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SUMMARY: 

Twisted stacking of van der Waals (vdW) materials introduces a new way in bandstructure 

engineering and has given rise to numerous extraordinary physical phenomena. Despite the 

absence of second harmonic generation (SHG) in non-gated monolayer graphene, artificially 

twisted bilayer graphene (tBLG) possesses more possible point-group symmetries including 

those with broken inversion-symmetry. Here, we report twist-angle-dependent SHG from tBLG, 

which is the first demonstration of an elemental material with intrinsically tunable nonlinearity. 

We show that depending on the twist angle, the susceptibility of the dominant chiral tensor 

component of tBLGs can vary from 0 to 28×104 pm2/V, which is at the same order of magnitude

as on-resonance susceptibility of monolayer MoS2. These results shed light on the underlying 

symmetry of tBLG systems and electronic band-structure near van Hove singularities (vHs). 

More importantly, they introduce a new degree of freedom, the twisting, in creating efficient 

second-order nonlinear material form centrosymmetric constituents.  

KEYWORDS: 

Twisted bilayer graphene, Second harmonic generation, Chirality, Resonant enhancement. 
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INTRODUCTION: 

The relative twist angle between two adjacent vdW layers has enabled a new degree of freedom 

in controlling of low dimensional van der Waals (vdW) materials’ properties. Recent discoveries 

of superconductivity, correlated states and emergent ferromagnetism at the ‘magic’ twist angle 

revealed the strong interlayer coupling in twisted bilayer graphene (tBLG) systems1-5. Flattened 

bands with a high density of states, often denoted as van Hove singularities (vHs) or anti-

crossings, are created in tBLGs when two Dirac cones from each individual layer intersect in 

momentum space6. Scanning tunneling spectroscopy (STS) has shown the twist-angle-dependent 

vHs by bringing it close to Fermi energy  (�� ) through electronic gating7. Near these vHs,

resonant optical effects, such as enhanced absorption, laser-wavelength dependent Raman, two-

photon emission, and strong circular dichroism (CD), have been reported8-12. Recently, the 

excitonic nature of flattened bands in tBLG have also been demonstrated via the exploration of 

the dynamics of carrier relaxation under one-photon or two-photon resonant photoluminescence 

excitation (PLE) conditions and multiple transitions with different selection rules have been 

revealed9.  

The twisting degree of freedom not only allows strength tuning for bandstructure engineering but 

also the overall symmetry of the system5, which plays a critical role in various physical processes, 

including second harmonic generation (SHG). As is well-known, SHG is very sensitive to the 

symmetry of a material and has been widely accepted as a noninvasive tool for characterizing 

crystalline orientation and electronic structures13. Monolayers of many two-dimensional (2D) 

van der Waals materials such as hBN, MoS2 and naturally stacked trilayer graphene have well 

defined D3h symmetry without an inversion center, and SHG measurements from these materials 
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have been reported14, 15. There are also reports on the SHG from centrosymmetric monolayer 

graphene due to surface dipole and bulk quadrupole contributions, but these effects are usually 

weak16. SHG generation form centrosymmetric material such as naturally stacked bilayer 

graphene17-19  and 2H stacked MoS2 have been proposed and shown by applying in- or out-of-

plane electric field which breaks the inversion symmetry of the system. Although the electric 

control has its own advantage, the tuning range is usually limited by finite gating voltage and it is 

difficult to measure those processes17-19  experimentally due to the low working frequencies. For 

the observation of strong electric-dipole-enabled SHG, inversion symmetry breaking of the 

crystal structure and a larger scale of resonant energy are necessary20. The twisting we 

introduced here provides an alternative way to break the inversion symmetry of centrosymmetric 

materials with larger tuning range and can be further combined with electrical control.  

In this work, we report the first experimental observation of tunable SHG in tBLGs with 

different twisting angles. The tunability is closely related to the change of intrinsic nonlinear 

dispersion of tBLGs. Moreover, due to the involvement of higher-order tensor in the nonlinear 

optical process, SHG measurement can unravel more underlying symmetry properties of the 

tBLG system compared to CD and other linear characterization means. Intuitively, stacking two 

layers of centrosymmetric materials would not give rise to strong SHG with only surface 

interactions. Due to the breaking inversion symmetry and strong interlayer couplings resulting 

from the twist in tBLG systems, SHG comes from the entire two-layer material instead of the 

interface. As shown schematically in Figure 1a, naturally stacked bilayer graphene remains 

centrosymmetric whether they are any kinds of translational displacement (T). This is not true, 

however, if a relative twist angle other than 0° or multiples of 60° is introduced by a rotational
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operation (R). It can be mathematically proven that: if we invert the top graphene layer through 

an arbitrary point in the middle plane, it cannot overlap with the bottom layer (Figure S17). 

Therefore, the bilayer structure lacks the inversion symmetry which is the case for tBLGs. The 

above proof and the strong interlayer coupling in tBLG systems which is manifested as vHs in 

the density of electronic states of the system, allows SHG to be generated from the entire two-

layer material instead of the interface. In addition, the transition between vHs points in the 

valance and conduction bands (EvHs) can further contribute to SHG enhancement when incident 

photons fulfill 1- or 2- photon resonant SHG conditions (Figure 1c), giving rise to a twist-angle 

dependent SHG response. Therefore, the mechanism for SHG demonstrated in this work is 

enabled by the hybridized electronic states engineered by the twisting degree of freedom and the 

mechanism is different form the twisted transition metal dichalcogenide (TMDC) systems. Since 

TMDC itself is non-centrosymmetric, varied SHG emissions from layered TMDC are due to 

SHG interference between single layers. On the other hand, in tBLG, constituting graphene is 

centrosymmetric and the SHG comes from inversion symmetry breaking in the hybrid graphene 

layers. More specifically, in layered TMDC, SHG efficiency changes with twist angle due to 

different interference conditions21, 22 (constructive, destructive or partially constructive) instead 

of different degree of hybridization between layers. In tBLG, however, the twist completely 

changes the symmetry of the materials and the efficiency is determined by the underlying hybrid 

electronic structure. Therefore, it is more sensitive to the twisting compared to TMDC and shows 

pronounced enhancement when the incident energy matches EvHs as shown below.  

RESULTS AND DISCUSSIONS: 

Raman and SHG characterization of tBLG samples 
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TBLG samples were prepared by a dry transfer method, with which different twisting angles can 

be realized. Before picking up the upmost hBN layer using polypropylene carbonate (PPC) 

stamp, we conducted SHG mapping on the exfoliated hBN nanosheets to ensure that they are 

uniform and even-layered, which excludes possible contributions from hBN in the final SHG 

results. To further avoid strain-induced effects at the interface from bubbles between hBN and 

the first layer of graphene, we adopted the recently published method23 by stacking hBN onto 

graphene at a high temperature, which resulted in a relatively clean surface in the twisted region 

like the one shown in Figure 1d. It can also be readily identified under the optical microscope 

(highlighted with the red box). The angles of the sample were verified by Raman measurements 

under 532nm excitation (Figure S1a). The linear absorption measurements give the same 

estimation of the twist angle (Figure S18). Comparison of Raman spectra of the tBLG and 

single-layer graphene for the sample in Figure 1d is plotted in Figure 2a. The peak around 1366 

cm-1 is attributed to hBN. The R peak showing up on higher wavenumber side of the G peak at 

1627 cm-1 is usually associated with the intervalley double-resonance process in tBLG systems10 

and corresponds to the twist angle around 8° in this case. Figure 1e shows the integrated intensity

of the Raman R peak across the whole sample. The sharp contrast between the twisted and 

untwisted regions is clear, matching those in the optical image. More Raman maps can be found 

in the Figure S2 and S3.  

Figure 1f shows the SHG mapping of the same area by exciting the sample with a continuous 

wave (CW) laser at the wavelength of 1064nm under normal incidence with collection signal 

around 532nm. From the mapping results, we can clearly identify a strong emission in the tBLG 

region and its second-order nature is confirmed by the power-dependent measurement plotted in 
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Figure 2b. SHG spectra of tBLG with 6° twist angle, trilayer graphene (TLG), and CVD grown

monolayer MoS2 are shown in Figure 2c. The inset compares the SHG efficiency of these three 

materials under the same conditions and SHG from tBLG is comparable to monolayer MoS2 at 

this wavelength. Based on the vector model24, we calibrated the nonlinear susceptibility of 6°
twist angle to be around 28 × 10� ��/�  under resonant excitation condition, which is

comparable to the on-resonant susceptibility of monolayer MoS2
14, 25, 26 (Details of calibration 

can be found in Experimental Procedure section). Another notable feature is that the SHG 

spectrum of tBLG has only one sharp peak centered around 532nm without any broadband 

nonlinear photoluminescence, which is contrary to the case when the excitation and relaxation 

processes are on the femtosecond scale27-29. Although there are theoretical predictions on the 

emergence of SHG in graphene/hBN system due to sublattice asymmetry in the graphene layer17, 

it cannot account for the results we observed here. For those regions which consist of monolayer 

graphene and hBN (highlighted with the green box in Figure 1e), there are no detectable SHG 

signals. The fact that we did not observe any SHG signal from pure graphene layer on SiO2/Si 

substrate (highlighted with the blue box in Figure 1e) also rules out the possibility that the 

observed SHG signal arises from the breaking of inversion symmetry of graphene by the 

presence of the oxidized silicon substrate16. 

Second harmonic generation (SHG) is known to occur due to an atomic response that scales 

quadratically with the strength of the incident optical field. The induced polarization at the SHG 

frequency is usually written as ��(2�� = ����(��(2�; �, ����(����(��, where ����(��(2�; �, �� is

the second-order susceptibility which is a third-order tensor relating the vectorial incident field at 

frequency �  to the induced polarization at doubled frequency 2� . Non-zero components in
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����(��(2�; �, �� can usually be reduced and determined by considering the space group of the

crystalline medium20. As such, the SHG signal is very sensitive to the underlying symmetry of 

the materials and we explored the contributions from different components using the SHG 

polarization method20. Although the inversion symmetry is broken in tBLG samples, the exact 

point-group symmetry cannot be accurately defined because of different choices of the twisting 

center5, 30. For example, at a specific commensurate twist angle, the point-group symmetry of 

tBLG is either D3 or D6 depending on whether the twisting center is carbon atom or hexagonal 

center. In addition, the symmetry will reduce to C3 or C6 if the angles become incommensurate5,

30. However, it has been reported that the exact symmetry of tBLG may only affect the electronic

behavior of the system on the scale of meV. The susceptibility calculations shown below also 

suggests that it is the universal chirality instead of the exact symmetry of tBLG system that 

determines the ultimate SHG response.  

Closer investigation on the second-order susceptibility of tBLG with different point-symmetry 

shows that it is always possible to find a non-zero tensor component ���� associated with the

chirality31, 32. Moreover, the resonant and dispersive behavior of tBLG in the visible range due to 

the semimetal and anticrossed band structure point towards the failure of Kleinman symmetry in 

describing the second-order susceptibility33. Thus, the contribution from the chiral tensor 

component ���� cannot be neglected here and this prediction agrees with both DFT simulations34

and our SHG polarization measurements as shown below. 

SHG polarization measurements 
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We use linearly polarized excitation at �=1064nm with normal incidence through an objective

lens with a numerical aperture NA=0.9. We rotated the sample with respect to the laser axis and 

collected reflected SHG signal using the cross-polarization configuration (Details of 

experimental setup can be found in the Experimental Procedure section). The six-fold symmetric 

pattern from an odd-layer of hBN (Figure 3a) is representative of a D3h system, and the signal is 

determined by only one independent tensor component: � ∝ "���� sin(3'�"�
, which is

consistent with previous reports14. However, tBLG samples do not yield same results under the 

same experimental configuration. As shown in Figure 3b, 3c, and 3d with 8°, 10°, and 12° twist

angles respectively, the twist angles are determined by the frequency of Raman R peak before 

SHG measurements. A clear threefold symmetry can be identified in all tBLG samples. From 

DFT calculations of a commensurate tBLG model with different twisting centers, we find that 

the SHG process is dominated by a nearly constant ���� independent of the centers (Details of

DFT simulation can be found in Experimental Procedure section). In Figure 3e-3f, we plot all in-

plane tensor components of a 21.8° tBLG with the carbon atom being the twisting center (DFT

calculations of a 13.2°  commensurate angle tBLG can be found in Figure S16). The 21.8°
commensurate angle is chosen because of the computational efficiency and the space group is C3 

for this specific translational configuration10, 11. Thus, due to symmetry reasons, the spectral 

response of |����| (|����|) is the same as |����| (|����|) with other in-plane tensor elements

being negligible. More spectral responses of second-order tensors with different twisting centers 

can be found in Figure S4 – 7. It can be seen that the non-chiral tensors also contribute and 

evolve with the interlayer shift except for the AA-like stacking case. However, they show a weak 

dependence on the twisting center overall30. Therefore, we can fit the polarization results with 

the dominant ���� component and the next non-vanishing one, ����. Fitting curves are shown in
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Figure 3b-3d and Figure S8, which agrees well with the experimental results (Details of fitting 

can be found in Experimental Procedure section). Owing to the high NA of the objective lens 

used, there will always be a finite portion of z polarized light illuminated on the sample and be 

converted to in-plane polarized SHG field via the ���� component35-37. By reducing the NA, the

proportion of z-polarized field is also diminished resulting in a more drastic decrease of SHG 

efficiency of tBLGs compared to MoS2 (Comparisons can be found in Supplementary Table 1).  

Resonantly enhanced SHG response 

Previous works have demonstrated the strong enhancement of G and R band intensity when the 

energy of laser matches those EvHs in tBLG. By sweeping the incident wavelength and fixing the 

twisting angle, a clear trend can be obtained by fitting with second or third-order time-dependent 

perturbation theory38. In order to demonstrate the tunable nonlinear response of the tBLG system, 

here we choose the reverse process, that is, fixing the incident wavelength and sweeping the 

twist angle, which also give a similar trend due to the resonance matching mechanism. As shown 

in Figure 4a, when we change tBLG samples while keeping the incident wavelength constant 

(532nm), the Raman G peak shows pronounced enhancement when EvHs=2.23eV with twist 

angle to be around 12°, which is consistent with other reports when incident wavelength is

swept10, 39 (Details of fitting can be found in Experimental Procedure section). 

We collected the SHG at 392.5nm from all tBLG samples with different twist angle while 

keeping the incident wavelength at 785nm (The results of angle sweeping with 1064nm laser can 

be found in the Figure S9). High efficiency of SHG is observed when the EvHs is around 1.58eV 

and 3.16eV  as shown in Figure 4b with the corresponding twist angles to be about 8° and 20°
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respectively10, 39. Such a dependence of SHG intensity on varying vHs levels indicates resonant 

SHG processes40, 41, where the SHG is enhanced when one or two incident photons are in 

resonance with electronic transitions in tBLG. Note that the dependence of EvHs on twist angle 

does not follow the relation EvHs=3.9sin(3' ) exactly, especially at large twist angles (More

information can be found in Figure S1b). For the resonant transitions involved in the SHG 

process, we use a coherent superposition of second-order nonlinear susceptibility of 1- and 2-

photon resonances42, 43 and the theory fits the experimental data very well (solid line in Figure 

4b). (Details of fitting can be found in Experimental Procedure section) Considering the 

computational difficulty to calculate the susceptibility of tBLG with small twist angles10, 11, we 

compare the imaginary part of linear permittivity in the z-direction with the dominant tensor 

component, ����, of a 21.8° tBLG in Figure 4c. )��(�� shows a dominate peak around EvHs for a

21.8°  tBLG. Although decaying in the low-frequency range, it is still finite at halved EvHs.

Besides, the involvement of dipolar response in z-direction validates the non-vanishing ���� and

the spectral overlap supports both resonant processes. The static SH signal clearly shows the 1- 

and 2-photon resonant enhancement when the incident energy matches with electronic transitions. 

When there is significant absorption in tBLG, the magnitude of second-order susceptibility might 

be affected by the photoexcitation and the rising lattice temperature50-52, although these factors 

do not change the basic mechanism for the SHG process in tBLG. More dedicated experiments, 

for example time-resolved measurement will provide a better understanding of the influence of 

electronic dynamics on the nonlinear response in tBLG system. The novel and tunable low 

dimensional nonlinear material demonstrated here can be readily integrated onto silicon 

waveguides and resonators for integrated nonlinear optics applications. The large ���� not only

allows the strong interaction with usually unaccessible TM modes, but also enables more 
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efficient phase matching of the nonlinear process. More advanced control such as gating in 

tuning the nonlinear behavior of tBLG can further deepen our understanding of the material 

system as well as enlarge the working bandwidth of integrated nonlinear platform. 

CONCLUSIONS: 

In summary, we observed the twist-angle-dependent SHG in inversion-symmetry-broken tBLGs. 

The extracted susceptibility of on-resonant tBLG is comparable to on-resonant monolayer MoS2 

and remains non-vanishing over a range of angles. The tunable SHG achieved here differs from 

previous nonlinear engineering work that based on the fixed susceptibility dispersion41. Enabled 

by tBLG system, determinant factors of SHG response such as underlying symmetry and 

electronic structure can be readily changed just by twisting. Conventional approaches are limited 

in uncovering the symmetry elements of the tBLG system. Linear optical and Raman responses 

of tBLG are isotropic and cannot be used to tell the high symmetry axes of the system. Scanning 

Tunneling Microscopy (SEM), Transmission Electron Microscopy (TEM) and Electron 

Diffraction are the common methods to characterize the stacking configuration of tBLG samples. 

With combined contributions of dominant chiral tensor component, ����  and other non-chiral

ones, the SHG measurement of tBLG will give rise to polarization patterns with 3-fold symmetry 

which potentially allow an easier identification of the high symmetry axes in tBLG samples 

compared to previously mentioned methods. The same strategy can be applied to the material 

with similar symmetry. The involvement of the z-polarized field and the large magnitude of ����
we found here provide a new perspective to explore the exciton levels around vHs transition 

frequency. Moreover, the existence of ���� unravels the possible piezoelectric properties which

may motivate further mechanical studies on tBLG systems. Due to the strong interlayer coupling 
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between artificially stacked graphene, we also expect exotic nonlinear behavior from multi-layer 

stacked graphene and other vdW materials with more complicated crystal symmetries11, 44.  
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EXPERIMENTAL PROCEDURES 

Resource Availability 

Lead Contact 

Jie Yao serves as the lead contact (yaojie@berkeley.edu). 

Materials Availability 

No new reagents were generated in this study. 

Data and Code Availability 

All data are available upon reasonable request. 

DFT and SHG simulation details 

For simulations, a commensuration cell45 consists of 28 C atoms is built by twisting upper layer 

of AB stacking bilayer graphene by 21.79 ° , with the axis on one C atom having no

corresponding C atom at the other layer. First-principles calculations are implemented in the 

Vienna ab initio simulation package (VASP)46, 47 to obtain relaxed atomistic structures and 

electronic structures, based on density functional theory (DFT) within the generalized gradient 

approximation using the Perdew-Burke-Ernzerhof (GGA-PBE) functional48. The plane-wave 

energy cutoff is set to be 400 eV. The van der Waals (vdW) interaction is included through the 

DFT-D2 method of Grimme49. For linear and nonlinear optics calculation, we use a dense 26 ×
 26 × 1 k-grid sampling in reciprocal space and 80 total electronic bands to guarantee converged

results. Linear permittivity and second harmonic generation (SHG) are calculated by NLOPACK 

package34. 
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Sample preparation 

Single layer graphene and few layer hBN are exfoliated on 300nm SiO2/Si substrate using the 

Scotch tape. Before the transfer process we use SHG measurement to determine whether the 

exfoliated hBNs are even-layer or odd-layer. Only the even-layer ones are used in the transfer 

and sample preparation processes. PPC/PDMS stamps are prepared following the reported 

method23. By attaching the stamp on a vertical stage and the substrate on a rotatable mount, we 

are able to pick up hBN and use this hBN to pick up one half of the graphene layer. By rotating 

the mount with another half of graphene layer on it to the desired angle and align it with the 

previous half on the stamp, a tBLG sample can be made. 

Optical measurements 

SHG mapping and polarization measurement setup is shown in Figure S10. Excitation beam 

from a CW laser is first sent through a linear polarizer (LP) orientated in X direction and then 

focused on to the sample by a high-NA objective lens. TBLG samples are mounted on an XY 

Piezo Stage to achieve spatial SHG resolution. Emission from the sample is first collimated by 

the objective lens, then filtered by a short pass filter (SP) to get rid of excitation beam. Finally, 

the SHG emission is focused onto the silt of the spectrometer with silicon detector by a detector 

lens (L). For polarization measurement, another polarizer is placed perpendicular to the 

excitation polarization (Y direction) before the detector lens and the sample is rotated around the 

sample normal. The setup for Raman measurement is similar to the SHG except that the laser has 

a wavelength at 532nm (CW) and the SP is replaced by a 532nm Raman filter. 
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One of the CW laser Model we used in this work is Ventus 1064 (Laser Quantum) and the 

maximum power output is 100mW. The power after the objective lens is measured to be 90mW 

and the focused light spot is ~ 4.5um. The second CW laser system we used is Littman/Metcalf

785nm (Sacher Lasertechnik) with output power 100mW and focused light spot is ~ 4um.

Nonlinear susceptibility calibration of tBLG  

The general relation between second-order polarization and incident electric field is: 

+��(2����(2����(2��, = -. /���� ���� �������� ���� �������� ���� ����
���� ���� �������� ���� �������� ���� ���� 0

12
22
22
3 ���(�����(�����(��2��(����(��2��(����(��2��(����(��45

55
55
6

For monolayer MoS2 with D3h symmetry, the SH susceptibility reduces to the following 

form with only one independent tensor component: 

/���� −���� 00 0 00 0 0
0 0 00 0 −����0 0 0 0

Therefore, for MoS2 the detected SH signal without any polarizer before the detector (LP Y) 

is: 

�89:;(2�� = <����� �(���,

where C is a proportionality constant determined by the local dielectric environment25 and �(��
is the intensity of incident fundamental field. For tBLG we can reduce the tensor matrix 

according to C3 crystal symmetry and there are 8 independent elements left: 

/ ���� −���� 0−���� ���� 0���� ���� ����
���� ���� −�������� −���� −����0 0 0 0
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Based on our SHG DFT simulation resultsonly ���� and ���� are nonzero for C3 symmetry

(Figure S1e and S1f). Assuming the same incident and local environment condition as MoS2, 

which is valid in our experiment, the SHG from tBLG is:  

�=>?@(2�� = <(����� + 4C������ − 4f�������� sin(3'�� �(���,

The DFT results for both 21.8° and 13.2° tBLGs show that ���� is much smaller than ����.

Thus, we can use �=>?@(2�� = <(4C������ ��(���  to get a lower bound for the estimation of

tBLG susceptibility. Here f is the ratio of how much z-polarized light is converted by the high 

NA objective lens. 

Due to the vectorial nature of light-matter interaction in the second order, the field 

distribution in the focal volume of a high-NA objective cannot be described by paraxial 

approximation anymore and the longitudinal component of polarization are nonnegligible35, 36. 

Therefore, we adopt the vectorial Debye diffraction theory here to analyze the field distribution 

of fundamental light at focal plane and estimate the value of f in the above expression. 

As schematically shown Figure S11a, the illuminating part of SHG measurement consists of 

a high NA objective lens and we will only consider linearly polarized fundamental field (X 

polarized) for further discussion. Based on the integral formula from Richard and Wolf24, when 

incident light is polarized in X direction by an infinity-corrected objective, the electric field at 

focal plane can be expressed as: 

��(E� = −F[�. + ��cos (2J�]
��(E� = −F�� sin(2J�

��(E� = −�Lcos (J�
And the integrals �M are defined as:
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�. = N cos ('�L/�sin ('�(1 + cos ('��O.(PQRFS('��exp (FPWXYR('��Z'[
.
�L = N cos ('�L/�sin ('��OL(PQRFS('��exp (FPWXYR('��Z'[

.
�� = N cos ('�L/�sin ('�(1 − cos ('��O�(PQRFS('��exp (FPWXYR('��Z'[

.
Where J is the azimuthal and of point r in the focal plane, ' characterizes the incident angle

which spans form 0 to \, the maximal angle determined by the NA of illumination objective

(\ = sin (]^/S�_L).

Figure S11b shows the peak intensity and field ratio of the longitudinal Z component versus 

transverse X component at the focal plane as a function of NA for 1064nm incident light. The Y-

polarized component is neglected due to its extremely small value. For the specific objective len 

we used (NA=0.9), Ez/Ex, i.e., f value, is about 0.1~0.2 which is consistent with previous

calculations35. Moreover, the ability to efficiently collect the emission from dark excitons in 

TMDC using high NA objective (NA=0.82) has been experimentally achieved37, where the 

authors estimates the percentage of z-polarized component to be around 9%, and agrees with our 

result. 

By adding analyzer vertical or parallel to the incident laser polarization and rotate the 

sample around the laser axis, we can find that the SHG polarization pattern of tBLG satisfies 

following expression, respectively: 

� `a=�bcd('� ∝ (2C���� + ����sin (3'���
�ecacdd`d('� ∝ ����� cos('�� (1 − 2sin (2'���

Here, we take f to be 0.1 following above analysis and fit the experimental vertical polarization 

results with � `a=�bcd('�. We find that only when ���� is much larger than ����, a good fit can be
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attained. Considering the fact that ���� is a small value, �ecacdd`d  becomes almost two orders of 

magnitude smaller than � `a=�bcd  and the SHG signal with a parallel analyzer falls below the 

detection limit of our system during measurement. Therefore, we are not able to fit parallel 

polarization results and obtain more quantitative estimations of the value of ����  and ���� . 

Figure S8 shows polarization result with two kinds of the analyzer for an odd-layer hBN and a 

tBLG sample. 

To further reveal the field distribution of X-polarized incident field focused by a high NA 

objective (NA=0.9), we plot the magnitude and phase of Ex and Ez at focal plane in Figure S12 

based on the same integral formula. As we can see in Figure S12a and S12c, Ex is rotationally 

symmetrical and is in phase in the region of interest while the magnitude peaks of Ez locate at the 

X axis and are out of phase (Figure S11b and S11d). It is the overlap between Ex and Ez field that 

is responsible for the SH response through ���� . Although one might think that the SHG 

contributed from out-of-phase Ez field will cancel each other in the far field intuitively, we will 

show that this is not the case by taking into account the phase factor in vectorical Debye theory 

when simulating the SHG collection process in the followings. 

Since the SHG process of MoS2 has been well studied and calibrated14, 25, 26, it serves as an 

excellent reference to calibrate the nonlinear susceptibility of the tBLG. Having the estimation of 

f, we can calculate the susceptibility of tBLG and trilayer graphene based on measured data. 

Consider trilayer graphene (TLG), 6° tBLG, and monolayer MoS2 SHG measurements under the 

same conditions (same 1064nm CW laser, excitation power, optical setup, laser focus, substrate) 

and the SH signal without any analyzer is shown in Figure 2c. Since TLG has the same 

symmetry as MoS2, the equation governs SHG efficiency would also be the same with only one 

independent tensor for both systems. Therefore 
fggg,hijfggg,klm; = n o(�p�hijo(�p�klm; . Following the above 
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analysis for tBLG, we get 
fgqr,stijfggg,klm; = L�u n o(�p�stijo(�p�klm; . Taking the SH susceptibility of MoS2

around 1064nm from theoretical and experimental work which is ~0.7 (104 pm2/V), we get

����,v?@ is about 0.49 (104 pm2/V) and ����,=>?@ is approximately 1.7 ~ 3.3 (104 pm2/V). It can

be seen that the susceptibility of on-resonance tBLG is higher than off-resonant MoS2, but 

generally on the same order of 104 pm2/V. To further confirm our evaluation, the results from 

DFT calculation are shown in Figure 3f-3e for 21.8° commensurate angle tBLG. At resonance,

���� is indeed on the same order of the result from experimental data.

The above evaluation of nonlinear susceptibility for tBLG is actually overly underestimated 

due to the ignorance of ���� and the fact that Ez field only has finite overlap with Ex in the focal

region. In order to get a more accurate estimation of ����  for the 6°  tBLG under resonant

excitation, we simulate the evolution of SH signal through the detecting system with spatially 

varying Ex and Ez in the framework of vectorical Debye diffraction model. The detecting system 

of SH signal is shown in Figure S13 with the same objective lens as in the illuminating system 

(Figure S11). 

In the simulation, the induced second-order polarization in tBLG sample can be taken as a 

two-dimensional collection of dipoles, of which the directions are determined by the nonlinear 

tensors. The far-field radiation can be calculated as the superposition of all these dipoles: 

�w�e9d`x = y���z4{| N y_���}∙E{} × [} × �(E�]}ZQ�

Where �(E� is the induced SH polarization, �w�e9d`x is the radiated SH field, R is the observation

point at plane �� behind the objective, r is the coordinate in the focal plane and s is the unit

vector in the observation direction. 
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Following the standard method24, the electric vectors ( �� ) of SH signal behind the

collimating objective is: 

�L� = cos('�_L� (−�L�� − ���� + �����
�L� = cos('�_L� (−���� − ���� + �����

�L� = 0
Where 

�L = sin (J�� + ∅ cos(J�� cos ('�
�� = sin(J� cos(J� (cos('� − 1�
�� = cos(J� sin('�
�� = sin(J�� cos('� + cos(J��
�� = sin(J� sin('�
�� = y���;z4{| N y_���;x∙a��ZQ�

�� = y���;z4{| N y_���;x∙a��ZQ�

�� = y���;z4{| N y_���;x∙a��ZQ�

Here, ' and J are polar and azimuthal angles of the observation point R as shown in Figure

S13, P�  in the integral is now the wavevector of SH field at doubled frequency of the

fundamental wave. In the paraxial approximation, we usually assume emitted SH field vectors to 

be linearly proportional to the induced SH polarization vectors. However, as we can see in the 

above expressions, cross-effect between lateral and longitudinal components are possible in the 

presence of a high-NA objective. In our case, the induced Z-polarized second-order polarization 
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(��∙∙) is negligible according to the DFT results (Figure S7), and we only need to consider the 

collection of induced �� and ��. 

Behind the objective, another Y-orientated linear polarizer (perpendicular to the incident 

polarization) is placed before the detecting lens to select cross-polarized SH field. The final 

detector lens with low NA is used for focusing SH signal to the detector. The collected SH power, 

therefore, can be calculated by integrating SH field intensity over a spherical surface of radius R 

within the cone angle of the collimating objective: 

� = N Z'[
. N ZJ|��(��|���sin ('���

.  

 

For SHG intensity simulations of MoS2 and tBLG, we apply the same incident field, which 

is the same field distribution enabled by an objective with 0.9 NA as calculated in Figure S12. 

We keep incident light to be polarized in X direction and rotate the sample around the sample 

normal. The angle between X direction in lab frame and x direction in local fame of sample is �. 

For MoS2, the induced polarization expressed in global coordinates can be expressed as: 

�� = �� cos(�� + ��sin (�� 

�� = −��sin (�� + ��cos (�� 

�� = ������� − ������� 

�� = −2�������� 

�� = �� cos(�� − ��sin (�� 

�� = �� sin(�� + ��cos (�� 

We take the off-resonant susceptibility value of MoS2 to be 0.7 (104 pm2/V) as reported. Results 

shown in Figure S14 are SHG polarization results of MoS2 with a Y-orientated analyzer before 
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the detector from the spatial distribution of incident field using the Vector model (orange dots) 

and from a simple analytical model (�(�� = <����� cos (3����(���) with uniform incident field

(yellow line), respectively. The results from both models show excellent agreement except a 

constant multiplier and this is acceptable since MoS2 will not react to incident Ez and all 

responses are confined to be in-plane. 

Next, we use the Vector model developed above to simulate the SH response from tBLG. 

For overall SH intensity comparison between MoS2 and tBLG, there is no polarizer before the 

detector and intensities are normalized by the signal from MoS2. Plots in Figure S15 are the 

angle-dependent SH intensity from tBLG with different values of ����. ���� is chosen to be 100

times smaller than ���� based on DFT results. Although there is no analyzer, angle-dependent

SH intensity reveals the interference between different nonlinear tensor components agrees with 

our experimental observations (Figure 3b-d). 

For the SH intensity comparison in Figure 2c, both MoS2 and 6°  tBLG are excited by

1064nm CW laser and the collected maximum SH intensity are comparable. The excitation for 

MoS2 is off-resonant with susceptibility around 0.7×104 pm2/V. On the other hand, the excitation 

is resonant for 6° tBLG and as shown in Figure S15. Since the susceptibility of tBLG should be

around 28×104 pm2/V in order to achieve comparable values, the susceptibility for resonantly 

excited tBLG should be on the same order of resonantly excited TMDC system. The discrepancy 

of estimated values of tBLG susceptibility from a simple analytical model (3 (104 pm2/V)) and 

from the Vector model (28 (104 pm2/V)) not only uncovers the role of Ez enabled by the high-NA 

objective but also discloses the necessity of the Vector model to analyze the observed SH signal 

for our case. 
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G peak enhancement fitting: 

The enhancement of Raman G peak of tBLGs can be described by second order time dependent 

perturbation10: 

�@�:?@ = | �(��Mb − � �x − F��(��Mb − � �x − ℏ�@ − F�� |�

In our case, ��Mb(energy of incident photon) and ℏ�@(energy of G phonon) is fixed and � �x is

varied. By assuming � and � are constant across all samples and using least square to fit the data

in Figure 4a, we obtain the solid yellow curve in Figure 4a. We found � = 0.3318 ± 0.00867
and � = 0.2002 ± 0.345 consistent with results obtained in Ref 10. The nice fitting results show

that the above assumption is feasible. 

SHG enhancement fitting: 

SHG enhancement data in Figure 4b are fitted by a coherent superposition of second-order 

nonlinear susceptibility of 1� and 2� resonances42, 43:

�(2�� ∝ (�(���� ∝ ( CLexp (FJL�(��Mb − � �x + F�L/2� +
C�exp (FJ��(2��Mb − � �x + F��/2���

where ��Mb is the energy of incident light, � �x corresponds to the energy of vHs transitions in

tBLG. In this work, we are using different twist angles to demonstrate the tunable nonlinear 

response of the tBLG system, therefore ��Mb is fixed to be 1.58eV and � �x is swept from 0 to

4eV. The phase value J�  does not play an important role here because the two resonant

frequencies are well separated. C�  and �� (i=1, 2) determines the amplitude and the bandwidth of

resonant peaks respectively. The solid line in Figure 4b is the fitting result which shows that 1-

photon resonance is around 1.573eV and 2-photon resonance is around 3.158eV in line with 

expectations.  
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Figure 1 | Schematics of bilayer graphene and mapping results of tBLG. a AB-stacked 

bilayer graphene crystal structure with an additional translational replacement (T) and relative 

twist (R). The top and bottom layers are labeled as blue and red, respectively. b Bandstructure of 

a 21.8° tBLG. The red and blue arrows near M point indicate transitions between vHs in valance

and conduction bands. c Schematics for 1- and 2- photon resonant SHG processes d Optical 

image of a tBLG with 8° twisted angle. The tBLG region, single-layer graphene region under

hBN and pure single-layer graphene on substrate region are indicated by red, green and blue 

dashed boxes. The white box corresponds to the following mapping area. (e and f) Raman R 

peak mapping and SHG mapping of the 8° tBLG sample using 532nm and 1064nm CW laser

respectively. Scale bar: 10um. 
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Figure 2 | Raman and SHG results of tBLG. a Raman spectra of 8° tBLG sample under hBN

(black) and monolayer graphene (red) under 532nm excitation. b SHG power dependence of 8°
tBLG sample in log-log scale. The dotted data (red) were fitted linearly with a slope of 

1.97± 0.06 (a.u.). c SHG spectra of TLG (light blue), tBLG (dark blue) and CVD-grown

monolayer MoS2 (purple). The spectra are shifted vertically for a clearer view. The insert of c 

compares the relative amplitude of the SHG signal of three species under the same experimental 

configuration excited by 1064nm CW laser. 
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Figure 3 | SHG polarization pattern and calculated second-order susceptibility tensors. a-d 

SHG polarization pattern of an odd-layer hBN, 8°, 10°, and 12° tBLG samples respectively with

a polarizer vertical to the polarization of incident laser before the detector. e and f DFT 

calculation of second-order susceptibility response in x and y direction of a 21.8° tBLG model.
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Figure 4 | Change of Raman and SHG signal with twist angle. a Raman G peak enhancement 

with different twist angles using 532nm laser. The orange dots are experimental results and the 

yellow curve is the G peak enhancement fitting based on the work10. b Normalized SHG signal 

of tBLGs with different twist angles under 785nm excitation. The orange dots are experimental 

data and the yellow curve is the fitting result. The insets correspond to 1- and 2- photon resonant 

SHG processes. We used the highest count in the polarization plot of all tBLG samples for the 

figure. c Spectrum of the imaginary part of linear permittivity in z-direction (purple) and the 

absolute value of ���� (blue) of a 21.8° tBLG.
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