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Abstract. A packing of partial difference sets is a collection of disjoint partial difference
sets in a finite group G. This configuration has received considerable attention in design
theory, finite geometry, coding theory, and graph theory over many years, although often
only implicitly. We consider packings of certain Latin square type partial difference sets
in abelian groups having identical parameters, the size of the collection being either the
maximum possible or one smaller. We unify and extend numerous previous results in a
common framework, recognizing that a particular subgroup reveals important structural in-
formation about the packing. Identifying this subgroup allows us to formulate a recursive
lifting construction of packings in abelian groups of increasing exponent, as well as a prod-
uct construction yielding packings in the direct product of the starting groups. We also study
packings of certain negative Latin square type partial difference sets of maximum possible
size in abelian groups, all but one of which have identical parameters, and show how to
produce such collections using packings of Latin square type partial difference sets.
Keywords. Finite abelian group, packing, partial difference set
Mathematics Subject Classifications. 05B10, 20K01

1. Introduction

A recurring theme across many diverse areas of mathematics is the natural occurrence of struc-
tures for which a key aspect can take one of only two values. We mention several examples of this
two-valued phenomenon. In coding theory, a projective two-weight code is a linear code whose
codeword weights take one of exactly two distinct values [13]. In finite geometry, a projective
two-intersection set is a point set in projective space whose intersection with each hyperplane
has one of exactly two distinct sizes [13]; and anm-ovoid or a tight set in a polar space is a point
set whose intersection with every tangent hyperplane of the polar space has one of exactly two
distinct sizes [10, Chapter 2], [66, Section 4.5]. In graph theory, a strongly regular graph has
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exactly two distinct eigenvalues [10, Chapter 1]. In group theory, a rank 3 permutation group has
exactly two nontrivial orbitals [13, Section 10]; and a symmetric Schur ring of dimension 3 over
a group G is a partition of the nonidentity group elements into exactly two nontrivial subsets
which, together with the identity element, form a subalgebra of C[G] [90]. In number theory,
uniform cyclotomy is a partition of the nonzero elements of a finite field into cyclotomy classes
such that exactly two distinct cyclotomic numbers occur [6].

An underlying connection between many instances of these two-valued phenomena is pro-
vided by a partial difference set. Indeed, let D be a k-subset of an additive abelian group G of
order v. The subset D is a (v, k, λ, µ) partial difference set in G if the multiset {x− y | x, y ∈
D, x 6= y} contains each nonidentity element ofD exactly λ times and each nonidentity element
of G \ D exactly µ times. Partial difference sets, possibly having some additional properties,
give rise to examples of each of the above structures. The construction of partial difference sets
is therefore of great interest. We refer to [13, 60] for excellent surveys of partial difference sets
and equivalent structures, and to [1, 2, 4, 5, 8, 9, 11, 12, 14, 15, 17, 18, 19, 20, 21, 22, 24, 25,
26, 27, 28, 29, 30, 31, 32, 37, 38, 42, 43, 44, 45, 46, 47, 48, 49, 50, 51, 52, 54, 58, 59, 61, 62, 63,
64, 65, 67, 68, 69, 70, 71, 72, 73, 74, 75, 76, 77, 78, 79, 80, 82, 84, 85, 86, 89] for investigations
spanning twenty-five years into which groups G contain a partial difference set with specified
parameters (v, k, λ, µ).

This paper is concerned with the construction of two of the richest classes of partial differ-
ence sets, whose parameters are determined by only two integers. A partial difference set whose
parameters (v, k, λ, µ) take the form

(
n2, r(n − 1), n + r(r − 3), r(r − 1)

)
has (n, r) Latin

square type, and one whose parameters take the form
(
n2, r(n + 1),−n + r(r + 3), r(r + 1)

)
has (n, r) negative Latin square type. A partial difference set D in G is regular if 1G /∈ D
and D = {d−1 | d ∈ D}. A great deal of research has been conducted into the existence of a
collection of t > 1 disjoint regular (tc, c) Latin square type partial difference sets in an abelian
group G of order t2c2. The number of elements of G avoided by the partial difference sets of
such a collection is tc, so the collection has maximum possible size when c > 1. The prin-
cipal motivation for this paper was the discovery of a widespread structural property that does
not seem to have been previously recognized: in all previous constructions, possibly after some
modification, the tc avoided elements of G form a subgroup U . We therefore refer to such a
collection of partial difference sets as a (c, t) LP-packing inG relative to U . The presence of the
associated subgroup U is key to the recursive lifting construction of LP-packings of increasing
exponent that we present in Section 5. In general, lifting constructions (that increase the group
exponent) have historically been more challenging to find than product constructions (that com-
bine objects into the direct product of the starting groups). Table 1.1 illustrates how widely the
concept of LP-packings has been previously studied, often implicitly, and in each case identifies
the subgroup U explicitly. In some cases, identifying the crucial subgroup U from the original
reference requires considerable effort.

We shall unify and extend many results for LP-packings, whose original derivation relied
on a variety of sometimes delicate approaches, by means of a common framework that depends
only on elementary methods. We shall show that we have considerable control over the choice
of the associated subgroup U . In addition to the recursive construction of Section 5, we shall
give a product construction for LP-packings in Section 4. We present the following result (to be
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proved as Corollary 5.4) as a showcase for our constructions.

Theorem 1.1. Let p be prime, let s1, . . . , sv be nonnegative integers (not all zero), and let
m = min{si | si > 0}. For each i = 1, . . . , v, letGi = Z2si

pi
and letUi be a subgroup ofGi of or-

der pisi . LetG =
∏v

i=1Gi, letU =
∏v

i=1 Ui, and let n =
√
|G|. Then for each j = 0, . . . ,m−1,

there exists an
(

n
pm−j

, pm−j
)

LP-packing inG relative to U : a collection of pm−j disjoint regular(
n, n

pm−j

)
Latin square type partial difference sets in G avoiding U .

We shall show in Section 3 that a collection of t disjoint regular (tc, c) Latin square type
partial difference sets with c = 1 does not have maximum possible size, because there exists a
size t+1 collection known equivalently as a (t, t+1) partial congruence partition. However, we
regard the (1, t) LP-packing as a more natural object than the larger partial congruence partition,
because it forms the base case of the recursive construction of Section 5 and so allows a powerful
generalization to nonelementary abelian groups.

We similarly refer to a collection of t − 1 > 0 disjoint regular (tc, c) negative Latin square
type partial difference sets in an abelian group G of order t2c2, for which the (c − 1)(tc + 1)
nonidentity avoided elements of G form a regular (tc, c − 1) negative Latin square type partial
difference set in G, as a (c, t − 1) NLP-packing; such a collection has maximum possible size
for all c > 1. The NLP-packing structure was already known, and previous constructions are
summarized in Table 1.2. We shall use a product construction in Section 6 to combine small
examples of NLP-packings with the families of LP-packings constructed recursively here, and so
extend previous constructions of families of NLP-packings. We mention that both LP-packings
and NLP-packings give rise to group-based amorphic association schemes [87].

Our principal objective is to determine for which abelian groups G and subgroups U there
exists a (c, t) LP-packing in G relative to U , and for which abelian groups G there exists a
(c, t− 1) NLP-packing in G. We propose that the natural framework for studying regular (tc, c)
Latin square type and negative Latin square type partial difference sets is as these respective
collections, rather than as single examples.

The rest of the paper is organized as follows. Section 2 gives a historical overview of packings
of partial difference sets of Latin square type and negative Latin square type in abelian groups.
Section 3 introduces LP-packings, describes their relationship to partial congruence partitions,
establishes constraints on their structure, and presents a product construction. Section 4 intro-
duces an LP-partition as an auxiliary configuration in the construction of an LP-packing in a
larger group from an LP-packing in a smaller group. Section 5 recursively constructs infinite
families of LP-partitions and LP-packings of increasing exponent, inspired by a recursive lifting
construction of difference sets using relative difference sets [33]. Section 6 introduces NLP-
packings, and uses a product construction to combine an NLP-packing with an LP-packing to
give an NLP-packing in the direct product of the starting groups. Section 7 examines how LP-
packings and NLP-packings are related to hyperbolic and elliptic strongly regular bent functions,
and Section 8 examines how these packings are related to reversible Hadamard difference sets.
Section 9 proposes some open problems for future research.
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c t Group G Subgroup U Restrictions Source

pw−s ps Zwp2 (pZp2)w
s is proper

[21, Thm. 3.1]
divisor of w > 1

p p Z2
p2 (pZp2)2 [32, Thm. 3.1]

2a−1 2 Z2
2a order 2a, noncyclic [36, Thm. 3.1]

pw−σ(p,w) pσ(p,w) Zwp2 (pZp2)w w > 1 [51, Lem. 3.1]
n
ps

ps Z2us
pa+1 × Z2ws

pa Zuspa+1 × Zwspa n =
√
|G| and a > 1 [57, Thm. 3.1]

pw−1 p Zwp2 (pZp2)w w > 1 [59, Thm. 2.2]
ps ps Z2s

p2 (pZp2)2s s > 1 [80, Prop. 4.1]

p(2a−1)s ps Z2s
p2a (paZp2a)2s

[81, Lem. 4.3]
[82, Thm. 3.1]

n
p p Z2u

p ×
∏v

i=1 Z
2s2i
p2i Zup ×

∏v
i=1(p

iZp2i)2s2i
n =

√
|G| and

[82, Cor. 6.2]
u, s2i > 0

pw−1 p Zwp2 (pZp2)w p is odd divisor of w [84, Thm. 4.1]
2dw/2e 2bw/2c Zw4 (2Z4)

w w > 1 [91, Lem. 4.5]

Table 1.1: Known (c, t) LP-packings inG relative toU , where p is prime and σ is defined in (2.2).

2. Historical Overview

In this section, we give an overview of previous constructions of regular Latin square type and
negative Latin square type partial difference sets in abelian groups. In many cases, these results
produce only a single partial difference set, whereas our objective in later sections will be to
construct disjoint collections.

Let G be an abelian group. We firstly present some basic results involving the group ring
Z[G] and character theory. ForA ∈ Z[G] and g ∈ G, denote the coefficient of g inA by [A]g (so
that A =

∑
g∈G[A]gg). For A ∈ Z[G], write A(−1) =

∑
g∈G[A]gg

−1. For a subset A of G, by
a standard abuse of notation we also denote the group ring element

∑
g∈A g by A. A character

χ of G is a group homomorphism from G to the multiplicative group of the complex field C.
Write Ĝ for the character group of G. A character χ ∈ Ĝ is principal on a subgroup H 6 G if
χ(h) = 1 for each h ∈ H . For a subgroup H 6 G, write

H⊥ = {χ ∈ Ĝ | χ is principal on H}

(so that G⊥ consists of only the principal character on G). For χ ∈ Ĝ and A ∈ Z[G], write
χ(A) for the character sum

∑
g∈G[A]gχ(g). For a more detailed treatment of group rings and

character theory, see [7, Chap. VI] and [83, Chap. 1].

Definition 2.1. Let D be a k-subset of an additive group G of order v. The subset D is a
(v, k, λ, µ) partial difference set (PDS) in G if the multiset {x− y | x, y ∈ D, x 6= y} contains
each nonidentity element of D exactly λ times and each nonidentity element of G −D exactly
µ times. The partial difference set is regular if 1G /∈ D and D = D(−1).
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c t− 1 Group G Restrictions Source

n
2

1 Z2u
2 × Zw4 ×

∏v
i=3 Z

2si
2i
× Z2y

3 ×
∏z

i=1 Z4ti
pi

n =
√
|G| and prime pi > 3,

[20, Prop. 3.12]u,w, si, y, ti > 0,
if u = 0 then y = ti = 0

n
3

2 Z2+2u
3 × Zw9 ×

∏v
i=3 Z

2si
3i

n =
√
|G| and u,w, si > 0,

[20, Prop. 3.13]
w 6= 1

n
4

3
Z4+2u

2 × Zw4 ×
∏v

i=3 Z
4si
2i

n =
√
|G| and u,w, si > 0,

[20, Prop. 3.14]
Z2u

2 × Zw+2
4 ×

∏v
i=3 Z

4si
2i

u 6= 1 and w /∈ {1, 3}

4w−1 3 Z2u
4 × Z4w−4u

2

0 6 u 6 w if w odd [38, Cor. 2.2]
0 6 u < w if w even [39, Thm. 3.6]

n
4

3 Z4u
2 × Z2w

4 ×
∏v

i=2 Z
4s2i
22i

n =
√
|G| and u,w, s2i > 0,

[82, Thm. 4.2]
u+ w > 1

n
3

2 Z2u+2
3 ×

∏v
i=1 Z

2s2i
32i

n =
√
|G| and u, s2i > 0 [82, Cor. 5.1]

3w−1 2 Z2w
3 w > 1 [86, Thm. 1]

Table 1.2: Known (c, t− 1) NLP-packings in G.

The condition D = D(−1) in Definition 2.1 is guaranteed to hold except in the special case
λ = µ [60, Prop. 1.2], in which case the partial difference set is a (v, k, λ)-difference set in G
(see Section 8). Provided that D = D(−1), the condition 1G /∈ D is not restrictive [60, p. 222];
we shall be concerned only with partial difference sets that are regular. Let D be a k-subset of a
group G of order v for which 1G /∈ D. Then, in group ring notation, D is a (v, k, λ, µ) PDS in
G if and only if

DD(−1) = k − µ+ (λ− µ)D + µG in Z[G]. (2.1)

The following result is a consequence of the orthogonality properties of characters.

Proposition 2.2 (Fourier inversion formula). LetG be an abelian group and letA ∈ Z[G]. Then

[A]g =
1

|G|
∑
χ∈Ĝ

χ(A)χ(g) for each g ∈ G.

In particular, elements A,B of Z[G] are equal if and only if χ(A) = χ(B) for all χ ∈ Ĝ.

For a regular PDS D, we can use the relation D = D(−1) to rewrite (2.1) as D2 = k − µ +
(λ− µ)D + µG in Z[G]. Applying a nonprincipal character χ to both sides then shows that the
character sum χ(D) satisfies the quadratic equation χ(D)2−(λ−µ)χ(D)−(k−µ) = 0. Using
Proposition 2.2, we therefore obtain the following characterization of a regular partial difference
set in terms of its character sums.

Lemma 2.3 ([60, Cor. 3.3]). Let G be an abelian group of order v. Let D be a k-subset of G
for which 1G /∈ D. Let λ, µ be nonnegative integers satisfying k2 = k− µ+ (λ− µ)k+ µv and
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(λ− µ)2 + 4(k− µ) > 0. Then D is a regular (v, k, λ, µ) partial difference set in G if and only
if

χ(D) = 1
2

(
λ− µ±

√
(λ− µ)2 + 4(k − µ)

)
for all nonprincipal characters χ of G.

We are interested in the following two types of parameters for partial difference sets.

Definition 2.4. Let n > 1 and r > 0 be integers. An (n2, r(n− ε), εn+ r2− 3εr, r2− εr) PDS
is an (n, r) Latin square type PDS if ε = 1, and is an (n, r) negative Latin square type PDS if
ε = −1.

The connection between Latin square type partial difference sets and Latin squares is “rather
indirect” [52, p. 2]. We allow the case r = 0 in Definition 2.4, which corresponds to the empty
set (see Remark 6.2 (iii)).

We next give a character-theoretic description of the two parameter sets of interest.

Lemma 2.5. Let n > 1 and r > 0 be integers, and let ε ∈ {1,−1}. Let G be an abelian group
of order n2, and let D be an r(n− ε)-subset of G. Then D is a regular (n, r) Latin square type
PDS in G (when ε = 1), and is a regular (n, r) negative Latin square type PDS in G (when
ε = −1), if and only if

χ(D) ∈ {−εr, ε(n− r)} for all nonprincipal characters χ of G.

If D is a regular (n, r) Latin square type or negative Latin square type PDS in G, then the
character set D̃ = {χ ∈ Ĝ | χ(D) = ε(n − r)} is also a regular (n, r) Latin square type or
negative Latin square type PDS in Ĝ, respectively.

Proof. The first statement follows directly from Lemma 2.3. The second statement is obtained
from [60, Thm. 3.4]: let D+ be the dual of D as defined in [60], and note that D̃ = D+ in the
case ε = 1 and that D̃ = Ĝ− 1Ĝ −D+ in the case ε = −1.

We now briefly survey the numerous previous constructions of Latin square type and negative
Latin square type partial difference sets, which we classify into three classes that are restricted to
elementary abelian groups and five that are not. The three construction classes that are restricted
to elementary abelian groups arise from the following sources.

(1) Projective two-intersection sets.
Projective two-intersection sets (sometimes called two-character sets) are classical configu-
rations from finite geometry that provide a series of constructions [1, 2, 9, 22, 24, 25, 26, 27,
31, 47, 54, 73] (see also [60, Sect. 9]). Recently, projective two-intersection sets have been
intensively studied in the context of intriguing sets in polar spaces (see [4, 5, 8, 12, 28, 29,
30, 42], for example). See [23] for a recent survey of intriguing sets, and [66, Sect. 4.5] for
a detailed account of the connection between these sets and Latin square type and negative
Latin square type PDSs.
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(2) Nondegenerate quadratic forms and their generalizations.
A fundamental construction employs nondegenerate quadratic forms over finite fields [60,
Thm. 2.6]. This construction has been greatly extended to allow the quadratic form to be
replaced by other functions, including bent and vectorial bent functions [14, 15, 17, 20, 44,
72, 86].

(3) Cyclotomic classes of a finite field.
A seminal construction due to Baumert, Mills and Ward involves uniform cyclotomy in a
finite field [6], [60, Thm. 10.3]. Further cyclotomic constructions have been proposed, based
on sophisticated number-theoretic techniques [62, 63, 65, 67, 68, 69, 71].

We now describe the five construction classes that are not restricted to elementary abelian
groups. We shall later use LP-packings and NLP-packings to streamline many of these con-
structions, using only elementary methods. In some cases, we shall give a unified treatment for
previously known parameter sets; in other cases, we shall produce examples with entirely new
parameter sets.

(1) Direct constructions via partial congruence partitions

Definition 2.6. Let G be a group of order n2 > 1. An (n, r) partial congruence partition
of degree r inG is a collection {U1, . . . , Ur} of order n subgroups ofG such that Ui ∩Uj =
{1G} for all i 6= j.

If U1, . . . , Ur is an (n, r) partial congruence partition in G, then
∑r

i=1(Ui− 1G) is a regular
(n, r) Latin square type partial difference set in G [3, Sect. 4.1]. A central objective in the
study of (n, r) partial congruence partitions in groups of order n2 is to determine the largest
possible degree r [3, 55, 56]. The following result determines this value for abelian p-groups
of the form H ×H .
Result 2.7 ([3, Thm. 2.7]). Let s1, . . . , sv be nonnegative integers and letm = min{si | si >
0}. Let p be prime and let G =

∏v
i=1 Z

2si
pi

and let n =
√
|G|. Then the largest integer r

for which there exists an (n, r) partial congruence partition in G is pm + 1. Therefore there
exists a regular (n, r) Latin square type PDS in G for each positive integer r 6 pm + 1.

We shall strengthen Result 2.7 using Corollary 5.4: see Remark 5.5 (i).

(2) Direct constructions via finite local rings
For positive integers p and w, define the function

σ(p, w) = max
`|w

`

(⌊
w/`− 2

p

⌋
+ 1

)
, (2.2)

which determines the parameters of Latin square type partial difference sets in Zwp2 under the
construction of [51, Corollary 3.4]. Various direct constructions of Latin square type partial
difference sets exploit the structure of finite local rings [21, 38, 49, 50, 51, 52, 57, 59, 80, 84].
We summarize below the constructions from [21, 49, 50, 51, 52, 57, 59, 84], which we shall
strengthen using Corollaries 5.4 and 5.7: see Remarks 5.5 (ii) and 5.8.
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Result 2.8. Let p be prime. There exists an (n, r) Latin square type PDS in a group G of
order n2 for the following G and r, where r 6 n.

(i) G = Zwp2 for w > 1, and r is a positive integer multiple of n
pσ(p,w) ([51, Thm. 3.2,

Cor. 3.4]).
(ii) G = Zwp2×Z2uw

p for w > 1 and a positive integer u, and r is a positive integer multiple
of n

pσ(p,w) ([49, Thm. 3.1]).

(iii) G =
∏v

i=1 Z
2si
pi

for nonnegative integers s1, . . . , sv, and r is a positive integer multiple
of n

p gcd(s1,...,sv)
([50, Thm. 3.4, Cor. 3.5]).

(3) Lifting constructions via finite local rings

Finite local rings also provide constructions for Latin square type partial difference sets that
lift examples from a group G×G to a larger group G′ ×G′ [48, 50, 52]. We shall present
in Theorem 4.4 a ring-free lifting construction that applies to a collection of Latin square
type partial difference sets, rather than just a single one. This construction leads to the result
stated in Theorem 1.1, which recovers the parameters of partial difference sets constructed
via lifting in each of [48], [50, Sects. 4, 5], and [52].

(4) Product constructions

Various delicate product constructions for Latin square type and negative Latin square type
partial difference sets have been found [62, 74, 75, 78, 79, 82]. The following examples
occur in p-groups having arbitrarily large exponent.
Result 2.9 ([82, Cor. 6.2]). Let p be prime, and let u and s2, s4, . . . , s2v be nonnegative
integers. Let G = Z2u

p ×
∏v

i=1 Z
2s2i
p2i

and let n =
√
|G|. Then there is a partition of G− 1G

into p regular partial difference sets inG, of which p− 1 are of (n, n
p
) Latin square type and

one is of (n, n
p

+ 1) Latin square type.

We shall strengthen Result 2.9 using Corollary 5.4 (see Remark 5.5 (v)).
Result 2.10 ([82, Thm. 4.2, Cor. 5.1]).

(i) Let u,w and s4, s6, . . . , s2v be nonnegative integers satisfying u + w > 1. Let G =
Z4u

2 ×Z2w
4 ×

∏v
i=2 Z

4s2i
22i

and let n =
√
|G|. Then there is a partition of G− 1G into 4

regular partial difference sets in G, of which three are of (n, n
4
) negative Latin square

type and one is of (n, n
4
− 1) negative Latin square type.

(ii) Let u and s2, s4, . . . , s2v be nonnegative integers. LetG = Z2u+2
3 ×

∏v
i=1 Z

2s2i
32i

and let
n =

√
|G|. Then there is a partition of G − 1G into 3 regular partial difference sets

in G, of which two are of (n, n
3
) negative Latin square type and one is of (n, n

3
− 1)

negative Latin square type.

We shall strengthen Result 2.10 using Corollary 6.13 (see Remark 6.14).
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(5) Constructions in Galois domains
A final construction class uses cyclotomy [46] and character sums [64, 70] over Galois do-
mains (direct products of finite fields) to produce partial difference sets in the direct product
of elementary abelian groups.

3. LP-Packings

In this section, we introduce a (c, t) LP-packing as a collection of t disjoint regular (tc, c) Latin
square type PDSs, in an abelian group of order t2c2, whose union satisfies an additional prop-
erty. We provide examples of LP-packings, describe their relationship to partial congruence
partitions, establish constraints on their structure, and present a product construction.

A principal motivation for this paper was the realization that in many previous constructions
of such collections, possibly after some modification as summarized in Table 1.1, the tc-set
G −

∑t
i=1 Pi of elements avoided by the partial difference sets forms a subgroup U of G. Our

definition of a (c, t) LP-packing is based on this observation.

Definition 3.1 (LP-packing). Let t > 1 and c > 0 be integers. Let G be an abelian group
of order t2c2, and let U be a subgroup of G of order tc. A (c, t) LP-packing in G relative
to U is a collection {P1, . . . , Pt} of t regular (tc, c) Latin square type PDSs in G for which∑t

i=1 Pi = G− U .

Remark 3.2. In Definition 3.1, each Pi is a c(tc − 1)-subset of G, and |G − U | = tc(tc − 1),
so the relation

∑t
i=1 Pi = G− U is equivalent to the statement that the Pi are disjoint and their

union is G− U .
We next give a characterization of a (c, t) LP-packing involving character sums.

Lemma 3.3. Let P1, . . . , Pt be c(tc− 1)-subsets of an abelian group G of order t2c2 and let U
be a subgroup of G of order tc. Then {P1, . . . , Pt} is a (c, t) LP-packing in G relative to U if
and only if the multiset equality

{χ(P1), . . . , χ(Pt)} =

{
{−c, . . . ,−c} if χ ∈ U⊥,
{(t− 1)c,−c, . . . ,−c} if χ /∈ U⊥

(3.1)

holds for all nonprincipal characters χ of G.

Proof. Let χ be a nonprincipal character of G.
Suppose firstly that {P1, . . . , Pt} is a (c, t) LP-packing in G relative to U . Apply χ to the

equation
∑t

i=1 Pi = G− U to give
t∑
i=1

χ(Pi) =

{
−tc if χ ∈ U⊥,
0 if χ /∈ U⊥.

Since χ(Pi) ∈ {−c, (t− 1)c} for each i by Lemma 2.5, this implies that

{χ(P1), . . . , χ(Pt)} =

{
{−c, . . . ,−c} if χ ∈ U⊥,
{(t− 1)c,−c, . . . ,−c} if χ /∈ U⊥,
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as required.
Now suppose that (3.1) holds. Then each Pi is a c(tc − 1)-subset of G for which χ(Pi) ∈

{−c, (t− 1)c}, and so by Lemma 2.5 is a regular (tc, c) Latin square type PDS in G. It remains
to show that

∑t
i=1 Pi = G− U . We have from |Pi| = c(tc− 1) and (3.1) that, for all χ ∈ Ĝ,

χ
( t∑
i=1

Pi

)
=


tc(tc− 1) if χ ∈ G⊥,
−tc if χ ∈ U⊥ \G⊥,
0 if χ /∈ U⊥.

By the Fourier inversion formula (Proposition 2.2), this implies that
∑t

i=1 Pi = G − U , as
required.

A (t, t+ 1) partial congruence partition (see Definition 2.6) lies at the heart of many config-
urations [40], [41, Sect. 4]. We next show that this structure can equivalently be expressed as a
(1, t) LP-packing.

Proposition 3.4. Let G be an abelian group of order t2, let U1, . . . , Ut be t-subsets of G, and
let U0 be a subgroup of G of order t. Then {U0, U1, . . . , Ut} is a (t, t + 1) partial congruence
partition in G if and only if {U1 − 1G, . . . , Ut − 1G} is a (1, t) LP-packing in G relative to U0.

Proof. By Definition 2.6, {U0, U1, . . . , Ut} is a (t, t + 1) partial congruence partition in G if
and only if each of U1, . . . , Ut is a subgroup of G and

∑t
i=0 Ui = G + t1G. By Definitions 2.4

and 3.1, {U1 − 1G, . . . , Ut − 1G} is a (1, t) LP-packing in G relative to U0 if and only if each
of U1 − 1G, . . . , Ut − 1G is a regular (t2, t − 1, t − 2, 0) PDS in G and

∑t
i=1(Ui − 1G) =

G− U0. It is therefore sufficient to show for i = 1, . . . , t that Ui is a subgroup of G if and only
if Ui − 1G is a regular (t2, t− 1, t− 2, 0) partial difference set in G. This follows directly from
Definition 2.1.

The following result greatly constrains the degree of a partial congruence partition.
Result 3.5. Suppose there exists an (n, r) partial congruence partition of degree r in an abelian
group G of order n2. Then r 6 n+ 1, and

(i) if r > b
√
nc+ 2 then G is elementary abelian ([55, Thms. 3.1, 3.4]).

(ii) if r =
√
n + 1 then either G is elementary abelian or G = (Zp2)w for some prime p and

positive integer w ([56, Cor. 5.3]).

By Result 3.5 (i), a (t, t + 1) partial congruence partition in an abelian group G can exist
only when t = ps for some prime p and positive integer s, and G ∼= Z2s

p . By Proposition 3.4,
such a structure exists if and only if there is a (1, ps) LP-packing in G relative to an order ps
subgroup. We now show, in an example we shall refer to frequently in the rest of the paper, that
this structure exists for all primes p and positive integers s by reference to a spread of a vector
space over a finite field.

Definition 3.6. Let p be prime and s a positive integer, and let V be a 2s-dimensional vector
space over the field Fp with identity 1V . A spread of V is a (ps + 1)-set {H0, H1, . . . , Hps} of
s-dimensional vector subspaces of V such that Hi ∩Hj = {1V } for all i 6= j.
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Example 3.7. Let p be prime and s a positive integer, and let V be a 2s-dimensional vector
space over the field Fp with identity 1V . Then there exists a spread {H0, H1, . . . , Hps} of V
[53, Chap. VII, Sect. 5]. By Definitions 2.6 and 3.6, {H0, . . . , Hps} forms a (ps, ps + 1) partial
congruence partition in V , because Hi is a subgroup of order ps in V ∼= Z2s

p if and only if Hi

is an s-dimensional vector subspace of V . Then by Proposition 3.4 with t = ps, we see that
{H1 − 1V , . . . , Hps − 1V } is a (1, ps) LP-packing in V ∼= Z2s

p relative to H0
∼= Zsp, and by

Lemma 3.3 each nonprincipal character of V is principal on exactly one of H0, . . . , Hps .

Remark 3.8. According to Definition 3.1, a (c, t) LP-packing involves a collection of t disjoint
regular (tc, c) Latin square type PDSs in an abelian group G of order t2c2. Since this collection
covers all but tc elements of G, and each PDS contains c(tc − 1) elements, the collection has
maximum possible size when c > 1. The collection is not necessarily of maximum possible size
when c = 1: for p prime and t = ps, the (t, t+1) partial congruence partition of Example 3.7 is a
collection of t+ 1 disjoint regular (t, 1) Latin square type PDSs in the elementary abelian group
of order t2. However, as Result 3.5 shows, if we instead attempt to create a partial congruence
partition in a non-elementary abelian group of order t2 then the degree must drop from t +
1 to at most

⌊√
t
⌋

+ 1, covering a proportion of only about 1/
√
t of the elements of G. In

contrast, in Section 5 we shall provide constructions of (c, t) LP-packings with c > 1 in various
nonelementary abelian groups. For this reason, we regard a (c, t) LP-packing with c > 1 as a
natural generalization of a (t, t+ 1) partial congruence partition.

The characterization in Lemma 3.3, together with Lemma 2.5, shows that we can combine
subsets from an LP-packing to obtain Latin square type PDSs with various parameters.

Lemma 3.9. Suppose that {P1, . . . , Pt} is a (c, t) LP-packing in an abelian group G of order
t2c2 relative to a subgroup U of order tc. Let I be a b-subset of {1, . . . , t}. Then

(i)
∑

i∈I Pi is a regular (tc, bc) Latin square type PDS in G.

(ii)
∑

i∈I Pi + U − 1G is a regular (tc, bc+ 1) Latin square type PDS in G.

Remark 3.10. Suppose that {P1, . . . , Pt} is a (c, t) LP-packing in an abelian group G of order
t2c2 relative to a subgroup U of order tc.

(i) By Definition 3.1 and Lemma 3.9, we see that {P1, . . . , Pt−1, Pt + U − 1G} is a partition
of G − 1G into t regular partial difference sets in G, of which the first t − 1 are of (tc, c)
Latin square type and the last is of (tc, c+ 1) Latin square type.

(ii) For each i, let P̃ i = {χ ∈ Ĝ | χ(Pi) = (t − 1)c}. By Lemma 2.5, each P̃ i is a regular
(tc, c) Latin square type PDS in Ĝ, and by Lemma 3.3 each χ ∈ Ĝ\U⊥ belongs to exactly
one P̃ i and each χ ∈ U⊥ belongs to no P̃ i. By Definition 3.1, the collection {P̃1, . . . , P̃ t}
is therefore a (c, t) LP-packing in Ĝ relative to U⊥.

Combining the subsets of an LP-packing into equally-sized collections gives an LP-packing
with fewer subsets.
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Lemma 3.11. Suppose there exists a (c, t) LP-packing in an abelian group G of order t2c2
relative to a subgroup U of order tc, and suppose s divides t. Then there exists an (sc, t

s
) LP-

packing in G relative to U .

Proof. Let {P1, . . . , Pt} be a (c, t) LP-packing in G relative to U , and let

P ′i = Pis+1 + Pis+2 + · · ·+ Pis+s for i = 0, 1, . . . , t
s
− 1.

Then Lemma 3.3 shows that {P ′0, . . . , P ′t
s
−1} is an (sc, t

s
) LP-packing in G relative to U .

The following result, which is inspired by [36, Lemma 3.2], allows us to establish some
constraints on LP-packings in Proposition 3.13. These constraints assist in finding examples
computationally, as demonstrated in Example 3.14.

Lemma 3.12. LetG be a group of order n2 and let U be a subgroup of order n. Let {g0, g1, . . . ,
gn−1} be a complete set of right coset representatives for U in G, where Ug0 = U . Suppose P
is a regular (n, r) Latin square type PDS in G for which P ∩ U = ∅. Then |P ∩ Ugi| = r for
each i = 1, . . . , n− 1.

Proof. Since P ∩ U = ∅,

r(n− 1) = |P | =
n−1∑
i=1

|P ∩ Ugi|. (3.2)

For all x, y ∈ P , we have xy−1 ∈ U if and only if x, y belong to the same right coset of U .
Therefore

n−1∑
i=1

|P ∩ Ugi|2 =
∑
g∈U

[PP (−1)]g. (3.3)

Now P is an (n2, r(n− 1), n+ r2 − 3r, r2 − r) PDS in G, and so by (2.1)

PP (−1) = r(n− r) + (n− 2r)P + (r2 − r)G.

Since P ∩ U = ∅, this implies that∑
g∈U

[PP (−1)]g = r(n− r) + (r2 − r)n = r2(n− 1).

Substitution in (3.3) then gives

n−1∑
i=1

|P ∩ Ugi|2 = r2(n− 1),

which, by the Cauchy–Schwarz inequality and (3.2), gives |P∩Ugi| = r for each i = 1, . . . , n−1
as required.
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Proposition 3.13. Let G be an abelian group of order t2c2, and let U be a subgroup of G of
order tc. Let {g0, g1, . . . , gtc−1} be a complete set of right coset representatives for U in G,
where Ug0 = U , and define subsets S,N of {1, . . . , tc− 1} by

S = {j | Ugj = Ug−1j },
N contains exactly one of j, k when Ugj 6= Ug−1j = Ugk.

Suppose that {P1, . . . , Pt} is a (c, t) LP-packing inG relative to U . Then there are c-subsetsHij

of U for i = 1, . . . , t and j = 1, . . . , tc− 1 satisfying

Pi =
∑
j∈S

Hijgj +
∑
j∈N

(
Hijgj +H

(−1)
ij g−1j

)
for each i,

H
(−1)
ij g−1j = Hijgj for j ∈ S,

H
(−1)
ij g−1j = Hikgk for j ∈ N where Ug−1j = Ugk,

U =
t∑
i=1

Hij for each j.

Proof. By Definition 3.1, each Pi is a regular (tc, c) Latin square type PDS in G, and G− U is
the disjoint union of the Pi. Write

Pi =
tc−1∑
j=1

(Pi ∩ Ugj)

=
∑
j∈S

(Pi ∩ Ugj) +
∑
j∈N

(
(Pi ∩ Ugj) + (Pi ∩ Ug−1j )

)
. (3.4)

By Lemma 3.12, for each i = 1, . . . , t and each j = 1, . . . , tc− 1 we may write

Pi ∩ Ugj = Hijgj for some c-subset Hij of U.

Substitute in (3.4) and use Pi = P
(−1)
i to give

Pi =
∑
j∈S

Hijgj +
∑
j∈N

(
Hijgj +H

(−1)
ij g−1j

)
,

and the constraints H(−1)
ij g−1j = Hijgj for j ∈ S, and H(−1)

ij g−1j = Hikgk for j ∈ N where
Ug−1j = Ugk. For each j, we have Ugj =

∑t
i=1(Pi ∩ Ugj) =

∑t
i=1Hijgj and therefore

U =
∑t

i=1Hij .

Example 3.14. Using Proposition 3.13, we obtain the following exhaustive search results for
LP-packings in Z3

4 relative to two nonisomorphic order 8 subgroups.
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(i) There are exactly 1536 distinct (4, 2) LP-packings {P1, P2} in Z3
4 = 〈x, y, z〉 relative to

(2Z4)× (2Z4)× (2Z4) = 〈x2, y2, z2〉, one of which is

P1 =(1 + x2 + y2 + x2y2)x+ (x2 + x2y2 + z2 + y2z2)y + (x2 + x2z2 + y2 + y2z2)z

+ (y2 + z2 + x2 + x2y2z2)xy + (1 + x2 + z2 + x2z2)xz

+ (x2 + x2y2 + x2z2 + x2y2z2)yz + (y2 + z2 + x2y2 + x2z2)xyz,

P2 =〈x, y, z〉 − 〈x2, y2, z2〉 − P1.

The presented form of P1 shows that both P1 and P2 intersect the seven nonidentity cosets
of the subgroup 〈x2, y2, z2〉 in 〈x, y, z〉 in exactly 4 elements.

(ii) There are exactly 512 distinct (4, 2) LP-packings {R1, R2} in Z3
4 = 〈x, y, z〉 relative to

Z4 × (2Z4) = 〈x, y2〉, one of which is

R1 =(y2 + xy2 + x2y2 + x3)z + (x+ xy2 + x3 + x3y2)z2 + (y2 + x+ x2y2 + x3y2)z3

+ (x+ x2 + x2y2 + x3y2)y + (1 + x2 + x3 + x3y2)yz

+ (x+ x2 + x2y2 + x3y2)yz2 + (1 + x+ xy2 + x2)y3z3,

R2 =〈x, y, z〉 − 〈x, y2〉 −R1.

The presented form ofR1 shows that bothR1 andR2 intersect the seven nonidentity cosets
of the subgroup 〈x, y2〉 in 〈x, y, z〉 in exactly 4 elements.

We conclude this section with a product construction for LP-packings.

Theorem 3.15. For j = 1, 2, suppose there exists a (cj, t) LP-packing in an abelian group Gj

of order t2c2j relative to a subgroup Uj of order tcj . Then there exists a (tc1c2, t) LP-packing in
G1 ×G2 relative to U1 × U2.

Proof. For j = 1, 2, let {Pj,0, . . . , Pj,t−1} be a (cj, t) LP-packing in Gj relative to Uj and define

K` = P1,`U2 + U1P2,` +
t−1∑
i=0

P1,iP2,i+` for ` = 0, . . . , t− 1,

where the subscript i+` is reduced modulo t. We shall use Lemma 3.3 to show that {K0, K1, . . . ,
Kt−1} is a (tc1c2, t) LP-packing in G1 ×G2 relative to U1 × U2.

Each Pj,i is a cj(tcj − 1)-subset of Gj − Uj , so each K` is a subset of G1 × G2 of size
c1(tc1 − 1)tc2 + tc1c2(tc2 − 1) +

∑t−1
i=0 c1(tc1 − 1)c2(tc2 − 1) = tc1c2(t

2c1c2 − 1). Let χ be a
nonprincipal character of G1 ×G2, and let χj = χ|Gj for j = 1, 2. Then

χ(K`) = χ1(P1,`)χ2(U2) + χ1(U1)χ2(P2,`) +
t−1∑
i=0

χ1(P1,i)χ2(P2,i+`) for ` = 0, . . . , t− 1.

By Lemma 3.3, it remains to prove that

{χ(K0), . . . , χ(Kt−1)} =

{
{−tc1c2, . . . ,−tc1c2} if χ ∈ (U1 × U2)

⊥,
{t(t− 1)c1c2,−tc1c2, . . . ,−tc1c2} if χ /∈ (U1 × U2)

⊥.
(3.5)
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For j = 1, 2, by Lemma 3.3 we are given that

{χj(Pj,0), . . . , χj(Pj,t−1)} =


{cj(tcj − 1), . . . , cj(tcj − 1)} if χj ∈ G⊥j ,
{−cj, . . . ,−cj} if χj ∈ U⊥j \G⊥j ,
{(t− 1)cj,−cj, . . . ,−cj} if χj /∈ U⊥j .

Since χ is nonprincipal on G1 × G2, we may assume by symmetry that χ2 is nonprincipal on
G2. Again by symmetry, we need to consider only the following three cases, which together
establish (3.5).
Case 1: χ1 is principal on U1 and χ2 is principal on U2.

Then χ1(P1,i) is constant over i (regardless of whether χ1 is principal or nonprincipal on
G1), so χ(K`) = χ1(P1,`)tc2 + tc1(−c2) + χ1(P1,`)

∑t−1
i=0(−c2) = −tc1c2 for each `.

Case 2: χ1 is principal on U1 and χ2 is nonprincipal on U2.
Then χ1(P1,i) is again constant over i and

∑t−1
i=0 χ2(P2,i) = 0, so χ(K`) = tc1χ2(P2,`)

which gives {χ(K0), . . . , χ(Kt−1)} = {t(t− 1)c1c2,−tc1c2, . . . ,−tc1c2}.

Case 3: χ1 is nonprincipal on U1 and χ2 is nonprincipal on U2.
Then χ(K`) =

∑t−1
i=0 χ1(P1,i)χ2(P2,i+`), so the multiset {χ(K0), . . . , χ(Kt−1)} contains

one occurrence of the value (t− 1)c1(t− 1)c2 + (t− 1)(−c1)(−c2) = t(t− 1)c1c2, and
t− 1 occurrences of the value (t− 1)c1(−c2) + (−c1)(t− 1)c2 + (t− 2)(−c1)(−c2) =
−tc1c2.

Remark 3.16. The construction of Theorem 3.15 is closely modelled on the product construc-
tion for collections of Latin square type PDSs presented by Polhill in [82, Thm. 2.2]. Indeed, the
configuration described in [82, Lemma 2.1] for e = 1 can be represented as {P1, . . . , Pt−1, Pt +
U−1G}, where {P1, . . . , Pt} is a (c, t) LP-packing inG relative to U (see also Remark 3.10 (i)).
Our construction has the advantage that, by identifying the role of the avoided subgroup U in
the definition of an LP-packing, we are able to control the avoided subgroup U1 × U2 in Theo-
rem 3.15.

We extend the construction of Theorem 3.15 using Lemma 3.11.
Corollary 3.17. For j = 1, 2, suppose there exists a (cj, tj) LP-packing in an abelian group Gj

of order t2jc2j relative to a subgroup Uj of order tjcj , and suppose that t1 divides t2. Then there
exists a (t2c1c2, t1) LP-packing in G1 ×G2 relative to U1 × U2.

Proof. By Lemma 3.11 with s = t2
t1

, there exists a ( t2
t1
c2, t1) LP-packing in G2 relative to U2.

Then by Theorem 3.15, there exists a (t2c1c2, t1) LP-packing inG1×G2 relative to U1×U2.

4. LP-partitions

In this section, we introduce a (c, t) LP-partition as an auxiliary configuration in the construction
of an LP-packing in a larger group from an LP-packing in a smaller group. We then show how
to construct an LP-partition from a collection of LP-partitions in various factor groups. We
shall apply these two constructions recursively in Section 5 to produce infinite families of LP-
packings.
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Definition 4.1 (LP-partition). Let t > 1 and c > 0 be integers. Let G be an abelian group of
order t2c2, let V be a subgroup ofG of order tc2, and letH 6 V . A (c, t) LP-partition inG−V
relative to H is a collection {R1, . . . , Rt} of t disjoint (t − 1)c2-subsets of G whose union is
G− V and for which the multiset equality

{χ(R1), . . . , χ(Rt)} =


{−c2, . . . ,−c2} if χ ∈ V ⊥,
{0, . . . , 0} if χ ∈ H⊥ \ V ⊥,
{(t− 1)c,−c, . . . ,−c} if χ /∈ H⊥.

holds for all nonprincipal characters χ of G.

Remark 4.2.

(i) In Definition 4.1, we can deduce that theRi are disjoint and their union isG−V from the
other conditions, by applying the Fourier inversion formula to the equation

χ
( t∑
i=1

Ri

)
=


t(t− 1)c2 if χ ∈ G⊥,
−tc2 if χ ∈ V ⊥ \G⊥,
0 if χ /∈ V ⊥.

(ii) Each subset of a (c, t) LP-partition in G− V relative to H is a (G, V,H; c) Latin shell, as
introduced in [52, Defn. 3.1] as an auxiliary configuration in the construction of a single
Latin square type PDS.

A simple example of an LP-partition is given by a spread of a vector space (see Defini-
tion 3.6).

Example 4.3. By Lemma 3.3 and Definition 4.1, a (1, t) LP-packing inG relative to U is identi-
cal to a (1, t) LP-partition inG−U relative to U . Let t = ps for a prime p and positive integer s,
and let V be a 2s-dimensional vector space over Fp with identity 1V . Let {H0, . . . , Hps} be a
spread of V ∼= Z2s

p . Following Example 3.7, {H1 − 1V , . . . , Hps − 1V } is therefore a (1, ps)
LP-partition in V −H0 relative to H0 as well as a (1, ps) LP-packing in V relative to H0.

We next combine the subsets of an LP-partition with the subsets obtained by lifting an LP-
packing, in order to produce an LP-packing in a larger group.

Theorem 4.4. LetG be an abelian group of order t4c2 containing subgroupsH 6 U 6 V 6 G,
where H , U , V have order t, t2c, t3c2, respectively. Suppose there exists a (tc, t) LP-partition
in G − V relative to H , and a (c, t) LP-packing in V/H relative to U/H . Then there exists a
(tc, t) LP-packing in G relative to U .

Proof. Let {R1, . . . , Rt} be a (tc, t) LP-partition in G − V relative to H , and let {P1, . . . , Pt}
be a (c, t) LP-packing in V/H relative to U/H . For i = 1, . . . , t, let P ′i = {g ∈ V | gH ∈ Pi}
be the pre-image of Pi under the quotient mapping from V to V/H . We shall use Lemma 3.3 to
show that {P ′1 +R1, . . . , P

′
t +Rt} is a (tc, t) LP-packing in G relative to U .
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Each Pi is a c(tc − 1)-subset of V/H − U/H by Definition 3.1, so each P ′i is a tc(tc − 1)-
subset of V − U . Since each Ri is a (t − 1)(tc)2-subset of G − V by Definition 4.1, it follows
that each P ′i +Ri is a subset of G of size |P ′i |+ |Ri| = tc(t2c− 1).

By Lemma 3.3, for all characters ψ of V/H we have

{ψ(P1), . . . , ψ(Pt)} =


{c(tc− 1), . . . , c(tc− 1)} if ψ ∈ (V/H)⊥,
{−c, . . . ,−c} if ψ ∈ (U/H)⊥ \ (V/H)⊥,
{(t− 1)c,−c, . . . ,−c} if ψ /∈ (U/H)⊥.

Let χ be a nonprincipal character of G. If χ is principal on H then it induces a nonprincipal
character ψ on G/H . Since P ′i is a union of cosets of the order t subgroup H , we obtain

χ(P ′i ) =

{
tψ(Pi) if χ ∈ H⊥,
0 if χ /∈ H⊥.

Therefore the value of {χ(P ′1), . . . , χ(P ′t)} is as specified in the second column of the following
table:

{χ(P ′1), . . . , χ(P ′t)} {χ(R1), . . . , χ(Rt)} {χ(P ′1 +R1), . . . , χ(P ′t +Rt)}

χ ∈ V ⊥ \G⊥ {tc(tc− 1), . . . , tc(tc− 1)} {−t2c2, . . . ,−t2c2}
{−tc, . . . ,−tc}

χ ∈ U⊥ \ V ⊥ {−tc, . . . ,−tc}
{0, . . . , 0}

χ ∈ H⊥ \ U⊥ {t(t− 1)c,−tc, . . . ,−tc}
{t(t− 1)c,−tc, . . . ,−tc}

χ /∈ H⊥ {0, . . . , 0} {t(t− 1)c,−tc, . . . ,−tc}

By Definition 4.1, the value of {χ(R1), . . . , χ(Rt)} is as given in the third column of the
table, and the fourth column contains the sum of the second and third columns. Lemma 3.3 then
implies that {P ′1 +R1, . . . , P

′
t +Rt} is a (tc, t) LP-packing in G relative to U , as required.

Remark 4.5. Lifting constructions similar to that of Theorem 4.4 were proposed in [48], [50,
Sects. 4, 5], [52], each producing a single Latin square type partial difference set. These previous
constructions make use of the delicate structure of finite local rings. In contrast, the construction
of Theorem 4.4 applies simultaneously to a collection of such partial difference sets, and does
not require ring theory.

We now construct an LP-partition by lifting and combining the subsets of a collection of
LP-partitions in various factor groups. The construction makes use of two spreads of a vector
space over a finite field (as introduced in Definition 3.6).

Theorem 4.6. Let t = ps for a prime p and positive integer s. Let G be an abelian group
of order t4c2 containing subgroups Q 6 G′ 6 G, where Q ∼= Z2s

p and G/G′ ∼= Z2s
p . Let

H0, . . . , Ht be subgroups ofG forming a spread when viewed as subgroups ofQ. Let V0, . . . , Vt
be subgroups of G for which {V0/G′, . . . , Vt/G′} is a spread of G/G′, and for which Hi 6 Vi
for each i = 1, . . . , t. Suppose that for each i = 1, . . . , t there exists a (c, t) LP-partition in
Vi/Hi − G′/Hi relative to Q/Hi. Then there exists a (tc, t) LP-partition in G − V0 relative
to H0.
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Proof. For each i = 1, . . . , t, let {Si1, . . . , Sit} be a (c, t) LP-partition in Vi/Hi−G′/Hi relative
toQ/Hi. By Definition 4.1, for each i = 1, . . . , t and for all nonprincipal characters ψi of Vi/Hi

we have

{ψi(Si1), . . . , ψi(Sit)} =


{−c2, . . . ,−c2} if ψi ∈ (G′/Hi)

⊥,

{0, . . . , 0} if ψi ∈ (Q/Hi)
⊥ \ (G′/Hi)

⊥,
{(t− 1)c,−c, . . . ,−c} if ψi /∈ (Q/Hi)

⊥.

For each i, j satisfying 1 6 i, j 6 t, let S ′ij = {g ∈ Vi | gHi ∈ Sij} be the pre-image of Sij
under the quotient mapping from Vi to Vi/Hi, and let Rj =

∑t
i=1 S

′
ij for j = 1, . . . , t. We shall

show that {R1, . . . , Rt} is a (tc, t) LP-partition in G− V0 relative to H0.
By Definition 4.1, each Sij is a (t − 1)c2-subset of Vi/Hi − G′/Hi, and so each S ′ij is a

t(t − 1)c2-subset of Vi − G′. By Example 3.7, the Vi/G′ − 1G/G′ are disjoint in G/G′ and so
the Vi − G′ are disjoint in G. Therefore each Rj =

∑t
i=1 S

′
ij is a t2(t − 1)c2-subset of G. By

Definition 4.1 and Remark 4.2 (i), it is now sufficient to show that, for all nonprincipal characters
χ of G,

{χ(R1), . . . , χ(Rt)} =


{−t2c2, . . . ,−t2c2} if χ ∈ V ⊥0 ,
{0, . . . , 0} if χ ∈ H⊥0 \ V ⊥0 ,
{t(t− 1)c,−tc, . . . ,−tc} if χ /∈ H⊥0 .

(4.1)

Let χ be a nonprincipal character of G. Since the Hi correspond to a spread of Q, if χ
is nonprincipal on Q, then χ is principal on exactly one of the Hi (see Example 3.7). If χ is
nonprincipal on Vi and principal on Hi, then χ induces a nonprincipal character ψi on Vi/Hi;
since each S ′ij is a union of cosets of the order t subgroup Hi, we have for each i, j satisfying
1 6 i, j 6 t that

χ(S ′ij) =

{
tψi(Sij) if χ ∈ H⊥i \ V ⊥i ,
0 if χ /∈ H⊥i .

If χ is principal onG′ then it induces a nonprincipal character τ onG/G′; since the Vi/G′ form a
spread ofG/G′, we then have that τ is principal on exactly one of the Vi/G′ and so χ is principal
on exactly one of the Vi. We shall use the subgroup inclusions

Hi 6 Q 6 G′ 6 Vi for each i = 0, . . . , t. (4.2)

The conclusions of the following five cases collectively establish (4.1).

Case 1: χ is principal on V0.
Then by (4.2), χ is principal on G′ and on each Hi. For each i = 1, . . . , t, therefore χ is
nonprincipal on Vi and principal onG′/Hi. For each j, we obtain χ(Rj) =

∑t
i=1 χ(S ′ij) =

t
∑t

i=1 ψi(Sij) = t
∑t

i=1(−c2) = −t2c2.

Case 2: χ is principal on G′ and nonprincipal on V0.
Then by (4.2), χ is principal on each Hi. Therefore χ is principal on each G′/Hi and
on exactly one of V1, . . . , Vt, say VI . For each j, we obtain χ(Rj) =

∑t
i=1 χ(S ′ij) =

|S ′Ij|+ t
∑

16i6t, i 6=I ψi(Sij) = t(t− 1)c2 + t
∑

16i6t, i 6=I(−c2) = 0.
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Case 3: χ is principal on Q and nonprincipal on G′.
Then by (4.2), χ is principal on each Hi and nonprincipal on each Vi. Therefore χ is
principal on each Q/Hi and nonprincipal on each G′/Hi. For each j, we obtain χ(Rj) =
t
∑t

i=1 ψi(Sij) = 0.

Case 4: χ is principal on H0 and nonprincipal on Q.
Then for i = 1, . . . , t, we have that χ is nonprincipal on Hi and so χ(S ′ij) = 0 for each j.
Therefore χ(Rj) = 0 for each j.

Case 5: χ is nonprincipal on H0.
By (4.2), χ is nonprincipal on Q and on each Vi. Therefore χ is principal on exactly one
of H1, . . . , Ht, say HI , and is nonprincipal on Q/HI . For each j, we obtain χ(Rj) =
tψI(SIj) and so {χ(R1), . . . , χ(Rt)} = {t(t− 1)c,−tc, . . . ,−tc}.

The following example illustrates the use of Theorems 4.4 and 4.6 to construct a (4, 4) LP-
packing in Z4

4 relative to each of the order 16 subgroups Z4× (2Z4)
2 and Z2

4 and (2Z4)
4 in turn,

starting from a spread of F2
4. In Section 5 we shall show how to apply this procedure recursively

to produce infinite families of LP-packings and LP-partitions in groups of increasing exponent
and fixed rank.

Example 4.7. Let (F4,⊕, ·) = {0, 1, α, α2}, where α2 = α ⊕ 1. Then a spread of (F2
4,⊕)

is
{
〈(1, 0)〉, 〈(0, 1)〉, 〈(1, 1)〉, 〈(α, 1)〉, 〈(α ⊕ 1, 1)〉

}
. Using the isomorphism from (F2

4,⊕) to
Z4

2 = 〈y1, y2, y3, y4〉 given by (1, 0) 7→ y1, (α, 0) 7→ y2, (0, 1) 7→ y3, (0, α) 7→ y4, this spread in
multiplicative notation is{

〈y1, y2〉, 〈y3, y4〉, 〈y1y3, y2y4〉, 〈y2y3, y1y2y4〉, 〈y1y2y3, y1y4〉
}
. (4.3)

Let

S1(y1, y2, y3, y4) = y3 + y4 + y3y4,

S2(y1, y2, y3, y4) = y1y3 + y2y4 + y1y2y3y4,

S3(y1, y2, y3, y4) = y2y3 + y1y2y4 + y1y3y4,

S4(y1, y2, y3, y4) = y1y2y3 + y1y4 + y2y3y4.

Then by Examples 3.7 and 4.3,{
S1(y1, y2, y3, y4), S2(y1, y2, y3, y4), S3(y1, y2, y3, y4), S4(y1, y2, y3, y4)

}
(4.4)

is both a (1, 4) LP-partition in 〈y1, y2, y3, y4〉− 〈y1, y2〉 ∼= Z4
2−Z2

2 relative to 〈y1, y2〉 ∼= Z2
2, and

a (1, 4) LP-packing in 〈y1, y2, y3, y4〉 = Z4
2 relative to 〈y1, y2〉 ∼= Z2

2.
Let G = Z4

4 = 〈x1, x2, x3, x4〉. We firstly use Theorem 4.6 to construct a (4, 4) LP-partition
inG−〈x1, x2, x23, x24〉 = Z4

4−Z2
4× (2Z4)

2 relative to 〈x21, x22〉 ∼= Z2
2. LetQ = 〈x21, x22, x23, x24〉 ∼=

Z4
2, and let G′ = 〈x21, x22, x23, x24〉 so that G/G′ ∼= Z4

2. With reference to (4.3), the subgroups

H0 = 〈x21, x22〉, H1 = 〈x23, x24〉, H2 = 〈x21x23, x22x24〉,
H3 = 〈x22x23, x21x22x24〉, H4 = 〈x21x22x23, x21x24〉
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form a spread when viewed as subgroups of Q. Let

V0 = 〈x1, x2, x23, x24〉, V1 = 〈x21, x22, x3, x4〉, V2 = 〈x21, x22, x1x3, x2x4〉,
V3 = 〈x21, x22, x2x3, x1x2x4〉, V4 = 〈x21, x22, x1x2x3, x1x4〉,

so that, with reference to (4.3), {V0/G′, V1/G′, V2/G′, V3/G′, V4/G′} is a spread of G/G′ and
Hi 6 Vi for i = 1, 2, 3, 4. Then the factor groups Vi/Hi, G

′/Hi, Q/Hi take the following form
for i = 1, 2, 3, 4:

i Vi/Hi G′/Hi Q/Hi

1 〈x21H1, x
2
2H1, x3H1, x4H1〉 ∼= Z4

2 〈x21H1, x
2
2H1〉 ∼= Z2

2 〈x21H1, x
2
2H1〉 ∼= Z2

2

2 〈x21H2, x
2
2H2, x1x3H2, x2x4H2〉 ∼= Z4

2 〈x21H2, x
2
2H2〉 ∼= Z2

2 〈x21H2, x
2
2H2〉 ∼= Z2

2

3 〈x21H3, x
2
2H3, x2x3H3, x1x2x4H3〉 ∼= Z4

2 〈x21H3, x
2
2H3〉 ∼= Z2

2 〈x21H3, x
2
2H3〉 ∼= Z2

2

4 〈x21H4, x
2
2H4, x1x2x3H4, x1x4H4〉 ∼= Z4

2 〈x21H4, x
2
2H4〉 ∼= Z2

2 〈x21H4, x
2
2H4〉 ∼= Z2

2

Since (4.4) is a (1, 4) LP-partition in 〈y1, y2, y3, y4〉 − 〈y1, y2〉 relative to 〈y1, y2〉, where
〈y1, y2, y3, y4〉 = Z4

2, it follows for i = 1, 2, 3, 4 that the 4 subsets of Vi/Hi shown in row i of the
following table form a (1, 4) LP-partition in Vi/Hi −G′/Hi relative to Q/Hi:

S1(x
2
1, x

2
2, x3, x4)H1 S2(x

2
1, x

2
2, x3, x4)H1 S3(x

2
1, x

2
2, x3, x4)H1 S4(x

2
1, x

2
2, x3, x4)H1

S1(x
2
1, x

2
2, x1x3, x2x4)H2 S2(x

2
1, x

2
2, x1x3, x2x4)H2 S3(x

2
1, x

2
2, x1x3, x2x4)H2 S4(x

2
1, x

2
2, x1x3, x2x4)H2

S1(x
2
1, x

2
2, x2x3, x1x2x4)H3 S2(x

2
1, x

2
2, x2x3, x1x2x4)H3 S3(x

2
1, x

2
2, x2x3, x1x2x4)H3 S4(x

2
1, x

2
2, x2x3, x1x2x4)H3

S1(x
2
1, x

2
2, x1x2x3, x1x4)H4 S2(x

2
1, x

2
2, x1x2x3, x1x4)H4 S3(x

2
1, x

2
2, x1x2x3, x1x4)H4 S4(x

2
1, x

2
2, x1x2x3, x1x4)H4

Now regard each entry of the above table as a 12-subset of G, by interpreting Hi as the sum
of four elements in G. By Theorem 4.6, summing the entries in each column of the table then
gives a (4, 4) LP-partition {R1, R2, R3, R4} in G− V0 relative to H0.

We next use Theorem 4.4 to construct a (4, 4) LP-packing in G = Z4
4 relative to U =

〈x1, x22, x23〉 ∼= Z4 × (2Z4)
2. We have V0/H0 = 〈x1H0, x2H0, x

2
3H0, x

2
4H0〉 ∼= Z4

2 and U/H0 =
〈x1H0, x

2
3H0〉 ∼= Z2

2. Since (4.4) is a (1, 4) LP-packing in 〈y1, y2, y3, y4〉 = Z4
2 relative to 〈y1, y2〉,

it follows that{
S1(x1, x

2
3, x2, x

2
4)H0, S2(x1, x

2
3, x2, x

2
4)H0, S3(x1, x

2
3, x2, x

2
4)H0, S4(x1, x

2
3, x2, x

2
4)H0

}
is a (1, 4) LP-packing in V0/H0 relative to U/H0. Regard each of these subsets as a 12-subset
of G, by interpreting H0 as the sum of four elements in G. Then by Theorem 4.4,{

R1 + S1(x1, x
2
3, x2, x

2
4)H0, R2 + S2(x1, x

2
3, x2, x

2
4)H0,

R3 + S3(x1, x
2
3, x2, x

2
4)H0, R4 + S4(x1, x

2
3, x2, x

2
4)H0

}
is a (4, 4) LP-packing in G relative to U .

Using the same (4, 4) LP-partition {R1, R2, R3, R4}, we can similarly use Theorem 4.4 to
construct a (4, 4) LP-packing in G relative to the subgroup U ′ = 〈x1, x2〉 ∼= Z2

4 and to U ′′ =
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〈x21, x22, x23, x24〉 ∼= (2Z4)
4. Following the above procedure, and using U ′/H0 = 〈x1H0, x2H0〉 ∼=

Z2
2 and U ′′/H0 = 〈x23H0, x

2
4H0〉 ∼= Z2

2, shows that{
R1 + S1(x1, x2, x

2
3, x

2
4)H0, R2 + S2(x1, x2, x

2
3, x

2
4)H0,

R3 + S3(x1, x2, x
2
3, x

2
4)H0, R4 + S4(x1, x2, x

2
3, x

2
4)H0

}
is a (4, 4) LP-packing in G relative to U ′, and that{

R1 + S1(x
2
3, x

2
4, x1, x2)H0, R2 + S2(x

2
3, x

2
4, x1, x2)H0,

R3 + S3(x
2
3, x

2
4, x1, x2)H0, R4 + S4(x

2
3, x

2
4, x1, x2)H0

}
is a (4, 4) LP-packing in G relative to U ′′.

5. Recursive Construction of LP-partitions and LP-packings

In this section, we recursively construct infinite families of LP-partitions and LP-packings, as
shown schematically in Figure 5.1. On the right side of the figure, we iteratively use Theorem 4.6
to produce an LP-partition in the group Z2s

pa −Zspa × (pZpa)s relative to H0
∼= Zsp by lifting with

respect to Hi
∼= Zsp an LP-partition in a factor group, for each i = 1, . . . , ps (see Theorem 5.2).

On the left side of the figure, we iteratively use Theorem 4.4 to produce an LP-packing in Z2s
pa

relative to an order pas subgroup, by lifting with respect to H0 an LP-packing in a factor group
and taking the union of the resulting subsets with the subsets of the LP-partition at the same
height (see Theorem 5.3).

We begin with a technical lemma.

Lemma 5.1. Let p be prime, and let s and a1, . . . , a2s be positive integers. Let G =
∏2s

j=1 Zpaj ,
and let Q be the unique subgroup of G isomorphic to Z2s

p . Let H0, . . . , Hps be a spread of Q,
where (without loss of generality)H0 is contained in the first s direct factors ofG. Then for each
i = 1, . . . , ps, we have G/Hi

∼=
∏s

j=1 Zpaj ×
∏2s

j=s+1 Zpaj−1 , and the quotient group Q/Hi is
contained in the first s direct factors of G/Hi.

Proof. Fix i ∈ {1, . . . , ps}. Since Q = H0Hi, we can choose a set of generators for Q (de-
pending on i) so that Hi is contained in the last s direct factors of Q. Therefore G/Hi

∼=∏s
j=1 Zpaj ×

∏2s
j=s+1 Zpaj−1 . Let the first s direct factors of G be 〈x1, . . . , xs〉, so that the

first s direct factors of G/Hi are 〈x1Hi, . . . , xsHi〉. Since H0 = 〈xp
a1−1

1 , . . . , xp
as−1

s 〉, we have
Q/Hi = 〈xp

a1−1

1 Hi, . . . , x
pas−1

s Hi〉. Therefore Q/Hi is contained in the first s direct factors
of G/Hi.

We now apply Theorem 4.6 iteratively to produce an infinite family of LP-partitions.

Theorem 5.2. Let p be prime, let a, s be positive integers, and let G = Z2s
pa . Let H0 and V0 be

the unique subgroups of G for which H0
∼= Zsp is contained in the first s direct factors of G and

V0 ∼= Zspa × Zspa−1 satisfies V0/H0
∼= Z2s

pa−1 . Then there exists a (p(a−1)s, ps) LP-partition in
G− V0 relative to H0.
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(1, ps) LP-packing in Z2s
p

relative to order ps subgroup

6

Lift using H0

(1, ps) LP-partition in
Z2s
p − Zsp relative to H0

∼= Zsp

6

Lift using
H1, . . . , Hps

(ps, ps) LP-packing in Z2s
p2

relative to order p2s subgroup

6

Lift using H0

(ps, ps) LP-partition in
Z2s
p2 − Zsp2 × (pZp2)s relative to H0

∼= Zsp

6

�

Lift using
H1, . . . , Hps

(p2s, ps) LP-packing in Z2s
p3

relative to order p3s subgroup

6

Lift using H0

(p2s, ps) LP-partition in
Z2s
p3 − Zsp3 × (pZp3)s relative to H0

∼= Zsp

6

�

Lift using
H1, . . . , Hps

rr rr

Figure 5.1: Recursive construction of LP-packings and LP-partitions according to Theorems 5.2
and 5.3.

Proof. The proof is by induction on a > 1. The case a = 1 is given by Example 4.3. Suppose
that all cases up to a − 1 > 1 are true. Let Q and G′ be the unique subgroups of G for which
Q ∼= Z2s

p and G′ ∼= Z2s
pa−1 . Since G/G′ ∼= Z2s

p , by Example 3.7 there exists a spread in G/G′
one of whose elements we may take to be V0/G′. Let the remaining elements of this spread
be V1/G′, . . . , Vps/G′, where V1, . . . , Vps are subgroups of G containing G′. Let φ be a group
isomorphism from G/G′ to Q for which φ(V0/G

′) = H0, and let Hi = φ(Vi/G
′) for i =

1, . . . , ps. Since {V0/G′, . . . , Vps/G′} is a spread of G/G′, it follows that {H0, . . . , Hps} is a
spread ofQ. Furthermore, for each iwe haveHi 6 Q 6 G′ 6 Vi and thereforeHi is a subgroup
of Vi, and Vi/Hi

∼= G′.
Let i ∈ {1, . . . , ps}. By construction, we have Hi 6 Vi and Vi/Hi

∼= G′ ∼= Z2s
pa−1 . By

Lemma 5.1, we have G′/Hi
∼= Zspa−1 × Zspa−2 and Q/Hi

∼= Zsp, and Q/Hi is contained in the
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first s direct factors of Vi/Hi. We also have (G′/Hi)/(Q/Hi) ∼= G′/Q ∼= Z2s
pa−2 . Therefore by

the inductive hypothesis there exists a (p(a−2)s, ps) LP-partition in Vi/Hi − G′/Hi relative to
Q/Hi. Then by Theorem 4.6 there exists a (ps ·p(a−2)s, ps) LP-partition inG−V0 relative toH0,
so the case a is true.

We now apply Theorem 4.4 iteratively, making use of the LP-partitions constructed in Theo-
rem 5.2, to produce an infinite family of LP-packings in groups of increasing exponent relative to
an arbitrary subgroup of the appropriate order. The initial LP-packing in an elementary abelian
group is obtained from a spread.

Theorem 5.3. Let p be prime, and let a, s be positive integers. Let G = Z2s
pa and let U be a

subgroup of G of order pas. Then there exists a (p(a−1)s, ps) LP-packing in G relative to U .

Proof. The proof is by induction on a > 1. The case a = 1 follows from the construction of a
spread in Example 3.7, because by a suitable choice of generators of G = Z2s

p we may assume
that the element H0 of the spread is U .

Suppose that all cases up to a− 1 > 1 are true. Since U is a subgroup of G of order pas, it
has at most s direct factors isomorphic to Zpa and has rank at least s. We may therefore choose
V0 ∼= Zspa×Zspa−1 for whichU 6 V0 6 G, and also assume that the subgroup of V0 isomorphic to
Zspa is contained in the first s direct factors ofG and has intersection of rank swith U . Therefore
U contains a subgroup H0

∼= Zsp for which H0 is contained in the first s direct factors of G. We
then have V0/H0

∼= Z2s
pa−1 and |U/H0| = p(a−1)s.

Then by Theorem 5.2, there exists a (p(a−1)s, ps) LP-partition in G − V0 relative to H0.
By the inductive hypothesis, there exists a (p(a−2)s, ps) LP-packing in V0/H0 relative to U/H0.
Therefore by Theorem 4.4, there exists a (p(a−1)s, ps) LP-packing in G relative to U , so the case
a is true.

The construction process illustrated in Figure 5.1 shares many features with the recursive
construction of difference sets from relative difference sets introduced in [33], which is illus-
trated in [34] using an analogous representation to Figure 5.1. In both settings, an ingredient
on the left side is lifted from a factor group and combined with an ingredient on the right side
to form a larger example on the left side; and multiple instances of an ingredient on the right
side are lifted from factor groups and combined to form a larger example on the right side. The
ingredients in [33] corresponding to an LP-packing and an LP-partition are, respectively, a cov-
ering extended building set for constructing a difference set, and a building set for constructing
a relative difference set. However, in [33] the ingredients are placed into distinct cosets of a sub-
group and so can be combined without regard to their intersections as subsets of the subgroup.
In contrast, in the construction of Theorem 4.4, the lifted subset P ′j of an LP-packing is com-
bined with the subset Rj of an LP-partition by taking their union. Likewise, in the construction
of Theorem 4.6, the subsets of the ith LP-partition are lifted to S ′i1, . . . , S ′it, and then subset Rj

of the new LP-partition is formed as the union of S ′1j, . . . , S ′tj (with one lifted subset derived
from each of the t LP-partitions). This leads to an additional constraint, that the subsets P ′j and
S ′1j, . . . , S

′
tj must be disjoint for each j.

We now extend Theorem 5.3 using constructions from Section 3 in order to obtain the result
stated in Theorem 1.1.
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Corollary 5.4. Let p be prime, let s1, . . . , sv be nonnegative integers (not all zero), and let
m = min{si | si > 0}. For each i = 1, . . . , v, let Gi = Z2si

pi
and let Ui be a subgroup

of Gi of order pisi . Let G =
∏v

i=1Gi, let U =
∏v

i=1 Ui, and let n =
√
|G|. Then for each

j = 0, . . . ,m− 1, there exists an
(

n
pm−j

, pm−j
)

LP-packing in G relative to U .

Proof. For each i = 1, . . . , v for which si > 0, by Theorem 5.3 there exists a (p(i−1)si , psi)
LP-packing in Gi relative to Ui. By a straightforward induction, Corollary 3.17 then gives an(
n
pm
, pm

)
LP-packing inG relative toU . For j ∈ {0, . . . ,m−1}, apply Lemma 3.11 with s = pj

to give an
(

n
pm−j

, pm−j
)

LP-packing in G relative to U .

Remark 5.5. By Definition 3.1, the constructed LP-packing in Corollary 5.4 is a collection of
pm−j disjoint regular

(
n, n

pm−j

)
Latin square type PDSs in G avoiding U . By Lemma 3.9, we

also obtain a regular Latin square type PDS in G with parameters (n, r) and (n, r+ 1), for each
positive integer multiple r of n

pm−j
satisfying r 6 n.

This improves on numerous previous constructions of PDSs in three respects: by construct-
ing a collection of disjoint PDSs in G where previously only a single PDS was constructed; by
identifying the order n subgroup U and showing it can be chosen arbitrarily; and by produc-
ing Latin square type PDSs with new parameters (n, r). We give an illustrative selection of
examples.

(i) Result 2.7 constructs a single regular (n, r) Latin square type PDS in G for each positive
integer r 6 pm + 1, whereas the case j = 0 of Corollary 5.4 gives a disjoint collection of
pm such PDSs with r = n

pm
.

(ii) Result 2.8 (iii) constructs a regular (n, r) Latin square type PDS in G for each positive
integer multiple r of n

p gcd(s1,...,sv)
satisfying r 6 n, whereas the case j = 0 of Corollary 5.4

gives such a PDS for each positive integer multiple r of n
pm

satisfying r 6 n and whose
parameters therefore differ when m > gcd(s1, . . . , sv).

(iii) The LP-packing of [82, Cor. 6.2] described in Table 1.1 is a disjoint collection of p regular
(n, n

p
) PDSs in certain groups G constrained to have at most one direct factor with an

exponent that is an odd power of p, whereas the case j = m − 1 of Corollary 5.4 gives
such disjoint collections of PDSs without this constraint.

(iv) In each group for which the lifting approach in [48], [50, Sects. 4, 5], [52] constructs a sin-
gle PDS, Corollary 5.4 provides a collection of disjoint PDSs having the same parameters
and avoiding an arbitrary order n subgroup U of G.

(v) Result 2.9 constructs a partition ofG− 1G into p regular PDSs inG, of which p− 1 are of
(n, n

p
) Latin square type and one is of

(
n, n

p
+1
)

Latin square type, whereG is constrained
to have s2i+1 = 0 for each i > 0. In contrast, by applying Remark 3.10 (i) to the case
j = 0 of Corollary 5.4 we obtain a partition of G − 1G into pm regular PDSs in G, of
which pm−1 are of

(
n, n

pm

)
Latin square type and one is of

(
n, n

pm
+1
)

Latin square type,
without constraining G.
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The LP-packings in Corollary 5.4 are all contained in p-groups of the form H ×H , having
even rank. We now extend this result to p-groups of odd rank, starting from the following infinite
family of odd rank examples that was obtained from an elegant construction using Galois rings.
(We could likewise make use of the further odd rank example of Example 3.14 (ii), relative to
a nonelementary abelian group.)
Result 5.6 ([51, Lem. 3.1]). Let p be prime and let w > 1 be an odd integer. Then there exists a
(pw−σ(p,w), pσ(p,w)) LP-packing in Zwp2 relative to (pZp2)w, where the function σ(p, w) is defined
in (2.2).

Corollary 5.7. Let p be prime, let w > 1 be an odd integer, and let s1, . . . , sv be nonnegative
integers (possibly all zero). Let m = min

(
{σ(p, w)} ∪ {si | si > 0}

)
. For each i = 1, . . . , v,

let Gi = Z2si
pi

and let Ui be a subgroup of Gi of order pisi . Let G = Zwp2 ×
∏v

i=1Gi, let
U = (pZp2)w ×

∏v
i=1 Ui, and let n =

√
|G|. Then for each j = 0, . . . ,m − 1, there exists

an
(

n
pm−j

, pm−j
)

LP-packing in G relative to U .

Proof. In the case that the si are all zero, we havem = σ(p, w) and the result follows by applying
Lemma 3.11 with s = pj to Result 5.6. Otherwise, at least one of the si is positive and we
may define m′ = min{si | si > 0}. The case j = 0 of Corollary 5.4 then gives an

(n/pw
pm′

, pm
′)

LP-packing in
∏v

i=1Gi relative to
∏v

i=1 Ui. Combine with the LP-packing of Result 5.6 using
Corollary 3.17 to give an

(
n
pm
, pm

)
LP-packing inG relative to U . Then for j ∈ {0, . . . ,m−1},

apply Lemma 3.11 with s = pj to give an
(

n
pm−j

, pm−j
)

LP-packing in G relative to U .

Remark 5.8. By Definition 3.1, the constructed LP-packing in Corollary 5.7 is a collection of
pm−j disjoint regular

(
n, n

pm−j

)
Latin square type PDSs in G avoiding U . By Lemma 3.9, we

also obtain a regular Latin square type PDS in G with parameters
(
n, r) and with parameters(

n, r + 1), for each positive integer multiple r of n
pm−j

satisfying r 6 n.
We can show that this improves on previous constructions along similar lines to Remark 5.5.

For example, Result 2.8 (ii) constructs a single regular (n, r) Latin square type PDS in G for
v = 1 and i = 1 and s1 a positive integer multiple of w, for each positive integer multiple r of

n
pσ(p,w) satisfying r 6 n. In contrast, the case j = 0 of Corollary 5.7 gives a disjoint collection
of pm such PDSs in much more general groups G (having arbitrary v and si).

6. NLP-packings

In this section, we introduce a (c, t − 1) NLP-packing as a collection of t − 1 disjoint regular
(tc, c) negative Latin square type PDSs, in an abelian group of order t2c2, whose union satisfies
an additional property. This structure forms a counterpart to a (c, t) LP-packing. We provide
examples of NLP-packings, and show how to combine them with LP-packings via a product
construction to form NLP-packings in the direct product of the starting groups. In conjunction
with the LP-packings of Corollaries 5.4 and 5.7, this produces infinite families of NLP-packings.
However, we do not have a lifting result for NLP-packings similar to Theorem 4.4.
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Definition 6.1 (NLP-packing). Let t > 1 and c > 0 be integers, and let G be an abelian group
of order t2c2. A (c, t − 1) NLP-packing in G is a collection {P1, . . . , Pt−1} of t − 1 regular
(tc, c) negative Latin square type PDSs inG for whichG− 1G−

∑t−1
i=1 Pi is a regular (tc, c− 1)

negative Latin square type PDS in G.

Remark 6.2.

(i) We can rephrase Definition 6.1 to say that a (c, t − 1) NLP-packing in G is a partition
of G − 1G into t regular partial difference sets, of which t − 1 are of (tc, c) negative
Latin square type and one is of (tc, c− 1) negative Latin square type. Previous results on
NLP-packings use this phrasing.

(ii) In Definition 6.1, eachPi is a c(tc+1)-subset ofG, andG−1G−
∑t−1

i=1 Pi is a (c−1)(tc+1)-
subset of G, so the subsets Pi of a (c, t − 1) NLP-packing are necessarily disjoint. For
all c > 1, if a (c, t− 1) NLP-packing exists in G, then it contains the maximum possible
number of disjoint regular (tc, c) negative Latin square type PDSs.

(iii) The case r = 0 was allowed in Definition 2.4 so that the definition of a (c, t − 1) NLP-
packing applies when c = 1.

NLP-packings have been studied in a series of previous papers, as summarized in Table 1.2.
We now characterize a (c, t− 1) NLP-packing using character sums.

Lemma 6.3. Let P1, . . . , Pt−1 be disjoint c(tc+ 1)-subsets of an abelian group G of order t2c2.
Then {P1, . . . , Pt−1} is a (c, t− 1) NLP-packing in G if and only if the multiset equality

{χ(P1), . . . , χ(Pt−1)} = {c, . . . , c} or {−(t− 1)c, c, . . . , c}

holds for all nonprincipal characters χ of G.

Proof. Each Pi is a c(tc + 1)-subset of G, and the Pi are disjoint, so G − 1G −
∑t−1

i=1 Pi is a
(c−1)(tc+1)-subset ofG. Lemma 2.5 then shows that {P1, . . . , Pt−1} is a (c, t−1) NLP-packing
in G if and only if

χ(Pi) ∈ {c,−(t− 1)c} and χ
(
G− 1G −

t−1∑
i=1

Pi

)
∈ {c− 1,−(tc− c+ 1)} (6.1)

for all nonprincipal characters χ of G. For each nonprincipal character χ of G, condition (6.1)
is equivalent to

χ(Pi) ∈ {c,−(t− 1)c} and
t−1∑
i=1

χ(Pi) ∈ {−c, (t− 1)c)},

which in turn is equivalent to

{χ(P1), . . . , χ(Pt−1)} = {c, . . . , c} or {−(t− 1)c, c, . . . , c},

as required.
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Lemmas 2.5 and 6.3 allow us to combine subsets from an NLP-packing to obtain negative
Latin square type PDSs with various parameters.

Lemma 6.4. Suppose that {P1, . . . , Pt−1} is a (c, t− 1) NLP-packing in an abelian group G of
order t2c2, and let I be a b-subset of {1, . . . , t− 1}. Then

∑
i∈I Pi is a regular (tc, bc) negative

Latin square type PDS in G.

Remark 6.5. Suppose that {P1, . . . , Pt−1} is a (c, t− 1) NLP-packing in an abelian group G of
order t2c2.

(i) Let I be a b-subset of {1, . . . , t− 1}. By Lemma 2.5, an r(n+ 1)-subset D of an abelian
group G of order n2 is a regular (n, r) negative Latin square type PDS in G if and only if
G− 1G −D is a regular (n, n− r− 1) negative Latin square type PDS in G. Lemma 6.4
then shows thatG−1G−

∑
i∈I Pi is a regular (tc, (t− b)c−1) negative Latin square type

PDS in G.

(ii) For each i, let P̃ i = {χ ∈ Ĝ | χ(Pi) = −(t − 1)c}. Let P = G − 1G −
∑t−1

i=1 Pi and
let P̃ = {χ ∈ Ĝ | χ(P ) = −(tc − c + 1)}. By Lemma 2.5 and Definition 6.1, each
P̃ i is a regular (tc, c) negative Latin square type PDS in Ĝ, and P̃ is a regular (tc, c− 1)

negative Latin square type PDS in Ĝ. By Lemma 6.3, each nonprincipal character χ of G
belongs to exactly one of P̃1, . . . , P̃t−1, P̃ . By Definition 6.1, the collection {P̃1, . . . , P̃t−1}
is therefore a (c, t− 1) NLP-packing in Ĝ.

We give some small examples of NLP-packings.

Example 6.6.

(i) [82, p. 373]. A (1, 3) NLP-packing {P1, P2, P3} in Z4
2 = 〈x, y, z, w〉 is given by

P1 = x+ z + yw + xw + yz,

P2 = y + w + xyzw + yzw + xyw,

P3 = xy + zw + xz + xyz + xzw.

(ii) [82, p. 373]. A (1, 3) NLP-packing {P1, P2, P3} in Z2
4 = 〈x, y〉 is given by

P1 = x2 + y + y3 + xy + x3y3,

P2 = x+ x3 + y2 + xy3 + x3y,

P3 = xy2 + x3y2 + x2y + x2y3 + x2y2.

(iii) [82, Ex. 1]. A (1, 2) NLP-packing {P1, P2} in Z2
3 = 〈x, y〉 is given by

P1 = x+ x2 + y + y2,

P2 = xy + x2y2 + xy2 + x2y.
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We next show that combining the subsets of an NLP-packing into equally-sized collections
gives an NLP-packing with fewer subsets.

Lemma 6.7. Suppose there exists a (c, t− 1) NLP-packing in an abelian groupG of order t2c2,
and suppose s divides t. Then there exists an (sc, t

s
− 1) NLP-packing in G.

Proof. Let {P1, . . . , Pt−1} be a (c, t− 1) NLP-packing in G, and let

P ′i = Pis+1 + Pis+2 + · · ·+ Pis+s for i = 0, 1, . . . , t
s
− 2.

Then Lemma 6.3 shows that {P ′0, . . . , P ′t
s
−2} is an (sc, t

s
− 1) NLP-packing in G.

The following product construction combines an NLP-packing with an LP-packing to form
an NLP-packing in a larger group.

Theorem 6.8 ([82, Thm. 2.1]). Suppose there exists a (c1, t − 1) NLP-packing in an abelian
groupG1 of order t2c21, and a (c2, t) LP-packing in an abelian groupG2 of order t2c22 relative to
a subgroup U2 of order tc2. Then there exists a (tc1c2, t− 1) NLP-packing in G1 ×G2.

Proof. Let {P1,0, . . . , P1,t−2} be a (c1, t − 1) NLP-packing in G1, and let {P2,0, . . . , P2,t−1} be
a (c2, t) LP-packing in G2 relative to U2. Define P1,t−1 = G1 −

∑t−2
i=0 P1,i and

K` = P1,`U2 +
t−1∑
i=0

P1,iP2,i+` for ` = 0, . . . , t− 2,

where the subscript i+` is reduced modulo t. We shall use Lemma 6.3 to show that {K0, K1, . . . ,
Kt−2} is a (tc1c2, t− 1) NLP-packing in G1 ×G2.

The P1,i are disjoint c1(tc1 + 1)-subsets of G1 for i = 0, . . . , t− 2, and by definition P1,t−1
is a c1(tc1 − t+ 1)-subset of G1 disjoint from the other P1,i. The P2,i are c2(tc2 − 1)-subsets of
G2−U2. Therefore theK` are disjoint subsets ofG1×G2, each of size c1(tc1 +1)tc2 +c1(tc1−
t+ 1)c2(tc2 − 1) + (t− 1)c1(tc1 + 1)c2(tc2 − 1) = tc1c2(t

2c1c2 + 1). Let χ be a nonprincipal
character of G1 ×G2, and let χj = χ|Gj for j = 1, 2. Then

χ(K`) = χ1(P1,`)χ2(U2) +
t−1∑
i=0

χ1(P1,i)χ2(P2,i+`) for ` = 0, . . . , t− 2.

By Lemma 6.3, it remains to prove that

{χ(K0), . . . , χ(Kt−2)} = {tc1c2, . . . , tc1c2} or {−t(t− 1)c1c2, tc1c2, . . . , tc1c2}. (6.2)

We are given that

{χ1(P1,0), . . . , χ1(P1,t−2)} =

{
{c1(tc1 + 1), . . . , c1(tc1 + 1)} if χ1 ∈ G⊥1 ,
{c1, . . . , c1} or {−(t− 1)c1, c1, . . . , c1} if χ1 6∈ G⊥1

(6.3)
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by Lemma 6.3, and that

{χ2(P2,0), . . . , χ2(P2,t−1)} =


{c2(tc2 − 1), . . . , c2(tc2 − 1)} if χ2 ∈ G⊥2 ,
{−c2, . . . ,−c2} if χ2 ∈ U⊥2 \G⊥2 ,
{(t− 1)c2,−c2, . . . ,−c2} if χ2 /∈ U⊥2

by Lemma 3.3. The following two cases together establish (6.2).

Case 1: χ2 is principal on U2.
Then χ2(P2,i) is constant over i (regardless of whether χ2 is principal or nonprincipal on
G2), so χ(K`) = χ1(P1,`)tc2 + χ1

(∑t−1
i=0 P1,i

)
χ2(P2,1) = χ1(P1,`)tc2 + χ1(G1)χ2(P2,1).

In the case that χ1 is principal on G1, and therefore χ2 is nonprincipal on G2, we obtain
χ(K`) = c1(tc1 + 1)tc2 + t2c21(−c2) = tc1c2 for each `. Otherwise χ1 is nonprinci-
pal on G1, and then we obtain χ(K`) = χ1(P1,`)tc2 so that {χ(K0), . . . , χ(Kt−2)} =
{tc1c2, . . . , tc1c2} or {−(t− 1)tc1c2, tc1c2, . . . , tc1c2}.

Case 2: χ2 is nonprincipal on U2.
Then χ(K`) =

∑t−1
i=0 χ1(P1,i)χ2(P2,i+`). By definition of P1,t−1, we can extend (6.3) to

obtain

{χ1(P1,0), . . . , χ1(P1,t−1)}

=

{
{c1(tc1 − t+ 1), c1(tc1 + 1), . . . , c1(tc1 + 1)} if χ1 ∈ G⊥1 ,
{−(t− 1)c1, c1, . . . , c1} if χ1 6∈ G⊥1 ,

which can be written as

{χ1(P1,0), . . . , χ1(P1,t−1)} = {d− tc1, d, . . . , d} for all χ1

(where the integer d equals c1(tc1 + 1) if χ1 is principal on G⊥1 , and equals c1 otherwise).
Therefore the multiset {χ(K0), . . . , χ(Kt−2)} contains either one or zero occurrences of
the value (d− tc1)(t− 1)c2 + (t− 1)d(−c2) = −t(t− 1)c1c2, and (respectively) t− 2 or
t− 1 occurrences of the value (d− tc1)(−c2) + d(t− 1)c2 + (t− 2)d(−c2) = tc1c2.

Remark 6.9. The construction of Theorem 6.8 is a restatement (without restricting t to be a prime
power) of the product construction for collections of negative Latin square type PDSs and Latin
square type PDSs given in [82, Thm. 2.1]. Indeed, the configuration described in [82, Lemma
2.1] for e = −1 can be represented as {P1, . . . , Pt−1, G−1G−

∑t−1
i=1 Pi}, where {P1, . . . , Pt−1}

is a (c, t − 1) NLP-packing in G. Although our formulation explicitly identifies the subgroup
U2 of the starting LP-packing, this does not seem to confer an advantage because the subgroup
does not appear in the conclusion of the theorem.

We now extend the construction of Theorem 6.8 using Lemmas 3.11 and 6.7.

Corollary 6.10. Suppose there exists a (c1, t1 − 1) NLP-packing in an abelian group G1 of
order t21c21, and there exists a (c2, t2) LP-packing in an abelian group G2 of order t22c22 relative
to a subgroup U2 of order t2c2.
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(i) Suppose that t1 divides t2. Then there exists a (t2c1c2, t1 − 1) NLP-packing in G1 ×G2.

(ii) Suppose that t2 divides t1. Then there exists a (t1c1c2, t2 − 1) NLP-packing in G1 ×G2.

Proof.

(i) By Lemma 3.11 with s = t2
t1

, there exists a ( t2
t1
c2, t1) LP-packing in G2 relative to U2.

Then by Theorem 6.8, there exists a (t2c1c2, t1 − 1) NLP-packing in G1 ×G2.

(ii) By Lemma 6.7 with s = t1
t2

, there exists a ( t1
t2
c1, t2 − 1) NLP-packing in G1. Then by

Theorem 6.8, there exists a (t1c1c2, t2 − 1) NLP-packing in G1 ×G2.

The product constructions of Theorems 3.15 and 6.8 both combine two packings to form a
packing in the direct product of the starting groups. Theorem 3.15 combines two LP-packings
to form an LP-packing, whereas Theorem 6.8 combines an NLP-packing and an LP-packing to
form an NLP-packing. We note in passing that we can likewise combine two NLP-packings to
form a collection of regular Latin square type PDSs that partitions the nonidentity elements of
the product group.

Proposition 6.11 ([82, Thm. 2.3]). For j = 1, 2, suppose there exists a (cj, t−1) NLP-packing in
an abelian groupGj of order t2c2j . Then there exists a collection {K1, . . . , Kt−1} of t−1 disjoint
regular (t2c1c2, tc1c2) Latin square type PDSs inG1×G2 for whichG1×G2−1G1×G2−

∑t−1
`=1K`

is a regular (t2c1c2, tc1c2 + 1) Latin square type PDS in G1 ×G2.

Proof (Outline). For j = 1, 2, let {Pj,0, . . . , Pj,t−2} be a (cj, t − 1) NLP-packing in Gj and
define Pj,t−1 = Gj −

∑t−2
i=0 Pj,i. Define

K` =
t−1∑
i=0

P1,iP2,i+` for ` = 1, . . . , t− 1,

where the subscript i+` is reduced modulo t. Model the rest of the proof on that of Theorem 6.8,
distinguishing the case that χ|G1 is principal onG1 from the case that χ|G1 is nonprincipal onG1,
and applying Lemma 2.5.

Remark 6.12. In the construction of Proposition 6.11, if we could identify an order t2c1c2 sub-
group U of G1 × G2 contained in G1 × G2 −

∑t−1
`=1K` for which G1 × G2 − U −

∑t−1
`=1K`

is a regular (t2c1c2, tc1c2) Latin square type PDS in G1 × G2, then we could conclude that
{K1, . . . , Kt−1, G1 ×G2 − U −

∑t−1
`=1K`} is a (tc1c2, t) LP-packing in G1 ×G2 relative to U .

However, we do not know how to identify such a subgroup U (see also Remark 7.3).
We now apply Theorem 6.8 to the small NLP-packings of Example 6.6 and LP-packings

from Corollaries 5.4 and 5.7 to produce two infinite families of NLP-packings.

Corollary 6.13. Let u,w be nonegative integers. Let s3, . . . , sv be nonnegative integers (possibly
all zero).
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(i) Let u 6= 1, let w 6∈ {1, 2, 3} and let each si 6= 1. Let G be either Z2u+4
2 ×Zw4 ×

∏v
i=3 Z

2si
2i

or Z2u
2 × Zw+2

4 ×
∏v

i=3 Z
2si
2i

, and let n =
√
|G|. Then there exists an

(
n
4
, 3
)

NLP-packing
in G.

(ii) Let u 6= 0 and let w 6= 1. Let G = Z2u
3 × Zw9 ×

∏v
i=3 Z

2si
3i

and let n =
√
|G|. Then there

exists an
(
n
3
, 2
)

NLP-packing in G.

Proof.

(i) In the case that u,w, and each si is zero, the result is given by Example 6.6 (i), (ii).
Otherwise, let G′ = Z2u

2 × Zw4 ×
∏v

i=3 Z
2si
2i

and construct an
(n/4

4
, 4
)

LP-packing in G′
relative to a subgroup of order n/4. To do so when w is even, take p = 2 and (s1, s2) =
(u, w

2
) and j = m− 2 > 0 in Corollary 5.4. To do so when w is odd, note that σ(2, w) =

w−1
2

> 2 and take p = 2 and (s1, s2) = (u, 0) and j = m− 2 > 0 in Corollary 5.7.
Now let H be either Z4

2 or Z2
4. Use Theorem 6.8 to combine the (1, 3) NLP-packing in H

given by Example 6.6 (i), (ii) with the constructed
(n/4

4
, 4
)

LP-packing in G′ to produce
the required

(
n
4
, 3
)

NLP-packing in H ×G′.

(ii) In the case that u = 1, and w and each of the si is zero, the result is given by Exam-
ple 6.6 (iii). Otherwise, let G′ = Z2u−2

3 × Zw9 ×
∏v

i=3 Z
2si
3i

and construct an
(n/3

3
, 3
)

LP-packing inG′ relative to a subgroup of order n/3. To do so when w is even, take p = 3
and (s1, s2) = (u− 1, w

2
) and j = m− 1 > 0 in Corollary 5.4. To do so when w is odd,

note that σ(3, w) > 1 and take p = 3 and (s1, s2) = (u − 1, 0) and j = m − 1 > 0 in
Corollary 5.7.
Now use Theorem 6.8 to combine the (1, 2) NLP-packing in Z2

3 given by Example 6.6 (iii)

with the constructed
(n/3

3
, 3
)

LP-packing in G′ to produce the required
(
n
3
, 2
)

NLP-pack-
ing in G.

Remark 6.14. Using Remark 6.2 (i), we can rephrase Result 2.10 in terms of (n
t
, t − 1) NLP-

packings in groups of order n2. As we now describe, we then see that Corollary 6.13 is signifi-
cantly more general than Result 2.10.

Result 2.10 (i) and Corollary 6.13 (i) each construct NLP-packings with parameters
(
n
4
, 3
)
.

The former result is restricted to groups of the form Z4u
2 × Z2w

4 ×
∏v

i=2 Z
4s2i
22i

for u + w > 1,
whereas the latter result applies to the formsZ2u+4

2 ×Zw4 ×
∏v

i=3 Z
2si
2i

andZ2u
2 ×Zw+2

4 ×
∏v

i=3 Z
2si
2i

for u 6= 1 and w 6∈ {1, 2, 3} and each si 6= 1.
Similarly, Result 2.10 (ii) and Corollary 6.13 (ii) each construct NLP-packings with param-

eters
(
n
3
, 2
)
. The former result is restricted to groups of the form Z2u+2

3 ×
∏v

i=1 Z
2s2i
32i

, whereas
the latter result applies to the form Z2u

3 × Zw9 ×
∏v

i=3 Z
2si
3i

for u 6= 0 and w 6= 1.

7. Relationship with Strongly Regular Bent Functions

In this section, we examine how LP-packings and NLP-packings are related to the hyperbolic
and elliptic strongly regular bent functions introduced by Chen and Polhill in [20].
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Definition 7.1 ([20, Thm. 3.7]). Let G and H be abelian groups. Let f be a surjective function
from G to H satisfying f(1G) = 1H , and let f−1 be the pre-image of f .

(i) f is a hyperbolic strongly regular bent function if f−1(h) is a regular
(√
|G|,
√
|G|
|H|

)
Latin

square type PDS for each h 6= 1H , and f−1(1H)− 1G is a regular
(√
|G|,
√
|G|
|H| + 1

)
Latin

square type PDS.

(ii) f is an elliptic strongly regular bent function if f−1(h) is a regular
(√
|G|,
√
|G|
|H|

)
negative

Latin square type PDS for each h 6= 1H , and f−1(1H)− 1G is a regular
(√
|G|,
√
|G|
|H| − 1

)
negative Latin square type PDS.

We can relate hyperbolic strongly regular bent functions to LP-packings, and elliptic strongly
regular bent functions to NLP-packings.

Proposition 7.2. Let G be an abelian group of order t2c2, let U be a subgroup of G of order tc,
and let H be an abelian group of order t.

(i) If there exists a (c, t) LP-packing inG relative to U , then there exists a hyperbolic strongly
regular bent function from G to H .

(ii) The existence of a (c, t− 1) NLP-packing in G is equivalent to the existence of an elliptic
strongly regular bent function from G to H .

Proof. Write H = {1H , h1, h2, . . . , ht−1}.

(i) Let {P1, . . . , Pt} be a (c, t) LP-packing in G relative to U , and define the surjective func-
tion f : G→ H by

f(g) =

{
hi if g ∈ Pi for i ∈ {1, . . . , t− 1},
1H if g ∈ Pt + U.

Then by Remark 3.10 (i), f is a hyperbolic strongly regular bent function.

(ii) Suppose firstly that {P1, . . . , Pt−1} is a (c, t − 1) NLP-packing in G, and define the sur-
jective function f : G→ H by

f(g) =

{
hi if g ∈ Pi,
1H otherwise.

Then by Definition 6.1, f is an elliptic strongly regular bent function from G to H .
Conversely, suppose that f : G → H is an elliptic strongly regular bent function, and
define subsets P1, . . . , Pt−1 of G by

Pi = f−1(hi) for i = 1, . . . , t− 1.

Then by Definition 6.1, {P1, . . . , Pt−1} is a (c, t−1) NLP-packing inG fromG toH .



combinatorial theory 1 (2021), #18 33

Remark 7.3. Proposition 7.2 shows the equivalence of an NLP-packing and an elliptic strongly
regular bent function, but not the equivalence of an LP-packing and a hyperbolic strongly regular
bent function f . In order to establish the converse to Proposition 7.2 (i), we would need to
identify an order

√
|G| subgroupU ofG contained in f−1(1H) for which f−1(1H)−U is a regular(√

|G|,
√
|G|
|H|

)
Latin square type PDS inG. The additional conditions on f required to guarantee

the existence of such a subgroup U could be substantial, as we discuss in Example 7.4 (i) below.
The following example uses strongly regular bent functions to construct collections of PDSs,

and provides an alternative derivation of a special case of Corollary 6.13 (ii).

Example 7.4 ([86, Thm. 1, Cor. 3]). Let p be a prime, and let ζp be a primitive pth root of unity.
Let g be a function from Fpn to Fp, and let Tr be the trace function from Fpn to Fp. The Walsh
transformWg : Fpn → C of g is given by

Wg(b) =
∑
x∈Fpn

ζg(x)+Tr(bx)
p .

The function g is bent if |Wg(b)| = p
n
2 for all b ∈ Fpn . A bent function g is weakly regular if

there exists a function g∗ : Fpn → Fp satisfying

Wg(b) = µp
n
2 ζg

∗(b)
p for some µ ∈ C with |µ| = 1 and for all b ∈ Fpn ,

and is regular (a much stronger condition) if there exists a function g∗ : Fpn → Fp such that
Wg(b) = p

n
2 ζ

g∗(b)
p for all b ∈ Fpn .

Suppose f : F32s → F3 is a weakly regular bent function satisfying f(−x) = f(x) and
f(0) = 0. Then exactly one of the following holds:

(i) |f−1(0)| = 32s−1 + 2 · 3s−1, and f is a hyperbolic strongly regular bent function from F32s

to F3: each of f−1(1) and f−1(2) is a regular (3s, 3s−1) Latin square type PDS in F32s ,
and f−1(0) \ {0} is a regular (3s, 3s−1 + 1) Latin square type PDS in F32s .

(ii) |f−1(0)| = 32s−1 − 2 · 3s−1, and f is an elliptic strongly regular bent function from F32s

to F3: each of f−1(1) and f−1(2) is a regular (3s, 3s−1) negative Latin square type PDS in
F32s , and f−1(0) \ {0} is a regular (3s, 3s−1 − 1) negative Latin square type PDS in F32s;
equivalently,

{
f−1(1), f−1(2)

}
is a (3s−1, 2) NLP-packing in (F32s ,+) = Z2s

3 .

Following Remark 7.3, we mention that in order to obtain a (3s−1, 3) LP-packing in the group
(F2s

3 ,+) = Z2s
3 relative to Zs3 from the hyperbolic strongly regular bent function f of (i), we

would firstly need to identify an order 3s subgroup U of Z2s
3 contained in f−1(0), and secondly

require f−1(0)− U to be a regular (3s, 3s−1) Latin square type PDS in Z2s
3 . The first condition

alone requires f to be normal [16, p. 106], which in combination with the property that f is
weakly regular requires in turn that f should be regular [16, Thm. 6]. This demonstrates that, in
general, an LP-packing is a significantly more constrained structure than a hyperbolic strongly
regular bent function.

Remark 7.5.
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(i) In [20, Lemma 3.15], an incomplete attempt was made to lift a hyperbolic strongly regular
bent function on Z2a

p to a hyperbolic strongly regular bent function on Z2a
p2 . We were able

to accomplish this lifting in Theorem 5.3, using the more constrained structure of an LP-
packing. This underscores the importance of identifying the role of the subgroup U in the
definition of an LP-packing.

(ii) Corollaries 5.4, 5.7 and 6.13 recover the hyperbolic and elliptic strongly regular bent
functions of [20, Prop. 3.13] and strengthen those of [20, Prop. 3.14]. The hyperbolic
and elliptic strongly regular bent functions constructed in [20, Prop. 3.12] have codomain
of size 2, and are equivalent to reversible Hadamard difference sets. We examine this
connection in more detail in Section 8 below.

8. Relationship with reversible Hadamard difference sets

In this section, we examine how LP-packings and NLP-packings are closely related to reversible
Hadamard difference sets.

Definition 8.1. Let G be a group G of order v. A (v, k, λ)-difference set in G is a (v, k, λ, λ)
partial difference set in G. A Hadamard difference set has parameters (v, k, λ) =

(
4c2, c(2c −

1), c(c− 1)
)

for some integer c. A difference set D is reversible if D = D(−1).

By Definition 2.1, a reversible (v, k, λ)-difference set that does not contain 1G is the same
as a regular (v, k, λ, λ) partial difference set. The following result is a direct consequence of
Definition 6.1 and Lemmas 2.3 and 2.5.

Lemma 8.2. Let c be a positive integer, and let P be a c(2c− 1)-subset of an abelian group G
of order 4c2. Then the following statements are equivalent.

(i) P is a
(
4c2, c(2c− 1), c(c− 1)

)
reversible Hadamard difference set in G, and 1G /∈ P

(ii) χ(P ) ∈ {−c, c} for all nonprincipal characters χ of G

(iii) {G− P} is a (c, 1) NLP-packing in G.

The next result follows from Definition 3.1 and Lemmas 2.5 and 8.2.

Lemma 8.3. Let c be a positive integer, let G be an abelian group of order 4c2, and let U be a
subgroup of order 2c. Then P1, P2 are disjoint

(
4c2, c(2c − 1), c(c − 1)

)
reversible Hadamard

difference sets in G whose union is G − U if and only if {P1, P2} is a (c, 2) LP-packing in G
relative to U .

We now use LP-packings in 2-groups to produce infinite families of reversible Hadamard
difference sets.

Corollary 8.4. Let u,w and s3, . . . , sv be nonnegative integers (not all zero). For each i =
3, . . . , v, letGi = Z2si

2i
and letUi be a subgroup ofGi of order 2isi . LetG = Z2u

2 ×Zw4 ×
∏v

i=3Gi,
let U = Zu2 × (2Z4)

w ×
∏v

i=3 Ui, and let |G| = 4c2. Then
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(i) forw 6= 1, there exist two disjoint
(
4c2, c(2c−1), c(c−1)

)
reversible Hadamard difference

sets in G whose union is G− U .

(ii) there exists a
(
4c2, c(2c− 1), c(c− 1)

)
reversible Hadamard difference set in G.

Proof.

(i) By Lemma 8.3, an equivalent statement is that for w 6= 1 there exists a (c, 2) LP-packing
in G relative to U . To show this when w is even, take p = 2 and (s1, s2) = (u, w

2
) and

j = m−1 > 0 in Corollary 5.4. To show this whenw is odd, note that σ(2, w) = w−1
2

> 1
and take p = 2 and (s1, s2) = (u, 0) and j = m− 1 > 0 in Corollary 5.7.

(ii) In view of part (i), we may assume w = 1. In the case that u and each of the si is zero,
there is a trivial reversible Hadamard difference set D in Z4 comprising just the identity
element. Otherwise, take p = 2 and (s1, s2) = (u, 0) and j = m− 1 > 0 in Corollary 5.4
to produce a ( c

2
, 2) LP-packing in Z2u

2 ×
∏v

i=3Gi relative to some subgroup of order c.
Use Theorem 6.8 to combine this with the (1, 1) NLP-packing {Z4 −D} in Z4 (as given
by Lemma 8.2) to produce a (c, 1) NLP-packing in G, then apply Lemma 8.2.

Remark 8.5.

(i) Corollary 8.4 (i) significantly extends a previous construction for G = Z2
2a and noncyclic

U of order 2a [36, Thm. 3.1].

(ii) All abelian 2-groups in which a reversible Hadamard difference set is known to exist are
recovered by Corollary 8.4 (ii); several other families of abelian groups are also known
to contain reversible Hadamard difference sets (see [7, Chap. VI, Sect. 14]), and all these
groups are recovered by [20, Prop. 3.12]) using elliptic strongly regular bent functions.

(iii) The construction of linking systems of reversible Hadamard difference sets given in [35,
Thm. 5.3] depends on the existence of collections of disjoint partial difference sets in
abelian 2-groups satisfying mutual structural properties. After some modification, we
can reinterpret this construction as combining a (2(a−1)s, 2s) LP-packing in an abelian
group of order 22as, relative to some subgroup of order 2as, with the complement of a
(2s− 1, 2s−1− 1, 2s−2− 1)-difference set in Z2s−1 [7, Chap. VI, Thm. 1.10] for s > 1 and
a > 0.

9. Open Problems

In this section, we propose some open problems for future research.

P1. The recursive constructions of LP-packings described in Section 5 rest on two base cases:
a (1, ps) LP-packing in Z2s

p relative to Zsp derived from a spread (Example 3.7), and the LP-
packings in p-groups of odd rank given by Result 5.6. Find more base cases, especially in
groups of odd rank (when a spread does not exist).
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P2. Section 6 combines small examples of NLP-packings with the constructed families of LP-
packings to produce families of NLP-packings. Find new small examples of NLP-packings.

P3. All known (c, t) LP-packings with t > 2, and all known (c, t) NLP-packings with t >
1, occur in p-groups (see Section 8 for discussion of (c, 2) LP-packings and (c, 1) NLP-
packings.) Find examples in groups other than p-groups.

P4. Nonexistence results for LP-packings and NLP-packings can be obtained from known non-
existence results for single PDSs (see [88], for example). We can also obtain nonexistence
results for these packings from known nonexistence results for reversible Hadamard differ-
ence sets [7, Chap. VI, Sect. 14], by applying Lemmas 3.11 and 8.3 to (c, 2t) LP-packings,
and Lemmas 6.7 and 8.2 to (c, 2t−1) NLP-packings. Establish further nonexistence results
for LP-packings and NLP-packings.

P5. Construct hyperbolic strongly regular bent functions satisfying additional conditions in or-
der to produce LP-packings in new groups (see Remark 7.3).

P6. Are there collections of partial difference sets with advantageous structure, other than LP-
packings and NLP-packings, that can be analyzed using methods similar to those of this
paper?
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