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On the Quantum Mechanical Theory of Collisional Recombination

Rates II. Beyond the Strong Collision Approximation
William H. Miller

Department of Chemistry, University of California, and
Chemical Sciences Division, Lawrence Berkeley National Laboratory
Berkeley, California 94720

Abstract

A quanturn mechanical theory of collisional recombination (w1thm the
Lindemann mechanism, A +B <> AB*, AB* + M — AB + M) is presented
which provides a proper quantum description of the A + B collision dynamics
| and treats the M + AB* inelastic scattering within the impact approximation (the |
quantumn analog of a classical master equation treatment). The most rigorous
version of the theory is similar in structure to the impact theory of spectral line
broadening and involves generalized (4-index) rate constants for describing M +
AB* collisions. A simplified version is also presented which involves only the
normal (2-index) inelastic rate constants for M + AB* scattering but which also

retains a proper quantum description of the A + B dynamics.




I. Introduction
Collisional recombination reactions, i.e.,
A+B+M—>AB+M,
have recently been receiving considerable attention,! one reason being their
importance in combustion processes (€.g., H + O; = HOp, H + CO — HCO,
H + CO, > HOCO). The standard Lindemann mechanism for collisional

recombination?,
A +B e AB* (1.1a)
AB*+M—>AB+M, (1.1b)

leads (via the steady-state approximation and with the strong collision
approximation (SCA) for the deactivation step, Eq. (1.1b)) to the following
well-known expression for the recombination rate constant (units =

cm3/molecule-sec)

k(T,0) = QT Y, ePEr wkpl(@+ky), (1.2)
2

where {E,} and {k,} are the energies and unimolecular decay rates of the
metastable states of AB*, B = (kT)'!, Q, is the reactant (A+B) partition function
per unit volume, and ® = [M] kg, is the frequency of "strong collisions”
(which is proportional to the pressure of the bath gas M), where kg, is the
bimolecular rate constant for the M + AB* collisional deactivation step in Eq.

(1.1b). Most applications of this theory are within the RRKM framework,2
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whereby one assumes a classical continuum of metastable AB* states, ic., E,

— E and

% ‘*jdE p(E), (1.3a)
where p(E) is the density of AB* states, and uses microcanonical transition

state theory for the unimolecular decay rates,
ki - kTST(E) . (1~3b)

Attempts!®143 at a more rigorous, quantum mechanical description of the
A + B collision dynamics in Eq. (1.1a) — still with the phenomenological SCA
for the relaxation step in Eq. (1.1b) — have focused on identifying the energies
{E,} and unimolecular decay rates {k,} in Eq. (1.2) as the energies and widths
([, =hk,) of scatteriﬁg resonances of the A + B system. In some cases the
lifetime (or time delay) matrix introduced by F.T. Smith* has been used to
describe the quantum dynamics of the A + B system. Though these approaches
are appropriate when the A + B collision dynamics is dominated by long-lived
resonances, if the separatidn of the resonant and non-resonant A + B scattering
is ambiguous and/or if non-resonant scattering makes a significant contribution,
then these approaches are ill-defined and can give unphysical results that are
clearly not correct.

A recent paper® has presented a more rigorous quantum mechanical
description of the A + B collision dynamics which is physically correct whether
or not resonances dominate. It is based on flux correlation functions® (vide

infra) and does not require that one separately identify resonant and non-
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resonant contributions to the A + B scattering. The initial version of this theory
utilized the strong collision approximation (SCA) for the relaxation step, Eq.
(1.1b), and it is the purpose of the present paper to go beyond the SCA, i.e., to
show how a more general treatment of the M + AB* inelastic scattering can be
combined with this rigorous quantum treatment of the A + B collision
dynamics.

Section II first summarizes the quantum theory of ref. 5; this provides a
rigorous quantum description of the A + B collision dynamics in Eq. (1.1a) but
utilizes the SCA for the relaxation step in Eq. (1.1b). Section III next briefly
reviews the classical master equation description’ for going beyond the SCA;
this provides a more general treatment of the M + AB* energy transfer process
in Eq. (1.1b) but relies on a classical description of the A + B dynamics in Eq.
(1.1a). Section IV then presents the new development of the paper, a synthesis
of the two previous sections, combining a rigorous quantum description of the
A + B collision dynamics with the appropriate quantum generalization of the
master equation treatment of the M + AB* energy transfer. Finally, an
approximation to the general result of Section IV is identified which leads to a
much simpler result that aiso provides a synthesis of Sections II and II; i.e, in
the SCA it reverts to the quantum theory of Section II, and in the classical limit

it becomes the master equation treatment of Section II.

II. Review of Quantum Theory of Recdmbination within the SCA
Referring to Fig. 1, the quantum theory of ref. 5 is the quantum analog of

a classical trajectory simulation in which one would begin trajectories inward

(r < 0) at time t = 0 from the "dividing surface" r = a. (sampled from a
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Boltzmann distribution at temperature T) and follow them until the time T at

which they return to the dividing surface, weighting each trajectory by 1-

e @), the probability of a "strong"_ (i.e., stabilizing) collision sometime within

the time interval (0,7). The quantum mechanical expression for the

recombination rate constant corresponding to this classical picture was shown to

" .
kQ: = [ dt e ot Cr(y) (2.1a)

where Cq is the flux autocorrelation function®
Ct) = tr[F eif*t/ E e-iHte/h) | (2.1b)

where t. =t-1/p/2. Here Fis the usual flux operator,? related to the dividing

surface in Fig. 1,

o}/
]

1 @151 =12 50) + 560 2]

LR =25 86-2) +8G2) (2.2)
where h = h(a-r) is the Heaviside function (1 forr < a, O for r > a), and His
the Hamiltonian for the A - B system, augmented by the absorbing potential
e(q) (see Fig. 1), |

H=Hap-ie(q), (2.3)

which enforces outgoing wave boundary conditions® for the time evolution

operators (and Green's functions).



The correlation function C(t) is a property solely of the A + B collision
system; the only effect of stabilizing collisions is the factor e"®* in Eq. (2.1a).
Since the A + B collision system is that of a non-reactive system — i.e.,
everything that goes in through the dividing surface must come out (if there are

no collisions) — one has

L‘;’cf(t) =0, 2.4

so that Eq. (2.1) gives k. = 0 if ® =0, an obvious physical requirement. Eq.
(2.4) also allows one to write Eq. (2.1a) as

kQr = j:dt(e-mt -1) CKv), (2.5)

which explicitly enforces the limit k. — 0 if ® — 0 even for an approximate
correlation function.

The quantum rate expression can be written more explicitly if one -
diagonalizes a matrix representation of " (a complex symmetric matrix),
yielding the complex eigenvalues {E , - il" //2} and eigenfunctions, {hy,>}.

The time evolution operator can then be expressed as follows

- where we note that, unless explicitly indicated, the wavefunction is not complex
conjugated in the bra state <y ,| in this complex-symmetric algebra.® Eq. (2.1b)
for the flux correlation function thus becomes

6



Cy="T e-B(E,e+E1-)/2 <\V1|F|‘I’;'> <\|I;-|F|W2> e iEg-Epgh o-(Tg+T g )20 |
2,8 3
(2.7a)
the time integral of which gives the following expression for the rate
kQ=Y e'B(Ez+E,e~)/2 <W1|FNI;><\|!}-IFI\4; > . (2.7b)
B o+ Terle) | i(E 2-E g)/h

From Eq. (2.7) it is easy to see what approximations are necessary to
degrade it to the classical result in Eq. (1.2): one neglects the off-diagonal

interference terms, £ # £, in Eq. (2.72a) for t > 0 and makes the identification

<Yy > = - <y lFlyy>=Tpfh =k, , (2.8) -
whereby Eq. (2.72) becomes

Ch=-F ePErk}ekset. (2.9)
2 ’

Since tlus approximation is only valid for t > 0, Eq. (2.5) is used!? to obtain the

rate,

kQ =[ dt(l-e®)y, ePlrkfeks, (2.10a)
. 2



. k 2
= oBEply, . 2 (2.10b)
%e (’z m+k;)’
k
=3 eBE; 0§°+ k‘l : (2.10¢)
2

which is the classical result, Eq. (1.2).

III. Summary of Classical Description of Energy Transfer

Even within the classical RRKM description of the A + B collision
dynamics, i.e., Egs. (1.2) and (1.3), it is common nowadays to go beyond the
strong collision approximation in treating the collisional relaxation in Eq.
(1.1b). This is typically done’ via a classical master equation: if {c 2} denote
the populations of the energy levels {E ,} of AB* at time t, then the master

equation is

Ca®) =-kpc,p(0)- O)P‘z'ézcx(t) + T 0Py O, (3.1) |
2 2 .

where

WP g o(T) = Mlkp (1), (3.22)
it being noted that the state-to-state transition probabilities depend on
t\emper'ature. (Note that the diagonal terms, £' = £, in Eq. (3.1) cancel, but for
convenience I leave them, in.) The terms on the right hand side of Eq. (3.1) are,
respectively, the rate of loss from state £ due to unimolecular decay (to A + B),
the rate of loss from state £ due to collisions that transfer population to other
states £', and the rate of gain of population in state £ due to transitions from

other states. The state-to-state transition probabilities are normalized as

8



%PI%—I(T) =1, (3.2b)
and they satisfy the detailed balance relation
P, _,ePE2 =P, ,ePEs, (3.2¢)

(The normalization condition is essentially a definition of the diagonal element
Ppi=1-Y Pp_,) Itisalso useful” to introduce the symmetric matrix

2L
P,
'1;2',1 _ eB(E 2+E 1-)/2P'2'+_£e_552 _
=fEe%p, PR (3.32)
Or in matrix ﬁotation
| P = PHO2 peePHO2 | (3.3b)

where H, is the diagonal matrix of energy levels

(Ho)g,2 =08 4Es . (3.4)

Because of the normalization, Eq. (3.2b), the master equation reads



ca(t)y=-Y, (51z'k,e+605u~0)PU')°r(t) > (3.5)
a2 o

~N

and its solution is conveniently written in matrix form,
c(t) = e'k+ol-P)lt o ¢(0) , (3.6)
where k is the diagonal matrix of unimolecular decay rates

(K)ge =02 2ks. 3.7

Therefore if £'is the initial state at t =0, i.e., c4(0) = 84 4 , then the

populations at time t are
Ca) =y p(t) = {eThral-Plty, 4. (3.8)

The classical flux correlation function which corresponds to the generalization

of the classical SCA result in Eq. (2.9) (including the collisional factor e, is

thus given by
Ce®) =.' Y kecp p(® keePEr
2,2
=- g‘}' ké {eTk+a(-PXl}, ,. k,ePEr (3.9)
the time integral of which gives
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5Qe=- T ks (kral-P)TE - kpePEr (3.10)

As before, 10 this result needs to have its ® = 0 limit subtracted from itself,

giving

kQ =Y keePEe- 3 ky [k+(-P)]} 5 keePEe
£ 2,2

=3 (ke[k+0(-P)]L+(1-P)) ¢, ¢ FE2' . (3.11)

Finally, this can be written in a more symmetrical form by noting that the

' similarity transformation relating P and Pin Eq. (3.3b) is also true for any

power of these matrices, i.e., -

P" =e-ﬁH0/2f,n e+ﬁH0/2’ (3’12)

and thus also for any function of the matrices, so that in terms of the

symmetrized transition probabih'ty matrix P Eq. (3.11) becomes
-BE p/2 ~ __ g -BE p/2
Q= 3 P (kek+(-B)] e(-Phoo} 4 o e
2.2
= bTeke[k+0(1-P)] +(1-P)*bw , (3.132)

where b is the "Boltzmann vector"

NOEE  (3.13b)
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Eq. (3.13) (or Eq. (3.11) is thus the desired generalization of the classical
SCA result, Eq. (1.2); the SCA result is obtained when Por P — 0. (P,_, — 0
in the SCA because an infinite number of final states £' are populatéd.) Note
also that the rate vanishes if the collisions are purely elastic, ie,P—1, for
inelastic (i.e., energy loss) collisions are clearly necessary for recombination to

take place.

Iv. Quantum Theory Beyond the SCA

The recombination rate given by Eq. (2.7b) of Section II contains a
rigorous quantum description of the A + B collision dynamics but with the
(rather crude) strong collision approximation for energy transfer in M + A-B
collisions. Eq. (3.11) or (3.13) of Section III, on the other hand, gives the rate
with a more general and realistic (classical master equation) treatmeht of M + A-
B inelastic scattering but neglects quantum effects in the A + B dynamics. Here
we wish to combine these two approaches, i.e., to have a rigorous quantum
description of the A + B dynamics together with a master equation-like
treatment of the M + A-B inelastic scattering. We expeét this more general
theory to reduce to Eq. (2.7b) if the SCA is made and to Eq. (3.11) if one
neglects quantum effects in the A + B dynamics.

The general treatment presented here is based on the impact approximation
for M + A-B scattering and follows very closely the collisional line broadening
theory of Baranger.!! (See also Fano,!? Ben Reuven,!? and Gordon.!4) The
recombination rate is still given by the time integral of the flux autocorrelation

function!®

12



kQ = dtufeBH E G E D, @.1)

where the evolution operator ﬁ(t) inclﬁdes the effect of collisions by the bath

gas M. Within the impact approximation — which assumes that the collisions
of A-B with M are isolated, independent, and random events — if there are n

collisions, at times t; < 1)< ... < t,, then this propagator is

fj(“)(t) = e-iﬁ(t-tn)lhs(n) e-u'-f(tn-tn_l)/hs(n-l). ..S@ e-iﬁ(tz-tl)/hs(l) e-iﬁ(q-O)/h ,

(4.2)

where H = fp - it and S® is the S-matrix for an M + A-B collision at time t.
If the classical path approximation!6 is used to treat the M + A-B collisions,
then S®) is a matrix between states of A-B and is a function of impactv parameter
and relative velocity for the M + A-B collision, S, ,. (by,vy); Ed. (4.1)is to be
averaged over impact parameters in the usual way and also over a Boltzmann
distribution of relative M + A-B vel_ocities. (The superscript index in S®
indicates that the impact parameter by, and velocity v, are independent variables
for each collision.)

Eq. (4.1) must also be averaged!” over the various collision times,
t t t: t:
@™ [ dta [ dtay . [P dr [P, (4.3)

and finally averaged!” over the number of collisions n, weighted by the

probability of having n collisions if e is the collision frequency,

13



z e-ot (O.)t)n/n' (4.4)

n=0

Applying all of these operations to Eq. (4.1) gives

* * -B(E 2a+E 2102
kQ:= 3, 2 Y <y IFhyy ><yy [Py p>e 20740
n—o 2'0.- 20,...,2[,

X <S80 1*S2p,00.1> <SSy, 402%S 850,200 - <Spr1,20*S21,20>

. Tp,+T2
(lmz'nzn--—————“% D) (t- tg)

oo t tn t2
-t £\
X Io dte® @ L)dtn [0 dty.; ... L) dt; X e

. Tan1+T251 (: Teo+Tg
e(“"x'n_lzn-l ——"——2,7—"—-) (tn - tn-l)m e(“"l'olo 'T)tl ’
(4.5a)
where
Wep=(Eg-Eplh, (4.5b)
with

O<S gy 2y 1™ Sty 21>

= [M] ¥ B [ dE, e-BEt (BE) [db2mb Sy gy 1(b,V)S 24,241 (b:V)
(4.6)

where E; = -%— uv? is the relative translational energy for the M + A-B collision

14



‘and V = Y8mT/xL the average thermal velocity. The average over impact
parameterlb produces a (generalized) cross section, and the average over
translational energy a (generalized) rate constant. The integral over tin Eq.
(4.52) is recognized!” to be the Laplace transform of an n-fold convolution, so

the result is the product of the n individual Laplace transforms; Eq. (4.5a) thus

becomes
B(E . +E <Yy [Ny g ><yf 'y IFly, >
-P(E g +E £0)/2 2 2 2 p
Q=3 Y X e o °FI‘1, o
0=0 2g,.... 4, £'0,.... 2" +I g .
0 n40 n “ o + LoT &g +1C0,20,2'0
' 2h

o ’, ) %
I1 O<S 2y 24 1 *Sapty 1>
k=1

r 2k+1‘ 3" .
o+ ——z-h——-— + 102 2 (4.7)
Further progress in simplifying the general result is made by using a
Liouville (or tetradic) vector space:!!-1# each pair of indices (2,',2,) is
considered a composite vector index. The following vectors are thus defined

F rgty = <Yy [Fhyg> (4.82)

n4n

BEp+Ep V2«
F roto(B) = L0 FI o By >, (4.8b)

and the matrices
(4.9a)

. *
P o ey =< Sl'k,l'k-l Sty 251>

15



r,g +I‘;- '
' ' =& g 2k’ Ak 4.
Koty 21261 = ) k-£%-1 Szkylk-l (4.99)

2h
Es -Ep
Qryeay 21 = Onie ey Dy A (4.9c) -
the latter two of which are diagonal. In this notation Eq. (4.7) reads
kQ=-F F [o(@+KHQ) oK+ eF @), 10
n=0
so that the geometric series over n can be summed to give'
kQ: = - F[0@-P)+K+Q] +F @), (4.11a)
which in component reads
kQ;=

Y Y <y lFly ,g>[m(l-‘0°)+K+iQ]'} '2,2°020<V 2 OIFlw} o> e BEgo+E )2
20,80 2,2°

(4.11b)
Eq. (4.11) can also be written in the following time-dependent form,
kQ, =- j:dt F o [00-PHE+HQITF (B) . (4.11c)

Eq. (4.11) is the desired result that generalizes Eqgs. (2.7b) and (3.11); it

treats the A + B dynamics fully quantum mechanically and treats energy transfer

16



(from collisions with M) more generally (via the impact approximation). In the
SCA (ie., ® — 0), it is easy to see that Eq. (2.7b) is recovered, and if one
keeps only the "semi-diagonal” elements £, = £, for all k in Eqgs. (4.7)-
(4.10), then Eq. (3.11) is obtained (noting that

. -~
Pty 121 = <SSayy /" >=Pay sy, (4.12)

is the transition probability matrix of Section III).

This more general result, Eq. (4.11), has been achieved at a heavy price,
however, for it involves the generalized "4—index". transition probability matrix
of Eq. (4.9a), a "super matrix" in Liouville space. This involves the phases of
the S-matrix,'as well as their magnitudes, é.nd thus requires much more
information about the inelastic M + A-B scattering than simply the transition
probability matrix of Section HI. It would thus be very desirable to have a
theory, necessarily more approximate, that involves only the transition
probability matrix but nevertheless contains both Egs. (2.7b) and (3.11) in the
appropriate limits.

One way to achieve sﬁch a result is to make a random phase approximation
for the phases of the 'S-mattix elements in Eq. (4.6); i.e., with all the averaging
(over impact parameter and relative velocity) ihat is involved in Eq. (4.6), one
assumes that the most oscillétory terms, those involving the phases of the S-
matrix elements, average to zero. This corresponds to the following

approximation fdr the generalized transition probabilities matrix of Eq. (4.9a)
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*
P oot e 2e1 = <Sp ey St ten™ = ey 2020 1,0 Pyt
4.13)

which is now to be used in Eq. (4.7). Separating off the n = 0 term of Eqg.

(4.7) — since it does not involve any S-matrix factors — Eq. (4.7) thus

becomes

KO = 3 oPCaoEre <Y 2o [F0 g > <y JFIy 5 >

20,2 T gn+T e )
0-%0 o+-20 20 i

oh 204'0

o0

£ T ey <Y 5olFhy s ><yp [Flyr, > ﬁ ©Pryety
n=1 Lg,.., 28 ®+ T yofn k=1 @+ Dy /h

4.14)

The first term above is recognized as the quantum SCA result of Section I, i.e.,
Eq. (2.7b), and with the identifications of Eq. (2.8) and recognition of the sums
over 2,...,4, in the second term above as a matrix product, Eq. (4.14)

becomes

=) k. C’BEI'
kQr=kqmscaQr- X ke X [(Wk)'l'Pm][},z'—z———- 4.15)
2,2 n=1 . o+ kj'

The sum over n can be evaluated,

Y, [(@+k) 1 Po]" = - 1 + [k+o(I-P)] +(@+k) , 4.16)

n=1

18



so that the Eq (4.15) bbecomes

k2
o+ky

ePEsr. ¥ k, [k+0(-P)]} 5k, eFEL .
A @.17)

kQr =komscaQr + 2
2
The second term on the right hand side above is recognized (once the @ =0
limit is subtracted off!?) as the classical SCA result; Eq. (2.10), and the third
term as the classical result of Section I, Eq. (3.11), which includes the
description of energy transfer via the classical master equation.

The final result of this random phase approximation may thus be written as

N

k. =komsca - ket sca + ke _ (4.18)

where the first term on the right hand side is the rigorous quantum result within
the SCA, Eq. (2.7b), the second term is classical result within the SCA, Eq.
(2.10c), and the third term the classical result which describes the energy
transfer via the classical master equation, Eq. (3.11) or (3.13). If the SCA is
valid, then the latter two terms in Eq. (4.18) cancel each other, and one obtains
the quantum SCA result. If quantum effects are negligible, then the first two
terms cancel, and one obtains the classical master equation result. Eq. (4.18)
thus does successfully combine the results of Sections II and I in the
appropriate limits.

In various applications one may wish to write Eq. (4.18) as

k,=kop + Ak, (4.192)
o ‘



where Ak =kom sca - Kcr sca is 2 "quantum correction” to the classical master

equation result, the correction being made within the SCA, or as |

k; =kqm sca + Akcon, (4.19b)

where Ak =kep - Ko sca is a "collisional correction” to the SCA, the
correction being made classically. In either case one notes the important
practical feature that Eq. (4.18) requires one fo carry out the quantum
calculation only within the SCA, so that the more complicated aspects of the
energy transfer step are described via the classical master equation. This latter

feature is not true, of course, for the more rigorous result given by Eq. (4.11).

V. Summarizing Remarks

Thus it has been possible to combine a proper quantum mechanical
treatment of the A + B collision dynamics, Eq. (1.1a), with a more general
description of the energy transfer step of the Lindemann mechanism, Eq.
(1.1b). The general result, Eq. (4.11), is essentially an adapted version of
Baranger's impact theory of spectral line broadening. Unfortunately, however,
this result involves the generalized rate constants of Eq. (4.6) for M + A-B
collisions, considerably more detailed quantities than the inelastic rates @P,__,.
that are comrhonly used’ to model the classical master equation description of M
+ A-B energy transfer. A random phase approximation for the S-matrix |
elements in Eq. (4.6), though, leads to a very simple result, Eq. (4.18), which

incorporates both a quantum description of the A + B dynamics and the master

20



equation description of M + A-B energy transfer. It will be interesting to see in
applications the extent to which these more general theories can be applied and

the nature of the corrections to the simpler treatments.
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Figure Caption
A one-dimensional schematic of the interaction potential for the A + B
system, r being the center of mass separation of A and B. r=ais the dividing
surface with respect to which the flux operator of Eq. (2.2) is defined, and &(r)
is the absorbing potential in Eq. (2.3).
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