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ABSTRACT 

A model is proposed for cold dense matter at subsaturation densities 

which is composed of neutron rich nuclei immersed in a neutron gas as well 

as an electron gas. The equation of state is calculated by means of a 

Wigner-Seitz approximation. The result shows a discontinuity at a critical 

matter density - 5xlO12g/cm3. This discontinuity, which corresponds to the 

point where one valley on the energy surface empties into another from 

above, is related to a sharp peak in the dependence of the nuclear surface 

tension on the nuclear asymmetry. 

This paper concerns the equation of state of cold dense matter at densities that are 

below the saturation density of nuclear matter, which (for symmetric, N=Z nuclear matter) 

corresponds to nuclear particle number densities p s; O.15/fm3. Uniform nuclear matter is 

unstable at a density somewhat below saturation, which (when defined as the density where 

the nuclear incompressibility becomes negative) is at a particle number density of about 

0.1/fm3 for symmetric nuclear matter and somewhat lower for asymmetric nuclear matter 1). 

The thermodynamically favored configuration is then a periodic structure of bulk matter 

immersed in a neutron gas and an electron gas which is required for overall electrical 

" This work was supported by the DirecLor, Office of Energy Research, Division of Nuclear 

Physics of the Office of High Energy and Nuclear Physics of the U.S. DepartmenL of Energy under 

contract DE-AC03-76SFOOO098. 
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neutrality. At each density the equilibrium configuration can be detennined by a 

minimization of the total energy Et at fixed volume V t and fixed number of nucleons At. 

Since this subsaturation density regime exists in a collapsing stellar core during the 

fonnation of a supernova 2.3). it has been studied by many authors. In an extensively 

studied case, the bulk matter is assumed to consist of spherical neutron rich nuclei. At 

higher densities the role of the nuclear matter and the neutron gas are reversed and the 

dense matter is assumed to consist of neutron gas bubbles surrounded by neutron rich 

nuclear matter. In both of the above cases which have been studied by means of 

macroscopic 4-7) as well as microscopic 8-12) models, the periodic structure is 3-

dimensional. It has also been shown 13.14) that one can expect 2-dimensional and even 1-

dimensional periodic structures consisting of rods, tubes or slabs, to be thennodynamically 

stable configurations. All of these studies show that the fonnation of stable configurations 

is very sensitive to the surface tension, as the configuration is detennined by competition 

between the surface energy and the Coulomb energy. Therefore, a consistent treatment of 

the bulk matter, the neutron gas and the nuclear surface energy is essential for a 

macroscopic model of this dense matter system, as has often been emphasized by Ravenhall 

et al. 15). 

It is interesting to note that the behavior of the nuclear surface tension yas a 

function of nuclear asymmetry 0 is qualitatively quite similar but quantitatively different 

depending on whether the phenomenological Skyrme interaction or the Seyler-Blanchard 

interaction is chosen for use in a macroscopic model 16,17). (The quantity 0 = (Pn-Pp)/p, 

where Pn and Pp are the neutron and proton density respectively and P = Pn + Pp is the total 

nucleon density.) The surface tension y(o) given by the Seyler-Blanchard interaction 16) 

has a much sharper dependence on 0 than that given by the Skyrme interaction 1\ 
Consequently, we felt it was worthwhile to detennine if there is also a difference in the 

stable configurations predicted for dense matter at nuclear subsaturation densities. The 

purpose of this paper is to present some preliminary results on the configuration of a 

neutron rich nucleus immersed in a mixture of neutron gas and electron gas as a function of 

increasing density. 

For simplicity our model calculation assumes there is a neutron rich nucleus, 

surrounded by a neutron gas in the center of the elementary cell which is a sphere of radius 

rc in the Wigner-Seitz approximation. An electron gas is assumed to be distributed 

, 
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unifonnly in this cell, and the number of electrons equal to the number of protons Z in the 

nucleus for overall charge neutrality. The total energy of a unit cell can be written as 

(1) 

where EN is the energy of nucleus, EG is the energy of the neutron gas, Eel is the energy of 

the electron gas, and Elat is the lattice Coulomb energy of a unit cell. 

An extended nuclear droplet model 18) is used for the neutron rich nucleus where 

the nucleus is assumed to be composed of a nuclear bulk core of radius rp and a neutron 

skin of thickness t, so we have 

(2) 

where Eb is the bulk energy, Es is the surface energy, Ec is the Coulomb direct energy, and 

Eex is the Coulomb exchange energy. The bulk energy Eb can be calculated as 

Eb = /-lp(p,O)Z + /-In(p,O)N - P(p,O)V, (3) 

where /J.p and /-In are the bulk proton and neutron chemical potential respectively, P(p,O) is 

the bulk pressure, p is the number density of bulk nucleons and 0 is the bulk asymmetry. 

Three of the quantities /J.p, /-In and P can be calculated from the equation of state of 

asymmetric nuclear matter based on the Thomas-Fem1i model with Seyler-Blanchard 

interaction 1.16.18). The number of protons Z and the number of neutrons N can be 

calculated respectively as 

1 41t 3 
Z = 2 (l-O)p 3 rp' (4) 

(5) 
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where the neutron skin thickness t, as a function of the bulk asymmetry 0, is given by a 

Thomas-Fermi calculation 16). The nuclear volume V depends on rp' t, Z and N according 

to the expression 
_ 41t [ Z rp + N (rp + t )] 3 

V-3 Z+N . (6) 

The surface energy can be calculated as Es = yeo) S, where the nuclear surface tension y is 

given by the Thomas-Fermi calculation 16), and the surface area Sis 

S = ( 41t ) 1(3 ( 3V ) 2(3. (7) 

The Coulomb direct energy Ec and the exchange energy Eex can be calculated respectively 

as 19,20) 

3 e2Z2 
Ec = -5 - (1 - 2.5 ~2 + 3.0216 ~3 + ~4) 

rp 

3 3 )2/3 e2Z4/3 
Eex = -4-(- -- (1 - 0.736 ~), 

21t rp 

where ~ = b(o)/rp, and b is the asymmetry dependent nuclear charge surface diffuseness 

given by the Thomas-Fermi calculation 16). 

If the Seyler-Blanchard expression for the energy per particle of bulk matter as a 

function of the density p and asymmetry 0 is written as e(p,o), then the energy of the 

neutron gas EG is given by 

(8) 

(9) 

(10) 

where 

_ _ 41t. 3 3 
NG - PG V G - PG 3 [re - (r + t) 1 

- p 

is the number of neutrons in the gas, V G is the volume of the neutron gas, and re is the 

radius of the unit cell. 

(11) 
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The relativistic Fermi gas model is used to calculate the energy of the electron gas, 

4 

Eel = :2: [(2t2 + I) t {t2+1-ln;t dt2 + I)J Yc (12) 

where t = ti(3n;2Pe)1/3/1l1eC and pc = ZN c is the number density of electrons and the volume 

of the unit cell is V c = 41tfc3/3. 

The Wigner-Seitz approximation is used to calculate the lattice energy, so we have 

(13) 

From the equations above the energy per nucleon for a unit cell E/(Z+N+NG) can be 

calculated as a function of bulk density p, bulk asymmetry 8, charge radius rp , gas density 

pg and cell radius rc, or equivalently as a function of number of protons Z, number of 

neutrons N, bulk asymmetry 8, number of neutrons in the gas NG and the nucleon density 

of a cell Pc = (Z+N+NG)N c' For a given density Pc, the minimization of E/(Z+N+NG) 

with respect to the other four variables Z, N, 8, NG will give the thermodynamic 

equilibrium configuration and thus the equation of state of this dense matter. 

Figure 1 shows the number of protons Z as a function of the matter density mNPc. 

The dotted curve is an early result of Baym, Bethe and Pethick using a liquid drop model 4), 

the thin curve is the result of Mackie and Baym using a compressible liquid drop modelS), 

the dashed curve is a result of Ravenhall, Bennett and Pethick using a Hartree-Fock model 8), 

and the dot-dashed curve is from Buchler and Barkat using a Thomas-Fermi model 9). The 

crosses are from Negele and Vautherin 10) using a Hartree-Fock model for the complete unit 

cell. (The structure in their result can probably be attributed to shell effects.) The heavy 

curves are our result. 

It is worthwhile to note that there are two very interesting points in our result. 

Firstly, there is a discontinuity in the charge number at the matter density - 5x 1 012g/cm3, 

while all of the other results (except Negele and Vautherin's, which is only discrete points) 

are continuous. Investigation shows that this discontinuity corresponds to a sudden drop in 
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the energy per panicle as one valley on the energy surface empties into another from above. 

The lower thick dashed curve indicates the equilibrium Z value corresponding to the other 

valley before the jump takes place and the upper thick dashed curve corresponds to the locus 

of Z values along the ridge separating the two valleys. The jump happens at a point where 

the ridge and the first valley come together. At the present stage of our investigation we are 

not sure whether this discontinuity implies a real phase transition of dense matter, or is an 

artifact of our macroscopic model. A study similar to the work of Buchler and Barkat 9) but 

using the Seyler-Blanchard force could probably resolve this question . 
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Fig. 1. The charge number Z of a nucleus centered in a unit cell, as a function of the matter 

density. The dotted curve comes from ref. 4), the thin curve comes from ref. 5), the 

dashed curve comes from ref. 8), the dot·dashed curve comes from ref. 9), the crosses 

come from ref. 1~, and the thick curves are the present result. 
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Secondly, as the matter density approaches the value of normal nuclear matter 

2.5xlO14g!cm3, the charge number of the stable lattice nucleus Z decreases rapidly in our 

work, and thus the radius rp, as well as the radius of the unit cell re. decreases rapidly. 

Although Buchler and Barkat's results show the same trend as ours, this trend is different 

. from most of the other calculations. Does the size of the periodic unit increase or decrease 

with the density of matter? This question is more serious than the first question, and a 

more fundamental study is required to answer it. From our work it is clear that the nature 

of the equilibrium configuration is very sensitive to how the surface energy is treated. 
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