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ABSTRACT |

It is shown that“Beéfs elegant formulation of the peratization

result of Feinberg and Pais can be rigoriously justified.
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" the main result of the peratization theory of Feinberg and Pais.2 However,

Bdg's niethod involves a certain amount of Juggling with divergent series,

" tion) givgn'by

meaning to the sum of the uncrossed'léader‘graphs in this theory, with' <

" peratized to _ S .

D
I, INTRODUCTION

Recently M. A. Bagi Bégl has given a very elegant derivation of

and also fhe_introduction of a regulatér mass which“is allowed to go to

infinity after the completion of the manipulations.:

We-show in the following that éég's result (with a;minor‘qualification)
= N . _

is rigorously correct and can be obtained without the use of a‘regulator.
II, MAIN RESULT OF PERTIZATION THEORY AND BEG'S METHOD

Consider léptons interacting via the exchange of a massive, i

+

chsrged vector boson, with‘lgading order matrix element (Born approximé- )

.
3

: e Cpp,\ | =
B (p) R - -—:2’.6-,_- g + __hl__\)_ : . (l) ‘
uv‘ | p2 + m? Y m2 . | A A !

Here p islthe four-momentum transfer, m the boson mass, and g the boson-
lepton coupling‘constant, and the metric is p2 = p2 - pcz. This indices
H,v are to be contfacted with the usual V - A lepton currents.

Feinberg and Pa132 have shown that it is possible to give a

the result that the leading order matrix elemént-becohes modified or

P aig? BT ' '
By (B) = =g, v vy g, (2)
¥ p_ +m W m ko= M :

For simplicity we shall pretend in what follows that we are dealing

with neutral vector bosons and that the leptons are massless., The

_— B T T e e - - T " rame
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relationship between this and the realistic situation is discussed in

detaii in Bég's paper.l

,Following Bég wve vwrite, for the scattering amplitude,

. | 5 - . . .
.Tu\’.‘ = Tag_uv + T‘b 2’; 8‘1\’ - pu‘py LA - ’ . (3)
From (l)kthe'scalar functions,Ta, Tb have Born approximations given by
C 2 .2 R e '
7 = 3 ig ig ) o .
Balp) = = F 35 = 5 o,
p- +m”  lkm" : |
and
. 2
- B (p) .= b N ’
TR S
They satisfy the integral equations
| 2_ . 16 Lo 200
T, (p7) = Ba(p)7“.m [Ba(p - aq) ?Ta(q Ja'q . (5)

v .

and
{

Tb(P2> = By(p) *;T;E')nj B (p.~ D3 - 2% - 6Pap + Upra)?]
' m) p - ' ‘ ‘

" x.Tb(qz)dhé . | : . (6)
In Egs. (5) and (6) we have further specialized to the situation
in which the leptons are scattering at zero;enérgy. The final momenta
are zero, and the initial momenta, p.and:-p, are of course dff the
mass shell. "They are to be put onto the. mass shell after the eéuationg
are solved, |
In this situgtioh.the on-shell amplitﬁdé isAdetermined entirely

by Ta(O) (see footnote U of reference 1), and -we shall see that we will

5
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recover the result of Feinberg and Pais [Eq. (2)] if we can show that to

“leading order in 32 Eq. (5) has the solution

2y~ o P e
Tg(Pl) = B, (» AP . (1)
'.where ,
P, . . 3 12 | 2 on ey 12T I
B, (p) = - R“E?iL‘??* o Ba(p)h+ P . : . (8)
. p +m . Lm ‘ , '

Let us write Eq. (5) symbolically as
T, = B, +BOT D (9)

Consider now the c¢ontinuous family'of,integral equations

1

. . . I ‘ ’
T(c) =B +c+ [B +'c]gT(c) s (10),

where c is an arbitrary constant and B is a Born term such that

B = oD . an

| 'p2+9 . .
It is clear that Eq. (9) is precisely of this form,.with
l . - . . . :.

: .BA(P), = .- 17—2—-5—-2- F Ba (p)' - e (12) '
P tm P , R
-and
c = - iéz/hm2 C | g N -

’Bég's derivation of the peratization result hinges on the following

remarkable  result derived by him: There exists a single function .

T5 (p2) = T(p?; c=0) , | s

which is independent of ¢ and which satisfies Egs. (10) for all values
- of c. Moreover sz(pz) is given by the iterative sb;uﬁiod'of Eq.'(lO);b

with ¢ = 0,

- Ty
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~ Once this result is sccepted we immediately get the peratized
result [Eqs. (7) and (8)] by writing Eq. (9) in the form of Eq. (10),

with 2 (p) @given by Eq. (12), i.e., in leading order we heve‘

RN N AR - NE R X c) B ¢ 1)
In Béé'e work the ebOVe-mentioned result is derived with the use of
5fva regulator by invokingrthe self-damping preperties of the:Fermi:intera :
}ﬂeetiqn in'the chein approxiﬁatiop; vvvvv ‘ ' ;U‘ ,‘4 |

We -shall see in the next seetion that this result can be obtained -

directly in e very simple mahner and without need of a regulator. However,

it Vlll turn out that the validity of the result depends upon the 515_ of
viig(p) as p2 + =, and that the sign in Eq. (12) is "good" in this sense. In
_this respect the result reached in reference 1l is not quite correct, since
there the froof was given for‘the 81ngu1ar part of T a? called T g? whose.
'19 (p) term has the opposite sign to that in Eq. (12). |
It is thus 1nteresting to note that the result is walid only when |

- !
2?(p) corresponds to a potential which is repulsive at small distances.‘
ITI. SOLUTION OF INTEGRAL EQUATION FOR T(c)

We shall solve Bq.(lo) only for the case of direct interest, in
whlch B(p) is glven by Eq. (12). ertlng out the equation in detail we:

" have

| ' : 3 - ig° e  ig° | o :. e', : a,.:
T(Pa;c) = - %‘—2&5——5— +C = -—léu-[ c —% _21E > ‘T(q éc) dq .. (15) .
- P tm - (em)?J ¢ +m q -

If a-'solution exists to Eq. (15) then a fortiori the integral

e Boen o




b

. 2 .2
3 igf T(g%zc) 4
f"_“h‘va ) 2 . da
J |. q +m | q

converges, and since the terms in parenthesis cannot possibly cancel

against each other, we will haVe that the integral o , '*f
(g°ze) g, -
j z - 44
q - .
) also converges.

We can now rewrite Eq. (15)'as _ ' N

’ - . .2 2
. m(p%5e) =.-‘§- ig .16 13, .lT(q 3e) 1&

‘pz.+ ne (2w5¥ ' q2 + m'J | q2'
g 2. . R I
+e - l6ch T(q éC) *duq . . ‘. : (16)‘
(21r) q _ : - ‘

‘Thé function T(pe;c

now satisfy (15) for all c prOVlded only that - o f ?‘3
. . 163 ,T(q,;; = O) dhq‘ - YO\ . i o
» { (2n) Q- - ' s
i.e., provided that
1 y T(q?;c = 0) .k ] 1 ‘v L '
) = =g oD
(er) ' J o . T '

The cpndition (17) takes on a lesé formidable aspect'if wé.lodk\gv.

" at it in coordinate space.

detatng

tl(x) 3 fe‘iq”‘ 2gse = 0) - = °_ fdl‘q L (a8)
<zu>’[z o T fete Sl n

0), which is the solution of (15) when c = 0, will

s
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o | wefeee that coﬁdition (17)o;s'nothing‘more than theoooondarf.oond;tioﬁ o
FB T f_..'; o ‘_i_ ' ;Z.(O) .= T%, . '.«"f f£‘ " | (19’
We must not examine the Fourler tfansform of Eq. (15) and show that E
it poesesses a solution with the required properties.‘f'rl _ |
By taking the Fourier transform of Eq° (15) we get that ;Z_(x)
e satlsfxes the differential equation 1 ' '

P s - Pt ansde -2, o)

‘where AF(x)-is the usual Feyﬁman propagator'function"

. _‘ -1q-x .. - B '& ,
- bplx) = j Cadte . (&)
- (2“) q +pfoie

.

Introducting the complex varlable deefined by'nz =fx2, we can

reduce Eq. (20 to

3.4 . 3,2
—%+?d7)1<42) = ..‘-}1;-‘.is AF(_oZ)[l,é;L(“z)'-l.] e (22)

).'_1 This equation is of.the-type studied,by’Pwﬁ and wﬁ,3 s0 we may takeiovef 
their results directly._ For convenience'ﬁe outline here the eesenoiei |
steps. /
Firstly the Feinoerg-Pais fedoction formula2 for takihg Fourier;"
‘;'sv'l transforms allows us to con51der Eq. (22), restrlcting’z to lie only 1n fiw[‘;'
i;;'n;.  f the first quadrant of the’ complex nlxﬂane.' We may then feplace % (?? " f %o-g
' S R R SRV ¥

. (m/h“ f?)K (m’? o - X . 1

. N ot
ot ez 1

ao that Eq.a(22) becomes flg'w,] . jﬂt{-g',‘l. .\f;;e::.‘“;b' i A'f: f,-:"
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L34 - B e iR 0 e
of ‘” o ! ?[JQ # e

ﬁ'As!a.result'of'the analyticity properties of (23) we can ignore the oontour

integral in the reduction formula and we may thus further restrict ourselves

' t0f7.real and positive.

Secondly we see that forrqbreal and positive the solutions of (23)

. have the behavior

;t( ' o R | L ;s;'. L ( hi
,,? ,)1-._- ) ; Lo s : . 2
- ST "Z* A - |
‘ where - s ', T
Cag o= s (e 3% 2)1/2 ~ (23
"and L L
; Sl(ﬁ» = 0073) A B 'f"’ ~ (26)
| SRR S T L
where ‘

TR 0 :or : 142 1" o o ,(27)
Finally, it can be shown that an iterative solution exists :
. provided that
/7 <1, . (28)
and whichhas the behavior given by taking X, in Eq. (24) and y = =2 in |
" Eq. (26). | |
Since A' > 0, the. condition (19) is satisfied., -
Since p= -2, the Fourier transform T(p sc f 0) exists.

This completes the proof of Beg s assertion and Justifies his .

method of . obtaining the Feinberg-Pais peratization result.
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