
Lawrence Berkeley National Laboratory
Recent Work

Title
TRANSITION FROM BULK BEHAVIOR OT JOSEPHSON-JUNCTION LIKE BEHAVIOR IN 
SUPERCONDUCTING MICROBRIDGES

Permalink
https://escholarship.org/uc/item/65q1x890

Author
Song, Yeong-du.

Publication Date
1971-11-01

eScholarship.org Powered by the California Digital Library
University of California

https://escholarship.org/uc/item/65q1x890
https://escholarship.org
http://www.cdlib.org/


j 
.. 

(/ 

,' "\. J 

LBL-198 
(',d-

TRANSITION FROM BULK BEHAVIOR TO JOSEPHSON-JUNCTION 
LIKE BEHAVIOR IN SUPERCONDUCTING MICROBRIDGES 

Yeong-du Song 
(Ph. D. Thesis) 

November 1971 

AEC Contract No. W -7405-eng-48 

TWO-WEEK LOAN COPY 

This is a Library Circulating Copy 
which may be borrowed for two weeks. 
For a personal ret~ntion copy, call 
Tech. Info. Diuision, Ext. 5545 



DISCLAIMER 

This document was prepared as an account of work sponsored by the United States 
Government. While this document is believed to contain correct information, neither the 
United States Government nor any agency thereof, nor the Regents of the University of 
California, nor any of their employees, makes any warranty, express or implied, or 
assumes any legal responsibility for the accuracy, completeness, or usefulness of any 
information, apparatus, product, or process disclosed, or represents that its use would not 
infringe privately owned rights. Reference herein to any specific commercial product, 
process, or service by its trade name, trademark, manufacturer, or otherwise, does not 
necessarily constitute or imply its endorsement, recommendation, or favoring by the 
United States Government or any agency thereof, or the Regents of the University of 
California. The views and opinions of aut~ors expressed herein do not necessarily state or 
reflect those of the United States Government or any agency thereof or the Regents of the 
University of California. 



-iii-

Table of Contents 

Abst:ract . • • • • . v 

I. Introduction 1 

II. Experimental 5 

A. Sample Preparation 5 

B. Cryogenics and Magnetic Shielding . . . . 8 

C. Microwave Cavity and Sample Holder System 10 

III. Supercurrents at Zero Voltage 15 

A. Solutions of the G - L Equations in the Microbridges • . 15 

B. Critical Current Density in Superconductors 

C. Experimental Results and Discussions ... 

19 

21 

1. Temperature Dependence of the Critical Current • 21 

a. Experimental results. 

b. Discussions of the experimental results 

c. Penetration depth correction 

2. Magnetic Field Dependence of the Critical Currents . 
a. Critical current of·single bridge. . 
b. C:dtical current modulation of double 

IV. Current Voltage Characterisitcs at Finite Voltage 

A. Undriven Mode 

B. Driven Mode 

V. Summary and Conclusions 

Acknowledgements . 

References . . . 

Figure Captions 

. . ~ 

·. . . . 
. . . . . . . 

.. . 

. . . . 
bridge . .. 

. . . . . 

. . •.' . 

. . . . 

21 

23 

28 

29 

29 

31 

33 

33 

39 

42 

. 45 

46 

50 



-v-

TRANSITION FROM BULK BEHAVIOR TO JOSEPHSON-JUNCTION 
LIKE BEHAVIOR IN SUPERCONDUCTING MICROBRIDGES 

Yeong-du Song 

Inorganic Materials Research Division, Lawrence Berkeley Laboratory 
and Department of Nuclear Engineering, College of Engineering; 

University of California, Berkeley, California 

ABSTRACT 

The behavior of superconducting microbridges has been studied as 

a function of the temperature, size and impurity dependent coherence 

length ~· of the evaporated film and the bridge length L. When L << ~ 

near the transition temperature T , the ac and de supercurrents in the 
c 

bridge have a Josephson-junction like behavio~ When L >> ~' the 

bridge behaves like a bulk superconductor. Continuous transitions 

from the bulk behavior to a Josephson junction like behavior are 

observed as a function of L/~ by varying the temperature or the mean 

free path. Experimental results of the temperature dependence of 

the critical current are very well explained by the one-dimensional 

model of Baratoff et al. 

The finite voltage I-V characteristics are qualitatively analyzed 

by the lumped circuit parameter model. The microwave power de~endence 

of the height of the induced current steps is in good agreement with 

the calculation in the limit where the bridge shows Josephson junction 

like behavior. 
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I. INTRODUCTION 

A superconductor is in a macroscopic quantum state1 which can be 

described by a single wave function assigned to a macroscopic number of 

superconducting electrons. This wave function is represented by a com-

plex order parameter ~ = ;p-· exp (i¢) given by the phenomenological 
s 

theory of Ginzburg and Landau,2 where p is the density of the super-. s 

conducting electrons and ¢ is the phase of the order parameter. The 

phenomenological theory has been derived, from the microscopic theory, 

and the derivation has shown that the order parameter ~ (~) is 

proportional to the energy gap parameter b. (~). 3 Such an order param-

eter has a long range phase coherence within a superconductor, that 

is, to fix the value of the phase at one point determines its value at 

all other points, due to a cooperative effect brought about by the 

motion of the electrons from one part of a superconductor to another. 

When two pieces of superconductor are isolated there is no 

current flowing between them, and hence no correlation between the 

phases of the order parameter in the two pieces. If these two pieces 

are joined by a superconducting wire, the system becomes effectively 

one superconductor and phase coherence extends from one piece to the 

other. The wire can carry a certain critical current before the 

phase coherence breaks down and a finite voltage develops across it. 

Josephson initially predicted4 the following effects for tunnel 

junctions and later extended5 ' 6 for general weak link systems with a 

much smaller critical current than the bulk value. First, a de 

supercurrent flowing at zero voltage, given by 
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where (I ) is the critical current density of the weak link and cp 
c 

is the gauge invariant phase difference between the order parameter 

of .two pieces of superconductor. At finite bias voltage V across 

the weak link, there is an ac supercurrent of frequency 2eV/h 

(483.6 MHz/}JV) flowing in addition to the normal current. This 

(1) 

prediction was followed by experimental confirmation of such effects 

on superconductor insulator superconductor (s-I~s) junctions,7 

. . . 8 
superconductor normal superconductor (S-N-S) junctions, point 

contacts9 and superconducting microbridges. 10 

In a superconducting mic~obridge system, the role of the weak 

link is played by a short (-lp), narrow (-l/2p) br{dge section 

existing between large patches of the film on either side. Since 

the bridge section has a non-negligible <;!ross-sectional area of 

-13 2 -10 m , and consists of a superconducting material, the critical 

current carried by the bridge at low temperature (tYPically order 

of lOrnA in our bridges) can be much larger thari that set forth by. 

Josephson as the· criterion for satisfyi1ng the condition for weak 

links. The criterion is.that the coupling energy, which is 

proportional to the critical current, be less than the Fermi energy. 

On the other hand, at high temperature, the critical current due 

to intrinsic bulk superconducting properties of the bridge is expected 

to be small and we may anticipate some enhancement of the critical 

.J 
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current due to the presence of strong superconductors with much higher 

critical current on either side of the bridge. Here "Strong" and 

"Weak" are used in connection with the critica:).-current-carrying 

sapacity. Therefore, a superconducting microbridge is expected to 

behave like a bulk superconductor in the low temperature limit and 

like a·Josephson junction at high temperatures at the right conditions. 

Incidentally, all of the reported observations of ac Josephson effect 

on the microbridge10•11 •12 were made in the high temperature limit. 

10 Since the original demonstration by Anderson and Dayem that the 

microbridge exhibits ac interference effects, a considerable amount 

of effort has been concentrated on applications of the bridge, 

especially as a detector of high frequency electromagnetic fields. 

This trend of interests and some difficulties associated with the 

preparation of standard samples of "'1~ size has precluded any 

systematic study of the physical parameters which characterize the 

behavior of the bridge. The aim of our study is to undertake this 

investigation by varying the physical parameters of the bridge. 

In section II, we will discuss the experimental techniques used 

in our experiments. 

In section III, the temperature dependences of the critical 

currents of microbridges will be discussed in relation to the coherence 

length s(T) of the strong superconductor on either side of the bridge . 

Coherence len~th was varied with temperature, with the thickness of 

the film, and with the impurity of the film. Also, the critical 

current of a single bridge and of a double bridge as a function of a 

perpendicular magnetic field will be discussed. 
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In section IV, the current-voltage characteristics in the absence, 

and in the presence of an 8.8GHz microwave field will be discussed 

usi,ng the lumped circuit parameter model. 

In all cases, the detailed discussions will be done in two 

limiting cases; that is, when the microbridge behaves like a bulk 

superconductor and when it behaves like a Josephson junction. Con-

tinuous transitions of characteristics from one limit to the other 

were always realized in the actual experiments as we changed the 

physical parameters of the bridge continuously. 

Section V includes the summary and conclusions drawn from our 

experiments. 
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II. EXPERIMENTAL 

A. Sample Preparation 

The Sn and Sn-In alloy bridges used in our experi~ents were pre-

pared by vacuum deposition of thin films onto ordinary microscope 

cover glasses and, then, by scratching these films mechanically with 

a specially designed micromanipulator outside the vacuum. The Sn was 

chosen as a primary material because of the wide range of T/T readily c 

attainable in a standard liquid-helium cryostat and the durable 

chemical and mechanical properties of the Sn film. Usually three 

longitudinal strips of 400~ width were deposited on one glass substrate. 

Film thickness varied from 50oA to 300oA, evaporation pressure from 

1 to 8 x 10-7 Torr, deposition rate frbm 5 to 50 A/sec and substrate 

temperature from LN2 temperature up to room temperature. Substrates 

were cleaned ultrasonically in soap and water for 15-20 minutes, 

then rinsed with the distilled water, acetone and ethyl alcohol in 

that order and finally were stored in ethyl alcohol. Occasional 

ultrasonic cleaning in the ethyl alcohol was sufficient to keep the 

substrates clean for months. 

Discontinuity and surface roughness resulting from Sn 

agglomerating around clustering centers randomly distributed on the 

glass substrate was the main problem encountered in preparing uniform 

films. 

Cooling the substrate at liquid nitrogen temperature during the 

evaporation and subsequent rapid warming up to room temperature pre-

vented this non-uniformity. A cold substrate makes it difficult for 
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atoms to migrate to their favorite clustering centers. Rapid warming 

up of the substrate was necessary, because the gradually warmed up 

films acquired a white, milky and non-metallic appearance. For films 

thinner than about 80())\, it was impossible to obtain electrical 

continuity with evaporation to a room temperature substrate. The only 

other way to circumvent this problem was to use uncleaned substrates 

(fresh.from the supplier's box), thus introducing uniformly distributed 1 

cluster centers, and to evaporate at high pressure ("'1 x 10-5 Torr) 

and at high deposition rates ("'5oA/sec). We used the cooling method 

exclusively in preparing samples thinner than about lOOoA. The 

substrates were bonded with Apiezon N vacuum grease to a copper block 

which was chilled by the liquid nitrogen. 

After the evaporation, the films were placed on the micromanipula

tor. The first scratch was made about half way across the width of 

the film by a commercially available fine point diamond tool. Then 

the tool was lifted up and the sample was translated the desired· 

distance by the micromanipulator. Finally, the tool was lowered to 

finish the second scratch. The micromanipulator consisted of an 

aluminum block supported by four 1/2 in. aluminum rods and a 5 pounds 

per inchstrenght coil spring. This pushes against the aluminum 

block, thereby.causing elastic deformation of the supporting rods on 

a micron scale. 

Bridge dimensions were normally measured under an optical micro

scope at X 1000 magnification with a calibrated filar micrometer 

having a resolution of "'0.2ll •. They were typically of l/2ll wide and lll 

. __ ; __ _ 
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long. Fifteen out of more .than 100 samples tested were observed under 

a scanning electron microscope (JSM-3) at a magnification between 

3,000 and 10,000. This confirmed that the measurements done by the 

optical microscope were within± 30% o~ the actual dimensions, and 

revealed the rough surface structure of the film deposited onto the 

substrate at the room temperature, as well as the piling up of the Sn 

along the scratched path. This resulted in about twice the deposited 

thickness at the bridge. Therefore, whenever estimating the cross-

sectional area of the bridge, twice the film thickness was used for 

the bridge thickness. Taking the room temperature resistivity of 

Sn (11.5 x 10-B Q- m), residual resistivity ratio (R R R) of 20, 

(which was typical value observed for 200oA thick Sn film) bridge 

. . -14 2 . -6 
cross-sectional area of 10 x 10 m and length of 10 m, the calculated 

resistance was the right order of magnitude when compared to the value 

deduced from actual I-V curves. Resistance of the bridges at l°K 

varied from .03 ohm to .5 ohm depending on the impurity and bridge 

dimensions. 

After the bridge was formed in this way, the sample was installed 

on the sample holder inside the microwave cavity and the electrical 

leads were attached to the film using silver conducting pa~nt. 

The thickness of the film was continuously monitored during the 

evaporation by Sloan DTM-3 quartz crystal microbalance and the absolute 

thickness was determined with a Varian 980-4000 Fizeau interferometer 

using the monochromatic light of half wave length 2945Afrom sodium 

vapor. 
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Sn and Inmake solid solutions at almost all concentrations13 and 

up to about 3 at.% of In, the thermodynamic properties of the alloy are 

14 15 nearly same as pure Sn. ' For instance, the.·. superconducting tran-

sition temperature is slightly lowered to 3.63°K at 3 at.% In from 

3.72°K for pure Sn, but In provides satisfactory scattering centers as 

may be seen from the RRR measurements. Above 3 at.%, Sn-In alloy goes 

into another phase which has superconducting transition temperature 

higher than 4.2°K.· Since·the melting points of the t'Wo materials differ 

by 80°C (for In l56.4°C and for Sn 23l.9°C) and vapor pressures differ 

by 2 to 3 orders of magnitude, it is very difficult to predict the In 

concentration of a film evaporated from Sn-In alloy. We simply used 

trial and error until the desired concentration was achieved. To avoid 

processes like distillation by fractuation, rapid evaporation was 

necessary. Alloy films produced by this method ranged from RRR=20 to 

RRR=5 corresponding to the mean free path varying from 200~ down to 

40~. Sn and In used in the experiments were 99.999% pure. 

B. Cryogenics and Magnetic Shielding 

A sketch of the dewar system is shown in Fig. 1. 

Experiments were conducted using a standard glass liquid helium 

dewar of 10 em inner diameter and 120 em. height. The temperature was 

varied between 0.9°K and 4.2°K with a booster diffusion pump and a 

large mechanical pump. Temperature was regulated to within a few milli-

degree with an ac wheatstone bridge type temperature regulator using 

l · t · 1 1· f" · ·t· 16 Th · 1 t ow no~se opera ~ona amp ~ ~er ClrCUl s. . e sens~ng e emen was a 

27 ohm, 1/8 Watt Allen-Bradley BB series carbon resistor and the heater 

current was fed back to 160 Q manganin wire wrapped around the copper 
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can housing the microwave cavity. 

The ambient magnetic field was shielded with high permeability 

shield material from Perfection Mica Company. The shield was 100 em 

high and 32 em in diameter, and was wrapped three times around the 

liquid nitrogen dewar. The magnetic field at the sample position was 

reduced to less than a .few milligauss by this method. 

Temperatures were measured with a germanium thermometer located 

at the center of the cavity tuning plunger. This was the closest 

available proximity to the sample without disturbing the microwave 

field inside the cavity. Considering that the critical current and 

microwave induced current steps are very sensitive functions of tempera-

ture in the superconducting microbridge near T and considering that c . 

the microwave power dissipated inside the cavity can be as much as a 

few milliwatts, large amounts of error could be introduced into the 

experimental results unless the thermometer was placed in very close 

proximity to the sample. Two thermometers, Solitron 1761 and Cryocal 

988, were calibrated against the known primary standard of our 

laboratory17 at more than fifty points between 0.9°K and 4.2°K. Their 

resistance values were fitted to the seven term logarithmic poly

. 1 18 noma s 

where T is the temperature in °K and R is the resistance in ohms. 

(2) 

Voltages were measured to five digits using a Leeds and Northrup K-5 

potentiometer. 

"' 
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Root mean square deviation of the observed data from the fitted 

curve was less than -2 mdeg K and less than -3 mdeg K, respectively. 

Absolute temperatures were calibrated against the helium vapor pre!3sure 

measured .with a mercury manometer, and the discrepancies were typically 

less than 10 millidegrees. Resistances at helium temperature were 

430.7 ohms and 572.1 ohms respectively and they increased by about an 

order of magnitude in going down to l°K. It is estimated that these 

thermometers were accurate to an absolute value within ± 10 mdeg K. 

C. Microwave Cavity and Sample Holder System 

The microwave cavity and sample holder system used in our experi-

ments were designed to provide the freedom of rotating and translating 

the samples inside the cavity, so that the bridge could b.e coupled to 

the microwave field selectively. Another advantage associated with 

the movable sample was that the sample itself acted as a tuner, thereby 

making it possible to enhance the power coupling into the cavity after 

the sample was installed and immersed in the liquid helium. As shown 

in Fig. 1, x.:..band wave guide coming down from the dewar flange was 

coupled into a cylindrical TE011 resonant cavity through a coupling 

hole of .28 in diameter located on the end walls of the wave guide and 

the cavity. The coupling was through Hrf linked between the wave 

guide and the cavity; therefore the hole was located at th~ position 

where Hrf was maximum in the wave guide and in the cavity, respectively. 

The cylindrical TE011 mode has a field distribution such that Erf 

is azimuthal and parallel to the end walls and Hrf is radial nea~ the 

end walls and axial along the· side walls and alongthecentral axis. 

Since there is no rf current flowing across the end wall, the lower 
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end wall was made of a movable plunger to tune the cavity into resonance 

in the frequency range of 8GHz to lOGHz. Another of the advantages 

gained with this movable plunger is that all the other modes of 

resonance which do not have cylindrical symmetry or which require good 

electric contact between the end wall and the side wall are effectively 

1 suppressed. 

The cavity diameter was 42 mm. and the height of the plunger was 

34 mm when it was resonating at 8.8 GHz, where the maximum power 

coupling was achieved, Usually the resonance frequency shifted to a 

slightly lower value upon the introduction of liquid helium into the 

cavity, due to a slight difference between the dielectric constants of 

liquid helium and that of vacuum. 

The sample holder was introduced through a 3.2 mm diameter hole 

on the top end wall located at 0.48 X (radius) of the cavity from the 

center, where Erf was maximum. The sample holder was made of a high 

W, low loss plastic material (Eccostock) from the Emerson and Cummings 

Co., and was designed to hold a 11 mm x 20 mm microscope cover glass, 

and was extended to the outside of the cavity where it joined a 3.2 mm 

diameter stainless steel sample control rod. Both the sample holder 

and the tuning plunger were controlled from outside the dewar. 

The Q of the cavity and power reflection coefficient were 

measured simultaneously on an oscilloscope display of the detector 

(1N23B) output with the voltage sweeping the klystron (Varian X-12) 

frequency. Detector output was calibrated again~ a General Microwave 

460 thermoelectric power meter and the sweep voltage was marked with 

pips generated by a reaction type frequency meter. The loaded Q of the 
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cavity, ~' is given by the relation 

= 
f 

0 

/).f 

where f is the resonant frequency of the cavity and b.f is the fre
o 

(3) 

quency band width such that at the frequency f± = f
0 

± /J.
2
f, the power 

coupled into the resonator drops to 1/2 of its value at resonance. The 

coupling coefficient S is given by the voltage standing wave ratio at 

resonance with the relation 

S = (VSWR) resonance if overcoupled 

S = 1/(VSWR) resonance if undercoupled. 

VSWR is related to the power reflection coefficient IPI 2 by 

VSWR = (1 + lpl )2 

(1 - jpj2) 
(4) 

The Q of this cavity {which was overcoupled) was calctilated to be 1730 
0 

from the measured value of ~ ~ 300 and the power reflection coef

ficient of~ 0.5. Compared to the theoretically predicted value of 

Q
0 

~ 104 for a brass cavity having this geometry,19 there was a con

siderable degradation of Q value;· however, it was hardly unacceptable 

considering that a l~ge portion of the cavity volume with strong Erf 

was occupied by the sample, the wires attached to it, and sample 

holder. From the known field distribution and Q , the absolute value 
0 

of the field strength can be calculated using the relation. 

= Energy stored in the cavity 
Qo w Power dissipated in the cavity = (5) 

.. 
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Pd, the power dissipated in the cavity is the difference between the 

power delivered to the cavity and the power reflected from it neglecting 

the attenuation along the waveguides. 

The energy stored is simply the volume integral of the electro-

magnetic energy density in the cavity. Maximum magnetic and electric 

fields were calculated for Q
0 

= 1730, and they were 

lli fl (Oe) = 1.01 x 10-3 /pd (~w) r max 

(6) 

IE fl (,•V/,.~) = 3.4 x 10 /Pd (;•w) r max ,... ,......... ,... 

The major source of error which could come in this estimate was 

the determination of the power reflection coefficient. Any kind of 

discontinuities along the wave guide can set up the reflection of the 

wave which enters the detector. Care was taken to cancel out these 

unwanted reflections whenever the Q measurements were made by setting 

up a counter reflection with the tuner. 

A simplified schematic diagram of the microwave and measuring 

electronic circuit system is shown in Fig. 2. Microwaves generated by 

the Varian X-12 klystron were passed through the buffer attenuator and 

Hewlett Packard X382A precision attenuator and transmitted to the 

cavity. Power transmitted and power reflected were measured with 

lN23B crystals mounted at the end of 20dB dual directional couplers. 

Relative input power was always measured by reading the setting of a 

precision attenuator. 
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The I-V characteristics of the microbridge were measured with a 

constant current biasing circuit. The output of the Wavetek function 

generator was passed through a low'pass filter, followed by a current 

limiting resistor, RI, whic.h varied from 100 Q to 1 Meg n depending on 

the magnitude of the current needed. The constant current bias 

condition was still satisfied even at RI = 100 n since the bridge 

resistance was typically 50m D. The voltage drop across a 0.1% 

precision current measuring resistor in series with the bridge was 

fed into the Y input of the display system. Bridge voltage was first 

amplified with a Hewlett Packard 7785 differential amplifier and was 

fed into the X input of the display system~ 

Two different sets of coils were used to provide the ·static 

magnetic field up to "'lOG at the sample. One set was simply wrapped 

around the cylindrical cavity and used with the microWave experiment, 

while the other set was two pairs of Helmholtz coils which were used 

in the critical current modulation experiment. In the first case, the 

field strength was taken from a table. 20 Both sets of coils were 

housed inside the liquid helium dewar. 

\ 

I 
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III. SUPERCURRENTS AT ZERO VOLTAGE 

One of the basic properties common to various systems of weakly 

coupled superconductors is that there exists a well defined critical 

current on the order of milliamperes, above which the phase coherence 

between the two superconductors breaks down and a finite voltage 

develops between them. 5 This critical current is a measure of the 

coupling energy between the two superconductors, and provides "'2 eV 

of coupling energy per 1 mA of critical current. In the superconductor 

insulator superconductor (S-I-S) junctions, the supercurrent flows by 

tunneling as described by the tunneling Hamiltonian. 4' 21 In the 

superconductor normal superconductor (S-N-S) junctions supercurrent 

flows by the proximity effects22 due to the overlap of the supercon

ducting wave functions inside the normal metal which tail exponentially 

from from the adjacent superconductors. The supercurrent flow 

mechanism in the superconducting microbridge is simple~ i.e. super-

current flows inside the superconductor. The relevant equations 

describing these phenomena are given by Ginzburg and Landau, 2 and it is 

necessary to look for the solutions of the Ginzburg-Landau (G - L) 

equations in the microbridges to show why they exhibit weak link 

behavior. 

A. Solutions of the G - L Equations in the microbridges 

Analytic solutions of the G-L equations for the one-dimensional 

model of short superconducting weak links have been obtained by 

Baratoff, Blackburn, and Schwartz. 23 Similar solutions have also been 

obtained for a slightly different model by Christiansen, Hansen, and 
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.. .• 24 . . 
Sjostrom. The main difference is that the former solved the equations 

for the entire region of the weakly coupled superconductors, namely, 

the weak link with a bulk superconductor on either side, while the 

latter ~onsidered the solution in the weak link region only. We will 

follow the model of .Baratoff et al. which visualizes the continuous 

change of the order parameter across the links more clearly than that 

of Christianser et al. 

Figure 3~ is a sketch of a physical real microbridge of width W 

and length L, while Fig. 3b is the corresponding one-dimensional model. 

The bridge has a lower critical-current-carrying capacity than the 

superconductors on either side, but is assumed to have the same 

thermodynamic properties such as transition temperature T , equilibrium c 

energy gap 6 , and bulk critical field H . On conformally transforming 
0 c 

to the geometry of the one-dimensional model, the bridge region (SB) 

is enlarged to the same cross-sectional area as the superconductors 

on either side (SA) and hence a smaller critical current density, 

which in turn imples a shorter mean free path in the SB region. Let 

the origin of the one-dimensional co-ordinate x be at the middle of 

SB. The region SB ( lxl < L/2) has a shorter mean free path .R.B than 

in the region SA 

1/2 
A.B = A.A/y and 

(jxj > L/2) and hence a longer penetration depth 

1/2 
a shorter coherence length I;B = !;A y • Here 

Y = XBIXA and X is Gor'kov's25 universal function of the impurity 

parameter, I; /R., which can be approximated by X = (1 + I; /.R.)-l 
. 0 0 

an accuracy of about 20%26 . I; is the BCS coherence distance. 
0 

within 

A 

uniform current is assumed to flow in the x direction and the effect 

.. 
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of the self field generated by the currents is considered negligible, 27 

because the transverse dimension of the real bridge region is small 

compared to both the penetration depth and the coherence length at 

temperatures near to T where the G-L equations are strictly valid. 
c 

This is a fair description of the immediate vicinity of the bridge 

region where most of the phase change of the superconducting order 

parameter occurs. 

The one-dimensional G-L equations can be written as follows: 

(7) 

where f (x) and 

parameter, 6//::, 
0 

and ¢ is a flux 
0 

X = x/'E;,A and I = 

i = 
c H 2 t;,2 

c 
¢ 

0 

(8) 

¢ (x) are the amplitude and phase of the reduced gap 

= f(x)ei¢(x), 6
0 

is the equilibrium gap parameter, , 

he quantum 2e'' In terms of the reduced variables 

i¢ /(cH 2 t;,A), we obtain 
0 c 

f - f 
3 

A A = 0 for lxl > d (9) 

for lxl < d (10) 
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and 

= (11) 

where d = L/ ( 2~A). ~ is the total phase change across the bridge and 
c 

X is the cut off distance beyond which negligible phase change occurs. 
c 

Equations (9) and (10) should be solved with the appropriate boundary 

conditions at X = d and in this case they reduce to the continuity of 
f / 

28 
!::, and the normal component of x\1!::,, i.e. , 

fA(d) = fB(d) = f ~A(d) = ~B(d) d 
(12) 

dfA I dfB 

L d$A I d~B L = y- = y dX d.X d dX dX d 

Solutions for these equations with boundary conditions obtained, 23 

and those for a particular set of parameters chosen as an example 

are shown in Fig. 4. The two different types of solutions can be 

associated with the two different phase relations possible for a given 

current as shown in the current-phase plot of Fig. 5. Full curves 

in Fig. 5 correspond to the cutoff distance X = 0, in Eq. (11) c 

and dotted curves correspond to X = 1. We notice that for a short 
c 

bridge a well-defined single valued, odd, periodic current phase 

relationship (which implies ideal weak l~nk behavior) is achieved, 

while for a long bridge this relationship is not realizable. 

Actually, for the long bridge, the solution near ~ = TI is unstable, 
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which can be associated with a saddle point of the G-L free energy 

functional, and the corresponding solution of order parameter shows a 

dip of width 2s well localized inside the bridge. 29 

Critical currents were obtained by looking for the solutions 

corresponding to maximum I which can be matched at the boundary. 

Before proceeding to the discussion of the experimental results, let 

us briefly review the theory of critical current density in small 

superconductors. 

B. Critical Current Density in Superconductors 

The amount of free energy density increase F1 associated with 

30 the current flow in a superconductor can be expressed as 

v 

Fr= r 
0 . 

W (v 1 ) dv 1 

s s s 

where W is the mass current density and v is the velocity of the 
s s 

(13) 

superfluid. When v is small, the equilibrium density W is proportional 
s s . 

to v , and their ratio is the density p of the superfluid in 
s s 

the two fluid mode1. 31 Hence F can be written 
s· 

F = F (~) + 12 p (~) V 2 
s so s s 

(14) 

where F is the free energy in the presence of the current and F (~) is 
s so 

that in the absence of the current. p is assumed to be dependent only on 
s 

thegap parameter~. Transition to the normal state will occur when 
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F - F = 0. Suppose that the gap parameter ~ remains constant up to s n 

the transition; then the free energy difference F - F is simply the 
~ H ~ · n so 

c condensation energy B'IT , and a transition occurs when · 

1 H 2 = 87T c (15) 

where v is the critical velocity. Assuming the temperature dependence c 

H (t) 
c = H (0) (l-t2 ), n (t) = n (O)(l-t4) of the two fluid model, 

c s s 

with t = T/T the reduced temperature, we have for the temperature 
c ' 

dependent critical current density 

(16) 

I (0) 
c 

cH (o) 
c is the critical current density at T = 0°K, A.1 (o) 

being the London penetration depth at 0°K and c the speed of light. 

Bardeen has derived the critical current density using a free 

energy expression based on the model of Bardeen, Cooper and Schrieffer32. 

and the superfluid density p (~) calculated by Miller in the dirty s . 

1 . . t 33 S h 1 ul t . d b R 34 . h th 1 lml • uc a ca c a lon as one y ogers ls s own as e ower 

broken curve of Figs. 6 and 7. A useful approximation for this curve 

is given by 

(17) 
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2 where a = ne t/mvF is the normal state conductivity of the material, 

t being the mean free path and vF being the Fermi velocity of the 

electrons. Compared to the middle solid curve of Figs. 6
1 

and 7 given 

by Eq. (16), Bardeen' s solution always lies lower than that of two 

fluid model because of the depression of the gap parameter due to the 

energy associated with the current flow. 

Another expression for the critical current density can be 

obtained from the Ginzburg-Landau theory, 
2 

which gives the relation30 

I ( t) 
c = 

e (£)3/2 (Hc2 ps) l/2 
m 3 4'1T (18) 

In G-L regime H and p both vary like (1-t), therefore I (t) ~ (l-t)~/ 2 • 
c s c 

At high temperature these expressions have almost the same tempera

ture dependences; (l-t) 312 • 

C. Experimental Results and Discussions 

l. Temperature Dependence of the Critical Current 

a. Experimental results. Temperature dependence of the critical 

current was measured by varying the properties of the bridges in three 

different ways. 

Figure 6 shows how the temperature dependence makes a continuous 

transition from that of the bulk superconductor (middle curve) toward 

that of a weak link when the film thickness was changed from 

49()1\ to 298oA. The thicker films were evaporated onto room temperature 

substrates and the thinner films onto LN2 cooled substrates. Otherwise, 
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all the other experimental conditions were kept nearly the same. Later 

measurements on the thick film bridges ( > 200oA) deposited onto LN2 

cooled substrates showed no discrepancies from the temperature 

dependences shown in Fig. 6. Film thicknesses were measured 

individually even on different films produced during the same 

evaporation cycle. 

Figure 7 shows that similar behavior was observed when the In 

content of the Sn film was varied, thereby changing the mean free 

path by impurity rather than size effects. The maximum In concentration 

was estimated to be less than 3%. For the two short mean free path 

cases, the film thicknesses were more than twice the estimated mean 

free path at 4.2°K as listed in the figure. RRR were measured on 

each bridge sample, and the average value was taken after two or 

three complete liquid helium to room temperature cycles. · The RRR for 

puxe Sn films thicker than 200oA (which was the case with sample 90A) 

was typically larger than 25. The mean free path for Sn at T = 300°K 

was derived from measurements of the anomalous skin effect35 and was 

taken to be 2300 = 94A. 

The temperature dependence curves in Fig. 6 and Fig. 7 are, from 

bottom to top respectively: Rogers' calculation34 based on the micro-

scopic theory of BCS; the results of the simple two fluid model; and 

the temperature dependence of the critical current of an ideal Josephson 

tunnel junction. 36 In order to clarify Fig. 6 and Fig. 7, the data were 

normalized at the lowest teytperature to the value given by two fluid. 

model. 

r-
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In Fig. 8, data are shown for the bridges of minimum and maximum 

length near the transition temperature T • The upper theoretical curve 
c 

is for the tunnel junction model, while the lower one is for the two 

fluid model. The data on the upper curve were normalized to the theory 

at a point near t = 0.96, while those on the lower curve were normalized 

to the two fluid model at the lowest temperatures. Low temperature data 

for the long bridge is not shown because it was too irregular; probably 

because the transition took place at several different sites along the 

bridge. 

b. Discussion of experimental results. The. three different experi-

ments shown in Fig. 6, 7, and 8 were done with one common objective; 

namely, to investigate whether there is an enhancement of the super-

current when the two superconductors on the either side of the bridge 

are brought closer together, i.e. within a characteristic coherence 

length. Earlier experiments on very long bridges37 (-540~) exhibited 

the temperature dependence derived for bulk-like behavior from the two 

fluid model. Our observations on bridges shorter than 0.5~ (which, 

incidentally showed very pronounced ac Josephson effect near T ) always 
c 

had a temperature dependence of the critical current linear in (T - T) 
c 

at high temperatures. The same dependence has also been observed in a 

'ruptured' tunnel junction experiment. 38 The most interesting fact is 

that the large amount of critical current in excess of the value which 

the microbridge would have if it behaved according to the bulk dependence 

is a prerequisite for a strong ac Josephson effect. 6 Josephson and 

Anderson39 have stressed that the existence of the coupling energy, which 

is dependent on the phase differences of the two bulk superconductors on 

"' !· 
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either side of the weak link, is the most important parameter for ac 

Josephson interference effects. This phase dependent coupling energy 

couples the superconductors into a coherent state, which enables a 

supercurrent to flow between them due to the canonical commutation 

relation between the number and phase. In the tunnel junction, the 

tunneling transition matrix elements are of the order -k R, e F , where the 

Fermi wave vector ~ 
8 -1 - 10 em and R, is the thickness of the barrier. 

Therefore, when R, is much larger than a few tens of an angstroms the 

coupling is negligible and thermal fluctuations destroy the coherence. 

Increased coupling vestures the phase coherence so that there is a 

finite supercurrent flowing when R, is reduced. However, finite amount 

of supercurrent always flows through a microbridge (up to the critical 

current of the materiai) no matter how long the bridge is. As the 

temperature is raised near Tc' this intrinsic bulk critical current is 

reduced (for instance at t=0.95 it is 4% of the low temperature value), 

while the effective distance between the two superconductors across the 

weak link is reduced because the temperature dependent coherence length 

of the outside superconductor increases. Because of the presence of a 

strong superconductor, which has a coherence length longer than the 

characteristic dimensions of the bridge, the supercurrent carrying 

capacity of the bridge is enhanced. The amount of enhancement of the 

supercurrent of the microbridge above its bulk behavior can thus be con-

sidered to be a measure of the strength of the Josephson-junction like 

effect. Furthermore, the relative ratio of this enhancement over the 

bulk value should be large to minimize the bulk like effect, wnich tends 
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to obscure any coherent phase difference set up inside the superconductor. 

This is the reason why the true Josephson effect can be seen only near 

T on the microbridges. 
c 

This qualitative argument can be seen more clearly through the one-

dimensional model discussed in III.A. Before we embark on the 

discussion of the solution of Baratoff et al., let us calculate the 

coherence length of the samples shown in Fig. 6 and 7. The Ginzburg-

Landau coherence length can be written as 

(19) 

dirty metal 

where BCS coherence distance ~0 = 
hvF 

0.18 k T · for Sn is 230of\. 
B c 

The mean free path t is taken to be the film thickness d following 

40 8d . 35 Millstein and Tinkham rather than :3 as given in standary textbooks. 

The upper two curves in Figs. 6 and 7 were taken to be pure and the 

lower two dirty. In Table 1 we give the value of ~ at reduced tempera-. 

ttire t = 0.9 and 0.95. Typical bridge length as determined by the 

electron microscope was -6oooA. Both samples shown in Fig. 8 were in 

the pure limit. Note that J oc (T - T) whenever L < ~' while J oc 
c c - c 

(T - T) 3/ 2 when L > 2~. Even for the long bridge some enhancement is 
c 

expected very close to T , but in that situation the critical current 
c 

is becoming too small to see the effect. G-L theory is exact· only wear 

T apd the calculated ~ at t = 0.9 are estimated to be a little larger 
c 

than the actual value. 

'I 
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Let us now consider a semiquantitative explanation based on the 

model of Baratoff et al. We will examine the two extreme cas;;s: 

linear dependence and bulk behavior. Let us go back to Fig. 4. Of 

the two solutions shown, the one labeled by f 01 is not possible with 

a constant current biased circuit, because this corresponds to the 

. h dJ ·< 0 . F. 5 th th b - h h . h . 11 reg1.on ·w ere d¢ . 1.n 1.g. ; e o er ranc owever l.S p ys1.ca y 

realizable. Let us consider a bridge of length L < ~ so that the 

boundary between superconductor and the bridge is at the distance 

d < 0.5 in Fig. 4. Since the superconducting gap parameter does 

not change appreciably within a coherence length, and remembering 

that since the strong superconductors are on both sides the slope of 

the gap parameter should be zero at the mid.dle of the bridge, it, is 

readily seen that the depression of gap parameter in the bridge is 

very' small. In this case we can write the current at the boundary X= d 

i = ~ H 2(T) ~2(T) f2 M I ex: (T - T) M I 
'¥ c dx x=d c dx · x=d 

0 

We have used the temperature dependence of H (T) ex: (T -T) and c . c 

~(T) ex: (T -T)-l/ 2 and assumed f=l at X=d. The critical current is 
c 

reached when the total phase change across the bridge is about ~ TI 

as _shown in Fig. 5. In the light of our experimental results the 

distance over which the phase change occurs is held constant in this 

high temperature region. Therefore, ~ at the critical current is 

constant. 

... 
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In the other limit, bulk behavior, our data closely follows the 

predictions of the two fluid model at low temperature rather than that 

f th . . -th 30 o e mlcroscoplc eory. This can be explained in the light of 

the model of Baratoff et al. The microscopic theory was based on the 

assumption that the transition to a normal state takes place uniformly 

over the total volume considered, but in the real experimental situation 

the development of a local hot spot of the dimension of the coherence 

length initiates the appearance of a measurable voltage across the 

sample. This is the case with our experiment because the center of the 

bridge region is not many coherence lengths away from the strong 

superconductor even at the lowest temperature, (l; "'230oA andbridge 
0 

length -6oooA). Therefore, marked depression of the order parameter 

does not occur at the critical current. In the light of this argument, 

our data were all normalized to the two fluid model at low temperature 

as stated in the previous section. 

The drop of data points below the linear dependence (a) of Fig. 8 

is due to the noise effect which is dominant near T when the coupling 
J c 

of the bridge Ec/kB = ~0 2rr~B is comparable to the noise temperature. 

The decrease was initiated at J "'100~, corresponding to a noise c 

temperature somewhat higher than room temperature, but this is not 

unreasonable considering that non-thermal noise sources are present 

which will contribute to the decoupling and will contribute to 

the estimation of an effective noise temperature. 
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Because of the uncertainties of the shape of the bridge region, 

the estimate of the cross-sectional area is subject to large error. 

Taking the thickness of the bridge to be twice that of the film while 

using the width measured by optical microscope, the critical current 

density at the lowest temperature (< l°K) was within the range of 0.8 

0.8- 2 x 107 A/cm2 which is in good agreement with previous 

measurements. 37 , 41 

c. Penetration depth correction. The most significant error 

that can be introduced by taking the critical current given in 

Figs. 6 and 7 as the critical current density arises from non-uniform 

cilrrent distribution across the cross section of the bridge. area when 

the penetration depth is comparable to or smaller than the transverse 

dimension of the bridge. As mentioned in II .A. , the thickness of the 

bridge is about twice the film thickness because of the piling up. of 

Sn along the scratch path. The London equation has not been exactly 

42 solved for the two dimensional rectangular cylinder case. Cooper 

has discussed the problem qualitatively and Marcus43 has given 

approximate solution together with numerical results for. the case 

when one side is 10 times longer than the other side. We have made 

the rather crude assumption that our bridge can be approximated by 

transforming it into a circular cylinder of the same area as the reetan-

gle, which lets us use the known exact solutions. The penetration depth 

for Sn is taken from Miller.33 The mean free path in the bridge region 

is taken to be the radius of the cylinder rather than the diameter, as 

transformed from the rectangle on the equal area basis. Then the formula 

by which the measured critical current should be multiplied to get a 

,., 
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true critical current density is given by 
R I 0 (R/A) 

- where R is 2A I
1 

(R/A) ' 

the radius and A is the penetration depth and I
0

, I1 are the modified 

Bessel functions, and is shown in Fig. 9. This correction is as large 

as 50% for 200oA thick films at low temperature .and is even larger for 

300~ thick films, but is less than 5% for 50~ thick film at all 

temperatures. At high temperature (t > .9), the correction is less 

than 10% even for the thickest films. As the correction is small, we 

may safely neglect the error due to the cylindrical transformation. 

The above correction is much overestimated. First, our films have 

usually rough surface structure which gives shorter mean free path, 

hence longer penetration depth. Longer penetration depth was actually 

observed ·on the rough Sn films. 44 

Secondly, considering that the correction formula predicts a big 

difference between 200~ thick films. and 300~ thick films, while 

the experimental data have almost the same temperature dependences, 

' the actual penetration depth is estimated to be much longer than the 

theoretical value. In view of these arguments the correction formula 

given above may be considered as an upper limit for the penetration 

depth corrections. 

2. Magnetic Field Dependence of the Critical Currents 

a. Critical current of single bridge. In all cases, magnetic 

fields on the order of a few gauss parallel to the film plane had no 

effects on the I-V characteristic of the bridge. The bridge was, 

however, very sensitive to the perpendicular field, because the thin 

superconducting film in the perpendicular field behaves like a type II45 
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H associated with the film is very small because 
cl 

of the demagnetization factor of the film geometry. ln fact, in 

measuring the critical current, care must be taken to eliminate the 

asymmetry in the I-V characteristics. Critical current was easily 

modulated within 5% of the total value in a rather irregular fashion, 

and this effect was pronounced at low temperatur~ It was indeed 

difficult to make a perfectly symmetric bridge with scratching techniques. 

If the flux is trapped inside the bridge (which has geometrical 

asymmetry),· it is quite probable that this will interfere with the bias 

current in an asymmetrical way, adding in one direction and subracting 

in the other direction. Figure 10 shows the two experiments done with 

the perpendicular field. The upper data show that the critical current 

has two bumps, which can be associated with fluxoid moving in and out of 

the bridge as we increase the field. On the larger scale,, however it 

slowly decreases until it comes to a point where the I-V characteristic, 

as shown in the insert, makes a smooth, rounded transition from the 

zero voltage line. We associate this point with the start of the fluxiod 

movement in the large patches of film on either side of the bridge. Up 

to this field, the I-V curve shows a sharp transition i.e. s it departs 

from zero voltage with a finite slope. The sharp break in the curve is 

stillseen at finite voltage which is an indication of the sudden voltage 

development across the bridge .. 

The lower data taken at higher temperature show essentially the 

same results except for the absence of the irregular bumps. The 

physical explanation is as follows: At this temperature the minimum 

. ~· 
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size of the fluxoid is too big to fit in the bridge. 

If we assume a fluxoid containing one single flux quantum, the 

condition that the circulating associated with this current flux line 

should not exceed the critical current imposes a lower limit on the 

di~eter tnat.the fluxoid can have which this is inversely proportional 

to I . The critical current for the upper data was 0.5 mA arid that 
c 

for the lower data was 0.1 mA. 

b. Critical current modulation of double bridge. To complete 

the investigation of the quantum interference effects of the microbridge, 

we have done a critical current modulation experimenta on the double 

bridge as schematically shown in the insert of Fig. 11. Theoretical 

analyses of the double bridge in the most general case can be found 

elsewhere,46 and elegant experiments have been done by Fulton and Dynes47 

Our bridge was ma4e by double-scratching the film. The criti~al 

current was measured on an oscilloscope while manually varying the 

applied magnetic field. The data shown in Fig. 11 were the best in the 

narrow sense that they conform to the theoretically predicted curve. 

Measurements were done at rather lower temperature to facilitate the 

observation on the oscilloscope. The modulation depth of -200~ was 

very large compared to the typical value of 1~ observed on the double 

bridge using other kind of weak links. The loop inductance was 

calculated for the typical geometry used in our experiment, 10-6 m 

wide, 2.5 x 10-3 m long, with the current distribution given by 

Edwards and 48 -11 Newhouse and was about -2 x 10 henry, which agrees 

will with the modulation depth observed. 
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One intrinsic problem with this interferometer was that the 

magnetic field must be applied perpendicular to the film plane, thereby 

inducing a type II behavior in the film. Irreversibility and 

irregularities associated with the most of these experiments most 

probably arise from the trapped flux in the films. This behavior is 

quite complex as it depends upon the history of the applied magnetic 

field and is not gener·ally reproducible in any way. 
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IV. CURRENT VOLTAGE CHARACTERISTICS AT FINITE VOLTAGE 

We will separate our discussion into the two different experi-

mental cases at finite voltage: Undriven mode is the case without any 

external synchronizing signal applied to the bridge and driven mode is 

the case when external high frequency ac signal is applied to the bridge, 

thereby producing an ac interference effect. 

A. Undri ven Mode· 

The lumped circuit parameter model for the superconducting weak 

49 50 link as proposed by McCumber and Stewart, .and recently studied ex-

perimentally by Hansma et al. 51 is a powerful tool with which to study 

the finite voltage region of the weak link in the absence of an 

adequate microscopic model. A lumped circuit parameter model is 

shown in Fig. 12( a). It is a current biased circuit and is different 

from the model of McCumber and of Stewart in that it has an inductance 

1 in series with the microbridge. Distributed capacitance and dis-

tributed conductance were lumped as a shunt capacitance C and shunt 

conductance G. The inductance L may be best illustrated by considering 

the energy E associated with an electric current carried by particles of 

mass m and number density n. 52 

(20) 

For a homogeneous conductor of uniform cross section and uniform 

current distribution, Eq. (20) can be written 

l'l 
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(21) 

where LM is the usual magnetic i~ductance, and Lk = (m/ne2 )·(t/cr) is 

the kinetic inductance, R. and cr being the length ani cross-sectional 

area of the bridge, respectively. The second term becomes important 

. -6 
when t/cr is large as it is in our bridge. For a typical bridge 10 m 

long and lo-13 m2 area, Lk -lo-13 Henry while ~ is about half of Lk. 

For a voltage of 0.1 mv across the bridge, the Josephson frequency 

2eV ~ 5 x 1010 Hz and the inductive impedance associated with this 
h 

frequency is about 0.03 n, which is comparable to the actual resistance 

of the bridge. Such an inductance is important in our long, narrow 

. . 44. 53 
superconducting strips, and has been measured experl.mentally. ' 

The total current Idc(t) is the sum of the current C d~~t) flowing 

through the capacitance, the current GV(t) through the conductance and 

the pair current I sin <j>(t) through the combination of the inductance c 

L and the ideal bare bridge which has an ideal Josephson current-phase 

relationship. L is put in direct series with the Josephson junction 

because the effect of L is important only at high frequencies correspond-

ing to the Josephson current. 

The equation describing the circuit of Fig. 12(a) can be written 

C dV + GV + I sin <I> 
dt c 

. (22) 

Using the Josephson frequency-voltage relation 

.. 
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£1 = 
dt 

2eV' 
-h- (23) 

where V' is the voltage across the bare Josephson junction, and the 

voltage drop across L is -LI (cos <P)¢ , we can rewrite Eq. (22) in terms 
c 

of reduced variables, 

a(e) 

+ 

using a normalized current a(8) = Id (t)/I , a dimensionless time 
c c 

variable 8 = 2ei t/h G, and a dimensionless admittance ratio 
c 

( 24) 

Be = 2ei C/hG2 • This highly non-linear equation will be discussed for 
c 

two cases in conjunction with our experiments. 

Figures 13 and 14 show the current voltage characteristics of 

microbridges at different temperatures. These two figs. represent the 

two extreme cases of the microbridges tested in our experiments. 

Figure 13 corresponds to the case of low conductance, long bridge, i.e., 

bridge length L longer than the coherence length ~(T) at all temperatures. 

For this category of bridges, the ac Josephson effect was always minimal 

and the temperature dependence of the critical current was fittedvery 

well be the bulk formula. Figure 14 shows the case of a high conductance, 

short bridge, where L - ~ (T) at low temperature and L << ~ (T) at high 

temperature. For this kind of bridge, a pronounced ac Josephson effect 

''\ 
'·' 
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was observed and the temperature dependence of the critical current 

followed the linear (T -T) law at high temperature. c . 

Figure 13(a) shows the low temperature data. Because of the low 

conductance and high critical current of this sample, the voltage jump 

at the transition is about 6mV, which is rather high compared to the 

usual value, and the upward curvature of the I-V characteristic shows 

the importance of the inductive term in this region. The ac current 

across the inductance contributes a finite de voltage here due to the 

non-uniform time-variation of the phase in current biased bridges. 54 

As the current is reduced, the voltage and therefore the Josephson 

frequency are decreased. ·.The .contribution from the inductive term 

then gradually diminishes until the bias point moves down to the 

'hump' and a transition is made to a different regime, shown as a 

broken convex curve, which we shall call the capacitive region. In 
-

Fig. 13(b), the critical current has decreased, as has the voltage 

associated with the transition, moving the inductive region toward 

larger values of normalized voltage: here, where the reduc,ed temperature 

t - 0.9, the characteristic is primarily capactive for all GV/I < 1, c 

and amount of hysteresis is reduced to about half of the low temperature 

value. In Fig. 13(c), where t- 0.95, the hysteresis is gone and the 

transition is reversible. In Fig. 13(d), only 30 millidegrees from 

the transition, the finite voltage region joins smoothly to the 

critical current because the coupling energy of the bridge is comparable 

to the equivalent noise energy. 
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In Fig. 14(a), the voltage at transition is about 1 mV and the 

inductance is smaller than that of Fig. 13 because of the shorter length 

of the bridge. The characteristics are all capacitive for GV/I < 1. 
c 

In Fig 14(b), where t ~ 0.84, the temperature has been raised and the 

critical current reduced; the hysteresis becomes smaller and the finite 

voltage region tends more or less to a straight line. In Fig. 14(c) 

where t ~ 0.97, we observe two quite distinct regions. The initial 

transition is very sharp (with finite slope) and the finite voltage 

region has a higher conductance of a given V than at the lower temperature. 

As the current is increased above 1.1 T ., the bridge goes reversibly 
c 

into a region exhibiting the low temperature conductance. In Fig. 14(d), 

the finite voltage region shows about the same conductance as the low 

current conductance in (c). The physical reasoning is that in (c), 

where t ~ 0.97, the effective length of the bridge is shorter at the 

transition than it was at lower temperature because of the increased 

coherence length of the strong superconductors outside. A slight 

increase above the critical current disturbs this situation and restores 

the length to its original low temperature value. The fact that, (1) 

the transition is very sharp, and (2) the coupling energy corresponds 

to a noise temperature of ~10~ °K, show that this phenomenon is not due 

to noise. The fact that the initial conductance of (c) is exhibited 

by (d) implies there is minimum finite effective length of the bridge 

no matter how strong the enhancement of coherence length is. This is 

precisely the assumption we used in discussing the linear temperature 

dependence of the critical current in the previous section. 
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There were some difficulties in determining the asymptotic slope 

of the I-V curve because of the transition to inductive behavior at 

high current (high voltage); we took the average .slope between t 0.25 

and t- 0.7 (where there is little variation with the temperature) to 

be the correct value. 

Since the effect of inductance is usually not important when V~, 

it is relevant to compare the dependence of the hysteresis on the 

admittance ratio to McCumber's model. This model predicts that the 

hysteresis is dependent on both the capacitance and the critical current. 

In effect, the energy 1/2 cv2 associated with the capacitance Cat 

finite voltage is a measure of tne stiffness keeping the bridge at 
I 

finite voltage, while the coupling energy ¢ c is a measure of the 
0 21T 

pull into the zero voltage region. Tne ratio of these two energies is 

given by the admittance ratio S. Figure 15 shows the dependence of 

the hysteresis, acutoff' on S for the two samples whose I-V curves 

were discussed in Fig. 13 and 14. The data were normalized at the 

point which gave best fit for the overall range of temperature. 

Capacitances as estimated from the fitting were 5 pf and 57 pf for 

sample 71 B and 22 C respectively. 

There was one discrepancy between the theory of McCumber and that of 

Stewart; whether the transition from a finite voltage to the zero 

voltage is continuous or not. In our experimental situation the transi-

tion was always discontinuous. However, assuming that a discontinuous 

transition occurs when the.noise energy kT just equals the electrostatic n . 

energy 1/2 cv2 , we obtain a re~sonable noise temperature of 600°K for 

o:ur system. 

... 



-39-

B. Driven Mode 

The most effective way of studying ac Josephson effects is to apply 

an external ac signal to the junction to produce the synchronization 

effect first suggested by Josephson6 and later applied by Shapiro to 

tunnel junctions. 55 · This produces singularities in the I-V 

characteristic at voltages defined by the relation 

nhw = m (2eV) 

where n and m are integers, V is the de voltage across the Josephson 

junction, and w is the angular frequency of the applied signal. In the 

case of the current-biased junction, these singularities appear as 

current steps at constant voltage. Figure 16 shows such an I-V 

characteristic. Good agreement between experimental data and the 

theoretical Bessel fUnction dependence of the induced current step 

heights on applied field have been achieved for tunnel junctions. 56 

This ac Josephson effect has been observed in many other types of 

weak links, such as S-N-S, point contact and Dayem bridges, but the 

field dependence of the induced current step height is usually not in 

good agreement with the Bessel function behavior. 57 .our microbridges 

were also used to study the field dependence of the current step heights, 

as well as the orientation dependence of the bridge response to the 

applied field. 

A strong ac Josephson effect, as shown in Fig. 16, was observed 

whenever L << ~(T), where Lis the bridge length and ~(T) is the 

coherence length. The explanation of why the enhancement of the 

critical current over its bulk value is necessary for the ac Josephson 

effect to occur was given in III. 
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.. 
The experimental evidence of this criterion, L << ~(T), was dis-

cussed in III and IV, and was indicated by a linear temperature dependence 

of the critical current and the I-V charac.teristics as shown in .(c) and 

(d) of Fig. 14. The microwave electric field was always parallel to the 

bridge in this case, as a slight deviation from parallel field reduced. 

the effect markedly. Dependence of the current step heights on the field 

is .shown in Fig. 18, and will be discussed later. 

The type of response shown in Fig. 17 occurred in many different 

situations where the criterion L << ~(~) was not fulfilled (as in the 

long bridge at high temperature or the short bridge at very low 

temperature) when a good coupling of microwave field to the bridge was 

achieved. We associate this regime with synchronized flux flow58 since 

the experimental data shown in Figs. 16 and 18 are in very good agree-

ment with junction-like behavior based on Josephson's current-phase 

relationship, while Fig. 17. is not. 

In· determining the microwave power dependence of the step heights, 

we must decide .whether the applied field can be considered as a current 

source or a voltage source. Waldram et a1. 54 showed that an ideal 

tunnel junction sees an effective voltage source because of its high 

shunt capacitance, while other weak links (with low capacitance) see 

an effective current source. A simple Bessel function dependence is 

expected only for a voltage source. Our microbridges see an effective 

source, since their impedance is lOOm r2 at most, and their shunt 

capacitance is ~10 pF; while the characteristic impedance of the X-band 

wave guide used in our experiment is ~sao n. 
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Calculations based on the lumped circuit parameter model as shown 

in Fig. 12(b) using an ac current source and Josephson's relations 

have recently been published. 59 , 60 The equation for the circuit is 

= G 
2e 

M. dt + Ic sin <I> (24) 

Figure 18 shows the fitting of our data to the solution given by 

59 hwG Russer · for the parameter ~ = 2ei = 0.1. Our experimental ~ was 0.12. 
c 

The microwave power was normalized at the first zero of the n=O step, 

and the step height was normalized to give the best fit to the linearly 

decreasing portion of the n=O curve just below the first zero. Because 

of this good agreement with the theoretical value, we conclude that 

Josephson's junction-like relation is correct for the microbridge in 

this regime near T=T . 
c 

The in'i tial increase of the n=O step with power is the so-called 

Dayem effect11 , 61 which is not clearly understood. It was proposed 

recently24 that this enhancement is due to the .restoration of the 

critical current to its maximum value from the reduced one as the flue-

tuations of the phase difference across the bridgeare suppressed by the rf 

signal. In Fig. 18, we show an n=O enhancement of about 100~, which 

is a typical value observed during our experiments. This value, 

corresponding to noise temperature of 3000°K, is rather larger than 

that. can be associated with room temperature noise, and somewhat 

larger than the effective noise temperatures estimated from other 

behavior in the previous sections. 
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V. SUMMARY AND CONCLUSIONS 

The most important result of our experiment is the determination 

that the ratio of the coherence length ,;(T) to the actual length of the 

bridge L is the parameter governing whether the bridge behaves like a 

bulk superconductor or like a Josephson junction. We have shown that 

Josephson-junction like behavior can be observed only near T , where 
c 

the enhancement of critical current due to th~ increased coherence 

length of the strong superconductor on either side of the bridge 

exceeds the intrinsic critical current of the bulk. When L << ~(T), 

and near T , the bridges had a linear temperature dependence of the 
c 

critical current, I a: (1-t), and exhibited strong ac interference c . 

effects. The experimental data on induced step heights versus applied 

microwave dield were in excellent agreement with theory, based on the 

lumped circuit parameter model of Fig. ·12(b) and Josephson's sinusoidal 

current.:..pha,se relationship (and his voltage-frequency relationship). 

In this limit, we conclude the bridge behaves as a proper Josephson 

junction following the usual Josephson relation. 

When L >> .;(T), the temperature dependence of the critical current 

is given by bulk formula, I a: (l-t 2 )3/ 2 (l+t2 )1 / 2 , of the two fluid 
c 

model, and the bridge showed rather complicated ac interference effects 

at high temperature. We associate this limit with bulk behavior. The 

continuous transitions from bulk behavior to Josephson-junction like 

behavior seen in the temperature dependence of the critical current were 

achieved by continuously varying the size and impurity dependent 

coherence length from~<< 1 to ~ >> 1. Baratoff et al. •s23 one-

dimensional model of a weak link adequately explains the experimental 

.. 
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results for the critical current, and provides a theoretical justifica-

tion for assuming a sinusoidal current-phase relationship in short 

bridges. 

We have also experimentally demonstrated that there is a tempera-

ture above which the diameter of the fluxoid containing one flux 

quantum is too big to fit inside the bridge. Our observation of 

microwave induced steps above this temperature shows that flux flow 

can not be the sole physical mechanism underlying the finite voltage 

behavior of microbridges near T . 
c 

The current-voltage characteristics and hysteresis parameters, 

when analyzed by a slightly modified version.of the lumped circuit 

model of McCumber49 and Stewart, 50 were in satisfactory agreement with 

the theory, especially at high temperature where the bridges were in 

the junction-like regime. 
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Table I. High Temperature Coherence Length . (Fig. 6) 

0 0 0 :>-

Sample Thickness (A) t (0.9)(A) ~ (0.95) (A) 

34B 2980 5382 7611 '• 

22C 1900 5382 76ll 

55C 800 3645 5154 

71B 490 2853 . 4034 

Table II. High Temperature Coherence Length (Fig. 7) 

Mean f 0ee 0 0 

Sample path (A) .; (0.9) (A) ~ (0.95) (A) 

90A 5382 7611 

85A 2100 5382 7611 

87A 658 3306 4675 

93A 405 2594 3668 

.. 
0 

Footnote: Typical bridge length .was ...... 6000A .. " 
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FIGURE CAPTIONS 

Fig. 1. Schematic of the microwave dewar system. 

Fig. 2. Block diagram of electronics and microwave system. 

Fig. 3. Sketch of bridge and corresponding one-dimensional model. 

Fig. 4. 
·• 

0.6, Sample solution of one-dimensional model for d = 1.0, y = 
/ 

2 2 2 and f
00 

= 0.9850; f 01 = 0.9761, and f 02 = 0.0451. (From Ref. 23) 

Fig. 5. Ctirrent-phase relationship of a superconducting microbridge for 

various values of d, as calculated by Baratoff et al. (Private 

Coin:munication) 

Fig. 6. Temperature dependence of the critical current for various 

film thickness. Upper broken curve is the theoretical calculation 

of the critical current density for a tunnel junction by 

Ambegaokar and Baratoff; the middle solid curve is the critical 

current density of a bulk superconductor calculated by the two fluid 

model; the lower broken curve is the BCS model. 

Fig. 7. Temperature dependence of the critical current of the 
J 

microbridges for various impurity content of the film. Curves 

are the same as in Fig. 6 .. 

Fig. 8. Temperature dependence of the critical current at high 

temperatures for two bridges of different'lengths. The upper 

curve is .the calculation for a tunnel junction and the lower 

curve is that for a bulk superconductor by two fluid model as in 

Fig. 6. 
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Fig. 9. Correction factor in converting cri~ical current to critical 

current density in a cylindrical microbridge. 

Fig. 10. Critical current versus perpendicular magnetic field; upper 

data correspond to when a fluxoid can fit in the bridge, lower 

data correspond to when a fluxoid is. too big to fit in the bridge. 

Fig. 11. ·Critical current modulation of a double bridge by perpendicular 

magnetic field. 

Fig. 12. Lumped circuit parameter model of a microbridge used for 

a) undriven mode. b) driven mode. 

Fig. 13. I-V characteristics of a bridge, whose length L is long 

compared to the coherence length ~ at all temperature. A bridge 

of this kind behaves like a bulk superconductor. Abscissae and 

ordinates are in terms of the normalized voltages and currents. 

Fig. 14. I-V characteristics of a bridge, whose length L is short 

compared to the coherence length at high temperature. A bridge 

of this kind shows a Josephson junction like behavior at high 

temperature. Abscissae and ordinates are in terms of the normalized 

voltages and currents. 

Fig. 15. Amount of hysteresis a t ff versus circuit admittance ratio 8 cu 0 

for both a long bridge anda short bridge. 

Fig. 16. Typical driven I-V characteristic for a bridge which shows 

a pronounc.ed ac Josephson effect. 

Fig. 17. Low temperature driven I-V characteristic of a bridge which had 

shown a pronounced ac Josephson effect at high temperature. 

The vertical arrows indicate the every tenth step. 
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Fig. 18. Field dependence of the microwave induced step height. The 

• ~:: __ h.wG solid line is P. Husser's calculation for s 2ei = 0.1, close to 
c 

our experimental ~ = 0.12. 

·,;. 
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