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Abstract of the Dissertation

Plasma Wakefield Experiments in the Quasi Nonlinear
Regime

by

Samuel Krebsbach Barber

Doctor of Philosophy in Physics

University of California, Los Angeles, 2015

Professor James B. Rosenzweig, Chair

A resonant interaction of high brightness electron pulse trains with a plasma in the quasi

nonlinear regime has been demonstrated. This interaction manifests itself in the form of

strong guiding of the electron pulse train when the spacing between the bunches is appropri-

ately tuned to the plasma wavelength such that each successive bunch is loaded primarily in

the focusing wake of the bunches preceding it. By varying the plasma density and imaging

the transverse profile of the electron pulse train immediately downstream of the plasma this

resonant interaction becomes apparent. Further, by comparing results with a single long

electron beam with a length equal to the total pulse train length, the interaction can be

viewed as a suppression of various instabilities, hosing, self-modulation etc.
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CHAPTER 1

Introduction

Conventional radiofrequency (RF) based accelerator systems have carried the field of exper-

imental high energy physics (HEP) over the past 6-7 decades and have produced many of

the most memorable discoveries in physics over that time [1, 2]. More recently, accelera-

tor systems found a new purpose in the production of tunable, high brightness sources of

x-rays[3]. These light sources, which provide a tool for observations at spatial and temporal

scales unmatched by any other method, have revolutionized fields like materials science and

biological imaging.

In all of these applications of RF accelerators, costs directly related to size fundamentally

limit their growth and accessibility to a wider range of users. Specifically, proposals for the

next generation of high energy colliders like the International Linear Collider (ILC)[4] and

Compact Linear Collider (CLIC) [5] face uncertain futures. Even in the event one of these

projects does find a foothold and get funded, it will almost certainly be the last machine in

the line of conventional RF based colliders. The advancement of colliders, and therefore the

high energy frontier, beyond the immediate future will require a paradigm shift.

Light sources like synchrotrons have always found a broad user group and have produced

an impressive output across many sectors [6]. With the advent of the X-ray FEL [3], a fourth

generation light source, another major breakthrough was made. Still in the relatively early

stages, researchers have flocked to secure time with X-ray FELs to the point at which only

a small percentage of proposals can actually be granted. Scaling down X-ray FELs from the

kilometer scale to meter scale would allow these machines to find homes at the university level

instead of being relegated to billion dollar scale projects requiring congressional approval.

Without a doubt broader access to the intensely powerful properties of X-ray FELs would
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certainly usher in a wave scientific breakthroughs.

It is under these auspices that the field of advanced acceleration techniques has become

prodigious field in its own right. Motivated by impending costs threatening to stymie the

rich studies and applications derived from particle accelerators, researchers have long looked

towards new methods that could rescale projects to more affordable sizes. In the case of high

energy applications, i.e. linear colliders, FELs, etc. the size of the accelerator has primarily

been dictated by the maximum achievable acceleration gradient, which in conventional RF

based systems is generally limited to about 100 MeV/m. And in practical implementations,

this gradient is generally much lower. Taking into account a spatial fill factor and additional

magnets etc., the production of 10 GeV electrons generally requires about 1 km of space.

With this in mind, numerous suggestions for higher gradient acceleration schemes have

been suggested [7, 8, 9]. One of the more exciting possibilities is to use wakefields driven

in a plasma as an acceleration medium [8, 9]. The acceleration gradients that plasma can

support are almost unfathomably high [10]. Acceleration gradients of 10-100 GeV/m are now

routinely achieved [11]. In making practical use of these ultra high acceleration gradients,

however, there are several nontrivial challenges.

Of primary concern for nearly all potential applications is preserving high quality phase

space of the accelerated bunch. The original proposal for plasma based acceleration as-

sumed operation in the linear regime which has gradually revealed its inherent limitations.

Due in large part to the non ideal focusing and accelerating fields, emittance and energy

spread growth minimization requires overly complicated beam shaping. The discovery of

the nonlinear, or blowout, regime [12] with its linear transverse focusing fields and radially

independent acceleration gradient, provided a convenient alternative to acceleration of high

quality bunches, as has been demonstrated experimentally using both particle beam drivers

and laser drivers[13, 14].

Also of critical importance, particularly with the aim of developing a TeV class PWFA

based lepton collider, is the energy transfer efficiency; both from the drive pulse to the wake-

field and then from the wakefield to the trailing, or “witness”, bunch. With the former in

2



mind, there is a notable advantage in using particle beams versus laser drivers to excite the

wake as the dephasing length can be orders of magnitude longer, thus yielding a drastically

higher energy transfer from driver to wake. Regardless of how the wake is excited, however,

energy transfer from the wake to the witness beam can indeed be very high in the nonlinear

regime as has been shown both analytically and experimentally [15, 13]. Further, with prop-

erly shaped bunches, the wake to witness efficiency can approach 100% while simultaneously

minimizing growth of energy spread.

These distinct advantages of the nonlinear regime have steered the focus of much of

the present work in plasma based acceleration. There are, however, potential drawbacks to

the highly nonlinear regime. The generation of plasma dark current due to the trapping of

extraneous plasma electrons can parasitically load the wake. Additionally, due to factors such

as amplitude dependent periodicity, the blowout regime generally precludes the possibility

to exploit any kind of resonant interaction with the wakefield and instead dictates that a

single drive and witness pair be used for each acceleration module. In this configuration,

achieving acceptably high energy transfer efficiency imposes a strict tradeoff between the

amount of charge accelerated and the gradient experienced by that charge. Further, without

asymmetric bunch shaping the transformer ratio for a single drive/witness combination is

limited to less than two [16].

An alternate approach to the single drive/witness pair is to use pulse trains of electron

beams to interact in a resonant fashion with the generated wakefield[8, 17, 18]. In this case,

rather than absorb all of the wakefield energy with a single witness in the first “bucket”

of the driver bunch, several witness bunches can be distributed in multiple trailing periods

of the wakefield, each extracting energy. In order that the acceleration gradient remain

constant for each accelerating bunch, after each accelerated bunch a secondary drive bunch

can be appropriately phased to the wakefield to restore the extracted energy of the witness

bunch preceding it. In this scheme the beam loading of each accelerated bunch can be

kept relatively light thereby maximizing the acceleration gradient it experiences. Normally

light beam loading comes at the expense of wasted energy. However, even with light beam

loading, by extracting and depositing energy over multiple periods of the wakefield, the

3



energy transfer efficiency can be quite good and essentially will approach unity in the case of

a long pulse train. Resonant interaction with the wakefield also offers the notable advantage

of using a scheme like a ramped bunch train to increase the transformer ratio [19].

The benefits of using pulse trains, however, are tempered by the fact that resonant

excitation has generally relied on operation in the linear regime, which carries with it the

complications related to the non ideal focusing and accelerating fields. It has been suggested

that in an intermediary regime, the so-called quasi nonlinear regime, the advantages of both

resonant excitation and blowout can be harnessed simultaneously [20]. In this regime, the

wakefield is driven by bunches with relatively low charge such that the normalized charge Q̃,

defined as the ratio of the number of beam electrons to number of plasma electrons inside of

cubic plasma skin depth:

Q̃ ≡
Nbk

3
p

np
= 4πkpreNb

is less than 1. Keeping this value less than one mitigates strong nonlinear effects such as

wavebreaking and parasitic particle trapping and maintains periodicity of the wakefield at the

plasma wavelength. With sufficiently low emittance and strong focusing, this small amount

of charge can be confined to a small enough volume such that the beam density exceeds the

plasma density nb > np, the basic requirement for creating blowout of the plasma electrons.

The primary thrust of this work is to perform experimental studies in this relatively

unexplored regime of plasma wakefield acceleration. In particular, we are interested in

exploring resonant interactions of multi bunch trains of electron beams with a plasma in the

quasi nonlinear regime. The proposed experiments were carried out at the Accelerator Test

Facility (ATF) at the Brookhaven National Lab (BNL).

This thesis is structured in the following way: the second chapter will review a number

key theoretical concepts pertaining to PWFA, specifically linear theory, 3D nonlinear theory

and a few considerations revolving various transverse instabilities. The third chapter will be

dedicated to a study of the quasi nonlinear regime through particle-in-cell simulations and

comparison to both linear and nonlinear theory. The fourth chapter will describe the planned

experiment, preparations and diagnostics. The final chapter will discuss experimental results

4



with an emphasis on the transverse dynamics of the electron beams after interaction with

the plasma.
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CHAPTER 2

PWFA Theory

A considerable effort has been dedicated to understanding PWFA from an analytic stand-

point. In the initial studies, wakefields were assumed to be driven by small perturbations to

the plasma and the corresponding dynamics and fields could be readily derived from linear

fluid theory [8, 9]. More recently, a theory was developed to describe the 3D nature of wake-

fields driven in the highly nonlinear regime [21, 22]. These theories form the foundation of

PWFA. As such, it is prudent to review the basic characteristics of these theories.

2.1 Derivation of the Fields in Linear PWFA theory

An understanding of linear PWFA theory provides a solid foundation for more complex

topics, and it can be derived rather quickly and simply. The method shown here is to

directly solve for the fields and closely follows a derivation provided by [23]. First we can

write the wave equations for the vector and scalar potentials in the Lorentz gauge

(
∇2 − 1

c2

∂2

∂t2

)
A (r, t) = −µ0J (r, t) (2.1)

(
∇2 − 1

c2

∂2

∂t2

)
Φ (r, t) = − ρ

ε0
(r, t) (2.2)

Noting that E = −∇Φ − 1
c
∂
∂t
A, we can take the partial time derivative of (2.1) and

gradient of (2.2) and add the results to obtain the following equation for the electric field:

(
∇2 − 1

c2

∂2

∂t2

)
E (r, t) =

1

ε0

(
∇ρ (r, t) +

1

c2

∂J

∂t

)
(2.3)
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The goal is to determine the response of the plasma to a passing charged particle beam

and so it makes sense to separate the source terms on the RHS into the beam related

contributions and the plasma response. Using ρ (r, t) = ρb + ρp and J (r, t) = Jb +Jp we can

rewrite (2.3) in the following way

(
∇2 − 1

c2

∂2

∂t2

)
E (r, t) =

1

ε0
∇ (ρb + ρp) +

1

ε0c2

∂

∂t
(Jb + Jp) (2.4)

where the subscripts b and p refer to the beam and plasma. Thus far nothing specific to

linear PWFA has been mentioned, but at this point some approximations are employed,

namely that the plasma is collisionless, cold, stationary and unmagnetized. Furthermore, on

the timescales of the passing electron beam, the significantly more massive plasma ions are

relatively unaffected. In this case, the momentum equation for the plasma electrons is

menpe

(
∂vpe
∂t

+ (vpe · ∇)vpe

)
= −enpeE (2.5)

Next, we want to linearize the above equation using vpe = v0 + v1 = v1 where the

subscripts 0 and 1 indicate the background and perturbed quantities. Note that v0 = 0

since the plasma is assumed stationary in the lab frame. Then (2.5) becomes

me

(
∂v1

∂t
+ (v1 · ∇)v1

)
= −eE

me
∂v1

∂t
= −eE

∂Jp
∂t

=
e2npe
me

E

1

ε0

∂Jp
∂t

= ω2
pE (2.6)

where only linear terms of the perturbation are kept, ωp is the electron plasma frequency

and the substitution v1 = −Jp/enpe is made. Plugging (2.6) back into (2.4) gives:

(
∇2 − k2

p −
1

c2

∂2

∂t2

)
E (r, t) =

1

ε0
∇ (ρb + ρp) +

1

ε0c2

∂

∂t
Jb (2.7)
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Taking the curl of (2.7) and noting ∇× E = − ∂
∂t
B, and that the curl of a gradient is 0

(
∇2 − k2

p −
1

c2

∂2

∂t2

)
∂

∂t
B (r, t) = − 1

ε0c2

∂

∂t
(∇× Jb)

= − 1

ε0c2
(∇× Jb) (2.8)

Now we make the substitution to the co-moving variable ξ = vbt− z, with ∂
∂t

= vb
∂
∂ξ

and
∂
∂z

= − ∂
∂ξ

and expand the operator on the LHS of (2.7) and (2.8)

∇2 − k2
p −

1

c2

∂2

∂t2
=

∂2

∂r2
+

1

r

∂

∂r
+

1

r2

∂2

∂φ2
+

∂2

∂z2
− k2

p −
1

c2

∂2

∂t2

=
∂2

∂r2
+

1

r

∂

∂r
+

1

r2

∂2

∂φ2
+

∂2

∂ξ2
− k2

p − β2 ∂
2

∂ξ2

= ∇2
⊥ − k2

p +
∂2

∂ξ2

(
1− β2

)
= ∇2

⊥ − k2
p +

1

γ2

∂2

∂ξ2
(2.9)

where ∇2
⊥ = ∇2 − ∂2

∂z2 .

If we assume the source is cylindrically symmetric (an assumption that does not hold in

the case of hosing) the source term for (2.7) using Jb = ẑvbρb becomes

1

ε0
∇ (ρb + ρp) +

1

ε0c2

∂

∂t
Jb =

1

ε0

(
r̂
∂

∂r
+ φ̂

1

r

∂

∂φ
− ẑ ∂

∂ξ

)
(ρb + ρp) + ẑ

β2

ε0

∂

∂ξ
ρb

=
r̂

ε0

∂

∂r
(ρb + ρp)−

ẑ

ε0

∂

∂ξ

(
ρb
γ2

+ ρp

)
(2.10)

Likewise, the source term for (2.8) becomes

− 1

ε0c2
(∇× Jb) = − 1

ε0c2
(∇× ẑvbρb)

= φ̂
β

ε0c

∂

∂r
ρb (2.11)
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Combining (2.7) through (2.11) we have the following equations for the fields:

(
∇2
⊥ − k2

p +
1

γ2

∂2

∂ξ2

)
E (r, t) =

r̂

ε0

∂

∂r
(ρb + ρp)−

ẑ

ε0

∂

∂ξ

(
ρb
γ2

+ ρp

)
(2.12)(

∇2
⊥ − k2

p +
1

γ2

∂2

∂ξ2

)
B (r, t) = φ̂

β

ε0c

∂

∂r
ρb (2.13)

To continue, it makes sense to reformulate the source terms of (2.12) and (2.13) in terms

of the drive beam only. This is accomplished by deriving the relation between ρb and ρp

using the linearized momentum (2.6), and continuity equations for plasma electrons. The

linearized continuity equation is given by:

∂npe
∂t

+∇ · (npevpe) = 0

∂npe
∂t

+∇ · ((n0 + n1)v1) = 0

∂npe
∂t

+ n0∇ · v1 = 0 (2.14)

Taking a partial time derivative of the above yields:

∂2npe
∂t2

+ n0∇ ·
∂

∂t
v1 = 0

Plugging in the result of the linearized momentum equation for ∂
∂t
v1

∂2npe
∂t2

− n0e

me

∇ · E = 0

∂2npe
∂t2

− n0e

meε0
(ρb + ρp) = 0

∂2ρp
∂t2

+ ω2
pρp = −ω2

pρb

In the last step we use ρp = −enpe. Finally, rewriting using the co-moving variable ξ

(
∂2

∂ξ2
+
ω2
p

v2
b

)
ρp = −

ω2
p

v2
b

ρb

9



(
∂2

∂ξ2
+
k2
p

β2

)
ρp = −

k2
p

β2
ρb (2.15)

This equation is simply the 1D inhomogeneous Helmholtz wave equation.

At this point, solving the system of equations comprised of (2.12), (2.13) and (2.15)

proves easier in the reciprocal space of ξ. We suppose that each E, B, ρp, and ρb have the

following form for their Fourier integral representations

Ψ (r, ξ) =
1

2π

ˆ ∞
−∞

Ψ̃ (r, k) e−ikξdk (2.16)

and corresponding inverse transformations

Ψ̃ (r, k) =

ˆ ∞
−∞

Ψ (r, ξ) eikξdξ (2.17)

Starting with (2.15), we substitute 2.16 and solve for ρ̃b

ρ̃p =
k2
p/β2

k2 − k2
p/β2

ρ̃b

Plugging this result back into the Fourier transformed versions of (2.12) and (2.13) yields

(
∇2
⊥ − k2

p −
k2

γ2

)
Ẽ =

r̂

ε0

∂

∂r
ρ̃b

(
k2

k2 − k2
p/β2

)
+
ẑik

ε0
ρ̃b

(
k2/γ2 + k2

p

k2 − k2
p/β2

)
(2.18)(

∇2
⊥ − k2

p −
k2

γ2

)
B̃ = φ̂

β

ε0c

∂

∂r
ρ̃b (2.19)

Solving for the Fourier transformed fields involves first finding a radial Green’s function for

the operator on the RHS which satisfies the inhomogeneous equation

(
∇2
⊥ − κ2

)
G (x,x′) =

1

r
δ (r − r′) δ (φ− φ′) (2.20)

where the substitution κ2 = k2
p + k2

γ2 has been made. Following a method presented in [24]

a solution to this equation can be found as follows. The φ delta function can be written in

10



terms of orthonormal functions

δ (φ− φ′) =
1

2π

∞∑
m=−∞

eim(φ−φ′)

Then we can expand the Green’s function

G (x,x′) =
1

2π

∞∑
m=−∞

eim(φ−φ′)gm (κ, r, r′) (2.21)

Inserting (2.21) into (2.20)

(
∇2
⊥ − κ2

)( 1

2π

∞∑
m=−∞

eim(φ−φ′)gm

)
=

1

r
δ (r − r′) δ (φ− φ′)

(
∂2

∂r2
+

1

r

∂

∂r
+

1

r2

∂2

∂φ2
− κ2

)(
1

2π

∞∑
m=−∞

eim(φ−φ′)gm

)
=

1

r
δ (r − r′) δ (φ− φ′)

1

2π

∞∑
m=−∞

eim(φ−φ′)
[
∂2gm
∂r2

+
1

r

∂gm
∂r
−
(
m2

r2
+ κ2

)
gm

]
=

1

r
δ (r − r′) δ (φ− φ′)

From this it’s clear that for each m the following must be satisfied:

∂2gm
∂r2

+
1

r

∂gm
∂r
−
(
m2

r2
+ κ2

)
gm =

1

r
δ (r − r′) (2.22)

For r 6= r′ this is the equation for modified Bessel functions, Im (κr) and Km (κr). The

solution to this equation which satisfies the boundary conditions is [24]:

gm (κ, r, r′) = −Im (κr<)Km (κr>)

Now we can write the final form of the Green’s function as

G (x,x′) = − 1

2π

∞∑
m=−∞

eim(φ−φ′)Im (κr<)Km (κr>) (2.23)
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Or in terms of real functions:

G (x,x′) = − 1

2π

(
I0 (κr<)K0 (κr>) +

∞∑
m=1

2 cos [m (φ− φ′)] Im (κr<)Km (κr>)

)
(2.24)

With a Green’s function in hand it is straightforward to provide solutions to (2.18)

and (2.19). Recall that the cylindrical unit vectors r̂ and φ̂ must first be converted to

their Cartesian representations before integration over the azimuthal angle. Thus, the three

components of the electromagnetic field Ẽz, Ẽr and B̃φ can be written as

Ẽz (r, k) =
ik

ε0

(
k2/γ2 + k2

p

k2 − k2
p/β2

) ˆ
dr′dφ′r′ρ̃b (r′, k)G (x,x′) (2.25)

Ẽr (r, k) =
1

ε0

(
k2

k2 − k2
p/β2

) ˆ
r′dr′dφ′

∂

∂r′
ρ̃b (r′, k) (cosφ′x̂+ sinφ′ŷ)G (x,x′) (2.26)

B̃φ (r, k) =
β

ε0c

ˆ
r′dr′dφ′

∂

∂r′
ρ̃b (r′, k) (− sinφ′x̂+ cosφ′ŷ)G (x,x′) (2.27)

Assuming the drive beam ρb is cylindrically symmetric, the above equations are simplified

to the following

Ẽz (r, k) = −ik
ε0

(
k2/γ2 + k2

p

k2 − k2
p/β2

)ˆ
dr′r′ρ̃b (r′, k)

I0

(√
k2
p +

k2

γ2
r<

)
K0

(√
k2
p +

k2

γ2
r>

)
(2.28)

Ẽr (r, k) = − 1

ε0

(
k2

k2 − k2
p/β2

) ˆ
r′dr′

∂

∂r′
ρ̃b (r′, k)

I1

(√
k2
p +

k2

γ2
r<

)
K1

(√
k2
p +

k2

γ2
r>

)
(2.29)
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B̃φ (r, k) = − β

ε0c

ˆ
r′dr′

∂

∂r′
ρ̃b (r′, k)

I1

(√
k2
p +

k2

γ2
r<

)
K1

(√
k2
p +

k2

γ2
r>

)
(2.30)

By applying an inverse Fourier transform to (2.29)-(2.30) we can recover the field repre-

sentations in the spatial domain. Up to this point, however, the derivation has allowed for

finite γ which makes the inversions rather involved and complicated. Although it is possi-

ble to do the inversions with finite γ using Hankel transformations [23], making the ultra

relativistic approximation and therefore
√
k2
p + k2

γ2 ≈ kp and k2
p/β2 ≈ k2

p drastically simplifies

that situation.

Ẽz (r, k) = −ik
ε0

(
k2
p

k2 − k2
p

) ˆ
dr′r′ρ̃b (r′, k) I0 (kpr<)K0 (kpr>) (2.31)

Ẽr (r, k) = − 1

ε0

(
k2

k2 − k2
p

) ˆ
r′dr′

∂

∂r′
ρ̃b (r′, k) I1 (kpr<)K1 (kpr>)

B̃φ (r, k) = − β

ε0c

ˆ
r′dr′

∂

∂r′
ρ̃b (r′, k) I1 (kpr<)K1 (kpr>)

Now the equations can easily be inverted.

As an example, we examine the longitudinal electric field. Applying (2.16) to (2.31) gives

Ez (r, ξ) = − i

ε0

ˆ
dr′r′I0 (kpr<)K0 (kpr>)

1

2π

ˆ ∞
−∞

dke−ikξk

(
k2
p

k2 − k2
p

)
ρ̃b (r′, k) (2.32)

Focusing on the integral over k and recognizing this as a form of the convolution theorem

f ∗ g = F−1 {F {f} · F {g}} with f (r′, ξ) = ρb (r′, ξ), g (r′, ξ) = 1
2π

´∞
−∞ dkk

(
k2
p

k2−k2
p

)
e−ikξ

and F representing the Fourier transform operator, we find

1

2π

ˆ ∞
−∞

dke−ikξk

(
k2
p

k2 − k2
p

)
ρ̃b (r′, k) =

ˆ ∞
−∞

dξ′ρb (r′, ξ′)
1

2π

ˆ ∞
−∞

dkk

(
k2
p

k2 − k2
p

)
e−ik(ξ−ξ′)
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Rearranging the integral over k on the RHS gives

1

2π

ˆ ∞
−∞

dkk

(
k2
p

k2 − k2
p

)
e−ik(ξ−ξ′) =

k2
p

4π

ˆ ∞
−∞

dk

(
1

k − kp
+

1

k + kp

)
e−ik(ξ−ξ′) (2.33)

The result of this integral is greatly simplified for our purposes if a contour can be chosen

which encloses both poles and lies entirely in either the upper or lower half of the complex

plane. Assuming semi circle contours, the sign of (ξ − ξ′) must be less (greater) than zero

in the upper (lower) half of the complex plane in order for the integral along the arc to fall

off to zero as the radius of the arc goes to infinity. With all of the poles in the upper (lower)

half of the complex plane, the contour integral in the lower (upper) half of the plane will go

to zero, which implies that only terms with a negative (positive) sign of (ξ − ξ′) contribute

to the integral. Recalling that the charge density depends on ξ′, in physical terms, fixing the

sign of (ξ − ξ′) determines which part of the source drive beam can contribute to the fields

at a point ξ. Having taken the ultra relativistic limit, we know that only charge in front

of the slice at ξ can contribute and thus fixing the sign of (ξ − ξ′) to positive or negative

is analogous to selecting the direction of propagation of the beam in either the negative or

positive ẑ direction. The convention used here is to define the drive beam to be moving in

the positive ẑ direction. Accordingly, the substitution k → k − iε is made, forcing the poles

into the upper half of the complex plane and the RHS of 2.33 is written as:

k2
p

4π

ˆ ∞
−∞

dk

(
1

k − iε− kp
+

1

k − iε+ kp

)
e−i(k−iε)(ξ−ξ

′)

Then the residues are calculated and the limit ε→ 0 is taken:

Res (f,±kp + iε) = lim
k→±kp−iε

(k − (±kp + iε)) f (k)

=

(
1∓ iε

kp ∓ iε

)
e−i(±kp−2iε)(ξ−ξ′)
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Finally, noting the residue theorem
¸
C
f (z) dz = 2πi

∑
Resf (z) and taking the limit ε→ 0

1

2π

ˆ ∞
−∞

dkk

(
k2
p

k2 − k2
p

)
e−ik(ξ−ξ′) =


ik2
p cos [kp (ξ − ξ′)] (ξ − ξ′) < 0

0 (ξ − ξ′) > 0

For the radial electric field, the integral is slightly different but the analysis proceeds the

same producing

1

2π

ˆ ∞
−∞

dkk

(
k2

k2 − k2
p

)
e−ik(ξ−ξ′) =


kp sin [kp (ξ − ξ′)] (ξ − ξ′) < 0

0 (ξ − ξ′) > 0

Using this result, we can write the fields in the spatial domain as follows:

Ez (r, ξ) =
k2
p

ε0

ˆ
dr′r′I0 (kpr<)K0 (kpr>)

ˆ ∞
ξ

dξ′ρb (r′, ξ′) cos [kp (ξ − ξ′)] (2.34)

Er (r, ξ) = −kp
ε0

ˆ
r′dr′I1 (kpr<)K1 (kpr>)

ˆ ∞
ξ

dξ′
∂

∂r′
ρb (r′, ξ′) sin [kp (ξ − ξ′)] (2.35)

Bφ (r, ξ) = − β

ε0c

ˆ
r′dr′I1 (kpr<)K1 (kpr>)

∂

∂r′
ρb (r′, ξ) (2.36)

It should be noted that these fields represent the electrostatic plasma waves only and

in the limit kp → 0 the radial electric field vanishes rather than give the field due to a

bare beam. If before performing the inverse transformations we make the approximation of

kp → 0 instead of making the ultra relativistic approximation the radial electric field for the

beam itself is recovered. Adding this term gives the total transverse electric field

Er (r, ξ) = − 1

ε0

ˆ
r′dr′I1 (kpr<)K1 (kpr>)×

∂

∂r′

(
−ρb (r′, ξ) + kp

ˆ ∞
ξ

dξ′ρb (r′, ξ′) sin [kp (ξ − ξ′)]
)

The preceding equations represent the full electromagnetic fields associated with a plasma

wakefield in the linear regime driven by a charge distribution ρb. In principle, the fields for

any drive beam can be calculated directly from these formulas.
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2.1.1 Maximizing the acceleration gradient

As the primary interest in PWFA lies in the potential for ultra high acceleration gradients,

it is natural to investigate configurations which produce the highest gradients. We begin by

discussing a specific example, namely, a beam with bi-gaussian charge distribution:

ρb (r, ξ) =
Q

(2π)3/2 σ2
rσz

e−r
2/2σ2

re−ξ
2/2σ2

z

where Q is the total charge of the drive beam. The first point of interest is to understand

how to maximize the longitudinal electric field using the free parameters σr, σz and the

plasma density. To do this, we first concentrate on the contribution to Ez from the radial

distribution of the driver. In this case we will assume the total amount of charge and the

bunch length of the drive beam are fixed. Clearly, the peak charge density increases as σr

decreases but the contribution to the amplitude of Ez from the radial integral in Eq. 2.34

is less transparent. Noting that for any axisymmetric charge distribution Ez will be peaked

on axis (r = 0), we can write the peak field (focusing only on the radial contribution) as

Ez (0, ξ) ∝ R (0) = k2
p

ˆ ∞
0

dr′r′K0 (kpr
′) e−r

′2/2σ2
r

where R (r) represents the radial dependence of the longitudinal field.

The exact values of this integral can be evaluated numerically and are plotted versus kpσr

in Figure 2.1 a). In the limit of kpσr � 1, R (0) approaches unity. In the opposite limit,

kpσr � 1, R (0) decreases monotonically with decreasing kpσr and has an asymptotic limit,

given by of R (0) = k2
pσ

2
r [0.058− ln (kpσr)] [25]. Although R (0) decreases with decreasing

σr, the amplitude of the field actually scales as R (0) /k2
pσ

2
r which is shown in Figure 2.1 b)

and as one would expect, the overall amplitude increases drastically as the transverse spot

size is reduced.

It should be pointed out that this scaling, which assumes a fixed amount of charge and

bunch length, can not be extended to arbitrarily small transverse beam sizes since at some

point the beam density will exceed the plasma density and the validity of the linear PWFA
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Figure 2.1: Dependence of R (0) on kpσr.

theory begins to breakdown. If instead of keeping the total charge fixed, it is assumed

that the beam density is kept constant, then the correct scaling of the longitudinal field is

described by Figure 2.1 a). In this case, the increase in amplitude with increasing transverse

beam size arises simply as a consequence of simultaneously increasing the beam current.

Next, we aim to determine the normalized bunch length kpσz which maximizes the wake-

field amplitude. This can be achieved in a straightforward way by simply calculating the

field using (2.35) assuming fixed beam parameters and varying the plasma density. In Figure

2.2 the results of one such calculation are shown. To obtain physical units, the drive beam

in this example has a length σz = 1 µm , total charge Qtot = 5 fC, and normalized transverse

size kpσr = 0.01 (Figure 2.2 a) dashed line). Normalizing the transverse size to the plasma

density ensures the beam density to plasma density ratio is less than 1. The values chosen

for physical units may, at first, seem a bit curious; a 5 fC beam with 1 µm length is certainly

not common. However, these values are chosen to ensure that over the enitre plasma density

range shown in 2.2 nb/np < 0.1, while at achieving peak acceleration gradients of better than

100 MeV/m.

The excited Ez (0, ξ) fields are shown over one full plasma period for three separate

plasma densities, and clearly illustrate how the peak field varies with normalized length.

Figure 2.2 b) shows the peak field as it depends on normalized length and confirms the

well known result that in the narrow drive beam limit kpσr � 1, the peak field is obtained

when kpσz ≈
√

2 [23, 26, 25, 27]. Thus, for a beam with fixed parameters, this condition
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Figure 2.2: a) Dependence of Ez on the normalized bunch length kpσz for three different
plasma densities (colored lines). Drive beam current (dashed line) and length are assumed
fixed while the transverse size σr is normalized to such that kpσr = 0.01. b) The maximum
longitudinal field as a function of kpσz which peaks at kpσz ≈

√
2.

determines the plasma density which maximizes the acceleration gradient. This condition

can be reframed to provide a well know scaling law for the maximum gradient in PWFA for

a beam of arbitrary length. Noting the longitudinal field has a k2
p dependence, the maximum

amplitude scales roughly with 1/σ2
z .

The preceding results demonstrate the basics of the optimal relations between plasma

density and beam parameters for a single bi-gaussian bunch. If, instead, one considers

configurations consisting of multiple bunches, the wakefields can be driven resonantly to

much larger amplitudes. The simplest configuration one might consider is a train of identical

bunches separated by a distance d equal to an integer multiple of λp [8]. It should be clear

from the form of (2.34), with its cosine dependence on kpξ, this configuration will result in

resonant amplification of the wakefield amplitude. We refer to this type of configuration

as longitudinally resonant due to the amplification of the longitudinal field. In Figure 2.3

the longitudinal wakefield generated by a train of four optimal (i.e. kpσz =
√

2) Gaussian

bunches separated by 2λp is shown. In order to obtain physical units, the same RMS bunch

length, total charge and normalized transverse size used in the previous example are used

for the individual bunches in the present case. Indeed, with the passing of each bunch, the

peak accelerating field is linearly increased. That is, after the passage of the fourth bunch,
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Figure 2.3: Longitudinal wakefield Ez driven by train of four identical Gaussian bunches
separated by 2λp (blue line). Beam current profile is shown in dashed line and moves left to
right.

the peak accelerating field is four times that which is produced by a single bunch.

While the peak field is substantially increased by the resonant interaction of the four

bunches, there is notable limitation. Each subsequent bunch in the train also feels an in-

creasing decelerating field. In this example, the first bunch decelerates at rate of E−,1 ≈ 250

MeV/m while the fourth bunch is decelerating at a rate of E−,4 ≈ 1 GeV/m. Consequently,

the maximum distance over which energy can be transferred to the wakefield from the entire

bunch train is limited to Lmax = γ0mbc
2/E−,4 where γ0 is the initial relativistic Lorentz fac-

tor of the bunches. After propagating a distance Ld, however, the first bunch has only given

up 25% of the energy that fourth bunch has transferred to the wakefield. Therefore, with

the intent to maximize the acceleration gradient with this multi bunch scheme, a significant

portion of the drive beam energy stored in the leading bunches is wasted, unable to couple

into the wake. Or, put more concisely, there is significant sacrifice in the energy transfer

efficiency.

A related way to explain this tradeoff is through the transformer ratio, defined as the

magnitude of the ratio of the peak acceleration gradient to the maximum deceleration gra-
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dient experienced by the drive beam

R =

∣∣∣∣E+,max

E−,min

∣∣∣∣
The maximum energy an accelerating particle can gain is limited to the initial drive beam

energy γ0mbc
2 times this quantity. Thus, in all collinear wakefield acceleration schemes, the

transformer ratio is seen as crucial figure of merit. In the example showed in Figure2.3, it

can be seen that a transformer ratio of just R = 1.25 is obtained with a peak accelerating

field of E+ ≈ 1.5 GeV/m and a peak decelerating field inside of the fourth bunch of E− ≈ 1.2

GeV/m. This is a sizable reduction in transformer ratio compared to the optimized single

bunch case shown in Figure 2.2 a), which has R ≈ 2.

It has been well established that the transformer ratio, such as the PWFA, can be at most

2 using longitudinally symmetric drive bunches in collinear wakefield acceleration schemes

in single mode structures, like the PWFA [17]. But this limit can be significantly improved

upon using properly shaped asymmetric bunches [8]. One of the most commonly discussed

examples is a beam with a ramped current profile, the so called ramped bunch. It has been

shown that a beam with a linearly rising current profile (from head to tail) which extends

over N periods (Lb = Nλp) can yield a transformer ratio enhanced by a factor of πN/2 to

R ≈ πN . Further improvements can be made to push the upper limit by another factor of

two if a short, delta function like leading edge of the current profile can be added.

A multi bunch variation of the ramped bunch, the so-called ramped bunch train, is

also widely investigated for transformer ratio improvement [19, 28, 29]. This multi bunch

operational mode is characterized by linear charge increase of the individual bunches (from

head to tail) and an inter beam bunch spacing equal to a half integer multiple of the plasma

wavelength, d = (n+ 1/2)λp. Each bunch is assumed to only vary in total charge with the

transverse and longitudinal dimensions remaining the same from bunch to bunch. In order

to improve the transformer ratio, the decelerating field for each bunch in the train should

be the same. To achieve this, the second bunch in the train is given more charge than the

first bunch and placed in the peak accelerating phase of the first bunch. The accelerating
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field of the first bunch compensates the self wakefield of the second bunch in such a way

that the decelerating field experienced by both bunches is identical. The same conditions

are satisfied for each subsequent bunch in the train.

Both the single ramped bunch and the multi bunch ramp bunch train schemes pro-

vide significant improvements to transformer ratio. Ramped bunch trains, however, offer

the advantage that the short individual bunches allow for a higher degree of control over

the coupling to the transverse wakefields. Therefore, various transverse instabilities can

be suppressed to a larger extent with ramped bunch trains compared to single long ramped

bunches. These effects are discussed in greater detail in a following section. Here we continue

the discussion of transformer ratio improvement via ramped bunch trains.

A ramped bunch train can consist of beams of any arbitrary shape (bi-Gaussian, flat top

etc.), with each shape dictating its own optimal bunch length and charge ratio. An optimized

ramped bunch train configuration satisfies several conditions. The peak decelerating field in

each bunch should be the same. The overall transformer ratio of the train depends on the

single bunch transformer ratio of each bunch, thus the individual bunch shape and length

should be chosen to achieve a single bunch transformer ratio which approaches the limit of

2 for symmetric bunches. The charge ratio of the bunches in the train is then determined

from the single bunch transformer ratio using the formula

Qn/Q0 = (nRsingle + 1)

where Q0 is the charge of the first bunch and Rsingle is the single bunch transformer ratio

of the individual bunches. Finally, the wakefield felt by each bunch should be symmetric

about its center. Without this symmetric wakefield condition, a slight phase shift of the wake

relative to the bunches is introduced which eventually kills the resonance. For bi-Gaussian

driver bunches, this symmetry condition is met when kpσz ≈ 1.3, which is a length which

also produces a single bunch transformer ratio very close to two.

In Figure 2.4, an example of the excited wakefield driven by an optimal ramped bunch

train of bi-gaussian bunches with charge ratio 1 : 3 : 5 : 7 is shown. As can be seen the peak
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Figure 2.4: Wakefield excitation by ramped bunch train demonstrating improved transformer
ratio.

decelerating field (red line) in each bunch is very nearly the same while the peak accelerating

(small blue line) field after the final bunch is significantly larger in amplitude indicating a

transformer ratio of R ≈ 8. Further, the inset image shows a high degree of symmetry of

the wakefield around the center of the fourth bunch. The same symmetry is seen for each

bunch. This symmetry suggests the addition of a fifth or more drive bunches will continually

improve the transformer ratio. It should be noted that the front of each bunch experiences a

slightly larger decelerating field than indicated by the red line. Using the strictest definition

of the transformer ratio, and therefore the E− field felt by the very front of the beams, would

drastically reduce the transformer ratio. It is reasonable, however, to use the E− value near

the center of the beam since ~90% of the charge in each bunch feels a decelerating gradient

below this value.

As a means of direct comparison to this ramped bunch train, we consider the non ramped

version of this example. That is, the charge is redistributed among the four bunches such that

they each have equal charge and the inter beam spacing is adjusted to be λp instead of 1.5λp.

All other beam parameters are kept the same. The difference between this example and the

one shown in Figure 2.3 is that the bunch lengths are slightly less with kpσz = 1.3 rather

than kpσz =
√

2. The shorter length corresponds to the optimal conditions for the ramping.

The wakefield response to this non ramped bunch train is shown in Figure 2.5. In this case,
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Figure 2.5: Wakefield excitation by non ramped bunch train with same total charge as in
2.4.

the peak accelerating field after the fourth bunch is roughly 1.2 GeV/m, which is four times

greater than the peak field found in the ramped case. However, the transformer ratio for

the ramped bunch case Rramped ≈ 8 is 6.4 times greater that the transformer ratio for the

non ramped bunch train Rnonramped ≈ 1.25. To clarify, this means that in order accelerate a

charged particle to a final energy γfmc2 requires about 4 times more propagation distance

using the ramped bunch configuration compared to the non ramped configuration. However,

to achieve this energy in the non ramped case requires 6.4 times the drive beam energy. It

should also be pointed out that the advantage of shorter propagation distance is tempered

by the fact that for large energy gain, multiple PWFA stages are required. The necessity for

6.4 times the drive beam energy implies the need for 6.4 times the PWFA modules. With the

need for additional hardware between stages increasing the effective length of the accelerator

system, the benefit of the higher gradient non ramped bunch scheme is diminished.

2.1.2 High efficiency, high transformer ratio multi bunch scheme

Up to this point, the discussion on the longitudinal wakefields has focused on the generation

of the wakes. Obviously, of equal (or greater?) importance is the interaction of a witness

beam with the excited wakefield. There are numerous aspects to consider in optimizing the

external injection of such a beam. Some of the first order considerations involve preservation

of beam phase space quality. At the same time, it is critical to discuss topics like energy
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Figure 2.6: Ramped bunch train with witness bunch

transfer efficiency.

We will continue in the spirit of this discussion and rely on examples to clarify some of

these topics. We can revisit the example of the ramped bunch train and add in a witness

bunch. In figure 2.6 the same ramped bunch train as in 2.4 is used to generate the wake.

That is, the geometry of the drive bunches are kpσz = 1.3, kpσr = 0.01. The witness bunch,

located at ξ/λp = 5, has kpσz = 0.16 and kpσr = 0.01. The charge of the witness beam is

varied from 0.44Q0 in the first case (a and b) and 1.76Q0 in the second case (c and d) where

Q0 is the charge of the first bunch in the ramped train.

In the first case, the wakefield is only slightly damped after the loading of the witness

beam (ξ/λp < −6), indicating a only a small amount of the wakefield energy has been

transferred to the witness bunch. However, the zoomed picture in b) shows that the average

acceleration gradient over the length of the witness bunch is only slightly less than the

peak value. In the second case, the witness charge is quadrupled and the energy left in the

wake after the passage of the witness is close to zero, thereby achieving exceptional energy
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transfer efficiency. The tradeoff for the improved energy transfer efficiency, however, becomes

apparent upon inspection of the zoomed image; the average acceleration gradient over the

length of the bunch is almost a factor of three lower than the peak gradient. Furthermore,

the strong variation of Ez over the length of the bunch implies the accelerated bunch will

acquire a significant energy chirp.

This example is meant to point out a fundamental complication associated with beam

loading in a plasma wakefield accelerator. Generally, in order to improve the energy trans-

fer efficiency, the loaded charge must be increased. In strongly loading the wake, however,

the acceleration gradient experienced by the witness beam is damped and becomes strongly

chirped over the bunch length. Or, to put this in another way, to maximize the accelera-

tion gradient experienced by the witness beam and to minimize energy spread increase, the

witness charge must be kept small (light beam loading). Doing so, however, comes at the

expense of wasting a significant amount of wakefield energy. It has been shown that in the

highly nonlinear regime, high energy transfer efficiency can be achieved without significant

damping of the field due to beam loading and so high gradient and high efficiency acceleration

can be achieved [15]. However, there is still a strict tradeoff between the loaded acceleration

gradient and amount of charge accelerated. Consequently, achieving high gradient and high

efficiency implies the acceleration of a small amount of charge.

These restrictions and tradeoffs can be nearly eliminated by exploiting the coherence

of the wakefield. Witness bunches can be loaded over multiple periods of the wake with

additional drive bunches interleaved to restore the extracted energy. An example of this

concept is shown in Figure 2.7 in which the same configuration shown in 2.6 a) is used with

additional drive and witness bunches. Each additional drive bunch has the same charge as

the final drive bunch in the ramped bunch train. The wake amplitude after the final witness

bunch is the same as in 2.6 a) indicating the same total energy is leftover in the wake.

However, the total charge of the drive bunches in this configuration is nearly twice that in

2.6 a) and so the extracted energy is also nearly doubled. The energy transfer efficiency,

then is improved by a factor of two.

The advantages of this type of scheme are clear. By keeping the beam loading of the
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Figure 2.7: Ramped bunch train with multiple drive witness pairs showing improve trans-
former ratio and energy transfer efficiency.

witness bunches relatively light, the loaded transformer ratio for each witness is kept high and

energy spread growth is kept low. In addition, each subsequent drive/witness pair leads to

significant improvement of the energy transfer efficiency and an increase in total accelerated

charge.

In this section, we have discussed some rough scalings for energy extraction from bunch

trains of electron beams exciting wakefields in a plasma. It should be noted, however, that

the focus here was solely on the longitudinal wakes. In order to come upon these scalings it is

necessary to assume non evolving bunches. In reality, the dynamics of the bunches generally

impose stricter limits on the sustained interaction over long propagations distances.

2.2 Transverse dynamics of beams in wakefield

The interest in plasma wakefield stems from the large longitudinal fields that can be excited

and supported in a plasma. The transverse wakefields, however, are comparably large and

will significantly affect any propagating beam. On one hand, these transverse wakefields can

be beneficial in that they can provide additional strong focusing of the beam [30, 31, 32, 33].

On the other, the resonant growth of transverse instabilities can result in total beam breakup

[34, 35, 36, 37]. In order to ensure maximum energy extraction from drive beam and energy

transfer to witness beam, it is critical to establish stable propagation. As such, it is important
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to understand how to mitigate any deleterious effects that can lead to beam breakup and

how to properly match a beam to the plasma focusing forces. To some extent, the overall

efficacy of a plasma wakefield accelerator is limited by how well these transverse effects

can be controlled. In this section we study the evolution of the transverse distribution

of charged particle beams the PWFA linear regime. To carry out these calculations, we

make a few critical assumptions. Over the propagation distances of interest, the variation

of both the emittance and beam energy are assumed to be small. Of course, in practical

realizations of PWFA, the energy change should indeed be very large to ensure maximum

energy extraction from the drive bunch (as well as energy transfer to the witness bunch).

However, an understanding of the transverse dynamics at early propagation distances when

the energy change is small provides critical insight into optimal PWFA configurations.

2.2.1 Envelope equation

We begin by using a standard accelerator physics approach [38] of defining a collection of

particles in terms of a normalized continuous distribution function f (~x, ~p) where ~x and

~p are position and momentum vectors representing the full 6D phase space. It is then

possible to discuss the dynamics of the particle distribution in terms of the evolution of

the moments of this distribution. In the context of relativistic charged particle beams in

which the amplitude of the particle momentum |~p| is dominated by motion along one axis,

i.e. |~p| ≈ pz, it is common to use the paraxial approximation (tan θx ≈ θx) and replace the

transverse momentum components px and py in the distribution function with the angles x′

and y′ where the prime denotes a the derivative with respect to the direction of propagation,

z, i.e. x′ = dx
dz

= tan θx ≈ θx. In this case, the beam size in each dimension is characterized

by the second moment of the position coordinate, i.e. the variance, defined as

σ2
x =

〈
x2
〉

=

ˆ ∞
−∞

ˆ ∞
−∞

x2f (x, x′) dxdx′

In practical terms, it is often the RMS value σx =
√
〈x2〉 which is cited for beam sizes. The

evolution of this quantity along the propagation direction z can be determined by taking the

27



first and second derivatives with respect to z

d

dz

√
〈x2〉 =

1

2
√
〈x2〉

d

dz

〈
x2
〉

=
1

2σx

ˆ ∞
−∞

ˆ ∞
−∞

d

dz
x2f (x, x′) dxdx′ =

〈xx′〉
σx

(2.37)

d

dz

〈xx′〉
σx

=
1

σx

d

dz
〈xx′〉 − 〈xx

′〉
σ2
x

d

dz
σx

σ′′x =
〈x′2〉 〈x2〉 − 〈xx′〉2

σ3
x

+
〈xx′′〉
σx

(2.38)

Equation (2.38) is the standard envelope equation. Noting the definition of geometric emit-

tance ε2x,rms = 〈x2〉 〈x′2〉 − 〈xx′〉2, it can be written more concisely as

σ′′x =
ε2x,rms

σ3
x

+
〈xx′′〉
σx

(2.39)

The first term on the on the RHS of (2.39) is responsible for the increase in beam size in

a force free drift. The second term accounts for any external transverse forces affecting the

beam. Using the envelope equation and (2.34)-(2.36) we can determine the evolution of the

transverse beam envelope in the presence of the transverse wakefields associated with linear

PWFA.

2.2.2 Transverse wakefields

Starting with the Lorentz force equation, we can write the transverse force on a particle with

charge q in the presence a plasma wakefield as

F = q (E + v ×B) = qr̂ (Er − vzBφ)

It is common to call the combined term Er − vzBφ the transverse wakefield W⊥. In this

notation, the dependence of W⊥ on r and ξ is left implicit. Next, assuming the relativistic

γ factor remains constant, the transverse component of the force equation F = dp
dt

can be
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written in cylindrical coordinates as

dp⊥
dt

=
d

dt

(
γmb

d

dt
r

)
− γmbr

dφ

dt

where mb is the mass of the particle. The second term on the RHS can be safely ignored

since particle beams generally do not have rotational velocity. Then making the substitution
d
dt

= d
dz
dz
dt

= vz
d
dz

we have

v2
z

d

dz

(
γmb

d

dz
r

)
= qW⊥

γmbv
2
zr
′′ = qW⊥

r′′ =
qW⊥
γmbv2

z

(2.40)

Equation (2.40) can now be plugged back into the envelope equation to give

σ′′r =
ε2r,rms

σ3
r

+
q

γmbv2
z

〈rW⊥〉
σr

(2.41)

which can be used to solve for the evolution of RMS beam envelope.

In order to proceed we first need to determine the transverse wakefield W⊥ using (2.35)

and(2.36)

W⊥ = Er − βcBφ = − 1

ε0

ˆ ∞
0

r′dr′I1 (kpr<)K1 (kpr>)×

∂

∂r′

(
β2ρb (r′, ξ)− ρb (r′, ξ) + kp

ˆ ∞
ξ

dξ′ρb (r′, ξ′) sin [kp (ξ − ξ′)]
)

The second line of this equation can be simplified noting β2 − 1 = −1/γ2 which then reads

∂

∂r′

(
−ρb (r′, ξ)

γ2
+ kp

ˆ ∞
ξ

dξ′ρb (r′, ξ′) sin [kp (ξ − ξ′)]
)

The first term in the parentheses represents the transverse space charge force of the beam

and can be ignored in the ultra relativistic limit. The resulting transverse wakefield is then
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given by

W⊥ = −kp
ε0

ˆ ∞
0

r′dr′I1 (kpr<)K1 (kpr>)×

∂

∂r′

(ˆ ∞
ξ

dξ′ρb (r′, ξ′) sin [kp (ξ − ξ′)]
)

(2.42)

It is important to note that the transverse wakefield (2.42) varies along the length of the

bunch, and thus each longitudinal slice of the beam experiences a different transverse force.

Accordingly, the evolution of the beam envelope is a function of both the co-moving variable

ξ as well as overall propagation distance z. In other words, the beam envelope equation must

be solved for independently at each longitudinal slice of the beam. This stands in contrast

to standard focusing elements in accelerator systems which use static magnetic fields to

manipulate a charged particle beam.

While the above equation is fully general for any charge distribution ρb, it is illustrative

to examine a somewhat tractable example, like one which is discussed in [39]. Consider a

beam with arbitrary normalized longitudinal charge distribution f (ξ) and a flat top radial

distribution Θ (rb − r)

ρb (r, ξ) =
[
qN/πr2

b

]
f (ξ) Θ (rb − r)

where the individual particle charge is q, and there are a total of N particles. As mentioned

above, the beam radius rb must be a function of both ξ and z. The transverse wakefield for

this example is then

W⊥ = −kp
ε0

ˆ ∞
ξ

dξ′
ˆ ∞

0

r′dr′I1 (kpr<)K1 (kpr>)×(
∂

∂r′

([
qN

πr2
b

]
f (ξ′) Θ (rb − r′)

)
sin [kp (ξ − ξ′)]

)
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W⊥ =
qNkp
πε0

ˆ ∞
ξ

dξ′ sin [kp (ξ − ξ′)]×
ˆ ∞

0

dr′
r′f (ξ′)

r2
b

δ (rb − r′) I1 (kpr<)K1 (kpr>)

We can perform the integral of r′ noting there are two distinct cases, r > rb and r < rb. In

the first case (r > rb), the integral reduces to

ˆ r

0

dr′
r′f (ξ′)

r2
b

δ (rb − r′) I1 (kpr
′)K1 (kpr) =

f (ξ′)

rb
I1 (kprb)K1 (kpr)

while in the second case (r < rb) it becomes

ˆ ∞
r

dr′
r′f (ξ′)

r2
b

δ (rb − r′) I1 (kpr)K1 (kpr
′) =

f (ξ′)

rb
I1 (kpr)K1 (kprb)

Thus the transverse wakefield is given by

W⊥ =
qNkp
πε0

ˆ ∞
ξ

dξ′ sin [kp (ξ − ξ′)]


f(ξ′)
rb
I1 (kprb)K1 (kpr) r > rb

f(ξ′)
rb
I1 (kpr)K1 (kprb) r < rb

Or, noting that only rb has ξ′ dependence

W⊥ =
qNkp
πε0


K1 (kpr)

´∞
ξ
dξ′ sin [kp (ξ − ξ′)] f(ξ′)

rb
I1 (kprb) r > rb

I1 (kpr)
´∞
ξ
dξ′ sin [kp (ξ − ξ′)] f(ξ′)

rb
K1 (kprb) r < rb

(2.43)

Recall from (2.41) that the evolution of the beam envelope depends on 〈rW⊥〉, which is an

average of the transverse wakefield over the transverse distribution function. Because of the

flat top radial distribution Θ (rb − r) only the r < rb case has non vanishing contributions.

Then, the only integral needed to be calculated is

ˆ 2π

0

ˆ rb

0

drdφ
r2

πr2
b

I1 (kpr) =
2I2 (kprb)

kp
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Combining this result with (2.43) gives

〈rW⊥〉 =
2qN

πε0
I2 (kprb)

ˆ ∞
ξ

dξ′ sin [kp (ξ − ξ′)] f (ξ′)

rb
K1 (kprb)

We are now at point where we can plug the above back into (2.41) to obtain an integro-

differential equation which self consistently describes the evolution of the transverse beam

size at each location ξ along the beam in the presence of linear plasma wakefields. We first

note that the RMS size of a flat top radial distribution is given by σr = rb/
√

2. The primed

differentiator symbol ()′ is replaced with d
dz

to avoid confusion with the primed variables

under the integral.
d2

dz2
σr =

ε2r,rms

σ3
r

+
q

γmbv2
z

〈rW⊥〉
σr

d2

dz2
rb −

ε2r,n
γ2r3

b

=
4q2N

πγv2
zmbε0

I2 (kprb)

rb

ˆ ∞
ξ

dξ′ sin [kp (ξ − ξ′)] f (ξ′)

rb
K1 (kprb) (2.44)

In the second line, the normalized emittance εr,n = γεr,rms has been substituted.

Equation (2.44) can be solved numerically for various longitudinal distributions f (ξ) to

elucidate some of the interesting behaviors. We begin by first noting the special case when

the emittance term on the LHS exactly cancels the wakefield term on the RHS; the so-called

matched beam. When the beam is matched in this way, it propagates with no change to its

transverse beam envelope. In all accelerator applications matching a beam to its external

focusing environment is critical as mismatched beams suffer from envelope oscillations which

can lead to large synchrotron losses and emittance growth [40]. Unlike standard linear beam

optics, however, the matching conditions for (2.44) have longitudinal dependence. A matched

beam, then, must have slice emittances which vary along the bunch.

2.2.3 Transverse evolution of single longitudinally Gaussian bunch

Consider a 57 MeV electron bunch with Gaussian longitudinal distribution with RMS length

kpσz =
√

2, peak beam density nb/np ≈ 0.01 and initial normalized RMS width kpσ0 ≈ 0.3

(or, equivalently kpr0 ≈ 0.5). The matched normalized emittances at each longitudinal
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Figure 2.8: a) Matched normalized emittances (blue line) for 57 MeV electron bunch with
Gaussian longitudinal profile (black dashed line), kpσz =

√
2, kpσr = 0.3 and nb/np = 0.01.

Beam is moving from left to right.

slice of the beam are calculated and shown in Figure 2.8. To obtain the physical units,

a plasma wavelength of λp = 100µm is used. Naturally, the matched emittance initially

increases with increasing beam current in response to the growing wakefield. Eventually,

some distance after the peak current, the transverse wakefield subsides and the matched

emittance drops precipitously. At distances smaller than kpξ < −3, the sign of the periodic

transverse wakefield switches and induces additional defocusing. To balance this effect, the

emittance would have to take on non physical values. Also, the near zero values of the

matched emittance at the front of the beam indicate a physical limit. A real beam will

always have some finite emittance and thus the front of the beam will naturally diffract

under the influence of its emittance.

The results presented in Figure 2.8 indicate a fundamental problem with linear PWFA.

Practically, it is infeasible to tailor a beam with this kind of variable slice emittance. It is

more realistic to consider beams with transverse emittances which are uniform (or at least,

nearly uniform) along the length of the bunch. These beams can not be perfectly matched

at each slice. Nonetheless, optimized matching conditions can be determined in an average

sense. That is, the optimal emittance is determined by an average of the ideally matched
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Figure 2.9: Evolution of normalized RMS beam size σr/σ0 for two beams with Gaussian
longitudinal profiles which are otherwise identical expect for different normalized lengths
kpσz =

√
2 (a) and kpσz = 0.75 (b). The difference in bunch length also dictates slightly

different matched emittances of 2.5 and 1.9 mm-mrad, respectively. Transparency of the
colored lines indicate variation in current density.

emittance profile (Figure 2.8). Using this average value we can investigate, in a more realistic

sense, the propagation characteristics of an optimally matched beam.

For the beam mentioned above and in Figure 2.9, the optimal normalized emittance is

2.5 mm-mrad. For a beam with a shorter normalized bunch length of kpσz = 0.75, but

otherwise identical to the first case (i.e. 57 MeV, nb/np = 0.01 etc.), the optimal emittance

is 1.9 mm-mrad. Using these values, equation (2.44) is solved numerically to describe the

evolution of the beam envelope over a propagation distance of kpz = 150. In Figure 2.9,

the RMS beam size normalized to the initial beam size σr/σ0 is shown as a function of the

beam frame variable kpξ at three different propagation distances, kpz = 0, kpz = 100, and

kpz = 150. For both cases, the average beam size (averaged over the beam frame variable

kpξ) changes very little with increasing propagation distance indicating the beam is well

matched in the average sense. However, there is clearly a strong asymmetry growing in the

beams with the back half being pinched towards the axis and the front half diffracting away.

In the case of the longer beam kpσz =
√

2, the trailing tail even falls into a defocusing portion

of the wake. This type of growing asymmetric modulation can introduce complications in

stably propagating beams over long distances. This is effect is commonly referred to as the

self modulation instability (SMI) [41].
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In comparing the two cases from Figure 2.9, we notice basic similarities in the evolution

of both beams. There are, however, a few key differences. The front part of the shorter

beam kpσz = 0.75 expands more slowly due to the smaller matched emittance (1.9 compared

to 2.5 mm-mrad). Additionally, the pinching of the back part the beam is slightly stronger

in the short beam case. Although it has the same peak current, the shorter beam has more

harmonic content which causes it couple more strongly to the periodic wakefield.

2.2.4 Self modulation instability of long beam

While these types of tranverse modulations may be a hinderance to traditional PWFA

schemes involving a single drive/witness configuration, there is some advantage to be had

with an alternate scheme using a very long beam kpσz � 1 to drive the wakefield [41]. In

this scheme, periodic slices of the beam which are in the defocusing phases of the wakefield

are strongly ejected transversely. The remaining portion of the beam falls into the focusing

phases and is strongly guided through the plasma. While the overall beam current is un-

changed by such a modulation, the current profile on-axis becomes highly periodic and is

capable of resonantly exciting the near axis longitudinal wakefield to extreme amplitudes.

There is considerable interest using this scheme for proton beam driven PWFA [42].

Due to their increased mass, relativistic proton beams carry significantly more energy that

can be transferred to the accelerating bunch. However, as was pointed out in a previous

section, wakefield amplitudes scale roughly as 1/σ2
z , and currently proton beams tend to

be cm scale in length. By effectively chopping a long proton beam into small beamlets via

resonant growth of the this instability, large amplitude wakes can be produced from long

proton beams.

A critical aspect of this scheme is the need to adequately seed the transverse SMI growth.

With seeding, the SMI can reach saturation in much shorter propagation distances. More

importantly, there is another transverse instability referred to as hosing which causes slice

dependent centroid oscillations that can quickly lead to beam breakup [34, 37, 36]. It has been

shown that the SMI and hosing instability have comparable growth rates [36]. Preferential
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seeding leads to accelerated growth of the SMI [43, 44]which, when it reaches saturation,

effectively suppresses the hosing instability [45].

There are several methods to seed the SMI, but probably the most straightforward

method is through the use of a beam with a current profile with a sharp leading edge

[43, 44]. As an example, the growth of the SMI instability for a beam with longitudinal

current profile that is flat top f (ξ) = Θ (L+ ξ) − Θ (ξ) with total length L = 11.5λp is

calculated using (2.44) and shown in Figure 2.10. The flat top profile provides the sharp

current rise needed to seed the SMI. Again, consistent with the preceding examples, the

beam energy is 57 MeV, the beam density is nb/n0 = 0.01 and the initial normalized RMS

transverse size is kpσ0 ≈ 0.3. For this calculation the beam initially starts outside of the

plasma to account for a more realistic situation, which is why the front of the beam initially

shows stronger modulations at earlier propagation distances (red line). Very soon after,

however, the resonant growth of the instability leads to much larger modulations of the back

half of the beam (gold line). This example provides insight into the basic motivation for

using the transverse SMI. Clearly, the periodic focusing and defocusing of the beam leads to

strong density modulations. These periodic density modulations can, in turn, result in the

resonant excitation of the near-axis longitudinal fields.

Also notable from this example is one of the complications associated with SMI driven

schemes; there is a slight phase shift of the modulations with respect to propagation distance.

That is, there is a noticeable phase shift between the red and gold lines in Figure 2.10. In

this regime, the wakefield phase velocity actually differs from the drive beam velocity [39].

This drastically reduces the dephasing length and eventually leads to the gradual break up

of the entire beam after very long propagation distances. To overcome this hinderance, it has

been suggested to use a more exotic plasma density profile such as a two stage configuration

[46].

As a second example of the SMI growth, we repeat the previous calculation using instead

a Gaussian current profile with kpσz = 12. In this case, the current profile has very little

harmonic content which is capable of coupling to the transverse wakefields which are periodic

at the plasma wavelength. The transverse modulations of this beam, then, are dominated
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Figure 2.10: Resonant growth of the transverse self modulation instability shown at prop-
agation distances of kpz = 0 (blue), kpz = 100 (red), and kpz = 200 (yellow). Front of the
beam is the right side.

by a single pinch near the middle of the beam which is due entirely from the density profile

of the beam. Only after a significant propagation distance of kpz = 200 do small ripples

in the envelope appear. This examples indicates the importance of strongly seeding the

SMI. Without seeding, the instability grows very slowly and during that time, the beam is

susceptible to numerous other instabilities that threaten the beam’s stable propagation.

While the self modulation instability of long proton bunches may open the door to a

different paradigm of PWFA, it severely limits the utility of other long beam configurations,

such as the ramped bunch. The improvement in transformer ratio can only be sustained

as long as the transverse modulations of the beam can be contained. A strictly linear rise

in the beam current, however, will provide ample seed for rapid growth of the instability.

Furthermore, the addition of a “doorstop” at the leading edge of a ramped beam, which will

initially improve the transformer ratio, provides an even larger seed for the self modulation

instability. It is then difficult to envision a scenario in which a single ramped bunch can

sustain very large transformer ratios over long propagation distances in the context of linear

PWFA.
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Figure 2.11: Growth of the transverse self modulation instability without seeding from a
sharp current profile, i.e. Gaussian beam with kpσz = 12.

2.2.5 Transverse evolution of bunch trains

The transverse focusing and defocusing effects are of critical importance for multi bunch

configurations. As was discussed in Section 2.1.1, several bunches can be distributed over

multiple periods of the wake to resonantly enhance the wakefield amplitude or to improve

the transformer ratio. However, the rough scalings that were discussed ignore the transverse

evolution of the beam. In many cases, the transverse stability ultimately determines the

viability of energy extraction (or acceleration) over long propagation distances. In this

section we examine the tranverse dynamics of bunch trains in the linear regime.

We begin by examining the longitudinally resonant scenario (multiple bunches spaced

at integer multiples of the plasma wavelength λp which drive resonant growth of the lon-

gitudinal field). The form of equations (2.34) and 2.42 raises an immediate red flag for

this configuration; there is a 90 degree phase shift between the transverse and longitudinal

wakefields. This means bunches which are phased to maximize the longitudinal field are also

phased into the wake where the variation of the transverse fields along the length of each

bunch is maximized. Specifically, the front half of each bunch (excluding the first bunch)

falls into the defocusing phases of the wakefield while the back half is focused. Furthermore,

just as the passage of each bunch resonantly amplifies the longitudinal field, so too does it
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Figure 2.12: Transverse beam envelope evolution of longitudinally resonant multi bunch
configuration. In a) the current profile (black line) and matched slice emittance (blue line)
are shown. The weighted average of the slice emittances (~2.5 mm-mrad) is used in the
calculation of the transverse evolution using (2.44) show in b) at propagation distances of
kpz = 0, kpz = 50 and kpz = 100, (blue, red and yellow lines, respectively). Opacity of the
lines indicates the variation in beam current.

amplify the transverse defocusing wakefields. This leads to the very rapid disintegration of

the front halves of the bunches and large betatron oscillations of the back half of the beams.

In Figure 2.12 the transverse envelope evolution of a four bunch longitudinally resonant

bunch train is shown. Each bunch has longitudinal Gaussian profile with kpσz = 1. This

value, which is slightly less than the optimal value for Gaussian bunches, is chosen simply

to show beams which are more clearly separated. The radial distribution is flat top so

that we can use (2.44) with kpσ0 = 0.3. Finally, each bunch has a peak beam density

nb/np = 0.01. To obtain physical units a plasma density corresponding to λp = 100µm and

beam energy of 57 MeV are used. As was done in Figure 2.8, the matched slice emittance

is calculated at each point along the length of bunch train (Fig. 2.12 a) blue line). These

values serve as something of a proxy for the transverse focusing forces and clearly illustrate

its resonant growth. The regions at the front of each beam where the matched emittance is

zero correspond to the defocusing phases. Again, since it is generally impossible to tune the

slice emittance of bunches in a way that could match these focusing forces, we determine the

optimal value as a weighted average of the slice emittances. It should be noted, however,

that even if it were possible to tune the slice emittance to exactly balance the focusing forces,

the fronts of each beam will still be in defocusing phases. Thus, even with zero emittance,
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they will be kicked outwards radially.

Using the optimal emittance of 2.5 mm-mrad, the slice by slice evolution of the transverse

envelope is calculated. Shown in Figure 2.12 b) are three snapshots at propagation distances

of kpz = 0, kpz = 50 and kpz = 100. After this relatively short propagation distance, the

bunch train is grossly deformed. As the beam radius of the bunches grows, the coupling

to the longitudinal wakefield is diminished. Therefore, the large amplitude wakes which are

initially excited are rapidly attenuated, effectively curtailing the primary benefit of such a

configuration. Continued propagation quickly leads to the rapid transverse breakup of the

trailing bunches. Evidently, stable propagation of a longitudinally resonant bunch train over

long distances is not practical.

Transverse stability in a multi bunch configuration can be greatly improved if each bunch

is phased to fill only focusing portions of the wake. This occurs when the spacing between

bunches is a half integer multiple of the plasma wavelength λp. Each bunch should also be

shorter than a full plasma period. Such a configuration was discussed in Section 2.1.1 in

the context of the ramped bunch train. In Figure 2.13 we show the transverse evolution

of a ramped bunch train obtained by modifying the previous example such that the charge

is redistributed to produce ramped current profile and the spacing between the bunches is

increased to 1.5 λp. All other parameters of the individual bunches are the same. From

the plot of the matched emittances and current profile, Fig. 2.13 a), it is apparent that

each bunch is settled comfortably inside of the focusing phases of the wake, and the regions

which are otherwise defocusing are almost entirely devoid of charge. It is also notable that

compared to Figure 2.12 a) the resonant growth of the transverse focusing force inside the

bunches is strongly suppressed. In this case, the optimal average value of the normalized

emittance is 2.7 mm-mrad. At first glance it may seem strange that this value is larger

than in the previous example but in the previous example nearly half of the charge is in the

defocusing part of the wake and serves to reduce the weighted average of the emittance.

The same snapshots at propagation distances of kpz = 0, kpz = 50 and kpz = 100 for

the ramped bunch train are shown in Figure 2.12 b). These results demonstrate a marked

improvement in transverse stability compared to the unramped bunch train, Figure 2.12 b)
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Figure 2.13: Transverse beam envelope evolution of a ramped bunch train configuration. In
a) the current profile (black line) and matched slice emittance (blue line) are shown. The
weighted average of the slice emittances (~2.75 mm-mrad) is used in the calculation of the
transverse evolution using (2.44) show in b) at propagation distances of kpz = 0, kpz = 50

and kpz = 100, (blue, red and yellow lines, respectively). Opacity of the lines indicates the
variation in beam current.

(note the difference in vertical scale). While the upsides of the ramped bunch configuration

compared to the unramped bunch train outlined in 2.1.1 indicated some advantage for the

former, the transverse dynamics thoroughly establishes the ramped bunch train as a more

viable option.

Even though there is drastic improvement in the transverse stability of the ramped bunch

train, it is still not quite ideal. Only the third bunch does not undergo a major net change

in transverse size. In the front two bunches the beam size growth due to emittance outpaces

the plasma focusing force over the whole length of the beams, while for the fourth bunch the

converse is true and the beam is collapsing inwards. This asymmetric focusing/defocusing

of the bunch train leads to the eventual degradation of the desired wakefield.

The situation can be improved if the emittance of the individual bunches can be adjusted

rather than using the average matched emittance for the entire bunch train. This would

ensure stable propagation of the bunch train over very long distances. In practice, however,

it may prove difficult to tune the emittance of individual beams in a bunch train. The need

for individually tailored emittances would not be necessary in the blowout regime in which

the transverse focusing force is constant.
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2.2.6 Hosing instability

The analysis performed up to this point has been predicated on the assumption of drive

bunches which are axisymmetric about the propagation direction. There is, however, a

particularly malicious two stream instability, referred to as hosing [34], that is excited in the

presence of transverse asymmetries. The coupling of the asymmetric beam to the wakefield

results in slice dependent centroid oscillations which grow both along the beam (i.e. depend

on the beam frame variable ξ) as well as propagation distance z. The continued growth of

these centroid oscillations lead to beam breakup and can limit the utility of PWFA based

projects.

Although beams with axisymmetric profiles are in principle insusceptible to this insta-

bility, any physical beam will have small slice to slice centroid variations along its axis as a

result of shot noise due to the finite number of particles. These small centroid displacements

alone can seed the hosing instability. Other asymmetries introduced in the beam profile

resulting from systematic errors provide an even stronger seed for hosing. It is therefore

paramount to take measures to stem hosing growth to ensure stable propagation of the drive

and witness bunches.

In [36]it was shown that in the linear regime and narrow beam limit the hosing stability

evolves in a nearly identical fashion as the self modulation instability. The ratio of the

growth rates for the two instabilities is near unity in most cases. Furthermore, the coupling

between the centroid oscillations and envelope modulations leads to harmonic generation

which ultimately accelerates the beam breakup. This imposes stricter limits on the viability

of using long ramped bunches. It also indicates the simplest means of mitigating the effect

of hosing is through the use of short bunches (Lb < λp).

Aside from long ramped bunches, strong interest in in the long beam limit Lb � λp

originates from the the self modulation community. For these schemes the hosing instability

is a primary concern. In order to ensure a long beam gets sliced into pseudo-bunch trains

capable of resonant excitation before beam breakup takes hold, the hosing stability must

be efficiently quashed. To overcome this limitation, a strong seed of the self modulation
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instability is needed to allow it to quickly outpace the hosing growth. Typically, this seed

has been suggested to come in the form of a sharp leading edge of the current profile or

simply from a short kpσz ∼ 1 electron bunch preceding the main long beam.

Generally, allowing the self modulation to grow faster than the hosing does not necessarily

ensure hosing will not eventually destroy the beam. It has been shown, however, that once

a long beam has been sliced into a bunch train via self modulation, hosing can be effectively

suppressed during continued propagation [45]. For this to happen several conditions must

be met. Each bunch in the train must fall into the focusing portions of the wake generated

by the bunch preceding it. This happens by definition for a fully self modulated long beam.

Then, the equations of motion for the centroid of each bunch (assuming some initial centroid

displacements) describe a driven harmonic oscillator. The frequency of oscillation is related

to the transverse focusing force and beam beta function at each bunch. At the same time,

the driving term oscillates at a frequency related to the transverse focusing force at the beam

beta function of the bunch preceding it. If these two frequencies are not equal, resonant and

unbounded centroid oscillations will not occur. In the linear regime of PWFA, the transverse

wakefield grows with the passage of each bunch meaning the driving terms and the natural

oscillations of the bunch centroids are never resonant (assuming the beam beta functions are

not correlated in an opposite fashion). This means that there is no resonant growth of the

hosing instability for trains of bunches that reside in focusing phases of the wake.

In the nonlinear regime in which the transverse wakefield amplitude does not increase

with the passage of each bunch, the same condition is met using an energy chirp on the

beam, thereby modifying the centroid oscillation frequency of each bunch. The existence

of an energy chirp is a requirement for the generation of multi bunch trains via emittance

spoiling masks [47].

Although the work performed in [45] was done with the premise of long beams that

have undergone full self modulation in mind, the same conditions for hosing suppression are

naturally met by a pre formed ramped bunch train. This suggests that multi bunch schemes

are inherently less vulnerable to beam breakup via hosing.
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Figure 2.14: Snapshot from a PIC simulation illustrating the blowout effect. Plasma density
is shown in blue scale with the white region indicating a plasma electron free volume. Beam
density is shown in orange/black scale and normalized to the nominal plasma density np.

2.3 Nonlinear theory

The physical picture of PWFA changes dramatically if the effect of the drive beam on the

plasma density can no longer be classified as a perturbation, i.e. nb > np. When this

happens, the space charge of the drive beam provides sufficient force to radially eject all

of the plasma electrons from a well defined volume surrounding the beam. Under most

conditions, the relatively massive ions remain immobile and the result is the formation of

a pure ion channel. After the passage of the drive beam, the ions pull the electrons back,

forming a wake. This regime of PWFA goes by several names, chief among them, the blowout

regime. The plasma electron free volume is commonly referred to as an ion bubble or ion

cavity, among other names. The boundary of the bubble is called the blowout radius. In

Figure 2.14, a snapshot from a particle-in-cell simulation shows an example of the formation

of such a blowout.

A major breakthrough for PWFA occurred when it was pointed out that both the lon-

gitudinal and transverse field characteristics inside of the ion bubble are far superior for

accelerating electrons than the fields obtained in the standard linear regime [12]. In partic-

ular, it was shown that inside the bubble the longitudinal field has no radial dependence.
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The radial uniformity of the accelerating gradient is useful in preventing growth of energy

spread as particles are accelerated. Furthermore, the uniform ion density provides a linear

transverse focusing force which depends only on the plasma density. This is beneficial be-

cause emittance, by definition, does not grow under linear focusing forces. With a uniform

focusing force inside the entire bubble the ion channel behaves like a quadrupole that fo-

cuses in both planes. It is then feasible to more completely match the drive (and witness)

beam. In contrast, in the linear regime of PWFA in which the focusing force varies along

the bunch, it is only possible to match a beam in an average sense. Also, with nonlinear

radial dependence of the focusing force, emittance growth is inevitable in the linear regime.

2.3.1 Blowout radius and longitudinal field

Since the discovery of the blowout regime almost three decades ago it has been established as

the defacto means towards acceleration of high quality electron bunches in a PWFA. It wasn’t

until relatively recently, however, that a multi dimensional theory was developed to describe

the behavior and scaling of such nonlinear wakes. It was found in [21, 22] that a nonlinear

wake excited by a drive pulse can be described completely by the trajectory of the blowout

radius rb (ξ). In particular, the longitudinal field Ez at a slice ξ is proportional to local

blowout radius rb (ξ) and its slope drb (ξ). To describe the trajectory of the blowout radius

itself, a differential equation was derived. These equations in full generality are reproduced

here without derivation.

A (rb)
d2rb
dξ2

+B (rb) rb

(
drb
dξ

)2

+ C (rb) rb =
λ (ξ)

rb
(2.45)
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In physical terms, ∆s is the thickness of the sharp plasma electron density transition region

(the electron sheath) at the boundary of the blowout radius. This sheath is formed by the

near axis plasma electrons which are blown out. The term ∆L represents the thickness of

the region just beyond the sheath which behaves in a manner similar to plasma electrons

in a linear wakefield. In general, these terms do not have strict definitions and really only

provide approximate descriptions of the density transition region at the boundary of the

blowout radius. However, it was found that the blowout radius trajectory depends only

weakly on the exact profile. On the RHS of 2.45 the term λ (ξ) represents the drive beam

longitudinal current profile. With the blowout trajectory known, the longitudinal electric

field is given by

Ez =
d

dξ

[
1

4
r2
b (ξ) (1 + β (ξ))

]
This set of equations can be reduced to simpler forms under various approximations, e.g.

the ultra relativistic limit. These approximations allow for more detailed insight into various

other aspects of nonlinear wakefields, such as beam loading [15] and hosing [37]. For our

purposes, we leave them in the fully general form.

In Figure 2.15 we present calculations of the blowout radius and electric field for several

sets of parameters. In each case, the beam has a bi-Gaussian shape with kpσr = 0.1 and

kpσz = 1. The peak density runs from nb/n0 ≈ {9, 90, 900} for the blue, red and yellow

lines, respectively. The corresponding longitudinal electric fields are also shown with each
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Figure 2.15: a) Blowout radius rb in units of kp for bi-Gaussian electron beam drivers with
with kpσr = 0.1, kpσz = 1 and varying beam densities nb/n0 ≈ 9, 90, 900 (blue, red and
yellow lines, respectively) b) The corresponding longitudinal electric fields, normalized to
the peak value inside the driver.

normalized to the peak decelerating field inside of driver. The drive beam itself (not show) is

centered about kpξ = −5. To obtain physical units, the plasma density is chosen to be fixed

with n0 = 1.23 × 1016cm−3, corresponding to a plasma wavelength of λp = 300µm. This

implies charges of the drive beams of 0.3, 3.0 and 30 nC and peak decelerating longitudinal

fields of 0.83, 4.6 and 20 GV/m. It should be noted that there is a threshold for the total

charge for which the blowout radius is equal to the beam radius. If the charge is reduced

lower, the solution to 2.45 yields a blowout radius is less than the beam radius. In this

situation, full blowout and formation of an ion bubble does not happen.

The first point of these calculations is to illustrate the amplitude dependent periodicity

of these multi dimensional, particle beam driven nonlinear wakes. As the charge density

increases, so too does the blowout radius and the overall length of the blowout. This leads to a

steepening of the wakefield (this is not clear from the graph because of the normalization) and

a growing separation between the peak decelerating phase and accelerating phase. The plot

of the longitudinal fields shows an almost 3π shift between peak accelerating and decelerating

fields for the nb/n0 = 300. This indicates a lengthening of the wakefield period by a factor

of 1.5 compared to the nominal plasma wavelength λp. This nonlinear lengthening of the

wakefield period is one aspect of nonlinear PWFA which deters the use of multiple bunches

for resonant interactions. A wakefield periodicity which depends strongly on drive beam
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parameters is highly sensitive to beam variations and also dictates the use of nonlinearly

spaced bunches making it very difficult to design an effective multi bunch scheme.

Also of interest, is a comparison of peak fields to the wavebreaking limit. Ultimately, the

maximum achievable acceleration gradient in the nonlinear regime is limited by wavebreak-

ing. This limit is often described in terms of the non relativistic cold plasma form given by

mecωp/e [48]. Note, for the highest charge case in Figure 2.15, the peak field is actually a

factor of two larger than this limit, which for the plasma density used is 10GV/m. For waves

with relativistic phase velocities, i.e. excited by relativistic drive bunches, the wavebreaking

limit given by
√

2 (γ − 1)mecωp/e where γ is the relativistic factor of the drive beam, can

be orders of magnitude higher. These definitions are based on 1D mathematical derivations

and have somewhat limited applicability in the context of multi dimensional driven wakes.

It has been shown through 3D PIC simulations, in fact, that the peak accelerating field in

particle beam driven wakefields saturates at levels of just a few times the non relativistic

limit. A more pertinent definition of wave breaking involves thermal plasmas and, critically,

the onset of particle trapping [49]. For the purposes of this work we simply point out that the

impact of wave breaking increases as the amplitude of the normalized wake Ez/ (mecωp/e)

is increased.

Regardless of the precise definition of wave breaking, the primary effects are the de-

struction of the wake coherence after the first period and the trapping and beam loading

of background plasma electrons. In the context of laser driven wakefields, particle trapping

is often the mechanism responsible for the generation and acceleration of electron beams;

so-called self-injection. For schemes using externally injected beams, particle trapping is a

parasitic effect. The trapped particles increasingly load, and therefore, dampen the wake-

field and can pollute the quality of the accelerated bunch. The other primary effect of wave

breaking, the loss of wakefield coherence, obviously precludes the possibility of sustaining

interactions with the wakefield beyond the first period.

Both the period lengthening and large wave breaking generally hinder the feasibility of

multi bunch schemes in the highly nonlinear regime. However, with the benefits of the

field characteristics and ultimately the higher gradients, the blowout regime has become an
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indispensable feature in the progress towards PWFA applications.

2.3.2 Transverse dynamics in blowout regime

Although it took decades to develop a comprehensive theoretical framework capable of de-

scribing the multi dimensional characteristics of the bubble formation and the associated

longitudinal fields, an understanding of the transverse focusing of particle beams inside the

bubble is comparatively simple. The transverse force on a relativistic charged particle inside

of the blowout comes entirely from the space charge of the uniform ion background. For

cylindrically symmetric bubble, the radial force on an electron is simply determined from an

application of Gauss’s law

Fr = −e2np
r

2ε0

where np is the plasma density and the negative sign indicates the force on electrons is

directed radially inward (focusing). This force has a linear dependence on the radial coor-

dinate and the dynamics of electron beams in linear focusing channels is well understood

in the context of standard accelerator physics. Compared to the transverse focusing in the

linear regime ( discussed in2.2) this an impressively simpler problem.

For a drive beam which is initially creating the blowout, there is a finite portion of the

front of the beam that does not feel this full force. Complete rarefaction of plasma electrons

in the bubble formation does not occur until after the passage some initial fraction of a

drive beam. The portion of the beam which does fall entirely into the ion cavity is related

primarily to the beam density. When nb/np � 1, a substantial percentage of the beam

(>90%) is in the blown out channel. For a beam matched to the ion focusing, in the leading

edge of the beam the emittance outweighs the transverse focusing generated by the plasma

and it diffracts radially outward in a process referred to as head erosion. In the following

discussion we will concern ourselves only the core of a drive beam which is in the bubble, or

equivalently, a witness beam which is loaded into a preformed bubble.

To describe the evolution of an electron beam inside of the blowout channel, we rely on a

standard envelope description of the beam (briefly described in 2.2.1) which, for cylindrically
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symmetric beam distributions in the presence of linear forces, takes the form

σ′′r =
ε2n
γ2σ3

r

−Kσr (2.46)

where εn is the normalized emittance and K ≡ − Fr
γmev2

zr
is the focusing strength. For a

standard linear focusing element like a quadrupole, the focusing strength is often described

in terms of an energy independent magnetic field gradient in Tesla per meter. For normal

conducting electromagnetic quadrupoles the focusing strength is ~10 T/m while permanent

magnet or superconducting quadrupoles can achieve several hundred T/m. The equivalent

focusing force inside an ion channel of relatively modest density (∼ 1016cm−3) is 300 kT/m,

many orders of magnitude higher. Such large focusing forces have provoked interest in

possible plasma lens applications [32].

Equilibrium of the beam envelope in a linear focusing channel is achieved when the term

on the RHS of 2.46 is equal to zero. When this occurs, the beam is said to be matched and

the beam will propagate in the channel with no change in transverse size. A beam which

is not matched undergoes envelope oscillations at the betatron wavelength of the focusing

channel with an amplitude directly related to the degree of mismatch. Matching the beam

to the focusing lattice, therefore, is critical for ensuring stable propagation of the beam and

to prevent large synchrotron losses and ensure stable propagation.

Using standard Twiss parameters (i.e. β = σ2
rγ/εn), the equilibrium (or matched) beta

function inside the ion channel is given by

βeq =
1√
K

=

√
γ

2πrenp
=

√
2γ

kp
(2.47)

It should be clear that the due to the extremely large focusing forces, the equilibrium beta

function will generally be much smaller than what might be found in conventional RF accel-

erating section, even for high energy particles. For plasma densities of interest (> 1016cm−3)

and relativistic beams, βeq is roughly on the mm scale. Adequately matching a charged

particle beam to this level of beta function generally requires specialized beam optics.
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In delivering a matched beam into the plasma, however, the requirements on the external

optics can be somewhat relaxed. In a real plasma source, there is a transition region in which

the density goes from zero to the nominal peak density. Consider a capillary discharge

plasma source. Between the two electrodes the plasma density can be kept fairly uniform,

but at the boundaries beyond the edges of the discharge the plasma quickly diffuses out into

the ambient vacuum via hydrodynamic expansion. This transition region actually provides

additional focusing of the beam.

As a simple model of such a situation, consider a plasma source which has Gaussian rise

in density from zero to np at a position z0 with a characteristic rise length τ . At distances

greater that z0 the plasma density plateaus and becomes constant. The focusing strength K

is then no longer constant over the length of the plasma and must be recast as a function of

propagation distance. Then the ion focusing strength takes the form:

K (z) =


2πrenp
γ

exp
[
− (z − z0)2 /2τ 2

]
z < z0

2πrenp
γ

z ≥ z0

(2.48)

The goal then is to determine the initial beam parameters that yield a matched beam in the

uniform density section of the plasma by plugging 2.48 back into 2.46. The resulting equation

does not readily offer up a simple solution. Alternatively, the initial beam parameters can

be determined by solving 2.46 numerically starting with a matched beam in the uniform

plasma and propagating it backwards through the density transition region. At a location

sufficiently far from the plasma, the beam Twiss parameters are calculated and the matched

beam is determined.

In Figure 2.16, the results of one such calculation are shown using np = 1016cm−3,

τ = 1mm, z0 = 0 and a beam energy of 57 MeV. For this energy the matched beta in

the uniform density region is βeq = 0.8mm. Evolution of the beam beta function in the

presence of the plasma is shown in blue and clearly demonstrates satisfaction of the matching

conditions. In the absence of the plasma the ideally matched beam comes to a virtual waist

of β = 1.4mm at a location z = −1.3mm (red line). These values guide the appropriate
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Figure 2.16: a) Beam beta function evolution for beam matched into focusing channel (blue
line) produced by ion density profile shown in b). Red line shows the evolution of the same
beam with ion focusing switched off.

design of the external focusing optics and confirm a significant reduction in the required

focusing. The density transition region provides enough focusing to reduce the beam beta

function by almost a factor of two.

In order for a drive beam to experience this transition regime focusing, it must have a

density which exceeds the plasma density over the entire propagation distance. This imposes

limits for the beam emittance and current. Assuming a normalized emittance of 1 mm-mrad

and peak current of 60 A, the evolution of the beam density both with and without the ion

focusing compared to the plasma density are calculated and shown in Figure 2.17. Clearly,

for these parameters this condition is satisfied over the entire propagation length. Generally,

if the equilibrium beam in the uniform section has nb/np > 1, this condition is almost always

satisfied.

Another topic of interest in the context of matching beams to focusing channels is the

effect of mismatch. There are numerous potential sources for mismatch but for the purposes

of this work, we will focus on two relevant scenarios. Imparting a linear energy chirp (a

longitudinally correlated energy spread) onto the beam is a critical step in the generation of

bunch trains at ATF [47]. In a chirped beam there is a variation in the effective focusing

strength along the length of the beam due a variation in γ. This means each slice of the

beam has a different equilibrium beta inside of the ion channel. Furthermore, these energy
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Figure 2.17: Beam density in the absence of plasma focusing (red line) and with plasma
focusing (blue line) compared to plasma density profile. Note, beam density for the plasma
guided beam is always at least 3 times that of the plasma density itself.

variations induce chromatic aberrations in the external focusing optics which deliver the

beam to the plasma. In effect, each slice of the chirped beam will come to waist at different

longitudinal positions with different waist beta functions.

To investigate this effect, we assume the final focus optics have an effective focal length

of 7 cm. The beam is given a 1% linear energy chirp over the full length of the beam and has

a central energy of 57 MeV. Under these circumstances, in the absence of plasma focusing,

waist location for the front and the back of the initially matched beam are separated by

roughly 700µm (Figure2.18a) dashed lines). There are also small variations in the minimum

beta function. These variations cause small betatron oscillations in the front and back of

the beam (Figure2.18a) solid lines). The amplitude of these oscillations indicate spot size

fluctuations of ~15% which is notable but not disastrous.

In a second case, we examine the mismatch effect that arises from variations the peak

plasma density np. In planned experiments, the plasma density will be intentionally scanned

over a significant range. Starting with an ideally matched beam for a plasma density np = n0,

the peak density is varied over two orders of magnitude from np = 0.1n0 to np = 10n0. The

results of this calculation are shown in Figure2.18b). For the lower density case, the beam

is strongly over focused and undergoes large oscillations (blue line). Although these are

significant oscillations, it should be pointed out that compared to the vacuum case (black

53



b) 

np=0.1¥n0

np=n0

np=10¥n0

-5. -2.5 0 2.5 5.
0

2

4

6

8

10

z HmmL

b
Hmm
L

Energy spread induced mismatch Density variation induced mismatch 

dpêp0=0.5%
dpêp0=-0%
dpêp0=-0.5%

-2.5 -1.25 0 1.25 2.5
0

0.5

1.

1.5

2.

2.5

z HmmL

b
Hmm
L

a) 

Figure 2.18: Beam to plasma mismatch effects. In a) the mismatch is induced a 1% linear
correlated energy spread of the beam and associated chromatic effects of the final focus
system, which is assumed to have an effective focal length of 7 cm for 57 MeV. Dashed
lines illustrate the waist shift and change in waist beta function. Solid lines show betatron
oscillations of the front and back of the beam. In b) the mismatch is induced by variations in
the peak density of the plasma. Initially matched beam without plasma is shown in dashed
black line.

dashed line) the beam is still strongly guided. Furthermore, for 2 cm long plasma, the beam

only undergoes ~2 complete envelope oscillations.
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CHAPTER 3

Quasi nonlinear regime

In the previous chapter we discussed the basic theoretical framework for both linear and

nonlinear PWFA. In the course of this discussion, we touched upon some of the primary

challenges that need to be addressed in designing an effective PWFA. These can be summa-

rized, in no particular order, as follows: (1) achieving large acceleration gradient, (2) high

energy transfer efficiency, (3) high transformer ratio, (4) transverse stability, (5) preserving

high quality beam phase space of accelerated charge.

Many of these points are addressed neatly by using a single drive/witness bunch config-

uration in the blowout regime. As it was pointed out, the longitudinal and transverse fields

inside of the ion bubble are conducive to maintaining high quality beam phase space. The

transformer ratio in these configurations, however, is generally restricted to less than two. In

principle the transformer ratio could be enhanced using shaped drive bunches (i.e. ramped

bunch), but this requires bunches which are longer than a plasma wavelength which in turn

greatly increases the risk of beam breakup by the hosing instability.

Improvements can be made if the interaction is extended over many periods of the wake-

field using several discrete equally spaced bunches. This is difficult in the highly nonlinear

regime for a couple of reasons, the nonlinear lengthening of the wakefield period and strong

wavebreaking which disrupts the wakefield coherence and induces significant particle trap-

ping.

These types of resonant interactions are available in the linear regime, but this comes at

the expense of allowing the existence of plasma electrons in the path of both the drive and

witness bunches. This makes it particularly difficult to both minimize energy spread growth

and prevent emittance growth due to the nonlinear longitudinal and radial dependences of
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both the transverse and longitudinal wakefields.

A natural question arises: is it possible to exploit the advantages of both the linear and

nonlinear regimes simultaneously? That is, can resonant wakefield interactions be sustained

in the presence of blowout?

To answer this question, we return to a discussion presented in 2.3.1. As was pointed

out, the wakefield period tends to grow as the blowout radius grows. On the other hand,

as the blowout radius shrinks, the nonlinear lengthening of the wakefield period compared

to the nominal plasma wavelength λp approaches unity. In other words, for relatively small

blowout radii, the wakefield responds at the linear plasma wavelength. As a rough limit, it

was found [22, 21] that the wakefield is periodic at the linear plasma wavelength when the

normalized maximum blowout radius is less than one, kprmax < 1.

At the same time, a small blowout radius also ensures the peak wakefield amplitude is well

below the cold non relativistic wavebreaking limit. Although the collapsing of the wakefield

bubble will still produce a density spike at the end of the bubble, particle trapping and

destruction of wakefield coherence are also largely avoided in this limit. Therefore, unlike

the highly nonlinear regime, this condition (kprmax < 1) suggests that it is possible interact

with these weakly nonlinear wakefields in a resonant fashion with multiple equally spaced

bunches.

We can derive a condition on relative beam parameters to ensure the linear periodicity

starting from the empirically found maximum blowout radius for bi-Gaussian drive bunches

in the narrow beam limit, kpσr � 1 and kpσz ∼ 1, given by [22, 21]:

kprmax = 2
√
nb/n0kpσr (3.1)

Taking the square of this quantity, multiplying by kpσz and using nb = Nb/ (2π)3/2 σ2
rσz gives

the following condition for the linear periodcity of the wakefield

Nbk
3
p

n0

<

√
π3

2
kpσz
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The term on the LHS of the inequality is simply the definition of the normalized charge,

Q̃, which is the total number of beam electrons normalized to the total number of plasma

electrons inside a cubic plasma skin depth [50, 51]. Considering bunches with normalized

lengths on the order of unity, the above expression can be written approximately as

Q̃ ≡
Nbk

3
p

n0

< 1

This condition, then, can be used to roughly describe the transition where the driven wake-

field periodicity deviates appreciably from the nominal plasma period. Keeping the nor-

malized charge of the drive bunches below one opens the possibility for sustained resonant

interactions with the wakefield. This condition by itself, of course, provides no assurance of

attaining blowout. For blowout to occur, we require nb > np. Therefore, we define the quasi

nonlinear regime as a satisfaction of these two requirements:

Q̃ ≡
Nbk

3
p

n0

< 1; nb > np (3.2)

The nature of the quasi nonlinear regime is such that a purely analytical treatment

isn’t entirely feasible. When the driver intensity is sufficiently large and full blowout is

anticipated, standard nonlinear theory of plasma wakefields works very well in describing

the dynamics and fields in the first period of the wake. Because of wavebreaking, turbulence

and other factors, it is difficult, however, to extend this description over multiple periods.

Linear theory works well in describing the interaction of multiple bunches over many periods

of the wake, but of course this is entirely predicated on the generation of wakefields by small

perturbations from low intensity drivers.

Therefore, it is necessary to explore the various aspects of this regime through simulations

in conjunction with some comparison to both linear and nonlinear theory. A few of the

key areas of interest are the bubble formation by beams in this weakly nonlinear regime,

interactions beyond the first wakefield period, and stable propagation of multi bunch trains.

The simulations are performed using the 3D particle-in-cell code Vorpal [52]. In general,
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every simulation is performed using grid resolution of roughly kpdx = kpdy = kpdz = 0.01.

3.1 Single bunch

As a first example we investigate the bubble formation for a relatively high density single

bi-Gaussian beam in this regime. The bunch has a geometry kpσz = 1, kpσr = 0.025, a total

charge of 90 pC and energy of 1 GeV. The plasma density is chosen such that λp = 300µm

which implies a normalized charge of Q̃ ≈ 0.4 and a peak beam to plasma density ratio of

nb/np ≈ 40. The plasma density profile has a short Gaussian rise over the first millimeter

of the plasma. The vacuum focusing of the beam is chosen such the transverse beam size is

closely matched the transition focusing imparted by this density ramp. Some results of this

simulation are shown in Figure 3.1 after the beam has propagated a distance of 1 cm into

the plasma.

The density map in a), which shows the plasma density in blue colors and beam density

in red/orange colors, shows the clear formation of the ion bubble. In b) the blowout radius

determined from the simulation is compared against the analytical calculation showing a

high degree of agreement. The peak blowout radius kprmax = 0.32 is also in good agreement

with 3.1. A further comparison of simulation and theory is shown in c) where the Ez field

from simulation is compared against the analytical calculation. There is a strong agreement

between the two except at the end of the bubble where certain assumptions in the theory

break down (i.e. that the boundary sheath is narrow compared to the bubble radius). This

example is presented primarily to illustrate that even in the limit of low normalized charge

and kpσz = 1, very clear and well defined blowout still occurs if the beam has small emittance

and undergoes relatively strong focusing into the plasma. In this case the beam normalized

emittance is chosen to be a very reasonable 1 mm-mrad and it comes to a virtual waist (in

the absence of plasma) of β = 3mm, which is small but certainly attainable using standard

beam optics.
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Figure 3.1: 3D PIC simulations showing bubble formation for single drive bunch in quasi
nonlinear regime (kpσz = 1, kpσr = 0.025, Qtot = 90pC, λp = 300µm and electron energy
of 1 GeV) with comparison to analytic predictions. a) Density map for plasma (blue colors)
and beam density (red/orange colors) where nb0 = 40np. b) Comparison of blowout radius
trajectory as determined by simulation (blue line) and theory (red line). c) Comparison of
longitudinal electric field determined from simulation (blue line) and simulation (red line).

3.2 Two bunch

As a next step we begin to investigate interactions beyond the first wakefield period and

introduce a second bunch, with identical geometry, charge etc. located at exactly one plasma

wavelength downstream of the initial bunch. In Figure 3.1 density maps of the plasma and

beam are shown for propagation distances of 2 mm (a) and 10 mm (b). In a), when the

beams have propagated a relatively short distance in the plasma, two well defined bubbles

are formed, with the second bubble achieving an increased blowout radius. Furthermore, the

backs of the two bubbles (indicated by the red lines) have a separation distance of kpd = 2π,

which confirms the wakefield in this limit responds at the normal linear plasma period.

It is also notable that the front portion of the second beam is overlapping with the
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Figure 3.2: 3D PIC simulation results for a two bunch configuration in the quasi nonlinear
regime. Bunch and plasma parameters are same as in Figure 3.1. Bunch centroids are
separated by λp. Density map of plasma and beam are show after 2 mm propagation in
plasma (a) and 10 mm propagation in plasma (b)

plasma electron density spike generated by the initial beam. The preponderance of plasma

electrons in this volume leads to very strong defocusing of this part of the second beam.

After propagating 1 cm into the plasma (b), a significant portion of the second beam has

been completely ejected from the wakefield channel. Although the overall beam current is

unchanged by this defocusing, the transversely ejected charge no longer couples into the

wakefield. This has a number of consequences. The loss of charge directly effects the energy

available for extraction and thus diminishes the energy transfer efficiency. Additionally, the

dissolution of the front of the beam leads to an effective shift of the beam centroid which

results in an increasing separation between the two bunches. With a growing separation

between the beams they no longer maintain perfect resonance with the plasma and the
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second beam slips backwards in the wakefield phase, disrupting the resonance. This is

clearly notable in the transition from a) to b) in Figure 3.1. The back of the second bubble

shifts considerably from its initial location due to the defocusing of the beam. This is process

is analogous to the self modulation instability with its slow phase velocity.

This example illustrates a few key points. The two bunches, at least initially, excite a

resonant response in the plasma while creating well formed blowout channels. The transverse

effects, however, lead to rapid disintegration of the trailing bunch which strongly modifies

the desired wakefield characteristics.

3.3 Ramped bunch train

As was pointed out in a previous chapter, the problematic transverse defocusing effects

are avoided when using a ramped bunch scheme. With a spacing of half integer multiples

of λp each bunch falls almost entirely into focusing portions of the wake. To investigate

such behavior in the quasi nonlinear regime, a ramped bunch consisting of three bunches

is simulated. Each bunch in the train has geometry kpσz = 1 and kpσr = 0.063 and beam

energy is still 1 GeV as it was in the previous examples. The charge ratio of the train is

{1 : 3 : 5}Q0 where Q0 = 6pC. The plasma wavelength is chosen to be λp = 100µm. Again,

the plasma density profile has short mm scale Gaussian rise to the nominal peak density and

the beam waist size and location are chosen to be matched to the transition region focusing.

Together this means the total charge in the bunch train is Q̃ = 0.75 and the peak beam to

plasma density is nb/np ≈ 6.6. For the first bunch in the train, the one with the smallest

total charge, the beam to plasma density ratio is only nb/np ≈ 1.3.

Beam and plasma density maps are shown in Figure 3.3 for propagation distances of 2

mm (a) and 10 mm (b). Although the first bunch is initially denser than the plasma, it is

only slightly more dense. Consequently, the complete plasma electron rarefaction does not

occur until near the tail of the bunch. The beam, then, which was specified to be matched

to the full focusing force of the bare ion column, gradually diffracts under the weight of it’s

emittance, which is referred to as head erosion. This of course diminishes the beam density
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Figure 3.3: Plasma and beam density maps from 3D PIC simulation results of a ramped
bunch train configuration in the quasi nonlinear regime shown after 2 mm propagation in
plasma (a) and 10 mm propagation in plasma (b)

and in turn prevents the propping up of a fully form ion bubble.

With the wakefield essentially seeded by the first bunch, however, the subsequent bunches

are almost entirely inside of fully formed bubbles. The result is highly stable transport and

guiding of the bulk of the ramped bunch train. Without any defocusing of the beams, as

is observed in the previous case, the relation between drive bunches and wakefield phase

remains fixed. It is worthwhile to look more in detail at the evolution of the transverse beam

size. In Figure 3.4, the slice by slice RMS transverse beam size of the bunch train is shown

for the two propagation distances. After just a few mm propagation in the plasma (a), the

bunches are relatively unchanged. There is some slight defocusing of the front portion of the

bunches. For the first bunch, this stems entirely from simple head erosion.

Head erosion also plays primary role in the initial defocusing of the second and third
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bunches as well, but there is another contributing factor. As the beams propagate through

the density transition region, the wakefield sweeps across the bunches. As the density in-

creases, the wakefield period shortens and increases in amplitude. In approaching the nomi-

nal peak density, then, there is continuously changing phase relation of the bunches relative

to the wake. In other words, in moving through the density transition region, there is some

point at which the local plasma wavelength is equal to the bunch spacing and the there is

defocusing of the front half of the bunches in the same way as was illustrated in the previous

example.

Figure 3.4: Slice by slice RMS transverse size evolution of ramped bunch train in the QNL
regime after 2 mm propagation in plasma (a) and 10 mm propagation in plasma (b). Color
scale indicates beam current where IP = 225A is the peak current of the highest charge
bunch.

Further propagation of these beams into the plasma (b) confirms nearly perfect matching

of the second two bunches. There are some noticeable streaks near the fronts and backs of

these two bunches indicating some amount strong defocusing. This is due to the bunch

distributions being Gaussian and with kpσz = 1 there is some small fraction of both the

head and tail of each trailing bunch which may extend beyond a single wake period and

become defocused. Regardless, better than 95% of the charge of each the second and third

bunches are well confined inside of the ion bubbles. These bunches, which come to a virtual

waist (no plasma focusing) of β = 1mm undergo almost no variation in beam size over ~ 10

mm.

The bulk of the first bunch, which does not sit inside a fully formed blowout channel,
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naturally diffracts. Only the trailing edge of the bunch is matched to a comparable degree

as the second and third bunches. The leading edge of this first bunch, which feels almost

no plasma focusing, gives some indication as to the beam size evolution that would occur in

vacuum and gives a clear picture of the strong guiding afforded by the appropriate phasing

and charge ratio of the drive bunches.

The stable propagation of the individual bunches is of course critical to sustain the

desired longitudinal wakefield characteristics. In Figure 3.5, the longitudinal electric field

obtained from the simulations is shown (blue lines) at the same propagation distances. The

simulated fields are compared to analytic calculations using linear PWFA theory (red lines)

and the beam current is shown as a dashed black line. In first panel (a), there is a an

exceptional degree of agreement between the simulation and linear theory. This provides

further confirmation that beams and wakefield interact in the same resonant fashion in

this quasi nonlinear regime as in the linear regime. As the ramped bunch train continues

to propagate (b), the longitudinal field is fairly well preserved. Due to the diffraction of

the leading beam, there a decrease in amplitude which induces a slight modification of the

wake response in comparison to the analytic prediction (note, the analytic prediction relies

on rigid beam or non evolving beams and so does not account for evolution of the fields).

Overall, however, this scheme demonstrates the viability of sustaining >2 GV/m acceleration

gradients with transformer ratios on the order of 5-6 while at the same time inducing fully

formed blowout channels suitable for acceleration of high quality electron bunches.
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Figure 3.5: Evolution of Ez field for ramped bunch train in QNL regime as determined
simulation.
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3.4 ATF conditions

The preceding examples were presented primarily to provide conceptual insight into the both

the value and viability of resonant interactions in the quasi nonlinear regime. In order to

make this demonstration, the electron beam configurations and parameters used are not, at

present, widely available at experimental facilities. Planned upgrades at the SPARC lab at

INFN in Frascati should eventually be capable of delivering highly tunable bunch trains with

>kA peak current, ~1 mm-mrad emittance at >100 MeV [53]. Through the use of permanent

magnet quadrupole magnets, these beams will be focused to millimeter scale beta functions.

The conditions, then, will be highly conducive to a battery of experiments aimed at exploring

resonant interactions in the quasi nonlinear regime.

In the meantime, certain preliminary investigations can be performed at the Accelerator

Test Facility (ATF) at Brookhaven National Lab. The basic conditions necessary to demon-

strate resonant interactions in the quasi nonlinear regime are, in principle, available at ATF.

Using the emittance spoiling mask technique [47] it is possible to generate bunch trains

of several equally spaced bunches which can be tuned to match the plasma wavelength of

plasma source which produces plasmas in the ∼ 1015− 1017cm−3 range [54, 55, 44]. With an

augmentation of the final focus capabilities, the individual bunches, which have ~1 mm-mrad

emittance and small Q̃ for such a plasma density, can have nb/np > 1 and simultaneously be

beta matched to the ion focusing of the blown out plasma. Even with relatively optimistic

beam parameters, however, the beam to plasma density ratio will be at best no greater

than 5. Furthermore, using the mask method to generate ramped bunch trains throws out

a significant amount of charge which will further reduce the beam to plasma density ratio.

It is therefore, not practically feasible to perform ramped bunch train experiments in the

QNL regime at ATF. Regardless, it is still possible explore various key aspects of the QNL

regime.

To illustrate the possibilities at ATF, we present some simulations assuming ATF style

beam configurations with augmented final focus capabilities. A bunch train consisting of

three identical bi-Gaussian bunches with RMS length of σz = 40µm, normalized emittance
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of 2 mm-mrad comes to waist of σr = 5µm at the plasma entrance. The charge of the

individual bunches is 30 pC and the beam energy is 57.6 MeV. The inter beam spacing of

the bunches is 300µm. The plasma source available at ATF, a 2 cm long discharge capillary

[56], is capable of producing densities in the range of ∼ 1015 − 1017cm−3.

The first case we present is when the plasma density is chosen such that the plasma

wavelength is exactly equal to the inter beam spacing λp = 300µm, which maximizes the

initially excited longitudinal wakefield. In this case, the beam to plasma ratio is nb/np = 1.3

and the normalized charge of the individual bunches is Q̃ = 0.14, which indicates the QNL

conditions are met. We therefore anticipate resonant excitation of the wakefield with full

bubble formation. The beams are slightly mismatched to the equilibrium beta function inside

a blown out plasma, which in this case is βeq = 0.7mm. The effects of mismatch, however,

are comparatively small compared to the direct wakefield effects.

In Figure 3.6 the beam and plasma density map is shown after the beams have propagated

2 mm (a) and 20 mm (b) into the plasma. The results are predictably similar to the example

shown in 3.2. Initially the bunches drive the wakefield and create full blowout after the

passage of each bunch. After further propagation, however, the transverse wakefields cause

almost complete radial ejection of the second and third bunches. This loss of charge causes

a very rapid attenuation of the excited on axis wakefield as can be seen in Figure 3.7 where

the on axis Ez field is plotted at the same two time steps. This is another example which

demonstrates the importance of ensuring the drive beam stability.

The drive beam stability is drastically improved if each bunch is phased slightly backwards

relative to wake generated by the bunches preceding it. This kind of phase shift can occur in

two ways. For a fixed plasma density the bunch spacing should be increased relative to the

plasma wavelength. Or, equivalently, for a fixed bunch spacing the plasma density would

be increased in order to decrease the plasma wavelength. In Figures 3.8 and 3.9 we show

further simulation results using the same bunch configuration but a higher plasma density

with a shorter plasma wavelength λp = 250µm. In this case, the phase shifted bunches fall

primarily into strongly focusing portions of the wake and the net result is strong guiding

of the entire bunch train. Of course, the shifting of the bunches means they are no longer
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Figure 3.6: Plasma and beam density maps from 3D PIC simulations of ATF style multi
bunch train propagating through plasma with plasma wavelength equal to bunch spacing.
Snapshots at 2 mm (a) and 20 mm (b).

exactly resonance with the longitudinal wake. This is clearly noticeable in the plots of the on

axis Ez field in 3.9; they no longer look perfectly sinusoidal. It should be noted, however, that

the amplitude decrease over full 20 mm propagation is significantly less than the previous

case when the plasma wavelength was λp = 300µm.

This configuration (bunch spacing 300 µm and λp = 250µm) has obvious similarities to

the ramped bunch train. For the ramped bunch train, the spacing between the bunches

is exactly a half integer multiple of the plasma wavelength, which yields ideal focusing

conditions of the individual beams. An optimized ramped bunch train, however, also consists

of bunches that occupy roughly an entire wakefield period kpσz = 1.3. Any shift, then, from a

spacing 1.5λp results in part of the beam landing in the defocusing part of the wake. For the

present case, the bunches are actually shorter that a wakefield period kpσz = 0.75. A shorter
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Figure 3.7: Evolution of Ez field from 3D PIC simulations of ATF style multi bunch train
propagating through plasma with plasma wavelength equal to bunch spacing. Snapshots at
2 mm (a) and 20 mm (b).

bunch means the phase shift needed to locate each bunch entirely in a focusing portion of

the wake need not be full π shift as it is in the case of the ramped bunch train.

The two simulations presented here were part of a larger parametric study in which the

plasma density was varied over large range corresponding to values attainable with the ex-

isting plasma source at ATF. One of the key diagnostics in the planned experiments is a high

resolution OTR imaging system which will allow the transverse profiling of the beam at the

immediate exit of the plasma. The transverse projection of the bunch trains after interact-

ing with plasmas of varying density provides certain signatures that can confirm resonant

interaction of the bunch train with the plasma as well as provide definitive demonstration

of stable propagation and guiding of pulse trains.

To illustrate these signatures, in Figure 3.10 we present results from the parametric PIC

simulation study. In a) a waterfall plot of the beam transverse profile a few mm downstream

from end of the plasma source is shown. Each line in the plot represents a horizontal

projection of the transverse size. To provide a more quantitative perspective, the RMS size is

plotted against plasma wavelength in b). What is notable in both plots is the sharp transition

between plasma densities which produce strong overall guiding and strong defocusing of the

bunch train. When the beam spacing is equal to an integer multiple of the plasma wavelength

(i.e. 150 or 300 µm), the result is strong defocusing of the bunch train. In between these
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Figure 3.8: Plasma and beam density maps from 3D PIC simulations of ATF style multi
bunch train propagating through plasma with plasma wavelength shorter than the bunch
spacing. Snapshots at 2 mm (a) and 20 mm (b).

values, there is substantial guiding of the beams, with the best focusing occurring between

roughly 200 to 250 µm. This alternating focusing and defocusing dependence on plasma

wavelength provides definitive measurable signature that confirms resonant interactions in

this QNL regime. At the same time, it would establish the stable propagation of bunch

trains through high density plasma.

3.5 Self modulation of long beam at ATF

Recently, measurements were performed at ATF that measured energy modulations of a

beam that confirmed the seeding of the SMI [44]. As an auxiliary investigation, we discuss

the possibility of measurements of the SMI as it manifests itself in the form of a beam density
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Figure 3.9: Evolution of Ez field from 3D PIC simulations of ATF style multi bunch train
propagating through plasma with plasma wavelength shorter than the bunch spacing. Snap-
shots at 2 mm (a) and 20 mm (b).

modulation. With enhanced final focus capabilities, the beam density at the plasma entrance

will be much higher compared to previous experiments. This will lead to a significantly

accelerated growth of the instability resulting in much stronger modulations of the beam

density after propagating through 2 cm of plasma. It might then be possible to measure

this periodic density modulation of the beam using standard CTR interferometric methods

(Section 4.4.2).

We can gain some preliminary insight into the level of beam modulation by deferring

to 3D PIC simulation. The beam used in the simulation comes to a transverse waist of

5 microns with a total length of 1.2 mm and total charge 400 pC. The plasma density is

1.1 × 1017cm−3 which means λp = 100µm. The beam, then, is roughly 12 plasma periods

long and propagates through 2 cm of plasma.

In order to ensure preferential seeding of the SMI compared to hosing, the longitudinal

beam profile is chosen to be flat top. In 3D PIC simulations, the finite number of macro

particles provides a substantial incoherent seed for the hosing instability which is unphysical

and can lead to the rapid outpacing of the hosing instability compared to the SMI. Since

experiments have confirmed that the method used to provide a sharp rise in current profile

at ATF provides a seed for the SMI, it is therefore reasonable to use a perfect flat top profile

to suppress any spurious numerical hosing which might cloud the results in simulation.
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Figure 3.10: Results of parametric PIC simulation study using ATF beam parameter and
varying plasma density.

In Figure 3.11 the beam density is shown when the beam first enters the plasma a) and

at the exit of the plasma b). As anticipated, the SMI causes strong periodic modulations of

the beam density with large sections of the bunch ejected transversely. It should be noted,

that in b) some particles extend beyond the window, but the image doesn’t represent the

full simulation grid and particles aren’t actually lost in the simulation. In other words, the

overall beam current remains unchanged by the modulation. Overall however, the simulation

shows major modulations of the beam density.

With such strong modulations of the beam density, it certainly seems at least plausible

that the transition radiation signal would provide a signature of this effect. Even though

the beam current itself is left unchanged, the modulated beam doesn’t look much different

that a micro bunch train which produces strong coherent radiation at the bunch spacing.

To examine the frequency content that would be present in a transition radiation signal,

it is straightforward to calculate. The beam in the PIC simulation consists of 106 macro

particles and the full 6D phase space is tracked. It is therefore possible to determine the

individual phase contributions of each particle to the electric field at a given point which

permits direct calculation of the coherent transition radiation spectrum using Eq. 4.7. Using
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Figure 3.11: Self modulation of long beam in from 3D PIC simulation assuming ATF beam
parameters and augmented focusing.

this approach the CTR content was calculated for the initial beam and the modulated beam.

The logarithm of the differential spectrum is shown in Figure 3.12.

There are a couple of points to make. In the case of the unmodulated beam there is

clearly significant amount harmonic content. This is due the sharp transitions of the flat top

longitudinal profile. It is actually this same harmonic content which is required to seed the

SMI. In the case of the modulated beam, there is some increase additional frequency content,

indicated by the red circles, at harmonics of the plasma wavelength, i.e. 3 and 6 THz. It

is also notable that this content is peaked at angles much larger than the characteristic 1/γ

cone.

The difference between the two CTR signals is more clearly illustrated in Figure 3.13

which shows the spectra integrated over the polar angle θ. There is clearly an enhancement

of the CTR signal around 3 THz and a more subtle increase at the second harmonic of 6

THz. Note, this is on the logarithmic scale and so the variation between this two signals is

undeniably subtle. Because there is no real current modulation, the CTR enhancement due

solely to density modulations is minor, unlike the CTR which is generated from a real train

of micro bunches.
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Figure 3.12: Logarithm of the calculated differential CTR spectrum of the unmodulated
a) and modulated beam beam b). Red circles indicate areas bands where the modulation
produces extra frequency content.

This naturally raises the question of detectability. Compared to the unmodulated beam,

the total energy contained in the frequency content around the harmonics of the plasma

period is about a factor of five greater in the modulated beam case. However, as a fraction of

the total CTR energy, the SMI induced harmonic content is only about 3% of the total signal.

This presents a significant challenge. Standard CTR interferometric techniques which are

used to measure beam form factors rely on measuring variations in total transmitted energy.

Thus, in order to detect these type of density modulations using CTR interferometry one

needs the capacity to measure a 3% modulation in CTR energy. In practice this may be

too demanding. Consider that CTR energy scales with the square of charge and so shot to

shot variations in charge of just a few percent will produce variations in the CTR energy

greater than 3%. There are of course many other factors which will to lead to shot to shot

variations in the CTR energy which lead to rapidly degrading signal to noise for this type

of measurement.

A more realistic means at measuring the SMI induced beam density modulations would

be to focus only on variations in CTR energy over narrow bandwidths rather than relying
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Figure 3.13: Logarithm of the angularly integrated CTR spectra of the unmodulated (blue
line) and modulated beam beam (red line).

on measurements which collect all of the CTR energy. The availability of narrow band THz

filters, for example, could make this measurement more realizable. Measuring the CTR

energy transmitted through narrow band filters around the plasma wavelength should in

principle reveal a factor of five variation between the modulated and unmodulated beam.

This is would be an improvement of better than 2 orders of magnitude compared to simple

CTR interferometry where the variation between the two cases is ~3%.
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CHAPTER 4

Description of Experiment

The primary goal of this experiment is to observe resonant interactions of trains of electron

beams with plasma in the quasi nonlinear regime. Resonant interactions manifest them-

selves in two forms, transverse resonance and longitudinal resonance. In the case of the

transverse resonance, appropriately spaced electron bunches excite a wakefield in which each

bunch falls primarily in the focusing phases of the wakefield and, when properly matched,

stably propagate over many waist beta functions. Strong focusing and guiding of electron

beams in the nonlinear blowout regime of PWFA is a familiar concept that has been demon-

strated experimentally[57, 58, 59]; this, however, would be the first demonstration of stable

propagation of multiple bunches in the blowout regime.

The second aspect of the resonant interaction, the longitudinal resonance, pertains to

driving the longitudinal electric field. Identical bunches of electrons spaced at the plasma

wavelength will excite a wakefield with a peak longitudinal electric field that increases linearly

with each passing bunch. This kind of resonant interaction with the plasma opens the door

to schemes which are particularly attractive to collider schemes applications.

The success of this experiment relies on the simultaneous satisfaction of a number of

electron beam and plasma parameters. Firstly, it will be necessary to generate pulse trains

of equidistant electron bunches spaced on the order of a plasma wavelength. Secondly, the

beam density should exceed the background plasma density and be brought to a focus in the

plasma such that the electron beam is closely matched to the focusing channel of the blown

out plasma. Clearly in order to satisfy both of these conditions the electron beam focusing,

plasma density and electron bunch spacing are all intimately coupled. Accordingly, the best

results will be obtained from a robust experimental design which allows for tunability of
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these three parameters.

4.1 ATF Accelerator and beamline 2

As previously mentioned, the Accelerator Test Facility at Brookhaven National Lab provides

an excellent test bed to run a gamut of experiments in the quasi nonlinear regime. A number

of beam-plasma interaction experiments have previously been performed at ATF including

multi bunch experiments [54], current filamentation experiments [55] and seeding of the

self modulation instability [44]. All of these experiments, however, were performed under

standard linear PWFA parameters.

At it’s core, the ATF accelerator is composed of a BNL/SLAC/UCLA style S-Band

photoinjector which, when run in typical operational settings, produces 0.1-1 nC bunches of

duration 1-8 ps (for a peak current of 100 A) with normalized emittance of 1.3 mm-mrad.

The RF gun is powered by a single SLAC XK-5 klystron delivering 2.5 MW in a 2.5 micro

second pulse and runs at a rep rate of 1.5 Hz.

Following the photoinjector are two traveling wave linac (SLAC sections) capable of

boosting the electron energy to 50-80 MeV. Once at high energy, the electron beam is trans-

ported through an initial drift section called the H-line which includes two electromagnetic

quadrupole triplets and an electromagnetic chicane. The chicane is capable of compress-

ing the beam to achieve kA class beams but is unused for this experiment. At the end of

the H-line a dipole steers the beam in the horizontal plane towards beamline 2, where this

experiment is performed. In the dispersive section, called the F-line, five quadrupoles are

used to zero out the linear dispersion before a second dipole steers the beam to the I-line.

Also in the F-line are two sextuples which are used to tune out nonlinear dispersion effects.

A standard I-line configuration used for many PWFA and dielectric wakefield acceleration

(DWFA) experiments [60, 61, 62, 63] consists of two electromagnetic quadrupole triplets

which shape and focus the electron beam at the interaction point. For the purposes of the

quasi nonlinear program, however, a number of major modifications were made to the I-line.

The primary modification involved the addition of an adjustable focal length perma-
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nent magnet quadrupole (PMQ) triplet, which allows for the extreme transverse focusing

of the electron beam needed to increase the charge density. The PMQ triplet used here

was originally designed and built for an inverse Compton scattering experiment performed

at Lawrence Livermore National Lab, but was easily repurposed for experiments at ATF,

which operates at similar energy ranges. Particulars of this piece of equipment are discussed

in a following section and in [64]. Here we focus on the necessary beamline adjustments

needed to accommodate the PMQ triplet.

For an electron beam of 60 MeV, the PMQ triplet acts as a lens with effective focal

length of ~7-8 cm, with the focal point located just 3.5 cm downstream of the final PMQ.

Accordingly, the PMQ triplet will have to be placed in very close proximity to the plasma

source, which includes a five axis manipulator, high voltage connections and a hydrogen gas

line. Further complicating the experimental design is the need for high resolution transverse

imaging of the tightly focused electron beam over a large range (~50 mm inches). That is,

the high resolution imaging system needs to be able to image the transverse beam size both

upstream and downstream of the plasma. Finally, in order to transport the electron beam

to the magnetic spectrometer, a second PMQ triplet is needed to recollimate the beam after

such tight focus. Getting a second PMQ triplet of equally short focal length close enough

to the waist, however, is not possible. Accordingly, the second PMQ triplet is designed to

have an effective focal length roughly three times longer than the final focus PMQ triplet.

This provides enough physical space to accommodate all of the necessary hardware and

diagnostics. The longer focal length simply results in a magnification of the beam by a

factor of three compared to its initial input size at the first PMQ triplet.

Integration of all of these new components (PMQs, high resolution imaging system)

was not possible in the preexisting experimental chambers on beamline 2. Thus, a new

experimental chamber was designed with the following aims: to minimize the impact on

the existing beamline, accommodate the new hardware for quasi nonlinear experiments, and

provide a robust environment for the growth of various experimental programs. ATF is, after

all, a user facility and the interaction point on beamline 2 is particularly popular location. It

would be highly impractical and time consuming to have to swap entire interaction chambers
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for each experiment. A CAD rendering of the final design for the interaction point is shown

in Figure 4.1 along with a picture of the hardware installed on the beamline.

Figure 4.1: CAD rendering and drawing of new experimental chamber installed on beamline
2 at ATF.

A final note about modifications to the beamline. Vacuum considerations are certainly

of high priority as the RF components including the gun and linacs are generally kept at the

10−10 Torr level. The hydrogen puffed capillary discharge used as a plasma source releases

gas initially at 100 Torr into the vacuum system, and although a single discharge at the

end of the beamline may not trigger major vacuum issues, repeated use certainly causes

the vacuum level to creep beyond acceptable levels. Previous plasma experiments at ATF

circumvented this issue through the use of a thin nitrocellulose pellicle mounted on a vacuum

valve which is inserted roughly at the midpoint of the I-line. When inserted, the gas from the

plasma discharge section cannot propagate upstream. The obvious downside is the electron

beam must pass through the pellicle, which can drastically alter its emittance. Again, for

previous experiments this was not of primary concern as the final spot size of the electron

beam was not a critical parameter, and the increase of the beam size by a factor of two or

worse was acceptable. In the case of the quasi nonlinear experiments, the aim is to achieve

the highest possible charge densities with the electron beam and so the emittance spoiling

effect of the pellicle must be eliminated.
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The simplest solution to the vacuum problem was the introduction of strong differential

pumping section. A thin 4mm inner diameter beam pipe with a length of 40 cm was installed

a few meters upstream of the plasma. Immediately upstream of the thin pipe is an additional

60 L/s turbo, and about ~10 cm upstream of the new turbo is a 5 mm diameter, 1 cm long

pinhole installed on a vacuum valve. This confined volume sufficiently prevents any vacuum

contamination from propagating further upstream during the plasma discharge. As an added

preventative measure, the pellicle, which can be inserted and retracted at roughly 1 Hz, is

inserted between plasma discharges and the vacuum system is allowed a few tens of seconds

to pump down such that all gauges return to nominal operational pressure levels. It was

observed that the fastest rep rate for the whole system to operate safely was on the order

of 10 seconds. This is considerably faster than the 60 plus seconds required between plasma

discharge shots before the introduction of the differential pumping scheme.

It should be noted that the success of the differential pumping scheme is in some way

tainted by the fact that the apertures produce a significant alignment and electron beam

transport problem. Ultimately, beam tuning can be limited by these apertures.

4.2 Electron beam transport and final focus with PMQ triplet

Transverse focusing of the electron beam to acceptable ~5 µm scale presents the primary

challenge to this experiment. In order to achieve this level of focusing, an adjustable per-

manent magnet quadruple (PMQ) triplet was employed. This particular PMQ triplet was

repurposed from a previous experiment. The full specifics of the design are well documented

in (LIM) and briefly described here.

The individual PMQs consist of 16 wedges of neodymium iron boride magnets arranged

in a Halbach style configuration. The length of each PMQ is 1 cm. For two of the PMQs the

bore size is 5 mm and for the third the bore size if 1 cm. The peak field gradients of these

PMQs were measured at 560 T/m for the small bore pair and 280 T/m for the larger bore

PMQ. The arrangement of the PMQs is such that the electron beam first sees the larger

bore (lower gradient) PMQ first followed by the two higher gradient PMQs which produces
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an F-DD-FF style triplet.

Figure 4.2: CAD drawing of adjustable focal length PMQ triplet

The PMQs are mechanically supported by three precision ground rods affixed to the

vacuum side of a Conflat flange. Linear vacuum feedthroughs attached to each PMQ mod-

ule allow for independent longitudinal adjustment of the PMQs, which allows focal length

adjustment and on the fly tuning. A CAD rendering of this system is shown in Figure 4.2.

Although this system was designed to operate at higher energies (up to 90 MeV) compared

to ATF (~60 MeV) basic beam dynamics and modeling using Elegant indicate that focusing

the beam to mm scale beta functions and several micron RMS transverse sizes is well within

reach.

A major concern, however, was the potentially degraded field quality of the PMQs. In the

course of previous experiments, there was clearly some damage inflicted upon the magnets

(Figure 4.3), likely from a combination of laser and electron beam. As such, it was necessary

to perform some basic measurements to verify that no major variations in the magnetic field

quality had been sustained. Accordingly, full transverse field maps of the PMQ system were

measured over the full length of the PMQ triplet using a miniature Hall probe mounted to a

three axis mover. A stream plot of one longitudinal slice is shown in Figure and illustrates

that at least the dominant quadrupole moment has not been drastically altered. For a more

quantitative approach, the measured transverse vector fields are fit to a multipole expansion
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Figure 4.3: Upstream face of one of the PMQs which shows some damage in the form of
discoloration
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of the magnetic field using

ψ =
N∑
n=1

anρ
n cos (nφ) + bnρ

n sin (nφ)

B = −∇ψ

where N is the highest order multipole used in the fitting. Fitting the vector field in this

way is limited in accurately determining higher order multipole contributions to the field,

i.e. octople or dodecapole, but it can provide useful results for determining skew or dipole

contributions.
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Figure 4.4: Stream plot of transverse magnetic field measured at on longitudinal slice of the
PMQ triplet.

As a first order concern, we look at the quadrupole strength as a function of propagation

distance along the triplet, shown in Figure 4.5 and the results are encouraging. Despite some

visual damage to the PMQs, the peak magnetic field gradients show only a minor degradation

from previously measured values of at most 10%. This may be somewhat fortuitous since

the electron energy at ATF is on the order of 10% less than what this system was originally

designed for.

For the non ideal quadrupole terms, the mulitpole fitting revealed some minor skew
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and dipole terms that persist along the length of the triplet. Although the contributions

are small, it is important to account for these imperfections. One straightforward method

to determine the overall effect is to rely on the rather brute force method of individual

particle tracking through the measured magnetic field. Using this method fully accounts for

chromatic effects, quadrupole imperfections and is capable of calculating the angular kicks

imparted to the beam.

Figure 4.6 shows results from one such calculation. The beam is specified to have 1%

linearly correlated energy spread and 57 MeV and 2 mm-mrad normalized emittance. An

iterative optimization procedure is carried out to produce a symmetric beam at the waist

with minimized spot size. Because there is space between the individual PMQs where the

measured magnetic field is barely above background, it is possible to include variations in

PMQ separation distance into the optimization. The other primary parameter of interest

in the optimization is the initial beam spot size at the PMQ triplet entrance. After some

optimization, the results show that a round beam with an initial RMS size of 200µm comes

to a symmetric waist of ∼ 4µm. Not shown in the graphs is the angular kick experienced by

the beam, which is 1 mrad in the horizontal plane and 0.5 mrad in the vertical plane. This

level of kick is easily corrected with standard steering magnets on the ATF beamlines.

In previous PWFA experiments at ATF, typical RMS transverse sizes of the electron beam

were on the order of 100 microns. By improving the final focus capabilities to yield final

spot sizes on the order of 5 microns or better, the electron beam density can be increased by
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Figure 4.5: Measured quadrupole field gradient along PMQ triplet.
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a factor of 400 which drastically alters the PWFA parameter space and allows for resonant

interaction studies in the underdense plasma regime. Magnetic field measurements and

particle tracking indicate the PMQ triplet is suitable for providing these types of beams at

the interaction point.

4.3 Multi bunch creation through emittance spoiling mask

The standard method for creating bunch trains at ATF is based on a masking technique

[65, 47]. The operating principle is to horizontally disperse an electron beam with a linear

energy chirp and project it across a metallic mask which effectively notches out portions of

the beam. When the dispersion is returned to zero, the horizontal pattern of the mask is

then translated into a time dependent current variation of the beam. In order for this to

work, beam size in the dispersion plane at the point of the mask, which is given by

σx =

√
(ηx∆E/E0)2 + βxεn,x/γ

due primarily to the energy spread and dispersion term (i.e. (ηx∆E/E0)2). In beamline 2

there is a two dipole dogleg that provides a natural point to install such a mask.

In the first iterations of multi bunch generation experiments at ATF, the mask consisted

of a series of thin titanium wires. It has now become more common practice to machine a
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Figure 4.6: Results of particle tracking using standard ATF parameters with large linear
energy chirp and magnetic field measurements of the PMQ triplet assembly.
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mask pattern into a 1 mm thick piece of steel or aluminum. This allows fairly exotic patterns

to be imprinted on the electron beam, limited only by machining tolerances.

It should be noted that the mask does not actually stop any portion of the beam. In fact,

1 mm of aluminum is only about 1% of a radiation length which causes an almost negligible

energy loss. The loss of charge derives exclusively from the large increase of emittance and

subsequent loss of the highly diffuse slices of the beam along the transport line. Such an

emittance increase is readily calculated using standard multiple Coulomb scattering formulas

[66]. For 57 MeV electron beam with 1.5 mm-mrad normalized emittance and transverse

beam size of ~500 µm, the emittance growth incurred by passing through 1 mm of aluminum

is roughly a factor of 1000.

Using the basic design parameters laid out in [65, 47], an emittance spoiling mask that

could produce 3-4 bunches separated by 300-500 microns was fabricated. A picture of the

mask is shown in Figure 4.7. The slot width of 0.05 inches was chosen to be 40% of the

separation of the slots (center to center), which means the total width of a microbunch will

be roughly 40% the bunch separation.

Figure 4.7: Emittance spoiling mask used for generating multi bunch structures.

4.4 Transition radiation diagnostics

Transition radiation (TR) generated by a collection of relativistic charged particles crossing

the boundary of two materials of different dielectric constant carries with it a wealth of

information related to the 6D phase space of the particles. Diagnostics utilizing TR are found

in accelerators around the world and commonly provide measurements of transverse beam

profiles [67, 68], longitudinal profiles [69], micro bunching [70], among other usese. Typically,
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transverse beam profile diagnostics make use of the incoherent portion of the TR spectrum,

which generally covers wavelengths shorter than the beam. For existing capabilities, charged

particle bunch lengths greatly exceed optical wavelengths, allowing for the rather convenient

possibility to use the optical portion of the TR (OTR).

Coherent emission (CTR) arises at wavelengths longer than the bunch length, generally

in the THz regime. The CTR spectrum has a strong dependence on the longitudinal form

factor, making it a viable source for longitudinal profile measurements. Coherent emission

can also result from micro features of the bunch. For example, in an FEL, the micro bunching

of the beam leads to coherent enhancement of TR at the bunching frequency and can be

used a means to optimize FEL performance. CTR has also been used to characterize more

exotic features of beams such as helical micro bunching [71] and has been proposed as a

primary diagnostic for observation of the self modulation instability [72]. In the context of

this work CTR is used as a means to measure inter beam bunch spacing of the generated

pulse trains.

4.4.1 High resolution OTR imaging

The requirement to focus the electron beam to micron scale transverse dimensions brings

with it the challenge of measuring such small beam profiles. Traditional single shot beam

profile monitors like scintillating phosphor and YAG screens are not suitable in this case.

The resolution of a phosphor screen is limited by the individual grain sizes which are on

the order of tens of microns. YAG screens can, in principle, enable micron scale resolution

but only in limited cases when the beam intensity is relatively low. For 100 MeV electrons,

it was shown that saturation effects of a 250 micron thick YAG crystal lead to degraded

performance at beam intensities above 0.04 pC/µm2.[73] While the beam energy considered

here is lower by half and thinner YAG screens can abate saturation effects to some extent,

the anticipated beam intensity will be up to 4 orders of magnitude higher. Wire scanners

(cite) are commonly used to measure small beam sizes but require many e-beam shots and

are generally bulky instruments that can not be easily integrated into compact experiments.
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A reliable alternative that can provide single shot high resolution beam profiles of high

brightness beams is optical transition radiation (OTR) imaging.

The spatial resolution associated with OTR imaging has been the subject of several

theoretical studies [74, 75]. The method used is analogous to the standard technique of

determining the point spread function (PSF) of an optical imaging system, which describes

the system’s response to a point source. In order to calculate the PSF, the source is prop-

agated through the optical elements using the Kirchoff diffraction formula. As a basis for

comparison, consider the PSF of a single lens imaging system. Starting with the Fraunhofer

approximation, the diffraction integral in radial coordinates with a point source is

E (ρ2, a) = 2π

ˆ ∞
0

A (ρ1) J0

(
2πρ1ρ2

λa

)
ρ1dρ1; A (ρ) =

e−ikρ

ρ
eiωt

where the subscripts 1 and 2 on the radial variables ρ refer to source plane and lens plane,

respectively, and a is the separation distance between the source and lens and A (ρ) is the

source function. Performing the integral is straightforward and gives the field on the front

face of the lens

E− (ρ2, a) = eiωt
iλa√
a2 − ρ2

2

An ideal lens simply imparts a position dependent phase shift to the incoming wavefront and

so the field is propagated through the lens by multiplying bye−ikρ2/2f where f is the focal

length defined by the thin lens equation. A second implementation of the diffraction integral

yields the complex field in the image plane (denoted by the subscript 3):

E (ρ3, b) = 2πeiωt
ˆ R

0

iλa√
a2 − ρ2

2

e−ikρ2/2fJ0

(
2πρ2ρ3

λb

)
ρ2dρ2;

where R is the radius of the lens. There is no analytic solution to the above integral.

The analog to a diffuse point source in the context of OTR is the radiation source

generated by a single relativistic charged particle impinging upon the surface of a perfect

conductor. Thus, the resolution of an OTR imaging system is dictated by the form of this

radiation source. There are numerous works that study transition radiation in great detail,
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but in the context of OTR imaging and the spatial resolution limits involved, probably the

most complete treatments are given in[castellano 1&2]. The approach taken in these works

allows for inclusion of various diffraction effects and finite source size considerations. In

this work, the source is modeled by a superposition of psuedophotons being reflected by the

boundary surface and is described in cylindrical coordinates as:

Ex,y (~ρ1, ω) =
2qk

πv

 cosφ

sinφ


ˆ ∞

0

t2dt

t2 + (βγ)−2J1 (kρ1t)

The propagation of the OTR source through a single lens system is considerably more in-

volved than for the point source. Nonetheless, a concise form can be obtained for the so-called

OTR PSF:

Ex,y (P, ω) = −2qk

vM

 cosϕ

sinϕ


ˆ θlens

0

t2dt

t2 + (βγ)−2

(√
1− t2 + 1

)
J1 (kρt/M) (4.1)

In order to arrive at this formula, a few key assumptions and approximations are made.

First, the collection optics are in the far field beyond the formation zone given by

l = λ/2π (1− β cos θ)

For optical wavelengths this distance, which describes a characteristic length the fields need

to propagate before becoming disentangled from the particle sources, is usually negligibly

small for radiation propagating in the backwards (or reflected) direction. But for forward

propagating radiation θ = 0, this can be of some concern. For typical ATF beam energy and

optical wavelengths, the formation length in the forward direction is on the order of 2 mm

as compared to 40 nm in the backwards direction. Second, as with the PSF example above,

the Fraunhofer approximation is assumed to be valid. Finally, the OTR target is assumed

to be of infinite extent which is valid when the target dimensions are larger than λγ.

The normalized intensity distributions, given by the field amplitude squared, for the

PSF and OTR PSF for a single lens imaging system are shown in Figure 4.8 demonstrating
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the fundamental differences with OTR imaging. In standard optical imaging, the intensity

distribution from a single point source maps to a Airy disc pattern. Standard definitions of

resolution include the FWHM of the central peak of this distribution and the Rayleigh limit

determined by the separation of the central peak and the next maxima in the Airy disc.

The OTR PSF, on the other hand, has a null on axis, obfuscating any traditional means of

specifying resolution. It should be evident, however, that the minimum resolvable spot size

will be worse when using OTR.

For a collection of charged particles, the image arises from the square of the sum of

the individual single particle fields. If the dimensions of the particle beam are much larger

than the wavelengths of interest, however, coherent enhancement of the OTR can be safely

ignored and the intensity distribution in the image plane is simply a convolution of the

single particle intensity distribution with the particle distribution function. It then becomes

straightforward to calculate the corresponding transverse image for a particle bunch. This,

perhaps, allows a more direct and practical determination on the smallest resolvable spot

size for the imaging system.

In Figure 4.9a), the calculated OTR intensity distribution in the image plane of a lens

with numerical aperture of 0.28 is shown for bi Gaussian electron beams of RMS spots sizes

running from 0.25 µm to 1.0 µm. The calculation is performed for λ = 500 nm and an

electron energy of 57.6 MeV. For the smallest beam, the intensity distribution looks much

like that of the single particle function. As the size increases, the distribution starts to take

on a form more representative of the actual beam distribution. Comparing the RMS sizes in

the image plane σImage to the actual beam RMS sizes σr (Figure 4.9b) indicate a threshold

around 4 µm; for smaller beams the diffraction induced overestimation is greater than 5%.

Using this limit, the resolution for OTR imaging with a 0.28 NA lens can be said to be 4

µm.

In the experiment space constraints severely limit the possibility of designing a traditional

OTR imaging system which collects the backward directed (or reflected) radiation. The

alternative is to collect OTR propagating in the forward direction, which introduces a number

of complications. First, the OTR target must be thin enough such that the beam is relatively
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Figure 4.8: Comparison of the normalized OTR PSF and PSF for a single thin lens imaging
system with 0.28 numerical aperture and 500 nm wavelength. Charged particle beam energy
is 57.6 MeV.

Figure 4.9: (a) Calculated OTR intensity distribution in the image plane for a bi gaussian
beam of varying sizes, 0.25 µm (blue line), 0.5 µm (red line), 0.75 µm (yellow line), and
1.0 µm (green line). Optical system and beam parameters are the same as in Figure 4.8. (b)
Ratio of the RMS beam size calculated in the image plane versus the actual beam size.
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unperturbed at the downstream metal/vacuum interface. Secondly, the primary collection

optic has to be placed collinearly with the electron beam propagation axis in order to collect

the OTR. Such a configuration is problematic as the the high current, high energy electron

beam can cause significant damage and can generate extraneous radiation as it passes through

the optics. However, because the angular distribution of the OTR covers a much larger

range than the divergence of the e-beam, it is possible to design an e-beam dump/scatterer

between the OTR target and collection optics which allows the passage of the large angle

OTR photons and strongly mitigates the deleterious effects of the e-beam. The simplest

design for a beam stop of this type is a narrow cone made of high Z material. With just 1.5

cm of tungsten, which is roughly half of a radiation length, the ATF beam will lose half of

its energy and be scattered to transverse sizes roughly on the cm scale, drastically reducing

the e-beam impact on the OTR imaging system.

Figure 4.10: (a) Normalized OTR PSF for single thin lens imaging system with 0.28 numer-
ical aperture and 500 nm wavelength without (blue) and with (red) beam stop. (b) Ratio of
the RMS beam size calculated in the image plane versus the actual beam size.

Somewhat fortuitously, as was shown in [74], the introduction of a beam stop (or mask),

which blocks the passage of OTR photons propagating at small angles relative to the e-beam

axis, results in improved spatial resolution. The effect can be studied by recognizing that

the integral in (4.1) is over the angular acceptance of the lens and that a beam stop simply

imposes a different lower limit. Using the same wavelength, beam energy, and numerical

aperture as was used in Figure 4.8, the normalized intensity distributions of the OTR PSF

are calculated with and without a beam stop, Figure 4.10a). The beam stop radius is chosen
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to be half that of the lens radius itself, resulting in a 25% central obscuration. A notable

narrowing and shift of the first peak immediately suggest an improved resolution with the

beam stop. More directly, the comparison of the RMS sizes in the image plane σImage to

the actual beam RMS sizes σr for both cases, Figure 4.10b), show an improved performance

when the beam stop is added. The effect appears slight, but in fact the threshold for which

the measurement error is less than 5% is 3 µm with the beam stop and 4 µm without, a

marked improvement.

While the beam stop leads to an improved diffraction limited resolution, there is an

obvious drawback. For a relativistic electron the energy spectrum per unit frequency per

unit solid angle of the emitted transition radiation is given by

d2U

dωdΩ
=

e2β2

4π3ε0c

sin2 θ

(1− β2 cos2 θ)2 (4.2)

which is a function that is strongly peaked at an angle of θ ∼ 1/γ. The beam stop considered

in the previous example blocks the collection of OTR from angles roughly θ < 15/γ. Out of

hand this may seem suggest the use of a beam stop with such large diameter may significantly

limit the practical feasibility of detecting the OTR. However, the large angle portion the OTR

contains a significant portion of the total radiated energy. Consider the collection efficiencies

for the 0.28 NA lens with and without the beam stop. For optical light, the bandwidth of

interest is λ ≈ 400 → 700 nm. Integrating (4.2) over this bandwidth and the full 2π solid

angle for forward directed radiation gives the total OTR energy. If instead the integral is

performed over the solid angle subtended by the 0.28 NA lens (without a beam stop), it is

found that 61% of the total OTR energy is collected. With the beam stop occluding the

central 25% of the solid angle, 13% of the OTR energy is still collected. The inclusion of

the beam stop does result in a drop in transmitted energy by about a factor of 5, which is

significant, but less than one might intuit based on collection of OTR at angles greater than

15/γ.

The performance can further be characterized by calculating the total number of photons

collected by dividing (4.2) by ~ω and repeating the integral over frequency and solid angle.
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For the lens with the beam stop, there are ∼ 1.7 × 10−3 optical photons collected per

electron in the bunch. For a 300 pC beam, this corresponds to ∼ 3×106 photons. Assuming

a magnified CCD pixel size in the image plane of 1 µm and bi Gaussian electron beam with

σx,y = 50µm there will 205 photons per pixel at the intensity peak. For smaller electron

beam sizes, the number of photons per pixel naturally increases. On the other hand, if

the magnification of the pixel size increases, the number of photons per pixel will drop.

The optimum magnified pixel size will be large enough such that the number of photons

per pixel is high and simultaneously small enough so as to preserve the diffraction limited

resolution. Because the OTR diffraction limited resolution determined for this system is 3

µm, magnification of the pixel size to 1 µm is close to optimal.

Bearing in mind the requirement for a beam stop, a natural choice for the primary light

collection optic is an all reflective microscope objective, like a Schwarzschild objective. In

these designs, the primary mirror creates a central obscuration which prevents the passage

photons at small angles. Thus, a conical beam stop which subtends the same solid angle

as the primary mirror can be integrated with no loss in performance from the objective. In

addition to being naturally compatible with a beam stop, an all reflective design offers sev-

eral other key advantages for optimizing the performance of the OTR imaging system. The

primary advantage of any mirror based objective stems from the elimination of chromatic

aberrations over a large spectral range, of particular importance for broadband OTR. Fur-

ther, standard refractive objectives consist of up to 15 lenses encased in a metallic housing.

The gaps between these lenses create sealed volumes which can cause virtual leaks in the

vacuum system. Reflective objectives are naturally free of such sealed volumes.

Not coincidentally, the lens presented in the examples above correspond to a commercially

available Schwarzschild microscope objective, which has precisely the 0.28 numerical aperture

and 27% central obscuration. The working distance (WD), defined as the separation distance

of the object (OTR target) and the front surface of the objective, is relatively large at 23.75

mm. This leaves ample room between the OTR target and objective for integrating the 1.5

cm long conical tungsten beam stop mentioned above. The focal length of the objective is

13.3 mm.
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A final critical specification of this objective: it is infinite conjugate. Infinite conjugate

objectives are something of a modern development in microscopy. In a standard finite con-

jugate objective the light from the object passes through the objective and forms an image

in an intermediary plane whose location is defined by a finite back focal length. That is, all

of the rays from a fixed point in the object plane converge to a point in the intermediary

image plane after exiting the objective. In an infinity corrected design, the rays from a fixed

point in the object plane pass through the objective and emerge parallel (not converging) to

each other thereby imaging the object at infinity. The difference between these two designs

is illustrated in Figure 4.11. The advantage of the infinite conjugate design lies in the pos-

sibility of adding a second lens, often referred to as a “tube lens,” at (roughly) any distance

downstream of the objective to form an image on a sensor (CCD for example). As long as

all of the components remain concentric, the space between the objective and tube lens, the

infinity space, is freely adjustable (up to a point). In a sense the object and objective are

effectively decoupled from the imaging lens and sensor, which allows for greater opportunity

for customization.

With the goal of focusing the electron beam to micron scale transverse sizes and mm scale

beta functions, appropriate characterization of the e-beam evolution around the interaction

point requires transverse profile measurements at multiple longitudinal positions over a cm

scale range. Installing several high resolution OTR monitors inside of this range is not

feasible. An infinite conjugate objective, however, affords the opportunity to move the OTR

target and objective along the beam propagation direction and image the transverse profile

over a range of longitudinal positions without having to adjust any of the other components

(see schematic in Figure 4.12). Not having to adjust the lens and CCD for each location of

the objective and OTR target drastically simplifies the design of this diagnostic since lens

and CCD should be mounted out of vacuum, while the OTR target naturally has to be in

vacuum.

It should be clear from the drawing of the infinite conjugate objective in Figure 4.11 that

the aperture of the imaging lens must increase with increasing separation distance from the

objective. Even though it is in principle possible to place the imaging lens very far from the
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Figure 4.11: Comparison of infinte conjugate vs finite conjugate objectives
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objective, it is still advantageous to minimize the separation distance so that the lens need

have an excessively large diameter.

Figure 4.12: Schematic of high resolution OTR light collection optics. The objective and
OTR target are aligned and fixed relative to each other, but are mounted to a longitudinal
translation stage with 50 mm travel. A turning mirror remains fixed independent of the
objective and directs the OTR light out of vacuum to the imaging lens and CCD.

4.4.2 CTR diagnostic

As a diagnostic for longitudinal characteristics of electron beam, CTR interferometry offers a

relatively simple and effective method. The basic scheme is to collect the CTR generated by

a beam traversing a conducting surface and extrapolating its frequency content via Fourier

analysis the autocorrelated signal. In this experiment, measurements are performed using

CTR generated from the electron beam incident upon a 45 degree polished aluminum mir-

ror. The CTR is directed out of vacuum through Z-cut quartz window to a Michelson-like

THz-band interferometer and He-cooled Silicon bolometer detector. In the standard ATF

configuration, this diagnostic is installed at point just after the second bend of the dogleg.
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A second version was installed downstream of the plasma source to investigate modifications

to the beam profile induced by the plasma. In order to better understand the fundamentals

of such a diagnostic, we begin with a review of the theoretical framework, which is presented

in great detail in numerous references [24].

A common model of the problem is to represent TR as arising from the annihilation of a

charged particle and its image charge at the surface of a perfect conductor. In this case, the

radiation arises from the abrupt change in the particle motion and the radiation field can be

derived directly using

E (x, t) =
e

4πε0c

n×
[
(n− β)× β̇

]
(1− β · n)3 |R′|


ret

(4.3)

The assumption of a perfect conducting surface works particularly well for CTR, which

generally only extends up to the THz scale, many orders of magnitude below the plasma

frequency for typical metals. For TR generated by charged particles interacting with low

density plasmas or for high frequency content TR, this model breaks down.

In principle, if the particle trajectories are known, they can be directly inserted in to

(4.3) to find the electric field. It is useful, however, to make some simplifications starting by

introducing an auxiliary function A (t) defined as

A (t) =
1
√
µ0c

[RE]ret

such that the radiated power as a function of time is given by

dP

dΩ
= |A (t)|2

As the model of the problem has a frequency based limit of validity, it is natural to transform

to frequency space using standard Fourier transforms. The auxiliary function then becomes

A (x, ω) =
e

4πε0c

1√
2πµ0c

ˆ ∞
−∞

eiω(t′+R(t′)/c)
n×

[
(n− β)× β̇

]
(1− β · n)2 dt′ (4.4)
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where the integration variable has been changed using t′ = t + R (t′) /c has been made.

Noting that that
n×

[
(n− β)× β̇

]
(1− β · n)2 =

d

dt′

[
n× (n× β)

1− β · n

]
an integration by parts can be performed. At this point, however, the behavior at infinity

must treated carefully. Understanding that the fields should vanish at infinity, a convergence

factor e−ε|t| can be introduced and the limit ε → 0 taken after integration. Then (4.4) can

be written as

A (x, ω) = C1

[
n× (n× β)

1− β · n
eiω(t′+R(t′)/c)e−ε|t|

∣∣∣∣∞
−∞

−
ˆ ∞
−∞

[
n× (n× β)

1− β · n

]
d

dt′
eiω(t′+R(t′)/c)e−ε|t|dt′

]

where C1 = e
4πε0c

1√
2πµ0c

. The existence of the convergence factor causes the first term to

vanish at the limits of integration, and after a bit of algebra the second terms reduces to

A (x, ω) = −iωC1

ˆ ∞
−∞

n× (n× β) eiω(t′+R(t′)/c)e−ε|t|dt′ (4.5)

where a second term linearly dependent on ε has been omitted for brevity. Up to this point,

the derivation has been kept general for any accelerated charge. Now we introduce explicit

formulas for the trajectory of a particle based on the model. The annihilation of the particle

implies an abrupt change in the particle’s velocity when it strikes the surface located at z0

at a time t0 which is described in the following formulas

r (t) = ρ⊥ + [βc (t− t0) Θ (t− t0) + z0] ẑ; β = βΘ (t− t0) ẑ

Plugging these formulas in gives the auxiliary function A (x, ω) for the annihilation of an

electron (the image charge has not been included to this point):

A (x, ω) = −C1e
iω(t0− z0c cos θ)eiω(R−n·ρ⊥)/c aβ

1− β cos θ
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where a polarization vector has been introduced a = cos θ sin θ cosφx̂ + sin θ cos θ sinφŷ −

sin2 θẑ and the far field approximation has been assumed R (t) ≈ R − n̂ · r (t) . The electric

field is then

E (x, ω) = − e

4πε0c
√

2πR
eiω(t0− z0c cos θ)eiω(R−n·ρ⊥)/c aβ

1− β cos θ

To add the fields associated with the image charge we note that the only difference in 4.5

is a sign change in the exponential, due the change in propagation direction (rz (t) = −βct).

Two other changes in the sign (due to charge and the n × (n× β) term cancel each other,

giving

EI (x, ω) = − e

4πε0c
√

2πR
eiω(t0− z0c cos θ)eiω(R−n·ρ⊥)/c aβ

1 + β cos θ

Finally, adding the term for both the charge and its image gives:

ETR (x, ω) = − e

(2π)3/2 ε0cR
eiω(t0− z0c cos θ)eiω(R−n·ρ⊥)/c aβ

1− β2 cos2 θ
(4.6)

Equation (4.6) represents the total radiation field at a point defined by the vector x = (R, θ)

originating from a single charged particle with radial vector ρ⊥ crossing a perfect conductor

located at z = z0 at a time t0. The 1− β2 cos2 θ term in the denominator is responsible for

the strong peaking of the intensity at angles roughly equal to θ = 1/γ.

In order to determine the radiation field from a collection of N particles we need only

add the electric fields for the individual particles which arrive at z = z0 at different times

and with different radial position

E (x, ω) = − Ne

(2π)3/2 ε0cR

N∑
j

qeiω(tj− z0c cos θ)eiω(R−n·ρ⊥,j)/c aβ

1− β2 cos2 θ
(4.7)

It has been implicitly assumed that each particle has the same relativistic factor β. In the
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continuous beam limit the above formula can be reformulated as

E (x, ω) = − Ne

(2π)3/2 ε0cR

aβ

(1− β2 cos2 θ)
eiω/c(R−z0 cos θ)

ˆ
f (t′, r′⊥) eiω(t′−n·ρ′⊥/c)dt′dρ′⊥︸ ︷︷ ︸

F (ω)

(4.8)

where f (t′,ρ′⊥) is the normalized distribution function. The integral in (4.8) represents the

complex form factor of the beam F (ω).

4.4.2.1 Single Gaussian bunch example

As an example consider a beam with Gaussian transverse and temporal profile

f (t′,ρ′⊥) =
1

2πσ2
ρ

e−ρ
2/2σ2

ρ
1√

2πσt
e−t

′2/2σ2
t

Note, n · ρ′⊥ = ρ cosϕ sin θ cosφ + ρ sinϕ sin θ sinφ = ρ cos (ϕ− φ) sin θ where θ and φ rep-

resent the polar and azimuthal of the radiation field, ϕ is the cylindrical azimuthal angle of

the beam distribution and dρ′⊥ = ρdρdϕ. The integral in (4.8) the can be written as

1

(2π)3/2 σtσ2
ρ

ˆ
ρe−ρ

2/2σ2
ρe−iωρ/c(cos(ϕ−φ) sin θ)e−t

′2/2σ2
t eiωt

′
dt′dρdϕ (4.9)

The integral over t′ is simply the Fourier transform of a Gaussian

ˆ
e−t

′2/2σ2
t eiωt

′
dt′ =

√
2πσte

− 1
2
σ2
t ω

2

(4.10)

and the integral over the beam distribution’s azimuthal angle can be readily recognized as a

Bessel function of the first kind

ˆ
e−iωρ/c(cos(ϕ−φ) sin θ)dϕ = 2πJ0

(
ρω sin θ

c

)
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Plugging these two integrals back into (4.9) gives

F (ω) =
e−

1
2
σ2
t ω

2

σ2
ρ

ˆ
ρe−ρ

2/2σ2
ρJ0

(
ρω sin θ

c

)
dρ = e−ω

2/2c2(σ2
t c

2+σ2
ρ sin2 θ)

This result is combined with (4.8) yielding,

E (x, ω) = − NeβeiωR/c

(2π)3/2 ε0cR

ae−iωz0 cos θ/c

(1− β2 cos2 θ)︸ ︷︷ ︸
A0

e−ω
2σ2
ρ sin2 θ/2c2︸ ︷︷ ︸
F⊥(ω)

e−ω
2σ2
t /2︸ ︷︷ ︸

F‖(ω)

which is the total transition radiation field created by a Gaussian beam. The term A0 is

an amplitude factor which doesn’t depend on the specific beam characteristics, F⊥ (ω) is a

transverse form factor and F‖ (ω) is the longitudinal form factor. Of course, in standard

experimental setups it is some form of the total energy which is measured. This is calculated

from the spectral energy density given by

d2U

dωdΩ
=

2R2

µ0c
|E|2

=
N2e2β2

4π3ε0c

sin2 θ

(1− β2 cos2 θ)2 e
−
ω2(c2σ2

t+σ2
ρ sin2 θ)

c2

At this point the intimate relation between the transition radiation spectrum and the

spatial characteristics of the charged particle beam becomes clear. Bearing in mind that the

amplitude function in front of the exponential results in strong peaking of the intensity at

small angles θ = 1/γ, it should be clear that the spectral characteristics of the radiation field

are primarily attributed to the longitudinal form factor of the beam F‖ (ω). As such, it is

common to only discuss CTR in the context of this longitudinal form factor.

To continue the the study, we examine the method used to measure the frequency con-

tent: autocorrelation of the CTR pulse. That is, the CTR pulse is sent to a Michelson-like

interferometer consisting of a specially chosen polarized 50/50 THz beamsplitter. One arm

of the interferometer is used to vary the path length difference between the two pulses. After
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recombination of the two pulses at the beamsplitter, the total energy of the CTR pulse is

measured with a sensitive detector. Measuring the energy of the recombined pulse over a

range of path length differences paints a complete picture of the CTR pulse.

Form an analytic standpoint, the radiation field obtained after the splitting and recom-

bining of the CTR pulse can be described as

EA (td) =
1

2
E0

(
1 + eiωtd

)
where the subscript A is used to denote the autocorrelated signal. The field E0 is the TR

field generated by any charged particle bunch and the phase factor eiωtd is introduced by

changing the optical path length in one direction by a distance ctd . At the detector, then,

the spectral energy density as a function of path length difference is given by

d2U (td)

dωdΩ
=

2R2

µ0c
|EA|2 =

R2

µ0c
|E0|2 (1 + cosωtd) (4.11)

The total energy is obtained by integrating (4.11) over both the solid angle and frequency.

However, we are only interested in the behavior of the total energy as it depends on td which

only couples in via the frequency. Therefore, we define the autocorrelation function as

A (td) = 2

ˆ ∞
0

|E0 (ω)|2 (1 + cosωtd) dω (4.12)

where the integration is only performed over positive frequencies and E0 (ω) represents the

portion of the radiation field which depends on ω.

Returning to the example of the Gaussian beam, the autocorrelation function is

A (td) = 2

ˆ ∞
0

e−ω
2σ2
t (1 + cosωtd) dω

=

√
π

σt

(
1 + e−t

2
d/4σ

2
t

)
(4.13)
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Aside from a constant offset the autocorrelation returns a function which has nearly the same

characteristic Gaussian time dependence as the bunch profile itself. The only difference is the

width of the Gaussian in the autocorrelation is expanded by a factor of
√

2 as compared to

the bunch profile. As a matter of completeness, the Fourier transform of the autocorrleation

function (ignoring the zero frequency contribution from the constant offset) gives

A (ω) ∝ e−ω
2σ2
t (4.14)

This result is exactly the square of the longitudinal form factor found in (4.10), which

intuitively makes sense since the measured quantity, the energy, depends on |E|2.

A somewhat naive next logical step is to recognize that the inverse Fourier transform of

the square root of (4.14) returns exactly the longitudinal profile of initial bunch. The prob-

lem with this approach lies in the unrecoverable loss of the radiation field’s phase information

that occurs in measuring the total energy of the pulse. In the case at hand, a Gaussian lon-

gitudinal bunch, simply ignoring any phase contribution across the entire frequency range

suitably returns the bunch profile. For non-Gaussian bunches, however, the phase informa-

tion is essential in recovering the actual bunch profile. It has been shown, however, that an

approximation of the phase information based on Kramers-Kronig relations works very well

in many cases [76]. (Discussed in a later section)

4.4.2.2 Multi bunch trains

The single bunch example presented above lays an important foundation for understanding

measurements made with multiple bunches. Consider a sequence of Nb identical Gaussian

bunches equally spaced at a distance ∆d. The normalized distribution function is given by

f (t′,ρ′⊥) = f (ρ′⊥)
1√

2πσtNb

Nb−1∑
n=0

e−(t−n∆d/c)2/2σ2
t

Note, the normalization does not include a normalization for the total number of bunches

so as Nb increases so too does the total charge. Following the same arguments as above, it
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is straightforward to write down the longitudinal form factor for the sequence of bunches:

F‖ (ω) =
1

Nb

Nb−1∑
n=0

e−ω
2σ2
t /2einω∆d/c (4.15)

The characteristics of the CTR spectrum are determined from the square of this term, which,

after some algebra, is

∣∣F‖ (ω)
∣∣2 =

1

N2
b

(
Nb−1∑
n=0

e−ω
2σ2
t /2einω∆d/c

)(
Nb−1∑
m=0

e−ω
2σ2
t /2e−imω∆d/c

)

=
1

N2
b

e−ω
2σ2
t

[
Nb +

Nb∑
n=1

2 (Nb − n) cos

(
nω∆d

c

)]

The first term is the same as for the single bunch case amplified by the total number of

bunches. The second term indicates the existence of harmonics related to the bunch spacing.

A comparison of the CTR spectrum for a single Gaussian bunch and a three bunch train

of Gaussian bunches is shown in Figure 4.13. The individual bunch length of each bunch is

σz = 30µm and in the case of the three bunch train the spacing is chosen to be ∆d = 300µm.

The total charge for the single bunch case and multi bunch case is kept the same. The notable

features, in the multi bunch case, are the strong peaks in the intensity at the harmonics of

the bunch separation frequency.

Figure 4.13: Comparison of the CTR spectra generated from a single Gaussian bunch with
bunch length σz = 30µm and a bunch train of three bunches with lengths σz = 30µm spaced
at ∆d = 300µm.
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As discussed in 4.4.2.3, the standard method used in reconstructing a beam profile from

a measured CTR spectrum in conjunction with Kramers-Kronig relations generally do not

work for multi bunch trains. In special cases, like the present example of identical and

equally spaced bunches it does indeed work. However, in cases in which the spacing of

the bunches is not equal or the individual bunches have varying widths, the reconstruction

methods fail. Therefore, analysis of the CTR autocorrelation in the time domain, rather

than the CTR spectrum, proves more useful in characterizing bunch trains. Determining the

autocorrelation function for the multi bunch case is straightforward:

A (td) = 2

ˆ ∞
0

e−ω
2σ2
t

[
Nb +

Nb∑
n=1

2 (Nb − n) cos

(
nω∆d

c

)]
(1 + cosωtd) dω

=
Nb

√
π

σt

(
1 + e−t

2
d/4σ

2
t

)
+

Nb∑
n=1

(Nb − n)

√
π

σt

[
2e
−∆d2n2

4σ2
t c

2 + e
− (ctd−n∆d)2

4c2σ2
t + e

− (ctd+n∆d)2

4c2σ2
t

]
(4.16)

Or if we keep only the terms which depend on td, it can be written as

A (td) ∝ Nbe
−t2d/4σ

2
t +

Nb∑
n=1

(Nb − n)

(
e
− (ctd−n∆d)2

4c2σ2
t + e

− (ctd+n∆d)2

4c2σ2
t

)
(4.17)

From this expression it can be deduced that the autocorrelation of CTR from a train of Nb

identical Gaussian bunches has 2NB − 1 peaks and the separation of these peaks is exactly

equal to the spacing of the bunches. This offers a rather simple means to evaluate the inter

beam spacing of a multi bunch pulse train.

It is worthwhile to examine the more general case in which the spacing between the

bunches is not necessarily uniform. In this case, the distance between the first and second

bunch is ∆d1, the distance between the first and third bunch is ∆d2 and so on. Note that

the distances are all referenced to the first bunch. The normalized distribution function is
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then

f (t′,ρ′⊥) = f (ρ′⊥)
1√

2πσtNb

Nb−1∑
n=0

e−(t−∆dn/c)
2/2σ2

t

The square of the longitudinal form factor then yields:

∣∣F‖ (ω)
∣∣2 =

1

N2
b

e−ω
2σ2
t

(
Nb + 2

Nb∑
n

Nb∑
m 6=n

cos
[ω
c

∆dn

]
+ cos

[ω
c

(∆dn −∆dm)
])

(4.18)

As might be expected, the CTR spectrum has harmonics for each ∆dn as well as for each

∆dn-∆dm. Continuing in the same way as before, it is easy to write down the time domain

autocorrelation function

A (td) ∝ Nbe
−t2d/4σ

2
t + 2

Nb∑
n

Nb∑
m 6=n

e
− (ctd−∆dn)2

4c2σ2
t + e

− (ctd+∆dn)2

4c2σ2
t +

e
− (ctd−∆dn+∆dm)2

4c2σ2
t + e

− (ctd+∆dn−∆dm)2

4c2σ2
t

In this general case, assuming all of the bunches are spaced non periodically, the total number

of Gaussian peaks in the autocorrelation function is actually N2
b −Nb + 1. An example with

three Gaussian bunches is illustrated in Figure 4.14. The spacing between the first and

second bunches is 300 µm and the spacing between the second and third bunches is 375 µm.

For the current profile in a) and the corresponding calculated CTR autocorrelation in b),

the individual bunch lengths are σz = 10µm. As expected, there are seven distinguishable

peaks in the autocorrelation.

A second case is examined in which the individual bunch lengths are increased to σz =

30µm, Figure 4.14 c) and d). With the increased bunch lengths, two sets of peaks in the

autocorrelation merge, as compared to Figure 4.13 b). The result is something that looks

qualitatively similar to the result obtained for three equally spaced bunches (Figure 4.13 b)

red line). In the present case, however, the separation of the distinguishable peaks in the

autocorrelation gives the average separation between the individual bunches. Consequently,

in using CTR autocorrelations to measure bunch spacing, a second figure of merit is needed

to determine the uniformity of the bunch spacing. In comparing Figure 4.13 d) with Figure
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4.13 b) it is clear that ratio of the amplitude of the peaks is different. In the case of uniformly

spaced bunches, the peaks of the autocorrelation (the first three, or last three) lie on a line

with a slope equal to the bunch separation. The same is not true for either autocorrelation

shown in Figure 4.14. A linear fit to the autocorrelation peaks, then, gives some indication

of the uniformity of the bunch spacing. Such a quantification is important, particularly for

the dispersion based method used to make multi bunches discussed in (section) which relies

on the linearity of the electron beam energy chirp.

Figure 4.14: Current profile a) and corresponding CTR autocorrelation b) for a multi bunch
train comprised of three bunches of length σz = 10µm spaced non uniformly at 300µm and
375µm. In c) and d) the individual bunch lengths are increased to 30µm resulting in the
apparent merging of two peaks in the autocorrelation

4.4.2.3 Kramers Kronig reconstruction

As noted in 4.4.2.2, the impediment to directly calculating the bunch profile from the mea-

sured spectral intensity is the loss of relevant phase information. Kramers-Kronig relations,
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however, allow for the determination of the imaginary portion of an analytic complex func-

tion if the real portion is known across the entire frequency spectrum. Applying this insight

to measured CTR spectra, the form factor for a given beam distribution can be written as

F‖ (ω) = ρ (ω) eiψ(ω)

where it is precisely the quantity ψ (ω) which is lost in measurements. Taking the log gives

lnF‖ (ω) = ln ρ (ω) + iψ (ω) (4.19)

Written in this form, the phase factor ψ (ω) is the sum of the minimal phase and the Blaschke

phase [76]. The Blaschke phase accounts for contributions from zeros of F‖ (ω) in the up-

per half of the complex plane. The Kramers Kronig relation, however, can only uniquely

determine the minimal phase, given by

ψm (ω) =
2ω

π
P

ˆ ∞
0

lnF‖ (ω′)

ω′2 − ω2
dω′

where P is the principal value and ψm is the minimal phase.

In many instances the Blaschke phase can be ignored and the bunch profile can be

recovered via inverse Fourier transform of (4.19) using just the minimal phase ψ (ω) ≈ ψm (ω).

This minimal phase approximation, however, breaks down for beam profiles with more than

two well defined peaks like the multi bunch cases described in 4.4.2.2. In these cases, strong

harmonics are generated at wavelengths related to the relative spacing between each of the

peaks. Without knowledge of the Blaschke phase, the source of these harmonics is naturally

ambiguous. That is, in the CTR signal from a multi bunch train, it cannot be distinguished

if a given harmonic arises due to the separation between the first and second bunches or

second and third or third and fourth etc. In the minimal phase approximation, all of the

harmonics are attributed to an interaction which includes the first bunch. Only in the special

case of equally spaced identical bunches does this ambiguity become irrelevant. Accordingly,

reconstruction methods using CTR interferometry are limited in applicability to single or
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two bunch configurations. Even for cases in which the minimal phase approximation is valid,

in real measurements, experimental factors introduce complications limiting the usefulness

of reconstruction methods.

4.4.2.4 Experimental effects

Systematic effects associated with CTR measurement schemes can introduce serious compli-

cations. A thorough understanding of some of these effects and how they manifest themselves

in measurements is critical in understanding the data and identifying otherwise anomalous

features. In some form or another, most systematic effects result in a frequency dependent

attenuation of the detected signal. For example, CTR propagating in air is subject to strong

attenuation due water absorption lines. The presence of relatively thin optical elements,

such as a beam splitter or thin window, in the CTR path can result in etalon effects which

eliminate transmission at specific frequencies.

Chief among these deleterious effects, however, is the strong attenuation of the CTR

signal at low frequencies, due in large part to detector sensitivity. The low frequency portion

of the signal, where coherence is strongest, carries with it significant information related

to the bunch form factor. Loss of this information can make bunch profile reconstructions

difficult. To understand how this affects measurements, a few cases are examined.

The first step is to introduce an attenuation factor α (ω). In measurements, this attenua-

tion factor has contributions from various sources along the CTR transport line. In practical

terms, it is nearly impossible to ascertain the exact form. To gain some insight, we begin with

a simple model in which α (ω) is a step function which only transmits radiation above some

cutoff frequency ωc. Again, since it is the CTR autocorrelation which is measured, it makes

sense to introduce the attenuation factor at that stage in the analysis. The autocorrelation

function can then be written as

A (td) = 2

ˆ ∞
0

|E0 (ω)|2 (1 + cosωtd) Θ (ω − ωc) dω (4.20)

The specified sensitivity range of the helium cooled Bolometer used in these experiments
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(~120 GHz to 20 THz) can be used to estimate the cutoff frequency.

For a Gaussian beam, a semi analytical form of (4.20) can be obtained, but it is not

particularly elucidating. Rather, it is more informative to compare a few specific examples.

In Figure 4.15 the autocorrelations, CTR spectra and reconstructed profiles are calculated

for two Gaussian bunches with the same charge but different lengths σz = 300µm and

σz = 30µm. The cutoff frequency fc = ωc/2π is 120 GHz. For each case, calculations with the

attenuation factor (red lines) are juxtaposed with calculations for the ideal, non attenuated

case (blue lines). The autocorrelations are calculated over a range of path length delays

consistent with typical measurement ranges (several mm) available with the interferometer

used. A consequence of this finite range is that the CTR spectra, calculated by Fourier

transforming the autocorrelations, exhibit non zero intensity below the cutoff frequency

(Figure 4.15 b) and d)).

Results for the σz = 300µm case reveal the drastic impact the attenuation can have.

In the autocorrelations (Figure 4.15 a)), the existence of the attenuation causes abnormal

oscillatory-like features away from the central peak. Qualitatively, these features look some-

what similar to the autocorrelations for multi bunch cases. It should be pointed out that

negative CTR energy values are non physical. The frequency cutoff blocks nearly half of

the total CTR energy meaning there is naturally a large overall offset between the two au-

tocorrelations. In order to plot the two on the same scale, a constant offset is subtracted

from both leading to spurious negative values. Ultimately, the limitations imposed by this

attenuation are illustrated in the beam profile reconstructions (4.15 f)). The reconstructions

are obtained using the unadulterated CTR spectra shown in c) and the methods mentioned

in the previous section. In the ideal case (blue line) the reconstruction returns the exact

beam profile, as expected. The presence of the attenuation, however, results in a profile

which no longer looks Gaussian and is significantly shorter.

These negative effects are mitigated as the bunch length is reduced. Even with the

attenuation, the reconstructed profile for the σz = 30µm case reproduces almost the exact

beam profile, Figure 4.15 f). This is not entirely surprising since the coherence is strong well

beyond the 120 GHz cutoff and so the bulk of the CTR energy is allowed to pass.
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Figure 4.15: CTR autocorrelations, spectra and bunch profile reconstructions for Gaussian
beam with length σz = 300µm a), c) and e) and length σz = 30µm b), d) and f). Blue
lines represent results with no low frequency attenuation, red lines show results with hard
frequency cutoff at 120 GHz.
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Although the low frequency cutoff clearly imposes limitations on the accuracy of profile

reconstuctions, considerable improvements can be made based on simple arguments. For

any type of bunch configuration, the CTR intensity will always be strongest at the longest

wavelengths. Therefore, a lower limit to the CTR intensity at low frequencies is set by

the highest amplitude observed in the measured spectrum. As an example, consider the

σz = 300µm case shown in Figure 4.15 a), c) and e). The missing frequency content can

be approximately restored by assuming that in the low frequency range, the amplitude of

the intensity is at least as high as the highest observed intensity. With this approximation,

the reconstruction produces a profile which is closer to the actual profile, Figure 4.16. It

is possible to make even further improvements to this approximation. Instead of simply

“flattening” out the CTR spectrum (gold line in Figure 4.16), the low frequency can be

restored via a semi analytic continuation.

Figure 4.16: The low frequency content has been approximately restored (gold lines) and
the reconstructed profile more closely represents the actual profile.

Another potential systematic effect which can obfuscate the interpretation of CTR data

is the etalon effect. In collecting and analyzing CTR it generally passes through at least one

vacuum window, a beam splitter and in many cases, the detector itself includes a thin crystal

used to absorb the CTR energy. In these cases, multiple reflections inside the medium lead

to constructive and deconstructive interference at the boundaries thereby creating frequency

dependent transmission and reflection coefficients. The transmission coefficient for light
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normally incident upon a medium with index of refraction n and thickness d is given by [24]:

T = 4

[
4 +

(1− n2)
2

n2
sin2

(
nωd

c

)]−1

(4.21)

The reflection coefficient is given by R = 1− T . This, of course, assumes no absorption.

Figure 4.17: Transmission and reflection coefficients for 50 micron thick lithium tantalate.

As an example consider a 50 µm thick lithium tantalate crystal. Lithium tantalate, in

this thickness range, is frequently used in pyroelectric detectors for THz radiation [77, 78].

Lithium tantalate has a dielectric constant of roughly 50 in this frequency range. Calcula-

tions of these coefficients are shown graphically in Figure 4.17. Now, if an element like this

exists between the CTR source and detector, it is clear that the transmitted content will be

significantly modulated. Again, we can calculate exactly how this effect will manifest itself

in measurements. Using the CTR generated from a σz = 30µm beam, assuming a frequency

detection cutoff at 120 GHz (as in the previous example) and adding in this 50 µm lithium

tantalate, the calculated CTR autocorrelation and spectrum are shown in Figure 4.18. Ma-

jor artifacts pop up in the form of additional peaks in the autocorrelation and spectrum.

Without additional information, one might naively interpret this data as representing some

kind of pulse train. Indeed it seems implausible that the spectrum obtained in this example,

which is so drastically altered, can be used to reconstruct the initial beam profile. However,
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with the simple ansatz that initially there is only a single beam, a reconstruction using the

CTR spectrum shown in 4.18 b) produces an identical result to that shown in 4.15 f).

Figure 4.18: Autocorrelation and CTR spectrum calculated using σz = 30µm Gaussian beam
profile, 120 GHz low frequency detection cutoff and etalon effect arising from transmission
through 50 µm thick lithium tantalate crystal.

This effect was actually studied experimentally in the context of an experiment investi-

gating Bragg-reflector boundaries in a dielectric wakefield acceleration (DWA) structure [79].

In confining excited modes in a DWA, Bragg-reflector boundaries can support higher fields

compared to metallic boundaries. These boundaries are comprised of alternating layers of

dielectric materials with appropriately chosen thicknesses and dielectric constants. A higher

contrast ratio between the dielectric constants of the Bragg periods allows for more efficient

confinement of the wakefield. With this in mind, lithium tantalate was something of an al-

luring option due to its relatively large dielectric constant. These wakefield devices, however,

are designed to operate in a frequency range of several hundred GHz to THz and the same

property which makes lithium tantalate desirable for use in pyroelectric detectors could ren-

der it obsolete as one half of a Bragg period. That is, lithium tantalate is highly absorptive

to THz radiation and thus the wakefield would be absorbed by the Bragg boundaries rather

than reflected.

In order to determine the viability of using lithium tantalate in a DWA Bragg structure,

we first performed basic Fourier transform infrared spectroscopy (FTIR) measurements. The

general setup consists of a THz source [80], a Michelson-like interferometer and a Golay cell
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THz detector. A sample is placed in the path of the THz source and the measured spectrum

is compared to the baseline spectrum obtained with no sample. The result gives information

about the transmission coefficient which includes effects from both the absorption of the

sample as well as the etalon effect. Measurements of the transmission coefficient for a

50 µm thick lithium tantalate crystal are shown in Figure 4.19 along with the calculated

transmission coefficient (assuming no absorption) of 50 µm thick medium with dielectric

constant of 55 using (4.21). The etalon effect is abundantly clear as evidenced by the

multiple evenly spaced peaks in the measurements. In fact, these peaks are used provide

a measurement of the dielectric constant of lithium tantalate. Since the thickness of the

sample is known to a high degree of accuracy, the only free parameter that can be adjusted

to match the model to the data is the index of refraction.

It should be noted that pyroelectric detectors that use these types of crystals function

on the basis of absorption of the radiation and the previous example explicitly ignores any

absorption. The overall effect, however, will be qualitatively the same. The etalon effect is

predicated on multiple internal reflections of the signal inside of the crystal. In the presence

of absorption the signal gradually attenuates after each pass. For frequencies which have very

high transmission or reflection coefficients, however, a larger fraction of the energy exits the

crystal on every pass and thus the detector absorbs less energy from these frequencies. That

is, the detector sensitivity will be peaked around frequencies which have equal transmission

and reflection coefficients. Qualitatively, this effect will look very similar to the previous

example based on the transmission coefficient.

4.5 Plasma source

The development of reliable and tunable plasma sources is a critical part of PWFA exper-

iments. At ATF there has been a long history of beam/plasma and laser/plasma experi-

ments [81, 82, 83, 55, 44, 54] which has been accompanied by dedicated efforts to develop

such sources. The particular types of plasma sources developed were ablative and gas filled

capillary discharges. These sources are widely used in the LWFA field due in large part to
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the parabolic radial density profile which is ideal for guiding high intensity lasers [84, 85].

Through guiding, the interaction of the laser with the plasma can be extended well be-

yond Rayleigh range thereby sustaining a wakefield over longer distances and accelerating

charged particles to higher energies. Another advantage is that after striking the discharge,

the plasma quickly reaches its highest density and then naturally decays to lower densities.

This temporal evolution of plasma density, which typically lasts on the scale of several µs,

is static on the time scale of a passing electron (a few tens of ps for an a relativistic electron

traversing a 2 cm capillary). Thus, the arrival of time of the electron beam relative to the

discharge can be adjusted to select the plasma density experienced by the beam.

In an ablative type capillary discharge, the plasma forms from the ablation and ionization

of the inner wall material as a high voltage is discharged across the capillary. Because it is

the wall material itself that forms the plasma, the plasma is generally composed of multiple

species. For example, an ablative polyethylene capillary can produce a plasma of fully

ionized hydrogen and up to triply ionized carbon [86]. Compared with gas filled capillaries,

the ablative versions have simpler designs and can yield higher densities (∼ 1019 cm−3). The

notable disadvantage is that the continued ablation of wall material eventually degrades the

capillary performance, resulting in a short lifetime. Longer lifetimes and greater flexibility

can be achieved by pre filling the capillary with gas which serves as these ionization medium

for the plasma formation.

The plasma source used for this experiment is a hydrogen filled capillary discharge [56].

The capillary itself is fabricated from a machinable ceramic (Macor), has an inner diameter of

1 mm and is 2 cm long. Hydrogen is fed into the capillary via a dual slot design. Compared

with a single inlet, the dual feedthrough improves gas density uniformity over the length

of the capillary. Before each discharge, a three way DC solenoid valve opens for 50 ms

allowing hydrogen to flow from a gas reservoir held a fixed backing pressure (100 Torr) into

the capillary. It is important mitigate the gas load inside the vacuum system as much as

possible, and 50 ms was empirically determined to be the shortest amount of time that yielded

a reproducible discharge. Brass electrodes on either side of the capillary are connected to a

specially designed discharge circuit with a 1.6 nF capacitor. At a charging voltage of 15 kV,
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the discharge circuit delivers a 300 ns long pulse with a peak current of 600 amps.

Although this source had been thoroughly characterized and calibrated, it had since been

used extensively in a series of experiments and the wear an tear could have induced some

changes. Accordingly, it was necessary to verify the calibration. The method used relies

on standard plasma spectroscopy methods using the hydrogen Balmer lines. Thin holes

are machined into the Macor block that allow for the insertion of optical fibers at several

locations along the length of the capillary. These fibers are coupled out of vacuum and send

the collected light to a high resolution (~0.5 nm) monochromator with a fast PMT detector

(2.2 ns rise time). The time evolution of the light is measured in steps of 0.5 nm over a range

of 20 nm around the central wavelength of each the first three lines in the Balmer series (Hα,

Hβ, and Hγ). Figure 4.20shows the time resolved measurement of the Hα line.

From the spectroscopic data, the temperature is determined from the ratio of the total

intensity of the measured lines using the equation [87]

kT =
E ′ − E

ln (Iλ3g′f ′/I ′λ′3gf)

where I is the intensity integrated over the line profile, λ is the wavelength of the line, g is

the statistical weight of the lower state of the line, f is the absorption oscillator strength.

The primed and unprimed quantities refer to the two different lines in question. Because

the measured Balmer lines all have the same lower state g = g′. The oscillator strengths

represent the transition probability between the two states of a given line. For Hα, Hβ, and

Hγ these values, calculated in [88, 87], are 0.64108, 0.11938 and 0.044694, respectively. Using

these values, the measurements indicate a peak temperature of 2 eV that decreases over the

lifetime of the discharge to 0.5 eV.

The temperature measurements themselves are important for determining the density,

which depends, albeit weakly, on the temperature. An approximate formula for the density

based on Stark broadening of the Hα line is [89, 90]

np = 8× 1012

(
∆λ1/2

α1/2

)1.5

(4.22)
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Figure 4.19: Measured transmission coefficient for 50 µm thick lithium tantalate (red line)
compared to calculated value assuming no absorption (blue line)

Figure 4.20: Time resolved Hα measurement (a) with lineout (b).
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where ∆λ1/2 is the FWHM of the measured profile in Angstroms and α1/2 is a density and

temperature dependent parameter. Values of the α1/2 parameter are tabulated for many

densities and temperatures in various references, i.e. [90]. The FWHM is determined from

the data using two different fitting methods. The first method is to directly fit the profiles

with a Lorentzian

f (λ) =
A

(λ− λ0)2 +
(
∆λ1/2/2

)2

where λ0 is the central wavelength of the line and A is an arbitrary amplitude. At later times

in the discharge when the plasma light intensity is weak, the poor signal to noise renders the

Lorentzian fit above unreliable. Alternatively, one can calculate the area under the profile

as a function of wavelength. Recognizing d
dx

tan−1 (x) = 1
1+x2 , the integrated profile can fit

to the inverse tangent, from which it is straight forward to extract ∆λ1/2. Both methods

produce similar results, with the latter method providing better estimates at the latest times

in the discharge.

Figure 4.21: Plasma density calibration.

Applying the above fitting methods at each time slice of the full dataset for the Hα

line, in combination with (4.22), gives the time evolution of the plasma density, Figure 4.21.

A peak density of 5 × 1017 is reached shortly after the discharge current peak and decays

exponentially with a time constant of τ ≈ 450 ns. After a about 1 µs the signal to noise

for the spectral line becomes to large to give any meaningful measurement. The calibration

stands in good agreement with previous results [55, 44, 54] demonstrating the robustness of

the particular capillary design. Densities for later times are extrapolated from an exponential
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fit to the data.

It should be noted that the preceding analysis relies on the assumptions that the plasma

is in local thermal equilibrium (LTE). Further, since the light is collected along the radial

direction of the narrow capillary, effects related to self absorption contribute negligibly. Fi-

nally, even in ideal conditions, the methods of these calibration techniques are generally

limited in accuracy to about 30%. This uncertainty is mitigated by the fact that the res-

onant interactions of electron pulse trains with plasmas sensitive primarily to the plasma

wavelength, which scales with the inverse square root of the density.
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CHAPTER 5

Experimental results at ATF

5.1 CTR measurements of bunch trains

The mask mentioned in 4.3 was installed on a pneumatic linear vacuum feedthrough at the

standard mask location for beamline 2. In order to ensure the proper location of the mask

when inserted, several precision spacers are used to fix the insertion distance. Roughly 10 cm

downstream of the mask location is a phosphor screen which shows the transverse projection

of the beam through the mask, shown in Figure 5.1. This illustrates the large contrast ratio

between the notched out portions and the transmitted portions even at a very short distance

from the mask. That is, the emittance increase imparted by the 1 mm of aluminum scatters

the beam sufficiently such that only a few cm away from the mask it appears those slices of

the beam are lost.
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Figure 5.1: Transverse projection of the masked beam on a phosphor screen in the dispersion
line. Wire fiducials on the screen provide calibration of size and are highlighted by the black
dashed lines. The green arrow points in the direction of increasing energy.

In order to confirm the bunch separation we use the technique discussed in 4.4.2. That
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is, after the second dipole in the dogleg where the dispersion is returned to zero, the bunch

train is incident upon a polished metal target and the generated CTR is turned out through

a THz window to a Michelson like interferometer with helium cooled bolometer as a detector.

In a typical measurement, the adjustable arm in the interferometer is moved in increments

of 4.5 µm and 5 shots per step are taken over total range of 4 mm centered around the zero

path length difference position. In terms of path length difference, the scan range is actually

twice the motor step size and so total scan length is 8 mm with step size of 9 µm. The

total scan length (8 mm) sets the frequency resolution, which in this case is ~400 GHz.

The step size sets the upper limit on highest detectable frequency, which in this case is

~16 THz. While 16 THz is certainly well above the frequencies of interest for these bunch

separation measurements, oversampling in this way strongly reduces high frequency noise.

On the other hand, a scan of this length can take on the order of 20-30 minutes which makes

it more susceptible to lower frequency drifts in the experimental system. The bolometer

does, however, have two inputs so that a reference signal can be measured simultaneously

which can be used to correct for slow drifts in the system.

For a given mask pattern, the correlated energy spread determines the final beam separa-

tion. In order to impart an energy chirp onto the electron beam, it is injected off crest of the

RF wave. The further off crest the beam is injected, the larger the energy chirp. Generally,

linearity of the energy chirp is relatively high for total energy spreads on the order of 3% or

less. Regardless, nonlinear dispersion can be tuned using sextupoles in the dispersion line

[60].

In Figure 5.2 we show three autocorrelations which were taken using injection offsets of

minus 5, 4 and 3 degrees relative to the RF crest which corresponds roughly to correlated

energy spread of about 1, 0.75 and 0.5%. Note, that for these measurements, the mask was

set to pass three bunches instead the full four which is shown in Figure 5.1. Three bunches

was determined to the be most for which the charge of the individual bunches could be kept

constant. In the autocorrelations we see the characteristic 2N − 1 peaks which indicate the

existence of three distinct bunches. At the edges of the autocorrelations, away from the

peaks, the effect of the low frequency cutoff which gives the autocorrelation the appearance
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of wings is notable. Using the centroid location of the peaks, indicated by the red dashed

lines, we can readily read off the bunch spacing, which is summarized in Table 5.1.

RF phase (degrees) Bunch separation (µm) Charge per bunch (pC)
-5 310 30
-4 370 34
-3 540 40

Table 5.1: Multi bunch inter beam spacing and charge for RF injection of crest

Measurement of the charge of the individual bunches is accomplished by using a set of

movable jaws which are further upstream in the dispersion line than the mask. This set of

jaws is referred to as the high energy slit and can be used to select very narrow portions of

a beam based on energy spread. These jaws can be adjusted while monitoring the phosphor

screen which shows the transverse project of the mask (Figure 5.1) to block all but a single

bunch. The downstream charge diagnostics then give the individual charge of the bunches.

5.2 PMQ final focus measurements

5.2.1 OTR imaging installation

The diagnostic described in 4.4.1 was constructed and installed in the experimental chamber.

To highlight some of the key operational features a CAD rendering and picture of the installed

hardware is shown in Figure 5.3. Inside the vacuum chamber there are three key optical

Figure 5.2: Autocorrelation traces of CTR signal generated from pulse train of 3 bunches
passing through foil for varying RF chirps of -5 (a), -4 (b) and -3 (c) degrees. Separation of
bunches is determined by separations of peaks, which are indicated by red dashed lines for
visual clarity.
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elements: the OTR source itself (10 micron thick titanium foil), the objective and the 45

degree turning mirror. The foil and objective are mounted to a small breadboard on top of

pair of crossed linear stages that have 50 mm of translation. The top stage moves in the

direction of the beam propagation while the bottom stage moves transversely and is used to

remove the imaging system from the beam path. The turning mirror is mounted only to the

bottom (horizontal) stage, allowing it to remain fixed while the OTR foil and objective are

moved along the beam path to measure the spot size at various locations.

Figure 5.3: CAD rendering and picture of in vacuum OTR imaging system.

The OTR foil is mounted to a miniature three axis kinematic mount which allows it to

be precisely aligned to the electron beam axis by back reflecting an alignment laser (note,

the CAD drawing does not include this kinematic mount). The objective is mounted in a

separate three axis kinematic mount, which is itself is attached to a small vertical stage.

These adjustments, along with the horizontal translation stage, allow the objective to be

roughly aligned to the beam axis by centering an alignment laser on the front face of the

objective. Fine alignment of the objective is performed by imaging the OTR foil itself and

ensuring good resolution over the full field of view. The foil itself is mounted on a separate

linear stage which is used essentially as a knob to precisely position the foil in the focal plane

of the objective. Not shown in the rendering is the Basler CCD with 6 µm pixel size and

imaging lens which are both located outside vacuum.
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5.2.2 Resolution tests

At the core of the OTR imaging system developed for this experiment is a 0.28 NA infinite

conjugate Schwarzschild type reflective objective. The nominal magnification factor is 15x

when used in conjunction with an imaging tube lens with focal length 200 mm. The standard

tube lenses that are commercially availble for this type of infinite conjugate lens generally

have clear apertures of ~30 mm. This is only useful for applications in which the tube lens

is located relatively close to the objective (~ 80 mm). When the imaging lens is far from the

objective, the collected light overfills the lens aperture and parts of the image are lost. In this

setup, the imaging lens will have be up to 25 cm away from the objective. To accommodate

such large separation distances, a professional grade telephoto lens with 72 mm aperture and

200 mm back focal length was originally selected.

The resolution of this imaging system was tested with all components out of vacuum using

a standard high resolution United States Air Force modulation transfer function (US MTF)

target [91]. The target used contains up to group 9 and element 3, meaning the thickness of

the smallest line is 0.78 µm. Figure 5.4 shows an image of the MTF target with nearly all

of group 9 resolved. A lineout across all three elements in group 9 (b) shows a contrast level

of roughly 50% for all three elements indicating the ability to resolve sub-micron features.

Figure 5.4: High resolution MTF target images demonstrating sub micron resolution of
imaging system. Most of group 9 looks fairly well resolved and a lineout across all three
elements of group 9 (b) shows roughly 50% contrast level (indicated by blue horizontal lines)
for all three.
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For these tests, the separation distance between the imaging system and the objective

was varied from 10 to 40 cm with no degradation in resolution. Eventually, however, at

larger separation distances, the edges of the image begin to darken as image projection from

the objective starts to overfill the lens aperture.

When installed on the beamline and used to image OTR, it was found that while the 15x

magnification allows very high spatial resolution, the expense of fewer photons per pixel as

well as very small field of view, made it difficult to use. It was eventually decided to move to

a lens with 75 mm back focal length which yields a magnification factor of ~6x. With a larger

field of view and more OTR photons per pixel this makes it significantly easier to pick up

the electron beam. Furthermore, it was shown in 4.4.1 that the diffraction limited resolution

for OTR imaging using this objective is roughly 3 microns. Therefore, the magnified pixel

size of 0.4 µm produced by the 15x magnification does not actually aid in the resolution

of sub 3 micron electron beam sizes. The ~1 µm magnified pixel size provided by the 6x

magnification provides sufficient magnification.

With the imaging lens settled on, we performed a more comprehensive resolution test.

The objective with all of the relevant hardware was installed in the vacuum chamber and

the MTF target placed in the focal plane. With the vacuum chamber sealed and pumped

down to a rough vacuum level (10−5 Torr), the MTF target was imaged over the full range

of longitudinal motion of the imaging system. There was some concern that the deformation

of the vacuum window may cause strong aberrations that would ruin the spatial resolution.

In the end, with the lower magnification and imaging through the vacuum window, it was

still possible to resolve 3 micron features, Figure 5.5. There was no observed change in the

resolution nor brightness of the image over the full range of travel of the imaging system.

These images of the MTF target also provided a precise calibration of the magnified pixel

size.
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5.2.3 Transverse electron beam profile measurements

Commissioning of the PMQ final focus triplet and OTR imaging system was a fairly ar-

duous process requiring many weeks of beam tuning and alignment. One of the primary

challenges was transmitting the electron beam through the various limiting apertures along

the beamline. The I-line of beamline 2 (the straight section after the dogleg where the in-

teraction point) has two electromagnetic triplets which are used to shape the beam at the

PMQ entrance. In between the triplets, a differential pumping section was installed to pre-

vent the upstream vacuum contamination from the plasma source. This section consisted

of small turbo pumping on a volume restricted by a 1 cm long, 5 mm diameter aperture

on the upstream end and a 40 cm long, 4 mm diameter aperture on the downstream end.

Extreme care had to be taken to align these apertures to the nominal electron beam axis

before starting operations and during operations, ensuring 100% transmission through the

apertures required constant monitoring of nearby beam profile monitors.

The PMQ triplet itself presents another limiting aperture with the 5 mm diameter bore

sizes. Furthermore, due to the large magnetic field gradients, small misalignments relative

to the magnetic center result in large kicks to the beam and major distortions to the beam

shape. Figure 5.6 shows a typical transverse beam profile that is seen when the electron

beam propagates too close to one side of the PMQ triplet. In the end, these distortions to

the beam shape proved an invaluable feedback to aligning the beam. That is, by steering

the beam using trim coils placed along the I-line, the direction of the concavity could be

flipped left and right (or up and down). At the inflection point, the beam is well aligned in

that plane.

While the high resolution OTR diagnostic is well suited for measuring small transverse

beams, it is not a particularly robust diagnostic for coarse tuning. Both the field of view and

number of photons collected are much smaller than for a standard phosphor are YAG based

beam profile monitor. As such, it was necessary to add phosphor screen in the same plane

as the OTR screen with a separate dedicated camera. Switching between the two diagnos-

tics was relatively easy since all of the components were already installed on a horizontal
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Figure 5.5: Image of MTF target with lower magnifaction, through vacuum window. Group
7, elements 3 and 4 are the smallest resolvable elements, indicating resolution of ~3 microns.

Figure 5.6: Transverse beam profile of electron beam misaligned through PMQ triplet.
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translation stage.

In the end, the PMQ system and high resolution diagnostic both eventually worked

as planned and sub 5 micron RMS transverse beam sizes were produced and measured at

the desired interaction point. Figure 5.7 shows snapshots of the beam profile taken at five

different longitudinal positions demonstrating the success of both the PMQ focusing and

OTR imaging setup.

z=4mm Z=5mm Z=6mm Z=7mm Z=8mm 

Figure 5.7: Transverse beam profiles measured in 1 mm steps near the interaction point.

These snapshots were part of a typical scan in which 5 images are recorded at 1 mm

steps over a total range of ~10 mm. From these images, the horizontal and vertical RMS

sizes are calculated and using a three parameter fit the beam Twiss parameters (i.e. the

beam emittance, waist beta function and waist location) are determined. Results from

this particular scan are shown in Figure 5.8 with the fitted parameters summarized in 5.2.

The quantities in the curly brackets represent the 95% confidence interval for the fitted

parameters.

sx
sy

0 2 4 6 8 10
0

10

20

30

40

z HmmL

RM
S
siz
e
Hmm
L Y

Y

Y

Y
Y

Y Y Y Y

0 2 4 6 8 10
0

20

40

60

z HmmL

b x
Hmm
L

Y
Y Y

Y Y Y Y Y

0 2 4 6 8 10
0

20

40

60

z HmmL

b y
Hmm
La) b) c) 

Figure 5.8: Measured RMS beam sizes around the interaction point (a) and Twiss parameter
fits (b) and (c)

There are a few things to note. First, these measurements were performed without the

multi bunch mask inserted. The total charge of the single beam was 300 pC. However,
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the beam was tuned with the intent seamlessly switch between single and multi bunch

configurations and so the beam was injected negative five degrees off crest from the RF. As

was shown in 5.1, this creates an 1% energy chirp that, in conjunction with the mask, chops

the beam into a bunch train with 310 µm beam spacing. The 1% energy chirp also implies

the existence fairly strong chromatic effects. This naturally introduces errors in the three

parameter Twiss fitting, which does not include chromatic effects. Finally, the emittance

in the horizontal plane is larger by a factor of roughly two, which causes some astigmatism

in the beam. Regardless of these slight imperfections, the primary interest for this final

focus system lies in the ability to significantly ratchet up the beam density and measured

beam sizes 5 by 5 µm demonstrate a major success. It is also important to note that in

this configuration, the charge transmission from the beginning of the linac all the way to the

beam dump was always on the order of 90-95%.

To summarize this section, a beam with peak current of 80 amps is focused to RMS

transverse sizes of 5 µm, which corresponds to a beam density of 1.0× 1016cm−3. By simple

insertion of a mask, this beam can be chopped into a three bunch train with bunch spacing of

310 µm an individual bunch charge of 30 pC. For a plasma density which is exactly resonant

with the bunch spacing, i.e. λp = 310µm, the normalized charge of the individual bunches is

Q̃ = 0.13 and the beam density to plasma density ratio is nb/np = 0.9. These values indicate

that the beam and plasma parameters are amenable to studies of interactions in the quasi

nonlinear regime.

Table 5.2: Fitted beam parameters

Fitted beam parameters
εn,x, εn,y (mm-mrad) {1.8, 3.1}, {0.4, 1.0}

βx0, βy0 (mm) {0.7, 1.1}, {3.5, 4.5}
sx0, sy0 (mm) {6.3, 6.7}, {7.6, 11.1}
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5.3 Tranverse dynamics in plasma

With the beam parameters well established it was possible to continue experiments with the

plasma. All of the hardware, including gas and high voltage feedthroughs, for the plasma

source is mounted to a 10 inch Conflat flange. The capillary itself is attached to an out of

vacuum, five axis manipulator which is used for alignment and for retraction of the source

when not in use. The alignment procedure for the capillary is as follows. With the capillary

retracted, the local electron beam vector after the final focus PMQ is established by marking

its centroid on two beam profile monitors. A local alignment laser is then injected into the

beamline and aligned to electron beam vector. The capillary is then inserted and aligned

to the local alignment laser. The longitudinal position of the capillary is adjusted such

the electron beam comes to a waist at the capillary entrance. Two pictures of the plasma

capillary taken from outside the chamber looking in are shown in Figure 5.9. In the picture

on the left, the capillary is in the retracted position out of the beam line and in the picture

on the right, the capillary is inserted, aligned and the discharge has been struck.

Figure 5.9: Pictures of capillary discharge installed at interaction point. On the left, the
capillary is retracted to allow tuning of electron beam. In the picture on the right, the
capillary is inserted and aligned to the beam axis and the discharge has been struck.

With the capillary aligned, the OTR imaging system is then moved to a position 3

mm downstream of the 2 cm long capillary. One of the primary areas of interest for these

experiments lies in the transverse dynamics of beams in the quasi nonlinear regime. These

effects are characterized through parametric studies in which the transverse beam profile
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is measured on the high resolution OTR diagnostic while the plasma density is varied. In

particular, we focus on two distinct cases: the long beam and pulse train. The “long beam”

refers to the beam without the bunch train mask inserted.

In the first case, the full-length beam has a roughly flat top current profile with FWHM

of 850 microns and total charge of 300 pC. For highest plasma densities produced by the

capillary discharge (∼ 1017) the beam is many plasma periods long kpσz � 1. Even with this

relatively large density, because the RMS transverse size of the beam is 5 µm the normalized

beam radius is still less than one, kpσr ≈ 0.3. In this regime, the the beam strongly couples

to various instabilities, particularly the hosing instability and the SMI. It was clear from

the beam tuning measurements that the transverse profile did not have perfect cylindrical

symmetry, which results in a coherent seed for the hosing instability. At the same time, in

order to fix the bunch length for these measurements, the high energy slit is adjusted to cut

off the head and tail of the beam. This causes the leading edge of the current profile to a

have a relatively sharp transition which provides a seed for the SMI. It has been shown that

the coupling of these two instabilities leads to enhance beam hosing [36]. Furthermore, the

growth of these types of instabilities scales with beam density, which in this case is relatively

large. All of these factors lead to dramatic beam breakup in this regime.

At the lower limit of the plasma density source (∼ 1015) the beam is shorter than a single

plasma period, and also much more dense. In this limit, the beam creates a full blowout

and is no longer strongly coupled to the transverse instabilities. Instead, the entire beam

experiences the strong plasma focusing effect.

Examples of the electron beam profile in these distinct regimes are shown in Figure 5.10

along with the null case (plasma off). In the low plasma density regime, the focused beam is

roughly 5 times smaller than with the plasma off indicating strong guiding over the full length

of the plasma. In the opposite limit, the hosed beam shows characteristic beam breakup.

Results of the full parametric study, in which the plasma density is slowly varied over the

full range, are shown in a waterfall plot in Figure 5.11a). Each row in the plot represents the

horizontal projection of the beam profile for the given plasma density (or plasma wavelength

as it is shown in the plot). There is a very clear transition between the regime in which the
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beam experiences complete beam breakup to the point at which bulk of the beam fits into

a single plasma period and experiences the strong focusing (indicated by the red arrow).

This same parametric measurement is then repeated with the multi bunch mask inserted.

Recall, this creates a train of three 30 pC bunches with RMS lengths of 40 µm spaced at 310

µm. For this bunch train, the interactions with the plasma are much different for a couple

of reasons. Even at the high density range, the normalized length of the individual bunches

is less than 1, kpσz . 1. Therefore, the individual bunches are not strongly coupled to the

transverse instabilities and runaway growth of hosing does not occur. It should be noted

that the overall envelope of the current profile is essentially unchanged from the long beam

scenario. In terms of the multi bunch envelope, the normalized length is still much larger

than 1. However, the notches or interruptions in the current profile naturally suppress the

growth of hosing [45]. In the absence of hosing, the primary transverse effect to consider

is the periodic wakefield focusing that was discussed in Chapter 3. That is, when plasma

wavelength is exactly resonant with the bunch spacing (i.e. λp, 2λp etc., we have also referred

to this as longitudinally resonant), the trailing bunches are in strongly defocusing phases

of the wake and the majority of the charge is defocused. When the plasma wavelength

is increased slightly beyond this exact resonant case, the bunches slip backwards in the

wakefield and fall into focusing portions of the wake. In these cases, the majority of the

charge feels strong focusing. These effects are clearly observed in the data, Figure 5.11b).

Compared to the long beam case, the plasma wavelengths which produce the best focusing

Figure 5.10: Transverse beam profiles of long beam measured on high resolution OTR diag-
nostic 3 mm downstream of capillary discharge with no plasma (a), low density plasma (b),
and high density plasma (c)
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of the bunch train are shifted towards considerably higher plasma densities, indicated by the

red arrows. These points of strong focusing occur at plasma wavelengths which are slightly

smaller than the integer multiples of the bunch spacing.

As a comparison, using the measured beam parameters, the same parametric study was

carried out using 3D PIC simulations. The result of these simulations, presented in the same

format as Figure 5.11, is shown in Figure 5.12. The density range in parametric simulation

study, was capped at slightly lower densities. Regardless, we note the presence of the same

key features in the simulation. That is, the strong guiding at slightly off resonant plasma

wavelengths, and strong defocusing when the plasma is exactly resonant with the bunch

spacing. It should be noted, we performed simulation studies for varying beam parameters

(variation in charge, waist size, waist location, etc.). None of these variations, however,

change the overall picture. That is, the dominant effect is always related to the relation

between bunch spacing and plasma wavelength.

A comparison of the simulation to measurements is presented in a more quantitative

fashion in Figure 5.13, in which the RMS size is plotted versus plasma wavelength. The

error bars in the measured data represent the standard deviation of the measured RMS size

at each plasma wavelength; two images were recorded at each setting of the plasma. A

good agreement between simulation and data is noted in the high density (small plasma

wavelength) limit.

This result has several major implications. By direct comparison to the long beam

case, the strong focusing of the bunch train at high densities demonstrates suppression of

transverse instabilities which lead to beam breakup. The transition of strong focusing to

defocusing/beam breakup of the bunch train at plasma wavelengths near resonance to the

bunch spacing demonstrates resonant interactions of the bunch train with the plasma in a

weakly or quasi nonlinear regime. Finally, this result demonstrates transverse stability of a

bunch train propagating through high density, which is critical for multi bunch schemes.
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Figure 5.11: Plasma density is scanned from over a range of densities while OTR images
are captured. Each line in (a) and (b) is the integrated lineout of the OTR image in the
horizontal direction. In (a) the unmasked, full length beam is used, in (b) a pulse train with
310 micron separation is used. Note the shift to higher densities of the best focus occurs
(indicated by red arrows).

Figure 5.12: Parametric 3D PIC study of multi bunch interactions with plasma using mea-
sured ATF beam parameters for comparison to measurements presented in Figure 5.11 b).
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5.4 Spectrometer transport and measurements

As a secondary measurement, we were also interested in observing changes in the energy

spectrum of the bunch train after interacting with the plasma. This proved to be a major

challenge due difficulties in transporting the electron beam to the through the spectrometer

line. Because of space constraints inside of the experimental chamber, the PMQ triplet used

to recollimate the electron beam after being brought to such a tight focus had to be placed

roughly three times further away from the interaction point than the final focus PMQ triplet.

Accordingly, we installed a fixed focal length PMQ triplet which had an effective focal length

of ~25 cm. This PMQ triplet assembly was mounted on a longitudinal stage with 50 mm

travel to aid in tuning.

In the initial commissioning phase, before optimizing the final focus PMQ triplet, the

transport to the spectrometer was acceptable. However, once we achieved beam sizes of ~5

µm at the interaction point, transport to the spectrometer became untenable. In order to

discern changes in the electron beam energy spectrum, it is required to be able to resolve

the individual energy chirped micro bunches. In the end, this proved unfeasible. Only very

blurry spectrometer images could be obtained, from which very limited information could

be inferred.
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Figure 5.13: Comparison of the measured (blue error bars) and simulated (red line) transverse
RMS size of multi bunch after interacting with varying plasma densities.
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