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a  b  s  t  r  a  c  t

Model-based  control  strategies  are  widely  used  for optimal  operation  of chemical  processes  to respond
to  the  increasing  performance  demands  in  the  chemical  industry.  Yet,  obtaining  accurate  models  to
describe  the  inherently  nonlinear,  time-varying  dynamics  of  chemical  processes  remains  a challenge  in
most model-based  control  applications.  This  paper  reviews  data-driven,  Linear  Parameter-Varying  (LPV)
modeling  approaches  for  process  systems  by  exploring  and  comparing  various  identification  methods  on
a high-purity  distillation  column  case  study.  Several  LPV  identification  methods  that  utilize  input–output
and  series  expansion  model  structures  are  explored.  Two  LPV  identification  perspectives  are  adopted:
(i)  the  local  approach,  which  corresponds  to the  interpolation  of Linear  Time-Invariant  (LTI)  models
identified  at  different  steady-state  operating  points  of  the system  and  (ii)  the  global  approach,  where  a
parametrized  LPV  model  structure  is  identified  directly  using  a global  data  set  with  varying  operating
points.  For  the  local  approach,  various  model  interpolation  schemes  are  studied  under  an  Output  Error
(OE)  noise  setting,  whereas  in the  global  case,  a polynomial  parametrization  based  OE  prediction  error

minimization  approach,  an Orthonormal  Basis  Functions  (OBFs)  based  model  estimator  and  a  Least-
Square  Support  Vector  Machine  (LS-SVM)  based  non-parametric  approach  are  investigated.  Through
extensive  simulation  studies,  the aforementioned  LPV  identification  approaches  are  analyzed  in terms
of the  attainable  model  accuracy  and  local  frequency  response  behavior  of the  obtained  models.  Rec-
ommendations  are  provided  to achieve  adequate  choice  between  the  methods  for  a  particular  process
system  at  hand.
© 2014  Elsevier  Ltd.  All rights  reserved.
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. Introduction

Chemical processes often exhibit a significant nonlinear behav-
or when operated over a wide range of operating conditions.
espite the advances in model-based control technologies, it

emains a challenge to realize high-performance operation of
onlinear chemical processes (in terms of product quality and
rocess productivity) using a single linear time-invariant (LTI)
odel-based controller. For example, when a chemical process

s operated under transient conditions (e.g., set-point changes
nd start-up procedures), the nonlinear behavior of the pro-
ess becomes more dominant, which makes the use of a single
TI model inadequate to describe the system dynamics over
he entire operating window. Distillation columns are a rep-
esentative example of process systems that exhibit nonlinear
ynamics and gain directionality when operated in the high-purity
egion [1–3].

To meet with the increasing performance demands in the
rocess industry, model-based control strategies are commonly
tilized for optimal process operation (e.g., see [4–8] and the
itations therein for model-based control of distillation columns).
hese control approaches require accurate dynamic models to
btain satisfactory closed-loop performance and robustness with
espect to process uncertainties. Describing the dynamics of chem-
cal processes using first-principles laws often leads to complex,
onlinear models consisting of a large number of ordinary differ-
ntial equations, which are typically computationally intractable
or real-time control applications. For example, the dynamics of

 distillation column can be described by a set of nonlinear, dif-
erential algebraic equations (DAEs), whose numerical complexity
in terms of the number of equations) can increase significantly
ith the number of theoretical trays, which can be in the order of
undreds in the high-purity case. Another common complication

n first-principles modeling of chemical processes can arise from
he need for rigorous descriptions of physicochemical phenomena
overning the system dynamics (e.g., thermodynamics driving
apor–liquid equilibria in a distillation column) that may  not be
btained straightforwardly.

Data-driven modeling (system identification) methods offer an
lternative modeling approach to address the inherent challenges

f first-principles modeling of process systems. These approaches
nable arriving at a relatively simple, control-relevant description
f the system dynamics. To achieve this objective, the primary ques-
ion is which (possibly nonlinear) model structure(s) should be
 . . . . .  .  . . . . . . .  . . . . .  .  . . . . . . . .  .  . . .  . . .  . . . . . . .  . . .  .  .  . . . .  .  . . .  .  .  .  . . . .  . . .  . . .  .  . . . . . 284

selected to capture the behavior of the process with a low com-
plexity description.

In this paper, the concept of linear parameter-varying (LPV) iden-
tification [9] is exploited to describe the nonlinear dynamics of
process systems over a wide range of operating conditions. As a
generalization of the classical concept of gain scheduling,  the LPV
framework is able to describe nonlinear process dynamics in terms
of a time-varying linear dynamical relation between the system
input and output signals. The variations of the latter dynamical
relation depend on a so-called scheduling signal,  which represents
the changes in the operating conditions of the process. Thus, LPV
models preserve the advantageous properties of LTI models, while
being able to represent a large class of nonlinear systems [10]. LPV
model-based control has been applied in many application areas
(e.g., aerospace engineering, automotive applications, high-tech
systems) as it benefits from the extension of successful LTI control
design strategies, such as proportional-integral-derivative (PID) con-
trol [11], model predictive control (MPC) [12], optimal control [13],
and robust control [14] (see [15–25,10] and the citations therein).

This work explores the applicability of various LPV identification
approaches for data-driven modeling of chemical processes using
a high-purity distillation column case study. To give an overview
of the available approaches, several methods that use input–output
(IO) and series-expansion model structures are reviewed and com-
pared. In view of these approaches, two different LPV identification
perspectives are explored to describe the process dynamics. The
first perspective, called the local approach, relies on the identifi-
cation of multiple LTI models at several operating points of the
process, which is followed by the interpolation of the resulting
models over the entire operating range. Several widely used inter-
polation schemes and methods (see [19,26–30,21,17]) are studied.
The other investigated LPV identification approach, called the global
approach, is based on a single data set that spans over a large
range of operating conditions. The data set is used to identify
the functional dependencies of a linear model structure on the
scheduling variable. To explore the performance of the global
approach, a classical prediction error minimization approach using
an input–output polynomial model structure with a priori chosen
parametrization of the scheduling dependencies [31,20] is com-
pared with an orthonormal basis functions (OBF’s) based model

estimator [17] and a least-square support vector machine (LS-SVM)
based non-parametric approach [32]. The OBF method, which
uses a series expansion based model structure, has been shown
to exhibit high performance in the modeling of a tank reactor
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28], while the LS-SVM approach is a state-of-the-art method to
escribe large-scale dynamics with possibly unknown nonlineari-
ies [33,34].

The primary motivation for investigating the above mentioned
ocal and global approaches for data-driven modeling of a high-
urity distillation column originates from [35,27], where significant
ifficulties are reported for the local LPV identification approaches.
he objective of this work is twofold: (i) provide a complete
verview of the local LPV approaches given in [27] and (ii) inves-
igate the open questions related to the performance of local and
lobal LPV approaches. It is observed that directionality and chang-
ng effective order of local models lead to degradation of the
ocal estimates of the process dynamics using IO model structures,

hereas series expansion model structures based approaches (e.g.,
he OBF method) and global estimation techniques tend to describe
he process dynamics adequately.

The paper is organized as follows. Section 2 introduces the gen-
ral framework of LPV models, along with the commonly used
odel structures. In Sections 3 and 4, the local and global LPV

dentification approaches and the particular methods investigated
n this paper are briefly reviewed. In Section 5, a first-principles

odel and operational settings of a high-purity distillation column
re presented. The distillation column model is used as a bench-
ark system to investigate the properties of LPV identification

pproaches. In Section 6, a comparative analysis of the performance
f the investigated approaches for the benchmark system at hand
s given, followed by the conclusions in Section 7.

. LPV models

The class of LPV systems can be seen as an extension of LTI sys-
ems as the signal relations are considered to be linear, but the

odel parameters are assumed to be functions of a time-varying
ignal, the so-called scheduling variable p : Z → P  with a scheduling
space” P  ⊆ R

nP . The scheduling variable is used to indicate the
hanges in the dynamical signal relations of the process at differ-
nt operating conditions. This modeling concept can be understood
s an embedding of the nonlinear behavior in the solution set of a
inear structure, which can be achieved by following two  different
pproaches called local and global modeling (discussed later). Con-
erting first-principles nonlinear models to LPV form and selecting
he scheduling variable is discussed in [10]. See Section 5.4 for an
xample how this scheduling variable is synthesized for the distil-
ation column case study.

.1. Representations and model structures

In discrete time, the dynamic description of an LPV system S
an be formalized as a convolution in terms of p and the inputs u
efined as

(k) =
∞∑
i=0

gi(p, k)u(k − i), (1)

here u : Z → R
nU , y : Z → R

nY denote the inputs and outputs of
 with nU, nY≥1, respectively, and k ∈ Z is the discrete time. The
oefficients gi : P

Z × Z → R
nY×nU of (1) are functions of the sched-

ling variable and they define the varying linear dynamical relation
etween u and y. This description can also be seen as a series expan-
ion representation of S in terms of the so called pulse basis {q−i}∞i=0,
here q is the time-shift operator (i.e., q−iu(k) = u(k − i)). It can be
roven that for an asymptotically stable S, the expansion (1) is

onvergent [10].

If the functions gi only depend on the instantaneous value of
he scheduling signal (i.e., gi(p(k))) then the dependence is called
tatic. Otherwise, the dependence is called dynamic, as the given
ss Control 24 (2014) 272–285

coefficient also depends on time-shifted values of p. An important
property of LPV systems is that for a constant scheduling signal (i.e.,
p(k) = p for all k ∈ Z)  (1) is equal to a convolution describing an LTI
system as each gi(p, k) becomes constant.

Representation of S can be also formalized in terms of an
input–output (IO) form (difference equation):

y(k) = −
na∑
i=1

ai(p(k))y(k − i) +
nb∑
j=0

bj(p(k))u(k − j), (2)

where ai : P  → R
nY×nY and bj : P  → R

nY×nU are matrix coefficient
functions dependent on p(k). For the sake of simplicity, all coeffi-
cient functions in (2) and in the sequel are assumed to have static
dependency. For more details on LPV representations and types of
dependencies see [10].

In LPV identification, a dynamical model of the system is derived
using measured data, which corresponds to the estimation of each
ai, bj functions in (2) or each gi in (1). Such an estimation can be
accomplished using various parameterizations of these functions.
A particular parametrization corresponds to a model structure rep-
resented model set in which the model that describes the best the
relations of the observed data is searched for. Besides parameter-
izations of (2) (corresponding to the well-known LPV-IO model
structures [10]), a particularly attractive model structure in LPV
identification follows from the truncation of (1) to a finite num-
ber of expansion terms. Assuming static dependence of gi on p, the
resulting approximative model is

y(k) =
ne∑
i=0

gi(p(k))u(k − i), (3)

which is in fact the LPV version of the well known finite impulse
response (FIR) models. In addition, noise or disturbances in the sys-
tem can be modeled in terms of parametrized noise models. These
choices and model structures will be discussed in the sequel.

3. LPV identification using the local approach

The local approach refers to the methodology to construct the
LPV model as an interpolation of LTI models identified around given
operating points. Model interpolation is determined by the applied
interpolation scheme in terms of the resulting model structure and
the used interpolation method. Selection of the model structure and
the interpolation scheme as well as the number and location of
the used operating points are application specific (e.g., see [10]).
Some of the local approaches have been recently applied on dis-
tillation columns [35,27], on fermentation processes [36] and on a
continuous tank reactor [28,36]. In the sequel, we intend to give an
overview on all available methods for the LPV modeling of process
systems in the local setting.

3.1. Choice of operating points

Every constant p ∈ P  in the operating envelop is associated with
a (u, y) corresponding to the steady-state solutions of the first-
principle based model at that purity level. To cover these operating
points, often an adequate (equidistant) gridding of P  (in terms of
grid points P = {p(�)}Nloc

�=1) is required to represent the variation of
the local behaviors. Selection of these operating points not only
defines the achievable accuracy of the resulting model, but also
sets the number of experiments needed around these operating

points to derive local estimates of the behavior. Note that optimized
allocation of {p(�)}Nloc

�=1 can seriously lower the number of required
LTI experiments [37] and hence the cost of the experimental cam-
paign. Typically, in the process domain, adequate choice of grid
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oints is recommended to be 3–6 regarding each dimension of the
cheduling variable.

.2. System identification at the operating points

The strength of the local LPV identification approach is based
n the fact that the LTI models can be identified using prediction
rror minimization (PEM) based system identification which is a
ell-established theory in the field of process modeling and con-

rol [38]. In practice, to gather measurement data at each operating
oint p(�) ∈ P, the system is excited with an input signal ŭ selected
o be a small amplitude white noise, PRBS or multisine around the
orresponding (u(�), y(�)) steady-state values. The response y is cap-

ured in terms of data sets D� = {(ŭ(k) + u(�), y(k) + v(k))}Nk=1 with
ength N > 0, where v denotes the cumulative effect of measurement
nd process noise. Denote by ym � y + v the measured response and
ote that the excitation u is designed such that the system remains
round the specified operating condition, but, at the same time, the
ata is informative enough to describe the dynamics of the system
round p(�). Such an experiment can be designed in a least costly
anner and conducted even under closed-loop MPC  control to min-

mize off-spec products (see [39,40] and the references therein).
urthermore, under the assumption that no significant deviation
rom the operating condition is introduced, the underlaying local
ehavior will remain to be LTI and hence v, in general, will have a
ational spectra which can be modeled as a filtered white noise pro-
ess. Respecting the resulting noise conditions, PEM can be applied
n each D� utilizing an LTI, e.g., outputerror (OE), model structure
n the deviation variables (ŭ(�) � u − u(�), y̆(�) � y − y(�)):

ˆ(�)(k) = −
na∑
i=1

a(�)
i
ŷ(�)(k − i) +

nb∑
j=0

b(�)
j
ŭ(�)(k − j), (4a)

m(k) = ŷ(�)(k) + y(�) + ε(k), (4b)

ith [ a(�)
1 . . . a(�)

na b(�)
0 . . .b(�)

nb
] being the unknown parameters

o be estimated with the objective that ŷ(�) ≈ y̆(�) and ε ≈ v. The
esulting parameter estimates correspond to a set of LTI-IO models
M� }Nloc

�=1. The orders (na, nb) can be selected by cross-correlation
ased residual analysis, by BIC or AIC, or via regularization based
parse estimators [38].

Note that following this methodology, each local model is
btained in terms of local deviation variables (ŭ(�), y̆(�)) which pre-
ents their direct interpolation for getting a global model of the
lant behavior. Hence, it is important to write the resulting mod-
ls in a compact form such that the steady-state values (u(�), y(�))
re implicitly incorporated into the LTI descriptions. This is possi-
le by introducing a new input signal ũ = [ u	 1 ]	 to write each

dentified local model as

ŷ(�)(k) = −
na∑
i=1

â(�)
i
ŷ(�)(k − i) +

nb∑
j=1

[
b̂(�)
j

−b̂(�)
j
u(�)
]

︸ ︷︷  ︸
b̃(�)
j

ũ(k − j)

+
[
b̂(�)

0

(
I +

na∑
i=1

â(�)
i

)
y(�) − b̂(�)

0 u
(�)

]
︸ ︷︷  ︸

b̃(�)
0

ũ(k),

(5)

here now ŷ(�), the output of the �-th local model, provides approx-
(�) (�)
mation of the true output y, and â
i

and b̂
j

are the estimated
odel parameters. In this way, each estimated local model is trans-

ormed via (5) from local deviation variables to the nominal input
 and output signals y.
s Control 24 (2014) 272–285 275

3.3. Interpolation methods

Interpolation of a given (indexed) set of discrete data points
Z = {z� ∈ R}Nloc

�=1 in terms of functions has a long history in
numerical analysis with a huge variety of available approaches like
linear, polynomial, spline, trigonometric and radial basis function
(RBF) methods (e.g., see [41]). In the LPV modeling framework,
where the interpolated points can correspond to model outputs or
locally identified samples of the coefficient functions ai and bj (see
Section 3.4), the following “standard” approaches are commonly
used [10,19,27,36].

3.3.1. RBF interpolation
Radial basis functions, like Gaussian functions, centered at the

operating points p(�) can be used as a simple methodology to inter-
polate Z = {z� }Nloc

i=1 . The spread of the RBFs is optimized in terms of
an objective function V to arrive at a smooth interpolation of the
given data points in Z.  As the interpolation space P  has dimensions
nP equal to the dimension of p, hence essentially often a multidi-
mensional interpolation problem is required to be solved. To set up
such a problem, the following paths can be taken:

• Choose nP-dimensional parametrized RBFs, like Gaussian func-
tions

w(�)( · , �) = exp(−‖p − p(�)‖�,2), (6)

with ‖x‖2
�,2 = x	�x and the positive symmetric � ∈ P

nP×nP being
the parameters of the basis

• Formulate the multidimensional ‘basis’ as the multiplication of
1D basis, corresponding to each scheduling variable separately:

w(�)( · , �) =
n
P∏
i=1

w(�)
i

( · , �), where w(�)
i

( · , �) = exp(−�i|pi − p
(�)
i |). (7)

Optimization of multi-dimensional RBFs represents a significantly
more complex problem than in the 1D case, therefore only the
multiple 1D-RBF interpolation method is investigated here. As
an example for the nP = 2 case, the following trapezoidal RBF is

introduced for each p(�) = [ p(�)
1 p(�)

2
]
	

w(�)
i

( · , �) = max  ( min  (
· − �(�)

i,1

�(�)
i,2 − �(�)

i,1

, 1,
�(�)
i,4 − ·

�(�)
i,4 − �(�)

i,3

), 0), (8)

with i = 1, 2 and {�(�)
i,j

}4

j=1
∈ R

4 being the parameters of (8) cho-

sen such that the trapezoid function is centered at p(�)
i

(i.e.,

w(�)
i

(p(�)
i
, �) = 1). The resulting interpolated function in the nP = 2

case is

w(p, �, Z) =
Nloc∑
�=1

z�w
(�)
1 (p1, �)w(�)

2 (p2, �). (9)

The parameters collected in � can be for example optimized based
on inter-sample data (zp, p) ∈ Zint (obtained from other exper-
iments or by dividing the data set to an interpolation set and
inter-sample set) via the minimization of V(�, Zint) � max

(zp,p)∈Zint

|zp −

w(p, �)|. This implies that to have a well-defined optimization prob-
lem, the following constraint should be satisfied:
Nloc∑
�=1

w(�)
1 (p1, �)w(�)

2 (p2, �) = 1, ∀p ∈ P. (10)
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Fig. 1. Illustration for bilinear interpolation.

ote that in case of Gaussian functions, the above constraint is
ot directly feasible and hence it is enforced by re-normalization:

˜ (p, �, Z)  = w(p, �, Z)/
∑Nloc

�=1

∏nP
i=1w

(�)
i

(pi, �).

.3.2. Polynomial interpolation
In polynomial interpolation, n-th-order monomials are

mployed as basis functions. Hence, in the nP = 2 case, a polynomial
unction is formulated as:

(p, �, Z) =
n∑
i=0

n∑
j=0

�i,j p
i
1 pj2, (11)

ith �i,j ∈ R  being the parameters of the polynomials collected
n �. For example, these parameters are chosen such that the �2

pproximation error V(�, Z)  �
∑Nloc

�=1(z� − w(p(�), �))
2

is minimized,
ut other objective functions based on different choice of the error
easure �1, �∞, etc, are also applicable. Note that if n < Nloc, then

nter-sample data is not required to optimize � nor it is ensured
hat w(p(�), �, Z)  = z(�).

.3.3. Bilinear interpolation
This approach corresponds to the piece-wise linear interpo-

ation of variables on a multidimensional grid. In case of nP = 2
nd an equidistant grid r × r with size r = 3, let I be the set of
ndices of all the black points given in Fig. 1, i.e., I = {1, 2, 4, 5}. Let

 ∈ P  such that p(�)
1 ≤ p1 ≤ p(�+1)

1 and p(�)
2 ≤ p2 ≤ p(�+r)

2 for a � ∈ I as
xemplified in Fig. 1 for � = 1. Note that, due to the equidistant grid-
ing, p(�)

2 = p(�+1)
2 , p(�)

1 = p(�+r)
1 and �p = |p(�+1)

1 − p(�)
2 ||p(�+r)

2 − p(�)
2 |

s constant. The interpolated function with bilinear basis can be
ritten as

w(p, Z) = z�
�p

|p(�+1)
1 − p1||p(�+r)

2 − p2| + z�+1

�p
|p(�+1)

1 − p1||p2 − p(�)
2 |

+ z�+r
�p

|p1 − p(�)
1 ||p(�+r)

2 − p2| + z�+r+1

�p
|p1 − p(�)

1 ||p2 − p(�)
2 |,
(12)

here each term corresponds to a sum of the z� ’s in the neighbor-
ood of p (dashed line in Fig. 1) weighted by the relative distance
f p from the corresponding p(�)’s. At the boundaries of the grid
circles in Fig. 1), the interpolated function simplifies to a 1D inter-

olation. Note that these approaches can be trivially extended for
ny scheduling and parameter dimensions or even non-equidistant
ridding.
ss Control 24 (2014) 272–285

3.4. Interpolation schemes

There are four interpolation schemes which are regularly
applied to develop LPV models: (i) coefficient, (ii) output, (iii)
input and (iv) series-expansion based interpolation schemes. Due
to space restrictions, only schemes (i), (ii) and (iv) are investigated.
In our case study, scheme (iii) is outperformed by these approaches
(see [42] for performance analysis of scheme (iii)) and use of this
scheme is only suggested for Hammerstein type of systems. The
above mentioned schemes can be used with any of the previously
discussed interpolation methods to construct the LPV model.

(i) Coefficient interpolation: In this scheme, the local models
{M� }Nloc

�=1 (in the form of (5)) are interpolated based on their model

coefficients {â(�)
i

}na,Nloc

i=1,�=1
and {b̃(�)

j
}nb,Nloc

j=0,�=1
to obtain an LPV model in

an IO form. Subsequently, the resulting LPV model in the variables
(ŷ, ũ) is given by

ŷ(k) = −
na∑
i=1

ai(p(k))ŷ(k − i) +
nb∑
j=0

bj(p(k))ũ(k − j), (13)

where ŷ is the approximation of the true system output y and
ai(·) and bj(·) are the element-wise interpolation of the matrix

sequences {â(�)
i

}na,Nloc

i=1,�=1
and {b̃(�)

j
}nb,Nloc

j=0,�=1
.

(ii) Output interpolation: In this scheme, the LPV model is
obtained as an interpolated (weighted) function of the output of
the local LTI models

ŷ(k) = c(p(k), ŷ(1)(k), . . ., ŷ(Nloc)(k)), (14)

with ŷ(�) being the output response of the local LTI model M�

(in the form of (5)) for the augmented input signal ũ.  Note that,
in this scheme, the interpolation points {z� }Nloc

�=1 are described by

the sequence {y(�)}Nloc
�=1 for the RBF and the bilinear case, but after

obtaining the interpolation function (9) or (12) for ŷ it is evaluated
as

ŷ(k) = w(p(k), �, Zk), Zk = {ŷ(�)(k)}Nloc
�=1. (15)

In the polynomial case, the interpolation decomposes as

ŷ(k) = c(k) =
Nloc∑
�=1

w(�)(p(k), �) ŷ(�)(k), (16)

where each w(�) is a separate matrix polynomial function given in
the form of (11). A particular difference of the output interpola-
tion scheme w.r.t. scheme (i) is that here the objective is not to
interpolate a given set of discrete data, but to provide a smooth
transition from one model output to the other as the operating
point changes. To optimize such transitions in terms of c, additional
information (data set) about the transient (“inter-sample”) behav-
ior of the system is therefore required. Hence, a data set Dglobal =
{(u(k), y(k) + v(k), p(k))}Nk=1 is assumed to be available with a vary-
ing scheduling trajectory. If such a data set is not available, then
c can be designed in terms of bilinear interpolation or RBFs with
equal spread. On the other hand, using Dglobal requires modify-

ing the objective function to V(�, Dglobal) =
∑N

k=1‖y(k) − c(k)‖2
2 and

optimizing the parameters accordingly. This approach can also be
used with RBF interpolation. Such an interpolation approach, can
be considered as a “glocal” approach [43,19,21], which borders the
set of global LPV identification approaches.

(iv) Series-expansion scheme: So far, interpolation schemes have
been considered that assemble the global model in an IO represen-

tation form. However, given the convolution form (1), interpolation
of the local models can be performed in a series expansion form as
well. To illustrate why this approach is attractive, it is important to
note that the transfer function F ∈ RHn×m2 of any local (augmented)
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TI model, where RH2 is the Hardy space of square integrable, real,
ational, and stable transfer functions, can be written as

(q) = w0 +
∞∑
i=1

wi�i(q), (17)

here {�i}∞i=1 is a basis for RH2 characterized in terms of a set of
table pole locations �1, . . .,  �nr , q is the time-shift operator and
i ∈ R

nY×nU [44,45]. This gives not only a uniform representation
f all M� , but due to the infinite impulse response characteris-
ics of each �i(z), a faster convergence rate of the expansion than
y FIR representations. By using a truncated expansion in (17),
n attractive model structure for LTI identification results with a
ell-defined stochastic framework (see [44] for OBFs and their
roperties).

The series expansion (17) can be extended to LPV systems [10],
uch that for a given basis {�i}∞i=1 an asymptotically stable LPV sys-
em can be written in the time domain as

(k) = w0(p, k)ũ +
∞∑
i=1

wi(p, k)�i(q)ũ, (18)

here wi are matrix functions with appropriate dimension and
ith dynamic dependence on p. An obvious choice of model struc-

ure is to use a truncated expansion (i.e., truncating (18) to a finite
um in terms of {�i}ne

i=1) and to assume static dependence of the
oefficients similar to the FIR case (3):

ˆ(k) = w0(p(k))ũ+
ne∑
i=1

wi(p(k))�i(q)ũ. (19)

As in the FIR case, this structure is linear in the coefficients
wi}ne

i=1 and therefore gives a simple form to develop interpola-
ion of the local models by first expanding all M� in terms of the
asis {�i}ne

i=1 and then interpolating the local expansion coefficients
y any previously discussed interpolation method (to arrive at the

nterpolated expansion coefficients wi(p(k)) defining the LPV form
19)). This form not only provides a simple interpolation recipe,
ut also ensures asymptotic stability of the resulting LPV model.

n addition, it can be applied to cases where the local model order
hanges.

To have an efficient model structure in terms of (19) with a min-
mal number of interpolated coefficients, a fast convergence rate
f (18) is required. This corresponds to an optimal selection of an
BF set {�i}ne

i=1 such that the approximation error of (19) is mini-
al  w.r.t. the system. In terms of the Kolmogorov theory for OBF
odels [46], this relates to the optimization of the pole locations

1, . . .,  �nr of the OBFs and also an optimal choice of nr w.r.t. the set
f all possible pole locations associated with the local LTI aspects.
n practice, this is accomplished with a so-called Fuzzy Kolmogorov
-Max (FKcM)  algorithm which, based on samples of the local pole
ocations (obtained through LTI identification of the system at some
perating points), is capable of efficiently solving the optimal OBF
election problem [17].

. LPV identification using the global approach

Compared to the previously discussed local methodology, the
lobal identification concept corresponds to a drastically different

pproach of constructing an LPV of the system from data. By the
lobal identification concept, an LPV model is estimated in one step
ased only on a single data set Dglobal with a varying scheduling tra-

ectory. A commonly applied method to implement this approach is
s Control 24 (2014) 272–285 277

to use the LPV extension of the PEM framework for LPV-IO models
in the form of (2) (see [10,15]):

y(k) = −
na∑
i=1

ai(p(k))y(k − i) +
nb∑
j=0

bj(p(k))u(k − j) + v(k), (20)

where v(k) is a zero-mean stochastic noise process. Almost all global
LPV identification methods, including subspace schemes, require a
linear parametrization of each model coefficient function ai and bj
in terms of an a priori chosen set of basis functions { s}n s=1,  s :
P  → R

	i( · , �) = �i,0 +
n ∑
s=1

�i,s s( · ), (21)

with 	i = ai for 1 ≤ i ≤ na, 	na+1+j = bj for 0 ≤ j ≤ nb and �i,s ∈ R
nY×nU

being the unknown parameters to be estimated. This approach
requires an efficient selection of { s}n s=1 such that (21) can cap-
ture the underlaying nonlinearities of the process adequately.
However, to perform the selection of basis functions for process
systems, a complicated analysis of a first-principle model is often
required where the economical benefits of data-driven modeling
can be easily lost. This has led to an increasing interest in the so-
called non-parametric methods that provide direct estimation of
the coefficient functions [47,23]. Furthermore, most process mod-
els, like the distillation column studied in Section 5, is described
by a large-scale first-principles model which can be drastically
reduced to a much lower order model (2nd-order model in case
of the distillation column) without significant loss of accuracy (see
Section 6.1). However, in most cases, the original nonlinearities of
the model translate to heavy nonlinear p-dependencies in a low
order LPV approximation. Hence, besides investigating two  clas-
sical parametrization based approaches (i.e., the OE estimation
scheme and an OBF based global estimator), a recently introduced
non-parametric LPV identification method known as the LPV least-
square support vector machine (LPV LS-SVM) method [47] is also
studied. The latter method can approximate the nonlinear func-
tional dependencies of the model directly from data. Note that all
the presented approaches can be applied to MIMO  systems with
any finite nP.

4.1. The prediction error minimization approach

Due to the linearity of the considered model (20), the one-step
ahead predictor in the case of a generalized polynomial noise model
has a similar form as in the LTI case under the commonly taken
assumption of noise free measurement of the scheduling variable
p. This facilitates the extension of the classical prediction error
minimization approaches as discussed in [10,21,48].

Provided that, in the process under study, the noise v(k) is
assumed to be output additive and white (i.e., OE type), the one-
step-ahead prediction ŷ(k|�, k − 1) in terms of (20) is equivalent to
the simulated response ŷ(k) of

ŷ(k) =
ng∑
i=1

	(p(k), �)xi(k) =
ng∑
i=1

�i,0xi(k) +
ng∑
i=1

n ∑
s=1

�i,s s(p(k))xi(k),

(22)

with xi(k) = ŷ(k − i) for i ∈ I
na
1 and xi(k) = u(k − j) with j = i − na − 1

for i ∈ I
ng=na+nb+1
na+1 . Here I

s2
s1

= {i ∈ Z|s1 ≤ i ≤ s2} denotes an index set.
Minimizing the � -loss of the prediction:
2

V(�, Dglobal) = 1
N

N∑
k=1

‖y(k) − ŷ(k)‖2
2, (23)
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.r.t. the parameter vector � under the constraint (22) leads to a
lassical nonlinear optimization problem that can be solved by gra-
ient descent or pseudo-linear regression [21,48]. Note that other
oise structures such as ARX, ARMAX, BJ, etc. can also be handled
y the LPV-PEM methods [48,21].

.2. The OBF approach

An other popular approach leads through the use of the OBF’s
ased expansion model structures. If the parametrization of the
xpansion coefficients wi in (19) is formulated as in (21), then the
ollowing predictor form is obtained

ˆ(k|�, k − 1) = ŷ(k) = 	0(p(k), �)u(k) +
ne∑
i=1

	i(p(k), �)�i(q)u(k),

(24)

or an OE noise model case. Note that this expression is in u and not
˜. In fact, (24) can be written as

ˆ	(k) = ϕ(k)�, (25)

ith

ϕ(k) =
[
u	(k)  1(p(k))u	(k) . . .  n (p(k))u	(k)

�1(q)u	(k) . . .  n (p(k))�ne (q)u	(k)

]
,

(26)

nd � ∈ R
nY(ne+1)(n +1)×nU that contains all the parameters of {	i}ne

i=0
ollected into a matrix according to the structure of (26). In this
ase, minimization of (23) corresponds to a least squares solution
see [17] for the stochastic properties of the OBF estimator).

.3. The LS-SVM approach

The SVM approach exploits the reproducing kernel theory to
rovide non-parametric approximation of functions based on a
eries expansion with kernel functions evaluated on the observed
ata points. This is made possible by exploiting the dual solution of
eneral least-squares problems. To explain the underlying estima-
ion mechanism, let us start with the assumed model structure of
he LS-SVM approach

(k) =
ng∑
i=1

 i(p(k))�ixi(k) + e(k), (27)

here each row of  i : R  → R
nY×n denotes an undefined, poten-

ially infinite dimensional vector of basis functions, �i ∈ R
n ×nU is
he i-th parameter matrix, e(k) is the equation error and xi(k) is
efined as in Section 4.1. The estimates of the coefficient functions

n the form of  i(p(k))�i are obtained using the solution of the
ollowing optimization problem

min
�,e

J(�, e) = 1
2

ng∑
i=1

‖�i‖2
F + 1

2N

N∑
k=1

‖e(k)‖2
�,2,

s.t. e(k) = y(k) −
ng∑
i=1

 i(pk)�ixi(k),
ss Control 24 (2014) 272–285

with ‖�i‖F =
√

trace(�	
i
�i) being the Frobenius matrix norm and

‖e(k)‖2
�,2 = e(k)	�e(k) being the weighted Euclidian norm where

the symmetric, commonly block diagonal � = diag(�1, . . ., �nY ),
� ∈ R

nY×nY+ , serves as a regularization parameter,  influencing the
complexity of the model in terms of the Frobenius-norm of �. An
interesting feature of this optimization problem is that it can be
solved without specifying the functions  i or estimating the param-
eters �i. The key step is to derive the solution in the dual space of
this optimization problem. Instead of specifying  i, its inner prod-
uct  i 

	
i

is defined by an a priori chosen kernel function Ki, which
is known as the kernel trick [47]. Hence, the underlying choice of
nonlinear basis functions  i is avoided by specifying a series expan-
sion structure of the unknown coefficient function �i described by
the kernel Ki. There are many possible kernel functions that can be
used in LPV identification, such as linear, polynomial, RBF, etc. For
the sake of simplicity, we  can apply a diagonal Gaussian RBF kernel
which is commonly used in nonlinear function estimation. Hence,
the kernel is formulated as

Ki(p(k), p(l)) = exp
(
−(p(k) − p(l))	i(p(k) − p(l))

)
, (28)

where i = diag(�i,1, . . ., �i,nP ) consist of �i,j > 0 which specify the
widths of the RBFs. Together with the regularization parameters
{�j}nYj=1, the kernel widths {�i,j}ng,nP

i=1,j=1 are the tuning parameters of
the estimator determining the complexity of the estimated model.
Hence, they can be seen as trade-off parameters between bias and
variance of the estimates. Based on Ki, the following matrices are
constructed

[�]s,k =
ng∑
i=1

[�i]s,k,

[�i]s,k = x	
i

(s)(Ki(p(s), p(k)))xi(k),

with s, k ∈ I
N
1 . Using these kernel matrices, the dual solution of the

SVM estimation problem is computed in terms of the dual param-
eters  ̌ ∈ R

N×nY

ˆ̌
 =
(

1
N
� + �−1IN

)−1 1
N
Y, (29)

where Y = [ y(1) . . . y(N) ]	. Based on ˆ̌ = [ ˆ̌ 	
1 . . . ˆ̌ 	

N
]
	

, the
estimates of the coefficient functions are given as

	̂i( · ) =  i( · )�i =
N∑
s=1

ˆ̌ 	
s x

	
i (s)Ki(p(s), · ). (30)

Hence, a non-parametric estimate of the coefficient functions
directly follows from the series expansion form of (30) by com-
puting the dual estimate (29) (see [32] for the properties of this
estimator). Note that (27) corresponds to an ARX noise model which
might not be a valid assumption on the data-generating system
(consider just the previously mentioned typically OE nature of the
measurement noise). To avoid bias resulting from this improper
noise model, an instrumental variable based form of the LS-SVM
has been developed in [47] and other modifications of the LS-SVM
were proposed in [49,50]. These extensions make possible to apply
the LS-SVM approach for general noise scenarios.

5. Case study: high-purity distillation column
To show the capabilities of data-driven LPV modeling of pro-
cess systems, the performance of the LPV identification methods
introduced in Sections 3 and 4 are investigated for data-driven
modeling of a high-purity distillation column.
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Table  1
Settings of the high-purity distillation column.

NT Number of trays 110
NF Feed stage location 39
˛  Relative volatility 1.12
F  Molar feed flow 215 kmol/min
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distillation column model. This corresponds to 8.7 days of exper-
imentation time which can either be obtained in a continuous
manner or in terms of batches of data, which can be then used to
formulate the data matrices required for the discussed approaches.
xf Mole fraction of the feed 0.65
qf Liquid phase fraction of the feed 1.0
M  Molar holdup (all trays) 30 kmol

.1. Motivation for LPV identification

High-purity distillation columns are well-known for their non-
inear dynamics and directionality characteristics,  which become

ore significant as the operating conditions approach the high-
urity region [51],[52] (a thorough analysis of the nonlinear
ehavior of the distillation column under study is given in [42]).
ue to directionality effects, the system response is dominated
y the high-gain direction (i.e., only one product composition can
e controlled effectively), which significantly limits the perfor-
ance of linear single-input single-output controllers to regulate

he top and bottom compositions. To address this problem, model
redictive control strategies can be used to control the multivari-
ble system dynamics. Such control strategies require an accurate
odel to adequately predict the system dynamics, based on which

he optimal process operation is sought. However, because high-
urity distillation columns exhibit a strong nonlinear behavior,
mall deviations from the operating point typically result in differ-
nt dynamics. This indicates that a linear model may  be insufficient
o describe the system dynamics over varying operating conditions.
ence, an alternative modeling solution is required to simulta-
eously preserve the simplicity of LTI models for controller design
nd to ensure the attainment of an adequate description of the pro-
ess dynamics over a wide range of operating conditions. As the
PV framework offers such a data-driven modeling paradigm, the
pplicability of the LPV identification approaches to the high-purity
istillation column is investigated and compared in terms of their
chieved simulation error and representation of the local frequency
esponse.

.2. First-principles modeling

Under the assumptions of constant relative volatility, 100% tray
fficiency, constant molar flows, and constant vapor and liquid
oldups, the first-principles modeling framework in [1] is adopted
o describe the dynamics of a binary distillation column. The system
ynamics are represented by a set of DAEs, which describe the com-
onent concentrations, as well as the vapor and liquid flows along
he distillation column. The settings of the high purity distillation
olumn under study are given in Table 1. A detailed description of
he first-principles model and the system parameters can be found
n [42].

The first-principles model is utilized as the data-generating
ystem for the identification study. In the process at hand, the liq-
id flow rate L and the vapor flow rate V (manipulated through
he reflux rate and re-boiler duty, respectively) are used as the

anipulated variables to control the operation of the high-purity
istillation column (i.e., u1 = L and u2 = V). The system outputs
onsist of the composition of top (xd) and bottom (xb) products
i.e., y1 = xd and y2 = xb). The resulting distillation column model
escribes a large-scale (110th order), nonlinear, 2 × 2 multi-input
ulti-output system.
.3. Measurements

To generate realistic measurement records for system identifi-
ation, the first-principles model is simulated in continuous-time,
s Control 24 (2014) 272–285 279

while discrete-time input/output data is collected with a sampling
time Ts = 5 min. The sampling time is chosen 20 times faster than
the time constant of the fastest step response of the system for
the operating region under investigation. The inputs of the system
are manipulated through zero-order-hold actuation synchronized
with respect to the sampling time. The generated measurements
are corrupted by a discrete-time output additive white noise v with
a signal-to-noise ratio1 (SNR) of 15 dB.

5.4. Choice of the scheduling variables

An important step in LPV identification is the choice of the
scheduling variable p, which governs how an LPV representation
of the dynamical behavior is defined. For the high-purity distilla-
tion column, a natural choice for the scheduling variables is the
top and bottom product compositions (i.e., p(k) = [ xd(k) xb(k) ]	).
This is because the latter variables can uniquely characterize dif-
ferent operating points of the system at steady state. The operating
region is selected such that it entails a large set of local operat-
ing points described by the top and bottom compositions in the
region of P  = [0.95,  0.995] × [0.02,  0.1]. The dynamics of the
distillation column are identified either by operating the column
at different top and bottom purity levels resulting in data sets with
constant p (local approach), or by varying the purity levels (i.e.,
p) during operation and exploring the changing dynamics of the
process (global approach).

5.5. Gathering data for local LPV identification

For the scheduling parameters of the high-purity distillation
column, an extensive analysis of the change of the local dynami-
cal properties revealed that a 6 × 6 equidistant gridding of P  on a
log scale (in terms of the grid points P = {p(�)}Nloc=36

�=1 ) is required
to adequately represent the variation of the local behavior on the
operating region P  (see [42]).

To collect measurement data at each operating point p(�) ∈ P, the
system is excited with a random binary noise signal ŭ(k) (of ampli-
tude 5 × 10−3 divided by the local DC gain w.r.t. u1 and u2 averaged
over the output directions to ensure that the operating condition is
only slightly perturbed ≈±0.01 %) around the respective (u(�), y(�))
steady-state values and the system response is recorded in terms

of data sets D� = {(ŭ(k) + u(�), y(k) + v(k))}Nk=1 with length N = 80.
This corresponds to 10 days of total experimentation time. Note
that as the data is gathered in batches of approximately 6.6 h, it
is not required to upset the column behavior continuously during
the experimental campaign. In addition, the experiments can be
performed under closed-loop circumstances, where an operational
MPC controller and least-costly experiment design can minimize
the loss in production (see [39,40]). However, to preserve the sim-
plicity of the discussion, closed-loop identification is not considered
in this work.

5.6. Gathering data for global LPV identification

To gather data for the global and “glocal” approaches (output
interpolation with polynomial or RBF interpolation), a noisy data
set Dglobal with N = 2500 samples and SNR = 15 is collected from the
1 The signal-to-noise ratio is defined as SNR := 10 × log10

(
‖y−v‖2

2
‖v‖2

2

)
.
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Fig. 2. Applied excitation signals and measured responses in Dglobal.

n this study, Dglobal is continuously generated using an input signal,
ee Fig. 2, which is able to excite the transient behavior of the sys-
em over its operating regime. This input signal is a combination of a
eterministic component added to a white noise with uniform dis-
ribution U(−0.5, 0.5) corresponding to an standard deviation (std)
f 1/

√
12.

. Results and discussion

In the sequel, the previously introduced LPV data-driven mod-
ling methodologies, summarized on Fig. 3, are tested on the
dentification problem of high-purity distillation column model
iscussed in Section 5.

.1. Local identification

First the results of the local approaches are discussed together
ith the estimation of the local models, synthesis of basis functions

or the OBF method and analysis of the obtained model perfor-
ance based on validation data and frequency domain comparison

f the captured local dynamics.

.2. Estimation of local LTI models
Using the local data set D� gathered from the system, LTI mod-
ls of the local system behavior have been estimated using an
utput-error (OE) noise model structure. In particular, the models
ave been estimated using canonical variate analysis (CVA) based

ig. 3. Summary of the investigated IO and series expansion model structures based l
entioned methodologies (gray).
Fig. 4. Results of the FKcM clustering: sampled poles (◦), resulting pole locations of
the basis (�), and Kolmogorov error bound (bold grey line).

subspace identification (using the n4sid implementation in Mat-
lab) and the orders (na, nb) of the OE models have been chosen to
be (2, 2) based on BIC-based cross-correlation analysis conducted
on the available local data sets [38].

The resulting models have been evaluated in terms of the best
fit rate (BFR) [53]

BFR = 100% · max

(
1 − ||y(k) − ŷ(k)||2

||y(k) − y||2
, 0

)
, (31)

where y is the mean of the noise-free output y of the original system
and ŷ is the simulated output of the model calculated on validation
data. The mean BFR of the identified local models, computed on a
80 samples long step-response (separate step test for each transfer
channel with amplitude 5 × 10−3 divided by the local DC  gain) data
generated by the linearization of the column model at the corre-
sponding operating points, has been (94.95 % , 93.47 %) for u1 → (y1,
y2) and (95.14 % , 93.33 %) for u2 → (y1, y2).

6.2.1. Basis selection for the OBF scheme
To synthesize the basis functions for the OBF  scheme, basis

selection is performed by applying the Fuzzy-Kolmogorov c-Max
(FKcM) approach [17] to the pole locations of the identified local
models displayed with ◦ in Fig. 4. Based on trial and error, the num-
ber of basis has been selected to ne = 5 to adequately represent
the sampled pole locations. The optimized pole locations of the
OBFs are depicted in Fig. 4 by �. The typical error measure, the best

achievable Kolmogorov bound [17] is given in grey in Fig. 4 and the
resulting Kolmogorov ne-width −25.09 dB computed w.r.t. the pole
locations indicate that the basis functions exhibit an adequate con-
vergence rate. The reasonable size of the Kolmogorov bound and

ocal and global LPV identification approaches (black) together with additionally
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Fig. 5. The noise-free validation data Dval based comparison of the true system out-
put  and the simulated output of the LPV models estimated via the local approaches.
The  three best results are displayed: the output scheme with polynomial interpo-
lation (LPV O-poly), the coefficient scheme with RBF interpolation (LPV C-RBF) and
A.A. Bachnas et al. / Journal of

he ne-width cost suggest that the OBF’s are well tuned w.r.t. the
stimated pole locations. The estimated poles cover a large dynam-
cal range in the vicinity of the real axis with some poles (associated

ith models at the boundary of the operating regime) located close
o the unit circle. Hence, the bound covers a large region in case of 5
asis poles, while the ne-width cost describes a relatively small rep-
esentation error. This implies that (i) the selected basis functions
ave a small representation error w.r.t. the local LTI models and (ii)

urther reduction of the error introduced by the series expansion
ould require a significantly larger number of basis poles, which

nly have a relatively small benefit for the local models identified
t the boundary of the operating region. The resulting basis func-
ions {�i}5

i=1 are used to form the model structure in terms of (19).
ubsequently, the estimated local models are used to calculate the
ptimal local expansion coefficients w(�)

i
via a Schur decomposition

ased method [44].

.2.2. Investigated approaches
To investigate the performance of the above discussed local

dentification approaches for data-driven modeling of the distil-
ation column, several combinations of the interpolation methods
nd schemes have been applied to the locally identified LTI mod-
ls. The interpolation schemes, namely the coefficient and output
pproaches, are applied in combination with the RBF, polynomial
nd bilinear interpolation methods corresponding to 2 × 3 tested
ethods, while the OBF approach is tested only with the polyno-
ial interpolation. In the coefficient and OBF scheme, the order

f the polynomial interpolation has been chosen to be 3 by cross-
alidation based tuning, while in the output scheme polynomial
rder 4 has been found adequate. In the output and in the coefficient
cheme, RBF interpolation has been accomplished with equidis-
antly placed basis functions centered at the interpolation points.
nly in the output scheme, the RBF and polynomial interpolation
ethods have been implemented in the “glocal” sense by using

inear regression and nonlinear optimization with Dglobal (using
mincon in Matlab), respectively.

.2.3. Assessment of the results
The resulting LPV models are compared in an extensive sim-

lation study using an independent noise-free IO data set Dval =
(u(k), y(k), p(k))}Nk=1 with N = 6 ×103 samples and varying operat-
ng conditions. The data set has been generated by the distillation
olumn model using similar experimental conditions, but with a
ifferent varying p and a different realization of u than in the esti-
ation data set(s) and without noise. Note that this data set is

nly used to evaluate the performance of the models and it is not
equired for identification. The simulation results are presented in
ig. 5 and in Table 2 where the mean squared error (MSE)

SE  = ‖y(k) − ŷ(k)‖2
2, (32)

nd the BFR of the simulation error (31), computed on Dval, are
isted.

Based on these results, the OBF scheme and the coefficient
cheme with polynomial interpolation has produced the highest
FR on Dval, while the output interpolation scheme has produced

nferior results compared to the other schemes. It is interesting to
ote that if the data length was increased to contain five times more
amples, the output interpolation scheme takes the lead in terms of
he accuracy of the output fit. This can be explained by the “glocal”
ature of this modeling approach as the interpolation parameters
re optimized w.r.t. both the local and the transient behavior (using

global data set). However, to exploit optimization of the interpo-

ation function for modeling the transients, a rich and sufficiently
ong data set is needed, which certainly would be too costly to be
btained from the distillation column.
the local LPV-OBF scheme with polynomial interpolation (LPV-OBF local).

For the coefficient scheme based approaches, the polynomial
interpolation method results in a better BFR compared to the other
two methods. This indicates that smoother transition of the LPV
model coefficients can be obtained using this approach. For the
LPV OBF approach, it is observed that even without the informa-
tion of global (inter-sample) behavior of the system, the LPV OBF
model is able to produce a high fit ratio w.r.t. the original system.
This is because the basis functions are optimally synthesized for
the estimated local model poles and their possible variation due to
changing operating conditions.

It is well-known in LPV identification that comparison of the
simulated output response w.r.t. a particular trajectory of p may
not fully reveal the quality of the identified models. A similar obser-
vation for the distillation column has been obtained in [35,27]. To
systematically verify whether the models can generalize the local
dynamics of the system w.r.t. other operating points, the H2 error

εp� ‖Go,p(z) − Ĝp(z)︸ ︷︷  ︸
Ep(z)

‖2 =

√
1

2�

∫ �

−�
tr
(
E∗
p
(eiω)Ep(eiω)

)
dω (33)

is computed on a dense 13 × 13 gridding of P. (33) denotes
the H2 norm of the difference of the transfer function
G (z) of the linearized column model at operating condi-
o,p

tion p ∈ P  and the (frozen) transfer function Ĝp(z) of the
LPV model for a constant scheduling trajectory p(k) ≡ p. The mean
and maximum values of εp are given in Table 3.
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Table  2
Dval based comparison of the simulated output error of the LPV models estimated via the local approaches.

Output interpolation Coefficient interpolation Local LPV OBF

MSE  BFR MSE  BFR MSE  BFR

Polynomial
interpolation

y1 9.12 × 10−7 89.88% 3.56 × 10−7 93.68% 3.27 × 10−7 93.94%
y2 2.13 × 10−6 92.16% 9.10 × 10−7 94.88% 9.78 × 10−7 94.69%

RBF  interpolation
y1 7.10 × 10−7 91.07% 4.61 × 10−7 92.80% – –
y2 2.13 × 10−6 92.17% 1.29 × 10−6 93.90% – –
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Bilinear interpolation
y1 7.12 × 10−7 91.05
y2 2.13 × 10−6 92.16

Table 3 indicates that the coefficient interpolation and LPV-OBF
ased approaches result in a significantly smaller local H2 error

n comparison with the output interpolation based approaches. In
he polynomial output scheme, the error is even infinity which indi-
ates a serious error in terms of an unstable Ep. This implies that the
ocal properties of the model (e.g., stability) are better preserved by
he OBF and coefficient schemes approaches. This explains that it is
easonable that the “glocal” approaches can achieve better BFR with
nough data points, since they can sacrifice the overall “dynamical”
uality of the identified model to achieve a higher fit. However, this
esults in a certain kind of structural over-fitting, which distorts the
ocal accuracy of the model and can cause significant problems in
ontroller synthesis. On the other hand, the “glocal” method using
rapezoidal approach enables preserving the local properties of the

odel fairly well, as the basis functions have a region where only
 single model is active and the influence of the other local mod-
ls is limited (unlike in the polynomial approach). This explains
he contradictory results reported in [27,35] using the polynomial
nterpolation method. However, it is important to highlight that the
roblem is not with the polynomial method, but with the “glocal”
ature of the applied scheme.

As the quality of the LPV models heavily depends on the qual-
ty of the local LTI models, one way to improve the identification
esults is to increase the model order in the local OE identifi-
ation. However, raising the model order leads to a significant
ncrease in the parameter variance of the identified models. This is
ecause when operating the distillation column in the low purity
egion, the y1 channel has significant higher-order (local) modes
hat disappear (become unidentifiable) in the high-purity region.
he same holds for the significant higher-order (local) modes of y2
n the high-purity region vanishing in the low purity region. These
henomena are highly undesirable, as the interpolation meth-
ds will be heavily influenced by the noise and, therefore, will
esult in random interpolated behavior of the identified LTI mod-
ls. This property, called changing local model order, jeopardizes
ny local identification approach, which is based on interpolation
f IO or state-space models. It also explains why the approach
eported in [35] is applied successfully to other applications with-
ut this property. In the LPV-OBF identification approach, the
exible series expansion model structure is resilient to the chang-

ng local model order behavior, leading to promising results in

oth model simulation fitness and low local H2 error ratio. This
akes the OBF scheme to be an attractive methodology for identi-

ying the dynamics of the high-purity column model using a local
pproach.

able 3
he local H2 error of the estimated LPV models w.r.t. the transfer functions of the lineariz

Output interpolation Coeffi

Average Max  Avera

Poly. int. ∞ ∞ 2.89 ×
RBF int. 2.84 × 10−4 1.04 × 10−3 2.83 ×
Bilin. int. 4.25 × 10−3 1.58 × 10−2 2.91 ×
5.08 × 10−7 92.45% – –
1.44 × 10−6 93.54% – –

6.3. Results of global LPV identification

Compared to the local approaches, the global approaches
provide direct estimation of LPV models from data; hence it
becomes possible to assess their stochastic performance. For this
reason, the previously discussed estimators have been tested in a
Monte-Carlo study using 100 global data sets generated with the
same input and noise conditions as Dglobal described in Section 6.2.1
(same deterministic input trajectory, but new realizations of the
random input component and the noise). In this study, the global
approaches are applied to each of these data sets separately to
identify MIMO  LPV models.

6.3.1. Choices of model structures
Using cross-validation based order selection, a 4th-order model

structure has been used in the LPV-OE, LS-SVM estimators (i.e.,
na = 4, nb = 4) while the same basis functions found in the local case
have been used in the global OBF approach (i.e., with ng = 5). In
the OBF scheme, the same basis functions {�i}5

i=1 as in the local
approach are applied in the global estimator (25). In the paramet-
ric OE and OBF approaches, the parametrization of the coefficients
of (21) is done using a 2-variable polynomial basis function of
order n (i.e., �s(p(k)) = pi1(k)pj2(k) such that i, j  ∈ I

n
0, i · j > 0 and

s = i · (n + 1) + j). This choice is motivated by the fact that it is known
from the first-principles model that the system behavior can be
well approximated by polynomial nonlinearities. Based on cross-
validation based order selection, the polynomial order n has been
chosen to be 4 in the OE case and 3 in the OBF case. It has been
observed that a larger polynomial order quickly leads to an over-
parametrization problem (significant increase of the estimation
variance) and numerical problems in the OE case due to the non-
linear optimization.

6.3.2. Implementation of the global approaches
While implementation of the LPV-OBF and LS-SVM schemes

follows from the solution of a simple least squares problem
(besides the choice of some hyper parameters), the LPV-OE
scheme requires the solution of a nonlinear minimization problem
(see (22) and (23)). The latter minimization problem is imple-
mented using a gradient descent based optimization with initial

parameter estimate provided by an LPV-ARX estimator. To tune
the hyper parameters {�i}2

i=1 and {�i,j}ng,2
i=1,j=1 in the LPV LS-

SVM approach, a data set Dtune = {(u(k), y(k) + v(k), pk)}Nk=1, with
N = 2500, independently generated from Dglobal and Dval, has been

ed and discretized system (computed on a dense 13 × 13 gridding of P).

cient interpolation Local LPV OBF

ge Max  Average Max

 10−4 1.04 × 10−3 6.42 × 10−5 1.39 × 10−4

 10−4 1.04 × 10−3 – –
 10−4 1.05 × 10−3 – –
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ig. 6. Comparison of the simulated output of the LPV models estimated using the
lobal approaches and the true system output based on the noise-free validation
ata Dval.

ecorded from the high-purity distillation column model using the
ame input and noise settings. To simplify the tuning problem in
he LS-SVM approach, it is assumed that �j = �i,j for all i ∈ I

ng
1 , sug-

esting equal width for all kernels. Tuning of the regularization and
yper parameters is conducted by gridding the search space and,
ubsequently, using cross-validation with Dtune. The resulting opti-
ized values are � (1) = 5.74 × 104, � (2) = 1.27 × 103 and �(1)

i
= 0.58,

(2)
i

= 0.21 using equal width for all kernels.

.3.3. Results of the Monte-Carlo study
To investigate the performance of the above discussed

pproaches, the simulation error of a randomly chosen identified
PV models in the 100 runs is computed w.r.t. Dval, as depicted in
ig. 6. The mean and std of the BFR and the MSE  measures of the
imulation error w.r.t. Dval computed over the entire Monte-Carlo
amples are presented in Table 4.

Table 4 indicates that the global approaches result in LPV mod-
ls that exhibit high average BFR and low MSE  if compared to the
esults of the local approaches. In addition, the std of the errors

re reasonably low over the entire 100 Monte-Carlo runs, sug-
esting that the identified models have low variance. In the LPV
S-SVM approach, the std of the errors (for both BFR and MSE)
s somewhat larger than that of the other two  approaches, but

able 4
val based comparison of the simulated output error of the LPV models estimated
ia the global approaches.

LPV LS-SVM LPV OE Global LPV-OBF

y1

Avg. BFR 97.02% 92.49% 97.68%
STD BFR 0.34% 0.23% 0.29%
Avg.  MSE  8.27 × 10−8 5.03 × 10−7 5.14 × 10−8

STD MSE 1.97 × 10−8 5.79 × 10−8 1.30 × 10−8

y2

Avg. BFR 99.89% 99.77% 99.90%
STD BFR 0.02% 0.02% 0.03%
Avg.  MSE  5.14 × 10−10 2.02 × 10−9 3.79 × 10−10

STD MSE  2.02 × 10−10 4.79 × 10−10 2.43 × 10−10
s Control 24 (2014) 272–285 283

the average is significantly better than in the OE case. This is
explained by the ability of the non-parametric estimator to better
represent the underlaying coefficient dependencies of the modeled
process rather than using fixed polynomial basis. Furthermore,
the increased std in this case results from the compensation of
the bias due to the regularization term. This is important to note
because under the OE noise setting, the basic LPV LS-SVM approach
(which is based on the LPV-ARX model structure) always results in
biased estimations, even though the optimal tuning of the hyper
parameters can partly compensate for the bias. The resulting mod-
els can be further refined, e.g., by using the instrumental-variable
SVM approach introduced in [54] or possible extension of results
reported in [49,50]. However, due to the already adequate fit of
the model on independently generated validation data, further
refinement w.r.t. possible noise bias is not necessary (in case of
insignificant noise bias, higher numerical complexity of the refined
approaches diminishes the benefits of a more sophisticated hand-
ling of the noise).

In the LPV-OE approach, it is observed that the initial model
estimate provided by the ARX estimator needed only a slight refine-
ment by the nonlinear optimization scheme to minimize the OE
residual error in almost all the Monte-Carlo runs. Analysis of the
estimated models revealed that the surface of the cost function is
ill-conditioned (i.e., flat) and even the initial ARX estimation needs
some regularization to better condition the estimation problem.
This also explains the relatively small but erratic oscillations of the
estimated model (see Fig. 6). Note that the regularization of the
LS-SVM scheme inherently compensates for this ill-conditioning.

In the LPV-OBF approach, the basis functions are optimally
selected w.r.t. the local dynamics of the process. Hence, the use
of a data set that contains information about the transient behav-
ior among the operating points results in a model with improved
accuracy in comparison with the local approach. Among the global
approaches investigated here, the OBF approach provides the best
results in terms of both the average and std of the errors. In addi-
tion, the latter approach ensures that the identified model is stable,
whereas the stability properties remain unconstrained in the OE
and the LS-SVM estimators. However, this comes at the price of
increased model order (5 compared to 4 for the other approaches).
For the sake of fair comparison, it is important to note that the
obtained SVM model can be used for prediction of the behavior of
the system like in forecasting or even in model predictive control,
while it is not directly useful to design controllers based on syn-
thesis procedures like in optimal H2 and H∞ control. In that case, a
closed form of the expanded functions in (30) needs to be obtained
via interpolation, which might affect (in an unpredictable way) the
overall model accuracy.

7. Conclusion

Local and global methodologies of linear parameter-varying
identification have been reviewed and compared in the data-
driven modeling of a high-purity distillation column. It has been
shown that among the local approaches, the coefficient and series
expansion (OBF) interpolation schemes demonstrate a superior
performance in terms of the generalization capability of the iden-
tified models (describing the system behavior for all possible
signal trajectories). The simulation results have revealed that,
due to the varying order of the local models, the local LPV
identification approaches may  encounter significant difficulties
when input–output or state-space model structures are used. On

the other hand, it has been shown that the investigated global
approaches, namely the least-squares support vector machine, the
orthonormal basis functions based estimator and the prediction
error minimization approach, have high-performance in describing
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he input–output dynamics. Among the global approaches, the
BF method has demonstrated the most promising performance,
lthough the difference in accuracy w.r.t. the other global schemes
as not been significant.

Therefore, in terms of recommendations, the use of global
pproaches is suggested if the transient behavior of the system is
eeded to be adequately modeled (frequent variations of the oper-
ting conditions) while in case the operating condition is expected
o vary slowly with respect to a large operating regime, then the
se of local approaches is suggested which can exploit data sets
athered around steady state conditions. Note that, in the global
ase, the experimental campaign might be shorter, but the process
peration is needed to be perturbed to capture the transient behav-
or, while in the local case, small perturbation based data can be
athered in batches when the process operates at particular given
perating points. The properties of the OBF method in terms of
ealing with locally changing model order, guaranteeing stability
f the resulting description and well-conditionedness of the esti-
ation problem make it a primary candidate for both local and

lobal identification. However, in the global case, it also requires
ocal experiments to synthesize the basis functions. The LS-SVM
pproach in the global case can be successfully applied to explore
he required coefficient dependencies, which information can be
sed to improve parametrization of the OE and the OBF methods.

n the local case, the coefficient scheme is also suggested due to its
asy applicability and good performance. Based on the given study,
se of “glocal” approaches for process systems is not suggested due
heir high experimentation costs and sensitive performance.
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