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ABSTRACT OF THE DISSERTATION

High efficiency, high brightness X-ray free electron laser pulses via fresh bunch

self-seeding and undulator tapering

by

Claudio Emma

Doctor of Philosophy in Physics

University of California, Los Angeles, 2017

Professor Claudio Pellegrini, Chair

The advent of the X-ray Free Electron Laser (XFEL) as the world’s brightest

light source has opened the door to the study of natural phenomena occurring

on Angstrom level spatial scales and femtosecond time intervals. After more than

five years of successful operation, there is a demand from the scientific community

to further increase the brightness and peak power one hundred times more than

the state-of-the art to reach TW power X-ray pulses in the next generation of

XFELs.

The central subject of this dissertation is the study of strategies to achieve

high efficiency, high power XFEL pulses via optimized undulator tapering and the

novel technique of fresh bunch self-seeding which we demonstrate experimentally

in this work. Our work begins with theoretical and numerical investigations of

high efficiency XFELs in which we determine the primary factors which prevent

the efficiency from reaching values on the order of 10 %, which correspond to

TW-power pulses. The initial studies focus on the dependence of the peak power

of a TW-level self-seeded tapered XFEL on the transverse electron distribution.

We show via numerical simulations that more uniform transverse distributions

(parabolic or flat) can increase the efficiency compared to transversely Gaussian

beams from 2.8 % to 4.8 %, corresponding to an increase in peak power from
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1.6 TW to 2.6 TW in a 200 m undulator. These numerical studies emphasize the

contribution of two physical phenomena, diffraction and the synchrotron sideband

instability, as the primary obstacles to reaching TW peak power in a compact

undulator system. To circumvent these issues we propose two improvements for

high extraction efficiency tapered XFELs: a new development in FEL hardware

through the proposal of an Advanced Gradient Undulator (AGU), and a new

technique for the efficient generation of high power XFEL radiation which we name

fresh bunch self-seeding. We analyze in detail the performance of a high efficiency

AGU by carrying out the first dedicated comparative numerical optimization study

of a tapered FEL including and intentionally disabling time dependent effects.

Combining the AGU design with an optimized undulator taper and a fresh bunch

self-seeded system yields a peak efficiency in simulation of 12 % with 6.3 TW of

peak power in a 100 m undulator.

Following the numerical and theoretical studies of tapered XFELs, the remain-

der of the work describes the first experimental demonstration of fresh bunch self

seeding in an XFEL. With this scheme we are able to generate high power (50

GW) narrow bandwidth (δω/ω0 = 8× 10−5) short X-ray pulses (δt < 10 fs), well

suited for X-ray diffraction imaging experiments and nonlinear science applica-

tions. We compare the performance of the fresh bunch self-seeding scheme with

the established methods of Self-Amplified Spontaneous Emission (SASE) and reg-

ular self-seeding, measuring a relative brightness increase of a factor of 12.5 and

a factor of 2.4 respectively. The results are a promising step forward towards

enabling TW-level X-ray FEL pulses in future XFEL light sources.
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4.5 Radiation field evolution before and after the FBD self-seeding

monochromator with the FEL pulse energy in the SASE and seeded

sections separated by the monochromator at z = 60 m. (a) Las-

ing occurs on the bunch tail in the SASE section where the tail
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monochromator (c)-(d) The amplitude and phase shift of the radi-
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4.6 Schematic of a double bunch XFEL for harmonic lasing and/or

fresh bunch self-seeding. (a) The monochromatic fundamental and/or

the attenuated third harmonic is amplified by a second fresh elec-

tron bunch in the downstream undulator section (b) The monochro-

matic third harmonic is amplified by a second fresh bunch in the

downstream undulator retuned such that the third harmonic is the

new fundamental frequency. (c) Monochromator/attenuator pho-

ton delay line, controllable on the order of 1 ns to match the sepa-

ration of the two bunches. To filter out the fundamental using an

attenuator (in blue), it is better to put the thin filter upstream of

the optics to minimize thermal load on the crystal. (d) Total reflec-

tivity of the monochromator (combined 4 reflections) as a function

of Bragg angle for two different materials at two different photon

energies, Diamond (4 0 0) and Si (4 0 0) at 37.35 and 16.5 keV re-

spectively. The reflectivity of each reflection was obtained by using

the open X-ray software toolkit XOP. . . . . . . . . . . . . . . . . 106
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4.7 (a) 1D simulation of harmonic lasing in the ideal double bunch

XFEL. The parameters are those in Table 2, the simulation as-

sumes an attenuator at z/Lg1 = 21 which transmits the third

harmonic and completely absorbs the fundamental. The radia-

tion power is normalized to the fundamenental saturation power

ρPbeam. In the second undulator, the third harmonic power and

energy spread grow to about 1/3 of the power and energy spread

at the fundamental saturation. (b) 1-D simulation of the double

bunch harmonic XFEL with monochromatic seeding and a retuned

second undulator. The parameters are those in Table 2, the simu-

lation assumes a monochromator at z = 17 m which transmits 0.5

% of the third harmonic and completely blocks the fundamental.

The radiation power is normalized to the fundamental saturation

power ρPbeam. The solid lines represent lasing at the fundamental

wavelength before/after the attenuator, the dashed lines represent

lasing via nonlinear harmonic generation. The saturated power at

the third harmonic around z = 40 m is 22 GW while the power at

the ninth harmonic h̄ω9= 112 keV is around 190 MW. . . . . . . . 112

4.8 3D simulation of the double bunch harmonic XFEL with monochro-

matic seeding using the AGU and a retuned second undulator sec-

tion. The parameters are those in Table 1, right. The simulation

assumes a four-bounce monochromator at z = 38 m which transmits

100 % of the third harmonic and completely blocks the fundamen-

tal. The average power is calculated for a 10 fs long electron beam

and 10 simulations carried out with different random initializations

of the electron beam shot noise. The spectrum is taken at the

undulator exit and before the monochromator. . . . . . . . . . . . 114
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5.1 (a) Schematic of the hard X-ray FBSS experiment at LCLS (beam

travels left to right). The tail of the beam (in red) generates

a SASE pulse (in yellow) in the first undulator section (U1-15).

The SASE pulse is passed through the Hard X-ray Self-Seeding

(HXRSS) monochromator and the monochromatic seed is ampli-

fied by fresh electrons on the core/head of the bunch (in blue)

downstream (U 17-32). (b) The two dechirper modules installed at

LCLS with the inset showing the interior of the horizontal module

(taken from [54], beam travels right to left) (c) The HXRSS chicane

and monochromator system installed at the location of undulator

16 at LCLS. (taken from [36],beam travels right to left) . . . . . . 117

5.2 Single shot (dashed) and average (solid) electron Beam Position

Monitor (BPM) readings of the horizontal (left) and vertical (right)

bunch centroid position along the undulator. The HXRSS chicane

located at undulator 16 is approximately at the waist of the orbit.

The orbit correctors steer the tail and core on-axis before/after

the chicane. The horizontal orbit is kept flat on average with

| 〈x〉 | < 2.5µm. The large vertical oscillations are from the kick

induced by the dechirper. The tail-lasing orbit has a larger oscilla-

tion compared to the core-lasing because the time-dependent kick

from the dechirper increases quadratically from the head to the tail

of the bunch (see Fig. 4.3 (e)). . . . . . . . . . . . . . . . . . . . . 122
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5.3 Schematic of the X-band transverse deflecting cavity for time-resolved

measurements of the electron beam longitudinal phase space at

LCLS. The deflector provides a time-dependent transverse kick on

the beam which is mapped to a horizontal offset ∆x which depends

on the individual electron position along the bunch. The dipole

provides dispersion in the vertical direction which maps the elec-

tron beam energy to a vertical offset ∆y on the screen. . . . . . . 123

6.1 (a)-(b) and (d)-(e) Single shot electron beam longitudinal phase

space with lasing on/off in the FBSS scheme. (c) and (f) Electron

beam current and X-ray pulse reconstruction from lasing on/off

images shown. The lasing electrons in the SASE section are on the

tail of the bunch (t ∼ 20 fs in (b) and (e)) and the seeded electrons

are in the core (t∼ 0 fs) where there is large energy loss. The largest

energy loss is ∼ 60 MeV for the case shown in (b) and ∼ 90 MeV for

the case shown in (e). The peak X-ray power from reconstruction

is 27 GW in (c) and 50 GW in (f) with a FWHM pulse duration

of 11 fs and 9 fs respectively. Error bars are calculated using the

combined rms error of two independent intensity detectors. . . . . 128
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6.2 Comparison of spectral intensity and bandwidth for the FBSS scheme

using FBD from two different crystal planes, the (1 1 1) and the (-2

0 2) plane. (a)-(b) Single shot and average spectra for the (1 1 1)

and (-2 0 2) cases respectively. The average is taken over 5000 shots

and the (1 1 1) case shows a broader bandwidth with larger pedestal

compared to the narrower (-2 0 2) case. The FWHM bandwidth

for the average spectrum is 1.16 and 0.41 eV respectively. The frac-

tional seed power within twice the FWHM bandwidth window is 59

% and 70 % respectively. In both cases the X-ray energy is corre-

lated with the electron beam energy jitter as shown in (b) and (c).

The average intensity for the “on-energy” shots within the energy

jitter window ∆E/E = 5 × 10−4 is 1.02 mJ and 0.39 mJ respec-

tively. The bandwidth-intensity correlation is shown in Fig. (e)

and (f), filtered within the energy jitter window ∆E/E = 5× 10−4

which captures 46-59 % of the shots in the two cases. The spectral

brightness is ∼ 40 % larger for the (-2 0 2) line and is the reason

we have used it to compare the performance of FBSS with SASE

and self-seeding at the same photon energy. . . . . . . . . . . . . 131
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6.3 Comparison of SASE, self-seeding and, FBSS spectra and undula-

tor taper profiles at a central photon energy of 5.5 keV. The self-

seeding and FBSS data was taken using the same (-2 0 2) reflection

from the FBD crystal monochromator. The calculated spectral

resolution is around 0.3 eV [72]. (a) The average SASE spectrum

over 1470 consecutive shots with a 2 mJ average intensity and 40

fs pulse duration. The FWHM bandwidth is 0.995 eV, a relative

bandwidth ∆ω/ω0 = 1.8 × 10−4. The SASE taper profile is opti-

mized empirically by introducing a linear taper in the exponential

gain regime (δK/K0 = 0.2%) and a quadratic post-saturation ta-

per (δK/K0 = 1.5%) from U-20 until the undulator exit. (b)-(c)

Single shot and average spectra over 5000 shots for self-seeding and

FBSS. The FWHM bandwidth is 0.44-0.4 eV in both cases with

77-79 % of the power within the bandwidth |∆Eseed| < 0.75 eV.

The average pulse duration is 35 fs and 10 fs, while the average

intensity is 573 µJ and 330 µJ respectively. Note the different un-

dulator taper profiles, with a two-stage quadratic post saturation

taper in the FBSS case which increases the effective energy loss of

the lasing electrons. The first two undulators are extracted in the

self-seeding measurement to optimize performance. . . . . . . . . 134
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6.4 (a)-(b) Single shot electron beam longitudinal phase space with/without

lasing in the regular self seeded configuration measured using the

LCLS X-band transverse deflecting cavity. (c) Electron beam cur-

rent and X-ray power from reconstruction, the X-ray pulse energy is

904 uJ with a seeded pulse duration of 29 fs and the majority of the

electron beam contributing to lasing. (d)-(e) Single shot electron

beam longitudinal phase space with/without lasing in the FBSS

scheme. (f) Electron beam current and X-ray pulse reconstruction

from lasing on/off images shown. The lasing electrons in the SASE

section are on the tail (t = 20 fs) and the seeded electrons are in the

core (t = 0) where there is large energy loss ∼ 90 MeV. The peak

X-ray power from reconstruction is 50 GW with a FWHM pulse

duration of 9 fs. Error bars are calculated using the combined rms

intensity error of two independent detectors. . . . . . . . . . . . . 136

6.5 Comparison between X-ray intensity, electron energy jitter and

bandwidth for self-seeding and FBSS using the (-2 0 2) crystal

reflection on the monochromator in 5000 consecutive shots. (a)-

(b) Correlation of electron energy jitter with X-ray intensity in

self-seeding and FBSS, the “on-energy” shots have around 700 µJ

and 400 µJ average intensity in both cases. (c)-(d) Energy jitter

vs bandwidth correlation, the self-seeded case shows wider spread

in bandwidth for both on and off-energy shots. (e)-(f) Intensity-

bandwidth correlation filtered in the electron beam energy window

∆E/E = ±0.025%. The intensity of the seeded shots is 1.9 times

larger than for FBSS, however the pulse duration is ∼ 3-4 times

shorter making the brightness larger for the FBSS scheme com-
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CHAPTER 1

Introduction

1.1 The X-ray free electron laser

The X-ray Free Electron Laser (XFEL) is the world’s brightest light source, capa-

ble of generating high intensity coherent X-ray pulses at the angstrom wavelength

and femtosecond pulse duration. Its peak brightness is currently 1-10 billion times

brighter than the next brightest light sources based on synchrotron radiation [89].

The advent of such a bright light source has opened a window into the study of

nature and its phenomena occurring at ultra small length scales (1 Å) and ultra

fast time scales (1 fs), fueling progress in many disparate areas of research, from

condensed matter physics and quantum materials, to Atomic Molecular and Op-

tical (AMO) science, laboratory astrophysics, chemistry, biology, crystallography

and neuroscience.

An XFEL works by converting a small fraction of the power of a relativistic

electron beam into X-ray radiation. The XFEL extracts energy from the rela-

tivistic electron beam and converts it to high power radiation by exploiting the

interaction between the X-ray field and the electron beam inside a periodic array

of dipole magnets known as an undulator. The electrons emit radiation as their

path is periodically bent inside the undulator and provided the electron beam

energy is appropriately matched to the period and magnetic field strength of the

undulator, constructive interference and amplification of the radiation field occurs

at a well defined resonant wavelength λ. The condition for continued construc-
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tive interference (resonance condition) depends on the electron beam energy, and

thus after a certain undulator length the electron beam has radiated away enough

energy to violate the resonance condition and no more energy is transferred to

the radiation field. This phenomenon is commonly referred to as saturation. One

of the drawbacks of XFELs is that the conversion efficiency from electron beam

to X-ray power at saturation (η = PX−ray/Pbeam) is rather low, typically around

0.1 % of the total electron beam power. Pushing the state of the art of XFEL

efficiency and peak power beyond this value is important for many applications.

In AMO science for example, increasing the power enhances the scattering sig-

nal in imaging non-periodic objects making very challenging experiments today

more accessible in the future and potentially opening a new regime in non-linear

atomic physics [6]. In the field of quantum materials, increasing the resolution of

off-resonant elastic and inelastic X-ray scattering experiments [16] is beneficial for

probing and understanding novel quantum states [117]. Recent results in nonlinear

Compton scattering also reveal the interest in increasing the peak power to bring

the focused electric field closer to the Schwinger critical field [46]. This would allow

for experimental exploration of the previously inaccessible physics phenomena in

high intensity X-ray matter interactions. Finally, higher peak power is important

for femtosecond protein crystallography and single particle imaging experiments

using the “diffraction before destruction” principle [15, 85]. These experiments re-

quire TW power, short X-ray pulses with a duration less than approximately 10 fs.

In particular, this technique is attractive for obtaining diffraction patterns from

small proteins which fail to form macroscopic crystals, such as the class of amyloid

forming peptides underlying neurodegenerative diseases including Alzheimer’s and

Parkinson’s [28]. We also note that outside the X-ray spectral range, increasing

the efficiency of FELs at extreme ultra-violet wavelengths is of interest to applica-

tions in the semiconductor industry where high average power light sources such

as FELs can be used as tools in lithographic processing of materials.
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In this dissertation we study methods for increasing the efficiency of XFELs

up to 100 times compared to the state of the art, to obtain peak X-ray powers

on the order of 1 TW and efficiencies larger that 10 %. Our study begins with

theoretical considerations and numerical simulations which show how it is possible

on paper to design and simulate a high extraction efficiency XFEL. We describe

the main effects which limit the output power and suggest improvements and

solutions to these issues through innovations in XFEL hardware and manipula-

tion of the electron beam phase space. In particular, we describe a new scheme

named Fresh Bunch Self-Seeding (FBSS) as a promising approach to achieving

this 100-fold increase in efficiency in the future generation of XFELs. We demon-

strate the feasibility of this scheme with a proof-of-principle experiment at the

Linac Coherent Light Source (LCLS), the XFEL located at the Stanford Linear

Accelerator Center (SLAC). In the experiment we measure the X-ray intensity,

pulse duration and bandwidth obtained using this new scheme and compare the

performance with existing methods. We conclude that the brightness achieved

in our experimental demonstration is at least two times larger than the currently

optimal performance achievable at LCLS under the same experimental conditions.

The experimental results are also compared with simulations performed using the

well established accelerator and FEL simulation codes Elegant [12] and Genesis

1.3 [96].

The methods we study for obtaining high efficiency all rely on sustaining the

XFEL interaction beyond the saturation point to continue extracting energy and

increasing power of the X-ray radiation. The interaction can be sustained by

matching the energy loss of the electron beam to the magnetic field strength of the

undulator, a technique known as undulator tapering (see Chapter 3). To provide

a historical perspective and context for our work we briefly discuss the previous

theoretical and experimental developments in the study of undulator tapering for

FELs. [43]. The first important theoretical work on the theory of FELs with vari-
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able parameter undulators was laid out by Kroll Morton and Rosenbluth (KMR),

in their seminal paper from 1981 [65]. The main equations and formalism for

the study of tapered FELs was described in this work by considering the analogy

between the equations of an FEL (as an electron decelerator) and the equations

of an RF accelerator. We describe this formalism and its implications in more

detail in Chapter 3. This theoretical work, and a push from the “Star-Wars”

program which was interested in developing high average power light sources for

defense applications, led to the development of new numerical tools for tapered

FELs (specifically the FRED and later GINGER codes [39]) and important ex-

perimental work in a joint Lawrence Berkeley National Laboratory (LBNL) and

Lawrence Livermore National Laboratory (LLNL) collaboration [88]. The LBNL-

LLNL collaboration experiment conducted in 1986, was the first demonstration of

high efficiency energy extraction from a tapered undulator, increasing the power

by a factor of 5.5 compared to the saturation power with a 35 % extraction effi-

ciency in a 2.7 m long undulator. The experimental results agreed very well with

simulation which predicted a 50 % deceleration with a 70 % bunching fraction,

ultimately leading to the 35 % overall efficiency. While this first demonstration

was largely a success, the experiment was limited to very long wavelengths (35-350

GHz frequency) and the FEL undulator used a waveguide to focus the radiation

in order to avoid diffractive effects. The following step was to extend the tapered

FEL interaction to longer undulators (25 m) and shorter wavelengths (10.6 µm)

which would reach high efficiency despite the parasitic effects of diffraction (no

waveguide). These goals were simultaneously pursued in the 1988-1990 Paladin

experiment based on the 45 MeV Advanced Test Accelerator at LLNL. The re-

sults from this experiment did not meet expectations which were a 30 dB gain

over the 5 MW seed power with a > 2 kA beam current. Instead, primarily due

to insufficient beam brightness, the experiment produced a 14 dB gain with a

0.5 kA with the gain saturating after 12-15 m. The importance of electron beam
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brightness, defined as the number of electrons per unit phase space volume, is

key to the successful operation of tapered and untapered FELs as will become

apparent in the remainder of this thesis. Following the Paladin experiment there

was a long period of relative stagnation in the field of tapered FELs from 1990s to

the early 2000s particularly on the experimental side. After this, the design and

construction of LCLS renewed interest in high efficiency tapering for XFELs from

the mid 2000s until today.The experimental incentive to pursue tapering induced

enhancement to the efficiency of XFELs also came from the LCLS reporting a ∼

3 times larger peak power under standard operating conditions from tapering the

undulator field by just ∼ 1.5 % compared to its peak value. Finally, in the last five

years, recent developments in tapering for high energy acceleration using an In-

verse Free Electron Laser (IFEL) at Brookhaven National Laboratory (BNL) [25]

have led to the study of a new regime for high efficiency energy extraction from a

relativistic electron beam, known as Tapering Enahnced Stimulated Superradiant

Amplification (TESSA). The first demonstration of the TESSA regime has been

conducted at BNL in 2016 [114] and has demonstrated a very high extraction

efficiency over 30 % using a strong CO2 laser seed in a 54-cm long undulator.

This demonstration of high electro-optical conversion efficiency in the infra-red is

a large improvement over the results from previous experiments and represents

an important step forward for tapered-undulator based high efficiency radiation

sources. Finally, a demonstration of high efficiency, high brightness radiation

production in an XFEL has been performed in 2017 at LCLS and the results of

which are presented and discussed in this work [32]. Below we summarize the

main points and scope of the work presented in this dissertation.

5



1.2 Outline and scope of the dissertation

The dissertation is organized as follows. In Chapter 2 we give a brief summary

and introduction to FEL theory, starting from the motion of single electrons in an

undulator field and continuing by describing different modes of operation of FELs,

namely Self-Amplified Spontaneous Emission (SASE), Self-Seeding and harmonic

generation. We place particular emphasis in this chapter on the requirements

on electron beam for efficient FEL lasing (energy spread, emittance and beta-

tron oscillation amplitude). These requirements will be at the basis for both the

motivation behind the fresh slice self-seeding demonstration as well as the orbit

control method used in the experiment. Chapter 3 discusses the theory of high

efficiency FELs via undulator tapering in the post-saturation regime. The chapter

summarizes the 1-D theory, highlighting the important 3-D and time dependent

effects which limit the extraction efficiency. We present a multi-dimensional taper-

ing optimization algorithm designed to maximize the peak power by judiciously

choosing the optimal taper profile after scanning through multiple GENESIS sim-

ulations. We discuss the dependence of the output power and spatio-temporal

properties of the radiation field on the electron beam transverse distribution. The

chapter concludes by discussing an advanced gradient undulator system, designed

to achieve the highest X-ray efficiency in the shortest undulator length. We note

that the time-depedent tapering optimization for such a system critically depends

on the monochromatic seed power and electron beam energy spread, motivating

the fresh slice self-seeding experiment described in the remainder of the thesis. In

Chapter 4 we describe numerical simulation studies for the fresh slice self-seeding

experiment at LCLS. We also present a simulation study for a future application

of the fresh bunch method, a double bunch X-ray FEL for high photon energy

generation via harmonic lasing. Chapters 5 and 6 describe the set-up and re-

sults of the fresh slice self-seeding demonstration at the LCLS. A comparison is

made between the X-ray pulses obtained with the new fresh-slice technique and
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the standard SASE and self-seeded modes of operation. Finally, conclusions are

drawn on the basis of the presented results and an outline for future investigation

is discussed.
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CHAPTER 2

Basic principles of X-ray free electron lasers

In this chapter we provide an introduction to the physics of X-ray FELs starting

from the basic motion of single electrons inside a magnetic undulator. We write the

expressions for the electric field resulting from spontaneous emission by a single

electron and a multiple-electron source, placing emphasis on the importance of

electron beam microbunching to the intensity of the undulator radiation field.

We discuss the characteristics and properties of FEL radiation as a function of

the electron beam properties: energy spread, emittance and betatron oscillation

orbit. We also discuss the quantities we measure to describe the photon beam,

namely the spatial and temporal coherence and the photon beam brightness. This

discussion leads to a natural segue into the 1-D theory of X-ray FELs for which

we derive the basic equations. We provide a description of three FEL modes of

operation, the Self-Amplified Spontaneous Emission (SASE) mode, the self-seeded

mode and finally the harmonic generation and harmonic lasing mode.

2.1 Undulator Radiation

2.1.1 Motion of a single electron in a magnetic undulator

We begin by describing the motion of a single electron inside an undulator mag-

net. An undulator magnet is a sinusoidal magnetic field structure which causes

electrons to periodically oscillate in the transverse plane while traveling in the

longitudinal direction. In a planar undulator the periodic deflection of particles
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Figure 2.1: Schematic representation of an electron traversing a planar magnetic undulator.

The motion is sinusoidal in the (x,z) plane with the periodicity of the undulator λu.

occurs in the (x, z) plane as shown in Fig. 2.1. We describe the particle trajectory

by obtaining the equations of motion for a single electron subject to the Lorentz

force F = −e(v×B) in the planar undulator field:

B = −B0


0

sin(kuz) cosh(kuy)

cos(kuz) sinh(kuy)

 (2.1)

where on axis (y = 0) the field is sinusoidal in both x and z. The on-axis

equations of motion are then:

r̈ = −eB0

mγ
sin(kuz)


0

vz

vx

 (2.2)

from which we can obtain the zeroth order solution for the electron velocity by

assuming vx << vz ≈ βc such that the electron beam deflection is small compared
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to its longitudinal velocity. The zeroth order solution for the electron velocity is

then:

v(z) = c


K
γ

cos(kuz)

0

β

 (2.3)

which shows the sinusoidal variation in the electron transverse velocity. Here we

have defined the dimensionless undulator parameter K = eB0

mcku
. This parameter is

useful in providing a distinction between two different kinds of radiation, wiggler

radiation and undulator radiation, emitted by electrons in magnetic undulators.

For large values of the undulator parameter K >> 1 the electron beam maximum

deflection φmax = K/γ is larger than the opening angle of emitted radiation which

is about 1/γ. For the remainder of this dissertation we will ignore this regime and

focus on the case where K = O(1), where the radiation emitted in each point

along the trajectory is confined to the 1/γ cone. From conservation of energy

we can now calculate the variation in longitudinal velocity due to the sinusoidal

transverse deflection of the electron:

vz =
√
v2 − v2

x =
√
c2(1− 1/γ2)− v2

x

≈ c

(
1− 1

2γ2

(
1 +

v2
xγ

2

c2

)) (2.4)

Substituting the transverse velocity we obtain:

βz =

(
1− 1

2γ2

(
1 +

K2

2

))
− K2

4γ2
cos(2kuz) (2.5)

from this result we see that the average longitudinal velocity β̄ = 〈βz〉 =

1− 1
2γ2

(
1 + K2

2

)
is decreased from its maximal value 1− 1/2γ2 by the transverse

deflection of the magnetic field. We also note that the longitudinal velocity has

a sinusoidal component which oscillates at twice the undulator frequency. This

oscillatory component is responsible for the emission of harmonics of the fun-

damental undulator radiation wavelength which we derive in the next section.
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Figure 2.2: Illustration of the resonance condition for the constructive interference of sponta-

neous radiation emitted by an electron in a planar undulator.

Furthermore we note that this oscillatory component is not present in a helical

magnetic undulator, such that no harmonics are emitted on axis for a helical

undulator system.

2.1.2 Spontaneous emission of radiation from a single electron

As the electron accelerates and is deflected by the undulator it will emit sponta-

neous radiation in the forward direction with opening angle φ ∼ 1/γ. Using the

average transverse velocity eq. 2.5 we can derive the condition for the constructive

interference of emitted radiation. As shown in fig 2.2, an electron emits radia-

tion at two points A and B along the undulator, the condition for constructive

interference is then:
λr(φ)

c
=
AB

βc
− AA′′

c
(2.6)

For small angles we have AA′′ = λu cosφ ≈ λu

(
1− φ2

2

)
and from eq. 2.6 we

have AB =
∫ λu

0
dz
√

1 + x′(z)2 ≈ λu

(
1 + K2

4γ2

)
. Now using 1/β ≈ 1 + 1/2γ2 we

obtain:

λr(φ) =
λu
2γ2

(
1 +

K2

2
+ γ2φ2

)
(2.7)

equation 2.7 is known as the resonance condition and it determines the fundamen-

tal wavelength of undulator radiation. Since each electron executes Nu oscillations
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as it traverses the undulator, the radiation in the time domain will consist of a

wave train of Nu cycles. The spectrum of undulator radiation is peaked around

the fundamental frequency ωr = 2πc/λr with intrinsic bandwidth:

∆ω

ωr
=

∆λ

λr
∼ 1

Nu

(2.8)

The physical properties of spontaneous undulator radiation can be derived us-

ing different methods. The radiation field can be computed by using the Lienard-

Wiechert potentials (see e.g. Ref. [118] [60]) , or alternatively by solving the

paraxial wave equation under the slowly varying envelope approximation [67]. We

will take the former approach in this section, and return to the second approach

in the section on FEL radiation.

The angular intensity distribution of undulator radiation can be calculated

using the expression [118]:

d2I

dωdΩ
=
rcmcω

2

c

∣∣∣∣∫ ∞
−∞

n× (n× β) e−iω(tr−n·r
c )dtr

∣∣∣∣ (2.9)

where all quantities are evaluated at the retarded time tr = t − R/c. The

integration can be carried out using the solution for r(t) derived in the previous

section [2]. After somewhat lengthy calculation the number of photons Nph emit-

ted on-axis per unit solid angle into a spectral bandwidth ∆ω/ω can be computed:

dNph

dΩ
|φ=0 =

αγ2Nuξ

4

∆ω

ω

∞∑
h=1

h2 sin2(πNu∆ωh/ωr)

(πNu∆ωh/ωr)
2 [JJ ]2h (2.10)

where Nph = I/h̄ω and the Bessel factors are defined as [JJ ]h = (−1)(h−1)/2 ∗[
J(h−1)/2(hξ)− J(h+1)/2(hξ)

]
where ξ = K2/(4 + 2K2) and K is the undulator

parameter. We have also used the frequency difference ∆ωh = (ω − ωh). Note

that the Bessel factors cancel out all terms at even values of h, hence there are only

odd harmonics emitted on-axis. Note also that the harmonic linewidth decreases
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with harmonic number:

∆ωh
ωh
∼ 1

hNu

(2.11)

this characteristic of harmonic undulator radiation results in a more stringent

requirement on the electron beam quality for efficient amplification of harmonics

in undulator radiation as well as in the FEL. We will now examine the effects

of spontaneous emission from many electrons in an electron bunch with different

energy, position and angular spread.

2.1.3 Spontaneous emission from many electrons

The spontaneous radiation from an electron bunch is the sum of the fields gen-

erated by each individual electron within the beam at its individual position,

energy and angle. We can estimate the effects of energy spread and orbit from

the multiple-electron bunch on the radiation spectrum by Taylor expanding the

resonance condition with respect to its component variables [90]:

∆λ

λ
= −2

∆γ

γ
+

2K2

1 +K2

∆K

K
+

γ2

1 +K2
φ2
e (2.12)

where φe is the electron angular deviation. The condition for the linewidth and

peak intensity to be changed by a small amount is that the wavelength variation be

smaller than the natural linewidth of undulator radiation: ∆λ/λ < 1/hNu. The

first term in the expansion is the broadening of the spectrum due to the electron

beam energy spread and the second term is related to errors in the undulator

magnetic field or the undulator period. The third term represents broadening due

to the fact that the acceptance angle for undulator radiation is limited to a small

angle δφ in the forward direction. For the fundamental wavelength we use the

three terms to obtain conditions on the electron beam energy spread, divergence

and undulator magnetic field [82]:
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∆γ

γ
<

1

4NU

(2.13)

∆K

K
<

(
1 +K2

K2

)
1

4NU

(2.14)

∆φ <

(
1 +K2

2γ2Nu

)1/2

=

(
λr
Nu

)1/2

(2.15)

where we have used the resonance condition eq. 2.7 to rewrite the third condi-

tion in terms of the radiation wavelength. These constraints can be applied equally

to the stimulated emission of FEL radiation as we discuss in section 2.4.2. Further-

more, the constraints become more stringent for higher harmonics since the radi-

ation bandwidth is inversely proportional to the harmonic number ∆ω/ω ∝ 1/h.

This emphasizes the fact that both the energy spread and angular spread of the

electron beam are critical parameters for FEL performance. For example, the

Linac Coherent Light Source (LCLS), the X-ray FEL at SLAC National Acceler-

ator Lab reaches saturation in Nu ∼ 103 periods, depending on the X-ray wave-

length. This requires the energy spread to be around ∆γ/γ ∼ 10−4 = O(1) MeV

for a typical electron beam energy of around 10 GeV. The corresponding require-

ment on the angular spread is ∆φ = O(1)µrad, with the requirement becoming

more stringent at shorter X-ray wavelengths. The condition on the electron en-

ergy spread and the last condition on the electron beam angular spread can be

purposely violated in order to prevent efficient lasing of certain parts of the elec-

tron bunch and is used in advanced techniques for example to tailor the X-ray

pulse duration and temporal profile [35, 75]. In a similar vein, giving an angular

kick to certain portions of the electron bunch (see section 2.4.2.2) can be used to

selectively disable lasing and is the central principle of the “fresh-slice” technique

we describe in Chapters 3-5.
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We now turn to discussing the photon beam spectral characteristics due to

a radiating bunch of electrons. The total electric field produced by the electron

bunch is the superposition of the electric field produced by each electron at its

energy and longitudinal position along the bunch. We assume the electrons po-

sitions are random along the beam and the bunch is mono-energetic. Now we

approximate the total electric field as the sum of coherent Gaussian wave packets

[67]:

E(t) =
Ne∑
i=1

E(t− ti) = E0

∞∑
i=1

exp

[
−(t− ti)2

4σ2
t

− iωr(t− ti)
]

(2.16)

where σt is the rms pulse duration of the wavepacket, ωr is the resonant fre-

quency and Ne is the number of electrons. Similarly, we can define the electric

field amplitude in the frequency domain:

E(ω) =
E0σt√
π

∞∑
i=1

exp

[
−(ω − ωr)2

4σ2
ω

+ iωti

]
(2.17)

and we can calculate the ensemble average electric field intensity generated by

many electrons:

〈
|E(ω)|2

〉
= |E0(ω)|2

〈∣∣∣∣∣
Ne∑
i=1

eiωti

∣∣∣∣∣
2〉

(2.18)

where |E0(ω)|2 is the single-electron electric field intensity. We can split the

square of the sum into terms where the particles are identical and terms where

the particles are not identical:

〈∣∣∣∣∣
Ne∑
i=1

eiωti

∣∣∣∣∣
2〉

= Ne +

〈∣∣∣∣∣
Ne∑
i 6=j

eiω(ti−tj)

∣∣∣∣∣
2〉

(2.19)

if the electrons are randomly distributed the contribution from the second

sum is negligible and the total electron intensity scales as the single electron in-
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tensity multiplied by the number of electrons: 〈|E(ω)|2〉 = Ne|E0(ω)|2. This is the

case for spontaneous undulator radiation and incoherent radiation in synchrotron

sources. If however, the electron beam positions become correlated, the second

sum becomes the dominant term and there is significant enhancement to the total

intensity.

We can get an idea of the field enhancement due to the second term by intro-

ducing the single electron distribution function f(t) and expressing the sum over

non-identical particles as an integral over the distribution [67]:

〈∣∣∣∣∣
Ne∑
i 6=j

eiω(ti−tj)

∣∣∣∣∣
2〉

= Ne (Ne − 1)

∣∣∣∣∫ f(t)e−iωtdt

∣∣∣∣2 (2.20)

We can take for example, the electrons to be distributed according to a Gaus-

sian distribution f(t) = e−t
2/2σ2

t /
√

2πσt and compute the integral to obtain the

intensity:

〈
|E(ω)|2

〉
= Ne|E0(ω)|2

(
1 + (Ne − 1)e−ω

2
rσ

2
t

)
(2.21)

as we can see the second term is suppressed by the exponential factor e−ω
2
rσ

2
t ,

which is only appreciable in the case where cσt ∼ λr, the electron beam size is

comparable to the radiation wavelength. In the limit of vanishing bunch length

the intensity scales as N2
e |E0(ω)|2 and the electron beam radiates as one super-

particle with charge −eNe. In the FEL, the intensity enhancement is obtained

not by reducing the electron bunch length to one X-ray radiation wavelength,

but by producing a density modulation on the electron beam, also known as

mirobunching, with a periodicity at the X-ray wavelength so that the entire bunch

is effectively split into many beamlets which radiate coherently.
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2.2 Photon beam properties

We move now to discussing the basic criteria by which we measure the quality

of the X-ray photon pulses produced in a magnetic undulator. As any radiation

source which is used for applications, the intensity is not the only measure of the

source quality. The coherence of the source, which describes the degree of phase

correlation between two points in the radiation pulse, is an equally important

property particularly for X-ray diffraction imaging experiments. We separate the

coherence into the spatial coherence, which is a measure of the phase relationship

between two transverse points along the X-ray pulse and the temporal coherence

which measures the phase relationship between two points in the pulse separated

in time.

2.2.1 Spatial Coherence

A useful figure of merit for characterizing the spatial coherence of a light source

is the coherence area, which defines the area over which there is a fixed phase

relationship between spatially separated points along the pulse. We calculate the

transverse coherence area of the FEL radiation following Ref. [52] under two

assumptions, that the radiation is narrowband and quasi-monochromatic. These

assumptions are satisfied for both undulator and FEL radiation in the cases pre-

sented in this work.

To compute the coherence area we first consider the mutual coherence function

[52]:

Γ(τ) =
〈
~E(~r1, t+ τ) ~E∗(~r2, t)

〉
(2.22)

where the electric field is sampled at two transverse locations and the an-

gle brackets denote ensemble averaging. We may apply the quasimonochromatic
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approximation which allows us to define the mutual optical intensty function

J12 ≡ Γ(0). Normalization of the mutual intensity removes the amplitude in-

formation of the field and gives a measure of the phase relation between two

transverse locations. This defines the complex coherence factor µ12 [52]:

µ12 =
J12√
J11J22

(2.23)

where |µ12| = 0 corresponds to vanishing transverse coherence and |µ12| = 1

total transverse coherence. While both the mutual intensity function and the

complex coherence factor are 4-dimensional quantities we can obtain a quantita-

tive value of the degree of coherence if we fix a single point ~r1 in our calculation

to be the center of the beam. From µ12 we can then calculate the coherence area

Ac:

Ac =

∫
µ12dA (2.24)

The degree of transverse coherence is now quantified by computing the coher-

ence area at various z locations in the undulator and comparing it to the radiation

beam spot size. A necessary condition for diffraction imaging applications is that

the coherence area be much larger than the beam spotsize at the undulator exit

[97]. The coherence area is infinite for a fully transversely coherent source. We will

use the above definitions in our discussion of the transverse coherence properties

of high peak power TW X-ray FEL radiation in the following Chapter.
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Figure 2.3: Real part (left) and modulus (right) of the electric field from a sum of 100 Gaussian

wavepackets with randomly distributed initial phases. The field displays ∼ 10 regular regions,

or longitudinal modes. Adapted from Ref. [67]

2.2.2 Temporal Coherence

The temporal coherence of a radiation source such as an XFEL is measured by

the coherence time:

tC =

∫
C(τ)dt (2.25)

where C(τ) is the first order correlation function:

C(τ) =

〈∫
~E(t+ τ) ~E∗(t)dt

〉
〈∫
| ~E(t)|2dt

〉 (2.26)

we can consider as an example the coherence of a sum of Gaussian wavepackets

as in eq.2.16. The coherence time for a single Gaussian wavepacket is tc = 2
√

2πσt.

An important feature is that the coherence time for a sum of Gaussian wavepackets

is the same as that for a single mode. This can be seen more clearly by consid-

ering an example. For illustration we consider 100 electrons generating a train of

Gaussian pulses of width σt = 2 distributed randomly over a T=100 time interval.

The number of longitudinal modes is approximately given by the time interval di-

vided by the coherence time ML ≈ T/tc ≈ T/2
√

2πσt. As shown in Fig.2.3 this
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corresponds to approximately 10 regular regions in the electric field, or 10 spikes

in the electric field modulus. The coherence time, and hence the number of spikes

or longitudinal modes, is independent of the number of wavepackets. As is clear

from Fig. 2.3, the instantaneous field intensity fluctuates over time, giving an

associated rms fluctuation in the number of photons observed σ2
Nph

=
〈
N2
ph

〉
/ML.

As we will discuss in section 2.4.1, this example of completely chaotic light has

many similarities with the SASE mode of FEL operation.

2.2.3 Photon beam brightness

The photon beam brightness is a convenient quantity for characterizing radiation

beams generated by a light source. The brightness is defined as the six dimen-

sional phase space volume of the photon beam. In a perfect optical system, the

phase space volume is invariant, making the brightness a good figure of merit

for characterizing radiation sources [63]. A general equation for the brightness is

then:

B =
Nph

(2π)3σxσx′σyσy′σtσω/ω
(2.27)

where σj are the rms duration, bandwidth and spatial dimensions of the photon

beam. If we consider a diffraction limited photon beam [90] with transverse phase-

space properties 2πσxσx′σyσy′ = λ/2, where λ is the radiation wavelength of

interest then we obtain the expression:

B =
Nph

(λ/2)22πσtσω/ω
(2.28)

thus increasing the brightness of a radiation source can be achieved by in-

creasing the number of coherent photons produced for a given time-bandwidth

product. Taking the particular case of conventional undulator radiation, we note

that the brightness can be increased by either:

• Increasing the number of electrons in a coherent length lc = ctc
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• Increasing the number of coherent photons emitted per electron

The FEL achieves the second goal by grouping many electrons within one radi-

ation wavelength. At X-ray wavelengths this can’t be achieved by producing such

an electron beam directly at the cathode. The process of self-organization, or

microbunching of the electron beam, with a periodicity at the X-ray wavelength,

occurs as the electron beam traverses the undulator and interacts with the radi-

ation field [90] as we will explore in detail in the remainder of the chapter. Thus

the radiation field intensity grows as the electron microbunching increases. As we

have shown in section 2.1 using the example of Gaussian radiation wavepackets,

the radiation intensity produced by a fully bunched electron beam is proportional

to the single electron intensity multiplied by N2
e , compared to the random spon-

taneous undulator radiation which scales like Ne. The number of electrons within

one coherence length is large Ne ∼ 106 for typical X-ray FELs, thus producing a

large intensity increase and consequently an increase in brightness. This enhance-

ment in intensity makes the XFEL currently 1-10 billion times brighter than the

next brightest light source in the X-ray spectral range [90].

2.3 Electron interaction with a radiation field in a mag-

netic undulator: the 1-D FEL equations

In the above discussion on spontaneous undulator radiation we have neglected

the interaction of the electron beam with the radiation field inside the undulator.

The FEL is a radiation source which uses the interaction of electrons with a co-

propagating radiation field inside an undulator magnet, to amplify the radiation

field itself. As the radiation field is amplified energy transferred from the kinetic

energy of the electron beam to the radiation field. If we consider an electron

beam co-propagating in a planar undulator with a plane wave traveling in the z

direction Ex(z, t) = E0 cos(krz − ωrt+ψ0), the change in electron energy is given
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by:

d(γmec
2)

dt
= F · v = −evx(t)Ex(t) (2.29)

thus in order for the electron beam to continuously lose energy the product

vx(t)Ex(t) must be positive on average as the electron traverses the undulator.

Since the transverse electron velocity is sinusoidal in the undulator field, the con-

dition can only be achieved if the electric field changes sign corresponding to the

variation in electron beam velocity. As we will see in the following section this can

be achieved by ensuring the light wave slips ahead of the electron beam by one

radiation wavelength every undulator period, an equivalent resonance condition

to the one we derived in equation 2.7.

There are various modes of operation for an X-ray FEL. The amplification

can start from an external radiation source in which the system is described as

seeded FEL, or it can start from spontaneous undulator radiation, in which case

it is known as a Self-Amplified Spontaneous Emission (SASE) FEL. At longer

wavelengths, FELs have been built which rely on the repeated interaction of an

electron beam with a recirculating radiation field in an optical cavity and are

known as FEL oscillators. In our discussion we will ignore the FEL oscillator as the

high frequency losses in optical cavities have thus far prevented the construction of

one in the X-ray spectral region. For seeded FELs in the X-ray wavelength region

there is no suitable high power external source to drive the radiation amplification.

Thus a configuration has been developed, known as a self-seeded FEL [45, 102, 3],

in which the FEL seeds itself in a two-stage amplification process. A schematic

representation of SASE and self-seeded FELs is shown in Fig. 2.4. We study these

two different modes of operation separately in section 2.4.1 as they have different

characteristics in both the radiation amplification process and the output X-ray

radiation properties. These different characteristics play an important role in

increasing the efficiency and brightness of the X-ray FEL via undulator tapering
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Figure 2.4: Schematic representation of a (a) SASE FEL and (b) Self-seeded FEL. The X-ray

and electron beams propagate co-linearly inside the undulators. The self-seeded FEL uses a

two-stage amplification system in which the first section generates the seeding radiation via the

SASE process, the radiation (in yellow) is filtered through a monochromator and recombines

with the electron beam in a second amplification stage.
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as we will explore in detail in Chapter 3.

2.3.1 Electron equations of motion

Our discussion starts by deriving the longitudinal equations of motion for en

electron beam traveling inside a magnetic undulator with a co-propagating plane

wave Ex(z, t) = E0 cos(krz − ωrt + ψ0). We will ignore the transverse dynamics

for now and return to a discussion of 3-D effects in sections 2.4.2 and 3.2.

The evolution of the eletron energy is obtained by substituting the transverse

velocity from eq. 2.5 into eq. 2.30:

dγ

dt
= −eKE0

γmec
cos(kuz) cos(krz − ωrt+ ψ0)

= − eKE0

2γmec
[cos((ku + kr)z − ωrt+ ψ0) + cos((ku − kr)z − ωrt+ ψ0)]

= − eKE0

2γmec
[cos θ + cos ξ]

(2.30)

where ψ0 represents the initial phase shift of the electric field with respect to

the sinusoidal trajectory of an electron traversing the undulator [108] and we have

defined the variables θ ≡ ((ku + kr)z − ωrt+ ψ0) and ξ ≡ ((kr − ku)z − ωrt+ ψ0).

The variable θ is commonly referred to as the ponderomotive phase and has the

intuitive interpretation that is represents an electron’s position relative to the

phase of the light wave as it travels through the undulator. Neglecting the term

∝ cos ξ for the moment, we can infer from eq.2.30 that in order to achieve sustained

amplification of the radiation field one must require that the ponderomotive phase

is constant over time.

dθ

dt
= (ku + kr)vz − krc = 0 (2.31)

where we neglect the fast longitudinal oscillation performed by the electron

in the undulator field derived in eq. 2.5 and set vz ≈ v̄z = cβ̄z since θ(t) is a
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slowly varying quantity. Substituting the average velocity and rearranging for λl

we obtain the FEL resonance condition:

λl =
λu
2γ2

(
1 +

K2

2

)
(2.32)

which is equivalent to the on-axis resonance condition for undulator radiation

eq. 2.7. This equivalence is important as it allows the spontaneous undulator

radiation to serve as a seed for the FEL interaction, and is particularly important

for the SASE FEL process [108]. The FEL resonance condition allows us to define

a resonant energy γ2
r = λu

2λl

(
1 + K2

2

)
which is the energy of an electron which

is synchronous with the radiation field as it passes through the undulator. For

this synchronous electron there is no displacement in phase with respect to the

electromagnetic wave, and the synchronous particle only experiences energy loss.

The concept of the synchronous particle will be important when discussing high

efficiency FELs via undulator tapering in the following chapter. We can re-write

eq.2.33 for the phase variation of an electron with energy γ close to the resonant

energy γr:

dθ

dt
= (ku + kr)v̄z − krc

≈ kuc

(
1− kr

ku

1 +K2/2

γ2

)
= kuc

(
1− γ2

r

γ2

) (2.33)

where we have made the good approximation ku << kr in the second line.

We now have equations for the energy loss and phase evolution of an electron

interacting with a co-prapagating wave in a magnetic undulator. We have still to

solve for the evolution of the radiation field as a result of the electron energy loss

which we will carry out in the next section.

Before solving for the radiation evolution we return to the issue of the second

term ∝ cos ξ omitted in the analysis of the energy exchange equation 2.30. If we

require the phase ξ(t) to be a constant, as we did with the ponderomotive phase
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θ(t), we arrive using the same calculation at the relation kr = −kuβ̄z/(1 − β̄z)

which implies kr < 0 i.e. the radiation is propagating in the negative z direction

which contradicts our initial assumption. We complete our discussion of electron

energy loss to the radiation field by taking into account the fast longitudinal

oscillations in the electron motion from eq. 2.5 in our discussion of the energy

loss. As mentioned in the previous section, these oscillations lead to the emission

of harmonics of the fundamental. This is seen more clearly by substituting z(t) =

β̄zct− K2

8γ2ku
sin(2kuv̄zt) into the energy exchange equation and setting ψ0 = 0 for

convenience:

dγ

dt
≈ − eKE0

2γmec

[
cos((ku + kr)v̄zt− ωrt−

K2kr
8γ2ku

sin(2kuv̄zt))

+ cos((kr − ku)v̄zt− ωrt−
K2kr
8γ2ku

sin(2kuv̄zt))

] (2.34)

where we have approximated kuz(t) ≈ kuv̄zt since ku << kr. We can now

write the cosine as real part of exponential functions and use the Jacobi-Anger

expansion to express the terms ∝ eiAsinB as:

eiAsinB =
∞∑

n=−∞

Jn(A)einB (2.35)

where we define A ≡ − K2kr
8γ2ku

and B ≡ 2kuv̄zt and Jn are the Bessel functions

of the first kind. Collecting terms and the two sums we arrive at the result:

dγ

dt
= − eKE0

2γmec

∞∑
n=0

[Jn(A)− Jn+1(A)] cos θn (2.36)

where we have used the fact that the Jn functions are even/odd for even/odd

indices and have defined the ponderomotive phase for the nth harmonic θn = (kr+

(2n + 1)ku)v̄zt− ωrt. For continued energy transfer at each harmonic we require

the ponderomotive phase to be stationary. This gives the harmonic resonance
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condition:

λh =
1

h

λu
2γ2

(
1 +

K2

2

)
=
λr
h

h = 1, 3, 5, ... (2.37)

where λr is the fundamental resonant wavelength and h is the harmonic num-

ber. We note that this is the same resonance condition for the on-axis har-

monics of spontaneous undulator radiation. Inserting the resonance condition

in the parameter A and rewriting the energy loss equation including all harmon-

ics in terms of the parameters defined in section 2.1.2, ξ = K2/(4 + 2K2) and

[JJ ]h = (−1)(h−1)/2 ∗
[
J(h−1)/2(hξ)− J(h+1)/2(hξ)

]
we have:

dγ

dt
= − eKE0

2γmec

∞∑
h=odd

[JJ ]h cos θh (2.38)

The sum runs over positive indices of n since the radiation wavelength must

be positive. To obtain a complete analytical description of the radiation gain as

the electron beam passes the undulator we must solve Maxwell’s equation for the

evolution of the radiation field. We provide a derivation for this in the following

section in the one-dimensional case, assuming the radiation field is a plane wave

co-propagating with the electron beam in the longitudinal, z-direction.

2.3.2 Maxwell’s equation for high gain FELs

The task of deriving the evolution of the radiation field amounts to solving the

inhomogeneous wave equation for the radiation field and the coupled differential

equations for the electron energy loss and longitudinal motion in the combined

radiation and undulator fields. This treatment relies on a number of assumptions

[90] [108]:

1. The electron beam transverse size is much larger than the radiation wave-

length (radiation diffraction is ignored).
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2. The electron beam transverse density distribution is assumed constant.

3. The electron beam transverse (betatron) oscillation and transverse velocity

spread (emittance) are ignored.

4. The longitudinal space charge field generated by modulations in the beam

current is ignored.

5. The radiation field amplitude and phase are slowly varying functions of z.

the above assumptions greatly simplify the treatment of the radiation ampli-

fication and are reasonably good approximations for studying the evolution of an

X-ray FEL. We will discuss the impact of three dimensional effects (1-3 above) on

the FEL in section 2.4.2 and on high efficiency tapered FELs in Chapter 3. We

will also ignore the electron interaction with the harmonics of the radiation field

for now and return to those in section 2.4.4.

Under the above approximations we can write the wave equation for the trans-

verse component of the radiation field:

[
∂2

∂z2
− 1

c2

∂2

∂t2

]
Ẽx(z, t) =

1

ε0c2

∂j̃x
∂t

(2.39)

where we have introduced the transverse current density j̃x = vxρe and the

transverse electric field Ẽx(z, t) and we have set the initial phase of the radiation

field to zero for convenience. We write the electric field as the real part of a com-

plex quantity and assume a solution which represents a plane wave with growing

amplitude [108]:

Ẽx(z, t) = <
[
Ẽx(z)ei(kz−ωt)

]
(2.40)

where Ẽx(z) is the slowly varying complex amplitude which grows as a function
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of the distance along the undulator. The wave equation now reduces to:

[
2ikẼ ′x(z) + Ẽ ′′x(z)

]
ei(kz−ωt) =

1

ε0c2

∂j̃x
∂t

(2.41)

where primes denote derivatives with respect to z. To remove the second

derivative we make explicit use of the Slowly Varying Amplitude (SVA) approx-

imation [108] which assumes that the variation of the field amplitude Ẽ ′x(z) is

small over one undulator period. This implied that the variation over one radia-

tion wavelength is even smaller and gives the conditions:

∣∣∣Ẽ ′x(z)
∣∣∣ << k

∣∣∣Ẽx(z)
∣∣∣ ∣∣∣Ẽ ′′x(z)

∣∣∣ << k
∣∣∣Ẽ ′x(z)

∣∣∣ (2.42)

Now the equation for the field amplitude in the SVA approximation can be

written as:

dẼx
dz

= − i

2kε0c2
e−i(kz−ωt)

∂j̃x
∂t

(2.43)

the right hand side of the equation can be simplified by making some physical

considerations about the system. The transverse current can be written in terms

of the longitudinal current as j̃x = vx/vz j̃z ≈ vx/cj̃z = j̃zK/γ cos(kuz). Now the

longitudinal current density can be divided into a uniform macroscopic current

density and a microscopic density which is modulated periodically (microbunched)

with the periodicity of the ponderomotive phase θ:

j̃z(θ, z) = j0 + j̃1(z)eiθ (2.44)

inserting this into eq. 2.45 we obtain:

dẼx
dz

= − K

4ε0γc
j̃1

(
1 + e2ikuz

)
(2.45)
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we can remove the quickly oscillating term in the brackets by performing an

average of the current over one undulator period. This is equivalent to defining a

slowly varying current to match the slowly varying amplitude of the electric field.

We can express the modulation current density j̃1 in terms of the electron po-

sitions along the bunch by performing a Fourier decomposition of the longitudinal

current distribution. We consider an infinitely long electron bunch and divide this

bunch into infinitely many slices of length λ and area 2πσe with Ne electrons per

slice. The longitudinal electron distribution in terms of the ponderomotive phase

θ:

S(θ) =
Ne∑
n=1

δ(θ − θn) (2.46)

can thus be written as:

S(θ) =
c0

2
+ <

[
∞∑
k=1

cke
ikθ

]
(2.47)

where the complex Fourier coefficients are:

ck =
1

π

∫ 2π

0

S(θ)e−ikθdθ (2.48)

now we can express the modulation density in terms of the coefficient c1 in

analogy with the DC coefficient j0 = −ecne where ne = N/2πσ2
eλ is the electron

density, c0 = N/2π hence j0 = −ec/σ2
eλ×c0/2. We have then that the modulation

density j̃1 = −ec/σ2
eλ× c1/2 and the first order coefficient is given by:

c1 =
1

π

Ne∑
n=1

e−iθn (2.49)

now we can substitute this result into eq. 2.45 to obtain the evolution of

the electric field as the electron beam travels through the undulator. Including
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the equations for the phase space evolution of the electron beam (where we set

dz ≈ cdt) we have the complete set of 1-D FEL equations:

dθj
dz

= ku ×
(

1− γ2
r

γ2
j

)

dγj
dz

= −χ1

γj
∗ <

{
K1E1(z)eiθj

}

dẼx
dz

= −χ2K1

〈
eiθj

γj

〉
(2.50)

where we define χ1 = e/2mec
2 and χ2 = Z0I/8πσ

2
e for convenience and Z0 =

1/cε0 is the impedance of free space. This is a set of 2Ne+1 coupled differential

equations which describes the evolution of the electron beam energy and phase

under the influence of a ponderomotive (radiation + undulator) field as it travels

through a magnetic undulator. We have assumed here that the electron beam is

periodic in the time co-ordinate and have thus neglected time dependent effects

and any effect due to changes in the electron beam current and have not considered

what happens at the edge of the electron beam. Solutions to the above equations

under different initial conditions lead to different modes of operation for FELs,

which we examine in the following section.

2.4 Modes of operation

In this section we outline the basic properties of three modes of operation for X-

ray FELs, the SASE and self-seeded mode as well as the harmonic generation and

harmonic lasing mode. Particular emphasis is placed on the brightness increase

for self-seeded FELs compared to SASE. As we will describe in Chapter 3, the self-

seeded mode of operation for FELs is better suited for high extraction efficiency
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via undulator tapering compared to SASE.

2.4.1 Self-Amplified Spontaneous Emission: 1-D theory

The 1-D theory of SASE FELs was first outlined in the early 1980s [10]. Therein

the FEL equations 2.50 are written in terms of a dimensionless universal scaling

parameter known as the FEL parameter:

ρ =
1

γ

(
I

IA

K2[JJ ]21
16σ2

ek
2
u

)1/3

(2.51)

where IA = ec/re = 17045A is the Alfven current, σe is the rms electron beam

transverse size and ku = 2π/λu is the undulator wavenumber. The 2Ne+2 system

of equations is then greatly simplified by describing it in terms of three collective

variables:

a =
χ1K1

2kuρ2
Ex; (reduced field amplitude)

b =
〈
eiθ
〉

; (bunching factor)

p =

〈(
γr − γ
γr

)
eiθ
〉

(collective momentum)

(2.52)

which yields the much simpler system of equations:

da

dẑ
= −b+ i∆

db

dẑ
= −ip

dp

dẑ
= a

(2.53)

where ẑ ≡ 2kuρz is the scaled longitudinal co-ordinate and we have defined the

frequency detuning from resonance ∆ = kr−k
2ρkr

. If we take the case where the simple

case where the FEL is exactly on resonance (∆ = 0) the three equations have a

simple interpretation: bunching generates coherent radiation, a modulation in

collective momentum (energy) generates a density modulation (microbunching),

coherent radiation generates a collective momentum (energy) modulation [67].
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The three coupled equations can be reduced to a single third order equation for

the radiation field amplitude a:

d3a

dẑ3
= ia (2.54)

which, if we assume a solution of the form a(ẑ) ∼ e−iµẑ, has the solution:

a(ẑ) =
1

3

3∑
n=1

(
a(0)− ib(0)

µn
− iµnp(0)

)
e−iµnẑ

µ1 = 1; µ2 =
−1−

√
3i

2
; µ3 =

−1 +
√

3i

2

(2.55)

the three roots of the cubic equation µn describing an oscillating mode, a

decaying mode and a growing mode. For large distances ẑ >> 1 the growing

mode dominates and the sum in eq 2.55 can be simplified by only considering

the third root. This allows us to define an important quantity, the power gain

length, which determines the length over which the radiation field power grows

by a factor e:

P (z) ∝ a(z)2 ∝ exp(2 ∗ = [µ3] z/(2
√

3kuρ)) ≡ exp(z/Lg1) (2.56)

where we have the 1-D power gain length Lg1 = 1
2
√

3kuρ
which is valid for

a mono-energetic beam with negligible energy spread. Thus, if we assume the

FEL starts from some input power P0, the growth is approximately given by

P (z) = P0

9
exp(z/Lg1). The three terms in equation 2.55 show that the FEL

can be started by either an initial radiation seed a(0) as in a seeded FEL, or

an initially modulated beam in either density or energy. In a SASE FEL the

spontaneous undulator radiation is the initial signal which is amplified. There is

no initial external field therefore the radiation starts from initial microbunching

due to electron beam shot noise, the second and third terms in eq. 2.55.

The SASE FEL has three characteristic regimes: the start-up from noise

(lethargy regime), the exponential growth regime and the saturation regime. The
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start-up from noise consists in the emission of spontaneous undulator radiation

from the electron beam and typically lasts 1-2 power gain lengths. The exponen-

tial gain regime in which the power growth is determined by the 1-D gain length

and typically lasts around 18 gain lengths. The saturation of the radiation power

growth occurs when the electron beam is fully bunched and the electrons have

lost sufficient energy to the radiation field that the resonance condition, eq. 2.32,

is no longer satisfied. A quick examination of eq. 2.32 will reveal that the reso-

nance condition can be maintained by reducing the undulator magnetic field (and

thus the undulator parameter) to match the electron beam energy loss. This is

known as undulator tapering and is the subject of more detailed discussion in the

following Chapter. The choice of undulator tapering to maximize the FEL output

power is a large part of the motivation for the work presented in this thesis.

To get an idea for the brightness for a typical SASE FEL at saturation we need

to determine values for the characteristic bandwidth the coherence time and the

number of photons at saturation. The coherence time can be obtained by following

the calculation of section 2.2.2, computing the autocorrelation function one finds

that the bandwidth is proportional to the distance along the undulator and the

FEL parameter ρ. As a consequence the coherence time τc =
√
π/σω increases

as a function of the distance along the undulator. Physically this occurs because

the radiation slips forward and interacts with neighboring electrons, transporting

the phase information in the forward direction [90]. In summary we can write the

typical characteristics for a SASE FEL

σω(z) = 3ρω

√
2Lg1
z

τc(z) =
1

3ρω

√
πz

2Lg1

Psat ≈ ρPbeam

(2.57)

where Pbeam = Ibeam ∗ Ebeam/e is the electron beam power. These features of

the SASE FEL are shown in Fig. 2.5. To increase the brightness of SASE FEL one
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Figure 2.5: (Top Row) 1-D simulation of a typical SASE FEL. The average radiation power

(top left) shows (a) the initial lethargy or start-up regime (b) the exponential growth regime

and (c) the saturation regime. From the bunching factor (top right) you see the FEL saturates

around 20 gain lengths when the electron beam bunching reaches its maximum. (Bottom 3

colums) Radiation power in the time domain, the spectrum, and the electron beam longitudinal

phase space in the three regimes. The time co-ordinate is normalized by the coherence time.

35



can therefore improve two parameters, the bandwidth and the output power. The

output power can be increased by either increasing the FEL parameter ρ, which

is difficult at X-ray wavelengths, or by extending the FEL interaction beyond the

saturation regime via undulator tapering, which we will examine in detail in the

following chapter. The bandwidth can be narrowed, as we will discuss in section

2.4.3, by self-seeding the FEL with a monochromatic signal.

2.4.2 Three dimensional effects

The basic mechanism describing the FEL interaction and the properties of its

output radiation is given by the 1-D analysis described above. There are however

three-dimensional effects which can substantially reduce the performance of the

FEL from its 1-D predictions. The most critical effects are given by:

• The spread in energy of the electron beam (energy spread effect)

• The spread in transverse velocity of the electron beam (emittance effect)

• The transverse spreading of the radiation field (diffraction effect)

• The effect of beam trajectory errors

We already mentioned the qualitative impact of the electron energy spread and

angular spread on undulator radiation in equations 2.14-2.15. We now make the

connection between the electron beam spread in transverse velocity, commonly

parametrized by the beam emittance, and the electron beam transverse motion

through the strong focusing lattice adopted in typical FELs, parametrized by

the beta function. We defer the discussion of the impact of diffraction on FEL

performance to section 3.2.
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2.4.2.1 Effect of spread in electron transverse velocity

As the electron beam travels through the undulator the natural spread in trans-

verse velocity causes the bunch to expand, an effect which must be countered

by using external focusing magnets. The typical solution to this problem is to

super-impose a periodic array of alternating polarity quadrupole magnets known

as a FODO lattice, over the dipole undulator field. The quadrupole magnets are

typically placed within the break sections between undulator segments. This pe-

riodic focusing results in the electrons performing an additional slow (betatron)

oscillation concurrently with the wiggle motion due to the undulator field. Dif-

ferent electrons have different betatron oscillation orbits due to the finite angular

spread of the bunch. A part of the electron energy goes into this transverse be-

tatron motion, thus reducing the longitudinal velocity of each electron depending

on its betatron oscillation amplitude. In effect, the spread in transverse betatron

motion can be written as a spread in longitudinal velocity δv̄z, or an equivalent

energy spread (σγ)eq = (δγ)eq/γ0 with (δγ)eq ≈ γ3δv̄z/c[108].

The rms transverse width of the electron beam can be written as:

σx(z) =

√
〈x2(z)〉 − 〈x(z)〉2 =

√
εxβx(z) (2.58)

where the emittance εx(z) is defined statistically as the product of the beam

size and its divergence:

εx =

√
〈x2〉 − 〈x′2〉 − 〈x · x′〉2 (2.59)

and β is the beta function is the well known quantity in accelerator physics

[118] and determines (ignoring the fast wiggle motion) the period of horizontal

betatron motion for an electron entering the undulator with horizontal coordinates
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(x0, x
′
0) [67]:

xβ(z) = x0 cos(z/β̄x) + β̄xx
′
0 sin(z/β̄x) (2.60)

We can write the spread in longitudinal velocity in terms of the average beta

function and the emittance as:

δv̄z = v̄z −
√
v̄2
z − 〈v2

x〉 −
〈
v2
y

〉
≈ −

(〈
v2
x

〉
+
〈
v2
y

〉)
/2c (2.61)

and assuming a round beam εx = εy and in the approximation of a uniform

focusing channel βx = βy = β̄, the square of the average transverse velocity can

be written in terms of the average beta function
〈
v̄2
x,y

〉
= c2ε/β̄. This gives the

equivalent reduction in the electron beam energy (δγ)eq ≈ γ3ε
β̄

, or the equivalent

energy spread:

(σγ)eq =
γ2ε

β̄
(2.62)

we can set the condition for the equivalent energy spread to be less than half

the FEL parameter ρ/2 and obtain a requirement for the normalized transverse

emittance εn = γε which is a conserved quantity under linear optics transport:

εn <
β̄

2
√

2γ
ρ (2.63)

The conclusion is that while stronger focusing reduces the electron beta func-

tion and increases the electron density, at the same time the longitudinal velocity

spread (emittance effect) is enhanced for smaller beta function. Thus the opti-

mum lies somewhere in between. Numerical estimates of this optimum for a given

set of electron beam and FEL parameters that can be obtained via suitable fitting

formulas [64]. An estimate for the upper limit on the normalized beam emittance

using typical XFEL electron beam parameters (ρ = 10−3, γ = 104 and β = 10m)
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gives a very stringent requirement εn < 0.35µm. This upper limit is somewhat too

restrictive and the requirement may not be met exactly (e.g. the typical emittance

of LCLS is ∼ 0.4 µm) but gives an idea of how important electron beam quality

is for the successful operation of XFELs.

2.4.2.2 Effect of beam trajectory errors

The effect of beam trajectory on the performance of an FEL forms the basis for the

“fresh-slice” self-seeding experiment (see Chapters 5 and 6) and the double-bunch

FEL concept described in section 4.2. The detrimental impact of a sufficiently

large transverse velocity component or beam trajectory error can be understood

intuitively by noting that the resonance condition between the electron beam

and the X-ray radiation is based on the synchronism between the longitudinal

velocity of the electrons and the radiation wavelength. A sufficient variation in

the transverse velocity of the entire bunch, or a temporal slice of the electron

bunch, will violate the resonance condition and the radiation field will no longer

be amplified. We can study the effect of a Single Kick Error (SKE) of angle θ on

the bunch and calculate the increase in the gain length as a result of the single

kick [116].

There are two effects which reduce the gain for a SKE. The first is a decrease

in radiation efficiency and the second is a smearing of the microbunching due

to the different orientation between the emission of radiation and the velocity of

the bunch. The radiation efficiency is decreased as the radial bunching factor is

changed by the SKE θ, thus causing variation in the electric field emission and the

power. The smearing of the microbunching is an enhancement of the emittance

effect discussed in the previous section by the presence of an additional kick error

to the entire bunch. Intuitively, if the beam has an intrinsic angular spread and

an additional error angle is added by the SKE, the difference in time between

each electron arrives at the same longitudinal position is increased compared to
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the case where the bunch travels straight. Both these effects are characterized by

a critical angle θc, beyond which the effect of the SKE is so severe that lasing is

completely suppressed. Quantitatively we can obtain an estimate for the increase

in the gain length from value without SKE Lg0, to the new value Lg [116]:

Lg
Lg0

=
1

1− θ2/θ2
c

(2.64)

where θc =
√
λ/Lg0 is the critical angle beyond which lasing is completely

suppressed. More recent studies [21, 7] have revealed that this estimate is conser-

vative, and that the fractional increase in the gain length may be up to twice as

much as that given by the above formula for XFEL parameters such as those in

the LCLS. In the fresh-slice experiment, this effect is used to selectively disable

lasing for parts of the electron bunch where typically the kick strength is varied

until the desired amount of suppression is achieved (see Chapters 4-5).
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2.4.3 Self-Seeded FELs

Seeding an FEL with a monochromatic input radiation signal can trigger the

instability and amplify the monochromatic seed to high power while maintaining

a narrow bandwidth. In a typical self-seeding set-up [45] [102] such as that shown

in Fig. 2.4, the electron beam generates SASE in the first section and then is

taken through a bypass chicane before it is recombined with the monochromatic

radiation in the downstream self-seeded amplifier. The most important function

of the electron beam chicane is that it destroys the SASE microbunching structure

which has developed in the first section. This ensures that in the second amplifier

section, a strong monochromatic seed is overlapped with an electron bunch that

possesses no density or energy modulation on the scale of the radiation wavelength.

As we’ve discussed in the previous section however, the shot noise components

of the electron beam microbunching will cause the SASE field to grow and generate

spikes in the radiation spectrum such as those shown in Fig. 2.5, thereby spoiling

the longitudinal coherence. Determining how much noise is in the electron beam

is important for estimating the growth of the SASE radiation field in the second

section. The radiation seed in an X-ray FEL must be large enough to exceed

the effective noise power such that the SASE components of the field don’t grow

to high power and increase the bandwidth of the output signal compared to the

input monochromatic seed. The shot noise power can be estimated by comparing

the radiation intensity from a seeded FEL with that of a an FEL starting with a

bunched beam, where the bunching is due to the initial shot noise. We can write

the radiation power associated with a bunched beam as [19] :

Pnoise =
ρPbeam
2πσ2

e

| 〈b(θ)〉 |2 (2.65)

now the shot noise microbunching for a randomly distributed number of elec-

tron Ne is | 〈b(θ)〉 |2 = 1/Ne. The number of electrons interfering during the first
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few gain lengths (where the spontaneous emission and mode competition occurs

before the exponentially growing mode takes over) is approximately given by [50]

Ne ≈ 4.3ILg1λ/λuec and hence the shot noise power can be estimated:

Pnoise ≈
ρPbeam
2πσ2

e

λuec

4.3ILg1λ
(2.66)

for the LCLS operating at hard X-rays this number is in the 10 kW range, thus

the seed power which is typically desirable at the start of the second amplification

section is on the order of 1 MW.

Now we discuss the design for the Hard X-Ray Self-Seeding (HXRSS) monochro-

mator at LCLS. The first proposals for a monochromator involved a four-bounce

Bragg diffraction system [102], however this initial design was abandoned due to

the large delay applied to the X-ray beam which would require a large chicane in

order to match the delay with the electron beam. A large chicane delay may de-

grade the electron beam quality, particularly the electron beam emittance, thereby

compromising the performance of the second self-seeded undulator section.

A wake monochromator system was therefore proposed in Ref. [48] to circum-

vent this issue. The wake monochromator relies on Forward Bragg Diffraction

(FBD) from a single diamond (4 0 0) crystal and, contrary to the four-bounce

diffraction system, transmits the entire wide-bandwidth SASE pulse with a long

monochromatic tail following in its wake. In order to understand the self-seeding

system it is important to review some basic properties of FBD from a diamond

crystal. Most important for self-seeding will be the temporal delay associated

with the power of the monochromatized X-ray pulse compared to the incident

SASE, the width of the X-ray pulse and any spatial shift which is imparted on the

seeding signal as a result of FBD in the diamond crystal. In the time-domain, the

spatiotemporal characteristics of self-seeded X-ray pulses from crystals in Bragg

diffraction were studied extensively in Ref. [112, 70]. Therein the self-seeded X-
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ray pulse envelope properties are given by a convolution of the SASE pulse with

the transmission function:

|G00(t)|2 ∝

(
1

T0

J1(
√
t/T0)√
t/T0

)
(2.67)

where J1(x) is the Bessel function of the first kind and T0 = Λ2 sin θ
2π2cd

is the

characteristic timescale which parametrizes the self-seeded pulse, where Λ is the

extinction length, θ is the X-ray angle of incidence and d is the crystal thick-

ness. The transmission function is the exact crystal response to a delta function

SASE X-ray pulse in the time domain. The parameter T0 determines many of the

important properties of the seeded X-ray pulse:

• Power of the first maximum in the monochromatic wake P ∝ 1/T0

• Delay of the first maximum in the monochromatic wake ts ≈ 26 T0

• Width of the first maximum in the monochromatic wake ∆ts ≈ 16 T0

for typical parameters in the LCLS HXRSS configuration we have T0 ≈ 0.6−0.8

which yields tyipcal X-ray pulse delays of ts ≈ 15 − 20fs with the width of the

first maximum ∆ts ≈ 10fs and the peak power of the first maximum is around 0.5

% of the peak SASE power. A schematic of the HXRSS diamond monochromator

system and a typical response for a hard X-ray SASE pulse at 5.5 keV photon

energy before an after monochromatization is shown in Fig. 2.6

In the frequency domain, the effect of the wake monochromator was first de-

scribed in Ref. [48]. Therein the transmitted pulse is given by the product

of the Fourier Transform of the input signal and the transmission function of

the monochromator in the frequency domain. The transmission of the crystal

monochromator is modeled as a bandstop filter which reflects frequencies within a

narrow bandwidth around the Bragg condition and transmits the remained of the
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Figure 2.6: (a) Schematic of the self-seeding wake monochromator crystal using Forward Bragg

Diffraction. The multiple reflections cause a temporal delay of the monochromatic wake pulse

on the order of ∼10 fs for the HXRSS system at LCLS. (b) FEL simulation of typical hard X-ray

SASE spectrum incident on the monochromator. The monochromator is modeled as a bandstop

filter following Ref. [48]. (c) Temporal profile of the SASE pre-pulse and monochromatic wake

at the exit of the monochromator. The electron beam is delayed through a magnetic chicane

and overlapped with the first few maxima of the monochromatic wake pulse.
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X-ray pulse. This results in a hole in the transmitted SASE spectrum at the lo-

cation of the central Bragg frequency and a long narrow bandwidth tail following

the wide bandwidth SASE pre-pulse with a narrow linewidth around the central

frequency (see Fig. 2.6, c. To estimate the brightness increase for self-seeding

compared to SASE we use eq. 2.27 under the assumption that the photon beam

transverse properties (spot size and angular divergence) are the same for SASE

saturation and self-seeded saturation. If we further assume the second self-seeded

section reaches saturation at the same power level P ∼ ρPbeam as SASE then the

brightness increase is given by the bandwidth reduction. These assumptions are

typically valid in self-seeded XFELs. The typical relative bandwidth ∆ω/ω0 for

self-seeding is O(10−5−10−4) compared to regular SASE which is ∼ ρ ∼ O(10−3).

Thus self-seeded XFELs increase the brightness compared to SASE by around one

to two orders of magnitude.

2.4.3.1 Trade-off between seed power and energy spread

In a conventional self-seeded FEL, the electron beam which is used to generate

the SASE radiation is the same as the one used to amplify the narrow bandwidth

seed in the second undulator section downstream of the monochromator. This

presents a trade-off between the monochromatic radiation power at the start of

the seeded section and the electron beam energy spread. As we have already

discussed at the start of the chapter, a large energy spread affects the FEL gain,

saturation power and saturation length. Conversely, a small input seed power is

subject to the growth of SASE spikes and spoiling of the output FEL spectrum at

the exit of the second section. We demonstrate this in Fig. 2.7 where we simulate

the FEL gain in a self-seeded configuration where the SASE section is interrupted

at three locations: close to the start-up, during exponential gain and close to

saturation. The simulation starts with a cold beam σγ/γ0 = 10−4 and as expected

at SASE saturation reaches σγ/γ0 ∼ ρ. In the second, seeded section the evolution
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Figure 2.7: FEL simulation showing the trade-off between radiation power (top), energy spread

(bottom) and bandwidth (bottom) in a self-seeded X-ray FEL. The SASE section is terminated

at 3 locations (shown in blue, red, black) assuming a monochromator located at z/Lg1 = 25

transmits 0.5 % of the incident SASE power in a perfectly monochromatic seed. The second

self-seeded section produces high power narrow bandwidth radiation if the first section produces

enough SASE power but does not substantially increase the energy spread (red case). The blue

curves represent the small seed power case equivalent to a two-stage SASE FEL with saturated

output power in a wide bandwidth. The black curves represent the large energy spread case,

where the beam cannot amplify the seed to saturation in the second section.
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is different for the three different cases. The gain is disrupted for both the cases

where the SASE section is either too short (small seed power, low energy spread

beam) or too long (large seed, high energy spread beam). These cases result in

an increase of the bandwidth or a reduction in the output power eliminating the

advantage of self-seeding with respect to regular SASE. To maintain the same

narrow bandwidth and increase the peak output power, the first SASE section

could be taken to saturation and the second, self-seeded section, could use a fresh

electron beam to amplify the radiation. This is the case of fresh bunch self-seeding

which we have demonstrated experimentally and will discuss in detail in Chapters

4-6.

2.4.4 Harmonic generation and harmonic lasing

Harmonic radiation can be used to extend the wavelength range of X-ray FELs,

or to reduce the electron beam energy for the same X-ray wavelength, reducing

the required electron beam energy thereby making the accelerator system more

compact [83]. One method of generating odd harmonics in a planar FEL is the

process of nonlinear Harmonic Generation (HG). Nonlinear HG arises from the

harmonic components of the electron beam microbunching due to interaction with

the fundamental wavelength, and becomes significant only when the fundamental

radiation is near saturation. Following the same derivation of sections 2.3.1-2.3.2

we can write the energy FEL equations including energy loss from the fundamental

and third harmonic and growth of the third harmonic field:
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dθj
dz

= ku ×
(

1− γ2
r

γ2
j

)

dγj
dz

= −χ1

γj
∗ <

{
K1E1(z)eiθj +K3E3(z)e3iθj

}

dẼ1

dz
= −χ2K1

〈
eiθj

γj

〉

dẼ3

dz
= −χ2K3

〈
e3iθj

γj

〉

(2.68)

where Kh = K ∗ [JJ ]h is the harmonic coupling which decreases for higher

harmonic number h which is the reason we only include the third harmonic in

our discussion. The complex electric fields E1 and E3 represent the fundamental

and third harmonic respectively. The bunching factor due to nonlinear HG at the

third harmonic is typically around 10-20 % at saturation and the output power

is around 2-3 % of the fundamental power [67]. An analysis of the statistical

properties of nonlinear HG starting from shot noise show that the SASE radiation

is less longitudinally coherent and the shot-to-shot intensity fluctuations are larger

forthe third harmonic than the fundamental [106].

Another approach to harmonic generation in FELs is harmonic lasing, which

can reduce the bandwidth and increase the harmonic power compared to nonlinear

HG [83, 110]. In harmonic lasing schemes, the FEL instability is driven at the har-

monic wavelength and the electron bunch amplifies the harmonic seed signal while

the fundamental growth is disrupted via spectral/phase filters so that it remains

significantly lower than the harmonic. The separation between spectral/phase

filters is determined by the gain length ratio between the hth harmonic and the

fundamental which in the cold beam limit is given by Lgh/Lg1 = ([JJ ]2h/h[JJ ]21)
1/3

[79]. Assuming lasing at the fundamental is adequately suppressed the saturation
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Figure 2.8: Gain length ratio between the third harmonic and the fundamental assuming the

beta function is optimized for third harmonic lasing. At large energy spread values σγ >> ρ/3

the third harmonic gain length is over 10 times the fundamental for all values of the beam

current. This prohibits efficient harmonic lasing without the frequent use of phase shifters or

attenuators to disturb the fundamental gain.

power at the hth harmonic is around 1/h times the fundamental power, an order

of magnitude increase compared to nonlinear HG. Furthermore, since the slippage

in harmonic lasing is determined by the fundamental, the longitudinal coherence

and the spectral brightness of the hth harmonic increases by a factor h compared

to the fundamental [120, 90], giving the same brightness for the fundamental and

harmonics.

As discussed in Ref. [79, 110] the success of harmonic lasing schemes critically

depends on the electron beam parameters, particularly the electron slice energy

spread. An estimate of the desired beam quality is obtained by requiring that the

wavelength spread due to electron slice energy spread be smaller than the spectral

linewidth at saturation, similarly to the constraints obtained in eq. 2.15. From

this we obtain the energy spread constraint for efficient harmonic lasing σγ < ρ/h

[79]. In the case of third harmonic lasing, increasing the energy spread beyond the
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desired value (σγ → ρ/3) significantly increases the saturation length and reduces

the saturation power below ρPbeam/h in the 1-D limit as shown in simulations in

Ref. [79]. In 3-D theory, a generalized solution of the eigenvalue equation for high

gain FELs including harmonics and all relevant three dimensional effects was pre-

sented in Ref. [110]. From there we obtain expressions for the three dimensional

gain length for both the fundamental L
(1f)
g and third harmonic L

(3h)
g and plot the

ratio of these in Fig. 2.8 for a typical hard X-ray FEL set of parameters. As is

shown clearly in the figure, the gain length ratio increases rapidly with increasing

slice energy spread while it is less sensitive to changes in the beam current. It is

important to note that for harmonic lasing the ratio L̄ = Lg3/Lg1 is inversely pro-

portional to the “catch-up distance” before the fundamental approaches the third

harmonic power and harmonic lasing is disrupted. Assuming the third harmonic

is seeded with power P3 and the fundamental grows from the noise power Pnoise

the “catch-up distance” is given by:

zc
Lg3

=
ln
(

P3

Pnoise

)
L̄− 1

(2.69)

Starting from a large third harmonic seed P3 and using a fresh bunch/slice

of electrons in a two-stage harmonic XFEL allows the third harmonic to reach

saturation in the second amplifier stage P3 ∼ ρPbeam/3 [11] before the funda-

mental takes over the FEL process. This can be achieved using a single spectral

filter, relaxing the requirements on hardware compared to typical harmonic lasing

schemes. This kind of fresh bunch harmonic lasing set-up has been proposed as

part of the work in this thesis (see Ref. [31]) and will be discussed in more detail

in section 4.2
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CHAPTER 3

Undulator tapering for high efficiency FELs

This chapter describes the physics of undulator tapering, a method for increas-

ing the extraction efficiency and peak power of XFELs. The basic idea behind

tapering is to decrease the magnetic field along the undulator to preserve the reso-

nance condition, eq. 2.32, while the electron beam continues to lose energy to the

radiation field. Choosing how to reduce the magnetic field along the undulator

to extract the most energy is the central problem of tapering optimization. We

start by reviewing the physics of tapered FELs in the 1-D theory, focusing on the

FEL amplifier in the single-frequency (time independent) limit. We describe the

physical trade-offs which limit the maximum output power particularly the bal-

ance between electron trapping and energy loss. We then discuss the additional

constraints posed by three dimensional effects, the trade-off between X-ray power

and the optical guiding of the radiation as well as the impact of the transverse

electron distribution on the final output power.

We apply the 1-D and 3-D physics to a multidimensional taper optimization

algorithm which we discuss this in detail in section 3.4. We present a simulation

case as an example of a high efficiency TW-level tapered FEL, discussing the char-

acteristics of the radiation amplification and the output radiation pulse including

the transverse coherence, an important figure of merit for applications in X-ray

diffraction imaging.

Finally we discuss time-dependent effects and the synchrotron sideband insta-

bility, an important parasitic effect which sets an upper limit on FEL efficiency for
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tapered self-seeded FELs. We extend the multi-dimensional optimization method

presented in section 3.4 to include time dependent effects and present the design

for an optimized undulator designed to achieve the maximum tapered FEL power

in the shortest undulator distance.

Our discussion of 1-D, 3-D and time dependent effects will lead to the conclu-

sion that the optimal configuration for a seeded tapered amplifier is one where the

input seed power is very large and the electron slice energy spread is small. This

kind of fresh bunch scheme for tapered FELs is examined in detail in Chapter 4.

3.1 1-D physics of tapered FELs

Our discussion of the 1-D of tapered FELs follow closely the theoretical contri-

butions of Kroll, Morton and Rosenbluth (KMR) in their seminal paper on free

electron lasers with variable parameter wigglers [65]. The aim of this discussion

ultimately is to determine the optimum functional form for K(z) such that we

extract the most energy from the electron beam in an undulator of fixed length.

We note from the start that we ignore throughout this thesis the option of varying

the resonant energy by changing the undulator period λw(z) and only consider

changes in the magnetic field amplitude. The reasoning behind this choice is ulti-

mately practical, as a long undulator with variable period will not be optimized at

all radiation wavelengths and is also considerably more challenging to construct

than a fixed period device. For a discussion and recent results of high efficiency

tapered FELs with field and period tapering see Ref. [26, 114].

We start our discussion of electron dynamics by re-writing the 1-D FEL equa-

tions with respect to a shifted ponderomotive phase ψ ≡ θ + π/2
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dψj
dz

= ku ×
(

1−
γ2
j

γ2
r

)
(3.1)

dγj
dz

= −χ1K1E

γj
sinψj (3.2)

dE

dz
= χ2K1

〈
sinψj
γj

〉
(3.3)

dφ

dz
=
χ2K1

E

〈
cosψj
γj

〉
(3.4)

where E and φ are the amplitude and phase of the fundamental radiation field

and we ignore the contribution of harmonics, and K(z) is the undulator parameter

which is now a function of z. In addition to the previously defined resonant energy

γr we can define an important quantity for tapered FELs which is the resonant

phase Ψr:

γ2
r =

λw
2λs

(
1 +K2/2

) dγr
dz

= −χ1K1E

γr
sinψr (3.5)

the resonant phase plays a critical role in the 1-D theory of tapered FELs

it determines the deceleration gradient, the rate at which electrons lose energy

to the radiation field in the tapered section of the undulator. We note that the

case of a fixed parameter FEL is given by ψr = 0 for which the evolution up to

saturation is described in Fig. 2.5. Continued energy extraction after saturation

requires dγr
dz

< 0 and hence sets a bound on the resonant phase 0 < ψr < π/2.

We can differentiate the resonance condition and equate it with the deceleration

gradient dγr
dz

to obtain the relation between the resonant phase and the change in

undulator field:

sinψr =
λw

4χ1λs

|K ′(z)|
[JJ(z)]1E(z)

(3.6)

where |K ′(z)| is the derivative of the magnetic field with respect to z. One

might conclude naively that since optimizing the FEL power output is equivalent

53



to maximizing the electron energy loss, the solution for maximum energy extrac-

tion is ψr = π/2, as this gives the largest change in the resonant energy. Thus, if

we assume all electrons are at the same energy γr and the same resonant phase ψr

the magnetic field variation is determined by eq. 3.6 and the field equation 3.3.

This picture is too simplistic since it is not possible to produce an electron beam

with all particles localized at a single point in space and with a definite energy.

Thus it is important to examine the motion of electrons with small relative energy

difference δj = (γj − γr)/γr compared to the resonance energy and a spread in

longitudinal position −π < ψ < π.

To clarify this picture it is helpful to compare the first two equations which

govern the electron motion to the mathematical equations for a pendulum. This

becomes most apparent if we re-write the equations of motion as:

dψj
dz

= 2kuδj
dδj
dz

= −χ1K1E

γ2
r

[sinψj − sinψr] (3.7)

which are now manifestly similar to the equations for a pendulum. We can

write an approximate Hamiltonian function for δ << 1 from which the equations

of motion can be derived:

H = kuc

δ2−χ1K1E

γ2
r

(cosψ + ψ sinψr)︸ ︷︷ ︸
≡V (ψ)

 (3.8)

where V (ψ) is the ponderomotive potential which is a function of the electron

position ψ relative to the ponderomotive wave and the resonant phase ψr. As is

depicted in Fig. 3.1, the ponderomotive potential for different values of ψr gives

the area in longitudinal phase space (ψ, δ) which electrons can occupy and remain

trapped in stable orbits while continuing to interact with the radiation field and

losing energy. Electrons that become detrapped do not interact resonantly with

the radiation field and don’t contribute to FEL gain. What is obvious from this
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Figure 3.1: (Top left) Ponderomotive potential for three different values of the resonant phase

ψr. (Top right) Corresponding area of stable phase space orbits for trapped electrons at each

value of ψr. (Bottom left) Trapping fraction as a function of the resonant phase. (Bottom right)

Normalized bucket area as a function of the resonant phase

plot is that the area, known as the bucket area by analogy with acceleration in

an RF bucket, becomes smaller for increasing ψr. The ψ axis intercepts for the

stable phase space ψ1 and ψ2 buckets are given by:

ψ2 = π − ψ1 cosψ1 + ψ1 sinψr = cosψ2 + ψ2 sinψr (3.9)

and the bucket area Ab ∝
√
K1(z)E0(z)α(ψr), is proportional to the function

[68]:

α(ψr) =

√
2

8

∫ ψ2

ψ1

(cosψr + cosψ − (π − ψr − ψ) sinψr) ≈
1− sinψr
1 + sinψr

(3.10)

with the bucket width fb(ψr) = (ψ2 − ψ1)/2π as shown in figure 3.1. Most

importantly, we have that choosing ψr = π/2, which we had naively thought

of as an optimal solution, results in a vanishing bucket area and all electrons
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becoming detrapped. Hence a trade-off exists between the number of trapped

electrons and the rate at which trapped electrons lose energy. This is expressed

clearly by assuming the trapped electrons lose energy at the same rate as the

resonant particle
dγj
dz

= dγr
dz

, an approximation known as the resonant particle

approximation. In this approximation, and assuming the resonant phase ψr is a

constant, we can calculate an estimate for the efficiency η of a tapered FEL:

η(z) =
1

γ0

∣∣∣∣∣∑
i

γi(z)− γi,0

∣∣∣∣∣ ≈ ft
γ0

|γr(z)− γ0| = ft

∣∣∣∣∆γr(z)

γ0

∣∣∣∣ (3.11)

where ft is the fraction of trapped electrons which in general depends on the

size of the bucket, i.e. the input seed power, the undulator field and the resonant

phase. Different initial conditions for tapered FELs result in different trapping

fractions and different scaling of the output efficiency.

Keeping ft as general for the moment we can write the change in resonant

energy:

∆γr(z) ≈
∫ z

0

dγr
dz′

dz′ = −χ1K1,0

γ0

sinψr

∫ z

0

E(z′)dz′ (3.12)

where we assume for simplicity K/γ ≈ K1,0/γ0 which is a good approximation

for η∆K/K0 << 1. From eq. 3.3 we can calculate the radiation field evolution,

which in the 1-D limit with a constant resonant phase is linear in z:

E(z) ≈ E0 +
ftχ2K1,0

γ0

sinψrz (3.13)

Putting together eq. 3.11-3.13 we have an approximation for the efficiency:

η(z) =
χ1ft
γ0

(
K1,0

γ0

E0 sinψrz +
ftχ2

2

K2
1,0

γ2
0

sin2 ψrz
2

)
(3.14)

and with Prad(z) = P0 + η(z)Pbeam = P0 + η(z)(γ0I/χ1), after rearranging the

constants we get:
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Figure 3.2: (left) Efficiency scaling as a function of the resonant phase ψr given by the relation

η ∝ (ft sinψr)
2 where ft is the trapping fraction. The trapping fraction is assumed to be defined

by either the bucket width fb(ψr) or the bucket area α(ψr). (Right) Efficiency prediction from

theory (eq. 3.14) compared with 1-D simulations of a seeded tapered FEL at constant ψr.

The seed power is equal to the exponential saturation value, the tapering starts from z=0, the

undulator length is Nu = 103 and the relative energy spread is ρ/6. The theoretical estimate

agrees reasonably well with simulation, within < ±1% and < ± 5 degrees. The trapping fraction

agrees well with the bucket width from theory.

Prad(z) = P0 +

(
K1,0

γ0

)
ĪE0 sinψrz︸ ︷︷ ︸
P1

+
Z0

32πσ2
e

(
K1,0

γ0

)2 (
Ī sinψrz

)2

︸ ︷︷ ︸
P2

(3.15)

where we have defined the trapped particle current Ī ≡ ftI. Note that in

the absence of an input seed we recover the familiar scaling for coherent emission

from a bunched beam Prad(z) = P2(z) ∝ (Īz)2. This underscores how critically

important it is to achieve and maintain a large trapping fraction to increase the

output power in a tapered FEL. Note also that in the absence of a large input

seed (or for long undulator systems1) the quadratic term P2 is dominant and the

power scales according to Prad(ψr) ∝ (ft sinψr)
2.

1The quadratic term P2 dominates the radiation power scaling if the undulator length Lu

satisfies Lu >> 106 γ0
K1,0

σe[µm]
I[kA]

√
P [MW ]

sinψr

57



There are two limiting cases for the value of the trapping fraction at constant

resonant phase. The first occurs when there is a large input seed and/or a small

energy spread electron beam, for which the bucket height is much larger than

the energy spread. In this case the trapping fraction can be approximated by the

bucket width ft ≈ fb(ψr). Conversely, if the input seed is small and/or the electron

slice energy spread very large, then the electrons fill the bucket completely and

the trapping fraction can be approximated by the bucket area ft ≈ α(ψr). This

determines the optimal resonant phase for maximum energy extraction in both

cases to be at ψr ≈ 0.7 or ψr ≈ 0.4 respectively (see Fig. 3.2). We note that the

optimal resonant phases of ψr ≈ 0.4−0.7 in the cases where the trapping fraction is

given by the bucket area or bucket width were also obtained in Ref. [14]. Therein

it is claimed that the output efficiency is proportional to the product of ft sinψr

(ignoring the gain of the radiation field), whose maxima are at the same location

as our “high-gain” scaling η ∝ (ft sinψr)
2. We also note that the same power

estimate for a helical undulator is obtained by making the replacementsK1,0 → K0

(the rms undulator parameter at z = 0) and Z0/32 → Z0/8 in the quadratic

term P2. This underscores the benefit of the helical undulator for efficient energy

extraction as the helical geometry offers more than twice the decelerating gradient

for the same magnetic field strength.

From the scaling in eq. 3.15 we can also estimate the minimum length required

to achieve a TW-level X-ray FEL pulses from a tapered undulator using typical

electron beam parameters for X-ray FELs such as those at LCLS (see e.g. Table

5.1). The electron beam power at LCLS is Pbeam ∼ 10 TW with K0/γ0 ∼ 10−4

and σe ∼ 10µm which sets the efficiency requirement ηFEL ∼ 10% and the tapered

undulator length Lu ∼ 100m. One final remark related to the output power scaling

is the dependence of the output power on the electron beam size, Prad ∝ 1/σ2
e ∝

βεn, where εn is the normalized transverse emittance of the electron bunch and

β = λβ/2π is the beta function. The inverse proportionality between the power
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and the emittance/beta function suggests that increasing the output power can

be achieved by reducing the beta function and/or generating a brighter electron

beam with the same current and a smaller transverse emittance. While it is more

difficult in practice to reduce the emittance beyond state of the art values (e.g. ∼

0.4 µm at LCLS nominal operating conditions), the beta function can be reduced

by reducing the FODO length of the strong focusing lattice and increasing the

focusing strength of the quadrupole magnets. This is implemented in our advanced

gradient undulator design for tapered FELs which we discuss in section 3.4.2.1.

In summary the recipe for successfully choosing the taper profile from the 1-D

physics hinges on three key points:

• Capture as many electrons as possible at the start of the tapered section.

• Keep as many electrons as possible trapped in the decelerating bucket during

the tapered section (small ψr)

• Decelerate the trapped electrons as much as possible before the undulator

exit (large ψr)

An example of three simulation cases for a seeded tapered FEL with constant

ψr = 0, π/8, 7π/16 starting from exponential growth is given in Fig. 3.3-3.4. We

have chosen these values to illustrate how the balance between the total energy

loss of trapped particles and the number of particles trapped is a key trade-off

to consider when optimizing a tapered FEL amplifier. We underscore that in

our numerical example we have not explained the starting point of the taper

profile where the resonant phase jumps from zero to a constant value and the

undulator parameter starts decreasing. The choice for the taper start point is

usually optimized empirically and typically lies between 2 and 4 power gain lengths

before the saturation location, where the bunching fraction starts to increase

significantly and the electron beam starts to lose a significant amount of energy
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Figure 3.3: 1-D Simulation results for a seeded FEL amplifier with a tapered undulator at a

constant resonant phase of ψr = 0, π/8, 7, π/16. The undulator length is L/Lg = 50 and the

tapering starts at z0 = Lsat − 2Lg in all cases. The seed power is 100 times larger than the

equivalent shot noise power and the electron beam relative energy spread is δγ/γ0 = 10−4. (a)

Evolution of the radiation power in units of the electron beam power. The output power is

largest for the π/8 case and is very well approximated by the product of the trapping fraction

(85%) and the change in resonant energy (∆γr/γ0 = 19%). (b) Undulator taper profile for the

three cases. The resonant K changes faster with increasing resonant phase and consequently

the electron deceleration gradient (shown in (d)) is largest for ψr = 7π/16. (c) Fraction of

electrons trapped within the ponderomotive bucket (see Fig. 3.4). The ponderomotive bucket

size decreases with increasing resonant phase and consequently a small-large fraction of the

electrons detrap around the taper start point for ψr = π/8 − 7π/16. (e) Electron deceleration

gradient along the undulator. The larger ψr results in a larger (negative) gradient at the expense

of more particle detrapping.
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Figure 3.4: Evolution of the electron beam phase space in a seeded 1-D FEL amplifier simula-

tion with a tapered undulator at a constant resonant phase. The undulator length is L/Lg = 50

and the tapering starts at z0 = Lsat − 2Lg in all cases. The seed power is 100 times larger than

the equivalent shot noise power and the electron beam relative energy spread is 10−4. (a) For

ψr = 0 (no tapering) the electron beam relative energy loss δγ/γ0 ∼ 1.6ρ = 0.42% after which

there is no more resonant interaction and net gain for the radiation field. (b) With ψr = π/8

a majority of the electrons (86% see Fig. 3.3 (c)) are continually decelerated in a stable bucket

centered around π/8, the max energy loss is ∼ 18%, a factor of 35 larger than the untapered

case. (c) With ψr = 7π/16 a smaller fraction of the electrons (12 %) are continually decelerated

in a stable bucket with many electrons becoming detrapped at the start of the tapered section.

The max energy loss for the trapped particles is large ∼ 37%. As shown in Fig. 3.3 the output

radiation power is larger in case (b) than case (c), underscoring the importance of the trade-off

between electron detrapping and max energy loss.
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to the radiation field [44, 111]. The output power is largest in the ψr = π/8,

with a factor 2.6 enhancement compared to the ψr = 7π/16 case and a factor

40 compared to the untapered case. The evolution of the longitudinal phase

space clearly shows that this is due to the improved capture, despite the smaller

deceleration gradient, in the ψr = π/8 case compared to the ψr = 7π/16 case.

We note that while the constant ψr case is the simplest physical model for

determining the taper profile it is not necessarily be the optimal solution for

maximum output radiation power. A quick qualitative consideration reveals the

potential advantages of a z-dependent resonant phase. For example, at the start

of the tapered section the resonant phase must be kept sufficiently small to trap

as many electrons as possible. A slow increase in the resonant phase around

the location of exponential saturation can improve the electron trapping at the

start of the tapered section and can be optimized empirically depending on the

taper start point. In a second region, as the electric field grows and the bucket

area increases (Ab ∝
√
KEα(ψr)), the resonant phase can also be increased so

as to increase the rate of energy extraction without greatly reducing the bucket

area. Finally, towards the end of the undulator where electron trapping is not

as important, the resonant phase can be made to increase even more rapidly

extracting as much energy as possible out of the remaining electrons. This kind of

optimization, dividing the tapered undulator section into various regions in which

different physical processes are dominant, is the driving force behind the multi-

dimensional numerical algorithm we discuss in section 3.4. Before conducting the

tapering optimization we examine the impact of transverse effects on the electron

beam dynamics and radiation amplification.
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3.2 Three dimensional effects: optical guiding, transverse

electron distribution, energy spread

In our discussion of the physics of tapered FELs we have thus far neglected im-

portant three-dimensional effects: diffraction of the radiation, optical guiding,

transverse electron distribution, betatron motion and electron beam emittance.

The picture which emerges from the 1-D analysis is that with a sufficiently long

undulator and a judiciously chosen resonant phase Ψr(z) it is possible to con-

tinue extracting energy from the trapped electrons until they have lost most of

their energy to the radiation field. As we will see in the following section, this

result is too optimistic and has to be revised in light of three dimensional ef-

fects. We can examine the impact of a transverse variation of the radiation field

qualitatively by assuming the FEL pulse has a transversely Gaussian dependence

E(r, z) = E(0, z)e−r
2/rs(z)2 , from which we obtain the r-dependent resonant phase

sinψr(r, z) = sinψr(0, z)e
r2/rs(z)2 . Thus at any given point in the tapered section

of the undulator, electrons that are off-axis will have a larger deceleration gradient

but a smaller stable phase space area, leading to detrapping and loss of amplifi-

cation of the signal. At each z position there is a radial value r = rmax at which

sinψr(r, z) = π/2 and beyond which total detrapping occurs:

rmax(z) =

√
rs(z)2

ln [sinψr(0, z)]
(3.16)

To qualitatively analyze the effects of the electron beam distribution we sup-

pose the beam current also has a transverse Gaussian dependence I(r) = I0e
−r2/r2e

then we can write the r-dependent growth rate for the radiation field which de-

pends on the ratio of the electron beam and radiation size r̄ ≡ re/rs. In the
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resonant particle approximation 〈sinψ〉 ≈ sinψr and we can write:

dE(r, z)

dz
= χ2K1

〈
sinψr(0, z)

γ

〉
︸ ︷︷ ︸

=
dE(0,z)

dz

e−a(r̄)r2 (3.17)

where a(r̄) =
(
r̄2−1
r̄2

)
from which we can conclude that the growth rate of the

field is smaller at larger r compared to the growth rate on-axis, damped by the

exponential factor e−a(r̄)r2 . The limiting cases are for large diffraction (a(r̄)→∞)

which gives dE
dz
→ 0 for r > 0 and for the electron beam size matched to the

radiation (a(r̄) → 1) which gives dE
dz
→ dE(0,z)

dz
for r > 0. Thus in combination

with the enhanced detrapping and a slower growth rate of the field at larger r,

the radiation diffraction which increases rs(z), will reduce the field amplitude

even further and will tend to cause an erosion of the edge of the beam as the

stable bucket area becomes smaller and progressive detrapping occurs [65]. In

the next section we examine how we can counter the effect of diffraction by using

the electron beam to guide the radiation in the tapered section of the undulator.

Later we return to the issue of electron beam transverse distribution shaping.

3.2.1 Optical Guiding

Optical guiding is the process whereby the interaction of radiation with the elec-

tron beam refracts the radiation towards the electron beam [107]. We start our

analysis of optical guiding by examining eq. 3.4 for the evolution of the radiation

field phase φ(z). Combining this with the equation for the amplitude evolution

3.3 we obtain the expression:

δk =
dφ

dz
=
E ′(z)

E(z)

〈cosψ/γ〉
〈sinψ/γ〉

(3.18)

which in the SVA approximation E ′(z)/E(z) << ku implies that δk/ku << 1.

This justifies the neglect of the phase shift δk in calculating the electron energy
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loss and phase variation. As we have shown in the numerical example from Fig.

3.4-3.3, in the tapered section of the undulator the electrons tend to bunch around

the resonant phase 0 < ψr < π/2 implying that 〈cosψ/γ〉
〈sinψ/γ〉 > 0. Hence as long as

the radiation field is growing we have δk > 0. This effect results in the electron

beam guiding the radiation pulse as it propagates through the undulator and is

known as optical guiding or refractive guiding [65, 91, 107]. We can provide a more

quantitative analysis of how much optical guiding can curb the negative effects of

diffraction by modeling the electron beam as an optical fiber with fixed radius σe

and complex index of refraction n. The real and imaginary parts of the refractive

index can be identified with the change in amplitude and phase of the radiation

field:

< (n)− 1 =
1

k

dφ

dz
=
χ2

k

K1

E

〈
cosψ

γ

〉
(3.19)

= (n) = − 1

kE

dE

dz
=
χ2

k

K1

E

〈
sinψ

γ

〉
(3.20)

→ n = 1 +
χ2

k

K1

E

〈
eiψ

γ

〉
(3.21)

thus since n ∝
〈
eiψ
〉
, in order to reduce the impact of diffraction and maintain

the optical guiding it is important to maintain a large bunching factor throughout

the tapered section of the undulator. A useful parameter which gives a measure

of the strength of refractive guiding is the fiber parameter :

V 2 = k2σ2
e(n

2 − 1) (3.22)

which is of order 1 or greater when strong refractive guiding is occuring.

In the tapered section of the undulator, after exponential gain has saturated,
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we have that =(n) << 1 and the fiber parameter is approximately given by

V 2(z) ≈ 2 (< (n)− 1) k2r2
e = 2χ2K1

<γ>
kr2e
E
〈cosψ〉. Since the fiber parameter is in-

versely proportional to the electric field, we can use it to predict an asymptotic

value for the field growth after which refractive guiding ceases to have a strong

effect, the radiation diffracts strongly and the radiation field stops growing. This

point is chosen somewhat empirically to be V 2 = 1 [62]. Assuming K1(z)
〈γ(z)〉 ≈

K1,0

γ0

and 〈cosψ〉 = cosψr the cutoff value for the electric field is then [42]:

Emax ≈
K1,0

γ0

2χ2kσ
2
e

cosψr
→ Pmax ≈

2Z0

π

(
K1,0

γ0

)2(
Īkσe
cosψr

)2

(3.23)

where Ī again is the trapped particle current Ī = ftI. This cutoff field has been

compared with numerical results from simulation and is found to be in reasonably

good agreement with results for FELs operating at both IR and X-ray wavelengths

[42, 62] and is also in reasonably good agreement with the numerical examples

shown in sections 3.4.1-3.4.2.1. We note that this observation is in stark contrast

with the 1-D theory which predicts a steady growth of the electric field as long

as the trapped electrons continue to be decelerated. We can also estimate the

distance along the tapered section after which this “field saturation” occurs as:

Lcutoff ≈
Emax − Esat〈

dE
dz

〉 (3.24)

where
〈
dE
dz

〉
is the average increase in the E-field during this section. These

considerations will inform the multi-dimensional optimization algorithm described

in section 3.4. To examine more than just the asymptotic behavior of the electric

field we must examine the evolution of the radiation size along the tapered un-

dulator. This can be written in terms of an envelope equation for the beam size

σs(z) [113]:

σ′′s + κ2σs = 0 (3.25)
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where the focusing strength κ can be written in terms of the fiber parameter

V 2 and G(z) = (1− f)/(1 + f)2 where f is the filling factor f = (σe/σs)
2:

κ2 =
4

k2σ4
s

[
V 2G− 1 +

(
V 2G

2

)2 〈sinψ〉
〈cosψ〉

+
k2σ4

s

4

(
d(V 2G/ 〈cosψ〉)

dz

)
〈sinψ〉

]
(3.26)

for guiding it is therefore important to not only have a large value of the

fiber parameter V 2, but also a non-zero value of the parameter G. The above

considerations will form a basis for the optimization of the electron beam focusing

in a tapered FEL, which can enhance the extraction efficiency in addition to

tapering the undulator magnetic field.

3.3 Time dependent effects: synchrotron oscillations, side-

band instability

In our discussion of the dynamics of tapered FELs we have thus far ignored the

effects of time dependent phenomena due to the finite temporal extent of the

electron current distribution and the radiation field. The importance of time

dependent effects in the 1-D theory of SASE FELs was discussed in section 2.4.1

where we determined that the shot noise in the electron beam current distribution

can act as a seed for the FEL instability. In section 2.4.3 we had discussed how

the shot noise components of the electron beam current distribution can cause a

broadening of the bandwidth for self-seeded FELs and how this sets a requirement

on the minimum seed power for a seeded FEL, it must exceed the shot noise

power by an ample margin for the amplification process to preserve the narrow

bandwidth of the seed radiation.

As mentioned in section 2.4, a seeded FEL has advantages over a SASE FEL

when it comes to high extraction efficiency via undulator tapering. The advantage
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becomes clear when one examines the temporal structure of the SASE radiation

pulse as being made up of several spikes with typical width on the order of one

coherence length (see Fig. 2.5). This variation in the radiation field intensity

causes a variation on the local resonant phase, and thus the deceleration gradient

and energy loss is different at different locations along the bunch. As the tapered

FEL relies on matching the electron energy loss to the ponderomotive gradient,

the spiky properties of a SASE FEL prohibit one from matching the energy loss

for every electron along the bunch and thus result in local detrapping and a loss of

efficiency (η ∝ f 2
t in the 1-D limit). The narrow bandwidth radiation of a seeded

FEL from an ideal monochromatic seed presents a temporally flat radiation pulse,

and thus a constant value of the resonant phase, reducing the problem of local

detrapping.

Despite this advantageous feature of seeded tapered FELs, time dependent

effects in the post-saturation regime can still cause the amplification of undesired

frequencies which can perturb the dynamics of the electron motion and disrupt the

gain of the fundamental. One of the time dependent effects that is most deleterious

to the tapered FEL performance is the synchrotron sideband instability. In the

following sections we describe the causes of the sideband instability and show

its effects on the optimization of high efficiency tapered FELs. We discuss some

ways to deter the growth of the sideband instability and present specific numerical

examples of sideband reduction via dedicated time dependent optimizations of the

undulator taper profile.

3.3.1 Synchrotron sideband instability

The mechanism of sideband generation and amplification in free electron lasers

can be summarized as follows [65, 93, 66, 101, 55, 100, 51]. First, sidebands are

generated due to amplitude and phase modulations of the electric field which

result from the trapped particles undergoing multiple synchrotron oscillations as
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they pass through the tapered section of the undulator. The electrons can be seen

to undergo synchrotron oscillations in the 1-D simulation cases shown in fig. 3.4.

This amplitude and phase shift of the radiation is manifest if we write the 1-D

FEL equations with time-dependent current and resonant phase:

dE(t, z)

dz
= χ2(t)K1

〈
sinψ(t, z)

γ(t, z)

〉
dφ(t, z)

dz
=
χ2(t)K1

E(t, z)

〈
cosψ(t, z)

γ(t, z)

〉
(3.27)

where t is the intra-bunch time co-ordinate and χ2(t) depends on time due to

the shot noise in the electron beam current I(t). It is clear from these that as the

electrons oscillate in the longitudinal phase space (ψ, γ) the gain and the phase

shift of the radiation field will be different at different locations in the undulator

and, due to shot noise in the electron beam, at different locations along the bunch.

This results in a temporal modulation of the radiation amplitude and phase giving

rise to sidebands displaced from the central wavelength. The resonance between

sideband radiation frequencies and the electron synchrotron motion gives rise to

the synchrotron sidebands displaced from the central wavelength by an amount

∆λ/λr = λu/Ls (see appendix A for derivation) where Ls is the synchrotron

period which for particles executing small amplitude oscillations δ = ψ − ψr with

sinψ − sinψr ≈ δ cosψr is given by:

Ls =

√
γr

2χ1K1E cosψr
(3.28)

For typical XFEL set-ups such as the ones we discuss in this text we have

Ls ∼ O(1 − 10) m, which gives ∆λ/λr ∼ O(10−3 − 10−2). This is evidenced in

the 1-D simulations of Fig. 3.5 where ∆λ/λr = 9 × 10−3 and in Fig. 3.7 (e)

for the LCLS-II like XFEL where the spectra exhibit sidebands at ∆λ/ρλr ∼ 3

with ρ = 7.3 × 10−4. We note that since the resonance between the electron

synchrotron motion and the ponderomotive wave is what causes the net energy

transfer to the sidebands, we expect the sideband gain to be small in the regions in
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Figure 3.5: Output spectra for a seeded tapered XFEL via 1-D time dependent simulations

at constant resonant phase. The seed power is 100 times the noise power and the undulator

is Nu = 1.5 × 103 in length. (Right) Sideband growth length Lgr assuming Ps ∝ ez/Lgr for

different values of the resonant phase.

which the electric field, and thus the synchrotron frequency, are changing rapidly.

For this reason in the original literature [65, 66] it was thought that high gain FEL

amplifiers (as opposed to the low gain FEL oscillators) would be able to avoid the

sideband problem due to the rapidly increasing radiation field in the tapered region

causing a rapidly changing synchrotron frequency. Furthermore, a large seed

power in an FEL amplifier can offer a significant “head-start” for the fundamental

compared to the sidebands which starts from noise [66]. An example of natural

sideband suppression in a tapered FEL is shown in Fig. 3.5 via 1-D time dependent

simulations at a constant resonant phase using typical XFEL parameters with

λu/Ls = 0.25 − 1 × 10−2 from the start of the tapered section to the undulator

exit. The sideband growth rate falls rapidly with increasing resonant phase, as

the electric field growth inhibits the resonant interaction between synchrotron

oscillation and sideband frequencies. As we continue to increase the resonant

phase (ψr → π/4) the sideband growth rate approaches zero and the power is

amplified in the fundamental alone.

While this natural sideband suppression is a welcome feature of 1-D theory,

as we have discussed in the previous section, diffraction effects in tapered FELs

cause the electric field growth to slow down and eventually saturate due to re-
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duced optical guiding. Because of this the onset of sideband-induced detrapping

is coupled to the limits on the electric field growth set by the reduction in guiding.

As the electric field approaches its asymptotic value we expect the effect of the

sidebands to be more pronounced and more significant detrapping to occur as a

result. Eventually this process can lead to a second saturation of the tapered FEL

power, as shown for example in Fig. 3.7 (a). To this end it is important to ana-

lyze the relative gain of the sideband frequency with respect to the fundamental.

Ignoring for the moment the effects of guiding on the synchrotron motion we can

model the combined fundamental plus sideband potential as a two frequency sys-

tem and write the relative gain G of the sideband with respect to the fundamental

for an electron distribution which uniformly fills the bucket:

G =
λ|K(λ)|2

4 sinψrJmax
(3.29)

where the parameters are taken from Ref. [65] and a simplified derivation is

given in appendix A. The sideband amplitude will grow from noise for any realistic

electron distribution [66, 101]. Once the sidebands are generated the electron

oscillations are driven by a multi-frequency ponderomotive potential, modifying

their trajectory in phase space as they traverse the undulator. When the strength

of the sidebands exceeds a critical level, electron motion becomes chaotic, leading

to severe particle detrapping and a loss of amplification of the FEL signal [100].

Therefore suppressing the sideband instability remains one of the the key issues for

tapered FEL designs, particularly those which are multiple synchrotron periods

in length [93]. This kind of scaling G ∝ 1
sinψr

reveals that the sideband gain is

smaller for a larger resonant phase (see Fig. 3.5). This is in contrast to the bucket

area which scales as 1−sinψr

1+sinψr
and is decreasing for larger ψr. Thus we must take into

account the trade-off this imposes between large bucket size and small sideband

growth rate. This effect as mentioned above is primarily of importance around

the location of electric field saturation where the nearly constant synchrotron
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frequency satisfies the resonance condition for the sideband amplitude to grow.

Having identified the main scaling laws and regions in which the sideband

instability becomes most severe, we perform in section 3.4.2.1 the first detailed

comparison of time independent and time dependent optimization for a TW-level

X-ray FEL using the method presented in section 3.4. Therein we show that

the solution obtained for the optimal taper profile in time independent simula-

tions does not yield the maximum extraction efficiency when fully time dependent

physics is included in the dynamics of the electron beam and radiation field sys-

tem. We also analyze the FEL interaction upstream of the tapered undulator and

highlight the importance of the trade-off between input seed power and energy

spread in a tapered self-seeded system.

3.4 Multi-dimensional optimization of tapered X-ray FELs

The multi-dimensional optimization of a tapered X-ray FEL first developed in Ref.

[62] is a numerical algorithm which determines the optimal functional form for the

undulator magnetic field variation K(z) via a sequence of 3-D FEL simulations

using the well established simulation code GENESIS 1.3 [96]. The simulation

code numerically solves the longitudinal and transverse equations of motion for

the electron beam while self-consistently solving the driven paraxial wave equation

for the radiation field discretized on a 2-D Cartesian grid. In the time-domain, the

radiation field is discretized in temporal slices which are propagated in the forward

direction by one radiation wavelength every undulator period. This slippage of the

radiation is responsible for the parasitic time-dependent effects of the sideband

instability which we discussed in greater detail in section 3.3. For optimization

purposes the undulator parameter is written in a functional form:

K(z) = K0 ×
[
1− c(z − z0)d

]
(3.30)
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where K0 is the initial undulator parameter and c, d, z0 are the taper ratio,

order and start point which are optimization parameters to be scanned over in

simulation. The taper ratio is related to the total change in the undulator field

c = ∆K/K
(Lu−z0)d

and depends on the sensitive interplay between electron deceleration

and particle detrapping. The taper order d is typically found to be around 2.

Physically this follows from the fact that in the tapered region of the undulator

the dominant amplification process is coherent emission, thus the growth of the

field is approximately linear (as predicted by eq. 3.13 in the 1-D theory) and the

undulator field must decrease quadratically to preserve the resonance condition.

The parameter z0, as mentioned previously, is typically around 2-4 gain lengths

before initial saturation and depends on the initial electron capture rate. In

addition to tapering the undulator field, the undulator quadrupole strengths Kq

and thus the electron beam size are varied along the undulator as:

Kq(z) =


Kq(z1), if 0 < z < z1

Kq(z1)× [1− f(z − z1)] , if z1 < z < z2

Kq(z2)× [1− g(z − z2)] , if z2 < z < Lu

(3.31)

where z1 is the quad gradient variation start point, usually around the expo-

nential saturation location; the parameters f and g determine the strength of the

quad gradient variation. The 3-segment variation results from the above consider-

ations on optical guiding. The first section is 0 < z < z1 is the exponential growth

section for which a fixed quad gradient with a matched electron beam optimized

performance. The second section is the strong optical guiding section which lasts

approximately until Lcutoff and in which the parameter f is typically positive in

order to allow the electron beam to expand and match the expansion of the ra-

diation envelope due to diffraction. The third section lasts from Lcutoff until the

end of the undulator and typically involves a negative value for the parameter g.

This results in a reduction in the electron beam radius and effective increase in
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current density which boosts the radiation power at the expense of reduced trap-

ping which is no longer as important at the end of the undulator. We note that

while the tapered quadrupole focusing increases the output power compared to a

constant focusing strength the effect is rather small ∼ 10% for long undulators at

hard X-rays [62].

3.4.1 Numerical example: TW level X-ray FEL by transverse electron

distribution shaping

We now apply the above optimization strategies to a specific numerical example

of a 200-m, self seeded hard X-ray tapered FEL corresponding to a parameter set

similar to the Linac Coherent Light Souce II (LCLS-II) upgrade project underway

at the SLAC National Accelerator Laboratory (see table 3.1). Note that since

we are considering both planar and helical undulators we define the tapering in

terms of the RMS undulator parameter aw in both cases 2. In our analysis we

investigate the effects of using transversely parabolic and transversely uniform

electron distributions. Manipulating the transverse distribution can increase the

trapping fraction which can be written in terms of beam distribution function

f0(r) and the maximum trapping radius rmax:

Ft(z) =
1

Ne

∫ rmax

0

Ft(r, z)f0(r)2πrdr (3.32)

We expect the more uniform transverse current profiles to increase the effi-

ciency by reducing electron detrapping from the long radial tails of the Gaussian

profile. The simulation results are compared to the Gaussian beam case in both

single frequency and time dependent simulations using the fully three dimensional

FEL particle code GENESIS. We determine the extraction efficiency for each case

and examine the electron longitudinal phase space distribution and the evolution

2The rms undulator parameter aw is given by aw = K/
√

2 for a planar undulator and aw = K
for a helical undulator.
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Parameter Name Parameter Value

Electron Beam Energy E0 13.64 GeV

Electron Beam Peak Current Ipk 4000 A

Normalized Emittances εx,n/εy,n 0.3/0.3 µ m rad

Peak radiation power input Pin 5 MW

Undulator Period λw 32 mm

RMS Undulator Parameter aw 2.3832

Radiation Wavelength λr 1.5 Å

FEL parameter ρ 7.361 ×10−4

Table 3.1: 3-D FEL simulation parameters for LCLS-II tapering optimization from Ref. [33]

of the trapping fraction as a function of undulator distance. We then discuss the

impact of time dependent effects by presenting results from multiple frequency

simulations and examining the change in maximum output power, bunching and

radiation size as well as the spectral properties of the radiation for all three elec-

tron transverse distributions. Finally we study the transverse coherence properties

of the output radiation from the optimized tapered X-FEL and compare them to

the requirements necessary for coherent X-ray diffraction imaging applications.

After performing the multidimensional optimization, the taper profiles ob-

tained for the three different transverse distributions are shown in figure 3.6.

The corresponding evolution of the radiation field, power and electron beam mi-

crobunching is illustrated in figure 3.6 for the three different transverse distribu-

tions. The main result is an increase in the bunching factor for the parabolic and

uniform distributions as compared to the Gaussian (Fig. 3.6 (d)). The is indica-

tive of a larger trapping fraction and consequently greater output power. Such an

effect is however only marginally observed in single frequency simulations with the

Gaussian beam achieving Pmax = 2.65 TW compared to Pmax = 2.76 TW for the
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Figure 3.6: 3-D single-frequency simulation results from the tapering optimization of a 200m-

long LCLS-II like X-ray FEL for three different transverse electron distributions. (a) Undulator

field variation (b) Quadrupole gradient variation (c) Radiation power (d) Bunching factor (c)

Electric field (f) Electron beam and radiation beam sizes. The extraction efficiency is 5− 5.5%

in all cases. Saturation of the electric field due to reduction in gain guiding is delayed for the

uniform distribution compared to the parabolic and the Gaussian. The bunching factor and

hence the particle trapping is larger for the uniform and parabolic distribution compared to the

Gaussian, leading to slightly larger output power.
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parabolic case and Pmax = 3.03 TW for the uniform case. What is also apparent

from figure 3.6 is that the radiation size is virtually unaffected by changing the

transverse beam distribution, thus the enhancement in optical guiding due to the

flatter transverse current profile is not observed to contribute significantly when

time dependent effects are not included. As expected, the increased coupling

between the electron beam and radiation field for a helical undulator geometry

responds more favorably to the tapering optimization for all three transverse dis-

tributions, reaching maximum output power over 4 TW (see Ref. [33]).

Using the optimal undulator parameters found via the time independent sim-

ulations, we performed time dependent simulations of the three transverse dis-

tributions. We analyse how time dependent effects exacerbate the impact of the

transverse electron distribution on the FEL evolution and output power. The

time dependent simulation results are illustrated in figure 3.7. From these we

notice that the uniform and parabolic distributions exhibit a steady growth in

output power, and a slow decrease in the bunching factor throughout the tapered

undulator. On the other hand the transversely Gaussian beam suffers a signficant

reduction in the bunching and power as well as an increased diffraction of the

radiation leading to an early saturation of the power, a result previously reported

in Ref. [62]. For the three different distributions the trapping fraction is dis-

played in figure 6 and the corresponding longitudinal phase space evolution for

the Gaussian beam is shown in figure 7. The data shows significant detrapping

for the Gaussian case after z = 120 m which is consistent with the growth in the

radiation size due to reduction in guiding observed in figure 3.7. The parabolic

and uniform distributions maintain an improved trapping and guiding and this

sustains the growth in output power allowing them both to reach over 2 TW of

power at the undulator exit.

Contributing to this disparity in peak output power and bunching factor are

the detrimental effects of the sideband instability which are coupled to the ra-

77



— Gaussian 
— Parabolic 
— Uniform

(a)

(d)

(g) (h) (i)

(e) (f)

(b) (c)

Figure 3.7: 3-D time dependent simulations from the tapering optimization of an LCLS-II like

X-ray FEL. (a) Radiation Power (b) Bunching Factor (c) Radiation size (d) Trapping fraction for

the time independent (solid) and time-dependent (dashed) cases (c) Radiation power spectrum

(f) Peak radiation power as a function of resonant wavelength (g)-(i) Electron beam longitudinal

phase space at z=50,120,180 m respectively for the transversely Gaussian case. The Gaussian

case exhibits larger detrapping, more pronounced diffraction and as a consequence an early

saturation of the output power. This is cause by both the reduction in optical guiding due to

the long transverse tails of the current distribution and the detrimental effects of the increased

sideband amplitude compared to the parabolic and uniform cases.

78



diation guiding that depends on the transverse electron distribution. Electrons

detrap more easily from the radial tails of the Gaussian when scattering off radia-

tion produced in the sidebands (see Fig. 3.7, (d)). The flatter transverse profiles of

the parabolic and uniform distributions mitigate more effectively the power losses

and energy deposited in the sidebands than the transversely Gaussian beam. Ev-

idence for this is shown in figure 3.7 where observation of the spectrum shows

the Gaussian profile exhibits broader sidebands than the parabolic and uniform

distributions. Integrating the power deposited in the sidebands we see a reduc-

tion in sideband energy of 61% for the parabolic case and 72% for the uniform

beam as compared to the Gaussian. As is shown in figure 3.7 this effect, along

with particle detrapping, results in a sizeable difference in power output between

the three transverse distributions with Pmax = 1.56 TW for the Gaussian beam,

Pmax = 2.26 TW for the parabolic beam and Pmax = 2.63 TW for the uniform

beam. It is also important to note that using the optimized taper profiles for each

electron distribution the extraction efficiency reaches values between η = 2.75%

and η = 4.83%, an order of magnitude improvement compared to state of the art

X-FELs such as the LCLS.

In our optimization we also examined the effect of maximizing the output

power by detuning the central wavelength of the electron beam with respect to

the resonant wavelength λr. By examining the 1-D FEL equations written in

terms of the collective variables (eq. 2.53) we determine that the growth rate of

the field =[µ] is a function of the detuning from resonance δ = (λ − λr)/2ρλr.

We can include the 3-D effect of optical guiding in the 1-D theory by adding a

transverse gradient term to the field equation and obtain a modified dispersion

relation for µ [82]:

µ3 −
(

1− δ

2ρkuZR
µ2

)
+ 1 = 0 (3.33)

where ZR = πw2
0/λr = 2πσ2

0/λr is the Rayleigh range of the radiation for a
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Figure 3.8: Modulus of the radiation complex coherence factor at the undulator exit. Re-

sults are shown for Gaussian (left), parabolic (center) and uniform (right) transverse electron

distributions. In all three cases the coherence area is much larger than the beam spot size, a

requirement for using the output radiation for coherent X-ray scattering experiments.

beam of transverse rms size σ0 at the waist. The 1-D estimate for the maximal

growth rate taking into account optical guiding is then δ
(1−D)
max = 1/2ρkuZR which

using the value of σ0 = 15.5µm employed in the simulation yields δ
(1−D)
max = 0.335ρ.

While this is estimate is strictly valid in the exponential gain regime, we compare

the result with detuned simulations for our optimized taper profiles in Fig. 3.7 (f).

While this value is in good agreement with the uniform and parabolic results it is

off by approximately a factor of 2 for the Gaussian case. The discrepancy can be

understood by realizing that the increased diffraction for the Gaussian case results

in a shorter Rayleigh range. Thus the maximum power is expected to occur at a

larger detuning when compared with the uniform and parabolic distributions.

While the peak power is the target variable in the tapering optimization algo-

rithm it is essential for application in coherent X-ray imaging that the radiation

beam also have a high degree of spatial and temporal coherence. Good temporal

coherence is achieved via self-seeding as described in section 2.4.3. We quantify

the degree of transverse coherence by calculating the modulus of the coherence

function and the coherence area at the undulator exit as described in section

2.2.1. The results for the three distribution are shown in Fig. 3.8. The calcu-
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lated coherence area Ac in all cases is O(10−1)mm2 while the radiation spot-size is

O(10−3)mm2 confirming that the output pulse can be used for diffraction imaging

applications.

By extending the analysis of tapering optimization schemes to different trans-

verse electron distributions we have determined that for long undulator systems,

the FEL efficiency is limited primarily by the interplay between time dependent

and transverse effects. A fully time-dependent optimization is required to shed

light on these phenomena which is not captured in the analysis presented above.

We present such a time dependent optimization in the following section. The op-

timization is performed for an undulator system specially designed to achieve the

highest peak output power in the shortest distance, resulting in multi-TW peak

power pulses in a 100 m undulator.

3.4.2 Numerical example: Multi-TW X-ray FEL with an advanced

gradient undulator

3.4.2.1 Advanced Gradient Undulator Design

We study the optimization problem for a superconducting, 2 cm period helical

undulator with built-in focusing, which we name an Advanced Gradient Undu-

lator (AGU) [30]. This novel AGU undulator design is optimized for maximum

efficiency, reduction of intramodule undulator length, strong transverse focusing,

short gain length and minimum total undulator length. While we do not intend

to present a full engineering design of the undulator in this thesis, feasibility con-

siderations are made with regard to realizing such an undulator in practice. We

apply the tapering optimization method to the AGU design in order to specif-

ically achieve TW power x-ray pulses in the shortest possible undulator length.

Our ideal undulator is superconducting, with a peak on axis field B0 of 1.6 T. For

a double helix bifilar magnet with equal and opposite currents this field is given
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by

B0 =
4kuI

105
[kuaK0(kua) +K1(kua)] (3.34)

where B0 is the field in Tesla, I is the current in Ampre, ku = 2π/λu is the

undulator wave number, a is the helix radius and K0 and K1 are modified Bessel

functions. For a helical bore radius a = 7.5 mm the total current required through

the coils is I = 48.4 kA. From the point of view of operation a superconducting

undulator has advantages such as resistance to radiation damage and reduced sen-

sitivity to wakefields, for a more detailed description see Ref. [37]. The undulator

is designed to be helically polarized as this increases the effect of refractive guiding

in the post-saturation regime and improves the FEL performance [92].

In order to accomodate diagnostics a realistic undulator design must include

periodic break sections, with longer breaks adversely affecting performance. This

is due essentially to three effects. Firstly, since there is no guiding during the break

sections, the radiation size increases, reducing the field amplitude, causing particle

detrapping and limiting the extraction efficiency. Secondly, a break of length

Lb introduces a phase error ∆ψ ∼ Lbδ/γ
2 = 2nλrη for a particle with relative

energy offset η = δγ/γr with respect to the resonant particle. Thus longer break

sections increase electron phase mixing and reduce the bunching factor. Finally as

a practical consideration, for a given total undulator length, longer break sections

reduce the length of magnetic elements, limiting the electron deceleration and

over-all extraction efficiency. To minimize the break length we superimpose the

focusing quadrupole field on the helical undulator field, similar to the design

successfully tested in Ref. [81]. One advantage of distributed quadrupole focusing

is the possibility of operating at small betatron beta function, due to the reduced

FODO lattice length Lf . This minimizes the transverse beam envelope oscillation

∆β2/β2
av = βavLf/(β

2
av − L2

f ) which also degrades the FEL performance [98]. In

our study the undulator magnetic field is tapered continuously and the section
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length is chosen to be 1 m, close to the 3-D gain length with 20 cm breaks in

between. We note that since practically it is easier to design a stepwise taper

profile, in our design with short section lengths on the order of a gain length, the

stepwise taper profile does not critically affect the performance (less than 10 %

difference in output power for the optimized cases), as discussed in detail in Ref.

[29].

Although this kind of undulator has never been constructed in the past, the pa-

rameters presented in this design are similar to what was considered for an LCLS-

II-like planar superconducting undulator with the addition of built in quadrupole

focusing [37]. Integrating quadrupoles in the design presents several technical

challenges. For example it sets more stringent requirement on alignment toler-

ances. A full engineering and tolerance study of this undulator is needed before

we can be confident that it is a feasible option for future high efficiency X-ray

FEL facilities.

3.4.2.2 Tapering optimization for a self-seeded AGU

We begin the tapering optimization by considering the SASE section of a two-

stage self-seeded amplifier schematically shown in Fig. 2.4 (b). The parameters

of the beam and undulator are shown in table 3.2. In our study we consider

generating a monochromatic seed pulse using self-seeding design based on a single

crystal monochromator, similar to what is currently installed at LCLS [3]. We

assume that the tapered section follows a self-seeding chicane which completely

eliminates the beam microbunching. We therefore start the seeded simulation

section assuming the electron beam phase space can be described by a Gaussian

slice energy spread distribution and no current modulations. This assumption

in effect neglects the residual long wavelengths density modulation which is left

over at wavelengths on the order of krσz ∼ O(10) radiation wavelengths. For

example at a typical momentum compaction factor of R56 ∼ 10µm and an RMS
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Table 3.2: GENESIS Simulation Parameters for the AGU tapering optimization

Parameter Name Parameter Value

Beam Energy 12.975 GeV

Peak Current 4000 A

Normalized Emittances 0.3/0.3 µm·rad

Average beta function 5 m

RMS Energy Spread 10−4

Bunch Length 24 fs

Seed radiation power 5-25 MW

Radiation Wavelength 1.5 Å

Rayleigh Length 10 m

Undulator Period 2 cm

Undulator Parameter 3

Quadrupole Focusing Strength 26.4 T/m

Undulator Section Length 1 m

Undulator Break Length 20 cm

FEL parameter 1.154 ×10−3

3-D Gain Length 1.2 m
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energy spread of δγ/γ0 ∼ 10−4 the density modulations will be strongly smeared

out on the scale of krσz ∼ 50 radiation wavelengths. The synchrotron sideband

modulation however is on the order of λr/4ρ ∼ 250λr and any modulation which is

present may act as a seed for the sideband instability. This situation was described

in more detail in Ref. [41].

The energy spread at the start of the tapered section is determined by the

SASE FEL process, spontaneous emission losses in the SASE section and the

laser heater induced energy spread set to suppress the microbunching instability

[103, 57]. We perform a simulation of the SASE section assuming an initial RMS

energy spread due to the linac of δγ/γ0 = 10−4. For effective seeding, the radiation

power must exceed the electron beam shot noise power eq.2.65 [53, 50], which in

our case evaluates to 23 kW. We therefore decide to start the seeded section in our

baseline case with 5 MW of power, which requires 1 GW of SASE power incident

on the monochromator given a SASE-seed transmission efficiency of 0.5 % as in the

LCLS [3]. This sets the length of the SASE section LSASE = 13.4 m and the input

energy spread σE = 3.1 MeV. As pointed out in Ref. [3] and described in section

2.4.3, in practice there is a trade-off between seed power and energy spread at

the start of the seeded section. To analyze how this trade-off impacts the tapered

FEL performance we study different cases for input seed powers of 5 MW and 25

MW and energy spreads of σE = 3.1 MeV and σE = 1.5 MeV. The two cases with

1.5 MeV energy spread are representative of a fresh bunch configuration in which

the beam lasing in the seeded section accumulates no additional energy spread

in the SASE section. Methods for achieving such a configuration are mentioned

below and described further in Chapter 4.

We first obtain the optimal taper profile, maximizing the output power for

a fixed 100 m undulator length in time independent simulations using the three

dimensional FEL particle code GENESIS [96]. The simulation parameters are

given in Table 3.2 and are all performed for a transversely flat electron beam dis-
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Figure 3.9: (a) SASE power and energy spread upstream of the self-seeding chicane in the

AGU system schematically shown in (b) Schematic of the self-seeded AGU simulation set-up

(c)-(d) Time independent and time dependent optimization of the taper profile for a 5 MW,

3.1 MeV energy spread case starting from z = 0 after the monochromator. The bunching

factor and output power are also shown for the time independent case (blue), and the same

taper with time dependent effects (red). The green curves are obtained by dedicated time

dependent optimization of the taper profile and show greater bunching and a 1 TW increase in

output power. (e)-(f) The same optimization as (c)-(d) but with a 5 MW seed and a 1.5 MeV

energy spread. The smaller energy spread increases the bunching, guiding, electron trapping

and consdequently the output power to ∼ 4.5 TW, delaying the taper saturation compared to

case (c)-(d).
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Figure 3.10: Resonant phase (left) and on-axis electric field (right) with 1.5 MeV and energy

spread and 2 different seed powers. The 5MW optimized and not optimized cases are the same as

those in Fig. 3.9 (c)-(d). The 5 MW case clearly shows sensitive dependence to time dependent

effects, where the resonant phase increases to 90 degrees and the electric field saturates between

z=70-80 m. The 25 MW seed power case represents a fresh bunch configuration and maintains

the electric field growth for longer which results in the smallest sideband growth (see Fig.3.11)

tribution as this maximises the output power, as described in section 3.4.1. The

optimal taper profile obtained from time independent optimization is shown in

Fig. 3.9. The tapering order is approximately quadratic, which follows qualita-

tively from the fact that in time independent simulations the bunching factor and

trapping fraction remain nearly constant in the tapered section, and the dominant

radiative process is coherent emission. The peak output power is 7.3 TW with an

extraction efficiency of 14 %. It is important to note that there is little sign of the

taper power saturating in the time independent case, which is not the case when

time dependent effects are included.

Using the optimal taper starting point obtained from time independent sim-

ulations, we perform time dependent scans over the taper order d and the taper

strength ∆aw/aw = c × (Lw − z0)d. The values of the taper order and taper

strength yielding the maximum power in time independent simulations are not

the optimal choice of parameters once time dependent effects are included. The

variation in peak power is more sensitive to variations in the taper profile in the

time dependent cases (see Fig. 3.9). The optimal taper order is weaker than
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quadratic, and is reduced compared to the time independent case. This is due to

the FEL’s increased sensitivity to particle detrapping when electron beam shot

noise and multiple frequency effects are included. Since the coherent emission

power is proportional to the product of the number of trapped particles and the

change in resonant energy (taper strength), a slower taper preserves the trapping

for longer, maximising the product and the over-all extraction efficiency. In the

large energy spread case it is important to note that the time dependent opti-

mized taper profile has a slower taper order but a larger over-all deceleration rate.

This results in a worse particle capture in the early stages of the tapered sec-

tion (z=10-50m) but a reduction in detrapping in the remainder of the undulator.

This can be understood by examining the functional form for the resonant phase

sinψr ∝ |a′w(z)|
E(z)

which determines the bucket area and the bucket height. The

time dependent optimized taper reduces |a′w(z)| in the second half of the undu-

lator z=50-100m. This maintains a larger bucket area in the region where the

amplitude of the sidebands is more appreciable and the system is more sensitive

to sideband induced detrapping. At the same time, the saturation of the electric

field due to a reduction in optical guiding tends to increase the resonant phase

(see Fig. 3.10). In an ideal system, the taper profile would have an improved

capture rate in the early stages, with a profile similar to what one obtains from

time independent optimization. In the later stages, when time dependent effects

are more appreciable, the taper profile should have a slower decrease in the un-

dulator field similar to what one obtains from time dependent optimization. This

requires a more elaborate piecewise functional form for aw(z) (closer to quadratic

at the start of the tapered section and closer to linear towards the electric field

saturation location) and will be investigated in future research.

The input energy spread is a critical parameter for the performance of a self-

seeded tapered X-ray FEL. We study this by performing the same time dependent

optimization for two cases both starting with a 5 MW seed: the self-seeded case
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Figure 3.11: (left) Sideband amplitude for three seed cases, 5 MW not optimized (time de-

pendent simulation with taper obtained from time independent scans), 5 MW optimized (time

dependent simulation with dedicated time dependent optimization), 25 MW optimized via time

dependent scans (middle) Fractional power deposited in the sidebands relative to the funda-

mental (right) Bunching factor and radiation power for the 25 MW case, almost recovering the

single bucket time independent efficiency.

with an energy spread of 3.1 MeV and an alternate case with 1.5 MeV. In prac-

tice, the alternate case could be achieved by considering a double-bunch system,

where two closely spaced bunches are separated in time before the entrance to

the undulator. The first bunch is sent through the undulator to lase producing

the seed radiation and is discarded prior to the self-seeding chicane. The trailing

bunch lasing is deliberately suppressed in the SASE section, for example by induc-

ing betatron oscillations, and is recombined with the seed pulse with a corrected

orbit downstream of the self-seeding chicane. In this scheme the seeded bunch

would have an RMS energy spread set only by the linac and the laser heater,

around 1.5 MeV for our beam parameters. This fresh bunch self-seeding configu-

ration is described in more detail in Chapter 4. As is evidenced in Fig. 3.9, the

low energy spread case achieves a higher peak power, 4.7 TW compared to 3.7

TW, after the time dependent optimization. The taper saturation is also delayed

due to a decrease in sideband induced particle detrapping. In both cases elec-

tron emission into the lower synchrotron sideband mode causes detrapping from

the high energy region of the stable phase space area. Furthermore, scattering

of the electrons from interaction with the sideband frequencies causes diffusion

and additional particle loss. As is shown in Fig. 3.11, the time dependent op-
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timized taper profile reduces sideband amplitude growth compared to the time

dependent not optimized case obtained from the steady state taper profile. This

results in a reduction in particle loss and a delayed taper saturation, both evi-

denced in the increased bunching factor and output power shown in Fig. 3.9 and

the delayed electric field saturation in Fig. 3.10. In the simple case of constant

sideband and carrier amplitude, the diffusion coefficient caused by sideband ex-

citations is proportional to the ratio of the power in the sidebands to the power

in the FEL signal D ∝ CPs′/Ps with the coefficient C depending on the type

of sideband spectrum [100]. As is also shown in Fig. 3.11, this is reduced in

the time dependent optimized case. The peak power improves by 1 TW between

the time dependent optimized and un-optimized cases, an efficiency increase of

2 %. The dedicated time dependent optimization with a large seed power of 25

MW is closest to recovering the same time independent output power (6.3 TW

compared to 7.7 TW in the time independent case) as a result of the reduction

in sideband induced detrapping. Including the long wavelength modulations left

over from the SASE section may further exacerbate the impact of the sidebands

and provide more motivation for considering a fresh bunch self-seeded set-up as a

promising configuration for suppressing time dependent effects in high efficiency

tapered FELs.

3.4.2.3 Sideband Suppression

Based on the above simulation results we conclude that in this kind of very high

efficiency system η ∼ 10%, the sideband instability is the fundamental mechanism

limiting the output power. As a consequence we identify a few separate solutions

to the problem of sideband suppression in a tapered FEL amplifier.

Firstly, as was pointed out originally in Ref. [66] and demonstrated numeri-

cally by [51], increasing the electron beam energy spread in the last region of the

undulator where the sideband amplitude is larger can also reduce the sideband
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growth. The energy spread can be introduced by means of a magnetic delay line

and the interaction of the beam with an external laser inside a short, few gain

length undulator. The interaction should occur around the location of exponential

saturation following the self seeding monochromator. Depending on the flexibil-

ity of the undulator design, one may also obtain this additional energy spread

by detuning a number of undulators around the exponential saturation location

and allowing the beam to radiate spontaneously outside the FEL gain bandwidth

[103].

Furthermore, a wavelength filter with corresponding delay line for the electrons

could be placed in the tapered section in order to select a narrow bandwidth signal

[93]. This should be done before the sideband power reaches the stochasticity

threshold, beyond which the trapping efficiency is seriously degraded. Filtering

out the sideband frequencies will result in a reduced bucket height and some initial

particle detrapping. This should be compensated by a reduction in sideband

induced detrapping between the filter and the end of the undulator, thus setting

a lower limit for the bandwidth of the filter.

As a third solution, we note that the time-independent efficiency can be recov-

ered in a fully time dependent simulation by artificially removing the shot-noise

from the electron beam distribution after the SASE section. While this is not

completely achievable in practice, electron beam shot noise suppression has been

examined both theoretically and experimentally (see Ref.[27, 84, 95]). Significant

sideband reduction could be achieved if these schemes can be extended to hard

X-ray wavelengths.

Finally, the method of gain modulation [76] can be extended to specifically

reduce the amplitude of the sidebands by modulating the undulator field to spoil

the resonance between the synchrotron motion and the sideband frequency and is

the subject of ongoing work.
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3.5 Summary

We summarize our discussion of the important 1-D, 3-D and time-dependent ef-

fects which impact the tapering optimization process to maximize the FEL output

power. The main trade-off for high efficiency FELs coming from 1-D theory is the

one between electron trapping and electron deceleration gradient. The maximal

efficiency is obtained when the product of the trapping fraction and the decelera-

tion gradient is maximized. For a constant resonant phase this can be estimated

by η ∝ (ft sinψr)
2 and gives the range of values ψr,max ≈ 0.4− 0.7, depending on

the initial conditions at the start of the tapered section of the FEL (large seed

with small energy spread or small seed with large energy spread). The resonant

phase may be increased as a function of the undulator distance to increase the

deceleration gradient while preserving the bucket area thereby avoiding significant

detrapping and increasing the efficiency.

Choosing the optimal resonant phase increase depends strongly on 3-D and

time dependent effects, mainly radiation diffraction and the sideband instability.

While diffractive effects can be limited by the electron beam acting as an optical

fiber and guiding the radiation, the strength of the guiding in the post-saturation

regime depending linearly on the bunching factor and inversely on the electric

field amplitude. The guiding becomes negligible once the electric field reaches a

sufficiently large cutoff value which can be estimated analytically (eq. 3.23) and

from which we obtain an estimate of the peak output power, which scales quadrat-

ically with the trapped particle current. Finally, the interplay between diffractive

effects and time dependent effects causes the sideband instability to be a signif-

icant problem for high efficiency tapered XFEL amplifiers. As the electric field

reaches its cutoff value, the resonance between electron synchrotron oscillations

and sideband radiation frequencies causes amplification of the sidebands which

perturb the electron motion and lead to detrapping. This detrapping can be so
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severe as to cause a secondary saturation of the radiation power. One workaround

to this problem is to give the fundamental a sufficient “head-start” compared to

the shot noise (which seeds the sideband instability), by using a strong seed while

at the same time keeping the electron beam energy spread small at the start of

the tapered section. This can be achieved in a fresh bunch self-seeded configura-

tion which we study in the following two chapters via numerical simulations and

experiment.
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CHAPTER 4

Fresh bunch self-seeding: numerical studies

In this chapter we present numerical simulation results for different Fresh Bunch

Self-Seeding (FBSS) set-ups: the FBSS proof-of-principle experiment performed

at LCLS and the double-bunch X-ray FEL for fresh bunch self-seeding and har-

monic lasing. We describe the beam dynamics and transport in the start-to-end

simulations for the LCLS using the accelerator code ELEGANT [12]. We discuss

the external manipulations on the electron bunch distribution necessary to simu-

late the effect of passing the bunch off-axis through the parallel plate dechirper,

before simulating the FEL interaction using the code GENESIS 1.3. We also

discuss the numerical simulation of single crystal self-seeding using a Forward

Bragg Diffraction monochromator (see section 2.4.3). The results are compared

to the experimental performance of the FBSS demonstration in section 6.4. For

the double-bunch X-ray FEL, we present simulation results for an FEL designed

to achieve high peak power power (>100 GW) high photon energy (>12 keV) in

a compact undulator (< 100 m).

4.1 Start-to-end simulations for the fresh slice self-seeding

experiment at LCLS

4.1.1 The LCLS linac and transport line

A schematic of the LCLS linac and undulator system, with the corresponding

codes ELEGANT and GENESIS used to simulate the different parts, is shown in
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Figure 4.1: Schematic of the LCLS linac and undulator line and simulation codes used for

modelling the Start-to-end performance of the Fresh Bunch Self Seeding (FBSS) experiment.

Fig 4.1. The LCLS linac consists of an injector (RF gun + L0) and three main linac

sections (L1-L3) with two dog-legs, one after L0 and one after L3 and two bunch

compressors BC1 and BC2 after the L1 and L2 accelerating sections. The system

of two bunch compressors has been designed to reduce coherent synchrotron radia-

tion and the microbunching instability which degrade the beam quality and affect

the FEL gain [104]. Furthermore, a laser heater system installed between L0 and

DL1 is designed to deliberately impart a small level of energy spread ∼ 10 keV to

the electron bunch to Landau damp the microbunching instability and has been

shown experimentally to improve the FEL performance [58, 94]. The second linac

section L1 is divided into two separate sections, a 9 m long S-band accelerating

cavity and a short 0.6 m long X-band linearizer. The X-band linearizer is used to

remove any nonlinearities in the electron beam phase space which can adversely

affect the FEL performance by generating unwanted broadening of the FEL spec-

tral bandwidth. The accelerator is designed to deliver a 20-250 pC charge electron

bunch with a 1-4 kA peak current and a tunable energy between 2.5-14 GeV at

a repetition rate of 120 Hz. The typical relative electron slice energy spread is

∆γ/γ ∼ 10−4 [94] and the normalized transverse emittance is ∼ 0.4 µm at the

nominal charge of 150 pC. For a comprehensive review of the history, the advance-

ments in accelerator physics and FEL research and the scientific experiments done

at the LCLS in the first five years (2010-2015) see Ref. [13].
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For the purposes of our experiment and numerical study, the accelerator and

beam delivery was set-up for operation between 10.975-11.1 GeV energy (5.45-

5.5 keV photon energy) and a core current of 4 kA. The machine was set-up to

collimate charge down from 250 pC at the cathode to 180 pC after the first bunch

compressor in order to reduce the effect of large current horns on the head and

tail of the bunch resulting from nonlinear compression. This kind of “collimation

mode” has been tested for other experimental configurations and was shown to

improve the FEL performance (see Ref. [22]). We simulate the evolution of the

electron beam without collimation from the end of the injector to the beginning

of the dechirper using the accelerator tracking code ELEGANT. The evolution of

the longitudinal phase space for the nominal 150 pC electron bunch at different

points in the linac along with the beam current and slice energy spread are shown

in Fig. 4.2. From there we can see that the electron bunch is compressed over

100 times from 35 A of current at the exit of the injector to ∼ 4 kA at the exit

of BC2. The core of the electron bunch is around 4 kA peak current with 2 MeV

energy spread and 0.4 µm normalized transverse emittance. The same compression

settings in the collimation mode produce the longitudinal phase space and current

distribution shown in Fig. 4.3 (a) - (c). Compared to the nominal operation, the

current horns are less pronounced and the beam quality on the head and tail of the

bunch is improved, particularly the slice energy spread is reduced, an important

improvement for the FEL performance.

4.1.2 The fresh-slice method using a parallel plate dechirper

For the purposes of our numerical and experimental study we discuss the addition

of a critical piece of hardware to the original design of the LCLS, the recently

commissioned RadiaBeam/SLAC parallel plate “dechirper” installed in the linac

to undulator transfer line (see Fig 4.1) [54]. The dechirper was originally built as

a corrugated structure designed to remove the energy chirp from an electron beam

96



Figure 4.2: Longitudinal phase space, current and energy spread evolution for a 150 pC

electron beam transported through the LCLS linac. The snapshots are taken before the first

dogleg, after the first and second bunch compressors and before the dechirper and undulator.

The output longitudinal phase space displays a flat core current of ∼ 4 kA with two high current

horns at the bunch head and tail. The high current horns also display larger energy spread due

to coherent synchrotron radiation in the bends and longitudinal space charge in the linac and

beam transport. The energy spread is ∼ 2 MeV and the slice emittance is ∼ 0.4µm for the core

slices.

97



in an XFEL [4]. However, as was suggested in Ref. [87], the dechirper can also be

used as a passive deflector for example to measure the bunch distribution of very

short bunches. As a passive deflector the transverse wakefield of the dechirper

generates a correlation between transverse and longitudinal position along the

bunch. This effect can be used to deliberately induce large betatron oscillations

on part of the electron beam thereby selectively suppressing lasing for parts of the

bunch as it passes through the undulator. Selectively suppressing the lasing for

different parts of the bunch in different sections of the undulator (e.g. before/after

the self-seeding monochromator) can be used to achieve a “fresh bunch” type of

configuration with two slices of a single electron bunch. This technique is therefore

therefore termed the “fresh-slice” method [73]. Using the fresh slice method for

self-seeding relies on selectively suppressing lasing for the head and tail of the

electron beam before/after the monochromator. The tail of the beam lases in

the first (SASE) section, and the seed pulse is overlapped with the head of the

bunch in the second seeded section. The orbit of the head electrons is corrected

and the head of the bunch amplifies the seed radiation beam downstream of the

monochromator. Following work done in Ref. [5] we calculate the transverse

kick induced by the dechirper and estimate the FEL power gain degradation as a

function of the intra-bunch position.

Assuming for simplicity that the beam has a uniform current distribution of

small transverse extent and its length is much shorter than the dominant wave-

length of the wakefield we can write the bunch wake as [5]:

Wλy(y, s) ≈ w′y0(y)
s2

2l
(4.1)

where l is the bunch length and s = ct is the intra-bunch coordinate. A

simple expression for the slope of the bunch wake is given by w′y0 = π/(8a3) ∗

sec2
(
πy
2a

)
tan
(
πy
2a

)
from which we can deterimne the transverse impulse δpy =

eWλy(y, s)/c and the angular kick δy′ = δpy/pz. The angular kick as a function
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Figure 4.3: (a)-(c) Longitudinal phase space, electron current and slice energy spread for the

collimated electron bunch before entering the dechirper. (d) Schematic representation of the

electron beam in blue off-axis in the dechirper. The electrons in the bunch tail are kicked by the

electrons on the head and the strength of the kick depends on the gap a and the offset d from

the near jaw. (b) Input electron beam angular distribution after passing through one vertical

dechirper module before the GENESIS FEL simulation. The head of the bunch is on the left

and the two distributions indicate the particle beam before and after the self-seeding chicane

when the head and core of the beam are on-axis. In practice different slices of the electron

bunch are steered on-axis using dipole correctors before the undulator and between undulator

segments. (f) Quadratic kick from the dechirper as a function of the critical angle for which

lasing is completely suppressed θc =
√
λ/Lg0 assuming the bunch head at t = 10fs passes off-

axis at d=300µm from the vertical jaw. For our experimental parameters the critical angle is

approximately 15 microradians.
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of position is then given by:

δy′(s) =
Z0c

4π

eQL

E

s2

2l
w′y0 (4.2)

Where Q is the bunch charge, L is the length of the dechirper and E is the

electron beam energy. The effect of an angular kick on the FEL gain length has

been studied in detail in Ref. [116]. and described in section 2.4.2.2. From eq.

2.64 we have an estimate of the gain length degradation as a function of angular

kick. In Fig. 4.3 we show the angular kick (relative to the critical angle for

which lasing is completely suppressed) provided for a d=300µm offset from the

dechirper jaw and a half-gap a =5 mm for a 4kA flattop current profile and for the

actual electron current distribution coming from the ELEGANT simulation. The

angular kick is around 7 times the critical angle over the entire bunch, providing

enough deflection to adequately suppress lasing for all but a small portion of the

electron bunch ± 5 fs from the undulator axis. The strength of the kick can be

varied experimentally to increase the width of the electron slice on-axis in both

the SASE and seeded undulator sections. With the electron beam phase space and

compression settings described above we simulate the effect of passing the bunch

off-axis through a parallel plate dechirper by adding the angular kick δy′(s) on the

matched electron beam distribution before injecting into the undulator as shown

in Fig. 4.3 (e).

4.1.3 FEL simulation

The FEL simulation for the FBSS demonstration experiment is split into two

separate stages, a first SASE stage and a second self-seeding stage. In between

the two stages, the radiation field is passed through a self-seeding monochromator

which is simulated externally as described below. The simulation results for the

SASE and self-seeding stage are summarized in Fig. 4.4-4.5. In Fig 4.4 (a)-(b) we
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Figure 4.4: Schematic of the two-stage fresh-slice self-seeding simulation with time profile of

the radiation power before and after the SASE and self-seeded sections. (a)-(b) Radiation power

and spectrum along the electron bunch with the tail lasing in the first SASE section. The SASE

generates an 11.4 eV FWHM wide-bandwidth spectrum in a a short ∼ 8 fs radiation pulse on the

bunch tail (t=40 fs). The SASE radiation is then filtered through the crystal monochromator

(see Fig. 2.6). The long narrow bandwidth tail presents ∼ 10 fs long monochromatic bumps with

a bandwidth of ∼0.12 eV. (c)-(d) Radiation power and spectrum at the exit of the self-seeded

stage. Note the SASE pre-pulse which is at t=15 fs. The average power within the seeded

t=20-40 fs window is 53 GW and the FWHM is 8 fs. Nonlinearities in the phase space result

in a broadening of the radiation bandwidth at seeded saturation (∼ 1.4 eV). The bandwidth

broadening is also due in part to the relative electron slice energy spread which is ∼ 10−4 at 4

kA peak current. (e) X-ray pulse energy evolution in the two undulator sections before/after

the monochromator. The average SASE intensity on the monochromator is 89 µJ. The seed

pulse energy after the monochromator (excluding the SASE pre-pulse) is 0.17 µJ. The seeded

section reaches exponential saturation around z = 100 m and after tapering the output energy

is 1.01 mJ in a short ∼ 8 fs pulse.
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show the radiation field power and spectrum at the exit of the first SASE section.

The radiation pulse is around 10 fs long centered on the bunch tail (t = 45 fs)

and 9 GW average power with a total pulse energy of 89 uJ (see Fig. 4.5 d) and a

FWHM relative bandwidth of 2.1 ×10−3. The average energy spread is around 6.8

MeV for the lasing slices and remains unchanged for the remainder of the bunch

aside from a small negligible increases (< 0.2 MeV) due to spontaneous emission.

The radiation field is exported from the simulation and the monochromatization

process via Forward Bragg Diffraction is simulated by calculating the amplitude

and phase of the transmission function for the diamond crystal in the frequency

domain and applying it to the incoming SASE radiation (see Fig. 4.5). This ap-

proach, described in Ref. [49] is equivalent to performing the convolution between

the temporal profile of the SASE radiation and the Green’s function for FBD

from the diamond monochromator, as discussed in section 2.4.3 and described in

Ref. [112]. One piece of physics that is not captured by this frequency-domain

approach is the lateral shift of the radiation which occurs due to the monochrom-

atization and is larger for successive maxima of the wake pulse. In our simulations

we ignore this shift for simplicity and justify this by assuming we are targeting

the first maximum of the wake, for which the lateral shift is small, < 5 µm for

our parameters. The modulus of the transmission function for a given crystal

plane defined by the Miller indices (hkl) and a given angle of incidence can be

obtained from the open source software package XOP 2.4 [38]. To simulate the

effect on the phase of the radiation it is necessary to determine the phase shift due

to the monochromator. This is done by making use of the fact that the real and

imaginary parts of the transmission function <[T (ω)] and =[T (ω)] are related via

a Hilbert transform and from which we can recover the phase shift Φ(ω) given the

amplitude via the Kramers-Kronig reconstruction [49]. The relationship between

the phase shift and the amplitude of the transmission function is written:
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Figure 4.5: Radiation field evolution before and after the FBD self-seeding monochromator

with the FEL pulse energy in the SASE and seeded sections separated by the monochromator at

z = 60 m. (a) Lasing occurs on the bunch tail in the SASE section where the tail slices are on-

axis around t=40-50fs. The mean SASE pulse energy is 89 uJ. (b) Single shot and average SASE

spectrum before the monochromator (c)-(d) The amplitude and phase shift of the radiation as

a function of frequency for the FBD monochromator. The bandwidth of the frequency notch is

0.092 eV. (d) Single shot and average SASE spectrum before the monochromator. The frequency

notch at 5.5 keV is visible in the average spectrum. (e) Single shot and average seed power

after the monochromator. The second FEL simulation section begins with the core electrons

overlapped with the first and second narrow bandwidth bumps of the seed wake pulse. The

SASE pre-pulse (at t=45-50 fs) overlaps with the head of the electron beam which undergoes

large betatron oscillations and does not amplify the SASE radiation.

103



Φ(ω) = arg [T (ω)] = H{log (|T (ω)|)} (4.3)

where H denotes the Hilbert tranform:

H (x(ω)) =
1

π
P
∫

x(t)

ω − t
dt (4.4)

and P denotes the principal value of the integral. The resulting amplitude

and phase shift of the transmission function are shown in Fig. 4.5 (b) using the

(-2 0 2) crystal plane, the same as the one used in the experiment. The absolute

bandwidth of the notch is 0.092 eV, a relative bandwidth of δω/ω0 ∼ 1.7× 10−5,

around 100 times narrower than the SASE bandwidth before the monochromator

at the central photon energy of 5.5 keV used in the experiment.

After the monochromator the average pulse energy in the first two seeded wake-

bumps which are overlapped with the electron core slices is 0.12 µJ. The SASE

pre-pulse, ahead of the seeded wake bumps, is overlapped with slices of the electron

bunch which do not lase due to their large betatron oscillations and thus the

SASE radiation is not amplified in the second section. The seeded section reaches

saturation around z=100 m, 35 m after the self-seeding monochromator and the

average saturated intensity is 280 µJ. This intensity is in good agreement with

the theoretical estimate of the saturation power [64] 1.6ρPbeam ∗ (L1
g/L

3D
g )2 = 33

GW for a ∼ 9 fs long pulse. A simple quadratic step-wise post-saturation taper

beginning at z=94.15 m (after undulator number 23) reduces the undulator K

parameter from 3.5 to 3.467 (∆K/K0=0.93 %) and is the same taper profile used

in the experiment. This corresponds to a change in resonant energy of 0.8 %. At

the undulator exit the average intensity is 1.01 mJ, a factor of 3.3 larger than

the intensity at exponential saturation. The FWHM of the radiation pulse is 8

fs on the bunch core at the undulator exit. The output spectrum of the seeded

radiation is shown in Fig. 4.4 (d). The bandwidth is broadened to ∼ 1.4 eV
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(δω/ω0 = 2∗10−4) as a result of the relative electron slice energy spread ∼ 10−4 on

the bunch core and nonlinearities in the electron beam phase space. We compare

the results from the numerical simulation with experimental data from the fresh

bunch self-seeding experiment in section 6.4.

4.2 Double-bunch X-ray FELs for fresh bunch self-seeding

and harmonic lasing

We now turn to a different example of the fresh-bunch method applied to harmonic

generation and harmonic lasing, continuing the discussion started in section 2.4.4.

We present some numerical examples of the fresh bunch technique applied to

harmonic lasing and harmonic seeding in XFELs to reach high power high photon

energies in a compact undulator. A schematic of the two kinds of set-up we

consider for fresh bunch harmonic lasing and harmonic seeding are shown in Fig.

4.6 (a)-(b). For both cases in the first undulator, the first bunch moves on axis

and generates the seeding signal, while the second bunch is put on a trajectory

which oscillates around the axis by an RF kicker and does not lase. In the second

undulator, after the attenuator/monochromator, the situation is inverted, the

second bunch is put back on axis by appropriate dipole kicks and the first bunch

oscillates around the axis. An oscillating trajectory increases the lasing gain length

according to equation 2.64. where the critical angle is in the range of 10-15 µrad

for 4-12 keV photon energies and typical XFEL electron beam parameters. The

main advantage of this double-bunch method compared to other harmonic lasing

schemes (see e.g. Ref.[110, 47, 109]) is that it allows the generation of a strong

fundamental and harmonic seed by driving the FEL to saturation in the first

SASE section. The strong seed is then amplified efficiently to high power in a

short undulator section downstream. This kind of fresh-bunch configuration also

opens the door for cascaded monochromatic self-seeding at higher harmonics in
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Figure 4.6: Schematic of a double bunch XFEL for harmonic lasing and/or fresh bunch self-

seeding. (a) The monochromatic fundamental and/or the attenuated third harmonic is amplified

by a second fresh electron bunch in the downstream undulator section (b) The monochromatic

third harmonic is amplified by a second fresh bunch in the downstream undulator retuned such

that the third harmonic is the new fundamental frequency. (c) Monochromator/attenuator pho-

ton delay line, controllable on the order of 1 ns to match the separation of the two bunches.

To filter out the fundamental using an attenuator (in blue), it is better to put the thin filter

upstream of the optics to minimize thermal load on the crystal. (d) Total reflectivity of the

monochromator (combined 4 reflections) as a function of Bragg angle for two different materials

at two different photon energies, Diamond (4 0 0) and Si (4 0 0) at 37.35 and 16.5 keV respec-

tively. The reflectivity of each reflection was obtained by using the open X-ray software toolkit

XOP.
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the future [86]. We note that at the LCLS, a version of the double-bunch FEL

using two different electron slices on the head and tail of the same bunch has

already been experimentally demonstrated and has been used to generate multi-

color XFEL pulses [71]. Furthermore, as described in detail in this thesis, the

“fresh-slice” method has also been used to produce fresh slice self-seeded pulses

with duration below 10 fs [32]. The double bunch XFEL is similar to the “fresh-

slice” scheme in that it uses fresh electrons to amplify a strong seed signal [9].

The main difference between this scheme and the fresh-slice approach is that

we use an RF kicker instead of a dechirper to provide the transverse deflection.

Passive transverse deflection using a dechirper has the disadvantages of inducing

emittance and energy spread growth on the deflected bunch slices, as well as a

time-dependent focusing from the quadrupole components of the wakefield [5, 18].

The double-bunch XFEL has the advantage that the entire electron bunch lases

in the second undulator, increasing the total energy of the X-ray pulse. We also

note that two bunches with ns separation have already been produced at LCLS

and used to deliver X-ray pulses with ns delay to user experiments [20].

4.2.1 Monochromator design

The design of the monochromator system for the double-bunch XFEL is shown

schematically in Fig. 4.6 (c), where four Bragg single crystals are arranged to form

an optical chicane to select the third harmonic X-ray radiation of the upstream

undulator as well as to provide the necessary delay to allow temporal overlap

with the 2nd bunch. For the two 3rd harmonic photon energies considered in

the numerical examples described later (16.5 and 37.35 keV), the Si (400) and

diamond (400) Bragg reflections are chosen to optimize the incidence angle and

the bandwidth. To minimize the footprint of the optics, a larger incidence angle

is preferred, which in turn requires the use of higher order reflections (Si (400)

as opposed to Si (111)) or crystals with smaller lattice constants (diamond as
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opposed to Si). At the same time, this requirement will result in a smaller band-

width, which could potentially stretch the FEL pulse beyond its original length.

As such, Si (400) at 16.5 keV and diamond (400) at 37.35 keV provide reason-

able compromises, although the sizes of the both optics arrangements are still

rather substantial. The total time delay of the monochromator is given by ∆t =

2h(1 + cos(α)) / sin(α), where α = 2(π/2 − θ) with θ being the Bragg angle. To

generate 1 ns delay using the Si (400) at 16.5 keV, θ = 16.065, and h = 521 mm,

for diamond (400) at 37.35 keV, θ = 10.727, and h = 792 mm accordingly. The

combined reflectivities of monochromator for the case of Si (400) at 16.5 keV and

diamond (400) at 37.35 keV are shown in Fig. Fig. 4.6 (d), where ∆θ in µrad

is the deviation of the incidence angle from the Bragg angle θB. The combined

reflectivities were calculated by convolving the reflectivities of each of the reflec-

tions from the four crystals with the two crystals of first and the second pairs in

the nondispersive configuration, and the two pairs in the dispersive configuration.

The reflectivity of each reflection was obtained by using the XOP software toolkit

[38]. The combined peak reflectivity of all 4 crystals for Si (400) at 16.5 keV

is close to 92%, whereas for diamond (400) at 37.35 keV, it is nearly 100%. To

filter out the fundamental X-ray radiation using an attenuator, it is better to put

the thin filter disk up-stream of the optics to minimize the thermal load on the

crystals so no cooling is needed on the crystals.

4.2.2 Controlled oscillations via RF kickers

One important element of the double-bunch XFEL scheme is the ability to kick

two bunches separated by approximately 1 ns in a reliable and repeatable way in

order to feed the two undulator sections used in this configuration. For the double-

bunch XFEL scheme, the choice of transverse RF electric field deflectors offers

considerable advantages over stripline or ferrite based kicker options, in particular

because achieving a rise time and stability in the ∼ 1 ns bunch spacing would be
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particularly challenging. The selection of RF deflectors also benefits from the

steady state nature of the CW transverse fields which provides higher deflection

stability and shot-to-shot reproducibility when compared to those achievable with

fast kickers. The ∼ 1 ns separation between the two bunches adds however some

constraints to the design of an RF kicker structure. In the double-bunch XFEL

approach, the RF transverse deflector would provide the ∼ 10 µrad (close to the

critical angle at hard X-ray wavelengths) net deflection to the electron bunch,

in a direction dependent on the phase between the electron bunch and the RF

deflector. The transverse deflection θT experienced by a β = 1 electron beam

during the effective length of the deflector system is given by:

θT =
∆pT
pL

(4.5)

∆pT = ∆

∫
~FTdt =

e

c
V (4.6)

where ∆pT is the transverse momentum kick, pL is the longitudinal momentum

of the beam particle, ~FT is the transverse Lorentz force, and V is the transverse

deflecting voltage. It follows that a total transverse voltage of 100 kV is required

to achieve 10 µrad deflection for a 10 GeV beam. We note that the energy spread

induced due to the finite electron beam size ∆γ/∆γ0 ≈ φ2/2 with φ = σz/λRF

where λRF is the RF wavelength and σz the rms bunch length, is negligible at

relevant bunch lengths and RF frequencies. The simplest option to configure

an RF deflector is that of sending the leading bunch straight when crossing the

RF cavity when its field is zero, while the trailing bunch is deflected by passing

through the cavity at its maximum field on crest. An important consideration is

that bunches traveling at the zero-crossing phase in RF deflectors can experience

transverse emittance dilution from spatial chirp [34, 1]. The relative projected

emittance growth is:

∆ε

ε0
≈

√
1 +

(
2πx′0σz
λRF

)2
βγ

εN
− 1 (4.7)
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where λRF is the RF wavelength, σz the rms bunch length and x′0 = eV/E0

the deflection at the crest. As a consequence, higher frequencies provide larger

emittance growth for the same bunch length, while lower frequencies can be limited

by spatial dimensions. For example, a 650 MHz RF cavity providing a 10 µrad

deflection with a 15 µm rms beam size results in a negligibly small projected

emittance growth ∆ε/ε0 ≈ 2×10−7.

An additional requirement on the RF system is that jitter in the bunch arrival

time and/or in the cavity amplitude and phase can induce unwanted deflections

to the bunch centroid. The rms phase jitter tolerance at the zero-crossing and the

RF amplitude tolerance at the crest phase are expressed by [115]:

σ∆t ≤
nσ

2πν

E0

eV

√
εN
βγ
,

σV
V
≤ nσ

E0

eV

√
εN
βγ

(4.8)

where E0 is the beam energy and nσ is the allowable rms centroid jitter in

units of a fraction of the transverse rms beam size. For a maximum deflection of

10 µrad and a nσ = 5% beam jitter the tolerances for phase and amplitude jitter

are 2.8 ps and 1.1%, achievable in practice for state-of-the-art cavities. Lower

frequencies and weaker RF kicks would minimize emittance growth and reduce

phase and amplitude jitter effects. One way to mitigate the potentially negative

effects of both spatial chirp and timing jitter is to run both bunches at opposite

peaks of the RF field in the cavity and configure the optical transport accordingly:

in this case the effects of both the curvature of the sinewave and the jitter on the

arrival timing of the ∼ 50 fs long bunch would be minimized. For example if one

selected 650 MHz, a 770 ps bunch spacing would put two consecutive bunches on

the two opposite crests of the cavity deflecting field. The requirements of field

stability directly reflect on requirements for cavity amplitude and phase stability

controls. In the case of copper cavities, stability of 10−4 should be within the reach

of conventional controllers. The following subsection describes some numerical

examples of the double-bunch harmonic lasing XFEL.
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Parameter Ideal Case AGU

Beam Energy [GeV] 11.1 12

Peak Current [kA] 3 3

Relative Energy Spread ρ/20 ρ/9

Beta Function [m] 5 5

Normalized Transverse Emittance [µm] N/A 0.15

Fundamental Photon Energy [keV] 5.5 12.45

Undulator Period [cm] 3 2

Undulator Parameter K (rms) 2.47 2.12 → 0.91

FEL parameter ρ [×10−3] 0.7 1.1 → 0.58

1-D Gain Length L
(1)
g [m] 2 0.82

Table 4.1: 1D simulation parameters for the ideal double bunch XFEL and the 1-D and 3-D

AGU cases. The electron parameters are similar to those of LCLS in the ideal case.In the AGU

case the FEL parameter and 1-D gain length are for the fundamental photon energy of 12.45

keV.

4.2.3 Double-bunch X-ray FELs simulations

In our first numerical example we consider an ideal case, with an initially cold

electron bunch σγ/ρ = 1/20 and other parameters similar to those of LCLS (see

Table 4.1). We integrate the 1-D FEL equations including the third harmonic

interaction (eq. 2.68) to simulate the double-bunch harmonic lasing XFEL shown

in Fig. 4.6 a, with the simulation results shown in Fig. 4.7 a. We assume a per-

fect attenuator that completely blocks the fundamental and transmits the third

harmonic is located at z/Lg1=21 around the location of fundamental saturation.

The third harmonic generated via nonlinear HG, saturates at 3.5 % of the fun-

damental power around z/Lg1=19. The harmonic radiation overlaps with a fresh

electron bunch in the second section section and drives harmonic lasing. Harmonic

lasing saturates in about 8 fundamental gain lengths after the attenuator in the
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a) Double bunch harmonic lasing

b) Double bunch harmonic seeding with an advanced gradient undulator

Figure 4.7: (a) 1D simulation of harmonic lasing in the ideal double bunch XFEL. The param-

eters are those in Table 2, the simulation assumes an attenuator at z/Lg1 = 21 which transmits

the third harmonic and completely absorbs the fundamental. The radiation power is normalized

to the fundamenental saturation power ρPbeam. In the second undulator, the third harmonic

power and energy spread grow to about 1/3 of the power and energy spread at the fundamen-

tal saturation. (b) 1-D simulation of the double bunch harmonic XFEL with monochromatic

seeding and a retuned second undulator. The parameters are those in Table 2, the simulation

assumes a monochromator at z = 17 m which transmits 0.5 % of the third harmonic and com-

pletely blocks the fundamental. The radiation power is normalized to the fundamental saturation

power ρPbeam. The solid lines represent lasing at the fundamental wavelength before/after the

attenuator, the dashed lines represent lasing via nonlinear harmonic generation. The saturated

power at the third harmonic around z = 40 m is 22 GW while the power at the ninth harmonic

h̄ω9= 112 keV is around 190 MW.
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second section, with 34 % of the beam power in the third harmonic, agreeing well

with expectation from theory. At the location of third harmonic saturation in the

second section the fundamental power is 4 orders of magnitude smaller than the

third harmonic.

The ideal double-bunch harmonic lasing example shows that one can achieve an

order of magnitude increase in radiation power at the third harmonic compared

to nonlinear HG. To improve further on this result we consider double bunch

harmonic seeding, as shown schematically in Fig. 4.6 (b), using the AGU design

introduced in section 3.4.2.1. With this kind of advanced undulator we can reach a

short gain length (0.82 m) at a high fundamental photon energy h̄ω1 = 12.45 keV.

The remaining parameters for this simulation case are given in Table 4.1. The

advantages of retuning the second undulator section are threefold: firstly there is

no lasing at the ω1 frequency that would impede the growth of the 3ω1 frequency

which is now the new fundamental in the second section. Furthermore, the second

undulator section can be tapered to increase the third harmonic power beyond the

saturation value P3/Pbeam ∼ ρ/3. Finally, the nonlinear HG process in the second

undulator section generates radiation at the 9th harmonic which can be used as

a seed for a third section in a cascaded three-bunch configuration. In the double-

bunch harmonic seeding case we assume a monochromator located at z/Lg1=20

reduces the bandwidth from the third harmonic nonlinear HG causing the output

power to drop to 0.5 % of the incident power assuming the transmission within

the monochromator bandwidth is ∼ 100 %. As shown in Fig. 4.6 d, this kind

of efficiency is achievable in practice for a diamond (4 0 0) four-bounce crystal

monochromator. Downstream of the monochromator we continue the simulation

until the 37.35 keV radiation reaches saturation around z = 40 m. The saturated

power at the third harmonic is P3 = (K2/K1)2/3ρPbeam ∼ 22 GW, where K1 and

K2 are the undulator parameters in the first and second section. Note that at

z = 40 m the power at the ninth harmonic h̄ω9= 112 keV is around 190 MW.
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Figure 4.8: 3D simulation of the double bunch harmonic XFEL with monochromatic seeding

using the AGU and a retuned second undulator section. The parameters are those in Table

1, right. The simulation assumes a four-bounce monochromator at z = 38 m which transmits

100 % of the third harmonic and completely blocks the fundamental. The average power is

calculated for a 10 fs long electron beam and 10 simulations carried out with different random

initializations of the electron beam shot noise. The spectrum is taken at the undulator exit and

before the monochromator.

A detailed taper optimization for this harmonic seeding scheme has not been

conducted however a simple quadratic post-saturation taper shows that increasing

the length of the second section by 40 m, the output power can be increased by a

factor of 50, with ∼ 1 TW at the undulator exit.

Our final numerical example of fresh bunch harmonic seeding takes into ac-

count three dimensional and time dependent effects by using the 3-D FEL code

GENESIS 1.3. We use the same electron beam and undulator parameters as in

Table 4.1, the simulations are carried out for the harmonic seeding configuration

shown in Fig. 4.6 (b) and and the results are shown in Fig. 4.8. The monochro-

mator design, described in section 4.2.1, ensures a nearly 100 % transmission after

4 reflections in the selected bandwidth window which in simulation is set to be

3.7 eV, a relative bandwidth ∆ω/ω3 = 10−4. The reduction in intensity after the

monochromator (see Fig. Fig. 4.8) is due to the narrowing of the bandwidth

between incident and transmitted radiation. The number of macro-particles per

slice is 216 to ensure accurate resolution of the harmonic field components in the
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simulation [40, 74]. The average radiation power is calculated for a 10 fs elec-

tron bunch and 10 simulations carried out with different random initializations

of the electron beam shot noise. As discussed in Ref. [106] the fluctuations are

larger for the nonlinear third harmonic than for the fundamental SASE radiation

at saturation (z = 30 m). Furthermore, the statistical fluctuation of the filtered

radiation will increase up to 100% as the number of spectral modes is reduced

to ∼ 1 after the monochromator. This requires, as in a regular self-seeded FEL,

that the length of the second undulator is chosen to exceed the saturation length

sufficiently to suppress fluctuation of the final output power.

As shown in Fig. 4.8, the average power at the third harmonic (37.35 keV)

at the undulator exit is more than an order of magnitude larger than what one

obtains from nonlinear HG at the location of fundamental saturation (z = 30

m). While the first undulator section is planar to ensure efficient generation of

nonlinear HG, the seeded section can be both planar or helical, with the helical

undulator performing better due to the increased coupling between the electron

bunch and the radiation. At saturation the seeded harmonic section reaches 10

GW at z = 55 m in the helical case and 7.5 GW at z = 60 m in the planar case,

with the narrow bandwidth preserved after amplification. The 3-D saturation

power is in very good agreement with the typical estimated value. We note that

with a simple quadratic post-saturation taper (not shown) the average power at

37.35 keV exceeds 50 GW at the exit of a 75 m long undulator.
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CHAPTER 5

Experimental demonstration of fresh slice

self-seeding at LCLS

In this chapter we describe the experimental set-up of the fresh slice self-seeding

experiment performed at LCLS. We discuss the methods and describe the diag-

nostics used in the experiment, before presenting the experimental results in the

following chapter.

5.1 Description of the experiment

A schematic of the FBSS system used in the experiment is shown in Fig. 5.1 (a).

Selectively lasing with different slices of the electron beam is achieved with the

fresh slice method [71] described in section 4.1.2. The electron bunch experiences

a head-tail vertical kick by the wakefield generated in the dechirper (see Fig. 5.1

(b)) with the vertical jaw set to an offset from the machine axis. Orbit correctors

are used to steer the bunch on a tail-lasing and head-lasing orbit before/after the

self-seeding chicane. A more detailed explanation of the orbit correction procedure

is given in section 5.2. The photon pulse produced in the first SASE section is close

to the saturation power before it hits the diamond monochromator. Note that in

the first SASE section (U1-15), undulator 9 is removed to make space for the soft

X-ray self-seeding chicane. A narrow bandwidth portion of the photon pulse is

diffracted by the monochromator, and then discarded, while the transmitted X-ray

pulse presents a wide-bandwidth short pulse followed by a long narrow-bandwidth
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Figure 5.1: (a) Schematic of the hard X-ray FBSS experiment at LCLS (beam travels left to

right). The tail of the beam (in red) generates a SASE pulse (in yellow) in the first undulator

section (U1-15). The SASE pulse is passed through the Hard X-ray Self-Seeding (HXRSS)

monochromator and the monochromatic seed is amplified by fresh electrons on the core/head of

the bunch (in blue) downstream (U 17-32). (b) The two dechirper modules installed at LCLS

with the inset showing the interior of the horizontal module (taken from [54], beam travels

right to left) (c) The HXRSS chicane and monochromator system installed at the location of

undulator 16 at LCLS. (taken from [36],beam travels right to left)
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Parameter Name Parameter Value Unit

Undulator Parameters

Undulator Period 3 cm

Undulator K (peak) 3.44 - 3.51

Undulator segment length 3.3 m

Electron Beam Parameters

Energy 11.1 GeV

Peak Current (core) 4 kA

Norm. Transverse Emittance 0.4 µm

Average beta function 20 m

Table 5.1: Experimental parameters for the FBSS proof-of-principle experiment at LCLS

tail (see section 2.4.3 and Fig. 2.6). The magnetic chicane is used to delay the

electron bunch head such that it is overlapped with the narrow-bandwidth tail of

the photon pulse, with typical delays around 40 fs for optimal overlap. The bunch

orbit is switched to a head-lasing one around the chicane and the monochromatic

seed is amplified by the fresh-electrons on the bunch head in the second undulator

section. The motion of the dechirper jaws can be adjusted in real time, giving us

control of the width of the lasing electron slice, and consequently the X-ray pulse

duration, in both the SASE and seeded undulator sections [71].

The first demonstration of FBSS was performed using the Linac Coherent Light

Source (LCLS) at the SLAC National Accelerator Laboratory [32]. The electron

bunch and the machine parameters are shown in Table 5.1 and the central photon

energy was 5.5 keV. The machine was set-up to collimate the charge from 250

pC at the cathode to 180 pC in the undulator as discussed in sections 4.1.1-4.1.2.

We have chosen this photon energy because the LCLS power gain length at 5.5

keV is short enough to reach SASE saturation before the monochromator. A

shorter gain-length allows us to reach higher seed power in the first undulator
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section, whose length is limited to 14 undulator segments. While it is possible

to reach saturation earlier at lower photon energies, the diamond crystal damage

threshold limits the maximum tolerable seed power for safe operation [80]. The

pulse duration was measured by imaging the electron beam longitudinal phase

space using an X-band Transverse deflecting Cavity [8] (XTCAV) described in

more detail in section 5.3. This important diagnostic allows us to determine the

location and width of the lasing electron slice for a given dechirper setting (gap

and offset) and a given bunch trajectory in the undulator. The radiation spectrum

was measured with a hard X-ray bent crystal spectrometer [121].

We first established an optimal SASE configuration with the dechirper and

self-seeding monochromator extracted and all undulators inserted. The undulator

segments allow small tuning of the undulator parameter in the range 3.44 - 3.51.

The restricted K tuning range limits the achievable FBSS power enhancement

from tapering compared to a fully gap-tunable undulator [30]. Having established

the optimal tail-lasing set-up in the SASE section we inserted the self-seeding

monochromator crystal (see Fig. 5.1 (c)) and steered the head/core slices of the

beam on-axis in the second undulator section. The self-seeding monochromator

crystal rotation can be controlled via two independent rotation stages, a pitch

stage with pitch angle θ and a yaw stage with yaw angle ψ. The pitch angle is

the angle between the beam propagation direction and the planes of the (0 0 4)

diamond cut. During the experiment we adjusted the pitch angle while keeping

the yaw fixed to satisfy the Bragg condition for both the (1 1 1) plane (θ = 51.6◦)

and the (-2 0 2) plane (θ = 57.2◦) in separate runs. The results from both crystal

plane reflections are discussed in section 6.2. With the seeding crystal inserted

and the overlap established between the seed pulse and the core/head slices in

the seeded section we optimized the seeded intensity at the undulator exit. The

X-ray intensity was maximized by empirically optimizing the undulator taper in

the SASE and seeded sections as well as the electron beam orbit by tuning the
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quadrupole and corrector magnets between undulator segments. Before discussing

the experimental results in the following chapter we describe in more detail the

orbit correction method and the XTCAV diagnostic in the following sections.

5.2 Orbit correction

Orbit correction is one of the key features which enables the fresh slice self-seeding

experiment to work successfully. The problem that must be solved in order for

the experiment to work is how to steer the tail of the beam on-axis in the first

undulator section and the core/head of the beam on axis in the second section

by only using a series of dipole kicks given by corrector magnets in between the

undulator segments. The corrector magnets can only provide a “static” kick to

the entire bunch, shifting the bunch centroid on and off-axis, however they cannot

change the shape of the time-dependent quadratic kick that is given to the beam

after it passes through the dechirper (see Fig. 4.3 (e)).

The orbit correction procedure is divided into the following steps [73]. With

the dechirper extracted we steer the beam orbit flat in the horizontal and vertical

planes. We then begin to move one of the dechirper jaws (the vertical jaw in our

experiment) closer to the electron bunch and simultaneously observe the electron

beam longitudinal phase space on the XTCAV diagnostic (see section 5.3). As

the jaw moves closer to the beam, the particles on the tail of the bunch get a kick

from the dechirper wakefield and are sent on a large amplitude betatron orbit in

the undulator while the particles on the head are virtually unaffected (see section

4.1.2). At this point only the head of the bunch is lasing and we adjust the width

of the “head-lasing” slice by fixing the offset of the electron bunch relative to

the vertical jaw. We then record the BPM readings and save this orbit as the

“head-lasing” orbit. We now apply a static kick with dipole correctors located

after the dechirper but before the first undulator to shift the tail of the bunch
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on-axis while keeping the dechirper jaw in a fixed position. We vary the strength

of the kick by looking at the phase space on the XTCAV and deciding the width

of the electron slice we want to keep on-axis in the first SASE section. At this

point we record the BPM readings and save this as the “tail-lasing” orbit. Our

reference orbit is now the combination of the tail-lasing orbit in the first SASE

section (undulators 1-15) and the head-lasing orbit in the second seeded section

(undulators 17-32). At this point we can use standard orbit correction methods

such as Singular Value Decomposition (SVD) steering [17], to find the corrector

values which will change orbit from its current one to the reference orbit. The

approach behind SVD steering consists in finding the set of corrector values ∆θ

which take the current orbit yc to the reference orbit yr, under the transport

matrix R which is obtained by singular value decomposition [17]:

∆y = yr − yc → ∆θ = R−1∆y (5.1)

where the difference orbit ∆y is the difference between the current orbit (mea-

sured from BPM readings) and our reference orbit.

Since we can achieve the tail-lasing orbit in the first section by applying a static

kick before the first undulator, the most important part of the orbit correction

consists in switching from the tail-lasing to the head-lasing orbit at the location

of the HXRSS chicane. It is simplest if the beam vertical oscillation is at the zero

crossing close the HXRSS chicane then yc ≈ (0, y′c) and yr ≈ (0, y′r). This can be

achieved by changing the quadrupole focusing strength, and hence the betatron

period, in the dechirper-to-undulator transport line. If the beam is at a waist a

simple closed orbit bump is sufficient to switch the orbit from tail to head-lasing

after the HXRSS chicane. An illustration of the vertical orbit with the tail-lasing

and head-lasing before/after the HXRSS monochromator is shown in Fig. 5.2.

The vertical centroid motion has a larger betatron amplitude (|ymax| = 75µm)

in the tail-lasing section rather than the head-lasing (|ymax| = 45µm) because
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Figure 5.2: Single shot (dashed) and average (solid) electron Beam Position Monitor (BPM)

readings of the horizontal (left) and vertical (right) bunch centroid position along the undulator.

The HXRSS chicane located at undulator 16 is approximately at the waist of the orbit. The orbit

correctors steer the tail and core on-axis before/after the chicane. The horizontal orbit is kept

flat on average with | 〈x〉 | < 2.5µm. The large vertical oscillations are from the kick induced by

the dechirper. The tail-lasing orbit has a larger oscillation compared to the core-lasing because

the time-dependent kick from the dechirper increases quadratically from the head to the tail of

the bunch (see Fig. 4.3 (e)).

the kick from the dechirper increases quadratically from the bunch head. The

horizontal orbit is steered flat within | 〈x〉 | < 2.5µm on average.

5.3 Time-resolved measurements of X-ray pulse duration

using an X-band transverse deflecting cavity

The X-band transverse deflecting cavity is a radiofrequency transverse deflector

which provides an indirect measurement of the X-ray pulse duration by measuring

the time-resolved electron beam energy loss and energy spread after the exit of

the undulator. Using a transverse deflector to characterize the X-ray temporal

structure with femtosecond resolution was first proposed in Ref. [23] and verified

experimentally at soft and hard X-rays at LCLS in Ref. [8]. The typical temporal

resolution of the deflector is ∼ 1 f.s. rms at soft X-rays (1 keV) and ∼ 4 f.s. rms

at hard X-rays (10 keV) [8]. The typical energy resolution is ∼ 100 keV at hard
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Figure 5.3: Schematic of the X-band transverse deflecting cavity for time-resolved measure-

ments of the electron beam longitudinal phase space at LCLS. The deflector provides a time-

dependent transverse kick on the beam which is mapped to a horizontal offset ∆x which depends

on the individual electron position along the bunch. The dipole provides dispersion in the ver-

tical direction which maps the electron beam energy to a vertical offset ∆y on the screen.

X-rays and is more than sufficient for measuring the energy loss and energy spread

induced by FEL lasing in our experiment which is O(10) MeV. A schematic of the

RF transverse deflector diagnostic system is shown in Fig. 5.3. The basic principle

behind the transverse deflecting diagnostic is simple. An electron with energy Ei

and time-coordinate ti relative to the bunch center, is passed through a RF cavity

with a peak transverse voltage V0 and phase φ and receives a time-dependent

transverse kick, in our case in the horizontal direction:

∆x′i(ti) =
eV0

Ei
(sin(krfcti + φ)) ≈ eV0

E0

(krfcti cosφ+ sinφ) (5.2)

where krf = 2π/λrf and λrf = 2.63 cm is the rf wavelength, and we approximate

the bunch length to be much shorter than the rf wavelength krf |ct| << 1 and the

electron energy to the central beam energy E0. Between the rf deflector and the

screen, the electron beam is transported through a transport matrix which maps

the angular kick to a spatial offset via the matrix element R12 =
√
βxdβxs sin ∆ψ,

where ∆ψ =
∫ zs
zd

1/βx(z) is the horizontal phase advance between the deflector

and the screen. Thus the horizontal position of each electron on the screen maps
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the time-coordinate along the bunch:

∆xi(ti) =
eV0

E0

√
βxdβxs| sin ∆ψ| (krfcti cosφ+ sinφ) (5.3)

Similarly the vertical deviation from the dipole provides a measure of the indi-

vidual electron energy ∆y = ηysδi where δi = (Ei−E0)/E0 and ηys is the vertical

momentum dispersion function at the screen. The (x, y) plane on the screen now

provides a time-resolved image of the electron beam longitudinal phase space as

shown for example in Fig. 6.1. The electron beam longitudinal phase space can

be used to determine the X-ray power and duration of the X-ray pulse. To ac-

complish this we first measure the electron beam phase space while deliberately

disabling the lasing process (lasing off shot). Lasing can be disabled by intention-

ally providing a giving a large transverse kick (> 10 µrad) to the entire bunch

using a dipole corrector before the first undulator section (see equation 2.64).

From this measurement we have a benchmark of the average energy and energy

spread in each slice. Subsequently, we can disable the large kick and measure

the longitudinal phase space at the exit after the electron beam has lased while

passing through the undulator. The X-ray power can then be reconstructed using

either the difference in energy loss ∆E(t) or the energy spread σE(t) between the

“lasing off” and “lasing on” shots:

P (t) = I(t)×∆E(t) = I(t)× [Eon(t)− Eoff ]

P (t) ∝ I2/3(t)
[
∆σ2

E,on(t)− σ2
E,off (t)

] (5.4)

we note the second relation, first derived in Ref. [56], is strictly valid only in the

exponential gain region of the FEL and the reconstruction from both energy loss

and energy spread has been found to agree very well close to the FEL saturation [8]

and after saturation [24, 78]. We also note that since the relation between power

and energy spread is only proportional we must normalize it with an independent
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measurement of the total X-ray pulse energy EX−ray =
∫
P (t)dt, which in practice

is recorded by a detector which measures the photoluminescence in nitrogen gas

excited by the FEL pulse [99]. In the FBSS experiment we typically generate a

longitudinal phase space in which lasing occurs non-uniformly for different slices

along the bunch. We find that the reconstruction which best fits the data is

typically obtained from comparing the differences in energy spread despite the

fact that we are working in the post-saturation regime of the FEL.
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CHAPTER 6

Experimental results and analysis of the fresh

slice self-seeding experiment at LCLS

In this chapter we present results of the fresh slice self-seeding experiment con-

ducted at the LCLS. The chapter is subdivided into sections which isolate the

results from each of the three diagnostics used: the X-band transverse deflect-

ing cavity for time-resolved measurements of the electron beam energy loss, the

hard X-ray spectrometer for measurements of the radiation bandwidth and the

gas detector for measurements of the total X-ray pulse intensity. These three

diagnostics are used synchronously to determine the three quantities needed to

measure the X-ray beam brightness: the number of photons per pulse, the spec-

tral bandwidth and the pulse duration. We compare the measurements from the

FBSS experiment with the same measurements taken for SASE and self-seeding

at the same photon energy with the same electron beam parameters. This allows

us to compute the relative brightness of the the X-ray pulse in each of the three

schemes and serves as a figure of merit for the advantage of the FBSS method

compared to SASE or regular self-seeding. Finally, we compare the results from

the experiment to those obtained from numerical simulations described in section

4.1.3.
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6.1 Time-resolved measurements of the X-ray pulse dura-

tion and power

Two examples of typical longitudinal phase spaces for the FBSS experiment are

shown in Fig. 6.1. We have chosen these two shots because the X-ray intensity in

these shots, 352 µJ and 538 µJ, is close to the average intensity recorded over 5000

shots before/after filtering for the electron beam energy jitter. More details on the

correlation between electron beam energy and X-ray pulse intensity are discussed

in the following section and shown in Fig. 6.2. In Fig. 6.1 (a)-(f) we show both

shots with/without lasing and the corresponding X-ray power from reconstruction

while the electron beam current is obtained by averaging over 40 different lasing

off shots. The current is mostly uniform with 4 kA in the core and ±100 A in the

head/tail due to nonlinear effects in the electron bunch compression (see section

4.1.1). The small linear energy chirp on the electron bunch ∆E/E ∼0.5 % can be

attributed to the effect of the resistive wall wakefield in the undulator. During the

experiment we accounted for the resistive wall wake and tuned the electron beam

phase space to be as flat as possible at the location of the HXRSS chicane, when

the overlap between the seed and the fresh slice is most critical for performance.

Examining the difference between lasing on and off shots we can see that when the

electron beam lases in the undulator there are two distinct regions of the bunch

where the energy loss is visible which are the signatures of the lasing slices. The

electrons which lase in the SASE section of the undulator are on the tail of the

bunch t = 20 fs and the energy difference is small ∼ 10 MeV compared to the

lasing off shot. This results in an X-ray power at the HXRSS monochromator of ∼

4.5-6.4 GW for the two shots respectively in a ∼ 10-15 fs pulse. The X-ray power

from reconstruction is in reasonable agreement with the average SASE intensity

measured before the monochromator of ∼100 µJ.

The electrons lasing in the seeded undulator section are on the core of the
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Figure 6.1: (a)-(b) and (d)-(e) Single shot electron beam longitudinal phase space with lasing

on/off in the FBSS scheme. (c) and (f) Electron beam current and X-ray pulse reconstruction

from lasing on/off images shown. The lasing electrons in the SASE section are on the tail of

the bunch (t ∼ 20 fs in (b) and (e)) and the seeded electrons are in the core (t ∼ 0 fs) where

there is large energy loss. The largest energy loss is ∼ 60 MeV for the case shown in (b) and ∼

90 MeV for the case shown in (e). The peak X-ray power from reconstruction is 27 GW in (c)

and 50 GW in (f) with a FWHM pulse duration of 11 fs and 9 fs respectively. Error bars are

calculated using the combined rms error of two independent intensity detectors.
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bunch where there is large energy loss around t = 0 fs. The peak energy loss is ∼

60 MeV and∼ 90 MeV in both cases. The peak X-ray power from reconstruction is

27 GW and 50 GW in a short 11-9 fs pulse for both shots respectively. The ability

to generate short high peak power seeded pulses is one of the main advantages

we expected from the FBSS method and this kind of time-resolved measurement

confirms the validity of the method. As mentioned in the introduction to this

chapter, in order to calculate the brightness of the FBSS scheme we must measure

both the X-ray power and the X-ray pulse bandwidth. Therefore, in the following

section we discuss the spectral properties of the FBSS radiation by analyzing the

measurements of the X-ray intensity, bandwidth and electron beam energy jitter.

6.2 Measurements of radiation intensity and spectrum us-

ing a bent crystal spectrometer

The measurement of the X-ray pulse intensity is carried out using two independent

nitrogen gas photoluminescence detectors [99]. The spectrum is measured using a

single shot transmissive spectrometer based on a single bent Si crystal operating

in the symmetric Bragg geometry [121]. The resolution of the spectrometer at the

nominal LCLS operating photon energy of 8.3 keV is ∼ 0.2 eV. In our experiment,

operating at a photon energy of 5.5 keV, we estimate the resolution to be ∼ 0.3

eV using the statistical method described in Ref. [72]. In a self-seeding or FBSS

setup the bandwidth of the output signal is set by the particular crystal reflection

used on the Bragg crystal monochromator and can be broadened by the electron

slice energy spread and nonlinearities in the electron beam phase space. If the

narrow bandwidth signal is overlapped with a short, fresh-slice ∼ 10 fs in length,

we expect the effect of broadening due to nonlinearities to be minimal since the

electron beam phase space is mostly linear over short timescales (see Fig 6.1).

We performed the FBSS experiment with two different reflections from the single
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crystal monochromator, the (1 1 1) line and the (-2 0 2) line. The (-2 0 2) line

is preferable due to the narrower bandwidth of the monochromatic wake pulses,

theoretically calculated to be 92 meV at the fundamental photon energy of 5.5

keV. We used the (1 1 1) reflection first for practical purposes as we were able to

find the correct crystal angles (pitch and yaw) to observe self-seeding more easily

than with the (-2 0 2) line.

A comparison of the spectral data for 5000 consecutive shots taken with both

crystal planes is shown in Fig. 6.2. Therein we can see that the performance

of FBSS is significantly affected by which spectral line is used to provide the

monochromatic seed, as is also true for regular self-seeding operation. The average

of the FWHM bandwidth for the (1 1 1) plane is 1.12 eV (∆ω/ω0 = 2 × 10−4)

compared to 0.41 eV (∆ω/ω0 = 7.5× 10−5) in the (-2 0 2) case for all 5000 shots.

Consequently the average intensity is also larger in the (1 1 1) case, at 698 µJ

compared to 339µJ in the (-2 0 2) case. As is shown clearly in 6.2 (c)-(d) the

FEL performance depends strongly on the electron beam energy jitter with the

intensity dropping below average for both cases when the electron beam energy

is offset from the central energy by ∆E/E = 5 × 10−4. Comparing the “on-

energy” shots, within the energy jitter window ∆E/E = ±2.5×10−4, the average

intensity is 986 µJ and 391 µJ and the FWHM bandwidth is 1.02 eV and 0.37

eV respectively for the (1 1 1) and (-2 0 2) lines, with 46% and 59% of the shots

captured within the window for both cases. As mentioned above, the bandwidth

is broadened compared to the value set by the monochromator reflection, with the

dominant cause for this broadening being the electron slice energy spread which

is σγ/γ0 ∼ 10−4 at 4 kA. After filtering out the “off-energy” shots, Fig.6.2 (e)-(f)

shows the intensity-bandwidth correlation for the two seeding lines. The (1 1 1)

plane clearly has a more sparse correlation with a standard deviation of 0.52 eV

compared to 0.07 eV for the (-2 0 2) case. The intensity fluctuations are 411 µJ

and 176 µJ, for both cases around 50 % of the mean intensity. This kind of level
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Figure 6.2: Comparison of spectral intensity and bandwidth for the FBSS scheme using FBD

from two different crystal planes, the (1 1 1) and the (-2 0 2) plane. (a)-(b) Single shot and

average spectra for the (1 1 1) and (-2 0 2) cases respectively. The average is taken over 5000

shots and the (1 1 1) case shows a broader bandwidth with larger pedestal compared to the

narrower (-2 0 2) case. The FWHM bandwidth for the average spectrum is 1.16 and 0.41 eV

respectively. The fractional seed power within twice the FWHM bandwidth window is 59 % and

70 % respectively. In both cases the X-ray energy is correlated with the electron beam energy

jitter as shown in (b) and (c). The average intensity for the “on-energy” shots within the energy

jitter window ∆E/E = 5× 10−4 is 1.02 mJ and 0.39 mJ respectively. The bandwidth-intensity

correlation is shown in Fig. (e) and (f), filtered within the energy jitter window ∆E/E = 5×10−4

which captures 46-59 % of the shots in the two cases. The spectral brightness is ∼ 40 % larger

for the (-2 0 2) line and is the reason we have used it to compare the performance of FBSS with

SASE and self-seeding at the same photon energy.
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of intensity fluctuation is typical for hard X-ray self-seeding at LCLS [3] and is

due to the intrinsic SASE intensity fluctuations at the monochromator and the

monochromatization of the SASE itself which selects ∼ 1 longitudinal mode from

a chaotic SASE pulse consisting of many modes [105] (see section 2.4.1).

We compare the relative brightness of the two spectral lines B−202/B111 as-

suming the pulse duration is the same in both cases (∼ 10 fs as measured using

the X-band deflecting cavity) and we find that B−202/B111 = 1.4. Due to the 40

% increase in brightness we decide to use the (-2 0 2) line for comparing the per-

formance of FBSS with SASE and regular self-seeding at the same photon energy.

For the (1 1 1) and (-2 0 2) reflections, the radiation bandwidth FWHM is on

average a factor of 5.6 and a factor of 2 larger than the Fourier transform limited

bandwidth for a 10 fs long pulse which is 0.18 eV. We note that due to the resolu-

tion limit of the transverse deflecting cavity (∼ 4 fs) and the X-ray spectrometer

(∼ 0.3 eV) the average pulse duration of 10 fs and the average bandwidth for both

spectral lines provide an upper limit for these two values. The time-bandwidth

product is therefore a conservative estimate of how close the FBSS pulses are to

the Fourier limit, which for the (-2 0 2) case is within a factor of 2.

6.3 Comparison with SASE and self-seeding

We compare the performance of FBSS to that of SASE and self-seeding using the

(-2 0 2) reflection on the crystal monochromator. The figure of merit is the photon

beam brightness in each case and most importantly, the relative brightness of the

FBSS scheme with respect to the other two. To calculate the relative brightness

we take the ratio of the average X-ray intensity divided by the time-bandwidth

product for each scheme, assuming the angular divergence and transverse size of

the X-ray pulse is equivalent in all cases. The average intensity, single shot and

average spectra and undulator taper profiles for the three schemes are shown in
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Fig. 6.3. The average intensity is calculated over 1470 SASE shots and 5000 shots

in the FBSS and self-seeded cases. For the FBSS and self-seeded cases, the average

intensity is calculated by filtering out shots that have FWHM bandwidth larger

than 1.5 eV which we deem to be not seeded shots. The seeded shots represent

96 % and 99% of the total shots for the self-seeded and FBSS cases. The SASE

spectrum and taper profile is shown in Fig. 6.3 (a). The FWHM bandwidth is

9.69 eV, a factor of 22-24 larger than the bandwidth from self-seeding and FBSS.

The typical pulse duration spans the entire electron bunch ∼ 40 fs and the average

intensity is 2 mJ. The SASE taper profile is optimized empirically by introducing

a linear taper in the exponential gain regime (δK/K0 = 0.2%) to compensate

for electron beam energy loss from spontaneous radiation and the effect of the

resistive wall wakefield in the undulator [59]. The linear undulator taper ampli-

tude ∆K/K0 ∼ 2.5ρ is in reasonable agreement with the theoretical estimate of

∼ 2ρ for the LCLS operating at 8 keV with a 200 pC bunch. A quadratic post-

saturation taper (δK/K0 = 1.5%) from U-20 until the undulator exit is optimized

empirically to maximize the product of the trapping fraction and the electron

energy loss. Since the typical SASE radiation profile consists of many temporal

spikes there is no unique way of defining the resonant phase for the entire bunch

and the quadratic taper profile is optimized to increase the particle trapping on

average (smaller resonant phase) rather than for a large deceleration gradient

[44]. As a result the SASE intensity increase from post-saturation tapering is

around 40 % larger than the theoretical value of the saturation intensity. This

contrasts with the FBSS case where the intensity increase is around 67 % larger

than the saturation value in what is effectively a shorter tapered-undulator length

compared to the SASE case. The larger yield from tapering with a monochro-

matic seed compared to SASE is not surprising and underscores the importance

of monochromatic seeding for high efficiency FELs.

The taper profile for the FBSS case (shown in Fig. 6.3 (c)) is noticeably
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Figure 6.3: Comparison of SASE, self-seeding and, FBSS spectra and undulator taper profiles

at a central photon energy of 5.5 keV. The self-seeding and FBSS data was taken using the same

(-2 0 2) reflection from the FBD crystal monochromator. The calculated spectral resolution is

around 0.3 eV [72]. (a) The average SASE spectrum over 1470 consecutive shots with a 2

mJ average intensity and 40 fs pulse duration. The FWHM bandwidth is 0.995 eV, a relative

bandwidth ∆ω/ω0 = 1.8×10−4. The SASE taper profile is optimized empirically by introducing

a linear taper in the exponential gain regime (δK/K0 = 0.2%) and a quadratic post-saturation

taper (δK/K0 = 1.5%) from U-20 until the undulator exit. (b)-(c) Single shot and average

spectra over 5000 shots for self-seeding and FBSS. The FWHM bandwidth is 0.44-0.4 eV in

both cases with 77-79 % of the power within the bandwidth |∆Eseed| < 0.75 eV. The average

pulse duration is 35 fs and 10 fs, while the average intensity is 573 µJ and 330 µJ respectively.

Note the different undulator taper profiles, with a two-stage quadratic post saturation taper in

the FBSS case which increases the effective energy loss of the lasing electrons. The first two

undulators are extracted in the self-seeding measurement to optimize performance.
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different compared to both the SASE and self-seeded cases. The tapering for

a FBSS FEL is optimized empirically to achieve two goals: maximum intensity

before the monochromator and maximum intensity at the undulator exit. This

is different from SASE and particularly for self-seeding where the intensity at

the monochromator has to be limited to limit the electron energy spread growth

(see section 2.4.3.1). Thus in the self-seeded case, the first two undulators are

extracted to optimize the output intensity and FEL performance. In the FBSS

case the FEL is close to reaching saturation before the HXRSS monochromator

at undulator U-16. The result is that the optimal taper profile includes a small

quadratic taper ∆K/K0 = 0.4% from U-10 to U-15 which effectively increases the

energy loss of the electrons in the SASE section at the expense of particle trapping.

Since the electrons lasing in the SASE section are on the tail of the bunch and

the electrons lasing in the seeded section are on the core, the electron trapping

on the tail slices is not important in the second section and explains the use of

the quadratic taper to reach maximum intensity before the monochromator. In

the second section of the FBSS case, the quadratic post-saturation taper starts at

U-25, 8 undulators after the HXRSS monochromator and is around the location

of exponential saturation for a seed power of 300 MW (about 0.3% of the incident

SASE power) and a gain length of 2.5 m. This leaves 8 undulators for tapering

in which the undulator parameter decreases by a further 0.77% and the average

intensity is 339-391 µJ with/without filtering for the “on-energy” seeded shots

(see Fig. 6.2 (f)). The relative average brightness between SASE and FBSS is

BFBSS/BSASE = 12.5 without filtering the FBSS intensity for the “on-energy”

shots. If we filter for the “on-energy” shots the ratio increases to 15.5 and if

we choose the best shot in both cases with the highest intensity and narrowest

bandwidth, the ratio increases by nearly a factor of 3 compared to the average

case to 35.4 (see Table 6.1).

The brightness comparison between FBSS and SASE favors the former of the
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Figure 6.4: (a)-(b) Single shot electron beam longitudinal phase space with/without lasing

in the regular self seeded configuration measured using the LCLS X-band transverse deflecting

cavity. (c) Electron beam current and X-ray power from reconstruction, the X-ray pulse energy

is 904 uJ with a seeded pulse duration of 29 fs and the majority of the electron beam contributing

to lasing. (d)-(e) Single shot electron beam longitudinal phase space with/without lasing in the

FBSS scheme. (f) Electron beam current and X-ray pulse reconstruction from lasing on/off

images shown. The lasing electrons in the SASE section are on the tail (t = 20 fs) and the

seeded electrons are in the core (t = 0) where there is large energy loss ∼ 90 MeV. The peak

X-ray power from reconstruction is 50 GW with a FWHM pulse duration of 9 fs. Error bars are

calculated using the combined rms intensity error of two independent detectors.
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Brightness ratio Average Average filtered on e-beam energy Peak

BFBSS/BSASE 12.5 15.5 35.4

BFBSS/Bself−seeding 2.4 2.1 2.3

Table 6.1: Comparison between the average and peak brightness of the FBSS scheme with

SASE and self-seeding at the same photon energy. The left column is an average without filtering

the data based on the incoming electron beam energy. The middle column is an average of the

data within the energy jitter window ∆E/E0 = 0.5%. The right column is calculating using the

best shot for each of the three schemes.

two schemes since the monochromatization of the radiation after the HXRSS

monochromator reduces the bandwidth of the radiation by a factor of ∼ 20 com-

pared to the SASE bandwidth. It is therefore important to compare the perfor-

mance of FBSS with regular self-seeding using the same reflection on the crystal

monochromator to have a complete discussion of the merits of the scheme. To

this end, we show in Fig. 6.3-6.4 the time-resolved X-ray power for a typical

self-seeding shot as well as the statistical properties of the radiation intensity and

spectrum compared to the results from the FBSS scheme. We examine the elec-

tron energy loss for a typical self-seeded shot with intensity of 904 µJ and FWHM

duration of 29 fs in Fig. 6.4 (a)-(c). One difference between the longitudinal phase

space for self-seeding compared to FBSS is that in the self-seeded case the entire

beam is contributing to the lasing with the intensity spanning 25-35 fs for typical

shots. It is interesting to note that the energy loss compared to the lasing-off shot

shows two bumps centered around t = -10 fs and t=10 fs which are the locations

of highest X-ray power P = 32 GW and P = 22 GW. These bumps represent the

amplified radiation from the bumps in the monochromatic seed wake pulse which

decreases in intensity from the head to the tail of the pulse (see Fig. 2.6).

A fit of the integrated spectral intensity for self-seeding and FBSS shows that

19−21% of the photons are in the SASE pre-pulse and 77−79% are in the seeded
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Figure 6.5: Comparison between X-ray intensity, electron energy jitter and bandwidth for self-

seeding and FBSS using the (-2 0 2) crystal reflection on the monochromator in 5000 consecutive

shots. (a)-(b) Correlation of electron energy jitter with X-ray intensity in self-seeding and FBSS,

the “on-energy” shots have around 700 µJ and 400 µJ average intensity in both cases. (c)-(d)

Energy jitter vs bandwidth correlation, the self-seeded case shows wider spread in bandwidth

for both on and off-energy shots. (e)-(f) Intensity-bandwidth correlation filtered in the electron

beam energy window ∆E/E = ±0.025%. The intensity of the seeded shots is 1.9 times larger

than for FBSS, however the pulse duration is ∼ 3-4 times shorter making the brightness larger

for the FBSS scheme compared to self-seeding.
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core defined by the bandwidth window |∆Eseed| = 0.75 eV. The average bandwidth

of self-seeding without filtering on the electron beam energy, but removing the

shots with bandwidth larger than 1.5 eV, was 0.44 eV comparable to the 0.4

eV in the FBSS scheme. In both cases, the relative electron slice energy spread

∼ 10−4 increases the bandwidth beyond the value set by the monochromator

(0.1 eV) and the Fourier limit (0.18 eV and 0.06 eV for FBSS and self-seeding

respectively). The small relative increase in bandwidth for self-seeding compared

to FBSS may be attributed to the additional nonlinearities in the electron beam

phase space sampled by the longer seed pulse [77]. The longer X-ray pulse for

self-seeding results in a larger average (± rms) pulse intensity at 573 ± 290 µJ

compared to 330 ± 179 µJ for FBSS. The shorter pulse duration in the FBSS

case, however, gives higher peak power, with around 50 GW compared to 30

GW for self-seeding as shown in Fig. 6.4. As mentioned above, the ∼ 50 %

fluctuations in intensity for self-seeding are due to the intrinsic SASE fluctuations

at the monochromator and electron beam energy jitter [3]. We note that the

performance of both FBSS and self-seeding strongly depends on the electron beam

energy jitter as shown in Fig. 6.5. When comparing the two schemes to each other

and to the performance of SASE we consider both the average over 5000 shots and

and a filtered average which includes only “on-energy” shots within the energy

window ∆E/E0 = ±0.025%. Calculating the brightness ratio for the average

with/without filtering we find that BFBSS/Bself − seeding=2.1-2.4. Since the

bandwidth is approximately the same in both cases, the increase is due to an

increase in power from FBSS compared to self-seeding.

6.4 Comparison with start-to-end simulations

We compare the FEL simulation results from section 4.1.3 to the experimental

results from the fresh-slice self seeding experiment. The first SASE section is
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simulated for ten different shots with the results shown in Fig. 4.4-4.5. The

average intensity on the monochromator is 89 µJ in a 8 fs long pulse on the

bunch tail and agrees with the average intensity measured experimentally which

was around 100 µJ in a 5-10 fs long pulse on the bunch tail (see Fig. 6.1 (c)

and (f)). The relative SASE bandwidth at the monochromator from simulation

is 2.1 ×10−3 or 11.4 eV. While we do not measure the SASE bandwidth before

the monochromator, we have measured the saturated SASE bandwidth to be

9.69 eV (see Fig. 6.3 (a)), which is 18% narrower than the simulated value at

the monochromator. The discrepancy can be understood by noting that in the

experiment the bandwidth is measured in the post-saturation regime and the

simulated value at the monochromator is around one gain length before saturation

(see Fig. 4.4 (d)), and the nonlinear curvature on the bunch tail may also be more

pronounced in the simulation compared to the experiment.

The seeded intensity from simulation fluctuates from a minimum of 12 nJ to

a maximum of 0.3 µJ, up to 0.34 % of the average SASE pulse energy before the

monochromator. The fluctuations of the seeded output intensity are from 720 µJ

to 1.18 mJ over ten shots. Comparing this intensity to the experimental results

from Fig. 6.2 (f) we see that the simulation intensity matches the best experi-

mental shots, with the highest intensity experimental shot at 1.07 mJ and 144

shots out of 5000 with intensity above 720 µJ. The seeded FWHM pulse duration

from simulation is 8 fs, in good agreement with experimental measurements of

∼ 9-11 fs from XTCAV results shown in Fig. 6.1. While the bandwidth of the

seeded pulses at the exit of the monochromator is ∼ 0.1 eV, the bandwidth is

broadened in experiment to ∼ 0.4 eV (with the resolution of the spectrometer at

∼ 0.3 eV). As discussed previously this broadening may be due to nonlinearities

in the electron beam phase space but most importantly the electron slice energy

spread on the order of δγ/γ0 = 10−4. The simulation bandwidth broadening is

more pronounced, with the output bandwidth around 1 eV larger than the ex-
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perimental value. This excessive bandwidth broadening and discrepancy between

start to end simulation and experiment has been observed previously, although

not so severely, for self-seeding at LCLS at 8 keV photon energy [119]. An addi-

tional fine-tuning of the laser heater intensity and the transport line may reduce

these issues by damping the longitudinal density modulations on the order of 1.5

MeV which cause local nonlinear energy chirp in the longitudinal phase space

and lead to frequency broadening of the seed pulse. In fact, simulations with an

ideal electron beam with a longitudinally flat current distribution and a 2 MeV

Gaussian energy spread preserve the bandwidth throughout the seeded section.

While there is agreement between the best experimental shots and simulation in

terms of intensity and pulse duration, there are still open issues with simulation of

fresh-slice modes of operation at LCLS. For example, the modeling and transport

of the electron beam through the dechirper in ELEGANT and into the undulator

with appropriate orbit correction in GENESIS is the subject of ongoing work.
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CHAPTER 7

General Conclusions

7.1 Concluding remarks

The central subject of this dissertation has been undulator tapering for high ex-

traction efficiency FELs. The demand for high efficiency FEL light sources comes

from multiple scientific applications. At X-ray wavelengths for example, there is

interest in studying the physics of high intensity X-ray matter interaction and non-

linear X-ray science. In the field of AMO and quantum chemistry there is interest

in increasing the XFEL intensity to facilitate current X-ray scattering experiments

by enhancing the scattering signal. In the field of biology and femtosecond X-ray

crystallography, the push towards coherent X-ray diffraction imaging of single

molecules has set a target for high intensity XFELs in the future generation of

machines. These experiments require peak X-ray powers on the order of 1 TW

and X-ray pulse duration on the order of 10 fs, thus requiring an improvement

compared to the state of the art efficiency of XFELs, around 0.1%, by two orders

of magnitude to around 10 %.

With an eye towards these applications in this work we have studied undulator

tapering strategies for high efficiency XFEL extraction to reach TW peak power

levels in a future XFEL light source. Our studies began with theoretical and

numerical investigations of high efficiency XFELs to isolate and overcome the

main effects which limit the output efficiency in a tapered XFEL. We determined

that radiation diffraction as well as time dependent effects such as the synchrotron
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sideband instability are the main parasitic effects which limit the efficiency. We

propose solutions to circumvent or eliminate these issues via improvements in the

FEL hardware (undulator design) and by manipulations of the electron phase

space distribution.

Our initial studies focus on the dependence of the peak power for a self-seeded

TW-class XFEL on the transverse electron distribution, concluding that a more

uniform (parabolic or flattop) distribution compared to a typical Gaussian distri-

bution, results in a better extraction efficiency for the same electron beam and

undulator parameters [33]. Our numerical results presented in section 3.4.1 stud-

ied the case of a 200-m long XFEL with typical state of the art electron beam and

undulator parameters and we reported an efficiency increase from 2.8-4.8% and a

peak power increase of 1.56-2.63 TW from modifying the transverse distribution

from Gaussian to uniform. For X-ray diffraction applications we also perform a

quantitative study of the transverse coherence properties of the radiation from

such an optimized tapered XFEL and determine that the output radiation is suf-

ficiently coherent (coherence area is 2 orders of magnitude larger than the spot

size) to be used in X-ray diffraction experiments. In this study we noted that

simulation results from time-steady optimizations which ignored time dependent

effects such as the sideband instability, outperformed the time-dependent runs

in terms of relative efficiency by 13-40 % depending on the (uniform-Gaussian)

transverse distribution.

To analyze in detail the dependence of the tapered XFEL on time dependent

effects we performed an additional comparative numerical optimization study in-

cluding and intentionally disabling these effects [30]. For our comparative opti-

mization we propose a novel undulator specifically designed to reach TW peak

powers in the shortest possible undulator distance. This kind of Advanced Gra-

dient Undulator (AGU) is superconducting, allowing for high peak magnetic field

parameter (K=3) with a short period (λu=2 cm), and helical for maximal deceler-
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ation gradient and improved refractive guiding in the post-saturation regime. Fur-

thermore, the AGU is designed to incorporate the transverse focusing quadrupole

for strong focusing of the electron beam in each undulator segment, allowing for

smaller beta function and thus increased current density and deceleration gradient,

as well as shorter break sections (20 cm) to limit particle mixing and reduction

of the bunching factor. In this time dependent optimization we also study the

dependence of the peak power on the input electron beam energy spread and

the radiation seed power. We find that it is possible to almost recover the time

independent efficiency and obtain a peak power of 6.3 TW (12 % efficiency) for

a 100-m undulator by using a large radiation seed (25 MW) and amplifying it

with a small energy spread electron beam (δγ/γ0 = 1.2 × 10−4). In a regular

self-seeded FEL having a large input seed comes at the expense of the electron

beam energy spread at the start of the seeded section. This trade-off (described

in section 2.4.3.1) limits the efficiency of regular self-seeded FELs since it forces

them to operate far from quasi “time-independent” conditions which are ideal for

maximal power extraction.

Operating a self-seeded tapered XFEL with a large input seed and a small

energy spread beam can be achieved by considering Fresh Bunch Self-Seeding

(FBSS), where two different electron bunches (or two different slices of the same

bunch) are used to first generate the seed and then amplify it downstream of

the self-seeding monochromator. In this thesis we have proposed and carried

out a demonstration experiment of this method at the LCLS. We have used two

different slices of the same electron bunch to lase before and after the self-seeding

monochromator. Selectively lasing with different slices of the bunch is achieved

by deliberately inducing large betatron oscillations for the head/tail of the bunch

before/after the monochromator. The large betatron orbit is achieved by using

the dipole wakefields of a corrugated structure, the dechirper, to induce a time-

dependent spatial chirp on the bunch. Our demonstration of FBSS is the first
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to employ this technique in an XFEL and the performance of the method is

compared with SASE and regular self-seeding at the same photon energy. We

find that the FBSS pulses generated in our experiment are high power (50 GW)

short duration (10 fs) and narrow bandwidth (8×10−4). Calculating the relative

average brightness of FBSS we obtain an increase of a factor of 12.5 and a factor

of 2.4 compared to SASE/self-seeding at the same photon energy. Following this

successful demonstration, this method can be used in future TW-level XFELs

aiming to achieve high peak power short pulses ideal for single molecule imaging

experiments. In a similar vein to the FBSS experiment we have studied the idea

of a double-bunch XFEL to achieve high peak power at high photon energies (>

12 keV) via harmonic lasing. We have proposed the design of a compact double-

bunch XFEL for both FBSS and fresh bunch harmonic lasing. In fresh bunch

harmonic lasing simulations using an AGU we find that high peak powers in the

range of 10 GW can be achieved at high photon energies (37.36 keV) in a short

60 m undulator. We have therefore shown that the FBSS method, combined with

harmonic lasing is suitable for pushing the frontiers of future XFEL efficiency and

maximum achievable photon energy while keeping the undulator system relatively

compact and without significant additional hardware requirements or cost to the

XFEL facility.

7.2 Directions for future investigation

During the course of this study we have learned about and identified various other

questions and areas of study which we (or others) may pursue in future investiga-

tions. On the subject of transverse electron distribution shaping, a demonstration

experiment of increased tapering efficiency to support the numerical results shown

of section 3.4.1 is a possible area of future work [69, 61]. For example, recent ad-

vances in optical laser shaping on the photocathode via digital micromirror devices
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allows direct manipulation of the transverse distribution of the electron beam and

could be used in combination with special transport optics [61] to generate and

transport a uniform beam through a high efficiency XFEL.

On the subject of algorithm development for tapering optimization there is still

work to be done in fine-tuning the multi-dimensional scan approach developed in

Ref. [62]. For example, in a self-seeded FEL one improvement to the tapered

undulator optimization could be to divide the tapered section into the regions

where different physical phenomena are most dominiant: the particle trapping

region (± 2 gain lengths from the exponential saturation point), the radiation

field growth region (after particle trapping but before the refractive guiding stops

and the electric field saturates) and the radiation diffraction region. Fine-tuning

the resonant phase increase during the particle trapping region can be done in a

similar way to the self-design taper algorithm implemented in the GINGER code

[40]. In this way one could optimize the taper as a piecewise function (close to

quadratic at the start of the tapered section and close to linear around electric

field saturation) with additional parameters controlling the taper strength and

speed as well as the start point of each region.

Since the numerical optimization can be time consuming it is advantageous to

provide a guide for the simulations to investigate the scaling of the output power

on the main effects which limit the efficiency, i.e. radiation diffraction and the

sideband instability. There has been recent theoretical progress in treating the

diffraction problem in a tapered XFEL parametrically by writing the radiation

power in the post-saturation regime in terms of a general diffraction parameter

[111]. This study provides a good general direction for treating the diffraction

problem, however, it does not deal with the coupled effects of diffraction and time-

dependence which are critical to the output efficiency. Preliminary simulations

suggest that while diffraction alone (3-D time independent) and sidebands alone

(1-D time dependent) place some limits on the tapered XFEL efficiency, it is
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the combination of the two effects that leads to significant electron detrapping

in the post-saturation regime and substantial reduction of the output power. A

theoretical study incorporating both these effects simultaneously is an interesting

direction for future research. A “time-dependence” parameter should be included

in such an analysis related to the ratio between the seed power and the shot noise

power, and a discussion of how the various regimes (time-independent,“quasi time-

independent”, and time-dependence dominated) scale with its value. Finally on

the subject of undulator research, a prototype of the AGU design and a study of its

performance would be a very interesting development and potential improvement

to future XFEL architectures.
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APPENDIX A

1-D analysis of the synchrotron sideband

instability

We write the frequency offset and growth rate of the synchrotron sideband in-

stability in a simplified two-frequency model assuming for simplicity a constant

synchrotron frequency and constant radiation field following Ref. [66]. While this

assumption is strictly valid for a low-gain FEL it is a reasonably good approxima-

tion for the final stages of a tapered FEL amplifier (after the radiation intensity

growth region) around the point where optical guiding stops and the electric field

reaches its asymptotic value.

The energy exchange between the electron beam and a sideband of wavelength

λs with wavenumber ks = 2π/λs (assuming a helical undulator for simplicity) can

be written as:

dγ

dt
= −eKE0

γmec
cos [(ku + ks)z(t)− ωt] (A.1)

now we insert the ansatz for the electron motion including synchrotron oscil-

lations z(t) = v̄zt + as sinκsv̄zt where v̄z = c
(

1− 1
2γ2

(1 +K2)
)

is the average

velocity and as is the synchrotron oscillation amplitude and κs = 2π/Ls the syn-

chrotron wavenumber. Substitution yields:
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dγ

dt
∝ cos

(ku + k)v̄zt− ωt︸ ︷︷ ︸
≡θ0

+(ku + ks)as sinκsv̄zt


=

1

2

∑
n

Jn((ku + ks)as)e
i(θ0+nκsv̄zt)+c.c.

=
∑
n

Jn((ku + ks)as) cos θs

(A.2)

where we define θs = θ0 + inκsv̄zt. We impose the standard requirement for

continuous energy transfer dθs
dt

= 0 which yields:

ku + ks + nκs =
ω

v̄z
= ks

(
1 +

1

2γ2
(1 +K2)

)
→ λs = λ0

(
1− nλu

Ls

)
where λ0 = λu

2γ2
(1 + K2) is the resonant wavelength and we have used the

fact that λu/Ls << 1 in the last line. The first harmonic n = ±1 sidebands are

shifted from the resonant wavelength by ∆λ/λ0 = λu/Ls typically ∼ 10−3 in the

cases presented in this work. To calculate the gain of the sidebands G ≡ E0

Es

E′s
E′0

we consider a simple two-frequency model with the electron motion driven by

the resonant frequency ω0 and a sideband of frequency ωs = ω0(1 + λu
Ls

). Using

an identical analysis to that leading to eq. 3.8, we can write the two-frequency

Hamiltonian:

H = kuc
[
δ2 + F (ψ)

]
(A.3)

F (ψ) = −χ1KE0

γ2
r

(cosψ + ψ sinψr + ε sinψs) (A.4)

where ψs = (ku+ks)z−ωst and ε = Es/E0 parametrizes the sideband strength.

From Hamilton’s equation we have:

ψ′′ +
κ2
s

cosψr

(
sinψ − sinψr + ε

ωs
ω0

sinψs

)
= 0 (A.5)
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To study the perturbative effect of the sideband on the electron motion we

assume a beam injected on resonance with γ = γr and write the perturbation of

the ponderomotive phase by ψ = ψ0 + εδψ ≈ ψr + εδψ where ψr is the average

ponderomotive phase. Substitution into A.5 yields:

δψ′′ + κ2
sδψ = − ωsκ

2
s

ω0 cosψr
sinψs (A.6)

where we can express ψs = ωs

ω0
ψr − Ωsz and we define Ωs ≡ ωs−ω0

ω0
ku. We can

see that eq. A.6 has the form of a driven oscillator with natural frequency κs and

driving frequency Ωs, where the resonance occurs for Ωs = κs as described above.

Given the initial conditions δψ(0) = δψ′(0) = 0 we can integrate eq. A.6 for an

undulator of length Lu and substitute into the definition for the sideband gain to

obtain:

G =
κsLu

4 sin 2ψr

[
sin2(Ωs − κs)Lu/2
((Ωs − κs)Lu/2)2 −

sin2(Ωs + κs)Lu/2

((Ωs + κs)Lu/2)2

]
=

κsLu
4 sin 2ψr

at Ωs = κs

(A.7)

where κsLu ∼ 10 − 40 for the cases we consider and hence G>1 and the

sideband amplitude will grow from noise. In general, the relative sideband gain

depends on the details of the electron distribution. A calculation of the relative

gain for an electron distribution which uniformly fills the decelerating bucket was

performed in Ref. [65] and is the formula we quote in section 3.3.1.
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