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Abstract

The development of high-dimensional imaging systems in image-guided radiotherapy provides
important pathways to the ultimate goal of real-time full volumetric motion monitoring. Effective
motion management during radiation treatment usually requires prediction to account for system
latency and extra signal/image processing time. It is challenging to predict high-dimensional
respiratory motion due to the complexity of the motion pattern combined with the curse of
dimensionality. Linear dimension reduction methods such as PCA have been used to construct a
linear subspace from the high-dimensional data, followed by efficient predictions on the lower-
dimensional subspace. In this study, we extend such rationale to a more general manifold and
propose a framework for high-dimensional motion prediction with manifold learning, which
allows to learn more descriptive features compared to linear methods with comparable dimensions.
Specifically, a kernel PCA is used to construct a proper low-dimensional feature manifold, where
accurate and efficient prediction can be performed. A fixed-point iterative pre-image estimation
method is used to recover the predicted value in the original state space. We evaluated and
compared the proposed method with PCA-based approach on level-set surfaces reconstructed from
point clouds captured by a 3D photogrammetry system. The prediction accuracy was evaluated in
terms of root-mean-squared-error (RMSE). Our proposed method achieved consistent higher
prediction accuracy (sub-millimeter) for both 200ms and 600ms lookahead lengths compared to
the PCA-based approach, and the performance gain was statistically significant.

1. Introduction

Respiratory motion can cause significant discrepancy between planned and delivered dose
distribution in radiotherapy. Conventional motion management methods often detect,
estimate, and predict a motion characterization with low degrees of freedom. Even image-
based techniques translate their intensity input to the positional monitoring of ROI's rigid
motion. However, physiological motion is complex and the anatomical variation is beyond
the description of a few fiducial points or their equivalent. A full volumetric description is
conceptually possible given the developments of imaging systems of increased capability,
ranging from volumetric MRI and CBCT [10], projection monitoring (kV, MV) [25], to
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photogrammetry surface imaging [22, 11, 12]. Accurate and efficient extraction of such rich
information requires sophisticated processing. In addition, effective motion management
during radiation treatment often requires prediction to account for system latency and extra
signal/image processing time. It is challenging to predict high-dimensional respiratory
motion because the complexity of performing respiratory motion estimation and prediction
grows exponentially with the dimensionality of the state space, an issue well known as
“curse of dimensionality”. Fortunately, it is conceivable that a full characterization of
respiratory maotion lies in a smooth manifold of much lower dimension than the extrinsic
volumetric imaging space. Linear dimension reduction methods such as PCA have been used
to perform prediction in a subspace of reduced dimension [20]. As nonlinear extensions,
manifold learning methods have also been utilized to extract respiratory gating navigators
from MR/ultrasound images and to reconstruct dynamic 3D image volumes [26, 2]. There
are two major benefits of manifold learning: compared with linear feature subspaces that are
of similar dimensions, nonlinear approaches are able to provide more descriptive features;
with the same descriptive power, nonlinear approaches require lower effective dimensions.
In this study, we propose a framework for high-dimensional motion prediction with
manifold learning. Specifically, we utilize kernel PCA to learn and construct a low-
dimensional feature subspace, where efficient and accurate prediction can be performed. The
predicted value in the feature subspace is subsequently mapped back to the original state
space via an iterative preimage estimation algorithm. Fig. 1 illustrates the schematic of the
proposed method.

2. Methods
2.1. Manifold learning — kernel PCA

The basic idea of manifold learning is to first map the high-dimensional data to a feature
space and a locally linear subspace is subsequently constructed from that feature space
through some nonlinear mapping. We utilize kernel PCA in this study to learn and construct
the low-dimensional feature subspace, but the rationale generalizes to other manifold
learning methods. Given a set of training data © = {X, X2, ...X;}, for each x; € 7§, we
define a kernel function x: Q x Q — 2, such that there exists a mapping to a Hilbert space
Q0= H

k(xi, x5)=(0(xi), 6(x5))- (1)
Similar to PCA, the eigen decomposition is performed on the centered kernel matrix:

HKH=UAU", (2)

TUnless otherwise stated, we use bold letters to represent vectors, which are by default column. We use capital letters to represent

matrices.
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1
where Kis the kernel matrix with each entry Kj ;= (X x)), H=I — EllT is the centering
matrix, U= [a, ay, ...a;] and A = diag(4y,..., 45). The Ath orthonormal eigenvector of V of
the covariance matrix in the feature space can be represented as:

= ALq =
Vi= : i)
k ; /—)\kéﬁ(x )

where ay ;is the th element of the Ath eigenvector ay, and go(;(,) is the centered

. - 1w
representation in the feature space ¢(x) = ¢(X)) — @, with (ﬁ:gzi:l(p(xi).

2.2. Prediction in the feature subspace

Let x( € &9 denote the high-dimensional state at time #in the original space, upon
determining the dimensionality m of the feature subspace, the low-dimensional
representation x(#) onto the Ath eigenvector is calculated by taking the inner product:

K4 (1)=(3(x), Vi)= Vi_kzamx,xi), “
=1

where Vj represents the eigenvector corresponding to the Ath largest eigenvalue, and « )
represents the normalized kernel defined as:

- 1 1 1
R(x,x;)=k(x,%;) — ElTﬂx — ng/fxi—i—ﬁlT/{l.

Q)

We perform prediction in the low-dimensional (m-D) feature subspace for x instead of the
original high-dimensional (d-D) state space for x. In the reduced space, the aim is to predict
the signal state ztime ahead response y;= x{(*+ 7), given a length of mp covariate variable §;
=[x{t- (p- )7, x{t- (p-2))7, ..., x(0) 17 € AP of pstates. Various algorithms are
available for low-dimensional prediction such as: linear models, neural networks [16], and
kernel density estimation based method [19]. As the specific prediction module is not the
focus of this paper, we utilize the vector autoregressive (VAR) model for demonstration
purposes:

f(8)=A8+b, (6)

where A=[Aq, A, ...A] is the coefficient matrix with A;€ 2", and b € % is the bias
coefficient vector. Given a series of 7 covariate-response pairs {(8 yjJ| 7€ [1, 7]}, the
coefficient matrix can be obtained by minimizing the sum of square residuals:
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in||Y — BS||?
min|[V ~ BSP, oy

where B=[b, Ay, Ay, ..., Al € D) y=Tyi y;, ..y7A € #™7 and

S— V]- V]- s v]- c '@(an—ﬁ-l)XT .
$1 8 ... 8, . Eq. 7 has a closed-form solution: B= Y57(557)1.

~ 1
v—p| 1
Given a testing covariate §, we can estimate its response as Y { S ]

2.3. Pre-image estimation

With the predicted response in the low-dimensional space Y= [J4, V5, ...Vl € R, its
projection onto the feature subspace can be represented as:

m m n

_ 7 1 n 1 n n R
DGVt =3 kDB (000) = 3 00)+ Y 00xi) =D nio(x),
k=1 k=1 i=1 k i=1 i=1 i=1

(8)

mo ai,k B 1 n . . . .
where %:Zk:lykﬁ, and %:%Jrg(l - ijl'yj). For visualization/denoising
purpose, we would also like to recover the counter part of this projection in the original
high-dimensional state space. However, exact recovery typically does not exist [15], and one
usually seeks an approximate solution, which is known as the pre-image estimation problem.
One straightforward approach is to directly recover the pre-image x* by minimizing the

squared distance between ¢(x*) and the projection Z;ﬂ@(xi) in the feature space [15]:

n 2 n
argnin ) — Y5005 =argminl o) = 2 Fono ) on
X i=1 X =1

where r7includes terms independent of x*. Eq. 9 is equivalent to:

argminZ’yi/-c(x*, X;)-
X =1 (10)

For kernels that have analytical forms, such as Gaussian or polynomial, Eq. 10 can be solved
by fixed point iterations [15]. With a Gaussian kernel (X, y) = exp(~[x=y||?/c), we solve x*
by the following fixed-point iterations:
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S yexp(=[1%; — XiHQ/C)Xi'
avexp(—%E —xil?/e) T (10)

ok
Xir1—

The selection of parameter cin the kernel function is important to properly construct the
manifold. Specifically, ¢ needs to be large enough to capture the local structure of the
manifold, while being small enough to differentiate between neighborhoods. In practice,
setting ¢ comparable to the magnitude of distance between different point pairs serves as a
good choice. In this study, we set ¢ = 2500 in all our experiment, and we find our algorithm
robust to different values of ¢, as long as its value is within a proper range of training pair
distances.

Algorithm 1 illustrates details of the proposed prediction framework.

ALGORITHM 1 Prediction with manifold learning

Step 1: Perform eigen decomposition on kernel matrix and define projection matrix

. HKH= UAUT, with U= [ay, @y, ...a;) and A = diag(dy, ..., )

. ‘szzn Ol]m' (Z)(Xl)

Define projection matrix P=[ V4, V,, ... V], for each ' =1 | /)\k

Step 2: Project training and testing data onto the constructed sub-manifold

* X;: PT(P(X/)

Step 3: Calculate VAR coefficient matrix given 7 covariate-response pairs {(8; yJ|/ € [1, 7]}, for each

v 13T 7T
Sl_[xi—(p—l)’ X ] and y;7= X,
. Solve VAR coefficient matrix 8= YS7(SS7)

Step 4: Estimate testing response given testing covariates §

' N
e B

Step 5: Estimate pre-image through fixed-point iterations

ok Z;L:l:)’iexp(_”ﬁ: - xz-||2/c)xi

Xt+17 ~ A
S Fiexp(=[1%F = xi[*/e) .

~

N ik 1 n
Where %_Zkzlyk VA and %‘:’Yi"';(l - Zj:fyj)

3. Experiments and results

3.1. Data description and experimental setup

We evaluated the proposed method on 200 level-set surfaces reconstructed from 200 point
clouds. The point clouds were acquired at 15Hz by the VisionRT system from one patient
during radiotherapy and spanned about 14 seconds. Fig. 2 presents the example level set

Phys Med Biol. Author manuscript; available in PMC 2017 July 07.
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surface reconstructed from one acquired point cloud using the variational method [11]. We
used the first 100 surfaces as the training set for manifold learning and training the VAR
prediction algorithm. The rest of the 100 surfaces were used as the testing set.

We evaluated the proposed method at two different lookahead lengths: 200ms and 600ms,
accounting for different system response time under various radiotherapy configurations [8,
17]. The parameter ¢ of the kernel function was set to ¢ = 2500. We compared the prediction
accuracy of our method with PCA-based prediction method by varying the dimension m
(from 1 to 3) of their corresponding feature subspaces. The covariate variable of both
methods was of mp dimensions, with p= 20 states in our experiment. For the convenience of
performance evaluation, each level set surface is represented as a height function z(/, j) on a
resampled rectangular grid of size 200 x 150. The prediction accuracy was evaluated w.r.t.
root-mean-squared-error (RMSE) and Variance by comparing the predicted surface with the
ground truth surface. Specifically, on a size of /=200, J= 150 rectangular grid, we

1 I J
calculated RMSE and variance as: RMSE= \/ﬁzizlzjzleﬁj and
. Ry p— S e . o .
Varlance:ﬁzizlzjzl(ei,j - %) , where ¢;;is the point-wise error at grid
point (4 /): €;;= Zpredh ) = Ztruelhs J), With Zpregand Zzye being the height functions of the
predicted and the ground truth level-set surfaces, respectively.

2

3.2. Manifold learning and prediction results

Fig. 3 illustrates the first-dimensional embeddings of the training data and the corresponding
prediction results: the blue solid curve represents the first-dimensional embeddings of 100
training surfaces learned from kernel PCA, where a clear periodic pattern can be observed;
the green sold curve represents the first-dimensional embeddings of 100 training surfaces
learned from PCA, which is nosier (less representative) than that from the kernel PCA; the
red dashed curve represents the first-dimensional projection of 100 testing surfaces in the
feature space; the black dash-dot curve represents the estimated prediction with 200ms
lookahead length by VAR.

3.3. Prediction error analysis

Fig. 4 illustrates and compares one example estimated surface with the ground-truth surface
in the chest region. The RMSE and variance histograms from both our method and PCA-
based method on 100 testing surface are compared in Fig. 5, where both the RMSE and
variance from the proposed method show a clear concentration on the lower value side. The
error statistics of both methods are reported in Table 1, where the proposed method achieves
consistent lower RMSE for both 200ms and 600ms lookahead lengths compared to PCA-
based prediction results. As resulting RMSE from both methods failed the Kolmogorov-
Smirnov normality tests, non-parametrical paired Mann-Whitney U-tests were conducted.
The p-values in Table. 2 reveals the statistical significance of the performance gain from our
method.

Phys Med Biol. Author manuscript; available in PMC 2017 July 07.
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3.4. Prediction on simulated irregular breathing pattern

We further evaluated the performance of the proposed method on irregular breathing
patterns. As the key factor that affects the performance in our case is the prediction module
utilized in the reduced feature space, we evaluated the performance of the VAR model on a
set of simulated respiratory patterns by warping the first-dimensional trajectory learned from
kernel PCA. Specifically, given a discrete observation x;obtained at #; we warped the
temporal axis by t= F1, where we set 7= 0.7. The function g(9 = /(t)~provides a continuous
warping, where discrete samples of the waveform g can be obtained with proper
interpolation. The prediction result on the simulated patterns is illustrated in Fig. 6, where
we observed certain performance degradation due to the lack of adaptivity of the VAR
model. Quantitatively, the mean absolute prediction error in the feature space increased from
0.13 to 0.14, compared to the performance on regular breathing patterns. Paired Mann-
Whitney U-test yielded a p-value of 0.15, which indicated lack of evidence for statistical
significant difference in performance between those two settings.. We are in the process of
integrating the proposed approach with more sophisticated alternative prediction modules in
the post dimension-reduction space. We chose not to evaluate the surface reconstruction
error from the predicted irregular pattern, as the ground truth surfaces are not available and
can only be interpolated among original high-dimensional surfaces, which is subject to large
errors and may mislead the conclusion.

4. Discussion and conclusion

We have proposed a prediction framework for high-dimensional states subject to respiratory
motion. The learning approach is particularly suitable to manage respiratory motion in
image-guided radiotherapy, with quasi-periodic breathing pattern. The high-dimensional
data is mapped to a low-dimensional feature subspace by kernel PCA, followed by efficient
VAR prediction in the constructed low-dimensional space. An iterative fixed-point pre-
image estimation method is utilized to map the predicted projection in the feature subspace
to its original high-dimensional state space. We evaluated the proposed method on predicting
level-set surfaces reconstructed from point clouds captured by a photogrammetry system
during radiotherapy. Our method outperformed PCA-based prediction and achieved sub-
millimeter RMSE accuracy for both 200ms and 600ms lookahead lengths. Paired Mann-
Whitney U-tests further demonstrated the statistical significance of the superiority of our
method.

Despite the non-convex nature of the iterative fixed-point pre-image estimation method and
its reported numerical instability [9, 6], we observed robust performance of this method
under various initialization conditions in our application. This could be partially explained
by the relatively clear patterns of the respiratory surface images, as opposed to more
complicated/obscure patterns from other applications such as hand-written humbers and
human faces. There exists alternative and often more complex pre-image estimation
methods, e.g., multi-dimensional scaling based method [9] and conformal map approach [6],
which yield closed-form solutions and have been shown to achieve more accurate/clean pre-
image estimation results [7]. However, such comparison is application-dependent and we are
actively evaluating their performance in our application.

Phys Med Biol. Author manuscript; available in PMC 2017 July 07.
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In the current work, we chose kernel PCA to learn the nonlinear embeddings from the high-
dimensional data. In general, other manifold learning techniques, e.g., Locally Linear
Embedding (LLE) [18], Isomap [23], Laplacian Eigenmaps (LE) [3] are also applicable and
can be incorporated into our proposed prediction framework. However, unlike kernel PCA,
the nonlinear mappings of LLE, Isomap and LE are only defined over the training set, which
do not extrapolate well to out-of-samples [1]. In other words, to incorporate new sample into
the manifold, one may need to re-compute the whole manifold. Out-of-sample extension for
LLE, Isomap and LE is not only challenging but also subject to large errors if recursive
schemes are used. On the other hand, the reconstruction from kernel PCA is straightforward
and stable, using linear combinations. Given the complexity and lack of agreed kernel
extension methods for the other nonlinear methods [4], we decided to omit their
implementation to avoid misleading conclusions in this study.

When applying the proposed method to other high-dimensional data such as volumetric MR
or CBCT images, it generally needs more training samples, as the intrinsic dimensions of
their state spaces are larger than that from surface images. This issue may be further
composed with the fact that volumetric images are harder and slower to acquire, so the
number of observations are expected to be low compared to the photogrammetry
acquisitions in this study. On the other hand, since the training samples are static, there are
various ways to “augment” the training set. For example, one may use model-based 4D
reconstruction method to general infinite number of training samples [24]. Biomechanical
models can also be used to “interpolate” high-dimensional states [21].

The main focus and contribution of this work is to construct a nonlinear sub-manifold where
high-dimensional states would reside, which is an extension of PCA-based methods that
have been used to derive low-dimensional subspaces [14]. It is different from conventional
respiratory motion models that directly parameterize the temporal respiratory dynamics with
few degrees of freedom, such as using B-spline functions or polynomials [13, 5]. The
constructed manifold can be considered as a constraint that supplements those motion
models.

As the specific prediction module is not the focus of this paper, a simple and crude VAR
prediction module without adaptivity is used for demonstration purposes. We are in process
of incorporating more sophisticated prediction modules into our proposed prediction
framework.
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Figure 1.

Schematic of the proposed method: (1) mapping the original high-dimensional states to a
reduced feature space via implicit nonlinear mapping ¢ using kernel operator, (2)
performing prediction in the low-dimensional feature subspace, (3) mapping the prediction
value back to the original high-dimensional state space via pre-image estimation.
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Figure 2.
Example level set surface reconstructed from one point cloud acquired by VisionRT,

represented in height function.
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Time (sec)

Figure 3.

Manifold learning and prediction results on 200 level-set surfaces: the blue solid curve

14

represents the first-dimensional embeddings of 100 training surfaces learned by kernel PCA;
the green sold curve represents the first-dimensional embeddings of 100 training surfaces
learned by PCA,; the red dashed curve represents the first-dimensional embeddings of 100
testing surfaces; the black dash-dot curve represents the estimated prediction in the feature

subspace by VAR with 200ms lookahead.
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(a) ground truth surface (b) pre-image estimation from (c¢)  surface estimation from
kernel PCA PCA

(mm)2 (mm)?

(d) error map from kernel PCA  (e) error map from PCA

Figure 4.
Comparison of estimated surfaces from kernel PCA and PCA against the ground truth: (a)

the ground truth surface, (b) pre-image estimation from kernel PCA, (c) estimated surface
from PCA, (d) error map depicting difference between (a) and (b), (e) error map depicting
difference between (a) and (c).
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Figure 5.
Histograms of RMSE and Variance from 100 prediction results using the first-dimensional
embeddings.
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Prediction results on simulated irregular trajectory: the blue solid curve represents the
training trajectory after warping; the red dashed curve represents the testing trajectory after
warping; the black dash-dot curve represents the estimated prediction by VAR with 200ms

lookahead.
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