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Fixed-smoothing Asymptotics in a Two-step GMM Framework

Yixiao Sun*
Department of Economics,
University of California, San Diego

July 12, 2013, First version: December 2011

Abstract

The paper develops the fixed-smoothing asymptotics in a two-step GMM framework. Un-
der this type of asymptotics, the weighting matrix in the second-step GMM criterion function
converges weakly to a random matrix and the two-step GMM estimator is asymptotically
mixed normal. Nevertheless, the Wald statistic, the GMM criterion function statistic and the
LM statistic remain asymptotically pivotal. It is shown that critical values from the fixed-
smoothing asymptotic distribution are high order correct under the conventional increasing-
smoothing asymptotics. When an orthonormal series covariance estimator is used, the critical
values can be approximated very well by the quantiles of a noncentral F distribution. A sim-
ulation study shows that the new statistical tests based on the fixed-smoothing critical values
are much more accurate in size than the conventional chi-square test.

JEL Classification: C12, C32

Keywords: F-distribution, Fixed-smoothing Asymptotics, Heteroskedasticity and Autocorre-
lation Robust, Increasing-smoothing Asymptotics, Noncentral F Test, Two-step GMM Esti-
mation

1 Introduction

Recent research on heteroskedasticity and autocorrelation robust (HAR) inference has been fo-
cusing on developing distributional approximations that are more accurate than the conventional
chi-square approximation or the normal approximation. To a great extent and from a broad
perspective, this development is line with many other areas of research in econometrics where
more accurate distributional approximations are the focus of interest. A common theme for com-
ing up with a new approximation is to embed the finite sample situation in a different limiting
thought experiment. In the case of HAR inference, the conventional limiting thought experiment
assumes that the amount of smoothing increases with the sample size but a slower rate. The new
limiting thought experiment assumes that the amount of smoothing is held fixed as the sample
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size increases. This leads to two types of asymptotics: the conventional increasing-smoothing
asymptotics and the more recent fixed-smoothing asymptotics. Sun (2012) coins these two in-
clusive terms so that they are applicable to different HAR variance estimators, including both
kernel HAR variance estimators and orthonormal series (OS) HAR, variance estimators.

There is a large and growing literature on the fixed-smoothing asymptotics. For kernel HAR
variance estimators, the fixed-smoothing asymptotics is the so-called the fixed-b asymptotics
first studied by Kiefer and Vogelsang (2002a, 2002b, 2005, KV hereafter) in the econometrics
literature. For other studies, see for example Jansson (2004), Sun, Phillips, Jin (2008), Sun and
Phillips (2009), Gonglaves and Vogelsang (2011) in the time series setting, Bester, Conley, Hansen
and Vogelsang (2011, BCHV hereafter) and Sun and Kim (2012b) in the spatial setting, and
Gongalves (2011), Kim and Sun (2012), and Vogelsang (2012) in the panel data setting. For OS
HAR variance estimators, the fixed-smoothing asymptotics is the so-called fixed-K asymptotics.
For its theoretical development and related simulation evidence, see for example Phillips (2005),
Miiller (2007), and Sun (2011, 2013). The approximation approaches in some other papers can
also be regarded as special cases of the fixed-smoothing asymptotics. This includes, among others,
Ibragimov and Miiller (2010), Shao (2010) and Bester, Hansen and Conley (2011).

All of the recent developments on the fixed-smoothing asymptotics have been devoted to
first-step GMM estimation and inference. In this paper, we establish the fixed-smoothing asymp-
totics in a general two-step GMM framework. For two-step estimation and inference, the HAR
variance estimator not only appears in the covariance estimator but also plays the role of the
optimal weighting matrix in the second-step GMM criterion function. Under the fixed-smoothing
asymptotics, the weighting matrix converges to a random matrix. As a result, the second-step
GMM estimator is not asymptotically normal but rather asymptotically mixed normal. On one
hand, the asymptotic mixed normality captures the estimation uncertainty of the GMM weight-
ing matrix and is expected to be closer to the finite sample distribution of the second-step GMM
estimator. On the other hand, the lack of asymptotic normality posts a challenge for pivotal
inference. It is far from obvious that the Wald statistic is still asymptotically pivotal under the
new asymptotics. To confront this challenge, we have to judicially rotate and transform the as-
ymptotic distribution and show that it is equivalent to a distribution that is nuisance parameter
free.

The fixed-smoothing asymptotic distribution not only depends on the kernel or basis function
and the smoothing parameter, which is the same as in the one-step GMM framework, but also
depends on the degree of over-identification, which is different from existing results. In general,
the degree of over-identification or the number of moment conditions remains in the asymptotic
distribution only under the so-called many-instruments or many-moments asymptotics. Here the
number of moment conditions and hence the degree of over-identification are finite and fixed.
Intuitively, the degree of over-identification remains in the asymptotic distribution because it is
indicative of the dimension of the limiting random weighting matrix.

In the case of OS HAR variance estimation, the fixed-smoothing asymptotic distribution is
a mixed noncentral F distribution — a noncentral F distribution with a random noncentrality
parameter. This is an intriguing result, as a noncentral F distribution is not expected under the
null hypothesis. It is reassuring that the random noncentrality parameter becomes degenerate
as the amount of smoothing increases. Replacing the random noncentrality parameter by its
mean, we show that the mixed noncentral F distribution can be approximated extremely well by
a noncentral F distribution. The noncentral F-distribution is implemented in standard program-
ming languages and packages such as the R language, MATLAB, Mathematica and STATA, so



critical values are readily available. No computation intensive simulation is needed. This can be
regarded as an advantage of using the OS HAR variance estimator.

In the case of kernel HAR variance estimation, the fixed-smoothing asymptotic distribution
is a mixed chi-square distribution — a chi-square distribution scaled by an independent and
positive random variable. This resembles an F distribution except that the random denominator
has a complicated distribution. Nevertheless, we are able to show that critical values from the
fixed-smoothing asymptotic distribution are high order correct under the conventional increasing-
smoothing asymptotics. This result is established on the basis of two distributional expansions.
The first expansion is the expansion of the fixed-smoothing asymptotic distribution as the amount
of smoothing increases, and the second one is the high order Edgeworth expansion established in
Sun and Phillips (2009). We arrive at the two expansions via completely different routes, yet at
the end some of the terms in the two expansions are exactly the same.

Our framework for establishing the fixed-smoothing asymptotics is general enough to accom-
modate both the kernel HAR variance estimators and the OS HAR variance estimators. The
fixed-smoothing asymptotics is established under weaker conditions than what are typically as-
sumed in the literature. More specifically, instead of maintaining a functional CLT assumption,
we make use of a regular CLT, which is weaker than an FCLT. Our method of proof is also novel.
It applies directly to both smooth and nonsmooth kernel functions. There is no need to give a
separate treatment to non-smooth kernels such as the Bartlett kernel. The unified method of
proof leads to a unified representation of the fixed-smoothing asymptotic distribution.

The fixed-smoothing asymptotics is established for three commonly used test statistics in the
GMM framework: the Wald statistic, the GMM criterion function statistic, and the score type
statistic or the LM statistic. As in the conventional increasing-smoothing asymptotic framework,
we show that these three test statistics are asymptotically equivalent and converge to the same
limiting distribution.

In the Monte Carlo simulations, we examine the accuracy of the fixed-smoothing approxima-
tion. We find that the tests based on the new fixed-smoothing approximation have much more
accurate size than the conventional chi-square tests. This is especially true when the degree of
over-identification is large. When the model is over-identified, the fixed-smoothing approxima-
tion that accounts for the randomness of the GMM weighting matrix is also more accurate than
the fixed-smoothing approximation that ignores the randomness. When the OS HAR variance
estimator is used, the convenient noncentral F test has almost identical size properties as the
nonstandard test whose critical values have to be simulated.

The rest of the paper is organized as follows. Section 2 describes the estimation and testing
problems at hand. Section 3 establishes the fixed-smoothing asymptotics for the covariance
estimators and the associated test statistics. Section 4 gives different representations of the fixed-
smoothing asymptotic distribution. In the case of OS HAR variance estimation, a noncentral F
distribution is shown to be a very accurate approximation to the nonstandard fixed-smoothing
asymptotic distribution. In the case of kernel HAR variance estimation, the fixed-smoothing
approximation is shown to provide a high order refinement over the chi-square approximation.
The next section reports simulation evidence on the performance of the new approximation. The
last section provides some concluding discussion. Proofs of the main results are given in the
Appendix.

A word on notation: we use Fp g—p—g+1 (52) to denote a random variable that follows the
noncentral F' distribution with degrees of freedom (p, K — p — ¢ + 1) and noncentrality parameter
5%, We use Fpk—p—g+1 (z, (52) to denote the CDF of the noncentral F' distribution.



2 Two-step GMM Estimation and Testing

We are interested in a d x 1 vector of parameters § € © C R Let v; € R%* denote a vector of
observations at time t. Let 8y denote the true value and assume that 6y is an interior point of ©.
The moment conditions

Ef (v,0)=0, t=1,2,...T (1)

hold if and only if 8 = 6y where f (-) is an m x 1 vector of continuously differentiable functions.
The process f (vt,00) may exhibit autocorrelation of unknown forms. We assume that m > d
and rank E [0f (vt,00) /06'] = d. That is, we consider a model that is possibly over-identified
with the degree of over-identification ¢ = m — d.

Define

then the GMM estimator of 8y is given by
Ocrin = arg Ierélél gr () W:FlgT (9)

where Wr is a positive definite weighting matrix.
To obtain an initial first step estimator, we often choose a simple weighting matrix W, that
does not depend on model parameters, leading to

éT = arg min gy (0)/ WO_IgT ).
0cO

As an example, we may set W, = I, in the general GMM setting. In the IV regression, we may
set W, = Z'Z/T where Z is the data matrix for the instruments. We assume that

P
Wo = Wo.00,

a matrix that is positive definite almost surely.

According to Hansen (1982), the optimal weighting matrix Wy is the asymptotic variance
matrix of vTgr (6p). On the basis of the first step estimate 07, we can use @y = f(vg,07) to
estimate the asymptotic variance matrix. Many nonparametric estimators of the variance matrix
are available in the literature. In this paper, we consider a class of quadratic variance estimators,
which includes the conventional kernel variance estimators of Andrews (1991), Newey and West
(1987), Politis (2011), sharp and steep kernel variance estimators of Phillips, Sun and Jin (2006,
2007), and the orthonormal series (OS) variance estimators of Phillips (2005), Miiller (2007), and
Sun (2011, 2013) as special cases. Following Phillips, Sun and Jin (2006, 2007), we refer to the
conventional kernel estimators as contracted kernel estimators and the sharp and steep kernel
estimators as exponentiated kernel estimators.

The quadratic HAR variance estimator is given by

T T T !
Wwr (6r) —;;;Qh <;;> (at—;;m) (u—;zlu) (2)

where @y, (1, s) is a weighting function that depends on the smoothing parameter h. For con-
ventional kernel estimators, Qy, (r,s) = k ((r — s) /b) and we take h = 1/b. For the sharp kernel



estimator, Qp, (r,s) = (1 —|r — s])’ 1{|r — s| < 1} and we take h = p. For steep quadratic ker-
nel estimators, @, (r,s) = k” (r —s) and we take h = ,/p. For the OS estimators Qj, (r,s) =
K1 EJKZ1 ¢; () ¢;(s) and we take h = K, where {¢, (r)} are orthonormal basis functions on

L?[0,1] satisfying fol ¢; (r)dr = 0. A prewhitened version of the above estimators can also be
used. See, for example, Andrews and Monahan (1992) and Xiao and Linton (2002). .
For our theoretical development below, we use an asymptotically equivalent estimator W (67)

defined by
T

S @ <,} ;) F (0 0)[f (03, 0)) (3)

t=1 s=1

Wr (0) =

Nl

where

1 1 1 1
QL (r.5) = Qn (. 5) — /0 Qn (r,5) dr - /0 Qn (r,7) dr + /0 /0 Qn (r1,72) drydrs

is the centered version of Q, (r, s) satisfying fol Q; (r,7)dr = fol Q; (1,s)ds = 0 for any 7. For OS
HAR variance estimators, centering is not necessary as Qj (r,s) = Qp (r,s) . With the variance
estimator Wr(6r), the two-step GMM estimator is:

Or = argmingr (6) Wy (0r)gr (6)

Suppose we want to test the linear null hypothesis Hy : R0y = r against Hy : Rfg # r where
R is a p X d matrix with full row rank. Nonlinear restrictions can be converted to linear ones by
the delta method. We consider three types of test statistics. The first type is the conventional
Wald statistic. The normalized Wald statistic is

_ -1
Wy = We(br) = T(Rbr — 1)’ {R (G bry W 6r)Gr (b)) 1R’} (Rdz —7)/p,

where dar (0)
g
Gr(0) = =5

When p = 1 and for one-sided alternative hypotheses, we can construct the t statistic tp = t7(07)
where t7 (07) is defined to be

VT(ROp — )
1 12"
{R[GrOry W 0r)Gr(or)] " B}

tr (QT) =

The second type of test statistic is based on the likelihood ratio principle. Let @T, R be the
restricted second-step GMM estimator:

Or,r = arg min gr (0) Wit(0r)gr (0) s.t. RO =r.
S

The likelihood ratio principle suggests the GMM distance statistic (or GMM criterion function
statistic) given by

9 ~

Dy == |Tgr(07) Wy (07)g7(07) — Tgr(0r.8) Wi (07)97(07R)| /P



where O is a v/T-consistent estimator of O, i.c. Op — 0y = Op(1/ VT ). Typically, we take Or to
be O, the unrestricted first-step estimator. To ensure that Dy > 0, we use the same W, 1(5T)
in computing the restricted and unrestricted GMM criterion functions.

The third type of test statistic is the GMM counterpart of the score statistic or Lagrange
Multiplier (LM) statistic. It is based on the score or gradient of the GMM criterion function, i.e.
Ar (0) = G (0) Wfl(éT)gT (0). The test statistic is given by

Spr=T [AT(éT,R)}/ [G/T(éT,R)WZFI(éT)GT(éT,R) - Ar(0r.r)/p

where as before éT is a v/T-consistent estimator of 6.

Under the usual asymptotics where h — oo but at a slower rate than the sample size T, all
three statistics Wp, Dy and St are asymptotically distributed as X;Q) /p, and the t-statistic tp is
asymptotically normal under the null. The question is, what are the limiting distributions of W,
D7, Sy and tp when h is held fixed as T" — oco? The rationale of considering this type of thought
experiment is that it may deliver asymptotic approximations that are more accurate than the
chi-square or normal approximation in finite samples.

When h is fixed, that is, b,p or K is fixed, the variance matrix estimator involves a fixed
amount of smoothing in that it is approximately equal to an average of a fixed number of quan-
tities from a frequency domain perspective. The fixed-b, fixed-p or fixed-K asymptotics may be
collectively referred to as the fixed-smoothing asymptotics. Correspondingly, the conventional
asymptotics under which h — oo, T' — oo jointly is referred to as the increasing-smoothing
asymptotics. In view of the definition of h for each HAR variance estimator, the magnitude of h
indicates the amount or level of smoothing in each case.

3 The Fixed-smoothing Asymptotics

3.1 Fixed-smoothing asymptotics for the variance estimator

To establish the fixed-smoothing asymptotics, we maintain Assumption 1 on the kernel function
and basis functions.

Assumption 1 (i) For kernel HAR wvariance estimators, the kernel function k(-) satisfies the
following condition: for any b € (0,1] and p > 1, ky (z) and kP (x) are symmetric, continuous,
piecewise monotonic, and piecewise continuously differentiable on [—1,1]. (it) For the OS HAR
variance estimator, the basis functions ¢; () are piecewise monotonic, continuously differentiable

and orthonormal in L*[0,1] and fol ¢; (z)dr = 0.

Assumption 1 on the kernel function is very mild. It includes many commonly used kernel
functions such as the Bartlett kernel, Parzen kernel, QS kernel, Daniel kernel and Tukey-Hanning
kernel. Under Assumption 1, we can use the Fourier series expansion to show that Q7 (r,s) has
the following unified representation for all the HAR variance estimators we consider:

Qh () =3 Ny (1) ®; (5). (4)
j=1

where {®; ()} is a sequence of continuously differentiable functions satisfying fol ®; (r)dr = 0.
The right hand side of (4) converges absolutely and uniformly over (r,s) € [0,1] x [0,1]. For



positive semi-definite kernels k (), the above representation also follows from Mercer’s theorem,
in which case \; is the eigenvalue and ®; (r) is the corresponding orthonormal eigen function for
the Fredholm operator with kernel Q7 (r,s). Alternatively, the representation can be regarded
as a spectral decomposition of this Fredholm operator, which can be shown to be compact. This
representation enables us to give a unified proof for the contracted kernel HAR estimator, the
exponentiated kernel HAR estimator and the OS HAR estimator. For kernel HAR estimation,
there is no need to single out non-smooth kernels such as the Bartlett kernel and treat them
differently as in KV (2005).
Define

for t>1and Gy (0) =0.

Let uy = f(v, 6p) and
Do (t) = 1, e ~ iidN(0, Iy).

We make the following four assumptions on the GMM estimators and the data generating process.

Assumption 2 plz’mTHooéT = 0y, plimTHooéﬂ r = 6o, plimT_NX,éT = 0y for an interior point
0y € O©.

Assumption 3 >°7° ||IT[| < oo where T'; = Buguy_;.

j=—00

Assumption 4 For any 07 = 0o + 0, (1), plimr—.oGjpr) (07) = rG uniformly in r where G =
G(0o) and G(0) = EOf(vs,0)/00 .

Assumption 5 (i) T-V23.1 &, (t/T) us converges weakly to a continuous distribution, jointly
over j =0,1,...,J for every fixed J.
(i) The following holds:

T
1 t
P|— D | = < 1 =0,1,...,J
(\/TZ ]<T>ut_xf07nj 5 Ly ey )
1 < t
:P(A\/TZCI)J- (T>et§wf0rj:0,1,...,J>+0(1) as T — oo

for every fized J where x € RP and A is the matriz square root of 0, i.e. AN =Q := Z]*—oo L;.

Assumptions 2-4 are standard assumptions in the literature on the fixed-smoothing asymp-
totics. They are the same as those in Kiefer and Vogelsang (2005), Sun and Kim (2012a), among
others. Assumption 5 is a variant of the standard multivariate CLT. If Assumption 1 holds and

[rT]

T1/2 [rT] 00 Z Ut —> AB

where B,,(r) is a standard Brownian motion, then Assumption 5 holds. So Assumption 5 is
weaker than the above FCLT, which is typically assumed in the literature on the fixed-smoothing
asymptotics.

A great advantage of maintaining only the CLT assumption is that our results can be eas-
ily generalized to the case of higher dimensional dependence, such as spatial dependence and



spatial-temporal dependence. In fact, Sun and Kim (2012b) have established the fixed-smoothing
asymptotics in the spatial setting using only the CLT assumption. They avoid the more restric-
tive FCLT assumption maintained in BCHV (2011). With some minor notational change and a
small change in Assumption 4 as in Sun and Kim (2012b), our results remain valid in the spatial
setting.

Assumption 5 only assumes that the approximation error is o(1), which is enough for our
first order fixed-smoothing asymptotics. However, it is useful to discuss the composition of the
approximation error. Let W (t) = (®g(t),®1(t),...,®2(t)) and a; € R/T! be a vector of
the same dimension. It follows from Lemma 1 in Taniguchi and Puri (1996) that under some
additional conditions:

T
P(a(]\/»z\y <t>ut<x): <aJA Z\I’J< ) x>+i(/l%+0<;)

for some function ¢(x). In the above Edgeworth expansion, the approximation error of order
¢(x)/VT captures the skewness of u;. When uy is Gaussian or has a symmetric distribution, this
term disappears. Part of the approximation error of order O(1/T) comes from the stochastic
dependence of u;. If we replace the iid Gaussian process {Ae;} by a dependent Gaussian process
{uiv } that has the same covariance structure as {u;}, then we can remove this part of the
approximation error.

To present Assumption 5 more compactly, we introduce the notion of asymptotic equivalence
in distribution. Consider two stochastically bounded sequences of random vectors £ € RP and
ny € RP) we say that they are asymptotically equivalent in distribution and write &1 ~ Ny if and
only if Ef (&7) = Ef (np) +0(1) as T — oo for all bounded and continuous functions f (-) on
RP. According to Lemma 3 in the appendix, Assumption 5 is equivalent to

FEo (sl En ()-

t=1 t=1

5 o] [ ()]

Using the uniform series representation in (4), we can write

0) =Y 2% (0)
j=1

which is an infinite weighted sum of outer-products. To establish the fixed-smoothing asymptotic
distribution of Wy (0) under Assumption 5, we split Wr (0) into a finite sum part and the
remainder part: Wr (6) = Z}']ﬂ AjS (0) + 3272 711 AjSY (0). For each fixed J, we can use
Assumptions 2-5 to obtain the asymptotically equivalent distribution for the first term. However,
for the second term to vanish, we require J — o0. To close the gap in our argument, we use Lemma
1 below, which is similar to Lemma 2 in Kim and Sun (2012b). The lemma puts our proof on a
rigorous footing and may be of independent interest.

jointly over 7 =0,1,..., J.
Let

Q; (0) =




Lemma 1 Suppose wr = &y +np ; and wr does not depend on J. Assume that there exist T ;
and Ep such that

(i) P(&ry <€) — P (&5 < &) =o(1) for each fized J and each & € R as T — oo,

(13) P ({*T,J < §) — P (&p < &) = o(1) uniformly over sufficiently large T for each £ € R as
J — o0,

(tit) the CDF of & is equicontinuous on R when T is sufficiently large, and

(iv) np.; L0 uniformly in T as J — co. Then

P(wr <& =P <& +o0(1) for each £ € R as T — oo.

Lemma 1 allows us to approximate the distribution of wr by that of £;. Using this lemma,
we can prove the lemma below.

Lemma 2 Let Assumptions 1-5 hold, then for any v/T-consistent estimator 01 and for a fixed
h,

(a) Wr(Br) = Wr (60) + 0, (1);

(b) Wr(07) & Wer := ATV 320, S50, Q5 (8/T,7/T) erel A,

(¢) Wr(07) L W with Wao = AW A where

Wao = /0 1 /0 1Q;;(r, $)dBy, (1)dBy,(s)'.

Lemmas 2(a) and (b) show that the estimation uncertainty in 07 does not matter asymptoti-
cally. It is well known that this type of result holds under the conventional increasing-smoothing
asymptotics. The same result holds under the fixed-smoothing asymptotics as long as the weight-
ing function has been centered. Lemma 2(c) gives a unified representation of the limiting dis-
tribution. The presentation applies to smooth kernels as well as nonsmooth kernels such as the
Bartlett kernel.

Although we do not make the FCLT assumption, the limiting distribution of Wi (f7) can still
be represented by a functional of Brownian motion as in Lemma 2(c). This representation serves
two purposes. First, it gives an explicit representation of the limiting distribution. It is standard
practice to obtain the limiting distribution in order to conduct asymptotically valid inference.
However, this is not necessary, as we can simply use the asymptotically equivalent distribution
in Lemma 2(b). Second, the representation in Lemma 2(c) enables us to compare the results we
obtain here with existing results. It is reassuring that the limiting distribution W, is the same
as that obtained by Kiefer and Vogelsang (2005), Phillips, Sun and Jin (2006, 2007), and Sun
and Kim (2012a), among others.

3.2 Fixed-smoothing asymptotics for the test statistics

We now establish the asymptotic distributions of Wz, Dy, Sy and t7 when h is fixed. For kernel
covariance estimators, we focus on the case that k () is positive definite, as otherwise the two-
step estimator may not even be consistent. In this case, we can show that, for all the covariance
estimators we consider, W, is nonsingular with probability one. Hence, using Lemma 2 and
Lemma 4 in the appendix, we have Wy (07)~ ~ We_Tl. Using this result and Assumptions 1-5,



we have

VT (éT — 90) - [G'WT(éT)—lc} T GWr(Br) T (60) + 0p (1)

T
Lo [@WG T W — \F ZAet (5)

4 [GWLG) T GWLAB,, (1).

So 7 is not asymptotically normal but rather asymptotically mixed normal. More specifically,
W' is independent of B, (1), so conditional on W!, the limiting distribution is normal with
the conditional variance depending on W !. Due to the asymptotic mixed-normality, it is not
straightforward to derive the fixed-smoothing asymptotics of the test statistics Wp, Dy, Sy and
tr.

Using (5) and Lemma 4 in the appendix, we have WT ~ F.p and Wp 4, F, where
F, el =

R(GWLG) G Zet [ R(EWFG) T R|

R(GWFG) @ 1/\261&] /P,
and
Foo = [R(EWZ6) T GWtaB. )] [R(GWLG) R
X [R (GwZla)™ G'WoglABmu)} /p.

To show that For and Fy are pivotal, we let e; := (e}, e;’d_p, €)'+ The subscripts p, d — p,
and ¢ on e indicate not only the dimensions of the random vectors and but also distinguish them
so that, for example, e; ), is different and independent from e 4 for all values of p and ¢. Denote

T
1
Cpr = ﬁE:etpv T = Zeuq
Tt:l

and

Cop,r = ZZQh T’ T et,perpv Cpg,r ZZQh T T et7P€Tq (6)

t 17=1 t 17=1
Coq,r E : E :Qh T T Jet qer q» Dppm = Cpp1 — Cpq,Tqu Tcpq T
t 17m=1

Similarly let
!/
Bm(T‘) = (B;)(T)v Bél—p(r)v B:](T))

where B)(r), Bq—p(r) and By(r) are independent standard Brownian motion processes of dimen-
sions p, d — p, and ¢, respectively. Denote

1 1 1 1
Coo= [ [ Qi) aBs). Cou= [ [ Qitrs)aBy(r)aB, () 7)

1,1
Coq = /0 /0 Qi (r,8)dBq(r)dBq(s)', Dyp = Cpp — CPQC‘;CII’Q'

10



Then with ingenious use of some theory of multivariate statistics, we obtain the following theorem.

Theorem 1 Let Assumptions 1-5 hold. Assume that k(-) used in the kernel HAR wvariance
estimation is positive definite. Then, for a fixed h,

. _ ro B

(a) Wr(br) ~ Fr := {Cp,T - Cpq,Tqu}TCq,T} Dppl,T |:CP7T - Cpq,Tqu}TCq,T} /p;
s\ d _ _ _

(b) Wr(07) <5 Foo = [Bp (1) — CpyCoit By (1)]' Dyt [By (1) — CpeClrgt By (1)] /p,

(¢) tr(b7) ~ [CTLT - Cpq,TC;;TCq,T] /N Dypp,1,

d)

A d _
(d) tr(0r) = teo := [Bp (1) - Cpchqqu (1)] /\/ Dypp,
where (C,, 7, Cy )" is independent of Cpq,TCq_q:}T and Dy, 1, and (B, (1) ,By (1)'), is independent
of Cqul;ql and Dp,.

Remark 1 Theorem 1 shows that both the asymptotically equivalent distribution Fr and the
limiting distribution Fu, are pivotal. In particular, they do not depend on the long run variance
Q. Both Fyp and Fy are nonstandard but can be simulated. It is easier to simulate Fr, as it
tmwolves only T #id standard normal vectors.

Remark 2 Let WT(éT) be the Wald statistic based on the first-step GMM estimator Or. WT(éT)

is constructed in the same way as Wr(07). It is easy to see that W (07) < B, (1) Cyop By (1) /p.
See KV (2005) for contracted kernel HAR variance estimators, Phillips, Sun and Jin (2006,2007)
for exponentiated kernel HAR wvariance estimators, and Sun (2013) for OS HAR variance esti-
mators. Comparing the limit By, (1)'Cp_ppr (1) /p with Fs given in Theorem 1, we can see that
F contains additional adjustment terms.

Remark 3 When the model is exactly identified, we have ¢ = 0. In this case,
Fuo = B, (1) Cyp'B, (1) /p.

This limit is the same as that in the one-step GMM framework. This is not surprising, as when
the model is exactly identified, the GMM weighting matrix becomes irrelevant and the two-step
estimator is numerically identical to the one-step estimator.

Remark 4 [t is interesting to see that the limiting distribution Fyo (and the asymptotically equiv-
alent distribution) depends on the degree of over-identification. Typically such a dependence shows
up only when the number of moment conditions is assumed to grow with the sample size. Here the
number of moment conditions is fixed. It remains in the limiting distribution because it contains
information on the dimension of the random limiting matriz We.

Theorem 2 Let Assumptions 1-5 hold. Then, for a fixed h,
Dy :WT+OP(1) and St :WT+OP(1).

It follows from Theorem 2 that all three statistics are asymptotically equivalent in distribution
to the same distribution Fp defined in Theorem 1(a). They also have the same limiting distrib-
ution Fo,. So the asymptotic equivalence of the three statistics under the increasing-smoothing
asymptotics remains valid under the fixed-smoothing asymptotics.

Careful inspection of the proofs of Theorems 1 and 2 shows that the two theorems hold
regardless of which v/T-consistent estimator of g we use in estimating Wr (o) and Gt (6g) in
D7 and Sp. However, it may make a difference to high orders. We leave this for future research.
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4 Representation and Approximation of the Fixed-smoothing
Asymptotic Distribution

In this section, we establish different representations of the fixed-smoothing limiting distribu-
tion. These representations highlight the connection and difference between the nonstandard
approximation and the standard x? or normal approximation.

4.1 The case of series HAR variance estimation

To obtain a new representation of F,, we consider the matrix
Cpp Cpq d ! ! * 1
K| G G L [0 G (15 dByey (1) dBl ()
pg g o Jo

. f I "%, (r)dBys o[ 8, (1) dByy (1)

where By, (r) is the standard Brownian motion of dimension p + g. Since {®; (r)} are ortho-

normal, fol ®; (r) dBpiq (1) L §idN (0, Ip4+q) and the above matrix follows a standard Wishart
distribution Wy (K, Iptq) - A well known property of a Wishart random matrix is that D, =
Cpp — CquJqIC’;q ~ W, (K — q,1p) and is independent of both Cp, and Cgy,. This implies that
Dy, is independent, of By, (1) — CpqCyy! By (1), and that Fi is equal in distribution to a quadratic
form with an independent Wishart matrix as the (inverse) weighting matrix.

This brings Fs, close to Hotelling’s 72 distribution, which is the same as a standard F distri-
bution after some multiplicative adjustment. The only difference is that B, (1) — CpeC,.! By (1) is

!/

not normal and hence || By (1) — CpqCyqt By (1) H2 does not follow a chi-square distribution. How-
ever, conditional on CpeCo' By (1), || By (1) = CpgCyy By (1) ||? follows a noncentral x2 distribution
with noncentrality parameter

A? = [|CpyCoy By (1) |7,
It then follows that F, is conditionally distributed as a noncentral F' distribution. Let

K Pq
K= 2 =EAN2= T2
(K—p—q+1) K—q-1

The following theorem presents this result formally.

Theorem 3 For series HAR variance estimation, we have

(a) o 4 K —p—q+1 (AQ) , a mized noncentral F' random variable with random noncen-
trality parameter AZ;

(b) P(k7'Fs < 2) = Fp g—p—qt1 (2,6%) +0 (K1) as K — oc;

(¢) P(pFoo < 2) = Gp(2) =G, (2) 2 (%) +G)(2) 2% + 0 () as K — oo, where Gy (2)
18 the CDF of the chi-square distribution XIZ).

Remark 5 According to part (a),

4 X (A%)/p

F.
> X%(—p—q-i—l/K
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where Xf, (AQ) 1s independent of X%(—p—q—kl' It is easy to see that

d -1
X}27 (A2) = Hcpxl - CprCzlzxK (quKC;xK) CqX1H2

where each Cryxp is an mxn matriz (vector) with iid standard normal elements and Cpx1, Cpx i, Cqx K
and Cqx1 are mutually independent. This provides a simple way to simulate Fi.

Remark 6 Parts (a) and (b) of Theorem 3 are intriguing in that the limiting distribution under
the null is approximated by a noncentral F distribution, although the noncentrality parameter
goes to zero as K — oo.

Remark 7 When q = 0, that is, when the model is just identified, we have A% = 62 =0 and so

K-p+1

d
K Foo = Fp K—p+1-

This result is the same as that obtained by Sun (2013). So an advantage of using orthonormal
series HAR wvariance estimator is that the fized-smoothing asymptotics is exvactly a standard F
distribution for just identified models.

Remark 8 The asymptotics obtained under the specification that K is fized and then letting
K — o is a sequential asymptotics. As K — oo, we may show that

X2/p
X%{—p—q+1/ (K —pP—q + 1)

K 1Fy = +op (1) = Xﬁ/p%— op(1).

To the first order, the fixed-smoothing asymptotic distribution reduces to the distribution of X;/p.
As a result, if first order asymptotics are used in both steps in the sequential asymptotic theory,
then the sequential asymptotic distribution is the same as the conventional joint asymptotic dis-
tribution. However, Theorem 8 is not based on the first order asymptotics but rather a high order
asymptotics. The high order sequential asymptotics can be regarded as a convenient way to obtain
an asymptotic approximation that better reflects the finite sample distribution of the test statistic

]D)T, ST or WT.

Remark 9 Instead of approximations via asymptotic expansions, all three types of approrima-
tions are distributional approximations. More specifically, the finite sample distributions of Dr,
St, and Wt are approximated by the distributions of

RS VG
P Xik—p-qi1/ K Xk —p—gr1/ K

(8)

respectively under the conventional joint asymptotics, the fixed-smoothing asymptotics, and the
higher order sequential asymptotics. An advantage of using distributional approximations is that
they hold uniformly over their supports (by Pdlya’s Lemma).

Remark 10 Theorem 3(c) gives a first order distributional expansion of Fuo. It is clear that the
difference between pFs, and XIQJ depends on K,p and q. Let Xllfa = Q;l (1 —«) be the (1 —a)
quantile of Gy(z), then

—a —a —a +2¢-1 —a —a 1 1
PFe > 3 ) = 0 () (P ) ~ 9 ) () o ()
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For a typical critical value Xll,_o‘, g;)(le,—“) > 0 and gg(X})—a) < 0, so we expect P(Fs >
X};a/p) > «, at least when K is large. So the critical value from Foo is expected to be larger than
le)_a/p. For given p and large K, the difference between P(Foo > X;_a/p) and « increases with q,
the degree of over-identification. A practical implication of Theorem 3(c) is that when the degree
of over-identification is large, using the chi-square critical value rather than the critical value

from Fy may lead to the finding of a statistically significant relationship that does not actually
exist.

p=3
CYR— : : :
F..q=0
75 o v d
¢ F,a=1
1 F¥,q:2
65 A F,q=3
NCF, q=0 ||
....... NCF, q=1
55 Q NCF, q=2 |]
59 N — = =NCF,q=3 |/
a
45
4
35
3

Figure 1: 95% quantitle of the nonstandard distribution and its noncentral F approximation

Figure 1 reports 95% critical values from the two approximations: the noncentral (scaled)
Fyk—p—g+1 (-, (52) approximation and the nonstandard F, approximation, for different combina-
tions of p and ¢. The nonstandard Fi, distribution is simulated according to the representation in
Remark 5 and the nonstandard critical values are based on 10000 simulation replications. Since
the noncentral F distribution appears naturally in power analysis, it has been implemented in
standard statistical and programming packages. So critical values from the noncentral F dis-
tribution can be obtained easily. Let NCF!'~% := f;}}(aipiqﬂ (6%) be the (1 — ) quantile of
the noncentral F), i, g+1 (-, (52) distribution, then kNCF'~® corresponds to F. ¢, the (1 — «)
quantile of the nonstandard F,, distribution. Figure 1 graphs k NCF'~® and F. © against dif-
ferent K values. The figure exhibits several patterns, all of which are consistent with Theorem
3(c). First, the noncentral F' critical values are remarkably close to the nonstandard critical
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values. So approximating A? by its mean 62 does not incur much approximation error. Second,
the noncentral F' and nonstandard critical values increase with the degree of over-identification
q. The increase is more significant when K is smaller. This is expected as both the noncen-
trality parameter 62 and the multiplicative factor  increase with ¢. In addition, as ¢ increases,
the denominators in the noncentral F' and nonstandard distributions become more random. All
these effects shift the probability mass to the right as ¢ increases. Third, for any given p and
q combination, the noncentral F' and nonstandard critical values decrease monotonically as K
increases and approach the corresponding critical values from the chi-square distribution.
In parallel with Theorem 3, we can represent and approximate to, as follows:

Theorem 4 Let k = K/(K — q). For series HAR variance estimation, we have

(a) too/\VE 4 tk—q (A), a mized noncentral t random variable with random noncentrality
parameter A = Clch_qqu (1);

(b) Plteo/VE < 2) = % + sgn(2)s Fi.k—q (2%,6%) + 0 (K1) as K — oo, where §* = 1
and sgn(-) is the sign function;

(c) Pltos < 2) = ® (2) —|2](2) [2* + (4 + 1)] /(AK)+0 (K™') as K — oo, where ® (z) and
¢ (z) are the CDF and pdf of the standard normal distribution.

Theorem 4(a) is similar to Theorem 3(a). With a scale adjustment, the fixed-smoothing
asymptotic distribution of the t statistic is a mixed noncentral t distribution. The random non-

centrality parameter can be simulated according to A 4 ClxKC;XK(quKC,;XK)_lcqxl where
each matrix Cy,xp is an m xn matrix (vector) with iid standard normal elements and C1x i, Cyx ik
and Cyx1 are mutually independent. So the fixed-smoothing asymptotic distribution ¢, can be
simulated easily.

According to Theorem 4(b), we can approximate the quantile of ¢, by that of a noncentral
F distribution. More specifically, let t.>® be the (1 — ) quantile of to., then

RFL0,(6%),  a<05

—\/KF15 2, (0%), a>05

where fll’}(zfq(ﬁ) is the (1 — 2a) quantile of the noncentral F distribution. As in the case of
quantile approximation for Fi, the above approximation is remarkably accurate. Figure 2, which
is similar to Figure 1, illustrates this. The figure graphs ;¢ and its approximation against the
values of K for different degrees of over-identification and for e = 0.05 and 0.95. As K increases,
the quantiles approach the normal quantiles £1.645. However when K is small or ¢ is large, there
is a significant difference between the normal quantiles and the corresponding quantiles from t.
This is consistent with Theorem 4(c). For a given small K, the absolute difference increases with
the degree of over-identification g. For a given ¢, the absolute difference decreases with K.

Figure 2 and Theorem 4(c) suggest that the quantile of ¢, is larger than the corresponding
normal quantile in absolute value. So the test based on the normal approximation rejects the
null more often than the test based on the fixed-smoothing approximation. This provides an
explanation of the large size distortion of the asymptotic normal test.

l—a -
tog =

4.2 The case of kernel HAR variance estimation

In the case of kernel HAR variance estimation, D, = Cp, — Cqu’q_qlCI’,q is not independent of
Cpq or Cyq. It is not as easy to simplify the nonstandard distribution as in the case of series HAR
variance estimation. Different proofs are needed.
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Figure 2: 5% and 95% quantitles of the nonstandard distribution ¢, and their noncentral F
approximation

Let ) -
= / Qp (ryr)dr and py = / / Q5 (r, 8))* drds.
0 0o Jo

In Lemma 5 in the appendix, we show that p; — 1 =< 1/h and py < 1/h where “a < b” indicates
that a and b are of the same order of magnitude.

Theorem 5 For kernel HAR variance estimation, we have

(a) pF. 4 X%/UQ where X;% is independent of n?,

€p [Ip + Cpch_qlcq_qlozl)q] p
1

2 d
e [Ip + CpgCaq Caq Chy) [Cop — CpaCad Chy] ™ [Ip + CpgClq' Cag' Cy] €

Ui

and e, = (1,0,...,0)' € RP.
(b) As h — oo, we have n? 5 1 and

P(pFao < 2) =Gy (2) 4G4 ()2 (1 = 1) = 2 (0 +-20 = 1)| + 6] (2) 2 + 0 (1)

where as before Gy, (z) is the CDF of the chi-square distribution Xf,.
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Remark 11 Theorem 5(a) shows that pFuo follows a scale-mixed chi-square distribution. Since
n? —P 1 as h — oo, the sequential limit of pWr is the usual chi-square distribution. The result is
the same as in the series HAR variance estimation. The virtue of Theorem 5(a) is that it gives
an explicit characterization of the random scaling factor n?.

Remark 12 Using Theorem 5(a), we have P (pFs < z) = EGy, (2n?) . Theorem 5(b) follows by
taking a Taylor expansion of G, (zn2) around G, (z) and approzimating the moments of n?. In
the case of the contracted kernel HAR variance estimation, Sun (2012) establishes an expansion
of the asymptotic distribution for FT(éT), which is based on the one-step GMM estimator 0.
Using the notation in this paper, it is shown that

- Iz
P (By(1) Cpp'Bp(1) < 2) = Gp(2) + G (2) 2 | (1 — 1) — /72 (p—1)| +Gy (2) 2y + 0 (1) -
1
So up to the order O(usy), the two expansions agree except that there is an additional term in
Theorem 5(b) that reflects the degree of over-identification. If we use the chi-square distribution
or the fized smoothing asymptotic distribution B, (1) C}jppr (1) as the reference distribution, then
the probability of over-rejection increases with q, at least when py is small.

We now focus on the case of contracted kernel HAR, variance estimation. As h — oo, i.e.
b — 0, we can show that

=1 —"bey + o(b) and py = beg + 0 (b) 9)
where ~ ~
= /ook(x)da:,@ = /Ook2 (x) dx.
Using Theorem 5(b) and the identity that —G’ (z2) (z2 + 1) = 2G" (22) 22, we have, for p=1:
P(Fy <2*) =G (%) — G (2%) 2% — %2 [2* + (4 + 1) 2%] G’ (*) b+ o(b) (10)

where G (zz) =G (22) .

The above expansion is related to the high order Edgeworth expansion established in Sun and
Phillips (2009) for linear IV regressions. Sun and Phillips (2009) consider the conventional joint
limit under which b — 0 and 7" — oo jointly and show that

P(ltr(b7)| < z) = ®(2) — ® (=)

— ez + %CQ (2% + 2 (4g+ 1)] | bp(2) + (bT) 79 py po26b(2) + s.0. (11)

where (0T) 9 p; »,# captures the nonparametric bias of the kernel HAR variance estimator, and
‘s.0.” stands for smaller order terms. Here g is the order of the kernel used and the explicit
expression for p; ., is not important here but is given in Sun and Phillips (2009). Observing that
B(2) — @ (—2) =G (2?) , we have ¢(z) = G’ (2?) z and ¢'(z) = G’ (2?) + 222G" (2?) . Using these
equations, we can represent the high order expansion in (11) as

P(ltr(07) < 2%)=P(Wr < 2?) (12)

z
= g (22) — G (z2) 22h — %2 [z4 + (49 + 1) 22] g’ (22) b+ (bT)7Y pl’oog’ (22) 22+ s.0.
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Comparing this with (10), the terms of order O(b) are seen to be exactly the same across the two
expansions.
Let 22 = FX be the (1 — ) quantile from the distribution of Fi, i.e. P (Fo < Fag®) =
1 — a. Then
C2

G (7L - a6 (FL ) Fov= 2 () + o+ D FL] 6 (FE) b= 1 -+ o)

and so

P(Wp < FLy=1—a+ (bT)7? 1,009 (Fas®) Fao + s.0.

That is, using the critical value F1-¢ eliminates a term in the higher order distributional ex-
pansion of W under the conventional asymptotics. The nonstandard critical value F1 @ is
thus high order correct under the conventional asymptotics. In other words, the nonstandard
approximation provides a high order refinement over the conventional chi-square approximation.

Although the high order refinement is established for the case of p = 1 and linear IV regres-
sions, we expect it to be true more generally and for all three types of HAR variance estimators.
All we need is a higher order Edgeworth expansion for the Wald statistic in a general GMM set-
ting. In view of Sun and Phillips (2009), this is not difficult conceptually but can be technically
very tedious.

5 Simulation Evidence

In this section, we study the finite sample performance of the fixed-smoothing approximations.
We consider the following data generating process:

Y = Top0 + 21,181 + 248 + 13,83 + eyt

where zg; = 1 and x1;, z2; and x3; are scalar regressors that are correlated with €,;. The
dimension of the unknown parameter 6 = («, 31,085, 03)" is d = 4. We have m instruments
20,t, Z1,t5 --s Z2m—1,¢ With zg; = 1. The reduced-form equations for 1, z2; and x3; are given by

m—1

Tjt = 2t + Z Zit + €q;t for j=1,2,3.
i=d—1

We assume that z;; for ¢ > 1 follows either an AR(1) process

Zit = pzig—1 + V1 — pPes,

or an MA(1) process

Zip = pez -1+ V1= pPes

where ,
ety + e
e 2t 2t
Zit T \f
2
and e; = [¢%,¢el,,....e™ Y ~ iidN(0,I,). By construction, the variance of z; for any i =

1,2,...,m — 1 is 1. Due to the presence of the common shocks €2, the correlation coefficient
between the non-constant z;; and zj; for ¢« # j is 0.5. The DGP for ¢; = (8yt,5x1t,6x2t,5x3t)/
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is the same as that for (z14,...,2m—1,) except the dimensionality difference. The two vector
processes € and (214, ..., 2m—1,t) are independent from each other.

In the notation of this paper, we have f(v;,0) = 2 (y¢ — x,0) where vy = [y}, 2}, 1], ¢ =
(1,214, war, w3e)' 5 ze = (1, 2145 ey 2m—1¢)’. We take p = —0.8,—-0.5,0.0,0.5, 0.8 and 0.9. We
consider m = 4,5, 6 and the corresponding degrees of over-identification are ¢ = 0, 1, 2. The null
hypotheses of interest are

Hoy : 3, =0,
H02¢ﬂ1:52:0;
H03151:52:53:0

where p = 1,2 and 3 respectively. The corresponding matrix R is the 2 : p+ 1 rows of the identity
matrix I;. We consider two significance levels a = 5% and o = 10% and two different sample
sizes T' = 100, 200. The number of simulation replications is 10000.

We first examine the finite sample size accuracy of different tests based on the OS HAR
variance estimator. The tests are based on the same Wald test statistic, so they have the same
size-adjusted power. The difference lies in the reference distributions or critical values used.
We employ the following critical values: X]lfa /D, %Mf;,}a—p 15 ﬁf;}a_p_ 41 (52) with
62 = pq/(K —q+1), and FL%, leading to the x? test, the CF (central F) test, the NCF (noncentral
F) test and the nonstandard F.. test. The x? test uses the conventional chi-square approximation.
The CF test uses the fixed-smoothing approximation for the Wald statistic based on a first-step
GMM estimator. Alternatively, the CF test uses the fixed-smoothing approximation with ¢ = 0.
The NCF test uses the noncentral F approximation given in Theorem 3. The Fi, test uses the
nonstandard limiting distribution Fl, with simulated critical values. For each test, the initial
first step estimator is the IV estimator with weight matrix W, = (Z'Z/T) where Z is the matrix
of the observed instruments.

To speed up the computation, we assume that K is even and use the basis functions ®2;_1(x) =
V2 cos 2jmx, ®gj(x) = /2sin2jrx, j = 1,..., K/2. In this case, the OS HAR variance estimator
can be computed using discrete Fourier transforms. The OS HAR estimator is a simple average of
periodogram. We select K based on the AMSE criterion implemented using the VAR(1) plug-in
procedure in Phillips (2005). For completeness, we reproduce the MSE optimal formula for K

here: s
tr [(Im2 + Kimm) (2 @ Q)] 4/5
K =2 . T
MSE . {O g < 4vec(B)'vec(B) ’

where [-] is the ceiling function, K, is the m? x m? commutation matrix and
T -
2
B= _6j;ooj Ef(vr,00) f (vej,00)". (13)

Table 1 gives the empirical size of the different tests for the AR(1) case with sample size
T = 100. The nominal size of the tests is a = 5%. First, as it is clear from the table, the
chi-square test can have a large size distortion. The size distortion can be very severe. For
example, when p = 0.9, p = 3 and ¢ = 2, the empirical size of the chi-square test can be as high
as 71.2%, which is far from 5%, the nominal size of the test. Second, the size distortion of the
CF test is substantially smaller than the chi-square test when the degree of over-identification
is small. This is because the C'F test employs the asymptotic approximation that partially
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captures the estimation uncertainty of the HAR variance estimator. Third, the empirical size
of the NCF test is nearly the same as that of the nonstandard Fi, test. This is consistent with
Figure 1. This result provides further evidence that the noncentral F distribution approximates
the nonstandard F, distribution very well. Finally, among the four tests, the NCF and Fy
tests have the most accurate size. For the two-step GMM estimator, the HAR variance estimator
appears in two different places and plays two different roles — first as the inverse of the optimal
weighting matrix and then as part of the asymptotic variance estimator for the GMM estimator.
The nonstandard F,, approximation and the noncentral F approximation attempt to capture
the estimation uncertainty of the HAR variance estimator in both places. In contrast, a crucial
step underlying the central F approximation is that the HAR variance estimator is consistent
when it acts as the optimal weighting matrix. As a result, the central F approximation does not
adequately capture the estimation uncertainty of the HAR variance estimator. This explains why
the NCF and F, tests have more accurate size than the C'F test.

Table 2 presents the simulated empirical size for the MA(1) case. The qualitative observations
for the AR(1) case remain valid. The chi-square test is most size distorted. The NCF and F
tests are least size distorted. The CF test is in between. As before, the size distortion increases
with the serial dependence, the number of joint hypotheses, and the degree of over-identification.
This table provides further evidence that the noncentral F' distribution and the nonstandard
F distribution provide more accurate approximations to the sampling distribution of the Wald
statistic.

Tables 3 and 4 report results for the case when the sample size is 200. Compared to the cases
with sample size 100, all tests become more accurate in size. This is well expected. In terms of
the size accuracy, the NCF test and the Fi test are close to each other. They dominate the CF
test, which in turn dominates the chi-square test.

Next, we consider the empirical size of different tests based on kernel HAR variance estimators.
Both the contracted kernel approach and the exponentiated kernel approach are considered, but
we report only the commonly-used contracted kernel approach as the results are qualitatively
similar. We employ three kernels: the Bartlett, Parzen and QS kernels. These three kernels are
positive (semi) definite. For each kernel, we use the data-driven AMSE optimal bandwidth and
its VAR(1) plug-in implementation from Andrews (1991). For each Wald statistic, three critical
values are used: x,~/p, Fag @ (0), and FL* (q) where F17*(q) is the (1 — ) quantile from
the nonstandard F,, distribution with degree of over-identification q. F1 (0) coincides with
the critical value from the fixed-smoothing asymptotics distribution derived for the first-step IV
estimator.

To save space, we only report the results for the Parzen kernel. Tables 5-8 correspond
to Tables 1-4. It is clear that the qualitative results exhibited in Tables 1-4 continue to apply.
According to the size accuracy, the Fiy, (¢) test dominates the Fiy, (0) test, which in turn dominates
the conventional x? test.

6 Conclusion

The paper has developed the fixed-smoothing asymptotics for heteroskedasticity and autocorre-
lation robust inference in a two-step GMM framework. We have shown that the conventional
chi-square test that ignores the estimation uncertainty of the GMM weighting matrix and the
covariance estimator can have very large size distortion. This is especially true when the number
of joint hypotheses being tested and the degree of over-identification are high or the underlying
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processes are persistent. The test based on our new fixed-smoothing approximation reduces the
size distortion substantially and is thus recommended for practical use.

There are a number of interesting extensions. First, given that our proof uses only a CLT,
the results of the paper can be extended easily to the spatial setting, spatial-temporal setting or
panel data setting. See Kim and Sun (2012) for an extension along this line. Second, in the Monte
Carlo experiments, we use the conventional MSE criterion to select the smoothing parameters.
We could have used the methods proposed in Sun and Phillips (2009), Sun, Phillips and Jin
(2008) or Sun (2012) that are tailored towards confidence interval construction or hypothesis
testing. But in their present forms these methods are either available only for the t-test or
work only in the first-step GMM framework. It will be interesting to extend them to more
general tests in the two-step GMM framework. Third, we can use the asymptotically equivalent
distribution to conduct asymptotically valid inferences. Simulation results not reported here show
that the size difference between using the asymptotically equivalent distribution and the limiting
distribution is negligible. However, it is easy to replace the iid process in the asymptotically
equivalent distribution F.7 by a dependent process that mimics the degree of autocorrelation in
the moment process. Such a replacement may lead to even more accurate tests and is similar
in spirit to Zhang and Shao (2013) who have shown the high order refinement of a Gaussian
bootstrap procedure under the fixed-smoothing asymptotics. Finally, the general results of the
paper can be extended to a nonparametric sieve GMM framework. See Chen, Liao and Sun
(2012) for a recent development on autocorrelation robust sieve inference for time series models.

Table 1: Empirical size of the x? test, F' test, noncentral F test and nonstandard F., test based
on the series LRV estimator for the AR(1) case with 7" = 100

P x> CF NCF Fo % CF NCF Fo X CF NCF Fo
p=1,q=0 p=2,q=0 p=3,q=0
-0.8 0.114 0.072 0.072 0.073 0.197 0.087 0.087 0.084 0.310 0.109 0.109 0.111
-0.5 0.081 0.060 0.060 0.059 0.117 0.066 0.066 0.066 0.174 0.077 0.077 0.078
0.0 0.063 0.051 0.051 0.050 0.083 0.052 0.052 0.053 0.112  0.060 0.060 0.062
0.5 0.094 0.063 0.063 0.063 0.142 0.065 0.065 0.065 0.222 0.077 0.077 0.078
0.8 0.134 0.086 0.086 0.088 0.229 0.100 0.100 0.097 0.355 0.119 0.119 0.122
0.9 0.166 0.117 0.117 0.120 0.290 0.150 0.150 0.146 0.437 0.181 0.181 0.184
p=1lqg=1 p=2,9=1 p=3,q9q=1
-0.8 0.186 0.129 0.081 0.077 0.307 0.153 0.088 0.087 0.457 0.193 0.107 0.113
-0.5 0.113 0.086 0.065 0.065 0.175 0.099 0.069 0.068 0.247 0.116 0.079  0.080
0.0 0.081 0.065 0.053 0.052 0.113 0.075 0.057 0.056 0.155 0.085 0.060 0.060
0.5 0.128 0.091 0.064 0.063 0.204 0.110 0.073 0.072 0.308 0.130 0.079 0.080
0.8 0.196 0.140 0.089 0.086 0.331 0.172 0.101  0.099 0.489 0.209 0.112 0.118
0.9 0.252 0.184 0.126 0.123 0.420 0.242 0.155 0.153 0.589 0.301 0.183 0.192
p=1,q=2 p=2,q=2 p=3,q=2
-0.8 0.260 0.190 0.080 0.079 0.425 0.256 0.090 0.083 0.602 0.318 0.100 0.097
-0.5 0.154 0.117 0.061 0.062 0.244 0.146 0.065 0.061 0.351 0.175 0.074 0.073
0.0 0.104 0.085 0.055 0.055 0.148 0.101 0.062 0.058 0.211 0.119 0.065 0.063
0.5 0.171 0.129 0.065 0.066 0.279 0.165 0.065 0.061 0.415 0.200 0.073 0.072
0.8 0.268 0.199 0.085 0.082 0.449 0.269 0.090 0.082 0.623 0.330 0.100 0.097
0.9 0332 0.257 0.124 0.121 0.529 0.358 0.148 0.137 0.712 0433 0.160 0.157
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Table 2: Empirical size of the x? test, F' test, noncentral F test and nonstandard F., test based

on the series LRV estimator for the MA(1) case with 7" = 100

P X CF NCF Fo X CF NCF Fo x> CF NCF Fo
p=1,q=0 p=2,q=0 p=3,q=0
-0.8 0.072 0.055 0.055 0.055 0.106 0.058 0.058 0.058 0.153 0.069 0.069 0.070
-0.5 0.074 0.055 0.055 0.055 0.101  0.058 0.058 0.059 0.144 0.069 0.069 0.070
0.0 0.063 0.051 0.051 0.050 0.083 0.052 0.052 0.053 0.112 0.060 0.060 0.062
0.5 0.078 0.054 0.054 0.054 0.119 0.060 0.060 0.061 0.182 0.071 0.071 0.072
0.8 0.081 0.056 0.056 0.056 0.125 0.060 0.060 0.062 0.195 0.071 0.071 0.071
0.9 0.077 0.055 0.055 0.055 0.114 0.059 0.059 0.060 0.170  0.070 0.070 0.070
p=1lg=1 p=2,q9=1 p=3,q9=1
-0.8 0.099 0.074 0.057 0.056 0.160 0.090 0.061 0.060 0.223 0.099 0.067 0.068
-0.5 0.097 0.075 0.057 0.057 0.150 0.088 0.061 0.060 0.207 0.096 0.068 0.068
0.0 0.081 0.065 0.053 0.052 0.113 0.075 0.057 0.056 0.155 0.085 0.060 0.060
0.5 0.108 0.078 0.057 0.056 0.171  0.093 0.062 0.062 0.253 0.107 0.068 0.068
0.8 0.116 0.082 0.057 0.057 0.185 0.097 0.062 0.062 0.274 0.115 0.069 0.070
0.9 0.107 0.077 0.058 0.057 0.163 0.093 0.063 0.062 0.239 0.107 0.070 0.071
p=1lq=2 p=2,q=2 p=3,q=2
-0.8 0.137 0.105 0.054 0.054 0.216 0.133 0.058 0.056 0.305 0.153 0.066 0.066
-0.5 0.131 0.100 0.055 0.055 0.204 0.128 0.063 0.060 0.284 0.146 0.066 0.065
0.0 0.104 0.085 0.055 0.055 0.148 0.101 0.062 0.058 0.211 0.119 0.065 0.063
0.5 0.143 0.109 0.060 0.061 0.231 0.138 0.063 0.060 0.339 0.168 0.067 0.067
0.8 0.153 0.115 0.060 0.061 0.247 0.146 0.062 0.059 0.366  0.177 0.067 0.066
0.9 0.137 0.105 0.058 0.059 0.218 0.134 0.061 0.059 0.316 0.159 0.070 0.070

Table 3: Empirical size of the x? test, F' test, noncentral F test and nonstandard Fi, test based

on the series LRV estimator for the AR(1) case with 7" = 200

2

2

p X CF NCF Fo X CF NCF Fo X CF NCF Fo
p=149=0 p=2,9q=0 p=3,9=0
-0.8 0.102 0.071 0.071 0.071 0.150 0.073 0.073 0.073 0.234  0.091 0.091 0.091
-0.5 0.070 0.058 0.058 0.058 0.088 0.062 0.062 0.063 0.117 0.071 0.071 0.072
0.0 0.060 0.054 0.054 0.054 0.065 0.052 0.052 0.052 0.081 0.059 0.059 0.057
0.50 0.079 0.063 0.063 0.063 0.104 0.063 0.063 0.064 0.144 0.066 0.066 0.070
0.8 0.114 0.072 0.072 0.073 0.187 0.079 0.079 0.078 0.283  0.092 0.092 0.093
0.9 0.140 0.091 0.091 0.094 0.243 0.107 0.107 0.104 0.366 0.124 0.124 0.128
p=1lq¢=1 p=2,9= p=3,9=1
-0.8 0.147 0.107 0.072 0.072 0.234 0.126 0.080 0.081 0.348 0.147 0.092 0.094
-0.5 0.083 0.070 0.058 0.057 0.117 0.081 0.066 0.065 0.154 0.094 0.073 0.072
0.0 0.069 0.060 0.053 0.053 0.081 0.064 0.058 0.058 0.100 0.071 0.062 0.061
0.5 0.099 0.080 0.062 0.061 0.139 0.088 0.065 0.062 0.182 0.092 0.070 0.072
0.8 0.164 0.112 0.076 0.073 0.270 0.138 0.083 0.083 0.394 0.159 0.087 0.090
0.9 0.205 0.145 0.095 0.090 0.347 0.178 0.110 0.108 0.498 0.219 0.121 0.127
p=1,q=2 p=2,q=2 p=3,q=2
-0.8 0.195 0.148 0.071 0.073 0.319 0.192 0.075 0.070 0.460 0.233 0.083 0.082
-0.5 0.101 0.082 0.060 0.060 0.144 0.098 0.066 0.063 0.190 0.116 0.069 0.070
0.0 0.074 0.066 0.053 0.054 0.096 0.074 0.056 0.057 0.117 0.083 0.059 0.060
0.5 0.113 0.091 0.056 0.056 0.166 0.107 0.064 0.059 0.234 0.129 0.070 0.069
0.8 0.225 0.170 0.072 0.073 0.371 0.216 0.075 0.070 0.539 0.264 0.081 0.078
0.9 0.276 0.210 0.090 0.088 0.460 0.280 0.099 0.090 0.639 0.349 0.106 0.103
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Table 4: Empirical size of the x? test, F' test, noncentral F test and nonstandard F., test based
on the series LRV estimator for the MA(1) case with 7" = 200

P X CF NCF Fo X CF NCF Fo x> CF NCF Fo
p=1,q=0 p=2,q=0 p=3,q=0
-0.8 0.066 0.054 0.054 0.053 0.082 0.056 0.056 0.056 0.106 0.062 0.062 0.064
-0.5 0.066 0.056 0.056 0.055 0.079 0.054 0.054 0.056 0.103 0.061 0.061 0.064
0.0 0.060 0.054 0.054 0.054 0.065 0.052 0.052 0.052 0.081 0.059 0.059 0.057
0.5 0.070 0.058 0.058 0.057 0.089 0.057 0.057 0.057 0.120 0.060 0.060 0.063
0.8 0.072 0.057 0.057 0.057 0.091 0.058 0.058 0.058 0.130 0.060 0.060 0.063
0.9 0.069 0.056 0.056 0.056 0.084 0.057 0.057 0.057 0.114 0.061 0.061 0.063
p=1qg=1 p=2q=1 p=3,q=1
-0.8 0.080 0.066 0.055 0.055 0.105 0.075 0.063 0.061 0.141 0.084 0.069 0.068
-0.5 0.077 0.065 0.056 0.056 0.102 0.076 0.064 0.062 0.134 0.082 0.066 0.066
0.0 0.069 0.060 0.053 0.053 0.081 0.064 0.058 0.058 0.100 0.071 0.062 0.061
0.5 0.085 0.071 0.058 0.057 0.115 0.077 0.060 0.058 0.152 0.083 0.064 0.063
0.8 0.089 0.072 0.057 0.056 0.123 0.077 0.058 0.057 0.164 0.085 0.064 0.065
0.9 0.080 0.067 0.057 0.056 0.110 0.074 0.059 0.058 0.142 0.084 0.066 0.065
p=1q¢=2 p=2,qg=2 p=3,g=2
-0.8 0.096 0.080 0.056 0.056 0.130 0.090 0.059 0.058 0.177 0.109 0.067 0.066
-0.5 0.095 0.079 0.055 0.057 0.123 0.089 0.060 0.060 0.165 0.106 0.065 0.064
0.0 0.074 0.066 0.053 0.054 0.096 0.074 0.056 0.057 0.117 0.083 0.059 0.060
0.5 0.100 0.080 0.054 0.055 0.136 0.094 0.059 0.058 0.184 0.110 0.065 0.066
0.8 0.103 0.083 0.054 0.055 0.146  0.096 0.059 0.056 0.202 0.113 0.063 0.063
0.9 0.093 0.079 0.055 0.056 0.131 0.093 0.059 0.058 0.172 0.105 0.065 0.065

Table 5: Empirical size of the x? test, the F.,(0) test and the Fi(q) test based on the Parzen
kernel LRV estimator for the AR(1) case with 7' = 100

P X Fx(0) Folq) X*  Fx(0) Foolq) X*  Fux(0) Foolq)
p=1qg=0 p=2,q=0 p=3,q=0
-0.8 0.132  0.091 0.091 0.215  0.112 0.112 0.326  0.153 0.153
-0.5 0.085 0.073 0.073 0.116  0.082 0.082 0.160  0.100 0.100
0.0 0.063 0.059 0.059 0.071  0.058 0.058 0.093  0.070 0.070
0.5 0.093 0.074 0.074 0.131  0.076 0.076 0.182  0.096 0.096
0.8 0.164 0.102 0.102 0.273  0.126 0.126 0.408 0.154 0.154
0.9 0.216 0.124 0.124 0.382 0.164 0.164 0.559  0.212 0.212
p=1lqg=1 p=2,q=1 p=3,q=1
-0.8 0.197 0.145 0.110 0.313 0.174 0.127 0.443 0.224 0.164
-0.5 0.105 0.091 0.076 0.150  0.104 0.088 0.201  0.126 0.104
0.0 0.073 0.067 0.059 0.096  0.077 0.067 0.121  0.084 0.074
0.5 0.117 0.095 0.079 0.169  0.111 0.090 0.236  0.132 0.104
0.8 0.223 0.151 0.110 0.362  0.189 0.132 0.521  0.230 0.160
0.9 0.315 0.204 0.145 0.521  0.271 0.182 0.704  0.329 0.226
p=1lq=2 p=2,q=2 p=3,q=2
-0.8 0.257  0.195 0.115 0.406  0.242 0.139 0.555  0.305 0.166
-0.5 0.128 0.110 0.078 0.188 0.131 0.091 0.248  0.155 0.103
0.0 0.086 0.079 0.060 0.114  0.091 0.070 0.150  0.108 0.080
0.5 0.139 0.115 0.081 0.210  0.140 0.088 0.291  0.167 0.105
0.8 0.282 0.201 0.113 0.456  0.260 0.135 0.613  0.319 0.157
0.9 0.384 0.269 0.144 0.605  0.365 0.190 0.774  0.438 0.221

23



Table 6: Empirical size of the x? test, the Fi(0) test and the F..(q) test based on the Parzen

kernel LRV estimator for the MA(1) case with 7" = 100

P X2 FOO(O) Foo (Q) X2 FOO(O) Foo (Q) X2 FOO(O) Foo (Q)
p=14¢=0 p=249=0 p=3,9=
-0.8 0.075 0.065 0.065 0.101 0.070 0.070 0.133  0.086 0.086
-0.5 0.073 0.065 0.065 0.096  0.070 0.070 0.126  0.085 0.085
0.0 0.063 0.059 0.059 0.071 0.058 0.058 0.093 0.070 0.070
0.5 0.079 0.064 0.064 0.107  0.069 0.069 0.150  0.084 0.084
0.8 0.081 0.066 0.066 0.113  0.070 0.070 0.160  0.086 0.086
0.9 0.076 0.063 0.063 0.103 0.070 0.070 0.140 0.082 0.082
p=1,qg=1 p=2q=1 p=3,q=1
-0.8 0.091 0.079 0.067 0.133  0.094 0.078 0.173  0.108 0.088
-0.5 0.086 0.076 0.067 0.126 0.094 0.078 0.162 0.106 0.087
0.0 0.073 0.067 0.059 0.096  0.077 0.067 0.121 0.084 0.074
0.5 0.097 0.081 0.070 0.140  0.094 0.077 0.191 0.111 0.088
0.8 0.104 0.083 0.069 0.149 0.097 0.077 0.203 0.116 0.090
0.9 0.095 0.081 0.069 0.134  0.092 0.075 0.181 0.108 0.091
p=14q¢=2 p=2,q=2 p=3,q=2
-0.8 0.114 0.099 0.072 0.169 0.118 0.083 0.215 0.139 0.093
-0.5 0.110 0.096 0.069 0.157 0.114 0.081 0.201 0.133 0.091
0.0 0.086 0.079 0.060 0.114  0.091 0.070 0.150  0.108 0.080
0.5 0.120 0.100 0.071 0.168 0.117 0.083 0.229 0.138 0.092
0.8 0.125 0.105 0.072 0.181 0.122 0.081 0.249 0.144 0.091
0.9 0.113 0.098 0.071 0.160 0.114 0.081 0.216  0.133 0.091

Table 7: Empirical size of the x? test, the Fy,(0) test and the Fi(q) test based on the Parzen

kernel LRV estimator for the AR(1) case with T' = 200

p x> Fo(0) Foo(q) x> Fo(0) Foo(q) x> Fao(0) Foo(q)
p=1,q=0 p=2,q=0 p=3,q=0
-0.8 0.110  0.090  0.090 0.150  0.098  0.098 0.218 0.123  0.123
-0.5 0.075 0.073  0.073 0.090 0.078  0.078 0.114  0.093  0.093
0.0 0.059 0.061  0.061 0.061  0.058  0.058 0.074  0.070  0.070
0.5 0.080 0.073  0.073 0.096 0.075  0.075 0.126  0.086  0.086
0.8 0.124 0.091  0.091 0.186 0.102  0.102 0.261 0.122  0.122
0.9 0.170 0.105  0.105 0.286 0.129  0.129 0.421 0.161  0.161
p=1q= p=2,9= p=3,9=
-0.8 0.143 0.117  0.096 0.208 0.136  0.110 0.293  0.166  0.134
-0.5 0.083 0.079  0.071 0.108  0.091  0.083 0.137  0.109  0.100
0.0 0.063 0.064 0.061 0.074  0.070  0.066 0.086 0.079  0.075
0.5 0.091 0.085  0.074 0.117  0.091  0.079 0.147  0.102  0.088
0.8 0.155 0.118  0.094 0.239 0.142  0.110 0.328 0.167  0.127
0.9 0.235 0.160 0.116 0.391  0.199  0.140 0.542  0.243  0.170
p=1q9g=2 p=2,q=2 p=3,9q=2
-0.8 0.168 0.138  0.094 0.257 0.174  0.114 0.349 0.213  0.137
-0.5 0.092 0.087  0.073 0.124  0.103  0.083 0.149 0.116  0.095
0.0 0.066 0.067  0.061 0.078 0.074  0.065 0.092 0.084  0.074
0.5 0.098 0.090 0.071 0.131  0.103  0.079 0.172  0.121  0.092
0.8 0.193 0.154  0.096 0.295 0.185  0.113 0.415 0.230  0.129
0.9 0.296 0.215 0.121 0.469 0.275  0.147 0.637 0.338  0.173
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Table 8: Empirical size of the x? test, the Fi(0) test and the F.(q) test based on the Parzen
kernel LRV estimator for the MA(1) case with 7" = 200

P x> Fo(0) Foo(q) x> Fo(0) Foo(q) x> Fo(0) Foo(q)
=1,¢q=0 p=2,q=0 p=3,q=0
-0.8 0.065 0.064 0.064 0.077  0.068  0.068 0.098 0.077  0.077
-0.5 0.065 0.065 0.065 0.075  0.067  0.067 0.093 0.077  0.077
0.0 0.059 0.061 0.061 0.061  0.058  0.058 0.074  0.070  0.070
0.5 0.070 0.066  0.066 0.082 0.066  0.066 0.104 0.074  0.074
0.8 0.071 0.066  0.066 0.085 0.066  0.066 0.111  0.075  0.075
0.9 0.069 0.066 0.066 0.079  0.065  0.065 0.101  0.076  0.076
p=1lq¢=1 p=2,qg=1 p=3,q=1
-0.8 0.076 0.074  0.065 0.095 0.082  0.074 0.118 0.093  0.085
-0.5 0.074 0.073  0.066 0.091 0.082  0.074 0.113  0.093  0.086
0.0 0.063 0.064 0.061 0.074  0.070  0.066 0.086 0.079  0.075
0.5 0.077 0.074  0.066 0.097 0.080  0.070 0.118 0.089  0.080
0.8 0.081 0.076  0.066 0.102  0.081  0.071 0.126  0.090  0.078
0.9 0.075 0.072  0.064 0.095 0.078  0.069 0.114  0.089  0.080
p=1q9=2 pP=2,9q=2 p=3,9=

-0.8 0.087 0.083  0.069 0.107  0.092  0.073 0.135 0.108  0.089
-0.5 0.085 0.083  0.069 0.104  0.088  0.072 0.131  0.106  0.086
0.0 0.066 0.067 0.061 0.078 0.074  0.065 0.092 0.084  0.074
0.5 0.085 0.082  0.066 0.111  0.092  0.072 0.137 0.104  0.083
0.8 0.089 0.083  0.065 0.118 0.094  0.072 0.145 0.107  0.082
0.9 0.083 0.081  0.066 0.108 0.090  0.071 0.132  0.102  0.085
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7 Appendix of Proofs

Consider two stochastically bounded sequences of random variables {§ 17 € Rp} and {5 o1 € RP}.
Since {7} is stochastically bounded, there exists a subsequence {&isiry + T = 1,2,...} of

{fLT T = 1,2,...} such that &; ,, (1) <, 1,00 for some random variable &; . Note that the
subsequence {£, ,, (1)} is also stochastically bounded, so there exists a subsequence {&, s, s, (1))} of

{€2,6, (1)} such that & o, (s, (1)) LN §3 00 for some random variable &, . Define s(T') = s2 (s1(7)) ,

then & 1) <, 1,00 and o (1) <, §9,00- Let C ({1700,52700) be the set of points at which the
CDFs of £ o, and &, ., are continuous. The following lemma uses the definitions of s(7") and
C ({ oo § 2700) . The proof is similar to that for the Lévy-Cramér continuity theorem and is omitted
here.

Lemma 3 The following two statements are equivalent:

(Z) P(fl,s(T) < m) = P(&Z,S(T) < :I:) + 0(1) Jorallz €C (5100a£2oo) :
(i4) For any f € BC, Ef(§1,5r)) — Ef(§o5r)) — 0 as T — oo where BC is the class of

bounded, continuous and real valued functions on RP.
Lemma 4 If (§;7,n,7) converges weakly to (§,m) and

P& <@mr <y)=Pléor <x,mr <y)+o(1) asT — oo (14)
for all continuity point (x,y) of the CDF of (§,m), then

9(&rsmr) ~ 9(Earmar);
where g (-,-) is continuous on a set C such that P ((§,n) € C) = 1.

Proof of Lemma 4. Since (£;7,7n,7) converges weakly, we can apply Lemma 3 with s(7") = T.
It follows from the condition in (14) that Ef({17,mi7) — Ef(Eap,nar) — 0 for any f € BC. But

Ef(&r,mr) — Ef(§n) and so Ef(§op,mor) — Ef(&,n) for any f € BC. That is, (a7, nar) also
converges weakly to (£, 7). Using the same proof for proving the continuous mapping theorem, we

have Ef (9(&17: 1)) —Ef (9(€ars mar)) — 0 for any f € BC. Therefore g(&17, m7) ~ 9(Ear, Nor)-
[
Proof of Lemma 1. Let ¢ > 0. Under condition (iii), we can find 6 > 0 such that for some
integer Ty > 0

Pl-0<&r<&+0)<e

for all T' > Tiin. Here Tinin does not depend on § or . Under condition (iv), we can find a Jyin
that does not depend on ¢ or ¢ such that

P(|17T7J| > (5) <eg

for all J > Jiin and all T. From condition (ii), we can find J! . > Ju, and T7

min min > Trnin such
that

[P (&7, <€) —PEr<§)|<e
. It follows from condition (i) that for any fixed Jy > J!

forallJ>J' . andallT > T" ! ins there

min min

exists a T, (Jo) > Th ., = Twin such that

\P (&5, <E+06) — P (5.5, <E+6)

<
|P(épg, <E—0) =P (&5, <E—6)| <e
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for T > T". (Jo).

min

When T > T". (Jy), we have

min

P(wp <€) =P (Ergy+ 070, <) <P (E7.5, <E+0) + P (|nr,5| > 9)
<SP (&, <E+6)+22<P(Ep <E+0)+3e

Similarly,

P(wr <& =P (Er5 + 1m0 &) = P&p,5y <E—06) = P(|ng,5| > 90)
> P, <&—0)—2e>2P(Er<£—0)—3¢

> P(&p <§) —

Since the above two inequalities hold for all € > 0, we must have P (wr < §) = P ({7 < &) +o(1)
asT —oo.

Proof of Lemma 2. Part (a). For some 67 between f7 and 6y, we have
T A% 7% l
Of(ve,07) (4 Of(vr,07) (5
TZZQh< 7) Qs g or—o0) a5 (i)
=Wr (0o) + L + I + I, (15)
where

T T S
1 Lt T\ Of(ve,01) /4
h=72.2 0 (T’T> B GOk

=1 t=1
1 t 7\ [0f(v,0%) (4 Of (vr,07) (4 ’
=1 §:Qh< >[ a6’ (QT_HO a6’ (&T_QO '
t=1 =1
Of (ve,07)

Here 07 in the matrix can be different for different rows. For notational economy, we do
not make this explicit.
For a sequence of vectors or matrices {C;}, define Sp(C) = 0 and S, (C) = T 3L _, C..

Using summation by parts, we obtain, for two sequence of matrices {A;} and {B;} :

;ii@ (77 ) 4

¢’
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where

)G

) Qh<t+1 7') Qh(; T;l) Qh(t-i—l T;—:l).

Plugging A; = M (9 — 00) = G(07) (éT — 6’0) and By = u; into the above expression

and letting ¢, =

Gt(9T) -

T-1T-1

JZ*[Q
+TTZ:[Q

*

h

TG, we obtain a new r

epresentation of I :

> ( G+et> (67 — 60) S (w)
()52 o) s

Z(l ) 71( T;1>](G+€T)(éT—00>S;-(U)

+TQ; (1,1) (G + er) (Br = 00) St (u)

T-1T-1

=T > VG

=1 t=1
T-1 "
2130 |6 (1) - @
T-1 -
1y lai(1g)-@
=1

=T+ o+ s+ Iy + 15

<T T>€t (97’_90) Sy (u)
<t+1 )]
< T“)] (07— 60) . (w)

T T
FTQ; (L V) er (B~ 00) S5 () + G (Fr = 60) > D" @5 <:’};
=1 t=1

where €; satisfies sup; €| = op (1) by Assumption 4.
We now show that each of the five terms in the above expression is 0, (1). It is easy to see

that

Iis

. 1 T T
G<0T_00>T;;Q

Gﬁ(éT—%)\%i _
y 1 <&
G\/T<0T—90>\/T;
T
G\/T(F)T—G())\}TZ

3
Il
—

s (LT
h T’T uT




iV

TQ;; (1, 1) €T (éT — (9()) Séw (u)
Q% (1,1) exvVT (éT - 90) VTS} (u) = o, (1),

and

Lz = TTz:l{QZ(L;>— 2(177;1”@(@7’—90)54(”)

To show that 12 = o, (1), we note that under the piecewise monotonicity condition in As-
sumption 1, Q7 (t/T,1) is piecewise monotonic in ¢/7". So for some finite J we can partition the
set {1,2,...,T} into J maximal non-overlapping subsets U}lezj such that Q7 (t/7, 1) is monotonic
on each Z; := {Z;r,...,Zju } . Now

LICORIC IR

 EEla(3)-a 5o
< izzj @i (1) - @i (S5 [sw el 0, )

<.

- Y@, e (5 ) - @ (5) | swled+o, 0

j=1 tel;

- 2l () - (3)]

=1
1) sup [|es[| +0p (1) = 05 (1)

<.

sup [|es[| +op (1)
S

I
Qb

where the o, (1) term in the first inequality reflects the case when ¢ and t 4+ 1 belong to differ-
ent partitions and “(:i:)j” takes “+” or “=” depending on whether QF (¢/T,1) is increasing or
decreasing on the interval [Z;r,, Z;u]. As a result,

e (5) (5] s
Rl () (5]

To show that I;; = o0, (1), we use a similar argument. Under the piecewise monotonicity
condition, we can partition the set of lattice points {(4,7) : 7,5 = 1,2,...,T} into a finite number

[ 112 =

T (éT - 00) H Hﬁs’T (u)H —0,(1). (16)
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of maximal non-overlapping subsets
Lo ={0,7) : Inp < i < Ty Zipr < 5 < Iy}

for £ =1, ..., {max such that VQj (i/T,j/T) have the same sign for all (4, j) € Z,. Now

T-17-1

Ml = ZZVQh< ) VT (60— 00)] [vVTs; (u)}H

=1 t=1

= Zmz“ > Vai (T T> € [\/T (éT_HO)] [ﬁsﬂ, (u)]

=1 (i,j)€ZL,
_ Eia:x Z vQ: <T T) SupHetHxH\f(GT—@O)H {stipH\/TSi(U)M

/=1 (z])GIe
_ iij Q; (IZHL I§2L> QF (IEU IZ%L> QF (IéL IZEU) Q:; <I§1U I%ﬁ) X op (1)
= o0p(1).

We have therefore proved that I; = o, (1).

We can use similar arguments to show that I = o), (1). Details are omitted. This completes
the proof of Part (a).

Parts (b) and (c). We start by establishing the series representation of the weighting
function as given in (4). The representation trivially holds with ®; (-) = ¢, (:) for the OS-HAR,
variance estimator. It remains to show that it also holds for the contracted kernel k; (-) and the
exponentiated kernel £” (-) . We focus on the former as the proof for the latter is similar. Under
Assumption 1(a), k (z) has a Fourier cosine series expansion

= Z ; cos jmx (17)

where c is the constant term in the expansion, Z;; ’5\]‘ < 00, and the right hand side converges

uniformly over x € [—1,1]. This implies that

o0 o0
ky(r—s)=c+ Z S\j CoS jmr cos jms + Z S\j sin jrr sin jms
j=1 Jj=1

and the right hand side converges uniformly over (r,s) € [0, 1] x [0, 1]. Now

1 1 1
ky (r,s) = ky (r,s) — / ky (1 — s)dr — / ky (r —7)dr + / ky (11 — T2) dT1dT2 (18)
0 0 0

o 1 1
= Z j COS JTT COS JTSs + Z Aj <sinj7rr — / sinj7r7d7) <sinj7rs — / sinjwnh)
= 0 0
o

30



by taking
B, (r) = COS(%]), j is even
PN Usin(B3r(+ 1)) — fo (sinim(j+1)7)dr, jisodd
and ~
A = { %\j/g, j ¥s even
AG+1)/2, 7 1s odd
Obviously ®; (r) is continuously differentiable and satisfies fol ®; (r)dr = 0 for all j. The uni-
form convergence of 3322, A\;®; (1) ®;(s) to kj, (7, s) inherits from the uniform convergence of the
Fourier series in (17).
In view of part (a), it suffices to show that Wr(6y) ~ Wr. Using the Cramér-Wold device,

it suffices to show that
tr [WT(GQ)A] ~ tr [WETA]

for any conformable symmetry matrix A. Note that

tr [Wr(6p)A ; Z Z Qs < ) up A,

t=171=1

WerA) = ;ZZQ,’;( )Aet)A(Aet).

t=171=1

We write tr [Wr(0o)A] as

tr [Wr(0)A ZA (fqu( > )IA< =

ﬂ"‘
Mﬂ
&
VN
M|
N———
&g
N———

= §T,J+?7T,J
where
J 1 / " T t
fT,J:Z)‘j 72‘1%' <T> u| A 72‘3]’ (T) Ut |
j=1 t=1 t=1
1 & ¢ 1 & t
= Aj D | = Al— G
nr.g = J;l \/Tzl J(T>u \/thl j<T>'LLt

We proceed to apply Lemma 1 by verifying the four conditions. First, it follows from Assumption
5 that for every J fixed,

J T
a % 1 t 1 t
gTJ ~ fT,J = Z )\] 7T Z (D] <T) Aet A 7T Z (D] <T) Aet (19)
j=1 t=1 t=1
as T'— oo. Second, let
ks 1 & t (1 & ¢
7j=1 t=1 t=1
— tr (WiA)
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and A =Y, pyaea) be the spectral decomposition of A. Then

=&,y = Z Aj Zﬂe

j=J+1 (=1

T 2

Z ( >a€Aet

So
Eler—e,l<0 Y n L Z@Z( )<c S
j=J+1 j=J+1

for some constant C' that does not depend on 7. That is, F }{T — §*T7 J} — 0 uniformly in T as
J — 00. So for any § > 0 and € > 0, there exists a Jy that does not depend on T such that

P(|ér—¢€ry|>20) <E|¢p -1 ] /6<e

for all J > Jy and all T'. It then follows that there exists a Ty which does not depend on Jy such
that

P&, <& =P(r+ (&0 —&r) <&
<P(r <§+6)+P(‘§T_§}J’ 2 5)
SPEr<&+6)+e<PEr<§)+2e
for J > Jo and T' > Ty. Here we have used the equicontinuity of the CDF of &7 when T is

sufficiently large. This is verified below. Similarly, we can show that for J > Jy and T > T we
have

P (&, <€) > P(&r <§) — 2.

Since the above two inequalities hold for all € > 0, it must be true that P (5}7J < f) —P(¢r <) =
o(1) uniformly over sufficiently large T" as J — oo.
Third, we can use Lemma 1 to show that £ converges in distribution to ., where

Z)\ [/ ) AdBp, ()}/A[/Oléj(s)AdBm(s)

= / / Q5 (r,5) [AdB,, (7)) AAdB,, (s).
0o Jo
Details are omitted here. So for any £ and 4, we have

PE-0<Er<€40)=P(-0<Ec<E+0)+0(1)

as 1" — oo. Given the continuity of the CDF of ¢, for any ¢ > 0, we can find a § > 0 such that
P —-6<&pr <&+0) <eforall T when T is sufficiently large. We have thus verified Condition
(iii) in Lemma 1. Finally, for any = € R, we have

P(lnpy|>z) <P Z |>\|Z|W\

j=J+1

1Z!uz\E Z A

j=J+1

1 & ’
TZCI)J( )agut] >

t=1

()]
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But by Assumption 3,

E Z I\ \}TZT}DJ< >aéutr

j=J+1

Z M;;@; <;) (dhur)? Z A= Z‘I’ < ) () Bjuaan

j=J+1 j=J+1 t;és
oo o 1 o

<C D I+ DY \&\;Z!a’en-saeho >INl =o(1)
j=J+1 j=J+1 t£s j=J+1

uniformly over 7', as J — 0o. So we have proved that 7y, ; = 0,(1) uniformly over T', as J — oc.
Combining the above steps, we have

tr [Wr(6p)A] ~ Ep =tr (WerA),

and
1 1
Wopd) / / Q% (r, 5) [AdBy, ()] ANdBy, (5) = tr(Wao A).
0 0

As a consequence,

as desired. m

Proof of Theorem 1. We prove part (b) only as the proofs for other parts are similar. Let
Gar = A7'G be an m x d matrix, then

Foo = {R [G’AVT/;GA] o G’AW;Bmu)}/ {R [G’AW;GA] - R’}_l

- —1 ~
x {R [G’AW;GA} G’AW;Bmu)} /p.

Let Gp = Ummemded’X(i be the singular value decomposition of G. By definition, U'U =
vv' =1, VV' =V'V = I; and
5 [ Adxd ]

Oq><d

where A is a diagonal matrix with singular values on the main diagonal and O is a matrix of
zeros. Then

R [G’AW;GA} T eWB,(1) = R [VZ’U’W;UEV/} T USUWLB,L (1)
— RV [E’U’W;UZ] CSUWLB,(1) = RV [Z’U’WoglUE] Ty [U'W;U} [0 By (1)]
<L Ry [E’W;Z} CSWLB (1),

and

R [G’AW;}GA} TR=R [VE’U’W;UEV’] T RLRy [E’W;z} TR,
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where we have used the distributional equivalence of [W !, By, (1)] and [U'W U, U’ B, (1)]. Let

= _ [ Cu Ci = (CH CP
Woo = < 021 022 ) and WOO = ( 021 022

where C11 and C!! are dx d matrices, Cag and C?? are g x ¢ matrices, and C1o = C%;, C12 = (C?1Y'.
By definition

1 el , Cpp Cp.a—p

Cu= | | Qi(rs)dBa(r)dBa(s)" = ( Codp C“’“> v
Cra = /01 OlQW, $)dBa(r)dBy(s)" = ( Cfp;q ) .
Cor = /01 01 5 (r,5)dBy(r)dBy(s) = Cyq (22)

where Cy,, Cpq, and Cyq are defined in (7), and Cy_p g—p, Cp 4—p and Cq_,, , are similarly defined.
It follows from the partitioned inverse formula that

_ —1 3
C'' =[O — C1aCiy/ O], € = —CM 0120y
With the above partition of WO_Ol, we have

[E/W;g}’l — {( A0 ( g; grﬁ ) ( g }—1

= [weta] ! = A ) ()

and so
- N
RV [E’Wgz} Sl
1 12
_RVAT (Y ) (4 o) ( O Con )
— RVA*l (Cll)_l (AI)—l AI( Cll 012 )
— RVA-! ( 1., (Cu)—l 12 ) : (23)
and .
RV [SWi's| VR = RvATH (€M) (4) VIR,
As a result,

Fuo L [RVAT (1, (0") 7 O )Bm(l)}, (Rva~t ()™ (4) V'R -
X [RVA‘l( I, ()~ 'o )Bm(l)} /p

= [RVA™' (I, —C1aCyyt ) Bn(1)] (RVA*l () V’R’)_l

x [RVA™ ( I;, —C12C55' ) Bn(1)] /p.
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Let By, (1) = [BY (1), B, (1) and
RVA™Y = UppXpsaVina

be the SVD of RV A~!, where

Spxa = ( Apxpy Opx(a-p) ) -

Then
Fuo £ {OSV [Ba(1) = C12C35' By (1)] }' ey
V' [Ba (1) = C12C3y' By (1)] /p
= {5V [Ba(1) - CuuCi' B, ()]} (377 75
) = C12Ca5 By (1)] /p
- S[V’B (1)~ V03B, ]V (27 (o) o)

) —

-1

V/By(1) — V'C1aCiyl B, (1 )}

Noting that the joint distribution of [V’Bd (1) V'Cig, Cog, V' (Cll)_l f/} is invariant to the
orthonormal matrix V', we have
d - . ! /. 1~N\"1
Joa {z [By(1) — C12C3y' B, (1)]} (2 (™) 2’)
[Ba(1 )—01205213 (W] /p

x 3 [By

= {( “L ) [ 01202213 (1 )]}/
<((4 0)(C > (i o))"
<{( A, 0)[Ba(1) - CuCo B, (W]} /.

Writing

_ D D12
(ct) =y - C12C55 Oy = < o )

D21 D22
where Dy, = Cpp—CpgCo it C),, and D* is a (d — p) X (d — p) matrix and using equations (20)-(22),
we have
Foo £ [B, (1) = CpyCit By (1)] D} [By (1) — CpgCrt By (1
0o [p() P9~ qq q()} pp[P() Pq“~qq q()]/p-

Proof of Theorem 2. Let Ar be the p x 1 vector of Lagrange multipliers for the constrained
GMM estimation. The first order conditions for 67 r are

39} (éT,R)

90 WT_l@T)gT <9T,R) + R/TAT =0 and R@Tﬁ = (24)
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Linearizing the first set of conditions and using Assumption 4, we have the following system of
equations:

( Rid oip ) ( vT (37;; ) ) — ( —G’WF(gzjlﬁgT (60) ) oy (1)

where ¥ := ¥ (éT) = G’WT_l(éT)G. From this, we get
VT (éT,R - 90) = O G WE (Or)VTgr (6)
~ ~ —1 - ~
B {R\IflR’} RE1G'W;t (07)VTgr (B0) + 0, (1) (25)

and
VEar =~ {RETRY RETGWE @)V Tar (60) + 0, (1). (26)

Combining (5) with (25), we have
. . - - -1 . .
VT (eT - eT,R) — IR {R\rlR’} RULGW Y (0r)VTgr (00) + 0, (1) (27)
which implies that /T @T - éT,R> =0,(1). So
agr (éT> =d4gr (éT,R) + GT(éT) <9T - éT,R) + Op (1/\/?) .
Using this and the first order conditions for Op g <9T> W, 1(9T)GT(9T) =0, we have
. . " g . .
]IDT =T (9T — 0T,R> GT(GT)WT (QT)GT(HT) (HT - 0T,R> /p
+ 2T} (0r) Wit (9r)G(0r) (0r — br.r) /2 + 0, (1)
. . / . y R .
=T (br —br.n) Grbr)W; ' (0r)Gr(0r) (br —brr) /p+ 0, (1). (28)
Invoking Lemma 2(a), we obtain
. . "o, .
Dy =T (07 —br.p) U (br—brr) /p+0, (1). (29)
Plugging (27) into (29) and simplifying the resulting expression, we have
- -1 . - !
Dr = [R’ {R\If‘lR’} RV G WL (07)VTgr (90)}
- - -1 . .
1 [R’ {R\If‘lR’} RV G WY (07)VTgr (90)} /p+0,(1)
- - I -1 . -
- [R\I/—lc:’WT—l(aT)\/TgT (90)} [R\I/—lR'} RUG'W (Br)VTgr (00) /p + 0p (1)
o l ~ -1 N
= \/T |:R (HT — 90>:| |:R\If_1R/:| \/TR (GT — 00) /p + 0p (1)
= Wr +o0,(1). (30)
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Next, we prove the second result in the theorem. In view of the first order conditions in (24)
and equation (26), we have

VTAr (éTﬁ) = WWT_l(éT)\/TQT (913) +0,(1) = —VTR'Ar + 0, (1)
= R{RER) RV W 1)V Tor (60) + 0y (1)
— IVT (éT — 9T,R) +o,(1),

and so

~ ~ I ~ /4 ~
S =T <0T _GT,R> v <9T — 0T,R> /p—i—op (1)
= ]D)T—i—op(l) :WT+Op(1)-
|

Proof of Theorem 3. Part (a). Let

be an orthonormal matrix, then

By (1) - @w;&a>TH
1By (1) = CpgCad By (V)]

By (1) = CpgCit By (1)
1B, () oo B, 1] |
= ||By (1) = CpyCit By (V|| €, [H'D;, H] e, /p,

Fro = || By (1) = CpoCi B, (1))

—1
x H'D, \HH'

where ¢, = (1,0,0,...,0)" € RP. But H'D,}H has the same distribution as D, ' and Dy, is
independent of By, (1 ) CpgCodt By (1) . So

_ 2
poa 1B ) Ee,cl};q_(iqu]lﬁ(l)u /o o

That is, Fix is equal in distribution to a ratio of two independent random variables
It is easy to see that

1 1 -1 oy
[eprpl p] o i [6;+q {/0 /0 QZ (7‘, S) dBP-HI( )de,v+q( )] ep-‘r‘]] d

KXK p—q+1

where e,1, = (1,0, ...,0)" € RPT9. With this, we can now represent F, as

2 A2
Xi—p—gi1/ K
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and so 5 /2
xp (A?) /p
Xk—pgr1/ (K —p—q+1)
Part (b). Since the numerator and the denominator in (33) are independent, k= !Fy, is
distributed as a noncentral F distribution, conditional on A2. More specifically, we have

Ky = L Fokpqi1 (A?). (33)

P (’fﬁlFOO <z) =P (Fpr—p-gt1 (AQ) <z)=EF, Kk pq+1 (2 Az)
where Fj, k—p—q+1 (2, A) is the CDF of the noncentral F' distribution with degrees of freedom
(p, K — p — g+ 1) and noncentrality parameter A, and Fp, g —p—q+1 (A) is a random variable with

CDF Fp7K_p_q+1 (Z, )\) .
We proceed to compute the mean of A2. Let

§ = /1 ®; (r)dBp(r) ~ #dN(0, I,) and n; = /1 ®; (r) dBy(r) ~ #idN(0, I,).
0 0

Then we can represent Cp, and Cyy as

K K

Cpg = K1 Zgjn; and Cpy = K1 Z 10} (34)
j=1 j=1

So
2 —1 —1 —1 —1
EN? = EB, (1) C'C,,,CpyCoy By (1) = Etr (Cpt C, CpCot)
1 K -1 1 K 1 K 1 K -1
= Etr | | 2 2, 7226 | | g 228 ) | & 2
j=1 j=1 j=1 j=1

-1
where 11 := (Zjil njn;) follows an inverse-Wishart distribution and

Iy

FAD == =1

for K large enough. Therefore EA? = K#ﬁ—l =%

Next we compute the variance of AZ. It follows from the law of total variance that
var (A?) = E [var (A%Cyy' CpyCpaCodt)] + var ([tr (Cug' CpyCraCad')]) -

Note that By (1) is independent of C'C}, CpyCyit. So conditional on C%_qlCZ’,qCquq_ql, A?is a
quadratic form in standard normals. Hence the conditional variance of A® is

var (A%C CpiCpaCadt) = 2tr (Cg' CpiCraCoy Cad CraCraCld) -
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Using the representation in (34), we have

Etr (Cug' CpyCrqCq Cad CraCraCad')

1 E 1 & 1 & 1 E
_ / / -2 / / -2
= Eir | &= z; & | | % Z; &M | Cad | ¢ Z; % || & 2; &M | Cag
1
= FEtr K4 Z Z 17]1 5]1511 7]“ Z Z 77]2 f]ggzz 7712 qq

Jji=lu1=1 jo=1is=1

1 K K K K
= Ltr K4 Z Z Z Z 773177@1qu 773277z2 qq2E (§J1511) (532512)
J1=141=1ja=1142=1
Since
s J1 =11, J2 = 12, and ji # jo,
D, J1 = Jjo,t1 = 42, and ji # i1,
E (€&, (€,6,) =% p J1 =t2,%1 = j2, and ji # i1,
P24 2p, j1=jo =i =i,
0, otherwise,
we have

Etr (Cuq' CpiCrqCaq Cad' CraCraCad')

K K K
1 / -2 / -2 2 1
= Etr K4 Z Z 77j177j10qq 773'2773'20!1!1 p-+ Etr K4 Z Z U (77110 77]1) nzlc p
J1=172=1 ji=1i1=1

K
1 _ _
+ Etr K4 2 : § :njl (77;1011112771'1) 77;’1011!12 p

J1i=li=1
-2
/ 2 ! =2 =2
= Eitr § Moy Mey (p +p) + Etr K2 E : njlnjlcqq tr [K'Q z :nilcqq nil] p
l1=1 J1=1 i1=1

= E [tr ()] (p* +p) + E [tr (I))*p
a q a ?
33 ) 67 ) 8 (3om)
i=1 j=1 i=1

It follows from Theorem 5.2.2 of Press (2005, pp. 119, using the notation here) that

PI?, — (K—q—|—1)5ij+(2K—q—1) N 5ij 220(%)
(K—q)(K—-q—1)"(K—-¢q-3) [K—q—1] K
and for ¢ # j,
2 1 1
Pty = K 1P K g8 K g 1P &
Hence 1
Etr (Cptt CpyCpqCaq Cad CryCraCad) = O(53)- (35)
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Next

var ( [tr (C’q_ql C}')qC'quq_ql)]

~—

1 -1 -1 -1

< B [tr (Cpg CpyCogCog ) 11 (Cogt CoyCpaCig)]

- , X . K K 1 K
B / / -2 ! ! 2
=B\ % Z 5| | & Z &M | Caa | 7 || 23] K Z $15 | Caa

L j=1 j=1 7=t =

- | KK | KK

_92 —2

= FEtr I iy (é-;lfjl) 77;'1011(1 tr K Z Z Miy (£;2£j2) 77;‘2qu

| i=1 i2=17j2=1

K K
1 _ _
=F [t?" (H)]2p2 + EF Z tr [qu277j177;1 qu277i177;1] 2p
i1=171=1

= E[tr (IN))*p? + Etr [11%] 2p.

Using the same formulae from Press (2005), we can show that the last term is of order O (K _2) .
This, combined with (35), leads to var (A?%) = O(K~2).
Taking a Taylor expansion and using the mean and variance of A2, we have
P (K_lFoo < z)
=LEFpkpqt1 (z, A2)

oF, Kk_p_ +1 (Z (52) 82FP7K*p*q+1 (Z,SQ) 2
By ygir (2,8%) + EOpE et (90) (n2 2y : (A2~ 82
oA o\
(36)
82Fp,K—p—q+1 Z, 82 9
= EF, k—p—q+1 (Z’ 52) +E N2 ( ) (AQ - 52)
for some A2 between A% and 62. By definition,
Xp (N) Xk —pe +1 -
Fpk—pqi1(z,N) =P | =2 L <z
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where G, (2, A) is the CDF of the noncentral chi-square distribution Xp (\) with noncentrality

parameter \. In view of the relationship G, (z,\) = exp (—%) Py )‘/2) Gp+2j (%), we have

)

XK +1
EGpi2; ( [Kppqu

(
(D5 (e [F5z))

K-p—q+1
vyom(3) X O i (v | 20

i 2
XKfpfq+1
FE ; -
Opr2+12j (PZ K—p_qtl

_ , XK—p—q+1

> ngJ(Z[K p—q+1
[ (\/2)

2o (-3) 02 ]‘

)

VAN
| =

‘asz,K—p—q-i-l (2,2) ‘
oN?

NE

S5
>

<.
Il
o

IN

Nk

w0 (-5) 2

for all z and A\. Combining the boundedness of 02F), jc—p—q+1 (2, A) /ON? with (36) yields

IA

NN
Q.

+

A~ = 9

N | =

P (k7 'Fx < 2) = Fp k—p_qt1 (2,6%) + O [var(A?)]
1 1
= Fpxpqt1(2,6°) +0 <K2> = Fpi—p—q+1 (2,6%) +o0 <K) :

Part (c). It follows from Part (b) that

PpF < ) :Egp( XK[? gt1 52> (1

2
_ XK p—q+1 XK —p—q+1 2 l
_Egp< E o) gp< = )5 +O<K>
ﬁg ZX%(*p*qH 52
aAQ p K ’

where & is between 0 and §2. As in the proof of Part (b), we can show that ‘aa—;gp (z, )\)) < 1.
As a result,

+FE

E

92 Xk pegil = 1 1
av%(f?”“ﬁH&:O%ﬂzﬂK) )

41



Consequently,

2 2
_ EXK-—p-gt+1 0 o (PXkp—att o) 52, oL
p(pFoo<z)—Egp< e ,O) +Ea)\gp ,0] 6%+ o(=).

By direct calculations, it is easy to show that

0 0 1 1Zp/2 —2/2 / 39
539 (5:0) = ~5 160 () Gz ()] = = Ty =~ G} ()= (39)
Therefore,
P(pFx < 2)
2 2
_ XK —p—gq+1 _1 1 [ FXK—p—q+1 | PXK—p—q+1 (2 i
- (M) Ly () s (1

oK —p—qg+1 q

Proof of Theorem 4. Part (a). Using the same argument for proving Theorem 3(a), we have

" d B (1) - Cquq_qqu (1)
X/ K

too d Bi (1) - Cqu’(;]qu (1)
vV X%y (K —q)

(40)

and so

Lt q(A).

Part (b). Since the distribution of ¢, is symmetric about 0, we have for any z € R*:

()

1 1

=5+5 P(|too/f| <l =3+ P(t2 /K < 2%)
1

= 5 + §FI,K7q (Z ,(S ) + O(?)

where the second last equality follows from Theorem 3(b). When z € R™, we have
too

pl=
(F<2)
11
2 L P(teo/ VRl < |]) = 3 — 2 P /r < 2)
T2 2 2
1 1 1

- __F 2
2 21K Q(z 5)+0<K)
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Therefore - .
P <\/E < z> =3 + ngn(z)FLK,q (22,52) + 0(?).

Part (c). Using Theorem 3(c) and the symmetry of the distribution of to, about 0, we have
for any z € RT:

1 1 1 1
P(te < 2) = 5+ §P(]too| <z|) = 5+ §p<tgo < 2%)
1 1

=339 02 () 39 D o ()

Using the relationships that

and
0 ()2 (L) 4 36" () 24 = — 1 $() [ + (g + 1)
we have
Pt < 2) = B(2) — &zd}(z) [ + (dg + 1)] + 0(%).

Similarly when z € R™, we have

Pliuo < 2) = B(2) + 12220(2) [+ (4 + 1)] +0( ).

Therefore

Plta < 2) = ®(2) — & 2(z) [2 + (dg + 1] + 0(%).

Before proving Theorem 5, we present a technical lemma. Part (i) of the lemma is proved in
Sun (2012). Parts (ii) and (iii) of the lemma are proved in Sun, Phillips and Jin (2011)

Define g = lim,; o [1 — k (x)] /2%, qo is the Parzen exponent of the kernel function, ¢; =
2 k(@) de, co = [0 k? () d.

oo

Lemma 5 (i) For conventional kernel HAR variance estimators, we have, as h — oo,

(a) g =1 = ber +O(b?),

(b) py = beg + O(b?).
(i9) For sharp kernel HAR variance estimators, we have, as h — oo,
(a) pr=1- p+2’

() iy = 7 +0(%).

(7i7) For steep kemel HAR variance estimator, we have, as h — oo,
(
(

s i

() o)
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Proof of Theorem 5. Part (a). Recall

PFo = [By (1) = CpyCoy' B4 (1)) Dy} [By (1) — CpgClg! By (1)]

Conditional on (Cpq, Cyq; Cpp) , By (1) = CpgCrit By (1) is normal with mean zero and variance I, +
C'qu'q_ql Cq_ql Cpq- Let L be the lower triangular matrix such that LL' is the Choleski decomposition
of I, + CpyCp Cot Gy, Then the conditional distribution of ¢ := L™ [B), (1) — CpqCot By (1)] is
N(0,1,). Since the conditional distribution does not depend on (Cjg, Cyq, Cpp) , We can conclude
that ¢ is independent of (Cpq, Cyq, Cpp) . S0 We can write

PFao £ (AC

where A = L/ DljplL. Given that A is a function of (Cpq, Cyq, Cpp) , we know that ¢ and A are

independent. As a result, (' AC 4 ¢’ (OAO") ¢ for any orthonormal matrix O that is independent
of (.

Let H = (C/ <l ,ﬁ) be an orthonormal matrix with first column ¢/ ||(]|. We choose H to
be independent of A. This is possible as ( and A are independent. Then

P2 2 ¢ 040" & — 2[C1H] H' (0AO' H[H’C]
PFoo = K1 17 (OAO) g = I | e ) £/ (0AO) H | H'py

= ||¢|”? e, (HOAO'H) e,

where e, = (1,0, ...,0)" is the first basis vector in RP. Since I¢|I>, H and A are mutually indepen-
dent from each other, we can write

d
PFo = [C)7 €, (H'O'AOH) e,
for any orthonormal matrix H that is independent of both ¢ and A. Letting O = H’, we obtain:

pFe L (e dey) = S a dP
e [e;,Aep]fl [%L’D;?plLep]*l

Since Ley, is the first column of L, we have, using the definition of the Choleski decomposition:
—1—1
[y + CpgClq' Coq Ca] w0 .
Ve [l + CpyCig Ca Cp] €

Le, =

As a result,

2
pFy L \f? !
where
—1 =
¢ 1o + CpyCoq Cq Cha €0 _
el [Ip + CpgCaq Cag Chy] Dipp [Ip + CpqCaq Cad C,] €p

= [eguL/D;plLep]_l =
Part (b). It is easy to show that
ECyq = 11y and var [vec (Cyq)] = po (Igqg + Kgq)
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where

1 1 1
MZA@WMWMZA[N%@ﬂ%%%

I, is the ¢* x ¢? identity matrix, and K, is the ¢ x ¢* commutation matrix. So Cyq = p114+0p (1)
and Cq_ql = p; 1, + o0, (1) . Similarly, Gy = py I, + 0, (1) and Copt = 111 1, + 0, (1) . In addition,
using the same argument, we can show that Cpq = 0p, (1) . Therefore

el [Ip + CpeCpy/1i3] €
o= - s pqqzﬁf (140, (1))
ey [Ip + CpaCpg/ 3] [Ip = CpgCp/13] [ Ip + CpgChq/ 153] €p

= 1+0p(1)

That is, n? —P 1.
We proceed to prove the distributional expansion. The (7, j)-th elements Cpp(i j) Cpq(1,7)
and Cyq(7, 7) of Cpp, Cpq and Cyq are equal to either fol fol Q5 (r,s)dB(r)dB(s) or fo fo Q; (r,s) dB(r)dB(s)
where B(:) and B (-) are independent standard Brownian motion processes. By direct calcula-
tions, we have, for any ¢ € (0,3/8),

- . E|Cet(i,7) — ECey (i, j 13
P(ICus(i,§) — ECoy(i,5) > 1) < 2 “32& (6 )F OQL>=dw)
2 2

where e, f = p or q. Define the event &£ as
E={w:|Cef(i,j) — ECes(i,5)| < ps for all 4,5 and all e and f},

then the complement £¢ of & satisfies P (£°) = o(j) as h — oo. Let € be another event, then

P(é) = P(é’ﬂs) +P(€m£c> :P(émé’> + 0(j1s)
= P(E[E)P (€) + o) = P(EIE) (1 = o(ua)) + ol2)
P(EIE) + 0 (pa) -

That is, up to an error of order o(uy), P (5) , P (c‘:’ N 5) and P(E|€) are equivalent. So for the

purpose of proving the theorem, it is innocuous to condition on £ or remove the conditioning, if
needed.
Now conditioning &, the numerator of n? satisfies:

ey, [I, + Cp 0—10—1()’ a) €
—1+LeG, [ qu_Equ}l [I +qu_Equ}lc' e
I 1y ! 1 ey

1
=1+ 'u —¢€ Cpq( q qu) (Iq - MQQ) C;?qep
1

=1+ —¢,Cp quC’;qep
It

where My, is a matrix with elements My, (i, j) satisfying |My, (4,7)| = O (p5) conditional on &,

and M,, is a matrix satisfying | My, (i,7) — 1{i = j}’ = O (p5) conditional on £.
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Let
Cptaptq = ( g;/ap gpq )
rq 49
and eg14,p be the matrix consisting of the p columns of the identity matrix I, ,. To evaluate the
denominator of 72, we note that

—1 !
Dy = €q+ap <Ip+q + [
1

1
1. Cotapta = ECpiqpiq
p+q /i €q+q,p

/ [Cp+q7p+q - Ecp+q7p+q] [Cp-ﬁ-qu’v-&-q - Ecp+q,p+q] + M
a+q,p 2 €q+q,p Pp

1 ( 1 Cw— ECy [Cop = ECp] [Crpp — ECyp] + Cquzluq>
= (1,- + -
H1 H1 M1

—1
1 Cotapta = ECprapta)
q+q,p
1

—Catqp

1
/
251

+e

+ Mpp

where M, is a matrix with elements M,, (i,7) satisfying |M,, (i,5)] = O (43°) = o(uy) for
¢ > 1/3 conditional on £.

For the purpose of proving our result, M, can be ignored as its presence generates an ap-
proximation error of order o (u5) , which is the same as the order of the approximation error given
in the theorem. More specifically, let

5 Cququ{oq - Cpp — ECyp | [Cpp — ECyp| [Cpp — ECpp] + CpgCyg
Opp— 2 Dpp_ Ip_ + 2
1251 251 251
and
|~
72 (G, ) = K1 (1 + epcppep)
' o> Ppp , S . ,
€p <Ip + Cpp) Dpp (Ip + Cpp) €p
then

P (pFy < 2) = EG, (n°2) = EG, (7*2) + 0 (13) -

Note that for any ¢ X ¢ matrix L,,, we have
1 1
ECyulaChy = F [ | Qirsss0)Qirass)dByr1 )8, (51) LB, (52)By ()
0 0
1 1
_E / / QL (11, 51)Q}(r2, 52)dBy(r1)dBy(r1)'tr (dBy(s2)dBy(51) Lg)
0 0
1 1
= 11 (Lgg) /0 /0 Qi (r, )2 drdrl, = tr (Leg) o (41)

Taking an expansion of 72(Chp, Dsz) around Cyp = qug/p31, and D;p = I, we obtain

7’ = 77% +err

where err is the approximation error and

! [Cop — ECpp) [Cpp — EC, ! [Cop — ECp) e}
U%:M1—2/qu2+€; c, —EC’p]ep—ep[ P ppjb[ pp pp]€p+ {) [Crp - ool € } .
1
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We keep enough terms in 73 so that EG, (7722) = EG, (3z) + 0 (ko) -
Now we write

P (pFw < 2) = EGy(m52) + 0 (g)

= Gy (2) + G (2) 2 (B — 1) + 504 (2) B — 1) + 0 ).

In view of
9 2q19 1, {6’; [Cpp — EChy] ep}2
Eng—1= (g —1)— ——=— 7Eep [Cop — ECpp| [Cpp — ECpplep + E
251 251 251
2qp9 o 249
= (1) =22 2 ) 22
(i ) 251 1251 ( ) 251
2qp9 o
- S DL A N
(g — 1) R ( )
and
E(ng —1)°
2q ?
=FE|p—-1- 2‘*‘6;)[010 — ECplep| +o0(ps)
2
=FE {ezlu [Cop — ECpplep}” + (g — 1)2 + 0 (u2)
= 2pg + (g — 1)2 + 0 (p2),
we have
P (pFs < 2)
2q
R [ e RE ACE RS
=02+ Gy ()2 |G~ 1) = 2 (o420 - )] + 67 ) s+ o) (12)
1
™
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