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ABSTRACT OF THE DISSERTATION

Neural-Symbolic Methods For Neural Architecture Design

by

Hui Shi
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Professor Jishen Zhao, Chair

Modern neural architectures present strong performance on various tasks, but their abili-

ties are compromised when faced with the tasks requiring robust reasoning or involving abstract

concepts. This dissertation starts with a study of the empirical representation power of two popu-

lar sequential neural networks, Long Short-Term Memory (LSTM) and Transformer network,

in learning context-free grammar. The experiment results exhibit that the performance of both

models is affected by the types of supervision and model regularization setting. Specifically, the

LSTM and the Transformer network struggle to capture the grammatical structures, particularly

the grammars with deeper recursions, when solely trained on input sequences in the generative

language model setting. The performance gap between settings suggests two improvements when
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the input data structure is available. One approach is to supervise the model with intermediate

states, while another is to regularize the models’ hidden states to enforce the its decomposition to

store the state and to simulate the stack, mimicking a pushdown automaton, on separate segment.

Complementing the study on sequential neural networks with prototypical grammars,

several real-world applications are presented to showcase how the controlling the model com-

plexity and intermediate state can enhance the performance. For the item retrieval problem in

recommendation system, another transformer-based sequential model is proposed to capture the

multiple interests of a user. Unlike the existing multi-interest frameworks, the proposed model is

unbiased towards the site-wide popular items at the cost of incorporating a non-differentiable

clustering method inside the neural network. The non-differentiable challenge are solved by

two-stage training method, borrowing the idea from K-means clustering algorithm. In time series

prediction tasks, a continuous convolutional neural network (CCNN) is proposed to handle non-

uniformly sampled time series without preset interpolation kernels. CCNN can directly apply to

the auto-regression tasks, and also works with temporal point process front-end to predict the

time interval to the future event in the event-based time series. Lastly, a progressive optimization

system, HISS , is designed to simplify the expressions in the intermediate representation of

Halide compiler. HISS is built end-to-end without any human knowledge of the mathematical

equivalences. Multiple training techniques, existing symbolic transformations of the expressions,

and the evolving neural network modules, contribute to the HISS ’s performance that exceeds

conventional searching method and human-heuristic methods. These three applications illustrate

the benefits and techniques of applying the aforementioned philosophy, which suggests designing

and supervising the neural networks to reflect the desired properties of neural networks.

In conclusion, by presenting an empirical study method for evaluating the representation

power of neural networks, which can be extended to broader areas, and the demonstrating how

to design and overcome the challenges associated with symbolic properties in various real-world

applications, this dissertation contributes to the advancement of the neural symbolic systems.
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Chapter 1

Introduction

In recent decades, the artificial intelligence (AI) has undergone remarkable break-

throughs.These advancements emerge from a confluence of refined machine learning algorithms,

especially the proliferation of neural network, Moore’s Law’s exponential growth of computation

power, and the ever-expanding data source. This had led to the rapid development of powerful

AI models that continuously expand its capability boundary and can be deployed on various

edge devices. As a result, from recommending contents to the users’ taste to aiding automobile

driving, AI has permeated various aspects in our daily life.

In the earlier years, a focus on the machine learning was developing expert systems

that could mimic decision-making process of human experts. For example, Bayesian networks

is consist of nodes with physical meanings and edges between nodes to denote the causal

relationship. The network is specified by both the network structure, i.e. the graph topology,

and the probabilistic models, i.e. the probability distribution of value of each node given the

value of its parents nodes. Both the topology and probabilistic model can be learned from data

or defined by human experts, and vice versa, the learned topology and probabilities can be

interpret and examined by human seamlessly. Therefore, the Bayesian networks are widely

used in identifying and measuring the causal relationship between many factors [4, 97]. Similar

examples include logistic regression model, decision trees, Markov decision process, and etc. In

more complicated systems, it was also a paradigm to build the interpretable probabilistic models
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with human knowledge, and learn the distribution parameters from data. Canonical examples are

hidden Markov models for part-of-speech tagging in natural language processing (NLP) [89]

and Markov random field for image segmentation in computer vision (CV) [14].

Despite the merit of interpretability, the applications of expert systems are narrow ow-

ing to tremendous design effort and lack of generalization. On the other branch, with the

advancement in neural network and chip manufacturing, the era of deep learning began. In

2008, the one of the first handwriting recognition neural network was proposed [54], and three

years later, the neural network recognizer exceeded the human performance [34]. While the

success in handwriting recognition was known to a specialized group of people, the accuracy of

AlexNet [88] of recognizing thousands of objects surprised general public in 2012, and ever since

then, the Convolutional Neural Networks (CNN) have been continually improving in accuracy

and efficiency [59, 68, 119, 133, 141]. Meanwhile, in 2016 and 2017, AlphaGo won two of the

worldwide top human players in Go, the traditional game that was believed to be one of the

most difficult game for computers to defeat human. The victory of AlphaGo announced a new

era of AI, where the AI learned from the past playing experience to master the one of the most

complicated and strategic game and beat the best human player. The AlphaGo was retired after

its pinnacle era, and just one year later, its successor AlphaZero achieved a new record of 100 to

0 victory against AlphaGo. Moreover, the AlphaZero was developed fully by self-teaching. In

the same year, BERT [41] was released and greatly elevated the AI capability to a near human

level in natural language processing. Sharing the same basic blocks with BERT but wider and

deeper, ChatGPT was launched in 2022 and is available to general users. Its ability of interaction

with human and perform various tasks makes people realize that general artificial intelligence is

close to reality for the first time.

While neural networks were inspired by the human nervous system, their behavior

remains largely enigmatic to humans. For instance, convolutional neural networks (CNN) was

designed with the intuition that the initial convolutional layers should capture the low-level

vision features, such as edges and textures, and the later layers should combine the low-level
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features to high-level features, e.g. the entire shape of object or the structure of a scene. The

remarkable progress of convolutional neural networks in object recognition, even surpassing

human performance, seemed demonstrating the success of the design, and was initially met with

great enthusiasm. However, it was soon discovered that these networks often relied on unexpected

features, such as textures, rather than the more obvious shape and topology that humans use

for classification [51]. This was less considered a problem until the neural network attacking

became the evidently feasible. Attackers can effectively alter the CNNs’ prediction by adding

low energy noises to images, which almost won’t change human judgement [158, 170]. While

not yet a reality, this drawback could expose AI-aided systems to the risk of silent corruption,

going unperceptive by humans. Not only in the perception, AI also generates contents that not

following the human’s common sense. One of the widely used AI production tool, AI Generated

Content (AIGC), could generate high-quality artistic or realistic images, usually fails to correctly

generate hand postures and structures [2]. Instinctively, it’s interpreted that the intricate structure

and versatility of human hands, enabling them to form a vast array of postures, make them more

challenging to learn than body postures. However, due to the opaque natural of neural networks

reasoning process, it’s hard to ascertain if the neural network output adhere to certain property,

for examples, each hand should have five fingers with well-defined constraints of the movement.

Moreover, it also hinders efficient improvement of the model behaviour in specific cases.

In additional to their vulnerability to attacks, neural networks face challenges of efficient

reasoning. A famous example is the hardship of neural networks to distinguish even and odd

integers based on numerical value instead of its string form. Although fundamentally the

neural networks are a graph of mathematical operations, they often exhibit shortcomings in

mathematical reasoning. Evidences also illustrates that neural network are yet unable to count

the object or to compare the attributes of objects with human-level accuracy, such as shapes

and materials, even in narrowly defined tasks [74]. The deficiency also manifest in document

processing, in which the structures over the textual and image elements are critical and certain

extend of calculation and reasoning are essential. For instance, identifying the subtotal of certain
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category on a scanned receipt requires matching the amount with entry names and category,

and then filter by category and compute the total amount [105, 127, 134]. Also in the area of

computer vision, while human can recognize the objects correctly regardless of the size and

direction of the object, the neural networks usually being sensitive to transformations and scaling

[29, 36]. In the NLP domain, the powerful models like ChatGPT also have hardship to precisely

extract facts from input and conduct multi-step reasoning [24, 162].

The uninterpretable behavior, vulnerability, and difficulty in reasoning are symptoms

of the same issue: neural networks lack symbolic thinking. To alleviate these, the researchers

are pursuing two primary directions of exploration: deep learning and rule-based systems. The

former emphasizes on improving training method, increasing the training data, and enlarge the

model size, while the later insists on including rule-based logic inside the neural networks or

vice versa. Since 2018, a lively debate among renowned AI researchers on the two directions has

unfolded on social media. On on side, championed by Yann LeCun, a group of researchers claim

that artificial general intelligence (AGI) will not be realized without deep neural networks, and

possibly deep neural networks could be a standalone solution. In the other camp, Gary Marcus

and other researchers disagree as the low interpretability and the de facto limitations of deep

learning models, and advocate for rule-based systems. The debate has diminishes but never faded.

While the newer and more powerful deep neural network models comes to life, it reinforces both

arguments for its growing ability and the persistence of shortcomings in symbolic reasoning.

Despite the debate, the researchers assent to neural symbolic AI direction, which em-

phasizes the combination of symbolic system or attributes and the deep learning. The approach

attempts to marry the strength of symbolic system in logic and reasoning and the advantage

of neural networks in generalization. Although conceptually straightforward, the design of

neural symbolic AI requires careful consideration on a case-by-case basis. Given the ubiquity

of reasoning in machine learning tasks, neural symbolic AI intersects with a broad spectrum

of subareas of machine learning, including natural language processing and computer vision,

and fields beyond machine learning community, such as computer architecture, programming
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languages, and optimization.

This dissertation delves into the intricacies of reasoning hardships of neural networks in

a few scenarios, and introduces the common design paradigms through successful specialized

neural symbolic systems. This chapter starts with the observations of failure cases of neural

networks in various scenarios, where the data distribution is beyond the capacity of the neural

networks (Section 1.1.1) or the neural networks struggles to achieve their theoretical capacity

(Section 1.1.3 and Section 1.1.2). Then Chapter 2 briefly introduces the aspects in neural

symbolic AI, including the common approaches and components, the representation power of

neural networks, and specialized neural architecture design for structured input data. In Chapter 3,

the formal analysis of the representation power of sequential models are presented, and concludes

that without reinforcement the models behavior with supervision on the intermediate state with

additional labels, the models could not achieve the theoretical power of simulating context-

free languages. Not only for sequential models in learning context-free languages, the model

regularization and intermediate supervision are powerful tools to improve the neural networks in

other tasks. Chapter 4 demonstrates the conclusion via an item retrieval task in recommendation

system: a joint multi-interest encoding module and a preference module is designed but trained

with two stages to enhance the supervision on both modules. In Chapter 5, a non-uniform

time series scenario fails the canonical CNN models and a continuous convolutional layer is

proposed. This work illustrates the approach to incorporate the symbolic operation inside the

neural networks. Chapter 6 presents a specialized neural symbolic system to perform expression

simplification inside the compilers. The sophisticated system is consist of neural encoder, selector

for decomposing the problem, and the decoder to explore the simplification possibilities, and has

multifaceted interactions with string operation utilities, knowledge base, and symbolic executors.

Lastly, the discussion on the training techniques and interactions with peripheral systems is

continued in Chapter 7 and Chapter 8.
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1.1 Challenges and Limitations of Neural Networks

Machine learning is dedicated to developing algorithms that can learn from data and

make predictions or decisions without need to fully specify the process by human. The fun-

damental goal of algorithms is to discover effective and efficient parameterized models fθ (X)

that transforms input data X into the corresponding label or outputs y. The model parameters

θ is typically obtained by minimizing the difference between predicted output ŷ and the true

observation y in the supervised learning, or by minimizing some heuristic metric in unsupervised

learning. As indicated, the problem is duplex: 1) the parameterized model or hypothesis fθ (·)

should be powerful enough to approximate the ground truth mapping from input to output, and

preferably fθ (·) should consume reasonable computation power; 2) the data and training method

could lead to set of parameters θ ∗ with which the approximation error of | fθ (X)−y| is satisfying.

One of the compelling advantage of neural networks is their ability to represent complex

mappings. For instance, convolutional neural networks can easily learn the kernels to extract

various visual features solely from training data without human’s knowledge. Moreover, as

the neural layers stack, the representation power broadens. Despite the appealing aspect of

end-to-end learning, the question of how effectively the neural network can capture the complex

underlying relationship remains an open area of research. The neural networks’ performance is

contingent upon, similar to aforementioned, both the soundness of the neural architecture design

and the effectiveness of model optimization approach.

In support of the proposition that neural network are not always capable to represent the

desired relationship or could be trained to achieve the approximation, a few failure cases are

presented below. Building upon the insights gained from the failure analysis, the subsequent

chapters will detail the design of enhanced architecture tailored to fulfill the tasks.
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1.1.1 Learn Non-uniform Time Series with Convolutional Neural
Network

Time series, as a prevalent type of model input, encompasses a range of tasks, including

classification, future value forecasting, next occurrence interval prediction. Convolutional neural

network (CNN) and recurrent neural network (RNN) are two popular neural architectures to

process time series data. Conventionally, RNNs are the dominant option for their flexibility of

handling arbitrary long input sequence with small amount of parameters. After the success of

WaveNet [110] on audio data, processing time series with CNN became popular on long series,

as the computation of CNN can be better paralleled and thus has lower latency. However, the

vanilla convolution operator and the variants of RNNs, including vanilla RNN, gated recurrent

unit (GRU), and LSTM, all assume the input and the output time series are temporally uniformly

sampled. In other word, the time interval between each two successive data points should

be a constant. However, this assumption can be easily violated in the real world. Numerous

time series dataset originate from discrete events rather than continuously monitored signals, or

uniformly sampling from the signals is impossible. For instances, stock transactions [52], social

media blogs [21], and health care records [73].

The non-uniform sample rate potentially introduces significant error into the discrete

convolution, a building block of CNNs, on the sequence of observation. Figure 1.1 compares the

output of convolution under uniform and non-uniform sampling scenario given the same signal

and discrete convolution kernel. The signal is a sine function over time, and the demonstrative

kernel C is [0,1,0,−1,0]. When the kernel is applied to the uniformly sampled observations

(inputs), the outputs (prediction) still forms a sine function but with some non-zero phase shift.

On the contrary, if the observations are non-uniformly sampled, the outputs are no longer on the

ground truth sine wave, and the difference to the true values could be large.

To handle non-uniform time series by neural networks, besides the observation values,

the timestamp of the observations are necessary. In principal, CNN and RNN can learn the

7



signal x(t)

uniformly sample

convolution kernel C

outputs (red markers) and ground 
truths (green markers)

non-uniformly sample

outputs (red markers)

Figure 1.1. Illustration of discrete convolution on non-uniform sampled time series.

non-uniform time series with arbitrary temporal dynamics by feeding the timestamps with

observation, given adequate kernel size in CNN, hidden units in RNN, and number of layers.

However, the straightforward approach won’t work well. A simple experiment can show how

CNN and RNN under uniform sampling assumption are easily failed by nonuniform time series,

and it’s also hard for both of them to utilize the timestamps directly.

In this simple experiment, a series of observations x(t1), x(t2), ..., x(tn) is sampled from

a sine function x = sin(2πt
T ), where the period T = 5, and the target is to predict x(tn+1). During

sampling, t1, t2, ..., tn+1 are monotonically increasing, and each interval [ti, ti+1] is randomly

sampled from a Poisson process with mean of 1. The input length n is 13, and the models are

informed timestamp of the value to be predict tn+1. A family of CNN approaches are compared:

vanilla CNN, CNN-T (T stands for timestamps), and ICNN (I stands for interpolation). Figure 1.2

illustrated the architecture of CNN and CNNT. They both have two standard convolutional layer,

the kernel lengths of which on the temporal dimension are the same. CNN only takes the

observations as input, while CNNT takes observation and timestamps as 2D input. We set the

kernel length on the temporal dimension to be 7, so that each kernel should be able to see a

complete period of the sine wave, and by two convolution layers without padding, the final
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Figure 1.2. CNN and CNNT architecture for time series prediction.

output dimension on is 1. The final output is the x(tn+1). Additionally, one common practice in

handling non-uniform time series is to interpolate the observations to a uniform time series and

then feed into the CNN. In the results below, the cubic interpolation method is used.

In the experiment, the mean squared error (MSE) for the models are: 0.46 for CNN, 0.20

for CNNT, and 0.007 for the ICNN. Apparently, vanilla CNN models can hardly handle the

non-uniform time series. Nevertheless, in the Chapter 5, the evidences are shown that better

neural architecture can be designed to exceed the performance of interpolation methods and to

be applied to more universal scenarios.

1.1.2 Learn Significance of Embedding

Embedding vector, a representation of arbitrary input in the high-dimensional latent

space, is a fundamental concept in deep learning realm. For example, the meaning of a word

can be encoded into a vector space [108], and an image can be embedded into a vector [49]. In

recommendation systems, a user can be represented by single vector and be compared with item

embeddings to predict if the user would be interested in the item. Usually, the mode (length)

of the embedding vector is less concerned as the direction of the vector. However, in a recent

study, where the users are represented by multiple embeddings and the mode of the embeddings

represents the significance of the embedding, it’s observed that a monolithic model could hardly
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Figure 1.3. Multi-interest representation of user and weighted multiple interest neural network.

learn the embedding vectors and its significance at the same time.

Formally, the user-item interaction prediction, in the single user embedding case, is to

compute the a score y = zzz · ppp, where p ∈ Rd is an item embedding vector and ppp ∈ Rd is the

user embedding. When the user is embedded into multiple embeddings [zzz1, ...,zzzΛ], the scoring

function can be re-written as:

y = maxλ (zzzλ · ppp) (1.1)

Furthermore, it’s reasonable to assume the users has preferences over their interest,

and the scoring function should consider not only the item-category affinity but also the user-

category preference. Let the positive scalars w1, ...,wλ indicate the strongness of user’s interest

in each category zzzλ . Correspondingly, the scoring function can be extended to consider weighted

multiple interest:

y = maxλ (wλ (zzzλ · ppp)) (1.2)

The rationale of the weighted multi-embedding is left in later chapters, and now the

discussion focuses on learning the wλ and zzzλ .

Despite the physical meaning differs, equation 1.2 can be rewritten as y = maxλ ((wλ zzzλ ) ·
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Figure 1.4. Performance comparison of explicitly model the embedding significance, implicitly
modelling, and using heuristic methods.

ppp). Mathematically, scaling the similarity score is equivalent to scaling the embedding vector

zzzλ . Since the learned zzzλ is commonly not normalized and can have arbitrary mode, it seems

unnecessary to include wλ in the scoring function when the zzzλ is learned and not normalized. In

the ablation study below, the intuition is challenged.

In the ablation study, the retrieval problem is formulated as Equation 1.1 for a monolithic

model, and as Equation 1.2 for a modularized model. The input to both models is the user

engagement history that is consist of the item embeddings ppp1, ..., pppl and timestamps t1, ..., tl

of user’s engagement actions. A two-layer transformer network (detailed in Chapter 4) is

used to compute zzz1, ...,zzzΛ. A standalone module will take the timestamps and learned zzzλ to

further predict wλ . The performance comparing implicitly embedding significance (without the

standalone weight module) and explicit learn the embedding weights are shown in Figure 1.4.

Experimental results imply that simultaneously learning the embedding vectors with proper

lengths are challenging.

1.1.3 Learn Context-Free Languages with Sequential Models

Long-Short Term Memory, as well as the transformers, are believed to be capable of

simulating arbitrary Turing machine, and thus should be able to recognize many sequential

patterns. However, LSTM and the transformer can be easily failed by a simple case named

parity: deciding if there are odd number of 0s in a bit string. Despite similarity to the famous

challenge that neural network could hardly classify odd number from even numbers, if the input
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Figure 1.5. LSTM, Transformer encoder and decoder, and their classification accuracy on parity.

number format is numeric, the task of parity is actually simpler, a simple solution to simulate is

to maintain an binary internal state, and whenever the next bit in the sequence is 0, flip the state.

Then the final state is exactly the classification results. The solution seems straightforward and

within sequence neural networks’ capability. The LSTM and transformers are challenged with

this classification task.

In the experiment, the task is modeled as a classification task. For the maximum sequence

lengths of 20, 40, 60, 80, and 100, a non-duplicated set of sequences up to the length of maximum

lengths are generated. The number of sequences is the minimum of all possible combinations

or 100,000, and split 1:1 to training and testing set. Three model architectures are compared,

shown in Figure 1.5(a-c). The models are trained with binary cross entropy loss. The results are

compared in Figure 1.5(d). The results clearly show that 1) transformers barely can learn the

pattern; 2) LSTM sometimes might converge to a solution that perfectly learn the state flipping,

but the convergence to the optimal solution is not guaranteed.

1.2 Summary of Contributions

This dissertation contributes an empirical study of representation power of modern

sequential neural networks, and a few neural symbolic applications.

1.2.1 Representation Power Analysis of Sequential Models

The study connects the modern sequential neural networks, Long Short-Term Memory

(LSTM) network and Transformer networks, with context-free grammar, the expressiveness of
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which is comparable to most of the programming languages and natural languages. The study

first show that given proper model regularizer, i.e. forced decomposition of their latent space,

and full supervision with state and stack status of the corresponding Pushdown automaton to

the Context-Free language, two models perform similarly, and LSTM even outperforms the

Transformer model in simulating the state machine and operating on the stack. Then ablation

studies explain how the absence of regularizer and full supervision affects the performance

difference of the models in reality: 1) LSTM hardly learns to factorize its latent space to encode

both state and stack without force decomposition regularizer, while the Transformer experience

marginally performance drop; 2) full supervision helps LSTM in language recognition but

hinders the Transformers. Then, we connect the synthetic studies to a parsing task and show

the results on the synthetic PDAs are consistent with real-world tasks. Lastly, the experiments

conclude that the empirical performance difference of the two models comes mainly origin from

LSTM’s failure to decompose its latent space to simulate the stack.

1.2.2 Continuous CNN for Non-Uniform Time Series

This dissertation presents Continuous CNN (CCNN), a generalization to CNN for nonuni-

form time series, to serve as the backend of the neural-based temporal point process (TPP) model.

CCNN estimates the implicit continuous signal on the fly performing continuous convolution on

the continuous signal. As a result, CCNN is capable of capturing useful patterns in the implicit

input signal under the nonuniform sampling rate. Unlike existing interpolation method, the

neural estimation of the implicit continuous signal does not rely on a pre-set interpolation kernel,

but rather learned in an end-to-end manner, so that the misspecification error can be avoided.

As shown in Section 5.6, CCNN can achieve much better performance than the state-of-the-art

systems on non-uniform time series data.

13



1.2.3 Personalized Multi-Interest User Embedding Model with Prefer-
ence

The main contribution of the Chapter 4 can be summarized as follows: 1) proposes a

methodology that utilizes the sequential engagement history to find multiple embedding for a

user, each of which represents the user’s interest in a certain category. These representations

will be used in the retrieval task in recommendation systems, which we find successful in

various industry-scale datasets; 2) in addition to the multi-facet vector representations of a

user, MIP assigns weights to each embedding, which is automatically customized for each user

interest, and improve the recall of candidate generation by retrieving more candidates from the

most representative embedding; 3) MIP do not require any prior knowledge on the number of

categories per user, nor does MIP assume it to be the same among all users. The number of

meaningful categories can be trivially modified post training process.

1.2.4 Symbolic Expression Simplification without Human Knowledge

Chapter 6 proposes Human-Independent Symbolic Superoptimization (HISS), a rein-

forcement learning framework for symbolic superoptimization that is completely independent of

human knowledge. Instead of using human-defined equivalence, HISS adopts a set of unsuper-

vised techniques to maintain the tractability of action space. First, HISS introduces a tree-LSTM

encoder-decoder architecture with attention to ensure that its exploration is confined within the

set syntactically correct expressions. Second, the process of generating a simplified expression

is broken into two stages. The first stage selects a sub-expression that can be simplified and

the second stage simplifies the sub-expression. A set of evaluations is performed on artificially

generated expressions as well as a publicly available code dataset, called the Halide dataset [26],

and show that HISS can achieve competitive performance. The results also find out that HISS

can automatically discover simplification rules that are not included in the human predefined

rules in the Halide dataset.

14



Chapter 2

Background

2.1 Neural Symbolic Approaches

Neural symbolic systems represent a multifaceted field in the artificial intelligence

striving for robustness in recognition and reasoning tasks. As its name implies, neural symbolic

AI deftly blends the strength of neural networks with symbolic system,. The fusion results in a

diverse array of applications ranging from neural program synthesis to robotics. The symbolic

systems, meticulously designed by human experts and evolving over the years, exhibit remarkable

efficiency and reliability. However, migration these systems to new domains often demands

significant effort. This inflexibility highlights the inherent advantage of neural networks, which

possess the ability to learn from data with minimal human knowledge or from system feedback.

A prime example is the neural-guided searching. After years of research, generic searching

methods have been developed to address program synthesis problems. Recently, researchers

have discovered that utilizing neural network to identify the most promising direction within

the search space offers significant benefits over following the human-defined heuristic searching

order [77, 172]. Meanwhile, the incorporation of neural network and symbolic method varies

owing to versatile symbolic nature of each application. Detailed below, there are standalone

neural networks perform symbolic tasks without explicit symbolic components.

Despite that neural symbolic systems are usually different case by case, distilling the

common system architecture and summarizing the techniques to support the system accordingly
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remains crucial. In this dissertation, the paradigms proposed by Kautz [79] serve as a framework

for understanding the neural symbolic approaches. These paradigms are explained as follows

and visualized in Figure 2.1.

• Symbolic neuro symbolic is the most common workflow in the machine learning ap-

plication. The input and output are in the symbolic domain, and a monolithic neural

network is computing the output from the input. There is no explicit interactions with

symbolic systems. Such works are widely seen in the applications where the input to output

mapping rules are implicit and various, e.g. recognizing handwriting characters [34, 54],

translating between natural languages [8, 101, 155], and segment the objects from im-

ages [7, 25, 121, 165]. The symbolic counterpart of symbolic neuro symbolic methods are

usually takes huge human effort to build the rule base and can not easily scale or update.

For instance, the machine translation system before deep learning era is usually consist of

translate, a parameterized probabilistic model of word or phrase A mapping to word or

phrase B, and align, another parameterized probabilistic model to adjust the word order in

the target language. Human knowledge is required to build the two probabilistic models,

and meanwhile the parallel dataset is used to learn the parameters in the probabilistic

models [84].

• Neuro:symbolic → neuro is similar to the symbolic neuro symbolic approach in a way that

output is directly generated by neural network given the input, but different in that symbolic

neuro symbolic methods relies on human labeled (or human calibrated) parallel dataset,

while the input-output of neuro:symbolic → neuro is verified or generated by an existing

symbolic system. The emphases on this approach are 1) demonstration of capability

of neural networks in simulating a complicated symbolic system; and 2) exploring the

efficiency of neural network in solving symbolic problems comparing to the underlying

symbolic system. A few examples can be found in mathematics applications [23, 91].

• In neuro | symbolic approaches, the neural networks generates intermediate results that
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can be accepted by a symbolic system, then the symbolic system will generate the final

output. Contrary to the believe in neuro:symbolic → neuro, this approaches believes the

neural networks are better in extracting the logic from the input than executing the logic

by themselves. For instance, it’s famous that neural networks could hardly distinguish

odd numbers and even numbers, if they are in the numeric format instead of string

format. In the similar applications, where the execution of the logic is challenging for

the neural network, neuro | symbolic approaches are appropriate. Despite the odd and

even number problem is famous, the common use cases of neuro | symbolic are query

language applications, e.g., find the number of certain types of object in visual question

answering (VQA) [103], retrieve the information from tabular data [61]. Follow the

definition in [61], when the direct output of the neural network is available in the dataset,

the task is strongly supervised, e.g. the semantic parsing datasets that contains SQL query

of each input question [167, 175] can train the neural networks in the supervised manner;

when the direct output is absent in the dataset, which is more usually the case due to

the labelling cost, the task is weakly supervised. In the weakly supervised tasks, the

reinforcement learning, and some times efficient searching methods, must be leveraged

to provide the signal to train the neural network, since the symbolic systems are usually

non-differentiable.

• Symbolic[neuro] approach employs a neural network as an integral component within

a symbolic system. A prominent application is AlphaGo, the AI Go player. AlphaGo

compute the next action via a high-level Monte-Carlo tree search solver augmented by

a neural network that evaluate the value of any possible future board state. Actually,

symbolic[neuro] is the most widely used approach in the robotics industry, since the high

level controls are still symbolic, while the lower level components are well developed

neural networks, e.g. object recognition, instruction understanding.

• In contrast to symbolic[neuro] approach, neuro[Symbolic] envisions neural network
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Figure 2.1. Neural symbolic AI approaches. I stands for input data, and O stands for output
data. NN stands for neural networks.

taking control at the high-level. If there are some subroutines found to be particularly

challenging for neural networks, neural network can invoke symbolic functions to obtain

the results. Unlike the neuro | symbolic approach, neuro[symbolic] aims to establish

multi-step interaction between the symbolic system and the neural network.

• Neuro {Symbolic} approach, with relatively lower popularity, directly encodes the sym-

bolic rule templates within the neural networks. The methods are usually limited to

non-combinatorial problems.

2.2 Neural Symbolic AI Component

In Kautz’s categorization, the approaches differ in representation, logic, and interaction.

Understanding these three aspects of each paradigm helps researchers to select the most promising

approaches according to the problem natures. Generally speaking, the data structure decides the

type of neural networks. Then the representation power of neural networks, logical complexity of
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the problem, and the desired neural network - symbolic system interaction lead to the appropriate

neural symbolic approach, as summarized in Figure 2.2.

2.2.1 Representation

Representation is the process of transforming the input, usually in a human comprehensi-

ble form, to the latent vectors or matrices that the neural network could operate, and also the

reverse process of generating the output from latent vectors. The ability of model to preserve the

useful information and make necessary transformation from the input to the output is referred

to as representation power of a neural network. Theoretically, the modern neural architectures

are proven to have adequate representation power, if deep and wide enough. However, given

the same number of layers and number of parameters, some neural networks are outperforming

others, owing to more efficient neural network architecture.

When choosing a neural network for a certain task, the input and output format, or

structure, is always a first consideration, and is also the first direction when improving an existing

generic neural network. In the symbolic systems, e.g. compiler and solvers, the format of the

input must follow the strict grammar to be parsible to intermediate form, e.g. intermediate

representation (IR) or the abstract syntax tree (AST). On the contrary, the neural network accepts

for generic input formats: feed-forward neural networks can accept any fixed length input and

produce fixed-length output; CNN can accept almost arbitrary input size, and the output size will

depends on the input size; RNN can accept arbitrary long sequence, and produce arbitrary long

sequence independently to the input length. The Transformer network, originally was proposed

in NLP tasks to as a sequence-to-sequence type model, can also handle image data as well.

2.2.2 Logic

Logic is the operation or the transformation space that defines the process to generate

the output from the input, in most case, in a deterministic way. Roughly speaking, there

are strong-logic tasks and weak-logic tasks. In the strong-logic tasks, the operations or the
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transformations are usually well defined and the process has high-order. For example, visual

question answering tasks that requires only simple skills but need to be combined correctly [74];

in program synthesis, the function defined on a domain specific language need to be inferred

from the input and output status [131]. In the weak logic scenarios, the mapping from input

to output can be hardly expressed in a set of clear rules. For instance, the natural language

translation, if expressed in logic, is roughly consist of a bilingual vocabulary translation with

numerous exceptions, and mapping of grammar rules between languages, e.g. some languages

are subject-verb-object language while some others are subject-object-verb languages. Reading

comprehension is another case of weak logic, since its questions can cover a large range of

human common sense and logic.

2.2.3 Interaction

Except in symbolic neuro symbolic method, where the symbolic system is implicitly

embedded in the neural network, the neural network in other neural symbolic systems need to

interact with symbolic system. In neuro: symbolic → neuro approach, the interaction is through

the dataset, thus the interaction could be synchronous or asynchronous. In the synchronous

interaction, the input is presented to the neural network and the symbolic system, then the neural

network receive instance supervision from the symbolic system’s output. In the asynchronous

interaction, all the input data is pre-processed by symbolic system. In the neuro|symbolic

approach, the neural network produces entire symbolic output and feeds into symbolic system

to directly generate the target output. On the contrary, neuro[symbolic] and symbolic[neuro]

methods allow and encourage multiple rounds of interactions.

2.3 Representation Power of Neural Networks

The representation power of neural networks remains in core of deep learning research.

In the 1980s, the confirmation of representation power of feed-forward neural network was

established by Cybenko [37] and Hornik et al. [67]: a feed-forward neural network (FFN),
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Figure 2.2. Decide the neural symbolic approach by logic and interaction.

which has one hidden layer that uses sigmoid as activation function and large enough, can

approximate any bounded continuous function to arbitrary precision; with one more hidden layer,

can approximate any function to arbitrary precision.

Though the simple feed-forward neural networks are believed to be universal approxima-

tors, the large enough requirement can hardly be fulfilled and tested in practice. Especially, FFNs

are less computational efficient comparing to the CNN and RNN networks when the apparent

structure exists in the input, e.g. spatial adjacency of pixels in an image, temporal order of

observations of a signal, and the chronological order of the input sequences.

2.4 Input/Output Structure Representation in Neural
Networks

Recognizing the inherent structure embedded with in input and output data, exemplified

by Figure 2.3 and Figure 2.4, researchers have dedicated significant efforts to incorporate the

structure into the neural networks, especially in sequential models. While the neural network

should be able to automatically understand the input and output structure given sufficient training
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and data, explicitly incorporating the knowledge of structure of data often proves beneficial.

Embedding structural information into encoder networks enhances their ability to accurately

comprehend the input, while constrain the decoder neural network with structural information

facilitates efficient decoding of valid outputs.

In the input domain, the structures can be represented as additional fields within the

features provided to a regular neural network or as explicitly structural definitions that shape the

neural network topology. For instance, in natural language processing, the dependency parsing

graph and part-of-speech tags of sentences illustrates the structure of the texts. This information

can be directly fed as supplementary input features into the linear neural networks such as BERT

model [33] and LSTM [9].

In the output domain, the the structure is typically employed to refine the generation

space. For example, tree-structured decoders [33] have been proposed to generate the parse

tree, which can be later translated to the target sequences. This approach effectively leverages

structural information to guide the generation of syntax-correct samples. In specific domains,

it’s also common to transform the structural constraint as a template, and ask the decoder to

define the placeholders in the template. Such examples are abundant in decoder of domain-

specific applications, such as for SQL queries [160], operators on tabular data [61], and regular

expressions [172].

South medals

NNS

Olympic

JJ

many

JJ

how

WHADJP

WRBVBD

wonKorea

NNPNNP

NP NP

VP

S

Figure 2.3. Grammar structure in natural language.
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Chapter 3

Computation Power of Linear Models.

Long Short-Term Memory (LSTM) and Transformers are two popular neural architectures

used for natural language processing tasks. Theoretical results show that both are Turing-

complete and can represent any context-free language (CFL). In practice, it is often observed

that Transformer models have better representation power than LSTM. But the reason is barely

understood. We study such practical differences between LSTM and Transformer and propose

an explanation based on their latent space decomposition patterns. To achieve this goal, we

introduce an oracle training paradigm, which forces the decomposition of the latent representation

of LSTM and the Transformer, and supervises with the transitions of the Pushdown Automaton

(PDA) of the corresponding CFL. With the forced decomposition, we show that the performance

upper bounds of LSTM and Transformer in learning CFL are close: both of them can simulate a

stack and perform stack operation along with state transitions. However, the absence of forced

decomposition leads to the failure of LSTM models to capture the stack and stack operations,

while having a marginal impact on the Transformer model. Lastly, we connect the experiment on

the prototypical PDA to a real-world parsing task to re-verify the conclusions.

3.1 Introduction

The LSTM network has achieved great success in various natural language processing

(NLP) tasks [138, 150], and in recent years, the Transformer network keeps breaking the
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record of state-of-the-art performances established by LSTM-based models in translation [145],

question-answering [42], and so on [15, 40]. Besides exploring the capacity boundary of the

Transformer network, there is an increasing interest in investigating the representation power of

the Transformer network and explaining its advantage over the LSTM models theoretically and

empirically.

Existing analysis has proven that both LSTM [132] and the Transformer network [115]

are Turing-Complete. However, much empirical evidence shows both models are far from perfect

in imitating even simple Turing machines [40, 76]. Several explanations of the performance gap

between practice and theory are 1) some theoretical proofs relies on infinite precision assumption

while the precision in practical computations is limited [85, 152]; 2) given fixed latent space

dimension, according to the pigeonhole principle, as input sequence length goes towards infinity,

there will be information that can not encode into the latent space or is forgotten [56].

Despite the soundness of the theoretical proofs and explanations, none of them can

directly explain the phenomenons in practice: 1) given the same computation precision, Trans-

former has an advantage over LSTM model in many cases; 2) both Transformer and LSTM fails

even when the input sequence is short and their latent space dimension is large.

In this work, we study the empirical representation power of the LSTM and the Trans-

former networks and investigate the origination of their difference. We compare the models

via learning context-free languages. The reason to study CFLs other than regular languages

or Turing machines is that the learning of CFLs provides most insights into NLP tasks where

understanding the underlying hierarchy of the language is crucial. In the rest of the paper, we will

first introduce an oracle training paradigm to predict the status of the PDA that accepts the CFL,

and a regularizer to explicitly decompose the latent space of the LSTM and the Transformer such

that the PDA state and the positions in the stack are encoded in distinct dimensions. Lastly, the

experiment section exhibits the empirical results and leads us to the following conclusions:

• LSTM and Transformer have similar upper bound of empirical representation power in
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Figure 3.1. Graphical notations of PDAs for the CFLs.

simulating PDAs.

• LSTM fails to factorize its latent space to encode the state and multiple elements of the

stack without explicit supervision, which is the pivot to its compromised performance in

real-world tasks. Meanwhile, the Transformer is marginally affected by absence of explicit

decomposition regularization.

• Language recognition is not a reliable task to compare the empirical capacity of LSTM

and Transformer since the results is sensitive to the setting of PDAs, the hyperparameters

of the models, and the training methods.

3.2 Preliminaries and Definitions

3.2.1 Context-Free Language

A context-free grammar G is defined by a collection of nonterminal symbols (i.e. vari-

ables), terminal symbols (i.e. the alphabet of G ), production rules and a start symbol E. The

context-free language of G is the set of strings that can be derived from the start symbol by

iteratively applying the production rules until there are no nonterminal symbols.

A Pushdown Automaton (PDA) is a state machine with a stack that reads an input symbol

and the top element in a stack at each step and performs the state transition and some stack

operations (push/pop). Formally, a PDA can be defined as a tuple of < Q,Σ,S,δ ,q0, I,F >. Q

is a finite set of states, and q0 ∈ Q is the initial state; Σ is the alphabet of the inputs, S is the

stack symbols and I ∈ S is the initial stack top symbol; F ∈ Q is a set of accepting states. δ is

a transition function δ (q ∈ Q,x ∈ (Σ∪{ε}),s ∈ S)→ q′,s′, where ε denotes an empty symbol
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and s denotes the top element in the stack S. The transition function implies the stack operation.

For example, let ∗ be a wildcard for arbitrary state or symbol, δ (∗,ε,∗) represents transition

that consumes no input symbols1; δ (∗,∗,ε)→∗,s′ where s′ ̸= ε is a stack push operation, and

δ (∗,∗,s)→∗,ε where s ̸= ε is a stack pop operation.

A PDA can be equivalently expressed by some CFG and vice versa [31, 124]. In learning

CFGs, the neural networks are expected to learn the equivalent PDAs instead of the production

rules.

In this study, we are interested in bounded CFGs and PDAs where the recursion depth

is finite and a stack with finite size should be adequate for process the CFLs. The reason is

two-fold. First, we agree with the existing theoretical analysis that encoding an unbounded stack

into finite space is the bottleneck for LSTM and Transformer, thus we focus on the investigation

of their realistic representation power before they reach the theoretical upper bound (e.g. number

of recursions → ∞). Second, in natural languages and even programming language, the nesting

of the production rules are very limited (e.g. < 100), so it’s important to understand LSTM and

Transformer’s behavior under bounded CFGs.

Four canonical PDAs (shown in Figure 3.1) are introduced as follows:

Definition 3.2.1 (Dyck-(k, m)). The language of paired parentheses of k types up to m recursions.

Dyck is the prototypical language to any context-free languages [87].

Definition 3.2.2 (anbn). The set of strings consisting of a and b, and every occurrence of n

consecutive as is followed by exact n successive bs.

Definition 3.2.3 (Parity). The binary strings that containing an even number of 0s. Parity can be

expressed by a Deterministic Finite Machine (DFA). To formalize parity in PDA, we denote all

parity transition function with no stack operation δ (∗,∗,ε)→∗,ε .

Definition 3.2.4 ((wcwr)n-(k, m)). wcwr-(k, m) generates strings that starts with a sub-string ω

followed by a character c, then followed by the reverse of ω . The chars w ∈ ω comes from a
1For instance, the reduce operation in shift-reduce parsing, as shown in Table 3.2
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vocabulary Ω (c /∈ Ω) of size k. The string ω contains no more than m chars. The (wcwr)n-(k,

m) generates strings that contains a to n substrings from wcwr-(k, m).

3.2.2 Long-short Term Memory Network

Given the input sequence embeddings X = {xt}n
t=1 and initial hidden state and cell state

(h0,c0) ∈Rd , LSTM [64] produces the latent representation of the sequences {ht}n
t=1, where

ht ∈Rd , as follows:

ft = σ(W f ht−1 +U f xt +b f )

it = σ(Wiht−1 +Uixt +bi)

ot = σ(Woht−1 +Uoxt +bo)

c̃t = tanh(Wcht−1 +Ucxt +bc)

ct = ft ⊙ ct−1 + it ⊙ ct

ht = ot ⊙ tanh(ct)

(3.1)

3.2.3 Transformer Network

The Transformer network [145] process the sequence via multi-head attention. Specif-

ically, let the att(Q,K,V ) represent the scaled dot-product attention function over query Q ∈

R
r0×r1 , key K ∈Rr0×r1 , and value V ∈Rr0×d , defined as:

att(Q,K,V ) = so f tmax(
QK⊤
√

r1
V ) (3.2)

Given sequence X, the Transformer encodes the sequences via multi-head attention

followed by a point-wise feed-forward network (denote as FFN(·)).

ht = FFN([head1; ...;headk]);

headi = att(yWQ
i ,yWK

i ,ytWV
i )

(3.3)
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a) LSTM b)Transformer Encoder c)Transformer Decoder

Figure 3.2. The information flow in LSTM, transformer encoder and decoder.

To distinguish the order of input symbols, the yt is produced by summing a positional

encoding with input encoding:

pt,2 j = sin(t/100002 j/r1)

pt,2 j+1 = cos(t/100002 j/r1)

yt = xt + pt

(3.4)

We distinguish the Transformer encoder that allows attention between any pairs of input

symbols and the Transformer decoder that allows multi-head attentions to compute only on past

symbols. The comparison is illustrated in Figure 3.2.

3.3 Oracle Training

In this section, we introduce the oracle training method assuming complete PDA transition

steps are exposed to the model to provide the densest supervision signal.

Formally, given symbol sequences {X (i)}n
i=1 accepted by a PDA, the oracle includes

{X (i)}n
i=1, the states of DPA {S(i)}n

i=1 and the stack status {T (i)}n
i=1 at each step while processing

the symbol sequences. The oracle training forces the models to predict not only the next symbols

as in the language model, but also the internal state and stack status. Hereinafter, for simplicity,

we omit the superscript i that denotes i-th sample. Let X = {xt}τ
t=1, S= {st}τ

t=1, and T = {Tt}τ
t=1,

and the Tt [ j] being the j-th item in the stack at step t.

Figure 3.3 shows the generic architecture for oracle training. Several multi-layer percep-
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ℎ#
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𝑦

LSTM/Transformer…

ℎ$

Figure 3.3. Oracle training paradigm. The hidden state, the output vector of a LSTM
and transformer layer, is fed to independent prediction head to predict the pushdown
automaton’s state, stack, and the next symbol.

tron (MLP) networks are employed to independently predict the symbol, state, and stack from

the latent representation ht . For stack status, a non-full stack is padded with the empty token ε .

Therefore, the models always predict a constant number of symbols for the stack and predict εs

in the correct positions to indicate a non-full stack. We also include a language recognition task

in which the model predicts if the sequences are accepted by the PDA. The language recognition

task is widely used in arguing the inability of LSTM and Transformer in recognizing CFLs.

Though from the PDA’s perspective, the recognition is equivalent to the task of learning the

transition, while in the experiment, we show both models benefit greatly from dense supervision

in the oracle training, compared to the sparse supervision in the language recognition.

We also introduce two vital model configurations: forced decomposition (Figure 3.4)

and latent decomposition (Figure 3.5). In forced decomposition, the latent representation vector

ht is split into m+ 1 segments, where m is the maximum stack size, to predict the PDA state

and m elements in the stack separately. Since each position in the stack shares the same set

of stack symbols, we let the stack predictors MLPstack share parameters. In contrast, the latent

decomposition uses whole ht but individual MLPs for prediction, and the m stack predictors are

independently trained. In both configurations, the next symbol is predicted based on complete ht

because the valid symbol for the next step depends on both the current state and stack.

Predictions of symbol, state, and stack are all trained with cross-entropy loss, and the
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Figure 3.4. Forced decomposition of ht .

MLPstate MLPstack[0]
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𝑠"

ℎ"

MLPstack[1] MLPstack[2]

𝑇"[0] 𝑇"[1] 𝑇"[2]

𝑥"+,

independent parameters

Figure 3.5. Latent decomposition of ht (with stack size of 3).

three-part losses are summed 2 :

Loracle = Lsymbol +Lstate +Lstack (3.5)

3.4 Experiment on Canonical PDAs

In this section, we evaluate the representation power of LSTM and Transformer by

simulating canonical PDAs.

3.4.1 Experiment Setup

Data generation. For PDAs introduced and their hyperparameters {k,m,n} when

applicable, we generate the 50k sequences for training and another 50k for testing except

for wcwr(n=2, m=2, k=*) which enumerate all accepted sequences. For each sequence, the

2An option is to assign weights to each term on the right hand side, our additional experiment in Section 3.4.5
shows that the choice of loss weights does not influence the main conclusion in the experiment.
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Figure 3.7. Performance on Dyck.

ground-truth PDA annotates the sequence and produces the state and stack labels for oracle

training. Meanwhile, a corrupted sequence that is not accepted by the PDA is generated for the

classification sub-task. For language modelling, we compute the valid symbols for each step t

given sequence x1, · · · ,xt−1 and denote this validity over alphabet as LM mask.

Model configurations. For each PDA task, we set the hidden size in the LSTM model

and the latent dimension in the Transformer model to be α ∗ (|Q|+m∗ |S|), where α is the scale

factor, |Q| is the size of states, m is the maximum recursion (i.e. maximum stack size), and |S| is
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the size of stack symbols3. We always let α ≥ 1 such that the latent vector ht will always have

enough dimensions to encode both the state and stack. For the Transformer encoder and decoder,

the number of attention heads is 8. For all models, unless specified otherwise, the number of

layers is 1 and α = 1. We set all MLP modules to be a two-layer feed-forward network with

sigmoid as an activation function. The hidden dimension of the MLPs is twice of their input

feature dimension. For both models, we use an embedding layer to encode input symbols to

R
2|Σ|. For the Transformer model, the filter size for the position-wise feed-forward network is

32, and we apply a dropout layer with a rate of 0.1.

Training. Models are trained with Adam optimizer with a learning rate of 0.001 on the

AWS platform. The models are trained for 200 epochs or up to convergence. We introduce two-

phase training for language recognition tasks, i.e. classify whether the sequences are accepted

by the PDA. In phase 0, the models are initialized and solely trained by a classification task,

while in phase 1, the models are retrained on classification tasks after being trained with oracle

training.

Metrics. 1) Classification accuracy: portion of the sequences that are correctly ac-

cepted/rejected. 2) LM accuracy: percentage of predicted symbols that are valid according

to the LM mask. 3) State accuracy: accuracy in predicting the current PDA state shown only

the sequence of symbols. 4) Stack accuracy: accuracy in predicting current stack status, stack

symbols (including empty symbol), and their position in the stack shown only the sequence of

symbols.

3.4.2 Forced Factorization Results

Figure 3.6, 3.8, 3.7, 3.9 shows the LSTM and Transformer performance over multiple

configuration of PDAs 4. There are few observations from the results: 1) LSTM has higher accu-

racy in learning PDAs, as it generally achieves higher accuracy in both state and stack predictions,

3For PDAs introduced, we set S = Σ
⋃
{I,ε}

4These figs shows phase 0 classification accuracy
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especially shown in Figure 3.8, 3.9. The results shows that when CFGs are bounded, LSTM does

not need external memory to simulate the stack. 2) For predicting the state, Transformer decoder

behaves in a similar way to LSTM, as shown in state accuracy in Figure 3.6, 3.9. In anbnand

(wcwr)n, the Transformer encoder slightly outperforms LSTM and Transformer decoder. This

indicates that though past information should be adequate to determine the current status of PDA,

it’s still benefits the neural models to foresee the future sequences. 3) Both language recognition

task and language modeling solely should not be used to examine the capability of neural models

in learning CFG, since they do not fully reflect the capability of models to learn the internal

dynamics in state transition and stack operation (Figure 3.8), and reversely learning the precise

PDA does not necessarily lead to perfection in language recognition and language modeling

(Figure 3.7, 3.9).

3.4.3 Decomposition Hardship of LSTM: Forced v.s. Latent Factoriza-
tion

Though LSTM and Transformer show comparable representation power under forced

decomposition setting, the disadvantage of LSTM in the latent decomposition training is signifi-

cant, as can be viewed from Figure 3.10, 3.11, meanwhile, Transformer models are roughly as

good as they are trained with forced decomposition. The failure of LSTM in stack prediction is

key to its disadvantage in many tasks [42].

Visualization Figure 3.13 shows the two-component t-SNE [144] results of the LSTM
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Figure 3.9. Performance on wcwr.

hidden states ht . The different colors represent distinct stack status in the oracle. As shown, the

hidden states in forced decomposition tend to separately encode different stack status, while in

the latent decomposition, there are much more clusters containing multiple colors, which causes

the failure of stack predictor to correctly predict the stack status, and also prevents LSTM itself

to learn the correct stack operations.

3.4.4 Two-Stage Training Improves Language Recognition Accuracy

We detail the four-tier reasons for our earlier conclusion that language recognition

accuracy is unfair in judging the models’ capability of learning PDA. Firstly, we explain the

observations from Figure 3.7, 3.9 that perfection in state and stack prediction does not lead to
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Figure 3.10. Performance on Dyck with forced (solid lines) and latent (dotted
lines) decomposition.

accurate recognition: the language recognition requires a higher level of reasoning than just

learning a set of PDA transition functions. A rejected sequence for PDA might due to the current

symbol not accepted given the state and stack top, popping an empty stack, or exceeding the

maximum recursion. Thus the classification decision boundary might be inseparable for an

MLP without special design. Furthermore, for any models, the error message might occur at

random steps, and the models have to preserve and pass the message to the last step for the

classification prediction in the general training paradigm for language recognition. This is mainly

why the classification accuracy of LSTM declines much abruptly than of the Transformers

since Transformer can pass information between any pairs of inputs, thus the comparison of

LSTM and Transformer will be sensitive to sequence lengths. Besides sequence length, the

model size also influences the recognition accuracy differently. Comparing the classification

accuracy of Figure 3.7 and Figure 3.19, the relative advantage of two models are reversed when

models scale up. Lastly, Transformer models may recognize language in some manners that

are dissimilar to PDAs. To prove this, we show the classification accuracy of phase 0 and
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Figure 3.11. Performance on wcwrwith forced (solid lines) and latent (dotted
lines) decomposition (k = 10).

phase 1 in Figure 3.14, 3.15, 3.16. LSTM generally improves after oracle training (phase 1),

especially in Dyck (Figure 3.16), while the Transformer models suffers from oracle training

(Figure 3.14-3.15).

3.4.5 Sensitivity to Loss Weights

Loss function: In Equation (3.5), the weights of Lsymbol , Lstate, Lstack are set to 1. To

confirm the conclusion is general without dependent on the choice of weight values, we examine

the model performance using the learnable loss weights [80], and the oracle training loss has the

form:
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Loracle =
1

2σ2
1
Lsymbol +

1
2σ2

2
Lstate +

1
2σ2

3
Lstack + log(σ1σ2σ3) (3.6)

where σ1,σ2,σ3 are trainable parameters.

Dataset and training: We used Dyck-(5,*) datasets (m = 2,5,10,20). For each model

on each dataset, the training is repeated five times.

Results: Figure 3.17 compares the model performance with fixed or learned weights and

illustrates that neither the performance nor the hardship in factorization is sensitive to the choice

of loss weights.

3.4.6 Deeper and Wider Models

Generally, a larger number of parameters brings higher representation power, so does a

larger number of layers. We verified the conclusion that 1) LSTM and Transformer have similar

representation power of learning CFG on larger models; and 2) forced factorization improves

performance of LSTM.
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a) Forced b) Latent

Figure 3.13. t-SNE analysis on LSTM hidden states trained on Dyck (k=3,m=5).
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Figure 3.14. Two-phase classification accuracy on anbn.

Figure 3.19, 3.12 show that additional layers and extra hidden size can not remedy the

hardship in decomposition. Figure 3.18, 3.24 provide further evidence. From Figure 3.18, we

notice that the difference between forced and latent factorization is alleviated in Transformer

models as the number of layer increases and α grows5. However, the gap remains huge for the

LSTM model. Besides, the decrease of classification and language model accuracy is generally

observed when scaling up the models, which indicates the training difficulty introduced by the

5The ablation on factorization is not conducted for L4S1 and L1S4 for any PDA. Also, since the factoriza-
tion makes most significant difference on learning stack and Parity does not require a stack, the comparison of
factorization is not made on Parity.
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Figure 3.16. Two-phase classification accuracy on Dyck.

deeper and wider model overwhelms the benefit of increased model capacity.

3.5 Experiment on Shift-Reduce Parsing

Dataset. SCAN [90] is a semantic parsing dataset consisting of commands in natural

language and sequences of actions to execute the commands. Tab. 3.1 shows the generation

rules producing SCAN commands. The dataset contains 16728 training samples and 16728 test

samples. In our experiment, instead of parsing to the sequence of actions, we parse the linguistic

command according to its CFG production rules (Tab. 3.1) using shift-reduce parsing. Since

there are production rules in the CFG that map a single nonterminal variable to another one,

the corresponding PDA is nondeterministic. To facilitate the training, we insert a special token

<reduce> to make the process deterministic. Tab. 3.2 illustrates an example of the annotation of

the sequence with stack status and the padding process to insert <reduce> tokens for reduction

operations that do not consume symbol from the input sequence. The equivalent PDA of SCAN’s
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Figure 3.17. Model performance on Dyck-(5,*). First row shows results with Equation (3.5),
and second row shows results with Equation (3.6). Lines indicates the average accuracy over 5
runs, and the shadows illustrate the range.

Table 3.1. Domain Specific Language for SCAN linguistic commands.

C := CP S — CP V — S
CP := S and — S after

S := V — V twice — V thrice
V := VP D— VP left — VP right — D

VP := D opposite — D around
D := U — U left — U right
U := walk — look — run — jump — turn

CFG has only one state q0. Alphabet Σ covers English words in the linguistic commands and the

<reduce> token, and the stack symbols are {C,CP,S,V,V P,D,U}.

Models and metrics. The model configurations are the same as in learning the canonical

PDAs. We compute perplexity to evaluate language modeling and compute the accuracy of the

stack prediction as the parsing accuracy.

Results. Tab. 3.3 sums up the results of LSTM and Transformer on SCAN dataset,

which is consistent with the observations in Sec. 3.4: LSTM and Transformer decoder perform

similarly in language modeling and parsing when decomposition is forced, and the parsing

accuracy of LSTM suffers heavily from latent decomposition setting. The Transformer encoder
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Figure 3.19. Performance of four-layer models on Dyck with α = 4

can see the whole sequence at each step, so it achieves an almost lower bound of perplexity and

has the highest parsing accuracy.

3.6 Related Works

There are many theoretical analyses on the representation power of LSTM and the

Transformer and their comparisons that motivate this work to re-examine their representation

power from an empirical aspect. Siegelmann and Sontag [132] firstly established the theory that

given infinite precision and adequate number of hidden units RNNs are Turing-Complete, and

Hölldobler et al. [65] has designed an one-unit vanilla RNN counter for recognizing counter

languages (e.g. anbn and anbncn) with finite range of n. Recently, Hewitt et al. [62] proposed

the construction of RNN that performs stack operations as in PDA and encodes PDA stack

within hidden states of RNN without external memory. Pérez et al. [115] proofs that with

arbitrary precision, the Transformer network could simulate the single execution step for Turing

machine, then by induction the Transformer is Turing-Complete. The majority of theoretical
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Figure 3.20. Performance on Dyck (α = 1, four layers)

analysis emphasis that limited computation precision may break the proofs and compromise the

performance in practice. Nevertheless, the models are not supervised with either step-by-step

execution of the Turing Machine or the actual counters, which might be the crux to the failures

of both models in reality.

This work also closely relates to previous attempts to connecting LSTM and transformer

model with a specific type of languages, e.g. languages from Chomsky’s hierarchy [32] and

counter languages. 1) For regular languages (representable by DFAs), Michalenko et al. [107]

shows the empirical ability of LSTM to represent DFAs and Rabusseau et al. [117] has proposed a

construction method of RNNs from a weighted DFA. 2) For context-free languages (representable

by PDAs), Sennhauser and Berwick [125] observed that CFGs are hardly learnable by LSTM

models. on the other hand, Bhattamishra et al. [12] showed LSTM could learn CFGs with

bounded recursion depth but the performance will be limited for infinite recursion. 3) For counter

languages, the Transformer network [11] and LSTM Suzgun et al. [139] have been trained to

predict the outputs of a dynamic counter. However, their results disagree on the capability of

LSTM in representing DYCK languages. In our work, we focus on bounded CFG since the
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Figure 3.21. Performance on Dyck (α = 4, single layer)

capacity of learning regular languages is widely agreed upon while there are disputes on the

CFG level.

Finally, observing the defects of both LSTM and Transformer in learning CFG and

algorithmic tasks, many works propose to use external memory to enhance the LSTM model

[38, 76, 140], introduce recurrence in the Transformer network [40], and design specialized

architectures [55, 57, 135, 136]. Though it’s commonly believed that LSTM with finite memory,

i.e. hidden states, can not handle CFGs which requires infinite stack spaces, we investigate the

capacity of LSTM and transformer in bounded CFGs that requires finite-size stack and conclude

that finite memory is not the bottleneck of LSTM capacity in learning CFGs.

3.7 Conclusion

We illustrate that only the state and stack prediction accuracy trained with dense su-

pervision and explicit decomposition regularizer are the fair and stable metric to compare the

empirical representation power of LSTM and the Transformer network. Then we conclude
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Figure 3.22. 4-layer model with α = 4 on (wcwr)n, k = 3.

Table 3.2. Shift-reduce parsing of SCAN commands.

step stack unconsumed symbols transition δ

0 [] jump left and turn opposite left –
1 [U] left and turn opposite left δ (le f t,ε)→U
2 [D] and turn opposite left δ (and,U)→ D
3 [V] and turn opposite left δ (ε,D)→V
4 [S] and turn opposite left δ (ε,V )→ S
5 [CP] turn opposite left δ (and,S)→CP
6 [CP, D] opposite left δ (turn,ε)→U
7 [CP, VP] left δ (opposite,D)→V P
8 [CP, V] δ (le f t,V P)→V
9 [C] δ (ε, [CP,V ])→C

Padded Sequence
[ jump, le f t,and,⟨reduce⟩,⟨reduce⟩, turn,opposite, le f t,⟨reduce⟩]
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Figure 3.25. Performance on (wcwr)n, k = 3.

that both LSTM and Transformer network can simulate context-free languages with bounded

recursion with a similar representation power, and unveiled the disadvantage of LSTM model in

practice is from its inability to decompose the latent representation space.
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Table 3.3. Perplexity and parsing accuracy on SCAN. E denotes Transformer encoder and D
denotes decoder.

Model Perplexity Accuracy
LSTM(α = 1, Forced) 2.705 91.30
LSTM(α = 1, Latent) 2.705 16.61
LSTM(α = 4, Forced) 2.706 91.30
LSTM(α = 4, Latent) 2.708 35.00

Transformer(D, α = 1, Forced) 2.710 91.02
Transformer(D, α = 1, Latent) 2.713 76.61
Transformer(D, α = 4, Forced) 2.708 91.30
Transformer(D, α = 4, Latent) 2.710 90.56
Transformer(E, α = 1, Forced) 1.020 99.84
Transformer(E, α = 1, Latent) 1.014 72.39
Transformer(E, α = 4, Forced) 1.002 99.99
Transformer(E, α = 4, Latent) 1.001 99.29

author was the primary investigator and author of this paper.
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Chapter 4

Neural Architectures I: Weighted Multi-
Interest User Representation

User embeddings (vectorized representations of a user) are essential in recommendation

systems. Numerous approaches have been proposed to construct a representation for the user in

order to find similar items for retrieval tasks, and they have been proven effective in industrial rec-

ommendation systems. Recently people have discovered the power of using multiple embeddings

to represent a user, with the hope that each embedding represents the user’s interest in a certain

topic. With multi-interest representation, it’s important to model the user’s preference over the

different topics and how the preference changes with time. However, existing approaches either

fail to estimate the user’s affinity to each interest or unreasonably assume every interest of every

user fades at an equal rate with time, thus hurting the performance of candidate retrieval. In

this paper, we propose the Multi-Interest Preference (MIP) model, an approach that not only

produces multi-interest for users by using the user’s sequential engagement more effectively but

also automatically learns a set of weights to represent the preference over each embedding so that

the candidates can be retrieved from each interest proportionally. Extensive experiments have

been done on various industrial-scale datasets to demonstrate the effectiveness of our approach.
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Figure 4.1. Mis-representation with single user embedding in the retrieve-then-rank framework.

4.1 Introduction

Today, the recommendation system is widely used in online platforms to help users

discover relevant items and deliver a positive user experience. In industrial recommendation

systems, there are usually billions of entries in the item catalog, which makes it impossible to

calculate the similarity between a user and every item. The common approach is, illustrated in

Figure 4.1, retrieving only hundreds or thousands of candidate items based on their similarity to

the user embedding on an approximate level (e.g. inverted indexes, locality-sensitive hashing)

without consuming too much computational power, and then sending the retrieved candidates to

the more nuanced ranking models. Thus, finding effective user embedding is fundamental to the

recommendation quality.

The user representations learned from the neural networks are proven to work well on

large-scale online platforms, such as Google [30], YouTube [35], and Alibaba [148]. Mostly, the

user embeddings are learned by aggregating the item embeddings from the user engagement

history, via sequential models [63, 78, 116, 164]. These works usually rely on the sequential

model, e.g. a Recurrent Neural Network (RNN) model or an attention mechanism, to produce

a single embedding that summarizes the user’s one or more interests from recent and former

actions.

Recently researchers [47, 96, 111, 153] have discovered the importance of having multiple

embeddings for an individual, especially in the retrieval phase, with the hope that they can capture

a user’s multiple interests. The intuition is quite clear: if multiple interests of a user are collapsed
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into a single embedding, though this embedding could be similar to and can be decoded to all

the true interests of the user, directly using the single collapsed embedding to retrieve the closest

items might result in items that the user is not quite interested in, as illustrated in Figure 4.1.

Though, conventional sequential models like RNN or the Transformer network do not

naturally produce multiple sequence-level embeddings as desired in the multi-interest user

representation. Existing solutions fall into two directions: 1) split-by-cluster approaches first

cluster the items in the user engagement history by category labels [92] or item embedding

vectors [111] and then compute a representation embedding per cluster; 2) split-by-attention

models adopt transformer-like architecture with two modifications. The query vectors in the

attention are learnable vectors instead of the projections from the input and the results of each

attention head are directly taken as multiple embeddings [20, 178]. The limitations of the two

approaches are obvious: the split-by-cluster method works best with dense item feature [161];

and split-by-attention models bias towards the popular categories owing to its shared query

vector among all the users and are inflexible to adjust the number of interests, which is fixed in

the training phase as the number of attention heads.

Moreover, the existing multi-interest works ignore one important aspect: the weights of

each embedding. In the retrieval stage, given the limited number of items to return, retrieving

items from each embedding uniformly will cause a recall problem when the user clearly indicates

a high affinity towards one or two categories. Some existing approaches, e.g. PinnerSage [111],

use exponentially decayed weights to assign a higher score to interests that have more frequent

and recent engagements. However, the methods still assume that in the same period, regardless

of whether the interest is enduring or ephemeral, the level of interest decays equally for any user.

Furthermore, these works also assume the number of embeddings to be fixed across all users.

Not only is this hyperparameter costly to find, but also the assumption that all users have the

same number of interests is questionable. Some dormant users can be well represented using one

or two vectors, while others might have a far more diverse set of niche interests that requires tens

of embeddings to represent.
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In this paper, we propose Multi-Interest Preference (MIP) model that learns user embed-

dings on multiple interest dimensions with personalized and context-aware interest weights. The

MIP model consists of a clustering-enhanced multi-head attention module to compute multiple

interests and a feed-forward network to predict the weights for each embedding from the interest

embedding as well as the temporal patterns of the interest. The clustering-enhanced attention

overcomes the aforementioned shortcomings from two aspects: the query, key, and value vectors

are projected from the user’s engaged items, thus the output of the attention is personalized and

minimized the bias toward globally popular categories; moreover, the clustering module can be

applied before or after the multi-head attention, releasing the assumption that item features are

pre-computed or the item-category labels are available. The main contribution of this paper and

the experimental evidence can be summarized as follows:

• We propose a multi-interest user representation model that minimizes the bias towards

popular categories and is applicable no matter if the item embeddings are pre-computed.

MIP is successful in various industry-scale datasets (Section 4.4.1, 4.4.2); Section 4.4.6

reveals the bias resulting from the global query vector and the error resulting from a fixed

number of clusters in the split-by-attention approaches, in comparison to MIP.

• In addition to the multi-facet vector representations of a user, MIP assigns weights to each

embedding, which are automatically customized for each user interest. This approach

improves the recall of candidate generation by retrieving more candidates from the most

representative embedding. (Section 4.4.3).

• Although if the clustering algorithms require, MIP still asks for a number of clusters

during the training phase, the number of clusters in MIP in the inference phase can be

trivially increased or decreased without re-training of the model. And the experimental

results (Section 4.4.7) show that re-configuring the number of clusters has an insignificant

impact on the retrieval performance, thus allowing the system to trade off the storage and

computation cost for better performance. Thus, MIP does not require prior knowledge of

the number of interests of users during the model training phase.
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Table 4.1. Comparison of MIP to existing recommendation models.

Name
User

Embedding
Sequential

Model
Additional

Input
Preference

Weight
GRU4Rec [63] single RNN interaction session N/A
TiSASRec [93] single time-aware self-attention timestamps N/A

BERT4Rec [137] single self-attention – N/A
MIND [92] multiple label-aware self-attention category labels ✗

ComiRec [20] multiple global-query attention – ✗

PinText2 [178] multiple shared global-query attention – ✗

PinnerSage [111] multiple N/A – heuristic
MIP multiple time-aware self-attention timestamps learned

4.2 Related Work

This work relates to two important aspects of existing recommendation systems: sequen-

tial models and the multi-interest framework.

Sequential models. A basic consensus in the recommendation system is that user

embeddings should be inferred from the user’s historical behavior, and thus the sequential models

have been at the heart of recommendation models. A typical and classical sequential model is

the Markov Chain [60, 120]. While Markov Chain captures short-term patterns of engagement

sequence well, it fails to make the recommendation that requires memorizing long sequences.

With stronger representation power on long sequences, Recurrent Neural Networks (RNNs) have

been adopted for learning user embedding from arbitrarily long sequences, e.g. GRU4Rec [63]

and others [43, 159]. Besides the standard RNN models, specialized recurrent units are proposed

to meet the special need of incorporating certain information, e.g. user demographic information

[44], global context [156], interest drifts with time [28], and interaction session [63]. Recently,

the success of the Transformer network [145] has brought revolution to sequential modeling

tasks [115, 129] and has been soon adapted to the recommendation models, e.g. ComiRec [20],

BERT4Rec [137], TiSASRec [93], SASRec [78], MIND [92], PinText2 [178], and also our MIP.

Multi-interest user representation. Representing users by multiple embeddings greatly

improves the recommendation quality, but not every existing recommendation model can easily
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extend to a multi-interest framework. Classical collaborative filtering and matrix factorization

methods do not naturally produce multiple user embeddings, and so do RNNs and attention-

based models. To discover multiple interests from user engagement history, heuristic methods

[72, 168] and unsupervised learning methods like clustering [111, 146] and community mining

[147, 166] have been adopted. Besides, researchers have made efforts to modify the existing

neural networks to produce multiple results, for instance, the capsule network [20, 92, 122] and

multi-head attention models [20, 93, 176]. However, they require an estimation of the number

of interests of users as a hyperparameter and do not learn the weight of interests. Therefore,

unlike MIP, they produce an equal number of clusters for every user and treat each interest with

uniform importance.

Relationship to previous works. The motivation of MIP is to acquire weighted multiple

user embeddings with standard self-attention but without explicit item-category labels. ComiRec

and PinText2 use global-query attention to produce multiple embeddings, which introduces a

bias toward frequent items or popular categories and the phenomenon is shown in Section 4.4.6.

Furthermore, they also predefine a number of interests that is uniform for all the users. TiSASRec

and BERT4Rec adopt self-attention but can not learn multiple embeddings. MIND relies on

the category labels to produce multiple embeddings from self-attention and capsule networks.

However the category labels are sometimes unavailable or vague in other applications, e.g.

YouTube and Pinterest. PinnerSage produces multiple embeddings without category labels, but

requires pre-computed item embeddings. The comparison are summarized in Table 4.1.

4.3 Methodology

In this section, we formulate the recommendation problem and the neural architecture to

model the multiple user interests with preference weights in detail.
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Table 4.2. Notations

Notations Description
I ,U Item set and user set
S Abbreviation of user engagement history S u

l Abbreviation of lu, length of S
d The item embedding dimension
dmodel Projected key/query vector dimension
h Attention head superscript
ppp An item embedding, ppp ∈ Rd

ppp j, t j Short form of the pppu
t j

and tu
j

W h
q ,bbb

h
q Query projection weights and bias

W h
k ,bbb

h
k Key projection weights and bias

MMM Attention mask matrix
Λ Maximum number of interests per user

C
Cluster assignment, C ∈ Rl .
C[i] = λ if i-th item belongs to λ -th cluster

LLLλ The set of indices of items in the λ -th cluster.
zzzλ ,Z User embedding vector(s)
1[cond] 1 if cond is true, 0 otherwise
τττ [m] m-th digit in the vector τττ

[; ] Vector concatenation operator

4.3.1 Problem Statement

Let I denote the collection of items and U denote the set of users. The interaction

sequence of a user u ∈ U is represented as S u with a list of item IDs (vu
t1,v

u
t2, ...,v

u
tlu
) and

timestamps (tu
1 , t

u
2 , ..., t

u
|lu|). Each item vu

i ∈ I is associated with an item embedding pppu
i ∈Rd and

lu is the length of the interaction sequence.

The objective is to learn a set of user embeddings zzzu
λ
∈ Rd and their weights wu

λ
(λ =

1, ...,Λ) for each user u. Since the user representation is learned only from the history of that

user, hereinafter, we omit the superscript for u in both the input and output sides for simplicity.

Notations are summarized in Table 4.2.

Item embedding ppp j can be either represented by item metadata features or treated as

model parameters and learned from the data. When items have dense metadata features (e.g.

text embeddings), we will use them as the item embedding and focus on learning the user
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Figure 4.2. An overview of MIP architecture.

representation. When items are only represented by an ID and do not have other metadata, we

will learn the item embedding table. MIP is able to handle both cases and eventually learn users’

multi-interest embeddings and their weights.

4.3.2 Process Overview

Overall, the proposed model consist two parts to learn the multi-interest user represen-

tation and cluster weights. Figure 4.2 shows the model architecture. The input is the user

engagement history containing item embeddings [ppp1...pppl]), temporal encoding [τττ1...τττ l], and

positional encoding ([ρρρ1...ρρρ l]). The multi-interest user embedding module produces Λ embed-

dings, where Λ is decided by the clustering method or as a hyperparameter. With clustering and

multi-interest representation, the cluster weight module will then estimate the cluster weights for

each cluster. Finally, the multi-interest embeddings with corresponding weights are combined

to predict the user’s interest in an unseen item ppp. The processes with item metadata absent/p-

resent are shown with different arrows. Respectively, the rest of this section will introduce the

sequential module for learning a set of user embedding (Section 4.3.3), the module for cluster

weight prediction (Section 4.3.4), and the final prediction modules that combines them together

(Section 4.3.5). An unsupervised clustering step is required in both parts, which is utilized

differently in metadata present and absent feature scenario.
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4.3.3 Multi-Interest User Modeling

Item Representation.

For the j-th item in the user engagement history, we represent the item by ppp j and it’s

either learned (when item metadata is absent) or copied from the item metadata feature (when

item metadata is present). In addition to ppp j, the sequential order and relative timestamps of the

interactions are represented by positional encoding and temporal encoding respectively as ρρρ and

τττ . Following Vaswani et al. [145], the odd digits (2m+1) and even digits (2m) on the encoding

vectors are given by:

τττ [2m](t j) = sin
(
t j/(τmax)

2m/mt
)

τττ [2m+1](t j) = cos
(
t j/(τmax)

2m/mt
)

ρρρ [2m]( j) = sin
(

j/(ρmax)
2m/mp

)
ρρρ [2m+1]( j) = cos

(
j/(ρmax)

2m/mp
)

(4.1)

The hyper-parameters are set as τmax = ρmax = 1×104, and mt =mp = 1. The timestamps

unit is day. In the Section 4.4.5, other encodings forms are compared, and show that the design

used in Equation 4.1 has a slight advantage.

Finally, item ID embedding is concatenated with the positional and temporal encodings

to produce the final representation of an interaction:

e j := [ppp j;τττ(t j);ρρρ( j)] (4.2)

User Representation. Our user representation is built upon the multi-head self-attention

module [145]. Using the interaction embedding as above, for each attention head h, we define

the attention weight between interaction i and j as

ah
i, j =

exp(sh
i, j)

∑
l
k=1 exp(sh

i,k)
(4.3)

60



where sh
i, j is the dot product between the projected query of j and the projected key of i:

sh
i, j =

(
(W h

q eee j +bbbh
q)

⊤ · (W h
k eeei +bbbh

k)
)
/
√

dmodel (4.4)

In order to build the user’s multi-interest embedding, we need to cluster the items in the user

sequence. When we use item metadata features as ppp, we pre-compute the item clusters L1, · · · ,LΛ

where each Lλ is the set of item IDs that belong to λ -th cluster. Let C denote the mapping

from item ID to cluster assignment, i.e. C[ j] = λ if j ∈ Lλ . Given the cluster information, we

have the advantage of summarizing similar items into a single representation. Specifically, when

the context vector only attends to items within the same cluster as the current item, we force

that vector to contain only the information from that cluster. Naturally, a mask is introduced

to enforce such constraint: let M ∈ {0,1}l×l be the mask matrix where Mi, j = 1[C[i]=C[ j]]
(and 0

otherwise). Each attention head h produces the context vector at position j by aggregating the

sequence as:

φφφ
h
j =

l

∑
i=1

ah
i, jMi, j pppi (4.5)

To process the context vector from all attention heads, a dropout layer and a feed-forward network

(FFN) are applied, and the output vector is computed as

φφφ j = FFN(Dropout([φφφ 1
j ; ...;φφφ

H
j ])), j = 1, · · · , l (4.6)

The FFN() consists of two fully-connected linear layers with a hyperbolic tangent activation

function after the first layer, i.e. FFN(x) =W (tanh(W ′x+b′))+b.

When item metadata is absent and ppp need to be learned, the mask M will be an all-ones

matrix, and output vectors are still computed according to Equation 4.5 and 4.6. Then the

item clusters are computed from φφφ instead of from ppp. We still use C to represent such cluster

assignment, and it will be used to define the user’s multi-interest embedding as below.

So far, the multi-head attention module has produced l vectors φφφ 1, ...,φφφ l , and each φφφ j
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uses ppp j as the (unprojected) query. We will build the multi-interest user embedding by selecting

the Λ context vectors that represent each cluster. Denote the position of the last item in each

cluster λ as µλ (i.e. µλ = argmax j(C[ j] = λ )), we will take context vector at that position to

represent the λ -th user embedding. In sum, the multi-interest user embedding is

Z = [z⊤1 ; ...;z⊤Λ ] = [φφφ⊤
µ1

; ...;φφφ
⊤
µΛ
] ∈ RΛ×d (4.7)

Each zzzλ attends to only items that belong to the same cluster as the item on position µλ .

4.3.4 Cluster Weight Modeling

Besides the multi-interest user embedding, it’s also likely that a user favors each interest

unequally. As mentioned earlier, ranking these interests correctly can greatly benefit the can-

didate generation task given its limited budget. PinnerSage [111] uses an exponential-decay

heuristic function to represent the weight for a cluster, following the assumption that more recent

interactions should contribute more to the cluster weight. While we believe that the intuition is

generally true, it would be best for the model to automatically learn the role of timestamps from

the data. We also incorporate the user embeddings on that cluster’s dimension (zzzλ ) into cluster

weight modeling, since certain categories of interest can have different impacts on the cluster

weights as well. Therefore we design the cluster weights to be a function of the recency of the

interaction and user embeddings. We model the weight of cluster λ as

wλ = FFN([zzzλ ; 1[C[1]=λ ] · τττ1; ...;1[C[l]=Lλ ]
· τττ l]) (4.8)

The first part inside the FFN is the user’s embedding on cluster λ . The second part

inside the FFN serves as a mask that retains only the timestamps of relevant items that belong to

cluster λ . We will discuss how to learn these weights in the next subsection.
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4.3.5 User-Item Interaction Modeling

On the item level, intuitively, a user will engage with an item as long as the item matches

at least one of his/her interests (not all). For example, a user who is interested in both running

and home decor purchased a lawn mower, and this behavior will be explained by the user’s

embedding of the “home decor” cluster (i.e. zzzhome) and has nothing to do with the embedding of

the “running” cluster (i.e. zzzrunning). In other words, the similarity of zzzhome and ppplawn mower should

be high, and the similarity of zzzrunning and ppplawn mower should not even matter. Therefore, when

measuring the user-item affinity, we should consider the one user embedding that is the most

similar (e.g. highest cosine similarity) to the item.

On the cluster level, we need another factor to explain a user’s behavior towards different

clusters. This can no longer be represented simply by the semantic similarity in the embedding

space any more. When the user purchases 20 items in the “home decor” cluster and 5 items in

the “running” cluster, it does not indicate that the similarities between zzzhome and these 20 items

are higher than the similarities between zzzrunning and these 5 items (in fact, all of the similarities

should be as high as possible). Therefore, we will multiply the user-item affinity by the cluster

weight here to represent a user’s intensity towards different clusters.

Considering the arguments above, we propose the likelihood that a user (represented by

Z = [z⊤1 ; ...;z⊤
Λ
]) interacts with an item (represented by ppp) as follow:

y = max{wλ · (zzzλ · ppp)}Λ

λ=1 (4.9)

Given the set of items with positive label ({I u
+}u∈U ) and negative label ({I u

−}u∈U ),

the negative log-likelihood (NLL) loss of our model can be written as:

L =−
∑u∈U

(
∑pppi∈I u

+
log(yu

i )+∑pppi∈I u
−

log(1− yu
i )
)

∑u∈U

(
|I u

+|+ |I u
−|
) (4.10)
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Table 4.3. Dataset statistics.

Amazon MovieLens Taobao
# Items 425,582 15,243 823,971
# Interactions 51M 20M 100M
# Training Seq 57,165 127,212 343,171
# Test Seq 5,000 5,000 10,000
# Validation Seq 5,000 5,000 10,000

4.4 Experiments

We conduct an exhaustive analysis to demonstrate the effectiveness of MIP on the data

from Pinterest, one of the largest online content discovery platforms, and a few public datasets.

We will divide our discussions to two categories: (1) learning item ID embeddings (Section 4.4.1)

and (2) using item metadata features as is (Section 4.4.2). Finally, an ablation study is done on

different components of the model (Section 4.4.3).

4.4.1 Learning Item ID Embeddings

We first evaluate MIP on learning from collaborative filtering datasets, where the item

features are absent and will be learned from the user-item interactions.

Dataset. Three public datasets are used: Amazon-book 1 (hereinafter, Amazon), Taobao2,

and MovieLens3. We adopt a 10-core setting as previous works [93, 149] and filter out items

that appear less than 10 times in the dataset. We then split each user’s engagement history to

non-overlapping sequences of length 100, and use the first 50 items to learn the user embeddings

and the last 50 items as labels (as used in Cen et al. [20]). Any sequence shorter than this

threshold are discarded. For each sequence, another 50 negative samples are uniformly sampled

at random from the items that the user does not interact with. Our goal is to rank the positive

items (that users have actually interacted with) higher than the negative items (random). The

dataset statistics are listed in Table 4.3.
1https://jmcauley.ucsd.edu/data/amazon/
2https://tianchi.aliyun.com/dataset/dataDetail?dataId=649
3https://www.kaggle.com/grouplens/movielens-20m-dataset
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Baseline and model configuration. We compare several open-sourced baseline models

with MIP. For fair comparison, we set up the configurations as follow: (1) item and user

embedding vectors have the same size (d = 32); (2) the number of attention heads is the same

(H = 8) if the model includes a multi-head attention module; (3) the baseline models should have

similar or more parameters than MIP. We let the hidden size in GRU4Rec [63] be 128, the key

and query projected dimension (dmodel in Equation 4.3) is labeled in place with the results, and if

the model contains a position-wise FFN (Equation 4.6), it will be a two-layered fully-connected

structure with a hidden size of 32 each. The BERT4Rec model [137] is originally proposed

to predict the item directly as a classification task, so we take its last BERT output as the user

embedding to compute the similarity between user and item, and train with the NLL loss. We

disabled the session-parallel mini-batch in these models since the session information is absent.

We also replace the text encoder in the PinText2 [178] with an item embedding layer since the

inputs in our experiments are items instead of texts.

Training setup. All the models are trained for 100 epochs on a NVIDIA Tesla T4 GPU

with an early stop strategy that stops the training when validation AUC does not improve for 20

epochs. The clustering method used in MIP is the Ward clustering algorithm Ward Jr [151].4 We

compare other clustering methods in Section 4.4.7.

Table 4.4. Performance on public datasets. Params excludes the parameters in the item
embedding table. Recall and nDCG are measured at top-50 items. See Section 4.4.8 for latency

measure details.

Model
Amazon Taobao MovieLens

AUC recall nDCG AUC recall nDCG AUC recall nDCG
GRU4Rec 0.682 0.635 0.678 0.816 0.745 0.794 0.961 0.903 0.934
BERT4Rec 0.681 0.632 0.678 0.815 0.745 0.794 0.960 0.901 0.928
BERT4Rec 0.721 0.665 0.698 0.815 0.745 0.794 0.960 0.902 0.941
PinText2 0.558 0.541 0.608 0.716 0.669 0.691 0.883 0.817 0.782

TiSASRec 0.721 0.667 0.704 0.815 0.744 0.794 0.960 0.902 0.928
ComiRec 0.717 0.674 0.704 0.709 0.656 0.698 0.963 0.907 0.979

MIP 0.805 0.789 0.781 0.885 0.884 0.909 0.930 0.933 0.954

4We adopted the scikit-learn implementation. https://scikit-learn.org/stable/modules/generated/sklearn.cluster.
AgglomerativeClustering.html, with n cluster=5, and other default arguments.

65

https://scikit-learn.org/stable/modules/generated/sklearn.cluster.AgglomerativeClustering.html
https://scikit-learn.org/stable/modules/generated/sklearn.cluster.AgglomerativeClustering.html


Table 4.5. Model hyperparemter setting and inferentce runtime latency on public datasets. See
Section 4.4.8 for latency measure details.

Model Parameters Layers dmodel Latency (ms)
GRU4Rec 66338 1 – 1.15
BERT4Rec 50242 1 64 38.34
BERT4Rec 55426 2 32 57.53
PinText2 69634 1 256 14.46

TiSASRec 67586 2 64 14.54
ComiRec 67586 1 256 14.61

MIP 49347 1 32 40.05

Results and analysis. The performance is summarized in Table 4.4. MIP has a better

performance on Amazon and Taobao datasets and is trivially worse than GRU4Rec and ComiRec

in AUC on MovieLens. Intuitively, the purchase behavior on e-commerce websites (Amazon,

Taobao) can be largely explained by the user’s interest in multiple categories or brands, while

movie-watching is driven more by a movie’s popularity and quality rather than the category.

Since all models have very close performance, MIP is still a competitive approach in applications

that do not support the strong multi-interest assumption.

4.4.2 Using Item Metadata Features

Dataset. The dataset contains user engagement history collected from Pinterest, an

image-sharing and social media service that allows users to share and discover visual content

(images and videos). The interactions between a user and an item (also referred to as a pin) are

categorized into impression (pin is shown to the user), clickthrough (user clicks the pin), re-pin

(user saves the pin into their board collection), and hide (user manually hides the pin). In total,

there are 38 million interactions from 510 thousand users during three weeks of time. Each pin

is represented as a 256-dimension feature extracted by the PinSage model [163].

User’s engagement sequences are processed in a similar way as the public datasets,

except that we enforce a one-day gap between the inputs and labels, because adjacent user

engagements are usually very similar which makes the prediction task easy. Intuitively, we can
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use clickthrough and re-pin as the positive label, and hide (which is less often) and impression

(without click or re-pin) as the negative label, but since impressions are also recommended to the

user at some point, they are likely to be relevant to the user as well, and thus correlate with the

positive data. In order to alleviate this bias, we introduce the random negative data where pins

are sampled from the whole set of pins. The entire negative dataset will consist of 50% observed

negative data (hide and impression), and 50% random negative data.

Baselines and model configuration. We compare the multi-interest models Pinner-

Sage and ComiRec, and the single-embedding model TiSASRec with the same setting as in

Section 4.4.1.

Results and analysis. As shown in Table 4.6, MIP outperforms all the state-of-the-art

multi-interest sequential models.

• PinnerSage shares the same clustering algorithm with MIP, but differs in that 1) each

cluster embedding is represented by the medoid of all of its item embeddings; and 2) the

cluster weights are heuristic-based (not learned from the model). Instead, MIP learns the

cluster representations and weights collectively from data, and thus has a clear advantage

over PinnerSage.

• TiSASRec has a similar attention module as MIP, except only using the single last attention

output as the user embedding. The comparison confirms the necessity of multi-interest

representation, as in ComiRec and MIP.

• Compared to ComiRec, MIP interestingly shows that self-attention has stronger represen-

tation power than attention with global query. In Section 4.4.6, we further use synthetic

data to illustrate the fundamental difference between the two types of models.

4.4.3 Ablation Study on Interest Weights

This section focuses on the claim that the user’s preference should be dynamically learned

from the temporal pattern by demonstrating the effectiveness of the learned personalized cluster

weights module of MIP.
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Table 4.6. Performance on the Pinterest dataset.

precision@20 recall@20 AUC NLL
PinnerSage 0.740 0.296 0.815 1.033
TiSASRec 0.798 0.312 0.850 0.478
ComiRec 0.864 0.345 0.875 0.407
MIP 0.882 0.353 0.893 0.377

Table 4.7. MIP on MovieLens with different loss functions.

Loss
Function NLL

Triplet
(α =0.2)

Triplet
(α =0.5)

Triplet
(α =0.8)

Performance
AUC R@50 AUC R@50 AUC R@50 AUC R@50
0.930 0.933 0.885 0.882 0.903 0.901 0.906 0.906

To validate the assumption that the preference trends (weights of multiple interests)

change from user to user, we compare the MIP with two variants that disable the cluster

weight module. The first one (referred to as MIP (Equal Weight)) constantly assigns 1 to the

cluster weights, leading to an equally weighted multi-interest user representation. Another

one (referred to as MIP (Exp Decay)) uses an exponential-decay heuristic weights given by

wλ = ∑i:Ci∈λ exp(−ε(tnow − ti))[111]. We let tnow be the last user engagement time tlast item,

since in practice it’s unrealistic to update the weights in real-time. According to Pal et al.

[111], we also set ε = 0.01, which balances well between emphasizing recently engaged items

and accentuating frequently engaged categories. We let the number of clusters be Λ = 5. We

calculate performance on these model variants and show the relative percentage difference from

the best baseline model in Figure 4.3. Note that smaller NLL means better performance. In all

experiments, the AUC and recall can benefit from learning cluster weights (MIP). The second

best variant is usually having an equal weight for all clusters.

4.4.4 Ablation Study on Loss function.

We claim the NLL is adequate for MIP training, and compared the choices of loss

function in this section. Beside the NLL loss function in Equation 4.10, triplet loss is also widely

used in recommendation system and contrastive learning. Let the y+ be the similarity prediction
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Figure 4.3. Cluster weight variants performance (difference to the best baseline models, in the
unit of 10−2)

between the user representation and a positive item, and y− be the predicted similarity between

user representation and a negative item. The triplet loss is given by:

Lα = ∑(y+− y−+α)µ∈U (4.11)

where α is a hyperparameter of the positive-negative margin. With triplet loss, we added

a linear factor β (learned) in Equation 4.9, (i.e. y = max{βwλ · (zzzλ · ppp)}Λ

λ=1) to re-scale the

similarity since y is unbounded and makes the choice of α to be hard. We let the MIP train on

the MovieLens dataset to investigate the impact on the performance of loss function choice. The

results in Table 4.7 illustrate that the triplet loss marginally underperforms the NLL loss we used.

4.4.5 Ablation Study on Positional and Temporal Encoding

In Equation 4.2, the sequential (positional) and temporal information are encoded and

included in the self-attention module to produce the multi-interest representations. The motivation

is that given items from the same category, the recent ones might better represent the user’s

current interest than the obsolete items. We verify 1) if the incorporation of positional and

temporal encoding is critical to the performance; 2) how the encoding (Equation 4.1) method

affects the performance.

Configuration. The MIP are configured on the two set of choices: the Equation 4.2 can
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be configured alternatively:

• item embedding only: eee j = ppp j.

• + positional: eee j = [ppp j;ρρρ( j)], where ρρρ( j) is given by Equation 4.1.

• + temporal: eee j = [ppp j;τττ(t j)], where τττ(t j) is given by Equation 4.1.

• + positional and temporal: Equation 4.2 and Equation 4.1

and there are several other choices of temporal encodings other than the sinusoidal form in the

Equation 4.1:

• One-hot [176]: Create exponential buckets [0,b), [b,b2), · · · , [bk−1,∞) with base b, and

encode the timestamp as an one-hot vector, i.e. τi = lookup(buckets(t)).

• Two-hot [128]: Similarly create exponential boundaries {0, b, b2, · · · , bk−1, ∞}, and

encode the timestamp as τττ i = logb(t)− i and τττ i+1 = i+1− logb(t), where bi ≤ t < bi+1.

Dataset and Results. The options to include positional and temporal information are

evaluated on all the dataset (Table 4.8), and the encodings methods are compared exhaustively

on Pinterest dataset (Table 4.9).

Analysis. Two conclusions can be made from Table 4.8 and Table 4.9: 1) including both

temporal and positional information is a safe option, which has the best performance on Amazon

and Pinterest and marginally (< 0.01) worse performance on Taobao and MovieLens; and 2) the

model is insensitive to encoding methods.

4.4.6 Ablation Study on Variants of Attention Mechanism

To interpret the performance improvement of our models against other attention models

that have been applied in the recommendation system, we further construct a synthetic dataset and

visualize the internal attention and the user representations aggregated from different attentions.
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Table 4.8. Ablation study on the positional and temporal encoding on public datasets. (in 10−2)

Dataset Configuration AUC Recall

Amazon

item embedding 76.34 73.75
+positional 76.19 74.28
+temporal 78.59 76.94

+both 79.31 78.22

Taobao

item embedding 82.06 81.75
+positional 86.54 86.22
+temporal 86.72 86.56

+both 86.59 85.83

MovieLens

item embedding 95.26 94.45
+positional 95.01 94.31
+temporal 94.96 94.19

+ both 94.61 94.12

Table 4.9. Influence of temporal and positional encoding in attention on the performance in MIP

Configuration AUC NLL
item embedding 0.8923 0.377
+ positional 0.8846 0.386
+ temporal (one-hot) 0.8850 0.388
+ temporal (two-hot) 0.8846 0.385
+ temporal (sinusoid) 0.8921 0.377
+ both (one-hot) 0.8861 0.382
+ both (two-hot) 0.8852 0.387
+ both (sinusoid) 0.8926 0.377

Synthetic dataset. Without loss of generality, we assume there are G global clusters in

the corpus, representing different global categories, each of which is a d-dimensional Gaussian

distribution. Each user is interested in up to k (< G) categories, referred to as user clusters. We

generate the oracle user interest model by sampling no more than k clusters from G global clusters

following a multinomial distribution. Then each of the items in the user engagement history is

sampled in two steps: uniformly sample one cluster from user clusters, then sample from the

d-dimensional Gaussian distribution. Note that in the synthetic model, the item-to-cluster affinity

is measured in Euclidean distance, while in the recommendation model, the affinity is decided

by cosine distance. To eliminate this discrepancy, we force the Gaussian distributions to center
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Table 4.10. Variations of multi-head attention.

Model
Global query

Self-attention
Non-shared Shared

Key vector kkk j (W h
r ppp j +bbbh)

Query vector qqqh qqq qqqh
i =W h

q pppi +bbbh
q

qqq shared between sequences Yes No
qqq shared between att. heads No Yes No
Dot-product eh

j = qqqh⊤ · kkkh
j eh

j = qqq⊤ · kkkh
j eh

i, j = qqqh⊤
i · kkkh

j

on the unit sphere, so that the rankings by cosine distance and Euclidean distance are consistent.

We use a 2D dataset (d = 2) for visualization purposes and another high-dimensional

dataset for quantitative evaluation. For the 2D dataset, we set a relatively small G = 8 and k = 4

in order to have a clear boundary between clusters. Since there are only 162 distinct subsets5

with G = 8,k = 4, we use 100 of them for training, 31 for validation, and the remaining 31 for

testing. For the high-dimensional dataset, we set G = 1024 and k = 8, and let d = 16,32,64,128.

We generate 10000 users for training, 1000 for validation, and another 1000 for testing.

Attention models. We focus on comparing our attention model (i.e. self-attention), the

attention model utilized in ComiRec (i.e. Non-shared query), and the one used in PinText2 (i.e.

Shared query). The comparison of the attentions is in Table 4.10.

For simplicity, we remove the temporal and positional encoding from the computation of

attentions, skip the Ward clustering step from MIP, and directly represent user as Equation 4.7.

Also, the dropout layer is removed in order to eliminate randomness in visualization.

Metrics. We visualize the intermediate results and user representations learned from the

2D dataset for qualitative evaluation. For high-dimensional data, we evaluate the performance by

AUC and normalized discounted cumulative gain (nDCG).

Qualitative results and interpretations. Figure 4.4 shows the learned user represen-

tations given the engagement history. There are three observations. 1) When H = 1, global

query attention fails to capture all the user interests, while the self-attention model is free from

5Number of ways to select no more than 4 clusters from a pool of 8 clusters: 162 =
(8

1

)
+
(8

2

)
+
(8

3

)
+
(8

4

)
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Figure 4.4. Learned user representations with different attention mech-
anisms. Non-shared and shared global query results might miss some
user interest or are close to the negative categories, while self-attention
results are comprehensive and accurate.
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(a) ground truth (b) H=1

(c) H=4 (d) H=8

Figure 4.5. Learned attention scores in self-attention
model. Darker color represents higher values. (a) the
indicator function 1[Ci=C j], (b-d) ai, j. The input sequence
is re-ordered for better visualization.

the limitation. 2) Viewing from the third row, the self-attention model is more accurate in

learning cluster representations than global query models. The latter is systematically biased

due to the global query as shown in global query models in Figure 4.6. 3) All the models learn

super-clusters, depending on the bias in the dataset. For the example shown in Figure 4.4, the

two adjacent clusters on the top side of the unit circle are often represented to be a super-cluster.

We also visualize the internal attention scores and self-attention models (Figure 4.5).

Some attention heads show highly similar attention patterns because their queries are close

to each other, which can be verified from Figure 4.6. Figure 4.5 compares the ground truth

attention model with the learned attention. The learned attention shows clear boundaries between

clusters in the heatmap. Note that the ground truth ignores the adjacency of clusters but the

self-attention model considers the similarity between clusters, so Figure 4.5(a) is block diagonal
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Figure 4.6. Learned global interests in global query models. The query
vector is reversely projected and normalized.

while Figure 4.5(b-d) has dark blocks off the diagonal.

Quantitative results. Previous results show the intuitive comparison between global

query models and the self-attention model, and the quantitative results further confirm the

consistency of performance gain of self-attention. Experiments are repeated on the dataset for

feature dimension d = 16,32,64,128 and number of attention heads H = 4,8. Figure 4.7 shows

that the MIP model constantly and significantly outperforms global query models. As illustrated

in the 2D dataset, the performance gain benefits from the personalized user representation, rather

than matching to the globally popular clusters. Another observation from the result is that for

global query models, H = 4 under-performs H = 8 models, as the number of attention heads

decides the number of global clusters the model can learn; however, for self-attention model,

H = 4 performs even better than H = 8. The explanation is that the self-attention model does

not require a growing number of attention heads with respect to the number of global clusters,

and H = 4 could be already enough for capturing user interest but easier than H = 8 to train.
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Figure 4.7. Performance comparison on high dimensional
synthetic dataset. d denotes the feature dimension and H is the
number of attention heads.

4.4.7 Ablation Study on Clustering Options

The Ward’s algorithm is applied to MIP considering its success in PinnerSage[111], it’s

beneficial to explore the selection of the clustering algorithm and the number of clusters on the

collaborative filtering dataset. To illustrate the impact, we evaluate MIP with a wide range of

clustering algorithms.

Model Configuration and training: MIP models are configured with an attention

module that takes both positional and temporal encoding. For unweighted MIP, no clustering

method is applied to the encoded user engagement history {z∗} (computed from Eq. 4.6) in the

training stage. For weighted MIP, Ward’s algorithm is applied to {z∗} and the number of clusters

is set to 5. To keep the MIP fully differentiable, the cluster embedding is the encoding of the last

item in each cluster, instead of the medoid.

Inference: The choice of clustering in the inference phase is independent of its configu-

ration during the training. We explore the inference options on the pre-trained models. Different

types of clustering methods are compared:

• Ward: hierarchical clustering method that minimizes the sum of squared distances within
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Table 4.11. Comparison of clustering options in AUC (in 10−2). Note that the number of
inference clusters is independent of training, i.e. changing the number of inference clusters does

not require the re-training of the model. With the same number of clusters, the best
performances are bold.

Clustering
Method

Inference
Clusters

Unweighted MIP Weighted MIP
Amazon Taobao MovieLens Amazon Taobao MovieLens

None - 73.11 82.09 95.97 - - -

Ward
5 71.56 80.58 95.53 79.31 86.49 94.61
8 71.99 80.99 95.72 80.47 87.85 95.25
10 72.16 81.20 95.78 80.84 88.42 95.25

K-Means
5 71.58 80.62 95.53 79.26 86.18 94.86
8 71.95 81.03 95.71 80.66 88.02 95.17
10 72.14 81.22 95.77 80.62 88.61 95.10

Spectral
5 72.28 80.72 95.54 78.99 85.84 94.46
8 72.37 81.08 95.73 80.79 87.61 94.81
10 72.64 81.26 95.78 81.19 88.40 95.07

BIRCH
5 71.98 80.63 95.52 79.39 86.29 94.61
8 72.03 81.02 95.71 80.65 88.03 95.25
10 72.44 81.21 95.78 80.91 88.53 95.25

DBSCAN - 71.98 80.63 95.52 70.05 75.58 89.63

all clusters.

• K-Means: an iterative method also minimizes the sum of in-cluster summed squared

distances.

• Spectral [130]: performs clustering on the projection of the normalized Laplacian com-

puted from the affinity matrix.

• BIRCH [173]: another hierarchical method that clusters the points by building the Cluster-

ing Feature Tree.

• DBSCAN [48]: a density-based clustering method that does not require specifying the

number of clusters.

The number of clusters is set to 5, 8, and 10 when required. Note that during training, the number

of clusters is fixed to 5, however, after training, MIP can produce other numbers of embeddings
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per user, which gives the system huge flexibility to trade-off between storage/computation cost

and recommendation performance.

Result and analysis: There are two observations from Table 4.11. 1) the choice of

clustering algorithm has a marginal impact on the performance. While PinnerSage reported that

Ward’s algorithm outperforms the K-Means, their result does not conflict with our observation

here. Recall that for PinnerSage and our experiment on the Pinterest dataset, the clustering

method is applied to the exogenous item embeddings, thus the clustering methods can be

influenced by the non-flat geometry and outliers. However, with the collaborative filtering

dataset, the clustering method is applied to the encodings produced by multi-head self-attention

layers which average the embedding of the items and all other items (Eq. 4.3). The encodings

after the multi-head self-attention should be smoothly distributed, and as a result, any clustering

methods work almost equally well on that. 2) Selecting the number of clusters is a non-trivial

trade-off. The motivation to decrease the number of clusters is the storage and computation

cost which grow linearly as the number of clusters increases. For unweighted MIP, though the

non-clustering (each item is a cluster) settings have the best AUC, decreasing the number of

user embedding from 50 (non-clustering) to 10 is still acceptable. For weighted MIP, since it’s

impossible to learn the clustering weights without applying a clustering method, the trade-off

can be more complicated: besides the storage concern, when the number of clusters increases

the average information to learn the weights of each cluster decreases, and consequently may

hurt the overall performance; on the other hand, 10-cluster settings are better than the 5-cluster

settings for all the dataset.

4.4.8 Model Latency Comparison

Seeing the performance gain, another prominent question will be what is the time cost of

the performance increase. In this section, we profiled the model latency on a desktop computer

with a 12-core Intel i7-8700k CPU, and a single Nvidia GeForce RTX 2080 Ti GPU. The

neural network training and inference are on the GPU with vanilla PyTorch framework (version
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Table 4.12. Latency and performance comparison of the models. Training and inference
latencies are measured in ms, and brackets show the standard deviations.

Latency/
Recall GRU4Rec

BERT4Rec
(L = 1)

BERT4Rec
(L = 2) PinText2 TiSASRec ComiRec

MIP
(total)

MIP
(clustering)

Train 218.57 925.36 1058.34 555.79 452.94 479.59 998.62 5.86
(std) (0.81) (108.96) (733.33) (76.96) (67.07) (67.50) (56.31) (0.76)

Inference 1.15 38.34 57.53 14.46 14.54 14.61 40.05 5.93
(std) (0.20) (56.60) (56.23) (54.99) (56.34) (55.70) (27.08) (0.72)

R@50 63.50 63.15 66.52 54.13 66.67 67.36 78.85 -

1.12) without any further optimization on the computation. The clustering algorithm in MIP is

performed by CPU with Python’s scikit-learn package. We set the batch size to 1 and the dataset

to Amazon, then measure and summarize the training and inference latency in Table 4.12.

There are a few observations from Table 4.12. First, compared to the neural network

inference latency, the clustering step time cost is trivial. PinText2, ComiRec, and TiSASRec

has similar training and inference latency, while the performance of them is worse than MIP.

BERT4Rec has similar latency as MIP since our sequential model architecture is similar, while

the BERT4Rec has worse performance. GRU4Rec has the least inference time. Notice that the

standard deviations of the inference latency of PinText2, TiSASRec, and ComiRec are large. It

indicates, though on average the three models are faster in inference, MIP inference latency is

less possible to be very large while the other latency might be several times longer than average.

Conclusively, MIP, as well as other baselines compared, can all satisfy the latency

requirement when applying online, even without further optimization on the computation and

serving. MIP has a higher time cost compared to some of the baselines, but the performance

increase is also appealing.

4.5 Conclusions

In this paper, we study the problem of multi-interest user embedding for recommendation

systems. We follow the recent findings on representing users with multiple embeddings, which

has been proven helpful over the single user representation. In addition, we illustrate that in
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industrial recommendation systems, it is important to have a set of weights for these multiple

embeddings for a more efficient candidate generation process due to its budget on the number of

items returned. More specifically, we define the likelihood of an engagement based on the closest

user embedding to the item embedding and update the weight for the corresponding cluster.

Moreover, the case studies on multiple real-world datasets have demonstrated our advantage over

state-of-the-art approaches. Finally, the ablation study on the cluster weight module demonstrated

our intuition that simple heuristic does not work as well as personalized model-learned interest

weights.
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Chapter 5

Neural Architectures II: Continuous CNN
for Non-Uniform Time Series

Many real-world applications involve non-uniform time series, where the timestamps

of the samples are non-uniform. In the traditional Bayesian framework, a classical model for

nonuniform time series is the temporal point process (TPP). Recently, there have been increasing

research attempts to infer and model the hyperparameters of TPP with deep neural networks,

such as CNNs and RNNs. Despite its success, such a paradigm suffers from one disadvantage.

Although the TPP frontend has good modeling of nonuniform time series, the deep learning

backend does not, because both CNN and RNN implicitly assume that the input time series is

uniform. In this paper, we propose the Continuous CNN (CCNN), which is specifically designed

for nonuniform time series, and thus can serve as an improved deep learning backend for

TPP. CCNN estimates the inherent continuous inputs by interpolation and performs continuous

convolution on the continuous input. The interpolation and convolution kernels are learned in an

end-to-end manner, and are able to learn useful patterns despite the nonuniform sampling rate.

Results of several experiments verify that CCNN achieves a better performance on nonuniform

data, and learns meaningful continuous kernels.
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5.1 Introduction

In canonical time series prediction or processing problems, the time series data are usually

assumed to be uniformly sampled, i.e. the time stamps are uniformly spaced. However, there

are a significant number of applications that need to process event-based data, where the time

stamps are randomly nonuniformly spaced, such as stock price [52], social media data [21] and

health care data [73].

In the conventional Bayesian framework, the nonuniform time intervals can be elegantly

modeled by temporal point processes (TPPs). A TPP is characterized by a conditional intensity

function, λ (t), parameterized based on some prior knowledge of the process. Therefore, learning

of TPPs boils down to inferring the λ (t).

Inspired by the strong representation power of deep learning models, there have been

many recent research attempts that incorporate deep learning architectures to modeling or

inferring λ (t) for predicting the time of the upcoming event [46, 95, 106, 126, 143, 157]. A

common paradigm is to introduce a deep neural network (DNN) as a backend, which produces

a history embedding, given the time series, to predict the λ (t) together with the TPP frontend.

λ (t) further determines the probability density function of the arrival time of the next event,

f ∗(t), shown in Figure 5.1. The model parameters are trained to maximize the likelihood of the

training event occurrence times under the TPP process.

Although the introduction of the DNN backend has been successful, and the TPP frontend

has been continuously improving, there is one pitfall in this paradigm that remains unresolved.

While the TPP frontend has good handling of the nonuniform time intervals of the output

prediction, the neural network backend is not well-tailored for the nonuniform time series as the

input, because both CNN and RNN rest on the assumption that both the input and output data

are sampled uniformly.

Though RNN variations have been proposed to handle the time-sensitive series [106,

109, 177], the CNN structure for nonuniform time series has not yet been proposed. Two
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Figure 5.1. Predicting the time interval to the future event with CCNN backend and TPP
frontend.

conventional CNN solutions to non-uniform time series are (1) directly concatenating the time

stamps or time intervals to the input feature [171]; (2) interpolating the nonuniform time series

to uniform by a pre-set kernel; then feeding the concatenated or transformed signal to a regular

CNN. Notwithstanding, the former is ungrounded due to the violation of the uniform sampling

assumption of CNN, while the latter can suffer from misspecification of interpolation kernel, and

interpolation is not reasonable when the time series is categorical, thus the performance of both

accommodations are compromised.

Motivated by these, we propose Continuous CNN (CCNN), a generalization to CNN

for nonuniform time series, to serve as the backend of the neural-based TPP model. CCNN

estimates the implicit continuous signal on the fly performing continuous convolution on the

continuous signal. As a result, CCNN is capable of capturing useful patterns in the implicit

input signal under the nonuniform sampling rate. Unlike existing interpolation method, the

neural estimation of the implicit continuous signal does not rely on a pre-set interpolation kernel,

but rather learned in an end-to-end manner, so that the misspecification error can be avoided.

As shown in section 5.6, CCNN can achieve much better performance than the state-of-the-art

systems on non-uniform time series data.

5.2 Related Works

The related research efforts mainly focus on two aspects: improving the efficiency and

effectiveness of the TPP frontend, and adapting RNN backend for nonuniform event history.
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Neural TPP frontend. Traditional TPP models make assumptions on the point

generation process and the form of the intensity function λ (t), e.g., Poisson process, Hawkes

process [58], and self-correcting process [69]. To avoid the modeling bias introduced by the

pre-defined intensity function in the convention approaches, neural-based TPP methods define

the intensity function in the most general form, and include as the conditional term an embedded

sequence history, which is produced by the DNN backend [46, 106, 157]. Other efforts to

improve this paradigm include training the model in a reinforcement learning framework [95],

reducing the computation complexity [143], and directly estimating the conditional distribution

of time intervals [126]. As mentioned in the introduction, they all rely on some DNN backends

that are not suitable for processing nonuniform time series.

Time-sensitive RNN backend. There are some research efforts of adapting RNN for

nonuniform series. In [19, 50, 114], continuous-time dynamical system methods are used to

design RNN structures. Phased-LSTM [109] and Time-LSTM [177] introduce a time gate that

passes the data at a certain frequency. Similar multi-resolution ideas can be found in Clockwork

RNN [86] and DilatedRNN [22]. In neural-based TPP works, [106] utilizes a continuous-time

LSTM, and [46] leverages a standard LSTM for embedding temporal sequence.

5.3 The CCNN Algorithm

The nonuniform time series prediction problem is formulated as follows. Given a

nonuniform input sequence x(t1),x(t2), · · · ,x(tN) ∈ Xin, where the input time stamps tn ∈ Tin

can be distributed nonuniformly, our goal is to design a continuous convolutional layer that can

produce output, y(tout), for any arbitrary output time tout .

The proposed CCNN solves the problem via two steps:

(1) interpolation to recover the continuous signal x̂(t);

(2) continuous convolution on x̂(t), producing the final output y(tout).

Furthermore, rather than applying a preset interpolation, CCNN learns the interpolation
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kernel and the convolution kernel in an end-to-end manner. The following two subsections

elaborate on the two steps respectively. The channel dimension and input dimension are set to

one for simplification.

5.3.1 Reconstruct Continuous Signal

CCNN reconstructs the underlying continuous input signal, x̂(t), by interpolating among

nonuniform input samples.

x̂(t) =
N

∑
i=1

x(ti)I(t − ti;Tin,Xin)+ ε(t;Tin,Xin) (5.1)

where the first term is the interpolation term, and I(·) is the interpolation kernel; the

second term is the error correction term. For the first term, a form analogous to the Parzen

window approach [113] is used.

Considering the versatility of I(·), the interpolation algorithms representable by Equa-

tion (5.1) are vast. The error correction term, ε(·), are assumed to be determined by the input

output time stamps and input values, hence its arguments include t, Tin and Xin.

5.3.2 Continuous Convolution

Analogous to a standard CNN layer, after the continuous input is estimated by interpola-

tion, the CCNN layer performs a continuous convolution to produce the final output.

y(tout) = [x̂(t)∗C(t)]|t=tout +b (5.2)

where ∗ denotes continuous convolution, C(t) denotes the convolution kernel, and b denotes bias.

Unfortunately, without observing x̂(t), I(·), ε(·) and C(·) are not individually identifiable.

To see this, we combine Equations. (5.1) and (5.2).
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y(tout) =
N

∑
i=1

x(ti) [I(t − ti;Tin,Xin)∗C(t)]︸ ︷︷ ︸
collapsed kernel function

+ [ε(t;Tin,Xin)∗C(t)+b]︸ ︷︷ ︸
collapsed bias function

|t=tout

=
N

∑
i=1

x(ti)K(tout − ti;Tin,Xin)+β (tout ;Tin,Xin)

(5.3)

where K(tout ;Tin,Xin) is the collapsed kernel function, representing the combined effect

of interpolation and convolution; β (tout ;Tin,Xin) is the collapsed bias function, representing

the combined effect of error correction and convolution. Equation (5.3) shows that learning the

interpolation and convolution kernels and errors is now simplified into learning the collapsed

kernel and bias functions. Once these two functions are learned, the final output can be readily

computed using Equation (5.3). The next section will explain how CCNN is structured to learn

these functions in an end-to-end manner.

5.4 The CCNN Model

Following the discussion in Section 5.3, a CCNN layer is divided into three parts: the

kernel network learning the collapsed kernel function, the bias network learning the collapsed

bias function, and the main network producing the final output using Equation (5.3). The CCNN

backend will be detailed in Sections 5.4.1-5.4.4, and the TPP frontend proposed by [46, 106] is

introduced in Section 5.4.5.

5.4.1 The Kernel Network

The basic idea of the kernel network is to represent the kernel function using a neural

network, based on the fact that a neural network can represent any function given enough layers

and nodes [66]. In order to regularize the complexity, a few assumptions on K(·) are introduced:

Stationarity and Finite Dependency: The dependency of K(·) on Tin is relative to the

output time tout , and is constrained to among the adjacent time stamps, i.e.
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Figure 5.2. CCNN structure.

K(tout − ti;Tin,Xin) = K({tout − ti±k,x(ti±k)}k=0:OK) (5.4)

where {tout − ti±k,x(ti±k)}k=0:OK denotes the set of tout − ti±k and x(ti±k) where k runs

from 0 to OK , and OK is the order of the kernel network.

Finite Kernel Length: The collapsed kernel function has finite length.

K(tout − ti;Tin) = 0,∀|tout − ti|> LK (5.5)

where LK is the kernel length. This assumption implies the interpolation and the convolu-

tional kernels both have finite length. While many interpolation kernels do have finite length (e.g.

linear interpolation), others do not (e.g. sinc interpolation). Nevertheless, most infinite-length
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interpolation kernels, including sinc interpolation, have tapering tails, and thus truncation on

both sides still provides good approximations. Regarding the convolutional kernel, the finite

length assumption naturally extends from the standard CNN.

Fig. 5.2(a) shows the kernel network structure, which is a feedforward network. Accord-

ing to Eq. (5.4), the inputs are ({tout − ti±k,x(ti±k)}k=0:OK). The output represents the kernel

function, which is forced to be zero when |tout − ti| > LK . To reduce learning difficulties, the

time differences are fed into an optional two-hot encoding layer, which will be discussed later in

details.

5.4.2 The Bias Network

For the bias network, a similar stationarity and finite dependency assumption is applied

as follows.

β (tout ;Tin,Xin) = β ({tout − t j∗±k,x(t j∗±k)}k=0:OB), where, t j∗ = argmin
t j∈Tin

|t j − tout | (5.6)

t j∗ is the closest input time stamp to output time tout , and OB denotes the order of the bias

network. The only difference from Eq. (5.4) is that the closest input time stamp, t j∗ , is chosen as

a reference on which the time difference and the adjacent input time stamps are defined, because

the major argument of the bias function is the output time itself, tout , instead of the input-output

time difference tout − ti. Fig. 5.2(b) shows the bias network, which is also a feedforward network.

5.4.3 Causal Setting

For causal tasks, current output should not depend on future input, and therefore the

tout − ti±k terms that are greater than 0, as well as the corresponding x(ti±k), are removed from

Eq. (5.4). Similarly, tout − t j∗±k that are greater than 0, as well as the corresponding x(t j∗±k), are

removed from Eq. (5.6). Also, the condition bound in Eq. (5.5), i.e. |tout − ti|> LK , is replaced
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Figure 5.3. Two-hot encoding illustration. Two hot encoding transforms numeric value ∆t
to a vector in which at most two elements are non-zero. The two hot encoding does not lose
information.

with tout − ti > LK or tout − ti < 0.

5.4.4 Two-Hot Encoding

The kernel and bias functions can be complicated functions of the input times, so

model complexity and convergence can be serious concerns. Therefore, we introduce a two-hot

encoding scheme based on [3] for transforming the input time intervals into vectors without

losing information.

Denote the time interval value to be encoded as ∆t. The two-hot encoding scheme

partitions a range into d−1 intervals, whose edges are denoted as π1,π2, · · · ,πd , and the interval

width δ = πk − πk−1 is a constant value. The two-hot encoding of ∆t is a vector of length

d − 1, the elements of which are decided as: when ∆t falls in an interval, the two elements

corresponding to its two edges are lit. Formally, denote the encoded vector as ggg, and suppose ∆t

falls in interval [πk,πk+1). Then

gggk =
πk+1 −∆t

δ
,gggk+1 =

∆t −πk

δ
;gggl = 0,∀l /∈ {k,k+1} (5.7)

where gggk denotes the k-th element of ggg. Fig. 5.3 gives an intuitive visualization of the

encoding process.
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5.4.5 Temporal Point Processes Frontend

In a similar way to [46, 106], a TPP frontend is parameterized by λ ∗(t), which depicts

the rate of the probability of the event occurrence. Formally

λ
∗(t)dt = Pr

(
Event i happens in [t, t +dt)|

⋃
j<i

{x(t j), t j}

)
(5.8)

It can be shown that the probability density function (PDF) of an event happening at time

t conditional on the history of the events
⋃

j≤i−1{x(t j), t j} can be expressed as

f ∗(t) = λ
∗(t)exp

(
−
∫ t

ti−1

λ
∗(τ)dτ

)
. (5.9)

Rather than applying some preset functional form for λ ∗(t) as in conventional TPPs, we

propose to use a CCNN to model λ ∗(t) as follows. First, we pass the historical time series to a

CCNN to learn a history embedding

hhhi−1 = CCNN(
⋃

j≤i−1

{x(t j), t j}, ti−1), (5.10)

where CCNN (Din, tout) is just a functional abstraction of CCNN, where Din denotes the

input sequence, and tout denotes the output time stamp. Then λ ∗(t) is obtained by combining the

history information and the current time information as follows

λ
∗(t) = exp(vvvhhhi−1 +w(t − ti−1)+b), (5.11)

where vvv, w and b are trainable parameters. Combining Eqs. (5.9) and (5.11), we can obtain a

closed-form expression for f ∗(t)
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f ∗(t) = exp
(

vvvhhhi−1 +w(t − ti−1)+b

+
1
w

(
exp(vvvhhh j−1 +b)− exp(vvvhhh j−1 +w(t − t j−1)+b)

))
.

(5.12)

By maximizing this likelihood on the training data, we can estimate the conditional

distribution of the time intervals. To obtain a point estimate of the time interval till the next event,

we compute the expectation under Eq. (5.12) numerically.

5.4.6 Summary and Generalization

Fig. 5.2 illustrates the structure of a CCNN layer. To sum up, the kernel network and bias

network learn the continuous kernel and bias as functions of t, Tin and Xin. The main network

applies these functions to produce the output according to Eq. (5.3). The hyperparameters include

OK (Eq. (5.4)), LK (Eq. (5.5)), OB (Eq.(5.6)) and δ (Eq. (5.7)).

It is worth highlighting that CCNN not only accommodates arbitrary input timestamps, it

can also produce output at any output timestamps, by simply adjusting the value of t in Eqs. (5.3),

(5.4) and (5.6). So a CCNN layer can accept input at a set of timestamps, and produces output at

a different set of timestamps, which is very useful for resampling, interpolation, and continuous

sequence prediction.

When the inputs x(ti) and output y(t) need to be multidimensional, according to Eq. (5.3),

K(·) and β (·) become vectors or matrices with matching dimensions. Therefore, we simply need

to adapt the output of the kernel and the bias networks from scalars to vectors or vectorized

matrices. Also, a multi-layer CCNN can be constructed by stacking individual CCNN layers,

with the input timestamps of a layer matching the output timestamps of its previous layer.
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5.5 Representation Power Analysis

In this section, we study how the proposed CCNN layer relates to and compares against

two CNN baselines in terms of representation power. The first baseline is simply a regular

convolutional layer, and the second baseline is a convolutional layer with input time intervals,

∆ti, appended to the input features, which we will call CNNT throughout.

5.5.1 Case 1: Output Timestamps Same as Input

This subsection intuitively explains why CCNN has a superior representation power to

CNNT. Suppose the output timestamps are the same as input timestamps, i.e. t ∈ Tin. Then,

combining Equation (5.3) with Eqs. (5.4)-(5.6), we have

y(t j) =∑
i

x(ti)K(t j − ti;Tin,Xin)

+β (0;{t j − t j±k,x(t j±k)}k=0:OB).

(5.13)

In contrast, for a CNNT layer, if we separate the convolution on time interval from the

rest

y(t j) =∑
i

x(ti)K j−i +

[
∑

i
(t j − t j−1)K′

j−i +b

]
. (5.14)

The second term of Equation (5.13) represents a feed-forward network on the input of

{t j − t j±k,x(t j±k)}k=0:OB , whereas the second term of Equation (5.14) can be regarded as a one-

layer feed-forward network on {t j−t j−1}, which is equivalent to a one-layer feedforward network

on {t j − t j±k}k=1:OB . In other words, appending the time interval feature to the convolution layer

is only a weak version of the CCNN bias network.

Yet a more fundamental disadvantage of CNNT lies in the first term, where the convolu-

tion kernel of CNNT, K j−i, does not depend on the actual time difference, but the order in which

the sample arrives. This makes CNNT very vulnerable to the sampling variations. CCNN, on the
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other hand, has a more robust kernel function for nonuniform data.

5.5.2 Case 2: Uniform Timestamps

Both CNNT and CCNN have the same representation power as CNN under uniform

sampling rate, and thus both are strict generalizations to CNN. For CNNT this is trivial because

the second term of Equation (5.14) reduces to a constant. For CCNN, we have the following

theorem.

Theorem 1. Let F be the set of all functions that can be represented by a CCNN layer, and G

be the set of all functions that can be represented by a 1×W convolutional layer. Then F = G ,

if the following conditions hold:

1. the input and output timestamps are uniform and the same, i.e. ∆ti = ∆t,∀i.

2. The two-hot encoding interval boundaries are at multiples of ∆t, i.e. πk = k∆t.

3. The dimension of the two-hot vector of CCNN is no smaller than the CNN kernel

length, i.e. D ≥W .

4. If the kernel network has hidden layers, the hidden node dimension is no smaller than

W .

5. CCNN and CNN have the same receptive field size, i.e. 2LK =W∆t.

6. The kernel and bias networks do not depend on Xin.

Proof to Theorem 1. We will only consider the 1D case. The generalization to multi-dimensional

cases is straightforward. The regular 1×W CNN performs the following operation to generate

the output sequence

y(τk) =
k+(W−1)/2

∑
i=k−(W−1)/2

x(ti)Kk−i +b (5.15)

where
{

K−(W−1)/2, · · · ,K(W−1)/2
}

and b are trainable parameters. Here we implicitly assume

that W is odd. We will prove the theorem by primarily utilizing the correspondence between

Equations (5.13) and (5.15).
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•F ⊂ G :

∀K({t j − t j+k}k=±0:±OK) represented by the kernel network, and ∀β ({t j − t j+k}k=1:OB)

represented by the bias network, and thereby ∀ f ∈ F .

By Equation (5.4) and Cond. 1, the arguments of the kernel function K(·), namely the

input to the kernel network, can only be a set of consecutive multiples of ∆t, i.e.

K({(w+ k)∆t}k=±0:±OK) (5.16)

where w is an integer.

Moreover, from Equation (5.5) and Cond. 5, K(·) is non-zero iff w lies in the interval

[−(W −1)/2,(W −1)/2].

Similarly, from Equation (5.13) and Cond. 1, the arguments of the bias function β (·) can

only take one set of values:

β ({k∆t}k=±1:±OB) (5.17)

Then, Equation (5.15) can be made equivalent to Equation (5.13) by setting

Kw = K({(w+ k)∆t}k=±0:±OK)

b = β ({k∆t}k=±1:±OB)

(5.18)

which means f ∈ G . Here concludes the proof that any CCNN layer can be matched by a CNN

layer.

•G ⊂ F

Here we would only prove the case where both the weight network and bias network of

CCNN has only one layer, which is the most difficult case. If either network has more than one

layers, the proof is easily generalizable by setting the bottom layers to identity, which is feasible
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because of Cond. 4. Also, we only consider the case where the kernel network order and the bias

network order are both ones, i.e.

OK = 1,OB = 1 (5.19)

The proof can be generalized to larger orders by setting the additional weights to zero. In the

special case defined above, the kernel network in Equation (5.16) is further simplified to K(w∆t).

The bias network in Equation (5.17) is further simplified to β (0).

Further, notice that the w∆t, as the input to the kernel network, has to go through two-hot

encoding. By Cond. 2 and 3, the two-hot encoding of w∆t is a one-hot vector, where only

the w-th dimension is activated and the rest is zero. Since the kernel network is a one-layer

feedforward network, denote the weight connected to the w-th dimension of the two-hot vector

as Pw, then we have

K(w∆t) = Pw (5.20)

∀{Cw} and b that define a CNN layer, and thereby ∀g ∈ G , let

Pw =

 Kw if− W−1
2 ≤ w ≤ W−1

2

0 otherwise
(5.21)

Cond. 3 ensures that there are enough number of nontrivial Pws to cover all the w in the case

specified in line 1 of the equation above; and let

β (0) = b (5.22)

which means the bias network learns a constant. Then the CCNN layer can be made equivalent

to the CNN layer, i.e. g ∈ F . Here concludes the proof that any CNN layer can be matched by a

CCNN layer.

Thm. 1 implies that in the uniform case where the increased model complexity of CCNN
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Figure 5.4. Predicted timeline compared to the ground truth timeline over consecutive events.

is not needed, it will not harm the performance either. Replacing CNN or CNNT with CCNN

will not be worse off regardless of how the data are distributed in time.

As a final remark, readers may argue that the improved representation power of CCNN

is merely a trivial result of increased model complexity, not because CCNN handles the time

information more correctly. However, as will be shown in the next section, even with matching

model complexity, CNN and CNNT are still unable to match the performance of CCNN. CCNN

does not just increase the model complexity but increases the model complexity the right way.

5.6 Evaluation

In this section, CCNN is evaluated on a set of prediction tasks on both simulated and

real-world data.

5.6.1 Predicting Time Intervals to Next Event with TPP

In this section, we evaluate CCNN on real-world data to to predict the time intervals to

the next event.

Datasets and Configurations. Four time series datasets with nonuniform time inter-

vals are introduced, i.e. NYSE, Stackoverflow [1], MIMIC [73] and Retweet [174].

• Stackoverflow: The dataset contains 26535 training samples, 3315 test samples, and 3315

validation samples. Each sequence represents the history awarding badges to a single user.

The sampling timestamps are the time of awarding each badge, and the signal value is the
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type of the badge (e.g., Guru, Nice Question, Great Answer, etc.). There are 22 types of

badges in total.

• Retweet: The dataset contains 20000 training samples, 1000 test samples, and 1000

validation samples. The sequence is the history of a tweet being re-posted by other users.

According to the number of followers of the users retweeted the post, the label of each

retweet, in the whole retweet history, is one of the 3 the user groups.

• MIMIC: The dataset is the collection of clinical visit history. The training set contains

2925 sequences; the test and validation set contains 312 each. The diagnosis are filtered to

preserve only top-10 common diseases as the label.

• NYSE The dataset is book order data collected from NYSE of high-frequency transaction

in one day. The dataset contains 2 types of events (sell and buy) with 298710 training

sequences, 33190 testing sequences, and 82900 validation sequences.

The input sequence is the time stamps and the one-hot encoded types of a series of events.

The task is to predict the time interval until the next event of a specific type, given the previous

events. As mentioned in Sec. 5.4.5, following the design in [46], the input sequence is assumed

to be generated via an underlying marked TPP, where the time stamps follow a TPP, and the

marker, i.e. the type of the event, is generated from a multinomial distribution conditioned on

history. The output of the networks is a condition intensity function λ ∗(t) as in Eq. (5.11). As the

model prediction, the expected duration is computed numerically from the estimated conditional

distribution (Eq (5.12)). The evaluation metric is the MSE of the expected duration and the actual

duration to the next event. All the models are trained with Adam optimizer [82] and negative log

likelihood (NLL) loss.

Models. We benchmark with two baselines specialized for this type of tasks, Recurrent

Marked Temporal Point Process (RMTPP) [46] and N-SM-MPP [106]. Among the approaches

with the same TPP frontend modeling, N-SM-MPP is the current state-of-the-art deep learning
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Figure 5.5. RMSE of the predicted time intervals to next event. Standard deviation is calculated
among 5 train-test-validation splits (ReTweet dataset has only one split so no standard deviation
is reported). N-SM-MPP did not report its RMSE on the ReTweet dataset.

method. For NYSE, StackOverflow and MIMIC, we directly compare to the results [106]

reported, and re-implemented RMTPP to benchmark ReTweet.

The configurations for CCNN are as follows. The input sequence length to NYSE,

Stackoverflow, and ReTweet dataset is 13, and the CCNN uses two 1×7 kernels with 16 filters

for each. MIMIC contains only very short sequences, so CCNN uses two 1× 2 kernels and

predicts only based on past 3 events. The input one-hot encoded event types, {x(ti)}, which are

first passed through an embedding layer, which is a 1× 1 convolutional layer with a channel

dimension of 8, and the resulting embedded vectors are then fed into the networks. This task is

a causal task, where current output should not depend on future input. Therefore, the CCNN

configuration is adapted to the causal setting, as discussed in section 5.4.3.

Results and Analysis. Figs. 5.4 and Figure 5.5 show the estimated event interval

(expectation of Eq. (5.9)) and the RMSEs. Figure 5.4 shows that the predicted timelines align

well with the ground truth and result in smaller RMSE, though the ground truth shows extreme

fluctuation on event intervals: events occur frequently in some period while merely anything

occurs during other times. Fig .5.5 compares the RMSE with the baselines. CCNN algorithms

outperformed two baselines in all datasets. There is a slight advantage of CCNN-th over CCNN,

which verifies the effectiveness of two-hot encoding.
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Figure 5.6. The learned continuous kernel function on the sine, as
functions of ∆t = t − ti.

5.6.2 Easing the Interpolation Kernel Misspecification Error

To reveal the misspecification error introduced by interpolation methods with the pre-set

kernel, we compare the performance of CCNN and other adaptions of CNN/RNN structures for

nonuniform time series on the prediction task that predicts the next sample x(tN+1), given the

previous nonuniform samples x(t1) · · ·x(tN).

Datasets The synthetic datasets are generated by unevenly sampling from three standard

time series: Sine, Mackey-Glass(MG), and Lorenz, as listed in Table 5.1. The standard time

series functions are introduced as x(t). We set the parameters of the three sequences in the

following way: (1) T = 5 in Sine; (2) β = 0.2, τ = 17, n = 10, and γ = 0.2 in MG; (3) σ = 10,

Table 5.1. Synthetic continuous signals. ẋ denotes dx/dt

Sine Mackey-Glass (MG) [53] Lorenz [100]

x(t) = sin
(2πt

T

)
ẋ(t) = β

x(t−τ)
1+x(t−τ)n − γx(t)

ẋ(t) = σ(y(t)− x(t))
ẏ(t) =−x(t)z(t)+ rx(t)− y(t)

ż(t) = x(t)y(t)−bz(t)
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Table 5.2. Mean squared error of prediction on simulated data (×10−2).

Alg. Sine MG Lorenz
CNN 46.0 (8.22) 12.8 (3.92) 9.90 (3.33)
CNNT 20.2 (7.65) 3.50 (1.29) 5.97 (2.41)
CNNT-th 8.44 (4.58) 3.00 (1.21) 8.37 (3.24)
ICNN-L 1.13 (0.87) 0.97 (0.53) 5.81 (2.78)
ICNN-Q 0.75 (0.65) 0.83 (0.46) 5.08 (2.59)
ICNN-C 0.72 (0.83) 0.72 (0.42) 4.22 (2.27)
ICNN-P 20.5(6.43) 1.95(0.79) 8.50(3.32)
ICNN-S 17.2(5.57) 3.51(1.36) 8.20(3.31)
RNNT 36.1(12.9) 8.15(3.32) 13.4(3.95)
RNNT-th 19.5(6.48) 8.48(3.11) 13.9(4.36)
CCNN 0.88 (0.61) 2.46 (0.89) 3.93 (1.73)
CCNN-th 0.42 (0.36) 0.53 (0.97) 3.25 (1.67)

r = 28, b = 8/3 in Lorenz. Sine signal is sampled by time intervals that follow the Poisson

distribution with mean of 1. MG and Lorenz are two chaotic time series which do not have

closed-form solutions to their delay differential equations. Therefore the Runge-Kutta method

[13] is applied to obtain a discrete numerical solution, which is a uniform sequence with sampling

interval ∆t. A set of N-sample short uniform sequences are generated from the long sequence

by a sliding window with window shift of one. The uniform sequences are subsampled into

nonuniform sequences by choosing M (M < N) sample points uniformly at random. We set

M = 42, N = 14; we set ∆t = 2 in MG, and ∆t = 0.05 in Lorenz.

Models. The following algorithms are compared:

• CCNN: The first layer is a CCNN layer takes both the time intervals and the signal

sequence. Then the sequence is resampled onto a uniform time interval. CCNN is set to the

causal setting as of Sec. 5.4.3. The time information is either two-hot encoded (CCNN-th) or not

encoded (CCNN). CCNN has two layers. The first layer is a CCNN layer with output timestamps

at tn+1 − k, k = 1, · · · ,13. The bias network has two layers and 4 hidden channels. Its order

OB is 7. The kernel network has two layers and 4 hidden nodes. Its order OK is 3. The kernel

length Lk = 3. The output of CCNN nerwork has 72 channels. The second layer is a regular

1×7 convolutional layer. The total number of parameters is 1,273. CCNN-th has almost the
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same structure as CCNN, except that the number of hidden channels is 36. The total number of

parameters is 1,261.

• CNN: data are directly fed into a regular CNN, with no special handling of nonuniform

sampling. CNN has two 1×7 layers, and the number of hidden channels is 84. The total number

of parameters is 1,261.

• CNNT: The time intervals are appended to the input data, which are fed to a regular

CNN. The time information is either two-hot encoded (CNNT-th), or not encoded (CNNT).

CNNT has two 1× 7 layers, and the number of hidden channels is 60. The total number of

parameters is 1,261. The sampling time intervals are appended as input features. The time

interval appended to the last sample of the sequence is the difference between the prediction time

and the time of the last sample. In CNNT-th, the two-hot encoding interval width δ = 0.5, and

the two-hot vector dimension is 14. The network has two 1×7 layers, and the number of hidden

channels is 10. The total number of parameters is 1,261.

• ICNN: data are interpolated to be uniform before being fed to a regular CNN. Piecewise

Constant (ICNN-P), linear (ICNN-L), quadratic (ICNN-Q), cubic spline (ICNN-C) and sinc

(ICNN-S) interpolation algorithms are implemented. ICNN takes the interpolated signal at

tn+1 − k, k = 1, · · · ,13 as input. The network has two 1×7 layers, and the number of hidden

channels is 84. The total number of parameters is 1,261.

• RNNT: the time intervals are appended to the input data, then are fed into a vanilla

RNN. The time information is either two-hot encoded (RNNT-th), or not encoded (RNNT).

RNNT and RNNT-th have two layers and the number of hidden channels is 32. The total number

of parameters is 1153 for RNNT and 1633 for RNNT-th.

All the networks have two layers with ReLU activations in the hidden layers and no

activations in the output layer. The hyperparameters are set such that all the architectures share

the same number of layers, receptive field size, and number of parameters. For CNN, ICNN,

and CNNT, the convolution kernel length of each layer is set to 7. For ICNN, the input signal is

interpolated at timestamps tN+1 − k, k = 1, · · · ,13 to form a uniform sequence before feeding
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Figure 5.7. Illustration of interpolation kernels. The red crosses denote the input data samples.
The black line shows the interpolation kernel for x(ti); the gray lines show the kernels for the
other two points. The blue line shows the interpolated result.

into two-layers regular CNN. For CCNN, the output time stamps of the first layer are tN+1 − k,

k = 1, · · · ,13. The kernel length LK = 3. Since its input is uniform, the second layer of CCNN

is a regular convolutional layer, with kernel length 7. These configurations ensure that all the

neural networks have the same expected receptive field size of 13.

All the networks are trained with Adam optimizer [82] and mean squared error (MSE)

loss. The training batch size is 20. The number of training steps is determined by validation. The

validation set size is 10,000.

Interpolation Kernels

• Piecewise Constant Interpolation:

I(t − ti;Tin,Xin) = 1[0 < t − ti ≤ ti+1 − ti] (5.23)

where 1[·] denotes the indicator function.

• Linear Interpolation:

I(t − ti;Tin,Xin) =


t−ti−1
ti−ti−1

if 0 < t − ti−1 < ti − ti−1

ti+1−t
ti+1−ti

if 0 < ti+1 − t < ti+1 − ti

0 otherwise.

(5.24)

• Sinc Interpolation:

I(t − ti;Tin,Xin) = asin
(

π(t − ti)
a

)
/(t − ti). (5.25)
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These examples are illustrated in Fig 5.7. Notice that in Eqs. (5.23) and (5.24), the

interpolation kernels depend not only on t − ti, but also on adjacent input times, ti+1 and/or ti−1,

and hence all the input times Tin are put in the argument. In some nonlinear interpolations, the

interpolation kernel is also affected by the input values Xin.

Results and Analysis. Table 5.2 lists the MSEs. There are three observations. First,

CCNN-th outperforms the other baselines in terms of prediction accuracy. Notice that the number

of convolution channels of CCNN are significantly smaller than most of the other baselines,

in order to match the number of parameters. Nevertheless, the advantage in properly dealing

with the nonuniform sampling still offsets the reduction in channels in most tasks. Second,

interpolation methods (ICNNs and CCNN) generally outperform the other baselines, particularly

CNNT. This again shows that interpolation is more reasonable for dealing with nonuniform time

series than simply appending the time intervals. Furthermore, preset interpolation algorithms

(ICNNs) can rarely match CCNN that has the flexibility to learn its own interpolation kernel.

Third, two-hot encoding usually improves performance. Again, there are fewer channels with

two-hot encoding in order to match model complexity, but the advantage of two-hot encoding

still stands out.

5.6.3 Kernel Analysis

To clearly interpret the representation power of CCNN on nonuniform time series, it’s

critical to visualize the learned collapsed continuous kernels K(tout − ti;Tin,Xin). We repeat

the experiment that predicts the next sample x(tN+1) as Sec. 5.6.2 with different Sine signals,

T = 4,5,6,7. The CCNN has the same configuration as Sec. 5.6.2 except that the number of

filter is 1, so that the K(tout − ti;Tin,Xin) outputs a scalar that could be straightforward for

visualization.

Figure 5.6 shows the learned continuous kernel functions on 4 input signals, which

are all quite interpretable. Each kernel is a sine-like function with estimated period equaling

the underlying signal period. The result also explains the advantage of CCNN in the previous
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Table 5.3. Mean squared error of prediction on realworld data.

Alg. DM1 DM2 DM3 DM4 DM5 DM6 DM7 DM8 DM9 DM10 DM11 DM12 DM13
CNNT-th 0.86 0.81 0.91 0.99 0.42 0.76 0.52 0.55 0.43 0.69 0.84 0.99 0.47
ICNN-L 0.52 0.27 0.70 1.03 0.06 0.30 0.02 0.24 0.26 0.44 0.51 0.84 0.13
ICNN-Q 0.61 0.28 0.69 0.98 0.06 0.30 0.06 0.23 0.29 0.45 0.57 0.84 0.13
ICNN-C 0.63 0.29 0.71 1.02 0.06 0.30 0.04 0.25 0.29 0.43 0.56 0.82 0.13
ICNN-P 0.71 0.40 0.74 0.99 0.09 0.37 0.02 0.28 0.33 0.45 0.60 0.94 0.17
ICNN-S 0.53 0.26 0.66 1.00 0.07 0.28 0.21 0.26 0.31 0.43 0.49 0.87 0.15
RNNT-th 0.79 0.27 0.70 1.06 0.05 0.38 0.42 0.20 0.33 0.48 0.57 1.01 0.11
CCNN-th 0.49 0.23 0.65 1.00 0.05 0.27 0.04 0.22 0.29 0.41 0.50 0.80 0.12

experiments.

5.6.4 Autoregression on Real-world Dataset with Missing Data

In order to test the advantage of CCNN in real-world scenarios with missing observations,

13 time-series datasets are randomly chosen from the Data Market1, named DM1 through

DM13. A brief description of these datasets is given below. Each dataset consists of a univariate

uniform time series, which is split into training, test and validation sequences by a ratio of 6:2:2.

Nonuniform subsequences are generated the same way as in MG with N = 28 and M = 14. All

of the data are monthly data. The network configurations are the same as those in the simulated

experiment. In particular, the receptive field size is set to seven, which means the prediction is

based on an average of 14 months of historic data. This should lend adequate information for

prediction.

DM1: Australia monthly production of cars and station wagons from July 1961 to August

1995.2 The total length of the sequence is 414.

DM2: Monthly data on Clearwater River at Kamiah, Idaho from 1911 to 1965.3 The

total length of the sequence is 604.

DM3: Monthly data on James River at Buchanan, VA from 1911 to 1960.4 The total

1https://datamarket.com
2https://datamarket.com/data/set/22lf/australia-monthly-production-of-cars-and-station-wagons-jul-1961-aug

-1995#!ds=22lf&display=line
3https://datamarket.com/data/set/22zg/clearwater-river-at-kamiah-idaho-1911-1965#!ds=22zg&display=line
4https://datamarket.com/data/set/22y3/james-river-at-buchanan-va-1911-1960
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length of the sequence is 604.

DM4: Average monthly precipitation from 1907 to 1972.5 The total length of the

sequence is 796.

DM5: Average monthly temperature from 1907 to 1972.6 The total length of the sequence

is 796.

DM6: Monthly data on Middle Boulder Creek at Nederland, CO from 1912 to 1960.7

The total length of the sequence is 592.

DM7: Monthly electricity production in Australia (million kilowatt hours) from Jan 1956

to Aug 1995.8 The total length of the sequence is 480.

DM8: Monthly flows of Chang Jiang (Yangtze River) at Han Kou, China from 1865 to

1979.9 The total length of the sequence is 1372.

DM9: Monthly production of clay bricks (million units) from Jan 1956 to Aug 1995.10

The total length of the sequence is 480.

DM10: Monthly rain in Coppermine (mm) from 1933 to 1976.11 The total length of the

sequence is 532.

DM11: Monthly riverflow (cms) in Pigeon River near Middle Falls, Ontario from 1924

to 1977.12 The total length of the sequence is 640.

DM12: Monthly riverflow (cms) in Turtle River near Mine Centre, Ontario from 1921 to

1977.13 The total length of the sequence is 676.

DM13: Monthly temperature in England (F) from 1723 to 1970.14 The total length of
5https://datamarket.com/data/set/22w1/mean-monthly-precipitation-1907-1972
6https://datamarket.com/data/set/22o4/mean-monthly-temperature-1907-1972
7https://datamarket.com/data/set/22vt/middle-boulder-creek-at-nederland-co-1912-1960
8https://datamarket.com/data/set/22l0/monthly-electricity-production-in-australia-million-kilowatt-hours-jan

-1956-aug-1995
9https://datamarket.com/data/set/22r8/monthly-flows-chang-jiang-at-han-kou-1865-1979

10https://datamarket.com/data/set/22lv/monthly-production-of-clay-bricks-million-units-jan-1956-aug-1995
11https://datamarket.com/data/set/22n8/monthly-rain-coppermine-mm-1933-1976
12https://datamarket.com/data/set/22mi/monthly-riverflow-in-cms-pigeon-river-near-middle-falls-ont-1924-1

977
13https://datamarket.com/data/set/22mf/monthly-riverflow-in-cms-turtle-river-near-mine-centre-ont-1921-197

7
14https://datamarket.com/data/set/22vp/monthly-temperature-in-england-f-1723-1970
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the sequence is 2980.

Table 5.3 shows the mean squared prediction errors. CCNN-th maintains its lead on

most datasets. Where it does not, different ICNNs alternately take the lead by small margins.

Here are two comments. First, note that the kernel length in ICNN-C and ICNN-Q is much

larger than LK , so it falls beyond the representation power of CCNN. Nevertheless, this result

shows that an interpolation kernel within the scope of Eq. (5.1) usually suffices to outperform the

standard interpolation methods that fall beyond. Second, unlike in the simulated test, ICNN-L

generally performs better than ICNN-C, which emphasizes the importance of choosing a suitable

interpolation scheme for each task. CCNN, with its ability to choose its own kernels, avoids such

trouble.

5.6.5 Speech Interpolation

Since CCNN is motivated by interpolation, it is insightful to see CCNN’s performance in

interpolation tasks. The speech interpolation task involves restoring the high-resolution speech

signal from the downsampled signal.

The Dataset To mitigate the complexity in directly working on speech waveforms, the

sampling rate of the high-resolution speech is set to 4 kHz, and that of the downsampled signals

is 2 kHz. Three different downsampling schemes are tested. The first scheme, called uniform

filtered, uniformly downsamples the speech to 2 kHz after passing it to an anti-aliasing filter.

The second scheme, called uniform unfiltered, uniformly downsamples the signal without the

anti-aliasing filter. The third scheme, called nonuniform, randomly preserves half of the speech

samples, and thus the resulting signal has an average sampling rate of 2 kHz.

Our dataset consists of one hour of lab-recorded speech of one speaker reading structured

composite sentences. We use 80% of the dataset as training, 10% as validation, and the rest of

10% as test. The high-resolution speech is chunked into 40-point sequences without overlap, and

the corresponding downsampled speech into 20-point sequences.

Configurations Similar to the prediction experiment, the ICNN approaches interpolates

106



the low-resolution speech into high-resolution speech (4 kHz) before it is fed to a two-layer

regular CNN. A similar practice has also been adopted in [81]. CCNN also has two layers. The

first layer outputs at the uniform timestamps at the rate of 4 kHz, and the second layer is a regular

convolutional layer. Detailed configurations are shown below. Again, the hyperparameters

are set such that the two architectures have the same number of layers, receptive field size

and model complexity. The activation functions for CCNN and ICNN are both sigmoid. The

hyperparameters are detailed below.

CCNN-th: The timestamps are normalized such that the sampling interval of the original

4 kHz speech is 0.5. CCNN-th has two layers. The first layer is a CCNN layer that outputs the

timestamps uniformly distributed at the rate of 4 kHz. The number of hidden channels is 16. The

bias network has one layer, and the order OB = 28. The bias kernel network has one layer, and

the order OK = 7. The kernel length LK = 10. The two-hot encoding time interval δ = 0.5. The

second layer is a 1×28 convolutional layer.

ICNN-C: The CNN contains two 1×28 convolutional layers with 80 number of hidden

filters.

Speech DNN & Speech DNN CP: Speech DNN converts both the high resolution and

downsampled speech into amplitude spectra using FFT with 64ms window length and 48ms

window shift. Speech DNN has 3 hidden layers, each of which has 1024 hidden nodes. Because

our temporal resolution is half of that in [94], our hidden node number is a half of that in [94]

too. The number of parameters in Speech DNN is around 2.3×106, which is much larger than

that in CCNN and the ICNN baseline models (both have around 5×103 parameters).

Since sample-based speech interpolation methods have yet to achieve the state-of-the-art,

we also include a spectrum-based benchmark from [94] called Speech DNN. Speech DNN only

works on the uniform filtered case. It predicts the higher half of the amplitude spectrum of the

high-resolution speech of that of the low-resolution speech. The flipped phase spectrum of the

down-sampled speech is used as an estimate of the higher half of the phase spectrum of the

high-resolution speech.
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Table 5.4. Signal-to-Noise Ratio (dB) in Speech Interpolation. ∗ Speech DNN does not work
with non-filtered down-sampled signals and nonuniformly down-sampled signals.

Alg. Uniform
Non-uniform

filtered non-filtered
Speech DNN 9.13 -∗ -∗

Speech DNN (CP) 13.64 -∗ -∗

ICNN-C 9.74 7.49 2.33
ICNN-Q 9.66 5.67 2.77
ICNN-L 9.72 5.81 3.16
ICNN-P 3.17 2.63 1.82
ICNN-S 9.62 5.90 2.83

CCNN-th 9.61 7.80 6.58

Since the phase spectrum estimate of Speech DNN can be inaccurate, we introduced

another version, called Speech DNN with a cheated phase (CP), where the ground truth phase

spectrum is applied. Note that this version is given too much oracle information to be fairly

compared with. Nevertheless, we will include its results for reference.

Results and Analysis. Tab. 5.4 shows the Signal-to-Noise Ratio (SNR) of the signals

recovered from different input signals by different models. The Speech DNN with cheated phase

yields the best SNR, because it uses the phase information from ground truth. However, the

Speech DNN without cheated phase has similar performance to CNN and CCNN, even though it

has much more weights, largely because of the inaccurate phase estimates.

As for the comparison between CCNN and ICNN, they have similar SNR under uniform

sampling cases. This verifies that both architectures have similar representation power given

uniform data. However, CCNN has much higher SNR than ICNN in nonuniform case. One

important reason is that CCNN, by construction, is aware of whether neighboring samples are

dense or sparse, and outputs robust interpolation kernels accordingly, despite the variation in

sampling patterns; whereas CNN is unable to deal with various random sampling instances.

Figure 5.8 shows an example of the restored signal from the nonuniform samples by

CCNN and CNN respectively. CCNN can restore some spikes (e.g. ones at 25 and 40) even

without an input sample point in the spike, because CCNN can learn the continuous kernels and
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Figure 5.8. Examples for CCNN and ICNN in restoring nonuniformly down-sampled speech.
CCNN generates better approximation at especially at crests and troughs.

restore the original spikes. CNN model does poorly in restoring spikes even when there are input

sample points in the spikes.

5.7 Conclusion

In this paper, we have introduced CCNN for nonuniform time series with two takeaways.

First, interpolation before continuous convolution is shown to be a reasonable way for nonuniform

time series. Second, learning task-specific kernels in a data-driven way significantly improves

the performance. There are two promising directions. First, we have focused on 1D convolution,

but this framework can be generalized to multi-dimensional nonuniform data. Second, while

the computational complexity is similar for CCNN and CNN, the runtime of the former is much

longer, because of the lack of parallelization. Fast implementation of CCNN is thus another
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research direction.
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Chapter 6

Neural Architectures III: Compiler Opti-
mizer without Human Knowledge

Deep symbolic superoptimization refers to the task of applying deep learning methods

to simplify symbolic expressions. Existing approaches either perform supervised training on

human-constructed datasets that define equivalent expression pairs, or apply reinforcement

learning with human-defined equivalent transformation actions. In short, almost all existing

methods rely on human knowledge to define equivalence, which suffers from large labeling cost

and learning bias. We thus propose HISS, a reinforcement learning framework for symbolic

superoptimization that keeps humans outside the loop. HISS introduces a tree-LSTM encoder-

decoder network with attention to ensure tractable learning. Our experiments show that HISS

can discover more simplification rules than existing human-dependent methods, and can learn

meaningful embeddings for symbolic expressions, which are indicative of equivalence.

6.1 Introduction

Superoptimization refers to the task of simplifying and optimizing over a set of machine

instructions, or code [104, 123], which is a fundamental problem in computer science. As an

important direction in superoptimization, symbolic expression simplification, or symbolic super-

optimization, aims at transforming symbolic expression to a simpler form in an effective way, so

as to avoid unnecessary computations. Symbolic superoptimization is an important component
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in compilers, e.g. LLVM and Halide, and it also has a wide application in mathematical engines

including Wolfram1, Matlab, and Sympy.

Over recent years, applying deep learning methods to address symbolic superoptimization

has attracted great attention. Despite their variety, existing algorithms can be roughly divided into

two categories. The first category is supervised learning, i.e. to learn a mapping between the input

expressions and the output simplified expressions from a large number of human-constructed

expression pairs [6, 169]. Such methods rely heavily on a human-constructed dataset, which is

time- and labor-consuming. What is worse, such systems are highly susceptible to bias, because

it is generally very hard to define a minimum and comprehensive axiom set for training. It is

highly possible that some forms of equivalence are not covered in the training set, and fail to be

recognized by the model. In order to remove the dependence on human annotations, the second

category of methods leverages reinforcement learning to autonomously discover simplifying

equivalence [27]. However, to make the action space tractable, such systems still rely on a set

of equivalent transformation actions defined by human beings, which again suffers from the

labeling cost and learning bias.

In short, the existing neural symbolic superoptimization algorithms all require human

input to define equivalences. It would have benefited from improved efficiency and better

simplification if there were algorithms independent of human knowledge. In fact, symbolic

superoptimization should have been a task that naturally keeps human outside the loop, because

it directly operates on machine code, whose consumers and evaluators are machines, not humans.

Therefore, we propose Human-Independent Symbolic Superoptimization (HISS), a rein-

forcement learning framework for symbolic superoptimization that is completely independent of

human knowledge. Instead of using human-defined equivalence, HISS adopts a set of unsuper-

vised techniques to maintain the tractability of action space. First, HISS introduces a tree-LSTM

encoder-decoder architecture with attention to ensure that its exploration is confined within the

set syntactically correct expressions. Second, the process of generating a simplified expression is

1https://www.wolframalpha.com/
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broken into two stages. The first stage selects a sub-expression that can be simplified and the

second stage simplifies the sub-expression. We performed a set of evaluations on artificially

generated expressions as well as a publicly available code dataset, called the Halide dataset

[26], and show that HISS can achieve competitive performance. We also find out that HISS can

automatically discover simplification rules that are not included in the human predefined rules in

the Halide dataset.

6.2 Related Work

Superoptimization origins from 1987 with the first design of [104]. With the probabilistic

testing to reduce the testing cost, the brute force searching is aided with a pruning strategy to

avoid searching sub-spaces that contains pieces of code that have known shorter alternatives. Due

to the explosive searching space for exhaustive searching, the capability of the first superoptimizer

is limited to only very short programs. More than a decades later, [75] presented Denali, which

splits the superoptimization problem into two phases to expand the capability to optimize longer

programs. STOKE [123] follows the two phases but sacrifices the completeness for efficiency in

the second phase.

Recent attempts to improve superoptimization are categorized into two fields: exploring

transformation rules and accelerating trajectory searching. Searching the rules are similar to the

problem of superoptimization on limited size program, but targeting more on the comprehen-

siveness of the rules. [16] exhaustively enumerates all possible expressions given the syntax

and checks the equivalence of pairs of expressions by SMT solver. A similar method with an

adaption of the SMT solver to reuse the previous result is proposed by [70]. On the other hand,

deep neural networks are trained to guide the trajectory searching [18, 26].

Considering transformation rule discovery as a limited space superoptimization, the large

action space and sparse reward are the main challenges for using neural networks. Special neural

generator structures are proposed for decoding valid symbolic programs, which leverage the
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(a) The tree encoder (green) and
subtree selector (orange).
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(b) The tree decoder.
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Figure 6.1. The HISS architecture, illustrated on a three-node binary subtree, where i is the
parent of j, k, and p is the parent of i.

syntax constraints to reduce the searching space as well as learn the reasoning of operations, and

are gaining popularity in program synthesis [17, 112, 175], program translation [27, 45], and

other code generation tasks [5, 98]. Among the symbolic expression decoders, the family of tree

structure RNNs [5, 27, 45, 112] are more flexible than template-based predictors [98, 175].

6.3 The HISS Architecture

In this section, we will detail our proposed HISS architecture. We will first introduce a

few notations. T denotes a tree; aaa denotes a vector, and AAA denotes a matrix. We introduce an

LSTM(·) function that summarizes standard one-step LSTM operation as

[hhht ,ccct ] = LSTM(xxxt ,hhht−1,ccct−1), (6.1)

where hhht , ccct and xxxt denote the output, cell and input at time t of a standard LSTM respectively.

6.3.1 Framework Overview

Our problem can be formulated as follows. Given a symbolic expression TI , represented

in the expression tree form, our goal is to find a simplified expression TO, such that 1) the two

expressions are equivalent, and 2) TO contains a smaller number of nodes than TI .
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It is important to write the symbolic expressions in their expression tree form, rather than

strings because HISS will be operating on tree structures. An expression tree assigns a node for

each operation or variable. Each non-terminal node represents an operation, and each terminal

node, or leaf node, represents a variable or a constant. The arguments of operation are represented

as the descendant subtrees of the corresponding node. Compared to string representation, tree

representation naturally ensures any randomly generated expression in its form is syntactically

correct. It also makes working with subexpressions easier: simply by working with subtrees.

HISS approaches the problem using the reinforcement learning framework, where the

action of generating simplified expressions are divided into two consecutive actions. The first

action is to pick a subexpression (or subtree) that can be simplified, and the second action

generates the simplified expression for the selected subexpression.

Accordingly, HISS contains three modules. The first module is a tree encoder, which

computes an embedding for each subtree (including the entire tree) of the input expression. The

embeddings are useful for picking subtree for simplification as well as simplifying a subtree.

The second module is a subtree selector, which selects a subtree for simplification. The third

module is a tree decoder with an attention mechanism, which generates a simplified expression

based on the input subtree embedding. The subsequent subsections will introduce each module

respectively.

6.3.2 The Tree Encoder

The tree encoder generates embedding for every subtree of the input expression. We

apply the N-ary Tree LSTM as proposed in [142], where N represents the maximum number of

arguments that an operation has. It is important to note that although different operations have a

different number of arguments, for structural uniformity, we assume that all operations have N

arguments, with the excessive arguments being a NULL symbol.

The tree encoder consists of two layers. The first layer is called the embedding layer,

which is a fully-connected layer that converts the one-hot representation of each input symbol to
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an embedding. The second layer is the tree LSTM layer, which is almost the same as the regular

LSTM, except that the cell information now flows from the children nodes to their parent node.

Formally, denote ccci, hhhi, and xxxi as the cell, output and input of node i respectively. Then the tree

LSTM encoder performs the following information

[hhhi,ccci] = LSTM

xxxi,
⋃

j∈D(i)
hhh j,

⋃
j∈D(i)

ccc j

 , (6.2)

where D(i) denotes the set of children of node i. Fig. 6.1(a) plots the architecture of the tree

LSTM encoder (in green). Since each node fuses the information from its children, which again

fuse the information from their own children, it is easy to see that the output hhhi summarizes the

information of the entire subtree led by node i, and thus can be regarded as an embedding for

this subtree.

6.3.3 The Subtree Selector

The subtree selector performs the first action to select a subtree for simplification. It takes

the output of the tree encoder, {hhhi}, as its input, and produces the probability with which each

subtree is selected. It consists of two feed-forward layers followed by a softmax layer across

all the nodes in the input tree. Figure 6.1(a) shows the architecture of the subtree selector (in

orange).

6.3.4 The Tree Decoder

Once a subtree has been selected, and suppose the root node of the selected subtree is

node i, the output of the encoder at node i, hhhi, is then fed into the tree decoder, which generates a

simplified version of the subtree. The tree decoder can be regarded as the inverse process of the

tree encoder: the latter fuses information from the children to the parents, whereas the former

unrolls the information from parents down to the entire N-ary tree. When the parent node outputs

a non-operation symbol, the expansion of this branch terminates and no child is further decoded.
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The tree decoder adopts a novel LSTM architecture with attention, which, compared

with the attention LSTM proposed by [27], is more parameter- and computationally-efficient. It

consists of two layers. The first layer is a tree LSTM layer, and the second layer is the symbol

generation layer with attention. Figure 6.1(b) illustrates the decoder structure. The decoder

shares the same vocabulary with the encoder, and the embedding layer of the decoder shares the

parameters with the embedding layer in the encoder.

Tree LSTM Layer. The tree LSTM in the decoder needs to accomplish two tasks. First,

it needs to extract the information for generating the output for the current node. Second, it needs

to split and pass on the information to its children. To better control the information flow, we

introduce two tracks of LSTMs for the two different tasks. Formally, denote [hhh′i,ccc
′
i] as the output

and cell of node i, and assume [ j1, · · · , jN ] are children nodes of i. Also denote yyyp as the decoder

output for node p, which is the parent node of node i (If node i is already the root node of the

selected subtree, then yyyp becomes a special start token). Then the first LSTM track extracts the

information that generates the current output:

[hhh′i→out,ccc
′
i→out] = LSTMout(yyyp,hhh

′
i,ccc

′
i). (6.3)

The second LSTM track splits and passes on the information to the children, i.e. ∀n ∈ {1, · · · ,N}

[hhh′i→ jn ,ccc
′
i→ jn] = LSTMn(yyyp,hhh

′
i,ccc

′
i). (6.4)

Notice that we have appended a subscript to the LSTM(·) to emphasize that LSTM functions

with different subscripts do not share parameters. Finally, the LSTM information for a specific

children is derived by linearly projecting the output track and that specific children track:

hhh′jn =WWW h[hhh
′
j→out,hhh

′
i→ jn]+bbbh, ccc′jn =WWW c[ccc′j→out,ccc

′
i→ jn]+bbbc. (6.5)

We find that this linear projection is useful for adding additional dependencies between the parent
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output and the descendants, so that the generated expression is more coherent.

Symbol Generation Layer with Attention. The symbol generation layer takes the

output track produced by the previous tree LSTM layer, hhh′i→out, as input, and outputs the

probability distribution of generating different output symbols for the current node. It adopts an

attention mechanism [8] to attend to the relevant part in the encoder, so that the input and output

expressions have better correspondence. Formally, when generating the output for decoder node

i, the attention weight on encoder node j is computed from hhh′i→out and hhh j as follows:

ei( j) = vvvT tanh(WWW dhhh′i→out +WWW ehhh j +bbba),

[ai(1), · · · ,ai(J)] = softmax([ei(1), · · · ,ei(J)]),
(6.6)

where J is the total number of input nodes at the encoder. Finally, the probability of

symbol generation at node i, denoted as pppi, is computed by passing into a linear projection

layer hhh′i→out and an attention context vector ccci, which is a linear combination of the encoder

embeddings with the attention weights, i.e.

pppi =WWW o[hhh′i→out;ccci]+bbbo, where ccci =
J

∑
j=1

ai( j)hhh j. (6.7)

6.4 Learning with HISS

In this section, we will elaborate on the training and inference schemes of HISS. In

particular, we will introduce several mechanisms to improve the exploration efficiency of HISS.

6.4.1 Training

We apply the standard REINFORCE framework [154] for training, where the reward

function is given by

R(TI,TO) = γ
card(TO) if TI ≡ TO, −βγ

card(TO) otherwise, (6.8)
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where ‘≡’ denotes that the two expressions are equivalent; card(·) denotes the number of nodes

in the tree expression, or the length of the expression. β is a hyperparameter that depicts the

penalty of not producing an equivalent expression. This reward prioritizes equivalence, and given

equivalence, favors shorter expressions. We applied a probabilistic testing scheme to determine

equivalence as proposed in [104]. For each input, multiple outputs are decoded via beam search,

on each of which a reward is evaluated. We introduce the following mechanisms to maintain the

efficiency and stability of training.

Curriculum Learning. Since generating the simplified expression is divided into two

actions, subtree selection and subtree simplification, directly learning both can lead to very

inefficient exploration. Instead, we introduce a two-stage curriculum. The first stage trains only

the encoder and decoder on very short expressions (maximum depth less than four). The subtree

selector is not trained. Instead, we always feed the entire tree to the decoder for simplification.

The second stage trains all the modules on longer expressions.

Subtree Embedding Similarity. In order to guide the encoder to learning meaning

embeddings, we introduce an additional ℓ2 loss to enforce that the equivalent expressions have

similar encoder embeddings, i.e. similar hhhis . Specifically, for each input expressions TI , we

decode a set of generated expressions S= {TO} with beam search, and obtain their embeddings

{hhh(TO)} by feeding them back into the encoder (here we add an argument to hhh to emphasize

that the embedding is a function of input expression). Then the ℓ2 loss is expressed as follows

L =
1
|S| ∑

TO∈S
∥hhh(TO)−hhh(TI)∥2

2 · (−1)1[TI ̸≡TO], (6.9)

where 1[·] denotes the indicator function, which equals one if the statement in its argument is

true, and zero otherwise. Note that this ℓ2 applies to the encoder only, and can be optimized by

regular gradient descent methods. REINFORCE is not needed.
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6.4.2 Inference

Similar to training, the inference is performed by decoding multiple outputs via beam

search and finding the best result as the final output. In order to accelerate the inference process,

we introduce an offline procedure. During the first stage of the curriculum training, i.e. training

on very short expressions, all the simplified equivalence rules discovered are logged. During

inference, if the subtree to be fed into the decoder has an exact match in the log, we will apply

the logged simplified equivalence directly, rather than redoing the entire decoding process.

6.5 Experiments

We performed two experiments. The first experiment compares HISS with human-

independent naive search algorithms. The second experiment compares HISS with existing

human-dependent state-of-the-art systems on benchmark datasets. Throughout all the experi-

ments, we use the same hyperparameter setting.

6.5.1 Hyperparameter Setting and Determination

The input to the network is one-hot encoded sequences where the vocabulary size is 50,

then the input is encoded by a single fully connected layer with output size 32. The hidden units

of LSTM are set to 64 for both encoder and decoder, as a common setting adopted in many

previous works [99], and the number of layers is 1. The output size of the encoder is 64, and

the output size of the decoder is equal to the vocabulary size (50). The subtree selector consists

of two feed-forward layers with output sizes of 128 and 1 respectively. The model is trained

with the ADAM optimizer with a learning rate of 1e-3. Rather than tuned on the validation set,

this hyperparameter setting is determined by following the common setting in previous works

([99]) as well as referencing to the Halide vocabulary size. The same hyperparameter setting has

been applied throughout this research project. Finetuning the hyperparameters is expected to

have a minor effect on the performance as compared to refining our major algorithm design, e.g.
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Table 6.1. The vocabulary of the symbols and operators that are used to construct the traverse
equivalence dataset.

Type Symbols
Operators min, max, ≥, ≤, <, >, ==, !, ̸=, select, +, -, *, /, &&, ||
Constants 0, 1, 2, True, False
Variables v0, v1, ..., v14

Constant symbols c0, c1, ... c13

introducing subtree selector and ℓ2 embedding regularizer, which will be discussed in further

details in the ablation studies in Section 6.5.9.

The penalty of not getting an equivalent expression, β (as in Equation (6.8)), is set to

0.1. This is motivated by our observation that in the Monte Carlo sampling results the ratio of

equivalent expressions over nonequivalent expressions is roughly 10:1 on a randomly initialized

model. Therefore, by matching β to this ratio we can balance the reward and penalty and achieve

an average reward of around zero, at least for the initial iterations, which is shown to contribute

to a more stable REINFORCE training. However, please be reminded that β is not a crucial

parameter because the baseline removal process in REINFORCE would automatically balance

the reward and penalty. A good choice of β would mostly only benefit the onset of the training

when the baseline estimation is not yet accurate. The weight to embedding similarity loss term is

set to 0.1.

6.5.2 Comparing with Human-Independent Methods

Since there are no existing human-independent methods specifically for symbolic super-

optimization, we compare several search algorithms. Due to the search complexity, the evaluation

cannot be performed on very long expressions. Therefore, this experiment is performed on the

traverse equivalence dataset.

Traverse Equivalence Dataset As a complement to the Halide dataset, we build a dataset

by traversing all the possible expressions with maximum depth four that consist of operations

and symbols drawn from the Halide vocabulary in table 6.1. Among these expressions, we
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Figure 6.2. Comparison with human-independent methods in terms of hit rate (left), expression
length reduction (middle), tree size reduction (right), on Traverse Equivalence dataset.

use the FingerPrint method [71] to test if they can be simplified, and discard those that cannot.

From the remaining expressions, we sample 900 expressions as the training set, 300 as the

validation set and 300 as the test set. The advantage of this dataset is that it is not built from

human-predefined equivalence relation. However, the disadvantage of this dataset is that it does

not contain expressions with a maximum depth greater than four, limited by the complexity of

the FingerPrint method. Additional details of our Traverse Equivalence dataset can be found in

Section 7.2.

Training Since HISS does not operate on very long expressions, it is only trained with

stage-one in curriculum learning (the one with no subtree selection). Additional details regarding

training can be found in Section 6.5.5.

Baselines Two baseline searching methods are compared: Monte Carlo Tree Search

(MCTS) [10] and Markov Chain Monte Carlo (MCMC) [123]. MCTS decides the expression

tree from root to leaves, choosing one symbol from Halide vocabulary for each node, and adopts

Upper Confidence Bound [83] for balancing exploration and exploitation. Similar to [123],

MCMC takes one of four transformations: 1) replace an operator by another random operator,

and generate or discard operands if two operator takes a different number of operands. 2) replace

a variable/constant with another random variable/constant. 3) replace a subexpression with a

random single variable/constant. 4) replace a variable/constant with a random expression. The
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Figure 6.3. Comparison with human-dependent methods in terms of expression length reduction
(left), and tree size reduction (right), on the Halide dataset.

probability distribution of taking the transformation is defined as the same as in [123].

Metrics. Three metrics are introduced: 1) hit rate, defined as percentage of expressions

that the model successfully found an equivalence given the computation budget parameter; 2)

expression length reduction, defined as reduction in the total number of tokens; and 3) tree size

reduction, defined as reduction in the number of nodes in the expression tree.

Results. The performance comparison of three models is shown in figure 6.2. The

sampling parameter in the horizontal axis refers to the beam size for HISS , the max trials

budget for MCTS for each token decoded, and the sampling budget for MCMC. These quantities

equivalently define the number of search attempts per token. As can be seen, HISS is significantly

more powerful in finding the simpler equivalent than MCTS and MCMC. MCMC performs

almost equally well as HISS in terms of Hit Rate, and both of them far outperform MCTS.

However, both MCTS and HISS adopt top-down decoding in the huge decoding space, while

MCMC starts with the input expression and applies local transformations, which makes it much

easier to find an equivalence. Also, MCMC achieves much worse average length reduction and

average tree size reduction than HISS.
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Table 6.2. Example simplification rules learned by HISS (left) and their corresponding rules
listed in Halide (right). If the learned rule has no corresponding preset rule in Halide, the row is
left blank.

HISS Halide
Input Output Input Output
(c0+v0) -(v0+c0) 0
(c0/v0)*v0 c0 (y*x)/x y
c0-c0 0 x-x 0
c0 ≤ c0 true x < x false
c0 == c0 true x == x true
min(c0, v0) ≤ v0 true x < min(x, y) false
min(c0 + v0, c1) ≤ (c0 + v0) true
min(c0, (min(v0, c1) + c2) + c1) ≤ ((c1 + c2 + c1) true
(c0 + v0) - c0 v0 (x + y) - x y
max(c0, c0) c0 max(x, x) x
min(c0, v0 + c1) ≤ (c1 + v0) true
c0 ≤ max(v0, c0) true max(y, x) < x false
c0 / c0 1 x / x 1
min(c0 * v0, c1) ≤ (c0 * v0) true
c0 + (v0 - c0) v0 x + (y - x) y
min(min(c0, v0), c1 - c2) ≤ v0 true
min(min(c0, v0), v1) ≤ v0 true

6.5.3 Comparing with Human-Dependent Methods

In this section, we compare HISS with existing human-dependent state-of-the-art methods

on the Halide dataset.

Halide Dataset The Halide dataset [26] is the benchmark dataset for symbolic expression

simplification. It contains around 10,000 training sequences, 1,000 testing sequences, and 1,000

validation sequences, generated and split randomly. The number of words for each sequence

ranges from 6 to 100, averaged at 58. The expressions generated contain many constants beyond

{0, 1, 2, True, False}, and the constant is renamed to constant symbols shown in table 6.1, and

the same constant value is renamed to the same constant symbol. There are at most 14 constant

symbols and at most 15 variables in a single expression. The dataset is constructed by reversely

applying the human-defined simplification rules, so the target expression in the dataset might
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not be in the simplest form. Also because of HISS is an unsupervised method, only the longer

expressions from each pair are used for training.

Training & Inference In this experiment, HISS is trained with both stages of curriculum

learning. The first stage is trained on the moderately short expressions from the Traverse

Equivalence dataset, whose configuration follows that in section 6.5.2. The second stage is

trained on the Halide training set in an unsupervised manner. More details can be found in

Section 6.5.5.

Since HISS only simplifies one subtree at a time, while the actual simplification usually

requires sequentially simplifying multiple subtrees, we iteratively invoke the HISS procedure for

both training and inference, as in [26]. Table 6.3 shows an example of the iterative process. The

iterations terminate when 1) the number of iterations reaches 20; 2) the simplification output

becomes a single node; or 3) the subtree selector assigns small scores (below 0.05) to all subtrees.

Baselines Two baselines are included: 1) Halide [118], which applies Halide predefined

rules; 2) Z3, the simplification function in Z3, a high-performance theorem prover developed by

[39], to perform transformations using the Halide predefined rules. It is worth mentioning that

both baselines have access to the Halide predefined rules that are used to construct the dataset,

which gives them an advantage over HISS.

Metrics Expression length reduction and tree size reduction are applied as the metrics.

Results Figure 6.3 shows the performance of HISS compared with the baselines. As

can be seen, HISS outperforms both Halide and Z3 in both metrics. This result is quite non-

trivial because the Halide dataset is built exclusively from the Halide’s ruleset, to which both

baseline algorithms have access. Therefore, this result implies that even for expressions that

are specifically designed to be simplified by a set of predefined rules, they can still be further

simplified by rules that are outside of the set.
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6.5.4 Simplification Process Analysis

In this subsection, we will provide an in-depth analysis of the simplification process of

HISS and Halide, which can explain why human-predefined rules can be insufficient, and how

HISS can exceed the limit of human-predefined rules.

Example Simplification Rules To start with, table 6.2 lists some example simplification

rules learned by HISS . For each example rule, the corresponding human-predefined rule in

Halide is also listed if available. There are two observations. First, HISS is able to learn the most

fundamental axiomatic identities such as the inverse relationship between plus and minus, and

between multiplication and division, most of which can be matched with the human-predefined

rules in Halide. Second and more importantly, HISS can also uncover some more complicated

rules that have no matches in Halide, nor could be equivalently derived from any composition

of the rules in Halide. A close inspection into these rules reveals that these rules, despite their

complexity, are still very fundamental, and therefore the failure to include these rules is expected

to impact the simplification performance. In addition to these fundamental rules, HISS is also

able to find some involved but interesting rules, which are listed in table 6.4 and discussed in

Section 6.5.7.

Example Simplification Traces. To illustrate how the completeness of the rules can

impact on the simplification performance, table 6.3 compares the simplification traces of Halide

and HISS for the following expression

(((((144 - (v0*72))/2)*2) + 4) ≤ ((150 - (v0*72))/4)*4) (6.10)

For Halide, each step represents the process of applying one Halide predefined rule to simplify

the expression. For HISS, each step represents one simplification iteration. As each step, the

subtree that is chosen for simplification for the next step is marked with box, unless the entire

expression is chosen. As can be seen, HISS follows some reasonable steps to trim the constants
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Table 6.3. Simplification process of HISS (upper) and Halide (lower) on Equation 6.10. The
subtrees selected for simplification in the next iteration are marked in bold unless the entire tree
is selected.

Step HISS
0 (((((144 - (v0*72))/2)*2) + 4) ≤ ((150 - (v0*72))/4)*4)
1 (((((144 - (v0*72))/2)*2) + 4) ≤ (150 - (v0*72)))

2 (((144 - (v0*72)) + 4) ≤ (150 - (v0*72))

3 ((144 - (v0*72)) ≤ (146 - (v0*72)))

4 (((v0*72) -(v0*72)) ≤ 2

5 0 ≤ 2

6 True

Step Halide
0 (((((144 - (v0*72))/2)*2) + 4) ≤ ((150 - (v0*72))/4)*4)
1 ((((72 - (v0*36))*2) + 4) ≤ (((150 - (v0*72))/4)*4))

2 ((((72 - (v0*36))*2) + 4) ≤ ((37.5 - (v0*18))*4))

3 !((37.5 - (v0*18))*4)) < ((((72 - (v0*36))*2) + 4)

and eliminates v0, but Halide gets stuck after some trivial constant reduction. The reason for

this failure is there are no such rules as (((c0− (v0∗ c1))/c2)∗ c2 7→ c0− (v0∗ c1) or x+ y 7→ y+ x

or (x+ y)∗ z 7→ x∗ z+ y∗ z in the Halide ruleset. Of course, one can fix this problem one time by

appending the aforementioned rules to the ruleset, but this does not fundamentally solve the

problem because one would never be able to exhaustively list all the possible rules needed for

simplification in the ruleset.

Why Subtree Selector Matters. Table 6.3 also illustrates why the subtree selector is an

integral part of HISS. In many reduction steps, only a subexpression is simplified (as boxed).

Without the subtree selector, the decoder of HISS would have to process the entire expression

only to simplify the subexpression, which makes it hard to effectively learn via reinforcement

learning. For more analysis on the effect of the subtree selector, please refer to Section 6.5.9.
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6.5.5 Training and Inference

As mentioned, the training for section 6.5.2 involves only the first stage in the curriculum

learning, whereas the training for section 6.5.3 involves both stages in the curriculum learning.

Below are the details regarding the training and inference schemes.

Training Iterations For the stage-one training in both experiments, we apply an identical

setting, where the encoder-decoder model is trained for 10 epochs (90,000 steps). The model

with the highest hit rate on the validation set is selected for evaluation in section 6.5.2 as well as

for the stage-two training of the curriculum. The stage-two training takes two weeks to train the

HISS for full simplification pipeline on RTX 2080 for 40 epochs (400k steps).

Beam Search The beam search algorithm is performed as follows. In the beginning, the

top k choices of the root node with the highest probability are decoded. Then for each choice

of root node value, the next step would be to decode the top k choices of each child node of

the root node. Since the decoding processes of different child nodes of the same parent node

are independent, we then perform the Cartesian product of all the k choices for each node at

the current step, and preserve the top k combinations with the highest probability. Repeating

this way, at step t, beam search decodes k highest probability tree up to depth t. Finally, top s

(s < k) expressions are backtracked and used to estimate the expected reward of the model. The

probability of beam search decoded expression is re-normalized according to [17]. In all the

experiments, we set beam size k = 20 and s = 20.

6.5.6 Attention Visualization

To understand the attention mechanism, we visualize the attention to the input sequence

shown in figure 6.4. We find that when decoding an operator, the attention tends to be flat (with

a few exceptions in the right two figures), because it needs to understand the overall logic. This

is different from machine translation or summarization, where the output attention of a single

word is usually focused on several input tokens. On the other hand, when decoding a variable,
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Figure 6.4. Attention weights on the input sequences for each token decoded. The x-axis shows
the output sequence, and the y-axis shows the input sequence. Tokens are re-arranged in the
natural order for better visualization.

the model attends sharply to the corresponding variable in the input.

6.5.7 Examples of Involved Simplification Rules

In order to further appreciate the ability of HISS in finding equivalence, in addition to

the rules listed is table 6.2, we list some simplification rules discovered by HISS on randomly

generated expressions that are more involved in table 6.4. In fact, it takes the authors quite a

while to figure out the equivalence. These rules are hardly useful in practice because no humans

will code in this way, but it is a vivid illustration of the advantage of HISS in finding powerful

simplifications beyond human knowledge.
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Table 6.4. Involved simplification rules discovered by HISS.

Input Output
(!true)< (y−1) !(true ≥ y)
(y− true)||(y ≥ true) true
max(z,1)≥ (false||x) true
(1− z)≥ (z−1) 1 ≥ z
min(x, true)&&(z/2) x&&z
1− (1 < x) 1 ≥ x
select(z,z, true) == select(z, false, true) !z
(x∗ y)&&true y&&x
(y+1)> (y&&2) y ≥ 0

Table 6.5. Mean and standard deviation of the performance metrics among random initialization.
The experiment setting is the same as in section 6.5.2.

Sampling Parameter
5 10 15 20

Hit Rate 0.391 ± 0.013 0.391 ± 0.009 0.406 ± 0.014 0.406 ± 0.014
Expression Length Reduction 2.250 ± 0.172 2.250 ± 0.140 2.578 ± 0.242 2.578 ± 0.242
Tree Size Reduction 1.078 ± 0.077 1.078 ± 0.069 1.219 ± 0.114 1.219± 0.114

6.5.8 Robustness Against Random Initialization

To assess if the performance of HISS is robust to random model initialization, we perform

the same experiment in section 6.5.2 eight times with different random initialization and compute

the mean and standard deviation of the three metrics, which are shown in table 6.5. Compared

to the absolute value of the mean, the standard deviation is very small, which shows that the

random initialization has a minor influence on the performance of HISS.

6.5.9 Ablation Studies

In this section, we introduce a set of ablation studies that investigate the significance of

the major components of HISS in terms of contribution to performance. The major components

of interest are the subtree embedding similarity loss as in Equation (6.9), the subtree selector as

introduced in section 6.3.3, and the tree-LSTM encoder-decoder architecture as in sections 6.3.2

and 6.3.4.
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Figure 6.5. Performance of different variants of HISS on the Halide dataset.

As an overview, figure 6.5 compares the performance between HISS and the following

variants of HISS on the Halide dataset.

• No-Embed-Loss: The original HISS trained without the subtree embedding similarity

loss.

• No-Selector: The original HISS without the subtree selector.

• Linear-LSTM: The Tree-LSTM structure is removed and a simple linear-LSTM is used

instead. The embedding loss as well as the subtree selector are no longer applicable and therefore

also removed.

Other than the variations aforementioned, all the experiment settings are identical to the

experiment in section 6.5.3. As can be seen in figure 6.5, without training with the embedding

similarity loss or the subtree selector, the performance is significantly compromised. Furthermore,

removing the tree-LSTM structure leads to almost a complete failure. The subsequent subsections

further investigate why each of these modules has such a significant impact on the performance

respectively.
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Figure 6.6. Evaluation of similarity of the embeddings of equivalent expressions.

6.5.10 Subtree Embedding Similarity

We would like to investigate the specific effects that introducing the embedding similarity

loss brings.

The direct goal of the embedding similarity loss is to better cluster the embeddings whose

corresponding expressions are equivalent. Therefore, we would like to first check if this direct

goal is achieved. To evaluate this, in the experiment described in section 6.5.2, we select the six

most-populated subsets of equivalent expressions in the test set and evaluate the similarity of
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the embeddings computed by HISS in two ways. First, the embeddings are further projected to

two-dimensional space using t-SNE [102], which forms a scatter plot as in Figure 6.6(a-1). The

points corresponding to equivalent expressions are shown in the same color. As can be seen,

the embeddings equivalent expressions are highly clustered. Notice that this result is on the

low-dimensional projection of the embedding. To better evaluate their similarity in the original

space, we compare their inter- and intra-subset distances. The inter-/intra-subset distance of a

subset is defined as the Euclidean distance between the centroid of the subset and the samples

outside/within the subset. Figure 6.6(a-2) illustrates the box plot of these distances. Left plots

((a-1) and (b-1)) are scatter plots of embeddings projected onto two-dimensional space using

t-SNE. Points corresponding to equivalent expressions are shown in the same color. The bars

in the box represent 25%, 50% and 75% quartile values. The line intervals denote the 1.5

interquartile range (IQR) beyond the quartile values. The dots represent the extreme values. As

shown, there is a significant difference between intra- and inter-subset distances. Except for the

first subset, the quartile intervals are well separated.

Figure 6.6(b-1) and (b-2) show the same plots on the No-Embed-Loss model, i.e. the
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HISS variant that is trained without the embedding similarity loss. As can be seen, the scatter

points are apparently less well-clustered, and the difference between inter- and intra-subset

distances, although still exists, is smaller. Therefore, we can draw two conclusions. First, even

without the embedding similarity loss, HISS is still able to learn embeddings that are somewhat

clustered according to equivalence, which shows the goal of finding equivalent expressions

roughly aligns with the need to cluster the embedding based on the expression equivalence.

Second, the embedding similarity loss can improve embedding clustering.

However, what we are more interested in is why an improved clustering of the embeddings

would lead to a significant performance gain. To answer this question, figure 6.7 compares the

average reward as a function of training epoch of HISS and its variant without the embedding

similarity loss, which gives us some very interesting insights. Notice that despite their initial

difference, which is due to the random initialization, both reward curves reach the same plateau

at around epoch seven, where they both become stagnant for a while. However, with the help of

embedding similarity loss, HISS is finally able to escape from the plateau and reach a higher

reward level, whereas the one without the embedding similarity loss gets trapped in the plateau.

This result suggests that the embedding similarity loss provides an extra training signal to address

the convergence issue of REINFORCE.

6.5.11 Subtree Selector

We have already demonstrated the inner-workings of the subtree selector in section 6.5.4

and shown in figure 6.5 that subtree selector is indispensable for the good performance of

HISS. Here we would like to intuitively explain why this is the case. Table 6.6 compares the

simplification traces of HISS with and without the subtree selector on the following expression

((v1+v2)-7)≤(((((max(v1,16)+18)/8)*8)+(v1+v2))-27) (6.11)

As can be seen, HISS with the subtree selector can first offset the ‘*8’ and ‘/8’ terms
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Table 6.6. Simplification traces of HISS with and without the subtree selector on Equation (6.11).
The subexpressions selected by the subtree selector are boxed, unless the entire expression is
chosen.

Step HISS with the Subtree Selector
0 ((v1+v2)-7)≤((( ((max(v1,16)+18)/8)*8) +(v1+v2))-27)

1 ((v1+v2)-7)≤(((max(v1,16)+18)+(v1+v2))-27)

2 (v1+v2)≤(((max(v1,16)+18)+(v1+v2))-20)

Step HISS without the Subtree Selector
0 ((v1+v2)-7)≤(((((max(v1,16)+18)/8)*8)+(v1+v2))-27)

1 (v1+v2)≤(((((max(v1,16)+18)/8)*8)+(v1+v2))-20)

Table 6.7. Output sequences of Linear-LSTM trained on Traverse Equivalence dataset

Linear-LSTM with only equivalence reward
Input Output

max(v1 + v0, v2 + v0) [’,’, ’c8’, ’2’, ’2’, ’1’, ’v9’, ’,’, ’c8’, ’2’, ’2’]
min(min(v2, v0 + v1), v0 + v3) [’,’, ’c9’, ’c9’, ’c9’, ’c9’, ’2’, ’2’, ’1’, ’,’, ’c9’]

(v0 &&(v2||v1))||v1 [’,’, ’c8’, ’2’, ’2’, ’1’, ’,’, ’c9’, ’c9’, ’c9’, ’2’]
Linear-LSTM trained with equivalence and valid expression reward

Input Output
min(v2, v0 + v1) - v1 [’v1’]

v1||(v0||v1) [’c0’]
v0 - min(v2, v0 + v1) [’2’, ’≥’, ’v0’]

in the subexpression ((max(v1,16)+18)/8)*8), before it applies the cancellation rule to merge

the constants ‘-7’ and ‘-27’. On the other hand, HISS without the subtree selector is unable to

identify the reducible subexpression, and so it only applies the cancellation rule. This result

shows that the reason why the subtree selector helps is that it can thoroughly check on each

subexpression, and therefore contributes to a better simplification. Without the subtree selector,

the algorithm is prone to overlook some small subexpressions that are reducible.

6.5.12 Tree LSTM v.s. Linear LSTM

We can see the conspicuous disadvantage of the Linear-LSTM model from figure 6.5.

To illustrate the fundamental issue with the Linear-LSTM model, we sampled some output
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of the model trained on the Traverse Equivalence dataset, listed in table 6.7. The model was

trained with REINFORCE for 200k steps, with two different reward settings: 1) the equivalence

reward as in Equation 6.8; 2) the equivalence reward plus a valid expression reward, which is an

additional reward of 0.1 if the decoded sequence is syntactically correct.

As can be seen in table 6.7, when trained with only the equivalence reward, the linear

decoder is unable to decode even a valid expression, not to mention generating an equivalent

expression to the input. So the linear decoder could hardly converge and learn useful information

from reward, which was almost always a negative constant. As a remedy, we can add a valid

expression reward to guide the linear LSTM to generate valid expressions. However, as can

be observed in table 6.7, under this additional reward, the model would overfit this reward by

only generating short valid expressions, which are not equivalent to the input. This is because

short expressions contain only one variable or constant have a higher generation probability than

longer valid expressions. During the training, whenever the model happens to generate a single

expression, it was rewarded a positive valid expression reward. So the behavior of generating

only a single constant or variable is strengthened. Still, the probability that a random variable

was equivalent to the input expression, is small, and therefore the model can hardly be guided by

equivalence reward, but focuses only on generating short but valid expressions.

This experiment demonstrates the advantage of using the tree LSTM, which is guaranteed

to generate syntactically correct, and which has a much higher probability of hitting an equivalent

expression. Therefore, the tree LSTM can be much better guided by the equivalence reward.

6.6 Conclusions

We presented HISS as a symbolic expression simplification algorithm that is independent

of human knowledge. We demonstrated that removing the dependence on humans is advanta-

geous for this task because machines can autonomously figure out rewrite rules that humans

fail to discover, and thus achieve comparably well simplification results. We also showed that
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we are one step closer to finding an equivalence-preserving embedding for symbolic expres-

sions. Although HISS has achieved promising results, there is still much room for improvement.

Although HISS has adopted several techniques to reduce the complexity of the search space,

learning simplification rules on very long expressions is still challenging, which calls for the

exploration of more efficient reinforcement learning algorithms as a future research direction.
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Chapter 7

Training and Searching

Symbolic neural methods usually require heightened cautiousness in training and cooper-

ation with specialized searching methods. In Section 2.1, several neural symbolic paradigms

require direct interaction with symbolic systems. The interaction has two direct impacts: 1) the

end-to-end supervised training method might be infeasible because many symbolic systems are

non-differentiable, and either the intermediate labels are required to supervise the actions or the

reinforcement learning is used; and 2) consequentially, the searching method is usually used to

obtain the intermediate labels semi- or fully automatically, and to sample multiple actions in

the reinforcement learning. In this chapter, the training methods are compared to illustrate the

common techniques in handling different types of neural symbolic methods according to the

label availability. Then the searching algorithm to aid the training of HISS is detailed.

7.1 Training Paradigms

The training of a neural symbolic AI is nontrivial. In the Chapter 3, two approaches

to improve the models’ performance on understanding the structured input are identified: 1)

supervise the model with intermediate labels; 2) control the model complexity, e.g. by modular-

izing the neural networks and parameter sharing. Previous chapters focused on the design of

neural architectures: CCNN learns the collapsed interpolation and convolution kernel from the

non-uniform time series, and its output defines a parameterized temporal point process, which
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later predicts the expected time interval to the next event; MIP learns the users multiple interest

vectors and their preference weight by two neural modules and a clustering algorithm; HISS

simplifies the mathematical expressions progressively with an encoder, a sub-expression selector,

and a decoder that simplifies the sub-expression. The training techniques are equally crucial

as the neural architecture design in fulfilling these tasks. Depending on the neural symbolic

interaction approaches and label availability, the training can have the following conditions:

• When the label to the neural network output presents, the training is conducted in super-

vised learning manner.

• In symbolic neuro symbolic and neuro:symbolic→neuro approaches, usually the label

is available, and the training is supervised learning.

• With neuro|symbolic approaches, where the label is the output of the symbolic system,

it’s a weakly supervised problem. If the symbolic system is differentiable, the neural

network can be trained end-to-end by supervised learning. However, usually the symbolic

system is non-differentiable. In simple tasks where the input action space to symbolic

systems is small, directly training with reinforcement learning is feasible. Otherwise, the

randomly sampling can not efficiently discover any plausible sample from the action space,

and consequently the reinforcement learning progress would be protracted. A common

alleviation is to divide the action space and to supervise with heuristic loss functions. For

example, in the table question answering task, Herzig et al. [61] distinguishes two different

types of answers, and proposed heuristic loss functions to supervise the selection of the

table columns.

• With neuro|symbolic approaches, where the label is the output of the neural network and

the input to the symbolic system, it’s a strongly supervised problem, and its training is the

same as in the symbolic neuro symbolic approaches.

• In neuro[symbolic] approach, the neural network calls the symbolic system with its
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intermediate output, and receives the output of symbolic system for further computation.

In some scenarios, the neural network’s output to the symbolic system can be supervised

by reinforcement learning, e.g. discrete actions. The training problem becomes a multi-

step reinforcement learning. In other cases, the interaction between neural network and

symbolic systems is hard to sample, e.g. in MIP the neural network invokes a clustering

algorithm with its output vectors as input to the clustering algorithm, then one way to

training is to substitutes the symbolic system with a differentiable alternative in the initial

stage of the training.

• Similarly, in the symbolic[neuro] approach, the problem is multi-step reinforcement

learning in general, owing to the interactive nature. The advantage comparing to the

neuro[symbolic] approach is that since symbolic system invokes neural network, the inter-

mediate steps are more interpretable, and designing reward function for the intermediate

status can greatly alleviate the gradient sparsity problem in the multi-step reinforcement

learning.

Meanwhile, when label of the actions are absent and the action space of the neural-

symbolic interaction is searchable, there’s always a design choice. One option is to search the

action space and obtain a set of noisy labels and then to train with supervised learning. Another

option is to randomly sampling from the action space, according to the probabilistic distribution

that is defined by the neural network output, and train with reinforcement learning. There is also

a hybrid approach that whenever the sampling finds a plausible action, the action is buffered and

replayed in the future training process.

In the following of this section, the training methods of CCNN, MIP and HISS are

compared and explained.
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7.1.1 CCNN with Temporal Point Process: Differentiable Symbolic
Front-End

CCNN exhibits two neural symbolic design: the auto-regression setting leverages a

symbolic neuro symbolic approach, and the event interval prediction is neural|symbolic. Dis-

cussed above, the symbolic system is usually non-differentiable and thus the reinforcement

learning is used. Fortunately, the generic temporal point process is defined fully differentiable.

In Equation 5.12, the probability density function of historical embedding hi−1, time passed

t − ti−1, and learnable parameters vvv,w,b is given by:

f ∗(t) = exp
(

vvvhhhi−1 +w(t − ti−1)+b

+
1
w

(
exp(vvvhhh j−1 +b)− exp(vvvhhh j−1 +w(t − t j−1)+b)

))
.

(7.1)

In inference, the interval to the next event is predicted by computing the expectation

of f ∗(t), Et−ti−1( f ∗(t − ti−t)) numerically. Since the expectation computation would block the

gradients if CCNN is trained by mean square error loss of the computed expectation and the

actual intervals, in the training, the objective is to maximizing the probability density of the true

interval:

Lt pp =−log( f ∗(ti)) (7.2)

Then the gradients of the loss can be back propagated to the CCNN, and the training

is end-to-end supervised learning. Figure 7.1 summarized the training and inference mode of

CCNN with TPP front-end.

7.1.2 MIP with Clustering Algorithm: Two-Stage Training

The MIP architecture leverages a clustering algorithm to 1) select the multiple interest

embeddings from the output of the self-attention module by cluster assignment and the temporal
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Figure 7.1. CCNN with temporal point process front-end. Dashed arrows show the gradient
back propagation. Gray blocks shows the inference mode.

recentness; and 2) select the input to the cluster weight module. Despite the clustering algorithm

is non-differentiable, it doesn’t blocks the gradient back propagation since its output acts only as

the index to select and the output of index selection is the output of neural networks. Therefore,

the MIP can be trained end-to-end from scratch.

The training from scratch faces convergence difficulty with the meta data is absent in the

dataset. The rationale of the MIP architecture is that the multi-interest user embedding modules

(item encoding and multi-head self-attention modules) can learn the cluster representation, then

the clustering algorithm selects the most recent cluster representations, finally the cluster weight

is computed based on the cluster vector and the temporal pattern inside this cluster. Meanwhile,

the clustering algorithm groups vectors based on the spatial affinity. Imagine at the early stage

of the training, the item encoding are randomly initialized, and the multi-head self-attention

outputs are also less meaningful. Consequentially, the clustering assignment is highly noisy and

the clustering weight module might generate meaningless random weights to the interests. It’s

reasonable to assume that the cluster weight module may start to converge after the multi-interest

user embedding reaches a plateau, otherwise it’s input is always highly noisy. The different

convergence speed causes the overall convergence hardship. Intuitively, when the loss encourages

higher score for a positive item, it encourages either higher weights or higher similarity of the

interest embedding and the target item embedding. The noisy weights can distract the training of

interest embeddings.

Therefore, a two-stage training strategy is adopted to enhance the model performance. In

the first stage, the cluster weights are fixed to be 1, and only the multi-interest user embedding

module is trained. After a few epochs, when the item encoding tends to converge, the cluster
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weight module is unfrozen and all parameters are trained until convergence.

Table 7.1 summarizes the model performance of two-stage training vs. joint training

(end-to-end training from scratch), and it’s clearly seen that this strategy is working really well

in practice. This maneuver in the MIP training potentially can benefit the implementation of

similar models.

Multi-head 
Self- Attention

Item Encoding

𝑀𝑢𝑙𝑡𝑖𝑝𝑙𝑒	𝑖𝑛𝑡𝑒𝑟𝑒𝑠𝑡	𝑒𝑚𝑏𝑠.

𝑇𝑖𝑚𝑒𝑠𝑡𝑎𝑚𝑝𝑠𝐼𝑡𝑒𝑚	𝐼𝐷𝑠

𝑠𝑐𝑜𝑟𝑒 = max
9
(𝑤 ∗ (𝑒9 ⋅ 𝑝))𝑒9𝑤9

𝑤9=1

Select by Index

(a) Training stage 1: cluster algorithm and cluster weight module is disabled.

Cluster Weight 

Item Encoding

𝑀𝑢𝑙𝑡𝑖𝑝𝑙𝑒	𝑖𝑛𝑡𝑒𝑟𝑒𝑠𝑡	𝑒𝑚𝑏𝑠.

Clustering

𝑇𝑖𝑚𝑒𝑠𝑡𝑎𝑚𝑝𝑠𝐼𝑡𝑒𝑚	𝐼𝐷𝑠

𝑠𝑐𝑜𝑟𝑒 = max
9
(𝑤 ∗ (𝑒9 ⋅ 𝑝))𝑒9𝑤9mask mask

Multi-head 
Self- Attention

Select by Index

(b) Training stage 2: full pipeline is trained.

Figure 7.2. Simplified MIP architecture and training strategy when meta data is absent. Dotted
lines show the gradients flow.

7.1.3 HISS with Symbolic Equivalence Checker: Curriculum Training

The proposed HISS is trained fully without label, i.e., given the input expression, the

model knows neither the ultimate simplified equivalent form of the expression, nor the intermedi-

ate steps. Even at the early phase of the training, the model barely sees any equivalent expression
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Table 7.1. Comparison of training strategy and the performance of MIP. The columns Epoch
shows the training epochs when the best validation AUC is achieved.

MIP
Model

Amazon Taobao MovieLens
Epoch AUC recall@50 Epoch AUC recall@50 Epoch AUC recall@50

First stage 22 0.731 0.667 4 0.821 0.749 34 0.960 0.901
Second stage 6 0.806 0.789 4 0.885 0.884 6 0.930 0.933
Joint training 18 0.576 0.570 28 0.803 0.802 14 0.924 0.937

HISS

Module 1
Tree 

Encoder

Module 2
Subtree 
Selector

Module 3
Tree 

DecoderLong expressions Short expressions

Symbolic Equivalence Checker

Figure 7.3. Overview of HISS framework.

pairs. Therefore, the training of the HISS is extremely hard and might take plenty machine hours

to converge.

Similar to MIP, HISS has multiple cascaded component that one’s output is another

components’ input, and training them simultaneously could be in vain. However, in the Halide

dataset, the input expressions are long and unlabeled, it’s unreasonable to either disable the

subtree selector or the tree decoder: if the subtree selector is removed, it’s hard for decoder to

find a long equivalent form owing to the gigantic space, so it will only guess the short answers

without knowing the mechanism and fails to generalize; if tree decoder is removed, to check if

there’s an equivalent shorter expression of the selected subtree, the searching space is vast as

well. Consequently, an elementary set of training data is need to pretrain the HISS model.

The elementary dataset is created to train a simplified pipeline without subtree selector,

therefore the input in the dataset should be short enough to be directly simplified by the tree

decoder. Given the Halide IR grammar in Table 7.2, all the short expressions (tree size less than
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4) are generated. Then the short expressions are examined by whether they have a shorter form

equivalence, if so, both the expression and its simplest equivalence are paired and recorded in

the elementary dataset. In process of searching the expression is detailed in the Section 7.2.

The result dataset is used to train the tree encoder and tree decoder end-to-end in a

supervised manner. After the tree encoder and decoder are trained and their parameters stabilized,

the subtree selector is activated and trained together on the Halide dataset. On the second phase,

since the Halide dataset has long expressions with no intermediate label, the training is standard

REINFORCE. Recall from Equation 6.8, the reward of the reinforcement learning is given by:

R(TI,TO) = γ
card(TO) if TI ≡ TO, −βγ

card(TO) otherwise, (7.3)

Note that to receive a positive reward, the decoder generated expression must be tested to

be equivalent to the selected subtree. At the same time, the subtree selector need to pick up a

redundant subtree, which also need to be small enough for decoder to simplify, and the decoder

has to generate an equivalent one. It’s totally possible that the subtree selector finds a qualified

one, but the decoder fails to generate the equivalent, and consequently, both of them receives

negative reward. To avoid this noise, the beam search is applied on the decoding phase and as

long as one of the top-K results is tested equivalence, the positive reward is given.

Table 7.2. The Halide intermediate representation (IR) domain specific language (DSL). The
operations of tensors are not included.

Unary Operators U := !, -
Binary Operators B := min, max, ≥, ≤, <, >, ==, ̸=, +, -, *, /, &&, ||

Ternary Operators T := select
Constants C := 0, 1, 2, True, False
Variables V := v0, v1, ..., v14

Term S := E | C | V
Expression E := (U S) | (B S1 S2) | (T S1 S2 S3)
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7.2 Searching.

Searching are leveraged in order to help with the cold start challenge: the model has

never seen a equivalent pair of expression, so it hardly possible to generate an equivalence and

receives a reward.

Table 6.1 shows the vocabulary of Halide syntax, which is used to construct the traverse

equivalence dataset. As there are 14 binary operators, 1 unary operator, and 1 ternary operator,

the total number of different expressions of depth two would be over 50k, and the number of

different expressions of depth three is over 1.25e+14. However, the rule of thumb is that the

simplification is most possible when there are some variables repeatedly appear in the expression,

for example, (x+ y)− x 7→ y while (x+ z)+ y could not be simplified. Therefore, we constraint

the enumeration of expression to only 16 operators, 5 constants, and the first three variables (v0,

v1, v2). As a result, roughly 3 billion expressions are enumerated.

To check whether an expression could be simplified in this plethora of possible candidates,

we adopted the FingerPrint method [71]. The idea is that equivalent expressions should produce

the same output under the same set of input. Initially, n sets of random value assignment to

all variables are generated, and the fingerprint of an expression is defined as the tuple of the

corresponding n output given the assignment. According to the fingerprint, expressions with

exactly n (n = 4 in our case) same results are grouped into a shard. It can be implied that any

equivalent expressions must be in the same shard. Thus, the shards could be processed in parallel.

It is highly possible that the initial assignment would lead to an extremely large shard. Therefore,

when processing each shard, we repetitively compute new fingerprints until the shard breaks into

small shards containing fewer than 5,000 expressions. Then, we use probabilistic testing on each

pair of expressions from the same shard to determine whether the expression pair is equivalent.

For each expression pair that is equivalent, the longer expression is labeled as reducible. After

all the pairs are tested, all the expressions that are labeled as reducible are retained, and the rest

are removed.
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Further, it is obvious that if an expression could be simplified, the longer expression

containing it could also be simplified. So if an expression contains a subexpression that could be

simplified, then this expression does not represent the minimal sequence of this simplification and

is removed from the dataset as well. After the FingerPrint method and the minimality checking,

we obtain approximately 20,000 equivalent expression pairs, from which 1,500 samples are

randomly sampled and further split into training, testing, and validation set with a ratio of 6:2:2.
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Chapter 8

Integration

Chapter 7 shows that the interaction pattern between neural networks and symbolic

system, together with whether the symbolic system is differentiable, determines the training

method of the neural symbolic system. Similarly, the interaction pattern also directly translate to

the integration paradigm of the neural neural network in the system.

8.1 Single-Interaction System

In the neural symbolic systems presented, most of them have a clear interface with the

system: CCNN predicts the parameters to the temporal point process model, which further

forecasts the time interval to the future event by computing the expectation. In MIP, the neural

network interacts with the clustering method by feeding the hidden states and receives the cluster

assignment, on the other hand the final output of MIP will be sent to efficient adjacency-based

retriever to generate the candidate items.

8.2 Multi-Interaction System: HISS

In HISS , the entire pipeline requires multi-point interactions between neural network

and symbolic systems. Figure 8.1 illustrate the four-tier simplification process. On the top-level

a iteration controller decides the number of iterations needed. In each iteration, the direct layer

is the expression transformation utilities that prepares the expression or sub-expressions in the
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Figure 8.1. HISS system in expression simplification.

format that is easy for neural network to encode and decode and for learned rule set to directly

apply. Below lies the neural network layer consist of tree encoder, sub-tree selector, and tree

decoder. The most back-end is the learned rule set and the equivalence verifier.

8.2.1 Iteration Controller

In the categorization of Figure 2.1, HISS is a symbolic[neuro] method, where the high

level control is the symbolic system, and the neural network is sub-routine in the entire system.

On the top level, the following rules are controlling the termination of the process: 1) expression

is reduced to a single variable or constant; 2) subtree selector assigns low scores to all subtrees;

3) maximum number of iteration reached. Inside the iterations, a few symbolic methods are

applied interleaving with the tree encoder, sub-tree selector and the tree decoder.

8.2.2 Expression Transformation Layer

Variable Normalization is the process of re-naming the variables and constants in each

expression. The normalized names use the cardinal order of the occurrence of each variable
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and constants as the subscript of the variable and constant identifier. A look-up table is built

to recover the original variable names and constant values after the decoding phase. In each

iteration, the variable normalization happens twice: on the entire tree before feeding into the

tree encoder, and on the subtree selected. The rationale is that both tree encoder and decoder

might be confused with various variable names, since the variable names are just meaningless

symbols. Note that the special constants are not normalized, i.e., 0, 1, True, and False, because

these constants usually cause the subtree containing them being reducible.

Constant Folding Since the Halide dataset contains a large number of constant values,

we apply a technique called constant folding to both stage-two training and inference of HISS as

well as to all other baselines. Specifically, once the expression is rewritten by the neural network

in the symbolic domain, it will be checked if all the leaf nodes in the subtree are constant. If so,

the expression is executed and replaced by a new single node with the execution result. Constant

folding is applied in both training and inference.

Common Sub-expression Folding is a technique that examines if there are multiple

occurrence of the same sub-expression in the entire expression, if there are, replace the sub-

expression with an identifier. When common sub-expression presents, the iteration attempts

thrice: 1) simplify the expression after common sub-expression folding; 2) simplify the common

sub-expression; 3) if the previous two attempts fails, simplify the original expression. For

instance, in the example in Table 6.3, the sub-expression (v0∗72) in (((((144− (v0∗72))/2)∗

2)+4) ≤ ((150− (v0∗72))/4)∗4) can be replaced with a single identifier to reduce the tree

depth by 1, which is non-trivially easier for the tree encoder and tree decoder. In another

case, for example, if the original expression is ((144− ((((v0 ∗ 72)/2) ∗ 2) + 4)) ≤ (150−

((((v0∗72)/2)∗2)))) and the common sub-expression (((v0∗72)/2)∗2) can be simplified to

(v0∗72), thus all the common sub-expression will be replace in the one run. In the worst case,

the reducible part of the original expression can not be handled in the previous two cases, e.g.

((144−((((v0∗72)/2)∗2)+4))≤ (150−((((v0∗72)/2)∗5)))), if the common sub-expression

folding is performed, the new expression ((144− ((E0∗2)+4))≤ (150− (E0∗5))), though
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Figure 8.2. Expression transformation techniques.

still reducible, but the E0∗2 can not be reduced.

8.2.3 Verification and Knowledge Base

Knowledge base A knowledge base, i.e. set of transformation rules, is built along the

training and online process. Owing to the searching cost of the decoder and the testing cost for

verifying the equivalent rewrite rules, once a equivalent pair is found, it’s archived in the rule set.

The rule set serves as a shortcut for the tree decoder: the subtree selected sub-expression is first

tried to be reduced by the rule set, if there’s no existing rule, the tree decoder will explore the

new rules.

Equivalence verifier The equivalence of two expressions is examined by probabilistic

test as proposed in [104]. Each test has 1000 iterations in which the all variables in two

expressions are instantiated with values. In which variable value assignment, the same variables

in the two expression receives same value. An iteration is passed if the outcomes from two

expressions are the same, considering the computation tolerance of 10−7 if both results have
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float data type. A failed iteration ceases the test and report inequivalent result. The test starts with

common values, e.g., [-1, 1, 0, True, False], for variable assignment, and after the enumeration

of common value combinations, the assigned values are sampled from normal distribution

N (0,1024) if the data type is non-Boolean, and sampled from [True, False] with fifty-fifty

chance for Boolean variables.

8.2.4 Conclusion

In conclusion, the integration with the existing compiler functionalities is pivotal for

HISS to handle complicated long expressions.
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Chapter 9

Conclusions

9.1 Summary

In summary, motivated by the failures that neural networks by themselves could not well

generalize, reason, and handle the tasks with complicated input and output structure, and the long

winded reasoning process, neural symbolic approaches have emerged as a promising avenue for

addressing these shortcomings. In this dissertation, an empirical study confirms and analyzes

the inadequacy of popular sequential models in learning the structure of context-free languages

in the realistic setting, despite that performance of LSTM model can be greatly improved to

the same level as the Transformer networks given additional regularization. Building upon the

analysis, a few neural symbolic applications are presented to illustrate the common techniques

in designing neural architectures, training the models, and integrating to the system, to reflect

the symbolic nature of each application. With the applications, this dissertation showcases the

diverse paradigms of neural symbolic approaches and demonstrates their effectiveness through

these successful instantiations.

The paradigms exemplified in each applications are as follows:

• In CCNN under the auto-regression setting, the symbolic transformation of an interpolation

and convolution is performed inherently by the neural network. Therefore, it demonstrates

the symbolic neuro symbolic paradigm.

153



• When connecting CCNN with a parameterized temporal point process, the output of the

neural network serves as the input to the exterior symbolic system. In the inference phase,

the entire pipeline generates the time interval prediction by taking expectation from the

probability density function jointly defined by the temporal point process and the neural

network output, other than directly from neural network. Thus, the overall paradigm is a

typical neuro|symbolic approach.

• The MIP architecture showcases a simple neural[symbolic] paradigm where the neural

network generates the final outputs, the multiple user interest vectors, while in the middle

of the neural computations, there are some interaction to a non-neuro process of a clustering

algorithm. In this paradigm, it’s crucial to ensure that neural modules before the non-neuro

components could receive the gradients.

• The first stage in the curriculum training of HISS follows the neuro:symbolic → neuro

paradigm. In the data preparation, the enumerator generates the expressions. Then,

combined with fingerprint grouping strategy, the symbolic equivalent tester efficiently

identifies the pairs of equivalent expressions. The expression pairs are used to pre-train the

HISS .

• The full HISS functionality is a symbolic[neuro] approach. The high-level control is a

symbolic program that dynamically activates distinct neural modules based on the specific

scenarios of the simplification process.

Numerous theoretical and empirical evidences have revealed the inherent limitation in the

representation power of neural networks owing to the architecture and the optimization methods.

When the straightforward symbolic neural symbolic approaches reach their performance ceiling,

introducing a symbolic system into the entire pipeline emerges as an efficient and effective way,

besides scaling up neural networks and increasing the amount of training data. Simultaneously,

specialized neural architectures may be necessary to reflect the symbolic nature while maintaining
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Figure 9.1. Neural symbolic AI paradigms instantiated in CCNN, MIP, and HISS models.

the generalization capabilities. With both symbolic system and neural network, the training of the

neural network should be strategic. This dissertation also demonstrated training techniques when

the symbolic system is non-differentiable, including sub-module pre-training (i.e. two-stage

training) and the utilization of reinforcement learning methods.

9.2 Future Works

In this dissertation, CCNN delves into the fundamental problem of the time series

analysis, demonstrating the versatility of its methodology and potential applications in diverse

domains. The CCNN framework can be effectively applied to other tasks. For example, analyzing

social media data to identify trending topics and the dissemination patterns across the internet,

and detect abnormal activities in user-facing systems to enhance cybersecurity. The CCNN’s

capability to capture arbitrary dynamic temporal patterns in the time series makes it well-suited

for those time sensitive applications.

Expanding on the success of MIP in multi-interest user representation and preference

modeling, there are many future directions to work including improvement of the model archi-

tecture and integration with other platform-specific requirements. In the direction of improving
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model architecture, current preference model, a simple feed-forward network, can be replaced

with nuanced sequential models to increase the performance. As preference is predicted for

a specific future time, e.g. assuming the user will visit the system in the next week, and the

preference could be sensitive to the future time window, the preference scores shall be refreshed

every a period of time. To reduce this computation cost, the preference model could potentially

leverage a generic temporal point process to isolate the prediction of TPP parameters with

the prediction based on future time. The parameter-prediction is an one-time computation by

the relatively costly neural network, unless the user’s multi-interest embeddings are updated.

Then with TPP, the preference prediction in future time can be refreshed periodically at trivial

computation cost. In the application side, the preference scores are beneficial for a variety

purpose. The scores suggest portions of each categories when the system recommend a batch of

items to the user. In addition, the score can be post-engineered to combine with promotional

weights for items or categories.

HISS overcomes several prevalent challenges in code understanding and generation, and

it addresses the challenges of a combinatorial optimization problem. Its ability to efficiently

understand the code and decompose the code optimization problem to solve progressively holds

immense potential for general computation optimizations. A promising future work in its

direction lies in extending HISS ’s capacities to optimize general tensor graph computations,

which is fundamental to many machine learning training and serving workloads. HISS also

offers promising application in database query optimization. Crafting optimal query requires

thorough understanding of query execution model, and therefore is challenging to inexperienced

users. HISS , requiring no human supervision and expert knowledge, could learn to transform

the queries to reduce the computation and storage cost and alleviate the problem of inefficient

queries.

Within the broader landscape of neural symbolic system, a preeminent direction is

harnessing the power of large language models (LLMs) to establish the paradigm of LLM-

enabled neural symbolic system. Language models are standalone neural system and themselves
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follows symbolic neuro symbolic paradigm, though their performance in symbolic reasoning are

still compromised despite the gigantic model size and data size. However, the success of LLM

provokes widespread interest to enhance the LLM with symbolic tools. LLMs have undoubtedly

emerged as the most captivating and promising area of research owing to their advantages for

the neural symbolic applications. Pre-trained LLMs have broad prior knowledge in natural

languages, common sense in understanding human-readable documents, programming ability in

a wide spectrum of languages, and zero-shot learning capability in new tasks. Moreover, despite

the accuracy of LLM in reasoning tasks might yet reach human-level accuracy, its improved

performance greatly reduces the searching effort in the multi-action tasks. In this framework, the

LLMs predict intermediate actions and receive result or feedback from a symbolic component,

e.g. a calculator, a compiler, a database, and iterate based on the output of symbolic component,

employing the neuro[symbolic] paradigm.

In addition to LLM-powered neuro[symbolic] approaches, the complementary paradigm

of symbolic[neuro] is poised to make significant impact in real-world applications. Not only

in the specialized domains, like the Go competition and drug discovery, but also in broader

areas such as autonomous vehicles, the advancement steadily propels the vehicles to achieve the

full automation. The nature of symbolic[neuro] allows the system to operate with transparency

and accountability. As we progress towards the future of full automatic driving, ensuring the

reliability and safety of such complex systems becomes paramount. More efforts will be needed

in verification of the behavior of the entire system, so the reliability can be fully evaluated and

supervised by human and the government.

The two direction of neuro[symbolic] and symbolic[neuro] are not mutually exclusive

but rather complementary pathways towards achieving comprehensive artificial intelligence.

While the LLM-enabled neuro[symbolic] AIs excel in applications involving understanding

and interaction with human user in general natural languages, specialized symbolic[neuro]

approaches demonstrate remarkable efficiency and adaptability in addressing specific domain-

centric tasks. When developing user-facing end-to-end AI solutions, a strategic approach involves
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adopting neuro[symbolic] AIs as front-end to triage user needs and direct them to appropriate

domain-specific modules. These domain-specific modules can employ their own symbolic[neuro]

AIs for optimal performance within their respective areas of expertise. The synergistic fusion

of two approaches offers a promising strategy for developing robust, versatile, and efficient AI

solutions.
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