
UC Berkeley
UC Berkeley Previously Published Works

Title
Almost-rigidity and the extinction time of positively curved Ricci flows

Permalink
https://escholarship.org/uc/item/65c5k6xq

Journal
Mathematische Annalen, 369(1-2)

ISSN
0025-5831

Authors
Bamler, Richard H
Maximo, Davi

Publication Date
2017-10-01

DOI
10.1007/s00208-016-1494-y
 
Peer reviewed

eScholarship.org Powered by the California Digital Library
University of California

https://escholarship.org/uc/item/65c5k6xq
https://escholarship.org
http://www.cdlib.org/


ar
X

iv
:1

50
6.

03
42

1v
1 

 [
m

at
h.

D
G

] 
 1

0 
Ju

n 
20

15

ALMOST-RIGIDITY AND THE EXTINCTION TIME OF

POSITIVELY CURVED RICCI FLOWS

RICHARD H. BAMLER AND DAVI MAXIMO

Abstract. We prove that Ricci flows with almost maximal extinction
time must be nearly round, provided that they have positive isotropic
curvature when crossed with R

2. As an application, we show that posi-
tively curved metrics on S3 and RP 3 with almost maximal width must
be nearly round.

1. Introduction

Let g(t) be a Ricci flow with g(0) = g0, where g0 is a metric with scalar cur-
vature Rg0 ≥ n(n−1) and such that (M,g0)×R

2 has positive isotropic cur-
vature. By the work of Brendle-Schoen [BS09], g(t) converges in finite time,
say T , to a round point (more precisely, the rescaled metrics 1

2(n−1)(T−t)g(t)

converge to a metric of constant curvature one as t → T and, therefore, M
must be diffeomorphic to a spherical space form). Since the scalar curvature
R(x, t) satisfies

(1.1) ∂tR = ∆R+ 2|Ric|2 ≥ ∆R+
2

n
R2,

one has, by the maximum principle, that inf R(·, t) ≥ n(n−1)
1−2(n−1)t . From this,

the singular time T can be estimated from above, i.e., T ≤ 1
2(n−1) . Another

consequence of (1.1) is that T = 1
2(n−1) if, and only if, g0 is an Einstein

manifold with R ≡ n(n− 1). So g(t) = (1− 2(n− 1)t)g0, which implies that
g0 is round. In this work, we are interested in flows where T is very close
to 1

2(n−1) . Heuristically, from evolution (1.1), a metric with almost maximal

extinction time should have small traceless Ricci tensor and therefore be
nearly Einstein. We prove:

Theorem 1.1. Let (Mn, g0), n ≥ 3, be a Riemannian manifold such that

Rg0 ≥ n(n − 1) and (Mn, g0) × R
2 has positive isotropic curvature. Given

η > 0, there exists a number τ > 0, which only depends on η and on the

topology of M , such that if the Ricci flow evolution g(t) of g0 has singular

time T > 1
2(n−1) − τ , then g0 is η-close to a metric of constant curvature

one in the C0-norm.

Note that the conclusion of the theorem is essentially optimal. In fact,
given any τ > 0, we can use the results of [Sim02] or [KL13] to find a
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2 R. BAMLER AND D. MAXIMO

constant η > 0 such that any η-perturbation of the round metric on M has
extinction time T > 1

2(n−1) − τ .

Theorem 1.1 was motived by the following application to 3-dimensional
manifolds. Let g be a metric on the 3-sphere S3 with positive sectional cur-
vature and scalar curvature R ≥ 6 (in particular, g satisfies the hypothesis
of Theorem 1.1). We recall the definition of the width of g: starting with
the family {Σt} of level sets of the height function x4 : S

3 ⊂ R
4 → R; i.e.,

{Σt} = {x ∈ S3 |x4 = t}
for t ∈ [−1, 1], we define Λ to be the collection of all families {Σt} with
the property that Σt = Ft(Σt) for some smooth one-parameter family of
diffeomorphisms Ft of S3, all of which are isotopic to the identity. The
width of (S3, g) is the min-max invariant

W (g) = inf
{Σt∈Λ}

sup
t∈[−1,1]

|Σt|,

where |Σ| denotes the surface area of Σ. In [MN12], Marques-Neves proved
that there exists an embedded minimal sphere Σ, of Morse index one, such
that

W (g) = |Σ| ≤ 4π,

and equality W (g) = 4π holds if, and only if, g has constant sectional
curvature one. Using Theorem 1.1, we investigate the almost equality case:

Theorem 1.2. Let g be a Riemannian metric on 3-sphere S3 with positive

sectional curvature and scalar curvature R ≥ 6 . Given η > 0, there exists

ε = ε(η) > 0 such that if the width of g satisfies W (g) > 4π − ε, then g is

η-close to a metric of constant curvature one in the C0-norm.

Theorem 1.1 similarly implies a rigidity statement for positively curved
metrics g on the real projective 3-space RP 3. In this case, following Bray-
Brendle-Eichmair-Neves [BBEN10], we can consider the least area embed-
ding of RP 2 inside (RP 3, g). We denote its area by A(g). In [BBEN10], the
authors prove the following inequality:

A(g) inf Rg ≤ 12π,

and showed that equality only happens for the round metric of RP 3. Using
Theorem 1.1, we show the almost equality case:

Theorem 1.3. Let g be a Riemannian metric on real projective 3-space

RP 3 with positive sectional curvature and scalar curvature R ≥ 6. Given

η > 0, there exists ε = ε(η) > 0 such that if the least-area embedding of

RP 2 satisfies A(g) > 2π − ε, then then g is η-close to a metric of constant

curvature one in the C0-norm.

The invariants W (g) and A(g) can be thought of as a 2-dimensional
analogs of the diameter of g. In this sense, it is interesting to compare
theorems 1.2 and 1.3 with previously known rigidity results for positively
curved metrics with almost maximal diameter. For example, Colding [Col96]
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proved that an n-dimensional Riemannian manifold with Ricci curvature at
least n−1 and volume sufficiently close to the volume of the round n-sphere
S
n must be close the round sphere S

n in the Gromov-Hausdorff distance.
Moreover, Cheeger and Colding [CC96] showed that an n-dimensional Rie-
mannian manifold with Ricci curvature at least n − 1 and almost maximal
diameter must be close in the Gromov-Hausdorff sense to a metric suspension
(0, π) ×sin r X of some metric space X. However, there are smooth metrics
on S3, obtained by smoothings of the suspension over a small 2-sphere, that
have sectional curvature bounded bellow by one, almost maximal diameter,
and are not close to some round metric, even in the Gromov-Hausdorff sense.
Hence, Theorem 1.2 and such examples indicate that the width is more rigid
than the diameter.

2. Proof of Theorem 1.1

In what follows, we consider a fixed Riemannian manifold Mn and Ricci
flows g(t) on Mn such that Rg(0) ≥ n(n−1) and (Mn, g(0))×R

2 has positive
isotropic curvature. We assume such flows exist at least for some time, say

T̄n, where T̄n ∈
(
0, 1

2(n−1)

)
is some number we fix for the remainder of the

paper. From now on, we will refer to a Ricci flow under the such hypothesis
by a Ricci flow as above, and we denote the scalar curvature of the evolution

of a constant curvature one metric by ρ(t) = n(n−1)
1−2(n−1)t .

Proposition 2.1. Given any real number 0 < δ < 1, there exists τ =
τ(δ) > 0 such that: if g(t) is a Ricci flow as above with extinction time

T ≥ 1
2(n−1) − τ , then, for any time 0 ≤ t ≤ T̄n, the minimum of the scalar

curvature at time t over M is less than ρ(t) + δ.

Proof. Consider any such Ricci flow. By the maximum principle applied to
evolution (1.1) we have that R(·, t) ≥ ρ(t). Moreover, if for a certain time
t ∈ [0, T̄n) we have that

R(·, t) ≥ ρ(t) + δ,

then, again by the maximum principle and (1.1) we must have for all t ∈
[t, T ) that:

R(·, t) ≥ ρ(t) + δ

1− 2n−1(ρ(t) + δ)(t − t)
.

In particular, T would satisfy 1− 2n−1(ρ(t) + δ)(T − t) ≥ 0, that is,

(2.1) T ≤ n

2(ρ(t) + δ)
+ t <

n

2ρ(t)
+ t =

1

2(n − 1)
.

Since t ∈ [0, T̄n], inequality (2.1) gives us a contradiction if T is sufficiently
close to 1

2(n−1) , so we are done. �

Note that Proposition 2.1 was a consequence of a (global) maximum prin-
ciple applied to the evolution equation of the scalar curvature. To obtain
more information about such flows, we will need a localized version of the
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maximum principle, which comes in the form of Hamilton’s Harnack in-
equality. More specifically, we will show that the set of points at which the
scalar curvature attains a value close to ρ(t) does not change too much in
time. We will prove:

Proposition 2.2. There exist a constant A = A(n) < ∞ such that for

any time t2 ∈ (0, T̄n], we can find a time t2/2 < t1 = t1(t2, n) < t2 with

the property that: given θ > 0 small, there exists δ = δ(θ, t2, n) ∈ (0, 1)
such that for any Ricci flow as above, if one has a point x ∈ M satisfying

R(x̄, t2) < ρ(t2) + δ, then there must exist a point y ∈ B
(
x, t1, A

√
t2 − t1

)

satisfying R(y, t1) < ρ(t1) + θ.

Notation. Given a Ricci flow g(t), a point in x ∈ M , and a number r > 0,
we write B(x, t, r) to denote the open ball in M centered in x and of radius
r with respect to g(t). If working with a sequence of flows gk(t), we write
Bk(x, t, r) to emphasize the dependence on k.

Before proving Proposition 2.2, we would like to comment on some of
the ingredients that go into its proof. First, recall Hamilton’s Harnack
inequality [Ham93], which was later generalized by Brendle [Bre09] for Ricci
flows with our curvature assumptions. Given two points x, y ∈ M and times
0 < t1 < t2 < T , their inequality implies that the scalar curvature must
satisfy:

(2.2) R(y, t1) ≤
t2
t1

exp

(
d2g(t1)(x, y)

2(t2 − t1)

)
R(x, t2),

where dg(t1)(x, y) is the distance between the points x, y measured with re-
spect to the metric g(t1). The Harnack inequality (2.2) will be specially
useful in our discussion since we can use it to propagate scalar curvature
bounds backwards in time. Moreover, since a Ricci flow as above has non-
negative sectional curvature everywhere, once one has a bound on the scalar
curvature of a point, one immediately obtains bounds on all the sectional
curvatures of that point, i.e.,

(2.3) |Rm|g(t)(x, t) ≤ R(x, t)

The other ingredient that goes into the proof of Proposition 2.2 is the exis-
tence of a suitable subsolution to the heat equation supported on small balls
with good asymptotic behavior:

Lemma 2.3. There exists a constant A = A(n) > 0 such that: given any

time t2 ∈ (0, T̄n], one can find an earlier time t2/2 < t1 = t1(t2, n) < t2 with

the property that for any Ricci flow as above where one has a point x ∈ M
satisfying R(x̄, t2) < ρ(t2) + 1, there exists a smooth, bounded, nonnegative

function u(x, t) on M × [t1, t2) satisfying:

(i) ∂tu ≤ ∆g(t)u in the barrier sense, i.e., u(x, t) is a subsolution of the

heat equation;
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(ii) for all t ∈ [t1, t2), the function u(x, t) is supported in the ball B
(
x,

t, A
√
t2 − t

)

(iii) 0 ≤ u(·, t) ≤ 1 and u(x̄, t) =
√
t2 − t.

Proof. See Appendix. �

We are now ready to prove Proposition 2.2:

Proof of Proposition 2.2. Let A and t1 as in Lemma 2.3. We argue by con-
tradiction: Given θ > 0 small, suppose that for any 1 > δ > 0 it is possible
to find a Ricci flow as above such that ρ(t2) ≤ R(x, t2) < ρ(t2) + δ, but
R(y, t1) > ρ(t1) + θ for all y ∈ B

(
x, t1, A

√
t2 − t1

)
. Let u(x, t) be the sub-

solution constructed in Lemma 2.3. In such case, we get:

R(·, t1) > ρ(t1) + θu(·, t1).
Since

∂t
(
R(·, t)− θu(·, t)

)
≥ ∆

(
R(·, t)− θu(·, t)

)
+

2

n
R2

≥ ∆
(
R(·, t)− θu(·, t)

)
+

2

n

(
R(·, t) − θu(·, t)

)2
,

we get by the maximum principle that also at latter times t ∈ [t1, t2):

R(·, t) > ρ(t) + θu(·, t).
In particular, we get that at x

R(x, t) > ρ(t) + θ
√
t2 − t.

Next, at the point x̄, we have by Harnack’s inequality (2.2)

R(x̄, t) ≤ t2
t
R(x̄, t2) <

t2
t
(ρ(t2) + δ),

so, for all t ∈ [t1, t2)

ρ(t) + θ
√
t2 − t <

t2
t
(ρ(t2) + δ).

Note that since t1 > t2/2 we have |ρ(t) − t2
t ρ(t2)| ≤ C(n)(t2 − t) for some

positive dimensional constant C(n), and hence we have for all t ∈ [t1, t2):

θ
√
t2 − t < C(n)(t2 − t) + 2δ.

Choose now t12 ∈ (t1, t2), t12 = t12(θ, t2, n) such that C(n)(t2 − t12) <
1
2θ

√
t2 − t. Then

1
2θ

√
t2 − t12 < 2δ.

So we obtain a contradiction if we set

δ = δ(θ, n, t2) =
1
4θ
√
t2 − t12(θ, t2, n). �

We next prove that we have a uniform curvature bound on parabolic
neighborhoods around points in B(x̄, t1, A

√
t2 − t1). This is a preparatory

step to using compactness.
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Lemma 2.4. Let g(t) be a Ricci flow as above with x ∈ M satisfying

R(x̄, t2) < ρ(t2)+1, and t1, t2 and A as in Proposition 2.2. Given a positive

number D < ∞, there exists a constant C = C(D, t1, t2, n) < ∞ such for

any point y ∈ B
(
x, t1, A

√
t2 − t1

)
, we have a curvature bound

|Rm|g(t)(x, t) < C

for all (x, t) ∈ B (y, t1,D)× [t1/2, t1].

Proof. Note that x ∈ B
(
x, t1, A

√
t2 − t1 +D

)
. As before, we can assume

without loss of generality that t1 > t2/2. So we have by Harnack’s inequality
(2.2):

R(x, t1) ≤ 2 exp

(
(A

√
t2 − t1 +D)2

2(t2 − t1)

)
(ρ(t2) + 1) =: C ′(D, t1, t2, n).

Again by Harnack’s inequality (at (x, t1)) we get that for t ∈ [t1/2, t1]

R(x, t) ≤ t1
t
R(x, t1) ≤ 2R(x, t1) ≤ 2C ′.

The desired curvature bound follows using (2.3). �

We are finally ready to show that if the scalar curvature is sufficiently
close to ρ(t2) at some point (x̄, t2), then the sectional curvatures must be
pinched everywhere at some previous time.

Proposition 2.5. Given t2 ∈ (0, T̄n] we can choose t2/2 < t1 = t1(t2, n) <
t2 such that for every ε > 0 there exists a δ = δ(ε, t2, n) ∈ (0, 1) with the

following property: given any Ricci flow g(t) as above for which there exist

some x ∈ M with R(x, t2) < ρ(t2) + δ, then:
∣∣∣∣Secg(·, t1)−

1

n(n− 1)
ρ(t1)

∣∣∣∣ < ε,

everywhere in M .

Proof. We first choose t1 = t1(t2, n) according to Proposition 2.2 and for
each positive integer k, let δk = δ(1/k, t2, n) be as in Proposition 2.2 for
θ = 1

k . Assume now that the lemma was false for some ε > 0. Then we can
find a sequence of Ricci flows (Mk, gk(t)) as above and points xk ∈ Mk such
that R(xk, t2) < ρ(t2)+δk, but such that the conclusion of the lemma fails for
every k. By Proposition 2.2 we can find points yk ∈ Bk(x̄k, t1, A

√
t2 − t1) ⊂

Mk such that

R(yk, t1) < ρ(t1) +
1

k
.

Applying Lemma 2.4 for D = 8π(ρ(t1)/2n(n − 1))−1/2 gives us that

(2.4) |Rm|gk(t) < C(D, t1, t2, n) on Bk(yk, t1,D)× [t1/2, t1].

In particular, the conjugacy radius on Bk(yk, t1,
1
2D) is bounded from below

by some uniform constant c = c(D, t1, t2, n) ∈ (0, 12D).
We now prove the following claim.
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Claim. Consider a sequence zk ∈ Bk(yk, t1,
1
2D) and assume that R(zk, t1) →

ρ(t1) as k → ∞. Then

sup
Bk(zk ,t1,c/2)

∣∣∣∣Ricgk(t1) −
1

n
ρ(t1)gk(t1)

∣∣∣∣→ 0

and, in particular,

sup
Bk(zk,t1,c/2)

∣∣Rgk(t1) − ρ(t1)
∣∣→ 0

as k → ∞.

Proof of Claim. Let gk(t) be the family of metrics that arise from pulling
back gk(t) via the exponential map

expzk,gk(t) : B(0, c) ⊂ TzkMk −→ Mk.

By (2.4) and Shi’s estimates, we conclude that gk(t) smoothly subconverge
to a limiting Ricci flow g∞(t), t ∈ (t1/2, t1] on compact subsets. This Ricci
flow satisfies

Rg
∞
(t) ≥ ρ(t) on Mk

t ∈ (t1/2, t1] and
Rg

∞
(t1)(0) = ρ(t1).

By the strong maximum principle applied to (1.1), we then conclude that
g∞(t1) is Einstein with scalar curvature ρ(t1). This proves the claim. �

Using the claim, we can now show by induction that for all j ∈ N with
jc/4 < 1

2D we have

sup
Bk(zk,t1,jc/4)

∣∣∣∣Ricgk(t1) −
1

n
ρ(t1)gk(t1)

∣∣∣∣→ 0

So we get that

sup
Bk(zk,t1,

1

4
D)

∣∣∣∣Ricgk(t1) −
1

n
ρ(t1)gk(t1)

∣∣∣∣→ 0

So for large enough k we have Ricgk(t1) >
1
2 · 1

nρ(t1)gk(t1) on Bk(zk, t1,
1
4D)

By Myer’s Theorem this implies

diamgk(t1)B(zk, t1,
1
4D) < π

(
1

2n(n− 1)
ρ(t1)

)−1/2

=
1

8
D.

So Mk = Bk(zk, t1,
1
4D) for large k and we get that

(2.5) sup
Mk

∣∣∣∣Ricgk(t1) −
1

n
ρ(t1)gk(t1)

∣∣∣∣→ 0.

Consider the universal covering (M̃k, g̃k(t1)) of (M,gk(t1)) and note that

M̃k is diffeomorphic to the standard sphere Sn. We are now in a position
to apply Theorem 0.4 in [PT99], and conclude that the injectivity radius of

(M̃k, g̃k(t1)) is uniformly bounded from below, independently of k. So, after
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passing to a subsequence, (M̃k, g̃k(t1)) converges to a smooth Riemannian

manifold (M̃∞, g̃∞) in the smooth Cheeger-Gromov sense. Due to (2.5),

the metric g̃∞ is Einstein. So by [Bre10], (M̃∞, g̃∞) has to be a symmetric

space. Since M̃k is diffeomorphic Sn, we have M̃∞ is diffeomorphic to Sn.

This implies that (M̃∞, g̃∞) is the round sphere, which finishes the proof. �

End of Proof of Theorem 1.1. We argue by contradiction. By results of
Brendle-Schoen [BS09], M is diffeomorphic to a spherical space form. Fix
the topology M and the constant η > 0 and suppose there exists a sequence
of metrics gk satisfying the assumptions of Theorem 1.1 with extinction
time Tk approaching 1

2(n−1) , but such that for any k there is no metric g of

constant curvature one on M with the property that ‖gk − g‖C0 < η.
Since limk→∞ Tk = 1

2(n−1) , we can choose constants 0 < δk < 1 such that

limk→∞ δk = 0 and for large k we have Tk ≥ 1
2(n−1) − τ(δk), where τ is the

constant from Proposition 2.1. Next, we can choose a sequence of times
t2,k ∈ (0, Tn) and a sequence of constants εk > 0 such that limk→∞ t2,k = 0
and limk→∞ εk = 0 and such that for large k we have δk < δ(εk, t2,k, n),
where δ is the constant from Proposition 2.2.

We can now apply Proposition 2.1 and find points xk ∈ M such that for
large k:

Rgk(xk, t2,k) < ρ(t2,k) + δk.

By Proposition 2.5, there exist times 0 < t1,k < t2,k such that for large k
large enough we have:

∣∣∣∣Secgk(·, t1,k)−
1

n(n− 1)
ρ(t1,k)

∣∣∣∣ < εk,

everywhere on M . Since limk→∞ t2,k = 0, we also have limk→∞ t1,k = 0.
A standard argument, e.g., Section 10.5.4 of [Pet06], then implies that the

metric gk(t1,k) must be C0-close to a metric of constant sectional curvature
1

n(n−1)ρ(t1,k) → 1. We will now compare the distance functions dgk(t) at

times 0 and t1,k. By our curvature assumptions and Harnack’s inequality:

|Rmgk |(·, t) ≤ Rgk(·, t) ≤
t1,k
t

Rgk(·, t1,k) ≤
C(n)

t
,

on M × (0, t1,k]. Given any two points x, y on M , by distance distortion
estimates of Hamilton [Ham95]:

dgk(t)(x, y) ≥ dgk(0)(x, y)− C ′(n)

∫ t

0

√
1

s
ds,

which, together with the fact that distances shrink under under positive
curvature, yields:

dgk(0)(x, y) ≥ dgk(tk)(x, y) ≥ dgk(0)(x, y) −C ′′(n)
√
tk.

It follows that (M,gk) converges to a spherical space form of constant cur-
vature one in the Gromov-Hausdorff sense.



ALMOST-RIGIDITY AND THE EXTINCTION TIME 9

Using Theorem 10.8.18 of [BBI01] (see also Remark 10.8.19) and the
fact that gk has positive sectional curvature, we can improve the Gromov-
Hausdorff convergence to C0-convergence, contradicting our assumptions on
gk for large k. �

3. Proof of Theorems 1.2 and 1.3

Following Marques and Neves [MN12], we let g flow by Ricci flow, with
maximal existence say T > 0, and for each t ∈ [0, T ), we calculate the
min-max invariant W (g(t)). From [MN12], we know that:

(i) W (g(t)) ≥ W (g(0)) − 16πt,
(ii) limtրT W (g(t)) = 0.

Hence, given η > 0 and assuming W (g) > 4π− 16πτ(η), we obtain T > 1
4 −

τ(η) from (i) and (ii). Therefore, the conclusion follows from Theorem 1.1.
Similarly, using the inequality A(g(t)) ≥ A(g(0))− 8πt, t ∈ [0, T ], proved

in [BBEN10], and the fact that limtրT A(g(t)) = 0, Theorem 1.3 follows
from Theorem 1.1.

4. Appendix

Consider a Ricci flow as in Section 2 and let t2 be some chosen time.
Suppose x ∈ M is a point such that R(x, t2) < ρ(t2)+1 and let A = A(n) > 1
a real constant to be chosen. The Harnack inequality (2.2) and inequality
(2.3) imply that for all t ∈ (t2/2, t2) we have the following curvature bounds

|Rmg(t)|, |Ricg(t)| < K(A,n) on B
(
x, t, A

√
t2 − t

)
.

We want to choose a time t2/2 < t1 = t1(t2, n) < t2, for which there will
always exist a nonnegative function u(x, t) on [t1, t2) satisfying:

(i) ∂tu ≤ ∆g(t)u in the barrier sense, i.e., u(x, t) is a subsolution of the
heat equation;

(ii) for t ∈ [t1, t2), the function u(x, t) is supported in B
(
x, t, A

√
t2 − t

)
;

(iii) 0 ≤ u(·, t) ≤ 1 and u(x̄, t) =
√
t2 − t.

Our Ansatz for u is:

u(x, t) =
√
t2 − t ϕ

(
α
d2g(t)(x, x)

t2 − t

)
,

where 0 < α < 1 is a constant to be chosen and ϕ : [0,∞) → [0,∞) is a
smooth real function with the following properties

• ϕ ≡ 1 on [0, 1],
• ϕ ≥ 1

2 on [0, 2],
• ϕ′ ≤ 0 on [0,∞),
• ϕ′′ ≥ 0 on [2,∞),
• ϕ|[3,∞) ≡ 0.
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It is clear that such a ϕ can always be chosen. Note that condition (iii)
trivially holds.

We first argue that we can choose the constant 0 < α < 1 small enough
such that for all r ≥ 0

(4.1) − 1

2
ϕ(r) +

1

2
rϕ′(r) ≤ 4αrϕ′′(r) + 2αnϕ′(r),

Indeed, on [0, 2] the left-hand side is bounded from above by −1
4 and the ab-

solute value of the right-hand side can be made arbitrarily small by choosing
α small enough. On the other hand, assuming α < 1

2n , we find that on [2, 3]

−1

2
ϕ(r) +

1

2
rϕ′(r) ≤ 1

2
rϕ′(r) ≤ 2αnϕ′(r) ≤ 4αrϕ′′(r) + 2αnϕ′(r).

Lastly, on [3,∞) the inequality (4.1) trivially holds. Fix α for the rest of
the proof.

We now choose and fix 1 < A < ∞ large enough such that αA2 > 3.
Then condition (ii) holds. Note that the choice of A also determines the
constant K = K(A,n).

It remains to choose t1 close enough to t2 such that condition (i) is sat-
isfied, i.e., that ∂tu ≤ ∆g(t)u in the barrier sense. We start by computing
the time-derivative. In what follows, we will always write τ = t2 − t and
d = dg(t)(x, x).

∂tu(x, t) = − 1

2
√
τ
ϕ+

√
τ∂t

(
α
d2

τ

)
ϕ′.

= − 1

2
√
τ
ϕ+ α

√
τ
d2

τ2
ϕ′ + 2α

√
τ
d∂td

τ
ϕ′

≤ − 1

2
√
τ
ϕ+ α

d2

τ3/2
ϕ′ − 2αK

√
τ
d2

τ
ϕ′,

where we are using that ϕ′ ≤ 0 and ∂td ≥ −Kd. We compute the gradient
directly as follows:

∇u(x, t) =
√
τ2α

d

τ
ϕ′∇xdg(t)(x, x).

Using the fact that |∇d| = 1, Ricg(t) > 0 and ϕ′ ≤ 0, the Laplacian can be
estimated as follows in the barrier sense:

∆u(x, t) =
√
τ4α2 d

2

τ2
ϕ′′ +

√
τ2α

1

τ
ϕ′ +

√
τ2α

d

τ
ϕ′∆dg(t)(x0, x)

≥ 4α2 d2

τ3/2
ϕ′′ + 2α

1√
τ
ϕ′ +

√
τ2α

d

τ
ϕ′n− 1

d

≥ 4α2 d2

τ3/2
ϕ′′ + 2α

1√
τ
ϕ′ + 2α(n − 1)

1√
τ
ϕ′

= 4α2 d2

τ3/2
ϕ′′ + 2αn

1√
τ
ϕ′.
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So, in order to satisfy (i), we must have

− 1

2
√
τ
ϕ+ α

d2

τ3/2
ϕ′ − 2αK

√
τ
d2

τ
ϕ′ ≤ 4α2 d2

τ3/2
ϕ′′ + 2αn

1√
τ
ϕ′.

We multiply by
√
τ :

−1

2
ϕ+ α

d2

τ
ϕ′ − 2Kτα

d2

τ
ϕ′ ≤ 4α2 d

2

τ
ϕ′′ + 2αnϕ′.

Let us now assume that τ is small enough such that 2Kτ < 1
2 . This as-

sumption determines t1 = t1(t2, n). We therefore need to check whether

−1

2
ϕ+

1

2
α
d2

τ
ϕ′ ≤ 4α2 d

2

τ
ϕ′′ + 2αnϕ′.

This inequality follows from (4.1) for r = αd2

τ . So condition (i) holds for t1
sufficiently close to t2.
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