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Abstract 

The on-shell regularization of the one-loop divergences of supergravity theories is 

generalized to include a dilaton of the type occurring in effective field theories de

rived from superstring theory, and the superfield structure of the one-loop corrections 

is given. Field theory anomalies and quantum contributions to soft supersymmetry 

breaking are discussed. The latter are sensitive to the precise choice of couplings that 

generate Pauli-Villars masses, which in turn reflect the details of the underlying the

ory above the ·scale of the effective cut-off. With a view to the implementation of 

the Green-Schwarz and other mechanisms for canceling field theory anomalies under a 

U(l) gauge transformation and under the T-duality group of modular transformations, 

we show that the Kahler potential renormalization for the untwisted sector of orbifold 

compactification can be made invariant under these groups. 
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1 Introduction 

It has been shown [1 ]-[3], that Pauli-Villars (PV) regularization of one-loop ultraviolet 

divergences is possible for anN= 1 supergravity theory if Yang-Mills fields have canonical 

kinetic energy. In this paper those results are generalized to include their couplings to a 

dilaton. In Section 2 we summarize earlier results, and display the logarithmically divergent 

one-loop corrections in the form of superfield operators, which permits the extension of 

those results to fermionic terms [4, 5] in the one-loop corrected effective Lagrangian. This 

formulation will also be convenient for the subsequent analysis. In Section 3 the dilaton 

is incorporated in the Pauli-Villars regularization of anomaly-free supergravity described 

in Ref. [3], hereafter referred to as I. The application of PV r~gularization to determine 

soft supersymmetry breaking terms is also discussed in this section. It is shown that the 

contributions to A-terms are highly ..sensitive to the details of the regularization. In Section 

4 we regulate effective theories of orbifold compactification with twisted sector fields set 

to zero in the background. We show that this regularization can be done in such a way 

that the renormalization of the Kahler potential is invariant under modular (T-duality) 

transformations; we have in mind the construction of an effective one-loop Lagrangian that is 

perturbatively modular invariant. In Section 5, the discussion of regularization and anomalies 

is extended to theories with an anomalous U(1) gauge symmetry. The results are summarized 

in Section 6, where we discuss issues still to be addressed in order to achieve full anomaly 

cancellation. Many calculational details are relegated to the appendixes. 

2 Preliminaries 

In this paper we consider supergravity theories defined by the standard Lagrangian [8, 9] 

with N chiral multiplets zi = <1>1, ... <PN-l, S, where S is a gauge singlet, and Na gauge 

supermultiplets. The Kahler potential K, superpotential W and gauge kinetic function f 
are given by 

K(Z,Z) 

fab(Z) 

-ln(S + S) + G(<I>, ~) = k + G, W(Z) = W(<l>), 

JabS= Jab(x + iy), (2.1) 
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which are the classical functions found in string compactifications with affine level one.1 In 

this section we briefly recall the results of [1, 3], and cast them in a superfield form that will 

allow us to short-cut some of the subsequent calculations. 

2.1 One-loop logarithmic divergences in supergravity 

The ultra-violet divergent part of the one-loop corrected supergravity Lagrangian for bosons 

was calculated in [10]-[12]. The result for the logarithmically divergent contribution is 

.Ceff 

L -

Lo 

KR 

lnA2 

.c (gR, KR) + V9 327r2 L 

Lo + L~ + L1 + L2 + L3 + NLx + No(L9 + L~), 
Lo + 41LoB, Lx = Lx + LoB, L9 = L9 - 3LoB, 

lnA2 
[ K -· · ~ 2 . ] K + 

32
7r2 e- AiiA~3 - 2V +(No- 10)M - 4K:- 16V , 

Kb ~(Taz)i(Tbz)m Kim, A= eKW = .iP, Aii = DiDiA. (2.2) 

where .C(g, K) is the standard Lagrangian [8, 9] for N = 1 supergravity coupled to matter 

with space-time metric 9p.v, Kahler potential K and superpotential W. V = V + V is 

the classical scalar potential with V = e-K AiAi -3M2 , Ai = DiA, V = (2x)- 1VaVa, 

Va = Ki(Taz)i, M 2 = e-K AA is the field-dependent squared gravitino mass, and Di is the 

scalar field reparameterization covariant derivative. Scalar indices are lowered and raised 

with the Kahler metric Kim and its inverse Kim. 

The operators LA in (2.2) are given in component form2 in Eqs. (2.25-27) of I, 

L _ 1 ( p.vpu 4 p.v + 2) 
. OB -

48 
r r p.vpu - r r p.v r , (2.3) 

is the Gauss-Bonnet term which is a total derivative, and was not included explicitly in I. 

The operators LA. are additional contributions that arise in the presence of a dilaton coupling 
1The results can be generalized to the case lab = 8abkaf, ka = constant, by making the substitutions 

1. 1. _! 
F;tv -t k:tF;tv, A~ -t k;tA~, Ta-t ka 2 Ta. 

2 See Appendix D of I and Appendix E below for corrections to [10, 12]. There is an extraneous factor of 
x in the second line of (2.26) in I. 
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to the Yang-Mills terms. Their component field expressions read: 

L~ = 92VM2 - 2x2WabWab- 4x2WW 

L' g 

8ps8v S p+apP.P 10 8p.s8P. SV 4 . 8p.S8vs vapp.v 
p.v -a + 2 + 'l 2 a 

X X X 

-~ { [i8vsF~~ + a;sva] Vp.zm Kim.(Taz)i + h.c.} 

+xFP~a F~~VvziVp.zm Kim+ 2iVp.iVvzm Kim.Va F/:v 

+4VV + 2VKim.VpziVPzm, 

-x (w + w) (M2 + v)- ~M2 (vp.iVP.zmKim + 4V- 2V) 

-7M4 8p.s8P.s8vs8Vs- 8p.s8vs K·- (vp. ivv-m vp.-mvv i) + 16x4 2x2 zm Z z + Z Z 

+x2WW + [p+appv + ~gv (2K·-V iVPzm- V- v)] BvsBP.s PP. -a 3 P. zm P 4x 

(2.4) 

-K 
+ e

2
x (ap.SVP.ziAiA + h.c.), (2.5) 

where 

! (F. · Rb- iF · Rb) - ~V Vb = _! vav wf1wf31 4 a a 2x a 2 a ' 

Favp. =F iFavp. 1 X= Res, W = w:, (2.6) 

with F;v the Yang-Mills field strength. As.in I we have dropped total derivatives (except for 

the Gauss-Bonnet term) and other terms that do not contribute to the 8-matrix, by virtue 

of the classical equations of motion of the physical fields. 

It will be convenient here to display these operators in superfield form. 0-integration of 

the superfield operators gives expressions that include the various auxiliary fields. Replacing 

these by the solutions of their classical equations of motion gives the component expressions, 

up to terms that do not contribute to the 8-matrix. We will display here the component 

expressions only for those operators that are not included in I. The component expressions 

for operators constructed from tensor-valued functions T(Z, Z) are given in Appendix A. 

In the Kahler U(1) superspace formulation of supergravity, a general "F-term" La

grangian takes the form [9] 

1 I 4 E LA= L(<I>A) = 2 d 0 R <I> A+ h.c., (2.7) 

3 



where~ is a chiral superfield of Kahler U(1) weight w(~) = 2. Here we construct these fields 

as bilinears in chiral superfields of weight 1, namely the Yang-Mills field strength superfield 

w:, the curvature superfield Wap7 (the lowest components of the totally symmetrized spino

rial derivatives VbWa.B"Y}I are elements of the Riemann tensor), and the superfields 

1 ( • ) A Ta = -8 Vc:/Da- 8R Ta, (2.8) 

where 1i(Z, Z) is any (tensor-valued) zero-weight function of the chiral and anti-chiral su-

perfields. In particular, the chiral superfield 

(2.9) 

was introduced in [9]; the lowest component of its spinorial derivative -~va Xal is the kinetic 

term for matter fields in the classical Lagrangian. Then defining 

(2.10) 

we may write (see Appendix A), up to total derivatives and field redefinitions, 

- ( • A ) 20 
41Lx + 6 Lx- CaLYM + Lo - 3La, 

1 1 - - 1 
Lw + 2Lx + -gLa, La= -3Lx + 6Lx- 3La, (2.11) 

where Ca is the quadratic Casimir in the adjoint representation of the gauge subgroup 9a : 

Tr(Tan)adj = t5abCa with Ta a generator of 9a and Tb any generator. La is given in component 

form in (2.40) of I. The operators Lx and 

Lo = (v +2M2
) Kim.Vp.zmv~-'i + M2 (2v +3M2 + 2v) 

+Vp.zi1JP.zi1Jvzmvvzn KinKjm 

are "D-terms" of the form 

4 
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To include these we define the zero-weight real superfields 

Ta~ - · _!__ va ziv ziV · zmv/3 znr.. ·- -
a/3 16 a {3 'Jmn, 

¢>wr Xw· a-n ziwa-ni3z-m,., Ta- 1-nazi-n ziT. h 2 a Va pV .Lim, a - 2v Va ij + .c., 

x2 wawbwaw,/3 ,I. - x2 wawawbw,/3 - 4 a a /3 b' 'f'W-4 a a /3 b' c/>wa 
b 

With these definitions we have 

¢>x = ~¢o- ~¢>wK + ~¢>w;, ¢o = Ka/3 Ka/3- eKIW(Z)I2
• 

(2.14) 

(2.15) 

The last term in ¢0 is equivalent to a renormalization of the Kahl~r potential; up to a field

dependent Weyl scaling and higher order terms in the loop expansion parameter, the shift 

in .C/ yg due to a shift F(Z, Z) in the Kahler potential is given by 

J___~F.C ~FL = -FV + (e-K _AiAm +V~-tziV~'zm) 8/lmF 
yg 

- { aiF [e-K AiA + 2~ Va(Taz)i] + h.c.} = ~I d40EF. (2.16) 

As shown in Appendix A, Lx can be obtained as a linear combination of La and an operator 

generated by a metric field redefinition that eliminates terms quadratic in the space-time 

scalar curvature and the Ricci tensor. That is, it is equivalent to a linear combination of 

La and a D-term (2.13) constructed from the superfields that determine the elements of 

the super-Riemann and torsion tensors [9]: cl>a = RR, GaGa, .... In addition we have the 

<l>1 - 2C~<l>YM- ~r~a [ria+ 2(Ta)1w:], 

<1>2 ~Xa [r a+ 2(Ta)~W!], r a= r~a' (2.17) 

where zi is a matter chiral superfield (w(Z) = 0), r}k is an element of the affine connection 

associated with the Kahler metric, and C/! is the matter quadratic Casimir for the gauge 

subgroup ga: (TaTb)~ = OabCf!. These contributions to (2.2) are canceled by identical contri

butions from negative signature PV chiral superfields Z 1 with the same gauge charges and 

Kahler metric as the matter fields. 

5 



The terms proportional to Lo,x,g are partially canceled by the introduction of PV chiral 

superfields qP with Kahler metric 

K __ o.cK 
cc -e , (2.18) 

some of which carry gauge charge. Assuming L:c (Ta)g = 0, the <fo0 -loop gives a contribution: 

(L1 + L2)tfp = rF [2CaL~M + (aP- ~) oPLo.], (2.19) 

where rF = ±1 denotes the signature of the PV field <P0 . The operator £ 3 depends both 

on elements ~min of the Kahler Riemann tensor and on covariant scalar derivatives of 

A= eKW; it is the bosonic part of a D-term3 (2.13): 

"' _ 1 Ro.k 1R(3 (Ro.k l -Kf2A h ) 
VJ3 - 2 o. k(3l + o. e kl + .c. . (2.20) 

Cancellation of this term and of the logarithmic divergence in the renormalization of the 

Kahler potential in (2.2) require PV chiral superfields Z 1 with nonvanishing Ku, and with 

superpotential couplings to the light chiral multiplets. The part of KR that depends on 

the gauge couplings of the light fields is canceled by superpotential couplings of the PV 

fields cpa to the zi and to PV chiral fields Y1 that transform according to the gauge group 

representation that is conjugate to the light matter representation. These couplings are given 

explicitly in Section 3, slightly modified with respect to those adopted in I, as required by 

the presence of the dilaton. The superfield form of the operator L~ is 

L' 0 - L(<P~) + L(<P~), <P~ = <PwK- 4</Jwk- 2</Jw~- 4</Jw, 

12w:r:, r: = -~ (152
- sn) (x- 1VaJa), fi = :;i. (2.21) 

This term and the remaining contributions to Lo,x,g are canceled by the introduction of 

massive Abelian gauge fields, some of which couple to the light Yang-Mills fields through 

a nontrivial gauge kinetic function, as described in I. The superfield structure of L~ is less 

transparent. It is equivalent up to terms that vanish on shell to linear combinations of the 
3Note that Tkt = e-K/2 Akt(Z, Z) is a superfield of weight w(Tkt) = 2; its spinorial derivatives satisfy 

V~Tkt = eK12V~Z"'Dm (e-K Ak1), VaTkt = e-KI2V 01 ZiAkti· For general dilaton couplings, £3 contains the 

additional term ! Jie-K Ai Ri ki 1 Akt W which vanishes in the model considered here since Ass = 0. 
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the generic operators introduced above and D-terms that involve supergravity superfields: 

cp = G
0
pK88V 0 SVP8, .. .. As shown in Appendix C, this term must be exactly canceled by 

PV Abelian gauge multiplets that couple to the dilaton. 

2.2 PV regularization with a dilaton 

The ultraviolet divergent one-loop corrections to supergravity were calculated [10]-[12] in 

the presence of a nontrivial gauge kinetic function of the form: 

!ab(Z) = 8abf(Z)ka, f(z) = x + iy =/=constant. (2.22) 

In [1] it was shown that the dilaton-induced quadratically divergent contribution, given by 

[To. is defined as in (2.8)] 

STrH ..... - 2Nafilm (AiAm + v ziVILz-m) = -N. vo.T. I T. D 1 (! + !-) 
;::J {f + !)2 1L G o. ' i = i n , (2.23) 

can be regulated by the introduction of Na additional Pauli-Villars chiral multiplets 7r
0 with 

(2.24) 

The expression for the logarthmically divergent loop corrections [12] with an arbitrary holo

morphic function f(Z) is very complicated. Here we consider the much simpler case of the 

string dilaton, with the dilaton couplings defined by (2.1). For this model (2.23) takes the 

form 

STrH 3 -2Na (M2 + aiL;::s) = Na V 0 ka.l, 

and the gravitino mass is equal to the gaugino mass: 

M 2 _ M2 M2 -KA A-s 
A.- 1/J= =e s · 

In addition we have 
j + f = e-K(S,S} = e-k' 

(2.25) 

(2.26) 

(2.27) 

so instead of introducing the additional PV fields in (2.24), we need only modify the Kahler 

potential for the gauge fields cpc used in (1, 3] to regulate gravity loops: 

K(cpc, ([P) = L eacK+.Bcklc/JCI2, 
c 

7 
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where the case of canonical gauge kinetic energy, j(Z) = 1, is recovered for f3c = 0. 

A term proportional to (2.25) is also generated if Abelian gauge PV superfields couple 

to the dilaton. We find that it is this latter mechanism that must be used in order to cancel 

the dilaton-dependent logarithmic divergences that arise from gauge loops. We will also 

need to introduce chiral PV multiplets with a Kahler potential of the form (2.28), with the 

constraints (see Appendix C) 

L rF f3c = L: r( f3cac = 0. (2.29) 
c c 

3 Anomaly-free supergravity 

Here we assume that there are no gauge or mixed gauge-gravitational anomalies: TrTa = 

Tr( {Ta, Tb}Tc) = 0, where Ta is a generator of the gauge group. This section closely follows 

I, and the reader is referred to that paper for the contributions that are unchanged when 

the dilaton is included. 

We introduce Pauli-Villars chiral supermultiplets Z! = Z!, Za, that transform under the 

gauge group like Z~, and Y[ = Y!, Y1°, that transform according to the conjugate represen

tation, as well as gauge singlets Y 0 , Z 0 , and chiral multiplets <I>~ = <p~, cp~, rj;~, that transform 

according to the adjoint representation of the gauge group. Additional charged fields XJ 
and U! transform according to the representation R~ and its conjugate, respectively, under 

the gauge group factor Qa, and V,l transforms according to a (pseudo)real representation 

that is traceless and anomaly-free. Their gauge couplings satisfy 

L TJ$CA = L Cf = C1I, (3.1) 
{3,A 

where 

(3.2) 

which may imply a constraint on the matter representations of the gauge group in the light 

spectrum, as discussed in I. In addition, we introduce gauge singlets <p''Y, as well as U(l) 
gauge supermultiplets W-y = W~, w;, with signatures 77~, 77~, respectively, that form massive 

vector supermultiplets with chiral multiplets z~,s = e8~,s of the same signature and U(l)13 

charge q-y8-yf3· 

8 



For the Pauli-Villars fields we take, for illustrative purposes, the Kahler potential 

Kpv = L [ea~K+fJ~klj>'Y~'Y + ~v-y(O-y + B-y)2 + eK/2 L (IX¢12 + IU112 + IV'YA12)] 
'Y . A 

"" ( G a -a k ~a ~a -a -=.a) "" (KZ Ky) + L....J e 'Pa'Pa + e 'Pa'Pa + 'Pa'Pa + L....J a + a ' 
a,a a 

Kz a "" [ I - J bz ( I J )] I o 
1
2 I,~,j KiJZaZa + 2 KuZaZa + h.c. + za ' 

Ky -a I: .. K~1YtYJ - a~~ ( YtY! K,~ + h.c.) + IYoa 12 
[ 1 + (a~) 2 K,~K,r] ' 

I,J=~,J I=a 

K!/ y 
1 

KiJ, KV = ea1 K+f31k8i3, alf:.s = 2' f3s = -2, as= !3I¢S = 0, 

Ku - aiaiK- KiKi- 2~ (fiKi + fiKi)- 2~2 fi/j, bz = 1, bz = 0, 

K,y 
~ 

1 ~y "1 . . y y y~ 
f "" K + f ._.~ - Kun"" a 1 a a - 2x i' '"i = i 2x i' "'Y - '"m' a = ' a = a' 

and KiJ is the inverse metric. We take the superpotential 

Wpv WI+ w2, 

WI I: ["'EJ.L!pZ~Yf + J.L~{JZ~Y! + LJ.L:{J~~~3] 
a,{J I a 

+~ "'£ J.L~ (¢'Y)
2 + "'£ (J.L;u{x¢ + ~J.L~ (V1)

2
) 

'Y A-y 

W2 I: [aaWiZ~YQa + WZ~Yt + 2gacp~+IYt(TaZ)i] 
a 

(3.3) 

(3.4) 

where the index a refers to the light gauge degrees of freedom. Finally, we take for the gauge 

kinetic functions: 

f a-y= 0 
s ' 

8-yfJ, J;p = 8-yfJS, Jt'Y = "'£ e'Yf1rp,B,. (3.5) 
{J 

The matrices J.LafJ, dafJ, eap, are nonvanishing only when they couple fields of the same sig

nature. The parameters p,, v, play the role of effective cut-offs. The parameters a, b, c, d, e, h, 

9 



are of order unity, and are chosen to satisfy4 : 

e 1 ~ . 2 I 2 L....J ry~ea{J = -4 = 3e , 
o:,{J 

a 

e' = ~ ~ ncp ef3 e 7 e5 eo: 4 L....J • ''Y 0: {3 'Y 5 ' 
0:{3"(5 

w = L TJ!ho:Co: = 1. 
0: 

The signatures of the chiral PV multiplets satisfy 

L'Tl~ LTJ~=L:rJ~= 1, cp - z 
'T7I+o: - 'Tla' 'Tli = +1, 

U _ X 
'Tlo: - 'Tlo: ' a a a 

LTJ! LTJ!=o, 
- - ~ ~ 

-1, z y z y 'Tlo: =rJo:, 'Tla = 'Tlo:' 
0: 0: 

L'Tl~ -12, LrJ;=-NG, L'Tl~ = -12- NG = Nb, 
'Y 'Y 'Y 

and, from the results of I, we require for the exponents in (3.3) 

a= LrJcac = -10, 
c 

a'= L rJca'f: = -4, 
c 

(3.6) 

(3.7) 

(3.8) 

where in (3.8) and throughout this section l/Jc is any chiral PV field except Z, Y, and a~8 
= 

0, f3f 8 = -2. The Kahler potential for cp~ assures the Kahler anomaly matching condition 

for the term quadratic in the Yang-Mills field strength, as discussed in I and in Section 4 

below, as well as the correct form of the gauge-dependent contribution to the renormalization 

of the Kahler potential. 
4The contribution to K', Eq. {3.15) below, from the last term in (3.4) differs from that of I, where in 

{2.5) we set c = -2- Nb = 10 + Nc, by the term -N0 M 2 needed to cancel the NaM2 term in (2.2). 

10 



3.1 Quadratic divergences 

For the class of supergravity theories considered here, the on shell5 quadratically divergent 

contribution is proportional to 
1 . 

STrH = 2(3 +Na-N) va Xal + (v + M 2
) (7 + 3Na- N) 

+Na V 01 kal + var al, (3.9) 

where Xa = Ka, etc. are the chiral superfields defined in (2.8). The contribution of the 

Pauli-Villars fields to STrH is 

sTrHPv ~ (a~'l~- ~'1P) (V+ M')- H~'lr ~;>~) v·x.1 

+ L 'TJ~ V 01 kal + L 7Jp var~Otl' (3.10) 
"Y p 

where Prefers to all heavy chiral multiplets: ¢P = Z 1 , Y1 , q;c. From (2.28) we have 

r§a =fa, rga = (acXa + f3cka) (}g, 
and we obtain for the contribution from heavy PV modes: 

STrHpv = -~ (N'- N~- 2a) V 01 Xal + (v + M 2
) (3N~- N')- var al 

+(/3 +f) V 01 kal' 

f3 = L 7Jc/3c, 
c 

N' = L'TJP, 
p 

Using (3.8), the absence of quadratic divergences requires 

N' 3a + 1 - N = -29 - N, j3 + f = - Na, 

(3.11) 

(3.12) 

N~ a- 2- Na = -12- Na. (3.13) 

As explained in [1, 3] the O(p2
) contribution to So + S1 = J d4x (£0 + £1) takes the 

form of a correction to the Kahler potential, once additional finiteness contraints on the PV 

masses have been imposed. Throughout this section we set (see Appendix C) 

f3 = 0, .f = -Na, /3' = L 7Jcf3~ = 2, 
c 

L 7Jcacf3c = 0. 
c 

(3.14) 

5Specifically, a contribution proportional toT- va Xal- 6(V + M 2), where Tis the space-time curvature, 
can be removed to one-loop order by a scalar field dependent Weyl transfromation. 
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3.2 Logarithmic divergences 

The Pauli-Villars contribution to (2.2) is, after an appropriate space-time metric redefinition, 

" r,;ln A 2 [ ' ' ' '"" ( P P) z L L l L-PV = VY321r2 NaLg-NaLg+N Lx+ Lp'f/P Ll +L2 +L3 + w+e e 

+AK•L, K' = 
13~A:e-KL'f/PAPQJPQ_ (3.15) 

7r P,Q 

Using (3.6)-(3.8), (3.14) and (2.26), the PV contributions found in I are modified to read6 

K' 

Lw 

Le 

</Je 

L'fJpLf 
p 

Ly +Lz 
1 3 

-

Lf3 

lnA2 
[ K -·· A 2 ] 

32
7r2 -e- AiiAz1 + 2(a + 1)V + (2c + 4- 2a + N~)M + 4K: + 8gV 

lnA
2 

[ K -·· A 2 ] -
32

7r
2 

e- AiiAz1 + 2V + (Na- 6)M - 4K:- 8V , (3.16) 

6e' L( <Pw:) + 2hL( <Pw) - 2w Lw = 2eL( <Pw:) + 4L( <Pw) - 2L~, 

L(<I>e) + L(</Je), <l>e = -~<I>~, 
<Pw K - <Pwk - 4V - 4¢w:, 

2 
-L2- -aL 3 Q) 

L'fJPLf = -Ll + 6L~M + a'La + ,B'L{3 + Li, 
p 

(L[ + L:) 
1

- ~L(<I>~)- 2L{3 + 2£~- 8AMzL 

-L3 + 4A-vL + 4AMzL + 8AvL- ~L(<I>~)- 2Lf3 + 2L~- 8AMzL, 

L(<I>f3), <I>f3 = -~k0ka, L~ = x (w + w) (v + M 2), 

(3.17) 

(3.18) 

where the subscript I refers to the result of I. The contributions La and Lf3 follow immediately 

from Eqs. (3.11) and (2.17). Lf3 and L(<I>~) are given explicitly in Appendix B, Eq. (B.26). 
6 See Appendix B of I and Appendix B below. 
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In I the logarithmic divergences were found to cancef withe= -3. Hence we write 

eLe +Lw(e) 
q>l 

-3 (Le) 1 + (Lwh + L~- 2L~- 4(3 + e)!::a'DL, L~ = L(¢>~) + L(q>~), 
e -~q>~, ¢>~ = 4¢>w + (3 +e) ( ¢>wK- 2¢>w:) - ¢>wk· (3.19) 

The renormalization of the Kahler potential is now finite if e = -4. Complete cancellation 

of the ultra-violet divergences then requires, once the conditions (3.8), (3.14) are imposed, 

I . I 1 ( I) Lo + Le - 3 L q>o = 0, (3.20) 

which is achieved for e = -4. 

3.3 Soft supersymmetry breaking terms 

Pauli-Villars regularization can be used to calculate one-loop contributions to soft supersym

metry breaking. The calculation of gaugino masses has been given in [11] for string-derived 

supergravity with the dilaton in a linear supermultiplet, and including a Green-Schwarz 

(GS) term. These include the "anomaly mediated" contribution [12, 13] as well as addi

tional model-dependent contributions. A general analysis of soft supersymmetry breaking 

terms in this class of models will be given elsewhere [14]. As an example, we calculate here 

the one-loop induced A-term for supergravity theories with matter in chiral supermultiplets. 

To obtain this contribution we take constant background fields, and the effective one-loop 

potential is given simply by 

[, = iJ d
4

p STrlnrJ (p2
- m2 - H)= --1

-STr'f][ (hm2 + !g2) ln(m2) 
2 (27r)4 327r2 2 

1 2 (m2
) 3hg

2 
g

4 
1 l 

+2h In 112 + 6m2 - 24m4 + O(m2) ' 
------------------------~-

(3.21) 

7These operators are the bosonic parts of D-terms of the form (2.13) with: 

( r/Jw) 1 = -6¢lw:, ( rPe )I + 4V = r/Jw K - 4¢lw: = 2~o - 6¢lx. - 2¢lw:, 

from which it follows immediately that the conditions (2.20) and (2.46) of I give L + Lpv = 0. The term 

-3Ca8ab (wab + H.c.) + 4D.DL is missing from the right hand side of the third of Eqs. (2.43) of I, and 8V 

should be replaced by (8- 4e)V in the second of those equations. 
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where p, is the normalization scale, and h + g is the effective field-dependent squared mass 

with the PV mass term removed: 

(3.22) 

We dropped a term -~rSTrH in the integrand; in the constant background field approxi

mation r -7 V after a Weyl transformation. Assuming < V >= 0, terms proportional to 

V can at most contribute small corrections to soft terms already present at tree level. The 

second equality in Eq. (3.21) is schematic: [H, m2] =F 0 in general. 

Soft terms are generated by the PV fields q>A = Z1, f'i, cpa that govern the wave function 

renormalization through the dimension three operators in W2 , Eq. (3.4). We denote by 

q>a = Y1 , Z1 , cp'a, respectively, the fields to which to which they couple in W1: 

W1(<l>A, <l>a) = L Jl,A<l>A<l>a. (3.23) 
A=a 

Setting 
(3.24) 

we have 

f K -1 -1 
A= e 9A 9a · (3.25) 

The first two terms in Eq. (3.21) are the shift in the potential due to the shift 8K 

in the Kahler potential. The first term, proportional to m2 , corresponds [1] to 8K = 

L;p cpm~, cp =constant. They contribute A-terms and scalar masses proportional to those 

already contained in the tree potential, with coefficients suppressed by the factor 1/321f2 

(m2 
rv 1 in reduced Planck units), and we neglect them. 

From the general matrix elements evaluated in Appendix C of [10], assuming D-terms 

vanish, dropping derivatives, space-time curvature and gauge fields, we have 

(HX)~ 

(HX)v 

(HX): 

= h~ = e-K AAsAAB, (HX)p = 0, 

Kafj P,sK.Bc Acn = gfj = e-K f AJl,AAAn, 

- AAB p,8 = g:, (H4>)~ = (HX)~ + 8~ (V + M 2
), (3.26) 

for fermions x and scalars 4>, respectively .. For the reasons given above we can neglect the 

V term, and terms containing only powers of HX cancel in the supertrace. The M 2 term 
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does not contribute in leading order to the A-terms, so they get contributions only from the 

scalar trace terms that have factors of H$Q: 

H!8 hAB = e-K (Ai DiAAB - AABA) , hap = 0, 

H!13 - 9AP = e-K .JiDi (eKWAp)- AWAp = -8ApJlA (A- AiodA). (3.27) 

Taking into account the fact that [H, m2
] # 0 in the integral Eq. (3.21), we have on the 

right hand side: 

Trh2 ln( m2 
/ Jl

2
) -+ 2 L.: TJA ( h~h~ + hABhAB) [ q( m~, m~) - In Jl

2
] , 

AB 
m~ ln(m~/ J12

) - m~ ln(m~/ Jl2) _ 
1 q(m~,m~) = 2 2 ' 

mA-mB 
(3.28) 

' 
and 

(3.29) 

where pm = -e-K/2 Am is the auxiliary field of the superfield zm. In (3.29) we have explicitly 

retained only contributions to A-terms (and "B-terms"). Scalar masses get contributions 

from additional terms in (3.29) as well as from Trg4/24m2 in (3.21). The one-loop corrected 

scalar kinetic term is 

8K (3.30) 

where ZR is the renormalized field, and the matrix-valued anomalous dimension is 

· ·n. 0 1 · -K~ -AB -K~ -·AB 'Yf = K 3 Dn.Di fl 2 8K = 
32 2 D3 Di(e L.J TJAA AAB) = e L.J TJAA3 AiAB + · · ·, 

~ ~ ~ ~ 

1 [ K -jkl 2 a i - m] 
--2 e WiktW - 4g (T </>) Kim(Ta</>) + .... 
32~ 
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where the ellipses represent higher order terms. To evaluate the A-terms we expand Eqs. 

(3.28) and (3.29) in terms of the light gauge-charged fields </Ji. For example we have 

(3.32) 

If at tree level we have 

(3.33) 

using 

( 
2 a 2 a ) 2 2) mBam~ +mAam~ q(mA,mB = 1, (3.34) 

we get a one-loop contribution to the A-term 

(3.35) 

Note that the term linear in¢> in Ai can arise from a quadratic term in the superpotential or 

in the Kahler potential; the relation between the corresponding supermultiplet mass and the 

one-loop induced "B-term" is the same in both cases. If m;i = J.L2 and one assumes canonical 

kinetic energy for both the light fields and the PV fields, .CA reduces to the "anomaly 

mediated" term found in [7]. The contributions that depend explicitly on the PV masses are 

contained in the component field expression of the superfield operator (2.16) that determines 

the renormalization of the Kahler potential. The term proportional to ln(m;i; J.L2) is not 

negligible if the scale of supersymmetry breaking is significantly below the Planck scale. A 

further model dependence is in the am.lnfii terms. 
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In contrast to the case of gaugino masses studied in [13], the one-loop corrections to the 

soft terms in the scalar potential are sensitive to the details of the Pauli-Villars regularization. 

In the gaugino mass case, the PV squared mass matrix commutes with relevant (gauge 

superfield dependent) matrix elements. The regulator masses appear only through the In m2 

term, averaged over all charged PV fields, and only the field dependent part fp(z) of m~ = 

fp(z)J.L~ contributes to gaugino masses. The field dependence (i.e., the dependence on fields 

that do not vanish in the vacuum, such as the dilaton and moduli) on this "average" In m2 

is completely fixed in terms of the field-dependence of the light field Kahler metrics. Both 

the requirements of finiteness discussed in Section 3 above and the supersymmetry of the 

Kahler anomaly [16] uniquely determine the field dependence of In m2 once the tree-level 

theory (including possible couplings of charged matter to a GS term) is specified. However, 

only a subset of charged PV fields contribute to the renormalization of the Kahler potential. 

While the Kahler metrics of the fields ~A that appear in W2 is determined by the finiteness 

requirement, the metrics of the fields ~a to which they couple in W1 is arbitrary. Since 

the associated Kahler anomaly is a D-term, it is supersymmetric by itself and there is 

no constraint analogous to the conformal/ chiral anomaly matching in the case of gauge 

field renormalization with an F -term anomaly. As a consequence the "non-universal" terms 

appearing in .C!oft cannot be determined precisely in the absence of a detailed theory of 

Planck scale physics. In the following sections we give examples in which the PV masses 

that contribute to .C!oft are field independent. 

4 String-derived supergravity and T-duality 

Effective field theories from superstring compactifications are perturbatively invari

ant [17] under an SL(2, Z) group (T-duality) of transformations on the chiral superfields 

Z -+ Z'(Z), which is a subgroup of a continuous SL(2, R) group, itself a symmetry of the 

classical Lagrangian. Here we will refer to both groups as modular transformations. They 

effect a Kahler transformation: 

K(Z, Z) -+ K(Z', Z') = K'(Z, Z) = K(Z, Z) + F(Z) + F(Z), 

W(Z) -+ W(Z') = W'(Z) = e-F(Z)W(Z), (4.1) 

17 



and therefore leave the classical Lagrangian invariant. Because ( 4.1) includes phase trans

formations on chiral fermions, the symmetry is anomalous at the quantum level. Ungauged 

nonlinear a-models were considered in I, where it was shown that, while the PV Kahler 

potential can be chosen to be invariant under ( 4.1), regularization of the theory with invari

ant PV masses requires constraints on the light spectrum. Moreover, for gauged a-models, 

invariant regularization does not appear to be possible for any choice of spectrum. Indeed, in 

supergravity theories obtained from orbifold compactifications of string theory, the (weight

ed average) masses of gauge nonsinglet PV chiral multiplets are fixed (16] by matching field 

theory and string theory loop corrections to the moduli-Yang-Mills couplings, and cannot 

all be invariant under T -duality transformations. 

Specifically, we consider a class of orbifold compactifications with, in addition to the 

dilaton, the chiral superfields zv = Ti, q>P, where Ti, i = ~' 2, 3, are the untwisted moduli, 

and the Kahler potential 

G L9i + egPiq>PI2 + 0 (lq>P14)' 
i 

"" ,.11gi gi = _ In (Ti + 'J'i) . 
L....,; lfi ' 

The modular transformation 

Ti --+ T'i = aTi '_ ib 
icTi + d' 

S --+ S' = S, ad- be = 1, 

where q~ are the modular weights of q>P, effects the Kahler transformation (4.1) with 

(4.2) 

(4.3) 

(4.4) 

Setting to zero the gauge-charged background fields, the one-loop corrected Lagrangian 

contains the term8 : 

(4.5) 
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and c: = (ThT;)p is the eigenvalue of the quadratic Casimir operator on ¢>P. Since the 

parameters /1PQ of the superpotential (3.4) and- for vanishing gauge-charged background 

fields- the elements KpJi1 of the metric connect only fields ¢>P with the same values of c:, 
we have 

LTJaTr (ctlnM2)a = LTJPc:TrlnM~ = L'f/Pc:InDetM~. (4.6) 
a p p 

With the choice of Kahler potential (3.3) we have, for P, M =/= T1
, S: 

M~-z,Y (4.7) 

Then using the constraints (3. 7) we obtain 

.c 3 -1- ""FJLV Fa ["" 'f}p cP ln Det/12 
- ""ca (K- 2 ""qigi) + ca KJ 1 64..,.2 L...- a p.v L..,; a ,..., P L..,; p L..,; p • 

" a p p i 

(4.8) 

As is well known [18]-[20], [16], invariance under (4.3) is restored by the GS mechanism; the 

Kahler potential of the dilaton9 and its modular transformation property are modified to 

read 

k = -In ( S + S + ~:~G) , (4.9) 

so that the variation of .C1 , and of model-dependent threshold corrections, are canceled by a 

variation in the tree-level coupling of the dilaton to the Yang-Mills fields. The contribution 

in ( 4.8) satisfies the string matching condition [16] when the Green-Schwarz term and the 

string-loop threshold corrections are included. Threshold corrections [18, 21] can be included 

as moduli-dependent terms in the PV superpotential W1 : p,p = p,p(Ti). 
In order to achieve full perturbative modular invariance, we must investigate more com

pletely the anomaly structure of the one-loop corrected effective theory, including gauge 

nonsinglet background fields. Supersymmetry relates conformal anomalies, associated with 

logarithmic divergences, to chiral anomalies that arise from linearly divergent integrals in 
9The Kahler potential k no longer satisfies Pii = ai = 0, in the notation of [12], resulting in additional 

contributions to the loop corrections. However the modification of k is of one-loop order, and hence the 
corresponding one-loop corrections are of two-loop order, which we do not consider here. 
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quantum corrections to the low energy effective theory. When the theory is regulated in 

such a way that all integrals are finite, there are strictly speaking no anomalies, but a corre

sponding noninvariance of the quantum corrected theory results from the noninvariance of 

the regulator masses. For example, only light quark loops contribute to the chiral anomaly 

that permits neutral pion decay; the· anomaly from heavy quark loops is exactly canceled by 

the explicit chiral symmetry breaking due to the quark mass term. The contribution of a 

PV quark with negative signature has the opposite sign; it's anomaly cancels the light quark 

anomaly and one is left with the explicit breaking term that exactly reproduces the light 

quark anomaly. 

Provided we can define modular transformations on the PV fields such that Kpv is 

invariant and W2 is covariant (W -+ e-Fw), the noninvariance of the regulated one-loop 

Lagrangian will arise solely from the noncovariance of W1 which governs the PV mass

matrix Mpv. The Kahler potential for the 87 in (3.3) is modular invariant provided the 

chiral superfields B~ = 87 under (4.1). In addition, if we take for the q,a mass term in (3.4) 

(4.10) 

the superpotential for chiral fields <pa with dilaton-like couplings is modular covariant. Then 

the one loop action can be written as 

(4.11) 

where Cinv is modular invariant and £x contains only chiral supermultiplet loop contribu

tions. As a result the masses and covariant derivatives appearing in the noninvariant contri

bution contain no Dirac matrices except in the spin connection, and their contributions are 

straightforward to evaluate. 

As shown in I, under a transformation on the PV fields that leaves the tree Lagrangian 

and the PV Kahler potential invariant, with W2 covariant: 

<P' g<P, M~v(<P) = Mpv(<P') 

£' Cinv + Cx(Mpv), Mpv = g-1M~yg, ( 4.12) 

because all the operators in the determinants except Mpv are covariant. Therefore the 
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anomalous shift in the Lagrangian is given simply by 

(4.13) 

As discussed in I, the quadratically divergent terms may be made invariant by constraints on 

the PV mass parameters. In this paper we consider only anomalies arising from logarithmic 

divergences and the associated chiral anomalies. As a first step toward the construction of 

a modular invariant one-loop effective Lagrangian, we give examples below of regularization 

prescriptions with modular covariant PV couplings except in the PV mass terms. In addition 

we choose the mass terms such that the renormalization of the Kahler potential is modular 

invariant. 

4.1 No-scale supergravity 

First we consider a toy "superstring-inspired" model [22] with a single modulus T; the Kahler 

potential and superpotential given by 

K = k + G, G = -3ln (r + T-}; 1<1>"12
) , W = d.,,il>•i!>•il>'. (4.14) 

The modular transformations are defined by 

T __~.. T' = _aT-=--_z_·b S S' S d . b 
--r , ~ = , a - c = 1, 

icT+d 
<J>P ~ <I>'P = e-FI3<J>P, F = 3ln ( icT +d), (4.15) 

To construct a modular invariant PV Kahler potential and a modular covariant super

potential W2 , we note that if the PV Kahler potential and superpotential of (3.3) and (3.4) 

are modified by the additional terms 

Kpv K~J) + ~ [Paf;KiZ!Z~ + ~p~ (z~) 2 
+h.c.] 

W2 = wJ3
.4) + ~ [Pa f; wiz!z~ - ~P~ ( z~) 2 

w ]· (4.16) 

the one-loop corrections are unchanged: 

- - - -
Afo = R~IOm = A~o = R~oom = 0. (4.17) 

21 



For the Kahler potential (4.14) we have, for zi = T, cpq 

and, under (4.15), 

K~ 
~ 

In addition, 

W!. 
~J 

1 2 
Ki = Gi, aia;G = "3GiG;, KIJ = - 3GiG;, 

8K(Z') - j I k ii 
8Z'i - Ni (Ki + Fi), Kim= Ni Nm.Kkn, 

Nt Nj [ KNM - ~ (FnKm + FmKn + FmFn)] · 

e-FN/ (Wi- FiW), 

8
2
W(Z') k [ m -F ( )] 

az,iaZ'i = Ni ak Ni e Wm- FmW 

e-F Nik Nj[Wkm - Fk W m - Fm Wk - (Fkm - FkFm) W 

-N! (Wi- F1) 8kM~ 

Writing the transformation (4.15) in the form 

z 

M 

and using 

we obtain 

1 
F:-.- --F:-F-ZJ - 3 ~ Jl 

w:i = NrNj [wmn- ~ (FnWm + FmWn- FmFnW)]. 

If we also modify the Kahler metric for Z to read 

(4.18) 

(4.19) 

(4.20) 

(4.21) 

(4.22) 

(4.23) 

(4.24) 

the metric for Z is just the inverse of that for Y (see Appendix A of I), i.e. its inverse is 

given by 

(4.25) 
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Because of ( 4.17), there is no additional contribution to Lf or K', but there is now a 

contribution Lf similar to Lf. We can incorporate this contribution if we change the values 

of ay and a~ and the parameters in W2 (Y). Moreover, nothing is changed if we substitute 

W2(Y, Z) -+ W2(Y, Z). Finally, because of the property ( 4.18), the derivatives of the Kahler 

metric Gim. satisfy: 

r;ar{a - ~ [(N + 1) GaGa+ G~aG{a], f~a = ~ Ga, 

Ga G~a' G{a = -~ (vc.vc.- BR) (Gi'Dazi), 

r{a(Ta); - ~G~, G~ = -~ (Vc.Vc.- BR) [Gi'Da(Taz)i], (4.26) 

while the derivatives of the metrics for ¢P with f3c = -1, and for YP#S, satisfy [see (2.41) 

of I] 

r carD 2 GaG rc - G s:C D Ca = O'.c a, Da - O'.c auD, 

r Q (Ta)P = ri. (Ta)i· + a2Ga rP ri Pa Q ~a J a' Pa = - ia' 

(r)Pa (r)Q riarj (2 2 4) (GaG GiaGj ) 2 (1 2 4) G zi 
Q Pa = j ia + 3a +a a+ j ia - 3a +a ia a' 

1( . ) . 1( . ) . Gia = - 8 'Dc.Va- BR Gi'DaG, Z~ = - 8 'Dc.Va- BR 'DaZ~. (4.27) 

Therefore, since in addition kss = e2
k, the contribution of fields with metric Kim can be 

canceled by an appropriate combination of Y, Z, ¢, provided some ¢are gauge-charged. 

As a consequence of the above, the ultraviolet divergences are still canceled if we modify 

(3.3), (3.4), (3.6) and (3.7) to read [note that kiki = 1, and GiGi = 3 is invariant under the 

modular transformations (4.15)] 

Kpv = L [ea~K+,B~k<fJ'Y¢)1' + ~zl-y(O'Y + o'Y?] + eK/2 L (IX¢12 + IU112 + IV'YA12) 
'Y A 

+ ~ [~(eGcp~cp~ + ekcj;~{p~ + <P~{p~) + eK t. e.B~kl¢~12] 
+ L [e-2ki<Psl2 + 2l¢gl2- e-k ( ¢>~¢g + h.c.) + e2ki<P~12] 

a 

+ L [L (eG/31¢~12 + eK/21¢~12) + eG/31¢~12 + K~ + K":;l 
a l#S 
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b 

h 

1 b = 0 az = ay = 0 a2 = ay = 1 (4.28) 
' ' ' ' 

2: [2: (p,az:f; + flaz:¥;) + 2: Jl~ (¢>~¢>1 + ~(¢>~)2)] 
a P#S l#S 

""" [""" ( cp a ~a 1 tjJ -a -a) """ S ,~,.r }.a] + ~ ~ Jla'Pa'Pa + 2Jla'Pa'Pa + ~ lla'f'a'f'r 

+ 2: (Jl;mx¢ + ~Jl~(Vl?) + ~ 2: Jltvc/Jcc/Jv, (4.29) 
A7 ~D · 

""'{1 -r-J 1 (-o)2 2 -r-o a~a i} L....t -
2

Wiiza:za + -
3 2 Za W- -

3 
Wizaza + 2 2: 'PaYi (TaZ) 

a aa aa a 

+vl2 2: z~ ( YtW + aa WiYo0
) + L CacP~c/J~W, ( 4.30) 

a>l a 

f aa= 0 
s ' 

ba(h f~(J = bapS, f~a = 2: ea(J c,Op, 
(J 

1 a' = _!_ a~ = -a' = -1 a~ - 0 
6' 18' ' 1

- ' 

2, e=-4=3e', c=5, w=1, 

'Tlz _ 71Y 'Tl<P = 71cp 71r = 'Tl¢>
1

•
0 = 714>J,o 'Tlu = 71X ·ra - ·ra' 'fa ·ra' •ra ·ra 'fa ' ·ra •ta' 

'Tlz 
71
z . 

71
¥ 

71
Z _ 

71
Y _ 1 •ra' •ta+l = •ra+l' •tl - -.tl - - ' 

-12, L'fJ~ =-No, L'fJ~ = -12- No= Nb, 
7 7 

(4.31) 

(4.32) 

( 4.33) 

where ¢>1 , ¢>1 transform like Z 1 , Y[, respectively, under the gauge group, ¢r = ¢>8 , ¢>8 , ¢>0 , and 

in W1 the sum over c/Jc includes cPP=I,o but not ¢>P=I,o, and a, a' are defined as in (3.6). 
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The metric derivatives for Z are the same as for Y in ( 4.27) except that (r~a)z -
-(r~a)y, and the derivatives for X'= Y, Z are related to.those for X= Z, Y by 

(fx,)~a =- (fx)~a + NGa, (fx,)~a (Ta)S = (fx)~a (Ta)S 

(fx,)~a (fx,)~a = (fx)~a (fx)~a + N (1 ±~)GaGa. (4.34) 

Since Z and Y have opposite signature, the additional surviving contributions are equivalent 

to that of a set ¢P with a= f3 = 0, a'= !3' = -a= -4Nf3. To cancel this contribution we 

must modify (3.8) and (3.14) to read 

f = -Na, 4 +a'= !3' =-a= +4N/3, (4.35) 

where in the sums defining these quantities 

(4.36) 

In other words [see (C.2) of Appendix C], 

""Lt/>2
1 

- -L2 , y Lz ~ L2 + 2 = 0, 
I 

(4.37) 

Since (TaZ)i Fi = 0, Kpv is invariant and W2 is covariant (W2 -+ e-FW2 ) under (4.15) 

provided the PV chiral multiplets transform as 

<P'c - e-acF </Jc, Y;a = e-aYFN/ (YJa + aaFjYo)' Y~ = e-aYFYo 

Z'J - e-aZ F Mi zl z'o = e-aZ F (zo -a zl R-) a z a' a· a a z ' (4.38) 

with all other PV superfields invariant. Note that we have chosen W1 such that all masses are 

covariant for fields that appear in the gauge kinetic functions JAB. Provided each <Pc appears 

in only one term in W1 [i.e. J-tcc'<Pc<Pc' or ~J-tc(<Pc)2], the squared-mass matrix defined in 

(4.5) is block diagonal Thus, for example, if we include a modular covariant T-dependence 

in the mass terms for some <PP =/= Z, Y, we have 

(Mi)S - (M~)~ = fl2c5~, (M~)S = (M¥)~ = fl2c5~, 
MJP _ M~P' = jl~P'I1J(it)l4bpeK(l-ap-ap,)-k(,Bp+,Bp'), (4.39) 
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where fJ(it) is the Dedekind function: 

and 

'fJ(iT'i) = e~F; 'fJ(iTt 

M 2 _ M'2 _ e<F+F)(l-ap-apt+bp)M2 ,1,.P ...J. z y 
tj>P - .pP - .pP, 'f' I ' ' (4.40) 

with M 2 = M 2 otherwise. The 'fJ( it) factor can be interpreted as a parameterization of string 

loop threshold corrections, as mentioned in Section 4.1. We now turn to a more realistic 

model from string theory. 

4.2 The untwisted sector of orbifold compactifications 

Consider next the classical Lagrangian for the untwisted sector of orbifold compactifications 

with three untwisted moduli. It is defined by the Kahler potential and the superpotential10 

K k+G, G _ Gu W _ d q,alq>b2;r..c3 
-' -abc ~, 

3 
LG(i), 
i=l 

Q(i) = ~ ln (Ti + 'f'i- t I<I>ai12)' 
a=l 

(4.41) 

Setting ZP = {Ti, q>(ai)}, we now have the properties 

8p8qG - 6- -G(i)Q(i) 
~J p q ' Kpq = - L GpGq, 

i=h 

LWPGP - 0, LW(ai)q>(ai) = W ( 4.42) 
p a 

The Lagrangian is invariant under modular transformations: 

z ( 
q)P) ()Z'P ()Z'q 
T -+ Z'(Z), M: = ()Zq' . N$ = 8ZP' 

M 6~ ( e-:Fi c5g _Fie-F; ~(ai)) N = c5~ ( eF; c5g Fie2F; ~(ai)) 
J 0 e-2F' ' J 0 e2F' ' 

Fi Fti = Ff., Fii = -c5iiF/. (4.43) 
10It is straightforward, but slightly more cumbersome, to generalize the results to the case of a Kahler 

potential as in (4.41) with n -t ni, ni # ni. 
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Properties analogous to (4.19), (4.20), (4.26) and (4.27) are given in Appendix D. In analogy 

with the discussion of the preceding section, we introduce PV superfields zCoi), Y(ol), and 

modify KY,z and W2 (Z) in (4.28) and (4.30) to read [here we suppress the index a, and now 

Gfi) G~i) = 1 for fixed i is invariant under ( 4.43)] 

3 
Kz Ky = eaYG L Kr, 

I=1 

Kz 
I - GI = ~ zPG(i) + a-1 zCOI) 

z L..J p ' 
PM P 

Ky 
I [~ YpYMG(;)- a L (YPY(onG(i) + h.c.) + Y(ol)Y(ol) (1 + a2

)] , 

PM P 

b-z (4.44) 

W2(Z) -

(4.45) 

In addition we replace the fields ¢I,o, ¢>I, I =I= 8 by <f>(PI),(Po), </>col), P =I= S, with Kahler 

potential 

Kl/1 = ~ [ eG(il ( ~ I <I>( PI) 12 + 1</>(0I) 12) + eK/2 ~ 1</>(PI) 12]· 

The mass terms for theses fields are determined by W1 in ( 4.29) with 

.).,I,O .).. I -I- s -+ .A.(PI),(Ol} .).. p -I- s 
'+' , '+'I, r , '+' , '+'(PI), r , 

( 4.46) 

and the sum over C in the definitions of a, a' now includes </>.(PI)· The Kahler potential is 

invariant and W2 is covariant under modular transformations provided 

(4.47) 
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The renormalization of the Kahler potential (3.16) arises from Z, Y, cp, 0, ¢8 , ¢8 , contributions 

and is modular invariant, since we have chosen the PV couplings such that their masses are 

covariant. Writing, for <PP =I= Z, Y, 

we have 

and 

K(</JP, ~P) 

W1 ( <Pp, cf>P') J-tp Il[7J(iti)j2b~</Jp </JP'' 
i 

i 

M!P' = J-t~ II I7J(iti)l4b~eK-Gp-Gpt-k(f3p+,Bpt), 
. i 

4.3 Including the twisted sector 

( 4.48) 

(4.49) 

(4.50) 

The Kahler potential for orbifolds is not known beyond leading (quadratic) order in the fields 

za =/= S, T, except for the untwisted sector, whose Kahler potential (4.41) is determined by 

the metric on the compact space. As a consequence, we cannot determine the one-loop 

effective action for the twisted sector, but we can include twisted sector loop contributions 

to the ].mtwisted ~ector action, provided the superpotential contains no terms quadratic in 

the twisted sector fields. The general modular invariant superpotential11 

w = ~ w. !J q-
2(Ti) I] [ z· Q q

2
"" (T')] , (4.51) 

depends on the moduli through the Dedekind 7]-function, interpreted as arising from string 

world-sheet instanton effects. In the absence of these effects, which we neglect here, there is 

no superpotential for twisted sector fields. We will set background twisted sector fields to 

zero, and include only quantum corrections due to the (modular invariant) quadratic term 

in za =/= S, Ti, <I>ia in the superpotential: 

a 

(4.52) 

11There can be additional factors which are holomorphic, modular invariant functions of the moduli. 
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If K depends on the moduli only through the compact radii, we have 

ga = aa = I:q!Gi, . !a=- I:q!ln[1- I: I<Pbii2/(Ti +T')]. (4.53) 
i i b 

Under a modular transformation 

(4.54) 

To regulate the twisted sector contribution, we introduce negative signature PV fields <PA, <P A 

that transform under the gauge group like <Pa and its conjugate, respectively, with Kahler 

potential and superpotential 

K~v =I: (e9ai<PAI2 + eK12 I<PAI2)' wr =I: II I7J(iti)l 2b~J.LA<PA<I>A. (4.55) 
A A i 

Under (4.3) we have 

. (4.56) 

Combining this with (4.49), (4.50), the one-loop Yang-Mills Lagrangian (4.8) takes the form12 

where the sum over P now included the twisted sector fields. The first term in ( 4.57) correct

ly reproduces the threshold effects (neglecting the universal, modular invariant term [21]) 

provided 

b~ = L1JPc:b~ = CEs + I:c; (1- 2q;)- ca. 
p p 

(4.58) 

Then the variation in ( 4.57) is cancelled by the variation in the classical Yang-Mills La-

grangian due to the transformation property (4.9) of the dilaton. 
12There are additional dilaton-dependent terms (formally of two-loop order) if the gauge charged fields 

couple to the GS term (refgsterm). 
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5 Anomalous U(l) 

. The modifications needed for regulating one-loop supergravity in the presence of an 

anomalous U(1) gauge group Qx are described in detail in I. The light matter loops generate 

a quadratically divergent term proportional to 2x-1 DxTrTx and logarithmic divergences 

proportional to TrTx associated with the operators <1> 1,2 in (2.17). To regulate these terms 

we must introduce PV chiral multiplets ¢P with superpotential terms that are not invariant 

under U(1)x. As discussed in I, in order for the superpotential to remain holomorphic under 

a U(1)x gauge transformation, we require the transformation properties 

AxM Ax -ln v ' v 1 (A A-) --+ M - 9 M9, x --+ Vx = x + 2 + ' 
zi --+ 9q~zi, zl--+ 9-q~Azl, 9 = (9t)-1 = e~(A-A)_ (5.1) 

The chiral Yang-Mills superfield wa is obtained as a component [9] of the two-form :FMN, 
which is the super-curl of the Yang-Mills one-form potential AM, and is also the chiral projec

tion of the commonly used Yang-Mills superfield potential Vx: Wa = -~ (Va,1Y't- BR) vavx. 

While the light fields are defined to be covariantly chiral [9] under U(1)x, the U(1)x-charged 

PV fields are covariantly chiral only with respect to the nonanomalous gauge group; their 

invariant superpotential takes the form 

(5.2) 

5.1 General supergravity 

If we assu!lle that the U(1)x generator commutes with the Kahler metric in the general 

supergravity model of Section 2, we can simply assign zero U(1)x, charge to X..0 Uy, Vy, and 

to Yt for a set of values a= a 0 with ~a 'TJao = -1. U(1)x gauge invariance of Kpv and W2 

as defined in Eq. (3.4) requires aa0 = 9ao· We must also remove Yjao, 2~0 as well as a pair 

with a =/= a 0 and net positive signature from the second term in W2 , Eq. (3.4). With this 

choice the linear divergences associated with the U(1)x- anomaly are canceled. The chiral 

anomaly reappears due to the noninvariance of the mass terms coupling the yao to fields 

2~0 with the same U(1)x charge as zi, and forms a supersymmetric F-term with the chiral 

anomaly. Note that the renormalization of the Kahler potential is U ( 1) x invariant in this 

general case, since Ya0 , 2~0 do not appear in W2. 

30 



5.2 Orbifold compactification 

In this case we cannot impose the condition that the Kahler metric commutes with the 

U(1)x generator, but with an appropriate choice of PV U(l)x charges and superpotential, 

the U(1)x generator does commute with the Kahler metric for PV fields with PV mas~es 

that are not U(1)x covariant. For the untwisted sector of the orbifold model of Sections 

4.2-3, we have 

rCpi) (T ) (pi) 
(qi)a X (qi) G(i)(T )(pi) f!X f(PI) (T )(PI) f!X 

a X (pi) +~a = (QI)a X (QI) +~a ' 

r:a(Tx): g~(Tx)~ = r!a(Tx)~. (5.3) 

The contribution from g;, which is defined in ( 4.26), is canceled as before provided qf:<AI> = 
-qJ?I) = qfai) and to cancel the new contributions, we assign U(l)x charge to 4>(AI): 

q)tl) = q~l) and to 4>c: Qx = 'Ec 'T]cacq~ = -2, 'Ec 'T]c f3cq~ = 'Ec 'T]cq~ = 0, where Qx 

is chosen to cancel the contribution from the last term in (D.4) of Appendix 4. We also 

require q~ = Qx for the PV regulator fields for the twisted sector. With these choices, the 

renormalization of the Kahler potential is U(l)x invariant. 

6 Summary of results 

We have shown that it is possible to regulate supergravity at one loop by introduc

ing Pauli-Villars fields in chiral multiplets and Abelian gauge multiplets. For calculational 

simplicity, we restricted the dilaton couplings to those of the classical limit of supergravity 

derived from the heterotic string, but there is no impediment in principle to extending our 

results to the more general case. In the context of string theory, this generalization is re

quired, for example, when nonperturbative string effects and/ or GS terms are included in 

the effective "tree" Lagrangian. It would also be useful to know the full one-loop correc

tions in the linear multiplet formulation. However, certain one loop-effects such as the soft 

supersymmetry breaking terms and the anomalous contributions to the Yang-Mills kinetic 

term, depend only on gauged-charged matter and Yang-Mills loops. In this case, with the 

dilaton appearing only as a background field, it is fairly straightforward [13, 14] to include 

the above-mentioned terms, and to generalize the results to the linear multiplet formulation 

for the dilaton. The A-terms for general supergravity without a GS term were calculated 
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in Section 3, and were found to be very sensitive to the details of the precise choice of the 

Pauli-Villars couplings, which in turn can be determined only with a detailed understanding 

of Planck-scale physics. 

String-derived supergravity is anomalous at the quantum level under perturbatively exact 

symmetries such as T-duality and U(1)x of the underlying string theory. When appropri

ate Green-Schwarz terms are included, the effective field theory should be invariant, up to 

nonperturbative string effects, at the quantum level. One could, for example, make the regu

lated tree Lagrangian fully modular invariant by including appropriate factors of the modular 

covariant Dedekind function 'TJ( iT) in the PV mass term W1 . These would be interpreted 

as threshold corrections from heavy string and Kaluza-Klein modes. However, string-loop 

calculations show that at least a part of the modular anomaly is canceled by a GS term; in 

particular, for orbifolds like Z3 and Z7 with noN= 2 supersymmetric twisted sector, there 

are no (modular noninvariant) threshold corrections [24] to the gauge kinetic term: b~ = 0 in 

(4.58). Moreover, cancellation of the U(1)x anomaly other than by a GS mechanism seems 

problematic. 

A part of the conformal anomaly can be directly inferred by replacing lnA2 in (2.2) by 

the real su perfield ln M 2 
( zi' zm)' where the lowest component M 2 ( zi' zm) = M 2 ( zi' zm) I 

is the PV squared mass matrix. Under a transformation that leaves the regulated tree 

Lagrangian invariant except for the PV mass terms, the shift in (2.2) is determined by [see 
(4.12)] M 2(Zi, zm) -t M 2(Zi, zm) = eH(Z)+H(z) M 2(Zi, zm), where H(Z) is a holomorphic 

function of the chiral fields. The supersymmetric anomalies associated with the F-term 

operators given in Section 2 are also F-terms which contain the associated chiral anomalies; 

the general form of these operators is given in Appendix 2. It has been conjectured [19] 

that all of these anomalies might be canceled entirely or in part, depending on the string 

threshold corrections in specific models, by the GS term included in (4.9). This would 

require a tree-level coupling of the dilaton to the chiral superfields cl>w, cl>a in (2.10), for 

example, inducing additional operators (and potential anomalies) at the one-loop level.. The 

D-term operators of Section 2 give rise to D-term anomalies, also displayed in Appendix 

A. In principle these could also be canceled by a tree-level coupling of the dilaton to real 

superfields such as those in (2.14) via aD-term of the form (2.13), again implying additional 

operators at one loop. One such D-term is the shift in the Kahler potential, (2.16). We have 
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shown that the regularization of this term can be made free of modular and U(l)x anomalies 

for supergravity from orbifold compactification with background twisted sector fields set to 

zero. It is not clear that this can be achieved with twisted sector fields in the background. 

The full set of anomalous operators contains additional terms that arise due to the fact 

that the PV masses are not constant; Dp,M =/= 0. Determining these requires keeping higher 

order terms in the derivative expansion (as in the calculation of soft terms in Section 3.3) 

and retaining total derivatives (like the Gauss-Bonnet term) in the coefficient of lnA2 • In 

addition it is necessary to verify the cancellation of linear divergences - or equivalently13 to 

show that (4.12) is satisfied by comparing that expression with with the anomaly calculated 

from L( <I>') - L( <I>). These issues will be addressed elsewhere. 
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Appendix 

A. Component expressions of general superfields operators 

After eliminating the auxiliary fields using their tree-level equations of motion [9]: 

F i = -e-Kf2A-i, 2RI -K/2A D -n = e l -X a= Va, (A.l) 

we obtain for the bosonic terms for the superfield operators introduced in Section 2.1: 

'DpTal = EpaTo + (amnE)pa Tmn, To = ~ vaTal' Tmn = f_~E~Tp,v, 
13However this procedure applied to modular and U(l)x anomalies will not insure, for example, the 

correct dilaton dependence of the Kahler metric. 
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1J0Tal -2Dm7i (e-K _AiAm + Vp.ziVp.zm) + 2x-1Va7i(Taz)i, 

Tp.v - [ (vp.ziV~.~zm- V~.~ziVp.zril.) Dm- iF;~.~(Taz)i] 7i, (A.2) 

where m, n are tangent space Lorentz indices, and a, {3 are spinor indices in the two

component spinor notation14 of [9]. For the bosonic parts of the F-terms of Section 2.1 

we obtain: 

[Va (v ziVpzm + e-K AiAm) + iV ziV zmFp.v] D-T~ 
X P P. v a- m t 

+Wab(Tbz)iJia + h.c., (A.3) 

L(T0T~)- LiiTi_Tj = (wab + Wab) (Taz)i(nz)i7iTj 

+ [~a ( VpiVPzril. + e-K Ai Am) + iVp.ziV~.~zm Ft!w] (Taz)i (TiDmTI + TiDmTl) 

- (vp.zmvp.zi + e-K Am .iii) (v~.~z'nvvzi + e-K An Ai) DmTiDnTj 

-VP.zivvz.m (vp.ziD~.~zn- 'Dp.znv~.~zi) DmTiDnTj + h.c.. (A.4) 

In section 4 we also introduced F-terms of the form 

L(T T')a = LiiT·T! 
' Ct J p (A.5) 

that is, they are they same as (A.4) except for the signs of two four-derivative terms. In 

addition we have, with Xp.v::;:: Kp.v 

L(6<I>w) ~ 1 d40~ wa.B-ywalh + h.c. 

1 . 
2VaW,B-y5vaw.B'Y5 + h.c. + fermwns 

L 1 p.v 1 2 1 X xp.v 1.' • • 6 GB + :t p.vr -
12 

r , + 
12 

p.v + 1erm10ns. (A.6) 

Up to terms that vanish on shell due to the graviton tree-level equations of motion, we have 

the identity [see (2.23)-(2.25) of [10]] 

~ (3r rp.v - r2 ) = 3L - ~ L - 2._ X Xp.v (A. 7) 12 IW X 3 a 12 p.v ' 
----------------~~---------

14The component field expressions use the metric YJLv = diag( +- --), the opposite of the metric of [9]. 
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and we obtain 

~Lx +LaB= 1
1
2 I d40~ ( wa,B-yWa,B-y- ~XaX0) + h.c .. 

For the D-terms we obtain 

L(</>wT) = (xFP~aF~~'D,_,zi'[)P.zm +4e-KV.AiAm 

+2iV ziV zmva Fll-"' + 2VV ziVP zm + ) ~·-p. v a p zm, 

L(T:) - e-K ( AVp.zi'[)P.zJ + ~Va(Taz)i.Ai) tii 

+e-K (e-K AAiAi- ~jiWAi) tii . 

- (vp.zmvp.zi + e-K Am _Ai) Dm(e-K _Aitii) 
K k . -· +e- 'Dp.z VP.zzA3 (Dktii- Ditik), 

e-Kf2tij, w(1ii) = w(tii) - 2 = 2, 

(vp.zmV,_,ziVp.znV'-'zi + e-2K Am _AiAn_Ai 

(A.8) 

(A.9) 

(A.10) 

(A.ll) 

In the fully regulated Lagrangian, lnA2 in (2.2) is replaced by the real superfield In M 2 (Zi,.zm), 
where the lowest component M 2 (zi' zm) = M 2 (Zi' zm) I is the PV squared mass matrix. Un

der a transformation that leaves the regulated tree Lagrangian invariant except for the PV 
mass terms: M 2 (Zi,zm)-+ eH(Z)+H(Z)M2 (Zi,zm), where H(Z) is a holomorphic function 

ofthe chiral fields, the full anomaly associated with the one-loop generated F -term operators 

given in Section 2 can be expressed in term of supersymmetric field operators of the form 

( , ) 1 I 4nE a , ( ) L T, T , H "2 d u RT T0 H Z + h.c. 

~H(z)VaT{JVaT,B + h.c. + fermions 

- -2ReHT0T~ - ReHT~,_,TP."' - ImHT~,_,TP."' + fermions 

-2ReHL(T, T')- ImHT~,_,Tp.v + fermions, (A.12) 

where L(T, T', 1) = -~L(T0T~) is defined by (A.4), and 

ReH (~Lx +LaB)+ lmH~; = 1
1
2 I d40~H(Z) ( wa.B-ywa,B-y- ~XaXa) + h.c .. (A.13) 
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The chiral anomalies in the above expressions arise from the standard· nonlocal operators 

generated by fermion loops. For the D-terms operators of Section 2, the corresponding 

anomalies are also D-terms: 

L(¢>, H)= J d4fJE¢>H + h.c .. (A.14) 

In addition there are contributions from terms involving derivatives of the Pauli-Villars 

masses that do not grow with the cut-off and were not included in Section 2. 

B. Modifications of the Z 1 , Yj contributions 

The fields Z~ play the same role as Zf in I. However, if we were to use the Kahler potentials 

Kz, KY adopted in I, we would have for the covariant derivatives of the gauge kinetic function 

f(z) = s: 

(B.l) 

which would generate unwanted contributions from Zf-loops. The effect of the Ji-dependent 

terms in Kz is to eliminate these contributions; their presence in turn requires compensating 

modifications of KY and KY. In this appendix we calculate the modifications with respect 

to I of the Z 1 , YI loop contributions. 

Denoting by a tilde quantities derived from the Kahler potentials K!·Y in (3.3) with 

fi = 0, that is 

(B.2) 

we have 

(B.3) 

In I we found 

(Lf +Lf)1 - -£3- ~e-K (AulC}+h.c.) 

--. -2- [Va(Taz)i£[ + iVI-'zm(Taz)iKimL~a + h.c.] 
xy'g 

+4~vLI + 12~M2L1 + 8~vL1, (B.4) 
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where the subscript I denotes the Lagrangian with f = constant. We have 

Ai.Ci Ai£} + xWA, AvL = AvLI7 tl.M2L = tl.M2L1, 

_1_ rp.a 1 .Cp.a OvXFap.v OvYF-ap.v 
'""' --I+- +- ' 

x.j§ x.j§ x x 
(B.5) 

and, from the results in (B.18) and (B.20) of [12], 

--
2
- [Va(Taz)i £i + h.c.] + Btl.nL = --

2
- [va(Taz)i .C{ + h.c.] 

xy'g xy'g 

+Btl.nLI- 2°;xvaKjm [VP.zi(Taz)m + (Taz)iVP..zm] + 32M2V 

-4i
0
;; va [Kim,(Taz)i'Dp.zm- h.c.] +! V [8p.x81Lx + 8p.y81Ly] 

+total derivative. (B.6) 

Combining these results, we obtain 

Lf + Li = (Lf + Li) 
1 

+ 2xM2 (w + w)- ~L(~~), 
where we used (C.76) of [12]. 

Writing 

K k+G, k = -ln(s+s), ki = -/i/2x2
, 

(B.7) 

(B.8) 

the effect of the /i-dependent terms in Kz is to eliminate the contributions to Ku with 

I J = LS, SL, L =f. S (note that Kss = Kss = Kss = 0). Since 

A - IJ A A [J 
KuK = -KuK , (B.9) 

we simply need to subtract the terms quadratic in Ku in products of KIJ and its derivatives. 

We have 

K·k· + K·k·- 2k·k· J ~ J ~ ~ ]l 

(B.10) 
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where k; = kim km; projects out s-components. Then using 

we obtain 

kikm, kii = kik;, D;ki = -kik;, kiAi =A, k{A; = kiA, 

ksA, Ask = ksAk - kskkA, ki Aii = A; - k;A, 

~ ~ k 
- KuA- fuAk = -A;ki- Aiki + 2Akik;, 

8mf~J = c5fk;m + ojkim + kf K;m + kjKim- 4kfk;m, 

and (with ko:, etc., defined as in (2.8), (2.14)] 

R /3 Ro:I J - R-/J R-o:I J + 8ko:/3 (k K ) IJk/J o:- IJk/J o: o:/J- o:/3 ' 
- I o:J ""' - - I o:J - ~ o: ~ 
AuR o: = AuRAIJR o: + 4Ak ko:. 

(B.ll) 

(B.12) 

(B.13) 

Then from the expression for L3 given by Eqs. (2.13), (2.20), (A.10) and (A.ll) (or explicitly 

in (2.27) of I], we obtain, with TJf = -1, 

8~-'s8~-'s8vs8"'s ~K--V iV -map. av-- 8M4 
2 4 + 2 tm p.Z vZ S S 

X X 
~ 8 s8"'s e-K . -

-12M2V- 2M2 ~-' x 2 + 2--;- (v~-'zt8~-'sAiA + h.c.) 

+ ( a~~-;::s + h.c.) (v + M 2
)- 4e-KVp.ziVp.zm A)lm 

+2e_Ka:x [v~-'zi (Ai;Ai- 3AiA) + h.c.]- 4V2 

+8M2V + 2e-K (AAi;Vp.ziV~-'zi- Ai;Ai AiA + h.c.}. 

As noted in I, the derivatives of the metric defined by 

KpqyPyQ = L KiJyiyJ- a L (YiY0~i + h.c.) + IYol2 (1 + a2~i~i), 
I,J=i,j I=i 

are most easily easily evaluated in terms of the derivatives of the inverse metric 

PQ - '"' ( 2 ) - I J '"' ( - I 0 ) 2 K YpYq= ~ Ki3 +a ~i~J Y Y +a~ Y Y ~i+h.c. +IYol. 
I,J=i,j l=i 
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One finds for the elements of the affine connection 

ro - aKima ,. Ik-- m'"k' 

r r ri 2Kim 8 Jk - - .ik -a "-i m"-k, (B.17) 

It follows immediately that r~a = f'~a' so there are no changes to H'f, Lr. ForK¥ we have 

"-i = Ki - ki, (Ta)~r~a = (Ta)~f'~a' and 

Dr(Tay)J 

Do(Tay)J 

R8im 

Rfkm 

with the result that for P, Q = Y, 

Dp(Tay)Q DQ(Tay)P 

Dp(Tay)QR~km 

and the modifications to L[ are determined by 

R P RQ -Qkm Pjn -

where Rk~;n is the Riemann tensor derived from k. 

(B.18) 

(B.19) 

(B.20) 

The Kahler metric for Y8 , Yo has Kim~ kim and "-i = ki, and is the same as theY-metric 

in I, with the Kahler potential K(z, z) ~ k(s, s) and a= 1. Since (rY:)~a =Sa, and VaS.BI 
has no bosonic terms we need only consider 

(B.21) 

Since I:a 1]~ = -1, (B.21) gives a total contribution equal to -10L,B to Lf, (3.18), but a 

portion -4L.B of this is included in /3' L.B. Using (2.25) of I to evaluate the contribution from 
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(B.20), with a2 --+ a= -2, a4 --+ a'= +2, we obtain a net contribution: 

A£Y 3a,.,s8~-"savsavs- _3_K·- v iv -map, av-
~ 1 = 4X4 X 2 zm ,_,z vZ . S S 

a a,.,- -K 
+(3M2 - v) ,.,:2 s + 2e X (v,.,ia~'sAiA + h.c.) 

-4M2 Kim.V,_,ziV~-tzm.- 4M2 (3M2 + 2V)- 6Lp, 

and 

_ 4M2K· _ V iV~-t -m 8,.,s8~-" savs8
11 
s _ 4VA 2 

zm ,.,z z + 4x4 

-2oM2 (M2 + v) + (M2
- v) a,.,:~~~s 

· (8~-"sa,_,s )(A 2) K · - -+ 
2
x

2
_ + h.c. V + M - 4e- V,_,zzV~'zm AiAm. 

+8M2V + 2e-K (AAiiV,_,ziV~&zi- Aii_Ai .JiA + h.c.) 

K 8~-"x [ · ( - · -) ] +2e- ---;;;- V,.,zz AiAJ - AiA + h.c. - 6£13. 

Using the relations [see (B.18) of [12]] 

+8M2 (v +3M2
- v) + 2xM2 (w + w) 

+4e-KV1LziV,.,zm.(AiAm. + Kim.AA), 

28,., [e-Ka:x (AiAi- 2AA) l 
2e-Ka:x [v,.,i (Aii.Ai- AiA) + h.c.] 

+2 (v + M 2) (v:x _ a~':~,.,x) 

2e-Ka:x [v,.,i (Aii.Ai- AiA) + h.c.] 

+ (v + M 2
) (

8
";:;s- x~fi£i + xW + h.c.) 

+4 (v2 + M 2v) - (v + M 2
) 
8":~"8 , 
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(B.23) 



-K0Jjx ( i - ) 2e ---;-- 'DJjz AiA + h.c. 

-2M2V + V2 + 4M2V + 6M4
, 

and dropping total derivatives we get 

L1 (Li + Li) = )g { C; [ ~ (V+ M2
) + 2e-K A,A] +h.c.} 

-8/lLM2 - 2LfJ + 2xV (w + w). 

Combining (B.25) with (B.7) gives the result in (3.18), with 

Lp = 

In addition we have, using kiWi = 0, 

Az A-IJ 
IJ z 

AZa,Ya 
IJ 

-10 
A~~ 

Za,Ya 

AzyA-PQ 
PQ ZY 

AfJA~ - AisAis = Aij;(ii - 2 (AiAi - AA) 

Aij;(ii- 2eK (v +2M2), 

At5f, A!!~ = 8~A + a2 eK (K-- k·) (iii- kiA) 
• Za,Ya J 0< J J ' 

a~ (A-i _ kiA-) 
7 

AZa,Ya KW: ~ 10- = aae i, 

-zy-=-PQ 2 - zy -pq 2 -
2ApqAzy- 2aaAA, ApqA-zy- = 2caAA, 

(B.24) 

(B.25) 

(B.26) 

(B.27) 

giving the result in (3.16). Note that the overall normalization of A~g differs from that15 

used in I for A~~-
Finally, there is a contribution from the diagonal part f 8ab of the gauge kinetic function 

Jab: 

-:-1o _ -i fzy- haf, 
--------------------------~ 

15There are extraneous factors of eK and Win the last term of the expression for A~:.Ya in I. 
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f z¥1-PQ 
PQ ZY 

Azy 
kiQ 

Azy 
k/0 

Azy 
kiJ 

f
-PQAz¥ 
ZY kPQ 

2 -i _ 2 2 -pQ z¥ _ -s _ 
- 2h0 } fi- Bx h0 , fzyAPQ- 2ho.co.f k8A- -4xA, 

D Azy a Azy rl Azy (ry)P Az¥ k IQ = k IQ - ki LQ - kQ IP 

-'a (1 + a2
) kikkA = -2kikkA, 

Ak + a2kk = (Ak + kkA), 

-4xho.co. (Ak- kkA). 

Then the scalar mass-matrix element Hffi~ takes the form [12] 

ZY K ( . -k -) 1 
HPQ e- APQkA - APQA + 2JPQW, 

HtgHi~ -2xho.co. (v + M 2
) (w + W) + 2x2h!WW 

+···, 

(B.28) 

(B.29) 

where the dots represent contributions independent of W that have already been included. 

Together with the results given in Appendix B of I, we obtain the contribution (3.17). 

C. Parameter constraints 

Defining 

/3 = L r( /3c, a= 2 L r( f3cac, (C.l) 
c c 

if /3 = -Na- f and/or a =j:. 0 there are additional contributions to the logarithmic diver

gences: 
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(C.3) 

that are not generated by any other contribution, requiring a = (3 = 0. 

D. The untwisted sector in orbifold compactifications 

Here we give explicitly the relations needed for modular covariant (K~v = Kpv, W~ = 

e-FW2 ) regularization of the theory defined by (4.41). Under the modular transformation 

( 4.43) we have 

K' p 

W' p 

N: (Kq + Fq), K;m = N:N!Kqn, 

Nn Nm [KNM - ~ (Fi cUl + Fi G(i) + Fi Fi)l pq L...J nm mn mn' 
#j 

e-FN;N'; [wmn- L (F~Wm=ia + F~Wn=(aj)- F~F~w)] 
#j 

e-FN: (Wq- FqW). (D.1) 

The operators that determine scalar curvature dependent quadratic divergences and the 

logarithmically divergent contributions L1,2 are: 

N-G rparq - (N- + 1) Ga G(i) + G~PaG~ q a, q pa - (i} a q pa' 

c<il 
Q 

_! (V·V0 - 8R) V G(i) QP = _! (V·V0 - 8R) (G(i)1) ZP) fl. · 8 Q Q l QO! 8 0! q 0! Zp,Zq l 

n + 2, r~Q(Ta)~ = E TtG~) + G~, 1ia = L(Ta)~~· (D.2) 
b 

The corresponding operators from zP, pi= s, are 

(r.z)~Q (r.z)~a = r~ar~Q + (2a
2 + a4

) (G(i)G~) + (;~a(;~a)- 2 (a2 + a4
) GpaZ~, 

G = _! (v-va- 8R) G V G(i)f1. · pa 
8 

0! p 0! Zp,Zl 

(r.z);a = r~a' (r.z)~a (Ta)~ = r{a(Ta)j + a2G~, (D.3) 
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and the metric derivatives for Yp, P =J S, are related to these by (r¥)~a =- (r.z)~a· The 

derivatives for X'= Z, Yare now related to those for X= Z, Y by 

(rx, )~a (rx, )~a = (rx)~a (rx)~(t + N {1 ± 2) aaaa, 
p p -

(rx')Pa =- (rx)Pa + NGa, 

(rx, )~a (Ta)S = (rx )~a (Ta)S ± Xa TrTa. (D.4) 

The divergences from matter loops are canceled loops from Z 1 , Y[ and if>(NI), N = 0, P = 

0, T, A = 1, · · ·, n : 

'""r<NI}etr(MI) - N-cac 
L..J (MI} (NI)a - a, (D.5) 

I 

with additional contributions that require a modification of the constraints on the parameters 

a', /3', CI, as in Section 4.1, with N ~ 3N in (4.35). When an anomalous U(1) is present we 

require that some q>c carry U(1) charge so as to cancel the last term in (D.4), as described 

in Section 5.2. 

E. Errata 

Here we list additional corrections to [12] that involve dilaton couplings, and were not re

ported in I. 

1. The second line of the RHS of the expression (C.48) for TrY2 should read 

+ X
4
PiPi [(Fa F,ILV)2 +(Fa F,JLv) 2 _(Fa FILv) 2 _ (Fa pp,v) 2

] 8 JLV b /-IV b JLV a JLV a ' 

2. A contribution is missing from Tj+G in (C.59), namely 

T ga _[LA _]a(MILv)a [LA ]a (M·_p,v)a ( ) _ Op,XOvYDaFp,v 
3 - p,v, m a a - p,v, m a a + a B a - X2 a . 

3. There is a term missing from the expression (C.43), namely a contribtion 

_ 3op,XOvY va Fa 
x2 p,v 

involving the graviton-gaugino connection in 2 (.DILm): (b!Lm);. 

44 



4. The sign of the first term on the RHS in the expression for Ti9 in (C.44) is incorrect. 

5. A contribution to Tg+G is missing from (C.59), namely 

r,ga = 81-'xOvY va pa 
3 x2 p,v· 

6. As noted in I, there are errors in the coefficients of M 2'D in the traces given in Appendix 

C. For the string dilaton case considered here the changes with respect to the canoncial 

gauge kinetic energy case considered in I are: -18 in ~STrH~, Eq. (C.36); -14 in 

~Tr (Hf-9 )
2

, Eq. (C.41); +2 in -Tf9 , Eq. (C.44); +58 in ~STrH~9 , Eq. (C.47); +52 

in ~STrH~9 , Eq. (C.62). 
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