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LINEAR-QUADRATIC STOCHASTIC DIFFERENTIAL GAMES ON
DIRECTED CHAIN NETWORKS

Jean-Pierre Fouquei* Yichen FenglT Tomoyuki Ichibf{II

ABSTRACT

We study linear-quadratic stochastic differential games on directed chains inspired by the directed
chain stochastic differential equations introduced by Detering, Fouque & Ichiba [?]. We solve ex-
plicitly for Nash equilibria with a finite number of players and we study more general finite-player
games with a mixture of both directed chain interaction and mean field interaction. We investigate
and compare the corresponding games in the limit when the number of players tends to infinity.
The limit is characterized by Catalan functions and the dynamics under equilibrium is an infinite-
dimensional Gaussian process described by a Catalan Markov chain, with or without the presence
of mean field interaction.

Key Words and Phrases: Linear-quadratic stochastic games, directed chain network, Nash equilibrium, Catalan func-
tions, Catalan Markov chain, mean field games.

AMS 2010 Subject Classifications: 91A15, 60H30

1 Introduction

Stochastic differential games on networks is a broad area. There are two extreme situations. On one hand, we can
consider a fully connected network with interaction of mean-field type. When the number of players goes to infinity,
this kind of game can be approximated by a mean field game. The mean field convergence problem has been discussed
widely, for instance in Lacker [?]. Other networks and games have been proposed and studied. For example, Delarue
[?] investigates an example of a game with a large number of players in mean-field interaction when the graph con-
nection between them is of Erdos-Rényi type, and Lacker & Ramanan [?] studies the limit of an interacting diffusive
particle system on a large sparse interaction graph with finite average degree. On the other hand, we can consider
a very structured network such as a one-dimensional directed chain which has been studied in Detering, Fouque &
Ichiba [?] without the game aspect. It is a complete opposite to mean field games since, on a directed chain network,
each player interacts with its neighbor in a given direction. In this paper, we introduce a game aspect of the directed
chain and identify Nash equilibria. We also consider the limit when the number of players goes to infinity.
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Interestingly, the equilibrium dynamics on the network discussed in this paper turns out to be different from the
dynamics suggested in [?], in particular, with long time variance behavior. The equilibrium dynamics for the infinite-
player game is described by a Catalan Markov chain introduced in this paper.

The goal of this paper is to consider a game on a directed chain network and to find its Nash equilibrium. We focus on
open-loop Nash equilibria. We want to understand how the structure of the network affects this Nash equilibrium. We
propose three directed chain networks shown in Figures|l|and [2] Starting from a finite directed chain, we also discuss
a periodic directed chain in a ring structure and we compare with the game on a infinite directed chain network.

The paper is organized as follows. In section [2, we propose a finite-player game model on a directed chain and
construct an open-loop Nash equilibrium. We discuss general boundary conditions as well as two special cases to
illustrate that the boundary condition does not actually affect the Nash equilibrium. Section3]is devoted to the analysis
of an infinite-player stochastic differential game on a directed chain. We try to find an open-loop Nash equilibrium
and get a similar Riccati system to that of the finite-player game. The solutions are called Catalan functions and we
use them to build a Catalan Markov chain, discussed in section[d] We find that its long-time asymptotic variance and
covariance are finite. In sections [5]and [6] we discuss the finite-player and infinite-player games for a mixed system
including both a directed chain interaction and a mean-field interaction. We can adjust the model to be a purely mean
field game or a purely directed chain game or a mixed one by introducing a tuning parameter u € [0, 1]. We repeat
the same steps as sections 2] [3] and[]to find the Nash equilibria and we construct a generalized Catalan Markov chain
describing the two effects. We find that the long-time asymptotic variance of the process with the purely directed
chain interaction is finite, which is different from the case with mean-field interaction as shown in Table 1 in [?]. In
section [/, we propose a finite-player periodic directed chain game and we construct an open-loop Nash equilibrium.
We conjecture that its infinite-player limit is the same as the one found for other boundary condition. this conjecture is
supported by numerical results. Section 8] gives a conclusion and open problems. Appendix[A]includes some technical
proofs and discussions.

1 2 3 N-1 N 1 2 3 N-1 N
- -« -

Figure 1: Finite Directed Chain and Infinite Directed Chain

Figure 2: Periodic Directed Chain



2 N-Player Directed Chain Game

2.1 Setup and Assumptions

We consider a stochastic game in continuous time, involving NV players indexed from 1 to N. Each player is controlling
its own, real-valued private state X; by taking a real-valued action ! at time ¢ € [0, T]. The dynamics of the states of
the IV individual players are given by N stochastic differential equations of the form:

dX} = oidt + ocdW}, i=1,--- N, (1)

where 0 < ¢ < T and (W})o<t<r, @ = 1,---, N are independent standard Brownian motions. For simplicity, we
assume that the diffusion is one-dimensional and the diffusion coefficients are constant and identical denoted by o > 0.
The drift coefficients «’s are adapted to the filtration of the Brownian motions and satisfy IE| fOT |ai|?dt] < oo for
1=1,...,N. The system starts at time ¢ = 0 from ¢.7.d. square-integrable random variables X} = &; independent of
the Brownian motions and, without loss of generality, we assume [E(§;) =0fori=1,..., N.

In this model, among the first N — 1 players, each player i chooses its own strategy o, in order to minimize its
objective function given by:

T
) 1 . ) . ) )
1<i<N—-1: Ji(a'--,aV)=E {/0 (2<a§>2 + g<xz+1 - XZ)Q) dt + g(X%+1 - X%)Q} . ©
for some constants ¢ > 0 and ¢ > 0. The running cost and the terminal cost functions are defined by fi(z,a’) =
(@) + £(2' — 2%)? and gi(x) = L2 —a%)?, respectively. This is a Linear-Quadratic differential game on
a directed chain network, since X interacts only with X**! through the cost functions for i = 1,..., N — 1. The
system is completed by describing the behavior of player N which will be done in the following section, when we

discuss the boundary condition of the system.

2.2 Open-Loop Nash Equilibrium

In this section, we search for an open-loop Nash equilibrium of the system among strategies {a,i = 1,--- , N} and
we study the effect of boundary conditions. We will discuss a general boundary condition for the game and then show
two particular choices in Section 2.2.2 and 2.2.3. We construct the equilibrium by the Pontryagin stochastic maximum
principle.

2.2.1 General Boundary Condition

We consider a setup with general boundary condition for the directed chain where the last player N does not depend
on the other players. The cost functional for player N is defined by:

T
N a¥) =B {/ (3087 + @) ar+ @(X%V)} ‘

Here, ¢2(z) = %(x — m)? + a2 and Q2(z) = 4 (x — m)? + ¢, are non-degenerate convex quadratic functions

in x, where aj, as, m,c1,co are some constants with a; > 0 and ¢; > 0. The running cost function is defined by
N (z,a™) = 1(a™)? + g2(z) and the terminal cost function is defined by g™ (z) = Q2(x). This can be seen as a

control problem for the player NV and we assume its state is attracted to some constant level m.
The Hamiltonian for player : < N — 1 is given by:

€

Q(xi+1 o :L,i)2’

N
Hl(:cla"' 71,N’yz,1,.” 7yz’NaO‘17"’ >aN) = § akyl’k+ 5(0&1)24»
k=1
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and the Hamiltonian for player [V is given by:

N
_ . . 1
HN (2t 2Nyt N el e = Zakyz,k + i(aN)2 T %(IN —m)? + as.
k=1
Fori = 1,..., N the value of o’ minimizing the Hamiltonian H(-) with respect to o, when all the other variables

including o for j # i are fixed, is given by the first order condition

Opi H' =y + o' =0 leading to the choice: &' = —y"

TheadjointprocessesYti:(Yti’j;jzl,~~ ,N)and Z} = (Zf’j’k;j=1,~-~ N, k=0,--- ,N)fori=1,--- /N

are defined as the solutions of the system of backward stochastic differential equations (BSDEs): forj =1,..., N
o ) _ N
AW = 0, H (X, Y, ap)dt + 2 ZpPFdwk
k=0
i< N-—1: i ; N ik
- = —e(X{T = X])(Sig15 — 0 j)dt + Y0 ZPPEAWE,
k=0
Vil = 0g:(Xr) = e(X5 = X5)Bisr — b1 ®
N,j NNk
d}/t J = —al(XtN — m)(SN,jdt + Z Zt 7 thk,
i=N: 4 k=0
YY{V’] = Cl(XTJY — m)6N7j.

Particularly, for j = ¢, it becomes:

dy;/l,z _ G(th+1 _ th)dt + Z Z?Lkdwtk, Y;«’l = —C(X,éfl _ X'%>7 1 < N -1
k=0
N “4)
QYN = oy (XN —mydt + 50 ZVNEAWE, YN = (XA — m).
k=0

Considering the BSDE system and its initial condition (@), we make the ansatz:

N—-1 N
VAP ARD (RN CARD GRS BE AR G AR (5)
j=i

-
affine in X%, depending on B.C. J

for some deterministic scalar functions ¢, (depending on ) satisfying the terminal conditions: for 1 < < N — 1,

Nt = e N = e NPT — 0 for j > i+ 2, 9N =0, and pN VN = ¢), NN = —¢ym. With this ansatz,

the optimal strategy and the forward equation become

N
Y iy Nyi,j xJ N,i
a%:_Yt’LyZ:_(Z‘QZ)t ZJXg""l,Z}t 2)7
Jj=i

. N : . .
dxy = *<,§, o PR XE + ) dt + od Wy
=J
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Differentiating the ansatz leads to:
N
N
= Z (X7 ¢4
= > X{g M dt 4 at

N .
+ 30 (-

ay; R

2

J= =Jj

IN,i,k N.i,j  N,jk
¢ Zcb gy )
j =i

M=
VRN

k=i

+ e —

*{Z( g

+o Z oNRqWE,
k=1

Z vy gpdt

z NIk Xk —

k

N,i,j N,j.k N
quf qust 3T )th+[ R
j=i

]+

P dt + od W)

k=1

Xkdt + Z o PRawk

(6)

N . .
=g ba
J=1

Here ¢, represents the time derivative of ¢;. Comparing the martingale parts and drifts of two It6’s decompositions

and (El} of Yl " the martingale terms give the deterministic (and therefore adapted) processes Z,’ bk,
Z00 =0, Z"F = 0fork <iand Z/F = ot for k > i 7)
The drift terms show that the functions qbiv " and z/J;N " must satisfy the system of Riccati equations :
for: < N —1,
iV“ _ iV“ thV“ —e ¢¥” —e
'i\/,i,iJrl _ 7{\/“ ) i\r,mﬂ I (bi\f,i,iJrl ) ¢iv,z‘+1,i+1 Fe ¢¥,i,i+1 S—
'i\i,i,é _ iv,u NM+¢Nu+1 ¢N1+1€ .
+.”+¢§Vz£ 1 i” 1£+¢NM NM ¢¥,i,E:0, ®)
‘iV,i,Nfl _ ,fV” iv,i,Nq R ¢N,i,N71 NN 1,N—1 g,i,Nﬂ —0,
d)]{\MN _ i\/zzqu,i,N +¢N1N 1 NN 1N +¢N’LN NNN7 ¢¥,¢,N —0;
for: = N,
GYNN | GENN GENN _y GENN
And
i N N NJ N Ny
t ZZ% ’J¢tﬂja r =0
j=i
wiv,Nq : wiv,N—1¢iv,N—1,N—1 i 1pi\f,Nqlet\/,J\f—Lz\f, wév,Nq —0,
Gt =N e MY 4 aim, b = —erm
From the equations above, the functions ¢ * for all i = 1,--- , N — 1 are identical; the functions ¢, """ for
all i = 1,---,N — 2 are identical ;---; and the functions qSNl N L i\’”l N=1 " The functions qSN’ N for
all ¢ depend on QSN NN of the last player which is determined by the boundary condition. However, the functions
Nt NN are independent of ¢ and the boundary condition. The functions ©)™-" depend on the ¢

functions and have no effect on ¢™%J (j < N) as well. In conclusion, these ¢™*J (j < N) functions are solvable,
identical and independent of the boundary condition as long as the boundary condition defines the last player as a

self-controlled problem.



As the number of players goes to infinity, we can get rid of the boundary condition and get a sequence of functions
{#l.j =1,2,---}, defined by ¢? = ¢ """, gl = NHL oL gl = NHHI for large N and so on. It indicates
that the Nash equilibrium converges to a limit independent of the boundary condition. Therefore, it is natural to study
a similar game with infinite players and we conjecture that the limit of the Nash equilibrium of the finite-player game
gives us the Nash equilibrium of the infinite-player game. And the sequence of functions { (Z){,i € N} is the solution
to the Riccati equation system of the infinite-player game. This will be discussed in Section (3| Next, two particular
examples are discussed to better illustrate the effect of the special boundary condition.

2.2.2 Boundary Condition 1: X7 is attracted to 0

Here, we discuss the case when X% is attracted to 0 which is also the mean of the initial condition. It is equivalent to
the general boundary condition when m = 0. Without loss of generality, we can take constants: a; = €, ¢; = c and
as = co = 0. Then the cost functional for player N is given by:

IV (@) :E{/OT (;(afv)Q—i—;(thv)Q) dt + = (XT) }

Ny = 1(a™)? + £2? and the terminal cost function is defined by

The running cost function is defined by f¥(z, «
gN(z) = %(:2. Then, X ¥ is independent of the other players and is the solution of a self-controlled problem. We then
make the same ansatz as (5 with ng " = 0 for all 7. As a result, the martingale terms give the same processes Z; ik

as (7). And from the drift terms, we get the system of Riccati equations:

for: < N —1,
iNiji _ Nyji Nii Niji
by =@ P — € o7 =c,
IN,i,i+l Nyji  Nyii+l N+l [ Nyi+1,i+1 N+l
oH =¢y " Py + ¢ o t6 T =G
IN,i, L N Nzl N,iji+1 Nz-‘rll N,il—1  N,I-1, N,i,l Nll Nzl_
¢ = ¢ + ¢y “+ P ¢ + ¢ ) T 0,
iNi,N _ Ny N,i,N N,i,i+1 N7i+1,N N,i,N—1 ;,N,N—1,N N,i,N N N,N N,i,N _ Q.
t - ¥t ¢ + ¢ + ¢ t + ¢ 9 (bT - 07
forti = N,

) =G,

‘N.NN _ ,N,N,N ,N,N,N N,N,N
on = ¢, o - b7

From above, we have the same conclusion: the functions (;SN’“HC = qﬁfv’j’jJrk foralli,7 > 1,k >0and?+ k <

N,j+ k < N; and functions (,zS ’j(] < N) are independent of the boundary condition. Notice that in this case

N,N,N N,izi
t

has the same solution as ¢, *""* (i < N). Thus, in the ansatz, we can actually assume ¢™~/~* instead of ¢*%J.

2.2.3 Boundary Condition 2: o™V =0

We study the case when there is no control for the last player X7, i.e. the dynamics of the state is given by:
dx)N =odWV; X =¢&v, EEn) =

Player i chooses the strategy o (i < N) to minimize J* given above and o’ = 0. We make the same ansatz as in
with 1" = 0 for all 7. The martingale terms give the same processes Z;""* as in .
From the drift terms, we get the system of Riccati equations :

6



fori < N —1,

‘N4 __  Nyjji N Ny _
¢ =¢y P — € op =c,
N+l Ny N+l Nyiji+l  N,itl,+1 N+l
t = ¢ “ Oy + ¢y xon + €, T = —c,
Nl Ny N il Nyijit+1 | N AL Nyl—1 ,N,iI-1,0 Nyl Nl Nyl
¢ = ¢ + ¢ “+ @y ¢ +¢p oy, b =0,
‘N, i,N—1 __  Nyi N,iN—1 Nyiyit1 N1+1 N-1 Ng,N—1 ,N,N—1,N—1 N, N—1 _
t = ¢ t + ¢y ++ 9 t ) oo =0,

N-1
(N, N Nyi.j 1 N,j,N
t = Z bp Py

=

=1
N,i,i NzN N,ii+1 N7,+1N
+ &,

NleNN 1,N N,i,N .
= P d) 07

ot , 7

fori = N,

(biv,N,N ¢¥,N,N

= —67 = C7

From above, it is demonstrated again that the boundary condition does not affect the solutions gzﬁiv’i’j (j < N), however,
the functions ¢£V N for all i are different from those in Section , which are dependent on the boundary condition.

3 Infinite-Player Game Model

Motivated by the limit of the finite-player game discussed in Section [2] we define the game with infinite players
on a directed chain structure. In Remark [I] in section [3.1] we will see that the Hamiltonian only depends on finite
players, which will make it well-defined. We assume that the state dynamics of all players are given by the stochastic
differential equations of the form:

dX} = aidt +odW}, 0<t<T,

where (Wf)ogth, 1 > 1 are one-dimensional, independent Brownian motions. Similar to the setup for the finite-
player games in Section we assume that the drift coefficients o are adapted to the filtration of the Brownian motions
and satisfy [E[ fOT |ai|?dt] < co. We also assume that the diffusion coefficients are constant and identically denoted
by o > 0. The system starts at time ¢ = 0 from ¢.7.d. square-integrable random variables X = &; independent of the
Brownian motions and such that ]E(fz) =0. In this model, player i chooses its own strategy o in order to minimize
its cost function of the form: J*(c [fo (s, Xs, a5)ds+g"(X7)], where fi(z,a') = 1(a’)? + §(z" T —a?)?
and g'(z) = S(2'T' —2")%, 2’ € ]Rforz > 1.

3.1 Open-Loop Nash Equilibrium

We search for an open-loop Nash equilibrium of the infinite system among strategies {a!,i = 1,2,---}. First, we
have the Hamiltonian of the form:

i1 2 3,1 i, E kzk 2
H(xaxa"'vy'a"'ay 70[ a Oé) +

assuming it is defined on Y;’s where only finitely many Yti’k’s are non-zero for every given ¢. Here, n; is a finite
number depending on ¢ with n; > 4. This assumption is checked in Remarkbelow. Thus, H' is well defined for
1> 1.



The adjoint processes Y = (Y;7:j = 1,--- ,n;) and Z} = (Z}7"1 < j < ng,k > 0)fori = 1,2,--- are the
solutions of the system of backward stochastic differential equations (BSDEs):

AV = —0, Hi(X, Y, ap)dt + S ZPkawk
k=0
= —e(X{T = X7)(Gi41,5 — 0i5)dt + I;O ZprEaw, ©)
V! =0 gi(X1) = (X5 = X5)(Siv1,5 — 0ij)-

Remark 1. Forevery j #iori+1, dYti’j =3 Zf’j’detk and YTi’j = 0 implies Zf’j’k = 0 for all k. Thus, there
k=0

must be finitely many non-zero Y3 ’s for every i. Hence, the Hamiltonian can be rewritten as

‘H—z($17$27 . 7yz,z’ yz,z—',-l7 a17 a2’ . ) _ azyz,z 4 az+1yz,z+1 4 5(042)2 4 §($z+1 _ $1)2.
By minimizing the Hamiltonian with respect to o, we can get the open-loop Nash equilibrium: &° = —y*? for all 3.

Inspired by the conclusion from the finite-player game, we then make the ansatz of the form:

o0
Yrtz,l — Z¢i_ng7 (10)
j=i
for some deterministic scalar functions ¢; satisfying the terminal conditions: ¢3. = ¢, % = —c, g% = 0 for k > 2.

Using the ansatz, the optimal strategy &* and the forward equation for X in (1)) become:

& ==Y = -3 ¢l X],
‘ o , (11)
AXi = — > ¢ 7' XIdt + od W},
J=i

Differentiating the ansatz (I0), we obtain

Ay = S [X{ ] At + ¢ dx))

Jj=t

o L o (k. \ o (12)
= > GEX{HRdE - Y (2 o] ’“) X{thdt 4o Y @F W,

k=0 k=0 \ j=0 )

Now we compare the two It6’s decompositions 1i and @) of Yt” The martingale terms give the processes ZZ Ik

700 = 0; 2R = 0fork < iand Z0"F = o¢F for k > i

And from the drift terms, we get the system of Riccati equations:

fork=0: 6f=0¢f of —¢, ¢ =c,
fork=1: ¢! =240 ¢! +e, ok = —c, (13)
fork>2: ¢F =¢f - ¢f +op -0y "+ -+ o +oF o), ok =0,

The solutions to this Riccati system coincide with the limit of the solutions to the ODE system (8] of the N-player

directed chain game in Sectlon ie, ¢’ = lim ¢""""7 in the supremum norm.
N—oo

Lemma 1. We have

FT Ve 9T ek

and the functions ¢*’s are obtained by a series expansion of Sy(z) given by @)

i ¢k =0 ¢0 (_6 B C\ﬁ)€2\/g(T_t) +e— C\/E
t 9
k=0

8



Proof. Given in Appendix[A.1] O
Remark 2. It follows from Lemmal[l|that the forward dynamics (1) can be written as:

dXi =— XAt + odW
=0 LY . )
= =0 > SXPdt — g9X{dt + odW]

j=1
o0

=0 (X SHX — X{)dt + odW],
=1 "

which shows that this is a mean-reverting type process, since ¢ > 0. We also see that this system is invariant under
the shift of indices of individuals. In particular, the law of X® is the same as the law of X! for every i and also X" is
independent of (W1, ---  Wi=1),

4 Catalan Markov Chain

In order to simplify our analysis, we look at the stationary solution {¢*, k > 0} of the Riccati system in Section
[Bl Without loss of generality, we assume € = 1. By taking 7" — oo, we obtain the stationary long-time behavior
satisfying ¢* = 0 for all k. Then, (13) gives the recurrence relation: ¢° = 1 and > ¢¥¢"~* = 0 for every

k=0
n > 0. This is closely related to the recurrence relation of Catalan numbers. By using a moment generating function

method as in Appendix we get the stationary solutions (that we call Catalan functions): ¢ = 1,¢' = —%,

L (2k-3)
= (2k—3)!

Letpg = —¢° = 1,p; = —¢! = %, and p, = —¢F = (=I 2%%2 for £ > 2. We consider the continuous-time

Markov chain M (-) with state space Ny and generator matrix
-1 p1 p2 p3
0 -1 p1 p2
0 0 -1 p

The infinite particle system (IT)) can be represented as a stochastic evolution equation:
dX; = QX,dt + dWy, (14)
where X = (X, k € Ny) with Xy = xp and W, = (W .k € Ny). By Itd’s formula we have
t t
d( / tIUW,) = (Q / TIUW,)dt +dW; ¢ >0, (15)
0 0
and thus, the solution to (T4) is:

t
X, = xo +/ W, ¢ > 0. (16)
0

Note that the transition probabilities of the continuous-time Markov chain M (-) are: p; x(t) = P(M(t) = k|M(0) =
i) = (e!Q); k, i, k € Ng, t > 0. Without loss of generality, let us assume X = 0. Then,

t oo
X, :/ > pok(t —s)dWs i
0 k=0

t oo

= / P(M(t — s) = k|M(0) = 0)dW, (17)
0 k:Ot

=EM][ > L(n(t—s)=k)ydWs e |M(0) = 0]; ¢t >0,

0

0 k



where the expectation is taken with respect to the probability induced by the Markov chain M (-), independent of the
Brownian motions (W. j, k € Ny). Therefore, we obtained a Feynman—Kac representation formula for the generator

Q.

Proposition 1. The Gaussian process X;(t), j € No, t > 0, corresponding to the Catalan Markov chain, is

2(k b))
Z / exp(Q(t — 5))); 41V () z / FOD (1 = 5)2)AWi(s)

_ &)2(k—3)
—Z/ s prj (= (t = 8)%) e” 7 AW (s), (18)

k— .
where Wi(+), k € Ng are independent standard Brownian motions and py(z) = 5% > % (—z)~ %,
j=
fork > 1.
Proof. Given in Appendix[A.2] O

4.1 Asymptotic Behavior of the Variances as t — oo

For ¢t > 0, we have:

Var(X(t)) = Var Z / F(’“)( (t—s)Q)de(s))

—Z / t_s Lo (= P2,

Remark 3. 7o evaluate the variance, we need some estimates of py(-), k € Nq. It can be shown that

1 v,
pr(—1?) = S\ € Ky_q2)(v); k>1,
where K, (z) (= [;° e "t cosh(nt)dt; n > —1, x> 0)is the modified Bessel function of the second kind.
2k+1

Then Var(Xo(t)) = Y272, f ,r (kl TRz ar (Kk—(l/Q)(V)) dv + 1=¢— e fort > 0. Details are given in the Appendix
A3

Proposition 2. The asymptotic variance is finite, i.e., tlim Var(Xo(t)) = % < 0.
—00
Proof. Given in Appendix[A.4] O

4.2 Asymptotic Independence

With X, = 0, it follows from Proposition [I] and RemarkE] that:
(t — s)it1/2

Z/ N e Ki1/2(t — s)dWj4i(s). (19)

Then the auto-covariance and cross-covariance are given by:

E[Xo(s)Xo Z fo =) 22% ((t—s+ oz)oz)kH/QKk_l/g(t — s+ a)Kjp_q/2(a)da, 0<s<t (20)
E[XO(t)Xk;(t)] = ZO mﬁ fot Sk+2j+1Kk+j,1/2(S)Kj,l/z(s)ds, t> 0. (21)
j:

The following propositions give two results about these covariances and the details of the proofs are given in Appendix

10



Proposition 3 (Asymptotic behavior of the auto-covariance). According to equation (20), the auto-covariance
E[Xo(s)Xo(t)] is positive since K, (x) > 0. Fixing s > 0, when t — s — 00, the auto-covariance does not converge

to 0, i.e. the process has no stationary distribution.

Proposition 4 (Asymptotic behavior of the cross-covariance). Similarly, the cross-covariance B[ X (t) Xy (t)] is pos-

itive for any t > 0 and

1 1 > k4+2j+1 1
- Ky K, d —.
7(k + 5! 2k+2g—1/0 s kti—1/2(8)Kj1/2(s)ds < /s

0 < lim E[Xo(t)Xi(t)] = >
Jj=0

The asymptotic cross-covariance is positive and bounded above, which means the states are asymptoticaly dependent
in the directed chain game.

5 Mixture of Directed Chain and Mean Field Interaction on a Finite-player System

In the spirit of the paper, we want to look at the game on a mixed system, including the directed chain interaction and
the mean field interaction for finite players. This section repeats the same steps as before to analyse the mixed system
game. We assume the state dynamics of all payers are of the form:

dX} = aldt 4+ odW/,

as in the previous sections. In this model, player i chooses its own strategy o' in order to minimize its objective
function of the mixed form:

T
_ _ 1 . ; _ _ .
iSN-1:  Ji(a',aV)= IE{ / (50t Fus(XPT = X))+ (1 —w)§(X, - X))t
0 (22)
FUSCET = X0 4 (1= 0 (X - X1,
for some positive constants ¢, ¢ and u € [0, 1]. The notation X is defined as the empirical mean, i.e., X; = % > X7
i=1

The running cost function is defined by f(z, ') = (a%)? + u$ (2" — 2%)? + (1 — u)5(2 — 2")? and the terminal

cost function is defined by ¢*(z) = u§ (2" — 2)® 4 (1 — u) §(Z — 2*)?. The system is completed by describing the

behavior of player N. For simplicity, we consider the boundary condition of the system where X ¥ is attracted to 0.
Then we can compare the result with that of Section[2.2.2] The cost functional for player N is given by:
(X, — XN)?)dt

(XT—X’JJY)Q}'

rolo

T 1 N\2 €
JN(aN):]E{/O (5(0%) Fus(XPV)? + (1 —w)

+ug(XF)? + (1 —u)

(23)

[Mfs}

The running cost function is defined by fV (z,aN) = (™) + us(z™)? + +(1 — u)§(z — =™¥)? and the terminal
cost function is defined by ¢V () = u§(z™V)? 4 (1 —u) §(Z — #™)2. If u = 1, the system becomes the directed chain
system discussed before. If u = 0, it becomes a mean-field system where each player is attracted towards the mean of

the system.

5.1 Open-Loop Nash Equilibrium

We search for an open-loop Nash equilibrium of the system among strategies {a},i = 1,--- , N}. The Hamiltonian
for player i is given by:

€

S@* =2l 4 (1 - w3 (@ - o),

N
H’L(xla"' 7xN7y’L’1a"' 7yl’NaO‘13"' 7aN) = § akyl’k+ 5(042)24»11,
k=1

11



and the Hamiltonian for player [V is given by:

HY (@b eyt Y Zak g (@) +us (@ 4 (1w (- o)

The value of o’ minimizing the Hamiltonian with respect to o’ is given by:
8aiHi = y” +a'=0 leading to the choice: & = —y '

The adjoint processes V' = (Y;9;j =1,---  N)and Zi = (Z"9*;j=1,--- N, k=0,--- ,N)fori=1,--- ,N
are defined as the solutions of the backward stochastic differential equations (BSDEs):

. . . N .
AV 7 = =0, H (X, Y, o)dt + S ZHFqwk
k=0
7 < N . i i _ i N i3,
= —{ue(X{™ = XD (Gir1,5 — 0 j) + (1= w)e(Xy — X{) (5 — 6ij) bt + PR faw,
Yi? =04 9i(Xr) = ue(X5 = X5) (6511, — 6ij) + (1 — w)e(Xr — X5) (% — 8i ;).
. _ N .
oy Ay = —{ueXNonj + (1 —u)e(Xy — XV) (& — dny) ydt + 32 2V 7Rdw,
1= : ) B k=0
VI = ueXPon; + (1 —u)e(Xr — XN) (& — dny).
(24)
When j = 1, it becomes:
Ayt = {ue(X = X))+ (1 —w)e( X, — X)) (1 — &) }dt + z ZRQwk,
ViE = —ue(XET — X5 — (1 —w)e(Xp — X&)(1 — f), i < N 25)

AN =L ue XN + (1 - w)e(Xy — XN)(1— )bt + Z ZNNEawk,

YT{v,N =ucX — (1 —u)e(Xr — XF)(1 - %).

Considering the BSDE system and the initial condition, we then make the following ansatz with function parameters
depending on N:

b= uz NI XT — (1 —u) (X — XD, (26)

for some deterministic scalar functions ¢;, 6; satisfying the terminal condition: when i < NV, (Z)¥ L c, ¢¥ il

—c, ¢¥’i’j =0forN>j>i+2; ¢¥’N’N = cand 0¥ = ¢(1 — +). For simplicity of notation, we denote 6, = 6}".

Using the ansatz, the optimal strategy and forward equation become:

7Y—tz,z =—ud ¢iV»ZJXtJ + (1 —u) (X, — X))y,

j=i

) N ) _ ) .
AX} = [—u X ¢ 7EXE + (1 — u)(Xy — X7)0,dt] + odW].
k=j
By summation, we can get:
B NN v LN )
Xy =—ul(y X X ¢ 7T X)dt + o5 Y dWY)
j=1k=j j=1
1 AL N,j,k\ yk 1 N k
= Uy k21(21¢ T X dt"‘U(ﬁkZlth )-
=1 j= =

12



Consequently, one obtains:

_ ) N N
d(X; = X)) =—uy X (Z ¢ T XEt + o (% 3 dWE)
k=1 j=1 k=1
N — . .
+u S N EEXE — (1 —w) (X, — X})0,dt — odW]
k=1
i—1 k .
—ud TS oYXt 5 (o - 4 Z ¢ ) XFdt 27
k=1 j=1 k=i+1
+ (ug ™ —ut z I (1 — u),) Xidt — (1 —u) X, 0,dt
1 N )
(N z Wt *UthZ).
Differentiating the ansatz (26) and using 7)), we get:
. N U, . . . . _ .
@V = XTSI at 4+ o ax] - (1 - w) - (80K - X])dt + 0,d(%, — X7)) o8)
Jj=t
C I—(1—w) IL
First,
N N, N,
I =S [XIdN 0t + ¢V dX]]
j=t
N 3 AN Nyi.j N Nk yk ¢ j j
=2 X{¢,dt + Z¢t Al Z ¢y TP + (1= u)(Xy — X7)0,dt] + od W }
j=t
N
=Y XFolNikg z z pIVd N3 ’“xkaw (1—u)b, z PN (X, — XFYdt + o z o EE AW
k=1 Jj=tk=j =1
N
=3 ($Nk Z GG (1~ u)fp ) X Pt
k=1
_ N .
+ (1 — u)b, z qs,{vﬂv’“ Xydt+0 32 AW
k=i k=i
1 3 (29)
Then,
IT =0,(X, - X;‘)dt +60,d(X; — X})
N . k .
+0, { —uk z (2 g PXEd 4w Y (600 = & 3 ¢ XEde
=1 J_ k=i+1 j=1
+ (u¢iv’l’z — uﬁ E & N.giE 4 (1- u)@t)det — (1 — u) X 0,dt
=1
N
o 3 AW - aw)) (30)
k=1

i—1

k , N , k .
= by (30 oYXt b, S (o) — &S 6N Xfdt
k=1 j=1 k=i+1 j=1

[y — uby (o) — L Z oY) — (1 — u)0?) Xidt

+ (0 — (1 — uw)07) Xydt + o (F ]ij —dW}).
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So the equation (28) can be written as:
Ay}

=u-I—(1-w)-II
N . .
= {8 (O o — (1 )
N .
L o R g0 S oY Har )
k=1 k=i
i—1 k . N . k .
—(1—-u)- { —uby % S (X ¢ I XEdt +uby 3 (67T = & 3 ¢ M) Xt
k= 1 Jj=1 k=i+1 j=1
— [0y — uby(¢)"" — % Z ¢ 7 — (1 —u)0?) Xidt
(6, — (1 — )02)Kudt + o(% z awp — dW;’)}
1—1 k .
(ull -0k ¥ xbt
k=1 Jj=1
N k k
+ kZ [ugy " — u? Z & o TP — (1 — )0y — u(l — u)fy (¢ — Z DX Edt
—it1 —
+ [udp " — U2(¢iv’“)2 2u(l — u)fydy ™ + (1 — )by + u(l — u)fy Z D — (1 - u)207) X[dt
N N,ik 2
+lul = w32 ¢ = (1= u)by + (1 — u)207) X, dt
k=1
N
+uo 3 o RAWE — (1 —w)ob, (£ S AWE — dWy)
k=1 k=1

Now we compare the two It6’s decompositions |i and ( i The martingale terms give the processes Z, :
A0 _ i
t

(31)
ok
=0; Z = —(1 - u)obyx  fork < i,
Z0 = ug Nt 4 (1 — u)oby (1 — +) and ZEF = uopF for k> .
And from the drift terms, we get
when 7 < N,
for i : b =t = 21— W (L= (1= &)~ (- w0 - )
+u(l - U)9tN(Z d T+ Z ¢t = —ue— (1—we(l— %)%, ¢ =c,
] . .
fOI'i—f—lI ¢sz+1_u2(¢N11¢N11+1+¢Nz1+1 N1+1'L+1)
—2u(1 — u)0t¢N AL (1 — u)@t L -w2et
+u(l fu)etN@lasN““ + z é ")
j (32)
:ue+(1—u) (1——)N, 71Y11+1 —c,
for¢ >i+2: upl ™t —u? Z PRI NI 90 (1 — u)B, N — (1 — u)f L 4+ (1 —u)202 L
Jj=t
l ) N ) )
tu(l —uly (X @+ o) = L -wel - )y, or =0,
and u(l — )b, z ¢N““ (1—u)by+ (1 —u)?0? = (1 —u)e(l - %), Or=cl—L);
When? = N,
ugy NN — 2 (@) N2 = 2u(l = w)hpg) NN + (1= w)f(1— ) — (1— w201 — &)
N ) )
tu(l—w)bix (X ¢f 7N + 00 ") = —ue — (1 —w)e(1 — %)?, o7
j=1
and  u(l —u)fpr N

— (1= ) + (1 — u)%0?

(33)
= (1= we(l - 5),
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When u = 1, the systems (32)) and (33) are exactly what we got for finite-player directed chain game in section[2] We
have the similar conclusion that the boundary condition does not affect the functions qﬁiv i (j < N)foralli < N. We
can also compare thesystem with the system @5)) - (48). Under suitable assumptions, the system converges
as the number of players N goes to infinity.

6 Infinite-Player Game Model with Mean-Field Interaction

Motivated by Section [5] and following Section [3] we can define a game with infinite players on a mixed system,
including the directed chain interaction and the mean field interaction. This section searches for an open-loop Nash
equilibrium and repeats the same steps as before to analyse the infinite mixed system game. We have a more general
Catalan Markov chain and Table[T|below shows the asymptotic behaviors of the variances and covariances as t — 0o
for the process with different types of interactions. Comparing it with Table 1 in Detering, Fouque & Ichiba [?], we
have similar conclusions except that our asymptotic variance of purely directed chain does not explode.

The game model is given by:
dX| = aidt + odW}; i=1,2,---, 0<t<T, (34)

where (W})o<t<r, i € N are independent standard Brownian motions. We assume the same drift and diffusion
coefficients and the initial conditions as the finite-player game. By choosing o}, player i tries to minimize:

T
] 1 i € 7 7 € 7
Ji(al,a?,- ) = IE{ /O (5(e0)?* +us(Xi = X{)2 + (1 - u)g(m, — X})%)dt
FUSCGH = X0+ (1= ) lmr - X7 .
for some positive constants €, ¢ and u € [0, 1]. Here, there is a real issue on the choice of m;. Intuitively, it should

i=1
with the fact that we had E{ X/} independent of i, it is natural to set m; = E{X}} and check afterwards that this
mean value does not depend on ¢ de facto after solving the fixed point step. Note that the case u = 0 is very particular,

_ N
come from the finite-player mixed game described in Section [5|as the limit of X, = % > X} as N — oco. Combined

and consists in solving the same mean field game problem for every i. The case u = 1 has already been studied in
Section and therefore, in what follows, we concentrate on the case u € (0,1).

6.1 Open-Loop Nash Equilibrium

We search for Nash equilibria of the system among strategies {a!,i = 1,2, - - }. The Hamiltonian for individual i is
given by:

. o >0 , 1 . , ,
Hl(t,xl,xQ,"' ’yz,17yz,2,... ,Oél,a2,"') — E akyz,k+§(a1)2+u%($z+l_xz)Q_i_(l_u)%(mt_xz)Z. (35)
k=1

The adjoint processes Yy = (Y;*/;j > 1) and Zi = (Z""*;j > 1,k > 0) fori = 1,2, - - - are defined as the solutions
of the backward stochastic differential equations (BSDEs):

A7 = —fue(X[T = X7 (ig1y — 0ig) + (1 — w)e(me — X{) (=6, ) Yt + S ZpPFdW, 6)
.o . . . k=1
Yi? = 0ugi(Xr) = ue( X5 = X5)(8ig1 — 6ig) + (1 — w)e(mp — X5) (=65 5).
When j = i, it becomes:
Ayt = {ue(X{T = X{) 4+ (1 —w)e(my — X)) Ydt + S zp"Fawk, a7
k=1

Vit = —ue(XE — X5 — (1 - u)e(mr — XE).
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According to the Pontryagin stochastic maximum principle, by minimizing the Hamiltonian H* with respect to o, we
can get the optimal strategy: &° = —y**. Then the forward equation becomes:

dX! = =Y 'dt + odW;. (38)

Similar as Carmona, Fouque, and Sun [?], we define m;* = E(X;) and m} = E(Y;). In equilibrium, we have:
mX =myfort <T.

Taking expectation in , we have: dm) = 0and m¥ = 0= m} =0fort <T.

Taking expectation in we get: dm;* = —m)dt = 0and mgf = E(¢) = 0= m;* =0.

Now we make the ansatz:

Y =ud 6l X — (1 - w)(me — X, 59

for some deterministic scalar functions ¢, 1/, satisfying the terminal condition ¢J = ¢, ¢ = —c, (bi} =0fork > 2
and ¢)p = c. Using this ansatz, the forward equation (34) becomes

&t ==Y = —u Y ¢ X + (1= u)(my — X,
_ o 1o _ , (40)
dX; = ( —u > ¢l "X+ (1 —u)(my — XZ)i/}t)dt + odW;}.
j=t
Using and dm; = dm;X = 0, we can differentiate the ansatz to obtain
@ = SXT G e+ o] ax]] = (1= w) - (Wi — XE)dt + dd(my — X)) an
Jj=
o IT—(1—w)II
First,
I =Y [X{ ¢ "dt + ¢} 'dX]]
]:
= (X7 P At + ¢ (—u z GFIXE + (1 — w)(my — X))y dt + odW})]
=
= S X{G T -y ol z GIXEAL + (1= e 3 @1 (my — XJ)dt 4 - 09] AW
Jj=t Jj=i k= j=i j=i
= Z SrX; At —u E (z 161 ) Xithat 4+ (L= w32 ¢f (my — X{™M)dt + 0 z o AW
J k=0 k=i
= Z ( Z &1} ) X{HEdE+ (1 - w)yy Z oF (my — X{M)dt + o Z ¢p AW,
= k=0 k=1
(42)
Then,
=ty (my — X))t + ¢y [0 617 X] = (1= w)(my — X])ipydt — od W
j=t
=uthy Y SEXTTRAL + (Y — (1= w)y?) (my — X])dt — rod W7, (43)
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Thus, equation (#I) can be written as:
vt =wu-I— (1 —w) 11

— . { 3 (45,’; —u i}¢{ f—j> XA+ (1—u)r S R (my — XitF)dt+0 3 qsf—idwf}
P=

=, & =
— = {u 3 XA+ (= (1= w0 - Xi)at — o |
= é {udf —u? é $lor? —u(l —u)rgf } X rdt
(= w32 o~ Xt — (1= ) — (1= ) (me — X)at
+ (w0 g + (1 = w)op)dW; +uo 3 ¢f AW}
— fudf — 260 201 — i + (s (P
+ 3 [udf —u? P $lor 7 —2u(l —u)ihof] X[t

(U= ) 3 o — (= up + (1w m

+ (uod) + (1 = w)o)dW] +uo S ¢y "dWE.

k=i+1
(44
Now we compare the two [t6’s decompositions and li First, the martingale terms give the processes Zti Ik
ZP0 = 0; ZFR — 0 for k < i, Z" = uod? + (1 — uw)othy and Z0HF = uogf T for k > i
And from the drift terms:
for k=0 : ug? — u?(¢?)? — 2u(l — u) ¢ + (1 — w)ihy — (1 — u)?h? = —e, Yr=c, dr=c (45)
fork =1:ug! — 2u?¢%p} — 2u(1 — u)h ) = ue, P =—c  (46)
k
fork > 2 :ugf —u? > ¢loy 7 — 2u(l — u)pyof =0, k=0 @
§=0
and u(l— )y Y ¢f — (1= w)ihy + (1 —u)’ef = (1 —u)e, Yr=c. (48
k=0
In Appendix [A.6]we show the following result which simplifies equation (@8] considerably.
Proposition 5. > ¢F = 0.
k=0
Using Proposition[5]and 0 < u < 1, we can simplify the equations (@3) to [@8):
¢t = (1 —u)i —¢ Y1 = c (Riccati),
fork=0: ¢ =u¢g? ¢ +2(1 — w)h @) — e, #% = ¢ (Riccati),
fork=1: &f =2udf -6} +2(1 - wrsl +e oh = —c.
fork>2: oF =u(¢f of +of oy + -+ o +0F - 8f) +2(1 —wgf, ¢k =0.
(49)

Looking at the stationary solution (in the limit (7" — o0), and without loss of generality assuming ¢ = 1, the recurrence
relation can be solved by the method of moment generating function to obtain:

— 1
1/) - 1—u?
Q/)O _1—/1—u
= " ,
1
¢1 - T 2

k=3

k _
¢ D fork >2.
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6.2 Catalan Markov Chain for the Mixed Model

As in Section @ we consider a continuous-time Markov chain M (*)(-) in the state space Ny with generator matrix
-1 & @ g
-1 a ¢ _ (2k=3)!

0
QW = _ , ) where ¢1 = ¥, qx
-1 a -

= G sz uF (= —ugk = ppu®) for k > 2.

For 0 < u < 1, Q™ is the generator of the Markov chain with jump rate 1 — /T — u from 4 and killed with

o0
probability 1 — > g, = +/1 — u. The infinite particle system can be represented as the infinite-dimensional
k=1

stochastic evolution equation:

axX(™ = QW XM™dt + dW,, (50)
where X™ = (X' k € No) with Xy = x§") and W, = (W_ ..k € No). The solution is:
t (u)
xM™ = x4+ / =M qw,; ¢ > 0. (51)
0

Note that the transition probabilities of the continuous-time Markov chain M) () is : p;1(t) = P(M™(t) =
E|M®™(0) =) = (e Q™ ))Z k, i,k € Ng, t > 0. Without loss of generality, assume xg ") — 0. Then,

=/ ZPOk t—s)dW
/ > B(M(t = 5) = HIM(0) = 0)dW.s (52)
=EM][ / Z L0 (t—s)=k) AW e |[M(0) = 0]; ¢ >0,
0 k=0

where the expectation is taken with respect to the probability induced by the Markov chain M (*)(-), independent of
the Brownian motions (W. j, k € Ny). Therefore, we have a Feynman-Kac representation formula for the generator

QW

Since z Gin_i = U2 Z oD — _ougl®) = 2¢; we have (QW)2 = T — uB with B having 1’s on the
upper second diagonal and 0’s elsewhere, i.e.,
1 —u 0
QW2 =10 1 -u

The matrix exponential of Q(“)t, t > 0 is written formally as
exp(QWt) = F(—(QW)%2), t>0, F(z) := exp(—v/—x), z€C.

Since F' is smooth, one can write

" e F(k)(_t2) e uthkF(k)(_tQ)
exp(Q™t) = F((~T +uB)t*) = > —r (uBt?)F =) — B
k=0 k=0
The (j, k) -element of exp(Qt) is formally given by
k= g206=3) . plb=3) (_42)

(k=) ’

(exp(Q™t))j 5 = j <k, where F®(z) :=
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and (exp(QWt));x = 0, j >k for t > 0.
As in Section we have the same solution for F(*)(z): F®)(z) = pp(x)e"V~*, where po(z) = 1, pp(z) =

, 2kt (=1 i
7 L e (08
j:

Proposition 6. The Gaussian process X ;u) (t), i € Ny, t > 0, corresponding to the (Catalan) general Markov
chain, is

X Z / exp(Q) (¢ — ), 4 dWi(s) Z / i RO (- 5w

t — S (k 7)
- Z / S i (= 9)%) €O W), 53
where Wy,(+), k € Ny are independent standard Brownian motions.

6.3 Asymptotic Behavior

Table [T] exhibits the asymptotic behaviors of their variances and covariances as ¢ — co. The calculation is given in
Appendix We find that only when v = 0 (i.e. pure mean field game), the asymptotic cross-covariance is zero,
which means the states are asymptotically independent. Otherwise, they are dependent and their covariance is finite.
Note that in the purely nearest neighbor interaction studied in Detering, Fouque, and Ichiba [?], in the case u = 0, the
variance does not stabilized as in our “Catalan” interaction equilibrium dynamics.

’ U ‘ Interaction Type Asymptotic Variance | Asymptotic Independence
u=20 Purely mean-field Stabilized Independent
€ (0,1) Mixed interaction Stabilized Dependent
u=1 Purely directed chain Stabilized Dependent

Table 1: Asymptotic behaviors as ¢ — oo

7 Periodic Directed Chain Game

We consider a stochastic game with finite players on a periodic ring structure. We assume the dynamics of the states
of the individual players are given by N stochastic differential equations of the form:

dX; = ajdt + odWy, i=1,---,N, 0<t<T, 4

where (Wti)OStSTv 1 =1,---, N are one-dimensional independent standard Brownian motions. The drift coefficient
function, the diffusion coefficient and the initial conditions are assumed to be the same as those in Section [2] In this
model, player i chooses its own strategy o’ in order to minimize its objective function of the form:

T
) 1 . . )
Ji(at, - a) = {/ (2(ai>2 + (X - X)) ) dt + 5 (X5 — X%)Q} : (55)
0
for constants ¢ > 0, and ¢ > 0, and we define XtN+1 = th.
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7.1 Construction of an Open-Loop Nash Equilibrium

We search for Nash equilibria of the system among strategies {a!,i = 1,---, N'}. We construct an open-loop Nash

equilibrium by the Pontryagin stochastic maximum principle. The Hamiltonian for player ¢ is given by:

N

Hz(ajl, . ’xN7yz,1’ L. ,yZ’N,Otl, L. 701N) — Zakyz,k: + 7(041,)2 + E(x1,+1 _ xz)2. (56)
— 2 2

The adjoint processes Y;' = (Y;9:j = 1,--- | N)and Zi = (Z/*,j k=1,--- ,N)fori =1,--- , N are defined

as the solutions of the system of the backward stochastic differential equations (BSDEs):

. . . N .
dYP? = —e(X[T = X)) (0ig1; — 0ig)dt + 30 ZpPEAW,
. } ‘ k=1 (57
Yi? = 0gi(Xr) = o XFT = X5) (65415 — 6ij)-

Based on the sufficiency part of the Pontryagin stochastic maximum principle, we can get an open-loop Nash equilib-
rium by minimizing the Hamiltonian H* with respect to o’

Oy H' =y 4+ o' =0 leading to the choice: &' = —yb". (58)

With this choice for the controls «’s, the forward equation becomes coupled with the backward equation (57).
We make the ansatz:

N-1
Z (ZS JXH‘] (59)
7=0

for some deterministic scalar functions ¢, satisfying the terminal conditions: qbg 0= ¢, ¢¥ - qSN * = 0 for

k> 2and X/ “x (i+3) mod N ging the ansatz, the optimal strategy (58) and the forward equation (54) become:

) . Nolo
Q' =Y =— Z ¢ X,
o (60)
dXi = Z JX”JdHadWl

Using the equations (60), we can differentiate the ansatz (39):

At = g

<.
,_.o

(61)

2

. . N-—1 CN-—-1 o N—-1 . L
Z D GAERARE TR DI AL DI AR, CAEA R S oAU (s
=0 j=0 k=0 j=0

Now we compare the two 1t6’s decompositions 1i and 1} of Yt” The martingale terms give the processes th' Ik

Z00 = 0; ZPF = g N TR for 1 <k < iand ZPF = ool fori < k < N.

And from the drift terms, we get:

fork=0: (’bivo_qhivo ¢ivo+2¢ NNl_ev ¢¥70:C7

fork =1: A AR AR AR AR z GragNNTIT e gl = e,

for N —1>k>2: <z>tN’“—Z¢t’ﬂ¢iV“+ ? AR o =0, 62)
1=k+1

fork=N—1: ¢ V"= Z AR A gNN-1 =,

20



It can be written as a matrix Ricatti equation:

Ny =NV () -E, N(T):=C, (63)
where ®% (-) is the N x N matrix-valued function given by
A A ¢
A A ¢
V(1) = : : :
: o
g A T
and
e O 0 —e c 0 0 —c
—€ € 0 —c ¢ 0
E=| o _ , C=1 0 —¢
0 : 0
0 0 —e € 0 0 —c ¢

N—1
Proposition 7. We have the relation: S ¢ = 0.
k=0

Proof. Given in Appendix[A.8] O

With finite IV, these equations are not easy to solve explicitely. If we take N = oo, we expect that the system converges
to the Riccati system of the infinite-player game studied in Section 3}

Conjecture 1. ®N(t) — ®(t), i.e. ¢ converges when N — oo for each i < N, where ®(t) is an infinite
dimensional matrix-valued function given by

o 0 0
¢ ¢ 0
EEW = g2 of @) . |

where the functions ¢*’s are given by the system of differential equations .

N-1 :
Remark 4. Proving this conjecture is equivalent to show that d)iv ok iV’Nﬂ*k — 0as N — oo. For instance,

k=j+1

N—1

for j = 0, one needs to show that gbiv’kqﬁiv Nk 5 0. As of now, this remains an open problem.
k=1

Our conjecture is substantiated by numerical evidences presented below.

7.2 Numerical Results

Using the methods given in [?], we can get the numerical solution of the matrix Riccati equation (63). Taking ¢ =
2, ¢ =1, T = 10 (large terminal time), Figure [3] shows the behaviors of the ¢ functions defined by the system of
differential equations for N = 4 and N = 100. They converge to the constant solutions of the infinite game
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given in Section[d] except in the tail close to maturity as 7" is large but not infinite. This result confirms our conjecture

N-1
stated in the previous section. Figure 4{shows the behavior of the function 3 ¢F ’kqbiv N=F for different values of

k=1

N. As we can see, the sum converges to 0 when N becomes larger, which supports the statement in remark 4] Though

these numerical results give us strong evidence and confidence that the conjecture is true, a mathematical proof is still

needed and it is part of our ongoing research.

N.7 with (N, €, ¢) = (4,1.0,2.0)

3¢£"-f with (N, &, ¢) = (100,1.0,2.0)

3
2 J 2
1 1 J
0 — 0]
-1 -1
-2 -2
-3 -3
0.0 2.5 5.0 7.5 10.0 0.0 2.5 5.0 7.5 10.0
t t
(a) N=4 (b) N=100

Figure 3: As IV increases, the blue line (biv’o — 1, the orange line (biv’l — —%, and gi)iv’k — 0 for > 2.

8 Conclusion

We studied a linear-quadratic stochastic differential game on a directed chain network. We were able to identify Nash

equilibria in the case of finite chain with various boundary conditions and in the case of an infinite chain. This last

case allows for more explicit computation in terms of Catalan functions and Catalan Markov chain. The Catalan

0.05

0.00 —

—0.05

—0-19% 0’5 10 15

2.0 2.5 3.0 3.5 4.0

t

N—1
Figure 4: 5. ¢ *oN-N=F for different values of N
k=

1
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open-loop Nash equilibrium that we obtained is characterized by interactions with all the neighbors in one direction
of the chain weighted by Catalan functions, event though the interaction in the objective functions is only with the
nearest neighbor. Under equilibrium the variance of a state converges in the infinite time limit as opposed to the
diverging behavior observed in the nearest neighbor dynamics studied in Detering, Fouque & Ichiba [?]. Our analysis
is extended to mixed games with directed chain and mean field interaction so that our game model includes the two
extreme network interactions, fully connected and only one neighbor connection. Our ongoing and future research
concerns games with interactions on directed tree-like networks and stochastic networks.
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A Appendix

A.1 Proof of Lemmalll

Define S;(z) = 3 2% ¢{¥) where 0 < z < 1 and ¢{*) = ¢F in equation 1' to avoid confusion. Then
k=0

Si(z) =3 2k

= (@76 — ) + 2(6" 0" + ¢V9,” +) +---
0 k 1 k— k— k 0
425 (30 4 g Mg g kDG L g0y

(64)
- ( ©54(2) +z¢£”st<z)+---+zk¢§k>st(z)+“'> T
= (5:(2))? — (1 — 2),
St(z) =c(1-2).
e For z = 1, we get the ODE:
Si(1) = (Se(1)*,  Sr(1)=0. (65)

The solution is S¢(1) = 0, and we deduce:

S -0, e, 60 == 3 4.
k=0 k=1

One needs to be careful when taking z = 1 because the series defining .S;(1) may not converge. Instead, we
take a sequence {z,} — 1, the limit of S(z,,) converges to the ODE (63)), and we get the conclusion.

e For z # 1, the solution to the Riccati equation is:
—€e(1—2) (62\/@@4) —1)—c(1- Z)(\/m(g?\/M(T*t) + Vel —2))
(- mgmw’t) Vel —2)) —c(1—2) (e2m(T’t) -1)
(—e(l—2)—cy/e(l—2)(1— z))ezm(T%) +e(l—2)—cy/e(1—2)(1—2) (66)
(= Vel —2) = c(1 — 2))eVO=2T=0) _ [e(T=2) + ¢(1 — 2)
2% el - 2).

A.2 Catalan Markov Chain

Si(z) =

We have the Catalan probabilities: iol pr = land py = % kil pipr—i. Then, it is easily seen that Q2 = I — B with
B having 1°’s on the upper secondkd:iellgonal and 0’s elsewﬁzrle, ie.,
1 -1 0 - A1 0
Q=10 1 -1 " = —Juo(-1), JN) =] 0 X 1

Here, J(A) is the infinite Jordan block matrix with diagonal components A .
The matrix exponential of Qt, ¢ > 0, is written formally as
exp(Qt) = F(—Q?*?) = F(Jo(—1)-t?), t >0, F(z) := exp(—v—z), 2 €C.

Since a smooth function of a Jordan block matrix can be expressed as

F(/\) F(l) (/\) F<2)'()\) o F(k)|()\)
< p(N) . 2 S
F(JOO(A)):F(AI+B):ZTB = .. .. - S
k=0 ’
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we get

> F(’“)(—tz) > t%F(k)(—t2)
exp(Qt) = F(J(—00)-t*) = F((-1 + B)t*) = > —r (Bt =" — B*
k=0 k=0
The (j, k) -element of exp(Qt) is formally given by
t2(k=3) . pk=3)(—¢2) dFF

(eXp(Qt))j,k = (]C — ])' )

j <k, where F(¥)(z) := ﬁ(x), x>0, keN,
oF

and (exp(Qt))jx = 0, j > k for t > 0. Here the k-th derivative F*)(z) of F(-) can be written as F(*)(z) =

pr(x)e” V" where pp(z) satisfies the recursive equation

prt1(z) = p(x) + Weark k>0,

with po(z) = 1, z € C. For example,

+1 1 1 _ +1 _3
po(z) = 1, pi(w) = —(-2)72, pafa) = - (-2) "% + ——(—2)7%,
2 4 4
1 3 3 5
ps(a) == g(=2) 7% 4 L (=) 4 2(-a) 7,
1 4 6 _s 15 _ 15 _z
pa(x) = E(—ﬂf) 2 +T6(_ )2 +T6(_x) +E(_Z) 2,
1 1 4 105 105
po(a) = g (-a)F b o (-a) 7 o (-a) D () E g ()
More generally we have
2k—1 )
_ 2
pe(r) = > Ppj(-2)7?
j=k
1 (j—1)! ,
= — E<ji<2k—-1
(where Prj = o @ —2k)(2k —j =il ks s )

Al G- 1! -
- ; %2 2Rk — =1 Y

ks

_ N (- 1) - .
- Q’f; @ o —j o1y ) o k=1

This formula is justified by induction in the prroof below.

] 2k—1 o B
Proof. First, p1(z) = 3 (—x) 2. Assume py(z) = 2 zk ey () 7%
=

k.

Then,
2k—1 .
i—1)! j _i+2
P () :2% o 4(2]‘721@()]1!(21)@7%17! 5(—z) 772
j=
2k .
. i—1)! _ifl
(i=j+1) =g P> (21'721@(72)!)!(%4)! (—z)~ >
1=k+1
2k—1

i—1)! _is1 2k—1)! _2kp1
= zorr ( %IW(—@ P+ G () ),

2k—1

(x o i—1)! _Ji+1
P =gt L Ty ()
J:
ke 2k i—1)! 41
=g ()7 +,§+1W(—x) )
j:

25
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Therefore,

P (2k—1)! _ 2kl kil
pi(z) + gp\k/(:l = 2A+1{(2k )1 (—z) "2 4+ (—2) 2
2k—1 .
i—2k k—i _ifd
+ > @-1 (gz gkgj((;k z))' (—z)~7= }
1=k+1
2k

i1
= geer Z sy ()
2k‘+1
(j=i+1) L

— (j—1)!
= 2R+T

zk: Gt e == (C%)
).

Vs,

J
= prr1(

Thus, the Gaussian process X (), j € Ng, ¢t > 0, corresponding to the Catalan Markov chain, is

Z/ exp(Q(t — 8))); 5 dWi(s) Z/ 5)20k=3)

FE=D (¢ — §)2)dWi(s)

— 5)2(k=3)
= Z/ ‘ P (—(t = 5)%) e 7 dWi(s),

where Wy (), k € Ny are independent standard Brownian motions

(68)

A.3 Proof of Remark[3|

By py’s formula (67), we have:

y i
pr(—1?) Lk Z 25— Qk)jll(Qllz; =Y I for v >0
]:
k—1
1 (i+k—1)! —(i+k
= 2F 2 <227)”<k oy

=(2v)~"

(i+k—1)!
OM(k—i—1)1 ¥

—1

HM

—_ i+k—1)! —i
= (2v)F ;) %(zu)

?S"
=

1 v,
= ik N ¢ “Ky_(1/9(v); kE>1,

where K, (z) is the modified Bessel function of the second kind, i.e

K,(z) =

/ e~ 7 cosht COSh(nt)dt; n > —1, x>0.
0
Then,

Var( X (t Z/

ka( (t —5)%) e 2" ds

s t V4k
(v=t-s520 =3 / e ()P
k=0 ’
_ Z/ 9 2k+1 ) _6721&-

1
(k) (EN2 4k Kk (1/2)( )) dv +
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A4 Proof of Proposition 2]

First, we observe that:

Jo St KL ()% dt = L($)0(% —v)I(§ +v),

_1 RS | °° k(2k— 1)1 00 1ok o0
(=27t = 5 ( ;)(—4m>k =k§0 EHgar 2 (a)h = 3 B eh = 5 ()at
n—1

/\
/\\/

k=0 k=0

As t — oo, based on the Remark [3} we obtain

St e’} 252k+1

tlggo Var(Xy(t)) = %4— Z/ R . [Kk—(l/z)(S)]st
k=170 :

=1

& 2 mT(k+1)T(2k + (1/2))
- §+Z m(k)24k 8T'(k +(3/2))

k=1

1 D(2k+(1/2)
) §4k+1k!1“(k;+(3/2))

1 & 1 (k-7 (2k + 1)/7
=57 Z AkF1L 92k / ( ok+1
k=1

1 1 4k —1
:*4’2 k+1 ( L k—1
— 4RHLEL (2K + 1)1 2

1 1< (k-1 1
plgskoy

2 24 (2k + 1)1 K18k
since (4k =11 (4k)! (2k+2)! 1 (4k)! (k+1)! 1 ok 11
(2k + 1)1V 22k(2k)1 /) 2L (k4 1)1 2K—1(2k)! (2k 4+ 1)!  2k—17 2k+1 2k
I I 1 1 1 1ga(2k\1 1 1 1.
= = =—-+z = —(-1+(1-2)"2
2 222’%'8’9 2+2;(k)8’f 5t )%
1, -1+v2 1
2 2 V2
A.5 Proofs of Proposition 3] and Proposition ]
From the expression (19) for X (¢), the auto-covariance is:
t _ V k+1/2
E[Xo(s)X, (Z/ N T =T K12t — v)dWi(v)

~y)h+1/2

Z/ \fk;l 2k 1/2 Kk—1/2(3—7)de(7)>

— Z/o W(t — )P (s — )RR K ot — v) Koy ja(s — v)dw
=0 ’

(oo} S 1

- Z/O W((t —s+ a)a)k+1/2ka1/2(t —s+a)Ky_12(a)da
=0 ’

> 0;

27



the cross-covariance is:

t _ l/ Z+1/2

E[Xo(t)X,(t)] = (Z/ N Ki_15(t —v)dW;(v)

(t — s)it1/2

Z/ N 1/2 Kj—1/2(t8)de-+j(V))

t _ 1/ Z+1/2

E(Z/ N Ki 1 /o(t —v)dWi(v)

(t— S)i7k+1/2

)21 k+1
/0 mil(i — k)!) 221'71%1 K 1)o(t —v)K;_j_1/2(t —v)dv

tnqg

t )k+2]+1
/ k—|—j ' 2k+2j—l Kk+j_1/2(t—V)Kj_l/g(t—y)dV

<.
Il
o

p"qg

t ght2j+1
/0 w k+] o1 Kkri—1/2(8)Kjo1/2(s)ds

7=0
= i : - / SEPET K i1 2(8) K_1 2 (s)ds
= ’/T(k +]) | 9k+25—1 o J ;
and as ¢ — oo, it converges to
c- 1 1 OO k42541
< <k + )Ll 2 1/0 ST Ky jo1y2(8)Kj—1/2(s)ds (> 0). (69)
‘We have the bound
1
> o0 . o0 ) 3
/ ST K 12(8) K12 (s)ds < (/ (s*HITV2KG (s / (s K a(s)) ds>
0 0 0

ST(k -+ +(3/2)) TG+ 3/2)
We deduce a bound for the cross-covariance given by (69):

Jim E[Xo (1) X4 (1)]

, o0 B
= (/ 52k+2]+1(Kk+ —1/2 2d8 / Qﬁ 71/2( ))2d5>
0 0
3

_ <7rI‘(k' +i+ DT 2k+25+(1/2)) «T'(j+ 125+ (1/2))

( +])'j' 2k+2j71

[ T(2k+2j+(1/2) 1 F(2j+(1/2))r
(k+37) '4’€+J+1 T(k+37+(3/2) 443+ TG+ (3/2))

ng

. 1 F(Qj + (1/2)) .
(sinee 2 JTTT( + (3/2)

(2k+2j+(1/2))§: 1 F(2j+(1/2))r
'4‘“““ D+ +(3/2) = M4+ T+ (3/2))

E\“?Mg
-
I

&\H
&\H
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is convergent, we can apply Cauchy—Schwarz inequality)

3 i _ 1 1 <7rF(k: DDk 425+ (1/2)) aT( + DI(2) + (1/2))>5



A.6 Proof of Proposition 5]

Adding equations @3] and @), for 0 < u < 1, we get:

—ue = gt —u2(¢)? — 2u(l — )it +u(l — )iy Y 0}

k=0

= ud) =u?(67)% + 2u(l — u)ihg) — u(l —u)p Y ¢f — ue.

k=0

Then 7)) and @8) can be written as:

ugy = 202 B pL + 2u(l — u)y by + ue,

k
udt = u? Zgb{gbf*j + 2u(l — w)ip o, fork > 2.

=0

Define Si(z) = > qusff“) where 0 < z < 1 and ¢§’“> = ¢k in equations above to avoid confusion. Then
k=0

k=0
= u?($y”)? + 2u(l — u)pr oy — u(l — u)ih mt’“ ue
+2(u <¢t°>¢>1 676" + 2u(1 = wypgf” +ue)+ (70)

2k (u? Zd)mék D 4 2u(l — u)pt™)) +

u?(S (Z))2 +u(l = w)hSi(z) — u(l — 2)e,
uSr(z) = u(l —2)e.
For z = 1, we obtain the ODE:
uS;(1) = u?(S;(1))? + u(l — u)Sy(1), uSr(1) =0. (71)

The solution is given by S;(1) = 0 and we deduce Z qb(k)
k=0

A.7 About Table[T]

According to proposition[6} for ¢ > 0, we have:

k=0
oo t u2k t—g 4k ) -
k=0 .
00 t 2u2k - ) eizt
N ;/0 m(k!)24k v (Kj_1(v))“dv + —



Ast — oo, for u < 1, we obtain

e’} 2u2k 2k+1

: (u) -
tli)r&Var(XO (1) = Z/ I [Kk—2)(s)]?ds

o0
ku v / s 172 (5))ds

7 T(k+1)T(2k + (1/2))
k;' 24k 8T(k + (3/2))

T'(2k + (1/2))
R k'F(k + (3/2))

|
NME% I M8 I M

1 1°° 2k
=3 22< >8k
1 1 u2 1
=5 +5((1-45)72 =)
1 ’LL2 1

Since

w > uk=i(t — 5)2(k=7) (i—s
X =3 [T - et
k=3 /0
oo t
ut(t — s)? s
=Z/ o (= 52 e (9
i=0 J0 ’
o tui t_ g)it1/2
=0
the (auto)covariance is:
u u k t—yk+1/2
E[X( ()X (1)) = (Z/ fk' S K1 a(t = v)AWi(v)

k+1/2

Z/ \[kl 2k 1/2 Kkl/z(S—V)de(7)>

’LL
= [ e P R e = D)

0 s u2k
B Z/0 W((t —s+ Oé)a)kﬂ/sz—lm(t — s+ a)Kj_q/2(a)da

£0.

The cross-covariance is:
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© o Nit1/2
(u) (w) U (t l/)
E[X X =E E - K, — Wi
[ 0 (t) k (t)] ( parl \/Ell 9i—1/2 i I/Q(t V)d (V)

S0t owd (t— )it/
Z/o Vil 29-1/2 Kj1/2(t—s)de+j(,y)>

B 0 t ut (t_y)i+1/2 ' _ .
_E(Z/O O Kt — )AWH ()

| i—1/2
¥
i=k 2

— g)imk+1/2

2—;/0 ﬁ(i—k)!( 9i—k—1/2 Ki—k—1/2(t—s)dWi(7)>

(t o l/)2ifk+1
) 22—kl
(t

u2i—k
0=k K q1)o(t —v)K;_j—1/2(t —v)dv

t

I

6 k2 _ )k

A I T Kipj12(t —v)Kj12(t —v)dv
t

|

Mg agERINgERINgE

mil(i — k)
)

(
ukt2i  ght2i+l
T gt 2t ki 1/2(8) Ko (s)ds

i=k
=0
=0

wkt2i 1
k4 )l 2R

t
/ Sk+2]+1Kk+j_1/2(S)Kj_l/g(s)dS s
0

<.
iy

and as ¢ — oo it converges to

[e%e] k+2] 1 [e%e] kb 2741
. I Ky K;_ d 0, if 0
]Z m(k + j)lj! 2k+2i—1 /0 s krj—1/2(8)Kj-1/2(s)ds  (# 0, if u # 0),

and we deduce the bound:

Jlim BLXE ()X ()]

3 i Ly 1 (wl“(k +J7+ D02k +2j+(1/2)) al(j+1)I(2) + (1/2))>é
= L+ ) 2R 8T(k+ 7+ (3/2)) 8L'(j + (3/2))
o { 204D T2k 425+ (1/2) w¥ T2+ (1/2))r
S [(k+ MM T+ +(3/2) 4 T( + (3/2))
{ w2k + 25+ (1/2) i w* T(25 + (1/2))]§
2 (k+ )R+ T(k +j + (3/2)) 145+ T'(5 + (3/2))
< %(1 %2) 1/2
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A.8 Proof of Proposition[7]

N-1
Define SN (2) = 3. z%¢1F, then, by , we have:
k=0

N—1
SN kiNk
Sy (Z):ZZ oH
k=0
N,O N0 N1 NN-1 N,N—1 N,
=¢p " oy Py gy Ty —€
+z( A AR T AR AR SRR A, ¢i“+e)+--~
- N,O ,N,N—2 NN3 N2 yNN-4 N,N-2 N,N—-1 ,N,N-1
+ 2" Q(d)t o +¢t +é 7Py R T ‘|‘¢t o )
N,O ,N,N—1 N1 yN.N-2 N,N—2 ,N,1 N,N—1 N,
+N1(¢>t -0 + oy A A @)

= ¢, "SN (2) — (1 —2)e
200 (SN (2) = 2NN T g N
+ 2¢£V,2( ] (z) . ZN—1¢N,N—1 . N—2¢iV,N—2) + ¢iV,2¢£V,N—2 + Z¢iv,2¢iv,N—1 T

LN 2¢NN Z(SN() SN 1¢NN T 2¢N,2)
+¢£VN 2¢£V2+Z¢£VN 2¢£\7,3 g N 3¢NN 2¢£V,N71
4N 1¢NN 1(51\/() N—1¢N,N 1_“'_Z¢£v,1)
+¢£VN 1¢iV1+Z¢£VN 1¢iN’2 g N 2¢NN 1@7\7,1\771

= (57(2))° + (1= 2™ 1N T = (1= 2)e
+ (1= 2N 70 7 2 o) T

[
(1= 2NN 2gN2 | g NN=2y N3 | N-3yN.N=24N.N-1)
+ (1= e + qﬁf’” 1¢1{“2 ...+ZN—2¢£V7N—1¢1{V,N—1]
N-1
= (SN())2 4+ (1= M) [ S VNN k+ZZ¢ N.N+1k
k=1 k=2
SN2 NN+N 2)—k
o ] = (1= 2)e
kzl
N—2 N-—1 4
= (S (2)*+(1-2" AN RGN (1= 2)e,
JZO k=j+1

with S¥(z) = (1 — 2)c.
(714)

For z =1, SN (1) = (SN (1))?, SN(1) = 0, we can get:

N-1 N-1

Nk . N,0 Nk

= g ¢, =0, 1€, ¢ :_E [P
k=0 k=1
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