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ABSTRACT

The stability of the Van Allen belt in the outer trdpping

zbne (2 <L <8) against electrostatic low-frequency perturbations

is studied. Inside the plasmapause, the energetic belt (E > 40 keV) :

is found to be stable. Outside the plasmapause, the ring current

belt is found to be unstable when the density gradient at the outer Avlv'7

"edge exceeds & certain critical value. A componeht of the electric
fleld along the magnetic field line is assocliated with the instability.
When the ring current belt is stable by itself, it supports a wave
which can resonantly 1n£eract with the drift motion of the energetic
particles; The condition for overstability is derived. The possible

relevance of the instabilities to auroral phenomena is discussed.




I. INTRODUCTION

Two outstanding problems in cufrent spaée research are the
origin'of the radiation beltsl and the occurrence of the aurora and
its associated'phenomena. It has become increasingly clear that the
two are ciosely relafed problems and must be explained simultaneously.
Since the discovery of the radiation belts, there have been numerous
attempts to explain the auroral production as a simple dumping of
the trapped particles into the.aﬁmosphere. However, later measurements
. indicate that the flux of the energetic belt is insufficient to
sustain an auroral precipitation2 (0'Brien, 1964); that the flux of the
trapped particles, in fact, increases as the precipitation flux |
increases (O'Brién, 1964). Thus the mechanisms that produce auroras
must accompaﬁy the inecrease in the population of the radiation belts,
and the "splash catcher” model replaces the leaky bucket (O'Brien,.
196k).

This is also evident from the magﬁetic storm observations:
the polﬁr substorn -- aurors breakup and its assoéiated bay event --
occurs intermittently during the main phase deérease, and the main
phase develops more or less strongly as the substorms are more or.
fewer (Chapman, 1961). Because the polar subétorm is due to inténse
precipiﬁation of charged particles into the polar ionosphere and the
main phase decrease is due.to the riﬂg current belt, fhis correlation
again shows that thé enhanced injection of particles into the closed;

field-line region of the magnetosphere is accompanied by or may even



be due to the 1ntense prec1p1tatlon The rlng current belt as recently-.uf' '

dlscovered by Frank (1967), 1s composed malnly of low-energy partlcles i

(proton energy = hO keV, electron energy =~ 10 keV) with relatlvelyv

- parrow»energy range.' | | |
,Theemain.souroe.of fhe.trapped parﬁicles'in‘tﬁe geomagnetic .-

vfieid is the solar wind.. There are two processes by which the solar g.f

ij1nd particles are introduced into the earth's magnetlc fleld

'dlffu31on and convectlon (injection).

It is belleved that the ring current belt which has most energy f'i“

'vcontent durlng the storm time, is 1n3ected from the tall of the magneto-'_

sphere (Axford, 1967) A.poss1ble inaectlon mechanlsm is the reconnec-

tion of the field llnes in the tall(Axford Petchek and Siscoe, 1963).

'Implicit in the reconnéétion model is that the substormvshould coincide _i»"

with the relaxation of the magnetlc field in the tall and w1th the .

1n3ectlon of plasma into the inner magnetosphere to form the ring

current belt. The questlon remaining is that of the sporadlc,nature._‘fj

'dof.the polar substorm.
Thedmore energetic particles_(E > 100 keV for protons and -

E > LO keV for electrons) are believed to be diffused into the outer 2

‘zone (2 <L <8), where L is the magnetlc shell parameter (McIlwaln,_"'

1 1961). ‘In analyz1ng Dav1s and W1lllamson s data (19(5) on the outer -

~ radiation zone proton;, Dungey, Hess, and Nakada (196)) found eVLdence
bd,that supports Kellogg 3 congecture (1959) that thevpartlcles_are of .
solar origin and are diffused into the outer zone by processes that.
conserve the magnetic moment and longitudinal inverient, but breek the

flux invariant of the particles.

o



| Subsequentiy Nakada and Mead (1966) calculated the diffusion
coefficienf due to the magnetic fluctuations:of thé sudden commencements
and sudden impulses. Their result, however, is smaller by a factor of
teﬁ than the observed value (Falthammer, 1966). Furthermore, in their
calculation only the collisional loss is included, whereas the
anomalous lossldue to various plasma instabilities, such as the loss
cone and whistler, are certainly important (Kennel and Petchek, 1965).
Thus a diffusion rate at least a factor ten larger than that calculated
by Nakada énd Mead is needed to account for the observed diffusion in
the outer belt. Reéently Crifo and Mozer (1967), in analyzing the
proton data (0.5 MeV < E <150 MeV) at L =1.5, B=0.18 (L, B are
McIlwain coordinates), found that the inward diffusion rate driven by
" the magnetic disturbances associated with sudden commencements and
sudden impulses fails by many orders of magnifude to explain the
observed flux of protoﬁs with energy = 500 keV at L 1.5, B X 6.18.

In plasma physics, it is well knpwn that plasma instabilities-

can cause anomalous diffusion across the magnetic field. Dungey (1965)
has suggested that the polar substorm, with.its time scale typically
. of the order of én hour, can contribute significantly to the inward
diffusion of the energetic particles in the outer zone.
| 'Because ofvits sporadic nature, the polar substorm is most
1ikely to be cause by plasma instability in the magnetosphere
(Akasofu, 1967; Cole, 1967; Swift, 1967; Coppi et al, 1966). In

this paper we study the low-frequency electiostatic instabilities



_:(whlch conserve the first two adlabatlc 1nvar1ants of the partlcles)‘g Vt

~in the outer trapplng zone (2 <L< 8) and thelr posslble relatlon f

to polar substorms.

Condition of the Outer Trapping Zome (2 <L < 8)

In the study of electron densityvin the' magnetosphere by -
. means of whlstlers, Carpenter (1966) found - that there exists s sharp
boundary - the plasmapause, separatlng a dense plasma (n “’103/cm3)1*

inside and rarified plasma (n % l/cm outside. The location of

~the plasmapause depends not only on longltude but also on the dlstur—

bance condltlon of the magnetosphere (Carpenter, 1967) In the

periods of magnetic qulescence, the average location (over longltude)

of the plasmapause is at L ® 5. During the storm time, the plasma- R

. pause contracts to L ® 3, (Cerpenter, 1967; TaYlor, et al., 1968)

The region 'inside the plasmapause, called plasmasphere, is“.-"

mainly populated by charged particlesvoriginating from the ionosphere

- with thermal energy (E<s1ev). In addition to the thermal plasma

of terrestrlal orlgln, there is also.a plasma (E z1 keV) of solar

&)

origin.  The main energy reservoir 1n31de the plasmapause are energetlc SR

- protons % 100 kev (Dav1s, 1965; Frank, l967a) At the- equatorlal |

plane 1n51de the plasmapause, this energetlc component has an energy

den31ty of the order of 10 -7 ergsﬁmn,_or about one tenth of'that of1i,;j'

the'locel-magnetio_field. On. the other hand, the energy density of

the low-energy proton (190 eV < E < 50 keV), duringltherperiod of

magnetic quiescence, is of the order of 10-9 ergs/dm3 for L <5

LA
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(Frank, 1967a). The energy density of the thermal plasma'-(E‘s 1 eV)

‘is also of the order of 1079 ergS/cﬁ?. Because the equatorial pitch

'angle distribution of the energetic component (protons E > 100 keV,

electrons > 40 keV) has a maximum about the equatorial plane (Davis

and Williamson, 1963), the number .density of the energetic particles

- in a given flux tube has a maximum at the equatorial plane and falls

off rapidly away from it. The region near the equatorial plane where
the main body of the energetic particles resides will be called

"Region I". 1In this region, the temperature is clearly determined

"by the energetic component. The energetic proton's spectra may be

-
o © L ” oc B (Davis and

Williamson, 1963). This suggests that the particles are accelerated

approximated by exp(—E/EO) with .E

. by betatron processes that diffuse particles radially inward, while -

conserving the particles' magnetic moments p and longitudinal
invariant J (Nekada et al., 1965). Nakada et al., (1965) further
showed that the particle distribution function f.l'[E(u J L),V ozo(p J L),Lj ,
i.e. the number density of‘pérticlés with energy E and EPA (equatorial
pitéh angle) ab in the equatorial plane at L, is such that .

(afl/aL)HJ >0 (Fig. 1), suggesting that the source is at large L.

In fact,‘ fl(u J L) is factorizable in ité uwd and L depéndence:
fl(leiL) = g(p, J) h(L) (Hess, 1967). Despite their large variability
in flux in relatively short times (X order of hours, Forbush et él.;
1962), the outer-belt electrons (40 keV < E < 5MeV) have character-

istics very similar to the protons. The energy range is about the



same ’ and the fluxes are comparable.. The spectr'a:show similar falloff
w1th 1ncrea51ng energy, and similar softenlng w1th L (Hess et al.
1965). The similarities 1nd1cate a common source and that common | R 2}

mechanisms are operating on protons and electrons°

e

‘Outside the plasmapause, the main energy content is assoc1ated
with the rlng current be;t of low-energy partlcles (1 keV <E <50 keV)
(Frank, 1967 a, b). Its flux is peaked in:Lfspace. During the quiet
bﬁimes the peak is located at about L & 6, approximatelyvthe auroral
zone. ﬁuring phe storm time; theipeak moves inward to L z:h while”:vb
‘enhanced tenfold in magnitude,vcausing the main phase decreése; The
inward movement of the peak is correlated uith the'conﬁrection.of the;v
'plasmasphere (Taylor, et al.;el968);‘snd is also in agreenent.with
'shift toward the equator of the southernmost auroral arc (Frank,

1967 a, b). By comparing Figs. 2 and 3 for Dst x -50 y, we conjec~- -
ture that fhe instantaneous L—shellvof the auroral arc is about.the
same as the peak of the ring current belt At a given L-shell, the -
dlfferentlal energy spectrum ‘of the flux is peaked around 10 keV

(Frank 1967 a)

- Comment on Previous Work

Gold-(l959)'first suggested the posSible interchange motiOn
"1n the magnetosphere and derlved from thermodynamlc con51deratlons [: E p:p'~,,
the stability criteria for both the adlabatlc and the 1sothermal

processes of & tenuous plasma in a dipole field. Subsequently his' :



work was extendéd by Sonnerup and Laired (1963) to include ofher
effects such és gfavity. | : |

- Chang ef'él; (1965, 1966) ‘have previously considered the
ionospheric gffects in stabilizing:the 16berequency.elecﬁrostatic
- instabilities in the magnetbsphere; But in view of .the fact that
df |

Ef£ >0 for the energetic belt which they considered, it is not

ud
clear whether instability exists in the first place, In fact, in the
pregence of the dense thermal plasma, it will be shown thét the
Van Allen belt is stable against pJ~conserving electrostatic pertur-
bations. Furthermore they treated the thermal'?lasma (5 1 ev,
which exists inside the plasmapause) as a dyngmié component on equal
‘footing with ‘the energetic Van Allen component (E > 1 keV). But the
two components have widely'different time scales as well as total
energy contents. For the perturbétion with period ® 1 hour (such
_ as they considered) which breaks the flux invariant but conserves
ud for the energetic component, the longitudinal invariant J for
the thermal protons would also be brokené as their bounce period is
‘%'l hour.. Thus one cannot use the pJ-conserving formalism for
both components. Due to these inconsistencies, theirbresulting
stability criterion is unreasonable in that it depends oﬁly on the
- number density of the particles (Eq. 66 of Chang et al.) but not on
the energy, and the thermal plasma becomes the dominant contributor |

to the instability. But we know that the energy content (or energy’



vden51ty) is malnly assoc1ated with the energetlc belt and 1t 1s the :;‘

free energy res1d1ng in the energy den51ty gradlent that drives the” )
'1nstab111ty. RS P - e .f g o _;.;_1.,1‘6i
Recently Swift (1967) extended the work of Chang et al. to . .
“include the ring current belt, but retalned the assumptlon that the
E perturbation electric fleld has no component along the magnetlc fleld
'llne, whlch is valid within the plasmapause (as is shown in Sectlon II)

But the ring. current belt is out51de the plasmapause, and therefore
~in & collisionless reglon.h A parallel electric field 1ncgeneral ff

existe in a collisionless plasme (Alfven and Falthammer, l965;~
7'.Persson_, 1966). Thus it is not justified to set ’E“ =0 as in
SWiftfe treatment. There is evidence (Johansen and Omholt, i963§ |
.;,O'Brien, l96ﬁ; Mpzer, 1965, 1966) that the‘perallel“e;ectric fieid.f‘g

indeed exists in the euroral zone during: the breakup phaee. Furthernorei-'ls
.Swift (1967) suggested that the interchange instabilityvoccurringiet;“;

the outer edge of thegring current belt cou;d explein the euroral |

breakup.' But with the essumption of no parallel electric field, it

is not clear how this can cause enhanced preclpltatlon.c g | |

Chamberlaln (1963%) has proposed a drift wave 1nstab111ty ‘

(Krall and Rosenbluth, 1963) with an electrlc fleld along the magnetlc*“5:aﬁﬁ:
fleld line as a mechanlsm for auroral pre01p1tatlon But the calcula- :.fi
tion is based on a model of slab geometry w1th stralght magnetlc f fih;v'gtf_k.
field llnes, end'lt is not clear whether it is appllcable to the .
.trapped plasma in the geomagnetic field'(Dungey; 1966). Furthernore;jv‘(:elh i

the ringvcurrent belt is not included in his treatment.
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Coppi et al. (1966) have suggested that the dynamics of the

- tail and hence auroral phenomena 'is entirely due to the sheet-pinch

instability. Concerning their work, Axford (1968) has the following

eriticism: The nonlinear effect of such an instability would only
' produce a turbulent resistivity 1. But the maximum merging rate as

~ given by Petschek (1961) is inversely proportional to the logarithm

of the magnetic Reymold number RM = VAL/n, where VA is the Alfven .
speed, L the characteristic dimension of the system. Therefore the

merging rate is not very sensitive to the change in resistivity, but

it is mainly determined by the macroscopic conditions such as pressure

difference between the tail and the ring current belf or boundary
conditions.
In this work, we study the low-frequency electrostatic

instabilities in the outer trapping zone (2 <L < 8) in the low

- B approximation. (B is the ratio of plasma pressure to magnetic L

pressure.) The region inside~the'plasmapause and that outside.the :
plasmapause aré-treated separately. Inside fhe plasmapauSe,'where.>
there is a dense thermel plasma in addition to the energetic paftic;eé
(E ? 1 keV), we treat the thermal plasma as a cold plasma because of
its very low temperature compared with the energy of the Van'Allen
paiticlés; The cold plasma then providesva large conductivity along
the field line and a dielectric constant across the fieid line.

In Section II we discuss the'orderihg scheme with small

parameter €, the ratio of proton gyroradius to the characteristic'



bler'J'

dlmen51on for nJeconserrlng perturbatlons With.tne condi#ions
on uJ conservatlon, the Poisson’ equatlon can be ordered 'OutSide'
the plasmapause,vthe quasi-neutrality condition is found to be valid n B 1:*‘
to 0(62). Thus we nust use the quasi-neutrality condition in our"'
.1owest-order'calculation:while neglecting the Laplacian of potential'
for'consistency in ordering. Moreover, fheiﬁarallel electric field;
of the same order as the. perpendicular one, in general exisfs in thisv_f
region. Inside the plasmapause, the parallel electrlc field is found'.
A' to be much smaller than the perpendlcular fleld because of the large
fconductivity along the field line. An ordered Poisson equation is
derived, The reduced Vliasov eQuation'(Northrop.andyfeller, 1960) vin:
the ordering used in this paper is also discussear

"Sectlon ITI is devoted to the stability of the outervbeit
inside the plasmapause. Using the variational principle, we_derive '
a disperaion relation from wnich the stability condition is obtained;

The outer belt _with the distribution function such that (af /BL)LLJ >0

is found to be stable agalnst the low—frequency perturbatlons.i There‘
.lS no resonant 1nstabillty due to the 1nteractlon of partlcle drlfts .
and the wave as clalmed by Chang et al.. (1966) o |

In Sectlon IV, we study the stablllty of the plasma.outside '  ;}i;ﬁ;  x3;r
. the plasmapause.- Since the ring current belt domlnates in both energy rh'u' -
and partlcle den51ty, we neglect the energetlc belt in the flrst | |
'approx1matlon and study the ring current belt by‘ltself, The 1ono$phere, r”f

taken to be perfectly conducting, provides the boundary condition.
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A neéessary and sufficient condition for,stability is obtained. ‘The
.inner edge of the ring current belt, wheré the density gradient is
opposite to the magnetic field gradient, is found té be always stable.
The outer edge of the ring current bélt, where the density gradient

ié along the field gradient, is foﬁnd to be stable for a weak density
gradient, but becomes unstable when the density gradient reaches a
certain critical value. The instability has a finite ﬁarallel electric
field along thevmagnetic field line. The electric field, though

0(¢) in magnitude, i.e., ¢E,, /B X ev, whe?e v is the velocity of
‘the ring current particles, can cause a potential energy drop along
the field line of the order of Mv2 ~ 10 keV, for the fundamental
mode.

If the ring current belt is stable by itself, as at thé inner |

edge of the belt or during the period of magnetic quiescence Qhen

the density gradient is weak, it supports a wave. The wave can
interacf resonantly with the drift motion of the‘energetic particlés
(E > 100 keV) when the azimuthal phase velocity of the wa&e is equal
to the drift velocity of the parficles,‘ The wave is démped if the |

distribution of the energetic particles at the resonant drift frequency

is such that (JF

energetic . -
5 g /aL)MJ > 0, where Fo(u J V) is the

distribution in pu J ¥ space.5 On the other hand, if

(oF energetlc/aL)“J < 0, then the wave grows. This overstability has

0
a finite parallel electric field. A physical interpretation is given, .
and a possible overstability in the magnetosphere is discussed in

Section V.
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Flnally, 1n Sectlon VI;_we dlscﬁés the p0581ble relatlon of
the rlng current belt 1nstab111ty found in Sectlon IV to the polar ,‘
substorm -- the 1n3ectlon and preC1p1tatlon mechanlsms ‘The inward
pressure gradlent of the ring qurrent belt on 1ts outervedgé'tends
to stop the merging of field lines in the tail of the _m;gnétosphére; -
.uhtil the.instabilify sets ih. (Axford, private édmmunication;)
Because the instébility has a finite parallél electric field,.it causes -
intense electrop precipitation. Sihce the instdbility tends to relax
the pressure gradiént of the ring cufrent, it alioﬁs merging to oécur
agéin. Thus the sporadlc nature of prec1p1tatlon and 1nJectlon as

evidenced by the substorms can be explalned.
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- II. ORDERING SCHEMES

The stability of low-frequency oscillations in an inhomogeneous
plasma in a nonuniform magnetic field has been extensively studied in
' _ r r N2 5
the Finite Larmor Radius ordering scheme: S w £ x<—§> = ¢
| 9 Ly Mg
(Krall and Rosenbluth, 1963), where Qi and rg' are ion gyrofrequency
and gyroradius respectively. This scheme treats the detailed motion
along the magnetic field line consistently with the drift motion
across the field line in the drift time scale, thus requiring
L

L“ ~ ZL , Where L” - is the characteristic dimension along B and
Ly is the characteristic dimension perpendicular to B, for the
system is equilibrium. Thus.FLR ordering is suitable only for systems,

with small aspect ratios (long-thin system, I, >> Ll); and for

U
such systems, the problem is essentially two-dimensional, andvcurva-_
ture effects are negligible (Kennel and Greene, 1966).

For systems with comparable charécteristic dimensions (short-
fat systems) such as Van Allen. radiation belts, the bounce frequency
128 along the field line is much faster than thé drift frequency

wg &cross the field lines: w, e vy, < e Q.. If one is interested

i
in the stability of such a system against low-frequency modes

~

W~ 62 Qi’ we can simply average the parallel motion along the field

line by introducing the longitudinal invariant J =fﬁ.p” ds. With
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- perturbations conserving u . J, the Lioﬁville_quatioﬂ_(Northrqp4_
Teller, 1960) for guiding center distribution function F in the
Eulerian'cgordinate‘spacev (¥, @) defined by W x Vb = § can befg

'used for stability analysis. vThé treatment will be'nonrélativiétic.i'

Coordingte System

We.shall use the natural_coordinéte?systém' Vv, ¢,. X, where .
' vX is the magnetic potential X:=Jf§ .. ds for VxB=0. For
~an aXisymmetric poloidal magnetic field, we can take @  to be the

"'azimuthal angle, and Vv would then be the fluxffunctidn

w(rb) = J[ dr r B(r), - where r, is the equatorial distance
from the axis.. For a dipole field with dipole moment s v = -7

.  and essentially measures the L value*(L;E.ro in tﬁe_units‘of earth L

radius; McIiwain,'l960). The elements of length along the three

coordinates are

1
and | ;
ds = de )
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where p is the perpendicular distance to the axis of symmetry

from a point X -of a given field line at (¥, ©). {

Adiabatic Motion of Charged Pérticles

Suppose a particle of chérge e, mass M moveé in a mggnetic
field. B and an electric field E .wi%h poténtiai ¢, with velocity |
“componentg Vi, Vi parallel andAperpendicular to the magnetic field.
For fieldsvwith time variation much longer than the bounce period and
spatial variation much larger than a gyroradius, the magnetic moment -

poo= %YM YL?/B and longitudinal invariant J = Mjﬁﬂ; ds of the

particle are conserved. Its drift motion averaged over a bounce is
described by the following Hamiltonian equations (Northrop and Teller,

' 1960; Northrop, 1961):

Gy - -eX , I R
_e.'%!uw : | o
oy = <& (2)
. © éﬁ‘qu P ' B
where |
K(p J ¥ 03 t) = % Mv, ZiuBtend, "‘ ; (3)“‘

is . just the lowest-order total energy of the particle. K(u J'W m;rﬁ)

is determined by the'equation fof the longitudinal invariant,
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\)IH

S Ky est) = f s [ou(x - B - eo)l
~ The beudce perdod is given by
v = 3 = v T - . (5)
k . 1§E+W¢ [—(K,- -e@ﬂZ -

Kinetic Equation .

et bR ¥ @;'t) be the'distribution funcﬁion in wJIvo

spece; ie., F(u J A m t) du dJ ay dw glves the number of partlcles

.:. (h)'d"

N

~ . in the flux tube dw dp at (W, o) with magnetlc moment andulongltu-:if;”:ui

-dinal actlon in the intervals duy at  u and dJ at J respectlvely B f“,‘f*{“‘

g at time t. Slnce wJ are 1nvar1ants for each partlcle, and the

motion in (W, Q)'vis described by Ham;ltonlan equatlons, ‘there is a

Liouville theorem in (y, o). space:

oF . c aFaK_BF BK f— O ., (6)
S e E TR

ThlS equatlon was first derived by Northrop and Teller (1960) from . et
a study of partlcle motlon, and was recently derlved from the Vlasov vi:;fd‘ 3

. equatlon by Hastie et al. (1967)

The local partlcle spatlal den31ty is related to F(p J v @)

~. in the lowest order (Appendix B) by
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ol

p TR TV é) S :
n&@wxn r{[[@dJ 5 ; | SO

(K - uB - e@)]

“because the cross section of the flux tube is inVersely'pfoportional
to B, and the fraction of time the particle speﬁds in a unit segﬁent

at X on the field line during one bounce period. is bb/v” (x) .

Equilibrium

The long-tefm equilibfium of a low-8 plasma in a magnetié '
field is defined as a steady sfate over a time,muéh longer than the -
drift period, and is given by Fo[u J‘K(u J v ©)], the steady-state
distribution function, which is the general solution of Eq.'(l) with
3F/3t = | -

Note that the dependence upon (¥, ®) of the equilibrium
distribution F ‘must be implicit through its dependence upon K.

0
For axisymmetric systems, K = K(u J V) and Fo(u J V), and we

have
S ud 5K ud EV -
Perturbétions

We are interested in lothrequency eiéctrostatig perturbations

that occur in a time scale long comparéd with the bounce period of



the energetic partlcles (l-keV protons) but shorter than or comparable
to their drift perlods, so that their flux 1nvar1ants are broken
. while their p J are still conserved. For, p J to ve conserved,
- three conditions on the perturbation must be satisfied (Northrop, :
1963): | |
(1) t_The'frequencyv w and the'Doppler-shifted frequency
o mvwdb (m is the azimuithal mode number) of the perturbation must

be much smaller than the bounce frequency,

Wy M Wy << vy,

b
Because u)d/vb ® e, the second inequality above_implies that
m << € l, or the azimuthal wavelength of the perturbatlon must be fb
- much larger than the proton gyroradlus
(ii) The perpendlcular electric field assoc1ated with the pertur-'
bation must be such that the resulting E x B drift is of the same

~order as or higher than v_, the drift due to magnetic field gradient

d’

and curvature,

124

tﬂh__.bj

fv o (p>1),

where V- is'the velocity of the VanvAllen particles (E > l keV)
Hence in one bounce perlod the partlcles drlft to a nelghborlng

pos1tlon'where the,magnetlc field dlffers from;that of the prevlous v
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position only in '€ order, vb-l d 4n B/dt X' 0(e), and J is thus
conserved. If ExB were of the order of v, the particle:could have
drifted to a very different region of the magnetic field in a bounce
period, and J could not be invariant.

(iii) The parallel electric field assoclated with the perturbation

must be such that

¢E,/B ~ edv (a>1),

+ for p conservation.
_ If there is no other éonstraint that limits the magnitude
of the electric field, then the perturbation electric field will |

‘take the lowest allowable order, p = q = 1.

Perturbed Number Density

The perturbed number density can be obtained by varying (7), :

| ) . |
®n = 2B f[ apar 2 fep . 2o

2
' ] i

o Fown,

aX (8K - ed%) ' ‘_ .
}'3"‘ 3 2 (9)

M v||

where the second term results from the perturbation of

v, = [2(K-uB - e,
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;band the last term comes from the varlatlon of Vb Notlng that

]

, ’_>§}ﬁ(3i%) , We can rewrite the last term in (9) as
M v" I‘ ) : L ) .. .b“ N ’ .

I L

ﬁdx gsx- escp) /¢ ax ___
. Vit

ax gaK- 80) 3K /K
% 55 : /55 ,-,Azs— =X

The vé.nirshing of the first term in the above equation is due to . -

- J conservation:

' 8J = 0 = jg aX %K - eb0 . o (10)
, : - B AT C e . , :

Using.(5), we can Tewrite the last two-téfms'in (9) as , .
| _._ | | , ”'Afv . o : ‘: E
[ (@), -0 k@), - 2 2]
B S ' W i L

ar

f / o [ @, . ],

- 'a ay 2 (8K - e50) Foy ) AT
o . * M : 3K . n : - , o o
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Substltuting (ll) into (9), we have an expression for the perturbed

' den81ty

| ] .aFo ,
n EB du dJ —-- [ _ .0 X
| o9 n

The perturbed distribution function SF 'can.bé solved from the

] . (12)

linearized Eq. (6). Setting

oW, 0, % t) = Oy, W)+ Y o (y, %) et(%® - ot)

m

Fu Ty est) = Foud¥) v Y B uay) et gy

(6. is the equilibrium potential, m the azimuthal mode number),

0 -

we have, from linearized Egs. (6) and (2),

» | K(aF/aw | o
.Fm(“'J W). = 'g' Wy (3 cn/m- o | ' (lh? -
wﬁere ‘ .
K T¥) = o) = e K 00,

by J-conservation as in Eq. (10).
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Ordering Scheme

(a) Out51de the plasmapause, there is no cold plasma effect and
the orderlng is stralghtforward Wlth condltlons (11) and (111), S

we can now order the P01sson equatlon,‘
V-E = L Zn.,e.b. T ¢ O
: 3 : . » ‘ . .
Multipiying (15)_by c/B Q{_ to render it‘diménsioniess,vwe have -
the ordering:
c q+1

v B X
Bas b

(k L”) X €q+l’

C ~ » p+l x L o
=7 E, ! kl.epvi/;zi 2 (kJ_L_L) R

'
s

o]

x G‘_s_f s

[M vy /hn n é 12

—1‘ .
2

'wherevwe havé taken k" L“ < of eQ) and 'xb
'Sinée there is no other constréint on. the magnltude of the

electric field, p = q = 1. The Poisson equatlon is thus ordered as



V”E:V_L_L hnaneJ., -

- - r\2 n, -n . o o
v€2 :m 62 : ‘§§> — . - - (16)
My n . - : '

Let us consider the following situations:

(1) High density:

)-l-yran 02 '
( :) 2 >> ..

The charge neutrality condition is valid at least through the first

order, as m € << 1:

Z e nj(O) = 0. - N (17)

(ii) Medium density: Ux n My c-2/B2 = (rg/AD)g ~ 1.

_In this case, the left-hand side (lhs) of (10) " m ¢ while rhs
K O(eo). Thus the quasi-neutrality condition must again'be used in -

the lowesf—order calculation.
. 2,2 2
(iii) Low density: Lx n M, e /B = (rg/;D) << 1.
In this case, the lhs of (10) = m 62 while the rhs is of the order

met —M 0 nr (x 2 «< 1, the quasi-neutrality
17 ’ |

(kj_xp)g n
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cdpdition‘mgy-Still_bg used in thevlqﬁeét‘érdér:of;éé;culatiéh;_ For
- a short-wavgléﬂgth’case* (#lbe)Q é;l,lwg‘must ﬁée;fhe Poiéson |
' ﬁ'équatioh eVen.in the lowest-order calculation. bThﬁs.it is only‘fof
the case Qf iOW'dehsity and small ﬁaveiéngth that-the Laplacian of :
thevpétential in the Poisson equation sh&uid'beiképt'in'the lowest%_
order éalculétion.'
In the region.outside the plasmapause, n = l/cmB, T X 10 keV'

| (Carpenter, 1965; Frank, 1967), Ay % 1 kn, ry 10° km. Thus we

are in‘a;high~density region Ty >> A\, end the quasi-neutrality

condition must be used. The characteristic parameters Qf‘the plaéma”’ G

in the outer zone are tabulated in Table I.
(b) 1Inside the plasmapause, the cold plasma with density n, has
'impbrtant effects. For low-frequeﬁcy perturbations under'study,
o ® e? Qi’ the .cold plasma contribution can be représented by a -

is -

>

dielectric tensor

=k, B & + k(I --3' €,), where €

K
~ N T | B B o7

‘the unit vector along the field line,
2,2
Ky = 1+ byxn M, c”/B%,
%, = 1-lhgn e2/Mv (v " 1v.), S (ié)
T T e e O\ T L Vo sy T

where v, 1is the collision frequency of-thevelectfons'Withlprotcns.' 

-~ The Poisson equation then becomes
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Vek+E = )y en® @
~ ~ &L iy - . o
where njh. is the density of the Van Allen belt particles elone.
The collision frequency .vc‘ is given (Alfven and Falthammar, 1963)
by | '
_ | -5 o =2 -1
| Vo = 0.3 n, ve.;O Te In A sec 7,
where A 1s the plasma parameter, v, the electron thermal velocity -
in cgs units‘and Te the electron temperature in degrees Kelvin.
~ The electron density inside the plasmapause is n =X 5 x lOe/cmi.
(Carpenter, 1966), and the temperature is taken to be lOu°K.
* (Gringauz, 1967). With these values, the collision frequency is
estimated to be ch% 3 x 1072 éec-l, vhich is of the same order of

magnitude as the bounce frequency of the energetic protons vbh.

Because of the low frequency of the perturbation « ~ evbh X €v, e R

o

hen e M, by n e2 vzg Q.2
K' xl__-___s___= __3; [¢] 1 1
| 2 Mé wv Me M. v.2 9.2‘ ® v,
1 i i
M1 912 ' rg 2 L 5 .
Xl - = {( =} 2 7 (= /M), - (20)
Me W Vv, x/ v g D



B . o a4 " _ . et . o ER
where fo = [Th/hg n, ea]” is the Debye length obtained by using - .
the temperature of the’hot plasma and the density of ﬁhé‘c¢ldlplasma,' e

-l;. N

~

and we have takeh D

oS

%50m and r %10 km for 100 keV

protons at ‘L = 3. Thus rg >> A,D» inside fhe plasmapause.

Now we can order Eg. (19) according to conditions “(ii). andf

(iii): To make it dimensionléss,,wevmultiply (19) by vc/B'Qi,‘:.‘

=
2

22

'€’h_(rg/xfn)2 (kﬂ L)r€q+l :

2R

23 )
G/ Ly
because w X € Q;, v =*

Similarly

. . o SRR S
B ViR EL Y €T (g D) Dx (/N )]

~ p+l  '_’ 2 -
- ome (rg/x D)

) : .
3t n, e M, v.” ¢ ‘ th B
2 2.2, 'n

M., v.5 . e“ B35 e
i1 SR

o .
—_) .
B Qi 43 6} nh e

| . ' U LA
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~

where we have put nh/nh ~ 0(60);' Thus the terms in (19) stand
in ratios:

. ‘ h _h
Ky Ey : VK Ey o hn(ni -ne'),
whes e

Since the pitéh ahgle‘distribution of the énergetic belt plasma is
peaked around the equatorial plane (Davis and Williamson, 1963), its
densify variation along a giﬁen field line has a sharp maximum at the
equatorial plane and falls off rapidly as one moves away‘from‘the .

" equatorial plane. Davis and Williamson (1963) féund the pitch angle

~distribution at L = 3.5 to be proportional to
3 (Y ' .
sin o o, = tan - ;ll is the equatorial pitch angle {. The
1 Zeq o
_density nh(s) then varies like B-B/Q(s) (Appendix F).

~ In the region near the equatorial plane, called Region I,

-1 ’ : '
n/n, %107 % ¢, and the ratio of the terms in (21) is

& | e

In the region far from the equatorial,plahe; called Region IT, where

B  increases by a factor of lO2 above its equatorial value, n,

would be o factor ZLO-5 % ¢ smaller than the equatorial density,
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whlch in turn is. jé’ smaller than the cold plasma densmty, and. the

ratlo of the terms in (21) is

'Since p > 1, by eompering the second and the third terms'in (22a),
‘we see that'the Vl. EJ.El;3iS élways negligible in Regionbl.,.
Furthermore, by comparlng the flrst and thlrd terms in- (22a), we see

' that q=14 or Ey O(e ) ‘in Reglon I.

Slmllarly, from (22b) q = 5 or E““~ 0(65) -1n Reglon II,

“and Yl.”l.EJ. is no longer negllglble in Eq. (21), as there is no_’,T

other constralnt on El ’ and 1t w1ll take the lowest-order value

allowable, i. e., r =1.

W

Thus the ex1stence of the cold plasma effectlvely prov1des

) large conduct1v1ty along the fleld llne, whlch llmlts the magnltude

~of the parallel electrlc field to O(e ) 1n Region I, and to‘ﬁ -
0(65) in Region- II. | |

Let us. expand the potentlal Q (X) formally in an asymptotlc lﬂ

series,

) BRI R s

> ';c BQ(z) §,

were 0% xn F, ana€ 5 % o(e“+¥), Tom the above %

. From the above

 discussion ‘we have in Region T



¢ (O). . a@ (l) BQ (2) YA_ - a® (3)
T‘—=‘T—=T—=.°f T“*O’ NE
or @ (¢ )(X) constant along the field line for 4= 0,1, 2. In’
Region II,
B@ (z)
m

~— = © ~ for £ =0,1, 2, 3. . (25)

Since we are interested in Region I, ﬁhere the main'body of
the Van Allen particles resides, we have, from (22a) and (24), the

following ordered Poisson equation:
d0 (3) ' ) . »
B2 ey )= b ) n e (26)
X\ X/ M Lny ey |

‘with boundary condition

BQ (3)

because of (25).
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' III. STABILITY OF VAN ALLEN BELT INSIDE PLASMAPAUSE
 Let us_firsf_conSider the‘region*iﬁside'the plasmmpause;f;i . ;‘_ L
| Substituting Eq. (12) and (14) into Eq. (26), and using (2L), wve

get -

B 5_ i —r— BKZ du dJ W j'_ a)/m -., a‘lfg uJ R

:Because we:are;pfimafilyvinﬁeregted?in»thé é£ability proﬁleﬁ;_5t-,;f_;.
.; the_locdfion of fhe éigenv_alu'eé 1n tﬁe 'Complei w pl_ané s we shall ~
'. coziistruét é. variational principl‘e fforﬁ wfxiéh '.orvle' cari dérive cert’e.iﬁ :
stablllty crlterla by employlng a sultable trial functlon, w1thout
: haV1ng to obtain a complete solutlon to Eq (28) Multlplylng (28) ’ 47;‘ {1.:£f
| by ¢ (X) and 1ntegrat1ng over the llne of force J/Xl ax 'in: - ., ¢ '31 
- o

Region I, and we have a variational expression:
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) S ()] o|'m | —-
. o0 ‘7 ‘ ol
€’ ax «,, 62 = =8y E: e du daJ : bd
%o . 3 wda - w/m
+o(e) o (29)

where we have used (23), (24), and (27). Since the lhs of (29) is
‘ O(€5) smaller than the rhs, we have,.in the lowest order,

Z [[d“dJCaFJ/a@J=°' | 50)

- o/m

fhis is the dispersion relation whence‘we can derive the stability
condition. Note that (28) and (30) are valid for each and every V.
Thué.the stébility of our system beéomesviocal'in the sense thét the
. ,
stability of a given shell at (¥, v + a¥) depends only upon the local
properties of the system at V.
Before considering the specific equilibrium distribﬁtion.

function, we shall examine the conditions‘for'the existence of the
" purely growing mbde and of overstability, usihé the Nyquist méthod '

(Appendix E)

“In (30), as —aoo, (: ) , and the number of roots

in the upper half « plane is

N = =1+ —% (Appendix E), o . (31)



-where.

20 = arg Do = ) - Arg Dlw = -@), o (31)

3=£  is.theleheege‘inzthe~afguﬁehf of D as o 1§¢é§ff}qﬁ[:gzn,i§o,<b;
along the real axis. |

To find AQ we express the real and 1mag1nary part of D
| on-thevreal, w ax;s'exp11c1tly, u31ng.the PlemelJ fbrmula,-

| oy ] ,? L
x ¢ (y +1e) — T x

-

Ins1de the plasmapause, there can be no éafallel electrlc fleld :
along the fleld line in equlllbrlum. We assume that radial electrlc '
fleld is also zero, neglectlng the effect of the earth’s rotatlon..
vThus we can set the equilibrium potential to_be zero inside the |
' PlasmapauSe;e:. | | | |

Now.we chaege varidblee frem g; to kinetie energy 7 ,
E zsx:-'e¢o (in this case, % =0, E= K), IX§EVM/E.= 1/BT; the Jgav”

inverée of the magnetic £ield strength at ‘the tﬁrning'point‘ \( ~=-o.-;

:-V.In terms of" the new varlables, “the bounce and drlft frequency can”

ve written (Appendlx F) as v = v (%, ‘lf)E ; wd = a(x, \lf)E. Then

(31) becomes
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e Ay e 32 g
o) - Tet [ e [ e T

J 1/B; Ey o
X (33)
where EO‘ ‘is fhe ldw-energy cu‘l:of.‘f5 of the Van Allen particles _
(E, ¥ 1 keV), and B, B, are the magnetic field strength at ¥

in the equatorial plane and the boundary of Region I respectively;

da
field, ey ay <0 (a.e = -a; > 0). The singularity in the integrand

we have used Eq. (8) and (2), with o, = aE. For a dipole type

is to be handled by considering o to have a positive imaginary

part. Using (33) for o on the real axis, we have, for m >0,

Im D(% ,-ﬂ/>‘—_—

B /e _l xS\, N
“ eE/d)\ meae) .VO-l _5%—%@6" E = mwae 4 W>. -

for w >mEO ao,

3 b eef * (mwa.> Yo t (75_%) O, B = mwa. s V)
17 ud _ i

If"O'I‘ w < '_m EO ao’ |

0 for -mEjya,<w<mEja, (34)

4

where &, is the minimum value of a.z(x), and



'E‘5/ 2 (aF*/ax)
E ¥ w/m a,

| _'.(35?7:- S
Note that Re D < O for ]w[ < m ao EO, and Re D —> - @ -as -
w‘—>+ m EO ao 1f (BF/bK)

Clearly, _Im D goes to zero.also etdﬂm_=5+oo I F j(u J K) L
is a monotonlc functlon of K for all pJ at W, i. e., (BF /GK)

1_for all ud at vy, then Im D will not go through any addltlonal

zero besmdes those at o= l(D and bctween -m o, E and m_ao EO.-7f"ifdd“"

0“0

- The-change'of the>argumenteofv'D ves_'m 'moves-from -00 't0vco
./ -along the real exis is 2r (Fig. 5). From (32), =0, i. e., £her¢3;*,7*-*7”‘
©is nO"unstable‘moder Therefore v(BF /BK) <0 is, a suff1c1ent |

. condltlon for stabllity agalnst electrostatic uJ-conserv1ng modes of

an energetic plasma in an axlsymmetrlc fleld in the presence of a s

dense, cold plasma background.

For the outer belt 1n31de the plasmapause (2 < L < 5), the

‘distrlbutlon functlon f [E(u J W), a(u J V), W] Of the energetlc

vprotons (0.1 Mev < E < 5 Mev) found by Davis and Wllllamson (1965) :f'ﬁ:f'
hes the property that (afl/aw) >0 (Nakada et al 1965).' It can;,.7f '
be shown (Appendix B-2) that £ is s1mply related to F (u J W) by

| FO = fl/ [2 H B/M]%:”
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) afl
= 5\!7-

pd

aFo

=

' 1 fl

T (36)
wd (2 u B/M)2  2[2 p B/M]

L
B

N}
2l

As dB/ay <0 for a dipole-type fiéld, (afl/BW)uJ >0 implies that
(BFO/BW)uJ >0, i.e., (BFO/GK)HJ < 0. Thus the outer energetic belt

inside the plasmapause is stable against electrostatic - pJ-conserving
perturbation.
In order to have instability, Im D must go through zero at

- least twlce at some w, say By Wny besides o = too and

] <ma In this case, it is not possible to have Penrose-type

0 EO' .
- eriteria (Penrose, 1961), i.e., necessary and sufficient conditions
irfor stability in terms of the general properties of the distribution
function. Only in a special case can simple conditions for the
existence of the purely growing mode be found (Appendix G). In the
following we consider a model distribution function and derive
sufficient conditions for instability in terms of macrdscopic para-‘
-meters such as density and temperatufe. | |

As we have #oted previously, the energy content of the outer
kzone inside the plasmépause is maiqu associated with the eﬁergetic
‘belt‘(hd ker<‘E <,5 MeV). The energy spectra of its flux are well
represented by ekp(-E/T), and TALP ®B for the equatorial

-particles{ For simplicity, we assume the ptich-angle distribution.

as a power law in the sine of the equatorial pitch angle
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(EPA) o, : sin” @, = N7, Ingeneral, ‘£ -is a function of both
‘energy E "and the magnetic’shell parameter;'L; “As'computedvby -

: Hoffman and Bracken (1965), the dependence of . 2 on E is rather

.?Weak, and the dependence on L. for partlcles w1th average energy 1s

found to be ﬁ = 2,84 - 0, 12 L for L between 3 7 and 10. For the
reglon 1ns1de the plasmapause (L <5), we put z 2 as a crude
vapprox1matlon. Thus we have a model dlstrlbutlon functlon whose

E dependence'on energy_and pltch angle is factorlzable:

-E/T(¥

3 n(y) By(y) TV

| o h(EM)z ) B° | R

where n(W) 1s the partlcle den31ty in the equatorlal plane at W
/f'as given by (7), O(W) is the equatorlal magnetlc fleld strength ‘}
..at-_W,.and T(W) the temperature of the plasma at -¢ In view of
-Vthe‘similarities'between'the characteristics of the electron ‘and |

| proton fluxes in the outer belt (Hess et al., 1965), we assume the:

‘same dlstrlbutlon functlon for electrons and protons for s1mpllclty. hf;,iﬁ,”,&f

' Ins1de the plasmasphere, the distortlon of the magnetlc fleld by

f: solar wind is not 1mportant and we assume the magnetlc field is a

dipole fleld. For ax1symmetr1c systems W1th electrons and protons Qii;ﬂ»~*5”:“'”“”

having the same dlstrlbutlon, the azlmuthally propagatlng overstabilltyﬁtle{L'#?w

for a given mode ‘number m must ex1st in pairs. For each unstable L T

mode prOpagatlng eastward, there must_also be one»propagatlng west- -
ward. Thus if there is only one unstable mode forfa given 'm; it

must be a purely.growing mode.



-57_

In a dipole magnetic field, the bounce and drift frequencies

of the charged particles with energy E and x:z;sin2 Ote/BO are
given approximately (Hamlin et al., 1961) by | |
' 1 3 | 1 '
_ = 1 /28 : %q-1
v, = vo(k) L 'NT_) [1.30 - .0.50 (A BO)2] , (38)
oy = a(x) E S (0.3 + 0.5 (n B,)Z], | (59)
a - e BO r * h ol

where r _is'the equatorial distance from the dipole axis. Because
the energetic particleé have their pitch angle diétributionipeaked

about the equatorial plane, they are confined mainly in the region
‘ 1

near the equatorial plane, X\ = BO- . Therefore (39) can be
" approximated by
“a eB. r ° . . - - (ko)
o |
Using (37), (40), and (2), we have
Fo ) Fof | . OF |
w By Mg T g
n B _ : o
- 0 (e T, )

k(oM E)2 T



. vhere ¢ .

G(w) |
RN

]

B.r T

1 fd4nn _dsmT 1) L L
B 2 (jd mr dinr 2/ 2 IR ;(42? _

'.O

- Substltutlng (hl) into (30) and notlng that for a dlpole type field

a (x) —“-a o) >0, we obtain o

S Ceemy T
'Dj_EZ [ T E :L-(n/ma . —_- :0- e "'_‘.(M‘L)f"f:

“If G/H <0, then ImD vanishes at o = ¢ m s G/H, from (35) and .

(41), and‘there is a possible instability. Since‘these‘afe'the_onlyu L

poss1ble Zeros of Im D in addltlon to those at W= fdb and

[m] <m ao EO’ the change in the argument of D from w=-® to’v+ddf'

can at most ve kg and there is at most one unstable mode--a purely :' :

‘gowing one. Setting w=1iy in (hl), where y 1s real, glves.

LONIE e m o /-' -0, )

2 2 2 -
I AR

which is always real. Its asymptotic forms are R
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Y =0 : D(r->0) ~ GEl(EO/T) + HT e@(.on/T),-

Yoo : D(r-ow)~(n a.é)2 (G + 2HT) éxp(A-E"(»)/‘T»)/_Te,: |

* where El(X) is the exponential .int.e‘gralv(A.bra.mowitz and Stegum,
1964). 1If these two limiting values of D are of opposite signs,
then the expres'sion‘ D(yv) must go through zero at some value of 7T
between O and o, i.e., there exists an unstable mode. Thus a

sufficient condition for instability is
-x '
G El(x) + HT e = <O,

G + 2HT > 0, B - - u6)

where x= EO/ T. Or alternatively,
v -X
G El(x) +HT e = >0,

G + 2HT < .O. - . ' (47)

We note that | | o -
G'+2HT = f[du dJ( ( > 5° w->o. - ,.(1*8.).

is Just the necessary and sufficient condition for the -interchangve - :
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istabillty derived on the energeticgrounds(Taylor, 196)) (Appendlx H)
’Condltion (h?) thus corresponds to the occurrence of the 1nterchange
| 1nstab111ty. The addltlonal condltion, the second 1nequallty of (h?),
:arlses from the use of the klnetlc equatlon, representlng the addltlonal .>;v::£
: constralntvof the motlon Even when - 62 W > 0 .1is satlsfled there is |
~ another 1nstab111ty which w1ll be called drlft mode [as in (h6)]

i.{Us1ng (h2) and (43) to ‘express (h6) and (47) in terms of macroscoplc '
". parameters for two ratlos of cutoff energy to temperature, we have, ‘:‘; ::

.'for 1nqtab111ty in a- drpole fleld o

Ratio (;) for:
x = E,/T = 0.01, i.e., E(x) = 40, e¥=0.99,

s”The.condition

d Bn T d fnn T '.v-f,‘ RS o3,,‘ ‘-:':"f if;7f:“u’”“'

from,(h6) for the dirft mode, and

, dfmnT 1 AT o 3 ."'_-’j ‘;fi*f,_ - Ai
152 T r :> ET<}-d in r 9:> DY L (59)'

from (47) for the interchange mode;

Ratio (ii)'for;
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- The condition

" din T dmnT _ - '
_5+15dlnr > d 4n T > '7'5 f) . - (51)

from (L46) for the drift mode, and

dinnT dmT e
-7‘5 > d‘enrr> 3+l5d,@nr 2 . ) (52)

from (47) for the interchange mode. For the energetic particles

-3, d fn n ‘ -
and Tinr > 0. From_(hE)

inside the plasmapause, T e T
and (h}) it follows that G >0, H = O. .Hence (h8) is always:

satlsfled and the plasma is stable against the interchange. Further-
more, conditions (46) or (47) cannot be fulfilled, and the long-term

cequilibrium of the system is stable against the pJ-conserving

' perturbafions. This is in fact already obVious,from.the analysis by

oF

Dungey et al., that (Of,/dL) . > 0, which implies >0 for
1/ . oV o .
a dipole field, i.e., g% <0 for all uJ inside the plasmasphere,
, | W3 o ,

the sufficient condition for the long-term stability, as previously

discussed.
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IV. THE STABILITY OF THE RING CURRENT BELT

By comparing the s1multeneous measurenents ofvtne locetion of y
the plasmapause (Taylor et al., 19f8) and the ring current belt o
"(Trank, 1967) with 0G0 satellite, we see that ‘the peak of the ring lﬁ-

" current belt is Just outs1de of the plasmapause (Figs. 3 and h). This:.’
_close relation suggests that the formation of“theplasmapause 1s |
.directly related tovthe"ring current belt. Furthermore, the outer
"edge of the ring current belt is outside thevplasmapause. Because
'dthe plasma outside tne-plasmapause is collisionless, in éeneral there:'
is an electrlc field along the magnetlc field line (Alfven and
Falthammar, 1963), and stability analys1s must 1nclude the effect

of such a parallel electrlc field

 The, Stablllty of a low—ﬁ plasma against uJ-conserving electro-' SR

':static perturbations with a finlte parallel electric field has been
- examined by Rosenbluth (1967) for a plasma in a multipole field.vﬁ:t
 Frieman and Rutherford (l968)'deriyed sufficient'conditions for

stability from an energy principle for general geometry. . In the e

'following, we first givé an alternative derivation of the Rutherford- S

':vFrieman criteria, then derive a necessary and sufficient condition
for stabillty in a special case. The result is applied to the ring

‘ current belt with ionosphere as boundary condltion

From the ordering scheme (16), the charge neutrality condition d:“‘;:f

~is to be used for analyzing the low-frequency stability:of'the'ring -
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current belt that lies outside the plasmepause. Substituting (12)

and (14) into the linearized quasi-neutrality condition, (17), leads

to .'j
OF
: . ' v C<®m>5$9
'2: e, on, = z: e, du 4J 2 ~———1—-——E£
Jd J d i w9 =&
J J a m
~ F
RS (3¢m? %)X oy = 0
(53)
where FO(?’ J(u, K, W)) %) = Fo(u, K, ¥). Equation (53) is an

eigenvalue equation for ¢m(X), localized in V.

Multiplying by @m*(x) and integrating over the field line,

.4{ %5 s with the limits of integration at the ionosphere, we have
0 o | “

a variational expression, -
o : ‘ v,
¢ [o)1° =
‘ : ud
= e du dJ -
J . L' d m '

x, G(omﬂé %[@mIED |

-0 | | (5h)

=

(0

<
[
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'-Traﬁsfofmihg_ﬁb'newfvériéblés E=K ?ue¢<0)(S)(thé‘kinetié'energy):;;fii'l:"

andA x'S %,'and setting v = vd(xw)E : and wa é a (x, W)E

.(QO is a function of s alone assumed, Appendix:F),VWe:have . e e

DCD’E’ “’) '_' ea'sz a dEE% vo () .:,I.@""*-)-'gv(._aFoj/aK)Qi’E =

- E - ma. -
B - o/may

(0,17 = (e 1))

where we have used the relation

0K

3. 9F el a:j BF | ,‘ ( ._
o (56).

e
3
= e— ) SRR e ‘B
c.. »d 5% ur _cl‘ ’lSK ud

ol ‘
a '8 B_K- B nd

At the 1onosphere Xl’ O’ the vériation ofwthé potenfiéll” '“'

b'_BO (¢, X), is taken to be zero due to the hlgh conduct1v1ty there..;f:f:l : e

Wlth thls boundary condltion 850 ;' O at X 0 Xl’ the lhs of Eq (55)§}1e;gxnﬁ*

; : ' f *
_ becomes-a variational_expression, i.e.; 6D/5® =0 ylelds (53)

The elgenfunctlons of (53) form a subset of the set of all trlal

_ functions of (55). 1If Eq. (55) has no root in the upper half w plane,
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for any triel,function, then Eq. (53) has no unétable-éolﬁtion.' The
Sufficient condition of stability defi\;ed from (55) implies a.'
- sufficient condition of stability for (53). 'Such conditions can be
obté.ined by means of Nyqﬁist analysis.. | , |

In (56), for large w, D(w) — Const. and the number of roots -

. in the upper half w plane is N = % (Appendix E), where

A9 = arg D(w = +©) - arg D(w = -o0) is the change in the argument
of D as w goes from -0c0 to +o0o0 along the real axis.
To find A ©, we express the real and imaginary part of D

on the real o axis explicitly, using the Plemelj formula (33),

Im D(w W) ’ Z e [d%. L )3/2 vt |{e )[2 aFOﬁj (=22 ).
ooy’ = n 4 . ——— — ———
‘ m”/ ; J (m aj ‘ 0 m K uy maj.,
for w >0
: : 2 : o 3/2 el ) > aFo'j . '

~ for o <O0. (57)

Clearly ImD vanishes at w = 0. and o = & co. If (ngj/aK)“J <0

for all uJ at V¥, then these are the only zeros of Im D. When



el

thls 1s the case, the change 1n the argument of D as W .goes

from :-oo to 00- along the real ax1s is at moct 2n.

Now we look at the real part of D at o 'd,, s -

‘_2 ; -1 "2-.76Foj
;s 0T -

I

((: |>-

'; Il

- Re D( —, ¥)

z [ fdx wd [< @;,25_;. | .-@;,,n?i{ =

2 PR

Note that [(]o_|®) - [(a.)[*1 >0 py.Schwaftzfs'inequality} I

fBFoJ - e aF'j” | _ LT e 5
o <0 and 1— mm mn@=o)<mam_.3,gq,w

Re'D(m.—atoo) <'O In this case, the mapplng of the real ® axis

onto the D plane does not enclose the orlgln, and N = %ﬁg = O._v;

There can be no unstable mode, and the plasma is thus stable Thesefme"”
_ suff1C1ent conditions for stablllty o were first derived_by“

S Rutherford and Frleman (1968) from an energy prlnciple
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Tq derive a neceSsary‘coﬁdition for stability; we coﬁsidér
é‘special case in which the eigenfrequéncy'as a fﬁnétidn‘of tempefa-
ture and density gradient'is much greéter than’theAméan drift
frequency, .a>>> m wd;_we follow‘the'appr6ach by Ro;enbluth (1967).‘

Neglecting the resonance effect, we expand the denominator in (55),

@ -2) - (> )

Using (59) and (8), we have the expanded variational expression of

(55),
Cof w ' _ o
£S5 42+t =0, o : - (60)
X , o

where

= Z 2 f N d‘;(l»@]?
3 _

=
It

- @ P,
_3$ . [<@, 71

| : o aFoj 3K
czejffdum—gl{—gJ
j.

)2 . (e

- E: J{/qu dJ
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Equatlon (61) 1s not a very useful varlatlonal express1on,e7

because w '1s in general complex and no- mlnlmlzatlon pr1nc1ple 1s-=
avallable. (But we ‘can obtaln suff1c1ent condltlons for stablllty llp_f
.;by requlrlng q - hgg > 0. It 1s sufflclent to have »gg < 0. ThlS L

 is the case 1f

2 3CH - X L
‘E‘K“ < O a.nd T <_'-_O, T
' N _

whlch are agaln the Frleman-Rutherford cond1tions ) The varlatlonal

L expre381on (60) becomes -a minimal prlnclple when n Oé ~Such 1s_

-the case when the electrons and protons have the same pltch angle E;;QI
dlstrlbutlon for dlstrlbutlon functions factorizable 1n thelr eneréyl”

.and pltch angle. dependence (Appendlx T) (or tr1v1ally so when- they

vhave the same. ‘aistribution functlons) Tnen the mlnlmlzatlonvexpres-n:{filli]fu

bsion is (Appendix J)

Z f fdu u(aF J/ax> (ax/aw " 1<o >1

ijf % 432 J/aK> \,,mas | >- |<«> >| ]

«=()

-<‘s;e’>f.

¢

: The minimum value of w? is. Just the square of the elgenfrequency of jffif}“"

the fundamental mode, the minimum elgenfrequency.. As the elgen-' :;;f i

functlon of the fundamental mode yields the minlmum value of wgs_in




(62),the necessary and sufficient condition for stability is the non-
negativeness of the minimum vaiﬁe of m%"EhereforQ,the system is’
unstable if :mg < 0  for any suitable tfial function_(by "sﬁitablé",

we mean thaf it satisfies proper boundary conditions). For the system
to-be stable, &?, must be posi%ive. for all trial functionms. [Note

" that this is a much stronger condition than the stability coﬁdition

for interchange given by (48).] Even when (48) is satisfied, the
system may still become unstable with respect to the 1ow.frequenc&
‘modes according to (62). It has been shown (Rosénbluth, 1967) that, -

for (BF/BK)uW < 0, a necessary and sufficient condition for stability.

is (OF aK)HJ < 0.

We use (62) to derive the stability criteria for the ring

current belt.

Ring Current Belt Stability

As observed by Frank (1967), the ring éurrent'belt energy
density is predominantly sheared by low—energy protons (3kaeV»< E x
< 50 keV) (75%,) and electrons (0.2 keV < E < 50 keV) (257,). Tts |
flux is pegked in L space. In the region around the peak, the ring
current belt dominates the energetic bhelt of Davié and Williamson
(protoné 100 keV < E < 5 MeV, electrons 50 keV < E < 5 MeV) in both
the energy density and the particle density. The pitch angle distri- -
bution of the ring current belt is almost isotropic. From above
information, we construct the following model distribution for the

ring current belt:
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nR(w) S(E - )

- (63)
2[2M E ]2

M0 e - fne

. where- nR(W) is the rlng current belt den31ty at W 1n the equatorlal

"hfplane.l The narrowness in . 1ts energy spectrum 1s approx1mated by a

o fleld gradlent experlenced by the partlcles over a bounce,,

'T_n dw

"8 functlon, w1th electrons and protons hav1ng different energles, and -
the near-lsotropy is approx1mated by the 1ndependence of f on p.
' Therefore, the reglon out81de the. plasmapause is populated w1th the -1-'

" . predominating rlng.current belt partlcles as well as thelenergetlc

" belt particles. Their-contributionsbto D in'Eq, (55)larevsebarableﬁ‘jrf@;;fr:‘*

D<m1,ﬂf> D o+ Dy | v‘ | - :_' (61‘)”41‘-»

ffwhere DR is the part due to the ringhcurrent belt and DE"is that
‘dué to'the energetic belt.' BecauSe the ring'current belt dominates: L

v.1n both energy den81ty and particle dens1ty, we flrst study the '

‘stablllty of the rlng current belt by 1tself neglectlng the contrlbu- fﬁy'ﬂ

tlon of the energetlc partlcles in the first approx1mat10n.r
When the scale length of the dens1ty gradlent of the rlng

h-tcurrent belt becomes much smaller than that of the average magnetlc Jhlﬁ

> = < > the dlamagnetlc drlft 1s much faster than the s

v particle drift because of (2)



T

2 & > ey . (65)

y = ¢
Wy

Bl

In this case, ‘aj x m‘\/wc w3 >>mwy, as can be seen in (67). We

substitute (63) and (55) and expand the denominator, using (59):

(¥) ) | |
D, * 'nR2 Z E 2 fdx vo—l(X) [(|¢>m|2> - ](¢m)|2]
t

= 0, | | (66)
or
21 Wy 3/2 a1 j o

5 © nar Z:Ef/fd" o (W) ape (g0

w £

O L » . (67)

2 -1 - . .

Y E;[ax vo Lo, 1% - (o) 7] |

oz - | L

Note that % X %En; ;;B- - aE = d)c wge For a dipole-type

field, the average drift for electrons is in the positive sense - |

(eastward), i.e.,

1 BE’ ~ <8B | | |
e afc = = =— = < o. . (68)
T E o pd o iny S



Thus the plasma w1ll become locally unstable : w27<“0"at bﬁ' for

L inward dens1ty gradient <_O at »W. Therefore,the outer edge of

dn
ay:
" the ring currentrbelt; where-,%% <[O;fis.like1y to_becomevunstable :
duringﬁbhe storm,time.when%its denSityzgradient.becomes sharpened.«
~On the other hand, the inner edge,of the 'ring cuirrent" Dbelt, where

: dn

o & >0, is always stable and supports a wave w1th angular veloclty v"

The potentlal varlatlon along the fleld llne--the elgenfunctlon e

’:_of the fundamental unstable mode--ls such that 1s mlnlmlzes (67)

E or max1mlzes the growth rate, subgect to the boundary condltlons fIf B

'!;there were no boundary condltlons, such as the case of multlpole

'geomtry with closed field llnes, then one could argue (Rosenbluth 1967)?.

that the fastest grow1ng mode is o (s) = constant for which the

. denominator of (67) vanlshes One then recovers the hydromagnetlc"

c interchange 1nstab111ty whlch occurs 1n a bounce time scale, thus -

vappearlng w1th 1nf1n1te growth rate in the present»scheme. However,f

. in the present 81tuatlon, the 1onosphere E layer as a conductlng

~ end 1mposes a boundary condltlon that ¢ ' be zero at the 1onosphere.tﬁ'5"”"'w

Thus the unstable mode must have a potentlal varlatlon along the fleldnyAVf’*: o

llne, i. e., 8, flnlte parallel electrlc fleld._ Furthermore, thls

:-1nstab111ty is not the 1nterchange 1n the sense of 1nterchange two



flux tubes with plasme "frozen in." ' The perfect conductivity of thg'
ionosphere as we assumed here would have prevented such instability

from occurring for a low-f plasma.

Marginal Stability Criterion

As the parameters of the system‘aie'continuélly varying, the
system.goes thfough a series of equilibrium configurations."If the
system'is originally in a stable configuration but its. parameters are
varying in such a way as to make it approaéh'an unstable configurétion,
.then the transitibn ffom stable to unstable'configuration is character-
ized by a set of critical values of the parameters~-the marginal.
stability condition; _To obtain such a ﬁarginal stability chdition
_for our presénf case, in which only purely érowing modes or pure
oscillations are considered,‘we let‘ @ = iy and sum over species inv
(55), |

D(y/m, ’w), =2y ffdp ar
v ) 3 .

(o) P (@rg3/200 5 (3702,

wg- + (r/m)°

< fodud«f( [<;¢,>-,<¢>,3'; 0
(69)

where we have used (2), and the assumption that electrdns and protons

have ‘the same pitch angle distribution. ”At=the onset. of the instability,
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1[r,;'o; .Upon*ekiremiZiﬁgv D(r-: 0, V)

".then obtaln the critical condltlon at the onset of the purely grow1ng

instability. L B [ | ',
A" the denoity gradLent of the ring current belt iu bolng '

- built up, it approaches an, unstable configuration.‘ To find the

critical density gradient at the onset of the 1nstabllity, we

."fjsubstitute (65) into (69) and put Y= ‘o

) . 2 4; -”_.Ve_ e2>,‘g .
wreo T [fantind

Dﬂ**

ghere ‘ee/c_ﬁf Ei :53 o~ § (§$) < 0. for a dlpole-type field.

”'We'cen}fewritee(70)-es'

-+
=2

-‘._'f@ﬂ Yo 'C(e,a) i '@m”f

,‘The'triel function 0 (X) is chosen o maximize D. Substltutlng thlsl"

'é'f?wiﬁh.resPectfto"e , we'ft~j*~ o

;25 J/.dx vo [(¢ )| } _:-‘fv (7¢). iiAL;._

- extremlzing trlal functlon (elgenfUnctlon) into (70), we then obtaln elif: f:,§,

the’ crltlcal den81ty gradient. ThlS is equlvalentto extremlzlng the f

A densxty gradient in (71) (Apnendlx K), i. e.,. Qm is so chosen as to .



minimize %;_ 2%5 . This minimhﬁ_vdlte,iéjtheﬁ the'criticai densify"
' gradient; and in general it dépends upoﬁ’thévfiEld.geometry and. tﬁel‘"j 
" boundary conditions. It is importanf to note that the minimizing
fuﬁction Qm(X). in éeneral deéends upon X, i;é., the parallel'
electric fieldvis nonvanishing af_théIOnset of the instability.
Fufthermoré, ﬁhis’ﬁarginal stability~condition is’different from and
usually weaker than that of interchange étability in that it reqﬁires.
a less sféep'deﬁsitybgradient, ~_Substiﬁuting (63) into. (48), and
setting 62W =‘b,_we héve thé maréinél cohdition for interchange:

P C S e

R & 2 J[.dh'vo-l(ea/c) n

B

For e dipole field, ea/c ~ 3 £n B/Y % -3. The critical density
gradient for the onset of the low-frequency instdbility as given by
S (71) is 4 fn nR/dw ~ - %, But that for interchange is

d znbnR

T X -15/2. " If the density gfadiént is to be built up gradually,

thé lqw—frequency instability would occur first.
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'i When the ring current belt 1s stable by itself and supportlng E ﬂ"#lﬁi;:’
an osc1llatlon, We can no longer 1gnore the contrlbutlon from the | e
_'energetlc partlcles in Eq (6&) (the second term), because the energetlc
vpartlcles can nOW'resonate w1th thls a21muthally propagatlng wave when
‘their drlft veloclty equals the phase veloclty of the wave. ThlS".
'resonant exchange of energy between partlcle drlft and wave leads
elther to the damplng or to the growth of the wave, dependlng upon

V'the 31gn of (BFE/BW) ~ at the resonance drlft frequency. Settlng3

Q + 1r, where' r << Q for the weak growth or damplng, we . can

expanu D(w) in (6&) about m = Q the solution as glven by Re D= OH leisz'lﬁu

'j‘.n(qi) | ”‘=' Re D(Q) ¥ Ta Re D (1Y)+1ImD(Q)=o (75) -

ince the rlng current is dominating in partlcle denslty, the real B

E part of D is approx1mately D the contrlbutlon of the ring current’g'

'belt'

_ Equation (7&) then determlnes the real part of the frequency. Whenflirﬁfh
' the ring current belt has sharp dens1ty gradlent E@' >> m wd’ .

N Eq (7&) can be approxlmated by Eq. (66) and | nﬁ?*'”'*7



) : an 2 -.  - o o
R : 2 -1 2 :
| ab—- =’.c'aﬂ7- % ZE:?:B/ ./d)\' Vo '&i_ ei—»l<¢m>l . .
Y g o ; o : o
| (75)
‘Using the Plemelj formula (32) and (56), we'find fro,m'(57) the

contribution of the energetic belt to the imaginary pért of D,

| N
Im D B +ﬂc/. d)\ (—><
a_ m a

. W '
uJ(x, E=ga ¥

5 aFf
)Vo lvl<¢m>12>_£_

for Q>0

. - A . .
o= -nc fﬂ)\. = 2
| J a, \ma,

i)

. | o
) vo T o) [° &91 (hs E = 22, ¥)

for 0 <0,
where Fot(w W)v are the distribution functions in u J V¥ space for-

the energetic protons and electrons, respectively. Equating the

 imeginary part of (73) to zero, we have

% -7 %ngé%gQ - : : | - '(77)‘ .

Substituting (75)'and (76) into-(77), we obtain



For a dlpole-type field e 'if <4Q' dndfforgthélfithQurrent beltfff.‘

"o be stable in & dlpole-type fleld' fdnydw,§§ “Therefore,

v <o <a/am 3o,

: Thus the wave supported by the stable rlng'current‘belt may become

_overstable 1f the dlstributlon function for the energetlc belt

,F(p J W) decreases w1th W for flxed, u J

We have noted that for the energetic proton belt (lOO keV < E),i;fé

'Ed_(af /aL) o >0 (Dungey et al., 1965) for 2< 1< 7,

7-(8FO/8L) > O for dlpole-type fleld.‘ Thus the westward propagating*;

"‘wave, capable of resonatlng W1th energetic protons, is always damped

"On the other hand the flux of the energetlc electronsf(ho keV < E)

, out31de the plasmapause 1s hlghly varlable (Hess et a; :1': It

-}‘has a rather well deflned trapplng boundary, beyond whlch the flux flf
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of the energetic‘electrons-drops sharply (Frank ef ai., 196h). The
trapping boundary appearé to be slightly outwafd'bf the peék of the
ring current belt (Frank, 1967 g); its iocation also dépends upon the}l
storﬁ condition,,and it moves inward to a lower L shell during.tﬁe
magnetic sﬁorm (Williems and Ness, 1967). Hence, at fhe outef edge
© - of the riﬁg current belt the energetic electron flux decreases

sharply with L, and it is possible that (8F/5L)uJ < 0 for some

Values of u J. The eastward propagating wave supported by the stable
ring current may then become unstable due to resonance with the

energetic electrons.

- Physical Interpretation for the Overstability

The physical mecﬂanism_for the overstability is the resonant
.inﬁeraction between the wave and the particle drifts. This is
éssentially the samefméch&nism for Landau damping or growth, éxcept
that'thevthermal velociﬁy‘of the particle is replaced By the drift
velocity of thé guiding centers. For a_low-frequéncy wave traveling
in the direction of thé.particle drift, it can exchangé energy with.
those resonant paiticles vwhose drift vélocity is almost equal to the
phase velocity of the wave. Those resonant particles with‘drift ‘
velocitfeé‘slightly gregter than the phase velocity of the\wavé‘will
‘give up energy to the wave, while those with drift velocities slightly
less than the phase veloéity will pick up energy from the wave. If

there are more resonant particles picking up energy, then the wave
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'will be:dampéd as the energy of the wave 1s bositiﬁe?j(Rutherford and

Frieman; 1968)5 Conversely, the wave will grow. Let us consider‘the

case‘of'guiding centers iﬁ a dipole'fieldj the drift speed of the

; guiding centers at ¥ near the equatdrial pldne is

0
ko]
(=
Q
i
©
olo
240/.
[ve]
\/

Vd(qu g J).

|2
i)
oo

' vhere T, ,1s'thé.equatorial distence. For a given ! J, .Vd(W) e
‘1s greater for the smaller T (or smaller W) Thus-the particles f
}¢fresonat1ng w1th the wave at ¥  but lylng sllghtly outward of ‘¥ w1llf;

be mov1ng more slowly than the wave, and the partlcle resonant w1th

the wave at W but lylng sllghtly inward of ¥ ois mov1ng faster

than the wave. Thus for the group of resonatlng particles with the
same - Vd(“ J V), 1f there are more of them lying Jjust inside V¥,

i.e., (BF/Bw)“ <0 for the set of {p J} at W such_that.'

.wd(u J V) = w/m, then the wave will gain energy.

We can also see this by calculating the work done on . the

reSonating'particlevay the wave. The azimuthal'cemponent of the

eelectric field of the wave is' E¢ = =im ¢ /p directed along o

whlch is positive for eastward dlrectlon But the current of the

Tt %“%": (80)
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particle drifts is always westward, as vthe electrons drift to the east

while the protons drift to the west. Let ajres be the resonant

~

current density due to perturbation. The rate of work done on the

reéonating electrons with 4r_n_,th mode at V¥ is

ds .. -, m ds * L i‘es
P o= / 4o 5= 8ires "E= 2 ZE f B (s) (-e) 0y B0y, (s),.
‘ . _ m :
(81)

‘where ' 6nmres ; the resonant part of the perturbed electron density

associsted with the mth mode, is related to & Foo the perturbed |

distribution in p J ¥ space, by Eq. (12). From (12) and (1L),

res . : Vb aFOl |
‘Bnm« = 1#Bc[jdde-‘;';-(Qm),a{——“JS(wd-.a)/m) |
for w/m > 0. » (82)
_Substitﬁting (76) into (75) and noting v, | 48 5 - (qu), we havé'

b v, m

P-xnm eJ/;[-dp a3 [(8,) [P (38y/30) ; By = fn).

BFO .
If (a)d = u)/m) > 0, then P > 0. The resonating particles gain
energy and the wave will be damped. Conversely, for

oF
Y

(wd = o/m) <0, P <0, and the wave will gain energy and grow.
d
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'Theoretical’Conclueions

_ 4Tb summarize,YWE haﬁe studied fhe’stdnility-of’the'ven Alien‘d;:
- belt in the-oufer zone (2 <L<8) . agalnst electrostatlc uJ- ‘
coneerving perturbatlons in the low—B nonrelat1v1st1c approx1matlons.
' In31de the plasmapause, a sufficient condition for the stablllty of
the energetlc belt is that the dlstrlbutlon functlon F(u J V) -be
3 monotonlcally 1ncrea81ng function of the magnetlc shell parameter g
L for fixed 1 J, i.e., (8F/5W) As this seems to be the case |
.for the outer belt partlcles, we concluded that the outer belt inside
the plasmapause is always'stablev(Section TII). _Outside.the plasma-
pause, there is a collisionless plasma dominated by the ring current el
 belt evenbduring the periods of m&gnetic'quiescence'(Frank .1967)

" The outer edge of the rlng current belt where the den81ty gradlent

is along the magnetlc field gradlent, is found to be unstable when the.”,,_df.'

- density gradient exceeds a certain criticsl value: The growth rate.of;_}';“?ddf'

the 1nstablllty divided by the mode number is of the order of the
geometrlc mean of the diamagnetic drlft frequency and partlcle drlft
frequency There is in general a parallel electric fleld a35001ated

_w1th the instability. When the rlng current belt is. stable by 1tself

©. it can SUPPOTt a wave whlch then 1nteracts'w1th the energetlc partlclesbf”“”" s

drifts. 'If the distribution function of thelenergetic particies islﬂ

such that (BFener'/aW)uJ < 0, then the wave becomes .overstable.
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VI.  POSSIBLE RELEVANCE TO POLAR SUBSTORM AND AURORA PHENOMENA
| Two major prbblems in geomagnetic storm agd auroral phénqmené

are the injection of plasma and energy into the closed-field-line
reglon Qf tﬁe magnetosphere and the ﬁrecipiﬁation of the charged
particles into the ionoépherg to cause the polar suBstorm. The injectionf
. of the enhanced plasma into thé inner mégpetosphere and its subseqﬁent_
inflation following a polar sﬁbstorm was observed by'E?plorer 26 (Cahill,
'1966; Davis, 1966; Brown and Roberts; 1965). Thus the processes of
enhﬁnced injection and‘precipitation; both sporadic in nature, coincide
with each other, as evidenced by the sporadié nature of the polar sub- -
storm. |
Injection

It has been suggested that the reconnection of the field line
can be an important injection mechanism (Axford, Petéhek and.Siscoe,
: 1963; Axford, 1968). The sporadié nature;éf the‘polar substorm suggeéts
that 1t is most likely due to plasma instabllity in the magnetosphere
(Akasofu, 1967; Cole, 1967). kford (1968) ha.s emphasized the importance |
of the boundary'conditions that could constrain the fluid from moving,
thereby reducing thé meiging rate to zero. Thus the inward pressure -
gredient -of the ring current Belt in our case tends tpipreveht furthef
merging when it‘is sufficiently steep. But as soon as the pressure
gradient reaches a certain cri&ical value, the‘ring ¢urrént 5elt becémes
| unsﬁable (Sec. IV), and the instability tends to relax the pfessure‘

gradient. With the collapse of the pressure.gradient, the merging of
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the field line is resumed, and the injection of plasma again tends to :
.rebuild the density gradient of the ring current belt. This, then,
accounts for the intermittent nature of the substorms.

Precipitation

The instability of the ring current belt has a finite parallel

‘electric field. Although the parallel electric field is of the order v
of € v Bfc (v is the velocity of a lQekeV,proton), the potential.drOpbiu .
along the field line for the fundamental mode is of the order of Mva/etii‘ fisz
The parallel electric field accelerates the charged particles along the - ._
1 field line with the only resistance due to magnetic inhomogeneity: |

dv"“- ’ aé - dF ,;”

& - "HEs T s
Because of the smallness of the electron-to-proton mass ratio, |
the parallel electric field tends to eJect electrons into the 1onosphere;';}f?f-

or pull electrons out of the ionosphere. This is the reason that the

"precipitation particles are mainly electrons.
'The magnitude of the‘potential drop along.the magnetic-field
line can be estimated as follows: The parallel electric field can grow
to a. critical value for which the particles With average energy--the = o
-ones that,are_responsible for the instability-farevthemselves being
pulled out of the system.._This happen when B | | |
- (BB/os). - .e Q@/Bs": o

or
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.

When this steady-state potential difference is reaéhed, low-energy
electrons (E < 10 keV) will be accelerated to 10 keV while being
pulled out of the magnetosphere to cause the precipitatibn. In this

sense, the auroral electrons are freshly accelerated. Recent measure-’

" ments by Albert (1967) have shown that the auroral electrons are indeed

nearly monoenergetic, with fluxes peaked'at'ébout ikaéV. The conjﬁgacy
of thévauroral phenomena is due to the evénness éf.the potential varia-
tion along the field line with reépecﬁ to the equatorial plane, ﬁhich
results from ﬁhe evenness of the ring current belt'distribution with
'respept to the equatorial plane.

| According to éome dbservations, ﬁhe polar magnetic disturbanceé.‘

are proportional to the maximum electron density in the auroral sporadic

.leyers (Negata, 1963). This suggests that the variations'in the polar

magnetic disturbances.are produced by vaiying amounts’of precipitation,
which produce the variations in the conductivity, while the electric

field associated with the current system_(or pqtential drop acrosé.the
polar cap along the dawn-dusk meridian) reméins abproximately constant
(Bostrom, 1966). The elecﬁric field canvbe regarded as necessarily -
accompanying the‘injection of the ring éurrent belt iﬁto the geo- |
magnetic field by drift (Block, 1967; Axford, 1968). Thus the problem -
‘of.the auroral electrojet simply reduces tq that‘of ihtense preéipitatipn
with simultaneous injection; and can be understood from the previous

discussion.
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APPENDICES

A. Hamiltonlan Equations for Drift Motion of Guiding Centers
For charged particles moving in a slowly varyiﬁg and weakly
inhomogeneous, curved‘magnetic field, the gulding-center approxime-
tlon often greatly simplifies the problem-whenever'it is appliéable
- and the adiabaticvinvariants exist. For the magnetic moment
o= pl2/2mB to be an adiabatic invariant, we require that

-1 1 dB -1 d1ln B -1
i dB _ .V 1n B
8, 3T Y Tty vV

[ r vy 1 ‘
~ |2l o8y old ) sa(e) ~ exc 1,

Q’i L.L S'li L”

wvhere Q., r_ are the lon gyrofrequency and gyroradius respectively;
1’ g
f wB, Ll’ L” are the characteristic frequency  of the magnetic field,
and the linear dimensions perpendicular and parallel to the field line,
and € = rg/Ll'

In general each of the three quantities must be small:

r v 1
(ilize, ...g.',ge’ —u—-—we.
Qi Li L” Qi A

- The third inequality can be written as
Vp = €8y

+ This implies also a limit on the magnitude'of the‘pafallel eléctric

field, as



1
. SZi

'-A"n»f“*“zaf. - T AT

N For J to be conserved, it is necessary thatx' {} A

1 , 138 | 'VB'
Y ‘ﬁEE"“fb [ AR B:l<<l
being the drift velocity of the guiding center across the field line,;jf_% o
' 1ncluding E X B, VB drifts, and curvature drifts in general This,tin.:<g'r'fs
. general, requires that oy <. Vb’ and .y «d v ln B << vb ;This:seconagvv
_inequality implies the limit on the*magnitude ofaelectrichfield_comf"

"ponents perpendicular to the'field_line,
‘B "th

When Ky J exist as adiabatic invariants (in fact, there are two_'i
invariant asymptotic series for which Ky J are the first terms 1n the'

expansion), the average drift motion of the guiding center can be.

written as the Hamiltonian equation with - W; @ as canonically con-
jugate variables. We shall give here'aniheuristic-derivation followingi.l
Taylor (1963) and referring to Nbrthrop (1961) for a rigorous derivation:i1;3f .
The Lagrangian for a gulding center with mass M, magnetic moment i
My charge e moving in a magnetic field B Vw x Vm with vector potentialf ffi-ifﬁf-
= wvm and magnetic potential X =~/é.d55 ang eiectric fieldvgiven by N

. potential ¢ is-
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2
l

: , e . ‘ -, 2
_Z_— st LA - e - uB+ (e7)

B

.2

&

%o

—+ < ¥« e0(yox) - uB(¥X),

where we have ﬁsed
Yarh =~ Xy Wo ~ ¥,

~because for a statlonary magnetic field we have_é@/bt = 0.

The conjugate momenta to w,-m,'x are

Y 3L e : miX
- p, =~——==0 p,=— == and = —,
LT ? ¥ R

« Note that % ¥ is the conjugate momentum to @. -The Hamiltonian is

| Z v,y ~L

a,=VoX

!

it

2.

P
32 X + UB + eb.
2m

We transform from Py X to action and angle variasble J, 6, where

C[ax .. ]1/2 _ -f ds

I{uEyp) —fB [em\H - uB - ed) , 0= vb , ;’—ﬁ
This equation defines H implicitly as a fﬁnction of Juywp, which is E
denoted by K(uJW@). Recalling that % v, @ are canonical conjugates,

we have



(l—’-JW))

<
mlo 'Tf‘w;l‘if;T_i
N

q’=+§ (qucp)',

"'..aﬁdgﬁhefLiouviile eguation;_

Ce BFBK.BFBK”
(”J""") Rk

This equation is Just the lowest order reduced Vlasov equations in therr;._?f.

{;drlft'time-scale.x This equation has recently been derived frovalasov :

vequations by Hastle et al (1967)
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B. 1. Transformation of Phase-Space Variables

~ Let us begin with cylindrical coordinates in velocity space:
(v“, vl,fe), where vip vy are the magnitudes of velocity éomponents
" parallel and perpendicular to the magnetic field, and @ the phase

angle of y,. Let ¥, ®, X, the intrinsic coordinate system for the

L
magnetic field, be the spatial coordinates. Introducing the conjugate
momentum of X, Rys and the magnetic moment p, which is proportional to

the conjugate momentum of 8 (6 thus becomes ignorable, as p is invari-

ant), we have the distribution function in u, V¥, O, B> X space

5‘7(“)_ v, e, PX) X) =_ ;é‘ f (ﬁ) X)i

Particle density n(r)

fd3xf(£»x)

E?eru dpxaF.

1l
’\
[3¢]
Ly
g
: [o7]
B
ol ¥
i,
Y

]

As we have seen in Appendix A, Py X3 % v, @ are the canonical conju-
gate pairs (u is a parameter), so they satisfylthe Hamiltonian equa-’

| tions of motion,

R ) c O ¢
px "'&, X='5-p;, and._ w—-'é'%; CP—'EN
where
) BQ 2
" = + B + ed
2m

 Also there is a Liouville theorem
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ag’(u,

B % ‘”‘” +3i§63<"&31§;+ R

This is the so-called.drift kinetic equation 1n the Russian literature.
It treats the detailed motion along the field line in a bounce tlme
scale (hydromagnetic time scale) and is of the Chew-Goldberger-Low
(1958) ondering”scheme. For all terms of this equation to be of the

same order, E, must be of zeroth order (i.e., cE /B-~ ) to give a -

1

zeroth-order drift ve1001ty. On the other hand 1f cE /B N eV, 8 vduhx',ﬂ

thus all drifts are of J(e), then the last two terms can be neglected

' and we have

o .37 maF S Tl
35*'55;536 X, - % S ()

- which is Grad's (1967) guiding-center equation
If the bounce motion 1s nearly periodic, there exists a second
. adiabatic invariant J. For low-frequency perturbations conserving J,ic‘
we can transforn Pys X to J, 9,'where é, being the'angle variable con-

’ we

Jugate to J; € = vbd[os/v”, is ignorable; Noting that dy d@v= Bd ri

have for the distribution function in pJyo space,

Fluayp)au oy a8 3~ = £(z, y)emv dv,

dV” ds .. ‘
The density in space (yox) expressed in terms of F is -

[Pretw p -3 [ au a5 wlusve) 2

B‘[fdu'_@ F [(g/m)(E ‘IY.MB - e(p):]l/z .

"

- n [E(‘V‘PX)] ‘

i

o 3F_ WIF o [an 57 _ a%] o (1)
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- The Jacoblan of the fransformation is

35, 0) & o _wd n_ .

R " s TR Y

- vhich only confirms that this is & canonical transfoma.tion."

| B. 2. Relation between f (E, @, r) and F (u, J, W)

Let fl(E, a, J: 2(E, i, r), 3(u, J, ~) be the distribution L

functions in (E, @, 1), (B, v, ), (s, J, L) spaces respectively. The

number dens1ty at r is given by

n(z) -ﬁ 1(5s @) a5 e = ff (8, v, ;)dn au = ffj(u, 5, ~)au a7, B

l(E, o, )dE do

Q(E) H, r)dE d“- o

~35(u, J, m)d“ dJ, .

]

Since- du = 2E sin o cos o da/B
- =1
, } uf o _vbel
737 v2 T ‘ *

2E sin ¢ cos ¢

But we also have

f F (IJ; T, ‘Jf: Q)

57 (QE/M)l/E cos

From (l)’and (2)

fl(E: Q, r) .
(eE/M)Y2 stna

£, (8, o, 1) /<2,LB/M>'1._./2_ o

FO(F’-) Jd, V¥, P) =

(-3)

(3)

(2-5)
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At'the equational'plane, the distribution fuhct{on,fl'
metric system 1is 8 function of E, o, ¥ only : E;-a,'ih tﬁfn,»are:>5“

functions of uJW
£,(8, @ 1) = £ [Buav), oluav), ¥]-
'Fr&m»(B):we havé

R el 1 dB'

l .
(QuB/m)lla , 2(2uB/m)l/2

3
oL

 OFg

‘BL

_“J B dw

" For a dipole type field, dB/dw < 0, and the positiveness of (Bf /BL)

thus implles the positlveness of (BF /BL)

,fqr an axisym—_ i,f;
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C. Existénce of Electric Field_Component Along the Magnetic Field Line

_For‘the very-;ow-frequency perturbations w, mmdv<< vb:that we con-
sider here,rthe system can be regardéd és iﬁ-a,serieé‘of hydromagnetic
eciuilibria, l.e., steady states over the bounce time scale, during the
course of.the perturbation.. And for a Syétém in a h&dromagnetic

equilibrium, gg'(u, LR ﬁm) = 0, Eq. (B-2) becomes (with Ps 8

instead of px, X, where p p”/B)

S (e g ) & %‘i g’;”” o e
The general solution is
?(u;‘ »P‘”;v s; Vo) =}[MH(!~1; Vp; ,’P”S): W] o (c-2)

/;The particle density in the equi;ibriumEis given by -

o[ z(ves)] - B‘£5ff % ap) ¥ —— B
= - B(_g)jfdg ax %gr;” , - ,'(0_3)
‘wheré‘_ | 'p” = sfom(H - uB —‘e<I>)..." |

The quasi—neutraliﬁy,condition is

Ze n (r) =0=) e B(r)ffdu A 5 (umcp)[am(ﬂ - uB - e0) /", (C-4)
This equation determines the potential varistion along the field line.
‘To find E = - 39/ds, we differentiate (C-h)‘wifﬁ respect to s and

-obtaip »
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3
Os

: eiﬂd“.dﬂ_sﬁ_%ﬁ o

eEy = = -
[T —oF

| BZ% [ A 5 \—r-,'l'

_tﬁHA‘

BT/ VL |
S22 )

) V“ (v
BZ é:r.f,jyjf'fdu_ydﬁ- 'éﬁ-%ﬁ |

wi=

I+

£ j~'ive' lf i::. '.:v:‘i:' ;;f3};j:ff
jolfeessd o P

*is just a measure of pitch angle distribution. The parallel electric

- where

field can exist in the hydromagnetic steady state if and only 1f the 5

magnetic field 1s nonunifoxm along the field line and the electrons ,'fifii%ﬁﬁf”Vﬂ“?

and protons have different pitch angle distributions. o
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D. Variation of Particle Density Along the Field Line
Suppose a distribution function, factorizable in its energy E

and pitch angle o dependence, is proportional to'sinaz a = hz:

F[u(E, Kk, w0), 3(B, A, ¥ 9, ¥, @] = (B, o0’

The number'density n(s) at a distance s from the equatorial plane

s = 0, along the field line at (¥,0), is given by (7):

n(y, 9s) = 2B(y9s) f f awar 2 F
| 1/B o
= 2B(Vps) f azs™2e(z, ¥, 0) f /0 - ap) /2
By
I . 1 B
== ;37+0 ;é —:é-—-— .
/ max
ForB'>>§ n(y, 9, 8) =~ L
max £ 2 >
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Nyquist Method
For an. eigenvalue equation .
D(w)

- where D(w) is analytic in the upper half ® plane, the number of roots B

-.,in the upper half w plane is given by

'n‘where the contour c cons1sts of the real axis and a. semicircle enclos-_'ff““*7

v ing the upper half w. plane in. the positive sense and the contour Z is

fthe mapping of C onto the D plane Then by Cauchy theorem, the number

o of” zeroes D has. in the upper half ® plane is equal to the number of

times the coritour Z encloses the origin in the D plane in the counter;'
"fclockwise vsense. Thus the necessary and sufficient condition for the
2 existence of unstable modes is that Z enclose the origin in the counter-.,
- clockwise sense at least‘once | | '

Usually the integration of (dD/dm)/D along the semicircle at

- infinity can readily be performed by knowing the asymptotic behavior P

of D(w) for w large For example, ifﬁD(w)jﬂ'm»% for » large then

jdw'i’%dﬁ__ 195___) - g

' Therefore the number of roots in thefupper'half.méplaneiis.
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N=-é+§%ﬁ vooda;% |

-3t EE {ﬂn %)‘%T * _i[aré .D(; ) - arg D(foo)]}.'

since lD(ooﬂ), - ,D(__a‘,) ,’, - - |
ivE "-(EQé)

20 = arg D{w) - a'rg D(-oo)

is the change 1in the argument of D as w goes‘from -0 to +00 along

the real axis.
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F.' The Explicit Expression of Bounce and Drift Frequencies in Terms.f;:f”
‘ ‘ of Kinetic Energy B and A= u/E o

: The bounce frequency as given by Eq (6) in terms of E and N is

b ' K n | [% (K - uB - e@)]l/E

e

" Ij(ds [—-(E )};1/2.; Vo (x)E 1/2 f

uhere.  lv;;‘e‘§'ds [% (1 - kB)]fl/E.

The drift frequency 1s given by
e (aJ/BW)uK

. e
Kd (BJ/BK) e

Qe
13
(Dlo_

{ds -p(3B/dV) - e(0/v) .

[(Q/M)(K - uB - e@) /2

T e

B

v d — B,
e '0 Q- XB)l]E(Q/M)l/Q _EE Ev

a(h:v ,"f_: (P)E + b(>‘-~;~_ v, @ )s

" where - ‘
S ‘ OB/

v' ‘a()‘-: .‘V; _'CP) == (M/2)1/2V (h) ’}2/'—‘”)'7_
) L -0/ /ov

BN, ¥, 9) = (M) l/E'vo(h) —-——/-——7—

= c<‘8’> O") v, CP)

If the component of the equilibrium electric field vanishes”in'the g

' @irection, then b = O.
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G. Sufficient Conditions for Instability

We have noted in Chapter IIT that for Eq. (30) to have unstable

roots, it is necessary for (BF/BK)MJ to change sign. In general, the

necessary and sufficient conditions for instability are quite ¢ompli-

F' and (JF/K) s

0
only for one set of uJ at w,[pJ/wd+(qu) = + wl/m],7 where oy > mEOaO.
Situation 1
Suppose (BF/SK)wI changes sign in the following way:
' : + ‘ v
(815‘/81{)MJ >0 for  |ug|< a)l_/m : (c-1)
<0 > wl/m

and ml'is such that

ﬂ'du ay (BF/BK)M.> o. | _ (6-2)

Then' from (34) we have

ImD<KO for m>a)l>ma.E

070’
>0 oy >w> maOE
= 0 maOEO >0 > - maOEo,
<0 - magBy > 0> - o),
>0 v o< - o) .
Putting a,6 = -a, = &, we have
. (1T v'1E5/2<aF/ax)
ReD(_-g;a)l,\lr)=2eP ax dE
' E ) - (wl/ma‘)

i3

l 2 2
/ f Ve /202 (3¥/2x) o
. d - (‘”1/’“)



y '.T::sgg- ;Q v

Re D @—»Qﬁ = 2e Udp dJ‘ (BF‘/BK)F ”

"f Relbl(@:é]i'ma%Eo)"» +'oo,l as (BF/BK)MJ > O for md eiagb_.___; S

M

h.iRe'D7(ay&*¢i‘oo)

- —fdxde vO]El/2 % (aF/aK)

 onPe | aF\- [\ -
BN

w e

i

There are two subcases-

f,_Schase la. The interchange stability criterion is satisfied-t~'

. or

aF\ 2
&)\,

ReD(a)-’+oo)>O.l ’;

' This is possible because of (G-l)

The resulting Nyquist diagram is shown 1n Fig.yéa, -The change 1n_f:'k;,

the argument of D is hﬂ'and there is one- unstable root. We will call
“this a "drift mode," as the plasma is energetically stable against

| vinterchange

‘Subesse 1b. The interchange stability criterion is not satisfied: . = .

"ReD (0w~ +) = mc‘JJdde(-g—) { < 0.
o | LI | ‘

'<.24§{“ _vi

ThevNyquist diagram'isvshown‘indFigl 67b;- The”ohange,ingargnmentffi;fﬁfigf

of D is 2o and there 1s no unstable root.
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Situation 2

Suppose (BF/BK)MJ changes sign in the following way:

.(bF/BK)u:‘< 0  for 1,wdi] <.ml/m,. | L (G-3)
. >0 ' . ,d)di, > ml/m, o

and o

1 is such that.

[fdu aJ (aF/aK)uJ‘{o. i - (G-4)

Then from (35) we have

ImD>0 for--'a)':>a)l>>maE,

070
<0 : ' ‘a)l>a)>maoEo
=0 maOEO >o> - ma E
>0 ' o - maOEO > 0> -,

<0 a)<-ml.

From (36) and (G-B),énd (G-‘-h) we have

- JF/d
ReD(+wl,ay)—2e[/’dudJ (FZK1)>O,

Re D (w -~ 0) = 2e2/fdp. as (BF/aK)M <0,

‘Re D (w~ & mayEy) - - @, as (JF/XK) uy <0

a.tw’ =aE <m/m,

w e

B 22 | 2

: : . OF =
ReD(w—»_-_l-oo):--g-I—n—S—ﬂdudJ[aF) ( )
| . 22» | &) ,5| XKy



There are two possibilities~

Subca.se 2a

“.,.-_—:-.s-}j. P Loars - el T

ReD (a)->+oo)>o.'.7

The stability criterion for the interchange is still satisfied.v-”‘

The Nyquist ‘diagram (6—c) shows there is no unstable root..,

Subcase 2b
ReD(ao-*+oo)<O )
'I'he stability criterion for interchange is violated and the

. Nyquist diagra.m ( 6-d) shows there is one unsta.’ble mode
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.H._ Taylor's Criteria for Interchange Stability

Fér a lbw-B plasma, the ériteria for thé interchange stability'
have been derived from energ&vcons;derations'(Taylor 1963) under the
aésumptions that . .

(1) partiéles are tied to the field line, i.e., particles
initiaily in a given flux tube reméin in that flux tﬁbe after inter-
change. This resglts from the usual;hydromagnetic "frozen-in" condi-
tion E + ‘—cl x B =0, the validity of which requires that the particles'
drifts can be_neglected‘in the time scale of interest (hydromagnefic 
time scale = average bounce period), and thét cEl/B >> Varift®
(2) J be conserved in the process. For J to be conserved the

time scale of the variation must be sufficiently long compared with .

1’ where vth'is the thermal velocity.
1/2

t
To satisfy both conditions, we would required that cE /B =~ e

. the bounce period, and cEl/B << v

Vin?

L
~ frozen-in condition 1s still valid but so small compared with the

l.e., that E, be so large compared with the drift velocity that the
thermal velocity that J is still conserved.

With these assumptions, we can find the variation in energy result-
ing from the intérchange of particles on a flux tube (Wlml) with those .

on another flux tube (W2@2)

f~

N [[ au dJ{[F(uJ\V:L(Pl)K(uJ\lflCPl) + F(qugkpe)K(quéwg)]
- [F(m\ylcpl)x(wgcpe) + F(quemg)K(uJ\lfl@l)]}
- f f au dJ{ [F(szcpa) - f(qulcpl)][K(quecpe) - K(HJ\!flq)l)]} :

For infinitesimal variations, we have



el S ]

©_The necessary and sufficient condition for stability is

co g0

”'vThus for an axisymmetric system, the necessary and sufficient condition i_ﬂfiufi 

for stability is 2*7*5'

v'_;_Since e

L :': (5-2) o

' (aF ) { %o}

(H—2) can - be rewritten

ey

(aF
Thy

o
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I. Condition for the Vanishing of n in Eq. (62)

The quasi-neutrality condition is

j fd“ aJ F _E = ' | ’ .. (I-l).

'l
Integrating over the line of force, we have
wJd _
Zejffdu 47 Foo(uav) =
J

Differentiating with respect to ¥ and changing to variables A, E gives

3 L J
r Fy o1, 1/2 Fo
gejfjdu aJg > s ej[}[dx~dE Yo (N)E o 0. (1-2)

md

~In terms of A, E, the average potential (@m) is & function of N and

only:

_ 1 ax 12 _ ax_
o) /2 {B(l - ap) /2 CE Vol W)'j(B(l - AB)

For FOJ factorizable in its dependence on A and E, i.e., Foj(x, E, ¥) =
gj(k)h(E, ¥), and if the two species have the same g(\), g° = gi,

Eq. (I-2) becomes

) J
Zejde 5% -o. - (3

Mg

‘From (62)

Z f[aucu o Jywm)rg



veomuse of (3).
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J. Proof of the Minimal Principle (62)

Equa.tion (62) can be put into the form .

f °*<X)Zﬂd““77 - s {BF R Fé
h) w (FATNN 5 G
' )
2 0
+e,0 (x) ' 0.
J X o ,
Varying this équation with respect to tb:,. and using,.
'aFl =_8Fl. | '+ aF} | BK' '
;‘T’ M El HK EK ny NMJ
wé obtain the eiéenvaiue' equation
I (%, X0 (x') = (-;ig) o (x), (@)
where ' vy, :2 BFJ BK{ |
Zfsd;((* T ffd“‘”'-ryr =
( )V( ) uK ’M

Z(X: X') =

. (7-2)
27 b — 0. .
g ff o “W(&“)w :
is self-ad,joint, as u)2 is real in Eq (62) Suppose' the eigenfunctions
z_(X) ot. L, | |
;f(x,>X')Zn(X'),= 2, 2,00, | o (3-3)

form a complete orthonormal set. Then we can é_xpémd" @m(x)
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| Whel‘e Z la l 1 because @ is norma.lized to unity. RN

. ‘subStituting (Jfg) inté (J'l) 8iV¢$f

nnn

.a;:(x; xr)§;(xr) ;525:5 ol 2y (X) : l' ie f1 >l:i;‘,f

n

QZrar Z(g ,.’-Ql ,a,
Zm - a )Ia l

f o <x> (x, ), (x')

where le is the smallest eigenvalue

,Because_' ' L ‘lsz 2.q 2

9t % 20

we have

fdx 0 (x)I(x, X" )4, (x ;. -,

Theréfore (62) ish%.minimiZing exPrqss;on.u;sfi;;ﬁ,ff
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K. The Equivalence of the Extremization of D in (70)
and the Extremization of dn/dy in (71)

Writing ( 70) symbolically as
D-g0) +n'(Wn(e) =0 (k-1)
and extremizing D: 8D = 8g + n'(¥)8h = 0, we obtain
n' = - 5g/dh. - o (x-2)

From (K-1) and (K-?); thé extremizat#on’of D’cérrésponds to
B (x-3)
Alternativeiy, ve can firét éolve (K%l)p_
n' =-g‘(¢>f)/h(¢>.)."} - o (k1)
Extremizing n' in:(K{h) give;v

8n'=0=v-.}-l§g__-—.—:é§.§£_,

h

which is the same as (XK-3).
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FOOTNOTES o
1, We. shall use. the terms 'radiation belt" and "Van Allen belt"\

.synonymously, meaning the energetic charged particles trapped in the.

earth's magnetic field. By energetic belt, we mean the trapped particles;iv[;fx

~ with energy .>l 1 keV.

The energy flux needed for an intense auroral excitation during an o
- auroral substorm is typically 5 x lO18 ergs/sec. In the meantime,'
the rate. of energy dissipation in the ionosphere due to ionospheric

current is about 2 x lO 18 ergs/sec.; The lifetime of a substorm is of

" the order of an hour, _ th sec.. Thus the total energy input into the e

ionosphere for a substorm is 10 ? ergs., The total kinetic energy of

the»trapped particles is estimatedvto~be of-the order:ofoIO-j ergs--'\v

~ (van Allen, 1966) Therefore the trapped particlesfc not supply the

energy needed for an auroral substorm w1thout fresh enhancement.

The total kinetlc energy EP

of the trapped particles is relat'i;hﬁiffxr

“ed to the decrease of “the geomagnetic field AB ~on earth (Sckophe, 1966);,faf'.

according to
o 2%
3 By -
 where By 1s the magnetic field on earth, % 0.3 gauss, B, is the -
total magnetic fleld energy, ~ 10 25 . ergs., For a‘main‘phasevdecrease3i

of 100 7 =10 5 auss, total particle energy E. '"must be‘of“the.order~‘

P R
of 10 °> €rgs. Since the substorm occurs intermittently during the main :f“'




£101-

phase, the trapped particle énergy and the precipitated energy must

increase simultaneously.

3, The symbols p, J, L, F, are defined in Sec, II. The relation

between fl and FO is discussed in Appendix B-2.
4, By collisionless plasma, we mean that the mean free time is much
greater than the characteristic time scale under consideration, and
the mean free path is much greater than the characteristic dimension of
bthe’system. » |
The electron deﬁsity (for all enefgies) oﬁtside the plasmapause
is of the order of one particle per cm3, from the whistler measurement
(Carpenter, 1964). The particle density of the ring current belﬁ (Frank,
1966) is also about 1 per cm3. Thus the cold plasma (1 éV) density' |
outside the plasmapause can at most be of the same order as the ring
current belt density. (If the ring current belt were injected into the
magnetosphere, then the electric field associated with the injection
would sweep away any thermal particles, and one would not expect to have
any thermal particleslat all.) The temperature of the plasma outside -
the knee 1s effectively that of the ring current belt, which 1s of the

order of 1 keV. The mean free path can then be estimated (Alfven and

. Falthammar, 1963) as
2 |
y T 1
Ao~ 100 =S = 107
e

which 1s much greater than the characteristic length of the system,



: The collision frequency v ~ 10" see-l‘AiS'mﬁeh;less than the -
‘characteristic frequency, ~=10'4 sec T, Ihe plasma is therefore :

colliSionless. |

5. The flow energy of the solar wind is about 1 keV per particle;' When

the flow is stopped (for instance, at the bdw éhock of the earth), the

flow energy 1s converted into the thermal energy of the particles. Thus:x

the trapped particles of the solar origin have at least 1. keV.

6. In general ®y = a(h, ¥)E + Db(\, V) (Appendix F). When the

" equilibrium potential '@-O(w: X) 1is 'i‘ndependent of ¥, 'b - 0. ’This AT

corresponds to the assumption of no radial electric fleld in equilibrium,i‘”é o

i.e., the effect of the earth's rotation is neglected.

7. The energy of thé pJ-conserving perturbation is derived by
Rutherford and Trieman (1968):

W = Wl + W2 F)

" . where

=
it

‘1‘_ -—-Z dudeMfé(aF)/a—— M

apar ay ag [(¢>-<¢> s |
A _ S

=
¥

For the system to be stable, W. + W, > O Thus the stable'rihg currentft,':

1 2
belt support a positive energy wave.
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. v
8. From the analysis by Hess (1968), the distribution function for the
energetic protons is factorizable: fl(thl!) = g(pI)h(y¥). From Appendix
B-E} . . .
1/2
F(uwJ,¥) = g(w3)a(¥)/(2uBM) 7" = g(ur ¥ (v).
Then (JF/Oy) = O for all uJ at some ¥ requires only that

ad/ay = 0 at V.
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