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On a Class of Capillary Surfaces
by
Paﬁl Concusvand Robert Finn
B N
il. In this paper'we solve approkimately the problem of determining
the liquid-vapor interface that results when e Wedge formed by.two inter-
secting vertical planes is‘dipped into a.liquid fesefvoir. We assume
the gravitatiopal field directed Verticallyl andvthe'free surface-of
the reservoir to be a horizontal plane. We have already given a number
ef.estimates‘for'such surfaces in our earlier announcement [1]; here we
present the explicit asymptotic form for.the most‘general such surface,

correct to within an additive constant.

Our considerations will be limitedito'surfaces whose height u above -

the (x,y) " plane of the reservoir can be represented by a single valued
function u(x,y). The function is to be characterized as a stationary.

point for the variational problem

among all surfaces Which meet the bounding wedge walls in a prescribed

angle y. Here, K = pgofl' is the "capillarity constaht", o being the
surface tensiom, p the difference in densities of the liquid and gas,

and g the gravitational constant (positivenwhen'the field is directed

W: W’

downward). Thus, if we set Au = X Bu = %y W =>¥{-¥u§-+u§ , then

u(x,y) must satisfy the equation



(ca) . Nu = (Au)x + (Bu)y = Ku

interior to the wedge, and setting Tu' L Vu, there holds

W
() . Tu-n)], = cos y

~ with respecﬁ.to the exterior directed normal n on the boundaries T

of the wedge domain. The angle y 1is to be measured within the fluid.

7

5 8s the complementary case

Tt clearly suffices to suppose O < 7 <
~ can be reduced toAﬁhis one. Wé suppose that u(x,y) possesses all
smoothness properties indicated by the operations; however, we do not

assume u(x,y) to be defined at the vertex V, nor do we impose growth

conditions as V 1s approached.

2. The case Kk > 0: Iet 20 be the interior wedge angle, and
set k = sin a sec 7. Introducing pol@r coordinates p,f centered
at .V, we consider the functionv

cos 6 - {gg - sin @

kKo -

(3) v,y -

which is defined and'positive‘in the rﬁnge - < 6 SIQ , p>0,

X

provided a+ v <3

The following two properties of v(x,y;y) are basic for our

result. Both can be verified by formal calculation:- if k> o, thén

3

(sa) W= kv (oY), o ‘lnr(x,y)l < Cp

(kb) CTvenli=cos y+ule), “cp' <ulp) <0



for some positive'constant C, as p —»O0.
'In what follows, C ‘will denote a generic constaﬁt, the value of

which may change with the context.

Theorem 1. Let u(x,j) be & solution of (2a,b) in the circular

sector Sr' determined by the wedge angie and by an arc Fr of radius

.~ r centered at V. Then, if k>0 and a+vy < g ; there holds throughout

-8

r.

(5) . v(x,y) -C <ulx,y) <v(xy)+C
while if O+ zlg_ there holds simply | \\;\\
(6 - “C < u(x,y) <C.

kil

> all solutions are unbounded, while if

Note that if a+9 <
o+ z‘g oﬁly bounded solutions can exist.- We emphasize again that
no hypothesis is introduced on the behavior of u(x,y) as V is

approached, either from within ﬁr oron T.

T

5 as the other

We consider in this paper only the case a~+7_<
situation is covered in our earlier report {1]. .

To prove the result, we may first choose C such that v < u+C

on T, and such that In(x,y)l<kC .  The fundfion‘,Q = v-C then
satisfies - o
(ta) N = k¥ + kC + 1(%,¥)

in 8 ,
- T



(7v) | T\'i-n]r cos y+u(r)

v-u satisfies

on T, and the function w(x,y)

T
r

(8) vl <o.

We intend to show w < O throughout aS)r . If this were not so,
~then for some € > O the component si c Qr‘ of points (x,y) whose
‘distances from V exceed g, and such that w(x,y) >',O,t would be non-

empty .(.c‘f. Fig. 1). We considér then the formal identity

(9) [[ wINV - Nulaxdy Kff wgd.xdy+KC{ff (1 +7<%)wdxdy’
5, | 5, 8

- JI o (8% - ) +w (BV - Bu)) dxdy
9

r

+fw(T'Tf-Tu) +nds+ [ w(Tv-Tu) - nds .

I1+ - IFE_"

The integral over Fo ‘vvanishes, since -w = O fchéreg. _Fu_rther, the ;
convexity of the integrand in the variational expres.‘s'ion (1) implies -
thé,t the first term on‘_the I"ight‘ is non-positive, see, e.g., ‘the‘ p_rbof '
of Leirmé. I.2 in [2]. | |

bn I“+,. w>0 Whi-ie, By (7Tb, 4b), TV :n < cos 7 = Tu - n. Hence,

[ w(T¥-Tu) -nds < 0. We conclude
T . 7
+ .

| ’ - o 1
Q(E—:)E_Kff wgd.xdy—s J w(T¥-Tu) - nds < 2(2a~e)%{f wgd‘s:}2
| r » *r

€
€ £
9, : : :



since ITQ- n| <1 for any function ¢(x,y). Interpreting the.
ht in 3

integral on the right in terms of 0(g), we obtain

(10) - | an(e_)'g f8.aeg—9é

the integratipn of which leadé to the result

Q(O)A=.-lim k[ woaxdy = 0.

. e 50 ¢
“S)r

Hence Qi is empty for every & >’d, This est&bliéhes the left'side..
ot (5). o B |

The right side ofv(5) would follow similarly, éxcepﬁ that in order
to egsure'the proﬁer\sign for the integral 6ver >F+,A the bouﬂdary éoﬁ_
dition (hb) must be cha,ngedv.l‘L We repiace y iﬁ»(yb) by §.< y , chosen
so that cos y + p(r).>.cos y . Ciearly it suffices to set ;.2,7 -Zfru.
for a suitable conStdﬁt '6. Thus, | | |

: . o N
(1) Culoysy) < vy +C < viysy) +C S+ C

‘'where the constant C does not depend on r or p, or on -y in the
range considered. Taking (11) to hold for r =r <1 with p in
the interval ri <p <>rd, and then for r = ri with p in the

interval ri <p< rgv, we find
. ' o .
u(x,y37) <vix,y;7) +C + Crj + Cr .

Tteration of this procedure yields



u(x,y;7) < v(x,y37) + S
, 1-7

in § . This establishes the stated result.

3. The.case Kk < O: This case corresponds to a situation in
which thevgravitational fieid is,reveréed. There is_experiméntal
evidenée to indicate that in some circumsténde§ a capillary surface
will then conﬁinue to»exist and to.be stableIWith fgspect to small.
_distﬁrbances (1.

The previous diécussion needs ohly minof modification. We intr05

. duce the function

cos 8 + -/EQ - sin2 0

(12) G(X’y) = Kkp

The estimates (ka,b) still hold, and we obtain

Theotemvz. Under the‘hypotheées-df Theorem 1, if k < O, then

(13) ' ) G(X)Y) -C < u(X:Y).< ‘,}(X)Y) +C .
if o4y <'12r , while if Q+7 3-% there holds

) - C lcculxy) <c.

It seems unlikely that the configuration (13) could be realized

physically, cf. the discussion in [1, § 12]. | o .



P.

P

P

jo

1.

L

5

5

Footnotes

lThe case of negative gravitational field, which we consider

in § 3, can of course not be realized physically by this
model. ‘However, the physical situations in which'capillary
free surfaces remain stable under'reversal of gravity forces
lead to an equation that is easily transformed to the one

considered here.

2The difficulties arising from possible irregularities of Fo

can be overcome by a simple approximation procedure, based on

the fact that T, is a level set of w(x,y); thus, Yw = 0

‘at pdssible irregular points, so that w' vénishes at least

to second order at such points. From this follows that the
irregular set of 'Pb\ cah:be replaéed,‘e;g., by segments of a
successive'refinement of rectilinear lattices.
3The existeﬂce of: g% for all ¢ is.of courée not evident.
This differentiation can however be avoided by an averaging
procedure. See, e.g., Shiffman [3, pp. 280-281] where the

same differential inequality occurs in another context.

hIn the case y = O there holds u(r) = 0. The integral over

F+ then vanishes, and no change is necessary.
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