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Abstract

Addressing Key Scaling Challenges in Fixed-Frequency Transmon Architectures

by

Larry Chen

Doctor of Philosophy in Physics

University of California, Berkeley

Professor Irfan Siddiqi, Chair

A central discourse in the field of superconducting quantum computing surrounds the ques-
tion of whether the transmon qubit is the correct unit cell for scaling to fault-tolerant quan-
tum computation. Since the transmon was first introduced, there has been a rapid develop-
ment of more complex qubit designs that promise better noise protection and higher fidelity
control. Despite these innovations, all of the largest superconducting qubit processors that
exist today rely on the transmon qubit as the fundamental unit cell, and many use the flux-
tunable variant to manage many of the difficult scaling constraints. However, the simplicity
of the fixed-frequency, single-junction transmon remains highly appealing for building ro-
bust, large-scale systems. In this thesis, we address several key scaling challenges that have
historically limited fixed-frequency transmon architectures. First, we present an analysis of
the frequency-crowding problem for fixed-frequency architectures. We model the statistical
distribution of qubit frequencies resulting from fabrication variance and propose strategies
for mitigating spectral collisions. Next, we explore the use of parametrically modulated cou-
plers to engineer fast, high-fidelity entanglement between highly-detuned transmons, which
circumvents both frequency crowding and gate-speed limitations imposed by fixed-coupling
architectures. Finally, we address the challenge of system instability caused by interactions
with two-level system (TLS) defects. Since fixed-frequency transmons cannot be tuned away
from these parasitic resonances, we introduce a resource-efficient method to integrate electric-
field tuning of TLS defects into a scalable architecture. By addressing these key challenges,
this work provides a pathway for scaling fixed-frequency transmons toward fault-tolerant
quantum computation.
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Chapter 1

Introduction

Information is physical, and the physical world is quantum; therefore, information must be
quantum. This key insight, embodied in Feynman’s famous quote [60], catalyzed a decades-
long effort to realize a system capable of performing universal quantum computation. At the
center of this new computational paradigm is the replacement of the classical bit with its
quantum counterpart: the qubit. Unlike a register of n-classical bits, describing an entangled
system of n-qubits requires storing and manipulating 2n complex numbers. This illustrates
two uniquely quantum phenomena — superposition and entanglement — that give rise to a
“quantum parallelism” responsible for the computational power of a quantum computer [46].
The potential of quantum information processing became more apparent with the discovery
of several key algorithms that demonstrated a theoretical speedup over their best known
classical counterparts. These include Shor’s algorithm [183], which offers an exponential
speedup for integer factorization, and Grover’s algorithm [75, 76], which provides a quadratic
speedup for searching unstructured databases.

While these developments demonstrate the potential power of quantum computation,
the non-local correlations that underpin this power are inherently fragile. Quantum states
are susceptible to decoherence, where unwanted interactions with the environment corrupt
the stored information stored within these delicate states, introducing computational er-
rors. This problem is compounded by a fundamental engineering dilemma: a qubit must be
coupled to the external world for control and measurement, but this same coupling opens
a channel for environmental noise to destroy the quantum correlations. Even if we could
engineer a perfectly isolated “neutrino qubit”1, our inability to manipulate it would render
the qubit quite useless. Beyond environmental decoherence, the analog nature of a qubit
state still makes it susceptible to control errors. Unlike a classical bit, which is digitized so
that small fluctuations in a transistor voltage can be ignored, a qubit state is described by
a continuous amplitude and phase. As a result, even small control errors can build up over
the course of a computation and corrupt the information.

To overcome these challenges, the theory of quantum error correction (QEC) provides

1This phrase should be attributed to John Martinis.
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a framework for realizing fault-tolerant computation from noisy and imperfect qubits. The
fundamental idea, first proposed by Peter Shor in 1996 [184], is to redundantly encode a
logical qubit within the quantum correlations of a larger number of noisy physical qubits,
so that errors on the constituent qubits can be detected and corrected. Shor’s discovery
laid the foundation for an active field of research and the development of many QEC codes
[5]. Among the most promising QEC schemes is the surface code, which requires only a
two-dimensional array of physical qubits with local connectivity [98, 63]. The viability of
all such codes is guaranteed by the threshold theorem, which proves that if the error rate
of the physical qubits is below a certain critical value (the threshold), increasing the system
size yields an exponential suppression of the logical error rate, enabling arbitrarily long
and accurate computations [104, 3]. Achieving fault tolerance is therefore fundamentally
a challenge of scale2. A useful quantum computer will require not only a large number of
logical qubits to operate on meaningful problem sizes, but also a large overhead of physical
qubits to suppress errors below a functional level. This challenge, coupled with the promise
of beyond-classical computation, has prompted billions3 of dollars in investment across both
industry and academic research in an effort to realize a fault-tolerant quantum computer.

The pursuit of this goal is being carried out across an array of physical platforms, all of
which must satisfy a set of core requirements, known as DiVincenzo’s criteria [52]. These
include:

1. A quantum system in which a qubit can be encoded. This can be an electron spin, the
polarization of a photon, or two quantum states in an atom.

2. A method to initialize qubits to a known state.

3. Quantum coherence must be maintained over sufficiently long time scales to enable
both storage and processing of information.

4. The ability to apply unitary operations to manipulate the quantum state of one or
more qubits.

5. A way to measure the state of a qubit.

These criteria can be satisfied on a variety of physical systems and have given rise to many
quantum information processing platforms, each with their advantages and drawbacks. In
this thesis, we will focus entirely on superconducting circuits, which has emerged as a leading
platform for building a scalable quantum computer in the decades since Martinis, Devoret,
and Clarke’s first demonstrations of macroscopic quantum behavior in a Josephson tunnel
junction [122, 49]. These pioneering experiments paved the way for the first observations
of coherent quantum oscillations in a superconducting charge qubit in 1999 [146]. Rapid
progress ensued in the following years, when the remaining building blocks for quantum

2Qubit quality is of course important, but we will always need large numbers of high-quality qubits.
3In a panel with John Martinis at AQC 2025, Pedram Roushan recounted a funny story about how the

original proposed title of Ref. [63] was “How to make a quantum computer with ten million dollars”.
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computation were demonstrated, including longer coherence times in superconducting phase
qubits [125], the first two-qubit gates [159, 189], and the circuit quantum electrodynamics
(circuit QED) framework for qubit coupling and readout [202]. Despite these successes, the
performance of early charge- and phase-qubits was ultimately capped by their extreme sen-
sitivity to both charge and flux noise, which limited coherence times to the sub-microsecond
regime. This changed with the introduction of the transmon qubit in 2007 [105] and its
subsequent experimental realization [178], which demonstrated the promised exponential
charge noise suppression and brought superconducting qubits into the microsecond coher-
ence regime.

This breakthrough was a pivotal moment for the field, making the transmon qubit the
dominant platform for decades to come. In the years since, transmon coherence times have
improved by another three orders of magnitude [185], crossing into the millisecond regime
[19], and systems consisting of ∼100 transmon qubits have demonstrated the first instances
of below-threshold error correction up to a distance-7 surface code [2]. While these suc-
cesses, coupled with the transmon’s simplicity, make a strong case for the transmon qubit’s
privileged position, many still question the practicality of a system that requires hundreds
of physical qubits to realize a single logical qubit. This raises an important question: is the
transmon qubit the quantum analog to the “transistor”, ready for the scale of fault-tolerant
computation, or are we still in the vacuum-tube era, in search of a better fundamental
building block?

This question has motivated a significant thrust of research into alternative qubit modal-
ities that offer better noise protection and higher-fidelity control at the cost of system com-
plexity. These include alternative noise-protected superconducting circuit designs [53, 79], as
well as a different paradigm of bosonically encoded qubits [195]. The former leverages sym-
metries in the circuit design to suppress the qubit’s susceptibility to bit-flip noise, phase-flip
noise, or both. These include single-mode circuits like the fluxonium [121, 149] or blochnium
[161], as well as multi-mode circuits such as the 0-π [98, 24, 78], cos(2θ) [54, 187], and bi-
fluxon qubits [14, 91]. In the latter approach, a single logical degree of freedom is encoded
redundantly within the large Hilbert space of a linear oscillator to yield a similar type of
noise protection. Some examples of such bosonic codes include the GKP qubit [73, 29], cat
qubit [136, 155], and binomial codes [133, 86]. The central premise to all of these approaches
is that if the hardware unit cell can offer some intrinsic noise protection, we can engineer
logical qubits with significantly fewer unit cells. In fact, this was demonstrated recently with
a concatenated repetition code consisting of bosonically encoded cat qubits [166].

On the other hand, there is something to be said about the simplicity of the humble
transmon, and we continue to see ever larger systems with lower error rates being built.
In this thesis, we aim to strengthen the case for the transmon as a scalable unit cell. We
will focus in particular on the fixed-frequency variant, by addressing three key scaling chal-
lenges that have often led people to favor its flux-tunable counterpart. First, we analyze
the problem of frequency crowding inherent to fixed-frequency architectures, by modeling
the inherent fabrication variance and proposing optimization strategies to mitigate spectral
collisions. Motivated by these studies, we then explore the use of parametrically modulated
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couplers to engineer fast two-qubit gates between highly detuned qubits. Finally, we in-
troduce a resource-efficient method to integrate electric-field tuning of TLS defects into a
fixed-frequency transmon architecture.

Outline

We will begin in the remainder of this chapter with a brief overview of quantum information
theory. This is covered in more detail by many great references. We aim not to reproduce
these, but to provide an introduction focused on quantum control from an experimental per-
spective. In Chapter 2, we introduce the fundamentals of superconducting circuits through
a slightly unconventional approach. We introduce many of the techniques seen in the circuit
QED literature, and show that many important effects relevant to the design of a supercon-
ducting qubit device are fundamentally classical. We then introduce the Josephson junction
and discuss the implications of introducing nonlinearity and quantum behavior separately.
In Chapter 3, we bring this lumped circuit theory into the practical domain, by guiding the
reader through real design problems for the experimental devices used in the subsequent
chapters. We will discuss how distributed element models are needed to accurately design
superconducting qubit devices, and also propose more scalable approaches to device design
with modular simulation.

In Chapter 4, we begin with some extended background on quantum control and single-
and two-qubit gates with superconducting qubits. We discuss how the choice of two-qubit
gate imposes many system design constraints and is often a dominant influence on the
qubit architecture. We then focus on fixed-frequency and fixed-coupling architectures with
all-microwave gates, and show how this qubit architecture can lead to untenable frequency
allocation constraints as systems scale to larger sizes. In Chapter 5, we show how introducing
a tunable coupler can enable fast parametrically-activated two-qubit gates even between far-
detuned qubits. We explain the experimental implementation of a high-fidelity

√
iSWAP

gate using this architecture, and discuss the relevant error mechanisms that could be further
improved to yield even lower error rates. Finally, in Chapter 6, we introduce a method for
local and in-situ control of TLS defects using integrated electric-field tuning. This allows
for control over the noise environment of each individual qubit, enhancing both performance
and stability at a system level.

1.1 Quantum Information

A qubit is the fundamental unit of quantum information. In its most abstract form, this can
be any two-level quantum system, with a Hilbert space that spans the states |0⟩, |1⟩. The
Hamiltonian for such a system is typically written as

Hq = −ℏωq

2

(
1 0
0 −1

)
= −ℏωq

2
σz (1.1)
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where σz = |0⟩⟨0| − |1⟩⟨1| and

|0⟩ =
(
1
0

)
|1⟩ =

(
0
1

)
(1.2)

are the eigenstates of the Hamiltonian 4. Unlike a classical bit, the quantum bit can be in a
superposition of the basis states. This can be expressed as an arbitrary quantum state

|ψ⟩ = cos θ |0⟩+ eiϕ sin θ |1⟩ (1.3)

where the state is both normalized (⟨ψ|ψ⟩ = cos2 θ+ sin2 θ = 1) and contains only a relative
phase ϕ between the two basis states (global phases are not experimentally measurable).
Here, we notice that the set of unique states can be spanned by θ ∈ [0, π] and ϕ ∈ [0, 2π)
so that each unique state maps onto a point on the surface of a 3-dimensional unit sphere
where |0⟩ and |1⟩ map onto the “north” and “south” poles respectively. This is typically
referred to as the Bloch sphere.

Since the Hamiltonian is both time-independent and diagonal, the time evolution for the
system is easily computed as

U(t) = e−iHqt/ℏ = ei
1
2
ωqt |0⟩⟨0|+ e−i 1

2
ωqt |1⟩⟨1| (1.4)

where each state gains a time-dependent phase that depends on its energy5 (or frequency).
In particular, the relative phase between the two states will evolve at a frequency ωq corre-
sponding to their energy difference. Although the Hamiltonian is time-independent here, the
dynamics are not time-independent. This makes it inconvenient to use these basis states as-is
for encoding quantum information, since the logical state becomes time-dependent, rather
than stationary, even when no additional operations are applied.

Unitary Transformations

To address this, we introduce the notion of a “rotating frame” or, more generally, a unitary
transformation, which can simplify the system dynamics. In contrast, the original Hamil-
tonian, H is typically referred to as being in the “laboratory” frame. Given the lab frame
Hamiltonian, H, the Schrodinger equation describes the resulting time evolution:

iℏ
∂

∂t
|ψ(t)⟩ = H(t) |ψ(t)⟩ (1.5)

subject to some initial condition |ψ(t0)⟩ = |ψ0⟩. We now consider how we would move into a
frame defined by a unitary U . Suppose instead that we replace |ψ⟩ → |ψ′⟩ = U |ψ⟩, we want

4We add a minus sign to the Hamiltonian so that the |1⟩ state is the higher-energy state.
5With superconducting qubits, frequencies are the experimental quantity that are measured directly, so

we will typically choose units such that ℏ = 1 and drop the explicit ℏ.
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to find the corresponding hamiltonian H ′ that satisfies the Schrodinger equation. Making
the substitutions, we find

iℏ
∂

∂t
|ψ′⟩ = H ′ |ψ′⟩ (1.6a)

iℏ
∂

∂t
(U |ψ⟩) = H ′U |ψ⟩ (1.6b)

iℏU̇ |ψ⟩+ iℏU
∂

∂t
|ψ⟩ = H ′U |ψ⟩ (1.6c)

where we use the product rule in the second line. We multiply both sides by U † and rearrange,
which gives

iℏ
∂

∂t
|ψ⟩ =

(
U †H ′U − iℏU †U̇

)
|ψ⟩ (1.7)

Finally, we see that we will recover the original equations of motion if

H = U †H ′U − iℏU †U̇ ⇒ H ′ = UHU † + iℏU̇U † (1.8)

What this tells us is that even for the same Hamiltonian, the effective dynamics of a system
can look very different depending on the states that we choose as our basis states.

The Qubit Frame

We now apply this to our qubit Hamiltonian and make a unitary transformation Urot = eiHqt/ℏ

to move into the “rotating” frame. Since [Hq, U ] = 0, we see that this transforms the
Hamiltonian as

H ′
q = UrotHqU

†
rot + iℏU̇rotU

†
rot = HqUrotU

†
rot −HqUrotU

†
rot = 0 (1.9)

and the basis states are modified as |0′⟩ = Urot |0⟩ and |1′⟩ = Urot |1⟩. In this rotating frame,
the dynamics are governed by the propagator

U ′(t) = e−iH′
qt/ℏ = I (1.10)

where I =
∑

n |n⟩⟨n| is the identity operator and the new basis states no longer have any
time-dependence.

We refer to this unitary transformation as moving into the rotating frame because in the
Bloch sphere picture, the time-evolution (in the lab frame) of any state not at the poles
looks like rotation around the z-axis at a frequency ωq. Thus, in order for the time-evolution
to appear stationary, the dynamics must be observed from the perspective of a co-rotating
observer. Experimentally, this means that the frequency of the qubit must be known to a
high-degree of precision, since the logical rotating frame is actually defined by a external
frequency reference and not the qubit itself. We refer to this technique as frame tracking.
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1.2 Qubit Control

We now discuss the coherent control of a superconducting qubit. In order to manipulate
quantum information, we must be able to take a qubit from an initial state |ψi⟩ to an
arbitrary final state |ψf⟩. For a single qubit, this amounts to implementing rotations on the
Bloch sphere.

Single Qubit Rotations

To implement a rotation around the X-axis, we consider adding a drive Hamiltonian of the
form

Hd = Ω(t) cos(ωdt+ ϕ)σx (1.11)

where Ω(t) describes a time-dependent drive-envelope, ωd is a driving frequency, and ϕ is a
drive phase. For simplicity, we assume that only the drive amplitude can be time-dependent
and keep the drive phase ϕ time-independent. This is equivalently written as

Hd =
Ω(t)

2

[
ei(ωdt+ϕ) + e−i(ωdt+ϕ)

]
(σ+ + σ−) =

1

2

[
Ω̃(t)eiωdt + Ω̃∗(t)e−iωdt

]
(σ+ + σ−) (1.12)

where we have folded the phase ϕ into the now complex amplitude Ω̃(t) = Ω(t)eiϕ. We now
move into the rotating frame that defines the logical qubit, defined by U = exp

[
−1

2
iωqtσz

]
as above. We can easily calculate the following the following terms:

U̇U † = −1

2
iωqσze

− 1
2
iωqtσze

1
2
iωqtσz = −1

2
iωqσz (1.13a)

UσzU
† =

(
e−

1
2
iωqt |0⟩⟨0|+ e

1
2
iωqt |1⟩⟨1|

)
σz

(
e

1
2
iωqt |0⟩⟨0|+ e−

1
2
iωqt |1⟩⟨1|

)
= σz (1.13b)

Uσ+U
† =

(
e−

1
2
iωqt |0⟩⟨0|+ e

1
2
iωqt |1⟩⟨1|

)
σ+

(
e

1
2
iωqt |0⟩⟨0|+ e−

1
2
iωqt |1⟩⟨1|

)
= σ+e

iωqt (1.13c)

Uσ−U
† =

(
e−

1
2
iωqt |0⟩⟨0|+ e

1
2
iωqt |1⟩⟨1|

)
σ−

(
e

1
2
iωqt |0⟩⟨0|+ e−

1
2
iωqt |1⟩⟨1|

)
= σ−e

−iωqt (1.13d)

so the transformed Hamiltonian is

H ′ = U(Hq +Hd)U
† + iUU † = UHqU

† + iUU † + UHqU
† (1.14a)

=
1

2

[
Ω̃(t)eiωdt + Ω̃∗(t)e−iωdt

] (
σ+e

iωqt + σ−e
−iωqt

)
(1.14b)

=
1

2

[
Ω̃(t)eiΣt + Ω̃∗(t)ei∆t

]
σ+ +

1

2

[
Ω̃(t)e−i∆t + Ω̃∗(t)e−iΣt

]
σ− (1.14c)

where ∆ = ωq−ωd and Σ = ωq+ωd. If the drive is on resonance (ωd = ωq), we see that ∆ = 0
and Σ = 2ωq = 2ωd, so that two of the four terms have a much slower time dependence than
the rest. In this limit, we can make the well-known rotating-wave approximation (RWA),
where we drop the fast terms, to simplify the Hamiltonian to

H ′ ≈ 1

2

[
Ω̃(t)∗σ+ + Ω̃(t)σ−

]
=

1

2

[
Ω̃(t) |0⟩⟨1|+ Ω̃∗(t) |1⟩⟨0|

]
(1.15)
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so that the only time dependence that remains is in the drive amplitude. Since we assumed
earlier that the complex phase has no time dependence, the Hamiltonian will commute with
itself at all times ([H ′(t), H ′(t′)] = 0) and the propagator is given by

Ud(t) = exp

[
−i
∫ t

0

H ′(t′) dt′
]
= exp

[
−1

2
iθ(t) (cos(ϕ)σx − sin(ϕ)σy)

]
(1.16a)

=

(
cos θ(t)

2
−ieiϕ sin θ(t)

2

−ie−iϕ sin θ(t)
2

cos θ(t)
2

)
(1.16b)

= Rxy (θ, ϕ) (1.16c)

where θ(t) =
∫ t

0
Ω(t′) dt′ is the total area under the drive envelope Ω(t). We recognize this

as a rotation matrix on the Bloch sphere, with a rotation angle determined by θ(t) and axis
defined by the angle ϕ in the XY-plane. For ϕ = 0 this becomes a rotation about the X-axis
and for ϕ = π

2
this becomes a rotation about the Y-axis.

What about Z-rotations? The rotation matrix for a Z-rotation looks like:

Rz(ϕ) = e−iϕ
2
σz =

(
e−iϕ

2 0

0 ei
ϕ
2

)
(1.17)

which looks exactly like the time evolution of the qubit in the laboratory frame if we take
ωqt → −ϕ (see Eq. 1.4). This suggests that we can implement a Z-rotation by simply
detuning the qubit from its frame tracking frequency for a short period of time. Suppose
the frequency of the qubit can be tuned such that the instantaneous frequency at a time t
is given by ω(t) = ωq +∆(t). After moving into the qubit frame, we find

H ′ = UHqU
† + iUU † =

∆(t)

2
σz (1.18)

so that the time evolution under this detuning looks like

Ud(t) = exp

[
−i1

2
ϕ(t)σz

]
=

(
e−i

ϕ(t)
2 0

0 ei
ϕ(t)
2

)
= Rz(ϕ) (1.19)

where ϕ(t) =
∫ t

0
∆(t′) dt′ is the integrated detuning.

Virtual-Z Gates

In the previous section we showed that a temporary qubit detuning could be used to realize
a Z rotation. But since the detuning is symmetric between the qubit frequency and the
frame tracking frequency, this suggests that we could just as well detune the frame tracking
frequency to implement the same gate. This is equivalent to adding discrete phase updates
to the frame, which has the advantage of taking zero time. Physically, this involves updating
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the phases of the XY rotations that encode the qubit frame. To see how this works, we look
at how rotations Rz commute across XY rotations Rxy. Suppose we have a rotation Rz(α)
before and a rotation Rz(γ) after a rotation Rxy(θ, ϕ)

6. The resulting rotation matrix looks
like

Rz(γ)Rxy(θ, ϕ)Rz(α) =

(
e−i γ

2 0

0 ei
γ
2

)(
cos θ

2
−ie−iϕ sin θ

2

−ieiϕ sin θ
2

cos θ
2

)(
e−iα

2 0
0 ei

α
2

)
(1.20a)

=

(
e−i

(α+γ)
2 cos θ

2
−ie−i(ϕ−(α−γ)/2) sin θ

2

−iei(ϕ−(α−γ)/2) sin θ
2

ei
(α+γ)

2 cos θ
2

)
(1.20b)

If we let γ = −α, we can simplify this to

Rz(−α)Rxy(θ, ϕ)Rz(α) =

(
cos θ

2
−ie−i(ϕ−α) sin θ

2

−iei(ϕ−α) sin θ
2

cos θ
2

)
= Rxy(θ, ϕ− α) (1.21)

and we see that this becomes equivalent to a rotation around a modified angle ϕ′ = ϕ − α.
This implies that

Rxy(θ, ϕ)Rz(α) = Rz(α)Rxy(θ, ϕ− α) (1.22)

so we see that any Z-rotation Rz(α) applied before Rxy(θ, ϕ) is equivalent to applying Rz(α)
after Rxy(θ, ϕ − α). In this way, we can keep deferring Z gates without changing the total
effective unitary, by updating the phase of our rotation axis and pushing all Z rotations
to the very end of our circuit. Since the final measurement is always performed in the Z
basis, this final deferred Z-rotation before the measurement can simply be dropped with no
consequence.

Entanglement

With the ability to do X-, Y -, and Z-rotations, we gain the ability to implement arbitrary
rotations of a single-qubit state on the Bloch sphere. However, due to the measurement
postulate of quantum mechanics, a single qubit in isolation is no different from a probabilistic
classical bit. The true power of quantum information is unlocked when multiple qubits can
be brought together and allowed to interact in non-classical ways.

A particularly clean example of the power of entanglement is the idea of superdense
coding. To explain this we first introduce the two-qubit Bell states

|ϕ±⟩ =
1√
2
(|00⟩+ |11⟩) |ψ±⟩ =

1√
2
(|01⟩ ± |10⟩) (1.23)

which are maximally entangled. For any of these Bell states, if we measure only a single
qubit, we will obtain a 0 or 1 with 50% probability. However given the measurement result
of the first qubit, we always know with certainty what the state of the second qubit will be

6Note that time goes from right to left with operators.
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upon measurement. Now suppose Alice and Bob share an entangled pair of qubits |ϕ+⟩. By
performing just a single-qubit operation on her qubit (I, σx, σy, σz), she can transform |ϕ+⟩
into any one of the 4 Bell states (up to a global phase):

I |ϕ+⟩ = |ϕ+⟩ (1.24a)

σA
x |ϕ+⟩ = |ψ+⟩ (1.24b)

σA
y |ϕ+⟩ = e−iπ

2 |ψ−⟩ (1.24c)

σA
z |ϕ+⟩ = |ϕ−⟩ (1.24d)

If she then sends her single qubit to Bob, he now has control over both qubits and can do a
Bell basis measurement7 to determine which one of the 4 Bell states he possesses. There are
4 possible Bell states, which means that Alice has managed to transmit 2 bits of classical
information by transmitting only a single quantum bit! Now one might object by saying that
Alice and Bob still had to transmit a single qubit in the beginning to share the entangled
resource (or maybe a third party entangled the pair and distributed one qubit to each of
them). However, this initial transmission contained no information—the information was
encoded into the two qubits only after Alice implements her single-qubit rotation.

Having seen that entanglement is useful, we now consider how to generate it. Building
on our single-qubit example, we consider adding a drive Hamiltonian of the form

Hd = Ω(t) cos(ωdt+ ϕ)σa
xσ

b
x (1.25)

=
1

2

[
Ω̃(t)eiωdt + Ω̃∗(t)e−iωdt

] (
σa
+σ

b
+ + σa

+σ
b
− + σa

−σ
b
+ + σa

−σ
b
−
)

(1.26)

where Ω(t) again describes some time-dependent drive envelope. If we move into the rotating
frame of the two qubits, defined by U = exp

[
−1

2
i
(
ωaσ

a
z + ωbσ

b
z

)
t
]
, the drive Hamiltonian

becomes

H ′
d =UHdU

† (1.27a)

=
1

2

[
Ω̃(t)eiωdt + Ω̃∗(t)e−iωdt

]
×
(
σa
+σ

b
+e

iΣabt + σa
+σ

b
−e

i∆abt + c.c.
)

(1.27b)

=
1

2
Ω̃(t)

(
ei(ωd+Σab)t + e−i(ωd−Σab)t

)
σa
+σ

b
+ (1.27c)

+
1

2
Ω̃∗(t)

(
ei(ωd+∆ab)t + e−i(ωd−∆ab)t

)
σa
+σ

b
− + c.c. (1.27d)

where we now define ∆ab = ωa−ωb and Σab = ωa+ωb. Here, we see that if the drive frequency
is ωd ±∆ab or ωd = ±Σab, we obtain a time-independent term in the drive Hamiltonian in
the rotating frame, in which case we can make the RWA again and drop all remaining terms.
Suppose we choose ωd = ∆ab. Then we are left with

H ′
d ≈

1

2
Ω̃∗(t)σa

+σ
b
− +

1

2
Ω̃(t)σa

−σ
b
+ =

1

2

[
Ω̃(t) |01⟩⟨10|+ Ω̃∗(t) |10⟩⟨01|

]
(1.28)

7To be precise, he can apply a CNOT followed by a Hadamard gate, to map the Bell basis onto the
two-qubit Z basis.
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which looks a lot like Eq. 1.15, except for the eigenstates involved. Now suppose we start in
state |01⟩. For a drive envelope Ω̃(t) = Ω(t)eiϕd where θ =

∫ τ

0
Ω(t) dt = π

2
with drive phase

ϕd =
π
2
, we will end up in a state

Ud |10⟩ = e−i
∫ τ
0 H′

d dt |10⟩ = 1√
2
(|01⟩+ |10⟩) (1.29)

which is precisely the maximally entangled Bell state |ϕ+⟩! More generally, we can show
that the entire space of two-qubit entangling operations can be written in the form

U = exp
[
−iπ

2

(
txσ

a
xσ

b
x + tyσ

a
yσ

b
y + tzσ

a
zσ

b
z

)]
(1.30)

for tx, ty, tz ∈ [−1, 1], up to single-qubit rotations [42]. This sometimes called the “canonical”
gate or the “KAK” gate, and the coefficients tx, ty, tz are often constrained to a subset(

0 ≤ tz ≤ ty ≤ tx ≤ 1

2

)
∪
(
0 ≤ tz ≤ ty ≤ 1− tx ≤ 1

2

)
(1.31)

which defines the Weyl chamber [215]. Each coordinate (tx, ty, tz) within the Weyl chamber
defines a unique two-qubit unitary, that cannot be mapped to a different point in the Weyl
chamber with only single-qubit operations.
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Chapter 2

Classical and Quantum Circuits

The field of circuit QED is built upon a foundation of nonlinear quantum circuits. The
quantum regime is required to enable the manipulation of quantum information in discrete
energy levels and maintain coherence between them. And although not strictly required
to exhibit quantum effects, it is typically necessary to introduce nonlinear behavior to gain
universal control over the discrete energy levels in a quantum circuit1. As a result, we require
a quantum description of these circuits to gain a complete understanding of their behavior

There are many excellent reviews of circuit quantization and quantum-mechanical circuit
analysis, and we encourage the interested reader to check out the following references:

• Introduction to quantum electromagnetic circuits Vool and Devoret [201]: This
is a short review of many foundational concepts in quantum circuit theory, consolidated
from a set of Les Houches lecture notes.

• Lecture Notes on Quantum Electrical Circuits Ciani, DiVincenzo, and Terhal
[39]: A textbook, complete with exercises, that covers a range of introductory to
advanced topics including circuit quantization, black-box quantization, non-reciprocal
circuits, and noise.

• A review of design concerns in superconducting quantum circuits Levenson-
Falk and Shanto: A modern review of design concerns for superconducting quantum
circuits. The review contains an excellent reference list, making it a good launching
point to explore a particular design topic in more depth.

A common trend in much of the circuit QED literature is a heavy emphasis on the
machinery required to give a complete quantum-mechanical description of the circuit, which
can often obscure the underlying simplicity and classical origin of a given effect. In many
situations, a classical and linear description of the circuit is sufficient for understanding the
salient properties of a circuit QED system. This is especially true of much of the supporting

1Since the Josephson junction typically introduces both quantum-ness and nonlinearity, the two are often
conflated.



CHAPTER 2. CLASSICAL AND QUANTUM CIRCUITS 13

circuitry (readout resonators, filters, control lines, etc.) involved in controlling and measuring
a superconducting qubit. From a design perspective, understanding whether a given circuit
behavior or effect is quantum, nonlinear, or both, is important, since effects that are both
linear and classical can generally be computed or simulated much more efficiently.

In this chapter, we will introduce and review some foundational concepts in circuit QED,
but from the perspective of linear and classical circuits. We will then discuss the Josephson
junction, which introduces both quantum and nonlinear behavior. This will build the foun-
dation for the subsequent chapter, where we work work through several practical examples
of superconducting quantum device design.

2.1 Electrical Circuits

Electrical circuits are networks consisting of discrete components, or circuit elements, that
describe the collective behavior of electrons in matter and their interaction with electro-
magnetic fields. These circuit elements can be either lumped or distributed, and describe
the relationship between the voltages and currents at each port. While circuit elements are
commonly specified in terms of voltage (V ) and current (I), they can also be described with
respect to their time integrals, flux (Φ) and charge (Q) respectively.

Φ(t) =

∫ t

−∞
V (t′) dt′ Q(t) =

∫ t

−∞
I(t′) dt′ (2.1)

When circuit elements are connected together at their ports to form a network, the
voltages and currents are further constrained by Kirchhoff’s laws:∑

v

Iv = 0 (2.2)∑
e

Ve = 0, (2.3)

which state that sum of all currents flowing into a node v is always zero and that the sum
of all voltage differences around a closed loop is also zero.

These equations can be seen as a consequence of Maxwell’s equations. For Kirchhoff’s
current law, we start with Ampere’s law and integrate this over a surface S enclosing the
node.

0 =

∮
S

1

µ0

(∇×B) · n̂ dS =

∮
S

(
J+ ϵ0

∂E

∂t

)
· n̂ dS (2.4)

Here, the left-hand side is zero from the divergence theorem and the fact that the divergence
of a curl is always zero. We then use Gauss’s law, which tells us that the integral of electric
flux over the closed surface is equal to the total enclosed charge.

0 =

∮
S

J · n̂ dS+
∂

∂t

[
ϵ0

∮
S

E · n̂ dS
]
=
∑
v

Iv + Q̇ (2.5)
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If the total charge on each node is conserved (no time-varying voltage), then Q̇ = 0, and we
have recovered Kirchhoff’s current law.

Similarly, for Kirchhoff’s voltage law, we start with Faraday’s law and integrate over the
open surface S enclosed by a loop C. The first term can then be expressed as a line integral
using Stokes’ theorem, and the second term is simply the magnetic flux threaded through
the loop.

0 =

∫
S

(
∇× E+

∂B

∂t

)
· n̂ =

∮
C

E · dl+Φ̇ext =
∑
e

Ve (2.6)

Again, if the external flux enclosed by the loop is conserved (no time-varying magnetic field),
then Φ̇ = 0, and we have recovered Kirchhoff’s voltage law.

Finally we note that we can also integrate these constraints to express them in terms of
charge and flux. ∑

v

Qv = QT

∑
e

Φe = Φext (2.7)

From the above analysis, we see that Kirchhoff’s laws can be interpreted as a discretiza-
tion of Maxwell’s equations. Rather than solving for the electric and magnetic fields over 3D
space, the circuit represents a reduced basis over which the voltages/currents or flux/charge
can be solved.

Circuit elements relate these quantities to one another, giving us the following relation-
ships for a resistor (R), inductor (L), capacitor (C):

V = RI Φ = LI Q = CV (2.8)

that are typically seen in the circuit QED literature2. Given a network of such elements,
we could analyze the behavior of the circuit directly using these circuit relationships and
Kirchhoff’s laws as constraints. However, it is often useful to introduce a circuit Lagrangian
or Hamiltonian, which we will briefly explain in the following section.

2.2 Lagrangian and Hamiltonian Analysis

Circuit Lagrangians and Hamiltonians are a foundational tool for analyzing circuits, and
have been covered extensively in the circuit QED literature. For a comprehensive treatment
of the subject, we will refer the reader to Ref. [201] and Ref. [39]. Nonetheless, we will
briefly discuss the Lagrangian and Hamiltonian formulations here, using the canonical LC
oscillator as an example, to emphasize several points that are often overlooked.

The LC oscillator consists of a single degree of freedom that is typically expressed in
terms of the node flux3 ϕ. To construct the Lagrangian, we need to consider the total energy

2The structure of these relationships also implies the existence of another type of component relating
the flux to the charge directly. This is known as a memristor [38], which we will not discuss in this thesis.

3We can relate the node fluxes ϕi, ϕj at either end of a circuit to the branch flux Φ across the circuit as
Φ = ϕi − ϕj , which chooses a sign convention for the current. The ground node is typically assigned ϕg = 0.
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a b

Figure 2.1: LC Oscillator. (a) A circuit diagram showing a parallel LC oscillator, consisting
of a capacitance C and inductance L in parallel. (b) The circuit variables ϕ and Q can also
be expressed as a mode amplitude a. The equations of motion for a trace out a circle in the
complex plane at a frequency ω0.

stored in the lossless inductor and capacitor, which can be expressed as

EL =

∫
IV dt =

1

L

∫
ϕϕ̇ dt =

ϕ2

2L
(2.9)

EC =

∫
IV dt = C

∫
ϕ̈ϕ̇ dt =

1

2
Cϕ̇2 (2.10)

where we assume that the inductor and capacitor are linear so L and C are constants. Here,
we see that EC looks like a kinetic energy where ϕ is the position, V = ϕ̇ is the velocity, and
the effective mass is C. The potential energy is given by EL and is a quadratic potential, so
we can write the circuit Lagrangian as

L = EC − EL =
1

2
Cϕ̇2 − 1

2L
ϕ2 (2.11)

From here, we determine the equations of motion using the Euler-Lagrange equations and
find

d

dt

(
∂L
∂ϕ̇

)
= Cϕ̈

∂L
∂ϕ

= − 1

L
ϕ ⇒ ϕ̈ = − 1

LC
ϕ (2.12)

which matches the second order differential equation for a harmonic oscillator with a resonant
frequency ω0 =

1√
LC

. If we recall that Cϕ̈ = CV̇ = Q̇ = I and −ϕ/L = −I, we see that this
equation of motion is simply enforcing Kirchhoff’s current law between the two branches.

Once we have the Lagrangian, we can also define the conjugate momentum of ϕ as

∂L
∂ϕ̇

= Cϕ̇ = CV = Q (2.13)
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and we can then express the Hamiltonian as

H = Qϕ̇− L =
Q2

2C
+
ϕ2

2L
(2.14)

From Hamilton’s equations, we now obtain two first order differential equations governing
the behavior of the circuit

ϕ̇ =
∂H

∂Q
=

1

C
Q Q̇ = −∂H

∂ϕ
= − 1

L
ϕ (2.15)

These equations can be expressed as a matrix equation

d

dt

ϕ
Q

 =
1√
LC

 0
√

L
C

−
√

C
L

0

ϕ
Q

 = ω0

 0 Zr

− 1
Zr

0


︸ ︷︷ ︸

M

ϕ
Q

 (2.16)

where we define the impedance of the oscillator as Zr =
√
L/C. The eigenvalues of M are

λ = ±i, so the solutions areϕ(t)
Q(t)

 = ϕ+

 1

i
Zr

 eiω0t + ϕ−

 1

− i
Zr

 e−iω0t (2.17)

where ϕ± are constants (in units of flux) that are determined by the initial conditions. The
factor of ±i in the eigenvectors tells us that the oscillations of the charge Q lag behind ϕ by
a phase of 90◦.

While the coupled first-order differential equations are straightforward to solve, we can
also express the Hamiltonian in a more natural way by defining a new variable a, which
represents a mode amplitude, in terms of ϕ and Q as

a =
1√
2ℏZr

ϕ+ i

√
Zr

2ℏ
Q (2.18)

We can easily check here that a has units of square root photon number. We can now express
the Hamiltonian in terms of the mode amplitude a, which highlights the fact that there is
only a single degree of freedom involved. The Hamiltonian can be written in terms of the
mode amplitude and its complex conjugate a∗ as

H = ℏω0a
∗a = ℏω0|a|2 =

1

2

ω0

Zr

ϕ2 +
1

2
ω0ZrQ

2 =
ϕ2

2L
+
Q2

2C
(2.19)

Now that we have the Hamiltonian expressed in terms of a, a∗, can we rewrite Hamilton’s
equations in terms of a and a∗. To do so, we first note that

ϕ =

√
ℏZr

2
(a+ a∗) Q = i

√
ℏ

2Zr

(a∗ − a) (2.20)
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so we can express ȧ as

ȧ =
1√
2ℏZr

ϕ̇+ i

√
Zr

2ℏ
Q̇ (2.21a)

=
1√
2ℏZr

∂H

∂Q
− i

√
Zr

2ℏ
∂H

∂Φ
(2.21b)

= − i

ℏ

[
∂H

∂Φ

√
ℏZr

2
+
∂H

∂Q
i

√
ℏ

2Zr

]
(2.21c)

= − i

ℏ

[
∂H

∂Φ

∂Φ

∂a∗
+
∂H

∂Q

∂Q

∂a∗

]
(2.21d)

= − i

ℏ
∂H

∂a∗
(2.21e)

We can do the same for ȧ∗ to show that

ȧ∗ =
i

ℏ
∂H

∂a
(2.22)

For the harmonic oscillator hamiltonian above, these equations of motion become

ȧ = − i

ℏ
∂H

∂a∗
= −iω0a (2.23)

ȧ∗ =
i

ℏ
∂H

∂a
= iω0a

∗ (2.24)

and we see that as promised, we now have two decoupled first order differential equations.
At this point it is worth emphasizing that although we have introduced some factors of

ℏ, this Hamiltonian is entirely classical – we have not yet promoted Φ and Q to operators,
nor have we enforced a non-trivial commutation relation between them. As a result, there
is no zero-point energy or vacuum fluctuations in the ground state and both ϕ and Q are
simultaneously well-defined, with classical equations of motion that can be derived from
Hamilton’s equations. Thus, while the Lagrangian and Hamiltonian methods of analyzing a
circuit are most commonly seen in the circuit QED literature, it is equally valid for analyzing
classical circuits.

Another point worth mentioning is that while it is common to choose the node flux ϕ
as the “position” variable, ϕ is not privileged here and it is equally valid to select Q as the
“position” variable in this context. To see that this is true, we first express the inductive
and capacitive energies in terms of Q and Q̇:

EL =

∫
IV dt = L

∫
Q̇Q̈ dt =

1

2
LQ̇2 (2.25)

EC =

∫
IV dt =

1

C

∫
Q̇Q dt =

Q2

2C
(2.26)
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Figure 2.2: Floating LC Oscillator. (a) The circuit for a floating LC oscillator which
consists of two nodes with an inductance L and capacitance C between them. The two
nodes are connected to ground via capacitances Cg. (b) A change of basis defined by U
allows us to find a basis where the two degrees of freedom are decoupled.

Here we see that the role of EL and EC have been swapped and EL now looks like a kinetic
energy where Q is the position, I = Q̇ is the velocity, and the effective mass is L. The circuit
Lagrangian for the system is equivalently expressed as

L = EL − EC =
1

2
LQ̇2 − 1

2C
Q2 (2.27)

and the conjugate momentum to Q is now

∂L

∂Q̇
= LQ̇ = LI = ϕ (2.28)

It is straightforward to check from here that this Lagrangian yields an equivalent equation
of motion for Q, and we recover the same dynamics.

We have shown above that EL and EC can equivalently be chosen to represent either the
kinetic or potential energies in a Harmonic oscillator. So why is ϕ most commonly chosen
to be the “position” variable so that EL represents the potential energy in the circuit QED
literature? The answer lies in the fact that the primary way to introduce a dissipationless
nonlinearity is with a Josephson junction that acts as a nonlinear inductance. Since it is
more straightforward and common to consider a non-quadratic potential, it is preferential
to make ϕ our “position” variable.

Floating LC Oscillator

Now that we have introduced the classical circuit Lagrangian and Hamiltonian, we analyze
a more complex single-mode circuit with multiple nodes. In the circuit above, we see that
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there are two nodes, with fluxes ϕ1, ϕ2 and charges Q1, Q2. The capacitive energy is given
by

EC =
1

2
Cgϕ̇

2
1 +

1

2
Cgϕ̇

2
2 +

1

2
C(ϕ̇1 − ϕ̇2)

2 (2.29)

while the inductive energy is given by

EL =
1

2L
(ϕ1 − ϕ2)

2 (2.30)

It is often easier to write these energies in matrix form, and we can express the Lagrangian
with respect to the capacitance matrix C and inverse inductance matrix L−1 as

L =
1

2
Φ̇TCΦ̇− 1

2
ΦL−1Φ (2.31)

where ΦT =
(
ϕ1 ϕ2

)
and

C =

(
Cg + C −C
−C Cg + C

)
L−1 =

(
1
L

− 1
L

− 1
L

1
L

)
(2.32)

If we inspect the circuit, we find that although it consists of two loops, there is only one
non-trivial loop that contains both an inductance and a capacitance. As a result, there
is only one non-trivial degree of freedom. To make this more clear, we consider changing
variables to a symmetric and anti-symmetric combination of the node variables

ϕ+ = ϕ1 + ϕ2 ϕ− = ϕ1 − ϕ2 (2.33)

and the relationship between the two bases can be written in matrix form(
ϕ+

ϕ−

)
︸ ︷︷ ︸

Φ±

=

(
1 1
1 −1

)
︸ ︷︷ ︸

U

(
ϕ1

ϕ2

)
(2.34)

Applying this change of variables to the circuit Lagrangian yields

L =
1

2
Φ̇T

±C̃Φ̇± − 1

2
Φ±L̃

−1Φ± (2.35)

where the capacitance and inductance matrices in this basis are (remembering that U−1 is
also symmetric since U is symmetric):

C̃ = U−1CU−1 =

(
1
2
Cg 0
0 C + 1

2
Cg

)
L̃−1 = U−1L−1U−1 =

(
0 0
0 1

L

)
(2.36)

In this new basis, we see that ϕ+ does not appear in the inductive term of the Lagrangian
so the Euler-Lagrange equation implies that

d

dt

(
∂L
∂ϕ̇+

)
=

∂L
∂ϕ+

= 0 (2.37)
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Figure 2.3: Capacitively coupled LC oscillators.

so that Q+ = ∂L
∂ϕ̇+

is a constant. In other words, the total charge Q+ is conserved and the

corresponding flux ϕ+ is often referred to as a cyclic coordinate or a “free” variable [36],
and we can set Q+ = 0 without loss of generality. We also notice that ϕ+ and ϕ− are now
decoupled, since there are no terms in the Lagrangian that contain both ϕ+ and ϕ− (L̃

and C̃ are both diagonal), and this allows us to analyze the remaining degree of freedom
ϕ− in isolation. From the Lagrangian, we see that the ϕ− terms in the Lagrangian are
equivalent to the previously analyzed LC oscillator, with just a modified effective capacitance
C− = C + 1

2
Cg. We note that this is the same effective capacitance across the two nodes

that we would have obtained by adding the parallel and series capacitors.
This circuit is often referred to as a “floating” LC oscillator in contrast to the previously

analyzed “grounded” LC oscillator. While the two are often treated interchangeably in
the literature, they are only exactly equivalent in isolation, and there are subtle differences
involved when coupling these two circuits to external circuitry. These differences will be
discussed in more depth in the subsequent sections.

2.3 Coupling

The circuits analyzed so far have been single-mode circuits with a single degree of freedom.
In practice, most circuits that we deal with consist of multiple degrees of freedom, and
when their equations of motion are interdependent, these degrees of freedom are said to be
“coupled”. One of the simplest such circuits consists of two LC oscillators coupled via a
capacitance Cc. To analyze such a circuit, it is often useful to express the relevant equations
of motion in matrix form. The (classical) Hamiltonian for this system is given by

H =
1

2
QTC−1Q+

1

2
ΦTL−1Φ (2.38)
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In the basis defined by

Φ =

(
ϕ1

ϕ2

)
Q =

(
Q1

Q2

)
(2.39)

where ϕi, Qi are the node fluxes and charges, the capacitance and inductance matrices are
given by

C =

(
C1 + Cc −Cc

−Cc C2 + Cc

)
L =

(
L1 0
0 L2

)
(2.40)

From the Hamiltonian, we can determine the equations of motion

Q = CΦ̇ Φ = −LQ̇ (2.41)

where we choose Φ to be the “position” variable. We recall again that V = ϕ̇ and I = Q̇.
In this basis, the diagonal terms of the Hamiltonian describe the “self” energy terms,

while the off-diagonal terms describe how energy is exchanged or “coupled” between the two
degrees of freedom. If we isolate the diagonal terms, we see that the coupling capacitance
Cc renormalizes the effective mode capacitance

1

C̃i

= C−1
ii =

Cj + Cc

C1C2 + C1Cc + C2Cc

≈ 1

Ci + Cc

(2.42)

where j = i+1 (mod 2). Then, we can define an effective renormalized mode frequency and
impedance

ω̃i =
√

L−1
ii C

−1
ii Z̃i =

√
C−1

ii

L−1
ii

(2.43)

To better understand the energy-exchange terms, we move into the mode amplitude basis
by defining the mode amplitudes

ai =
1√
2ℏZ̃i

ϕi + i

√
Z̃i

2ℏ
Qi (2.44)

Expressing the Hamiltonian in Eq. 2.38 in terms of ai and a
∗
i , we obtain the expression

H/ℏ = ω̃1a
∗
1a1 + ω̃2a

∗
2a2 − gc(a

∗
1 − a1)(a

∗
2 − a2) (2.45)

where the coupling energy gc is given by

gc =
1

2

√
1

Z̃1Z̃2

C−1
12 =

1

2

Cc√
(C1 + Cc)(C2 + Cc)

√
ω̃1ω̃2 (2.46)
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The equations of motion for the system are then given by Eq. 2.21 for each of the ai, and
we now obtain a set of coupled differential equations:

d

dt


a1
a2
a∗1
a∗2

 = −i


ω̃1 gc 0 −gc
gc ω̃2 −gc 0
0 gc −ω̃1 −gc
gc 0 −gc −ω̃2


︸ ︷︷ ︸

M


a1
a2
a∗1
a∗2

 (2.47)

We can solve this differential equation by diagonalizing M which “decouples” the differ-
ential equations. We will solve for the specific case where ω̃1 = ω̃2, but first we will make a
short aside to discuss the important concept of coupling efficiency.

Coupling Efficiency

It is often useful to express the coupling as a fraction of the geometric mean of the mode
frequencies gc =

1
2
K
√
ω̃1ω̃2, in which case we define a dimensionless coupling efficiency [148],

K =
Cc√

(C1 + Cc)(C2 + Cc)
(2.48)

that quantifies how much of the total capacitance in each LC oscillator is shared between
the two. The form of the coupling efficiency depends on the specific coupling geometry.
When the two modes have the same impedance and frequency so that L ≡ L1 = L2 and
C ≡ C1 = C2, we can express Eq. 2.42 as

C−1
11 = C−1

22 =
1

C

1 + η

1 + 2η
≈ 1

C

1

1 + η − η2
(2.49)

and the renormalized mode frequency and impedance as

ω̃ =
1√
LC

√
1 + η

1 + 2η
= ω0

√
1 + η

1 + 2η
Z̃ =

√
L

C

√
1 + η

1 + 2η
= Zr

√
1 + η

1 + 2η
(2.50)

Here, we define η = Cc

C
. In this case, the coupling efficiency becomes

K =
Cc

C + Cc

=
η

1 + η
≈ η − η2 + η3 (2.51)

We see that the coupling efficiency asymptotes to 1 as Cc → ∞, which points to the fact that
the shared energy between the two modes cannot exceed the self energy. In the limit of small
η, we can approximate K ≈ η, which is equivalent to saying that the coupling capacitance
does not renormalize the total mode capacitance.
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Figure 2.4: Normal mode frequencies. (a) The normalized mode splitting as a function of
coupling efficiency for the full equations of motion, and the equations of motion under RWA.
The relative error between the RWA mode splitting and the full mode splitting is shown in
green. (b) The mode frequencies ω± for two values of gc, when ω̃2 is swept across ω̃1. This
leads to an avoided crossing where the minimum gap scales with the coupling strength gc.
ω̃1 is fixed at 5 GHz.

Normal Modes

We now return to the coupled differential equations in Eq. 2.47, for the specific case where
ω̃ ≡ ω̃1 = ω̃2. In this case, gc =

1
2
Kω̃. The eigenvalues for the matrix M in Eq. 2.47 are

±ω− and ±ω+ where

ω± =
√
ω̃2 ± 2gcω̃ = ω̃

√
1± 2gc

ω̃
= ω̃

√
1±K (2.52)

This leads to a mode splitting given by

ω+ − ω− = ω̃
[√

1 +K −
√
1−K

]
(2.53a)

≈ ω̃

[(
1 +

1

2
K − 1

8
K2 +

1

16
K3

)
−
(
1− 1

2
K − 1

8
K2 − 1

16
K3

)]
(2.53b)

= Kω̃ +
1

8
K3ω̃ (2.53c)

= 2gc

(
1 +

1

8
K2

)
(2.53d)

and we see that the frequency difference between the normal modes is approximately 2gc to
second order in K. Here, we see that while it is commonly stated that the mode splitting is
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2gc, this is in fact only an approximation. This approximation is equivalent to making the
rotating wave approximation (RWA), where the terms proportional to a1a2 and a∗1a

∗
2 in the

coupling Hamiltonian are dropped. Then, the Hamiltonian in Eq. 2.45 becomes

H/ℏ = ω̃1a
∗
1a1 + ω̃2a

∗
2a2 + gc(a1a

∗
2 + a∗1a2) (2.54)

which amounts to dropping the terms on along the anti-diagonal of M [174]. In this case,
M becomes

M =


ω̃1 gc 0 0
gc ω̃2 0 0
0 0 −ω̃1 −gc
0 0 −gc −ω̃2

 (2.55)

and the eigenvalues of M now have a simple form for all ω̃1, ω̃2. They are given by

±ω(RWA)
± = ±

1
2
Σ±

√
g2c +

(
∆

2

)2
 (2.56)

where Σ = ω̃1 + ω̃2 and ∆ = ω̃1 − ω̃2 are the sum and difference frequencies. Now, the mode
splitting is given by

ω
(RWA)
+ − ω

(RWA)
− = 2

√
g2c +

(
∆

2

)2

(2.57)

so that the mode splitting is exactly 2gc when ∆ = 0. In Fig. 2.4, we plot the mode splitting
as a function of K with for both the exact solution and the RWA solution, as well as the
relative error between the two solutions. We also show the mode frequencies ω+ and ω−
as we sweep ω̃2, while keeping ω̃1 fixed. This illustrates the avoided crossing that occurs
between the eigenmodes when there exists a finite coupling. Note that the avoided crossing
is purely a classical effect arising from the mode hybridization.

Alternatively, we could have solved for the system in the Φ basis by solving the second
order differential equation that arises from Eq. 2.41:

Φ̈ = −(LC)−1Φ (2.58)

In the case where L ≡ L1 = L2 and C ≡ C1 = C2, diagonalizing (LC)−1 also results in
the same eigenbasis defined by symmetric and antisymmetric linear combinations of Φ1, Φ2.
The eigenvalues are

ω+ =
1√
LC

ω− =
1√

L(C + 2Cc)
(2.59)

Here we see that ω+ is constant as a function of Cc, while in Eq. 2.52, ω+ also has a depen-
dence on K. This is because as Cc increases, the renormalized frequency ω̃ also decreases at
a rate equal to half the mode splitting. In terms of the renormalized frequencies, we find

ω+ = ω̃

√
1 + 2η

1 + η
= ω̃

√
1 +K ω− = ω̃

√
1

1 + η
= ω̃

√
1−K (2.60)

where we recall that K = η
1+η

, and we see that these solutions are equivalent.
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Coupling Geometries

As mentioned in the previous section, the coupling efficiency K depends on the precise
coupling geometry and whether the coupling is mediated by an inductance or capacitance.
In this section, we will discuss several different coupling geometries, and show how the
coupling efficiency changes.

In contrast to the circuit shown in Fig. 2.3, where the capacitors form a Π-circuit, we
can also consider an alternative two mode-circuit where the capacitors form a T -circuit (see
Fig. 2.5(b)). In this case, there is an additional node in the middle, to which we assign a
node flux ϕc. The capacitance and inverse inductance matrix for this circuit can be written
down as

C =

 C1 −C1 0
−C1 C1 + Cc + C2 −C2

0 −C2 C2

 L−1 =

 1
L1

0 0

0 0 0
0 0 1

L2

 (2.61)

The potential energy term in the Lagrangian is 1
2
ΦTL−1Φ, so we see that once again we have

free variable ϕc that does not appear in the Lagrangian. To eliminate the free variable, we
apply the constraint from the Euler-Lagrange equations, which tells us that

∂L
∂ϕ̇c

= (C1 + Cc + C2)ϕ̇c − C1ϕ̇1 − C2ϕ̇2 = Qc (2.62)

where Qc is the conserved conjugate charge to ϕc. From here, we can express ϕ̇c in terms of
the remaining node variables to eliminate it from the Lagrangian:

ϕ̇c =
1

CΣ

(
C1ϕ̇1 + C2ϕ̇2 +Qc

)
(2.63)

For brevity, we will just show the resulting Lagrangian4, which looks like

L =
1

2
˙̃
Φ

T

C
˙̃
Φ+

Q2
c

2CΣ

− 1

2
Φ̃TL−1Φ̃ (2.64)

with the new capacitance and inverse inductance matrices

C̃ =
1

CΣ

(
C1Cc + C1C2 −C1C2

−C1C2 C2Cc + C1C2

)
L̃−1 =

( 1
L1

0

0 1
L2

)
(2.65)

where the center node flux ϕc has been eliminated (Φ̃T =
(
ϕ1 ϕ2

)
). If we compare this to

our previous result for the Π-circuit, we see that the Lagrangian is equivalent to a Π-circuit
with the modified capacitances

C ′
1 =

C1Cc

CΣ

C ′
2 =

C2Cc

CΣ

C ′
c =

C1C2

CΣ

(2.66)

4See Appendix A.2 for the full derivation.
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Figure 2.5: Coupling geometries.

and the astute reader may notice that we have just derived the Y − ∆ transform for a
capacitive network. From here, we can use our previous results to write the renormalized
mode frequencies and impedances as

ω̃i =

√
CΣ

LiCiCc

Z̃i =

√
LiCΣ

CiCc

(2.67)

and the coupling efficiency is

Kc,T =
C1C2√

(C1Cc + C1C2)(C2Cc + C1C2)
=

√
C1C2

(C1 + Cc)(C2 + Cc)
(2.68)

If we compare the two coupling configurations, we find that the role of Cc is flipped. In
the Π-circuit, the coupling capacitance serves as a link between the two resonant modes,
so a larger capacitance (lower impedance) leads to stronger coupling. On the other hand,
in the T -circuit, the coupling capacitance acts as a voltage divider to ground, so a larger
capacitance (lower impedance) becomes more like a short to ground, leading to a weaker
coupling.

In comparison to capacitive coupling, the inductive coupling case is analyzed less fre-
quently in the literature. Furthermore, there are some more subtleties involved in imple-
menting an inductive coupling in practice, so we will work through several examples here.
We start by considering what looks like a direct analogy to the capacitive coupling case,
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where we have an inductor Lc between the two nodes of ϕ1, ϕ2, as shown in Fig. 2.5(c).
Intuitively, we expect the two modes to have stronger coupling when Lc is small, since the
impedance of the connection decreases with smaller Lc.

In this case, the capacitance and inductance matrices are given by

C =

(
C1 0
0 C2

)
L−1 =

( 1
L1

+ 1
Lc

− 1
Lc

− 1
Lc

1
L2

+ 1
Lc

)
(2.69)

From here it is relatively straightforward to read off the renormalized frequencies and
impedances

ω̃i =
1√
L̃iCi

=

√
Li + Lc

LiLcCi

Z̃i =

√
L̃i

Ci

=

√
LiLc

(Li + Lc)Ci

(2.70)

Since the coupling term is now inductive, we can express it as

gℓ = −1

2

1

Lc

√
Z̃1Z̃2 = −1

2

1

Lc

√
L̃1L̃2

√
ω̃1ω̃2 = −1

2
Kℓ,Π

√
ω̃1ω̃2 (2.71)

where the inductive coupling efficiency is now

Kℓ,Π =
1

Lc

√
L̃1L̃2 =

√
L1L2

(L1 + Lc)(L2 + Lc)
(2.72)

We make two important observations from the above equations. First, the sign of the cou-
pling gℓ is now negative, in contrast to the capacitive coupling gc. Second, the expression
for Kℓ,Π looks strikingly similar to the expression for Kc,T , but with the role of the capaci-
tances and inductances flipped. This highlights the duality between inductive and capacitive
coupling. From here, we would expect the inductive T -coupling to match the form of the
capacitive Π-coupling, which we will proceed to show.

As in the capacitive circuit, we now have an extra node with flux ϕc. The capacitance
and inductance matrices are

C =

C1 0 0
0 0 0
0 0 C2

 L−1 =

 L−1
1 −L−1

1 0
−L−1

1 L−1
1 + L−1

c + L−1
2 −L−1

2

0 −L−1
2 L−1

2

 (2.73)

and we see that this time it is the kinetic energy EC that does not depend on ϕ̇c, so we refer
to ϕc as a “frozen” variable. In this case, the Euler-Lagrange equations enforce the condition

∂L
∂ϕc

=
d

dt

[
∂L
∂ϕ̇c

]
= 0 (2.74)

so we can write ϕc in terms of the other variables as

ϕc =
L2Lc

LΣ

ϕ1 +
L1Lc

LΣ

ϕ2 (2.75)
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Π-coupled T -coupled

Capacitive Kc,Π = Cc√
(C1+Cc)(C2+Cc

Kc,T =
√

C1C2

(C1+Cc)(C2+Cc

Inductive Kℓ,Π =
√

L1L2

(L1+Lc)(L2+Lc)
Kℓ,T = Lc√

(L1+Lc)(L2+Lc)

Table 2.1: Coupling efficiencies for Π- and T -circuits.

where LΣ = L1 + L2 + Lc. We again make the relevant substitutions, from which we can
derive the effective capacitance and inverse inductance matrix

C̃ =

(
C1 0
0 C2

)
L̃−1 =

1

L1L2 + L1Lc + L2Lc

(
L2 + Lc −Lc

−Lc L1 + Lc

)
(2.76)

Here, we are working again in the reduced basis defined by ΦT =
(
ϕ1 ϕ2

)
. Then, we can

check that the inductance matrix is

L =

(
L1 + Lc Lc

Lc L2 + Lc

)
(2.77)

which, as expected, is the inductive analog of the capacitance matrix for the T-circuit. One
difference, however, is that the off-diagonal term again has the opposite sign compared to
its capacitive counterpart. We can now read off the renormalized mode capacitances and
inductances from Eq. 2.76 to get the coupling rate

gℓ = −1

2

Lc

L1L2 + L1Lc + L2Lc

√
L̃1L̃2

√
ω̃1ω̃2 = −1

2

Lc√
(L1 + Lc)(L2 + Lc)

√
ω̃1ω̃2 (2.78)

Finally, we note that we can again compare the inductance matrices for the inductive Π-
and T-circuits to derive the equivalent Y -∆ transform for a set of 3 inductors.

We summarize the coupling efficiencies in Table 2.1 for the four coupling geometries
shown in Fig. 2.5.

Mutual Inductance

The circuits analyzed thus far have involved direct inductive connections between two nodes;
however, circuits can also be coupled via a mutual inductance. The two port inductance
matrix for a mutual inductance is defined by Φ̇ = Lİ, where

L =

(
L1 M
M L2

)
(2.79)
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Figure 2.6: Mutual inductance coupling. A mutual inductance between two inductors
(a) can equivalently represented as an inductive T -coupler (b).

Here we see that the diagonal terms L1, L2 define the voltage induced by a current at their
corresponding nodes, while the off-diagonal termsM define the voltage induced at the oppo-
site node due to a change in the current at the corresponding node. Unlike the previous cases
involving a direct inductance, M can either positive or negative depending on the direction
of the induced current in the second loop relative to the current in the first loop, but the
magnitude of M is constrained by 0 ≤ |M | ≤ 1.

The inverse inductance matrix is now given by

L−1 =
1

L1L2 −M2

(
L2 −M
−M L1

)
(2.80)

from which we can read off the renormalized mode inductance as

1

L̃i

= L−1
ii =

Lj

L1L2 −M2
(2.81)

This again leads to a renormalized mode frequency and impedance as given by Eq. 2.43,
and we can then write the coupling energy as

gM = −1

2

M√
L1L2

√
ω̃1ω̃2 = −1

2
K
√
ω̃1ω̃2 (2.82)

where K = M√
L1L2

is the same as the commonly defined “coupling coefficient” for a trans-
former. At this point, we may also recognize that the inductance matrix for the mutual
inductance coupling looks exactly like the inductance matrix for the T -circuit, where we
take Lc → M and Li → Li −M . This yields another common circuit identity for replacing
a mutual inductance with a directly shared inductance.

Floating vs. Grounded Oscillators

Earlier, we introduced the floating LC oscillator, and showed how it is equivalent to the
grounded LC oscillator with a renormalized capacitance C → C+ 1

2
Cg in isolation. However,
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Figure 2.7: Coupling efficiencies for grounded and floating LC oscillators. (a)
Circuit diagram for a floating LC oscillator coupled to a grounded LC oscillator. (b) Circuit
diagram for two capacitively coupled floating LC oscillators. (c) Coupling efficiencies for
the different oscillator configurations: grounded-floating (G-F), floating-floating (F-F) and
grounded-grounded (G-G). The lower plot shows Kgf as a function of the ground capacitance
ratio 1−Cg/(2C). The dotted gray line shows the coupling efficiency Kff as a comparison.

when we couple a floating LC oscillator to another circuit element, the difference in circuit
structure can have a meaningful effect on the coupling. To illustrate this, we can compare
the effective capacitive coupling efficiencies between a grounded and floating LC oscillator
Kgf , and two floating LC oscillators Kff . The full derivation of Kgf and Kff can be found in
Appendix A.2, but we will quote the results here. For a grounded and floating LC oscillator,
we have

Kgf =
γC−(

Ca +
1
2
Cg +

1
2
γC+

)
(Cb + 2γC+)

(2.83)

where we define γ = Cg

Cg+C+
and C± = (C1 ± C2)/2. On the other hand, for two floating

oscillators, we have

Kff =
1

2

C∆ − C2
α−C2

β

CΣ+
1
2
Cg√(

C ′
a +

1
2
CΣ − 1

2

(Cα+Cβ)2

CΣ+
1
2
Cg

)(
C ′

b +
1
2
CΣ − 1

2

(Cα−Cβ)2

CΣ+
1
2
Cg

) (2.84)

where we define CΣ = (C11 + C22 + C12 + C22)/2, C∆ = (C11 + C22 − C12 − C21)/2, Cα =
(C11−C22)/2, and Cβ = (C12−C21)/2. The renormalized self-capacitances are C ′

a = Ca+
1
2
Cg
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and C ′
b = Cb +

1
2
Cg.

To understand these expressions better, we compare them to the coupling efficiency we
derived earlier for the case of two grounded LC oscillators in a Π-coupled geometry (see Eq.
2.48)

Kgg =
Cc√

(Ca + Cc)(Cb + Cc)
(2.85)

Here, we notice that the Kff shares a very similar form to Kgg, up to some additional
constants, while Kgf depends strongly on the ratio γ ∝ Cg. This is because the coupling
between the differential mode of the floating oscillator and the common mode of the grounded
oscillator is mediated via the ground capacitance Cg.

In Fig. 2.7(c), we plot the coupling efficiencies for these three configurations as a function
the coupling capacitance Cc. Here, we set C1 = Cc and C2 = 0 for the grounded-floating
circuit, and C11 = C22 = Cc and C12 = C21 = 0 for the floating–floating circuit. For the
floating oscillators, we keep the total mode capacitance C ≡ Ci +

1
2
Cg constant, but we can

vary the ratio between the ground capacitance Cg and differential capacitance Ci. We find
that for small η = Cc/C, the grounded-floating and floating-floating circuits yield similar
coupling efficiencies that approach Kgg/2. However for large η, Kgf saturates, while Kff

approaches Kgg. In the lower plot, we also show Kgf as a function of Ci/C = 1− Cg

2C
. Here,

we see that the coupling efficiency Kgf depends strongly on the relative contribution of the
ground capacitance to the total mode capacitance. This shows that we cannot always assume
that the grounded and floating oscillators are effectively interchangeable, and that we must
be careful when analyzing how the two configurations couple to external circuitry.

2.4 Voltage and Current Sources

So far we have analyzed the behavior of circuits in isolation, but in order to manipulate these
circuits, we must connect them to voltage or current sources. In this section, we will discuss
how to analyze such circuits.

We first consider driving a series LC oscillator with an ideal voltage source, as shown in
Fig. 2.8(a). The Lagrangian for the system is

L =
1

2
C(ϕ̇− ϕ̇d)

2 − 1

2L
ϕ2 (2.86)

where ϕ̇d = Vd(t) is constrained by the voltage source. The conjugate charge to ϕ is Q =
∂L
∂ϕ

= C(ϕ̇− Vd), so the Hamiltonian is

H = Qϕ̇− L =
1

2C
Q2 +

1

2L
ϕ2 +QVd (2.87)

and the resulting equations of motion are

ϕ̇ =
∂H

∂Q
=

1

C
Q+ Vd Q̇ = −∂H

∂ϕ
= − 1

L
ϕ (2.88)
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Figure 2.8: Voltage and current driving of LC oscillators (a) A voltage source in
parallel with a series LC circuit. (b) The response amplitude of ϕ and Q as a function of
the drive frequency ωd. On resonance (ωd = ωr), both ϕ and Q diverge. At DC, the charge
becomes an offset charge Q = CV0, where V0 is the voltage amplitude. (c) A current source
driving a parallel LC circuit. (d) The response amplitude of ϕ and Q. Here, we see that
the behavior of ϕ and Q are flipped compared to the voltage driving case in (b). The DC
response of the flux becomes ϕ = LI0, where I0 is the current amplitude.

From here, we can obtain two second order differential equations for ϕ and Q:

ϕ̈ = −ω2
rϕ+ V̇d Q̈ = −ω2

rQ+
Vd
L

(2.89)

where ωr = 1√
LC

is the resonance frequency. The second equation can be interpreted as

Kirchhoff’s voltage law if we recognize that Vℓ = LQ̈ = Lİ is the voltage across the inductor,
while Vc = Q/C is the voltage across the capacitor, so the equations motion become Vℓ+Vc =
Vd. To obtain the time-dependent behavior of ϕ(t) and Q(t), we recognize that Eq. 2.89 can
be mapped to the equations of motion for a driven harmonic oscillator. For Vd = V0 cos(ωt),
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the solutions5 are:

ϕ(t) = −V0
ω

ω2
r − ω2

sinωt (2.90)

Q(t) =
V0
L

1

ω2
r − ω2

cosωt =
CV0

1− ω2

ω2
r

cosωt (2.91)

In Fig. 2.8(b), we plot the amplitude of ϕ and Q as a function of the drive frequency ω.
We see that the amplitude is suppressed away from ωr and diverges as ω → ωr. This is
the resonance condition. For a DC voltage (ω → 0), the equations of motion are exactly
the same as the equations for a parallel LC oscillator, except that the charge Q(t) gains a
constant offset Q0 = CV0.

Next we look at the corresponding case where a parallel LC oscillator is driven with an
ideal current source, shown in Fig. 2.8(c). To account for the current branch, we must
include the potential energy of the branch that includes the current source. This is given by

U =

∫ t

−∞
dt′ I(t′)V (t′) = I(t)Φ−

∫ t

−∞
dt′ İ(t′)Φ(t′) (2.92)

so we see that we must add a term IdΦ to the potential energy to represent the potential
energy supplied by the current source. Here Φ is the branch flux across the current source,
which for the circuit shown in Fig. 2.8(c) is equal to the node flux ϕ. The full Lagrangian
is given by

L =
1

2
Cϕ̇2 − 1

2L
ϕ2 − Idϕ (2.93)

and the conjugate charge to ϕ is simply Q = Cϕ̇. The Hamiltonian is

H = Qϕ̇− L =
1

2C
Q2 +

1

2L
ϕ2 + Idϕ (2.94)

and Hamilton’s equations give:

ϕ̇ =
∂H

∂Q
=

1

C
Q Q̇ = −∂H

∂Q
= − 1

L
ϕ− Id (2.95)

From here we can obtain two second order differential equations for ϕ and Q:

ϕ̈ = −ω2
rϕ− 1

C
Id Q̈ = −ω2

rQ− İd (2.96)

This time we multiply the first equation by C, and we identify the terms as Ic = Cϕ̈ = CV̇ =
Q̇c, the current flowing through the capacitor, and Iℓ =

1
L
ϕ, the current flowing through the

inductor. Thus we can rewrite Eq. 2.96 as Ic+Iℓ+Id = 0, which we recognize as Kirchhoff’s

5See Appendix A.1 for a derivation of the classical driven and damped harmonic oscillator.
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Figure 2.9: Indirect driving of LC oscillators. (a) A capacitor Cc is placed in between
the voltage source and the LC oscillator, which acts as a voltage divider. (b) A mutual
inductance M couples a current source to the LC oscillator. Here, the inductive circuit acts
as an effective current divider.

current law. Again, we invoke our result from Appendix A.1 to obtain the inhomogenous
solutions for a current drive Id = I0 cos(ωt):

ϕ(t) = −I0
C

1

ω2
r − ω2

cosωt =
LI0

1− ω2

ω2
r

cosωt (2.97)

Q(t) = I0
ω

ω2
r − ω2

sinωt (2.98)

As expected, the behavior of ϕ(t) and Q(t) look similar to the voltage driving case with their
behavior flipped; however, we point out that both ϕ(t) and Q(t) are π/2 out of phase for a
current drive compared to a voltage drive. While this is simply a negligible reference phase
when only a single type of driving is present, this should not be overlooked when considering
a system with both voltage and current driving.

While the direct voltage and current driving cases are instructive, this typically results
in a coupling to the environment that is too strong for a realistic circuit QED system. In
practice, we will usually couple an external voltage (current) drive with a small capacitance
(mutual inductance), as shown in Fig. 2.9. In the voltage driving case, we have the following
Lagrangian

L =
1

2
Cϕ̇2 +

1

2
Cc(ϕ̇− ϕ̇d)

2 − 1

2L
ϕ2 (2.99)

where Vd = ϕ̇d is the driving voltage due to the source. Here, the conjugate charge to ϕ is
Q = (C + Cc)ϕ̇− CcVd, so the Hamiltonian is

H = Qϕ̇− L =
1

2(C + Cc)
(Q+ CcVd)

2 +
1

2L
ϕ2 − 1

2
CcV

2
d (2.100)
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so we see that Qd = CcVd acts as an offset charge. From the Hamiltonian, we derive the new
equations of motion

ϕ̇ =
∂H

∂Q
=

1

C + Cc

(Q+ CcVd) Q̇ = −∂H
∂ϕ

= − 1

L
ϕ (2.101)

and we see that the these are equivalent to the equations of motion in the direct driving
case, except with Vd → Cc

C+Cc
. The capacitors act as a voltage divider and renormalize the

effective drive seen by the oscillator.
We get a similar effect with a current drive coupled via a small mutual inductance. Here

the inductance matrix is given by

L =

(
Ld M
M L1

)
⇒ L−1 =

1

LdL1 −M2

(
L1 −M
−M Ld

)
(2.102)

so the Lagrangian is

L =
1

2
C1ϕ̇

2
1 −

1

2

Ld

|L|
ϕ2
1 +

M

|L|
ϕ1ϕd −

1

2

L1

|L|
ϕ2
d + Idϕd (2.103)

We note that the sign of Id is flipped from the previous example because the convention
for the inductance matrix L is to have both currents pointing into the transformer section.
We can use the Euler-Lagrange equations to eliminate ϕd since the absence of ϕ̇d in the
Lagrangian implies that

∂L

∂ϕd

=
1

|L|
(Mϕ1 − L1ϕd) + Id = 0 (2.104)

We can also obtain the same constraint L1ϕd =Mϕ1+ |L|Id by taking the inductance matrix
L, which relates the currents and node fluxes:

ϕ1 = L1I1 +MId

ϕd =MI1 + LdId
(2.105)

and eliminating I1 to solve for ϕd in terms of the remaining variables. We then eliminate ϕd

from the Lagrangian to get

L =
1

2
C1ϕ̇

2
1 −

1

2L1

ϕ2
1 +

M

L1

ϕ1Id +
1

2

|L|
L1

I2d (2.106)

which looks like Eq. 2.99 up to a constant, where we take Id → M
L1
Id. Thus we see that the

mutual inductance acts as a current divider in conjunction with the self inductance L1 that
suppresses the current driving.

Before we move on, we make one final point about an inductively driven circuit. The
non-zero mutual inductance M implies that the circuit in question will also have some back-
action on the driving circuit. In most cases, however, we can assume that this back-action
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is negligible, so we work in the limit where M = Ld → 0, but Φext = MId is non-zero such
that it still has an impact on the circuit. Then, Eq. 2.105 reduces to

ϕ1 = L1I1 +MId → L1I1 + Φext

ϕd =MI1 + LdId → Φext

(2.107)

and we are left with a single constraint ϕ1 −Φext = LI1. Then, the potential energy for this
circuit branch is given by

EL =

∫ t

−∞
dt′ I(t′)V (t′) =

1

L1

∫ t

−∞
(ϕ1 − Φext)ϕ̇1 =

1

2L1

(ϕ1 − Φext)
2 (2.108)

Thus, we see that we can equivalently model the effect of such a drive on the circuit in this
limit by taking ϕ1 → ϕ1 − Φext [39].

2.5 Dissipation

The Lagrangian and Hamiltonian formalism deals with conservative forces and is generally
unable to handle dissipation in a straightforward manner. For classical circuits, this is
generally fine as we can derive the equations of motion directly by enforcing Kirchhoff’s
voltage and current laws.

As an example, we can consider the case of a driven parallel LCR circuit, where we add
a resistor to the driven parallel LC oscillator discussed previously. Kirchhoff’s current law
states that the sum of the currents through the three branches must equal the total current
introduced by the current source. This yields the equation:

Id = Ic + Iℓ + Ir = CV̇c +
1

L
Φl +

Vr
R

(2.109)

while Kirchhoff’s voltage law tells us that ϕ̇ = V ≡ Vℓ = Vc = Vr. As a result, we can write
the Eq. 2.109 as

ϕ̈+
1

RC
ϕ̇+

1

LC
ϕ =

Id
C

(2.110)

This is exactly the equations of motion for a driven damped harmonic oscillator, where the
“position” variable is now the node flux ϕ, the driving “force” is the current Id(t), and
the effective “mass” is the capacitance C6. We then identify the resonance frequency as
ωr =

1√
LC

and the decay rate γ = κp =
1

RC
. The transient solutions of the system are given

by ϕ(t) = ϕest, where

s = −κp
2

±
√(κp

2

)2
− ω2

0 = −κp
2

± iω0

√
1− (2Q)−2. (2.111)

This leads to an oscillatory component at a frequency Ω0 = ω0

√
1− (2Q)−2 and a decay at

a rate κp/2 when the system is underdamped (Q > 1
2
).

6See Appendix A.1 for a derivation of the classical driven and damped harmonic oscillator.
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Figure 2.10: Driven and damped RLC circuit. (a) A current source driving a parallel
RLC circuit. (b) The frequency response functions of ϕ and Q for various values of Q =
ωr/κp. The dissipative term shifts the resonance frequency and broadens the peak.

Here, we have introduced the quality factor, defined as Q ≡ ω0/κp. Writing this in terms
of the circuit parameters, we find that the quality factor can also be expressed as a ratio of
the resistance to the characteristic impedance of the resonant circuit

Q ≡ ω0

κp
=

RC√
LC

=
R

Zr

. (2.112)

It is worth noting that since Q≫ 1 in order to observe quantum mechanical effects, the shift
in the resonance frequency due to the damping term is for the most part negligible (typically
we have Q > 103).

The driven solutions of the system are now ϕ(t) = Re [ϕ(ω)eiωt] where

ϕ(ω) =
Id
C

1

(ω2
r − ω2) + iγω

(2.113)

which is now a Lorentzian with a FWHM approximately 2κp. The damping rate κp = (RC)−1

has the effect of broadening the response function of the LC oscillator, which we see in Fig.
2.10(b).

We can similarly consider a series RLC circuit driven by a voltage source. In this case
the Kirchhoff’s voltage law yields

Vd = Vc + Vℓ + Vr =
Qc

C
+ Lİr + IrR (2.114)

while Kirchhoff’s current law enforces the condition Q̇ = I ≡ Iℓ = Ic = Ir. This yields a
similar equation of motion

Q̈+
R

L
Q̇+

1

LC
Q =

Vd
L

(2.115)
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Here, the “position” variable is now the charge Q, the driving “force” is now the voltage V (t),
and the effective “mass“ is now the inductance L. While the intrinsic resonance frequency
is still ω0 =

1√
LC

, the decay rate is now γ = κs =
R
L
, and the quality factor is

Q =
ω0

κs
=

L

R
√
LC

=
Zr

R
(2.116)

While these equations of motion are valid in the classical limit, we cannot easily generalize
this to a quantum circuit. An alternative method of introducing dissipation into the Hamil-
tonian formalism is known as the Caldeira-Leggett model [27]. We refer the reader to Ref.
[201] or Ref. [40]7 for a proper derivation, but we will roughly explain the central ideas. The
model involves replacing the resistor (or any dissipative real-valued impedance/admittance)
with an infinite array of LC oscillators each at a different frequency ωm = 1/

√
LmCm. The

admittance ym =
√
Cm/Lm of the oscillator is matched to the real component of the admit-

tance Re[Y (ωm)], which characterizes the effective dissipation of the element8. We can then
write down a Hamiltonian for the system of oscillators coupled to the circuit variable ϕ:

HY =
∑
m

[
1

2Cm

Q2
m +

1

2Lm

(ϕm − ϕ)2
]

(2.117)

This Hamiltonian HY can be added to the system Hamiltonian, and subsequently quantized.
In the limit of an infinite bath, information in the circuit of interest can be irreversibly lost
into bath, leading to an effective dissipation.

The Caldeira-Leggett model also leads to an important result known as the fluctuation-
dissipation theorem. The idea here is that if the bath is thermalized to a finite temperature
T , we can replace each of the terms in the Hamiltonian above with the average energy 1

2
kBT ,

according to the equipartition theorem. This allows us to obtain the correlation function of
the current fluctuations in each oscillator and sum these contributions over the entire bath
of oscillators to derive their spectral density [201]:

SII(ω) = 2kBTRe[Y (ω)] (2.118)

The spectral density of voltage fluctuations due to a dissipative element is similarly given
by:

SV V (ω) = 2kBTRe[Z(ω)] (2.119)

These fluctuations are known as Johnson-Nyquist noise [153]. The fluctuation-dissipation
theorem is important in that it explains the equivalence between noise and dissipation, both
of which give rise to irreversible dynamics. There is also a quantum analog of the fluctuation-
dissipation theorem that exhibits some notable differences from its classical counterpart, and
we recommend the reader consult Ref. [40] for a complete review of the subject.

7The classical version of Caldeira-Leggett is discussed in Appendix C.
8For a resistor, Y (ω) = R−1 is uniform over all frequencies, however, this model is capable of handling

an arbitrary dissipative element.
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2.6 Quantum Circuits

So far we have discussed electrical circuits entirely in the classical limit, although much of
the circuit analysis we have worked through is equally applicable to quantum circuits. So
what makes an electrical circuit quantum? The quantum-to-classical transition is largely
characterized by dissipation, which leads to irreversible dynamics. Closed quantum systems,
on the other hand, are described by unitary time evolution which is by definition reversible.
The reality, however, is that no experimental quantum system that we can interact with is
truly closed. The circuit typically interacts with an environment that is uncontrolled and
consists of a large number of degrees of freedom, leading to noise or equivalently dissipation.
This ultimately leads to a loss of quantum coherence [219], which suppresses the quantum
computational power that we would like to leverage.

Practically, for quantum effects to be relevant, we require our circuits to have low dissi-
pation so that the quality factor Q of the circuit modes interest are large (Q≫ 1). We also
require kBT ≪ ℏω, where ω is the frequency of the circuit modes, since thermal noise can
also lead to excess decoherence.

Canonical Quantization

In the quantum limit of low dissipation, the superconducting charge and phase can be pro-
moted to operators Q̂, ϕ̂ with the commutator[

ϕ̂, Q̂
]
= iℏ (2.120)

Then, the mode amplitudes a and a∗ for the quantum harmonic oscillator become

a→ â =
1√
2ℏZr

ϕ̂+ i

√
Zr

2ℏ
Q̂ (2.121)

a∗ → â† =
1√
2ℏZr

ϕ̂− i

√
Zr

2ℏ
Q̂ (2.122)

with the commutation relation[
a, a†

]
=

1

2ℏZr

[
ϕ̂, ϕ̂

]
− i

2ℏ

[
ϕ̂, Q̂

]
+

i

2ℏ

[
Q̂, ϕ̂

]
+
Zr

2ℏ

[
Q̂, Q̂

]
=

1

iℏ

[
ϕ̂, Q̂

]
= 1 (2.123)

Then, the Hamiltonian in Eq. 2.19 becomes

Ĥ = ℏω0

(
a†a+

1

2

)
(2.124)

and now includes the zero-point energy ℏω0/2. Here we find the first two consequences of
quantum mechanics: in the quantization of the discrete energy levels of the quantum LC
oscillator and the vacuum fluctuations that stem from the non-commuting observables ϕ̂ and
Q̂.
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Superconductivity

What is perhaps most remarkable about circuit QED is that quantum coherence can exist
macroscopically within the reduced degrees of freedom in a superconducting circuit [123].
According to Ginzburg–Landau theory, the Cooper pairs in a superconductor can be de-
scribed by a single wavefunction

Ψ(r, t) =
√
ns(r, t)e

iθ(r,t), (2.125)

where ns(r, t) is the Cooper pair density at a given point, and θ(r, t) is the phase of the
wavefunction. Here, the wavefunction is normalized so that

∫
d3r |Ψ(r, t)|2 =

∫
d3rns(r, t) =

Ns is the total number of Cooper pairs. This wavefunction should obey the Schrodinger
equation for charged particles:

iℏ
∂Ψ(r, t)

∂t
=

1

2ms

[−iℏ∇− qsA(r, t)]2Ψ(r, t) + qsV (r, t)Ψ(r, t) (2.126)

where, V (r, t) and A(r, t) are the scalar and vector potentials, and ms and qs = −2e are the
mass and charge of the Cooper pairs. From this Schrodinger equation, we can derive the
probability current for the wave function, which becomes a physical current of Cooper pairs
when multiplied by their charge qs = −2e.

Js = qs
iℏ
2ms

(Ψ∗∇Ψ−Ψ∇Ψ∗)− q2s
2ms

ΨΨ∗A (2.127a)

= qsns(r, t)
1

ms

[ℏ∇θ(r, t)− qsA(r, t)] (2.127b)

=
q2sns(r, t)

ms

ℏ
qs

[
∇θ(r, t) + qs

ℏ
A(r, t)

]
(2.127c)

= − 1

Λ

Φ0

2π
γ (2.127d)

where we introduce the superconducting flux quantum Φ0 = 2e/h and the London coefficient
Λ = ms

nsq2s
, and the gauge-invariant phase gradient γ. To understand why γ is gauge-invariant,

we recall from classical E&M that Maxwell’s equations are invariant under a gauge transfor-
mation

A → A+∇χ ≡ A′ V → V − ∂χ

∂t
≡ V ′ (2.128)

Now suppose we write the current Js in terms of the transformed vector potential A′:

Js = qsns
1

m
[ℏ∇θ′ − qsA− qs∇χ] (2.129)

However, since currents are physically observable quantities, this must also be gauge invari-
ant, so we must have ℏ∇θ′ − qs∇χ = ℏ∇θ and θ must transform as

θ′ = θ +
qs
ℏ
χ = θ − 2π

Φ0

χ⇒ Ψ′(r, t) = Ψ(r, t)e
−i 2π

Φ0
χ

(2.130)
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which leads to an unmeasurable phase shift on the superconducting wavefunction.
Finally, we note that for the wave function Ψ(r, t) =

√
nse

iθ, the Schrodinger equation
(Eq. 2.126) yields the relationship

−ℏ
∂θ(r, t)

∂t
+

1

2ns(r, t)

∂ns(r, t)

∂t
=

1

2ns

ΛJ2
s + qsV (r, t) (2.131)

Generally, we can assume that the charge density is constant and the same within all the
superconductors comprising a circuit, so the second term on the LHS becomes zero. Then,
given a general two-terminal superconducting circuit element, we obtain the expression

∂φ

∂t
=
∂θ1
∂t

− ∂θ2
∂t

=
2e

ℏ
(V1 − V2) =

2π

Φ0

∆V (2.132)

As a result, we see that the superconducting wavefunction phase φ is proportional to the
branch flux Φ across the circuit element, and that the circuit variables Q̂ and Φ̂ are now
encoded in the amplitude and phase of the macroscopic wavefunction of the superconducting
wavefunction9.

Flux Quantization

An important consequence of superconductivity is that the magnetic flux threaded through
a superconducting loop must be quantized in units of the superconducting flux quantum
Φ0 =

h
2e
. To see why, we consider the supercurrent Js and integrate it around a closed loop

C. We find

Λ

∮
C

Js · dl =
ℏ
qs

∮
C

dl · (∇θ)−
∮
C

A · dl

=
ℏ
qs

∮
C

dl · (∇θ)−
∫
S

B · dS
(2.133)

We note that the first term on the right hand side can be evaluated for a path starting
at x1 and ending at x2 as ∫ x2

x1

(∇θ) · dl = θ(x2, t)− θ(x1, t) (2.134)

Since the phase θ(x, t) must be singled-valued modulo 2π, we conclude that around a closed
contour C, we must have

lim
x1→x2

[θ(x2, t)− θ(x1, t)] = 2πn (2.135)

9One should be careful to identify whether the phase operator φ̂ is periodic or extended, which depends
on the context. We refer the reader to Ref. [48] for a discussion on the compactness of φ̂.
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Since the current inside a superconductor is zero, the left hand side must also vanish, and
we are left with

Φ =

∫
S

B · dS = 2πn
ℏ
qs

= nΦ0 (2.136)

For discrete superconducting circuits, flux quantization manifests as an additional con-
straint on the sum of the branch fluxes making up a loop∑

(i,j)∈E

Φij =
∑

(i,j)∈E

(ϕi − ϕj) = Φext (2.137)

where E is the set of edges (i, j) making up the circuit loop. We then ask what implications
this has on the quantization on a linear circuit. Suppose we have a circuit consisting of two
inductors L1 and L2 that form a loop. The total current across the two inductors will be
given by

I = I1 + I2 =
1

L1

Φ1 +
1

L2

Φ2 (2.138)

where Φ1 and Φ2 are the branch fluxes across the two inductors. The flux quantization
condition is given by Φ1 − Φ2 = Φext

10, and we can choose to define the node flux ϕ as

Φ1 = ϕ Φ2 = ϕ− Φext (2.139)

so the total potential energy is given by

EL =

∫
Iϕ̇ dt =

1

2L1

ϕ2 +
1

2L2

(ϕ− Φext)
2 (2.140a)

=
1

2

(
1

L1

+
1

L2

)[
ϕ− L1

L1 + L2

Φext

]2
+

1

2

1

L1 + L2

Φ2
ext (2.140b)

where in the second line we complete the square. The first term is the just the potential
energy for a inductor with inductance L, where L−1 = L−1

1 +L−1
2 and a translated node flux

ϕ′ = ϕ− L1

L1+L2
Φext, while the second term is a constant offset energy. Since the node flux does

not have periodic boundary conditions here, this results in just a gauge transformation that
does not change the system dynamics. Note that we could have also assigned the external
flux such that

Φ1 = ϕ+ Φext Φ2 = ϕ (2.141)

in which case the potential energy is given by

EL =
1

2

(
1

L1

+
1

L2

)[
ϕ+

L2

L1 + L2

Φext

]2
+

1

2

1

L1 + L2

Φ2
ext (2.142)

The two are equivalent up to a definition of ϕ′, and we note that we can translate between
the two Hamiltonians via the unitary transformation [212]:

U = e−
i
ℏQΦext (2.143)

10We choose to define both branch fluxes Φ1 and Φ2 in the same direction, so the sign of Φ2 in the
flux-quantization condition is flipped.
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2.7 Nonlinear Circuits

Although we can describe a linear circuit quantum-mechanically, it is quite difficult to lever-
age the quantum properties of circuit to do very much without a source of nonlinearity. The
quantum LC oscillator without any nonlinearity will be in the correspondence limit, and any
attempt to drive the system on resonance will result in a coherent state since the energy
levels are evenly spaced. Flux quantization in the presence of external flux leads only to a
gauge transformation that cannot be measured. This is not to say that we cannot observe
quantum-mechanical effects, as the vacuum fluctuations and flux quantization can still be
observed. However, in order to construct a device capable of processing quantum informa-
tion, we need universal control over some set of basis states encoded in the circuit, which
requires the circuit to be nonlinear. Since dissipation will suppress quantum coherence, we
also need the source of nonlinearity to be dissipationless.

Josephson Junctions

The Josephson junction provides exactly the dissipationless nonlinearity that we need, and
is consequently the foundation upon which modern superconducting qubit devices are built.
Josephson junctions are formed when a potential barrier is created between two superconduc-
tors so that quantum tunneling of the supercurrent can occur. While there are many ways to
create such a barrier, we will focus on superconductor-insulator-superconductor (SIS) junc-
tions, since these are most commonly seen in superconducting qubit devices. The Josephson
junction is characterized by the two Josephson relations:

I(t) = Ic sin(φ(t)) (2.144)

φ̇(t) =
2e

ℏ
V (t) =

2π

Φ0

V (t) (2.145)

where φ is the superconducting phase difference across the junction, and Φ = 2π
Φ0
φ is the

circuit branch flux across the junction. The critical current Ic is a property of the junction
itself, and typically depends exponentially on the junction barrier thickness and linearly in
the junction area. These equations lead to many surprising consequences, the first being
that the junction can sustain a non-zero current even when V = 0 across the junction, which
is known as the DC Josephson effect. On the other hand, for a non-zero constant voltage
V , the phase will grow linearly in time and we obtain an oscillating current with frequency
2πV/Φ0. This is known as the AC Josephson effect.

As a circuit element, the Josephson junction behaves like a nonlinear inductor. In par-
ticular, we can see that

İ(t) = φ̇Ic cos(φ(t)) =
2πIc
Φ0

V (t) cos(φ(t)) (2.146)

V (t) =
1

LJ cos(φ(t))
İ(t) (2.147)



CHAPTER 2. CLASSICAL AND QUANTUM CIRCUITS 44

Ic1sin 1 Ic2sin 2ext

1.0 0.5 0.0 0.5 1.0
ext/ 0

0.00

0.25

0.50

0.75

1.00
Ic, eff( ext)/I

0.0

0.2

0.4

0.6

0.8

1.0
da b

Figure 2.11: Flux quantization with Josephson junctions. (a) A circuit diagram
showing two Josephson junctions enclosing a superconducting loop. A magnetic flux Φext

threads the loop. (b) The normalized Ic,eff(Φext) for different values of the SQUID asymmetry
parameter d. As d increases and the SQUID becomes more asymmetric, the effective range
over which the total critical current can be tuned is reduced.

where we define LJ = Φ0

2πIc
as the Josephson inductance. Surprisingly, this inductance can

even be negative. We can also compute the stored energy within the junction as∫ t

−∞
I(t′)V (t′) dt′ =

Φ0Ic
2π

∫ t

−∞
φ̇ sinφdt′ = −EJ cosφ (2.148)

where we define the Josepshon energy EJ as EJ = Φ0Ic
2π

. If we express EJ in terms of LJ and
Taylor expand the cosine term, we find that the total energy can be written as

− 1

LJ

(
Φ0

2π

)2

cos(φ) ≈ − 1

LJ

(
Φ0

2π

)2 [
1− 1

2
φ2 +

1

24
φ4 + . . .

]
(2.149)

As a result, we see that to second order in φ, and ignoring the constant factor, the energy
stored in the junction looks like the inductive energy 1

2LJ
Φ2.

Flux Quantization with Josephson Junctions

Now that we have introduced the Josephson junction, we return to the problem of flux
quantization. We suppose now that we have two junctions that form a superconducting
loop, a structure known as the DC SQUID11. The net current flowing through the SQUID
is given by the sum of the currents through each junction:

Is = Ic1 sinφ1 + Ic2 sinφ2, (2.150)

11SQUID stands for superconducting quantum interference device.
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where φ1 and φ2 are the phase differences across the SQUID. We then redefine the phases
in terms of the sum and difference phases

δ = φ1 − φ2 φ =
1

2
(φ1 + φ2) (2.151)

and we can express φ1, φ2 in terms of δ, φ as

φ1 = φ+
1

2
δ φ2 = φ− 1

2
δ (2.152)

Using the sum and difference trigonometric identities, we can write

sinφ1 = sin

(
φ+

δ

2

)
= sinφ cos

δ

2
+ cosφ sin

δ

2
(2.153a)

sinφ2 = sin

(
φ− δ

2

)
= sinφ cos

δ

2
+ cosφ sin

δ

2
(2.153b)

At this point, we also enforce the flux quantization condition

δ = φ1 − φ2 =
2πΦext

Φ0

(2.154)

where Φ is the total flux threaded through the loop. Then, we can write the total current
as

Is = (Ic1 + Ic2) cos
πΦext

Φ0

sinφ+ (Ic1 − Ic2) sin
πΦext

Φ0

cosφ (2.155a)

= IΣ

[
cos

πΦext

Φ0

sinφ+ d sin
πΦext

Φ0

cosφ

]
(2.155b)

where we define

IΣ = Ic1 + Ic2 d =
Ic1 − Ic2
Ic1 + Ic2

(2.156)

We then define a new angle φ0 such that

sinφ0 =
d sin πΦext

Φ0√
cos2 πΦext

Φ0
+ d2 sin2 πΦext

Φ0

(2.157a)

cosφ0 =
cos πΦext

Φ0√
cos2 πΦext

Φ0
+ d2 sin2 πΦext

Φ0

(2.157b)

⇒ tanφ0 = d tan
πΦext

Φ0

(2.157c)
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Substituting this into the equation for Is, we conclude that

Is = IΣ

√
cos2

πΦext

Φ0

+ d2 sin2 πΦext

Φ0

sin(φ+ φ0) (2.158)

which leads to an effective critical current

Ic,eff(Φext) = IΣ

√
cos2

πΦext

Φ0

+ d2 sin2 πΦext

Φ0

(2.159)

In the simple case where Ic1 = Ic2 = Ic, we see that d = 0 and this reduces to

Ic,eff(Φext) = 2Ic

∣∣∣∣cos πΦext

Φ0

∣∣∣∣ (2.160)

From the above analysis, we see that the nonlinearity of the current phase relationship
leads to non-trivial behavior, unlike the case with two linear inductors. The SQUID now
acts like a Josephson junction, but with a flux-tunable critical current. This allows us to use
the SQUID as tunable nonlinear inductor to modify the properties of a circuit in-situ with
an applied magnetic flux. Finally, we note that while this analysis is valid in the DC limit,
one must be careful when the magnetic flux Φext(t) has a time dependence. We refer the
reader to Ref. [212] and Ref. [168] for a proper treatment of this case.

Transmon as a Nonlinear Oscillator

As our final circuit, we consider what happens when we replace the linear inductor in the
quantum LC oscillator with a nonlinear Josephson junction [105]. The Lagrangian for the
system is given by

L =
1

2
CΦ̇2 + EJ cos

(
2πΦ

Φ0

)
(2.161)

which leads to a classical equation of motion for the system

CΦ̈ + Ic sin

(
2π

Φ0

Φ

)
= 0 (2.162)

This looks like the equations of motion for a pendulum in a gravitational field, where we let
2πΦ/Φ0 be the angle of the pendulum and we let

2πIc
Φ0

1

C
=

1√
LJC

(2.163)

be the effective inverse length g/l.
The quantum Hamiltonian for this system is given by

Ĥ =
1

2C
Q̂2 − EJ cos

(
2πΦ̂

Φ0

)
= 4Ecn̂− EJ cos φ̂ (2.164)
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Figure 2.12: Transmon as a nonlinear oscillator. (a) The circuit for a transmon, which
consists of a capacitance shunting a Josephson junction. (b) The nonlinear potential due to
the Josephson junction can be mapped to the gravitational potential for a rigid pendulum.
For small angles the pendulum is approximately a harmonic oscillator, but nonlinear effects
appear at larger angles. (c) The anharmonic potential and energy levels for a transmon (solid)
with EC and EJ , plotted against the harmonic potential and its energy levels (dashed) for

an oscillator with L = 1
EJ

(
Φ0

2π

)2
and C = e2

2EC
. The energy levels of the harmonic oscillator

are evenly spaced, while the spacing between the energy levels in the transmon decrease for
higher energies. The ω01 transition of the transmon is also reduced by approximately EC .

where we have replaced the charge Q̂ and flux Φ̂ with normalized operators n̂ = Q̂/(2e) and
φ̂ = 2πΦ̂/Φ0. We also define the charging energy EC as EC = e2

2C
. The behavior of this

system depends heavily on the ratio of the charging energy EC to the Josephson energy EJ .
In the low EJ/EC limit, the system is typically referred to as a Cooper pair box and acts as
a charge qubit, while in the extremely high EJ/EC limit (EJ/EC ∼ 104) the system acts as
a phase qubit. For the last two decades, however, this system has primarily been operated in
the transmon regime, where EJ/EC ∼50–150 [105]. In this limit, the charge dispersion of the
eigenstates is exponentially suppressed while still maintaining sufficient intrinsic nonlinearity
in the system.

While the energy levels of the Hamiltonian in Eq. 2.164 can be solved exactly in terms
of Mathieu functions [47], the weak nonlinearity of the transmon allows us to perturbatively
solve for the energy levels and eigenstates of the system by expanding the cosine potential.
Then, the frequency and anharmonicity of the Transmon can be expressed as [51]:

ω01 =
√

8EJEc − Ec

[
1 +

1

4
η +

21

128
η2 +O

(
η3
)]

(2.165)

α = ω12 − ω01 = −EC

[
1 +

9

16
η +

81

128
η2 +O

(
η3
)]

(2.166)

Here, we include the terms up to second order in the parameter η = 2EC

EJ
, since the more
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commonly seen zero-th order expressions are only accurate to a few percent in the Transmon
regime.

The simplicity of the transmon, its sufficient nonlinearity, and its relative insensitivity
to both charge and flux noise, all combine to make it an ideal candidate for implementing
a superconducting qubit. Furthermore, the weak nonlinearity of the transmon also makes
it straightforward to design the supporting circuitry for qubit control and readout. In most
transmon-based systems, we can analyze the circuits in the harmonic oscillator basis, treating
the nonlinearity of the Josephson junctions perturbatively. This makes the circuit analysis
discussed in this chapter readily applicable, and greatly simplifies the design process for such
systems. In the following chapter, we will discuss some additional techniques for designing
practical superconducting qubit systems in the microwave regime.
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Chapter 3

Designer Microwave Circuits

In the previous chapter, we introduced the basic principles of circuit analysis using lumped-
element models. However, at microwave frequencies, lumped circuits may not always be good
approximations to physical structures. In this chapter we will introduce better models for
common superconducting qubit structures with distributed-elements, and show how these
models can lead to more accurate predictions of device parameters.

3.1 Frequency Domain Analysis

Thus far we have primarily been analyzing circuits in the time-domain; however with mi-
crowave circuits it is often useful to analyze circuits in the frequency domain instead. In
general, the linearity of the circuit elements discussed so far allows these circuits to be treated
as linear time-invariant (LTI) networks. For a more in-depth treatment on such systems,
we refer the reader to Chapter 5 of Ref. [39], but in the following sections we will briefly
introduce the important concepts. For the typical two-terminal elements that we use, we
have the following current voltage relationships:

V (t) = RI(t) V (t) = Lİ(t) V (t) =
1

C

∫ t

−∞
I(t) (3.1)

and we can perform a Fourier transform to obtain

V (ω) =
R√
2π

∫ ∞

−∞
I(t)e−iωt dt = RI(ω) (3.2a)

V (ω) =
L√
2π

∫ ∞

−∞
İ(t)e−iωt dt = −−iωL√

2π

∫ ∞

−∞
I(t)e−iωt dt = iωLI(ω) (3.2b)

V (ω) =
1

C

∫ ∞

−∞
Q(t)e−iωt dt = − 1

−iωC

∫ ∞

−∞
I(t)e−iωt dt =

1

iωC
I(ω) (3.2c)

Here, we perform an integration by parts for the inductor and capacitor. It is also common
to analyze these circuits in the Laplace domain where we take iω → s.
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Figure 3.1: Equivalent circuits for calculating effective resistance.

As an example of how the impedances can be useful, we go back to the example of the
RLC oscillator. We can express the admittance of the parallel circuit in terms of s = iω as

Y (s) = Z(s)−1 = sC +
1

sL
+

1

R
= C

(
s2 + 1

RC
s+ 1

LC

s

)
= C

(
s2 + κps+ ω2

0

s

)
(3.3)

Here, we see that the complex zeros of the admittance (poles of the impedance) are simply
the transient solutions to the differential equation given in Eq. 2.110, allowing us to easily
identify the resonance frequency and decay rate.

Similarly, we can consider a series RLC circuit. In this case, the impedance of the series
circuit is

Z(s) =
1

sC
+ sL+R =

L

s

(
s2 +

R

L
s+

1

LC

)
= L

(
s2 + κss+ ω2

0

s

)
(3.4)

and we see that the complex zeros of the impedance (poles of the admittance) yield the
resonance frequency and decay rate of the circuit.

Equivalent Circuits

This type of impedance analysis is also useful for simplifying more complex circuits. In
general, if we know the impedance response of a system, we can construct a simpler equivalent
circuit that has the same impedance, and thus the same behavior. A typical use case involves
calculating decay rates or loaded quality factors of a resonant mode that is coupled indirectly
to an external port. If we coupled the port directly to the a parallel LC circuit, the total
parallel resistance of the circuit would be Renv ∥ Rint ≈ Renv for a typical high-Q circuit
coupled to a 50 Ω port, leading to strong damping. Thus, we will typically couple the
resonator circuit to the transmission line via a small capacitance or mutual inductance.

In the case of a capacitance, we can write the total admittance of the coupling capacitance
Cκ and environmental impedance Z0 at the resonator frequency ωr as

Yenv(ωr) =

(
1

iωrCκ

+ Z0

)−1

=
ω2
rC

2
κZ0

1 + ω2
rC

2
κZ

2
0

+ iωr
Cκ

1 + ω2
rC

2
κZ

2
0

. (3.5)
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This leads to an additional loading capacitance

C∗ =
Cκ

1 +
(

Z0

Zr

)2 (
Cκ

C

)2 ≈ Cκ

[
1−

(
Z0

Zr

)2(
Cκ

C

)2
]

(3.6)

and an external resistance

Rext = Z0

[
1 +

(
Zr

Z0

)2(
C

Cκ

)2
]

(3.7)

The external decay rate due to the Rext is given by

κext =
1

Rext(C + C∗)
(3.8a)

=
1

Z0C

(
Z0

Zr

)2(
Cκ

C

)2
[
1 +

Cκ

C
+

(
Z0

Zr

)2(
Cκ

C

)2
]−1

(3.8b)

=
Z0ω

2
rC

2
κ

C

[
1 +

Cκ

C
+

(
Z0

Zr

)2(
Cκ

C

)2
]−1

(3.8c)

≈ Z0ω
2
rC

2
κ

C

[
1− Cκ

C
+

(
Cκ

C

)2

−
(
Z0

Zr

)2(
Cκ

C

)2
]

(3.8d)

We can consider a similar case of a resonator coupled via a mutual inductance M to the
resonator. Here, the total admittance of the resistive and inductive elements is given by

Yenv(ωr) =
Z0M

2

Z2
0L

2 + ω2
r(LL0 −M2)2

+
1

iωr

Z2
0L+ ω2

rL0(LL0 −M2)

Z2
0L

2 + ω2
r(LL0 −M2)2

(3.9)

Again, we see can extract an effective resistance and inductance from the expression for the
admittance. We can write the external resistance as

Rext = Z0
L2

M2

[
1 +

(
Zr

Z0

)2(
L0

L
− M2

L2

)2
]

(3.10)

and the modified inductance as

L′ = L

 Z2
0 + Z2

r

(
L0

L
− M2

L2

)2
Z2

0 + Z2
r
L0

L

(
L0

L
− M2

L2

)
 (3.11)

We can then express the external decay rate due to the Rext as

κext =
1

RextC
=

1

Z0

ω2
rM

2

L

[
1 +

(
Zr

Z0

)2(
L0

L
− M2

L2

)2
]−1

(3.12)
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3.2 Microwave Networks

For more complex circuits, it is often useful to break up the circuit into a set of smaller
circuits that can be connected together at ports to form a larger network. In this case, each
subsystem can be described completely by the voltage/current relationships at each port
of the network, making it possible to construct equivalent circuits that exhibit the same
behavior for simplified modeling. The simplest such network is a 1-port network, which in
our context typically consists of some two-terminal element. This element is described by
an impedance Z(ω) or admittance Y (ω) = Z−1(ω), which relates the voltage V (ω) across
the two terminals to the current I(ω) through the element, via Ohm’s law:

V (ω) = Z(ω)I(ω) I(ω) = Y (ω)V (ω) (3.13)

Here we are explicit about the frequency dependence of the relevant quantities, to remind
ourselves that we are analyzing the network in the frequency domain, but we will keep the
frequency dependence implicit for the remainder of the chapter.

For an N -port network, we now need N2 parameters to fully specify the current and
voltage relationship between each port, the network is now described by a N×N impedance
matrix Z(ω) or admittance matrix Y(ω) = Z−1(ω), where the inverse is the full matrix
inverse. The basis for these matrices, is usually taken to be the same as the ports, such that

V =

V1
...
VN

 I =

 I1
...
IN

 (3.14)

where Vi is the voltage across the ith port and Ii is the current going into1 the ith port.
Then we have a system of N linear equations given by V = ZI or I = YV defining the
behavior of the network. Each element Zij of the impedance matrix is defined as

Zij =
Vi
Ij

∣∣∣∣
Ik=0 for k ̸=j

(3.15)

which is the impedance between port i and port j when all other ports are an open circuit.
Similarly, we can define Yij as

Yij =
Ii
Vj

∣∣∣∣
Vk=0 for k ̸=j

(3.16)

which is equivalent to the admittance between port i and port j when all other ports are
short-circuited.

The utility of the network analysis formalism is that given a set of several independent
networks, we can connect them at their ports and easily compute the network parameters for

1This determines the sign convention, which is usually taken to be +1 for a current flowing into the port.
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Figure 3.2: Two-port network. The voltage at each port is defined with respect to the
two terminals at each port, and the current is defined as going into the port.

the combined system by enforcing the relevant boundary conditions. For example, suppose
we have a two-port network with impedance matrix

Z =

[
Z11 Z12

Z21 Z22

]
(3.17)

and a one-port network with impedance ZL. We can connect the one-port network, or load
impedance, to port 2 to create an effective one-port network looking into port 1. To determine
the resulting port impedance Z ′

11, we must enforce the additional constraints V2 = VL and
IL = −I1, which implies that V2 = −ZLI2

2. With this additional constraint, we can write I2
as a function of I1

V2 = Z21I1 + Z22I2 (3.18)

−ZLI2 = Z21I1 + Z22I2 (3.19)

I2 = − Z21

ZL + Z22

I1 (3.20)

and then eliminate I2, so that the voltage-current relation for port 1 becomes

V1 = Z11I1 + Z12I2 = Z11I1 −
Z12Z21

ZL + Z22

I1 = Z ′
11I1 (3.21)

More generally, we can reduce an N -port network to an (N − 1)-port network by con-
necting a load impedance ZL across port i. In this case, the impedance matrix Z defines a
system of N linear equations

Vj =
∑
k

ZjkIk (3.22)

where Zjk is the entry in the j-th row and k-th column of the impedance matrix. We can
eliminate Vi and Ii from these equations, as in the two-port example. We add the additional

2The minus sign here accounts for the different directions of the currents, which are both defined as
going into their respective ports.
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constraint
Vi = −ZLIi =

∑
k

ZikIk (3.23)

where we can pull Ii out of the sum so that it is expressed as

Ii = − 1

ZL + Zii

∑
k ̸=i

ZikIk (3.24)

Now that we have an expression for Ii, we can substitute this into each equation for Vj so
that

Vj =
∑
k ̸=i

ZjkIk + ZjiIi (3.25)

=
∑
k ̸=i

ZjkIk −
Zji

ZL + Zii

∑
k ̸=i

ZikIk (3.26)

=
∑
k ̸=i

(
Zjk −

ZjiZik

ZL + Zii

)
Ik (3.27)

and we have an expression for the voltage-current relationship between the remaining ports.
We can apply a similar analysis when connecting two multi-port networks together at one
or more of their ports. The general prescription is that each connection adds two additional
constraint equations that can be used to eliminate the voltage/current variables at those
ports. In the case of cascaded two-port networks, there is a particular simple way to derive
the resulting network parameters using the so-called ABCD matrices [164], which can also be
generalized to cascaded 2N-port networks. However, analyzing the resulting parameters for
arbitrary connections between multi-port networks is most easily done with computer-aided
RF design software such as scikit-rf [8] or JosephsonCircuits.jl [162].

This type of microwave network analysis can be a valuable tool for simplifying the design
and simulation of superconducting quantum circuits in a modular way. Smaller subsystems
can be simulated in isolation with more expensive FEM methods and the resulting network
parameters can then be connected together to yield the behavior of the full system. As long
as all interactions between the subsystems occur at the well-defined port boundaries, the
behavior of the overall system will be well-described using such a method. Second, many
of the distributed microwave structures present on superconducting qubit devices do not
have exact lumped circuit representations, and require a full impedance matrix to properly
describe their behavior over a wide range of frequencies.

However, circuit quantization is most easily done with lumped circuits. In order to get
around this and account for the nonlinearity of the Josephson junction, we typically turn
to black-box quantization (BBQ) [151] or the related energy-participation ratio (EPR) [135]
methods. Here, the idea is to treat the linear portion of the circuit as a N -port network where
each port is connected to one of the N Josephson junctions in the system. The behavior of
the network can then be obtained from full-wave FEM simulation or circuit analysis, and
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the resulting linear network can be synthesized into a equivalent lumped circuit model that
is amenable to quantization.

This network synthesis is an important but often misunderstood portion of these proce-
dures, and different approaches have been taken to implement this step over the years. A
modified version of Foster’s synthesis [62, 16], valid for small dissipation, was initially used
in Ref. [151] to synthesize an equivalent circuit for subsequent quantization. Here, each
pole of an arbitrary impedance function Z(s) is approximated as a parallel RLC circuit with

resonance frequency ωp ≈ (LpCp)
− 1

2 and decay rate κp = (RpCp)
−1, so that we have

Z(s) ≈ ZF (s) =
M∑
p=1

Yp(s)
−1 Yp(s) =

1

Rp

+ sCp +
1

sLp

(3.28)

For s near a pole sn = −κn

2
± iωn, the term Yn(s)

−1 dominates and we can approximate
ZF (s) ≈ Yn(s)

−1 or equivalently YF (s) ≈ Yn(s). Then, we see that

Y ′
F (ωn) ≈ Y ′

n(ωn) = iCn −
1

iω2
nLn

= i

[
Cn +

1

ω2
nLn

]
≈ i

[
Cn +

LnCn

Ln

]
= 2iCn (3.29)

and also that

Re [YF (ωn)] ≈ Re [Yn(ωn)] =
1

Rn

(3.30)

This implies that we can determine the effective resistance and capacitance of the equivalent
RLC circuit corresponding to a given pole of the impedance function as

Rn ≈ 1

Re [Y (ωn)]
Cn ≈ 1

2
Im [Y ′

F (ωn)] (3.31)

which gives us a very straightforward method to determine the effective lumped circuit
parameters corresponding to the resonance directly from the admittance function Y (ω). We
now make several comments about this method.

First, it is important for Q = Rn/Zn to be large since ωn will differ from (LnCn)
− 1

2 at
order 1/Q23. Second, it is important to ensure that the resulting equivalent circuit yields an
impedance ZF (s) that is a good approximation of the true impedance Z(s), at least near the
poles. Otherwise, the extracted parameters will not be accurate. In these cases, we can resort
to other network synthesis methods that have been developed, such as Brune’s synthesis [25],
which was used by Ref. [188] to implement black-box quantization. Finally, we stress that
these circuit synthesis methods do not require one to obtain the original impedance function
via expensive full-wave simulations, and are equally applicable to impedances derived via
circuit analysis4. This common misconception is likely due to its use in many early papers to

3See Eq. 2.111. This is generally fine, since even for κ/2π = 50 MHz on a resonator with frequency
ω/2π = 5 GHz yields an error of just 62 kHz.

4For example, this is used in the superconducting circuit analysis package QuCAT [70].
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Figure 3.3: Transmission line model. (a) Lumped-element approximation for a 1D trans-
mission line. The full transmission line model is derived by taking the continuum limit
∆x → 0 for a fixed total length N∆x = d. (b) Given the parameters Z0 and ν (or equiva-
lently ℓ and c), the behavior of a transmission line segment of length d can be modeled as a
two-port network. (c) A 2D cross-section of a coplanar-waveguide (CPW) transmission line,
parameterized by a width w and a gap g. The dark gray denotes the substrate, and the dark
blue denotes the superconducting metal. The transmission line parameters ℓ and c can be
simulated from the 2D structure using tools like Ansys Q2D.

derive equivalent circuit models and perform black-box quantization of 3D cavity structures
[151, 188, 135] that do require such simulations.

Once we have an equivalent circuit model representing a best fit (or exact synthesis)
to the original impedance response of the network, we can proceed to quantize the circuit
with any Josephson junctions included. We will not explain the process in detail here, but
we encourage the reader to consult Chapter 5 of Ref. [39] for a review of the subject.
Instead, we will spend the remainder of this chapter explaining how we can more accurately
and quickly obtain the impedance response of a complex distributed element circuit for
subsequent quantization.

3.3 The CPW Transmission Line

The coplanar waveguide (CPW) transmission line is ubiquitous in superconducting qubit
devices—used to deliver signals across a chip, to construct filters, and to form resonators for
both readout and storage of quantum information. In this section, we describe how to model
such structures in a realistic system that may include connections to other circuit elements.

We consider a 1D transmission line, which can be modeled as an infinite chain of series
inductors L = ℓ∆x and parallel capacitances C = c∆x with inductance per unit length ℓ
and capacitance per unit length c. We can write the circuit Lagrangian for this system as
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L =
∑
i

1

2
CΦ̇2 − 1

2L
(Φi+1 − Φi)

2 =
∑
i

∆x

[
1

2
cϕ̇2 − 1

2ℓ

(
Φi+1 − Φi

∆x

)2
]

(3.32)

If we take the continuum limit (∆x → 0), we obtain the continuous version of the
Lagrangian,

L =

∫
dx

[
c

2
(∂tΦ)

2 − 1

2ℓ
(∂xΦ)

2

]
. (3.33)

Using the Euler-Lagrange equations to solve for the equations of motions:∑
µ=x,t

∂µ

[
∂L

∂(∂µΦ)

]
=
∂L
∂Φ

(3.34)

we then obtain a 1-D wave equation

c∂2tΦ− 1

ℓ
∂2xΦ = ∂2tΦ− 1

ℓc
∂2xΦ = 0. (3.35)

The solutions to this equation are of the form

Φ(x, t) = Φ±e
i(±kx−ωt) (3.36)

where + indicates a rightward traveling wave and − indicates a leftward traveling wave.
Plugging this into the wave equation, we find that

−ω2 +
1

ℓc
k2 = 0 → ω = ±kν (3.37)

where ν = 1√
lc
is the phase velocity. The conjugate momentum to the flux variable Φ(x, t)

can also be derived from the Lagrangian as

Q(x, t) =
∂L

∂(∂tΦ)
=

∫
c∂tΦ dx =

∫
cV (x, t) dx =

∫
q(x, t) dx (3.38)

where we define the charge density as

q(x, t) = c∂tΦ(x, t) = −iωcΦ±e
i(±kx−ωt) (3.39)

Then, we can integrate this over the length of the transmission line to find the total charge
as a function of position:

Q(x, t) =

∫
q(x′, t) dx′ = ∓ωc

k
ϕ±e

i(±kx−ωt) = Q±e
i(±kx−ωt) (3.40)

The voltage and current along the transmission line can also be derived from the flux and
charge by simply taking a time derivative.
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The impedance of wave is defined by the ratio of the voltage to the current (or equivalently
flux to charge) such that

Z0 = |ϕ±/Q±| =
k

ωc
=

1

νc
=

√
ℓ

c
, (3.41)

and we see that this give us the standard definition of the characteristic impedance Z0 for
the transmission line.

Transmission lines are an incredibly useful tool for designing microwave resonators and
filters, because they are quasi-1D structures. We can describe the behavior of an arbitrary
length transmission line very well with only two parameters, Z0 and ν (or equivalently ℓ and
c), that can be simulated very accurately using 2D simulators like Ansys Q2D. This is not
only faster than simulating a transmission with a full-wave FEM simulator, but also more
accurate.

Transmission Line as a Two-Port Network

Once the transmission line parameters Z0 and ν are known, we can model a transmission
line section of length d as a two-port network with an impedance matrix Z(d). Since the
transmission line is both symmetric and reciprocal, we must have Z11 = Z22 and Z12 = Z21,
so there are two parameters to compute. To do so, we consider the voltage and current
profiles along the transmission line, which are given by

V (x) = V+e
ikx + V−e

−ikx (3.42)

I(x) =
V+
Z0

eikx − V−
Z0

e−ikx (3.43)

where port 1 is at x = −d and port 2 is at x = 0. By definition, Z11 = V (−d)/I(−d) when
port 2 is an open circuit, so we enforce the boundary condition I(0) = 0, and we find

I(0) =
1

Z0

[V+ − V−] = 0 ⇒ V+ = V− (3.44)

and the reflection coefficient is Γ = V−/V+ = 1. The impedance at port 1 is given by
Z11(d) = V (−d)/I(−d), so we have

Z11(d) =
V (−d)
I(−d)

= Z0
eikd + e−ikd

eikd − e−ikd
= Z0

2 cos(kd)

2i sin(kd)
= −iZ0 cot(kd) (3.45)

Similarly, we consider the voltage-current relation for Z21. Here the boundary conditions is
still I(0) = 0, and we find

Z21(d) =
V (0)

I(−d)
= Z0

1 + 1

eikd − e−ikd
=

Z0

i sin(kd)
= −iZ0 csc(kd) (3.46)
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Figure 3.4: Transmission line as an impedance transformer. A transmission line
section transforms a (possibly frequency dependent) load impedance ZL to a load impedance
Z ′

L(ω) given by Eq. 3.49. For ω0 = πν
2d

(d = λ/4), the transmission line section acts as an
impedance inverter, taking ZL = ∞ → Z ′

L(ω0) = 0 and vice versa.

and we can write the full impedance matrix as

Z(θ) = −iZ0

(
cot(θ) csc(θ)
csc(θ) cot(θ)

)
(3.47)

where we define θ ≡ kd. The admittance matrix can be found by inverting this matrix, and
is given by

Y(θ) = Z−1(θ) = −iY0
(

cot θ − csc θ
− csc θ cot θ

)
(3.48)

where Y0 = Z−1
0 is the characteristic admittance.

Transmission Line as an Impedance Transformer

Using our previous result from Eq. 3.21, we can now analyze the effective input impedance
of a transmission line terminated by an arbitrary load impedance ZL. This is given by

Z ′
L(θ) = Z11 −

Z12Z21

ZL + Z22

=
Z11ZL + Z11Z22 − Z12Z21

ZL + Z22

(3.49a)

=
−iZ0ZL cot θ − Z2

0 cot
2 θ + Z2

0 csc
2 θ

ZL − iZ0 cot θ
(3.49b)

= Z0
Z0 − iZL cot θ

ZL − iZ0 cot θ
(3.49c)

= Z0
ZL + iZ0 tan θ

Z0 + iZL tan θ
(3.49d)

It is instructive to look at the two cases where d = λ/4 ⇒ θ = π/2 and d = λ/2 ⇒ θ = π.
In the first case, we have

Z ′
L(π/2) =

Z2
0

ZL

(3.50)
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Figure 3.5: Transmission line resonators. (a,c) A circuit diagram depicting a λ/2 (a)
and λ/4 (c) resonator. The voltage and current profiles for the first 4 modes of the resonator
are shown above and below the transmission line. The open boundary condition (ZL = ∞)
at x = d enforces I(d) = 0, while the shorted boundary condition (ZL = 0) at x = d enforces
V (d) = 0 (b,d) The imaginary component of the admittance Im[Y (ω)] as seen through the
port at x = 0. The zeros correspond to the resonance frequencies. The admittance function
can be fit to a lossy Foster circuit to extract equivalent lumped circuit parameters for each
mode.

so the λ/4 section transforms a short (ZL = 0) to an open circuit (ZL = ∞) and vice versa
at a frequency ω = πν

2d
. This is why a quarter-wave transmission line section is often referred

to as an quarter-wave impedance transformer. On the other hand, we find that Z ′
L(π) → ZL,

so the load impedance is unchanged at ω = πν
λ
.

Boundary Conditions and Transmission Line Resonators

When both ends of a transmission line section are terminated with a load impedance, the
transmission line section can no longer support a continuous spectrum of modes. Instead, the
spectrum is modified such that there exists only a countable number of discrete of resonances.
We start by considering a transmission line segment of length θ = kd, terminated in an open
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circuit on both ends. Looking in from one port, the impedance and admittance are given by

Zin(θ) = −iZ0 cot θ Yin(θ) = iY0 tan θ (3.51)

The imaginary zeros of the admittance occur at θn = knd = nπ for n ∈ Z and we can fit these
zeros to the lossy Foster circuit described in the previous section. This yields the following
lumped circuit parameters for the equivalent LC circuit [179]:

ωn = νkn =
nπν

d
(3.52a)

Cn =
1

2
Im[Y ′(ωn)] =

d

2νZ0

sec2
(
ωnd

ν

)
=

1

2

d

νZ0

=
1

2
cd (3.52b)

Ln =
1

ω2
nCn

=
2Z0

k2nνd
=

2Z0d

νn2π2
=

2ℓd

n2π2
(3.52c)

Zr,n =

√
Ln

Cn

=

√
4Z2

0

k2nd
2
=

2Z0

knd
=

2Z0

nπ
(3.52d)

Importantly, we see that since the equivalent capacitance is constant for each resonance, the
impedance of each resonance scales inversely with the mode number. Finally, we note that
because the fundamental resonance (n = 1) occurs for a length d = π

k1
= λ

2
, this is typically

referred to as a λ/2 or a half-wave resonator.
We can also consider a transmission line segment that is terminated by a short circuit on

one end. From Eq. 3.49, we find that for ZL = 0, the input impedance for the transmission
line section is:

Zin(θ) = iZ0 tan θ Yin(θ) = −iY0 cot θ (3.53)

and the imaginary zeros of the admittance now occur at θn = knd =
(
n+ 1

2

)
π. Since the

fundamental resonance (n = 0) now occurs for a length d = π
2k0

= λ
4
, this is typically referred

to as a λ/4 or a quarter-wave resonance. For this resonance, we can derive the following
equivalent circuit parameters:

ωn = νkn =
(2n+ 1)πν

2d
(3.54a)

Cn =
1

2
Im[Y ′(ωn)] =

d

2νZ0

csc2
(
ωnd

ν

)
=

1

2

d

νZ0

=
1

2
cd (3.54b)

Ln =
2Z0

k2nνd
=

8Z0d

ν(2n+ 1)2π2
=

8ℓd

(2n+ 1)2π2
(3.54c)

Zr,n =
2Z0

knd
=

4Z0

(2n+ 1)π
(3.54d)

Having derived the equivalent circuit models for the modes in both a λ/4 and a λ/2
transmission line resonator, we now make several comments. A common mistake when con-
structing an equivalent lumped circuit for a transmission line resonator is to assume that the
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Figure 3.6: Capacitive loading of a CPW resonator. (a) A λ/4 CPW resonator, with
a capacitance CL, loading the open end of the CPW. (b) The mode frequencies, denoted by
the white squres, are shifted down by the capacitance. Here we show the mode frequencies
for dL = CL/c = 0.1. In the limit CL → ∞, the resonator becomes a λ/2 resonator with
shorted boundary conditions. (c) The voltage profile of the fundamental mode as a function
of the capacitance CL = cdL. The capacitance adds an effective length to the CPW, denoted
by the dotted lines.

impedance of the resonance is the same as the characteristic impedance of the transmission
line. However, we have shown that this is in fact incorrect. Rather, the impedance of the
resonance is scaled by 2/θn and scales inversely with the mode number. Moreover, we find
that for the same frequency ω, the fundamental mode of the quarter-wave resonance has an
impedance that is twice that of the effective impedance of the half-wave resonance. Since
the capacitive coupling between two resonators scales with the impedance of the modes, this
implies that the coupling between two quarter-wave resonators will be twice as high for the
same coupling capacitance Cc. Finally, we note that a λ/2 resonator can also be constructed
by shorting both ends of the transmission line segment.

While the transmission line resonances discussed above have simple solutions, they are
often not good approximations for realistic circuit structures. In practice, most transmission
line resonators are loaded by additional lumped capacitances at the points where they are
coupled to the rest of the circuit. To illustrate the loading effect of this capacitance, we
consider adding a capacitor CL in parallel to the open end of a λ/4 resonator. The total
input admittance for the loaded transmission line is now

Yin(θ) = iωCL − iY0 cot θ = iY0θ
dL
d

− iY0 cot θ (3.55)

where we define dL = CL/c to be the effective length of transmission line needed to yield
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Figure 3.7: CPW admittance as a function of coupling location. (a) The admittance
response of a CPW resonator changes depending on the coupling location along the CPW
length. (b) The admittance for two different values of x. We see that when the admittance
is viewed from the midpoint of the half-wave x = 0.5 (green), there are no zeros in the
admittance Y (ω) at nπ for odd n, because these modes have zero voltage at this location.
Similarly, for x = 0.25 (blue), the mode at θ = 2π is decoupled from the port. The slope of
the admittance at each zero also changes depending on the coupling point x.

the same capacitance. The mode frequencies are given by Yin(θn) = 0, which is now a
transcendental equation, and can no longer be solved analytically. However, as we can see
from Fig. 3.6, the solutions for each mode are now shifted down in frequency. This is
expected since capacitances add in parallel, and the effective lumped capacitance of each
mode is now

Cn =
1

2
Im[Y ′

in(ωn)] =
1

2
(CL + cd) (3.56)

It is worth noting that this type of an analysis is not restricted to just capacitive loading.
The impedance YL = iωCL could be the admittance of any one-port network that is added
in parallel with the λ/4 CPW resonantor.

As another illustrative example, we now examine another consequence of the transmission
line. Because the voltage and current profiles of a CPW resonator have a spatially varying
envelope, both the effective coupling strength and the loaded quality factor now depend on
both the precise location and form of the coupling (capacitive or inductive). Because the
capacitive energy is proportional to CV1V2, the coupling will be scaled with the magnitude
of the voltage profile at a given location, and will become zero at a voltage node. Similarly,
the inductive energy is proportional to LI1I2, so the coupling will scale with the magnitude
of the current profile. For example, we can consider coupling to a λ/2 resonator with open
boundary conditions, but exactly at the midpoint. Here, we can model the system as two
transmission line sections in parallel, each with length d/2, so the total admittance looking
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in through the coupling point is

Yin(θ) = iY0 tan
θ

2
+ iY0 tan

θ

2
= 2iY0 tan

θ

2
(3.57)

and we see that the zeros now occur at θn = 2πm instead of πn. The fundamental mode
of the CPW resonator has not changed and is still at ωn = πν

d
; however, the odd-n modes

are all uncoupled from the perspective of a port at the midpoint! More generally, we could
consider coupling to a port at a distance xd from one end (0 ≤ x ≤ 1). Then, the total
admittance from the perspective of the coupling point is

Yin(θ) = iY0 tan(xθ) + iY0 tan ((1− x)θ) =
iY0 sin θ

cos(xθ) cos ((1− x)θ)
(3.58)

Then we see that the zeros of Yin remain at θn = nπ, except when cos(xθn) = 0 or
cos((1− x)θn) = 0, in which case the mode is completely decoupled. The effective ca-
pacitance of the n-th mode is given by

Cn(x) =
1

2
Im[Y ′

in(ωn)] =
1

2
cd

[
x

cos2(xθn)
+

1− x

cos2((1− x)θn)

]
=

1

2

cd

cos2(xθn)
(3.59)

where in the last equality we use the fact that θn = nπ ⇒ cos((1− x)θn) = ± cos(xθn). This
tells us that the effective capacitive coupling to the mode as a function of the coupling point
scales as

g(x) ∝ 1√
Cn(x)

∝ | cos(xnπ)| (3.60)

which is simply the shape of the voltage profile for the n-th mode.
Here, we stress that the effective capacitance and inductance of the equivalent circuit

models in Eq. 3.52a and Eq. 3.54a are only well-defined up to a specified port location. The
values of these lumped equivalent models are selected to yield an impedance or admittance
response that is a best-fit model to the true impedance or admittance response. Since
changing the location of the port changes the admittance response, this also changes the
equivalent lumped circuit as viewed from the port. As a result, we must be careful when
replacing distributed elements with lumped equivalent models, as doing so improperly can
drastically change the derived circuit or Hamiltonian parameters for a given design.

Analyzing Purcell Loss

Now that we understand how to analyze and fit transmission line models to effective lumped
models, we will work through another example that illustrates how interference effects in a
transmission line can be leveraged to our benefit. In most superconducting qubit systems,
qubits are dispersively coupled to a resonator in order to measure a qubit state. These read-
out resonators are typically strongly coupled to the environment to enable fast measurement;
however, this can cause excess qubit relaxation mediated by the resonator’s coupling to the
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environment. This Purcell effect [165], as it is typically referred to, is really a classical effect
and can be modeled using the network analysis methods we have discussed so far [85].

In the simplest model, we have a qubit capacitively coupled to a lumped parallel LC
resonator. The resonator decay rate is mediated by a capacitive coupling to a Z = 50 Ω
semi-infinite transmission line, which we replace with a R = 50 Ω resistance. In this case,
the effective decay rate of the qubit has been shown to be [211, 111]:

ΓP = κ

(
g2

ωq − ωr

)2(
ωq

ωr

)3(
2ωq

ωq + ωr

)
(3.61)

However, it is also straightforward to numerically compute the decay rate ΓP = (RqCq)
−1 by

fitting the pole of the impedance Z(ω) from the perspective of the qubit node to its Foster
equivalent circuit. This is given by

Y (ω) = iωCq +
1

iωLq

+

[
1

iωCc

+ Zr(ω)

]−1

(3.62)

and enables a simple comparison of different readout resonator circuitry by simply changing
the resonator impedance response Zr(ω)

5. To illustrate this, we compare the normalized
Purcell loss Γp/κr = 1/(κrT1) for both the simple lumped element resonator as well as a λ/2
CPW resonator. For the two systems, we have

Zr,lumped(ω) =
1

iωCr +
1

iωLr
+ Yκ(ω)

(3.63)

Zr,cpw(ω) = Z0

Zκ(ω) + iZ0 tan
(
ωd
ν

)
Z0 + iZκ(ω) tan

(
ωd
ν

) (3.64)

Zκ(ω) =
1

Yκ(ω)
=

1

iωCκ

+ Zenv (3.65)

where we use the expression from Eq. 3.49 to derive the impedance of the loaded CPW
transmission line.

In Fig. 3.8, we show Γp/κp as a function of the qubit frequency. We see that the decay
rate of the qubit is much higher for the CPW resonator at frequencies above the fundamental
mode, where the qubit can couple to higher modes of the CPW resonator. This was first
studied in Ref. [85]. However, we recall from the last section that the admittance response
of the CPW resonator can vary significantly depending on where the coupling ports are. In
Fig. 3.8, we show an alternative coupling geometry, where the resonator couples to the 50 Ω
environment at a point ds away from the open boundary. From the perspective of the qubit
port, we now have a open stub of length ds in parallel with the environmental impedance that

5In practice we also drop the 1
iωLq

term since it does not contribute the Re[Y (ω)]. In this case, the total

effective capacitance of the qubit mode is modified to C ′
q = Im[Y ′(ω)], since the inductive term no longer

contributes.
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Figure 3.8: Purcell loss for lumped and distributed resonators. We simulated two
circuits representing a ωr/(2π) ≈ 6 GHz resonator capacitively coupled to a qubit port via
a coupling capacitance Cc = 10 fF, which results in a coupling g/2π ≈ 96 MHz at ωq = ωr.
The qubit capacitance is Cq = 100 fF, and the lumped resonator parameters were chosen to
approximate the fundamental mode of the CPW resonator. The resonator is coupled to a a
50 Ω environment via a capacitance Cκ = 12.5 fF, which results in an effective decay rate
κr/(2π) ≈ 2 MHz. The simulated circuits are shown for the (a) lumped resonator and (b)
CPW resonator. (c) The Purcell enhancement/suppression factor Γp/κp is plotted for both
the lumped and CPW resonators.

is introducing a resistive loss. Since a λ/4 open stub looks like a short circuit at ωs =
πν
2ds

,
this effectively hides the environment from the rest of the circuit and acts as a notch filter
near ωs. This circuit was first introduced in Ref. [191], and is referred to as an intrinsic
Purcell filter, since the filter relies on interference effects within the resonator itself and does
not introduce any additional structures. Fig. 3.8 also shows the resulting Purcell suppression
factor for the intrinsic Purcell filter compared to both the lumped resonator and the λ/2
CPW resonator that is coupled to the environment at its voltage antinode. We see that
this substantially improves the Purcell loss at frequencies near the resonator frequency, at
the cost of worse Purcell suppression at lower frequencies6. This type of λ/4 stub filter can

6The other drawback with this design is that it requires a much larger Cκ to achieve the same resonator
decay rate κr, since the coupling capacitor is now closer to the voltage node of the λ/2 resonator.
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Figure 3.9: Coupled transmission line model. (a) Lumped-element approximation for
two coupled 1D transmission lines. The full model is derived by taking the continuum limit
∆x→ 0 for a fixed total length N∆x = d. (b) The coupled lines are most easily described by
the impedance Z0,i and phase velocity νi in the eigenbasis of the lines. Given the parameters
Z0,o, νo and Z0,e, νe, the behavior of a transmission line segment of length d can be modeled
as a two-port network. These parameters can be derived from the bare circuit parameters
c, cc, ℓ,m. (c) A 2D cross-section of two CPW transmission lines in close proximity. The
individual lines are separated by a center-to-center distance s. In general, the two lines do
not need to have the same CPW width w and gap g. The transmission line parameters can
again be simulated from the 2D structure using tools like Ansys Q2D.

also be engineered into the resonator feedline to add a second notch, and this strategy was
employed in the “Everglades” design that was used for the experiments in Chapter 6.

3.4 Coupled Line Models

While distributed transmission lines structures can be coupled to other circuits via lumped
capacitances and inductances, it is often more natural to use a distributed form of coupling
where two transmission lines are brought into close proximity, leading to a mutual capaci-
tance inductance per unit length that couples the two lines. For an exhaustive treatment on
coupled-line analysis, see Ref. [160]; however, we will walk through a derivation for a simple
case where we have only two coupled transmission lines.

We model the coupled lines in the same as we do for the single transmission line in Sec.
3.3, but with an additional mutual inductanceM = m∆x cross capacitance Cc = cc∆x. The
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Lagrangian in the continuum limit can be written as

L =

∫
dx

[
1

2
Φ̇TCΦ̇− 1

2
∂xΦ

TL−1∂xΦ

]
, (3.66)

where the node fluxes, capacitance matrix, and inductance matrix are given by

Φ =

(
ϕ1

ϕ2

)
C =

(
c1 + cc −cc
−cc c2 + cc

)
L =

(
L1 M
M L2

)
We once again derive the equations of motion from the Euler-Lagrange equation, which

now yields a pair of coupled differential equations,

C∂tΦ− L−1∂xΦ = ∂tΦ− (LC)−1∂xΦ = 0 (3.67)

We then look at solutions of the form

Φ± =

(
ϕ1,±
ϕ2,±

)
ei(±kx−ωt), (3.68)

which results in the eigenvalue equation

[
−ω2I+ k2(LC)−1

](ϕ1,±
ϕ2,±

)
=
[
(LC)−1 − ν2I

](ϕ1,±
ϕ2,±

)
= 0 (3.69)

We can interpret the eigenvectors as the ratio of the flux amplitudes on each transmission
line for the two normal modes, and the eigenvalues ν as the corresponding phase velocities for
the normal modes. In the case of identical transmission lines (ℓ = ℓ1 = ℓ2 and c = c1 = c2),
the matrix (LC)−1 reduces to

(LC)−1 =
1

(ℓ2 −m2)(c2 + 2ccc)

(
ℓ(c+ cc)−mcc ℓcc −m(cc + c)
ℓcc −m(cc + c) ℓ(c+ cc)−mcc

)
(3.70)

From the symmetry of the matrix (LC−1), we see that there should be an even (symmetric)
or odd (anti-symmetric) eigenmode, with eigenvalues

νe =

√
(ℓ−m)(c+ 2cc)

(ℓ+m)(ℓ−m)(c+ 2cc)c
=

1√
(ℓ+m)c

(3.71)

νo =

√
(ℓ+m)c

(ℓ+m)(ℓ−m)(c+ 2cc)c
=

1√
(ℓ−m)(c+ 2cc)

(3.72)

If we take the limit where m, cc → 0, we see that νe = νo = 1√
ℓc
, and we just have two

identical and uncoupled transmission lines.
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Now we look at the impedances for the two modes. To do this, we first write out the two
charge fields as

Q = ∇∂tΦL =

∫
dxC∂tΦ = ∓ω

k
CΦ (3.73)

and similarly to the single transmission line case, we find

Z = ∓ν−1C−1 (3.74)

For the case of two symmetrically coupled lines, we can write the inverse capacitance matrix
C−1 in the eigenbasis

C̃−1 = uTC−1u (3.75)

=
1

2c(c+ 2cc)

(
1 1
1 −1

)(
c+ cc cc
cc c+ cc

)(
1 1
1 −1

)
(3.76)

=

(
1
c

0
0 1

c+2cc

)
(3.77)

and we see that

Z̃ =

√ ℓ+m
c

0

0
√

ℓ−m
c+2cc

 =

(
Z0,e 0
0 Z0,o

)
(3.78)

Coupled Lines as a 4-Port Network

Given a segment consisting of two coupled lines, we can treat the ends of each individual
transmission line as a port and the coupled-line segment forms a 4-port network (see Fig.
3.9(b)). In the even/odd mode basis, the two “lines” are decoupled, so we can take our result
from the single-transmission line and apply it to each mode. Then, the impedance matrix
should be block diagonal

Z̃ =

(
Z̃e 0

0 Z̃o

)
(3.79)

where the even and odd mode impedance matrices are

Z̃i =

(
−iZ0,i cot(θi) −iZ0,i csc(θi)
−iZ0,i csc(θi) −iZ0,i cot(θi)

)
(3.80)

for i = e, o, where θi = kid is the electrical length for each mode (these are generally not
the same). Here, the rows/columns correspond to ein, eout, oin, oout, so we can perform a
basis transformation to express the impedance matrix in the physical port basis shown in
Fig. 3.9(b) as Z = uZ̃uT , where

u =
1√
2


1 0 1 0
0 1 0 1
1 0 −1 0
0 1 0 −1

 (3.81)
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Figure 3.10: Modeling CPW Meanders. (a) A meandered CPW transmission line. The
center-to-center spacing is denoted by s. The tight spacing relative to the CPW dimensions
leads to cross-coupling between different sections of the line and modifies the impedance
response compared to an ideal transmission line. (b) We model the meandered transmission
line by connecting adjacent ports of a set of N coupled transmission lines.

and we obtain the following terms for Zij:

Z11 = Z22 = Z33 = Z44 = −1

2
i(Z0,e cot(θe) + Z0,o cot(θo)) (3.82)

Z12 = Z21 = Z34 = Z43 = −1

2
i(Z0,e csc(θe) + Z0,o csc(θo)) (3.83)

Z13 = Z31 = Z24 = Z42 = −1

2
i(Z0,e cot(θe)− Z0,o cot(θo)) (3.84)

Z14 = Z41 = Z23 = Z32 = −1

2
i(Z0,e csc(θe)− Z0,o csc(θo)) (3.85)

3.5 Modeling CPW Meanders

Another particularly useful application of coupled-line theory is for understanding the effect
of tightly meandered segments on the frequency of a CPW resonator. As shown in Fig. 3.10,
long CPW segments are typically meandered tightly to reduce the overall circuit footprint
in a device. However, when there are no airbridges and vias between the neighboring trans-
mission line segments, this leads to cross-coupling that changes the impedance response of
the transmission line. To first order, we consider the simplest case where we have 2 coupled
lines, and ports 2 and 4 are directly connected. Making this connection enforces the two
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constraints V2 = V4 and I2 = −I4. Then, the voltage current relations can be written as

V1 = Z11I1 + (Z12 − Z14)I2 + Z13I3 (3.86a)

V3 = Z31I1 + (Z32 − Z34)I2 + Z33I3 (3.86b)

V2 = Z21I1 + (Z22 − Z24)I2 + Z23I3 (3.86c)

= Z41I1 + (Z42 − Z44)I2 + Z43I3 = V4 (3.86d)

From here, we can write I2 in terms of I1 and I3 as

I2 =
(Z31 − Z21)I1 + (Z43 − Z23)I3

Z22 + Z44 − Z24 − Z42

(3.87)

Now all that remains is to substitute this expression for I2 to obtain the new two port
impedances Z ′

ij for i, j ∈ {1, 3}. Since the network is completely symmetric and reciprocal,
we must have Z ′

11 = Z ′
33 and Z ′

13 = Z ′
31. We then find

Z ′
11 = Z ′

33 = Z11 +
(Z12 − Z14)(Z41 − Z21)

Z22 + Z44 − Z24 − Z42

(3.88a)

Z ′
13 = Z ′

31 = Z13 +
(Z12 − Z14)(Z43 − Z23)

Z22 + Z44 − Z24 − Z42

(3.88b)

and we compute each of the terms below:

Z22 + Z44 − Z24 − Z42 = 2(Z22 − Z24) = −2iZ0,o cot θo (3.89a)

Z12 − Z14 = −iZ0,o csc θo (3.89b)

Z41 − Z21 = −(Z12 − Z14) = iZ0,o csc θo (3.89c)

Z43 − Z23 = −iZ0,o csc θo (3.89d)

Substituting this into the Eqs. 3.88 above, we find:

Z ′
11 = Z ′

33 = Z11 +
1

2
i
Z0,o csc

2 θo
cot θo

(3.90a)

= −1

2
i

(
Z0,e cot θe + Z0,o cot θo − Z0,o

csc2 θo
cot θo

)
(3.90b)

= −1

2
i (Z0,e cot θe − Z0,o tan θo) (3.90c)

Z ′
13 = Z ′

31 = Z13 −
1

2
i
Z0,o csc

2 θo
cot θo

(3.91a)

= −1

2
i

(
Z0,e cot θe − Z0,o cot θo + Z0,o

csc2 θo
cot θo

)
(3.91b)

= −1

2
i (Z0,e cot θe + Z0,o tan θo) (3.91c)
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Figure 3.11: Frequency shift due to CPW meander. (a) Normalized resonance fre-
quencies for the first 4 modes of a short-circuit λ/4 (dotted lines) and an open-circuit λ/2
(solid lines) CPW resonator as a function of the CPW meander spacing s. We normalize
the spacing by the total CPW width w + 2g, where w is the trace width and g is the gap
width. We plot the results for a varying number N of meander segments. (b) Normalized
resonance frequencies as a function of the number of meander segments N . We see that the
resonance frequencies corresponding to θm = mπ/2 do not shift when m is a multiple of N .

To check these equations, we can examine the limit in which the two lines are completely
decoupled (m = cc = 0), in which case Z0,e = Z0,o = Z0 and θe = θo = θ. Then, the
expressions above simplify to:

Z ′
11 = Z ′

33 = −1

2
iZ0(cot θ − tan θ) = −iZ0 cot(2θ) (3.92)

Z ′
13 = Z ′

31 = −1

2
iZ0(cot θ + tan θ) = −iZ0 csc(2θ) (3.93)

which matches our impedance matrix for a standard transmission line with electrical length
2θ = 2kd.

In practice, we often meander a CPW section with many turns, in which case it is simpler
to analyze the circuit numerically. To do so, we simulate a 2D cross section of N CPW traces
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using Ansys Q2D, allowing us to compute the N ×N inductance and capacitance matrices
for a given CPW width w, CPW gap g, and center-to-center separation s. For this study, we
swept s between 40 µm and 150 µm for the fixed CPW dimensions w = 17.1 µm and g = 10
µm, which yields a characteristic impedance of approximately 50 Ω. We then diagonalize the
system and construct the 2N port network corresponding to length d section of N coupled
lines, similar to the N = 2 case from the previous section7. Finally, we perform a port
reduction to reduce the 2N -port network to a 2-port network by enforcing the boundary
conditions Vi = Vi+2 and Ii = −Ii+2, as shown in Fig. 3.10. In Fig. 3.11, we show the
impedance response for the resulting meandered transmission line terminated by either a
short or open circuit on one end. We then sweep the CPW spacing s for a varying number
of turns, and we see that the frequency of the poles will shift as the spacing s decreases.
Notably, we find that resonances corresponding to θm = mπ/2, where m is a multiple of N ,
do not shift at all, and that the sign of the frequency shift alternates each time we cross a
multiple of N .

Another subtlety involved with modeling the meandering CPW is that the adjacent
CPW traces are connected with a bend of finite length (Fig. 3.12(a)). Within the bend,
the spacing between the two lines is no longer constant and the lines are no longer parallel,
making it difficult to exactly model the behavior of this section without falling back to a full
3D simulation. To address this, we introduce a bend ratio rbend that divides the length of the
bend (lbend = πs) between the coupled line segments and an uncoupled line that connects the
adjacent ports. Specifically, we increase the length of the coupled line segments by rbendπs/2
at each connection point, and connect adjacent ports via an uncoupled transmission line
section with length (1 − rbend)πs, as shown in Fig. 3.12(b). For rbend = 1, the adjacent
ports are directly connected. Fig. 3.12(c) shows the frequency shift for a d = 5250 µm λ/4
resonator with N = 10 for both rbend = 0 and rbend = 1 as function of the separation s.
Here we see that for a typical resonator frequency ωr ≈ 6 GHz, the frequency can shift by
over 20% depending on the meander spacing s, making it critical that we properly model
this effect.

To validate our analysis, we designed a device with 8 λ/4 CPW resonators, all with a total
length of exactly d = 5250 µm, shown in Fig. 3.12(d). Rather than adjusting the length of
the resonator, we evenly spaced the resonator frequencies by adjusting the meander spacing
s, aiming for a target spacing of approximately 100 MHz. Measurements of the fabricated
device (Fig. 3.12(e)) demonstrated remarkably accurate resonator frequencies, with a mean
resonator detuning of 89 ± 3 MHz. In order to determine the value of rbend that most
accurately reflects the true behavior of the system, we fit the measured resonator frequencies
fmeas to a model where we both vary rbend and include a correction factor α to the simulated
frequencies fsim. We minimize the quantity

8∑
i=1

∣∣∣f (i)
meas − (1 + α)f

(i)
sim(rbend)

∣∣∣2 (3.94)

7See Chapter 7 of Ref. [160] for more details on the exact procedure.
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Figure 3.12: Experimental validation of meander simulations. (a) A meandered
section of a CPW transmission line. The dotted line separates the bend section, with a
total length πs. (b) A circuit model of the bend. The horizontal transmission line sections
represent the coupled sections, while the vertical section represents an uncoupled section.
We divide the bend length πs between the coupled and uncoupled sections specified by a
ratio rbend between 0 and 1. (c) The simulated frequency of the fundamental mode of a λ/4
resonator with a total length d = 5250 µm, for rbend = 0 and rbend = 1. The dashed gray
line represents the ideal mode frequency ω/2π = ν/(4d). We determine nu = 0.404c, where
c is the speed of light in vacuum for a CPW with w = 17.1 µm and g = 10 µm on a silicon
substrate using Ansys Q2D. (d) A rendering of the resonator design, which consists of 8 λ/4
resonators all with d = 5250 µm. The resonator frequencies were targeted by adjusting the
meander spacing using the simulated curve for rbend = 1 from (c). (e) The phase response
of the microwave reflectometry measurement of the experimental device. (f) A CDF of
the frequency deviations, specified in the sum Eq. 3.94. The deviations are minimized for
rbend = 0.3 and α = −0.0072.
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across the 8 resonators, and find a best fit value of α = −0.0072 and rbend = 0.3. We
believe that the correction is primarily due to a combination of the kinetic inductance of the
niobium thin film, as well as the silicon overetch of approximately 120 nm, both of which
were not accounted for when constructing the network model used to simulate the resonator
frequencies. Subsequent 2D cross-sectional simulations of a trenched CPW showed that
the phase velocity increases by ∼1%, which would result in a corresponding increase in the
frequency.

The remarkable uniformity of the resonator detunings validates this method of modeling
tightly meandered CPW traces, enabling drastic speedups in the simulation of more complex
microwave structures. With only 2d cross-sectional simulations (which can in principle be
run once and saved to a database) coupled with microwave network analysis, we were able
to simulate resonator frequencies to a high degree of accuracy in only a fraction of the
time compared to a full 3D-simulation of the 8 resonator system. The remaining sources of
potential deviation (kinetic inductance, silicon overetch etc.), are also typically not accounted
for when performing 3D FEM simulations, but are straightforward to model with the network
analysis method.

This study highlights just one example of how circuit models can be refined to more
accurately reflect the true device structure, while still retaining computational efficiency.
We expect this type of model refinement and modular simulation to become increasingly
important as superconducting qubit devices scale with respect to both size and complexity
[134]. On the flip side, we can also design individual unit cells with better shielding and
isolation—leveraging fabrication processes like through-silicon vias [82] and superconducting
bump bonding [171, 64]—to ensure that electromagnetic interactions between different unit
cells occur only at well-defined ports that can be accurately modeled with microwave network
analysis. Together, these parallel efforts in model refinement and modular design can make
microwave network analysis a viable alternative to full-wave 3D FEM simulation, enabling
faster iteration cycles and more scalable design workflows.



76

Chapter 4

Qubit Control

In Chapter 1, we introduced the basic concepts of qubit control in an abstract setting. In this
chapter, we discuss the practical implementation of both single- and two-qubit gates, aided
by a better understanding of quantum circuits. This will provide the theoretical background
for the work presented in Chapter 5 on parametric gates. While engineering high-fidelity
quantum gates is full of complex subtleties, what we find is that much of this behavior
can be understood by extrapolating the behavior of a driven two-level system. Resonant
coupling leads to population swaps, and off-resonant coupling leads to frequency shifts. We
then discuss the architectural implications of different two-qubit gate schemes and analyze
some of the drawbacks of all-microwave gates with both fixed-frequency transmons and static
coupling.

4.1 Single Qubit Gates

Charge and Flux Drives

To drive a quantum circuit with Hamiltonian H0, we can either charge couple (Q̂) or flux
couple (Φ̂) to the system, in which case the driven hamiltonian looks like

H = Hs +Hd = Hs − I(t)Φzpf(a+ a†) + iV (t)Qzpf(a
† − a) (4.1)

where I(t) and V (t) are classical drive currents and voltages that couple via the flux or
charge degrees of freedom. Here we note that I(t) and V (t) are defined at the circuit node
and are typically rescaled by a coupling quality factor

√
Qc with respect to the drive current

or voltage at the control line. If we define

εℓ(t) = ΦzpfI(t) εc(t) = QzpfV (t) (4.2)

as the effective inductive and capacitive drives with units of energy, we see that the total
effective drive is

Hd = −[εℓ(t) + iεc(t)]a− [εℓ(t)− iεc(t)]a
† = −ε(t)a− ε∗(t)a† (4.3)
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where ε(t) = εℓ(t) + iεc(t) is the combined drive amplitude. Here we see that current and
voltage driving act out of phase with respect to each other, which reflects their status as
canonically conjugate variables. In most cases, we drive the system with a periodic drive, so
we consider εℓ(t) and εc(t) of the form

εℓ(t) = Ωℓ(t) cos(ωdt+ ϕℓ) =
1

2

[
Ω̃ℓ(t)e

iωdt + Ω̃∗
ℓ(t)e

−iωdt
]

(4.4)

εc(t) = Ωc(t) cos(ωdt+ ϕc) =
1

2

[
Ω̃c(t)e

iωdt + Ω̃∗
c(t)e

−iωdt
]

(4.5)

where Ωℓ(t) (Ωc) represents a real-valued envelope amplitude for the flux (charge) drive, ωd

is the drive frequency, and ϕℓ (ϕc) is the phase of the flux (charge) drive. In the second

equality we fold the phase of the drive into a complex amplitude Ω̃ℓ/c(t) = Ω(t)eiϕℓ/c .
At this point we can apply a unitary transformation Us = exp [iHst] to move into the

rotating frame of the system, and the interaction Hamiltonian becomes:

H ′ = UsHU
†
s + iUsU

†
s = Hs + UsHdU

†
s −HsUsU

†
s = UsHdU

†
s (4.6)

At this point, we must pick a basis to evaluate the Hamiltonian in. Since we are primarily
concerned with the dynamics between the different eigenstates of the system hamiltonian
H0, it makes the most sense to work in the basis where Hs =

∑
n ωn |n⟩⟨n| and Us =∑

n e
iωnt |n⟩⟨n| are both diagonal. Then we have

UsaU
†
s =

∑
mn

anme
−iωnmt |n⟩⟨m| (4.7)

where anm = ⟨ns| a |ms⟩ are the matrix elements a in the system eigenbasis and ωnm =
ωm − ωn is the transition frequency between |ms⟩ and |ns⟩. This results in the full drive
Hamiltonian:

H ′
d = UsHdU

†
s (4.8a)

= −1

2

[
Ω̃ℓ(t) + iΩ̃c(t)

]∑
mn

anme
−i∆nmt |ns⟩⟨ms| (4.8b)

− 1

2

[
Ω̃∗

ℓ(t) + iΩ̃∗
c(t)
]∑

mn

anme
−iΣnmt |ns⟩⟨ms| (4.8c)

+ c.c. (4.8d)

where ∆nm = ωnm−ωd and Σnm = ωnm+ωd are the sum and difference frequencies between
the drive and each transition.

While this is a rather complex Hamiltonian, it can generally be simplified in practice with
proper system engineering. For the transmon and other weakly anharmonic systems, the
eigenstates are approximately the Fock states |n⟩, so anm =

√
nδn+1,m

1, and is fairly sparse.

1Here, δnm is the Kronecker delta function
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Figure 4.1: Generalized rabi driving of a two-level system (a) The bloch sphere tra-
jectories of a driven two-level system starting in |0⟩, for several different detunings ∆. We
see that as the detuning increases, the axis of rotation tilts closer toward the poles. (b)
Level diagram of a two-level system showing the detuned drives. (c) A 2-D plot showing the
population transfer between the |0⟩ and |1⟩ states as a function of both drive detuning and
time (both are normalized to the drive rate Ω∆). This results in the well-known “chevron”
pattern. The oscillation rate increases, and the contrast decreases, as we go to higher de-
tunings. (d) The expectation values along σx, σy, and σz for different drive detunings.

For highly anharmonic systems such as a fluxonium qubit, this is no longer true and the
drive operator a can contain additional non-zero matrix elements in the system eigenbasis.
However, the symmetries in the Hamiltonian will typically suppress many of the possible
matrix elements. Furthermore, we can typically truncate the drive Hamiltonian and isolate
a particular transition |i⟩-|j⟩, provided that the other allowed transition frequencies involving
|i⟩ and |j⟩ are sufficiently detuned from ωij. This justifies the importance of studying gates
using the two-level approximation, since the dominant effects of flux or charge driving can be
captured with a truncated Hamiltonian involving only two levels, with additional corrections
added back in perturbatively. In the following sections, we will also study these corrections.

Two Level Approximation

We start by reviewing the two-level approximation, and we can choose m = 1, n = 0 without
loss of generality. We drop all other terms by arguing either that the matrix element is
sufficiently small, the term does not involve either |0s⟩ or |1s⟩, or the transition frequency is
sufficiently detuned from ω01. If we let a01 = a∗10 = g be the scaling factor due to the matrix
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element (g = 1 for the lowest transition in the fock basis), the resulting drive Hamiltonian
in the system frame looks like:

H ′
d = −g

2

[
Ω̃∆(t)e

−i∆t + Ω̃Σ(t)e
−iΣt

]
|0s⟩⟨1s|+ c.c. (4.9)

where Ω̃∆(t) = Ω̃ℓ(t)+iΩ̃c(t) is the co-rotating (or beamsplitter) drive amplitude and Ω̃Σ(t) =

Ω̃∗
ℓ(t) + iΩ̃∗

c(t) is the counter-rotating (or squeezing) drive amplitude. We can write Ω̃∆ =

Ω∆e
iϕ∆ and Ω̃Σ = ΩΣe

iΣ, where

Ω∆ =
√

Ω2
ℓ + Ω2

c + 2ΩcΩℓ sin(ϕℓ − ϕc) tanϕ∆ =
Ωℓ sinϕℓ + Ωc cosϕc

Ωℓ cosϕℓ − Ωc sinϕc

(4.10)

ΩΣ =
√
Ω2

ℓ + Ω2
c − 2ΩcΩℓ sin(ϕℓ − ϕc) tanϕΣ =

Ωc cosϕc − Ωℓ sinϕℓ

Ωc sinϕc + Ωℓ cosϕℓ

(4.11)

and we see that the co-rotating and counter-rotating terms may have different amplitudes
and phases. For now, we will drop the counter-rotating terms and consider a resonant drive
with constant amplitude. The drive Hamiltonian simplifies to

H ′
d = −g

2

[
Ω̃∆ |0s⟩⟨1s|+ Ω̃∗

∆ |1s⟩⟨0s|
]

(4.12)

and the resulting unitary evolution becomes

U ′
d(t) = exp [−iH ′

dt] =

(
cos
(
g
2
Ω∆t

)
−ieiϕ∆ sin

(
g
2
Ω∆t

)
−ie−iϕ∆ sin

(
g
2
Ω∆t

)
cos
(
g
2
Ω∆t

) )
(4.13)

Given an initial state |0s⟩, the population P0 in the state will be

P0 = | ⟨0s|U ′
d(t) |0s⟩ |2 = cos2

(g
2
Ω∆t

)
=

1

2
+

1

2
cos (gΩ∆t) (4.14)

and we see that this leads to oscillations at a rate gΩ∆ between the two states.

Detuned Driving: AC Stark Effect

Now, we relax the first assumption that the drive is resonant, and consider what happens
when the detuning ∆01 = ω01 − ωd is non-zero. Then the drive Hamiltonian becomes

H ′
d = −g

2

[
Ω̃∆e

−i∆t |0s⟩⟨1s|+ Ω̃∗
∆e

i∆t |1s⟩⟨0s|
]

(4.15)

where we continue to ignore the counter-rotating terms. To solve for the dynamics exactly,
we can remove the time-dependence by transforming into the frame of the drive, keeping
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in mind that we are now leaving the system frame. We apply the unitary transformation
Udrive = exp

[
i1
2
∆t (|0s⟩⟨0s| − |1s⟩⟨1s|)

]
to obtain a new effective Hamiltonian H ′′

d :

H ′′
d = −g

2

[
Ω̃∆ |0s⟩⟨1s|+ Ω̃∗

∆ |1s⟩⟨0s|
]
− ∆

2
[|0s⟩⟨0s| − |1s⟩⟨1s|] (4.16a)

= −1

2

(
∆ gΩ∆e

iϕ∆

gΩ∆e
−iϕ∆ −∆

)
(4.16b)

= −1

2
gΩ∆ (cosϕ∆σx − sinϕ∆σy)−

1

2
∆σz (4.16c)

= −Λ

2
n̂ · σ⃗ (4.16d)

Here, we see that the new Hamiltonian H ′′
d looks like a rotation operator along an axis

n̂ = (gΩ∆ cosϕ∆,−gΩ∆ sinϕ∆,∆) /Λ, where Λ =
√
g2Ω2

∆ +∆2. The rotation axis is now
tilted such that its angle β from the Z-axis is

tan β =
gΩ∆

∆
(4.17)

and the precession frequency is modified as Λ. In the limit ∆ → 0, β → π/2, Λ → gΩ∆

and we recover the resonant case where the drive leads to a rotation around an axis in the
XY-plane. In the other far-detuned limit (∆ ≫ gΩd), β → 0 and we see that the drive now
leads to a Z-rotation. The time evolution under this Hamiltonian is given by

U ′′
d (t) = exp [−iH ′′

d t] (4.18a)

= cos

(
Λt

2

)
I− i

Λ
sin

(
Λt

2

)(
∆ gΩ∆e

iϕ∆

gΩ∆e
−iϕ∆ −∆

)
(4.18b)

However, we recall that this propagator is acting on the modified states Udrive |ψ⟩, so the time
evolution operator acting on the original basis states is given by U ′

d(t) = U †
driveU

′′
d (t)Udrive

and we have

U ′
d(t) =

(
cos
(
Λt
2

)
− i∆

Λ
sin
(
Λt
2

)
−igΩ∆

Λ
sin
(
Λt
2

)
ei(ϕ∆−∆t)

−igΩ∆

Λ
sin
(
Λt
2

)
e−i(ϕ∆−∆t) cos

(
Λt
2

)
+ i∆

Λ
sin
(
Λt
2

) ) (4.19a)

Following the previous section, we can once again look at the population P0 as a function of
time given an initial state |0s⟩:

P0 = | ⟨0s|U ′
d(t) |0s⟩ |2 = cos2

(
Λt

2

)
+

∆2

Λ2
sin2

(
Λt

2

)
(4.20a)

=
1

2
(1 + cos(Λt)) +

∆2

2Λ2
(1− cos(Λt)) (4.20b)

=
1

2

(
1 +

∆2

Λ2

)
+

1

2

(
1− ∆2

Λ2

)
cos(Λt) (4.20c)

= 1 +

(
gΩ∆

Λ

)2 [
cos(Λt)− 1

2

]
(4.20d)
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From the above equation, we see that the off-resonant driving leads to faster oscillations in
P0 but with a reduced amplitude that scales as Ω2

∆/Λ
2. In the limit where gΩ∆ ≪ ∆, these

oscillations become negligible and we can write the propagator U ′
d(t) as

U ′
d(t) ≈

(
e−i 1

2
(Λ−∆)t 0

0 ei
1
2
(Λ−∆)t

)
(4.21)

where we approximate ∆/Λ ≈ 1 and gΩ∆/Λ ≈ 0. This now looks like a Z-rotation with an
angle θ(t) = (Λ−∆)t, which is equivalently interpreted as a drive-induced detuning

Λ−∆ =
√
g2Ω2

∆ +∆2 −∆ ≈ g2Ω2
∆

2∆
(4.22)

Since ∆ = ω01 −ωd, we see that this leads to a positive frequency shift when ωd < ω01 and a
negative frequency shift when ωd > ω01. This frequency shift is known as the AC stark shift.

The above derivation relied on the fact that gΩ∆ ≪ ∆. In the following, we will show
that the AC stark shift is still present in the strong-driving limit, depending on the choice of
basis. To do so, we return to the drive Hamiltonian H ′′

d in the frame of the drive (Eq. 4.16).
We then diagonalize this Hamiltonian to find the new eigenenergies, Λ, and eigenstates under
the driven Hamiltonian:

Λ± = ±1

2

√
g2Ω2

∆ +∆2 = ±Λ (4.23)

|+⟩Λ =

(
− sin β

2

e−iϕ∆ cos β
2

)
|−⟩Λ =

(
cos β

2

e−iϕ∆ sin β
2

)
(4.24)

where cot β = ∆
gΩ∆

defines the mixing angle β. We choose to define the angle with respect to

cot β2 so that we can restrict β to the domain [0, π]. Here, we see that for ∆ > 0, β < π/2
and |+⟩Λ will have more overlap with |0s⟩. For ∆ < 0 this is flipped. Thus the effective
detuning from the drive in this eigenbasis is

ω̃01 − ωd =

{
ω+ − ω− = Λ (∆ > 0)

ω− − ω+ = −Λ (∆ < 0)
(4.25)

We then find the effective frequency shift relative to the original transition frequency as

ω̃01 − ωd = sgn(∆)Λ (4.26a)

ω̃01 − ω01 = sgn(∆)Λ− ω01 + ωd (4.26b)

ω̃01 − ω01 = sgn(∆)Λ−∆ (4.26c)

Here, we once again see that the transition frequency ω̃01 is shifted down for ∆ < 0 ⇒ ω01 <
ωd, and it is shifted up for ∆ > 0 ⇒ ω01 > ωd, which agrees with our previous derivation of
the AC stark shift in the far-detuned limit.

2Note that β ends up being the same as the previous section modulo π.



CHAPTER 4. QUBIT CONTROL 82

Here, we have shown how the same system, an off-resonantly driven two-level system,
can exhibit two types of behavior. In the small detuning limit, which one is relevant depends
on the the eigenbasis. If our computational states are the dressed eigenstates |±⟩Λ, we will
observe an effective frequency shift. If our computational states are the original system
eigenstates |0s⟩, |1s⟩, we will observe small off-resonant oscillations. However, we can map
between these sets of eigenstates if the drive envelope Ω∆(t) is varied slowly. According to
the adiabatic theorem, the system will follow the instantaneous eigenstates up to a phase
provided that 〈

−Λ

∣∣+̇Λ

〉
≪ |ω+ − ω−| (4.27)

Here, we observe that
∣∣+̇〉

Λ
= −1

2
β̇ |−⟩Λ, so the adiabatic condition becomes∣∣∣∣−1

2
β̇

∣∣∣∣ = ∣∣∣∣−1

2

d

dt

[
cot−1

(
∆

gΩ∆

)]∣∣∣∣ (4.28a)

=

∣∣∣∣∣−1

2

(
− g2Ω2

∆

g2Ω2
∆ +∆2

)(
gΩ∆∆̇− gΩ̇∆∆

g2Ω2
∆

)∣∣∣∣∣ (4.28b)

=
1

2

|gΩ∆∆̇− gΩ̇∆∆|
Λ2

≪ Λ (4.28c)

For a fixed detuning ∆, this means that we cannot ramp Ω∆ too fast relative to the detuning
if we want to adiabatically realize a stronger AC stark shift.

Beyond RWA

Now that we understand the dynamics well under the RWA, we consider the effect of the
counter-rotating terms. For a resonant drive, the Hamiltonian in the system frame looks like

H ′
d = −g

2

[
Ω̃∆(t) |0s⟩⟨1s|+ c.c.

]
− g

2

[
Ω̃Σ(t)e

−2iωdt + c.c.
]
= H∆ +HΣ(t) (4.29)

where we treat the time dependent terms HΣ(t) as a perturbation on top of the time-
independent RWA hamiltonian H∆. When the drive strength ΩΣ is no longer small compared
to Σ, this leads to a secondary oscillation at a frequency Σ = 2ωd with amplitude ΩΣ/Σ.
Fig. 4.2 shows the simulated trajectories of a driven two-level system for different values
of ΩΣ/Σ. We see that as ΩΣ approaches Σ, the amplitude of the secondary oscillations
increases and can cause a meaningful deviation from the desired trajectory of the system.
The Fourier transforms of the expectation value ⟨σz⟩, shown in Fig. 4.2(c) and Fig. 4.2(f),
reveal additional peaks at Σ±ΩΣ which validates the frequency of the secondary oscillation.
Finally, we note that in the adiabatic limit, we can also treat the counter-rotating drive as

an off-resonant drive that leads to an effective frequency shift δω ≈ Ω2
Σ

2Σ
. This frequency shift

is known as the Bloch-Siegert shift [20].
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Figure 4.2: Non-RWA effects on a driven two-level system. The counter-rotating
terms in the driven Rabi model affect the system dynamics when ΩΣ is no longer small
compared to Σ. (a) The Bloch sphere trajectory of a driven two-level system starting in
the |0⟩ state when Σ = 10ΩΣ. We see an additional oscillation on top of the trajectory
that occurs at a frequency Σ. (b) The projected σx, σy, and σz expectation values of the
trajectory. We see beating in the dominant Rabi oscillation dynamics. (c) The FFT of the σz
trajectory shows peaks at Ω∆, Σ, and Σ±ΩΣ. This confirms the frequency of the secondary
oscillation. (d)-(f) The same as (a)-(c), but for Σ = 50ΩΣ.

Drive Polarization

One important point that we have overlooked so far is that the effective drive amplitudes
of the co-rotating and counter-rotating terms depend on the relative amplitudes and phases
of the inductive and capacitive drive strengths. From Eq. 4.10, we see that when the drive
strengths are the same, Ωc = Ωℓ = Ω, and ϕℓ − ϕc = π/2

Ω∆ = Ω

√
2 + 2 sin

(π
2

)
= 2Ω ΩΣ = Ω

√
2− 2 sin

(π
2

)
= 0 (4.30)

and the counter-rotating terms completely vanish. Here, the flux-driving field leads the
charge-driving field by a phase π/2, which is reminiscent of the phase relationship between the
magnetic and electric fields in left-hand circularly polarized light3. Under these conditions,

3Similarly, the co-rotating terms cancel if ϕℓ − ϕc = −π/2, corresponding to right-hand circularly polar-
ized light.
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RWA is no longer an approximation, but becomes exact. This can be useful in cases where
the drive strengths are no longer small compared to the drive frequency (Ω ∼ ωd). This type
of circularly polarized driving was first demonstrated in NV centers [118], and more recently
in superconducting circuits with a fluxonium qubit [173]. It was also discussed in Ref. [174]
under the name balanced driving.

While circularly polarized driving can be a clever method to eliminate error contributions
from the counter-rotating terms, it comes with the hardware overhead of an additional control
line4. Moreover, it is not strictly necessary to fully remove the counter-rotating terms at all
times. What matters is that the final integrated unitary is correct — the exact trajectory
of the qubit state is typically irrelevant, since dynamical phases from the trajectory can be
easily corrected. This enables for alternative solutions such as commensurate pulses, where
the pulse start and end times are set to integer multiples of (2ω01)

−1 [173], or pulse-shaping
techniques such as DRAG, which can suppress such non-adiabatic drive terms [141].

Multi-level Systems

While we try our best to engineer non-linear circuits with pairs of states that can be well
approximated by two-level systems, it is important to account for errors in the target unitary
due to these neighboring and off-resonant levels. We will address most of these potential
errors in the context of the transmon, which typically has a weak nonlinearity |α| ∼ 0.05ω01,
but the analysis applies to arbitrary systems. In analyzing these systems, we will find that
many of the corrections can be understood to lowest order as resulting from off-resonant driv-
ing of another two-level system. For simplicity, we will also assume that we are capacitively
driving so that Ωℓ = 0 and Ω∆ = iΩc = Ω and ΩΣ = −iΩc = −Ω.

We begin by looking at the presence of the |2⟩ state in a transmon, where the anharmonic-
ity is negative (α < 0) and defined as α = ω12 − ω01. For the transmon, we have non-zero
anm =

√
nδn+1,m, so when we drive the system at a frequency ω01, the |1⟩-|2⟩ transition

will experience an off-resonant drive with detuning α. From our previous analysis, we know
that off-resonant driving in the diabatic limit will lead to unintended population transfer
at the level of Pleakage ∝ Ω2/Λ2 ∼ Ω2/α2. For typical transmon qubits, where Ω/(2π) ≲ 10
MHz and α/(2π) ∼ −250 MHz, this amounts to a leakage error on the order of 0.1%, which
might seem small until we remember that we are trying to achieve gate errors below 10−4.
While this is a coherent process, any population in the |2⟩ state will gain a phase at a rate α
relative to the |1⟩ state, which can prevent its return to the |1⟩ state and cause a buildup of
population in the leakage state. This can be seen in experiments where a variable time delay
between consecutive gates is swept, and coherent constructive or destructive interference
appears at time delays that multiples of 1/α5 [120].

4It is possible, in principle, to implement circular driving with a single control line and a quarter-wave
delay, as noted in Ref. [174], but this imposes a narrow and fixed band of operation that can be difficult to
target for a fixed-frequency qubit.

5The ramsey error filter (REF) discussed in Ref. [120] becomes a convenient way to amplify leakage for
calibration.
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The off-resonant driving of a neighboring state will also cause an AC stark shift that
changes the frequency of the target transition, leading to rotation errors [129]. Again, we
can approximate the Stark shift using our two-level system derivations above and we find that
the Stark shift will be approximately ∆̃01 = −∆̃12/2 ≈ −Ω2/α6. For the typical transmon

parameters quoted above, this represents a frequency shift of ∆̃01 ∼ +400 kHz, leading to a
tilt in the rotation axis of ∼ 3◦ and a corresponding phase error.

As mentioned in the previous section, whether the off-resonant driving of the neighboring
transition leads to phase errors or leakage errors depends on whether the pulse shape Ω(t)
allows for the adiabatic tracking of the driven eigenstates. From Eq. 4.28, we know that
this non-adiabatic correction is of order Ω̇∆/Λ2 ≈ Ω̇/∆. To overcome this error, a wide
variety of pulse-shaping techniques have been developed over the years under a framework
known as shortcuts to adiabaticity (STA), which all endeavor to minimize the non-adiabatic
terms in the time evolution with clever pulse shaping. The first of these techniques and most
commonly used of these techniques is DRAG [142, 66], in which an out of phase component
proportional to iΩ̇(t)/∆ is added to the control pulse to cancel the non-adiabatic terms.

Once the non-adiabatic terms have been canceled to the desired order, the remaining
effect of the neighboring levels are phase errors and detuning errors from the stark shift or
a DRAG correction. One way to compensate for such errors is to add an equal detuning to
the drive frequency, so that the effective rotations are no longer tilted [35]. The downside of
this approach, however, is that the optimal pulse frequency now depends on the amplitude
|Ω| of the drive. This makes it more difficult to decouple the pulse parameters for sequential
calibration. A better approach is to leverage Z gates before and after a rotation to compen-
sate for the axis tilt, which are conveniently zero-cost with virtual-Z gates [129]. We will
analyze the conditions under which this is possible below.

If we look at the diagonal elements of the unitary in Eq. 4.19, we see that these can be
expressed as

cos

(
Λt

2

)
± i

∆

Λ
sin

(
Λt

2

)
= cos

(
θ

2

)
e±iα (4.31)

where the angles θ and α are defined by

cos
θ

2
≡

√
cos2

(
Λt

2

)
+

∆2

Λ2
sin2

(
Λt

2

)
(4.32)

tanα ≡ ∆

Λ
tan

(
Λt

2

)
= cos β tan

(
Λt

2

)
(4.33)

Using some basic trigonometric identities, we can show also that

sin
θ

2
=

√
1− cos2

θ

2
=
gΩ∆

Λ
sin

(
Λt

2

)
= sin β sin

(
Λt

2

)
(4.34)

6Since it is the |1⟩-|2⟩ transition that is Stark-shifted, only half of this shift will contribute to the |0⟩-|1⟩
shift, and the sign will be flipped.
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allowing us to rewrite the unitary in Eq. 4.19 as

U ′
d(t) =

(
e−iα cos θ

2
−iei(ϕ∆−∆t) sin θ

2

−ie−i(ϕ∆−∆t) sin θ
2

eiα cos θ
2

)
= Rz(α)Rxy(θ, ϕ∆ −∆t)Rz(α) (4.35)

The result is that detuned driving is equivalent to a rotation of θ about an axis in the XY-
plane sandwiched by two Z-rotations. One caveat, however, is that the range of accessible
rotation angles θ is reduced such that |θ| ≤ 2β. For a resonant drive, β = π

2
, so there is no

such restriction. The geometric picture for this limitation is that the tilted rotation must
cross through the plane defined by z = cos θ in order for us to reach the target state with
only Z-rotations. However, as long as this condition is met, we can always correct for the
effect of the detuning by applying two Z-rotations Rz(−α) before and after the detuned drive
and adjusting the phase ϕ∆ to compensate for the detuning:

Rxy(θ, ϕ
′
∆) = Rz(−α)U ′

d(t)Rz(−α) (4.36)

While this may seem like good news, it comes at the cost of a longer gate times for a fixed
drive strength Ω. For a given rotation angle θ, we can implement the rotation resonantly
∆ = 0 in a time τr = θ/Ω. Then, the time it would take to implement the same rotation
with a detuned drive (τd) is given by

τd =
2

Λ
arcsin

[
sin

θ

2

Λ

Ω

]
(4.37)

While it is not straightforward to simplify this any further, we can prove a bound on τd for
the range 0 < θ ≤ π. In this range, we know that sin(θ/2) is monotonically increasing. We
also now that Λ/Ω ≥ 1, where the bound is saturated for zero detuning. Since the derivative
of arcsin(x) is strictly greater than 1, this implies that

arcsin

[
sin

θ

2

Λ

Ω

]
≥ θ

2

Λ

Ω
=
τrΛ

2
(4.38)

and we conclude that τd ≥ τr. This bound is clearly saturated for ∆ = 0, where Λ = Ω and
the above equation becomes an equality. But as the detuning increases, τd must also increase
relative to τr. To see how much this increases, consider a common situation where we want
to do a π/2 rotation. On resonance, this will take a time τr = π/(2Ω). The largest detuning
that still allows us to implement such a rotation occurs for ∆ = Ω, which implies that
Λ =

√
2Ω. Then, we find τd =

√
2π/(2Ω) =

√
2τr, which is approximately 41% longer than

the resonant case. The above analysis reinforces the notion that resonant interactions are
always faster for a fixed interaction strength. However, in most cases, the effective detuning
caused by neighboring transitions is sufficiently small so that the increase in gate time is
negligible. In these instances, the simplicity of correcting phase errors with virtual-Z gates
significantly outweighs the minor increase in gate time.
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4.2 Two-Qubit Gates

Capacitive and Inductive Coupling

In order to engineer entanglement between two qubit modes, these modes must be coupled
so that they can share energy. In analogy to the microwave flux and charge drives that allow
us to drive single-qubit gates, this coupling can be either inductive or capacitive in nature.
Here, one can think of the quantum field of one qubit mode as driving the other mode, with
the main difference being that this also leads to backaction on the first qubit.

Given two system Hamiltonians H1, H2, a general form of the coupling Hamiltonian via
a capacitance or mutual inductance is of the form

H = Ha +Hb − gℓ(a+ a†)(b+ b†)− gc(a− a†)(b− b†) (4.39)

where gℓ and gc are the inductive and capacitive coupling strengths derived in Section 2.3.
Again, we can group into energy conserving terms ab†, a†b and two mode squeezing terms
ab and a†b†, so that the coupling Hamiltonian is

Hc = −g∆(ab† + a†b)− gΣ(ab+ a†b†) (4.40)

where g∆ = gℓ − gc is the beam splitter coupling strength and gΣ = gℓ + gc is the squeezing
coupling strength. Like in the driving case, this can lead to an addition or cancellation of
the two effective coupling strengths depending on the signs and strengths of the physical
coupling strengths. As a result, “balanced” coupling can be achieved when gc = −gℓ [174].

Again, we can move into our effective computation frame by making a unitary trans-
formation that cancels the bare system dynamics. We let Hs = Ha + Ha and we work in
full system eigenbasis where both Hs and Us = eiHst are diagonal. If Ha and Hb are fully
decoupled such that [Ha, Hb] = 0, we can write Us = UaUb = UbUa, where Uj = eiHjt, and
the interaction Hamiltonian will contain terms that look like

Us(a⊗ b)U †
s = (UaaU

†
a)⊗ (UbbU

†
b ) (4.41a)

=
∑

na,nb,ma,mb

anamabnbmb
e−i(ωnama+ωnbmb

) |nanb⟩⟨mamb| (4.41b)

Us(a⊗ b†)U †
s = (UaaU

†
a)⊗ (Ubb

†U †
b ) (4.41c)

=
∑

na,nb,ma,mb

anamab
∗
mbnb

e−i(ωnama−ωnbmb
) |nanb⟩⟨mamb| (4.41d)

Here, the matrix elements anama = ⟨na| a |ma⟩ and bnbmb
= ⟨nb| b |mb⟩ are defined in their

respective eigenbases, which may or may not be the Fock basis. This results in an effective
coupling Hamiltonian that looks reminiscent of the drive hamiltonian we saw in the single
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qubit case:

H ′
c =UsHcU

†
s (4.42a)

=− g∆
∑

na,nb,ma,mb

anamab
∗
mbnb

e−i(ωnama−ωnbmb
)t |nanb⟩⟨mamb| (4.42b)

− gΣ
∑

na,nb,ma,mb

anamabnbmb
e−i(ωnama+ωnbmb

)t |nanb⟩⟨mamb|+ c.c. (4.42c)

where we have sum and difference frequencies between energy levels that are connected via
a non-zero matrix element.

Resonant Coupling

For a transmon qubit, the system eigenstates are approximately the fock states, allowing us
to simplify the interaction Hamiltonian to

H ′
c = −



0 0 0 gΣe
−iΣt 0 0 · · ·

0 0 g∆e
−i∆t 0 0 0 · · ·

0 g∆e
i∆t 0 0 0 0 · · ·

gΣe
iΣt 0 0 0

√
2g∆e

i(∆−αb)t
√
2g∆e

−i(∆+αa)t · · ·

0 0 0
√
2g∆e

−i(∆−αb)t 0 0 · · ·

0 0 0
√
2g∆e

i(∆+αa)t 0 0 · · ·
...

...
...

...
...

...
. . .


(4.43)

where ∆ = ω
(a)
01 − ω

(b)
01 and Σ = ω

(a)
01 + ω

(b)
01 are the difference and sum frequencies between

the two transmons, and αi are their anharmonicities. Here, we notice that due to the
nonlinearity of the transmon, the matrix elements connecting each pair of levels evolve at a
different frequency, which allows us to select for a transition. If the qubits are tunable, we can
engineer time dependent detuning ∆(t) that allows us to selectively turn on an interaction.
Suppose we bring the two transmons into resonance such that ωa = ωb ⇒ ∆ = 0. Then, the
matrix elements ⟨01|H ′

c |10⟩ and ⟨10|H ′
c |01⟩ will lose their time dependence and be the only

“slow” terms in the Hamiltonian. The resulting Hamiltonian will then be

H ′
c ≈ g∆ [|01⟩⟨10|+ |10⟩⟨01|] (4.44)

which looks exactly like the Hamiltonian for a driven single qubit (see Eq. 4.12). The
resulting unitary will also look similar, and if we embed this back into the full two qubit
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Hilbert space, we obtain

U ′
d(t) = exp [−iH ′

ct] =


1 0 0 0
0 cos (g∆t) −i sin (g∆t) 0
0 −i sin (g∆t) cos (g∆t) 0
0 0 0 1

 (4.45)

This again looks like a rotation, but with a rate 2g∆ and about a fixed rotation, since there
is no phase associated with the coupling. However, since it spans a non-local subspace of
the two-qubit Hilbert space, it leads to swapping of population between the two qubits, and
can be used to generate entanglement. In particular, we obtain the unitary for an iSWAP
(
√
iSWAP) if we set g∆τ = π/2 (g∆t = π/4).
Due to the frequency selectivity of these transitions, we could also choose to do a rotation

in the |11⟩-|02⟩ (set ωa = ωb+αb) or |11⟩-|20⟩ (set ωa+αa = ωb) subspaces. Here, the resulting
rotation leads to an excursion outside the computational subspace, but if a full 2π rotation
is performed, both the |11⟩ and |02⟩(|20⟩) states gain a phase cos(π) = −1, and the resulting
unitary in the computational subspace looks like a CZ gate. This geometric phase arises
from the total solid angle area enclosed under the closed trajectory7. On the other hand,
suppose we do a full rotation such that g∆τ = π. Then we find that although U ′

d(t) leads
to a phase eiπ = −1 on both |01⟩ and |10⟩, this is equivalent to a Rz(π) rotation on each
individual qubit and no entanglement is generated8.

Given that we can generate 3 different classes of maximally entangling two qubit gates
with these resonant subspace rotations, a natural question to ask is which one is better. From
the perspective of gate speed, it would seem that the

√
iSWAP is the clear winner, since it the

smallest rotation, it can be implemented theoretically in the shortest time g∆τ = π/4. For
a fixed coupling rate, the iSWAP gate takes twice as long as the

√
iSWAP and the CZ takes√

2× longer than the iSWAP9. On the other hand, the iSWAP-like gates generally suffer
from more control error, due to off-resonant interactions in the two-photon subspace. Just
as with single qubit gates, this off-resonant coupling can lead to either population transfer
to leakage states or a frequency shift in the relevant transition, depending on whether it is
adiabatic. In the two photon subspace, the Hamiltonian looks like

H2p =

 0
√
2g∆

√
2g∆√

2g∆ −αb +∆ 0√
2g∆ 0 −αa −∆

 (4.46)

7The fact that a 2π rotation leads to a phase -1 is related to the double-covering of SU(2) over SO(3).
It takes a 4π rotation to obtain a true identity operation.

8It is often said that the |11⟩-|20⟩ rotation can generate entanglement because it involves an intermediate
state that is outside the computational subspace. However, this cannot be correct since the |11⟩-|20⟩ is still
entangling for a system of two qutrits, despite the trajectory being contained within the two qutrit Hilbert
space.

9We gain a factor of
√
2 since the coupling rate in the subspace is

√
2g∆, but we need to do a full 2π

rotation instead of a π rotation for the iSWAP.
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Figure 4.3: Fermionic simulation gates. The phase space of the fSim or fermionic simula-
tion gates, which are parameterized by a swap angle θ and a conditional phase ϕ. Many differ-
ent canonical two-qubit gates lie within this space of gates, including the iSWAP,

√
iSWAP,

CZ/CNOT gate and the Berkeley gate [216].

where we remove the time dependence in the Hamiltonian by making a unitary transfor-
mation U(t) = ei(αb−∆)t |02⟩⟨02| + ei(αa+∆)t |20⟩⟨20|]. In general, this is difficult to analyze
analytically, but when the two qubits are on resonance (∆ = 0) and their anharmonicities
are equal α ≡ αa = αb, we can block diagonalize the Hamiltonian by moving into the basis
defined by |11⟩, |B⟩ = (|02⟩+ |20⟩) /

√
2 and |D⟩ = (|02⟩ − |20⟩) /

√
2. In this basis, H2p is

transformed to

H2p =

 0 2g∆ 0
2g∆ −α 0
0 0 −α

 (4.47)

and we see that the state |D⟩ decouples10 completely from the computational state |11⟩.
The remainder of the system looks like the off-resonantly driven system, so this will lead to
off-resonant population swapping between |11⟩ and |B⟩ at rate Λ with a maximum leakage
population Pleakage = (4g∆/Λ)

2, where Λ =
√

16g2∆ + α2 according to Eq. 4.20. If the
gate is non-adiabatic and the coupling g∆ is also tunable11, this leakage population can be
minimized by carefully matching g∆ to α such that Λ = 4ng for n ∈ Z [12]. Otherwise, ∆(t)
must be ramped slowly enough and g∆ must be small enough such that the eigenstates in
the two-photon manifold follow an adiabatic trajectory where there is no population transfer
and the states only gain a phase.

Even if leakage is suppressed for the iSWAP-like gates, the remaining phase accumulation
due to the off-resonant coupling can still be problematic. Unlike with single-qubit gates,

10The states |B⟩ and |B⟩ are often referred to as “bright” and “dark” states, since the dark state |D⟩
decouples from the rest of the system.

11Even if g∆ is not tunable in the traditional sense, it typically scales linearly with frequency (g ∝ ω).
Then, the “fixed” value of g can be fine-tuned by selecting the interaction frequency ω ≡ ωa = ωb
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the frequency shift on the |11⟩ state leads to an entangling phase, which cannot be easily
corrected with virtual phase updates. This leads a modified unitary

U ′
d =


1 0 0 0
0 cos (θ) −i sin (θ) 0
0 −i sin (θ) cos (θ) 0
0 0 0 eiϕ

 = fSim(θ, ϕ) (4.48)

where ϕ is the extra entangling phase, and this unitary is often referred to as the fermionic
simulation gate [99, 65]. Generally speaking, an extra conditional phase on an iSWAP gate
will reduce the entangling power of the gate. In fact, if ϕ = π, the unitary becomes locally
equivalent to a SWAP gate, which is fully classical. Small values of ϕ, however, can generally
be tolerated by adapting compilation algorithms to account for the “non-standard” gate in
many NISQ experiments. In fact, Google Quantum AI’s 2019 supremacy experiment used a
“Sycamore gate” (fSim(θ = π/2, ϕ = π/6)) as their primary entangling gate for the random
circuit sampling [4]. In other cases, when a true iSWAP is needed, the g∆ can be lowered
at the cost of a longer gate time, since the phase ϕ ∝ g2∆/α. Then, any residual conditional
phase can be “balanced” with single qubit rotations to redistribute the phase with virtual Z
gates to the |01⟩ and |10⟩ states, which lowers the effective coherent error on the gate [56,
132].

The CZ gate by construction does not suffer from these conditional phase errors, and as
a result, it is often preferred to the iSWAP-like gates. This is especially true in the context
of QEC circuits, which up until recently were thought to be efficiently implemented only
with CNOT/CZ-like gates [126]. However, the diabatic CZ gate naturally suffers from more
leakage, since the |20⟩ (or |02⟩) state is explicitly fully populated during the gate. One
solution to this leakage problem is to engineer an adiabatic trajectory such that the |20⟩
(|02⟩) state is never explicitly populated.

Off-Resonant Coupling

While the resonant coupling discussed so far is a simple and straightforward way to imple-
ment fast two qubit interactions, we can still obtain an entangling in the detuned limit, just
as with off-resonant driving. This was alluded to when discussing conditional phase errors in
the context of the iSWAP-like gates, and it is often called a ZZ-interaction, since σz ⊗ σz is
the generator of a conditional phase rotation. We can alternatively think of the conditional
phase or ZZ-interaction as state dependent frequency shift, since the state of one qubit will
add a ±σz term to the Hamiltonian, which is proportional to the qubits frequency, and we
define the ZZ rate ζ as

ζ = (ω11 − ω10)− (ω01 − ω00) (4.49a)

= (ω11 − ω01)− (ω10 − ω00) (4.49b)

= ω00 + ω11 − ω01 − ω10 (4.49c)
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which is the frequency difference between the target qubit when it’s spectator qubit is in the
|1⟩ state versus the |0⟩ state. It is worth noting that the definition is symmetric with respect
to which qubit is designated the spectator and which is the target. This is problematic
for single qubit gates, since a resonant drive on one qubit that was calibrated when the
neighboring qubits were in the ground state will now be off-resonant if the neighboring
qubits are in the excited state. As a result, we typically want to keep ζ ≲ Γ2, since the
dephasing time Γ2 sets a limit on the frequency precision of the qubit.

We now calculate the ZZ rate ζ as a function of the coupling strengths g∆, gΣ. While this is
often calculated in the literature using a Schrieffer-Wolff transformation, we believe that this
effect is more clearly understood through the lens of perturbation theory. Suppose we have
two transmons with fixed fundamental frequencies ωa, ωb such that their detuning ∆ = ωa−ωb

is also fixed. If we also have a non-zero coupling term, like in Eq. 4.40, that is always
present, the computational states become the eigenstates of the joint Hamiltonian, with
shifted eigenfrequencies. We can calculate the perturbed eigenfrequencies with perturbation
theory, treating Hc as a perturbation on top of Ha and Hb. Since ⟨nm|Hc |nm⟩ = 0 for all
states |nm⟩ (Hc is zero along the diagonal), the first order frequency correction vanishes and
we must go to second order in perturbation theory. If we only consider the lowest two states
of each transmon, the second order corrections to the energies are

ω
(2)
00 = −g

2
Σ

Σ
ω
(2)
01 = ωb −

g2∆
∆

ω
(2)
10 = ωa +

g2∆
∆

ω
(2)
11 = Σ+

g2Σ
Σ

(4.50)

so the total ZZ rate ζ is given by

ζ = Σ+
g2Σ
Σ

− g2Σ
Σ

− ωb +
g2∆
∆

− ωa −
g2∆
∆

= 0 (4.51)

Surprisingly, although both qubit frequencies are shifted by the perturbation, there is no
conditional frequency shift if both systems are true two-level systems.

If we take into account the higher levels of the system, we find the additional corrections

ω
(2)
01 = ωb −

g2∆
∆

− 2g2Σ
Σ + αb

ω
(2)
00 = −g

2
Σ

∆
(4.52a)

ω
(2)
10 = ωa +

g2∆
∆

− 2g2Σ
Σ + αa

ω
(2)
11 = Σ+

g2Σ
Σ

− 2g2∆
αa +∆

− 2g2∆
αb −∆

(4.52b)

and the ZZ rate is now

ζ = −2g2∆

[
1

αa +∆
+

1

αb −∆

]
+ 2g2Σ

[
1

Σ + αa

+
1

Σ + αb

]
(4.53)

The second term is typically dropped12, since Σ = ωa + ωb is usually 10–100× larger than
∆ = ωa−ωb, making it small with respect to the first term. It is instructive now to examine

12Although some recent works, such as Ref. [113], argue for retaining this term.
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the various limits of the first term in Eq. 4.53. As αa, αb become very large compared
to ∆ and g∆ the systems involved will closer approximate at true two-level system and
we see that ζ → 0 in agreement with our previous analysis. This tells us that the ZZ
interaction is completely a higher-level effect. In the opposite limit, where αa, αb → 0 the
level shifts cancel out as well, so the ZZ-interaction is also a nonlinear effect. For practical
systems that are only weakly anharmonic, the simplest way to minimize the ZZ-rate is to
reduce the coupling rate g∆ or increase the detuning ∆, both of which suppress the off-
resonant interaction. However, if neither of these is possible due to other constraints, we can
also employ more exotic strategies to suppress the interaction. One such method involves
coupling a transmon to a capacitively shunted flux qubit, which has a frequency tunable
anharmonicity that can be made positive in contrast to the negative anharmonicity of the
transmon [109, 218]. If the anharmonicities αa, αb are equal magnitude but opposite in sign
(αa = −αb), we see from Eq. 4.53 that ζ = 0.

Finally, we note that even when both systems are transmons such that αa, αb < 0, all
hope is not lost. Under these circumstances, we can still cancel ζ when g∆/∆ is not small if
the two qubits are in the “straddling regime” (|∆| < |α|), and are coupled via an intermediate
higher-frequency mode. This was demonstrated in Refs. [145, 193] with frequency tunable
qubits/couplers, and later in Ref. [92] with a fully fixed-frequency system. We will not show
the full calculation here, since it requires going to 4th order in perturbation theory, but the
key insight is that when the two transmons are in the straddling regime, the sign of their
contribution to ζ is positive. In other words, the |200⟩ and |002⟩ states now push the |101⟩
states up in frequency (the middle index now refers to the coupler state). Since the coupler
frequency is above both qubits, the |110⟩ and |011⟩ states will push the |101⟩ state down in
frequency, and these contributions can be tuned to cancel the total ZZ rate ζ, even when
g∆/∆ is not small. This example helps to illustrate the utility of viewing the ZZ-interaction
through the lens of energy level repulsion.

Finally, we point out that although the ZZ-interaction is often viewed as a parasitic and
unwanted interaction in the context of many gate architectures, we can also leverage the
ζ to implement a CZ gate between far-detuned qubits if we have control over the coupling
g∆. This involves simply increasing the coupling g∆(t) adiabatically to increase ζ(t) for a
period of time [190]. The acquired conditional phase is then given by ϕ11 =

∫ τ

0
ζ(t) dt. The

advantage of doing an adiabatic CZ gate like this is that the larger detuning make it easier
to maintain an adiabatic trajectory. However, this comes at a cost of slower interaction rate.

Microwave-Activated Coupling

Although flux-tunable qubit frequencies and coupling rates enable strong interaction rates,
this typically adds both more control complexity and additional decoherence channels. As a
result, there was a strong focus through most of the 2010’s to develop and optimize two-qubit
gates based on microwave driving in a fixed coupling architecture. Because single qubit gates
already require a microwave drive on each qubit, this adds no extra overhead. The most
common of these gate schemes is known as the cross-resonance gate, which involves driving
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a “control” qubit at the frequency a dispersively coupled “target” qubit [167, 37]. We will
not derive the effective unitary here, but it can be shown that this leads to an effective
Hamiltonian in the interaction frame

HCR = ε̃0(t)
∣∣01〉〈00∣∣+ ε̃1(t)

∣∣11〉〈10∣∣+ c.c. (4.54)

where ε̃0(t) (ε̃1(t)) is the effective drive strength on the target qubit when the control qubit is
in the |0⟩ (|1⟩) state [198]. Here, the overline on the states reminds us that the computational
states are “dressed”, or hybridized, by a static coupling strength g∆, as discussed in the
previous section. This leads to both a state-dependent Rabi rate, µ(t) = (ε̃0(t) − ε̃1(t))/2,
in addition to a state-independent Rabi rate, ν(t) = (ε̃0(t) + ε̃1(t))/2, on the target qubit.
As a result, Eq. 4.54 is often expressed as

HCR = µ(t)σ(c)
z ⊗ σ(t)

x + ν(t)I(c) ⊗ σ(t)
x (4.55)

The effective drive strengths, including the effect of the higher levels of the transmon, are
given by

ε̃0(t) = −g∆
∆
ε(t) ε̃1(t) = − g

∆

∆+ αc

∆− αc

ε(t) (4.56)

⇒ µ(t) =
ε̃0(t)− ε̃1(t)

2
=

2g∆αc

∆(αc −∆)
ε(t) (4.57)

where ε(t) is the bare drive strength on the control qubit, g∆ is the coupling strength between
the qubits, and ∆ = ωc−ωt is the frequency difference between the control and target qubits
[198]. If this drive is turned on for a duration τg such that

∫ τg
0
µ(t) dt = π

2
, we can realize an

effective unitary that is locally equivalent13 to

UCR = e−i 1
2
σ
(c)
z ⊗σ

(t)
x

∫ τg
0 µ(t) dt =

1√
2


1 −i 0 0
−i 1 0 0
0 0 1 i
0 0 i 1

 (4.58)

and this can be made to look like a CNOT gate by adding an additional Rz(−π/2) rotation
on the control qubit and Rx(−π/2) rotation on the target qubit:

(Rz(−π/2)⊗Rx(−π/2))UCR =


1 i 0 0
i 1 0 0
0 0 1 i
0 0 i 1




1 −i 0 0
−i 1 0 0
0 0 −i 1
0 0 1 −i

 (4.59a)

=


1 0 0 0
0 1 0 0
0 0 0 1
0 0 1 0

 = CNOT (4.59b)

13We drop the exp
[
−iσ

(c)
z ⊗ σ

(t)
x

∫ τg
0

µ(t) dt
]
term, since this commutes with entangling ZX term and can

easily be canceled with a single qubit drive on the target qubit.
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While this generates a convenient unitary, the CR gate has many drawbacks, the biggest
of which is a tension between minimizing idle ZZ errors and maximizing the gate speed. The
effective CR interaction is maximized when the two transmons are in the straddling regime
(∆ between α/2 and α), and reaches a maximum rate14 µ ≲ 1.5g∆ in this regime [198]. For
typical parameters of α/(2π) ≈ 300 MHz, g∆/(2π) ≈ 4 MHz, and ∆/(2π) ≈ 200 MHz, this
leads to a ZZ-rate ζ ≈ 400 kHz and a theoretical minimum CNOT gate time of τg ≈ 80
ns [181]. Since the coupling is fixed, this ζ is always present and will cause not only single-
qubit gate errors, but also errors in the two-qubit gate, since the ZX-interaction engineered
by the cross-resonance effect does not commute with the ZZ-interaction. Moreover, even
for the theoretically maximum gate rate, these parameters achieve an effective on/off ratio
of µ/ζ ≈ 10, and practical gate speeds are usually further limited by other issues such as
leakage or crosstalk. More recently, this on/off ratio has been improved by leveraging the
multipath coupler discussed in the previous section, and on-off ratios of µ/ζ ≈ 130 have been
achieved [92]. However, this still falls short of the on/off ratios achievable with flux-tunable
couplers.

These challenges led to the development of a related off-resonant version of the cross-
resonance gate, in which both transmons are driven at a detuned frequency to create a
conditional Stark shift [138, 206]. Since this interaction commutes with the static ZZ in-
teraction, this can be used to either enhance or suppress the static ZZ rate ζs. The total
driven ZZ rate, ζd, as a function of the drive strength is approximately

ζd = ζs +
2g∆αaαbΩaΩb cos(ϕa − ϕb)

∆a,d∆b,d(∆a,d + αa)(∆b,d + αb)
(4.60)

to first order in g∆ [206]. Here, ∆i,j = ωi − ωj, where ωa, ωb are the frequencies of the
two qubits and ωd is the frequency of the drives on both qubits. We see also that the sign
of the interaction depends on the relative phase ϕa − ϕb between the drives on each qubit.
By turning on this interaction for a time ζdτg = π, a CZ gate can be implemented up to
local phases. While the driven ZZ rate, ζd, is comparable to the effective σz ⊗ σx rate µ
for the same coupling strength, it is possible to achieve much larger on-off ratios with the
conditional Stark shift, since the static ZZ rate ζs can be actively nulled during single-
qubit operations. This also allows larger static coupling rates to be used, which can further
increase the entanglement rate. While these properties make the conditional Stark shift
gate favorable compared to the cross-resonance interaction, it is still necessary for the two
transmons to be in the straddling regime to achieve a reasonable ZZ rate. Unfortunately,
this restricts qubit-qubit detunings to |∆| ≲ 300 MHz, which imposes challenging frequency
targeting requirements for fixed-frequency transmons [139].

14Eq. 4.56 is valid only for small ε(t).
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4.3 Frequency Crowding

When choosing between the various two-qubit gate schemes discussed so far, it is important
to not only consider the achievable gate fidelities in isolation, but also how well the ar-
chitecture scales with many simultaneously executed gates. Crosstalk and imperfect signal
isolation can lead to increased gate errors under parallel operation even in current state-of-
the-art systems. While it is possible to mitigate classical crosstalk with active cancellation
protocols [138], it is typically still necessary to ensure that targeted transitions in nearby
qubits are spectrally detuned for sufficient addressability of individual transitions. Further-
more, smaller detunings can cause elevated ZZ-interactions between coupled qubits. With
flux-tunable qubits, qubit frequencies can be dynamically tuned over a large range (O(1)
GHz) and optimized in-situ to mitigate these error sources and ensure addressability [102,
101]. Fixed-frequency architectures, on the other hand, are not afforded this luxury, and
even have stricter frequency targeting requirements for optimal gates. This, coupled with
large, fabrication-limited, uncertainties in manufactured qubit frequencies, make it extremely
challenging to determine practical target frequencies for fixed-frequency devices at scale. In
this section, we analyze how these fabrication limits in frequency targeting affect the scaling
properties of fixed-frequency, all-microwave, gate architectures. The work in the subsequent
sections was first reported in Ref. [139], and was performed jointly with Alexis Morvan and
Jeff Larson.

Critical Current Dispersion in Josephson Junctions

The frequency and anharmonicity of a transmon qubit are determined by the Josephson
energy EJ (or equivalently the critical current Ic = EJ/(2πΦ0)), of the junction and the total
capacitive charging energy EC across the junction. The total capacitance for most transmon
qubits is dominated by capacitor pads at the scale of tens to hundreds of microns, and
can typically reproducibly defined with submicron precision. The junction critical current,
however, is defined by the area of a small (∼100×100 nm) Al/AlOx junction and even state-
of-the-art fabrication processes struggle to achieve a relative precision below 2% at wafer-scale
[107, 156, 199, 140]. This makes the relative spread in junction critical currents σIc/⟨Ic⟩
the dominant contribution to the frequency dispersion. In particular, we have σf/⟨f⟩ ≈
1
2
σIc/⟨Ic⟩, since f01 ∝

√
EJ . For a typical transmon with f01 ∼ 5 GHz, this represents a

best case spread of σf ∼ 50 MHz, which may only be 4–6× smaller than the transmon
anharmonicity.

The junction critical current can be estimated from room-temperature probing of the
junction normal state resistance Rn, which is related to Ic via the Ambegoakar-Baratoff
relation [7]:

Ic =
π∆(T )

2eRn

(4.61)
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where ∆(T ) is the BCS superconducting gap15. As a result, devices can be pre-screened prior
to device packaging to determine the best candidates. Recently, several groups have also
demonstrated post-fabrication trimming protocols, based on either local heating via lasers
[84, 95, 213] or voltage annealing [158, 204], to adjust junction critical currents at room
temperature. These techniques can further improve the frequency targeting precision down
to 15–20 MHz (∼15%), which becomes primarily limited by the correlation between Rn and
empirically measured frequencies at cryogenic temperatures [84, 204]. While this represents
a significant improvement, scaling to devices with more than a few hundred qubits still poses
a challenge due to the low expected yield of frequency-optimal devices.

Frequency Constraints

Frequencies collisions occur when an unwanted degeneracy leads to a degradation in control
fidelity, typically due to unwanted couplings or crosstalk within the device. For example,
when two nearby16 qubits have a similar |0⟩–|1⟩ transition frequencies, driving one qubit will
induce a frequency shift on the neighboring qubit that elevates the gate error. To avoid such
a situation, we can establish a lower bound, δ, on the minimum detuning between f01 for
neighboring qubits. The bound δ can be estimated by simulating the relevant gate dynamics
with an measured or estimated crosstalk coefficient, and enforcing a minimum tolerable gate
error. These frequency requirements lead to linear constraints of the form

|fd − ft| ≥ δ, (4.62)

where fd is the frequency of a drive frequency, and ft is the target frequency to avoid.
Since the connectivity or lattice structure of the qubit device will determine the number
of constraints, we formalize this by defining a directed graph G, where each vertex v ∈ V
represents a qubit and each edge (vi, vj) ∈ E⃗ represents a possible entangling interaction
between two qubits. The orientation of the edge is necessary to account for interactions such
as the CR gate that are not symmetric with respect to the two qubits. Table 4.3 lists the
set of constraints that we consider in this thesis, which we explain below.

Addressability

The first category of constraints that we consider involve single-qubit drives, and are thus
widely applicable to almost all superconducting qubit architectures. To avoid unwanted
Stark shifts on qubit j when applying a pulse at the |0⟩–|1⟩ frequency of qubit i, we must
ensure that fi is sufficiently detuned from both fj and fj+αj. These constraints are referred
to as type A in Table 4.3.

15Well below Tc we can approximate ∆(T ) ≈ ∆(0). We typically use a value of ∆(0) ≈ 170 µeV [108].
16Crosstalk, unfortunately may not always be local. See Ref. [2] for an example of device-wide crosstalk.
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Definition Participants Bounds
Addressability A1 |fi − fj| ≥ δA1 (i, j) ∈ E 17 MHz

A2 |fi − fj − αj| ≥ δA2 (i, j) ∈ E 30 MHz

Entanglement C1 fi + αi ≤ fd ≤ fi (i, j) ∈ E⃗ —

E1 |fd − fi| ≥ δE1 (i, j) ∈ E⃗ 17 MHz

E2 |fd − fi − αi| ≥ δE2 (i, j) ∈ E⃗ 30 MHz

D1 |fd − fi − αi/2| ≥ δD1 (i, j) ∈ E⃗ 2 MHz
Spectators S1 |fd − fk| ≥ δS1 (i, j, k) ∈ N 17 MHz

S2 |fd − fk − αk| ≥ δS2 (i, j, k) ∈ N 25 MHz
T1 |fd + fk − 2fi − αi| ≥ δT1 (i, j, k) ∈ N 17 MHz

Table 4.1: Frequency constraints for a fixed-frequency, fixed-coupling gate ar-
chitecture. We group these constraints into three categories (described in the main text).

The index refers to the participants and is defined by the system graph. E⃗ represents the
set of oriented graph edges, and E represents the corresponding unoriented edges, meaning
that each edge is taken into account twice in each direction. The spectator constraints have
different participants for the CR and CZ cases. In the CR case, the pulse is applied only
to the control qubit, whereas in the CZ case, the pulse is applied to both entangled qubits.
The variable fd represents the frequency of the applied microwave drive. For the CZ case,
the drive frequency is no longer fixed. The bounds are taken from Ref. [84].

Entangling Gates

The constraints for entangling gates depends on the choice of two-qubit gate. For this study,
we chose to focus on the cross-resonance (CR) gate and the conditional Stark shift (CZ) gate,
since these had demonstrated the highest gate fidelities at the time for a fixed-frequency and
fixed-coupling architecture. However, this analysis can easily be extended for other gate
schemes. Both CR and CZ gates perform optimally when the qubits involved are in the
straddling regime (|∆ij| < |αi|, |αj|), which enforces a constraint on the frequency difference
of each edge (C1). In addition, the drive frequency for the two qubit gate must avoid both
the |0⟩–|1⟩ (E1) and |1⟩–|2⟩ (E2) transitions of both qubits involved. In the case of the CR
gate, the drive frequency will be at the frequency of the target qubit, so this leads to a
redundant constraint with the single-qubit constraints; however, the drive frequency for the
CZ gate can be freely varied. In addition, since the two-qubit drive strengths are typically
larger than for single-qubit drives, we also include the two-photon transition at f01 + α/2
as another frequency to avoid (D1). Finally, we must also consider the effect of a drive on
neighboring qubits not involved in the entangling operation, which we refer to as spectators
of the entangling gate [192]. These constraints are listed as S1, S2 (single-photon spectator
collisions) and T1 (two-photon spectator collision) in Table 4.3.
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Optimization Procedure

The goal of our optimization procedure is to find a set of frequencies for a given connectivity
graph. In particular, we use the set of constraints shown in Table 4.3. Since the set of
parameters in this case is disjoint, we use mixed-integer programming with the Gurobi solver
[77] and the Python package PYOMO [80].

Initially, we found that a naive objective function yielded solutions that are on the edges of the
collision-free regions, meaning that small perturbations in frequencies would result in a considerable
number of collisions. As a result, this naive optimization yields a design that is not robust against
the frequency dispersion introduced by the fabrication process. To circumvent this, we developed
a three-step approach that serves as a proxy for the yield. In particular, we seek to maximize the
distance between the target frequency and the collision regions, since this reduces the likelihood of
collisions.

To move the solution frequencies away from the boundaries of the collision regions, we introduce
a new variable for each set of constraints that corresponds to the distance of the left-hand side of
the constraint definitions in Table 4.3. We then add this to the threshold δ for each constraint, and
introduce an additional constraint that forces these distances to be equal for each constraint type
and edge. This finds the largest hypersphere of radius R that can fit inside the zero-collision region.
In the second step, we relax the requirement that the threshold of each type (rows in Table 4.3) be
equal, but we still require that they be equal for each edge. We also enforce a constraint specifying
that all of these distances are larger than the radius R calculated in the previous step. This amounts
to allowing for a hyperellipse with radius Ri ≤ R per constraint type. Finally, in the last step, we
allow each edge to differ. In addition, for the CZ gate architecture, we add an additional variable
to each edge that corresponds to the now continuous drive frequency, and optimize this for each
edge. See Ref. [139] for more details on the optimization procedure.

Given a solution set, we evaluate it by estimating the expected yield as a function of the
frequency dispersion. We model the yield of zero-collision devices with Monte Carlo simulations,
following the methods in Ref. [84]. We assume that the fabricated junction frequencies follow a
normal distribution with a mean around the target frequency and a variable standard deviation σf .
Then, for each lattice geometry and target frequency map, we sample 1000 frequency configurations
to determine the estimated yield as a function of σf . The yield is computed by counting the number
of sample configurations that have zero-collisions based on the specified constraints.

Small-Scale Systems

To build some intuition about the results of frequency optimization, we first applied the procedure
to an eight-transmon ring [21]. This linear topology is the minimal connectivity possible for a
quantum processor and sets the upper limit on the fabrication yield that one can expect. In Fig.
4.4, we present the frequency pattern obtained with optimization described in the preceding section,
along with the allowed regions for the frequencies for each transmon. We also present the yield as
a function of the frequency dispersion, with state-of-the-art fabrication spreads with and without
post-processing denoted to give a sense of achievable yields [107, 84].

For the qubit CR-based architecture, we find that even a linear topology with state-of-the-art
dispersions of 50 MHz leads to a low yield of ∼10%. This yield can be increased substantially
with post-processing enabled dispersion of ∼14 MHz, which highlights the need to integrate such
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Figure 4.4: Frequency optimization for an eight-qubit ring. (a) The optimized fre-
quencies for an eight-qubit ring with CR constraints. The collision regions for the |0⟩–|1⟩
transition are marked by the shaded gray regions. The solid black line denotes the |0⟩–|1⟩
transition, the dashed black line the |1⟩–|2⟩ transition, and the dotted black line the two-
photon transition |0⟩–|2⟩. The colored distributions indicate normal distributions centered
around the target frequency for the state-of-the-art frequency dispersions in Refs. [107]
(dashed) and [84] (solid). (b) The yield of zero-collision devices for the two different gate
architectures as a function of the average frequency dispersion. (c) The frequency of each
collision type — single qubit (1Q), entangling (Ent.), and spectator (Spec.) — for the two
different gate architectures given optimized qubit frequencies.

techniques to minimize the frequency dispersion. In Fig. 4.4c, we see the distribution of errors
among the different types of collisions. The majority of the collisions come from the entanglement
constraints associated with the CR gate — these significantly reduce the overall yield.

This motivated us to also consider the yield for a CZ-based architecture, which has the added
flexibility of a variable drive frequency. As a result, the yield is higher and we see a larger plateau
region where the yield is approximately unity. To calculate the yield for this specific architecture,
we sampled random frequencies around the target layout frequency, and for each random sample,
we used the optimizer to find a set of optimal driving frequencies for the entangling gate. For this
architecture, dispersions of 50 MHz are already sufficient to reach a high yield of ∼90%, and an
almost perfect yield can be attained with additional post-processing. Compared with the CR-based
architecture, the collision rates decrease for both single- and two-qubit gates due to the relaxation
of the drive frequency constraints for entangling operations.

Scaling to Lattices

As the number of transmons on a processor increases, so does the number of collisions. For large
systems, individual optimization of all the frequencies across an entire chip becomes intractable.
Instead, we must optimize a smaller unit cell of frequencies, which can then be tiled to generate a
larger lattice. To construct such a solution, we start by defining the unit cell. To ensure that tiling
is possible, we optimize the frequency layout with periodic boundary conditions, so that the solution
will also be valid for the tiled construction. Since calculating the yield is quick for the CR case,
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Figure 4.5: Scaling frequency optimization to different lattice geometries. Com-
mon lattice geometries for superconducting qubit systems are shown in (a)-(d). Each circle
represents a qubit, and the links between them represent a possible entangling interaction
between the two qubits. To estimate the yield up to large system sizes, we simulate each
geometry with periodic boundary conditions. (a) We simulate the linear chain with a unit
cell of 8 sites. (b) A square lattice with 16 sites. (c) A hexagonal lattice with 20 sites. (d)
A heavy-hexagonal lattice with 15 sites. (e) We show the minimum frequency dispersion
necessary to achieve a 10% yield for each lattice type and gate architecture. The dashed line
indicates the best frequency spread achieved with post-fabrication trimming [84].

we can directly compute the zero-collision yield for these large lattices. However, for the CZ case,
the additional optimization on each instance of the sampled frequencies make it computationally
intractable to directly calculate the yield. Instead, we use a scaling argument to estimate a yield
for the total system up to boundary effects. In particular, we compute

y = yN/nm
m = yN0 (4.63)

where y is the yield of the larger system, ym is the yield of the unit cell subject to periodic boundary
conditions, N is the total number of sites in the system, and nm is the number of sites in the unit
cell. Since the boundary effects will only reduce the number of potential collisions, this provides
a lower bound on the yield, even for small system sizes. This method allows us to compare the
scalability of different lattice geometries for both the CR and CZ gate architectures. Fig. 4.5
shows the different lattices with varying connectivity: a square lattice for the surface code, a heavy
hexagonal lattice used by IBM, and a hexagonal lattice for comparison with its heavy counterpart.
We show the frequency dispersion required to achieve a 10% yield for a 1000-qubit lattice for each
geometry. Unsurprisingly, the more densely connected lattice has a lower yield. We note that,
given the thresholds listed in Table 4.3 for a CR-based qubit architecture, none of these lattices can
be fabricated with a 10% yield given even the best-demonstrated frequency dispersions with post-
fabrication trimming. This shows that a collision-free 1000-qubit device is likely unachievable for
the CR-based architecture without significant improvements in fabrication precision or a relaxation
of the constraints. In contrast, the conditional Stark shift-based qubit architecture is able to scale
to 1000 qubits for two of the four lattices with an already attainable frequency dispersion.

While we did not analyze other gate architectures beyond the CR- and CZ-based architectures,
the methods described here can be readily applied to other architectures and qubit modalities.
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However, we expect yields to be similarly low for the other fixed-frequency and fixed-coupling gate
schemes, since they share the most restrictive requirement that qubit-qubit detunings fall within
the straddling regime. This points to a need for alternative gate schemes for fixed-frequency qubits.
Finally, we note that this yield problem can also be addressed by moving from monolithic chips
to a more modular architecture where smaller chips with fewer qubits can be individually selected
and connected to form a larger processor. This has become an increasing area of focus in recent
years [72, 61, 152], and will likely be necessary for realizing a large-scale quantum processor.

4.4 Architectural Tradeoffs

What we have seen so far is that although single qubit gates are almost universally implemented
with microwave driving, there is a large spectrum of possible two-qubit gate implementations with
different architectural requirements. As a result, the desired two-qubit gate scheme typically has
the strongest influence on the architecture of a large multi-qubit device. In this section, we will
briefly discuss some of the tradeoffs involved in selecting a particular two-qubit gate scheme.

From the perspective of hardware requirements, we can divide the space of two qubit gates
along two axis based on whether or not they require flux-tunable qubits and flux-tunable coupling.
Generally speaking, we can engineer faster gates with more tunability. Since this allows us to
selectively reduce the qubit-qubit detuning and increase the coupling rate only during the gate, we
are less constrained by a need to mitigate parasitic ZZ-coupling. However, this comes at a cost of
extra hardware overhead to support stable flux biases and additional dephasing and decoherence
channels. Moreover, the baseband flux pulses used to implement these gates suffer from substantial
pulse distortion and require complex pulse pre-compensation filters to suppress non-markovian
errors [13, 169]. In contrast, the microwave-activated coupling schemes require no flux-tunability
of either frequency or qubit-qubit coupling rates, generally leading to lower dephasing and decay
rates. The tradeoff, however, is lower on/off ratios for the entangling interaction rate, which limits
the maximum speed of a two-qubit gate.

In the following chapter, we describe an experimental implementation of an alternative gate
architecture that aims to address all of these concerns. By adding a limited amount of flux-
tunability only in the coupler, we can not only activate strong two-qubit interactions between
far-detuned transmons, but also suppress stray entanglement while idling or during single-qubit
gates. Restricting the tunability to the coupler also helps to minimize excess decoherence from the
additional control channel, and activating interactions with parametric modulation avoids baseband
pulse distortion. While these advantages come at the cost of lower entanglement rates compared
to resonant coupling, we will show that this can be a worthwhile compromise for a more scalable
architecture.
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Chapter 5

Parametric Gates

In the previous chapter, we discussed various gate architectures and their advantages and draw-
backs. In this chapter, we will advocate for an alternative gate architecture that involves parametric
modulation of a tunable coupler to engineer two-qubit gates between fixed-frequency qubits. This
approach to two-qubit gates resolves the most stringent frequency constraints of a static coupling
architecture, by enabling fast-entanglement generating between far-detuned transmons.

5.1 Parametric Modulation

Parametric gates are somewhat of a hybrid between the flux-tunable gates and microwave-activated
gates discussed in the previous chapter. Like the flux-tunable gates, these involve parametrized
terms that already exist in the system Hamiltonian, typically frequencies (ω) or coupling rates
(g), rather than adding additional terms with an external classical drive. However, they work by
modulating the system parameters at microwave frequencies, rather than slowly tuning them at
near DC.

Frequency Modulation

Given a flux-tunable qubit, we can ask what happens if we modulate the qubit frequency ωq(t) at
a drive frequency ωd so that

ωq(t) = ω0 + εd sin(ωdt+ ϕd) (5.1)

where ω0 is the average frequency and εd and ϕd are the drive amplitude and phase. The resulting
time dependent Hamiltonian for the qubit becomes:

H(t) =
ωq(t)

2
σz =

ω0

2
σz︸ ︷︷ ︸

H0

+
εd
2
cos(ωdt+ ϕd)σz︸ ︷︷ ︸

Hd

(5.2)
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We can then express the time-dependent propagator as

U(t) = e−i
∫ t
0 H(t′) dt′ = e−iH0te

i
εd
2ωd

sin(ωdt+ϕd)σz

= e−i 1
2
ω0σz

∞∑
n=−∞

Jn

(
εd
ωd

)
ei

1
2
nωdtσz

(5.3)

where we have used the Jacobi-Anger identity to rewrite the propagator as an infinite sum, Jn(z)
is the n-th Bessel function of the first kind [119]. Here, we find that the the qubit is effectively
“split” across an infinite but discrete spectrum of sidebands spaced ωd apart, where the weight in

each sideband is given by Jn

(
εd
ωd

)
.

Coupling Modulation

Now suppose we could directly modulate the coupling between two qubits so that

g∆(t) = g∆,0 +A∆ cos(ωdt+ ϕd) (5.4)

gΣ(t) = gΣ,0 +AΣ cos(ωdt+ ϕd) (5.5)

where we assign an independent mean coupling rate and modulation amplitude, but keep the same
frequency and phase, for the two coupling rates. This is because a modulation of the underlying
coupling mechanism typically will affect both terms. Then, the effective Hamiltonian for the system
becomes

H = −1

2
ωaσ

(a)
z − 1

2
ωbσ

(b)
z − g∆(t)

[
σ
(a)
+ σ

(b)
− + σ

(a)
− σ

(b)
+

]
− gΣ(t)

[
σ
(a)
+ σ

(b)
+ + σ

(a)
− σ

(b)
−

]
(5.6)

If we make the standard unitary transformation to obtain the effective Hamiltonian in the system
frame, we obtain

H ′ = −g∆(t)
[
σ
(a)
+ σ

(b)
− ei∆t + σ

(a)
− σ

(b)
+ e−i∆t

]
− gΣ(t)

[
σ
(a)
+ σ

(b)
+ eiΣt + σ

(a)
− σ

(b)
− e−iΣt

]
(5.7)

where ∆ = ωa − ωb and Σ = ωa + ωb, and we notice that this looks exactly like Eq. 4.43 except
for the time dependent coupling rates. Here, we see that if the time-dependence of the coupling
term matches one of the frequencies ±∆ or ±Σ, we obtain a resonant coupling term even if ∆ (Σ)
is non-zero. In particular, we see that if ωd = ∆, the Hamiltonian becomes

H ′ =− 1

2
A∆e

−iϕdσ
(a)
+ σ

(b)
− − 1

2
A∆e

iϕdσ
(a)
+ σ

(b)
− e2i∆t − g∆,0σ

(a)
+ σ

(b)
− ei∆t

− 1

2
AΣe

−iϕdσ
(a)
+ σ

(b)
+ ei(Σ−∆)t − 1

2
AΣe

iϕdσ
(a)
+ σ

(b)
+ ei(Σ+∆)t − gΣ,0σ

(a)
+ σ

(b)
+ eiΣt + c.c.

(5.8)

where we see that only the σ
(a)
+ σ

(b)
− and σ

(a)
− σ

(b)
+ terms are time independent. Assuming Ad, g0,∆ ≪

∆ and AΣ, g0,Σ ≪ Σ, we can drop the remaining oscillating terms to obtain an effective time-
independent Hamiltonian

H ′ ≈ −1

2
A∆

[
e−iϕd |10⟩⟨01|+ eiϕd |01⟩⟨10|

]
(5.9)
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that looks like the resonant coupling Hamiltonian in Eq. 4.44, but with a phase ϕd that is deter-
mined by the drive. As a result, we find that not only do we get a rotation in the |01⟩–|10⟩ subspace,
but also a phase that allows us to control the axis of rotation. This is a crucial insight — we gain
control over the phase ϕd of the coupling term because the interaction is occurring in the rotating
frame, in contrast to the lab frame interaction that occurs when we bring two qubits directly into
resonance. This additional control knob allows us to natively integrate virtual-Z rotations within
entangling operations [1] and break time-reversal symmetry to engineer synthetic magnetic fields
[172, 170] and non-reciprocal coupling [112].

The interaction Hamiltonian in Eq. 5.9 gives rise to a family of iSWAP-like gates. However,
we could also choose to let ωd = Σ, in which case we obtain the two-photon coupling terms:

H ′ ≈ −1

2
AΣ

[
e−iϕd |11⟩⟨00|+ eiϕd |00⟩⟨11|

]
(5.10)

In the case of two coupled transmons, we could also set the modulation frequency to ∆ + αa or
∆− αb to engineer interactions within the two-photon subspace, and more generally, we can bring
any two levels into effective resonance as long as there is a non-zero matrix element connecting them.
This highlights the relative versatility of parametric coupling, compared to resonant coupling in
the laboratory frame, which is unable to generate a swapping interaction that is not excitation
preserving.

Finally, we note that when modulating the coupling, the modulation frequency ωd does not enter
directly into the effective coupling strength 1

2Ad. In contrast, the effective coupling is suppressed by

Jn

(
εd
ωd

)
in the case of direct frequency modulation of the qubit. This allows us to maintain large

detunings between qubits while still allowing for high interaction rates, which significantly relaxes
constraints on frequency targeting and helps to suppress contextual errors. However, for a tunable
coupler with the finite coupling range (gmin, gmax), parametric coupling will still yield interaction
rates that are approximately 4× smaller than direct resonance. In particular, we lose a factor of
two because the peak-to-peak coupling amplitude gmax − gmin = 2Ad corresponds to a modulation
amplitude Ad = (gmax − gmin)/2, and another factor of two from dropping the counter-rotating
terms which do not participate meaningfully in the interaction. However, despite this reduction
in gate speed, parametric coupling modulation retains other advantages over resonant coupling
that make it a worthwhile pursuit. While this approach to two-qubit gates has been demonstrated
before [130, 68, 90], most prior implementations of parametric gates have been slow, with gate
times > 100 ns, or use a coupler design that does not easily scale to a 2D lattice of qubits. In the
following sections, we will the discuss the design and implementation of a multi-transmon device
that addresses both of these shortcomings to demonstrate high-fidelity parametric entangling gates.

5.2 Tunable Coupler Design

The device we designed for this implementation consists of 6 fixed-frequency transmons in a line,
with flux-tunable couplers between each pair of adjacent transmons. Here the qubits are floating,
while the couplers are grounded SQUIDs (Fig. 5.1(a)). While the coupler design is very similar to
tunable couplers used for resonant coupling [148, 210], parametric driving imposes more stringent
constraints on the coupler parameters. In particular, we want the effective coupling g(t), between
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Figure 5.1: Flux-tunable coupling between two transmon qubits. (a) The flux-
tunable coupling circuit used in this experiment. The coupler circuit was first proposed in
[148], and consists of a grounded SQUID that can be used to change the effective impedance
between the two qubits. The additional direct capacitance between the two qubits helps
cancel the residual coupling between the qubits when the SQUID is near the Φext = 0 state.
(b) Qubit-qubit static coupling between a representative pair of qubits on the device. The
coupling g∆ is inferred from measurements of the static ZZ-rate ζ between the two qubits.

the two transmons to be effectively a classical parameter. This means that the intermediate coupler
mode must remain in its ground state at all times, and adiabatically follow the instantaneous
ground state despite the fast modulation of the coupler frequency. This requires a large detuning
∆i = ωi − ωc between each qubit and the coupler, so our goal was to minimize the parasitic
self-capacitance of the coupler mode.

Fig. 5.1(b) shows the measured static coupling rate g∆ for a representative pair, showing that
the tunable coupler design is capable of reaching a minimum coupling gmin/2π = 2 MHz and a
maximum coupling gmax/2π = 100 MHz. Since the qubits are detuned by a frequency ∆ = 511
MHz, we cannot measure the static coupling directly. Instead, we measure the ZZ rate ζ using the
JAZZ (joint amplification of ZZ) protocol [69, 194], which uses a conditional Ramsey interferometry
experiment to extract the ZZ rate while simultaneously canceling the local frequency drifts. We
then compute g∆ from Eq. 4.53 where we drop the gΣ contribution.

Finally, we demonstrate the parametric interaction in the |01⟩–|10⟩ subspace of the two trans-
mons, by modulating the coupler at a frequency near (ω0−ω1)/2 to activate a swapping interaction.
The resulting chevron pattern is shown in Fig. 5.2(a)–(b). Here, we modulate at ∆/2 rather than
∆, because g∆(Φext) is an even function about Φext = 0. As a result, when we modulate Φext(t)
symmetrically about the zero flux point at a frequency ωd, we introduce a frequency doubling such
that g∆(Φext(t)) is at a frequency 2ωd

1. Alternatively, we could choose to modulate the coupler
near the detuning frequency, by modulating Φext(t) only on the positive or negative side. However,
this would result in a DC offset in the voltage/current that increases the overall pulse bandwidth
and leads to more pulse distortion.

1This is equivalent to the trigonometric identity cos2 θ = 1+cos 2θ
2
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Figure 5.2: Parametric coupling between two transmons. (a),(b) A parametrically-
activated interaction between |10⟩ and |01⟩ within the single-photon subspace for a rep-
resentative pair of qubits on the device (Q3-Q4). The population in each state exhibits
the same dynamics as the driven two-level system in Fig. 4.1. (c) The drive frequency
ωd = (ω01 − ω10)/2 that results in maximum population contrast as a function of the drive
amplitude. The frequency of the transition shifts down with larger amplitude, due to the DC
flux offset, which leads to a lower average frequency of the coupler mode under modulation.
This shifts the |0⟩–|1⟩ transition of the higher frequency qubit more than the lower frequency
qubit and reduces their relative detuning. (d) The parametric coupling rate g̃ as a function
of the drive amplitude. This is approximately 4× lower than the static coupling g, due to
both the counter-rotating terms and the maximum modulation amplitude.



CHAPTER 5. PARAMETRIC GATES 108

a
Z a

Z b

Qa

Qb

CPLR

g

r A, d,

b Coarse Frequency/Amplitude

X
XY
, d

×N
c Floquet Amplitude

X
XY

×N

d Floquet Frequency

X
XY

d

XY
d

×N
e Local Phases

X /2

XY /2

Z X /2

f Coupler Phase

X /2
XY /2

X /2

Figure 5.3: Calibration of a parametric
√
iSWAP gate. (a) The pulse parametrization

used to implement the gate. We use a flattop pulse envelope with cosine ramps. We fix
the total gate time τg and the ramp time τr. The remaining parameters — amplitude A,
frequency ωd, and phases β, ζa, ζb — are calibrated to engineer the proper unitary. Pulse
sequences for each calibration step are shown in (b)-(f). The parameters at the center denote
the primary sweep parameters.

5.3 Gate Calibration

Having demonstrate the parametric interaction, we now want to calibrate a specific entangling gate
instance. With only low frequency drives (< 1 GHz), our choices for a maximally entangling two-
qubit gate include the CZ, iSWAP, and

√
iSWAP gates. In order to implement the bSWAP-like

family of gates, we would need a drive at the sum or average frequency2 (Σ or Σ/2). For the
following, demonstration, we chose to implement the

√
iSWAP gate. This has the advantage of

being the fastest of the three, and it was also demonstrated recently that the
√
iSWAP is more

efficient than both the iSWAP and CZ gates for compiling arbitrary Haar-random unitaries [87].
In addition, the control we gain over the rotation phase in the single-photon subspace makes the
parametric

√
iSWAP fully compatible with virtual-Z gates, which eliminates one of the typical

drawbacks of using this gate. Finally, although the
√
iSWAP gate is not a Clifford gate and is

thus not well suited for most stabilizer-based QEC circuits, it is straightforward to implement an
iSWAP gate with just two repeated applications of the

√
iSWAP.

Because the parametric
√
iSWAP gate is essentially just a 90◦ rotation in the |01⟩–|10⟩ subspace,

the calibration protocol for the gate is effectively identical to the procedure for tuning up a single-
qubit X90 gate. The pulse parametrization for the

√
iSWAP gate is shown in Fig. 5.3(a). We

choose a cosine ramp with a flat top to maximize the total interaction area, while still ensuring
sufficient adiabaticity to minimize leakage to the |20⟩ and |02⟩ states. We chose the total gate
time of τg = 30 ns by first finding the largest parametric coupling strength, g̃max that could be
achieved across all pairs without inducing spurious transitions. We then choose τg ≳ 4/g̃max to
account for the lower coupling during the ramp up and ramp down. Keeping the gate time τg fixed

2Flux drives at these frequencies are possible, however our filtering scheme included a 1 GHz low-pass
filter.
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two-qubit gate instances across all pairs simplifies the compilation for multi-qubit circuits with
parallel two-qubit gates.

Next, we must calibrate the amplitude A and frequency ωd for the gate. In the case of single-
qubit gates, the transition frequency is only weakly dependent on the drive amplitude, so we choose
to correct for detunings with just Z gates before and after the gate. However, as we saw in the
previous section, the |01⟩–|10⟩ transition frequency has a much stronger dependence on the drive
amplitude. As a result, we must perform a joint optimization of the two parameters. To obtain an
initial starting point, we prepare the system in the |10⟩ state followed by two applications of the
coupler pulse. We then perform a 2D sweep of the amplitude and frequency of the coupler pulse
to find the set of parameters (A,ωd) that maximizes the population transfer to |01⟩. Once we have
an initial set of parameters, we proceed to an error amplification step using floquet calibration.

Floquet Calibration

To amplify coherent errors and obtain a more accurate calibration, we use a variant of the floquet
calibration in Ref. [147]. There are two insights that make this method effective. The first is that
errors can be amplified with repeated applications of the gate. Second, oscillation frequencies are
more robust to decoherence and we can accurately determine these frequencies with a sensitivity
limited only by the total circuit depth.

To calibrate the amplitude, we prep the qubit in the |01⟩ state and measure the resulting
population in |10⟩ after m applications of the coupler pulse. This results in a periodic signal as a
function of m, whose frequency can be extracted easily with a FFT or by fitting to a sinusoidal
function. Because this signal frequency depends linearly on the pulse amplitude (up to aliasing),
we can easily determine the optimal pulse amplitude corresponding to a period m = 4 with an
amplitude sweep consisting of only a few points. The linear dependence also enables more accurate
extrapolation, so the calibration relatively insensitive to the sweep range.

The frequency calibration is similar, and is based on a similar calibration protocol used in Ref.
[35] to calibrate a single-qubit pulse detuning. Here, we repeat a circuit unit that consists of two
back to back applications of the coupler pulse, with a 90◦ phase offset3 to echo the trajectory back
to the original state. When there is no detuning, the population in the prep state |01⟩ should
remain constant as a function of m. However, any detuning between the pulse frequency and the
transition frequency will lead to an oscillation in the |01⟩ population, whose frequency increases
linearly with the detuning. Once again, we can fit this signal frequency and fit to an absolute value
function to determine the target transition frequency.

Finally, we iterate between the amplitude and frequency calibration protocols to account for
their co-dependence. A typical calibration run requires only 2-3 iterations to converge provided
that the initial starting parameters are within 10% of the correct values. Once these values have
converged, we move on to calibrating the three phases β0, ζa, and ζb.

3The phase offset on the AWG pulse is also doubled by modulating symmetrically about Φext = 0, so a
90◦ phase offset is equivalent to reversing the rotation direction.
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Two-Qubit Frame Tracking

We first make a quick digression to explain frame tracking with parametric modulation [1]. The
ideal unitary resulting from the interaction Hamiltonian in Eq. 5.10 is given by

RXY(θ, β) =


1 0 0 0

0 cos θ
2 ieiβ sin θ

2 0

0 ie−iβ sin θ
2 cos θ

2 0
0 0 0 1

 (5.11)

where we have replaced the phase ϕd in Eq. 5.10 with β, and the rotation angle is given by
θ = A∆τg. Given two qubits, we can show that individual Z-rotations on the qubits act on the two
qubit Hilbert space like

Rz(γa)⊗Rz(γb) =


e−i(γa+γb)/2 0 0 0

0 e−i(γa−γb)/2 0 0

0 0 ei(γa−γb)/2 0

0 0 0 ei(γa+γb)/2

 (5.12)

and we see that this looks like a Z-rotation of γ1−γ2 (γ1+γ2) in the |01⟩–|10⟩ (|00⟩–|11⟩) subspace.
Then, we can show that

RXY(θ, β)Rz(γa)⊗Rz(γb) = Rz(γa)⊗Rz(γb)RXY(θ, β + γa − γb) (5.13)

and we see that we can again commute the Z gates across the coupler pulse by simply updating
the drive phase. In addition, this tells us that the coupler phase β is not independent, but must be
referenced to the initial phases ϕa, ϕb that define the reference frames for the two qubits involved.

Phase Calibration

The phases ζa and ζb are included primarily to compensate for the effective frequency shift of
the two qubits during the coupler modulation. We can measure the resulting phase shift with
a Ramsey interferometry-like experiment, by preparing the target qubit in a superposition |X⟩ =
Rx(π/2) |0⟩ = 1√

2
(|0⟩+ i |1⟩), applying the coupler pulse, and measuring in the X-basis. We prepare

|X0⟩ to measure ζa and |0X⟩ to measure ζb. By sweeping the relevant Z-correction, we can fit the
resulting signal to a sinusoidal function that allows us to determine the correct phase.

Finally, we can measure β0, which is the relative phase difference between the reference frames
for the two qubits. We do this by preparing the qubit in the |0X⟩ = 1√

2
(|00⟩+ |01⟩) state followed

by two applications of the coupler pulse to transfer any population in |01⟩ fully to |10⟩. The
resulting state will be 1√

2

(
|00⟩+ eiβ |10⟩

)
, allowing us to measure phase β by measuring the first

qubit in the X-basis.

5.4 Benchmarking and Error Budget

After calibrating the gate, we use a suite of benchmarking techniques to characterize the gate
error. We will not go into the theory behind these techniques here, but the interested reader can
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Parameter θ ϕ β

Target 45◦ 0◦ 0◦

Measured 46.07◦ −0.83◦ 0.75◦

Error 1.07◦ −0.83◦ 0.75◦

Table 5.1: Coherent errors extracted from cross-entropy benchmarking.

consult Ref. [81] for a comprehensive review. To characterize the overall gate error, we use both
cycle benchmarking (CB) [57] and cross-entropy benchmarking (XEB) [22, 4, 12], which involve
interleaving the gate of interest with cycles of random single qubit unitaries. In CB, these random
unitaries are restricted to the Pauli group, while for XEB, the unitaries are sampled from a Haar
random distribution. In either case, the random single-qubit unitaries effectively average the gate
errors into a single-depolarizing channel, and result in a exponentially decaying signal that can be
measured to extract an error-per-cycle. This is commonly referred to a as “dressed” error, that
includes errors from the twirling gates. We can then compare this error-per cycle to a “reference”
experiment where we replace the two-qubit gate of interest with the identity gate to extract the
error of the twirling gates. Then, the interleaved gate error can be estimated as [81, 12]:

ϵg = 1− 1− ϵd
1− ϵr

(5.14)

Fig. 5.4 shows the benchmarking results for a representative pair on the sample. From fitting
the CB decay curves, we find a dressed Pauli error ϵd = 7.3(1) × 10−3 and a reference Pauli error
ϵr = 3.2(1) × 10−3. This results in a Pauli error for the

√
iSWAP gate of ϵg = 4.1(1) × 10−3.

With XEB, we find a total Pauli error of ϵXEB = 7.5(3)× 10−3, which agrees with our result from
CB. XEB also allows us to estimate the purity decay error [12], and we find an error-per-cycle of
ϵp,d = 6.4(3)× 10−3 for the dressed cycle and a reference purity decay error of ϵp,r = 2.6(1)× 10−3

for the single qubit twirling gates. This results in a estimated purity error of ϵp,g = 3.7(3) × 10−3

for the two-qubit gate alone.
The remaining error should be accounted for by coherent control errors, which we can also verify

with our XEB data. Because the calculating the cross-entropy fidelity of the sampled bitstrings
involves simulating the target unitary, we can parametrize our target unitary and optimize for the
gate parameters that yield the highest XEB fidelity. Following Ref. [12], we use a Nelder-Mead
optimizer and parametrize the rotation angles θ, β, and ϕ, where ϕ is the CPhase angle. The fit
parameters are shown in Table 5.1, which yields an optimized XEB error of ϵXEB,opt = 6.7(7)×10−3.
We can calculate the resulting coherent contribution to the Pauli error by computing the Pauli
Transfer Matrix (PTM) representation of the fitted unitary to the target unitary:

ϵcoh = 1− 1

d2
Tr
[
ΛGΛ

−1
U

]
(5.15)

where ΛG is the PTM for the fitted unitary [81]. Using the above equation, we find an error of
ϵcoh = 0.26 × 10−3, which agrees within error bars to the purity contribution and the total gate
error.
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Figure 5.4: Benchmarking a
√
iSWAP gate. (a) Cycle benchmarking results for the

reference and dressed (interleaved
√
iSWAP) cycles. The extracted Pauli error for the two

qubit gate is estimated to be ϵg = 4.1(1) × 10−3. (b) Cross-entropy benchmarking results
using the

√
iSWAP gate. The optimized fidelity was obtained by parameterizing the target

unitary and choosing the gate parameters θ, β, and ϕ that yielded the highest XEB fidelity.
(c) The total leakage population as a function of cycle depth during an XEB experiment.
We find a total leakage error of ϵl,g = 1.2(3) × 10−3. (d) The error contributions from
decoherence, leakage, and unitary control error.

Finally, since leakage and decoherence both contribute to a loss of purity, we attempt to separate
the two by employing a leakage benchmarking technique where we monitor the |2⟩ state population
in both qubits during a randomized benchmarking (RB) or XEB circuit [35, 209, 12]. The resulting
decay curves can be fit to a rate equation [137]:

p2 = C(1− Γ)m + p∞ (5.16)

where Γ = γ↑ + γ↓ is the total leakage rate (γ↑ is the rate of leakage into |2⟩ and γ↓ is the
rate of seepage back into the computational subspace), and p∞ = γ↑/Γ is the steady-state |2⟩-
state population. We find a total leakage error of ϵl,d = 2.9(4) × 10−3 and a combined reference
leakage error of ϵl,r = 1.6(3) × 10−3. This results in an estimated 2Q leakage contribution of
ϵl,g = 1.2(3)× 10−3.

The remaining purity error should be accounted for by decoherence. We can estimate the
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Figure 5.5: Driven decoherence with parametric driving. (a) The effective T1 decay
of the photon in the single-photon subspace as a function of parametric drive amplitude.
The dashed horizontal lines indicate the idle T1 times for Q3 (blue) and Q4 (yellow). We
see a lower driven T1 time at low amplitudes that trends down sharply as we approach the
Φext = Φ0/2 point, which we hypothesize is due to the stronger participation of the qubit
mode in the coupler SQUID. The smaller fluctuations in T1 are likely due to changes in the
TLS distribution at the different amplitude-dependent average frequencies. (b) A T1 trace
in the single-photon subspace at Ad ≈ 0.56 (AWG units), corresponding to the amplitude
used for the

√
iSWAP gate. We fit the total decay of the P|01⟩ + P|10⟩ signal to obtain an

exponential decay in the single-photon subspace of T1 = 22.7 µs.

expected decoherence error from the T1 and T2,echo times for each qubit as

ϵdecoh = 1− 1

d2

∏
q=a,b

[
2 + 2

√
1− γ

(q)
1

√
1− γ

(q)
2 − γ

(q)
1

]
(5.17)

where d is again the Hilbert space dimension, γ1 = 1 − e−Γ1τg and γ2 = 1 − e−2Γ2τg are the
estimated relaxation and dephasing contributions for a gate time τg, and Γ1 = 1/T1 and Γ2 =
1/T2,echo − 1/2T1 are the relaxation and pure dephasing rates respectively [96, 44]. Using our
estimated idle coherence times from Table 5.3, we estimate a decoherence contribution of only
ϵdecoh = 1.3× 10−3, which does not seem to account for the remaining purity decay error. Instead,
we must use the relevant coherence times under the action of the parametric drive. Fig. 5.5 shows
an effective T1 measurement where we measure the decay of the total population in the single-
photon subspace under a parametric drive with the same amplitude as the

√
iSWAP, where we

find an effective driven T1 = 22.7 µs. In general, we find that the T1 trends down as we increase
the drive amplitude, likely to do greater hybridization between the qubit and bare coupler modes.
We expect the coupler mode to have a lower T1, since the coupler SQUIDs have junctions that
are ∼25× larger than the qubit junctions, leading to a greater density of two-level systems (TLS).
We can do a similar measurement for the driven T2, the primary difference being that we apply
a 90◦ phase shift on the drive halfway through the idle time to reverse the trajectory and return
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Pair Q2–Q3 Q4–Q5
Isolated 12.1(4)× 10−3 12.5(4)× 10−3

Simultaneous 15.3(4)× 10−3 12.3(4)× 10−3

Table 5.2: Simultaneous and isolated two-qubit gate errors. Pauli errors for both
isolated and simultaneous benchmarking of a

√
iSWAP on qubit pairs Q2–Q3 and Q4–Q5.

Figure 5.6: Cycle benchmarking fidelity over time. We show the Pauli errors for√
iSWAP gate, measured via CB over a total span of ∼38 hours. The gate was calibrated

only once at the beginning of this time period. We see no significant degradation in gate
fidelity, which suggests that the calibration parameters are stable. Small fluctuations in
fidelity are likely due to transient TLS effects.

the photon to the initial starting state [130]. With this measurement, we find a driven T2 time of
T2 = 17.2 µs, leading to an effective decoherence error ϵdecoh = 2.4× 10−3 that agrees more closely
with the expected value.

5.5 Scaling and Outlook

Having demonstrated a high-fidelity
√
iSWAP gate between two detuned fixed-frequency qubits

and a thorough understanding of the primary error mechanisms, we now turn to some scaling
considerations. One such concern that was discussed earlier in Chapter 4 is crosstalk between the
microwave-flux drives. In Table 5.2, we show the isolated and simultaneous CB decay errors for
the

√
iSWAP gate performed on Q2-Q3 and Q4-Q5. Interestingly, we find that the change in gate

error is relatively small, especially compared to similar experiments with single qubit gates. This
indicates that the microwave flux-crosstalk is much smaller than the microwave charge-crosstalk,
likely due to the much smaller magnetic dipole moment of the coupler SQUID compared to the
electric dipole moment of the much larger qubit pads.

We also monitor the two-qubit error rate over an extended period of approximately 38 hours
to understand the calibration stability of the parametric gate. In Fig. 5.6, we show the dressed,
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Qubit ω01/2π (GHz) α/2π (GHz) T1 (µs) T2,r (µs) T2,e (µs)
Q0 4.859 -0.186 37.2 9.9 24.3
Q1 5.370 -0.176 32.0 37.9 40.6
Q2 5.845 -0.175 32.1 6.7 31.0
Q3 5.396 -0.176 29.1 31.8 33.6
Q4 5.033 -0.176 31.2 39.8 42.6
Q5 5.635 -0.181 36.3 25.6 46.3

Table 5.3: Qubit parameters for the 6-qubit parametric device. The anharmonicities
for Q0 and Q5 are lower due to extra ground capacitance on the boundary qubits. Coherence
times were averaged over a period of 1 hour.

Pair ∆/2π (MHz) ζ/2π (kHz) ϵg (×10−3)

Q0–Q1 510 18 3.2
Q1–Q2 524 16 12.7
Q2–Q3 551 16 7.1
Q3–Q4 363 52 4.2
Q4–Q5 602 31 8.1

Table 5.4: Coupler parameters for the 6-qubit parametric device.

reference, and entangling for the
√
iSWAP gate over this time period. Here, we see that the overall

trend is flat, with fluctuations that are most likely due to coherence fluctuations from the spectral
diffusion of TLS defects [100]. While this measurement demonstrates the stability of the system
calibration for a single pair of qubits, the stability of the overall system across 6 qubits was less
impressive. At any given moment in time, we typically saw a strongly coupled TLS affecting the
relaxation rate of least one of the 6 qubits, making it difficult to simultaneously calibrate the
entire system to a high fidelity. This directly motivated our subsequent studies, in Chapter 6, on
mitigating TLS-induced dropouts to improve multi-qubit system stability.

Beyond overall system stability, we also see room for continued improvement on the two qubit
gates themselves. From the error analysis, we know that the dominant error mechanism for the gate
stems from a loss of purity. Leakage is responsible for approximately one-third of this error, and
should be well suppressed by simple counterdiabatic pulse-shaping techniques like DRAG [196]. The
remaining gate error is incoherent error, much of which is due to driven decoherence. We believe
this is predominantly limited by the large ∼1 µm × 1 µm SQUID junctions, which are likely to
host more defects in both the oxide barrier [124] as well as the surfaces of the shadow evaporated
aluminum [67, 116]. While the size disparity between the coupler junctions and the qubit junctions
make it difficult to fabricate them in a single step, preliminary studies show that we can successfully
realize a 3× reduction in the coupler junction area fabricating them in a separate step with a 3×
increase in the critical current density (∼2 µA/µm2). Furthermore, the coherence times observed
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in this device are approximately an order of magnitude below the current state-of-the-art. As a
result, we expect continued improvements in fabrication to bring these two-qubit gate errors into
the O(10−4) regime.

Ultimately, we have demonstrated that parametrically modulated couplers are capable of im-
plementing fast two-qubit gates between highly-detuned fixed-frequency transmons, and we do so
using a design that can easily scale to a large, multi-qubit system. Compared to all-microwave ar-
chitectures with static coupling, parametric gates enable significantly higher on-off ratios and allow
neighboring qubits to be well-outside the straddling regime. They are also simpler to calibrate than
baseband flux pulses, require no complex pulse pre-compensation filters [169], and allow for simple
two-qubit frame tracking protocols. Finally, parametric coupling modulation removes the need for
DC flux lines on each qubit, and new proposals for gradiometric flux-locking may also remove the
need for local flux on the couplers [15], which opens the door to multiplexed all-microwave control
in the future. Taken together, these features establish parametric coupling as a compelling gate
architecture for building a scalable quantum processor.
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Chapter 6

System Stability

State-of-the-art superconducting qubit systems currently contain up to a few hundred qubits, and
although these system sizes are not yet large enough to reach 10−6 logical error rates, the calibration
requirements for operating a system at this scale already poses a daunting challenge. In current
transmon-based architectures, each qubit may have over 100 independent parameters that must
be calibrated to ensure high-fidelity operation [4], and although many of these calibrations can be
parallelized, it may take up to 30 minutes to fully calibrate a device at the scale required to imple-
ment a logical qubit [101]. Furthermore, complex experiments and calculations may take hundreds
of hours of wall clock time to execute [106, 71], despite the fast clock speeds of superconducting
qubits. Thus, it is critical to not only optimize the performance of individual qubit operations, but
to also maintain such performance over a sufficiently long duration.

The two primary sources of uncontrolled system instability in superconducting qubit systems
are quasiparticle bursts [200, 208, 128] and fluctuating two-level system (TLS) defects [100], and a
significant amount of effort has been devoted to addressing both of these problems [83, 89, 30, 102].
Quasiparticle bursts can cause simultaneous decay events across a large number of qubits, breaking a
fundamental assumption of quantum error correction that errors are uncorrelated. However, passive
strategies such as gap-engineering have been successful at mitigating the primary detrimental effects
of such quasiparticle bursts [127]. Resonant TLS defects similarly enhance T1 decay on individual
qubits, and although localized, these elevated decay rates can persist for minutes to days. These
temporarily impaired qubits are an important class of qubit “dropouts”, which decrease the effective
error-correcting code distance, despite improved protocols for handling unusable qubits or couplers
[45].

In this chapter, we introduce in-situ electric-field tuning of TLS defects as an effective mitigation
strategy for TLS-induced dropouts in superconducting qubit devices. We will start by giving a brief
overview of TLS defects and their effect on superconducting qubit devices1, followed by a survey
of existing mitigation strategies for coping with TLS defects. We will then make a case for local-
electric field tuning as the preferred method for addressing this problem. We show how clever
design can enable the resource efficient integration of TLS control into the same control line used
for single qubit gates. Using this control architecture, we demonstrate dynamic manipulation of
the each qubit’s local TLS spectrum to engineer robustness against excess decoherence and reduce

1We highly recommend Ref. [143], which provides a comprehensive review of the subject.
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Figure 6.1: Two-level systems in superconducting qubit devices. (a) Illustrations
of some proposed physical mechanisms for TLS in superconducting qubit devices, including
(left to right): adsorbed molecules on the surface [110], defects in the silicon substrate [214],
and defects in amorphous oxides [114, 9]. (b) The double well potential for a TLS according
to the Standard Tunneling Model [157, 163, 143]. The potential is characterized by an
asymmetry energy ε, and a tunneling energy ∆0 that depends on the barrier height. (c)

The dependence of the TLS frequency on the applied electric field, E⃗, and the TLS electric
dipole moment, p⃗ is shown. The minimum frequency is set by the tunneling energy ∆0.

fluctuations in both qubit lifetimes and single qubit gate errors. Much of the work discussed in this
chapter was first reported in Ref. [33] and was performed jointly with Kan-Heng Lee.

6.1 Two-Level System Defects

Two-level systems were first introduced as a way to explain the low-temperature behavior of amor-
phous glassy materials [157, 163]. Under the proposed standard tunneling model (STM), individual
defects are modeled as an effective particle in a double-well potential that can occupy one of two
low-lying energy states. The Hamiltonian for such a system is

HTLS =
1

2

(
ε ∆0

∆0 −ε

)
=

1

2
(εσz +∆0σx) (6.1)

where ε characterizes the well asymmetry and ∆0 ∝ e−λ is the tunneling rate between the two wells,
which depends exponentially on a physical tunneling parameter. At sufficiently low temperatures
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(kBT ≪ ∆0), thermal activation is exponentially suppressed and quantum tunneling dominates in
the behavior of this system. Given an ensemble of such defects, we expect ε and λ to be independent
and uniformly distributed. This leads to a constant density of states with respect to the TLS energy
and explains several key properties of amorphous materials at low-temperature.

The TLS potential is not static, but can be modified by environmental coupling to both a
strain- and electric-field via the well asymmetry ε [143]:

ε = 2γ · S+ 2p ·E+ ε0. (6.2)

In the context of superconducting qubits, this electric dipole coupling mediates interactions with
a qubit or resonator’s electric field, while the phonon coupling describes the interaction between
the TLS and a surrounding phonon bath, which is their primary source of dissipation. TLS’s
may also interact with one another, leading to the phenomenon of spectral diffusion [100]. The
prevailing model for this process involves a dispersive coupling between the high-frequency TLS’s
with ℏω ≫ kBT , and a bath of low-frequency, thermally-activated fluctuators (ℏω ≪ kBT ) [58,
144]. This leads to both a diffusive random walk as well as discrete telegraphic jumps in the TLS
frequency over time. In either case, the unstable time dynamics of the TLS bath make the stable
operation of a superconducting quantum processor a challenging task.

6.2 TLS Mitigation Strategies

Given how problematic TLS defects are for superconducting qubit systems, a variety of strategies
have emerged in the effort to mitigate their detrimental effects. The first and arguably most
difficult approach involves materials engineering to develop higher-quality fabrication processes.
The amorphous oxides at the surfaces and interfaces of the superconducting electrodes host a
large number of TLS defects that exchange energy with the qubit via an electric dipole-dipole
coupling. Since this is the dominant source of dielectric loss for superconducting qubits [124], it
is of the utmost importance to minimize unwanted oxides as much as possible at every step of
the fabrication process. At protected interfaces between the substrate and superconducting metal,
oxides can be minimized with proper substrate cleaning [6]. However, oxides on the exposed surfaces
are harder to mitigate, since any exposure to ambient oxygen will cause immediate oxidation of
the superconducting metal 2. This has motivated efforts to passivate or cap surfaces with lower-
loss materials [9, 32] as well as hermetically seal device packaging [131]. Recent experiments have
also pointed to defects in the bulk silicon substrate as a possible source of TLS defects [214],
which suggests that higher purity silicon wafers may also be a necessary. However, fabrication
improvements primarily aim to reduce the average defect density, and dropouts induced by strongly-
coupled defects continue to affect superconducting qubits despite these improvements.

For a given fabrication stack and resulting TLS density, the next line of defense is to minimize
the coupling strength between the TLS defects and the qubit with proper design. This strategy aims
to reduce the electric field participation at material surfaces, a goal typically achieved by designing
larger circuit components and minimizing their area-to-perimeter ratios [207, 203, 50]. Fabrication
techniques such as etching deeper trenches into CPW gaps have also been shown to reduce the

2There have been efforts to use less reactive superconductors such as TiN or NbN, but these alternative
materials have not yielded meaningfully better results.
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effective TLS density [207, 28]. Finally, it is worth mentioning recent works that attempt to improve
the coherence times of the TLS defects themselves, by fabricating qubit or resonator structures on
a phononic bandgap structure [34, 154]. However, this increases the non-markovianity of the TLS
bath, and can complicate noise mitigation techniques that typically rely on short correlation times
of the environment.

The strategies discussed so far are primarily concerned with reducing average defect density and
the likelihood of encountering strongly-coupled defects. But despite our best efforts, TLS defects
will continue to be an unavoidable presence in the foreseeable future, so we must consider in-situ
control strategies to actively suppress the impact of excess TLS noise during qubit operation. This
is typically done in most state-of-the-art processors by carefully orchestrating the operating frequen-
cies of individual qubits to avoid relaxation hot-spots caused by strongly-coupled TLS defects [102,
101, 217]. However, qubit operating frequencies must account for a variety of frequency-dependent
error sources beyond the TLS spectrum. Crosstalk and stray coupling between neighboring qubits
require their operating and idle frequencies to be sufficiently detuned. Two qubit gates often require
the qubits involved to interact at the same frequency. Readout errors are often high-sensitive to
the qubit-resonator detuning. All of these factors combine to make orchestrating qubit frequency
trajectories a highly-constrained and non-local optimization problem. Furthermore, updates to the
qubit frequency due to drifting TLS lead to additional calibration or modeling overhead to minimize
coherent control errors, since qubit control parameters are also sensitive to the operating frequency
[169, 88].

The success of qubit frequency orchestration begs the question of whether it is possible to
instead tune the TLS frequency. Thankfully, the coupling of the TLS to an external strain- or
electric-field, as seen in Eq. 6.2, provides a mechanism to do so. In fact, experiments dating
back to 2012 have demonstrated such tuning of TLS defects, first with piezo-electric actuators
to apply mechanical strain to the substrate [74, 117] and later with DC electrodes to apply a
global electric field [115]. These experiments showed that the frequencies of individual TLS defects
could be precisely controlled, and this technique was later used to optimize qubit T1 times [114].
The biggest advantage with TLS frequency tuning compared to qubit frequency tuning is that
optimal TLS frequencies are far less constrained from the perspective of device performance. The
TLS environment for each qubit is physically localized to a small region where the electric field
of the qubit mode is sufficiently strong to mediate coupling, so every qubit will be sensitive to a
different set of defects. Furthermore, the precise frequencies of the strongly coupled defects are no
longer important — we only need to detune them sufficiently3 from the relevant qubit transition
frequencies. As a result, we expect TLS frequency tuning to be a simpler and more scalable
approach to addressing the TLS problem.

Having recognized the potential benefits of TLS frequency tuning over qubit frequency orches-
tration, we now turn to its practical implementation in a multi-qubit device. First, there is the
choice of either electric-field tuning or strain-tuning to as the control parameter for the TLS fre-
quency. There is an argument to be made for strain tuning, as several experiments have shown
that TLS residing in the junction tunnel barrier do not respond to a DC electric field [115, 18, 17].
While there are a number of TLS defects reported in these experiments that do not respond to an

3Sufficiently, here, means that ∆ = ωq − ωTLS ≫ g, where g is the coupling strength between the qubit

and the TLS. The effective interaction scales as g2

∆ .
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applied electric field4, it is worth pointing out that the reported devices intentionally contain large
µm2-scale parasitic junctions that are typically shorted out in real processors. In practice, most
qubit tunnel junctions are ∼300× smaller. This, coupled with estimates of the TLS density in the
AlOx tunnel junction to be ∼0.3-2 defects/µm2/GHz [124, 11, 205], suggest that the number of
TLS’s that will be shielded from an electric field is relatively small for most current devices. Fur-
thermore, recent work has suggested that a large number of the problematic defects are actually
present at the surfaces of the shadow evaporated leads near the junction,

Electric field tuning is also much simpler to integrate locally into a superconducting quantum
processor, which is an important requirement for scalability. The fact that each qubit couples to a
separate and independent bath of TLS defects makes it unlikely that a single degree of freedom will
be sufficient to maintain an optimal TLS spectrum for multiple qubits at once. For a large-scale
processor with hundreds or thousands of qubits, it is almost certainly impossible. This rules out
the large piezoelectric actuators used in prior experiments to strain the entire chip, and would
likely require unconventional fab processes to integrate on-chip MEMs actuators for applying local
strain. In contrast, a local electric-field bias can be implemented for each qubit in essentially the
same way as the existing control lines used for single-qubit control. In the following section, we
describe in detail the design of a multiplexed control line for simultaneous qubit and TLS control,
which is the primary contribution of this chapter.

6.3 Implementation of Local Electric-Field Tuning

One of our main goals when designing an architecture with integrated local TLS control was to do
so with no additional wiring overhead, unlike prior proposals for local electric TLS tuning [114].
Superconducting qubit systems already have a scaling problem when it comes to wire count, and
introducing an extra wire for each qubit does not help the cause. The natural step then, is to
think about whether we can use the existing qubit control lines, which typically deliver microwave
signals to the qubit, to also apply a DC electric field bias to the qubit’s TLS bath. There are two
potential challenges to this approach. First, since a qubit control line necessarily couples an AC
voltage across the junction, a DC voltage applied to the same line will induce a charge offset across
the junction. However, this charge offset does not affect the qubit operation, because the transmon
is charge-insensitive5. The second challenge is that qubit control lines are typically engineered to
be weakly coupled to the qubit to limit radiative decay through the port, which makes it difficult
to apply a sufficiently large electric field near the junction where the majority of TLS defects are
present. To overcome this problem, we leverage symmetries in the circuit structure to decouple the
electric field that tunes the TLS defects from the electric field that drives qubit transitions.

As mentioned in Section 2.2, the transmon can be constructed as either a floating or grounded
oscillator. While these circuits are effectively equivalent in isolation, some important differences
are highlighted when we couple them to external circuitry. For a floating transmon, the qubit is
encoded in a differential mode, so it is sensitive only to a differential voltage bias and decoupled

4Below the critical current Ic, cooper pairs will tunnel across the junction to compensate for an applied
voltage bias.

5This is not quite true, as we will see later. It is typically only the lowest transitions that are charge
insensitive.
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Figure 6.2: Circuit model for the TIC-TAQ control line. (a) An effective circuit
diagram for the qubit/control-line system. The DC voltage bias for TLS control is combined
with the RF signal for qubit XY control with an off-chip bias tee. (b) A circuit model for
the reduced qubit-control line system showing the Y −∆ transform. When the capacitances
to the environmental impedance are balanced (δ = 0), there is no radiative loss through the
control line.

from a common-mode bias. Meanwhile, the TLS defects have much dipole moments that are many
orders of magnitude smaller and are scattered around the surfaces of the qubit electrodes. As a
result, they will be sensitive to electric fields induced by both a common-mode and differential
voltage bias. This allows us to engineer a very strong common-mode coupling the TLS defects
on the qubit pads, without inducing excess radiative decay on the qubit, by designing a nearly-
symmetric control line pad with similar capacitances to both qubit pads. Since this allows for the
targeted in-situ control of TLS and qubits, we call this architecture TIC-TAQ for short.

Fig. 6.2(a) shows a lumped element circuit model of a floating qubit coupled to the control line
(a semi-infinite CPW transmission line). The control line is modeled as an effective impedance to
ground,

Zenv =
1

Z−1
0 + iωCg,c

(6.3)

where Z0 = 50 Ω is the characteristic impedance of the CPW transmission line and Cg,c is the extra
capacitance to ground due to the coupling pad at the open end of the control line. We can make a
Y -∆ transform with the control-line circuitry (teal) to yield an equivalent circuit model, shown in
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Fig. 6.2(b), where

Za,c =
1 + iωZenv(C1,c + C2,c)

iωC2,c
(6.4a)

Zb,c =
1 + iωZenv(C1,c + C2,c)

iωC1,c
(6.4b)

Z ′
env =

1 + iωZenv(C1,c + C2,c)

−ω2ZenvC1,cC2,c

. (6.4c)

Now we can use the standard rules for simplifying parallel and series impedances to obtain the
admittance Yeff(ω) shunting the qubit capacitor and junction. This adds an effective capacitance
so that the total qubit capacitance CΣ becomes

CΣ = Cq + Im
[
Y ′
eff(ωq)

]
(6.5)

as well as an effective resistance R = 1/Re[Yeff(ωq)], where ωq is the qubit frequency. The analytic
expression for CΣ is given by

CΣ = Cq +
1

2

(
C1,cC2,c

Cc
+

Cg,1Cg,2

Cg

)1 + β
(
α+ 1

2(1 + α2) 1
Z0ω

(C1,c+Cg,1)(C2,c+Cg,2)
C1,cC2,cCg+Cg,1Cg,2Cc

)
1 + β2

 (6.6)

where Cg = (Cg,1 + Cg,2)/2 and Cc = (C1,c + C2,c)/2 are the average ground and coupling capaci-
tances, and we define the following dimensionless factors:

α = Cg,cZ0ω (6.7)

β = α+
1

2
(1 + α2)

1

Z0ω

Cc + Cg

CcCg
(6.8)

The effective resistance is given by

Reff =
1

Re[Yeff(ω)]
= Z0

[
1 + β2

δ2(1 + α2)

]
(6.9)

where we define the asymmetry factor δ as

δ =
C1,cCg,2 − C2,cCg,1

(C1,c + C2,c)(Cg,1 + Cg,2)
(6.10)

Finally, this leads to a qubit relaxation rate

Γ =
1

ReffCΣ
=

δ2(1 + α2)

Z0CΣ(1 + β2)
(6.11)

To simplify these expressions, we first note that when the asymmetry factor δ is small (i.e. Cg,1 ≈
Cg,2 and Cc,1 ≈ Cc,2), the scaling factor in Eq. 6.6 can be approximated as

α+
1

2
(1 + α2)

1

Z0ω

(C1,c + Cg,1)(C2,c + Cg,2)

C1,cC2,cCg + Cg,1Cg,2Cc
≈ α+

1

2
(1 + α2)

1

Z0ω

Cc + Cg

CcCg
= β (6.12)
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and CΣ can be simplified to

CΣ ≈ Cq +
1

2

(
C1,cC2,c

Cc
+

Cg,1Cg,2

Cg

)
, (6.13)

which is the expression we would have found for CΣ if the control line pad was just an isolated
node (Zenv → ∞). Next, we can rewrite α as Cg,cZ0ωq =

Cg,cZ0

CΣZq
. In the typical transmon regime,

Zq ∼ 103 Ω, and Cg,c/CΣ ∼ 15%, so α < 1% is a negligible contribution. Taking α ≈ 0, we can
simplify β to

β ≈ 1

Z0ω

(
1

Cc
+

1

Cg

)
(6.14)

and if Cc ≪ Cg, we can further simplify this to β ≈ (Z0ωCc)
−1 =

CΣZq

CcZ0
≫ 1. Finally, putting all

this together, we find that

Γ ≈
Z0ω

2
q (δCc)

2

CΣ
(6.15)

which looks like the expression we derived previously for a grounded qubit6 with a coupling capac-
itance Cc → δCc that is rescaled by the asymmetry factor.

This expression confirms our intuition about the nearly-symmetric control line. In most cases,
Cg,1 ≈ Cg,2, so δCc ≈ 1

2(C1,c − C2,c), and the perfectly symmetric case Cc,1 = Cc,2 ⇒ δ = 0 leads
to no radiative decay, but also no coupling. More generally, we can view the circuit as a capacitive
voltage divider that sets the voltages V1 and V2 on the qubit pads, relative to an applied voltage
on the control line. Thus, even when Cg,1 ̸= Cg,2, we can compensate by adjusting C1,c and C2,c to
symmetrize the circuit and make V1 = V2. In practice, this gives us enough degrees of freedom to
make C1,c, C2,c arbitrarily large while independently controlling δ ≪ 1 to reach the desired level of
radiative decay and qubit-control line coupling.

Fig. 6.3(a) shows the simulated coupling quality factor for the control line design we use. At
a pad distance of 15 µm, we are able to achieve coupling capacitances Cc ∼ 0.5 fF, which is more
than an order of magnitude larger than the typical coupling capacitance of ∼25 aF for a grounded
transmon, while maintaining a radiation-limited T1 time of well above 1 ms [10]. We also simulate
the electric field distribution on the surfaces of the qubit using Maxwell 3D, which shows that a
1V voltage bias applied to the control line can induce electric fields |E| > 130 V/m even at the far
edge of the qubit pad. This corresponds to a tuning sensitivity, γE ∼ 4 MHz/V for a typical dipole
moment pTLS ∼ 3 debye [176, 23].

6.4 TLS Spectroscopy

Before we continue, we will take a slight detour to explain in more detail how we characterize the
TLS spectral landscape for each qubit. In the early days, TLS defects were identified primarily
through avoided crossings in the qubit’s frequency spectrum, which occur due to hybridization
between the qubit and a TLS. However, identifying TLS through resonant enhancements of the
qubit relaxation rate offers a more sensitive probe for observing TLS defects with weaker coupling

6See Eq. 3.8
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Figure 6.3: Control line parameters for TLS tuning. (a) Simulated coupling quality
factors for the control line design as a function of the distance between the control line pad
and the qubit pads, and the pad asymmetry. The zero-coupling point (infinite coupling Q)
occurs at a non-zero asymmetry due to the capacitive loading from the readout resonator
pad (RR). This breaks the symmetry between the two effective ground capacitances. (b)
A rendering of a single qubit on the experimental device showing the qubit capacitor pads
(QB), the readout resonator coupling pad (RR), and the TIC-TAQ control line (CL). The
simulated electric field distribution on the surface of the device is shown for a 1 V DC bias
applied at the control line. The inset shows the dependence of the TLS frequency on the
applied electric field, E⃗, and the TLS electric dipole moment, p⃗.

to the qubit [11]. This method, often referred to as swap spectroscopy or simply TLS spectroscopy,
is essentially a qubit T1 measurement performed over a range of frequencies. The qubit is prepared
in the excited state, and the |1⟩-state population is measured as a function of the delay time, during
which the qubit frequency is swept. It relies on the fact that when a qubit is resonant with the
TLS, any excitations will swap into the TLS where they are quickly dissipated into a lossy phonon
bath. As a result, the qubit relaxation rate Γ1 gains a frequency difference [11]:

Γ1 =
2g2Γ

Γ2 +∆2
+ Γ1,q (6.16)

where Γ1,q is the intrinsic qubit relaxation rate, Γ = Γ2,TLS + Γ2,q is the sum of the qubit and
TLS decoherence rates, g is the qubit-TLS coupling strength, and ∆ = ωq −ωTLS is the qubit-TLS
detuning. We see that this creates a Lorentzian peak in the frequency-dependent qubit relaxation
rate Γ1(ω), whose width scales with Γ ≈ Γ2,TLS and height scales with g2. Thus, given Γ1(ω), we
can fit each peak to extract both the coupling rate and T2 for each TLS.

If we only need to identify the TLS frequency, we can simplify the procedure by measuring the
excited state population P1 after only a single fixed-time delay, while sweeping the qubit frequency
[31]. This speeds up the measurement by a factor n, where n is the number of time we would have
used to measure the qubit’s energy relaxation rate Γ1, at the cost of reducing the bandwidth of
TLS coupling strengths that can be detected. Here, the time delay, τ , between the qubit excitation
pulse and the measurement must be chosen carefully, since the resulting spectrum will be most
sensitive to TLS defects with 2g2/Γ ∼ τ−1 [93]. We must also be careful that any SPAM errors are
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Figure 6.4: Multi-level corrections to the AC Stark shift. (a) A level diagram for the
lowest three-levels of a transmon qubit. A drive on the transmon will always couple to every
transition in the system, leading to corrections from the two-level system model for the AC
Stark shift. (b) A comparison of the numerical (solid) and analytical (solid) calculations for
the multi-level AC Stark shift as a function of drive frequency, on both the |0⟩–|1⟩ and |1⟩–|2⟩
transitions of the transmon. The two methods agree up to the two-photon corrections, that
are ignored by the analytical model.

sufficiently frequency-independent, since we are now using the excited state population as a proxy
for the qubit decay rate.

Multi-level Corrections to the AC Stark Shift

During the delay time, we must tune the qubit frequency in order to sample the spectral landscape,
and there are generally two ways to do this. If the qubit is flux-tunable, like the split-junction
transmon or fluxonium, this is straightforward, but one of the primary goals of TLS tuning is to
alleviate the need for DC flux control of the qubit frequency. Instead, we rely on the AC stark
effect to gain spectral control over a single-junction or “fixed-frequency” transmon [31]. To do so,
we apply an off-resonant microwave drive to the qubit to adiabatically map the qubit onto a floquet
qubit with a shifted frequency [150].

However, since the transmon is a multi-level system, the formulas we derived in Sec. 4.1 are
only valid in the weak driving limit. To accurately model the frequency shift over a sufficiently
wide bandwidth, we must now take into account the additional contributions from the higher-
levels [177]. While the exact frequency shift in this case is typically numerically calculated using
Floquet analysis [150], we can still construct an approximate analytical formula for each transition
by summing the contributions from the adjacent two-level subspaces.

We recall from Sec. 4.1 that the Stark shift due to an off-resonant tone for each two-level
subspace in isolation is given by

δ
(0)
n,n−1 = ω̃n − ωn = sgn(∆n)Λn −∆n (6.17)

where Λn =
√

nΩ2 +∆2
n and the superscript reminds us that this is the lowest order approximation.

Here, ωn is the frequency of the |n− 1⟩–|n⟩ transition, and ∆n = ωn − ωd is the detuning between
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Figure 6.5: Experimental validation of the multi-level AC Stark shift model. (a)
The experimental pulse sequence used to measure the effective qubit frequency under an
off-resonant drive. The Stark shift drive is sandwiched between a Ramsey interferometry
measurement. (b)-(c) Experimental measurements of the AC Stark shift as a function of
the drive amplitude at frequencies near the |0⟩–|1⟩ (b) and |1⟩–|2⟩ (c) transitions. The
experimental data points are plotted as circles, and overlaid on top of both the analytical
and numerical predictions.

the transition frequency and the drive frequency ωd. Then, we can make the assumption that the
off-resonant drive acts on each level independently, so we divide the Stark shift on each transition
evenly between the two eigenstates involved. However, since the |n⟩ state is involved in both the
|n− 1⟩–|n⟩ and |n⟩–|n+ 1⟩ transitions, we must add this contribution to the Stark shift for both
transitions. Thus, the corrected Stark shift is given by

δn ≈ δ
(0)
n,n−1 −

1

2
δ
(0)
n−1,n−2 −

1

2
δ
(0)
n+1,n (6.18)

where the minus sign on the contributions from adjacent transitions indicates that they shift the
levels in the opposite direction. Fig. 6.4(b) compares the numerically calculated Stark shift with
the analytical formula in Eq. 6.18 for the |0⟩-|1⟩ transition of a transmon as a function of the
drive frequency. We see that the two are in good agreement except near ω02/2 and ω13/2, where
multi-photon effects come into play. We also validate this experimentally in Fig. 6.5, where we
show the measured Stark shift on both the |0⟩-|1⟩ and |1⟩-|2⟩ transitions as a function of the
drive strength, plotted against both the numerical and analytical curves. While we see that this
analytical method gives good agreement up to much stronger drive strengths, we can also recover
the simpler expression given in Ref. [31] by taking the limit of small Ω for the lowest energy level
of the transmon:

δ1 ≈ δ
(0)
01 − 1

2
δ
(0)
12 ≈ 1

2

(
Ω2

∆1
− Ω2

∆2

)
=

1

2

αΩ2

∆1(∆1 + α)
(6.19)

where α = ω01 − ω12 is the transmon anharmonicity.
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Although this is a useful method to frequency tune a single-junction transmon, an often cited
drawback is that the AC Stark shift only offers a practical tuning range of ∼100 MHz, compared to
the > 1 GHz tuning range with a flux-tunable transmon. For strong Stark drives, it also becomes
harder to maintain adiabaticity when mapping between the bare qubit and Floquet qubit frames,
and drive-induced heating can become an issue [150]. First, the accessible tuning range is more
than sufficient for the purpose of mitigating dropouts, since we are primarily trying to characterize
the TLS spectrum near the qubit transition. Second, we can use the higher levels of the transmon
to probe lower and lower frequency ranges, since the transmon anharmonicity is negative7. Thus,
we see that we can avoid many of the downsides of flux-tuning at the cost of some added complexity
to the TLS spectroscopy protocol.

6.5 Electric-Field Tuning of TLS

We now discuss our experimental demonstrations of local electric-field tuning with the TIC-TAQ
architecture. The experimental device, shown in Fig. 6.6(a), consists of 16 uncoupled single-
junction transmons. This allows us to demonstrate the relevant physics of TLS tuning without the
additional complexity of operating a fully-coupled device. The qubits and resonators are separated
into two nominally identical groups (A and B), with each group sharing a multiplexed readout
bus. The readout circuitry and Purcell filtering were described earlier in Sec. 3.3. Each qubit
also contains an individual control line, as described in Sec. 6.3. The TLS control voltages were
generated with a Yokogawa GS200 voltage source8, and since the control line ends in an open circuit,
we were able to apply DC voltages as high as ±30 V to the control line without any heating at the
sample. However, in order to avoid heating elsewhere in the fridge, we bypass the cryo-attenuators
by adding a Mini-Circuits ZX85-12G bias tee to each line at the MXC plate. This allows us to also
filter the DC and AC lines separately, in addition to maintaining a sufficiently large load impedance
for the DC voltage source so that there is no current draw.

We can now characterize the TLS spectrum for each qubit as a function of the applied voltage
bias. Fig. 6.6(b) shows the transition frequencies of TLS defects coupled to an example transmon
over a 30 V bias range, where we observe a range of tuning sensitivities γE between 9 MHz/V and
330 MHz/V. Here we measure P1 at a fixed time delay of 20 µs. The horizontal dashed line denotes
the fundamental frequency, f01, of the transmon qubit with no Stark shift, and the corresponding
line cut at constant frequency is shown in Fig. 6.6(c). Here, we see dips wherever the voltage bias
brings a TLS into resonance with the qubit. The vertical dashed lines mark two example voltage
biases: V1 = −0.15 V (yellow triangle) and V2 = 3.252 V (dark blue triangle). The corresponding
line cuts in Fig. 6.6(d) illustrate the drastic changes in the qubit’s dissipative environment under
the two bias conditions. We also notice an abrupt change in the TLS spectrum at Vb = 9 V, which
we hypothesize is due to a charge scrambling event that occurred during the total acquisition time
of ∼11 hours [197].

7When using the higher levels of the transition, we must remember that the energy relaxation rate scales
with n. However, the qubit-TLS coupling rate also scales

√
n, so we recover the same sensitivity.

8It is not clear that such a low noise voltage source is strictly necessary for the TLS control, although it
certainly does not hurt.
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Figure 6.6: Characterization of a qubit and its TLS environment for a varying
voltage bias. (a) A schematic of the 16-qubit “Everglades” device used in the experiment.
(b) T1 Stark shift spectroscopy as a function of applied voltage. The qubit |1⟩-state pop-
ulation P1 is measured at a fixed time of 20 µs. The horizontal dashed line denotes the
fundamental frequency, f01, of the transmon qubit with no Stark shift. The vertical dashed
lines mark two example voltage biases: V1 = −0.15 V (yellow triangle) and V2 = 3.525 V
(dark blue triangle). Each acquisition of P1 as a function of qubit frequency takes approx-
imately 1 minute for a total acquisition time of approximately 11 hours. At Vb = 9 V, we
see an abrupt change in the TLS spectrum, which may be due to a charge scrambling event
[197]. (c) Linecut of P1 as a function of the bias voltage. At V1 (yellow), we find a dip in
P1 corresponding to a TLS that is resonant with the qubit. In contrast, there is no resonant
TLS at V2 (dark blue). (d) Linecuts of P1 as a function of frequency at V1 (yellow) and V2
(dark blue). (e) The qubit frequency, f01, measured via ramsey interferometry as a function
of the bias voltage. (f) Single qubit Clifford randomized benchmarking (RB) as a function
of the bias voltage. (g) Qubit T1, T2,echo, and RB error rates (ϵP ) measured at V1 = −0.15
V (yellow) and V2 = 3.525 V (dark blue).
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Next, we confirm that the target qubit is not directly affected by a DC voltage bias on its control
line. As mentioned earlier, the voltage bias will also induce an offset charge, ng, across the junction.
However, we expect the exponentially suppressed charge dispersion of the transmon to ensure that
the qubit frequency remains insensitive to the voltage bias [105]. To verify this, we interleave a
Ramsey interferometry experiment to measure the qubit frequency at each voltage bias. In Fig.
6.6(e), we see that the qubit frequency remains largely unchanged at different voltage biases, apart
from avoided level crossings caused by resonantly coupled TLS defects. These observed frequency
shifts due to TLS represent an additional error mechanism for qubits in the presence, since any
gates performed under these conditions will be off-resonant and pick up additional phase errors.
However, this also provides an alternative method for extracting the qubit-TLS coupling rates from
different defects. Finally, we also interleave single qubit Clifford randomized benchmarking (RB)
[103, 81] measurements to verify that the qubit control is not adversely impacted by the applied DC
voltage. In Fig. 6.6(f), we see that the RB error spikes at voltage biases where a TLS is resonant
with the qubit, but otherwise does not show any coherent voltage dependence. Rather, the applied
voltage bias primarily impacts the qubit by coupling to and modifying its dissipative environment.

This independent control of the qubit’s noise environment with respect to its intrinsic properties
allows for the unconstrained optimization of important performance metrics, including the qubit
T1 time, T2,e time, and single qubit gate fidelities. In Fig. 6.6(g), we compare these metrics at the
two example voltage biases. At V1 = −0.15 V, where the qubit is approximately resonant with
a TLS, we see a 60% (35%) reduction in the qubit’s T1 (T2,e) time compared to V2 = 3.525 V,
where there is no resonant TLS. We also find a 35-fold increase in the single qubit RB error when
the TLS is on-resonance, from both the reduced coherence times and coherent errors caused by
the TLS-induced frequency shift. This highlights not only the mechanism by which TLS-induced
errors can cause dropout qubit, but also demonstrates how we can mitigate such errors with precise
control over the TLS defects.

6.6 Stabilizing the TLS Environment

Next, we use TIC-TAQ to address the instability of the TLS background over time, which is the
primary driver of performance instabilities for superconducting qubit systems [100, 26, 197]. As
mentioned earlier, the TLS landscape for given qubit can change drastically on a timescale of several
hours, due to either spectral diffusion [100] or charge scrambling events [197]. These changes can
bring a strongly coupled TLS into resonance with a qubit for a prolonged period of time, which
renders the qubit effectively inoperable and leads to a temporary dropout. To mitigate such errors,
we can periodically monitor the TLS environment for each qubit and apply a reactive voltage bias
in response to changes in the spectrum. This was first demonstrated in Ref. [114], where Lisenfeld
et. al. optimize a global electric field bias to tune the dominant strongly-coupled defects away
from the qubit frequency. We perform a similar two-step optimization procedure which we explain
below.

The general procedure for determining the optimal voltage biases, V opt
i , is outlined in Fig.

6.7(a). For each time step, ti, we first perform a coarse voltage scan (-10 V to 10 V) where we
do an TLS spectroscopy measurement to characterize the TLS landscape over a small frequency
window (f01±5 MHz). From these measurements, we obtain a |1⟩-state population P1,i(f, V ) after
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Figure 6.7: Stabilizing qubit performance with TIC-TAQ. (a) A diagram illustrating
the optimization procedure applied on qubit B1. (b) The optimal voltages V opt

i (blue) as
determined by the optimization algorithm as a function of time over a period of ∼38 hours
(top panel). The static baseline voltage, Vb = 0, (orange) is shown as a reference. The
RB error evaluated at V opt

i (blue) and Vb = 0 (orange) are shown in the bottom panel. (c)
Cumulative distributions of 500 repeated T1 measurements taken over a 22 hour time period.
The gray traces show the distributions measured at 51 static voltages, while the dark blue
trace shows the distribution measured at the optimal voltage V opt

i for each iteration. The
shaded gray region spans the minimum and maximum mean T1 time for all static voltage
configurations, and the vertical blue line denotes the mean T1 time for the dynamic voltage
configuration. The cumulative distributions of the (d) means (µ) and (e) standard deviations
(σ) for the static voltage biases are also plotted. The vertical line denotes the mean (standard
deviation) for the dynamic voltage configuration.
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a fixed time delay, which we use as a proxy for the frequency- and voltage-dependent T1. We
then average the traces over the sampled frequencies to compute an averaged signal P̄1,i(V ), which
effectively smooths the signal over voltage9. Next, we apply a weighted average over the P̄1,i(V )
from prior iterations to compute the loss function as

P1,i(V ) =
1

N

i∑
j=0

W (ti, tj)P̄1,j(V ), (6.20)

where the normalization factor N is given by N =
∑i

j=0W (ti, tj). This reduces statistical noise
and accounts for historical context to bias the loss function toward more stable voltage regions. We
then compute V ∗

i , for each iteration as

V ∗
i = argmaxV P1,i(V ) (6.21)

from the coarse-grained loss function to determine an initial estimate for the optimal voltage.
Finally, we refine the initial estimate V ∗

i by measuring the qubit T1 time in a small window around
V ∗
i and selecting the voltage that yields the highest T1 as V opt

i .
In Fig. 6.7(b), we show the optimal voltages V opt

i determined via this optimization procedure
as a function of time over a period of ∼38 hours. For our choice of hyperparameters, the process
of determining V opt

i takes approximately 200 seconds per iteration. Between these iterations, we
evaluate the single qubit gate errors at both V opt

i and a baseline voltage, Vb = 0 V. Over the full
measurement period, we measure a mean gate error of 1.8 × 10−3 for the baseline configuration,
which is 2.6× larger than the mean gate error of 6.8×10−4 that we find for the optimized voltages.
Moreover, at Vb = 0, we see many time periods with elevated single qubit gate errors, which
we attribute to the presence of a TLS that intermittently moves into resonance with the qubit
frequency. In contrast, the single qubit gate errors are relatively stable for the optimized voltages.

To better quantify these dropout events, we define an outlier threshold, εP,outlier, based on the
distribution of gate errors for the optimized configuration,

εP,outlier = Q3 + 1.5× (Q3 −Q1), (6.22)

where Q1 (Q3) is the first (third) quartile and Q3 − Q1 is the interquartile range (IQR). For the
dataset shown in Fig. 6.7(c), we calculate an outlier threshold of εP,outlier = 1.26 × 10−3. Using
this threshold, we detect an outlier 36% of the time for the baseline configuration, compared to
only 1.3% of the time for the optimized configuration.

While the improvement with dynamic optimization is strikingly clear, one could argue that the
performance improvement here was just due to the particular choice of the baseline voltage. To
preempt this argument, we perform a separate experiment where the qubit T1 time is measured
at many static voltage biases (51 points between −10 V and 10 V) over a period of ∼22 hours.
This allows us to simulate the effect of many independent cooldowns, which have been shown to
change the precise frequencies of TLS defects, but not their overall spectral densities [180, 41]. In
Fig. 6.7(c), we show the resulting T1 distributions for each of the static bias configurations in grey.

9Since the dependence of TLS frequency on voltage is locally linear, measuring P1(fq +∆f, V ) is equiv-
alent to measuring P1(fq, V + ∆V ), fq + ∆, where γE = ∆f/∆V is the tuning sensitivity of the TLS in
question. This allows us to sample intermediate voltages more quickly.
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The corresponding T1 distribution for the optimized voltage biases is shown in dark blue. Here,
we find that the optimized voltage biases resulted in a mean T1 of 52.5 µs, which represents a 14%
(38%) improvement over the best (worst) mean T1 across all static biases for the same time period.
Moreover, the standard deviation σdynamic = 8.4 µs for the optimized voltages is smaller than most
of the standard deviations σstatic for the static biases (σstatic ∈ [7.7, 14.4] µs). This highlights the
improvement, in both the absolute coherence times and also their relative stability, enabled by
dynamic TLS mitigation. However, this is to be expected, since a qubit is almost guaranteed to
suffer from a resonant TLS defect given sufficient time.

6.7 Local Tuning vs Global Tuning

While we have already discussed the importance of local TLS control, we now present some data to
validate our reasoning. To do this, we perform an experiment similar to the previous section, where
we compare the T1 distributions using both global and local TLS control on a set of 12 qubits. To
simulate a single global control knob, we fix the voltage bias for every qubit to the same value and
scan over many different voltage values. For the local configuration, we select the optimal voltage
bias for each qubit, using the same optimization procedure as before. We continuously monitor
each qubit for ∼26 minutes, and select the V opt

i from the final iteration to benchmark the local
TLS control.

Fig. 6.8(b) shows the distributions of the average T1 times (over ∼105 minutes) for 12 qubits.
We compare the distributions for 51 global bias values between −10 V and 10 V (grey) to the
distribution of average T1 times for the locally optimized voltage biases (dark blue). The local
configuration had a mean T1 of 44.3 µs across the 12 qubits, compared to a best (worst) mean T1

of 41.6 µs (34.1 µs) for the global configurations, representing a 6.5 − 30% improvement in mean
T1 compared to all global configurations.

However, while we find that the average T1 across the qubits is always better with local control,
this does not always strictly improve the T1 for each individual qubit. This can be explained in part
by TLS drift post-optimization, but we found that it was mainly the result of some DC crosstalk
between a subset of the qubit control lines. Crosstalk can be detrimental because it breaks the
assumption that each control line independently controls only a single qubit’s TLS environment,
and this is not accounted for in our parallelized optimization. We confirm this by measuring a
DC crosstalk matrix, where we use sweep the voltage bias on one control line at a time while
performing TLS spectroscopy on every qubit. Surprisingly, of the 132 potential qubit-control pairs
that we measured, only 7 pairs exhibited detectable levels of crosstalk. Closer inspection reveals
that this primarily occurs when a control line passes directly by a neighboring qubit. Since the
control line is shielded above by airbridge crossovers, this suggests that the coupling is mediated
primarily through the silicon substrate, and could be suppressed easily with the integration of
superconducting through-silicon vias in future devices [82].

6.8 Multi-Qubit Stabilization

As a final benchmark of local and dynamic TLS control, we repeat the experiment discussed in
Section 6.6 simultaneously on 6 qubits (selected to minimize crosstalk) for a total duration of ∼40
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Figure 6.8: Benchmarking TIC-TAQ across a multi-qubit device. (a) A schematic
illustrating the locally optimized (left) and global (right) voltage bias configurations. The 4
hatched squares represent qubits that were not measured. (b) A comparison of the cumula-
tive distributions of T1 times across 12 qubits with local optimization (dark blue) compared
to global optimization (gray). The yellow trace highlights the global configuration where
Vb = 0 for all qubits. The dotted lines denote the means of the corresponding distributions,
and the grey shaded region spans the minimum and maximum mean T1 times for all global
configurations. The inset shows the distribution of mean T1 times across the chip, with the
mean for the Vb = 0 V (yellow) and locally optimized (dark blue) configurations marked by
vertical lines. (c), (d) Repeated measurements of single qubit gate error (T1) on qubit A5,
measured at Vb = 0 V (orange) and V opt

i (blue). The black dashed line in (c) denotes the
outlier threshold for this qubit, defined in Sec. 6.6. (e) The number of outlier qubits across
the 6 qubit subset over 40 hours. (f), (g) The distributions of single qubit gate errors (T1
times) for each qubit. The circles denote outliers in the distribution and the horizontal lines
denote the mean RB error (T1 times) across all 6 qubits.
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hours. Between each iteration, we measure the qubit T1 and perform isolated single qubit RB on
each qubit at both the periodically optimized voltages V opt

i,q (where q represents the qubit index)
and Vb = 0 V. Fig. 6.8(c)((d)) shows the time-series of RB errors (T1 times) for a representative
qubit (QA5). For the static configuration, Vb = 0 V (orange), we find a sudden drop in the qubit T1

and a corresponding spike in the single qubit gate error beginning at approximately t = 21 hours.
In contrast, the qubit performance remains stable and unaffected by changes in the TLS spectrum
when the voltage bias is periodically optimized (blue).

For each qubit, we again calculate an outlier threshold10 to screen for TLS-induced outlier
events. Fig. 6.8(e) shows the number of outlier qubits over time for both voltage configurations.
Over a period of ∼40 hours, we detect one or more outlier qubits only 8.2% of the time with
periodic optimization, compared to 67% of the time at a static voltage. Moreover, we detect no
iterations with two or more simultaneous outliers with voltage optimization, compared to 18% of
the time at Vb = 0. Finally, we compare the distributions of both average gate error (Fig. 6.8(f))
and average T1 (Fig. 6.8(g)) for each of the 6 qubits over the entire experiment. Here, we see a
36% improvement in the average gate error with local and dynamic optimization (ε̄P = 7.6× 10−4)
compared to the static voltage Vb = 0 (ε̄P = 11.9× 10−4). Similarly, we see a 17% improvement in
the average T1 time with periodic local optimization (T̄1 = 43.3 µs) compared to the static baseline
voltage (T̄1 = 36.9 µs).

These results demonstrate the advantage of using TIC-TAQ to locally optimize the noise en-
vironment across a multi-qubit device and confirm that the spectral diffusion of TLS defects is
a dominant contributor to fluctuations in qubit performance. Notably, there was no recalibra-
tion of single qubit gate parameters over the entire 40 hour time period, highlighting the qubit’s
insensitivity to the TLS control parameter.

6.9 Outlook

In this chapter, we have introduced a scalable quantum control architecture, TIC-TAQ, to address
the threat of TLS defects in a multi-qubit device. Our method enables local and independent
control over each qubit’s dissipative environment with no additional on-chip overhead, making it
simple to integrate into current superconducting quantum processor designs. Leveraging in-situ
spectral tuning of TLSs, we demonstrate improvements to qubit coherence times and single qubit
gate performance that remain robust to changes in the TLS landscape. We also demonstrate the
scalability of our method, showing that we can simultaneously stabilize single-qubit performance
across 6 qubits over a 40 hour time period, with an overhead that does not scale with device
size. This work represents a substantial step towards resolving spatial and temporal performance
instabilities in superconducting quantum processors, and also opens the door to several interesting
avenues of research.

While our approach to performance stabilization relied on periodic optimization, several recent
works have also demonstrated error stabilization by slowly modulating a TLS control field such that
the qubit sees a different instantaneous noise environment on a shot-by-shot basis over an extended
measurement [97, 43]. This has the effect of averaging different TLS configurations and the resulting
noise, trading some excess relaxation for a more stable noise environment. We believe that this

10See Eq. 6.22
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Figure 6.9: Offset-charge dependence of MIST. (a) An FFT of Ramsey interferometry
measurements, on the |1⟩–|2⟩ transition of a transmon qubit, as a function of the applied
bias voltage. The two sinusoidal signals correspond to the even and odd charge parity
states. We fit the periodic signal to extract a gate charge period of 13.9 mV. (b) Offset
charge dependence of measurement-induced state transitions. We prepare the qubit in the
|0⟩ or |1⟩ state, and sweep the power of a 1 µs readout tone to bring the readout resonator
to a steady state photon number n̄. The measured probability of the qubit remaining in the
same state is plotted as a function of both n̄ and the offset charge.

can be a promising approach to complement the periodic optimization strategy discussed above
— characterization of the spectral landscape can help identify regions free from strongly-coupled
defects, and local averaging can be leveraged to stabilize the weakly coupled background. Another
approach is to simply keep up with the changing TLS background via real time characterization
and calibration. Notably, a recent experiment demonstrated the real-time calibration of a quantum
processor by training a reinforcement learning agent to directly leverage error detection events as a
learning signal for updating control parameters in-situ [186]. It is easy to imagine integrating the
TLS bias voltage as another control parameter in such a calibration framework, that would enable
parameter updates without interrupting a long-running algorithm.

The TIC-TAQ architecture also enables control of the transmon’s offset charge, which has
interesting implications for measurement-induced state transitions or transmon ionization, which
have recently regained attention as a key limitation for high-fidelity dispersive readout [175, 182,
94, 55]. Although the transmon is typically described as offset-charge insensitive, this is only
true for the lowest energy states. For a typical transmon with EJ/EC ∼ 80 − 100, we find MHz
levels of charge dispersion by the time we reach the |5⟩–|6⟩ transition. While this may not seem
like a problem at first glance, it can lead to offset-charge dependent readout errors, because these
unwanted state transitions are primarily mediated by the higher levels of the transmon [59]. In
Fig. 6.9(a), we show a measurement of the offset-charge dispersion of the |1⟩ − − |2⟩ state as a
function of the applied voltage bias, where we see a gate charge period (2e) of 13.9 mV. We find
the same periodic dependence in Fig. 6.9(b), where we measure the state-transition probability as
a function of mean photon number starting in both the |0⟩ and |1⟩ state. Notably, we see a small
offset-charge period relative to the range of typical bias voltages we apply for TLS optimization,
making it possible to independently optimize the TLS noise environment and stabilize the offset
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charge to a value that allows for higher power readout.
A final direction of interest involves leveraging TLS control to better understand and character-

ize fabrication processes, in hopes of accelerating efforts to further reduce the overall defect density.
Spectral diffusion of TLS defects make individual coherence measurements—at a single qubit fre-
quency and single point in time—incredibly poor predictors of the long-term average coherence
times of a superconducting qubit [31]. However, by measuring coherence times over a range of
applied voltages, we can very quickly sample the average TLS background [43]. We expect this to
accelerate research on materials and fabrication processes by enabling faster screening and process
characterization of both test devices and full-scale processors. TLS control also allows us to deter-
mine the distribution of TLS dipole moments and tunneling energies ∆0 in a given material, which
can yield a more holistic picture of the dielectric loss in a particular material platform [115]. This
can be further extended by placing multiple control electrodes around the qubit, allowing one to
triangulate the precise location, and potentially the full vector dipole moment, of individual defects.
This technique has already yielded evidence that the defect density is predominantly concentrated
at the surfaces of the shadow-evaporated aluminum leads [116], making the case for lift-off free
junction fabrication even stronger. We also envision future work combining local TLS control with
fluxonium qubits to enable the characterization of TLS defects over a much wider bandwidth, from
MHz to GHz frequencies.

These future directions highlight the dual capacity of local TLS control: it is at once a cali-
bration tool for actively stabilizing the performance of a quantum processor, but also a diagnostic
probe for better understanding the sources of decoherence. These two functions can work in tandem
to continue advancing the platform of superconducting qubits.
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Appendix A

Circuits

A.1 Resonances

Damped and driven harmonic oscillators are found in many physical systems beyond electrical
circuits. To build some physical intuition for such a system, we can consider a 1-dimensional driven

damped harmonic oscillator with mass m, intrinsic resonance frequency ω0 =
√

k
m , and damping

coefficient γ. The differential equation governing the motion of this system is given by

ẍ+ γẋ+ ω2
0x =

F (t)

m
(A.1)

For F (t) = 0, we can guess a solution of the form Aest, so we have

Aest
(
s2 + γs+ ω2

0

)
= 0. (A.2)

Solving for s, we find

s = −γ

2
±
√(γ

2

)2
− ω2

0 = −γ

2
± iω0

√
1−

(
γ

2ω0

)2

(A.3)

In the limit of small damping (γ < 2ω0), x(t) is of the form

x(t) =
(
x+e

iΩ0t + x−e
−iΩ0t

)
e−

γ
2
t (A.4)

where the new resonance frequency is

Ω0 = ω0

√
1− γ2

4ω2
0

≈ ω0

[
1 +

1

8

γ2

ω2
0

]
. (A.5)

Here we see that the homogeneous solution leads to transient behavior, which will tend to x(t) → 0
in the limit t ≫ γ−1.

In the case of a periodic driving force, we define Re[z(t)] = x(t), and we can write the equation
of motion as

z̈ + γż + ω2
0 =

F0

m
eiωt (A.6)
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and guess a solution of the form z(t) = Aeiωt. Plugging in this guess, we find

A
(
−ω2 + iγω + ω2

0

)
eiωt =

F0

m
eiωt (A.7)

from which we see that A is entirely fixed. We can solve for the amplitude and phase as

A =
F0

m

1(
ω2
0 − ω2

)
+ iγω

= xde
−iϕ (A.8)

xd =
F0

m

1√(
ω2
0 − ω2

)2
+ γ2ω2

ϕ = arctan

(
γω

ω2
0 − ω2

) (A.9)

What is worth noting is that the maximum amplitude response here occurs at a resonant driving
frequency

ωd =

√
ω2
0 −

γ2

2
= ω0

√
1− γ2

2ω2
0

(A.10)

A.2 Coupling

Capacitive T-Coupling

The Lagrangian for the system is

L =
1

2
Φ̇TCΦ̇− 1

2
ΦTL−1Φ (A.11)

where the capacitance and inverse inductance matrices are

C =

 C1 −C1 0
−C1 C1 + Cc + C2 −C2

0 −C2 C2

 L−1 =

 1
L1

0 0

0 0 0
0 0 1

L2

 (A.12)

From here, it is clear that ϕc does not appear in the Lagrangian so it is a free-variable that must
have a corresponding conjugate charge Qc that is conserved. The Euler-Lagrange equations tell us
that

∂L

∂ϕ̇c

= (C1 + Cc + C2)ϕ̇c − C1ϕ̇1 − C2ϕ̇2 = Qc (A.13)

so, we can express ϕ̇c in terms of the remaining node variables to eliminate it from the Lagrangian:

ϕ̇c =
1

CΣ

(
C1ϕ̇1 + C2ϕ̇2 +Qc

)
(A.14)

where CΣ = C1 + C2 + Cc is the sum of all capacitances at ϕc. We can multiply out the kinetic
energy term of the Lagrangian to get

EC =
1

2
Φ̇TCΦ̇ =

1

2
CΣϕ̇

2
c +

1

2
C1ϕ̇

2
1 +

1

2
C2ϕ̇

2
2 − C1ϕ̇1ϕ̇c − C2ϕ̇2ϕ̇c (A.15)
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Making the relevant substitutions, we find

1

2
CΣϕ̇

2
c =

1

CΣ

[
1

2
C2
1 ϕ̇

2
1 + C1C2ϕ̇1ϕ̇2 +

1

2
C2
2 ϕ̇

2
2 +

1

2
Q2

c + C1ϕ̇1Qc + C2ϕ̇2Qc

]
(A.16)

C1ϕ̇1ϕ̇c =
1

CΣ

[
C2
1 ϕ̇1 + C1C2ϕ̇1ϕ̇2 + C1ϕ̇1Qc

]
(A.17)

C2ϕ̇2ϕ̇c =
1

CΣ

[
C1C2ϕ̇1ϕ̇2 + C2

2 ϕ̇
2
2 + C2ϕ̇2Qc

]
(A.18)

so that

EC =
1

2
C1ϕ̇

2 +
1

2
C2ϕ̇

2
2 +

Q2
c

2CΣ
− 1

CΣ

[
1

2
C2
1 ϕ̇

2
1 + C1C2ϕ̇1ϕ̇2 +

1

2
C2
2 ϕ̇

]
(A.19)

We then group the corresponding terms and simplify the coefficients

C1 −
C2
1

CΣ
=

C1C2 + C1Cc

CΣ

C2 −
C2
2

CΣ
=

C1C2 + C2Cc

CΣ

(A.20)

to get a final kinetic energy term

EC =
1

2

C1Cc + C1C2

CΣ
ϕ̇2
1 +

1

2

C2Cc + C1C2

CΣ
ϕ̇2
2 −

C1C2

CΣ
ϕ̇1ϕ̇2 +

Q2
c

2CΣ
(A.21)

This corresponds to a capacitance matrix

C =
1

CΣ

(
C1Cc + C1C2 −C1C2

−C1C2 C2Cc + C1C2

)
(A.22)

where the kinetic energy term is now EC = 1
2Φ̇

TCΦ̇+ Q2
c

2CΣ
.

Inductive T-Coupling

The Lagrangian for the system is

L =
1

2
Φ̇TCΦ̇− 1

2
ΦTL−1Φ (A.23)

where the capacitance and inverse inductance matrices are

C =

C1 0 0
0 0 0
0 0 C2

 L−1 =

 L−1
1 −L−1

1 0

−L−1
1 L−1

1 + L−1
c + L−1

2 −L−1
2

0 −L−1
2 L−1

2

 (A.24)

Here we see that ϕ̇c does not participate in the Lagrangian, so ϕc is a frozen variable that cannot
change in time. The Euler-Lagrange equations tell us that

∂L

∂ϕc
=

1

LΣ
ϕc −

1

L1
ϕ1 −

1

L2
ϕ2 = 0 (A.25)
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so we conclude that ϕc is fixed in terms of the other two variables

ϕc =
LΣ

L1
ϕ1 +

LΣ

L2
ϕ2 (A.26)

where LΣ is now the reciprocal sum defined as L−1
Σ = L−1

1 +L−1
2 +L−1

c . The potential energy term
of the Lagrangian can be multiplied out as

EL =
1

2
ΦTL−1Φ =

ϕ2
1

2L1
+

ϕ2
2

2L2
+

ϕ2
c

2LΣ
− 1

L1
ϕ1ϕc −

1

L2
ϕ2ϕc (A.27)

Next, we group terms involving ϕc and make the relevant substitutions

ϕ2
c

2LΣ
=

LΣ

2

[
1

L2
1

ϕ2
1 +

2

L1L2
ϕ1ϕ2 +

1

L2
2

ϕ2
2

]
(A.28)

1

L1
ϕ1ϕc = LΣ

[
1

L2
1

ϕ2
1 +

1

L1L2
ϕ1ϕ2

]
(A.29)

1

L2
ϕ2ϕc = LΣ

[
1

L1L2
ϕ1ϕ2 +

1

L2
2

ϕ2
2

]
(A.30)

and we find that

ϕ2
c

2LΣ
=

1

2

[
1

L1
ϕ1ϕc +

1

L2
ϕ2ϕc

]
=

LΣ

2

[
1

L2
1

ϕ2
1 +

2

L1L2
ϕ1ϕ2 +

1

L2
2

ϕ2
2

]
(A.31)

We then substitute these terms into Eq. A.27, which results in the potential energy

EL =
1

2

1

L1
ϕ2
1 +

1

2

1

L2
ϕ2
2 −

1

2

LΣ

L2
1

ϕ2
1 −

1

2

LΣ

L2
2

ϕ2
2 −

LΣ

L1L2
ϕ1ϕ2 (A.32)

Finally, we group the corresponding terms and simplify the coefficients to find

1

L1
− LΣ

L2
1

=
1

L1

[
1− LΣ

L2

]
=

1

L1

[
L1L2 + L1Lc + L2Lc − L2Lc

L1L2 + L1Lc + L2Lc

]
=

L2 + Lc

L1L2 + L1Lc + L2Lc

(A.33)

and similarly
1

L2
− LΣ

L2
2

=
L1 + Lc

L1L2 + L1Lc + L2Lc
(A.34)

The resulting potential energy is

EL =
1

2

1

L1L2 + L1Lc + L2Lc

[
(L2 + Lc)ϕ

2
1 − 2Lcϕ1ϕ2 + (L1 + Lc)ϕ

2
2

]
(A.35)

which corresponds to an inverse inductance matrix

L−1 =
1

L1L2 + L1Lc + L2Lc

(
L2 + Lc −Lc

−Lc L1 + Lc

)
(A.36)
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From here it is relatively straightforward to check that

L =

(
L1 + Lc Lc

Lc L2 + Lc

)
(A.37)

and we notice that this looks very similar to the capacitance matrix C for the capacitive π-circuit,
except the off-diagonal terms have opposite sign.

Coupling Efficiency for a Floating and Grounded LC Oscillator

Here we will derive the coupling efficiency between a floating and grounded LC oscillator. In the
circuit (Fig. 2.7(a)), we see that there are three nodes, with fluxes ϕa,1, ϕa,2, and ϕb, which results
in the capacitance matrix

C =

Cg + Ca + C1 −Ca −C1

−Ca Cg + Ca + C2 −C2

−C1 −C2 Cb + C1 + C2

 (A.38)

To determine the effective coupling between the two modes, we must make a basis transformation,
defined by ϕa,+

ϕa,−
ϕb

 =

1 1 0
1 −1 0
0 0 1


︸ ︷︷ ︸

U

ϕa,1

ϕa,2

ϕb

 (A.39)

so that the effective capacitance matrix becomes C̃ = U−1CU−1. Then, the resulting capacitance
matrix becomes:

C̃ =

1
2 (Cg + C+)

1
2C− −C+

1
2C− C ′

a +
1
2C+ −C−

−C+ −C− Cb + 2C+

 (A.40)

where we define C± = (C1 ± C2)/2, and C ′
a = Ca +

1
2Cg. The coupling efficiency is then given by

Kgf =
C̃−1

23√
C̃−1

22 C̃
−1
33

(A.41)

The matrix elements can be computed as

det(C̃)C̃−1
22 =

1

2
(Cg + C+)(Cb + 2C+)− C2

+ (A.42a)

=
1

2
[Cb(Cg + C+) + 2CgC+] (A.42b)

det(C̃)C̃−1
33 =

1

2
(Cg + C+)

(
C ′
a +

1

2
C+

)
− 1

4
C2
+ (A.42c)

=
1

2

[
C ′
a(Cg + C+) +

1

2
CgC+

]
(A.42d)

det(C̃)C̃−1
23 = −1

2
C+C− +

1

2
(Cg + C+)C− =

1

2
CgC− (A.42e)
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Finally, we can substitute these expressions into Eq. A.41 to obtain

Kgf =
CgC−√

(Cb(Cg + C+) + 2CgC+)
(
C ′
a(Cg + C+) +

1
2CgC+

) (A.43a)

=
γC−√(

C ′
a +

1
2γC+

)
(Cb + 2γC+)

(A.43b)

where we define γ =
Cg

Cg+C+
.

Coupling Efficiency for two Floating LC Oscillators

We will now derive the coupling efficiency between two floating LC oscillators. In the circuit (Fig.
2.7(b)), we see that there are now four nodes, with fluxes ϕa,1, ϕa,2, ϕb,1, and ϕb,2 which results in
the capacitance matrix:

C =


Ca + Cg + C11 + C22 −Ca −C11 −C12

−Ca Ca + Cg + C21 + C22 −C21 −C22

−C11 −C21 Cb + Cg + C11 + C21 −Cb

−C12 −C22 −Cb Cb + Cg + C12 + C22


(A.44)

We again make a basis transformation to determine the effective coupling between the two modes,
which is now given by 

ϕa,+

ϕa,−
ϕb,+

ϕb,−

 =


1 1 0 0
1 −1 0 0
0 0 1 1
0 0 1 −1


︸ ︷︷ ︸

U


ϕa,1

ϕa,2

ϕb,1

ϕb,2

 (A.45)

so that the effective capacitance matrix becomes C̃ = U−1CU−1. Now, the effective capacitance
matrix in the new basis is:

C̃ =


1
2(Cg + CΣ)

1
2(Cα + Cβ) −1

2CΣ −1
2(Cα − Cβ)

1
2(Cα + Cβ) C ′

a +
1
2CΣ −1

2(Cα + Cβ) −1
2C∆

−1
2CΣ −1

2(Cα + Cβ)
1
2(Cg + CΣ)

1
2(Cα − Cβ)

−1
2(Cα − Cβ) −1

2C∆
1
2(Cα − Cβ) C ′

b +
1
2CΣ1

 (A.46)

Here we have defined the new variables:

CΣ =
1

2
(C11 + C22 + C12 + C21) (A.47a)

C∆ =
1

2
(C11 + C22 − C12 − C21 (A.47b)

Cα =
1

2
(C11 − C22) (A.47c)

Cβ =
1

2
(C12 − C21) (A.47d)

C ′
i = Ci +

1

2
Cg (A.47e)
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The coupling efficiency is now given by

Kff =
C̃−1

24√
C̃−1

22 C̃
−1
44

(A.48)

and the matrix elements are now given by

det(C̃)C̃−1
22 = Cg

[
1

2

(
1

2
Cg + CΣ

)(
C ′
b +

1

2
CΣ

)
− 1

4
(Cα − Cβ)

2

]
(A.49a)

det(C̃)C̃−1
44 = Cg

[
1

2

(
1

2
Cg + CΣ

)(
C ′
a +

1

2
CΣ

)
− 1

4
(Cα + Cβ)

2

]
(A.49b)

det(C̃)C̃−1
24 =

1

4
Cg

[
C∆

(
1

2
Cg + CΣ

)
− (C2

α − C2
β)

]
(A.49c)

We then substitute these expressions into Eq. A.48 to obtain the coupling efficiency

Kff =
1

2

C∆ − C2
α−C2

β

CΣ+
1
2
Cg√(

C ′
a +

1
2CΣ − 1

2
(Cα+Cβ)2

CΣ+
1
2
Cg

)(
C ′
b +

1
2CΣ − 1

2
(Cα−Cβ)2

CΣ+
1
2
Cg

) (A.50)
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