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Abstract of the Dissertation

Characterizing convection in geophysical

dynamo systems

by

Jonathan Shuo Cheng

Doctor of Philosophy in Geophysics and Space Physics

University of California, Los Angeles, 2015

Professor Jonathan M. Aurnou, Chair

The Earth’s magnetic field is produced by a fluid dynamo in the molten iron outer

core. This geodynamo is driven by fluid motions induced by thermal and chemical

convection and strongly influenced by rotational and magnetic field effects. While

frequent observations are made of the morphology and time-dependent field be-

havior, flow dynamics in the core are all but inaccessible to direct measurement.

Thus, forward models are essential for exploring the relationship between the ge-

omagnetic field and its underlying fluid physics. The goal of my PhD is to further

our understanding of the fluid physics driving the geodynamo.

In order to do this, I have performed a suite of nonrotating and rotating con-

vection laboratory experiments and developed a new experimental device that

reaches more extreme values of the governing parameters than previously possi-

ble. In addition, I conduct a theoretical analysis of well-established results from a

suite of dynamo simulations by Christensen and Aubert (2006). These studies are

conducted at moderate values of the Ekman number (ratio between viscosity and

Coriolis forces, ∼ 10−4), as opposed to the the extremely small Ekman numbers

in planetary cores (∼ 10−15). At such moderate Ekman values, flows tend to take

the form of large-scale, quasi-laminar axial columns. These columnar structures
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give the induced magnetic field a dipolar morphology, similar to what is seen on

planets. However, I find that some results derived from these simulations are fully

dependent on the fluid viscosity, and therefore are unlikely to reflect the fluid

physics driving dynamo action in the core. My findings reinforce the need to un-

derstand the turbulent processes that arise as the governing parameters approach

planetary values. Indeed, my rotating convection experiments show that, as the

Ekman number is decreased beyond ranges currently accessible to dynamo sim-

ulations, the regime characterized by laminar columns is found to dwindle. We

instead find a large variety of behavioral regimes ranging from axial columns to

fully three-dimensional turbulence. By comparing these to direct numerical simu-

lations and asymptotically-reduced models, we find broad agreement in both the

heat transfer scaling properties and flow morphologies in these separate regimes.

In particular, large, multi-scale axial vortices emerge consistently in numerical and

asymptotic simulations. Such multi-scale structures in the core may be related

to the Earth’s dipolar magnetic field structure. I have designed and fabricated a

novel laboratory experimental device capable of characterizing these flow regimes

in great detail using accurate heat transfer and velocity measurements and high-

resolution flow imaging.
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Introduction

The Earth’s magnetic field is generated by the flow of liquid metal within the outer

core (Elsasser, 1939; Bullard, 1949; Moffatt, 1978; Jackson, 2003). These fluid mo-

tions, likely driven by thermochemical buoyancy, create a self-sustaining dynamo

that continually regenerates the magnetic field. The most common method for

investigating dynamo physics is constructing numerical dynamo models that at-

tempt to simulate the global-scale processes in planetary-interiors. These models

solve the magnetohydrodynamic flow equations in a spherical shell of electrically-

conducting fluid (e.g., Glatzmaier and Roberts, 1995; Kuang and Bloxham, 1997;

Olson et al., 1999; Kono and Roberts, 2002; Christensen et al., 2010). While

they are capable of capturing some of the large-scale features of Earth’s magnetic

field, dynamo models require viscous effects that are over 10 orders of magnitude

larger than estimates for the Earths core. In such viscously-dominated conditions

only the largest scales of motion in the system can persist (e.g., Soderlund et al.,

2012, cf. Braginsky and Meytlis (1990)). The dominant flow structures are quasi-

laminar large-scale convection columns often filling the space around the tangent

cylinder (e.g., Kageyama and Sato, 1997; Christensen et al., 1999; Aubert et al.,

2008; Olson et al., 2011; Sreenivasan et al., 2014). However, as dynamo models

approach more extreme, planetary-style conditions, the dynamics become increas-

ingly turbulent and multi-scale (e.g., Nataf and Schaeffer, 2015). Thus, we must

be certain that results derived from present-day dynamo models can actually be

extrapolated to regimes where viscous effects no longer dominate.

Indeed, in this work we find that some significant results derived from analyzing

surveys of present-day dynamo models at moderate parameter ranges are an ar-

tifact of the strong viscous effects in these models. In chapter 1, we discuss the

empirically-constructed scaling laws derived from present-day dynamo models that
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have been broadly adopted by the geoscience community. The work of Christensen

and Aubert (2006) introduces a set of specially-constructed parameters that are

independent of fluid diffusivities, anticipating that large-scale turbulent processes

will dominate the physics in planetary dynamo settings. These ‘diffusion-free’

parameterizations ostensibly extrapolate the results of current numerical dynamo

models directly to planetary core systems without the need to investigate realistic

fluid properties. In chapter 1 we test the validity of diffusion-free heat transfer

scaling laws by constructing synthetic heat transfer datasets and examining their

scaling properties alongside those proposed by Christensen and Aubert (2006).

We find that the diffusion-free parameters stretch the heat transfer data in a

way that creates an artificial alignment. Most significantly, diffusion-free heat

transfer scalings are found to be controlled by the onset scaling of convection,

which is itself determined by the fluid viscosity. In conjunction with the results

of Stelzer and Jackson (2013), we show that diffusion-free scalings are not vali-

dated by current-day numerical dynamo datasets and cannot yet be extrapolated

to planetary conditions.

Thus, in chapter 2, I present an alternative, hydrodynamic approach to un-

derstanding the underlying physics in planetary dynamos. I use a combined

laboratory-numerical approach with simplified geometries to investigate the be-

havioral regimes of rapidly rotating convection in high-latitude planetary core-

style settings. This approach allows us to access more extreme, less viscously-

controlled parameter ranges than current global-scale dynamo simulations. Using

flow visualizations and heat transfer measurements, we study the axialized flows

that exist near the onset of rotating convection, as well as the three-dimensional

flows that develop with stronger forcing. With water as the working fluid, we

find that the heat transfer efficiency (Nusselt number) scales very steeply with

the thermal forcing (Rayleigh number) in the regime of rapidly rotating convec-

tion associated with the existence of coherent, axialized columns. This rapidly
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rotating trend is steeper than the trends found in parameter ranges accessible to

numerical dynamo models. In addition, it continues a trend of ever-steepening

scalings as the nondimensional rotation rate (inverse of the Ekman number) of the

system is increased. The steep heat transfer scaling in the columnar convection

regime, corroborated by our laboratory flow visualizations, imply that coherent,

axial columns have a relatively narrow range of stability. We hypothesize that

coherent convection columns are not stable in planetary core settings where the

effects of rotation are even stronger. As a consequence, convective motions in the

core may not be related to the columnar motions found in present-day global-scale

models. Instead, we hypothesize that turbulent rotating convection cascades en-

ergy upwards from three-dimensional motions to large-scale quasi-two-dimensional

flow structures that are capable of efficiently generating planetary-scale magnetic

fields. Turbulent regimes of rapidly rotating convection are therefore likely to be

essential aspects of core dynamics and indicate the need for developing robust,

next-generation multi-scale dynamo models.

Chapter 3 was a study motivated by my rapidly-rotating convection data at Ek-

man number of E = 10−7. Due to the unexpectedly steep scaling slope between

Nusselt and Rayleigh, we compare my laboratory results with S. Stellmach’s di-

rect numerical simulations and K. Julien’s asymptotically rapidly-rotating results.

The asymptotic results are achieved by conducting numerical simulations of an

asymptotically-reduced set of governing equations, representing the limit of in-

finitely rapid rotation. Planetary conditions exist somewhere between asymptotic

conditions and what is presently achievable in the lab. We find that asymptotic

theory closely describes the bulk dynamics at low, but finite Rossby number (ra-

tio of inertia to Coriolis). However, in laboratory cases and numerical cases with

no-slip boundaries, we consistently observe much larger Nusselt numbers than pre-

dicted by the asymptotic heat transfer scaling. We show that this difference can

be accounted for by the presence of dynamically active Ekman boundary layers.
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By adding an analytical parameterization of the Ekman transport to numerical

simulations with stress-free boundary conditions, we find that the heat transfer is

boosted from values compatible with the asymptotic theory to values that agree

closely with no-slip simulations and experimental data. In laboratory, numerical

and asymptotic settings, we find multiple well-defined dynamical regimes consis-

tent with one another.

Chapter 4 further investigates the agreement between the dynamical regimes of

rotating convection in all three approaches. Using my laboratory rotating con-

vection thermal data and visualizations in conjunction with S. Stellmach’s nu-

merical simulations and K. Julien’s asymptotic models we find that distinctive

flow regimes occur at similar degrees of supercriticality in each approach. One

regime that emerges in both stress-free numerical simulations and asymptotically-

reduced simulations is a large scale axial vortex existing simultaneously with small-

scale three-dimensional turbulence. As it persists even in asymptotically rapidly-

rotating systems, this large-scale vortex (LSV) demonstrates that such multi-scale

structures are likely to be stable in planetary settings. Since the flow regimes be-

tween no-slip simulations, stress-free simulations and asymptotic simulations all

agree with those found in laboratory experiments, we posit that LSV-style flows

should also emerge in laboratory settings.

In chapter 5, I describe a new rotating convection device for reaching novel regimes

of rotating convective turbulence in the lab. I was the lead designer on this device,

for which design and fabrication took place at UCLA over the course of 2011-2015.

In comparison to the experimental device used in chapters 2-4, our new device

can reach a larger range of rotating convection regimes at extreme values of the

governing parameters. The device can also accommodate several new diagnostic

systems. While previous laboratory experiments have presented exclusively ther-

mal data, our new device is also capable of measuring flow velocities in several

4



different ways. In addition, we can acquire high-resolution imaging of the flow

from cameras in the rotating frame. These techniques will allow us to analyze the

scaling properties, statistics, thermal and velocity profiles and time-dependent

behaviors of rotating convection flow regimes. Characterizing and exploring these

flow regimes will be valuable for understanding the multi-scale turbulent physics

that exist in the Earth’s core and will aid in the development of next-generation

dynamo models.

This dissertation contains five chapters. The first chapter is modified from a paper

that is currently being revised for publication in Earth and Planetary Science

Letters in which I am the first author. I contributed all figures and analysis to

this work. The dynamo data investigated here was contributed by Uli Christensen.

The second chapter is modified from a paper published in Geophysical Journal

International in which I am the first author. I contributed all experimental data,

figures, and analysis. The third chapter is reproduced from a paper published in

Physical Review Letters in which I am a coauthor. I contributed the laboratory

data to this study. The fourth chapter is reproduced from a paper published

in Physics of the Earth and Planetary Interiors. I contributed laboratory data,

extrapolation of heat transfer to planetary estimates, and Figures 4.4, 4.10, 4.11,

4.13 and images in 4.7. The material in the fifth chapter is original.
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CHAPTER 1

Tests of Diffusion-Free Scaling Behaviors in

Numerical Dynamo Data Sets

Modified from: J.S. Cheng, J.M. Aurnou. Earth Planet. Sci. Lett. (2015) in

review.

1.1 Introduction

The Earth’s magnetic field is generated by a liquid metal dynamo in the outer

core. Much of our understanding of the geodynamo comes from direct numerical

simulations that solve the governing equations of magnetohydrodynamic flow in

a rotating spherical shell of conducting fluid (e.g., Glatzmaier, 2013). Numerical

models attempt to reproduce key features of the observed field, such as the dipo-

lar morphology and polarity reversals, and link these features to flow behaviors

(Glatzmaier and Coe, 2007; Aubert et al., 2008; Olson et al., 2011). However,

limitations in computational power preclude these models from being run with

parameter values similar to those that exist in the core. Applying the results

of models to the core therefore requires massive extrapolation through param-

eter space. A prevalent method to achieve this extrapolation is to empirically

determine power law scaling relations between the governing parameters. These

scaling laws are constructed by conducting large surveys of dynamo models within
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achievable parameter ranges. These scalings are then extrapolated from presently-

accessible parameter values to planetary-scale estimates.

In the fluid physics community, the ultimate regime of convective turbulence has

been theorized and searched for extensively (e.g., Kraichnan, 1962; Spiegel, 1971;

Ahlers et al., 2009; Roche et al., 2010; Grossmann and Lohse, 2011; Julien et al.,

2012b; He et al., 2014). In this ultimate regime, it is hypothesized that the fluid’s

molecular diffusivities do not contribute meaningfully to the physics, and instead

only macro-scale turbulent phenomena dictate the flow behaviors. In order to

extrapolate dynamo results to the core, Christensen and Aubert (2006) aimed to

produce analogous asymptotic scalings for dynamo physics. These scaling laws

have been widely used throughout the geoscience and planetary science commu-

nities (e.g., Hauck et al., 2006; Olson and Christensen, 2006; Aurnou, 2007; Taka-

hashi et al., 2008; Aubert et al., 2009; Christensen et al., 2009, 2010; Schmitz and

Tilgner, 2010; Weiss et al., 2010; Driscoll and Olson, 2011; Showman et al., 2011;

Tarduno et al., 2012; Davidson, 2013a; Yadav et al., 2013).

However, in contrast to the extreme parameters which must be reached to observe

the asymptotic behavior in other convection systems, dynamo models are presently

restricted to rather moderate parameter ranges. It may be the case that the

addition of rotational forces and magnetic fields allow asymptotic behaviors to be

reached at less extreme parameters. However, these predictions must be verified

before claims of achieving an ultimate dynamo physics regime can be made.

Stelzer and Jackson (2013) demonstrate that a statistically-significant improve-

ment can be made to Christensen and Aubert (2006)’s scaling laws for flow ve-

locity and magnetic field strength by reintroducing a dependence on viscous and

magnetic diffusivities. Thus, they show that diffusion-free empirical fits do not

optimally describe flow and magnetic field outputs from present-day dynamo mod-

els. Stelzer and Jackson show this via a leave-one-out cross-validation (LOOCV)
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method, applied to 116 dynamo cases from Christensen and Aubert (2006)’s and

following papers. In the LOOCV method, a single case is isolated at a time and

a scaling law is constructed from the remaining cases, assuming a power-law rela-

tionship between relevant governing parameters. The scaling law is evaluated for

its ability to predict the isolated case, and the process is repeated for each case.

Using this statistical method, Stelzer and Jackson (2013)’s results make clear that

flow and magnetic fields in present-day dynamo models are not yet following a

diffusion-free physics, as may be the case in extreme geophysical and astrophysical

turbulent flows.

Unlike all other tested quantities, Stelzer and Jackson (2013) find that the heat

transfer data are indeed best fit by a diffusion-free scaling relation. Since heat

transfer is a globally integrated descriptor of the convection dynamics (e.g., Glazier,

1999), it might be argued that the heat transfer in dynamo models is the first

quantity to develop a diffusion-free behavior. It might then be further argued

that since the heat transfer is following diffusion-free physics, the other quantities

will eventually do so as well.

In this paper, however, we show that the goodness of fit of heat transfer data to the

scaling proposed in Christensen and Aubert (2006) is determined a priori by the

way the diffusion-free parameters are defined, rather than by the underlying dy-

namo physics. In particular, we show that the heat transfer scaling is determined

by the onset of convection, which is, in turn, determined by the viscous diffusiv-

ity of the fluid. We therefore demonstrate that the scaling is not diffusion-free,

contrary to the preconditions for diffusion-free parameters to be applicable.

In Section 1.2, we define the diffusive and diffusion-free non-dimensional param-

eters and introduce the concepts of flattening and shingling that cause the heat

transfer data to conform to the onset scaling. In Section 1.3, we demonstrate these

concepts by showing that scaling information is lost when real dynamo model data
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are plotted in diffusion-free parameter space. In Section 1.4, we further illustrate

this loss of information using synthetic heat transfer datasets that resemble real

dynamo model data. Regardless of variations in the scaling data, the best-fit

scaling that emerges in diffusion-free parameter space is the same. Our results

therefore show that data from present-day dynamo models do not provide support

for asymptotically-accurate diffusion-free heat transfer physics. Instead, the best

fit trend is controlled by the onset of convection in these experiments and has

little to do with the bulk turbulent dynamics expected to underly diffusion-free

systems (e.g., Julien et al., 2012a).

1.2 Heat transfer parametrization

1.2.1 Diffusive parameters

In core dynamics, flows are traditionally described by the magnetohydrodynamic

equations that are non-dimensionalized by the relevant time-scales in the problem

(e.g., the diffusion times, convection time scale, rotation time, and magnetic induc-

tion time scale). This operation generates a (non-unique) set of non-dimensional

numbers that are ratios of these various characteristic time scales. Scaling laws

associated with heat transfer depend on the Rayleigh number Ra, the Nusselt

number Nu, the Prandtl and magnetic Prandtl numbers Pr and Pm, as well as

the Ekman number E (e.g., Incropera and DeWitt, 1985; Gubbins and Roberts,

1987; Bergman et al., 2011).

The definitions of Ra, Pr, Pm and E depend on diffusive time scales. Viscous

and thermal diffusion time scales are defined respectively as:

τν = L2/ν , τκ = L2/κ , (1.1)
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where L is a characteristic length, ν is the viscous diffusivity, and κ is the thermal

diffusivity. The timescale for buoyancy forcing τff is associated with the convective

free-fall velocity of a fluid parcel Uff . This is derived by balancing the inertial term

with thermal buoyancy force:

~u · ~∇~u ∼ αT∆T~g → Uff (Uff /L) ∼ αT∆Tg → Uff = (αTg∆TL)1/2 .

τff =
L

Uff

=

(
L

αTg∆T

)1/2

, (1.2)

where αT is the thermal expansivity coefficient, g is gravitational acceleration and

∆T is the adverse temperature gradient in the fluid.

The Rayleigh number compares the time scales of viscous and thermal diffusivities

to that of the free-fall buoyancy time scale. It can then be written as:

Ra =
τν
τff

τκ
τff

=
αTg∆TL3

νκ
. (1.3)

Rayleigh-Bénard convection (non-rotating, non-magnetic) onsets after a critical

value of Ra ∼ 103 (Chandrasekhar, 1961).

The Prandtl number is defined by the ratio between thermal diffusion and vis-

cous diffusion time scales, and is given by Pr = τκ/τν = ν/κ. While core dy-

namo regions are estimated to have Pr values between 10−1 and 10−2 (Pozzo

et al., 2012), the majority of dynamo models are carried out at Pr = 1 due to

computational constraints. The magnetic Prandtl number is defined by the ra-

tio between magnetic diffusion and viscous diffusion time scales, and is given by

Pm = τη/τν = ν/η = µ0νσ, where τη = L2/η; η = (µ0σ)−1 is the magnetic dif-

fusivity, σ is the fluid’s electrical conductivity and µ0 is the permeability of free

space. Planetary dynamo generating regions are estimated to have Pm values of

order 10−6 to 10−8 (Schubert and Soderlund, 2011). In contrast, for the fluid to
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be sufficiently inductive to produce dynamo action, the majority of present-day

dynamo models must be carried out at Pm ' 1.

The Nusselt number, Nu, represents the efficiency of heat transfer in a system.

It is given by the ratio of the conductive heat transfer timescale and the total

heat transfer timescale. The conductive heat transfer timescale is equivalent to

thermal diffusion timescale, τκ, and is equivalent to the time it takes a given

thermal energy anomaly to be diffusively transferred across a fluid layer of length

L. The total heat transfer time scale is:

τq = ρCp∆T ·
( q
L

)−1

=
ρCp∆TL

q
, (1.4)

where q is the total (diffusive + advective) heat flux per unit area, ρ is the density

and Cp is the heat capacity. This is the time it takes for a given thermal energy

anomaly ρCp∆T to be transferred across a system of length L by both advection

and diffusion. The Nusselt number is then written as:

Nu =
τκ
τq

=
qL

κρCp∆T
. (1.5)

For most solar system planets with dynamos, the (superadiabatic) Nusselt number

can be roughly estimated at O(105) or greater (Cheng et al., 2015).

In rotating systems, the characteristic rotational timescale is τΩ = 1/Ω, where

Ω is the system angular rotation rate. The Ekman number is the ratio of the

rotational and viscous time scales:

E =
τΩ

τν
=

ν

ΩL2
. (1.6)

In planetary bodies, E is extremely small, around O(10−15) (see Table 1.2). For

presently achievable parameters in dynamo modeling, the minimum E is approx-
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imately 10 orders of magnitude larger than estimates for planets. Rotating con-

vection onsets at a critical value dependent on the rotation rate. The critical

Rayleigh number for the onset of steady rotating convection is given by:

Nu = 1 , Racrit = c1E
−4/3 (1.7)

where c1 = 8.7 in a plane layer as E → 0 (Chandrasekhar, 1961). The onset of

convection is associated with a Nu value of 1, since, prior to onset, all of the heat

is transported via conduction.

In dynamo models carried out at the same E value, convection first onsets at

values close to Racrit as defined in (1.7) (e.g., King et al., 2010; Soderlund et al.,

2012). As Ra/Racrit is increased while holding E constant, the Nu and Ra data

are often found to follow an approximate power law scaling of the form (King

et al., 2010; Julien et al., 2012a; Cheng et al., 2015):

Nu =

(
Ra

Racrit

)α
, (1.8)

where the scaling exponent α is a non-negative constant. We refer to all data

sharing the same Ekman number value as a single ‘E-dataset.’ In a spherical shell

geometry, a “tail” exists right at onset characterized by weak heat transfer due to

the convection not being space-filling (e.g., Gillet and Jones, 2006; Yadav et al.,

2015). For the purposes of constructing diffusion-free heat transfer scaling laws,

Christensen and Aubert (2006) omit data from this weak heat transfer regime.

The relations (1.7) and (1.8) are based on predictions for nonmagnetic, plane-layer

rotating convection. In current day dynamo models, the heat transfer behaviors

are rather similar to non-magnetic rotating systems. For example, extending the

best fit trends for each E-dataset to Nu = 1 in Christensen and Aubert (2006)’s

data gives that the critical Rayleigh number values roughly follow a scaling of
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Racrit = 6.5E−4/3. This is consistent with the form given by (1.7). In constructing

synthetic datasets in Section 1.4, we will use a prefactor of c1 = 8.7 for simpler

comparison with theory (e.g., Chandrasekhar, 1961).

Figure 1.1a is a schematic showing the Nusselt and Rayleigh number ranges cov-

ered by two hypothetical E-datasets. Each E-dataset contains points that lie

along a power law trend with constant scaling exponent α. The red trend cor-

responds to an E = 10−3, α = 1.2 dataset while the blue trend corresponds to

an E = 10−5, α = 1.8 dataset. The lower bound of each E-dataset is set by

the onset of convection, Nucrib = 1, denoted by the solid horizontal line. The

color images in Figure 1.1a show characteristic magnetic field morphologies in

E = 10−5 dynamo cases from Soderlund et al. (2012). At low Ra/Racrit, current

day dynamo models typically produce dipolar fields. At higher Ra/Racrit ≥ 10,

buoyancy-driven inertial forces overcome Coriolis forces and the magnetic field

signal becomes broadband, typically with multipolar field morphologies (Kutzner

and Christensen, 2002; Sreenivasan and Jones, 2011; Soderlund et al., 2015). Fur-

thermore, when the inertial forces are overly large, the heat transfer scaling devi-

ates to a shallower trend associated with nonrotating convection (Soderlund et al.,

2015). Arguably, this transition occurs at RaT ' E−3/2 (e.g., King et al., 2012;

Ecke and Niemela, 2014; Cheng et al., 2015). All dynamo data considered for the

scaling arguments in Christensen and Aubert (2006) occur prior to the transition

in heat transfer behavior (i.e., Ra < RaT ). The shallower nonrotating trend is

therefore not shown in Figure 1.1a.

In the vast majority of rotating convection studies, the goal is to collapse different

E-datasets via a physically-based set of arguments (e.g., Aubert et al., 2001;

Schmitz and Tilgner, 2009; King et al., 2012; Julien et al., 2012b; Stellmach et al.,

2014). If, instead, one were to perform a fit to all of the data while disregarding the

E value, this would yield a ‘composite’ best fit trend with a power law exponent
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Figure 1.1: Panel a: Schematic showing heat transfer efficiency (Nu) versus buoyancy forcing
(Ra) datasets for rotating convection problems with E = 10−3 in red, and E = 10−5 in blue. A
slope α = 1.2 is shown at E = 10−3 and α = 1.8 is shown at E = 10−5. Convection onsets at a
critical Rayleigh number Racrit ' 8.7E−4/3 and a constant Nusselt number Nu = 1. Panel b:
Schematic showing the modified heat transfer efficiency (Nu∗) versus modified buoyancy flux
(Ra∗Q) datasets corresponding to the same data ranges as in panel a. This onset scaling is given

by Nu∗ ∼ Ra
∗3/5
Q . Since the actual onset of convection (Nu = 1) cannot exist in Nu∗–Ra∗Q

space, the supercritical scaling is represented at Nu = 1.1 in the plot. The color images in panel
a show examples of outer boundary radial magnetic fields in dynamo models (e.g., King et al.,
2010; Soderlund et al., 2012). Earth-like axial dipole-dominant fields are presently found almost
only for Ra < E−3/2 (Soderlund et al., 2015).
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that we will refer to as β. In Figure 1.1a, the composite fit trend is represented

by the wide dashed line. This β = 0.24 trend gives a notably poor fit, having a

coefficient of determination, R2, of 0.31.

1.2.2 Diffusion-free parameters

At planetary scales, it is hypothesized that the physics becomes independent of

the viscous, thermal and magnetic diffusive time scales. In Tables 1.1 and 1.2, we

estimate the heat transfer parameters for dynamo-generating bodies in the solar

system. These rough estimates give Nu > 105, Ra > 1018 and E ≤ 10−12 for all

of the bodies, indicating that the diffusive time scales are always extremely long

compared to buoyant and rotational time scales. Thus, comparing buoyant and ro-

tational time scales may better characterize the fluid physics in such systems (e.g.,

Fernando et al., 1991; Stevens et al., 2013). Towards this end, Christensen and

Aubert (2006) define analogous diffusivity-free control parameters to the Nusselt

and Rayleigh numbers by replacing the diffusive time scales with the rotational

timescale τΩ = Ω−1.
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The modified Rayleigh number, Ra∗, is defined in Christensen and Aubert (2006)

by replacing both thermal and diffusive time scales with the rotational timescale

in the definition of Ra:

Ra∗ = Ra
τΩ

τν

τΩ

τκ
=

(
τΩ

τff

)2

=
αTg∆T

Ω2L
=
RaE2

Pr
. (1.9)

This parameter is the square of the convective Rossby number, RoC = τΩ/τff ,

a control parameter used in a broad array of rotating convection studies (e.g.,

Gilman, 1977; Gastine et al., 2013; King and Aurnou, 2013; Stevens et al., 2013;

Gastine et al., 2015; Ribeiro et al., 2015).

The diffusion-free modified Nusselt number is defined as the ratio between a Cori-

olis timescale and the square of a convective heat flux timescale. As defined in

(1.5), Nu is the ratio between the conductive heat flux timescale and the total

heat flux timescale. Christensen and Aubert (2006) arrive at their modified Nus-

selt definition by first substituting Nu−1 for Nu to compare the conductive heat

flux timescale to the convective heat flux timescale. They then multiply this by

the ratio of the Coriolis timescale to the conductive heat flux timescale:

Nu∗ = (Nu− 1)
τΩ

τκ
=

(Nu− 1)E

Pr
=

qadv
ρCp∆TΩL

(1.10)

where qadv is the advective component of the total heat flux. This represents the

ratio of the rotational time scale to the time for fluid to convectively transfer heat

across the fluid layer.

Christensen and Aubert (2006), in turn, plot their data in terms of a modified

flux Rayleigh number, Ra∗Q which is defined as:

Ra∗Q = Ra∗Nu∗ =
(Nu− 1)RaE3

Pr2
=

αT qadvg

ρCpΩ3L2
. (1.11)
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Figure 1.2: Roof schematic analogously showing the ‘shingling’ effect that occurs when heat
transfer data are plotted in diffusion-free parameter space. The roof slope is analogous to the
viscously controlled onset scaling given in (1.14). The shingles each represent a different E-
dataset. The slope of an individual shingle is analogous to α∗. The best-fit slope through a
number of shingles is analogous to the composite fit β∗. When enough shingles are included in
the fit, the slope of each shingle has no effect on the overall composite slope. The composite fit
therefore approaches the slope of the roof. This is analogous to the way in which the diffusion-
free data must approach the viscously-controlled onset scaling (1.14) given a sufficiently large
number of E-datasets.

As the modified Rayleigh number Ra∗ is a convective Rossby number relating

the rotation to buoyancy time scales, the flux modified Rayleigh number Ra∗Q is

effectively a flux convective Rossby number. Other studies have also used this

quantity as a control parameter for characterizing rotating convection regimes

(e.g., Maxworthy and Narimousa, 1994; Jacobs and Ivey, 1999; Aurnou et al.,

2003).

In Figure 1.1b, we plot the same data shown in Figure 1.1a, but now plotted in

the diffusion-free Nu∗–Ra∗Q parameter space. Similar to Figure 1.1a, data at a
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given Ekman number follow a power law scaling of:

Nu∗ = c2Ra
∗α∗
Q (single E scaling) . (1.12)

This is denoted by the red and blue trends, analogous to the α-slope in Figure

1.1a. The composite fit over multiple Ekman numbers here is described by:

Nu∗ = c3Ra
∗β∗
Q (multiple E, composite scaling) . (1.13)

This is denoted by the wide dashed line, analogous to the β-fit in Figure 1.1a. In

contrast to Figure 1.1a, the data appear to collapse to a single trend in Nu∗–Ra∗Q

space and are well-described by β∗ = 0.64, with an R2 value of 0.98.

Figure 1.1a shows that, in Nu–Ra space, the onset of convection occurs at a fixed

Nu = 1 value regardless of the Racrit value. In contrast, the onset value of the

modified Nusselt number varies as a function of E and Pr. Since Nu − 1 = 0

at onset, the onset of convection cannot be directly plotted in Nu∗–Ra∗Q space.

However, the onset scaling properties can be expressed as:

Nu|∗crit ∼ EPr−1 ,

RaQ|∗crit ∼ RacritE
3Pr−2 ∼ E5/3Pr−2 .

The majority of dynamo models included for this study are carried out at a fixed

Pr = 1, giving:

Nu|∗crit ∼ E , RaQ|∗crit ∼ E5/3

→ Nu|∗crit ∼ (RaQ|∗crit)3/5 . (1.14)

We see in this Nu∗–Ra∗Q relationship that this corresponds to β∗crit = 3/5 = 0.6.

Therefore, we expect that a nontrivial viscous onset scaling, following this β∗crit
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trend, will be apparent in all heat transfer plots using diffusion-free parameters.

The diffusion-free onset trend (1.14) is represented by the solid line in Figure 1.1b.

Figure 1.2 schematically illustrates the essential diffusion-free behaviors that arise

in Figure 1.1b. Plotting heat transfer data in diffusion-free parameter space results

in an effect we call “shingling.” The roof of a house is used as an analogy to

demonstrate this effect. The slope of the roof corresponds to the onset scaling

Nu|∗crit ∼ (RaQ|∗crit)3/5. The slopes of the shingles on the roof, analogous to

α∗, differ from the roof slope. However, the length of each shingle is significantly

shorter than the total roof length: We describe the roof length using the maximum

Ra value over the minimum Ra value over all E values, and the shingle length

using the maximum Ra value over the minimum Ra value for a single E value.

For the full range of data in Figure 1.1, Ramax/Ramin = 380. In contrast, for

each individual E-dataset shingle, Ramax/Ramin < 10. With a large number of

relatively short shingles lining the roof, the overall observed slope corresponds

to only the slope of the roof, even though the physically significant quantity

is the slope of each shingle. Thus, shingling obscures the physically relevant

scalings in favor of the onset scaling. In terms of the values defined above, α∗,

the diffusion-free analogue of α, represents a physically-meaningful heat transfer

scaling exponent while β∗, the diffusion-free analogue of β, is a composite best-fit

trend containing no inherent physical meaning.

While the slope of the red and blue trends in Figure 1.1a are significantly different

(αblue/αred = 1.5), the analogous slopes in Figure 1.1b are far closer in value

(α∗blue/α
∗
red = 1.04). This can be explained by examining the relationship between

α and α∗. For sufficiently high Nu, such that Nu − 1 ≈ Nu, the value of α∗ is
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directly related to α:

Nu∗ ∼ Nu ∼ Raα , Ra∗α
∗

Q ∼ (NuRa)α
∗
∼ Ra(α+1)α∗ ;

Nu∗ ∼ Ra∗α
∗

Q → α = α∗ (α + 1)

→ α∗ =
α

α + 1
. (1.15)

Figure 1.3 plots the relationship given in (1.15) over the range α =(0 to 10). The

plot demonstrates that for any value of α, the associated value of α∗ will necessarily

exist in the range [0; 1]. The red dashed lines indicate α∗ = β∗crit = 3/5 and the

corresponding value of α = 3/2. For all α < 3/2, α∗ is smaller than β∗crit leading to

shingles with shallower slopes than the onset scaling. For all α > 3/2, α∗ is greater

than β∗crit leading to shingles with steeper slopes than the onset scaling. Thus, for

steep slopes such as α = 3.5 observed in rotating convection experiments (Cheng

et al., 2015), differences in α are significantly less pronounced when converted

to α∗. We refer to this as the “flattening” effect on heat transfer data when

converting from diffusive to diffusion-free parameter space.

It is important to note, following Julien et al. (2012a), that the heat transfer can

indeed be argued to be free of the effects of fluid diffusivities should the α value

asymptote to 3/2 as the data approach extreme parameter values (e.g., E → 0).

However, this behavior is not yet found in present day dynamo data (see Figure

1.4b below) or rotating convection data (see Figure 6b in Cheng et al. (2015)).

Summarizing Figure 1.2, our shingling arguments imply that the viscous onset

scaling controls the composite trend of the data in diffusion-free parameter space.

Further, the flattening effect makes each E-dataset’s “shingle” appear to have

roughly the same slope, homogenizing almost any data to appear nearly identical

when represented in this way.
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Figure 1.3: Plot of the slope of an E-dataset in Nu∗–Ra∗Q space (α∗) versus the slope of an
E-dataset in Nu–Ra space (α). These slopes are related by α∗=α/(α + 1). The red dashed
lines demarcate the slope of the onset scaling, α∗ = β∗crit = 3/5, and the corresponding scaling
in diffusive parameters, α = 1.5.

1.3 Dynamo Data

In Figure 1.4 we plot numerical dynamo data from Christensen et al. (1999)

and Christensen and Aubert (2006) in both diffusive parameters (panel a) and

diffusion-free parameters (panel b). In diffusive parameter space,the values of α

vary as Ekman decreases. This is quantified in Figure 1.4b: the slope α increases

monotonically from 0.44 to 1.08 as the value of the Ekman number changes from

10−3 to 3× 10−6. Comparable trends in α values are found in rotating convection

data between E = 10−5 and 10−7 in water (Cheng et al., 2015).

In diffusion-free parameter space, these data conform closely to a single value

of α∗. In Figure 1.4d the mean α∗ value is shown to be 0.53 with variance of

<0.05. A composite fit of β∗ = 0.53 therefore appears appropriate for describing

all the dynamo data. However, unlike the steepening scaling in Nu–Ra space, the

slopes in Nu∗–Ra∗Q are all within 5% of 0.53. This implies that observable scaling

information has been lost in the transition to diffusion-free parameter space.

This loss of information in diffusion-free parameter space is due to the flattening

and shingling phenomena. Because datasets that follow different scaling exponents

are flattened to very similar values in diffusion-free space, plotting these datasets

together gives the impression of a single slope. Taking a composite fit to all

these flattened datasets gives a β∗ value that is comparable to the onset scaling

β∗crit = 0.6 from (1.14).
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Figure 1.4: Numerical dynamo heat transfer data from Christensen et al. (1999) and Chris-
tensen and Aubert (2006). Panel a shows the best fit Nu ∼ Raα values for data at each Ekman
number. Panel b shows α plotted versus E−1. A clear trend in the value of α exists as E
decreases. Panel c shows these data plotted in diffusion-free parameter space. Here, the data
appear to align with a single composite slope, β∗ = 0.53. Panel d shows the best-fit slopes for
data at each Ekman number in diffusion-free space. Here, there is no significant trend in the
value of α∗.

The 12% difference between β∗ = 0.53 and β∗crit = 0.6 may be attributed to

the increasing minimum Nu value as E is decreased (see Figure 1.4a); each of

their E-datasets begins at a higher value of Ra/RaC in order to omit the shallow

“tail” that exists in spherical geometries. This 12% difference might also arise

due to the range of Pr values used in the Christensen and Aubert (2006) dynamo

data. Varying Pr while fixing E produces an onset scaling exponent of β∗ = 0.5,

a shallower slope than the fixed Pr and varying E onset scaling (e.g., Aurnou,

2007).
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1.4 Synthetic Data Modeling

In this section we construct synthetic datasets in order to further demonstrate how

heat transfer data conforms to the viscous onset scaling when plotted in diffusion-

free parameter space. The synthetic data overlaps with the parameter ranges

achievable by present-day models and focuses on Ekman numbers between 3×10−4

and 10−7. At each Ekman number, we plot an E-dataset containing ten data

points, spaced evenly in log space, following a scaling slope α for approximately

one decade in Nu.

In Figure 1.5, we change several components independently of one another: the

scaling exponents α; variation in shingle lengths; and the number of shingles used

in the composite fit. Data are plotted in Nu–Ra space in the top row panels and

in Nu∗–Ra∗Q space in the bottom row panels.

Figures 1.5a and 1.5b show a set of five E-datasets ranging from 3× 10−6 ≤ E ≤

3 × 10−4. Figure 1.5a shows the data in diffusive parameter space. Here, each

E-dataset follows a Nu–Ra scaling of α = 0.5 (roughly the shallowest slope found

in the Christensen and Aubert (2006) dynamo data). The composite fit has a

slope of β = 0.09, represented by the dashed line. This composite fit provides

a poor fit to the data, having a coefficient of determination R2 = 0.17. Figure

1.5b shows the data in diffusion-free parameter space. Here, the single E-dataset

best-fit slope is α∗ = 0.33. The aggregated data appear to lie along a single trend:

the diffusion-free composite fit, β∗ = 0.57, fits the data extremely well with an R2

value of 0.99. The composite fit varies from the viscously-controlled onset scaling

(β∗crit = 0.6) by 5%.

Figures 1.5c and 1.5d show data at the same E-values as in Figures 1.5a and 1.5b,

but with each E-dataset following the Nu–Ra scaling of α = 3.5. The composite

fit in diffusive parameters in Figure 1.5c has a slope of β = 0.01 with an R2 value
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Figure 1.5: Heat transfer data plotted in Nu–Ra space in panels a, c and e, and Nu∗–
Ra∗Q space in panels b, d and f. Panels a and b show datasets following the scaling

Nu = (Ra/Racrit)
0.5, or α = 0.5. Panels c and d show datasets following the scaling

Nu = (Ra/Racrit)
3.5, or α = 3.5. Panels e and f also follow a scaling of α = 3.5, but in-

stead of datasets which span a constant range of Ra/Racrit and Nu, the length of each dataset
is determined by the intersection with a nonrotating heat transfer trend, Nu = 0.16Ra0.284

(Rossby, 1969; King et al., 2012).
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Table 1.3: Table of α, β, α∗ and β∗ values plotted in Figure 1.5. The definitions of these
variables are given in Section 1.2. In addition, the R2 values are given, representing the goodness
of fit for each β and β∗ value.

Figure s α β R2|
β

α∗ β∗ R2|
β∗

Fig 1.5a, b constant 0.5 0.09 0.17 0.46 0.57 0.99
Fig 1.5c, d constant 3.5 0.01 0.004 0.86 0.63 0.98
Fig 1.5e, f variable 3.5 0.14 0.21 0.87 0.62 0.96

of 0.004, indicating a very poor fit. In diffusion-free parameter space, the single

E-dataset fit is α∗ = 0.78 while the composite fit yields β∗ = 0.63, which is again

within 5% of the β∗crit prediction.

In Figures 1.5e and 1.5f, we show data over the same E-values plotted in previ-

ous panels, following a trend of α = 3.5. Instead of keeping the length of each

E-dataset constant, the upper bound of data for each E values is cut off as E−3/2

(Julien et al., 2012a), following the arguments in section 1.2.1. Again, the com-

posite fit in Nu–Ra space, β = 0.14, is poor, with an R2 value of 0.21. In contrast,

the β∗ value of 0.62 in Figure 1.5f is nearly identical to the α = 3.5, β = 0.63

value found in Figure 1.5d. The R2 value for the fit is 0.96, indicating an essen-

tially identical fit as in the constant shingle length data in panels a–d. (Table 1.3

summarizes the results from Figure 1.5.)

In Figure 1.6, we show composite fit values to synthetic data sets that include

differing number of E-datasets. The red circles denote E-datasets with slope

α = 0.5 and the blue squares denote E-datasets with slope α = 3.5. Each E-

dataset contains ten equidistant data points between Nu = 1 and Nu = 10. In

Figure 1.6a, as the number of E-datasets increases, the value of the composite

scaling trend β quickly approaches the onset slope of zero, regardless of the α

value. In Figure 1.6b we observe the exact same behavior for β∗. Just as in the

diffusive case, the composite fit quickly approaches the onset scaling exponent of

0.6, regardless of the α value. Even for the broad range of α values examined,
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Figure 1.6: Plots versus the number of Ekman numbers included of the composite fit scaling
exponent in a), diffusive parameter space, and b), diffusion-free parameter space. ‘Number of
E-datasets’ is associated with one dataset at E = 3 × 10−4. Further datasets decrease in E
down to E = 10−8 for 10 datasets. The datasets contain ten evenly-spaced datasets roughly
over the range 1 < Nu < 10. The blue squares represent a Nu–Ra scaling law with an exponent
of α = 3.5 while the red circles represent a Nu–Ra scaling law of α = 0.5. As more Ekman
numbers are considered in the fit, the β and β∗ values corresponding to both α values approach
the onset value of 0.6.
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the β∗ values collapse to within 10 percent of the onset scaling exponent once

five or more E-datasets are included in the fit. Figure 1.6 demonstrates that the

supposedly diffusion-free β∗ value must approach the viscously controlled onset

value β∗crit as more data shingles are included in the composite fit. Thus, while

α∗ is directly related to the heat transfer scaling slope α, the β∗ value is not

inherently consequential.

1.5 Summary

In this study, we have shown that heat transfer, plotted in diffusion-free parameter

space, is controlled by viscous diffusivity of the fluid. Thus, irrespective of the

input scaling trend α∗, all the data in Figures 1.5 and 1.6 generate diffusion-

free scaling trends that correspond to the viscous onset scaling value of 3/5, so

long as sufficiently many Ekman numbers are included. This result is contrary

to Christensen and Aubert (2006)’s claim that the composite fit β∗ represents a

physically meaningful scaling in diffusion-free space.

Figure 1.4 demonstrates that the empirical scaling in diffusion-free space cannot

detect steepening trends of dynamo heat transfer data as E decreases. That

diffusivities appear to have an effect on diffusive heat transfer scalings but have

no effect on their diffusion-free analogues raises another concern: by removing all

diffusivities (a priori) from the parameters, it becomes impossible to ever test

whether diffusivities matter (Julien et al., 2012a).

Our findings are relevant to present-day dynamo models since they demonstrate

that the viscous diffusivity, via the onset conditions, plays a key role in determining

supposedly diffusion-free heat transfer scalings. Thus, diffusion-free heat transfer

scalings are likely only valid in geophysical settings in which dynamo action is

occurring very near to the onset of convection (Ra ' RaC). However, our Ra/RaC
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estimates in Table 1.2 do not support this contention. Instead, they indicate that

convection in dynamo-generating regions is strongly supercritical in most solar

system bodies. Since presently-available dynamo data do not provide support for

diffusion-free physics, it still remains to be determined under what conditions,

if any, dynamo generation becomes free of fluid diffusivities. Next generation

models that incorporate advanced dynamo physics (e.g., Calkins et al., 2015b)

and advanced parallelization capabilities (e.g., Nataf and Schaeffer, 2015) may

prove capable of reaching the hypothesized diffusion-free regime.
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CHAPTER 2

Laboratory-Numerical Models of Rapidly

Rotating Convection in Planetary Cores

Modified from: J.S. Cheng, S. Stellmach, A. Ribeiro, A. Grannan, E.M. King,

J.M. Aurnou. Geophys. J. Int. (2015) 201, 1–17.

2.1 Introduction

In the investigation of planetary core physics, the current methodological paradigm

depends primarily upon numerical dynamo models. These models strive to sim-

ulate the global scale processes occurring in planetary interiors by solving the

governing equations of magnetohydrodynamic flow in a rotating spherical shell

of electrically-conductive fluid (e.g., Kageyama and Sato, 1995; Glatzmaier and

Roberts, 1996; Christensen and Aubert, 2006). The strength of these models is

that they are capable of reproducing some major features of the geomagnetic field,

including the dipolar morphology, flux patches at high latitudes, and polarity re-

versals (e.g., Christensen, 2010; Olson et al., 2011).

However, these models are limited because they require overly strong viscous dif-

fusive effects. Over ten orders of magnitude larger than estimates for Earth’s core,

the viscous diffusion in current numerical dynamo models ultimately removes all

31



Figure 2.1: Image showing the conceptual relationship between a parcel of core fluid and our
laboratory rotating convection experiments. Gravitational acceleration is represented by g and
the angular rotation vector is represented by Ω. In addition, the adverse density gradient is
qualitatively represented by the background color scheme. Violet represents higher density fluid
while pink represents lower density fluid.

but the largest scale motions in the system (e.g., Soderlund et al., 2012). Small-

scale turbulence and turbulent fluxes between large- and small-scale processes

cannot exist in these models (cf. Braginsky and Meytlis, 1990). As such, the

models are effectively laminar (Glatzmaier, 2002). However, turbulent fluid sys-

tems, such as exist in planetary cores, are inherently multi-scale: a wide range of

flow scales are expected to be active and interrelated (Nataf and Schaeffer, 2015).

For example, convective energy is likely injected at very small scales into the core

fluid, whereas magnetic fields are likely generated by larger-scale flows. In the

long term, in order to make accurate predictions of global scale observables, we

must understand the path by which small-scale convective energy is transferred

to the large-scale flows that effectively induce magnetic fields.
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To investigate the behavior of rapidly-rotating convection toward the limit of core-

style turbulence, we have used laboratory simulations of rapidly rotating convec-

tion and high-resolution numerical models in a complementary fashion. Here we

present the results of the combined approaches, which have allowed us to ac-

cess the axialized flows that exist near the onset of convection, as well as the

three-dimensional (3D) turbulent flows that develop with stronger forcing. To-

gether our combined laboratory-numerical approach provides a broad view of the

regimes that likely describe core-style rotating convective motions. We do not

include the effects of magnetic fields on convection (c.f Aurnou and Olson, 2001;

Cioni et al., 2000; Stellmach and Hansen, 2004; Gillet et al., 2007; Hori et al.,

2010; King and Aurnou, 2015; Ribeiro et al., 2015). In addition, we use simplified

geometries. Right cylinders are used in the laboratory experiments and Carte-

sian domains are used in the numerical simulations, both of which remove the

effects of spherical shell curvature. In these reduced geometries, we are able to

reach more extreme parameter values than are accessible in current global-scale

dynamo models.

Our study then differs from the geophysical problem of rotating magnetoconvec-

tion in a spherical shell. However, understanding the reduced problem serves as an

essential prerequisite to understanding planetary convection. In addition, our sys-

tematic approach provides the opportunity to contextualize core fluid dynamics,

using the predictions derived in the well-established body of convection physics lit-

erature (e.g., Malkus, 1954; Kraichnan, 1962; Julien et al., 1996; Grossmann and

Lohse, 2000; Sprague et al., 2006; Ahlers et al., 2009; Grooms and Whitehead,

2015).

In the next section of this paper, we introduce the nondimensional parameters nec-

essary to discuss the theoretically-predicted behaviors of (non-rotating) Rayleigh-

Bénard convection and rotating convection. These simplified systems articulate
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the underlying physical processes that are the basis of all convectively-driven dy-

namo models. In section 2.3, we present our laboratory and numerical set-ups,

with which we make detailed measurements of the convective heat transfer across

a fluid layer and qualitative measurements of the associated flow patterns. Our

results are provided in section 2.4. In section 2.5, we discuss the regime transitions

that exist in our heat transfer data, which provide important insight about rotat-

ing convection systems: we find that axially-invariant rotating convection columns

exist only over a very limited range of parameter space. In section 2.6, we consider

the extrapolation of our results to planetary core settings. Finally, in section 2.7,

we discuss how our findings better tie next-generation dynamo modeling results

to established theories of turbulent convection.

2.2 System Parameters and Scaling Behaviors

2.2.1 Rayleigh-Bénard Convection (RBC)

In order to investigate rotating convection systems, we first consider the analogous

non-rotating system. This non-rotating style of convection, known as Rayleigh-

Bénard convection (RBC), describes the thermally-induced overturning of fluid in

a plane layer geometry. Non-rotating convection is relevant to planetary systems

because it represents the limiting behavior when convection overcomes rotational

effects. We find that convective heat transfer in RBC systems provides upper

bounding values on those that will be observed in rotating convection systems.

The effective strength of the thermal buoyancy force in RBC systems is denoted by

the Rayleigh number. This nondimensional number represents the ratio between
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thermally-induced buoyancy and the viscous and thermal diffusive effects:

Ra =
Buoyancy

Diffusion
=
γg∆TL3

νκ
, (2.1)

where γ is the thermal expansivity, g is gravitational acceleration, ∆T is the

temperature difference between the top and bottom horizontal boundaries of the

fluid layer, L is the distance between these boundaries, ν is the viscous diffusivity,

and κ is the thermal diffusivity. At a sufficiently high value of Ra, denoted as

the critical Rayleigh number RaC , buoyancy effects overcome diffusion and the

fluid layer becomes unstable to convective fluid motions. For an infinite plane

layer with rigid, non-slip boundaries, the critical Rayleigh number in RBC has a

constant value of RaC = 1708 (Pellew and Southwell, 1940).

The other parameter describing RBC systems is the thermal Prandtl number, Pr.

This number is the ratio of the thermal and viscous diffusion time scales in the

system,

Pr =
ν

κ
, (2.2)

and, thus, describes the thermophysical properties of the working fluid. For in-

stance, in water, the working fluid used in our laboratory experiments, Pr has a

value of ' 7. Present-day dynamo studies typically use a Prandtl number of ' 1

(e.g., Olson et al., 2011; Soderlund et al., 2013). In contrast, it is estimated that

the Pr ∼ 10−2 in the liquid metal that makes up Earth’s outer core (e.g., Pozzo

et al., 2012; de Koker et al., 2012).

For any given set of Ra and Pr input parameters in an RBC system, the nondi-

mensional heat transfer is expressed in terms of the Nusselt number, Nu. The

Nusselt number is the ratio of the total heat flux through the system normalized
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by the conductive heat flux in the absence of convection:

Nu =
Total heat flux

conductive heat flux
=

qL

k∆T
. (2.3)

where q is the total heat flux and k is the working fluid’s thermal conductiv-

ity. Because the total (superadiabatic) heat flux is the sum of convective and

conductive components, the Nusselt number will have a fixed value of unity in

the absence of convective motions, and will reach higher values as the convective

heat flux increases in strength. (Unlike in planets, the adiabatic heat flux is zero

in our experiments.) In our laboratory-numerical RBC experiments, the Nusselt

number ranges from values of unity to just over 103, demonstrating that we can

study the full range of behaviors that exist between the onset of convection and

fully-developed, convection-dominated heat transfer.

The Nusselt number provides a globally-integrated description of the vigor of

convective motions. As such, trends in the Nusselt number reveal fundamental

behaviors of the underlying convection system (e.g., Spiegel, 1971; Glazier, 1999).

In the literature on convective turbulence, heat transfer in RBC systems follows

several well known scaling laws of the form Nu ∼ RaαPrχ (e.g., Ahlers et al.,

2009). However, since we use a fixed Prandtl number in our experiments, we will

consider RBC scalings of the simpler form

Nu = c1Ra
α , (2.4)

where c1 is the prefactor and α is the scaling exponent. Such scalings have been

predicted theoretically and confirmed experimentally over wide ranges of param-

eter space (e.g., Rossby, 1969; Castaing et al., 1989; Glazier, 1999; Funfschilling

et al., 2005).

There are two well-known Nu ∼ Raα scaling regimes of RBC heat transfer that
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are accessible with our experiments. One classical prediction, first theorized by

Malkus (1954), is the α = 1/3 relation. Malkus’ arguments apply to systems con-

taining vigorous convective mixing, where the bulk fluid becomes isothermal and

the time-averaged temperature gradients are localized to thin thermal boundary

layers adjacent to the top and bottom of the fluid layer. Conductive heat trans-

port dominates in these quasi-static boundary layers. The α = 1/3 law arises

under conditions in which the opposing boundary layers do not interact, and the

fluid layer height therefore does not enter into the heat transfer scaling. This

depth-independent heat transfer then leads to the following scaling law:

Nu ∼ (Ra/RaC)1/3 (2.5)

This scaling law has been verified in a number of experiments carried out at

Ra & 1010 (Ahlers et al., 2009). It is often argued that the α = 1/3 law is

appropriate for geophysical systems in which the boundary layers act in relative

isolation, such as when they are much thinner than the total thickness of the fluid

layer (e.g., Castaing et al., 1989).

In RBC laboratory and numerical experiments at moderate buoyancy forcings

(Ra . 1010), characteristic of values used in current-day dynamo models, the

α = 1/3 law is not typically observed. Instead, experiments in this moderate Ra

range find that the RBC heat transfer follows a law closer to Nu ∼ Ra2/7 (Chillá

et al., 1993; Glazier, 1999; Ahlers and Xu, 2001). In most Ra & 105 laboratory

and numerical experiments, a container scale overturning circulation occurs in

the bulk fluid, providing a shear flow across the boundaries. The presence of

this circulation implies communication between the boundary layers and that the

depth of the fluid layer is a critical characteristic of the system. By including the

effects of a shear flow across the thermal boundary layers, Shraiman and Siggia

(1990) argue that an α = 2/7 heat transfer scaling develops.
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At extremely high Ra, which presently exceed laboratory and numerical exper-

imental capabilities, an α = 1/2 scaling law has been hypothesized (Kraichnan,

1962; Spiegel, 1971). In this regime, the thermal boundary layers become fully

turbulent. In the absence of quasi-static boundary layers, the heat flux will be

controlled solely by turbulent flows occurring within the fluid bulk and the micro-

scopic, molecular properties of the fluid may cease to play a role. This RBC heat

transfer regime is represented by the scaling law

Nu ∼ (RaPr)1/2 . (2.6)

Although this scaling has yet to be observed experimentally (e.g., Roche et al.,

2010), it may ultimately apply to buoyancy-dominated planetary and astrophysi-

cal convection systems. In our present laboratory and numerical experiments, we

are able to access the α ' 2/7 and 1/3 regimes.

2.2.2 Rotating Convection

With the inclusion of rotation in a given system, new modes of convection can

develop, associated with alternate regimes of convective heat transfer. A new

nondimensional parameter, the Ekman number E, is required to characterize the

effect of the system’s rotation. This parameter is defined by the ratio between the

system-scale viscous force and the Coriolis force:

E =
Viscosity

Coriolis
=

ν

2ΩL2
(2.7)

where Ω is the system’s angular rotation rate. In many geophysical settings, the

Ekman number is extremely small, implying that rotational effects massively over-

whelm global-scale viscous forces. For instance, the Ekman number is estimated

to be of order 10−15 in Earth’s core (Schubert and Soderlund, 2011). At such low
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values, the system-scale flows are expected to be essentially unaffected by fluid

viscosity (e.g., Roberts and King, 2013).

The effect of rotation is strongly constraining and has the effect of suppressing

the onset of convection (e.g., Nakagawa and Frenzen, 1955). The critical Rayleigh

number in a rotating convection system is no longer a constant for a given geom-

etry. Instead, RaC grows with the system’s rotation rate:

RaC = c2E
−4/3 , (2.8)

where c2 is 8.696 for the onset of steady rotating convection as E → 0 (Chan-

drasekhar, 1961). At the onset of rotating convection, fluid motions occur in the

form of long, thin columns that are aligned with the rotation axis (Grooms et al.,

2010; King and Aurnou, 2012). The narrow horizontal width of these columns, `,

results in viscous forces that locally relax the rotational constraint on fluid flow.

The width of the columns at the onset of convection scales as:

` = c3E
1/3L , (2.9)

where c3 = 4.8 as E → 0 (e.g., Julien and Knobloch, 1998). This E1/3 scaling

result appears to hold well past onset and thus likely characterizes flow scales in

a broad array of rapidly rotating convection settings (e.g., Zhang and Schubert,

2000; Stellmach and Hansen, 2004; King and Buffett, 2013).

In spheres and spherical shells (with inner radius less than 3/4 of the outer shell

radius), most of the fluid volume exists outside of the tangent cylinder. These

lower latitude convection columns are generated by thermal Rossby waves and

are not fully equivalent to our Cartesian cases, which better simulate convec-

tion at higher latitudes within the tangent cylinder (e.g., Busse and Cuong, 1977;

Sreenivasan and Jones, 2006b; Takehiro, 2008; Calkins et al., 2013). Because the
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vorticity changes sign across the mid-layer only in high latitude columns, they have

differing topologies (Chandrasekhar, 1961), differing heat transfer behaviors (e.g.,

Aurnou et al., 2007) and their vortex-vortex interactions are likely different. How-

ever, they have some important similarities. In particular, they represent strongly

axialized vortices that have ` = O(E1/3) length scales (Zhang and Schubert, 2000;

King and Buffett, 2013).

The vast majority of planetary dynamo models are carried out in the vicinity

of E ∼ 10−4 (King and Buffett, 2013) where these axial columns, forming near

the onset of convection, are the dominant flow structures. The columns in these

models typically have widths that are large, in fact, close to the scale of the system,

`/L ∼ E1/3 ' 0.1, and have been argued to be an essential feature of Earth-

like models (e.g., Christensen and Aubert, 2006; Christensen, 2010). The highly

coherent axial flow structures are responsible for generating dipolar magnetic fields

that are well-aligned with the rotation axis. In fact, typical E ∼ 10−4 models

cannot generate Earth-like magnetic fields without the presence of axially coherent

columns (e.g., Sreenivasan and Jones, 2006a; Christensen, 2010; Miyagoshi et al.,

2010; Soderlund et al., 2012, 2013).

Even though dynamo models depend on columns as an essential building block,

the width of those that exist in present-day models fundamentally differ from

the columns that are presumed to exist in the core. For instance, in Earth’s

core, columns are not predicted to be the system-scale in width, but instead are

likely to be extremely narrow with `/L ∼ E1/3 ' 10−5. This corresponds to core

columns of order 1000 km high by 10 m wide. It is unlikely that such structures

can induce magnetic fields or remain stable under turbulent core conditions (e.g.,

Glatzmaier, 2002). Thus, lower E realizations of rotating convection are necessary

to determine the stability range of columnar-style rotating convective flows as

core-like parameters are approached. Furthermore, accurate models of global heat
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transfer (eventually, in spherical shell geometries) are also required in the regime

in which coherent rotating convection columns exist. By comparing the heat flux

estimates from a given planetary core, it should then be possible to infer whether

coherent columns will stably exist in a given geophysical system (e.g., King and

Aurnou, 2012; Soderlund et al., 2014).

King et al. (2012) argue that boundary layer physics controls rotating convective

heat transfer in water. By assuming that Malkus’ (1954) marginal boundary layer

arguments hold in a rapidly rotating system, they develop theoretical arguments

predicting that rotating convective heat transfer scales steeply:

Nu = (Ra/RaC)3 . (2.10)

This steep, cubic scaling (2.10) is argued to hold from near the onset of convection

until the Ra value at which the thermal boundary layer becomes nested within

the mechanical Ekman layer:

RaT ∼ E−3/2 . (2.11)

Furthermore, it is hypothesized that the columns will lose their axial coherency

in the vicinity of Ra/RaT ∼ 1. The Pr ' 7, E ' 10−7 numerical experiments

carried out in this study reach lower values of Ra/RaT than any previous studies

and, thus, are the first to clearly test the King et al. (2012) predictions.

2.3 Methods

Our investigation involves both laboratory experiments and numerical simulations

of convection in non-rotating and rotating systems.
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2.3.1 Laboratory Experiments

We perform Rayleigh-Bénard convection (RBC) and rotating convection experi-

ments in an axially-aligned cylindrical container with water as the working fluid.

The top and bottom of the container are made of aluminum, which provides nearly

isothermal boundary conditions in all our laboratory experiments. We maintain a

Biot number Bi ≤ 0.1, implying that thermal gradients in the boundaries are neg-

ligible compared to those in the fluid. The cylindrical sidewall is made of Reynolds

Polymer acrylic, which has a low thermal conductivity of k = 0.19 Wm-1K-1 and

is optically clear. The sidewall has a thickness of 0.635 cm and an inner diameter

of 19 cm. We are able to vary the height of the container, here using 40, 80 or

160 cm tall sidewalls (Figure 2.2). A brushless servomotor rotates the device at

rates between 0 and 60 revolutions per minute (rpm).

The fluid layer is heated from below by a non-inductively wound, electrical resis-

tance element that applies between 10 and 600 W of power. Following Rossby

(1969), the experiment is cooled from above via a double-spiral wound heat ex-

changer maintained at a constant temperature by a precision thermal bath. Tem-

perature measurements are made by 12 temperature sensors located within 2 mm

of the top and bottom boundaries of the fluid layer, providing accurate mea-

surement of the vertical temperature difference across the fluid layer, ∆T . The

minimum ∆T that can be measured is approximately 0.25 K, which sets the min-

imum Ra that we can access with any given tank. The combination of applied

heating power and resultant temperature drop measured across the fluid layer

allows us to calculate the Nusselt and Rayleigh numbers for each experimental

case.

These geometrically narrow tanks require careful treatment of potential thermal

losses through the sidewalls. To minimize these losses, the temperature of the
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Figure 2.2: Rotating convection experimental set-up. a) A schematized image of the 40 cm
high by 20 cm wide tank. An electrical heater provides a constant heat flux q to the base of
the experiment. A water-cooled heat exchanger maintains a fixed temperature at the top of the
system. A servomotor rotates the tank about a vertical axis at up to 60 revolutions per minute
(rpm). All laboratory experiments have a fixed diameter of 20 cm. However, the heights of the
tanks can be varied. b) Preceding laboratory studies have employed 5, 10, and 20 cm high tanks
(King et al., 2009, 2012; King and Aurnou, 2012, 2013). c) In the present study, laboratory
experiments are carried out in 40, 80, and 160 cm high tanks in order to reach more extreme
ranges of parameter space. For example, in a 160 cm high tank of water it is possible to attain
E & 3× 10−8 and Ra . 1013.
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room is set as closely as possible to the mean temperature of the working fluid.

Furthermore, the device is wrapped in a 10 cm thick layer of Insulfrax insulation.

The room and mean fluid temperatures are continually measured, allowing us

to estimate horizontal conductive, convective and radiative heat losses from the

device. For all cases above 30 W of input heating power, sidewall heat losses

account for less than 5% of the total. A more detailed description of our losses

estimates are given in Section 2.3.2.

In every Nu-Ra case, the experiment is allowed to equilibrate until the mean

temperature on each thermal sensor does not change by more than ∼ 1% over the

course of two hours. This process usually takes approximately 8-12 hours. We

then collect data for 2-3 hours per case at a data rate of 10 samples per second.

A suite of experiments that omit the sidewall insulation has also been made in

order to make qualitative optical characterizations of the flow fields in our experi-

ments. Without sidewall insulation, it is possible to pass a vertical laser light sheet

through the optically clear sidewalls. By seeding the working fluid with reflective

Kalliroscope flakes, we are able to visualize the pattern of differential shear within

the fluid. These patterns are recorded with the use of a digital camera situated

in the laboratory frame.

2.3.2 Thermal losses model

Not all of the applied heat flux in our experiments is transferred vertically through

the fluid layer. Even with a 10 cm thick layer of insulation, some of the heat

escapes through the sidewalls of the tank. Our data presented in Figures 2.4 and

2.5 are corrected for thermal losses using a theoretical model developed by A.

Grannan and outlined here.

This model assumes conductive, convective and radiative forms of heat loss fol-
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lowing Fourier’s law, q = −k∇T where k is the thermal conductivity. There are

two layers of solid material, the tank sidewall and the insulation. Thus, the con-

ductive components are placed in series with each other while the convective and

radiative components are in parallel with the outer layer. This gives an overall

form of:

Qloss =
Tfluid − Troom

xcond,acrylic + xcond,insul + xconv+rad

, (2.12)

where xcond,acrylic, xcond,insul, xconv represent the non-∆T component for conduc-

tion through acrylic, conduction through insulation, and convection and radiation

together.

Each layer has an individual k value and the total conductive heat loss over a

single layer is given by:
Tfluid − Troom

ln(r2/r1)
2πlk

. (2.13)

where r2 is the radius of the outer layer, r1 is the radius of the inner layer, and l

is the thickness of the layer.

The convective heat loss from the outside of the insulation is given by:

NuairkairA/l (Tmid − Troom) , (2.14)

where Tmid is the temperature at the interface of the acrylic and insulation and A is

the total surface area in contact with the air. The Nusselt number estimate for the

air, Nuair, is different for nonrotating and rotating cases. We use a nonrotating

estimate from Churchill and Chu (1975) and a rotating estimate from Kendoush

(1996).

The radiative component is given by:

Qloss,rad = σεA
(
T 4
mid − T 4

room

)
(2.15)
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We can combine this with the convective and conductive components to write:

Qloss =
Tfluid − Troom

ln(r2/r1)
2πlkinsul

+ ln(r2/r1)
2πlkacrylic

+ 1
NuairkairA/l+σεA(Tmid+Troom)(T 2

mid+T 2
room)

. (2.16)

This heat loss estimate manifests as a correction to the Nusselt number in the

data:

Nucorrected =
(qraw − qloss)L

k∆T
, (2.17)

where qraw is the uncorrected heat flux per unit area of heating and qloss is Qloss

per unit area of heating.

Applying our heat losses model to our data shows that the losses are more signif-

icant at lower heat fluxes and less significant at higher heat fluxes. For example,

in the nonrotating 160 cm tank case with 10 W of applied heat flux, about 14% of

the power is lost through the sidewalls. In contrast, in the same tank with 1000 W

of applied heat flux, less than 1% of applied power is lost through the sidewalls.

Over a large range of data, the effect of sidewall heat loss on our Nu-Ra scal-

ing results is minimal: for Rayleigh-Bénard convection, the difference in best-fit

scaling slope between the raw data and losses-corrected data is smaller than the

uncertainty range.

2.3.3 Numerical Simulations

While laboratory experiments enable us to characterize rapidly rotating turbu-

lent convection at high Rayleigh and low Ekman numbers (5 . Ra/RaC . 60 at

E = 10−7), our laboratory system cannot reach low enough Ra values to investi-

gate the physics between RaC and RaT for E . 3× 10−4. Numerical simulations,

in contrast, allow us to study the behavior of rotating convection at the low Ra

values inaccessible in the laboratory. The combination of laboratory and numer-
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ical methods provides a complementary characterization of rotating convection

physics, accessing the full range from weakly supercritical to fully turbulent flows.

The numerical models solve the Boussinesq momentum, energy, and mass conser-

vation equations in a rotating, Cartesian fluid layer. The top and bottom fluid

layer boundaries are isothermal, rigid and non-slip. The solutions are periodic

in the horizontal directions. Chebyshev polynomials are employed in the verti-

cal direction and Fourier expansions in the horizontal directions. The vertical

resolution is set in order to maintain at least ten grid points within the Ekman

boundary layer. The code has been validated in prior studies by Stellmach and

Hansen (2008) and King et al. (2012).

2.4 Results

Here, we briefly summarize our essential findings. First, we find in RBC ex-

periments that a Nu-Ra scaling of α = 0.284 describes the heat transfer for

Ra . 1010 and a scaling of α = 0.322 develops at roughly Ra & 1010, correspond-

ing closely to the predicted 1/3 law. In rotating convection experiments, we find

a steep heat transfer scaling law in the region where coherent convection columns

exist. By comparing laboratory visualizations and heat transfer measurements,

we show that this steep heat transfer scaling manifests when convection occurs

in the form of axially-invariant columns; when the columns become unstable to

three-dimensional motions, the heat transfer becomes less efficient, trending back

toward the nonrotating scaling. These results indicate that rotating convection

columns, which form the conceptual underpinning for current Earth-like planetary

dynamo models, exist only over a limited range of parameter space.
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2.4.1 Laboratory Flow Visualizations

Figure 2.3 shows Kalliroscope images of shear patterns in an 80 cm high tank

of convecting water for a fixed heating power of 10 W, corresponding to a fixed

flux-based Rayleigh number

RaF = RaNu =
γgL4q

ρCpκ2ν
= 4.0× 1012 . (2.18)

In each experiment we test a different rate of rotation, ranging from 60 rpm down

to 0 rpm. As the rotation rate is decreased, we see the organizing effect of Coriolis

force weaken and give way to small-scale turbulence in the bulk fluid.

The image in Figure 2.3a, displaying a snapshot of the cylinder rotating at 60 rpm,

shows the columnar convective regime. The strongly coherent columns extend

between the bottom to the top boundary with almost no variation along the

axial direction. Figure 2.3b shows the flow field in a case rotating at 10 rpm

(E = 7.5× 10−7). With this decrease in rotation rate, the columns become wavy

and begin to lose their axial invariance. Figure 2.3c shows the development of

3D, anisotropic flows. Figure 2.3d and e show 3D turbulence that appears to be

isotropic in nature and is likely unaffected by rotation.

In addition, in Figure 2.3, we estimate the strength of buoyancy effects for each of

the five cases, but normalized in different ways. The first row gives the Rayleigh

number normalized by the value at which bulk convection onsets, Ra/RaC (fol-

lowing (2.8)). The second row gives the Rayleigh number normalized by the

boundary layer transition value, RaT , predicted in King et al. (2012). The third

row gives the system-scale buoyancy force normalized by the Coriolis force, called

the convective Rossby number Roc. The convective Rossby number can be written
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as:

Roc =
Buoyancy

Coriolis
=

(
RaE2

Pr

)1/2

(2.19)

where the buoyancy and inertial terms have been set equal, and the inertial term

can then be written in terms of the convective free-fall velocity, Uf ∼
√
γg∆TL.

The convective Rossby number is related to the modified Rayleigh number Ra∗

defined in Christensen (2002) by RoC = Ra∗2.

We argue that the case visualized in Figure 2.3c corresponds to the geostrophic tur-

bulence regime, where flows exhibit small-scale 3D structure at convective Rossby

number Roc � 1 (cf. Sprague et al., 2006; Julien et al., 2012b). The flows in Fig-

ure 2.3a, b and c, then, are in good agreement with the convective Taylor column,

plume, and geostrophic turbulence regimes, respectively, found in asymptotically-

reduced rotating convection models of Julien et al. (2012b) and in direct numerical

simulations conducted by Stellmach et al. (2014).

2.4.2 Rayleigh-Bénard Convection

Figure 2.4 shows Rayleigh-Bénard convective heat transfer data. The effective

buoyancy force, Ra, is plotted on the x-axis; the resulting convective heat trans-

fer, Nu, is plotted on the y-axis. Data from our 80 cm and 160 cm tall tank

experiments are shown as purple-filled circles and diamonds, respectively, and are

shown in comparison with data sets from previous RBC studies of Rossby (1969),

Funfschilling et al. (2005) and King et al. (2012). The dashed green line

Nu = (0.162± 0.006)Ra0.284 ± 0.002 (2.20)

is the best-fit to the Rossby (1969) and King et al. (2012) data in the range

105 < Ra < 1010. This scaling exponent of α = 0.284 is in good agreement with

a 2/7 law.
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Figure 2.4: Laboratory Rayleigh-Bénard convection (RBC) heat transfer data alongside earlier
data from Rossby (1969), Funfschilling et al. (2005), and King et al. (2012). The black-bordered
yellow star denotes case V shown in Figure 2.3, made at RaF = NuRa = 4 × 1012. For our
present experiments (4 . Pr . 7) in 80 and 160 cm tall tanks, the best-fit heat transfer trend is
Nu = (0.075 ± 0.005)Ra0.322±0.003, in approximate agreement with the theoretically predicted
Nu ∼ Ra1/3 law of Malkus (1954). At lower Rayleigh number experiments (4 . Pr . 10) the
best-fit trend is Nu = (0.162 ± 0.006)Ra0.284±0.002, in agreement with the Nu ∼ Ra2/7 law
theorized in Shraiman and Siggia (1990) and observed in other laboratory experiments (e.g.,
Wu and Libchaber, 1992; Chillá et al., 1993; Liu and Ecke, 1997; Glazier, 1999).
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Beyond Ra = 1010, the data from the 80 cm and 160 cm tanks and Funfschilling

et al. (2005) rise more sharply than the α ' 2/7 green-dashed line. Instead, our

80 cm and 160 cm tank data then give a best-fit scaling law of

Nu = (0.075± 0.005)Ra0.322 ± 0.003 , (2.21)

which is statistically well outside the range of the 2/7 law, and in better agreement

with Malkus’ (1954) α = 1/3 law. This scaling is robust over several decades,

from Ra ∼ 1010 to 1013. Thus, we argue that the α = 1/3 law is affirmed in our

laboratory RBC experiments.

2.4.3 Rotating Convection

Figure 2.5 shows rotating convection heat transfer data from our current labora-

tory and numerical experiments as well as the laboratory data from Rossby (1969)

and the laboratory-numerical data from King et al. (2012). The color coding de-

notes the Ekman number used in each experiment. Filled-in symbols indicate

laboratory experiments, and open symbols indicate numerical simulations. The

data show that, at each given rotation rate, convection onsets at different Rayleigh

numbers, in good agreement with the prediction for the onset of convection in a

rotating fluid layer (2.8). Once convection onsets, Nu increases more steeply with

Ra than in non-rotating convection experiments (we refer to this steeper slope as

β). However, at high enough Ra, the rotating heat transfer data conforms to the

non-rotating 2/7 scaling trend.

Thus, RBC scalings provide the effective upper bounds for heat transfer in ro-

tating convection systems. The RBC heat transfer data acts as a ceiling, which

the rotating heat transfer data either meets or falls beneath. There is a slight

overshoot of rotating heat transfer beyond the RBC scalings for Ra & RaT (cf.
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Figure 2.5: Laboratory (Pr ' 7) and numerical (Pr = 7) rotating convection heat transfer
data from the present study, Rossby (1969) and King et al. (2012). The black-bordered yellow
stars denote cases I-IV shown in Figure 2.3, made at fixed RaF = NuRa = 4 × 1012. This
RaF value is denoted by the grey dashed line behind the stars. Critical Rayleigh number values
from Table 2.5 are plotted as colored stars along the x-axis. The best-fit heat transfer trend of
Nu ' (Ra/RaC)3.6 is plotted for E ∼ 10−7. For comparison, Nu = (Ra/RaC)3 (King et al.,
2012) is plotted for E ∼ 10−5 and Nu = (Ra/RaC)6/5 (King et al., 2009, 2010) for E ∼ 10−3.
Note that with each study at lower E, the scaling exponent becomes larger. This implies that
the behavior of rotating convection is not yet asymptotic in the presently accessible range of
Nu-Ra-E space.
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Niiler and Bisshopp, 1965; Julien et al., 1996; Kunnen et al., 2008). However,

this effect is strong only at relatively high E. In fact, our data shows that the

overshoot becomes small for E . 10−5.

The slope of the steep scaling regime changes as a function of E. At the highest

E values (E ' 10−3), the data conform to a β ' 6/5 law (Christensen, 2002;

Aurnou, 2007; Schmitz and Tilgner, 2009; King et al., 2009, 2010). At lower E

values in the vicinity of 10−5, the data fit a steeper, roughly cubic scaling law

in agreement with King et al. (2012). However, for even more rapidly rotating

cases, with data lying in the range 1010 . Ra . 1011, the best-fit trend to the

predominantly numerical E = 10−7 data is:

Nu = (0.71± 0.09)(Ra/RaC)3.56 ± 0.08 . (2.22)

Here, RaC is estimated following Chandrasekhar (1961) (see Table 2.1). This

β ' 3.6 trend is significantly steeper than any previous rotating convection ex-

periments, exceeding even the cubic heat transfer scaling of King et al. (2012).

Although we have carried out a limited number of numerical simulations in this

low E, steep scaling regime, the best-fit trend is statistically distinct from a cubic

law. Julien et al. (2012a) argue that the β = 3 law is among a family of plausible

solutions for rapidly-rotating convection, found to contain marginally unstable

thermal boundary layers. However, our β = 3.6 result implies that the marginal

rotating boundary layer mechanism put forth in King et al. (2012) does not con-

trol the convective heat transfer at very low E. Clearly, though, the robustness of

this β ' 3.6 trend must be confirmed with more Ra� RaT data (see data Tables

2.4 and 2.5 in the Section 2.8).

Figure 2.6 shows the best-fit values for β as a function of the inverse Ekman

number. Data points below Nu = 1.3 are not considered in these fits, as they

correspond to a shallower Nu-Ra near onset (e.g., Julien et al., 2012a). For the
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Figure 2.6: Heat transfer scaling exponents as a function of Ekman number. a) Solid lines
show the best-fit Nu ∼ Raβ trends to combined laboratory and numerical datasets at E = 10−3,
10−4, 10−5, 10−6 and 10−7 in the steep heat transfer scaling regime. Data points used in the
fits are selected to lie above Nu = 1.3, represented by the grey dashed line, and below the RBC
trend of Nu = 0.16Ra0.284, represented by the green dashed line. Symbols are as defined in
Figure 2.5. b) Plot of β versus inverse E from the fits shown in panel a). No clear asymptotic
scaling behavior has been found in our experiments: the values of β continually increases as a
function of E−1 (cf. Julien et al., 2012a; Grooms and Whitehead, 2015).
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Table 2.1: Critical Rayleigh number estimates for no-slip boundaries, following Chandrasekhar
(1961), § 27 (b).

E RaC
10−3 7.159× 104

10−4 1.544× 106

10−5 3.482× 107

10−6 7.825× 108

10−7 1.741× 1010

steep scaling regime, we find that β monotonically increases with decreasing E,

with a roughly linear trend between log(E) and β. This suggests that in the

presence of no-slip boundaries the heat transfer scaling will continue to steepen

as E is further decreased towards geophysically realistic values (cf. Grooms and

Whitehead, 2015). Our heat transfer measurements show that no clear asymptotic

behavior has been found in the rapidly rotating, steep scaling regime.

In rotating convection experiments, we find a shallow RBC-style heat transfer

scaling (independent of E) with α ' 2/7 at our highest Ra values (cf. Liu and

Ecke, 1997). In contrast, we find an α ' 1/3 scaling in the RBC experiments for

Ra & 1010. We postulate that this high Ra rotating 2/7 scaling is a byproduct of

finite centrifugation effects in our present laboratory set-up. In our 80 cm tank

experiments, the Froude number, which is the ratio of centrifugal force and lab-

oratory gravity, Fr = Ω2r/g, is approximately 0.4 in the E ' 10−7 experiments.

The strong centrifugal buoyancy in these cases likely drives a mean meridional

circulation across the tank boundaries (e.g., Marques et al., 2007) which we argue

modifies the heat transfer to a 2/7 scaling, in accordance with the arguments of

Shraiman and Siggia (1990). To test this hypothesis, we doubled the height of

the tank (160 cm) while fixing the Ekman number (E ' 10−7), which decreases

the strength of centrifugation by a factor of 16. This yields a Froude number of

0.025. In Figure 2.5, we show that the highest Ra data in the 160 cm tank have

higher Nu values that appear to be trending toward a 1/3 law. The effects of

centrifugation will be studied in detail in a following suite of experiments.
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In our rotating convection experiments, the RBC scaling—in particular, the 2/7

law—is observed to form the upper bound for heat transfer. Thus, the RBC and

rotating convection (RC) scaling behaviors are deeply connected; knowledge of the

RBC scalings is pertinent to our understanding of both systems. We hypothesize

then that rotating convection and dynamo studies, carried out at sufficiently ex-

treme parameter values, will also be able to access theoretically-predicted regimes

of behavior (e.g., Soderlund et al., 2012). In particular, asymptotically-reduced

rotating convection models by Julien et al. (2012b) predict distinct heat transfer

scalings corresponding to each of the regimes visualized in Figure 2.3b-d. In our

E ≥ 3 × 10−8 data, we can unambiguously detect a steep and a shallow Nu-Ra

scaling, but even lower values of E are required to differentiate the independent

scalings for intermediate regimes (cf. Ecke and Niemela, 2014).

2.5 Comparing Regime Transition Hypotheses

Our rotating convective heat transfer data shows a clear transition from a steep

scaling regime near the onset of convection to a shallower heat transfer scaling at

strongly supercritical Rayleigh numbers. The data appears to deviate away from

the steep scaling law near to where rotating convection columns lose their strong

axial coherence. This is relevant to our understanding of present-day (E ∼ 10−4)

planetary dynamo models because Earth-like dipolar dynamo action has been

shown to fail in the vicinity of the heat transfer transition in these models (King

et al., 2012), where rotating convection columns also lose their axial coherency

(Soderlund et al., 2012). Thus, we hypothesize that the heat transfer transition

in our extreme rotating convection data will provide a proxy for behavioral tran-

sitions in more extreme dynamo models.

The transition Rayleigh number, RaT , is defined empirically here to be the in-
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tersection between the steep heat transfer scaling Nu = (Ra/RaC)β, and the

shallow, RBC-style scaling Nu = c1Ra
α. Setting these heat transfer trends equal

and using (2.8) yields:

RaT = c
1/(β−α)
1 Ra

β/(β−α)
C = c

1/(β−α)
1 c

β/(β−α)
2 E4β/3(α−β) . (2.23)

The supercriticality at which this transition occurs can then be written as:

RaT
RaC

= c
1/(β−α)
1 c

α/(β−α)
2 E4α/3(α−β) . (2.24)

By applying (2.23) to the best-fit scaling laws (2.21) and (2.22), we find:

RaT = (5.4± 0.1)E−1.466 ± 0.005 . (2.25)

The steep heat transfer scaling exponent β = 3.6 differs from a cubic law by about

16%. However, the exponent in RaT differs from (2.11) by only about 2%. This

small 2% difference arises because of the limited range between RaC and RaT :

RaT
RaC

= 144E−0.14 ∼ E−1/7 . (2.26)

At presently accessible Ekman numbers, the β = 3.6 slope and the cubic slope

correspond to very similar intersections with the RBC trend. The weak E−1/7

dependence in (2.26) also implies that the steep scaling regime occupies a limited

range of parameter space even when extrapolated to planetary conditions.

In Figure 2.7, we collapse the laboratory-numerical data from the present study

and King et al. (2012) using the best-fit scaling for the majority of the nonrotating

data, (2.20), to compensate the Nusselt number data on the y-axis and using our

best-fit transition scaling (2.25) to compensate the Rayleigh number on the x-

axis. The mean Prandtl number in laboratory cases is 6.8 and the numerical
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Figure 2.7: Test of the heat transfer transition argument based on our most extreme data.
Data are from laboratory (Pr ' 7) and numerical (Pr = 7) rotating convection experiments with
E ≤ 10−4. Symbols are as defined in Figure 2.5. The y-axis is the nondimensional heat transfer
normalized by the nonrotating scaling Nu/Nu0, where Nu0 = 0.16Ra0.284 (2.20). The x-axis
is the Rayleigh number normalized by the transition value RaT . This transition is empirically
defined here as the intersection between the nonrotating heat transfer trend, Nu = 0.075Ra0.32,
and the rapidly rotating trend, Nu = 0.71 (Ra/RaC)

3.6
, and occurs at RaT = 5.4E−1.47 (2.25).

The data from Figure 2.3 have been included as black-bordered yellow stars in the collapse.
These demonstrate that only the 60 rpm case (I) with coherent axial columns is found to plot
within the steep heat transfer scaling regime.
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cases employ a Prandtl number of 7. The black-bordered yellow stars correspond

to the visualization cases shown in Figure 2.3. The locations of the black-bordered

yellow stars demonstrate that columnar flows are associated solely with the steep

heat transfer scaling: only the E = 1.2×10−7 visualization case (I) has a Rayleigh

number value that is less than RaT . This shows, in our Pr ' 7 experiments, that

the efficiency of heat transfer greatly lessens and transitions over to the RBC

scaling trend once convection columns lose their axial coherency.

In Figure 2.8, we test the ability of a number of mechanistic (non-empirical)

rotating convection transition hypotheses available in the literature to collapse

our heat transfer data. In panel 2.8a, the x-axis is normalized by the convective

Rossby number (2.19). It has been argued that the convection regime dominated

by rotation extends from the onset of rotating convection at RaC near to where the

convective Rossby number is of order unity, Roc . 1 (e.g., Gilman, 1977; Aurnou

et al., 2007; Zhong and Ahlers, 2010; Gastine et al., 2013; Stevens et al., 2013;

Gastine et al., 2014). This predicts that the steep heat transfer scaling regime

will extend over the range RaC . Ra . E−2Pr. This Rayleigh number range has

a width of ∼ E−2/3Pr. However, Figure 2.8a shows that the Roc normalization

greatly spreads our heat transfer data and, therefore, does not correctly define

the transition. Our results from Figure 2.7 instead imply that the steep scaling

regime – where we find that columns are stable – is a factor of ∼ E3/5 narrower

than the Roc ∼ 1 prediction.

It should be noted, however, that Roc ∼ 1 does provide an adequate transition

prediction for zonal flow behavior in rotating spherical shells because these flows

occur on the system’s global scale (e.g., Aurnou, 2007; Gastine et al., 2013, 2014).

However, in our rotating convection experiments, in which convective heat transfer

is controlled by distinctly smaller scale motions, the data are not well-collapsed

by this system-scale parameter.
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Figure 2.8: Tests of various heat transfer transition arguments. Data are from laboratory
(Pr ' 7) and numerical (Pr = 7) rotating convection experiments with E ≤ 10−4. Symbols are
as defined in Figure 2.5. The nondimensional heat transfer, normalized by the weakly rotating
trend Nu0 = 0.16Ra0.284, is plotted against several proposed transition parameters. a) Con-
vective Rossby transition, RoC = (RaE2/Pr)1/2. b) Local Rossby transition (e.g., Sreenivasan

and Jones, 2006a) estimated using heat transfer parameters, R̃o` = c−13 R̃eE2/3 based upon the
velocity scaling from King et al. (2013) (see text for details). The inset figure tests a different es-
timate for local Rossby, Ro∗` = (γg∆T )/(ΩL1/2), where the free-fall velocity scaling is assumed.
c) Boundary layer crossing transition proposed by King et al. (2009), RaE7/4. d) Boundary
layer crossing transition proposed by King et al. (2012), RaE3/2.
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Figure 2.8b shows a test of the local convective Rossby number, Ro`. This param-

eter has been proposed in a number of previous dynamo studies (e.g., Christensen

and Aubert, 2006; Sreenivasan and Jones, 2006a) to control the transition be-

tween dipolar and multipolar magnetic field generation, with a critical value of

Ro` ' 0.1. Here we write Ro` as

Ro` =
U

2Ω`
=
UL

ν

ν

2ΩL2

L

`
= ReE

L

`
(2.27)

where the Reynolds number, Re, is defined as:

Re =
Inertia

Viscosity
=
UL

ν
(2.28)

We cannot directly measure velocities in our laboratory experiments. In order,

then, to express the local Rossby number in terms of our heat transfer data, we

must make two assumptions. First, we replace L/` with (c3E
1/3)−1 using (2.9), an

approximation relevant to present-day dynamo studies following the arguments of

King and Buffett (2013). Second, we give an approximate value of the Reynolds

number, R̃e, using the visco-Archimedean-Coriolis (VAC) second-order balance

arguments in King et al. (2013):

R̃e =
c3(Nu− 1)1/2Ra1/2E1/3

Pr
. (2.29)

Substituting R̃e into (2.27), gives

R̃o` = c−1
3 R̃eE2/3 . (2.30)

We find that the Ro` parametrization adequately collapses our Pr ' 7 heat trans-

fer data.

The inset in Figure 2.8b tests another estimate for the local Rossby number,
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Ro∗` = (γg∆T )/(ΩL1/2), based on the free-fall velocity Uf . This estimate does

not collapse the data as well as the Ro` estimate derived from the VAC balance

arguments presented in (2.29) and (2.30).

In Figure 2.8c, we test the transition arguments of King et al. (2009), which rely

on the empirical Nu ∼ (Ra/RaC)6/5 steep scaling regime and the Nu ∼ Ra2/7

shallow scaling regime. The resulting transition scaling, RaT ∼ E−7/4, does not

strongly collapse our present, lower E heat transfer data. However, the essential

concept posited in King et al. (2009) –that boundary layer processes underly the

heat transfer transition – are not refuted (Niemela and Sreenivasan, 2006; Cébron

et al., 2010; Julien et al., 2012a).

Figures 2.8d tests the RaT ∼ E−3/2 transition argument from King et al. (2012).

This transition parametrization collapses the data comparably well to that of

Figure 2.7. This agreement is expected since the present best-fit transition scaling

and King et al.’s transition scaling differ only by a factor of ∼ E1/50.

In sum, there is great variance in the mechanistic arguments which seek to param-

eterize the behavioral regimes of rotating convective heat transfer, implying that

our understanding of this system is still far from complete. Thus, further data

sets that extend well below E = 10−7 are needed to determine an unambiguous,

asymptotically robust, mechanistic transition argument that may be extrapolated

to planetary conditions with confidence.

2.6 Extrapolation to Planetary Core Settings

Our mixed heat transfer-visualization data, shown in Figure 2.7, forms the basis

of our assumption that axially-coherent columns exist in rotating convection over

the range RaC < Ra < RaT . Figure 2.9 graphically represents this by plotting
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Figure 2.9: Estimated values of RaT /RaC for E ranging from 10−3 to 10−15. These values
approximate the range, RaC < Ra < RaT , over which different models predict the existence
of axially coherent convection columns. For E & 10−6, the King et al. (2012) transition of
RaT ∼ E−3/2 is nearly indistinguishable from the present fit of RaT ∼ E−1.47. The light blue
curve is terminated above E = 10−6 because Julien et al. (2012a)’s asymptotic model is valid in

the limit of low E. In calculating the Roc ∼ 1 and R̃o` ∼ 1 curves, we assume Pr = 10−1 (see
Table 2.3).
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Table 2.2: Estimates under Earth-like conditions (E = 10−15; Pr = 10−1) for the transition
Rayleigh number (RaT ) at which columns become unstable as well as the predicted range of
column stability (RaT /RaC).

Transition Argument Reference RaT RaT /RaC
Roc ∼ 1 Gilman (1977) ∼ 1029 ∼ 108

R̃o` ∼ 1 Sreenivasan and Jones (2006a) ∼ 1025 ∼ 104

RaE8/5 ∼ 1 Julien et al. (2012a) ∼ 1024 ' 1100
RaE3/2 ∼ 1 King et al. (2012) ∼ 1023 ' 120
RaE1.47 ∼ 1 Present study ∼ 1023 ' 60

RaT/RaC as a function of inverse E for various transition scalings. Table 2.2 lists

values of RaT and RaT/RaC extrapolated to E = 10−15. The classical transition

estimate of Roc ∼ 1 suggests that convection columns will be stable over 8 orders

of magnitude in Ra. However, this scaling fails to meaningfully collapse the

available data, as shown in Figure 2.8. Our present results and other recent

studies all estimate significantly smaller RaC < Ra < RaT ranges under which

columns will be stable in the core. The RaT/RaC estimates in Table 2.2 show

that, irrespective of the convection column breakdown mechanism, it is likely that

traditional columns are unstable in core-like environments.

Figure 2.10 displays, in the lower left-hand corner, all the rotating convection data

from Figure 2.5. On the right side of the figure, we extrapolate our most extreme,

steep heat transfer scaling, β = 3.6, from E = 10−7 to the typical estimate for

the Ekman number in the Earth’s core, E = 10−15. Here, we do not consider

magnetic field effects, geometrical effects and differences in fluid Pr values. We

also extrapolate our best-fit RBC scaling law, Nu = 0.075Ra0.322, to represent

an upper bound for the rapidly rotating regime at planetary conditions. Another

RBC scaling that may apply at such extreme Nu-Ra values is the Nu = c4Ra
1/2

law (Kraichnan, 1962), where c4 is an undetermined prefactor. Here we suppose

that the 1/2 law branches off from the 1/3 law at Ra & 1017 (cf. Niemela et al.,

2000), giving c4 = 1.1 × 10−4. From (2.24), columnar convection is estimated to

be stable for RaT1 . 60RaC using the α = 1/3 RBC law and RaT2 . 150RaC
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Figure 2.10: Comparison between laboratory-numerical heat transfer data (predominantly
at Pr ' 7) and estimated ranges of heat transfer parameters in Earth’s core (Pr ' 10−1

to 10−2). In the lower left hand corner of this figure, we plot all our Nu-Ra data as well
as the best-fit trends discussed in Figures 2.4 and 2.5. Here, we show the Nu ∼ Ra1/3 and
Nu ∼ Ra1/2 scalings for Ra & 1013 since centrifugal effects are not relevant in the core. The
range of accessible Nu-Ra space for convection in Earth’s core is denoted by the diagonal
grey stripe on the figure’s right side. The bounds on this diagonal stripe are defined by the
maximum and minimum possible values of the superadiabatic flux Rayleigh number in Earth’s
core, 6 × 1027 . RaF . 3 × 1032 (see text for details). Extrapolating our lowest available
Ekman number results to core conditions, we find that our heat transfer scalings (thick dashed
lines) intersect core Nu-Ra estimates predominantly in the vicinity of and beyond the transition
Rayleigh number, RaT . Since columnar convection breaks down near RaT , we hypothesize that
local-scale columnar convection structures are not likely to exist in Earth’s core.
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using the α = 1/2 RBC law.

Figure 2.10 shows both of these transition estimates in the context of Nu-Ra

approximations for the Earth’s core. The values of RaT/RaC presented here may

represent an upper bound on the extent of the columnar regime. First, the slope of

the rapidly rotating regime continues to steepen with decreasing Ekman number

for our available data (see Figure 2.6). If this trend continues, then the columnar

regime is stable for an even smaller region than indicated on Figure 2.10. Second,

the E → 0 models of Julien et al. (2012b) show that columnar convection can

break down into geostrophic turbulence well before the intersection of the steep

scaling trend with the RBC trend, further implying a limited range of stability

for columns.

Although experimental studies utilize Ra and Nu to characterize rotating con-

vection systems, these quantities are nearly impossible to accurately determine

in Earth’s core. Typical estimates of the core Rayleigh number range between

1020 . Ra . 1030 (e.g., Gubbins, 2001; Kono and Roberts, 2002; Aurnou et al.,

2003; Schubert and Soderlund, 2011; Roberts and King, 2013). However, some

estimates are as low as 1015 (Roberts & Aurnou 2012) while others are as high

as 1038 (Gubbins, 2001). The (superadiabatic) Nusselt number in the core is also

very poorly constrained. In contrast, the flux Rayleigh number,

RaF = RaNu =
γgL4qsa
kκν

, (2.31)

can be directly estimated in Earth’s core, because it depends only on physical and

chemical properties and the superadiabatic heat flux from the core, qsa. These

RaF values can, in turn, be estimated based on observable quantities. A broad

range of upper and lower bound estimates for each of these quantities are given

in Table 2.3.
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The associated range of RaF is far more tightly constrained than estimates of

Ra in Earth’s core: 6× 1027 . RaF . 3× 1032. This RaF range is shown as the

diagonal grey stripe on the figure’s right side in Figure 2.10. Using only the recent

thermal conductivity estimate from Pozzo et al. (2012) would yield a slightly lower

upper bounding value for RaF of 2×1031. The dashed line connecting RaC ' 1021

to RaT1 ' 6× 1022 and RaT2 ' 1.5× 1023 is the extrapolation of our laboratory-

numerical findings to Earth’s core parameters. We find that our heat transfer

extrapolations predominantly intersect core RaF estimates such that Ra & RaT ,

suggesting that rotating convective flows in the core will not be columnar and are

instead likely to be comprised of more complex motions.

2.7 Discussion

The results of our suite of laboratory-numerical Rayleigh-Bénard and rotating

convection experiments show the overarching behaviors of Boussinesq convection

in right cylindrical tanks (laboratory) and in doubly-periodic Cartesian domains

(numerical).

We find that Rayleigh-Bénard convection physics is essential to our understanding

of rotating convection systems. At low Ekman numbers, as are relevant to planets

and stars, the RBC trend provides the upper bound for heat transfer in our

rotating convection experiments. In addition, at high Ra, our results show that

the RBC heat transfer follows predictions from turbulent convection theory (e.g.,

Malkus, 1954; Ahlers et al., 2009) providing an important tie between RBC and the

behavioral regimes of rotating convection and convection-driven dynamo systems.

Our experiments show that rotating convection columns carry heat with great

efficiency. In particular, our Pr ' 7, E ' 10−7 data provides a heat transfer

scaling exponent of β ' 3.6, which exceeds even the cubic predictions of King
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et al. (2012). Furthermore, Figure 2.6 yields an ever-steepening β value as Ekman

is decreased, suggesting that the convection physics of rapidly rotating systems

has not yet been fully described. An open question remains whether, and to what

extent, the scaling exponent in the steep scaling regime will continue to steepen

with decreasing E (cf. Grooms and Whitehead, 2015; Stellmach et al., 2014).

The question also remains how the change in heat transfer scalings and the break-

down in coherent columns are mechanistically connected. For instance, do bound-

ary layer nesting phenomena break the columns or vice versa? Further, does the

steep heat transfer scaling break down due to the boundary layer physics (e.g.,

King et al., 2012) or due to changes in the interior flow patterns (e.g., Julien et al.,

2012a)?

Our present study only considers the hydrodynamic behavior of core-style convec-

tion. Theoretical studies predict that the presence of magnetic fields will destabi-

lize columnar convective flows (Chandrasekhar, 1961; Eltayeb and Roberts, 1970;

Roberts and King, 2013). In that case, our present hydrodynamic results may

provide an upper bound on the stability range of local-scale columns. However, it

still remains to be directly determined how strong magnetic fields affect the heat

transfer and stability of high Ra flows in low E, low Pr core settings (cf. Aurnou

and Olson, 2001; Jones et al., 2003; Gillet et al., 2007).

In spherical shell geometries, low latitude convection columns (outside the tan-

gent cylinder) substantively differ from columnar flows at high latitudes (as simu-

lated in our cylindrical and Cartesian experiments) (e.g., Busse and Cuong, 1977,

cf. Calkins et al. (2013)). While specific heat transfer scalings will likely differ

at lower latitudes, we predict the same fundamental physical behaviors as found

here: a regime of steep convective heat transfer affiliated with the existence of co-

herent, axial columns that merges with the RBC heat transfer trend at high Ra,

where rotating fluid motions lose their axial coherency. The specific differences
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between high and low latitude rotating convection behaviors provide an open topic

for future research.

Our combination of laboratory-numerical and theoretical models affords a novel

view of rapidly-rotating (non-magnetic) convection as planetary conditions are

approached. As the Ekman number is decreased through larger-scale laboratory

experiments and better-resolved computations, the parameter space in which co-

herent convection columns exist is found to dwindle. Because columns exist only

in a limited range of Ra before they break down, coherent columns as found

in present-day models may not be stable at core conditions. We hypothesize,

then, that large-scale flow structures in planetary cores, such as system-scale

columns, are not a direct result of rotating convection. Instead, we hypothe-

size that convection occurs in the form of 3D geostrophic turbulence on smaller

scales, whose energy then cascades upwards to larger-scale quasi-2D flows (e.g.,

Mininni and Pouquet, 2010; Käpylä et al., 2011; Chan and Mayr, 2013; Favier

et al., 2014; Guervilly et al., 2014; Nataf and Schaeffer, 2015; Rubio et al., 2014;

Stellmach et al., 2014), which are capable of efficiently generating observable mag-

netic fields. Ultimately, our findings suggest the need to revise current planetary

dynamo models to include the effects of multi-scale rotating convection dynamics

and to determine how such flows produce planetary dynamo action.

2.8 Data and Analysis
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Table 2.4: Laboratory convection data. Here, τ denotes the averaging time in thermal diffusion
time scale units L2/κ. Note that τ � 1 in all our experiments. However, the time series data
have reached a statistical steady state prior to the start of data acquisition in all the cases. Before
acquisition, each case is allowed to equilibrate for approximately 12 hours until the variation
in mean temperature is less than 1%. Data is then acquired for at least 2 hours per case (see
Section 2.3.1).

height (m) rpm Power (W) Mean T (℃) ∆T (℃) Pr E Ra Nu τ̄

0.798 0 9.58 23.31 2.88 6.338 ∞ 2.626× 1010 166.85 2.25× 10−3

0.798 0 9.83 23.12 2.60 6.370 ∞ 2.341× 1010 166.89 1.31× 10−3

0.798 0 14.87 23.52 3.82 6.301 ∞ 3.529× 1010 176.49 2.29× 10−3

0.798 0 19.72 24.39 4.56 6.159 ∞ 4.430× 1010 193.42 8.72× 10−4

0.798 0 30.05 23.14 6.49 6.365 ∞ 5.851× 1010 210.89 1.44× 10−3

0.798 0 39.18 22.81 7.76 6.422 ∞ 6.847× 1010 230.07 1.51× 10−3

0.798 0 49.42 22.87 9.32 6.412 ∞ 8.260× 1010 242.17 1.66× 10−3

0.798 0 69.10 23.60 11.75 6.288 ∞ 1.090× 1011 264.23 1.70× 10−3

0.798 0 98.52 24.57 14.90 6.129 ∞ 1.464× 1011 294.33 2.07× 10−3

0.798 0 149.26 23.15 21.17 6.365 ∞ 1.908× 1011 316.30 1.04× 10−3

0.798 0 197.37 26.12 24.60 5.889 ∞ 2.639× 1011 353.37 1.54× 10−3

0.798 0 244.96 26.30 29.11 5.861 ∞ 3.155× 1011 374.03 1.71× 10−3

0.798 0 294.56 28.60 31.94 5.531 ∞ 3.905× 1011 401.58 1.20× 10−3

0.798 0 341.22 31.01 35.02 5.214 ∞ 4.807× 1011 424.39 1.64× 10−3

0.798 0 394.31 33.40 37.72 4.926 ∞ 5.757× 1011 448.27 1.17× 10−3

0.798 0 495.68 39.41 41.57 4.299 ∞ 8.047× 1011 503.15 1.77× 10−3

0.798 0 495.56 39.42 41.58 4.298 ∞ 8.053× 1011 503.19 1.61× 10−3

0.798 0 543.07 41.51 43.61 4.108 ∞ 9.100× 1011 520.14 1.87× 10−3

0.798 2 14.70 23.47 3.24 6.311 3.43× 10−6 2.976× 1010 200.34 1.91× 10−3

0.798 2 19.76 23.92 3.95 6.235 3.39× 10−6 3.739× 1010 210.25 1.74× 10−3

0.798 2 29.41 25.01 5.58 6.060 3.31× 10−6 5.628× 1010 233.18 1.58× 10−3

0.798 2 49.60 24.13 8.78 6.201 3.37× 10−6 8.405× 1010 253.79 1.52× 10−3

0.798 2 68.94 24.01 11.52 6.221 3.38× 10−6 1.095× 1011 269.80 1.43× 10−3

0.798 2 99.61 23.81 15.54 6.254 3.40× 10−6 1.459× 1011 287.72 1.74× 10−3

0.798 2 149.13 23.34 20.07 6.332 3.44× 10−6 1.831× 1011 331.53 1.41× 10−3

0.798 2 248.44 26.96 28.07 5.764 3.16× 10−6 3.152× 1011 386.23 1.89× 10−3

0.798 2 493.03 39.39 41.63 4.301 2.44× 10−6 8.053× 1011 499.11 1.88× 10−3

0.798 2 543.30 41.59 43.86 4.101 2.34× 10−6 9.178× 1011 516.85 1.90× 10−3

0.798 2 495.68 39.41 41.57 4.299 2.44× 10−6 8.047× 1011 503.15 1.87× 10−3

0.798 60 9.80 24.95 6.19 6.069 1.10× 10−7 6.215× 1010 69.62 1.41× 10−3

0.798 60 20.09 26.77 8.66 5.792 1.06× 10−7 9.629× 1010 105.48 1.92× 10−3

0.798 60 49.76 24.16 13.79 6.197 1.12× 10−7 1.322× 1011 163.69 1.30× 10−3

0.798 60 69.74 24.78 16.41 6.096 1.11× 10−7 1.633× 1011 190.77 1.93× 10−3

0.798 60 98.31 26.25 19.95 5.868 1.07× 10−7 2.157× 1011 220.40 1.93× 10−3

0.798 60 147.93 25.27 26.04 6.018 1.10× 10−7 2.666× 1011 254.53 1.79× 10−3

0.798 60 201.56 28.36 31.47 5.565 1.02× 10−7 3.801× 1011 284.21 1.79× 10−3

0.798 60 244.13 29.41 35.80 5.421 9.99× 10−8 4.556× 1011 301.29 1.79× 10−3

0.798 60 297.83 32.56 39.86 5.024 9.34× 10−8 5.868× 1011 325.33 1.80× 10−3

0.798 60 491.88 42.77 52.19 4.000 7.64× 10−8 1.137× 1012 395.55 1.80× 10−3

0.798 60 347.30 38.06 41.70 4.429 8.36× 10−8 7.677× 1011 350.05 1.80× 10−3

0.798 60 394.65 40.79 44.51 4.172 7.93× 10−8 9.056× 1011 369.48 1.79× 10−3

0.798 60 544.15 46.43 53.95 3.708 7.14× 10−8 1.326× 1012 416.00 1.77× 10−3

0.798 60 544.12 46.47 54.07 3.705 7.13× 10−8 1.330× 1012 414.93 1.58× 10−3

0.798 60 597.12 48.42 55.80 3.563 6.89× 10−8 1.459× 1012 438.69 1.61× 10−3

0.798 60 597.11 48.52 56.16 3.556 6.88× 10−8 1.473× 1012 435.82 1.63× 10−3
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height (m) rpm Power (W) Mean T (℃) ∆T (℃) Pr E Ra Nu τ̄

1.595 0 29.56 24.71 5.92 6.107 ∞ 4.689× 1011 406.83 4.54× 10−4

1.595 0 49.74 23.88 9.18 6.241 ∞ 6.913× 1011 466.58 3.20× 10−4

1.595 0 70.12 23.80 11.91 6.255 ∞ 8.930× 1011 544.63 4.52× 10−4

1.595 0 98.01 23.56 15.68 6.295 ∞ 1.158× 1012 598.38 4.52× 10−4

1.595 0 98.12 23.53 15.68 6.301 ∞ 1.155× 1012 597.24 4.51× 10−4

1.595 0 149.08 23.66 21.25 6.278 ∞ 1.579× 1012 654.58 4.52× 10−4

1.595 0 149.18 23.66 21.31 6.279 ∞ 1.583× 1012 647.18 4.51× 10−4

1.595 0 198.79 24.53 26.16 6.136 ∞ 2.048× 1012 693.79 4.54× 10−4

1.595 0 198.82 24.37 26.36 6.163 ∞ 2.044× 1012 689.03 4.52× 10−4

1.595 0 248.39 27.33 29.61 5.710 ∞ 2.708× 1012 753.64 4.57× 10−4

1.595 0 247.77 27.24 29.54 5.723 ∞ 2.689× 1012 747.77 4.55× 10−4

1.595 0 299.24 30.14 32.77 5.326 ∞ 3.448× 1012 794.43 4.61× 10−4

1.595 0 299.26 29.97 32.91 5.347 ∞ 3.435× 1012 790.69 4.60× 10−4

1.595 0 299.30 29.91 32.91 5.355 ∞ 3.425× 1012 790.40 4.59× 10−4

1.595 0 346.29 32.48 35.27 5.034 ∞ 4.130× 1012 848.01 4.65× 10−4

1.595 0 346.28 32.47 35.23 5.035 ∞ 4.125× 1012 847.02 4.64× 10−4

1.595 0 397.08 35.17 38.35 4.727 ∞ 5.033× 1012 884.01 4.69× 10−4

1.595 0 396.82 35.17 38.28 4.728 ∞ 5.023× 1012 885.88 4.26× 10−4

1.595 0 495.21 39.79 43.07 4.264 ∞ 6.749× 1012 969.87 4.73× 10−4

1.595 0 495.15 39.87 43.20 4.256 ∞ 6.789× 1012 965.78 3.83× 10−4

1.595 15 9.98 23.27 3.79 6.344 1.15× 10−7 2.750× 1011 250.91 2.92× 10−4

1.595 15 19.61 24.30 5.46 6.174 1.12× 10−7 4.215× 1011 298.44 4.53× 10−4

1.595 15 19.62 24.28 5.43 6.177 1.12× 10−7 4.188× 1011 288.29 4.54× 10−4

1.595 15 19.62 24.23 5.34 6.185 1.12× 10−7 4.107× 1011 290.43 4.53× 10−4

1.595 15 19.64 24.25 5.37 6.182 1.12× 10−7 4.134× 1011 289.31 1.67× 10−4

1.595 15 29.87 25.20 6.86 6.031 1.10× 10−7 5.578× 1011 355.63 4.55× 10−4

1.595 15 50.04 24.39 10.15 6.159 1.12× 10−7 7.879× 1011 433.43 4.51× 10−4

1.595 15 98.90 24.04 16.96 6.216 1.13× 10−7 1.290× 1012 529.05 4.51× 10−4

1.595 15 150.02 24.46 23.17 6.148 1.12× 10−7 1.806× 1012 581.76 4.54× 10−4

1.595 15 199.44 25.78 28.82 5.940 1.08× 10−7 2.424× 1012 628.86 4.55× 10−4

1.595 15 249.44 28.55 32.39 5.538 1.02× 10−7 3.154× 1012 669.95 4.59× 10−4

1.595 15 249.22 28.59 32.41 5.533 1.02× 10−7 3.162× 1012 671.16 4.57× 10−4

1.595 15 296.54 31.46 35.83 5.157 9.57× 10−8 4.009× 1012 713.01 4.63× 10−4

1.595 15 393.91 36.72 41.65 4.564 8.59× 10−8 5.816× 1012 792.88 4.68× 10−4

1.595 15 481.66 40.87 45.97 4.165 7.93× 10−8 7.489× 1012 868.14 4.73× 10−4

1.595 60 9.88 24.89 6.94 6.079 2.77× 10−8 5.545× 1011 142.27 4.56× 10−4

1.595 60 20.54 26.13 9.09 5.888 2.69× 10−8 7.792× 1011 189.83 2.37× 10−4

1.595 60 29.55 26.82 10.33 5.784 2.65× 10−8 9.201× 1011 233.33 4.41× 10−4

1.595 60 49.54 26.87 15.27 5.777 2.65× 10−8 1.362× 1012 279.36 1.66× 10−4

1.595 60 68.79 27.18 18.93 5.732 2.63× 10−8 1.717× 1012 312.75 2.27× 10−4

1.595 60 148.93 28.27 31.03 5.577 2.56× 10−8 2.979× 1012 421.33 1.92× 10−4

1.595 60 248.21 32.28 40.44 5.058 2.35× 10−8 4.695× 1012 526.35 2.32× 10−4

1.595 60 247.53 32.32 40.44 5.053 2.35× 10−8 4.703× 1012 523.84 2.32× 10−4

1.595 60 395.75 41.11 51.11 4.143 1.97× 10−8 8.398× 1012 636.53 2.38× 10−4

1.595 60 488.78 46.37 57.66 3.713 1.79× 10−8 1.129× 1013 686.70 2.41× 10−4
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Table 2.5: Numerical rotating convection data. Here, τ denotes the time over which the
diagnostics have been averaged in thermal diffusion time scale units L2/κ. Even though millions
of time steps were performed, τ < 1 in all our simulations, such that the quoted temporal
averages may not be fully accurate (see e.g., Julien et al. (2012b) for a discussion of the broad
range of time scales involved in rapidly rotating convection). In general however, the averaging
times are comparable to or even exceed those used in the laboratory experiments (Table 2.4).

Pr E Ra Nu τ̄
7 1.00× 10−5 4.18× 107 1.73 1.05
7 1.00× 10−5 4.64× 107 2.51 5.31× 10−1

7 1.00× 10−5 5.57× 107 5.17 3.42× 10−1

7 1.00× 10−5 6.96× 107 9.75 1.85× 10−1

7 1.00× 10−5 9.28× 107 16.1 1.06× 10−1

7 1.00× 10−5 1.16× 108 21.9 7.69× 10−2

7 1.00× 10−5 1.39× 108 27.1 6.17× 10−2

7 1.00× 10−5 1.86× 108 35.7 4.56× 10−2

7 1.00× 10−5 2.32× 108 42.2 3.66× 10−2

7 1.00× 10−5 3.25× 108 50.7 2.82× 10−2

7 1.00× 10−6 9.00× 108 1.44 1.79× 10−1

7 1.00× 10−6 1.00× 109 1.94 4.30× 10−1

7 1.00× 10−6 1.20× 109 3.81 1.15× 10−1

7 1.00× 10−6 1.50× 109 8.90 8.73× 10−2

7 1.00× 10−6 2.00× 109 18.6 4.07× 10−2

7 1.00× 10−6 2.50× 109 28.7 2.39× 10−2

7 1.00× 10−6 3.00× 109 39.7 1.92× 10−2

7 1.00× 10−6 4.00× 109 58.5 1.28× 10−2

7 1.00× 10−6 5.00× 109 71.9 1.00× 10−2

7 1.00× 10−6 7.00× 109 88.0 7.30× 10−3

7 1.00× 10−7 2.15× 1010 16.8 7.09× 10−2

7 1.00× 10−7 2.59× 1010 27.6 6.90× 10−2

7 1.00× 10−7 3.23× 1010 58.4 3.64× 10−2

7 1.00× 10−7 4.31× 1010 16.9 1.06× 10−2

7 1.00× 10−7 5.39× 1010 42.2 1.05× 10−2

7 1.00× 10−7 6.46× 1010 72.9 4.95× 10−3

7 1.00× 10−7 8.62× 1010 77.1 2.79× 10−3

7 1.00× 10−7 1.08× 1011 88.4 1.24× 10−3

7 1.00× 10−7 1.51× 1011 122.0 9.65× 10−4
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Here, we include the MATLAB script used to post process raw temperature data

from the rotating convection device and convert it to measurements of Nu, Ra,

Pr and E.

%%%%%%%%%%%%%%%%%%%%%%%% GETTING RAW DATA %%%%%%%%%%%%%%%%%%%%%%%%%

%import rotation rates from separate file

rpm=importdata('160cm rpm.txt','\t');

%directory where the raw temperature data files are located

thesefolder = {['/Users/.../160cm/']};

%list of all data files

thesefiles ={['15RPM 10W 1'];...

['60RPM 500W 1']};

num=1;

file(num:num + length(thesefiles) - 1) = thesefiles;

folder(num:num + length(thesefiles) - 1) = thesefolder;

num = num + length(thesefiles) - 1;

%%%%%%%%%%%%%%%%%%%%%%%%%% TANK DIMENSIONS %%%%%%%%%%%%%%%%%%%%%%%%%%

Diam=0.19;

A fluid=pi*(Diam/2)ˆ2;

h=1.595;

%%%%%%%%%%%% DEFINING AND INITIALIZING ALL VARIABLES %%%%%%%%%%%%%%%%

%loop to index all data and results in terms of case number

for p = 1:length(file);

inputfile = [folder{p} file{p} '.dat'];

Data=load(inputfile,'\t');
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%time is in column 1 of the data file

time= Data(:,1);

%Calculating total length of time the timeseries was taken over

timelength(p)= length(time);

timetotal(p)= Data(timelength(p)-1,1)-Data(1,1);

%%%%%%%%%%%%%%%%%%%%%% TOP AND BOTTOM THERMISTORS %%%%%%%%%%%%%%%%%%%%

%Bottom thermistors are columns 2-7 of the data file

Tbottom= [Data(:,2) Data(:,3) Data(:,4) Data(:,5) Data(:,6) Data(:,7)];

%Top thermistors are columns 8-13

Ttop= [Data(:,8) Data(:,9) Data(:,10) Data(:,11) Data(:,12) Data(:,13)];

%Room temperature is in column 22

Troom= Data(:,22);

%%%%%%%%%%%%%%%%% LID TEMPERATURES (USED FOR TESTING) %%%%%%%%%%%%%%%%

%Lid thermistor temps

lidTemp=Data(:,14:15);

%Lid thermistor temp difference

deltaT lid1=abs(Data(:,14)-Data(:,15));

%Mean lid temperature

meanT lid(p)=mean((Data(:,14)+Data(:,15))/2);

%%%%%%%%%%%%%%%%%%%% MEAN TEMP AND MEAN DELTA T %%%%%%%%%%%%%%%%%%%%%%

DeltaT(p)= mean(mean(Tbottom,2)-mean(Ttop,2)); %Mean Delta T per case

meanT(p)= mean(mean(Tbottom,2)+mean(Ttop,2))/2; %Mean fluid temperature

meanTroom(p)=mean(Troom); %Mean room temperature

%%%%%%%%%%%%%%% CALCULATION OF APPLIED HEAT PAD POWER %%%%%%%%%%%%%%%%

Shunt = Data(:,29); %Reading on the shunt

VD = Data(:,30); %Reading on the voltage divider
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Pheatpad =(Shunt.*297.*VD.*31); %Calculating heat pad power (W)

Power(p)=mean(Pheatpad); %Mean power used for calculating Nu

Tlayer = mean(Power/A fluid*(0.0023/390));

%%%%%%%%%%%%%%%% TEMPERATURE DEPENDENT FLUID PROPERTIES %%%%%%%%%%%%%%%%

%Properties are from Lide (2000)

%Thermal expansivity (1/T)

alpha(p)=-6.82*10ˆ-5+(1.7*10ˆ-5)*meanT(p)-(1.82*10ˆ-7).*meanT(p)ˆ2...

+(1.05*10ˆ-9)*meanT(p)ˆ3;

%Density (kg/mˆ3)

rho(p)=999.8+0.1041*meanT(p)-(9.718*10ˆ-3)*meanT(p)ˆ2...

+(5.184*10ˆ-5)*meanT(p)ˆ3;

%Viscous diffusivity (mˆ2/s)

visc(p)=(6.581)/(rho(p)*(61.5+meanT(p))ˆ2);

%Thermal diffusivity (mˆ2/s)

kappa(p)=1.312*10ˆ-7+(6.972*10ˆ-10)*meanT(p)-(5.631*10ˆ-12)...

*meanT(p)ˆ2+(2.633*10ˆ-14)*meanT(p)ˆ3;

%Thermal conductivity (W/mK)

k(p)=0.5529+2.6621e-3*meanT(p)-2.37410e-5*meanT(p)ˆ2...

+1.10810e-7*meanT(p)ˆ3;

%Gravitational acceleration (m/sˆ2)

g=9.806;

%%%%%%%%%%%%%%%%% RAYLEIGH AND NUSSELT CALCULATION %%%%%%%%%%%%%%%%%%%%

%Rayleigh number

Ra ts(p) = DeltaT(p).*alpha(p)*g*hˆ3/visc(p)/kappa(p);

%Nusselt number

Nu ts(p) = h*Power(p)./A fluid./DeltaT(p)./k(p);

%%%%%%%%%%%%%%%%%%%%%%% THERMAL LOSSES CALCULATION %%%%%%%%%%%%%%%%%%%%

PL(p)=losses AG(meanT(p),meanTroom(p),rpm(p),h);

%NOTE: 'losses AG subroutine applies the
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%sidewall losses estimate given in

%the section 'Thermal losses model' of

%this chapter.

%Nusselt number w/sidewall losses

Nu ts loss(p) = h*(Power(p)-PL(p))/A fluid./DeltaT(p)./k(p);

%Prandtl number

Prandtl(p)=visc(p)/kappa(p);

omega(p)=2.*pi.*rpm(p)./60; %converting rotation rate to rad/s

Ekman(p)=visc(p)./(2.*omega(p).*hˆ2); %Ekman number calculation

Fr(p)=(omega(p)).ˆ2.*0.095./g; %Froude number calculation

Gamma(p)=0.19/h; %Container aspect ratio

%%%%%%%%%%%%%%%%% DIFFUSION TIME SCALE CALCULATIONS %%%%%%%%%%%%%%%%%%%%%

%thermal diffusion timescale

Diff time therm(p)=hˆ2/kappa(p);

%ratio of total time to thermal diffusion time

time ratio(p)=timetotal(p)/Diff time therm(p);

%%%%%%%% CALCULATION OF OTHER TIMESCALES - UNUSED FOR THIS STUDY %%%%%%%%

%rotational timescale

T rot(p)=1/omega(p);

%free-fall timescale

T ff(p)=(h/(alpha(p)*g*DeltaT(p)))ˆ(1/2);

%centrifugal free-fall timescale

T R(p)=1/(alpha(p)*DeltaT(p)*(omega(p))ˆ2)ˆ(1/2);

%ratio of rotational to centrifugal timescales

rot R(p)=T rot(p)/T R(p);

%ratio of vertical free-fall to horizontal free-fall timescales

ff R(p)=T ff(p)/T R(p);

end
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%%%%%%%%%%%%%%%%%%%% WRITE PARAMETERS TO DATA FILE %%%%%%%%%%%%%%%%%%%%%%

NuRa rot=[Ra ts; Nu ts loss; Nu ts; Prandtl; Ekman]';

%Other scripts import data file that is written here

exp2=['Nu-Ra rot.txt'];

dlmwrite(exp2,NuRa rot,'delimiter','\t','precision',15,'newline','unix')
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CHAPTER 3

Approaching the Asymptotic Regime of Rapidly

Rotating Convection: Boundary Layers vs

Interior Dynamics

Reproduced from: S. Stellmach, M. Lischper, K. Julien, G. Vasil, J.S. Cheng, A.

Ribeiro, E.M. King, J.M. Aurnou. Phys. Rev. Lett. (2014) 113, 254501.

Rapidly rotating thermal convection is ubiquitous in nature. It occurs in the

ocean, in the liquid metal cores of terrestrial planets, in gas giants and in rapidly

rotating stars. All these systems are highly turbulent, but at the same time

Coriolis forces chiefly control their dynamics. It is this dominating role of Coriolis

forces which gives convection in many large-scale natural systems its distinctive

character.

Different from non-rotating convection, where large regions of the parameter space

have been explored extensively over the last decades (Ahlers et al., 2009), both

experiments and direct numerical simulations (DNS) face serious difficulties in

entering the turbulent, but rotationally constrained regime. While experiments

easily reach high levels of turbulence, they struggle to ensure that Coriolis forces

remain dominant in the force balance (King et al., 2012; Ecke and Niemela, 2014;

Cheng et al., 2015). Numerical simulations suffer from the enormous range of
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spatial and temporal scales that need to be resolved. As a consequence, the

available data is scarce, and the scaling laws that are needed for quantifying the

effects of convection in large-scale natural systems remain poorly constrained.

The canonical framework to study rotating convection is the rotating Rayleigh-

Bénard system. A plane fluid layer of depth H, destabilized by a constant temper-

ature difference ∆T between the boundaries, rotates about a vertical axis with an-

gular velocity Ω. Within the Boussinesq approximation, three non-dimensional pa-

rameters control the system behavior. The Rayleigh number Ra = gα∆TH3/κν,

where g denotes gravitational acceleration, α the thermal expansion coefficient,

ν the kinematic viscosity and κ the thermal diffusivity, measures the forcing

strength. The Ekman number E = ν/2ΩH2 is defined as the ratio of the rota-

tional time scale to the viscous diffusion time scale. Finally, the Prandtl number

Pr = ν/κ signifies the efficiency of viscous relative to thermal diffusion. A com-

bination of these parameters, the convective Rossby number Roc =
√

Ra/PrE

is often used as a proxy for the importance of rotation relative to the thermal

forcing.

Rapidly rotating convection is characterized by Roc � 1, with the asymptotic

limit Roc → 0 representing an important limiting case. Previous theoretical work

(Julien et al., 1998; Sprague et al., 2006) has shown that the governing equations

can be simplified substantially in this limit. The resulting reduced set of equa-

tions, essentially a non-hydrostatic quasi-geostrophic model, is expected to hold

for Ra ≤ O(E−5/3) and Pr ≥ O(E1/4) (Julien et al., 2012b). The Ekman layer

is assumed to become passive at small E (Niiler and Bisshopp, 1965; Julien and

Knobloch, 1998), and its O(E1/2) vertical transport is assumed to be negligible

for the dynamics in this regime (Dawes, 2001; Sprague et al., 2006; Julien et al.,

2012a). Numerical simulations using the reduced equations have revealed a rich

dynamical behavior (Sprague et al., 2006; Julien et al., 2012b,a), characterized by
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the existence of several distinct flow regimes, each associated with different heat

transfer properties.

Previous experiments (Rossby, 1969; Liu and Ecke, 1997; Zhong and Ahlers, 2010;

King et al., 2009) and DNS (Schmitz and Tilgner, 2009; King et al., 2009) barely

reach into the rapidly rotating regime, and their relation to the asymptotic model

is thus unclear. Here, we attempt to establish such a relation by pushing direct

numerical simulations and laboratory experiments further into the rapidly rotating

regime, where a comparison to asymptotic models becomes meaningful. A central

result of our study is that the behavior in the bulk is well described by the

asymptotic model, while, contrary to common expectations, the viscous boundary

layer dynamics largely controls the heat transfer scaling whenever the fluid layer is

confined between no-slip boundaries. In fact, even for the lowest Ekman numbers

that can be reached in laboratory experiments and DNS today, viscous boundary

layers are shown to massively boost the heat transfer in the low Rossby number

regime, leading to a considerable increase of the exponent α in power laws of the

form Nu = f(Pr,Ek)Raα, where the Nusselt number Nu is defined as the total

heat flow normalized by the purely conductive value.

To illustrate this, figure 3.1 shows the Nusselt numbers found in DNS and in

experiments at E ≈ 10−7. In order to compare our results with the asymptotic

predictions, we use R̃a = RaE4/3 as a measure for the super-criticality of the

system (Sprague et al., 2006). The DNS employ both no-slip and stress-free

boundary conditions, and are carried out in a horizontally periodic box with an

aspect ratio Γ = 10 l⊥H
−1, where l⊥ is the critical wavelength of the marginally

unstable mode for the stress-free case. Resolutions up to 576 × 576 × 513 grid

points are used to fully resolve the flow down to the dissipation scale. Care has

also been taken to resolve the thin Ekman layers, characterized by an O(E1/2H)

thickness, with a minimum of ten grid points. Experiments, made using water
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Figure 3.1: Nusselt number and interior temperature gradient at the midplane as a function of

R̃a. The filled symbols show DNS results at E = 10−7, while the open symbols are asymptotic
predictions (Julien et al., 2012a). The stars show laboratory values obtained in a cylindrical
rotating water tank with 5.79 ≤ Pr ≤ 6.2 and 10−7 ≤ E ≤ 1.1× 10−7.
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with Pr ≈ 7 as the working fluid, are carried out in axially-aligned cylindrical

containers with diameters of 18.73 cm and heights of 40, 80 and 160 cm. A detailed

description of the numerical and experimental techniques are, respectively, given

in Stellmach and Hansen (2008) and King et al. (2012); Cheng et al. (2015).

For stress-free boundary conditions and moderate R̃a, fig. 3.1 reveals an excellent

agreement between DNS and asymptotic results, which becomes poorer for R̃a >

50. The results are broadly compatible with α = 3/2 at high R̃a, as expected

for diffusion independent turbulent heat transfer (Julien et al., 2012a), see also

Barker et al. (2014). The interior temperature gradient found in the DNS follows

the asymptotic results closely over the entire range of R̃a considered in this study.

In contrast, DNS and asymptotic results diverge strongly for no-slip boundary

conditions. From onset on, the DNS reveals a much steeper heat transfer scaling,

broadly compatible with the α ∼ 3 scaling proposed in King et al. (2012), which

flattens out as soon as the interior temperature gradient reaches its minimum. At

this point, the different scaling behavior has resulted in a Nusselt number that

exceeds the corresponding values obtained for stress-free boundaries by more than

800% for Pr = 7. Data from laboratory experiments, denoted by stars in fig. 3.1,

is in line with these numerical findings.

The excellent agreement found between DNS with stress-free boundaries and the

asymptotic results suggests that the bulk dynamics is well captured by the asymp-

totic model. This conjecture is supported by the fact that the reduced model also

provides a qualitatively correct picture of the dominant flow regimes in the bulk

of the convective layer for no-slip DNS. For small R̃a, a cellular regime is found

(fig. 3.2a), which gives way to a regime characterized by so-called convective Tay-

lor columns (CTCs) (Grooms et al., 2010) as R̃a is increased (fig. 3.2b). The

up- and downwellings form intense columnar structures, which are less densely

packed than in the cellular regime. Their intense vortex cores are shielded by

84



(a) (b)

(c) (d)

Figure 3.2: Thermal anomaly θ = T−T in DNS at E = 10−7 with no-slip boundary conditions.

(a) Cellular regime, R̃a = 10, P r = 1, (b) convective Taylor columns, R̃a = 25,Pr = 7, (c)

plumes, R̃a = 70,Pr = 7 and (d) geostrophic turbulence, R̃a = 90,Pr = 1. For better visibility,
the domain has been stretched horizontally by a factor of 4.5. θ is scaled with ∆T in all cases.
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weaker sheets of opposite vorticity and temperature anomaly, preventing them

from being destroyed by vortex-vortex interactions. The interior temperature

gradient decreases with R̃a through the cellular and CTC regime. Its downward

trend is finally broken when the CTCs begin to loose their shields, which exposes

the vortex cores. Violent vortical interactions then destroy the vertically coherent

columns and lead to the formation of plume-like structures (fig. 3.2c), which is

accompanied by an increasing interior temperature gradient. For Pr = 1, the sys-

tem directly evolves from the cellular regime to this plume state, without forming

CTCs. A further increase of R̃a then leads to a complete breakdown of vertical

coherence for Pr = 1 (fig. 3.2d), the interior temperature gradient saturates and

the flow enters a regime called geostrophic turbulence (GT). Similar regimes are

also observed in the stress-free case, with the regime boundaries agreeing well with

the asymptotic model even quantitatively.

An interesting feature of the GT regime is the formation of large-scale barotropic

vortices driven by an upscale transport of kinetic energy (Julien et al., 2012b; Ru-

bio et al., 2014). The effect is most clearly observed in the stress-free case (fig

3.3). The formation of large scale vortices in rotating convection has recently

been observed in simulations at larger E (Guervilly et al., 2014; Favier et al.,

2014), where the large-scale energy accumulates predominantly in cyclonic struc-

tures. Such symmetry-breaking is predicted to be absent in the asymptotic small

Rossby number case (Rubio et al., 2014). Indeed, our DNS reveals the generation

of both, strong cyclonic and anti-cyclonic vortices, which shows that symmetry

slowly tends to be restored with decreasing Rossby number. The formation of

large scale coherent vortices is inhibited in DNS that employ no-slip boundaries,

similar to the results of Ostilla-Mónico et al. (2014).

Our results thus suggest that at E = 10−7, the bulk dynamics shows clear signs

of asymptotic behavior, while viscous boundary layers strongly increase the heat

transfer efficiency, leading to a different scaling behavior than predicted asymptot-
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(a) (b)

(c) (d)

Figure 3.3: Formation of large-scale, barotropic vortices of both signs of vorticity in the GT

regime for stress-free boundaries at E = 10−7, R̃a = 90,Pr = 1. Shown is (a) vertical vorticity ,
(b) horizontal kinetic energy, (c) temperature anomaly at z = 0.99 and (d) vertically averaged
vertical vorticity. Units are κ/H2, κ2/H2, ∆T and κ/H2, respectively.
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units of κ/H and ∆T , respectively).
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ically. The mechanical boundary conditions thus exert a controlling influence on

the heat transfer scaling, a result which is unexpected for the low Ekman number

considered here. Studies of the linear problem (Niiler and Bisshopp, 1965) sug-

gest that the onset of convection becomes largely independent of the mechanical

boundary conditions for E ≤ 10−6. While non-linear contributions from Ekman

pumping are known to increase the heat transport at moderate Ekman numbers

(Kunnen et al., 2006), it is generally expected that this effect becomes small in the

low E regime, as both the Ekman layer thickness and the associated secondary

flow should decrease with O(E1/2), such that the Ekman layer finally becomes

passive (Dawes, 2001; Sprague et al., 2006; Julien et al., 2012a). It is remarkable

that even at E = 10−7, where the Ekman layer covers only about 0.1% of the

layer depth, an increase by almost an order of magnitude in the heat transfer is

observed.

The effects of no-slip boundaries can be modeled using boundary conditions that

parameterize fluid pumping into and out of the linear Ekman layers (Greenspan,

1968). Pumping is added to otherwise stress-free boundary conditions by enforcing

∂ux
∂z

=
∂uy
∂z

= 0, uz = ±
(
E

2

)1/2

ωzH at z = 0, H (3.1)

in DNS, where ωz denotes vertical vorticity. The plus sign applies to the lower

and the minus sign to the upper boundary, respectively. Note that this choice

isolates the Ekman pumping effects, while neglecting the viscous dissipation in

the boundary layer that plays a central role in theories of non-rotating convection

(Grossmann and Lohse, 2000). Figure 3.4 shows the results obtained. Both the

heat transfer and the interior temperature gradients found in the DNS are well

captured by the pumping parameterization (figure 3.4 a,b). Panels (c) and (d)

show profiles of the rms horizontal and vertical velocity and of conductive and

advective heat transfer for the special case Pr = 7, R̃a = 20. The profiles line
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up well within the bulk, and reveal a substantial advective heat transport all the

way to the edge of the Ekman layer. The steepest Nu(R̃a) scaling is observed

in the CTC regime with Pr = 7, where the Ekman flow at both boundaries

acts to efficiently increase the heat transport through these vertically coherent

structures. For Pr = 1, where plumes develop directly from the cellular regime as

R̃a is increased, Ekman pumping has a much smaller effect on the heat transfer.

For clarity, the presentation so far has focussed exclusively on cases with E = 10−7.

Figure 3.5 illustrates the system behavior over the range 10−5 ≤ E ≤ 2.5 × 10−8

found in no-slip DNS and laboratory experiments. Instead of using R̃a = RaE3/4,

here we normalize Ra by the critical value for the onset of convection Rac as

determined from Chandrasekhar’s ”first approximation” (Chandrasekhar, 1961;

Dawes, 2013), because the asymptotic scaling law Rac = 8.6956E−4/3 becomes

inaccurate at larger E.

Surprisingly, in the presence of no-slip boundaries, no obvious convergence towards

the asymptotic predictions is observed with decreasing Ekman number. For Pr =

7, the steep scaling regime extends to higher R̃ at lower E, such that the maximum

deviations from the asymptotic theory in fact increase with decreasing E. This

trend is observed in both DNS and experiments and likely occurs because vertically

coherent structures remain prevalent over a larger super-criticality range at lower

E. For Pr = 1, the effect is less pronounced, which is in accord with the fact

that plume structures develop at much smaller R̃ and mix into the interior before

reaching the opposite boundary, thus diminishing the effects of pumping. A close

inspection of the numerical data shown in figure 3.5 suggests that there might be

a weak trend towards the asymptotic modeling results for small R̃ . 2 at both

Pr = 1 and Pr = 7, but data extending to much lower E, at present a significant

challenge in the DNS and laboratory setting, is necessary to substantiate this

effect.
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Figure 3.5: Ekman number dependence of Nu and pumping efficiency. Colored symbols
represent no-slip DNS results (full symbols: Pr = 1, open symbols: Pr = 7), grey symbols
show the asymptotic results. The panel in the lower left also contains experimental data (+:
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√
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at midlayer, a ratio we call S here. Note that at z = zE , classical Ekman layer theory predicts
the pumping velocity to be identical to its far-field value, such that values at this location provide
a good measure of Ekman pumping.
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The panels on the right of figure 3.5 show the relative strength of the Ekman

flow in the simulations, measured by a quantity S that we define as the rms

vertical velocity at z = 3/4π
√

2E (i.e. close to the edge of the Ekman layer)

normalized by its value at midlayer. The Ekman flow reaches amplitudes roughly

between ten and forty percent of the vertical velocity in the bulk, and thus clearly

is not negligible. The quantity S increases with R̃ and decreases with E, for

moderate R̃ roughly proportional to E1/6, as shown in the lower right panel of

figure 3.5, where the data clusters in two groups depending on Pr. The E1/6

scaling is expected from (3.1) if we employ the usual estimates [L] = O(E1/3H)

and [u] = O(E−1/3ν/H) for the typical horizontal length scale and flow velocities

(Julien et al., 2012b).

Our results show that in the studied parameter range, the Nu(Ra) scaling is not

converging towards the asymptotic modeling results even though the Ekman

flow substantially decreases with decreasing E. This finding, and the enormous

magnitude by which pumping increases the heat transfer need to be explained by

future theory. A positive feedback between thermal boundary layer instabilities

and the secondary Ekman flow supporting them may be considered in this context.

It clearly remains to be seen if pumping ultimately looses its significance in the

very low, but finite Rossby number regime, as presently presumed by theory.

Currently, neither experiments nor simulations support this claim. A promising

avenue towards gaining a better understanding is the inclusion of parameterized

Ekman pumping into the asymptotic theory, as this approach works in our full

simulations. Equally important are experiments and DNS reaching still lower

E values. Even if pumping effects should finally become negligible, figure 3.5

suggests that values several orders of magnitude smaller than E = 10−8 are needed

in order to observe this.

Another finding of this study is that, similar to the situation in non-rotating con-
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vection, heat transport in the low Rossby number regime cannot be characterized

by a single, universal scaling exponent α. Instead, different dynamical regimes

exist, all exhibiting their own heat transfer characteristics, as also suggested by

asymptotic theory (Julien et al., 2012b,a). The steep α ∼ 3 scaling for example

breaks down well within the low Rossby number regime (Roc ≈ 0.01 for Pr = 7,

E = 10−7) when CTCs evolve into plumes. Beyond this transition, a much slower

growth of Nu with R̃ is observed. Unfortunately, laboratory experiments have

yet to reach small enough R̃ at low E to investigate this regime change (King

et al., 2012; Ecke and Niemela, 2014; Cheng et al., 2015). The experimental data

presented here are no exception (cf fig. 3.5).

The usual motivation for studying rotating convection is its ubiquitous occurrence

in geo- and astrophysical systems. Our findings suggest that Ekman pumping,

which is typically regarded as negligible in this context (Kuang and Bloxham,

1997; Roberts and Aurnou, 2012), may play a more prominent role than previously

thought.
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CHAPTER 4

Rotating Convective Turbulence in Earth and

Planetary Cores

Reproduced from: J.M. Aurnou, M. Calkins, J.S. Cheng, K. Julien, E.M. King,

D. Nieves, K.M. Soderlund, S. Stellmach. Phys. Earth Planet. Inter. (2015) 246,

52–71.

4.1 Introduction

Earth’s global-scale magnetic field is generated deep inside our planet, within

the iron-rich core. Flows of molten metal in the liquid outer core, which are

likely driven by thermo-chemical buoyancy forces, continually regenerate the ge-

omagnetic field, creating a self-sustaining planetary dynamo. Figure 4.1a shows

the radial component of the geomagnetic field in 2000 A.D. plotted on the core-

mantle boundary (CMB) (Jackson, 2003). In this image, the field is spatially-

resolved up to spherical harmonic degree 13; higher order components are masked

by the magnetization of Earth’s crust (e.g., Figure 3 in Roberts and King, 2013).

The magnetic field is dominated by its axial dipolar component, with magnetic

flux predominantly emerging from the southern hemisphere and returning back

through the CMB in the northern hemisphere. Most of the axial dipole’s energy

is contained in four strong high latitude flux patches, two in the northern hemi-
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Figure 4.1: a) Radial magnetic field, Br, on Earth’s core-mantle boundary (CMB), adapted
from Jackson (2003). Red (blue) denotes magnetic field parallel (antiparallel) to the radial
outward normal vector. b) Outer boundary Br from a numerical simulation by Soderlund
et al. (2012); E = 10−4; Pr = 1; Pm = 2, Ra = 1.42 × 106 = 1.9Racrit, and radius ratio
χ = ri/ro = 0.4. The intersection of the tangent cylinder with ro is denoted by the solid black
lines at cos−1(χ) = ±66.4◦ latitude. c) Axial vorticity, ζ = ẑ · (∇×u), rendered from the same
Ra = 1.9Racrit case. Purple (green) denotes fluid vorticity aligned parallel (antiparallel) to the
system’s rotation axis. d) Schematic of laminar axial convection columns of width `conv, with
associated large-scale outer boundary magnetic flux patches shown at the ends of the cyclonic
columnar structure (ζ > 0, purple).

sphere and two in the southern hemisphere (e.g., Olson and Amit, 2006). These

flux patches are located in the vicinity of the tangent cylinder, the imaginary ax-

ial cylinder shown schematically in Figure 4.1d that circumscribes the solid inner

core’s equator. Magnetic flux patches exist in the vicinity of the magnetic equa-

tor as well. These equatorial flux patches also contain significant magnetic energy

(Jackson, 2003). Due to their low latitude placement, they contribute principally

to the higher, non-dipolar axial components of the geomagnetic field.

At present, numerical simulations form the primary tool for studying dynamo

processes on Earth and the other planets (e.g., Stanley and Glatzmaier, 2010).

Dynamo action develops in these simulations, primarily driven by axially-aligned
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columnar flows that qualitatively resemble non-magnetic rotating convection (e.g.,

Kageyama and Sato, 1997; Olson et al., 1999; Ishihara and Kida, 2002; Aubert

et al., 2008; Soderlund et al., 2012; Sreenivasan et al., 2014). For example, Figure

4.1b shows a snapshot of the radial component of the magnetic field on the outer

boundary of a spherical shell dynamo simulation from the study of Soderlund

et al. (2012), with resolution up to spherical harmonic degree 64. In this image,

strong magnetic flux patches are evident at higher latitudes near where the tangent

cylinder intersects the outer boundary. Further, strong flux patches are generated

with a high degree of symmetry across the geographic equator. (For detailed

descriptions of magnetic induction processes in planetary dynamos and numerical

dynamo models, we refer to a number of recent review articles: Sreenivasan (2010);

Jones (2011); Roberts and King (2013).)

The magnetic field in Figure 4.1b is generated by simultaneously solving the evolu-

tion equations of convection-driven magnetohydrodynamic induction in a spherical

shell with outer boundary ro and inner boundary ri (e.g., Glatzmaier, 2013):

∂tu + (u·∇)u = −∇p+ (RaPr−1)Θ(~r/ro) +∇2u

−E−1ẑ × u + (E Pm)−1(∇×B)×B, (4.1)

∂tΘ + (u·∇)Θ = Pr−1∇2Θ, (4.2)

∂tB + (u·∇)B = (B · ∇)u + Pm−1∇2B, (4.3)

subject to the the solenoidal conditions ∇·u = 0 and ∇·B = 0 for the veloc-

ity and magnetic fields, u and B, respectively. The first equation describes the

conservation of momentum in a rotating shell of electrically conducting, Boussi-

nesq fluid. The second equation is the thermal energy equation and the third is

the magnetic induction equation. The dynamic pressure is demarcated by p and

(superadiabatic) temperature is denoted by Θ.
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This system of equations has been non-dimensionalized using the following scales:

H for length, where H = ro − ri here denotes the fluid shell thickness (in later

usages, H will represent the Cartesian layer depth in ẑ); H2/ν for time, where ν is

the fluid’s kinematic viscosity; ν/H for velocity; ρν2/H2 for pressure, where ρ is

the fluid’s mass density; ∆Θ = Θ(ri)−Θ(ro) for the fixed temperature difference

between the shell boundaries; Ω for the system’s constant angular rotation rate,

which is oriented in the axial ẑ-direction; and
√

2ρµoηΩ for the magnetic field,

where µo is the magnetic permeability of free space, η is the fluid’s magnetic

diffusivity, and Ω is the axial angular rotation rate of the system.

Non-dimensionalizing the system in this way then yields the following non-dimensional

control parameters. The Rayleigh number Ra = αgo∆ΘH3/(νκ) is the thermal

and viscous time scales normalized by the squared buoyancy time scale, where α

is the thermal expansivity and go is the gravitational acceleration on the outer

boundary. The Prandtl number Pr = ν/κ is the ratio of the fluid’s thermal and

viscous diffusion time scales. The Ekman number E = ν/(2ΩH2) is the system’s

rotation time scale, 1/(2Ω), normalized by the viscous diffusion time scale. The

magnetic Prandtl number Pm = ν/η is the ratio of the fluid’s magnetic and vis-

cous diffusion time scales, where the fluid’s magnetic diffusivity η = (µoσ)−1 is the

reciprocal of the magnetic permeability µo and the fluid’s electrical conductivity

σ.

Characteristic estimates of these control parameters in current-day planetary dy-

namo simulations, such as those of Soderlund et al. (2012) and Sreenivasan et al.

(2014), are Ra ∼ 107, Pr ∼ 1, E ∼ 10−4, and Pm ∼ 1. In contrast, characteristic

values in Earth’s core are Ra ∼ 1025, Pr ∼ 3× 10−2, E ∼ 10−15, and Pm ∼ 10−5

(Gubbins, 2001; Schubert and Soderlund, 2011). Thus, planetary dynamos and

current-day numerical models of planetary dynamo action operate in disparate re-

gions of parameter space, with most of the defining time scales differing by many
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orders of magnitude. It therefore remains unclear whether today’s dynamo mod-

els correctly capture the leading order physical processes opearting in planetary

cores.

Another difficulty in building accurate models of core dynamics is that it is not

possible to directly sense the velocity fields that drive the dynamo. Instead, cores

flows must be inferred based on remote observations of the magnetic field itself

(e.g., Pais and Jault, 2008). In contrast, one of the great strengths of numerical

dynamo models is that researchers have complete information on the velocity

fields that generate the model’s dynamo action. For example, Figure 4.1c shows a

snapshot of the flow field that corresponds to the magnetic field shown in Figure

4.1b. The purple surfaces in Figure 4.1c show positive axial vorticity (ζ = ẑ ·

∇ × u), connoting cyclonic or counterclockwise axial circulation measured in the

rotating frame. The green surfaces show regions of negative axial vorticity. The

boundary layers located adjacent to non-slip boundaries are not shown in this

image in order to provide a clear view of the bulk convective flow. The bulk flow

is dominated by axially-aligned convection columns, which roughly fill the fluid

shell volume but are strongest in the region just outside the tangent cylinder.

The high latitude strong magnetic flux patches are affiliated with the cyclonic

vortices (purple structures in Figure 4.1c). This occurs because buoyancy-driven

intra-columnar flows and Ekman pumping on ro both act to generate convergent

flows into the cyclonic columns, concentrating the outer boundary magnetic field

in their vicinity (e.g., Olson et al., 1999; Ishihara and Kida, 2002; Aubert et al.,

2008; Takahashi and Shimizu, 2012). Thus, the magnetic flux patches are found

to be similar in the horizontal scales to the convection columns, and are strongest

in the vicinity of the tangent cylinder where the columns tend to outcrop on ro.

Since roughly 10 to 20 columns exist in these models, a qualitatively comparable

number of flux patches are generated. Further, there are radially diverging and

converging flows from the columns in the equatorial plane. These near-equatorial
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radial flows can efficiently generate low-latitude magnetic flux patches (Bloxham,

1986), as are also evident in Figure 4.1b.

Comparison of Figures 4.1a and 4.1b shows that there is a high degree of agree-

ment between the observed geomagnetic field morphology and the magnetic field

morphologies generated in numerical dynamo models, with strong, axially-aligned

flux patches at high latitudes as well as smaller-scale flux patches in the equatorial

regions. This agreement between observed and surface magnetic fields in current-

day planetary dynamo models, with relatively high Ekman numbers, has led to

the argument, shown schematically in Figure 4.1d, that the flows in present day

dynamo models can be extrapolated to planetary core settings (e.g., Christensen,

2010, 2011).

However, it is not clear that the dynamo-generating flows, and the physics un-

derlying those flows, are well understood in Earth’s core. For instance, three

recent studies have put forth explanations of the observed geomagnetic secular

variation based, respectively, on heterogeneously-forced rotating convective flows

(Aubert et al., 2013), on flows governed by so-called “magnetic winds” (Livermore

et al., 2013), and by the action of stably-stratified magnetostrophic waves (Buffett,

2014). Taken as an ensemble, these studies show that the parameters describing

planetary core magnetohydrodynamics (MHD) are sufficiently unconstrained that

these three fundamentally different models can all provide viable explanations of

the available geomagnetic data.

It is clear, though, that the flows that generate dynamo action in Earth’s core must

be turbulent. System-scale dynamo action can arise only if magnetic induction

is capable of overcoming magnetic diffusion. The magnetic Reynolds numbers

estimates this ratio on the scale of the system:

Rm =
UH

η
, (4.4)
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where U is a characteristic velocity estimate. Dynamo action becomes possible

above some critical value Rmcrit = O(10) (cf. Christensen and Aubert, 2006;

Schaeffer and Cardin, 2006). The value of Rm in Earth’s core is roughly estimated

to be of order 103, well above Rmcrit. The magnetic Reynolds number can be

recast as

Rm = RePm, (4.5)

where Re = UH/ν is the system-scale hydrodynamic Reynolds number, estimated

by the ratio of the viscous diffusion time scale and the advection time scale. Flows

with Re & 104 are typically turbulent, with a broad range of length and time scales

as well as cross-scale energy transfers that allow for complex cascades of energy

through the system (e.g., Davidson, 2004; Ouellette, 2012; Mininni and Pouquet,

2010; Davidson, 2013b; Nataf and Schaeffer, 2015; Rubio et al., 2014). In Earth’s

core, the value of Pm is estimated to be between 10−5 and 10−6 (e.g., Pozzo

et al., 2012), which suggests that the Reynolds number in Earth’s core is between

roughly 108 and 109.

The core’s high Reynolds number value then implies that turbulent flows ex-

ist there. However, these flows are not expected to be well described by the

isotropic, homogeneous turbulence that arises in unconstrained turbulent settings

(Frisch, 1995; Davidson, 2004). Instead, core turbulence is expected to be mas-

sively constrained by the action of system rotation and magnetic fields (Julien

and Knobloch, 2007; Davidson, 2013b), and possibly by stratification near the

boundaries (e.g., Gubbins et al., 2008; Buffett, 2014). The rotational influence on

the system-scale is parameterized by the Rossby number, which is the ratio of the

rotation time scale and the advection time scale,

Ro =
U

2ΩH
= ReE, (4.6)

and has estimated values ranging from 10−5 to 10−7 in Earth’s core (e.g., Finlay
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and Amit, 2011).

In the absence of magnetic fields, the action of strong rotational forces at Ro� 1

is to impose the geostrophic force balance

E−1ẑ × u ≈ −∇p with ∇ · u = 0 . (4.7)

This is a pointwise diagnostic balance, which contains no dynamical information.

If all other forces remain subdominant, a consequence of geostrophy is that the

flow field becomes invariant over an axial scale z, following the Taylor-Proudman

theorem (TPT), i.e., (e.g., Stewartson and Cheng, 1979; Tritton, 1988; Davidson,

2013b):

∂z(u, p) ≈ 0 . (4.8)

However, geostrophy and the TPT do not imply that there are no inertial effects

in low Rossby number flows. These balances are not exact: small imbalances

that arise due to inertial and buoynacy forces are capable of driving turbulent

fluid motions (e.g., Sprague et al., 2006; Sreenivasan and Jones, 2006a). Indeed,

turbulent exchanges can still occur between small-scale inertial flows and large

scale axialized modes (e.g., Julien et al., 2012b; Favier et al., 2014; Guervilly et al.,

2014; Stellmach et al., 2014). When resolved in state-of-the-art simulations, these

spatially anisotropic, and often spectrally non-local, exchanges can lead to novel

modes of rotating convective flow (e.g., Heimpel et al., 2005; Käpylä et al., 2011;

Chan and Mayr, 2013; Rubio et al., 2014) and dynamo action (Guervilly et al.,

2015). This idea –that turbulent motions and fluxes are possible in low E, low

Ro settings– will prove relevant to following discussions of core convection in this

manuscript.

To understand present-day dynamo modeling results as well as turbulent core flow,
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it is essential then to understand the physics of strongly-constrained convection.

In rapidly-rotating layers of moderate Pr ∼ 1 fluids, such as water (e.g., Grooms

et al., 2010; King and Aurnou, 2012; Nieves et al., 2014) and those used in present

day dynamos (e.g., Christensen and Aubert, 2006; Soderlund et al., 2012), laminar

convection first occurs, or ‘onsets’, in the form of steady columns that are tall

and narrow (e.g., Veronis, 1959; Sprague et al., 2006; Grooms et al., 2010; King

and Aurnou, 2012). At convective onset, viscous forces perturb the geostrophic

balance to select the narrow horizontal scale of the columns, `conv (e.g., Figure

4.1d). By noting that the column height at onset, and thus the scale over which

the TPT is relaxed, is predicted to be H, this small imbalance can be shown to be

the result of vertical vorticity production through vortex stretching and vortical

dissipation. These effects lead to the estimate of a convective cell with horizontal

width `conv ∼ E1/3H. In the E → 0 limit, stability analyses shows that `conv

varies as

`conv = 2.4E1/3H (4.9)

in rotating plane layer geometry (Chandrasekhar, 1961; Julien and Knobloch,

1998). Qualitatively similar scalings are found in spherical geometries as well

(e.g., Zhang and Schubert, 2000; Dormy et al., 2004).

Another source of vorticity production in planetary fluid flows can arise due to

fluid compressibility. Such effects are likely of relevance in gas planets (e.g., Glatz-

maier et al., 2009; Kaspi et al., 2009), and may be relevant in Earth-sized terres-

trial cores as well (cf. Anufriev et al., 2005; Verhoeven and Stellmach, 2014). The

effects of self-compression in liquid metal cores are not, however, considered here,

but can be accurately incorporated via fully-compressible models (Calkins et al.,

2014, 2015a).

In present-day Cartesian models of rotating convection (Figure 4.2a) and plan-

etary dynamo action in spherical geometries (Figure 4.2b), columnar convection
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Figure 4.2: a) Characteristic length scales from the planar rotating convection survey studied
in King et al. (2012); b) Characteristic length scales from the spherical planetary dynamo survey
studied in King and Buffett (2013).

structures follow the E1/3 scaling predicted in (4.9), albeit with differing scal-

ing coefficients (King et al., 2013; King and Buffett, 2013). These E1/3 scalings

demonstrate that these flows are geostrophically balanced at leading order. From

Figure 4.2b it can also be seen that the median value of the Ekman number in

present-day planetary dynamos is roughly 10−4. The current community-wide

understanding of core dynamo physics (e.g., Christensen, 2010) is based predom-

inantly on the results of dynamo models carried out in the vicinity of E ∼ 10−4.

At this median E-value, the width of convection columns is predicted by (4.9) to

be `conv/H ' 0.1. These large-scale, viscous onset columns are extremely efficient

at generating large-scale magnetic fields via magnetic flux patches that are of the

same scale as the columns themselves (Figure 4.1b) (e.g., Olson et al., 1999).

Mapping these E ' 10−4 results directly to Earth’s core leads to the prediction

of columns and associated magnetic flux patches of order 1000 km in diameter,

comparable to the geomagnetic observations (Figure 4.1a). However, if instead,

one extrapolates (4.9) to Earth core conditions, where E ' 10−15, this leads to the

prediction that the columns would be of order 10 - 100 m in width. If such narrow

structures are capable of existing in the core (cf. Nataf and Schaeffer, 2015), they
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Figure 4.3: Comparison of outer boundary radial magnetic field intensities, Br(ro), from two
dynamo simulations carried out in Sreenivasan (2010). a) More moderate case carried out with
E = 5 × 10−5; Ra/Racrit = 11; Pr = Pm = 1. b) More extreme case with E = 1.5 × 10−6;
Ra/Racrit = 50; Pr = 1, and Pm = 0.1. In both images, red (blue) denotes positive (negative)
values. Image adapted from Sreenivasan (2010).

would be far too small in scale to be geomagnetically observable.

Although such small-scale flow structures will not generate individual magnetic

flux anomalies that are externally observable, this does not imply that small-scale

flows are unable to take part in the large-scale dynamo generation process. In fact,

a great deal of theoretical work has shown that small scale flows that have small

local magnetic Reynolds numbers, Rm` = U`conv/η � 1, can generate ensemble

electomotive forces that produce dynamo action on the large scale (e.g., Childress

and Soward, 1972; Soward, 1974; Moffatt, 1978; Stellmach and Hansen, 2004;

McWilliams, 2012; Roberts and King, 2013; Calkins et al., 2015b). However,

the ensemble averaging of the well-organized, laminar flows that develop near

the onset of rotating convection (Veronis, 1959) will tend to produce spatially

uniform large-scale dynamo fields (e.g. Favier and Proctor, 2013) that are unlike

the observed patchy geomagnetic field.

To illustrate the above arguments, Figure 4.3 shows snapshots of the outer bound-

ary radial magnetic field, Br(ro), generated in two dynamo models from Sreeni-

vasan (2010). Figure 4.3a shows the results of a dynamo model with E = 5×10−5
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and Pm = 1. In this case, large-scale convection columns generate an axial dipole

field that has clear crenelations that correlate closely with the columnar flows. Fig-

ure 4.3b shows Br(ro) in a more extreme case with E = 1.5×10−6 and Pm = 0.1.

The latter case produces a more uniform large-scale axial dipolar magnetic field,

with fewer large-scale magnetic flux patches outside the tangent cylinder, dissim-

ilar to geomagnetic observations (cf. Christensen et al., 2010). Extrapolation of

these results suggests that axial columnar flows, as exist in current day models,

will remain capable of generating dynamo action in the limit of low E and Pm,

but that such models will produce smooth, scale-separated large-scale magnetic

fields that bear little resemblance to that of the Earth.

How then do rapidly rotating, strongly turbulent, low-Rm` planetary dynamos

generate strong, large-scale magnetic flux patches? Similar to the geomagnetic

secular variation, numerous possible answers exist to this question:

• Large-scale flux anomalies may arise due to large-scale boundary hetero-

geneities (Gubbins and Richards, 1986; Bloxham and Gubbins, 1987; John-

son and Constable, 1998). Recent dynamical models of these effects include

the topographic CMB heterogeneity study of rapidly rotating convection by

Calkins et al. (2012b) and the heterogeneous buoyancy-flux driven model of

the geodynamo by Aubert et al. (2013).

• It may be possible that large-scale modes of fluid motion inherently domi-

nate core flows. For example, fixed flux boundary conditions may favor the

existence of low wavenumber flows (e.g., Sakuraba and Roberts, 2009; Hori

et al., 2012; Matsui et al., 2014; Cao et al., 2014, cf. Johnston and Doering

(2009)).

• Constrained turbulent systems often generate large-scale flows either via

energy transfer into coherent structures (e.g., McWilliams, 1984; Bardóczi
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et al., 2012) or through turbulent (non-diffusively-controlled) instabilities

(e.g., Aurnou et al., 2003; Zimmerman et al., 2011). Large-scale magnetic

flux patches may be the expression of turbulent large-scale structures in the

core (e.g., Guervilly et al., 2015).

• It could even be that localized regions of intensified magnetic flux arise

simply as a by-product of our remote observations of a multi-scale field.

Turbulent systems typically have broad ranges of spatiotemporal complex-

ity. Spectrally low-passed, external observations of the geomagnetic field

highlight low degree flux anomalies. For examples of this phenomenon, see

Figure 4 in Calkins et al. (2012a) and Figure 4 in Roberts and King (2013).

• Lastly, it is possible that these mechanisms are convolved together in geo-

physical and astrophysical settings.

An accurate description of turbulent core-style convection –in particular, its es-

sential flow behaviors and characteristic length-scales– is necesssary in order to

deconvolve and disambiguate the mechanisms described above. Towards this end,

we focus here on developing a better understanding of the physical processes in the

case of rapidly rotating convection. In this physics-driven approach, we choose

to reduce the complexity of the problem in hopes of developing a comprehen-

sive understanding of rotating convection systems, while still retaining many key

aspects of planetary core flows. In particular, we present here i) advanced theo-

retical models containing the leading order physical processes in the asymptotic

limit of rapid rotation; ii) Cartesian direct numerical simulations (DNS), that

can be carried out at more extreme parameter values than spherical models; and

iii) laboratory experiments capable of reaching levels of turbulence beyond what

can be investigated in even the most advanced simulations. Good convergence is

demonstrated between these approaches. Thus, a comprehensive understanding

of the dynamics appears to be within reach in our simplified rotating convection
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Figure 4.4: Left) Schematic view of Earth’s interior. The coloration represents the buoyancy
gradient that drives thermo-compositional convection in the iron-rich outer core fluid. Right)
Snapshot image of a laboratory rotating thermal convection experiment. Qualitatively similar
to a polar region in the core (e.g. Sreenivasan and Jones, 2006b), the gravity and rotation
and buoyancy gradient vectors are all axial. A laser light sheet hitting reflective flakes shows
the shear structures in the rotating convective flow. Here the adverse temperature gradient is
represented by the coloration, with vermilion (aquamarine) representing the warmer (cooler)
fluid. Image adapted from Cheng et al. (2015).

system. The goal of this paper is to review these findings, and to discuss their

geophysical implications.

4.2 Methods of Studying Rapidly-Rotating Convection

In this section, we present the three independent means of investigating rapidly

rotating core-style convection considered here: i) laboratory experiments, ii) di-

rect numerical simulations, and iii) asymptotically-reduced models. In all three,

core convection is simulated in a parcel of fluid located near the poles, where the

gravity vector is parallel to the rotation axis (Figure 4.4). The top and bottom

boundaries are flat in these models. With no boundary curvature, Rossby waves

do not develop and solutions do not drift in azimuth. Thus, these techniques

model the fundamental rotating convection dynamics without the complexities of

Rossby waves and zonal flows (e.g., Gillet et al., 2007; Calkins et al., 2012a).
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System E Ra Pr Pm Re Ro
Earth’s core ∼ 10−15 ∼ 1025 ∼ 10−2 ∼ 10−6 108 10−7

Dynamo models & 10−6 . 1010 0.1 - 10 ∼ 1 . 103 ∼ 10−2

Lab Experiments & 10−8 . 1013 0.025 - 7 0 . 105 . 10
Cartesian DNS ≥ 10−7 . 1012 0.1 - 100 0 . 104 ∼ 10−2

Reduced Models . 10−5 . 20RaC ∼ 10−2 - ∞ 0 Re`E
−1/3 Ro`E

1/3

Table 4.1: Non-dimensional parameters relevant for describing core turbulence, planetary
dynamo models and the hydrodynamic rotating convection models described herein. In the
reduced equations, the nondimensional parameters are the local Rossby Ro` and local Reynolds
Re` based on the column width `/H ' E1/3.

The capabilities of these approaches are shown schematically in Figure 4.5. We

posit that the intercomparison of these different methods, each with its different

strengths and weaknesses, optimizes our ability to understand rotating convection

physics under extreme, planetary-core-like conditions.

4.2.1 Laboratory Experiments

The laboratory rotating convection experimental results presented here were made

using the “RoMag” device at UCLA. RoMag consists of an upright cylindrical

tank with a fixed 20 cm diameter. The tank is heated from below and cooled

from above to drive thermal convection. The maximum heating power that can

be passed through the system is about 5 kW. The minimum heating power is

about 25 W, which, importantly, determines the minimum Ra values that can be

accessed in our laboratory experiments. The tank is situated on a pedestal that

spins at up to 60 rotations per minute. See King et al. (2012) for further device

details.

An important feature of RoMag’s design is that the height of the tank’s sidewall

can be varied from 3.2 cm to 160 cm. The variable tank height enables data to

be acquired over the broad parameter ranges (Table 4.1; Figure 4.5) necessary to

identify fundamental changes in system behavior (e.g., King et al., 2009, 2012;
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Figure 4.5: Reynolds-Ekman regime diagram showing the different capabilities of various
methods of studying rotating convection and dynamo physics. The salmon, dark grey, and
deep violet colored boxes represent, respectively, the accessibility ranges of direct numerical
simulations (e.g., Stellmach et al., 2014), global dynamo models (e.g., Sheyko, 2014; Jones,
2014; Nataf and Schaeffer, 2015) and rotating convection experiments in water (e.g., Cheng et al.,
2015). The solid black line denotes Ro = ReE = 1, where geostrophic balance is expected to be
lost at all scales in the fluid layer. The black dashed line corresponds to Ro = 10−6, a typical
estimate of Ro in Earth’s core. The red and green lines represent upper bounding limits on the
reduced models, with the solid part of these lines marking the lower of the two bounds. The
red line demarcates where the local Ro` = RoE−1/3 = 0.1, above which the assumption of local
geostrophic balance likely breaks down, thereby invalidating the reduced equations. The green
line represents current-day computing capabilities for the reduced models, for which Re` . 103

(e.g., Rubio et al., 2014).

Cheng et al., 2015). This device uses either water or liquid gallium as the working

fluid. Water has a Prandtl number Pr ' 7, comparable to the Pr ∼ 1 values

used in the vast majority of present-day dynamo models. In contrast, gallium

has Pr ' 0.025 and better simulates the physical properties of metallic core fluid

(King and Aurnou, 2013). In addition, gallium has a non-zero magnetic Prandtl
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number, Pm ∼ 10−6, and can also be used to study core-style magnetohydrody-

namics. Detailed MHD convection studies are the focus of the most recent RoMag

experimental surveys (e.g., King and Aurnou, 2015; Ribeiro et al., 2015), but will

not be considered herein.

Hydrodynamic convection experiments allow us to characterize the core-style con-

vective flows that underlie planetary dynamo action. To quantitatively diagnose

the convection behaviors in the laboratory, simultaneous thermal field measure-

ments are made on up to 32 thermistors. This allows us to accurately determine

the Nusselt number, Nu, which is the non-dimensional heat transfer across the

fluid layer. The Nusselt number provides a global measurement of convective

heat transfer efficiency and reveals fundamental changes in convective behavioral

regimes (Figures 4.10 and 4.11). We can qualitatively determine the style of con-

vection in water by putting optically reflective flakes into suspension. A vertical

laser light sheet is used to illuminate the flakes, thereby revealing the shear struc-

tures in the flow (Figure 4.7, top row). Combining thermal measurements with

visualizations experiments allows us to map out differing regimes of convective

flow.

4.2.2 Direct Numerical Simulations

Direct numerical simulations (DNS) are carried out in Cartesian domains with

periodic sidewall conditions and that solve the non-magnetic ( ~B = 0) versions of

equations (1) - (3), subject to the solenoidal velocity condition, ∇ · u = 0, and

with constant gravitational acceleration directed anti-parallel to ẑ (Stellmach and

Hansen, 2008).

In all of the DNS cases, the top and bottom boundaries are impenetrable and

isothermal, with a fixed temperature difference ∆Θ maintained between the top
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and bottom boundaries. Calculations using non-slip and free-slip top and bottom

mechanical boundaries are both presented (Stellmach et al., 2014). In addition,

an additional set of calculations is shown in which free-slip mechanical boundary

conditions are augmented by a parameterized Ekman pumping condition (e.g.,

Greenspan, 1968). DNS are carried out here over the range 10−5 ≥ E ≥ 10−7.

The width, W , of the computational domain is fixed at 10 onset wavelengths (for

stress-free BC’s), corresponding to roughly 20 `conv. Using (4.9), the aspect ratio

Γ, which is the width W of the computational domain divided by its height H,

is Γ ' 48E1/3 for all the DNS. Thus, the DNS aspect ratios range from Γ ' 1 at

E = 10−5 to Γ ' 1/5 at E = 10−7.

The numerical resolutions employed in the DNS reach up to 576 × 576 points in

the horizontal directions by 513 points in the vertical direction, with a minimum

of 10 grid points in the Ekman boundary layers. The code employed here has

been validated by comparison with the predictions of linear theory and further

benchmarked using reported results (King et al., 2012; Stellmach et al., 2014).

4.2.3 Asymptotically Reduced Models

In rapidly-rotating systems in which the Ekman and Rossby numbers are ex-

tremely small, as in Earth’s core, it is possible to ‘reduce’ the governing equations

to a simpler form. This can be done rigorously for rapidly rotating convection sys-

tems via a multiple scale, asymptotic expansion approach (e.g., Julien et al., 1998,

2006; Sprague et al., 2006; Julien and Knobloch, 2007; Julien et al., 2012a,b). Be-

cause this multiple scale asymptotic approach is not well known commonly used

in the planetary interior dynamics community, we will present the essentials of

this method here.

In the asymptotic expansion employed here, the small parameter ε is the local
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Rossby number Ro`, based on the horizontal flow scale ` = E1/3H. Note that `

scales similarly to `conv but without the prefactor in (4.9) in order to maintain gen-

erality. By employing a viscous velocity scaling, U ∼ ν/`, the velocities are in local

Reynolds number units, Re` = U`/ν, with horizontal components u⊥ = (u, v) and

vertical component w. By substituting U into the local Rossby number, we find

that Ro` = ν/(2Ω`2) = E(H/`)2 = E1/3. By non-dimensionalizing the length and

time scales with ` and `2/ν, respectively, the differentials in the Cartesian system

become

∂x → ∂x; ∂y → ∂y; ∂z → ∂z + ε∂Z ; ∂t → ∂t + ε2∂τ , (4.10)

where Z = εz is the slow spatial variable and τ = ε2t is the slow temporal variable.

Note that the axial distance over which the slow variable, Z, changes by an order

one value corresponds to E−1/3 order one variations in the fast axial scale z. (So

if Z is analogous to a meter stick, then z corresponds to the millimeter scale

markings on the stick, providing an example of an 1000-fold difference between

the fast and slow axial scales. In our multi-scale reduced environment, a similar

1000-fold scale separation describes QG convection occurring at E ' 10−9.)

The temperature field is decomposed into mean and fluctuating components

Θ = Θ(Z, τ) + ε θ(x, y, z, t, Z, τ) , (4.11)

where θ denotes the fluctuating temperature field and Θ represents the mean

temperature field that can vary only on the slow scales, Z and τ . The overbar,

therefore, denotes an average over the fast scales, x, y, z, and t.

A natural consequence of employing multiple scale asymptotics is an increase

in the dimensionality of the system, from four dimensions (x, y, z, t) to six di-

mensions (x, y, z, t, Z, τ) in the current context. Indeed, the multiple scale
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asymptotic approach outlined here is typically referred to as the “many-variable

method” (Nayfeh, 1973). However, the new slow temporal and spatial variables

are not strictly independent of the original fast variables, e.g., Z = εz (Bender

and Orszag, 1999). Moreover, by introducing these new slow variables, the multi-

scales approach helps to elucidate the physics contained within a given problem

by, for example, identifying processes that occur on the fast timescale t (e.g., con-

vection) versus those that occur on the slow timescale τ (e.g., adjustment of the

mean temperature profile).

At leading order, O(ε−1), the asymptotic expansion of the governing equations

produces geostrophic balance:

ẑ × u⊥ = −∇⊥p such that u⊥ = (−∂yp, ∂xp, 0) . (4.12)

From this, the axial vorticity ζ = ∇× u⊥ can be related to the pressure field as

ζ = ∇2
⊥p . (4.13)

t should be noted that for geostrophically balanced flows, the pressure field is

formally equivalent to the geostrophic streamfunction, u⊥ = (∂yψ,−∂xψ), making

it possible to replace p with ψ (e.g., Vallis, 2006).

This leading order solution requires that the flow remains in geostrophic balance

everywhere in the fluid layer. However, it is not prognostic since it contains no

time derivatives. To gain prognostic information, it is necessary to go to O(ε0) in

the asymptotic expansion, where evolution equations are recovered for the axial

vorticity, ζ, and the axial velocity, w:

∂tζ + (u⊥·∇)ζ = ∂Zw +∇2
⊥ζ, (4.14)

∂tw + (u⊥·∇)w = −∂Zp+ (R̃a Pr−1) θ +∇2
⊥w . (4.15)
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Here R̃a = RaE4/3 is the reduced Rayleigh number. This parameter is related to

the supercriticality of the system, noting that the critical Ra for Cartesian rotating

convection is Racrit = c1E
−4/3, where the coefficient c1 varies as a function of E

(Chandrasekhar, 1961) and reaches a value of 8.69 as E → 0 (Chandrasekhar,

1961; Julien and Knobloch, 1998). Thus, we can express the reduced Rayleigh

number as R̃a ' 8.7Ra/Racrit.

Equations (4.14) and (4.15) arise because of O(ε) departures in geostrophic bal-

ance (4.12) are generated by inertial, viscous and buoyancy forces. These de-

partures remains small and geostrophy is sustained as the leading order balance

provided that the velocity amplitudes are less than O(ε−1) (Sprague et al., 2006).

It follows that the large scale Reynolds number ReH < O(ε−2). Thus, turbulent

fluid motions are accessible and are to be expected in this regime.

Evolution equations for the temperature field are also required. The fluctuating

and mean temperature field equations are found, respectively, at O(ε1) and O(ε2)

to be:

∂tθ + (u⊥·∇)θ = −w∂ZΘ + Pr−1∇2
⊥θ, (4.16)

∂τΘ = −∂Z(wθ) + Pr−1∂2
ZΘ, (4.17)

where, again, the overbar denotes an average over the fast time and spatial scales,

(x, y, z, t).

Equations (4.14) - (4.17) are the reduced equations for rapidly rotating convection

in a plane layer geometry. Substituting the streamfunction ψ for pressure, and

using relationships (4.12) and (4.13), we arrive at this closed set of equations for
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axial vorticity, axial velocity, temperature fluctuation and mean temperature:

∂t(∇2
⊥ψ) + J [ψ,∇2

⊥ψ] = ∂Zw +∇4
⊥ψ, (4.18)

∂tw + J [ψ,w] = −∂Zψ + (R̃a Pr−1) θ +∇2
⊥w, (4.19)

∂tθ + J [ψ, θ] = −w∂ZΘ + Pr−1∇2
⊥θ, (4.20)

∂τΘ = −∂Z(wθ) + Pr−1∂2
ZΘ . (4.21)

Here the horizontal advection of a generic field f is expressed using the Jacobian,

J [ψ, f ] = ∂xψ∂yf − ∂yψ∂xf = u⊥ ·∇⊥f . The fast axial scale z does not explicitly

appear in the reduced equation set as a consquence of the TPT and the averaging

procedure. In addition, the fluctuating equations (4.18) - (4.20) depend on the

fast scales and must be timestepped over the fast time scale t, whereas the mean

temperature equation (4.21) depends solely upon the slow scales Z and τ , and

needs only to be timestepped on the slow time scale τ . A detailed treatment of

the derivation can be found in Sprague et al. (2006).

These so-called generalized non-hydrostatic quasi-geostrophic equations are solved

here subject to fixed-temperature thermal boundary conditions

(Θ = 1, θ = 0) at Z = 0; and (Θ = 0, θ = 0) at Z = 1 , (4.22)

and mechanical conditions

w = 0 at Z = (0, 1) , (4.23)

which impose impenetrable velocity fields on the bottom and top boundaries.

Inspection of (4.19) shows that ∂Zψ = 0 on the horizontal boundaries (where

w = 0 and θ = 0), such that the boundary flows are necessarily stress-free.

The asymptotically-reduced equations are modeled in rectilinear domains using
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a semi-implicit, spectral code, which employs a Fourier decomposition on hori-

zontal planes and a Chebyshev decomposition in the vertical direction (Sprague

et al., 2006; Grooms et al., 2010). With present-day computing power, models of

the generalized quasi-geostrophic (QG) equations have been made for Reynolds

numbers up to Re` ∼ 103 (Figure 4.5).

In contrast to the development above, the classical QG equations, first applied

in atmospheric and oceanographic settings (e.g., Vallis, 2006), are restricted to

flows with weak axial motions associated with axial hydrostatic balance. Despite

their many successes (e.g., Busse, 1970; Aubert et al., 2003; Schaeffer and Cardin,

2006; Vallis, 2006; Calkins et al., 2012b), the classical QG equations cannot model

sizable axial non-hydrostatic effects or the effects of strongly sloping container

boundaries. Because core convection is inherently non-hydrostatic and occurs in

a thick spherical shell with strongly sloping spherical boundaries, convection in

Earth’s core cannot be modeled accurately with the classical quasi-geostrophic

equations (Julien et al., 2006; Calkins et al., 2013). The generalized QG equa-

tions overcome the difficulties associated with the classical QG equations, and are

therefore well-suited to model rapidly rotating turbulent core-style convection.

At first glance, the generalized QG equations –called the ‘reduced equations’

henceforth– appear more complex than the full rotating convection equations

employed in DNS. However, the reduced equations offer computational advan-

tages over the full Navier-Stokes equations. First, the reduced equations filter out

temporally-restrictive, fast inertial waves at and below the horizontal flow scale `,

while retaining slow, spatially-anisotropic inertial waves. The increased computa-

tional efficiency of the reduced equations can be seen in our comparisons of DNS

and reduced models; using less resources, the reduced models are capable of sim-

ulating four times the fluid volume than comparable DNS performed at E = 10−7

(Figures 4.12c,d).
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Another advantage of the reduced equations is that they contain only two non-

dimensional parameters, R̃a and Pr, in comparison to the three parameters, Ra,

Pr and E, necessary to characterize Navier-Stokes. By asymptotically reducing

the system in the low Ro limit, it becomes possible to discuss the buoyancy forcing

only in terms of the the effective supercriticality of the flow (R̃a ' 8.7Ra/Racrit)

and the Prandtl number. It is not possible to deconvolve Ra and E in this system;

they exist only via R̃a. This lack of an explicit Ekman number does not mean

there are no viscous effects in the fluid. They are contained, for instance, in the

horizontal Laplacian terms in (4.14) and (4.15). In fact, it is the diffusive terms

that allow the reduced equations to naturally produce convective onset at the

Figure 4.6: In the reduced equations, the domain height, H, can be considered a variable
since E formally drops out of the system. Thus, H can be varied for comparison with any low
E laboratory or DNS case. For a reduced simulation carried out using a Cartesian box that is
20 onset wavelengths wide (i.e., W ' 40 `conv), then, at a given E value, the domain height is
H = `conv/

(
2.4E1/3

)
. This scaling behavior is shown for a) E = 10−6 (H = 1.04W ; Γ = 0.96),

and b) E = 10−7 (H = 2.23W ; Γ = 0.45). In this manuscript, reduced modeling results are
rendered assuming E = 10−7 for comparison with laboratory experiments and DNS made at
this E value.
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correct E → 0 value of Racrit and with the predicted non-dimensional horizontal

scale of 2.4E1/3 (Sprague et al., 2006; Calkins et al., 2013).

Synonymous with there being no explicit value of E in the reduced equations, there

is also no explicit height H to the fluid layer (Figure 4.6). Instead, the reduced

equations should appropriately describe convection for any sufficiently low E, low

Ro convective flow with the given R̃a and Pr values. Thus, we require only that

`/H ' E1/3, for any asymptotically low value of E. In this manuscript, numerical

simulations of the reduced equations, so-called reduced models, are presented in

which the horizontal size of the computational domain is 20 onset wavelengths,

such that W ' 40 `conv. Since the reduced models are dominantly compared here

against laboratory experiments and DNS made at E = 10−7, we elect to display

the height of the reduced modeling domain corresponding to E = 10−7 (Figure

4.6b). Thus, the reduced model visualizations are displayed with an aspect ratio

Γ = W/H ' 96E1/3 ' 0.45 in Figures 4.8 and 4.12.

The main limitations of the reduced equations presented here are that they are lo-

cally Cartesian with gravity fixed anti-parallel to the angular velocity vector; they

include no Ekman pumping effects; and they are purely hydrodynamic. However,

the reduced equations have been shown to be well-defined at all latitudes (Julien

et al., 2006; Calkins et al., 2013). Julien et al. (2015) have recently constructed

an extended reduced framework that includes the effects of Ekman pumping.

Furthermore, Calkins et al. (2015b) have developed a set of multi-scale reduced

MHD equations that are capable of simulating fully nonlinear dynamo action via

quasi-geostrophic convection. Ongoing work is focussing on the development of

a multi-scale, asymptotically reduced modeling environment in (finite) spherical

geometries.

Figure 4.5 shows that the reduced equations may be approaching their validity lim-

its in Earth’s core. For upper bounding estimates of the Rossby number in Earth’s
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core, that approach Ro ∼ 10−5 (Finlay and Amit, 2011), the local scale flow may

exceed Ro` ' 0.1, thereby invalidating the assumption of quasi-geostrophy at all

scales. If such high Ro values correctly describe core flow, then it may prove nec-

essary to develop higher order corrections to the reduced equations to accurately

model small-scale core flows. Similar approaches have proven successful in the

atmospheric and oceanic sciences (e.g., Gent and McWilliams, 1983).

Due to the inherent theoretical complexity in developing novel reduced equation

sets, it is essential, as with any other model, to benchmark them against reference

data sets. One of our goals then is to test the various assumptions underlying the

generalized QG reduced equations by comparing the results of reduced models di-

rectly against those of laboratory experiments and DNS. In so doing, it is possible

to show under what conditions a given asymptotically-reduced system is valid and

for what conditions must they be further extended in order to be accurate (e.g.,

Figure 4.11).

4.3 Rapidly-Rotating Convection Results

In this section, we compare the results of laboratory experiments, which have non-

slip mechanical boundary conditions (MBCs), and reduced models, with free-slip

MBCs. We will further compare these against DNS with non-slip, free-slip, and so-

called Ekman pumping MBCs. This exercise will show that the regime diagram of

flow morphologies shows good agreement between all the methods and MBCs, with

columnar flows breaking down for Ra & 10Racrit in all Pr = 7 cases. However,

the efficiency of rotating convective heat transfer is found to fundamentally differ

under different MBCs, leading us to argue that boundary layer phenomena may

play an important role in convection processes even at planetary core conditions.
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Figure 4.7: Snapshot visualizations showing the cellular, Taylor column, plume and
geostrophic turbulence regimes, as defined in Sprague et al. (2006) and Julien et al. (2012b).
Top row: flake visualizations from the laboratory experiments made in Cheng et al. (2015).
Bottom row: temperature fluctuation field θ from the non-slip DNS cases in Stellmach et al.
(2014).

4.3.1 Flow Morphologies

Figures 4.7 and 4.8 show snapshot images of the flow fields for laboratory, DNS

and reduced models of rotating convection. Figure 4.7 shows cases with non-slip

top and bottom boundaries. The top row shows three flake visualizations from

the laboratory experiments of Cheng et al. (2015), made using an 80 cm tall by

18.73 cm diameter container of water (Pr ' 7). The convection in these cases was

driven by a fixed 10 W heating power, corresponding to a flux Rayleigh number

RaF = RaNu = 4 × 1012. Even at this relatively low heating power, it is not
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Figure 4.8: Snapshot visualizations of the temperature fluctuation field θ for difference cases
in the cellular, Taylor column, plume and geostrophic turbulence regimes, as defined in Sprague
et al. (2006) and Julien et al. (2012b). Top row: free-slip DNS cases from Stellmach et al. (2014).
Bottom row: Reduced modeling results from Julien et al. (2012b).

possible, with water as the working fluid, to reach low enough Ra/Racrit needed

to access the cellular regime in the RoMag device. This inability to reach low

Ra/Racrit in low E cases in Pr & 1 fluids is a problem for all current laboratory

rotating convection devices (cf. Ecke and Niemela, 2014; Cheng et al., 2015). (The

opposite issue arises in Pr � 1 liquid metals, where it is more difficult to access

Ra � Racrit (e.g., Cioni et al., 2000; King and Aurnou, 2013; Ribeiro et al.,

2015).)

The three laboratory images in the top row correspond to rotation rates of 60

revolutions per minute (rpm; E = 1.2 × 10−7), 10 rpm (E = 7.5 × 10−7) and 4
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Figure 4.9: Regime diagram (Pr-Ra/Racrit) showing regimes of bulk convective flow behavior.
The asymptotically reduced morphological regimes are demarcated here as ‘C’ for cells, ‘T’ for
convective Taylor columns; ‘P’ for plumes; and ‘G’ for geostrophic turbulence. Symbols represent
laboratory (black filled circles) and non-slip DNS (blue, hollow circles) and free-slip DNS (green,
hollow squares) visualization results. All the laboratory and DNS cases qualitatively agree with
the flow regimes predicted by the asymptotically reduced modeling results.

rpm (E = 1.9 × 10−6), from left to right. Since the rotation rate, and therefore

E, is varied in each laboratory case, this leads to normalized domain widths of

W ' 21.0 `conv for the leftmost case; W ' 10.5 `conv for the middle case; and

W ' 7.7 `conv for the rightmost case.

The second row in Figure 4.7 shows the temperature fluctuation field, θ, from

non-slip DNS cases (Stellmach et al., 2014). The left and right images in this row

have Pr = 1, while the middle two images have Pr = 7. The color scale is such

that vermilion structures are warmer than the surrounding fluid and aquamarine

structures are cooler than the surrounding fluid. This color scale is used for θ

throughout this manuscript. The horizontal scale of the numerical domain is

W ' 20 `conv for all DNS cases reported.

Figure 4.8 shows images from cases with free-slip MBCs. The top row of images
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from DNS made with nearly the same parameters as the non-slip DNS cases

shown in Figure 4.7. The bottom row shows images from the reduced models

(e.g., Sprague et al., 2006; Rubio et al., 2014). Note that Pr = 7 in the left

three images in this row, whereas Ra/Racrit = 16.1 in the right two cases, but

the Prandtl number is lowered to Pr = 1 in order to boost the effective buoyancy

forcing in the rightmost case shown. The horizontal scale of the numerical domain

is W ' 40 `conv for all of the reduced modeling results reported.

A flow morphology regime diagram is presented in the reduced modeling studies

of Sprague et al. (2006) and Julien et al. (2012b). Cellular flows with horizontal

widths following (4.9) are found close to the onset of convection, in good agree-

ment with the seminal work of Veronis (1959). For Pr ' 7 fluid, these sinusoidal

axial flow structures give way to quasi-steady, axially coherent, convective Taylor

columns (CTCs) at higher supercriticality (e.g., Grooms et al., 2010; King and Au-

rnou, 2012; Nieves et al., 2014). CTCs form via the synchronization of convective

plumes ejected from opposing thermal boundary layers. At greater forcing, this

synchronization is lost, and the CTCs lose their axial coherence. This is referred

to as the plume or wavy column regime. For Pr . 1, the cellular state transitions

directly to the plume state. At still greater forcings, the convective flows lose all

system-scale coherence, resulting in anisotropic 3D flows with strong variation on

the convection scale, but with greater coherence in the vertical direction in com-

parison to the horizontal directions. This is the geostrophic turbulence regime.

(In contrast, in isotropic turbulence, there is no anisotropy to the flow, with no

preferred directionality to the flow field.)

The bulk flow fields in the laboratory and DNS cases qualitatively agree with

those predicted by the asymptotically reduced modeling results for both non-

slip and free-slip cases. (The exact regime boundaries for the no-slip cases are

slightly shifted in parameter space relative to the stress-free results, as shown in

123



Stellmach et al. (2014).) This good agreement is shown in Figure 4.9, which is

an adapted version of the bulk flow regime diagram of Julien et al. (2012b). The

x-axis denotes the fluid Prandtl number. The left-hand y-axis shows convective

supercriticality Ra/Racrit and the right-hand y-axis is demarcated in terms of the

reduced Rayleigh number R̃a = (Ra/Racrit)/8.7. The different asymptotically

reduced bulk flow regimes are marked here as ‘C’ for cells; ‘T’ for convective

Taylor columns; ‘P’ denotes plumes or wavy columns; and ‘G’ for geostrophic

turbulence. In addition, we have marked on this same plot the laboratory and

DNS visualization results from Figures 4.7 and 4.8. Laboratory experimental

results are marked by solid, black circles; non-slip DNS results are marked by

blue, hollow circles; and free-slip DNS cases are marked by green, hollow squares.

4.3.2 Heat Transfer

Figure 4.10 shows measurements of rotating convective heat transfer for Pr = 7

fluids. The left-hand panel, Figure 4.10a, shows laboratory and DNS results

all carried out at E = 10−7. The lower x-axis in Figure 4.10a shows the non-

dimensional buoyancy forcing, Ra, and the y-axis shows the non-dimensional heat

transfer, Nu. On the top of the panel, the buoyancy force is scaled relative to the

Coriolis force, forming the convective Rossby number, RoC =
√
αg∆Θ/(4Ω2H) =√

RaE2/Pr (Gilman, 1977). This parameter is the square root of Christensen

(2002)’s modified Rayleigh number, RoC '
√
Ra∗. The black filled symbols show

laboratory experimental data; the blue open circles show DNS results for non-slip

mechanical boundary conditions; the green open squares show DNS results for

free-slip boundaries.

The non-slip DNS results display a very steep heat transfer scaling over the range

2 × 1010 . Ra . 5 × 1010. The best fit trend to in this steep scaling regime is

Nu ' (Ra/Racrit)
3.5 (Cheng et al., 2015; Stellmach et al., 2014), which is the
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Figure 4.10: a) Convective heat transfer measurements (Nu-Ra) from laboratory and direct
numerical simulations (DNS) carried out at Pr = 7 and E = 10−7 (Stellmach et al., 2014).
The dashed lines show best fit scaling trends. The Nu ∼ Ra2/7 is the best fit to non-rotating
convection data not shown here (Cheng et al., 2015). The Nu ' (Ra/Racrit)

3.5 scaling rep-
resents the best fit to the non-slip Nu . 70 DNS data. The Nu ' (Ra/Racrit)

3/2 scaling
represents the best fit to the free-slip DNS data. The convective Rossby number, RoC , provides
a non-dimensional measure of the buoyancy forces in rotating convection systems. b) Nu as a
function of supercriticality Ra/Racrit from laboratory, direct numerical simulations (DNS), and
asymptotically-reduced models all carried out at Pr = 7. Bulk flow regime boundaries, which
we find are not sensitive to mechanical boundary conditions, are qualitatively shown near the
top of this panel.

steepest rotating convective heat transfer law yet proposed (cf. King et al., 2012;

Ecke and Niemela, 2014). The heat transfer behavior transitions over the range

5×1010 . Ra . 3×1011, with relatively small, but possibly non-trivial differences

between the laboratory and DNS data. At still higher Ra values, the laboratory

data conforms to the non-rotating heat transfer Nu ∼ Ra2/7, from below. It does

not overshoot the 2/7th trend, as is often found in higher E cases (Julien et al.,

1996; Kunnen et al., 2006; King et al., 2012). The transition away from the steep

scaling regime occurs at RoC ' 10−2. Thus, our E = 10−7, Pr = 7 data does not

support a RoC ' 1 heat transfer transition (cf. Zhong et al., 2009).
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Figure 4.11: Close up of Figure 4.10b, including a) an additional data set of DNS results
made using free-slip mechanical boundary conditions and parameterized Ekman pumping (EP)
and b) additional non-slip DNS data sets at E = 10−5 and E = 10−6. Adapted from Stellmach
et al. (2014).

Importantly, the free-slip DNS results follow a fundamentally different heat trans-

fer trend, with Nu ' (Ra/Racrit)
3/2 over the range 2 × 1010 ' Ra ' 1.5 × 1011.

This scaling exponent is less than half the value of the non-slip DNS scaling.

Clearly, the MBCs affect rotating convective heat transfer even at Ekman num-

bers as low as E = 10−7. For instance, at Ra ' 5× 1010, the laboratory and DNS

value of Nu is a factor of nearly 800% greater than the corresponding Nu value

for the free-slip case.

Figure 4.10b shows how the convective heat transfer plotted as a function of the su-

percriticality of the flow Ra/Racrit, with the bulk flow regimes of Figure 4.9 quali-

tatively denoted by the dashed lines at the top of the figure panel. Using Ra/Racrit

as the ordinate, it is formally justifiable to plot the reduced modeling results along

with the DNS and laboratory results. No assumptions about the value of E need

be made in plotting the reduced modeling results since Ra/Racrit = 8.696R̃a. The
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reduced modeling results are demarcated by red x-shaped symbols. There is ex-

ceptional agreement between the free-slip DNS and the reduced modeling results

for 1 . Ra/Racrit . 3.5 (Stellmach et al., 2014). They diverge slightly for higher

supercriticalities, both having heat transfer scalings trending away slightly from

3/2, which is the exponent value found in cases with Pr . 1 and that is the-

oretically predicted for rotating convective heat transfer controlled by turbulent

flow in the fluid bulk (Julien et al., 2012a). Overall, quantitative measurements

of convective heat transfer are in good agreement for free-slip DNS and reduced

models, which approximate heat transfer in the limit of a vanishing Ekman bound-

ary layer, whereas we find first order differences between the non-slip and free-slip

Nu-Ra data. Our studies have unexpectedly revealed that mechanical boundary

effects play an important role in rotating convection at low E.

Figure 4.11 presents additional Nu-Ra/Racrit DNS data at Pr = 7, carried out to

elucidate the differing heat transfer behaviors found in Figure 4.10. In addition

to previously displayed results, Figure 4.11a contains an additional data set from

Stellmach et al. (2014) that is demarcated by orange hollow squares. These orange

squares mark the results of DNS made using free-slip MBCs (∂zu⊥ = 0 on z = 0,

H), as well as the effects of parameterized Ekman pumping (EP). This axial

pumping condition fluxes material in and out of the boundaries according to

w = ±(EH2/2)1/2 ζ on z = 0, H (4.24)

(Niiler and Bisshopp, 1965; Greenspan, 1968), such that the axial pumping is pro-

portional to the local axial vorticity. The EP parameterization formally violates

the non-penetration condition at the top and bottom boundaries, but does so with

no net flux of mass in or out of the fluid layer. The agreement in Figure 4.11a

between the non-slip DNS results and the free-slip EP cases demonstrates that

the heat flux augmentation by boundary layer pumping explains the zeroth order
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differences in heat transfer scalings in Figure 4.10.

Figure 4.11b shows that the EP effects increase as E is made smaller. To demon-

strate this, we have plotted the reduced modeling results and non-slip DNS results

at E = 10−5, 10−6 and E = 10−7. At low supercriticalities, Ra/Racrit . 2, the

E = 10−7 non-slip DNS results are closest to the reduced modeling results. How-

ever, above Ra/Racrit ' 2, the E = 10−7 data exceed the higher E data sets,

displaying the steepest local heat transfer scaling of the three E cases. Thus, it

appears not only that Ekman pumping is causing the difference in results between

non-slip and reduced / free-slip cases, but that this difference is exacerbated as

E is decreased from E = 10−5 to E = 10−7. It should be possible to extrapolate

this result to low E geophysical settings, so long as the horizontal length scale

of boundary variations greatly exceeds ` ' E1/3H. Thus, we hypothesize that

Ekman pumping effects may prove to be important in terrestrial planetary cores

(Stellmach et al., 2014; Julien et al., 2015), while having little relevance in gas

planets and stars (e.g., Julien et al., 2012a; Barker et al., 2014).

4.3.3 Large-Scale Coherent Structures

Figure 4.12 shows renderings of the axial vorticity fields, ζ, from the free-slip DNS

and reduced model carried out in the geostrophic turbulent regime, correspond-

ing to the two rightmost cases displayed in Figure 4.8. Figures 4.12a and 4.12b

show 3D renderings of the axial vorticity field. Two counter-rotating, large-scale

vortices (LSVs) form in each computational domain; they extend axially across

the entire domain, embedded within a sea of small-scale geostrophic turbulent

structures. Figures 4.12c and 4.12d show the z-integrated axial vorticity field,

with both images dominated by the LSVs.

The widths, W , of the reduced computational domain is twice that of the DNS
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Figure 4.12: Large-scale vortices (LSVs) in rotating, three-dimensional convection. a) Ren-
dering of axial vorticity field, ζ, from free-slip DNS carried out at E = 10−7, Pr = 1,
Ra/Racrit = 10.4, and computational domain width W ' 20 `conv. Adapted from Stell-
mach et al. (2014). b) Axial vorticity field from the reduced model carried out at Pr = 1,
Ra/Racrit = 11.5, and W ' 40 `conv. Adapted from Rubio et al. (2014). c, d) Axial integra-
tions of ζ from panel a and b, respectively. The color scheme is the same as in Figure 4.1c, but
the scaling ranges all differ.
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cases presented here. This difference allows us to test the effect of box size on the

saturation scale of Cartesian LSVs. Comparing Figures 4.12c and 4.12d shows

that the LSVs grow until they roughly fill the entire computational domain (e.g.

Julien et al., 2012b). Thus, the larger the domain, the larger the scale at which

the LSVs saturate.

Given sufficiently turbulent, rapidly rotating convection, LSVs have been found

to develop in an array of recent high resolution numerical models in stress-free,

doubly-periodic domains (e.g., Käpylä et al., 2011; Chan and Mayr, 2013; Favier

et al., 2014; Guervilly et al., 2014; Stellmach et al., 2014; Rubio et al., 2014) and

triply-periodic domains (e.g., Mininni and Pouquet, 2010). (See also Sreenivasan

and Jones (2006b) for magnetically-enhanced high latitude vortices in a planetary

dynamo model.) In the survey by Favier et al. (2014), it was found that LSVs

formed only in cases with Re` & 20 and Ro` . 1. Thus, it was found that for

overly small local Reynolds numbers, too few modes were available to take part in

nonlinear energy exchanges; for overly large local Rossby numbers, the turbulence

was effectively isotropic and had no preferred directionality.

It must be stressed that most of the energy in these flows is dissipated by viscosity

on small scales (a standard, forward energy cascade), and that only a fraction is

transferred non-locally to the large-scale, axial vorticity (an inverse energy cas-

cade). LSVs, therefore, form slowly via the nearly inviscid pile-up of energy into

large-scale, quasi-two-dimensional, axially-invariant modes. Thus, both low Ek-

man number values (such that Ro = ReE � 1) and long time scale experiments

are required for significant energy to accumulate in LSV modes (e.g., Julien et al.,

2012b). They will not be able to develop in experiments that are integrated on

shorter time scales comprising a moderate number of advective turnover times.

This behavior is similar to studies of QG zonal flows in spherical shells, in which

sufficiently long integration times are necessary for the zonal velocity field to be-
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come fully developed (cf. Sun et al., 1993; Christensen, 2001).

The fact that LSVs form in Rubio et al. (2014)’s reduced models demonstrates that

LSVs can be generated by rotating convective turbulence even in the theoretical

limit of low Rossby number. In fact, this reduced modeling result then suggests

that LSVs are capable of forming even at the very low Rossby number values

that describe planetary core flows. Additionally, the essential agreement between

E = 10−7, P r = 1 stress-free DNS and Pr = 1 reduced modeling results verifies

that the reduced equations are predictive of strongly nonlinear, low Ro, high Re

solutions of the full Navier-Stokes equations.

The effects of LSVs on convective heat transfer are not well understood. In the

moderate Rossby number simulations of Favier et al. (2014) and Guervilly et al.

(2014), they find that the presence of LSVs weakly decreases the convective heat

transfer efficiency across the fluid layer. In contrast, the reduced models of Rubio

et al. (2014) find a slight increase in Nu when LSVs are present. Thus, the

generalized mechanism by which LSVs alter the convective heat transfer has yet

to be clearly elucidated.

To date, convection-driven LSVs have not been found in laboratory experiments

or in DNS with non-slip boundary conditions (Stellmach et al., 2014). How-

ever, inverse energy cascades have been detected in rapidly-rotating laboratory

experiments with forced turbulence (e.g., Yarom et al., 2013), suggesting that

convection-driven LSVs will be detected in laboratory experiments and in non-

slip DNS that are carried out at sufficiently extreme conditions (e.g., E . 10−7,

Pr . 1).

131



4.4 Extrapolations and Predictions

In the previous section, we presented the results of our state-of-the-science laboratory-

numerical-theoretical models of high latitude planetary core-style hydrodynamic

rotating convection, made in cylindrical tanks and doubly-periodic Cartesian do-

mains. Our main findings are the following. i) Convective heat transfer is efficient

in high latitude geometries in which the gravity and rotation vectors are aligned,

with especially efficient heat transfer occuring in the presence of non-slip horizon-

tal boundaries. ii) Columnar convection in Pr ∼ 1 fluids tends to break down into

anisotropic, 3D, geostrophic turbulent flow in the vicinity of Ra/Racrit = O(10)

for all three methods and irrespective of the mechanical boundary conditions. iii)

Cartesian, 3D geostrophic turbulence generates a weak flux of kinetic energy into

system-scale, quasi-2D, columnar large-scale vortices (LSVs).

The theoretical investigations of Childress and Soward (1972), Soward (1974) and

Calkins et al. (2015b) show that dynamo action can be driven by quasi-geostrophic

convective flows. Bearing this in mind, in this section we extrapolate our rapidly-

rotating, turbulent convection results to more extreme conditions in order to make

predictions concerning the multi-scale nature of turbulence in planetary cores as

well as in next-generation planetary dynamo models. In doing so, we will attempt

to take into account what may be considered the leading order physics missing

from our Cartesian models: the effects of spherical core geometry and magnetic

field effects.

4.4.1 Geostrophic Turbulent Convection

We extrapolate our moderate Prandtl number heat transfer results to Earth’s

core conditions in Figure 4.13. On the left hand side of the figure, the rotating

convection data from Figure 4.10a is plotted. On the right hand side, we plot the
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Figure 4.13: Extrapolation of Pr ' 7, Pm = 0 laboratory/numerical/reduced heat transfer
data in water to the estimated ranges of heat transfer parameters in Earth’s liquid metal core
where Pr ' 10−1 to 10−2 and Pm ' 10−6. On the left side of this figure, we plot laboratory and
DNS Nu-Ra data. To the right, assuming E = 10−15 as in Earth’s core, we plot the two heat
transfer scaling laws and the reduced modeling Nu-Ra data. The range of accessible Nu-Ra
space for convection in Earth’s core is denoted by the diagonal grey stripe on the figure’s right
side, corresponding to 6× 1027 . RaF . 6× 1032. Estimated flow regimes, defined in Sprague
et al. (2006) and described in Figure 4.9, are denoted cells (C), convective Taylor columns
(CTCs), wavy plumes (P) and geostrophic turbulence (GT). Irrespective of the heat transfer
scaling exponent, 3.5 or 1.5, the intersection with accessible RaF values in Earth’s core occurs
in the geostrophic turbulence regime. Image adapted from Cheng et al. (2015).

reduced modeling results for E = 10−15, the typical E estimate for Earth’s outer

core. In addition, the long dashed lines show extrapolations of both the steep

Pr ' 7 non-slip heat transfer scaling law, Nu ' (Ra/Racrit)
3.5, as well as the

shallower reduced modeling trend, Nu ' (Ra/Racrit)
3/2, both assuming Racrit for

E = 10−15. Note that the Pr = 1 scaling in Stellmach et al. (2014) approximately

bisects these two trends. In addition, we extrapolate the overarching Nu ' Ra2/7

heat transfer branch to core conditions (e.g., Cheng et al., 2015).

Although rotating convective heat transfer is typically described in terms of Nu

and Ra, these quantities are difficult to constrain in deep planetary interiors since

it is very difficult to estimate the superadiabatic temperature difference ∆Θ across
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the core (e.g., Gubbins, 2001). Their product, though, which is called the flux

Rayleigh number,

RaF = RaNu =
αgH4qsa
kκν

, (4.25)

does not depend on ∆Θ. This parameter can be estimated relatively accurately,

for example, in Earth’s core, because it depends only on the superadiabatic heat

flux out from the core, qsa, and the physical properties of the system. As explained

in Cheng et al. (2015), conservative estimates of RaF give its range in the core

to be 6× 1027 . RaF . 6× 1032. This RaF range is shown as the diagonal grey

stripe on the right side of Figure 4.13.

Irrespective of the particular heat transfer scaling exponent, we find that our

heat transfer extrapolations (the dashed lines) predominantly intersect the outer

core RaF estimates (the grey stripe) such that Ra/Racrit & 10. Based on Figure

4.9, this implies that (non-magnetic) rotating convective flows in Earth’s core

are not dominated by convective Taylor columns. Instead, this moderate Pr

extrapolation suggests that convection exists in the geostrophic turbulence regime.

Thus, our high latitude models of core convection suggest, in sharp contrast to

the schematic views shown in Figures 4.1d and 4.15a, that quasi-laminar columns

are not prevalent under planetary core conditions.

At lower latitudes, situated well outside the tangent cylinder, we predict that

low E convective flows will also occur in the form of 3D geostrophic turbulent

motions. This argument stems from the asymptotically-reduced linear stability

investigation of Calkins et al. (2013), in which it was found that many axially

varying convection modes become accessible for Ra < 10Racrit at moderate Pr.

Thus, based upon Pr ' 7 rotating convection results, we make the general pre-

diction that convective flows in planetary cores, as well as in E . 10−7 plane-

tary dynamo models, will manifest predominantly in the form of 3D, geostrophic
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Figure 4.14: Oblique view of the axial vorticity field in an asymptotically-reduced rotating
convection model with Pr = 0.0235, a value comparable to that of many liquid metals. The
flow is in the geostrophic turbulent regime, even though the Ra = 1.0Racrit for steady cellular
convection. Unlike previous reduced models, here we have set Γ = 1, in order to visually
highlight axial variations in the vorticity field.

turbulence (cf. Nataf and Gagnière, 2008; Nataf and Schaeffer, 2015). This pre-

diction can be tested using numerical model outputs: in the limit of strongly 3D

geostrophic turbulence, the instantaneous axial coherence length-scale of the con-

vection field will trend towards values that are comparable to the horizontal scale,

` ∼ E1/3 (Sprague et al., 2006).

4.4.1.1 Low Prandtl number Considerations

The moderate Pr arguments above likely provide a conservative estimate for when

convection columns become unstable to geostrophic turbulent motions. At lower

Pr values, as describe core fluids, steady convective Taylor columns are never sta-

ble (Sprague et al., 2006). This trend is shown Figure 4.9, in which the geostrophic
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turbulent regime is approaching the onset of convection as Pr is lowered. For ex-

ample, Figure 4.14 shows an oblique view of an asympotically-reduced model

carried out at Pr = 0.0235, similar to that of liquid gallium and liquid mercury.

The Rayleigh number in this case is set to the onset value for steady convection

Ra = Racrit. This implies then that steady convective Taylor columns, which

have a significant range of stability in moderate Pr fluids, are not stable in low

Pr liquid metals.

Similarly, the laboratory-numerical simulations of rotating convection in liquid

gallium made by Ribeiro et al. (2015) demonstrate that convection first onsets as

oscillatory convection columns. These oscillatory columns become destabilized

at Ra ' 0.3Racrit in cases with E = 10−5 and Pr ' 0.025. Steady columnar

convective motions, which are the dominant flow in most present-day dynamos,

are not found. Thus, based upon low Pr reduced models and Ribeiro et al. (2015)’s

laboratory-numerical models, we predict that the regime of stable columns is far

narrower in liquid metal convection than in the moderate Pr simulations that

have been the focus of this manuscript. In contrast to the extrapolation of our

Pr ' 7 results in Figure 4.13 to planetary core conditions, experiments in metals

imply an even broader range of geostrophic turbulent convection in which stable

columnar flows may never be stable.

4.4.2 Large-scale Vortices

Space-filling axialized vortices develop in free-slip DNS and reduced modeling

cases carried out in the geostrophic turbulent convection regime (Figure 4.12).

Based on our above arguments that geostrophic turbulent convection exists in

Earth’s core, we posit that LSVs can develop at high latitudes in Earth’s core

as well and may take part in the generation of high latitude geomagnetic flux

patches.
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In contrast, no high resolution studies have been carried out to date to investigate

under what conditions LSVs can form at low latitudes where buoyancy forces

predominantly act in the direction perpendicular to the rotation axis. In this

“low latitude” configuration, convection often drives large-scale zonal jet flows

(e.g., Christensen, 2001; Heimpel et al., 2005; Gillet et al., 2007). It is unclear

whether LSVs in deep fluid layers can co-exist with zonal flows or whether they

are subsumed by the zonal jet generation processes.

We will assume here that LSVs are able to form at all latitudes in planetary cores.

However, unlike in Cartesian boxes where LSVs grow to the size of the compu-

tational domain, in planetary cores their growth should halt approximately at

the Rhines scale, denoted as `turb, where boundary curvature effects act to trun-

cate the inverse energy cascade. At the Rhines scale, 3D vortex stretching effects

within the spherical shell halt the 2D inverse cascade (e.g., Vasavada and Show-

man, 2005). Applying the spherical shell topographic Rhines scaling arguments

of Heimpel and Aurnou (2007) yields

`turb ' πrc

(
Ro

[
χ2 − cos2 β

sin β cos β

])1/2

and `turb ' πrc (Ro/ cos β)1/2 , (4.26)

where the left expression holds at high latitudes inside the tangent cylinder; the

right expression holds at lower latitudes outside of the tangent cylinder; rc is

the core radius; χ is the spherical shell radius ratio; and β is the latitude angle in

radians. In contrast to the laminar onset scale given by (4.9), the turbulent length-

scales in (4.26) vary in proportion to the Rossby number; these turbulent scales

are insensitive to the fluid viscosity. Thus, we predict that the small, convective

length-scales in turbulent dynamo models will vary in proportion to the value

of the Ekman number (e.g., the fluid viscosity), whereas the size of turbulent

hydrodynamic structures will scale in proportion to the Rossby number (e.g., the

fluid inertia).
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Applying (4.26) to Earth’s core and assuming an upper bounding estimate of

Ro ∼ 10−5, we estimate that LSVs situated just outside the tangent cylinder at

69◦ latitude will halt their growth at a scale of roughly `turb ' 60 km. This `turb ∼

Ro1/2 turbulent length-scale exceeds the convective length scale `conv ∼ E1/3 by

a factor of approximately 103, supporting our contention that a broad range of

turbulent scales likely exist in planetary core flows. Hydrodynamic Rhines scales

are still, however, far too small to provide a simple, direct explain for the 1000

km scale of the largest CMB geomagnetic flux patches.

4.4.3 Magnetohydrodynamic Considerations

Extrapolating our hydrodynamic rotating convection results to planetary core

settings has led us to argue that multi-scale processes arise, with 3D geostrophic

turbulent at the convection scale and quasi-2D large-scale vortices on larger-scales.

In Earth’s core, upper bounding estimates for the local magnetic Reynolds number

on the convection scale gives values that are less than unity:

Rmconv ∼
U`conv
η

=
RoPm

E2/3
∼ 10−5 10−6

(10−15)2/3
∼ 10−1 . (4.27)

Using upper bounding values for the turbulent scale, `turb ∼ πrcRo
1/2 with Ro ∼

10−5, leads to a magnetic Reynolds number that significantly exceeds unity:

Rmturb ∼
U`turb
η
∼ π Ro3/2 Pm

E
∼ 102 . (4.28)

As stated before, the low value of Rmconv does not imply that dynamo generation

processes cannot occur on the convection scale. As shown in a numerous theoret-

ical investigations (e.g., Soward, 1974; Moffatt, 1978; Calkins et al., 2015b), in a

multi-scale dynamo, small-scale motions act on the large-scale (locally-uniform)

magnetic field to generate weak, small-scale emf’s. The average of these weak,
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small-scale emf’s creates, on the large-scale, a coherent current system that pro-

duces the large-scale magnetic field. Thus, the convection-scale magnetic field,

although far weaker than the large-scale field, is a necessary component of the

dynamo loop that connects the induction, and thereby the dynamics, of the small-

scale convection with that of the large-scale magnetic field.

Guervilly et al. (2015) provide a recent example of dynamo generation driven by a

turbulent rotating convective flow. Their numerical models solve equations (4.1) -

(4.3) in a Cartesian, doubly-periodic domain subject to stress-free, isothermal top

and bottom boundary conditions. They argue that multi-scale turbulence develops

in a Pm = 0.2 dynamo case. Further, they show that the dynamo threshold is

lowered by the existance of an LSV that develops in this case. Guervilly et al.

(2015)’s findings suggest then that Pm must be lowered below unity in dynamo

models in order for multi-scale turbulent processes to be able to develop. Thus,

we hypothesize that multi-scale flows and multi-scale dynamo loops will emerge

in next-generation, turbulent planetary dynamo models carried out at low E and

Pm.

4.5 Summary

We have presented the results of laboratory-numerical-theoretical models of rapidly

rotating convection. These non-magnetic, Cartesian and cylindrical models pro-

vide novel predictions for the convective flows that will develop as global-scale

models approach realistic planetary core conditions. Our results suggest that

axially-coherent, helical, `conv ∼ E1/3 convection columns break apart into three-

dimensional geostrophic turbulence. Thus, we argue that large-scale flows in-

ferred to exist in planetary cores (e.g., Schaeffer and Pais, 2011) are not directly

attributable to the columnar flows that develop near the onset of convection in
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Figure 4.15: a) Schematic showing axial vorticity field in a present-day dynamo model con-
taining laminar, axial convection columns. b) Schematic showing hypothetical axial vorticity
field in a multi-scale, rapidly-rotating turbulent planetary dynamo model. The convection scale
`conv is far smaller than the system-scale in such models, and larger `turb-scale structures may
form via turbulent processes. These large-scale structures may provide a novel way to generate
system-scale crenelations in planetary magnetic fields and allow for different modes of dynamo
action than are occurring in present-day quasi-laminar dynamo models.

present-day dynamo models (Figure 4.15a). Furthermore, our results show that

large-scale vortices (LSVs) develop on slow time scales in cases of geostrophic

turbulent convective flow. These multiple scales of flows suggest that multi-scale

dynamo processes can occur in planetary cores as well as in strongly turbulent,

rapidly rotating dynamo models (Figure 4.15b). Such multi-scale dynamo systems

have long been proposed by theorists (e.g., Childress and Soward, 1972; Moffatt,

1978), but have yet to clearly emerge in global-scale planetary dynamo models.

Many open questions exist concerning the properties of LSVs in spherical geome-

tries and in magnetohydrodynamic systems. For instance, it has yet to be shown

that LSVs can form at low latitudes where significant horizontal (non-axial) buoy-

ancy forces exist. To date, LSVs have been found to form in Cartesian, polar

simulations subject to stress-free boundaries. These LSV flows are comprised
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of nearly perfectly horizontal motions with almost no helical component of flow.

Even though these flows appear capable of generating substantial large-scale mag-

netic fields, it remains to be determined whether helical LSV flows develop in the

presence of non-slip BCs or in fluid domains with boundary curvature.

To test the various mechanisms hypothesized for generating large-scale magnetic

flux patches in Earth’s core, we first need advanced models of the field itself (e.g.,

Lesur et al., 2008; Korte and Holme, 2010; C.C. et al., 2012). Given accurate

field models, it is essential to generate advanced models of the essential turbulent

processes and dynamo physics occurring in liquid metals. Efforts are being made in

this direction via laboratory experiments (e.g., Cabanes et al., 2014; Zimmerman

et al., 2014; Ribeiro et al., 2015). To computationally access turbulent liquid

metal dynamo action, numerical models will need to be run on tens to hundreds

of thousands of cores. Community dynamo codes will be capable of this in the

next decade (http://geodynamics.org/). However, theoretical advances, such as

the development of asymptotically reduced models of rotating convection and

dynamo action in spherical shell geometries, may prove even more important for

generating robust physical explanations of the turbulent dynamo action occurring

in planetary cores.
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CHAPTER 5

Accessing Rapidly-Rotating Turbulent

Convection Regimes in Laboratory Systems

5.1 Introduction

A fundamental tenet in present-day dynamo models is that large-scale columnar

convective flows lead to the large-scale magnetic field found in observations. In-

deed, a large number of numerical dynamo models observe Earth-like magnetic

field behavior such as dipolar morphology, high-latitude flux patches and polar-

ity reversals (e.g., Christensen, 2010; Olson et al., 2011). However, all of these

models also occur near to the onset of convection. In these conditions, ignoring

magnetic effects, the size of convective columns can be scaled using a balance

between viscosity and the part of the Coriolis force not balanced by pressure, or

a “visco-Archimedean-Coriolis” (VAC) balance. For a horizontal dimension of `

and vertical dimension of L, the aspect ratio Γ = `/L of a convective structure

under VAC balance is given by:

Γ ∼ E1/3 , (5.1)

where E, the Ekman number, is defined as:

E =
Viscosity

Coriolis
=

ν

2ΩL2
, (5.2)
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where ν is the viscous diffusivity and Ω is the rotation rate. Despite magnetic

induction being absent from the Γ scaling, King and Buffett (2013) show that

the column aspect ratios in present-day models closely match this viscous onset

condition. In planets, however, the Ekman number is estimated to be ∼ 10−10

to ∼ 10−20, corresponding to a column aspect ratio of 10−5. Under the effects of

Ohmic dissipation, these structures are highly unlikely to remain stable.

Direct numerical simulations and asymptotic models of rapidly-rotating turbu-

lence have developed a different picture of rotating convection by accessing more

extreme parameter ranges than present-day dynamo models. A large number of

recent numerical studies including Mininni and Pouquet (2010), Käpylä et al.

(2011), Julien et al. (2012a), Guervilly et al. (2014), Rubio et al. (2014) and Stell-

mach et al. (2014) have observed turbulent, system-scale axial vortices emerge

from geostrophic turbulence at low enough E (or at E → 0 in the case of Julien

et al. (2012a)’s asymptotically reduced models).

This so-called large-scale vortex (LSV) phenomenon hints toward an alternate

explanation for organized structures in the Earths core. While quasi-laminar

columns are largely viscously-controlled and involve a small range of length scales,

LSVs are inertially-controlled and involve a broad range of length scales even in

asymptotic settings (see Figure 4.15). Thus, the we posit that multi-scale flow

structures are likely to be exist in planetary settings as well, and may be responsi-

ble for the organized nature of the large-scale magnetic field. Characterizing these

structures may prove transformative in our understanding of dynamo processes

on planets.

However, the style of circulation shown in Figure 4.15b) has not yet been observed

in any lab setting. In order to reach the parameter regimes where such multi-

scale structures can be observed in the lab, we have designed and fabricated

a new experiment at UCLA, nicknamed ‘NoMag’. Primary fabrication of the
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NoMag experiment was completed in Summer 2014. We have been conducting

preliminary tests and data acquisition over the last year. Figure 5.1 is an overall

design schematic of NoMag and Figure 5.2 is a photograph of NoMag’s current

state.

In this chapter, we will first discuss our ability to access a broad range of parameter

space in NoMag, near the onset of convection well into the geostrophic turbulence

regime. Next, we will describe the fabrication process of NoMag. Finally, we will

detail the diagnostics that will be used to quantify results from NoMag, including

detecting and characterizing the flow structures.

5.2 Accessible parameter ranges

The turbulent large-scale vortices found in certain rotating convection models ap-

pear under extreme conditions when compared to present-day dynamo models. In

particular, they manifest at high Reynolds numbers and moderate to low Rossby

numbers. The Reynolds number, Re, is defined as:

Re =
Inertia

Viscosity
=
UL

ν
, (5.3)

where U is a characteristic velocity and L is a characteristic height. The Rossby

number, Ro, is defined as:

Ro =
U

LΩ
. (5.4)

NoMag is designed to access both parameter regimes where dynamo models oper-

ate as well as parameter regimes where geostrophic tuburence appears in numerical

studies. In studies with asymptotically-reduced equations by Julien et al. (2012b)

and direct numerical simulations by Stellmach et al. (2014), geostrophic turbu-

lence, including the LSV, appears at Ra/Racrit ' 10, where the Rayleigh number
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Figure 5.1: Design schematic of NoMag rotating convection experiment with a focus on di-
agnostic systems. Different colors correspond to different diagnostic systems. Red, purple, and
blue refer to thermal measurements: temperature detectors embedded in the top and bottom
boundaries to measure the total temperature differential across the fluid layer. Thermistors of
different lengths are arranged along a radial line to measure radial temperature gradients. Green
refers to the Laser Doppler Velocimetry system (LDV): The LDV system allows us to make point
measurements of velocity in the fluid layer and construct velocity profiles. Blue refers to the
camera: high resolution images and movies can be used to determine flow field characteristics.
Images can also be used to measure velocity fields using Particle Image Velocimetry (PIV).
Vertical temperature fields can be determined with the camera in the position pictured above.
Horizontal temperature fields can also be measured by placing the camera above the top thermal
block pointing down in ‘z.’
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Figure 5.2: Photograph of the NoMag rotating convection experiment located in the SPINLAB
at University of California, Los Angeles.
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Figure 5.3: Critical Rayleigh number values over the range of Ekman numbers accessible to
NoMag. Values from E = 10−1 to 10−4 taken from Chandrasekhar (1953). Values for E = 10−5,
10−6 and 10−7 from numerical rotating convection simulations from Stellmach et al. (2014).
For Ra-E ranges in the blue-shaded region, the thermal forcing is not strong enough to kick off
convection and heat is entirely transferred via conduction. For Ra-E ranges in the red-shaded
region, the fluid is forced strongly enough to undergo convection.

Ra is defined as:

Ra =
Buoyancy

Diffusion
=
αg∆TL3

νκ
, (5.5)

and the critical Rayleigh number Racrit is defined as:

Racrit = 8.7E−4/3 (5.6)

for low enough E, where α is the thermal diffusivity, g is gravitational acceleration,

∆T is the adverse temperature gradient, L is the system height and κ is the

thermal diffusivity. Figure 5.3 shows the curve defined by critical Rayleigh in Ra-

E−1 parameter space. The location for the appearance of the LSV in numerical

models provide a baseline for achieving multi-scale rotating turbulence in the lab.

We therefore design NoMag to be able to comfortably access Ra/Racrit ' 10 for

E as low as 5× 10−8.
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Figure 5.4 shows the accessible Ra and E ranges for the tallest tank, 180cm high by

60 cm wide, using water as the medium. The accessible ranges in E are controlled

by the minimum and maximum rotation rates of the system. The minimum

rotation rate is 0.6 RPM, below which instabilities in the servomotor driving

become significant. This value is somewhat of an approximation and further

tuning of the servo may allow steady rotation below 0.6 RPM. The maximum

rotation rate is 60 RPM, which is the fastest rotation rate for which we have

determined that lab safety can be guaranteed.

The accessible ranges in Ra are controlled by the minimum and maximum achiev-

able heat fluxes in our system. In convection experiments on NoMag, the adverse

temperature gradient is set by a constant power applied to a uniform heat pad

under the bottom boundary of the fluid. Heat is removed from the top using a

double-wound spiral filled with water that circulates with a chiller reservoir in the

lab frame. The minimum heat flux is set by the stability of the power supply. In

the future, we will implement a voltage divider to more accurately gauge the heat

pad stability. In our current setup, the observable uncertainty on the power sup-

ply is roughly 1 W. Thus, below 10 W of heating power, the uncertainty becomes

a significant fraction of the total applied power. The maximum heat flux is set by

the power supply rating of 1000 W.

In nondimensional terms, the thermal control parameter in our system is the flux

Rayleigh number,

RaQ =
αgL4q

νκk
, (5.7)

where q is the heat flux per unit area and k is the thermal conductivity. The

flux Rayleigh number can be written in terms of the product of the Rayleigh and

Nusselt numbers, where the Nusselt number is defined as:

Nu =
qL

k∆T
=
RaQ
Ra

. (5.8)
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When the fluid is rotating rapidly enough, Nu scales steeply with Ra. In Cheng

et al. (2015), this scaling slope is observed to be Nu ∼ Ra/Ra3.6
crit. For nonrotating

or weakly rotating fluids, Nu follows a shallow scaling with Ra, observed to be

Nu ∼ Ra1/3. In Cheng et al. (2015), this transition is observed to occur at a

so-called transition Rayleigh number, given by:

RaT ∼ E−1.47 . (5.9)

This trend is plotted in Figure 5.4 as a dashed line. Plugging the appropriate

Nu-Ra relations into (5.9) allows us to solve for the Ra range corresponding to

a given heat flux. In each of the tanks shown, we are capable of reaching the

predicted range for geostrophic turbulence for the majority of rotation rates.

Also plotted in Figure 5.4 is the E-Ra curve corresponding to an order one value

of the convective Rossby number. The convective Rossby number is a Rossby

number with the velocity scale set by advective free-fall, and can be written as:

RoC =

(
RaE2

Pr

)1/2

, (5.10)

where Pr = ν/κ is the Prandtl number. Many studies have argued that the

rotationally-dominated convection regime extends fromRacrit near to whereRoC .

1 (e.g., Gilman, 1977; Aurnou et al., 2007; Stevens et al., 2013; Gastine et al.,

2014). Thus, it is imperative that we be able to reach this value of RoC in some

of our rotating convection experiments.

Both Ra and E depend on the height of the tank: Ra varies as the cube of

the height while E varies as an inverse square of the height. As with the original

rotating convection setup in our lab, RoMag, we use a large variety of tank heights

to maximize our access to broad ranges of multiple parameters. Figure 5.5 shows

the accessible Ra and E ranges for the full collection of tank heights in water.
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Figure 5.4: Schematic of maximum and minimum Ra and E values achievable in the 180 cm
high by 60 cm wide tank on NoMag with water as the medium. The lower and upper bounds
for E are determined by the minimum and maximum rotation rate at which the device can
be safely rotated. The lower and upper bounds for Ra are determined by the minimum and
maximum power that the heat pad power source can supply. The dashed lines represent the
critical Rayleigh number Racrit, the transition Rayleigh number RaT and the convective Rossby
number RoC . Note that these parameter space diagrams are most often depicted in Ra vs. E−1

space as in Figure 5.3. Here we have chosen to use E vs. Ra space to better represent the
transition scalings in this schematic.

NoMag can access ranges of 104 . Ra . 2 × 1012 and 2 × 10−8 & E & 10−2.

Shorter tanks are more capable of reaching convective onset while taller tanks are

more capable of reaching extreme ranges in Ra and E.

In addition to changing the tank height, we are also capable of switching between

different tank diameters. This capability is relevant to accessing new regimes:

Because the limiting factor in thermal forcing is the input heat flux, the minimum

heating power per unit area (at the maximum rotation rate) determines how low

of Ra/Racrit values are achievable. The uncertainty in power below 10 W serves

as a constant lower limit for applied heating power. However, we can reach lower
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Figure 5.5: Schematic of maximum and minimum Ra and E values achievable over the full
range of tank heights by 60 cm tank width on NoMag with water as the medium. The lower and
upper bounds at each tank size are determined in the same way as in Figure 5.4. Dashed lines
represent the critical Rayleigh number (Racrit), the transition Rayleigh number (RaT ) and the
convective Rossby number (RoC).
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Figure 5.6: Schematic of maximum and minimum Ra and E values achievable over the full
range of tank heights by 60 cm tank width on NoMag in air compared to the achievable range
in water. The lower and upper bounds at each tank size are determined in the same way as in
Figure 5.4. Dashed lines represent the critical Rayleigh number (Racrit), the transition Rayleigh
number (RaT ) and the convective Rossby number (RoC). In air, we can reach significantly
greater supercriticalities in the same tank but are restricted in maximum Ra, minimum E and
minimum Ra/Racrit.
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values of Ra/Racrit by instead increasing the surface area over which the heat

is being applied. For this reason, the 60 cm diameter tanks were chosen as the

default for the system. In order to more directly compare with previous results, or

to reach higher values of Ra/Racrit, we have designed accommodators that allow

us to mount the 20 cm diameter tanks used in previous studies (e.g., King et al.,

2012; Cheng et al., 2015).

Finally, we can alter the accessible parameter ranges by using different media.

With air, we are capable of reaching higher Ekman values as well as greater super-

criticality values than in water. Figure 5.6 compares Ra and E ranges achievable

using air versus using water, assuming the same tank dimensions.

For the range of achievable rotation rates and heating power, we can examine

accessible parameter ranges with respect to theorized transition scalings. Figure

5.7 shows this in dimensional terms: the accessible ∆T values for rotating con-

vection are compared to the predicted ∆T values for supercriticality, Ra/Racrit,

the columnar regime transition, RaT , and RoC = 1.

The yellow highlight in Figure 5.7 represents the range over which our temperature

measurements are likely to be trustworthy. The uncertainty on the thermistors is

0.05◦C, so this provides a lower bound to measurable ∆T . For ∆T values greater

than ∼ 40◦C, the density of water varies by more than 10% and therefore may

not follow the Boussinesq assumptions inherent in our scaling arguments.

In the columnar rotating convection regime, the width scale of convection columns

scale with the Ekman number (5.1). Furthermore, Julien et al. (2012a) find

that this one-third scaling relation persists beyond the columnar regime and into

geostrophic turbulence. The column scale therefore provides another metric when

considering the accessible parameter ranges in our experiment: if too few columns

fit horizontally across the tank, sidewall effects may become significant and affect
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Figure 5.7: Figure showing ∆T ranges versus tank height for different transition scalings in
rotating convection in water. Examples of commonly-used tank heights indicated by the vertical
dashed lines. Panel a) shows the ∆T range associated with the critical Rayleigh number Racrit,
panel b) associated with the transition Rayleigh number RaT and panel c) with the convective
Rossby number RoC = 1 argument. The ∆T range in each panel is related to the minimum
and maximum rotation rate of the experiment. The highlighted range represents the measurable
range of ∆T values: thermistors have an uncertainty of 0.05◦C and Boussinesq conditions are
expected to break down for temperature gradients greater than ∼ 40◦C.
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the global flow structure.

In Figure 5.8 we plot the width of flow structures (normalized by the 60 cm

diameter of the tank) versus the tank height (L). We estimate the flow structure

width assuming a prefactor in (5.1) of 4.8 associated with asymptotically rapid

rotation (Julien and Knobloch, 1998). Flow structure width (`) divided by tank

diameter (d) is then given by:

w =
`

d
= 4.8E1/3L/d

= 3.8

(
νL

Ω

)1/3
1

d
.

(5.11)

The plot of w versus L also depends on rotation rate. We represent this nondimen-

sionally by using a color scale corresponding to E and dimensionally by picking

several rotation rates Ω.

For our most extreme cases at 60 RPM in the 180 cm tank, ' 25 structures will fit

horizontally across the tank. We hypothesize that this large number of structures

implies that sidewall effects should be negligible for the dynamics in the bulk of

the fluid. In order to test this, point velocity profiles will be useful for determining

the extent of sidewall influence (see Section 5.4.3.2).
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Figure 5.8: Figure showing flow structure width, normalized by the tank width,w,
versus tank height, L, in rotating convection in water. The three separate lines
represent the flow structure width for different rotation rates, and lines are color-
coded based on the Ekman number.
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5.3 Design process

The development of the NoMag rotating convection experiment went through

three separate phases: Initial sketches, formal design drawings, and fabrication.

Figure 5.9 shows the top thermal block plus chiller loop piece as an example of

the product from each of these phases. The NoMag project was conceived in 2010

through 2012, with serious design work beginning in early 2012. Over the course

of a year, the overall structure of the experiment was developed through meetings

between myself, other SPINLAB members, Ron Mears, and design engineer Joel

Neal. All machinable parts were originally planned out as design sketches. I

produced a first ‘finalized’ copy of these drawings in December 2012. Over the

course of the next year and a half, we met with Joel Neal to transform the initial

sketches into a working set of design drawings. This was a tribulation-filled process

where many modifications to the designs were made to eliminate inconsistencies.

Fabrication of the experiment began in Fall 2013 and was mostly completed in

one year.
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Purchasing of control and diagnostic components happened concurrently with the

design and fabrication process. Over the course of the last year, the mechanical

issues of the fabrication process have been generally smoothed out. The device

is stably mounted to the building and the tank can rotate robustly for week-long

periods of time. We have recently diverted attention toward making the controls

and diagnostic systems viable. Since the controls and data acquisition computers

are located in the rotating frame, an adequate numbers of electrical lines needed

to be passed into the rotation frame via an electrical slip ring. Similarly, the upper

thermal block of the tank is mounted in the rotating frame but requires a cold

water reservoir in the lab frame, so a rotary union and water lines were mounted

on and around the NoMag device.

Separate teams of SPINLAB graduate students and undergrads worked on differ-

ent components of the diagnostic systems. We will outline the purpose of each

system below and review the degree to which they have been implemented.

5.4 Diagnostics

We have implemented several diagnostic tools in order to better characterize the

flow behaviors accessible to NoMag and to better compare lab results with the

predicted regimes found in numerical studies. The diagnostic capabilities of No-

Mag can be broken down into a few distinct systems. Figure 5.1 shows the No-

Mag design overview with separate diagnostic systems indicated by the colored

and shaded regions. We will discuss thermal measurement diagnostics in Section

5.4.1, flow visualization techniques in Section 5.4.2, and velocity measurement

diagnostics in Section 5.4.3.
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5.4.1 Heat transfer measurements

Thermal measurements are indictated in Figure 5.1 by red, purple, and blue

shades. The blue and red shades indicate measurements taken within the up-

per and lower thermal blocks bounding the fluid layer, respectively, while purple

indicates internal temperature measurements from thermistors placed within the

fluid layer. Simple heat transfer measurements can provide extensive physical

information for a given convection experiment. Previous convection studies from

SPINLAB have primarily used heat transfer as the metric for characterizing the

governing fluid dynamics (King et al., 2012; King and Aurnou, 2012, 2013; Cheng

et al., 2015; King and Aurnou, 2015).

Thermistors in NoMag are distributed throughout the top and bottom thermal

blocks. In each thermal block 6 thermistors, distributed evenly in azimuth, read

temperatures at 1/2 of the tank radius. In addition, two extra thermistors per

thermal block read temperatures at 1/4 and 3/4 radii. These are aligned along the

same radius as one of the 1/2 radius thermistors, allowing us to acquire a radial

temperature profile. Even without temperature measurements directly inside the

fluid, top and bottom block thermistors allow us to calculate Nu and Ra values

for comparison with the RBC and rotating convection literature.

Figure 5.10 shows nonrotating data from both the RoMag and NoMag devices.

RoMag 20 cm diameter results closely follow the Nu ∼ Ra1/3 scaling prediction

from Malkus 1954. The NoMag 60 cm diameter results agree closely to the RoMag

results, following a best-fit scaling of Nu = 0.081Ra0.319. As the heating power

used in calculating the parameters is taken from readings on the power supply

instead of measured with a voltage divider, we consider the NoMag data to be

preliminary. However, the close agreement with previous results indicates that

thermal measurement systems in NoMag are likely well-calibrated and accurate.
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Figure 5.10: Plots of non-rotating convective heat transfer data in Nu–Ra space from previous
device, RoMag, and current device, NoMag. Data from RoMag is shown in Chapter 2 and
represented here by blue markers. Preliminary data from NoMag is represented here by red
markers. RoMag tanks have diameters of 20 cm while NoMag tanks have diameters of 60cm.
Different tank heights are represented by the different marker shapes (Note that the 160 cm high
tank in RoMag and the 180 cm high tank in NoMag are given the same marker shape). The
lighter color red markers indicate data points where the temperatures have not yet equilibrated,
and so their Nu–Ra values are likely inaccurate. The best-fit trend of RoMag data is given
by the dashed blue line while the best-fit trend of NoMag data is given by the solid red line.
The strong agreement between these trends indicates that NoMag heat transfer measurement
systems are likely robust.
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In addition, the agreement between 20 cm diameter and 60 cm diameter results

reinforces the notion that the α = 1/3-like slope observed at Ra & 109 is due

to the turbulent physics described by Malkus (1954) rather than a result of the

aspect ratio of the experiment. Following Shraiman and Siggia (1990)’s argument,

the shallower 2/7 slope is a correction to the the 1/3 slope that arises due to a

large-scale circulation inducing shear in the boundary layers. Previously, our only

data following an α = 1/3-like scaling slope was from 20 cm wide by 80 cm high

and 20 cm wide by 160 cm high tanks. These tanks have extreme aspect ratios

of 1/4 and 1/8, respectively, making it unlikely for large scale circulatory flows

to be able to fill the fluid volume. Thus, the 1/3 slope we observed may have

been solely the result of the aspect ratio. In the current 60 cm diameter results,

however, experiments in tank aspect ratios of 3/2 and 3/4 conform with previous

results. A number of other studies have observed large-scale circulations in this

aspect ratio range at lower Ra values (e.g., Brown et al., 2005; Sun et al., 2005;

Ahlers et al., 2009) lending credence to the idea that, at Ra ∼ 109, the turbulence

is strong enough to leave the 2/7 scaling regime without the aid of aspect ratio

effects.

Figure 5.12 shows another preliminary test was conducted in the 40 cm high by

60 cm wide tank. Internal thermistors be placed within the fluid layer via a shaft

along the central axis of the tank in order to produce a vertical temperature pro-

file inside the tank. For both nonrotating convection and rotating convection,

6 cases at various input heat fluxes were taken. In nonrotating convection, the

temperature is nearly isothermal in the bulk of the fluid, with most of the tem-

perature gradient confined near to the boundaries. Low wattage cases at 15 and

25 W appear to be less isothermal in the interior, but this effect is due to the un-

certainty in temperature measurements being significant compared to the small

vertical ∆T .
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In contrast, temperature profiles of the E = 10−6 rotating cases show a significant

temperature gradient within the bulk of the fluid. This is likely due to rotation

suppressing the vertical motion of the flow and causing the heat transfer to be

less efficient in the interior. Strangely, in all rotating cases the mean temperature

at the mid-plane is noticeably greater than the mean fluid temperature calculated

by averaging the top and bottom boundary temperatures. This may indicate the

presence of a warm plume near the central axis induced by centrifugation. The

strength of centrifugation can be described using a Froude number Fr, defined

as:

Fr =
Centrifugation

Gravity
=

Ω2r

g
, (5.12)

where r is the radius of the tank. In this case, Fr ' 0.3, near to the value

of Fr = 0.4 predicted by Marques et al. (2007) to correspond to centrifugal

effects perturbing the large-scale flow. It is important to note, though, that the

Marques et al. prediction corresponds to flow very near to the onset of convection

and at E ≥ 10−3. The effects of Fr at E ≤ 10−6 have not been investigated

experimentally to our knowledge. With NoMag we will be capable of studying

Froude number effects independently of E by changing between tanks of 20 cm

and 60 cm width, thus varying r and Fr without changing E.

In addition to the thermistors schematized in Figure 5.1, we will also make use

of small bead thermistors that can be attached on any surface in the interior of

the tank. By mounting these on the tank walls, we can attain a more accurate

measurement of heat losses through the sidewall which may affect the accuracy of

our nondimensional parameter estimates.
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Figure 5.11: Vertical temperature profiles from the 40 cm high by 60 cm wide cylindrical tank
on NoMag. Measurements at 0 and 40 cm depth are from thermistors embedded in the thermal
blocks, while measurements at depths of 9, 15.3, 23.5, 31.5 and 39.5 cm are from thermistors
located on a vertical shaft within the tank, along the vertical axis. Temperature profiles are
plotted for six nonrotating convection cases with input power ranging from 15 W to 1000 W.
Each line represents a separate case, color-coded for the input power. The inset of shows the
uncertainty in temperature, 2σ, for a given input power.
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Figure 5.12: Vertical temperature profiles from the 40 cm high by 60 cm wide cylindrical tank
on NoMag. Measurements at 0 and 40 cm depth are from thermistors embedded in the thermal
blocks, while measurements at depths of 9, 15.3, 23.5, 31.5 and 39.5 cm are from thermistors
located on a vertical shaft within the tank, along the vertical axis. Temperature profiles are
plotted for six rotating convection cases, each at a rotation rate of 30 rpm (E ' 10−6), with
input power ranging from 15W to 940 W. The inset of shows the uncertainty in temperature,
2σ, for a given input power.
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5.4.2 Flow visualizations

Flow visualizations will be performed using a high-speed, high-resolution Canon

EOS 7D camera, indicated in yellow in Figure 5.1. The camera can be placed any-

where along the frame and, when pointed at the tank, can be radially extended far

enough to capture the entire diameter of the tank. In addition to high-resolution

photos, the camera will be capable of taking long-duration videos of the fluid.

Visually capturing fluid flow in NoMag generally requires an illuminated plane

through the fluid, otherwise the only visible flow would be near the sidewalls.

(though this may also prove useful in cases with interesting boundary layer dy-

namics, e.g. horizontal rolls during tank spin-up). We generate viewing planes

using laser light sheets or linear LED chains that can be oriented at any angle

through the fluid. Flow structures themselves require a tracer for visualization.

We use KalliroscopeTM particles: microscope reflective flakes that can be seeded

into the fluid without meaningfully altering the dynamics. The asymmetrical

shape of the flakes means they become oriented in the direction of flow when

shear is present. Thus, strong shear is visualized by bright areas or dark areas,

depending on the orientation relative to the camera. These particles are neutrally-

buoyant, meaning they closely follow the fluid dynamics of the medium while also

taking a long time to settle out. Kalliroscope has a tendency to conglomerate and

settle after roughly 48 hours in solution, but more can be added using a reservoir

in the rotating frame that can be activated remotely. The settled particles have

not been observed to have any effect on heat transfer or dynamics.

Figure 5.13 shows a Rayleigh-Bénard convection case in the 20 cm high by 60 cm

wide NoMag tank. Flow is visualized with a vertically-oriented laser light sheet

shining on Kalliroscope-seeded fluid. The Rayleigh number is ' 109, producing

highly supercritical, small-scale convection. Structures that generate strong shear

166



Figure 5.13: Example of flow imaging in Rayleigh-Bénard convection in a 20 cm high by
60 cm wide tank. The Rayleigh number is ' 109. Flow is visualized using neutrally-buoyant
Kalliroscope particles and a thin vertical light sheet passed through the fluid. Bright areas
indicate strong shear in the flow.

such as vortices are clearly visible in this image.

In contrast to the previous rotating convection device (RoMag) our experimental

setup allows for all diagnostics to be mounted in the rotating frame. The lim-

itations on image quality plaguing previous studies will be greatly relaxed. In

addition, movies in the rotating frame will allow us to investigate behaviors that

occur on timescales greater than the rotation period τΩ.

A smaller Point Grey camera can be placed in the position shown in Figure 5.1,

facing the tank radially, or placed above the top thermal block facing vertically

downward into the fluid layer. The central port in the top thermal block is de-

signed to allow thermistors to access the interior of the fluid layer, but can also

function as a visual portal for the camera lens when combined with a transparent

seal. The Point Grey camera will primarily be used in Particle Image Velocimetry,

described in Section 5.4.3.1, but will also be able to capture images of horizontal

flow planes from an orthogonal angle. This will be particularly useful for charac-

terizing the horizontal length scale of flow structures in the columnar regime of

rotating convection.
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5.4.3 Velocity measurements

Velocity measurements are an essential component for characterizing the flows we

observe in NoMag experiments. While heat transfer provides an averaged view

of the fluid dynamics (Glazier, 1999), a variety of flow regimes can occupy rela-

tively small ranges of parameter space in rotating convection (e.g., Aurnou et al.,

2015; Cheng et al., 2015). We are therefore interested in making comprehensive

measurements of the velocity directly.

We will primarily be using two different velocity measurement systems: Particle

Image Velocimetry (PIV) and Laser Doppler Velocimetry (LDV). PIV produces

two-dimensional arrays of velocities. These will help to quantify flow regimes

that are observed qualitatively through flow visualization, including determining

for which parameter ranges certain flow regimes dominate, what time-dependent

properties of the flow structure are, and, with concurrent velocity and thermal

measurements, how flow structure and heat transfer are interrelated. We discuss

PIV in more detail in Section 5.4.3.1. LDV is used to measure the unidirectional

velocity at a point. It is ideal for constructing and velocity scaling laws and

producing detailed statistics, such as probability density functions (PDFs), from

velocity time series. We discuss LDV in more detail in Section 5.4.3.2. In addi-

tion, we will briefly discuss the implementation of a potential Ultrasonic Doppler

Velocimetry (UDV) system which may be used in the future.

5.4.3.1 Particle Image Velocimetry

The Particle Image Velocimetry (PIV) system also uses the camera indicated

in yellow on Figure 5.14. PIV involves seeding the fluid with neutrally-buoyant

reflective microspheres. These particles are illuminated by a vertically or hori-

zontally oriented light sheet, and photographs of the particles are taken in quick
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Figure 5.14: Schematic of the Particle Image Velocimetry (PIV) system on NoMag. Light
sheets in the fluid layer allow cameras to capture images of neutrally buoyant reflective particles.
Images taken in quick succession are post-processed to produce a two-dimensional snapshot of
the flow velocity field: arrows indicate the direction of flow, with the length indicating the
magnitude of the flow velocity. Horizontal flow fields can be imaged using a camera facing
vertically downward into the fluid with a horizontal light sheet, while vertical flow fields can
be imaged using a camera facing the sidewall of the tank with a vertical light sheet. These
orientations are shown in red and green, respectively, on the diagram above.
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succession. Post-processing in MATLAB compares sequences of images, associat-

ing the reflection patterns in one image with those in the next. This produces a

two-dimensional field of velocity vectors.

The PIV system in NoMag is currently undergoing preliminary testing. Figure

5.15 is a preliminary PIV flow field produced using a Point Grey camera mounted

above the experimental setup. The camera uses the central top port to view a

horizontal laser light sheet halfway down the 180 cm high tank. The camera

images spherical particles in the fluid illuminated by this light sheet at a rate of

30 frames per second. These images are currently post-processed in LabVIEW,

although we will use our own MATLAB scripts in the future for more precise

analysis.

5.4.3.2 Laser Doppler Velocimetry

The Laser Doppler Velocimetry (LDV) system is indicated on Figure 5.1 by the

green shaded region. This device provides long time series of velocity point mea-

surements at multiple locations in the fluid layer, which are ideal for testing veloc-

ity scaling laws. A plethora of velocity scaling predictions for rotating convection

exist in the literature but have not yet been verified in laboratory settings. For

example, Aubert et al. (2001) and Christensen and Aubert (2006) use a local con-

vective Reynolds number based on the length scale of convective structures and

the free-fall advective velocity, giving a scaling of Re ∼ Ra2/5E1/5. King and Buf-

fett (2013) propose that most many numerical dynamo models exist in a state of

viscous-Archimedean-coriolis (VAC) balance, giving a scaling of Re ∼ Ra1/2E1/3.

Asymptotically-rapidly rotating numerical studies by Julien et al. (2012b) predict

that a scaling of Re ∼ Ra0.89E0.19 exists in the geostrophic turbulence regime.

LDV measurements will allow us to test the validity of these arguments and the

parameter ranges over which they are valid.

170



Figure 5.15: Example of a preliminary PIV horizontal flow velocity field taken from a spin-up
experiment on NoMag. Red arrows represent velocity vectors, with the length corresponding
to the magnitude of the velocity. The camera is oriented facing downward into the fluid layer
along the rotation axis of the tank like the red-shaded schematic in figure 5.14. The 180 cm
high tank has spun up from rest to 30 RPM but the fluid has yet to reach solid-body rotation.
Since the camera is in the rotating frame, the fluid that has not reached solid body rotation
appears to be rotating in the retrograde direction. The PIV velocity field is consistent with this:
slow retrograde velocities near the outside boundary indicate the fluid has nearly spun up while
faster velocities near the axis of rotation show that the fluid is still close to being stationary in
the lab frame. Figure courtesy of Samuel May.
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Figure 5.16: Schematic of the Laser Doppler Velocimetry (LDV) system on NoMag. The LDV
produces two phase-shifted laser beams that intersect in the fluid layer, producing interference
fringes. Neutrally-buoyant tracer particles in the fluid that pass through these fringes and reflect
light back onto the LDV device’s photodetector. Using the frequency of light being reflected,
we can measure a time series of the fluid velocity at the point of beam intersection. Velocities
in the φ-direction can be measured by orienting the LDV device vertically and velocities in the
z-direction can be measured by orienting the LDV horizontally.
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The LDV can be mounted on a linear stage in order to measure velocity profiles

of the sidewall boundary layers and thus determine the extent of the ‘bulk’ of

the fluid unaffected by sidewall influence. We can determine where to search for

sidewall convective modes using this method. Finally, by putting thermistors and

the LDV in the same location, it will be possible to measure vertical and az-

imuthal convective fluxes, which to my knowledge, have never been characterized

in strongly turbulent rotating convective flows.

In numerical dynamo studies, the strength of axial helicity may be strongly related

to the generation of magnetic fields (e.g., Soderlund et al., 2012). Combining PIV

and LDV measurements will allow us to make point measurements of the axial

helicity (H) in NoMag:

H = uz · ωz , (5.13)

where uz is the vertical velocity, derived from the LDV measurement, and ωz =

(∇× u)z is the vertical vorticity of the flow, derived from the PIV measurement.

Figure 5.16 is a diagram describing the operation of the LDV setup. The LDV

technique involves intersecting two beams of collimated laser light in the fluid.

The beams are phase shifted from one another such that they generate a pattern

of interference fringes. Neutrally buoyant tracer particles in the fluid pass through

the fringes and reflect light onto a photodetector. The spacing of the interference

fringes is known from the device calibration, with geometric corrections made

based on the refraction of the lasers through the sidewalls of the experiment. In

addition, the particles passing through the fringes produce a sinusoidal signal on

the photodetector. Using the fringe spacing and reflection frequency, the LDV

program estimates the fluid velocity in one dimension. In terms of cylindrical

coordinates (r, φ, z), the LDV device on NoMag can be oriented horizontally

to measure velocities in the φ-direction or vertically to measure velocities in the

z-direction.
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Figure 5.17: Example of a preliminary LDV time series dataset taken from a spin-up exper-
iment on NoMag. The LDV device is oriented horizontally such that azimuthal flow velocities
are measured. The tank is brought to solid-body rotation at 20 RPM, then the rotation rate is
suddenly increased to 22 RPM at t =15 seconds (shown by the fluid velocity dropping from 0
to -0.05 m/s). The fluid then gradually spins up to solid body rotation at the new rotation rate
(shown by the velocity gradually increasing back to 0 m/s). Figure courtesy of Emily Hawkins.

In order to validate the performance of the LDV device, the geometric model used

for laser refraction, and the post-processing scripts for treating raw LDV data, we

have performed a suite of impulsive spin-up experiments conducted in both the

40 cm high and 180 cm high tanks. Figure 5.17 is an example of a velocity time

series acquired from a NoMag spin-up test. In spin-up, the fluid is brought to

solid body rotation, then the rotation rate is increased by a small fraction. The

slower-spinning fluid in the tank takes a characteristic amount of time to return

to solid body rotation. Spin-up is described by the control parameters Ekman

(E) and a Rossby number (Rosu):

E =
ν

2ΩL2
, Rosu =

Ω2 − Ω1

Ω
, (5.14)

where Ω1 is the initial rotation rate, Ω2 is the final rotation rate, and Ω is the

background rotation rate. In the case of linear spin-up, where E � 1 and Rosu �
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1, the time scale for reaching solid body rotation again is (Greenspan, 1968):

τ = (1/8)1/2E−1/2Ω−1 . (5.15)

The initial velocity right after the impulse is given by:

u0 = −RosuΩr , (5.16)

and the azimuthal velocity is given by:

uφ = u0e
−(t−t0)/τ , (5.17)

where r is the radial distance and t− t0 is the time since the impulse.

For testing the spin up time, the LDV device is oriented horizontally and measures

a time series of uφ several centimeters within the tank. At solid body rotation,

the velocity is zero because the LDV is attached to the rotating frame. Once the

rotation is perturbed, the time scale for the fluid to reach solid body rotation

again is theoretically well-established by (5.15), as is the velocity at the point of

measurement by (5.17). Thus, we can compare experimental LDV results directly

with theory. For a variety of cases at multiple rotation rates, we measure spin-

up times that agree with theoretical predictions to within 3%. This calibration

test therefore gives us confidence that all components of the LDV system are

functioning correctly.

In addition to calibrating our device using known spin-up theory, we are also

conducting new scientific studies using modified spin-up experiments. In place

of the canonical smooth boundaries, we have also attached rough plates to the

top and bottom boundaries of the tank. The spin-up time scales with rough

boundaries are significantly shorter than with smooth boundaries. Determining
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the physics behind the effect of roughened surfaces on the spin-up time scale is

another novel study we are performing using the NoMag device.

Apart from LDV and PIV, we may also implement an Ultrasonic Doppler Ve-

locimetry (UDV) system. The UDV device measures the scattering of acoustic

energy off of acoustic seed particles in the fluid using a piezoelectric transducer.

The transducers will be mounted in the top ports facing downward into the fluid

layer. These send a signal into the fluid at a high frequency and listen for backscat-

ter. A given fluid parcel will scatter a signal that is well-correlated to the previous

iteration. This process produces a one-dimensional z-velocity measurement along

a vertical chord through the fluid layer.

The UDV system will require minor engineering modifications to NoMag in order

to implement, and will likely be used to supplement the other velocity measure-

ment techniques after some interesting velocity data has been acquired using other

methods.

5.5 Summary

The new NoMag experimental device allows us to conduct a variety of new sci-

entific endeavors using cylindrical RBC and rotating convection in water. We

will be able to cover a broad range of flow behavioral regimes in this device and

characterize them through a wide assortment of diagnostic tools. Using point

measurements of internal temperatures and vertical and azimuthal velocities, we

can accurately test the scaling predictions for Re and Ro as well as character-

ize convective fluxes and flow helicity. Because the tank diameter can be varied

freely while maintain the same values of other parameters, we will be perfectly

situated for studying turbulent rotating convection with a tunable Froude num-

ber. High resolution images and movies will allow us to contextualize scaling
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regimes with respect to the flow field. Multi-scale flow structures have been ob-

served to emerge from geostrophic turbulence in direct numerical simulations and

asymptotically-reduced models of rotating convection. However, there have been

no laboratory experiments to corroborate their existence. NoMag is capable of

spanning the parameter ranges where such multi-scale organized flows are likely

to occur based on predictions from simulations, making it possible to characterize

them in unprecedented detail.
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Conclusion

I have conducted a series of RBC and rotating convection experiments over broad

ranges of Ra, Nu and E, allowing me to examine behavioral trends in the heat

transfer and the flow field. Comparing these results to DNS and asymptotic

datasets have made it possible to map out several rotating convection flow regimes

shared between all three approaches. In addition, I have conducted an analysis of

dynamo results from Christensen and Aubert (2006) and demonstrated that the

diffusion-free heat transfer scaling laws are a product of the onset of convection

rather than the inherent fluid physics, and therefore cannot be extrapolated to

planetary conditions. I have also designed and helped to build a new rotating

convection device that can explore a greater range of supercriticalities Ra/Racrit

at more extreme values of the governing parameters than previously achievable.

On this device we have implemented a variety of new diagnostic tools to help us

characterize the turbulent fluid dynamics.

The most common approach to understanding the geodynamo is to build nu-

merical models using the magnetohydrodynamic equations in a spherical shell

geometry. While dynamo models are capable of replicating some large-scale fea-

tures of the geomagnetic field, I have found that the strong influence of viscosity

in these models hinder their applicability to planetary conditions. In particular,

the diffusion-free heat transfer scaling laws derived from dynamo model surveys

of Christensen and Aubert (2006) are entirely controlled by the onset of convec-

tion. The goodness of fit of dynamo data to these scaling laws is due in part to

stretching and compression of the data when converted to diffusion-free param-

eters and in part to the limited range of data at each E value. Using synthetic

data, I demonstrate that, regardless of Nu–Ra scaling slope, the composite fit

over multiple E-datasets in diffusion-free parameter space always collapses to the
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onset trend. This trend therefore is insensitive to the fluid physics it is meant to

describe.

The Nu–Ra scaling slope in my rotating convection cases continuously steepens

as E approaches planetary values. At E = 10−7, Nu ∼ (Ra/Racrit)
3.6, which is

the steepest slope observed in any rotating convection setting (cf. Schmitz and

Tilgner, 2009; King et al., 2012; Ecke, 2015). Using visualizations of the flow

field, we find that this steep scaling corresponds to the flow regime dominated by

coherent convection columns, associated with dipolar magnetic fields in dynamo

models. The steepness of the Nu–Ra scaling in this regime indicates that the

range of Ra/Racrit over which convection columns are stable dwindles as E de-

creases. Once Ra passes a transition value RaT , the data conform to a shallower

slope resembling the nonrotating scaling slope, Nu ∼ Ra0.322. This transition

from the columnar regime is found occur near RaT ∼ E3/2, in agreement with

previous studies (e.g., King et al., 2012). By making estimates of Earth’s core su-

percriticality, we determine that the axial columns are highly unlikely to remain

stable in planetary settings. Instead, we predict that the flow in the Earth’s core

occurs near Ra ∼ RaT , characterized by geostrophic turbulence.

Comparison of my laboratory results with direct numerical simulations and asymp-

totic studies show strong agreement in Nu–Ra scaling between laboratory exper-

iments and DNS cases with no-slip boundaries. In addition, heat transfer in DNS

cases with stress-free boundaries closely resemble that of asymptotically-reduced

cases. These cases follow a shallower scaling slope of Nu ∼ Ra3/2. However, when

parametrized Ekman pumping is added to stress-free DNS cases, the heat trans-

fer switches to a roughly cubic slope, corresponding closely to that of the no-slip

DNS and laboratory cases. Although Ekman pumping is usually regarded as irrel-

evant in planetary conditions, our findings indicate they may play a greater role

than previously expected. This has led K. Julien to build an entirely new model
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of rotating convection including low but finite Ekman pumping effects (Julien

et al., 2015). With Ekman pumping included, the heat transfer scaling proper-

ties of asymptotic models now match those of non-slip laboratory experiments

and direct numerical simulations. This agreement suggests that we have made a

fundamental step towards truly understanding rotating convection and are now

positioned to begin building similar models of magnetoconvection and rotating

magnetoconvection systems relevant also to planetary and stellar settings.

While at UCLA, I was the lead designer on the lab’s new rotating convection

device that can explore flow behaviors over a broad range of Ra, Nu and E val-

ues while simultaneously reaching lower values of Ra/Racrit compared to previous

laboratory experiments. The structure of this new device allows for a multitude

of new diagnostic systems to be implemented. In addition to the heat transfer

measurements needed to compute global parameters, we can measure radial and

vertical temperature profiles and statistics. Flow field imaging has been improved

by the ability to mount cameras in the rotating frame. We are also capable of

measuring point velocities with Laser Doppler Velocimetry and measuring veloc-

ity fields using Particle Image Velocimetry. Preliminary testing of thermal data

acquisition has shown strong agreement with previous laboratory results, while

basic spin-up tests with the LDV have shown strong agreement with theoreti-

cal predictions. This slew of new techniques gives us the ability to characterize

the multiple flow regimes of rotating convection in unprecedented detail. Future

results from this device combined with my current results will be valuable for

comprehending the multi-scale turbulent physics driving the geodynamo.

A project I hope to pursue in the future is to build an experiment to investigate

rotating convection in the equatorial region. While previous rotating convection

experiments most closely resemble flow within the tangent cylinder region of the

core, many interesting behaviors in the magnetic field manifest near the equator. A
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prominent westward drift, for which explanations vary from equatorially-trapped

MAC waves (Finlay and Jackson, 2003) to differential inner core growth (Aubert

et al., 2013), is one among many examples. The dynamics in the equatorial region

differ fundamentally from that of the tangent cylinder: for example, low-latitude

convection columns are generated by thermal Rossby waves and the vorticity

sign does not change across the mid-layer (Chandrasekhar, 1961). As previous

work on equatorial convection is largely near onset and at moderate values of E

(e.g., Busse and Cuong, 1977; Tilgner and Busse, 1997), exploring fully turbulent

dynamics in this region should prove novel and exciting. I expect to see the

emergence of distinct flow regimes and distinct heat transfer and velocity statistics

and scalings. Combining equatorial results with the extensive insights into polar

region convection we are capable of obtaining from NoMag will paint a more

complete picture of planetary rotating convection.
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