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Eco-Driving Algorithm with a Moving
Bottleneck on a Single-Lane Road

Pengyuan Sun1, Dingtong Yang1, and Wen-Long Jin1

Abstract
Eco-driving strategies have been applied to smooth traffic flow and reduce greenhouse gas emissions along with air pollution.
In this paper, we propose an eco-driving strategy to reduce traffic oscillation and smooth trajectories for connected vehicles
following a moving bottleneck on a single-lane road. The eco-driving strategy, which leverages vehicle-to-vehicle (V2V) com-
munications, designs advisory speed limits for each following vehicle through a control algorithm. The algorithm is based on
the prediction of the following vehicle trajectories dictated by a moving bottleneck. The following vehicle trajectories are
obtained by analytically solving the moving bottleneck problem in which the moving bottleneck speeds vary over time. In
addition, the bounded acceleration rate is imposed in car-following behavior. The benefits of this strategy are demonstrated
by applying it to four scenarios with different bottleneck movements. By simulating the scenarios with Newell’s car-following
model with bounded acceleration and VT-Micro emission model, we find that both speed fluctuations and emissions are
reduced with the algorithm in the scenarios in which the moving bottleneck has a constant speed, accelerates, decelerates
and stops-and-goes. The results indicate that the proposed eco-driving algorithm can smooth traffic flow behind a moving
bottleneck.

Greenhouse gas emissions contribute significantly to glo-
bal warming and climate change (1). According to a
recent study, 30% of energy consumption in the U.S.
comes from the transportation sector, which is responsi-
ble for a significant portion of greenhouse gas emissions
as well as air pollution (2). Fluctuations in traffic flow
lead to frequent accelerations and decelerations, which
can cause additional greenhouse gas emissions and air
pollution, and worsen environmental conditions (3).

Eco-driving refers to a set of driving modes and stra-
tegies which reduce greenhouse gas emissions and air
pollution. Eco-driving can be achieved through multiple
control mechanisms. Traffic oscillation smoothing is a
conventional approach to achieve eco-driving (4). Setting
an advisory speed limit is one method for reducing traffic
oscillation by adjusting the speed limits for individual
vehicles. Instead of instantly controlling the speed of a
vehicle, setting an advisory speed limit provides a rela-
tively consistent control output, which allows vehicles to
adjust their speeds according to the real-time traffic.
Setting an advisory speed limit has the benefit of addres-
sing safety issues and is easily executable (5, 6).

Recently, connected vehicle (CV) technologies have
enabled real-time vehicle-to-vehicle (V2V) and vehicle-
to-infrastructure (V2I) communications, which have been
applied to provide advisory speed limits to smooth

vehicle trajectories. Examples of these CV integrated eco-
driving strategies include setting advisory speed limits for
vehicles approaching traffic signals; passing through
work zones; and traveling along the highways (7–10).
Taking advantage of V2V communications among con-
nected vehicles, this paper introduces a new eco-driving
strategy based on advisory speed limits for vehicles fol-
lowing a moving bottleneck. This strategy is applicable
to a situation in which a moving bottleneck is presented
on an uncongested single-lane road, and the bounded
acceleration rate is imposed on car-following behaviors.
A moving bottleneck is caused by a slow-moving vehicle
with a speed lower than that of the mainstream traffic
(11). A bounded acceleration rate refers to the maximum
acceleration that the vehicle could reach. In this study,
we assume that the initial traffic flow is with the free-flow
speed, and we consider the situations that the moving
bottleneck could travel with either constant speed or
varying speeds. The advisory speed limits for the
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following vehicles are designed based on the following
trajectories. The following vehicle trajectories are
obtained by solving the moving bottleneck problem
analytically.

The moving bottleneck problem derives the traffic
flow impeded by the bottleneck. Existing literature pro-
vides various methods with which to solve the problem
by following the first moving bottleneck model and by
considering the problem as an extension of the Lighthill–
Whitham–Richards (LWR) model (11–14). Daganzo and
Laval solved the problem by using numerical methods
(15, 16). Later, Leclercq and Jin and Laval implement
the bounded acceleration rate into the moving bottleneck
problem (17, 18). In previous studies, the moving bottle-
neck problem mainly deals with fixed and (or) constant
moving bottlenecks. This paper extends the literature in
moving bottleneck studies by solving the problem with a
varying speed bottleneck. In this part, we use Newell’s
car-following model with bounded acceleration to
describe the vehicle movements (19). We also utilize the
LWR model with bounded acceleration to derive the
traffic states upstream of the moving bottleneck and the
trajectories of the following vehicles (18, 20, 21). Based
on the vehicle trajectories and V2V communications, we
develop an algorithm to design advisory speed limits for
the following vehicles, with the objectives of reducing
traffic oscillation and emissions. We also test the algo-
rithm with numerical examples of different bottleneck
movements and use the VT-Micro model to calculate
vehicle emissions (4). We compare the vehicle emissions
and the average speed of the following vehicles to show
the benefit of using the algorithm. From the simulation
results, the eco-driving strategy can achieve an emission
reduction and maintain a smoother traffic flow, and at
the same time, the algorithm does not decrease the aver-
age speeds of the following vehicles.

The contributions of this study are as follows. First,
we further extend the literature on the moving bottleneck
problem to a more general case, in which the moving bot-
tleneck travels with varying speeds. We solve the general
moving bottleneck problem analytically and derive tra-
jectories of the vehicles following the moving bottleneck.
In addition, we propose a new eco-driving algorithm by
setting advisory speed limits based on the following vehi-
cles’ trajectories. Finally, we use numerical examples to
demonstrate that this strategy could smooth traffic flow
and reduce emissions under different bottleneck move-
ments, maintaining the same average speeds as the sce-
narios without applying the algorithm.

The reminder of this paper is organized as follows.
The next section provides the notation for variables and
parameters used throughout this paper. Then, we present
the analytical results of the moving bottleneck problem
on a single-lane road. The following section presents the

control algorithm we proposed to achieve the eco-driv-
ing. The numerical examples are demonstrated in the
penultimate section. The final section draws conclusions
from this paper and proposes further studies.

Notation

We use the notation listed in Table 1 throughout the
paper.

Moving Bottleneck Problem on
a Single-Lane Road

Constant Speed Moving Bottleneck Problem
with Bounded Acceleration

A bottleneck on a road could be a slow-moving vehicle
occupying a road lane, and the behaviors of the follow-
ing vehicles are significantly impacted by the leading bot-
tleneck (12, 16). We apply the LWR model to derive the
traffic flow density upstream of the moving bottleneck at
each location and each time. The well-known LWR
model is derived by differentiating the cumulative flow
for the time and location and can be written as Equation
1 (20, 21).

∂k x, tð Þ
∂t

+
∂Q k x, tð Þð Þ

∂x
= 0 ð1Þ

We assume that vehicles have a bounded acceleration
rate and tend to move as fast as possible. Let A be the
bounded acceleration rate, the LWR model with
bounded acceleration can be implemented as Equation 2,
in which e is an infinitesimal number (18, 22). This func-
tion shows that if vehicles have to accelerate, they travel
as fast as they can; but all vehicles cannot accelerate
beyond the bound acceleration rate A.

∂v x, tð Þ
∂t

+
∂v x, tð Þ
∂x

� v x, tð Þ=min
V kð Þ � v

e
,A

� �
ð2Þ

A fundamental diagram shows the relationship between the
flow rate and density. In this study, we apply a triangular
fundamental diagram which is shown in Equation 3.

Q kð Þ= minfuk,w kj � k
� �

g ð3Þ

Combining the LWR model and the triangular funda-
mental diagram, we assume all the vehicles obey Newell’s
car-following model with bounded acceleration. We
apply Equation 4a and b to update the following vehicle
velocities and positions respectively at each time step.

V t+Dt, nð Þ=

minfu, X t, n� 1ð Þ � X t, nð Þ � r

t
,V t, nð Þ+A � Dtg ð4aÞ
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X t +Dt, nð Þ= minfX t, nð Þ+ u � Dt,X t, nð Þ +Dt�
X t, n� 1ð Þ � X t, nð Þ � r

t
, X (t, n) + Dt � V (t, n)+A � Dt2g

ð4bÞ

For a single-lane road, the properties of shock waves
and rarefaction waves could be derived through the
LWR model and the fundamental diagram (11, 21). In
the previously published literature, Jin and Laval and
Leclercq analytically solve the constant moving bottle-
neck problem with bounded acceleration (18, 23). If the
moving bottleneck enters a road with a lower speed, it
creates a traffic state behind it, which is different from
the initial uncongested state. A shock wave is generated
at the boundary of the two traffic states. If the bottle-
neck moves at a constant speed, the shock wave also pro-
pagates at a constant speed. The speed of the shock
waves (vs) is derived by Equation 5. After the moving
bottleneck leaves, rarefaction waves are generated as fol-
lowing vehicles accelerate at each time until the following
traffic flow speed reaches the free-flow speed. The shock
waves and rarefaction waves between different traffic
states are collectively called characteristic waves.

vs =
q1 � qb

k1 � kb

ð5Þ

If a triangular fundamental diagram is applied (Equation
3), we can write the density and flow rate of the affected
traffic as Equation 6.

qb = kbvb

qb = � w kb � kj

� ��
ð6Þ

The results for a constantly moving bottleneck problem
with bounded acceleration are shown in Figure 1. This
result represents the case in which the upstream is
uncongested.

The speeds for shock waves and rarefaction waves
can be derived from the fundamental diagram shown in
Figure 1a, and the following vehicle trajectories are
shown in Figure 1b.

Generalized (Varying Speed) Moving Bottleneck
Problem with Bounded Acceleration

In previous studies, bottlenecks have been treated as
either stationary or as moving at a constant speed, which
are special cases in reality (12, 18, 23). However, in gen-
eralized situations, the bottleneck usually travels with
varying speeds. The situation could occur if the moving
bottleneck is traveling through a curve, meeting a ramp-
way, or impacted by varying wind resistance. As a result,

Table 1. Notation of Variables and Parameters

Notation Description

Basic traffic flow parameters
k x, tð Þ Traffic density at location x and time t
q x, tð Þ Traffic flow rate at location x and time t
v x, tð Þ Vehicle speed at location x and time t
A Bounded acceleration rate
m Free-flow speed
w Shock wave speed in congested traffic
kj Jam density in the fundamental diagram
t Time gap between two adjacent vehicles
r Jam spacing in the fundamental diagram

Moving bottleneck problem
k1 Initial traffic density
q1 Initial traffic flow rate
kb Traffic density at the bottleneck location
qb Traffic flow rate at the bottleneck location
vb tð Þ Bottleneck speed at time t
vs tð Þ Shock wave speed at time t
b tð Þ Trajectory of the moving bottleneck
m tð Þ Shock wave curve in the upstream traffic flow after the moving bottleneck

Eco-driving algorithm
c tð Þ Estimated leading vehicle trajectory as the moving bottleneck
fn tð Þ Original trajectory of the vehicle n according to the leading vehicle
f
0

n tð Þ Redesigned trajectory of the following vehicle n

vASL
n Advisory speed limit for the following vehicle n

t�n Vehicle n end time for applying advisory speed limit
t0 Time when the leading vehicle becomes a moving bottleneck
x0

n Location of vehicle n when the leading vehicle arrives
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the conclusions and results from a constantly moving
bottleneck are no longer applicable in these situations. In
this subsection, we derive the trajectories of the following
vehicles by solving a generalized (varying speed) moving
bottleneck problem with bounded acceleration.

If a varying speed moving bottleneck enters the road
segment with a speed lower than the free-flow speed, it
begins to create traffic states which are different from
the initial uncongested state. As long as the bottleneck is
in the road section, it keeps creating traffic states when
its speed changes. As the bottleneck moving speed is less
than the free-flow speed, these traffic states are all at
lower speeds than the uncongested state. Once a new
traffic state is created, characteristic waves are generated
between the new traffic state and others. At every time
step, these characteristic waves propagate until they
merge into other waves. The traffic behind the bottleneck
is alternating between different states, as the speed of the
bottleneck changes.

Figure 2a shows different traffic states and waves in
the fundamental diagram. The initial upstream traffic
state is at k1, q1ð Þ. The moving bottleneck speed is vb tð Þ,
which varies over time. If the moving bottleneck enters
the road at t = 0 with the speed of vb 0ð Þ (vb 0ð Þ\u)
between the initial state k1, q1ð Þ and the first congested
traffic state kb 0ð Þ, qb 0ð Þð Þ, a shock wave forms with the
initial propagation speed of vs 0ð Þ. As the bottleneck
speeds are varying, congested traffic states are created
along the congestion curve (with the slope of �w) of the
triangular fundamental diagram.

Figure 2b shows the corresponding traffic states and
characteristic waves of Figure 2a in x� t space. At t= 0,
the bottleneck enters the road with an initial speed vb 0ð Þ
(vb 0ð Þ\u), and a shock wave and the initial propagation
speed vs 0ð Þ is generated. The speed can be derived from
Equation 5 and the triangular fundamental diagram. As

the bottleneck speed (vb tð Þ) changes with time, characteris-
tic waves are generated and propagated until they merge
into the shock wave curve (m tð Þ). The instantaneous speed
of the shock wave at each time is derived from the traffic
state generated along with the characteristic wave, and the
upstream initial state. In Figure 2, a and b, and the formu-
lations below, t1 is the time point when one characteristic
wave is generated from the bottleneck; t is the time point
when this wave merges into the shock wave. q1 and k1 are
the flow rate and density of the upstream flow.

dm tð Þ
dt

= vs tð Þ ð7Þ

db tð Þ
dt

= vb tð Þ ð8Þ

Equations 7 and 8 describe the relationship between
speed and trajectory in x� t space. For both the bottle-
neck trajectory (b tð Þ) and the shock wave curve (m tð Þ),
the speeds at each time, that is, vb tð Þ and vs tð Þ respec-
tively, are derived from taking the derivatives.

m tð Þ � b t1ð Þ
t � t1

= � w ð9Þ

vs tð Þ= vb t1ð Þ ð10Þ

vs tð Þ= q1 � qb t1ð Þ
k1 � kb t1ð Þ

ð11Þ

Equations 9–11 demonstrate the features of shock waves
and rarefaction waves. In Equation 9, the characteristic
wave is generated from the bottleneck at time t= t1 and
propagates backward with the speed of w. When the
characteristic wave meets and merges to the shock wave
(m tð Þ), at the time t, the speed of the shock wave is
derived from Equations 10 and 11.

Figure 1. Analytical solution for the moving bottleneck with constant speed: (a) fundamental diagram, and (b) vehicle trajectories.
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qb t1ð Þ= kb t1ð Þvb t1ð Þ ð12Þ

q=Q kð Þ ð13Þ

Equation 12 is the constitutive law to derive the traffic
condition including the density and flow rate at the time
t = t1, when the bottleneck is with the varying speeds of
vb t1ð Þ. To derive kb t1ð Þ and qb t1ð Þ, the relationship
between the flow rate and density is needed and is shown
in the fundamental diagram Equation 13.

If the triangular fundamental diagram Equation 3 is
applied, we can derive the traffic state at each time
caused by the moving bottleneck from Equation 14,
where kb t1ð Þ and qb t1ð Þ are the density and flow rate at
the bottleneck location at the time t= t1.

kb t1ð Þ= 1

t
d b tð Þð Þ

dtð Þ
t1
+ tw

qb t1ð Þ=
d b tð Þð Þ

dtð Þ
t1

t
d b tð Þð Þ

dtð Þ
t1
+ tw

8>><
>>: ð14Þ

Finally, based on the traffic states caused by the moving
bottleneck at each time (kb tð Þ, qb tð Þ), and the initial traf-
fic state (k1, q1), the shock wave curve (m tð Þ) could be
generalized into the form of a first-order linear differen-
tial equation, which is shown in Equation 15. If the mov-
ing bottleneck trajectory (b tð Þ) is given, combined with
Equations 14 and 15, the shock wave curve could be ana-
lytically derived by solving the differential equation.

dm tð Þ
dt

= q1�qb t1ð Þ
k1�kb t1ð Þ

m tð Þ�b t1ð Þ
t�t1

= � w

8<
: ð15Þ

At the same time, the moving bottleneck problem analy-
sis could also derive the trajectories of the following vehi-
cles, through the densities and flow rates of traffic states
at each time and location. For example, if all the vehicles

obey Newell’s car-following model with bounded
acceleration, and the bottleneck is decelerating and then
leaves the road, the following trajectories are shown in
Figure 2c. If the following vehicles are being impeded by
the moving bottleneck, the following trajectories repeat
the moving bottleneck trajectory after entering the shock
wave curve. When the bottleneck disappears, if the fol-
lowing vehicle speeds are lower than the free-flow speed,
the following vehicles will accelerate at the bounded
acceleration rate until they reach the free-flow speed.
The following vehicle trajectories, which are derived
from solving the moving bottleneck problem, are the
foundation of deriving the eco-driving strategy in the
next section.

Eco-Driving Strategy

Overview of the Control Algorithm

In the previous section, we derived the vehicle trajec-
tories impeded by the moving bottleneck. The moving
bottleneck leads to additional traffic oscillation, and
empirically, traffic oscillation leads to extra gas emis-
sions. Considering the factors above, we propose a con-
trol algorithm as the eco-driving strategy, to reduce the
level of gas emissions. The objective of reducing gas
emissions is achieved by reducing the speed oscillation.
This algorithm applies to connected vehicles and oper-
ates on a single-lane road, in which the traffic flow is
uncongested (with the free-flow speed) before being
affected by the moving bottleneck. Such traffic situations
could occur if a CV merges into an uncongested road
with a speed less than the free-flow speed or if a CV
begins to decelerate and then leaves the road. Different
from conducting trajectory design, the proposed control
algorithm in this study provides the control output as a
static advisory speed limit. The advisory speed limit for

Figure 2. Analytical solution for the moving bottleneck with varying speeds: (a) fundamental diagram, (b) characteristic waves, and (c)
vehicle trajectories.
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each individual following vehicle is generated through a
control framework as shown in Figure 3. In this section,
we define the CV which impedes the initial uncongested
traffic flow, that is, the moving bottleneck, as the leading
vehicle; other vehicles being affected by the leading vehi-
cle are the following vehicles. The control objective is to
reduce traffic oscillation and emissions by setting advi-
sory speed limits for the following vehicles. We assume
the leading CV has a planned leading trajectory and will
follow the trajectory for the road segment. Delays in
communication and computation processes are omitta-
ble. Under these assumptions, we can obtain an upper
bound performance by applying the algorithm.

Figure 3 demonstrates the eco-driving control algo-
rithm, and this algorithm is operated through the follow-
ing steps.

Step 1. Broadcasting the leading vehicle (moving bot-
tleneck)’s trajectory

The leading vehicle shares the estimated trajectory to the
following vehicles if it begins to impede the upstream
traffic flow on the road. It follows the planned movement
trajectory ~x=c tð Þð Þ until it leaves the road or reaches
the free-flow speed.

Step 2. Predicting the following vehicles’ trajectories

Based on the leading vehicle trajectory (c tð Þ), the follow-
ing vehicles predict their original following trajectories

(~x=fn tð Þ) by using the analytical results from the gener-
alized varying speed moving bottleneck problem.

Step 3. Calculating the advisory speed limit and the
control duration

The advisory speed limit for each following vehicle (i.e.,
vASL

n for the following vehicle n) is decided by taking the
tangent line of the following trajectory from Step 2. The
duration for applying the speed limit (i.e., t�n for the fol-
lowing vehicle n) can also be derived from the point of
tangency which is further elaborated in the advisory
speed limit and control duration section.

Step 4. Executing the advisory speed limits

Each following vehicle adjusts its advisory speed limit
during the execution duration (i.e., from t= t0 to t = t�n
for the following vehicle n). After that, each following
vehicle speed limit is changed back to the free flow speed
respectively.

Advisory Speed Limit and the Control Duration

The control outputs include the static advisory speed
limit vASL

n

� �
and the ending algorithm time t�n

� �
for each

following vehicle. In optimization jargon, the objective is
to minimize the level of emissions for various harmful
gas, which is shown in Equation 16, in which f �ð Þ

Figure 3. Control system of the eco-driving algorithm.
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calculates the emissions for a given vector of the advisory

speed limits (vASL
��!

).

minE= f vASL
��!� �

ð16Þ

However, owing to the complexity of the objective func-
tion (non-convex), the optimal solution is hard to obtain.
In addition, the objective functions are based on differ-
ent gas emissions and various emission models, which
include parameters with uncertainty. As a result, the
optimal solution may not be accurate and universal for
different circumstances. Considering the factors above,
we apply the speed oscillation function as the control
objective for each following vehicle (Equation 17), in
which t0 and t2

n are the time points when the moving bot-
tleneck occurs and when the following vehicle regains the
free-flow speed respectively; an tð Þ is the following vehicle
acceleration at each time between t0, t

2
n

	 

.

mins=

ðt2
n

t0

an tð Þð Þ2dt ð17Þ

The constraints for setting the static advisory speed limit
are shown in Equations 18–21, in which f

0

n tð Þ denotes
the redesigned trajectory of the following vehicle n after
applying the advisory speed limit (vASL

n ).

f
0

n tð Þ � c tð Þø r+ t
d f

0
n tð Þð Þ

dt
n= 1ð Þ

f
0

n tð Þ � f
0

n�1 tð Þø r+ t
d f

0
n tð Þð Þ

dt
(n.1)

8t 2 t0, t
2
n

	 
� �8<
:

ð18Þ

d2 f
0

n tð Þ
� �

dt2
ł A 8n, 8t 2 t0, t

2
n

	 
� �
ð19Þ

d f
0

n tð Þ
� �

dt
= vASL

n 8n, 8t 2 t0, t�n
	 
� �

ð20Þ

f
0

n t2
n

� �
=fn t2

n

� �
8n ð21Þ

Among the constraints shown above, Equation 18
ensures that each following vehicle travels safely after
applying the advisory speed limit, with the actual time
gap no less than the time gap (t) in Newell’s car-
following model. Equation 19 ensures that the accelera-
tion cannot exceed the bounded acceleration rate A any-
where along the redesigned trajectory (f

0

n tð Þ). Equation
20 sets the advisory speed limit assuming that the rede-
signed trajectory (f

0

n tð Þ) is static during the algorithm
control duration ( t0, t

�
n

	 

). Equation 21 ensures that the

original following trajectory (fn tð Þ) and the redesigned
trajectory (f

0

n tð Þ) meet at the same location when the
vehicle regains the free-flow speed at t = t2

n. As a result,
Equation 21 ensures that the algorithm does not change
the vehicle average speed during the impediment period
( t0, t

2
n

	 

).

In this study, a heuristic solution is considered for set-
ting the advisory speed limit. The design of the advisory
speed limit and control duration is shown in Figure 4.
Obviously, the objective s in Equation 17 is non-negative
and equals zero when the vehicle travels at a constant
speed. When the vehicle applies the static advisory speed
limit (vASL

n ) during the algorithm application period
t0, t

�
n

	 

, Equation 17 is equivalent to the surrogate objec-

tive function in Equation 22, that is, the advisory speed

Figure 4. Advisory speed limit and control duration: (a) unbounded acceleration, (b) bounded acceleration, and (c) advisory speed limit
design.
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limit algorithm is executed for the longest possible dura-
tion in the impediment period t0, t

2
n

	 

.

max t�n t�n 2 t0, t
2
n

	 

, 8n

� �
ð22Þ

Figure 4a analyzes the case in which the bounded accel-
eration rate is not considered (excluding Equation 19
from the constraints). The minimum possible value of the
objective function (Equation 17, minimize the speed fluc-
tuation) is zero when the vehicle keeps a stable speed. To
satisfy the constraint of Equation 21, the vehicle needs to
travel at a speed that equals the average speed without
the control algorithm. Therefore, the average speed is set
to be the advisory speed limit (vASL

n ) for vehicle n, and the
new trajectory f

0

n tð Þ is derived. As f
0

n tð Þ shares the same
starting/ending points as those of the original trajectory
(fn tð Þ), and f

0

n tð Þł fn tð Þ, the redesigned trajectory satis-
fies the safety constraint and causes no further time to be
lost, that is, the redesigned trajectory keeps the same aver-
age speed during the impediment.

Figure 4b shows the trajectory redesign after introdu-
cing the bounded acceleration constraint (Equation 19).
As the following vehicle speeds are inevitably affected by
the leading vehicle (vb tð Þ\u), the following vehicles will
experience an acceleration period ( t1

n, t
2
n

	 

) to resume the

free-flow speed. In this case, the advisory speed limit is
set as the slope of the tangent line from the origin trajec-
tory at t= t0. The tangent point in the acceleration
period should be the end time point for applying the
advisory speed limit (t = t�n). From the solution of the
moving bottleneck problem, during the acceleration
period, the original following trajectory (fn tð Þ) is with
the bounded acceleration, that is, d2 fn tð Þð Þ

dt2 =A. As the
redesigned trajectory (f

0

n tð Þ) merges into the original fol-
lowing trajectory (fn tð Þ) at the tangent point in the accel-
eration period, f

0

n tð Þ also satisfies the constraint in
Equation 19.

Figure 4c demonstrates that the redesigned trajectory
will also maximize the surrogate objective function
(Equation 22) if the advisory speed limit (vASL

n ) is
designed as the tangent line of the original trajectory,
(i.e., max t�n = t�n Cð Þ). If the advisory speed limit for vehi-
cle n is set to be greater than the tangent line slope (e.g.,
Trajectory C is the tangent line, and the advisory speed
limit associated with Trajectory A is greater than tangent
slope), the vehicle could potentially experience another
deceleration as well as a longer acceleration period
(t�n Að Þ\t�n Cð Þ). Therefore, the speed oscillation is not
minimized. On the other hand, if the advisory speed limit
for vehicle n is smaller than the tangent slope (e.g.,
Trajectory B), unavoidably, the vehicle would either
encounter a further decrease in the vehicle average travel
speed (violating the constraint in Equation 21); or need
to adjust the advisory speed limit more than once (no
longer a static advisory speed limit, violating the

constraint in Equation 20). Therefore, Trajectory B is
not feasible. In contrast, Trajectory C could achieve both
operational simplicity and trajectory smoothness without
a further decrease in the average speed of the following
vehicle. Therefore, the advisory speed limit should be set
to be the slope of the tangent line (Trajectory C).

vASL
n =

fn t�nð Þ�x0
n

t�n�t0

dfn tð Þ
dt

� �
t�n
= vASL

n

8><
>: t�e t1

n, t
2
n

	 

ð23Þ

According to Figure 4c, the advisory speed limit (vASL
n )

and the algorithm ending time (t�n) for the vehicle n are
derived together from Equation 23. The vehicle n travels
with the advisory speed limit from t0, x

0
n

� �
, and its rede-

signed trajectory tangents to the original trajectory at the
algorithm ending point t�n,fn t�n

� �� �
.

Numerical Examples of Connected Vehicles
on an Arterial Section

In this section, the effectiveness of the eco-driving strat-
egy is tested in four numerical traffic scenarios. The lead-
ing vehicle has different movements, namely, traveling at
a constant speed (lower than the free-flow speed), acceler-
ating, decelerating, and executing a stop-and-go for pick-
up or drop-off. In each scenario, trajectories of following
vehicles with and without applying this eco-driving algo-
rithm are compared.

In the simulation, a CV platoon is initially travelling
at the free-flow speed on a straight single-lane road. The
road length is sufficient for all vehicles to apply the algo-
rithm. Newell’s car-following model with bounded accel-
eration is applied to update the vehicle speed and
location at every time step. The total simulation time is
300 s, and the moving bottleneck occurs at t = 100s when
the traffic is at an uncongested steady state. The para-
meter settings for the simulations are shown in Table 2.

We compare the trajectories with and without the
advisory speed limit from t0 to t�n (Figure 4c) for all fol-
lowing vehicles in all scenarios. Each simulation includes
one leading vehicle and 20 following vehicles.

To understand the potential environmental benefits of
applying the eco-driving strategy, we calculate the three

Table 2. Settings of the Simulation

Parameters Values

u, Free flow speed 20 m/s (45 mph)
n, Following vehicle number 20
A, Bounded acceleration rate 2 m/s2 (6.56 ft/s2)
Dt, Simulation time step 1 s
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kinds of gas emissions in each traffic scenario. There are
several models to estimate the gas emissions for vehicles,
such as the Comprehensive Modal Emission Model
(CMEM), and the SUMO pollutant emission models (24,
25). In this study, we use the VT-Micro model because of
its simplicity and accuracy (4). Equation 24 shows the
regression models of each emission rate, which are esti-
mated by a combination of linear, quadratic, and cubic
terms of real-time speeds and accelerations.

ln moee tð Þð Þ=

P3
i= 0

P3
j= 0

Le
ijv

i tð Þai tð Þ a tð Þø 0

P3
i= 0

P3
j= 0

Me
ijv

i tð Þai tð Þ a tð Þ\0

8>>><
>>>:

: ð24Þ

in which moee tð Þ is the emission rate for the type of gas
(e), v tð Þ and a tð Þ are the instantaneous speed and accel-
eration rate at time t, and Me

ij and Le
ij are the acceleration

and deceleration coefficients respectively for the VT-
Micro regression model of each kind of gas. For emis-
sions, this study uses the hydrocarbon (HC), carbon
monoxide (CO), and carbon dioxide (CO2) emissions as
measurements of the gas emissions. We assume that all
vehicles in the simulation are identical, and with the same
mechanical performance and emission standard.

We use the speed standard deviation of all the follow-
ing vehicles to evaluate the traffic oscillation reduction.
To make the comparisons clear without losing generality,
we plotted five of the 20 following vehicles for compari-
son in the following figures.

Constant Moving Bottleneck

We first run the simulation with a constant speed moving
bottleneck. The moving bottleneck occurs at t = 100s
with a speed of 10m=s (22mph). The leading vehicle
stays at the road section for 30 s and leaves. Figure 5, a
and b, show the trajectories of the vehicles without and

with application of the eco-driving strategy respectively.
For both of the two subfigures, the blue line represents
the trajectory of the bottleneck, the other lines represent
the trajectories of the following vehicles. From the simu-
lation results, the trajectories with the eco-driving con-
trol algorithm are smoother than those without the
algorithm.

To further analyze the algorithm performance in vehi-
cle speed oscillation smoothing, we calculated the stan-
dard deviation of speed. By applying this eco-driving
strategy, the average speed standard deviation decreased
by 64.3% by comparing the same scenario with and
without the algorithm. As a result, the overall traffic
oscillation has been significantly reduced. The algorithm
could also reduce different gas emissions. In addition, we
calculated the average speeds of all the following vehicles
during leading vehicle impacted periods, and the result
shows the algorithm does not generate an additional
decrease in the following vehicle speed, which has
no effect on traffic mobility. The statistical results for
the constantly moving bottleneck scenario are listed in
Table 3.

Accelerating and Decelerating Bottlenecks

In the second and third scenarios, we test the eco-driving
strategy performances in which the moving bottleneck is
accelerating or decelerating, respectively.

For the acceleration scenario, we set the leading vehi-
cle’s initial speed to be 10m=s (22mph). The leading
vehicle accelerates with a constant acceleration of 1m=s2

(3:28 ft=s2) until it reaches the free-flow speed. After that,
as the leading vehicle maintains the free-flow speed after-
ward and has no impediment for the upstream traffic,
the vehicle is not a moving bottleneck anymore. For the
decelerating case, we assume that the bottleneck is decel-
erating at a rate of 1m=s2 for 10 s from the free-flow
speed, and it leaves the road after 10 s. Tables 4 and 5 list

Figure 5. A comparison of vehicle trajectories (a) without and (b) with application of the eco-driving strategy with a constant speed
moving bottleneck.
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the average speed, speed standard deviation, and gas
emissions with and without applying this strategy in the
two cases. From these results, when the leading vehicle
accelerates and decelerates, this algorithm does not
change the average speed and it reduces traffic oscillation
and gas emissions.

Stop-and-Go Scenario

In the last scenario, we simulated the leading vehicle tra-
velling with a more complicated movement, that is, a
stop-and-go. The leading vehicle begins to decelerate at
t= 100s. The deceleration rate is �2 m=s2 (�6:56 ft=s2).
Then, the vehicle stops for 5 s, at the location x= 2100m.
At t = 115s, this vehicle begins to accelerate with the
acceleration rate of 2 m=s2 and reaches the free-flow
speed after 10 s. This situation occurs if a vehicle needs

to pick up a passenger for example. Figure 6 shows the
trajectories with and without applying this eco-driving
strategy, and the emissions and speed statistical results
are listed in Table 6. As the result shows, after applying
the algorithm, the following traffic flow is smoother, as
the following vehicles do not experience long decelerating
and accelerating periods.

Conclusions and Future Work

In this paper, we extended the existing research on the
moving bottleneck problem, formulated the moving bot-
tleneck problem if the bottleneck travels with varying
speeds and solved the problem analytically. Based on the
following vehicle trajectories derived from the moving
bottleneck problem, we proposed an eco-driving algo-
rithm that enforces an advisory speed limit to reduce the

Table 3. Statistics of Speed and Gas Emissions with and without Applying the Eco-Driving Strategy with a Constant Speed Moving
Bottleneck

Non eco-driving Eco-driving Difference

Average speed (m/s) (mph) 12.64 (28.27) 12.64 (28.27) 0.0%
Speed standard deviation 4.46 1.59 –64.3%
HC (mg) 439.13 383.67 –12.6%
CO2 (g) 558.8 573.2 –2.5%
CO (g) 16.60 15.94 –4%

Note: mph = miles per hour; HC = hydrocarbon; CO = carbon monoxide; CO2 = carbon dioxide.

Table 4. Statistics of Speed and Gas Emissions with and without Applying the Eco-Driving Strategy with an Accelerating Moving
Bottleneck

Non eco-driving Eco-driving Difference

Average speed (m/s) (mph) 17.50 (39.14) 17.50 (39.14) 0.0%
Speed standard deviation 3.37 1.17 –65.3%
HC (mg) 223.9 140.9 –37.1%
CO2 (g) 333.5 291.5 –12.5%
CO (g) 10.74 8.99 –16.3%

Note: mph = miles per hour; HC = hydrocarbon; CO = carbon monoxide; CO2 = carbon dioxide.

Table 5. Statistics of Speed and Gas Emissions with and without Applying the Eco-Driving Strategy with a Decelerating Moving
Bottleneck

Non eco-driving Eco-driving Difference

Average speed (m/s) (mph) 17.26 (38.61) 17.26 (38.61) 0.0%
Speed standard deviation 3.24 0.983 –69.7%
HC (mg) 300.3 255.7 –14.9%
CO2 (g) 406.6 363.6 –10.6%
CO (g) 12.82 11.03 –14.0%

Note: mph = miles per hour; HC = hydrocarbon; CO = carbon monoxide; CO2 = carbon dioxide.
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traffic oscillation and emissions. We further tested the
effectiveness of the eco-driving algorithm using a set of
simulations. We compared the standard deviation of
speeds and the different types of emissions. According to
the simulation results, the standard deviation of the vehi-
cle speed decreases up to 71.4% after applying the algo-
rithm, and gas emission was reduced by 10%–40%. The
results indicate that the eco-driving algorithm is capable
of smoothing traffic and reducing emissions. It is also
worth noting that the proposed algorithm does not
change the average speeds for the vehicles if they are fol-
lowing the moving bottleneck.

Several further studies could be extended from this
study. This study focuses on the moving bottleneck case
on a single-lane road. For a road section with multiple
lanes, this eco-driving strategy may also have similar
effects on smoothing trajectories and reducing emissions.
We are also interested in applying this algorithm with
different moving bottleneck movements and different
car-following behaviors. In addition, this study assumes
the following vehicles are all connected, and we will con-
sider using this algorithm if the following vehicles are
partly connected in the future, and we are interested in
what the effect will be in that scenario. In addition, this
algorithm can be extended into dynamic real-time speed

control algorithms with specific objective functions,
although this paper focuses more on analytical analysis
and a heuristic vehicle trajectory redesign. As the leading
vehicle movement estimation and the communications
between vehicles cannot be totally accurate and timely,
other considerations should be included such as commu-
nication delays, leading vehicle estimation updating, and
transmission ranges. Moreover, the basic idea of this
study was to combine conventional traffic flow theories
with advanced traffic technology. We believe it provides
another theoretical basis to develop eco-driving strategies
in the future.
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Average speed (m/s) (mph) 11.06 (24.74) 11.06 (24.74) 0.0%
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Figure 6. A comparison of vehicle trajectories (a) without and (b) with application of the eco-driving strategy with the ‘stop and go’
bottleneck.
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