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Abstract 1 

The ability to predict multiphase fluid transport in nanoporous rocks such as shales is 2 

critical for many geoscience applications, for example unconventional hydrocarbon production, 3 

geologic carbon sequestration, and nuclear waste disposal. When the pore sizes approach 4 

nanoscales, the impact of the molecular interaction forces between fluids and solids becomes 5 

increasingly important. These forces can alter macroscopic fluid phase behavior and control 6 

transport. Recent experimental studies have shown that capillary condensation and subsequent 7 

imbibition of liquid water can occur in hydrophilic nanoporous media even if the vapor phase is at 8 

a critical relative humidity (rhcrit) well below vapor saturation. This study presents a theoretical 9 

investigation of the processes controlling adsorption, capillary condensation and imbibition in 10 

nanoporous media, using the square-gradient classical density functional theory. The proposed 11 

theoretical model explicitly includes the relevant interaction forces among fluids and solids in 12 

macroscopic porous media. Application of the model to a relative-humidity-controlled water 13 

adsorption experiment is presented to demonstrate the impact of water-pore wall attractive forces 14 

on multiphase water behavior in a hydrophilic silicon nanoporous medium. The model represents 15 

well the measured time-dependent evolution of the water imbibition front inside the nanoporous 16 

medium and also explains the diffusion-like water transport regimes observed at rh < rhcrit and the 17 

imbibition-like flow regimes observed at rh > rhcrit. The study furthermore gives an insight on 18 

hysteresis phenomenon in adsorption and desorption isotherms. 19 

1 Introduction 20 

The ability to predict multiphase fluid transport in nanoporous rocks is critical for many 21 

geoscience applications. For instance, in applications such as geologic carbon sequestration, and 22 

nuclear waste disposal (Altman et al., 2014; Zheng et al., 2008), the long-term performance of the 23 

selected sites depends on the multiphase physical and chemical interactions in nanoporous caprock 24 

or clay-based barriers. Similarly, finding effective strategies for sustainable hydrocarbon 25 

production from shale requires understanding of multiphase processes in the nanoporous shale 26 

matrix (Alexander et al., 2011; Falk et al., 2015; Tokunaga et al., 2017). When pore sizes approach 27 

nanoscales, the impact of molecular interaction forces between fluids and solids becomes 28 

increasingly important. The fluid-solid interaction forces, also known as surface forces (e.g., van 29 

der Waals, electrostatic, structural forces) (Churaev, 2000; Israelachvili, 2011), result from 30 
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electrostatic and electromagnetic fields generated by charges and oscillating molecular dipoles. 1 

These forces can alter macroscopic fluid phase behavior and control related processes such as 2 

sorption, wetting and transport (e.g., Li et al., 2012; Zarzcyki & Gilbert, 2016; Velasco et al., 2017; 3 

Zhang et al., 2017; Berthonneau et al., 2018); they can also cause microstructural changes, 4 

especially in clay-rich systems (e.g., swelling, shrinking and fracturing) (e.g., Dehghanpour et al., 5 

2012; Bertoncello, 2014).  6 

Recent experimental research has demonstrated the importance of fluid-solid interfacial 7 

interactions on multiphase fluid behavior in nanoporous media, including in shale (e.g., Vincent 8 

et al., 2017; Seeman et al., 2017; Zhong et al., 2018; Tokunaga et al., 2017; Cihan et al., 2019; 9 

Chakroborty et al., 2020). We recently conducted water transport experiments in shale cores under 10 

different relative humidity (rh) conditions and found that the water uptake was significantly greater 11 

at rh=0.8 compared to that at rh=0.3 (Tokunaga et al., 2017; Cihan et al., 2019). The experimental 12 

finding indicated an enhanced condensation of water at the higher rh. The experiments did not 13 

include any measurements of the water concentration inside the sample. However, a macroscopic 14 

model, based on the classical density functional theory and fitted to the water uptake measurements 15 

suggested that at rh=0.8, the enhanced condensation occurred near the inlet of the core and liquid 16 

like water migrated from there to the deeper parts of the core. According to the model results in 17 

Cihan et al. (2019), water concentration profiles within the core for rh=0.8 and rh=0.3 differ 18 

strongly. In the latter case, the simulated water concentration profiles have a diffusion-type shape 19 

and are much smoother than for rh=0.8, where an imbibition-type behavior is predicted.  20 

Previously, Vincent et al. (2017) observed similar phenomena experimentally in a silicon 21 

nanoporous system. When they exposed a hydrophilic silicon sample with pore diameters in the 22 

3–4 nm range to water vapor at sufficiently high rh, liquid water condensed near the inlet, and the 23 

dense water subsequently filled the nanopores in an imbibition-like manner. Figure 1 shows a 24 

schematic diagram that represents the observation of imbibition induced by adsorption and 25 

condensation of water under high rh conditions. Vincent et al. (2017) also reported that the 26 

transition from smooth diffusion-type concentration profiles to sharp imbibition-type profiles 27 

occurred at a threshold value of rh ≈ 0.6. The experiments presented in Vincent et al. (2017) were 28 

conducted at 15 ̊ C, and it is worth noting that based on the Kelvin equation, capillary condensation 29 

in 4 nm pores occurs at rh = 0.58. We believe that this apparent enhanced adsorption and 30 

condensation-induced imbibition at well below vapor saturation value is a result of molecular 31 
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interactions between water and solid in nanoscale pores which cause phase transition of water 1 

vapor, first to adsorbed films and then to pore-filling liquid water. Previous molecular simulation 2 

studies based on molecular dynamics, grand canonical Monte Carlo method and classical density 3 

functional theory showed that nanoconfinement might influence the phase behavior of fluids (e.g., 4 

Peterson & Gubbins, 1987; Evans, 1990; Kierlik et al., 1995; Monson, 2012).  However, how the 5 

microscopic phenomena affect the macroscopic observation of transitioning from a diffusion-type 6 

transport regime to an imbibition-type flow regime is not well understood. Exploring the basic 7 

mechanisms controlling adsorption and condensation is important because the underlying fluid-8 

fluid and fluid-solid interaction forces also control flow of multiphase fluids in subsurface 9 

nanoporous media. 10 

This paper presents a theoretical model based on the classical density functional theory 11 

(cDFT) to provide an understanding of the transition from a diffusion-type transport regime to an 12 

imbibition-type flow regime in water sorption in nanoporous media. The model defined in the next 13 

section, based on a description of a free energy, includes energy contributions for intermolecular 14 

forces between water molecules as well as between water and solid molecules in the nanoporous 15 

domain. In Section 3, we qualitatively demonstrate applicability of the model to represent the 16 

condensation-induced imbibition data provided by Vincent et al. (2017), which contain optical 17 

measurements of water concentration profile changes during water adsorption in a thin silicon 18 

nanoporous sample (~1cm×1cm×5µm). The relatively simple pore structure and homogeneous 19 

mineral content, compared to natural nanoporous media such as shale, makes Vincent et al. 20 

(2017)’s experimental setup suitable for modeling and understanding basic mechanisms of the 21 

phase transitions. We present the remarkable features of the model to give insights on 1) both 22 

diffusion-type transport regimes at low rh and imbibition-type flow regimes at higher rh, and 2) 23 

hysteretic adsorption- desorption isotherms. 24 

2 Methods 25 

2.1 Modeling Approach Based on the Square Gradient Density Functional Theory 26 

The modeling approach presented here is mainly based on Cihan et al. (2019). The 27 

important difference in the model presented below is improved descriptions of water phase 28 

behavior and surface tension, compared to our earlier model. We first summarize the development 29 

of general chemical potential and Darcy-scale momentum equations for an N-component fluid 30 
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mixture and then present a specific model to describe the transport of liquid and vapor water. The 1 

Helmholtz free energy of an inhomogeneous system EH at a constant temperature can be expressed 2 

as 3 

H
V

E dVψ= ∫  (1)  

where ψ is the local energy density defined as the free energy per unit volume V of a rigid porous 4 

medium. Considering the external potentials including the gravitational potential and the 5 

interaction potential of the solids acting on the N-component fluid mixture in a porous medium, 6 

the Helmholtz free energy density based on the square-gradient approximation can be expressed 7 

as 8 

2

0 ,2 ij i j g i s ic c cφψ φψ κ φ ρ ϕ φ ϕ= + ⋅ + +∇ ∇  (2) 

where ψ0(c1,c2,…,cN) is the homogeneous Helmholtz free energy density, defined in terms of 9 

energy per unit volume of void space (J/m3), that represents the intermolecular interactions of 10 

water molecules in liquid or gaseous states. φ is porosity, and c1,c2,…, cN are the molar 11 

concentrations (mol/m3) of the components that can be in gas or liquid phase. We employ the 12 

Einstein summation convention in this paper, i.e. summation is implied over repeated indexes 13 

(i=1,…,N and j=1,…,N). The square-gradient term, the second term on the right-hand side of Eq. 14 

(2), represents fluid-fluid interfacial energy between different fluid phases and the coefficients κij 15 

are known as influence parameters (J.m5/mol2) related to the correlation functions for molecular 16 

densities (Bongiorno et al., 1976; Yang et al., 1976). For the liquid and vapor system under 17 

isothermal conditions, it can be assumed that κij=κ. A characterization of the influence factor for 18 

two-phase liquid-vapor water will be given in the next section. The last two terms of ψ include the 19 

external potential energy functions due to gravitational attraction φg (J/kg) and fluid-solid 20 

interaction potentials for each component, φs,i (J/mol). ρ is the mixture density (kg) equal to i ic M  21 

where Mi is the molecular mass of the ith component (kg/mol). 22 

The chemical potential, Φi (J/mol) for the ith component is equal to the variational 23 

derivative of EH with respect of ci and expressed as 24 
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*0
,i ij j i g s i

i

c M
c

ψ φκ ϕ ϕ∂
Φ = − ⋅ + +

∂
∇ ∇  

,*
, ,

s j
s i s i j

i

c
c

ϕ
ϕ ϕ

∂
= +

∂
 

(3) 

Neglecting the inertial forces due to extremely low fluid velocities in nanodarcy permeability- 1 

porous media (Reynolds number <<1), the momentum equation for the multiphase mixture can be 2 

expressed as 3 

( ) *
,0 g i ij j i s ip c c c

k
µ ρ ϕ φ κ ϕ= − − − + ∇ ⋅ ∇ −∇ ∇ ∇ ∇

q  (4) 

where q is the Darcy velocity (m/s), k is the permeability of the porous medium (m2), µ is the 4 

viscosity of the fluid mixture (Pa.s), and p is the fluid pressure (Pa). The first three terms in Eq. 5 

(4) resemble the classical Darcy equation for single phase flow. Eq. (4) does not include relative 6 

permeability for different phases nor does it utilize a macroscopic capillary pressure-saturation 7 

function. Instead, the last two terms in Eq. (4) explicitly account for the effects of multiphase 8 

interfacial fluid-fluid and fluid-solid interaction forces. Eq. (4) can also be expressed in terms of 9 

Φi as 10 

( )i i
k c
µ

= − Φq ∇  (5) 

where, as before, the summation is implied over repeated index i (i=1,…,N). Cihan et al. (2019) 11 

applied this momentum equation and the Maxwell-Stefan diffusion equations together with the 12 

continuity equations to predict water adsorption and transport in shale. The applied model 13 

considered both water and air molecules, but the sensitivity analyses suggested that the 14 

contribution of air transport through diffusion and advection to the adsorption and transport of 15 

water may be neglected. This is consistent with the fact that diffusion through 2 nm radius 16 

capillaries at 1 atm total pressure is in the Knudsen regime, where nearly all collisions involve 17 

walls rather than other molecules. As a result, the governing equations for water sorption problem 18 

can be substantially simplified. Ignoring the contribution of air, the momentum equation for water 19 

molecules in porous media can be written as 20 
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k c
µ

= − Φq ∇   (6) 

where c is the molar concentration of water (mol/m3). The diffusive flux of the water in nanoporous 1 

matrix may also be expressed as 2 

d
c D
RT

= − ΦJ ∇   (7) 

when D is the effective binary diffusion coefficient of water-air fluid system (m2/s), T is the 3 

temperature (K) and R is the ideal gas constant (J/mol/K). Following Vignes’s approach (Vignes, 4 

1966) used in Cihan et al. (2019), the effective molecular diffusion coefficient under the two-phase 5 

conditions is estimated by interpolation of the diffusivities in liquid and gas phases as 6 

1
( ) ( )

w wx x
l gD D D −= × , where xw is ( )/ lc c  and ( )lc is the saturated bulk molar concentration of liquid 7 

water at a given T. 8 

The continuity equation for molar concentration of the water can be expressed by 9 

( ) ( ) 0d

c
c

t
φ

φ
∂

+ ⋅ + =
∂

∇ q J  (8) 

The total flux of water molecules through advective and diffusive transport mechanisms 10 

in nanoporous media can be expressed as 11 

2

t d
k c D cc

RT
φφ

µ
 

= + = − + Φ 
 

J q J ∇  (9) 

As will be shown later, in Eq. (9), the first term in the parenthesis dominates under liquid phase 12 

conditions whereas the second term in the parenthesis dominates under vapor transport conditions. 13 

 As a result, the following second-order partial differential equations are used to describe 14 

water adsorption, condensation and imbibition: 15 

( ) 2

0
c k c D c

t RT
φ φ

µ
∂  

+ ⋅ − − Φ = ∂  
∇ ∇  (10) 

0 s
w g sc M c

c c
ψ ϕφ κ ϕ ϕ∂ ∂

Φ = − ⋅ + + +
∂ ∂

∇ ∇  (11) 
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where Φ (J/mol) is the overall chemical potential for the water in the pore spaces. Individual 1 

definitions of 0 / cψ∂ ∂ , κ  and sϕ  are given in the following sections. 2 

2.1.1 Free Energy and Chemical Potential of the Homogeneous Fluid 3 

In this work, we employ an equation of state to represent the homogeneous Helmholtz free 4 

energy and chemical potential of water ( 0 / cψ∂ ∂ ). Developing an equation of state for water is 5 

challenging and different equations were developed in varying complexity and accuracy. We used 6 

an equation of state given by Fuller (1976), presented in Appendix A. Based on the Fuller equation 7 

of state, the chemical potential of the homogeneous fluid ( 0Φ ) were given by Guerrero and Davis 8 

(1980) as  9 

( ) ( )0
0 0

1ln ln 1  
1 1
b cRT a c aT RT b cb

c bc bc c b
ψ ψ χ

χ χ
+∂  = Φ = + − − − − + ∂ − +  

  
(12) 

where a (J.m3/mol2) and b (m3/mol) are the attraction energy and the excluded volume parameters, 10 

respectively. χ is a temperature dependent parameter introduced by Fuller (1976), and in the limit 11 

of χ=0 the equation of state given in Appendix A becomes the van der Waals equation and in the 12 

limit of χ=1, becomes the Redlich-Kwong-Soave equation. ( )0 Tψ +  is the ideal gas contribution to 13 

the energy as a function of temperature only and cancels out during the computations under 14 

isothermal conditions in this work. The equilibrium liquid, ( )lc , and vapor, ( )vc , concentrations of 15 

the coexisting phases at a given T are found from solving ( ) ( )( ) ( )l vp c p c= and 0 ( ) 0 ( )( ) ( )l vc cΦ = Φ16 

. As demonstrated in Figure A1, the predicted saturated density of liquid and vapor water are in 17 

reasonable agreement with a more accurate but much more complex equation of state Wagner & 18 

Pruss, 2002). 19 

The equilibrium concentrations for water can be expected to vary under the influences of 20 

water-solid mineral interactions in nanoscale pores. Cihan et al. (2019) proposed an exponential 21 

function to describe macroscopically the fluid-solid interaction potential, based on coarse-grained 22 

molecular simulation studies in cylindrical nanopores. We describe the water-solid interaction 23 

potential using a similar simple expression as 24 

( )exps hA cϕ α= −  (13) 
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where Ah (J/mol) and α (m3/mol) are empirical parameters that may vary depending on pore 1 

geometry, pore sizes, and fluid and solid molecule types. The magnitudes and signs of the 2 

parameters may vary depending on wettability of solids. Ah is negative and α is positive for 3 

interaction of water with hydrophilic pore walls. Eq. (13) suggests that absolute value of the 4 

interaction potential between water and the hydrophilic solid decreases exponentially with 5 

increasing concentration of water. An estimation of these parameters for the hydrophilic silicon 6 

nanoporous medium will be given in Section 3. 7 

2.1.2 Influence Parameter and Surface Tension 8 

The statistical mechanics definition of the influence parameter (κ) is given in terms of the 9 

molecular correlation functions (Bongiorno et al., 1976; Yang et al., 1976). A direct prediction of 10 

the influence parameter is possible only for simple fluid systems with known correlation functions.  11 

However, the influence parameter can be linked to attraction energy (a) and excluded volume (b) 12 

parameters of the equation of state as demonstrated by Carey et al. (1978) and Guerrero & Davis 13 

(1980): 14 

2/3( ) ( )T T abκ υ=  (14) 

The temperature-dependent coefficient υ(T) in Eq. (14) is not universal and changes for different 15 

fluids. The surface tension is related to κ multiplied by the magnitude of the concentration square 16 

gradient. The definition of the surface tension according to the square gradient theory and the 17 

calculation procedure are given in Appendix B. Figure B1 shows an almost perfect fit of the square 18 

gradient theory-based model to the surface tension data for water. We estimated that the 19 

temperature dependent coefficient for water can be expressed as ( ) ( )20.6058 0.0556rTTυ = + , 20 

where Tr is the ratio of the temperature to the critical temperature. The value of κ at T=15oC is 21 

equal to about 9.23×10-21 (J.m5/mol2). The thickness of the interfacial zone at that temperature is 22 

only in the order of a few molecular diameter (Figure B2). Representing such a thin interfacial 23 

zone requires a model resolution much smaller than a few molecular diameter (grid size ≈0.012 24 

nm in Appendix B). If the model resolution is decreased while keeping κ constant, the value of the 25 

surface tension changes because the concentration gradient changes. As achieving such a high 26 

model resolution is prohibitive for a macroscopic modeling study, κ is typically scaled up by the 27 

square of the numerical model grid size to compensate for the decreased concentration gradient 28 
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with decreasing model resolution so that the magnitude of the surface tension stays approximately 1 

same (Cueto-Felgueroso & Juanes, 2018; Cihan et al., 2019). In addition to the model resolution, 2 

in macroscopic modeling studies of complex porous media, κ is expected to be a function of pore 3 

size distribution and connectivity. However, given the uniformity of pore sizes and the lateral 4 

continuity of pores for the nanoporous medium tested in this work, as explained in the next section, 5 

we assume κ is only functions of temperature and model resolution. We scale up the κ value by 6 

the square of the ratio of the macroscopic model grid size to the molecular model grid size (0.012 7 

nm), as expressed in Table 1, to represent the surface tension energy between the liquid and gas 8 

phases. 9 

2.2 Modeling Laboratory Test of Imbibition Triggered by Adsorption and Condensation 10 

In this study, we used the experimental data in Vincent et al. (2017) that established the 11 

migration of water in an imbibition like manner during water vapor adsorption, as conceptually 12 

represented in Figure 1. Vincent et al. (2017) used a thin silicon nanoporous sample 13 

(~1cm×1cm×5µm). The porosity is quite high (~0.45), and the equivalent pore radii were reported 14 

to range between 1.5-2 nm. Vincent et al. (2017) does not include a detailed image of actual pore 15 

structure in their sample. The imaging studies by Elia et al. (2016), using SEM micrographs, for 16 

the similar type silicon nanoporous media (porosity range = 0.34 – 0.47) indicate that the pore 17 

structure involves more or less parallel and laterally connected tortuous paths. Homogeneous 18 

mineral content and the simple pore structure with roughly uniform pore sizes appear to be 19 

consistent with the assumptions behind the expression for the fluid-solid and the fluid-fluid 20 

interactions.  21 

The data provided in Vincent et al. (2017) include the measurement of the relative changes 22 

in reflectance using an optical approach. The relative changes in grayscale intensity with respect 23 

to the intensity at dry state were quantified to track the motion of the water inside the nanoporous 24 

sample. Vincent et al. (2017) stated that there would be a close-to-linear relationship between 25 

adsorbed mass and reflectance. Vincent et al. (2017) did not report an established correlation to 26 

map the measured relative change in reflectance to the actual adsorbed water mass or average 27 

water concentration, and thus currently we do not know if the accuracy of ‘the close-to-linear 28 

relationship’ is the same for high water saturations and low water saturations. Vincent et al. (2017) 29 

reported spurious spikes in reflectance that occurred during desorption and later stages of the 30 
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condensation. Despite the qualitative nature of the data collected, the reflectance method of 1 

Vincent et al. (2017) showed that the imbibition front in their silicon nanoporous sample could 2 

still be reasonably detected. Therefore, we focused here on representing the imbibition front using 3 

the model, rather than exactly matching the concentration values.  4 

For our analyses in this work, we digitized Vincent et al. (2017)’s data given for a high 5 

relative humidity condition (rh=0.98) and then we expressed the relative change in intensity data 6 

in terms of average dimensionless concentrations, by simply taking the ratio of the relative 7 

intensities to the relative intensity at fully wet condition (Figure 2). The silicon nanoporous sample 8 

was exposed to water vapor at one inlet boundary, while keeping the other boundaries closed. We 9 

used the one-dimensional version of the model presented in the previous section without 10 

gravitational forces because of infinitesimally small Bond number, for both simulating the 11 

experiment in Vincent et al. (2017) and subsequent numerical analyses. The following initial and 12 

boundary conditions were employed to solve the equations: 13 

( )
0

0

( , 0) 0; ( , 0) ( (0))
( 0, ) ; ( 0, ) ( ( )) , (inlet)

( , ) ( , ) 0

v

v v

d

c x t x t c
c x t c rh x t c rh
qc x L t J x L t

= = Φ = = Φ

= = Φ = = Φ

= + = =

 
 

(15) 

where L is the length of the sample (1 cm). An in-house computer model was employed to 14 

numerically solve the coupled second order partial differential equations in Eqs. (10-11) based on 15 

the finite volume method. The numerical model domain was finely discretized using a uniform 16 

grid size of Δx=12.5 µm. The system of equations is linearized using the Newton-Raphson method 17 

and solved simultaneously by a preconditioned restarted Generalized Minimum Residual 18 

algorithm.  19 

3 Results and Discussion 20 

The numerical model was fitted to the experimental data using the Differential Evolution 21 

optimization algorithm (Price et al., 2005) to estimate the five unknown parameters listed in Table 22 

2. Figure 2 shows the model-estimated concentration profiles and the experimental data at rh=0.98, 23 

extracted based on the relative change in reflectance from Vincent et al. (2017). The profiles 24 

clearly show imbibition like transport of water inside the nanoporous medium. The model appears 25 

to represent the water concentration profiles at different times reasonably well. The estimated 26 

permeability appears to be very low, about 9 nanodarcy, but this is about an order of magnitude 27 
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greater than what we previously estimated for a Marcellus shale rock core with a porosity of 0.1 1 

in Cihan et al. (2019). The estimated effective diffusion coefficients are also an order of magnitude 2 

greater than the estimated values for the same shale and the reported values for other nanoporous 3 

rocks (Peng et al., 2012; Zhang et al., 2017; Tokunaga et al., 2017). The ideal Knudsen diffusion 4 

coefficient in a cylindrical pore of 2 nm radius is about 8×10-7 m2/s, which is in the same order of 5 

magnitude with our estimated diffusivity value for the gas phase, D(g)= 2.78×10-7 m2/s. 6 

Considering that the ideal Knudsen diffusivity must be scaled down to account for the tortuosity, 7 

our estimated value of D(g) appears reasonable.  8 

The estimated D(l) is about two orders of magnitude less than the self-diffusion coefficient 9 

of water, 1.77×10-9 m2/s at 15 ˚C (Holz et al., 2000). The finding of the reduced water diffusivity 10 

is consistent with the experimental measurements in other hydrophilic nanoporous media. For 11 

example, the ratio of the self-diffusivity of water to the measured diffusivity in cement paste was 12 

found to be in range of 60 to 80 (Li et al., 2012; Korb et al., 2007). The measurements of the 13 

reduced self-diffusivity of water in hydrophilic confined pore spaces were also supported by 14 

molecular simulation studies (e.g., Kalinichev et al., 2007; Bonnaud et al., 2010; Qomi et al., 15 

2014). The molecular simulation study by Bonnaud et al. (2010) shows that the self-diffusivity 16 

decreases with decreasing nanopore size. In general, based on the molecular simulations, the 17 

reduced diffusivity is explained by structuring of water molecules near the hydrophilic surfaces 18 

and tendency of hydrogen atoms of water to orient and move toward the surfaces, which slows 19 

down the movement of water molecules. As a result, the diffusivity of water in nanoporous media 20 

may become significantly lower than the diffusivity of bulk water. 21 

In this work, D(l) does not seem to significantly affect the model results at the early stage 22 

of adsorption and condensation. However, in the later stages of the condensation, because the value 23 

of D(l) is orders of magnitude smaller than the value of D(g), the interpolated D, (see Section 2.1), 24 

becomes smaller and smaller as the water concentration increases. As a result, in the imbibition 25 

like water transport regime, the total diffusive term becomes much smaller compared to the 26 

advective term. 27 

Based on Eq. (9) with the estimated permeability and the diffusivities, Figure 3 shows that the 28 

contribution to the total water flux is dominated by the diffusive term when the normalized water 29 

concentration (or saturation) stays low, which can occur, as demonstrated below, at low rh 30 
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conditions. At high rh conditions where the normalized water concentration substantially increases 1 

as a result of the phase transitions to pore-filling liquids in the 2 nm radii pores, the total flux is 2 

largely due to the advective term. 3 

3.1 Diffusion-to-Imbibition Transition 4 

Consistent with the experimental finding reported in Vincent et al. (2017), the model results 5 

show that there exists a critical rh value (rhcrit) equal to 0.6. When rh < rhcrit, smooth, diffusion-6 

type concentration profiles occur, and when rh > rhcrit, sharp and imbibition-type concentration 7 

profiles appears (e.g., Figures 4a and 4b). The diffusion-type profiles calculated for rh=0.5 in 8 

Figure 4a indicates that water migrates mainly with vapor diffusion and forms adsorbed films in 9 

the pores. In Figure 4b, the model calculations at early times show smooth concentration profiles 10 

as water vapor diffuses and becomes adsorbed in the pores. At later times, with the sufficient 11 

supply of water molecules under high rh conditions (0.8 in this case), the diffusion-type profiles 12 

transition into the imbibition-type profiles. The transition from adsorbed water film to pore filling 13 

liquid starts at near the inlet, and then the water migrates in an imbibition-like fashion. When rh < 14 

rhcrit, this transition does not happen and the normalized water concentration (or saturation) 15 

remains low. According to the model, the transition time for diffusion-to-imbibition depends on 16 

rh. Figure 5 shows a plot of the rh-dependence of the model-calculated elapsed times when the 17 

transition occurs at a short distance from the inlet (x≈0.68 mm). As the rh increases, the chemical 18 

potential difference between the outside and the inside of the porous medium increases, and the 19 

transition to imbibition develops more rapidly. As the rh approaches the rhcrit, the transition 20 

requires much longer time, consistent with time needed to diffusively build up adsorbed film 21 

thicknesses to the point of pore filling.   22 

3.2 Equilibrium Behavior of Water and Adsorption-Desorption Isotherms in the Silicon 23 

Nanoporous Medium 24 

The occurrence of the diffusion-to-imbibition transition at high rh (>rhcri t) can be 25 

understood by evaluating the thermodynamic potential of the system. We employ a useful 26 

thermodynamic potential known as the grand potential, (Evans, 1990), 27 

( )0 0s vc c cψ ϕΩ = + − Φ  (16) 
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where Ω represents the grand potential density (J/m3). Eq. (16) can be used to explain the 1 

equilibrium properties of water (i.e., the adsorbed films or pore filling condensed water) inside the 2 

nanoporous medium that is in equilibrium with water vapor (cv) kept at different fixed rh values 3 

and chemical potentials (Φ0(cv)).  4 

Figure 6a shows a plot of the grand potential energy density as a function of the normalized 5 

water concentration for the nanoporous medium tested at various rh conditions. At rh < 0.6, the 6 

grand potential function shows two local minima. The minima in the potential correspond to 7 

possible stable equilibrium concentrations of water in the pore space when the equilibrium is 8 

reached. During water adsorption for rh <0.6, starting from a dry state, water concentration 9 

increases and the potential reaches the first minimum where the stable adsorbed films form. There 10 

exists an energy barrier preventing the adsorbed films from growing into pore-filling condensed 11 

liquid phase. Note that there is no any initial barrier to create adsorbed films (i.e., very left side of 12 

the curves, left to the first minimum), because the water-solid attractive forces are strong and 13 

sufficient for creation of adsorbed surface layers (~mono- or few-molecular thicknesses). 14 

However, at low rh values, the water-solid attractive potential is not enough to form liquid bridges 15 

across the entire pores. As a result, during adsorption at rh < rhcrit=0.6, the system reaches an 16 

equilibrium with a lower water concentration, corresponding to the first minimum of the potential 17 

function. The energy barrier decreases with increasing relative humidity and finally disappears at 18 

the critical relative humidity of 0.6 for water in the silicon nanoporous medium. When rh > 19 

rhcrit=0.6, we do not see any stable adsorbed films, and instead the potential energy reaches a 20 

minimum with a high water concentration by taking up much more water from the outside. As a 21 

result, imbibition-type water transport regime results when rh > rhcrit=0.6. 22 

Figure 6b presents a conceptual energy diagram based on Eq. (16) to explain the phase 23 

transitions. The diagram represents the free energy changes at different rh conditions (> or < rhcrit). 24 

When the fluid-solid interaction is zero, i.e., the top curve, the grand potential show two local 25 

minima corresponding to the bulk saturated liquid and vapor concentrations, as would be 26 

calculated from the equation of state. Figure 6b shows that in addition to the energy barrier for 27 

adsorption, there exists an energy barrier for desorption. For desorption, additional energy is 28 

needed to overcome the attractive forces between water molecules and between water and solid 29 

molecules. The energy associated with these attractive forces represents the second energy barrier 30 
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shown in Figure 6b. However, the energy barrier for desorption is much deeper than the energy 1 

barrier for adsorption, and this means that a much greater chemical potential difference is needed 2 

for desorption of water from pore space than for adsorption of water into pore space.  3 

Figure 7 exhibits an interesting feature of the model to represent hysteresis in adsorption 4 

and desorption isotherms at 15oC. The difference in the energy barriers of adsorption and 5 

desorption (Figure 6b) appears to be responsible for our model prediction of hysteresis in 6 

adsorption-desorption isotherms. Each point in Figure 7 was obtained by solving Eqs. (10-11) until 7 

the steady state was reached under different rh boundary conditions. At equilibrium, the chemical 8 

potential (Eq. 11) becomes constant throughout the domain. Although the difference in the energy 9 

barriers is the reason for the calculated hysteresis of adsorption-desorption isotherms in the 10 

idealized porous medium here with the bundle of more or less uniformly sized nanopores, pore 11 

connectivity and pore size distributions are the other important factors for the hysteretic isotherms 12 

in more complex porous media (e.g., Haines, 1930; Monson, 2012). It should be noted that the 13 

model calculated isotherms in Figure 7 appear to be very sharp, especially compared to the 14 

reflectance isotherms presented in Vincent et al. (2017) for T=15oC. Sharpness or slope of the 15 

isotherms presumably reflects how the pore sizes vary in the nanoporous medium. We do not know 16 

exactly how the reflectance values are related quantitatively to the total adsorbed mass of the water 17 

in the silicon nanoporous medium, but small changes in the pore sizes may cause variation of the 18 

phase behavior (adsorbed film versus pore filling) in individual pores, and this can in turn make 19 

the isotherms representing the overall behavior of the pore network smoother. The fact that the 20 

model calculated isotherms look very sharp implies that the current representation of the impacts 21 

of the fluid-solid interaction forces in the model needs to be improved to represent the adsorption-22 

desorption isotherms in porous media with broad pore size distributions.    23 

4 Conclusions 24 

This study presents a theoretical investigation of the processes controlling adsorption, 25 

capillary condensation and imbibition in a nanoporous medium. The theoretical model, which is 26 

based on the square-gradient density functional theory, explicitly includes the relevant interaction 27 

forces among fluids and solids in macroscopic nanoporous media. We applied the model to a 28 

relative humidity-controlled water adsorption experiment in a hydrophilic silicon nanoporous 29 

medium by Vincent et al. (2017). The model represents reasonably well the data for the time-30 
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dependent evolution of the water imbibition front inside the nanoporous medium that was observed 1 

under a high rh boundary condition. The model also correctly represents the critical relative 2 

humidity value (rhcrit) of 0.6 for the transition to happen from diffusion-type transport regime to 3 

an imbibition-type transport regime of water. The model shows that when rh exceeds rhcrit, smooth 4 

and diffusion-type concentration profiles change into sharp and imbibition-type concentration 5 

profiles (Figures 4a and 4b). The model results indicate that the transition from adsorbed water 6 

film to pore filling liquid starts near the inlet, and then the water migrates in an imbibition-like 7 

fashion into deeper parts of the core. We found that for rh > rhcrit, the transition time substantially 8 

increases as rh decreases towards rhcrit. This is because the chemical potential difference between 9 

the outside and the inside of the porous medium decreases with decreasing rh. Remarkably, the 10 

model presented has an inherent feature to predict hysteresis in adsorption and desorption 11 

isotherms. We presented an explanation for the occurrence of hysteresis using the grand potential 12 

formulated based on the model and showed that the different energy barriers for adsorption and 13 

desorption lead to hysteresis in adsorption-desorption isotherms. However, our analyses show that 14 

the free energy description in the model that includes the fluid-solid interaction forces will need to 15 

be improved for more accurately representing the adsorption-desorption isotherms in natural 16 

nanoporous media with broad pore size distributions. 17 
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Appendix A: Equation of State for Water  27 

Fuller’s equation of state (1976) for water in terms of pressure (P) as a function of molar 28 

concentration of water (c) and temperature (T) is expressed as 29 
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2

1 1
cRT c aP

cb cb χ
= −

− +
 (A1) 

where a is the attraction energy parameter (J.m3/mol2), b is the excluded volume parameter 1 

(m3/mol), and χ is a temperature dependent dimensionless parameter introduced by Fuller 2 

(1976):  3 
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The formulations of other parameters are presented as 4 
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(A3) 

where Tr is the reduced temperature, T/Tc. The specific parameter values for water that is necessary 5 

for computing the equation is given as 54.2, 647.3 ,cP T K= =  6 

7 32.205 10 , 17900mol/m ,cc Pa cP × ==  0.229, 0.344c aZ ω= = .  7 

Based on the Fuller equation of state, the Helmholtz free energy density of the 8 

homogeneous fluid is expressed by (Guerrero & Davis, 1980), 9 

( ) ( ) ( ) ( )0 0 ln 1/ 1 ln 1  c ac c T cRT c b cb
b

ψ ψ χ
χ

+= − − + − +    (A4) 
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where ( )0 Tψ +  is the ideal gas contribution and cancels out during the computations in this work. 1 

The equilibrium liquid, ( )lc , and vapor, ( )vc , concentrations of the coexisting phases at a given T 2 

are found by solving two algebraic equations simultaneously ( ) ( )( ) ( )l vp c p c= and 3 

0 ( ) 0 ( )( ) ( )l vc cΦ = Φ . Figure A1 shows that the predicted saturated density of liquid and vapor water 4 

are in reasonable agreement with the results based on the IAPWS formulation for water (Wagner 5 

and Pruss, 2002) at different temperatures. The mean difference between the calculated saturated 6 

liquid density values is about 2.5 %, and the mean difference for the calculated saturated vapor 7 

density values is about 10 %. However, at 15 oC, the difference between the liquid densities is less 8 

than 1%, while the difference between the vapor densities increase to 24 %. 9 

Appendix B: Square Gradient Theory of Surface Tension  10 

For a planar liquid and vapor interface in a non-porous medium, the equilibrium concentration 11 

distribution, according to the square gradient theory, can be described by the following second 12 

order partial differential equation and fixed concentration boundary conditions:  13 

( ) ( )
2

0
2

( , ) ( ) , ,v l
c T d cT c x c c x c
c dx

ψ κ∂
Φ = − → ∞ = → −∞ =

∂
 (B1) 

The surface tension coefficient is described as 14 

2c dx
x

γ κ
∞

−∞

∂ =  ∂ ∫  (B2) 

By manipulation of Eq. (B1), Eq. (B2) can be expressed as functions of the saturated liquid and 15 

vapor concentrations only (Teletzke et al., 1982): 16 

2 ( )
l

v

c

v
c

dcγ κ= Ω − Ω∫  (B3) 

where  17 
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( )

0 0

0 0

( )

( )
v
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Ω = − Φ
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and 0Φ is the chemical potential of the homogeneous fluid as given by Eq. (12), and the 1 

equilibrium liquid, lc , and vapor, vc , concentrations of the coexisting phases at a given T are 2 

calculated as described in Appendix A. The temperature dependent coefficient υ(T) in the 3 

influence parameter, κ, in Eq. (14) is estimated by fitting Eq. (B3) to the surface tension data for 4 

water (Figure B1). Note that Eq. (B3) was evaluated by numerical integration, and we found that 5 

the temperature dependent coefficient for water can be expressed as ( ) ( )20.6058 0.0556rTTυ = + . 6 

With the knowledge of the equation of state and the influence parameter, we numerically solved 7 

Eq. (B1) using the Finite Volume method as described in Section 2 at different grid resolutions. 8 

Then we computed the concentration profiles (Figure B2) and the surface tension from Eq. (B2). 9 

By comparing the numerical results against the data, we found that a grid size of about 0.012 nm 10 

would produce surface tension values accurate up to fourth digit. As a result, we selected this grid 11 

size as a base to scale up the influence parameter for macroscopic simulations at a micrometer-12 

scale model resolution, as described in Section 2.1.2.  13 
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Table 1. Model input parameters for water in the hydrophilic silicon nanoporous medium (pore 4 

radius~2 nm, and T=15oC) 5 

φ (-) 0.45 

µw (Pa.s) 1.14×10-3 

Daw (l) (m2/s) 2.25×10-9 

Daw (g) (m2/s) 2.36×10-5 

a (J.m3/mol2) 9.97×10-1 

b (m3/mol) 1.56×10-5 

κ (J.m5/mol2) 9.23×10-21×(Δx/0.012nm)2 

 6 

 7 

Table 2. Estimated model parameters for the hydrophilic silicon nanoporous medium 8 

k (m2) 8.73×10-21 

Ah (J/mol) -2.36×104 

α (m3/mol) 3.81×10-5 

D(g) (m2/s) 2.78×10-7 

D(l) (m2/s) 3.90×10-11 

 9 

 10 
 11 
 12 
 13 
 14 
 15 
 16 
 17 
 18 
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 1 
 2 
 3 
 4 
 5 
 6 
 7 
Figure Captions 8 
 9 

Figure 1. Conceptual diagram representing the experimental observation of adsorption and 10 

condensation-induced imbibition. Water vapor diffuses into a nanoporous medium under 11 

controlled relative humidity and temperature conditions. At high relative humidity conditions, 12 

the condensation near the inlet leads to imbibition-type water concentration or saturation 13 

profiles. 14 

Figure 2.  Comparisons of the model estimated and the measured water concentration profiles at 15 

rh=0.98. 16 

Figure 3. Contributions of the diffusive and advective terms to the flux of water as a function 17 

concentration. 18 

Figure 4. Dimensionless concentration profiles at a) rh=0.5 (<rhcrit) and b) rh=0.8(>rhcrit). 19 

Figure 5. The model estimated times for diffusion-to-imbibition transition at 0.68 mm distance 20 

from the inlet. 21 

Figure 6. (a) The calculated grand potential energy density (J/m3) as a function of the 22 

normalized water concentration for water-silicon nanoporous medium at various rh. (b) The 23 

grand potential diagram representing free energy changes at different rh conditions and different 24 

energy barriers for adsorption and desorption. 25 

Figure 7. The model estimated hysteresis in adsorption and desorption isotherms. 26 

Figure A1. Comparisons of the calculated saturated density values using Fuller’s equation of 27 

state (1976) and the IAPWS formulation for water (Wagner and Pruss, 2002) at different 28 

temperatures. 29 

Figure B1. Estimation of the surface tension of water using the square gradient theory-based 30 

model. The surface tension data is based on the International Association for the Properties of 31 

Water Steam (1994). 32 
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Figure B2. Estimated water concentration profiles for a planar interface between liquid and 1 

vapor water, using the square gradient theory-based model. (κ/a)1/2 is roughly equivalent to a 2 

molecular diameter. At 15 oC, the interface thickness is only a few molecular diameters. As the 3 

temperature increases, the interface thickness increases, and at a critical temperature, the 4 

interface becomes flat and surface tension vanishes.  5 
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