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OPERATOR-VALUED MEASURE THEORY AND THE

GROTHENDIECK INEQUALITY

ADAM BOWERS

Abstract. We generalize the operator-valued Grothendieck inequality of De-

fant and Junge by setting it in the context of operator-valued bimeasures. We
then prove a duality theorem in the topological setting.

1. Introduction

The celebrated Grothendieck inequality has generated much interest since it
was first published in [11] and then later reformulated as a matrix inequality by
Lindenstrauss and Pe lczyński [13]. Since then, it has been recast and generalized
in many directions [2, 3, 12, 14, 17, 21], and even by the current author in [4]. In
this paper, we are interested in the following generalization of Defant and Junge
[5]:

Theorem 1.1 (Defant & Junge). Let X and Y be Banach spaces such that X∗ and
Y have cotype 2. Then there exists a constant K (depending on X and Y ) such
that for all m,n ∈ N, and all m×m matrices (aij)

m
i,j=1 with aij ∈ Γ2(X,Y ),∣∣∣ m∑

i,j=1

n∑
k=1

〈
aij(xi(k)), yj(k)

〉∣∣∣ ≤ K sup
t,s

∣∣∣ m∑
i,j=1

〈
aij(t(i)), s(j)

〉∣∣∣,
for all x1, . . . , xm ∈ B`2(X) and y1, . . . , ym ∈ B`2(Y ∗), where the supremum is taken
over all t ∈ B`∞(X) and s ∈ B`∞(Y ∗).

(In [5], Defant and Junge proved the converse of this theorem, as well.) In the
theorem, we use the standard notation BE to denote the closed unit ball of the
Banach space E. By Γ2(X,Y ), we mean the space of all operators u : X → Y that
factor through a Hilbert space [15, p. 21].

In this note, we recast Theorem 1.1 in a measure-theoretic setting:

Theorem 1.2. Let X and Y be Banach spaces such that X∗ and Y ∗ have cotype 2,
and let (Ω1,A) and (Ω2,B) be two measurable spaces. Then there exists a constant
K (depending on X and Y ) such that for all operator-valued bimeasures µ : A×B →
(X⊗̂Y )∗ with µ(A,B) ∈ Γ2(X,Y ∗) for (A,B) ∈ A× B,∣∣∣ ∫ 〈f, g〉 dµ∣∣∣ ≤ K ‖µ‖F2 ‖f‖∞ ‖g‖∞,

for all bounded measurable functions f : Ω1 → `2(X) and g : Ω2 → `2(Y ).

1991 Mathematics Subject Classification. 28B05, 28A25, 46A32.
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2 ADAM BOWERS

Some explanation of the notation is in order. For Banach spaces X and Y , we
let X⊗̂Y be the projective tensor product. (See Section 2.1.) The spaces `2(X)
and `2(Y ) are the spaces of norm-square summable sequences with entries in X
and Y , respectively. The inner product in Theorem 1.2 is defined as follows: If
x = (xj)

∞
j=1 ∈ `2(X) and y = (yj)

∞
j=1 ∈ `2(Y ), then 〈x, y〉 =

∑∞
j=1 xj ⊗ yj . We

note that 〈x, y〉 ∈ X⊗̂Y for all x ∈ `2(X) and y ∈ `2(Y ), by the Cauchy-Schwarz
inequality.

For f : Ω1 → `2(X), we let

‖f‖∞ = sup
ω∈Ω1

‖f(ω)‖`2(X),

and similarly for g : Ω2 → `2(Y ). When we say f = (fk)∞k=1 and g = (gk)∞k=1

are measurable functions, we mean that the coordinate functions fk : Ω1 → X and
gk : Ω2 → Y are strongly measurable for each k ∈ N. By strongly measurable, we
mean the pointwise limit of simple functions (in norm on X and Y , respectively)
[8, Section II.1].

The operator-valued bimeasure µ : A × B → (X⊗̂Y )∗ is a (X⊗̂Y )∗-valued set
function that is countably-additive in each argument separately. The semivariation
of µ is denoted by ‖µ‖F2

. (See Section 2.2.)
It is well-known that the space (X⊗̂Y )∗ is isometrically isomorphic to both

B(X,Y ), the space of bounded bilinear forms on X × Y , and L(X,Y ∗), the space
of bounded linear operators from X into Y ∗ [8, Corollary VIII.2]. We will take this
identification for granted and, by an abuse of notation, we will write

Λ(x⊗ y) = Λ(x, y) = 〈Λ(x), y〉, (x, y) ∈ X × Y,

whenever Λ is in any one of these spaces. Consequently, in the statement of The-
orem 1.2, when we say µ(A,B) ∈ Γ2(X,Y ∗) (for A ∈ A and B ∈ B) we mean
µ̃(A,B) ∈ Γ2(X,Y ∗), where 〈µ̃(A,B)(x), y〉 = µ(A,B)(x ⊗ y) for all x ∈ X and
y ∈ Y . For ease of notation, when µ satisfies the hypotheses of Theorem 1.2, we
will say µ ∈ ΓDJ = ΓDJ(A,B;X,Y ∗).

To recover Theorem 1.1 from Theorem 1.2, take Ω1 = Ω2 = {1, . . . ,m}. Further,
for 1 ≤ i, j ≤ m, let xi = f(i) and yj = g(j), and define aij : X → Y ∗ by
〈aij(x), y〉 = µ({i}, {j})(x, y) for all x ∈ X and y ∈ Y . The bound on the right side
of the inequality in Theorem 1.1 is precisely K ‖µ‖F2

.
Observe that we recover Theorem 1.1 not with X and Y , but with X and Y ∗.

This may be done without loss of generality [15, Theorem 2.8(b)]. We also take Y
to be a subset of Y ∗∗. If we wished, we could let g take values not in Y , but in
Y ∗∗. For notational simplicity, we will not do this.

Throughout this note, X and Y will denote Banach spaces such that X∗ and Y ∗

have cotype 2, and (Ω1,A) and (Ω2,B) will be measurable spaces. In order to take
advantage of tools of operator theory, we will take our scalars to be complex, but
the results can be interpreted for the real case.

2. Background

In this section, we will gather some definitions from the literature. Our primary
sources are Blei [2]; Diestel, et al [6]; and Villanueva, e.g. [20].
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2.1. Projective tensor products. Let X1, . . . , Xn be Banach spaces. The alge-
braic tensor product of these spaces is denoted by X1⊗ · · ·⊗Xn and contains all
finite combinations of elementary tensors x1 ⊗ · · · ⊗ xn, where xj ∈ Xj for all
j ∈ {1, . . . , n}. Two elements

∑
j x1,j ⊗ · · · ⊗ xn,j and

∑
k y1,k ⊗ · · · ⊗ yn,k in

X1⊗ · · ·⊗Xn are said to be equal if∑
j

x∗1(x1,j) · · ·x∗n(xn,j) =
∑
k

x∗1(y1,k) · · ·x∗n(yn,k), (1)

for all (x∗1, . . . , x
∗
n) ∈ X∗1 × · · · ×X∗n (e.g., [2, Section IV.6]).

The space X1⊗̂ · · · ⊗̂Xn is called the projective tensor product , and is the com-
pletion of X1⊗ · · ·⊗Xn in the norm

‖u‖∧ = inf
{∑

j

‖x1,j‖X1 · · · ‖xn,j‖Xn : u =
∑
j

x1,j ⊗ · · · ⊗ xn,j
}
,

where the infimum is taken over representations of u (with finite sums); equality is
given by (1). It can be shown that for any u ∈ X1⊗̂ · · · ⊗̂Xn,

‖u‖∧ = inf
{ ∞∑
j=1

‖x1,j‖X1 · · · ‖xn,j‖Xn : u =

∞∑
j=1

x1,j ⊗ · · · ⊗ xn,j
}
,

where again the infimum is taken over representations of u, but this time infinite
sums are allowed [6, Proposition 1.1.4].

Let (Ω1,Σ1), . . . , (Ωn,Σn) be measurable spaces. For each 1 ≤ j ≤ n, we denote
by L∞(Ωj , Xj) the space of all bounded strongly measurable functions on Ωj taking
values in the Banach space Xj . This is a Banach space with the supremum norm,
which we denote by ‖ · ‖∞.

We let Vn = Vn(Σ1, . . . ,Σn;X1, . . . , Xn) denote the projective tensor product
L∞(Ω1, X1)⊗̂ · · · ⊗̂L∞(Ωn, Xn). (The V is for Varopoulos.) It can be shown that
two elements

∑
j f1,j ⊗ · · · ⊗ fn,j and

∑
k g1,k ⊗ · · · ⊗ gn,k of Vn are equal if∑

j

f1,j(ω1)⊗ · · · ⊗ fn,j(ωn) =
∑
k

g1,k(ω1)⊗ · · · ⊗ gn,k(ωn), (2)

for (ω1, . . . , ωn) ∈ Ω1 × · · · × Ωn. The equality in (2) is in X1⊗̂ · · · ⊗̂Xn.

2.2. Polymeasures. Let X1, . . . , Xn, Z be Banach spaces and use the symbol
Ln(X1, . . . , Xn;Z) to denote the space of bounded n-linear operators from the
space X1 × · · · × Xn into Z. Let (Ω1,Σ1), . . . , (Ωn,Σn) be measurable spaces. A
set function γ : Σ1 × · · · × Σn → Ln(X1, . . . , Xn;Z) is called an operator-valued
polymeasure if it is countably additive in each argument separately. The (total)
semivariation of γ is given by

‖γ‖Fn
= sup

{∥∥∥ m1∑
j1=1

· · ·
mn∑
jn=1

γ(A1,j1 , . . . , An,jn)(x1,j1 , . . . , xn,jn)
∥∥∥
Z

}
, (3)

where the supremum is taken over measurable partitions (Ai,ji)
mi
ji=1 in Σi, and

sequences (xi,ji)
mi
ji=1 in the unit ball of Xi (i = 1, . . . , n).

We denote by Fn = Fn(Σ1, . . . ,Σn;X1, . . . , Xn;Z) the collection of all polymea-
sures γ : Σ1 × · · · × Σn → Ln(X1, . . . , Xn;Z). We use the notation Fn because,
when Z = C and Xi = C for each 1 ≤ i ≤ n, the polymeasure γ is called a Fréchet
measure and the semivariation is called the Fréchet variation [2].
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2.3. The topological setting. Let Ω1, . . . ,Ωn be compact Hausdorff spaces with
respective Borel fields Σ1, . . . ,Σn, and let X1, . . . , Xn be Banach spaces. For each
1 ≤ j ≤ n, we let C(Ωj , Xj) denote the space of Xj-valued continuous functions on
the compact Hausdorff space Ωj . These spaces are Banach spaces when equipped
with the supremum norm, ‖ · ‖∞.

In this setting, we take Fn = Fn(Σ1, . . . ,Σn;X1, . . . , Xn;C) to be the Banach
space of weak∗-regular polymeasures of finite semivariation from Σ1×· · ·×Σn into
the space of n-linear forms Ln(X1, . . . , Xn;C). That is, Fn is the space of polymea-
sures γ : Σ1×· · ·×Σn → Ln(X1, . . . , Xn;C) such that γ(·, · · · , ·)(x1, . . . , xn) is a reg-
ular Borel measure in each argument separately, for all (x1, . . . , xn) in X1×· · ·×Xn.

We require the following Riesz-type representation theorem, stated here only for
the special case we are considering:

Theorem 2.1 (Villanueva). Let Ω1, . . . ,Ωn be compact Hausdorff spaces with re-
spective Borel fields Σ1, . . . ,Σn and let X1, . . . , Xn be Banach spaces. Let Fn be
the Banach space of weak∗-regular polymeasures of finite (total) semivariation from
Σ1 × · · · × Σn into the space of n-linear forms Ln(X1, . . . , Xn;C). Then(

C(Ω1, X1) ⊗̂ · · · ⊗̂C(Ωn, Xn)
)∗

= Fn.

(For the full theorem, see [19, Theorem 3.1] or [20, Theorem 1.1].)
The action of Fn on C(Ω1, X1) ⊗̂ · · · ⊗̂C(Ωn, Xn) can be realized as integra-

tion with respect to a polymeasure. Let 1A denote the indicator function for the
measurable set A. For each j ∈ {1, . . . , n}, let sj =

∑
kj
xj,kj1Aj,kj

be a simple

measurable function on Ωj taking values in Xj . (The summation is finite.) Define
the integral of s1 ⊗ · · · ⊗ sn with respect to γ by∫

Ω1×···×Ωn

s1 ⊗ · · · ⊗ sn dγ =
∑

k1,...,kn

γ(A1,k1 , . . . , An,kn)(x1,k1 , . . . , xn,kn). (4)

Now, for each j ∈ {1, . . . , n}, let fj ∈ C(Ωj , Xj). Then we can define∫
Ω1×···×Ωn

f1 ⊗ · · · ⊗ fn dγ = lim
m→∞

∫
Ω1×···×Ωn

s
(m)
1 ⊗ · · · ⊗ s(m)

n dγ, (5)

where (s
(m)
j )∞m=1 is a sequence of simple functions converging uniformly to fj for

each j ∈ {1, . . . , n}. (See, for example, [20].)

2.4. Bimeasures. We are concerned only with the case n = 2 and Z = C. In this
case, γ is called a bimeasure and L2(X1, X2;C) = B(X1, X2) = (X1⊗̂X2)∗.

In the special case that Ω1 = Ω2 = N and X1 = X2 = C, we write F2(N,N)
for the space of bimeasures, and we view elements in F2(N,N) as scalar-valued
functions on N× N [2, Chapter IV].

We will have need of the following useful lemma, due to Blei [2, Corollary IV.7]:

Lemma 2.2. If β ∈ F2(N,N), then
∑∞
i=1

∑∞
j=1 β(i, j) =

∑∞
j=1

∑∞
i=1 β(i, j) and,

in particular, the two series converge.

The key observation in this paper is that, if a : N × N → B(X,Y ) is given by
aij = a(i, j), then

‖a‖F2(N,N;X,Y ;C) = sup
m,t,s

∣∣∣ m∑
i,j=1

〈aij(t(i)), s(j)〉
∣∣∣,

and so the upper bound in Theorem 1.1 is K ‖a‖F2(N,N;X,Y ;C).
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3. Extensions

We begin with an extension of Theorem 1.1:

Theorem 3.1. Let X and Y be Banach spaces such that X∗ and Y ∗ have cotype 2
and let (aij)

∞
i,j=1 be an infinite matrix with aij ∈ Γ2(X,Y ∗) for all i, j ∈ N. Then

∞∑
i=1

∞∑
j=1

( n∑
k=1

〈
aij(xi(k)), yj(k)

〉)
=

∞∑
j=1

∞∑
i=1

( n∑
k=1

〈
aij(xi(k)), yj(k)

〉)
(6)

(and in particular both series converge) and∣∣∣ ∞∑
i=1

∞∑
j=1

( n∑
k=1

〈
aij(xi(k)), yj(k)

〉)∣∣∣ ≤ K sup
m,t,s

∣∣∣ m∑
i,j=1

〈
aij(t(i)), s(j)

〉∣∣∣, (7)

for all (xi)
∞
i=1 ⊂ B`2(X) and (yj)

∞
j=1 ⊂ B`2(Y ), where the supremum is taken over

m ∈ N, t ∈ B`∞(X), and s ∈ B`∞(Y ). (K is the constant from Theorem 1.1.)

Proof. Define a : N×N→ B(X,Y ) by a(i, j)(x, y) = 〈aij(x), y〉 for all i, j ∈ N and
(x, y) ∈ X × Y . It follows that

‖a‖F2(N,N;X,Y ;C) = sup
m,t,s

∣∣∣ m∑
i,j=1

〈
aij(t(i)), s(j)

〉∣∣∣,
where t and s are as given in the statement of the theorem. Consequently, the
upper bound in (7) is precisely K‖a‖F2(N,N;X,Y ;C).

The statement in (6) follows from Theorem 1.1 and Lemma 2.2: Define a scalar-
valued function β : N× N→ C by

β(i, j) =

n∑
k=1

〈
aij(xi(k)), yj(k)

〉
, i, j ∈ N.

It suffices to show β ∈ F2(N,N). Let (εi)
∞
i=1 and (δj)

∞
j=1 be sequences of scalars in

BC. Then, for any m ∈ N,∣∣∣ m∑
i,j=1

β(i, j)εiδj

∣∣∣ =
∣∣∣ m∑
i,j=1

( n∑
k=1

〈
aij(εixi(k)), δjyj(k)

〉)∣∣∣.
By Theorem 1.1, this is bounded by K‖a‖F2(N,N;X,Y ;C). Taking the supremum over
m ∈ N and εi, δj ∈ BC, we conclude ‖β‖F2

<∞, and so we have (6), by Lemma 2.2.
The bound in (7) follows directly. �

We will restate Theorem 3.1 in a measure-theoretic setting. Let (Ω1,A) and
(Ω2,B) be measurable spaces and let µ : A × B → B(X,Y ) be a bimeasure such
that µ(A,B) ∈ Γ2(X,Y ∗) for all (A,B) ∈ A× B; that is, let µ ∈ ΓDJ .

Let (fk)nk=1 ⊂ L∞(Ω1, X) and (gk)nk=1 ⊂ L∞(Ω2, Y ) be finite sequences of count-
ably valued bounded measurable functions. For each k ∈ {1, . . . , n}, let

fk =

∞∑
i=1

xi(k)1Ai
and gk =

∞∑
j=1

yj(k)1Bj
,

where (xi(k))∞i=1 and (yj(k))∞j=1 are bounded sequences in X and Y (respectively)
and (Ai)

∞
i=1 and (Bj)

∞
j=1 are sequences of pairwise-disjoint nonempty measurable

sets in A and B (respectively). (We may choose the measurable sets independent
of k because n <∞; i.e., because there are finitely many functions fk and gk.)
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Define the integral of
∑n
k=1 fk ⊗ gk with respect to µ by∫ ( n∑

k=1

fk ⊗ gk
)
dµ =

∫
Ω1×Ω2

( n∑
k=1

fk(ω1)⊗ gk(ω2)
)
µ(dω1, dω2)

=

∞∑
i=1

∞∑
j=1

( n∑
k=1

µ(Ai, Bj)
(
xi(k), yj(k)

))
.

(8)

By Theorem 3.1, the series in (8) converges and∣∣∣ ∫ ( n∑
k=1

fk ⊗ gk
)
dµ
∣∣∣ ≤ K‖µ‖F2

sup
i∈N

( n∑
k=1

‖xi(k)‖2
)1/2

sup
j∈N

( n∑
k=1

‖yj(k)‖2
)1/2

= K‖µ‖F2
sup
ω1∈Ω1

( n∑
k=1

‖fk(ω1)‖2
)1/2

sup
ω2∈Ω2

( n∑
k=1

‖gk(ω2)‖2
)1/2

. (9)

By a simple argument, the integral defined in (8) is independent of representation
in L∞(Ω1, X)⊗ L∞(Ω2, Y ) by functions of the form

∑n
k=1 fk ⊗ gk, where (fk)nk=1

and (gk)nk=1 are sequences of countably valued bounded measurable functions.
We summarize in the following lemma:

Lemma 3.2. Let (fk)nk=1 ⊂ L∞(Ω1, X) and (gk)nk=1 ⊂ L∞(Ω2, Y ) be finite se-
quences of countably valued bounded measurable functions, where X∗ and Y ∗ have
cotype 2. If µ ∈ ΓDJ , then

∑n
k=1 fk ⊗ gk can be integrated with respect to µ in a

well-defined way and
∣∣ ∫ (∑n

k=1 fk ⊗ gk
)
dµ
∣∣ is bounded by

K‖µ‖F2 sup
ω1∈Ω1

( n∑
k=1

‖fk(ω1)‖2X
)1/2

sup
ω2∈Ω2

( n∑
k=1

‖gk(ω2)‖2Y
)1/2

.

For convenience, when we are discussing functions of the type described in
Lemma 3.2, we will call them functions of type CV.

4. The Haagerup tensor product

Let (Ω1,A) and (Ω2,B) be measurable spaces and let X and Y be Banach spaces
such that X∗ and Y ∗ have cotype 2. We will put a norm on the algebraic tensor
product L∞(Ω1, X)⊗ L∞(Ω2, Y ): For each u ∈ L∞(Ω1, X)⊗ L∞(Ω2, Y ), let

‖u‖h = inf
{∥∥∥ n∑

k=1

‖fk‖2X
∥∥∥1/2

L∞(Ω1)

∥∥∥ n∑
k=1

‖gk‖2Y
∥∥∥1/2

L∞(Ω2)
: u =

n∑
k=1

fk ⊗ gk
}
, (10)

where the infimum is taken over representations of u in L∞(Ω1, X)⊗ L∞(Ω2, Y ).
The map u 7→ ‖u‖h determines a norm on L∞(Ω1, X) ⊗ L∞(Ω2, Y ), and an

easy calculation shows that ‖u‖h ≤ ‖u‖∧ for all u ∈ L∞(Ω1, X)⊗L∞(Ω2, Y ). The
completion of L∞(Ω1, X) ⊗ L∞(Ω2, Y ) in the norm ‖ · ‖h is called the Haagerup
tensor product and is denoted by L∞(Ω1, X) ⊗h L∞(Ω2, Y ). (See, for example,
[16].)

Let µ ∈ ΓDJ . We define the integral of u ∈ L∞(Ω1, X) ⊗h L∞(Ω2, Y ) with
respect to µ as follows: ∫

u dµ = lim
n→∞

∫
un dµ, (11)
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where (un)∞n=1 is a sequence of functions of type CV (cf. Lemma 3.2) in the algebraic
tensor product L∞(Ω1, X)⊗L∞(Ω2, Y ) that converges to u in the Haagerup norm,
‖ · ‖h.

Theorem 4.1. Let (Ω1,A) and (Ω2,B) be measurable spaces and let X and Y be
Banach spaces such that X∗ and Y ∗ have cotype 2. If u ∈ L∞(Ω1, X)⊗hL∞(Ω2, Y )
and µ ∈ ΓDJ , then

∫
u dµ is well-defined and∣∣∣ ∫ u dµ

∣∣∣ ≤ K ‖u‖h ‖µ‖F2
,

where K is the Defant-Junge constant from Theorem 1.1.

Proof. We begin by showing that functions of the form
∑
k fk ⊗ gk, where (fk)k

and (gk)k are finite sequences of countably valued bounded measurable functions,
are dense in L∞(Ω1, X)⊗h L∞(Ω2, Y ). Let u ∈ L∞(Ω1, X)⊗h L∞(Ω2, Y ) and let
ε > 0. By definition, there exists a function

∑n
k=1 φk ⊗ ψk in the algebraic tensor

product L∞(Ω1, X)⊗ L∞(Ω2, Y ) such that∥∥∥u− n∑
k=1

φk ⊗ ψk
∥∥∥
h
<
ε

3
.

Let M = 1 + max{‖φk‖∞ + ‖ψk‖∞ : 1 ≤ k ≤ n}.
It is a consequence of the Pettis measurability theorem that countably valued

measurable functions are dense in L∞(Ω1, X) and L∞(Ω2, Y ) [8, Corollary II.1.3].
Thus, for each k ∈ {1, . . . , n}, there exist countably valued bounded measurable
functions fk and gk such that

‖φk − fk‖∞ <
ε

3nM
and ‖ψk − gk‖∞ <

ε

3nM
. (12)

Without loss of generality, we may assume ε
3nM < 1, and so ‖gk‖∞ < M for each

k ∈ {1, . . . , n}.
By the triangle inequality,∥∥∥ n∑
k=1

φk ⊗ ψk −
n∑
k=1

fk ⊗ gk
∥∥∥
h
≤
∥∥∥ n∑
k=1

φk ⊗ (ψk − gk)
∥∥∥
h

+
∥∥∥ n∑
k=1

(φk − fk)⊗ gk
∥∥∥
h
.

By the definition of the Haagerup norm, this is bounded by∥∥∥ n∑
k=1

‖φk‖2X
∥∥∥1/2

L∞(Ω1)

∥∥∥ n∑
k=1

‖ψk − gk‖2Y
∥∥∥1/2

L∞(Ω2)

+
∥∥∥ n∑
k=1

‖φk − fk‖2X
∥∥∥1/2

L∞(Ω1)

∥∥∥ n∑
k=1

‖gk‖2Y
∥∥∥1/2

L∞(Ω2)
.

By (12), this is bounded by

(
√
nM) ·

(√
n

ε

3nM

)
+
(√

n
ε

3nM

)
· (
√
nM) =

2ε

3
.

Therefore, ‖u−
∑
fk ⊗ gk‖h < ε, as required.

Now, let u ∈ L∞(Ω1, X) ⊗h L∞(Ω2, Y ) and let (un)∞n=1 be a sequence of func-
tions of type CV in L∞(Ω1, X)⊗ L∞(Ω2, Y ) that converges to u in the Haagerup
norm. By Lemma 3.2, and arguing as above, we have that (

∫
undµ)∞n=1 is a Cauchy

sequence. Therefore, ∫
u dµ = lim

n→∞

∫
un dµ
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exists. A similar argument shows the limit is independent of the choice of defining
sequence (un)∞n=1. Finally, we remark that the bound is obtained from Lemma 3.2,
by taking limits. �

We easily obtain the following convergence theorem as a corollary:

Corollary 4.2. Assume the hypotheses of Theorem 4.1. Then∫
u dµ = lim

n→∞

∫
un dµ,

whenever un → u in L∞(Ω1, X)⊗h L∞(Ω2, Y ).

5. The extended Haagerup tensor product

Again, let (Ω1,A) and (Ω2,B) be measurable spaces and let X and Y be Banach
spaces such that X∗ and Y ∗ have cotype 2. Define the extended Haagerup tensor
product to be the space:{ ∞∑

k=1

fk ⊗ gk :
∥∥∥ ∞∑
k=1

‖fk‖2X
∥∥∥1/2

L∞(Ω1)

∥∥∥ ∞∑
k=1

‖gk‖2Y
∥∥∥1/2

L∞(Ω2)
<∞

}
,

where fk : Ω1 → X and gk : Ω2 → Y are strongly measurable bounded functions
for each k ∈ N. The sum

∑∞
k=1 fk ⊗ gk converges pointwise, by which we mean

that
∑∞
k=1 fk(ω1)⊗ gk(ω2) is in X⊗̂Y for (ω1, ω2) ∈ Ω1 × Ω2, so that( ∞∑

k=1

fk ⊗ gk
)

(ω1, ω2)(x∗, y∗) =

∞∑
k=1

fk(ω1)(x∗)gk(ω2)(y∗), (13)

for all (ω1, ω2) ∈ Ω1 × Ω2 and (x∗, y∗) ∈ X∗ × Y ∗. We denote this space by
L∞(Ω1, X)⊗eh L∞(Ω2, Y ) and equip it with the norm

‖u‖eh = inf
{∥∥∥ ∞∑

k=1

‖fk‖2X
∥∥∥1/2

L∞(Ω1)

∥∥∥ ∞∑
k=1

‖gk‖2Y
∥∥∥1/2

L∞(Ω2)
: u =

∞∑
k=1

fk ⊗ gk
}
.

The functions
∑∞
k=1 fk ⊗ gk and

∑∞
k=1 f

′
k ⊗ g′k in L∞(Ω1, X) ⊗eh L∞(Ω2, Y ) are

equal if
∞∑
k=1

fk(ω1)(x∗)gk(ω2)(y∗) =
∞∑
k=1

f ′k(ω1)(x∗)g′k(ω2)(y∗),

for all (ω1, ω2) ∈ Ω1 × Ω2 and (x∗, y∗) ∈ X∗ × Y ∗.
Clearly ‖u‖eh ≤ ‖u‖h whenever u ∈ L∞(Ω1, X)⊗h L∞(Ω2, Y ). We remark that

the sum in (13) converges uniformly only if
∑∞
k=1 fk ⊗ gk represents an element of

L∞(Ω1, X)⊗h L∞(Ω2, Y ).
The extended Haagerup tensor product was introduced in [10] in a general con-

text. It is closely related to the weak∗-Haagerup tensor product of [1], and indeed
the two notions coincide when the spaces in question are dual operator spaces. In
our particular case, we are making use of the characterization given by [1, Theo-
rem 3.1]. See also [18] for a detailed treatment of the extended Haagerup tensor
product of spaces of scalar-valued bounded measurable functions.

Let µ ∈ ΓDJ and let u have representation u =
∑∞
k=1 fk ⊗ gk in the extended

Haagerup tensor product L∞(Ω1, X)⊗eh L∞(Ω2, Y ). Define the integral of u with
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respect to µ by ∫
u dµ = lim

n→∞

n∑
k=1

∫
fk ⊗ gk dµ. (14)

Theorem 5.1. Let (Ω1,A) and (Ω2,B) be measurable spaces and let X and Y
be Banach spaces such that X∗ and Y ∗ have cotype 2. If both µ ∈ ΓDJ and u ∈
L∞(Ω1, X)⊗eh L∞(Ω2, Y ), then

∫
u dµ is well-defined and∣∣∣ ∫ u dµ
∣∣∣ ≤ K ‖u‖eh ‖µ‖F2

,

where K is the Defant-Junge constant from Theorem 1.1.

Proof. This is a consequence of [10, Theorem 5.7]. A bounded linear functional on
L∞(Ω1, X)⊗hL∞(Ω2, Y ) determines a bounded linear functional on L∞(Ω1, X)⊗eh
L∞(Ω2, Y ) of the same norm. Furthermore, the extension is independent of repre-
sentation of u and can be computed by (14). The rest follows directly. �

The next theorem is the last we need before we can prove the main result of this
note, the measure-theoretic operator-valued Grothendieck inequality.

Theorem 5.2. Let X and Y be Banach spaces and let (Ω1,A) and (Ω2,B) be two
measurable spaces. Let f : Ω1 → `2(X) and g : Ω2 → `2(Y ) be bounded measurable
functions such that f = (fk)∞k=1 and g = (gk)∞k=1. If

〈f, g〉(ω1, ω2) =

∞∑
k=1

fk(ω1)⊗ gk(ω2), (ω1, ω2) ∈ Ω1 × Ω2,

then 〈f, g〉 ∈ L∞(Ω1, X)⊗eh L∞(Ω2, Y ) and ‖〈f, g〉‖eh ≤ ‖f‖∞‖g‖∞.

Proof. By assumption,

‖f‖∞‖g‖∞ = sup
ω1∈Ω1

( ∞∑
k=1

‖fk(ω1)‖2X
)1/2

sup
ω2∈Ω2

( ∞∑
k=1

‖gk(ω2)‖2Y
)1/2

<∞.

Consequently, 〈f, g〉 ∈ L∞(Ω1, X)⊗eh L∞(Ω2, Y ). �

We are now prepared to prove the promised Theorem 1.2, which we now restate
as a corollary to Theorems 5.1 and 5.2.

Corollary 5.3 (Measure-theoretic operator-valued Grothendieck inequality). Let
(Ω1,A) and (Ω2,B) be two measurable spaces and let X and Y be Banach spaces
such that X∗ and Y ∗ have cotype 2. If f : Ω1 → `2(X) and g : Ω2 → `2(Y ) are
bounded measurable functions, and if µ ∈ ΓDJ , then∣∣∣ ∫ 〈f, g〉 dµ∣∣∣ ≤ K ‖µ‖F2 sup

ω1∈Ω1

‖f(ω1)‖`2(X) sup
ω2∈Ω2

‖g(ω2)‖`2(Y ).

Proof. This follows directly from Theorems 5.1 and 5.2. �
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6. The Defant-Junge space of operator-valued bimeasures

In Section 1, we adopted the notation µ ∈ ΓDJ = ΓDJ(A,B;X,Y ∗) to mean that
µ : A×B → B(X,Y ) is an operator-valued bimeasure such that µ(A,B) determines
a member of Γ2(X,Y ∗) for each (A,B) ∈ A × B. We now define a scalar-valued
function on the space ΓDJ as follows:

‖µ‖DJ = sup
{∣∣∣ m∑

i,j=1

n∑
k=1

〈
µ(Ai, Bj)(xi(k)), yj(k)

〉∣∣∣}, (15)

where the supremum is taken over m,n ∈ N, finite measurable partitions (Ai)
m
i=1

and (Bj)
m
j=1 in A and B (respectively), and sequences x1, . . . , xm ∈ B`2(X) and

y1, . . . , ym ∈ B`2(Y )

By Theorem 1.1, ‖µ‖DJ ≤ K‖µ‖F2 , and so ‖µ‖DJ <∞ for all µ ∈ ΓDJ .

Theorem 6.1. The function ‖ · ‖DJ determines a complete norm on ΓDJ .

Proof. We will show only completeness, as the other conditions are straightforward.
Suppose (µn)∞n=1 is a Cauchy sequence in ΓDJ . Let A ∈ A and B ∈ B. Then

sup
{∣∣µn(A,B)(x, y)− µm(A,B)(x, y)

∣∣ : x ∈ BX , y ∈ BY
}
≤ ‖µn − µm‖DJ .

(This follows from the definition, taking m = 1 and n = 1 in (15).) Consequently,

‖µn(A,B)− µm(A,B)‖B(X,Y ) ≤ ‖µn − µm‖DJ , (16)

and so (µn(A,B))∞n=1 is a Cauchy sequence in B(X,Y ). Therefore, we conclude
that (µn(A,B))∞n=1 has a limit in B(X,Y ) for each A ∈ A and B ∈ B.

Define a set function µ : A× B → B(X,Y ) by

µ(A,B) = lim
n→∞

µn(A,B), (A,B) ∈ A× B.

By the Vitali-Hahn-Saks-Nikodým theorem for operator-valued polymeasures (for
example, [9, Theorem (VHSN) on p. 490]), the set function µ is an operator-valued
bimeasure on A× B.

It remains only to show that µ(A,B) ∈ Γ2(X,Y ∗) for each A ∈ A and B ∈ B,
but this follows directly from (16). (See, for example, [7, Theorem 7.5].) �

We call ΓDJ the Defant-Junge space of operator-valued bimeasures and refer to
elements in ΓDJ as Defant-Junge bimeasures.

7. Duality in the topological setting

In this section, X and Y are Banach spaces such that X∗ and Y ∗ have cotype 2,
and Ω1 and Ω2 are compact Hausdorff spaces with Borel fieldsA and B, respectively.
We let F2 denote the Banach space of weak∗-regular bimeasures of finite total
semivariation from A × B into B(X,Y ). We recall that, for a Banach space E
and a compact Hausdorff space Ω, the symbol C(Ω, E) denotes the collection of all
continuous functions from Ω into E, which is a Banach space when equipped with
the supremum norm.

Theorem 7.1. Let X and Y be Banach spaces such that X∗ and Y ∗ have co-
type 2 and let Ω1 and Ω2 be compact Hausdorff spaces with Borel fields A and B,
respectively. We have the identification(

C(Ω1, X)⊗h C(Ω2, Y )
)∗

= ΓDJ(A,B;X,Y ∗),
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and if Λµ is the bounded linear functional on C(Ω1, X)⊗hC(Ω2, Y ) that corresponds
to µ ∈ ΓDJ , then

‖µ‖DJ ≤ ‖Λµ‖ ≤ K‖µ‖DJ .

Proof. Observe that ‖µ‖F2
≤ ‖µ‖DJ . By Theorem 4.1, the Defant-Junge bimeasure

µ ∈ ΓDJ determines a bounded linear functional Λµ on C(Ω1, X)⊗h C(Ω2, Y ) and
‖Λµ‖ ≤ K ‖µ‖F2 . Thus, ‖Λµ‖ ≤ K ‖µ‖DJ .

Now, let Λ be a bounded linear functional on C(Ω1, X) ⊗h C(Ω2, Y ). We have
the inequality ‖ · ‖h ≤ ‖ · ‖∧, and so Λ determines a bounded linear functional on
C(Ω1, X) ⊗̂C(Ω2, Y ). By Theorem 2.1, there exists a bimeasure µ ∈ F2 such that
Λ(u) =

∫
u dµ for all u ∈ C(Ω1, X) ⊗̂C(Ω2, Y ).

Simple functions are dense in C(Ω1, X) and C(Ω2, Y ). It follows that functions of
the form

∑
k fk⊗gk, where (fk)k and (gk)k are finite sequences of simple functions,

are dense in C(Ω1, X)⊗hC(Ω2, Y ). Consequently, we can conclude that Λ(u) =∫
u dµ for all u ∈ C(Ω1, X)⊗hC(Ω2, Y ), provided that µ ∈ ΓDJ (cf. Theorem 4.1).
We need to show that µ(A,B) ∈ Γ(X,Y ∗) for all A ∈ A and B ∈ B. Let

A ∈ A and B ∈ B be fixed. Take finite sequences (xj)
n
j=1 and (yj)

n
j=1 in X and Y ,

respectively. Then
n∑
j=1

µ(A,B)(xj , yj) =

∫ ( n∑
j=1

xj1A ⊗ yj1B
)
dµ.

Therefore, by Corollary 5.3,∣∣∣〈µ(A,B),

n∑
j=1

xj ⊗ yj
〉∣∣∣ ≤ K ‖µ‖F2

( n∑
j=1

‖xj‖2
)1/2( n∑

j=1

‖yj‖2
)1/2

. (17)

This condition precisely identifies elements in Γ(X,Y ∗) [15, Theorem 2.8(a)].
Finally, we need to show ‖µ‖DJ ≤ ‖Λ‖. To that end, let m,n ∈ N be arbitrary.

Let x1, . . . , xm ∈ B`2(X) and y1, . . . , ym ∈ B`2(Y ), and let (Ai)
m
i=1 and (Bj)

m
j=1 be

measurable partitions in A and B, respectively. Then
m∑

i,j=1

n∑
k=1

〈
µ(Ai, Bj)(xi(k)), yj(k)

〉
=

n∑
k=1

∫ ( m∑
i=1

xi(k)1Ai

)
⊗
( m∑
j=1

yj(k)1Bj

)
dµ.

For each k ∈ {1, . . . , n}, let fk =
∑m
i=1 xi(k)1Ai and gk =

∑m
j=1 yj(k)1Bj . Thus,∣∣∣ m∑

i,j=1

n∑
k=1

〈
µ(Ai, Bj)(xi(k)), yj(k)

〉∣∣∣ =
∣∣∣ n∑
k=1

∫
fk ⊗ gk dµ

∣∣∣.
Given the relationship between Λ and µ, we have∣∣∣ n∑

k=1

∫
fk ⊗ gk dµ

∣∣∣ =
∣∣∣Λ( n∑

k=1

fk ⊗ gk
)∣∣∣ ≤ ‖Λ‖∥∥∥ n∑

k=1

‖fk‖2
∥∥∥1/2

∞

∥∥∥ n∑
k=1

‖gk‖2
∥∥∥1/2

∞
.

Observe that

sup
ω1∈Ω1

( n∑
k=1

‖fk(ω1)‖2X
)1/2

= sup
i

( n∑
k=1

‖xi(k)‖2X
)1/2

≤ sup
i
‖xi‖`2(X) ≤ 1.

Similarly
∥∥∑n

k=1 ‖gk‖2
∥∥1/2

∞ ≤ 1, and so∣∣∣ m∑
i,j=1

n∑
k=1

〈
µ(Ai, Bj)(xi(k)), yj(k)

〉∣∣∣ ≤ ‖Λ‖.
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Taking suprema, we have ‖µ‖DJ ≤ ‖Λ‖, as required. �

7.1. A factorization theorem. Analogous to the classical Grothendieck inequal-
ity, the inequality of Corollary 5.3 provides a factorization theorem for bounded
linear functionals on C(Ω1, X)⊗h C(Ω2, Y ).

Theorem 7.2. Let Λ be a bounded linear functional on C(Ω1, X) ⊗h C(Ω2, Y ).
There exist (scalar-valued) probability measures ν1 and ν2 on Ω1 and Ω2, respec-
tively, such that

|Λ(f ⊗ g)| ≤ K ‖Λ‖
(∫

Ω1

‖f(ω1)‖2X ν1(dω1)
)1/2(∫

Ω2

‖g(ω2)‖2Y ν2(dω2)
)1/2

.

The proof is essentially the same as the proof of the classical Grothendieck
factorization theorem in the scalar case, replacing absolute values with norms, using
the duality in Theorem 7.1, and applying Corollary 5.3 in place of the classical
Grothendieck inequality. Consequently, the proof will be omitted. (The author
suggests [2, Theorem V.2] for a treatment of the classical case.)

7.2. A special case. Again, let X and Y be Banach spaces such that X∗ and Y ∗

have cotype 2 and let Ω1 and Ω2 be compact Hausdorff spaces with Borel fields
A and B, respectively. Suppose X and Y are such that L(X,Y ∗) = Γ2(X,Y ∗).
In this case, we have that every B(X,Y )-valued bimeasure is in ΓDJ . Conse-
quently, F2 = ΓDJ . In addition, C(Ω1, X) ⊗h C(Ω2, Y ) coincides with the space
C(Ω1, X) ⊗̂C(Ω2, Y ).

It should be noted that the equality L(X,Y ∗) = Γ2(X,Y ∗) is known to be true
under various circumstances. Such a situation occurs, for example, whenever (in ad-
dition to the cotype 2 assumption) either X or Y ∗ is a GL-space [7, Theorem 17.12].
Defant and Junge showed also that L(X,Y ∗) = Γ2(X,Y ∗) whenever (in addition
to the cotype 2 assumption) we have that either X or Y ∗ has the approximation
property, is a Banach lattice, or is K-convex. (See Remark (b) in Section 1 of [5].)

7.3. The weak∗-Haagerup tensor product and a characterization of ΓDJ .
Once again, let X and Y be Banach spaces such that X∗ and Y ∗ have cotype 2 and
let Ω1 and Ω2 be compact Hausdorff spaces with Borel fields A and B, respectively.
The dual space to the Haagerup tensor product was identified by Blecher and Smith
[1], where it was dubbed the weak∗-Haagerup tensor product. In our case, we have

ΓDJ =
(
C(Ω1, X)⊗h C(Ω2, Y )

)∗
= M(Ω1, X

∗)⊗w∗hM(Ω2, Y
∗).

(For a Banach space E and a compact Hausdorff space Ω, the symbol M(Ω, E∗)
denotes the set of weak∗-regular measures on Ω taking values in E∗.)

By Theorem 3.1 in [1], the bimeasure µ ∈ M(Ω1, X
∗) ⊗w∗h M(Ω2, Y

∗) has a
weak∗-representation µ =

∑
α∈A να ⊗ λα, where A is an arbitrary (possibly un-

countable) index set, να ∈M(Ω1, X
∗) and λα ∈M(Ω2, Y

∗) for each α ∈ A, and

‖µ‖w∗h =
(∑
α∈A
‖να ? ν∗α‖2M

)1/2(∑
α∈A
‖λ∗α ? λα‖2M

)1/2

,

where ‖ · ‖M denotes the total variation norm and ∗ and ? denote the involution
and multiplication (respectively) in the space of measures viewed as an operator
space.
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