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ABSTRACT.

It is sﬁown that many commonly used one-step algofithms which are
unconditionally stable for linear transient heat conduction problems. become
conditionally stable in the nonlinear regime. Alternative algorithms are
proposed which, for linear pfoblems, are identiéal to those commonly used,
whereas for nonlinear problems the unconditional stability behavior of

-

~the linear case is retained.



INTRODUCTION

In this paper we‘consider the stability ofva commonly used family of
one-step algorithms in linear and nonlinéar heat conduction. The stability
5ehavior of these algorithms is well-known in the linear regiﬁe. In
particular, the family contains a second-order accurate unconditionally
stable member (i.e., Crank-Nicholson method). However, when applying these
. algorithms to nonlinear problems, it is found that, with the exception of
one method (backward difference method) , unconditional stabilityvis lost.

To remedy this situation an alternative family of one-step algorifhms
is proposed. For linear problems these methods coingide with the éommonly
used ones mentioned above. However, it is shown that, in the nonlinear
regime, this family retains the same stability behavior as for the linear
case. In particular, an unconditionally stable second-order accurate

method is amongst the proposed algorithms.



ANALYSIS
Consider the discrete equations of nonlinear heat conduction:
C(0,t)0 + K(6,t)0 = R(Y), (1)

in which‘g is the capacity matrix, §vis~the conductivity matrix, § is the
‘heat supply vector, 9 is the temperature veétof,'t denotes time and a
superpésed dot indicates time differentiation. We assume throughout that
g is symmetric and positive—definiﬁe and that §.is symmetric and positive
‘semi-definite. ;The-initial value problem fof (1) consists df finding a

function 6 = 6(t), t€[0,T], T > O, satisfying (1) and the initial condition_
a goO) =1, ' (2)

where T is the"given initial data.
Various discrete algorithms have been proposed for the solution of the
initial-value problem. Many of these algorithms are members of the following

one-parameter (0) family of methods: Find Tn' n€ {0,1,...,N} such that

CU +KT =R, ne{0,1,...,N} (3a)
~n~n  ~n~n  ~n : .

nc{0,1,...,8-1}, (3b)

= +
rEn+l rl[.‘n At Hn-i-a'
= T, . . (3C) .
~0 ~
in which
c =c¢c (T ,t), (34)
~N ~ ~n n )
" K =K (T ,t), (3e)
-n . in'n
R =R (t), : . ' (3£)
~n L n _ B o
= (1-0 +0U .,

Un+a (1-0) gn 9n+l (39)
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where Tn is the approximation to g(tn), N is the total number of time steps,
At = T/N and tn = n At. 1In this paper wg limit our attention to parameter
Values of o in the interval [0,1]. With the exception of the case o = 0, .

at each time step the problgm to be solyed is a nonlinear algebraic one and
techniques such as the Newton-Raphson ﬁethod, with sﬁitable_notions of éon-
vergence, must be resprted to. If o = 0, (forward difference or Euler method)
the method is explicit and the solution may be constfucted without solving
systems of linear equations. Fér linear problems, in. which g‘and K- are
constant matrices, the stability properties of this family of algorithmé is
well-known (see fqr example Wood and Lewis {1] and Taylor [2]). For instance,
if o < 1/2 the algorithm in question is conditionally stable, i.e., stability
considerations limit the maximum size of the time step employed. To be

precise the time step must satisfy the condition
AAE <2/ - 20), . {4)

in which A is the maximum eigenvalue of the matrik g—lg. On the other hand,

if o > 1/2 the algorithm in queétion is unconditionally stable, i.e., there

is no restriction on the maximum size of time step. Condition (4) is a
stringent one in practice and for this reason unconditionally stable algorithms
are genefally preferred. We are interested in determining the valués of o for

)
<

which unconditional stability holds in the nonlinear case.

We shall deal with this issue by considering the single-degree-of-
freedom nonlinear‘modei equation

6 +A(6,8)0 =0 , (5)

in which it is assumed A > 0.~ Applying the algorithm (3) to (5) and



employing the obvious notation for the single-degree-of-freedom case, we

obtain the recursion relation:

T . =AT, . (6a)

where
' ' o1 - A (1l-0) An :
A= . o (6b)
1+ A0t o '

in which ‘A =vK(T.,t ) and A - = A( ). 1In keeping with the common
: n n n n+ . . ;

T .

1 n+1'tn+l
definition of stability for equations of the type considered here, we
. require that

al <1 | )

(In the linear case (7) leads to the stabiiity conditions cited above.) 1In
.addition, we stipulate that (7) must hold for all possible combinations of
An and An+l' For example, if o = 1/2 (trapezoidal rule or Crank-Nicholson

method) and An > A then (7) imposes the time step restriction

n+l"’

t < - A . 8
At < 4/(>\n n+1) v (8)
Thus the uhéonditibnal stability of the Crank-Nicholson method in linear
problems does not carry over to the nonlinear regime. In fact, ohly the
case 0O =‘l (backward difference method) is unconditionally stable for

nonlinear problems. Precise stability conditions for the various cases are

summarized as follows:

o= 0: be <2 | (9a)
(1-0)
stable, - ——&——-Xn (9b)
o€ (0,1):
| A 2 R L A (9¢)

t < ’
= 7qC _ +
. (1 a)An aln+1 n+l o | n
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o= 1: stable B _ (94d)
As can be seen from (9b) and (9c), increasing & tends to stabilize the

algorithm. Since conditions (9b) and (9c¢) involve')\n+ they are not

1
suitable for establishing a priori time step estimates. All algorithms -
for which o < 1 become conditionally stable in the nonlinear regime.

The previous results are somewhat disconcerting despite the fact that

at least one of the élgorithms considered (backward differences) is uncon-

"ditionally stable. The reasons for this are as follows: The only second-

' order accurate algorithm among those considered is the Crank-Nicholson

method. The remaining algqrithms all possess only first-order accuracy.
The ones with the largest error constants are o = 0 and 0 = 1. Thus to
attain unconditional stability within the frameWork delineated by equations
(3), we must be content with a significant loss of accuracy.

To remedy this situation consider the following family of algorithms:

Find T, n€ {0,1,...,N}, such that

+ = oo - '
9n+a Hn+on I~(n+a Tn+oc Bn+OL' nefo,1, N-1} . (10a)
= + oo g NT
T =T, At U or! n€ {0,1, ,N-11, (10b)
T =T, _ " (10¢)
-~0 A . .
where
§n+o¢ = g(fnw’ tn+oa) ! . ' . (1.Od)
Ifn+on = E(E‘n_m’ tn+on) ' : | v (10e)
= - + ( Y
T+ (1-0) Tn & En+l' (10£)



(109)

§n+a (1-a) Bn o §n+l"

= — ] + ’
U = (1700 0, a0 1o
£, = (0¥ At | (10i) |

Notice that in the linear case this family of algorithms is identical to the
preceding one.  However, in the nonlinear case things are quite different.

Let us apply (10) to the model equation (5). 1In this case

A= L -t ln+a ' | (11)
T 14 AMal o ' A
. nto

Yo o= (D
where An+a ( N

+0,

P tn+a) and condition ‘?) requires that

\

an+d At < 2/(1f2a), o | o (12)

for a ?'1)2, whereas for-o > 1/2 the algorithm in question is uncﬁnditionally
stable. Thus the family of algorithms (10) - has the advantage that unéonditionf
ally stable methods for linear problems maiptain this property in ﬁhe nonlinear
regime. 1In addition,vfor o = 1/2 (midpoint rule) the method is second-order
'agcurate.

We now shall‘show that for 0 > 1/2 equations (10) are unconditionally
stable for multi-degree-of-freedom systems. Our hypothesis on C aﬁd K
insure that the maﬁrix C_1 K has a complete set of orthonormal eigenvectors ’

¢i

and S di ei val s A .
n corre onain lgenvalue
~n+0, p 9 g - n

> 0. Thus we can write
+a : _

— . i i ) .
Tn - : :Tn (Pn+0L' . _ (13a)
_E ; i _ ,
Tn+l B Tn+l ?n+u' ’ (13b)
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where
i T i
Tn . Tn ?n+a'1 (13c)
i T i
T =T 0] (134)

n+1 n+l In+o”

Assuming R = 0 and employing (13) in (1l0a) and (10b) yields

E : 1 - At (1-0) Arimx i i
Tn+1 - T Tn ?n+a ! (14)

1+ At o AT
v n+o

from which it follows that

e < e 1] (15)

where lI |[ denotes the euclidean norm. . Thus if An+a is interpreted as

the maximum Ai+a' the results for the model problem provide both necessary
and.sufficient conditions for the stability of eguation (10). Note, however,
that a similar conclusion cannot be  drawn for equations (3) since the matrices
g and E must be evaluated at two different steps. Because of this the modal
decomposition argument does not work for these equations and we can only
conclude that the analysis of the model equation for oo € (0,1) provides

necessary stabiiity conditions - they may not be sufficient.



CONCLUSIONS -

~

We have shown that many aléorithms ﬁsed in transient heat conduction which
are unconditioﬁally stable for linedr problems lose this property when applied e
to‘nonlinear.préblems. To femedy this we have. constructed a family of one- .
step.methods for noniinéar’héét conduction which posségs fhe Samevstabiiity
‘properties ih both linear and nonliﬁear problems. Amongst this family of
methods is .a sééona—order accurate, unconditiéhaily stable method.

Similar cdncepts can be used in nonlinear structﬁral Qynamics (segv

Hughes and Hilber {31).

X
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