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"[An] important and difficult question...[is] not answered by the approach taken here: the
integration of money in the theory of value..."
------ Gerard Debreu, Theory of Value (1959)

One of the oldest issues in economicsis to explain the use of money, preferably in
elementary terms based on the theory of value. There are contributions extending from
Aristotle's Palitics and Smith's Wealth of Nations to the present. The superiority of
monetary trade to barter explains why monetary trade is efficient but not why monetary
trade is amarket equilibrium. No economic agent can individually decide to monetize;
monetary exchange should be the equilibrium outcome of interaction among optimizing
agents. Money, like written language, is one of the fundamental discoveries of
civilization. Despite the evident superiority of monetary trade, it is puzzling; monetary
trade involves one party to a transaction giving up something desirable (Iabor, his
production, a previous acquisition) for something useless (afiduciary token or a
commonly traded commaodity for which he has no immediate use) in the hope of
advantageoudly retrading it. The foundations of monetary theory should include
elementary economic conditions that allow this paradox to be sustained as an
individually rational market equilibrium. Isthere a (parsimonious) model of an economy
where existence of acommon medium of exchange is aresult of the optimizing behavior
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Equilibrium Theory at Purdue University, Society for the Advancement of Behavioral Economics at San
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University-2001, Federal Reserve Bank of Kansas City, Federal Reserve Bank of Minneapolis, Midwest
Economic Theory Conference at the University of Illinois - Urbana Champaign, University of lowa,
Southern California Economic Theory Conference at UC - Santa Barbara, Midwest M acroeconomics
Conference at University of lowa, University of California - Berkeley, European Workshop on General
Equilibrium Theory at University of Parisl, Society for Economic Dynamics at San Jose Costa Rica,
World Congress of the Econometric Society at University of Washington, Cowles Foundation at Yale
University. Itisa pleasure to acknowledge comments of Henning Bohn, Harold Cole, James Hamilton,
Walter P. Heller, Mukul Majumdar, Harry Markowitz, Herbert Newhouse, Joseph Ostroy, Chris Phelan,
Meenakshi Rajeev, Wendy Shaffer, Bruce Smith, and Max Stinchcombe. Remaining errors are the author's.
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of individual firms and households? Does the price system create money? The solution
proposed in this paper focuses on transaction costs and their scale economies. The
monetary character of trade, use of acommon medium of exchange, is shown to be an
outcome of an economic general equilibrium. Markets are assumed to be segmented® in
trading posts, with a separate budget constraint at each transaction creating demand for a
carrier of value between trading posts. Commaodity money arises endogenously as the
most liquid (lowest transaction cost) asset. Scale economies in transaction cost account
for uniqueness of the (fiat or commodity) money in equilibrium, creating a natural
monopoly. Trading posts using a medium of exchange create a network externality
inducing others adoption of the same medium. Bertrand monetary equilibria (among
competing trading posts) and uniqueness of 'money" are robust to threats of entry.
Government-issued fiat money has a positive equilibrium value from its acceptability for
tax payments (a notion attributable to Adam Smith) and it sustains its natural monopoly
due to the scale of government economic activity.

|. Money in Walrasian General Equilibrium

Consider four commonplace observations on the character of tradein virtually all
€Cconomies:

(i) Tradeis monetary. One side of ailmost all transactions is the economy's
common medium of exchange.

(i) Money is (virtually) unique. Though each economy has a'money' and the
'money’ differs among economies, amost all the transactions in most places most of the
time use a single common medium of exchange.

(iif) 'Money' is government-issued fiat money, trading at a positive value though it
conveysdirectly no utility or production.

(iv) Even transactions displaying a double coincidence of wants are transacted
with money®.

Where economic behavior displays such uniformity, a general e ementary
economic theory should be able to account for the universal usages. But (i), (ii), and (iii)

contradict the implications of africtionless Walrasian general equilibrium model, and
(iv) contradicts the conventional view of the role of money (with regard to the double
coincidence of wants). This essay presents a class of examples with aslight modification
of the Arrow-Debreu general equilibrium model sufficient to derive points (i)-(iv) as
outcomes. In doing so, this essay responds to a challenge expressed by Tobin (1980)

Social institutions like money are public goods ... General equilibrium theory is

not going to explain the institution of a monetary ... common means of payment.

Thus the examples below are intended to show that a general equilibrium model can
explain endogenously from price theory the institution of a common monetary means of
payment’. The price system itself designates 'money’ and guides transactors to trade using

2 The notion of market segmentation is essential to monetization, Alchian (1977).

University of Californiafaculty whose children are enrolled at the University pay feesin money,
not in kind; Ford employees buying a Ford car pay in money, not in kind; Albertson's supermarket checkout
clerks acquiring groceries pay in money, not in kind. This observation suggests that the focus on the
absence of double coincidence of wants --- as distinct from transaction costs--- as an explanation for the
monetization of trade may miss a significant part of the underlying causal mechanism.

4 A bibliography of the issuesinvolved in thisinquiry appearsin Ostroy and Starr (1990). In

3
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'money.' The model emphasizes complete markets and complete information. Points (ii)
and (iv) involve scale economies, nonconvex transaction costs; it will typically be
difficult to develop general existence of equilibrium theorems --- hence the use of
examples.

It iswell known that africtionless Arrow-Debreu model cannot accomodate arole
for money. The single budget constraint facing transactors in the model precludes a
carrier of value between transactions. Thisessay isintended as a partial counterexample,
demonstrating that minimal friction in trade is sufficient to induce the existence of money
as aresult, not an assumption. The monetary structure of the economy is derived from
elementary price theory in aclass of examples. Use of acommon medium of exchange, a
commodity money, is an outcome of the market equilibrium. Starting from a
(non-monetary) Arrow-Debreu model, the monetary quality of the economic equilibrium
isderived through the addition of market segmentation (with a separate budget
constraint in each segment) and transaction costs. Multiplicity of budget constraints ---
requiring that goods acquired be paid for by delivery of equal value at each trade
separately, Ostroy (1973) --- creates a demand for media of exchange. Transaction costs
imply differing bid and ask prices for each good. Liquidity is priced: itspriceisthe
bid/ask spread. The most liquid asset, the instrument that provides liquidity at lowest
cost, will be chosen as the medium of exchange. Thus, the choice of a'money’ isthe
outcome of optimizing behavior of economic agents in a market equilibrium. Fiat money
--- issued by government --- derives its positive value from acceptability in payment of
taxes; it becomes the medium of exchange from itslow transaction cost. Uniqueness of
(fiat or commodity) money follows from scale economy in transaction costs.

Section |11 of the paper presents the model of segmented markets with linear
transaction costs without double coincidence of wants. Commodity money arises
endogenously in market equilibrium. Section IV demonstrates that the absence of double
coincidence of wantsis essential to monetization of trade in alinear model by considering
the same problem with full double coincidence of wants. The result is a nonmonetary
equilibrium. Section VI considers a (nonconvex) transaction technology with scale
economies. The examples there demonstrate that unigqueness of money (uniqueness of the
endogenously chosen medium of exchange) results from scale economiesin transaction
costs. Further, Section VI demonstrates that scale economies in transaction cost account
for monetization of trade with a unique 'money’ even when thereis full double
coincidence of wants. Section VI presents the same issues in an oligopolistic setting, as
aBertrand equilibrium. Section V111 considers government-issued fiat money whose
value is supported by acceptability in payment of taxes. Scale economiesin transaction

addition, note particularly Banerjee and Maskin (1996), Hellwig (2000), Howitt (2000), Howitt and Clower
(2000), lwai (1996), Kiyotaki and Wright (1989), Marimon, McGrattan and Sargent (1990), Rajeev
(1999), Rey (2001), Trejos and Wright (1995), and Y oung (1998). The treatment of transaction costsin
this essay (as opposed to the recent focusin the literature on search and random matching equilibria)
resembl es the general equilibrium models with transaction cost developed in Foley (1970), Hahn (1971),
Starrett (1973), and Kurz(1974). The structure of bilateral trade here however is more detailed, with a
budget constraint enforced on each transaction separately, so that the Foley, Hahn, and Starrett models do
not immediately translate to the present setting.
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cost and government's large scale ensure that fiat money is the unique common medium
of exchange.”

|1. Formalizing Menger's 'Origin of Money'

Over a century ago, Carl Menger presented the paradox of monetary trade as a
challenge to monetary theory and proposed an outline of its solution, atheory of liquidity
asthe basis of monetary theory, Menger (1892):

It isobvious ... that a commodity should be given up by its owner ...for another

more useful to him. But that every[one] ... should be ready to exchange his

goods for little metal disks apparently useless as such...or for documents

representing [them]...is...mysterious...

why...is...economic man ...ready to accept a certain kind of commodity,
even if he does not need it, ... in exchange for all the goods he has brought to

market[ 7]

[Call] goods ... more or less saleable, according to the ... facility with

which they can be disposed of ... at current purchasing prices or with less or

more diminution... Men ... exchange goods ... for other goods ... more

saleable....[which] become generally acceptable media of exchange [emphasisin

original].

Menger's proposed solution focused on the liquidity of commodities. A good is
very saleable (liquid) in Menger's definition above, if the price at which a household can
sall it (the market's prevailing bid price) is very near the price at which it can buy (the
market's prevailing ask price). In this setting, price theory includes atheory of liquidity.
The segmented market creates a demand for a carrier of value between transactions.
Separate bid and ask prices represent transaction costs and put a price on liquidity: a

5 It is useful to distinguish search/random matching models of money, e.g. Kiyotaki and Wright
(1989), Tregjos and Wright (1995), from general equilibrium models with transaction cost e.g. Foley (1970),
Hahn (1971), Starrett (1973), Ostroy and Starr (1974), Iwai (1996), Howitt(2000) and this essay. Search
models emphasize very imperfect markets with limited ability of traders to locate desirable trades and with
limited price flexibility. That approach is consistent with Smith (1776), v.I, book I, ch. 4. Genera
equilibrium models typically model complete markets and a fully articulated price system. Using the
general equilibrium approach allows us to pursue a parsimoniuous theory: What isaminimal set of market
imperfections so that money arises endogenously?

The random matching/search formalization of the friction in trade has a very classical implication:
in the rare case where two agents have a doubl e coincidence of wants and meet to trade, they will trade their
goods or services directly for one another, Kiyotaki and Wright (1991), Trejos and Wright (1993). Thisisa
distinctive feature, distinguishing the random matching/search models from general equilibrium with
transaction cost models. In the present model, direct trade between agents with reciprocal demands will
take place only when that arrangement provides the lowest available transaction cost (Example [V .1).
Hence, even in the rare instance of double coincidence of wants, general equilibrium models with
transaction cost need not predict direct trade between parties with reciprocal demands and supplies.

In actual monetary economies, in those comparatively rare instances where doubl e coincidence of
wants occurs, it is seldom resolved by barter exchange. Trade between agents --- even with adouble
coincidence of wants --- usually takes a monetary form. Thisistypified by the examples above of a
University of California professor's child's University fees, a supermarket checkout clerk’'s payment for
groceries, and an autoworker's purchase of acar. Even in the setting most propitious for barter, those
instances where double coincidence of wants occurs, monetary trade prevails. This usage contradicts the
predictions of the random matching/search models. It is consistent however with Ostroy and Starr (1974)
Theorem 4, and it is precisely the behavior Examples V1.2, V1.3, V1.4, VI1.2, V11.3, and V1I1.1 below
would predict.
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good's bid/ask spread isthe price of using it as a medium of exchange. Hence, agood
with auniformly narrow bid/ask spread is highly liquid --- in Menger's word 'saleabl€e’ ---
and constitutes a natural ‘money." Price theory implies monetary theory. Liquidity creates
monetization. Thisistheinsight that will be formalized in the examples below.

Starting from the non-monetary Arrow-Debreu model, two additional structures
are sufficient to give endogenous monetization in equilibrium: multiple budget
constraints (one at each transaction, not just on net trade) and transaction costs. One way
of formalizing multiple budget constraintsis atrading post model. Thus, if thereare N
goods actively traded, there are N(N-1)/2 possible trading posts. That is the starting point
of the examples below. The choice of which trading posts atypica household will trade
at is part of the household optimization. The equilibrium structure of exchange isthe
array of trading posts that actually host active trade. The determination of which trading
posts are active in equilibrium is endogenous to the model and characterizes the
monetary character of trade. The equilibrium is monetary with a unique money if only
(N-1) trading posts are active, those trading all goods against 'money.’

The examples below derive monetary equilibrium as a market equilibrium of
optimizing agents based on elementary considerations of transaction cost. Household
optimization includes deciding at which trading posts the household will trade. For a
given mix of goods, trade is drawn to the lowest transaction cost trading posts. The
guestion Why is there money? can then be answered by presenting sufficient conditions so
that an equilibrium trading array has N-1 active trading posts, those trading in acommon
medium of exchange versus the N-1 other goods. Thisisillustrated in Figures 1 and 2.
Each node in the figures represents a commodity. Active trade is represented by a chord
between nodes. A barter economy will have chords among awide variety of goods ---
one for each pair of goods where there is a household with a matching demand and supply
(Figure 2). A monetary economy with aunique money will be a sparser array. There will
be one good so that the only chords are those linking that good to all others (Figure 1).
The question why is there money? is then reduced to asking for sufficient conditions so
that the array of active trading posts in equilibrium looks like Figure 1 (spider-shaped)
instead of Figure 2 (star-shaped).

[1l. Monetization Comes from Liquidity: Monetary Competitive Equilibrium with
Linear Transaction Costs

The ditinctive features of the model are (i) transactions exchange pairs of goods,
(i) budget constraints are enforced at each transaction separately, generating arole for a
carrier of value between transactions (a medium of exchange), (iii) transaction costs are
assumed to be linear in sections I11 and IV and nonconvex (displaying scale economies) in
sections V, VI, VIl and VIII. Inthelinear transaction cost case without double
coincidence of wants, the most liquid (lowest transaction cost) good becomes the
common medium of exchange. There may be multiple media of exchange when thereis
atiefor lowest cost.

Let there be N+1 commodities, numbered 0,1,2,...N. They aretraded in pairs ---
good i for good j --- at specialized trading posts. The trading post for trade of good i
versus good j (and vice versa) is designated {i,j}; trading post {i,j} isthe same trading
post as{j,i} . Trading post {i,j} is abusinessfirm, the market maker in trade between
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goodsi andj. {i,j} actively buysand (re)sellsbothi andj. Trade as aresource using
activity is modeled by describing the post's transaction costs.  The notion of transaction
cost summarizes costs that in an actual economy are incurred by retailers, wholesalers,
individual firms and households. The bid/ask spread summarizes these costs to the
model's transactors. Thus, part of transaction cost represents the (non-marketed) time and
resources used by households in arranging their transactions, summarized here
imprecisely as a price spread®.

Specify atransaction cost function for these pairwise trading posts so that all
transaction costs accrue in good 0. Thisis obviously arestrictive convention, but it
simplifies accounting for transaction costs. It is simplest to think of good 0 as the labor
used in the transaction technology. Trading post {i,j} buysgood O as an input to its
transaction costs. The typical transactions of trading post {i,j} will consist of purchases
e, ytie yliie 3.0, of i, j, and O respectively and sales y!"}S, y('S 3 O of i andj. In
this section, we use the further simplifying assumption of linear transaction costs. The
cost structure is generalized to non-convex costsin sections V, VI, VII, and VIII.

The transaction cost function for trading post {i,j} is

C{i,j} - y{i,j}BO - diy{i,j}Bi + djy{i,j}Bj (TCL)7
whered,d > 0. Inwords, the transaction technology looks like this: Trading post {ij}
makes a market in goodsi and j, buying each good in order to resell it. Itincurs
transaction costsin good 0. These costs vary directly (in proportions d, d) with volume
of trade. The transaction cost structure is separable in the two principal traded goods.
Thetrading post {i,j} buysgood O to cover the transaction costsit incurs, paying for 0in
goodsi andj. The transaction cost function C'"# is sufficiently flexible to distinguish
transaction costs differing among commodities, including differences in durability,
portability, recognizibility, divisibility.

The population of households is denoted H, consisting of a mix of subpopulations
(with different tastes and endowments). A typical household hi H, has an endowment
M RY, ;" ish'sendowment of good n. For simplicity in the examples below, each
household is endowed with only one commodity. Thisis obviously inessential. h's utility
function is U"(X)=U"(X,, Xy, -y Xy)-

It is convenient to arrange a subpopulation H° to provide good O (transaction
labor). H%s endowment of good O is characterized as

SrM>S gd‘r“i. For typical hT H°, h'sutility function is
Hi HO Al Hi=1

N
) = Sx, . (UO)

1=
That is, asubpopulation H® owns all of the good 0 in sufficient quantity to cover all the
transaction costs in the economy that are likely to be incurred; h's tastes, for hi H°, treat

all goods as perfect substitutes with MRS equal to unity. Thisunrealistic assumption is
designed to make accounting for transaction costs particularly easy.

6 An alternative more explicit treatment of household non-market transaction cost decisionsis
embodied in Kurz (1974).
! (TCL) isintended as a mnemonic for linear transaction cost.
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A typical household outside of H° may be denoted h=[m,n] where m and n are
integers between 1 and N (inclusive). m denotes the good with which h is endowed. n
denotes the good h prefers [m,n]'s utility function can then be taken to be

um™(x) = oS X+ 3X.. (U1)

i=0,itn
[m,n]'s endowment, r'™" is specified as part of the description of the subpopulation.

Households formulate their trading plans deciding how much of each good to
trade at each pairwise trading post. This leads to the rather messy notation:

bimnth} = planned purchase of good ¢ by household [m,n] at trading post {i j}

s™Ht = planned sale of good € by household [m,n] at trading post {i,j}

The bid prices (the prices at which the trading post will buy from households) at
{i,j} areq™, g"? for goodsi and j respectively. Thepriceof i isinunitsof j. Theprice
of jisinunitsof i. The ask price (the price at which the trading post will sell to
households) of j isthe inverse of the bid price of i (and viceversa). That s, (q'"")™" and
(q{”} Y*arethe ask pricesof j andi at {i,j}. Thetrading post {i,j} coversits costs by the
difference between the bid and ask pricesof i andj, that is, by the spread (g"”,)™ - ',
and the spread (q'?)*-q"", . Transaction costs at the trading post are incurred in good 0.
Post {i,j} paysforQini andj acquired in trade through the difference in bid and ask
prices. Thebid price of Ointermsof i isq'” ;. Thebid priceof Ointermsof jisq"?

Given g%, ", for al {i,j}, household h then forms its buying and selling plans
in particular deciding WhICh trading posts to use to execute his desired trades. Household
hi H faces the following constraints on its transaction plans:

(T.i) b >0, onlyif n=i,j; st >0, onlyif n=ij,0.

(T ”) bh{IJ} £ q{ll} Sh{lJ} bh{IJ} £ q{lJ} Sh{u} for each {I J}

Thereisadlightly dlstlnct verSIon of (T i), (T.ii"), applylng to households in H°.

(T.ii") For hi H°, decompose s into nonnegative elements s*™ , and s'7 |
so that gt .)o+sh{”}g)o:§{i’j}o’ then we have bh{i‘j}i £ q{i'j}(i)o .t and bh{i’j}j £ q{i'j}(j)o .
st for each {i j}.

(Tiii) X", =r" + S, 0" -5, & 30,0EnEN.
Note that condltlon (T ||)[and (T i"] defl nes a budget balance requirement at the
transaction level, implying the decentralized character of trade. Since the budget
constraint applies to each pairwise transaction separately, there may be a demand for a
carrier of value to move purchasing power between distinct transactions. h faces the array
of bid prices g%, of"; , and chooses s 'and b"'?  n=1i, j (and n=0 for hi H°), to
maximize u"(x") subject to (T.i), (T.ii), (T.iii). That is, h chooseswhich pairwise markets
to transact in and a transaction plan to optimize utility, subject to a multiplicity of
pairwise budget constraints.

The trading postsin sections |11 and IV have linear transaction technologies. A
competitive equilibrium is an appropriate solution concept resulting in zero profits for the
typical trading post (with the additional benefit that no account need be taken of
distribution of profits). Thethreat of entry (by other similar trading post firms)
rationalizes the competitive model, but for smplicity we take there to be a unique trading
post firm making a market in goodsi and j, denoted indiscriminately {i,j} ={].i}.

A competitive equilibrium under (TCL) consistsof g™, g, g%, g™,
1£i,) £N, so that :

@io?
@o




e For each household h1 H, thereisautility optimizing plan b i
(subject to T.i, T.ii [or T.ii' for hi HC], T.iii) so that S p™"} =yoiils g hlii} =
yi8 for each {i j}, each n, where

¢ yO[i'j}Sn £ yo{i’j}Bn’ n:i !j'

@ (%, can be divided into two parts, y*"'®; ;2 0, yE 3 0, so that
yO(I,J}B(i)0+y0(I,J}BG)0: yO{IJ}BO — C{I,J}_
° q?{"J}@o{{Oi{'_’}’}Ba)o £ Oﬁu}si{_ qo{ujﬁo{ui:aj}. qO{IJ}(j)OyO{hJ}BG)OE yO(I,J}Bj_qO{"J}i.yO{"J}Bi _
od+ dlq_ ! i~ (q ! (i)O) _(_1' q*q 'J_ _j)! -
- dl + dlqo{w}j = (qo{l.’J}(j)O)_l(l- .qo{IYJ}iqo{l,J}j). . N .

The expression in the last bullet isamarginal cost pricing condition: the transaction cost
(in good 0) of buying one unit of i and enough j to pay for it (pricing the 0 in good i) is
equal to the amount of i left over after completing thetradeini andj. Similarly for trade
inj.

An equilibrium is said to be monetary with a unique money, m if --- for all
households --- good mis the only good that a household will both buy and sell. An
equilibrium will be monetary with multiple moneys, nt, ni, ...., if --- for all households
--- nt, nf, .... are the only goods that a household will both buy and sell.

Jevons (1875) reminds us that monetization of trade follows in part from the
absence of a double coincidence of wants. In the present model, that logic is particularly
powerful. Absence of coincidence of wants means that the typical traded good will be
traded more than once in moving from endowment to consumption. Barter trade
successfully rearranging the allocation to an equilibrium will transact an endowment first
at the trading post where it is supplied and again at a distinct post where it is demanded.
Hence monetary trade as an alternative (substituting retrade of money for the retrade of
nonmonetary goods) can be undertaken without increasing total trading volume or
transaction cost, even without scale economies. Conversely, when thereisafull double
coincidence of wants and linear transaction cost, equilibrium will be non-monetary even
in the presence of a natural money (section 1V).

We now formalize the notion of the absence of double coincidence of wants. Let
N be an integer, N3 3. For m=1,2,...,N, and positiveintegersi, 1 £i £ N-1, let

I m+i if mHEN,

mAi =i

T m+i-N if mti> N.
That is, mAi denotes m+i mod N, skipping O (since good 0 is used primarily as an input
to the transaction process). Recall that [m,n] denotes a household endowed with good m,
strongly preferring good n. Using the notation above, let H* = {[m,mA1] |m=1,2, ..., N;
r[m'"‘“]m:A>O} . H! characterizes a population of N households with the same size of
initial endowment, so that no pair of them have reciprocal matching endowments and
preferences but so that their endowments in aggregate can be reallocated to make each
one significantly better off (roughly by arranging the households clockwisein acircle
ordered by endowment good and having each household [m,mA 1] send his endowment
one place counterclockwise).




Examplel11.1 (Existence of monetary equilibrium with a most liquid asset, absent double
coincidence of wants): Let the population of households be H = H'EH®. Let C'" pe
described by (TCL). Let 0<d'</, and O<d'<d, for i=2, 3, ... N. Transaction costs are
constant and non-trivial for all goods; they are significantly lower in good 1. Then there
is a unique competitive equilibrium allocation (though a range of prices may support the
unigue real allocation of trades and consumptions). The equilibrium is a monetary
equilibrium with good 1 as the unique 'money’.

Demonstration of Example I11.1: Using marginal cost pricing and market clearing, we

have for each {i,j}, i, 1£i,jEN, o'V, = =1, g"*Y, = 1, g8 = Ld

i 14giAL’
| ::II- gll q{|l} =1. s[l iA1){i,1} _A

and for

JlllAl q{'J} 1d' q{'l}—ldl q{'l}
b[l iA1){i,1} 1:q{| 1} iA_S[I JA1{iA1L1} y
b[l,lAl]{lAl,l} AL =q{l,l}iq{lAl,l} 1A.

What's happening in Example 111.1? At first household [i,iA 1] goesto trading
post {i,iA1} offering i in exchange for iA1. But no oneis coming to the trading post
offeringiA1. Sogoodi is priced at alarge discount at the post, reflecting the transaction
costs of both i and iA1. On all other markets{i,j} goods are priced to reflect their
transaction costs, ' =1-d. But at that pricing, sinced'<d', it is advantageous for
[i,iA 1] to trade through 1 as an intermediary. This follows since
(1-d)%1-dY)>(1-d)%1-d**) . This pricing creates a small shortage of 1 at each trading post
(since small quantities of 1 are being retained at the post to cover 1's transaction costs) so
prices are readjusted so that all of the discount in bid prices at {i,1} appearsinthebid

priceof i. Thisresultsin g% = g =1. All trade of i for iA 1 now goes through

b1+ d1
1. Good 1 has become 'money,’ the unique low transaction cost common medium of
exchange.

In actual monetary economies we usualy see asingle 'money' asin Example l11.1.
WEe'l arguein sections V through V111 that the reason for uniqueness of 'money’ is scale
economy. Does there have to be areason for uniqueness? Yes. US doallars, pounds
sterling, and euros, al have similar low transaction costs but in their separate markets
they are virtually unique in use. Economic theory should have an explanation for this
uniqueness. Example I11.2 below emphasizes, by counterexample, that the nonconvexity
in section V isimportant. In Example I11.2, absent the nonconvexity, when there'satie
for lowest transaction cost, there are many media of exchange in use. Isatieredlistic;
isn't it asingularity? The example of dollars, sterling, and euros suggests that on the
contrary, the notion of atie for lowest transaction cost is anon-trivial event, so that
unigueness requires an explanation.

ExampleI11.2 (Multiple 'money"s in equilibrium): Let the population of households be H
=H°EH". Let C'" be described by (TCL). Let O<d' =’ = d* < d<'/,, i=4,5,...,N. Then
there is a continuum of competitive equilibrium allocations with 1,2,3 acting as ‘money’
in proportions from 0% to 100%. Consumptions and utilities of all households are the
same as in the equilibrium of ExampleI11.1.
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Demonstration of Example 111.2: The marginal cost market-clearing pricing isidentical to
that in Example I11.1 with goods 2 and 3 priced simlarly to good 1. The exception istrade
between 'money’ 's where gt*# = 1-d", and similarly for 2,3, all of these bid prices being
equal. Thetrading posts{i,1},{i,2}, and{i,3},i=4,5,...,N, (for tradein good i versus
goods 1,2,3) are the trading posts with narrow bid/ask spreads since 1,2,3 have low
transaction costs. Households can now divide their transactions among trading posts for
goods 1, 2, and 3 versus al other goods in any proportion (though in equilibrium they

will be the same proportions for al households). Markets clear.

Thelogic of Example 111.2 is merely the multi-money version of I11.1. Goods 1,
2, 3are equally liquid and become media of exchange. They can be used however in
any proportionate combination from 0% to 100% since absent economies of scale thereis
no reason further to specialize.

V. Absence of Double Coincidence of Wants is Essential to Monetization in aLinear
M odel

Let H°={[m,n] |mn=1,2, 3,..,N,m? n} . H®isdistinctivein creating a
population of households with fully complementary demands and supplies, full double
coincidence of wants. We can use this population to illustrate the importance of the
absence of double coincidence of wants to monetization in alinear model. Under the
same conditions where monetary equilibria existed --- and indeed were the only equilibria
--- inexamples I11.1 and I11.2 in the absence of double coincidence of wants, we can show
that for H®, with full double coincidence of wants, a barter equilibrium isthe unique
competitive equilibrium. Hence the classical focus on the absence of double coincidence
of wantsis confirmed; it isessential to monetization in alinear model. Note that this
result depends on the linearity (or convexity) of transaction costs; if scale economies are
present, then even with full double coincidence of wants, it may be more economical to
use a common medium of exchange with resulting high trading volumes.

Example 1V.1 (Barter equilibrium with full double coincidence of wants): Let the
population of households be H=H°EHP. Let C'" be described by (TCL). Let 0<d'<'/,
and O<d'<d, for al i, i=0,2, 3, ... N-1. Transaction costs are constant and non-trivial for
all goods but 1. Then there is a unique competitive equilibrium allocation. The
equilibrium is non-monetary with active trade in all trading posts{i,j}, 1£i,) £ N.
Demonstration of Example1V.1: For eachij, 1£i,j £ N, o!'V,=(1-d), g =(1-d).

Sl =p b“'”“'”j=q{"”iA, §j"]{"”j=A, b“"]{"”i=q“'”jA. Markets clear. The alocationisan
equilibrium.

What's happening in example IV.17? Direct barter trade works successfully in the
presence of double coincidence of wants. For each household [i,j] with asupply of one
good and a demand for another, there is a precise mirror image [j,i] in the population.
They each go to the trading post {i,j} where their common demands and supplies are
traded. They trade, each incurring the cost of trading one good. Monetary trade is not
advantageous since it requires twice the transactions volume --- with corresponding cost
--- of direct barter trade (similar volumes for each non-monetary good and an equal
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volume of trade in the medium of exchange). Monetization of tradein equilibriumina
linear model depends on absence of double coincidence of wants.

V. Uniqueness of the Medium of Exchange: Scale Economiesin Transaction Cost

Monetary trade istypically characterized by a unique medium of exchange or a
small number of related media (e.g. currency, credit cards, travelers checks, all
denominated in $US). How does this come about? Prof. Tobin (1980) suggests that scale
economies in transaction costs are essential:

The use of a particular language or a particular money by one individual

increases its value to other actual or potential users. Increasing returnsto scale

... explains the tendency for one basic language or money to monopolize the

field.

When monetization takes place, households supplying good i and demanding good j are
induced to trade in amonetary fashion, first trading i for ‘money' and then ‘'money’ for j,
by discovering that transaction costs are lower in thisindirect trade than in direct trade of
i for j. But as Example111.2 points out, monetization of trade is no guarantee of
uniqueness of the medium of exchange. Scale economies in transaction costs induce
specialization in the medium of exchange function. High volume leads to low unit
transaction costs (see also Howitt(2000), Rey (2001) and Starr and Stinchcombe (1999)).
Scale economy is not a necessary condition for uniqueness of the medium of exchangein
equilibrium (Example I11.1), but scale economy helps to ensure uniqueness (Example
V1.1, below). If there are many equally low cost candidates for the medium of exchange,
then scale economy in transaction costs will allow one to be endogenously chosen as the
unique medium of exchange.

The transaction cost structure of sections VI through V111 with large scale
economies is unsuitable for competitive equilibrium. Competitive equilibriatypically
cannot exist in the unbounded scale economy environment. In section VI, instead of
competitive equilibria, average cost pricing equilibria are developed. The use of average
cost pricing is subject to interpretation. A literal interpretation isthat the thereisa
natural monopoly market maker pricing at average cost to discourage new entry. An
aternative is that the operation of the market is in the nature of a public good; the
nonconvex technology is a summary of the interactions of many individual agents sharing
an economy of scale, and hence average cost pricing reflects the common benefit from the
level of activity in the market (a Marshallian externality). In section V11 the scale
economy alows a Bertrand equilibrium with monopoly trading posts to form. In section
V11l government provides fiat money; government's large scale combined with the scale
economy in transaction costs assures that government-issued fiat money becomes the
common medium of exchange. Scale economy implies a cost saving resulting from
uniqueness of 'money,’ since only N (in the case of fiat money) or N-1 (commodity
money) trading posts need to operate, incurring significantly lower costs than N(N-1)/2
(under barter). Scale economies make it cost-saving to concentrate transactionsin afew
firms and one intermediary instrument.
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V1. Monetization Comes From Liquidity Again: Monetary General Equilibrium with
Unigue Money under Average Cost Pricing of Non-Convex Transaction Costs

Scale economies in the transaction cost structure induce unigqueness of the
equilibrium medium of exchange. ‘'Money' is a natural monopoly. As Prof. Tobin(1959)
tells us, "Why are some assets selected by a society as generally acceptable media of
exchange while others are not? Thisis not an easy question, because the selection is
self-justifying.” Thus gold and dollar bills may have low transaction costs and be
excellent candidates for medium of exchange, but if (despite high transaction cost) Y ap
Island stones are already the commonly chosen medium of exchange with high trading
volume, then stones may have the lowest average transaction cost. The choice of Yap
Island stones as the common medium of exchange is then 'self-justifying.’

The nonconvex (scale economy) cost function for trading post {i,j} is

Clit =yl = min[dy(i®, d] + min[dy¥®, d] (TCNC)®?
whered,d,d, d > 0. Inwords, the transaction technology looks like this: Trading post
{i,j} makesamarketin goodsi and j, buying each good in order to resell it. It incurs
transaction costsin good 0. These costs vary directly (in proportions d, d) with volume
of trade at low volume and then hit a ceiling after which they do not increase with trading
volume. The specification in (TCNC) is an extreme case: zero marginal transaction cost
beyond the ceiling. Adding additional linear terms would represent a more general case.

Since the trading posts in this economy have nonconvex transaction technologies,
a competitive equilibrium is not an appropriate solution concept. The equilibrium notion
used is an average cost pricing equilibrium resulting in zero profits for the typical trading
post firm. The rationale for this choice of equilibrium concept may be the threat of entry
(by other similar firms) if any economic rent is actually earned. The presence of potential
entrants and their actionsis not explicitly modeled.

An average cost pricing equilibrium consists of - g™, ot g, g
1£1i,) £N, so that : N N
e For each household h, thereis a utility optimizing plan b | 3t
(subject to T.i, T.ii [or T.ii' for hi H], T.iii) so that Sp™ =yIS 'S M =
yt8 for each {i j}, each n, where
o ylilS £yl e
~eylii8 can be divided into two parts, y*'% s 0, y*'78 3 0, so that
yO(IJ}B(i)O+yO{IJ}B(j)0: y‘*'”BO =Cli},
.qo{w}(i)oyo{u}s(i)o - yo{|,J}Bi _ qo{l,J}jyo{l,J}Bj . qo{|,J}(j)oyo{l,J}B(J_)OZyO{I,J}Bj_qO{I,J}i.yO(IJ}'Bi .

Let k beapositiveinteger, 2£ k < (N/2). Let H*={[m,mAi] |[m=12, ..., N;
i=1,2,...k; Im™1 =A>Q}, H* isaset of kN households without double coincidence of

wants. One way to visualize H s situation is to think of the households arrayedina
circle clockwise, each one's position designated by endowment. They can arrange a
Pareto improving redistribution by each taking his endowment and sending it i places
counterclockwise. However, reflecting the absence of double coincidence of wants, if

each of the housheholdsin HY goes to the trading post where his endowment is traded

8 (TCNC) isintended as a mnemonic for non-convex transaction cost.
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against his desired good, he finds himself alone. He's dealing on athin market. The
following Example V1.1 demonstrates that, with scale economies in transaction cost,
virtually any good can become money; the designation is self-confirming.

Example V1.1 (Monetary equilibrium absent double coincidence of wants with scale
economy in transaction costs): Let the population of households be H=HE H¥. Let Ctii

. +
be described by (TCNC). Let O<d<lali=12, .. N. Let gkAgl Zand
g+d

(1- WA =—=)>(1-d)(1-d) for al i1j, i,j=1,2,...N. Then for eachi=1,2,...,N there is a monetary
average cost pricing equilibrium with good i as the unique 'money’.

Demonstration of Example VI .1: Choose an arbitrary i=1,2,...,N as'money." For all ji,
j=12...N, letq"=1, "= 1-=—~= . Foralj, andk=12,...N, j*k*i, " = 1-d,

g =1-d“. Forl£ ¢£Kk,let s[mmAe]{um} =A, pimmAdim —glim A JmmAGGmAG —glim A
b[m, a{i,mAg =q{i’m}.A m i i : |
mAe il

What's happening in Example V1.1? Virtually any good i can become money.

M onetization comes from liquidity and --- with scale economies --- liquidity comes from
trading volume. The economy isfocusing on good i as its common medium of exchange.
Since there are scale economies in transaction costs, high trading volume means low
average cost with concommitant narrow bid/ask spread. The narrow bid/ask spread isthe
way the price system confirms and reinforces the choice of i as the medium of exchange.
Trader [m,mA €] wants to trade good m for good mA¢. He could do so directly, but the
transaction costs are heavy, reducing his return on the trade to A (1-d™(1-d™¥) units of
mA ¢ after starting with A units of good m. The alternative isto trade good m for good i
and then trade i for mA¢. Thisresultsin A(1-[(g+d™¢)/kA]) units of mA¢L. Whenk is
sufficiently large, that's a much greater return. Because of the narrow bid/ask spread on
trade through i, every market with good i on one side attracts high trading volume, k
traders on each side of the market, the high trading volume needed to maintain good i's
low bid/ask spreads. The scale economy means that the choice of good i as the common
medium of exchange is self-confirming.

The difference between barter and monetary exchange is the contrast between a
complex of many thin high transaction cost markets and an array of a smaller number of
thick low transaction cost markets dealing in each good versus a unique common medium
of exchange. The choice of medium of exchangeis self-justifying. Any good i with
sufficient scale economy in its transaction technology (with d, the ceiling on its
transaction costs, sufficiently low) can become the unique medium of exchangein
equilibrium when trading volume kA is sufficiently high. Mint-standardized gold coins
(with alow cost transaction technology) or Y ap Island stones (high cost technology) may
be 'money’ depending on which iswell established. Sufficient trading volume can
confirm either choice.

Recal H°={[m,n] [mn=1,2,3,..,N,m? n, ™ =A>0}. H°isaset of
N(N-1) householdswith full double coincidence of wants. The following Example V1.2
demonstrates that even in the presence of double coincidence of wants, sufficient scale
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economies in transaction costs can lead to monetization of trade, the use of acommon
medium of exchange.

Example V1.2 (Monetary equilibrium with full double coincidence of wants and scale
economy in transaction costs): L et the population of households be H=H°EHP. Let C!"?
be described by (TCNC). Let O<d<iali=1.2, .., N. Forsomeiandalj, 1£i,j£ N, it

. d+g g+d d+d i .
j,let(N DA 3 and (1- (N- 1)A)>(1 d), (1- (- 1)A)>(1-d). Then there is a monetary
average cost pricing equilibrium with good i as the unique 'money.’ o

. - |+
Demonstration of Example VI.2: For al jti,j=1,2,...N, let "=1, ¢ = 1-(Ng_ gA .

Forall j, andk=12,...N, jtkti, g = 1-d , "¢ =1-d . Let ™™ =A,
b[mn]{lm} _q{lm}A S[mn]{ln} _q{lm}A b[mn]{ln} _q{lm}A

What's happening in Example VI1.2? Monetization comes from liquidity and ---
with scale economies --- liquidity comes from trading volume. But how can monetization
of trade occur where there is double coincidence of wants? The answer isscae
economies. Trader [m,n] wants to trade good m for good n. He could do so directly at
post {m,n}, and he'd find awilling trading counterpart at the trading post, so he'd only
have to pay for the transaction costs on one side of the trade. But the transaction costs are
still substantial, reducing his return on the trade to A(1-d™) units of n after starting with A
units of good m. The alternative isto trade good m for good i and then tradei for n.
Thisresultsin A(1-[(d+d)/(N- 1)A]) unitsof n. When N is sufficiently large, that's a
much greater return. Because of the narrow bid/ask spread on trade through i, every
market with good i on one side attracts high trading volume, N-1 traders on each side of
the market, the high trading volume needed to maintain good i's low bid/ask spreads. The
scale economy means that the choice of good i as the common medium of exchangeis
self-confirming.’

Convergence to a Unique 'Money'

Einzig (1966, p. 345), suggests "Money tends to develop automatically out of
barter, through the fact that favourite means of barter are apt to arise ... object[s] ... widely
accepted for direct consumption.” That is, Einzig suggests those goods with high trading
volumes are the most liquid (presumably reflecting scale economy in transaction cost),
and evolve into common media of exchange. That medium is unique because scale
economies lead to 'money’ as a natural monopoly. The following example demonstrates
this process.

As monetization takes place, households supplying good i and demanding good |
start by trading directly. They may also consider monetary trade, first trading i for
'money’ and then 'money’ for j. When they discover that transaction costs are lower in this

o For a network externality interpretation see Hahn(1997) which notes that in the presence of market
set-up costs, each transactor in the market benefits from the participation of others. "If the number who can
gain from tradeis ... sufficiently [large] ..., the Pareto improving trade will take place. Thereisthusan
externality induced by set-up costs." Y oung (1998) assumes the externality without additional explanation.
Rey (2001) denotes thisinteraction the "thick markets externality.”

15



indirect trade than in direct trade of i for j, they adopt monetary trade. Starting from a
barter array consisting of N(N-1)/2 active trading posts, the allocation evolves through
price and quantity adjustments to a monetary array where only N-1 trading posts are
active. The impetus for the concentration of the trading function in afew trading posts
(those specializing in trade that includes the commodity that is endogenously designated
as 'money") in the monetary equilibrium comes from pricing the scale economiesin
transaction technology.

Example V1.3, below, starts with an economy of diverse endowments and
demands and with a double coincidence of wants. The demand structure is arranged at
the outset positing some goods most "widely accepted for direct consumption.” With
scale economies in the transaction technol ogy, these high volume goods will also be those
with the lowest unit transaction cost. Thusthey are, in Menger's view, the most saleable,
and excellent candidates for "generally acceptable media of exchange." Asthey are so
adopted by some households, their trading volumes increase, reducing their average
transaction costs, and making them more saleable still. This process convergesto an
equilibrium with a unique medium of exchange, reflecting the interaction of scale
economy and liquidity. As households discover that some pairwise markets (those with
high trading volumes) have lower transaction costs, they rearrange their trades to take
advantage of the low cost. That leads to even higher trading volumes and even lower
costs at the most active trading posts. The process converges to an equilibrium where
only the high volume trading posts dealing in a single intermediary good (‘money’) arein
use. Under nonconvex transaction costs, thisimplies a cost saving, since only N-1
trading posts need to operate, incurring significantly lower costs than N(N-1)/2 posts.
Scale economies make it cost-saving to concentrate transactions in afew trading posts
and a unique 'money".

Scale economies in the transactions technology generate a strong tendency to
multiple equilibria. This creates an interest in determining which of the several equilibria
the economy will actually select. One solution to this problem isto posit an adjustment
process to equilibrium that makes the choice. Hence we use the following

Tatonnement adjustment process for average cost pricing equilibrium:

Prices will be adjusted by an average cost pricing auctioneer.
Specify the following adjustment process for prices.

STEP 0: The starting point is somewhat arbitrary. In each pairwise
market the bid-ask spread is set to equal average costs at low trading
volume.

CYCLE1

STEP 1: Households compute their desired trades at the posted
prices and report them for each pairwise market.

STEP 2: Average costs (and average cost prices) are computed for
each pairwise market based on the outcome of STEP 1. Prices are
adjusted upward for goods in excess demand at a trading post, downward
for goods in excess supply, with the bid-ask spead adjusted to average
cost. A market's (market making firm's) nonzero prices are specified only
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for those goods where the firm has the technical capability of being active
in the market; other prices are unspecified, indicating no available trade.
CYCLE?2
Repeat STEP 1 (at the new posted prices) and STEP 2.
CYCLE 3, CYCLE 4, .... repeat until the process converges.

Einzig encourages usto look for favorite means of barter as|latent money; we'll define a
population with some favorite means of barter. Define a household population H™ as
follows. Let N be aninteger, N3 3. Without loss of generality, designate goods 1 and 2
for distinctiveroles: 1 iswidely heavily traded, particularly in exchange for 2. Let

H™={ [m,n] | 1Em,nEN, mt n; ™" = A>0, except r™Y =2A=r"" form?12,

el =3A=r"2}. Thatis, thereisadistinctively high desired net trade volume in good 1,
particularly in exchange for good 2 (the numerical designation isinessential).

Example V1.3 (High trading volume with scale economy designates 'money'): Let the
population be HEHC. Let transactions costs be characterized by (TCNC) with d=Y,,
d=(.6)A ,ali. Thatis, thereisfull double coincidence of wants. All goods have the
same transaction technology but there is higher desired net trading volume in good 1.
Scale economies in transaction costs are evident at trading volumes slightly higher than
the desired trade size of most traders but well within the size of traders desiring net trades
in good 1, particularly in exchange for 2. Then the tatonnement process convergesto a
monetary equilibrium where 1 is the unique money.

Demonstrating Example V1.3: The economy has a full double coincidence of wants. For
most pairs of goods m,n, the desired net trade is uniformly distributed; the desired trade
between them is A. For pairs 1,n the desired trading volume is 2A except for the pair 1,2
where the desired volume is 3A. This structure of preferences and endowments creates a
desirefor relatively high trading volumes among households trading in good 1.

The scale economy in transactions costs begins to be apparent at trading volumes
just dlightly larger than the endowment of most households. The scale economy is
manifest well within the desired trading volumes of households endowed with or desiring
good 1. The progression from barter to money is then the movement from a diffuse array
of many active low volume markets to the concentration on a connected family of high
volume (low average cost) markets. The tatonnement proceeds as follows:

STEPO: Foral 1£ijEN, itj, o = g (=1, g =gt =7/, .

CYCLE 1, STEP1:

e For [mn] T HY, mt 1tn, pimatmn = (1/2)A:q{m'”}mA, gmaimn = A; al other
purchases and sales are nil.

e For [m1] T HF, mt2, pmHms = A=gi™ 2A ™Mt —DA: 3| other purchases
and slesarenil. For [1,n] T HF, nt 2, bt = A=qitW oA L0 = DA 4| other
purchases and sales are nil.

® For the two remaining elements of HF, [1, 2] and [2, 1], b 321 = (3/2)A:
g 3A,
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draey —ga. proes = 3 NA=q*8,3A, $2128 = 3A; dl other purchases and sales are
nil.

e ForhT HC forit 11, b =p" =A/2, 13 =A; foriorj =
b1 =010 =g=(6)A, $19 =2g=(1.2)A.

STEP 2:
® For {m,n} wheremt 1t n, 1=¢'™® = g™ ., g™ ;’g{m'n} =(l/ 2)-
e For {m,1}, mt 2, 1_q{ml}(l)0_q{ml}(m)0, qm _q{m]_} _ 2A9_ 20

3A g
* For {21}, 1=q"*" ,=q"*" , , ¢*",=¢"* =—==.80

At this stage we can see theinitial effect of the scale economy. At STEP O prices
started essentially equivalent in al pairwise markets. But the prices announced at the end
of CYCLE 1 STEP 2 show that the bid prices of goods are much higher in the high
volume markets; the bid/ask spread islower there. The high volume markets are more
liquid.

On entering CY CLE 2 STEP 1 households recalculate their desired trades. Those
who have been trading on {2, 1} and on {m,1} find that trade on these markets has
become even more attractive since the bid-ask spreads have narrowed. Those who had
been trading on {2,m} face a quandary: goods 2 and m are the goods that they want to
trade, but trading indirectly through good 1in {2, 1} and { m,1} may be alower cost
dternative. In order to make that decision the household compares g'*™ _ to the product
q>" g™ . The former isthe value of min terms of 2 in direct trade, the latter through
trade mediated by good 1. ™" >qt*" =56>.5=q'™* . Household [m,2] can get more 2
for hism by trading indirectly through the markets with good 1, and household [2,m] can
get more m for his 2 by trading indirectly through the markets with good 1. They decide
to trade through good 1. Good 1 is beginning to take on the character of money.

The transformation of good 1 into money is not complete however. Household
[m,n] for m! 2t n considers but does not adopt indirect trade through good 1. He
caculates o™ " =.49<.5=q'™" _ Household [m,n] still gets a better dea trading
directly good m for n.

CYCLE 2, STEP 1:

e For [mn] T HY, mm2 mntl, gmimi = A pimim = Agima - | other
purchases and sales are nil.

For [m,2], m1 1’ S[m,z]{m,l}m: A, b[m,z]{m,l}l: Aq{m,l}m’ S[m,z]{l,z}l:Aq{m,l}m’
pmAitd = Agi™¥ gf>¥ ; all other purchases and sales are nil.
For [2,n] ’ nt 1’ S[2,n]{2,1}2: A, b[2,n]{2,1}l: Aq{z,l}z’ S[Z,n]{l,n}l:Aq{Z,l}z’
bzt = Aqgtat git : all other purchases and sales are nil.
For [m,1] , mt 2, §™Hm8 = pmiimd = 2Agi™ - gl other purchases and sales

arenil. For [1,n] , nt 2, §¥MtW =pA pitittn = 2Aqgi™ ; all other purchases and sales are
nil.
For [2,1], §2323 = 3A, b2323 = 3Aq2%,  For [1, 2], §*324 = 34,
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b2zl = 3a¢2Y
1 1 _ _
* Forhl H° for each {1}, b"*#=g=s"*"; for each {i,j} sothat 1*j* 2ti1 1,

b =A/2=8""3 | ; all other b™'¥, and $'% arenil. In particular b"'?; and "2 jare nil.
STEP 2:
* For {m,n} wherem? 1t n, 1=¢™ ;= ¢™ ,, ™ =¢™ =('1,).
e For {m,1}, m* 2, 1=g™% . =™  =q¢™¥  g™! :M:OGO
= ' q (1o q (mo q ie) q m 3A :

(N+2)A- 29
* For {21} , 1=9'*¥ ,,,=q*" ,;=q'*¥, q* = (N+2)A

3 0.76

AsCYCLE 2 STEP 1 is completed, trade has become partially monetized. All
trade in good 2 goes through good 1 as a medium of exchange. As STEP 2 is completed,
prices reflect the higher trading volumes on markets including 1. For convenience,
pricing at trading posts{ 1,m} dealing in good 1 is characterized by setting g'*™, (the bid
price of 1) at 1 and discounting only "™ _to reflect transaction cost. Going into CYCLE
3 STEP 1, typical [m,n] for 1t m* 2t nt 1, can reconsider whether to trade in goods m and
n directly or to trade through good 1 as a medium of exchange. In order to make that
decision he compares g™ _ to the product g™ »g'™" . The former isthe value of min
terms of nin direct trade, the latter through trade mediated by good 1. Thisisthe same
comparison [m,n] made at CYCLE 2 STEP 1, and decided to continue to trade directly.
But at the new posted priceswe have .5 =g'™? < 0.60 = ¢ g™ . Itismore
advantageous to trade indirectly. The outcome of CY CLE 3 STEP 1 will be full
monetization; all trade will go through good 1.

CYCLE 3, STEP 1.

e For[mn] T HF, mnt1, smimd = A pmitm = pAgimi gmaiin = pogims
pImAHLY =A (g™ g™ )); al other purchases and sales are nil.

e For [m1] T HF, mt1, gmHms = A pmutms = 2Aq™ - 4| other purchases
and slesarenil. For [1,n] T HF, nt 1, 40 = oA pitmiin = 2Aqitt - gl other
purchases and sales are nil.

For [2,1], S2U(21 = 3A, b2828 = 3Aq>Y, . For [1, 2], S22 = 3A,
b1 = 3Aq2D.

e For h1 H° for each {i,j} withit 1], al transactions are nil. For {1}, 2£ ] £ N,
b =geg ).

STEP 2:

® For {mn} wheremt 11, 1=¢(™ = ", (™ =g =('],).
NA- 2g

e For {m,1}, m* 2, 1=g'™* mo:q{m’l} (m)ozq{ml}l, g™ = 3 0.60

(N+2)A- 29
e For{2,1} ’1=q{2'1}<z)o=q{2'1}<1)o:q{2’1}1, Qe m——3

T (N+2)A
CYCLE 4, STEP 1. Repeat Cycle 3, Step 1
STEP 2. Repeat Cycle 3, Step 2
CONVERGENCE.

0.76
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What's happening in Example VI1.3? Preferences and endowments are structured
so that at roughly the same prices for al goods, there is a balance between supply and
demand. Some pairs of goods are more actively traded than others. Good 1 has
approximately twice as much active demand (and supply) as most other goods. Good 2
has slightly more active trade than most other goods, and that active trade is concentrated
in asupplier who demands good 1 and a demander endowed with good 1.

Here's how trade takes place. The starting point is a barter economy, the full array
of N(N-1)/2 trading posts. For every pair of goodsi-j, where 1£ i,j £ N, thereis a post
where that pair can be traded. The starting prices are chosen (somewhat arbitrarily) to
cover average costs at low trading volume. The bid-ask spread is uniform across trading
posts so trade at each post is as attractive as anywhere else. Then each household
computes its demands and supplies at those prices. It figures out what it wants to buy and
sell and to which trading posts it should go to implement the trades. Since al bid-ask
spreads start out equal, each household just goesto the post that trades in the pair of
goods that the household wants to exchange for one another; demanders of good j who
are endowed with good i goto{i,j}. Because of the distribution of demands and
supplies, there is twice the trading volume on posts{ 1,j} ason most {i,j} and three times
asmuchon{1,2}.

Then the average cost pricing auctioneer responds to the planned transactions. He
prices bid/ask spreadsin all markets to cover the costs of the trade on them. Since there
is a scale economy in the transactions technology, this leads to slightly narrower bid/ask
spreads on the { 1,j} markets and an even narrower spread on the {1, 2} market. The
auctioneer announces his prices.

Households respond to the new prices. Households who want to buy or sell good
2 discover that the bid/ask spread on market { 1, 2} islower than on any other market
trading 2. It makes sense to channel transactions through thislow cost market, even if the
household has to undertake additional transactionsto do so. Ordinarily households[i,2]
and [2,i] would have gone directly to the market {i,2} to do their trading. But the
combined transaction costs on {i,1} and on {1,2} arelower than those on {i,2}.
Households [i,2] and [2,i] find that they incur lower transaction costs by trading through
good 1 as an intermediary. They exchangei for 1 and 1 for 2 (or 2 for 1 and 1 for i) rather
than trade directly. The market makers on the many different {i,1} markets,
2£1i1 £N, findtheir trading volumes increased asthe[i,2] and [2,i] traders move their
tradesto {i,1} and {2,1}.

The average cost pricing auctioneer responds to the revised trading plans once
again. Bid-ask spreads narrow on{i,1}, 2 £i £ N. Now the discounts incurred through
bid-ask spreadsin trading for i* 1* j indirectly --- through {i,1} and {1,j} --- are
significantly smaller than those trading directly at {i,j} (particularly when N islarge).
The auctioneer announces his prices. Households respond to the new prices. For all
households[i,j], itisnow lessexpensive to trade through good 1 as an intermediary than
totradedirectly i for j or j fori. All [i,j] now trade on {i,1} and {j,1}; nonetrade on{i,j},
forit1tj. Tradeisfully monetized with good 1 asthe 'money.’

The average cost pricing auctioneer re-prices the markets. Inactive markets, {i,j}
for it 11 j, necessarily continue to post their starting prices (which reflected anticipated
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low trading volume). The active markets{i,1} get posted prices reflecting their high
trading volumes, with narrow bid-ask spreads.

Households review the newly posted prices. The narrow bid-ask spreads on the
{i,1} markets reinforce the attractiveness of their previous plans, which called for trading
through good 1 as an intermediary. They leave their monetary trading plansin force. At
current prices, it is much more economical to tradei for j by first trading i for 1 and then
1forj thantotradei for j directly. High trading volumeson the {i,1} and{j,1} markets
ensure low transaction costs and keep them attractive. All trade takes place at {i,1},
i=2,3,4, ..., N. Good 1 has become the unique ‘'money".

Example V1.3 demonstrates price and trading adjustment to the property that
scale economies in the transactions technology mean that high volume markets will be
low average cost markets. The transition from barter to monetary exchange is the
transition from a complex of many thin markets --- one for trade of each pair of goods for
one another --- to an array of asmaller number of thick markets dealing in each good
versus a unique common medium of exchange. Thistransition is resource saving when
scale economies in transactions technology are large enough.

Example V1.3 shows that the transition progresses through individually rational
decisions when prices reflect the scale economy and the initial condition includes a
commodity (the latent 'money’) with arelatively high transaction volume (hence low
average transaction cost). Then, as Einzig notes, "favourite means of barter are apt to
arise” and a barter economy thus converges incrementally to a monetary economy.
Menger (1892) describes this transition:

when any one has brought goods not highly saleable to market, the idea

uppermost in his mind is to exchange them, not only for such as he

happens to be in need of, but...for other goods...more saleable than his

own...By...amediate exchange, he gains the prospect of accomplishing his

purpose more surely and economically than if he had confined himself to

direct exchange...Men have been led...without convention, without legal

compulsion,...to exchange...their wares...for other goods...more

saleable...which ...have ...become generally acceptable media of exchange.

Thus, Menger argues that starting from arelatively primitive market setting, some goods
will be more liquid than others. Asthey are adopted as media of exchange, markets for
trade in them versus other goods become increasingly liquid. Eventually they become the
common media of exchange in equilibrium. Example V1.3 formalizes this argument
emphasizing that the increasing liquidity develops endogenously as aresult of scale
economy in the transaction process.

A Large Pure Trade Economy with Average Cost Pricing Monetary Equilibrium

Since scale economies enter into this argument in an essential way, we'd now like
to consider alarge economy. This class of examples starts with the same structure asin
Example V1.2, but we allow the economy to be large in the sense that there are G
(positive integer) households of each type [m,n]. Let H> © denote the G-fold replication
of HPwith typical element [m,n,g] where m and n are integers between 1 and N
(inclusive), m! n, and g is an integer between 1 and G. m denotes the good with which h
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is endowed. n denotes the good he prefers. g isaserial number for the agent of type
[m,n].

Example V1.4 (Average Cost Pricing Monetary Equilibrium in a Large Economy): Let
H=H" °EH°. Let transaction technology be characterized by (TCNC). For al 1£ijEN,
let d>0, A-[(d+d)/G(N-1)]>A(1-d) and A-[(d+d)/G(N-1)]>(*/,)A. Without loss of
generdlity, distinguish any singlegood, 1,...,N, as m. Then the economy has a monetary
average cost pricing equilibrium with good mas 'money’'.

Demonstration of Example V1.4:
For J 1m, q{mj} =1= q[mi]0 .
g™ =1-[(d+d)/GA(N-1)].
For all other i, j, combinations, g''?=(1-d), g =(1-d).
For h=[m,n,g] (wherem,n* m) we have
ptmngl{mn} Aq{ mm}
s{mng}{mn}n_ Aq{mm}

b[mng]{mm} —Aq{mm}
s[mng]{mm} =A.

For h=[m,n,g] (Wherem =nj we have
b[mng]{nn? =A.

s[mng]{ln? =A.

For h=[m,n,q] (wheren =n) we have
pmng{mm} — A q{mm}m_

gmngimm " = A
For someeementsh" T H°, Sb™M™ = gg", Sg"mm = gign.
b b

The examples of section VI demonstrate Tobin's (1959) argument: the choice of
the medium of exchange is self-justifying. There isasignificant resource saving --- and a
competitive pricing advantage to the market-maker --- in moving from a barter to a
monetary equilibrium, but the choice of what is'money" is (under these assumptions)
essentially arbitrary™®. Once the choice is made, the equilibrium, including the
designation of 'money,’ is stable against small perturbations and entry by alternative
media of exchange. These characteristics of the monetary equilibrium reflect the
underlying transactions technology: the complementarity among pairwise goods markets
implicit in the structure of the problem and the scale economies in transaction costs
encourage concentration of trading activity in afew market-makers and a single medium
of exchange™. Conversaly, Theorems 1.1 and I11.2 suggest that scale economies are
essential to monetization of the economy. Without assuming properties peculiar to the
designated 'money" asin Example I11.1 (that ‘money’ is the single good so that trades that

10 Thisarbitrarinessisin contrast to the example of Banerjee and Maskin (1996) where, without

explicit transaction costs, in a convex model, the choice of 'money’ is fully determined by the parameters of
the model as the unique good whose quality is most easily recognized.

n The notion of scale economy is consistent with the models of Iwai (1995) and Kiyotaki and
Wright (1989) where concentrating trading activity on a single transaction medium reduces waiting times
for the completion of trades.
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include it are achieved at the lowest possible transaction cost) there seems to be no
impetus in a convex model driving the equilibrium toward a single distinguished medium
of exchange. Unigue monetization results from scale economies in the transaction
technology.

VII. Barter and Monetary Bertrand Equilibria with Scale Economies

Under nonconvex transaction costs, competitive equilibria are unlikely to exist.
Hence the focus on average cost pricing equilibriain sectionsV and VI. Imperfectly
competitive equilibria, Bertrand equilibria among competing trading posts, may exist and
be monetary. A single good will be distinguished in equilibrium as the medium of
exchange common to virtually all transactions. Monetary Bertrand equilibriawith
nonconvex transaction costs share the strong stability property of the average cost pricing
equilibriainvestigated in section VI. They are stable against entry by a new post offering
an alternative medium of exchange. Thiswill typically be true even if the aternative
medium is superior in the sense that total transaction costs would be lower if it were
generally adopted. A superior (lower cost) medium will typically not be adopted in
preference to the prevailing medium, precisely becauseit is not prevailing. Markets using
the alternative medium are thin, displaying high average transaction costs. In order to be
attractive to individual buyers and sellers the markets must become thicker; there must be
additional posts available where the alternative mediumisin use.

The transaction cost structure with scale economiesis a very suitable setting for
Bertrand equilibrium. Each potential market-making firm operating a trading post can
survey prevailing prices and demand functions and decide to enter by determining prices
to post. This section develops a class of examples of barter and monetary Bertrand
equilibrium in a pure trade economy with pairwise goods markets and nonconvex
technology. A Bertrand equilibrium isaNash equilibrium of best responsesin price
based on imputed demand functions from the househol ds.

In order to model oligopoly, expand the set of market making firmsin the
following way. For each pair of goodsi,j, let there be several firms capable of making the
market ini andj. Denotethefirms{i,j;1}, {i,;;2},....{1,J,&},....{i,J;L}, whereL3 2isthe
number of potential entrantsinto making the market ini and j, indexed by €. Most of the
firms{i,j,&} will remain inactive, but their potential to enter the market affects
equilibrium prices. Well focus on the population structure H=H°E H° asin example
IV.1. Thereason for focusing on this setting with full double coincidence of wantsis not
that double coincidence is essential, but that it gives us afair sized economy, with enough
symmetry that the algebraisrelatively simple. The economy islarge enough that if
traders concentrate their transactions on afew trading posts, there may be scope for scale
economies. Itissmall enough that if trading activity is dispersed, then markets are thin
and no scale economy is experienced (at the cost of greater complexity we could
aternatively use HE H°, 1£ k £ N-1). We'll take the market makers cost functions to
display scale economies following the specification (TCNC). The scale economies
become active only at relatively high trading volumes.

WE'll consider arange of cases. First, example VII.1, we'll suppose that market
makers price for low trading volume and that turns out to be an equilibrium: abarter
economy with thin marketsis a Bertrand equilibrium. Then we'll consider the opposite
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tack, example VI11.2. The interesting case, reflecting a network externality, shows up
where most active trading post market makers have adopted a common medium of
exchange but others are deciding whether to enter in active market-making. WEe'll show
that once most active market makers have adopted the plan of making amarket using a
common medium of exchange, the remaining market makers will find that demand facing
them makes using the common medium of exchange compelling aswell. Once a
common medium has been widely adopted, the pressure to adopt universally is decisive.

Example V1.1 (A Bertrand barter equilibrium; When you're not [hot], you're not): Let
the population of households be H=H°E H°. Let C!" be described by (TCNC). Let
O<d<, forali=12,..,N. Let (d+d)A<d +dforalitj,ij=12,..N. LetL 3 2.
Note that this setting implies that scale economiesin transaction costs are available, but
that they are inactive when each trading post deals in quantities of each good comparable
to the endowment of each household. Then there is a Bertrand barter equilibrium. For al
i-] commodity pairsthereis an active market where that pair is transacted.
Demonstration of Example VI1.1: There are no active scale economies in this example,
but it is convenient to concentrate on a single trading post for each commaodity pair. For
ij=12,...N,ij, let1=g"4, g% = (1-d), "'%=(1-d) . Fori=mor nand j=nor m
respectively and (without loss of generality) for and ¢ = 1, let ™8 = qlid A
g™t = A. Supposedl other trading posts{ij,¢}, € > 1, areinactive. Then markets
clear. Each trading post coversits transaction costs. The pricing and allocationisa
Bertrand equilibrium.

The equilibrium in Example VI1.1 is essentially Walras's (1874) trading post
model. For each pair of distinct goodsin activetrade, i,j=1, 2, 3, ..., N, thereis amarket
maker dealing in the pair. The volume of trade at each trading post is modest; A units (a
single endowment) of each of two goods istraded at each post. For each good thereisa
bid price and a higher ask price, so that the market maker retains a surplus (in the
proportions d and d) from each transaction. The market maker incurs transaction costs
(in the proportion, d and d) in good 0; to provide for the transaction costs the market
maker buys 0 from agentsin H® in exchange for the surplusi and j |eft over from the
direct transactions. A zero profit condition isfulfilled, enforced by the threat of entry of
other identical market makerse¢ > 1.

The starting point of the following Example VI1.2 is the same as the previous
Example VII.1, but the result is a monetary, not a barter equilibrium. This demonstrates
the notion that, reflecting the scale economies at the level of individual trading posts, use
of a single common medium of exchange in trade of one good encourages trade in that
medium for al goods. There are multiple equilibria; any good can become 'money." The
same initial conditions can result in a barter equilibrium or a monetary equilibrium.
Reflecting the scale economy, a common usage of monetary trade encourages monetary
tradein all goods. Common usage of barter trade discourages monetary trade in all
goods.

Example V1.2 (When you're hot, you're hot; A Bertrand Monetary Equilibrium): Let the
population of households be H=HPE H°. Let C!"" be described by (TCNC). Let O<d</,
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fori=12, ..,N. Let (d+d)A<d+d, (N-)A-(d +d) > (N-DA(1-d), for al it]j,
i,j=1,2,...N. Let L32. Note that this setting implies that scale economiesin transaction
costs are available, and active when each active trading post deals in quantities of each
good comparable to the total endowment of that good. Without loss of generality,
distinguish any single good, 1,...,N, as m. Then there is a Bertrand monetary equilibrium
with good macting as 'money’. For all i-mcommodity pairsthereis an active market
where that pair is transacted and these are the only active markets in equilibrium.
Demonstration of Example VI1.2: The following prices and allocations constitute a
Bertrand equilibrium.
For¢=1,aljtm: " =1
qmH=[1-(d + PIN-DA], o™ =1,
For h=[m,n] (wherem,n! m) and ¢ =1 we have
b[m,n]{mn,l} — Aq{mm,l}

n m
mnj{mn1} — {mm,1}
d =Agm™Y

b[m,n]{mm,l}m: Aq{mm,l}m
S[m,n][mm,l] =A

m

For all m,n so that neither m,n=m and for all ¢* 1, g™"? =(1-d") and
b[m,n]{m,n,l}n - O, S[m,n]{m,n,li}m - O, b[m,n]{m,n,l}m = 0’ S[m,n]{m,n,li}n =0.

The only trading firms active in equilibrium in Example VI1.2 are those trading
good mfor other goodsm=1, 2, ..., m 1, mtl, ..., N-1. Only onetrading post in each pair
mn is active, reflecting the scale economy. Without loss of generality, that trading post is
designated number 1. Other potentia entering trading postsin mn are inactive, but their
threat of entry keeps the active post's pricing at average cost. Household
h1 HP h=[m,n], goesto the trading post {m, m 1} dealing in good m, his endowment,
and sells his endowment at the bid price in exchange for m Household h then takes the
proceeds of the saleto {n, m 1} thetrading post dealing in n, his desired good, and buys
n for mat the ask price. Buyers and sellers are evenly matched so all demands are
fulfilled. Since ask prices of good m exceed bid prices, post {m, m 1} accumulates net
stocks of m. Post {m, m 1} incurs transaction costsin good 0. Householdshi H°
supply good 0, the needed input to the transaction process, receive payment in m and
spend the mon good m, absorbing post {m, m 1}'s net accumulation of m (prices for these
transactions are unity). The allocation and market structure constitute an equilibrium
since no firm finds it profitable, taking other firms announced prices as given, to change
its prices.

Example VII.2 isthe strategic counterpart of V1.2 (a price-taking average cost
pricing equilibrium). Note that the preferences and endowments in this example fullfil
‘double coincidence of wants." Nevertheless, the structure of transaction costs keeps
agents from trading directly with those whose endowments and preferences are reciprocal
to their own (asthey do in Example IV.1), but encourages them to use monetary trade.
Firmstrading ini and j wherei * m? |, find that entry is unprofitable because their
markets are thin. Since most trade goes through m transaction volumes in markets mj are
much higher thanini-j. Thei-j firms cannot successfully (at positive trading volumes)
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charge wide enough margins between bid and ask pricesto cover costs. Itisinthissense
that the choice of mas 'money’ is self-justifying.

Example VII.2 emphasizes as well that there are multiple equilibria. Virtually any
of the N goods can become m, the common medium of exchange. The only ones ruled
out are those with insufficient scale economies (excessively high d). Thereisno
assurance that any single equilibrium designation of mwill be the best choice. On the
contrary, there are monetary equilibria with a choice of 'money’ that is dominated by
possible alternatives. A best choice would be one with the lowest d, but thereis no
mechanism posited in Example V1.2 to seek out the lowest cost medium. On the
contrary, once a common medium of exchange has been selected (by chance, history, an
invisible hand), its costs become |ocally lowest by scale economy. Hence the choiceis
sustained despite the availability of superior aternatives. Their superiority isclear to us
as observing economists globally, but it is not locally evident, because (with nonconvex
transaction costs) only global changes, not incremental local changes, result in a cost
saving. Once the equilibrium with mas 'money’ is established, the markets for the firms
{i,j,&} fori* mt | arethin and unprofitable, even if they have alower set-up cost.

There is anetwork externality associated with the choice of acommon medium of
exchange. Asadditional markets and traders use a particular medium of exchange, that
medium becomes more attractive for others, reflecting complementarities among markets.
The strategic situation facing a market-making firm as the economy approaches the
Bertrand equilibrium in Example V1.2 reflects the power of the network externality in
the common medium of exchange. As the economy approaches a Bertrand equilibrium
with good mas common medium of exchange, consider the situation of atrading post
firm deciding to enter the market. Suppose that aimost all goods except one, good n*, are
already traded for m That is, there are active trading posts{m n, 1} for al goods n=1,2,
.., *-1, n*+1, ..., N, but the market for n* isstill unsettled. Trade in all goods but n* is
aready monetized. What is the demand situation confronting trading posts entering the
market in n*? All the households [m, n*] who want to trade good m for n* face low
transaction costs in trading their endowments, m, for the prevailing medium of exchange
m All the traders [n*, m] who want to trade their endowment n* for a variety of other
goods m face low transaction costsin buying m for the prevailing medium of exchange
m Potential entrantsto trading post activity in n* and m {mn* £} see thisimmense latent
demand. There are N-1 buyers and N-1 sellerswho will find it advantageous (other
things being equal) --- based on the low costs at complementary trading posts { mn,1},
nt n* --- to trade at { mn*,¢} if the priceisright. The demand facing { mn*,f} promisesa
thick market at the trading post. Conversely, the (barter) trading posts { m,n*,¢}, m* m,
face the prospect of trading in athin market. At break-even prices, these trading posts
face low volume. The only traders interested in their markets are those with precisely
matching demands [m, n*] and [n*, m]. The message to potentia entrant trading postsis
clear. Thereisimmense demand for trading post { mn* £} providing transactionsin the
prevailing medium of exchange, m Thereislittle demand for trading post { m,n* ¢}
providing transactions to a thin barter market.

The (network) externality here follows these lines: High trading volume at active
trading posts using the prevailing medium of exchange, m leads to low average
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transaction costs at those posts, implying low Bertrand pricing of transaction services.
That leads to high demand for potential entrant trading posts (in goods not currently
served) trading in the prevailing medium of exchange m When those posts enter and find
their average costs are low, their Bertrand prices are dso low. Use of masacommon
medium of exchange builds on itself. Each trading post making a market in madds to the
demand for other trading posts making a market in mand other goods. Each additional
active market { mn,£} increases trading volumes and reduces average costs for the
complementary markets.

Bertrand Monetary Equilibrium in a Large Economy*?
Asin Example V1.4, we now consider alarge economy.

Example VI1.3 (Bertrand Monetary Equilibrium in aLarge Economy): LetL 3 2. Let
H=H" °EH°. Let transaction technology be characterized by (TCNC). For all 1£ijEN,
let A-[(d+d)/G(N-1)] > (1-d)A, and A-[(d+d)/G(N-1)] > (Y/,)A. Without |oss of
generality, distinguish any single good, 1,...,N, as m. Then the economy has a Bertrand
monetary equilibrium with good mas 'money’.
Demonstration of Example VI11.3:
The following prices and quantities constitute a Bertrand equilibrium. Without |oss of
generality designate the active trading post firm in each mn market asé = 1.
For J I1m,e=1, q{mj,l}m= 1= q{mj,l}o ]
g™ =1-[(d+d)/GA(N-1)].
For all other i, j, ¢, combinations, g% =(1-d), "% =(1-d).
For h=[m,n,g] (wherem,n* m) we have
b[m,n,@l]{mn,l}n — Aq{mm}m
s[m,n,g]{mn,l}m: Aq{mm}m
b[m,n,g]{mm,l}m: Aq{ mm}m
S[m,n,g]{mm,,l}m =A.
For h =[m,n,g] (where m = m) we have
b[m,n,@l]{nml}n =A.
s[m,n,g]{i,ml}m= A
For h=[m,n,g] (where n =) we have
b[m,n,g]{mm,l}mz A q{mm}m_
S[m,n,g]{mm,l}m =A.

For someelementsh" T H°, Sb™™¥ =g+, Ss™™™¥ = ghg".
b b

Asin example VII.3, thefirms¢ > 1 are potential market entrants and their threat of entry
affects price determination. The firms with positive levels of actual transactionsare ¢ =
1. There are zero profits. The allocation and market structure constitute an equilibrium
since no firm finds it profitable, taking other firms announced prices as given, to change
its price offers. Again asinexample VI1.2, firms{i,j, ¢} wherei * m! j, find that entry is

12

A version of this example appeared in Starr and Stinchcombe (1998). See also Howitt (2000), for
alarge economy with a Bertrand monetary equilibrium in atrading post model.
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unprofitable because their markets are thin. They post prices g% =(1-d), o9 =(1-d)
that cover their operating costs at low volume, but these prices are unattractive to active
traders, dominated by the posted prices of firmstrading through m It isin this sense that
the choice of mas'money’ is self-justifying. Since most trade goes through m,
transaction volumes in markets { mj,1} are much higher thanin{i,j,1} fori* m? j.
Hence {mj,1} firms can successfully operate at narrower bid/ask spreads than {i,j,1}
firms can.

The distinction between examples V11.2 and V11.3 is that the large numbers of
tradersin VI1.3 allow the economy to overcome larger set-up costs on the transactions
technology than would otherwise be possible. This shows up as the assumption that
A-[(d+d)/G(N-1)] > (1-d)A in example VII.3 versus (N-1)A-(d + d) > (N-1)A(1-d) in
example VI1.2.

The examples of section VII demonstrate Tobin's (1959) argument: the choice of
the medium of exchange is'self-justifying." Thereisasignificant resource saving --- and
a competitive pricing advantage to the market-maker --- in moving from a barter to a
monetary equilibrium, but the choice of what is'money" is (under these assumptions)
essentially arbitrary. Once the choice is made, the equilibrium, including the designation
of 'money,’ is stable against small perturbations and entry by competing market-makers or
by alternative media of exchange. These characteristics of the monetary equilibrium
reflect the underlying transactions technology: the complementarity among pairwise
goods markets implicit in the structure of the problem and the scale economiesin
transaction costs encourage concentration of trading activity in afew market-makers and
asingle medium of exchange.”® Conversely, example I11.2 shows that scale economies
are essential to unique monetization of the economy. Without assuming properties
peculiar to the designated ‘'money’ (e.g. that ‘'money’ is the single good so that trades that
include it are achieved at the lowest possible transaction cost, asin example111.1) there
seems to be no impetus in aconvex model driving the equilibrium toward asingle
distinguished medium of exchange. Unique monetization of trade results from scale
economies in the transaction technology.

VI1Il. Government-Issued Fiat Money

In order to study fiat money we introduce a government with the unique power to
issue fiat money. Fiat money isintrinsically worthless; it enters no one's utility function.
But government is uniquely capable of declaring it acceptable in payment of taxes. Adam
Smith (1776) notes “ A prince, who should enact that a certain proportion of his taxes be
paid in apaper money of a certain kind, might thereby give a certain value to this paper
money...” (v. |, book 1, ch. 2). AbbaLerner (1947) comments, "The modern state can
make anything it chooses generally acceptable as money...if the state iswilling to accept
the proposed money in payment of taxes." Taxation --- and fiat money's guaranteed value
in payment of taxes --- explains the positive equilibrium value of fiat money*. Scale
economies explain its uniqueness as the medium of exchange.

1 The notion of scale economy is consistent with the models of Iwai (1995) and Kiyotaki and

Wright (1989) where concentrating trading activity on a single transaction medium reduces waiting times
for the completion of trades.
1 See also Li and Wright (1998) and Starr (1974).
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As an economic agent, government is denoted G. Government sells tax receipts,
the N+1% good. It also sellsgood N+2, an intrinsically worthless instrument, (latent) fiat
money, that government undertakes to accept in payment of taxes, that is, in exchange for

N+1. Thetypical household [m,n] in H' or H*desiresto purchase tax receiptsto the
extent it prefers not to have a quarrel with the government's tax authorities. Government

sets atarget tax receipt purchase by the taxayer of 1™, Then we rewrite [m,n]'s utility
function as
N
um™l(x) = oS' X+ 3x_ - 10[max[(t™-x™1 Y, 0] (UT).
i=0, it n
That is, household [m,n] values paying his taxes with a positive marginal utility up to his
tax bill T™" and with zero marginal utility for tax payments thereafter. Government uses
its revenue to purchase a variety of goods n=1,...,N, in the amount x°, .

Good N+2 good represents latent fiat money. Government, G, sells N+1 (tax
receipts) for N+2 at afixed ratio of one-for-one. Thetrading post { N+1, N+2} where tax
receipts are traded for N+2 operates with zero transaction cost. Acceptability in payment
of taxes ensures N+2's positive value. If, in addition, N+2 is assumed to have sufficiently
low transaction cost, then it becomes the common medium of exchange. Thusif we
assume alow linear transaction cost, the existence of afiat money equilibrium is merely
an application of Example 111.1 and need not be repeated here.

Government-issued fiat money is typically the unigue common medium of
exchange: in the US virtually all transactions are denominated in US dollars; in the UK
virtually all (nonfinancial) transactions are denominated in pounds sterling. The virtual
uniqueness of the monetary instrument is not merely a possibility; it scemsto be a general
fact. Dollars, euros, pounds sterling, and other government-issued fiat money's all seem
to have similar low transaction costs. But in any single market economy precisely one of
these instrumentsislikely to be the unique common medium of exchange. Example
V111.1 harnesses scale economy to explain why fiat money is (almost universally) the
unique common medium of exchange.

Particularly in the case of scale economiesin the transactions technology, thereis
astrong tendency to multiple equilibria (recall Example VI1.1). Thiscreates an interest in
determining which of the several equilibriathe economy will actually select. Hence we
posit the same tatonnement adjustment process for average cost pricing equilibrium asin
section VI. That plausible adjustment process explains why government-issued fiat
money becomes the unique common medium of exchange ---- and would do so evenin
the absence of legal tender rules. Government has two distinctive characteristics: it has
the power to support the value of fiat money by making it acceptable in payment of taxes,
it isalarge economic presence undertaking a high volume of transactions in the economy.
Hence, government can make its fiat money the common medium of exchange merely by
using it assuch. The scale economiesimplied will make fiat money the low transaction
cost instrument and hence the most suitable medium of exchange, not just for government
but for al transactors.

Example VI11.1: Let the population of households be H=HE H¥. Let U™ be described
by (UT). Let t°>0beaconstant. Let O<t ™ =t o< A(1-dV?)(1-d™), all [mn]i H*. Let
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x® =kteg™?" _dln=12,...,N. Let C'"" be described by (TCNC). Let (g"%/kt%)<d<1/3
ali=1,2, .., N. Thenthereexistsamonetary average cost pricing equilibrium with
taxation with good N+2 as the unique 'money.’ That monetary equilibrium is the unique
limit point of the tatonnement adjustment.
Demonstration of Example VI11.1:

Step 0: For m m, set g™ =(1-d".

Cycle 1, Step 1:
For i:1,2,...,k, let S[n,n/l\i]{n,n/l\i} n:A_(t O/q{N+2,n}n), b[n,nAi]{n,nAi}nAi:(A_(t O/q{N+2,n}n))q{n,nAi} .
s[n,nAi]{N+2,N+1}N+2=t o:b[n,nAi]{N+2,N+1}N+1 , b[n,nAi]{N+2,n}N+2:t J s[n,nAi]{N+2,n}n=t O/q{N+2,n}n . For
n=1,2,...,N, let ¥N2W =kfe, poN2an —ktogihvan

Cycle 1, Step 2: For nmt N+2, it m, set o™ =(1-d".
g2 =(L-min[d",gVkt7)(1- g*%ktO), g2 ,,=1

Cycle2, Step1: Forn=1,2,...,N, let ¥V =kto psth2n —kogihzn -
SG{N+1,N+2} N+1=N kt o, bG{N+1,N+2} N+2=N kt o; b[n,n/-\i]{N+2,N+l} N+1=t o, S[n,n/-\i]{N+2,N+l}N+2:t o;

npAIl{N+2n} — [nPAI{nN+2} {N+2,n} . JnpAil{nAiN+2}  _ {N+2n} 40

S[ I n_A’ b I N+2_Aq ns S[ a N+2_Aq n_t J

b[n,n/-\i]{nAi,N+2}nA_:(Aq{N+2,n} -t O)q{n}l\i,N+2}
i n

N+2 *
Cycle 2, Step 2: For nmt N+2, nt m, set g™ =(1-d").
g™ =(1-min[d",g/kA])(1- g"kA), gV =1
Cycle 3, Step 1: Repeat Cycle 2, Step 1.
Cycle 3, Step 2: Repeat Cycle 2, Step 2.
Convergence.

What's happening in Example VI11.1? Scale economies are taking their course!
Government expendituresin al goods markets in exchange for N+2 (and large household
demand to acquire N+2 to finance tax payments) result in a large trading volume on the
trading posts for good N+2 versus n=1,...,N. Volumeis large enough that scale
economies kick in. The average cost pricing auctioneer adjusts prices, the bid/ask spread,
to reflect the scale economies. The bid/ask spreads incurred on trading m for mAi by
way of good N+2 become considerably narrower than on trading m for mAi directly. The
price system then directs each household to the market { m,N+2} where its endowment is
traded against good N+2. The household sells all its endowment there for N+2 and trades
N+2 subsequently for tax payments and desired consumption. Scale economy has turned
N+2 from a mere tax payment coupon into ‘money,' the unique universally used common
medium of exchange.

IX. Conclusion

The monetary structure of trade in general equilibrium, the uniqueness of money,
and the existence of afiat money equilibrium can be demonstrated as the outcome of a
market general equilibrium with transaction costs. The monetary character of trade, the
existence of acommon medium of exchange in economic equilibrium, islogically
derived from price theory. Starting from a (non-monetary) Arrow-Debreu Walrasian
model the addition of two constructs is sufficient: segmented markets with multiple
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budget constraints (one at each transaction) and transaction costs. The multiplicity of
budget constraints creates a demand for a carrier of value (medium of exchange) between
transactions. Money (the common medium of exchange) arises endogenously as the most
liquid (lowest transaction cost) asset. Government-issued fiat money derivesits value
from acceptability in payment of taxes. Uniqueness of the monetary instrument (fiat or
commodity money) in equilibrium comes from scale economies in transaction cost.

The taxonomy of cases developed is depicted in the table.

Equilibrium Monetary Structure
Returnsto Scalein Transaction Technology
Linear Transaction Increasing Returns
|IDemand Structure Technology Transaction Technol ogy
Absence of Double Monetary Equilibrium Monetary Average Cost
|Coincidence of Wants where the low transaction  |Pricing Equilibrium with

cost instrument becomes  |Unique 'Money' (Example
'money’ (Example l11.1); VI.1)
Possibly multiple ‘'moneys

(Examplel11.2)
Absence of Double Fiat Money Equilibrium if |Fiat Money Equilibrium
Coincidence of Wants with |fiat money isthe low (“money’ isunique) when tax
Fiat Money transaction cost instrument  |payments and government
(Apply Example111.1) purchases are sufficiently large
(Example VIII.1)
Full Double Coincidence JNonmonetary equilibrium |Monetary Equilibria (Average
of Wants (ExamplelV.1) Cost Pricing and Bertrand)

with Unique 'Money'
(Examples V1.2, VII.2)

Absent double coincidence of wants, with linear transaction costs, alow transaction cost
instrument is endogenously chosen as a medium of exchange. In the case of linear
transaction costs, absence of double coincidence of wantsis essential to monetary
equilibrium. Alternatively scale economies in transaction cost (nonconvex transaction
costs) lead to a corner solution, uniqueness of the common medium of exchange. Fiat
money derives its positive equilibrium value from acceptability in payment of taxes. Fiat
money becomes the unique common medium of exchange when government taxation and
purchases are sufficiently large that scale economies in transaction costs make it the low
(average) transaction cost instrument.
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Figure 1: Monetary Equilibrium with Unique Money

Figure 2 : Barter Equilibrium for H”





