
UC Berkeley
UC Berkeley Electronic Theses and Dissertations

Title
Learning Parametric Optimizers: Approximation, Proxies, and Geometry

Permalink
https://escholarship.org/uc/item/69v9r2bd

ISBN
9798189271793

Author
Dong, Qiran

Publication Date
2026-05-01
 
Peer reviewed|Thesis/dissertation

eScholarship.org Powered by the California Digital Library
University of California

https://escholarship.org/uc/item/69v9r2bd
https://escholarship.org
http://www.cdlib.org/


Learning Parametric Optimizers: Approximation, Proxies, and Geometry

By

Qiran Dong

A dissertation submitted in partial satisfaction of the

requirements for the degree of

Doctor of Philosophy

in

Industrial Engineering and Operations Research

in the

Graduate Division

of the

University of California, Berkeley

Committee in charge:

Associate Professor Paul Grigas, Chair
Assistant Professor Ying Cui

Assistant Professor Alexander Strang

Spring 2026



Learning Parametric Optimizers: Approximation, Proxies, and Geometry

Copyright 2026
by

Qiran Dong



1

Abstract
Learning Parametric Optimizers: Approximation, Proxies, and Geometry

by
Qiran Dong

Doctor of Philosophy in Industrial Engineering and Operations Research
University of California, Berkeley

Associate Professor Paul Grigas, Chair

Many decision-making systems require repeatedly solving a family of optimization problems 
as an instance parameter 𝜆 ∈ Λ varies. Classical approaches compute this solution map by 
discretizing the parameter domain, solving many optimization problems, and interpolating 
between the resulting solutions. This thesis develops an alternative view: learn the optimizer 
itself as a map from problem instances to decisions. By parameterizing the solution map as 
𝚽(𝜆)𝜷, the computation of an entire family of optimizers can be lifted to a single stochastic 
optimization problem over the coefficient vector 𝜷.

The first part of the thesis studies this idea in the language of learning solution paths. Under 
Euclidean smoothness and strong convexity assumptions, we relate suboptimality in the lifted 
stochastic problem to uniform solution-path error. We show that the lifted problem satisfies 
a relaxed weak growth condition, which yields linear convergence of constant step-size SGD 
to a neighborhood determined by the approximation error of the chosen basis. When the 
true solution map lies in the span of the basis, this limiting error vanishes. Combining 
this optimization analysis with approximation theory gives explicit complexity guarantees 
for differentiable and analytic solution paths, showing when learning the path can require 
substantially fewer gradient evaluations than discretization.

The second part reframes and generalizes the method as learning an optimization proxy: 
a fast decision rule that approximates the optimizer of a parametric optimization problem 
without requiring a new solve at inference time. We introduce complexity-penalized proxy 
error and show how regularization stabilizes the theory when strong convexity or spectral 
lower-bound conditions may fail. We prove proxy-performance decompositions that connect 
in-distribution stochastic training progress to uniform out-of-distribution optimality guar-
antees. The analysis identifies a fundamental approximation–optimization tradeoff: more 
expressive proxy classes can reduce the limiting error, but may also worsen conditioning and 
slow first-order training. We further extend the theory from Euclidean geometry to Breg-
man geometry through stochastic reference function descent, allowing the training method 
to respect non-Euclidean domains such as positive orthants and simplices.

The final part isolates the algorithmic geometry underlying these proxy-learning methods. 
We study stochastic steepest descent under general norm geometries, with particular at-
tention to ℓ𝑝 geometry. This analysis clarifies how the choice of geometry changes descent 
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directions, stochastic noise behavior, and convergence. In Euclidean geometry, stochastic 
steepest descent reduces to ordinary SGD, recovering the dense update structure used in the 
first part of the thesis. In ℓ1 geometry, the method resembles greedy coordinate selection, 
making it a first step toward sparse, stagewise, and boosting-style proxy construction. The 
analysis shows that general norm geometries can introduce batch-size stability thresholds 
that are absent from the Euclidean RWGC theory, and the numerical experiments suggest 
that this issue is visible for ℓ1 updates. Together, the three parts of the thesis provide a 
theoretical framework for learning parametric optimizers, connecting approximation of so-
lution maps, robustness of optimization proxies, and the geometry of stochastic first-order 
methods.
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Chapter 1

Introduction

Parametric optimization problems arise when the objective, constraints, data distribution, 
or design priorities depend on an external parameter. For each value 𝜆 ∈ Λ, one may define 
an optimizer

𝜽∗(𝜆) ∈ arg min
𝜽

ℎ(𝜽, 𝜆).

The computational challenge is not merely to solve one such problem, but to understand 
and approximate the entire input-output relationship

𝜆 ↦ 𝜽∗(𝜆).

This relationship is useful whenever decisions must be produced repeatedly across changing 
scenarios: regularization paths, portfolio tradeoffs, inverse problems, personalized decision 
rules, resource allocation, and data-driven optimization pipelines all fit this pattern. A 
direct approach is to discretize Λ, solve the optimization problem at many grid points, and 
interpolate between solutions. This approach is simple and often effective, but it treats a 
coherent family of optimization problems as many unrelated solves.

The central idea of this dissertation is to replace that collection of solves by a learned 
optimization object. Instead of computing 𝜽∗(𝜆) separately at each parameter value, we 
approximate the optimizer map by a parametric decision rule, such as

𝜆 ↦ 𝚽(𝜆)𝜷,

and train the coefficients 𝜷 by solving a single stochastic optimization problem over sampled 
values of 𝜆. The learned object can then be evaluated quickly at new parameter values, 
turning a family of optimization problems into a reusable proxy for optimization.

This point of view raises three intertwined questions. First, when does optimizing the 
lifted stochastic problem produce a uniformly accurate approximation to the solution map? 
Second, how should this idea be generalized beyond smooth Euclidean solution paths to 
broader optimization proxies, weaker convexity assumptions, and constrained non-Euclidean 
domains? Third, what role does the geometry of the training algorithm play, especially when 
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one wants to move beyond dense gradient updates toward sparse, greedy, or boosting-style 
methods? The three chapters of the dissertation answer these questions in sequence.

1.1 A Coherent Thread
The dissertation begins with solution paths because they are the most direct expression of the 
idea. A solution path is a map from a parameter to an optimizer. Chapter 1 asks whether this 
map can be learned as a single object rather than computed by discretization. The answer 
developed there is affirmative under Euclidean smoothness and strong convexity assumptions: 
if the solution map is well approximated by a chosen basis and if the stochastic training 
problem is solved accurately enough, then the learned map approximates the entire solution 
path. The theory combines approximation error, optimization error, and the conditioning of 
the lifted stochastic problem.

Chapter 2 broadens the language from solution paths to optimization proxies. This shift 
matters because in many applications the goal is not to trace a geometric path in parameter 
space, but to build a fast decision rule for a distribution or family of optimization instances. 
The chapter introduces complexity-penalized proxy error, studies in-distribution and uniform 
proxy performance, and uses regularization to stabilize settings where the assumptions of 
Chapter 1 may fail. It also extends the training geometry from Euclidean SGD to stochastic 
reference-function descent, allowing the method to respect domains such as simplices and 
positive orthants.

Chapter 3 steps back from the proxy model itself and studies the geometry of stochas-
tic first-order training. The first two chapters show that convergence depends not only on 
approximation power, but also on the geometry of the algorithm used to train the proxy. 
Chapter 3 therefore studies stochastic steepest descent under general norm geometries. This 
provides a first step toward understanding sparse and stagewise updates, including the 
boosting-inspired idea of building a proxy by greedily adding basis elements. In Euclidean 
geometry, stochastic steepest descent reduces to ordinary SGD; in ℓ1 geometry, it resembles 
greedy coordinate or weak-learner selection. The chapter shows that these non-Euclidean 
stochastic directions introduce stability issues that do not appear in the same way in the 
Euclidean theory.

1.2 Comparison of the Chapters
The three chapters can be read as a progression in what is being learned and in what part 
of the learning process is placed under theoretical scrutiny. Chapter 1 starts with the most 
concrete object: the optimizer map itself. Chapter 2 keeps the same stochastic-learning 
construction but expands the object into a general optimization proxy, where average and 
uniform decision quality both matter. Chapter 3 then shifts attention from the proxy class 
to the training direction, asking how the geometry of stochastic first-order updates changes 
the behavior of the learning algorithm.
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The comparison in Table 1.1 summarizes this progression along three axes. The first axis 
is the primary object of study: solution paths, optimization proxies, and stochastic descent 
directions. The second is the main theoretical question asked in each chapter. The third is 
the algorithmic geometry used for training, which evolves from Euclidean SGD to Bregman 
reference-function methods and then to general norm steepest descent.

Chapter Primary object Main question Algorithmic Ge-
ometry for Train-
ing

Chapter 1: 
Learning the 
Solution Path

The optimizer map 𝜆 ↦
𝜽∗(𝜆), approximated by 
𝚽(𝜆)𝜷.

Can a whole solution 
path be learned by 
solving one stochastic 
optimization problem 
instead of many dis-
cretized problems?

Euclidean SGD. Es-
tablishes proxy/path 
error decomposition, 
verifies RWGC, and 
connects basis ap-
proximation error to 
gradient complexity.

Chapter 2: 
Learning Opti-
mization Proxies

A fast decision rule for a 
family or distribution of 
optimization instances.

How can the solution-
path idea be generalized 
under weaker con-
vexity, regularization, 
in-distribution perfor-
mance, and constrained 
domains?

Euclidean and 
Bregman geom-
etry. Introduces 
complexity-penalized 
proxy error, sharper 
in-distribution guar-
antees, uniform proxy 
bounds, and stochas-
tic reference-function 
descent.

Chapter 3: 
Stochastic Steep-
est Descent

The stochastic first-
order direction used to 
train a proxy or build it 
stagewise.

How does the norm 
geometry of stochastic 
steepest descent affect 
stability, batching, 
and the possibility of 
boosting-style proxy 
construction?

General norm geom-
etry, with emphasis 
on ℓ𝑝. Shows that 
ℓ2 recovers SGD, 
ℓ1 resembles greedy 
coordinate selection, 
and general norms 
can introduce batch-
size thresholds.

Table 1.1: Comparison of the three chapters. The dissertation moves from learning a Eu-
clidean solution path, to learning general optimization proxies, to studying the stochastic 
algorithmic geometry that could support future sparse or boosting-style proxy methods.

This structure is meant to make the chapters cumulative rather than separate. Chap-
ter 1 supplies the basic approximation–optimization template: represent the optimizer map, 
train the coefficients by stochastic optimization, and translate training error into path er-
ror. Chapter 2 shows that the same template survives in a broader proxy-learning setting 
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once regularization, distributional performance, and non-Euclidean constraints are included. 
Chapter 3 identifies a remaining algorithmic question: if one wants future proxy methods 
to be adaptive or stagewise, then the stochastic training direction itself becomes part of 
the theory. In this sense, the dissertation moves from learning the object, to measuring the 
quality of the learned object, to understanding the geometry of the algorithm that learns it.

1.3 Approximation, Optimization, and Geometry
Across the dissertation, the same decomposition appears in different forms. A learned proxy 
is only as good as the class used to represent it, so approximation error determines the 
limiting performance. At the same time, the proxy must be trained by an algorithm, so 
optimization error determines how quickly the learned coefficients approach the best available 
proxy in the chosen class. Finally, the geometry of the training method determines both the 
conditioning of the optimization problem and the stability of stochastic updates.

Chapter 1 emphasizes approximation and optimization in Euclidean geometry. The cho-
sen basis controls how well the solution path can be represented, while the spectral properties 
of the basis affect the convergence rate of SGD. The result is a concrete approximation–
optimization tradeoff: adding basis functions can reduce limiting error, but can also worsen 
conditioning.

Chapter 2 shows that this tradeoff persists in a broader proxy-learning framework. Reg-
ularization improves conditioning and makes the theory robust to weak convexity or degen-
erate spectral structure, but it also introduces bias through the complexity penalty. The 
chapter also distinguishes between in-distribution and uniform proxy guarantees. The for-
mer aligns with average decision quality on future instances from the training distribution; 
the latter gives stronger worst-case control over the parameter space.

Chapter 3 focuses on geometry itself. The Euclidean setting has a special structure: 
stochastic steepest descent is ordinary SGD, and the relaxed weak growth condition leads 
to clean constant-step guarantees. Under a general norm, however, the stochastic gradi-
ent is transformed into a geometry-dependent steepest direction. This transformation can 
amplify noise and create a batch-size threshold in the convergence analysis. The numerical 
experiments suggest that this issue is visible in ℓ1 geometry, where the stochastic gradient 
determines which coordinate is selected.

1.4 Outlook
The dissertation therefore develops a progression from representation, to proxy performance, 
to training geometry. Chapter 1 introduces the central representation idea: learn the opti-
mizer map directly. Chapter 2 turns that idea into a more general theory of optimization 
proxies, including regularization and non-Euclidean domains. Chapter 3 studies the stochas-
tic geometry needed to move toward adaptive, sparse, and stagewise proxy training methods.
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One possible continuation is a true boosting-style algorithm for optimization proxies. 
Such a method would start with a large dictionary of candidate basis functions and build 
the proxy sequentially, adding components that most improve the stochastic proxy objective. 
The analysis in Chapter 3 does not complete that program, but it identifies a central obstacle: 
stochastic greedy directions can behave differently across geometries. Understanding when 
this instability is avoidable, and when it is intrinsic, remains an important question for future 
work.
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Chapter 2

Beyond Discretization: Learning the 
Solution Path

This dissertation begins with a basic question about parametric convex optimization: when 
an optimization problem depends on a parameter 𝜆 ∈ Λ, how should one compute the 
optimizer 𝜽∗(𝜆) across the entire parameter domain? A traditional answer is discretization: 
select a grid of parameters, solve the optimization problem at each grid point, and interpolate 
between the resulting solutions. This approach is natural and often effective, but it treats 
the family of problems as a collection of separate tasks.

The first step in the research program of this dissertation is to replace this collection of 
solves with a single learning problem. We represent the solution map by a basis expansion 
𝚽(𝜆)𝜷 and choose the coefficients by minimizing one stochastic objective over randomly 
sampled parameter values. This lifts the computation of the entire solution path into a 
finite-dimensional stochastic optimization problem. The main theoretical question is then 
whether solving this lifted problem also gives a uniformly accurate approximation to the 
original solution path.

This chapter develops that first theory under Euclidean smoothness and strong convex-
ity assumptions. It relates optimization suboptimality in the lifted stochastic problem to 
solution-path error, verifies a relaxed weak growth condition, and uses this structure to prove 
convergence guarantees for constant step-size SGD. It then combines these optimization re-
sults with approximation theory to show how the smoothness of 𝜆 ↦ 𝜽∗(𝜆) determines the 
number of basis functions and gradient calls needed to reach a target error.

This chapter is the point where the central idea of this research journey first appears: 
instead of following or discretizing a path, learn it as a single object. The next chapter 
broadens this idea from a solution path language to the more general language of optimization 
proxies, where the learned object is a decision rule for a family of optimization instances.
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2.1 Introduction
Many decision-making applications entail solving a family of parametrized optimization prob-
lems:

𝜽∗(𝜆) ∈ arg min
𝜽∈ℝ𝑑

ℎ(𝜽, 𝜆), 𝜆 ∈ Λ, (2.1)

where Λ is an arbitrary set of parameters indexing the problems. (We assume Problem (2.1) 
admits an optimal solution for each 𝜆 ∈ Λ.) In such applications, we often seek to compute 
the entire solution path {𝜽∗(𝜆) ∶ 𝜆 ∈ Λ} in order to present experts with a portfolio of 
possible solutions to compare and assess tradeoffs.

As an example, consider the 𝑝-norm fair facility location problem [24], which minimizes 
facility opening costs while incorporating 𝑙𝑝-regularization to promote fairness across socioe-
conomic groups. Since there is no obvious choice for 𝑝, we might prefer computing solutions 
for all 𝑝 and allowing experts to (qualitatively) assess the resulting solutions. Many other 
applications entail navigating similar tradeoffs, including upweighting the minority class in 
binary classification to tradeoff Type I and II errors or aggregating features to increase inter-
pretability at the expense of accuracy. In each case, we seek the entire solution path because 
selecting the “best” solution requires weighing a variety of criteria, some of which may be 
qualitative. These settings differ from classical hyperparameter tuning where there is a clear 
auxiliary criterion (like out-of-sample performance), and it would be enough to identify the 
single 𝜆∗ ∈ Λ such that 𝜽∗(𝜆∗) optimizes this criteria.

The most common approach to learning the entire solution path is discretization: dis-
cretize Λ, solve Problem (2.1) at each grid point, and interpolate the resulting solutions. 
With enough grid points, interpolated solutions are approximately optimal along the entire 
path. Several authors have sought to determine the minimal the number of discretization 
points needed to achieve a target level of accuracy, usually under minimal assumptions on 
ℎ(𝜽, 𝜆).

[22] considers convex optimization problems over the unit simplex when Λ ⊆ ℝ and 
show that learning the solution path to accuracy 𝜖 requires at least 𝑂(1/𝜖) grid points. [21] 
consider the case where ℎ(𝜽, 𝜆) is concave in 𝜆 and Λ ⊆ ℝ and show only 𝑂(1/

√
𝜖) points are 

needed. More recently, [36] relate the required number of points to the regularity of ℎ(𝜽, 𝜆), 
arguing that if ℎ is uniformly convex of order 𝑑, one requires 𝑂(1/ 𝑑

√
𝜖) points.

A potential criticism of this line of research is that the computational complexity of these 
methods depends not only on the number of grid points but also depends on the amount 
of work per grid point, e.g., as measured by the number of gradient calls used by a first-
order method. Generally speaking, these methods do not share much information across 
grid points, at most warm-starting subsequent optimization problems. However, gradient 
evaluations at nearby grid points contain useful information for optimizing the current grid 
point, and leveraging this information presents an opportunity to reduce the total work.
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2.1.1 Our Contributions
We propose a novel, simple algorithmic procedure to learn the solution path that applies to 
an arbitrary set Λ.

The key idea is to replace the family of problems in (2.1) with a single stochastic op-
timization problem. This stochastic optimization problem depends on two user-specified 
components: a distribution ℙ𝜆 over values of 𝜆 ∈ Λ and a collection of basis functions 
𝚽𝑗(⋅) ∶ Λ → ℝ𝑑, 𝑗 = 1, … , 𝑝. We then seek to approximate 𝜽∗(𝜆) as a linear combination of 
basis functions, 𝚽1∶𝑝(𝜆)𝜷̂, where 𝚽1∶𝑝 ∶= [𝚽1 𝚽2 ⋯ 𝚽𝑝] and 𝜷̂ is an approximate solution 
to

min
𝜷∈ℝ𝑝

𝔼𝜆̃∼ℙ𝜆
[ℎ(𝚽1∶𝑝(𝜆̃)𝜷, 𝜆̃)] . (2.2)

In contrast to discretization schemes which only leverage local information, (stochastic) 
gradient evaluations of Problem (2.2) inform global structure. Moreover, through a suitable 
choice of basis functions, we can naturally accomodate complex sets Λ in contrast to earlier 
work that only treats Λ ⊆ ℝ. Finally, any stochastic optimization routine can be used on 
Problem (2.2) beyond just SGD (see, e.g., [29, 9], among others).

Despite its simplicity, our approach can approximate the solution path to higher accuracy 
than discretization with fewer gradient evaluations. See Figure 2.1 for a sample of our 
numerical results on weighted binary classification using SGD to solve Problem (2.2). We 
prove this behavior is typical. Loosely,

i) When using constant step-size SGD to solve Problem (2.2), we prove that the uniform 
error of our learned path 𝚽1∶𝑝(𝜆)𝜷̂ to the true path 𝜽∗(𝜆) exhibits linear convergence 
to an irreducible constant that is proportional to the expressiveness of the basis (The-
orem 2.3.4). This behavior is already visible in Figure 2.1.

The proof of this result utilizes ideas from the convergence of SGD under various “growth 
conditions” of the gradient [9, 40, 53, 32, 8]. See [27] for a summary and comparison of these 
various conditions. Our contribution to this literature is to relate the expressiveness of the 
basis 𝚽1∶𝑝(𝜆) to a relaxed, weak-growth condition of [23, Lemma 2.4]. Indeed, we show that 
under some assumptions, Problem (2.2) always satisfies this relaxed weak-growth condition, 
and if the solution path lies in the span of the basis, it satisfies the weak-growth condition 
of [53]. This allows us to leverage results from those works to establish Theorem 2.3.4.

In special cases, we can leverage a priori knowledge of the structure of 𝜽∗(𝜆) to prove 
stronger results. For example, suppose Λ = [−1, 1], and we use Legendre polynomials as our 
basis. We prove that

ii) If the solution path 𝜽∗(𝜆) is 𝜈-times differentiable, then using 𝑝 = 𝑂 (𝜖
1

2(1−𝜈) ) poly-
nomials ensures that after 𝑇 = 𝑂 (𝜖 1

1−𝜈 log(1/𝜖)) gradient calls, we obtain an 𝜖-
approximation to the solution path (Theorem 2.4.3).
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Figure 2.1: Learning Solution Path of Weighted Binary Classification. See Sec-
tion 2.6 for setup. We compare our method with 𝑞 = 5, 7, 9 Legendre polynomials as our 
basis with uniform discretization. Orange line is our adaptive method (c.f. Algorithm 1). 
Vertical lines indicate when new basis functions are added. 

For comparison, [36] implies that when ℎ(𝜽, 𝜆) is strongly-convex, discretization requires 
at least 𝑂(𝜖−1/2) points. Hence, even if the optimization problem at each grid point can be 
solved with 1 gradient evaluation, our approach requires asymptotically fewer evaluations 
whenever 𝜈 > 3. If 𝜈 is large, the savings is substantive.

iii) If the solution path 𝜽∗(𝜆) is analytic (𝜈 = ∞), then using 𝑝 = 𝑂(log(1/𝜖)) basis 
polynomials ensures that after 𝑇 = 𝑂(log2(1/𝜖) log log(1/𝜖)) iterations, we obtain an 
𝜖-approximation to the solution path (Theorem 2.4.5).

This is almost exponentially less work than discretization for unidimensional hyperpa-
rameter space.

These specialized results strongly suggest that in the general setting our approach should 
be competitive as long as we use enough basis functions. This observation motivates a natural 
heuristic in which we adaptively add basis functions whenever the stochastic optimization 
routine (e.g., SGD) stalls (see Algorithm 1 and Section 2.5 for details). We illustrate this 
idea in Figure 2.1 (orange line) where we can see that by progressively adding functions we 
drive the uniform error to zero rapidly.
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Algorithm 1 Adaptively Learn the Solution Path (ALSP)

1: Initialize: 𝚽1∶0(⋅) ← [ ] and 𝜷̂0 ← [ ]
2: Return: A sequence of coefficients: 𝜷̂1, 𝜷̂2, …
3: At iteration 𝑝 = 1, 2, … do
4:  Append a new basis function:

𝚽1∶𝑝(⋅) ← [𝚽1∶𝑝−1(⋅) 𝚽𝑝(⋅)]

5:  Run a first-order method, starting from
6: [𝜷̂𝑝−1, 0] ∈ ℝ𝑝, to obtain

𝜷̂𝑝 ≈ arg min
𝜷∈ℝ𝑝

𝔼𝜆̃∼ℙ𝜆
[ℎ(𝚽1∶𝑝(𝜆̃)𝜷, 𝜆̃)] .

2.1.2 Other Related Work
There is a rich literature on specialized methods for computing the solution path under regu-
larization, i.e., where 𝜆 ∈ ℝ+ is the weight on a convex regularizer. These methods generally 
employ a path-following algorithm. See, for example, [47, 19, 43] for cases where 𝜽∗(𝜆) is 
smooth, and [48] for when it is piecewise linear. The LASSO, or ℓ1 regularized regression, 
has received special emphasis [41, 15, 50], as has support vector machines [26] and certain 
structured regularizers [4]. [33] adopts a slightly different perspective than this existing lit-
erature, using ordinary differential equations to motivate a second-order method to compute 
the path. Overall, like our work, these works generally consider the total computational time 
to compute the path, not just the number of discretization points.

However, our work differs from this literature in two important ways. First, our proposed 
method applies to general 𝜆 ∈ Λ which may be multidimensional, whereas the previous lit-
erature largely focuses on the case of 𝜆 ∈ ℝ+. This limitation of the previous literature is 
perhaps fundamental as path-following algorithms do not generalize easily to multidimen-
sional settings. Second, we treat a general function ℎ(⋅, ⋅), not just the case of regularization. 
Despite our generality, our paper performs a relatively precise computational analysis by 
bounding total computation time in terms of the number of gradient calls, i.e., we treat the 
gradient as a block-box oracle instead of a more complicated black-box consisting of minimiz-
ing the objective ℎ(⋅, ⋅) at fixed parameter values. Furthermore, our numerical experiments 
go beyond simple regularization examples that are common in the literature by considering 
the upweighing of a minority class in classification and weighting different components of 
a multi-objective optimization problem. Thus, our method applies more broadly than the 
aforementioned works. 
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2.2 Model Setup and Preliminaries
We denote the ℓ2-norm by ‖ ⋅ ‖ throughout. We focus on the case of smooth, strongly convex 
functions: 

Assumption 2.2.1 (Uniform Smoothness and Strong Convexity). There are constants 
0 < 𝜇 ≤ 𝐿 such that, for all 𝜆 ∈ Λ, ℎ(⋅, 𝜆) is 𝜇-strongly convex and 𝐿-smooth, i.e., for all 
𝜽, 𝜽̄ ∈ ℝ𝑑,

𝜇
2

‖𝜽 − 𝜽̄‖2 ≤ ℎ(𝜽, 𝜆) − ℎ(𝜽̄, 𝜆) − ∇ℎ(𝜽̄, 𝜆)⊤(𝜽 − 𝜽̄) ≤ 𝐿
2

‖𝜽 − 𝜽̄‖2.

For any candidate solution path 𝜽(⋅) ∶ Λ → ℝ𝑑, we define the solution path error of 𝜽(⋅)
by

𝜖sp(𝜽(⋅)) ∶= sup
𝜆∈Λ

{ℎ(𝜽(𝜆), 𝜆) − ℎ(𝜽∗(𝜆), 𝜆)} .

An 𝜖-solution path is a solution path 𝜽(⋅) such that 𝜖sp(𝜽(⋅)) < 𝜖. Finally, given any vector 
of coefficients 𝜷 and basis functions 𝚽1∶𝑝(⋅), we define 𝜖sp(𝜷) ∶= 𝜖sp(𝚽1∶𝑝(⋅)𝜷) to be the 
solution path error of 𝚽1∶𝑝(⋅)𝜷.

As mentioned, our method depends on two user-chosen parameters: a distribution ℙ𝜆
over 𝜆 ∈ Λ and a series of basis functions 𝚽𝑗 ∶ Λ ↦ ℝ𝑑, for 𝑗 = 1, … , 𝑝. We require some 
minor assumptions on these choices: 

Assumption 2.2.2. (Distribution, Basis Functions, and Linear Independence).

i) It is easy to generate i.i.d. samples from ℙ𝜆.
ii) It is easy to compute 𝚽𝑗(𝜆) ∈ ℝ𝑑 for any 𝜆 ∈ Λ, and 1 ≤ 𝑗 ≤ 𝑝.

iii) There does not exist 𝜷 ∈ ℝ𝑝 with 𝜷 ≠ 0 such that 𝚽1∶𝑝(𝜆̃)𝜷 = 0 holds ℙ𝜆-almost 
everywhere.

This last condition is a linear independence assumption. If violated, one can remove a 
function without affecting the span of the basis on the support of ℙ𝜆.

Given 𝚽1∶𝑝, we define the minimal solution path error for this basis by

𝜖∗
sp ∶= inf

𝜷∈ℝ𝑝
𝜖sp(𝜷).

We also define the following auxiliary constants:

𝐶 ∶= sup
𝜆∈Λ

𝜎max (𝚽(𝜆)⊤𝚽(𝜆)) , (2.3)

𝑐 ∶= 𝜎min {𝔼𝜆̃∼ℙ𝜆
[𝚽(𝜆̃)⊤𝚽(𝜆̃)]} .
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In words, 𝐶 is a uniform bound on the largest eigenvalue of the positive semidefinite 
matrix 𝚽(𝜆)⊤𝚽(𝜆), and 𝑐 is the smallest eigenvalue of the corresponding expected matrix. 
By construction, 0 ≤ 𝑐 ≤ 𝐶. Under Assumption 2.2.2, both constants are strictly positive.
Lemma 2.2.3 (Positive Spectral Values). If Assumption 2.2.2 holds, then 0 < 𝑐 ≤ 𝐶.

We can now state our first key result which relates the suboptimality of a feasible solution 
𝜷 in Equation (2.2) to its solution path error. Define

𝜷∗
avg ∈ arg min

𝜷∈ℝ𝑝
𝔼𝜆̃∼ℙ𝜆

[ℎ(𝚽(𝜆̃)𝜷, 𝜆̃)] .

Theorem 2.2.4 (Relating Suboptimality to Solution Path Error). Under Assumptions 2.2.1 
and 2.2.2, for any 𝜷 ∈ ℝ𝑝, we have

𝜖sp(𝜷) ≤ 2𝐶𝐿‖𝜷 − 𝜷∗
avg‖2 + (8𝐶𝐿

𝑐𝜇
) 𝜖∗

sp.

This bound decomposes into two terms, one proportional to ‖𝜷−𝜷∗
avg‖2, which represents 

the suboptimality of 𝜷 and the other proportional to 𝜖∗
sp, which measures the maximal 

expressiveness of the basis. By solving Equation (2.2) to greater accuracy, we can drive 
down the first term, but we will not affect the second term. To reduce the second term, we 
must add basis functions to obtain a better quality approximation.

Theorem 2.2.4 shows any algorithm for solving Equation (2.2) can be used to approximate 
the solution path. In the next section, we argue that when 𝜖∗

sp is small, constant step-size 
SGD for Equation (2.2) exhibits linear convergence to a constant proportional to 𝜖∗

sp, making 
it an ideal algorithm to study. 

2.3 SGD to Learn the Solution Path
In this section, we apply constant step-size SGD to solve Equation (2.2). The key idea is to 
show that Equation (2.2) satisfies a certain growth condition and apply [23, Theorem 3.1]. 
One minor detail is that [23] proves their result under a stronger “expected smoothness” 
condition for the setting where the objective Equation (2.2) is a finite sum. However, the 
result holds more generally under a weaker condition (Eq. (9) of their work). Hence, for 
clarity, we first restate this condition and the more general result.

The following definition is motivated by [23, Lemma 2.4]: 
Definition 2.3.1 ( Relaxed Weak Growth Condition (RWGC)). Consider a family 
of functions 𝑔(⋅, 𝑧) ∶ ℝ𝑑 → ℝ, 𝑧 ∼ ℙ𝑧, and 𝐺(⋅) ∶= 𝔼𝑧∼ℙ𝑧

[𝑔(⋅, 𝑧)]. Let 𝐺∗ ∶= min𝒘∈ℝ𝑑 𝐺(𝒘). 
Then, 𝑔 and 𝐺 are said to satisfy the relaxed weak growth condition with constants 𝜌 ≥ 0
and 𝜎 ≥ 0, if for all 𝒘 ∈ ℝ𝑑,

𝔼𝑧∼ℙ𝑧
[‖∇𝑔(𝒘, 𝑧)‖2] ≤ 2𝜌(𝐺(𝒘) − 𝐺∗) + 𝜎2.
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When 𝜎 = 0, Definition 2.3.1 recovers the weak growth condition of [53]. In this case, the 
variance of the stochastic gradients goes to zero as we approach an optimal solution. Hence, 
at optimality, not only is the expectation of the gradient zero, but it is zero almost surely in 
𝑧. For regression problems, this condition corresponds to interpolation.

Definition 2.3.1 is implied by a standard second moment condition on the gradients (take 
𝜌 = 0). However, the most interesting cases are when 𝜎2 is small relative to 𝜌 and 𝜌 > 0. 
(This will be the case for Equation (2.2). See Section 2.3.1.)

We then have the following theorem. 

Theorem 2.3.2 ([23]). Suppose that the RWGC holds for the family of functions 𝑔(⋅, 𝑧) ∶
ℝ𝑑 → ℝ, and that 𝐺(⋅) ∶= 𝔼𝑧∼ℙ𝑧

[𝑔(⋅, 𝑧)] is 𝜇𝑔-strongly convex for some 𝜇𝑔 > 0. Consider 
the SGD algorithm, initialized at 𝒘0 ∈ ℝ𝑑, with iterations

𝒘𝑡+1 = 𝒘𝑡 − ̄𝜂
𝜌

∇𝑔(𝒘𝑡, 𝑧𝑡),

where 𝑧𝑡 ∼ ℙ𝑧 is a random sample and ̄𝜂 ∈ (0, min {1, 𝜌
𝜇𝑔

}] parametrizes the step-size. Let 
𝒘∗ ∶= arg min𝒘∈ℝ𝑑 𝐺(𝒘). Then for all 𝑡 ≥ 0, we have

𝔼[‖𝒘𝑡 − 𝒘∗‖2] ≤ (1 −
̄𝜂𝜇𝑔

𝜌
)

𝑡

‖𝒘0 − 𝒘∗‖2 + ̄𝜂𝜎2

𝜌𝜇𝑔
.

In other words, constant step-size SGD under the RWGC exhibits a “fast” linear conver-
gence in expectation up to a constant that is directly proportional to 𝜎2, after which it stalls. 
When 𝜎2 = 0, we exactly recover the result of [53]. To keep the exposition self-contained, 
we provide a proof in the appendix.

2.3.1 Solving Equation (2.2) with SGD
We next prove that Equation (2.2) satisfies RWGC, and in particular, that the “𝜎2” term 
depends on 𝜖∗

sp, the minimal solution path error of the basis. To our knowledge, we are the 
first to make this observation.

Define 

𝑓(𝜷, 𝜆) ∶= ℎ(𝚽(𝜆)𝜷, 𝜆), (2.4a)
𝐹(𝜷) ∶= 𝔼𝜆̃∼ℙ𝜆

[𝑓(𝜷, 𝜆̃)] = 𝔼𝜆̃∼ℙ𝜆
[ℎ(𝚽(𝜆̃)𝜷, 𝜆̃)] ,

Lemma 2.3.3 ( Equation (2.2) satisfies RWGC). Suppose that Assumptions 2.2.1 and 2.2.2 
hold and recall the constants defined in Equation (2.3). Then, the family of functions 𝑓(⋅, 𝜆)
and the function 𝐹(⋅), defined in Equation (2.4), satisfy the relaxed weak growth condition 
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(RWGC) with constants 𝜌 = 𝐶𝐿 and 𝜎2 = 2𝐶𝐿𝜖∗
sp. Namely, for all 𝜷 ∈ ℝ𝑑,

𝔼𝜆̃∼ℙ𝜆
[‖∇𝑓(𝜷, 𝜆̃)‖2] ≤ 2𝐶𝐿(𝐹(𝜷) − 𝐹 ∗) + 2𝐶𝐿𝜖∗

sp.

In addition, 𝐹(⋅) is 𝑐𝜇-strongly convex.

We now combine Theorems 2.2.4 and 2.3.2 and Lemma 2.3.3 to yield our main result: 
a bound on the expected solution path error for constant step-size SGD. Recall constant 
step-size SGD in this setting yields the iteration

𝜷𝑡+1 ← 𝜷𝑡 − 𝜂∇𝜷ℎ(𝚽(𝜆̃𝑡)𝜷𝑡, 𝜆̃𝑡),

where
∇𝜷ℎ(𝚽(𝜆̃𝑡)𝜷𝑡, 𝜆̃𝑡) = 𝚽(𝜆̃𝑡)⊤∇𝜽ℎ(𝚽(𝜆̃𝑡)𝜷𝑡, 𝜆̃𝑡),

and 𝜆̃𝑡 ∼ ℙ𝜆. We assume that the gradient ∇𝜽ℎ(𝜽, 𝜆) is easily computable for any 𝜽 and 𝜆.
We then have: 

Theorem 2.3.4 ( Expected Solution Path Error Convergence for SGD). Under As-
sumptions 2.2.1 and 2.2.2, consider applying SGD to Equation (2.2) with a constant step-size 
𝜂 = 𝜂̄

𝐶𝐿 parameterized by ̄𝜂 ∈ (0, 1]. Then, after 𝑇  iterations, the expected solution path 
error is at most

𝔼 [𝜖sp(𝜷𝑇 )] ≤ 2𝐶𝐿‖𝜷0 − 𝜷∗
avg‖2 (1 − ̄𝜂𝑐𝜇

𝐶𝐿
)

𝑇

+ (4𝐶𝐿( ̄𝜂 + 2)
𝑐𝜇

) 𝜖∗
sp.

In particular, when 𝜖∗
sp > 0, then for 𝑇 ≥ ⌈ 𝐶𝐿

𝜂̄𝑐𝜇 log (𝑐𝜇‖𝜷0−𝜷∗
avg‖2

2𝜂̄𝜖∗
sp

)⌉,

𝔼 [𝜖sp(𝜷𝑇 )] ≤ (8𝐶𝐿( ̄𝜂 + 1)
𝑐𝜇

) 𝜖∗
sp.

When 𝜖∗
sp = 0, then for any 𝜖 > 0 and 𝑇 ≥ ⌈ 𝐶𝐿

𝜂̄𝑐𝜇 log (2𝐶𝐿‖𝜷0−𝜷∗
avg‖2

𝜖 )⌉,

𝔼 [𝜖sp(𝜷𝑇 )] ≤ 𝜖.

Theorem 2.3.4 highlights the role of the basis functions in our results. First we see that 
as 𝑇 → ∞, the expected solution path error plateaus at a constant proportional to 𝐶𝐿

𝑐𝜇 𝜖∗
sp. 

As mentioned, 𝜖∗
sp measures the expressiveness of the basis, and we expect 𝜖∗

sp to be small 
as we add more basis functions. We interpret 𝐶𝐿

𝑐𝜇  as a condition number for Equation (2.2), 
which also depends on the choice of basis through Equation (2.3). This constant increases 
as we grow the basis. Finally, the iteration complexity scales linearly with this condition 
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number. Thus, an “ideal” basis must navigate this tradeoff between 𝜖∗
sp and 𝐶/𝑐.

Fortunately, there exists a rich theory on function approximation that studies the re-
lationship between basis functions, uniform error, and eigenspectra. In the next section 
we leverage this theory to provide a comparison of our method with existing discretization 
techniques in a specialized setting. 

2.4 Specialized Results for Λ = [−1, 1]
We next leverage results from function approximation theory to bound the number of basis 
functions needed to achieve a target solution path error. We focus on the case Λ = [−1, 1]
as it facilitates simple comparisons to existing results and elucidates key intuition.

We use a simple basis: we approximate each component 𝑖 = 1, … , 𝑑 of 𝜃∗
𝑖 (⋅) by the 

first 𝑞 Legendre polynomials. Hence the total number of basis functions is 𝑝 = 𝑞𝑑. Recall, 
the Legendre polynomials form an orthogonal basis on [−1, 1] with respect to the uniform 
distribution, i.e., 𝔼𝜆̃∼Unif[−1,1] [𝑃𝑛(𝜆̃)𝑃𝑚(𝜆̃)] = 2

2𝑛+1𝕀 {𝑛 = 𝑚}, where 𝑃𝑛 and 𝑃𝑚 are the 
𝑛th and 𝑚th Legendre polynomial, respectively. Since we approximate each component 
separately, the matrix 𝚽(𝜆) ∈ ℝ𝑑×𝑞𝑑 is block-diagonal, with d blocks of size 1 × 𝑞.

For this basis, depending on the value of 𝑝 = 𝑞𝑑 implied by the choice of 𝑞, let 𝐶𝑝, 𝑐𝑝
refer to the constants (2.3). We can bound the constant 𝐶𝑝/𝑐𝑝: 
Lemma 2.4.1 (𝐶𝑝/𝑐𝑝 for Legendre Polynomials). Take Λ = [−1, 1] and ℙ𝜆 to be the 
uniform distribution on [−1, 1]. Then, for the above basis, 𝐶𝑝/𝑐𝑝 ≤ 𝑞2.

Notice, that this constant is independent of 𝑑 and grows mildly with 𝑞. This is not true 
of all polynomial bases. One can check empirically that for the monomial basis, 𝐶𝑝/𝑐𝑝 grows 
exponentially fast in 𝑞.

Bounding 𝜖∗
sp depends on the properties 𝜽∗(𝜆). As a first example,

Lemma 2.4.2 (𝜖∗
sp for 𝜈-Differentiable Solution Paths). Let Λ = [−1, 1]. Suppose As-

sumption 2.2.1 holds. Further assume that there exists an integer 𝜈 ≥ 0 and constant 𝑉 > 0
such that for all 𝑖 = 1, … , 𝑑, 𝜽∗

𝑖 (⋅) has 𝜈 derivatives, where 𝜽∗
𝑖 (𝜆), ..., 𝜽(𝜈−1)∗

𝑖 (𝜆) are abso-
lutely continuous and 𝜽(𝜈)∗

𝑖 (𝜆) has total variation bounded by 𝑉 . Then, for any 𝑞 ≥ 𝜈 + 1, 
for the basis described above, 𝜖∗

sp ≤ 𝑑𝐿
2 ( 2𝑉

𝜋𝜈(𝑞−𝜈)𝜈 )
2

.
The proof of Lemma 2.4.2 is constructive; we exhibit a polynomial with the given solution 

path error. The bound confirms the intuition that if 𝜽∗(⋅) is smooth (has many derivatives), 
then adding basis function drives down the approximation error rapidly. Problems arising 
in many application domains, including machine learning problems like ridge regression and 
relatives, often exhibit highly or even infinitely differentiable solution paths.

Combining these lemmas with Theorem 2.3.4 allows us to calculate the requisite basis 
size and number of iterations needed to achieve a target solution-path error: 
Theorem 2.4.3 (SGD for 𝜈-differentiable Solution Paths). Let Λ = [−1, 1], ℙ𝜆 be the 
uniform distribution on [−1, 1]. Then, under the conditions of Lemma 2.4.2 and assume 



2.5.  IMPLEMENTATION GUIDELINES 16

𝜈 ≥ 2, if we use 𝑞 = 𝑂(𝜖
1

2(1−𝜈) ) polynomials in the previous basis, and run constant-step size 
SGD for 𝑂(𝜖 1

1−𝜈 log(1/𝜖)) iterations, the resulting iterate 𝜷𝑇  satisfies 𝔼 [𝜖sp(𝜷𝑇 )] ≤ 𝜖.

For clarity, while Lemma 2.4.2 holds for any 𝜈 ≥ 0, Theorem 2.4.3 requires 𝜈 ≥ 2. 
Moreover, both big “Oh” terms should be interpreted as 𝜖 → 0, and both suppress con-
stants not depending on 𝜖 (but possibly depending on ℎ). The theorem establishes that the 
“smoother” 𝜽∗(⋅) is (i.e. larger 𝜈), the fewer iterations required by our method to achieve a 
target tolerance.

Recall, [36] established that for strongly convex functions, discretization requires at least 
𝑂(𝜖−1/2) points. One might expect the number of gradient evaluations per point to scale like 
𝑂(log(1/𝜖)). Hence, if 𝜈 ≥ 3, our approach requires asymptotically less work. The larger 𝜈, 
the larger the savings.

This gap becomes more striking as 𝜈 → ∞. Hence, we next consider the case where 
𝜃∗

𝑖 (𝜆) is analytic on [−1, 1], i.e, its Taylor Series is absolutely convergent on this interval. 

Lemma 2.4.4 (𝜖∗
sp for Analytic Solution Paths). Suppose Assumption 2.2.1 holds and 

that for each 𝑖 = 1, … , 𝑑, 𝜽∗
𝑖 (⋅) is analytic on the interval [−1, 1]. Then, there exist constants 

𝜔 > 1 and 𝑀 > 0 such that for any 𝑞 > 0, with the basis described above, 𝜖∗
sp ≤ 𝑑𝐿

2 (2𝑀𝜔−𝑞

𝜔−1 )2 .

The proof is again constructive. The constants 𝜔 and 𝑀  pertain to the analytic con-
tinuation of 𝜃∗

𝑖 (⋅) to the complex plane. Importantly, the solution path error now dies 
geometrically fast (like 𝜔−2𝑞). Using this faster decay rate yields, 

Theorem 2.4.5 (SGD for Analytic Solution Paths). Let Λ = [−1, 1], and ℙ𝜆 be the 
uniform distribution on [−1, 1]. Then, under the conditions of Lemma 2.4.4, if we use 
𝑞 = log(1/𝜖)/ log(𝜔) polynomials in the previous basis, and run constant-step size SGD for 
𝑂 (log2(1/𝜖) log log(1/𝜖)) iterations, the resulting iterate 𝜷𝑇  satisfies 𝔼 [𝜖sp(𝜷𝑇 )] ≤ 𝜖.

Again, the big “Oh” hides constants that do not depend on 𝜖. Compared to [36], the 
amount of work required is almost exponentially smaller for dim(Λ) = 1.

In higher dimensions, the curse of dimensionality causes the required discretization points 
to grow exponentially with dim(Λ). In contrast, our method’s performance depends not on 
dim(Λ) but on the minimal solution path error 𝜖∗

sp. The key advantage arises when we either 
select a basis ensuring a small 𝜖∗

sp using prior knowledge or adopt a highly flexible, adaptive 
approach, as we next discuss in Section 2.5. 

2.5 Implementation Guidelines
Although Section 2.4 provides insight on how to select a basis (in certain cases), choosing the 
“right” basis apriori from approximation theory remains a difficult challenge. To circumvent 
this issue, we re-introduce Algorithm 1. Algorithm 1 is more practical, as we only need to 
specify: i) a sequence of basis functions, ii) a distribution ℙ𝜆 and, iii) a criterion for deciding 
when to add a new function to the basis. We next provide intuition and practical guidance 
on these choices.
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 Intuition for an “Ideal” Basis. Consider

ℎ(𝜽, 𝝀) = 𝜽⊤𝑸(𝝀)𝜽 + 𝒃(𝝀)⊤𝜽.

In this special case, Equation (2.2) becomes

min
𝜷

𝜷⊤𝔼 [𝚽(𝝀̃)⊤𝑸(𝝀̃)𝚽(𝝀̃)] 𝜷 + 𝔼 [𝒃(𝝀̃)⊤𝚽(𝝀̃)] 𝜷.

The complexity of this problem depends strongly on its condition number (in our theory, this 
is bounded by 𝐶𝐿

𝑐𝜇 ), which equals the condition number of the matrix 𝔼 [𝚽(𝝀̃)⊤𝑸(𝝀̃)𝚽(𝝀̃)]
and is directly computable in this case. Hence, an ideal basis would ensure this condition 
number is as close to 1 (its lower bound) as possible. In particular, if the basis functions 
𝚽𝑗(⋅) are orthonormal with respect to the inner product

⟨𝚽𝑗(⋅), 𝚽𝑘(⋅)⟩ ≡ 𝔼𝜆̃∼ℙ𝜆
[𝚽𝑗(𝝀̃)⊤𝑸(𝝀̃)𝚽𝑘(𝝀̃)] ,

then, the resulting condition number is 1. For general ℎ, insofar as 𝐹(𝜷) = 𝔼𝜆̃∼ℙ𝜆
[ℎ(𝚽(𝜆̃)𝜷, 𝜆̃)]

might be approximated by a second-order Taylor series expansion around the optimum 𝜷∗
avg, 

a good basis might be orthonormal w.r.t. to the Hessian of 𝐹(⋅) at optimality. We verify 
this in Section 2.6.3. Absent knowledge about the Hessian at optimality, the best approach 
is to use a family of flexible and expressive basis functions. In Sections 2.6.1 and 2.6.2, we 
use orthogonal polynomials for the following reasons: i) Adding new basis functions does 
not require altering the existing basis, and ii) Intuitively, orthogonality suggests that if 𝜷̂𝑝−1

is near optimal in the (𝑝 − 1)th iteration, then [𝜷̂𝑝−1, 0] is likely to be a near optimal (and 
good warm-start) solution in the 𝑝th iteration. The first benefit is not shared, for example, 
by other approaches like cubic splines or neural networks.

 Interplay Between Basis and Distribution. Although any sequence of basis func-
tions and any distribution can be used in Algorithm 1, we suggest making these choices 
in concert. In our experiments, we focus on sequences of polynomials that are orthogonal 
with respect to ℙ𝜆. The Legendre polynomials and the uniform distribution on [−1, 1] is 
one such pair, but there are many canonical examples including Hermite polynomials with 
the normal distribution and Laguerre polynomials with the exponential distribution. There 
are performance-optimized implementations of these families in standard software (see, e.g., 
scipy.special). Although polynomials map to ℝ, by approximating each dimension sepa-
rately as in Section 2.4, we can extend polynomials to a basis for 𝑑 > 1. Finally, polynomials 
are highly expressive as they are uniform approximators for Lipschitz functions.

 Deciding the Number of Basis Functions “On the Fly”. As reflected by our 
theoretical convergence guarantees, choosing a large, flexible basis induces a tradeoff. A 
larger basis increases the condition number of Equation (2.2) (as measured by the ratio 𝐶𝐿

𝑐𝜇 ), 
and hence convergence will be slower. This observation motivates our adaptive approach 
that only adds basis functions as necessary until we reach a desired accuracy. One approach 
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is to empirically approximate the objective of Equation (2.2) using a hold-out validation set, 
and add a basis function when performance stalls. In our experiment with low dimensional 
hyperparameters (Section 2.6.1 and 6.2), we use Gauss-Legendre quadrature to evaluate the 
stochastic objective exactly over the entire hyperparameter space. In the high dimensional 
hyperparameter experiment (Section 2.6.3), we instead compute the performance of our 
learned 𝜷 through an ERM version of the stochastic objective on a validation set of size 
1000. 

2.6 Numerical Experiments
We next empirically compare i) our approach using a fixed, large basis (denoted LSP for 
“Learning the Solution Path”) ii) our adaptive Algorithm 1 (denoted ALSP for “Adaptive 
LSP” and iii) uniform discretization, a natural benchmark. We aim to show that both our 
approaches not only outperform the benchmark but that the qualitative insights from our 
theoretical results hold for more general optimization procedures than constant step-size 
SGD. We also provide preliminary results on how the choice of basis affects performance.

We choose uniform discretization to be our benchmark in lieu of other schemes (like 
geometric spacing) because i) it matches the theoretical lower bound from [36] and ii) we see 
it as most intuitive for learning the solution path with small uniform error. Specifically, for 
various 𝜖, we consider a uniform spacing of size 

√
𝜖 in each dimension of 𝜆, and run (warm-

started) gradient descent for 𝑂(log(1/𝜖)) iterations. The constant hidden by big “Oh” here 
is calibrated in an oracle fashion to achieve a solution-path error of 𝑂(𝜖) (see Section A.2.1 
for details) giving the benchmark a small advantage.

2.6.1 Weighted Binary Classification
We consider a binary classification problem using a randomly selected subset of 1000 cases 
from the highly imbalanced Law School Admission Bar Passage dataset [54]. Of the 1000
cases, there are 956 positive instances and 44 negatives. Standard logistic regression predicts 
992 positives with a false positive rate of 0.86. When identifying students likely to fail is 
key, the default classifier may not be useful. Reweighting cases is a standard approach to 
improve false positive rate at the cost of overall accuracy.

We take
ℎ(𝜽, 𝜆) = (1 − 𝜆)𝑙pos(𝜽) + 𝜆𝑙neg(𝜽) + 0.125‖𝜽‖2,

where 𝑙pos(𝜽) and 𝑙neg(𝜽) denote the negative log-likelihood on the positive and negative 
classes respectively. Specifically, letting (𝒙𝑖, 𝑦𝑖) ∈ ℝ45 × {0, 1} for 𝑖 = 1, … , 𝑛 denote the 
data,

𝑙pos(𝜽) = 1
|{𝑖 ∶ 𝑦𝑖 = 1}|

∑
𝑖∶𝑦𝑖=1

log(1 + 𝑒(−2𝑦𝑖+1)𝒙⊤
𝑖 𝜽),

and similarly for 𝑙neg(𝜽).
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We consider two different choices of distribution for 𝜆 ∈ [0, 1] together with two different 
orthogonal polynomial bases:

i) A Unif[0, 1] distribution. Here we use (scaled and shifted) Legendre polynomials.

ii) A Beta(𝑏 + 1, 𝑎 + 1) distribution. Here we use (shifted) Jacobi polynomials with 
parameters (𝑎, 𝑏) = (−.3, −.7).

The ground truth 𝜽∗(𝜆) is computed via 5000 iterations of (warm-started) gradient de-
scent over a uniform grid of 210 points. Solution path error is approximated by the uniform 
error over this grid.

For LSP, we run SGD using torch.optim.SGD. In lieu of a constant learning rate, we 
dynamically reduce the learning rate according to the Distance Diagnostic of [46, Section 
4]. This dynamic updating is more reflective of practice. We use the suggested parameters 
from [46] with the exception of q1, which we tune by examining the performance after 200
iterations. (We take q = 1.3 for both the Legendre and Jacobi bases.) For ALSP, we initialize 
the algorithm with 5 polynomials and stop it after reaching 12 polynomials (𝑞 = 5 to 12).

Figure 2.1 in the introduction and Figure 2.2 panel (a) show the performance for the 
Legendre and Jacobi bases respectively. As we can see, LSP methods converge rapidly to an 
irreducible error, and this error decreases as we add basis functions. Our adaptive method 
converges rapidly. This performance is resonated by Figure 2.2 panels (c) and (d), where 
we plot the coefficient profile for 𝜃∗

3(𝜆) when using 7 Legendre and Jacobi polynomials. The 
approximation improves as we increase the number of iterations, and eventually become 
closely aligned with the true solution path.

Figure 2.2 panel (b) shows that the largest errors occur almost periodically at a few 
places across Λ = [0, 1], confirming the equioscillation theorem.

Practically, this experiment suggests that when the region of Λ is compact, taking a 
polynomial basis paired with a distribution supported everywhere over Λ is favorable. The 
polynomial basis can then be taken to be orthogonal to ℙ𝜆 as discussed in Section 2.5.

2.6.2 Portfolio Allocation
We next consider a portfolio allocation problem calibrated to real data where 𝜽 ∈ ℝ𝑑 rep-
resents the weights on 𝑑 = 10 different asset classes. Namely, let 𝜇 ∈ ℝ𝑑 and Σ ∈ ℝ𝑑×𝑑 be 
the mean and covariance matrix of the returns of the different asset classes. We fit these 
parameters to the monthly return data from Aug. 2014 to July 2024 using the Fama-French 
10 Industry index dataset.2

We then solve
min

𝜽
− 𝜆1𝜇⊤𝜽 + 𝜆2𝜽⊤Σ𝜽 + ̄ℓ1(𝜽).

1Note that q, defined as a diagnostic frequency control parameter in [46, Section 4], is different from 𝑞, 
the number of polynomials in our paper.

2https://mba.tuck.dartmouth.edu/pages/faculty/ken.french/data_library.html

https://mba.tuck.dartmouth.edu/pages/faculty/ken.french/data_library.html
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(a) (b)

(c) (d)

Figure 2.2:  LSP and ALSP for Weighted Binary Classification. (a) Compares 
methods using Jacobi polynomials. (b) Error in solution path as a function of 𝜆 using 
Jacobi polynomials. (c) and (d) compare 𝜽3(𝜆) across 𝜆 in the Legendre and Jacobi bases 
respectively with 7 polynomials.

Here the first term represents the (negative) expected return, the second represents the risk 
(variance) and the third is a smoothed version ℓ1 regularization to induce sparsity. Namely, 
̄ℓ1(𝜽) ∶= ∑𝑑

𝑖=1
√𝜃2

𝑖 + .012 − .01. The parameters 𝜆1 ∈ [0, 1] and 𝜆2 ∈ [0.2, 1] control the 
tradeoffs in these multiple objectives.

Ground truth 𝜽∗(𝜆) is computed over a 100 × 100 grid.
We focus on bivariate-Legendre polynomials for our basis, scaled and shifted to be or-

thogonal to uniform distribution on [0, 1] × [.2, 1]. We initialize with ALSP with 2 polyno-
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mials in each dimension, and iterate by adding one polynomial in each dimension, so that 
𝑞 = 4, 9, 16, 25, after which we stop.

Unlike our previous experiment, to showcase that the qualitative insights of our theory 
hold for other algorithms other than SGD, we use torch.optim.LBFGS for LSP, ALSP and 
uniform discretization (for a fair comparison). Unlike SGD, L-BFGS uses both function and 
gradient evaluations. We restrict it to use only 10 function calls per gradient step so that 
the total work is still proportional to the number of gradient calls.

Figure 2.3:  LSP and ALSP for Portfolio Allocation. Compares methods using the 
first 𝑞 = 4, 9, 16 bivariate-Legendre polynomials. 

As in our previous experiment, we see that LSP rapidly converges to an irreducible 
error and then plateaus. By contrast, ALSP seems to make continued progress as we add 
polynomials. Both methods substantively outperform uniform discretization.

The improved performance over uniform discretization is partially attributable to the 
increased dimension of Λ (because discretization suffers from the curse of dimensionality), 
but is also because (traditionally) discretization interpolates solutions in a piecewise constant 
fashion. In this example, 𝜽∗(𝜆) is very smooth. See Figure A.2 in Appendix. Hence, 
polynomial can learn to interpolate values very fast, while uniform discretization needs a 
great deal more resolution.

2.6.3 Portfolio Allocation with Moderate Dimensional Λ
We next modify the portfolio allocation problem in Section 2.6.2 to include transaction costs 
relative to the current portfolio as follows:

ℎ(𝜃, 𝜆) = −𝜆1 ⋅ 𝜇⊤𝜃 + 𝜆2 ⋅ 𝜃⊤Σ𝜃 + ‖𝜃 − 𝜆3∶12‖2
2.
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(a) (b)

Figure 2.4:  Portfolio Allocation, dim(Λ) = 10. Comparing the ERM objective for 
varying 𝑞. Panel a) training, Panel b) validation.

Here 𝜆3∶12 ∈ ℝ10 represents the current portfolio holding, and 𝜆 ∈ ℝ12. We use the following 
basis

𝜆(𝑗 mod 12) ⋅ 𝜆⌊𝑗/12⌋
2 , 𝑗 = 1, … , 𝑞,

for each component of 𝜽̂𝑖(⋅), for 𝑖 = 1, … , 10, and let 𝑞 = 12, 24, 36 in our experiments. As 
𝑞 → ∞, this basis contains the optimal solution path in its span for any choice of 𝜇, Σ (c.f. 
Section A.2.2).

For simplicity, we ran LSP using torch.optim.LBFGS to solve an ERM version of the 
problem in Step 6 of Algorithm 1 on a training set of size 1000, and present results for an 
independent validation set of size 1000.

Discretization on a 12-dimensional grid is computationally challenging. Hence, to as-
sess our method we instead compute an ERM approximation to 𝔼 [ℎ(𝜽∗(𝜆̃), 𝜆̃)] over the 
training/validation sets, i.e., compute 1

1000 ∑1000
𝑖=1 ℎ(𝜽∗(𝜆𝑖), 𝜆𝑖) by solving 1000 separate op-

timization problems. This value is the dotted grey line in Figure 2.4. The smaller the gap, 
the closer 𝜽∗(𝜆𝑖) is to the span of the basis.

Similar to previous experiments, as the basis size increases, performance improves, and 
even with a fairly small basis, the error is quite small.
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2.7 Conclusion
We propose a new method for learning the optimal solution path of a family of problems 
by reframing it as a single stochastic optimization problem over a linear combination of pre-
specified basis functions. Compared to discretization schemes, our method offers flexibility 
and scalability by taking a global perspective on the solution path. We prove that our 
problem satisfies a certain relaxed weak-growth condition that allows us to solve the single 
optimization problem very efficiently when using sufficiently rich bases. Theoretical results 
in special cases and numerical experiments in more general settings support these findings. 
Future research might more carefully examine the interplay between the parameterization 
of the family of problems and the choice of basis. One might also consider other universal 
function approximators (e.g. deep neural networks, forests of trees) within this context. 
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Chapter 3

Learning Optimization Proxies under 
General Convexity

The previous chapter developed the dissertation’s core construction in the language of solu-
tion paths: a parametric optimizer is approximated by a learned map 𝜆 ↦ 𝚽(𝜆)𝜷, trained 
through a single stochastic optimization problem. This chapter takes the next step and 
places the same construction in the broader setting of optimization proxies. The shift in 
language is important because the learned object need not be understood as tracing a path; 
it is a fast decision rule for a family of optimization instances.

The purpose of this chapter is to relax and generalize the first theory. We introduce 
complexity-penalized proxy error, allow the ridge penalty to stabilize cases where the original 
strong convexity or spectral lower-bound assumptions may fail, and connect in-distribution 
training progress to both average-case and uniform out-of-distribution proxy performance. 
The average-case guarantee is especially aligned with how optimization proxies are often 
evaluated: train on representative problem instances and measure expected decision quality 
on future instances from the same task distribution. We also move beyond Euclidean ge-
ometry by analyzing stochastic reference function descent, which makes the proxy-learning 
framework compatible with domains such as simplices and positive orthants.

In the development of the dissertation, this chapter turns the initial solution-path method 
into a general theory of learning optimization proxies. It identifies approximation error as 
the quantity governing the limiting performance of the trained proxy, while showing how 
regularization and geometry shape the speed of convergence.

3.1 Introduction
Many modern decision systems solve a related optimization problem repeatedly as a problem 
instance changes. In power systems, the instance may be a vector of loads or contingencies; 
in resource allocation, it may be a demand forecast or a vector of task weights; in statistical 
learning, it may be a regularization parameter or a user-specified tradeoff. If the instance is 
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denoted by 𝜆 ∈ Λ, the optimizer defines a solution map

𝜆 ↦ 𝜽∗(𝜆).

Classical parametric optimization methods approximate this map by repeatedly solving the 
optimization problem at selected instances and interpolating or following the solution as 𝜆
varies. Chapter 1 studied this perspective under the name of learning the optimal solution 
path. In this chapter, we adopt the language of optimization proxies: rather than solving a 
new optimization problem every time a new instance arrives, we train a model 𝜆 ↦ 𝚽(𝜆)𝜷
that can be evaluated directly as a fast approximate optimizer.

This proxy viewpoint has appeared in several forms across machine learning and op-
timization. In power systems, learned approximations to optimal power flow replace ex-
pensive repeated solves with neural mappings from loads to dispatch decisions, often with 
reconstruction, repair, or feasibility-enforcement steps [42, 17, 44]. More generally, recent 
work on constrained optimization learning studies neural approximators that output feasible 
or near-feasible decisions for hard constrained problems [14, 31]. Van Hentenryck frames 
this broader program as optimization learning, where the learned object is an optimization 
proxy for a family of parametric optimization problems [52]; see also the survey of end-to-end 
constrained optimization learning in [28].

Optimization proxies are adjacent to, but distinct from, predict-then-optimize and differ-
entiable optimization layer approaches. In predict-then-optimize, a learning model predicts 
uncertain problem data and a downstream solver still computes the decision; decision-focused 
losses train the prediction model according to the quality of the resulting decision [16, 13]. 
Differentiable optimization layers similarly keep an optimization problem inside the com-
putational graph, allowing gradients to pass through a solver by implicit differentiation or 
related techniques [2, 1]. These approaches are powerful when a solver remains part of the 
prediction pipeline. By contrast, the proxy considered here is the decision rule itself: after 
training, the map 𝜆 ↦ 𝚽(𝜆)𝜷 is evaluated in place of a fresh optimization solve.

Despite the substantial empirical literature, the training dynamics of optimization prox-
ies remain less developed theoretically. A central difficulty is that a proxy is trained by 
minimizing an expected stochastic objective over sampled instances, while the desired guar-
antee often concerns its performance uniformly over Λ, including instances not emphasized 
by the training distribution. Another difficulty is the interaction between expressiveness and 
optimization: a richer basis can reduce approximation error, but it can also worsen condi-
tioning and slow down first-order training. This chapter develops a convergence theory that 
makes this tradeoff explicit and, to our knowledge, gives the first general theoretical framing 
of optimization-proxy training through this approximation–optimization lens. We show that 
the stochastic objective used to train the proxy satisfies a relaxed weak growth condition, 
so constant step-size stochastic gradient methods converge rapidly to a neighborhood whose 
size is governed by the best-in-class proxy error. We then show how the same approxima-
tion error controls uniform proxy performance, thereby connecting in-distribution training 
progress to out-of-distribution instance-wise guarantees.
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The chapter also broadens the geometry of Chapter 1. The Euclidean theory is ap-
propriate for unconstrained or simply constrained decisions, but many optimization proxies 
must respect domains such as positive orthants or simplices. For these settings, Euclidean 
smoothness can be too restrictive or badly conditioned. We therefore extend the analysis to 
stochastic reference function descent, or stochastic mirror descent, under relative smoothness 
and relative strong convexity. This Bregman geometry lets the training algorithm align with 
the feasible domain and provides a common framework for the Poisson inverse and multitask 
optimal-design examples studied later in the chapter.

3.1.1 Our Contributions
We summarize our contributions as follows:

• We formulate the training of an optimization proxy as a single stochastic optimization 
problem over the coefficient vector 𝜷. Under the Euclidean assumptions of Assump-
tions 3.2.1 and 3.2.2, we show that this stochastic objective satisfies a relaxed weak 
growth condition. Consequently, constant step-size SGD converges linearly to a neigh-
borhood controlled by the best-in-class proxy error 𝜖∗

sp,𝛾 . The result formalizes a basic 
approximation–optimization tradeoff: increasing the expressive power of the proxy 
can reduce the limiting error, while the associated conditioning constants can slow the 
transient convergence.

• We prove a proxy-performance decomposition that connects the in-distribution stochas-
tic training objective to uniform performance over Λ. This gives a robustness guarantee 
for optimization proxies: the worst-case optimality gap of the learned decision rule is 
controlled by optimization suboptimality together with the approximation error of 
the model class. In particular, SGD convergence for the stochastic objective implies 
convergence of the expected uniform proxy error.

• We specialize the theory to periodic one-dimensional parameter domains using real 
Fourier features. Under differentiability or analyticity assumptions on the solution 
map, classical approximation theory bounds 𝜖∗

sp and yields explicit basis-size and 
iteration-complexity guarantees. These results illustrate how smoothness of the un-
derlying solution map translates into learnability of the proxy.

• We extend the analysis from Euclidean geometry to general Bregman geometry. For 
stochastic reference function descent, we establish convergence under a generalized 
relaxed weak growth condition and combine this convergence with a local proxy-
performance decomposition. This allows the proxy-training theory to cover non-
Euclidean domains and reference functions, including the log-barrier geometries used 
in the Poisson inverse and multitask D-optimal design examples.

• We provide numerical experiments for both Euclidean and Bregman settings. The 
experiments show the predicted effect of the regularization parameter 𝛾: larger values 



3.2.  PRELIMINARIES 27

improve conditioning and accelerate early progress, while smaller values allow the 
trained proxy to reach lower final objective values once the optimization transient has 
passed.

3.2 Preliminaries
Let Λ denote the index set of problem instances. For each 𝜆 ∈ Λ, consider an objective 
function 𝜽 ↦ ℎ(𝜽, 𝜆). We aim to find the family of parametrized optimizers

𝜽∗(𝜆) ∶= arg min
𝜽

ℎ(𝜽, 𝜆), 𝜆 ∈ Λ. (3.1)

To this end, we propose replacing the family of parametrized objectives in (3.1) with a 
single stochastic optimization problem.

Specifically, we consider parametric solution-map approximations of the form

𝜽∗(𝜆) ≈ 𝚽(𝜆)𝜷, 𝜆 ∈ Λ,

where 𝚽(𝜆) ∈ ℝ𝑑×𝑝 is a feature map, and 𝜷 ∈ ℝ𝑝 is a parameter vector, obtained by 
approximately solving

min
𝜷∈ℝ𝑝

𝔼𝜆̃∼ℙ𝜆
[ℎ(𝚽(𝜆̃)𝜷, 𝜆̃)] + 𝛾

2
‖𝜷‖2, (3.2)

where ℙ𝜆 is a probability distribution over Λ.
Both 𝚽 and ℙ𝜆 are user-specified components.
In contrast to the original formulation in [12], the above formulation in (3.2) introduces 

a ridge-regularized variant of the proxy error definition. This modification removes the need 
for strict positivity of the strong convexity constant, which is an essential obstruction in 
infinite-dimensional settings.

We use ‖ ⋅ ‖ to denote the ℓ2-norm throughout.
We also make the following assumptions on ℎ(⋅, 𝜆) and the spectral bound of the pre-

scribed basis 𝚽(𝜆):

Assumption 3.2.1 ([12], Assumption 2.1). There are constants 0 ≤ 𝜇 ≤ 𝐿 such that, for 
all 𝜆 ∈ Λ, ℎ(⋅, 𝜆) is 𝜇-strongly convex and 𝐿-smooth, i.e., for all 𝜽, 𝜽̄ ∈ ℝ𝑑,

𝜇
2

‖𝜽 − 𝜽̄‖2 ≤ ℎ(𝜽, 𝜆) − ℎ(𝜽̄, 𝜆) − ∇ℎ(𝜽̄, 𝜆)⊤(𝜽 − 𝜽̄) ≤ 𝐿
2

‖𝜽 − 𝜽̄‖2.

Here, we make a relaxation on the strict positivity condition of 𝜇.
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Assumption 3.2.2 (Uniform Spectral Bound). There exists constant 𝐶 ≥ 0 defined as

𝐶 ∶= sup
𝜆∈Λ, ‖𝒗‖=1

‖𝚽(𝜆)𝒗‖2 ,

𝐶 is the uniform bound on the largest eigenvalue of the positive semidefinite matrix 
𝚽(𝜆)⊤𝚽(𝜆). We also defined a lower bound on an expected operator norm

𝑐 ∶= inf
‖𝒗‖=1

𝔼𝜆̃∼ℙ𝜆
[‖𝚽(𝜆̃)𝒗‖

2
] , (3.3)

𝑐 is the smallest eigenvalue of the expected matrix 𝔼𝜆̃∼ℙ𝜆
[𝚽(𝜆)⊤𝚽(𝜆)]. By construction, 

0 ≤ 𝑐 ≤ 𝐶.

Remark 3.2.3 (Relaxation of Strong Convexity Constant and Spectral Lower Bound). Be-
cause of guaranteed strong convexity induced by the positive complexity-penalty parameter 𝛾, 
we do not require 𝜇 or 𝑐 to be strictly positive for proxy-performance decomposition or SGD 
convergence in Sections 2.1 and 2.2. However, the positivity of 𝑐 is essential for increasing 
basis expressiveness when we expand it. We will see this in the specialized results analysis in 
Section 3.

3.2.1 Complexity-Penalized Proxy Error
Fix 𝛾 > 0, feature map 𝚽, and probability distribution ℙ𝜆. Define the complexity-penalized 
proxy error over the parameter (𝜷) space as

𝜖sp,𝛾(𝜷) ∶= sup
𝜆∈Λ

{ℎ(𝚽(𝜆)𝜷, 𝜆) − ℎ(𝜽∗(𝜆), 𝜆)} + 𝛾
2

‖𝜷‖2.

The best-in-class proxy error and the corresponding parameter vector are defined as

𝜖∗
sp,𝛾 ∶= inf

𝜷∈ℝ𝑝
𝜖sp,𝛾(𝜷),

𝜷∗
sp,𝛾 ∈ arg min

𝜷∈ℝ𝑝
𝜖sp,𝛾(𝜷).

𝜖∗
sp,𝛾 characterizes the best achievable uniform approximation to the solution map when 

complexity is controlled via a penalty rather than an explicit constraint.
We also define the following auxiliary ridge-regularized objectives

𝑓𝛾(𝜷, 𝜆) ∶= ℎ(𝚽(𝜆)𝜷, 𝜆) + 𝛾
2

‖𝜷‖2,

𝐹𝛾(𝜷) ∶= 𝔼𝜆̃∼ℙ𝜆
[𝑓𝛾(𝜷, 𝜆̃)] (3.4)

= 𝔼𝜆̃∼ℙ𝜆
[ℎ(𝚽(𝜆̃)𝜷, 𝜆̃)] + 𝛾

2
‖𝜷‖2.
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𝐹𝛾(⋅) is the stochastic objective appeared in Problem (3.2), which can be solved with a user-
specified stochastic optimization algorithm. Further define 𝑓(⋅, 𝜆), 𝐹(⋅) as the unregularized 
counterparts of (3.4) when 𝛾 = 0.

Define the solution of Problem (3.2) as

𝜷∗
avg,𝛾 ∈ arg min

𝜷∈ℝ𝑝
𝐹𝛾(𝜷).

Remark 3.2.4 (Reduction to the unregularized setting). When 𝛾 = 0, the complexity-penalized 
proxy error reduces to the original (unregularized) solution-path error studied in our prior 
work, and 𝜷∗

avg,𝛾, 𝜷∗
sp,𝛾 reduce to their unregularized counterparts. Thus, as 𝛾 is driven down 

to 0, 𝚽(𝜆)𝜷∗
avg,𝛾 provides an increasingly better approximation of 𝜽∗(𝜆).

Proposition 3.2.5 (Uniform Strong Convexity and Smoothness of Ridge-Regularized Objective). 
Under Assumptions 3.2.1 and 3.2.2, 𝑓𝛾(⋅, 𝜆) is uniformly (𝐶𝐿 + 𝛾)-smooth for all 𝜆 ∈ Λ. 
Furthermore, 𝐹𝛾(⋅) is (𝐶𝐿 + 𝛾)-smooth and (𝑐𝜇 + 𝛾)-strongly convex.

The proof is an simple extension of [12, Proposition A.1] and thus omitted here.

3.2.2 Proxy-Performance Decomposition
We develop the proxy-performance decomposition theorem, generalizing [12, Theorem 2.4]. 
The bound applies to both unpenalized and penalized supremum proxy error, and the penalty 
enters only through the constants.

Theorem 3.2.6 (Uniform Proxy Performance Bound). Suppose Assumptions 3.2.1 and 3.2.2 
hold. For all 𝜷 ∈ ℝ𝑝,

1. when 𝑐𝜇 > 0,

𝜖sp(𝜷) ≤ 3𝐶𝐿
2

‖𝜷 − 𝜷∗
avg,𝛾‖2 + (3𝐿

𝜇
+ 3𝐶𝐿

𝑐𝜇 + 𝛾
) ⋅ 𝜖∗

sp,𝛾.

2. when 𝑐𝜇 = 0,

𝜖sp(𝜷) ≤ 𝜖sp,𝛾(𝜷) ≤ 3(𝐶𝐿 + 𝛾)
2

‖𝜷 − 𝜷∗
avg,𝛾‖2 + (6(𝐶𝐿 + 𝛾)

𝛾
+ 1) ⋅ 𝜖∗

sp,𝛾.

Proof. Proof of Part (1).
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Fix 𝜆 ∈ Λ. By 𝐿-smoothness of ℎ(⋅, 𝜆),

ℎ(𝚽(𝜆)𝜷, 𝜆) − ℎ(𝜽∗(𝜆), 𝜆) ≤ 𝐿
2

‖𝚽(𝜆)𝜷 − 𝜽∗(𝜆)‖2 . (3.5)

Add and subtract 𝚽(𝜆)𝜷∗
avg,𝛾 and 𝚽(𝜆)𝜷∗

sp,𝛾 , and use (𝑎+𝑏+𝑐)2 ≤ 3(𝑎2 +𝑏2 +𝑐2) to obtain

‖𝚽(𝜆)𝜷 − 𝜽∗(𝜆)‖2 ≤ 3‖𝚽(𝜆)(𝜷 − 𝜷∗
avg,𝛾)‖2

+ 3‖𝚽(𝜆)(𝜷∗
avg,𝛾 − 𝜷∗

sp,𝛾)‖2 + 3‖𝚽(𝜆)𝜷∗
sp,𝛾 − 𝜽∗(𝜆)‖2. (3.6)

By Assumption 3.2.2, the first and second term transform to

‖𝚽(𝜆)(𝜷 − 𝜷∗
avg,𝛾)‖2 ≤ 𝐶 ‖𝜷 − 𝜷∗

avg,𝛾‖2 ,

‖𝚽(𝜆)(𝜷∗
avg,𝛾 − 𝜷∗

sp,𝛾)‖2 ≤ 𝐶 ‖𝜷∗
avg,𝛾 − 𝜷∗

sp,𝛾‖2 .

Since 𝐹𝛾 is (𝑐𝜇 + 𝛾)-strongly convex and minimized at 𝜷∗
avg,𝛾 ,

‖𝜷∗
avg,𝛾 − 𝜷∗

sp,𝛾‖2 ≤ 2
𝑐𝜇 + 𝛾

(𝐹𝛾(𝜷∗
sp,𝛾) − 𝐹𝛾(𝜷∗

avg,𝛾)).

Moreover,

𝐹𝛾(𝜷∗
sp,𝛾) − 𝐹𝛾(𝜷∗

avg,𝛾)

≤ 𝐹𝛾(𝜷∗
sp,𝛾) − 𝔼 [ℎ(𝜽∗(𝜆̃), 𝜆̃) + 𝛾

2
‖𝜷∗

avg,𝛾‖2] (Optimality of 𝜽∗(⋅))

≤ 𝐹𝛾(𝜷∗
sp,𝛾) − 𝔼 [ℎ(𝜽∗(𝜆̃), 𝜆̃)] (Non-negativity of 𝛾

2 ‖𝜷∗
avg,𝛾‖2)

≤ 𝜖∗
sp,𝛾. (Definition of 𝜖sp,𝛾(⋅))

Combining the above two inequalities yields

‖𝜷∗
avg,𝛾 − 𝜷∗

sp,𝛾‖2 ≤ 2
𝑐𝜇 + 𝛾

⋅ 𝜖∗
sp,𝛾.

Finally, for the last term, 𝜇-strong convexity of ℎ(⋅, 𝜆) gives

‖𝚽(𝜆)𝜷∗
sp,𝛾 − 𝜽∗(𝜆)‖2 ≤ 2

𝜇
(ℎ(𝚽(𝜆)𝜷∗

sp,𝛾, 𝜆) − ℎ(𝜽∗(𝜆), 𝜆)) ≤ 2
𝜇

𝜖∗
sp,𝛾.

Combined. Substituting these bounds into Equations (3.5) and (3.6),

ℎ(𝜷, 𝜆) − ℎ(𝜽∗(𝜆), 𝜆) ≤ 3𝐶𝐿
2

‖𝜷 − 𝜷∗
avg,𝛾‖2 + (3𝐿

𝜇
+ 3𝐶𝐿

𝑐𝜇 + 𝛾
) ⋅ 𝜖∗

sp,𝛾.
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Taking the supremum over 𝜆 ∈ Λ yields the final result stated in the theorem.
∎

Proof. Proof of Part (2) When ℎ(⋅, 𝜆) is not strongly convex, we instead rely on the strong 
convexity of 𝑓𝛾(⋅, 𝜆) provided by the regularization term. The proof works in the 𝜷-space 
directly and follows a similar strategy as Part (1). The only difference is that we first translate 
the pointwise optimality condition of ℎ(⋅, 𝜆) to a pointwise near-optimality condition of 
𝑓𝛾(⋅, 𝜆), and then replace the strong convexity condition from ℎ to 𝑓𝛾 where applied.

Define an auxiliary term

𝜷∗
𝛾(𝜆) ∶= arg min

𝜷∈ℝ𝑝
𝑓𝛾(𝜷, 𝜆).

Then, on every 𝜆 ∈ Λ, 𝜷∗
𝛾(𝜆) beats 𝜷∗

sp,𝛾 , yielding

𝑓𝛾(𝜷∗
𝛾(𝜆), 𝜆) − ℎ(𝜽∗(𝜆), 𝜆)

≤ 𝑓𝛾(𝜷∗
sp,𝛾, 𝜆) − ℎ(𝜽∗(𝜆), 𝜆)

≤ 𝜖∗
sp,𝛾.

Fix 𝜆 ∈ Λ. Then,

𝑓𝛾(𝜷, 𝜆) − ℎ(𝜽∗(𝜆), 𝜆)
= 𝑓𝛾(𝜷, 𝜆) − 𝑓𝛾(𝜷∗

𝛾(𝜆), 𝜆) + 𝑓𝛾(𝜷∗
𝛾(𝜆), 𝜆) − ℎ(𝜽∗(𝜆), 𝜆)

≤ 𝑓𝛾(𝜷, 𝜆) − 𝑓𝛾(𝜷∗
𝛾(𝜆), 𝜆) + 𝜖∗

sp,𝛾. (3.7)

We are left to deal with the suboptimality in 𝑓𝛾(⋅, 𝜆). The following proof steps use 
Proposition 3.2.5.

Fix 𝜆 ∈ Λ. By (𝐶𝐿 + 𝛾)-smoothness of 𝑓𝛾(⋅, 𝜆) and optimality of 𝜷∗
𝛾(𝜆),

𝑓𝛾(𝜷, 𝜆) − 𝑓𝛾(𝜷∗
𝛾(𝜆), 𝜆) ≤ 𝐶𝐿 + 𝛾

2
‖𝜷 − 𝜷∗

𝛾(𝜆)‖2. (3.8)

Add and subtract 𝜷∗
avg,𝛾 and 𝜷∗

sp,𝛾 , and use (𝑎 + 𝑏 + 𝑐)2 ≤ 3(𝑎2 + 𝑏2 + 𝑐2) to obtain

‖𝜷 − 𝜷∗
𝛾(𝜆)‖2 ≤ 3‖𝜷 − 𝜷∗

avg,𝛾‖2 + 3‖𝜷∗
avg,𝛾 − 𝜷∗

sp,𝛾‖2 + 3‖𝜷∗
sp,𝛾 − 𝜷∗

𝛾(𝜆)‖2. (3.9)

We deal with the second and last term separately.

Second Term. Since 𝐹𝛾 is 𝛾-strongly convex (𝑐𝜇 = 0) and minimized at 𝜷∗
avg,𝛾 ,

‖𝜷∗
avg,𝛾 − 𝜷∗

sp,𝛾‖2 ≤ 2
𝛾

(𝐹𝛾(𝜷∗
sp,𝛾) − 𝐹𝛾(𝜷∗

avg,𝛾)).
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Moreover,

𝐹𝛾(𝜷∗
sp,𝛾) − 𝐹𝛾(𝜷∗

avg,𝛾)

≤ 𝐹𝛾(𝜷∗
sp,𝛾) − 𝔼 [ℎ(𝜽∗(𝜆̃), 𝜆̃) + 𝛾

2
‖𝜷∗

avg,𝛾‖2] (Optimality of 𝜽∗(⋅))

≤ 𝐹𝛾(𝜷∗
sp,𝛾) − 𝔼 [ℎ(𝜽∗(𝜆̃), 𝜆̃)] (Non-negativity of 𝛾

2 ‖𝜷∗
avg,𝛾‖2)

≤ 𝜖∗
sp,𝛾. (Definition of 𝜖sp,𝛾(⋅))

Combine the above two inequalities yields

‖𝜷∗
avg,𝛾 − 𝜷∗

sp,𝛾‖2 ≤ 2
𝛾

⋅ 𝜖∗
sp,𝛾.

Last Term. By 𝛾-strong convexity of 𝑓𝛾(⋅),

‖𝜷∗
sp,𝛾 − 𝜷∗

𝛾(𝜆)‖2 ≤ 2
𝛾

(𝑓𝛾(𝜷∗
sp,𝛾) − 𝑓𝛾(𝜷∗

𝛾(𝜆)))

≤ 2
𝛾

(𝑓𝛾(𝜷∗
sp,𝛾) − ℎ(𝜽∗(𝜆), 𝜆) − 𝛾

2
‖𝜷∗

𝛾(𝜆)‖2) (Optimality of 𝜽∗(⋅))

≤ 2
𝛾

(𝑓𝛾(𝜷∗
sp,𝛾) − ℎ(𝜽∗(𝜆), 𝜆)) (Non-negativity of 𝛾

2 ‖𝜷∗
avg,𝛾‖2)

≤ 2
𝛾

⋅ 𝜖∗
sp,𝛾. (Definition of 𝜖sp,𝛾(⋅))

Combined. Combine Equations (3.8) and (3.9), and the analysis above,

𝑓𝛾(𝜷, 𝜆) − 𝑓𝛾(𝜷∗
𝛾(𝜆), 𝜆) ≤ 3(𝐶𝐿 + 𝛾)

2
‖𝜷 − 𝜷∗

avg,𝛾‖2 + 6(𝐶𝐿 + 𝛾)
𝛾

⋅ 𝜖∗
sp,𝛾.

Insert the above into Equation (3.7), yielding

𝑓𝛾(𝜷, 𝜆) − ℎ(𝜽∗(𝜆), 𝜆) ≤ 3(𝐶𝐿 + 𝛾)
2

‖𝜷 − 𝜷∗
avg,𝛾‖2 + (6(𝐶𝐿 + 𝛾)

𝛾
+ 1) ⋅ 𝜖∗

sp,𝛾.

Taking the supremum over 𝜆 ∈ Λ, observing the non-negativity of the regularization term, 
and organizing the constants yield the final result stated in the theorem.

∎

The preceding result controls the worst-case proxy error uniformly over 𝜆 ∈ Λ. Many 
optimization proxy applications, however, are evaluated in distribution: a proxy is trained 
on representative instances from ℙ𝜆 and judged by its average decision quality on future in-
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stances drawn from the same population. The next result gives this in-distribution guarantee 
directly. It bounds the expected objective-value gap between the proxy decision and the true 
optimizer by separating optimization error from the approximation error of the chosen proxy 
class.

Theorem 3.2.7 (In-Distribution Proxy Error Decomposition). Suppose Assumptions 3.2.1 
and 3.2.2 hold. For all 𝜷 ∈ ℝ𝑝,

𝐹𝛾(𝜷) − 𝔼 [ℎ(𝜽∗(𝜆̃), 𝜆̃)] ≤ 𝐶𝐿 + 𝛾
2

‖𝜷 − 𝜷∗
avg,𝛾‖2 + 𝜖∗

sp,𝛾.

The first term in Theorem 3.2.7 is algorithmic: it measures how far the learned coefficients 
are from the population optimizer 𝜷∗

avg,𝛾 . The second term is intrinsic to the proxy class: 
even exact optimization cannot improve on the best complexity-penalized proxy error 𝜖∗

sp,𝛾 . 
Compared with the uniform bound, the in-distribution decomposition avoids the price of 
converting average training progress into worst-case control, which yields a sharper and 
more transparent performance statement.

Proof.
The proof is straightforward, using the smoothness of 𝐹𝛾 and the optimality of 𝜷∗

avg,𝛾 .
For any 𝜆 ∈ Λ,

𝑓𝛾(𝜷, 𝜆) − ℎ(𝜽∗(𝜆), 𝜆)
= (𝑓𝛾(𝜷, 𝜆) − 𝑓𝛾(𝜷∗

avg,𝛾, 𝜆)) + (𝑓𝛾(𝜷∗
avg,𝛾, 𝜆) − 𝑓𝛾(𝜷∗

sp,𝛾, 𝜆))
+ (𝑓𝛾(𝜷∗

sp,𝛾, 𝜆) − ℎ(𝜽∗(𝜆), 𝜆))⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟
≤𝜖∗

sp,𝛾

.

Taking expectation on both sides yields

𝐹𝛾(𝜷) − 𝔼 [ℎ(𝜽∗(𝜆̃), 𝜆̃)]
≤ (𝐹𝛾(𝜷) − 𝐹𝛾(𝜷∗

avg,𝛾)) + (𝐹𝛾(𝜷∗
avg,𝛾) − 𝐹𝛾(𝜷∗

sp,𝛾)) + 𝜖∗
sp,𝛾

≤ (𝐹𝛾(𝜷) − 𝐹𝛾(𝜷∗
avg,𝛾)) + 𝜖∗

sp,𝛾

≤ 𝐶𝐿 + 𝛾
2

‖𝜷 − 𝜷∗
avg,𝛾‖2 + 𝜖∗

sp,𝛾.

The first inequality above uses the definition of 𝜖∗
sp,𝛾 as a supremum proxy error, the 

second uses optimality of 𝜷∗
avg,𝛾 , and the third uses (𝐶𝐿 + 𝛾)-smoothness of 𝐹𝛾(⋅).

∎
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3.3 SGD to Learn an Optimization Proxy

3.3.1 Relaxed Weak Growth Condition (RWGC)
Recall the following definition motivated by [23, Lemma 2.4]:

Definition 3.3.1 ( Relaxed Weak Growth Condition (RWGC)). Consider a family of func-
tions 𝑔(⋅, 𝑧) ∶ ℝ𝑑 → ℝ, 𝑧 ∼ ℙ𝑧, and 𝐺(⋅) ∶= 𝔼𝑧∼ℙ𝑧

[𝑔(⋅, 𝑧)]. Let 𝐺∗ ∶= min𝒘∈ℝ𝑑 𝐺(𝒘). Then, 
𝑔 and 𝐺 are said to satisfy the relaxed weak growth condition with constants 𝜌 ≥ 0 and 
𝜎 ≥ 0, if for all 𝒘 ∈ ℝ𝑑,

𝔼𝑧∼ℙ𝑧
[‖∇𝑔(𝒘, 𝑧)‖2] ≤ 2𝜌(𝐺(𝒘) − 𝐺∗) + 𝜎2.

Furthermore, recall the following theorem for SGD convergence under RWGC.

Lemma 3.3.2 ([23]). Suppose that the RWGC holds for the family of functions 𝑔(⋅, 𝑧) ∶ ℝ𝑑 →
ℝ, and that 𝐺(⋅) ∶= 𝔼𝑧∼ℙ𝑧

[𝑔(⋅, 𝑧)] is 𝜇𝑔-strongly convex for some 𝜇𝑔 > 0. Consider the SGD 
algorithm, initialized at 𝒘0 ∈ ℝ𝑑, with iterations

𝒘𝑡+1 = 𝒘𝑡 − ̄𝜂
𝜌

∇𝑔(𝒘𝑡, 𝑧𝑡),

where 𝑧𝑡 ∼ ℙ𝑧 is a random sample and ̄𝜂 ∈ (0, min {1, 𝜌
𝜇𝑔

}] parametrizes the step-size. Let 
𝒘∗ ∶= arg min𝒘∈ℝ𝑑 𝐺(𝒘). Then for all 𝑡 ≥ 0, we have

𝔼[‖𝒘𝑡 − 𝒘∗‖2] ≤ (1 −
̄𝜂𝜇𝑔

𝜌
)

𝑡

‖𝒘0 − 𝒘∗‖2 + ̄𝜂𝜎2

𝜌𝜇𝑔
.

3.3.2 Solve Problem (3.2) with SGD
The Gower-Vaswani result applies unchanged. What remains is to verify that the Ridge-
regularized stochastic objective satisfies the RWGC.

Lemma 3.3.3 (Problem (3.2) satisfies RWGC). Suppose that Assumption 3.2.1 holds. Then, 
the family of functions 𝑓𝛾(⋅, 𝜆) and the function 𝐹𝛾(⋅), defined in (3.4), satisfy the relaxed 
weak growth condition (RWGC) in Definition 3.3.1 𝜌 = 𝐶𝐿 + 𝛾 and 𝜎2 = 2(𝐶𝐿 + 𝛾)𝜖∗

sp,𝛾. 
Namely, for all 𝜷 ∈ ℝ𝑑,

𝔼𝜆̃∼ℙ𝜆
[‖∇𝑓𝛾(𝜷, 𝜆̃)‖2] ≤ 2(𝐶𝐿 + 𝛾)(𝐹𝛾(𝜷) − 𝐹 ∗

𝛾 ) + 2(𝐶𝐿 + 𝛾)𝜖∗
sp,𝛾.

Proof. Recall that Proposition 3.2.5 already establishes the (𝐶𝐿+𝛾)-smoothness of 𝑓𝛾(⋅, 𝜆).
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Define an auxiliary term

𝜷∗
𝛾(𝜆) ∈ arg min

𝜷∈ℝ𝑝
𝑓𝛾(𝜷, 𝜆).

By (𝐶𝐿 + 𝛾)-smoothness, we have

𝑓𝛾(𝜷, 𝜆) ≥ 𝑓𝛾(𝜷∗
𝛾(𝜆), 𝜆) + ∇𝑓𝛾(𝜷∗

𝛾(𝜆), 𝜆)⊤(𝜷 − 𝜷∗
𝛾(𝜆))

+ 1
2(𝐶𝐿 + 𝛾)

‖∇𝑓𝛾(𝜷, 𝜆) − ∇𝑓𝛾(𝜷∗
𝛾(𝜆), 𝜆)‖2.

Using ∇𝑓𝛾(𝜷∗
𝛾(𝜆), 𝜆) = 0 for all 𝜆, rearranging and recalling the definitions of 𝜷∗

avg,𝛾 and 
𝜷∗

sp,𝛾 yields

1
2(𝐶𝐿 + 𝛾)

‖∇𝑓𝛾(𝜷, 𝜆)‖2

≤ 𝑓𝛾(𝜷, 𝜆) − 𝑓𝛾(𝜷∗
𝛾(𝜆), 𝜆)

≤ 𝑓𝛾(𝜷, 𝜆) − ℎ(𝜽∗(𝜆), 𝜆)
= (𝑓𝛾(𝜷, 𝜆) − 𝑓𝛾(𝜷∗

avg,𝛾, 𝜆))
+ (𝑓𝛾(𝜷∗

avg,𝛾, 𝜆) − 𝑓𝛾(𝜷∗
sp,𝛾, 𝜆)) + (𝑓𝛾(𝜷∗

sp,𝛾, 𝜆) − ℎ(𝜽∗(𝜆), 𝜆))
≤ (𝑓𝛾(𝜷, 𝜆) − 𝑓𝛾(𝜷∗

avg,𝛾, 𝜆))
+ (𝑓𝛾(𝜷∗

avg,𝛾, 𝜆) − 𝑓𝛾(𝜷∗
sp,𝛾, 𝜆)) + 𝜖∗

sp,𝛾,

where the second inequality uses optimality of 𝜽∗(𝜆) and the third uses that 𝜖∗
sp,𝛾 is attained 

at 𝜷∗
sp,𝛾 .

Taking expectations on both sides, we get

1
2(𝐶𝐿 + 𝛾)

𝔼 [‖∇𝑓𝛾(𝜷, 𝜆̃)‖2]

≤ 𝐹𝛾(𝜷) − 𝐹𝛾(𝜷∗
avg,𝛾) + 𝐹𝛾(𝜷∗

avg,𝛾) − 𝐹𝛾(𝜷∗
sp,𝛾) + 𝜖∗

sp,𝛾

≤ 𝐹𝛾(𝜷) − 𝐹𝛾(𝜷∗
avg,𝛾) + 𝜖∗

sp,𝛾,

where we used that the definition of 𝜷∗
avg,𝛾 implies that 𝐹𝛾(𝜷∗

avg,𝛾) ≤ 𝐹𝛾(𝜷∗
sp,𝛾). Multiplying 

through by 2(𝐶𝐿 + 𝛾) completes the proof.
∎

Next, we combine Theorems 2.2.4 and 2.3.2 and Lemma 2.3.3 to yield our main result: 
a bound on the expected proxy error for constant step-size SGD. Recall constant step-size 
SGD in this setting yields the iteration

𝜷𝑡+1 ← 𝜷𝑡 − 𝜂∇𝜷𝑓𝛾(𝜷𝑡, 𝜆̃𝑡),



3.3.  SGD TO LEARN AN OPTIMIZATION PROXY 36

where
∇𝜷𝑓𝛾(𝜷𝑡, 𝜆̃𝑡) = 𝚽(𝜆̃𝑡)⊤∇𝜽ℎ(𝚽(𝜆̃𝑡)𝜷𝑡, 𝜆̃𝑡) + 𝛾 ⋅ 𝜷𝑡,

and 𝜆̃𝑡 ∼ ℙ𝜆. We assume that the gradient ∇𝜽ℎ(𝜽, 𝜆) is easily computable for any 𝜽 and 𝜆.
Similar to Theorem 3.2.6, we present the result in two parts: when strict strong convexity 

is satisfied, and when it is not. 

Theorem 3.3.4 (Expected Proxy Error Convergence for SGD). Under Assumption 3.2.1, 
consider applying SGD to the expected Problem (3.4) with a constant step-size 𝜂 = 𝜂̄

𝐶𝐿+𝛾
parameterized by ̄𝜂 ∈ (0, 1]. Then, after 𝑇  iterations, the expected proxy error satisfies the 
following relationships:

1. When 𝑐𝜇 > 0,

𝔼 [𝜖sp(𝜷𝑇 )] ≤ 3𝐶𝐿
2

(1 − ̄𝜂(𝑐𝜇 + 𝛾)
𝐶𝐿 + 𝛾

)
𝑇

‖𝜷0 − 𝜷∗
avg,𝛾‖2 + (3𝐿

𝜇
+ 3𝐶𝐿( ̄𝜂 + 1)

𝑐𝜇 + 𝛾
) ⋅ 𝜖∗

sp,𝛾.

In particular, for 𝑇 ≥ ⌈ 𝐶𝐿
𝜂̄(𝑐𝜇+𝛾) log ( (𝑐𝜇+𝛾)‖𝜷0−𝜷∗

avg,𝛾‖2

2𝜂̄𝜖∗
sp,𝛾

)⌉,

𝔼 [𝜖sp(𝜷𝑇 )] ≤ (3𝐿
𝜇

+ 3𝐶𝐿(2 ̄𝜂 + 1)
𝑐𝜇 + 𝛾

) 𝜖∗
sp,𝛾.

When 𝜖∗
sp,𝛾 = 0, then for any 𝜖 > 0 and 𝑇 ≥ 𝐶𝐿

𝜂̄(𝑐𝜇+𝛾) log (3𝐶𝐿‖𝜷0−𝜷∗
avg‖2

2𝜖 ),

𝔼 [𝜖sp,𝛾(𝜷𝑇 )] ≤ 𝜖.

2. When 𝑐𝜇 = 0,

𝔼 [𝜖sp(𝜷𝑇 )] ≤ 𝔼 [𝜖sp,𝛾(𝜷𝑇 )]

≤ 3(𝐶𝐿 + 𝛾)
2

(1 − ̄𝜂𝛾
𝐶𝐿 + 𝛾

)
𝑇

‖𝜷0 − 𝜷∗
avg,𝛾‖2

+ (3( ̄𝜂 + 2)(𝐶𝐿 + 𝛾)
𝛾

+ 1) 𝜖∗
sp,𝛾.

In particular, for 𝑇 ≥ ⌈𝐶𝐿+𝛾
𝜂̄𝛾 log (𝛾‖𝜷0−𝜷∗

avg,𝛾‖2

2𝜂̄𝜖∗
sp,𝛾

)⌉,

𝔼 [𝜖sp(𝜷𝑇 )] ≤ (6(𝐶𝐿 + 𝛾)( ̄𝜂 + 1)
𝛾

+ 1) 𝜖∗
sp,𝛾.

Remark 3.3.5.The interpolable special case under 𝑐𝜇 > 0 implies 𝜖∗
sp,𝛾 = 𝜖∗

sp = 0 due 
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to non-negativity of both the suboptimality and the regularization. Thus, either 𝛾 = 0 or 
𝜷∗

sp,𝛾 = 0.
When 𝛾 = 0, the first part of Theorem 3.3.4 recovers [12, Theorem 3.4] up to some 

constant round-off.
When 𝛾 is large, the proxy error is primarily driven by the penalty term. In this limit, 

𝜷∗
sp,𝛾, 𝜷∗

avg,𝛾 → 0, and 𝜖∗
sp,𝛾 → 𝜖sp(0). Moreover, 𝐶𝐿+𝛾

𝛾 → 1. As a result, the required 
number of iterations 𝑇  reduces to a constant order. This suggests that SGD converges very 
quickly for large 𝛾 while involving a fundamental tradeoff: a large optimal penalized error 
𝜖∗
sp,𝛾, and correspondingly, so is the expected proxy error at time 𝑇 .

Proof. Our strategy will be to invoke Lemma 3.3.3 and apply Lemma 3.3.2, in conjunction 
with Theorem 3.2.6. To that end, notice that the upper bound on the step-size parameter ̄𝜂
given in Lemma 3.3.2 becomes 𝐶𝐿+𝛾

𝑐𝜇+𝛾 ≥ 1. Hence, we need only constrain 0 < ̄𝜂 ≤ 1.
Applying Lemma 3.3.2 yields

𝔼 [‖𝜷𝑇 − 𝜷∗
avg,𝛾‖2] ≤ (1 − ̄𝜂(𝑐𝜇 + 𝛾)

𝐶𝐿 + 𝛾
)

𝑇

‖𝜷0 − 𝜷∗
avg,𝛾‖2 +

2 ̄𝜂𝜖∗
sp,𝛾

𝑐𝜇 + 𝛾
.

Taking the expectation of Theorem 3.2.6 on both sides and substituting the above, we have

1. When 𝑐𝜇 > 0,

𝔼 [𝜖sp(𝜷𝑇 )] ≤ 𝔼 [𝜖sp,𝛾(𝜷𝑇 )]

≤ 3𝐶𝐿
2

𝔼 [‖𝜷𝑇 − 𝜷∗
avg,𝛾‖2] + (3𝐿

𝜇
+ 3𝐶𝐿

𝑐𝜇 + 𝛾
) ⋅ 𝜖∗

sp,𝛾

≤ 3𝐶𝐿
2

(1 − ̄𝜂(𝑐𝜇 + 𝛾)
𝐶𝐿 + 𝛾

)
𝑇

‖𝜷0 − 𝜷∗
avg,𝛾‖2

+ 3𝐶𝐿 ̄𝜂
𝑐𝜇 + 𝛾

⋅ 𝜖∗
sp,𝛾 + (3𝐿

𝜇
+ 3𝐶𝐿

𝑐𝜇 + 𝛾
) ⋅ 𝜖∗

sp,𝛾. (3.10)

2. When 𝑐𝜇 = 0,

𝔼 [𝜖sp(𝜷𝑇 )] ≤ 𝔼 [𝜖sp,𝛾(𝜷𝑇 )]

≤ 3(𝐶𝐿 + 𝛾)
2

𝔼 [‖𝜷𝑇 − 𝜷∗
avg,𝛾‖2] + (6(𝐶𝐿 + 𝛾)

𝛾
+ 1) ⋅ 𝜖∗

sp,𝛾

≤ 3(𝐶𝐿 + 𝛾)
2

(1 − ̄𝜂𝛾
𝐶𝐿 + 𝛾

)
𝑇

‖𝜷0 − 𝜷∗
avg,𝛾‖2

+ 3(𝐶𝐿 + 𝛾) ̄𝜂
𝛾

⋅ 𝜖∗
sp,𝛾 + (6(𝐶𝐿 + 𝛾)

𝛾
+ 1) ⋅ 𝜖∗

sp,𝛾. (3.11)

Rearranging yields the expected proxy error upper bounds.
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Next, we prove the bound of the iteration complexity. The strategy is identical for the 
two cases, so we only demonstrate the first case (𝑐𝜇 > 0) here.

First, consider the case 𝜖∗
sp,𝛾 > 0.

Our goal will be to choose 𝑇  large enough to drive the first term on the right side of 
(3.10) to below (3𝐶𝐿𝜂̄

𝑐𝜇+𝛾 ⋅ 𝜖∗
sp,𝛾). To simplify exposition, let 𝜅1 = 𝐶𝐿

𝑐𝜇+𝛾 . Then, we need to 
ensure that

𝑇 log(1 − ̄𝜂/𝜅1) ≤ log (
2𝜅1 ̄𝜂𝜖∗

sp,𝛾

𝐶𝐿‖𝜷0 − 𝜷∗
avg,𝛾‖2 ) .

We can upper bound the left side using the identity log(1 + 𝑥) ≤ 𝑥. Hence, it would be 
sufficient if

𝑇 ≥ 𝜅1
̄𝜂
log (

𝐶𝐿‖𝜷0 − 𝜷∗
avg,𝛾‖2

2𝜅1 ̄𝜂𝜖∗
sp,𝛾

) .

Replacing 𝜅1 with its definition yields the iteration complexity bound.
For the second case where 𝜖∗

sp = 0, we follow a similar argument but seek to drive the 
error to below 𝜖. We omit the details.

The result for 𝑐𝜇 = 0 is obtained by replacing 𝜅1 with 𝜅2 = 𝐶𝐿+𝛾
𝛾 , and changing the opti-

mization target to driving the first term on the right side of (3.11) to below (3(𝐶𝐿+𝛾)𝜂̄
𝛾 ⋅ 𝜖∗

sp,𝛾).
∎

The preceding theorem converts SGD progress into uniform proxy control. We now record 
the sharper in-distribution counterpart, which is often the primary performance metric for 
optimization proxies. Instead of asking for worst-case control over all 𝜆 ∈ Λ, this result asks 
how well the learned proxy performs on a fresh instance from the same distribution used for 
training.

Theorem 3.3.6 (In-Distribution Proxy Error Convergence under SGD). Under Assumption 3.2.1, 
consider applying SGD to the expected Problem (3.4) with a constant step-size 𝜂 = 𝜂̄

𝐶𝐿+𝛾
parameterized by ̄𝜂 ∈ (0, 1]. Then, after 𝑇  iterations, the expected in-distribution proxy error 
satisfies

𝐹𝛾(𝜷𝑇 ) − 𝔼 [ℎ(𝜽∗(𝜆̃), 𝜆̃)]

≤ 𝐶𝐿 + 𝛾
2

(1 − ̄𝜂(𝑐𝜇 + 𝛾)
𝐶𝐿 + 𝛾

)
𝑇

‖𝜷0 − 𝜷∗
avg,𝛾‖2 + ((𝐶𝐿 + 𝛾) ̄𝜂

𝑐𝜇 + 𝛾
+ 1) ⋅ 𝜖∗

sp,𝛾,

where the expectation is taken over the stochasticity of SGD iterations. In particular, for

𝑇 ≥ ⌈ 𝐶𝐿 + 𝛾
̄𝜂(𝑐𝜇 + 𝛾)

log (
(𝑐𝜇 + 𝛾)‖𝜷0 − 𝜷∗

avg,𝛾‖2

2 ̄𝜂 𝜖∗
sp,𝛾

)⌉ ,
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we have
𝐹𝛾(𝜷𝑇 ) − 𝔼 [ℎ(𝜽∗(𝜆̃), 𝜆̃)] ≤ (2(𝐶𝐿 + 𝛾) ̄𝜂

𝑐𝜇 + 𝛾
+ 1) 𝜖∗

sp,𝛾.

When 𝜖∗
sp,𝛾 = 0, then for any 𝜖 > 0 and

𝑇 ≥ 𝐶𝐿 + 𝛾
̄𝜂(𝑐𝜇 + 𝛾)

log (
(𝐶𝐿 + 𝛾)‖𝜷0 − 𝜷∗

avg,𝛾‖2

2𝜖
) ,

we have
𝐹𝛾(𝜷𝑇 ) − 𝔼 [ℎ(𝜽∗(𝜆̃), 𝜆̃)] ≤ 𝜖.

The bound has the same two-term structure as Theorem 3.2.7, now with the coefficient 
error replaced by the explicit SGD convergence rate. The exponentially decaying term is the 
cost of finite training, while the residual term is proportional to 𝜖∗

sp,𝛾 , the best achievable 
proxy error in the chosen feature class. In the realizable case 𝜖∗

sp,𝛾 = 0, constant step-size 
SGD drives expected decision suboptimality below any prescribed tolerance at a linear rate.

Proof. Taking expectation on both sides of Theorem 3.2.7 and applying Lemma 3.3.2 yields 
the upper bound on expected in-distribution proxy error in the theorem statement.

The proof of iteration complexity bound uses exactly the same strategy in Theorem 3.3.4 
by setting

𝜅 = 𝐶𝐿 + 𝛾
𝑐𝜇 + 𝛾

,

and driving the exponentially decaying term

𝐶𝐿 + 𝛾
2

(1 − ̄𝜂(𝑐𝜇 + 𝛾)
𝐶𝐿 + 𝛾

)
𝑇

‖𝜷0 − 𝜷∗
avg,𝛾‖2

below the target level

(𝐶𝐿 + 𝛾) ̄𝜂
𝑐𝜇 + 𝛾

𝜖∗
sp,𝛾 (or below 𝜖 when 𝜖∗

sp,𝛾 = 0).

We omit the details here.
∎

3.4 Specialized Results

3.4.1 Fourier Basis for Periodic Solution Map on Λ = [0, 2𝜋]
We next provide another specialization for periodic parameter domains by taking Λ = [0, 2𝜋]. 
Our goal is to leverage classical approximation theory and the structure of an orthogonal basis 
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to control the conditioning constants that appear in Section 2, Assumption 3.2.2 and Equa-
tion (3.3).

Fourier basis and feature map. We approximate each component 𝑖 = 1, … , 𝑑 of the 
real-valued path 𝜃∗

𝑖 (⋅) using the first 𝑞 real Fourier basis functions on [0, 2𝜋]. Throughout 
this section we take ℙ𝜆 to be the uniform distribution on [0, 2𝜋]. For an integer truncation 
level 𝐾 ≥ 0, define the real Fourier feature vector 𝜑𝐾(𝜆) ∈ ℝ2𝐾+1 as

𝜑𝐾(𝜆) = (𝜙0(𝜆), 𝜙1(𝜆), … , 𝜙2𝐾(𝜆))⊤, (3.12)

where
𝜙0(𝜆) = 1, 𝜙2𝑛−1(𝜆) = cos(𝑛𝜆), 𝜙2𝑛(𝜆) = sin(𝑛𝜆), 𝑛 ≥ 1.

Let 𝑞 ∶= 2𝐾 +1 denote the number of basis functions per coordinate, so the total number 
of basis functions is 𝑝 = 𝑞𝑑 = (2𝐾 + 1)𝑑. As in the Legendre specialization, the feature 
matrix 𝚽(𝜆) ∈ ℝ𝑑×𝑞𝑑 is block-diagonal with 𝑑 blocks of size 1 × 𝑞, each block equal to 
𝜑𝐾(𝜆)⊤.

Orthogonality under the uniform distribution. The real Fourier basis (trigonometric 
polynomials) is orthogonal in 𝐿2(Unif[0, 2𝜋]):

𝔼 [cos(𝑛𝜆̃) cos(𝑚𝜆̃)] = 𝔼 [sin(𝑛𝜆̃) sin(𝑚𝜆̃)] = 1
2

𝕀 {𝑛 = 𝑚 ≥ 1} ,

𝔼 [sin(𝑛𝜆̃) cos(𝑚𝜆̃)] = 𝔼 [cos(𝑛𝜆̃)] = 𝔼 [sin(𝑛𝜆̃)] = 0 (𝑛 ≥ 1),

where 𝜆̃ ∼ Unif[0, 2𝜋].
For this basis, depending on the value of 𝑝 = 𝑞𝑑 implied by the choice of 𝐾, We can 

bound the ratio 𝐶𝑝/𝑐𝑝 in a dimension-free manner, analogous to [12, Lemma 4.1].

Lemma 3.4.1 (𝐶𝑝/𝑐𝑝 for Real Fourier Basis). Take Λ = [0, 2𝜋] and ℙ𝜆 to be the uniform 
distribution on [0, 2𝜋]. Consider the block-diagonal basis described above with 𝑞 = 2𝐾 + 1
real Fourier features per coordinate given by (3.12). Then

𝐶𝑝

𝑐𝑝
= 2𝑞.

Proof. Similar to the proof of [12, Lemma 4.1], 𝚽(𝜆) ∈ ℝ𝑑×𝑞𝑑 is block-diagonal with 𝑑
identical blocks of size 1 × 𝑞. Denote one block by 𝜓(𝜆) ∈ ℝ1×𝑞, where 𝜓(𝜆)⊤ = 𝜑𝐾(𝜆). 
The nonzero eigenvalues of 𝚽(𝜆)⊤𝚽(𝜆) coincide with those of 𝜓(𝜆)⊤𝜓(𝜆), which has a single 
nonzero eigenvalue equal to ‖𝜓(𝜆)‖2.
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We first compute 𝐶𝑝. By definition,

𝐶𝑝 = sup
𝜆∈[0,2𝜋]

‖𝜓(𝜆)‖2 = sup
𝜆∈[0,2𝜋]

‖𝜑𝐾(𝜆)‖2.

Using cos2(𝑡) + sin2(𝑡) = 1 for each harmonic,

‖𝜑𝐾(𝜆)‖2 = 1 +
𝐾

∑
𝑛=1

( cos2(𝑛𝜆) + sin2(𝑛𝜆)) = 1 + 2𝐾 = 𝑞,

for every 𝜆 ∈ [0, 2𝜋]. Hence 𝐶𝑝 = 𝑞.
Next we compute 𝑐𝑝. By definition,

𝑐𝑝 = 𝜎min{𝔼 [𝜓(𝜆̃)⊤𝜓(𝜆̃)] } = 𝜎min{𝔼 [𝜑𝐾(𝜆̃)𝜑𝐾(𝜆̃)⊤] }.

By the orthogonality identities listed above, the matrix 𝔼 [𝜑𝐾(𝜆̃)𝜑𝐾(𝜆̃)⊤] ∈ ℝ𝑞×𝑞 is diagonal 
with entries

𝔼 [𝜙0(𝜆̃)2] = 1, 𝔼 [cos2(𝑛𝜆̃)] = 1
2

, 𝔼 [sin2(𝑛𝜆̃)] = 1
2

(𝑛 = 1, … , 𝐾),

and all cross-terms equal to 0. Therefore,

𝑐𝑝 = min {1, 1
2 , … , 1

2⏟
2𝐾 times

} = 1
2

for 𝐾 ≥ 1.

Combining the two bounds yields
𝐶𝑝

𝑐𝑝
= 2𝑞.

∎

Even better than the Legendre case, for the real Fourier basis the ratio 𝐶𝑝/𝑐𝑝 scales linearly 
with 𝑞 up to universal constants, reflecting the exact energy identity cos2(𝑛𝜆)+sin2(𝑛𝜆) = 1
and the strong orthogonality of the basis under the uniform distribution.

Lemma 3.4.2 (𝜖∗
sp for 𝜈-Differentiable Periodic Solution Maps (Real Fourier Basis)). 

Suppose Assumption 3.2.1 holds. Let Λ = [0, 2𝜋] and assume 𝜽∗(⋅) ∈ 𝐶𝜈
2𝜋 for integers 𝜈 ≥ 1, 

i.e. 𝜽∗(⋅) is 2𝜋-periodic and 𝜈 differentiable over Λ. Further assume there exists constant 
𝑉 > 0 such that for all 𝑖 = 1, … , 𝑑, 𝜽(𝜈)∗

𝑖 (𝜆) has total variation bounded by 𝑉 . Then, for 
any 𝐾 ≥ 0 and the real Fourier basis described above,

𝜖∗
sp ≤ 𝑑𝐿

2
( 𝜋

𝑞 + 1
)

2𝜈
𝑉 2,
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where 𝑞 = 2𝐾 + 1.

Proof. The proof follows the same template as [12, Lemma 4.2]. This time, for each coor-
dinate 𝑖 ∈ [𝑑], we approximate 𝜽∗

𝑖 (𝜆) by real Fourier basis (trigonometric polynomials) of 
degree 𝐾 in the space

𝒯𝐾 ∶= {𝑎0 +
𝐾

∑
𝑛=1

(𝑎𝑛 cos(𝑛𝜆) + 𝑏𝑛 sin(𝑛𝜆)) ∶ 𝑎𝑛, 𝑏𝑛 ∈ ℝ} .

Again, let 𝜷̄ be the coefficients corresponding to the best approximating polynomial from 
𝒯𝐾 . We will show that 𝜖sp(𝜷̄) satisfies the claimed bound using the well-known Jackson’s 
theorem.

Since 𝜽∗
𝑖 (⋅) is 2𝜋-periodic and 𝜽(𝜈)∗

𝑖  has bounded variation 𝑉 , the Jackson’s theorem state-
ment for trigonometric approximation in [3, Theorem 1.8] ensures existence of a truncated 
Fourier series 𝑠𝑖,𝐾 ∈ 𝒯𝐾 such that

sup
𝜆∈[0,2𝜋]

|𝑠𝑖,𝐾(𝜆) − 𝜽∗
𝑖 (𝜆)| ≤ ( 𝜋

2(𝐾 + 1)
)

𝜈

⋅ 𝑉 , ∀𝑖 ∈ [𝑑]. (3.13)

Let 𝜷̄ collect these coefficients across 𝑖 (so that 𝚽(𝜆)𝜷̄ produces the vector (𝑠𝑖,𝐾(𝜆))𝑖∈[𝑑]). 
Then, by definition,

𝜖sp(𝜷̄) = sup
𝜆∈Λ

{ℎ((𝑠𝑖,𝐾(𝜆))𝑖∈[𝑑], 𝜆) − ℎ(𝜽∗(𝜆), 𝜆)} .

By smoothness of ℎ(⋅, 𝜆) (as in [12, Lemma 4.2]), for any 𝜆 ∈ Λ,

ℎ((𝑠𝑖,𝐾(𝜆))𝑖∈[𝑑], 𝜆) − ℎ(𝜽∗(𝜆), 𝜆) ≤ 𝐿
2

‖(𝑠𝑖,𝐾(𝜆))𝑖∈[𝑑] − 𝜽∗(𝜆)‖
2

.

Combining this with the definition of the ℓ2 norm gives

𝜖sp(𝜷̄) ≤ sup
𝜆∈[0,2𝜋]

{𝐿
2

‖(𝑠𝑖,𝐾(𝜆))𝑖∈[𝑑] − 𝜽∗(𝜆)‖
2
}

≤ sup
𝜆∈[0,2𝜋]

{𝑑𝐿
2

⋅ sup
𝑖∈[𝑑]

|𝑠𝑖,𝐾(𝜆) − 𝜽∗
𝑖 (𝜆)|2}

≤ 𝑑𝐿
2

(sup
𝑖∈[𝑑]

sup
𝜆∈[0,2𝜋]

|𝑠𝑖,𝐾(𝜆) − 𝜽∗
𝑖 (𝜆)|)

2

.

Applying (3.13) yields

𝜖sp(𝜷̄) ≤ 𝑑𝐿
2

( 𝜋
2(𝐾 + 1)

)
2𝜈

⋅ 𝑉 2.
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Since 𝜖∗
sp ≤ 𝜖sp(𝜷̄) by optimality of 𝜖∗

sp, the claim follows. Finally, substituting 𝑞 = 2𝐾 + 1
gives the stated expression in terms of 𝑞.

∎

Combining Lemma 3.4.1 and Lemma 3.4.2 with Section 3.2, Theorem 3.3.4 allows us 
to compute the requisite basis size and number of iterations needed to achieve a target 
solution-map error for periodic domains:

Theorem 3.4.3 (SGD for 𝜈-Differentiable Periodic Solution Maps (Real Fourier Basis)). 
Let Λ = [0, 2𝜋] and ℙ𝜆 be the uniform distribution on [0, 2𝜋]. Assume the conditions of 
Lemma 3.4.2 hold with an integer 𝜈 ≥ 1. If we use 𝑞 = 𝑂(𝜖 1

1−2𝜈 ) real Fourier basis func-
tions per coordinate (i.e. 𝑞 = 2𝐾 + 1 for some 𝐾), and run constant-step size SGD for 
𝑂(𝜖 1

1−2𝜈 log(1/𝜖)) iterations, then the resulting iterate 𝜷𝑇  satisfies 𝔼 [𝜖sp(𝜷𝑇 )] ≤ 𝜖.

Similar to [12, Theorem 4.3], both big “Oh” terms should be interpreted as 𝜖 → 0 and 
suppress constants possibly depending on ℎ and Λ but not on 𝜖. Compared to the polynomial 
(Legendre) specialization, the real Fourier specialization improves the conditioning factor 
from quadratic to linear in 𝑞, which in turn improves the SGD iteration complexity from 
𝑂(𝑞2 log 𝑞) to 𝑂(𝑞 log 𝑞).

Proof. As in the proof of [12, Theorem 4.3], we focus on asymptotics as 𝜖 → 0 and suppress 
constants that do not depend on 𝜖. In particular, we write 𝑎 ≲ 𝑏 if there exists a constant 
𝐶 (not depending on 𝜖 but possibly depending on ℎ and Λ) such that 𝑎 ≤ 𝐶𝑏.

Recall that we take 𝑞 = 2𝐾 + 1 basis functions per coordinate and thus 𝑝 = 𝑞𝑑. To 
achieve a small solution-map error, we will need 𝑞 large. By Section 3.2, Theorem 3.3.4, our 
first goal is to choose 𝑞 large enough that

𝜖 ≥ 8𝐿( ̄𝜂 + 1)
𝜇

𝐶𝑞

𝑐𝑞
⋅ 𝜖∗

sp(𝑞). (3.14)

By Lemma 3.4.2, the optimal solution-map error satisfies

𝜖∗
sp(𝑞) ≤ 𝑑𝐿

2
( 𝜋

𝑞 + 1
)

2𝜈
𝑉 2 ≲ 𝑞−2𝜈 . (3.15)

By Lemma 3.4.1, we have 𝐶𝑞/𝑐𝑞 = 2𝑞. Hence the right-hand side of (3.14) is bounded 
by

8𝐿( ̄𝜂 + 1)
𝜇

𝐶𝑞

𝑐𝑞
⋅ 𝜖∗

sp(𝑞) ≲ 𝑞 ⋅ 𝑞−2𝜈 = 𝑞 1−2𝜈 .

Since 𝜈 ≥ 1, the exponent 1 − 2𝜈 < 0, so it suffices to take

𝑞 ≳ 𝜖 1
1−2𝜈 (equivalently, 𝑞 = 𝑂(𝜖 1

1−2𝜈 ) as 𝜖 → 0)

basis functions per coordinate to ensure (3.14) holds.
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By Section 3.2, Theorem 3.3.4, the iteration count should exceed

𝐿
̄𝜂𝜇

𝐶𝑞

𝑐𝑞
log(

𝑐𝑞𝜇‖𝜷∗
avg‖2

2 ̄𝜂 𝜖∗
sp(𝑞)

) ≲ 𝑞 ⋅ (log ‖𝜷∗
avg‖2 + log 𝑞) ,

where we used 𝐶𝑞/𝑐𝑞 = 2𝑞 and 𝑐𝑞 = 1
2  (for 𝐾 ≥ 1) from the proof of Lemma 3.4.1.

To simplify the logarithmic term, we show ‖𝜷∗
avg‖ ≲ 1 as 𝑞 → ∞. Let 𝜷̄ be constructed 

by approximating each coordinate 𝜃∗
𝑖 (𝜆) by a degree-𝐾 real Fourier basis functions in 𝒯𝐾

(as in the proof of Lemma 3.4.2). Write the coefficients for coordinate 𝑖 as

𝑠𝑖,𝐾(𝜆) = 𝑎𝑖,0 +
𝐾

∑
𝑛=1

(𝑎𝑖,𝑛 cos(𝑛𝜆) + 𝑏𝑖,𝑛 sin(𝑛𝜆)),

and let 𝜷̄ stack {𝑎𝑖,𝑛, 𝑏𝑖,𝑛} across 𝑖.
Under the assumption that 𝜃(𝜈)∗

𝑖  has bounded variation (uniformly in 𝑖), standard Fourier 
series approximation results implies Fourier coefficient decay 1 of order |𝑎𝑖,𝑛|+|𝑏𝑖,𝑛| ≲ 𝑛−(𝜈+1)

for 𝑛 ≥ 1 , with constants independent of 𝐾 . Therefore

‖𝜷̄‖2 =
𝑑

∑
𝑖=1

(|𝑎𝑖,0|2 +
𝐾

∑
𝑛=1

(|𝑎𝑖,𝑛|2 + |𝑏𝑖,𝑛|2)) ≲
𝐾

∑
𝑛=1

1
𝑛2(𝜈+1) ≲

∞
∑
𝑛=1

1
𝑛2(𝜈+1) ≲ 1.

Moreover, from (3.15) and the construction of 𝜷̄, we have 𝜖sp(𝜷̄) ≲ 𝑞−2𝜈 , hence (as in 
the Legendre proof) 𝐹(𝜷̄) − 𝐹(𝜷∗

avg) ≲ 𝑞−2𝜈 , and by 𝜇-strong convexity, ‖𝜷̄ − 𝜷∗
avg‖ ≲ 𝑞−𝜈 . 

Thus
‖𝜷∗

avg‖ ≤ ‖𝜷∗
avg − 𝜷̄‖ + ‖𝜷̄‖ ≲ 𝑞−𝜈 + 1 ≲ 1.

Substituting ‖𝜷∗
avg‖ ≲ 1 and 𝜖∗

sp(𝑞) ≲ 𝑞−2𝜈 into the iteration bound yields

𝑇 ≲ 𝑞 ⋅ log(𝑞2𝜈) = 𝑂(𝑞 log 𝑞).

Finally, with 𝑞 ≍ 𝜖 1
1−2𝜈 , we obtain

𝑇 = 𝑂(𝜖 1
1−2𝜈 log(1/𝜖)) ,

which completes the proof.
∎

Similar to the Legendre approximation in [12, Section 4], the solution-map error decays 
exponentially for analytic 𝜽∗

𝑖 (⋅).
Lemma 3.4.4 (𝜖∗

sp for Analytic Periodic Solution Maps (Real Fourier Basis)). Sup-
1see [45, Section 3.2.2] for a very nice and detailed discussion of the decay rates in modern language 

under various smoothness conditions.
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pose Assumption 3.2.1 holds. Let Λ = [0, 2𝜋] and assume that for each 𝑖 = 1, … , 𝑑, the 
function 𝜽∗

𝑖 (⋅) is 2𝜋-periodic and real analytic on Λ. Then there exist constants 𝐶 > 0 and 
𝛿 > 0 (depending on {𝜽∗

𝑖 }𝑑
𝑖=1 but not on 𝐾) such that for any 𝐾 ≥ 0 and the real Fourier 

basis described above,
𝜖∗
sp ≤ 𝑑𝐿

2
𝐶2𝑒−2𝛿𝐾 .

Equivalently, since 𝑞 = 2𝐾 + 1,

𝜖∗
sp ≤ 𝑑𝐿

2
𝐶2𝑒−𝛿(𝑞−1).

Proof. Fix any coordinate 𝑖 ∈ [𝑑]. By [3, Theorem 1.11], there exist constants 𝐶 > 0 and 
𝛿 > 0 such that for each integer 𝐾 ≥ 0,

inf
𝑠∈𝒯𝐾

sup
𝜆∈[0,2𝜋]

|𝑠(𝜆) − 𝜽∗
𝑖 (𝜆)| ≤ 𝐶𝑒−𝛿𝐾 .

Let 𝑠𝑖,𝐾 ∈ 𝒯𝐾 attain (or 𝜀-attain) this infimum. Stack the coefficients of {𝑠𝑖,𝐾}𝑑
𝑖=1 into 𝜷̄

so that 𝚽(𝜆)𝜷̄ = (𝑠𝑖,𝐾(𝜆))𝑖∈[𝑑].
Proceeding exactly as in the proof of Lemma 3.4.2, by 𝐿-smoothness of ℎ(⋅, 𝜆), for any 

𝜆 ∈ [0, 2𝜋] we have

ℎ((𝑠𝑖,𝐾(𝜆))𝑖∈[𝑑], 𝜆) − ℎ(𝜽∗(𝜆), 𝜆) ≤ 𝐿
2

‖(𝑠𝑖,𝐾(𝜆))𝑖∈[𝑑] − 𝜽∗(𝜆)‖
2

.

Taking the supremum over 𝜆 and using ‖𝑥‖2 ≤ 𝑑‖𝑥‖2
∞ coordinatewise yields

𝜖sp(𝜷̄) ≤ 𝑑𝐿
2

(sup
𝑖∈[𝑑]

sup
𝜆∈[0,2𝜋]

|𝑠𝑖,𝐾(𝜆) − 𝜽∗
𝑖 (𝜆)|)

2

≤ 𝑑𝐿
2

𝐶2𝑒−2𝛿𝐾 .

Since 𝜖∗
sp ≤ 𝜖sp(𝜷̄) by optimality, the claim follows. Finally, substituting 𝑞 = 2𝐾 + 1 gives 

the stated 𝑞-form.
∎

Theorem 3.4.5 (SGD for Analytic Periodic Solution Maps (Real Fourier Basis)). 
Let Λ = [0, 2𝜋] and ℙ𝜆 be the uniform distribution on [0, 2𝜋]. Assume the conditions of 
Lemma 3.4.4 hold. Then it suffices to use

𝑞 = 𝑂(log(1/𝜖))

real Fourier basis functions per coordinate (i.e. 𝑞 = 2𝐾+1 for some 𝐾) and run constant-step 
size SGD for

𝑇 = 𝑂(log log(1/𝜖))
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iterations to obtain an iterate 𝜷𝑇  satisfying 𝔼 [𝜖sp(𝜷𝑇 )] ≤ 𝜖.

Proof. As in the proof of Theorem 3.4.3, we focus on asymptotics as 𝜖 → 0 and suppress 
constants independent of 𝜖.

Recall 𝑞 = 2𝐾 + 1 and 𝑝 = 𝑞𝑑. By Lemma 3.4.1, 𝐶𝑞
𝑐𝑞

= 2𝑞 (and 𝑐𝑞 = 1
2  for 𝐾 ≥ 1). By 

Lemma 3.4.4, there exist constants 𝐶, 𝛿 > 0 such that

𝜖∗
sp(𝑞) ≤ 𝑑𝐿

2
𝐶2𝑒−2𝛿𝐾 . (3.16)

By Section 3.2, Theorem 3.3.4, it suffices that

𝜖 ≥ 8𝐿( ̄𝜂 + 1)
𝜇

𝐶𝑞

𝑐𝑞
𝜖∗
sp(𝑞) ≲ 𝑞 ⋅ 𝑒−2𝛿𝐾 .

Since 𝑞 = 2𝐾 + 1 ≍ 𝐾, the right-hand side is 𝐾𝑒−2𝛿𝐾 up to constants, and thus it suffices 
to take

𝐾 ≳ log(1/𝜖) ⟺ 𝑞 = 𝑂(log(1/𝜖)) .

Again by Section 3.2, Theorem 3.3.4, the iteration count should exceed

𝑇 ≳
𝐶𝑞

𝑐𝑞
log(

𝑐𝑞𝜇‖𝜷∗
avg‖2

𝜖∗
sp(𝑞)

) ≲ 𝑞 ⋅ log( 1
𝜖∗
sp(𝑞)

) ,

where we used 𝐶𝑞
𝑐𝑞

= 2𝑞 and absorbed constants. Using (3.16),

log( 1
𝜖∗
sp(𝑞)

) = log(Θ(𝑒2𝛿𝐾)) = Θ(𝐾) = Θ(𝑞),

hence 𝑇 ≲ 𝑞 ⋅ 𝑞 = 𝑂(𝑞2). With 𝑞 = 𝑂(log(1/𝜖)) from Step 1, we obtain

𝑇 = 𝑂(log log(1/𝜖)) .

This completes the proof.
∎

Remark 3.4.6.If we transform an aperiodic solution map on [−1, 1] to a periodic one on 
[0, 2𝜋] by a change of variables 𝜆 ∶= cos 𝑥, then the results in this section corresponds to the 
results of approximating with Chebyshev polynomials in [12, Section 4] (See [3, Section 2.3]).
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3.5 From ℓ2 to General Reference Functions
In this section, we motivate the use of Bregman geometry as a natural extension of the classi-
cal ℓ2 geometry underlying standard first-order methods. In the Euclidean setting, smooth-
ness and strong convexity are defined with respect to the squared ℓ2 norm, which induces 
a quadratic notion of distance and leads to gradient-based updates with uniform geometry 
across the domain. However, many optimization problems arising in modern applications, 
including those with simplex constraints, multiplicative structure, or highly anisotropic cur-
vature, are poorly aligned with this geometry, resulting in suboptimal conditioning and con-
servative step sizes. Bregman geometry generalizes this framework by replacing the squared 
ℓ2 norm with a problem-dependent reference function, thereby inducing a tailored notion 
of distance via the Bregman divergence. This allows the geometry to adapt to the intrinsic 
structure of the domain and objective, often yielding tighter curvature characterizations. In 
particular, the notions of relative smoothness and relative strong convexity extend their Eu-
clidean counterparts by measuring curvature with respect to the reference function, rather 
than a fixed norm. This perspective enables the design and analysis of first-order methods 
that remain effective even when standard Lipschitz gradient or strong convexity assumptions 
fail under ℓ2 geometry, while recovering classical results as a special case when the reference 
function is chosen to be quadratic.

3.5.1 Relative Strong Convexity and Smoothness
Let 𝑄 be a closed convex set in a finite-dimensional vector space.

Definition 3.5.1 (Bregman Distance and Reference Function).Let 𝜓(⋅) ∶ 𝑄 → ℝ be a given 
convex and differentiable function, which we refer to as the reference function. The Bregman 
distance 𝐷𝜓(⋅, ⋅) w.r.t. to 𝜓(⋅) is defined by:

𝐷𝜓(𝒘, 𝒘̄) ∶= 𝜓(𝒘) − 𝜓(𝒘̄) − ∇𝜓(𝒘̄)⊤(𝒘 − 𝒘̄) for all 𝒘, 𝒘̄ ∈ 𝑄.

Definition 3.5.2 (Relative Smoothness).A function 𝑔(⋅) ∶ 𝑄 → ℝ is said to be smooth 
relative to reference function 𝜓(⋅) if there exists constant 𝐿 > 0 such that for all 𝒘, 𝒘̄ ∈ 𝑄,

𝑔(𝒘̄) ≤ 𝑔(𝒘) + ∇𝑔(𝒘)⊤(𝒘̄ − 𝒘) + 𝐿𝐷𝜓(𝒘̄, 𝒘).

Definition 3.5.3 (Relative Strong Convexity).A function 𝑔(⋅) ∶ 𝑄 → ℝ is said to be strongly 
convex relative to reference function 𝜓(⋅) if there exists constant 𝜇 > 0 such that for all 
𝒘, 𝒘̄ ∈ 𝑄,

𝑔(𝒘̄) ≥ 𝑔(𝒘) + ∇𝑔(𝒘)⊤(𝒘̄ − 𝒘) + 𝜇𝐷𝜓(𝒘̄, 𝒘).
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3.5.2 RWGC and Stochastic Mirror Descent Convergence
In this section, we develop a critical tool for solving a general stochastic optimization problem 
in the Bregman geometry.

Consider a family of functions 𝑔(⋅, 𝑧) ∶ 𝑄 → ℝ, 𝑧 ∼ ℙ𝑧, and 𝐺(⋅) ∶= 𝔼𝑧∼ℙ𝑧
[𝑔(⋅, 𝑧)]. The 

stochastic reference function descent, sometimes referred to as stochastic mirror descent, is 
carried out in the following manner.

Algorithm 2 Stochastic Reference Function Descent
1: Initialize: 𝒘0 ∈ 𝑄. Let 𝜓(⋅) be a reference function of strong convexity, 𝜂 denote 

stepsize.
2: Return: A sequence of iterates: 𝒘1, 𝒘2, …
3:  For 𝑡 = 0, 1, … do
4:  Sample the unbiased gradient estimator ∇𝑔(𝒘𝑡, 𝑧𝑡), which satisfies 𝔼 [∇𝑔(𝒘𝑡, 𝑧𝑡)] =

∇𝐺(𝒘𝑡).
5:  Update

𝒘𝑡+1 ← arg min
𝒘∈𝑄

{𝜂∇𝑔(𝒘𝑡, 𝑧𝑡)⊤(𝒘 − 𝒘𝑡) + 𝐷𝜓(𝒘, 𝒘𝑡)}. (3.17)

3.5.2.1 Algorithm 2 Convergence under Generalized RWGC

The algorithm convergence happens under two key conditions: the stochastic objective being 
strong convexity relative to the reference function, and a generalized relaxed weak growth 
condition (RWGC). We give the two assumptions here and will discuss the connection be-
tween generalized RWGC and interpolation in the next subsection.
Assumption 3.5.4. Assume 𝐺 is 𝜇𝐺-strongly convex relative to reference function 𝜓, i.e. 
there exists 𝜇𝐺 > 0 such that

𝐺(𝒘̄) ≥ 𝐺(𝒘) + ∇𝐺(𝒘)⊤(𝒘̄ − 𝒘) + 𝜇𝐺𝐷𝜓(𝒘̄, 𝒘), ∀𝒘, 𝒘̄ ∈ 𝑄.

Denote 𝐺∗ ∶= min𝒘∈𝑄 𝐺(𝒘) as the unique optimality point of 𝐺 (assuming that it 
exists). The following assumption defines the generalized version of the relaxed weak growth 
condition (RWGC) and is inspired by [25], Assumption 5.1.
Assumption 3.5.5 (Generalized Relaxed Weak Growth Condition (RWGC)).

Given 𝜂 > 0, there exists constants 𝜌 ≥ 0 and 𝜎 ≥ 0, such that for any 𝒘̄ ∈ 𝑄,

𝔼𝑧∼ℙ𝑧
[1

𝜂
∇𝑔(𝒘̄, 𝑧)⊤(𝒘̄ − 𝒘+

𝑧 ) − 1
𝜂2 𝐷𝜓(𝒘+

𝑧 , 𝒘̄)] ≤ 𝜌(𝐺(𝒘̄) − 𝐺∗) + 𝜎2,

where
𝒘+

𝑧 ← arg min
𝒘∈𝑄

{𝜂∇𝑔(𝒘̄, 𝑧)⊤(𝒘 − 𝒘̄) + 𝐷𝜓(𝒘, 𝒘̄)}.
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Remark 3.5.6.Multiplying the term inside the expectation by 𝜂2 gives the mirror descent 
step. If we additionally assume 𝜓 is 𝜇𝜓-strongly convex (with the standard definition), then 
by substituting the pair 𝒘̄, 𝒘+

𝑧  into the definition of strong convexity twice in different order, 
and then applying Cauchy-Schwarz, we obtain

‖𝒘̄ − 𝒘+
𝑧 ‖ ≤ 1

𝜇𝜓
‖∇𝜓(𝒘̄) − ∇𝜓(𝒘+

𝑧 )‖ = 1
𝜇𝜓

‖𝜂∇𝑔(𝒘̄, 𝑧)‖.

The equality comes from the point of view of mirror descent originally established by [56], 
which says that ∇𝜓 maps 𝒘̄ into the mirror space, where we take a descent step at time 𝑡
by going against the scaled unbiased gradient estimator 𝜂∇𝑔(𝒘̄, 𝑧). Then,

𝔼𝑧∼ℙ𝑧
[1

𝜂
∇𝑔(𝒘̄, 𝑧)⊤(𝒘̄ − 𝒘+

𝑧 ) − 1
𝜂2 𝐷𝜓(𝒘+

𝑧 , 𝒘̄)]

≤ 𝔼𝑧∼ℙ𝑧
[1

𝜂
∇𝑔(𝒘̄, 𝑧)⊤(𝒘̄ − 𝒘+

𝑧 )]

≤ 𝔼𝑧∼ℙ𝑧
[1

𝜂
‖∇𝑔(𝒘̄, 𝑧)‖‖𝒘̄ − 𝒘+

𝑧 ‖]

≤ 𝔼𝑧∼ℙ𝑧
[ 1

𝜇𝜓
‖∇𝑔(𝒘̄, 𝑧)‖2] .

In other words, when 𝜓 is 𝜇𝜓-strongly convex, our RWGC assumption is implied by the 
standard RWGC condition with constants 𝜇𝜓𝜌 and 𝜇𝜓𝜎2.

When 𝜓(⋅) ∶= 1
2‖ ⋅ ‖2, Assumption 3.5.5 is equivalent to the standard RWGC condition.

For this reference function, 𝜇𝜓 = 1, so the standard RWGC condition implies our RWGC 
assumption with 𝜌 and 𝜎2.

To see the other direction, the mirror space coincides with the original space, so the 
increment 𝒘̄ − 𝒘+

𝑧  is no other than the scaled gradient estimator, and Assumption 3.5.5 
ensures

𝔼𝑧∼ℙ𝑧
[1

𝜂
∇𝑔(𝒘̄, 𝑧)⊤(𝒘̄ − 𝒘+

𝑧 ) − 1
𝜂2 𝐷𝜓(𝒘+

𝑧 , 𝒘̄)]

= 𝔼𝑧∼ℙ𝑧
[‖∇𝑔(𝒘̄, 𝑧)‖2 − 1

2𝜂2 ‖𝒘+
𝑧 − 𝒘̄‖2]

= 𝔼𝑧∼ℙ𝑧
[‖∇𝑔(𝒘̄, 𝑧)‖2 − 1

2
‖∇𝑔(𝒘̄, 𝑧)‖2]

= 𝔼𝑧∼ℙ𝑧
[1

2
‖∇𝑔(𝒘̄, 𝑧)‖2]

≤ 𝜌(𝐺(𝒘̄) − 𝐺∗) + 𝜎2,

which exactly recovers the standard definition of RWGC except for a scaling factor of 2 on 
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the noise term 𝜎2.

To develop the convergence analysis for Algorithm 2, we invoke a famous generalization 
of the Pythagorean identity from Hilbert space to Banach space, namely, the three point 
property. The proof of this lemma appears frequently in the literature (e.g. [25]) and is 
omitted here.

Lemma 3.5.7 (Three Point Property of Tseng).Let 𝜓(⋅), 𝜑(⋅) ∶ 𝑄 → ℝ be convex and dif-
ferentiable. Let 𝐷𝜓(⋅, ⋅) be a Bregman distance. For some given 𝒘̄ ∈ 𝑄 denote

𝒘+ ∶= arg min
𝒘∈𝑄

𝜑(𝒘) + 𝐷𝜓(𝒘, 𝒘̄).

Then, for any 𝒘 ∈ 𝑄,

𝜑(𝒘) + 𝐷𝜓(𝒘, 𝒘̄) ≥ 𝜑(𝒘+) + 𝐷𝜓(𝒘+, 𝒘̄) + 𝐷𝜓(𝒘, 𝒘+).

Now, we are ready to state the convergence result of Algorithm 2.

Theorem 3.5.8 (Convergence of Stochastic Reference Function Descent).
Suppose function 𝐺(⋅) satisfies Assumption 3.5.4, 𝐺(⋅) and 𝑔(⋅, 𝑧) satisfy Assumption 3.5.5. 

Performing 𝑡 iterations of Algorithm 2 with 𝜂 = 𝜂̄
𝜌 , ̄𝜂 ∈ (0, min {1, 𝜌

𝜇𝐺
}], yields

𝔼 [𝐷𝜓(𝒘∗, 𝒘𝑡)] ≤ (1 − ̄𝜂𝜇𝐺
𝜌

)
𝑡
𝐷𝜓(𝒘∗, 𝒘0) + ̄𝜂𝜎2

𝜌𝜇𝐺

Proof.
Set 𝒘̄ ∶= 𝒘𝑡, 𝒘+ ∶= 𝒘𝑡+1, 𝜑(𝒘) ∶= 𝜂∇𝑔(𝒘𝑡, 𝑧𝑡)⊤(𝒘 − 𝒘𝑡), the Three Point Property 

ensures that for any 𝒘 ∈ 𝑄,

𝜂∇𝑔(𝒘𝑡, 𝑧𝑡)⊤(𝒘 − 𝒘𝑡) + 𝐷𝜓(𝒘, 𝒘𝑡)
≥ 𝜂∇𝑔(𝒘𝑡, 𝑧𝑡)⊤(𝒘𝑡+1 − 𝒘𝑡) + 𝐷𝜓(𝒘𝑡+1, 𝒘𝑡) + 𝐷𝜓(𝒘, 𝒘𝑡+1).

Suppose we choose 𝒘 ∶= 𝒘∗ = arg min𝒘∈𝑄 𝐺(𝒘), the optimality input of 𝐺. Then,

𝐷𝜓(𝒘∗, 𝒘𝑡+1) ≤ 𝐷𝜓(𝒘∗, 𝒘𝑡) + 𝜂∇𝑔(𝒘𝑡, 𝑧𝑡)⊤(𝒘∗ − 𝒘𝑡)
− 𝜂∇𝑔(𝒘𝑡, 𝑧𝑡)⊤(𝒘𝑡+1 − 𝒘𝑡) − 𝐷𝜓(𝒘𝑡+1, 𝒘𝑡)

= 𝐷𝜓(𝒘∗, 𝒘𝑡) + 𝜂∇𝑔(𝒘𝑡, 𝑧𝑡)⊤(𝒘∗ − 𝒘𝑡)
+ 𝜂∇𝑔(𝒘𝑡, 𝑧𝑡)⊤(𝒘𝑡 − 𝒘𝑡+1) − 𝐷𝜓(𝒘𝑡+1, 𝒘𝑡)

Note that if we take 𝜓(⋅) ∶= 1
2‖ ⋅ ‖2, then 𝐷𝜓(𝒘, 𝒘̄) = ‖𝒘 − 𝒘̄‖2, and the above inequality 

becomes an equality using the decomposition of inner product.
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Taking conditional expectations yields

𝔼 [𝐷𝜓(𝒘∗, 𝒘𝑡+1) | 𝒘𝑡] = 𝐷𝜓(𝒘∗, 𝒘𝑡) + 𝜂∇𝐺(𝒘𝑡)⊤(𝒘∗ − 𝒘𝑡)+
+ 𝔼 [𝜂∇𝑔(𝒘𝑡, 𝑧𝑡)⊤(𝒘𝑡 − 𝒘𝑡+1) − 𝐷𝜓(𝒘𝑡+1, 𝒘𝑡) | 𝒘𝑡]

≤ 𝐷𝜓(𝒘∗, 𝒘𝑡) + 𝜂∇𝐺(𝒘𝑡)⊤(𝒘∗ − 𝒘𝑡)+
+ 𝜂2(𝜌(𝐺(𝒘𝑡) − 𝐺∗) + 𝜎2)

≤ 𝐷𝜓(𝒘∗, 𝒘𝑡) + 𝜂(𝐺∗ − 𝐺(𝒘𝑡) − 𝜇𝐺𝐷𝜓(𝒘∗, 𝒘𝑡))+
+ 𝜂2(𝜌(𝐺(𝒘𝑡) − 𝐺∗) + 𝜎2)

= (1 − 𝜂𝜇𝐺)𝐷𝜓(𝒘∗, 𝒘𝑡) + (𝜂2𝜌 − 𝜂)(𝐺(𝒘𝑡) − 𝐺∗) + 𝜂2𝜎2.
(3.18)

The first inequality above uses generalized RWGC, setting 𝒘̄ ∶= 𝒘𝑡 and so 𝒘+
𝑧 = 𝒘𝑡+1.

The second inequality uses relative strong convexity.
The final inequality holds since 𝜂2𝜌 − 𝜂 = ( 𝜂̄

𝜌)
2

𝜌 − 𝜂̄
𝜌 = ( 𝜂̄

𝜌) ( ̄𝜂 − 1) and ̄𝜂 ≤ 1. Further-
more, since ̄𝜂 ≤ 𝜌

𝜇𝐺
, we have 𝜂𝜇𝐺 = ( 𝜂̄

𝜌) 𝜇𝐺 ≤ 1; therefore, by iterating Equation (3.18) and 
taking overall expectations, we get

𝔼 [𝐷𝜓(𝒘∗, 𝒘𝑡)] ≤ (1 − 𝜂𝜇𝐺)𝑡𝐷𝜓(𝒘∗, 𝒘0) + 𝜂2𝜎2
𝑡−1
∑
𝑘=0

(1 − 𝜂𝜇𝐺)𝑘

≤ (1 − 𝜂𝜇𝐺)𝑡𝐷𝜓(𝒘∗, 𝒘0) + 𝜂2𝜎2

1 − (1 − 𝜂𝜇𝐺)

= (1 − 𝜂𝜇𝐺)𝑡𝐷𝜓(𝒘∗, 𝒘0) + 𝜂𝜎2

𝜇𝐺
,

where the second inequality uses the geometric series bound. Recalling that 𝜂 = 𝜂̄
𝜌  completes 

the proof.
∎

3.5.2.2 Interpolation Conditions and Generalized RWGC

In this section, we explore the implication relationship between interpolation conditions and 
the generalized RWGC condition defined in Assumption 3.5.5.

Recall that WGC corresponds to the case when 𝜎 = 0 in Assumption 3.5.5. We demon-
strate that mixed interpolation is equivalent to WGC, matching the discussion of standard 
WGC in [53] when we take 𝜓(⋅) ∶= 1

2‖ ⋅ ‖2.
[53] considered a finite sum objective setup, i.e. 𝐺(𝒘) = 1

𝑛 ∑𝑛
𝑖=1 𝑔𝑖(𝒘). In this setting, 

standard WGC implies mixed interpolation, and the converse is true if we assume both 
uniform smoothness and convexity ([53], Section 5). We consider a general expectation 
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objective setup instead, i.e.
𝐺(𝒘) = 𝔼𝑧∼ℙ𝑧

[𝑔(𝒘, 𝑧)].

First, we verify the forward implication between generalized WGC and mixed interpola-
tion.

Proposition 3.5.9 (Generalized WGC Implies Interpolation).
Assume for chosen stepsize 𝜂 > 0 and distribution ℙ𝑧, there exists constants 𝜌 ≥ 0, such 

that for all 𝒘̄ ∈ 𝑄,

𝔼𝑧∼ℙ𝑧
[1

𝜂
∇𝑔(𝒘̄, 𝑧)⊤(𝒘̄ − 𝒘+

𝑧 ) − 1
𝜂2 𝐷𝜓(𝒘+

𝑧 , 𝒘̄)] ≤ 𝜌(𝐺(𝒘̄) − 𝐺∗),

where
𝒘+

𝑧 ← arg min
𝒘∈𝑄

{𝜂∇𝑔(𝒘̄, 𝑧)⊤(𝒘 − 𝒘̄) + 𝐷𝜓(𝒘, 𝒘̄)}.

Then, ∇𝑔(𝒘∗, 𝑧) = 0 almost surely, i.e. mixed interpolation is satisfied.

Proof.
Take 𝒘̄ ∶= 𝒘∗. By definition of 𝒘+

𝑧 , for any 𝑧,

1
𝜂

∇𝑔(𝒘∗, 𝑧)⊤(𝒘∗ − 𝒘+
𝑧 ) − 1

𝜂2 𝐷𝜓(𝒘+
𝑧 , 𝒘∗) = − 1

𝜂2 (𝜂∇𝑔(𝒘∗, 𝑧)⊤(𝒘+
𝑧 − 𝒘∗) + 𝐷𝜓(𝒘+

𝑧 , 𝒘∗))

≤ − 1
𝜂2 (𝜂∇𝑔(𝒘∗, 𝑧)⊤(𝒘∗ − 𝒘∗) + 𝐷𝜓(𝒘∗, 𝒘∗))

= 0,

Moreover, when 𝒘̄ = 𝒘∗, generalized WGC implies that

𝔼𝑧∼ℙ𝑧
[1

𝜂
∇𝑔(𝒘∗, 𝑧)⊤(𝒘∗ − 𝒘+

𝑧 ) − 1
𝜂2 𝐷𝜓(𝒘+

𝑧 , 𝒘∗)] ≤ 𝜌(𝐺(𝒘∗) − 𝐺(𝒘∗)) = 0.

When the expectation of a non-negative random variable is non-positive, the random 
variable must be 0 almost surely. Thus, we get that almost surely

1
𝜂

∇𝑔(𝒘∗, 𝑧)⊤(𝒘∗ − 𝒘+
𝑧 ) − 1

𝜂2 𝐷𝜓(𝒘+
𝑧 , 𝒘∗) = 0. (3.19)

Using the three point property with 𝒘 = 𝒘̄ ∶= 𝒘∗, 𝒘+ ∶= 𝒘+
𝑧 , one gets

0 ≥ 𝜂∇𝑔(𝒘∗, 𝑧)⊤(𝒘+
𝑧 − 𝒘∗) + 𝐷𝜓(𝒘+

𝑧 , 𝒘∗) + 𝐷𝜓(𝒘∗, 𝒘+
𝑧 ).

Multiply Equation (3.19) by 𝜂2 and substitute into the RHS of the above inequality, we 
get

0 ≥ 𝐷𝜓(𝒘∗, 𝒘+
𝑧 ).
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By the non-negativity of Bregman distance, we then conclude that 𝐷𝜓(𝒘∗, 𝒘+
𝑧 ) = 0, 

which by the definition of Bregman distance, is equivalent to 𝜓(𝒘∗) = 𝜓(𝒘+
𝑧 )−∇𝜓(𝒘+

𝑧 )⊤(𝒘∗−
𝒘+

𝑧 ). For convex and differentiable 𝜓(⋅), the gradient ∇𝜓(⋅) is monotone. Thus, one can 
easily show that the gradient has to stay the same on the line segment from 𝒘∗ to 𝒘+

𝑧 , and 
we conclude ∇𝜓(𝒘+

𝑧 ) = ∇𝜓(𝒘∗).
Furthermore, the first-order optimality condition for the unconstrained mirror step at 

𝒘̄ = 𝒘∗ is
0 = 𝜂∇𝑔(𝒘∗, 𝑧) + ∇𝜓(𝒘+

𝑧 ) − ∇𝜓(𝒘∗).

Using the fact that ∇𝜓(𝒘+
𝑧 ) = ∇𝜓(𝒘∗) and 𝜂 > 0, we conclude ∇𝑔(𝒘∗, 𝑧) = 0.

∎

Conversely, WGC implies mixed interpolation.
For the following propositions, we assume the existence of

𝒘∗ ∈ arg min
𝒘∈𝑄

𝐺(𝒘)

and
𝒘∗

𝑧 ∈ arg min
𝒘∈𝑄

𝑔(𝒘, 𝑧).

Further, denote 𝐺∗ ∶= 𝐺(𝒘∗).

Proposition 3.5.10 (Interpolation Implies Generalized WGC).
Assume for 𝑧 ∼ ℙ𝑧, the following are satisfied almost surely:

1. 𝑔(⋅, 𝑧) is convex over 𝑄.

2. ∇𝑔(𝒘∗, 𝑧) = 0 (mixed interpolation).

3. 𝑔(⋅, 𝑧) is uniformly 𝐿𝑔-smooth relative to reference function 𝜓, i.e.

𝑔(𝒘, 𝑧) ≤ 𝑔(𝒘̄, 𝑧) + ∇𝑔(𝒘̄, 𝑧)⊤(𝒘 − 𝒘̄) + 𝐿𝑔𝐷𝜓(𝒘, 𝒘̄), ∀𝒘, 𝒘̄𝑄.

Then, for any 𝜂 ≤ 1
𝐿𝑔

,

𝔼𝑧∼ℙ𝑧
[1

𝜂
∇𝑔(𝒘̄, 𝑧)⊤(𝒘̄ − 𝒘+

𝑧 ) − 1
𝜂2 𝐷𝜓(𝒘+

𝑧 , 𝒘̄)] ≤ 1
𝜂

(𝐺(𝒘̄) − 𝐺∗).

Proof.
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Directly use relative 𝐿𝑔-smoothness, we get almost surely

𝜂∇𝑔(𝒘̄, 𝑧)⊤(𝒘̄ − 𝒘+
𝑧 ) − 𝐷𝜓(𝒘+

𝑧 , 𝒘̄)
≤ 𝜂(𝑔(𝒘̄, 𝑧) − 𝑔(𝒘+

𝑧 , 𝑧) + 𝐿𝑔𝐷𝜓(𝒘+
𝑧 , 𝒘̄)) − 𝐷𝜓(𝒘+

𝑧 , 𝒘̄)
= 𝜂(𝑔(𝒘̄, 𝑧) − 𝑔(𝒘+

𝑧 , 𝑧)) + (𝜂𝐿𝑔 − 1)𝐷𝜓(𝒘+
𝑧 , 𝒘̄)

= 𝜂(𝑔(𝒘̄, 𝑧) − 𝑔(𝒘∗, 𝑧) + 𝑔(𝒘∗, 𝑧) − 𝑔(𝒘+
𝑧 , 𝑧)) + (𝜂𝐿𝑔 − 1)𝐷𝜓(𝒘+

𝑧 , 𝒘̄)
≤ 𝜂(𝑔(𝒘̄, 𝑧) − 𝑔(𝒘∗, 𝑧)) + (𝜂𝐿𝑔 − 1)𝐷𝜓(𝒘+

𝑧 , 𝒘̄)

The second inequality is due to the interpolation and convexity assumption of 𝑔(⋅, 𝑧).
Thus, for any 𝜂 ≤ 1

𝐿𝑔
,

𝔼𝑧∼ℙ𝑧
[1

𝜂
∇𝑔(𝒘̄, 𝑧)⊤(𝒘̄ − 𝒘+

𝑧 ) − 1
𝜂2 𝐷𝜓(𝒘+

𝑧 , 𝒘̄)]

≤ 𝔼𝑧∼ℙ𝑧
[1

𝜂
(𝑔(𝒘̄, 𝑧) − 𝑔(𝒘∗, 𝑧)) +

𝜂𝐿𝑔 − 1
𝜂2 𝐷𝜓(𝒘+

𝑧 , 𝒘̄)]

≤ 1
𝜂

(𝐺(𝒘̄) − 𝐺(𝒘∗)).

∎

Mixed interpolation can be too strong for our proxy error problem in general. We derive 
a sufficient condition for the relaxed (𝜎 > 0), non-interpolation version in the following 
proposition, requiring only relative smoothness.

Proposition 3.5.11 (Relative Smoothness Implies Generalized RWGC).
Assume for 𝑧 ∼ ℙ𝑧, the following are satisfied almost surely:

1. 𝑔(⋅, 𝑧) is convex over 𝑄.

2. 𝑔(⋅, 𝑧) is uniformly 𝐿𝑔-smooth relative to reference function 𝜓, i.e.

𝑔(𝒘, 𝑧) ≤ 𝑔(𝒘̄, 𝑧) + ∇𝑔(𝒘̄, 𝑧)⊤(𝒘 − 𝒘̄) + 𝐿𝑔𝐷𝜓(𝒘, 𝒘̄), ∀𝒘, 𝒘̄ ∈ 𝑄.

Then, for any 𝜂 ≤ 1
𝐿𝑔

,

𝔼𝑧∼ℙ𝑧
[1

𝜂
∇𝑔(𝒘̄, 𝑧)⊤(𝒘̄ − 𝒘+

𝑧 ) − 1
𝜂2 𝐷𝜓(𝒘+

𝑧 , 𝒘̄)]

≤ 1
𝜂

(𝐺(𝒘̄) − 𝐺∗ + 𝔼𝑧∼ℙ𝑧
[𝑔(𝒘∗, 𝑧) − 𝑔(𝒘∗

𝑧, 𝑧)]) .

Proof.



3.5.  FROM ℓ2 TO GENERAL REFERENCE FUNCTIONS 55

Directly use relative 𝐿𝑔-smoothness, we get almost surely

𝜂∇𝑔(𝒘̄, 𝑧)⊤(𝒘̄ − 𝒘+
𝑧 ) − 𝐷𝜓(𝒘+

𝑧 , 𝒘̄)
≤ 𝜂(𝑔(𝒘̄, 𝑧) − 𝑔(𝒘+

𝑧 , 𝑧) + 𝐿𝑔𝐷𝜓(𝒘+
𝑧 , 𝒘̄)) − 𝐷𝜓(𝒘+

𝑧 , 𝒘̄)
= 𝜂(𝑔(𝒘̄, 𝑧) − 𝑔(𝒘+

𝑧 , 𝑧)) + (𝜂𝐿𝑔 − 1)𝐷𝜓(𝒘+
𝑧 , 𝒘̄)

= 𝜂(𝑔(𝒘̄, 𝑧) − 𝑔(𝒘∗, 𝑧) + 𝑔(𝒘∗, 𝑧) − 𝑔(𝒘∗
𝑧, 𝑧)

+ 𝑔(𝒘∗
𝑧, 𝑧) − 𝑔(𝒘+

𝑧 , 𝑧)) + (𝜂𝐿𝑔 − 1)𝐷𝜓(𝒘+
𝑧 , 𝒘̄)

≤ 𝜂(𝑔(𝒘̄, 𝑧) − 𝑔(𝒘∗, 𝑧) + 𝑔(𝒘∗, 𝑧) − 𝑔(𝒘∗
𝑧, 𝑧)) + (𝜂𝐿𝑔 − 1)𝐷𝜓(𝒘+

𝑧 , 𝒘̄)

The second inequality obtained directly by optimality of 𝒘∗
𝑧.

Thus, for any 𝜂 ≤ 1
𝐿𝑔

,

𝔼𝑧∼ℙ𝑧
[1

𝜂
∇𝑔(𝒘̄, 𝑧)⊤(𝒘̄ − 𝒘+

𝑧 ) − 1
𝜂2 𝐷𝜓(𝒘+

𝑧 , 𝒘̄)]

≤ 𝔼𝑧∼ℙ𝑧
[1

𝜂
(𝑔(𝒘̄, 𝑧) − 𝑔(𝒘∗, 𝑧) + 𝑔(𝒘∗, 𝑧) − 𝑔(𝒘∗

𝑧, 𝑧)) +
𝜂𝐿𝑔 − 1

𝜂2 𝐷𝜓(𝒘+
𝑧 , 𝒘̄)]

≤ 𝔼𝑧∼ℙ𝑧
[1

𝜂
(𝑔(𝒘̄, 𝑧) − 𝑔(𝒘∗, 𝑧) + 𝑔(𝒘∗, 𝑧) − 𝑔(𝒘∗

𝑧, 𝑧))]

= 1
𝜂

(𝐺(𝒘̄) − 𝐺(𝒘∗) + 𝔼𝑧∼ℙ𝑧
[𝑔(𝒘∗, 𝑧) − 𝑔(𝒘∗

𝑧, 𝑧)]) .

∎

3.5.3 Stochastic Reference Function Descent to Learn an Opti-
mization Proxy

In this section, we consider a generalization of the complexity-penalized proxy error formu-
lation. With a slight abuse of notation, we reuse symbols from Section 3.2 by replacing the 
ridge-regularization term with a general reference function 𝜓(⋅).

3.5.3.1 Proxy-Performance Decomposition under Local Lipschitz Continuity

Fix 𝛾 > 0. Define the complexity-penalized proxy error as

𝜖sp,𝛾(𝜷) ∶= sup
𝜆∈Λ

{ℎ(𝚽(𝜆)𝜷, 𝜆) − ℎ(𝜽∗(𝜆), 𝜆)} + 𝛾 ⋅ 𝜓(𝜷). (3.20)

The best-in-class proxy error and the corresponding parameter vector definitions remain 
unchanged:

𝜖∗
sp,𝛾 ∶= inf

𝜷∈ℝ𝑝
𝜖sp,𝛾(𝜷),
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𝜷∗
sp,𝛾 ∈ arg min

𝜷∈ℝ𝑝
𝜖sp,𝛾(𝜷).

Then, we aim to solve a generalized version of Problem (3.2):

min
𝜷∈ℝ𝑝

𝔼𝜆̃∼ℙ𝜆
[ℎ(𝚽(𝜆̃)𝜷, 𝜆̃)] + 𝛾 ⋅ 𝜓(𝜷), (3.21)

Similarly, we generalize the Ridge penalty term in Equation (3.4) to 𝜓(⋅), producing

𝑓𝛾(𝜷, 𝜆) ∶= ℎ(𝚽(𝜆)𝜷, 𝜆) + 𝛾 ⋅ 𝜓(𝜷),

𝐹𝛾(𝜷) ∶= 𝔼𝜆̃∼ℙ𝜆
[𝑓𝛾(𝜷, 𝜆̃)] (3.22)

= 𝔼𝜆̃∼ℙ𝜆
[ℎ(𝚽(𝜆̃)𝜷, 𝜆̃)] + 𝛾 ⋅ 𝜓(𝜷).

The solution of Problem (3.21) is then defined as

𝜷∗
avg,𝛾 ∈ arg min

𝜷∈ℝ𝑝
𝐹𝛾(𝜷).

Again, we define 𝑓(⋅, 𝜆), 𝐹(⋅) as the unregularized counterparts of (3.22) when 𝛾 = 0.
In the Ridge (ℓ2) regularized case, we assumed uniform strong convexity and smoothness 

of 𝑓(⋅, 𝜆). In contrast, for the general case, we only assume uniform relative strong convexity 
of 𝐹(⋅) and restrict the growth of 𝑓(⋅, 𝜆) around the optimality points of Problem (3.20) and 
(3.21).
Assumption 3.5.12 ( Strong Convexity Relative to 𝜓(⋅)). There exists constant 𝜇𝐹 ≥
0 such that, for all 𝜆 ∈ Λ, 𝐹(⋅) is 𝜇𝐹 -strongly convex relative to 𝜓(⋅), i.e., for all 𝜷, 𝜷̄ ∈ ℝ𝑑,

𝜇𝐹 𝐷𝜓(𝜷, 𝜷̄) ≤ 𝐹(𝜷) − 𝐹(𝜷̄) − ∇𝐹(𝜷̄)⊤(𝜷 − 𝜷̄).

Corollary 3.5.13 (Relative Strong Convexity of 𝐹𝛾).Under Assumption 3.5.12, 𝐹𝛾(⋅) is (𝜇𝐹 +
𝛾)-strongly convex with respect to 𝜓(⋅).

We impose a local Lipschitz-like condition on the pointwise suboptimality w.r.t. 𝑓(⋅, 𝜆)
within some neighborhood of 𝜷∗

avg,𝛾 and 𝜷∗
sp,𝛾 for every 𝛾. Note that Bregman distance is 

asymmetric. We only constrain the divergence of the first-order Taylor’s approximation from 
one side of the neighborhood center.
Definition 3.5.14 (𝛿-Ball in Bregman Distance).For fixed 𝜷 ∈ ℝ𝑝, 𝜆 ∈ Λ, 𝛿 > 0, a 𝛿-ball 
centered at 𝜷̄ with respect to a general reference function 𝜓(⋅), is defined as

𝐵𝜓(𝜷̄, 𝛿) ∶= {𝜷 ∈ ℝ𝑝 ∶ √𝐷𝜓(𝜷̄, 𝜷) < 𝛿}.

Definition 3.5.15 (Local Lipschitz Continuity Constant). Given a 𝛿-ball 𝐵𝜓(𝜷̄, 𝛿), the lo-
cal Lipschitz continuity constant on this ball with respect to function 𝑓(⋅, 𝜆), if exists, is 
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defined as

Lip𝑓(⋅,𝜆)(𝛿) ∶= sup
𝜷∈𝐵𝜓(𝜷̄,𝛿)

|𝑓(𝜷, 𝜆) − 𝑓(𝜷̄, 𝜆)|

√𝐷𝜓(𝜷̄, 𝜷)
> 0.

When the reference function 𝜓(⋅) also has limited growth with the neighborhoods of 
𝜷∗

avg,𝛾 and 𝜷∗
sp,𝛾 , the local Lipschitz-like condition is transferrable to the regularized pointwise 

objective 𝑓𝛾(⋅, 𝜆). We shall see this in the following assumption and proposition.

Assumption 3.5.16 (Local Lipschitz Continuity Centered at 𝜷∗
avg,𝛾 and 𝜷∗

sp,𝛾).
For any 𝛿 > 0, 𝛾 ≥ 0, there exists the local Lipschitz constant Lip𝑓(⋅,𝜆)(𝛿), Lip𝜓(⋅)(𝛿) >

0 defined in Definition 3.5.15. Therefore, for all 𝜆 ∈ Λ, and 𝜷 ∈ 𝐵𝜓(𝜷∗
avg,𝛾, 𝛿), 𝜷̄ ∈

𝐵𝜓(𝜷∗
sp,𝛾, 𝛿) ⊂ ℝ𝑝,

|𝑓(𝜷, 𝜆) − 𝑓(𝜷∗
avg,𝛾, 𝜆)| ≤ Lip𝑓(⋅,𝜆)(𝛿) ⋅ √𝐷𝜓(𝜷∗

avg,𝛾, 𝜷),

|𝜓(𝜷) − 𝜓(𝜷∗
avg,𝛾)| ≤ Lip𝜓(⋅)(𝛿) ⋅ √𝐷𝜓(𝜷∗

avg,𝛾, 𝜷),

and

|𝑓(𝜷̄, 𝜆) − 𝑓(𝜷∗
sp,𝛾, 𝜆)| ≤ Lip𝑓(⋅,𝜆)(𝛿) ⋅ √𝐷𝜓(𝜷∗

sp,𝛾, 𝜷̄),

|𝜓(𝜷̄) − 𝜓(𝜷∗
sp,𝛾)| ≤ Lip𝜓(⋅)(𝛿) ⋅ √𝐷𝜓(𝜷∗

sp,𝛾, 𝜷̄).

Proposition 3.5.17 (Local Lipschitz Continuity of 𝑓𝛾). Given Assumption 3.5.16, there ex-
ists Lip𝛾(𝛿) ∶= Lip𝑓𝛾(⋅,𝜆)(𝛿) ≤ Lip𝑓(⋅,𝜆)(𝛿) + 𝛾 ⋅ Lip𝜓(⋅) such that,

|𝑓𝛾(𝜷, 𝜆) − 𝑓𝛾(𝜷∗
avg,𝛾, 𝜆)| ≤ Lip𝛾(𝛿) ⋅ √𝐷𝜓(𝜷∗

avg,𝛾, 𝜷),

and
|𝑓𝛾(𝜷, 𝜆) − 𝑓𝛾(𝜷∗

sp,𝛾, 𝜆)| ≤ Lip𝛾(𝛿) ⋅ √𝐷𝜓(𝜷∗
sp,𝛾, 𝜷).

We can now state the proxy-performance decomposition theorem that relates the subop-
timality of a feasible solution 𝜷 in Problem (3.21) to its proxy error. 

Theorem 3.5.18 ( Suboptimality of Problem (3.21) and Proxy Error). Let Assump-
tions 3.5.12 and 3.5.16 be satisfied. Then, for any 𝜷 ∈ ℝ𝑝, we have

𝜖sp,𝛾(𝜷) ≤ Lip𝛾 (𝐷𝜓(𝜷∗
avg,𝛾, 𝜷)) ⋅ √𝐷𝜓(𝜷∗

avg,𝛾, 𝜷)

+ Lip𝛾 (𝐷𝜓(𝜷∗
sp,𝛾, 𝜷∗

avg,𝛾)) ⋅ √𝐷𝜓(𝜷∗
sp,𝛾, 𝜷∗

avg,𝛾) + 𝜖∗
sp,𝛾.
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Proof.
For any 𝜆 ∈ Λ and 𝜷 ∈ ℝ𝑑,

ℎ(𝚽(𝜆)𝜷, 𝜆) + 𝛾 ⋅ 𝜓(𝜷) − ℎ(𝜽∗(𝜆), 𝜆)
= (ℎ(𝚽(𝜆)𝜷, 𝜆) + 𝛾 ⋅ 𝜓(𝜷) − ℎ(𝚽(𝜆)𝜷∗

avg,𝛾, 𝜆) − 𝛾 ⋅ 𝜓(𝜷∗
avg,𝛾))

+ (ℎ(𝚽(𝜆)𝜷∗
avg,𝛾, 𝜆) + 𝛾 ⋅ 𝜓(𝜷∗

avg,𝛾) − ℎ(𝚽(𝜆)𝜷∗
sp,𝛾, 𝜆) − 𝛾 ⋅ 𝜓(𝜷∗

sp,𝛾))
+ (ℎ(𝚽(𝜆)𝜷∗

sp,𝛾, 𝜆) + 𝛾 ⋅ 𝜓(𝜷∗
sp,𝛾) − ℎ(𝜽∗(𝜆), 𝜆))

= (𝑓𝛾(𝜷, 𝜆) − 𝑓𝛾(𝜷∗
avg,𝛾, 𝜆)) + (𝑓𝛾(𝜷∗

avg,𝛾, 𝜆) − 𝑓𝛾(𝜷∗
sp,𝛾, 𝜆))

+ (ℎ(𝚽(𝜆)𝜷∗
sp,𝛾, 𝜆) + 𝛾 ⋅ 𝜓(𝜷∗

sp,𝛾) − ℎ(𝜽∗(𝜆), 𝜆)) .

First Term.  Automatically by definition, 𝜷 ∈ 𝐵𝜓(𝜷∗
avg,𝛾, 𝐷𝜓(𝜷∗

avg,𝛾, 𝜷)). Thus, the local 
Lipschitz continuity Assumption 3.5.16 and Proposition 3.5.17 provide an immediate upper 
bound Lip𝛾 (𝐷𝜓(𝜷∗

avg,𝛾, 𝜷)) ⋅ √𝐷𝜓(𝜷∗
avg,𝛾, 𝜷) on the first term. 

Second Term.  Again, we upper bound the second term with Assumption 3.5.16 and Propo-
sition 3.5.17 yielding Lip𝛾 (𝐷𝜓(𝜷∗

sp,𝛾, 𝜷∗
avg,𝛾)) ⋅ √𝐷𝜓(𝜷∗

sp,𝛾, 𝜷∗
avg,𝛾). 

Third Term.  By definition of 𝜷∗
sp,𝛾 , the third term can be upper-bounded by 𝜖∗

sp,𝛾 . 

Combined.  Combining the individual upper bounds for each term, we obtain the in-
equality stated in the theorem.

∎

Further, observe that the best-in-class approximation should be near the optimality of 
the surrogate expected problem. Define an auxiliary term

𝛿𝛾 ∶=
𝜖∗
sp,𝛾 − 𝛾 ⋅ 𝜓(𝜷∗

avg,𝛾)
𝜇𝐹 + 𝛾

. (3.23)

This serves as the upper-bound on the distance between 𝜷∗
sp,𝛾 and 𝜷∗

avg,𝛾 in the parameter 
space, as shown in the next corollary. When 𝛾 → 0, 𝛿𝛾 converges to 𝜖sp/𝜇𝐹 .

Corollary 3.5.19 (Best-in-class Approximation Near-optimal). The result in Theorem 3.5.18 
can be further specified as

𝜖sp,𝛾(𝜷𝑡) ≤ Lip𝛾 (𝐷𝜓(𝜷∗
avg,𝛾, 𝜷𝑡)) ⋅ √𝐷𝜓(𝜷∗

avg,𝛾, 𝜷𝑡) + Lip𝛾 (𝛿𝛾) ⋅ √𝛿𝛾 + 𝜖∗
sp,𝛾.
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Proof.
We simply prove the fact that

𝐷𝜓(𝜷∗
sp,𝛾, 𝜷∗

avg,𝛾) ≤ 𝛿𝛾.

To see why, recall that by the relative strong-convexity of 𝐹𝛾(⋅),

𝐷𝜓(𝜷∗
sp,𝛾, 𝜷∗

avg,𝛾) ≤ 1
𝜇𝐹 + 𝛾

(𝐹𝛾(𝜷∗
sp,𝛾) − 𝐹𝛾(𝜷∗

avg,𝛾))

= 1
𝜇𝐹 + 𝛾

(𝐹𝛾(𝜷∗
sp,𝛾) − 𝔼 [ℎ(𝚽(𝜆̃)𝜷∗

avg,𝛾, 𝜆̃)] − 𝛾 ⋅ 𝜓(𝜷∗
avg,𝛾))

≤ 1
𝜇𝐹 + 𝛾

(𝐹𝛾(𝜷∗
sp,𝛾) − 𝔼 [ℎ(𝜽∗(𝜆̃), 𝜆̃)] − 𝛾 ⋅ 𝜓(𝜷∗

avg,𝛾))

≤ 1
𝜇𝐹 + 𝛾

(𝜖∗
sp,𝛾 − 𝛾 ⋅ 𝜓(𝜷∗

avg,𝛾))

= 𝛿𝛾.

The second inequality leverages the optimality of 𝜽∗(⋅).
∎

3.5.3.2 Solving Problem (3.21) with Algorithm 2

Similar to the ℓ2 case, we first verify that Problem (3.21) satisfies the generalized RWGC 
defined in Assumption 3.5.5, then leverage the convergence of Algorithm 2 and the proxy-
performance decomposition result in combination to drive down the expected proxy error.

To this end, we need uniform smoothness of the sample objective 𝑓(⋅, 𝜆) relative to 𝜓(⋅).

Assumption 3.5.20 ( Uniform Smoothness Relative to 𝜓(⋅)). There exists constant 
𝐿𝑓 ≥ 0 such that, for all 𝜆 ∈ Λ, 𝑓(⋅, 𝜆) is uniformly 𝐿𝑓 -smooth relative to 𝜓(⋅) for all 
𝜆 ∈ Λ, i.e., for all 𝜷, 𝜷̄ ∈ ℝ𝑑, and 𝜆 ∈ Λ,

𝐿𝑓𝐷𝜓(𝜷, 𝜷̄) ≥ 𝑓(𝜷, 𝜆) − 𝑓(𝜷̄, 𝜆) − ∇𝑓(𝜷̄, 𝜆)⊤(𝜷 − 𝜷̄).

Corollary 3.5.21 (Uniform Relative Smoothness of Regualrized Objectives).Under Assump-
tion 3.5.20, 𝑓𝛾(⋅, 𝜆) is uniformly (𝐿𝑓 + 𝛾)-smooth with respect to 𝜓(⋅) for all 𝜆 ∈ Λ. Fur-
thermore, 𝐹𝛾(⋅) is (𝐿𝑓 + 𝛾)-smooth with respect to 𝜓(⋅).

We now have all the required pieces for RWGC. 

Lemma 3.5.22 (Problem (3.21) satisfies RWGC). Suppose Assumption 3.5.20 holds. Then, 
the family of functions 𝑓𝛾(⋅, 𝜆) and the function 𝐹𝛾(⋅), defined in Equation (3.22), satisfy 
the generalized relaxed weak growth condition (RWGC) with constants 𝜌𝛾 = 𝐿𝑓 + 𝛾 and 
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𝜎2
𝛾 = (𝐿𝑓 + 𝛾) (𝜖∗

sp,𝛾 − 𝛾 ⋅ 𝜓(𝜷∗
𝜆̃,𝛾

)). Namely, for all 𝜷̄ ∈ ℝ𝑝,

𝔼𝜆̃∼ℙ𝜆̃
[1

𝜂
∇𝑓𝛾(𝜷̄, 𝜆̃)⊤(𝜷̄ − 𝜷+

𝜆̃,𝛾
) − 1

𝜂2 𝐷𝜓(𝜷+
𝜆̃,𝛾

, 𝜷̄)]

≤ (𝐿𝑓 + 𝛾) (𝐹𝛾(𝜷̄) − 𝐹 ∗
𝛾 + (𝜖∗

sp,𝛾 − 𝛾 ⋅ 𝜓(𝜷∗
𝜆̃,𝛾

))) ,

where
𝜷+

𝜆,𝛾 ← arg min
𝜷∈ℝ𝑝

{𝜂∇𝑓𝛾(𝜷̄, 𝑧)⊤(𝜷 − 𝜷̄) + 𝐷𝜓(𝜷, 𝜷̄)},

𝜷∗
𝜆,𝛾 ∈ arg min

𝜷∈ℝ𝑝
𝑓𝛾(𝜷, 𝜆).

Proof. Simply observe that by the optimality of 𝜽∗(𝜆) and 𝜷∗
sp,𝛾 ,

𝔼𝜆̃∼ℙ𝜆̃
[𝑓𝛾(𝜷∗

avg,𝛾, 𝜆̃) − 𝑓𝛾(𝜷∗
𝜆̃
, 𝜆̃)]

≤ 𝔼𝜆̃∼ℙ𝜆̃
[𝑓𝛾(𝜷∗

avg,𝛾, 𝜆̃) − ℎ(𝜽∗(𝜆̃), 𝜆̃) − 𝛾 ⋅ 𝜓(𝜷∗
𝜆̃,𝛾

)]

= 𝔼𝜆̃∼ℙ𝜆̃
[𝑓𝛾(𝜷∗

avg,𝛾, 𝜆̃) − 𝑓𝛾(𝜷∗
sp,𝛾, 𝜆̃) + 𝑓𝛾(𝜷∗

sp,𝛾, 𝜆̃) − ℎ(𝜽∗(𝜆̃), 𝜆̃) − 𝛾 ⋅ 𝜓(𝜷∗
𝜆̃,𝛾

)]

= 𝐹𝛾(𝜷∗
avg,𝛾) − 𝐹𝛾(𝜷∗

sp,𝛾) + 𝔼𝜆̃∼ℙ𝜆̃
[𝑓(𝜷∗

sp,𝛾, 𝜆̃) − ℎ(𝜽∗(𝜆̃), 𝜆̃) − 𝛾 ⋅ 𝜓(𝜷∗
𝜆̃,𝛾

)]

≤ 𝜖∗
sp,𝛾 − 𝛾 ⋅ 𝜓(𝜷∗

𝜆̃,𝛾
).

Then, by Proposition 3.5.11, for any 𝜂 ≤ 1
𝐿𝑓+𝛾 ,

𝔼𝜆̃∼ℙ𝜆̃
[1

𝜂
∇𝑓𝛾(𝜷̄, 𝜆̃)⊤(𝜷̄ − 𝜷+

𝜆̃,𝛾
) − 1

𝜂2 𝐷𝜓(𝜷+
𝜆̃,𝛾

, 𝜷̄)]

≤ 1
𝜂

(𝐹𝛾(𝜷̄) − 𝐹 ∗
𝛾 + 𝔼𝜆̃∼ℙ𝜆̃

[𝑓𝛾(𝜷∗
avg,𝛾, 𝜆̃) − 𝑓𝛾(𝜷∗

𝜆̃
, 𝜆̃)])

≤ 1
𝜂

(𝐹𝛾(𝜷̄) − 𝐹 ∗
𝛾 + (𝜖∗

sp,𝛾 − 𝛾 ⋅ 𝜓(𝜷∗
𝜆̃,𝛾

))) .

∎

Theorem 3.5.23 (Expected Proxy Error Convergence for Algorithm 2). Suppose Assump-
tions 3.5.12, 3.5.16 and 3.5.20 hold. Consider running Algorithm 2 on 𝐹𝛾 with step size 
𝜂 = 𝜂̄

𝐿𝑓+𝛾 , where ̄𝜂 ∈ (0, 1]. Then for all iteration steps 𝑡 ≥ 0,
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𝔼 [𝜖sp,𝛾(𝜷𝑡)] ≤ √𝔼 [Lip2
𝛾 (𝐷𝜓(𝜷∗

avg,𝛾, 𝜷𝑡))]⋅√(1 − ̄𝜂(𝜇𝐹 + 𝛾)
𝐿𝑓 + 𝛾

)
𝑡

𝐷𝜓(𝜷∗
avg,𝛾, 𝜷0) + ̄𝜂 ⋅ 𝛿𝛾

+ Lip𝛾 (𝛿𝛾) ⋅ √𝛿𝛾 + 𝜖∗
sp,𝛾,

where
𝛿𝛾 ∶=

𝜖∗
sp,𝛾 − 𝛾 ⋅ 𝜓(𝜷∗

avg,𝛾)
𝜇𝐹 + 𝛾

as defined in Equation (3.23).

Proof.
By Corollary 3.5.19, take expectation on both sides with respect to randomness in the 

iterative process,

𝔼 [𝜖sp,𝛾(𝜷𝑡)] ≤ 𝔼 [Lip𝛾 (𝐷𝜓(𝜷∗
avg,𝛾, 𝜷𝑡)) ⋅ √𝐷𝜓(𝜷∗

avg,𝛾, 𝜷𝑡)] + Lip𝛾 (𝛿𝛾) ⋅ √𝛿𝛾 + 𝜖∗
sp,𝛾.

Apply Holder’s inequality on the first term,

𝔼 [Lip𝛾 (𝐷𝜓(𝜷∗
avg,𝛾, 𝜷𝑡)) ⋅ 𝐷𝜓(𝜷∗

avg,𝛾, 𝜷𝑡)]

≤ √𝔼 [|Lip𝛾 (𝐷𝜓(𝜷∗
avg,𝛾, 𝜷𝑡))|

2
] ⋅ √𝔼 [√𝐷𝜓(𝜷∗

avg,𝛾, 𝜷𝑡)
2
]

= √𝔼 [Lip2
𝛾 (𝐷𝜓(𝜷∗

avg,𝛾, 𝜷𝑡))] ⋅ √𝔼 [𝐷𝜓(𝜷∗
avg,𝛾, 𝜷𝑡)].

Furthermore, Lemma 3.5.22 and Theorem 3.5.8 guarantee that running 𝑡 iterations of 
Algorithm 2 on 𝐹𝛾(⋅) yields

𝔼 [𝐷𝜓(𝜷∗
avg,𝛾, 𝜷𝑡)] ≤ (1 − ̄𝜂(𝜇𝐹 + 𝛾)

𝜌𝛾
)

𝑡

𝐷𝜓(𝜷∗
avg,𝛾, 𝜷0) +

̄𝜂𝜎2
𝛾

𝜌𝛾(𝜇𝐹 + 𝛾)

= (1 − ̄𝜂(𝜇𝐹 + 𝛾)
𝐿𝑓 + 𝛾

)
𝑡

𝐷𝜓(𝜷∗
avg,𝛾, 𝜷0) +

̄𝜂 (𝜖∗
sp,𝛾 − 𝛾 ⋅ 𝜓(𝜷∗

𝜆̃,𝛾
))

𝜇𝐹 + 𝛾

= (1 − ̄𝜂(𝜇𝐹 + 𝛾)
𝐿𝑓 + 𝛾

)
𝑡

𝐷𝜓(𝜷∗
avg,𝛾, 𝜷0) + ̄𝜂 ⋅ 𝛿𝛾.
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Combine the above yields

𝔼 [𝜖sp,𝛾(𝜷𝑡)] ≤

√𝔼 [Lip2
𝛾 (𝐷𝜓(𝜷∗

avg,𝛾, 𝜷𝑡))] ⋅ √(1 − ̄𝜂(𝜇𝐹 + 𝛾)
𝐿𝑓 + 𝛾

)
𝑡

𝐷𝜓(𝜷∗
avg,𝛾, 𝜷0) + ̄𝜂 ⋅ 𝛿𝛾

+ Lip𝛾 (𝛿𝛾) ⋅ √𝛿𝛾 + 𝜖∗
sp,𝛾.

∎

3.5.4 Examples
3.5.4.1 State-Dependent Poisson Regression

We consider a Poisson regression problem where the underlying data-generating process 
depends on an observable state parameter 𝜆 ∈ Λ. As a motivating example, 𝜆 may represent 
external conditions such as time-of-day or weather in a traffic network, which affect observed 
flows.

Let 𝑿 ∈ ℝ𝑚×𝑑 be a fixed design matrix. For each state 𝜆, we observe counts 𝒚(𝜆) ∈ ℕ𝑚

generated as
𝒚(𝜆) ∼ Poisson(𝑿𝜽∗(𝜆)),

where 𝜽∗(𝜆) ∈ ℝ𝑑
+ is a state-dependent parameter.

Given observations collected at a finite set of states

Λtrain = {𝜆1, … , 𝜆𝐾},

we define the empirical negative log-likelihood at state 𝜆𝑘 as

ℎ(𝜽, 𝜆𝑘) =
𝑚

∑
𝑖=1

(𝑿𝑖𝜽 − ̄𝑦(𝑘)
𝑖 log(𝑿𝑖𝜽)) ,

where 𝒚̄(𝑘) denotes the empirical mean at 𝜆𝑘. Rather than learning independent parameters 
at each state, we aim to learn a mapping 𝜆 ↦ 𝜽(𝜆) that generalizes beyond the observed 
states. At test time, we evaluate 𝜽(𝜆) for states 𝜆 ∉ Λtrain.

Regularization. We impose a log-barrier regularization, defined as

𝜓(𝜷) ∶= − ∑
𝑗

log 𝜷𝑗.

The choice is inspired by [5, 25], where it has been shown to serve as a legit reference function 
for the deterministic non-parametric Poisson inverse problem. We verify that it also works 
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for our elevated expected objective.

Lemma 3.5.24 (Poisson Linear Inverse Problem Satisfies Convergence Condition with Log-barrier).
Suppose we use a non-negative basis 𝚽(𝜆) ∶ Λ ↦ ℝ𝑑×𝑝

+  and a non-negative parameter 
space 𝜷 ∈ ℝ𝑝

+, then the auxiliary functions defined in (3.22) satisfy the following necessary 
convergence conditions for Algorithm 2:

1. 𝑓𝛾(⋅, 𝜆𝑘) is convex and uniformly (𝐿𝑓 + 𝛾)-smooth relative to 𝜓(⋅) for all 𝜆𝑘 ∈ Λ, for 
any 𝐿𝑓  satisfying

𝐿𝑓 ≥ max
𝑘

𝑚
∑
𝑖=1

̄𝑦(𝑘)
𝑖 .

2. 𝐹𝛾(⋅) is 𝛾-strongly convex relative to 𝜓.

Proof. By adding the regularization, 𝐹𝛾(⋅) is automatically 𝛾-strongly convex relative to 
𝜓(⋅).

It remains to confirm that 𝑓(⋅, 𝜆𝑘) is convex and uniformly 𝐿𝑓 -smooth relative to 𝜓(⋅)
for all 𝜆𝑘 ∈ Λ. In other words, we need to verify the convexity of 𝐿𝑓 ⋅ 𝜓 − 𝑓 for some 𝐿𝑓 . 
We may directly leverage [5, Lemma 7] by making a simple observation that the point-wise 
objective in 𝜷-space is also a Poisson inverse problem.

Fix 𝜆𝑘 ∈ Λ, then

𝑓(𝜷, 𝜆𝑘) = ℎ(𝚽(𝜆𝑘)𝜷, 𝜆𝑘)

=
𝑚

∑
𝑖=1

(𝑿𝑖𝚽(𝜆𝑘)𝜷 − ̄𝑦(𝑘)
𝑖 log 𝑿𝑖𝚽(𝜆𝑘)𝜷)

=
𝑚

∑
𝑖=1

(𝑨(𝑘)
𝑖 𝜷 − ̄𝑦(𝑘)

𝑖 log 𝑨(𝑘)
𝑖 𝜷) ,

where
𝑨(𝑘) ∶= 𝑿𝚽(𝜆𝑘) ∈ ℝ𝑚×𝑝

+ .

From [5, Lemma 7], we easily derive that 𝑓(⋅, 𝜆𝑘) is relatively 𝐿(𝜆𝑘)-smooth with respect 
to 𝜓(⋅) for any

𝐿(𝜆𝑘) ≥
𝑚

∑
𝑖=1

̄𝑦(𝑘)
𝑖 .

Therefore, 𝑓𝛾(⋅, 𝜆𝑘) is (𝐿𝑓 + 𝛾)-smooth relative to 𝜓(⋅) for any

𝐿𝑓 ≥ max
𝑘

𝐿(𝜆𝑘).

∎



3.5.  FROM ℓ2 TO GENERAL REFERENCE FUNCTIONS 64

3.5.4.2 Multitask D-Optimal Design

Consider a single experiment in which we distribute surveys across 𝑑 different communities. 
Let 𝜽 ∈ ℝ𝑑

+ denote the survey allocation, where

𝜽𝑖 ≥ 0,
𝑑

∑
𝑖=1

𝜽𝑖 = 1,

and 𝜽𝑖 is the fraction of the total survey budget sent to community 𝑖.

Linear Regression Model for Each Task. The downstream task is to fit several different 
linear regressions using different subsets of features based on the survey responses.

Suppose there are 𝑆 different prediction tasks, indexed by 𝑠 = 1, … , 𝑆. For task 𝑠, we 
posit the model

𝒚(𝑠) = 𝑿(𝑠)𝒃(𝑠) + 𝜀(𝑠),

where 𝑿(𝑠) is the design matrix using only a subset of all features, 𝒃(𝑠) is the parameter 
vector, and the error term 𝜀(𝑠) is a normally distributed random variable centered at 0.

We want to decide the optimal proportion of surveys to send to each community. The 
Fisher information matrix for task 𝑠 is proportional to

𝑴 (𝑠)(𝜽) = 𝑿(𝑠)⊤Diag(𝜽)𝑿(𝑠).

Thus, minimizing uncertainty is equivalent to minimizing − log det 𝑴 (𝑠)(𝜽).

Weighted D-optimal Design Objective. Assign weights to the tasks

𝜆(𝑠) ≥ 0,
𝑆

∑
𝑠=1

𝜆(𝑠) = 1.

The sample objective with a fixed 𝜆 is

ℎ(𝜽, 𝜆) ∶=
𝑆

∑
𝑠=1

𝜆(𝑠) (− log det 𝑴 (𝑠)(𝜽)) , 𝜽 ∈ Δ𝑑.

As 𝜆 varies, the solution map selects the optimizer 𝜽∗(𝜆). For example, heavier weight on 
income prediction may push 𝜽∗(𝜆) toward communities with strong income-related variation.

Regularization. We impose a log-barrier regularizer, defined as

𝜓(𝜷) ∶= − ∑
𝑗

log 𝜷𝑗.
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Lemma 3.5.25 (Multitask Design Problem Satisfies Convergence Condition with Log-barrier).
Suppose the basis and parameter space satisfies that 𝚽(𝜆) ∶ Λ ↦ ℝ𝑑×𝑝

+ ,

𝑑
∑
𝑖=1

𝚽(𝜆)𝑖𝑗 = 1 ∀𝑗,

and 𝜷 ∈ Δ𝑝,++. Then, the auxiliary functions defined in (3.22) satisfy the following necessary 
convergence conditions for Algorithm 2:

1. 𝑓𝛾(⋅, 𝜆) is convex and uniformly (1 + 𝛾)-smooth relative to 𝜓(⋅) for all 𝜆 ∈ Λ.

2. 𝐹𝛾(⋅) is 𝛾-strongly convex relative to 𝜓.

Proof. By adding the regularization, 𝐹𝛾(⋅) is automatically 𝛾-strongly convex relative to 
𝜓(⋅).

We are left to confirm that 𝑓(⋅, 𝜆) is convex and uniformly 1-smooth relative to 𝜓(⋅) for 
all 𝜆 ∈ Λ.

Adapting the proof of [34, Proposition 2.2], observe that the Hessian of 𝑓(⋅, 𝜆) is

∇2
𝜷 𝑓(𝜷, 𝜆) = 𝚽(𝜆)⊤(𝑨(𝑠)(𝜷, 𝜆) ∘ 𝑨(𝑠)(𝜷, 𝜆))𝚽(𝜆),

where ∘ denotes the Hadamard product and

𝑨(𝑠)(𝜷, 𝜆) ∶= 𝑿(𝑠)(𝑴 (𝑠)(𝚽(𝜆)𝜷))−1𝑿(𝑠)⊤.

Convexity is straightforward from the positive semi-definite Hessian.
Next, we verify relative smoothness. Since 𝑨(𝑠)(𝜷, 𝜆) ∘ 𝑨(𝑠)(𝜷, 𝜆) ⪯ Diag−2(𝜽),

𝚽(𝜆)⊤(𝑨(𝑠)(𝜷, 𝜆)∘𝑨(𝑠)(𝜷, 𝜆))𝚽(𝜆) ⪯ 𝚽(𝜆)⊤Diag−2(𝜽(𝜆))𝚽(𝜆) = Diag−1(𝜷)𝑩⊤𝑩Diag−1(𝜷),

where
𝑩 ∶= Diag−1(𝜽(𝜆))𝚽(𝜆)Diag(𝜷).

Observe that 𝑩 is a block diagonal matrix with row blocks, and for all 𝑖, 𝑗,

𝑩𝑖𝑗 =
𝚽𝑖𝑗(𝜆)𝜷𝑗

𝜽𝑖
≤ 1.

Thus, in the block-diagonal matrix 𝑩⊤𝑩, all entries are ∈ [0, 1], and the 𝑖th row sum is

∑
𝑗

𝑩⊤
𝑖 𝑩𝑖𝑗 = 𝑩⊤

𝑖 ∑
𝑗

𝚽𝑖𝑗(𝜆)𝜷𝑗

𝜽𝑖
= 𝑩⊤

𝑖 ,
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where 𝑩⊤
𝑖  denotes the only non-zero element in row 𝑖 of 𝑩⊤.

‖𝑩⊤𝑩‖ ≤ max
𝑖

𝑩⊤
𝑖 ≤ 1 ⇒ 𝑩⊤𝑩 ⪯ 𝑰.

In other words,

∇2
𝜷 𝑓(𝜷, 𝜆) = 𝚽(𝜆)⊤(𝑨(𝑠)(𝜷, 𝜆) ∘ 𝑨(𝑠)(𝜷, 𝜆))𝚽(𝜆) ⪯ Diag−2(𝜷) = ∇2𝜓(𝜷).

∎

Solve the subproblem (3.17) in Algorithm 2 (inspired by [34]). The stochastic 
objective according to (3.21) is

min
𝜷∈Δ𝑝

𝔼𝜆̃∼ℙ𝜆
[

𝑆
∑
𝑠=1

𝜆̃
(𝑠)

(− log det 𝑴 (𝑠)(𝚽(𝜆̃)𝜷))] + 𝛾 ⋅ 𝜓(𝜷).

The stochastic sample gradient obtained at time 𝑡 is

∇𝜷𝑓𝛾(𝜷𝑡, 𝜆̃𝑡) = ∇𝜷𝑓(𝜷𝑡, 𝜆̃𝑡) + 𝛾 ⋅ ∇𝜓(𝜷𝑡),

where

𝑓(𝜷𝑡, 𝜆̃𝑡) =
𝑆

∑
𝑠=1

𝜆̃
(𝑠)
𝑡 (− log det 𝑴 (𝑠)(𝚽(𝜆̃)𝜷)) ,

∇𝜷𝑓(𝜷𝑡, 𝜆̃𝑡) =
𝑆

∑
𝑠=1

𝜆̃
(𝑠)
𝑡 𝚽(𝜆̃)⊤Diag(−𝑨(𝑠)(𝜷, 𝜆)).

Define

𝒗 ∶= 𝜂∇𝜷𝑓𝛾(𝜷𝑡, 𝜆̃𝑡) − ∇𝜓(𝜷𝑡) = 𝜂∇𝜷𝑓(𝜷𝑡, 𝜆̃𝑡) − (1 − 𝜂𝛾)∇𝜓(𝜷𝑡).

The subproblem (3.17) can be written as

min
𝜷∈Δ𝑝

𝒗⊤𝜷 − ∑
𝑗

log 𝜷𝑗,

and the first-order optimality conditions derived from KKT are

𝜷 > 0, 𝜷⊤1 = 1,  and 𝒗 − Diag−1(𝜷)1 = −𝜉1

for some scalar multiplier 𝜉. Given 𝜉, it then follows that 𝜷𝑗 = 1/(𝒗𝑗 + 𝜉), and it remains 
to determine the value of the scalar 𝜉. [34] established that there exists 𝜉 that satisfies the 
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necessary condition:
∑

𝑗

1
𝒗𝑗 + 𝜉

= 1

for some 𝜉 in the interval (− min𝑗 𝒗𝑗, ∞).

3.6 Numerical Results

3.6.1 Moderate-Dimensional Portfolio Allocation in Euclidean Ge-
ometry

Our first experiment tests the regularized Euclidean theory on a portfolio-allocation prob-
lem with a moderately high-dimensional parameter space. The decision variable 𝜽 ∈ ℝ10

represents the portfolio weights across the Fama-French 10 industry portfolios. We estimate 
the mean return vector 𝜇 ∈ ℝ10 and covariance matrix Σ ∈ ℝ10×10 from monthly returns 
between August 2014 and July 2024.2 For a parameter vector 𝜆 ∈ Λ ⊂ ℝ12, we consider the 
sample objective

ℎ(𝜽, 𝜆) = −𝜆1𝜇⊤𝜽 + 𝜆2𝜽⊤Σ𝜽 + ‖𝜽 − 𝜆3∶12‖2
2.

The first two coordinates of 𝜆 control the mean-variance tradeoff, while 𝜆3∶12 encodes a 
reference portfolio. The last term therefore penalizes transaction costs relative to the current 
holding. In the implementation, 𝜆1 ∈ [0.2, 1], 𝜆2 ∈ [0, 1], and 𝜆3∶12 ∈ [−2, 2]10.

We learn an optimization proxy 𝜽̂(𝜆) by minimizing the regularized stochastic objective

min
𝛽

𝔼𝜆̃ [ℎ(𝜽̂𝛽(𝜆̃), 𝜆̃)] + 𝛾
2

‖𝛽‖2
2,

where 𝜽̂𝛽(𝜆) = 𝐵𝜙(𝜆) is linear in the learned coefficient matrix 𝐵. We report the unreg-
ularized objective 𝔼[ℎ(𝜽̂𝛽(𝜆̃), 𝜆̃)], because this is the quantity that measures the quality of 
the learned decision rule after removing the optimization device introduced by 𝛾. The ex-
pectations in the recorded training and validation curves are approximated by independent 
Monte Carlo samples of size 1000. Following the stepsize scaling suggested by Theorems 3.3.4 
and 3.3.6, the SGD stepsize is chosen proportional to (𝐶𝐿+𝛾)−1, where 𝐿 is the smoothness 
scale of the unregularized objective and 𝐶 accounts for the basis-dependent operator bound.

The experiment uses two nonlinear random feature maps, each with 𝑞 = 97 features. 
The random ReLU basis is

𝜙ReLU(𝜆) = [1, √ 2
𝑞 − 1

max{0, 𝑤⊤
1 𝜆 + 𝑏1}, … , √ 2

𝑞 − 1
max{0, 𝑤⊤

𝑞−1𝜆 + 𝑏𝑞−1}]
⊤

,

2https://mba.tuck.dartmouth.edu/pages/faculty/ken.french/data_library.html

https://mba.tuck.dartmouth.edu/pages/faculty/ken.french/data_library.html
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with fixed random weights and biases. The random Fourier basis first rescales 𝜆 coordinate-
wise to [−1, 1]12 and then uses

𝜙RFF(𝜆) = [1, √ 2
𝑞 − 1

cos(𝜔⊤
1 𝜆̃ + 𝜏1), … , √ 2

𝑞 − 1
cos(𝜔⊤

𝑞−1𝜆̃ + 𝜏𝑞−1)]
⊤

.

All random features are sampled once and held fixed during training.
Figures 3.1 and 3.2 show the effect of varying 𝛾. In both bases, large values of 𝛾 produce 

the fastest initial reduction in the unregularized objective. This agrees with the contraction 
behavior predicted by the regularized theory in Theorem 3.3.6: increasing 𝛾 improves the 
conditioning of the stochastic objective and therefore accelerates the early transient. At the 
same time, larger 𝛾 imposes a stronger preference for small coefficient norm. The iterates 
consequently settle at a higher objective value, while smaller 𝛾 values descend more slowly 
but ultimately reach lower plateaus.

This bias–optimization tradeoff is the same qualitative phenomenon observed in our ear-
lier basis-enrichment experiments [12]. There, adding basis functions reduced the approx-
imation bias after a fixed finite-dimensional model had saturated. Here the basis is fixed, 
but decreasing 𝛾 plays an analogous role: once the strongly regularized model reaches its 
plateau, a smaller regularization parameter allows the learned path to use more of the avail-
able span of 𝜙 and continue decreasing the target objective. The validation panels closely 
track the training panels, suggesting that the plateaus are primarily driven by regularization 
and approximation rather than by overfitting to the Monte Carlo sample.

3.6.2 Multitask D-Optimal Design in Bregman Geometry
The second experiment tests the Bregman-geometry theory on a multitask D-optimal design 
problem. The decision variable 𝜽 ∈ Δ𝑑 allocates a survey budget across 𝑑 communities, and 
the parameter 𝜆 ∈ Δ𝑆 specifies the relative importance of 𝑆 downstream regression tasks. 
We use the Ames Housing dataset,3 clean the selected numerical variables, and cluster the 
2930 remaining homes into 𝑑 = 20 communities by k-means. The design points are the 
resulting community-level feature averages.

For each task 𝑠 = 1, … , 𝑆, we consider a linear model

𝑦(𝑠) = 𝑋(𝑠)𝑏(𝑠) + 𝜀(𝑠),

where 𝑋(𝑠) is the community-level design matrix for the features used by task 𝑠. If 𝜽 is the 
allocation over communities, the Fisher information matrix for task 𝑠 is

𝑀 (𝑠)(𝜽) = 𝑋(𝑠)⊤Diag(𝜽)𝑋(𝑠).
3https://www.openml.org/d/42165

https://www.openml.org/d/42165
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(a) Training objective. (b) Validation objective.

Figure 3.1: Portfolio allocation with random ReLU features. The curves show the 
unregularized stochastic objective for different values of the Euclidean regularization param-
eter 𝛾. Larger 𝛾 gives faster initial convergence but plateaus at a higher objective; smaller 
𝛾 converges more gradually and reaches a lower final value.

(a) Training objective. (b) Validation objective.

Figure 3.2: Portfolio allocation with random Fourier features. The same 𝛾-dependent 
tradeoff appears with random Fourier features, indicating that the phenomenon is not tied 
to the particular random basis family.

The weighted D-optimal design objective is

ℎ(𝜽, 𝜆) =
𝑆

∑
𝑠=1

𝜆𝑠 (− log det 𝑀 (𝑠)(𝜽)) , 𝜽 ∈ Δ𝑑.
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We use four tasks based on housing structure and valuation: predicting sale price, above-
ground living area, garage area, and basement area from overlapping subsets of numerical 
housing attributes. These tasks are deliberately related but not identical, so changing 𝜆 shifts 
the allocation toward communities that are informative for different parts of the housing 
market.

To learn the solution map 𝜽∗(𝜆) while preserving the simplex constraint, we use a block-
diagonal basis construction: for each component of 𝜽, a shared collection of 𝑞 = 20 random 
directions in ℝ𝑆 is evaluated at 𝜆 and normalized with a softmax. The learned coefficient 
vector 𝜷 lies in the simplex Δ𝑞𝑑, so the fitted allocation 𝚽(𝜆)𝜷 is also in Δ𝑑. We sample 
task weights from the uniform Dirichlet distribution,

𝜆̃ ∼ Dirichlet(1, … , 1),

and minimize the regularized stochastic objective

min
𝜷∈Δ𝑞𝑑

𝔼𝜆̃ [ℎ(𝚽(𝜆̃)𝜷, 𝜆̃)] + 𝛾𝜓(𝜷), 𝜓(𝜷) = − ∑
𝑗

log 𝜷𝑗.

The update is the stochastic reference-function descent step derived above, with the log-
barrier reference function. The reported quantity in Figure 3.3 is the regularized objective, 
since in the Bregman experiment the regularized geometry is the object directly controlled 
by the theory. In each phase, the stepsize follows the relative-smoothness prescription from 
Theorem 3.5.23: it is set proportional to (1 + 𝛾)−1.

The same pattern from the Euclidean portfolio experiment reappears. Larger 𝛾 values 
produce steeper initial descent, consistent with the relative strong convexity and relative 
smoothness constants. They also stabilize at higher objective values because the log-barrier 
term keeps 𝜷 closer to the center of the coefficient simplex. Smaller 𝛾 values permit more 
expressive, more concentrated combinations of the basis elements; they therefore converge 
more slowly but can attain lower objective levels. The agreement between the Euclidean 
and Bregman experiments is the main empirical point of this section: the role of 𝛾 is not an 
artifact of a Hilbert-space proof, but persists under the non-Euclidean geometry required by 
simplex-constrained design.
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Figure 3.3: Multitask D-optimal design. Unregularized stochastic objective for several 
fixed values of 𝛾 in the log-barrier Bregman geometry. Larger 𝛾 accelerates the early iter-
ations but reaches a higher plateau, while smaller 𝛾 descends more slowly and eventually 
attains a lower objective.
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Chapter 4

Stochastic Steepest Descent

The first two chapters study learning optimization proxies by solving stochastic optimization 
problems over the coefficients of a learned decision rule. The convergence results there depend 
not only on the approximation power of the proxy class, but also on the geometry used by 
the training algorithm. Chapter 1 works in Euclidean geometry, while Chapter 2 shows that 
Bregman geometry can better match constrained domains and non-Euclidean curvature.

This final chapter isolates that algorithmic theme. Rather than focusing on a particular 
parametric optimization model, we study stochastic steepest descent under general norm 
geometries, with special attention to ℓ𝑝 geometry. The goal is to understand how the choice of 
geometry changes descent directions, gradient noise amplification, and convergence behavior. 
In this sense, the chapter abstracts one of the lessons from proxy learning: the right first-
order method is not only a matter of stepsize, but also of the geometry in which progress is 
measured.

This direction was also motivated by a possible connection between optimization proxies 
and boosting-style algorithms. Classical boosting builds a predictor stage by stage, repeat-
edly selecting a weak learner or additive component that improves the current objective 
[18, 49]. Later work recast boosting as additive modeling, functional gradient descent, and 
optimization in Bregman geometry [20, 35, 11]. A proxy-learning analogue would replace a 
fixed feature map by a large dictionary of candidate basis functions and train the proxy by 
greedily adding the component that most improves the stochastic proxy objective. From this 
viewpoint, boosting is not only a prediction method; it is also a template for constructing 
the proxy class while optimizing over it.

Chapter 3 should be read as an initial step toward that program. It does not yet pro-
pose a full boosting algorithm for optimization proxies. Instead, it studies the first-order 
geometry that such a method would rely on. In particular, ℓ1 steepest descent selects a 
single coordinate, making it a norm-geometric analogue of stagewise weak-learner selection, 
while ℓ2 steepest descent gives the dense gradient update used in the first proxy-learning 
theory. Understanding the stochastic behavior of these geometries is therefore a prerequisite 
for turning the boosting analogy into an algorithmic framework for proxy learning.

This comparison also clarifies a special feature of the Euclidean theory developed in 



4.1.  DETERMINISTIC STEEPEST DESCENT 73

Chapter 1. There, stochastic gradient descent is exactly stochastic steepest descent in ℓ2
geometry, and Theorem 2.3.2 gives a constant-step convergence guarantee under RWGC 
without imposing an explicit mini-batch threshold. The analysis can exploit the squared 
Euclidean norm and its inner-product structure to control stochastic gradients directly; in 
particular, the triangle-inequality step used to compare proxy coefficients, solution-map er-
ror, and stochastic-gradient error remains aligned with the same ℓ2 geometry throughout. 
For general norm geometries, the stochastic steepest direction is nonlinear in the sampled 
gradient, and the analogous proof route introduces a batch-size threshold. A central question 
of this chapter is therefore whether this threshold is merely an artifact of the general-norm 
analysis, or whether non-Euclidean geometries genuinely require enough batching to stabilize 
the stochastic descent direction.

Thus the dissertation develops in three stages. Chapter 1 introduces the idea of learning 
an entire solution map through one stochastic problem. Chapter 2 reframes and generalizes 
that idea as optimization-proxy learning under broader convexity and geometry. Chapter 
3 then studies the stochastic first-order geometry that underlies and extends these training 
methods.

4.1 Deterministic Steepest Descent
We begin by introducing deterministic ℓ𝑝 descent, which may be viewed as a generalized 
steepest descent method under an arbitrary norm geometry. This framework unifies several 
classical first-order methods, including standard gradient descent, coordinate descent, mirror 
descent, and more general reference-function-based descent schemes.

4.1.1 General Steepest Descent under Arbitrary Norms
Let ‖ ⋅ ‖ denote an arbitrary norm on ℝ𝑑, and let ‖ ⋅ ‖∗ denote its dual norm:

‖𝒈‖∗ ∶= sup
‖𝒙‖≤1

𝒈⊤𝒙.

Consider the unconstrained optimization problem

min
𝒘∈ℝ𝑑

𝐺(𝒘),

where 𝐺 ∶ ℝ𝑑 → ℝ is differentiable.
The deterministic ℓ𝑝 descent method is obtained by choosing the steepest descent direc-

tion induced by the norm geometry. At each iteration, the method selects a unit vector that 
maximizes the linearized decrease of the objective and scales the step by the dual norm of 
the gradient.
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Algorithm 3 Deterministic Steepest Descent
1: Initialize: 𝒘0 ∈ ℝ𝑑. Let ‖ ⋅ ‖ be a norm on ℝ𝑑, ‖ ⋅ ‖∗ denote its dual norm, and 𝜂 > 0

denote the stepsize.
2: Return: A sequence of iterates: 𝒘1, 𝒘2, …
3: For 𝑡 = 0, 1, … do
4:  Compute the gradient ∇𝐺(𝒘𝑡).
5:  Choose a steepest descent direction

𝒚𝑡 ∈ arg max
‖𝒚‖=1

∇𝐺(𝒘𝑡)⊤𝒚. (4.1)

6:  Update
𝒘𝑡+1 ← 𝒘𝑡 − 𝜂‖∇𝐺(𝒘𝑡)‖∗𝒚𝑡. (4.2)

By the definition of the dual norm, the selected direction satisfies

∇𝐺(𝒘𝑡)⊤𝒚𝑡 = ‖∇𝐺(𝒘𝑡)‖∗.

Therefore, the update moves in the direction of steepest first-order decrease under the ge-
ometry induced by ‖ ⋅ ‖. This formulation corresponds to classical steepest descent under 
general norm geometries; see, for example, [10, 39, 6].

4.1.2 Relationship to ℓ𝑝 Geometry
A particularly important special case is obtained by choosing

‖𝒘‖ = ‖𝒘‖𝑝,

for some 𝑝 ∈ [1, ∞]. The dual norm is then

‖𝒈‖∗ = ‖𝒈‖𝑞, 1
𝑝

+ 1
𝑞

= 1.

For 1 < 𝑝 < ∞, the maximizer in (4.1) admits the closed form

(𝒚𝑡)𝑖 = sgn((∇𝐺(𝒘𝑡))𝑖)|(∇𝐺(𝒘𝑡))𝑖|𝑞−1

‖∇𝐺(𝒘𝑡)‖
𝑞−1
𝑞

.

Hence the deterministic ℓ𝑝 descent update becomes

𝒘𝑡+1 = 𝒘𝑡 − 𝜂‖∇𝐺(𝒘𝑡)‖𝑞𝒚𝑡.

This perspective reveals that the geometry of the optimization algorithm is determined by 
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the underlying norm.

4.1.3 Examples
Example 1: Euclidean Gradient Descent. When

‖ ⋅ ‖ = ‖ ⋅ ‖2,

the dual norm is also ℓ2, and the steepest descent direction becomes

𝒚𝑡 = ∇𝐺(𝒘𝑡)
‖∇𝐺(𝒘𝑡)‖2

.

Therefore,
𝒘𝑡+1 = 𝒘𝑡 − 𝜂∇𝐺(𝒘𝑡),

which is precisely classical gradient descent.

Example 2: Greedy Coordinate Descent[55, 38]. When

‖ ⋅ ‖ = ‖ ⋅ ‖1,

the dual norm is ℓ∞. The steepest descent direction selects the coordinate with largest 
gradient magnitude:

𝑖∗ ∈ arg max
𝑖

|(∇𝐺(𝒘𝑡))𝑖|.

The update becomes

𝒘𝑡+1 = 𝒘𝑡 − 𝜂‖∇𝐺(𝒘𝑡)‖∞sgn((∇𝐺(𝒘𝑡))𝑖∗)e𝑖∗ .

Thus, greedy coordinate descent may be interpreted as steepest descent under ℓ1 geometry. 
This case is the closest norm-geometric analogue of boosting-style stagewise fitting: if the 
coordinates index candidate basis functions or weak learners, then each step chooses the 
component with the largest current first-order improvement. This connection mirrors the 
optimization view of boosting as greedy additive modeling or gradient descent in function 
space [20, 35].

Example 3: ℓ∞ Descent. When

‖ ⋅ ‖ = ‖ ⋅ ‖∞,

the dual norm is ℓ1. A steepest descent direction is given by

(𝒚𝑡)𝑖 = sgn((∇𝐺(𝒘𝑡))𝑖).
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The resulting method updates all coordinates simultaneously according to their gradient 
signs:

𝒘𝑡+1 = 𝒘𝑡 − 𝜂‖∇𝐺(𝒘𝑡)‖1sgn(∇𝐺(𝒘𝑡)).

This geometry encourages dense updates and is closely related to sign-based descent methods.

4.1.4 Relationship to Boosting and Stagewise Proxy Construction
The ℓ1 example also connects stochastic steepest descent to the boosting motivation behind 
this chapter. Boosting algorithms construct predictors additively, selecting weak learners 
stage by stage and combining them into a final decision rule [18, 49]. A major line of work 
later showed that this procedure can be understood as optimization: boosting can be viewed 
as additive logistic modeling, as gradient descent in function space, and as an optimization 
procedure related to Bregman distances [20, 35, 11]. These interpretations are useful here 
because optimization proxies are also learned additive objects once a dictionary of basis 
functions has been chosen.

In the proxy-learning setting, one can imagine replacing a fixed finite feature map 𝚽 by 
a large dictionary of candidate basis functions. A boosting-style proxy method would then 
build the map 𝜆 ↦ 𝚽(𝜆)𝜷 sequentially, selecting at each iteration the basis element that 
most decreases the stochastic proxy objective. When the dictionary coefficients are viewed 
as coordinates, this is precisely the kind of sparse stagewise update induced by ℓ1 steepest 
descent. Thus, the norm geometry studied in this chapter provides a first-order abstraction 
of the algorithmic question: how stable is stochastic greedy basis selection when the objective 
being optimized is a proxy-training objective rather than a classical prediction loss?

This chapter does not resolve that full boosting-for-proxies problem. Instead, it iso-
lates a necessary ingredient. Before designing a proxy algorithm that adaptively expands 
its basis, we need to understand how stochastic steepest directions behave under sparse and 
non-Euclidean geometries. The ℓ1 theory and experiments below should therefore be inter-
preted as an initial exploration of the geometry underlying a future stagewise proxy-learning 
method.

4.1.5 Relationship to Reference Function Descent
The deterministic steepest descent framework is closely related to reference-function descent 
and mirror descent. Although these two terms often lead to mathematically equivalent 
update rules, they usually appear in slightly different strands of the optimization literature 
and emphasize different aspects of the same underlying geometry.

Mirror descent originates from the classical non-Euclidean first-order optimization lit-
erature, especially the work of Nemirovski and Yudin on optimization in general normed 
spaces[37, 7, 39]. Its main motivation is to replace Euclidean projection with a geometry 
adapted to the feasible region or the structure of the problem. Given a strongly convex 
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mirror map 𝜓, mirror descent updates

𝒘𝑡+1 = arg min
𝒘∈𝑄

{𝜂∇𝐺(𝒘𝑡)⊤(𝒘 − 𝒘𝑡) + 𝐷𝜓(𝒘, 𝒘𝑡)} ,

where
𝐷𝜓(𝒘, 𝒘̄) = 𝜓(𝒘) − 𝜓(𝒘̄) − ∇𝜓(𝒘̄)⊤(𝒘 − 𝒘̄)

is the Bregman divergence generated by 𝜓. In this literature, the emphasis is typically 
algorithmic and geometric: the reference function 𝜓 determines the geometry in which pro-
jection and descent are performed. For example, the Euclidean reference function 𝜓(𝒘) =
1
2‖𝒘‖2

2 recovers projected gradient descent, while the entropy reference function leads to 
multiplicative-weights-type updates on the simplex.

Reference-function descent is often used in the relative smoothness and Bregman opti-
mization literature [5, 34]. In this setting, the reference function 𝜓 is not only used to define 
a non-Euclidean proximal step, but also to characterize the curvature of the objective itself. 
Instead of assuming that 𝐺 has a globally Lipschitz gradient in the Euclidean sense, one 
assumes that 𝐺 is smooth relative to 𝜓, meaning that for some 𝐿 > 0,

𝐺(𝒘) ≤ 𝐺(𝒘̄) + ∇𝐺(𝒘̄)⊤(𝒘 − 𝒘̄) + 𝐿𝐷𝜓(𝒘, 𝒘̄), ∀𝒘, 𝒘̄ ∈ 𝑄.

Under this condition, the update

𝒘𝑡+1 = arg min
𝒘∈𝑄

{𝜂∇𝐺(𝒘𝑡)⊤(𝒘 − 𝒘𝑡) + 𝐷𝜓(𝒘, 𝒘𝑡)}

can be interpreted as a natural analogue of gradient descent for objectives whose curvature 
is better controlled by 𝐷𝜓 than by a squared Euclidean norm.

Thus, mirror descent and reference-function descent share the same basic update struc-
ture, but their emphases are different. Mirror descent is usually presented as a geometry-
aware first-order method: the reference function defines the geometry of the algorithm. 
Reference-function descent is usually presented as a curvature-aware descent method: the 
reference function defines the geometry relative to which the objective is smooth or strongly 
convex. In this sense, mirror descent is primarily an algorithmic framework, while reference-
function descent is often a modeling and analysis framework for non-Euclidean smoothness.

The deterministic steepest descent method considered here can be viewed as a norm-
induced counterpart of these methods. Rather than choosing a general Bregman divergence 
𝐷𝜓, we choose a norm ‖ ⋅ ‖ and construct the steepest descent direction under that norm. 
When the norm geometry is generated by an appropriate reference function, the resulting 
method is closely connected to mirror descent. When the objective admits smoothness or 
strong convexity bounds relative to that reference function, the same update can also be 
interpreted through the lens of reference-function descent.

When
𝜓(𝒘) = 1

2
‖𝒘‖2

2,
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reference-function descent reduces to Euclidean gradient descent. More generally, different 
choices of 𝜓 induce different local geometries and different descent dynamics. The ℓ𝑝 descent 
framework may therefore be viewed as a norm-induced analogue of reference-function de-
scent: the geometry is specified directly by a norm, while reference-function descent specifies 
the geometry through a Bregman divergence.

4.1.6 Relationship to Stochastic Gradient Descent
The stochastic ℓ𝑝 descent method considered later in this chapter replaces the full gradient 
∇𝐺(𝒘𝑡) with a stochastic estimator:

∇𝑔(𝒘𝑡, 𝑧𝑡), 𝔼 [∇𝑔(𝒘𝑡, 𝑧𝑡) ∣ 𝒘𝑡] = ∇𝐺(𝒘𝑡).

The resulting update becomes

𝒘𝑡+1 = 𝒘𝑡 − 𝜂‖∇𝑔(𝒘𝑡, 𝑧𝑡)‖∗𝒚𝑡,

where
𝒚𝑡 ∈ arg max

‖𝒚‖=1
∇𝑔(𝒘𝑡, 𝑧𝑡)⊤𝒚.

When the norm is Euclidean, this reduces to classical stochastic gradient descent. Hence 
SGD may be interpreted as stochastic steepest descent under ℓ2 geometry. More generally, 
stochastic ℓ𝑝 descent provides a unified framework for studying stochastic first-order methods 
under arbitrary norm geometries.

4.1.7 Convergence under Smoothness and Strong Convexity
We now state the standard convergence guarantee for deterministic steepest descent under 
arbitrary norm geometries.

Assumption 4.1.1. Assume 𝐺 is 𝜇𝑔-strongly convex with respect to ‖ ⋅ ‖, i.e.

𝐺(𝒘̄) ≥ 𝐺(𝒘) + ∇𝐺(𝒘)⊤(𝒘̄ − 𝒘) +
𝜇𝑔

2
‖𝒘̄ − 𝒘‖2,

for all 𝒘, 𝒘̄ ∈ ℝ𝑑.

Assumption 4.1.2. Assume 𝐺 is 𝐿𝑔-smooth with respect to ‖ ⋅ ‖, i.e.

𝐺(𝒘̄) ≤ 𝐺(𝒘) + ∇𝐺(𝒘)⊤(𝒘̄ − 𝒘) +
𝐿𝑔

2
‖𝒘̄ − 𝒘‖2,

for all 𝒘, 𝒘̄ ∈ ℝ𝑑.
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Theorem 4.1.3 (Linear Convergence of Deterministic ℓ𝑝 Descent). Suppose Assumptions 4.1.1 
and 4.1.2 hold. Consider Algorithm 3 with constant stepsize

𝜂 = 1
𝐿𝑔

.

Then,

𝐺(𝒘𝑡) − 𝐺∗ ≤ (1 −
𝜇𝑔

𝐿𝑔
)

𝑡

(𝐺(𝒘0) − 𝐺∗),

where
𝐺∗ ∶= min

𝒘∈ℝ𝑑
𝐺(𝒘).

Proof. Using 𝐿𝑔-smoothness and the update rule,

𝐺(𝒘𝑡+1) ≤ 𝐺(𝒘𝑡) + ∇𝐺(𝒘𝑡)⊤(𝒘𝑡+1 − 𝒘𝑡) +
𝐿𝑔

2
‖𝒘𝑡+1 − 𝒘𝑡‖2

= 𝐺(𝒘𝑡) − 𝜂‖∇𝐺(𝒘𝑡)‖∗∇𝐺(𝒘𝑡)⊤𝒚𝑡 +
𝐿𝑔𝜂2

2
‖∇𝐺(𝒘𝑡)‖2

∗‖𝒚𝑡‖2

= 𝐺(𝒘𝑡) − 𝜂‖∇𝐺(𝒘𝑡)‖2
∗ +

𝐿𝑔𝜂2

2
‖∇𝐺(𝒘𝑡)‖2

∗

= 𝐺(𝒘𝑡) − 𝜂 (1 −
𝐿𝑔𝜂

2
) ‖∇𝐺(𝒘𝑡)‖2

∗ .

Setting 𝜂 = 1/𝐿𝑔 gives

𝐺(𝒘𝑡+1) ≤ 𝐺(𝒘𝑡) − 1
2𝐿𝑔

‖∇𝐺(𝒘𝑡)‖2
∗ .

Strong convexity implies
‖∇𝐺(𝒘𝑡)‖2

∗ ≥ 2𝜇𝑔(𝐺(𝒘𝑡) − 𝐺∗).

Combining the two inequalities yields

𝐺(𝒘𝑡+1) − 𝐺∗ ≤ (1 −
𝜇𝑔

𝐿𝑔
) (𝐺(𝒘𝑡) − 𝐺∗),

and the result follows by recursion. ∎
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4.2 Stochastic Steepest Descent
We now extend deterministic steepest descent to the stochastic setting. The deterministic 
method in Algorithm 3 uses the exact gradient ∇𝐺(𝒘𝑡) to construct the steepest descent 
direction induced by the norm geometry. In many statistical learning and stochastic opti-
mization problems, however, the objective takes the form

𝐺(𝒘) ∶= 𝔼𝑧∼ℙ𝑧
[𝑔(𝒘, 𝑧)],

and the exact gradient ∇𝐺(𝒘𝑡) may be unavailable or computationally expensive to evaluate. 
Instead, we observe a stochastic gradient estimator ∇𝑔(𝒘𝑡, 𝑧𝑡) satisfying

𝔼 [∇𝑔(𝒘𝑡, 𝑧𝑡) ∣ 𝒘𝑡] = ∇𝐺(𝒘𝑡).

The stochastic steepest descent method replaces the deterministic gradient in the steepest 
descent update with this stochastic gradient estimator.

Algorithm 4 Stochastic Steepest Descent
1: Initialize: 𝒘0 ∈ ℝ𝑑. Let ‖ ⋅ ‖ be a norm on ℝ𝑑, ‖ ⋅ ‖∗ denote its dual norm, and 𝜂 > 0

denote the stepsize.
2: Return: A sequence of iterates: 𝒘1, 𝒘2, …
3:  For 𝑡 = 0, 1, … do
4:  Sample the unbiased gradient estimator ∇𝑔(𝒘𝑡, 𝑧𝑡), which satisfies

𝔼 [∇𝑔(𝒘𝑡, 𝑧𝑡) ∣ 𝒘𝑡] = ∇𝐺(𝒘𝑡).

5:  Choose a stochastic steepest descent direction

𝒚𝑡 ∈ arg max
‖𝒚‖=1

∇𝑔(𝒘𝑡, 𝑧𝑡)⊤𝒚. (4.3)

6:  Update
𝒘𝑡+1 ← 𝒘𝑡 − 𝜂‖∇𝑔(𝒘𝑡, 𝑧𝑡)‖∗𝒚𝑡. (4.4)

When ‖ ⋅ ‖ = ‖ ⋅ ‖2, the dual norm is also ℓ2, and the stochastic steepest descent direction 
is

𝒚𝑡 = ∇𝑔(𝒘𝑡, 𝑧𝑡)
‖∇𝑔(𝒘𝑡, 𝑧𝑡)‖2

.

Therefore, Algorithm 4 reduces to the classical SGD update

𝒘𝑡+1 = 𝒘𝑡 − 𝜂∇𝑔(𝒘𝑡, 𝑧𝑡).

Thus, stochastic steepest descent may be interpreted as stochastic gradient descent under a 
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general norm geometry.
This Euclidean reduction is more than a notational special case. In the ℓ2 setting, the 

stochastic steepest direction and its dual-norm scaling collapse to the stochastic gradient 
itself, so the RWGC analysis in Theorem 2.3.2 can work directly with 𝔼 [‖∇𝑔(𝒘𝑡, 𝑧𝑡)‖2

2] and 
obtain a single-sample constant-step guarantee. The same Euclidean geometry supports the 
triangle-inequality comparisons used in Chapter 1 to pass from coefficient error to solution-
path error. In a general norm, the method first transforms the sampled gradient into a 
steepest direction through the dual norm. This nonlinear transformation makes the error 
in the stochastic direction harder to control, and our analysis below pays for that difficulty 
through a mini-batch condition.

4.2.1 Convergence under Smoothness, Strong Convexity, and Mini-
Batch RWGC

Consider a family of functions 𝑔(⋅, 𝑧) ∶ ℝ𝑑 → ℝ, 𝑧 ∼ ℙ𝑧, and 𝐺(⋅) ∶= 𝔼𝑧∼ℙ𝑧
[𝑔(⋅, 𝑧)]. Also 

consider a pair of norm ‖ ⋅ ‖ and its dual norm ‖ ⋅ ‖∗.

Assumption 4.2.1. Assume 𝐺 is 𝜇𝑔 strongly-convex w.r.t. an arbitrary norm ‖ ⋅ ‖, i.e.

𝐺(𝒘̄) ≥ 𝐺(𝒘) + ∇𝐺(𝒘)⊤(𝒘̄ − 𝒘) +
𝜇𝑔

2
‖𝒘̄ − 𝒘‖2, ∀𝒘, 𝒘̄ ∈ ℝ𝑝.

Then, we may denote 𝐺∗ ∶= min𝒘∈ℝ𝑑 𝐺(𝒘) as the unique optimality point of 𝐺.

Assumption 4.2.2. Assume 𝐺 is 𝐿𝑔-smooth w.r.t. the dual norm ‖ ⋅ ‖∗, i.e.

‖∇𝐺(𝒘) − ∇𝐺(𝒘̄)‖∗ ≤ 𝐿𝑔 ‖𝒘 − 𝒘̄‖∗ , ∀𝒘, 𝒘̄ ∈ ℝ𝑝.

Assumption 4.2.3 (Mini-batch RWGC). If we sample a mini-batch of independent random 
variables 𝑧1, … , 𝑧𝐵 ∼ ℙ𝑧, then there exist constants 𝜌 ≥ 0 and 𝜎 ≥ 0 such that for all 𝒘 ∈ ℝ𝑑

and all 𝐵 ∈ ℕ,

𝔼𝑧𝑘∼ℙ𝑧
[‖ 1

𝐵

𝐵
∑
𝑘=1

∇𝑔(𝒘, 𝑧𝑘)‖
2

∗

] ≤ 𝜅
𝐵

(2𝜌(𝐺(𝒘) − 𝐺∗) + 𝜎2),

𝔼𝑧𝑘∼ℙ𝑧
[‖ 1

𝐵

𝐵
∑
𝑘=1

∇𝑔(𝒘, 𝑧𝑘) − ∇𝐺(𝒘)‖
2

∗

] ≤ 𝜅
𝐵

(2𝜌(𝐺(𝒘) − 𝐺∗) + 𝜎2).

The statement in this assumption is true by norm equivalence. The question becomes 
what is the smallest value of 𝜅. If 𝜅 is order 𝑑, then the batch size would need to grow 
in some order of 𝑑. In this sense, Assumption 4.2.3 is the general-norm analogue of the 
RWGC condition used for Euclidean SGD in Chapter 1, but it is not yet as sharp. The 
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Euclidean result avoids an explicit threshold because the stochastic update remains linear 
in the sampled gradient. For general norms, it remains open whether one can bypass the 
batch-size requirement with a more refined argument, or whether the threshold reflects an 
intrinsic instability of stochastic steepest directions outside ℓ2 geometry.
Theorem 4.2.4 (Convergence of General Stochastic Steepest Descent).Consider the general 
stochastic steepest descent algorithm, initialized at 𝒘0 ∈ ℝ𝑑, with iterations

𝒘𝑡+1 = 𝒘𝑡 − 𝜂‖∇𝑔(𝒘𝑡, 𝑧𝑡)‖∗𝒚𝑡

where with a slight abuse of notation,

∇𝑔(𝒘𝑡, 𝑧𝑡) ∶= 1
𝐵

𝐵
∑
𝑘=1

∇𝑔(𝒘, 𝑧𝑡,𝑘),

𝒚𝑡 ∈ arg max
‖𝒚‖=1

∇𝑔(𝒘𝑡, 𝑧𝑡)⊤𝒚,

𝑧𝑡 ∼ ℙ𝑧 is a random sample, and 𝜂 ∶= 𝜂𝐵 = 1
𝐿 (1 − 𝜌

𝐵𝜇) is the step-size. Then for all 𝑡 ≥ 0, 
we have

𝔼 [𝐺(𝒘𝑡)] − 𝐺∗ ≤ (1 − 𝛾𝐵)𝑇 (𝔼 [𝐺(𝒘0)] − 𝐺∗) + 𝜂𝐵𝜎2

𝐵 ⋅ 𝛾𝐵
.

where 𝐺∗ ∶= min𝒘∈ℝ𝑑 𝐺(𝒘) denotes the unique optimality output of 𝐺, and 𝛾𝐵 = 𝜇
𝐿 (1 − 𝜌

𝐵𝜇)
2
.

Remark 4.2.5 (Batch size and convergence regimes). The theorem identifies the mini-
batch size as a stability parameter for stochastic steepest descent. In particular, the contrac-
tion factor

𝛾𝐵 = 𝜇
𝐿

(1 − 𝜌
𝐵𝜇

)
2

is positive only when
𝐵 > 𝜌

𝜇
.

Thus, when the batch size is below this threshold, the bound does not certify contraction, and 
the stochastic direction may be too noisy to yield stable descent. Consequently, one should 
expect three qualitative regimes: for very small 𝐵, the method can be unstable or divergent; 
for intermediate 𝐵, the iterates may make progress but exhibit noise-dominated or apparently 
sublinear behavior; for sufficiently large 𝐵, the method enters the linear convergence regime 
predicted by the contraction term.

This regime description should not be interpreted as saying that the finite-time error is 
monotone in 𝐵. For example, in the ℓ1 geometry, the update is coordinate-wise and the mini-
batch gradient determines which coordinate is selected. A moderate batch size can introduce 
enough randomness to explore useful coordinates early in the run, while the deterministic 
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full-gradient coordinate rule may be more conservative. Therefore a smaller stochastic batch 
may decrease the objective faster over an initial time window even when the larger batch 
exhibits the cleaner asymptotic linear regime.

The contrast with Theorem 2.3.2 is important. In ℓ2 geometry, stochastic steepest de-
scent is ordinary SGD, and RWGC gives a clean single-sample guarantee up to the usual 
approximation-dependent error floor. The present theorem shows that the same conclusion 
does not follow automatically once the geometry changes: our general-norm proof certifies 
contraction only after the mini-batch is large enough to control the stochastic steepest direc-
tion. Whether this gap can be closed for arbitrary norms is an open problem. The numerical 
evidence below suggests that, at least for ℓ1 geometry, the batch-size effect is not only a proof 
artifact.

For the longer-term proxy-learning goal, the ℓ1 case is especially important. A boosting-
style proxy algorithm would likely use a large dictionary and update only a few active basis 
functions at a time. Such updates are naturally sparse and stagewise, but their stochastic 
stability is governed by the same coordinate-selection mechanism analyzed here.

Proof.
Using 𝐿𝑔-smoothness of 𝐺,

𝐺(𝒘𝑡+1) ≤ 𝐺(𝒘𝑡) + ∇𝐺(𝒘𝑡)⊤(𝒘𝑡+1 − 𝒘𝑡) +
𝐿𝑔

2
‖𝒘𝑡+1 − 𝒘𝑡‖2

= 𝐺(𝒘𝑡) − 𝜂∇𝐺(𝒘𝑡)⊤ (‖∇𝑔(𝒘𝑡, 𝑧𝑡)‖∗𝒚𝑡) +
𝐿𝑔𝜂2

2
‖∇𝑔(𝒘𝑡, 𝑧𝑡)‖2

∗‖𝒚𝑡‖2

= 𝐺(𝒘𝑡) − 𝜂‖∇𝑔(𝒘𝑡, 𝑧𝑡)‖∗∇𝐺(𝒘𝑡)⊤𝒚𝑡 +
𝐿𝑔𝜂2

2
‖∇𝑔(𝒘𝑡, 𝑧𝑡)‖2

∗

= 𝐺(𝒘𝑡) − 𝜂‖∇𝑔(𝒘𝑡, 𝑧𝑡)‖∗∇𝑔(𝒘𝑡, 𝑧𝑡)⊤𝒚𝑡 +
𝐿𝑔𝜂2

2
‖∇𝑔(𝒘𝑡, 𝑧𝑡)‖2

∗

+ 𝜂‖∇𝑔(𝒘𝑡, 𝑧𝑡)‖∗ (∇𝑔(𝒘𝑡, 𝑧𝑡) − ∇𝐺(𝒘𝑡))
⊤ 𝒚𝑡

= 𝐺(𝒘𝑡) +
𝜂(𝐿𝑔𝜂 − 2)

2
‖∇𝑔(𝒘𝑡, 𝑧𝑡)‖2

∗

+ 𝜂‖∇𝑔(𝒘𝑡, 𝑧𝑡)‖∗ (∇𝑔(𝒘𝑡, 𝑧𝑡) − ∇𝐺(𝒘𝑡))
⊤ 𝒚𝑡

= 𝐺(𝒘𝑡) −
𝜂(2 − 𝐿𝑔𝜂)

2
‖∇𝑔(𝒘𝑡, 𝑧𝑡)‖2

∗

+ 𝜂‖∇𝑔(𝒘𝑡, 𝑧𝑡)‖∗‖∇𝑔(𝒘𝑡, 𝑧𝑡) − ∇𝐺(𝒘𝑡)‖∗

Assume 𝐿𝑔𝜂 < 2. Take a conditional expectation w.r.t. ℱ𝑡 and apply Jensen’s inequality, 
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yielding

𝔼 [𝐺(𝒘𝑡+1) ∣ ℱ𝑡] ≤ 𝐺(𝒘𝑡) −
𝜂(2 − 𝐿𝑔𝜂)

2
𝔼 [‖∇𝑔(𝒘𝑡, 𝑧𝑡)‖2

∗ ∣ ℱ𝑡]

+ 𝜂𝔼 [‖∇𝑔(𝒘𝑡, 𝑧𝑡)‖∗‖∇𝑔(𝒘𝑡, 𝑧𝑡) − ∇𝐺(𝒘𝑡)‖∗ ∣ ℱ𝑡]

≤ 𝐺(𝒘𝑡) −
𝜂(2 − 𝐿𝑔𝜂)

2
‖∇𝐺(𝒘𝑡)‖2

∗ + 𝜂𝑠𝑡, (4.5)

where

𝑠𝑡 ∶= 𝔼 [‖∇𝑔(𝒘𝑡, 𝑧𝑡)‖∗‖∇𝑔(𝒘𝑡, 𝑧𝑡) − ∇𝐺(𝒘𝑡)‖∗ ∣ ℱ𝑡]
≤ √𝔼 [‖∇𝑔(𝒘𝑡, 𝑧𝑡)‖2

∗ ∣ ℱ𝑡] ⋅ √𝔼 [‖∇𝑔(𝒘𝑡, 𝑧𝑡) − ∇𝐺(𝒘𝑡)‖2
∗ ∣ ℱ𝑡]

≤ 𝜅
𝐵

(2𝜌(𝐺(𝒘𝑡) − 𝐺∗) + 𝜎2). (4.6)

The first inequality above is a result of Hölder’s inequality and the second uses Assump-
tion 4.2.3.

Furthermore, strong-convexity of 𝐺 gives us the following

𝐺∗ ≥ 𝐺(𝒘) − sup
𝒘̄∈ℝ𝑑

{(−∇𝐺(𝒘)⊤(𝒘̄ − 𝒘) −
𝜇𝑔

2
‖𝒘̄ − 𝒘‖2}

= 𝐺(𝒘) − (
𝜇𝑔

2
‖ ⋅ ‖2)

∗
(−∇𝐺(𝒘))

= 𝐺(𝒘) − 1
2𝜇𝑔

‖∇𝐺(𝒘)‖2
∗

⇒ −‖∇𝐺(𝒘𝑡)‖2
∗ ≤ −2𝜇𝑔(𝐺(𝒘𝑡) − 𝐺∗). (4.7)

Substitute Equation (4.6) and Equation (4.7) into Equation (4.5), then subtract 𝐺∗ from 
both sides, we obtain

𝔼 [𝐺(𝒘𝑡+1) ∣ ℱ𝑡] − 𝐺∗ ≤ (1 − 𝜇𝑔𝜂(2 − 𝐿𝑔𝜂) + 2𝜅𝜂𝜌
𝐵

) (𝐺(𝒘𝑡) − 𝐺∗) + 𝜅𝜂𝜎2

𝐵

Now take an overall expectation on both sides:

𝔼 [𝐺(𝒘𝑡+1)] − 𝐺∗ ≤ (1 − 𝜂 (2𝜇𝑔 − 𝐿𝑔𝜇𝑔𝜂 − 2𝜅𝜌
𝐵

)) (𝔼 [𝐺(𝒘𝑡)] − 𝐺∗) + 𝜅𝜂𝜎2

𝐵
. (4.8)

Define the following variables:

Δ𝑡 ∶= 𝔼 [𝐺(𝒘𝑡)] − 𝐺∗,
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Suppose Assumption 4.2.3 holds and assume we are using an increasing batch size 𝐵𝑡. 
Define:

𝑆𝑡 ∶= 𝜂𝑡𝜎2

𝐵𝑡
,

𝛾𝑡 ∶= 𝜂𝑡 (2𝜇 − 𝜂𝑡𝜇𝐿 − 2𝜌
𝐵𝑡

) ,

We want to make the 𝛾𝑡 a shrinking sequence. We can do so by define a shrinking 
sequence of 𝜂𝑡. This way, the noise term 𝑆𝑡 will also shrink. Also define:

Γ𝑡 ∶= {
1, 𝑡 = 0,
(1 − 𝛾𝑡−1)Γ𝑡−1, 𝑡 > 0.

We may rewrite Equation (4.8) in the following form:

Δ𝑡+1 ≤ (1 − 𝛾𝑡)Δ𝑡 + 𝑆𝑡.

We can prove the following using the same line of deduction in Lemma 1 of [30]:

Δ𝑇 ≤ Γ𝑇 Δ0 + Γ𝑇

𝑇
∑
𝑡=1

𝑆𝑡−1
Γ𝑡

, (4.9)

where

Γ𝑇

𝑇
∑
𝑡=1

𝑆𝑡−1
Γ𝑡

=
𝑇

∑
𝑡=1

(
𝑇 −1
∏
𝑘=𝑡

(1 − 𝜂𝑘(2𝜇 − 𝜂𝑘𝜇𝐿 − 2𝜌
𝐵𝑘

)) ⋅ 𝜂𝑡−1𝜎2

𝐵𝑡−1
.

Consider the case 𝜂𝑡 ∶= 𝜂, 𝐵𝑡 = 𝐵 for all 𝑡, i.e. we use fixed step-size and batch-size. 
Then,

𝛾𝑡 = 𝛾 = 𝜂 (2𝜇 − 𝜂𝜇𝐿 − 2𝜌
𝐵

) ,

𝑆𝑡 = 𝜂𝜎2

𝐵
,

Γ𝑡 = (1 − 𝛾)𝑡.

The key to making Equation (4.8) a contraction is to ensure 𝛾 ∈ (0, 1].
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For any fixed 𝐵 > 0, 𝛾 is maximized at 𝜂𝐵 ∶= 1
𝐿 (1 − 𝜌

𝐵𝜇), which yields

𝛾𝐵 = 1
𝐿

(1 − 𝜌
𝐵𝜇

) (2𝜇 − 1
𝐿

(1 − 𝜌
𝐵𝜇

) ⋅ 𝜇𝐿 − 2𝜌
𝐵

)

= 𝜇
𝐿

(1 − 𝜌
𝐵𝜇

)
2

.

We want to choose 𝜂𝐵 as our stepsize and ensure

0 < 𝛾𝐵 = 𝜇
𝐿

(1 − 𝜌
𝐵𝜇

)
2

≤ 1.

Since 0 < 𝜇
𝐿 ≤ 1, the following is sufficient:

0 < 1 − 𝜌
𝐵𝜇

≤ 1 ⇔ 𝐵 > 𝜌
𝜇

.

Then, Equation (4.9) becomes

𝔼 [𝐺(𝒘𝑇 )] − 𝐺∗ ≤ (1 − 𝛾𝐵)𝑇 (𝔼 [𝐺(𝒘0)] − 𝐺∗) +
𝑇

∑
𝑡=1

(1 − 𝛾𝐵)𝑇 −𝑡 (𝜂𝐵𝜎2

𝐵
)

≤ (1 − 𝛾𝐵)𝑇 (𝔼 [𝐺(𝒘0)] − 𝐺∗) +
∞

∑
𝑡=1

(1 − 𝛾𝐵)𝑡 (𝜂𝐵𝜎2

𝐵
)

= (1 − 𝛾𝐵)𝑇 (𝔼 [𝐺(𝒘0)] − 𝐺∗) + 𝜂𝐵𝜎2

𝐵 ⋅ 𝛾𝐵
.

∎

4.3 Numerical Results
We now illustrate the preceding convergence behavior in a controlled least-squares experi-
ment. The goal is to compare stochastic steepest descent under the ℓ1 and ℓ2 geometries 
as the mini-batch size varies, and to relate the observed behavior to the batch-size regimes 
described in Remark 4.2.5. The comparison is motivated by two questions from the proxy-
learning program. First, the Euclidean guarantee in Theorem 2.3.2 shows that ℓ2 stochastic 
steepest descent can inherit the usual RWGC analysis for SGD, while it is unclear whether a 
comparable single-sample guarantee should hold for non-Euclidean steepest descent. Second, 
a boosting-style proxy method would resemble a stochastic ℓ1 or coordinate-wise procedure, 
because each iteration would select one basis function or weak learner to add to the current 
proxy.
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We generate an interpolable linear regression instance with 𝑛 = 100 samples and 𝑑 = 20
features. The design matrix has independent standard normal entries, 𝑋 ∈ ℝ𝑛×𝑑, and the 
response is generated as

𝑦 = 𝑋𝒘⋆,

where 𝒘⋆ ∈ ℝ𝑑 is fixed. Thus the minimum empirical loss is zero. The objective is

𝐺(𝒘) = 1
2𝑛

‖𝑋𝒘 − 𝑦‖2
2,

The Hessian is therefore
𝐻 = 1

𝑛
𝑋⊤𝑋.

For the ℓ2 steepest descent geometry, we use the smoothness parameter

𝐿2 = 𝜆max(𝐻).

For the ℓ1 geometry, the steepest descent step updates the coordinate with largest absolute 
gradient, and we use the corresponding coordinate-wise quadratic smoothness parameter

𝐿1 = max
1≤𝑗≤𝑑

𝐻𝑗𝑗.

The stepsizes are chosen according to the scaling suggested by the theorem:

𝜂1 = 𝛼
2𝐿1

, 𝜂2 = 𝛼
2𝐿2

,

where 𝛼 > 0 is a fixed damping factor. For each mini-batch size 𝐵 ∈ {1, 5, 20, 100}, the 
mini-batch is sampled with replacement at every iteration. We also include a determinis-
tic coordinate descent benchmark, which uses the full empirical gradient and the same ℓ1
coordinate selection rule.

Figure 4.1 shows that the effect of the mini-batch size is strongly geometry-dependent. 
For the ℓ2 method, increasing the batch size rapidly stabilizes the trajectory and produces a 
clear linear decay on the logarithmic scale. For the ℓ1 method, the behavior is less monotone: 
the smallest batch is unstable in this experiment, while intermediate and large batches both 
converge. In particular, the run with 𝐵 = 20 can initially decrease the loss faster than the 
run with 𝐵 = 100. This does not contradict Remark 4.2.5; rather, it reflects the distinction 
between finite-time transient behavior and the eventual linear regime. Because the ℓ1 step 
selects a single coordinate, moderate stochasticity in the mini-batch gradient can change the 
coordinate selection and improve early exploration, whereas the full-gradient coordinate rule 
is deterministic.

Figures 4.2 and 4.3 separate the two geometries. The ℓ2 plot is consistent with the 
standard intuition that variance reduction from larger mini-batches improves stability and 
reveals the linear contraction predicted by the deterministic part of the theorem. The ℓ1
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Figure 4.1: Objective value versus iteration for stochastic steepest descent under 
different mini-batch sizes.  Each panel fixes the mini-batch size and compares the ℓ1
stochastic method, the ℓ2 stochastic method, and deterministic coordinate descent. The de-
terministic coordinate descent curve provides a full-gradient benchmark for the ℓ1 coordinate 
update.
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Figure 4.2: ℓ1 stochastic steepest descent for different mini-batch sizes, together 
with deterministic coordinate descent. The plot highlights the batch-size regimes pre-
dicted by the theory: very small batches can be unstable, intermediate batches may converge 
with substantial stochastic effects, and sufficiently large batches show more regular decay.



4.3.  NUMERICAL RESULTS 90

Figure 4.3: ℓ2 stochastic steepest descent for different mini-batch sizes, together 
with deterministic coordinate descent as a benchmark.  The ℓ2 geometry exhibits 
the expected stabilization as 𝐵 increases, with larger batches producing smoother and more 
nearly linear convergence on the logarithmic scale.
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plot, by contrast, shows that the relationship between batch size and convergence speed 
can be nonmonotone over a finite horizon. This is precisely the phenomenon anticipated 
in Remark 4.2.5: the threshold conditions describe when contraction and a small enough 
stochastic error floor can be guaranteed, but they do not imply that every larger batch must 
dominate every smaller batch at every iteration. Taken together, the experiments support 
the interpretation that the Euclidean case is structurally special. The ℓ2 method behaves 
like standard SGD, while the ℓ1 method exhibits a visible dependence on batch size because 
the sampled gradient determines a coordinate choice. This does not prove that every general 
norm requires a batch-size threshold, but it suggests that bypassing the threshold outside ℓ2
would require new structure beyond the RWGC argument used in Chapter 1. 
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Appendix A

Appendix

A.1 Omitted Proofs

A.1.1 Proofs from Section 2.2

Proof for Lemma 2.2.3. Suppose by contradiction that 𝑐 = 0. Then there exists a corre-
sponding eigenvector 𝒗 ∈ ℝ𝑝 with 𝒗 ≠ 0 such that

𝔼𝜆̃∼ℙ𝜆
[𝚽(𝜆̃)⊤𝚽(𝜆̃)] 𝒗 = 0 ⟹ 𝔼𝜆̃∼ℙ𝜆

[‖𝚽(𝜆̃)𝒗‖2
2] = 0.

This further implies that 𝚽(𝜆̃)𝒗 = 0 almost everywhere. By the linear independence as-
sumption in Assumption 2.2.2, we then must have 𝒗 = 0, but this is a contradiction since 𝒗
is an eigenvector.

For the second statement, notice

𝑐 ≤ 𝜎max {𝔼𝜆̃∼ℙ𝜆
[𝚽(𝜆̃)⊤𝚽(𝜆̃)]} ≤ 𝔼𝜆̃∼ℙ𝜆

[𝜎max {𝚽(𝜆̃)⊤𝚽(𝜆̃)}] ≤ 𝐶,

where the penultimate inequality follows from Jensen’s inequality and the convexity of the 
maximal eigenvalue function. ∎

Next, recall the family of functions 𝑓(⋅, 𝜆) and the function 𝐹(⋅) defined in (2.4):

𝑓(𝜷, 𝜆) ∶= ℎ(𝚽(𝜆)𝜷, 𝜆), 𝐹 (𝜷) ∶= 𝔼𝜆̃∼ℙ𝜆
[𝑓(𝜷, 𝜆̃)] = 𝔼𝜆̃∼ℙ𝜆

[ℎ(𝚽(𝜆̃)𝜷, 𝜆̃)] .

Before proceeding, we establish the smoothness and strong convexity of these functions.

Proposition A.1.1 ( Uniform Smoothness and Strong Convexity). The family of func-
tions 𝑓(⋅, 𝜆), over all 𝜆 ∈ Λ, is 𝐶𝐿-smooth. Moreover, 𝐹(⋅) is 𝐶𝐿-smooth and 𝑐𝜇-strongly 
convex.

Proof for Proposition A.1.1. Fix an arbitrary 𝜆 ∈ Λ. Then, for any 𝜷, 𝜷̄ ∈ ℝ𝑝, smoothness 
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of 𝑓(⋅, 𝜆) is certified by

‖∇𝑓(𝜷, 𝜆) − ∇𝑓(𝜷̄, 𝜆)‖ = ‖∇𝜷ℎ(𝚽(𝜆)𝜷, 𝜆) − ∇𝜷ℎ(𝚽(𝜆)𝜷̄, 𝜆)‖
≤ ‖𝚽(𝜆)⊤(∇𝜽ℎ(𝚽(𝜆)𝜷, 𝜆) − ∇𝜽ℎ(𝚽(𝜆)𝜷̄, 𝜆))‖ (chain rule)
≤ ‖𝚽(𝜆)⊤‖ ⋅ 𝐿‖𝚽(𝜆)(𝜷 − 𝜷̄)‖ (𝐿-smoothness)
≤ 𝐶𝐿‖𝜷 − 𝜷̄‖

for any 𝜷, 𝜷̄ ∈ ℝ𝑑. To obtain the same conclusions for 𝐹(⋅), we may take expectation over 
𝜆 ∼ ℙ𝜆 on the above inequalities, and invoke the linearity of expectations as well as the 
property that

‖𝔼 [𝑔(⋅)] ‖ ≤ 𝔼 [‖𝑔(⋅)‖] .

Next, we verify the strong convexity of 𝐹(⋅). Fixing 𝜷, 𝜷̄ ∈ ℝ𝑑, for any 𝜆 ∈ Λ, define 
𝜽(𝜆) ∶= 𝚽(𝜆)𝜷, 𝜽̄(𝜆) ∶= 𝚽(𝜆)𝜷̄. Then, by strong convexity of ℎ, we have

ℎ(𝜽̄(𝜆), 𝜆) ≥ ℎ(𝜽(𝜆), 𝜆) + ∇𝜽ℎ(𝜽(𝜆), 𝜆)⊤ (𝜽̄(𝜆) − 𝜽(𝜆)) + 𝜇
2

‖𝜽̄(𝜆) − 𝜽(𝜆)‖2.

Take expectation w.r.t. 𝜆̃ ∼ ℙ𝜆 on both sides, we obtain

𝐹(𝜷̄) = 𝔼 [ℎ(𝚽(𝜆̃)𝜷̄, 𝜆̃)]

≥ 𝔼 [ℎ(𝚽(𝜆̃)𝜷, 𝜆̃)] + 𝔼 [∇𝜽ℎ(𝜽(𝜆̃), 𝜆̃)⊤ (𝚽(𝜆̃)(𝜷̄ − 𝜷))] + 𝜇
2

𝔼 [‖𝚽(𝜆̃)(𝜷̄ − 𝜷)‖2]

= 𝐹(𝜷) + 𝔼 [𝚽(𝜆̃)⊤∇𝜽ℎ(𝜽(𝜆̃), 𝜆̃)]
⊤

(𝜷̄ − 𝜷) + 𝜇
2

(𝜷̄ − 𝜷)⊤𝔼 [𝚽(𝜆̃)⊤𝚽(𝜆̃)] (𝜷̄ − 𝜷)

≥ 𝐹(𝜷) + ∇𝐹(𝜷)⊤(𝜷̄ − 𝜷) + 𝑐𝜇
2

(𝜷̄ − 𝜷)⊤(𝜷̄ − 𝜷)

The second term in the last inequality comes from the Leibniz integral rule and the third term 
invokes a well-known property of the smallest eigenvalue of a positive definite matrix. ∎

 Proof for Theorem 2.2.4. 
First, we prove that 𝜖∗

sp is attained at some 𝜷∗
sp ∈ ℝ𝑝. Observe that 𝜖sp(⋅) is continuous. 

Thus, its level set 𝑀(1) ∶= {𝜷 ∈ ℝ𝑝 ∶ 𝜖sp(𝜷) ≤ 1} is closed. Furthermore, 𝑀(1) is bounded. 
To see this, for any 𝜷 ∈ 𝑀(1), by strong convexity of 𝐹 ,

𝑐𝜇
2

‖𝜷 − 𝜷∗
avg‖2 ≤ 𝐹(𝜷) − 𝐹(𝜷∗

avg)

= 𝔼𝜆̃∼ℙ𝜆
[ℎ(𝚽(𝜆̃)𝜷, 𝜆̃) − ℎ(𝚽(𝜆̃)𝜷∗

avg, 𝜆̃)]

≤ 𝔼𝜆̃∼ℙ𝜆
[ℎ(𝚽(𝜆̃)𝜷, 𝜆̃) − ℎ(𝜽∗(𝜆̃), 𝜆̃)]

≤ 𝜖sp(𝜷) (A.0)
≤ 1.
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Since 𝜷 is arbitrary, for any 𝜷, 𝜷̄ ∈ 𝑀(1),

‖𝜷 − 𝜷̄‖ ≤ ‖𝜷 − 𝜷∗
avg‖ + ‖𝜷̄ − 𝜷∗

avg‖ ≤ 2
√

2
√𝑐𝜇

.

Applying the Weierstrass Theorem, there exists 𝜷∗
sp ∈ 𝑀(1) ⊂ ℝ𝑝 s.t.

𝜖sp(𝜷∗
sp) = 𝜖∗

sp.

Next, we prove the main result of the theorem. Again, fix an arbitrary 𝜆. By 𝐿-
smoothness of ℎ(⋅, 𝜆),

ℎ(𝚽(𝜆)𝜷, 𝜆) − ℎ(𝜽∗(𝜆), 𝜆) ≤ 𝐿
2

‖𝚽(𝜆)𝜷 − 𝜽∗(𝜆)‖2 (A.1)

Using the identity (𝑎 + 𝑏 + 𝑐)2 ≤ 4𝑎2 + 4𝑏2 + 4𝑐2 and triangle inequality on the right-hand 
side, this inequality becomes

ℎ(𝚽(𝜆)𝜷, 𝜆)−ℎ(𝜽∗(𝜆), 𝜆) ≤ 2𝐿(‖𝚽(𝜆)(𝜷−𝜷∗
avg)‖2+‖𝚽(𝜆)(𝜷∗

avg−𝜷∗
sp)‖2+‖𝚽(𝜆)𝜷∗

sp−𝜽∗(𝜆))‖2).

By strong convexity of ℎ(⋅, 𝜆) and definition of 𝜷∗
sp,

‖𝚽(𝜆)𝜷∗
sp − 𝜽∗(𝜆)‖2 ≤ 2

𝜇
sup
𝜆∈Λ

{ℎ(𝚽(𝜆)𝜷∗
sp, 𝜆) − ℎ(𝜽∗(𝜆), 𝜆)} = 2

𝜇
𝜖sp(𝜷∗

sp) = 2
𝜇

𝜖∗
sp,

So
𝜖sp(𝜷) ≤ 2𝐶𝐿(‖𝜷 − 𝜷∗

avg‖2 + ‖𝜷∗
avg − 𝜷∗

sp‖2) + 4𝐿
𝜇

𝜖∗
sp. (A.2)

Next, we bound ‖𝜷∗
avg − 𝜷∗

sp‖2. Observe that due to the optimality of 𝜽∗(𝜆) for each 𝜆,

𝔼 [ℎ(𝚽(𝜆̃)𝜷∗
sp, 𝜆̃)] − 𝔼 [ℎ(𝚽(𝜆̃)𝜷∗

avg, 𝜆̃)] ≤ 𝔼 [ℎ(𝚽(𝜆̃)𝜷∗
sp, 𝜆̃) − ℎ(𝜽∗(𝜆̃), 𝜆̃)] ≤ 𝜖∗

sp.

On the other hand, from the optimality of 𝜷∗
avg and strong-convexity of 𝐹(⋅),

𝐹(𝜷∗
sp) − 𝐹(𝜷∗

avg) = 𝔼 [ℎ(𝚽(𝜆̃)𝜷∗
sp, 𝜆̃)] − 𝔼 [ℎ(𝚽(𝜆̃)𝜷∗

avg, 𝜆̃)] ≥ 𝑐𝜇
2

‖𝜷∗
avg − 𝜷∗

sp‖2.

Combining this inequality with the previous one shows 𝑐𝜇
2 ‖𝜷∗

avg − 𝜷∗
sp‖2 ≤ 𝜖∗

sp, which 
implies that

‖𝜷∗
avg − 𝜷∗

sp‖2 ≤
2𝜖∗

sp

𝑐𝜇
.

Substitute the above into Equation (A.2). Take expectations over sample paths on both 
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sides, we conclude that

𝜖sp(𝜷) ≤ 2𝐶𝐿 (‖𝜷 − 𝜷∗
avg‖2 +

2𝜖∗
sp

𝑐𝜇
) + 4𝐿

𝜇
𝜖∗
sp.

Rearranging and using the fact that 𝐶/𝑐 ≥ 1 verifies the statement. ∎

A.1.2 Proofs from Section 2.3

Proof for Theorem 2.3.2. The proof follows the proof of Theorem 3.1 of [23]; we include it 
for completeness under the assumption of the RWGC Definition 2.3.1. Let 𝜂 ∶= 𝜂̄

𝜌  denote 
the step-size, 𝒘∗ ∶= arg min𝒘∈ℝ𝑑 𝐺(𝒘) denote the optimality input of 𝐺. For 𝑡 ≥ 0, we have

‖𝒘𝑡+1 − 𝒘∗‖2 = ‖𝒘𝑡 − 𝒘∗ − 𝜂∇𝑔(𝒘𝑡, 𝑧𝑡)‖2

= ‖𝒘𝑡 − 𝒘∗‖2 − 2𝜂∇𝑔(𝒘𝑡, 𝑧𝑡)⊤(𝒘𝑡 − 𝒘∗) + 𝜂2‖∇𝑔(𝒘𝑡, 𝑧𝑡)‖2.

Taking conditional expectations yields

𝔼 [‖𝒘𝑡+1 − 𝒘∗‖2 | 𝒘𝑡] = ‖𝒘𝑡 − 𝒘∗‖2 − 2𝜂∇𝐺(𝒘𝑡)⊤(𝒘𝑡 − 𝒘∗) + 𝜂2𝔼 [‖∇𝑔(𝒘𝑡, 𝑧𝑡)‖2 | 𝒘𝑡]
≤ ‖𝒘𝑡 − 𝒘∗‖2 − 2𝜂∇𝐺(𝒘𝑡)⊤(𝒘𝑡 − 𝒘∗) + 𝜂2[2𝜌(𝐺(𝒘𝑡) − 𝐺∗) + 𝜎2]
≤ ‖𝒘𝑡 − 𝒘∗‖2 + 2𝜂 (𝐺∗ − 𝐺(𝒘𝑡) − 𝜇𝑔

2 ‖𝒘𝑡 − 𝒘∗‖2) + 𝜂2[2𝜌(𝐺(𝒘𝑡) − 𝐺∗) + 𝜎2]
= (1 − 𝜂𝜇𝑔) ‖𝒘𝑡 − 𝒘∗‖2 + 2 (𝜂2𝜌 − 𝜂) (𝐺(𝒘𝑡) − 𝐺∗) + 𝜂2𝜎2

≤ (1 − 𝜂𝜇𝑔) ‖𝒘𝑡 − 𝒘∗‖2 + 𝜂2𝜎2 (A.3)

The first inequality above uses the RWGC and the second uses strong convexity. The final 
inequality holds since 𝜂2𝜌 − 𝜂 = ( 𝜂̄

𝜌)
2

𝜌 − 𝜂̄
𝜌 = ( 𝜂̄

𝜌) ( ̄𝜂 − 1) and ̄𝜂 ≤ 1. Furthermore, since 
̄𝜂 ≤ 𝜌

𝜇𝑔
, we have 𝜂𝜇𝑔 = ( 𝜂̄

𝜌) 𝜇𝑔 ≤ 1; therefore, by iterating Equation (A.3) and taking overall 
expectations, we get

𝔼 [‖𝒘𝑡 − 𝒘∗‖2] ≤ (1 − 𝜂𝜇𝑔)𝑡‖𝒘0 − 𝒘∗‖2 + 𝜂2𝜎2
𝑡−1
∑
𝑘=0

(1 − 𝜂𝜇𝑔)𝑘

≤ (1 − 𝜂𝜇𝑔)𝑡‖𝒘0 − 𝒘∗‖2 + 𝜂2𝜎2

1 − (1 − 𝜂𝜇𝑔)

= (1 − 𝜂𝜇𝑔)𝑡‖𝒘0 − 𝒘∗‖2 + 𝜂𝜎2

𝜇𝑔
,

where the second inequality uses the geometric series bound. Recalling that 𝜂 = 𝜂̄
𝜌  completes 

the proof.
∎
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Proof for Lemma 2.3.3. Recall that Proposition A.1.1 already establishes the smoothness of 
𝑓 and smoothness and strong convexity of 𝐹 .

Define
𝜷̄(𝜆) ∈ arg min

𝜷∈ℝ𝑝
𝑓(𝜷, 𝜆) = arg min

𝜷∈ℝ𝑝
ℎ(𝚽(𝜆)𝜷, 𝜆).

By 𝐶𝐿-smoothness, we have

𝑓(𝜷, 𝜆) ≥ 𝑓(𝜷̄(𝜆), 𝜆) + ∇𝑓(𝜷̄(𝜆), 𝜆)⊤(𝜷 − 𝜷̄(𝜆)) + 1
2𝐶𝐿

‖∇𝑓(𝜷, 𝜆) − ∇𝑓(𝜷̄(𝜆), 𝜆)‖2.

Using ∇𝑓(𝜷̄(𝜆), 𝜆) = 0 for all 𝜆, rearranging and recalling the definitions of 𝜷∗
avg (Section 2.2) 

and 𝜷∗
sp (proof of Theorem 2.2.4) yields

1
2𝐶𝐿

‖∇𝑓(𝜷, 𝜆)‖2 ≤ 𝑓(𝜷, 𝜆) − 𝑓(𝜷̄(𝜆), 𝜆)

≤ 𝑓(𝜷, 𝜆) − ℎ(𝜽∗(𝜆), 𝜆)
= (𝑓(𝜷, 𝜆) − 𝑓(𝜷∗

avg, 𝜆)) + (𝑓(𝜷∗
avg, 𝜆) − 𝑓(𝜷∗

sp, 𝜆)) + (𝑓(𝜷∗
sp, 𝜆) − ℎ(𝜽∗(𝜆), 𝜆))

≤ (𝑓(𝜷, 𝜆) − 𝑓(𝜷∗
avg, 𝜆)) + (𝑓(𝜷∗

avg, 𝜆) − 𝑓(𝜷∗
sp, 𝜆)) + 𝜖∗

sp

where the second inequality uses optimality of 𝜽∗(𝜆) and the third uses that 𝜖∗
sp is attained 

at 𝜷∗
sp. Taking expectations on both sides, we get

1
2𝐶𝐿

𝔼 [‖∇𝑓(𝜷, 𝜆̃)‖2] ≤ 𝐹(𝜷) − 𝐹(𝜷∗
avg) + 𝐹(𝜷∗

avg) − 𝐹(𝜷∗
sp) + 𝜖∗

sp ≤ 𝐹(𝜷) − 𝐹(𝜷∗
avg) + 𝜖∗

sp,

where we used that the definition of 𝜷∗
avg implies that 𝐹(𝜷∗

avg) ≤ 𝐹(𝜷∗
sp). Multiplying 

through by 2𝐶𝐿 completes the proof. ∎

Proof for Theorem 2.3.4. Our strategy will be to invoke Lemma 2.3.3 and apply Theo-
rem 2.3.2, in conjunction with Theorem 2.2.4. To that end, notice that the upper bound on 
the step-size parameter ̄𝜂 given in Theorem 2.3.2 becomes 𝐶𝐿

𝑐𝜇 ≥ 1. Hence, we need only 
constrain 0 < ̄𝜂 ≤ 1.

Applying Theorem 2.3.2 yields

𝔼 [‖𝜷𝑇 − 𝜷∗
avg‖2] ≤ (1 − ̄𝜂 𝑐𝜇

𝐶𝐿
)

𝑇
‖𝜷0 − 𝜷∗

avg‖2 +
2 ̄𝜂𝜖∗

sp

𝑐𝜇
.

Taking the expectation of Theorem 2.2.4 on both sides and substituting the above, we have

𝔼 [𝜖sp(𝜷𝑇 )] ≤ 2𝐶𝐿𝔼 [‖𝜷𝑇 − 𝜷∗
avg‖2] + 8𝐶𝐿

𝑐𝜇
𝜖∗
sp

≤ 2𝐶𝐿 (1 − ̄𝜂 𝑐𝜇
𝐶𝐿

)
𝑇

‖𝜷0 − 𝜷∗
avg‖2 + 4 ̄𝜂𝐶𝐿

𝑐𝜇
𝜖∗
sp + 8𝐶𝐿

𝑐𝜇
𝜖∗
sp. (A.4)



A.1.  OMITTED PROOFS 102

Rearranging yields the first result. Next, we prove the two bounds of the iteration complexity.
First, consider the case 𝜖∗

sp > 0. Our goal will be to choose 𝑇  large enough to drive the 
first term on the right side of (A.4) to below 4𝐶𝐿

𝑐𝜇 ̄𝜂𝜖∗
sp. To simplify exposition, let 𝜅 = 𝐶𝐿

𝑐𝜇 . 
Then, we need to ensure that

𝑇 log(1 − ̄𝜂/𝜅) ≤ log (
2𝜅 ̄𝜂𝜖∗

sp

𝐶𝐿‖𝜷0 − 𝜷∗
avg‖2 ) .

We can upper bound the left side using the identity log(1 + 𝑥) ≤ 𝑥. Hence, it would be 
sufficient if

𝑇 ≥ 𝜅
̄𝜂
log (

𝐶𝐿‖𝜷0 − 𝜷∗
avg‖2

2𝜅 ̄𝜂𝜖∗
sp

) .

Replacing 𝜅 with its definition yields the first case.
For the second case where 𝜖∗

sp = 0, (A.4) reduces to

𝔼 [𝜖sp(𝜷𝑇 )] ≤ 2𝐶𝐿 (1 − ̄𝜂 𝑐𝜇
𝐶𝐿

)
𝑇

‖𝜷0 − 𝜷∗
avg‖2.

Given 𝜖 > 0, we need to ensure that

𝑇 log(1 − ̄𝜂/𝜅) ≤ log ( 𝜖
2𝐶𝐿‖𝜷0 − 𝜷∗

avg‖2 ) .

Again using log(1 + 𝑥) ≤ 𝑥, it would be sufficient if

𝑇 ≥ 𝜅
̄𝜂
log (

2𝐶𝐿‖𝜷0 − 𝜷∗
avg‖2

𝜖
) .

Replacing 𝜅 with its definition yields the second case.
∎

A.1.3 Proofs from Section 2.4

Proof of Lemma 2.4.1. As described in the main text, 𝚽(𝜆) ∈ ℝ𝑑×𝑞𝑑 is block-diagonal with 
𝑑 blocks of size 1 × 𝑞. Denote this block by 𝜓(𝜆) ∈ ℝ1×𝑞 and note the elements of 𝜓(𝜆) are 
precisely the first 𝑞 Legendre polynomials evaluated at 𝜆.

Now the matrix Φ(𝜆)⊤Φ(𝜆) ∈ ℝ𝑞𝑑×𝑞𝑑 is also block diagonal with 𝑑 copies of the matrix 
𝜓(𝜆)⊤𝜓(𝜆). As a consequence, the eigenvectors of Φ(𝜆)⊤Φ(𝜆) are the stacked copies of the 
eigenvectors of 𝜓(𝜆)⊤𝜓(𝜆) with the same eigenvalues.

Since 𝜓(𝜆)⊤𝜓(𝜆) is a rank-one matrix, it has at most one non-zero eigenvalue, and by 
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inspection, this eigenvalue is ‖𝜓(𝜆)‖2 with eigenvector 𝜓(𝜆)⊤. Then,

𝐶𝑝 = sup
𝜆∈[−1,1]

‖𝜓(𝜆)‖2 = 𝑞,

because the Legendre polynomials achieve their maxima at 1 with a value of 1.
By a nearly identical argument, we can see that

𝑐𝑝 = 𝜎min {𝔼 [𝜓(𝜆̃)⊤𝜓(𝜆̃)]}

= min
𝑛=0,…,𝑞−1

2
2𝑛 + 1

= 2
2𝑞 − 1

,

because by the orthogonality of the Legendre polynomials, the above matrix is diagonal. 
Hence

𝐶𝑝/𝑐𝑝 = 2𝑞2 − 𝑞
2

≤ 𝑞2.

∎

Proof for Lemma 2.4.2. Our proof is constructive and we will show a slightly stronger result. 
We will approximate 𝜽∗

𝑖 (𝜆) by its Chebyshev truncation up to degree 𝑞 for each 𝑖. Letting 
𝜷̄ be the coefficients corresponding to the resulting polynomials, we will show that 𝜖sp(𝜷̄)
satisfies the bound in Lemma 2.4.2, which implies that 𝜖∗

sp also satisfies the bound.
Let 𝑇𝑛(𝜆) denote the 𝑛th Chebyshev polynomial of the first kind. For the 𝑖th dimension 

of the solution path, let 𝑎𝑖,𝑛 denote the coefficient of 𝑇𝑛 in the Chebyshev truncation of 𝜽∗
𝑖

up to degree 𝑞.
We assumed that 𝜽∗

𝑖 (𝜆), ..., 𝜽(𝜈−1)∗
𝑖 (𝜆) are absolutely continuous and 𝜽(𝜈)∗

𝑖 (𝜆) has bounded 
variation 𝑉 . When 𝜈 = 0, we are assuming simply that 𝜽∗

𝑖 (𝜆) is of bounded variation 𝑉 . 
Thus, for any 𝑞 ≥ 𝜈 + 1 and 𝑖 ∈ [𝑑], [51, Theorem 7.2] guarantees that

sup
𝜆∈[−1,1]

|
𝑞

∑
𝑛=0

𝑎𝑖,𝑛𝑇𝑛(𝜆) − 𝜽∗
𝑖 (𝜆)| ≤ 2𝑉

𝜋𝜈(𝑞 − 𝜈)𝜈 .

Then,

𝜖sp(𝜷̄) = sup
𝜆∈Λ

{


ℎ (


(
𝑞

∑
𝑛=0

𝑎𝑖,𝑛𝑇𝑛(𝜆))
𝑖=[𝑑]

, 𝜆)


− ℎ(𝜽∗(𝜆), 𝜆)
}


.
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Moreover, smoothness of ℎ(⋅, 𝜆) ensures that for any 𝜆 ∈ Λ,

ℎ (


(
𝑞

∑
𝑛=0

𝑎𝑖,𝑛𝑇𝑛(𝜆))
𝑖=[𝑑]

, 𝜆)


− ℎ(𝜽∗(𝜆), 𝜆) ≤ 𝐿
2

‖(
𝑞

∑
𝑛=0

𝑎𝑖,𝑛𝑇𝑛(𝜆))
𝑖=[𝑑]

− 𝜽∗(𝜆)‖

2

.

Combine the above and using the definition of 𝑙2-norm, we deduce that

𝜖sp(𝜷̄) ≤ sup
𝜆∈Λ

{


𝐿
2

‖(
𝑞

∑
𝑛=0

𝑎𝑖,𝑛𝑇𝑛(𝜆))
𝑖=[𝑑]

− 𝜽∗(𝜆)‖

2}


≤ sup
𝜆∈[−1,1]

{𝑑𝐿
2

⋅ sup
𝑖∈[𝑑]

|
𝑞

∑
𝑛=0

𝑎𝑖,𝑛𝑇𝑛(𝜆) − 𝜽∗
𝑖 (𝜆)|

2

}

≤ 𝑑𝐿
2

( 2𝑉
𝜋𝜈(𝑞 − 𝜈)𝜈 )

2

.

We note that this result is presented and holds for any 𝜈 ≥ 0. (When 𝜈 = 0, the bound 
is infinity and hence trivially valid.) As will be seen in the proof of Theorem 2.4.3 below, 
however, we will only apply the result when 𝜈 ≥ 2.

∎

Proof of Theorem 2.4.3. As we are only interested in asymptotic behavior as 𝜖 → 0, we will 
often suppress any constants that do not depend on 𝜖 below. In particular, we will write 
𝑎 ≲ 𝑏 whenever there exists a constant 𝐶 (not depending on 𝜖 but perhaps depending on ℎ
and Λ) such that 𝑎 ≤ 𝐶𝑏.

Note that in order to attain a small solution path error, we will need to use a large 
number of polynomials 𝑞. Based on Theorem 2.3.4, our first goal is to choose 𝑞 large enough 
that

𝜖 ≥ 8𝐿( ̄𝜂 + 1)
𝜇

𝐶𝑞

𝑐𝑞
⋅ 𝜖∗

sp(𝑞). (A.5)

First observe that Lemma 2.4.2 establishes that the solution path error is at most

𝜖∗
sp(𝑞) ≤ 4𝑑𝐿𝑉 2

2𝜋2𝜈2(𝑞 − 𝜈)2𝜈 ≲ 𝑞−2𝜈 . (A.6)

Using Lemma 2.4.1, we can upper bound the right side of Equation (A.5) by

8𝐿( ̄𝜂 + 1)
𝜇

𝐶𝑞

𝑐𝑞
⋅ 𝜖∗

sp(𝑞) ≲ 𝑞2(1−𝜈).
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Hence it suffices to take
𝜖− 1

2(𝜈−1) ≲ 𝑞

polynomials to achieve our target error.
We now seek to bound the iteration count. By Theorem 2.3.4, the iteration count should 

exceed

𝐿
̄𝜂𝜇

𝐶𝑞

𝑐𝑞
log (

𝑐𝑞𝜇‖𝜷∗
avg‖2

2 ̄𝜂𝜖∗
sp

) ≲ 𝑞2 (log ‖𝜷∗
avg‖2 + log(𝑞))

where we have assumed SGD was initialized at 𝜷 = 0 and used Equation (A.6) and 𝑐𝑞 = 2
2𝑞−1

(cf. the proof of Lemma 2.4.1) to simplify.
To complete the proof we need to bound ‖𝜷∗

avg‖2. To this end, we first bound ‖𝜷̄‖, where 
𝜷̄ is constructed by approximating each component 𝜃∗

𝑖 (𝜆) by its Chebyshev truncation to 
degree 𝑞 for each 𝑖.

Then,

‖𝜷̄‖2 =
𝑑

∑
𝑖=1

𝑞

∑
𝑘=1

|𝑎𝑖𝑘|2

=
𝑑

∑
𝑖=1

𝜈
∑
𝑘=1

|𝑎𝑖𝑘|2 +
𝑑

∑
𝑖=1

𝑞

∑
𝑘=𝜈+1

|𝑎𝑖𝑘|2 .

≲
𝑞

∑
𝑘=𝜈+1

1
𝑘2(𝜈+1) ,

≲
∞

∑
𝑘=𝜈+1

1
𝑘2(𝜈+1) ,

where the penultimate inequality collects constants and invokes [51, Theorem 7.1] to bound 
the second summation. Note, for 𝜈 ≥ 0, this last sum is summable, so that ‖𝜷̄‖ ≲ 1.

Furthermore, from the proof of Lemma 2.4.2, 𝜖sp(𝜷̄) ≲ 𝑞−2𝜈 . Hence, since the solution-
path error upper bounds the stochastic error, we also have 𝐹(𝜷̄) − 𝐹(𝜷∗

avg) ≲ 𝑞−2𝜈 . From 
strong convexity, this implies that ‖𝜷̄ − 𝜷∗

avg‖ ≲ 𝑞−𝜈 .
Putting it together, we have that

‖𝜷∗
avg‖ ≤ ‖𝜷∗

avg − 𝜷̄‖ + ‖𝜷̄‖ ≲ 𝑞−𝜈 + 1 ≲ 1.

Substituting above shows that it suffices to take 𝑂(𝑞2 log 𝑞) iterations as 𝜖 → 0. Given 
our previous calculation of 𝑞, this amount to 𝑂( ̄𝜖 1

1−𝜈 log(1/ ̄𝜖)) iterations.
∎

Proof for Lemma 2.4.4. The proof is very similar to the proof of Lemma 2.4.2, with the only 
difference being that we use Theorem 8.2 from [51] instead of Theorem 7.2.
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Recall that a Bernstein ellipse ℰ𝜔 with radius 𝜔 in the complex plain is the ellipse

ℰ𝜔 = {𝑧 = 1
2

(𝜔𝑒𝜃
√

−1 + 𝜔−1𝑒−𝜃
√

−1) ∶ 𝜃 ∈ [0, 2𝜋)} .

Since 𝜃∗
𝑖 (𝜆) is analytic, there exists an analytic continuation of 𝜃∗

𝑖 (𝜆) to a Bernstein ellipse 
of radius 𝜔𝑖 > 1. The value of 𝜔𝑖 generally depends on if 𝜃∗

𝑖 (𝜆) has any singularities in the 
complex plane, but is guaranteed to be larger than 1. Let 𝑀𝑖 be max𝑧∈ℰ𝜔𝑖

|𝜃∗
𝑖 (𝑧)|. Finally, 

let 𝜔 ≡ min𝑖=1,…𝑑 𝜔𝑖 > 1 and 𝑀 = max𝑖=1,…,𝑑 𝑀𝑖 < ∞.
Now, define 𝑇𝑛(𝜆) and 𝑎𝑖,𝑛 as in the proof for Lemma 2.4.2.
For any 𝑞 > 0 and 𝑖 ∈ [𝑑], Theorem 8.2 in [51] guarantees that

sup
𝜆∈[−1,1]

|
𝑞

∑
𝑛=0

𝑎𝑖,𝑛𝑇𝑛(𝜆) − 𝜽∗
𝑖 (𝜆)| ≤ 2𝑀𝜔−𝑞

𝜔 − 1
.

Plug this result into the last inequality of the proof for Lemma 2.4.2, we obtain

𝜖sp(𝜷̄) ≤ sup
𝜆∈[−1,1]

{𝑑𝐿
2

⋅ sup
𝑖∈[𝑑]

|
𝑞

∑
𝑛=0

𝑎𝑖,𝑛𝑇𝑛(𝜆) − 𝜽∗
𝑖 (𝜆)|

2

} ≤ 𝑑𝐿
2

(2𝑀𝜔−𝑞

𝜔 − 1
)

2
.

∎

Proof of Theorem 2.4.5. The proof is quite similar to the proof of Theorem 2.4.3. Again, we 
only consider asymptotic behavior as 𝜖 → 0 and suppress all other constants. Hence, 𝑎 ≲ 𝑏
means there exists a constant 𝐶 (not depending on 𝜖) such that 𝑎 ≤ 𝐶𝑏.

Again, our first goal is to identify a 𝑞 sufficiently large to achieve our target error. By 
Theorem 2.3.4 we seek 𝑞 large enough that

𝜖 ≥ 8𝐿( ̄𝜂 + 1)
𝜇

𝐶𝑞

𝑐𝑞
𝜖∗
sp(𝑞).

Lemma 2.4.4 shows that there exists an 𝜔 > 1 such that

𝜖∗
sp(𝑞) ≲ 𝜔−2𝑞,

hence it suffice to take 𝑞 large enough that

𝑞2𝜔−2𝑞 ≲ ̄𝜖.

Solving this equation exactly requires the Lambert-W function. Instead, we take 𝑞 = log(1/ ̄𝜖)
log 𝜔 . 

Then,

𝑞2𝜔−2𝑞 =
𝜖2 log2 (1

𝜖 )
log2(𝜔)

≲ ̄𝜖
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for ̄𝜖 sufficiently small.
Again, to bound the number of iterations, we will need to bound ‖𝜷∗

avg − 𝜷0‖. We 
again will assume that 𝜷0 = 0, and first consider bounding 𝜷̄. Recall, 𝜷̄ is obtained by 
approximating each component 𝑖 by the Chebyshev truncation of 𝜽∗(𝜆) to degree 𝑞. Then,

‖𝜷̄‖2 =
𝑑

∑
𝑖=1

𝑞

∑
𝑘=1

|𝑎𝑖𝑘|2

≲
𝑞

∑
𝑘=1

𝜔−𝑘

≤
∞

∑
𝑘=1

𝜔−𝑘.

Here, the second to last inequality uses [51, Theorem 8.1]. Since the last summation is 
summable, we again conclude that ‖𝜷̄‖2 ≲ 1.

The proof of Lemma 2.4.4 establishes that 𝜖sp(𝜷̄) ≲ 𝜔−2𝑞. Since solution path error 
upper-bounds the stochastic error, we conclude that 𝐹(𝜷̄) − 𝐹(𝜷∗

avg) ≲ 𝜔−2𝑞, and by strong 
convexity, ‖𝜷̄ − 𝜷∗

avg‖ ≲ 𝜔−𝑞.
Putting it together, we have that

‖𝜷∗
avg‖ ≤ ‖𝜷∗

avg − 𝜷̄‖ + ‖𝜷̄‖ ≲ 𝜔−𝑞 + 1 ≲ 1.

Substituting into the iteration complexity shows that it suffices to take

𝑞2 (log ‖𝜷∗
avg‖ + log 𝑞) ≲ log2(1/ ̄𝜖) log log(1/ ̄𝜖)

iterations, by using our condition on 𝑞. ∎

A.2 Implementation Details

A.2.1 Calibrating Uniform Discretization
To apply uniform discretization in practice one must decide i) the number of grid points to 
use, and ii) the number of gradient calls to make at each grid point. Loosely speaking, our 
approach to these two decisions is to first fix a set of desired “target” solution path errors 
denoted Δ. Then, for each 𝛿 ∈ Δ, we determine the number of grid points and gradient calls 
to approximately achieve a solution path error of 𝛿.

More specifically, [36] suggests that to achieve a solution path error of 𝛿, we require 
𝑂(1/

√
𝛿) grid points. Thus, for each 𝛿 ∈ Δ, we construct a uniform discretization with 

1/
√

𝛿 grid points across every dimension of the hyperparameter space. We denote this grid 
by 𝐺(𝛿). Recall that deterministic gradient descent requires 𝑂(log(1/𝛿)) steps to achieve 
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an error of 𝑂(𝛿). Motivated by this result, we use 𝑐1 log(𝑐2/𝛿) gradient calls per grid point. 
The total number of gradient calls is thus 𝑐1 log(𝑐2/𝛿)/

√
𝛿.

The specific values of 𝑐1, 𝑐2, and Δ used in our experiments are recorded in Table A.1. 

 Experiment 𝑐1 𝑐2 Δ grid
 Weighted Binary Classification 1 0.5 {2−6, 2−6.5, 2−7, … , 2−18}

 Portfolio Allocation 0.65 1 {4−2, 5−2, … , 19−2}
Table A.1: Parameters Used in Experiments. The table reports the constants 𝑐1 and 
𝑐2 and the discretization grid Δ used for the weighted binary classification and portfolio 
allocation experiments.

We next argue that this procedure with these constants is roughly efficient. Define the 
grid pass error as

sup
𝜆∈𝐺(𝛿)

ℎ(𝜽̂(𝜆), 𝜆) − ℎ(𝜽∗(𝜆), 𝜆).

For comparison, the solution-path error is

𝜖sp(𝜽̂(⋅)) = sup
𝜆∈Λ

ℎ(𝜽̂(𝜆), 𝜆) − ℎ(𝜽∗(𝜆), 𝜆).

Since 𝐺(𝛿) ⊆ Λ, the grid pass error is always less than the solution path error.
By comparing the grid pass error, the solution path error, and the target solution path 

error, we can calibrate the amount of work done at each grid point and the total number 
of grid points. Specifically, if the grid pass error is much smaller than the solution pass 
error, it suggests we have allocated too much work to gradient calls at grid points and have 
insufficient grid points. On the other hand, if the grid pass error is very far from the target 
solution path error, it suggests we have not allocated enough work to gradient calls at the 
grid points and have too many grid points. Based on this trade-off, we tune the constants 
𝑐1 and 𝑐2.

Figure A.1 compares the solution path error and grid pass error to the target solution path 
error for our experiments. Figure A.1a illustrates that in the weighted binary classification 
experiment, the discretization scheme performs well, satisfying both objectives as the solution 
path error and grid pass error closely align with the target solution path error. Figure A.1b 
demonstrates that for the portfolio allocation problem, both solution path error and grid 
pass error are still close to each other, but fall below the target solution path error. This 
is primarily due to the high precision of L-BFGS, though only very few gradient calls are 
performed at each grid.
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(a) (b)

Figure A.1:  Compare: Ideal Stopping Criterion, Grid Pass Error, and Solution 
Path Error. (a) weighted binary classification; (b) portfolio allocation. Solution path error 
and grid pass error are plotted against the corresponding total number of gradient calls 
incurred in practice. Target solution path error 𝛿 is plotted against 𝑐1 log(𝑐2/𝛿)/

√
𝛿, which 

also equals the total number of gradient calls incurred in practice. Each discrete point in 
the line plots above corresponds to a discretization grid point 𝛿 ∈ 𝐺(𝛿); thus smaller 𝛿 is 
associated with more gradient calls.

A.2.2 Basis for Moderate Dimensional Portfolio Allocation
Recall that this experiment uses the following objective function:

ℎ(𝜃, 𝜆) = −𝜆1 ⋅ 𝜇⊤𝜃 + 𝜆2 ⋅ 𝜃⊤Σ𝜃 + ‖𝜃 − 𝜆3∶12‖2
2,

where 𝜆3∶12 represents the current holdings.
Since this is a quadratic objective, let us first directly compute the optimal solution path

𝜽∗(𝜆) = 1
2

( + 𝜆2Σ)−1 (𝜆1𝜇 + 2𝜆3∶12) .

Consider the eigendecomposition of Σ, which takes the form Σ = 𝑃 ⊤𝐷𝑃  for some or-
thonormal matrix 𝑃  and diagonal matrix 𝐷 = diag(𝑑1, … , 𝑑10). Plugging into the above 
closed form optimal solution path yields

𝜽∗(𝜆) = 1
2

𝑃 ⊤diag ( 1
1 + 𝜆2𝑑1

, … , 1
1 + 𝜆2𝑑10

) 𝑃 (𝜆1𝜇 + 2𝜆3∶12) .
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Using the Taylor series expansion for 1
1+𝑎𝜆2

 around 0

1
1 + 𝑎𝜆2

=
∞

∑
𝑖=0

(−1)𝑖(𝑎𝜆2)𝑖, 𝑎 ∈ ℝ,

we conclude that, as 𝑞 → ∞, each component of the optimal solution path 𝜽∗
𝑖 (𝜆) is in the 

span of our chosen basis:

𝜆(𝑗 mod 12) ⋅ 𝜆⌊𝑗/12⌋
2 , 𝑗 = 1, ..., 𝑞.

A.3 Additional Figures

Figure A.2: 𝜽∗(𝜆) for Portfolio Allocation from Section 2.6.2. The true solution 
paths are very smooth in each dimension, suggesting that this problem is highly interpolable 
by a polynomial basis.
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Figure A.3:  LSP and ALSP for Portfolio Allocation. Compares methods using the 
first 𝑞 = 4, 9, 16 bivariate-Legendre polynomials. Differs from Figure 2.3 as the 𝑦-axis records 
the number of function evaluations during line-search of L-BFGS instead of gradient calls.
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Figure A.4:  Probability Density Function(PDF) of Beta Distribution over [0, 1]
with Various 𝑎, 𝑏.
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