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Abstract

A Hybrid Positron Emission Tomography Imaging Modality: Combining

Gamma and Positron Imaging

by

Greyson Shoop

Utilizing prompt gamma emissions in radionuclides has potential to enable new

opportunities in Positron Emission Tomography (PET). The Compton scattering

and imaging of the prompt gamma-ray provide extra information that aid in cor-

recting for positron range error and as a consequence, enable an improved system

sensitivity and image quality. In addition, by coincidence windowing the 511 keV

positron annihilation photons and the prompt-gamma, it is possible to differen-

tiate between multiple PET tracers since in many nuclides, prompt gammas are

emitted with energy unique to the nuclide and are emitted almost simultaneously

at the time of decay before positron annihilation can occur. In this study, we

explore this concept through a simulation study. In order to demonstrate the

feasibility of imaging prompt-gamma emitting radionuclides combined with PET,

we implement a Maximum-Likelihood Expectation Maximization (MLEM) im-

age reconstruction algorithm for Compton Camera (CC) imaging on an existing

dual-panel Cadmium Zinc Telluride (CZT) PET system simulated by a Monte

Carlo based simulation toolkit GEANT4 Application for Tomographic Emission

(GATE). The CZT detector is a good candidate for a hybrid imaging modal-

ity because of its large cross-section for Compton scattering at high energy, its

good energy resolution (> 5 % full width half maximum at 511 keV), and a wide

dynamic range to measure energy from 100 keV to 1.2 MeV.
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Chapter 1

Introduction

The number of Positron Emission Tomography (PET) scans increase each year

and is becoming more widely used due to its versatility as a non-invasive functional

imaging tool, meaning that we can image and visualize metabolic processes within

patients without having to physically incise a patient [1]. With applications in

oncology for diagnosing various cancers such as prostate cancer, lymphoma, car-

cinoma and cardiac hypoxia as well as the emerging field of theranostics (imaging

informed/guided radiotherapy), the field is moving fast with the need for innova-

tions in improving nuclear medical imaging systems [2] [3]. Among the challenges

that face modern Emission Computed Tomography (ECT) systems such as PET

are the need for sub-millimeter resolutions for correctly localizing tumor cells for

accurate diagnoses. For example, the β− particles emitted from Lutetium-177

(177Lu) that are used to kill cancerous cells in prostate cancer treatment have

soft-tissue penetration of about 670 µm [4] [5] [6]. Exceptional image resolution

is therefore important so that physicians can accurately quantify how much ra-

diation they are exposing their patient to and most importantly where. This is

the motivation behind developing systems that are capable of imaging a variety

of radiotracers and detecting emissions that are radiotracer unique. The work
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we present aims to demonstrate the capabilities of a edge-on Cadmium Zinc Tel-

luride (CZT) dual-panel dedicated head and neck PET system for operation as a

hybrid imaging system utilizing both PET and Compton Camera (CC) imaging

modalities.

We begin with this introductory section where we discuss fundamental medical

imaging physics. This work takes place in the context of a large multidisciplinary

field of medical imaging and ECT. Therefore the fundamental physical processes

of PET and CC imaging technologies must be properly presented in order to

understand the the challenges present in nuclear medical imaging. We begin

by introducing and discussing the basics of PET and CC imaging. We then

present recent challenges that researchers the field are taking on and discuss how

these problems are being faced in the form of hybrid imaging modalities. We

then propose the implementation of CC Imaging on an existing dual-panel CZT

dedicated head and neck PET system in order to improve system sensitivity.

In Chapter 2 we will introduce the Radon transform in the context of X-

Ray CT and present its extrapolation to PET and CC imaging. We discuss the

basics of forward projection and back-projection which are concepts implemented

in modern statistical iterative reconstruction techniques. We then conclude by

formulating the Maximum Likelihood Expectation Maximization (MLEM) in the

context of CC imaging.

Chapter 3 presents the tools needed to simulate the dual-panel CZT PET

system. We present how GATE simulations work, what needs to be done with

the output for validation of the experiment and input into the reconstruction

algorithms. This is concluded by a short discussion on how the GATE data is

implemented in a MLEM image reconstruction algorithm and the construction of

the system matrix needed to reconstruct images.
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We present our results in Chapter 4 where we reconstruct images of 44Sc, 72As,

and 68Ga point sources and perform some analysis to asses their image quality. We

then present results on a simulation of two point sources of 44Sc to demonstrate

the ability to resolve two sources that are separate from each other.

We conclude our work by discussing future direction for this project. We

present direction for either improving PET MLEM algorithms by joint-reconstruction

methods including CC MLEM or improving PET image quality by CC informed

PET image reconstruction for correcting positron range effects in conventional

PET systems. We also discuss solutions to problems that are created by prompt-

gamma emissions scattering within the energy window of positron annihilation

photons in the form of quantum entanglement filtering of gammas.

3



1.1 Positron Emission Tomography

PET is an imaging modality under the large field of Computed Tomography

(CT) in medical imaging. In PET, radionuclides are introduced into a patient in

order to observe biological processes in what is referred to as functional imaging.

X-Ray CT, depicted in Figure 1.1, in contrast to PET is an anatomical imaging

technique where the radiation source is controlled externally from the patient

through a medical device in order to image structural and anatomical information

such as bone density. This works by measuring how the X-Ray intensity has

decreased after passing through the patient and being absorbed by the detector.

Figure 1.1: Demonstration of X-Ray CT. Radiation is transmitted through the
target and the attenuated radiation is used to reconstruct the target image.

PET and ECT processes shown in Figure 1.2A, introduce radioisotopes to

tracers that are injected into the patient’s body where the tracers will accumulate

at regions of interest such as cancerous tumors. The most common radionuclide

in PET is Flourine-18 (18F) which is introduced to a glucose molecule to create a

radiotracer called 2-deoxy-2-[18F]fluoro-D-glucose, or FDG. This is used primarily

to detect and locate early development of cancerous cells and track the spread

of tumor development by detecting the radioactive decay processes occuring after

injecting the radiotracer within the patient. This is possible due to the metabolic

processes of rapidly growing tumors uptake of glucose.

When a radioactive isotope is at a region of interest, during its decay the

isotope will generate a positron which will travel a small distance before it interacts

4



511 keV

511 keV

A. B.

Figure 1.2: Demonstration of PET. A. Detectors record energy and position of
incoming photons. B. Lines of Response (LOR) are drawn back over the imaging
space from the measured data to estimate the location of the source.

with the surrounding tissue cells. This interaction with the tissue results in a

process called positron annihilation where the positron combines with surrounding

atoms (specifically their electrons) and gives rise to pairs of 511 keV photons

which we call Positron Annihilation (PA) photons. These photons are emitted in

opposite directions at nearly 180 degrees. This distance that the positron travels

before annihilation is called the positron range and is a source of spatial inaccuracy

PET that can vary among radionuclides.

Image formation is done through the coincident detection of PA photons which

allows a line to be drawn between the detection locations that approximates the

trajectory of the photon travel. As depicted in Figure 1.2B, from many detection

events these lines can be drawn back over the imaging space. This line is what

is called the Line of Response (LOR). Through the accumulation of many LORs

the PET system can produce images using the LOR information to reconstruct

and localize the radioactive distribution inside the patient.
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PET performance can vary depending on the detector crystals used. PET is

separated by two detector technologies: The first is indirect conversion detectors

and the second is direct conversion detectors. Indirect detectors detect high en-

ergy photons through a conversion of the photon energy into optical photons and

direct conversion detectors detect high energy photons through the movement of

electrons through the crystal that are induced after being fully absorbed by the

detector material. Direct conversion detector systems such as the CZT system

presented in this work, can be succinctly characterized as having good energy

resolution, high attenuation coefficients, but poor timing resolution. In contrast,

indirect conversion detector systems have poor energy resolution compared to CZT

but improved timing resolution. In short, timing resolution is a measure of how

capable a system is in resolving arrival time differences between detected photons

and energy resolution is a measure of how capable a system is in differentiating

small differences in energy that is incident on the detectors [7].

An example of how indirect detector systems use their timing resolution to

overcome its disadvantages is in Time of Flight PET (TOF-PET). In Figure 1.3

we can see that rather than drawing lines over the imaging space representing

equal probability of activity as was represented in Figure 1.2, here we can localize

and assign a probability density along the line. This is only possible for a system

with small enough timing resolution. Although current CZT systems cannot do

this as well as indirect detectors, our presented work in implementing a hybrid

imaging modality to PET aims to contribute to improved performance of direct

conversion detectors.
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Probability density

Figure 1.3: Time of Flight (TOF) PET. Distribution is localized along the line
with timing information.

1.1.1 Photon-Matter Interactions in PET

The primary method in which PET operates is in the detection of photons

via photoelectric absorption. Seen in Figure 1.4, when a photon is emitted from

PA and travels through a detector medium, the nearby atoms fully absorb the

incoming photon energy causing the ejection of an electron as a consequence.

The electron in this case is referred to as a photoelectron, and is ejected with

energy equivalent to the incoming photons energy minus the bonding energy for

the electron. In nearly all cases the bonding energy is small compared to the

annihilation photon’s energy.

Another important photon-matter interaction that occurs as photons travel

through a medium is Compton scattering. This can be seen in Figure 1.5. This

interaction occurs when the photon passes and interacts with the outer shell or-

bital electrons of an atom. As opposed to photoelectric absorption, the photon

7



Figure 1.4: Photoelectric absorption

imparts only a fraction of its energy and causes the outer shell electron to recoil at

an angle ϕ while the photon itself scatters at an angle θ. This type of interaction

is less desirable than photoelectric absorption when implementing PET. This type

of interaction, when occurring within the patient, can become a large contributor

to noise as it can create false LORs by scattering off the true LOR.

Figure 1.5: Compton Scattering

An important driver to Compton scattering is the incoming photon energy.

We already know according to the Compton scattering equation that the angle

8



is dependent on the incoming energy, however, the interaction probability of the

incoming photons can change depending on the energy which is described by

the Klein-Nishina formula in the form of a differential cross section dσ
dΩ . The

unpolarized Klein-Nishina formula can be written in the following form

dσ

dΩ = 1
2r2

e

(
Es

Ei

)2[
Es

Ei

+ Ei

Es

− sin2(θ)
]

(1.1)

this equation describes a rate of incoming to outgoing flux of photons entering

a differential area dσ in which the photon will interact with nearby electrons

and scatter into a solid angle area dΩ. This is useful in that we can use it to

determine through what polar scattering angles and what energies we expect to

detect across our system. The ability for a detector to create accurate LORs

and properly identify coincidences between photons will primarily be affected by

Compton scattering interactions either within the subject or the detector [8].

1.1.2 Types of Coincidences

When two photons belonging to a pair of annihilation photons are detected in

a PET system they are categorized as coincidence events. In the ideal world, all

of the coincidences that a detector sees are true coincidences. That is, the coin-

cidence photons detected in fact come from the same positron annihilation event.

Below in Figure 1.6 we visualize three types of coincidences. We can detect scat-

ter coincidences when either one or both of the annihilation photons undergo a

Compton scattering event within the phantom or patient causing the trajectory

to skew. Scatter coincidences lead to false LORs and can cause blurring in an

image ruining the contrast if not properly filtered out. While annihlation photons

arriving at the same time can be coincidences, one of these photons may be origi-

nating from a positron annihilation event in another part of the phantom leading

9



to what is called random coincidences. These types of coincidences can be hard

to distinguish since both photons may have equivalent energies at approximately

511 keV, however, they will indeed cause blurring and in the ideal world would be

filtered out.

Figure 1.6: Coincidence types in PET

1.2 Single Photon Emission Computed Tomog-

raphy

Single Photon Emission Computed Tomography (SPECT) is similar to PET

in that the goal is to detect emitted photons from a radiotracer distribution inside

a patient, however, the radiotracers used emit single photons of typically lower

energies (100-300 keV) rather than annihilation photon pairs. SPECT devices are

interfaced with collimators which allow for small acceptance angles for photons

entering the SPECT detector therefore making it simple to map to a 1D line the

activity distribution. We can see in Figure 1.7 how the prevention of incoming

photons at oblique angles allows the approximation of a distribution of activity

along a profile spanning the detector width. Typical applications of SPECT have

a single detector panel that is then rotated 360◦ around the subject to gather line

10



profiles all around the subject. This can also be achieved with multiple detectors

surrounding the subject, but in any case SPECT necessitates the full covering

around the subject to have enough data to reconstruct an image.

Figure 1.7: Demonstration of SPECT. The collection of 1D activity profiles
around the subject at angles covering 360◦ allows the approximation of the location
of radiotracer.

As opposed to PET, SPECT imaging operates in lower photon energies of

around 100-200 keV requiring different materials and energy conversion tech-

niques. Clinical SPECT systems can have energy resolutions as high as 10.0%

to as low as 5.6% at energies of 140-160 keV which are what makes a large part

of why SPECT systems are so useful for these use cases [9].
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1.3 Compton Camera

Compton Camera (CC) is an alternative to SPECT in which the use of col-

limators and rotation of the imaging device is not necessary. The CC was first

developed as a gamma camera in applications of astronomy known as a Compton

Telescope [10]. The ability of Compton Cameras to detect photons from wider

angles without collimators was first developed and coined as electronic collimation

by Singh [11] [12] [13]. Collimatorless devices can lead to the potential implemen-

tation of multimodal imaging if the Compton kinematics necessary for Compton

Cameras can be utilized within a standard PET system. We begin with a brief

description of the physics of how a Compton Camera works and then review the

current state of the art in Compton Camera systems.

Referencing Figure 1.8, typical implementations of the Compton Camera in-

volve the use of two layers of detectors called the scattering layer and the absorbing

layer. The idea is that photons will interact with the scattering layer of the de-

tector made of a high Z material which aims to make Compton scattering the

dominating photon interaction events in the detector. Photons interaction in the

first layer allows one to define a P1 event with associated energy, E1, and position

(x1, y1, z1). Subsequently, the absorbing layer’s purpose is to absorb the scattered

photon through photoelectric absorption. The absorbed photon at event P2 will

then have associated E2 and (x2, y2, z2). The observation of these two subsequent

events contain information needed to reconstruct Cones of Response (COR), an

analogue to LOR in PET.

Solving the image reconstruction problem with a CC is done by utilizing the

Compton kinematics that gammas undergo when interacting with the detector.

Utilizing the position of the first Compton scattering event for a photon as well

as the location of a subsequent photoabsorption of the scattered photon, a cone

12
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Figure 1.8: Demonstration of Compton Camera

beam projection can be evaluated and superimposed in order to reconstruct the

origin of the gamma source. In this configuration of a gamma camera, as opposed

to SPECT, the Compton Camera is a stationary device.

Detectors can record the energy and position of the first scattered photon

that enters the detector volume and then record the energy and position of the

subsequent photoelectric absorption of the photon in the volume. The Compton

scattering equation

cos θ = 1 + mec
2
(

1
Ei

− 1
Es

)
(1.2)

shows the relationship between the scattered energy Es and the initial incoming

gamma energy Ei with the scattering angle of the gamma, θ. Therefore if a

detector first sees an event with energy E1 = Ei −Es and then a second event with

energy E2 = Es we can then create the Compton cone that is associated with this

Compton scattering event and use this information to aid image reconstruction.
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1.4 Hybrid Imaging

Here we will introduce state-of-the-art in approaches to improve features of

PET and the problems that are being faced. We will first introduce the basics

of radioactive decay physics and the different types of radiotracers of interest

that motivate the pursuit of hybrid imaging systems. We will then highlight

Scandium-44 (44Sc), a radiotracer that is the central focus of this simulation work

for demonstrating our CZT system’s capability as a hybrid imaging tool. We will

then discuss and highlight potential approaches to hybrid imaging that current

literature shows.

1.4.1 Radioactive Decay Basics

Positron (β+β+β+) Decay

In section 1.1 we introduced the most common radiotracer FDG and its ra-

dionuclide 18F. The basic process of positron emission occurs from a decay process

of the radioisotope known as β+ decay. The process can be succinctly written with

the following equation

p+ −→ n + e+ + v + energy (1.3)

This shows the decay of a proton (p+) into a neutron (n) as well as the conversion

of its mass to energy into a positron (e+) and neutrino (v). Neutrinos do not

carry electric charge and leave the system without interacting with matter there-

fore this is of no interest to us. The positron is an anti-particle of an electron,

essentially a positively charged electron, and is ejected from the point of decay

with some kinetic energy depending on the isotope. When occurring within a

patient, as depicted in Figure 1.9, the positron will travel imparting its kinetic
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energy on surrounding atoms in the tissue of the patient until it either annihilates

directly with an electron or comes to rest momentarily to form an atom with an

electron called positronium. This positronium exists momentarily and has an as-

sociated positronium lifetime before it annihilates producing the familiar 511 keV

PA photons [14].

Positron path
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Radionuclide

Positron Annihilation Event

Figure 1.9: Depiction of positron-range in positron annihilation

β−β−β− Decay

Another important mode of radioactive decay is that of β− decay. The decay

is described as

n −→ p+ + e− + v + energy (1.4)

Therefore, in contrast to β+ decay we see that a neutron decays into a proton

and the conversion of energy goes into an electron (β− particle) and a neutrino.

The energy from the β− particles are typically used in radiotherapy where the β−

particle energy can kill cancerous cells from the absorption of the β− energy. Like

β+ decay, some isotopes that undergo β− decay can emit gammas in addition to

β− particles allowing imaging of the radioisotope to be possible.
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Referring to Figure 1.10, some isotopes undergo what is known as β+γ decay

where the decay into a daughter isotope decays into an excited state which exists

for some time t1/2, before de-excitation to its ground state results in the emission

of an additional photon known as a prompt gamma, γ. This is in addition to the

positron which subsequently produces the PA photons.
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Figure 1.10: Depiction of positron annihilation with prompt-gamma emission.

This is specifically an area of interest for certain applications in which the

prompt gamma can be a key identifier for a certain radiotracer which can be

introduced into a patient in addition to another radiotracer which only expects

to undergo β+ decay. These conditions make multi-isotope imaging feasible if one

were capable of differentiating one isotope from another using the prompt-gamma

information [15] [16] [2]. Additionally, the prompt-gamma is key in providing

timing information on when the time of decay occurs. Many prompt-gamma

emitting isotopes, when decaying into their daughter isotope, have relatively small

half-lives (on the order of a few ps) and provide much better information on the

time of decay as opposed to positron annihilation photons. Research in this area

are attempting to use the timing information provided by the prompt-gamma in
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order to perform analysis such as correction for positron range or quantifying the

lifetime of the positron in tissue [17].

Below in Table 1.1 we summarize the key attributes of some common prompt-

gamma emitting isotopes along with F-18 for comparison [15] [18].

Isotope Half-Life β+Eave
(MeV)

β+ Yield
(%)

β+
ave

Range
(mm)

Prompt
γ (keV)

γ Yield
(%)

F-18 109.77
min

0.250 97 0.62 NA NA

Sc-44 4.04 h 0.630 94 2.46 1157 99.4
Ga-68 67.7min 0.836 89 3.56 1077 3.2
As-72 26 h 1.170 88 5.19 693 8.07

834 81.0
Zr-89 18.4 h 0.396 23 1.27 909 99.0
I-124 4.18 days 0.687-

0.974
23 3.37 603 62.9

723 10.4
1691 11.2

Table 1.1: Common prompt-gamma emitting radionuclides

1.4.2 44Sc Application

With the prevalence of radiotherapy, the targeting of cancerous tumors with

radioisotopes with the intent of killing the cancerous cells, the need to simultane-

ously perform dosimetry along with radiotherapy has become an area of interest

for many in the nuclear imaging community. This combination of diagnostic imag-

ing with therapy is called theranostics.

One common implementation of theranostics is in the treatment of metastatic

prostate cancer. Metastatic prostate cancer produce what are called prostate-

specific membrane antigen (PSMA). The attachment of radioactive materials to

molecules with similar structures are called radioligands and these radioligands
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have been found to accumulate in regions of prostate cancer. The most widely used

radioligand for targeting PSMA in prostate cancer radiotherapy is Lutetium-177-

PSMA (177Lu-PSMA) [19]. 177Lu7 is primarily a β− emitting radioisotope which

is used to kill prostate cancer cells. Although 177Lu emits some low energy γ (113

keV at 6.4% and 208 keV at 11%) useful for SPECT, the yield is not great therefore

image quality may not be the best. Most recent imaging diagnostic methods for

aiding PSMA radiotherapy are done through PSMA PET using 68Ga and F-18

as radioligands. Research in finding appropriate radioisotopes for theranostics

include ability to attach the isotopes to the molecules of interest and the half-life

of the isotope. 44Sc is an isotope of interest for replacing 68Ga as a diagnostic

since it has been seen to better resemble Lu-177-PSMA and its longer half-life

makes its practicality for storage and transport better than 68Ga. Coincidentally,
44Sc has a smaller positron range by 1 mm on average compared to 68Ga making

it better suited for PET.

1.5 PET-CC Imaging

In recent years many groups have invested into making systems that are ca-

pable of capturing prompt-gamma information and combining that data with

conventional PET to correct for positron range effects. One approach proposed

by Giovagnoli in 2020, based on a liquid Xe scintillation based detector with scat-

tering and absorbing layers, coined psuedo-TOF, we can see in Figure 1.11 that

the concept is use of the prompt-gamma COR intersection with LORs to assign

a Gaussian distribution to the LOR similarly to what TOF PET does; however,

in this case, the source is localized by the geometric information of when the

prompt-gamma was emitted, which in many cases is on the order of picosecond

delay from the time of positron annihilation [20] [21].
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Figure 1.11: Depiction of 3 − γ localization of source

The Jagiellonian PET (J-PET) group in Poland utilizes the same concept of

the operation of PET with scattering-absorbing layers to induce Compton scat-

tering to extract prompt-gamma information [17]. The J-PET system however

has very good timing resolution capabilities and is more interested in using the

timing information that they gather from prompt-gammas to gain further insight

into positronium and orth-positronium formation in positron annihilation. As we

mentioned before, in Section 1.4.1, when the positron is traveling through the

tissue in a patient after a β+ or β+γ decay event, the positron forms a parti-

cle called positronium momentarily [14]. This formation of positronium or even

ortho-positronium is dependent on the atomic density of the tissue through which

positrons travel and according to findings by Jasinska and Moskal there seems

to be a correlation to the health of the surrounding tissue cells [22] [23]. J-PET

is interested in making assessments on the positron lifetime using the prompt-

gamma as a reference for when the positron emission occurred in order to provide

more useful information for making cancer diagnoses using interesting techniques

in triple coincidence detection of PA annihilation photons and prompt-gammas.
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Many of these hybrid systems utilizing new image reconstruction modalities

still require scattering and absorbing detector layers including the previously dis-

cussed systems. As visualized in Figure 1.12 we propose an existing high energy

resolution CZT detector that has a sufficient detector thickness of 4 cm that

is capable of detecting high energy prompt-gammas and thus being capable of

collecting both PET and CC information for use in aiding reconstruction which

can improve image quality in PET or be used for labeling and imaging multiple

isotopes due to their prompt-gammas [24] [25].

Figure 1.12: Simulation view of dedicated head and neck dual-panel CZT PET
detector system
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Chapter 2

Image Reconstruction

The work of this thesis includes the implementation of Compton Camera (CC)

image reconstruction on an existing PET imaging system, this requires fleshing out

the fundamental mathematics of nuclear medical image reconstruction for which

this work is built upon. This chapter will cover the analytical models for the

X-Ray and Radon transform which are the mathematical underpinning of how

projection data is gathered in detector systems. This leads to the defining the

Inverse Problem of the Radon transform which is central to that of PET, SPECT,

and CC imaging. We will then motivate the examination of statistical models

of the CC which is solved with iterative methods such as Maximum Likelihood

Estimation - Expectation Maximization (MLEM).
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2.1 The Inverse Problem

2.1.1 Beer-Lambert Law

As we introduced in Section 1.1, X-Ray CT is performed by transmitting

a collimated beam of X-Rays through a subject to measure the attenuation of

the beam at the detector side. We begin our discussion of the mathematical

formulation of the X-Ray beam interaction with the scenario proposed by Natterer

[26]. We set the stage with the transmission of a thin X-Ray beam as depicted in

Figure 2.1 with initial intensity I0 through the target material.

L

Thin x-ray beam

I
0

w

w^

s

O

f(x)

Figure 2.1: Thin X-Ray beam traveling through a subject.

The attenuation that the X-Ray undergoes as it travels through the material

can be described as an unknown attenuation distribution function f that describes

the material through which the X-Ray is passing through. f(x) is a real-valued

function defined for x in a 2-dimensional imaging space where x ∈ R2. As the

X-Ray travels along the line, L, in the material through some positive δx, the

Beer-Lambert Law describes the intensity loss of the X-Ray, δI, as

δI

I
= −f(x)δx (2.1)
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This describes an Ordinary Differential Equation rewritten as

dI

dx
= −f(x)I (2.2)

This equation can be solved by standard separation of variables methods and we

are left with the following integral representation of Beer-Lambert

ln I1

I0
= −

∫
L

f(x)dx (2.3)

Where I1 represents the intensity of the detected X-Ray after having passed

through the target material and reached the detector. This equation says that the

natural log of the ratio of the initial and final intensity of a single X-Ray beam is

equivalent to the line integral along the path L of the X-Ray that travels through

the target material. In CT we are interested in approximating to the best of our

abilities the spatial distribution function, f(x), appearing in the integral of the

RHS of (2.3). Thus in the case of X-Ray CT, the goal of image reconstruction is

to invert the integral transform of f(x).

The Beer-Lambert formulation for PET is similar to that of X-Ray CT and is

proposed by Natterer in equation (2.4) below [26]

I = exp
{

−
∫

L
µ(y)dy

}∫
L

f(x)dx (2.4)

In the case of PET, we see an exponential attenuation of the line integral that

appeared in the X-Ray formulation in equation (2.3). Here the function µ(y)

represents the attenuation of γ rays that are leaving the patient before they arrive

at the detector. f(x) in this case represents the radioactivity distribution in the

imaging space. I is the measured intensity of photons incident on a detector pair.
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In PET reconstruction, the attenuation of photons within the subject is generally

known and estimated and in many cases is neglected. For the sake of simplicity

and to maintain the analogue to PET, we will assume µ is negligible and focus on

the inversion of the integral in (2.3).

2.1.2 Radon Transform

Previously, we discussed Beer-Lambert integral representations describing the

measured information of a single thin X-Ray beam in CT and a single annihilation

photon pair in PET. A single data point alone would not be enough to reconstruct

the entire spatial distribution of f for X-ray CT and PET, therefore we must

consider the entire set of line integral transforms of f(x) in R2. This collection

of line integral transforms is known as the Radon transform. Defined on the

n − 1 dimensional sphere and real line, for ω ∈ Sn−1 and s ∈ R1, the form of the

n-dimensional Radon transform is

Rf(ω, s) =
∫

x·ω=s
f(x)dx (2.5)

The n-dimensional Radon transform maps a function f(x) defined for x ∈ Rn

onto the set of integrals over the hyperplanes of Rn. Hyperplanes are defined

to be perpendicular to ω with a signed distance s from the origin as shown by

the vector product relation in the integral of 2.5. In the 2D imaging space for

the Radon transform in R2, the hyperplanes of R2 are 1D lines along ω⊥. They

represent a collection of thin beams of X-Rays a distance s from the origin. In the

case of PET, they represent a collection of lines created between detected photon

pairs perpendicular to a distance s from the origin.

In X-Ray CT, the distance s is restricted to the capability for the detector to

obtain perpendicular incident X-Ray beams and is thus restricted to the domain
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[−W, W ] ∈ R where W is the half-width of the detector. In Figure 2.2 we can

visualize the domain of s restricted by the detector width. By letting x = sω +

lω⊥ we rewrite the integral in the second equality of equation (2.5) to show the

parameterized imaging space of x which allows us to simplify our understanding

of Rf(ω, s).

Rf(ω, s) =
∫

ω⊥
f(sω + lω⊥)dl (2.6)

Given that the vector ω = ⟨cos ω, sin ω⟩ for ω ∈ [0, 2π). We can make sense

of evaluating the Radon transform as first taking a fixed value of ω. Then taking

integrals over l ∈ (−∞, ∞) spanned by ω⊥ for all values of s which then gives

us Radon values for a single angle. An example of this evaluation can be seen in

Figure 2.2.

w

s

X-Rays

Rf(w,s)

f(x)

-s

+s

Figure 2.2: Radon Transform as projections in X-Ray.

We can understand the Radon Transform as taking projections over all angles
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covering the subject. Much like how a tree casts a shadow by stopping photons and

leaving a featureless representation of where it’s located relative to the position

of the sun, the subject leaves information of its position relative to the position

of the detector between the X-Ray source.

One useful property to highlight about the Radon transform is that by observa-

tion of equation (2.5) we see that when (ω, s) = (−ω, −s), Rf is an even function

on the product space Z = S × R where Rf lives. Meaning that Rf(ω, s) =

Rf(−ω, −s). This has the consequence that when implementing X-Ray CT, it is

sufficient to gather projection data for ω[0, π) when implementing image recon-

struction.

The Radon transform is what is termed the forward problem in the field of

inverse problems as well as the forward projection. It is the mapping of the

physical image characteristics onto a space of measurable data. In PET, the

forward projection is the detection and collection of LORs. In CC, the forward

projection is the detection and collection CORs. The goal of inverse problems is

the mathematical inversion of the forward problem using the measured data to

construct an estimate of the image in question.

2.2 Back-projection

One method that is fundamental to CT image reconstruction and can be seen

implemented in various methods is back-projection. Back-projection as a mathe-

matical operation is defined as the Radon operators adjoint. It has the property

⟨Rf, g⟩ = ⟨f, R#g⟩ (2.7)
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where

R#g(x) =
∫

S
g(ω, x · ω)dω (2.8)

and x ∈ R2.

Since R# maps S × R 7→ R2, one could naively view this as an inversion of

Rf . If we wanted to define g(ω, s) = Rf and apply R# to g.

R#Rf(ω, s) =
∫

S

∫
R

f(sω + lω⊥)dldω (2.9)

which demonstrates that by applying R# to Rf(ω, s), for fixed ω, we are first

integrating over the set of lines perpendicular to ω. Next, for a fixed point x, we

are integrating over ω the set of lines that intersect at the point x. Therefore, the

function value at a point x will be proportional to the sum of all of the projecting

lines that intersect x. Applying the adjoint then leads to the following result

Bf(x) = R#Rf(ω, s) =
∫

S

∫
R

f(sω + lω⊥)dldω = 2
|x|

∗ f(x) (2.10)

This operation is called back-projection and is denoted as Bf(x).

This shows an approximation of the original source distribution f(x) with a

convolution blurring of some radial function 2
|x| . We can demonstrate this by

considering the ideal case where we are attempting to reconstruct a point source

distribution modeled by the delta function δ(x) by letting f(x) = δ(x − x′)

Bf(x) = R#Rf(ω, s) = 2
|x|

∗ δ(x − x′) (2.11)

By the sifting property of convolution, with the point source located at x′ =

(x1, x2), we get

Bf(x) = 2
|x − x′|

(2.12)
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The estimation of f(x) by the back-projection operator is a radial function 2
|x−x′|

and is not the accurate image of the true distribution that we hope for when

solving the inverse problem.

This is demonstrated below in Figure 2.3 where a single pixel is forward pro-

jected in a discretized version of the Radon Transform. The sinogram is the

forward projection data in the S × Z0+ domain for ω ∈ [0, π] and s ∈ [0, 64).

This data is then back-projected across the pixel imaging space and we recover a

blurred version of the source image. Note the radial blurring of the back-projected

image where the sharp features of the pre-image have been smoothed.

Figure 2.3: Forward projection, sinogram, and back-projection of a single point

Although not the best image quality is recovered from back-projection, it is

the starting point for many common implementations of image reconstruction

algorithms that are used in PET, SPECT, and CC imaging. We will not go into

detail here about explicit inversions of the Radon Transform since the body of

this work is implementing iterative inversion techniques.

2.3 Cone Transform

The formulation of the inverse problem for Compton Cameras is very similar

to the X-Ray and PET case. Image reconstruction in CC Imaging requires the

use of information that comes from the integration of surfaces of cones in R3 as
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opposed to 2D line integrals in PET. Consider the event where a photon from a

source incident on the detector scatters at a location P1 in R3 and then interacts

with the detector later at a location P2.

P
2

CZT

P
1

q

q

b

Cone Axis

u  Cone vertex

Point Source

C(u,b,q)

Figure 2.4: Construction of cone of response

Cones are defined by their location of vertex u, cone axis vector β, and half-

open angle θ [27]. We therefore denote the sets of conic surfaces defined by these

parameters as C(u, β, θ). Let our source be defined by some real-valued function

f(x) for x ∈ R3 that describes the radioactivity distribution. We call the forward

projection, or the transformed measured data, the cone transform defined as

Cf(u, β, θ) :=
∫

C(u,β,θ)
f(x)dS (2.13)

with u ∈ M , β ∈ S2, and θ ∈ [0, π). M ⊂ R3 is the detector set describing

the space where vertices can be defined, and S2 is the unit sphere. Now when

taking into account the physics and statistical nature of the isotropic emission of

gamma photons we see a modified version of equation (2.13) presented by Cree
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and Bones [28]

Cf(u, β, θ) = K(θ, Ei)
∫

C(u,β,θ)
f(x)dS (2.14)

where K(θ, Ei) is the Klein-Nishina coefficient as a function of the half-open angle

θ and incident gamma energy Ei. Much work has been done involving the inversion

of the cone transform in which a variety of derivations arrive at some form of

extracting a Radon Transform of planes in R3 which already has well known

explicit inversions [29]. In these works, it has been found that there is a much

looser restriction on detector geometries in order to obtain sufficient data for

unique reconstruction as opposed to PET. Tuy and others found that for unique

reconstruction of cone data it is sufficient that any plane crossing the imaged

object intersects the detectors of the system. This is a contrast to PET where

we are restricted to lines that must intersect two opposing detectors [30]. The

implications of this are that less data is needed for reconstruction and in the case

of our two-panel system, two panels recover more than enough information for

unique reconstruction.

2.4 Statistical Model

Analytic reconstruction models are not perfect. Models such as the Radon

Transform do not accurately model and account for noise contributions in the

reconstructed image and proper reconstruction assumes that there are infinitely

many projections available. In the case of single panel or even double panel

Compton Cameras the system is underdetermined as it is not possible to obtain

all of the projection cones needed to cover the imaging space. One approach is to

model the statistical nature of photon emission from radioactive isotope decays.

30



Below we will formulate a statistical model of prompt gamma emissions for the

operation of a Compton Camera [31].

Take the image space where the true source distribution lies and divide the

space into discrete boxes with associated probability of emission. We will have

bins i ∈ I where I contains the detector bins for which the number of photons

are counted in. We will then have j ∈ J where J contains the voxels that are

defined in our imaging space. We can begin by defining µi = ∑
j tijλj where µi

is the expected mean number of counts detected in bin i given a Poisson variable

λj representing the activity in voxel j and tij represents the probability that

data from bin i originated from voxel j. The activity of photon emission from a

radioactive isotope is a Poisson process. We introduce Poisson random variables

Xij and Yi where Xij is the number of photons emitted by voxel j that contribute

to bin i and Yi is the total number of photons recorded in bin i.

Given the mean value µi the conditional probability of seeing Yi take on the

value yi is given by

p(yi|µi) = e−µi
µyi

i

yi!
(2.15)

In order to obtain the likelihood of the probabilities over all sets of bins i,

since Yi for each i are all independent random Poisson variables we can take the

product over all bins and get the likelihood function

L(yi|λ) =
∏
i∈I

p(yi|µi) =
∏
i∈I

e−µi
µyi

i

yi!
(2.16)

The likelihood function is evaluating the joint probability distribution function of

observing a given yi as a function of the parameters λ. In other words, what is

the probability of observing a number of photons in bin i given the source activ-
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ity distribution λ in our imaging space. The goal in a successful reconstruction

algorithm is to found the λ that maximizes this likelihood function according to

the observed data that we measure in the detection process. Thus,

λ̂ = arg max
λ

L(yi|λ) (2.17)

Where λ̂ is the value for λ that maximizes our likelihood function. If we look at

the likelihood function in the following form

L(yi|λ) =
∏
i∈I

e−
∑

j
tijλj

(∑j tijλj)yi

yi!
(2.18)

we can see that maximizing L in the current form is not trivial. Fortunately, the

arg max of the logarithm of a function is the same as the arg max of the function

due to the monotonicity of log. This makes the optimization problem simpler

since the log of products is the sum of the log of the individual terms.

log(L(yi|λ)) = log
(∏

i∈I

e−
∑

j
tijλj

(∑j tijλj)yi

yi!

)
(2.19)

=
∑
i∈I

log
(

e−
∑

j
tijλj

(∑j tijλj)yi

yi!

)
(2.20)

= −
∑
i∈I

∑
j

tijλj +
∑
i∈I

yi log
(∑

j

tijλj

)
−
∑
i∈I

log(yi!) (2.21)

So replacing yi = ∑
j xij gives the log-likelihood function defined as

L(L(λ)) = log(L(xij|λ)) = −
∑
i∈I

∑
j

tijλj +
∑
i∈I

∑
j

xij log
(

tijλj

)
−
∑
i∈I

∑
j

log(xij!)

(2.22)
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and we can update the problem statement of finding λ̂ to be

λ̂ = arg max
λ

L(L(λ) (2.23)

The non-linearity of the log-likelihood function in application to emission tomog-

raphy does not have an explicit solution, therefore iterative optimization methods

are used to solve for λ̂. The most common of which being the Expectation

Maximization (EM) algorithm [32] [31], [33]. The algorithm has two steps:

1. Finding the expectation of the log-likelihood.

2. Maximizing the resulting expectation by setting the first derivative of the

expectation equal to zero.

Beginning with the expectation step (1) on equation (2.22) is taking the condi-

tional expectation of the log-likelihood given parameters yi, λ

E(L(L(λ))|yi, λ) = −
∑
i∈I

∑
j

tijλj +
∑
i∈I

∑
j

E(xij|yi, λ) log(tijλj) − E(log(xij!)|yi, λ)

(2.24)

The expectation term of the last term is constant and will be denoted as C while

the expectation term in the second term is

E(xij|yi, λ) = yi
tijλj∑

k∈J tikλk

(2.25)

The maximization step (2) is done by differentiating equation (2.24) with respect

to λj and equating to zero to find the λ̂j

(ℓ) that maximizes where ℓ is the iteration
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step.

∂

∂λj

E(L(L(λj))|yi, λ̂j

(ℓ)) = −
∑
i∈I

tij +
∑
i∈I

E(xij|yi, λ̂j

(ℓ)) 1
λ̂j

(ℓ+1) = 0 (2.26)

λ̂j

(ℓ+1) =
∑

i∈I E(xij|yi, λ̂(ℓ))∑
i∈I tij

(2.27)

This leads to the iterative solution of the EM algorithm

λ̂j

ℓ+1 = λ̂j

(ℓ)∑
i∈I tij

∑
i∈I

tijyi∑
k∈J tikλ̂k

(ℓ) (2.28)

In implementation, we first compute ∑k∈J tikλ̂
(ℓ)
k with an initial estimate of λ̂

(ℓ)
k

and system matrix tij summing the product components over every voxel in J .

This is known as the forward projector. Recalling that our original definition

for ∑j tijλj = µi as the expected mean number of photons we hope to see in

detector bin i, then using an initial estimate λ̂(ℓ) we define the quantity in the

denominator of equation (2.28) as y
(ℓ)
i . Meaning we are predicting our observed

yi given an initial or ℓth guess for λ̂
(ℓ)
j . Next, we take a ratio of the current

measured projection data tijyi with the previously computed forward projection

for each bin i to get a notion of how far off our ℓth estimation of the activity

distribution is from our measured set. Summing over all of these ratios for each

bin i and multiplying the result with λ̂
(ℓ)
j is the backprojection operation which

after normalization by ∑i∈I tij gives us our ℓ + 1 estimate for the activity and the

algorithm is iterated until either a set number of iterations are performed or until

some measure of error between the measured and estimated activity is satisfied.

In list-mode (LM) MLEM, each measurement taken by the detector is consid-

ered a unique bin, therefore the measurement vector yi = 1 for detected events

and yi = 0 for i /∈ I [33]. Therefore the LM-MLEM formulation provides a
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computational advantage and is now defined as

λ̂j

ℓ+1 = λ̂j

(ℓ)∑
i∈I tij

∑
i∈I

tij∑
k∈J tikλ̂k

(ℓ) (2.29)

This formulation is the same for both PET and CC image reconstruction and

implemented similarly. Description of how this is implemented will be discussed

in Chapter 3.
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Chapter 3

Simulation of a dual-panel

detector

Here we detail the experimental setup of a simulation study of an existing

two-panel CZT PET detector. This study involves a monte carlo simulation of a

variety of point source models of prompt gamma emitting radionuclides in order to

quantify the capability for an increased sensitivity in the PET detector if operating

as a Compton Camera (CC). We will discuss how a GATE simulation is set up and

run within the context of this experiment. After GATE simulations are performed,

the data is processed into a List Mode (LM) format. We will then discuss the

details of the implementation of a open source GPU accelerated Compute Unified

Device Architecture (CUDA) LM-MLEM image reconstruction algorithm.
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3.1 GATE

GATE (Geant4 Application for Tomographic Emission) is an software appli-

cation for simulating high energy physics interactions with detectors [34]. It is

built off of Geant4 which is a software developed at CERN for simulating particle

interactions with matter for applications in high energy physics, nuclear physics,

or particle accelerators [35]. This simulation platform allows for the generation

and validation of detector materials and geometries in order to get a sense of

the "perfect world" capabilities of a detector before putting the resources into the

construction of the physical system. In Figure 3.1, we present a flowchart that

demonstrates the steps that the user takes when defining a GATE simulation.

Figure 3.1: Steps for initialization and running a GATE simulation.

First, GATE simulations require the construction of volumes which contain

information about dimensions and material so that GATE can track particles

and their material interactions. In GATE we first begin with the construction
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of a world volume which encompasses the space in which GATE will simulate

and record information about the physics and particle interactions. The detector

geometry is built within the world volume and a hierarchy of volumes are created

with the world as the highest level and its daughter volumes are the sections of the

detector which we wish to construct. In our experiment we constructed a model

of the dual-panel CZT detector.

Once the geometry and all of the associated volumes are constructed, the

physics processes to be simulated must be specified according to the application.

This specification allows GATE to know which physical particle-matter interac-

tion and behavior to simulate and record. In our experimental setup we use

the em_standard_opt3 physics list which contains the necessary electromagnetic

interactions of photons of energies up to 10 MeV with the detector material in

addition to activating radioactive decay physics which is required to simulate the

radionuclide decay physics.

After the desired physics interactions are specified, GATE offers a digitizer

module which allows the simulation of readout electronics in sorting the interac-

tions detected. In our experiment we opted not to use this module as we wish

to have apriori information about all of the processes occurring in our detector

system. We also opt out of the digitizer to implement our own post-simulation

file processing to sort our compton cone information.

After the digitizer, GATE requires that the user define the radionuclide sources

to be simulated. GATE has the freedom to create phantoms with user defined

geometries and composed of various materials where one can place radioisotopes

within. There is great flexibility in defining sources with GATE and one can

even mimic radioactive decaying isotopes through simple mono-energetic gamma

emission definitions that GATE provides. When simulating sources, one must
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define the source activity which is measured in Becquerels (Bq). Bq is an SI

unit describing decays per second. Thus, an isotope with 1 Bq of activity will

undergo radioactive decay 1 time every second according to its decay scheme. In

this study we define point source spheres of 0.1 mm radius with 2 MBq of activity

using the ion source definition of the radioisotope 44-Scandium (44Sc) as well

as the simulation of two other radioisotopes, 68-Gallium (68Ga) and 72-Arsenic

(72As).

After the simulation scene has been set, we can specify where and in what

format our data is output in. GATE can record information associated with every

particle interaction it simulates and can output this information in a binary or

ascii file called a Hits file. The final step before running a simulation is specifying

the acquisition time that GATE will simulate. The acquisition time specified in

this experiment was 1 second.

3.2 Dual-Panel CZT System

The detector system we simulate is based off of direct conversion semiconductor

CZT crystals which offer full width half maximum (FWHM) energy resolutions

as low as 4.33% ± 0.30% in the existing experimental system [36]. Visualization

of the construction of our Dual-Panel detector in GATE is provided in Figure

3.2. The CZT dimensions are 4 × 4 × 0.5cm3. The panels are constructed with 5

columns of 30 CZT crystals stacked on top of each other to create a detector panel

area of 20 × 15cm2. The panels are spaced at a distance of 20cm from detector

face to detector face.

The field of view (FOV) of the detector system is centered about the point

(0, 0, 0) in coordinate space. The current experiment sees two 44Sc point sources

with 0.1 mm radius centered at (-5.5,0,0) and (5.5,0,0) within the FOV. The
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Figure 3.2: Detector system geometry visualized in GATE

advantage of this CZT system for this experiment is the edge-on orientation of

the CZT crystals. Most direct conversion PET systems have pixelated faces and

the thickness that photons travel through the detecting crystal is a few mm.

Since CZT has a high cross-section of Compton scattering interactions, the 4 cm

of detector thickness allows this system to scatter prompt-gammas and detect

their scattered direction within the same crystal or across multiple crystals at a

higher rate than conventional PET systems. The implication of this is that there

is no need for constructing a scatter-absorber detector geometry to implement CC

imaging, which would be a costly addition to a CZT system of this size.

3.3 Compton MLEM

After acquiring a hits file we process the data and create a List-Mode file

containing the COR information (Energy and Position information of scattering

and absorption events) for input into an MLEM code. Referring to (2.29) in

Chapter 2, the reconstruction method used is the following MLEM algorithm

λ̂j

ℓ+1 = λ̂j

(ℓ)∑
i∈I tij

∑
i∈I

tij∑
k∈J tikλ̂k

(ℓ) (3.1)
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This reconstruction is implemented in Compute Unified Device Architecture (CUDA)

for speed up by parallel computation given that the system matrix and number

of computations can be very large.

3.3.1 System Matrix

Typically the system matrix is constructed via the forward projection of the

acquired data from the detector system. The details of how the forward projection

is carried out can vary. In the method in this work, the construction of the system

matrix T is determined by determining the voxel-cone intersections of the cones

measured by the detector system and integrating them. Through the recording of

the position and energy deposited from the first compton scattering event along

with the position and energy deposited from the subsequent photoelectric absorp-

tion event, the measured compton cone can be defined as Cj(u, β, θ) where j is

the jth measured compton cone out of a total of J measured cones. Every cone is

defined by its vertex u, unit vector describing the cone axis β̂, and the half-open

angle θ.

Figure 3.3: Diagram showing the relative location of voxels to the cone of re-
sponse

The most difficult part of MLEM is the construction of the system matrix tij.
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Lojacono outlines a number of methods in which integration of the CORs can be

carried out [37]. One of those methods proposed were implemented in following

formulation of tij

tij = Cf(u, β, θ) = K(θ, Ei)
∫

C(u,β,θ)∩Vj

f(x)dv (3.2)

where the integral in (3.2) is taken over a volume element dv resulting from

the set of all I number of cone surfaces C(u, β, θ) = {Ci(u, β, θ); i = 1, ..., I} that

intersect with a given voxel Vj. In Figure 3.3 we graphically set the scene for

determining the intersection of cones. When any segment of the voxel is near the

measured θ we call this an intersecting cone-voxel pair. We define an arbitrarily

small angle σ around θ and when the voxel falls within 3σ of θ we integrate

over the intersecting bounds. This occurs when |θ − (α ± γ)| < 3σ. In fact,

θ, σ, define parameters for a Gaussian function estimating the probability density

of the activity distribution within the volume enclosed by the cone of response.

This Gaussian function is seen implemented in various ways in other literature,

for example as a mix double Gaussian, however in this case a single Gaussian is

used [38] [39]. This leads us to rewrite (3.2) as along with a visual representation

of the bounds of integration of the cone thickness below in Figure 3.4.

tij = K(θ, Ei)
∫

A

∫ φf

φi

f(ϑ) sin(ϑ)dA (3.3)

where

f(ϑ) = e− (ϑ−θ)2

2σ2
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and f is identically zero for Ci ∩ Vj = ∅ The bounds for integration and values of

φi and φ4 will depend on whether a portion of 3σ surrounding θ does not intersect

the current voxel Vj. Otherwise, α ± γ will be used as either the upper or lower

bounds of integration.

Figure 3.4: Graphical representation of the integration along the thickness of a
cone-voxel intersection

Although there are various methods for the numerical computation of the

area element of the voxel-cone intersection, what is implemented in this MLEM

algorithm is a simplified voxel-center method outlined by Lojacono [37]. The

remaining parts of integration are carried out as the width and height defined

by the voxels for intersecting cones. An important parameter in the accuracy of

this reconstruction is the standard deviation σ parameter chosen in this method.

This standard deviation value and Gaussian distribution function may be seen as

representing the angular uncertainty (as a consequence of uncertainty in the energy

measured) in the measured and computed half-open angle θ from the prompt-

gamma information [40]. Therefore the image quality is going to suffer if angular

resolution is poor. In this implementation all results obtained, otherwise noted,

correspond to an energy uncertainty in ±10 keV.
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Chapter 4

Results

4.1 GATE Simulation

The first results we present are GATE simulations of 44Sc, 68Ga, and 72As for

the dual-panel system. All three isotopes are simulated in GATE separately as

0.1 mm radius spheres with activity of 2 MBq for an acquisition time of 1 second.

Each simulation placed the point sources 10 cm from each panel at the center of

the field of view and origin of the coordinate space (0,0,0). The results for the

energy deposited on the CZT system for the three isotopes can be seen below in

Figure 4.1. This is a validation of GATE’s ability to simulate the decay schemes

and associated gamma emissions of these various isotopes. All three isotopes show

peaks at 511 keV where the detector is fully absorbing the annihilation photons

via photoelectric absorption. We observe the different prompt-gamma emissions

among the three isotopes as well. For example, 72As has at 834 keV with an in-

tensity of 81% of β+ decays and at 693 keV with an intensity of 8%. We also note

the lower counts seen in 68Ga comparatively with the other two isotopes. This

should follow from the 89% intensity of β+ decays along with the small intensity

of 3% of β+ decays leading to 1.077 MeV prompt gammas.
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Figure 4.1: Energy deposition comparison of72As, 68Ga, and 44Sc

With GATE we can also plot the separately the different interactions that are

happening with CZT such as the photoelectric absorption and Compton scatter-

ing. In Figure 4.2 we see the photoelectric absorption peak at 511 keV with a

distribution of photoelectric absorption centered at about 190 keV. The spectrum

we see above 511 keV belongs to the spectrum of scattering energies of the high

energy prompt-gamma due to the physics described by the Klein-Nishina formula.

These extra Compton scattering interactions represent an increased sensitivity in

the system for use with CC imaging.
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Figure 4.2: Comparison of energy deposition of photoelectric absorption and
Compton scattering

4.2 Point Source Compton MLEM Reconstruc-

tion

Beginning with the single point source GATE simulations of the 0.1 mm

spheres for 2 MBq of 44Sc, 72As, and 68Ga we were able to detect at least 10,000

Compton cones for 44Sc and 72As while obtaining approximately 300 Comp-

ton cones for 68Ga. The imaging space in the following reconstruction is a

20 × 20 × 20 mm3 space made up of 640, 000 voxels. Each direction is made

of 40 voxels and the voxel size of the imaging space is 1 × 1 × 1 mm3.

Below in Figures 4.3, 4.4, 4.5 with σ uncertainty in the cone-thickness cor-

responding to 1 keV we plot CC image reconstruction along with PET image

reconstruction of the same point source runs for all three isotopes. Figures 4.3,

and 4.4 for 44Sc and 72As used 10,000 Compton cones for reconstruction and were

reconstructed after 20 iterations. Figure 4.5 for 68Ga was reconstructed with only
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300 cones due to the low prompt-gamma yield of 3% per positron decay. We can

see some activity around the central distribution in the PET images that corre-

spond to positron range effects with those features being more pronounced for

something like 72As which has a larger mean positron range of approximately 5

mm. In the case of Figure 4.3 with 72As, we see the CC image have a stronger

localization of the point source with some barely visible artifacts that may be due

to improper implementation of the CC image algorithm which was used. We can

see in Figure 4.5 for 68Ga that with the low number of cones obtained although

the main estimation is nearly correct and can be seen to be more distinguished

than the PET, the overall image quality in this implementation of MLEM shows

many artifacts compared to the other results.

Figure 4.3: PET and CC image reconstruction comparison for 72As of a 0.1 mm
radius point source placed at (0,0,0)
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Figure 4.4: PET and CC image reconstruction comparison for 44Sc of a 0.1 mm
radius point source placed at (0,0,0)

In figure 4.6 we reconstruct point sources of 44Sc with 1000 cones, 72As with

1000 cones, and 68Ga with 300 cones after 20 iterations of MLEM, however this

time we add some uncertainty to the cone thickness in σ with 10 keV. Although

the GATE simulation gives ground truth information on location and energy de-

posited, we implement this uncertainty to understand the extent of image degra-

dation in CC imaging. Each isotopes values were normalized across the three

planes and we see that the largest contrast in image quality is seen in the xz

plane. Visually, 44Sc has better image quality in all three planes as well as larger

values for the estimates as the colorbar axes show.
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Figure 4.5: PET and CC image reconstruction comparison for 68Ga of a 0.1 mm
radius point source placed at (0,0,0)

We plot the normalized activity values along the x-profile below in Figure 4.7

and fit Gaussian curves to the data and compute the full width at half maximum

(FWHM) of the x profiles for each of the isotopes. We report a FWHM of 2.453

mm for 44Sc, 4.419 mm for 72As, and 3.358 mm for 68Ga.
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Figure 4.6: Reconstruction of 0.1 mm radius point sources

We continue the analysis further in Figure 4.8 of the quality of image recon-

struction by plotting the computed FWHM at each iteration of MLEM for the

point sources in the x direction for each isotope. We conclude that after 10 it-

erations the increased improvement in FWHM begins to deteriorate and that 20

iterations is sufficient.
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Figure 4.7: Normalized activity profile in x with FWHM of 2.453 mm for 44Sc,
4.419 mm for 72As, and 3.358 mm for 68Ga after 20 iterations with Gaussian fits,
f(x) = ae− (x−µ)2

2σ2 .

The improvement in FWHM of 44Sc over 68Ga and 72As is 0.905 mm and 1.97

mm respectively. Recalling the mean positron range for each isotope; 2.46 mm

for 44Sc, 3.56 mm for 68Ga, and 5.19 mm for 72As, in the perfect world, our esti-

mates reflect the physics that prompt-gamma emission information is unaffected

by positron range effects. We then present results on the effects of the number of

Compton cones used for MLEM in Figure 4.9. The results show no meaningfully

significant improvement in FWHM over all of the iterations.
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Figure 4.8: FWHM as a function of iteration number in the x-direction for 44Sc,
72As, and 68Ga

To conclude these results we show a comparison of the FWHM of each profile

for 44Sc in Figure 4.10. FWHM values for the x and z direction are comparable

and the FWHM values in the y-direction is significantly poor in the first few

iterations but converges to a value closer to the x and z directions.
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Figure 4.9: FWHM as a function of iteration number in the x-direction for 44Sc
for various numbers of Compton cones used for MLEM.

4.3 Two Point Sources Reconstruction 44Sc

The next experiment involved the image reconstruction using MLEM CC re-

construction on two 44Sc 0.1 mm radius point sources with activity of 1 MBq each

placed 10 mm center-to-center from each other at (-5.5,0,0) mm and (5.5,0,0) mm.

We begin with a reconstruction using σ corresponding to an energy uncertainty of

1 keV and providing a comparison to the PET image reconstruction of the same

simulation in Figure 4.11.

In Figure 4.12 we plot the image reconstruction of the two point sources at

each iteration over 20 iterations of MLEM in the xz plane with 10,000 Compton

cones. All images are normalized by the min and max of the last iteration. The

two point sources emerge after iteration 8 but start to become contrasted after

iteration 10. In Figure 4.13 we then plot the normalized profiles with Gaussian

fits in the x direction to get a better visual on how the point sources are becoming

distinguished. We observe that at iteration 9 the peaks of the two point sources are
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Figure 4.10: FWHM as a fucntion of iteration number in x, y, and z directions
for 1000 Cone MLEM reconstruction of 44Sc.

at least twice as large in amplitude than the activity distribution valley between

them.

We then plot our image reconstruction after 20 iterations of the three different

planes in Figure 4.14. We observe the best image quality in the xz plane with the

activity profile in the xy plane having the worst quality. We plot a normalized

acivity profile at iteration 20 of these three profiles in Figure 4.15 and from the

Gaussian fits compute FWHM of 2.746 mm, 6.279 mm, and 2.807 mm in the x, y,

and z directions respectively. The FWHM in the x profile of the double Gaussian

peak is taken as the average of the calculated FWHM of the individual peaks.

We point out that in many of our reconstructions that there seems to be a smear

or elongation of the activity distribution in Figures 4.6 and 4.14. This smearing

appears in the y direction which is in the direction orthogonal to the detector

faces. This is an effect that is also seen in PET due to limited angle artifacts, being

that the detector being comprised of two flat panels doesn’t provide total angular

coverage and is missing projection data [41]. This is elongation as it is called in
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Figure 4.11: PET and CC image reconstruction comparison for 72As of two 0.1
mm radius point sources placed 10 mm apart at (-5.5,0,0) mm and (5.5,0,0) mm

literature is an artifact that is seen in many Compton cameras [42] [43] [20].
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Figure 4.12: 44Sc MLEM Reconsruction of the xz plane over 20 iterations of
MLEM with 10,000 Compton cones
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Figure 4.13: Normalized profile with Gaussian fit in the x direction over 20
iterations of two 2 MBq 44Sc point sources placed at (-5.5,0,0) and (5.5,0,0)

Figure 4.14: Image reconstruction of all three planes of two point sources of 44Sc
after 20 iterations using 10,000 Compton cones
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Figure 4.15: Normalized activity profile in x, y, and z with Gaussian fits. The
FWHM are 2.746 mm, 6.279 mm, and 2.807 mm in the x, y, and z directions
respectively
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Chapter 5

Discussion

What we’ve demonstrated is that simply due to the capability for CZT to

detect high energy interactions from prompt-gamma emitting radioisotopes, the

dual-panel PET detector systems inherent advantages allow it to be a capable

dual-imaging modality device as a PET and CC imaging system. We imple-

mented for the first time on this PET system CC imaging reconstruction of various

prompt-gamma emitting isotopes with profile FWHM of up to 4.419 mm. We’ve

demonstrated that this system is capable of taking advantage of the Compton

kinematics of prompt-gammas for potential use as a hybrid imaging device. Two

potential directions for future work are available for us.

The first is taking inspiration from the current state of the art where a modified

MLEM for the current PET system can be implemented. Using the Compton

scattering information from prompt-gammas current MLEM could be modified to

construct system matrices tij with LOR and COR intersections over the imaging

space.

The second direction is an alternative to real-time PET-CC image reconstruc-

tion, but rather using CC image reconstruction to inform PET reconstruction.

Since the spatial accurate of CC imaging in negating positron range effects, rather
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than event-by-event basis reconstruction of PET-CC, one could use the estimation

and statistical variance from the CC image reconstruction to make corrections

to the range effects of PET. Another advantage of separate PET-CC imaging

modalities is the ability to perform multi-isotope imaging and additional work

in improving the modeling of detector geometry for improving the limited angle

artifacts.

Some pitfalls for our future work may come in the way of polluted data for PET

reconstruction. With additional gammas from prompt-gamma emitting isotopes

where high energy gammas can be emitted along with nearly every positron decay,

the 511 keV window could be polluted by high energy gammas scattering with

energy falling into the annihilation photon energy window. Potential solutions

to this could involve taking advantage of the high scattering cross section of the

CZT system to filter false LORs of random and scatter coincidences from prompt-

gammas using quantum entanglement properties of annihilation photon pairs [44].

With whatever sensitivity is gained and lost by imaging prompt-gamma emitting

isotopes, these potential quantum entanglement properties of annihilation photons

could create in increase in sensitivity for a hybrid imaging system that isn’t seen

in any current prompt-gamma PET systems. Our results and experiment are a

preliminary for many more exciting investigations in taking emission tomography

systems to another level.
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