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ABSTRACT OF THE DISSERTATION

Rational function progressions
and

the density versions of the Diophantine equations

by

Zi Li Lim
Doctor of Philosophy in Mathematics
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Professor Terence Chi-Shen Tao, Chair

In this thesis, we discuss Szemerédi type theorems for three term rational function progres-
sions and two dimensional rational function corners. Moreover, we also consider the density
versions of some Diophantine equations over finite fields, cyclic rings and primes. The meth-
ods and techniques in number theory and additive combinatorics for these two topics are

presented in this dissertation.
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CHAPTER 1

Introduction

1.1 Introduction

In combinatorics, one often asks when a specific pattern can be found in a given set, mean-
while, in number theory, one often asks when a particular equation can be solved. It is
extremely unlikely that there is a simple and clean solution to these questions, and our best
guess would probably be when there is no obvious obstruction and there are sufficient “oppor-
tunities", then the desired combinatorial or arithmetic structures would occur. This guess
would suggest that the desired combinatorial patterns can be found in a given set, when the
given set is sufficiently dense in the ambient space. Similarly, perhaps we can expect that
an equation is solvable, when there are sufficiently many variables in the equation. These

bold speculations, although imperfect, could be quite insightful while formulated properly.

For instance, Szemerédi’s theorem [Sze75| states that any subset of the positive integers
N with positive upper density contains arbitrarily long arithmetic progressions. (Recall that
for a subset A of the positive integers N, the upper density of A is defined to be

lim sup m
N—oo N

where [N] denotes the first N positive integers {1,2,..., N}.) Here, the desired combinatorial
patterns, which are arithmetic progressions, can be found in a given subset as long as the
given subset is sufficiently dense to occupy a positive proportion of the ambient space N.
Another example, coming from number theory, is Hardy and Littlewood’s result [HL22| on

Waring’s problem: let k£ > 2 be an integer, then any sufficiently large integers can be written

1



as a sum of (k —2)2*~! + 5 many k-powers. In other words, the equation
N=of+a2f+ . +aF (1.1.1)

is solvable over positive integers when s > (k — 2)2%~! + 5 and N is sufficiently large. Here,
despite the highly nonlinear nature of the equation (1.1.1), the solutions still exist as long

as there are sufficiently many variables in the equation.

If we are being optimistic, then we probably would believe that an arithmetic progression
is not the only combinatorial pattern that can be found in a subset of the positive integers
with positive upper density. After all, what is to prevent other combinatorial patterns, rang-
ing from complicated algebraic configurations to sophisticated geometric figures, to occur?
In the same spirit, we might believe that the equation (1.1.1) is solvable over primes, or any
reasonably dense subsets of the positive integers. Influenced by this line of thoughts, the

main topics of this thesis are

e finding nonlinear combinatorial patterns that involve rational functions

e solving Waring/Fermat type equations over sufficiently dense subsets

1.2 Rational function progressions

Szemerédi’s theorem [Sze75| reveals the existence of linear patterns—arithmetic progressions
in dense subsets of the positive integers. It turns out that nonlinear patterns are also captured
by the dense subsets of the positive integers; Bergelson and Leibman [BL96| proved the

following polynomial version of Szemerédi’s theorem.

Theorem 1.2.1 (Bergelson—Leibman). Let Py, Py, ..., P, € Z[t] be polynomials with zero

constant terms, and A be a subset of the positive integers N with positive upper density.

Then, there exist x,y € Z with y # 0 such that

x, x—{—Pl(y), x—I—Pg(y),..., x—l—Pk(y) c A.



The Bergelson—Leibman theorem can be regarded as a nonlinear generalization of Sze-
merédi’s theorem, since one can recover Szemerédi’s theorem by setting Pi, Ps, ..., P, in
Theorem 1.2.1 to be linear polynomials ¢,2t, ..., kt (the condition y # 0 in Theorem 1.2.1
corresponds to the nonzero common differences of the arithmetic progressions). The config-
urations z,x + Py(y),z + P2(y), ...,z + Px(y) are called polynomial progressions, since the
shifts of these combinatorial patterns are determined by polynomials. As a remark, the zero
constant term assumption in Theorem 1.2.1 eliminates congruence obstructions—the set 3N
does not contain any polynomial progressions z, z + y? + 1 since y* + 1 is not divisible by 3

for any y, but the upper density of 3N is 1/3.

The Bergelson-Leibman theorem hints that there are far more nonlinear patterns that
can be found in dense subsets of the positive integers. A natural next step would be extending
polynomial shifts to rational function shifts. To consider rational function progressions, it is
best to formulate the problem in the finite field setting, since one can freely divide nonzero
elements in finite fields as opposed to the integer setting. Bourgain and Chang [BC17]
initiated the research on rational function progressions, proving the following Szemerédi

type theorem for the progressions x,z + y,x + 1/y.

Theorem 1.2.2 (Bourgain-Chang). Let p be a prime, and A be a subset of F,,. Then, the

following asymptotic formula is true.

1 A3
#{(x,y) EIFZ:@/#O and:v,x+y,x+§ EA} = %4_0(]02/5’,4‘3/2)

The main term in the Bourgain—Chang theorem has a heuristic interpretation. There
are p® many progressions z, z + y,x + 1/y since these progressions are parametrized by two
variables z,y. The probability that x is in A is |A|/p. Similarly, the probability that x +y is
in A and the probability that z + 1/y is in A are also |A|/p. Heuristically, these events are
almost independent since y and 1/y probably behave quite differently, hence one might expect
that the probability that z,z +y,x + 1/y are all in A is roughly (|A|/p)3. Thus, the number

of the progressions x,x + y,x + 1/y that are in A is approximately p*(|A|/p)® = |A|?/p.

3



In the Bourgain—Chang theorem, the main term dominates the error term when |A| >
Cp'~Y' for some suitable constant C' > 0. Hence, the progressions z,z +y,x + 1/y can be

_1/15, not just the subsets

found even in the subsets that have exponentially small density p
with a fixed positive density. (A stronger result on density is in fact a new feature of finite

fields setting, compared to the original integer setting.)

Bourgain and Chang proposed this question: is there an asymptotic formula for general
three term rational function progressions x, z+ F(y), z+G(y), where F, G € Q(t) are rational
functions satisfying suitable linear independence conditions? Hong and the author answer

this question in the affirmative, by proving the following theorem in [HL25]|.

Theorem 1.2.3. Let F(t),G(t) € Q(t) be rational functions over Q such that F(t), G(t)
and the constant function 1 are linearly independent over Q. Let p be a prime, and A be a

subset of IF,. Then, the following asymptotic formula is true.

#{(z,y) € F> : y is not a pole of F or G, and z,x + F(y),x + G(y) € A}

|AJ? 2/5) 413/2
:7+0F,G(p |AJ7/=)

Remark 1.2.4. In this thesis, we will frequently need to evaluate a Q-coeflicients rational
function over F,. Here, we use the natural interpretation. Let F(t) € Q(t) be a rational
function and write F'(t) = a(t)/b(t) with a(t),b(t) € Z[t] and ged(a(t),b(t)) = 1. For any
y € F, such that b(y) # 0, define F'(y) = a(y) - (b(y))_l where (b(y))

"is the multiplicative

inverse of b(y) in F.

Hong and the author in fact prove a functional version of Theorem 1.2.3. To state the
results, we introduce some notation first. In this thesis, when there are rational functions
involved, the notation E will be interpreted as averaging excluding the poles of the rational

functions being averaged. For example, if F(t),G(t) € Q(t) are rational functions and



fo, 1, f2 : F, — C are functions, then
Eoyfo(x) fi(z+F(y) f2(z+G(y)) = % > folx) filz+F(y)) fa(x+G(y)).
z,y€F, and y#poles of F or G

The notation ||-||2 is the L?*-norm with respect to the uniform probability measure on F,,

that is, | flls = (2 X ,er, [F(2)2)"%

Theorem 1.2.5. Let F(t),G(t) € Q(t) be rational functions over Q such that F(t),G(t)
and the constant function 1 are linearly independent over Q. Then, we have the asymptotic

formula

Eoyfo(x) [1(z + F(y)) f2(z + G(y HE fi(2) + Ora (0"l follall frllal1 £21]2)

for all functions fo, fi1, fo : F, — C.

Specializing to fy = fi = fo = 14, where 14 is the characteristic function of a subset
A, Theorem 1.2.5 (functional version) recovers Theorem 1.2.3 (set theoretic version). As a
remark, Bourgain and Chang also proved the functional version of the asymptotic formula

for the progressions x,x + y,z + 1/y, and also for the progressions z,x + y, z + y*.

Aside from being a generalization of Bourgain and Chang’s results, Theorem 1.2.5 can
also be viewed as a generalization of Peluse’s results |[Pell18| and Dong, Li and Sawin’s results

[DLS20]| on three term polynomial progressions in finite fields.

As aremark, in Theorem 1.2.5, the linear independence assumption for F'(t), G(t) and the
constant function 1 is reasonably natural; it includes the case that I, G are linearly indepen-
dent polynomials with zero constant terms. This assumption also includes the formulation of
the question of three term rational function progressions in Peluse’s survey [Pel23, Question
3.13]. In fact, the linear independence assumption is necessary for the asymptotic formula
to be valid. In the linear dependence case, the asymptotic formula is no longer true, but one
can still formulate different statements for Szemerédi type theorems, however, this aspect

will not be discussed in this thesis.



1.3 Rational function corners

It turns out that Szemerédi type phenomena occur not just in the one dimensional world.
Furstenberg and Katznelson [FK78| generalized Szemerédi’s theorem to the multidimensional

setting.

Theorem 1.3.1 (Furstenberg—Katznelson). Letd > 1 and S be a finite subset of Z%. Then,
any subset of N¢ with positive upper density contains a homothetic copy of S, i.e., v+a-S

where v € Z% and a € 7.\ {0}.

By setting d = 1 and S = {1,2,...,k}, Theorem 1.3.1 recovers Szemerédi’s theorem on
arithmetic progressions. Theorem 1.3.1 applies to a wide range of combinatorial patterns,
since S can be any finite set, that is, one can even be creative and choose S to be an extremely

sophisticated geometric configuration that consists of 1 billion points!

In the same spirit of the question of Bourgain and Chang regarding rational function
progressions, one can pursue finding multidimensional configurations that involve rational
functions. Among the infinitely rich class of multidimensional configurations, the first can-
didate to be considered would be two dimensional corners. To be more precise, a two

dimensional corner is a three point configuration given by

(21, 22), (21 +y,22), (21,22 +Y)

for some x1,x2,y. The reason why two dimensional corners can serve as a first nontrivial
example is that they are closely connected to three term arithmetic progressions. We would
like to consider two dimensional rational function corners, i.e., the three point configurations
given by

(@1, 22), (21 + F(y),22), (21,22 + G(y))

where F, G are rational functions. Intuitively, these configurations are corners with side

length determined by rational functions in a highly nonlinear fashion.



The author proves an asymptotic formula for two dimensional rational function corners

in [Lim25b].

Theorem 1.3.2. Let F(t),G(t) € Q(t) be rational functions over Q such that F(t),G(t)
and the constant function 1 are linearly independent over Q. Then we have the asymptotic

formula

E  fo(r1,m2) fi(21 + F(y), z2) fa(z1, 22 + G(y))

z1,72,Y

= E (fo(xh@)Igfl(%@)]%fﬂfl,b)) +OF,G(p_m)

Z1,T2

for all 1-bounded functions fo, fi, fo : ]F‘f7 — C.

Remark 1.3.3. We have not attempted to optimize the power-saving exponent 1/40960. The

precise numerical value of the power-saving exponent can be ignored for a first reading.

Just like the one dimensional case, Theorem 1.3.2 can imply a set theoretic result on two
dimensional rational function corners (but it is more complicated to state though). To see

this, let fo, f1, fo be the characteristic function 14 for some subset A C Ff,, and note that

E <1A(x1,x2)]§,1A(a,x2)IbE1A(m1,b)> > ( E 1A($17$2)>3

1,22 1,22
by the pigeonhole principle (see [HLY21, Lemma 3.1] for details). This leads to the following

set theoretic version of Theorem 1.3.2.

Theorem 1.3.4. Let F(t),G(t) € Q(t) be rational functions such that F(t), G(t) and the
constant function 1 are linearly independent over Q. There exist constants c1,c2 > 0 (at most
depending on F,G) such that if p is a prime and A is a subset ofIFI% with |A| > ¢p?~ /122880,
then

(1, 29,y) € IF]?; :y is not a pole of F or G,

and ($1,LL’2), (Il + F(y)7 132)7 (xlva + G(y)) S A
Kl

Z Co—5
p3



Theorem 1.3.2 generalizes Han, Lacey and Yang’s [HLY21| results and Kuca’s results
[Kuc24b], [Kuc24a| on two dimensional polynomial corners in finite fields. Also, Theorem
1.3.2 can be viewed as a generalization of Theorem 1.2.5, thanks to the close connections
between two dimensional rational function corners and one dimensional three term rational
function progressions. To see this, let g, 91,92 : F, — C be 1-bounded functions, and
define f; : IF]% — C by setting fi(z1,x2) = gi(x1 + x2) for i = 0,1,2. Then, we have

E  fo(z1,22) fi(w1 + F(y), z2) fa(z1, 72 + G(Yy))

Z1,22,Y

= E go(@1 +x2)g1(z1 + F(y) + x2)g2(21 + 22 + G(y))

1,22,y

= E’go(x)gl(m + F(y))g2(x + G(y)),

meanwhile

E (foler22) Efila.22)E fo(w1,0)) = E (g0(a1 +22) Elg1] Elge] ) = Elgo] Elon] Elge)

x1,2T2 Z1,T2

1.4 The density version of the Waring—Goldbach problem

Now, we turn our attention from finding combinatorial structures to finding arithmetic struc-

tures. The following famous theorem in analytic number theory is due to Vinogradov [Vin37|.

Theorem 1.4.1 (Vinogradov). Any sufficiently large odd integers can be written as a sum

of three primes.

If we take the viewpoint of Szemerédi type theorems, then we would believe that the
informal reason why Vinogradov’s three primes theorem is true is that primes are sufficiently
dense in the integers so that it is impossible to exclude the desired additive patterns. This
heuristic would suggest that Vinogradov’s theorem is not only true for primes, but also any
sufficiently dense subsets of the primes. This is where things get interesting and subtle, since

positive density is no longer enough unlike the Szemerédi type theorems. To be more precise,

8



let

A= {p:pisaprime and p = 1 mod 3}

then A consists of 50% of the primes by Dirichlet’s theorem on primes in arithmetic pro-
gressions. However, any odd integer that is not divisible by 3 cannot be represented as a
sum of three primes in A, due to the congruence obstruction. Perhaps this is an interesting
twist in the story; one has to be more careful with the density threshold in the formulation
of the density version of Vinogradov’s three primes theorem. This rather mysterious den-
sity threshold was determined by Shao [Shal4|. Before stating Shao’s results, we recall the
definition of relative lower density. Denote the set of all prime numbers by P. Let A be a
subset of primes, the relative lower density dp(A) is defined to be

o JANN]
op(A) = liminf 5=

Theorem 1.4.2 (Shao). Let A be a subset of the primes with relative lower density op(A) >

5/8. Then, any sufficiently large odd integer can be written as a sum of three primes in A.

Moreover, the density threshold 5/8 is sharp. Let
B={peP:p=1,2,4,7,13 mod 15}

then B has relative density 5/8, but any integer that is 14 mod 15 cannot be written as a

sum of three primes in B.

Prior to Shao’s results, Li and Pan [LP10] obtained a density version of Vinogradov’s
three primes theorem with a density threshold 2/3. Following Li and Pan’s work and Shao’s
work, a lot of research has been done in understanding the density version of the Waring—
Goldbach problem [Gao25|, |Zha25]|, [Tan25| and Waring’s problem [Sal21]|, however, the

sharp density thresholds remain unknown.

In [Lim25al, the author obtains some new improvements on the density version of the

quadratic Waring—Goldbach problem, i.e., the problem of representing large integers by sums

9



of squares of primes in dense subsets. For any integer s > 5, define

(59

7

L if s = 6

8 I s

3

ST e cs<19
4s

1 if s > 13

L2 5

Theorem 1.4.3. Let s > 5 be an integer, and A be a subset of primes with relative
lower density ép(A) > \/Ds. Then, for all sufficiently large integers y that are congruent to
s mod 24, there exist primes pi,pa, ...,ps € A such that y = p? + p3 + ... + p*.

Remark 1.4.4. The congruence condition in Theorem 1.4.3 is necessary, since the square of

any prime greater than 3 is congruent to 1 mod 24.

For comparison, Gao [Gao25| proved a density theorem for the quadratic Waring—Goldbach
problem for s > 44 and density threshold 3/4, and Zhao [Zha25| improved the result to s > 8
and density threshold y/1 — min{s, 16}/32. The density thresholds y/D; given by Theorem

1.4.3 improve upon previous records when s > 6. However, when s = 5, our density thresh-
old is not as good as the density threshold \/4/_5 obtained by Tan [Tan25]. (We still include
the computations for Theorem 1.4.3 when s = 5 to demonstrate the method.) The table
below is a detailed numerical comparison between the density thresholds in Theorem 1.4.3

and the previous records.

10



Comparison of Theorem 1.4.3 and previous record
S VD, Previous record S Vv Dy Previous record
5 | 4/33 ~0.9916 \/é ~ 0.8944 11 &~ 0.7385 % ~ 0.8101
6 % ~ 0.9354 | unknown previously 12 % ~ 0.7217 g ~ 0.7906
7 % ~ 0.8660 | unknown previously 13 % ~ 0.7071 ;—g ~ 0.7706
8 3; ~ 0.8101 % ~ 0.8660 14 % ~ 0.7071 % ~ 0.7500
9 | \/15 = 0.7817 2~ 0.8478 15 5~ 0.7071 5~ 0.7289
10 % ~ (0.7583 % ~ (0.8292 > 16 % ~ 0.7071 % ~ 0.7071

Table 1.1: Comparison of Theorem 1.4.3 and previous record

(In the table above, the previous records are obtained by Zhao when s > 8 and by Tan

when s = 5.)

1.5 The density version of Waring’s problem over cyclic rings

The density thresholds in Theorem 1.4.3 are not optimal. One of the reasons why obtaining
sharp density thresholds in the density version of the Waring—Goldbach problem and War-
ing’s problem is difficult is the complicated congruence obstruction, as shown by the extremal

example in Shao’s theorem. Perhaps a classical philosophy in number theory would suggest
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that we should consider the density version of the local problems before solving the density
version of the global problems. In the density version of the local problems, the congruence

obstructions disappear and we can focus on other essential difficulties of the problems.

The author obtains a sharp density theorem for quadratic Waring’s problem over cyclic
rings in [Lim25a|. Informally, it gives a density threshold of 1/s of the Waring problem for
sums of s squares in a cyclic ring, provided that the order of the ring is not divisible by

small primes, and s is at least 5. For any positive integer W, denote the squares in Z/W by

(Z/W)®.

Theorem 1.5.1. Let s > 5 be an integer and 6 € (1/s,1]. There exists a constant M(s,0)
depending only on s and 0 such that the following holds.

Suppose W = [[,pi" is an integer with p; > M(s,0) for all i, and A is a subset of
the squares in Z/W with relative density greater than or equal to 0, i.e. |A| = 0|(Z/W)3)|.
Then, for ally € Z/W, there exist x1, T3, ...,xs € A such that y = x1+x9+...+x,. Moreover,

one has the following quantitative estimate
{(21, 29, ..., x5) € A* iy =21 + 20 + ... + 2} = (s, )W (Z/W)PD)|?
for some constant c(s,0) > 0 depending only on s and 6.

Remark 1.5.2. For Theorem 1.5.1, it is necessary to exclude small prime divisors. Let W be
an integer coprime to 3, and A = {x € (Z/3W)® : 2 = 0 mod 3}, then the relative density

of Ais 1/2, but the s-fold sumset of A can only contain the elements congruent to 0 mod 3.

It might be worth to point out that the squares in Z/W are fairly sparse. Suppose
W =[] <, pi is a product of r distinct odd primes, then the absolute density of (Z/W)®@
in the ambient space Z/W is at most [[,,..(p: +1)/(2p;) < (2/3)", which tends to zero
when 7 — co. Hence, a subset of (Z/W)® with relative density greater than 1/s can have

absolute density arbitrarily close to zero.
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The next theorem confirms that the density threshold 1/s is indeed sharp, except possibly

at the endpoint.

Theorem 1.5.3. Let s > 5 be an integer and 7 € [0,1/s). For every sufficiently large
(depending only on s and T) prime p, there exists a subset A, of the squares in Z/p with
relative density greater than or equal to T, i.e. |A,| = 7|(Z/p)?|, but the s-fold sumset sA,

is not equal to Z/p.

1.6 The density version of the generalized Fermat equations over

finite fields and cyclic rings

Waring’s problem concerns a very specific type of Diophantine equations. It is natural to
wonder if the density type theorems hold for other equations as well? Chow, Mudgal and the
author [CLM25] prove a sharp density theorem for a large class of Diophantine equations—

generalized Fermat equations, over finite fields and cyclic rings.

Theorem 1.6.1. Letr and iy < --- <1, be positive integers, and let s > 3 be an integer.

Let

s|=LU--- UL

be a partition of [s| into discrete intervals Iy, ..., I. such that |I;| = k; for all j. Let k > 0,
and let € > 0 be sufficiently small in terms of s,i,.,k. Let p be a prime sufficiently large in
terms of s,i,, K, and let ¢ = p"™ for somen € N. Letu € F,, let c1,...,cs € F,\ {0}, and let
A CTF, with

A > ( 11 % +n> 0 (1.6.1)

1<j<r Y

s=L many solutions x € A to

Z Z CmT = u. (1.6.2)

1<j<7’ mEIj

Then there are at least eq
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Specializing to the case that » = 1 and i; = d, Theorem 1.6.1 implies a density theorem

for the Waring-type problem over F,.

Corollary 1.6.2. Let s > 3 and d > 1 be integers. Let k > 0, and let € > 0 be sufficiently
small in terms of s,d, k. Let p be a prime sufficiently large in terms of s,d, k, and let g = p"
for somen € N. Let u € Fy, let cq,...,cs € Fy\ {0}, and let A CF, with

K.
q S

s—1

Then there are at least eq*~ many solutions x € A® to

axd - ea? = . (1.6.3)

The next example confirms that the density threshold in Theorem 1.6.1 is optimal.

Example 1.6.3. Given Ay, ..., \. € F,\ {0}, we set ¢, = \; for every 1 < j < r and every

m € I;, and let

A:{xEIFp:)\jxijG (O,%) (lgjér)}.
J

One may apply Lemma 5.4.1, along with the fact that H]T;Hl < logp (see Section 2.2 for our
Fourier analysis notation) for any arithmetic progression P in IF,, to deduce that
Al = (14 o(1))p H —
1<g<7‘
Moreover A has no solutions to (1.6.2) when u = 0, since for every 1 < j < r and every
{am}mer, C A, one has
[ p J s
A Z ai € (O, ;), whence Z Z cma € (0,p).
mel; Jj=1 mel;
Theorem 1.6.1 has a counterpart in another important local model, the cyclic ring Z/W

model. (The finite field F, model and the cyclic ring Z/W model have different behaviors,

but they are equally useful.)
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Theorem 1.6.4. Letr and iy < --- <1, be positive integers, and let s > 3 be an integer.
Let [s] = [ U---UI, be a partition of [s] into discrete intervals Iy, ..., I, such that |I;| = k;
forall . Let k > 0, let 2 > 1, and let € > 0 be sufficiently small in terms of s, 1,,k,S2. Then

there exists a large constant M depending only on s,1,, Kk, ) such that the following is true.

Let W = p{* -+ p'* with
t,ny,...,n; <Q and p1,...,pr = M. (1.6.4)

Letu e Z/W, let ¢q,...,cs € (ZJW)*, and let A C Z/W with

Vu><[l;%+m>w; (1.6.5)

1<j<r Y

Then there are at least eW*™' many solutions x € A® to (1.6.2).

As before, Theorem 1.6.4 implies a density theorem for the Waring-type problem over
Z]W.

Corollary 1.6.5. Let s > 3 and d > 1 be integers. Let k > 0, let 2 > 1, and let € > 0
be sufficiently small in terms of s,d, k,§2. Then, there exists a large constant M depending

only on s,d, k,S) such that the following is true.

Let W = pi*---pi* € N with (1.6.4). Let c1,...,cs € (Z/W)*, let w € Z/W, and let

ACZ)W with
14]
W

Then there are at least eW*™1 many solutions x € A* to (1.6.3).

1
= -+ K.
s

Compared to Theorem 1.5.1, Corollary 1.6.5 requires fewer variables but Theorem 1.5.1
allows stronger uniformity on the moduli W. Moreover, the proofs of them are fairly
different—the proof of Theorem 1.5.1 is based on the transference principle while the proof

of Theorem 1.6.4 (and hence Corollary 1.6.5) is based on the regularity lemma.
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Remark 1.6.6. Similar to Remark 1.5.2, we note that it is necessary to exclude small prime

divisors in Theorem 1.6.4. Let d € N, let W = 3W’ where W' is coprime to 3, and let
A={r € Z/W:z*=1mod 3}.

Then A has large density, which is 1/3 when d is odd and 2/3 when d is even. However,
owing to the congruence obstruction, it is impossible to represent all elements in Z/W by

¢+ -+ 2% with z; € A for all 1 < j < s, no matter how large s is.

1.7 Road map

This thesis is organized as follows. We discuss three term rational function progressions in
Chapter 2. In Chapter 3, we consider the two dimensional generalization of rational function
progressions, i.e., two dimensional rational function corners. The topics of Chapter 4 are the
density version of quadratic Waring’s problem over cyclic rings and the quadratic Waring—
Goldbach problem. The density version of the generalized Fermat equations over finite fields
and cyclic rings is discussed in Chapter 5. We also include an appendix (Chapter 6) for

completeness.
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CHAPTER 2

Three term rational function progressions

2.1 Overview

In this chapter, we adapt the method developed in the joint work of Hong and the author
[HL25] to reproduce a proof of Theorem 1.2.5.

Let A be a discrete interval [N] = {1,2,..., N} or a finite field, and Py, P, ..., P, € Z][t]

be polynomials, define rp, p, . p, (A) to be the size of the largest subset of A that does not

.....

contain any nontrivial progression of the form
r, x4+ Pi(y),z+ Py(y),....,x + Pp(y).

Recall that Szemerédi [Sze75| proved that any subset of the positive integers of positive

upper density contains an arbitrarily long nontrivial arithmetic progression, or equivalently,

Tt2t,..., (k—l)t([N]) = 0x(N)

for all £ > 2 via combinatorial arguments. Shortly after Szemerédi’s proof, Furstenberg

[Fur77| found a new proof based on a completely different method, ergodic theory.

Bergelson and Leibman’s theorem (Theorem 1.2.1) [BL96] can be rephrased as follows:

let Py, Py, ..., P,, € Z[t] be polynomials with zero constant terms, then

TPy Py, P ([N]) = 0Py Py 2 (V).
Bergelson and Leibman’s proof is also based on ergodic theory.
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Bergelson-Leibman’s proof is qualitative in nature and Szemerédi’s proof gives tower-type
bounds. For sharper quantitative bounds, before Szemerédi, Roth [Rot53| already showed
that

(V) = O (1o )

via Fourier analysis, but his arguments do not work for finding longer arithmetic progressions.
In Gowers’s celebrated papers [Gow98|, [Gow01], he obtained quantitative bounds for the
sets that do not contain arbitrarily long arithmetic progressions. More precisely, Gowers

proved that for all £ > 2, there exists a constant ¢, > 0 such that

N
o2t e-1e([N) = O (W)

via introducing higher order Fourier analysis. For quantitative bounds for general polynomial
progressions, the general theory is not complete yet, but see Prendiville’s [Prel7|, Peluse and
Prendiville’s [PP24], Peluse’s [Pel20], Peluse and Prendiville’s [PP22], Bloom and Maynard’s
[BM22] and Peluse, Sah and Sawhney’s [PSS23] results for the current state of the art.

Now, we turn our attention to finding progressions in finite fields, where new phenomena
emerge. Here and throughout this chapter, let p be a prime and IF,, be the finite field with p
elements. One has the bound 7p, p, . p,, (Fp) < 7p, p,...p,.([p]) @ priori, but a much stronger
bound is valid in many cases, since the images of polynomials are more densely distributed
in [F,. The case of two term polynomial progressions in finite fields is more straightforward
and can be handled by a Fourier analytic calculation and Weil’s bound. Hence, the first
nontrivial polynomial progression in finite fields is the three term progression x, x +vy, x + y>.
Bourgain and Chang [BC17| proved that r, . (F,) < p'~'/!®. In fact, Bourgain and Chang

proved an asymptotic formula: if A is a subset of IF,,, then
A3
#{(x,y) € Ff) cr, oy, oty € A = % + O(p2/5|A\3/2).
In the same paper, Bourgain and Chang posed the following three questions:

1. Let Py, P, € Z[t] be linearly independent polynomials with zero constant terms, is an
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asymptotic formula for the number of the progressions x, x + P;(y), x + P,(y) in subsets

of I, valid?

2. More generally, let Py, Py, ..., P, € Z[t] be linearly independent polynomials with zero
constant terms, is an asymptotic formula for the number of the progressions z,x +

P (y),z + P2(y), ...,z + Py (y) in subsets of F, valid?

3. In a different direction, can one replace the polynomials Py, P in the first question (1)

by rational functions?

The first question (1) is answered by Peluse [Pell8| and independently by Dong, Li and
Sawin [DLS20]. Peluse’s theorem states that, if P, P, € Z[t] are polynomials with zero
constant terms such that P, P, are linearly independent over Q, then

A 3
#{(‘Ta y) € ]FZQ; ST, T + Pl(y)v T+ PQ(y) € A} = % + OP17P2 (p7/16|A|3/2)'
for all subsets A of F,. This implies the bound rp, p,(F,) <p, p, p'~/**. Independently,
Dong, Li and Sawin proved a similar result with the error term Op, p, (p*®|A[*/?), implying

1-1/12  Ag a side note, the linear independence assumption for Pj, P, is

rp,p,(Fp) <pipy D
crucial, since one cannot hope for power saving bounds for progressions involving linearly
dependent polynomials, even in the simplest case x,x + y, x + 2y due to Behrend’s example
[Beh46|. Both Peluse’s and Dong-Li-Sawin’s methods applied deep results from algebraic

geometry; Peluse’s method used Deligne’s proof of the Riemann hypothesis over finite fields

while Dong-Li-Sawin’s method used the Deligne-Katz theory.

The second question (2) is also answered by Peluse [Pell9]. By introducing the degree
lowering method, Peluse proved that, if P, P, ..., P,, € Z[t] are polynomial with zero con-
stant terms such that P, P, ..., P, are linearly independent over QQ, then there exists a

constant v > 0 depending on Py, P, ..., P,, such that

|A|m+1

m—1

#{(z,y) € FIQJ cx, 0+ Pu(y), v+ Pa(y), .,z + Puly) € A} = +Op,.ps,..Py (Pzﬂ)
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for all subsets A of F,,. This implies the bound 7p, p, . p,. (Fp) <py.py....P0 pt=/ M+ More-
over, the degree lowering method only relies on Weil’s bound for curves, as opposed to the
heavy algebraic geometry machinery utilized in the methods [Pell18], [DLS20] for the three

term polynomial progressions.

For the third question (3) of Bourgain and Chang, replacing the polynomials with rational
functions presents new phenomena and difficulties. Unlike the case of polynomials, there is
no obvious analogue of rational function progressions in integer setting, hence there is not
any general bound a priori, not even a qualitative one. Bourgain and Chang’s proof for
the special progression x,x + y,x + 1/y (Theorem 1.2.2) relies on the arithmetic geometry
theorem that is specific to Kloosterman sums [FKM15]. All the previous methods [BC17],
[Pel18], [DLS20], [Pel19] do not apply to the case of rational function progressions.

The third question is answered affirmatively by Theorem 1.2.5, which implies the bound
rra(F,) <pe pt~ /1. Our approach to Theorem 1.2.5 also provides a new solution to the
first question (1) of Bourgain and Chang. Compared to previous methods, the exponent in
the bound rrg(F,) <pg p'~/1 is slightly better than the exponent 1 — 1/24 in Peluse’s
method, but slightly worse than the exponent 1—1/12 in Dong-Li-Sawin’s method. Moreover,
our approach has less dependence on algebraic geometry; hence for the special progressions

!

z,x+y,z +y* and z,x + y,z + 1/y, our proof would be an “elementary" algebra proof.

The main new difficulty for the rational function progression problem is that differenti-
ating a rational function does not reduce its complexity. If one wishes to apply the degree
lowering method [Pell19], then one requires Gowers norm control for the counting operator
a priori. However, Gowers norm control is done by PET induction via Weyl’s differencing,
which is unhelpful for rational functions. Applying Peluse’s previous method for three term
polynomial progressions [Pell8| or Dong-Li-Sawin’s method [DLS20| also does not work,
since both methods would reduce the problem to estimating multidimensional exponential

sums on varieties with rational function phases, which is highly nontrivial and unknown.

The main novelty in [HL25| is the development of an algebraic geometry version of PET
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induction that bypasses Weyl’s differencing. If we wanted to prove the power saving bounds
directly, then we would need strong bounds for multidimensional exponential sums on vari-
eties with rational function phases, which is out of reach of the current arithmetic geometry
methods. However, if we only want to obtain the Gowers norm control, then it suffices
to estimate the dimension of certain varieties, which is in the scope of classical algebraic
geometry. We would decompose the varieties of interest into generic parts and special sub-
varieties. The generic parts can be dealt with complex analytic techniques, while the special
subvarieties, which have extra constraints and special structures, can be handled by mod p
point counting. After establishing Gowers norm control, we can immediately run the degree
lowering arguments. In fact, since we obtain a U2-Gowers norm control, we could perform a

Fourier level set decomposition of the functions to get a better power-saving exponent.

It is worth pointing out that in this chapter, the Gowers norms show up differently than
they usually do in the related literature. Also, the algebraic geometry PET induction we
use has the same end goal as traditional PET induction, but the mechanism is different.
In fact, this chapter does not rely on any higher order Fourier analysis, in particular, it
does not use neither inverse theorem of Gowers norms nor degree lowering (although degree
lowering could be a different way to end the arguments with a weaker exponent). However,
we use the terminology from higher order Fourier analysis in the overview to draw parallel
comparisons with the existing literature and to highlight the analogy in certain concepts.
In the rest of this chapter, we would write all theorems and proofs in the classical Fourier
analytic language so that this chapter could be as self-contained as possible. We are hoping
that the framework of higher order Fourier analysis could offer an easier and more conceptual
way to think about the rational function progressions; and indeed this is how Hong and the
author came up with the proof. We do apologize if this leads to any confusion. Additionally,
in the case of two dimensional rational function corners, one needs Gowers box norms and

the degree lowering method, and Fourier analysis is no longer sufficient.

A natural problem is to generalize algebraic geometry PET induction to longer rational
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function progressions, which is a subject we intend to return to in the future. Given that
all the previous methods generalize to finite fields F, that may not have prime cardinality,
we believe our approach also extends to all finite fields. Furthermore, it is natural to won-
der about the quantitative bounds for polynomial progressions involving linearly dependent
polynomials. This problem is still widely open; see Kuca’s work [Kuc21| and Leng’s works

[Len22|, [Len24| for the current status.

This chapter is organized as follows. In Section 2.2, we define the notation used in this
chapter. The Section 2.3 is about the framework of the algebraic geometry PET induction
and the Section 2.4 is about the key dimension estimates required for the algebraic geometry

PET induction. In Section 2.5, we put everything together to finish the proof.

2.2 Convention

2.2.1 Notation

Throughout, let p be a prime and F, be the finite field with p elements. For any finite
set A and function f : A — C, let Ezeuf(z) = ﬁ > e f(x) be the average of f over
A. When the summation variables are in F,, we would often omit the subscript I, in the
summation notation and write [E, instead. When there are rational functions involved, the
notation E will be interpreted as averaging excluding the poles of the rational functions being
averaged. For example, if F(t), G(t) € Q(t) are rational functions and fy, f1, fo : F, — C
are functions, then

By fo(e) (e + Fu) e+ G(v) = -5 > o) e+ F(w)) ol +-G).

,y€F, and y#poles of F or G

Similarly, when there are rational functions invovled, the notation > will be interpreted as

the summation excluding the poles.

Furthermore, we would often omit the subscript F, G in Vinogradov’s notation <, > and

Landau’s notation O, o since the implied constants would usually depend on the rational
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2mix

functions F, G. Moreover, let e(x) = €2™@ and ey (z) = e*™*/W for any positive integer V.

2.2.2 Fourier analysis notation

Let G be a finite abelian group. Let f : G — C be a function on . Denote the L"-norm
with respect to the uniform probability measure on G by || f]|, = (‘—g;' erG]f(a:)V)l/r and

the {"-norm with respect to the counting measure on G by || f||;» = (erg\f(x)\T)l/r.

Denote the group of characters of G by G. Let f: G — C be the Fourier transform of
f with respect to the probability measure, that is,

. 1 -
1) =1a > fan(x).

zeG

Let f: G —> C be the Fourier transform of f with respect to the counting measure, that
is,

o) =" fla)n ().

zeG

For example, let d be a positive integer, and f : Fg — C be a function on ]Fg. Then, we

o~ ~

have f(£) = Eqo f(x)ep(—28) and f(§) = 32, f(x)ep(—x8).
Let g : G — C be another function on G. Then the convolution of f and ¢ is defined

to be

Frgl@)= > fy)g(z)

y,2€G
Yy+z=x

2.2.3 Algebraic geometry terminology

By (classical) varieties, we mean any classical affine, quasi-affine, projective or quasi-projective
varieties. We do not require the varieties to be irreducible, hence our affine varieties and
projective varieties may be algebraic sets in some references. By abuse of terminology, we
also refer to schemes that are separated and of finite type over Spec k for some field k as

a variety. We would often use Y (C), Z(F,), ... to denote classical varieties and Y, Z, ... to
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denote schemes. If X is a scheme over some field k, we also write X (k) as k-valued points
Homy(Spec k, X).

If X is a variety or scheme, denote the dimension of X as a variety (or scheme) by
dimy,, X (or dimge,X), which is the supremum of the length of the chains of irreducible

closed subsets in the underlying topological space.

2.3 Algebraic geometry PET induction

In this section, we establish the framework of algebraic geometry PET induction, bounding
the counting operator for three term rational function progressions in terms of U?-Gowers
norm (equivalently, the [*-norm of the Fourier transform) of some weight function, and the
size of the [F-points of certain varieties. This allows us to bypass Weyl’s differencing, which

is unhelpful for rational functions, to obtain Gowers norm control.

Definition 2.3.1. Let F(t),G(t) € Q(t) be rational functions over Q. Define the Roth
variety associated to F(t),G(t) to be the (quasi-affine) variety cut out by the following

system of equations in eight variables yy, Y2, Y3, Y4, Ys, Y6, Y7, Ys -

F(yl) - G(yl) - F(y2)
)

F(ys) — G(ys) — F(vs

The Roth variety could be regarded as a classical variety or a scheme over various fields, for
example, the complex numbers C or finite fields F,. The Roth variety is quasi-affine since

the poles of F' and G are excluded.

24



Theorem 2.3.2. Let F(t),G(t) € Q(t) be rational functions over Q and Y (F,) be F,-points
of the Roth variety associated to F(t),G(t). For all functions fo, fi1, fo : F, — C, we have

the following I*-Fourier norm control (equivalently, U*-Gowers norm control):

R 1/8
[Eey fo(@) fi(x + F ) folz + G| < folls 1 Folli 211 ll21] £21l2 (]%IY(E?)I) :

The Roth variety Y (F,) C IF?, is carved out by five equations in eight variables, hence we
“naively believe" that the size |Y(F,)| is around p® when F and G are sufficiently “indepen-
dent". This naive heuristic would be justified in Section 2.4. Therefore, the Theorem 2.3.2 is
essentially saying that the counting operators for three term rational function progressions
have [*-Fourier control. The first half of the proof of Theorem 2.3.2 is similar to the Fourier
calculations in [BC17|, [DLS20]. However, instead of dealing with difficult exponential sum
estimates and pursuing the strongest cancellation, we transform the exponential sums into

point counting on varieties, which is easier to handle.

Proof of Theorem 2.3.2. Fourier expand the functions fy, f1, fo to obtain

Esyfo(x) fi(z + F(y)) fo(x + G(y))]
= | > o) ) Fa(ma)Eaep(no + ma + naa)Byey(mi F(y) + naG(y))].

no,ni,n2
For convenience, denote K(ni,ny) = Eye,(n1F(y) + noG(y)). By orthogonality of the
characters, we have
’ >~ Folno) fi(m) Fa(no)Baey(nox + nuz + nax)Eye, (n1 F(y) + naGly))
no,ni,n2

> fo(=n1 = na) fi(m) fa(nz) K (n1, ma) .

ni,n2

Rearrange, apply Cauchy—Schwarz inequality in ny and apply Parseval’s identity to obtain
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‘ > fo(=n1 = na) fi(m) fa(no) K (n1, m2)

ni,n2

> Falne) 3 Fol=na = na) Fu(m) K (s, o)

<ple( X Folom = na)To(=ms — o) () alm) K Gy, ) K, m))

nz,mni,mi
Once again, rearrange, apply Cauchy—Schwarz inequality in nq, m; and apply Parseval’s

identity to obtain

~ ~ ~

12l XD Fol=m = na)Jal=ms — na) () Falom) K (e, ma) K (. m))

P ~ - —~ = _ 1/2
= ”f2H2( Z fi(n1) fa(ma) Z fo(—=n1 — ng) fo(—my — n2) K (nq, ng) K (my, n2)>
i 2 B (2.3.6)
< ||f2||2||f1|’2< Z Fo(=n1 — na) fo(—mi — n2) fo(—n1 — ma) fo—my — mo)

n1,mi,n2,msa

— _ 1/4
K(nl,nQ)K(ml,ng)K(nl,mg)K(ml,m2)> .

Note that the variables in ﬁ) satisfy a linear relation (—ny —ng) + (—my —ma) = (—my —
n2)+(—n1—ms), hence they shall depend on three variables after suitable change of variables.
By the change of variables ny <> n; — ng, m; < my; — no, the last line in the expression

(2.3.6) is equal to

Il fille( D2 Fol=na) fo(=mu)fo(=na + na = ma) fo(=my +nz — ms)

ni,mi,nz,msa

— - 1/4
K(?’Ll — Nao, nQ)K(ml — N, ng)K(nl — N, mQ)K(ml — Na, m2)> .

(2.3.7)

By the change of variables a <> ny — mg, b <> ngy, the expression (2.3.7) is equal to

—~ ~

Ifallollfillz( D2 Fol=ra) fol=ma)fol—=n1 + a)fo(=m1 + a)
n1,mi,a,b (2.3.8)

_ _ 1/4
K(ny — b, 0K (m1 — b, b)K (ny — b,b— a) K (my — b,b — a)) .
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Rearranging and applying Cauchy—Schwarz inequality in ny,m;, a, the expression (2.3.8)

is equal to

122l fill( D Fol=no)fo(=ma)fo(=m + @) fo(=mi +a)

ni,mi,a

_ _ 1/4
3" K(ny — b, b K (my — b,b)K(ny —b,b— a)K (my — b,b— a))
b

—~ —= = ~ /
<IllllAllo( S ot-n)To(=m)Ta(—m +a)fo(—mi +a)?)

ni,mi,a

> K(n—b,b)K(my —b,b)K(ny — b,b— a)K(my — b,b— a)

n1,m1,a,b,b’

_ _ 1/8
K(ny — V6K (my — U, 6) K (ny — 0,6 — a)K (my — ¥, 8 — a)) .

(2.3.9)
We estimate the two sums above separately. First, note that
> 1fo(=n1) fo(—=ma) fo(—n1 + a) fo(—ma + a)?
= > fo(=m) fo(=m1) 2> |fol=n1 + a) fo—miy + a)?
"1, a (2.3.10)
< Y 1ol=n) fo(=m)P || foll
ni,mi

= [lfoll2l follis
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where the second to last line follows from the Cauchy-Schwarz inequality. Next, note that

> K(ni—b,b)K(my — b,b)K(ny —b,b— a)K(my — b,b - a)

n1,mi,a,b,b’

K(ny — b, VYK(my — b, 0)K(ny — b,V —a)K(m; — Vb —a)

DD

ep(((n1 = 0)F(y1) + G (y1)) — ((ma = b)F(y2) + bG(y2))

= ((m =) F(ys) + (b= a)G(ys)) + ((m1—b)F(ya) + (b — a)G(ya))

— ((n1 = V) F(ys) + V'G(ys)) + ((m1 — ) F(ys) + V'G(ys))

+ (e = V) F(yr) + (V' = a)Glyr) — ((ma = V) F(ys) + (0 — a)G(ys)))-

This is equal to

DYDY

Y1,Y2,Y3,Y4 ni,mi,a
Y5,Y6,Y7,Y8 b,b’

ep(b(—F(y1) + G(y1) + F(y2) — G(y2) + Flys) — G(ys) — F(ya) + G(ya))
+V(F(ys) — G(ys) — Flys) + Glys) — Fyr) + Glyr) + F(ys) — Glys))
+n(F(y1) — Fys) — Fys) + Fyr))

+mi(=F(y2) + F(ya) + Flys) — F(ys))

+a(G(ys) — G(ys) — G(y7) + G(ys)))

2 P

1
e
(1,92,Y3,Y4,Y5,¥6,y7,y8)EY (Fp)
1
3
p

=

(2.3.11)

Y (Fy)]

where the second to last equality follows from the orthogonality of the characters. Combining

inequalities (2.3.9),(2.3.10) and (2.3.11) completes the proof. O

Remark 2.3.3. In the proof of Theorem 2.3.2, if we were to only apply Cauchy—Schwarz

inequality two times and stop at (2.3.8), then we could formulate an alternative approach
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to Theroem 1.2.5, conditionally on the estimates of multidimensional exponential sums on
varieties with rational function phases, which is highly nontrivial and out of reach of the

current arithmetic geometry methods.

2.4 Dimension estimates

In Section 2.3, we establish a Gowers norm control, conditionally on estimating the size of
the F)-points of the Roth variety. We will prove the required estimates in Theorem 2.4.1,
completing the algebraic geometry PET induction. The Roth variety is the solutions to five
equations in eight-dimensional affine space, intuitively, when the five defining equations are
“sufficiently independent", the expected dimension of the Roth variety is 8 —5 = 3 and hence

the size is around p3.

The proof of Theorem 2.4.1 is quite long and technical, hence we would like to briefly
describe the strategy first. We would decompose the Roth variety Y into five pieces Y =
Yeen U Yiow U Zgood U Zhaa U Ziow and estimate via different techniques. The variety Y, is
a generic part of Y, which can be handled by complex analytic techniques. The variety
Zgood 18 a generic component of a special subvariety of Y, which can be handled by complex
analytic techniques too. On the other hand, the variety Z,.q is a special subvariety with
extra constraints and special structures, hence we have extra inputs for mod p point counting.
Finally, the varieties Y., and Z,, are of lower dimension; therefore, we can control them

more easily.

Theorem 2.4.1. Let F(t),G(t) € Q(t) be rational functions over Q such that F(t),G(t)
and the constant function 1 are linearly independent over Q, and Y (F,) be the F,-points
of the Roth wvariety associated to F(t),G(t). Then, we have the following point counting

estimates:

Y (F,)| < p’.
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Proof. We would decompose Y (F,) into various parts and estimate via different tech-
niques accordingly. First, note that the first five columns of the Jacobian matrix of the

defining equations (2.3.1), (2.3.2), (2.3.3), (2.3.4), (2.3.5) of the Roth variety are

Fl(y) = G'(y1) —F'(y2) + G'(y2) —F'(y3) + G'(ys) F'(ys) — G'(va) 0
0 0 0 0 F'(ys) — G'(y5)
F'(y1) 0 —F"(y3) 0 —F"(ys)
0 F'(y2) 0 —F'(ya) 0
i 0 0 G'(ys) —G'(ya) 0 |

Let D(y1,Y2,Ys, Y4, y5) be the determinant of the matrix, that is,

Fl(y) = G'(y1) —F'(y2) + G'(y2) —F'(y3) + G'(ys) F'(ys) — G'(va)
F' (i 0 —F'(ys 0
(G/(Z/E)) - FI(%)) ) ()
0 F'(y2) 0 —F'(ya)
0 0 G'(ys) —G'(ya)
which is equal to
=G'(y1) G'(y2) O 0
F'(y, 0 —F'(ys 0
(G'(y5) - F/(Z/s)) &) ()
0 F'(ys) 0 —F'(y4)
0 0 G'(ys) —G'(ya)

Hence, we have

Dy, Y2, Y3, Y, ys) = (G'(ys) —F'(y5)) |G (51 F' (y2) F' (y3) G (ya) — F' (1) G'(12) G' (y3) F' (ya) | -
Define

Yeen = Y N {(y1, Y2, Y3, Y1, Y5, Y6, 7, ys) € A% 2 D(y1, Y2, Y3, Ya, ys) # 0}

and

Yoo =Y N {(y1, Yo, Y3, Yas Y5 Yo, Y7, Ys) € A% 1 D(y1, Y, Y3, ys, ys) = 0}.
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It makes sense to define Y., and Yy, over any fields, hence the specific field is not
mentioned in the definitions, and it would be convenient to work over various fields. Note
that we have Y (F,) = Ygen(F,) U Y5, (Fp). Informally, the variety Yie, is a generic part of
Y which lies in the smooth component of Y, and Y, is a special subvariety of Y cut out
by D(y1,Y2, Y3, Y1, Ys). As a side note, the variety Yie, is empty when F,G and constant

function 1 are linearly dependent.

The associated complex analytic space of Ygen(C) is a 3-dimensional complex manifold
since the Jacobian matrices have full rank and we can apply the implicit function theorem.
By Noether normalization, there exists a finite surjective map Ygen(C) — A%(C) between
varieties, where d is the dimension of Y, (C) as a variety and A? is the d-dimensional affine
space. Regard the map Yge,(C) — A4(C) as a finite holomorphic map between complex
manifolds. By the first theorem in [GR84, Chapter 5, Section 4.1|, we deduce that the
dimension of Yge,(C) as a variety is 3. (We compare the dimension of a variety over C and
the dimension of its associated complex analytic space via ad hoc argument here, for general
dimension theory of complex analytic spaces, see [Har77, Appendix B| and [GR84, Chapter
5, Section 1].)

Consider an affine Z-model of Ygen(C) by clearing out the denominators in the defining
equations of the Roth variety and adding one auxiliary variable z and one equation to
require that the denominators are nonzero. To be more specific, write F'(t) = a(t)/b(t) and

G<t) = C<t)/d(t> with CL(t), b(t)7 C(t)7 d(t) € Z[ﬂ’ let 1 C Z[ylu Y2, Y3, Y4, Y5, Ys, Y7, Y3, Z] be the
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ideal generated by the following polynomials:

4

(TTowdw) (Fw) = Gln) = Fla) + Glya) = Flys) + Glus) + Flua) = Glun))

=1
(2.4.1)
8

(TTowdw) (F(ys) = Gls) = Flys) + Glus) = Flyr) + Glyr) + Flys) — Gls) )

h (2.4.2)
(bon)b(s)blus)0(2) ) (F(w1) = Flys) = Flys) + Flyr)) (2.4.3)
(b(s2)0(0)blu6)b(1s) ) (F(2) = Fln) = Flys) + F(ys)) (2.4.4)
(Alws)d(ya)dlyr)ds) ) (Glys) = Glu) = Glyn) + Glys) ) (24.5)

z(f{bw@n) [(H b00)d()) Dl )| = 1 (246)

The polynomials (2.4.1), (2.4.2), (2.4.3), (2.4.4) and (2.4.5) are the denominator free version
of the defining equations of the Roth variety. Including polynomial (2.4.6) is a localization
trick in algebraic geometry; it ensures D(y1, Y2, Y3, Y4, y5) and the denominators of F' and G
are nonzero, but it does not impose any unwanted constraints since the auxiliary variable z

is uniquely determined by y1, y2, Y3, ¥4, Ys, Ys, Y7, Ys-

Define affine Z-model Yo, = Spec Z[y1, Y2, Ys, Y4, Ys, Ys, Y7, Ys, 2] /1. Note that the C-
points of Yyen X 7C is isomorphic to Yge, (C), hence we have dimgep Yeen Xz2C = dimyy, Yeen (C) =
3. By [Har77, Chapter 2, Exercise 3.20.(f)|, we have the invariance of dimension under base
change, i.e., dimgepYpen Xz Q = dimgenYeen Xz C = 3. (Note that the integral assumption
in [Har77, Chapter 2, Exercise 3.20.(f)| can be removed if one does not require the scheme

after base change to be equidimensional.)

Note that the structure map Yge, = Spec Zly1, y2, Y3, Y4, Ys, Y6, Y7, Ys, 2] /I — Spec Z is
of finite type and the base Spec Z is irreducible, by [Sta23, Section 05F6, Lemma 37.30.1], we
deduce that the dimension of the generic fiber is the same as mod p fibers for all but finitely

many p, that is, dimge, Yeen Xz Q = dimgenYgen Xz I, = 3 for all but finitely many p. Once
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again, by [Har77, Chapter 2, Exercise 3.20.(f)], we have dimge, Ygen Xz, = dimgen Ygen XZFP.
Hence, we have dimVarYgen(Fp) = 3 for all but finitely many p. Now, the Lang-Weil bound
[LW54] (also see [Tao23, Lemma 1]) implies that |Ygen(F,)| < p*. (Note that one does not

need the irreducibility of the variety.)

(As a side note, we pass to complex numbers since it is convenient to work with algebraic
geometry over characteristic zero and rational functions over complex numbers. That being
said, the machinery of algebraic geometry is robust enough for one to only work over finite

fields. Therefore, the approach we chose is just one possible way to proceed.)

Next, we would like to bound the size of Yy, (F,). Although Y;, already has more con-
straints than Y, but we will further decompose Yy, so that we have constraint which depends

on sufficiently few variables. Let IN)(yl, Y2, Y3, Y4) denote the function

D(yb Y2, Y3, Y4, y5) G’(yl)G'(y4) G/(y2)Gl(y3)

F'(y0) F' (y2) F'(ys) F'(ya) (G'(ys) — F'ys))  F'(y)) F'(ya)  F'(y2) F'(3)”

Define

View = Yoo (Y1, ¥2, U3, Y Us» Y6, v, ys) € A% - F'(y1) F' (32) F' (y3) F' (ya) (G’ (ys)—F" (ys)) = 0}

and

Z = Yrsp N {(yb3/2:?/3794,3457?!6797,?48) € AS : 5(y17y27y37y4) = 0}

Note that we have Yy, (F,) = Yiow(F,) UZ(F,). Informally, the variety Y, (F,) has strong
constraint F'(y1)F(y2) ' (y3) F'(ya) (G'(y5) — F'(y5)) = 0, hence this lower dimensional con-
tribution can be bounded more easily later. We would like to further decompose Z(IF,). To

do so, consider the Jacobian matrix of the following equations:

F(y1) — G(y1) — F(y2) + G(y2) — F(ys3) + G(ys) + F(ya) — G(ya) =0

D(y17y27y37y4) = 07
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which is

Fiiy) = G'(y1) —F'(y2) + G'(y2) —F'(y3) + G'(ys) F'(ya) — G'(va)

G’(y4)<G’(y1)>/ _G'(y3><G'<yz>>’ _G’(y2)<G’(y3)>/ G’(y1><G'(y4>>’
F'(ya) \ F'(y1) F'(y3) \ F'(y2) F'(y2) \ F'(y3) F'(y1) \ F'(ya)

Let E(y1,y4) be the determinant of the minor matrix of the Jacobian matrix consisting

of the first column and fourth column, i.e.

F'(y1) — G'(y1)  F'(ya) — G'(ya)

E(yla y4) = G’ (ya) <G’(y1)), G'(y1) <G'(y4)>/
F'(ya) \ F'(y1)

which is

(P ) = G'n) T () = (o) = o) G ()

G/ G/
Elyny)  (F) - G)Fe  (Fu) - G')
(G/(yn)’(G'(yu)’ (G/(yn)’ (G/(y4>>’ '
F'(y1) F’(ya) F'(y1) F'(ya)
Define
Zgood =ZnN {(yh Y2,Y3, Y4, Ys, Ys, Yr, y8) € AS : E(y17y4) # 0}7
Lpad = 2 N {(3/1,3/27937y47y57316,y77y8) €A%: E(yl,y4) = 0}
and

o = 20 {4 (503 (5103 <0}

Note that we have Z(F,) = Zgo0d(Fp) U Zpaa(Fy) U Ziow(F,). Informally, the variety
Zgood(Fp) is a generic part of Z(IF,) which satisfies good property, the variety Zp.qa(F,) is a
special subvariety cut out by E (y1,¥4) = 0, and Zyoy (F,) is a lower dimensional contribution.

It remains to bound | Zyood (Fy)|, | Zoad (Fy)l, | Ziow (Fy)| and [Yiow (F,).
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We start with bounding | Zg0a(F,)|. Consider the auxiliary variety X C A* defined by

the following equations

F(y1) — G(y1) — F(y2) + G(y2) — Fys) + G(y3) + F(ya) — G(ya) =0 (2.4.7)
D(y1,y2, s, ya) = 0 (2.4.8)
E(y1,y1) # 0. (2.4.9)

The associated complex analytic space of X(C) is a 2-dimensional complex manifold
since the condition E(yi,y4) # 0 guarantees that the Jacobian matrices of the equations
(2.4.7), (2.4.8) have full rank and we can apply the implicit function theorem. Similar to
the dimension comparison between Yg.,(C) and its associated complex analytic space, this
implies that the dimension of X(C) as a variety is 2. Moreover, similar to the previous

arguments regarding Yge,, we conclude that | X (F,)| < p*.

For all points <y17y27y37y47y57y67y7>y8) S Zgood(]Fp>7 the coordinates (y1,yz,y3,y4) lie

on X(F,), hence there are at most O(p?) choices of yi,v2,y3,ys. Besides, there are at
most p choices of ys, hence there are at most O(p*) choices of yi,vs,ys,ys,ys. For any
given yi, Yo, Y3, Y4, Y5, there are only O(1) choices of y; by equation (2.3.3). For any given
Y1, Y2, Y3, Ya, Ys, Y7, there are only O(1) choices of yg by equation (2.3.5). For any given
Y1, Y2, Y3, Y4, Ys, Y7, Ys, there are only O(1) choices of ys by equation (2.3.4). Therefore, we
have |Zyo0a(F,)| < p®. (Heuristically, the system of equations becomes “triangular" after

choosing a certain subset of variables.)

Next, we turn our attention to bounding | Zp.q(F,)|. We would first show that the equation

E(y1,y4) = 0 is a nontrivial constraint by showing
G/
(F/(yl) - G'(yl)) F’EZB

(G’@))’
F'(y1)

(2.4.10)
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is nonconstant. Suppose the rational function (2.4.10) is a constant, then we have

G/(yl) /_ / ! G/(yl)
C<F/(y1)) - (F (yl) -G (y1>) F/(yl)

for some constant c. If ¢ = 0, then we have F'(y;) — G'(y1) = 0 or G'(y1)/F'(y1) = 0, which

both contradict the linear independence of F, G and the constant function 1. If ¢ # 0, then

we have

(G/(yl)>/ _F(y) = G'(y) G'(w)
F'(y1) c F'(y1)

The equation (2.4.11) can be regarded as a first order linear ODE, where the unknown

— 0. (2.4.11)

function is G'(y1)/F"(y1). Multiplying integrating factor to equation (2.4.11), we have

{exp<_F(y1) ; G(m)) ?:831/ —0. (2.4.12)

Integrating the equation (2.4.12), we deduce that

F(y1) ; G(y1)> gézlg = (2.4.13)

for some constant ¢. Since G'(y1)/F'(y1) and (F(y1) — G(y1))/c are both rational functions,

exp (—

the equation (2.4.13) implies that G'(y1)/F'(y1) = 0 or (F(y1) — G(v1))/c is a constant.
However, the conclusions that G'(y1)/F'(y1) = 0 or (F(y1)—G(y1))/c s a constant contradict
with the linear independence of F,G and the constant function 1. Hence, the rational

function (2.4.10) is not a constant.

Now, for all points (y1, Y2, Y3, Y4, Ys, Ys, Y7, Ys) € Zbaa(Fp), the coordinates yo, ya, ys have
at most p? choices. For any given ys, ¥4, ys, there are at most O(1) choices of y; by equation
E(y1,y1) = 0. (Note that we use the fact that E(yy,y,) is a difference of a nonconstant
rational function in g; and a nonconstant rational function in g4, so it is crucial to have the
linear independence of F, G and constant function 1 here.) For any given yi, y2, ya, y5, there
are at most O(1) choices of y3 by equation (2.3.1). For any given yi, y2, ys, Y4, ys, there are
at most O(1) choices of y7 by equation (2.3.3). For any given 41, y2, Y3, Ys, ¥s, yr, there are at
most O(1) choices of yg by equation (2.3.5). For any given 41, y2, Y3, Ya, ¥s, Y7, Ys, there are
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at most O(1) choices of y by equation (2.3.4). Therefore, we have | Zy.q(F,)| < p?.

Finally, we estimate |Yiow(F,)| and |Ziw(F,)|. These varieties have strong constraints

which allow us to bound their cardinality more easily. We first decompose Yoy (). Define

ch(mz }/iow N {<91392,?J3;y4;y5yy67y7ay8) € A8 F/( ) 0}7

ch(wv) KOW N {(3/1;y27y3;y4;y57y6;3/771/8) S A8 F/(y ) 0}7
Yigvg YiOW N {<y17y27y37y4ay57y67y77y8) € AS Fl(y ) 0}7

Yi(()w) Yiow N {(ylay27y37y47y57y6>y77y8) S A F/( ) 0}

and
Yi((m? Yiow N {(yla Y2,Y3, Y4, Ys, Yo, Y7, y8) € A (G/(yE)) - F,(y{"))) = 0}

When F is linear, the varieties Yy y (@) y 6

low? ~ low? low

and Y are empty, however, this situation
would only help us since we are upper bounding the size of the varieties. Hence, without

loss of generality, we may assume F' is nonlinear.

Note that we have Vi (F,) = YV(F,) UY,?(F,) U Y,?(F,) U v,\Y(F,) U v,"/(F,). For

low low

all (y1,Y2, Y3, Ya, Ys, Vs, Y7, Us) € Yk()w) (F,), the coordinates ya, y4, y5 have at most p® choices.

For any given ys, Y4, ys, there are at most O(1) choices of y; by equation F'(y;) = 0. For
any given yi, ya, Ya, Y5, there are at most O(1) choices of y3 by equation (2.3.1). For any
given yi, Yo, Ys, Y4, Y5, there are at most O(1) choices of y7 by equation (2.3.3). For any given
Y1, Y2, Us, Y4, Ys, Y7, there are at most O(1) choices of yg by equation (2.3.5). For any given
Y1, Y2, Y3, Y4, Us, Y7, Ys, there are at most O(1) choices of ys by equation (2.3.4). Therefore,
we have [Y;\\)(F,)| < p*. Similarly, we have [Y;{?)(F,)[, [Yie2) (F,)|, Yoy (Fp)|, [V (F,)| < p?

and hence [Yioy (F,)| < p*. A similar decomposing and counting argument would show that

| Ziow(F,)| < p* too. This completes the proof. O
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2.5 Final arguments

In this section, we would put everything together to complete the proof of Theorem 1.2.5.
After establishing Gowers norm control, we could immediately run the degree lowering ar-
guments [Pell19]|. In fact, since we obtain a U*-Gowers norm control, we would perform a

Fourier level set decomposition of the functions to get a better exponent.

We first start with the case of two term rational function progressions, which serves as the
base case of the induction. As observed by Peluse [Pell9], one should consider the counting
operator twisted by the characters for the purpose of induction. The proof of Proposition
2.5.1 is essentially the same as [Pell9, Lemma 3.2|, except that we apply Bombieri’s bound
instead of Weil’s bound. Denote the characteristic function by 1¢—¢, that is, 1,9 = 1 when

§=0and l¢—o = 0 when £ # 0.

Proposition 2.5.1. Let F(t),G(t) € Q(t) be rational functions over Q such that F(t), G(t)
and the constant function 1 are linearly independent over Q. Then, we have the asymptotic

formula

1
Evy fo(x) fi(z + F()ep(€G()) = Te=o | [ E=£i(2) + Ora(p™ 21 foll2l fil)
i=0
for all functions fo, f1 : F, — C and £ € F),.

Before we start the proof of Proposition 2.5.1, we recall the following Bombieri’s bound
on single variable exponential sums in finite fields with rational function phases [Bom66]

(also see |[BC17, Proposition 2.2|).

Lemma 2.5.2 (Bombieri [Bom66|). Let F(t) € Q(t) be a rational function such that it is

nonconstant mod p, then we have
Eyen(F(y))] <p '

where the implied constant only depends on the zeroes and poles of F(t).
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Proof of Proposition 2.5.1. Fourier expand the functions fy, fi to obtain

By fo(2) f1(x + F(y))ep(EG(y))
=Euy Z ﬁ)(”o)ﬁ(%)%(noi +niw)e,(n F(y) + EG(y))

no,m1

=3 Jol=n) Fi(m)Eye, (m1 F(y) + €G ().

By linear independence of F, G and the constant function 1, the function n, F'(y) +£G(y)
is nonconstant unless ny = & = 0. When ny # 0 or £ # 0, we have Lemma 2.5.2, i.e.,
Bombieri’s bound on single variable exponential sums in finite fields with rational function
phases, that is,
[Eyep(m Fy) +EG(y)| < p 2

Combining Bombieri’s bound, the Cauchy—Schwarz inequality and Parseval’s identity, we

have

> Foln) Fulm)Eyey (m F(y) + €Gw)| < o™ 2l folalL fill

n17#£0

Note that the main term comes from the term with n; = 0, that is,
L 1
Fo(0) [1(0)Eyep(6G () = Le—o [ [ E:fi2) + O (0™ Il foll2l ful2)-
=0

This completes the proof. n

Next, we show that the counting operator can be controlled by the dual function.

Proposition 2.5.3. Let F(t),G(t) € Q(t) be rational functions over Q and fo, f1, f2 :
F, — C be functions. Define the dual function D = Dy, 5, by

D(x) = Eyfi(x + F(y)) f2( + G(y)).

Then, we have

[y fo@) fi(x + F(y)) ol + G)| < | folln Dl
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Proof. By the definition of dual function and Parseval’s identity, we have
[Eaup o) i@+ F(y) fale + G0)| = [Eofo(@)D@)| = |3 Fo(=m)D(m)],
which is bounded by Hﬁ)Hp | D1 by applying Holder’s inequality. O
The following proposition says that the dual function is controlled by shorter progressions.

Proposition 2.5.4. Let F(t), G(t) € Q(t) be rational functions over Q such that F(t), G(t)
and the constant function 1 are linearly independent over Q, and fi,fs : F, — C be

functions with E, fo(2) = 0. Then, we have

D1 < p~ 2| fill2]| f2l2-

(Recall that the dual function D is defined in Proposition 2.5.5.)

Proof. Note that
D(§) =E.E, fi(x + F(y)) fo(w + G(y))ey(—x€)

=Eoyf1(@)en(—x€) f2(z + G(y) — F(y))ep(EF (y))-
To finish the proof, apply Proposition 2.5.1 and note that the main term is 0 due to the

assumption E, fo(2) = 0. O
Finally, we have all the ingredients to finish the proof of Theorem 1.2.5.

Proof of Theorem 1.2.5. We will use convenient notation Ap(fo, f1, f2) to denote the
counting operator E, , fo(x)fi(x + F(y))fo(z + G(y)). First, we start with a preliminary
reduction. Let fi = fo — E,f3(z) be the balanced version of the function f;, so that the
mean of f} is 0. Note that we have
Ara(fo, fi, f2) = Ara(fo, f1, Bz fo(2) + Ara(fo, fi, f2)
= (B-£2(2)) e fol@) il + F) + Ara(fo. fi, f3)

= [1E-£i2) + O 2l follall fillall follz) + Ara(for frs f2):
1=0

40



where the last equality follows from Proposition 2.5.1. It remains to bound Arq(fo, f1, f5)-

Next, we would construct a Fourier level set decomposition of fy. Let ¢ > 0 be a

parameter to be chosen later, define g, h by setting their Fourier transforms

fo(©). 1fo(&)] >
=" T
0, otherwise
and
A fol©), 1fo(6)] < iz
s = LR©: hol<

0, otherwise

Note that we have fy = § + h. By Parseval’s identity, we have {>-bounds 191liz < || foll2

and ||/f;||lz < || foll2- Moreover, we have good I*-bound for g, that is,

~ . 1 foll2 ) ™
il = S0 < 320 e (U8) <
£

Furthermore, we have good [*-bound for E, that is,

1/2
> 2z o (1ol Ve o
[Pl < IR IALL < (W 1Rl < e 2p 7 4 ol

Note that we can decompose f; = g + h by Fourier inversion.
To finish the proof, we would use dual function control to bound Ar (g, fi, f3) and alge-

braic geometry PET induction to bound Ag¢(h, fi1, f3). By Proposition 2.5.3, Proposition
2.5.4 and the [*-bound for g, we have

[Arc(g, fi, )] <Gl 1Dl < o™ 2llgln | Aullzll fellz < el follall £ill2ll foll2-

By Theorem 2.3.2, Theorem 2.4.1 and the {*-bound for h, we have

(Ara(hs fus L < RN IR1 1Al ] f2ll < €475 follallfilz]l ol
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Hence, we have

AF,G(anfbfé) = AF,G(Q?flafé) + AF,G(hhfl’fé)

< ellfollll fill2ll follz + 0B follall Frllzl follo-

—-1/10

Choosing € = p will optimize the result and complete the proof.
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CHAPTER 3

Two dimensional rational function corners

3.1 Overview

In this chapter, we follow the strategy from [Lim25b| to reproduce a proof of Theorem 1.3.2.

Bergelson and Leibman’s theorem (Theorem 1.2.1) provides a satisfactory qualitative
understanding of the sets that do not contain polynomial progressions. Meanwhile, the
quantitative understanding of this subject is still formative. Recent breakthroughs of Peluse
[Pel19], [Pel20] and of Peluse and Prendiville [PP24] bring major progress on quantitative
estimates for sets lacking one dimensional polynomial progressions, but the theory for higher

dimensional polynomial progressions is far from complete.

There are significant new difficulties for higher dimensional progressions, which could be
found in Peluse’s paper on L-shaped configurations [Pel24|. Further evidence regarding high

dimensional difficulties are recorded in Austin’s work [Aus14].

In this chapter, we discuss the two dimensional rational function corners in IFZ. Let F,G
be rational functions, to specific the dependency, we will call the two dimensional rational

function corners (z1, xs), (x1 + F(y),x2), (x1, 22 + G(y)) corners generated by F,G.

Two dimensional rational function corners include a wide range of examples. For instance,

two dimensional rational function corners include

(%1,1’2), (xl + y,$2), (l'l,l'g + yQ)
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and
('rly x2>7 (:Cl + y3,$2>; (:Ula X2 + y3 - y2 + y)

and even strange examples like

2

Y 17
T1,T2), | 1+ ———=,T2 ], | T1,22 + +—.
(71, 72) ( 1 JT — 5P 2) ( LT2TY y13—|—19)

Compared to previous results, Theorem 1.3.2 and Theorem 1.3.4 are new in the following

two aspects.

e Qualitatively, Theorem 1.3.2 and Theorem 1.3.4 allow F,G to be rational functions

while the previous results are only applicable to polynomials.

e Quantitatively, the power-saving exponent 1/122880 is an improvement upon previous
results when F, G are polynomials and their degrees are the same and greater than 2.
Moreover, the power-saving exponent 1/122880 is uniform in the degrees of F,G; it

does not decay exponentially as the degrees grow.

To be more specific, previously Han, Lacey and Yang [HLY21| proved that if F, G are
linearly independent polynomials with zero constant terms and distinct degree or linearly
independent quadratic polynomials with zero constant terms, and A is a subset of IFE, with

density 6 > p~/16, then
#{(x1,22,y) € ]F; : The corner (21, x5), (z1 + F(y), z2), (v1, 22 + G(y)) is in A} > p5°.

On the other hand, Kuca [Kuc24b|, [Kuc24a| proved that if F,G are linearly independent
polynomials with zero constant terms, then there exists a constant ¢ depending on the degrees

of F, G such that
#{(x1,22,y) € IF;Z’, : The corner (a1, 22), (1 + F(y), x2), (21,22 + G(y)) is in A} > p*6°

for all subsets A C IFIZ) with density 6 > p~©. The method of Han, Lacey and Yang is Fourier

analytic while the method of Kuca is based on higher order Fourier analysis and degree
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lowering. The power-saving exponent ¢ in Kuca’s results is unspecified in his papers, but it
could be made explicit in principle, although it would be fairly small due to the astronomical
amount of application of the Cauchy—Schwarz inequality in degree lowering. For this same
reason, the power-saving exponent ¢ would also decay quite quickly as the degrees of F, G
grow. Therefore, our power-saving exponent 1/122880 is a uniform numerical improvement

only in the cases not covered by the results of Han, Lacey and Yang.

The approach of |Lim25b| comes from four different papers [HLY21, HL25, KW24,
Kuc24a]. To generalize the algebraic geometry PET induction to the case of corners, we
incorporate the method with the Fourier analytic approach due to Han, Lacey and Yang
[HLY21|. However, the “naive" generalization of algebraic geometry PET induction does not
work, since it would discard too much cancellation among exponential sums, and lead to de-
generacy of certain varieties. Luckily, we could borrow an idea from the work of Kavrut and
Wu [KW24| on improving the nonlinear Roth theorem to amplify the cancellation among
exponential sums and hence obtain Gowers norm control. After obtaining Gowers norm
control, it is natural to apply the degree lowering pioneered by Peluse [Pell9] to complete
the proof. In fact, we need a different version of degree lowering that works for directional

Gowers norms, and this version of degree lowering was developed by Kuca [Kuc24a].

Finally, we briefly review the existing literature related to this chapter. To draw parallel

comparisons, for polynomial Szemerédi theorem for corners in integers, see work of Peluse,

Prendiville and Shao [PPS24] and work of Kravitz, Kuca and Leng [KKL24|.

This chapter is organized as follows. Section 3.2 contains the convention we use. The
main Fourier analytic calculations and intermediate inequalities for algebraic geometry PET
induction are in Section 3.3. Section 3.4 is about point-counting on certain varieties. In
Section 3.5, we use the results in Section 3.3 and Section 3.4 and the degree lowering to
prove Theorem 1.3.2. We touch upon some potential higher dimensional generalizations
in Section 3.6. Appendix 6.1 includes some further discussions on the technical aspects of

Section 3.4.
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3.2 Convention

We will continue to use the convention listed in Section 2.2. Moreover, we would use boldface
letters to denote vectors in Fi, for example h, n, m would mean (hy, hy), (n1, na), (M, ms)

respectively.

3.2.1 Gowers norm notation

Let G be a finite abelian group. Denote the difference operator by A, that is Apg(x) =
g(x)g(x + h) for any functions g on G and any elements h € G. Let s be a positive integer
and f : G — C be a function, the U*(G)-Gowers norm is defined to be

I/

o) = E E  AplAp, A f(2).

z€G hi,h2,....,hs€G

More generally, let Hq, Ho, ..., Hs be subgroups of GG, the Gowers box norm with respect to
H,, Hy, ..., H, is defined to be

2S
= Ay Ay A z).
V2t ., xIeEG hleHl,hQGII%g,...,hseHs A
When H = Hy = H, = ... = H,, we would write || f||vsa for || f|l &, ma,... 5, -

Suppose K, K, ..., K, are subgroups of Hy, Hs, ..., H, respectively, then we have

N f ey 21, < N fl 1 K K

for all functions f.

3.3 Algebraic geometry PET induction

In this section, we will establish the framework of algebraic geometry PET induction for two
dimensional rational function corners. The main purpose is to upper bound the counting

operator for corners generated by rational functions F'(t), G(t) by a Gowers norm, modulo
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the point-counting estimates for certain varieties. The precise statement is in Theorem 3.3.2,

and the corresponding point-counting estimates will be handled in Section 3.4.

Definition 3.3.1. Let F(t),G(t) € Q(t) be rational functions over Q. Define the Roth
variety for corners associated to F(t),G(t) to be the (quasi-affine) variety cut out by the

following ten equations in sizteen variables yi,ys, ..., Y16-

F(y1) — F(ys) — F(yo) + F(y11) =0 (3.3.1)
F(y2) = F(ya) = F(y10) + F(y12) =0 (3.3.2)
F(ys) — F(yr) — F(y13) + F(y15) = 0 (3.3.3)
F(ys) — F(ys) — F(y14) + F(y16) = 0 (3.3.4)
G(y1) — G(y2) — G(yo) + G(y10) = 0 (3.3.5)
G(ys) — G(y7) — G(yn) + G(yi5) =0 (3.3.6)
G(ys) — G(ys) — G(y12) + G(yi6) = 0 (3.3.7)
G(ys) — G(ys) — G(y13) + G(y1a) = 0 (3.3.8)
F(yg) — F(yi0) — Fynn) + F(yi2) — F(y13) + F(y14) + F(y15) — F(y16) = 0 (3.3.9)
G(ys) — G(y10) — G(y11) + G(y12) — G(yis) + G(yra) + G(y1s) — G(yis) =0 (3.3.10)

The Roth variety could be regarded as a classical variety or a scheme over various fields, for

example, the complex numbers C or finite fields IF),.

We will often abbreviate the Roth variety for corners associated to F(t),G(t) as the
Roth variety. In this chapter, when we use this abbreviation, the context will always be
clear enough to see that we are referring to the Roth variety for corners, not the Roth

variety for one dimensional progressions.

Theorem 3.3.2. Let F(t),G(t) € Q(t) be rational functions over Q, and Y (F,) be the F,-

points of the Roth variety for corners associated to F(t), G(t). Then, we have the following
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Gowers norm control

E  fo(z1,22) fi(v1 + F(y), v2) fo(w1, 2 + G(y))

Z1,22,Y

1
1 1 1 16
< ol Al Do o (Ewp)\)

for all 1-bounded functions fq, f1, fo : ]FZ% — C.

Remark 3.3.3. Theorem 3.3.2 is not the strongest form of Gowers norm control that we can
have. In fact, we can control the counting operator with || faloxr, rz instead of || f2l[v2(0xr,);

see equation (3.3.33).

Remark 3.3.4. Even though Theorem 3.3.2 does not have any linear independence assump-
tion, it would not be useful when F,G are linearly dependent. This is because if F,G are
linearly dependent, then one of the equations (3.3.9), (3.3.10) is redundant, in which case the
Roth variety does not have the expected dimension and |Y (F,)| is too large for the inequality

to be useful.

Heuristically, the Roth variety for corners is cut out by 10 constraints in 16 variables,
hence the intuitive expectation suggests that the dimension of the Roth variety is 16 — 10 =
6 and the size of F,-points on the Roth variety is about p® when the 10 constraints are
“sufficiently independent". In this case, Theorem 3.3.2 would indeed be providing control by

the Gowers norm.

The ingredients of the proof of Theorem 3.3.2 are divided into three propositions, namely
Propositions 3.3.5, 3.3.7 and 3.3.8. The strategy is to generalize the algebraic geometry PET
induction for one dimensional three term rational function progressions in Section 2.3 to
two dimensional corners. We would proceed with Fourier analytic method, and transform
the exponential sums into point-counting estimates for the corresponding Roth variety to
avoid difficult multidimensional exponential sum estimates. The Fourier calculations in the

first half (up until Equation (3.3.17)) of the proof of Proposition 3.3.5 are same as the
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Fourier calculations in the work of Han, Lacey and Yang [HLY21| on corners generated by
polynomials. It seems plausible that combining the ideas from Section 2.3 and [HLY21] would
lead to the desired estimates, however, there is a new obstacle-the “naive" generalization
of algebraic geometry PET induction produces varieties with wrong expected dimensions.
Fortunately, this obstacle could be tackled by ideas in the work of Kavrut and Wu [KW24]

on improving the nonlinear Roth theorem.

The Proposition 3.3.5 is an intermediate step for algebraic geometry PET induction; it
has the correct geometric term |Y(F,)| but messy Fourier terms T3, 75. The Fourier terms
would be simplified in Proposition 3.3.7 and 3.3.8. In the statement and proof of Proposition
3.3.5, we will frequently use boldface letters to denote vectors in IFIQ,, for example h, n, m will
mean (hy, hy), (n1,n9), (M, my) respectively. Also, recall that the difference operator A is
defined as Apg(x) = g(x)g(x + h) for any functions g. Moreover, we use subscripts in /2-
norm to emphasize the variables, for example, for a two variable function 7T'(a,b) on ]Ff,, we
denote (Zmb\T(a,b)P) v by ||7(a, b)Hli,b' In other words, the notation HT(a,b)le’b is the

same as ||T'||;z, but hopefully this notation would be clearer when there are a lot of variables.

Proposition 3.3.5. Let F(t),G(t) € Q(t) be rational functions over Q, and Y (F,) be the
[F,-points of the Roth variety for corners associated to F(t),G(t). For any functions fi, fa,
define

Ti(ny, h ZA nf1 (n1,n2)

Ts(mo,h ZAhfz mi, ma),

where the order of operators is taking Fourier transform first and then difference operator

for Ah]?. Then, we have

E  fo(z1,22) fi(71 + F(y), z2) fa(z1, 72 + G(y))

1,22,y

1/2 1/4 sl 1/8 1 1/16
< folla T3 s, W)l 1T )l T3 (m, W) To(m, ) h(p Y ()|
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for all functions fy, f1, fo : IF]% — C.

Proof. For notational convenience, denote

AO =

E  fo(z1, 72) fi(21 + F(y), v2) fa(z1, 22 + G(y))

1,72,y ‘

to be the quantity we would like to estimate.
Applying Cauchy—Schwarz inequality in xq, r9, we have

Ao =

E f0($1>I2>Ef1($1 + F(y), 22) f2(21, 72 + G(y))

1,22 ‘

2) 1/2

< |l foll2 (wEQ‘IyEfl(xl + F(y), x2) fo(21, 22 + G(y))

Fourier expand the functions fi, fo to obtain

]Ef1(931 + F(y), 22) fo(21, 72 + G(y))

= £ Rt e FODmetm olmG) (g5
= Zfl ep((n+m) - x )Igep(an(y) + maG(y)).

Denote K(a,b) = E,e,(aF(y) + bG(y)) and perform change of variables n <> n — m,

then the expression (3.3.11) is equal to

Z £r(m) Fo(m)e, (0 +m) - %) K (n, m)
=" Al —m) fa(m)e,(n - x)K (n) —my,my) (3.3.12)

_ z@ it = m) o) (1 = ) ) -

Combining (3.3.11) and (3.3.12), Parseval’s identity says
2

E fi(r1 + F(y), z2) fa(z1, 72 + G(y))

Y

1,22

2 (3.3.13)

fi(n = m) fo(m)K (ny — mq, ms)
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Expanding the squares and performing change of variables n <> n + m, the expression

(3.3.13) becomes

23 fin i m =) o )To(m WK (1 =y, ma) K (s =y = by, my 4 ha)
- Zh Fr(0) i (0 — ) fo(m) fo(m + 0) K (g, ma)K (ny — hy,my + hy)

= Y Anfi(0)Anfo(m) Ay, py) K (n1,m2).

" (3.3.14)

To clarify, for the notation Ahf, the order of operators is applying Fourier transform first

and then difference operator.

Note that in the last line of (3.3.14), some variables decouple, hence we can write (3.3.14)

Z A py oy K (11, mo (ZA nfi(n1,m ) (ZAhﬁ(ml,mg)) (3.3.15)

h,ni,meo

To ease the notations, define
Ti(ny,h ZA n/1 (n1,n2)
Ty(ma, h ZAhfz my,ma),
so that the expression (3.3.15) can be rewritten more succinctly as

Z T1 (nl, h)TQ(Tl’ZQ, h)A(_hth)K(nl, mg). (3316)

h7n17m2

Applying Cauchy—Schwarz inequality in variables h, n;, we deduce that

(3.3.16) = > Ti(n1,h) Y Ta(ma, h) Ay, y) K (1, m2)
h,ny

1/2
HTI ni,h Hl2 h (Z Z T2 ma, h T2 mZah)A(—hl,hz)K(nlvmQ)A(—hl,hQ)K<n17mé)) .

h,n1 mg,m/,
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For notational convenience, denote
Ay = Z Z T2(m2> h>T2<m/2’ h)A(*thm)K(nb mQ)A(*hle)K(nl? mlz)
h,n1 mo,m),

To sum up, so far we have obtained
Ao < HfoHQHTl(nl,h)Hllz/QhA}M (3.3.17)
7117

and we have Cauchy-Schwarz away the functions fy, f1. It is tempting to apply Cauchy-
Schwarz inequality to A; in variables h, my, m} to get rid of f,. However, in this way, we
would discard too much cancellation and the resulting variety has degeneracy, that is, the
variety is defined by six equations in eight variables, but its dimension is three. To fix this,
we use a technique due to Kavrut and Wu [KW24] to iterate the exponential sums one more
time in order to capture more cancellation. Hence, we apply Cauchy—Schwarz inequality to

A1 in variables h, my to obtain

Av = To(ma,h) Y Ta(mb, D) Ay g K (n1, m2) Ay o) K (i, m)

h,msy ny,mj

h

< | Tamo, )]z

< | Y0 Ta(mby, h)Ta(mly, h) Ay gy K (1, m2) Ay gy K (0], mo)

!

h,mso n1,M5
/ 1

nf,mj

1/2

A(—hl,hz)K(nb mIQ)A(—hlJm)K(n/la mg) 5

(3.3.18)

where mJ, n) are the copies of mj, ny respectively.

Once again, for notational convenience, denote

Ayi= "> Ta(m, h)Ta(my, h) Ay gy K (n, m2) Ay iy K (n, m)

/

h,ma ny,m)
I 17

nf,msy

A(*hl,fu)Kv(nlv m/2>A(*h1,h2)K(n/1> mg)
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and (3.3.18) can be rewritten as

Ay < [ To(me, h)Hlan,hA;/Q- (3.3.19)

Now, we have kept enough cancellation, and we can apply Cauchy—Schwarz inequality to
As in variables h, mj, m{ to get rid of T3 and transform exponential sums into point-counting

on variety. Hence, we have

Ay =D To(mhy, W) To(mi,h) > Acn, K (n1,m9) Ay py) K (), my)

h,m},m} ni,ny,ma
U / / "
A(—hl,hz)K(nlv m?)A(_hth)K(nl? m2)

< ||T?<m,27 h)TQ(mIQI’ h)”lfn,

5,miy;h

<1 D Ak K (01, ma) A, ) K (05, m2) Ay o) K (1, my) Ay oy K (0, my)

! " /
h,m5,mg nyi,nj,ma
/
N1,N{, M2

1/2

A(—hl,h2)K(N1’ MQ)A(—thz)K(N{? MQ)A(—hlJm)K(Nl? mIZ)A(—hl,hQ)K(N{a mg)

(3.3.20)

where Ny, N{, M, are the copies of ny,n’, mo respectively.
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Finally, expanding the exponential sums, we have

Z Z A(*hl,hQ)K<nl> mQ)A(*hl,hz)K(nllv mZ)A(*hl,hﬂK(nl? ml2>A(*h1,h2)K(n/1’ ms)
h,mb,mY nin},ma
Ny, NY, Mo

A(—hl,hz)K(va MQ)A(—hth)K(N{? M2>A(—h1,h2)K(N17 m,Z)A(—hl,hz)K(N{’ mg)

= E 2
Y1,Y2,Y3,Y4

Y5,Y6,Y7,Y8 h1 ha
Y9,Y10,Y11,Y12 ny,n’ N1 N
Y13,Y14,Y15,Y16 »

m2 m2 Mg

€p <+”1F(y1) +maG(y1)  — (n1 — hi)F(ye) — (ma + ha)G(yo)
—niF(y2) —maGly2) 4 () — h) F(y10) + (m2 + h2)G(y10)
— 1 F(ys) —=myGlys)  + (m— ) Fyn) + (mh + ha)Gy1)
+ 01 F(ya) + myGya)  — (nh — ha) F( (

— N1 F(ys 5) 4+ (N1 — h1)F(y13) + (Ma + he)G
( (

=
+
>
N
Q
—~ —~
<
=
'S
~—

2G(y
+ N{F (y6) + MaG(ys

) —
() )
+ NiF(yr) + myGlys) -
— N{F(ys) — (s)

Ys mIQIG Ys
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which is equal to

= B 2
Y1,Y2,Y3,Y4

Y5,46,Y7,Y8 h1 ha
Y9,Y10,Y11,Y12  py ”1 N1 N

Y13,Y14,Y15,Y16
mo m2 m2 M2

e (1 (F(31) = Flys) = Flyo) + Flym))
+ny(=F(y2) + F(ya) + F(y10) — F(y12))
+ Ni(=F(ys) + F(yr) + Fyi3) — F(y15))
+ N1(F(ys) — Fys) — F(y1a) + F(y16))
ma(G(y1) — G(y2) — G(ys) + G(y10))
my(—G(ys) + Gyr) + G(yn) — G(y15))
+my(Glys) — Glys) — Glyi2) + G(y16))
+ Ma(=G(ys) + Gys) + G(y13) — G(y1a)
+ ha(F(yo) — F(y10) — F(yn) + F(yr2) — F(y1s) + F(yaa) + Fy1s) — F(y16))
+ ha(=Glyo) + Glyno) + Glyn) = Glysz) + Glyss) = Glyas) = Glyss) + Glyno) )
Y (F,)]

pG
(3.3.22)

where the last line of (3.3.22) follows from the orthogonality of characters and the definition
of the Roth variety.

To complete the proof, we combine (3.3.17), (3.3.19), (3.3.20), (3.3.21) and (3.3.22), and
conclude
1/2 A
Ao < [l foll2l|Ta(n1, B2

1/2 1/4 18
<wmwﬂmhnwwm< )H/ )

1/2 1/4 T 1/8 1 1/16
< WL G, W, T mijﬂm@mn<;mn/,iEwmm) .

O
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Remark 3.3.6. Note that we do not consider summing over n; for A; to exploit the can-
cellation among exponential sums. If we were to do that, then we would run into some
exponential sum of the form 7 i ) €,(#(y)) (with some variety V' and rational function
), which is rather difficult and complicated to understand. On the contrary, point-counting

on the Roth variety is more tractable.

The next proposition is the first part of simplifications of Fourier coefficients in Proposi-

tion 3.3.5. Similar calculations also appear in [HLY21].

Proposition 3.3.7. Let fi, f>: IF]% — C be functions, define
Ti(ni,h ZA nfi(ni,ng),  Th(ma,h ZAth my, my),

then we have

ITi(na, D)l < WA (1 Ta0me, )l | < II£05

Proof. We will prove the estimate for 7, and the estimate for 7} follows similarly by

symmetry. By definition of T, and Fourier transform, we have

T m27 ZAth m17m2)
= Z fa(ma, my) f ml + hi,ma + ho) (3.3.23)

= Z E f>(x)ep(—mm ) fo(z)ey(m - 2)ey (b - 2).

Summing over variable m; to utilize the orthogonality of characters, the expression
(3.3.23) becomes
E fa(z, 332)%(317 z)ep(ma(22 — 72))ey(h - z)

x2,21,22

B (3.3.24)
= E fo(z1,22 + 22) fo(21, 22)ep(h - 2 — o)

T2,21,%22

where the last line of (3.3.24) follows from change of variables zy <> x5 + 25.
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Combining (3.3.23) and (3.3.24), Parseval’s identity says

|To(ma, b)|[2: =S| To(ma,b)|" = E|fa(a1, 2 + 22) falz1, 2)[- (3.3.25)

2:h x2,21,22

ma,h

Note that

E |f2(21,$2+22)ﬁ(21,22)‘2= E ‘f2(21,$2)f2(21,2’2)|2

T2,21,22 T2,21,22

= E<E|fz(21,$2)|2> (Ig’fz(zh 22)’2> (3.3.26)

21 \ T2

:E(E‘fg(zl,zg)‘2)2

21 \ 22

Finally, applying Cauchy—Schwarz inequality to the inner sum of the last line of (3.3.26),

we have
2
E(E|f2(21722)|2) < EE|f2(21,Zz)}4 = || f2]I1. (3.3.27)
zZ1 \ 22 Z1 =22
Combining (3.3.25), (3.3.26) and (3.3.27) would complete the proof. O

The next proposition is the second part of simplifications of Fourier coefficients in Propo-
sition 3.3.5. Compared to the Proposition 3.3.7, its proof is more complicated and involves

Gowers norms.

Proposition 3.3.8. Let f; : Ff, — C be a 1-bounded function and define Ty(msy, h) =
> oy Ahﬁ(ml,mg). Then, we have

I T5(me2, 1) T (ms, bl

m2,m/2,h

< 12052 0xr,)-

Proof. By definition of T, and Fourier transform, we have

Ty(ma, h ZAhfz mi, ms)
= Z fa(ma, mo) f ml + hi,ma + ho) (3.3.28)

= Z E f>(x)ep(—mm - X) fo(z)ey(m - 2)ey (b - 2).
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Summing over variable m; to utilize the orthogonality of characters, the expression

(3.3.28) becomes

E  faz1,22) fa(21, 22)ep(ma(22 — 13))ep(h - 2)

T2,21,22

B (3.3.29)
= E( E fo(z1, 22 + 22) fo(21, 22)ep(h - z))ep(—mng)
T2 \ %1,%22
where the last line of (3.3.29) follows from change of variables x5 <> 23 + 25.
Combining (3.3.28) and (3.3.29), Parseval’s identity says
2
S| To(ma, )2 = E‘E Foler, 22+ ) a1, 22)ep(h - 2)
ma ’ (3.3.30)

=K E A f2(21,x2+22>A fQ(Zl,ZQ)Bp( h'Z/>.

oz Z
Note that the quantity we would like to upper bound for this proof has the following

decomposition:

ITo(ma, W) Ta(miy, W) = > |Ty(ma, h)Ty(mj, h)|’

'm2,'m/2,h

/
ma,ms,h

_ Z(Z\Tz(mg,h)f) <Z|Tz<m’2,h)!2> (3.3.31)
_Z<Z‘TQ Mo, )|2> .

By (3.3.31), (3.3.30) and Parseval’s identity, we have
2

E Ay fa(z1, 29 + 29) Ay fo(21, 22)

2,2

| T3 (me, 1) To(mf, ) ||7 =E

mamhh 7

(3.3.32)

Note that the inner sum of (3.3.32) is nonnegative since

E Ay fo(z1, 22 + 20)Ap fo(z1,20) = E Ay folz1, w2) Ay fo(21, 22)

T2,Z T2,z

=K <E Ay fo(21, 1‘2)> <£E Ay fo(21, Z2)>

21 \ P2

2
=E

zZ1

E Ay fa(z1, 22)

€2

=0
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Nonnegativity of the inner sum of (3.3.32) and the 1-boundedness of f, allow us to deduce

that
I T2 (ma, h) Ty (mi, h) 1 ,SEE A, Ay fol21, w0 + 20) Ayt fo21, 20)
mg,mjy, z' 2,2
=E E A0x2 Ay fao(21, 22)
< w (3.3.33)

= Hszépr,ng
< | f2llgeoxr,)-

For the first line of (3.3.33), we switch the complex conjugates so that it is easier to recognize
the formula as a Gowers norm, and this is valid thanks to the nonnegativity again. For the
last line of (3.3.33), we use the fact that restricting to subgroup will not decrease Gowers

norms. 0
Now, we have enough ingredients to prove Theorem 3.3.2.

Proof of Theorem 3.3.2. We simply need to put Propositions 3.3.5, 3.3.7 and 3.3.8 to-

gether to obtain

ml]glg yfo($1,$2)f1($1 + F(y), x2) f2(1, 72 + G(?J))‘

o 1 1/16
<ol Ti s, W)l [ Te(ma W) T2, Yo, W) (Emm)

1
1 1 1 16
<ol Al e o (Emm)

]

For the purpose of induction, we also need the following “dual version" of Theorem 3.3.2.

Theorem 3.3.9. Let F(t),G(t) € Q(t) be rational functions over Q, and Y (F,) be the F,-

points of the Roth variety for corners associated to F(t), G(t). Then, we have the following
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Gowers norm control

E  fo(z1, ) fi(v1 + F(y), v2) fo(w1, 22 + G(y))

Z1,22,Y

1
16

1 1 1
< HfonHleiHf1||éz(mpxo)!|f2\l4(E\Y(Fp)\)

for all 1-bounded functions fo, fi, fo : ]F‘f7 — C.

Proof. One could repeat the proof of Theorem 3.3.2 and reverse the roles of fi, fo in the
order of applying Cauchy—Schwarz inequality. Alternatively, this theorem could be deduced
from the Theorem 3.3.2 directly. Let go(z1,22) = fo(xe, 1), g1(z1,22) = fi(z2,21) and

g2(x1, 9) = fo(wa, 1), applying Theorem 3.3.2 to the functions gg, go, g1, we have

E  fo(z1,22) fi(w1 + F(y), x2) fa(z1, 72 + G(y))

1,22,y ‘

B go(wa,1)ga(es + G(y), 21)ga(wa,a1 + F<y>>\

Z1,22,Y

1 1 1
< ool llallllgr I 19111 s (Ew(m)

1
16

Note that the Roth variety is symmetric in F'(t), G(t) and ||g1]|v20xr,) = | fillv2@,x0). O

3.4 Dimension estimates

In this section, we will prove the point-counting estimates for Roth variety in Theorem 3.4.2.
Heuristically, while F'(t), G(t) and constant function 1 are linearly independent, the defining
equations of the Roth variety for corners associated to F'(t), G(t) are essentially independent,

hence the Roth variety has expected dimension 6.

We start with a preliminary proposition regarding certain determinant. For Proposition

3.4.1, we adopt the convention that a blank entry in a matrix is understood to be zero.

Proposition 3.4.1. Let F(t),G(t) € Q(t) be rational functions over Q, andY be the Roth

variety for corners associated to F(t),G(t). Let J be the determinant of the first ten columns
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of the Jacobian matrix of the defining equations of Y, that is

F/(yl)

F,(ys)
F'(y2) —F'(ya)

Then, we have

Proof.

_F,(yg)
—F'(yr)
—F"(ys)
—G'(yo)
—G'(y7)
—G'(ys)
F/(yg)
G/(yg)

J = (F') G (2) G (5) F (90)G (55) ' (96) F' (9r) G ()
= G/(31) F' (1) F' (1)G (5 F' (45) G (46) G () ' (1))

X (—F/<y9)G/(y10> + G/(yg)F/(ylo))-

—F,(ym)

G'(y10)

—F"(y10)
—G'(y10)

Note that the first eight entries of the ninth and tenth rows of the Jacobian matrix
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are entirely zeroes, hence we can expand J as

F'(y1) —F'(ys3)
F'(ys) —F'(y4)
F'(ys) —F'(y7)
F'(yo) —F'(y10) F'(ys) —F"(ys)

G'(yo) —G'(y10)

G'(y3) —G'(y7)
G'(ys) —G'(ys)

= (~F' ()G (310) + G (50) F'(310) )
(3.4.1)

where J; is defined to be the determinant of the 8 x 8 matrix in the first line of (3.4.1).

Next, expand J; with respect to the first column to obtain

F’(y2) —F/(y4)

Ji = F'(y) —G'(y2)

G/(%) _G,(y@‘)
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—F'(ys)
F'(y2) —F"(ya)

+G () F'(ys) —F'(ys)
G'(ys) —G'(yr)
G'(ya) —G'(ys)
G'(ys) —G'(ys)

= A+ B
where A, B are defined to be the two terms in the cofactor expansion of J;.

The 7 x 7 matrices in A, B are fairly sparse. For each of them, we could argue combi-
natorially that there is only one permutation of {1,2, ..., 7} such that the product of entries
is nonzero, and evaluate the determinant, but perhaps it would be clearer if we record the
direct computations via repeated use of cofactor expansions of determinants as an alternative

approach here.

We start with the quantity A. Expanding the determinant with respect to the fourth

row, the expression simplifies to

—F/(y4)

F/(?Jl)G,(?h)
G'(y3) ~G'(yr)

G'(y4) —G'(ys)
G’(y5) _G,(yo‘)
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Expanding the determinant with respect to the first column, the expression simplifies to

—F"(y4)

F'(ys) —F'(ys)
—F'(y1)G'(y2)G' (y3) F'(ys) —F'(ys)| -
G'(y4) —G'(ys)

G'(ys) —G'(ye)

Expanding the determinant with respect to the first row, the expression simplifies to

F'(ys) —F'(yr)
F'(ys) —F'(ys)

F’(yl)G'(yz)G’(y3)F’(y4) o) .
—G{Ys

G'(ys) —G'(ys)

Expanding the determinant with respect to the third column, the expression simplifies

to
F'(ys) —F'(ys)

—F'(y1) G (y2) G (y3) F' (ya) F' (y7) —G'(ys) |-
G'(ys) —G'(ys)

Expanding the determinant with respect to the first column, the expression simplifies to

F'ys) —F'(ys)

—F'(y1)G" (12) G" (y3) F' (ya) G’ (y5) F' (y7) :
—G'(ys)

Expanding the 2 x 2 determinant, the expression simplifies to
Fl(y1) G (y2) G (y3) ' (ya) G (y5) F' (ye ) F (y7) G (ys)

Next, we repeat the same process for B. Expanding the determinant with respect to the
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first column, the expression simplifies to

—F"(ys)
F'(ys) —F"'(y7)
F'(ys) —F"(ys)
&' () ~G'(yr) |
G'(ys) —G'(ys)
G'(ys) —G'(ys)

_G/(yl)F/(y2)

Expanding the determinant with respect to the first row, the expression simplifies to

F'(ys) —F'(y7)
F'(ys) —F'(ys)
G'(y1) F' (y2) ' (y3) —G'(yr)
G'(y4) —G'(ys)
G'(ys) —G'(yo)

Expanding the determinant with respect to the first column, the expression simplifies to

F'(ys) —F'(yr)
F'(ys) —F'(ys) ‘
—G/(?h)

—G'(y1)F'(y2) F' (y3)G' (ya)

G'(ys) —G'(ys)

Expanding the determinant with respect to the last column, the expression simplifies to
F'(ys) —F'(y7)
G'(y) F' (y2) F' (y3) G (ya) F' (ys) —~G'(y7)| -
G'(ys) —G'(ys)

Expanding the determinant with respect to the second row, the expression simplifies to

F'(ys)

G'(y1) F'(y2) F' (y3) G’ (ya) G (y7) F' (ys) :
G'(ys) —G'(ys)
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Expanding the 2 x 2 determinant, the expression simplifies to

—G' (1) F'(y2) F' (y3) G (y4) F' (y5) G (y6) G' (y2) F" (ys),

this completes the proof. n

The main theorem in this section is Theorem 3.4.2.

Theorem 3.4.2. Let F(t),G(t) € Q(t) be rational functions over Q such that F(t),G(t)
and constant function 1 are linearly independent over Q, and Y (F,) be the F,-points of the
Roth variety for corners associated to F(t), G(t). Then, we have the following point-counting
estimate

Y (F,)| < p".

Proof.

High-level overview of the proof:

The method of the proof of Theorem 3.4.2 is similar to that of Theorem 2.4.1. The main
idea is actually fairly intuitive and direct, but some long technical steps are needed in order
to make the proof rigorous. These technical steps are similar to those used in the proof of

Theorem 2.4.1 and they may not be very helpful for a first reading.

To improve readability, we decided to include a high-level overview of the proof, a working
heuristic with sufficient details but omitting the technical steps, and an appendix (Appendix
6.1) which indicates how to modify the proof of Theorem 2.4.1 to fill in the missing technical
steps in the working heuristic. Some key calculations are isolated as Lemma 3.4.3 so that

the proof would be more modular.

The main idea is to decompose the Roth variety into smooth parts and singular parts

repeatedly. Informally, the geometry of the smooth parts can be understood via machinery
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in algebraic geometry, while the singular parts come with extra constraints. Repeating the
decompositions will gradually amplify the constraints on singular parts. In fact, the Jacobian
matrix of the Roth variety has nice structure, so the variables in the extra constraints on the
singular parts often “decouple", which is quite useful for the decomposition process. After
sufficiently many decompositions, the singular parts will become simple enough for us to

conclude the proof.

Working heuristic with details:

Our working heuristic is based on the following three principles.

Principle 1: A variety whose Jacobian matrix is full rank, is smooth, and hence has the
expected dimension and IF,-point count. This is in line with our intuitions from geometry

and implicit function theorem.

Principle 2: The number of [F,-points of a variety with “triangular" defining equations
can be bounded easily. For example, let V' be the variety cut out by the following three

equations in six variables:

Y1 + 295 — yi + 3ys + 1005 = 0
Y3 — ys +5ys' =0
ys —yi =0
Although the defining equations of V' are fairly complicated and highly nonlinear, but we can

still bound |V(F,)| easily. Indeed, there are at most p* choices of yi,y2, y3; for every fixed

Y1, Y2, U3, there are at most O(1) many choices of yy, s, ys, therefore we have |V (F,)| = O(p?).

Principle 3: Constraints that look “strong" and “simple" often make a system of equa-

tions “triangular". For example, let V' be the variety cut out by the following two equations
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in four variables:

vl — 25 +3ys' —4dy;’ =
v = Yi Y =0
The constraint y}° — y3 + y, = 0 is quite strong since it only involves one variable y;. As a

result, the defining equations are “triangular" and we can easily deduce a good bound that

[V (Fy)| = O(p?).
Now, we can proceed with our argument.

Step 1: Preliminary decomposition

Let J(y1, Y2, .--,y10) be the determinant of the first ten columns of the Jacobian matrix

of the defining equations of the Roth variety Y, then by Proposition 3.4.1, we have

J(Y1, Y2, Y3, Y1, Y5, Yo, Y75 Ys: Yo, Y1o)
= (PG (92)G' (v) F'(5) G (95 F (96) F'(57) G (3)
= G/ (30) F' (1) F' (4)G (50 F' (35) G (46) G () F' (35) )

% (= F(490)G' (410) + G'(4) F'(310) ).

Define

ngen =YnN {(y17y27 --~7916) S AIG : J(yhyQay37y47y5ay67y77y8ay97y10) 7é 0}
and
Kp =YnN {(y17y27 ---7916) € A16 : J(y17y27y37y47y57y67y77y87y97y10) = 0}

where A is the affine space.

By construction, the variety Yz, has a Jacobian matrix with full rank, thus Y, is

smooth and hence has the expected dimension 6 and the expected IF,-point count that
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[Yeen(Fp)| = O(p°). So, it remains to show that |Yi,(F,)| = O(p®); we are in a better
situation than where we started since we now get an extra constraint J(yi,ya,...,y10) = 0

for free.

Next, we will further decompose Y;,. Let

R(y) = Fly) (3.4.2)

and rewrite J(y1, Y2, ..., Y10) as

(—F'(yg)G’(ym) + G’(yg)F'(ym)>
% (G ()G (92) G (45) G (42)G' (35) G (96) G (97) G ()

X (R(yl)R(y4)R(y6)R(y7) - R(yz)R(ys)R(%)R(ys))-
Define

Z =Y 0 {(y1, 2, - y16) € A - R(y1) R(y4) R(ys) R(yr) — R(y2) R(ys)R(ys)R(ys) = 0}
Y; =Y 0 {(y1,y0,...,y16) € A : G'(y;)) =0} for1 <i <8

Y9,10 =YnN {(yla Y2, .-y ?J16) €A _F,(y!))G/(le) + G,(yQ)F/(y10> = 0}-

Note that Yy, (F,) = Z(F,) U Yi(F,) U Ya(F,) U ... U Ys(F,) U Yo10(F,). Informally, the
varieties Y1, Y5, ..., Y5, Yy 10 are “degenerate" subvarieties of low dimension due to the “strong"
constraints G'(y;) = 0 for 1 < i < 8 and —F'(y9)G'(y10) + G'(yo) F'(y10) = 0, therefore we

can safely ignore them for now to ease our mind. The main difficulty lies in the variety Z,

and it remains to show that |Z(F,)| = O(p%).

Step 2: Auxiliary variety 7’

To bound the size of Z(F,), we will define an auxiliary variety Z’. Let Z’ be the variety
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cut out by the following three equations in eight variables y1, 4o, ..., ys.

F(y1) — F(y2) — Fys) + F(ya) — F(ys) + F(ys) + Fyr) — Fys) =0 (3.4.3)
G(y1) — G(y2) — G(y3) + G(ya) — G(ys) + G(ys) + G(yr) — G(ys) =0 (3.4.4)
R(y1) R(ya) R(ys) R(yr) — R(y2) R(ys) R(ys) R(ys) =0 (3.4.5)

Note that Z'(F,) lives in F}. The first two defining equations of Z’ do not come out of
nowhere; the points on the Roth variety Y actually satisfy those two equations. To see this,
we manipulate the defining equations of the Roth variety algebraically; consider adding the
equations (3.3.1) — (3.3.2) — (3.3.3) +(3.3.4) +(3.3.9) and (3.3.5) — (3.3.6) +(3.3.7) — (3.3.8) +
(3.3.10). Therefore, the varieties Z and Z’ are closely related: for any (y1,y2, ..., y16) € Z(F,),
we have (y1, 92, ...,ys) € Z'(Fp).

We claim that it suffices to show that |Z'(F,)| = O(p®) in order to prove that |Z(F,)| =
O(p®). Heuristically, this is because if |Z'(F,)| = O(p°), then we could pick a subset of
variables so that the defining equations of Z become “triangular”. More precisely, we can

argue as follows.

e For any (y1,y2, ..., y16) € Z(F,), we have (y1,9,...,ys) € Z'(F,) by construction of Z’,

hence there are at most O(p°) choices of y1, y2, y3, Y4, s, Y6, Y7, Ys.-
e For any given yi, Y2, ys, Y1, Ys, Ys, Y7, Ys, there are p choices of ys.

e For any given yi, 2, Y3, Y4, Ys, Ys, Y7, Us, Yo, there are at most O(1) choices of y11, 410 by
equations (3.3.1), (3.3.5).

e For any given yi,¥2, Y3, Ya, ¥s, Y6, Y7, Us, Yo, Y11, Y10, there are at most O(1) choices of
Y12, Y15 by equations (3.3.2), (3.3.6).

e For any given y1, y2, Y3, Y1, Us, Yo, Y7, Ys, Y9, Y11, Y10, Y12, Y15, there are at most O(1) choices
of y13, y16 by equations (3.3.3), (3.3.7).

70



e Lor any given yi, Y2, Y3, Y4, Ys, Ys, Y7, Ys> Y9, Y11, Y10, Y12, Y15, Y13, Y16, there are at most

O(1) choices of y14 by equation (3.3.4).

L4 Thus7 there are at most O(p5p) = O(pG) ChOiCGS Of Y1,Y2,Y3, Y4, Y5, Ye, Y7, Ys, Y9, Y11,
Y10, Y12, Y15, Y13, Y16, Y14. Therefore, we have |Z(Fp>| = O(PG)‘

Hence, we have reduced our problem to point-counting on Z’, which is a much simpler variety

compared to the Roth variety.

Step 3: Decomposing 7’

Now we decompose Z’ into smooth part and singular parts just like how we decomposed
the Roth variety Y before. Let Jz/(y1,ys,ys) be the determinant of the first, fourth and

sixth columns of the Jacobian matrix of the defining equations of Z’, that is

F'(y1) F'(ya) F'(ys)
2 (Y1, Ya, Ye) = G' (1) G'(ya) G'(ys)

R'(y1)R(ya) R(ye) R(y7) R(y1) R (ya) R(ys) R(yz) R(y1)R(ya) R (y6) R(y7)

Let S(y) be the logarithmic derivative of R(y), i.e.,

S(y) = (3.4.6)

and
F'(y1) F'(ys) F'(ys)
D(y1,ya,56) = |G'(y1) G'(ya) G'(ys) (3.4.7)

S(y1) 5(94) S(?JG)

so that we could rewrite

Jz(Y1, Y1, 6) = R(y1) R(ya) R(ye) R(y7) D(y1, Ys, Ye)-
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Define

Zéen = Z/ N {(y17y27 "'7y8) € AS : ']Z/(ylyy4>y6) 7& O}
Zl=7'"0{(y1,v2, ..., ys) € A®: R(y;) = 0} fori=1,4,6,7

Zs{p =27'N {<y17y27 "'ayS) S A®: D(y1>y47y6) = O}

Note that Z'(F,) = Zl.,(F,) U Z,(F,) U Zy(F,) U Z4(F,) U Z(F,) U Z.,(F,).

gen

The situation is somewhat similar to the decomposition of the Roth variety Y. By
construction, the variety Z;,, is smooth and hence has the desired number of FF)-points.
Once again, the “degenerate" subvarieties 7], Z}, Z§, Z7, are of low dimensions due to the
strong constraints R(y;) = 0 for i = 1,4, 6,7; they will not cause us much troubles and can

be ignored for now. The main character in the play is Z/ , and it remains to show that

sp?
| Z4(Fp)| = O(p°).

Step 4: Bounding |Z[,(F,)|

In this step, we will bound |Z (IF,,)|. The strategy is to use D(y1, ys, ys) = 0 to constraint

variables y1, y4, ys and the equations (3.4.3), (3.4.4) to constraint variables yo, y3, ys, Y7, ¥s-

First, we will define auxiliary varieties X, ;. For any 1 < a,b < p, let X, ; be the variety

cut out by the following two equations in five variables ys, y3, ys, Y7, Ys-

—F(y2) — F(ys) — F(ys) + F(y7) — F(ys) = a (3.4.8)

—G(y2) — G(y3) — G(ys) + G(yr) — Glys) = b (3.4.9)

. . 5 . . 3 . .
a,b . a -
Note that X, ,(IF,) live in F). We claim that | X, ,(F,)| = O(p’) where the implied constant

does not depend on a, b.

To see why our claim is true, we will decompose X, ; into smooth part and singular part.

Let Jx(y7,ys) be the determinant of the last two columns of the Jacobian matrix of the
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defining equations of X, ;, that is

et — |- 0 TE W ) + G ().
G'(yr) —G'(ys)

Define

Xa,b,gen - Xa,b N {(y27 Y3, Ys, Yr, yS) € A5 : JX(?J?, yS) 7& 0}

Xa,b,sp = Xa,b N {(y27y37y57 y77y8) € AE) . JX(y77y8) = O}

Note that X, 4(Fp,) = Xopgen(Fp) U Xopsp(Fp)-

By construction, the variety X,;qen is smooth and hence has the expected F,-point
count, that is | X, peen(Fp)| = O(p?). On the other hand, the defining equations of X, s, are
“triangular", hence we can deduce that | X, ¢, (F,)| = O(p®) via a basic counting argument.
Thus, we have | X, ,(F,)| = O(p?).

Finally, for (yi,y2,...,ys) € Zg,(IFp), there are at most O(p?) choices of y;,y4, ys since
D(y1,y4,ys) is a nonzero rational function by Lemma 3.4.3, and Lang—Weil bound [LW54] (or
Schwartz—Zippel lemma) would imply the bounds. ( The calculations showing that D(y1,ya, ye)
s nonzero are deferred to Lemma 3.4.3 to streamline the argument; it might be worth pointing
out that we crucially use the linear independence of P, Q) and constant function 1 in Lemma
8.4.8.) Fix y1,ys, ye, for any (y1,vo, ..., ys) € Z,(F,), the tuples (y2, ys, ys, y7, ys) € Xap(Fp)
for some a,b by equations (3.4.3) and (3.4.4), hence we have at most O(p?) choices of

Y2, Y3, Ys, Yz, Ys. Therefore, we conclude that |Z (F,)| = O(p®).

This ends our hopefully not too long working heuristic. For the missing technical steps

and more discussions, see Appendix 6.1. O]

Lemma 3.4.3. Let F(t),G(t) € Q(t) be rational functions over Q such that F(t),G(t)
and constant function 1 are linearly independent over Q. Define R(y), S(y) and D(y1, Y4, Ys)
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as in (3.4.2), (3.4.6) and (3.4.7) respectively. Then, the rational function D(yi,ys, ys) is

nonzero.

Proof. Expanding D(y;,y4, ys) with respect to the first column, we have

D(y1,Ya, Ys)
! ! / / / / 34].0
N B I T L P L Sl (3410
S(ya)  S(ys) S(ya)  S(ys) G'(ya) G'(vs)
Note that

"(y) '(y)F"( ) — F'(y)G&"(y)
F'(y) (G'(y))?
_ F"(y) B G (y)
Fly)  G'(y)
hence S(y) is the difference of the logarithmic derivatives of F'(y) and G'(y).

If the poles of F'(y;) and G'(y;) are different, then S(y;) would at least have a simple pole
since it is the difference of the logarithmic derivatives of F”(y;) and G'(y;). Meanwhile, the
poles of F'(y;) and G'(y;) cannot be simple poles since they are derivatives of meromorphic
functions. Therefore, in the expression (3.4.10), the poles of S(y;) could not be cancelled

out by the poles of F’(y;) and G'(y;), and hence D(yi,y4,ys) is nonzero.

Similarly, if the zeroes of F’(y;) and G'(y;) are different, then S(y;) would at least have
a simple pole since it is the difference of the logarithmic derivatives of F'(y;) and G'(y1).
Once again, the poles of S(y;) could not be cancelled out by the poles of F'(y;) and G'(y1),

and hence D(yi, Y4, ys) is nonzero.

If the poles and zeroes of F'(y;) and G'(y;) are exactly the same, then F’ and G’ would
only differ up to a scalar, and this would contradict the linear independence of F,G and

constant function 1.
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As an ending remark, we do have a little detail not checked yet, that is, we need to check
that !g:gig g:gg; is nonzero so that it could not cancel out the poles of S(y;). Suppose
the said determinant is zero, then F'(y4)/G'(v4) = F'(ys)/G'(ys), hence F'/G’" would be a

constant and this contradicts the linear independence of F, G and constant function 1. [

3.5 Degree lowering

In this section, we will put everything together to prove Theorem 1.3.2. In Sections 3.3 and
3.4, we obtain Gowers norm control for counting operator for corners generated by F(t), G(t),
hence we could apply the degree lowering pioneered by Peluse [Pell9] to complete the proof
of Theorem 1.3.2. Actually, we need a different version of degree lowering that works for
directional Gowers norms, and this version of degree lowering is developed by Kuca [Kuc24a]
in his work on multidimensional Szemerédi theorem in finite fields. However, we do not
need full strength of Kuca’s work since we start degree lowering with U2-norm as opposed to
general U®-norm, for this reason, and for keeping track of the power-saving exponents and
the sake of completeness, we reproduce Kuca’s arguments in this section. In this section, we

closely follow Kuca’s paper [Kuc24a, Section 6].
Definition 3.5.1 (Eigenfunctions).

1. A function x : IF% — C is an eigenfunction with respect to the first coordinate if there

exists a subset £ C ), and phase functions ¢ : F, — F,,¢ : F, — R such that

X (71, 22) = 1p(x2)ep(d(r2)1)e((x2))

for all (x1,25) € F2.

2. A function x : IF?D — C 1is an eigenfunction with respect to the second coordinate if

there exists a subset E C IF,, and phase functions ¢ : F, — F,, 1 : F, — R such that

X(1,29) = 1p(21)ep(d(z1)22)e(P(21))
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for all (x1,25) € F.

The following proposition could be regarded as an inverse theorem for U?(F, x 0)-norm

and U?(0 x F,)-norm.

Proposition 3.5.2. Let f: IFIQ) — C be a 1-bounded function.

1. Suppose || f|lu2@,x0) = 0, then there ewists an eigenfunction with respect to the first

coordinate x such that

E f(z1, z2)x(z1,22) = 6*

x1,T2

and Ba, f(21,22)x(21,22) > 0 for all x5 € F,,.

2. Suppose || f|lv2oxr,) = 9, then there exists an eigenfunction with respect to the second

coordinate x such that

E f(z1, z2)x(z1,22) = 6

Z1,T2

and By, f(z1,22)x(21,22) 2 0 for all x1 € F,,.

Proof. The proofs of Proposition 3.5.2.(1) and 3.5.2.(2) are similar, hence we will only
prove 3.5.2.(2).

For any x1, let g,, (z2) = f(z1,22). Note that

0 < fllveonr,y = E - flar,za+h+ k) f(z1, 20+ h) f(21, 29 + k) f (21, 72)

x1,x2,h,k
= EHgmH?ﬂ
Tl
= Ellgz [l
T1
Observe that

1921 =D 19 (O < 119 1% Y192 (6
3 3

= 112 1% 19 112

< 19 lloo-
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Hence, for every z;, there exists a frequency &,, such that

E f(z1, v2)ep(—E 22)|-

z2

& <g|§;(£xl>! =F

x1

Choosing phase functions ¢ : F, — F,, ¢ : F, — R such that

= E f(x1, z2)ep(d(x1)x2)e(¥(21))

2

E f(z1, z2)ep(—Ex 2)

2

completes the proof. (Note that in the definition of eigenfunctions, there is a characteristic

function 1p for some subset E, here we can choose £ =F,.) ]

The following proposition is an asymptotic formula for two term progressions, which is

needed for induction.

Proposition 3.5.3. Let F(t) € Q(t) be a rational function over Q.

1. For all 1-bounded functions fy, f1 : IF?) — C, we have

E folerw)filer + F(y)w) = E (folorw)Efi(a,z2)) +0(p7).

T1,22,Y 1,22

2. For all 1-bounded functions fo, fi1 : IFI% — C, we have

E fo(z1,22) filz1, 224+ F(y)) = E <fo(x1,m2)ll[§f1(x1,a)> +O(p—%)‘

z1,22,Y 1,72

Proof. The proofs of Proposition 3.5.3.(1) and 3.5.3.(2) are similar, hence we will only
prove Proposition 3.5.3.(1).

Note that after fixing xo, the counting operator reduces to the one dimensional case, and

we can invoke Proposition 2.5.1. Hence, we have

E  fo(z1,22) fi(w1 + F(y), z2) = E( E fo(z1,22)fi(z1 + F(y)7$2)>

x1,T2,Y T2 \T1,Y

= E(E fo(l"l,x?)]gfl(a’@) + O(p_%)>

T2 \x1

= E (folera2) Efi(a.29) +0(p7?)

1,22
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The following theorem contains the induction process for degree lowering. Essentially, we
will induct on the number of the eigenfunctions in the counting operators. That being said,
we choose to write the proof not in the exact format of an induction so that the notations

could be less dense. Also, note that Theorem 3.5.4.(3) is same as Theorem 1.3.2.

Theorem 3.5.4. Let F(t),G(t) € Q(t) be rational functions such that F(t),G(t) and the
constant function 1 are linearly independent over Q, and fq, f1, fo : IFI% — C be 1-bounded

functions.

1. Suppose fi is an eigenfunction with respect to the first coordinate and fo is an eigen-
function with respect to the second coordinate, then we have

E  fo(z1,22) fi(xy + F(y), 22) fa(w1, 22 + G(y))

1,22,y

= E <f0(l'175132)Igfl(aaxQ)I?fQ(xlvb)) +Opo(p?).

Z1,T2

2. Suppose fy is an eigenfunction with respect to the second coordinate, then we have

E fo(z1,22) fi(xy + F(y), 22) fa(w1, 22 + G(y))

1,22,y

= K (fO(xlvx2)1§f1(a»$2)1b3f2($1,b)> +OP,Q(p_%).

T1,T2

3. For all 1-bounded functions fo, fi1, fo : ]F‘?J — C, we have

E  fo(w1,m2) fi(21 + F(y), z2) fa(z1, 22 + G(y))

1,22,y

= E <f0(x1’$2)15f1(a7952)IE«fQ(%,b)> ‘I’OP,Q(p_m).

Z1,T2

Remark 3.5.5. In the proof of Theorem 3.5.4, we actually do not use the full power of the
degree lowering since we only lower the norms from U? to U'. Indeed, we do not need the
most essential part of the degree lowering because we are dealing with U?-norm as opposed

to general U®-norm.
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Proof of Theorem 3.5.4.(1). This will be the base case for the induction for Theorem
3.5.4. Since fi, fo are eigenfunctions, there exist subsets E, E’ C F,, phase functions ¢ :

F, —F,a:F, —F,and ¢ :F, — R, 3:F, — R such that

fi(z1, 22) = 1p(22)ep(d(x2)71)e((72))
fo(m1,22) = 1 (z1)ep(a(xr)x2)e(B(x1))

for all (zy,x,) € .

Expanding the counting operator, we have

E  fo(z1,2) fi(21 + F(y), 22) fa(z1, 22 + G(y))

x1,T2,Y

= E Jol@,22)lp(w2)ep(@(wa)m)e(t (@) 1p (1)ep(al@r)z2)e(B(1)) E ep(@(w2) F(y) + alz1)G(y))

x1,T2
By Bombieri’s bound on single variable exponential sums in finite fields with rational
function phases (Lemma 2.5.2) we have

Igep(ﬁb(@)F(y) + a(x)Gy))| < p—1/2

when ¢(z2) # 0 or a(xy) # 0.

Therefore, the counting operator is equal to

E fo(w1,%2)Lp(w2)e(t(22))Loa)—ole (21)e(B@1)) Latay—0 + O™ ?).

1,72

To complete the proof, note that the directional averages of eigenfunctions have a special

form, i.e.,

Efl(ﬂh»@) = E 1p(z2)ep(o(x2)z1)e(p(x2)) = Lp(x2)e(1(x2)) 1g(ms)=0

1

Efz(ﬂﬁbb) = E 1w (z1)ep(a(z1)m2)e(B(21)) = 1p/(21)e(B(21)) Later)=0-

T2
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Proof of Theorem 3.5.4.(2). First, we would like to de-mean f, with respect to variable

wy by splitting fo(z1,22) = (f2(21,22) — Ea f2(21,0)) + Eq fa(z1,a). The term E, fo(21, a)

contributes to the main term since by Proposition 3.5.3.(1), we have

E fo(z1,z2) fi(z: + F(y)>x2>153f2(xlaa)

1,22,y

= E (fo(xh$2)I§f2($1,a)>f1(331 + F(y), z2)

x1,22,Y

= E (foler.22) B ol 0) ) E fi(b.22) +O(p~1?)

T1,T2

= E (fﬁ(xhI2)I§f1<b7$2)1§f2($17a’)) +O(p_1/2>‘

XT1,T2
By replacing fo(x1,x2) by fa(x1, 22) —Ea fo(21, a), we can assume the directional average
of fy with respect to x5 is zero, that is E,, fa(x1,22) = 0. (Also, note that fo(zq,22) —

Eo f2(x1,a) is still an eigenfunction with respect to the second variable.)

Now, given 1-bounded functions fy, f1, fo where f; is an eigenfunction with respect to

the second coordinate with E,, fa(x1,22) = 0, let

d=1| E fo(z1,22)f1(z1 + F(y),22) fo(x1, 22 + G(y))

Z1,22,Y

be the quantity that we would like to upper bound. Define the dual function
Ai(z1,22) = E folz1 — F(y), 22) fa(z1 — F(y), 22 + G(y)).
Yy
Note that

d=| E fi(z1,29)A1(21,22)

x1,72,Y

1/2
< ( E |A1($1,$2)|2) :

x1,T2

Expanding |A;(z1, )|, we have

E fo(z1, 22)A1(z1 + P(y), 22) fo(x1, 22 + Q(y)) > 6°.

1,22,y

By algebraic geometry PET induction (Theorem 3.3.9) and the dimension estimates for

the Roth variety (Theorem 3.4.2), we deduce that

1/4
1AL e, oy > 02
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By inverse theorem for U?(F, x 0) (Proposition 3.5.2), there exists an eigenfunction with

respect to the first coordinate x such that

E Ai(xq,x9)x (21, 22) > 532

and E,, A (21, 22)x(21,22) = 0 for all 5 € F,.

Let
W = {IQ € Fp : EAl(QZl,IQ)X(xl,IQ) > 532/2},
z1

then by the pigeonhole principle, we have |%| > §%2. Hence, we deduce that
E 1w (22) E Ay (%1, 22)x (21, 22) > 6™,
To 1

which is

E  folz1, z2)x(z1 + F(y), 22) 1w (x2) f2 (21, 22 + G(y)) > 6%

Z1,22,Y
By induction on Theorem 3.5.4.(1) for the functions fo, x1w, f2, we have

E <f0($1»$2)@(Xlw)(aaf@)lgfz(iﬂl, b)) +O(p~ V%) > 6%,

1,72

Note that the desired estimate in Theorem 3.5.4.(2) already holds when p~'/2 > §5,
since we are in the mean zero case. Thus, without loss of generality, we may eliminate the
error term O(p~'/?) in the above estimate. By Cauchy-Schwarz inequality in variable zy, we

have
2

E > 018,

€2

E(x1w)(a, z2)

a

Since y is an eigenfunction with respect to the first coordinate, there exists a subset £ C
[F,, phase functions ¢ : F, — F,,, ¢ : F, — Rsuch that x(z1, 22) = 1g(22)e,(P(x2)x1)e(¢(x2)).

Therefore, we have

2

E > 5128’

2

E 1g(x2)ey(@(x2)a)e(v(x2)) 1w (v2)

a
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which is
2

E|1e(22) 1w (22)1p(my)—0| > 02

z2

By definition of W, we deduce that

E 1p(z2) 1w (22)Lg(a)=0 E A1 (z1, 22)x (21, 22) > 5,
1

T2
which is

E 1p(z2) 1w (22) Lgas)=oe(¥(22)) E Aj (1, 22) > 6.

z2
Applying Cauchy—Schwarz inequality in 2, we have successfully passed from U?(F, x 0)-

norm to U'(F, x 0)-norm and lowered the degree, i.e.,

2

5320 < E

)

EA1(9517332)

= HAlH?ﬂ(Ipro)
1

Finally, expanding the squares |E,, A;(z1,72)|?, we have

E (folw, @) faler, 22+ Q) EAi(a,22)) 3 67,

x1,22,Y
By the asymptotic formula for two term progressions (Proposition 3.5.3.(2)) for the func-
tions fo(z1, 22) Eq Ai(a, 22) and fo(x1, 25), we conclude

E (fo(xl,xz)EE(a,xz)]Elfz(lﬁ,b)) + O(pfl/Q) > 5320

T1,22,Y
The main term is zero since we already eliminated the mean of f; with respect to variable

—-1/2

Ty in the beginning of the argument, hence we have 5% < p which is equivalent to

]

Proof of Theorem 8.5.4.(3) and Theorem 1.5.2. The proof of Theorem 3.5.4.(3) is similar
to the proof of Theorem 3.5.4.(2), hence we would only briefly indicate the changes. Basically,

we reverse the roles of x; and x9 and induct on Theorem 3.5.4.(2). Here is a list of the changes.
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e We would de-mean f; with respect to ;.
e The dual function would be Ay(x1,x2) = By fo(z1, 22 — G(y)) fr(z1 + F(y), 22 — G(y)).
o We have || Az||y2(oxF,) instead of || Ai||y2(r,x0) since we would invoke Theorem 3.3.2.

e We would invoke Proposition 3.5.2.(2) to get an eigenfunction with respect to the

second coordinate .
e The definition of W would be {z1 € F, : Eq, As(z1, x2)x (21, 2) > §32/2}.
e We would induct on Theorem 3.5.4.(2) instead of Theorem 3.5.4.(1) for the averages

E  fo(z1,22) fi(z1 + F(y), w2)x (21, 22 + G(y)) 1w (1) > 6%,

T1,22,Y
hence we would get an error term O(p~'/540) instead of O(p~'/2), this would lead to

the bound § < p~1/(640:64) — j,~1/(40960)

3.6 Higher dimensions

A natural question is whether the method in this chapter can be extended to higher dimen-
sional cases? We can obtain some results on “higher dimensional corners with two legs" by
an immediate application of Theorem 1.3.2. Say, take “three dimensional corners with two
legs"

(1,22, 23), (21 + F(y), x2, x3), (21, 22 + G(y), x3)

as an example. Fixing x3 and applying Theorem 1.3.2, we have

E  fo(zy, zo, 23) fi(21 + F(y), 22, 23) fa(21, 72 + G(Yy), 73)

L1,T2,T3,Y

= E( E <f0<5317952,953)Efl(a,iUZ,flfs)IlljlfQ(xbb, x3)> +Op7c(p*m)>

T3 \T1,T2 a

= E (fo(wh932@3)Efl(a,372,$3)Ib[§f2(9€1,b,9€3)>+OF,G(p_m)-

Z1,T2,3
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More generally, we can deduce an asymptotic formula for “higher dimensional corners

with two legs"
(1,2, ooy )y (T1, T2y oy T + F(Y), ooy ), (21, 22y ooy + G(Y), ooy X))

where i # j similarly.

The more interesting cases are general higher dimensional corners, such as the three

dimensional corners
(21,22, 23), (1 + F(y), v2, 3), (21, 72 + G (), 73), (21, 22, 23 + H(y)) (3.6.1)

where F, G, H are rational functions with some linear independence assumption. Suppose
one could generalize the method in this chapter to (3.6.1), then it would immediately imply

a Szemerédi theorem on the one dimensional progressions
r,x+ Fy),x+ G(y),z + H(y)
and the proof would be Fourier analytically based. However, even in the case
v +y,r+yh T+ 9,

such a Fourier analytic proof is still unknown (but other approach is available, see [Pel19]).

Hence, it is likely that one would need new ideas for such generalizations.
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CHAPTER 4

The density version of quadratic Waring’s problem and

the quadratic Waring—Goldbach problem

4.1 Overview

In this chapter, we follow the framework of [Lim25a] to reproduce the proofs of Theorem

1.4.3, Theorem 1.5.1 and Theorem 1.5.3.

The key to Theorem 1.4.3 is the following local result. For any integer s > 5, define

(9
2 if 5 —
0 ifs=5
5
— ifs=6
dg = 6
ST 7 <s<1o
4s
1 if s> 13
L2 nez

Note that Dy > ds > 1/2 and dg > (s + 13)/(4s) for all s. Similar as before, for any positive
integer W, denote the squares in (Z/W)* by (Z/W)*®).

Theorem 4.1.1. Let s > 5 be an integer, and W be a square free integer. Assume
(2:3-5,W) =1 when s > 6, and (2:3-5-7,W) = 1 when s = 5. Let f; : (Z/W)*® —[0,1]
be functions for 1 < j < s with
1

(Elfi] +E[f2] + ... + E[fs]) > ds and E[f;] #0 for all 1 < j < s.

S
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Then, for all y € Z/W, we have y = 2, + x5 + ... + x4 for some x1, Ty, ...,xs € (Z/W)*?
such that

é(fl(:cl) + fa(wa) + ... + fo(z5)) > ds and fj(x;) #0 for all1 < j < s.

The essential distinction between Theorem 1.5.1 and Theorem 4.1.1 is Theorem 1.5.1
excludes considerably more amount of small primes. Due to this distinction, their proofs are

fundamentally different.

4.1.1 Sketch of the proofs

All density type theorems, including ours, crucially rely on the transference principle pi-
oneered by Green and Tao in their celebrated proof that primes contain arbitrarily long

arithmetic progressions [Gre05|, [GT08].

One of the key ingredients needed for the transference principle is restriction estimates.
For Theorem 1.5.1, since we are working over cyclic rings Z /W, we need restriction estimates
for squares in Z/W instead of the classical Bourgain’s restriction estimates for squares in Z
[Bou89]. Surprisingly, the proofs are different in the cyclic ring setting and in the integer
setting—the squares are denser in cyclic rings, but one has extra product structure of the

groups.

For Theorem 1.4.3, our proof is based on a variant of the combinatorial inequalities
developed by Shao [Shal4| and by Lacey, Mousavi, Rahimi and Vempati [LMR24|. The
combinatorial inequality is inductive in nature, and the base cases are handled by linear

programming with computer assistance.

4.1.2 Future directions

The main purpose of this chapter is demonstrating the methods as a proof of concept, rather

than pursuing the best density that can be obtained by the methods. There are certainly
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rooms for further improvements. First, we expect the density threshold v/ D, can be improved
to Ds by not using certain smooth weights for majorants (see Appendix 6.3). Second, the
numerical linear programming computations in Section 4.7 can be scaled up to lead to better

density.

In another direction, we believe Theorem 1.5.1 and Theorem 1.4.3 can be generalized
to higher powers. We also expect the techniques for Theorem 1.4.3 are applicable for the

setting of Waring’s problem.

Remark 4.1.2. To prove results like Theorem 4.1.1, in principle, one can use Theorem 1.5.1
to handle large primes, formulate the problem for medium primes in linear programming,
and deal with small primes by hand. However, the number of “medium" primes here is

astronomical, even for computers.

Remark 4.1.3. By classical estimates in number theory and union bounds, it is possible to

prove Theorem 1.4.3 for density threshold extremely close to 1.

4.1.3 Road map

This chapter is organized as follows. We review some basic facts about the squares in Z/W
in Section 4.2. Section 4.3 contains the restriction estimates for squares in Z/W. Section
4.4 is about some auxiliary additive combinatorics results. We use the transference principle
to prove Theorem 1.5.1 in Section 4.5. The examples for Theorem 1.5.3 are constructed in

Section 4.6.

The key combinatorial inequality for Theorem 1.4.3 is established in Section 4.7. Section
4.8 extends Theorem 4.1.1 to all moduli. For self-containedness, we include two appendices.

Appendix 6.2 contains some Gauss sum type results and Appendix 6.3 is about how to reduce

Theorem 1.4.3 to Theorem 4.8.2.
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4.2 Preliminaries

In this section, we will clarify our notation and review some basic facts about the squares in
Z/W . A comprehensive discussion on this subject can be found in the excellent book [IK04,

Chapter 3|.

4.2.1 Squares in Z/W
Let W be a positive integer. Denote the squares in Z/W by (Z/W)® more formally
(Z/W)® = {x € Z/W : z =y for some y € Z/W}
Similarly, we define
(Z)W)*® ={x € Z/W : & = y?for some y € (Z/W)*}
Let S(W) be the number of squares in Z/W, that is
SW) = |(z/w)®].

We will use the convenient notation ) _ ... to denote the summation over the squares

in Z/W, 0 3, _meaw ad D,z wy@ are interchangeable.

Now we recall some classical and well-known results regarding the squares. Here and

throughout, p will always be a prime number. We start with the number of sqaures in Z/p™.

Proposition 4.2.1. Letp >3 andn > 1, then

1 n+1_1

_.p—+1 when n is odd
s =47 P

1 p(p"—1) :

—.-————2+1 whenn is even

2 p+1

In particular, we have S(p™) < p".
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Interested readers can find a proof of Proposition 4.2.1 in [Sta96]. In fact, instead of
a closed form formula, we will only need S(p") = %pn + O(p™™Y), which can be derived
more straightforwardly by looking at the squares in (Z/p™)*. Intuitively, Proposition 4.2.1
says that roughly half of the elements of Z/p™ are squares. By Chinese remainder theo-
rem, (Z/WiW3)@® can be identified with (Z/W)® x (Z/W5)®? if W, and W, are coprime,

hence Proposition 4.2.1 also provides a formula for S(W) for general modulus W. The next

proposition is a Gauss sum type result.

Proposition 4.2.2. Letp>3,n>1 andt € Z, then

Z epn (L)

= mod p"

< (t,p™)p*/?

where the implied constant does not depend on p,n ort.

The formulation of Proposition 4.2.2 is slightly different than the Gauss sum type results
in literature. To save readers’ effort, we briefly explain how to derive Proposition 4.2.2
from standard references in Appendix 6.2. Intuitively, the term (¢,p™) corresponds to the

repetition of some elements in the sum, and the term p'/? corresponds to the cancellation.

4.2.2 Other notation

In this chapter, the implied constants in the asymptotic notation <, >, <, O, o are allowed
to depend on s,0. We will continue to use the Fourier analysis notation listed in Section 2.2

for Fourier analysis on finite abelian groups.

We would also need Fourier analysis on Z and R/Z in this chapter. For functions on
Z, the l%-norms are taken with respect to counting measure. For functions on R/Z, the L?-
norms are taken with respect to Lebesgue measure. If f, g are finitely supported functions
on Z, then the Fourier transform is defined to be

fla) =" f(ne(na)

nez
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and the convolution is defined to be

Frglx)= > fy)g()

Finally, we will use ||-||r/z to denote the distance to the nearest integer.

4.3 Restriction estimates

In this section, we formulate and prove restriction estimates for squares in Z/W, which is an
ingredient needed for the transference principle. It can be viewed as an analog of Bourgain’s
restriction estimates for squares in integers [Bou89| over Z/W. However, the proof of the
cases over Z/W and that of the cases over integers are somewhat different, since one can

explore the product structure of Z/W via Chinese remainder theorem.

Recall that we denote the number of squares in Z/W by S(W), and the notation
> e—Omoedw Means the summation over the squares in Z/W. See Section 4.2 for more on our

notation.

Definition 4.3.1. Let W be a positive integer and q¢ > 2 be a real number. Define Cy(W)

to be the best constant such that

( Sl D asew(ts)

tmod W!''z=0Omod W

o\ V4 1/2
H) <Cq(W)S(W)”2< >, H%H%)

rz=Omod W

for all finite dimensional Hilbert space H with norm ||-|g and all vectors a, € H.

Remark 4.3.2. The constants C,(WW) are defined for vector-valued restriction estimates.

When specializing to scalars, they give more “natural” inequalities:

0\ /4 1/2
<Z 2 %GW“@) <@<W>S<W>W( > |ax|2)

tmod W'x=Omod W rz=mod W

for all complex numbers a,. Indeed, only this form of restriction estimates would be needed
for the proof of our main theorem. However, the vector-valued formulation is crucial for the

multiplicativity of C,(W) (Lemma 4.3.4).
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The purpose of this section is to prove the following theorem, which says that one has

satisfactory restriction estimates for squares in Z/W for g > 4.

Theorem 4.3.3. Let ¢ > 4 be a real number. There exists a constant M(q) depending only

on q such that the following holds.

Suppose W =[], pi"* is a positive integer with p; > M(q) for all i, then

As a remark, the requirement that s > 5 in Theorem 1.5.1 and Theorem 1.4.3 is due
to the critical exponent of restriction estimates for squares in Z/W. The proof of Theorem
4.3.3 would be deferred to the end of the section. First, we need the following lemma to

reduce to the cases of prime power moduli.

Lemma 4.3.4. Let Wy, Wy be two coprime positive integers, then Cy(W1Ws) = Cy(W1)Cy(Wa).

Proof. First, we will show that C,(W,Ws3) < Cy(W;)Cy(Ws). Since Wy and Wy are
coprime, we have BoW; + 51 Wy = 1 for some integers fy, B2 with (81, W;) = (B2, W) = 1.
Hence, we have multiplicative property ey (u) = ew ((BoW7 + 51Wa)u) = ew, (Bru)ew, (Bau)
for all w.

Furthermore, by Chinese remainder theorem, we can identify Z/W with Z/W, x Z/W,
and (Z/W)® with (Z/W,)® x (Z/W5)®). Under these identifications, we will write z =

(21, 22) for x € Z/W as our notation. Thus, we have

= )

Z Z U1 ,z0) Wy (Bit121)ew, (Pataxs)

zo=[mod W2 z1=mod W

Z agew (tx)

= mod W

g\ Y4

t m
(tl mod Wy t2 mod Wy
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By definition of C, (W), the expression above is bounded by

1/q

9\ /2
) . (4.3.1)

Z (1 22 €W (E121)

x1=0mod W1

H

C,(Wo)SW)2 | Y ( >

t1 mod W1 \x2=0mod Wy

To proceed, we will work over the vector space H®&/W2)®  Let b, = (A1 ,22) ) zse(@yws)@ €

H@/W2)®  Note that
5\ 1/2

Z beew, (t1z1)

zr1=0mod W1

Z (z1,29) Wy (t1z1)

z1=Cmod W1

H(@/W3)(2)

(s

zo=Cmod Wa

Hence, we deduce that (4.3.1) is bounded by

1/2
Cq(Wz)S(Wz)1/20q(W1)5(W1)1/2( > IImeIZ@/Wz)m)

x1=0mod W1

1/2
= Cq(WI)Cq(WQ)S(W)l/Z ( Z Z ||a(5617502)||§1> )

z1=0mod W7 xo=[mod Wo

and this concludes that C, (W) < C,(W1)Cy(W3).

Next, we will show that C,(W;)C,(W3) < Cy(W). Suppose the worst examples for

C,(W1) and C,(Ws) are given by some vectors a;? and a%) in some vector spaces H; and

H, respectively. Considering aéﬁ’ ® a;(rzg) in the tensor product H; ® H,, we have

q

PSS

t1 mod W1 to mod Wo

(x

t1 mod W

Z Z agl) X ag)ewl (tlxl)eWQ (tgl‘g)

X1 =Cmod H/] SCZ—I:’ mod W )
q ) ( m q )
H] to 0d]/]12 HQ

Z allew, (i)
x1=0mod W1

since ||v1®@va|| gy om, = V1]l m ||v2] H, for all vy € Hy, vy € Hy. This implies that C,(W1)C,(Ws) <

Co(W).

Hi®H>

Z aDew, (tyrs)

xo=[mod Ws
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The next proposition is the key to the proof of Theorem 4.3.3. It is about restriction

estimates for squares in Z/p".

Proposition 4.3.5. Let ¢ > 4 be a real number, we have
" 1
Cy(p") 1+ 04 | ——
p2
for all sufficiently large (depending on q) primes p and all positive integers n. The implied
constant for big O only depends on q but not p and n.

Proof of Proposition 4.3.5 for q = 4. Throughout the proof, we will assume p is suffi-

ciently large. Expanding the powers, we have

Z Z agepn ()

t mod p™ ''z=0mod p”

Z Z <ax>ay>H<az7aw>H6P"(t(x_y+z—w>)

t mod p” z,y,z,w=0Cmod p™

=p" Z (g, ay) Gz, Q) -

z,y,z,w=Cmod p™
T—y=w—2z

4
H

Rewrite the expression above as

p" Z Z (s ay)m(az, @)y = D" Z Z (Qzy ay)m

lmod p™ z,y,z,w=Lmod p"™ {mod p™ 'z, y=0mod p™
z—y=l=w—z2 z—y=l

2

Y

and we will divide into two cases according to the invertibility of [.
First, we consider the summation over [ that are not invertible in Z/p". Note that

oY > Aama)n| <P ( > |<ax,axl>H|)

{modp™ 'z,y=0modp" [ mod p™ r=Omod p™
igz/pry< wy=l 1g(Z/p™)>

if we conveniently denote a, = 0 for u that is not a square mod p™.
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Applying Cauchy-Schwarz inequality twice, the expression above is bounded by

oY < > ”aac”H”ax—lHH>2<pn > ( > chll%)2

[ mod p™ z=0mod p™ [ mod p™ r=Omod p”
IE(Z/p™)> 1g(zZ/p")>
2
. 432
=7 ( > naxuz> (43.2)
r=Omod p™
2
1 n
< =S(p )2( > Hafoq)
p r=Omod p"

where the last line follows from Proposition 4.2.1.

Next, we consider the summation over [ that are invertible in Z/p™. To proceed, we
need a little digression on number of the solutions to certain equation over Z/p™. For any

l € (Z/p™)*, define

T(,p") ={(z,y) € Z/p" x Z/p" : x and y are squares, and z —y = [}

n n—1

We claim that |T'(1, p")| < B==2— + 2 for p > 3. To see this, let

A(l,p") = {(a,b) € Z/p" x Z/p" : a,b # 0 and a* — b* = [}

Note that for any (a,b) € A(l,p"), we have (a + b)(a — b) = [. Since p # 2, we can
perform change of variables u = a + b,v = a — b and rewrite the equation as uv = [. The

assumption that [ is invertible implies that u,v are invertible. Thus, there are at most

(Z/p™)*| = p" — p"~! choices of (u,v) and hence |A(l, p")| < p" — p" L.

The relation between A(l,p") and T'(I,p") is not exactly one-to-one. For any (z,y) €
T(l,p") with  and y both nonzero, there are at least four different elements in A(l, p™)
corresponding to it, since (4a,£b) will correspond to the same (z,y). Also, we need to
consider the special case that (I,0) and (0, —) might belong to T'(/,p™). Hence, we have

IA@pH+2<p

T, p")| < _
TP < -
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Now, we can continue our previous estimates. Note that

oy Yo Aama)m| <p Y T@EO Y Haway)ul’

[modp™ 'z,y=0mod p" l{mod p™ z,y=0mod p"
le@/p)* z-y=l lEe(Z/p™)* z—y=l

2

by Cauchy—Schwarz inequality.

Invoking the estimates for |T'(I,p")|, the expression above is bounded by

() Y Y el

lmod p™ z,y=Cmod p™
le(z/p™)* z—y=l

n n—1
n(P —P
(T B8 (el

[modp™ z,y=0modp™

le(z/pn)y*  a—y=l (4.3.3)
n n—1
n - D
< (T v2) S (el
z,y=0mod p"
1 2
n (P" =D
=p <___Z___+2> ( E: W%H%> :
z=[Omod p"

Finally, by Proposition 4.2.1, we have

n n—1 o242 2n+1
n (PP m—2 _ PO 1
I < < —]. ..
P ( 1 +2>S(p) S (anH)\l—i—() " (4.3.4)

Combining (4.3.2), (4.3.3) and (4.3.4), we conclude the desired inequality Cy(p™) < 1+
O(1/p) for sufficiently large p. O

Proof of Proposition 4.3.5 for q > 4. Throughout the proof, we will assume p is suffi-
ciently large depending on ¢, and all implied constants are allowed to depend on g. We may
also assume »

s modan%H?q = S(p") by normalization.

We would like to reduce to the case that

Z azepn (tx)

z=Omod p™

> S(p") - 0" ) (4.3.5)
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for some t € Z/p"™. To carry out the reduction, let A be a large constant (depending only on

q) chosen later, and suppose

< S(pt) — Ap™!

Z agepn (tx)

=0 mod p"

H

for all t € Z/p™. Then, by restriction estimates for ¢ = 4 (Proposition 4.3.5), we have

Z Z agzepn (tx) ; Z azepn (tx)

t mod p™ "' z=Cmod p™ r=0Omod p»

4

<(SE") =A™ >

t mod p”

< (S(") —Ap" )1+ 0(1/p)S(p")*

= S(PM)I(1 — Ap"t/S(p™)T 1 + O(1/p)).

H

Since p"~!1/S(p") > 1/p, choosing sufficiently large A depending on ¢ will make (1 —
Ap"=1/S(p™))7*(1 + O(1/p)) < 1. Hence, we can reduce to that case that (4.3.5) holds
for some t € Z/p™. By multiplying e, (tz) to a,, we may further assume that ¢ = 0 and

hence

> S(p") = O(p" ). (4.3.6)

H

2.

r=0mod p™

Now, let ¢ = % Y e—Omod o Oz be the average of a, and decompose a, = b, + ¢, where

the vectors b, have mean zero. One has good lower and upper bounds for ||c|| g, that is
1-0(1/p) <llefu <1

by (4.3.6) and Cauchy—Schwarz inequality respectively. Moreover, Pythagoras’s theorem
says that D0 aoell@llf = 2o —rmoape 102]1F +S (™) [|c[|7;- Combining this and the lower

bound for ||c||z, we deduce a good [*>-bound for b,, which is

S lblE < }98@”). (437)

=0 mod p"
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Note that

Z Z agepn (tz)

t mod p™ "' x=[ mod p" H

2

t mod p™

q

Z byepn (tx) + Z

= mod p™

=Sl + D | Do beemltr)+ Y

tmod p™ "' x=Cmod p" =0 mod p"
t#0

cepn (1)

r=0mod p™ H

q

cepn (L)

H

1/q 1/¢) 1
q
< S(pM)? + S DS beepn(ta) + >
tmod p™ "' x=[mod p"

t mod p"
t#0 t#0

Z cepn (tx) )

=0 mod p™

(4.3.8)

where the last line follows from Minkowski inequality. We will estimate the sums involving
b, and c separately.

For the sum involving b,, we will use (4.3.7) and restriction estimates for ¢ = 4. We have

1/q 1/4
q 4
S Y e | < S| T b
tmod p™ "' x=Cmod p" tmod p™ "' x=[ mod p" H
t#0 t#0 (4 9 9)
1/2 .
< Cy(p™)S(p™)'? ( > IbeHi>
r=0mod p"
< pn71/2.

For the sum involving ¢, we will use Gauss sum estimates (Proposition 4.2.2). We have

Z Z cepn (tx)

q
<D DL el < Yo (L) (43.10)
tmod p™ "' = mod p" H t mod p™'z=0Omod p" 1<t<pn
t£0 t#0
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which is

Z Z pqepq/ 2

0<e<n—1 1<t<p™

pellt
< Z pnfepqurq/Q
0<e<n—1 ( )
4.3.11
— nta/2 Z (g—1)e
=P p
0<es<n—1
& pn+Q/2p(n*1)(q*1)
_ pqn+1—q/2.
Combining (4.3.8), (4.3.9), (4.3.10) and (4.3.11), we obtain
q
S | S wenta] < st o p-a
tmod p" ''x=0mod p™ H
<SEMI(1+0p ).
This completes the proof. O

Now, we have all the ingredients needed for the proof of Theorem 4.3.3.

Proof of Theorem 4.3.3. Let ¢ > 4, by Proposition 4.3.5, there exists a constant M =

M (q) such that

1
Cy(p") <140, (F)

forall p > M and n > 1.

Let W =[], pi" be a modulus with p, > M for all i. By Lemma 4.3.4, we have

C(W) = HCq(p?i) < H (1+ Oq<p_q/2+l)) < exp (Z Oq<p_Q/2+1>> <1

p=M p=M

since ¢/2 — 1 > 1 when ¢ > 4. ]
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4.4 Sumsets of dense subsets of Z/W

With the transference principle, one can treat relatively dense subsets of squares in Z/W as if
they are actually dense in Z/W. Therefore, we would like a quantitative sumset estimates for
dense subsets of Z/W. Li and Pan [LP10, Lemma 3.3| proved the desired sumset estimates

for prime moduli, and we will generalize their results to general moduli.

Theorem 4.4.1. Let 0 < 01,60,,....,0, < 1 with 61 + 05 + ... + 0, > 1. There exist positive
constants c(01,6s,...,05) and M (01,0, ...,0,) depending only on 0,0, ...,0, such that the

following holds.

Suppose W = [, p* is an intger with p; > M(60:,0s,...,65) for all i, and Ay, A, ..., As
are subsets of Z)/W with |A;| = 6;W for all1 < j < 's. Then,

1A1 * 1A2 X .0k 1AS(.CE) 2 6(91,92, ...,93)W8_1

for all x € Z/W.

Our proof of Theorem 4.4.1 is similar to Li and Pan’s proof of [LP10, Lemma 3.3|, just
that we need the following more general Pollard-Kneser type result due to Green and Ruzsa

[GRO5, Proposition 6.1].

Theorem 4.4.2 (Green—Ruzsa). Let Z be a finite abelian group, and D(Z) be the size
of the largest proper subgroup of Z. Suppose A, B are subsets of Z, then, for any 1 <t <
min{|A|, |B|}, we have

> min{t, 14 % 1p(z)} > tmin{|Z|, [A| + |B| — t — D(Z)}.

reZ

Proof of Theorem 4.4.1. We will induct on s, the number of the subsets. The base case
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would be s = 2. Note that

Ly ¥ lay(x) = > 1

a1€A1,a2€A>
al1+tas=x

=]A;N(x— Ay)|
= A1 + |z — Ao = [A1 U (z — Ay)|
= 0 W +0,W —W
=0 +6,— )W
for all x € Z/W. This completes the proof for base case.

Assume the Theorem 4.4.1 holds for s — 1 subsets. Let € be a small parameter and M’ be
a large parameter chosen later. We will assume that we are working with moduli W =[], p;"
with p; > M’ for all i, in particular, W will be sufficiently large. Let A;, Ao, ..., A, be subsets
of Z/W with |A;| > 6;W for all 1 < j < s. Due to Theorem 4.4.2, we have

Z min{ [eW], 14, * 14,(x)} > [eW] min {W, OW + 0.W — [eW] — ! W}

min; p;
z€Z/W iPi

by noting that D(Z/W) < ——W since D(Z/W) divides W.

min; p;

Hence, we have

Z min{[eW], 14, * 14,(z)}

x€L/W
1A1*1A2(Z)>|—62W“
1
> [eW] min {VV, O W + 0oW — [eW] — — W} — [EWTW
min; p;

1
> min {(e —2HW?, e (01 + 60y — 4e — M) W2}

where the last line follows from assuming M’ is sufficiently large so W is sufficiently large

and hence [eW] < 2¢W and [e2W] < 26*W for notational convenience.
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Denote B = {z € Z/W : 14, * 14,(z) > [}, then we conclude that

€ — 26 e (6h + 0y — 4e — 77)
B 2 : W2 M W2
1B] > min { v T
S min € — 2¢* e 6(914—92—46—#)1/{/2
g W +ew W + W (4.4.1)

(Assuming W is large enough so [eW] < eW + €2W)

— 0, 4 0y — de —
_ min 1 26W 1+ 02 € a7 g |
14+¢ 1+e€

Now, we will choose our parameters carefully. We will choose sufficiently small ¢ depend-
ing on 61,6,, ..., 0, and sufficiently large M’ depending on €, 61,0, ..., 0, so that we have the

followings:

o [eW] < min{6,W, 6} so that the assumption of Theorem 4.4.2 is met.

[eW] < 2eW, [2W] < 262W and [eW] < eW + €W for notational convenience.

_ O14+02—4e— L, |
1-2¢ 1—+6M’ is close enough to 6; + 65 so that

1+€

is close enough to 1 and

1—2 60;+6y—4e— L
min{ €2 2 M

05 +...+0,>1.
l+e’ 1+e }+3+ T

e Thus, by (4.4.1), we have |B| > nW for some 7 depending on M’ €, 6,0, ...,0, with
O<n<landn+65+..4+6,>1.

e By induction hypothesis, we may apply Theorem 4.4.1 for s — 1 densities 7, 03, ..., 0, to
obtain two constants ¢(n,0s, ...,0) > 0 and M(n,0s,...,0s). We claim that for s den-
sities 01,0y, ..., 05, we can pick c(6y, 60y, ...,0,) = €*c(n, b3, ...,0,) and M(0y,0,...,0,) =
max{M', M(n,0s,...,0,)}.
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To finish the proof, note that for all x € Z/W, we have

1A1 * 1A2 L 1AS($) > (1A1 * 1A2)|B * (1,45 S 1A5)(37)

WV

EW(lp* 1a,... % 14,)(7)
> 2We(n, s, ..., 0) W52 (By induction hypothesis)

=éc(n, B, ..., 0, WL,

4.5 Transference principle

In this section, we will use the transference principle pioneered by Green and Tao [Gre05|,
|GTO08| to prove Theorem 1.5.1. We will closely follow the arguments in Section 6 in [Gre05].
As a remark, one can view the assumption of Theorem 1.5.1 that W does not have small

prime divisors as an analog of the W-trick.

Let s > 5 be an integer and 6 € (1/s,1]. Let M be a large constant chosen later, and
we will be working with moduli W = [], p;"* with min; p; > M so that we can freely apply
Gauss sum estimates, restriction theorem, quantitative sumset estimates, etc. Let A be a

subset of the squares in Z/W with |A| > 6S(W).

We define the following objects for the transference principle:

e Letv= ﬁl(z /w2 be a probability measure supported on the squares in Z]W.

e Define the normalized indicator function of A by setting a = 1,4v. Note that the

[*-norm of a is the relative density of A.

e Let 0,e > 0 be small parameters chosen later. Let

R={¢ € Z/W : [(¢)| > 5)
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be the large spectrum of a and

JF,?:{J:EZ/VI/:H%£

be the Bohr neighborhood of R.

R/Z

<eforall§€R}

e Let § = |B| 1p and a’ = ax B * 3. The function @’ can be thought of as the “transferred”

version of a. Note that ¢’ and a have the same ['-norm.

First, we show that A and the transferred version of A are close in finding certain additive

configurations.

Proposition 4.5.1. For ally € Z/W, we have

> alwala).a(z) = ) a'(xl)a’(xQ)...a’(:vs)—i—O(%(654'5+(51/2))

T1,22,...,Ls ELJ/W 21,22y, s ELJW
y=zi1+z2+...+s y=z1+r2+...+Ts
Proof. By Fourier expansions, we obtain
> alwalay).a(z) — Y d(11)d (z2)...d' ()
Z1,%2,.,Ts ELJW T1,22,...,xs ELJW
y= ml+:v2+ Axs y=z1+x2+...+ s
1 ~
W Z )’ ew (§y) W Z a'(€)’ew(£y)
EEZ/W cez/w
= = 3 A ew(En)( - Be).
§€Z/W

We will divide the sum above into two cases, according to whether £ is in the large spectrum

R.

Note that by construction of B, we have E(f) =1+ 0O(e) if £ € R. Also, by restriction
estimates (Theorem 4.3.3), we obtain |[alj;s = O4(1) when all the prime factors of W are
sufficiently large depending on ¢. In particular, we have |[al/;».5 = O(1) and hence |R| =
O(6=*%). Therefore, we deduce

> () ew(Ey)(1 - BE)™)| < e Rl < e5*.

£ER
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On the other hand, we have

< 51/2 Z‘a(§)|3—1/2 < 61/2
§ER

Saterenten - o)

§ER

by applying the restriction estimates for ¢ = s — 1/2 or ¢ = 4.5. O

The next proposition is about the pseudorandomness of the measure v.

Proposition 4.5.2. For all £ # 0, we have

1

() < (anin; )12

Recall that the minimum is taken among all prime factors of W.

Proof. First, we recall the multiplicativity of Gauss sums. Let W = W, W, with (W5, Ws) =
1, then AoW; + AWy = 1 for some integers Ay, Ay with (A, W) = (Ag, Ws) = 1. We can
decompose

> ew(ﬁx):( > €W1(>\1§$1)>< > €W2(>\2§f€2)>-

= mod W z1=00mod W1 xro=[mod Ws

Now, if we write W = [[, p", then there exists a prime p; such that p;-lj 1€ since £ # 0.

By Gauss sum estimates (Proposition 4.2.2) and the multiplicativity of Gauss sums, we have

7Ol = | D ewlen)| < g n T80
i#j
TLj—l/Q
S(pz-”)p”
1
< 1—/2
J
1

S—F755-
(min; p;)'/2

Next, we show that a’ is set-like in the following proposition.
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Proposition 4.5.3. For all x € Z/W, we have

/ 1 .
a (];) < W <1 + 0 (60(64'5)(mini pi)1/2))

Proof. Note that

d(z) < v B B(z)

1
W Z (v*BxB) (§ew(Ex) by Fourier expansion
1
=W Z ()B(€)%ew (£x)

£€Z/W
1
WJF > (e NIELS)

¢ez/w

£#0

By Proposition 4.5.2 and Parseval’s identity, we have

w
7()|15(€) . :
2 OO < G e
€40

The classical lower bound for the size of Bohr sets [TV06, Lemma 4.20] states that
|B| > lflW. To complete the proof, we observe that |R| = O(6*°) since ||al|;s5 = O(1)

due to restriction estimates (Theorem 4.3.3) for ¢ = 4.5. O
Now, we have all the ingredients to prove our main theorem.

Proof of Theorem 1.5.1. Let s > 5 be an integer and 6 € (1/s,1]. We will choose a list

of parameters carefully depending on s, 6 as follow:
e Choose v > 0 sufficiently small such that 03 > 1.

o Let ¢ = 6(139, 1+79 ,1+79) > 0 and M’ = M’(Ll@, 1+79 ,1+ =210) be the con-
stants from the quantitative sumset estimates for dense subsets of cyclic rings (Theorem

4.4.1) for the density ﬁ@.
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e Let M” be the constant from the restriction estimates (Theorem 4.3.3) for ¢ = 4.5.

e Choose ¢ and then e sufficiently small such that the error term in Proposition 4.5.1 is

,YSGSCI
less than A

e By Proposition 4.5.3, we can choose sufficiently large M"” such that ||@/[|. < 7(1+7)

when min; p; > M".

e For the proof of main theorem (Theorem 1.5.1), we claim that we can choose ¢ =

20 > 0 and M = max{M’, M", M"}.
Let

A= {x € Z)W : d(z) > VWQ}

Since ||d/||s < (1 +7) and ||a'[|; > 6, by pigeonhole principle, we have |A'] > ﬁ@W.

By the quantitative sumset estimates for dense subsets of Z/W (Theorem 4.4.1), we have

axa x..xd(y) = <7W01A/) * (%8114/) * .. % (%QlA/) (y)

s—times

_ (VWQ)O F k% 1))

0 s
2 <7W) C/WSfl

B ,)/SGSC/
W
for all y € Z/W. Combining this and Proposition 4.5.1, we conclude that

,.YSQSC/
Z a(xi)a(zsy)...a(zs) = ST

L1,L25--+5 xsEZ/W

Yy=xr1+r2+...+Ts

and complete the proof. ]
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4.6 Counterexamples

In this section, we prove Theorem 1.5.3 to complement Theorem 1.5.1. By identifying the
representatives of the elements of Z/p with the integers in [1, p], we can speak of “intervals”
in Z/p. We will use squares in intervals in Z/p to construct subsets of squares with relative

density close to 1/s, but their s-fold sumsets are not entire Z/p.

The next proposition, which states that the quadratic residues are equidistributed among
intervals, is a classical result that can be proved in many different ways, say, by Polya-

Vinogradov inequality. For self-containedness, we still include a short proof based on Gauss

sums.

Proposition 4.6.1. Let 0 <n <1, then
. p+1
#{rxeZ:1<xz<np and x is a square mod p} = U + O(y/plogp)

for all primes p.

Proof. By abuse of notation, we will denote the characteristic function of the interval

[1, mp] in Z/p by 1p1,,p). By Fourier expansion, we have

Z 1[1,7727](@

1 ~
== > > Tu©epléa)
px*Dmodpﬁmodp
_ Lnp] p+1
+ Z 1[1 ) (§ Z ep(§x)
p §m0dp z=Omodp
5#0
p+1
:nT Z 11 ) (€ Z ep(€).
fmodp z=0modp
€40

To bound the error term, we calculate the Fourier coefficients

£ wof<[i],

1<z<|np]

ﬁ[l,np] (5)’ =

R/Z
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for all £ # 0. Combining this and the Gauss sum estimates (Proposition 4.2.2), we deduce

that
1 ~ 1 5 -1
'_ Z 1[1777]3](5) Z €p(§l’) <<_ Z -
pgmodp z=0modp \/]_jgmodp p R/Z
§#0 ££0
< +/plogp.

Now, we will apply Proposition 4.6.1 to prove Theorem 1.5.3.

Proof of Theorem 1.5.3. Let s > 5 be an integer, and 7 € [0,1/s). Choose n with

T < n < 1/s, by Proposition 4.6.1, we have

p+1
2

#{reZ:1<x<np and x is a square mod p} > 7

for sufficiently large p. However, the s-fold sumset of {z € Z: 1 < x < np and z is a square

mod p} cannot be Z/p since ns < 1. O

4.7 A combinatorial lemma

One of the key ingredients in Shao’s [Shal4]| proof of the sharp density version of Vinogradov
three primes theorem is a combinatorial inequality. Subsequently, Lacey, Mousavi, Rahimi
and Vempati [LMR24] developed a variant of Shao’s inequality to generalize the density
version of Vinogradov theorem to sum of more primes. In this section, we will use variants of
Shao’s and Lacey, Mousavi, Rahimi and Vempati’s ideas to prove a combinatorial inequality

that suits our purpose.

The combinatorial inequality is inductive in nature, but our base cases are more com-
plicated, hence we handled them by linear programming with computer assistance. As a
remark, Shao also used linear programming techniques in his proof, but the linear program-
ming problems we dealt with are different due to different formulations of the combinatorial

inequalities.
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Lemma 4.7.1. Lets>6,n>3 ors=>5,n2>=5. For each integer 1 < j < s, let {a; j}o<i<n
be a decreasing sequence in interval [0,1]. Suppose

1
— Z a;j >ds and ap; # 0 for all1 < j<s
ns

o<i<n
1<7<s

Then, there exist indices 0 < iq,19, ..., < n with 11 + 1o + ... + 15 = 2n such that

1
B Z ai; ;> ds and a;; ; # 0 for all 1 < j < s

1<j<s

The proof of Lemma 4.7.1 is a bit long, so we separate it into inductive step and base
cases. Along the proof, we will see explanations for the somewhat awkward definition of
ds. The reason why we choose ds to be greater than or equal to (s 4 13)/4s is to make the

inductive step work.

Proof of Lemma 4.7.1 assuming the base cases. We will prove Lemma 4.7.1 by induction

onn. Let s >6,n>4or s=>5,n>6. Suppose the lemma holds for n — 1.

There are at least two nonzero elements among a; ; where 1 < j < s, otherwise the total
average is not large enough, that is

—Z n+(s—1))<5+3

4s
0<i<n
1<y<s

since n > 4. However, the total average is assumed to be greater than d,, which is at least
(s +13)/(4s). Thus, by relabeling if needed, we may assume a;1,a;2 # 0.
Suppose we have
%(am +apa+ Qs 3+ iya+ ...+ a;, ) < dg for some indices 0 < i3, 14, ..., 75 < n.

By monotonicity of a; ; in ¢, we may further assume

1 .
—(ap1 + ap2 + @iy 3+ iya + ... + ai, 5) < d, for some indices 1 < 43, 4y, ..., is < n.
s
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Remove the elements ag 1, ao 2, iy 3, Qiy 4, -, Qi s from the sequences {a; j }o<icn,1<j<s and de-
note the new sequences after removal by {b; ; }o<i<n—1,1<j<s- Note that by construction, we

have
bi,j = aH*Lj lfj = 1, 2
(4.7.1)
bi,j < ai,j lfj 2 3
Observe that the total average of b; ; is greater than or equal to the total average of a; ;
since the average of the removed elements is less than the total average of a; ;, that is

1 1
(n—1)s 2 biy> ns 2 i >

0<i<n—1 0<i<n
1<yss 1<j<s

Also, the elements by ; are nonzero for 1 < j < s because by; = a1; # 0 for j = 1,2 and
bo,; = aop; # 0 for j > 3. In short, the sequences {b; ; to<i<n—1,1<j<s satisfy all assumptions
in Lemma 4.7.1 for n — 1. By induction hypothesis, there exist indices i1, o, ...,7, with
i1+ iy + ... +is = 2(n — 1) such that
1 )
5 Z bi;j > ds and by, ; # 0 for all 1 < j < s.
1<g<s

Note that by equations (4.7.1), we conclude that
1
g(az’1+1,1 + Qiyr12 + Qi3+ ...+ a4, ) > ds.

Furthermore, the sum of indices is (i; + 1) + (i + 1) + i3+ ... +is = 2(n — 1) + 2 = 2n,
hence the elements a;, 411, @iy412, @iy 3, ..., @i, s are the desired collection of the elements for

Lemma 4.7.1.

Now, we consider the other possibility, namely

1 - o .
—(ap1 + ao2 + Giy3 + Qiya + ... + a;,5) > ds for all indices 0 < i3, iy, ..., 75 < n.
s

For each 1 < j < s, let t; be the number of nonzero elements among {a; ; }o<i<n. In particular,

we have

1
g(ao,l + a2 + Qy—1,3 + Q14+ o A1) > ds.
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It remains to check that the sum of indices is large enough. Since a; ; are all bounded by 1,

we have
2n+ (tg+ty+ ... +t5) > Z a;; > nsd,
0<i<n

1<j<s

Hence, we deduce that

(ts — 1) + (ta — 1) + oo+ (ts — 1) > n(sdy — 2) — (s — 2)

13
>n(sz —2) —(s—2) (sincedSZ

:n(SIS)—(s—Q).

Note that n(s +5)/4 — (s —2) > 2n — 1 when n > 4, thus we have
(ts—1)+(ts—1)+...+(ts— 1) >2n— 1.
Since (t3 — 1)+ (t4 — 1) + ... + (ts — 1) is an integer, we conclude that
(ts—1)+(ts—1)+...+(ts—1) >2n

and this completes the inductive step.

s+ 13
s

for all s)

]

For the base cases of Lemma 4.7.1 when 5 < s < 11, we will handle them via linear

programming with computer assistance. For certain linear programming problems to have

expected optimal values, we choose ds = 5/6 instead of (s + 13)/4s when s = 6. This is also

the reason why the base case for s = 5 corresponds to n = 5 as opposed to n = 3.

Proof of base cases of Lemma 4.7.1 when 5 < s < 11. The crucial observation is for any

fixed s,n, the Lemma 4.7.1 can be approached by linear programming. Let s,n be fixed,

for any integral indices 1 < tq,ts,...,t; < n, we can define the following linear programming

problem LP(tl, tQ, ey tg)

LP(tl, tg, ceey ts)l
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Variables: a; for 0 <i<n,1<j<s

Constraints:

1. Forall 0 <7< n,1 < j<s, werequire that 0 < a;; < 1.

2. For all 1 < j < sand i > t;, we require that a, ; = 0.

3. Forall 0 <i<n—1,1<j<s, werequire that a; ; > a;;1 ;.

4. For all indices 0 < 71,49, ...,1s < n with i1 +is+....+i5, = 2n and i1 < tq,19 < tg, ..., 15 <
ts, we require that

1
g(aihl + ai272 + ...+ (Iis75) < ds.

Objective: Maximize

1
ne 2 %9
o<i<n
1<j<s
We claim that if the maxima for linear programming problems LP (¢, ts, ..., t5) are upper

bounded by d, for all indices 1 < ty,to, ..., ts < n, then Lemma 4.7.1 is true for the parameters

S, M.

To see why the claim is true, we suppose the contrary, that is, the maxima for linear pro-
gramming problems LP (¢4, ts, ..., ts) are upper bounded by d for all indices 1 < t1, o, ..., s <
n, but Lemma 4.7.1 is false for the parameters s, n. Let {a; ;}o<i<ni1<j<s be the hypotheti-
cal counterexample and 7} be the number of nonzero elements among {a; ;}o<i<n for every
1 < j < s. Note that the numbers {a; ; fo<i<n1<j<s satisfy all constraints of the linear pro-
gramming problem LP(T3,T5,...,T;), hence the total average of {a;;}o<i<ni<j<s 1S upper
bounded by the maximum for this linear programming problem, which is less than or equal

to ds;. This leads to a contradiction.

Now, the coefficients involved in the linear programming problems LP (¢, 1o, ...,t5) are
rational numbers, hence the maxima will be rational numbers. Therefore, these linear pro-

gramming problems can be solved by computers without numerical errors in finitely many
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steps. We used a computer program to verify that in the cases
(87 n) - (57 5)7 (67 3)7 (77 3)7 (87 3)’ (97 3)7 (107 3)7 (117 3)7

the maxima for linear programming problems LP(t1,%s,...,ts) are indeed upper bounded
by ds. For those (s,n), there are 126,28, 36,45, 55,66, 78 linear programming problems for
each (s,n) respectively. The codes we used were initially generated by ChatGPT and then
modified by the author. The codes run in Sage and took about one hour to run on a personal

computer. ]

For the base cases of Lemma 4.7.1 when s > 12, the linear programming problems
become quite demanding for a personal computer. Fortunately, in this range, we have
enough variables to handle them by hand. The reason why we choose d; = 1/2 but not
(s + 13)/4s when s > 14 is because it is impossible to prove Theorem 1.4.3 for threshold
lower than 1/2, since the set {p € P : p = 1,4 mod 5} has relative lower density 1/2, but

the squares of its elements are always congruent to 1 mod 5.

We seperate the proof of base cases of Lemma 4.7.1 when s > 12 into the following

lemma.

Lemma 4.7.2. Let s > 12 be an integer, and D > % be a real number. For each integer
1<j<s, let {a;}ocics be a decreasing sequence in interval [0, 1]. Suppose
1 .
e Z a;,; > D and agj; #0 for all1 < j < s.
0<i<3
1<y<s
Then, there exist indices 0 < iq, 19, ...,1s < 3 with 11 + io + ... + 15 = 6 such that
1 .
B Z ai;; > D and a;, j # 0 for all 1 < j < s.
1<<s
Proof of Lemma 4.7.2 and bases cases of Lemma 4.7.1 when s > 12. Let R be the number
of nonzero elements among a, ; where 1 < j < s. We will prove Lemma 4.7.2 via cases-by-

cases analysis based on the values of R. Note that the number of nonzero elements among
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a;; where 7 = 1,2 and 1 < j < s is > 7, because this number is greater than s/2.

Case 0: R=0

There are at least 7 nonzero elements among a;; where ¢ = 1,2 and 1 < j < s. By

relabeling, we may assume a; ; # 0 for 1 < j < 7. Suppose Lemma 4.7.2 is false, then

(@11 +a12+a13+a14+a15+ a16) + (o7 + aos + ... +aps) < sD,

Qo1 + (a/LQ + a3 + aia + ais + a1.6 + CL177) + (CL078 + ap.9 + ...+ ao’s) < sD.

Summing the inequalities above and using the facts that a, ; is decreasing in 7 and R = 0,
we have
Z a;; — (ap2 + aos + aps + aps + ape) < 2sD.

0<i<3
1<j<s

This implies 3sD — 5 < 2sD, which leads to a contradiction.
The strategies for the remaining cases are similar to Case 0.

Case 1: R=1

There are at least 7 nonzero elements among a;; where ¢+ = 1,2 and 1 < j < s. By
relabeling, we may assume a;; # 0 for 1 < j < 6 and ag; # 0. Suppose Lemma 4.7.2 is

false, then

asq+ (a2 +ars+ara+ais)+ (aos+aor+ ... +aps) < sD,

(a0 +a2+a13+ara+ars+aie) + (aor+aps+ ... +aps) < sD.

Summing the inequalities above and using the facts that a;; is decreasing in 7 and R = 1,
we have
Z a;; — (a1 + ap2 + aps+ apa+ aps) < 2sD.

0<i<3
1<j<s
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This implies 3sD — 5 < 2sD, which leads to a contradiction.

Case 2: R=2

There are at least 7 nonzero elements among a;; where ¢ = 1,2 and 1 < j < s. By
relabeling, we may assume a;; # 0 for 1 < j < 5 and as 1, az2 # 0. Suppose Lemma 4.7.2 is

false, then

(a1 + azz) + (a13+ a14) + (aos + aoe + ... + aos) < sD,

asqg+ (@12 +a1s+ara+ars)+ (aos+aor+ ... +aps) < sD.

Summing the inequalities above and using the facts that a, ; is decreasing in 7 and R = 2,
we have
Z a;; — (o1 +a11 +ags +aps + apa) < 2sD.

0<i<3
1<<s

This implies 3sD — 5 < 2sD, which leads to a contradiction.

Case 3: R=3

There are at least 7 nonzero elements among a;; where ¢ = 1,2 and 1 < j < s. By
relabeling, we may assume a;; # 0 for 1 < j < 4 and a1, a22,a23 # 0. Suppose Lemma

4.7.2 is false, then

(a1 + ag2 + as3) + (ags + ags + age + apz + ... +ags) < sD,

(a1 + az2) + (a13 + ar4) + (aos + aos + ... + aos) < sD.

Summing the inequalities above and using the facts that a;; is decreasing in 7 and R = 3,
we have

Z CLZ'J' — (CL071 + aia + ap,2 + ai 2 + ao’g) < 2sD.

0<i<3
1<j<s

This implies 3sD — 5 < 2sD, which leads to a contradiction.
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Case 4: R =14

By relabeling, we may assume a; ; # 0 for 1 <7 < 2,1 < j <4. Suppose Lemma 4.7.2 is

false, then

(a21 + ag2) + (a13+ a14) + (@05 + aoe + ... + ags) < sD,

(a11 + ar2) + (azs + aza) + (aos + aoe + ... +aos) < sD.

Summing the inequalities above and using the facts that a;; is decreasing in 7 and R = 4,

we have

Z a;; — (ap1 + ap2 + aps + apa) < 2sD.

0<i<3
1<j<s

This implies 3sD — 4 < 2sD, which leads to a contradiction.

Case 5: R=5

By relabeling, we may assume a;; # 0 for 1 <4 < 2,1 < j <5. Suppose Lemma 4.7.2 is

false, then

(ag1 + ago) + (a13+ara+ars) + (aoe +aor + ... +aps) < sD,

(@11 + a12) + (ag3 + asa + asps) + (aoe + ao7 + ... + ags) < sD.

Summing the inequalities above and using the facts that a;; is decreasing in 7 and R = 5,
we have
Z a;; — (a1 + ap2 + aps+ aga + aps) < 2sD.

0<i<3
1<j<s

This implies 3sD — 5 < 2sD, which leads to a contradiction.

Case 6: R > 6

By relabeling, we may assume a;; # 0 for 1 <17 < 2,1 < j < 6. Suppose Lemma 4.7.2 is
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false, then

(ap1 + ao2 + aos) + (aga + asp + ase) + (aor + aos + ... +aops) < sD,
(a1p+ar2+a13+ara+ars+aie)+ (a7 +aps+ ... +aps) < sD,

(a21 + ag2 + ass) + (aoa + aos + aoes) + (a0 + aos + ... + aos) < sD.

Summing the inequalities above and using the facts that a; ; is decreasing in ¢, we have

Z Q5 < 3sD.

0<i<3
N

This implies 3sD < 3sD, which leads to a contradiction.
m

Now, we will apply Lemma 4.7.1 to prove Theorem 4.1.1. The method is similar to that
of Shao [Shal4, Proposition 3.1] and Li and Pan [LP10, Theorem 1.2].

Proof of Theorem /.1.1. We will prove Theorem 4.1.1 by induction on the number of
prime divisors of W. The base case is W being a single prime p. Note that by coprime

assumptions in Theorem 4.1.1, we have p > 7 when s > 6 and p > 11 when s = 5.

For every 1 < j < s, write the image of f; as a decreasing seqeunce ag; > a1; = asj; >
.. = a,_1,; in interval [0, 1], where n = (p — 1)/2. Note that by lower bounds for p, we have
n > 3 when s > 6 and n > 5 when s = 5. Moreover, we have lower bound for the total
average of a; ;, that is

S i = (EA] B+ B >

o<i<n
1<j<s

Also, the leading terms ag; are nonzero since E[f;] # 0 for 1 < j < s. Therefore, we can
apply Lemma 4.7.1 and conclude that there exist indices i1, 9, ..., 15 With i1 +i9+...+i5 > 2n
such that

1
g(ail,l + @ip2 + ... +ai,s) > dsand a;, ; # 0 for all 1 < j < s.
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Let I; = {z € (Z/p)*® : fi(x) = a;, ;} for 1 < j < s. The size of I; is at least i; + 1 for
1 < j < s. By the Cauchy—Davenport inequality, we have
Iy + Lo + ... + I| > min{p, || + ||+ ...+ || — (s—1)}
> min{p, i1 +is+ ... +is+ 1}

> min{p, 2n + 1}

p
hence the sumset Iy + Iy + ... + I is Z/p. Thus, for all y € Z/p, there exist x; € I; for
1 <j < ssuch that y = 21 + 25 + ... + 1. By constructions, we have f;(z;) > a;, ; > 0 for

all 1 < 7 < s and

VA

(A olma) o ) 2 (a0 > da

This completes the proof of base case.

Now, for general modulus W, suppose Theorem 4.1.1 is true for all moduli whose numbers
of prime divisors are strictly less than the number of prime divisors of W. Write W = pW’
for some prime p and square free integer W', where W’ has one less prime divisors than
. By Chinese remainder theorem, we can identify (Z/W)*® with (Z/p)*? x (Z/W')*?).
The elements in (Z/W)*® can be conveniently written as (x,2') where x € (Z/p)*®, 2’ €

(/W)

For each 1 < j < s, define g; : (Z/p)*® — [0, 1] by setting

gilw)= B fiz,2)
& €(Z/ W)X

for all z € (Z/p)*®. Note that we have E[g;] = E[f;] # 0 for all 1 < j < s and
~(Elgi| + Elgo] + .. + Elg)) = L (BLAl + ELf) + .. + EI) > ds

Since we know that the base case is true, for all (y,y’) € Z/W, we have y = x1 + x5+ ... + x4
for some x1, o, ..., v, € (Z/p)*? such that
1

g(gl(xl) + ga(x2) + ... + gs(z5)) > ds and g;(x;) # 0 for all 1 < j < s.
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For each 1 < j < s, define h; : (Z/W')*® — [0, 1] by setting
hy(a') = fi(x;, ')
for all ' € (Z/W')*@. Note that we have E[h;] = g;(z;) # 0 for all 1 < j < s and
1 1
By induction hypothesis, we have 3 = 2, + o, + ... + 2, for some 2, 2}, ..., ", € (Z/W')*?
such that

1
—(ha () + ho(wy) + ... + hg(x)) > ds and hy(z}) # 0 for all 1 < j < s.
s
which is the same as
1
g(fl(xl,xll) + folxa, xy) + ... + fo(ws, 2})) > dy and fj(z;,25) # 0 for all 1 < j < s.

Hence, (y,y') = (x1,2)) + (22, xh) + ... + (x4, 2%) is the desired decomposition. O

S

4.8 Extensions to small moduli

In this section, we will extend Theorem 4.1.1 to cover the small moduli. Extensions to small

moduli cause the density threshold to go up from dg to D;,.

Proposition 4.8.1. Lets > 6,m =5 ors = 5,;m = 35. Let f : (Z/m)*® — [0,1]
be a function with E[f] > Ds. For ally € Z/m, we have y = x1 + x2 + ... + x5 for some

Ty, T, ..., Ts € (Z/m)*?) such that

%(f(xl) + f(x2) + ... + f(zs)) > ds and f(z;) #0 for all 1 < j < s.

Proof. We will divide into four different cases according to the values of s.
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When s > 8:
There are two elements in (Z/5)*®, which are 1 and 4. Note that f(1) and f(4) are

nonzero since E[f] > Ds > 1/2.

Observe that for all y € Z/5, there are two ways to write y as a sum of 1’s and 4’s, so
that the number of 1’s is not less than the number of 4’s in one way, and the number of 4’s

is not less than the number of 1’s in the other way. This is because we can consider

I+1+. +1+44+4+  +d=r+4(s—71)=4s—3r

r times s—r times

for 0 <r <4 and s —4 < r < s. Note that 4s — 3r ranges through all congruence classes

mod 5 when r ranges through all congruence classes mod 5.

Thus, for all y € Z/5, we can pick a way to write y = x1+x9+...+ x5 where x1, 29, ..., s €

(Z/5)*@ so that
(@) + F@) 4+ f(5) ZElf] > D> d,

When s = 7:

By enumerating all possibilities, we observe that for 0,2,3 € Z/5, there are two ways to
write them as a sum of 1’s and 4’s, so that the number of 1’s is not less than the number of
4’s in one way, and the number of 4’s is not less than the number of 1’s in the other way.

Hence, the elements 0, 2,3 can be handled by the same reasoning in previous case (s > 8).

For 1,4 € Z/5, we have 1 = 14+1+1+1+44+444 mod 5 and 4 = 1+1+1+4+44+444 mod 5.
The analysis for elements 1 and 4 is similar and we will demonstrate it for the element 1.
First, note that f(1), f(4) > 2D; — 1 since E[f] = (f(1) + f(4))/2 > D;. To proceed, we
compute

1 1 bt
?(4f(1) +3f(4)) > ?(6D7 +(2D;—-1)) = - = dy.

When s = 6:
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By enumerating all possibilities, we observe that for 0,1,4 € Z/5, there are two ways to
write them as a sum of 1’s and 4’s, so that the number of 1’s is not less than the number of
4’s in one way, and the number of 4’s is not less than the number of 1’s in the other way.
Hence, the elements 0, 1,4 can be handled by the same reasoning in previous cases.

For2,3€Z/5, wehave2 =1+1+14+1+44+4mod5and 3 =1+1+4+4+4+4 mod 5.
The analysis for elements 2 and 3 is similar and we will demonstrate it for the element 2.
First, note that f(1), f(4) > 2Dg — 1 since E[f] = (f(1) + f(4))/2 > Ds. To proceed, we
compute

é(4f(1) +2f(4)) > %(4D6 +2(2D — 1)) = g = ds.

When s = 5:

Since the size of (Z/35)*® is 6 and E[f] > Ds, we have f(x) > 6Ds — 5 for any
r € (Z/35)*). Note that the 5-fold sumset of (Z/35)*®? is Z/35, hence, for all y € Z/35,
we can write y = 2 + x5 + x3 + 14 + x5 for some x1, 19, 23, 14, 5 € (Z/35)*?. To complete
the proof, we compute

9

1 1
S(f (@) + f(22) + f(ws) + f(24) + f(w5) > Z(5(6D5 = 5)) = 75 = ds.

]

The following theorem combines Theorem 4.1.1 and Proposition 4.8.1. The method for
Theorem 4.8.2 is similar to that of Shao [Shal4, Proposition 3.1] and Li and Pan [LP10,
Theorem 1.2]. Tt might be worth to point out that the proof of Theorem 4.8.2 is similar to

the inductive step of the proof of Theorem 4.1.1.

Theorem 4.8.2. Let s > 5 be an integer, and W be a square free integer with (24, W) = 1.
Let f : (Z)24W)*®) — [0,1] be a function with E[f] > Ds. For all y € Z/24W with
y = smod 24, we have y = x1 + Ta+ ... + x4 for some x1, T, ..., x5 € (Z/24W)X(2) such that

é(f(an) + fza) + ..+ f(ws) > ds and f(z;) #0 for all 1 < j < s.
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Proof. Without loss of generality, we may assume 5| when s > 6 and 35| when s = 5.
This is because if W;|Ws and Theorem 4.8.2 holds for modulus W5, then Theorem 4.8.2 is

also true for modulus Wj.

Write W = mW'’ where m = 5 if s > 6, and m = 35 if s = 5. By Chinese remainder theo-
rem, we can identify (Z/24W)*?) with (Z/24)*® x (Z/m)*® x (Z/W')*?). The elements in
(Z/24W)*?) can be conveniently written as (1,z,2’) where z € (Z/m)*® o' € (Z/W')*?

since 1 is the only element in (7Z/24)*?),
Define g : (Z/m)*? — [0,1] by setting
gle)=E f(l,z,2)
2/ E(Z/ W)X
for all z € (Z/m)*®). Note that we have E[g] = E[f] > D,. By applying Proposition 4.8.1,
for all (s,y,y') € Z/24W, we have y = 2, + x5 + ... + x, for some x1, 2o, ..., v, € (Z/m)*?

such that
é(g(:cl) + g(z2) + ... + g(xs)) > ds and g(z;) # 0 forall 1 < j < s.
For each 1 < j < s, define h; : (Z/W')*®? — [0, 1] by setting
hi(2) = f(1,2;,2)
for all 2’ € (Z/W')*@. Note that we have E[h;] = g(z;) # 0 for all 1 < j < s and
L] + Bl B = (o) + g0) 4t g() >
€ (zZ/W')*®

By applying Theorem 4.1.1, we have 3/ = x|+, +...+ 2., for some 2}, 2}, ...,

S

such that
(hl(x1)+h2(x2)—|- 4 h(2))) > ds and hj(z}) #0 for all 1 < j < s.
which is the same as
i(f(l w1, 27) + f(Lwg,29) + .o+ f(1,24,27)) > ds and f(1,25,25) #0 forall 1 <j <s.
Hence, (s,v,y') = (1,21, 2}) + (1,29, x)) + ... + (1, 25, 2,) is the desired decomposition. [
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Now, we have all ingredients needed to deduce Theorem 1.4.3 from the transference
principle. Roughly speaking, Theorem 4.8.2 is essential for completing the W-trick. We
state the general transference mechanism as follow.

Hypothesis (s, i1): Let W be a square free integer with (24, W) = 1, and f : (Z/24W)*?) —
[0,1] be a function with E[f] > p. For ally € Z/24W with y = s mod 24, we have
Yy =121+ Ty + ... +x, for some 11,29, ..., 2, € (Z/24W)*?) such that

and f(z;) #0 for all 1 < j < s.

N —

%(f(xl) + f(@) + o+ ) =

Proposition 4.8.3. Let s > 5 be an integer, 0 < p < 1 be a real number, and A be a subset
of primes with relative lower density dp(A) > \/j. Suppose the Hypothesis (s, ) is true,
then, for all sufficiently large integers y that are congruent to s mod 24, there exist primes

D1, P2, s Ds € A such that y = p? + p3 + ... + p2.

Theorem 1.4.3 indeed follows from Proposition 4.8.3 since Theorem 4.8.2 implies that
Hypothesis (s, D;) is true for s > 5. Proposition 4.8.3 is quite close to Section 3 in [LP10],
where Li and Pan applied the transference principle to deduce their density version of Vino-
gradov three primes theorem from local results. Hence, the proof of Proposition 4.8.3 only
requires slight modifications to the proof in Section 3 in [LP10|, and it will be deferred to
Appendix 6.3.
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CHAPTER 5

The density version of the generalized Fermat equations

5.1 Overview

In this chapter, we adapt the ideas in the joint work of Chow, Mudgal and the author
[CLM25] to reproduce the proofs of Theorem 1.6.1 and Theorem 1.6.4.

We would like to provide a heuristic for the proofs of Theorem 1.6.1 and Theorem 1.6.4.

For simplicity, let us consider the equation
i+ o+ . +a2=0 (5.1.1)

over [, for large p and s > 3. Let A be a subset of I, with

1
A1 (S+x)
where x is some small parameter greater than zero.

The goal is to show that there exists a solution x € A® to the equation (5.1.1). Suppose
that this is false, then we would like to reach a contradiction by showing that the cardinality

of A is small.

Let
A ={a%:2€ A}
then the s-fold sumset sA’ is not [F,, since the equation (5.1.1) is not solvable in A. By the
intuition of Cauchy—Davenport inequality, we may assume that we have s|A’| < p. Note that
we have trivial bound |A’| > |A|/2 since the number of square roots of an element in F, is

at most 2. This gives us |A| < 2p/s, which misses the threshold by a factor of 2.
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For the sake of the heuristic, let us pretend that since sA’ is not the entire [F,,, then A’
must be close to the extremal example we have in mind—an interval. (This is in line with the
intuition of Semchankau’s wrapping lemma [Sem25]|.) Let’s say that there exists an interval
I containing A’ and s/ is not the entire F,. Once again, the intuition of Cauchy-Davenport

inequality suggests that we may further assume that s|I| < p.

The interval I is much more structured than the set A’. In particular, it is not unreason-

able to assume that the squares are equidistributed among intervals, that is
#{reF,: > cl}~]|l|

Hence, we have |A| < |I|, which saves us a factor of 2. Combining this and the inequality

s|I] < p, we deduce that |A| < p/s, leading to a contradiction.

Remark 5.1.1. Prior to [CLM25|, the other combinatorial aspects of the generalized Fermat
equations, such as coloring problem, have been investigated by Csikvari-Gyarmati-Sarkozy

[CGS12| and Lindqvist |Linl8|.

This chapter is organized as follows. We record some preliminary results in Section
5.2. Section 5.3 is about a variation of Semchankau’s wrapping lemma [Sem25|. We prove
Theorem 1.6.1 in Section 5.4, and we prove some equidistribution results along with Theorem

1.6.4 in Section 5.5.

5.2 Preliminaries

In this chapter, we will continue to use the Fourier analysis notation listed in Section 2.2.

5.2.1 Wrappers

We now record the notion of wrappers. These were introduced and employed by Semchankau

[Sem25| to analyze various sum-product-type problems in F,. Let 7 € (0, 1) be a real number,
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and let

St=S8USU---US, (5.2.1)
be a partition of S* into arcs such that p(S;) =+ = u(S,_1) =7 and 0 < u(S,) < 7. Let
Y1, - .,7vq be pairwise distinct characters in G. For any v = (v1,...,vq) € [r]¢, we define the

inhomogeneous Bohr set

By =By yasis, ={r € G yi(x) €S, (1<i<d)}. (5.2.2)
For ease of notation, we omit the dependence of B, on the parameters vy, ...,vq, S1,...,Sy.
Note that
G — UVG[T}dBV'

Given any set X C [r]¢, we call the set V = U,ex By a (7, d)-wrapper.

These are essentially the wrappers introduced by Semchankau [Sem25|, but our definition
is very slightly more general. We will use wrappers to contain — i.e. wrap — certain sets,
up to a small number of elements. The advantage of using wrappers is that they have

considerable average Fourier decay.
Given real numbers 0 < ¢ < ¢5 and any function f : G — [0, 00), we define
Ap(ly,ly) ={z € G: 1 < f(x) < b}
The following is essentially [Sem25, Corollary 1], and can be deduced by combining elemen-

tary combinatorial arguments with a result of Croot—FLaba—Sisask |[CLS13, Corollary 3.3].

Lemma 5.2.1. Let f: G — [0,00), let T € (0,1), and let g > 2 be a real number. Then there
exists a positive integer d < q/72, pairwise distinct, non-trivial characters vy,...,7v4 € CA}',
a partition of S' as in (5.2.1), and a set Z C G with |Z| < e |G| such that the following

holds. For any real numbers 0 < {1 < ly, there exists X C [r]d such that
Ap(ly + 0,y —0)\Z C (UyexBy)\Z C As(l; —6,0,+6)\ Z,
where § = 20]|f]|,7.
We remark that for certain choices of £1, f5, one could have X = ().
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5.2.2 A popular Cauchy—Davenport lemma

The general Pollard—Kneser-type result due to Green-Ruzsa (Theorem 4.4.2) can be used to

establish the following popular Kneser-type inequality, see the proof of Theorem 4.4.1.

Lemma 5.2.2. For each s € N and each 6,k > 0, there exist ¢, M > 0 such that the
following holds. Let 6, ...,0, > with

014 +0,>1+k.

Let G be a finite abelian group G such that its largest proper subgroup H satisfies |H| <
|G|/M. Then, for any v € G and any A;,..., As C G satisfying |A;| > 6;|G| for all
1< <s,

Z Layttas=z = |G]" .

a1€AL,..., as€As

5.2.3 Deligne’s bound

The following estimate was demonstrated by Deligne. This formulation can be found in the

introduction of [Kat08|, and is a special case of [Del74, Theorem 8.4].

Lemma 5.2.3. Let k € N, and let p be a prime such that p t k. Let F, be a field of
characteristic p, and let ¢ : F, — S' be a non-trivial additive character. Let P(x) € F,[z] be

a polynomial of degree k. Then

Y U(P@)| < (k—1)va.

z€lF,

For the rings Z/p", there are also power-saving exponential sum bounds. The following

estimate follows from [Vau97, Equation 7.9] and Lemma 5.2.3.
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Lemma 5.2.4. Let k,n € N, and let p be a prime such that p > k. Let P(z) € (Z/p")|x]

be a polynomial of degree k. Then

D> e (P(x)) <5 V.

T€ZL/p™

5.3 Semchankau’s wrapping lemma

Our aim in this section is to record the proof of the following variation of a result due to

Semchankau [Sem25].

Theorem 5.3.1. Let e, € (0,1], let s > 3 be an integer, and let Ay, ..., As C G satisfy

|A;| = 0|G| for every 1 < i < s. Suppose there ezists a € G such that

Z 1a1+...+aS:a < €|G|s_1.

aleA17~~’as€As

Then, for every 1 < i < s, there exist 7, > 0 and d; € N, as well as U;,Y; C G such that U;

is a (1;, d;)-wrapper,
;> e @) g2l d; < 7,72 log(10/¢)

and

V| < eY®\G|, A\ Y; C UL

Moreover, there exists b € G such that

Z 1w1+...+ws=b <5 57881/2|G‘871'

’LU1€U1,.-‘,’LU3€U3

We now present the proof of Theorem 5.3.1. We may assume that a = 0 by translating

Aj appropriately. Let n > 2 be an integer to be chosen later, and let
L= {yeG:|ly()| > |G]/n"/?}.
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Since s > 3,

G Y () <IGP Y L (1) Ly (1) Ly (7))

766’\1“ veG\I"
<GP O L0 La, ()2 m@XFHNAI(’Y)!
we@ 'yEG VEG
<GP 2, (5.3.1)

By orthogonality, one has

HTIGP/n < 1, (N = |Gl#A; < |GP,

~EG

whence #I' < n

Let o € (0,1) be a parameter to be chosen later, let S, be an arc of length 20 centred at
1 €S', and let B be the Bohr set

B={xeG:v(x)e S, forall y eI}
The Bohr set B has rank |I'| < n, and so
1B| > oG] > o"|G], (5.3.2)
see [TV06, Lemma 4.20]. Moreover, for any v € I,

=> 4(b) = |B|(1 4+ O(0)). (5.3.3)
beB
Now for every 1 < i < s, define

fi@) = BT (14, % 1p)(2) =[BT 1a,(y)1s(z — y)

yeG
for all z € G. These functions approximate the additive structure of 1,4, on the physical side
while having smoother Fourier L' norm, see (5.3.4) and (5.3.5) respectively. We first prove

the former statement, and so, note that
fity) = 1Bl L4, ()16().
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This, in turn, implies that |f;(y)| < |G|/n*/2 for all v ¢ T, while f;(7) = 14,(7)(1 + O(0))
for all v € ', with the latter equality following from (5.3.3). Furthermore, (5.3.1) implies
that

G A - FI<IGT Y 114, () - 14, ()]

v¢r AN

< |G|sfl/n1/2.

Consequently,
Z fulwn) - fo(@) ey gm0 = |G| Z fl(’y) T fs('Y)

T1,..,Ts ~y

=G YT () - Ta ()1 + 0(0) + O(GI" /n'/?)
yerl’

= |G 1a,(7) - 1a,(7) + OG0 + 7))
vyel

- Z Lay(z1) -+ La, (@) Loy 4ob =0 + OS(‘G’871<H71/2 +0))

< eGP+ 0,(|GI V2 4 o)), (5.3.4)

where the penultimate step follows from (5.3.1) and orthogonality. As for the Fourier prop-

erties of f;, note by a straightforward application of the Cauchy—Schwarz inequality and

orthogonality that

1filly = G171 BIT Y L () 1s()] < |48 72, (5.3.5)

e,

Now let ¢ > 2 and a € (0, 1) be parameters and, for every 1 < i < s, let

al Al

B B Oé’Ai|1/2|B‘1/2
TTe]

d 7=
ane T 800|G|

(5.3.6)

be reals lying in (0,1). For each 1 < i < s, we apply Lemma 5.2.1 to obtain a positive

integer d; < ¢/77 and a set Z; C G with |Z;] < e |G| such that, upon setting ¢; = 7; and
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0y = 1+ 40| fi||17:, we obtain a (73, d;)-wrapper V; such that

Agy(mi+ 20| fillims, 14+ 20) filhm) \ Z: € Vi\ Z

C Ay (mi = 20] fillimi, 1+ 60[Ifillm) \ Zi. (5.3.7)
Let us also record some useful properties that we will need later. By (5.3.5),
20(| fill 7 < mi/2- (5.3.8)

This, along with our choice of 7;, 7;, implies that

> file) < (i + 20] fill1m) |G| < 23| G
2€G: fi(2)<ni+20|| fill17s
= o] Ail /10 < |Ai| = ) filw), (5.3.9)
zeG

whence A, (1; 4+ 20| f;|li7:,1) # 0. Finally, the second inclusion in (5.3.7) combines with
(5.3.8) to furnish

fi 2f;

— B 41, <
mi — 20| fl[17i T

We now establish some desirable additive properties of Vi,..., V;. Inequality (5.3.10)

+1z, <207 (fi + 12,). (5.3.10)

i

gives us

<5 (m - '775)_1 ( Z Ji(n) -+ fs(x)leypoqan=0 + e_q|G|8_1> .

The assumption that |4;| > §|G| along with the definition of n; in (5.3.6) imply that 7; > ad
for every 1 < i < s. This in turn combines with the preceding inequality and (5.3.4) to deliver

the estimate

Y Lt € a5 0IGP e 0T o 7).
V1€V, vsEVy

131



Setting
n=1[e?], o=¢ and g¢=log(10/e) (5.3.11)

yields
) P = e (€l (5.3.12)
V1€V, Vs EVs
Given 1 <7 < s and b € B, define

Ay ={a € A : fila+b) < n; + 20| f; ||, 7:}-

Let b; € B satisty |A;p,| < |Aip| for all b € B. A standard averaging argument, together
with (5.3.9), gives

‘Ai,bi

<[B! Z |Aip| = Z filz) < alA;]/10.

beB 2€G: fi(x)<ni+20|| fill1 7

Now, if a € A; \ Aip,, then fi(a+b;) > n; + 20|| f;||17:, which in turn combines with the first
inclusion in (5.3.7) to tell us that either a + b; € Z; or a + b; € V;. For every 1 <i < s, we
set

Then
Y] < al4]/10 + 7G| < a|G| +¢|q].

Setting o = £'/(23) delivers the desired upper bound for |Y;|. Moreover, note that A4;\Y; C U;

and

Z Luy g =—by—mby = Z Loy tws=0
< Y2573 |G,

using (5.3.12) and the fact that a = ¢'/(2%),

The simple observation that translates of (7;, d;)-wrappers are also (7, d;)-wrappers en-

sures that U; is a (7;, d;)-wrapper. Our choice of 7; in (5.3.6) along with (5.3.2) and (5.3.11)
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implies that
7> b2 > /2951277

Finally, since d; < q/72, our choice of ¢ dispenses the estimate
d; < 77 %log(10/¢).

This concludes the proof of Theorem 5.3.1.

5.4 Finite fields

This section will culminate in a proof of Theorem 1.6.1. Here ¢ = p”, for some prime p and

some n € N. For a, z € I, let

Ya(2) = ep(Tr(ax)) = i (ax).

5.4.1 Equidistribution of powers

Lemma 5.4.1. Let r be a positive integer, let Xy, ..., X, be non-empty subsets of Fy, and

let 1 < iy <ig <---<i,. <p be integers. Then

, XX,
#{melF, . m"eX,;, (1<j<r)}— %
q
i, [ Tx -+ 11, [1v/a
Proof. Put X = X; x -+ x X,.. By orthogonality,
#{meF,:m"eX; (1<j<nr)}
- Z Z 1m”:ﬂf1 o L =g,
meFy xeX

=q" Z Z Y1(—o-x) Z Yr(onm'™ + -+ + aym™)
acky xeX mely

=¢7" > 1x(Wa) 1x, (Ya,) Y di(am™ 4+ 4 am'™).
acky mekF,
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Thus, by Lemma 5.2.3,

, XX,
‘#{mEFq:m” €X; (1<j<r)}—|1|(]r%
S Z [Txi () -+ T, (ev) Z Yr(am™ + -+ apm'™))|
0#ack meF,
< Ml x i v/ O

5.4.2 Average Fourier decay

As an additive group, we can identify F, with G = F}. In this subsection, we use (-,-)

interchangeably with the dot product on GG. Let r € G and

Bohr sets of rank 1 for this additive character have the form
i)

In the case m = 1, it follows from [Sem25, Proposition 3.2] and the proof of [Sem25,

r-x—c
p

B:{XEG:

where ¢ € Z and 0 < § < 1/2.

Proposition 3.3] that
1151 < logp. (5.4.1)

We now extend this to the case of general m.

Lemma 5.4.2. We have (5.4.1).

Proof. First suppose r = 0. Then B is either empty or GG. If B is empty, then HEHl =0.
If B =G, then
sl = |GI7'1c(0)] = 1.

It suffices to consider two other cases for r, namely:
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Let £ € G\ H, where
H={xeG:r-x=0}.

In Case I, we choose £ = r for simplicity.

We decompose

G=HoTF,L.
This restricts to a decomposition
B=H+U¢,
where
U:{UGFPI ? <5},

and each element of B is h 4+ u£ for some unique pair (h,u) € H x U. Now

15(6) =Y e(—x-8),

xeB

SO

el =p > Zzep((h+u€,£o+v£>)‘

€,€H |ueU heH

velR,
=p " Z Z ep(u(l, & + vf)) Z ep((h, &+ U£>)‘ :
i%%IZ uelU heH

The inner sum vanishes unless &, + v€ = Ar for some A € IF,.
Case 1

In this case £ = r. For the inner sum not to vanish, we must have &;||r and hence &, = 0,

sincer - §, =0 and r - r # 0. Consequently,

sl =p7" Y |> epluvr-1)

vel, |luelU

'Y

velF,

Z ep(uv)

uelU
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This is O(logp), as we saw in the case m = 1.
Case 2

As £ ¢ H and &), r € H, we cannot have £, + v€ = Ar unless v = 0 and &, = Ar.

Therefore
ILeli=p7" D0 D eplurx) =p 371> ep(ud)].
AeF, [ueU AeF, lueU
This is O(logp), as in Case 1. O

We can bootstrap this to infer average Fourier decay for wrappers.

Lemma 5.4.3. Let U be a (7,d)-wrapper in F,. Then

110 <ra (logp)®.

Proof. By definition, the wrapper U is a disjoint union of O, 4(1) many sets B = B, as
given by (5.2.2), and so, by a simple application of triangle inequality, it suffices to prove

the desired result for the set By. In this case, note that we can write
B=BN---N By,

for some Bohr sets By, ..., By of rank 1. Finally, Young’s convolution inequality and Lemma

5.4.1 deliver

gl = 11, - 1p, |l = |1 * - * 1p. |
< 1g, -+ 11, [l < (logp)™. O

5.4.3 Dense Fermat over finite fields
We now establish Theorem 1.6.1. Assume for a contradiction that there are fewer than e¢*~!
many solutions x € A® to (1.6.2). Define

Ap = {cma :a € A}
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for all m € I; and all 1 < j < r. Note that |A,,| > |A|/i, > s ¢. We may now apply
Theorem 5.3.1 to find, for every 1 < ¢ < s, a (1, d;)-wrapper U; with 7, >, 1 and
d; <¢ 4, 1 such that

|4\ U] < /g

and

Z 1w1+"‘+ws:b <<57ir 61/2(]8_17 (542)

w1 €UL,...,ws €U

for some b € F,.

We now claim that

K
U] + - + U] < (1+ E) g. (5.4.3)

We prove this claim via contradiction, so let us assume that it does not hold. Let C be a

large, positive constant. As ¢ is sufficiently small, we have
Ui| > |4;] — CeV/®)q s 4
for all 1 <@ <'s. We may now apply Lemma 5.2.2, giving

s—1
§ Ly otwa=b Zsiipwe ¢ -

w1 €UY,...,ws €U

As ¢ is sufficiently small in terms of s, i, x, this contradicts (5.4.2).

We may therefore assume that (5.4.3) holds. For every m € I} X --- X I, let
Xm={zrelF,: cmjxij €EUn, 1<j<r)}

By Lemma 5.4.3 and a change of variables, we note that if U is a (7, d)-wrapper in F, and
c € F; then

1wl <ra (logp)*.
Combining this with Lemma 5.4.1 yields

_|Unu - [Un 1/2
r—1 :

| X 1 Lsine (logp)Qesirg
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Since |A; \ U;| < eV/@9q for all 1 <i < s,

Al < [ Xom| + Oy, (1

q).

ir,S

Coupling this with the preceding bound, and then averaging over all m € [ x - -- X [,., gives

ETSS I NI
q kl .« . k’/‘ mellx...XIT qr
+ OS,ir( 1/(2s) ) + Os u,s((log p)Os,s,ir(l)q71/2>' (544)

Clearly, we may assume that « is sufficiently small in terms of r. We may also assume
that ¢ is a function of s, 1,., k, as the result would then follow for all smaller values of . This

enables us to subsume any dependence on ¢ into the dependence on s, 7,, k.

By the AM-GM inequality and (5.4.3), the first term on the right-hand side of (5.4.4) is

bounded above by

. (14 x/10)
rk >3 ) < T
1° j=1 m;€l; 1 r

o 1+7"/1/5 H_ K

~
ke
1<j<r

The other terms on the right-hand side of (5.4.4) are smaller than x/5. Therefore

1 3
Al < —+ =g
: ’I”k'j 5
1<g<r

contradicting the hypothesis (1.6.1). Hence, we must have at least £¢*~! many solutions to

(1.6.2) with xq,...,z, € A.

5.5 Finite, cyclic rings

In this section, we will first prove that the wrappers are nicely additively structured, in the
sense that the powers are equidistributed among them. Then we will use this property to

deduce Theorem 1.6.4.
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5.5.1 Equidistribution of powers in wrappers

Let W be a positive integer, let 8y, 5, ..., B4 € Z/W be frequencies, and let I, 5, ..., I; be

real intervals. The inhomogeneous Bohr set

B:B(ﬁlaﬁ%"')ﬁd;ﬂlaﬂ?a"'7]1d)

is defined to be

:{IGZ/W:%Eﬂjmodlforalllgjéd}.

We refer to d as the rank of B. (Strictly speaking, the rank is a property of the Bohr set
data, rather than a property of the set.)

The following lemma, which is in the same spirit as Lemma 5.4.2, asserts that the inho-

mogeneous Bohr sets in Z/p™ have considerable average Fourier decay.

Lemma 5.5.1. Let p be a prime, let n € N, and let B be an inhomogeneous Bohr set of
rank d in Z/p™. Then
1] < (Clogp™)?,

where C' is some absolute constant.

Proof. First, we consider the case where the Bohr set B has rank 1. Say B = B(p‘B;1),

where [ is not divisible by p and ¢ < m.

Note that for € Z/p", whether p‘Bx/p" = Bx/p"~* is in I depends only on the residue
class of  mod p"~*. Thus, the Bohr set B is of the form Q + H, where () is an arithmetic
progression mod p"~¢ with common difference z not divisible by p, and H is the subgroup of

Z/p" generated by the element p"~*. With this description, we can compute 1?; explicitly.
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Indeed,

€)=Y > enllg+zp™) =D eplqd) Y ep(af)

qeQ 0<z<pt qeQ o<z <pt
0, if p't¢
P geo e (q), ifp' ¢
0, if p©t¢

Pl s i 1E

<

Thus, we have

nz ||
> I <p 0 Y0 |-
EEL/pm 1<n<pn—? R/Z
n—I
<p'+pt Y < p"log(p"),
1<n<pn—*

which gives the desired bound.

For higher-rank Bohr sets, we observe that ||EE||1 < 15|15 ||: for any Bohr sets
B, B’ by Young’s inequality. Hence, combining this inequality and the fact that higher-rank

Bohr sets are intersections of rank 1 Bohr sets completes the proof. O

Next, we will prove that the powers are equidistributed among the inhomogeneous Bohr

sets in Z/p™.

Proposition 5.5.2. Let i, < --- < 1, be positive integers. Let p > 1, be prime, let n € N,
and let By, ..., B, be inhomogeneous Bohr sets of rank d in Z/p". Let cy,...,c. € (Z/p™)*.
Then

> tn(era®)n ) = |Bal -+ B lp 0

x€Z/p™

+0,

Tr,

d( n—1/i, 1Ogdr n)
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Proof. By Fourier expansion and Lemma 5.2.4,

Z 1, (c1z™) -+ 1p (e, ™)

x€Z/p™

=p Y Y (&) 15(8)

T€L/P™ &1,...ErEL/P"
. epn(_flclxil — - =&’

=Bl [Bop™" "+ 0, (0" 1 [l L, 1)
Thus, applying Lemma 5.5.1 gives the desired error term. O

To extend Proposition 5.5.2 to general moduli W = pi*---p}"*, such Fourier-analytic
arguments are — perhaps surprisingly — less effective. The reason is that that the analysis
of Hardy—Littlewood major arcs in Z/W is more delicate; on some non-zero major arcs we
only save ,/p; over the trivial exponential sum bound, but p; might be considerably smaller
than other prime factors, rendering this saving not as large as we would like. To overcome
this issue, we argue in the physical space and utilize the product structure of Z/W to deduce

the following proposition.

Proposition 5.5.3. Let i, < --- <1, be positive integers. Let

t

W =pi*---p with pi,...,p > i,

and let By, Bs, ..., B, be inhomogeneous Bohr sets of rank d in Z/W. Let ¢q,...,¢c, €
(Z/W)*. Then

S s (az®) 1 (eat) = By | B, WD

Tz€L/W
log™" P}’
rou(wy ).
1<t J
Proof. We will prove Proposition 5.5.3 by induction on the number of prime factors ¢.

The base case t = 1 is given by Proposition 5.5.2.
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When t > 1, write W = pi"W’. Let f; = 1p, for 1 < j < r. We can regard f; as
functions on Z/p* x Z/W', by the Chinese remainder theorem. Note that

Z 1, (c12™) -+ 1p, (c,2™)

x€L/W

- Z Z flewy™, er2) - foley™, e2).

ZGZ/W’ yEZ/p;ll

(5.5.1)

The key observation is that a slice of a Bohr set is still a Bohr set of the same rank, that
is, we can regard f;(-,v) as the characteristic function of a Bohr set in Z/p}*, for v € Z/W’

and 1 < j < r. To justify this observation, note that the canonical isomorphism
Z]p{t x ZJW' ~ LW

is given by (u,v) — uW'T + vp]'7y, where T" is the multiplicative inverse of W' in Z/p}*
and v is the multiplicative inverse of pi* in Z/W’. Now, for any § € Z/W and interval I,

we have

BuW'T + opy'y) BTu oy
€l = el— ,
W p?l W/
hence f;(-,v) is the characteristic function of a Bohr set of the same rank as B; in Z/pi".
By Proposition 5.5.2, the expression (5.5.1) is equal to

Z (pl—m(r—l) H Z fj(Uj;CjZij)

zE€L/W' I<gsr yiez/plt

+ 05 a(p " log™ p’fl)> : (5.5.2)

Summing over Z/W’, the error term in (5.5.2) is Oimd(Wpl_l/i”" log™ p"). For the main term,

we apply the induction hypothesis for each 4, ..., 1, — once again, we use the fact that the
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slicing of a Bohr set is still a Bohr set of the same rank — to obtain

s Y Alne”) flones)

91,00 €L/ DY 2EL/W!

=p, " > ((W/)_(T_l) I >, 5wis) (5.5.3)

D1y 0r €Z/py ISysr 3;€/w!

oS )

AN

Summing over 1y, ..., 1, and multiplying by p; ™", the error term in (5.5.3) is

O W > p; Y log™ pi),

2<j<t

while the main term is

W_(r_l) Z Z fl(olaﬁl)"'ﬁ“(‘)ﬂa?")

01,00 €Z/pyt 31m3r €L/ W'

zw—(r—1)|31’...|BT|‘ n

Since wrappers are disjoint unions of Bohr sets, we can write the characteristic functions

of wrappers as sums of characteristic functions of Bohr sets to obtain the following corollary.

Corollary 5.5.4. Leti; < --- <14, and D be positive integers. Let
W =pi*---p with py,...,pt> i,

and let U; be a (14, d;)-wrapper in Z)W, with 7; > D™ and d; < D for 1 < j < r. Let
Cly.. ¢ € (ZJW)*. Then

Z 1y, (1) -1y (cpa’) = |Uy| - - - |U, W=D

x€Z/W
lOgDT’ pn]
+O;,.p (W Z —1/“] .

1<t Py
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5.5.2 Dense Fermat over finite, cyclic rings

We now establish Theorem 1.6.4. Recall that ¢ is sufficiently small depending on s, ,, &, €2,
and that M is sufficiently large depending on s, i,., k, 2. Over the course of the proof, we will
explain how small € has to be and how large M has to be, albeit implicitly. We will work in
ZJ/W, where W = pi*---pi" with (1.6.4). Without loss of generality, we may assume that
A C (Z/W)*, at the cost of changing (1.6.5) to

A| > ( 1T Ly 3,{) W, (5.5.4)

\Sier rk; 10

since there are at most Oq(WW/M) many elements that are not invertible.

Assume for a contradiction that there are fewer than W *~! many solutions x € A% to
(1.6.2). Define
Ay ={cma :a € A}
for all m € I; and all 1 < j < r. Note that |A,,| > |A|/i} >; o W since A C (Z/W)*. We

may now apply Theorem 5.3.1 to find — for every 1 < i < s — a (7;,d;)-wrapper U; with

Ti e 50 1 and d; <. 54, o 1 such that
|A;\ Ui| < /@

and

> lugeruy sgoo e PW (5.5.5)

w1 €U1,..., ws€Usg

for some b € Z/W.

We now claim that

U] + - + U] < (1+f—0>w (5.5.6)

We prove this claim via contradiction, so let us assume that it does not hold. Let C be a

large, positive constant. As ¢ is sufficiently small, we have
Uil > |Ai| = CeYPIW > o W
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for all 1 <@ <'s. We may now apply Lemma 5.2.2, giving

s—1
E L twg=b sjiv 0 W

w1 €Uq,..., ws€Usg

As ¢ is sufficiently small, this contradicts (5.5.5).
We may therefore assume that (5.5.6) holds. For every m € I} x --- x I, let
Xm={ze€Z/W: cmj:cij €Un, (1<j<)}.
By Corollary 5.5.4,

| Xoal = Uy |+ - [ U, W07V

+ 05’877;,”9 (W Z p]—l/lr logOs,s,ir,Q(l) p]) . (557)

1<t

Since |A; \ U;| < eV/@IW for all 1 < i < s,
|A] < | Xua| 4 Os s 0(e/IW).

Coupling this with the preceding bound, and then averaging over all m € I x --- x [, gives

- ol 1Zme]
W = ki---k, Z wr
mel; X X1
+ 040V + 0.4 0 ( S p; M logQesma® pj) . (5.5.8)
1<t

Clearly, we may assume that x is sufficiently small in terms of r. Also, like in the previous
section, we may assume that ¢ is a function of s, 7,, k, €2, so that the dependence of the implied

constants on € can be subsumed into their dependence on s, i,., , €.

By the AM-GM inequality and (5.5.6), the first term on the right-hand side of (5.5.8) is
bounded above by

1 i (1+ x/10)"
- - ) < - T
erl"'kr " Z Z |Um]| h kl"'krrT
7j=1 ijIj
< 1+ rk/5 < 1 K
ky--kprt 5

— TRj
1<y<r
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Now choose € small enough to ensure that the first error term on the right-hand side of
(5.5.8) is less than /5, and then choose M large enough to ensure that the second error

term on the right-hand side of (5.5.8) is less than /5. Thus,

1 3K
|A] < (H WjLE)I/V,

1<igr

contradicting the hypothesis (5.5.4). Hence, we must have at least eWW*~! many solutions to

(1.6.2) with xy,...,zs € A.
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CHAPTER 6

Appendix

6.1 More discussions on the proof of Theorem 3.4.2

In this appendix, we provide more details on the missing technical steps in the proof of
Theorem 3.4.2. We also compare our treatment for the Roth variety for one dimensional

progressions and the Roth variety for corners.

6.1.1 Smooth parts

In the proof of Theorem 3.4.2, we assume the smooth parts from the decompositions have
expected dimensions and expected Fp-point counts. We would need some machinery in
algebraic geometry to justify this. In this subsection, we will indicate how to modify the
proof of Theorem 2.4.1 to produce a justification. Take Y,e, as a prototypical example, the

goal is to show that |Ygen(F,)| = O(p%).

e The associated complex analytic space of Yge,(C) would be a 6-dimensional complex

manifold.

e One can still use a dimension comparison argument to deduce that the dimension of

Yeen(C) as a variety is 6.

e Similarly, one can define an affine Z-model of Y, (C) by changing the generators of

the ideal accordingly.
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e The argument that compares the dimension of the generic fiber and the dimensions of

mod p fibers still works, thus one has dimyg, Yeen(F,) = 6 for all but finitely many p.

e Finally, one invokes Lang—Weil bound [LW54] to conclude that |Yge,(F,)| = O(p°).

6.1.2 Degenerate subvarieties of low dimension

In the proof of Theorem 3.4.2, we also omit the point-counting on several “degenerate"
subvarieties of low dimension. They are not the most essential difficulties in the proof. Here
we would like to take Z] as an example to demonstrate how we can deal with them; the goal

is to show that |Z](F,)| = O(p®).
e For any (yi1,v2,...,ys) € Zi(F,), there are at most O(1) choices of y; by equation
R(y1) = 0.

e By equation (3.4.5) and R(y1) = 0, we have R(y2)R(y3)R(y5)R(ys) = 0, hence for any

given y;, there are at most O(p3) choices of ya, y3, Us, Ys-
e For any given y1,ys, 3, ¥s, s, there are p? choices of 4, s.

e For any given y1, y2, Y3, Us, Us, Y4, Ys, there are at most O(1) choices of y; by equation
(3.4.3).

hd Thus7 there are at most O(p3p2> = O(p5) choices of Y1,Y2, Y3, Ys, Ys, Ya, Ye, Y-

e Therefore, we have |Z;(F,)| = O(p°).

6.1.3 A comparison of the techniques

In Section 2.4, to deal with the Roth variety for one dimensional progressions, one of the

key steps is showing that
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R<y1> ! / R(y4)
Rl(yl) - (G (y4> —F (y4))R,(y4>

is nonzero, where I, G are rational functions such that F,G and constant function 1 are

(G/<y1) - Fl(?Jl))

linearly independent, and R = F'/G’. This is just like we need to show that D(yi,y4, ys) is
nonzero in Lemma 3.4.3 in order to deal with the Roth variety for two dimensional progres-

sions.

The approach in Section 2.4.1 is to show that (G'(y1) — F'(y1))R(y1)/R'(y1) is not a
constant by solving a first order linear ODE via integrating factor. Alternatively, as in the
proof of Lemma 3.4.3, we can regard R'/R as the difference of the logarithmic derivatives
of F/ and G, and analyze the poles and zeroes of F’ and G’, to give a different proof that
(G' — F')R/R’ is not a constant.

6.2 Proof of Proposition 4.2.2

For any odd prime p, let
1 ifp=1mod4

Ep:

¢ ifp=3mod4

First, we recall the following result on Gauss sums with reduced residue classes.

Lemma 6.2.1. Letp>3,n>1 andt € Z with (t,p) =1, then

t

(—) ep/P—1 whenn =1
> enlty?) =\

yE(Z/p™)* 0 when n > 2

where (;) 18 the Legendre symbol.

Proof. The case that n = 1 is more well-known, see [[K04, Chapter 3, Section 3.5,
Theorem 3.3|. The cases that n > 2 can be derived from [[K04, Chapter 3, Section 3.4,
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Lemma 3.1]. Alternatively, one can calculate directly

Yooenty) = D epltz+p T w)?)

ye(Z/pm)* 2€(Z/p" ) >
weZ/p
= Z epn (t27) Z epn (2tp" 1 20)
2€(Z/pn—1)* weZL/p
=0
since z,t are coprime to p. ]

Proof of Proposition 4.2.2. We will partition the squares in Z/p™ according to the divis-
ibility of p powers. Let 0 < e < n, if z € (Z/p")® and p°||z, then e must be even and we

can write z = p°z’ for some 2’ € (Z/p"~¢)* ).
Write ¢ = p¥t’ with (¢,p) = 1. We may assume v < n otherwise the results are trivial.
When e < n — v, we have

Z epn (tp°a’) = Z epn—v—c(t'x")

x/E(Z/pn—e)X(Q) xle(z/pn—e)x(2)

= pv Z epn—v—e (t/xl)

(Z/pn—v—e) X (2)

z'e
b 1
= p . § Z epn—v—e (t/yQ)

ye(Z/pn—r—e)x

O(p**Y?) whenn—v—e=1
0 whenn—v—e>2
by Lemma 6.2.1. When e > n — v, we have

Z epn (tp°a’)

I/E(Z/pn—c)x(Z)

n—e

<P

Ranging through all e such that e > n — v, the contribution is at most
PP L p 1 =0(0Y)

Combining the contributions from e < n — v and e > n — v completes the proof. O
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6.3 Proof of Proposition 4.8.3

In this appendix, we will closely follow Section 3 in |[LP10] to prove Proposition 4.8.3.

First, we will define majorants that parametrize prime squares. These majorants have
appeared in [Chol8|, [Ga025], [Zha25] and [Tan25]. Let N,W > 2 be integers with W <
log N, and b € (Z/W)*®. Denote the number of square roots of b by oy (b), that is

ow(b) = l{o € (Z/W)* : 2> = b}|

In fact, the value of oy (b) is independent of b and equal to p(W)/|(Z/W)*@)|, so we will

often abbreviate it as oy . Define a function v, : [N] — Ry by setting

M@p logp) if Wn + b= p® for some prime p
vy(n) = { Wow(0)

0 otherwise

for all n € [N]. Roughly speaking, the majorant v, parametrizes weighted prime squares

that are b mod W in [WN].

Before proceeding further, we record the following well-known asymptotic formulae which

would be useful later:

2

Z zA(z) = X + O(X? exp(—cy/log X)) (6.3.1)

2
<X

where A is von Mangoldt function and c is a positive absolute constant. Also, let @ > 0, X >

1, and a,r be positive integers with r < (log X)? and (a,r) = 1, then

XQ
Z zA(x) = 39(r) + O(X? exp(—cg/log X)) (6.3.2)
<X

r=a mod r

where ¢ is a positive absolute constant depending on (). These asymptotic formulae can be

proved by Siegel-Walfisz theorem and summation by parts.

By applying formula (6.3.2), one can show that

Z vp(n) = N 4+ O(N exp(—cy/log N))

ne[N]
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where ¢ > 0 is a constant. (The constant ¢ here might be different from the constant ¢ in

formula (6.3.1), however, we will abuse the notation here and throughout.)

Now, let A be a subset of primes with relative lower density dp(A) > /i Let N,W > 2
be integers with W < log N, and b € (Z/W)*®) | we will define a function fa, : [N] — R

by setting

(W)

fap(n) Wor (2plogp)La(p) if Wn +b=p" for some prime p
Apn) =

0 otherwise

for all n € [N]. Roughly speaking, the function f4;, can be thought as a weighted, W-tricked
version of characteristic function of A.
Let y be a sufficiently large (depending on A and s) integer such that y = s mod 24. Let
w = logloglogy, W =8 H p, N = {Z_yJ
) ) SW *
3<p<w

Note that we have w = O(logloglog N) and hence W < log N. We will work with v, fa,
defined as before based on this choice of N, W.

Let k > 0 be a sufficiently small parameter depending on A, for the sake of the definite-
ness, say k = (6p(A) — \/1)?/10'°. Define a function f : (Z/W)*® — [0,1] by setting

) =max{0. B fuste) )

ne[N
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for all b € (Z/W)*®?). Note that

S fanln)

be(Z/W)*(2) n€[N]

2p(W)
_z2r) lo
o pGZA plogp

W<p2<W(N+1)
p2e(zZ/W)*2)

plogp — O(W)>
WUW ( pEA

p< W N+1

\\/

\\/

plogp — O(W)) (since dp(A) > /1)

(Vi + 2\/‘ )?W N

(p< (VE+2v/R) /W (N+1)

> — O(WN exp(—cy/log N) ) (by formula (6.3.1))
WO'W

>27) o (\/_+2\/_)N O(N exp(—cy/log N) >

Thus, we have

fo) = pu+r
be(Z/W)x(2)

Even though the relative lower density of A is greater than /i, the v-weighted density of
A is only greater than u, and this is the reason why the threshold in Theorem 1.4.3 is v/ Dy
instead of D,.

By Hypothesis (s, it), we have yy = by+by+...4+b, mod W for some by, by, ..., by € (Z/W)*?)
such that

—_

é(f(bl) + f(b) + ... + f(bs)) = 5 and f(b;) #0 for all1 < j <

In particular, this implies that
Elfap] + Elfap,) + - + E[fap] > g(l + k) and E[fap,] > g forall 1 <j < s.
Let v/ = (y — by — by — ... — bs)/W. The goal is to find ny, ns,...,ns € [N] such that
Yy =mni+ny+...4+nsand fay,(n;) >0forall 1 <j<s
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since Wn; + b; will be a square of prime in A when f4y,(n;) > 0 for all 1 < j <'s.

Now that we have completed the W-trick, for the rest of the details of the transference
principle, we are able to find a well-formulated proposition in literature to cover them. The

following proposition due to Salmensuu [Sal21, Proposition 3.9] is what we need.

Proposition 6.3.1. Let N > 1,5 > 2 be integers and € € (0,1). Let f; : [N] — Rxo,v; :

[N] — Rxq be functions with f; < v for 1 < j < s. Assume the following are true.
1. (Pseudorandomness) ||V; —T[N]Hoo <N for somen >0 and all 1 < j <s
2. (Restriction at q) ||fAJ||lq < KNV for some K >0,s—1<qg<sandall1<j<s
3. Elfi] +Efo] + ... +E[fs] > $(1 +¢)
4. Elfs] > § forall1<j<s
Suppose n is sufficiently small depending on s, €, K,q. Then, for any integers y with

ve (- (@25 0+ 32
we have
fix fox..ox fo(y) = cle,s) N*7t

where c(e,s) > 0 is a constant that only depends on €, s.

The proof of Proposition 6.3.1 essentially involves embedding [N] in Z /N’ for some prime
N' € [(1+ (k*/100))%, (1 + (25?/100)):%]. Passing from N to N’ loses density by a factor
of 2/s, and this is why the lower bound 1/2 appears in Hypothesis (s, u).

To apply Proposition 6.3.1 to fap,, s, for 1 < j < s and complete the proof, it remains
to verify the pseudorandomness and restriction at q. These types of estimates have been
proved by Chow [Chol8|, Gao [Gao25| and Zhao |[Zha25]. The version we need is in |[Zha25,
Proposition 3.2, 3.3|, which states that

17 — 1inilloo e i<
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for all € > 0, and
| Fasllo << N*712

for all ¢ > 4.
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