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p p q



p ⟨s,w⟩ ∀v wRv p ⟨s,v⟩

φ
y

φ ⟨s,y,x⟩ ∀x′ xRx′ φ
y ⟨s,x′⟩

s,y,x " Oφ ∀x′ ∈ s xRx′ s,y,x′ " φ

y
⟨s,y,x⟩ x R

φ y Oφ Oφ
s w ∈ s φ w

w

p ⟨s,w⟩ ∃v ∈ s

p ⟨s,v⟩

p ⟨s,v⟩

φ
y

s,y,x "Mφ ∃v ∈ s s,y,v " φ ∃v′

vRv′ s,y,v′ " φ

y

Mφ x
Mφ y

Mφ
Mφ s v s

φ v v

Mφ s ∃v ∈ s s,v,v " φ ∃v′ ∈ s : vRv′
s,v,v′ " φ



(p q)
s

p q p q
p q

p q

p q

p q

s

x = y

φ w
φ w w ψ φ s



φ ⟨s,y,x⟩ s y = x ψ

φ "SD ψ s s,w,w "SD
φ w ∈ s s,w,w "SD ψ w ∈ s

p q w1 w4
p q

w1 w2 w3 w4
w1
w2
w3
w4

)p q*

w2 p p q p w3 q p q
q

φ L "SD φ φ

p

y x

y



p q y w3 w3 p q q p
p q w3 p q

Oφ !SD O(φ ψ) Mφ !SD M(φ ψ)

s
s

M(p q) Mp

p
p

s
p q

q
q

p
p

s
p

q
p

p q
q q

p q q

p
q p

q



Mφ !SD M(φ ψ)
M(φ ψ),(φ ,(ψ "SD Mφ ∧Mψ

Oφ !SD O(φ ψ)
O(φ ψ),(φ ,(ψ "SD Mφ ∧Mψ

φ L
"SD φ φ

+ "SD
M(φ ψ) "SD ¬φ +Mψ O(φ

ψ) "SD ¬φ + Oψ

s



Π "SD ψ M s ⊆W R s
∀w ∈ s : s,w,w " φ φ ∈ Π ∀w ∈ s : s,w,w " ψ

Π "DL ψ M s ⊆W R s
∀w ∈ s : s,w,w " φ φ ∈ Π s,w,w " ψ)

(φ ψ) !DL ¬φ ψ
(φ ψ),(φ ,(ψ !DL φ ∧ ψ
(φ ψ) !DL ¬φ ψ

φ
c

c
c s s

φ c ∀w ∈ sc sc,w,w " φ

c



♦e #e
( %

p! (p q)

p! p p! (p q)

φ!ψ w ψ f (w,φ)
w φ

w
w

φ
φ



s

f
w φ φ

s
s′ φ

s
ψ

f (s,φ)

<s
s′ s,s′ ⊆ P(W ) f (s,φ) s′ ∀w′ ∈ s′ s,w′,w′ " φ
¬∃s′′ <s s′ ∀w′ ∈ s′′ s′′,w′,w′ " φ

s,y,x " φ!ψ ∀w′ ∈ f (s,φ) f (s,φ),w′,w′ "ψ

c

IHN

C! ¬IHN

s,y x s

φ i
i i′

φ



⟨c,s,y,x⟩ x ̸= y

⟨c,s,y,x⟩ x = y s ̸= sc x ̸= wc y ̸= wc

⟨c,s,w,w⟩ s ̸= sc

⟨c,s,w,w⟩
y x

s
IHN

sc y

⟨c,sc,w,w⟩

IHN



p

w1

q

w2



R

R

R

⟨s ,w1,w1⟩ ⟨s ,w2,w2⟩

R



p







Mp p
s ((p∧♦p) p M Mp s

∀w ∈ s s,w,w "Mp ∃v ∈ s s,w,v " p ∃v′ vRv′ s,w,v′ " p
y s,v,v " p

∃v′ ∈ s wRv′ s,v′v′ " p



p
p

P

W

(



C P

C

(C
(P

p q



λ

1 t1

p q 1 p q

p q
t

1 t1

p p
q q



p∨ q

φ φ

♦(∀xR(x)→ P(x))

∀x♦(R(x)→ P(x))

w y w

w0 w0



w0
∃w∀x(R(x,w0)→ P(x,w))

C w0 T

C w0 T
w0

p q
p w q

c,P,y,x " p w q
PrP({w : ∃α ∈ Altw(p,q) c,P,w,w " α})> .5

P PrP

p q
p w q

i,y,w " p w q
∀w ∈ i : ∃α ∈ Altw(p,q) i,w,w " α



i

x = y

i = ic

y
x w

xRw

s s

sc

sc

⟨s,w,w⟩

w
w′

R



c− c+

⟨sc+,w,w⟩
c+ sc+ {w}

φ c− w ∈ sc− s,w,w " φ

c−

c+ c−

sc

sc



p

w1

q

w2

sc1 {w1,w2} sc2 = {w1}

p q
p q

⟨g,w⟩ F(xi)

|φ |s,y {w′ : s,y,w′ " φ}

s,y,x " Oφ ∀w′ xRw′ w′ ∈ |φ |s,y

(p q) c1
{w1,w2} p c2 = {w1}

{w1},w1,w1 p q
p

φ c |φ |sc,y = |φ |sc,y′ y,y′ ∈ sc
p q c′

s′c p q

φ c1
c2 w s∗ w ∈ |φ |s∗,w s∗ = sc1 ∩ sc2

φ c1 c2 c1 ∀w′ ∈ sc2 w′ ∈ |φ |sc2,w′



φ



c2
p

c1
p q

c3
q

c2
p

c1
(p q)

c3
p

A B

A B
A A B B B

A

B



A B
≡ A ≡ B

A
B

A
A C A

B B





p
p

α (C T ))

(C T )



p
p

(A B)

R

φ
0.5 φ



s "SD φ
∀w ∈ s : s,w,w "SD φ

φ φ
R

Oφ !SD Mφ φ

p̄

w1

p

w2

s "SD O¬A s !SD M¬A
s,y,x " A x = y

A

A
O¬A

φ ¬(p ¬p) s "SD O(¬(p ¬p))
s !SD M(¬(p ¬p)) ¬(p ¬p) p ¬p

A
I P(W ) W ×W

R
s s "SD O¬A



R

v w
v

R

p

" ♦d⊤

♦d ⊤

"SD M⊤

R

p "SD Mp "SD M¬p

p p
M⊤

R ⟨W,R, I⟩ ∀w,v ∈W,(wRv → vRv)
O(Oφ → φ) ♦φ → ♦♦φ



s v
vRv p ¬p

R

φ Mφ
Oφ Mφ

¬φ ≡ ¬ φ
p ¬p

p

w1

p̄

w2

s "SD ¬M¬p w2
s "SD Op p w1

♦
M O



p,q

w1

p,q

w2

q, p

w3

Mp !SD ¬O¬p

p p s p
s′ ⊆ s p

¬p p s
p

p

φ

%(φ ∨Oφ)

φ
φ

φ

A φ
Oφ ⊤
s s O⊤



φ
φ
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τ φ1...φn,ψ
{τ(φ1)...τ(φ2),τ(ψ)} LM φ1...φn "LSL ψ

τ(φ1)...τ(φ2) "H τ(ψ)

(xi(p,q))! r p! r q! r

a1,a2... Var x1,x2...
a | ∼φ |(φ ∧ψ) | xi(φ ,ψ)

φ1...φn xi φ1...φn

⟨W, I⟩ W I → P(W )
g Var × × →

g(xi(φ ,ψ)) = φ g(xi(φ ,ψ)) = ψ



⟨gw⟩

s

d

g g′ d g &d g′ g g′

xi i /∈ d

c ⟨sc,dc⟩

c ⟨gw⟩ ∈ sc g′ ∼dc g ⟨gw⟩ ∈
sc

• sc [[a]] ⟨gw⟩ ∈ sc | w ∈ I(a)

• dc[a] dc

• sc [[∼φ ]] ⟨gw⟩ ∈ sc | g′∼dcg ⟨g′w⟩ ∈ sc [[φ ]]
• dc[∼φ ] dc

• sc [[φ ∧ψ]] sc [[φ ]] [[ψ ]]

• dc[φ ∧ψ ] dc[φ ])[ψ]

• sc [[xi(φ ,ψ)]] {⟨gw⟩ ∈ sc |g(xi(φ ,ψ)) φ ⟨gw⟩ ∈ sc [[φ ]] g(xi(φ ,ψ))
ψ ⟨gw⟩ ∈ sc [[ψ ]]

• dc[xi(φ ,ψ)] (dc[φ ])[ψ]∪{i}



φ1...φn cw g ⟨gw⟩ ∈
sc [[φ1]] [[φn]]

W I : → P(W )

a | ¬φ |(φ ∧ψ) | (φ ∨ψ)

w " a w ∈ I(a)
w " ¬φ w ! φ
w " φ ∧ψ w " φ w " ψ
w " φ ∨ψ w " φ w " ψ

τ φ1...φn

a Atom τ(a) = a

τ(φ ∧LSL ψ) τ(φ)∧LM τ(ψ)

τ(¬φ) ∼(τ(φ))

τ(φ ∨ψ) xi(τ(φ),τ(ψ)) xi(τ(φ),τ(ψ))

{φ1...φn}

¬ ∼



⟨W, I⟩ {φ1...φn} c
w w " φ1...φn τ(φ1)...τ(φn)

cw

"C "H
c

{φ1...φn,ψ} φ1...φn "C ψ
τ(φ1)...τ(φn) "H τ(ψ)

φ1...φn
'

• ⟨gw⟩ ' a w ∈ I(a)

• dc[a] dc

• ⟨gw⟩ ' ∼φ g′ ⟨g′w⟩ ' φ
• dc[∼φ ] dc

• ⟨gw⟩ ' φ ∧ψ ⟨gw⟩ ' φ ⟨gw⟩ ' ψ
• dc[φ ∧ψ ] (dc[φ ])[ψ]



• ⟨gw⟩' xi(φ ,ψ) g(xi(φ ,ψ)) = φ ⟨gw⟩' φ g(xi(φ ,ψ)) = ψ
⟨gw⟩ ' ψ

• dc[xi(φ ,ψ)] (dc[φ ])[ψ])∪{i}

sc [[φ ]] = {⟨gw⟩ ∈ sc | ⟨gw⟩ ' φ}

sc [[a]] = {⟨gw⟩ ∈ sc | w ∈ I(a)}= {⟨gw⟩ ∈ sc | ⟨gw⟩ ' a}

sc [[∼φ ]] = {⟨gw⟩ ∈ sc | ¬∃g′∼dcg : ⟨g′w⟩ ∈ sc [[φ ]]}
φ

= {⟨gw⟩ ∈ sc | ¬∃g′ : ⟨g′w⟩ ∈ sc [[φ ]]}
=

= {⟨gw⟩ ∈ sc | ¬∃g′ : ⟨g′w⟩ ∈ sc ⟨g′w⟩ ' φ}

sc [[φ ∧ψ ]] = (sc [[φ ]]) [[ψ ]]

=

= {⟨gw⟩ ∈ sc [[φ ]] | gw ' ψ}
=

= {⟨gw⟩ ∈ sc | ⟨gw⟩ ' φ gw ' ψ}
= {⟨gw⟩ ∈ sc | ⟨gw⟩ ' φ ∧ψ}

sc [[xi(φ ,ψ)]] = {⟨gw⟩ ∈ sc | g(xi(φ ,ψ)) φ ⟨gw⟩ ∈ sc [[φ ]]
g(xi(φ ,ψ)) ψ ⟨gw⟩ ∈ sc [[ψ ]] }

=

= {⟨gw⟩ ∈ sc | g(xi(φ ,ψ)) φ
⟨gw⟩ ' φ g(xi(φ ,ψ)) ψ ⟨gw⟩ ' ψ}



c

φ1...φn cw g
⟨gw⟩ ∈ sc [[φ1]] [[φn]]

φ1...φn cw φi ∈
{φ1...φn} ∃g ⟨gw⟩ ' φi

g ⟨gw⟩ ∈ sc [[φ1]] [[φn]] φi ∈ {φ1...φn}
g ⟨gw⟩ ∈ sc [[φi]]

⇒ ⇐ gi φi ⟨giw⟩ ∈
sc [[φi]] φi φ j

g
φi gi g

x φi g(x) = gi(x) j ∈ dc g(x j) = g1(x j)
⟨g,w⟩ ∈ sc [[φ1]] [[φn]]

g ⟨gw⟩ ∈ sc [[φi]] φi ∈ {φ1...φn} φi
∃g ⟨gw⟩ ∈ sc ⟨gw⟩ ' φi

∃g ⟨g,w⟩ ∈ sc ⟨gw⟩ ' φi ∃g ⟨gw⟩ ' φi

⇒ ⇐ g ⟨gw⟩ ' φi
φi dc ⟨hw⟩ ∈ sc h′ h′

g φi dc h
⟨h′w⟩ ∈ sc h′ φi g ⟨h′w⟩ ' φi

c φ1...φn cw
φi ∈ {φ1...φn} ∃g ⟨gw⟩ ' φi



⟨W, I⟩ w ∈W τ(φi)
{φ1...φn}

∃g ⟨g,w⟩ ' τ(φi)

w " φi

∃g ⟨gw⟩' τ(a) w " a τ(a) = a ∃g ⟨gw⟩' τ(a)
w ∈ I(a) w " a

w " φ ∧ψ ∃g ⟨gw⟩ ' τ(φ ∧ψ)
⇒ w " φ ∧ ψ w " φ w " ψ ∃g ⟨gw⟩ ' τ(φ) ∃g

⟨gw⟩ ' τ(ψ) ∃g ⟨gw⟩ ' τ(φ)
⟨gw⟩ " τ(ψ) ∃g ⟨gw⟩ ' τ(φ ∧ψ)
⇐ ∃g ⟨gw⟩ ' τ(φ ∧ψ) ∃g ⟨gw⟩ ' τ(φ) ∃g
⟨gw⟩ ' τ(ψ) w " φ w " ψ w " φ ∧ψ

w " ¬φ ∃g ⟨gw⟩ ' τ(¬φ)
w " ¬φ ∃g ⟨gw⟩ ' ∼τ(φ)
w " ¬φ ∃g g′ g′w ' τ(φ)

w " φ ∃g ⟨gw⟩ ' τ(φ)
⇒ w " ¬φ w ! φ ¬∃g ⟨gw⟩ ' τ(φ)
⇐ ¬∃g ⟨gw⟩ " τ(φ) w ! φ w " ¬φ

w " φ ∨ψ ∃g ⟨gw⟩ " xi(τ(φ),τ(ψ))
w " φ ∃g ⟨gw⟩ ' τ(φ) w " ψ ∃g ⟨gw⟩ ' τ(ψ)

⇒ w" φ ∨ψ w" φ w"ψ w" φ ∃g g(xi) = τ(φ)
⟨gw⟩ ' φ ψ

⇐ ∃g ⟨gw⟩ ' xi(τ(φ),τ(ψ)) ∃g g(xi) = τ(φ)
⟨gw⟩ ' τ(φ) ∃g g(xi) = τ(ψ) ⟨gw⟩ ' τ(ψ) ∃g

⟨gw⟩' τ(φ) w " φ ∃g ⟨gw⟩' τ(ψ) w "ψ



⟨W, I⟩ {φ1...φn} c
w w " φ1...φn τ(φ1)...τ(φn) cw

"H "C

{φ1...φn,ψ} φ1...φn "H ψ ⟨W, I⟩
w ∈ W c φ1...φn cw

ψ cw

{φ1...φn,ψ} φ1...φn "C ψ ⟨W, I⟩
w ∈W w " φi φi ∈ {φ1...φn} w " ψ

{φ1...φn,ψ} φ1...φn "C ψ τ(φ1)...τ(φn) "H
τ(ψ)

φ ψ φ!ψ

⟨W,{≤w}w∈W , I⟩ W I ≤w
W

c,⟨g,w⟩ c dc
⟨g,w⟩

c,⟨g,w⟩ ' a w ∈ I(a)



c,⟨g,w⟩ ' xi(p,q) g(xi(p,q)) = p w ∈ I(p)
g(xi(p,q)) = q w ∈ I(q)

c,⟨g,w⟩' φ!ψ ∀⟨g′,w′⟩ ∈Minc,g,w(φ)
c,⟨g′,w′⟩ ' ψ

Minc,g,w(φ) ⟨g′,w′⟩
g′ &dc g
c,⟨g′,w′⟩ ' φ
¬∃w′′ w′′ <w w′ c,⟨g′,w′′⟩ ' φ

c,⟨g,w⟩ ' φ ∧ψ c,⟨g,w⟩ ' φ c,⟨g,w⟩ ' ψ

c,⟨g,w⟩ i /∈ dc
c,⟨g,w⟩ ' xi(p,q)! r c,⟨g,w⟩ ' (p! r)∧ (p! q)

c,⟨g,w⟩ ' xi(p,q) i /∈ dc
Minc,g,w xi(p,q) ⟨g′,w′⟩

g′ &dc g
c,⟨g′,w′⟩ ' xi(p,q)
¬∃w′′ w′′ <w w′ c,⟨g′,w′′⟩ ' r

⟨g′,w′⟩

P {⟨g′,w′⟩ g′(xi(p,q)) = p w ∈ I(p)
Q {⟨g′,w′⟩ g′(xi(p,q)) = q w ∈ I(p)

i /∈ dc
Minc,g,w xi(p,q) P′ ∪Q′

P′ {⟨g′,w′⟩ ∈ P ¬∃w′′ w′′ <w w′

Q′ {⟨g′,w′⟩ ∈ Q ¬∃w′′ w′′ <w w′

∀⟨g′,w′⟩ ∈ P′ : c,⟨g′,w′⟩ ' r

∀⟨g′,w′⟩ ∈ Q′ : c,⟨g′,w′⟩ ' r



∀⟨g′,w′⟩ ∈ P′ : w′ ∈ I(r) ′

∀⟨g′,w′⟩ ∈ Q′ : w′ ∈ I(r) ′′

c,⟨g,w⟩' p! r ∀⟨g′,w′⟩ ∈Minc,g,w(p) : c,⟨g′w′⟩' r
p,r ∀⟨g′,w′⟩ w′ ∈ I(p)

¬∃w′′ <w w′ c,⟨g′,w′⟩ ' r

P′ r c

′

⟨g′,w′⟩ r c g ⟨g′′,w′⟩ r c

c,⟨g′,w′⟩ ' r w′ ∈ I(r) c,⟨g′′,w′⟩ ' r

Minc,g,w(p) g P′

Minc,g,w(p) = {⟨g′,w′⟩ : w′ ∈ I(p) ¬∃w′′ <w w′ w′ ∈ I(p)} P′

g

P′ r c Minc,g,w(p)
r c

c,⟨g,w⟩' p! r
c,⟨g,w⟩' q! r

c,⟨g,w⟩ ' (p! r)∧ (q! r)



L Lnonm L
a1,a2... L

Lnonm φ ψ Lnonm ¬φ (φ ∧ψ) (φ ψ)
φ ψ L ¬φ (φ ∧ψ) (φ ψ) (φ Oφ

Mφ

M ⟨W,R, I⟩ W R
W I P(W )

M s ⊆W φ V (φ)
Lnonm a ∈

V (a) = I(a)
V (¬φ) =W \V (φ)

V (φ ∧ψ) =V (φ)∩V (ψ)

V (φ ψ) =V (φ)∪V (ψ)



φ ∈ Lnonm s φ s Vs(φ) (s∩V (φ)
M s ⊆W w ∈ s φ1 φ2 Lnonm

s w φ1 φ2

Alts(w,φ1,φ2) =

⎧
⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎩

{φ1} w ∈Vs(φ1) Vs(φ1)%Vs(φ2).

{φ1} w ∈Vs(φ1)\Vs(φ2).

{φ2} w ∈Vs(φ2) Vs(φ2)%Vs(φ1).

{φ2} w ∈Vs(φ2)\Vs(φ1).

{φ1,φ2}
Alts

p q p q
w φi φ j φi

φ j φi w
φ j

M ⟨s,x,y⟩ s W ∀w ∈
s,∃w′ ∈ s wRw′ y,x ∈ s

M ⟨s,y,x⟩ M
a φ ,ψ

s,y,x " a x ∈Vs(a)
s,y,x " ¬φ s,y,x ! φ
s,y,x " (φ ∧ψ) s,y,x " φ s,y,x " ψ
s,y,x " (φ ψ) ∃α : α ∈ Alts(y,φ ,ψ) s,y,x " α
s,y,x " (φ ∃w ∈ s s,w,w " φ
s,y,x " Oφ ∀x′ ∈ s xRx′ s,y,x′ " φ
s,y,x "Mφ ∃v ∈ s s,y,v " φ ∃v′ : vRv′ s,y,v′ " φ

Π

Π "1 ψ M s ⊆W R s
∀w ∈ s : s,w,w " φ φ ∈ Π ∀w ∈ s : s,w,w " ψ



"1 "2
"3 "4

Π "2 ψ M s ⊆W R s
∀w ∈ s : s,w,w " φ φ ∈ Π s,w,w " ψ)

Π "3 ψ M s ⊆W R s
∀y,x ∈ s : s,y,x " φ φ ∈ Π ∀w ∈ s : s,y,x " ψ

Π "4 ψ M s ⊆W R s
∀y,x ∈ s s,y,x " φ φ ∈ Π s,y,x " ψ

"1 φ s ∀w ∈ s s,w,w " φ

φ ∈ Lnonm s⊆W
x,y,y′ ∈ s s,y,x " φ s,y′,x " φ x ∈Vs(φ)

φ
y,x ∈ s s,x x ∈ I(a) x ∈ (s∩ I(a))

x ∈Vs(a)
s,y,x " a x ∈Vs(a) s,y′,x " a

s,y,x " φ s,y′,x " φ x ∈Vs(φ)
s,y,x " ψ s,y′,x " ψ x ∈Vs(ψ)

s,y,x " φ ∧ψ s,y,x " φ s,y,x " ψ
s,y′,x " φ s,y′,x " ψ
s,y′,x " φ ∧ψ
s ∈ (Vs(φ)∩Vs(ψ))

s ∈Vs(φ ∧ψ)



s,y,x " φ s,y′,x " φ x ∈Vs(φ)

s,y,x " ¬φ s,y,x ! φ
s,y′,x ! φ
s,y′,x " ¬φ .
x /∈Vs(φ). x ∈ s
x ∈ s\Vs(φ).
x ∈Vs(¬φ)

φ ψ s ∀w ∈ s s,w,w " φ s,w,w " ψ

φ ,ψ s
∃w,w′ ∈ s s,w,w " (φ ∧¬ψ) s,w′,w′ " (ψ ∧¬φ)

φ ,ψ ∈Lnonm M(φ ψ),(φ ,(ψ "1
Mφ ∧Mψ

M(φ ψ) (φ (ψ s ∃w ∈ s
s,w,w " φ ∃w′ ∈ s s,w′,w′ "ψ
φ ψ s

s

φ ψ s wφ ,wψ ∈ s
s,wφ ,wφ " φ ∧¬ψ s,wψ ,wψ " ψ ∧¬φ

Mφ s Mψ
M(φ ψ) s wφ ∈ s s,wφ ,wφ "M(φ

ψ) v ∈ s

s,wφ ,v " (φ ψ)

∃v′ ∈ s : vRv′ s,wφ ,v′ " (φ ψ)
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