-th agent. We derive
by recursively substituting the dynamics into the cost function (3.4a)), which inherently
depends on the open-loop input sequences of all agents. The cost is a function of the joint state
and input sequence of the i-th agent, capturing dependence on the behavior of other agents. Since
each agent’s strategy is a time-indexed input sequence conditioned on the initial state z,, rather
than a state-feedback policy, the resulting equilibrium concept is an open-loop generalized Nash
equilibrium. The agents are also subject to additional n. constraints, C'(u',u?, 2y) < 0, which

describe the coupling between agents, with its dependence on joint dynamics remaining implicit.

3.3 Learning Game-theoretic Motion Planning Strategy from
Generalized Nash Equilibrium

In this section, we describe our approach to learning game-theoretic motion planning strategies
from GNE and how to embed it in an MPC policy for motion planning in competitive and cooper-
ative two-autonomous vehicle systems: 1) two-vehicle head-to-head racing on an L-shaped track.
2) two-vehicle navigating through an un-signalized four-way intersection.

Game-theoretic Interaction Data Generation

First, we define the constrained dynamic game as the tuple:

I' = (Ng, Z,U,AU, f,{J}7,,C). (3.5)
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For such a game, a GNE [27] is attained when all agents have no incentive to unilaterally change
their strategies along feasible directions of the solution space, which means u* = [u'*, u®»*] min-
imizes (3.4) for both agent 1 and 2. There exists a vast literature on formulating constrained
dynamic games for different robotic multi-agent motion planning problems and solving for GNE,
such as ALGAMES, iterative Linear Quadratic Regulator (iLQR), Potential-iLQR, and DG-SQP
[56L 31,99, |104]]. Without loss of generality, we use the DG-SQP solver [104] to compute a GNE
for constrained dynamic games in this work.

We randomly sample joint initial conditions z, while other components of the game I' are fixed
and solve for the GNE from that initial condition. Then, the GNE is used to compute the reward
outcome of game-theoretic interactions. The reward R’ € R quantifies the success in achieving
the primary objective of the multi-agent interactive motion planning problem from the perspective
of Agent 7. While J* in describes Agent ¢’s cost function and includes stage costs (%, R’ is
derived from the terminal costs Eﬁvg, 1 = 1,2, and thus directly reflects the game outcome.

Two-vehicle head-to-head racing

Here the objective is to stay ahead of the opponent. We use the reward
R =5y, —sn,, i=12, (3.6)

that represents the advantage of vehicle 7 over vehicle —i, where s%; .. and s]\,ic, are the longitudinal
progress of Agent 7 and Agent —¢ on the race track at time step N¢, respectively. When ¢ = 1, we
are considering Agent 1 as the ego agent, which means we are predicting the progress advantage
that Agent 1 will have over Agent 2. We also construct the reward from the perspective of Agent
2 as the ego agent when ¢ = 2. Thus, from a single GNE solution, we extract two data points
from the perspective of each agent. Each reward target 1? is associated with an input feature vector
which is the joint initial condition augmented with additional information about the interaction.
We note that the input vectors are also problem-dependent, and in the two-vehicle head-to-head
racing example, we define

ih =z 2 — 2" €eR™ i=1,2. (3.7)

Here, 2 = [v), €}, 9, 56, €}, o], Where v, denotes the initial longitudinal velocity, e}, , is the heading
angle error, s; represents the progress along the race line, and ¢;  is the lateral error of agent :.

Collaborative navigation through an un-signalized intersection

The main objective of the agents is to collaborate with other agents to ensure all agents pass the
intersection safely and promptly. In this example, we propose the reward
. 2
R = Zizl s, 1=1,2, (3.8)
which represents the collective progress along corresponding routes at the end of the game horizon
Ng. The associated input feature to R’ is

T=[5"%-%"1 €R™ i=12 (3.9)



CHAPTER 3. LEARNING TWO-AGENT MOTION PLANNING STRATEGIES FOR MPC 30

where Z} = [sh, v}, sc;]. Assuming all agents do not deviate from the centerline of the road, we
only include the longitudinal states and scenario encoding sc;, which is a categorical variable, of
the two-vehicle intersection to distinguish what type of interaction is taking place in the perspec-
tive of agent 7. Without it, data points from different interactions (i.e. left turn & left turn vs. left
turn & straight) become indistinguishable. For more details about scenario encoding and its imple-
mentation, please refer to Sec. Similarly, we construct the features and reward targets from the
perspective of both agents. Note that the reward target for each agent is the same, which reflects
the cooperative setting where all agents share the reward. The computed reward R = { R'}2_, and
feature vector 7o = {7} }?_, are added to the dataset as follows

X = X U{&}

Y — Y U{RD, (3.10)

Remark 2. Capturing interaction between agents in the generated dataset is key for a successful
implementation of the proposed method. In practice, the distribution of training data often differs
from the distribution seen during IGT-MPC deployment, a phenomenon known as distribution
shift. As covering the entire feature space by exhaustively sampling data points is intractable,
a more data-efficient approach leverages strategic initial condition sampling based on any prior
knowledge of the deployment data distribution. For example, in a head-to-head racing scenario,
when two agents are far enough apart, then there isn’t any significant coupling between their
decision-making. Thus, sampling from the set of initial conditions where an interaction between
two agents is possible will be sufficient in capturing the interactive behavior.

Remark 3. When sampling initial conditions, the game solver may occasionally fail to compute
the GNE due to infeasibility from collision avoidance constraints under the joint dynamics. Storing
these infeasible points in the dataset and associating them with low reward outcomes is crucial, as
they represent undesirable states leading to collisions that the model must learn to avoid.

Learning the Reward Outcome

After generating the dataset D = (X,Y’), we obtain the game-theoretic value function Vgr :
R"= — R that estimates the reward outcome R’ of the game-theoretic interactions between agents
at time step N¢ from the input features z. We use the following simple neural network architecture
with tanh activation function:

y = tanh(Wyy—1 + b)), [(=1,.., L, (3.11)

where W, b; are the parameters of the [-th layer of the network with hidden state dimension h.
Additionally, yo = #' and y;, = R, and tanh is a non-linear, differentiable activation function
ideal for expressing negative-valued outputs.

The regression model is trained on D using the mean-squared error loss function defined as
L = nib S S (R - Ri;)?2 where ny, is the training batch size. We employ the Adam op-
timizer [52] with early stopping to prevent overfitting. Also, the features and target values in D
are normalized during training. From this point forward, the trained neural network value function
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on a game-theoretic interaction dataset is referred to as V7. Notably, this relatively simple neu-
ral network architecture effectively captures game-theoretic strategies in the GNE for two-agent
motion planning in both competitive and cooperative settings, as demonstrated in Sec. [3.4] We
note however, that our current approach focuses on two-agent systems and is limited in general-
izability to unseen environments (e.g., different racetrack or intersection geometries). To enhance
scalability w.r.t. the number of agents and generalizability, the interactions among all agents and
environmental information must be incorporated into the feature vector, which may require more
complex neural network architectures—a direction we plan to explore in future work.

Implicit Game-theoretic MPC Policy

After training Vo7 that predicts the game-theoretic reward outcome N steps into the future given
the input features, we use this predictor as a terminal cost-to-go function for a real-time MPC
policy that implicitly emulates the game-theoretic strategies encoded in GNE.

Collision Avoidance

While methods like optimization-based collision avoidance constraints [[102]], which model agents
as polytopes, can be used, we opt to represent obstacles as circles and impose distance constraints,
maintaining simplicity without compromising effectiveness. Inter-agent collision avoidance con-
straints are given as CA = {(p1,p2) | ||[p1 — p2ll2 = dmin}, Where p; and ps are global Cartesian
position vectors, and d,,;,, is the user-defined parameter for minimum allowable distance between
any two agents. We denote P (2%, 27) as the projection of the state vector pair to Cartesian position
vector space. Two agents 7 and j are considered to be collision-free if and only if P(z*, z7) € CA.

MPC Formulation

The MPC policy is a predict-then-plan scheme that computes an optimal ego trajectory w.r.t. the
open-loop predictions of the environment. We assume the forecasts are provided by a trajectory
prediction scheme. In the numerical examples, we generate 2% using an oracle that provides the
optimal planned trajectories of all agents. For competitive racing scenarios, we corrupt it with
Gaussian noise [[103]].

Remark 4. While the numerical examples in Sec. use oracle predictions for clarity of exposi-
tion, the IGT-MPC policy is not dependent on the quality of the prediction oracle. In the coopera-
tive intersection navigation example, replacing the oracle with a constant-acceleration prediction
model yields the same qualitative strategic behaviors (e.g., yield ordering and gridlock avoidance).
This is because the game-theoretic strategy is encoded in Vi at the terminal state, not in the ac-
curacy of the intermediate trajectory forecasts—Vr guides the MPC toward terminal states that
are strategically favorable regardless of the prediction model used for collision avoidance along
the horizon.
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Each agent ¢ computes a state-feedback control u! = mypc(z¢, 27, V) by solving the following

finite-horizon optimal control problem (FHOCP) towards tracking a state reference {2, }-™ given
forecasts of other agents z ™ = {2,;& ZJ;JtV over the NV step MPC prediction horizon,
tHN-1 ' ’ '
min D Mok = 2kl + el e, + 1A lI%, + V(@ n) (3.12a)
k=t
stz = oy k), VeIV (3.12b)
%y € 2, keIt (3.12¢)
up €U, ke TV (3.12d)
Aujy, € AU, Yk e TPV (3.12¢)
P(z}y2)) € CA, Vj € {=i} (3.12f)
zf‘t = 2'(t), (3.12g)

where z'(t) is the measured state of the i-th agent at time ¢, and 2}, indicates the state z* at k-th

step predicted at time ¢. f is the discrete-time dynamics of agent 4, and Hif denote the index set
{ki,k1 +1,... ky}. z. is a reference state trajectory and () = 0 and Ry, Ry >~ 0 are weighting
matrices for the state reference tracking, input, and input rate costs respectively. The reference
state trajectory is the pre-computed raceline or the centerline of a road.

The cost function includes a stage cost term £} (-) and a terminal cost term V/(-). It is
important to note that the input to the terminal cost function Z; , ; includes the joint state z;, nj; =

7 /\“Z’ Z . . . . . . . . .
e N> Zn| ,) where 2 )¢ 18 a decision variable of the optimization problem. Therefore, if V' =

— Ve, minimizing the learned value function over z

1

t+N|t
its terminal state given the forecasts of other agents, étjf N> tO maximize its reward (i.e. maximize
advantage over the opponent). The learned value function, V7, is used in closed-loop with the
MPC policy as formalized in Algorithm [II The FHOCP is constructed using CasADi [2]]
where Vi is constructed symbolically using the same architecture and trained weights from the

learned model in PyTorch [78].

can be interpreted as agent ¢ selecting

3.4 Numerical Examples

We demonstrate Algorithm [I}in two-vehicle competitive and cooperative multi-agent settings. The code for
obtaining the presented results can be found in the |GitHub repository [45]]. We use N = 10 and a sampling
time of 0.1 s for all MPC policies in our numerical examples.

Two Vehicle Head-to-Head Racing

In the two-vehicle head-to-head race example, we consider the Frenet-frame dynamic bicycle model given
a precomputed race line trajectory for an L-shaped race track [104]]. We formulate the autonomous racing
problem as a constrained dynamic game and use DG-SQP solver to compute the GNE for such game. For an
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Algorithm 1 Implicit Game-Theoretic MPC (IGT-MPC)
Require: Vir

Set the task horizon T’

<0

while ¢t < T do
27" + Forecasts of other agents
i‘t—i—N <— iﬁi
V VGT
ul + mvpe(2(t), 274, V) > See Eq. (3.12)
Apply u! to system
t+—t+1

in-depth explanation of formulating the game and solving for GNE, refer to [[103, Chapter 7]. We collected
approximately 1800 samples with Ng = 25, and trained Vo7 with h = 48, L = 2 using PyTorch [78]].

The MPC policy is additionally subject to performance-limiting factors such as friction limits
from nonlinear tire models, as follows

af(ziiw Ui\t)v aT(inw U2|t) < pug, (3.13)

where ay(-,-) and a,(-, -) denote the front and rear tire lateral acceleration, respectively. 1 is the coefficient
of friction of the race track, and g is the gravitational acceleration.
To study the impact of the Vg7, we consider two different terminal cost-to-go functions,

-V 1 57
yo | VerlEh 2, (3.14)
Varp(24,27) = —(s' — 87, i=1,2,

where V) p is a naive maximum progress function based on the opponent’s prediction to encourage progress
maximization with respect to the opponent but does not have any game-theoretic component.

Numerical Results

Fig. [3.2] shows snapshots at identical time instances of two simulated races starting from the same initial
condition but different configurations to demonstrate a position defense capability of a slower vehicle when
guided by Vizr. Race configurations are categorized by two settings: fast or slow and GT or MP value
functions. The GT or MP setting denotes the terminal cost-to-go function used by the MPC policy control-
ling the vehicle. While both vehicles track pre-computed racelines of the same shape, we force the initially
leading green vehicle to be slower than the initially trailing blue vehicle by reducing its velocity profile by
10%. For details on setting up the race, refer to [103, Chapter 7]. The level curves of Vj;p (Top) and Vg1
(Bottom) for the green vehicle are projected onto the track in Fig. While the level curves of Vi p are
constant over lateral positions, indicating no preference for where on the track the vehicle should end up at
the end of the horizon, Vg1 exhibits more intricate level curves, showing a strategic preference for lateral
positions near the pre-computed race line, although the learned value functions had no prior knowledge of
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t = 6.40 t = 6.90 R t=7.90
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Figure 3.2: In a simulation experiment, the slower (green) vehicle is unable to defend its position against
the faster (blue) vehicle with Vjsp (Top). The slower vehicle with Vg successfully defends its position
against the faster car with Vg7 (Bottom). The heatmap represents the level curves to visualize the value
functions used in this experiment. The red curve is the raceline and the colored squares and circles are the
planned trajectories for vehicles with corresponding colors.
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Figure 3.3: Histograms of the lead (in number of car lengths) of the faster vehicle over the slower vehicle
at the end of each simulated race over 100 different initial conditions. Green bars indicate bins where the
faster vehicle won the race, while red bars indicate losses. The black dashed lines represent average lead
values over all simulation runs. Note that vertical scales vary between histograms.
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it [103]. By t = 7.90 s, the green vehicle guided by Vj;p is overtaken by the faster opponent, while under
Ve, it successfully defends its leading position. More simulation results can be found in the [video [46].

Now, we report the Monte Carlo simulation results for various race configurations over 100 different
initial conditions. The histograms display the lead of the faster car, measured in car lengths, at the end of
each race across 100 different initial conditions for various race configurations in Fig. [3.3] The black dashed
lines indicate the mean values. Comparing the histograms in the top row, the Fast GT vehicle consistently
wins averaging approximately 6.5 car lengths of a lead against Slow GT vehicle, while the Fast MP vehicle
trails the Slow GT by an average of 1.4 car lengths. Notably, Fast MP vehicle loses 100% of the race against
a slower, but more strategic vehicle guided by V7. In the bottom row, a faster vehicle races against a Slow
MP vehicle. When guided by Vg, the faster vehicle is able to win 100% of the races while averaging
8.1 car lengths of a lead. However, with the V), p, the win rate is decreased to about 50%. Overall, Vo7
outperforms the vehicle using Vjrp in both overtaking and defending, as highlighted in the Fast GT vs Slow
MP and defending in Fast MP vs Slow GT cases.

Two Vehicle Intersection Navigation

In the two-vehicle un-signalized intersection example, we consider the Frenet-frame kinematic bicycle
model [47] augmented with global Cartesian coordinates (x,y) for imposing the collision avoidance con-
straints. For simplicity, we consider homogeneous agents under identical constraint sets in this example. We
collected approximately 2000 samples per scenario with Ng = 200 and sampling time of 0.1 s, and trained
Ver with h = 128, L = 2 using PyTorch. The implementation details for obtaining the GNE solutions and
constructing the feature vectors are detailed in Sec. (3.7

Again, to study the impact of the Vg, we consider two different terminal cost-to-go functions,

V= {_VGT(éi) g_‘i)a

o S (3.15)
Vup(z5, 27 = —(s"+387), i=1,2,

where V) p is a naive maximum progress function that maximizes the progress of agent 7 without consider-
ing the interaction with other agents. The optimization problem (3.12)) is formulated in CasADi and solved
using TPOPT. In the cooperative two-vehicle un-signalized intersection example, we assume the vehicles
are connected and communicate their route information and planned optimal trajectories, z* = {zzrt f;]f
without delay, allowing a?i v to be computed exactly at time ¢.

Numerical Results

We highlight the differences in how Vg and Vi p guide the short-horizon MPC solutions through an
intersection from the same initial condition. In Fig. we show Vehicles 1 (green) on route SN and Vehicle
2 (blue) on ES navigating through an un-signalized intersection starting from rest, where both vehicles are
controlled using identical MPC policies with the same V7. However, the input features to Vg are
constructed from each vehicle’s perspective by concatenating their respective features, as specified in (3.9).
Although both vehicles share the same policy and value function, their unique perspectives lead to different
inputs and outputs. This enables each to follow the collaborative strategy while exhibiting distinct behaviors
tailored to their individual contexts. For instance, at t = 4 s, as both vehicles approach the intersection, the
level curves of Vr for Vehicle 1 show a preference for the terminal states in s;, ,, € [10, 13] mand v, , €
2, 3] m/s, whereas Vehicle 2’s level curves indicate a preference for terminal states in s?, y € [17, 20] m
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Figure 3.4: In a simulation experiment, Vehicle 1 (green) on route SN and Vehicle 2 (blue) on route
ES navigate through an intersection using Vg7 (Top). Colored squares represent each vehicle’s planned
trajectories. The middle and bottom rows display the contour of Vg1 as perceived by Vehicle 1 and 2,
respectively. Colored circles indicate current states at each time instance, and colored stars denote the
planned terminal state at time ¢ + N.

and vf '~ € [4, 5] m/s. This illustrates how Vg is guiding the MPC planner for Vehicle 1 to accelerate
slowly and yield, while V7 is guiding the Vehicle 2 to accelerate quickly and pass the intersection first. At
t = 6 s, when Vehicle 2 reaches the middle of the intersection at its maximum speed of 5 m/s, the level
curves of Vg7 for Vehicle 1 show a preference for higher speed and progress, guiding Vehicle 1 to start
accelerating. After Vehicle 2 completes its left turn and is no longer in the path of Vehicle 1, Vgr guides
Vehicle 1 to accelerate to maximum speed, allowing both vehicles to pass the intersection by ¢t = 12.5 s.

In Fig. [3.3] when both MPC planners are guided by Vi, p, they prioritize maximizing progress without
accounting for their actions’ impact on other agents, as shown by the linear level sets in the middle and
bottom rows. This leads to planner infeasibility due to unavoidable collisions from inertia, triggering the
safety controller to apply maximum braking at ¢ = 6 s. As a result, the vehicles become stationary and
gridlocked, unable to proceed due to coupled collision avoidance constraints. While extending the prediction
horizon could mitigate this issue, it increases computational complexity. Even so, the naive predict-then-
plan approach can still encounter infeasibility and gridlock in this intersection scenario, as demonstrated
in the video [46]. Furthermore, simulation experiment results demonstrating the effectiveness of Vi in
emulating coordinated behaviors in different scenarios are reported in Sec. [3.7}

For each scenario m € I as defined in Table in Sec. route combinations are sampled from
each S, to obtain the corresponding precomputed reference trajectory, 2, for the route. Initial s{, 5(1) ~
U(0, sint/2) are sampled, and v$,v3 = 0 m/s is set to ensure vehicle interaction, where s;,+ denotes the
longitudinal displacement at the intersection. Closed-loop simulations are then evaluated with both vehicles
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Figure 3.5: In a simulation experiment, Vehicle 1 (green) on route SN and Vehicle 2 (blue) on route ES
navigate through an intersection using Vsp (Top), reaching a gridlock. Colored squares represent each
vehicle’s planned trajectories. The middle and bottom rows display the contour of Vj;p as perceived by
Vehicle 1 and 2, respectively. Colored circles indicate current states at each time instance, and colored stars
denote the planned terminal state at time ¢ + V. The initial conditions are identical to those in Fig. [3.4]

using identical terminal cost-to-go functions in (3.12)) over a task horizon of 7' = 150. The value functions,
Vaup and Vo, are evaluated over 100 initial conditions for each scenario. Performance metrics include %
of feasibility, % of gridlock (indicating instances where both vehicles are in a stalemate and cannot proceed
their routes) and the average solve time of (3.12)). The feasibility percentage measures the proportion of
simulation runs where the MPC planners remain feasible throughout the simulation run. A high feasibility
percentage signifies that the terminal cost-to-go function effectively guided the vehicles to navigate col-
laboratively, avoiding the need for safety controller intervention. Conversely, a lack of clear passing order
or collaborative navigation strategy can cause vehicles to enter the intersection simultaneously, resulting
in gridlock. The numerical simulation results in Table [3.1] highlight the effectiveness of the proposed ap-
proach. Guided by Vg7, MPC planners achieve at least 97% feasibility across all scenarios, consistently
outperforming Vj;p. Notably, in scenarios 6 and 7, where the naive maximum-progress terminal cost Vs p
fails completely, V7 achieves 99% feasibility with no gridlocks. Vehicles guided by Vo7 avoid gridlock by
adhering to the passing order encoded within the value function, enabling smooth collaborative navigation.
In contrast, Vs p often results in gridlocks due to its lack of interaction modeling. While Vg1 introduces
higher computation time, alternative NLP solvers could improve efficiency.

Fig. [3.6] illustrates that deadlock can be avoided by sufficiently extending the prediction horizon to
encompass the conflict zone. In this scenario, horizons up to N = 40 fail to include the intersection zone,
causing the planner to commit to conflicting trajectories and reach a deadlock. Beyond this threshold, the
planner can anticipate the conflict and resolve it; the N = 100 solution shown here successfully navigates the
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Table 3.1: Metrics for Two-Vehicle Intersection Navigation Monte Carlo Simulations

Scenario Feasibility (%) | Gridlock (%) | Avg. Solve Time (s)

Vup| Var |[Vurp| Vor | Vup Var
1 25 99 6 0 0.045 0.061
2 1 97 80 0 0.055 0.089
3 37 100 22 0 0.073 0.10
4 95 100 0 0 0.087 0.091
5 93 99 1 0 0.075 0.078
6 0 99 43 0 0.082 0.10
7 0 99 100 0 0.077 0.098
8 1 98 57 0 0.083 0.084

intersection without gridlock. However, this comes at a significant computational cost, as the optimization
problem scales with the horizon length. Furthermore, while the N = 100 solution is feasible, it is not
game-theoretically optimal: Vehicle 1 is assigned the right of way and passes first, which differs from the
passing order of the potential game solution and is suboptimal for maximizing collective progress along
each vehicle’s respective route.

Fig. demonstrates that IGT-MPC with NV = 10 closely recovers the potential game solution despite
its short prediction horizon. By encoding long-horizon interaction outcomes into the learned terminal cost,
IGT-MPC captures cooperative dynamics that extend well beyond its 10-step horizon, avoiding the myopic
behavior exhibited by standard MPC with the same horizon length. Both the position trajectories and the
passing order—Vehicle 2 yielding to Vehicle 1—are consistent with the game-theoretically optimal solution.
While transient deviations in the velocity profiles are present, IGT-MPC reproduces the cooperative yielding
behavior present in the potential game, achieving a solution that is both computationally tractable and game-
theoretically consistent. Notably, the potential game solution requires 14.4 seconds to solve, making it
unsuitable for real-time deployment, whereas IGT-MPC recovers comparable behavior at a fraction of the
computational cost. When both vehicles use identical MPC policies with the naive maximum-progress
terminal cost Vj;p, symmetric initial conditions produce symmetric behavior, as both vehicles accelerate
toward the intersection simultaneously without accounting for their impact on one another. This symmetry
leads to planner infeasibility and gridlock. In contrast, Vg implicitly breaks this symmetry by encoding
the cooperative passing order learned from GNE solutions. Although both vehicles share the same policy
and value function, the input features are constructed from each vehicle’s perspective, producing distinct
terminal cost landscapes that guide one vehicle to yield and the other to proceed. This enables coordinated
behavior to emerge from identical, decentralized policies without explicit communication of intent.

Fig. shows the same SN-ES intersection scenario as Fig. with identical initial conditions, but
with the oracle prediction replaced by a constant-acceleration forecast model for the other agent. The re-
sulting closed-loop behavior is nearly identical to the oracle case: Vehicle 2 (blue) is assigned the right of
way by Vg7 and passes through the intersection first, while Vehicle 1 (green) yields by maintaining low
velocity until Vehicle 2 clears the conflict zone, then accelerates through. The Vg7 contours in the middle
and bottom rows exhibit the same topological structure as in Fig. att = 4 s, Vehicle 1’s value landscape
favors low-speed terminal states (s ~ 8 m, v &~ 1.5 m/s) while Vehicle 2’s landscape favors high-speed
states (s ~ 10 m, v &~ 5 m/s), encoding the yield-then-go strategy. By ¢ = 8 s, both vehicles have resolved
the interaction with the same passing order, and their value landscapes shift to favor maximum progress.
Comparing Figs. and the yield ordering, interaction resolution timing, and value function gradient
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Figure 3.6: N = 100 MPC solution: Vehicle 1 (green) on route SN and Vehicle 2 (blue) on route
ES navigate through the intersection using a long-horizon motion planner (top row). While the
planner resolves the interaction without gridlock, Vehicle 1 is assigned the right of way and passes
first, yielding a different passing order from the IGT-MPC solution. The middle and bottom rows
display the contour of V), p as perceived by Vehicle 1 and Vehicle 2, respectively. Colored circles
indicate current states at each time instance, and colored stars denote the planned terminal state at
timet + N.

structure are preserved despite the degraded prediction model. This corroborates the observation made in
Remark [d} because the strategic behavior is encoded in Vg7 at the terminal state rather than derived from
the accuracy of the intermediate forecasts, IGT-MPC is robust to the choice of prediction model. The fore-
casts along the horizon need only be accurate enough to keep the collision avoidance constraints meaningful
over the short [V-step window; the game-theoretic passing order emerges from Vg7 independently of the
prediction source.

3.5 Beyond Two Agents

To evaluate the generalization of IGT-MPC beyond the two-agent setting for which it was trained, we apply
it to a four-vehicle intersection scenario. Figure [3.9]shows snapshots of the resulting trajectories alongside
a Potential Game GNE solution from identical initial conditions. IGT-MPC reproduces the same qualitative
passing order as the Potential Game solution: the vehicles negotiate the intersection without collision and
in the same sequential order across both methods. However, IGT-MPC exhibits a slight lag in progression
through the intersection compared to the Potential Game GNE solution. This is expected and instructive: the
Potential Game formulation explicitly coordinates all agents jointly at each step, whereas in IGT-MPC each



CHAPTER 3. LEARNING TWO-AGENT MOTION PLANNING STRATEGIES FOR MPC 40

Vehicle 1 Vehicle 2

. 70 1 R
—— Potential Game —— Potential Game

50 4 == IGT-MPC (N=10) “ 60 {1 == IGT-MPC (N=10)

s[m]

14

0 2 4 6 8 10 12 14 0 2 4 6 8 10 12 14

Figure 3.7: Comparison of position s and velocity v trajectories for Vehicle 1 (green) and Vehicle
2 (blue) between the potential game solution and IGT-MPC (N = 10) for the intersection scenario
of Fig. IGT-MPC closely tracks the potential game ground truth for both vehicles, with minor
deviations in the transient velocity profiles.

agent acts independently, relying solely on the learned terminal cost to implicitly anticipate the behavior
of others leading to suboptimal coordination. The emergent coordination is therefore a byproduct of each
agent’s individually rational behavior rather than explicit joint optimization. Notably, a naive MPC policy
with the same horizon length of N = 10 fails to navigate the intersection successfully in this scenario,
resulting in deadlock. The fact that IGT-MPC succeeds with the same horizon underscores that it is the
game-theoretic terminal cost, rather than the planning horizon, that endows the policy with the foresight
necessary to resolve multi-agent conflicts. We note that as the number of agents increases, the cost of
generating GNE training data grows significantly, as equilibrium solve time scales poorly with the number
of players. Nevertheless, this experiment demonstrates that the concept of embedding a learned GNE proxy
as a terminal cost in MPC remains effective at four agents, suggesting that the offline data generation cost,
while increasing, is an offline computational expense that does not affect the complexity of online execution.
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Figure 3.8: In a simulation experiment, Vehicle 1 (green) on route SN and Vehicle 2 (blue) on
route ES navigate through an intersection using Vi with a constant-velocity prediction model for
the other vehicle’s terminal state (Top), successfully resolving the intersection without gridlock.
Colored squares represent each vehicle’s planned trajectories. The middle and bottom rows display
the contour of V;7 as perceived by Vehicle 1 and 2, respectively. Colored circles indicate current
states at each time instance, and colored stars denote the planned terminal state at time ¢ + N. The
initial conditions are identical to those in Fig. [3.4]

3.6 Chapter Summary

In this chapter, we presented IGT-MPC, an algorithm that enables decentralized, game-theoretic multi-agent
motion planning in competitive and cooperative settings without requiring explicit game-theoretic modeling,
which can be computationally expensive.

The approach involves generating a dataset of game-theoretic interactions by formulating constrained,
dynamic games and solving for GNE from random initial conditions. The resulting reward outcomes, de-
signed to reflect the multi-agent planning objective, are recorded alongside the initial conditions to train a
value function. This learned value function, representing the terminal cost-to-go, is then applied in an MPC
policy. We demonstrated IGT-MPC through two multi-agent examples: a head-to-head race and a two-
vehicle navigation through an unsignalized intersection. The numerical results highlight the effectiveness
of the learned value function in guiding MPC to replicate game-theoretic interactions, achieving competi-
tive or coordinated behaviors. We further demonstrated IGT-MPC on a four-vehicle intersection navigation
scenario, where it successfully reproduced the qualitative passing order of a Potential Game GNE solution
from identical initial conditions, while naive MPC with the same horizon length of NV = 10 failed to resolve
the intersection. This result is promising evidence that the learned value function encodes game-theoretic
strategic structure that generalizes beyond the two-agent setting for which it was trained. However, a more
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Figure 3.9: Snapshots of a four-vehicle intersection navigation scenario comparing IGT-MPC (top)
and the Potential Game baseline (bottom) at various timesteps. V1 (green) is northbound, V2
(blue) is eastbound, V3 (red) is southbound, and V4 (cyan) is eastbound. Both methods start from
identical initial conditions.

rigorous investigation into scalability is needed before broader conclusions can be drawn. We note that as
the number of agents increases, generating GNE training data becomes increasingly expensive.

While the current IGT-MPC implementation focused on two-agent interactions, many multi-agent driv-
ing scenarios can be decomposed into a collection of pairwise interactions. In a traffic intersection with four
vehicles, for instance, the ego vehicle does not simultaneously engage in a single four-player game; rather, it
sequentially or concurrently resolves a series of two-agent interactions—yielding to one vehicle, negotiating
priority with another, and ignoring a third that poses no conflict. However, pairwise decomposition may fail
to capture higher-order strategic coupling that arises when the actions of three or more agents are mutually
dependent. A direct extension that learns a single value function encoding the full multi-agent interaction
structure, as described in the future work above, is a more principled approach and is sought for future
research.

The chapters that follow shift from multi-agent coupling to a different area of MPC scalability chal-
lenges: the combinatorial growth of constraints arising from stochastic multi-modal predictions of sur-
rounding vehicles.

3.7 Appendix

Implementation Details for Intersection Navigation Example
Cooperative Games

In a multi-agent cooperation problem, in which agents share resources, constraints, and objectives, a poten-
tial function can be derived to describe the coupling between agents and their collective objectives. Formu-
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lating cooperative games as potential games is advantageous because it captures the effects of all agents’
strategy changes within a single global function, ®(z, u), whose minimizer corresponds to the GNE [70].
This simplifies both the analysis and computation of the GNE, as it can be formulated as a single optimiza-
tion problem. Although the aforementioned solvers [[104} 94, 56, [31]] can address the game I" in cooperative
settings, the potential game formulation enables more efficient solution methods, including distributed op-
timization techniques such as Potential-iLQR [99]. In [99]], the dynamics and the potential function are
locally linearized and approximated around a nominal trajectory at each iteration, which induces a non-zero
optimality gap. Since real-time computation is not critical during data generation, and assuming full coor-
dination with a fully connected communication network, we formulate the potential game as a centralized
optimization problem for the two-vehicle intersection example. Replacing {.J! ij\il with @, the potential
function for coordinated navigation at an intersection used in our work is

O(z,u) =Y (G(2h 1)) = Stings (3.16)

It can be trivially shown that (3.16) is a convex potential function using its definition in [70]]. Solving for
the minimum of the potential function under the given constraints leads to a solution where no agent has an
incentive to deviate from its strategy unilaterally, thus satisfying the conditions for a GNE. Therefore, the
GNE is equivalent to the optimal solution of the following centralized optimization problem:

m&n ®(z,u) (3.17a)
st zh = Flaypuhy), VEETge ! Viel} (3.17b)
ez, Vkelle Viel? (3.17¢)
ui e, Vkelle'viel? (3.17d)
Aub e AU, Yk elle™ viel? (3.17¢)
P(z},2%) € CA, (3.17f)
2 =20) Viel (3.179)

We formulate in CasADi and solve the nonlinear program (NLP) with convex cost function using
IPOPT [16]. After solving the potential game, the optimal solution, which corresponds to the GNE, is
used to compute the reward outcome of the game. In this example, the main objective of the agents is to
collaborate to ensure all agents pass the intersection safely. We use R = Z?:l SZNG’ which represents the
collective progress along corresponding routes at the end of the game horizon Ng.

Scenario Encoding

We assume a predetermined reference trajectory is provided based on the desired route, and vehicles must
adhere closely to it in compliance with traffic rules. A route is defined by a starting node and a destination
node. In a four-way intersection, the nodes are (N,W,S,E) as depicted in Fig. [3.1b. For example, a left turn
maneuver from W to N node is denoted as route WN. Note that no two vehicles can share identical routes.
In the intersection example, we employ scenario encoding, where each agent ¢ is assigned a scenario sc;
represented as a signed categorical variable. The magnitude of sc; denotes a distinct interaction type between
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Table 3.2: Scenarios for Two-vehicle Interactions at an Intersection

’ Scenario \ Set of Route Combination Tuples (+, —) ‘

S, | {(WE,NE), (NS, ES), (EW,SW), (SN, WN)}
S, | {(WN,SW), (NE, WN), (ES, NE), (SW,ES)}
S; | {(WE,NS), (NS,EW), (EW,SN), (SN, WE)}
S, | {(WN,EN), (NE, SE), (ES, WS), (SW,NW)}
Ss | {(WE,SE), (NS, WS), (EW,NW), (SN, EN)}
Ss | {(WE,SW), (NS, WN), (EW, NE), (SN, ES)}
S; | {(WN,ES), (NE, SW), (ES, WN), (SW,NE)}
Ss | {(WN,EW), (NE,SN), (ES, WE), (SW,NS)}

the two vehicles, while the sign indicates the vehicle’s role in that interaction. For instance, consider the
green vehicle (vehicle 1) with a route SN and blue vehicle (vehicle 2) with a route ES depicted in Fig. [3.1p.
In this case, the route combination tuple is (SN, ES) € Sg, where Sy, are set of route combination tuples
reported in Table for m € I§. The tuples in Table are conventionally ordered where the vehicle of the
first element is assigned a positive sign. Therefore, vehicle 1 is assigned sc; = 46 and vehicle 2 is assigned
scg = —6. The magnitude informs us that a vehicle going straight and a vehicle turning left into the same
destination node as the vehicle going straight are interacting. Further, the vehicle going straight is given a
positive sign while the vehicle turning left is assigned a negative sign to distinguish the role of each vehicle
in this unique interaction. Note that scenarios such as both vehicles turning right at the intersection are not
considered as vehicles do not interact. Also, each scenario exhibits rotational invariance due to rotational
symmetry in the symmetric four-way intersection meaning (WE, NE) and (NS, ES) are identical two-vehicle
interactions but rotated 90 degrees.

Training Value Function

In this example, we train separate V7 for each scenario Vm € I$ with distinct datasets only containing sam-
ples with corresponding scenario encoding. In the current implementation, we are constrained to lightweight
MLP architectures for fast gradient computations necessary for real-time planning (i.e. > 10 Hz) and have
trained separate Vo7 models for each scenario. In future work, we aim to accelerate the solution of
by using faster NLP solvers to enable the use of more complex architectures for representing Vg7, which
would improve generalization across multiple scenarios and intersection geometries, thereby enhancing the
scalability of our method.

Additional Simulation Results

We further highlight the differences in how Vg1 and V), p guide the short-horizon MPC solutions through
an intersection from the same initial condition in different scenarios. In Fig. we show Vehicles 1
(green) on route NS and Vehicle 2 (blue) on ES navigating through an un-signalized intersection starting
from rest, where both vehicles are controlled using identical MPC policies (3.12) with the same Vgr. As
both vehicles approach the intersection at t = 4 s, the velocity of vehicle 1 and 2 are 2.3 and 4.6 m/s,
illustrating that the Vg7 is guiding Vehicle 1 to approach the intersection at a slower velocity to yield to
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Figure 3.10: In a simulation experiment, Vehicle 1 (green) on route NS and Vehicle 2 (blue) on route
ES navigate through an intersection using Vg7 (Top). Colored squares represent each vehicle’s planned
trajectories. The middle and bottom rows display the contour of Vg1 as perceived by Vehicle 1 and 2,
respectively. Colored circles indicate current states at each time instance, and colored stars denote the
planned terminal state at time ¢ + NN.

Vehicle 2, allowing both vehicles to pass the intersection by ¢ = 12.5 s. The blue regions shown in Fig.
[3.10] represent undesirable terminal states that lead to collision or gridlocks, which the MPC policies avoid.
In contrast, Vehicle 1 and Vehicle 2 are both approaching the intersection at 3.5 m/s att = 4 s when guided
by a naive Vjsp in Fig. [3.11] The short-sightedness of the MPC policy and unaware of the interaction with
other agents, the safety controller intervenes to avoid collision when guided by Vjsp at ¢ = 6 s. Lastly,
we show Vehicles 1 (green) on route SN and Vehicle 2 (blue) on EW navigating through an un-signalized
intersection starting from rest, where both vehicles are controlled using identical MPC policies with
the same V7 in Fig. Interestingly, the level curves for Vehicle 1’s Vg att = 4 s show a preference
for slowing down within its reachable set in the s — v state space while accelerating (high s, v region) reflect
undesirable states. Att = 6 s, Vehicle 1 Vgr’s topology changes and shows a preference for accelerating
only after Vehicle 2 is passing the intersection.

In contrast, in Fig. [3.13|when both MPC planners are guided by Vi p, it prefers to maximize its progress
without considering the impact of their actions on other agents as illustrated by linear level sets in the middle
and bottom row of Fig. [3.13] Consequently, the vehicles become stationary and reach a gridlock.
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Figure 3.11: In a simulation experiment, Vehicle 1 (green) on route NS and Vehicle 2 (blue) on route ES
navigate through an intersection using Vjsp (Top), causing infeasibility of the MPC policy and requiring
the safety controller to intervene. Colored squares represent each vehicle’s planned trajectories. The middle
and bottom rows display the contour of Vs p as perceived by Vehicle 1 and 2, respectively. Colored circles
indicate current states at each time instance, and colored stars denote the planned terminal state at time
t 4+ N. The initial conditions are identical to those in Fig. [3.10]
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Figure 3.12: In a simulation experiment, Vehicle 1 (green) on route SN and Vehicle 2 (blue) on route
EW navigate through an intersection using Vg (Top). Colored squares represent each vehicle’s planned
trajectories. The middle and bottom rows display the contour of Vg1 as perceived by Vehicle 1 and 2,
respectively. Colored circles indicate current states at each time instance, and colored stars denote the
planned terminal state at time ¢ + V.
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Figure 3.13: In a simulation experiment, Vehicle 1 (green) on route SN and Vehicle 2 (blue) on route EW
navigate through an intersection using Vj;p (Top), reaching a gridlock. Colored squares represent each
vehicle’s planned trajectories. The middle and bottom rows display the contour of Vjsp as perceived by
Vehicle 1 and 2, respectively. Colored circles indicate current states at each time instance, and colored stars
denote the planned terminal state at time ¢ + IN. The initial conditions are identical to those in Fig. [3.12]
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Chapter 4

Learning-Guided Scalable MPC using
Duality-based Criterion: Constraint
Reduction

This chapter is adapted from a previous publication: Hansung Kim, Siddharth H. Nair, and Francesco
Borrelli. “Scalable Multi-modal Model Predictive Control via Duality-based Interaction Predictions”. In:
2024 IEEE Intelligent Vehicles Symposium (1V). 2024, pp. 1499-1504. DO1:|10.1109/IV55156.2024.
10588718

This chapter shifts from the multi-agent coupling challenges addressed in Part I to the scalability bottle-
neck introduced in Chapter 1: the combinatorial growth of collision-avoidance constraints when stochastic
MPC must handle multi-modal predictions of surrounding vehicles. As the number of vehicles and predicted
modes increases, the constraint count scales as O(N - M""), rendering real-time computation impractical.
We use Lagrangian duality to interpret which vehicles and which of their predicted modes interact with the
ego vehicle along the prediction horizon, and derive a sensitivity-based screening criterion for removing
inactive constraints. To predict these interactions at runtime, we propose RAID-Net, an attention-based re-
current neural network trained via imitation learning on optimal dual solutions. The resulting hierarchical
algorithm solves a reduced MPC problem containing only the relevant constraints, achieving an order-of-
magnitude speedup in solve time.

4.1 Introduction

Autonomous driving research on motion planning has graduated to address challenges in complex, interaction-
driven urban scenarios over the past few years. In these settings, Autonomous Vehicles (AVs) must navigate
safely through highly uncertain environments, while observing and reacting to heterogeneous traffic agents:
human-driven and other AVs navigating and making their own decisions. Accounting for these agents during
motion planning presents intricate challenges, demanding robust and real-time solutions for safe navigation
in urban environments.

In urban driving scenarios, the motion planning for AVs in the presence of uncertain, multi-modal agents
poses a significant challenge, leading to the development of various solutions for planning and behavior pre-
diction. These solutions can be categorized into three broad approaches: (i) Hierarchical Prediction and
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Figure 4.1: Our hierarchical architecture for motion planning with duality-based interaction prediction.
Given the environment observation, we classify which vehicles (blue) and their maneuvers can be elimi-
nated/screened (magenta ellipses) for solving a reduced, real-time MPC problem for the AV (green rectan-

gle).

Planning (|83} 73]]: where a sophisticated prediction architecture provides forecasts of the surrounding vehi-
cles which is used for motion planning, (ii) Model-based Integrated Planning and Prediction [25][79]]: where
planning and behavior prediction are simultaneously obtained by game-theoretic and joint-optimization ap-
proaches for all vehicles, and (iii) End-to-End Learning-based Prediction and Control [57, 38, [81]]: where
a sophisticated neural network (NN), trained using imitation/reinforcement learning algorithms on realistic
datasets, implicitly and jointly forecasts the behavior of surrounding agents and a motion plan for the AV.
Each of these approaches suffers from either scalability for complex driving scenarios or interpretability and
safety of the computed motion plans. For instance in (i), [[73]] employs Gaussian mixture models to explicitly
express multi-modal predictions and positional uncertainty of surrounding vehicles for multi-modal motion
planning. While this approach showcases robust navigation capabilities in multi-modal traffic scenarios,
it focuses on interactions in simple traffic situations with limited agents and does not scale for real-time
applicability in complex scenarios with many surrounding vehicles and their multi-modal predictions. The
game theoretic approaches in (ii) are generally computationally intractable for traffic scenarios with many
agents, which is further exacerbated when the games are multi-modal/mixed. The End-to-End approaches
in (iii) are generally scalable to complex traffic scenarios but lack interpretability in their predictions. Given
the traffic scene, it is unclear how to interpret which agents and which of their possible maneuvers are rel-
evant for a safe motion plan for the AV. In [57], an attention-based architecture discerns relevant vehicles
at the current time-step when controlling an AV in a simulated traffic intersection, but does not explicitly
consider safety or long-term interactions. Hence, there is a pressing need for a scalable motion planning
method that incorporates multi-modal predictions of surrounding agents while safely navigating complex
interaction-driven scenarios for autonomous driving.
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In this chapter, we present a scalable real-time hierarchical motion planning algorithm given multi-
modal predictions in complex, interaction-driven traffic scenarios. In the design stage we use a optimization-
based planner and its Lagrangian dual to deduce which surrounding vehicle and its multi-modal predic-
tions/maneuvers along the prediction horizon are interacting with the AV. We design a Recurrent Neural
Network (RNN) [65] with attention mechanisms to predict the interactions between the AV and its sur-
rounding vehicles. The RNN is trained from data from the MPC solutions using a novel constraint screening
criterion which uses ideas from sensitivity analysis as depicted in Fig. 4.1} The novel attention-based RNN
architecture for interaction prediction is interpretable using Lagrange duality and generalizable to varying
numbers of surrounding vehicles. We demonstrate the real-time applicability of our proposed algorithm in
numerical simulations of traffic intersections with interactive surrounding vehicles.

The chapter is structured as follows. Section[4.3|formulates Stochastic Model Predictive Control (MPC)
for motion planning with multi-modal predictions, discussing scalability issues. In Section 4.4} we present
a duality-based interpretation of the interaction between the AV and surrounding vehicles and introduce an
RNN architecture for predicting interactions with multi-modal forecasts. A hierarchical algorithm for mo-
tion planning is outlined, utilizing NN predictions and a dual sensitivity-based constraint screening mech-
anism. Section [5.4] evaluates our hierarchical MPC algorithm at a simulated traffic intersection. Finally,
Section 4.6/ concludes the chapter and discusses future research directions.

4.2 Preliminaries

Notations

The index set {k1,k1 + 1,...,k2} is denoted by ]I],fj For a proper cone K and z,y € K, the dual cone of

K is given by the convex set K* = {yly'z > 0,Vz € K}. || - ||, denotes the p—norm. For any matrix
A € R™™ we denote [A]s to be the rows of A with indices in S C I}. For any pair of vectors z,y € R,
we denote the Hadamard product as = o y = [[z]1[y]1, .., [z]n[y]n] € R™.

4.3 Problem Formulation

Vehicle Prediction Models

Let the AV be described by a linear time-varying dynamics
Ti1 = Ay + Byug + Epwy 4.1)

where r; € R" u, € R™ w, € R" are the state, input and process noise respectively and
Ay, By, E, are the system matrices at time ¢. The process noise w; is assumed to be a zero mean
Gaussian, NV(0, %,).

Now suppose that there are V' Target Vehicles (TVs), each described by multi-modal, affine
time-varying discrete-time predictions over a horizon N at time ¢,

Okt1t,j = Thit,j Okl Dfeg + Ehiej ke g
VEeTN icly,jelM (4.2)



CHAPTER 4. LEARNING-GUIDED SCALABLE MPC USING DUALITY-BASED
CRITERION: CONSTRAINT REDUCTION 52

Ego Disc

X

Figure 4.2: Collision avoidance geometry: the ego vehicle (green disc, center x) and the target
vehicle (dark ellipse, center o) buffered by the ego disc’s radius (light blue ellipse). The separating
half-space constraint (solid line) is constructed at the boundary of the buffered ellipse, ensuring
the ego center x remains on the collision-free side.

where 02:| 1 nfc‘ +; € R are the position and process noise predictions for TV ¢ in mode j and

time ¢, at the kth time step and T}, ;. 4j, ; B}, ; are the time, mode-dependent system matrices

. . 1.
and process noise 7y, . ~ N(0, E?ﬂt,j)-

Notice that each TV prediction has M modes, which amounts to a total of M" mode con-
figurations of all the TVs. We call each mode configuration a scenario and define the function

71V x IMY — M such that j(i, m) returns the mode of TV i in scenario m.

Constraints

The AV is subject to polytopic state-input constraints given by XU, = {(z,u)| Ffz + F'u <
fi}, for time ¢t and affine collision avoidance constraints given as CA?M ;= {(z,0)] Liﬁ i+
LZ]?jo < l;qt, i } for vehicle 7 in mode j at time step k, which are obtained by appropriate inner-
approximations of the free space as half spaces as illustrated in Fig. #.3][15] [72]. The ego vehicle
body is approximated as a disc and the target vehicle body as an ellipse, buffered by the ego disc’s
radius to account for the ego’s spatial extent [/4]. Collision then occurs if and only if the ego
disc’s center enters the buffered ellipse, reducing the collision avoidance constraint to a half-space
constraint on the ego vehicle’s center. Over the horizon N, this affine constraint is time-varying,
with each half-space computed from the ego’s planned trajectory and the target vehicle’s predicted
trajectory at the corresponding time step.

Stochastic MPC formulation

We compute a state-feedback control u; = 7(x, 0;) for the controlled by solving the following
finite-horizon stochastic optimal control problem towards tracking a given reference {z®f, ufe' }1 7.

Specifically, we use affinely parameterized feedback policies 7y: . (x¢,0;) in (@.4) for the control
sJ
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actions along the prediction horizon for time &k and scenario m,

v
Unlean = Ple + Y K 306.m) ©kjeim) — ElOkye i) (4.3)

i=1
where variables 0}, ; = {hy;, K}, ;} and the second term in (@#.3) encodes state feedback for

the obstacles’ states. This term allows the AV to react to different realizations of the obstacles’
trajectories, thus greatly enhancing the feasibility of the MPC problem (especially in the presence
of large uncertainties). Using this feedback policy parameterization, the constrained finite-time
optimization problem becomes

MV t+N—1

min SOE| S0 1@k n — B+ R — )| 3 @)
K m=1 k=t

St Trpipem = AkTrjem + Brtgem + Epwy, (4.4b)
02:+1|t,j - lelt,jozlt,j + qlﬁ:\t,j + Eliz|t,jni:|t,jv (4.4¢)
P((zrjt,m, ukjem) & XUy) <'e, (4.4d)
P((kjtyms e j,m)) € CALejam)) < 6 (4.4¢)

1%
Uk(t,m = hk\t + Z Kli|t,3(i,m)(0;c|t,j(i,m) - Ekﬁc\t,j(i,m)])’ (4.41)

i=1
Uglem = Welt,1, Ttlt,m = Tty Ott,j = Ot (4.4g)

VEeTtN1 i eI melM™ ielV
where the decision variables

00 = { (P LK 1 O LY (4.5)

parameterize the feedback policies of the controlled agent. The second term in encodes
state feedback for the obstacles’ states, to allow the AV to react to different realizations of the
obstacles’ trajectories, thus greatly enhancing the feasibility of the MPC problem (especially in
the presence of large uncertainties). The Stochastic MPC (SMPC) is given by the optimal solution

of (4.4) as
up = mvpc(xg, 0p) = uam. (4.6)

The constraint w;,, = w1 18 called the non-anticipatory constraint. It enforces that the control
applied at time ¢ is independent of scenario m, encoding the fact that the AV doesn’t know the true
modes of the V TVs at time ¢. The problem has O(/N M V') decision variables 6, but exponentially
growing O(N MV constraints, arising from the multi-modal predictions and collision avoidance
constraints. The combinatorial explosion of the collision avoidance constraints when handling
multi-modal forecasts is explained in the next section. Since the solution to (.4) is sought for
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real-time applications at frequencies > 10H z, complex scenarios with many obstacles and modes
can render the computation of impractical.

The goal of this article is to accelerate the solution of (4.4)) for real-time applications. In
practice, not all collision avoidance constraints need to be enforced for solving the optimization
problem (4.4). We use Lagrange duality to interpret which TVs and their corresponding modes in-
teract with the AV along the prediction horizon. Leveraging this insight, we use imitation learning
to train an attention-based RNN architecture for predicting which TVs, and which modes should
be considered in (4.4).

Multi-Modal Prediction Models and the Combinatorial Explosion

State-of-the-art trajectory prediction models for autonomous driving produce multi-modal, prob-
abilistic forecasts that capture the inherent uncertainty in human driving behavior. A vehicle ap-
proaching an intersection may turn left, proceed straight, or turn right; a vehicle on a highway
may maintain its lane, merge, or decelerate. Modern prediction architectures represent this uncer-
tainty by outputting a distribution over multiple possible future trajectories for each agent, typically
parameterized as a Gaussian Mixture Model (GMM) or a discrete set of trajectory modes with as-
sociated probabilities.

Trajectron++ [[83]] is a graph-structured recurrent model that forecasts trajectories of multi-
ple agents using a Conditional Variational Autoencoder (CVAE) decoder, producing a GMM over
future positions for each agent conditioned on the scene context and agent interactions. Way-
former [[75]], proposed by Waymo, uses a transformer-based encoder-decoder architecture that pro-
cesses heterogeneous scene inputs (road geometry, lane connectivity, traffic light state, agent his-
tory) through attention mechanisms and outputs multiple trajectory hypotheses per agent following
the MultiPath++ regression-based decoding scheme [90]]. Both models have demonstrated strong
performance on large-scale benchmarks such as the Waymo Open Motion Dataset and Argoverse.

A critical property of these models is that they produce marginal predictions: each agent’s
multi-modal forecast is generated independently, conditioned on the observed scene but not on
the future behavior of other agents. That is, for agent ¢, the prediction model outputs M trajectory
modes {0} }L, with associated probabilities {p}}},, where 3 p’ = 1. These modes represent the
marginal distribution over agent ¢’s future trajectory. The prediction model does not output a joint
distribution over the futures of all agents simultaneously—doing so would require modeling the full
combinatorial space of multi-agent behaviors, which is itself intractable for current architectures
and datasets.

When these marginal predictions are used for motion planning, however, the planner must
reason about the joint future of all agents to ensure safety. If the ego vehicle must avoid collisions
with V' surrounding vehicles, each with M predicted modes, it must in principle consider all MV
possible combinations of modes across agents—each combination representing one possible joint
future scenario. For each scenario, collision-avoidance constraints must be imposed at every time
step k along the prediction horizon N, yielding O(N - M) constraints in total. For the problem
sizes considered in Chapters 4 and 5 (V = 3, M = 2, N = 14), this produces 312 collision-
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avoidance constraints. For more realistic settings with V' = 5 vehicles and M = 3 modes, the
constraint count exceeds 30,000, rendering the optimization intractable at real-time rates.

This combinatorial explosion is a direct consequence of the gap between marginal prediction
and joint planning: prediction models provide per-agent distributions, but safe planning requires
reasoning over the joint space of all agents’ futures. Recent work has begun to address this gap by
developing joint prediction models that output scene-level modes rather than per-agent marginal
modes. Scene Transformer [76]] uses a unified transformer architecture to jointly predict futures
for all agents, producing K scene-consistent trajectory sets where each set specifies one future
trajectory per agent. JFP [[63]] explicitly models pairwise interactions in the decoder to generate
consistent multi-agent futures. M2I [87] takes a factored approach, conditioning one agent’s pre-
diction on the other’s to produce interaction-consistent trajectory pairs. If such joint models were
used in the planning pipeline, the combinatorial explosion would be eliminated by construction:
instead of MV mode combinations, the planner would receive K scene-level scenarios directly,
yielding O(N - K) constraints regardless of the number of agents.

However, joint prediction models face several fundamental limitations that prevent them from
replacing marginal models in practice. First, they suffer from mode collapse: recent work [24]
demonstrated that joint prediction models frequently fail to cover all relevant interaction modes,
particularly in safety-critical scenarios. A model may correctly predict that one vehicle yields while
the other proceeds, but fail to represent the symmetric alternative where the roles are reversed—
precisely the mode that matters most for safe planning, as the planner must hedge against both
possibilities. The Waymo Open Motion Dataset benchmark reflects this difficulty: joint metrics
(scene-level minADE, minFDE, miss rate) are substantially harder than their marginal counter-
parts because the minimum is taken over the whole scene rather than per-agent, meaning a single
poorly predicted agent degrades the entire score [26]. Second, the number of scene-level modes
K that a joint model can output is fundamentally limited by architecture and training—typically
K = 6 or K = 8—whereas the true joint behavior space grows exponentially with the num-
ber of agents. This means joint models must implicitly compress the exponential space into a
small fixed set of modes, inevitably losing coverage of low-probability but safety-critical futures.
Third, joint models can produce counterfactual forecasts: scene-consistent modes that are inter-
nally coherent but assign probability mass to joint futures that would not arise under the agents’
actual decision-making processes, because the model has no access to the agents’ true objectives
or constraints [87]]. Finally, from a systems perspective, marginal prediction models remain dom-
inant in deployed autonomous driving stacks due to their maturity, computational efficiency, and
modularity—the prediction module can be developed, validated, and updated independently of the
planner.

For these reasons, the combinatorial scaling problem arising from marginal multi-modal pre-
dictions remains a practically relevant and theoretically interesting challenge. In this work, we
accept the marginal predictions as given and efficiently identify which of the A" constraint com-
binations are active, removing the rest to accelerate the computation of the underlying optimal
control problem for real-time applications.
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4.4 Duality-based Interaction Prediction using Imitation
Learning

Convex MPC formulation and Duality

All the chance constraints can be deterministically‘ reformulated as second-order cone (SOC) con-
straints in @, because the process noise w; and n}ﬂ 4 are assumed to be Gaussian[9, Chapter 5],
[72]]. We write the MPC optimization problem compactly as the following SOCP:

1
min ~||Q:04[3 +C; 6,
8; 2
ne (4.7)
st A0, + Ry € K= (Q)Ks) x Ky

s=1

where A;, R, Q;, C, represent the predictions models and constraints, n, = N - MV, Q, = 0
and K, Vs € I}< are the cones corresponding to the collision avoidance and K, is the cone that
corresponds to all the state-input constraints. The exponential number of state-input constraints
in (4.4d) can be reduced to O(NMYV) for K., by employing standard constraint-tightening tech-
niques from robust optimization For the O(N M) collision avoidance constraints, we would
like to solve a reduced version of involving only the necessary collision avoidance constraints.
We quantify this necessity using Lagrange duality. Consider the dual problem of (4.7)),

. L
min g 0 R+ 51197 (Al [ m/ ] = CII3

ne (4.8)
s.tpy € ®K:7nt € K;u
s=1

Notice that the conic feasible set of the dual problem is independent of time ¢, and is comprised
of the standard SOCs and positive orthants, for which closed-form projections can be computed
efficiently[1]. If strong duality holds, then the optimal primal and dual solutions (67, u;, n})
satisfy the KKT conditions:

Ij'*
Q20F +C — Af [ i] =0
un
Ne
Atez +Rt S Ka H: € ®K:7 lr]: € K::u
s=1
[-Atez + Rt]mu o 77? = 07
(A0 + Rels o [pi]s = 0 Vs € I (4.9)

where the [u}]; denotes dual variable belonging to sth cone K, and [A4,0; + R|., denotes the
rows of A;07 + R, that correspond the state-input constraints. Observe from the last equation that
if [p]s = 0, then [A,0] + R:]s € int(K;) and this constraint can be eliminated from (4.7).
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D, Largest Dimension|of the Drivable]Area

Figure 4.3: Illustration of D, the largest dimension of the drivable area, used to bound the separat-
ing half-space constraint distance. When no collision constraint is active, the half-space is placed
at a distance D from the ego vehicle (green), ensuring the constraint remains feasible and inactive
without affecting the planned trajectory.

Now suppose that we are given a dual feasible candidate 1, € Q. K*. Let S*[f,] denote
the duals corresponding to collision avoidance constraints with vehicle i, S,,,[ft,] denote the duals
corresponding to collision avoidance constraints in a particular mode configuration scenario m and
[A+0 + R].., be the rows corresponding to the state-input constraints. We will use ideas from sen-
sitivity analysis of conic programs to eliminate vehicles, and scenarios to construct a reduced MPC
problem as follows. Define the maximum possible violation of the collision avoidance constraints
across all vehicles for an AV trajectory that satisfies state and input constraints,

D :=maxmin ||S'[A0" + Ry] — 8|2
i,0" &

st i €Ty, [A0" + Relou € Kau, 6° € STK]

The quantity D is guaranteed to be finite because (i) the AV and TV trajectories are bounded by
dynamical and actuation constraints, and (ii) the vehicle geometries are compact sets. D need not
be explicitly computed; any D > D suffices. A conservative choice is D = N - M - W, where W
is the largest dimension of the drivable area, as illustrated in Fig. [4.4]

Let 0 be an acceptable deviation in the optimal cost of #.4). By the shadow price interpreta-
tion of the duals S*[f,] [13, Chapter 5], if ||S[f,]|| < 2, then Vlolatlng the collision avoidance
constraints for TV 4 by at most D changes the optimal cost by at most 5 0. D = 4. Hence, TV i can

be safely ignored without significantly affecting the motion plan. Slmllarly, if [|Sm[p]l] < 55
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scenario m can be pruned, changing the cost by at most ¢ across all V' TVs in that scenario.

Recurrent Attention for Interaction Duals Network (RAID-Net)

The optimal dual variables pf € @<, K! contain information about active constraints of the
primal optimization problem predicted at time ¢. The continuous vector can be converted into
a binary vector fi; € {0,1}" by applying the screening rules described in If [pe¢]s > 0, then
the corresponding constraint is active and [f1}], = 1. Otherwise, [fi}]; =0 Vs € I},

We propose Recurrent Attention for Interaction Duals Network (RAID-Net) that predicts the
dual class 1, given the observation (ob;) of the environment, which may contain continuous or
discrete information about the environment.

Expert Dataset

With access to a simulation environment, the optimal dual solutions {}}7_, (i.e. expert actions
in IL nomenclature) are obtained by solving at each step ¢ along the trajectory with length
T. Then, it is converted into the binary class labels {1} }/_,. The optimal dual class labels and
observation of the environment pairs are stored into a dataset D = {(ob;, i})},, where B is the
user-defined dataset size.

Input Normalization and Encoding

We assume that the observation of the environment is available and includes information about the
AV’s states, previous control input, and TVs’ states along with semantic information about the AV
and TVs’ modes.

The observation is normalized using environment and system information such as maximum
states and inputs (restricted by the environment and system limitations), the maximum number
of modes per vehicle, etc. In the context of complex interactive autonomous driving scenarios,
employing graph encoding of the scene is crucial as it allows for a comprehensive representation
of the intricate relationships and interactions among various entities within the scene. Nodes in the
graph represent vehicles including the AV, while directed edges (originating from the AV) capture
the dynamic relationships and interaction between the AV and TVs. We utilize an AV-centric
graph encoding using time-to-collision (TTC) between the AV to the TVs to represent the edges.
In RAID-Net the observation is separated per i-th vehicle: obi Vi € 1Y, where i = 0 represents
the AV and augmented with the TTC graph encoder. Subsequently, a transformer-based encoder
embeds the augmented observations, producing a scene representation feature vector denoted as
f; € R%m, We define d.,,, = 2 x |ob|, where |ob| represents the dimension of the observation space.

The encoder exhibits permutation invariance, indicating that the network’s output remains un-
changed even when the input order is interchanged. This invariance is achieved by summing the
feature vectors {f;})_, over all vehicles before feeding them into the decoder as depicted in Fig.

41l
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Figure 4.4: Schematic of RAID-Net for predicting relevant constraints for (4.4). RAID-net is invariant to
the number and order of TVs, and has a MPC horizon-independent memory footprint because of its recurrent

architecture.

Network Architecture

The normalized and encoded inputs undergo N sequential passes through a shared parameter
attention-based gated recurrent network of decoders, as depicted in Fig. 1. The decoder integrates
a Multi-Head Attention (MHA) mechanism to capture various relationships among the encoded
inputs [13]. Each head of the attention mechanism focuses on distinct interactions between AV's
and TVs. Refer to [91]] for detailed explanations of the MHA network architecture. The MHA net-
work in the decoder has embedding dimensions of d.,, and ny, representing the number of heads.
Additionally, the decoder includes dropout and layer normalization layers to address overfitting
and stabilize training [85, 6], along with a multi-layer perceptron (MLP) to capture complex data
relationships within the embedded dimension.

The hidden states and the input to the decoder network are passed to a gated recurrent unit
(GRU) which applies an input-dependent gating mechanism to modify the hidden state that will be
passed on to the subsequent decoder (See Fig. .4)). The recurrent structure is popular in obstacle
motion prediction as it captures temporal dependencies [83]] of the AV’s interactions with the TVs
and prevents the vanishing gradient problem that is prevalent in standard RNNs[21]]. Also, the
recurrent structure renders the RAID-Net independent of the prediction horizon (V) as decoders
share parameters. A linear projection layer lifts the sequence of embedded states to predict the
class-1 probabilities of duals corresponding to the collision avoidance constraints with TV 7 at
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time ¢ + 1: pf; 41 € RM, where the m-th element corresponds to the class-1 probability for the
m-th mode configuration of the TVs. Collecting the {p? +1}1V:1 from each decoder, we get

Pt = [{pi+1}}/=17 e {pi-l-N}zyzl] € R" (4.10)

Further details of the RAID-Net architecture can be found in [48]]

Loss function

The binary cross-entropy loss function for training the RAID-Net, ¢(p, 1*) is

n o Nc
YD (wplalsloglpils + (1 - [A7]s) log(1 — [pi]s), (4.11)
i=1 s=1
where [p,]s and [1*;]; are s-th component of the dual class-1 probability prediction and the s-th
component of the target class label of the i-th sample, respectively. n is the training batch size
and w, is the weight corresponding to positive class. By choosing w, appropriately, the learned
classifier can conservatively over-predict class 1 and account for a potential imbalance in a dataset
(i.e. number of class 0 > number of class 1). This is critical for safety as increasing w, will reduce
false negative classifications of active constraints.

Hierarchical MPC with RAID-Net

For online deployment, we use the RAID-Net in a hierarchical structure with the low-level MPC
planner as visualized in Fig. [4.1] and formalized in Algorithm
The RAID-Net classifier to predict the dual classes is

- fi]s =1 Vs eleif > 0.5

WRAIDN(ut|Obt) _ Uft]s S L if [pe]s > (4.12)
[f1t]s = 0 otherwise

where p; is the RAID-Net output representing the probabilities of the dual classes being 1, given

the observation of the environment at time ¢. Next, we define a set that contains all the indices of

constraints that are predicted to be active.

§ = {s € Ije| [N (fi Joby)). = 1) (4.13)
To recover a dual feasible candidate fi,, we solve the reduced linear system via least-squares,
A O AT | 2] = ), 07 1€~ il (a1
t

to obtain the unconstrained minimizer, f,, of the reduced dual problem (by eliminating all duals
not in S). Then we project [[1,]5 onto the corresponding cones to get [f,] and set the other ele-
ments of i, to be 0. Finally, we perform the sensitivity-based vehicle and scenario selection from
Section[4.4Jto get
S:=§ () ¢ N S, (4.15)
Viely: ymerM" .
1S [B2elll2> 5 [Sum i ]l2> 5o
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where S%,S,,, C I}* are the index sets of collision avoidance cones corresponding to vehicle 7 and
scenario m, respectively. Thus, we can now define the reduced problem

.1
min *HQt@tH% +C/ 0

P): (4.16)
( ) [»Atet + Rt SUzu € K:= ® K
seS
The Reduced MPC (ReMPC) is given by the optimal solution of (4.16) as
u = Trempc (A, Re, Qb Cr, S) = uy 1. 4.17)

Algorithm 2 Hierarchical MPC (HMPC): Hierarchical Motion Planning with Duality-based Interac-
tion Prediction
Require: 7RAIPN
Set the task horizon T'
while ¢ < T do
ob; < Observation from the environment
At, R, O, Cy < oby > Constructed from observation
S + Computed using @13) from 7RAPN( 3, |ob,)
S < Computed from sensitivity criterion (4.15)
ug < Trempc (At Re, 91, Ct, S)
Apply u; to system
t+—1t+1

4.5 Numerical Example: Planning at a Traffic Intersection

Simulation Environment

We created a customized Python simulation environment for unsignalized traffic intersection based
on OpenAl gymnasium [|14]]. The simulation environment has four node zones: N, S, W, and E as
shown in Fig. 4.5] From each node zone, vehicles are randomly generated in the following order:
Firstly, the ego vehicle is placed at the starting node in W zone, starting with a random target node
(N or E defining 2 modes for ego vehicle). Note that the S node isn’t considered a target for the
vehicle starting in W zone as it leads to minimal interaction between vehicles. Next, V' target
vehicles are randomly spawned. V' is a random integer from the interval [1,V,,,.], where V4. 1s
the maximum possible number of target vehicles defined by the user. We arbitrarily set V.., = 3.

Each of these target vehicles originates from distinct zones (W, S, and E) and is assigned a
randomly determined target node based on the available modes outlined in Table .1} The target
vehicle spawning from the E zone, serving as cross-traffic for the ego vehicle, is provided with
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Figure 4.5: An example scene in the custom unsignalized intersection environment. The ego vehicle
(green rectangle) is approaching the intersection and interacts with the target vehicles (blue rectangles).The
active and inactive constraint predictions from the 7RAIPN are depicted as yellow and magenta ellipses,
respectively.

four modes for diverse interactive scenarios, while target vehicles starting from other zones have
two modes each. The total possible mode configuration of the target vehicles in the scenario is then
M = 16, which leads to 13 - 16 - 3 = 624 collision avoidance constraints for when N = 14.

Given the starting and target node, each vehicle follows a fixed reference trajectory marked
with white dashed lines in Fig. The vehicle states are = = [s,v] € R?, where s and v are
displacement along the reference trajectory and velocity, respectively. The target vehicle starting
from the W node begins 8 meters ahead of the ego vehicle, moving at an initial velocity of 8 m/s.
Target vehicles from the E zone start with an initial velocity of 8 m/s (7 if slow), while those from
the S zone begin with 7 m/s.

Table 4.1: Simulator Vehicle’s Modes
’ Start Node \ Target Node \ # Modes ‘

w E,N 2
S N, E 2
E W, W (slow), S, N 4

The target vehicle resets to its starting node upon reaching its target node, ending the simula-
tion episode if a collision occurs or when the ego vehicle reaches its target node. Target vehicles
employ a Frenet-frame Intelligent Driver Model (fIDM) for safe and human-like acceleration, con-
sidering virtual projections of surrounding vehicles on the controlled vehicle’s reference trajectory,
akin to the generalized Intelligent Driver Model in [54]. The fIDM also features logic gates that
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prioritize vehicles within intersections, emulating human-like driving behavior. For instance, the
approaching vehicle will yield to the surrounding vehicle that is already in the interaction zone
as shown in Fig. 4.5] After computing acceleration inputs for the ego vehicle and target vehicles
using the relevant motion planner and fIDM, they are simulated forward by a time step (At) along
their respective reference trajectories using the kinematic bicycle model.

The observation vector available to the ego vehicle from the simulator is represented as ob; =
[24, w1, modey, {01} {mode; ;e  {TTC;}me=] € RY, where 2, u,_1, and mode,, denote
the ego states, control input at previous time step, and EV’s mode, respectively. o! represents the
state of the i-th target vehicle, mode; denotes its mode, and T7T'C); denotes the time-to-collision
between the ego vehicle and the i-th target vehicle, with TT'Cy = 0. When V' < V4., we spawn
dummy vehicles outside the traffic scene for the rest.

RAID-Net Imitation Learning

We use a behavior cloning algorithm [69] to train the RAID-Net to mimic the expert (optimal dual
solutions to (4.7)). Data is collected by rolling out trajectories in the aforementioned simulator
using the expert policy with prediction horizon N = 14 and sampling time At = 0.2s. Then,
(oby, f1*) pairs at each time step ¢ are recorded. During the data collection phase, the optimization
problem is formulated in CasADi[2] and solved using IPOPT[16] to extract optimal dual solutions.
By randomly generating scenarios, 120,315 data points are collected. We split the dataset into
training (85%) and test (15%) datasets.

In dual-class classification for predicting active constraints, minimizing false negatives is cru-
cial for safety. While low precision is acceptable, high recall is desired, which represents the
model’s ability to find all positive classes. To counter dataset imbalance and introduce a positive-
class bias in the model, we set w, = 4 in {@.11)). Additionally, we address dataset imbalance using
a weighted random sampler, assigning a higher weight to the under-represented class to achieve
balanced class representation in the training batch.

The RAID-Net is constructed using PyTorch and trained using the training dataset and the loss
function (@.T1). The parameters used to construct the RAID-Net are reported in [48]. We train the
RAID-Net for 3000 epochs using a batch size of 1024 and the Adam with a constant learning rate
of 0.001 and 51, B2 = (0.9,0.99) [62]]. The training process takes in total of 4 hours.

Numerical Results

In this section, we first present the imitation learning results of the RAID-Net. Secondly, we
compare the performance of our proposed HMPC policy [2] to the full MPC policy (N =
14, At = 0.2 s for both policies) across 100 randomly generated scenarios in numerical simulations
2 During the evaluation, the optimization problems are formulated in CasADi, and the MPC
SOCPs are solved using Gurobi [34].

2Training and experiments were run on a computer with a Intel i99-9900K CPU, 32 GB RAM, and a RTX 2080 Ti
GPU.
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Figure 4.6: RAID-Net evaluation results on a test dataset: (a) histogram of the normalized loss value of
RAID-Net versus MLP neural network, (b) normalized confusion matrix of RAID-Net

RAID-Net Evaluation

The trained RAID-Net model was evaluated on the test dataset. We compare the normalized loss
statistics of RAID-Net with those of an MLP NN (7MP) trained with the same configuration as
RAID-Net, using the following parameters: 6 layers of 128 hidden units, as shown in Fig. 4.6. We
report the normalized confusion matrix of RAID-Net in Fig. 4.6b. The RAID-Net model adeptly
captures intricate interactions between the AV and TVs, surpassing the capabilities of an MLP NN.
Further, the RAID-Net model achieved a recall of 0.94 and a precision of 0.44—in other words,
it correctly predicts an interactive constraint 44% of the time. RAID-Net training is configured
to trade off precision for high recall, since false-positive classifications are not critical to safety.
Evaluated on the test dataset, it correctly predicts 98.1% of the total interactive duals (Class 1) with
a low 0.056 false negative rate. This performance showcases the proposed architecture’s effective-
ness in capturing complex interactions between the EV and TVs with multi-modal predictions.
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Table 4.2: Performance metrics across all policies for Sec.
[ Performance metric [ FulMPC@ET) [ HMPC@) ]
Feasibility (%) 98.97 99.79
Collision (%) 0 4.0
Avg. Constraints Enforced (%) 100 17.45
Avg. Solve Time (s) 0.92 +0.18 0.063 +0.073
Avg. RAID-Net Query Time (s) — 0.013 +£0.003
Avg. Total Computation Time (s) 0.92 4+ 0.18 0.076 +0.076
Avg. normalized task completion time 1 0.91
w.r.t. Full MPC )

Policy Comparison

The performance metrics over 100 runs are recorded in Table We record % of time steps
where MPC infeasibility and collision with a target vehicle were detected, along with average % of
constraints that were imposed in the MPC. Furthermore, average times for solving and
as well as the average times for querying the RAID-Net. Finally, the average task completion
(reaching the target node) time for HMPC normalized by that of the full MPC is reported. The
HMPC algorithm imposes only the collision avoidance constraints corresponding to the yellow
multi-modal prediction of the target vehicle. A video demonstrating the HMPC algorithm in
multiple scenarios can be found here: https://youtu.be/-pRiOnPb9_cl

Discussion

On average, the solve time, including the RAID-Net query time for the HMPC algorithm, is 12
times faster than that of the full MPC as highlighted in the 6-th row of Table 4.2 This significant
acceleration in solving time is attributed to the reduced number of constraints using our proposed
algorithm. The HMPC algorithm enables real-time applications at frequencies > 10H z by pre-
dicting interactions and selectively imposing only safety-critical multi-modal collision avoidance
constraints with multiple target vehicles, which is not feasible in real-time otherwise. Addition-
ally, HMPC algorithm had slightly higher average feasibility % which is also attributed to impos-
ing fewer constraints. Considering that only 1.52% of the total constraints were active in the test
dataset, a prediction of 17.45% for active constraints is a conservative estimation that was deliber-
ately achieved for safety. The HMPC algorithm achieved a 0.91 normalized task completion time,
indicating a 9% faster task completion compared to control with the full MPC. The HMPC-AV
completes the task faster as it is optimistic, imposing fewer constraints, while the full MPC-AV
exhibits a more conservative behavior.

Out of 100 runs, the AV collided with a TV four times with HMPC compared to zero collisions
with full MPC. This resulted from false negative classifications of dual variables, leading HMPC
to screen out incorrect constraints.

The results highlight the advantages of screening inactive constraints from the MPC formu-
lation for motion planning in highly interactive traffic scenarios to accelerate the computation of
MPC. Numerical simulations revealed that, in practice, very few constraints are active in MPC for-
mulation for motion planning with multi-modal collision avoidance constraints. With the proposed
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RAID-Net architecture, the model can predict which TVs, and which modes along the prediction
horizon interact with the AV given the graph encoding of the scene. By imposing only the relevant,
interactive constraints, we achieve over 12 times improvement in solution time while ensuring
safety with a high probability.

4.6 Chapter Summary

We proposed a hierarchical approach for scalable real-time MPC for complex, multi-modal traffic
scenarios, consisting of 1) RAID-Net, an attention-based RNN architecture that predicts feasible
duals of the MPC problem for identifying relevant AV-target vehicle interactions along the MPC
horizon using a sensitivity-based criterion, and 2) a reduced SMPC problem that eliminates irrel-
evant collision avoidance constraints for computational efficiency. Our approach achieves a 12x
speed-up in MPC solve times at a simulated traffic intersection. Current drawbacks are the lack
of guarantees on the screened collision avoidance constraints and generalizability of RAID-Net to
other intersection topologies. We aim to remedy these concerns by further exploiting the duality
and convexity properties of in Chapter 5.

4.7 Appendix

Constraint Tightening for Reducing Multi-modal State-Input constraints

First, we enforce O(N M V') joint chance constraints

-1 i i i 1
P 7’)’ < Kk|t,j(0k|t,j - E[0k|t,j]) < V’Y} >1-p (4.18)

for some 3 < € and reactive control authority v € R™ within input constraints. Define the
tightened state-input constraints XUy, = {(z, u)|Ffz + Fu < fx} where

k k
fe=fr— max F} E | |AvBlz1—|—F,yzk
<z <y
I=t,..k I=t v=l

which can be computed in closed-form using the dual norm[9, Chapter 1]. Let the nominal pre-
dicted state for time p be Z,; = Hﬁ:t Ay + >0, 115, AuBihy. The quantity fj, ensures that if

(Zjes Popt) € XU and _ny < Kli|t,j(0§c|t,j — E[Oi;\t,j]) < v then (Zyjtm, Uk,m) € XUy, for any

m € I¥ " Then we replace the exponentially many probabilistic state-input constraints in (#.4)
using:

-1 i i i 1
P Vs K1 Okje; — Elogy ;1) < v = 1-8,
P{(Zgy1o hape) ¢ XU < e— B, Ve e N i eIV, j e I} (4.19)

:>IP>((:E,€+1|t7m, uk|t7m) g XUx)<e,Vm € ]I{V‘[V, ke ]IiJrN. (4.20)
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Thus, the O(NMV) state-input constraints (4.19) can be enforced to inner-approximate the
O(NMYV) state-input constraints in (#.20).
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Chapter 5

Learning-Guided Scalable MPC using
Convex Duality-based Criterion: Safe
Variable and Constraint Reduction

Chapter 4 demonstrates that duality-based screening can dramatically reduce computation, but
provides no formal guarantee that removed constraints remain satisfied. This chapter addresses
that limitation, completing the duality-based screening framework introduced in Chapter 1 with
certifiable safety guarantees. We present SHIELD, a hierarchical algorithm that reduces both the
decision-variable dimension and the constraint set in /;-regularized convex programs. From strong
convexity and Lagrangian duality, we derive certificates that safely discard constraints and decision
variables while guaranteeing that all removed constraints remain satisfied and all removed variables
are null. To further accelerate the proposed algorithm, we propose a transformer-based deep neural
network to guide the dual certificate inference. We validate SHIELD on stochastic model predictive
control (SMPC) in complex, multi-modal traffic scenarios, comparing against a full-dimensional
SMPC policy. Numerical simulations demonstrate order-of-magnitude computational speedups
while preserving feasibility and closed-loop safety, highlighting the practicality of certifiably safe,
lightweight MPC in complex driving scenarios.

5.1 Introduction

Deep learning and other data-driven techniques have grown rapidly in modern control, with broad
adoption in robotics, power systems, chemical processes, and manufacturing. Learning is com-
monly used for model identification, uncertainty quantification, controller performance improve-
ment, and accelerating online control computation. This last direction has become particularly
active in optimization-based control, especially Model Predictive Control (MPC). At each control
step, MPC solves a constrained optimization problem to compute the next input while accounting
for dynamics, physical limits, and safety margins. However, this repeated optimization must run at
real-time rates—often milliseconds—which becomes challenging as problem complexity grows,
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Safe Hierarchical InferencE for Lightweight Duality-screened MPC\
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Figure 5.1: An illustration of the Safe Hierarchical Inference for Lightweight Duality-Screened
MPC (SHIELD). The controlled robot (black) applies the SHIELD algorithm to infer about which
constraints and decision variables are safe to ignore for computationally lightweight model predic-
tive control.

e.g., longer horizons, richer models, and hundreds of inequality constraints. In dynamic, uncertain
environments, such computational latency can directly degrade performance or compromise safety.

Recent supervised-learning frameworks address this computational bottleneck via the “learn-
ing to optimize” paradigm [82, 3], embedding neural priors into solver pipelines to achieve runtime
gains, particularly in large-scale or embedded control systems. These methods exploit structure in
MPC solutions and have been studied for convex and mixed-integer convex problems. Broadly,
they fall into two approaches trading off speed and optimality. The first learns warm-starts, pre-
dicting initial guesses to reduce solver iterations [86, 20, 66]]. The second predicts complete or
partial solutions, learning mappings from problem parameters to optimizers [[101} 80, |18, [19].
Warm-starting is typically more robust to mispredictions and preserves certifiable optimality by
solving the full problem; however, in time-varying settings it is difficult to predict warm-starts that
consistently reduce iterations. Solution-prediction methods can be fast (via direct prediction or
reduced online solves after eliminating variables/constraints), and recent work quantifies subopti-
mality [[101} 80]; nevertheless, mispredictions can cause suboptimality or infeasibility. We there-
fore target a robust approach for accelerating real-time convex MPC with time-varying constraints,
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variables, and cost, as in multi-robot coordination, energy-aware fleet control, and autonomous
driving.

Building on Chapter 4 and [48], we propose a hierarchical learning-based approach for scal-
able constrained optimal control in dynamic scenarios. Our approach has two components: (i) an
attention-based deep neural network (DNN), trained on time-varying data, that predicts marginally
important variables and constraints for optimal control at run-time; and (i1) a Lagrange duality-
based safety screen that certifies whether inferred variables/constraints can be safely eliminated
without violating original constraints. By marginally important, we mean variables/constraints
whose presence or absence does not affect the optimal planned trajectory.

The result is a lightweight optimal control problem with fewer decision variables and con-
straints, enabling fast run-time solves. Rather than relying on a priori statistical guarantees for
the neural network, we use the duality-based certification algorithm online to maintain robustness
under train-to-test distribution shift in time-varying scenarios.

Sec. [5.2] formulates a generic time-varying convex optimal control problem. Sec.[5.3]|presents
our Safe Hierarchical InferencE for Lightweight, Duality-screened (SHIELD) MPC algorithm for
safe computational acceleration, and Sec. demonstrates its effectiveness in multi-modal traffic
MPC.

5.2 Problem Formulation

We consider a convex, finite-horizon optimal control problem that must be solved at a high rate to
enable real-time robot control. In a standard MPC setup, at each time step ¢, the robot solves the
following optimization problem:

min 7 (%, ;) (5.1a)
Xt,Ut
st fl(xg,u) <0, Viell (5.1b)

Ri(x,u) =0, Viell (5.1c)

to compute feedback policy m;(z;) = ut*‘ +» where 3, € R"* and uy, € R™ are state and input at
prediction step k from time ¢. Let x; and ut stack states and inputs over horizon N, and denote
ki,..., ko by Ik *2. We assume f? is strongly convex in (x,u). Functions f in are convex
inequality constraints, and h! in encode linear dynamics and initial conditions. has m
inequality and p equality constraints.

Computing 7,(-) by solving (5.I) at high rate becomes challenging at large problem scales,
even on modern CPUs. In heterogeneous multi-agent, multi-modal settings, constraints can grow
combinatorially with the number of modes and surrounding agents, leading to prohibitive solve
times [48, 73|]. Likewise, centralized (and some distributed) optimization-based multi-robot con-
trollers scale poorly with the number of robots [37, 53, 59]. When constraints and decision vari-
ables grow superlinearly with horizon, agents, or scenario complexity, even fast solvers may not
deliver low-latency control.

Our objective is to accelerate computation of 7;(-) in real-time while certifying safety, i.e., sat-
isfaction of the original constraints in (3.1]). Using certifiable screening, we solve a reduced convex
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program that provides a feasible solution to the original problem by construction. Certifiability is
defined as preserving feasibility of the original convex program (5.1)).

5.3 Safe Duality-screened Lightweight Optimal Control

/1 Regularized Optimization Problem

Without loss of generality, we adopt an affine control policy, uy; = e, (l‘k‘h zt) , where ug
is the control at prediction step k given information at time ¢, x, is the predicted state, and 2,
collects environment parameters (e.g., obstacle states). We optimize over the policy parameters
0,. Such parameterizations are standard in MPC; in uncertain multi-modal settings they combine
state feedback with affine disturbance feedback (ADF), improving feasibility and reducing conser-
vatism [73]. For open-loop input-sequence optimization, the feedback parameters are zero and 6;
is the open-loop sequence.

Let the decision variable 6, collect the control policy parameters across the prediction horizon.
We add N additional equality constraints for u; = 7, (xk|t, zt) to h! represented by and
add [, regularization to the cost function:

imi/_n‘9 F2(xe,uz) + A||S6|1 (5.2a)
x3,u,0¢
st. fi(xy,wy) <0, Vielp© (5.2b)
filxs,ug) <0, Viel§ (5.2¢)
hi(x¢,u) =0, VielP™V (5.2d)

where S is a user-defined selection matrix to choose which control policy parameters to sparsify.
The [, penalty promotes sparsity in the decision variables and feature selection, which enables
optimization over decision variables in control-task importance [17]. We partition (5.Ib) into
() fi, immutable—always enforced (physical limits, non-negotiable safety: actuator/state lim-
its; friction/flight envelopes; traffic rules/road bounds) and (ii) fti, screenable—relevant only when
near-active (collision avoidance with distant agents/obstacles; keep-out/no-fly regions irrelevant
to current path). For instance, constraint fg < 0(x¢, uy) can be screened out (i.e. removed from
optimization problem solved at time ¢) if a strict margin ff(xt, ;) < 0 for 7 at the optimal solution
is certified.

This provides an opportunity to reduce the ¢ constraints where the number of inequality con-
straints m > ¢ > 1 limits the fast computation of (5.2).

For a linear system, given the initial condition on z;, and the affine control policy parameteri-
zation 7y, and composing the functions with the affine map 6, — (x,(0;), u;(8;)), we can rewrite
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(5.2) as follows via recursive substitution:

min ACHEPEUAN (5.32)

t

st. fi(@,) <0, Vielp (5.3b)
fi(6) <—¢, Viels (5.3¢)
hi(0;) =0, Viell, (5.3d)

where ¢ > 0 is a safety-margin that we desire on constraint satisfaction. We tighten the screenable
constraints to enable a design of screening condition that guarantees at most ¢ violation of the
tightened constraint, ensuring f/(0,) < 0.

Assumption 1. f2(0;) € C*(R") is o-strongly convex w.r.t. 0, and has G-Lipschitz continuous
gradient.

Problem (5.3) after the epigraph reformulation is

min 2(0,)+ 175 (5.4a)

tyS

st. fi(0) <0, Viel (5.4b)
fi0) < —¢, Viel; (5.4¢)
hi(0,) =0, Viel} (5.4d)
S50, —s<0,-560, —s<0,s > 0. (5.4e)

Let the dual variables p;, 7;, Vi, g1, g2, correspond to ff, fi he, and (5.4€), respectively. Let
= 2+ > wi(fi +¢) + S mifi + 3 v;hi. The dual problem is given by

' —inf{®(0;; p,m,v) + (STg)" 6 55
NZOWZI(’)I};IﬁQHOOSA lgt{ (01 p,m,v) + (S g) 01} (5.5)

For well-defined convex optimization problems, ¢ can be computed explicitly. For example, if
f? is quadratic and f/, f!, hi are affine in 8, and (5.3)) becomes a quadratic program.
The optimal dual solutions (0}, u*, n*, v*, g*) are given by the KKT conditions:

0€af(67) + Y wiofi(67) + Y niofi(6;) (5.6)

+ 3o vioni6]) + ST " € 20167l

Z(O;) .,y >0, Vzeﬂﬁf,hz(e*)—o VZG]Ip
107) <0, mf >0, Vie I, [|g"]loo < A
:(fé(e*> +¢) =0, Viel§, n fi(0) =0, Vi Ip°
~1867 = \||S6; |

Observe from the last two equations that
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1. If ¥ = 0, then f/(6}) < —¢ and this constraint can be removed from (5.3)),

2. If ||gf|]oo < A, then [SO7]; = 0 and the variables corresponding to it can be removed from

(5.4).

where g; is the dual variable corresponding to the i-th components of the ¢; regularization term
and [S67]; denotes the i-th component of S@}. As small nonzeros from tolerances/degeneracy
make a hard zero-test brittle, we seek for more robust and useful constraint screening condition.

Constraint Screening Condition

We utilize perturbation/sensitivity analysis of convex programs to derive constraint-removal con-
ditions. Suppose we obtain solution 6, after removing constraint ft’ The violation of constraint
fti, denoted d;, is analogous to constraint perturbations in [13]]. Let p;(J;) be the objective value of
(5.15) at 6,, and p,(0) the optimal value of original problem (5.4).

Assumption 2. Strong duality holds for under Slater’s condition [|13].
By the global sensitivity result in [13, Ch. 5],
pe(0) — pe(d:) < diptf, (5.7
which quantifies how the optimal value changes when relaxing/removing constraint .
Assumption 3. Each constraint fi(-) is L;-Lipschitz.

Even if the reduced convex program (5.13) obtained by removing f/(-) yields a solution that is
infeasible for the tightened problem (5.4)), it remains within the safety margin ¢ and satisfies the
original constraints (3.2c]), as formalized below.

Proposition 1. Let Assumptions hold and the solution to (5.2) 0] be strictly feasible with
margin ¢ > min;{—f{(07)} > 0 for all i. Denote f{ = (5.4d) and define

a .(()2
Eerit := — min|(—) .
crit 2 i\,

Then, any 6, with | f{(8;) — f7(07)| < €ais is feasible for the original constraints (5.20), i.e.,
f1(8,) < 0foralli.

Proof. Let |f2(0;) — f2(07)| < ¢ and by g-strong convexity,
* g * * €
£(0:) — £(67) > 5 16— 017 = (16— 67l < |/
Since ft’ is L;-Lipschitz,

fi(8:) < Fi(07) + Lill0: — 07| < —C+ Liy/2 <0.

Thus, ff(@t) < 0 holds whenever € < %Lz and enforcing this for all 7 gives € < €., which proves
feasibility. Z O
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Corollary 1. From Proposition[l|and (5.]), we set &; to ¢ and get [p,(0) — py(¢)| < C||pf||2 where
the solution to the (-perturbed primal is 0. Thus, if ||u}||2 < €/ (i.e., perturbation is  and the
a¢? 1

2

change in the optimal cost is bounded by €) and € < =-min; 73, then the i-th constraint can be

safely removed and the original constraint ff(ét) < 0 is satisfied.

Because the derived screening conditions in Sec. apply to optimal duals, we generalize
the inequalities and Cor. [I] to any feasible dual via a dual optimality-gap bound, enabling certifi-
able safe screening with an approximate dual computed from DNN class predictions and a linear
equation solve.

Duality-based Safe Screening Certification

We derive certifiably safe screening conditions for constraints and decision variables in (5.4) by
leveraging strong convexity of the primal and strong duality.

Proposition 2. Under Assumption I} the dual objective d(j1,n,v, g) in (5.5) is p-smooth and p-
strongly convex over the feasible set ) ﬂ

In the quadratic-program case where the primal cost [ has Hessian Q; = 0, the dual Hessian
is Q, L and
p= AmaX(Qt_l)7 L= )‘min(Qt_l)'

For brevity, we stack the dual variables as y == [u, 7, v, g].

Definition 1. The projected gradient for the dual is
Vid(y) =y — [y - Vd(y)ly, Vy € Y

where Y is the dual feasible set, which is nonempty, closed, and convex from (5.5)). The [x]y is a
convex projection operator.

The gradient of the dual cost can be computed explicitly offline and may be a parametric
function, which can be quickly evaluated online. Note, at the optimal dual solution y*, Vid(y*) =
0 [93]. Then, the following inequality estimates the distance of a feasible dual y from optimality
[93]:

1+p

ly — y*[l2 < IVTd(y)|]a- (5.8)

Since Vd(y*) = 0, the bound is tight. Define

1+p
gap(p,m, v, g) = TpIIVTd(M,n, v, 9)||2. (5.9)

'We use the minimization form of the dual in (5.3)) (i.e., the negative of the standard concave dual), hence convex-
ity.
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Theorem 1. Given a feasible dual solution (1,1, v, g) to (5.5)),

1 If ||l + gap(p,n,v,9) < €/C and € < %szin,- &L, then fi can be safely removed from
4. Z

2. If ||gilloo + gap(p,m,v,g) < A, then the variables [S6,]; comprising the policy parameters
are zero and thus can be safely removed from (5.4)).

Proof. Statement (1) follows from Corollary [I}

i ll2 < [lpille + ey — pill2
< |\pill2 + gap(p,m, v, 9) < €/

and if %&mini L%z, then f/ can be safely removed. If € < ||gi||co + gap(p,7n,v,g) < A some

1€ I[|1$0t\’ then we have

197 oo < lgilloo + 1197 — gill2
< gilloo + gap(pe,m,v,9) < A

and consequently, the variables [S6,]; = 0 from (5.6)) and can be safely removed from (5.4). [

SHIELD Algorithm

SHIELD (Safe Hierarchical Inference for Lightweight Duality-screened MPC) is a two-stage algo-
rithm that accelerates the solution of (5.4)) by safely eliminating inactive constraints and decision
variables at each time step. The first stage estimates a feasible dual solution via a neural-network
classifier followed by a reduced unconstrained dual solve and projection. The second stage applies
the safe screening theorem (Theorem|[I)) using the dual optimality-gap bound to certify which
primal variables and constraints can be pruned, and solves the resulting reduced problem (5.15).
The full procedure is summarized in Algorithm 3]

Feasible Dual Solution Estimation

Given any feasible dual solution (/i,7), 7, §), we apply Theorem |1| to safely eliminate variables
and constraints using the dual optimality-gap upper bound in (5.9). When (5.4) is large, directly
solving the dual (5.3) can be expensive; instead, we minimize the unconstrained dual objective and
project the minimizer onto the convex dual-feasible set of (5.5)) to obtain a feasible dual estimate.
We then use (5.9) together with Theorem [I] to certify when this estimate is reliable enough to
prune variables and constraints. Even this unconstrained solve can be costly at scale (Sec. [5.4).
To further accelerate, we use a neural-network classifier to preselect a subset of dual variables,
yielding a reduced-dimensional dual problem.

The dual classifier 7§**(z,), specific to a choice of ¢, predicts the dual class (f, §) from features
z; encoding the environment and parameters of (5.4)). The feature design, architecture, and training
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procedure are problem-dependent. The resulting class vector categorizes the :-th dual as follows:
>0, pi=1, A gi=1,
o o = 5.10

Using the classifier outputs, we reduce the dual by selecting only /i; = 1 and g; = 0 entries. Let
S, and S| be the corresponding selection matrices; the reduced variables are

p =S u, (5.11a)
g =59 (5.11b)

After solving the reduced unconstrained dual for (u", n, v, g"), we lift (1", g") to full dimension
by inserting zeros at indices ¢ with fi; = 0 and \ at indices with g; = 1, consistent with (5.10).
Finally, we project the full augmented solution onto the convex, closed dual-feasible set to obtain

(1, 0,7, 9).
Reduced /; Regularized Convex Optimization

Given the feasible dual estimate (1,7, 7, §) and dual class predictions (/i, ), we apply Theorem
to safely prune variables and constraints. Let ny := dim(6,) and

T ={icl}||gilloc + gap(t,7,7,9) < AA g = 0}, (5.12)

which is the index set of variables satisfying the screening condition in Theorem |}
Let r := |Z|. We write 8, = S70; and 68, = E70, where

1, 1=Z(k

(Sohi=14 " (.)’ St € {0, 1}, (5.13)

0, otherwise,

and the embedding matrix
Er = 8] € {0, 1}, (5.14)
The reduced optimization over 8, € R” is

min FL(Ez6,) + \|SEz0:|1 (5.15a)
st. fi(Erf;) <0, Viell (5.15b)
fi(FE0,) < —¢, Viek (5.15¢)
hi(Er0,) =0, Vicl, (5.15d)

where the reduced optimization problem includes only the relevant decision variables and con-
straints denoted by Z and

K ={ielf||wlz+gap(ir,n,0,§) <€/ A fi; = 0}. (5.16)
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Algorithm 3 SHIELD: Safe Hierarchical Inference for Lightweight Duality-screened MPC

Require: (3.4), (3.5), and 7", ¢, C.

t (f1,§) <= TS (zy) [Dual Classification]

Construct S}, and S using (5.10) [Selection Matrix]

(1", g") < (S,p, Syg) using [Dual Sparsification]

Solve the unconstrained version of (5.3) in (u",n, v, ¢") and lift (1", g") to full dimension via
(5.11) [Linear Eq. Solve]

(/la n,v, f]) — [(Nv nv, g)]#ZQ n20, |lgllce<A [Projection]

I« (B.12), K < (5.16), £z < (5.14)
Formulate (5.15) using Ez, K, and (5.4) [Reduced Problem]
Output: 87 < Solve (5.15)

Rl

5.4 Numerical Example: Stochastic MPC with Multi-modal
Predictions

In this section, we implement Algorithm [3|to accelerate a convex SMPC reformulation with multi-
modal, uncertain predictions of surrounding vehicles. As the numbers of modes (1/) and vehicles
(V) increase, constraints and decision variables scale combinatorially [73, 48]. We use N = 14,
M =2,V = 3, and At = 0.1s, yielding 312 collision-avoidance constraints and 234 decision
variables, challenging high-frequency computation. In simulation, we compare two policies with
the same parameters: (i) Full MPC—solving the original convex program (5.4)); and (ii) Reduced
MPC—solving the screened/reduced program (5.13). We implement and evaluate our policies in
the nuPlan simulator [35]].

Multi-modal Trajectory Prediction Model

The open-source implementation of Wayformer [75], an attention-based multi-modal trajectory
prediction model proposed by Waymo, was trained using the nuPlan Mini v1.2 dataset [|35]] using
the UniTraj framework [29].

/1 Regularized Convex MPC Formulation

We add the ¢, regularization term to the second-order cone program (SOCP) from [48, Eq. (6)] to
promote decision variable sparsity and enable screening. Given the multi-modal prediction of V'
vehicles, the resulting SOCP over 6, is
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1 T i
min 11013 +C 0+ A > ISiubilh

N .
kel 1y, iely

" 5.17)
st A0+ R € K:= (® Ks) X Kpu
s=1

where A;, R;, Q;, C; denote the prediction models and constraints; S,i‘ . 1s the selection matrix that
collects the affine disturbance feedback gain terms in ; [73]. n. = O(N -V - MV), Q; = 0. The
K, (for all s € I}¢) are cones associated with collision-avoidance (screenable) constraints, while
K., is the cone for all state—input (immutable) constraints. See [48] for further details. The dual

SOCP of (5.17) is

t+N V

- H i i\ I
%HQt 1(“4: [nt] —G=A ) ZSkugku)Hz +R/ [nt] (5.18)

t k=t+1 =1 t

min E19
IJzt,T]t,{gZ:‘t}
s.t. 120 S ®K:7 un € K?;iu (519)
s=1

I9elloo < A VR € TEY i € 1Y .

Dual Classifier: Training Data Collection

We use nuPlan [35]] to simulate traffic scenarios and collect training data as follows: First, given
the scene encoding of road agent history, traffic lights, and a vectorized map, Wayformer [75]] fore-
casts the multi-modal trajectory of surrounding agents. Then, we formulate in CasADi [2],
replacing K, with ¢-tightened cones (¢ = 0.5) and solve using Gurobi [34]]. The feature is
2, = {0} —xPV}"  where o] denotes the i-th vehicle’s multi-modal predictions (top A/ modes
over horizon N) and x”V is the ego planned trajectory. At each time ¢, we log features z, together
with the optimal dual variables, and convert them into class labels (i}, §;). We collect over 33,000
(features, labels) pairs across 300 scenarios from the nuPlan Mini v1.2 dataset [35]], and split the
data 85 / 15% for training and evaluation, respectively.

Dual Classifier: Architecture Design

The classifier uses a Transformer-style [91]], decoder-only architecture without positional encod-
ings to preserve permutation equivariance to vehicle ordering. Input features z; are linearly embed-
ded and processed by multi-head attention blocks with layer normalization, residual connections,
and feedforward layers capture inter-vehicle interactions. Decoder is unrolled for /V steps to pro-
duce class-1 probabilities (as in RAID-Net [48]), modeling temporal dependencies via recurrence.
Training uses weighted binary cross-entropy with AdamW [62]] optimizer and cosine-annealing
schedule [48]].
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Figure 5.2: Per-sample normalized binary cross-entropy (top) and normalized confusion matrix

(bottom) for the (u, g)-dual classification, evaluated on the evaluation data split. We compare our
classifier 7¢** with an MLP 7" and RAID-Net W?AIDN [48].

Numerical Results

Classifier Evaluation

We evaluate on the evaluation split, comparing normalized BCE of 7¢!%55¢ (1.1M) against an MLP
aMIP ¢ (1.4M) and RAID-Net 7RAIPN¢ (4.6M) in Fig. 7°255¢ attains lowest normalized BCE.
Its confusion matrix (Fig.[5.2) shows recall 0.99, precision 0.97, and accuracy 0.96, indicating few
false negatives and improved interaction modeling over baselines under multi-modal predictions.

Closed-loop Simulation

In nuPlan [35], we evaluate Full MPC (5.17) (not ( tightened) and Reduced MPC (Alg. E[) with
e = 0.01, a conservative underestimate of €. in Proposition m We run 25,000 solves across
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Figure 5.3: Distributions of total computation times for Full MPC (5.17) and Reduced MPC
(Alg.[3)) over 25,000 nuPlan steps (SMPC with multi-modal prediction). Shaded bands show +10.
The circled region contains outliers for Reduced MPC computation time (~ 6% of total count).

150+ traffic scenarios (e.g., lane merges, unprotected left turns). Table [5.1] reports feasibility,
collision rate, average fraction of constraints enforced (constraint keep-rate in Reduced MPC), and
average fraction of ADF gains kept. We also report solve times and auxiliary runtimes: classifier
inference, CasADi parametric calls (dual construction/solve), optimal-dual estimation, and duality-
gap computation in SHIELD. These auxiliaries are not yet optimized and can be reduced further.
All MPC formulations evaluated in this chapter, both the full and reduced problems, are warm-
started using the shifted solution from the previous time step. The computational gains reported
therefore reflect the benefit of constraint and variable screening beyond what warm-starting alone
provides: the full MPC baseline already benefits from warm-starting, yet its solve times remain
substantially higher than the screened formulation, confirming that the bottleneck is problem size
rather than initialization quality.

As summarized in Table[5.1] both policies remained feasible and incurred zero collisions. Un-
der the proposed method, the Reduced MPC enforced 6.80% of collision-avoidance constraints on
average while retaining 3.19% of the ADF gains. Average solve time decreased to 0.498 + 3.33 s
for the Reduced MPC, compared to 19.53 + 6.24 s for the Full MPC. The large variance is driven
by rare outliers (~ 6%) where the dual estimate prevents screening and the solve reverts to near-
full size, which may happen when the RAID-Net predictions are inaccurate. In a small fraction of
time steps, the screening procedure removes few or no constraints, resulting in solve times com-
parable to the full MPC. These cases arise primarily when the ego vehicle is in close proximity to
multiple interacting agents simultaneously, such that many scenario-indexed collision avoidance
constraints are simultaneously active or near-active. In such configurations, the dual gap bound
is insufficiently tight to certify inactivity, because the true optimal dual variables associated with
these constraints are large. Geometrically, these correspond to states where the ego vehicle’s fea-
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Table 5.1: Closed-loop Simulation Results

Full MPC  Reduced MPC

Performance Metric &5T7) Alg.
Feasibility (%) 100 100
Collision (%) 0 0

Avg. Constraints Enforced (%) 100 6.80 +16.44
Avg. ADF Gain Kept (%) 100 3.19+13.81
Avg. Solve Time (Gurobi) [s] 19.53 + 6.24 10.498 + 3.33
Avg. CasADi Func. Calls [s] — 0.0345 £ 0.0159
Avg. Classifier Query Time [s] — 0.0049 + 0.0031
Avg. Dual Approx. Time [s] — 0.0083 £+ 0.0041

Avg. Total Computation Time [s] 19.53 £ 6.24 *0.554 £ 3.33

T Total solve time excluding outliers: 0.109 £ 0.01 s.
* Total computation time excluding outliers: 0.164 4 0.0151 s.

sible set is tightly constrained from multiple directions — precisely the situations where constraint
reduction is least available regardless of method. Notably, these outlier steps do not compro-
mise safety: when screening is inconclusive, the method defaults to solving the full problem, so
the worst-case behavior is equivalent to standard MPC. The computational overhead of the failed
screening attempt (dual estimation and screening test) is small relative to the QP solve, so the cost
of conservatism in these cases is marginal.

Excluding outliers, the Reduced MPC achieves 0.109 + 0.01 s; including auxiliary overhead
(Fig.[5.3), it is 35 faster overall and 119x faster without outliers.

Furthermore, the dual-approximation time (i.e., solving the unconstrained dual problem) us-
ing (5.11)) with classifier-selected variables is 0.0083 £ 0.0041 s, compared to 0.0182 £ 0.0087s
for the full-dimensional unconstrained dual solve without the classifier. This speedup is criti-
cal for real-time control and highlights the benefit of data-driven dimension reduction for high-
dimensional dual approximation.

Fig. [5.4]illustrates the constraint screening and ADF gain reduction in two real-world nuPlan
scenarios: (a) an unprotected left turn and (b) a lane merge. In both cases, the left column shows the
Reduced MPC solution and the right column shows the Full MPC solution, with colored circles
indicating the screening status of each predicted mode for each target vehicle. In scenario (a),
the AV must navigate an unprotected left turn in the presence of oncoming traffic. The Reduced
MPC retains only the collision avoidance constraints corresponding to the modes that are active
in the Full MPC solution, indicated by the red and yellow circles. The light blue circles denote
screened-out modes whose constraints and ADF gains are deemed inactive, confirming that the
screening criterion correctly identifies the safety-relevant subset of the multi-modal predictions
without discarding any constraints that would affect the AV’s planned trajectory.

In scenario (b), the AV must merge into an adjacent lane occupied by multiple target vehicles
traveling at highway speeds. The conflict zone spans a larger spatial region, and multiple target
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Figure 5.4: Two sampled real-world scenarios from nuPlan controlled by the Reduced MPC (left)
and the Full MPC (right): (a) unprotected left turn, and (b) lane merge. Colored circles denote
multi-modal predictions from a Wayformer model [75]], with screening status indicated by color:
red (CA: On, ADF: On), yellow (CA: On, ADF: Off), teal (CA: Off, ADF: On), and light blue
(CA: Off, ADF: Off). Red dashed outlines mark the target vehicles for which collision avoidance
constraints are retained in the Reduced MPC.

vehicles contribute active constraints. The Reduced MPC retains a subset of the Full MPC active
constraint set, including the entry and exit timing constraints that govern when the AV commits
to and completes the merge. These boundary constraints largely determine the yield behavior and
gap acceptance decision, such that the Reduced MPC closely reproduces the Full MPC closed-loop
trajectory while operating on a significantly smaller constraint set. In both scenarios, the screen-
ing procedure preserves the safety-critical constraints and ADF gains while eliminating redundant
decision variables, reducing computational load without degrading closed-loop performance. To
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further quantify the closed-loop similarity between the Reduced MPC and Full MPC, we compute
the Average Displacement Error (ADE) and Final Displacement Error (FDE) between their respec-
tive planned trajectories. In scenario (a), the Reduced MPC achieves an ADE of 0.15m and FDE
of 0.88 m, while in scenario (b) the trajectories are nearly identical, with an ADE of 0.006 m and
FDE of 0.018 m. These results confirm that despite retaining only 6.80% of the collision avoid-
ance constraints and 3.19% of the ADF gains on average, the Reduced MPC closely replicates the
Full MPC closed-loop behavior at 35x lower computation time. Code and videos are available at:
https://github.com/MPC-Berkeley/SHIELD_mpcC.

5.5 Chapter Summary

We proposed a safe hierarchical inference framework for lightweight duality-based screening that
provably reduces the decision dimension and constraint set of an ¢;-regularized convex program,
enabling high-rate computation with (-tightening. Leveraging strong convexity and Lagrangian
duality, we derived certification conditions to satisfy the original constraints while removing irrel-
evant constraints and variables. We validated the approach on stochastic MPC with multi-modal
predictions in complex, interactive traffic scenarios. The safe screening certificates derived in this
work rely on strong convexity of the objective, Lipschitz continuity of the gradient, and Slater’s
constraint qualification. These assumptions hold for the quadratic-cost, linearly-constrained MPC
formulations considered in our experiments and are satisfied by a broad class of practical MPC
problems that use linearized dynamics and polytopic constraint sets. However, they exclude non-
convex formulations arising from nonlinear vehicle dynamics, non-convex collision geometry, or
mixed-integer decision variables such as pass/stop maneuver selection. Extending the certification
framework to these settings is nontrivial: without strong duality, the gap bound in Theorem [I|does
not hold, and the screening test may produce false negatives (failing to screen) or, more critically,
could not be applied at all without alternative bounding mechanisms. Possible avenues include ap-
plying screening after convexification within a sequential convex programming loop, or deriving
relaxation-based dual bounds for mixed-integer programs, though both directions require substan-
tial theoretical development and are left to future work.
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Chapter 6

Energy-Aware Lane Planning for
Connected Electric Vehicles

This chapter is adapted from a previous publication: Hansung Kim et al. “Energy-Aware Lane
Planning for Connected Electric Vehicles in Urban Traffic: Design and Vehicle-in-the-Loop Vali-
dation”. In: 2025 IEEE 64th Conference on Decision and Control (CDC) (2025), pp. 2132-2137.
URL: https://api.semanticscholar.org/CorpusID:277452507

This chapter addresses the long-horizon planning challenge introduced in Chapter 1: jointly
optimizing speed and lane-change decisions over the extended horizons enabled by vehicle con-
nectivity yields a combinatorially large planning problem that standard MPC cannot solve in real
time. Most eco-driving strategies focus solely on longitudinal speed control within a single lane.
This neglects the significant impact of lateral decisions, such as lane changes, on overall energy
efficiency—especially in environments with traffic signals and heterogeneous traffic flow. To ad-
dress this gap, we propose a novel energy-aware motion planning framework that jointly optimizes
longitudinal speed and lateral lane-change decisions using vehicle-to-infrastructure (V2I) commu-
nication. Our approach estimates long-term energy costs using a graph-based approximation and
solves short-horizon optimal control problems under traffic constraints for real-time edge com-
putation. Using a data-driven energy model calibrated to an actual battery electric vehicle, we
demonstrate with vehicle-in-the-loop experiments that our method reduces total energy consump-
tion by up to 24% compared to a human driver, highlighting the potential of connectivity-enabled
real-time planning for sustainable urban autonomy.

6.1 Introduction

Connected and Automated Vehicles (CAVs) can improve safety, traffic flow, and energy efficiency
by coordinating with traffic signals and nearby vehicles through vehicle-to-infrastructure (V2I)
and vehicle-to-vehicle (V2V) communication [33]]. Eco-driving strategies leveraging Signal Phase
and Timing (SPaT) data from connected traffic lights have demonstrated 11-16% energy savings
[58, [36]], but these methods typically assume fixed-lane driving and optimize only longitudinal
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motion [5, 7, 40]. In practice, lane changes also influence efficiency by avoiding slower vehicles
or aligning with favorable traffic signals [7]. Yet most eco-driving studies overlook this factor,
limiting their applicability to realistic multi-lane scenarios. We extend eco-driving to include lane-
change decisions for energy savings for CAVs. We focus on how connectivity (V2I/V2V) can
help an energy-aware lane selection strategy, extending conventional eco-driving to a multi-lane
context.

In this chapter, we propose a novel motion planning framework that integrates lane-change
decisions with energy-efficient speed optimization, enabled by V2I/V2V communication. Our ap-
proach uses a hierarchical control structure: a high-level decision module selects the most energy-
efficient lane (leveraging SPaT data and V2V traffic information), and a low-level trajectory plan-
ner computes a safe and smooth trajectory to that lane. We validate the proposed system in a
vehicle-in-the-loop (VIL) testing environment, embedding a real CAV into a virtual traffic simula-
tion. This setup provides a real evaluation of energy savings and driving performance with physical
vehicle dynamics and realistic surrounding traffic, bridging the gap between pure simulation and
real-world public road deployment. As with all literature on this topic, the impact of deploying
this technology at scale on global energy improvement is not studied in this work.

RELATED WORKS
Eco-Driving with V2I Connectivity

A large body of research has explored energy-efficient driving using V2I communication, partic-
ularly along signalized corridors. Optimization-based eco-driving controllers have been proposed
to leverage SPaT data over corridors with multiple traffic lights. For example, in [4], the authors
apply Pontryagin’s Minimum Principle to develop an eco-driving controller, demonstrating fuel
savings of up to 36% compared to a human-modeled driver through VIL experiments. In [8]], the
authors design a real-time eco-driving controller formulated as a receding-horizon optimal control
problem and demonstrate its effectiveness through real-world road testing, achieving a 31% energy
reduction at the cost of increased travel time. These works demonstrate that CAVs can significantly
improve efficiency through longitudinal speed planning, when leveraging infrastructure informa-
tion. However, these studies assume a fixed lane. The controllers react to surrounding traffics and
red lights, but do not consider proactive lane changes to avoid deceleration.

Lane Changes in Eco-Driving

Only recently have researchers begun to incorporate lateral maneuvers into eco-driving. In [23],
the authors note that most studies emphasize longitudinal control and neglect lane changes, which
can reduce efficiency when following slower vehicles. To address this, they propose a graph-search
strategy that selects lane sequences based on predicted traffic, though the effect of traffic lights is
not considered. Similarly, [[100] designs an overtaking strategy in which an energy-optimal speed
trajectory is first computed, and a lane change is triggered if a slower vehicle disrupts that plan.
These studies indicate that lane-changing can enhance longitudinal eco-driving, yet their validation
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remains limited to simulation. Few works have demonstrated lane-changing eco-driving in real
vehicles or high-fidelity VIL platforms, aside from our previous work [42].

Contributions

This work’s contributions to energy-efficient motion planning for connected, automated urban driv-
ing are as follows

* Formulation of the lane selection problem in urban environments as a joint behavior planning
task over lateral and longitudinal actions, using SPaT and surrounding traffic information.

* A hybrid lane selection algorithm that combines short-horizon optimal control with a graph-
based approximation of long-term energy costs, supported by a data-driven energy model
calibrated on a Hyundai IONIQS5.

* Vehicle-in-the-loop experiments demonstrating up to 24% motion energy reduction com-
pared to human driving and 7% savings over a lane-keeping eco-driving baseline.

* Highlights the role of eco-driving technologies in electric vehicles, where regenerative brak-
ing diminishes the benefit of traditional stop-and-go minimization. This emphasizes the need
for a refined understanding of energy-optimal driving behavior for electric vehicles.

In summary, this work presents a modular framework for energy-aware lane selection in connected
electric vehicles and provides experimental insights that support its potential for improving en-
ergy efficiency in urban driving scenarios. Understanding average savings on daily commutes is
complex and outside the scope of this work.

6.2 Problem Formulation

In this section, we formulate the problem of energy-efficient lane selection for connected, auto-
mated urban driving. We adopt the hierarchical control architecture introduced in [42]] and focus
on designing an energy-efficient lane selector for battery electric vehicles (BEVs) in urban environ-
ments. The architecture, illustrated in Fig. [6.1] and the corresponding vehicle-in-the-loop (VIL)
setup are detailed in [42]. We assume that a route from point A to point B is given and that the
traffic light cycles are deterministic.

Lane Selection Problem

This paper focuses on a two-lane, one-way road, as illustrated in Fig. although the proposed
methods can be extended to roads with more than two lanes. We assume that the CAV can perfectly
observe surrounding vehicles’ states within a certain radius and, by leveraging V2I connectivity,
can receive SPaT information for the next Ny, traffic lights along its route. The information avail-
able to the lane selector includes the controlled vehicle’s state, denoted as xV (¢) = [s(¢),v(t)]",
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Figure 6.1: Vehicle-in-the-loop control architecture [42]

where s(t) and v(t) are the longitudinal displacement along the centerline of the given route and
the longitudinal velocity, respectively. Additionally, the vehicle’s lane information is encoded as
a categorical variable lane(t) € {0,1}. The surrounding vehicles (SV) within the detection range
are collected into

o(t) = [z'(t), lane' (t)] N5V (6.1)

=1 >

where Ngy is the number of detected SVs. Lastly, the SPaT of the next Ny, upcoming traffic
lights is collected into

SPaT(t) = {si, piy(t), 5, ()}, (6.2)

where s}, € R, pi,(t) € {r,g,y}, t;,(t) € R denote the longitudinal position of the i-th traffic light
along the centerline of the route, the current signal phase (red, green, or yellow), and the remaining
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Figure 6.2: Lane selection problem in urban road

time in the current phase, respectively. The duration of the full cycle of traffic signals—green (tz']),
yellow (ty)s and red (¢;)—are assumed to be estimated from historic SPaT data. Let Cp, denote
the lane selector’s decision regarding whether the controlled vehicle will pass the upcoming traffic
light and which lane it should proceed in. In the case of two lanes,

Cpass € LS := {PASS0, PASS1, NONPASSO, NONPASS1 }, (6.3)

where PASSO and PASS1 denote the lane selector’s decision to pass the upcoming traffic light
in lane O and lane 1, respectively. NONPASSO and NONPASSI1 denote the decision to not pass
the upcoming traffic light in lane O and lane 1, respectively. The subset of passing decisions is
denoted by LSpass := {PASS0,PASS1}, and the subset of nonpassing decisions is denoted by
LSNonpass := {NONPASS0O, NONPASS1}.

Now, the lane selection problem is to design a mapping function

Cousst = f(2"¥ (), 0(t), SPaT(t)), (6.4)

where Cpss ¢ 1s the lane selection decision at time ¢.
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Energy-efficient Lane Selection

For energy-efficient lane selection, it is crucial to understand how the lane selector’s current de-
cision influences the vehicle’s long-horizon energy consumption, in the context of current traffic
information. To achieve this, we first develop a model for the vehicle’s energy consumption.

Data-driven Energy Consumption Model [40]

We approximate the energy consumption of the battery electric vehicle (BEV) given a longitudinal
trajectory. Specifically, we assume that the energy consumption is a function of the longitudinal
displacement along the centerline and the longitudinal acceleration of the vehicle. For more details,
refer to Sec. II.C. in [40]. By recording the vehicle’s state-of-charge (SOC) and longitudinal
motion, we fit a quadratic regression model to estimate the energy consumption rate A F/, denoted
as £(v,a), where v and a are the vehicle’s longitudinal velocity and acceleration. The quadratic
regression model is parameterized as

Ew,a)=z"Pz+q z+r (6.5)

where 2 = [v, a]. The parameters P € R**?, ¢ € R?, and r € R are constants, with P = 0, making
(6.3) a convex quadratic function.

The resulting regression and the corresponding measured energy consumption data are shown
in Fig. The mean error is approximately 1% [41]]. The observed discrepancy between the
model and the measured data is attributed to unmodeled non-linear effects such as aerodynamic
drag, rolling resistance, and variations in motor and battery efficiency. Note that this approximate
energy consumption model is used to reason about energy consumption for lane selection, but not
used to measure the actual energy consumption of the vehicle. We directly read and record the
SOC from the vehicle’s CAN signals. Given the energy consumption model of the vehicle, we can
reason about long-horizon energy-efficiency in designing an energy-efficient lane selector:

cee = f(2®V(t),o(t), SPaT(t),£). (6.6)

pass,t

6.3 Proposed Lane Selection Method

In this section, we outline the proposed method for energy-efficient lane selection leveraging V2I
connectivity. Let the globally energy optimal lane selection strategy for following a given route
be {Chasets Comsst i1 -+ Coassgv 1> Where T is the task horizon. In general, solving for this globally
energy optimal lane change strategy for a large 7' is intractable due to imperfect forecasts of the
NPC vehicles and vehicle dynamics modeling errors. Thus, we approximate it by solving for
a locally energy optimal lane selection strategy in a receding horizon fashion. Every At;g, we
compute a new locally energy optimal lane change strategy and reference velocity profile for the
trajectory planner.

The proposed method is a hybrid approach that solves |£S| short finite-horizon optimal control
problems up to the upcoming traffic light (i.e. one for each pass/nonpass and lane choice combina-

tion). The energy cost beyond the upcoming traffic light—associated with passing or not passing
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Figure 6.3: Comparison of quadratic energy consumption model and measured data

the next Npj, traffic lights and selecting the appropriate lane—is then approximated using a graph
search method and incorporated as a terminal cost-to-go. Finally, the lane selection decision with
the minimum total cost is chosen.

Optimization and Graph Search Method

In this method, we formulate a finite-horizon optimal control problem that considers the signal and
phase of the next upcoming traffic light, as well as the safety constraints with respect to other NPC
vehicles, based on Cpqss.

Vehicle Model

We model the longitudinal dynamics of the vehicle as a double integrator:

i) = [8 é} o(t) + m u(t), 6.7)

where u(t) = a(t) is the longitudinal acceleration of the vehicle. We discretize the dynamics
using the sampling time At of 0.5 seconds. The discretized dynamics are denoted as

Tp1 = Axy + Buy, (6.8)

where xj, and uy, are state and control input at time step k, respectively.
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Graph Search Terminal Cost Approximation

We simplify the lane selection problem for passing the Ny traffic lights by assuming the vehicle
travels in a fixed lane and at a constant velocity between each traffic light (nodes) and formulating
it as a directed graph defined as

G =(V,E), (6.9)

where V = {V;, Vso,... . Vn,,, Vo1t and V,, Vi € HJIV TL represents the subset of nodes correspond-
ing to each traffic light as depicted in Fig. [6.4 Each node in V; represents the velocity at the point
of passing the i-th traffic light. We grid the passing velocities from v, = 5m/s to v&, = 10m/s
with a grid size of 1 m/s. The starting and terminal nodes V; and V_; represent the first traffic
light ahead and the ego vehicle’s position after passing the Ny -th traffic light, respectively. The
solution of the optimal control problem determines the passing velocity at the st traffic light. For
simplicity, the passing velocity at the terminal node is set equal to that of the starting node.

The edges represent the cost of stopping at a traffic light—specifically, the vehicle must stop
at the j-th traffic light if the signal is not green at the time it arrives at the traffic light (¢,), i.e.,
if p{l(tj) # g—as well as the approximate change in kinetic energy due to velocity transitions

between nodes. The edge cost for the directed connection V; — V; is computed as follows:
e(Vi, Vi) = v(Vi)* = o(Vy)* = s 1120 (V5)’, (6.10)

where v(V') represents the passing velocity value of the node and ¢ denotes the (-th traffic light that
the node V; represents. t/“P at the time the ego vehicle reaches the traffic light is computed based
on the travel time between nodes assuming the vehicle travels at a constant velocity between traffic
lights. J¥(-) is the Heaviside step function. The connections from nodes in Vy,., to the terminal
node V_; are added to penalize the velocity deviation from the velocity at the point of passing the
first traffic light. Alternatively, the data-driven energy model in (6.5)) can be used to approximate
the energy consumption resulting from changes in node velocities, assuming constant acceleration.
However, for simplicity, this work adopts the kinetic energy model to compute edge costs. Note
that the graph (6.9) satisfies additive property meaning c¢(V,, V.) = ¢(V,, V;) + ¢(V}, V.) for any
node connections V,, — V;, and V;, — V.. Additivity allows us to exploit dynamic programming and
optimal substructure, formulating the problem as a path-finding problem and applying Dijkstra’s
algorithm [22] to compute min ¢(V7, V_;) given v(V;). We define the minimum sum of the edge
cost from the starting node to the terminal node as

grapn(V(V1)) = min_c(V1, Vo), (6.11)

graph N
{Vi €V }i:T;L

and use it to approximate the energy cost from the 1st traffic light to the Ny -th traffic light,
assuming the ego vehicle travels in the fixed lane and at a constant velocity.
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Figure 6.4: Illustration of a graph for navigation through multiple traffic lights. The graph approx-
imates the pass or nonpass decision for a fixed lane and velocity

Constraints

The ego vehicle is subject to state and input constraints defined below

X :={rcR*2<v<11,where x = [s,0]"}, (6.12)
U ={ueRl—4<u<2} (6.13)

Collision avoidance constraints with respect to the NPC vehicles are also considered, and their
set representation is denoted as JFLH (sfont pfront) “wwhere st and v denote the states of the
vehicle immediately preceding the ego vehicle in the same lane. We assume that the NPC vehicles
maintain constant velocity during the prediction horizon N. For more details, refer to [42].

Additionally, conditional on the next traffic light’s current signal phase at time, p};y*'(¢), the ego
vehicle is subject to traffic light passing or stopping constraints as follows

P(sp) = {x € R?|s > si™ + d}, (6.14)
S(si™) = {z e R?|sf™ — d > s}, (6.15)

where s7* is the next traffic light’s relative longitudinal position along the centerline of the given
route and d is the user-defined margin for controlling the conservativeness of the lane selection
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planner. In this work, we use d = 3 m. Further, these traffic light passing and stopping constraints
are time-varying constraints, which means the time steps that these constraints are applied depend
on the pass or nonpass decision Cp,ss and current phase of the next traffic light pjy*'(¢). The lower
and upper bounds on the time for pass and stop constraints are as follows

pass (Cpass PR (1)) = CT (9, Cpass) — 15", (6.16a)
toass (Coasss P (1)) = CT(8, Cpuss) + 8", (6.16b)
st p(cpaSSapgzeXt(t)) = CT(¢, CpasS)v (6.16¢)
top(Cpass: Py (£)) = 0, (6.16d)

where £, and Lpass denote the upper and lower bounds of the time interval during which the pass
constraint is active; analogous definitions apply to the stop constraint. The parameter 7" is
a user-defined safety margin that ensures the vehicle passes through the traffic light within the
green phase. In this work, we set tgmargin = 2 s. Additionally, the function C'I" denotes the cycle
time adjustment, which accounts for the current signal phase of the upcoming traffic light and the
decision to either pass or stop. Let ¢ € {0,1,2} be the categorical encoding of the next traffic
light’s signal phase, corresponding to green, yellow, and red respectively: [0 — g, 1 — y, 2 — r].
The next traffic light’s cycle durations is Cycle := [t £3, £]°], where 3, 7', and £} denote
the durations of the green, yellow, and red phases respectively—which can be obtained from the
traffic light’s SPaT data. The C'T" function is defined as follows:

3(¢,Cpass)
CT (¢, Cpass) = 5™ (t) + > _ Cycle[(¢ + i) mod 3], (6.17)

=1
if Cpass € LSpass

if Cpass € LSnonpass N ¢ = 2 (r)

if Cpass € LSnonpass A ¢ = 0 (g)
if Cpass € LSNonpass N ¢ =1 (y).

(@, Cpass) = (6.18)

N = N O

where ¢]7*'(¢) is the remaining signal time on the current signal phase of the next traffic light.
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Optimal Control Problem

We solve the following constrained finite-time optimal control problem for every Cp, candidates
in the set (6.3) and collect the optimal cost Jii,.,(%(t), u(t), Cpass):

t+N-1

min > E v )] + Sson {7 (6.19a)
k=t

st Tpgap = Azpp + Bugy, (6.19b)
T\t € X, U\t € Z/{, (619C)
(Tkje, ukpe) € ]—"LK(sgﬁm, v,ﬂﬂ‘;m), (6.19d)
zp = x(t), Vk € ITV! (6.19%)

next,s t Eass C aSS7tl“eX[’p At

T € P(HIM9), VE € JILL;SSEcgassﬁtl,,ex[,pﬂj N (6.19f)
xklt c S(tlnem’s)’ vk e ]I[t+{slop(CpaSs,tlnex"p)]/At (619g)

[t+tstop (Cpass thnex[,p)] /At

where x|, denotes the decision variable at time step £ predicted at time ¢ and N is the prediction
horizon. In this work, we use N = 140 to achieve 1 H z lane selection planning with the available
hardware. The ]I’,jf notation denotes the set {k1, k1 + 1,...,ks}. The optimal control problem
has three components for the cost function. The first component is the energy minimization cost
which uses the data-driven energy consumption model: &£, which is quadratic and convex w.r.t.
the decision variables. The second component Jsfnlgoth({xw}?]v ~1) is the stage cost added for
smoothness of the longitudinal trajectory and passenger comfort [42]. After the optimal control
problem is formulated in CasADi [2] and solved using IPOPT [16], the passing velocity of the first
traffic light vy, is extracted from the optimal solution, which is used to initialize the graph (6.9).

After computing (6.11)), we define
J* (CPHSS) = Jg*raph (U;ass) + thocp (I(t), u(t), Cpass) . (620)

We compute the J*(C) for every Cpss € LS. Finally, the optimization and graph search-based
energy-efficient lane selector policy is

CSZ;)S - al“g miHCELS J*(C> (621)
The lane selector also provides the reference velocity profile v.s, which represents the energy-
efficient speed trajectory corresponding to the selected behavior decision Cp. The lower-level
trajectory planner then computes a motion trajectory that closely tracks this reference velocity
while respecting traffic laws and ensuring safety with respect to surrounding vehicles, using a finer
time discretization to guarantee dynamic feasibility and reactivity [42].
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6.4 Experiments

Experimental Setup

We evaluate the proposed approach using a Vehicle-in-the-Loop (VIL) system that integrates a
Hyundai IONIQ 5 with CARLA simulation for realistic traffic and SPaT signals. Fig. [6.5]shows
the virtual CARLA simulator map, the satellite image of the physical testing site, and the test
vehicle (IONIQ 5). This setup enables robust evaluation of planning and control algorithms in
a safe environment while using real energy measurements on the physical vehicle. See for
hardware details.

Virtual World 7

Figure 6.5: The virtual CARLA simulator map, the satellite image of the actual testing site, and
the physical test vehicle

Each experiment consists of three laps around the route (approximately 4 km). For comparison,
we designed two baseline approaches and conducted experiments to collect the corresponding
energy consumption measurements: (i) a human driver observing the virtual environment (Baseline
1), and (ii) an autonomous eco-driving controller that optimizes longitudinal speed without lane
changes (Baseline 2), which is essentially a lane-keeping algorithm that optimizes vehicle behavior
based on an energy stage cost.

Experiment Results

Fig. [6.6(a) presents the total motion energy consumption, calculated by subtracting auxiliary power
usage from the overall energy consumption, while Fig. [6.6(b) shows the total energy usage includ-
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ing auxiliary loads. The human driver (Baseline 1) tended to drive closer to the speed limit and
changed lanes as needed, resulting in the shortest average trip time of 522 seconds. In contrast, the
proposed algorithm averaged 823 seconds per trip, and Baseline 2 resulted in the longest trip time
of 1,047 seconds. These differences in longitudinal behavior are reflected in the velocity profiles
shown in Fig.

As a result, the proposed algorithm achieved a 39% reduction in motion energy consumption
compared to Baseline 1, averaging 580 Wh versus 808 Wh. Furthermore, it achieved a 24% re-
duction in total energy consumption (including auxiliary power usage) compared to Baseline 1
on average. While one might argue that the energy savings are simply due to the vehicle driving
more slowly, the proposed algorithm actively computed energy-efficient velocity profiles and lane
selections based on an energy cost function. No lower bound was imposed on the velocity profile,
allowing the algorithm to explore the energy-optimal behavior of the electric vehicle. Although
Baseline 2 exhibited similar motion energy consumption to the proposed algorithm (within 2% on
average), its significantly longer trip time led to higher overall energy usage due to increased aux-
iliary power consumption, resulting in only a 7% reduction on average. Ultimately, the proposed
algorithm demonstrated the lowest total energy consumption as defined by the cost function.
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Figure 6.6: Experiment Results: (a) Total motion energy consumption (Overall energy consump-
tion - auxiliary power usage); (b) Overall energy consumption.

6.5 Chapter Summary

This work presented an energy-aware lane selection framework for connected electric vehicles that
integrates lane-change decisions with longitudinal speed optimization using V2I communication.
Vehicle-in-the-loop experiments with a Hyundai IONIQS5 demonstrated up to 39% reduction in
motion energy consumption compared to human driving and 7% savings relative to a lane-keeping
eco-driving baseline, without imposing explicit travel-time constraints.
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Figure 6.7: Experimental Results: Vehicle velocity profiles of a sample for each method in Fig.
6.0

The results highlight the trade-off between energy efficiency and trip time, and show that lane
selection is critical in reducing overall energy use for battery electric vehicles. While demon-
strated on a specific route and traffic scenario, the framework illustrates how connectivity-enabled
planning can improve the sustainability of autonomous urban driving.

Future work will investigate the generalizability of the method across diverse environments
and assess its robustness under varying traffic signal patterns and dynamic interactions with human
drivers.
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Chapter 7

Conclusion

7.1 Dissertation Summary

This dissertation developed computationally efficient and scalable Model Predictive Control al-
gorithms for autonomous driving, addressing three scalability challenges: multi-agent coupling,
stochastic multi-modal predictions, and long-horizon connected operation.

Chapters 2 and 3 addressed the challenge of multi-agent coupling, where the ego vehicle must
account for surrounding agents whose actions are coupled through shared constraints such as col-
lision avoidance. Chapter 2 considered settings where an explicit coordination mechanism can be
designed among connected autonomous vehicles. It introduced a facilitator-based framework for
cooperative platoon lane changing, in which a designated facilitator vehicle proactively modifies
the surrounding traffic environment to enable lane changes for the platoon. The coordination is
implemented through distributed MPC path-planners with three modes governed by finite state
machines. Numerical simulations in 200 dense traffic scenarios based on the NGSIM dataset
demonstrate over a two-fold increase in lane change completion compared to a passive and op-
portunistic approach. The distributed formulation scales to additional CAVs without adding con-
straints to the path planner, with the front/rear vehicle selection having complexity O(nlogn).
Chapter 3 considered settings where no such coordination structure exists and agents must inde-
pendently reason about their interactions. It presented IGT-MPC, a decentralized algorithm that
formulates multi-agent interactions as constrained dynamic games and shifts the computational
cost of solving for generalized Nash equilibria offline. A neural network trained on offline GNE
solutions serves as the terminal cost-to-go in a short-horizon MPC policy, enabling each agent to
implicitly account for strategic interactions without solving the game online. We demonstrated
IGT-MPC in competitive head-to-head racing and cooperative unsignalized intersection naviga-
tion, showing that the learned value function effectively guides MPC to replicate game-theoretic
behaviors. Scaling to more agents and diverse environments remains a key challenge, as richer
datasets and more complex architectures increase both data generation and gradient evaluation
costs. However, a four-vehicle navigation example showed the IGT-MPC policy successfully em-
ulates the strategic behavior in the potential game GNE solutions. Together, Chapters 2 and 3
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demonstrated that interaction-aware MPC can be made tractable through distributed formulations
with explicit or implicit mechanisms—finite state machines and learned game-theoretic value func-
tions, respectively—for managing multi-vehicle coupling.

Chapters 4 and 5 addressed the scalability bottleneck arising from stochastic multi-modal pre-
dictions. When surrounding vehicles’ future behaviors are represented as multi-modal distribu-
tions, the number of collision-avoidance constraints grows combinatorially as O(N - M"'), render-
ing real-time stochastic MPC intractable. Both chapters exploit the insight that most constraints
are inactive at the optimum and develop duality-based screening methods to identify and remove
them. Chapter 4 introduced RAID-Net, an attention-based recurrent neural network that predicts
active collision-avoidance constraints using Lagrangian duality and sensitivity analysis, and a re-
duced SMPC problem that enforces only the relevant constraints. The approach achieves a 12x
speedup in MPC solve times but lacks formal guarantees on the removed constraints. Chapter 5
addressed this limitation by deriving certifiable screening conditions from strong convexity and La-
grangian duality that guarantee all removed constraints remain satisfied and all removed decision
variables are zero at optimality. The resulting SHIELD algorithm jointly reduces constraints and
decision variables in an ¢, regularized convex program and was validated on stochastic MPC with
multi-modal predictions in complex traffic scenarios using the nuPlan simulator. The progression
from Chapter 4 to Chapter 5 reflects a methodological arc from heuristic screening to provably safe
problem reduction.

Chapter 6 addressed the long-horizon planning challenge that arises when vehicle connectivity
extends the information available for planning beyond what onboard sensors can support. Jointly
optimizing speed and lane-change decisions over these extended horizons yields a combinatorially
large planning problem. We developed a real-time energy-efficient lane planner that combines
short-horizon optimal control with a graph-based approximation of long-term energy costs over
multiple traffic signals, avoiding the intractability of solving the full long-horizon problem directly.
A data-driven energy consumption model, calibrated on a physical battery electric vehicle, serves
as the stage cost in the optimal control formulation. We demonstrated over 39% reduction in
motion energy consumption compared to a human driver in vehicle-in-the-loop experiments.

In summary, this dissertation introduced computationally efficient algorithms that make optimization-
based planning practical and scalable for autonomous driving across the three scalability challenges
identified: multi-agent coupling through distributed formulations with explicit and implicit coordi-
nation mechanisms, stochastic multi-modal predictions through duality-based constraint and vari-
able screening with certifiable safety guarantees, and long-horizon connected operation through
hybrid short-horizon optimal control with graph-based cost approximation.

7.2 Future Research Directions

Scalable Implicit Game-Theoretic MPC via Learned Scene Representations

The IGT-MPC framework in Chapter 3 is currently limited to two-agent interactions in fixed en-
vironment geometries. Generalizing to beyond two agents and arbitrary environments requires



CHAPTER 7. CONCLUSION 100

a scene representation that captures the geometry of the road (lane structure, intersection topol-
ogy, traffic signals) and the motion history of all surrounding agents. A transformer-based scene
encoder, similar in spirit to the architectures used in modern trajectory prediction models, could
produce a fixed-dimensional encoding of the variable-size scene context. This encoding would
serve as input to the MLP value function, preserving the simple gradient structure needed for real-
time numerical optimization in the MPC formulation. Training on GNE solutions across diverse
environments and agent counts would enable a single value function to generalize across scenarios,
removing the need for scenario-specific models used in the current implementation.

Certifiable Screening for Nonconvex and Mixed-Integer MPC

The SHIELD framework in Chapter 5 relies on strong convexity and conic duality, restricting its
applicability to convex programs. Many practical autonomous driving problems involve noncon-
vex elements such as non-convex collision-avoidance geometry, nonlinear vehicle dynamics, or
discrete decisions (e.g., the pass/stop and lane selection decisions in Chapter 6, integer variables
in mixed-integer MPC for motion planning). Extending the duality-based certification to these set-
tings — potentially through convex relaxations, sequential convex programming, or mixed-integer
duality — would broaden the class of problems amenable to safe, real-time screening and connect
the theoretical contributions of Chapters 4-5 to a wider range of robotic and autonomous systems
applications.

Combining game-theoretic interaction reasoning (IGT-MPC) with multi-modal uncertainty
handling (SHIELD) into a single framework

In the current work, IGT-MPC and SHIELD address two different aspects of the same problem
independently. IGT-MPC reasons about how vehicles interact — who yields, who proceeds — but
assumes deterministic predictions of the other vehicle’s behavior. SHIELD handles the fact that
predictions are uncertain and multi-modal, but treats other vehicles as non-interactive exogenous
inputs. In reality, both challenges occur simultaneously: a vehicle at an intersection faces an on-
coming car that might turn left or go straight, and the ego vehicle’s decision to proceed or yield
should depend on which mode is realized. Combining the two means embedding a game-theoretic
value function that is conditioned on the predicted mode into a stochastic MPC framework, while
using duality-based screening to keep the resulting problem computationally tractable. The value
function would encode interaction outcomes per mode — for instance, under the left-turn mode
I should yield, but under the straight mode I can proceed — and SHIELD would ensure that the
expanded problem remains solvable in real time by screening out the mode-interaction combina-
tions that don’t matter. This would produce a planner that is simultaneously interaction-aware,
uncertainty-aware, and fast enough for deployment.
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