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Abstract

Quantum Magnetism in 2D and 3D: Theory and Material Realization
by

Chunxiao Liu

The understanding and predicting of novel phenomena in magnetic materials is an im-
portant theme in condensed matter physics. The most interesting phenomena among
them are the ones that exhibit intrinsic quantum behavior, where high degree of entan-
glement gives rise to macroscopic quantum effect not described in a traditional theory of
symmetry breaking. This thesis is a collection of our efforts to combine the theoretical
toolkit in analyzing exotic quantum states with recent experimental progress in realizing
and finding quantum magnetic materials. We present our study in three parts:

The first part presents a study of the frustrated triangular lattice antiferromagnet
NaYbOs. Both spin liquid signatures in zero field and quantum-induced ordering in
intermediate fields are observed, suggesting the existence of an intrinsically quantum
disordered ground state. Through symmetry analysis and spin wave calculations, we
determine the microscopic model relevant to NaYbO, and map out the phase diagram
of magnetic orders in presence of a magnetic field. Our result indicates that NaYbO,
is a promising platform for exploring spin liquid physics with full tunability of field and

temperature.
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The second part presents an investigation of a chemically related compound LiYbOs,
which has instead a stretched diamond lattice structure. Experiments reveal a rich mag-
netic phase diagram of LiYbO, that includes a low field incommensurate spiral order
and a high field commensurate order. We first show that the former is largely captured
by a J; —Jo Heisenberg model, and then employ a phenomenological model to under-
stand the incommensurate-to-commensurate transition at intermediate magnetic fields.
Finally, several effects are addressed in order to understand a small variance between the
observed and predicted phasing of Yb moments.

The last part is devoted to the classification of symmetric Zs and U(1) spin liquids
on the three-dimensional pyrochlore lattice. We first analyze the magnetic orders linked
to specific Zy quantum spin liquids. We find that under certain conditions, seemingly
unrelated orders are intertwined and the conventional orders detected in experiments are
accompanied by hidden orders. We then turn to the study of U(1) spin liquid classes
and observe that, surprisingly, a large family of them is described by a U(1) gauge field
coupled to symmetry protected gapless multi-nodal line spinons, hence uncovering a new
prototype of quantum spin liquid beyond the standard example of pyrochlore quantum
spin ice. The low temperature specific heat receives a T%/? contribution with logarithmic
corrections from the gauge—spinon coupling and the spinon bands, which serves as a

simple criterion for the existence of these U(1) nodal line spin liquids.
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Linear spin wave theory (LSWT) calculations showing S(Q, hw) as a func-
tion of field for powder-averaged Yb3* ions on a two-dimensional triangular
lattice assuming three-sublattice ordering derived from the proposed spin
model for NaYbO, [14]. At 0T, NaYbO, does not show magnetic order-
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Low energy inelastic neutron scattering (INS) spectrum S(Q, hw) of NaYbO,
powder at varying fields collected on DCS. With increasing field, NaYbO,
evolves from a gapless quantum disordered ground state (0 — 2T) into
an up-up-down equal moment magnetic structure (3 — 8 T) and a field-
polarized state at high field (9 — 10T). Data were collected with longer
scans at 0, 5, and 10 T to increase resolution. Detector spurions occur at
(0.5 A=1 1.8 meV] and [1.75 A~!, 0.4 meV]. Data were collected between
67 —100mK. . . ..

a) Crystal structure of LiYbO, with YbOg octahedra shaded in green
and black spheres noting the positions of Li ions. b) The frustrated J; —.J,
model on the diamond lattice consists of two interpenetrating face centered
cubic (FCC) sublattices, A and B, with a .J; (black) magnetic interaction
connecting the two sublattices and a J, (orange) spanning interactions
within an FCC sublattice. When this structure is stretched along one of
the cubic axes, the I4;/amd lattice of LiYbO; is reproduced where the
dashed green line represents the unit cell origin of LiYbOs shown in panel
¢). In LiYbO,, the stretched bond (5.909 A, dashed orange) is 1.527 A
longer than the in-plane Jy (4.382 A, solid orange). In the present model
for LiYbOs, the stretched bond is assumed negligible in strength relative to
the shorter J;. ¢) NN (J;) and NNN (.J;) exchange pathways between Yb-
ions in LiYbO, with Yb ions in the A and B sublattices shaded differently
for clarity. . . . . . . ..
a) Temperature dependence of the inverse magnetic susceptibility of LiYbOs.
Solid line shows the a Curie-Weiss fit to the data between 20 < T" < 100 K.
b) Field dependence of the magnetization collected at a variety of temper-
atures. c¢) 2K isothermal magnetization curve with a linear fit in the sat-
urated state above 10 T. The 0T intercept (gavgitn/2) provides a powder-
averaged gavevv and the slope provides yyy. d) a.c. magnetic suscep-
tibility x/(7") data collected for 330mK < 7" < 3.5K at zero-field. The
two dashes lines at 1.13 K and 0.45 K mark the onset of peaks observed in
zero-field heat capacity data. . . . . . . . .. ..o
a-d) Specific heat C(T") of LiYbOs collected as a function of temperature
under pugH = 0, 3, 4, and 9T. The integrated magnetic entropy 05y is
overplotted with the data as a black line. Results from a Debye model of
lattice contributions to C(7T") are shown as orange lines. The horizontal
dashed lines represent RIn(2). . . . . .. ... ...
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3.4
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3.8

Neutron powder diffraction data collected for LiYbO, at HB-2A at the
High Flux Isotope Reactor. a) Fits to the elastic scattering data at 1.5 K
reveal only one structural phase. b) Temperature-subtracted diffraction
data (7' — 1.5K) revealing a series of new magnetic peaks upon cooling.
Additionally, at 270mK and 3T, another set of magnetic peaks arise.
Intensity near 1.5 A" results from slight under/over subtraction of the
structural peak at that position in a) and is not a magnetic Bragg reflec-
tion. ¢) Helical magnetic structure fit below the ordering transition Ts.
d) 270mK data collected under zero field with the 1.5 K structural data
subtracted. Green line shows the resulting fit using the magnetic struc-
ture described in the text. e) 830 mK data collected under zero field with
the 1.5 K structural data subtracted. The orange line shows the partially
disordered, intermediate helical state described in the text and the green
line shows a fit using the fully ordered helical structure for comparison.
f) 270 mK data collected under pH = 3T with the 1.5 K structural data
subtracted. The red line shows the fit to the commensurate magnetic
structure describe in the text. . . . . . . ... o000
Low-energy inelastic neutron scattering (INS) spectra S(|Q|, fiw) collected
on the DCS spectrometer at a) poH = 0T and 36 mK, b) uoH =0T and
800mK, and ¢) poH = 3T and 36 mK. All data have data collected at
36 mK and 10T subtracted, where LiYbOy enters a field-polarized state,
indicated by isothermal magnetization data from Figure 4b). . . . . . . .
Phase diagram of magnetic order in the .J; —J5 Heisenberg model, assum-
ing Jy > 0, where ferromagnetic (FM), incommensurate (IC) spiral, and
antiferromagnetic (AFM) Néel order exist. . . . . .. .. ... ... ...
The classical ground state condition Sa ;1 + Sa 2 + 2‘]712SA73 =0. .....
a) Spin wave spectrum (red lines) and the structure factor simulation for
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structure factor for J; = 1.42565J5 > 0. . . . . . . . . . .. ... .. ...
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4.1

4.2

4.3

Proposed powder-averaged, low-temperature (H,7T) diagram of LiYbO,
extracted from a combination of specific heat (C),) measurements and elas-
tic neutron powder diffraction data. At high temperature, LiYbOs is in the
paramagnetic (P M) phase. Below approximately 10 K, specific heat shows
a broad feature where roughly half of the magnetic entropy of R1In(2) is
released and signifies the onset of short-range magnetic correlations. A
sharp anomaly at 1.13K at 0, 3, and 5T and 1.40K at 9T in specific heat
measurements shows where long-range magnetic order sets in. Combining
specific heat data with neutron powder diffraction data suggests that the
temperature regime between 0.45 K and 1.13 K consists of a helical mag-
netic structure with disordered phasing between the two interpenetrating
Yb sublattices. The system undergoes a lock-in phase transition from an
incommensurate helical structure at zero field to a commensurate structure
at 3T, e

Condensation “phase diagrams” for the NN mean-field ansétze of the six
0-flux PSG classes 0-(001), 0-(010), 0-(100), 0-(101), 0-(110), and 0-(111).
The complete phase diagram at NN level is 1D for classes 0-(100) and
0-(111), 2D for classes 0-(001) and 0-(101), and 3D for classes 0-(010) and
0-(110). The parameters (1, 8, ¢) are related to the mean-field parameters
according to Table 4.6. For the classes 0-(010) and 0-(110), only a 2D
slice with ¢ = 0 is shown. The slices for other values of i) share the same
qualitative behavior as the ¥ = 0 slice, e.g., they also consist of two phases

Typical spin order for (a) the paraphases 0-(100)I", 0-(101)I", and 0-(111)T"
(all-in all-out order), (b) the paraphase 0-(110)I" (the XY order), (c) the
paraphase 0-(001)I" (ferrimagnetic order), and (d) the paraphase 0-(101)X
(the Palmer-Chalker order). . . . . ... ... ... ... ... ... ...
Static spin structure factors for representative points in each of the 15
paraphases along the high-symmetry path in the Brillouin zone. The
chemical potential p is above the critical condensation value by Auy =
1071,1072,...,107 (in arbitrary units). The vertical axis is the spectral
weight & normalized by the maximum intensity of the Ay = 107 line
along the path. In each paraphase, denoted by its PSG class and con-
densation momenta, the representative point is specified by the mean-field
parameters. . . ... oL Lo e e e e e
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4.4  Dynamic spin structure factors (gray) and spinon spectra (red) for rep-

5.1

5.2

resentative points in each of the 15 paraphases along the high-symmetry
path in the Brillouin zone. The vertical axis is the energy w in arbitrary
units, while the gray scale is the quartic root of the spectral weight (power
is chosen such that maximum resolution is ensured), V'S, normalized by
its maximum intensity along the path. The chemical potential p is 10~°
above the critical condensation value. In each paraphase, denoted by its
PSG class and condensation momenta, the representative point is specified
by the mean-field parameters. . . . . . . . . . ... .. ... ..

[lustration of the nodal star Fermi surface; the contour corresponds to an
energy infinitesimally above the Fermi level. . . . . . . .. ... ... ..
The two diagrams for the photon self-energy at one loop level: the “vacuum
polarization bubble” (left) and the “tadpole” (right). Solid (wavy) lines
denote spinon (photon) propagators. . . . . . ... ... ... ... ...
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Chapter 1

Introduction

1.1 Microscopic theory of magnetism

1.1.1 Quantum chemistry: from atoms to crystals

Condensed matter physics studies the properties of almost any material that we en-
counter in our daily life. While there are tens of thousands of materials and the physical
properties vary from one to another, the material must be made of elementary units
such as atoms, ions, and electrons, and one ask whether the property of the material
can be understood directly or indirectly from the property of these individual units that
compose the material. This is indeed a valid viewpoint: a crystal, formed out of array
of atoms, is nothing but collections of isolated individual atoms if they can be brought
apart with infinite distance, and under this (idealized) circumstance any property of the

crystal is simply that of the atom. It turns out that, quite often, real crystals, in which



atoms are separated with a finite distance of a few angstroms, still possess properties
that can be understood from the isolated atom limit. In this case, we are justified to
begin our journey from studying the quantum properties of individual atoms or ions —
this is the topic of quantum chemistry'.

We clarify that, by the holding of the above criterion, we do not expect the property of
the crystal to be the same as that of the isolated particle. Rather, we mean the property
of the former can be inferred from that of the latter, quite often from perturbative
calculations. We also remind that we will be mostly talking about electrons in the
theory of quantum magnetism. The nuclear contribution to magnetism is much weaker
then the electrons.

The criterion to determine electronic states in an ion is usually summarized in the form
of three Hund’s rules. Within a given configuration of one-electron orbitals (assuming

only one incomplete shell), the ground state of an isolated atom or ion

e has the largest value of the total spin S;

e has the largest value of the total orbital angular momentum L that is permitted by

the first rule;

e has the total angular momentum is J = |L — S| for less-than-half-filled shells, and

J = L + S for more-than-half-filled shells.

The first Hund’s rule states that the spin interaction is ferromagnetic. The mechanism

of direct exchange offers an explanation to this rule. To be more precise, we consider

IFor an extensive review on this subject, see e.g. [41].
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two electrons in the same shell, which feel each other directly through the Coulomb
interactions.? They must form spin eigenstates, which consist of three triplets with
S =1 and one singlet, S = 0. The triplets have two parallel spins, therefore when the
two electrons come closer in space, they will occupy the same quantum state, which is
forbidden by the Pauli exclusion principle. Put more plainly, the orbital part of the triplet
wave function vanishes when the two coordinates approach each other®. The singlet state,
however, is not subject to Pauli exclusion principle and can have the two electrons come
close to each other. However, this pushes the singlet state to higher energy due to the
Coulomb repulsion felt by the electrons. Effectively, we are having ferromagnetic (FM)
interactions which gives triplet ground states. We believe the same picture applies to
many-electron systems in which the total spin § = >, S; is a good quantum number.
This gives the first Hund’s rule.

Again assuming the electrons interact with each other only via the Coulomb interac-
tion, the total orbital angular momentum L = ), L; will be good quantum numbers,
and the same logic in the preceding paragraph applies to orbital momentum, giving the
second Hund’s rule.

We emphasize that the above argument for the first and the second Hund’s rule is
based on direct exchange mechanism for orthogonal orbitals, and that the physical reason
is fundamentally rooted in Pauli exclusion principle and Coulomb repulsion. The first

and the second Hund’s rules apply to almost all atoms and ions, and according to the

?In essence, what we need here is orthogonal orbitals, on top of which the Coulomb interaction is a
perturbation.
3This is called the exchange hole effect.



viewpoint stated at the very beginning, it applies to crystals which behaves not too far
from the isolated atomic limit. Other than that, there are plenty of mechanisms that
restricts the validity of Hund’s these rules?.

The third Hund’s rule is derived from the spin—orbit coupling. The spin—orbit coupling
for a single electron writes

Hso,i = AS; - L, (1.1)

W Ze?
2m2c? r3

where \ = > ( is a constant that, importantly, is proportional to the atomic
number Z.

Switching on the total spin—orbit coupling from each electrons lifts the degeneracy

between different (L, 5)°. The term can be written as

> Hsou = ML S)L-§ = 5(J° ~ L(L+1) = S(S+ 1)), where

(1.2)
{ A >0, less-than-half-filled shell,

A < 0, more-than-half-filled shell.
This gives Hund’s third rule.

The above analysis holds for isolated ions. In order to apply them to crystals, the
effect of crystalline environment must be additionally considered. These effects include
the potential of the ion core, as well as the electrostatic potential of the surrounding
ligands (oxygen ions in most cases); they are generally called the crystal fields. We must
then examine the effect of crystal fields to the Hund’s rules we introduced earlier. It turns

out that, when crystal fields are strong enough compared to the exchange strength—as

4For example, the mechanism of direct exchange in non-orthogonal orbitals, the kinetic exchange and
the superexchange mechanisms. As a result, Hund’s rules do not generally apply to molecules.

5The smallness of \ justifies Hgo as a perturbation in the (L, S) subspace, even for heavy elements
with large Z.



is the case of 4d and 5d transition metal compounds—the first and second Hund’s rules
can be invalidated, whereas they are weak enough in other cases such as 3d transition
metals and 4f rare earth compounds so that the isolated ion approximation still stands

to some point. we consider these two cases separately:

e Intermediate crystal field regime: in 3d transition metals, the spin—orbit coupling

is relatively small due to the small atomic number Z, and we have
Exchange splittings > crystal field > spin-orbit coupling, (1.3)

while Hund’s first and second rules apply, the third rule ceases to apply, and J is

not a good quantum number.

e Weak crystal field regime: the 4f orbital lies well inside the xenon core, and the
core electrons outside the 4 f orbital offers great protection to screen the fields from

neighboring ions, rendering 4 f electrons free-ion-like. Energy scales are
Exchange splittings > spin-orbit coupling > crystal field, (1.4)

and all three Hund’s rules apply. J remains a good quantum number, and crystal

field effects splits states within a given J.

It turns out that, by analyzing the symmetry of the environment, we can already
know—without referring to the detailed form of the Hamiltonian—how the ground state
manifold further splits under the crystal field.

In this thesis we will be mostly focusing on the rare earth compounds (layered trian-

gular, diamond-like, and pyrochlore crystals) as far as material is concerned, and we take

5



the element Ytterbium (Yb) as an example. It is the 14th and second last element in the
lanthanide series with atomic number Z = 70. The electron configuration is [Xe]4f465?,
where [Xe| = 15225%2p%35%23p°®3d'%4524p54d°55%5p° is the configuration of inner closed-
shells (that of xenon). The most common ion form is Yb*", which has configuration
[Xe]4f'3. Hund’s first and second rules give total spin of S = 1/2 and total orbital
angular momentum of L = 3; Hund’s third rule asserts that the ground state manifold
has total angular momentum J = |L + S| = 7/2, consisting of eight basis states |.J,)
with J, = +£1/2,43/2,£5/2,4£7/2. The excited state manifold has J = |L — S| = 5/2,
consisting of six basis states with J, = +1/2,+£3/2, £5/2.

Now consider crystal fields. In cubic environment [75] (with cubic symmetry Oy,),
the eight ground states split to two doublets and a quadruplet.® The doublets cannot
be further split since they are protected by time reversal symmetry; they are called the
Kramers doublets.

For the compounds NaYbOs and LiYbO, studied in this thesis, the local symmetries
of the Yb ion are Ds; and Dyy, respectively, both are subgroups of the cubic group.
The lowering of the symmetry is an example of the Jahn-Teller effect: if the symmetry

of the crystal field is so high that the ground state of an ion is predicted to be orbitally

- @wmw@m/m,
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degenerate, then it will be energetically preferable for the crystal to distort in such a way
that the orbital degeneracy is lifted. Indeed, either the trigonal distortion Oy, — D34 and
the tetragonal distortion Oy — Dy, further splits the quadruplet into two doublets. The
low energy crystal field states are therefore four Kramers doublets. At sufficiently low
temperatures, only the ground state Kramers doublet is activated, which is described by
an effective Jog = 1/2 spin.

The procedures to finding the ground state effective degrees of freedom using the
knowledge of Hund’s rules and crystal field configurations in local environment, as ex-
emplified in the case of Ytterbium, is quite generic—at least for rare earth compounds.
In particular, it is implied that the ground state manifold of rare earth ions with an even
number of electrons in 4 f shell is a Kramers doublet, described by an effective Jog = 1/2

spin.

1.1.2 Symmetry and model Hamiltonian

We have seen in the last subsection that quite often the effective degrees of freedom in
magnetic systems behave as S = 1/2 spins. In the microscopic modeling of such systems,
one seeks to find an exchange Hamiltonian describing the interaction among these spins.
The numerical values of the exchange parameters are usually hard to determine in any
means, but one can at least determine the most general form of the exchange Hamiltonian
using symmetry principles. In this subsection, we outline the procedures to achieve this.

While this is nothing more than an ordinary symmetry analysis, this will prepare us for



the more complicated version of projective symmetry analysis in the spin liquid context,
to be introduced in a later subsection.

We start with a formal account of the symmetry group. A (three-dimensional crys-
tallographic) space group G consists of all the symmetry operations that map the crystal
lattice to itself. It must contain three primitive translations 717, T5, T3. Denote the trans-
lation group generated by them as T' = (74,15, T3). The point group P is a finite group
that, roughly speaking, consists all the rotations, mirror reflections, inversions of the
lattice symmetry lattice. It is defined by the quotient

Point group: H = G/T. (1.5)

Underlying this definition is the fact that the translations 7" is a normal subgroup of G.”

Usually a powerful way to parse the structure of a group G is to study its generators
and the relations among them®. While the space group G is an infinite group, its genera-
tors are finitely many, and the number of independent group relations is also finite. The
idea that the generators of GG is the union of translations 77,75, T5 and the generators of

the point group, however, is not always correct. We have the following two cases:

e In the so-called nonsymmorphic space groups, some point group operations may not
exist in the parent space group at all. In this case, the space group almost always’
contains nonsymmorphic operations in the form of either a glide reflection or a

screw rotation—these operations are the composition of a point group operation

"For readers enthusiastic about a mathematical description of crystallographic groups, we recommend
the book [144].

8Mathematically, this way of characterizing a group is called the presentation of a group.

9The only exceptions to the “always” part of the claim are the No. 24 and No. 199 space groups,
whose glide and screw operations are “removable”—we refer to Ref. [119] for details.
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(mirror reflection or rotation) with a fraction of the primitive translation. We
must substitute nonsymmorphic operations for some of the point group generators

in order to obtain the generators of the space group.

e Otherwise, the space group is symmorphic, meaning all point group element are
valid symmetry operations of the space group. In this case, the point group gener-

ators, combined with the translations 7} 5 3, give the generators of the space group.

Apart from the generators, it is the relations among the generators that specify the group.
Apparently, the relation among translations is that they commute with each other:

T,T; = TyT, for i,j=1,2,3. (1.6)

All the point group relations must also be included; the only subtlety associated with
the nonsymmorphic case is that these relations must be replaced by the corresponding
relations involving the nonsymmorphic elements. Finally, one must examine the com-
mutation relation between point group (or nonsymmorphic) generators and translations.
These will give the complete relations that define the space group.

As an example, consider the symmetry group of the NaYbO,. The compound family
of NaYbO,, called delafossites, have rhombohedral lattice with space group R3m (No.
166). This is a symmorphic group, with point group R3m/T = Ds4 the dihedral group
that contains 12 elements, generated by inversion P, a threefold rotation with axis per-
pendicular to the triangle layer C5, and a twofold rotation with axis parallel to a nearest

neighbor (NN) bond in a triangle layer, D. Therefore, the space group is generated by



elements

Rgm = <T1,T2,T3,P, Cg,D). (17)

The point group is defined by the following relations

PP=D*=C;=1, PD=DP, PC3=CsP, (C3D)*=1. (1.8)

between the translations and poin group generators, we have

T\Cy = CsTy, ToOs3=CsT Ty, T\P=PI;', T,P=PI,', DT, =T,D.
(1.9)

Combining relations (1.6), (1.1.2) and (1.9) gives the complete relation of R3m.

As another example, consider the symmetry group of the pyrochlore lattice. The
space group is Fd3m (No. 217). This is a nonsymmorphic group, with point group
On = Fd3m/T the cubic group. The cubic group contains 48 elements and is gener-
ated by inversion P, a threefold rotation C35 with axis parallel to the body-diagonal of
the pyrochlore unit cell, and a mirror reflection 3 that contains a pair of parallel face-
diagonals. The last point group generator, >, is not in the space group; instead, this
element is replaced by the space group generator S, which is a twofold screw operation.
For the detailed definition of S, the structure of the point group and the space group
relations, see Appendix A.1 and A.2.

Having familiarized ourselves with the symmetry structure, it is then straightforward
to use them to obtain symmetry allowed microscopic Hamiltonians. The most general

form of an S = 1/2 exchange Hamiltonian is

1 - A
H=3 > S8 TS (1.10)
T,
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where 7 labels unit cells and p is a sublattice index. The exchange parameters J,., . is
a 3 X 3 symmetric matrix.

Under a space group operation O the spins transform as

O: 8y, = UoSop,)Ud, (1.11)

where Up is the SU(2) rotation matrix associated with the operation O. First, consider-
ing translations 77 5 3. The SU(2) matrix Up is just identity. The effect on the exchange
parameters is translation invariance

Jopr, = Jpe0, = Jup(r — 7). (1.12)

Next, consider non-translation elements O of the space group. Suppose the point group
element that corresponds to O defines a rotation along axis m with angle 6. The spin

_i8

3 n-o

rotation matrix is then written as Up = e , where o = (o!,02%,0%) are the Pauli
matrices. The SU(2) equation (1.11) can then be written as

0: S,, = R(n,0)So,), (1.13)

In order to make Hamiltonian (1.10) invariant under O, we need to determine what
constraints Eq. (1.13) imposes on the exchange tensor (1.12). Importantly, constraints
are produced only when an exchange bond is mapped back to itself under @. Modulo
translations, the problem can be formulated this way: given a finite set consisting of
all the spins in a primitive cell of the lattice labeled by sublattice index u = 1,2, ...,
examine the action of the point group elements on this set. For any unordered pair {u, v}
that represents a bond, say the (u,v) = (1,2) bond, find its stabilizer group Py, ,,—

the subgroup of P that maps {u,v} to itself—these are the operations that produce
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constraints on J,,. Finally, by solving all the constraints, one obtains the symmetry
allowed exchange Hamiltonian.

Following the procedures outlined above, one can systematically obtain the exchange
Hamiltonian for a given lattice, up to exchanges at arbitrarily far neighbor level. This
will be used in Section 2.3 to determine the symmetry allowed NN exchange Hamiltonian
(both inlayer and interlayer) for the delafossites, and in Section 3.3.2 for the symmetry

allowed Hamiltonian for the stretched diamond lattice up to NNN level.

1.1.3 Symmetry breaking, magnetic orders, and spin waves

Many spin systems—whose low energy degrees of freedom are spins, subject to some
exchange Hamiltonians as described in the last subsection—undergo the transition into
magnetically ordered phase upon cooling. In the magnetically ordered state, the spins
develop nonzero expectation value, in contrast to the high temperature disordered phase
in which the expectation value vanishes. The physics mentioned is an instance of sponta-
neous symmetry breaking, whose essential physics has been captured in Landau’s theory
of phase transition. In this section, we illustrate the content of this theory via simple
model Hamiltonians, from which general principles will be summarized.

The model we choose is a simple NN S = 1/2 Heisenberg model on a cubic lattice
H=JY S;-8 (1.14)
(i.3)
where 7, j label sites of the cubic lattice. Here J > 0 and J < 0 correspond to an an-

tiferromagnetic (AFM) exchange and a ferromagnetic (FM) exchange, respectively. We
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choose a three dimensional lattice to avoid complications due to the Mermin—-Wagner
theorem!®. We choose the cubic lattice and restricting to NN to avoid lattice frustration
in the AFM case (lattice frustration will be introduced later). While the cubic lattice
possesses many spatial symmetries, we will temporarily be oblivious to them in this sec-
tion, but instead focus on the internal symmetries of the model (1.14): the model has
global SU(2) spin rotation symmetry. We point out that, while symmetry analysis out-
lined in the last subsection indicates that more terms are allowed by the cubic symmetry
than the Heisenberg term in (1.14), and that these additional terms necessarily break
the global SU(2) spin rotation symmetry down to a lower one, in reality these terms are
of spin—orbit coupling in origin, and are usually small compared to the Heisenberg term
which is dominant in a Mott insulator.

Let us first look at the FM case, with J < 0. Then, it is obvious that for arbitrary
size of the cubic lattice N, the state with maximally alignment along the Z direction,
| +2) = [[,1S7 = 1/2), is a ground state. The ground state manifold consists of all
the states that differ from | + z) by a global spin rotation; each of these states breaks
the global SU(2) spin rotation symmetry of the model (1.14) down to a global U(1)
spin rotation around the aligned direction. Adopting a formal language, we denote the
original unbroken global symmetry—the SU(2) spin rotation symmetry—by G, and the
residual global symmetry in a ground state—the U(1) spin rotation symmetry—by H.

Then, the ground states are in one-to-one correspondence with the elements of G/H.

10The Mermin-Wagner theorem states that spontaneous symmetry breaking cannot happen in systems
with spatial dimensions two or lower at any non-zero temperature. The precise statement of the theorem,
as well as generalized to quantum systems at zero temperature, can be found in Ref. [9].
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We then look at the AFM case, with J > 0. Since neighboring spins tend to anti-align
with each other, our naive guess of a ground state would be the state |£z) = [[.. 4 |5% =
+1/2) [1;c515% = —1/2), where A and B consist of sites whose coordinate sum are even
and odd, respectively. Such a state, however, is not the ground state of the AFM model
for any finite lattice size N.!! Nevertheless, such a state is indeed a ground state in the
thermodynamic limit N — oo. The rest follows the FM case: the state |+ z) has a global
residual symmetry H = U(1), and other ground states are in one-to-one correspondence
with the element of G/H.

The essence behind the phenomenon of spontaneous symmetry breaking is that, in
the thermodynamic limit, the ground states labeled by elements of G/H do not mix due
to the infinite energy barriers one has to overcome to move from one ground state to
another.

If G/H is continuous, soft excitations exist above a symmetry broken ground state,
whose energy vanishes as its wave number approaches zero. This is Goldstone’s theorem,
which can be understood intuitively in our Heisenberg example. Take the FM case.
since the ground state is maximally polarized (maximally spin alignment), the low-lying
excitations can be created by flipping just one spin, and this excitation can propagate in

the crystal. These “Goldstone modes” are called spin waves, or magnons. One usually

1Tt can be a nontrivial task to exactly determine the ground state in the AFM case for finite V.
But on physical grounds one can argue that a tower of low energy states exist, which all preserve SU(2)
symmetry.
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describe these excitations in terms of the Holstein-Primakoff (HP) bosons a;:

Sj . Cj = S — nj, Sj . (CL]' —|—Zb]) = \/25 — njaj, S; = (S;r)T, (115)

where a; = ,b; = §,¢; = 2z in a F'M state, n; = a}aj is the number operator for a;.
Keeping to quadratic order of the HP bosons and diagonalize the resulting Hamiltonian
H{a, a'], we obtain the dispersion at small ka (a is the lattice constant)

wr = S|J|(ka)?. (1.16)

The spin waves in the AFM case can be obtained in a similar way. The Néel-type ground

state determines

A ~

a;j=1,b;=y,¢c; =2 for jeA; aj=1&,—-b;j=y,¢;=—2 for je B. (1.17)

Plugging them to the formula (1.15) for HP bosons a;, the resulting Hamiltonian for a;
has a two-sublattice structure. Completing the diagonalization, we find that there are
two gapless modes at small ka

Wi,1 = Wk = 2dJSak. (1.18)

In general, spontaneous symmetry breaking gives rise to orders. The ordered state is one
of the ground states that transform nontrivially under the broken symmetry and do not
overlap with each other in the thermodynamic limit. The order is described by some order
parameter—an operator that develops nonzero expectation value in the ordered state as
symmetry breaking happens. In the above, the FM (or the Néel) order is characterized

by the order parameter'? 3757 (or 33,4 S7 — 3.5 S7). On top of the ordered state

jEA

12The formal definition of an order parameter requires the concept of interpolating field. See e.g.
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lies the Goldstone modes—these are the low energy excitations that are gapless at long
wavelength £ — 0. The Goldstone modes appear whenever a continuous symmetry is
spontaneously broken'®. The quadratic mode in the FM case and the two linear modes in
the AFM case are all examples of Goldstone modes associated to the symmetry breaking
G/H = SU(2)/U(1) = S2. These example clearly demonstrates that, for the very same
symmetry breaking G — H C G (here G and H are regarded as abstract groups), the
details of the Goldstone modes can still differ. In particular, the “folklore” that each
generator of the spontaneously broken symmetry'* corresponds to one Goldstone mode
is not universally correct.

In fact the correct counting of the Goldstone modes, as well as their dispersion re-
lations, were only cleared up recently. Here we outline the basic idea for the counting
rules; the details can be found in the excellent reviews [163, 9]. Label the generators
of the spontaneously broken symmetry as Q,, with a = 1,2,...,n, with n = dimG/H.
These global generators can be written as the sum of local generators, Q, = >, Q4. The
extra information to determine the number of Goldstone modes other than the number
n, roughly speaking, is the noncommutativity of the generators in the ground state'®:
any such noncommutative relation would result in two linearly dispersing modes (which

are those mentioned in the “folklore”) to combine into one quadratic Goldstone mode.

Ref. [9] for detail.
BKnown as the Goldstone’s theorem.
14Here and below we assume implicitly that such symmetry is a global continuous symmetry.
15This defines the so-called Watanabe-Brauner matrix

My, = _i<[Qa7 Qb’b]>
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In the case of cubic Heisenberg model, the two generators of the broken global symmetry
are » . S¥ and ). 57, whose commutator gives the magnetization S* = > . S?. In the
AFM case, the expectation value (S*) vanishes, giving two linearly dispersion Goldstone
modes as usually expected. In the FM case, however, S* is an order parameter of the
symmetry broken ground state, (S*) # 0, hence we have only one quadratic Goldstone
mode. These two types of Goldstone modes are called type-A and type-B respectively in

the literature.

1.2 Quantum spin liquids and their symmetry clas-

sifications

1.2.1 Frustrated magnetism and fundamentals of spin liquids

As introduced in the last section, the AFM Heisenberg model on a cubic lattice (or any
bipartite lattice) has a Néel-type ground state. In non-bipartite lattices, AFM exchange
interaction can lead to unusual behavior. Taking the triangular lattice for example.
Regarding spins as classical unit vectors, the AFM Heisenberg model has any “three-
sublattice states”, i.e. states with a three-site unit cell with Zu:1,2,3 S, = 0, as its
ground state. The ground state manifold is S* x S'. Turning on quantum effects, there
is no simple way to determine the true quantum ground state due to the vastly many
classically degenerate ground state configurations.

It was proposed, first by Philip Anderson, that nontrivial quantum states can arise
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in this context [2]. The proposed state, the “resonating valence bond” (RVB) state, is a

6 coverings on a triangular lattice. The state differs from

particular superposition of dimer!
conventional magnetically ordered states since no order parameters or symmetry breaking
exists whatsoever. Therefore, if it is indeed the ground state of the AFM Heisenberg
model, it would lie outside Landau’s theory of spontaneous symmetry breaking.

The RVB state, although now disproved to be the ground state of the triangular AFM
Heisenberg model [182, 166], provides new possibilities in searching for exotic states in
magnetic systems. The state is an early prototype of spin liqguids—a highly correlated
spin state that does not order down to temperatures much lower than their exchange
interaction scale. This definition, negative in its tone, works perfectly as a practical
one but is also a too broad one. What we would like to pursue is the class of intrinsic

quantum states that captures the essence of the RVB state. We will call them quantum

spin liquids (QSLs). Adopting a modern point of view, we list the main properties of

QSLs as follows:

e A QSL is a highly entangled state. In contrast to magnetically ordered states which
are product-like in real space, a QSL state is a superposition of product states,
rendering it highly entangled in real space. Entanglement has been a core concept
in modern condensed matter physics, especially in the study of exotic quantum
states. It is the defining property of a QSL state, from which many of the properties

mentioned below follow.

6Here a dimer means a spin singlet state formed by two S = 1/2 spins at the ends of a nearest-neighbor
bond.
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e A QSL supports nonlocal excitations that carry fractional quantum numbers. In
a magnetically ordered state, excitations can all be created by local operators:
shedding a light or shooting a neutron to a magnet, a magnon is locally created
and propagators in the material. The spin carried by the magnon reflects the
flip of a local spin and has the elementary unit of spin one, S = 1. In a QSL
state, however, a low energy magnon can fractionalize into two excitations, called
spinons, each with S = 1/2 and behave as sharp quasiparticles. While the spinons
must be created in pairs, the “individualistic” nature of them makes it legitimate
to regard each of them as elementary excitations of the system. From theory
point of view, each spinon must be created by a nonlocal operator, which is an
extensive product of local operators; the energy cost for a spinon, however, is non-
extensive, which is made possible precisely because of the highly entangled state:
the nonlocal operator, acting on the QSL state, merely “reshuffles the components

of the superposition” [138].

e The nonlocal fractionalized excitations may carry nontrivial self and/or mutual
statistics. In QSLs in which all excitations are gapped, the excitations may encode
information about the topology of the system. In two dimensions, the excitations
may exhibit anyon statistics. Determining the statistics of these excitations in some

cases can be a highly nontrivial task.

e As a byproduct of the lack of symmetry breaking, a QSL usually preserves time

reversal symmetry as well as the full symmetry of the lattice. The interplay be-
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tween symmetry and fractionalization can result in new classification regimes that
generalizes Landau’s paradigm of symmetry classification. This in fact is one of
the main theme of this thesis. Nevertheless, we remind here that a QSL does not

necessarily preserve full symmetry and can coexist with magnetic order [137].

1.2.2 Effective description: emergent gauge fields

It has been realized that an effective low-energy theory for QSLs necessarily involves
gauge fields. A heuristic argument goes like this: we have just seen that low energy
excitations of a QSL are fractionalized, which must be excited in pairs/multiples so that
the sum of their quantum numbers makes sense even outside the QSL realm. Effectively,
whether these excitations can be viewed as individuals depends on the interaction among
them (the fractionalized excitations, and hence the QSL phase, are destroyed if the
interaction develops tension). It is therefore essential to study the dynamics of the
interaction, or in the language of high energy physics, to study the dynamics of the gauge
bosons (they are, after all, the force carrier!). In a larger setting, it is a quite general
phenomenon that highly entangled states, such as the fractional quantum Hall effect and
the half-filled Landau level, necessitate gauge fields in their effective description. Finally,
exactly solvable models that possess highly entangled ground states, such as the toric
code model, the Kitaev honeycomb model, and the quantum spin ice model, all can be
mapped to a gauge theory. Although a proof for the applicability of gauge theory in

highly entangled systems is lacking, it is generally believed to be true. Unlike gauge
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bosons in the elementary particle theory, the gauge field in these highly entanglement
systems is emergent: they are born from the highly entangled ground state, i.e. from the
massive superposition of product states.

In this subsection, we provide a formal derivation of how gauge theory appears in a
simple AFM Heisenberg model, following Ref. [165, 184]. We hope that this example
helps understand the naturalness and prevalence of gauge fields in the theory of QSLs.
There are also other exactly solvable spin models in which gauge field can be explicitly
derived. These models will be reviewed in Subsection 1.2.3.

Our derivation begins with the attempt of finding the effective theory for the AFM
Heisenberg model (1.14) (J > 0) in terms of spinons. To start with, consider a represen-
tation of S = 1/2 spin operators in terms of either Abrikosov fermions f,, or Schwinger

bosons by,

A 1 a
_— T J— r 7T _
S,, = 5, Oy, Ay, = ( Clr:¢ ) , wherea= f orb, (1.19)

formally, the bosons b or fermions f—both called partons—are mathematical representa-
tions of the fractionalized excitations in a spin liquid phase, each carrying a S = 1/2 spin.
They are introduced to describe the deconfined bosonic or fermionic spinon excitations
that are of our interest in the QSL: with the desired fractional spin numbers, the hope is
that either the partons, or any linear combinations of them, provide a good description
of the spinons. The use of boson or fermion is a matter of choice, which should properly

reflect the spinon statistics!.

1"Both bosonic and fermionic particles can exist in a QSL. In a U(1) spin liquid described by the usual
Maxwell theory, the bosonic particles are the electric charges and magnetic monopoles, while a bound
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These representations however, are not faithful ones. The partons live in an enlarged
Hilbert space at each site r, while the original Hilbert space is recovered under the the
constraint

aluam =1, Gp0p, = almalui =0, for a=0,f. (1.20)

As a consequence, the parton description contains redundant information: a local U(1)

gauge transformation

G:an, —€""a, . a=bf, 0(r,) €0,27) (1.21)

leaves SA'TH invariant. In fact, for fermions, such a gauge redundancy can be enlarged to

SU(2), which can be seen from the identity

A 1 t . f"';uT f:H,J,
S”‘u = ZTI‘(\IJT#O‘\I/@L)? with \Ijru = fr . _fT " ’ (1'22)

and from the fact that any site-dependent SU(2) gauge transformation
G: V¥, =V, W(r,), W(r,) cSU2) (1.23)

~

leaves the spins S, invariant.
Any quantity written in terms of the original spin degrees of freedom can be expressed
in terms of partons. we illustrate this using the fermions f. The partition function for

the AFM Heisenberg model (1.14), in particular, becomes

7 = /D[f, frale Sl (1.24)

state formed out of them—a dyon—is fermionic.

22



with

SUf Fral = SUF A1 = Do {ada(ifi = 0 + [, +iad ) finfu +hel b, (125)

)

_ B _
SIf. f) = / ar .0, f, — HIf, ]I, (1.25b)
HIf, 1 = Z > ( wfisf ija_fityfiaf;ﬁf]ﬂ>7 (1.25¢)
( J) aB=1.4

/
Ve

where 4, j are shorthand notation for r,,7,. The auxiliary fields aé’i are introduced to
constrain the Hilbert space; they have their own fluctuations.

In order to make progress with the path integral in Eq. (1.25), one must make some ap-
proximation. Traditionally, it is assumed that the path integral is dominated by nonzero

equal-time expectation values of the following quantities

= (1), Ay ={fati),  ap=(ab,), (1.26)
this is essentially a mean-field treatment, ignoring any time-dependent fluctuations in
Aij, Xij, and aéﬂ-. Note that the mean-field decoupling is by no means unique, and the
above decoupling in terms of the spin singlet hopping and pairing channels are the most
common ones considered to be compatible with the SU(2) spin symmetry of the Heisen-
berg model. The time-dependent fluctuations, not considered in a mean-field Hamilto-
nian, are exactly the gauge fluctuations: indeed, parameterizing the phase fluctuations

of x as e, an effective low-energy Lagrangian can be written as

Z f:(0- fi Z (Jxe" fi f; + h.c.) + other terms (1.27)
< )

in which the phase fluctuation a;; can exactly be viewed as a gauge field. Standard gauge
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theory analysis can then be applied to study these fluctuations beyond the mean-field
level.

How to determine the actual gauge degree of freedom in a QSL? This is not a trivial
question. In a two-dimensional QSL where all the fractional excitations (i.e. matter
fields) are gapped, the gauge field cannot be U(1) since such a phase is unstable to
confinement [121]. A Z, gauge field has gapped excitations and does not show at zero
energy of the spectrum. In some models, the gauge type can be determined from the
original degree’s of freedom; but a larger gauge group is always exposed to the possibility
of Higgs transition. In these scenarios, identifying the gauge fields requires both analytical
and numerical efforts.

In the next subsection, we introduce two important models—the toric code model
and the quantum spin ice model, which are known to host a Z, QSL in 2D and a U(1)
QSL in 3D respectively. Special focus will be on how a gauge structure emerges and how
a QSL—non-QSL transition is characterized by the interplay between the matter fields

(i.e. the fractionalized excitations) and the gauge fields.

1.2.3 Case study: toric code, quantum spin ice, and beyond

The toric code model on a square lattice is defined by

Hyo =-KpY [[oi-Esd [[ef,  Kp>0,Ks>0, (1.28)
p

1EP s i€s
——"
P, Ss

where p and s respectively label plaquettes and stars, both consisting of four NN bonds

of the square lattice. The Pauli operators of and o7, labeled by index i, live on these

24



bonds.

This model is exactly solvable due to the extensive commutativity among P, and S:
[P,, Py] =[S, Sy| = [P,, Ss] = 0, for all the plaquettes p, p’ and stars s, 5. It is then easy
to see that the ground states of the toric code are any states that satisty P, = S, = 1 for
all p and s. It turns out that there are only four such states (assuming periodic boundary
conditions) distinguished by nonlocal parity operators but all are highly entangled state.
The Hamiltonian Hrc has a gauge structure o7 = o7, — 0,071+ Where n = £1 are Z,
variables and we denoted the bond i by its endpoints r,7’. In this sense, the toric code
can be mapped to a Z, gauge theory.

What are the fractionalized excitations in the toric code? Corresponding to the
two terms in the Hamiltonian, the elementary excitations are a single plaquette defect
P, = —1, which we call an m particle, and a single star defect S, = —1, which we call
an e particle. Obviously, since the elementary operator of (or of) always affects two
adjacent plaquettes (or stars), the m particle (or e particle) can be created only in pairs.
Also, perhaps less obviously, e are m are both bosons. The creation of a particle pair (e
or m) has a finite energy cost, however, once the pair is created, each particle can travel
arbitrarily far from the other, without causing extra energy. This is a concrete realization
of the fractionalized spinon excitations'® we depicted in Subsection 1.2.1.

A transition out of the Z, QSL phase can happen by reducing the excitation energy

of, say, the m particle to zero.! The bosonic m particle condenses, and the field lines

8Due to the duality between e and m, either can be viewed as the spinons.
9Physically, reducing the excitation of energy of the m particle can be achieved with the term
hy Y-, 0F, with a finite value of h,. A similar story happens for the e particle as well, in which case a
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emanating from them (represented by strings of o* operators) fluctuate wildly. This
completely pins down the value of the ¢ fields, meaning the ground state is a simple
product state of o7 for all ¢, and consequently the e particles are confined since the energy
of separating a pair of e particles scales with the separation.?’

The toric code is a concrete realization of Zy gauge theory, often also called Zs topo-
logical order. We mentioned briefly that another model, the Kitaev’s honeycomb model?!,
lies in the same category for some choice of exchange parameters, but otherwise realizes
a gapless Zo QSL, which can be regarded as a Z, gauge theory with gapless matter.
Kitaev’s honeycomb model is, in some sense, a more realistic model as compared to the
toric code, and the materialization is a hot topic in current research, see Ref. [62] for a
review.

The pyrochlore lattice consists of an FCC lattice of a pair of corner-sharing tetrahedra

as unit cells. The lattice and symmetry information is detailed in Appendix A.1. We

consider the XXZ model on pyrochlore:

H=> J.S;S; +J.(SSy + SYSY), (1.29)
(4,7)

here the z direction of the spin is not a global one; rather, the local direction of S7 = 1/2
is defined by the vector that points from site ¢ to the center of the “down” tetrahedron

that contains site ¢. In the pure Ising limit, J;, = 0, the Hamiltonian H is a classical

term h, ) . o7 needs to be added with finite h..

20What we left unmentioned is the nontrivial mutual statistics between e and m: spatially exchanging
them produces a m phase change in the wave function. This provides another viewpoint on the confine-
ment of e: since the ground state is a superposition of different m states, the mutual statistics of e and
m forbids e to propagate coherently.

2'We refer the readers to Kitaev’s original paper [78] which explains the model in detail. But the
paper contains much more beyond!
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one with commuting spins S,. The ground state is any configuration that satisfies the
“two-in two-out” rule, with two S* = 1/2 and two S* = —1/2 spins on each “down”
tetrahedron. In fact, this Ising model describes the physics of classical electromagnetism.
The two-in two-out rule resembles the geometrical organization of water ice, and is named
the classical spin ice.

The massively degenerate classical ground states hinted at a potential quantum spin
liquid state. In the following, we switch on the J, term and focus on the strong Ising

AFM limit, J, > J, > 0. Perturbation theory gives an effective Hamiltonian

K
Hiing = = > (Si Sy S5 SrSTSs + Hee), (1.30)
Oy

where K ~ J3 /J2, ST = S#4iSY, and we used O, to denote an elementary hexagon ring
with neighboring sites i« = 1,2, ...,6. The local symmetry is generated by simultaneously
rotation all the four spins in tetrahedron t along their respective z axis by the same
amount a: Gy(a) = exp(ia) ., S7), where a is a U(1) angle.

By introducing a pair of lattice gauge fields—the electric field E,.., = S? + 1/2 and
the vector gauge potential e**4r = Sii—that live on the dual diamond bonds 77" (whose

midpoint is the pyrochlore site i), it can be shown that [E,,/, A,,~] = i, and the Hamilto-

nian H,i,e can be mapped to a gauge theory model
€\ 2

H= —KZcos(curlA) + % Z (EM,/ — 5) , (1.31)

Oy rr!

where ¢, = +1 for r being the center of the up or down tetrahedron. Since the gauge field
A is an angular variable, this is a compact U(1) lattice gauge theory. A compact U(1)

theory differs from a non-compact U(1) theory by the existence of magnetic monopoles—
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the m particles. Whether the difference matters is to ask, equivalently, whether it is
legitimate to expand the cosine. Whenever this expansion is valid, the cosine term
simply gives the magnetic energy B2, and the Hamiltonian realizes a deconfined phase?*:
an emergent Maxwell theory of electromagnetism, with gapless (emergent) photon modes.

We then look at the excitations. As in the Zy QSL case, we have the e and m particles;
the former is really nothing but an emergent electric charge (only assumed to be bosonic
for now), while the latter, monopoles, are the topological defect of a compact U(1). In
the deconfined phase, m is gapped. Once becoming gapless, the monopoles m drives a
confinement transition out of the deconfined QSL phase and the resulting state is some
short-range entangled, product-like state. On the other hand, the bosonic e particle,
when become gapless, can drive a Higgs transition, which does not necessarily terminate
the QSL; for example, a two-charge condensate is a “partial” Higgs transition and can
give rise to a Zy QSL.

In the analysis of U(1) quantum spin ice above we assumed that e and m particles
are both bosons. This is not necessarily the case. In Ref. [159] and later in [187, 113],
all possible statistics and symmetry classes of e and m in a three-dimensional QSL are
obtained assuming various global symmetries. The major assumption of these works is
that both e and m are gapped excitations. This excludes a large class of U(1) QSL with

gapless spinon excitations on the pyrochlore lattice, which we will discuss in Chapter 5.

22 Also known as the Coulomb phase. We remind the reader that such a phase is unstable in 2D unless
in presence of gapless matter fields.
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1.2.4 Projective symmetry group

While the intactness of symmetries should not be regarded as a defining property of QSL
states, symmetry does have important effects for QSLs. Upon imposing symmetries,
a spin liquid phase may split (or “fractionalize”) into several distinct phases that all
preserve the symmetry action. The phases are distinguished by the distinct quantum
numbers carried by the fractionalized excitations under the symmetry action. These spin
liquids phases are called symmetric spin liquids, and the corresponding symmetries form
a projective symmetry group (PSG). The classification of symmetric spin liquids can be
viewed as a symmetry analysis of the PSG acting on fractionalized excitations (in our
case, the bosonic or fermionic spinons). The purpose of this section is to describe the
procedures for this classification. Later in Chapters 4 and 5 we will use the framework
developed here to classify symmetric Zs and U(1) spin liquids on the pyrochlore lattice.

To start with, one expresses spins in terms of Schwinger bosons or Abrikosov fermions
introduced in Eq. (1.19). At the mean-field level, they are governed by a quadratic Hamil-
tonian, commonly known as the mean-field ansatz. As we mentioned, the enlargement of
the parton Hilbert space and the gauge redundancy must be properly treated to validate
the parton description.

The PSG method is a way to resolve this redundancy in the parton description of
a spin liquid with full lattice symmetries (the symmetric spin liquid). The crucial step
is to realize that physical symmetries act projectively on the parton operators, and that

seemingly different parton Hamiltonians describe the same physics if they are related
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by gauge transformations. Conversely, if two parton Hamiltonians cannot be related by
gauge transformations, they must carry different projective representations of the phys-
ical symmetry—this suggests that the classification of projective symmetry corresponds
classification of symmetric spin liquids. We now formulate this statement in a more con-
crete way. Consider a spin—orbit coupled spin system on some lattice. Under a space
group operation O the spins transform as in Eq. (1.11). According to Eq. (1.22), we
naively expect that the partons transform as

O:V, — UbVo(,). (1.32)

However, due to the SU(2) gauge redundancy, any operation O can be accompanied by
a site-dependent SU(2) gauge transformation of the form in Eq. (1.23). The partons thus

transform projectively as

O =GpoO: b, = Udborm,ye#lre (1.33)
Uy, = U0,y WolO(r,)],

where the symbol “o” indicates that the projective operation O is the composition
of the physical symmetry operation O and the gauge transformation Gp. Due to the
notational similarity, we shall use the fermion notation in the second line to denote also

the boson notation in the first line, as long as no confusion is caused.
The projective symmetry can be extended to include internal symmetries, and here
we consider time reversal operation 7 as an example. The spins transform under 7 as
Sm N ICTUTS,,,# UjrlC, where Uy = i0?, and K = KT = K~! applies complex conjugation

to everything on its right. For group relations involving time reversal, special care must
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be taken due to the presence of the complex conjugation K. The bosonic spinons are

found to transform as

T=GroT: b, — T"KULD,,. (1.34)

Note that [IC,Ur] = 0 because Uy is real.

For Abrikosov fermions, however, using the special property of the SU(2) algebra,
one can design the projective action of 7 on ¥ to be unitary (see App. A.8 for detailed
derivation):

T=GroT:V,, = UrV, Wr(r,), (1.35)

Note that this does not modify the anti-unitary nature of time reversal symmetry.

For a symmetric spin liquid, the projective operations O and T generate the sym-
metry group of the parton Hamiltonian, commonly known as the projective symmetry
group. The classification of symmetric spin liquids amounts to the classification of PSGs.
To achieve this, one needs to find all the gauge-inequivalent solutions for the gauge trans-
formations G and G that are consistent with the symmetry group of the system. Any
group relation of Eq. (A.4) can be written in the general form of

010020"':17 (136)

we consider the gauge-enriched group relation

010050 =(Go,00;)0(Go,005)0--- =G, (1.37)

where G is a pure gauge transformation and corresponds to the identity operation for
the spins. We say that G is an element of the invariant gauge group (IGG), the group

of all pure gauge transformations that leave the parton Hamiltonian invariant. The IGG
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transformation on each site is a subgroup of SU(2), typically Zy or U(1). In most cases,
there exists a gauge choice (the canonical gauge [165]) in which the IGG transformation
can be made “global” of the form G = €'7°X with a constant X. In this thesis, we will
be classifying both Z, and U(1) spin liquids, therefore we consider both IGG = Z, and
U(1), for which x = {0, 7} and x € [0, 27), respectively.
Making use of the general conjugation rule

0;0Gp, 00; ' U, — U, Wo,[0;(r,)], (1.38)

which follows directly from Egs. (1.32) and (1.33), Eq. (1.37) can be rewritten as

Go,0(010Gp, 00710 (0100,0Gn, 00, 00 )o--- =G, (1.39)

which then becomes a matrix equation:

WOI (T,U)W(% [Ol_l(ru)]WO‘s{OQ_l[Ol_l(ru)]} =g, (140)

this reduces to, for the bosons, a phase equation
0, (ry) + 60,07 (1)) + 0, {03 'O (ry)]} + -+~ =nm mod 2. (1.41)

The PSG classification is obtained by listing all group relations and finding all solutions
to the corresponding matrix equation (1.40) (or phase equation (1.41)). We emphasize
that solutions must be discriminated by the principle of gauge equivalence, rather than
resemblance. Indeed, by means of a general gauge transformation G as in Eq. (1.23), the

gauge-enriched group relations in Eq. (1.37) can be rewritten as

(GoGp, 000G o (GoGp, 000G )o--- =G, (1.42)
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which transforms Wy, (r,) according to

Wo,(ry) — W(”'u)WOi(Tu)Wil[O‘il(ru)]‘ (1.43)

(2

This indicates that two seemingly distinct solutions to the PSG equations can in fact be

equivalent.

1.3 Experimental probes for magnetic materials

1.3.1 Specific heat, magnetization, and susceptibility

To diagnose spin liquid physics in a candidate material, thermodynamic properties are
usually measured first since they are easy to carry out in a laboratory. The first goal would
be to establish the absence of magnetic ordering at low temperature. A simple measure
is the frustration parameter f = |Ocw|/T. Here Ocw is the Curie-Weiss temperature
obtained from a fit to the high-temperature susceptibility x. In an insulating magnet

that is our focus here, the susceptibility obeys the Curie-Weiss form

X = Xo + (1.44)

T+ Ocw’
where g is a temperature-independent term that mostly receives contribution from the
Van Vleck susceptibility resulted from the field-induced admixture of the higher-lying
levels of the multiplet. In the second term, C' is the Curie constant, which does not
contain much information about the exchange interaction and is only a reflection of the

size of the magnetic moment. The information about exchange interaction is hidden in
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the Curie-Weiss temperature O¢w: in a mean-field type calculation, we have
Ocw = Const. J C, (1.45)

where J is the exchange interaction?3

. Then a positive (negative) Ocw corresponds
to antiferromagnetic (ferromagnetic) exchanges. The second quantity, T}, usually is the
actually ordering temperature which is determined from any nonanalytic behavior (such
as divergence, cusp, etc.) in a x —7 plot. The temperature range Ocw > T > T defines
a cooperative paramagnetic regime in which the frustration effect overwhelms and is a
natural place to look for a QSL.

The magnetization M is another simple measurement and contains roughly the same
amount of information as the susceptibility y.2* In a mean-field-type calculation, M as

a function of temperature T" and external field H can be written as

m—xoH = gJB,(), @ =J(gupH — T (m - xoH)), (1.46)

where Bj(x) is the Brillouin function which reduces to the familiar hyperbolic tangent
B(z) = tanhx for J = 1/2. The g-factor describes the response to an external magnetic
field. Here we assumed g to be a scalar, but its general form in the Hamiltonian is a

tensor
HZeeman = _/LBHM Z Q;WSZV, (147)

and the tensor structure can be obtained from symmetry principle.

The magnetization and susceptibility measurement both contain single ion contribu-

23We use a calligraphic J to distinguish it from the angular momentum number J. J is also called
the Weiss molecular field constant, and the mean-field theory is also called the Weiss molecular theory.
24Formally the magnetization M is the first derivative of free energy F with respect to external field

_10°F

H: M= —g—fp whereas magnetic susceptibility x is the second derivative x(T') = — 1> §7=-
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tions at the zeroth order, and sometimes it is quite hard to separate the correlation (i.e.
exchange) effects from these quantities.

The measurement which requires interaction between spins to interpret is the low
temperature, zero-field specific heat. Underlying this is the assumption that other con-
tributions such as phonons, nucleus, do not contribute at the temperature measured,
an assumption that must be justified. The phonon contribution to specific heat is easy
to determine in both experiment and theory—experimentally one usually fabricate the
nonmagnetic analogue of the magnetic compound (for rare-earth materials, for example,
replace the magnetic element with the nonmagnetic element lutetium), and subtract the
specific heat curve C, — T of the nonmagnetic twin from that of the magnetic compound.
Assuming the remaining contribution comes purely from magnetic moment, one compares

the residual curve with the high-temperature expansion result for the specific heat

Co

CpNﬁ’

(1.48)

where Cy = éTr[Hﬂ o J2. This suggests that the magnetic contribution to high
temperature heat capacity is pure interaction effect.
The in-field magnetic heat capacity, however, contains single-ion effect. At high field,
low temperature heat capacity for a Jog = 1/2 system takes the Schottky form
A2 AT

CSchottky = nﬁm, (1.49)

which describes the heat capacity of a two-level system with energy gap the Zeeman gap
A =2uggJB.

So far we have seen that the interaction effect is hidden in the Curie-Weiss temper-
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ature obtained from susceptibility measurement, as well as the constant in the magnetic
high temperature heat capacity. It is quite common that the exchange effect extracted
from these two approaches show variances since in either approach many other factors
can influence the result. For example, at high enough temperature, the heat capacity
will surely include contributions from crystal field excitations.

In summary, one usually compare the high-temperature thermodynamic response
result with a high-temperature expansion of a putative spin Hamiltonian determined from
symmetry principles in order to make connection between the macroscopic measurements
and microscopic descriptions. For system whose spin Hamiltonian and g-factor are of a
simple enough form this can often give us a lot of information. However, it is inevitable
that high-temperature expansion include many other unwanted contributions that blur
this analysis. A major complement to these experiments are spectroscopic measurements,

which we introduce below.

1.3.2 Spectroscopy

Inelastic neutron scattering is the process during which the neutron scatters off the ma-

terial with a spin flip. The inelastic neutron scattering cross-section can be theoretically

derived
do x F(q) | 0ap — 0" E e (ru=my) /dtdt’e_i“(t_t/)(S“ t)S% (). (1.50)
dQUE “ q> Tud Ty

’
Tu,Ty
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If the material is magnetically ordered, the scattering is primarily a two-body neutron—
magnon scattering, with definite energy—momentum transfer between them. In a QSL,
the scattering is a three-body (or multibody) scattering between neutron and a pair (or
multiple) of spinons. Assume the spinons have momenta k; and ks, a smooth signal
is produced at each momentum transfer q, where the intensity is spread out over a
continuum of frequencies w, only constrained by the momentum sum k; + ks = q. The
high energy neutron scattering can be used to measure crystal field excitations.

While the existence of a broad continuum in the inelastic neutron scattering is a good
indication of a QSL phase, it is not sufficient to claim the observation of fractionalized
spinon excitations from it alone. First of all, a multi-magnon excitation is always a
possibility. Second, a quasiparticle description of the low energy excitations may not
exist at all. In short, inelastic neutron scattering is a powerful tool to diagnose spin
liquid physics, but in most case it does not qualify as a smoking-gun measurement for
the QSL phase.

In addition to neutron scattering measurements, the resonant inelastic x-ray scatter-
ing have been increasingly applied as a probe of magnetism. The technique typically
detects small changes in a resonant atomic transition, and consequently the energy res-
olution is limited as far as current experiments (a few tens of meV, as compared to
~ 0.1meV in for neutrons) are concerned. However this is an active and rapidly chang-
ing experimental field, where capabilities have witnessed major improvement in the past

years. Compared to neutron scattering, x-ray scattering has the advantage of being able
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to treat samples with much smaller sizes while maintaining good momentum resolution.
However, x-ray resonant processes is much more complicated than neutrons (see the
equivalence of Eq. (1.50) in Ref. [141]) and can involve other types of excitations. This
can blur the information about the magnetism in the material.

There are still other powerful probes which we mention briefly. The nuclear magnetic
resonance (NMR) probe the local magnetic fields of the spin degrees of freedom via the
hyperfine interaction with nuclear levels. The relaxation time 1/7} measures the local
magnetic susceptibility (in the zero-frequency limit) which is related to the magnetic
density of states. Alternatively, the local magnetic fields is measured in muon spin
resonance (uSR) experiments, which can distinguish and is highly sensitive to static
moments (which suggest the existence of conventional long range order) and dynamical
moments of spin liquids. For other probes, we refer the readers to the superb review

138].

1.4 Outline of the thesis

1.4.1 Theoretical and experimental study of the frustrated tri-
angular lattice antiferromagnet NaYbO,

In chapter 2, we investigate NaYbO,, which hosts an ideal triangular lattice of effective
Jef = 1/2 moments with no inherent site disorder. No signatures of conventional mag-

netic order appear down to 50 mK, strongly suggesting a quantum spin liquid ground
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state. We observe a two-peak specific heat and a nearly quadratic temperature depen-
dence, in agreement with expectations for a two-dimensional (2D) Dirac spin liquid. Ap-
plication of a magnetic field strongly perturbs the quantum disordered ground state and
induces a clear transition into a collinear ordered state, consistent with a long-predicted
up—up—down structure for a triangular-lattice XX7 Hamiltonian driven by quantum fluc-
tuations. The observation of spin liquid signatures in zero field and quantum-induced
ordering in intermediate fields in the same compound demonstrates an intrinsically quan-
tum disordered ground state. We conclude that NaYbOs is a model, versatile platform
for exploring spin liquid physics with full tunability of field and temperature.

Using the symmetry of the delafossite lattice we determine the symmetry-allowed
exchange interactions on the nearest-neighbor in-plane and inter-layer bonds. Restricting
to the in-plane Hamiltonian, we study all the possible three-sublattice magnetic orders
consistent with the observed order in NaYbO,, both with and without a magnetic field.
We then consider the perturbative effect of couplings between the layers. We find that the
presence of a high degree of degeneracy even once the inter-layer spin—orbit interactions
have been included indicates that the interlayer coupling of the three-sublattice order
is frustrated even with the most general exchange interactions. This suggests a strong
suppression of ordering when the 2D exchanges are in this regime, in zero magnetic field.
Finally, we present the simulation result for the dynamic spin structure factor using linear

spin wave theory.

39



1.4.2 LiYbO, and Heisenberg model on a stretched diamond
lattice

Chapter 3 presents an investigation of an alternative, frustrated diamond lattice frame-
work in the material LiYbO,. This material can be viewed as containing a stretched
diamond lattice of Yb?*" moments, and it falls within a broader family of ALnX, (A
= alkali, Ln = lanthanide, X = chalcogenide) materials where the lattice structure is
dictated by the ratio of lanthanide ion radius to alkali plus chalcogenide radii. Results
from magnetization, susceptibility, heat capacity, and neutron scattering reveals a rich
magnetic phase diagram of LiYbO,: Long-range incommensurate spiral magnetic order
of k = (0.384,40.384,0) forms in the ground state, which seemingly manifests through
a two-step ordering process via a partially ordered intermediate state. Upon apply-
ing an external magnetic field, magnetic order becomes commensurate with the lattice
with k = (1/3,4£1/3,0) through a “lock-in” phase transition. Remarkably, the major-
ity of this behavior in LiYbOs can be captured in the Heisenberg J; —J; limit where
the magnetic Yb?* ions are split into two interpenetrating A-B sublattices. This model
was explicitly derived and tuned for LiYbO,, and it is directly related to a physical
elongation of the diamond lattice Heisenberg J; —J; model. Notably, however, variance
between the observed and predicted phasing of Yb moments on the bipartite lattice as
well as the emergence of an intermediate, partially disordered state suggests the pres-
ence of interactions/fluctuation effects not captured in the classical J;—Jo Heisenberg
framework. We finally model the observed “lock-in” transition energetically from a sym-
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metry point of view and show that increasing the magnetic field will inevitably induce an
incommensurate-to-commensurate transition. Exploring the nature of the intermediate

ordered state is promising future steps in single-crystal studies.

1.4.3 Pyrochlore I: competing orders from Z, spin liquid per-
spective

Chapter 4 combines the two threads mentioned above—magnetic order and QSL physics—
by utilizing the connection of symmetry to emergent gauge structure described by the
PSG. The embedding of the physical symmetries into the PSG can then lead to a unifica-
tion of distinct symmetry-breaking orders that are unrelated in classical physics. Such a
unified description of seemingly unrelated magnetic orders is the main motivation behind
this study. Generally, a QSL state can be connected to magnetically ordered states by
considering the condensation patterns that emerge when the energy of a bosonic QSL
excitation is brought to zero.

We first employ the PSG method for Schwinger bosons to obtain a full classification of
QSLs with Zy gauge structure on the pyrochlore lattice. While standard parton construc-
tions also allow U(1) and SU(2) gauge structures, we consider the Z, gauge structure
due to its simplicity (gauge field is gapped and does not enter the low energy sector)
and richness (a single U(1) PSG class can be further split into several Z, PSG classes
upon lowering the gauge symmetry from U(1) to Zs). We use Schwinger bosons rather

than Abrikosov fermions (which will be considered in Chapter 5) to immediately obtain
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a bosonic excitation, the elementary Schwinger boson itself, that can condense at the
phase transition point out of the QSL.

As aresult of our PSG analysis, we find 16 different Zy QSLs on the pyrochlore lattice.
We use a standard mean-field description to study the 0-flux QSLs, in which translation
symmetry acts linearly (i.e., as in classical physics) on the Schwinger bosons. The PSG
method also allows us to describe phase transitions from these QSLs to magnetically
ordered phases. Condensing the Schwinger bosons, we identify 15 different ordering pat-
terns, and call them “paraphases”, since each of them actually unifies several distinct
symmetry-breaking orders. We find that, generically, these orders are intertwined, neces-
sarily appearing together at the phase transition out of the QSL, and that conventional
spin orders are in many cases accompanied by inversion-breaking “hidden” orders.

The phase transitions corresponding to these 15 paraphases fall into two dynamical
classes of z = 1 and z = 2 quantum criticality, exhibiting critical modes with linear and
quadratic dispersions, respectively. We uncover the mathematical structure discriminat-
ing between these two classes, related to Hamiltonian diagonalizability, and derive their
effective field theories, along with their most important experimental signatures. In par-
ticular, we use mean-field theory to compute static and dynamic spin structure factors
for each of the 15 paraphases. Finally, by comparing the magnetic orders associated with
each paraphase to those observed in experiments, we identify a set of likely QSL phases

that might be relevant to real-world pyrochlore materials.

42



1.4.4 Pyrochlore II: classification of U(1) and Z, spin liquid and
nodal line spin liquid

As a more in-depth study of symmetry fractionalizations on the pyrochlore lattice, in
Chapter 5 we apply the PSG method for Abrikosov fermions to give a complete classifi-
cation of symmetric QSLs on the pyrochlore lattice with either Z, or U(1) gauge type.
For each gauge type, we first consider only space group symmetry, and later add time
reversal symmetry. We consider generic cases where we allow spin—orbit coupling in the
underlying spin system and do not require SU(2) spin rotation symmetry. By follow-
ing the general PSG principle to solve the gauge-symmetry consistency equations, we
find that there can be at most 18 and 28 symmetric quantum spin liquids preserving
the pyrochlore PSG for the U(1) and Z, gauge types, respectively. When time-reversal
symmetry is imposed, the number of possible symmetric spin liquids is reduced to 16 for
the U(1) type and is increased to 48 for the Z, type. For each class, the most general
symmetry-allowed spinon mean-field Hamiltonian is given. Importantly, we find that a
large family of spinon Hamiltonians possesses gapless nodal lines along the four equiva-
lent (111) directions of the Brillouin zone. We call this unusual nodal structure a “nodal
star” and show that it is stable at the mean-field level as it is protected by the projective
threefold rotation and screw symmetries of the system. We then go beyond the mean-
field level and consider a full-fledged low energy theory of the spinon nodal star coupled
to a U(1) gauge field. Specifically, we obtain thermodynamic properties of the system
by computing the photon contribution to the free energy. We find that the two most
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dominant low temperature contributions to the specific heat are C' ~ T%/2 from the bare
spinons and C' ~ T%2/In T from the photon-spinon interactions. This scaling of the low

temperature specific heat may serve as a clear evidence for the experimental discovery of

a nodal star U(1) QSL.
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Chapter 2

Frustrated triangular lattice
antiferromagnet in delafossites:

application to NaYbO»

2.1 Introduction

The triangular lattice antiferromagnet is a long-studied archetype of geometrically-driven
magnetic frustration that has been widely explored both theoretically and experimen-
tally. While the ideal Heisenberg antiferromagnet develops three-sublattice 120° order,
perturbing away from this limit realizes a rich phase space including QSL phases [110, 13].
Early studies of triangular QSL candidates mainly focused on organic materials. It was

only found recently that several classes of rare earth oxides have model planes of equilat-
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eral triangles of 4f moments form in a high symmetry setting. The archetypal material
in this class is YbMgGaQy, originally proposed as a quantum spin liquid (QSL) candi-
date due its lack of long-range magnetic order and the observation of a low-temperature
continuum of magnetic excitations [89, 88, 91, 92, 118]. However, chemical disorder in
YbMgGaO,, endemic to the mixed occupancies of Mg and Ga atoms on the same crys-
tallographic site, has clouded interpretation [93, 92, 91, 146, 170, 118, 90, 89, 88|, and
several other possibilities were suggested in place of a spin liquid state [185, 76, 101].

The rare earth moments in compounds of the form NaRO, (R=rare earth ions) are
known to form an ideal triangular lattice in the a-NaFeOy (R3m) structure. Previ-
ous studies suggest that they realize a large degree of magnetic frustration [59, 96, 3],
and NaYbO, in particular stands out as an appealing candidate material. Specifically,
the NaYbO, lattice promotes enhanced exchange through short nearest neighbor bonds,
where the Yb moments occupy high-symmetry sites that forbid Dzyaloshinskii-Moriya
interactions. This combined with large crystal field splitting between the ground state
and first excited doublet [118; 90] render this lattice an appealing framework.

We start by presenting experimental result of NaYbO,. Zero field susceptibility
data collected down to 50 mK reveal no signatures of spin freezing or glassiness, and
heat capacity data collected over the same temperature range reveal only a broad two-
peak structure—a common signature of the onset of short-range correlations in materials
thought to host quantum disordered ground states [180, 31, 111, 45]. This disordered

state is strongly perturbed via the application of a magnetic field that, under modest
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fields (H ~ 3T -5 T), induces antiferromagnetic order consistent with an up-up-down
plateau state for the triangular lattice.

We then proceed to the theoretical modeling and understanding of the experimental
results via a classical in-field magnetic order analysis and spin wave theory. We show
that the disordered state and the up-up-down order at intermediate fields reflect an
underlying XX7 Hamiltonian with enhanced fluctuations due to interlayer frustration.
We examine the detailed field dependence of low-energy continuum of scattering about
the @ = (1/3,1/3,0) two-dimensional antiferromagnetic ordering zone center. Our spin-
wave calculations qualitatively capture the field evolution of dynamics endemic to the
up-up-down phase, an anomalous band of excitations above the single-magnon cutoff is

identified in the ordered state.

2.2 Main results

Polycrystalline NaYbO, was synthesized and characterized via neutron powder diffraction
measurements. Figure 2.1(a) shows the structure at 1.6 K, revealing that the structure
retains its R3m symmetry with fully occupied Na and O sites. The local Dsq distorted
YbOg octahedra and bond lengths are illustrated, and a similar YbOg environment in
YbMgGaQO, is known to generate a large 38 meV splitting between the first excited state
and the ground state doublet [118, 90]. At low temperatures, the ground state therefore
behaves as an isolated Jog = 1/2 Kramers doublet. Nearest-neighbor Yb-Yb distances
were refined to 3.3507(1) A at 300K, consistent with previous reports [59, 96, 3], and
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Figure 2.1: Crystal structure and magnetic (H,7T) phase diagram of NaYbOs. (a), Re-
fined NaYbO, structure (1.6 K, R3m) contains equilateral triangular layers of Dsq YbOg
distorted octahedra separated by 3.346 A. Sodium cations refine to full occupation, cre-
ating a uniform chemical environment surrounding the triangular layers. Purple spheres,
Yb atoms; black spheres, Na atoms; brown spheres, O atoms. (b), Low-temperature
phase boundary between quantum disordered and antiferromagnetic ordered states in
NaYbO,, plotted as a function of field and temperature, extracted from a.c. suscep-
tibility and neutron-scattering experiments. The dashed line denotes the boundary of
Zeeman-driven quenching of a minority fraction of free Yb moments under field, above
which free moments are quenched. These free moments coexist with a quantum disor-
dered ground state. Values in parentheses and error bars indicate one standard deviation.
kg is the Boltzmann constant, H, denotes the onset temperature of the up—up-down or-
dered state and Hyeeman denotes the suppression in magnetic susceptibility observed due
to the quenching of a small fraction of free Yb moments.
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naively support enhanced exchange relative to other frustrated Yb-based compounds.
Characterizing this exchange, magnetic susceptibility and magnetization data are
plotted in Figs. 2.2 and 2.3. Below 50 K, the Van Vleck contribution to the susceptibility

is negligible. The data from 20 K100 K were modeled by Curie-Weiss fits of the form

XEXO = (Tgcvv)_l shown in Fig. 2.2(a) and yield a local moment value of 2.63(8) ug
with an antiferromagnetic Curie-Weiss 0oy = —10.3(8) K. This value is substantially en-
hanced relative to YbMgGaOy (6cw = —4 K [93, 92, 146, 118]), consistent with enhanced
exchange. The local moment generated from the Curie-Weiss fits suggests a heightened
g-factor, which was validated via electron paramagnetic resonance (EPR) measurements
(Fig. 2 (a) inset). A powder averaged g-factor of g,,, = 3.2 implies a local moment of
2.77 ug for a J = 1/2 system—a value only 5 higher than the moment extracted from
susceptibility data. Fits to the EPR line shape reveal a highly anisotropic g-factor of
gab = 3.294(8) and g. = 1.726(9), corresponding to the triangular ab-plane and c-axis
respectively.

While the saturated moment for this system is then expected to be approximately
1.6 ug/Yb, M(H) measurements collected at 2K up to 9T (Fig. 2.2(b)) were only able
to polarize Yb moments up to 1 ug, consistent with significant fcw exchange. Fig. 2.2(c)
shows zero-field AC susceptibility data collected down to 50 mK. No signatures of freezing,
frequency dependence, or long-range order are observed. Instead, x’(7") continues to

diverge as the sample is cooled, generating an empirical frustration parameter fow /Tar >

500. As we will later argue, this zero-field state is an inherently quantum disordered state
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Figure 2.2: Low-field magnetization and magnetic susceptibility data. (a), Low-
temperature Curie-Weiss fit to the constant field magnetic susceptibility yq. in tem-
perature range free from Van Vleck contributions from high-energy crystal field doublets
(where the majority of trivalent Yb ions are in the Jog = 1/2 ground state). A large mean-
field interaction strength of —10.3(8) K with an effective local moment, peg, of 2.63(19) up
is fit with a temperature-independent o, = 0.0053(3) e.m.u. mol™' background term.
Inset: EPR data collected at 4.2K fit to anisotropic g-factors of g, = 3.294(8) and
ge = 1.726(9). (b), Isothermal magnetization versus field data reaching only 67% of the
expected 1.5up per Yb ion polarized moment under poH = 97T. (c), Temperature and
frequency dependence of a.c. magnetic susceptibility x'(7") from 50 mK to 4 K under zero
field. (d), x'(T) data collected under applied magnetic fields. A minority fraction of free
Yb moments are quenched at low temperatures and high fields, resulting in a peak in
X'(T), and the downward inflection parameterizing this Zeeman splitting is denoted by
orange stars. Inset shows field-subtracted 0 T-2T x/(7) data between 1 K and 3K and a
Curie- Weiss fit quantifying the fraction of free Yb moments in the system, as described
in the text. Values in parentheses and error bars indicate one standard deviation. a.u.,
arbitrary units. 50
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Figure 2.3: High-field magnetic susceptibility and heat capacity data. (a), x'(H) data
collected at 330 mK showing the phase boundary (dashed line) between the quantum
disordered (QD) ground state and magnetically ordered g = (1/3,1/3,0) state near 3T.
A second transition back into the quantum disordered state or a quantum paramagnetic
phase begins at higher fields. (b), x/(7") data collected under a series of magnetic fields
that traverse the ordered state; 4 T and 5T x/(7") data illustrate the onset of the ordered
phase below 1K, while 6 T and 7T data suggest partial re-entry into a disordered mag-
netic state. (c), Specific heat of NaYbOy measured down to 80 mK under zero field and
overplotted with the non-magnetic NaLuO,. analogue. The resulting magnetic entropy
AS)yy approaches 95% of R1In(2). (d), Values of C,(T") under varying magnetic fields. The
lower peak centered around 1K develops a sharp anomaly at 5T, indicative of the phase
transition into the g = (1/3,1/3,0) state that is suppressed by 9T. The inset shows the
low-temperature portion of the 0T C,(T") data fit to a power law. The resulting fit to
T2% is shown as a solid yellow line through the data. Error bars denote one standard
deviation of the data.
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dressed by a small fraction of free Yb moments that are quenched in a magnetic field.

X'(T') data collected under a variety of H fields are plotted in Fig. 2.2(d). Under small
H, the divergence in x'(T') is suppressed and a maximum appears. The temperature of
this maximum increases with field until poH = 2T is reached, beyond which x/(7T)
becomes nearly temperature independent. The inflection in x'(7") increases linearly with
H and is plotted in Fig. 2.1(b). This matches the expected Zeeman splitting of isolated
Jor = 1/2 moments AE = 2pupgavgJerH and suggests that x'(T") at poH = 2T represents
the remaining majority of the correlated/bound Yb moments. As an estimate of the
fraction of free spins, pugH = 0T data were fit to a Curie-Weiss form after removing
the majority response accessed at ugH = 2T. Fits to a Curie-Weiss form between 1-4 K
(Fig. 2.2(d)) are described by a model of 14.4(6)% free spins with a full moment of 2.63
pup and a Ocw = —0.45(4) K. 2K M (H) data plotted in Supplementary Fig 2 (d) were
also fit to a two-component model of Brillouin-like free spins and exchange-field-bound
moments which yielded a free spin fraction of approximately 7%. These fits roughly
parameterize the limit of a free spin fraction in the material and suggest that free spins
coexist with a quantum disorder ground state.

At higher fields, the nearly temperature-independent x'(7") at 2T evolves into a or-
dered state. Isothermal y/(H) data at 330 mK plotted in Fig. 2.3 (a) show an increase
in the susceptibility as a phase boundary is traversed at 3T followed by near total sup-
pression of x'(H) at 5T. For ugH > 5T, x'(H) begins to recover suggesting a higher

field phase boundary—one marking the quenching of the ordered state as spins are fur-
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ther polarized toward a quantum paramagnetic phase. x/(7") data collected across the
ordered regime are plotted in Fig. 2.3(b) and show a sharp transition into below 1K at
puoH = 4T. The likely origin of the enhancement in x’(7") upon entering the ordered
state at 3T is due to the proximity of the quantum critical point associated with the
nearby 0K phase boundary. These quantum fluctuations are suppressed crossing the
finite temperature phase boundaries away from this point.

To further characterize NaYbO,, heat capacity measurements were performed. Fig. 2.3(c)
shows the zero-field C(T") of both NaYbO, and a nonmagnetic comparator NaLuO, plot-
ted from 80 mK to 40 K. Consistent with susceptibility data, no sharp anomaly indicative
of the onset of long-range order is observed in NaYbO,. Instead, a broad feature com-
prised of two peaks is apparent—one peak centered near 1 K and the other near 2.5 K.
Two peaks in C(T) are predicted in a number of theoretical models for both triangular
[162, 72| and kagome-based [40, 151] Heisenberg lattices where a quantum spin liquid
state appears. Integrating Sp.g(7") data with the lattice contribution subtracted yields
a magnetic entropy reaching 95% of RIn(2), consistent with the nominal Jg = 1/2
magnetic doublet of NaYbOs,.

Upon applying magnetic field, data in Fig. 2.3(d) show the 2.5 K peak in C,(T") shifts
upward in temperature similar to other frustrated magnets; however, under 5T, a sharp
anomaly appears near 1K and is coincident with the downturn in x/(7") at this field.
Under 9T, this sharp peak broadens and shifts lower in temperature as the system is

driven into the disordered state. Syag(7") integrated under 5T matches that of 0T and
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the lowest temperature C,(7") is strongly suppressed once order is generated. This is
consistent with the suppression of low energy spin fluctuations upon entering the ordered
state, which return when the high field quantum paramagnetic phase is approached.
Determining the precise form of the zero-field C,(T') is complicated by a nuclear Schottky
feature that dominates below 100 mK ; however attempts to do so away from this feature
yield a C(T) o< T? as shown in the inset of Fig. 2.3(d).

Low temperature neutron scattering measurements were also performed. Fig. 2.4(a)
shows temperature subtracted (330 mK-1.6 K) diffraction data and the absence of zero-
field long-range magnetic order. Field subtracted data at 450 mK plotted in Fig. 2.4(b)
reveal that under 5T, new superlattice reflections appear at the @ = (1/3,1/3,0),
(1/3,1/3,1), and (1/3,1/3,3) positions. Given the symmetry constraints of the R3m,
structure, these either represent a 120° noncollinear spin structure or an up-up-down
pattern of spin order. The absence of a reflection at Q@ = (1/3,1/3,2) suggests the field-
induced order is collinear. Additionally, magnetic intensity appears at the @ = (0,0, 3)
position, consistent with the two-q structure (¢ = (1/3,1/3,0) + g = (0,0,0)) expected
for the equal moment up-up-down state [46]. The best fit to this model is shown in
Fig. 2.4(c) where spins refine to be oriented nearly parallel to the (1, —1,—1) direction
with an ordered moment 1.36 & 0.1 pp. This value is less than the 1.6 ug expected likely
due to the presence of a minority fraction of free moments as well as the influence of
remnant fluctuations in the ordered state. Magnetic peaks are resolution-limited with a

minimum spin-spin correlation length of &, = 450 A. Further data collected at 67 mK
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Figure 2.4: Neutron diffraction and inelastic neutron-scattering data. (a), Temperature-
subtracted neutron powder diffraction data (330 mK-1.5K) collected under 0T, show-
ing the absence of low-temperature magnetic order. The red line is a constant fit to
the subtracted data. (b), Under an applied field of 5T at 450 mK, new magnetic peaks
appear at (1/3,1/3, z) positions (z = 0,1, 3), corresponding to an ordering wave vector
of g =(1/3,1/3,0). The data were refined by analyzing field-subtracted data (5T - 0T),
which are constrained by the suppressed (1/3,1/3,2) reflection. (c), The best fit to the
5T induced magnetic state using the two-q structure g = (1/3,1/3,0) + g = (0,0,0) is
generated by a collinear spin structure with Yb moments of 1.36(10) ug. The displayed
structure aligns moments approximately along the < 1, —1,—1 > direction and has six
symmetrically equivalent structures generated by threefold in-plane rotational and mirror
symmetries. (d), Inelastic neutron-scattering spectrum collected at 67 mK and 0T. (e),
Inelastic neutron-scattering spectrum collected at 74 mK and poH = 5T. (f), Linear spin
wave calculations showing the powder-averaged S(Q, E) for a two-dimensional triangu-
lar lattice of anisotropic Yb3* moments of NaYbO, in a 5T field and three-sublattice
ordering. Error bars denote one standard deviation of the data.
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determine the low temperature, magnetic field phase boundaries [14].

Inelastic scattering data plotted in Figs. 2.4(d) and 2.4(e) reveal a dramatic renormal-
ization of the low energy spin dynamics upon transitioning from the quantum disordered
state into the up-up-down phase. The zero field data shows a diffuse spectrum of ex-
citations centered about the (1/3,1/3, L)-type wave vectors, and upon applying a 5T
field, much of this spectral weight is shifted into the elastic channel and a nearly flat
band of excitations centered at 1 meV. Powder averaged linear spin wave calculations
assuming a purely two-dimensional triangular lattice in a 5T magnetic field reproduce
this flat feature, and the simulated S(Q,w) is plotted in Fig. 2.4(f). This simulation was
generated using nearest neighbor coupling with a nearly Heisenberg Hamiltonian with a
slight easy-plane anisotropy, J, = 0.45meV, J,, = 0.51meV. The subtle downturn at
low @Q of the emergent 1 meV band requires a slight easy-plane anisotropy as discussed
in Subsection 2.6.2.

We now discuss the implications of our results. The similar YbOg octahedra of
NaYbOy and YbMgGaO, intimate that the local crystal fields and in-plane exchange
couplings between Yb ions are comparable; however, the main distinction between the
two systems is the much shorter inter-plane distance in NaYbQOs. This suggests that
the interlayer coupling is non-negligible, and therefore, a minimal Hamiltonian should

include nearest neighbor bonds within the planes and between neighboring layers. Based
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on the structure, a symmetry analysis leads to the following exchange Hamiltonian:

Hog = { Juy (S2S7 + SUSY) + JLSES;
@ (2.1)

H = " {5, (5282 + SVSY) + 18257
(i) (2.2)

y (fj - SZ-) (fj - Sj) nya [(f] - sz-) i+ (f] : Sj) Sf} }

Eq. (2.1) contains interactions within a triangular layer, and Eq. (2.2) between layers.
The unit vectors é;; are oriented along the 75 bond, and fij is a unit vector along the
projection of the 75 bond into the ab-plane. The in-plane Hamiltonian Hs, is identical to
that in YbMgGaO, but rewritten here (following laconis et al. [69]) in a more physically
transparent “compass model” form. The interlayer exchange in the second line also has a
compass-like structure. We expect that this form applies to the full family of delafossite-
like antiferromagnets, ARX,, with dipolar Kramer’s doublets on the R site, sharing the
space group 166.

Hyy notably contains a wide range of phase space favoring three types of classical
orders: (1) three-sublattice 120° structures; (2) collinear two-sublattice stripe phases;
and (3) out-of-plane Ising anisotropy with up-up-down structures. Because we do not
observe zero-field order, and we expect that interplane exchange is substantial, we infer
that the interactions in H’ should be frustrated by the in-plane order or correlations.

Consideration of the coupling between layers uniquely singles out the three-sublattice
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120° structure: to leading order, only this in-plane order allows the staggered magneti-
zation to effectively cancel the exchange field between neighboring planes [14]. This is
even true to a large extent also for the anisotropic J. and J., couplings.

Using this deduction that NaYbO, has 120° correlations, we expect fluctuations
amongst many classically degenerate or nearly degenerate states to strongly suppress
order. Furthermore, recent DMRG studies of Hy, find that for S = 1/2 quantum spins, a
spin liquid state indeed occurs in a corner of the classically 120° ordered phase space with
moderate J., coupling [186]. Consequently, it is plausible that a spin liquid state occurs
in NaYbO,, and if so, it is likely to be smoothly connected to the spin liquid of the two-
dimensional problem. The optimal spin liquid ground state for the 2d model based on
variational parton calculations [69] is a U(1) Dirac state with gapless fermionic spinons
described theoretically as a 2+1-dimensional conformal field theory: QEDj3. The second
implication of our Hamiltonian in this regime is that, on applying a magnetic field, the
degeneracy is strongly lifted. This is because a large part of the zero-field cancellation is
reliant on the specific 120° structure of the in-plane ground state, which is modified by
the application of a magnetic field. Therefore, it is natural to expect ordering to become
more robust in an applied magnetic field. The three-sublattice (1/3,1/3,0) wave vector
is indeed germane to triangular antiferromagnets in a magnetic field, which stabilize a
quantized magnetization plateau at 1/3 saturation in XXZ models [154, 35].

With this in mind, we return to a discussion of the data. Theory predicts the 2d

U(1) Dirac state to have C,(T") quadratic in temperature, consistent with measurements
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[123]. An alternate explanation of T? specific heat might come from the degenerate line of
spiral states found by Rastelli and Tassi for the zero-field rhombohedral XXZ model [125],
which has 2d-like spin fluctuations despite 3d coupling. The incommensurate long-range
order of the Rastelli-Tassi spiral does not appear in our measurements, however, the field-
induced Bragg peaks seen in experiment are consistent with the three-sublattice plateau
states that emerge in the XXZ model in a field [154, 117]. Indeed, the magnetization at
5T, where the ordered phase is maximal, is approximately 1/3 of the expected saturation
moment and corresponds to a plateau where x(7') = OM/OH reaches zero. The best fit
to neutron diffraction data further corresponds to the equal moment, two-q up-up-down
structure of the plateau state.

The two peaks observed in the zero field C,(T") of NaYbO, evoke a number of theoret-
ical models of Heisenberg spins on both triangular [162, 72] and kagome [40, 151] lattices
that predict dual entropy anomalies upon cooling into spin liquid ground states. Both
peaks are rarely observed experimentally and interpretations of the nature of each peak
vary with the specific model. Exact diagonalization studies of the XXZ Hamiltonian on
a triangular lattice predict a high temperature peak corresponding to the formation of
trimers of doublet states (i.e. short-range correlations) followed by a lower temperature
peak that marks the onset of a quantum spin singlet state [72]. Recent work exploring
the S = 1/2 triangular lattice using tensor renormalization group techniques predicts
a dual C,(T) anomaly with the lower temperature peak signifying the onset of short-

range/incipient order and the upper peak reflective of the onset of gapped low energy,
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chiral fluctuations [31]. The ratio of peak temperatures predicted in this S = 1/2 model
T,/T), ~ 0.36 is consistent with those observed in NaYbOs and the J = 5 K inferred from
the model is reasonably close to the Ocw determined from susceptibility data.

Our data demonstrate that the nearly ideal triangular lattice of Yb ions in NaYbO,
realize an unconventional quantum disordered ground state. Unlike the majority of other
spin-liquid candidates such as Herbertsmithite ZnCus(OH)sCly [60], the ground state in
NaYbO, can be driven into an intermediate ordered regime in relatively weak magnetic
fields. The origin of the small fraction of free spins coexisting with this ground state
remains an open question; however, they are not reflective of trivial disorder, which
favours the least collinear state [105]. Additionally, rather than hosting a purely two-
dimensional network of spins where the two-dimensionality precludes long-range order
such as in BagCoNbgOs4 [129, 36], interlayer geometric frustration is critical to the exclu-
sion of order in NaYbO,. This reflects the strong perturbation field provides to a complex
interplay between interlayer frustration and the nearly degenerate ground states inherent
to the XXZ triangular lattice Hamiltonian. Due to this, NaYbO, uniquely stands able to
provide considerable insight into the critical phase behavior manifest at the phase bound-
aries between the ordered and quantum disordered states in a chemically-ideal frustrated

triangular lattice.
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2.3 Symmetry and exchange interactions

In this section, we discuss the symmetries and show that the symmetry-allowed exchange
interactions on the nearest-neighbor in-plane and inter-layer bonds have the form given
in the main text. In NaYbO,, the magnetic Yb atoms live on the sites of 2d triangular
lattices with “ABC” stacking in the vertical direction. This is a rhombohedral lattice.
Specifically, the system has space group 166, R3m. We assume that the there is an effec-
tive spin-1/2 operator transforming like a pseudo-vector on each Yb site. The exchange
interactions on a bond are constrained by the subgroup of the full space group which
preserves that bond, i.e. which leaves the center of the bond unchanged. We discuss the
intra-layer and inter-layer bonds in turn below.

In this and the following Supplemental section, it will be useful to establish notation.
In conventional rhombohedral coordinates, we specify positions using dimensionless co-
ordinates so that

Ponl = Ma; + nas + le, (2.3)
with vectors
1 3
a; =a(1,0,0), agza(—i,g,o), c=1¢(0,0,1). (2.4)

Note that c is not the primitive translation but a conventional one. The primitive

translation is (2a; + a2 + ¢)/3. This connects a layer at [ =0 to [ = 1/3.
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2.3.1 NN in-plane bonds

All the in-plane bonds are equivalent by rotations and translations. So we can deduce the
exchange on all of them by considering one. Specifically, we consider one whose center
is at coordinates (1/2,0,0). This is the middle of a bond along the = axis in cartesian
coordinates. This point is the 9¢ Wyckoff position, with site symmetry group 2/m.
The point group is generated by 2 Z, operations, which we can take as: (1) inversion
through the bond center and (2) a Cy rotation about the axis along the bond. Composing
these two gives a third (not independent) element, a mirror reflection through the plane
normal to the bond. Using these operations, we learn from inversion that there is no
DM coupling. Then applying the Cs operation, for a bond along z, the sites are not
interchanged but S} — —S? and S7 — —S?. This means the general exchange matrix

for a bond connecting the two sites along this direction is

J 0 0
Juve= |0 L J|. (2.5)
0 Ji Js

Now we obtain the exchange for an arbitrary pair of in-plane NN spins by rotation.
The general form is given in Eq. (2.1). This form is equivalent to that written down in
Ref. [92]. The relation between the form used here and the one in Ref. [92] can be found

in Ref. [69].
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2.3.2 Out of plane bonds

The out of plane bonds are not vertical, but connect each spin in a layer to three spins
above and three spins below. As above, we consider the point symmetry group of a
mid-point of such a bond. An example is the point (1/3,1/6,1/6) in lattice coordinates.
This is the mid-point of a bond whose projection into the xy plane is at a 30 degree angle
to the x axis, i.e which bisects a triangle of the triangular plane. This is the 9d Wyckoff
position, which also has site symmetry 2/m. The group is the same as for the in-plane
bond, but the symmetries are slightly different. The two generators in this case can be
considered as: (1) inversion and (2) a Cy rotation which is about an axis which bisects
the bond and is parallel to the xy plane. The two composed together give the third non-
trivial operation in the point group which is a mirror plane which contains the bond and
is normal to the xy plane. The difference from the previous case is the orientation of the
Cs axis or the plane of the mirror. The result is that the effective exchange interaction
has a very slightly different form from Eq. (2.1), and is given in Eq. (2.2). Note that the
vectors é;; appearing in Eq. (2.1) are oriented along the triangular axes, while the vectors
f,-j appearing in Eq. (2.1) bisect these directions. The other difference from Eq. (2.1) is
that in Eq. (2.2), the final term has no cross product. That is a result of the different
orientation of rotation axis/mirror plane in this second situation. This completes the

symmetry analysis of interactions.
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2.4 Classical phases and frustration in two dimen-

sions

In this section, we discuss aspects of the classical ground states of the model Hamiltonian
given in Eq. (2.1), and to what extent frustration arises therein. Since we expect that the
interlayer interactions are small compared to the intralayer ones in practice, we begin by
discussing what is known for the two dimensional model, with all interlayer interactions
turned off.

The Hamiltonian 2.1 has already been extensively studied. It is a simple extension
of the “compass” model on the triangular lattice, which had been considered long ago.
Collecting results from many papers [69, 186, 100, 89], there are three types of classical
ground states which emerge for nearly all parameters in the antiferromagnetic regime: a
three-sublattice 120° planar state, and two collinear stripe states, which differ from one

another only in the direction of their spin polarization.

2.4.1 Classical three-sublattice states

First we consider the three-sublattice 120° states. It is helpful to rewrite the Hamiltonian

a bit more explicitly. For a single layer, we can write

H2d - Z Z {Jwy (Slxslm—i-,u + SzySzy-‘ru) + JZS’LZ iz—f—u + Jc (a’u ' S’L) (a’u : Sz'-‘,—u)

+ T [(B-ay x 8) Sy, + (2 @y x Siyy) 5] }

1+
Here we took a3 = —a; — as,.
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Now consider a general three-sublattice state, in which for site ¢ = (m,n) in lattice

coordinates

Sm,n = SnMod[fmfn,S]v (2-6)
with three classical fixed length vectors ng with s = 0, 1, 2 labeling the three sublattices.
For such a state, the energy becomes

3E5/(NS?) = Z {3ny (nfn?_ 4+ nnl_|) +3J.nini_ + J, Z (a,-ng)(a, ns_1)

5=0,1,2 o

+ Je. Z [(2 ca, Xng)n._;+nZ(2-a, x ns_l)] }
n

Here we have written sublattice s modulo 3. The sum over i can be carried out explicitly.
The last term vanishes because , @u = 0. In the second last term, we use > i a,a’ =

I

(3/2)diag(1,1,0). We obtain

3E5/(NS?) = Z [3 (ny + %) (nfn?_, +n¥n?_ ) +3J.nin’ | . (2.7)

s=0,1,2

We observe the remarkable emergence of U(1) symmetry of the classical energy, despite
the anisotropy of the Hamiltonian. This is a well-known accidental degeneracy which
occurs for many compass models.[114] Note that vanishing effect of in-plane anisotropy
and the complete absence of any effect from J., is general for any three-sublattice state
with this unit cell, whether the spins be collinear, coplanar, or otherwise. It would
also hold within any Curie-Weiss mean field treatment which would allow for variable
magnitude of the local spin expectation values. The three-sublattice ordered state occurs

when the first term above dominates, and the spins consequently orient in the plane with
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three different sublattice orientations at 120° angles to one another. Frustration is evident
in this ordered pattern by the fact that the classical energy is independent of the overall
angle of the spins within the XY plane, which is not related to any symmetry of the
model.

Note that when J, is sufficiently large, the lowest energy configurations of the three
sublattice state become Ising like, with spins oriented normal to the plane. However, in
this regime the global ground states are actually not of the three-sublattice form, but

rather the stripe states we consider next.

2.4.2 Classical stripe phases

If the compass interaction J. dominates, it is natural to select spins to be aligned or anti-
aligned along appropriate neighbors. For example, if we take J. < 0, the compass coupling
for an @; = & bond would favor spins oriented along the x direction forming ferromagnetic
chains along this axis. Let us just assume to start a two-sublattice structure, so that
Sm,n = SnMod[n,2]7 (2-8)

i.e. with ferromagnetic chains along x. Inserting this into Eq. (2.6), we obtain an energy

2k
NS?

=J(2+4ny - ) + T, (4ngni + (n§)* + (n})?)
+ Jo ((ng)? + (n})? + nfn{ + 3nfnY) + J..X X,

(2.9)

where we did not write the expression for the J., term, because we are going to focus

on in-plane order (favored for negative J,). Assuming in-plane order, i.e. n? = 0, the
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energy is minimized for spins aligned along the y direction:

2k
NS?

Ng — —N1 = :i:’g, = —2J:,3y — 3JC (210)

The above equations describe two solutions for stripe states, which are translations and
time-reversals of one another. There are another four such states, obtain by C' rotations
of these two, where the ferromagnetic stripes lie along other axes. Note this sixfold
degeneracy of the stripe states is not accidental, but symmetry mandated. There is no
accidental degeneracy within the stripe ground states, and hence we may regard them as
less frustrated than the 120° three sublattice states.

One can compare the energy for these states to that for the 120° states, by examining
Eq. (2.7). For the 3 sublattice states, one has ng-n,_1 = —1/2. One obtains the energy

per spin in the two cases as

3 3 3
EIQO/(NS2> = _EJ:vy - ZJca Estripe/(NSQ) = _ny — §Jc (211)

Clearly the 120 degree state is better for small J. and the stripe state is better for larger

Je. One finds the stripe is favorable once J, > 2/3.J,,.

2.4.3 Adding magnetic field

Now we study the classical ground state of the two dimensional model (2.1) in presence
of a magnetic field. The field dependence enters the Hamiltonian through the Zeeman
term. For the rest of this subsection we will work under the assumption of a general
three-sublattice state. Then the four-term Hamiltonian (2.1) reduces to an XXZ model

as was shown in Eq. (2.7).
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We further allow an onsite anisotropy term along the z direction. The Hamiltonian
then reads
H =Y J.57S; + Juy(S;ST+8YSY) + D> (S)* =Y pnguB'S, (2.12)
(i, i i
where p,v = x,y,2, g = diag(gay, gay, 9-). We now proceed to study the classical
phases of this model.

The main conclusions from our previous study [14] of this Hamiltonian are: (1) the
ground state is a three-sublattice 120° structure that (2) evolves into a canted phase with
an external field, which becomes a canted up-up-down structure depending on the field
strength and direction, and (3) a good fit to the inelastic neutron scattering powder-
averaged spectrum of NaYbOg is produced at J,, = 0.51 meV and J, = 0.45 meV.

We now use d = a,b, ¢ to label the three sublattices, and define S = Sn/;, where
ng is a unit vector. We further define ¥# = 3", n/, then the classical ground state is

obtained by minimizing the following quantity

H

E = —-— =
3NS?J,,/2

AS? = he)? 4 (B7 = ha)? 4+ (ZY = hy)* =6 (s7)°—C,  (2.13)

where NN is the number of sites in the 2D lattice, and we have defined

_ J. L5 ( GuyB* 9zyBY 9.B*
A== By, hy, hy) = =2 | 48— 2 :
=g el he) 35( Toy  Juy |
2 TY Hgy
S A_1- 2D O_Hrfé +3Jzy_9J:vy52 (2.14)
B 3w’ 352 J,, ‘

We then write ng = (sin 0, cos ¢g4, sin 6y sin ¢4, cos 0,) and take the derivatives with respect
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to angular variables,

23 z Ty T z 35 y z Sz z Y

8_0d =0 = A(E - hZ)Sd - (E - hm)Sdg - (Z - hy)Sdg - (SSde = O,(215a)

OF

Go, =0 = (T = hsh— (= hy)si =0, (2.15h)
d

where 57 = (s%)% 4 (s%)? (we will use similar notation for other quantities). We then

have the following two cases:

Case 1: It ¥* — h, and Y — h, do not vanish at the same time: suppose ¥¥ — h, # 0,

X% —hg

then we have ST

sT . . .. .
= ¢, the order is coplanar in the plane containing z axis. Therefore
d

we are actually minimizing

Eeoplanar = A(S* = h2) 4 (5% = hgy)” = 6 (s3)*. (2.16)
d

This will be treated in detail below.
Case 2: Otherwise, we have
X' —hy =%Y—h, =0. (2.17)
Plugging this into Eq. (2.15a), we see that
syl [0s5 — A(X* — h.)] =0, (2.18)

has four cases, depending on how many s3’ = 0; note that if two or all three s’ =

then the situation is included in the first case. Therefore we only need analyze two

possibilities.
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The first is if s3Y # 0 for all d = a, b, ¢, then we must have
S =si=§=—""0 (2.19)

In other words, the spins have equal z component. We call this the “canted-I" phase.

This solution should be considered only when s* = % < 1 and 34/1 — (5%)2 < hy,,

1.e.

h2, h2
LI — 2.2
9 T B_s/Ap = (2:20)

The ground state manifold is a degenerate 1D parameter space, resulting from the
different ways the xy in-plane vectors satisfy Eq. (2.17). Note that in this case the three
equations for #; are all independent, but the three equations for ¢, are reduced to just
two equations. Therefore we should get a 1D degenerate classical ground state manifold.

The second possibility is to suppose s2¥ = 0 and s,Y = s*¥ = s" # 0, then we must
have s; = sZ. We call this the “canted-II” phase. In this case there are already four
equations therefore the spins are uniquely determined, leaving no classical ground state
degeneracy. This solution should be considered only when s = \/1—7(32)2 > hyy/2,
i.e.

h? (s2 — h,)?
e | P =4l 2.21
1 T@osap =t (221)

In summary, the classical ground state of the Hamiltonian (2.12) can only be one of the
following types: coplanar (in which the order plane must contain the z axis), collinear,
“canted-1” (in which the three spins have the same z component), or “canted-II" (in

which one spin lies along z and the other two have the same z component). For generic
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field directions, only the “canted-1” states can form a 1D degenerate classical ground

state manifold.

2.4.4 Classical phase diagram

In the following we will set the onsite ion term D = 0, which means 6 = A — 1. We now
present a concrete phase diagram for the Hamiltonian in the (A, hyy, h,) phase space.

For an illustration of the phase diagram, see Fig. 2.5.

FEasy-plane anisotropy: In the easy-plane anisotropy region (0 < A < 1), the phase

diagram can been analytically obtained [14]

2 (2.22)

2

{ hw + m > 1: “paramagnetic” phase;
2

S T Ay

i < 1: “canted-1” phase.

The phase boundary is the same as Eq. (2.20) if we take the equality. The “param-
agnetic” phase has a unique classical ground state while in the “canted-I” phase the
classical ground states are accidentally degenerate and form a one-dimensional manifold,

subject to the constraints (2.17) and (2.19).

Fasy-axis anisotropy: In the easy-axis anisotropy region (A > 1), three phases exist: the
“paramagnetic” phase, the “Y” phase and the “V” phase. We define the “V” phase to
be such that two of the spins have identical orientation which is different from the third

one, while we define the “Y” phase to be such that the orientation of each is different
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from the other two. the complete phase diagram is

( h2 h2

o T A 2 1 “paramagnetic” phase;
2
(Ahfé)g =+ (1/232)2 <1 and hz Z hz,O(A, hmy>: wy phase; (2‘23)
(P < heo(A hay): “Y” phase,

where we have defined critical h, (A, hyy), which is a function of A and hyy. h,g is
determined from the following group of equations, taking the smallest positive nonzero

solution for A, g:

Ala+c—h)V1—a®2 = a(V1—a2+V1—c = hy),
ARa—h)V1—c = ¢(2V1 —a? — hyy),

c = h,—a*(A7'=1) - 2a. (2.24)
the corresponding solution for the other variables a = n; = nj and ¢ = n? gives the
z component of the three spins in the “V” phase. The first two equations simply come
from the saddle point equation (2.15a); the last equation originates from the fact that,
at the vicinity of the phase boundary between “V” and “Y” the energy (2.16) (note now
d = A — 1) takes the form Fopanar ~ Const. + O(a — b)?, i.e. when expanding Feoplanar
in powers of a — b both the first and second order terms must vanish (in fact the third
order vanishes too). The analytical solution of Egs. (2.24) to h, is hard; however, when
A is small enough (A < 2 for a numerical estimation), the solution for h, can be well

approximated by the empirical form

hz:%(l—zlfA)Q{bJr(l—b) (1—2’314)}2 (2.25)
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with appropriate choice of b as a fitting parameter. Note in the limit h,, = 0 (perpen-
dicular field) we recover the result h, o = 1/A for the boundary between the “Y” and the
“V” phases, and h,; = 1/A + 2 for the boundary between the “V” phase and the fully
polarized phase [108]. Note also that a special type of the “V” state, the up-up-down
state, should be distinguished as another distinct phase in the h,, = 0 limit, but such a
phase loses its meaning as soon as an in-plane field component is turned on.

Applying these results to NaYbO,, which carries easy-plane exchange couplings J, =
0.45meV and J,, = 0.51 meV, we are left only with two phases: the “canted-I" phase
and the “paramagnetic” phase. The critical field for the onset of the “paramagnetic”
phase is

B..=2115T,  By.=12.03T, (2.26)

and when the field is oriented in other directions, the corresponding critical B, interpo-
lates between these two values.

We note here that the canted-I phase does not exactly match the experimentally
reported up-up-down state. A slightly canted up-up-down state can however form within
the manifold of allowed canted-I states. This may be beyond the detection of the current
powder measurements, or, alternatively, we envision that quantum fluctuations or other
exchange interactions may lead to a slightly different ground state from those predicted
in the purely 2D classical XXZ phase diagram. Despite this difference, the dynamics
calculated from the classical 2D model are likely to be relatively insensitive to small

differences in the ordered phase such as a small degree of noncollinear canting predicted
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Figure 2.5: Classical phase diagram of the 2D XXZ model on a triangular lattice in
presence of magnetic field. The 3D phase space is parameterized by (hy,, A™*, h,), where
hyy = /h2 + hg. Only first octant (h,, > 0, A~ > 0,h, > 0) is considered. The blue
surface separates the “Y” and the “V” phases; the red plane separates the phases between
the A < 1 and the A > 1 regions; the green surface separates the “canted-1" and the
“paramagnetic” phases in the region A < 1, and the orange surface separates the “V”
and the “paramagnetic” phases in the region A > 1.

in the present model.

2.5 Inter-layer effects

Next we consider the effect of couplings between the layers. We regard the inter-layer
couplings always as small compared to the intra-layer ones. Thus to a first approximation,
we ask how the interlayer Hamiltonian, H’, behaves when projected into the space of states

whose order or correlations is set by the 2d interactions.
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2.5.1 Three-sublattice regime

If the 2d system is in the regime with three-sublattice correlations, we should consider
the energy of an arbitrary state with the three-sublattice structure in each layer, and find
the energy due to interlayer couplings. We further assume that the system is periodic
under translation by three layers. There will then be 9 sublattices, labeled by a sublattice

index s =0,...,9. We can define this by the condition

l
S; = Sng, T :ma1+na2+§(2a1+a2+c), s = 3Mod|[l, 3] + Mod[—m — n, 3].
(2.27)

Now we can express the inter-layer energy in terms of the 9 sublattice magnetizations

ng:

2 2 2
2 T T
9Eu/(NS7) = 2 : 2 : 2 : { <n5(l,p)n8’(l,p,q) + ng(l,p)ng’(l,pq ) +Jning

1=0 p=0 q—
I (1) (fy ) + L [(fy - ma) s 4k (- m)]
where
s(l,p) = 3l + p, s'(1,p,q) = 3Mod[l + 1, 3] + Mod[p + ¢, 3], (2.28)
and
cos (5 + 1)
f,=| sin (go+ 7). (2.29)
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The first two terms can be readily rewritten to simplify the energy to

2

9Ezl/ N52 = Z { mfmﬁ-l + m?m;ﬂrl) + ‘];mlzm?—i—l + Z (Jé (fq ) nS) (fq ) nS’)

=0 rq

L[ i (f o)) |

where

2
m; = Z N3i4p (2.30)
p=0

is the total magnetization per unit cell of layer [. Note that in this case the last two
terms do not drop out or simplify as they do for the intralayer couplings, because the
sublattice indices s and s’ are a function of ¢, which means the ¢ sum is not trivial.

Examining Eq. (2.30), we see that the XXZ type inter-layer couplings J;, and J.
depend on the spin configurations only through the layer magnetizations m;. This van-
1shes in the three-sublattice states favored by the 2d interactions. Thus, at this level, the
interlayer XX7 exchanges are completely ineffective at coupling the layers and creating
3d order. This is simply because each spin is symmetrically coupled to three spins on
a triangle in the layers above and below it, whose sum is zero. Thus the J; and J]
interactions are fully frustrated by the 2d three-sublattice order.

This conclusion is perturbative in J;, and J.. But in fact the frustration is even
stronger. For the XXZ model with J, = J. = J., = J., = 0, Rastelli and Tassi[125] have
found the exact classical ground states for arbitrary Ju,, J., J;,, J.. In a wide regime, the
ground states form a line of degenerate spirals which are close to the three-sublattice 120°

state but have in general an incommensurate wavevector with an arbitrary component
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k. normal to the plane. The continuous family of spiral wavevectors echoes the full
frustration in the perturbative limit, and shows that frustration remains in the XXZ
model non-perturbatively.

We now return to the perturbative analysis, and consider the effects of the anisotropy
terms J. and J.,. We suppose each layer has a 120° three-sublattice configuration, and

ask how they are coupled. A general form for such a configuration is

cos(22 )

fup = | sin(Z2L + ¢y) | (2.31)
0
where 0, = 41 is the vector spin chirality of the triad of three spins in layer [, and

s = 3l 4+ p as usual. For this ansatz, m; = 0. The inter-layer energy becomes

2 2 2 2
9B /(NS?) = JéZcos( o + ¢ — % - ﬂ) Ccos (M + Q11 — - ﬂ)

3 3 3 6 3
Lp.q
! 2 + 4
== Cos m(ow+ oilp + 4)) b+ — = — —4
2 3 3 3
Lp,q
2 _
+ cos ( (o U;Ll(p +9)) + ¢ — ¢l+1>}
. 2m(op + o141 (p + q)) ™ 4mnq
:E;COS< 3 +¢l+¢l+1—§—T :

One immediately sees that, because we took an in-plane configuration, J., drops out
trivially. In passing to the last line we noticed that the sum over ¢ always gives zero in
the final term of the previous line, and so dropped it. The final form may also vanish
under summation. The sum over ¢ will vanish here unless ;.1 = —1, in which case the ¢

dependence drops inside the cosine. Then we see that the sum over p will vanish unless
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0, = —oy41 = +1. So finally we have
9 T
9E11/<NS2) = éjé ; COS <¢l —+ ¢[+1 —_ g) 501’1(50-”17,1. (232)

Actually in this analysis we do not need to assume threefold periodicity in the ¢ direction,
and can take [ to just sum over all the layers in the crystal.

Based on Eq. (2.32), we can address how frustrated the remaining J! inter-layer
coupling is. First, if the chiralities are the same in all layers then the energy due to J!
vanishes. This is entirely independent of the overall angle ¢; within each layer. Second,
a pair of adjacent layers can lower its energy by choosing the “lower” one (smaller z) to
have “positive” chirality o; = 1 and the upper one negative, and then choosing ¢;+¢; 11 =
—2m/3 (for J. > 0). However, the J! interaction between the upper layer and the next
layer then is guaranteed to vanish, as is the interaction between the lower layer and the
next lower one. So the best configuration is one in which layers alternate chirality and
gain energy from every other pair. There are two possible staggered orders of chirality.
For example, we can take o; = (—1)!. In this case the energy lowering comes from the
interaction between spins with even [ and those with odd [+ 1. Moreover, spins in those
pairs of layers are correlated, while between these pairs there is no correlation. For 2N
layers there are N free angles ¢9, remaining. So there is still quite a bit of degeneracy.
However, it is also clear that, in this pattern of spins, translational symmetry by 3 in the
vertical direction is necessarily broken.

In summary: the presence of a high degree of degeneracy even once the J! interactions

have been included indicates that the interlayer coupling of the three-sublattice order is
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frustrated even with the most general exchange interactions. This suggests a strong
suppression of ordering when the 2d exchanges are in this regime, in zero magnetic field

(which we have assumed).

2.5.2 Stripe regime

Now we suppose the individual layers are in the stripe regime of the classical phase
diagram. We consider the effect of interlayer interactions on these stripes to see how
they couple together to form 3d order. Suppose, as in Eq. (2.10), the spins in the layer
z = [ = 0 order into ferromagnetic stripes along the x axis, with spins oriented along y.
Now consider the next exchange field on the spins in the layer at z = 1/3. Each spin
in that layer receives contributions from three spins from a triangle in the z = 0 layer.
Consequently, even for simple Heisenberg or XY coupling J’ between the layers, there is
a net exchange field on each site in the z = 1/3 layer, which aligns those spins into a
unique preferred pattern in the next layer. This pattern also consists of ferromagnetic
chains along x and moments along y. If one assumes antiferromagnetic J’, each spin on
the z = 1/3 layer is antiparallel to two spins on the triangle below it. Repeating this
process leads to a globally determined ordering pattern. The interlayer coupling in the
stripe state is therefore unfrustrated and the ground state degeneracy of the stripe is just
that of a single layer, i.e. 6.

The 3d ordering pattern that results in the way just described has symmetry under

a three-dimensional translation by the vector t = (—a; — 2as + ¢)/3. So due to the
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in-plane doubled unit cell, in total it has just a doubled unit cell.

The lack of frustration of the interlayer coupling in the stripe state suggests that
a system whose 2d interactions favor the stripe order will likely stabilize 3d ordering
through the inter-layer interactions. Since this does not occur in NaYbO,, we argue by
contradiction that this material is likely to be in the parameter regime in which the 2d
exchanges favor three-sublattice 120° order and not the stripe state. This corresponds to

the XXZ regime with not too strong J. interactions.

2.6 Simulation for the dynamic spin structure factor

In this section, we study the excitations of the 2d triangular XXZ model using linear spin

wave theory and present simulation results for the dynamic spin structure factors.

2.6.1 Linear spin wave theory

Define an orthogonal basis (p;, gs, ns) for each classical spin ng, s = 0, 1,2. The standard

Holstein-Primakoff transformation is

gl ot
Si-ps=v28%, Sz--qs:x/25a’2.az, S;-n,=5—da, (2.33)
1

or

S; = V2SM,K ( Zi > +n,(S - dla;), (2.34)
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where aj and a; are the boson creation and annihilation operators for spin excitations,

and we defined

M= (p. q) and K:%(l 1_). (2.35)

—i 1
Plugging Eq. (2.34) into the Hamiltonian (2.12) (setting D = 0), keeping terms only of
the order S and doing a Fourier transform, we arrive at a quadratic Hamiltonian for the

bosons:
Hygpla,al] = Y LH(k)Py, (2.36)
kcBZ+

where BZ™ is half of the Brillouin zone which is mapped to the other half by momentum

T
inversion, and we defined ®, = (akvo, k.1, Qk.2, aT_kO, aT_k 1 aT_k 2) ,

JO [JU,I]H [JZ,O]Tl 0 [J0,1]12 [JQ,O]Sl
[JO,I]Tl Jl [J1,2]11 [J0,1]§1 0 [J1,2]12
[J2,0]11 [JI,Z]Tl JQ [JQ,O]IQ [J1,2];1 0

H(k) = . 1, 9.37
(k) 0 [orlr ol Jo [oalse [eolis (2:37)
[Jo1]1a 0 [Ji2]o1 [Joalse J1 [J1.2]22
[J2,0]21 [Jl,QHQ O [J2,0]22 [Jl,QBQ ']2
and
Jost1 = 2S< > e““'“u) KIMIJM K, (2.38)
u=1,2,3
J, = =3SnlJ(ng,+n, )+ usBign,, (2.39)

where J = diag(Jyy, Juy, J2), 9 = diag(gey, guy, g-). Combined with our knowledge of

the classical ground state spin configuration in Sec. 2.4.4, the following can be deduced:

e The diagonal entries (2.39) are the classical energy cost of a spin flip § — —S. The

flip changes the exchange energy —3Sn!.J(ns, + n,_ 1) and the Zeeman energy
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upBTgn,. The off-diagonal entries (2.38) describe quantum fluctuations due to

boson hopping.

In the easy-plane limit » > 1, since all three classical spins have the same z com-

zZ . My
ponent ng = 75, we have

J,=38J,, s=01,2 (2.40)

At T" = (0, 0) the spectrum is gapless, due to the Goldstone mode of the broken U(1)
_d4m

symmetry. Furthermore, at K = (0, 3 \/Ea)’ the Hamiltonian is purely diagonal,

and the energy is just the value of J; in (2.40), which is three fold degenerate.

In the extreme easy-axis limit » < 1 with a perpendicular field B = (0,0,1)B,
the system is classical and again we are left with only diagonal elements in the
Hamiltonian. The ground state in a large magnetic field range is the up-up-down

state with excitation energy

JO = Jl = uBgZB, J2 = GJZS — uBng. (241)

Finally, let us comment on the criterion of selecting the classical ground state 19 1 2

which serves as the input to linear spin wave theory. The issue arises when the classical

ground state is degenerate (as in the “canted” phase), and different states in the degen-

eracy manifold may lead to different dynamic spin structure factor patterns. Whenever

degeneracy happens, it can be shown that a classical ground state is fully determined by

the choice of in-plane components of the spin vector, ms = (n% n¥% 0). Without loss of

generality we define |mg| < |my| < |my|. Our criterion is always to pick 12012 such that
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my and m; have the smallest angle between them. This criterion is chosen to mimic
the fact that, in real triangular systems, quantum fluctuation tends to favor states in the

degenerate manifold in which spins are maximally collinear.

2.6.2 Dynamic spin structure factor

The dynamic spin structure factor, by definition, is

S(kw) =Y (O — (K)u(k),) Y (mh(—k, —w)m? (k,w)), (2.42)

2314 s»sl

where m#(k,w) = up Y., ¢"S%(k,w), and k is the unit vector with orientation of k.
After some derivation, we can write S(k,w) concisely as

Skyw)= 3 25u36(w — Ap) [VT(k)@TMTgT (13X3 - 12;12;T) gﬂéwk)} . (243)

e=1,2,3 ©€

where we defined M —= <p0 PPy G @ Qo ), and @ = K ® 1l3x3. V is the
matrix that diagonalizes H: VIHV = A with energies stored in the diagonal matrix
A = diag(A, A2, A3, M A2 0\3). Commutation relation of the bosons in the old and the
new bases requires V(03 ® 13x3)VT = 03 ® 13y3.

To connect to the experiment, we define the momentum-orientation-averaged spin

structure factor

0 27
Sp(k,w) = %/ sin Hdﬁ/ d¢ Sp(ksin6 cos ¢, ksinfsin ¢, w), (2.44)
s 0

™

where we have used subscript B to remind us of the field dependence. Furthermore, we
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define the magnetic-orientation-averaged spin structure factor

_ 1 0 . 2 o
8(]6,6&.)) = 4_/ S11 HBdeB/OV d‘bB SB(sineB cos¢>3,sin03,sin¢3,c0503)(k)w)' (245>

™

Admittedly, such a spin structure factor (2.45) in which the momentum and magnetic
field orientations are independently averaged does not fully correspond to the experi-
mental measurement: the neutron scattering measurement averages over the grain ori-
entations of the powder sample, which is equivalent to averaging over momentum and
magnetic field orientations that are locked with a definite relation. Nevertheless our
choice of averaging is justified by the robust spectral features (e.g. the isolated high en-
ergy flat intensity) observed in a large region with easy-plane near-Heisenberg exchange
and in the extreme easy-axis region.

Now we describe the results for the dynamic spin structure factors. We present two
representative parameter points near the Heisenberg limit: the first one has weak easy-
axis anisotropy with (J,, Jy,) = (0.5,0.45) meV, and the second one has weak easy-plane
anisotropy with (J, Jy,;) = (0.45,0.51) meV. The magnetic field is set to be 5T in both
cases but its orientation is varied. The simulated structure factor plots are shown in
Fig. 2.6.

(J2, Juy) = (0.5,0.45) meV. When the magnetic field is along z direction, the classi-
cal ground state has a coplanar three-sublattice order [see Fig. 2.6(a)]. The lowest energy
band becomes gapless at I' (Goldstone mode), corresponding to zero energy structure fac-

tor intensity at |@| ~ 1.25 A='. The highest energy band is almost flat on the boundary
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of the magnetic order Brillouin zone, which accounts for the structure factor intensity
plateau at 0.8 meV. In addition, the highest band has energy minimum at I', which is
reflected in the downturn of the high energy intensity plateau at small reciprocal lattice
|Q| — 0. As the magnetic field develops an in-plane component [see Fig. 2.6(b) for
0p = 75°], the highest band becomes less flat and the highest band energy at I' increases;
at g ~ 70° I' becomes the energy maximum, making the structure factor intensity as
|Q| — 0 also at the highest energy. The destruction of the high energy flat bands and
the appearance of structure factor intensity at energy maximum as |Q| — 0, both due
to large in-plane field component, are generic features of the easy-axis phase region in
the parameter range we considered, and consequently one observes an upturn of the high
energy intensity as |@Q| — 0 in the g(k:, w) plot, with no well-defined isolated high energy
intensity plateau.

(Jzy Juy) = (0.45,0.51) meV.  When the magnetic field is along z direction the clas-
sical ground states form a degeneracy manifold of the “canted” type. Since the z spin
component is small in the parameter range we considered [see Fig. 2.6(c)], the spin order
is almost coplanar, and consequently the spin structure factor resembles the previous
case (J;, Juy) = (0.5,0.45) meV. In addition to the gapless energy band at I' (Goldstone
mode), threefold energy degeneracy appears at K and its equivalent points [whose ener-
gies are given in Eq. (2.40)]. There is no global flat energy bands at high energy, and
indeed when the magnetic field is along z, there is no well-defined high energy flat inten-

sity in the structure factor plots. Nevertheless, as the magnetic field develops an in-plane
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component, isolated structure factor intensity plateau emerges as the magnetic field angle
0p exceeds 30° [see Fig. 2.6(d)) for 5 = 75°]. The emergence of such isolated intensity
plateau due to in-plane field component is a generic feature of the Heisenberg limit with
weak easy-plane anisotropy, and persists through 1 < r < 1.6 in the parameter range
we considered. The highest energy band has a local minimum at I' for all magnetic field
orientation (unlike the easy-axis case), which accounts for the downturn of the isolated
high energy intensity plateau at small reciprocal lattice |@| — 0 in the f(k, w) plot.
Here we present further numerical result of the two-step averaged dynamic spin struc-
ture factor E(Q, w) for various field strengths, see Fig. 2.7. As we expect that the ground
state of NaYbOs is strongly renormalized by quantum fluctuations, this model only cap-
tures features in the field-induced ordered state of NaYbOy where quantum fluctuations
in the material are suppressed. Three main features can be observed immediately:
Region 1: Zero energy intensity at the two-dimensional magnetic zone center Q =
(1/3,1/3,0) (JQ| = 1.25 A=") can be observed for a large range of field values, indicating
the existence of gapless Goldstone mode at I' point. The zero energy intensity is the
highest at zero field with a sharp linear dispersion, and as field starts to increase, such zero
energy intensity decreases, while the intensity at low but finite energy begins to develop.
The zero energy intensity becomes extremely weak but still observable as the field goes
beyond 13T, and finally vanishes entirely at high field values 22T. Such behavior of
the gapless intensities can be understood from the classical ground state: the ground

state belongs to the “canted-1” phase, which forms 1D degenerate ground state manifold
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and possesses one Goldstone mode for generic field directions and strength. As field
increases, the configuration with in-plane field first reaches critical field at 12T, and the
structure factor of such configuration becomes gapped due to the vanishing of Goldstone
modes. As field further increases, more and more configurations reach their critical field
and become gapped, and at B ~ 21T the last gapless configuration (corresponding to a
perpendicular field) vanishes, leaving behind a fully gapped low energy intensities.

Region 2: A flat intensity region is discernible at fields smaller than ~ 6 T. At zero
field, the flat intensity appears at energy E ~ 0.8 meV; as field increases, the flat region
starts to split and form two flat regions, one moving towards higher energy and the other
towards lower energy. The higher energy flat region approaches F ~ 1.0meV at B = 5T,
which corresponds to the observed flat intensity in neutron scattering experiments at the
same field strength. As field further increases, the higher and lower energy flat intensities
vanish at B ~ 6.5'T and ~ 8.5T, respectively.

Region 3: The behavior of the intensities at zero momentum |Q| ~ 0 change dras-
tically as field is varied. When the field is small, the zero momentum intensity is weak
and at low energy, resulting a visual downturn from the higher energy flat intensities.
As field increases, the zero momentum intensity also increases and moves towards higher
energies; the downturn finally vanishes at B = 5.5T, resulting a globally flat intensity
across all the plotted momenta. Further increasing the field will result in an upturn of the
zero momentum intensity, meaning the zero momentum intensity further increases and

become the highest energy intensity in the plot. The evolution of the zero momentum
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intensity is closely related to the large in-plane component of the field [14]; after the field
exceeds the in-plane critical field B,, ., the configuration with an in-plane field has a
gapped spin wave spectrum, which is responsible for the highly dispersed, high intensity
branch of the plot.

As a comparison, figures 2.8 shows the field-dependent evolution of the INS spec-
trum of NaYbO, powder across a series of fields spanning from 0T to 10 T. At zero-field,
NaYbO, contains a continuum of excitations from the quantum disordered ground state
that evolve into the up-up-down ordered phase as reported above [14]. The diffuse con-
tinuum is centered about the two-dimensional magnetic zone center @ = (1/3,1/3,0)
with a bandwidth of approximately 1 meV. With increasing field at base temperature,
the spectral weight condenses and splits, with part of it coalescing into the elastic line
and part of it pushed upward within a nearly flat, powder-averaged band near 1 meV in
the ordered state (Figure 2.8). Upon exiting the ordered state at 10T, the remaining
resolvable scattering in this energy window primarily resides above the two-dimensional
magnetic zone center Q@ = (1/3,1/3,0) (|Q| = 1.25 A~') and the (0,0,3) Bragg peak

(JQ| = 1.15 A—1).
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Figure 2.6: Dynamic spin structure factor S(k,w) and the classical three-sublattice (red,
green and blue) spin ground state from different views. The exchange parameters are
(a,b) (Jz, Juy) = (0.5,0.45) meV, and (c,d) (Js, Joy) = (0.45,0.51) meV. Field strength is
fixed at B = 5T, while the field orientation is tilted from the z axis with an angle of
either (a,c) g = 0° or (b,d) 0 = 75°.
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Figure 2.7: Linear spin wave theory (LSWT) calculations showing S(Q, hiw) as a function
of field for powder-averaged Yb?" ions on a two-dimensional triangular lattice assuming
three-sublattice ordering derived from the proposed spin model for NaYbO, [14]. At
0T, NaYbO, does not show magnetic ordering, and therefore LSWT fails to capture the
continuum of excitations from the quantum disordered ground state.
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Figure 2.8: Low energy inelastic neutron scattering (INS) spectrum S(Q, fuww) of NaYbOq
powder at varying fields collected on DCS. With increasing field, NaYbO, evolves from
a gapless quantum disordered ground state (0 — 2T) into an up-up-down equal moment
magnetic structure (3 — 8 T) and a field-polarized state at high field (9 — 10T). Data were
collected with longer scans at 0, 5, and 10 T to increase resolution. Detector spurions
occur at [0.5 A=, 1.8 meV] and [1.75 A=, 0.4 meV]. Data were collected between 67 —

100 mK.
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Chapter 3

Frustrated Heisenberg J; —.Jo model
within the stretched diamond lattice

of LiYbO»

3.1 Introduction

In the field of three-dimensionally frustrated magnets, the predominant research focus
has centered on the magnetic diamond and pyrochlore lattices [10, 84, 22, 30, 12, 139, 19,
57, 56, 109, 25, 122, 18, 20, 45, 133]. Both of these frameworks appear within the family
of transition-metal spinels of the form ABy X, (A, B = transition metal or metalloid, X
= chalcogenide), where the diamond and pyrochlore lattices appear on the A- and B-

site sublattices, respectively. Strong magnetic frustration within each of these sublattice
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types is known to suppress typical Neél order and instead favor the manifestation of
unconventional ground states, including classical spin liquids [109, 25], (quantum) spin
ices [122, 18, 20, 133], and (quantum) spiral spin liquids [10, 84, 22].

Quantum fluctuations that manifest in the small spin limit on these lattices further
suppress magnetic order and can formulate the basis for highly entangled ground states
(83, 5, 138, 167, 184, 21]. At this limit, the magnetic diamond lattice has been less
thoroughly studied in comparison to the magnetic pyrochlore lattice, as the magnetic
pyrochlore lattice also manifests in a large, well-studied family of rare-earth LnyM>0;
(Ln = lanthanide, M = metal or metalloid) compounds [12, 139, 19, 57, 56, 109, 25, 122,
18, 20, 45, 133]. Furthermore, while introducing model Jog = 1/2 lanthanide moments
within frustrated magnetic motifs has shown promise in realizing intrinsically quantum
disordered states (e.g. YbyTi,07 pyrochlore [133, 47] and triangular lattice NaYbOs [14,
16, 38, 124]), isolating materials that comparably incorporate model f-electron moments
within a diamond lattice framework is a challenge.

Frustration within the diamond lattice is best envisioned by dividing the lattice into
two interpenetrating face centered cubic (FCC) lattices with two exchange interactions,

Ji and Jy, where in the Heisenberg limit (Figure 3.1) [10, 84, 22].

H=J> 8 -8+h>» S-S (3.1)
(i.5) (7))

In the two limits where either J; or .Jy is zero, this bipartite system is unfrustrated
with a conventional Neél ordered ground state. However, when J; > 0 and |J;| > 0,

ordering becomes frustrated. When Jy/|J;| > 1/8, the classical interpretation of this
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Figure 3.1: a) Crystal structure of LiYbOy with YbOg octahedra shaded in green and
black spheres noting the positions of Li ions. b) The frustrated .J; —.J; model on the
diamond lattice consists of two interpenetrating face centered cubic (FCC) sublattices,
A and B, with a J; (black) magnetic interaction connecting the two sublattices and
a Jo (orange) spanning interactions within an FCC sublattice. When this structure is
stretched along one of the cubic axes, the I4;/amd lattice of LiYbOy is reproduced
where the dashed green line represents the unit cell origin of LiYbOs shown in panel
¢). In LiYbO,, the stretched bond (5.909 A, dashed orange) is 1.527 A longer than the
in-plane J, (4.382 A, solid orange). In the present model for LiYbO,, the stretched bond
is assumed negligible in strength relative to the shorter Jy. ¢) NN (J;) and NNN (.J;)
exchange pathways between Yb-ions in LiYbOs with Yb ions in the A and B sublattices
shaded differently for clarity.

model develops a degenerate ground state manifold of coplanar spin spirals [10, 84, 22].
Each of these spirals can be described by a unique momentum vector, and together
the degenerate momentum vectors formulate a spin spiral surface in reciprocal space
[10, 84, 22]. The degeneracy of these spin spirals can be lifted entropically via an order-
by-disorder mechanism that selects a unique spin spiral state [10, 84, 22|, but in the
presence of strong quantum fluctuations (S < 1), long-range order is quenched and a

spiral spin liquid ground state manifests that fluctuates about the spiral surface [22].
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Identifying materials exhibiting (quantum) spiral spin liquid states derived from this
J1—Jo model remains an outstanding goal. Transition-metal-based ABs X, spinels have
been primarily investigated as potential hosts; however two vexing problems typically
occur: (1) non-negligible further neighbor interactions beyond the J; —J5 limit arise and
lift the degeneracy and (2) weak tetragonal distortions from the ideal Fm3m spinel
structure appear. For example, detailed investigations of the spinels MgCr,O4 [158, 4],
MnScsS, [44, 71, 79], NiRhyO4 [22, 26], and CoRhyO4 [50] have all required expanding the
model Hamiltonian to include up to third-neighbor interactions, originating from the large
spatial extent of d-orbitals, to describe the generation of their helical magnetic ground
states. Within some materials like NiRh,O, [22, 26], single ion anisotropies must also be
incorporated to digest the experimental results. Complexities with extended interactions
beyond the J; —J5 limit may also compound with inequivalent exchange pathways that
form as the cubic Fm3m spinel structure undergoes a distortion to a tetragonal 14, /amd
or 142d space group prior to magnetic ordering (e.g. NiRhyOy [22, 26] and CoRhyO4 [50]).

The tetragonal distortion in spinels can be viewed as a compression of the diamond
lattice along one of its cubic axes (opposite to that illustrated in Figure 3.1), and it splits
the nominal J5 of the ideal diamond lattice structure into two different pathways. This
disrupts the reciprocal space spiral surface generated in the J; —J; model’s cubic limit.
Despite these complications common to A-site transition metal spinels, the predictions
born from the model Hamiltonian show substantial promise as materials such as MnSc,Sy

[44, 71, 79], CoAl,O4 [178, 134, 102], and NiRhyO4 [22, 26] are nevertheless either close
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to or partially manifest degenerate spiral spin states. Identifying other crystal struc-
tures that realize comparable physics but with more localized f-electron moments is an
appealing path forward.

Here we present an investigation of an alternative, frustrated diamond lattice frame-
work in the material LiYbO,. This material can be viewed as containing a stretched
diamond lattice of Yb3" moments (Figure 3.1), and it falls within a broader family
of ALnX, (A = alkali, Ln = lanthanide, X = chalcogenide) materials where the lattice
structure is dictated by the ratio of lanthanide ion radius to alkali plus chalcogenide radii.
Our results show that LiYbO, realizes the expected ground state derived from a J; —Js
Heisenberg model on a tetragonally-elongated diamond lattice and that J.g = 1/2 Yb3*
ions in related materials may act as the basis for applying the Heisenberg J; — J> model
to Ln-ion diamond-like materials. Notably, however, variance between the observed and
predicted phasing of Yb moments on the bipartite lattice as well as the emergence of an
intermediate, partially disordered state suggests the presence of interactions/fluctuation

effects not captured in the classical J; —.J; Heisenberg framework.

3.2 Experimental results

3.2.1 Magnetization, susceptibility, and heat capacity results

Figure 3.2 shows the magnetic susceptibility, isothermal magnetization, and a.c. suscepti-

bility measured on powders of LiYbO,. In the low temperature regime where the ground
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Figure 3.2: a) Temperature dependence of the inverse magnetic susceptibility of LiYbOs.
Solid line shows the a Curie-Weiss fit to the data between 20 < 7' < 100K. b) Field
dependence of the magnetization collected at a variety of temperatures. ¢) 2K isother-
mal magnetization curve with a linear fit in the saturated state above 10T. The 0T

intercept (gavgptn/2) provides a powder-averaged gayevv and the slope provides xyv. d)
a.c. magnetic susceptibility x’'(7") data collected for 330mK < 7" < 3.5 K at zero-field.
The two dashes lines at 1.13 K and 0.45 K mark the onset of peaks observed in zero-field

heat capacity data.

state Kramers doublet is primarily occupied (T' < 100K), data were fit to a Curie-
Weiss-type behavior with a ©cw = —3.4K and an effective moment p.rr = 2.74 pp.
This implies a powder-averaged g-factor g cw = 3.13 assuming Jog = 1/2 YD ions.

The nonlinearity of the Curie-Weiss fit above 100 K arises due to Van Vleck contribu-
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Figure 3.3: a-d) Specific heat C(T') of LiYbO, collected as a function of temperature
under pugH = 0, 3, 4, and 9T. The integrated magnetic entropy 0.5y, is overplotted with
the data as a black line. Results from a Debye model of lattice contributions to C(T)
are shown as orange lines. The horizontal dashed lines represent R In(2).

tions to the susceptibility that derive from the CEF splitting of the J = 7/2 Yb manifold.
In order to independently determine gg,,4, the xyv contribution to the total susceptibility
was fit in the saturated regime (uoH > 10T) of the 2 K isothermal magnetization data
shown in Figure 3.2. In the near-saturated state, the slope of isothermal magnetization
yields xyvv = 0.0206 cm® moly;, [167], and the intercept of this linear fit with ugH = 0T
was utilized to determine the saturated magnetic moment (gup/2) that corresponds to
a powder-averaged ¢qpgvv = 2.98.

Magnetic susceptibility data in Figure 3.2 explore the low temperature magnetic
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behavior of LiYbOy. Two low-temperature (7' < 10K) features appear: The first is
a broad cusp in susceptibility centered near 1.5 K and is an indication of the likely onset
of magnetic correlations. The second feature is a small upturn below 0.45K. When
compared with specific heat measurements in Figure 3.3, these two features in x'(T")
coincide with the two sharp anomalies in C,(T) at Ty; = 1.13K and Ty = 0.45K. An
additional broad peak also appears in C(T') centered near 2K, likely indicative of the
likely onset of short-range correlations. As discussed later in this manuscript, the two
lower temperature peaks in C,(7T") mark the staged onset of long-range magnetic order
with T marking the onset of partial order with disordered relative phases between the
A and B Yb-ion sublattices and with Tys marking the onset of complete order between
the two sublattices.

Figure 3.3a) also displays the total magnetic entropy released upon cooling down to
100 mK. Below 200mK, a nuclear Schottky feature arises from Yb nuclei as similarly
observed in NaYbO, [14]. Integrating C,/T between 100 mK and 40 K shows that 98%
of RIn(2) is reached at 0T, showing that the ordering is complete by 100 mK. Approxi-
mately half of R1In(2) is released upon cooling through the broad 2 K peak representing
the onset of short range correlations. C,(7") data were also collected under a series of
applied magnetic fields. The onset of T stays fixed at 1.13 K from 0T to 5'T and shifts
up to 1.40K at 9T. The 0T heat capacity anomaly at Tho = 0.45 K begins to broaden
at 3T into a small shoulder of the initial 1.13 K transition and vanishes by 5T. The

broad C,(T) peak marking the onset of short-range correlations near 2 K shifts to higher
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Table 3.1: Coefficients of the magnetic basis vectors creating the helical models of the
base temperature magnetic structure of LiYbOy at 0T and 3T, where bv; = (100),
bvy = (010), and bvs = (001).

270 mK, 0 T 270 mK, 3T
k = (0.384, £0.384,0) | k = (1/3,£1/3,0)
atom (z, y, 2) bv;  busy bus bv;  busy bus

Yb, (0, 0.75, 0.125) | 0 -1.26i 126 | 0 -1.26i 1.26
Yb, (0, 0.25,0.875) | 0 -1.26i 126 | 0 -1.26i 1.26

temperatures with increasing magnetic field, consistent with a number of other frustrated
spin systems [14, 167]. The suppression of the staged Tn1-Tn2 ordering under modest
magnetic field strengths suggests that zero-field fluctuations/remnant degeneracy likely

influence the ordering behavior.

3.2.2 Neutron diffraction results

To further investigate the low-temperature, ordered state, neutron powder diffraction
measurements were performed. Figure 3.4 details the field- and temperature-evolution of
magnetic order in LiYbO, about the Ty and T transitions identified in specific heat
measurements (Figure 3.3). Magnetic peaks appear in the powder neutron diffraction
data below 1K, and three regions of ordering were analyzed: (1) In the zero-field low-
temperature, fully ordered state (7" < 450 mK); (2) in the zero-field, intermediate ordered
state (450 mK< 7' < 1K); and (3) in the field-modified ordered state (7" < 450 mK and
puoH = 3'T). Figure 3.4a) shows the data and structural refinement collected at 1.5 K in
the high temperature paramagnetic regime—this is used as nonmagnetic background that

is subtracted from the low-temperature data. Figure 3.4b) shows the subtracted data
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Figure 3.4: Neutron powder diffraction data collected for LiYbO, at HB-2A at the High
Flux Isotope Reactor. a) Fits to the elastic scattering data at 1.5K reveal only one
structural phase. b) Temperature-subtracted diffraction data (7" — 1.5K) revealing a
series of new magnetic peaks upon cooling. Additionally, at 270 mK and 3T, another set
of magnetic peaks arise. Intensity near 1.5 A~! results from slight under /over subtraction
of the structural peak at that position in a) and is not a magnetic Bragg reflection. c)
Helical magnetic structure fit below the ordering transition Ts. d) 270 mK data collected
under zero field with the 1.5 K structural data subtracted. Green line shows the resulting
fit using the magnetic structure described in the text. e) 830 mK data collected under
zero field with the 1.5 K structural data subtracted. The orange line shows the partially
disordered, intermediate helical state described in the text and the green line shows a fit
using the fully ordered helical structure for comparison. f) 270 mK data collected under
pwH = 3T with the 1.5 K structural data subtracted. The red line shows the fit to the
commensurate magnetic structure describe in the text.
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in each of the above regions overplotted with one another, and each magnetic profile
is discussed separately in the following subsections. We note here that in each region,
the large difference signal observed slightly above 1.5 A7 is due to the slight under/over

subtraction of a nuclear reflection.

Region 1: yoH =0T, T < 450 mK

At 270 mK, well below Thno, a series of peaks appear at incommensurate momentum
transfers. These new magnetic reflections are described by a doubly-degenerate ordering
wave vector of k = (0.384,+0.384,0). The best fit to the data in this regime corresponds
to a helical magnetic structure shown in 3.4c) that is produced from the I'y irreducible
representation (Kovalev scheme) of this space group with the three basis vectors bv; =
(1,0,0), bvy = (0,1,0), and bvs = (0,0,1). The helical state is defined by a combination
of the ordering wave vector k and the helical propagation direction. The latter defines a
vector that moments rotate in the plane perpendicular. Best fits for the refinement data
were achieved when the helical propagation vector is restricted to the ab-plane. However,
all helical propagation directions within the ab-plane produce equivalent fits to the data.

The fit presented in Figure 3.4d) corresponds to the instance where helices propagate
along the b-axis with moments rotating within the ac-plane depicted in in Figure 3.4c).
Coefficients of the basis vector representation of this fit are shown in Table 3.1. Due to
the bipartite nature of this lattice, two magnetic Yb3* atoms are defined in the system
(denoted as sublattices A and B), and in effect, this creates a relative phase difference

in the moment rotation between the two sites that is experimentally fit at 0.587. The
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ordered magnetic moment refined with this fit is 4 = 1.26(10) pp, comprising 84% of the

expected 1.5 pp moment in a Jeg = 1/2 system with gg,, = 3.

Region 2: ;0 =0T, 450mK < T < 1.13K

As the temperature is increased above Tys to 830 mK into the intermediate ordered
state, incommensurate magnetic reflections with the same ordering wave vector of k =
(0.384,+£0.384,0) persist (Figure 3.4e)). Order in this T, state is seemingly still long-
range and the lowest angle reflection can be fit to a Lorentzian peak shape to extract
an estimated, minimum correlation length. In both the 270 mK base temperature and
830 mK intermediate temperature regimes, the minimum correlation length corresponds
to ~ 364 A. Modeling the pattern of magnetic peaks in this intermediate temperature
regime using the same Tyo structure as described above however fails to fully capture the
data. As seen in Figure 3.4e), the T2 (green) structure overestimates reflections near
1.2 AL

One potential model for the magnetic order in this intermediate temperature regime
is to allow the relative phasing of the A and B magnetic sublattices to become disordered
upon warming into the Ty state. In other words, helical magnetic order could estab-
lish with k& = (0.384,40.384,0); however the phasing between Yb-sites would remain
disordered prior to selecting a specific phase below Tys. This conjecture was modeled
by averaging over ten fits using equally-spaced relative phases from zero to 27 between
Yb-sites, and where each fit was calculated using an identical moment size (1.26 fp).

This averaged phasing model (Figure 3.4d) orange) captures the relative peak intensi-
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ties better than the single-phase model used below T and is supported by C(7T') data

showing that additional entropy freezes out below Ts.

Region 3: poH =3T, T < 450 mK

Upon applying a magnetic field to the low-temperature ordered state below Thxo, the
magnetic ordering of the system changes. Figure 3.4f) shows that a ygH = 3T field drives
commensurate peaks to appear in place of the incommensurate reflections in the zero-field
ordered state. The modified propagation vector corresponds to the doubly-degenerate
k = (1/3,£1/3,0). Although the modified k reflects a locking into a commensurate
structure, qualitatively, the details of the ordered state remain similar to the zero-field
Tn2 model. The commensurate 3T state is still best represented by an ab-plane helical
magnetic structure with basis vector coefficients displayed in Table 3.1. The magnetic
moment is refined to be u = 1.26(9) up and the two Yb-sublattices differ by a relative

phase of 0.427.

3.2.3 Low-energy magnetic fluctuations

The low-energy spin dynamics of Yb moments in LiYbO, were investigated in all three
ordered regimes described in the previous section via inelastic neutron scattering mea-
surements. While the powder-averaged data is difficult to interpret given the complexity
of the ordered state, Figure 3.5 plots a series of background-subtracted inelastic spectra
that qualitatively illustrate a few key points. Below T2 and in zero-field, the bandwidth

of spin excitations extends to roughly 1 meV. Spectral weight appears to originate from
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Figure 3.5: Low-energy inelastic neutron scattering (INS) spectra S(|Q|, iw) collected
on the DCS spectrometer at a) uoH = 0T and 36 mK, b) guoH = 0T and 800 mK, and
c) uoH = 3T and 36 mK. All data have data collected at 36 mK and 10T subtracted,

where LiYbO, enters a field-polarized state, indicated by isothermal magnetization data
from Figure 4b).

the magnetic zone centers of k = (¢, £q,0) (where ¢ = 0.384 at 0T and ¢ = 1/3 at 3T)
and the I' point. As the ordered does not change appreciably under moderate fields,
the low-energy spectra remain qualitatively similar for both 0 T and 3T data below T5.
Similarly, upon heating from Ty9 into the T, state, minimal changes are observed in
the inelastic spectra. At 10T and 36 mK however, LiYbOs enters a field-polarized state
where the low energy spin fluctuations are dramatically suppressed. The removal of
low-energy fluctuations in this high-field data was used to subtract out background con-
tributions in the data shown in Figure 3.5. There are slight differences in the dynamics
of the 0 T and 3T states in Figure 3.5 that will require future experiments to detail their

differences with higher statistics.
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3.3 Theoretical analysis

In the following subsections, we construct a classical Heisenberg Hamiltonian to describe
the interactions of Yb ions in LiYbO,. We then use this Hamiltonian, extended out
to next-nearest neighbors, to model the potential magnetic ground states in LiYbO,
for comparison with experimental data. Spin excitations are then also modeled in the
parameter space predicting magnetic order most closely matching that experimentally

observed.

3.3.1 Coordinates and symmetry

First we establish the coordinates for the Yb atoms in LiYbO, by denoting the orthogonal
unit cell vectors as @ = a&, b = ag, and ¢ = c2, with a = 4.378 A, and ¢ = 10.058 A.

The BCC primitive cell vectors are
1 1 1
ay=5(-at+bte), b=5la-b+ec) ¢=g(atb-oc. (3.2)

We choose the origin to be centered on the p = 0 sublattice ; the other sublattice (u = 1)
has one atom sitting at %b + }Lc. We introduce the global coordinate (x,y,z) and the

sublattice-dependent coordinate (rq,72,73),, with =0, 1:

(Tl,TQ,Tg)M = rlap + ’I"gbp + Tgcp + 5u
. <—T’1+7’2+7”3 T —7To+ 173 ,I_L 1+ 7T9— T3 H) (33>

2 ’ 2 2’ 2 4
On the other hand, we have (r1,72,73), = (z,vy,2) = (y+ 2 —3p/4, x4+ 2z —p/d,x+y —

1/2),, where p = 0 if x,y, z all are multiples of 1/2, and p = 1 if at least one of z,y, 2
is not a multiple of 1/2 (and is a multiple of 1/4).
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The space group for LiYbO, is 14y /amd (No. 141). The point group is Dy, with 16

elements, generated by the following symmetry operations

Saz: (ri,m2,m3) = (L+rg =73 —p, L+my =73, 1 =713 — ), (3.4a)
S4z2 (7”1, 7“2,?"3)“ — (7“2 -+ M, To — T3, =T + ’1"2)17“, (34b)
Coy: (r1,72,73) = (—ra+ 13+ p, 1 — 1o, 1 — ro + p)1—yp, (3.4c)
P: (7’1,7"2,7’3)u — (_Tl,_r27_r3)1_u. (3 4d)
In global coordinates, these symmetry operations have the form
1 1 1
SZz: ("L‘ayaz)%(ﬁ_'x?é_yvi_’_z)u (35&)
1 1
S4z: (xvyv Z) - (—y,§—|—l’,z—|—2), (35b>
1 3
CZy: (ZL‘,y,Z) - (§—I,y,z—2), (35C)
1 1
P ($7y72)—>(—$,§—y,1—2>. (35d>

The minimal set of generators of Dy, can be chosen as {S4,, Cyy, P}.
The local environment symmetry for an Yb ion is Dyg4, which is order-eight, generated

by three order-two elements Cs,, M, and S (assuming the Yb ion is at the origin):

Co,: (x,y,2) = (—x,—y, 2), (3.6a)
M: (x,y,2) = (—x,y, 2), (3.6b)
S (z,y,2) = (—y,z,—=2). (3.6¢)

The local environment symmetry group Dsyg is a subgroup of the point group Dyy,. This
can be seen from the following relations:

Cy, = Sy, Ty YTy Ty 1Sy, M =TTy M Ty Co, P S = PS,.. (3.7)
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3.3.2 LiYbO, exchange Hamiltonian

A minimal Hamiltonian describing the NN interactions in LiYbOy (I4;/amd) following

symmetry analysis in the last subsection can be written as

Hy =Y J.S78; + Joy(SPST + SYSY) + J5(Si - £:5)(S - £i5) + Jex(Si - £357 + S7 - i),
(i.7)

(3.8)

where f;; is the projection of the bond vector e;; onto the basal plane. The symmetry-

allowed next nearest-neighbor (NNN) interactions are written as
Hy= > J.SiS:+ J.,(SFSE+SYSY) + Ji(Si - €;)(S; - ei) + Dij - Si x ;. (3.9)
((@.9))

where the Dzyaloshinskii-Moriya (DM) vectors for the NNN bonds (ij) along a and b
are D;; = (=1)"DDa x 2 and D;; = (—1)*W Db x 2, respectively. Here u(i) = 0,1 for
the sublattice 1 = A, B, respectively, indicating that the sign of the DM vector alternates
between layers.

We hereby restrict our study to the Hamiltonian up to NNN: H = H; + H,. For
f-orbital ions such as Yb, the anisotropies Js and J; are usually negligible, and as a good
approximation we take the Heisenberg limit J, = J,, = Ji, and J. = J,, = Jo (the effect
of J, # Juy and J, # J;, will be discussed in a later subsection). This generates as a

physical model the J; —J, Heisenberg Hamiltonian

H=7 8-Si+h» S8, (3.10)
(i) (@)
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J>> 0:
FM IC spiral AFM

(0,0,0)  (g,9,0) (0,0,0)

S [— S g
-0 _4 4 +00

JZL/JZ

Figure 3.6: Phase diagram of magnetic order in the J; —J, Heisenberg model, assuming
Jo > 0, where ferromagnetic (FM), incommensurate (IC) spiral, and antiferromagnetic
(AFM) Néel order exist.

3.3.3 The J;—J, model and spiral order

We first look at the J; —J; Heisenberg model on the stretched diamond lattice without the
DM term. The classical ground state of this model can be solved exactly. In momentum

space, the J; —Jo Heisenberg model is written as

H=Y84,J"S qu, (3.11)

q’/‘l‘ilj

with

Jg' = JP? = Js(cosq-a+cosq-b),

.q-c . -q-c * b
J;Q = Jsl* =J; (624 coS q2a + €1 cos qT) )
Therefore the lower branch of the band is
Mg =Jg' =177 (3.12)

Solving for the minimum of A4, the classical ground state is an incommensurate spiral,

with wave vector

27 27
q= _(QJ q, 0) or q= _(Q7 —dq, 0)7 (313)
a a
where
1 1] <
4= { (j)t,w SRR respectively for{ Iﬂ > jﬁf
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s
2Jy

Figure 3.7: The classical ground state condition Sa 1 + Sa 2 + 2‘]712,5&73 =0.

Note that due to the sublattice structure, both the FM and AFM Néel orders have
g = 0. From now on we assume J, > 0 since spiral order can appear only for a positive
Jo (Figure 3.6). The experimental value for the doubly-degenerate spiral wave vector is
27(0.384, £0.384, 0), which gives

Ji = £4.¢c0s(0.3847) Jy = £1.426.J5. (3.14)

The eigenvector corresponding to A, is ug, = \/iﬁ(ei%, 1), where the phase ¢, = 7 +
ArgJ;2 determines the relative angle or phase between the spins of the two sublattices.
The magnetic order then is

S’ri = (07 cosq - Ty, Siﬂq : ri) (315)

or any coplanar configuration that is related to Eq. (3.15) by a global SO(3) rotation.
A more intuitive, geometrical way to obtain the ground state of the Heisenberg J; — J5
Hamiltonian is to rewrite it as the sum over all the “elementary” triangles A that are
enclosed by two NN bonds and one NNN bond, where each NNN bond belongs to only
one “elementary” triangle while each NN bond is shared by two “elementary” triangles.

Concretely, for each A, label the two spins connected with an NNN bond as Sa; and
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Sa.2, and the third spin as Sa 3, we then have:

J. J 2
H = Constant + 52 EA: (SA,l +Sn2+ 2—}25A73> ) (3.16)

Written in this way, the classical ground state is the spin configuration that satisfies
Sa1+ Sag+ 2‘]7128@73 = 0 for all A. Denote the (orientationless) angle between two

vectors S and Sy by (S, S2). One easily infers from Figure 3.7 that

J

m—arccos+ >Z  4J),>J >0
(Sa1,8n3) = (Sn2,8n3) = { | /1] 4J3T ? )
arccos 7, < 5,  4h>-21>0 317
|1
Sai1,Sp9) =2 [kl
(Sa1,8n2) arccos i,

This result agrees with the exact diagonalization result above. When J; = 1.426J, > 0
with a sublattice phasing of 7, the angle between the two spins in a primitive cell is

expected to be m — arccos(1.426/4) = 1.935 ~ 111°.

3.3.4 Effect of other terms; phasing and lattice distortion

The J; —Jy model reproduces the spiral phase and the incommensurate wave vector in
the ground state of LiYbOs. The angle difference between the nearest spins (111°),
however, does not agree with the best experimental fitting (staggered in alternating 34°
and 172° angles). One plausible explanation is a small lattice distortion that is outside
of resolution of the neutron powder diffraction data.

In this subsection, we study the effect of a lattice distortion on the magnetic order.
We assume a simple scenario in which the lattice distortion results in a displacement
between two sublattices: suppose the u = 1 sublattice, originally § = a/2 + ¢/4 part
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from the p = 0 sublattice, is offset by e from the original position, where € = (¢,¢€,0). In

this case the NN vectors from the Yb ion at the origin become § + § +€, =5 + § + €,

SIS

(&

— ¢ +e€,and —3 — § + €, which correspond to Ji, J7, Ji, J{, respectively. Here we
assume antiferromagnetic exchange Ji,.J{ > 0 in order to agree with experiment. We
can again write down the Hamiltonian in momentum space in the form of Eq. (3.11),

with modified off-diagonal element

A 124
J12 J21* _ % (ez‘q~(%+§+e) +€iq~(§—§+e)) X J_l( a(—2+%+e) +€zq( f—z+s))

:; e (er(845) 1 piein (55 4 e (-5+5) 4 prein(-59)

(3.18)
where we denote ¢, =q-a, ¢, =q-b, and ¢, = q - c. It is easy to show that
J J//2 1 J J//2
Ag > Jo(cos g, + cosqy) — I + T + = JlJ1 COS ¢y — T + T + = JlJ’cos Qys
(3.19)

hence the energy minimum is reached at ¢, = ¢, = qo and ¢, = 0. Here gy = 0.384 x 27

is the required experimental value to minimize f(q) = J, cosq— \/ JT{Z + J1Ji cosq,

and we get

J J//2 4J22<J + J//Q)
8J3J1J ’

cos qp =

This equation restricts the value between Jj /Jo and J /J. Setting J{ = J{ = J; recovers

the previous undistorted result, J; = 4cos © = 4cosmq. The eigenvector corresponding

112



- - _ 1 (ivg 1\T
to Aq is again ug = —5(€'*e,1)", where we now have

Ggq, = T + qo - € + arctan ( tan Z—ﬂ tan@ ~ m + arctan ( tan Z—B tan@ ,
0 4 2 4 2
(3.20)

and we define tan § = J{/J{. The term q - € is small and can be ignored. Eq. (3.20)
suggests that the angle difference between NN spins (which is ¢g4, + ¢o/2) depends on
the spiral wave vector and the ratio of NN bond exchange energies. If we plug in
g, = 360° — 34° = 172° then we get tan3 ~ 6. This means that in our simple
lattice distortion scenario, a large exchange ratio is needed in order to reproduce the
experimentally observed order.

We note that the DM contribution vanishes if different layers are assumed to have
the same order: assume D < Ji, Jo; suppose the coplanar order is normal to m, then
the DM interaction in layer [ is proportional to (—1)*¥D(a — b) - nsinga. The sign
(—1)*® indicates that neighboring layers (belonging to different sublattices A and B)

have opposite contributions, leading to a vanishing DM energy.

3.3.5 Effect of anisotropy in the J; —J; model

In this subsection we briefly address the effect of anisotropy. Since the classical solution
of the original J; — Jo Heisenberg model can be mapped to a J; —J; Heisenberg chain, we
use a chain representation in the following analysis: the site index in the chain labels the
sites in the (110) direction of the original LiYbO, lattice; in doing so we collapse and

treat all the spins in the plane normal to the (110) direction as one spin, since they all
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have the same orientation in the Ansatz that we now consider.
We consider an XXZ model with NN and NNN exchange interactions. Denote as A 5

the Ising anisotropy at NN and NNN level, the energy can be written as
H = Z J1(sin 0; sin 6, 11+A; cos 8; cos 0;41)+J2(sin 0; sin 0, o+Ag cos 6; cos 0;2). (3.21)

In the Heisenberg limit Ay = Ay =1, H =Y. Jy cos(0;11 — 6;) + Jocos(0i2 — 6;), the
uniform spiral order is recovered. For general A; and A,, we assume the Ansatz that

O9; = Oy + 2i¢, while 09,1 = 09; + ¢ + . The energy under this Ansatz becomes

H=J)_ Al; ! (cos(200 + (4i + 1) + a) + cos(20y + (4i + 3)p + a))

()

Ay +1
+

(cos(@ + a) + cos( — a))
(3.22)

+ Y AQQ_ ! (cos(26y + (4i + 2)¢) + cos(26y + (4i + 4)¢ + 20v))

Ay +1

(cos(2¢) + cos(2¢)).
If ¢ is an incommensurate angle (i.e. irrational fraction of 27), then the first term of
each summation averages to zero, and only the last term of each summation survives the

average. This recovers the original J; —J5 chain with renormalized exchange parameter

Ji— SR i =1,2.
Next we consider the possibility of lattice distortion, which is a displacement between

two sublattices as mentioned in the main text. In the chain representation, J; is now

modified to J] and J; depending on the bond considered, while A; is still unique. Then
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Ay —1
H =Y ——(J{cos(20 + (4 + 1)¢ + a) + J cos(20o + (4i + 3)¢ + )

+ Al; ! (J7 cos(¢ + a) + J} cos(¢ — )
- (3.23)
+ Y 5 (€08(200 + (41 + 2)9) + cos(26 + (41 + 4)¢ + 20))
Azt 1 (cos(2¢) + cos(2¢)).

Again assume incommensurate ¢, the first terms of the two sums average to zero, and

we are left with

A +1
2

H/N = ((J]+ J7)cosacos p+ (—J; + J7) sinasin @) + Jo(Ag + 1) cos 26, (3.24)

(—=(J14+J7)) cos p,—(—J1+J]) sin p)
IR+ 421 T cos2¢

One then first minimizes with respect to a.. At (cos o, sina) =

Y

H is minimized

Ay

1
IR T 200 c0s 26 4 Ta(Da 4 1) cos26. (3.25)

H/N = —
/ 2

Finally, minimizing H with respect to ¢ gives the condition for ¢

2
TR -4 (828) B+ )

cos2¢ = (3.26)

2
s (32) s

Compare this equation with its Heisenberg limit at A; = Ay = 1, we see that the effect

of Ising anisotropy is to renormalize J, — A1e
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3.3.6 Linear spin wave theory

In this subsection, we present simulations of the dynamical structure factor using linear
spin wave theory. An undistorted lattice is assumed. Introducing Holstein-Primakoff

(HP) bosons

4 qf gl
Si'ai:\/gma Si-bz:\/Eu, Si e =s—mn; (3.27)

V2 V/2i

where ¢; = wcosq - r; +vsinq - r; is the spin order (u and v are orthogonal unit vectors
spanning the order plane), b, = u x v, and a; = b; X ¢;. We define g = 27”(1 —q,1—¢,0)
to remind that the angle between NN spins is obtuse in the J; — J; model. The spin wave
Hamiltonian is then

H= Y o H(k)Ps, (3.28)

keBzZ+
oo\
where &, = <ak70, Ako,1, Q. g 0, QL 1) are the HP bosons in momentum space, and

hii hi2 pii pi2

h* h p* P11
H(k)=2]| 12 "1 2 : 3.29
( ) pui Pz hin hae ( )

Pia P11 hiy hn
with

1
hyy, = Jy Z (25 cosk -0 L—l(c,; + 1)} — 505) —J; Z gc(;, (3.30a)

9=ab S=+¢-¢.£5+5
, 1
his = i Z se'k? [Z(C‘s + 1)} , (3.30b)
d=§-¢E5+%
1
pin = Jo 5_2,, 2scosk - O L—L(cé — 1)1 , (3.30¢)

p2 = LY, s E(c(;—n}, (3.30d)
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Figure 3.8: a) Spin wave spectrum (red lines) and the structure factor simulation for
J1 = 1.42565J, > 0. Both along the (110) direction. b) Angular averaged structure
factor for J; = 1.42565J5 > 0.

where we defined

_J1/4Js, & €NN,
s =cosq-0 = 2 (3.31)
2 (47712) ~1, & ¢ NNN.

The boson canonical commutation relation is preserved by the diagonalization V,J H(k) Vi =
Ay, @ = Vi Uy, where V,JJVk = J = Diag(1,1,—1,—1). Diagonalizing JH (k) then gives

the spin wave spectrum A = (A, Ay, — A1, —A2), with

A2 = \/(hn + |ho])? = (P11 F |q12])% (3.32)

The spin wave spectrum (3.32) along the (110) direction is shown in Figure 3.8a. One

observes that the spectrum is gapless at

9 2
q=1(0,0,0), +(q,¢,0), and =+ -—"(1—gq,1—q,0), (3.33)
a a

and the momenta that are related to g by a Cj rotation along (001) or translation by

reciprocal lattice vectors.
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We then derive an expression for the dynamical structure factor, which is the Fourier

transform of spin-spin correlation function. One obtains

3 1
S(k,w) =Y (655 — (k)i(k);) Y (mi(—k, —w)mi(k,w))
i,j=1 p,v=0
4
= 2503 Y 6w — Thi-qe) [v,j_qKI g PkgKlvk_g] e (3.3
e=1 € ’

+ 5(w — J>\k:+ii,e) [VJ+qugTPkgKka+q}

e.e

46w — TAie) [V,j Kigt PkgKng} N

where we defined projector Py = 13x3 — kkT. From Eq. (3.34), it is clear that the
structure factor intensity at one k receives contributions from three momenta: k 4+ q and
k. The simulated structure factor according to Eq. (3.34) is shown in Figure 3.8a) for a
specific (1,1, 0) direction, and in Figure 3.8b) for the angular averaged result. One of the
main features at low-energy is the vanishing intensity at I and |q| = %0.384, where the
spin wave spectrum is gapless, and one would naively expect a strong intensity peak at
zero energy due to singular BAG Hamiltonian at these momenta. Physically the “missing”
intensity is a consequence of the destructive interference of the two sublattices at I' and
q that leads to vanishing contribution to the structure factor. The same interference
pattern is also true for the static structure factor. The perfect cancellation is really
a consequence of the (undistorted) J; —Jy Heisenberg model. On the other hand, the
persistence of high intensities at I' and q from the neutron experiment suggests this

cancellation is partially lifted in the real material due to other effects not captured by

the J; —Jy Heisenberg model.
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3.3.7 Free energy analysis

The classical ground state of the J; —J; Heisenberg model has a global SO(3) symmetry
due to the freedom in choosing the spiral plane. Since the lattice only has discrete
symmetries, it is likely that this continuous symmetry is lifted due to other effects, such
as spin—orbit coupling and fluctuations, and it is the goal of this section to address this
issue energetically from a symmetry point of view. Specifically, we will examine the
symmetry constraints on the free energy. We first write down the spiral order parameter.
Assuming the spiral plane is spanned by two orthogonal vectors w and v, the order
parameter can be chosen as the Fourier transform of the magnetic order, which can be

written as

d = " (lu + imv), (3.35)

where 0(r) determines the direction of the spins in the spiral plane. While it is a constant
in the spiral phase, spatial fluctuation of # must be considered near the incommensurate-
to-commensurate (IC-C) transition. Note we have introduced [ and m to account for
either perfect circular (I = m, no net magnetization), elliptical (m # [ > 0) or linear (m =
0) polarization, which correspond to zero, low and high magnetic fields, respectively.

We first look at the zero-field case, [ = m. Following Lee and Balents [84], we seek to
write down the free energy for the order parameter to quadratic order using symmetry
considerations. Out of the symmetry generators 7} 23, Si., Coy and P, the little group of
the wave vector g contains P, Ty 23, S3,, and S3,Cyy: (z,y,2) = (y—1/2,2—1/2,3/2—2).
Under these symmetries, the order parameter transforms as
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P:  d—™dr, (3.36a
(

)
S2: d— Diag(—1,-1,1)d", 3.36b)
TLQZ d— d, (336C)
Ts: d— e ¥md, (3.36d)

1
S3 Coy:  d— |1 e, (3.36¢)

1

where the last symmetry operation can be composed with T3 to get 735%,Co,: d —
(dy,dy,d,). From this, one can write down a free energy density that is quadratic in d:

f(d) = C()|d|2 + C1 (d;dz + C.C.) + nggdg. (337)

By minimizing this free energy one finds there are three choices for the spiral plane
depending on the value of ¢; and ¢y [84]: the normal of the order plane can be along
either (001), (110), or (110).

The result above applies to a generally incommensurate wave vector ¢ at zero mag-
netic field. As the field is switched on, the spiral order ceases to be circularly polarized,
and the unequal components | # m allow for nonzero net magnetization. As a conse-
quence, some of the symmetry transformations in (3.36) are no longer valid and need to
be modified. Nevertheless, we assume that all the symmetry transformations in (3.36)
remain approximately valid at small field. Under these assumptions, we proceed to an
explanation of the IC-C transition at 3'T. The commensurate phase has a three-unit cell
order with corresponding wave vector q = 2%(%, %, 0). In this phase, another term can
be added to the free energy density:

fo=f(d) -5 ((d-ad)’+cc.). (3.38)
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The development of unequal [ and m can be further modeled phenomenologically by
fourth-order terms in the free energy such as Bs|d - d|? + x1 H*(d* - d) + x2| H - d|?, which
we do not discuss here but instead refer to Ref. [183].

In the following, we show that the IC-C transition can be described phenomenolog-
ically by a sine-Gordon model. For given J; and Js, assume q is the (generally incom-
mensurate) ground state spiral wave vector, while k is a nearby commensurate wave
vector. Assume q = k + 0k + V0, where V@ denotes the spatial fluctuation of the order
parameter. The classical energy can be expanded around k:

A=A +28-VO+ %(@9)2 4 (9,0)%) + %(329)2, (3.39)

where \g = —% — 2J5, and the rigidity for 6 is

a® 2 J?
oy = — JP —16J3 s = oot
Kay 16J2< 1 2)7 Kk 32J2

(3.40)

Importantly, a term linear in the gradient of 6 exists, with coefficient § = k,,0k. A full

theory for 6 then appears as
3, (F 2
Flo] = A/d x <§(V0) +26 - VO — ¢4 cos 69) , (3.41)

where the last term comes from Eq. (3.38) with ¢g ~ (I — m?)3¢cs. This is the sine-

Gordon model that has been analyzed in numerous works; see e.g. Ref. [183]. The basic
physics is that the soliton number N of the lowest energy solution to the free energy
functional (3.41) distinguishes commensurate phase (N = 0) and incommensurate phase
(N = +£1); the C-IC transition then is determined by the energetics of N = 0 and
N # 0 configurations, with critical relation x%cg/4kdk = 72/32 (k?ce/4kdk < 72/32

gives the incommensurate phase). Since the elliptic polarization is induced by magnetic
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field, following Ref. [183] we conclude that the coefficient cg oc (I —m?)? oc H®, and that

increasing the magnetic field will inevitably induce an IC-C transition.

3.4 Discussion

LiYbO, shows a rich magnetic phase diagram (see Figure 3.9) with inherent similarities to
the A-site transition metal spinels and the J; — J; diamond lattice model, indicating that
the underlying physics of both systems arises from the same bipartite frustration. The
J1—Jo model on the ideal diamond lattice with Jy/|J;| > 1/8, produces frustrated spiral
order with wave vectors directed along the high-symmetry directions of the lattice (e.g.
(4,9,9), (¢,4,0), (0,0,q)) and similar spiral order also appears in tetragonaly elongated
diamond lattice of LiYbOy near |J;| < 4.J5. Spiral wave vectors in the distorted case are
however limited to (¢, +¢,0), and tetragonal distortion lifts the degeneracy of the spiral
spin liquid surface predicted for the perfect diamond lattice [10, 84, 22].

Curiously, in zero-field, the long-range helical ground state forms through two succes-
sive magnetic transitions upon cooling. An intermediate state formed upon cooling below
Tn1 is best fit by modeling a spiral state on each Yb-site but with disordered relative
phasing between the two spirals. This apparent frustration in the relative phase between
magnetic sublattices and the formation of a partially ordered state is also likely reflected
in the departure of the relative phasing between Yb-ions within the fully ordered state
(below T2) from the predictions of the Heisenberg J; —.Jo model. Specifically, the model
predicts that moments rotate along all A-to-B sublattice bonds equivalently (i.e. the
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angle difference between every NN spin is 111°), while the experimental data suggests
that moments rotate in a staggered fashion, where the first A-to-B sublattice bond is
34° and the second is 172°. This generates a magnetic structure in which pairs of spins
between the A and B sublattices are nearly aligned antiparallel.

While CEF data suggest the presence of two Yb environments in the lattice, this
is not readily apparent in the average structural data, suggesting that the distortion
responsible for this is reasonably subtle. Given the large distortion required for the model
to produce the experimentally observed phasing between Yb-moments, the possible origin
for the phase difference instead lies in the presence of anisotropic exchange interactions
in LiYbO,. We note however that, assuming spiral order with a single wave vector g,
including Ising type of anisotropy at NN and NNN level does not help in explaining
the disagreement between theory and experiment. Resolving the possibility of other
anisotropic terms in the Hamiltonian as well as the precise nature of the anomalous state
between 0.45 K < T < 1.13 K will require future single crystal studies.

The incommensurate helical structure in LiYbOs evolves into a commensurate helical
structure when poH = 3T is applied. A similar type of “lock-in” incommensurate-
to-commensurate (IC-C) phase transition occurs in the A-site spinels, originating from
magnetic anisotropy on top of the J; —J; model [84]. Anisotropy accounts for the change
from an incommensurate (g, 4q,0) helical phase to a commensurate one in MnScsS,
(84, 44, 71] and CoCrp0y [28, 81, 32] with decreasing temperature. In LiYbO, however,

the field-driven “lock-in” phase transition is captured within the sine-Gordon model in
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Eq. (3.38) without the need to perturb the Heisenberg J; - .J, model.

In fact, a considerable amount of the zero-field magnetic behavior of LiYbO, is cap-
tured at the ideal Heisenberg J; — Jo limit. The doubly-degenerate ordering wave vector
(¢,%£q,0) predicted by the model is reproduced in the fits to elastic neutron diffraction
data, and the theory predicts that the spiral structure’s ordering plane should be along
(0,0,1), (1,1,0), or (1,1,0). Experimental fits in Figure 3.4 and Table 3.1 rule out the
(0,0,1) ordering plane and the remaining planes of (a,b,0) can not be distinguished with
the present powder data. Future single crystal neutron experiments could reveal if the
ordering plane aligns with the energy minimization in the (1, 1,0) or (1,1,0) planes.

Additionally, the extracted value of |J;|/Jo = 1.426 from the J;—J; model makes
intuitive sense within the chemical lattice. It is unsurprising that the two magnetic
interactions would be comparable in strength due to their relative superexchange path-
ways. In comparison, materials such as KRuOy4 [104] and KOsO,4 [153, 70] share the
same [41/amd magnetic sublattice comprised of Ru and Os ions, but break the oxygen-
based superexchange connection along .J,. In these systems, magnetic order resides in
the Jo = 0 limit of the Heisenberg J; —.J5 model, where moments order within a Neél
antiferromagnetic state and an unfrustrated J; [104, 153, 70].

Calculations of low-energy spin excitations with the parameters obtained from the
J1—J> model largely reproduce the low-energy INS spectrum in Figures 3.5 and 3.8 with
Jo = 1/3meV and J; ~ 0.475 meV. One difference appears in the spectral weight at the

[ and |g| = @ x 0.384 positions, where a cancellation of the simulated structure factor
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intensity occurs due to destructive interference of the two sublattices at these momenta.
This cancellation does not occur in the experimental data due to the difference in phasing
between Yb-moments relative to the predictions of the J; —Jo model.

Despite this minor deviation, rooted in the relative phasing between the Yb-sublattices,
our work establishes that LiYbO, contains a tetragonally-elongated diamond lattice
largely captured by the Heisenberg J; —.J; model. To the best of our knowledge, re-
ports of diamond lattices decorated with trivalent lanthanide ions are rare, and, based
upon our results, we expect that an ideal diamond lattice decorated with Yb3T moments
may reside close to the ideal Heisenberg limit. Such an ideal cubic Ln-ion diamond lattice
would be a promising platform for manifesting (quantum) spiral spin liquid states, simi-
lar to transition metal spinels, while potentially avoiding the complications of extended

exchange interactions born from d-electron systems.

3.5 Conclusions

LiYbO, provides an interesting material manifestation of localized f-electron moments
decorating a frustrated diamond-like lattice. Long-range incommensurate spiral magnetic
order of k = (0.384,+0.384,0) forms in the ground state, which seemingly manifests
through a two-step ordering process via a partially ordered intermediate state. Upon
applying an external magnetic field, magnetic order becomes commensurate with the
lattice with k = (1/3,£1/3,0) through a “lock-in” phase transition. Remarkably, the
majority of this behavior in LiYbOs can be captured in the Heisenberg J; — J5 limit where

125



12

FP -G,
101
8_
o C helix
i 61 (1/3£1/30)
3 S— R T PM
41 i C helix range
i disordered
21IC helix| IC helix
(q,+q,0) | disordered
0 - : L
0.0 0.5 1.0 1.5 10.0

T (K)

Figure 3.9: Proposed powder-averaged, low-temperature (H,T) diagram of LiYbOy ex-
tracted from a combination of specific heat (C,) measurements and elastic neutron pow-
der diffraction data. At high temperature, LiYbOs is in the paramagnetic (PM) phase.
Below approximately 10 K, specific heat shows a broad feature where roughly half of the
magnetic entropy of RIn(2) is released and signifies the onset of short-range magnetic
correlations. A sharp anomaly at 1.13K at 0, 3, and 5T and 1.40K at 9T in specific
heat measurements shows where long-range magnetic order sets in. Combining specific
heat data with neutron powder diffraction data suggests that the temperature regime be-
tween 0.45 K and 1.13 K consists of a helical magnetic structure with disordered phasing
between the two interpenetrating Yb sublattices. The system undergoes a lock-in phase
transition from an incommensurate helical structure at zero field to a commensurate
structure at 3T.

the magnetic Yb?* ions are split into two interpenetrating A-B sublattices. This model
was explicitly re-derived and tuned for LiYbO,, and it is directly related to a physical
elongation of the diamond lattice Heisenberg J; —.J; model. Differences in the relative
phasing of A-B sublattices between the Heisenberg model and the observed magnetic
structure suggest additional interactions and quantum effects may be present in LiYbOs.
This is possibly related to the observation of crystal field splittings suggesting two Yb

environments. Exploring these as well as the nature of the intermediate ordered state
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are promising future steps in single-crystal studies.
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Chapter 4

Competing orders in pyrochlore
magnets from a Z, spin liquid

perspective

4.1 Introduction

Quantum spin liquids (QSLs) [138] are zero-temperature phases of interacting spin sys-
tems which possess intrinsic long-range entanglement and support nonlocal excitations
carrying fractionalized quantum numbers. Typically, they respect all symmetries of the
underlying lattice, i.e., they exhibit a lack of conventional symmetry-breaking order. The
theoretical understanding of QSLs is largely in terms of emergent gauge theory, which pro-

vides a convenient mathematical framework to describe long-range entanglement, along
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with the nonlocal nature of the fractionalized excitations.

In frustrated magnetic systems [5], QSL ground states may control the physics even
at (small) finite temperatures, as long as energy dominates over entropy. For two-
dimensional spin liquids, this statement is purely asymptotic; at any nonzero temperature
T > 0, the putative QSL is adiabatically connected to a high-temperature paramagnet.
However, some three-dimensional spin liquids, particularly the so-called Z, states with
Ising-like emergent gauge fields, are more robust, and can persist in the form of a distinct
low-temperature phase up to a nonzero critical temperature.

While QSLs are extremely interesting from a conceptual perspective, it is far from
obvious to realize them in experimental materials, or even realistic spin Hamiltonians.
Traditionally, most studies considered spin-rotation-invariant Heisenberg systems on ge-
ometrically frustrated two-dimensional lattices. However, it has recently been recognized
that magnetic systems with strong spin—orbit coupling provide a promising alternative
avenue to QSLs [167, 51, 127, 69]. In general, these systems have a large number of
magnetically anisotropic terms, leading to exchange frustration as well as an extended
parameter space, and are thus expected to harbor QSL ground states on a wide range of
two- and three-dimensional lattices.

The most widely studied such three-dimensional structure is the pyrochlore lattice,
consisting of periodically arranged corner-sharing tetrahedra. Experimentally, two large
families of materials, the pyrochlore spinels and the rare-earth pyrochlores, provide vast

real-world possibilities [45] to test theoretical predictions on the pyrochlore lattice. In the

129



2000s, it was predicted that certain antiferromagnetic pyrochlore models could support
a U(1) QSL phase [63] [the “U(1)” means that the gauge field belongs to the Lie algebra
of the U(1) group and that the emergent charges are characterized by integers related to
the generating charge of U(1)], which is a simulacrum of electromagnetic gauge theory
in high-energy physics. In 2011/2012, theoretical applications of this idea to realistic
models emerged, suggesting the presence of a U(1) spin liquid in the so-called “quantum
spin ice” pyrochlore materials [133, 137]. So far, these predictions remain to be confirmed
in experiments, even though there are some promising recent developments [65, 64, 49,
149, 150, 143, 155, 147, 157].

Another thread recurring in the experimental study of rare-earth pyrochlores is the
close competition amongst several weakly ordered states [55]. Several hints at this com-
petition are present in the family of Yb pyrochlores, YbsB2O7, which have a systematic
structural evolution across the series B = Ge, Ti, Pt, Sn. While the germanate orders
antiferromagnetically, the remaining members of the family have ferromagnetic ground
states, suggesting the close proximity of at least these two phases. In each material,
the specific heat is peaked at a temperature of 2-4 K, while the maximum ordering tem-
perature is 0.6 K in the germanate and half or less than that in the rest of the family.
These findings indicate the onset of strong spin correlations well above the ordering tem-
perature, but an inability of the system to decide upon its ground state. The weak
ferromagnetic ground state in YbyTisO7 is also famously mercurial, changing its char-

acter substantially with sample variations [17]. Theoretically, a classical analysis indeed
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finds close competition amongst several distinct phases [172], but a quantum picture of
this phase competition is not yet available.

In this work, we combine the two threads of phase competition and QSL physics by
utilizing the connection of symmetry to emergent gauge structure. This connection is
mathematically described by the projective symmetry group (PSG), proposed by Wen
in 2002 [165], which encapsulates the fact that, in a QSL, the group operations of the
physical symmetry group are interleaved with those of the emergent gauge group. The
embedding of the physical symmetries into the PSG can then lead to a unification of
distinct symmetry-breaking orders that are unrelated in classical physics. Such a unified
description of seemingly unrelated magnetic orders is the main motivation behind the
present study.

The PSG also offers a straightforward method to classify QSLs in the presence of
symmetry. Concretely, the PSG specifies a distinct set of transformation rules for the
emergent matter and gauge fields in each QSL phase, corresponding to a given PSG class.
Employing the PSG method, an entire zoo of QSLs has been found on the square [130],
triangular [97], kagome [99], honeycomb [177], star [34], and hyperkagome [67] lattices,
to give a few notable examples. Generally, these QSLs can be connected to magnetically
ordered states by considering the condensation patterns that emerge when the energy of
a bosonic QSL excitation is brought to zero [11, 29, 87].

In this chapter, we employ the PSG method to obtain a full classification of QSLs

with Zs gauge structure on the pyrochlore lattice using Schwinger bosons [135, 161, 160,
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174, 106, 23, 68]. While standard parton constructions also allow U(1) and SU(2) gauge
structures, we consider the Zy gauge structure for two reasons. First, it is the simplest
one: quasiparticles in a Zy QSL are weakly interacting because the gauge field itself
is gapped. Second, it is also the richest one: a single U(1) PSG class can be further
split into several Z; PSG classes if the gauge symmetry is lowered from U(1) to Zs.
We use Schwinger bosons rather than Abrikosov fermions [136] to immediately obtain
a bosonic excitation, the elementary Schwinger boson itself, that can condense at the
phase transition out of the QSL.

As a result of our PSG analysis, we find 16 different Z, QSLs on the pyrochlore lattice.
We use a standard mean-field description to study the 0-flux QSLs, in which translation
symmetry acts linearly (i.e., as in classical physics) on the Schwinger bosons. The PSG
method also allows us to describe phase transitions from these QSLs to magnetically
ordered phases. Condensing the Schwinger bosons, we identify 15 different ordering pat-
terns, and call them “paraphases”, since each of them actually unifies several distinct
symmetry-breaking orders. We find that, generically, these orders are intertwined, neces-
sarily appearing together at the phase transition out of the QSL, and that conventional
spin orders are in many cases accompanied by inversion-breaking “hidden” orders.

The phase transitions corresponding to these 15 paraphases fall into two dynamical
classes of z = 1 and z = 2 quantum criticality, exhibiting critical modes with linear and
quadratic dispersions, respectively. We uncover the mathematical structure discriminat-

ing between these two classes, related to Hamiltonian diagonalizability, and derive their
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effective field theories, along with their most important experimental signatures. In par-
ticular, we use mean-field theory to compute static and dynamic spin structure factors
for each of the 15 paraphases. Finally, by comparing the magnetic orders associated with
each paraphase to those observed in experiments, we identify a set of likely QSL phases
that might be relevant to real-world pyrochlore materials.

The rest of the chapter is organized as follows. First, in Sec. 4.2, we summarize our
main results on the different QSL phases and the corresponding phase transitions out
of them (“paraphases”). In Sec. 5.2, we employ the PSG method, deriving the PSG
classes, and constructing a mean-field theory for each PSG class. In Sec. 5.3, we analyze
the mean-field theories of our QSL phases, describing phase transitions out of them, and
establishing the two dynamical classes with critical exponents z = 1,2. In Sec. 5.4, we
move on to the experimental signatures of our phase transitions, describing the heat
capacity and the spin structure factors, and also introducing the concept of intertwined
and hidden orders. Finally, in Sec. 5.5, we discuss our results and connect them to
existing experimental data. Detailed derivations and lengthy formulas are given in the

Appendices for reference.

4.2 Main results
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From our PSG classification scheme, we find that there are 16 different Z, PSG classes
of Schwinger bosons, corresponding to 16 inequivalent Zy QSL phases, on the pyrochlore
lattice. Out of these 16 different QSLs, there are eight 0-flux QSLs and eight 7-flux
QSLs. For each QSL, we construct a general quadratic mean-field Hamiltonian for the
Schwinger bosons containing all onsite, nearest neighbor (NN), and next-nearest neighbor
(NNN) terms allowed by symmetry. However, for simplicity, we focus on the 0-flux QSLs
and restrict the mean-field Hamiltonian to onsite and NN terms. At such a NN level,
two out of eight 0-flux Hamiltonians have an enlarged U(1) gauge symmetry, and we thus
concentrate on the remaining six 0-flux Hamiltonians with Z, gauge symmetry.

In each of the six corresponding Zy QSL phases, the Schwinger bosons can be iden-
tified as elementary spinon excitations carrying fractionalized quantum numbers. If the
chemical potential is tuned to its critical value, there is a phase transition driven by the
condensation of these bosonic spinons. Depending on the particular patterns of spinon
condensation, we describe 15 different critical “paraphases” out of the six QSL phases.
The most important characteristics of these paraphases, labeled by their parent QSL
phases and the condensation momenta of the spinons, are tabulated in Table 4.1.

For each paraphase, the spinon spectrum is gapless at the critical point by construc-
tion. The effective field theory of the critical point is characterized by the low-energy
spinon dispersion, w ~ k*, in terms of the dynamical critical exponent, which is either
z =1or z = 2. These two dynamical classes give rise to distinct sets of experimental

signatures. For a start, the power-law exponent = of the low-temperature heat capacity,
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Cy ~ T7, is determined by the dynamical exponent z and the dimensionality of the con-
densation manifold, i.e., if the spinons condense at points or along lines in the Brillouin
zone (BZ). Also, the dynamical exponent gives rise to universal features in the static
and dynamic spin structure factors, which appear on top of more detailed characteristics
specific to given paraphases. In particular, when approaching zero energy, the spectral
weight in the dynamic structure factor vanishes for z = 2 but diverges for z = 1; the
divergence in the z = 1 case is also observable as a nonanalytic behavior in the static
structure factor.

To establish a connection between spinon condensation and the resulting magnetic or-
ders, restricted to zero momentum for simplicity, we investigate the transformation rules
of the possible order parameters under the point group Oy of the pyrochlore lattice. For
each paraphase, we determine which magnetic orders generically appear, concentrating
in particular on the conventional spin orders seen in the experiments: the all-in-all-out,
antiferromagnetic, ferromagnetic, and Palmer-Chalker orders. In doing so, we learn two
important general lessons on magnetic orders obtained by spinon condensation. First,
several distinct orders may be intertwined, i.e., they necessarily accompany each other,
even though they are completely unrelated on the classical level. Second, the conven-
tional spin orders may emerge together with more exotic inversion-breaking “hidden”

orders.
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4.3 Classification result

4.3.1 Projective symmetry group

The detailed solution of the PSG equations is presented in Appendix A.5. The PSG

results for the phases are

¢T1 (Tu) = 0, (4.1&)
o1y (ry) = mmry, (4.1b)
¢1y(r) = mam(ri+r2), (4.1c)
or(ry) = 0, (4.1d)
b, (r) = [n206 + (n1 + nST1)5u:1,2,3] T

+110,=2,3T71 + N10,=2mr3 + Ny (1172 + T173), (4.1e)

¢S<rﬂ) = |:(_)5u—1,2,3w

9 -+ 5M2n063:| T+ (7115“:172 — nSTl)m"l

1
+(n15#:2 — TLST1>7TT2 -+ n15u:1727ﬂ“3 — 572171’(7’1 —+ T’Q)(Tl + 9 + 1), (41f)

where ny, ng, g, nsty, and ng, are four Zy parameters, each being either 0 or 1. Therefore,
we find that there are 16 gauge-inequivalent Z, PSG classes, corresponding to distinct
Zy quantum spin liquids, which we label by the notation nm-(ng, g nsr, ng,). The four

7, parameters have concrete interpretations:

e The parameter n; comes from the three PSG equations corresponding to ﬂﬂ+1ﬂ_lﬂ111 =
1, which are required by the PSG to share the same Z, parameter. Physically, it
quantifies the Aharonov-Bohm (AB) phase a spinon accumulates while moving on
the closed edge of a plaquette, which is traversed by such a sequence of translations.

In the case of n; = 1 (n; = 0), the AB phase is 7 (0), corresponding to a m-flux
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(0-flux) spin liquid.

e The parameter ng, comes from the PSG equation corresponding to 62 = 1. Phys-
ically, it describes the AB phase a spinon accumulates after completing six subse-
quent sixfold rotoinversions. Together with ngp,, it determines whether or not the

sixfold rotoinversion C acts projectively.

e The parameter ngz, comes from the PSG equation corresponding to ST} S~ 75 'Ty =
1. Physically, it describes the AB phase a spinon accumulates after completing
the operation sequence ST} S™'T; 'Ty. Together with n; and ng,s it determines

whether or not the screw operation S acts projectively.

e The parameter ng, g comes from the PSG equation corresponding to (CS)* = 1.
Physically, it describes the AB phase a spinon accumulates after completing the

operation sequence (CS)%.

4.3.2 Construction of mean-field ansatze

We are now in the position to construct the mean-field ansatz for each PSG class. The

most general mean-field ansatz for bosonic spinons can be written as

T
h
H=Y" 0} ul by +0 b, <bi,u ) +he., (4.2)
"'er{/
where Uﬁ#,r/ and uﬁu ~ are 2 X 2 matrices acting on spin space, and the labels “A” and

(193]

p” indicate hopping and pairing terms, respectively.
The PSG operators O and T are the symmetry operators of the Hamiltonian H,
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meaning O:H — H and T: H — H. Since the spinons transforms under O and T

according to Egs. (1.33) and (1.34), the matrices " and u? must transform as

GZ’)[O(T,UJ)]Uoufrz,r’uU(T’)GO[O(Tzl)] = u’(l?(r#),O(r’uﬁ (438‘)
GHlO(r) Vo, . USGHIO()] = ey, o) (4.3b)

for space-group elements O € {T}, Ty, T3, Cs, S} and as

Gl (r)Ur (uh, ) UFGr(rl) = by, (4.4a)
G r)Ur (4,,,) UFGH(r) = uf, (4.4b)

for time reversal 7. The respective SU(2) matrices are

0 - 2
UleUTQZUT3:O', UT:lO',

_d2n (1,1,1) i (1,1,0)
Us

o B (4.5)
:U03:€ 3 V3 ~0" Usze_zﬂ— V2

o

s

6

where 0 = 15,5 is the identity matrix. Suppressing the site indices for simplicity, we

parameterize the matrices " and u” in the general forms

u" = ao® +i(bo! + co® + do?), (4.6a)

w o= (do’+i('o' +do* +dd%)) -io”, (4.6b)
where a,b,c,d,a’,b,c,d are all complex. The additional factor ioc? appearing in u?
ensures that (a,b,c,d) and (d/,b,,d’) transform in the same way under the respective
unitary conjugations u" — Uu"UT and w? — UuwPUT for any U € SU(2). In both
cases, the singlet parameters a and o’ transform as scalars, while the triplet parameters
b= (bcd) and b = (V,,d') transform as SO(3) vectors. Indeed, any SU(2) rotation

leaves the singlet parameters invariant and performs the corresponding SO(3) rotation
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on the triplet vectors: b — Rb and b’ — Rb'. For the generators Cs and S, these SO(3)

rotations are

R = 1 . RS=1|1 : (4.7)
1 1

while the translations T3 5 3 correspond to trivial SO(3) rotations: RT123 = 14,4.

To reduce the number of parameters in the mean-field ansatz, we first consider the
effect of time reversal. Substituting Eq. (4.6) into Eq. (4.4), and taking G7(r,) = 1 from
Eq. (4.1d), we obtain (a,b,c,d) = (a*,b*, c*,d*) as well as (a',V/,,d') = (a™, V", *, d*)
and deduce that all 8 parameters of u” and u? are real.

Turning to space-group symmetries and using Eq. (4.3), we can then establish rela-

tions between the respective parameters of ui}u ~ and ufu ~ that correspond to different

!/

bonds (r,, T,

) of the lattice. In fact, the entire mean-field ansatz in Eq. (4.2) can be
constructed up to next-nearest-neighbor level by specifying the 8 real parameters for each

of the following three representative bonds:

e onsite “bond” 0y — 0y:

ugo’oo = ao” +i(Bot +yo® + do?),

4.8
w0, = (a0 +i(Blo’ ++'0* 4+ 8'0%)) - io?, (48)
e nearest neighbor (NN) bond 0y — 05:
ug, 0, = ac’ +i(bo" + co® + do®), (49)
U, 0, = (0’ +i(V'o' +do? +d'o?)) -io?, .
e next-nearest neighbor (NNN) bond 0; — 0y — é5:
U, 0,-e, = Ac’ +i(Bo' + Co® + Do),
ub = (A'0® +i(B'o" + C'o* + D'c?)) - ic? (4.10)
01,00—é2 :
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Table 4.2: Independent mean-field parameters and constraints for the sixteen PSG
classes. The parameters not mentioned in this table are enforced to be zero by the
constraints. Note that a nonzero onsite chemical potential ;1 = « is allowed in all PSG
classes. We defined { to be the condition 5’ = ¢ =+ = v. In the classes superscripted
by i, the mean-field Hamiltonians appear to be U(1) on the NN level, but recover their
Zs character upon including NNN terms.

Class nqm- Independent nonzero parameters Constraints
(ng,smsming,) | Onsite NN NNN Onsite NN NNN
0-(000)* U a,c A, B,D,B c=—-d B=C,B =-C
0-(001) 1 a,c,y A /B,D,B c=—-d, B=C, B =-C
0-(010) W, vV a,c,t)l A B/ DA B.,D T c=—-d, B=C,B=C
0-(011)* 1, a,c A B,D A B D c=-d, B=C, B =
0-(100) 1, b, A, B, D, B’ d=d, B=C, B =-C
0-(101) I, b, A B,D,B d=-d, B=C,B =-C
0-(110) [y V ba, A B,D A, B D T d=-d, B=C,B =
0-(111) 14, b, A B,D /A B D d=d, B=C,B=(
7-(000) [y V a,c,ty B,B T c=—-d B=-C,B =-C
7-(001)* L a,c B,B’ c=—-d B=-C,B =-C
7-(010) 1 a,c B,A’, B, D’ c=—-d B=-C,B=C
7-(011) 1, a,c,)  B,A,B,D c=—-d B=-C,B=C
7-(100)* 1y V b, B,B T d=—-d B=-C,B =-(
m-(101) 1, b, B, B’ d=d B=-C,B =-C
7-(110) 1 b, B,A . B.,D d=d B=-C,B=C
m-(111) 1, ba,c B,A,B' D d=—-d B=-C, B =

4.3.3 Nontrivial parameter constraints

When constructing the entire mean-field ansatz from the representative bonds in Egs. (4.8)—
(4.10), the significance of using Eq. (4.3) is twofold. On the one hand, most space-group
elements map the representative bonds onto different bonds, thereby determining the

matrices u” _, and uﬁu . for all symmetry-related bonds. On the other hand, some

Tu,Ty
space-group elements map the representative bonds onto themselves, thereby leading to
nontrivial constraints on the original 24 parameters.

For simplicity, we first concentrate on the 0-flux PSG classes. Since translation is
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trivial [see Eqgs. (4.1a)—(4.1c)], we can restrict our attention to a single unit cell, within
which bonds are mapped onto each other by elements of the point group. Since the point
group Oy, consists of 48 elements, and there are 4 onsite, 12 NN, and 24 NNN bonds
within a single unit cell, which can be viewed as three orbits in the point group, the
orbit-stabilizer theorem implies that the onsite, NN, and NNN representative bonds are
mapped onto themselves by 12, 4, and 2 point-group elements, respectively. When a bond
is mapped onto itself by such a point-group element, nontrivial constraints are obtained

h

P
pr, a0 U

7.
r# VTV

on the parameters by comparing the new and the old expressions for u
These constraints can be found in Appendix A.2; see Ref. [94] for the detailed solution
to these constraints.

In Table 4.2, we present the nonzero parameters of the mean-field ansatz for each of
the eight 0-flux and each of the eight w-flux PSG classes up to NNN level, along with any
constraints between the parameters. From these nonzero parameters, the entire mean-
field ansatz can be constructed via Eq. (4.3). Note that some of the mean-field ansétze
in Table 4.2 have an enlarged U(1) gauge symmetry at the NN level which only breaks

down to Z, when nonzero NNN terms are included.

4.4 Analysis of the mean-field ansatze

The previous section explains how the method of PSG can be used to obtain classes
of 0-flux and 7-flux mean-field anséatze, which describe distinct phases of Zs quantum

spin liquids on the mean-field level. In this section, we focus on the 0-flux mean-field
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ansatze and study their physical properties in great detail. Since our main goal is to
explore the relationship between spin liquids and magnetic orders adjacent to them, we
primarily concentrate on the critical field theories and the condensation patterns (i.e.,
the resulting magnetic orders).

In each mean-field ansatz, we neglect the NNN terms for simplicity, restricting our
attention to onsite and NN terms. Since we are interested in Zs spin liquids, and two out
of eight 0-flux mean-field ansétze have U(1) gauge symmetry at the NN level, we only

consider the remaining siz mean-field ansatze in the rest of the chapter.

4.4.1 Symmetry properties

The PSG method is rooted in symmetry analysis, and it is important to understand
how the PSG governs the symmetry of the mean-field Hamiltonians. By means of a
Fourier transformation, a general mean-field Hamiltonian [see Eq. (4.2)] can be written

in momentum space as

H =) B}H(k)Bx, (4.11)
keBZ
T
where By = <bk,07bk,l?bk,27bk,37bik,07bik,lﬁbtk,27bik,3> is a 16-component vector of

operators. The matrix H (k) has the standard Bogoliubov form

H(k) = ( 5583 UZTP(@) ) , (4.12)

where Uy (k) = Ug(k) and U,(k) = UpT(—k), corresponding to hopping and pairing
terms, respectively.

The Hamiltonian matrix #H (k) combines momenta +k and thus assigns a full set of
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physical degrees of freedom to only half of the BZ. This redundancy in the description
leads to an effective charge-conjugation “symmetry”, corresponding to the matrix-level

constraint

Uz ' H* (k)Ue = H(—k), (4.13)

where we define Us = 0! ® 1gyg. The anti-unitary charge-conjugation operator is then
given by UcKC, where K denotes complex conjugation.
Considering physical symmetries, time reversal 7 gives rise to an analogous matrix-

level constraint

U-'"H* (k) Ur = H(—k), (4.14)

where we define Uy = lgxg ® (i0?). Correspondingly, the anti-unitary time-reversal
operator is UK. Note that time reversal acts non-projectively in all PSG classes because
we use gauge freedom to fix ¢ (r,) = 0.
In contrast, inversion I = 52 acts projectively on the spinons and generates the
matrix-level constraint

UrH(R)YH(R)U (k) = H(—k), (4.15)

where Ur(k) = (03)"% @ (U; - I*(k)) ® ¢, in terms of the 4 x 4 diagonal form-factor
matrix

(k) = Diag (1, e, ez e*ss) (4.16)

and the diagonal matrix U; = Diag ((—1)™571,1,1,1).
The symmetries C, 7, and [ result in important general spectral features. First, the

symmetry I o T guarantees that each energy level is doubly degenerate, according to
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Kramers theorem. Second, the symmetry [ o C leads to an additional double degener-
acy for any non-zero-energy level, which is connected to the redundant description in
Egs. (4.11) and (4.12). The two symmetries together thus result in a generic fourfold
degeneracy at each energy level F© > 0 shared by momenta k. Note that the degen-
eracy may be smaller or larger at special time-reversal-invariant momenta (k = —k)
because there are half as many physical degrees of freedom but, on the other hand, pure
point-group symmetries (e.g., inversion) may lead to additional degeneracy.

The degeneracy of zero-energy levels is more subtle as it may be affected by the
diagonalizability of the Hamiltonian matrix H (k). Since the low-energy physics is the

main focus of our study, this issue will be addressed in a separate section (see Sec. 4.4.4).

4.4.2 Condensation domains: a “phase diagram” for paraphases

The use of bosonic mean-field Hamiltonians, obtained from the spinon decomposition in
Eq. (1.19), facilitates the study of phase transitions between spin liquids and magnetically
ordered phases. Indeed, by lowering the chemical potential p, there is a critical chemical
potential u. at which the bosonic spinons undergo Bose-Einstein condensation at some
critical momenta k. and the system thus develops magnetic order.

For the mean-field Hamiltonian in each PSG class, the critical chemical potential p, is
a function of the mean-field parameters.While the value of i, changes continuously with
the mean-field parameters, and this variation of u. is thus locally analytic, it globally

separates into domains across which the variation of y. is non-analytic. These domains
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Figure 4.1: Condensation “phase diagrams” for the NN mean-field ansatze of the six
0-flux PSG classes 0-(001), 0-(010), 0-(100), 0-(101), 0-(110), and 0-(111). The complete
phase diagram at NN level is 1D for classes 0-(100) and 0-(111), 2D for classes 0-(001)
and 0-(101), and 3D for classes 0-(010) and 0-(110). The parameters (¢, 6, ¢) are related
to the mean-field parameters according to Table 4.6. For the classes 0-(010) and 0-(110),
only a 2D slice with ¢ = 0 is shown. The slices for other values of ¢ share the same
qualitative behavior as the 1 = 0 slice, e.g., they also consist of two phases I' and A.

of analyticity of u. are reminiscent of the domains of analyticity of the free energy, which
define phases in thermodynamics. However, the analogy is not perfect as each such
domain may give rise to several true phases on crossing the phase transition into magnetic
order (i.e., when taking u < p.). We therefore coin the word paraphases to describe the
distinct domains of analyticity of u.. Restated, each paraphase is a connected region of
phase space in which the unstable manifold of condensation modes varies smoothly.
Following this logic, the six mean-field Hamiltonians are further divided into 15 para-

phases (see Fig. 4.1). The analytical expressions for the paraphase boundaries are given
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Table 4.3: Paraphase boundaries of the NN ansatze.

Class | Adjacency Paraphase boundary
Avs L 2ac+ ¢ —0? =0

0-(001) I'vs L 20> +ac—b?=0forc>aand ac—4c> +V?> =0forc < a
AvsT 2a+c=0=0

0-(010) | T wvs A Vadla—c)2+3(v — )2 = —2a—4dc+ 3y + V|

0-(100) | T vs A V2b = +¢

0-(101) 'vs W —20% +3c* +2da' +a?=0,b>0
Xvs W 202 +3c? +2dd +d?=0,b< 0

0-(110) | T'wvs A Vv +ad —20)2 42y —a)? = 4b+ 3|y +d + 27|
I'vs W V2b =+

0-(111) X vs W b= +v2

Table 4.4: Possible sets of condensation momenta.

Label Description
r (0,0,0)
L 7T(51,(52,(53), where 41, 09,03 € {1,—1}
A k(01,09,03), where k € [—m, 7] and 1, d2,d3 € {1, —1}
X X! = 21(1,0,0), X2 = 27(0,1,0), X = 27(0,0, 1)
W 7(2,£1,0) and all permutations of the 3 components

in Table 4.3, while the distinct critical momenta k. = I', L, A, X, W characterizing the

various paraphases are

explained in Table 4.4. Finally, the distinct expressions for the

critical chemical potentials p. in the 15 paraphases are listed in Table 4.5.

Note that, for the PSG classes with ngpr, = 1, the PSG result for the screw operation
S depends on the spatial coordinates, and it is convenient to shift the entire BZ by the
translation k — k — w(1,1,1). Such a shift of the BZ can be thought of as a gauge
transformation of the spinons, which does not modify any physical quantities on the spin

level. This shift is assumed throughout the chapter and is already taken into account

when specifying the condensation momenta in Fig. 4.1.
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Table 4.5: Critical chemical potential u for the 15 paraphases.

Paraphase Critical p,
0-(oo1)I" pe = max{—6a,2a — 8c}
0-(001)L Largest root of 3 + 2(a + 2¢)u?
—4(2a* — 4ac + 2¢* + 3V ) — 24b%*(a + 2¢) = 0
0-(001)A 1o = 2a + dc
0-(010)T | e =2 (a +2c+/Aa— o) +3(v — b’)2)
0-(010)A pe =2 (—a—2c+3lv+V)
0-(100)T P
0-(100)A fe = 2b+ 4+/2|C|
0-(101)T le = —6b
Largest root of u* — 8(b* + 2a"* + 4¢) i
0-(101)W +64(2a’ + )b u — 64a’c (b + 3c?)
F16(52 — 3¢2)2 — 320%” + 484 = 0
0-(101)X fte = 2b+ 2v/2|a’ — (/|
0-(110)T fhe = 6b 4 2v/3|v 4+ d’ + 2|
0-(110)A pe =—=2b+2y/(v+a —2)2 +2(v — a)?
0-(111)0 [t = 6
0-(LID)W | pe :max{j:ﬁw+\/§\/2b2q:4\/§bw+7w2}
0-(111)X fte = —2b+ 2/6|C/|

the mean-field Hamiltonians to NN level.

Note also that the region A supports a one-dimensional manifold of condensation
momenta. Since the only physical symmetries are discrete space-group and time-reversal

symmetries, this ground-state continuum must be accidental, i.e., the result of restricting

parameters, we see that the condensation regions are reduced from A to either I' or L.

4.4.3 Critical spectra

The critical spectra of the 15 paraphases, corresponding to 4 = p. in each case, are

shown in Fig. 4.4, along with the associated dynamical spin structure factors, obtained
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on the mean-field level. Generically, each of these spectra consists of four bands, which
is consistent with the fourfold degeneracy of each band. While certain spectra have
distinguishing features, not all paraphases can be fully distinguished by their spectra, as
some spectral characteristics are shared by multiple paraphases. Among other features,
several spectra show a quasi-mirror-reflection symmetry (in terms of energy) between
two bands, which accounts for certain high-energy features in the dynamic spin structure
factor (see Sec. 4.5.2).

Most importantly, however, the critical paraphases can be divided into two classes,
characterized by linear and quadratic dispersions at low energies. In terms of the dy-
namical critical exponent z, defined by w ~ |k — k.|* and specified for each paraphase
in Table 4.1, these two classes are labeled by z = 1 and z = 2, respectively. As we
later show, paraphases with z = 1 and z = 2 correspond to different critical field theo-
ries, which determine the critical exponents of various physical observables, such as the
heat capacity and the magnetic susceptibility, and thus lead to distinct experimental

signatures.

4.4.4 Hamiltonian diagonalizability

From a technical point of view, the distinction between z = 1 and z = 2 theories becomes
evident when we try to diagonalize the Hamiltonian matrix in Eq. (5.17). In general, we
seek a change of basis for the bosonic operators,

By = V (k) B, (4.17)
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such that the Hamiltonian in Eq. (5.16) is of the form

H =" BiA(k)Bx, (4.18)

keBZ

where A(k) = VT(k)H(k)V (k) is a 16 x 16 diagonal matrix, and V (k) € SU(8, 8) satisfies

V(R)JVIk)=J, — J=0"® lsxs, (4.19)

ensuring that this change of basis is a canonical transformation. The matrices A(k) and
V (k) can be found by solving the generalized eigenvalue problem

JH(k)ar,; = A, (4.20)

where the eigenvalues \; give the diagonal elements of the matrix JA(k) and the

eigenvectors ay; form the columns of the matrix V (k). However, since JH (k) is not
necessarily Hermitian (or even normal), it is not guaranteed that such a matrix V (k)
actually exists.

In particular, it may happen at the critical chemical potential u = p. that there
are not enough independent eigenvectors for the zero eigenvalues A\, = 0. Physically,
this scenario means that we cannot diagonalize our critical Hamiltonian by a canoni-
cal transformation of bosonic creation and annihilation operators, and instead we must

decompose our complex operators By according to

1 A A
By, = E(Xk +iby), (4.21)

where Xy, and Py are 16-dimensional vectors of real operators, analogous to the position

and momentum operators in first quantization. In terms of these new operators, the
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analog for the change of basis in Eq. (4.17) is

() =rw (e ua

where the 32 x 32 matrix W (k) satisfies

W(k)SWT(k) = 57 &= ’iO‘Q X 116><16~ (423)

Using this canonical change of basis, the Hamiltonian can then be brought to the diagonal

form

H = Z ak,i@]i,i + Bk,i(ﬁcm (4-24)
ki

where g ; and gk,; are the components of Vi and Qk, respectively, and the new eigenvalues

are related to the original ones by

)‘lzc,i = OiBkei- (4.25)

Importantly, however, unlike the original method of diagonalization, By — Ek, which
may fail if JH(k) is a defective matrix, the alternative method of diagonalization,
(Xk, Pk) — (}Afk,Qk), always works.

For any zero mode i at a critical momentum k., we have ag,_;0k.; = 0 from Eq. (4.25).
The diagonalizability of the critical Hamiltonian H(k.) is then determined by the follow-

ing simple criterion:

o If ag.; = Br.i = 0, the Hamiltonian can be diagonalized in the original basis of

creation and annihilation operators;

o Otherwise, either ag.; = 0, Bk, # 0 or ag.; # 0, Bk, = 0; the Hamiltonian is

not diagonalizable in any creation-annihilation-operator basis, meaning that the
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SU(8,8) transformation is singular.

To understand how these two scenarios for the diagonalizability lead to theories of
z =2 and z = 1 types, respectively, we now switch to the language of path integrals and

consider the critical low-energy actions.

4.4.5 Effective low-energy theories

Our phase transitions from spin liquids to magnetic orders, driven by a change in the
chemical potential p, are prototypes of quantum critical points (QCPs). At such a QCP,
one can write down an effective theory in terms of the low-energy degrees of freedom. We
assume a single condensing eigenmode obtained from the Hamiltonian #(k.), denoted
by gkc. Including spatial fluctuations, we promote this eigenmode to a field ¢(7, ) and
consider the imaginary-time action S = [ £ d*zdr. If the Hamiltonian is diagonalizable,
the critical Lagrangian becomes

L=¢(0; — 1i0:05) ¢, (4.26)

describing a massless field ¢ at the QCP. The corresponding action is invariant under

the rescaling

T —Tel, x — ze 2, b — g/, (4.27)

from which we can immediately deduce that the dynamical critical exponent is z = 2.
However, the mass of ¢ should be generally considered as a tensor of real fields x and
7, which are the real and imaginary components of ¢, such that

¢ =X +ir. (4.28)
153



In the Hamiltonian language, these two components correspond to the “position” and
“momentum” operators in Eq. (4.21). Consequently, if the Hamiltonian is not diagonal-
izable, only one of these components is massless at the QCP. Assuming without loss of
generality that y is massive and 7 is massless, the critical Lagrangian becomes

L= QZX(?T’TF + T2X2 - Wyij@-@jﬂ. (429)

By integrating out the massive field x and rescaling the massless field as 7 — rm, we
finally obtain
Eeﬂ =T (872_ — 2]818]) . (430)

This effective action is invariant under the rescaling

T — Te !, r— ze !, T — mé, (4.31)

from which we can immediately deduce that the dynamical critical exponent is z = 1.

These two distinct QCPs, characterized by critical exponents z = 2 and z = 1,
respectively, are reminiscent of the QCPs governing phase transitions from quantum
paramagnets to XY antiferromagnets [179]. If such a transition is induced by an external
magnetic field, the QCP is described by the z = 2 critical theory in Eq. (4.26), while if

the transition is induced by pressure and is thus time-reversal symmetric, the QCP is

described by the z = 1 critical theory in Eq. (4.30).

4.4.6 Spin condensation: order patterns

We are now ready to describe the spin orders obtained by condensing the spinons in each

of the 15 critical paraphases. When the chemical potential ;4 reaches its critical value
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Table 4.6: Parametrization of the NN mean-field ansétze using generalized spherical
coordinates (1,0, ¢) for the phase diagram in Fig. 4.1.

Independent nonzero parameters up to NN terms
Class .
and parameterized by
0-(001) | (a,c,b") = (sinf cos ¢, sin O sin ¢, cos @)
0-(010) | (v,a,c,b') = (cos ), sin 1 sin @ cos ¢, sin 1) sin O sin ¢, sin 1) cos 0)
0-(100) | (b, ) = (cos ¢, sin ¢)
0-(101) | (b,a’, ") = (cosB,sinf cos ¢, sin O sin ¢)
0-(110) | (v,b,d', ) = (cosp,sin 1) cos B, sin 1 sin 6 cos @, sin ¢ sin  sin @)
0-(111) | (b,¢") = (cos ¢, sin ¢)

e, certain spinons Zk at critical momenta k. condense and thereby acquire macroscopic
occupation numbers <Ekc>. We can then use these (Ekc> as order parameters and de-
tect spin orders by looking at order parameter bilinears, which, according to the spinon
decomposition in Eq. (1.19), recover spin expectation values.

So far, several types of orders have been successfully identified in pyrochlore mate-
rials, most of which do not break translation symmetry. These zero-momentum orders
correspond to representations of the point group O, and can thus be analyzed by the
standard representation theory of groups. We will defer such an effort to the next sec-
tion. In this subsection, we select several paraphases with definite ordering signatures
and explicitly calculate the spin expectation values via condensing spinons. This way, we
capture a limited set of orders, which correspond to irreducible representations (irreps)
of the tetrahedral group Ty (see Appendix A.3), and show that all such orders can be
obtained from at least one of the six Zs spin liquids. We mainly restrict ourselves to NN

terms in the spinon Hamiltonian but include NNN terms whenever necessary.

One must bear in mind that the simplified irrep analysis on these explicit spin-
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condensation orders may be incomplete. For example, we will find from such an analysis
that pure all-in-all-out order may be obtained in the paraphase 0-(100)I", while a full
representation-theory analysis in Sec. 4.5.3 leads to Table 4.9, which indicates that all-
in-all-out order is always intertwined with some hidden orders (i.e., it can never appear
alone). Still, the naive spin-condensation analysis in this subsection is a good starting
point to build some insight into how the six spin liquids are physically distinct from each

other.

All-in-all-out order

We consider the paraphase 0-(100)I", but also remark that the paraphases 0-(101)I" and 0-
(111)T" give similar results. At the critical chemical potential .., the zero-energy subspace
is twofold degenerate. The zero-energy eigenvectors are obtained from Eq. (4.20) and are
given by the time-reversal partners a and Ura*. After condensing these two modes,
the corresponding operators 51,2 acquire macroscopic occupation numbers @) = ;e
with ¢ = 1,2, implying (Bk,) = >_;_;, a;r;e® at the critical momentum k., = I'. In
terms of the 12-component vector S = (Sy, Sy, S2,S3) of the spin components on the

four sublattices, we have, up to a global coefficient,

S =1rS" + cos(¢1 — P2)S° + sin(p — ¢2)S?, (4.32)

where r = (r? — 72)/(2r1ry), and S™%* are three equimodular and mutually orthogonal
vectors (see Appendix A.3 for detail). Using the basis for the irreducible representations

of Ty (see Appendix A.3), it can be shown that this paraphase generically supports two
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orders: the all-in-all-out order and the AFM order. One can obtain pure all-in-all-out
order [see Fig. 4.2(a) for illustration] by setting particular values for the condensation

parameters 71 o and ¢ o.

XY antiferromagnetic order

The paraphase 0-(110)I" has a non-diagonalizable critical Hamiltonian, because H has
four zero-energy eigenvalues, but the nullspace of JH is only two dimensional, spanned by
the time-reversal partners a and Ura*. We therefore switch to the position-momentum
representation (z,p), according to Eq. (4.21). The critical Hamiltonian is then diagonal-
ized by a basis change (Z,p) — (¢, ) and takes the low-energy form
H=q+d+0-97+0-9, (4.33)
which contains two gapless modes 7; and ¢. To minimize the energy, we must have
(¢;) = 0 and, due to the uncertainty principle, g; must fluctuate maximally. In terms of
y; = (;), we then find (Bg,) = by; + Urbys at k. =T for some vector b determined by

a, and the final result for spin configuration becomes

S (Ca_827_51707527817_07_SZaSla_CaS%_Sl)7

Slzsin(l%—9>, 52:sin<g+9>,(§':cos<1ﬂ—2+6),

where cos ) = y? — y2 and sin § = y,3,/2. This spin configuration, shown in Fig. 4.2(b),
corresponds to the “XY” order of the irrep E obtained in Eq. (39) of Ref. [172] after a

redefinition 6 — 6 — 1”—2
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Figure 4.2: Typical spin order for (a) the paraphases 0-(100)I", 0-(101)I", and 0-(111)I"
(all-in all-out order), (b) the paraphase 0-(110)I" (the XY order), (c) the paraphase
0-(001)I" (ferrimagnetic order), and (d) the paraphase 0-(101)X (the Palmer-Chalker
order).

Ferromagnetic order: collinear and non-collinear

For the paraphase 0-(001)T", all pairing terms vanish at the I" point at the NN level and,
solving the hopping part at u., we find that the zero-energy subspace is spanned by the
time-reversal partners a and Ura*. There are two cases depending on the expression
for 1 in terms of the mean field parameters. When p = —6a, all four spins point in the
same direction, which is the collinear FM order. When p = 2a — 8¢, the spin vector S
follows Eq. (4.32), where S™* are three equimodular and mutually orthogonal vectors
(see Appendix A.3 for detail). A typical spin configuration of such ferrimagnetic nature

is shown in Fig. 4.2(c).

Palmer-Chalker order

The paraphase 0-(101)X has a non-diagonalizable critical Hamiltonian, because H has
eight zero-energy eigenvalues, but the nullspace of JH is only four dimensional. Switch-
ing to the (Z,p) representation and diagonalizing the Hamiltonian via the basis change
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(Z,p) = (9,q), we find that there are four gapless modes ;234 for each of the three
critical momenta k. = X1?3. The expression for (By,) thus contains 12 real parame-
ters: the expectation values of the maximally fluctuating modes §; 234 at each critical
momentum. Although most choices of these condensation parameters give an order with
an enlarged unit cell, some special cases respect translation symmetry. For instance, if
condensation is restricted to X', the spin configuration, shown in Fig. 4.2(d), corresponds

to a Palmer-Chalker order, transforming under the irrep T5.

Non-uniform spinon condensations and partial orders

The spin expectation values Sp;23 for the paraphase 0-(010)I" have different ampli-
tudes on different sublattices, invalidating the irrep analysis that presupposed classically
ordered states of fixed-length spins. There is no a priori reason to rule out such a non-
uniform spin-amplitude state. It does, however, correspond to a more “exotic” ordered
phase in which the spin is more ordered on some sublattices than others. This type
of partially ordered state has been proposed in the material Gd,Ti,O7 [27, 74] and in

various theoretical models.

Spinon line orders

The line orders A appearing in classes 0-(001), 0-(010), 0-(100), and 0-(110) have acciden-
tal degeneracies, higher than demanded by the lattice symmetry. This extra degeneracy
is an artifact of the restriction to NN anséatze, and should reduce to discrete condensa-

tion momenta in the presence of further-neighbor terms. If we include infinitesimal NNN
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terms to the mean-field ansatz, using Table 4.2, we indeed see that line condensation
along A shrinks to point condensation at either I' or L. However, if we increase these
NNN terms, the condensation points are shifted away from these high-symmetry points.

Due to the large NNN parameter space, we were unable to exhaustively study the
effect of NNN terms on the NN mean-field ansatz. However, for some purposes, the NN
level ansédtze may be adequate. For example, as we explore in the next section, the line
minima contribute to substantial low-energy continua in the dynamical spin structure
factor. This feature should persist at intermediate energies when small NNN terms are

included.

Multi-spinon condensation orders

Spinon condensation at multiple critical momenta, in the paraphases 0-(001)L, 0-(101)X/W,
and 0-(111)X/W, allows for richer physics and is often accompanied by an enlargement
of the unit cell. As an example, we look at the paraphase 0-(001)L: there are two in-
dependent zero-energy modes at each critical momentum L, and the four inequivalent L
momenta thus give rise to an eight-dimensional zero-energy subspace. The 16-component
zero-energy modes at these critical momenta have a complicated expression and do not
form a representation of Ty, thereby leading to non-uniform spinon condensation, as
discussed above. Indeed, if condensation is restricted to one of the four inequivalent L
momenta, we find that three of the four sublattices have the same spin amplitude, while

the fourth sublattice has a different one.
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4.5 Experimental signatures

4.5.1 Critical behavior of the heat capacity

For each critical paraphase, the low-temperature heat capacity is expected to follow a
power law whose exponent is determined by the low-energy spinon density of states in
the critical theory. Indeed, depending on the dynamical exponent z and the spinon
condensation manifold (i.e., if spinons condense at points or along lines), this low-energy
density of states follows different power laws g(e) ~ €*, where the possible values of «
are listed in Table 4.7. The thermal energy due to spinon excitations at temperature T’

is then given by

€

E ~ /de g(€) oxp(e/T) —1 oc T (4.34)

and the heat capacity takes the form

_ dE 1+«

We remark that line condensation is not stable against generic perturbations, corre-
sponding to further-neighbor terms in the mean-field ansatz. Consequently, at the lowest
temperatures, we expect that the line-condensation paraphases are governed by the same
exponents as their point-condensation counterparts. Nevertheless, if the NN mean-field
ansatz is a good first approximation, there is an intermediate temperature range in which
the approximate line condensation in such paraphases becomes manifest and therefore

the line-condensation exponents in Table 4.7 are experimentally observable.
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Table 4.7: Power-law exponents of the low-energy spinon density of states and the cor-
responding low-temperature heat capacity for critical theories of dynamical exponents
z = 1,2 where spinons condense at points or along lines.

Condensation | Dynamical | Density of states: | Heat capacity:
manifold exponent g(€) o< e Cy xT*
_ _1 _3
z=2 a=; r=3
Point(s)
z=1 a=2 r =3
Line(s)
z=1 a=1 =2

4.5.2 Critical spin structure factors

In this subsection, we present the most direct signatures of our critical points between
magnetic orders and their parent spin liquids by computing both the static and the
dynamic spin structure factors for the 15 paraphases. While our calculation is based on
mean-field theory, it still serves as a reference point for classifying the possible spinon
spectra in pyrochlore magnets.

The static structure factor (SSF) is defined as the spatial Fourier transform of the

equal-time spin-spin correlation function,

Sla) =+ > (5,85 ), (4.36)

!
7';;,,7‘1,704

where o« = z,y,2. We calculate this quantity using the critical mean-field ansatze in

Sec. 5.3. Writing the 16 x 16 matrix V (k) in Eq. (4.17) as

_( Vul(k) Via(k)
Vik) = < Var(k) Vaalk) > (4.37)
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Figure 4.3: Static spin structure factors for representative points in each of the 15 para-
phases along the high-symmetry path in the Brillouin zone. The chemical potential y is
above the critical condensation value by Ay = 107%,1072,...,107? (in arbitrary units).
The vertical axis is the spectral weight S normalized by the maximum intensity of the
Ay = 1077 line along the path. In each paraphase, denoted by its PSG class and con-
densation momenta, the representative point is specified by the mean-field parameters.

where the 8 x 8 blocks generally satisfy

Vii(k) = Vaa(—k),

Vis(k) = Va1 (—k)

due to charge-conjugation “symmetry”, the SSF becomes

8(a) = 53 ST [U7(k,a) (U (k. @)

in terms of the auxiliary 8 x 8 matrices

UO[

—~

k,q) =W(k,q) + (W (-k+q,q)",

(4.38)

(4.39)

We(k,q) = Viy(k) (I(q) ® 0®) Vi (k — q),

(4.40)

where I(q) is the 4 x 4 diagonal form-factor matrix defined in Eq. (4.16). The resulting

SSF's for representative points in each of the 15 paraphases are plotted in Fig. 4.3 for

chemical potentials ;1 = .+ 1079, where § = 1,2, ...,9, and p. is the critical value given
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in Table 4.5. When numerically computing the SSF, we ensure convergence by taking a
momentum-space grid that does not contain any condensation momenta k..

For chemical potentials well above the critical value p., the SSF's of the 15 paraphases
(not shown here) can be partitioned into two classes, depending on the sum of the Z
parameters ng. ¢ + nsry + ng, characterizing the parent spin liquid. Plotted along the
high-symmetry path in the BZ, the SSFs of the ng, 5 + nsr, +ng, = odd paraphases and
those of the ng ¢ +nsr, +ng, = even paraphases resemble each other after an appropriate
reflection in energy. This relation between the two classes qualitatively survives as the
chemical potential approaches its critical value (see Fig. 4.3). For example, depending on
the the sum ng, g +nsm +ng, being even or odd, the SSF has either a valley or a peak at
the I' point. The distinction between the two behaviors can be traced back to Egs. (4.39)
and (4.40). Since the SSF is the squared trace norm of the matrix U®, which in turn is the
sum of two matrices W%, there is a cross term from the product of the two matrices W<,
physically corresponding to the spinon pairing channel (bLh . ZJL?”WS)(bkl_q,w2 bks+q.v04) s
and we numerically find this cross term to be negative for the ng ¢ + nsm +ng, = even
paraphases and positive for the ng ¢ + nsr, + ng, = odd paraphases. Nevertheless, a
deeper understanding of this connection to ng, g + nsr, + ng, remains to be found.

Also, there are general differences between the SSFs of the paraphases governed by
z = 1 and z = 2 critical theories, respectively. For most of the z = 1 paraphases, as

the chemical potential approaches its critical value, the SSF becomes a non-differentiable

function at certain momenta q. This feature is clearly observable in Fig. 4.3 for the

164



(001)F 0 =55

|(100)I‘ §=5
I

oA 0.0 = .5

(010)A, (v,0,0) = (%2, %)

) (1o1)T, (6, 0) (101X, (0, ¢) = (£, %)

01(110)T, (¥,6,¢) = (33, 33, -s)I o

00
X WK ' LUW IKUX l X WK I' LUW IKUX

Inlr o=7 " (11)W, ¢ ==
Figure 4.4: Dynamic spin structure factors (gray) and spinon spectra (red) for represen-
tative points in each of the 15 paraphases along the high-symmetry path in the Brillouin
zone. The vertical axis is the energy w in arbitrary units, while the gray scale is the
quartic root of the spectral weight (power is chosen such that maximum resolution is
ensured), V'S, normalized by its maximum intensity along the path. The chemical po-
tential p is 1072 above the critical condensation value. In each paraphase, denoted by

its PSG class and condensation momenta, the representative point is specified by the
mean-field parameters.

paraphases 0-(010)A, 0-(100)A, 0-(101)W, 0-(111)W, 0-(111)X at the I" point and for the
paraphases 0-(101)W, 0-(101)X, 0-(111)W, 0-(111)X at the X point. However, not all
z = 1 paraphases conform to this rule; the SSFs of the paraphases 0-(110)I" and 0-(110)A
do not reveal any singular behavior along the high-symmetry path in the BZ. Instead,
they resemble the SSF's of z = 2 paraphases, which are smooth across the entire BZ.

To understand these features, we consider the dynamic structure factor (DSF), which
provides further information on the dynamics of spinons. This quantity is defined as the

spatial and temporal Fourier transform of the spin-spin correlation function,

Sw,a) =5+ / dt Y (Se(1)Se >ei<wt+¢<m—"v>>, (4.41)
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and, using the mean-field ansétze in Sec. 5.3, it takes the general form [94]

S(w,q) :% Z i (Eu—ss) Z (s 00 () gy 04 Z Z Z O (W= Ak pir — Me—qpoms)
1,V

01,02,03,04,00 p1,p2 71,72k

' [(WQ(k)):al,pln (‘/Yll(k - q))p,og,pgm (Vvll(_k))zag,pln (‘/12(_1{: + q))yo’4,p27’2

+ (‘/12(]6));01,;;171 (‘/ll(k - q))uo’g,pQTQ (‘/il(k - q))zo'g,pgTQ (‘/12(’6))1/04,,017'1
(4.42)

The critical (u = p.) DSFs and the corresponding spinon spectra are plotted in Fig. 4.4
for representative points in each of the 15 paraphases.

Focusing on universal low-energy features, we first observe that each DSF has char-
acteristic points or regions where it is gapless (i.e., finite at small w). Since the DSF
describes spin dynamics, and each spin is decomposed into two spinons, the DSF is gap-
less at momenta g that are appropriate sums of spinon condensation momenta k. such
that g = k.1 +k.2. Consequently, we can establish a one-to-one correspondence between
the potential spinon condensation momenta described in Table 4.4 and the gapless points
or regions of the DSF plotted in Fig. 4.4; see Table 4.8 for this correspondence.

We also notice that the DSF has different low-energy behavior in the paraphases
governed by z = 1 and z = 2 critical theories, respectively. For the z = 1 paraphases 0-
(010)A, 0-(100)A, 0-(101)W, 0-(111)W, and 0-(111)X, the weight of the low-energy DSF
is concentrated around zero energy, while for the z = 2 paraphases 0-(001)I", 0-(100)T",
0-(101)T", and 0-(111)T", the low-energy DSF gradually vanishes as the energy is decreased
to zero.

These low-energy features in the DSF can be understood from a scaling analysis of
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Table 4.8: One-to-one correspondence between the potential set of momenta at which the
spinons condense at the critical point and the set of momenta at which the corresponding
dynamic structure factor is gapless along the high-symmetry path in Fig. 4.4; these set
of momenta can be points A or sections A — B between two points A and B.

Spinon condensation | Gapless points or regions in
momenta dynamic structure factor
r r
L I, X
X I X
W I, X, %K
A - X, K—-I'—-L—>U

the critical field theories in Eqgs. (4.26) and (4.30). The DSF is the expectation value of
a four-point correlation function in the condensation fields; using Wick’s theorem, this

expectation value can be written as the convolution of two Green’s functions,

S.(w,q) ~ /d?’k:dw’ G.(W, k)G (w—u' q—k), (4.43)

where G, (w, k) are labeled by the dynamical critical exponents z of corresponding field

theories:

1 1

Gl(W,k) = m, Gz(w,k) = m

(4.44)

Inserting G (w, k) into Eq. (4.43), and evaluating the integrals over w’ and k, we obtain
the scaling behaviors

S.-1(w, q) ~ log(w) f1 (q/w),

Sea(w, @) ~ Vi f2 (Va/w) , (4.45)

where f; and fy are some general functions. At the momentum with gapless DSF, cor-
responding to g = 0, the DSF at w — 0 thus diverges in the z = 1 case and vanishes
in the z = 2 case. This result qualitatively explains the low-energy DSF features de-

scribed above. Furthermore, it elucidates why the SSFs of the z = 1 paraphases have
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singularities at specific momenta, which precisely coincide with the gapless momenta of
the corresponding DSFs. We stress again that there are z = 1 paraphases, for example,
0-(110)I", which have SSFs and DSF's following z = 2 behavior. Such a discrepancy may
occur if a coefficient in the critical theory accidentally vanishes for the NN mean-field
ansatz.

Finally, we remark that the DSF's of several paraphases have high-energy points ex-
hibiting large spectral weights at the I' point. In fact, whenever such points exist, there
is a quasi-mirror-reflection symmetry (in terms of energy) between two spinon bands,
such that the two band energies satisfy A\g1 + A\g2 = E for all momenta k. Due to this
“symmetry”, these two bands can contribute strongly at the I' point close to energy F,
resulting in an increased spectral weight as well as a Dirac-like texture. However, we
emphasize that the high-energy part of the DSF depends on specific details and is not
to be taken too seriously; only the low-energy part of the DSF captures the universal

physics in the given paraphase.
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4.5.3 General order parameters: hidden and intertwined orders

The naive spin-condensation analysis of magnetic orders in Sec. 4.4.6 is far from com-
plete as it presumes that any zero-momentum order transforms under a representation
of Ty and thus ignores the possibility of hidden orders transforming under inversion-odd
representations of the full pyrochlore point group O, = T4 x Cj, where Cj is the Z,
group consisting of inversion and identity. One simple example of such a hidden order
is the alternating expansion and contraction of tetrahedra realized in the “breathing”
pyrochlores [116, 77, 126]. In this subsection, we analyze zero-momentum orders more
comprehensively by identifying all possible order parameters in terms of the condensing
spinon fields and constructing the most general Ginzburg-Landau (GL) theory that is
compatible with the point group Oy, of the pyrochlore lattice. Such an analysis has been
previously done for several problems building on the PSG framework [11, 6, 7].

When the spinons condense at the critical point, certain bosonic modes at the con-
densation momenta k. become macroscopically occupied, and the expectation values of
their bosonic operators thus become classical condensation fields. For the z = 2 critical
points, the condensation fields ¢, are complex, while for the z = 1 critical points, the
condensation fields y,, are real. Importantly, these fields themselves are not valid order
parameters as they carry a Z, gauge charge and transform projectively under the point
group. Indeed, the projective transformation rules of ¢,, and x, under the generators of

the point group can be explicitly obtained from the corresponding transformation rules
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of the original bosonic operators by, , (see also Appendix A.3):

I by, — (—1)msmlu=oeikény (4.46a)
Cs: by = Uik b k) Cotu), (4.46D)
S bk:,u — (—1)6“:3HST1 +6“:2n6636ik'é“ U;b(ky,ka:7_kz)7s(/l)7 (446C)

where C3(u) = 0,2,3,1 and S(u) = 3,1,2,0 for the respective sublattices p = 0,1, 2, 3.
The simplest possible order parameters are then the bilinears of the condensation fields,
corresponding to total momentum K = 0, which are gauge invariant and transform as
linear, generically reducible, representations of the point group. For each paraphase, the
irrep decomposition of this reducible representation is given in Table 4.9. We now discuss
the physical implications of this decomposition.

The scalar irrep A;, corresponds to a quadratic invariant, i.e., a “mass” term in
the GL theory, which drives the phase transition between the spin-liquid phase and
the magnetically ordered phase. For almost all paraphases, it appears only once in the
reducible representation, which indicates that all components of the condensation occur
together by symmetry. The bilinear term transforming under the scalar irrep is > x2,
where we decompose any complex fields into real fields as ¢,, = x2,_1+17Xx2,. The effective

GL theory governing the phase transition is then
L= (Vxa)?+7Y_x2+0K*"). (4.47)

When A;, appears more than once in the reducible representation [for the paraphases
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0-(101)W and 0-(111)X], it signals an accidental degeneracy, which should be lifted when
going beyond the NN level.

The remaining irreps, denoted by standard labels, correspond to various order param-
eters that describe distinct scenarios of symmetry breaking (see Table 4.10). Irreps with
the subscript “g” are even under inversion and correspond to the conventional spin orders
discussed in Ref. [172]. The single-spin order parameters of such spin orders are straight-
forward to detect with neutron scattering. In contrast, irreps with the subscript “u” are
odd under inversion and correspond to more unconventional hidden orders. The order
parameters of these inversion-breaking orders always contain multiple spin operators and
are thus harder to detect [58]. However, in our case, they are also accompanied by a
spontaneous breaking of inversion symmetry, which may be observed as a “breathing”
distortion of the pyrochlore lattice.

Table 4.9 indicates that one paraphase can give rise to several distinct order parame-
ters. In general, the presence or absence of a given order parameter is determined by the
particular form of the GL theory governing the phase transition. However, for some para-
phases, we can argue that several distinct orders are intertwined in the sense that they
always accompany one another, regardless of the GL parameters. This highly nontriv-
ial result emerges because the magnetically ordered phases are obtained by condensing
fractionalized excitations (spinons) that transform projectively under symmetries.

To analyze the general intertwining between distinct orders for a given paraphase,

we form an orthogonal basis for the (real) order parameters {Ugy,---,¥gn,} that
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Table 4.10: Irreducible representations of the point group Oy and the corresponding
symmetry-breaking orders. For some representations, simple examples of order param-
eters are provided in terms of the spins S; at sites ¢, where r; is the vector from site ¢
to the center of the nearest “up” tetrahedron, m; ; is the vector from site ¢ to site j, and
Aij = £1 for bonds (i,7) in “up” and “down” tetrahedra, respectively. Note that the
scalar representation A;, does not break any symmetries and hence does not correspond
to any order.

. Standard name of Simple example of order
Irrep | Dim. . . .
corresponding order | parameter in terms of spins
Ay 1 (N/A) 1
Ay, 1 All-in-all-out YT S
B, 2 XY antiferromagnet
Tig 3 Ferromagnet > S
Tyy 3 Palmer-Chalker YT X S;
Ay 1 Z(i,j Ai,j(‘si ) Sj)
Agy 1 > i) i - (Si X Sj)
E, 2
Ty 3 dup(ri xmy ;) x (S x S))
Tgu 3 Z(i,j) n;; X (Sz X S])

transform under each distinct irrep R. Note that Ng is the product of the irrep dimension
and the multiplicity of the irrep in the reducible representation. Since each symmetry
acts on the vector (Vg 1,---, Ygn,) by an orthogonal matrix, the quadratic term Wy =
Z;.le W%, must be a scalar transforming under A;,. This scalar can be interpreted as
the “weight” of the given irrep; since it is a function of the condensation fields y,, it

may vanish for some special configurations of these fields, indicating the absence of the

corresponding order. In contrast, the total weight of all irreps,

Wo=3 Wa=3"3 0%, x (30 (4.48)

R j=1

is nonzero for all field configurations, indicating that at least one order must always be

present.
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For each paraphase, however, the irreps R may be partitioned into classes C;1 ®- - -®C,,
(see Table 4.9) such that the total weight of each class C' = {Ry,--- , Ry}, containing

some nontrivial subset of all irreps, is proportional to the total weight of all irreps,

Ngr
Woe=> Wr=> > W% W, (4.49)

ReC ReC j=1

and is thus nonzero for all configurations of the condensation fields. Consequently, at
least one order from each class C' must always be present, regardless of the GL parameters.
In the most extreme scenario, when each irrep forms its own class, such that Wx oc W, for
all irreps R, the orders are maximally intertwined, i.e., all of them must appear together.
For certain paraphases, one can argue for this scenario by counting all possible quadratic
scalars that can be formed from the order parameters or, equivalently, all possible fourth-
order scalars that can be formed from the condensation fields. There is always at least one
such scalar, (3, x2)? however, if there is only one such scalar, it is clear that the weight
Wr of each irrep R must be proportional to this scalar, and all orders must therefore be
simultaneously present.

While we do not analyze the general intertwining between distinct orders in all para-
phases, we observe from the particular examples studied (see Table 4.9) that the presence
of intertwined orders is a common feature of magnetically ordered phases obtained by
spinon condensation on the pyrochlore lattice. In particular, for parent spin liquids with
ng, = 1, where inversion symmetry acts projectively on the spinons, we generically antic-
ipate the (already intertwined) spin orders to be also accompanied by inversion-breaking
hidden orders.
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4.6 Discussion

4.6.1 Summary

In this chapter, we gave a complete classification of spin—orbit-coupled Zs spin liquids on
the pyrochlore lattice by using the PSG method for Schwinger bosons. We studied the
mean-field Hamiltonians of the six 0-flux spin liquids at the NN level and examined the
critical field theories that describe phase transitions to ordered phases via spinon con-
densation. We found two crucially different classes of critical field theories, characterized
by dynamical exponents z = 1 and z = 2, respectively, which have distinct properties
ranging from Hamiltonian diagonalizability to experimental observables. Moreover, we
investigated the zero-momentum orders obtained from spinon condensation, both by a
naive spin-condensation analysis and by the representation theory of the full pyrochlore
point group Op. We found that seemingly unrelated orders are generically intertwined
with each other and that conventional spin orders are often accompanied by more exotic
inversion-breaking “hidden” orders. Finally, we calculated several physical observables
for our critical theories, including the heat capacity, as well as the static and dynamic

spin structure factors, which may be compared with experimental data.

4.6.2 Possible implications

Many pyrochlore materials have been experimentally confirmed to possess one of the

spin orders discussed in this chapter. For example, YbyPtoO7 has ferromagnetic order
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[24], while NdyZryO7 possesses all-in-all-out order [86]. Since all of these spin orders
can appear as a result of spinon condensation from one of our Zs spin liquids, one can
contemplate the possibility that some of these materials are proximate to such a spin
liquid.

As a particular example, one may consider EryTisO7, which is confirmed to have a
U, antiferromagnetic ground state. The Wy ground state is selected from the I's irrep,
containing both W, and W3 states, as a result of order-by-disorder mechanism, possibly
aided by virtual crystal-field effects [61, 140, 115, 73, 128]. This ¥, ground state is
quite stable, which suggests that, if it is obtained from an instability of a spin liquid,
such an instability should uniquely prefer E, order. Consulting Table 4.9, we see that
the paraphase I' of the PSG class 0-(110) has a single nontrivial irrep E,, which is not
intertwined with any other orders. Hence, if EryTisO7 is proximate to a spin liquid, a
natural candidate for its parent spin liquid is the one corresponding to the PSG class
0-(110).

One motivation of this work was to understand the puzzling experiments on YbsBsO7,
where B = Ge, Ti, Sn. These three compounds have distinct ground states: the Ge
compound is antiferromagnetic [54], while the Ti [48] and Sn [176] compounds are fer-
romagnetic, at least when any order can be clearly identified. The Ti compound is also
sensitive to disorder. Despite the disparate ground states, inelastic neutron scattering
gives very similar spectra for all three materials [53], consisting of continuum weight

over the entire Brillouin zone down to the lowest energies resolvable in the measure-
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ments. This observation suggests that the relevant excitations are characteristic of some
common underlying structure, which is distinct from the usual spin waves tied to the
individual ordered states. The approach in this work gives one possible explanation: the
excitations may be the spinons of a parent spin-liquid state.

To identify a potential parent spin liquid, we seek a PSG class from which both
antiferromagnetic and ferromagnetic orders can be obtained through the same conden-
sation paraphase. It is clear from Table 4.1 that such classes exist; the classes 0-(001),
0-(101) and 0-(111) all satisfy this criterion. Therefore, the proximity to a spin liquid
corresponding to either of these classes can potentially explain the observed excitation
spectra. Looking at the dynamic spin structure factors in Fig. 4.4, we indeed see that
many of the critical structure factors in these classes [e.g., 0-(001)L, 0-(101)W, and 0-
(111)X] have a large scattering continuum over the entire Brillouin zone down to a very
small fraction of the spin-excitation bandwidth. It would be interesting to attempt a
more quantitative comparison with the experimental data, which would require, at the
very least, a careful consideration of effects beyond mean-field theory.

If the scattering continua in the Yb pyrochlores are reflections of a parent spin liquid,
it also suggests that hidden order may be present in these materials [53]. Indeed, from
the last column of Table 4.1, we see that the paraphases 0-(001), 0-(101) and 0-(111)
all include hidden orders breaking inversion symmetry. Searching for such inversion-
breaking orders may be an incisive test of the physical picture presented in this work;

if such an order is identified, a full characterization may be assisted by the associated
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order parameters in Table 4.10. We note that hidden order may also participate in the

specific-heat anomalies of the Yb pyrochlores [53].

4.6.3 Future directions

The present chapter explored the physics of proximity to a broad class of quantum spin
liquids on the pyrochlore lattice. Nevertheless, several assumptions in the analysis could
be modified or relaxed in future work. We focused on Z, spin liquids and used the
framework of bosonic spinons; it would be interesting to consider U(1) spin liquids and
explore fermionic spinons as well. The fermionic approach does not, however, provide
a simple mean-field way to study magnetic instabilities, which is straightforward with
bosonic spinons by condensing them.

In addition, the PSG results may be further exploited even within the framework of
bosonic spinons. We concentrated on the 0-flux NN mean-field Hamiltonians for simplic-
ity, assuming that NNN terms do not qualitatively change our results. This assumption,
however, is not necessarily true; in certain cases, a NNN term one-tenth as strong as
a NN term can already change the condensation momenta. Moreover, the w-flux PSG
classes may exhibit interesting physics of their own. These PSG classes have a fourfold
enlarged unit cell due to nontrivial translational PSG along the é; and é; directions,
which leads to a 64 x 64 mean-field Hamiltonian in terms of the parameters in Table
4.2. Multi-spinon condensation may further enlarge the magnetic unit cell. In turn,

this enlargement results in a complex spinon spectrum that probably requires a more
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computational approach.

We also presumed that the full symmetry group of the pyrochlore lattice is preserved
at the level of the spin Hamiltonian. However, there is a large family of “breathing”
pyrochlore materials [116, 77, 126] that explicitly break inversion symmetry (Fd3m —
F43m) by expansion and contraction of alternating tetrahedra. One material from this
family, BazYbyZns;0;;, was reported to remain disordered down to 0.38 K [77], and a
gauge mean-field theory, distinct from the spinon approach in this work, predicts that
this material may experience a non-symmetry-breaking transition between a paramagnet
and a quantum spin ice [142]. It would be interesting to see how this material (and the
phase transition predicted for it) fits into a pyrochlore PSG classification.

Finally, the PSG method can be connected to the energetics of realistic spin Hamilto-
nians. Indeed, our mean-field spinon states can in principle be used as variational wave
functions, as can their so far unexplored fermionic counterparts. Calculating variational
energies for these wave functions would require a major effort in variational Monte Carlo

in three dimensions; it is well beyond the present work but is quite worthwhile to explore.

179



Chapter 5

U(1) and Zy symmetric spin liquids in

pyrochlore: a fermionic classification

5.1 Introduction

Quantum spin liquids (QSLs) are zero temperature phases of quantum magnets in which
localized spins evade magnetic long-range order due to strong quantum fluctuations and
form liquid-like states [138]. Such states are fundamentally characterized by intrinsic
long-range entanglement and support nonlocal excitations carrying fractionalized quan-
tum numbers. These nonlocal fractionalized excitations interact with each other via an
emergent gauge field. Therefore, QSLs are naturally described in terms of gauge theories.

At a coarse level, different QSLs can be classified by their underlying low energy

effective theories. Depending on whether a mass exists, the fractionalized spinon exci-
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tations (the matter fields) may or may not bear relevance to the low energy description
of QSLs. The gauge field may also be gapless as is a U(1) gauge field of photons, or
gapped as is a Zs gauge field which is of topological nature. All these types have been
extensively studied in two dimensions (2D). Perhaps the most well-known Z, QSL is the
Kitaev model on the 2D honeycomb lattice: this model supports either gapped or gapless
Majorana fermions [78]. On the other hand, a compact U(1) gauge theory is confined
in 2D [121], and a QSL corresponding to the deconfined phase can appear only in the
presence of gapless matter fields. So far, the two most studied examples are spinon Fermi
surface and Dirac U(1) QSLs. On the experimental side, promising Kitaev materials in-
clude a family of honeycomb iridates [152] and a-RuCls [8], and new proposals are still in
progress [62]. A spinon Fermi surface U(1) QSL has been speculated to emerge in the 2D
layered triangular materials YbMgGaO4 and NaYbSe, [118, 146, 37|, while a U(1) Dirac
QSL may be relevant for the 2D layered kagome material Herbertsmithite [123, 173].
The recent material NaYbO, may also realize a Dirac U(1) spin liquid [38, 14]. These
spin liquid candidates provide a natural ground for the experimental realization of exotic
quantum phenomena such as quantum electrodynamics in three dimensional spacetime
(QED3) and 2D topological order.

Moving to the three-dimensional (3D) world, arguably the most studied examples
are QSLs on the pyrochlore lattice. Consisting of corner-sharing tetrahedra, the geomet-
rically frustrated pyrochlore lattice has been proposed to host a QSL phase since the

birth of the concept of QSLs [1]. An important theoretical advance occurred in 2004:
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through a rigorous mapping, Ref. [63] showed that the pyrochlore Heisenberg model with
local Ising anisotropy has a U(1) QSL phase, commonly known as quantum spin ice,
which is described by the Maxwell theory at low energies. Since then, the properties
of such pyrochlore QSLs have been extensively studied [63, 137, 175, 171], and numer-
ous experiments have reported liquid-like behaviors in rare-earth pyrochlore materials
(148, 150, 43, 49, 85].

Given the interest in quantum spin ice that realizes a prototypical low energy theory,
it is compelling to ask whether there are other spin liquids whose low energy theory is of
a new prototype. In a narrower sense, this amounts to asking if gauge fields can interact
with novel forms of gapless matter fields. This has indeed been considered in other
works. For example, Refs. [169, 107] considered a class of QSLs with symmetry protected
quadratic spinon band touchings for the triangular spin liquid candidates BagNiSbyOg,
k-(BEDT-TTF)2Cuy(CN)3, and EtMesSb[Pd(dmit)s]. In three dimensions, Refs. [67,
82] studied possible symmetric spin liquids on the hyperkagome lattice and found that
certain classes possess gapless nodal lines of spinons along high symmetry paths in the
Brillouin zone. A similar conclusion was drawn in Ref. [23] for a QSL on the pyrochlore
lattice. However, in these two 3D examples it is not clear whether such gapless nodal
structures are stable against perturbations. Nodal lines of excitations also appear in other
spin liquids, which are either robust against gauge fluctuations [103, 112] or symmetry
protected [181].

Another more systematic, yet formal, way of classifying QSLs is based on their sym-
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metry properties. Due to the absence of magnetic long-range order, a QSL state usually
preserves the full symmetry of the lattice and it may also preserve time reversal symme-
try. Crucially, due to the emergent gauge structure, the fractionalized excitations of the
system carry a projective representation of the symmetry group—a representation of the
group extension of the original symmetry group by the gauge structure. The classification
of symmetric spin liquids can therefore be achieved by classifying all the distinct projec-
tive representations for a given lattice symmetry and a given gauge group type. In his
seminal work [165], Wen coined this procedure the classification of projective symmetry
groups (PSGs). The PSG approach has led to many fruitful results in our understanding
of symmetric spin liquids. For example, we now know that there are at most 20 different
Zs QSL classes on the kagome [99] and triangular [97] lattices with distinct projective
symmetries for fermionic spinons, while the analogous numbers for the 3D hyperkagome
[82] and hyperhoneycomb [66] lattices are 3 and 160, respectively. The idea of the PSG
has also been applied to the pyrochlore lattice, in the hope of identifying experimental
spin liquid candidates within the classification [11, 23, 29, 33, 94].

In this work, we apply the PSG method for Abrikosov fermions to give a complete
classification of symmetric QSLs on the pyrochlore lattice with either Zy or U(1) gauge
type. For each gauge type, we first consider only space group symmetry, and later add
time reversal symmetry. In general, we allow spin—orbit coupling in the underlying spin
system and do not require SU(2) spin rotation symmetry. By following the general PSG

principle to solve the gauge-symmetry consistency equations, we find that there can be
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at most 18 and 28 symmetric quantum spin liquids preserving the pyrochlore PSG for
the U(1) and Zy gauge types, respectively. When time-reversal symmetry is imposed,
the number of possible symmetric spin liquids is reduced to 16 for the U(1) type and
is increased to 48 for the Z, type. For each class, the most general symmetry-allowed
spinon mean-field Hamiltonian is given. Importantly, we find that a large family of spinon
Hamiltonians possesses gapless nodal lines along the four equivalent (111) directions of
the Brillouin zone. We call this unusual nodal structure a “nodal star” and show that it
is stable at the mean-field level as it is protected by the projective threefold rotation and
screw symmetries of the system. We then go beyond the mean-field level and consider
a full-fledged low energy theory of the spinon nodal star coupled to a U(1) gauge field.
Specifically, we obtain thermodynamic properties of the system by computing the photon
contribution to the free energy. We find that the two most dominant low temperature
contributions to the specific heat are C' ~ T%/2 from the bare spinons and C' ~ T%2/InT
from the photon—spinon interactions. This scaling of the low temperature specific heat
may serve as a clear evidence for the experimental discovery of a nodal star U(1) QSL.
The rest of the chapter is organized as follows. In Sec. 5.2, we apply the PSG pro-
cedure to the classification of pyrochlore QQSLs with or without time reversal symmetry.
In Sec. 5.3, we construct mean-field Hamiltonians for the fermionic spinons and analyze
their symmetry properties. We prove that several mean-field Hamiltonians obtained from
the U(1) PSG possess symmetry protected nodal lines. In Sec. 5.4, we construct a con-

tinuum model for the spinon nodal lines coupled to a U(1) gauge field, and consider the
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thermodynamic properties of the system. Finally, we summarize and discuss our results

in Sec. 5.5.

5.2 Classification result

We first solve the PSG equations obtained from space group symmetries. The PSG
equations for U(1) and Zs gauge groups are solved in App. A.6 and App. A.7, respectively.
The results are presented in Table 5.1 for the U(1) gauge group and in Table 5.2 for the
Zs gauge group. We find 18 gauge-inequivalent PSG solutions for the U(1) gauge type
and 28 gauge-inequivalent PSG solutions for the Z, gauge type. As a result, there can
be at most 18 U(1) and 28 Z, symmetric spin liquids, ignoring possible time reversal

symmetry. Both the U(1) and the Zs solutions have the following form:

Wy (r,) = 7t =123, (5.1a)
We,(ry) = Wa#@wg%ﬁ(r“), (5.1b)
Ws(r,) = Wg,el ¢t (5.1¢)
with
¢T1 (ru) = Oa (528,)
o (ry) = —xari, (5.2b)
ory(ry) = xa(ri—r2), (5.2¢)
b, (ry) = —xari(ra —r3) — [2xsmy + 2x1 + (Op2 — duz)Xalr1 + dpaxars, (5.2d)
r+ 1)r ro + 1)r
botr) = [P DR G — S+ (23— sl
+[(25#71 — (5#72))(1 + SXSTI]T’Q + [(6%1 — 5#72) -+ 2]X1T3. (526)
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The parameters x; and ygsp, are elements of the IGG defined on the right-hand sides of

the PSG equations obtained from Eq. (A.4). Concretely:

e The parameter y; is associated with TZ-Y’Z-HT”Z-’lTZ-jrll = 1, and physically quantifies
the Aharonov-Bohm (AB) phase a spinon accumulates under such a sequence of
translations. The AB phase is a gauge invariant quantity. In U(1) PSG, such a
phase is allowed to take on values 0, 7 and 7/2. They give rise to zero-flux, m-flux
and §-flux spin liquids, respectively. The Z-flux spin liquid explicitly breaks time
reversal symmetry since a § flux changes sign under time reversal operation. In Z,

PSG, only 0- and 7-flux spin liquids are found.

e The parameter g7, is associated with ST;.S~'T; 'T} = 1, and physically quantifies
the AB phase a spinon accumulates under the sequence of operations ST;.5 *1T3_1T 1-

Such a phase is allowed to take on values 0 and 7 in both U(1) and Z, PSGs.

Wa, . and Wy, in Egs. (5.1b) and (5.1c) are the SU(2) matrices at the origin, 7, = 0,
which depend on additional discrete parameters as given in Tables 5.1 and 5.2 for the two
gauge types. The parameters xg.¢, Xg, and xsg, are elements of the IGG associated
with (CsS)* = 1, I? = 1 and (IS)*® = 1, respectively, and have the same AB phase
interpretation as explained above. We note that two additional parameters wg, and wg
appear in the U(1) PSG classification: they are Zs-valued (w = 0,1) and determine
whether or not the SU(2) matrices Wg, , and W, belong to the IGG. It is necessary to
introduce these two parameters in the U(1) case a priori in order to simplify the SU(2)

PSG equations to U(1) phase equations for ¢o(r,). This is not required in the Z, case,
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since the phases ¢o(r,) are Zy-valued and commute with Wz, , and Ws . The SU(2)
equations for Wz, ., and Wg . however, do rely on an additional discrete parameter j in
some classes (see Table 5.2).

In the second step, we include the time reversal operation 7 in the symmetry group.
In an appropriate gauge, the solution for time reversal operation can be chosen as

Wor(r,) = io! (5.3)

for U(1) gauge type and

W (r,,) = in,o" (5.4)

for Zy gauge type, where k = 1,2, 3 depends on the PSG class and 7, = =+ is a sublattice-
dependent sign factor. Applying this gauge choice and the space group PSG solutions in
Eq. (5.1) to the time reversal PSG equations associated with Eqgs. (A.4i) and (A.4j), we
obtain the PSG solutions for time reversal invariant symmetric spin liquids. We find that
there are 16 classes for the U(1) gauge type and 48 classes for the Zs gauge type. We
list these classes again in Tables 5.1 and 5.2 for U(1) and Z, gauge groups, respectively

and explicitly mark the data that are specific to the time reversal symmetric classes.
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It is worth pointing out that including time reversal symmetry to the PSG has oppo-
site effects on the U(1) and the Zs classes. In U(1) PSG, the presence of time reversal
symmetry forbids the two -flux PSG classes (last line of Table 5.1), thereby reducing
the total number of PSG classes from 18 to 16. On the other hand, in Zy PSG, adding
time reversal symmetry introduces two additional discrete parameters x,g, and x7s in
the labeling of the time reversal invariant classes (see columns 7 and 8 of Table 5.2).
These two parameters are the IGG elements associated with Eq. (A.4j) for O = Cj
and S, respectively, and characterize the phases that a spinon acquires in completing
the corresponding spacetime processes. We find that 20 classes obtained from the pure
space group PSG are further “fractionalized” as a result of these additional parameters,
thereby increasing the total number of PSG classes from 28 to 48. In U(1) PSG, xg,7
and g7 do not increase the number of classes since they are fully determined by the Z,
parameters wg, and wg that are already introduced for the pure space group PSG. The
phenomenon described here in fact also happens in the classification of other projective
lattice symmetries: it is generally true that adding time reversal symmetry will increase

the number of Z; PSG classes and reduce the number of U(1) PSG classes.

5.3 Analysis of the mean-field ansatze

The PSG classification in the last section provides the symmetry constraints on con-
structing Hamiltonians that describe fractionalized spinons in symmetric U(1) and Z,

spin liquids. Since the gauge fields are deconfined in a spin liquid phase, a good de-
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scription for the spinons is already achieved at the mean-field level. In this section, we
present a complete list of parton mean-field Hamiltonians for symmetric spin liquids on
the pyrochlore lattice. These Hamiltonians can either be analyzed in their own right,
or serve as a first step towards a more realistic description of spin liquids upon adding

spinon interactions or fluctuating gauge fields.

5.3.1 Construction of the mean-field ansatze

We are now in the position to construct the mean-field ansatz for each PSG class. The

most general mean-field ansatz for fermionic spinons can be written as

H= Z H*, Z T,

a=0,z,y,z T, (55)
= Tr |o°T, v O
"'u !, Turyrl, el |0
where uii)r, with @ = 0,z,y, z contain all the sixteen real parameters for the bond
v
/
T, T,
W =i 11— 2 ot +c ot +d 0%
T, T LT, Ty, Tu,Ty, Ty, )
(z) _ T X 1 T 2 T 3
urm'r‘; - armr’ 1+ Z<br ,r{,a + Cp ,r{,a + dr r{,a )7 (5 6)
)  _ v (Y 3 '
uru,r; - ar,“'r,cl + Z<br ’U + Cr Tl U + d'ru,r’ o )7
(2) -7 S (2 z 3
Uy = Qg o 14 0(b7, T/a + /a +d;, 0°).

Note that 1 denotes the 2 x 2 identity matrix.

The bond parameters are subject to constraints provided by the PSG. The PSG
operators O and T are the symmetry operators of the Hamiltonian H, meaning O: H—
H and T: H — H. Since the spinons transform under @ and T according to Eqgs. (1.33)

and (1.35), we have the following rules:
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e For a general translation t = t1e; + tye; + t3e3, we have

a a io3[ta(r! —r1)—ta(r! —ri—rh+r
iu)ﬂ“/ - Er)t)w(r /—t), € talrimr) =t oot bay (5.7)

e For space-group elements O € {Cs, S}, the singlet and the triplet parts transform

as

Weo [O(ru)] wlo(r))] = uggr#w(r;)’ (5.8)

WO[O(TM)] ROWO[O(T’ )] = ugim,ow

rr’

where the SO(3) matrices RCG and R® were given in Eq. (4.7).

e For time reversal T,

Up: W’T(Tu) 'r' T, WT( ) (59)

T,T,

By solving Eqs. (5.7)-(5.9) for the sixteen real parameters at each bond, we obtain the
mean-field ansatze for the PSG classes.

The pyrochlore bonds can be categorized into equivalence classes (or orbits) of the
space group, where the bonds within each class are related by space group transforma-
tions, while the bonds in different classes are unrelated. In order to obtain the complete
mean-field ansatz, it suffices to obtain the mean-field solution for one representative bond

of each equivalence class. We choose and express these representative bonds as follows:

e We use the Greek letters «,3,7,0 to parameterize the representative onsite bond
(0,0,0)9 — (0,0,0)0, the Latin small letters a,b,c,d to parameterize the represen-
tative nearest-neighbor bond (0,0,0) — (0,0,0);, and the Latin capital letters

A,B,C,D to parameterize the representative next-nearest-neighbor (NNN) bond
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(0,0,0); — (0,—1,0)s.

e Take the representative NN bond for example. In an ansatz for the Z, PSG without
time reversal symmetry, all the 16 terms in Eq. (5.6) may be nonvanishing. We
then use eight complex numbers ay,, by, i, dy, ap, by, ¢, d,, to paramaterize the 16 real
parameters in this bond: explicitly, we write (omitting the bond label (0,0,0), —
(0,0,0))

3
)

u® = Reby,1 + i(Rebyo! 4 Tmb,o? + Imb,o?),
uw¥ = Rec,1 + z'(Recpa1 + Imcp02 + Imcha3),

u'® = Redy1 +i(Red,o" + Imd,o? + Imdj,0®).

u® = iReay,1 — Rea,o' — Ima,o? — Imayo

(5.10)

In the U(1) PSG, we only have hopping bilinears, therefore the o' and o? terms
in Eq. (5.6) vanish, and we parameterize Eq. (5.6) as

(0

u® = iReal — Imac®, u'® = Rebl + ilmbo?,

5.11
u™ = Recl 4 ilmeo®,  u® = Redl + ilmdo®. ( )

The symmetry relations (5.7), (5.8), and (5.9) impose constraints on these param-
eters, and the numbers of independent real bond parameters are usually smaller than
16 or 8 in the Zy and U(1) ansétze, respectively. To determine the independent bond
parameters, one needs to find all the symmetry operations (the so called “stabilizers”
of the symmetry group) that leave the representative bonds invariant. As an example,
time reversal symmetry leaves any bond invariant. In the U(1) case, applying the time

reversal PSG in Eq. (5.3) to Eq. (5.9) reduces the bond parameterization in Eq. (5.11)
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to

0) _ 3

ul —Imac®, u® = ilmbo?,

5.12
u = iImeo®,  4® = iImdo®. ( )

In the Zy case, applying the time reversal PSG in Eq. (5.4) to Eq. (5.9) reduces the

bond parameterization in Eq. (5.10) depending on the value of ), for p =0, 1:

u® = —Rea,o! — Ima,o?, u® =i(Reb,o' + Imb,o?), (5.13)
u¥ = i(Rec,ot + Imc,0?), u® =i(Red,o! + Imd,o?) '
for ng = n; and
©) — 3 (z) — ' 3
u"’ =iReapl — Imayo”, u'*’ = Reb,l + ilmbyo”,
h h h h (5.14)

u = Rec,1 + ilmeyo?, u® = Red,1 + ilmd),o°

for ny = —m. Note that the form of Eq. (5.14) coincides with that of a U(1) ansatz
[see Eq. (5.11)]. However, pairing terms (in which parameters have a subscript “p”) do
appear for other bonds (e.g., the representative NNN bond), and this is generally not a
U(1) ansatz.

The final result of the mean-field parameters for representative bonds up to NNN are
presented in Table 5.3 for the U(1) PSG and Table 5.4 for the Zy PSG. The effect of time

reversal symmetry has also been addressed therein.

194



(NNN PUe NIN) spurea3suo)y 7 s1ojourered olezuou juspuedepu] 7 —(MSXTX) sse[)

{quu gy g g gy )
W {lquy gy Yy tgeyg} = ¢ {%wy Yo Oy owg} = ¥y {%owy Yowy} = g7 pojoudp op\ oz dq

0} POOIOJUD oI POdUSISJRI J0u sivjowrered oy, "(y JO UOIIUYSP oY} I0J g'G O[qR], 99S) [ = ¥ 39S oM OS[y ‘UOIJe[ol
Iy} Ajads 09 pasn ST €], [OQUIAS ® U} ISULIOJ 9} JO SSR[D ® WOIJ POALIDD SI I9))e[ 9} JO SSR[D ® ISASUSM pUR
‘I999%] o) 03 oyads aIe Jer)) ®IRp 9SO[PUS 03 L_ ], syesoeIq arenbs-a[qnop pere88ep-o[qnop oY) sesn UOIR[NR) O T,
"AIJOWWAS [RSIOASI OWI) [YIM Poulquuod ArjomrwAs dnorsd ooeds o10[ypoIAd Jo sosse HGJ %7 {F pur A[UO AIJoWTWIAS
dnois ooeds o10[yp0IAd Jo sosse[D NHQJ &7 {7 9U) I0J SHUTRIISU0D pur sivjourered poy-ueswl juepusdopu] :§°G¢ 9[qe],

[o—=4] |[pog=o0y] [agmt ‘goy] [pou] [ (1) (1 0)2]
[o—=4g] |[pug =ouy] g ‘goy] Jug -] L0 -(10)-£]
D—=4¢g [pog =29y gui ‘ [gog] pay] ‘qug - (L 0)~(1 1)~ 100
D— =& pwu]— =ouw] qgug “Lm@m_ ow ‘v — (00)—(T 1) 10 -
OD— =4 [pa=o0yg] | qui ‘g [goy] ‘yur \[oy] - (0)-(01)-2 100
LH—=d  pul=ow] | qu ‘gu] ‘ [goy] ‘yu] Z| - (00)~(0 T)=2 10 0
D—=4g [pog =029y aui * [goy] |y - (£ 0)~(1 0)-x 10 -0
D—=¢g  pw]=ou] qui * [goy] ourg - (00)(10)x 10—
D—=4d [pu=oag] | qui‘guy ‘ [gey] ‘yuy Poy] ‘qup  vug (£ 0)-(00)-x 100
LD =g puj— =ouy | qu ‘guy ‘ [goy] ‘yw  ouwy ‘vuy  owg (00)-(00)—x 10—
NNN NN NNN NN osuQ | (S"2XISX)—(Sm"2m)-1X
SJUTRI)SUO)) s1ojourered orezuou juspuodepu] sser)

"SPUO( I0qUSIOU-}SOIRIU-PIE
SULIOPISUOD UM OTLI} I9SUO[ OU ST SIY) INq ‘spuoq NNN 03 dn siojourered ploy-urdow 901 [RIIJUOPI 9ARY H)GJ XNJ-L pur
-0I9Z 91} 9J0N "0I9Z 9( 0} PIDIOJUS 9IR PIdULILJRI Jou sIvjourered oy, "ISULIOJ o) 0} oyads aIe jey) RIRD 9SO[OUS 0]
posn are L |, sjesorIq orenbs pereSSep jer) pur ISULIOJ 9 Ul PapPPaquue oIk Ia)je[ oY} ey} Uons sI uolje[nqe) oy ],
"AIJOUWMWAS [RSIOADI SWI) M poulquuod Arjpwids dnoid aoeds o10[yp01Ld Jo sessed HSJ (1)) 9T Pue A[UO AIoUIUAS
dnois soeds a1o[ypoI14d Jo sessed HGJ (7)) {T O} I0J SHUTRIISUOD pue siojoureled pay-ueown juopusdopu] :¢°G o[qe],

195



‘qong ) = ‘quriig, Lo =D
e — =0 Myogg N = Ty D = p | oy e Aoy Cug DN ‘4o ‘U - 2(prr)—(0xr) 10 —(1Q)
&o@mm% = Dy D0 = Up voygg N — = vu]
;[er0qe wory payuterur syureTISTO)) | LTQ@M ‘e dpay] [0 o] H:aéwmﬁ L () = (SIX2LIX)] <
[eaoqe woy pejuteyur sjurerisuop] gy “igua] [%omr o] -1 Hm 00) = (SLX°2LX)] <
g =D g — = "p buy = pugh— = p | ‘gqoy‘’g “you‘'d owy O Mooy ooy OSEV (1) 10 —(x0)
[oaoqe woxy poyueyur syurensuop] [ [4gon g Tyoy] dgou]  4[*oou] | [(x0) Ex@,ﬁ )]
J[oroqe woxy poyuoquy syurexsuop] [y gga] -1 =1 G00) = (51X «
g =D g — =YD oy = "poyl | ‘qou g “vou g Doy gy ooy 8&8 () 10 —(x0)
[or0qe woxy pojueyur syurenysuop] | [*qoy ‘g “yoy] ["9ou] =1, [(0) = (SN 4
e =D "qoug N = ‘qu
g — =D yadg M- =yl | dqey g “yey g oy “lgoy - 1(0x0)—(0x) 10 —(20)
Hp = D MDaygg N = Dy gayg N = Uquap
[eroqe o pojuiotur syurensuo)] [ta e vl dgou]  4[*ooy] | [(0x) = (SEXT2EX)]
i[eroqe wogy payrerur syurensuo) | 121 -1 -1 H:Aoov = (SX2LX0)]
d (dey ¢d
Igq— = dry g = Yy oy = Ipo awi g Tyl D “4go 499 vuw)-(rr) 10 (00
g— =D "Mg = o1 oy = poy g g g Y gy i ( Zv@ (00)
[or0qe woxy poyuoyur sjurensuo) | Lia g y] [ woy]  [Mooy] | [(0x) = Ex%tﬁ_ 9
H=@>o@@ WOIJ PIYLIdYUI SIUTRIISUO))] H:@rﬁ_ H:@EH “Hu] Hmlﬁ Hfoov = (SLX D&Xé “
d (dyy ¢d
lg— = 10 tg = ) by = ‘puy Yo— = p O e g ey Dupo oy oy | (rw)-(xx) 10 ~(00)
{[oa0qe woy poyuoyur syurensuo)| 4] [ “quar *quu] 2] |, [(00) = (LX)
d, 4 ¢deyid
d~ —dg g — Y~y — Yy a g9V d, Yy 37} dy ¢y o o
D ="d g D ooy = Upay g g iy q ooy “Hquip Yo “houy (00%)—(xx) 10 —(00)
[or0qe woxy poyuoyur sjurensuo)) | (%] ] %] | [(00) = (SLXP2EX)]
d, 4 «dq cd
d~ _ dey Yy ¢y _ doy ¢ o a "qg'v d ¢y ¢ ‘ dyy ¢ _ _
D =g g — =D p— =D uy— = ipug g g 0D PRLw o o (000)—(xx) 10 ~(00)
NNN NN 93suQ F(PEXISXSTOX)

196



;[eroqe wog payrerur syurensuo) | 441 ([ ouag “Hoy] -1 LT 1) = (S C%QBX:_ q
H=@>0o_m WOI} POYLIOYUI SHUTRIISTO)) H=gm@m “Uegoy] H:n@@m ‘oo ‘Upay] H=Iﬁ Hm 0L) = (SLX"2LX ; q
;[or0qe woiy payueyur syurensuo)] LTQEH ‘e Ay [0 o] -] Hm 1() = (SLX°2LX )] <
- =g — =D oy = "poyg o— ="p | ‘g g Ty g oy 1o oy - 5&5 (02) 10 —(20)
H=@>o€m WO} PIYLIOYUI SIUTRIISUO))] H:mﬁ; Hmlﬁ Hmlﬁ Hm (Lr) = (SLX"2LX é q
L_o\/o%w WOIJ PIJLIaYUI SIUTRIISUO))] Lﬁm@m “Ugay] %ewmﬁ LT__ H: 0L) = (SLX°2LX é “
;[ea0qe wory payueyur syurenswop] | [Uquy g ] [9oy] -1 L 20) m@%b& X)]
i — =D Mg — =" owy = puy | qwy g Uy g “ouy gy - H(x20)(0v) 10 (20)
H=®>o@® WOIJ PIJLIaYUI SIUTRIISUO))] LTQQM ‘e o | H=§ “Upoy] Elﬁ H:Akov — m@%b&ké
‘qoa— = g g, o =D g - =1
‘dyogt— = dpupdp = b boygh— = by | dgey g oy Doy ‘49 o - 0(xrr) (Qr) 10 (1
T e aag g voug b g 0 0
nmum% =Yp é@@ﬁm\l = Ypwy
[osoqe wogy poyuoyur syurensuop] | [*qoy g “you] 924l =T ] [(x0) = (52X 9
Iqoul — = dquy g,s o=
e = 10 My e — =y | gy g ey g oY gy - O(r20)~(0x) 10 ~(20)
n&wv — QU AQUQmm% — &UEM Z&Q@MMM\/l — QQEH
H=@>0o_@ WOIJ PIYLIOYUI SIUTRIISUO)) LTme e o] H:ﬁﬁ_ [0oy] Hm (1) m&X@bBX = q
LT:E@@ Eoﬁ PoILIBYUT SJUTRIISUO)) ]| LT@EH “Ueruur] H=§E~£@E; H:Iﬁ Hm 00) = (SLX"2LX) = “
D ="g"lg ="D"ong = "pag | g 'qea g Myod fq ooy tquy ooy (x02) (02) 10 _(x0)
H=®>o@@ WOIJ POYLIOYUI SJUTRIISUO))] LTQom ‘g o] LTU “p] [0oy] Hm (1y) = (SLX"2LX é q
H=@>o@w WOIJ PIJLIaYUI SIUTRIISUO))] LTQEH “Uerg] H?&; Hmlﬁ Hm 00) mb%b& :_ “
&M| — &D va — :D ib| — &Nw EUSM| — cﬁEH &m EQ@MM Em :J\wm &U ﬁ&@ EUEH E@EH &@@MM AKOOV A v A v
.[er0qe wory payuayur syurensuo)| LTQ@m ‘e o] [0 o] -1 Hm 10) = (SLX"2IX)]

197



5.3.2 Symmetry properties of the 0-flux ansatze

The symmetry constraints imposed by the PSG given in the last subsection are formulated
in real space. For analyzing the properties of the mean-field ansatze, it is more helpful to
see how the projective symmetry transformations apply in momentum space. In the 0-
flux case (x; = 0), the action of each projective symmetry is simple and can be explicitly
given. To start with, we define the Bogoliubov-de Gennes (BdG) basis (where the spin

indices are suppressed):
toet o\
q)k = (fk/pvfk,lyfk,27fkyg:ffk,[))ffk’luffk,mffk,,3> . (5-15)

The Hamiltonian is then written as

H= Y & Hpac(k), (5.16)

keBZT

where the momentum sum is over half of the Brillouin zone (BZ) with, say ks > 0. This

Hamiltonian has the standard Bogoliubov form

Hpac(k) = < Hu%(k) —HH%Z(:?)— k) ) , (5.17)

where Hyy and H,, correspond to the hopping and pairing terms in Eq. (5.6) for the
Zs PSG. For the U(1) PSG, the pairing terms vanish and the BAG form corresponds to
two copies of the U(1) Hamiltonian Hyy).

In terms of the BAG Hamiltonian matrix Hpaa (k) describing each 0-flux ansatz, we

have the following symmetry constraints:

7l (k) Hpac (k)Wa, g, (k) = Hpac (Co(k) + pPpsmb1) (5.18)

C6:w06
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Wi . (k) Hpac (k) Ws.ws (k) = Hpac (S(k) + 1 dsr, (by + 3b3)) (5.19)

where b; (with ¢ = 1,2,3) are the three reciprocal lattice vectors in units of =, while

pt (with i = 1,2,3) are the Pauli matrices acting in the particle-hole space (f, fT)?. The
derivation of these equations together with the forms of W@’wéﬁ (k) and Wg (k) can
be found in App. A.10. We point out that, due to the projective nature of the symmetry
transformation, an annihilation operation f can be mapped to either an annihilation
operator f or a creation operator fT. Therefore, the unitary matrices We ., (k) with
O = C, S are either off-diagonal (corresponding to wp = 1) or diagonal (corresponding
to wo = 0) in the particle-hole space. Let us understand the implications of this property
for a U(1) 0-flux ansatz with wg, = 1 by considering the action of I = 62:

wg, =11 WiHua (k)W; = —Hj (k) Vk € BZ. (5.20)

Therefore, projective inversion acts like the product of faithful inversion and charge

conjugation, which ensures that the energies come in £FE(k) pairs for the entire BZ.

5.3.3 0-flux U(1) ansitze with wg = 1: projective symmetry
protected gapless nodal star

Unlike the wg, = 1 classes, a 0-flux U(1) ansatz with wg, = 0 does not necessarily have
energy levels coming in +F(k) pairs at each momentum k. However, in the case of

wg = 1 (regardless of wg,), there exists a one-dimensional (1D) submanifold in the BZ
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g \/

Figure 5.1: Ilustration of the nodal star Fermi surface; the contour corresponds to an
energy infinitesimally above the Fermi level.

along which this is true. In fact, along this submanifold,

A ={(q1, 2, 3)klc1,23 = £}, (5.21)

the energy levels not only come in +F(k) pairs, but are always gapless at E = 0,
i.e., there are always two degenerate modes sitting at the Fermi energy. We call this
1D submanifold A the star manifold, and refer to the gapless modes as the nodal star
zero modes; see Fig. 5.1 for an illustration. A direct check by adding up to 8th-nearest
neighbor bonds with generic bond parameters shows that the zero modes are robust as
long as the projective symmetries are intact. This is strong evidence that the nodal star
zero modes are not accidental but are protected by the projective symmetries.

Such a nodal star structure has been reported in other contexts. In Ref. [23], Burnell
et al. studied an SU(2) invariant ansatz with purely imaginary NN hoppings forming
7/2 fluxes on all pyrochlore faces: the so-called “Monopole Flux” state. Such an ansatz
preserves charge conjugation, the product of inversion and time reversal I o 7, and the

24 “proper elements” of the point group Op, but it breaks the individual time reversal
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and inversion symmetries. The 24 “proper elements” and the composed symmetry I o7
allow the mapping of one NN bond to all the other NN bonds, while charge conjugation
and [ o7 ensure that the Hamiltonian is real and an odd function of k. An algebraic
proof was then given to show that the matrix structure on the star submanifold leads to
nodal star zero modes and that the symmetries forbid a chemical potential which could
otherwise gap out the nodal star. However, the proof relies on the restriction of the
hopping to the nearest neighbors, and it is not clear in the proof if the nodal star is truly
symmetry protected, i.e., whether further neighbor symmetry allowed hoppings can gap
out the nodal star. A similar nodal star state also appears in the bosonic description
of a Zsy spin liquid [94] at the NN level. In that case, it was explicitly shown that an
infinitesimal NNN bond amplitude is enough to gap out the nodal line to discrete points.

Here, we provide a proof that the nodal star zero modes appearing in our wg = 1
classes are indeed protected by the projective symmetries, see App. B.1. The proof is
algebraic, and can be viewed as a generalized version of that given in Ref. [23]. The
proof relies on the following observation: while an unprojective screw symmetry relates
the Hamiltonian at momentum k = (k,, ky, k,) with that at momentum (k,, k;, —k.), a
projective screw symmetry relates the Hamiltonian at momentum k = (k,, k,, k,) with
that at momentum (—k,, —k,, k,). Therefore, focusing on the (1, 1, 1) nodal line without
loss of generality, the symmetry operation

R=S0C30C3050(C508 (5.22)
leaves the momenta along the nodal line unchanged in the case of a projective S. This
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symmetry constrains the Hamiltonian along the nodal line [cf. Eq. (5.20)],

W}];(kJ k? k)HU(l) (k7 k’ k>WR(k7 ka k) = _H{I(l)<k‘7 ka k)? (523>

and implies that the energy levels come in £FE(k) pairs. Considering the analogous
action of the threefold rotation C3 [which also maps (k, k, k) to (k, k, k)],

W, (k. k, kYo (k, k, BYWe, (k, k, k) = Hua (K, k, k), (5.24)

and the specific forms of Wgr(k, k, k) and We, (k, k, k), it can then be shown (see App. B.1)
that the rank of the matrix Hy)(k, k, k) is at most 6, which implies that it has at least
two zero eigenvalues. Since our proof only relies on the symmetry properties of the
spinon Hamiltonian, the result universally applies to any fully symmetric mean-field
ansatz with a projective screw symmetry (wg = 1), even beyond the NN (or NNN) level.
In turn, this suggests that a pyrochlore spin liquid with a nodal star Fermi surface may

be commonplace.

Lemma 5.3.1 define a 6 X 6 matrix

x(oy —o3) y(oy —o2) z(o3 —0y)
Alx,y,2) = | z(o1 —02) x(oz3—01) yloa—o03) |, (5.25)
y(log —o1) z(oy—o3) x(o1 — 03)
(

(what we will use later is a special case with (x,y,z) = (¢,c,™).) then its inverse is

G _ AR —yz 2 —ay, P - az)
A 1 _ ) ’ . 2
( (J}, Y, Z)) 2(:173 + y3 4+ 23 — 3xyz) <5 6)

Furthermore, define a 2 x 6 matrix

B(a, 8,7,0) = (a0’ + (8,7,0) - 0,a0° + (6, 8,7) - 0, a0” + (v,6,8) - o) (5.27)
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and a 6 X 2 matrixz

O/O'O + (6/77/>5I> .o
Cl,p,7,0)=| a0’ +(8,8,79) o (5.28)
o0 + (1. 8.0) o

then for any complezx ¢ we have (be wary of the switching § <> v between B and C' below)

B(av, B,7,6) (A(z,y, 2)) " C(Ca, (B, (6, () = 0. (5.29)

The proof of this Lemma is elementary.

Now we use the lemma to prove that the existence of nodal star. The U(1) 0-flux
mean-field ansétze correspond to an 8 x 8 matrix Hy()(k) in the momentum space,
with basis the parton operators (foxr, forl, fikts fikl, forts forls farr fgki)T. We abbrevi-
ate Hy1y(k) by H(k) for the rest of this appendix. For U(1) 0-flux states with the PSG
number wg = 1, we have the threefold rotation symmetry C5 along (1,1, 1) axis, and the

screw symmetry S:

W, (K)YH(k)We, (k) = H(k., ko, k),
1

(5.30)
WS(k)H(k)WS(k) = _HT(_kw _k:ca kz)a

notice the second line is specific to wg = 1. Now define the operation R = S o (50
C3080C50S. Then we notice that Egs. (5.23) and (5.24) hold, meaning that R and
C3 both map the momentum (k, k, k) back to itself. Now, assume the most general form
of an 8 x 8 hermitian matrix Hyy(k, k,k) = [hu], where h,, are 2 x 2 blocks with
w,v =0,1,2,3. Using the special form of W, (k, k, k) and Wgr(k, k, k), we can show step

by step the following:

o hoo =0, hyy = c(0? — %), hgy = (03 — o), hsz = (! — 0?), where ¢ is some real

parameter;
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o hiy = (0! —0?), hyz = * (03 — o), haz = (0% — 0®), where ¢ is some complex

parameter;
o hoy = d’d" + (1, d") - o, hey = a"0° + (d",b",") - &, and ho3 = a"0 +
(", d" V") o, where (a” 1", ", d") are complex parameters satisfying a”e?* = —a'™,

eik(_b// —d" _C//) _ (b”* ' d”*).
Therefore the Hamiltonian can be written in the form

0 B
H(k, k k) = ( C A ) , (5.31)
where A is a 6 x 6 block containing h;; blocks with 7,7 = 1,2,3, B is a 2 x 6 block

containing ho1, hoz and hgs, and C' = Bf. Using the above Lemma, we can show that

BA71C = 0449, therefore using the standard matrix decomposition, we have

[ laxe BATUN [0 0 loys 0
ik = (e BAV (0 () e

we see that the rank of Hyqn)(k,k, k) is smaller or equal to 6, i.e. Hyw(k, k, k) at
least has two zero eigenvalues. The existence of zero eigenvalues of Hy)(—k, =k, k),

Huay(—k, k, —k) and Hy(k, =k, —Fk) then follows.

5.4 Nodal star U(1) spin liquid

In this section, we restrict ourselves to the study of U(1) spin liquids with a gapless
nodal star structure as was put forward in the last subsection. Our goal is to develop
a full-fledged low energy theory whose degrees of freedom include both the nodal star

spinons and the U(1) gauge field. The gauge field has physical consequences and may
204



lead to observable effects. Such effects have been explored in U(1) spin liquids with
a spinon Fermi surface where the U(1) gauge fluctuations lead to 7?3 and T'In(1/T)
scaling in the specific heat for two and three spatial dimensions, respectively [145, 110].
These non-Fermi liquid behaviors have been important experimental touchstones for the
discovery of spinon Fermi surface U(1) spin liquids. In this regard, it is interesting to ask
how gauge fluctuations affect the thermodynamic properties of the nodal star U(1) spin
liquid. We hope that the answer to this question provided in this section can serve as a

primer for the more interesting properties of the nodal star U(1) spin liquid.

5.4.1 Low energy effective model for spinon nodal bands

In this subsection, we take a specific class of nodal star spin liquid and study its low energy
properties in detail. We choose the U(1) class 0—(1 1)—(0 7) and only keep the NN mean-
field parameters b = ib; and ¢ = ¢,. Although the energy at arbitrary momentum cannot
be written in a closed form, the energies along the star (s1k, 2k, s3k) € A have a simple

expression:

Bio=0, Ey=—Ei=4V2, Bys=—Ers= /60 +20c2 — 6(b — 2c2) cosh.
(5.33)

For simplicity, we set b; = v/2¢,; this specific ansatz should be continuously connected

to those at other parameter regions. The low energy dispersion along the nodal lines and
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in vicinity of the I' point is then well described by the following effective Hamiltonian:

H(k)=dx - o, (5.34a)
cos ks — cos ks
di = | cos ki —cosks |- (5.34D)

cos ko — cos k;

Along each momentum section perpendicular to the star lines, the spinon field has the
dispersion of a 241D Dirac field, where the Dirac velocity v = v/3sink is a sinusoidal
function of the star momentum (¢ k, 2k, s3k). In the vicinity of the I' point, the model
can be further simplified by expanding dy:

di = (B — k3,12 — 12,2 — k) + O(k"). (5.35)

The spinon nodal star creates an interesting instance of U(1) gauge fields interacting
with gapless matter. This is in contrast with the quantum spin ice model established
in Ref. [63] where the matter fields are gapped and the low energy description is the

Maxwell theory.

5.4.2 Nodal star spinons with U(1) gauge field

We now assume that the nodal star spinons are coupled to a U(1) gauge field. The low
energy effective Hamiltonian describing the spinon nodal bands in Eq. (5.34a) corresponds
to a Lagrangian

Lo =} (—ike + H(k))vx, (5.36)
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where we use the imaginary time formulation and denote k = (ko,k) as the four-

momentum in Euclidean spacetime. The U(1) gauge field has a Maxwell term

Ly = ?A“(k)(k%w — kuk,)AY (—k), (5.37)

which emerges in this low energy effective theory by integrating out the high energy

spinon bands. Finally, the gauge field couples to the spinon fields in the form of

| B
£ = Ay buran + A I s

(5.38)

0
+ZAZ AJ wk—kq alz-ifgk)w O(A3),

where the first line is the usual minimal coupling terms and the second line is a diamag-
netic coupling term. The complete theory describing the low energy nodal star spinons

and the U(1) gauge field is thus

L=2Ly+Ly+ L+ Lyp+ Ly, (5.39)

where we have also included a gauge fixing term and a ghost term for later use [120]:

1

Ly = Q—Skuk,,Aﬂ(k)A”(—k), (5.40a)
L _ 2

'Cgh = Enkk Nk - (540b)

It is the goal of the next subsection to derive an effective theory for the photon field.
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Figure 5.2: The two diagrams for the photon self-energy at one loop level: the “vacuum
polarization bubble” (left) and the “tadpole” (right). Solid (wavy) lines denote spinon
(photon) propagators.

5.4.3 Vacuum polarization for the emergent photons

We follow the usual perturbative approach to calculate the photon effective action within
the random phase approximation (RPA). The validity of this calculation will be com-
mented below.

At one-loop level, the spinon-gauge coupling £; produces two diagrams for the photon
self-energy, as shown in Fig. 5.2. Due to gauge invariance, the photon self-energy must (i)
vanish when ¢ — 0 and (ii) satisfy the Ward identity at small q. We prove these properties
at one-loop level in Appendix B.1. We show that, at ¢ = 0, the two diagrams of Fig. 5.2,
the “vacuum polarization bubble” and the “tadpole”, cancel each other. Furthermore,
at g # 0, the corrections to the tadpole are only O(q¢?), while, as we will show below,
there are corrections to the vacuum polarization bubble at a lower order of q. Therefore,
at leading order in ¢, the photon self-energy can be identified as the g-dependent part of
the vacuum polarization bubble. Ignoring a minus sign resulting from the fermion loop,

the vacuum polarization bubble reads

I (g) = / (;l:; T [D4(R)Golk + DT ()Golh — 1)) (5.41)
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where Gy (k) is the Green’s function for the bare spinon Lagrangian £,, and

_ 1
iko—H (k)
the vertex I'* obtained from Eq. (5.38) has the following form:

(k) = ilyya, I''(k) =sinki(0® —o?),
I?(k) = sinky(0® — o), TI*(k)=sinks(c' — o).

(5.42)
While the anisotropic forms of the Hamiltonian [Eq. (5.36)] and the vertices [Eq. (5.42)]
make it difficult to evaluate the polarization in Eq. (5.41) exactly, it is physically clear
that there are two distinct momentum regions in the BZ. These two regions, the star
region and the gapped region away from the star, result in different scalings of the photon
self energy. The contribution from the gapped region away from the nodal lines, IIy, is
O(q?), as can be directly seen from expanding the polarization in Eq. (5.41). The final
result for II; is constrained by the Ward identity (see Appendix B.1) to have the form
of the bare Maxwell term in Eq. (5.37), hence it simply renormalizes the corresponding
coupling constant g. In contrast, the contribution from the star region, Ily, is linear in ¢
with logarithmic corrections. This means that IIy completely dominates over II; at low
energy and small momentum. In the following, we focus on the calculation of II,.

We first provide an intuitive understanding for the linear scaling Iy ~ |g| and the
existence of logarithmic corrections. In the BZ, each plane perpendicular to the nodal
direction has a Dirac dispersion £ = v|k, | with a Dirac velocity v = V/3sin k) that is a
sinusoidal function of the nodal line momentum (<1, 2, ¢3)k|. Restricted to such a plane,

the spinon-gauge coupled system can be viewed as a QED3. The vacuum polarization

diagram in QED3 scales linearly in ¢, = (qo, vq.) as

a b
Mions = /a3 (6‘”’ - q%) . a=0,1,2 (5.43)

1
209



The polarization of one nodal line branch can therefore be obtained by considering copies
of QED3 interacting with each other. To the leading order of ¢, these QED3 copies are
decoupled, and we find that the polarization in the star region, Iy, summed over these
QED3 copies and over different line branches, scales linearly with ¢. Note, however, that
this picture is oversimplified as the vanishing Dirac velocity at the I point would lead to

unphysical divergence in the limit of ¢o/|q| — 0 when integrating over copies of QED3:

s s 1
/ dky s ~ / dky| w/la. 170 divergent! (5.44)
0 0 \/qg + qi sin? /{JH

In reality, the quadratic dispersion near the I' point takes over as the Dirac dispersion

flattens, which removes the unphysical divergence and introduces a small momentum
cutoff 0y for the nodal line momentum k). The cutoff is determined by the criterion that
the Dirac dispersion becomes comparable to the quadratic dispersion around the I" point,

vk, | ~ k?, which gives 0y ~ |k| and thus changes the integration range in Eq. (5.44) as

™ m—|q
/ dl{?” — dk”. (545)
0

|q|

This cutoff introduces a logarithmic correction to the 00, 0z and i0 components of the
polarization tensor.

To understand the scaling behavior of Iy in a more rigorous manner, we provide in
Appendix B.2 the scaling analysis of the vacuum polarization tensor in Eq. (5.41) for
qo/|q| < 1. We find that

5" ~ —|g|n < > + lal foo(q0/a?), (5.46a)

1
q* +w?/q’
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Y ~ igoIn ( ) + @*foi(00/q%), (5.46b)

q2 +w2/q2

1§ ~ |ql + |ql® fij(a0/q?), (5.46¢)

where, in each expression, the first and the second terms denote the contributions from
the nodal lines and the region near the I' point, respectively, while foo(x), foi(x), and
fij(x) are regular functions for any 0 < |z| < 1. We see that, in all components of the
polarization tensor, the contribution from the I region is subdominant compared to that
from the nodal lines themselves.

The analysis in the preceding two paragraphs allows us to obtain the analytic form
of the dominant contribution to the photon self-energy by performing a “QED3 type”
calculation for the nodal lines. The detailed calculation can be found in Appendix B.2.
Here we stress that the “QED3 type” calculation performed here must be understood
with caution. In the usual perturbative calculation of QED3, a large parameter N (the
number of fermion flavors) is introduced to ensure the validity of the RPA and the
convergence in the infrared (IR) limit. While we introduce no explicit large parameter N
in our calculation, such a large N should be understood to be present whenever needed,
and we hope that the result can be analytically continued to the N =1 case.

With this caution in mind, we present the final result here: at the leading order of ¢,

the photon self-energy is

H(iQOa Q) = Z HC1,§2,§3 (iQOa Q), (547)

61,52,63==%1

where I, ., ,(iqo,q) is the contribution from the nodal line branch (¢, ¢,¢3). The
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individual contributions are

Q2 e @ Q2 )
\/_2 qo F S1 1?_ G2 qozF Q3 q03F
. —S —F D —G152D35  —<163D5;
e, .0 (P90, @) = o ' - o :f e i (5.48)
16\/377' _gQé_F _§1§2D33 DQQ _§2§2D11
—Go ' —aGDy  —6siDy D3y
with
2 2 1 2 1 2
D = (1 2N 1-—=—)E, D;=|(z——=)F B ,=1,2.3
=+ G+ - GDE G-I+ G+ENE|. =123,
(5.49)
where

F=F(r—lq,~Q*/q3) — F(lal. —Q*/q), E=E(r—|al,-Q*/a)— E(lal,~Q*/a),
(5.50)

are the incomplete elliptic integrals of the first and second kinds, respectively, with

elliptic modulus @/qo, and

Q1 =20¢1 — 22 — 3q3, Q2= —aq1 + 2002 — 53q3, Q3 = —1q1 — $2¢2 + 26303,
Q3 = Q% = 3(02q — 33:3)°, Q3= Q% —3(3q3 —1q1)®, Q35 = Q° — 3(s1q1 — 22q2)7,

Q=@+ Q3+ @)
(5.51)

For each branch (s1,¢2,¢3), Il ¢, (G0, @) has two zero eigenvalues corresponding to
eigenvectors (qo, q1, g2, g3) and (0, <1, 62, 53); the former one is the longitudinal four-momentum
vector. The remaining two nonzero eigenvalues, 32 V@ E and :g; q“j/f F, are nondegen-
erate; they correspond to one “transverse” eigenvector (0, <1 (s2g2 — $3¢3), $2($393 — $1¢1), $3(S1G1 — $242))

. . . 2
and one “longitudinal” eigenvector (—%,ngl, G2, 3Q3), where “transverse” and “lon-

gitudinal” are understood with respect to the spatial three-momentum (Q1, Q2, Q3). The
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nondegeneracy here implies that the boost symmetry of the QED3 is broken in our theory,
which can be traced back to the “boost symmetry breaking” of the vertices in Eq. (5.42).

The photon self-energy I1(iqo, @) contains the longitudinal four-momentum vector as
an eigenvector corresponding to eigenvalue zero, which ensures that the Ward identity
g1 = 0 is preserved. However, since the four star branches have different three-
momenta (@1, 2, @3), I1(igy,q) can no longer be decomposed into longitudinal and
transverse modes.

Suppose ¢;(iqo, q) with ¢ = 1,2, 3 are the three nonzero eigenvalues of I1(iqo, q) that
correspond to the eigenvectors v;(iqo, q). The dressed photon Green’s function is then

p by
R
q

D" (ig0.q) =Y 5 (5:52)

e E R

where P! = vf'vY are the projectors for the i = 1,2,3 modes. The last term results
from the gauge fixing term L, in Eq. (5.40a).

We remind the reader that the photon self-energy calculated here is for zero temper-
ature. A finite temperature calculation can also be considered following Ref. [132]. We

leave such a calculation to future work.

5.4.4 Photon contribution to thermodynamics

We now proceed to calculate the photon contribution to the thermodynamics. The

photon free energy reads

d3
_F:—E%é;/}%gg@u@dﬂwmqf+mnﬁ@ﬁ+qa), (5.53)
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where w,, is the Matsubara frequency and D is the photon Matsubara Green’s function.
The second term of F' comes from the fictitious free energy for the ghost fields 7 in
Eq. (5.40b). Half of this fictitious term will cancel the contribution from the gauge fixing
term £q'q”/q* in the photon Green’s function, while the other half will contribute a
positive term oc 7% to the free energy. Such a term would cancel out the longitudinal
mode in the free gauge theory, however, as we will see, this is no longer the case in the
full theory when the photons are coupled to the spinons. Converting the Matsubara sum

to a contour integral, we then obtain

T dw d*q —w0" + Imef(w, q)
— _T4 tan t ! ’ 5.54
+ Z/ o eﬁw 1 / (2m)3 " (—oﬂ + q* + Reefi(w, q)) - (859

where eff(w, q) are the eigenvalues of the retarded polarization I1%(w,q) = TI(igy —
wt, q) with the notation w* = w +i0". Note that the dressed photon Green’s function
corresponds to zero temperature and that the temperature dependence of the free energy

comes entirely from the Boltzmann function. The momentum-frequency integral in the

free energy can be separated into two regions that give different scaling behaviors.

El@w

The “dynamic” region: |w|/|q| > 2.  In this region, we have = < ii; < 1, and the
elliptic functions E and F are both real. The eigenvalues 65273 are then purely imaginary
due to the prefactor /g2 — —iw on the upper half plane in Eq. (5.48). Furthermore,

the eigenvalues are of the same amplitude:

p o isgn(w)

e — —
1,2,3 NG

when |w|/|g| — oo, (5.55)
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—w? +q2

which is much larger than —w?+g? at small frequency. We then have tan* (ImeZR (W’Q)) ~

—%sgn(w) and, hence, the free energy scales with temperature as

Todw 1 4 w3< 7r> ™ 4

—— 3 (D)= 5.56
2mefo —1(2m)3 8 \ 2 480" (5.56)

Fayn(T) ~ 3/

—00

where we have dropped an unphysical part Fgy,(0) which is divergent and temperature
independent. One notices that the free energy (and other thermodynamic properties,
such as the entropy and the specific heat) of each dressed photon is a fraction of that of a
free photon, which can be viewed as being contributed by a fractional degree of freedom.

Such a phenomenon also appears at infinite coupling of large N QED3 [131].

The “static” region: |w|/|q| < 1. In this region, by using the asymptotic forms of the
elliptic functions, the polarization IT*” in Eq. (5.48) agrees with the general scaling form
in Eq. (5.46). The Ward identity wII® + ¢,I1° = 0 suggests that 1% ~ %HOO < 1%,
Therefore, the I1° component is decoupled from the 3 x 3 block of the polarization tensor
with spatial indices and is identified with one of the eigenvalues, eff. The remaining

eigenvalues 652 then correspond to the two transverse polarization modes. All three

eigenvalues 6{%’273 are generally complex, and we find the following scaling form for them:

w?

} ~ gl =i sgn(w), (5.57a)
lq|

q

+

et s (0.5%5) - (0 275)
42 [r (e 25) - (2

fo~|q| n ; Sl M _ M_
S (max{M |q|}>+ abe () s ([t ~1al). 570

lq|’
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where u(%) scales as u(x) ~ const. + 2%, The eigenvalues of the transverse modes, eff,,
do not diverge near I' or L, therefore the cutoff #, has been set to zero.

In writing these asymptotic expressions, we have neglected the angular dependence
in the momentum. The validity of this approximation has been numerically verified. For

lw| > g2, the physical modes i = 1,2, 3 lead to a dressed photon Green’s function of the

form
P + P
DY = 1 (2,2 2
g_2<qc _W)+ (|q|—zsgn( )\q\)
P (5.58)

+

% (g% — w?) + 7= (gl In % + isgn(w)|q])

Note that the imaginary parts have opposite signs and that the Py term will contribute
negatively to the specific heat. The photon “bare” velocity ¢ and the coupling g come
from integrating out the gapped spinon bands at higher energies. The “bare” velocity ¢
should be comparable to the mean Dirac velocity of the nodal line spinons, ¢ ~ 1, and we
take g < 1 following Ref. [42]. Therefore, at small g, we have |q| > q* > w?, and we only

keep |g| in the real part. The free energy can then be written as Fy, = FY24 3 where

sta sta?

the contributions F,;> and F3. correspond to the eigenvalues efQ and elf, respectively:
A 2 lq| 2
1,2 q-dq dw 1w
Fsta = 2/ o2 / 27‘(‘ 65‘*’ — 2tan ?’ (559&)
A2 <lq|
qdq dw 1
= -2 t 5.59b
sta / 272 / 27T eﬂw —1 an In ||:;|| ’ ( )

where the dimensionless parameter A is the upper momentum cutoff at which the nodal
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line approximation becomes invalid. Setting z = w/|g| in F.?, we obtain

3 3 lq|
starv—/ dq/ . —/0 dqu(T), (5.60)

Z—. For y — 0, we have F(y) = 5~ + O(1), while for y — o0,

where F(y) = 5

the upper limit can be extended to 400, and we have F(y) — 2¢(3)/y®. Therefore, at
low temperatures, T < A, we have F” ~ —Q(fOT dqq?’% + fTA dqq3%3) ~ —AT? + O(TY),
and the leading contribution to free energy is —AT?3.

For the remaining contribution 2  we perform the following transformation:

sta’

3 w= qa+ ) ap>0 a
Fsta / dq/ 5qa+1 - 1)d
Aa+1 3 (561)

/ —Tzﬁ/ o dz.
aps0 (a+ 1) 0 1

is independent of oy whenever ay < 0.5. Note also that, when

a+1
z=q 9

Numerics show that Fsia

z > 1, we can approximate e* — 1 ~ e, meaning that, at large z, the integral will

1

contribute to the free energy with an exponentially small term e~7. Therefore, we can

safely extend the upper limit to infinity, and the integral in z then gives

3
0 zat 4+«
dz=T Liata (1). .62

er —1 « T+a

Since it is approximately true for 0.5 < o < 1 that

T (52) Lisa (1) 84

1+a

ala+1) e

: (5.63)

the contribution F3

=, takes the leading-order form

5 5
a+4 T§ T§
Sta / —Ta+1 dOz ~ _ﬁ + O <1n2T> . (564)

dominates the

From all the analysis above, we conclude that the contribution F3,
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dressed photon free energy at low temperature. Note that this dominant term contributes

negatively to the specific heat.

5.4.5 Final result for the specific heat

At the non-interacting level, the temperature scaling of the spinon free energy can be
obtained from the spinon density of states by a simple power counting. The spinons near
the nodal lines and the T' point have densities of states g(e) o« € and g(€) o /€, and
contribute to the specific heat as ¢, oc 72 and ¢, o T%, respectively. The final result for

specific heat is then

3

3 T2 .
co ~ T2+ T + subleading terms. (5.65)

Compared to a U(1) QSL with gapped matter fields, the leading term in the specific
heat has a lower power law exponent, ¢, oc 7°/2, while the subleading term has a negative
contribution at low temperature. Since the Dirac velocity v is related to the pyrochlore
spin exchange J by v ~ Ja/h, the small value of J (typically a few meV) indicates that
this T7°/2 scaling likely dominates at low temperature over non-magnetic contributions

and may serve as strong evidence for the observation of a nodal star spin liquid.
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5.5 Discussion and outlook

5.5.1 Summary

In this chapter, we obtain the complete classification of spin—orbit-coupled spin liquids
with either Z, or U(1) gauge structure on the pyrochlore lattice, within the PSG frame-
work for Abrikosov fermions. We find that there are at most 18 U(1) and 28 Z, PSG
classes with full pyrochlore space group symmetry, and that the number of classes reduces
to 16 for U(1) and increases to 48 for Z, if time reversal symmetry is further imposed.
We present the explicit form of the mean-field Hamiltonian for each PSG class upon
gauge fixing. We also show that, in the U(1) case, several classes of mean-field ansétze
possess robust spinon zero modes along high symmetry lines in the Brillouin zone and
that these nodal lines are protected by the projective screw symmetry. A low energy
effective theory for the nodal line spinons coupled to U(1) gauge fields is given. Finally,
we calculate the spinon contribution to the photon self energy at one loop level and study
the thermodynamics of the dressed photon within the RPA approximation. We find that
the most dominant contributions to the specific heat are 7%/2 from the bare spinons and

T3/%/InT from the dressed photons.

5.5.2 Zs PSGs from fermionic and bosonic partons

We now discuss the relationship between the Z, PSGs obtained from fermionic and

bosonic partons. In a previous work [94], we employed Schwinger bosons to classfy
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Zs spin liquids on the pyrochlore lattice with full lattice and time reversal symmetries.
There, we found 16 distinct PSG classes and labeled them by four Z, parameters, nq,
nstTy, Ng,s, and ng , that are the bosonic counterparts of the x’s in the current work.
The other IGG parameters are all related to these four parameters, for example, we have
Nge, = M1+ Ng, + Nsty, Nre, = N, and nyrg = ny + ngpy -

By comparing these bosonic quantum numbers with the fermionic ones, we see that
each bosonic class corresponds to an appropriate class in the fermionic PSG with lattice
and time reversal symmetries. In fact, the bosonic classes all have their counterparts
already in the fermionic PSG with only pyrochlore space group symmetry through the
corresponding Zy quantum numbers (ngz, = Mm7sr7g,). The fermionic PSG, however,
has a larger number of classes, some of which do not have bosonic counterparts. From
Appendix A.7, it is seen that the additional fermionic classes exist due to the violation of
the condition ngz, = Mmnsr, Mg, or as a result of multiple solutions to the SU(2) equation
(which are distinguished by an additional discrete parameter j). Upon imposing time
reversal symmetry, the number of fermionic classes increases from 28 to 48, and the 16
bosonic classes still have 16 counterparts among them.

Physically, the bosonic and fermionic PSGs are supposed to describe fractionalized
excitations with bosonic and fermionic statistics, respectively: the bosonic and fermionic
spinons. This has been well understood for 2D Z, QSLs with topological order. In
the 2D case, the elementary (fractionalized) excitations are bosonic spinons, fermionic

spinons, and visons. A fermionic spinon can be viewed as a bound state of a bosonic
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spinon and a vison, which induces a corresponding product rule between the vison, bo-
son, and fermion PSGs. It was argued in Ref. [98] on general grounds that the classes
common in bosonic and fermionic PSGs realize gapped Z, symmetric spin liquids, while
the additional classes in the fermionic PSG realize symmetry protected gapless Zy spin
liquids. However, it is not clear whether the claim directly applies to our case. Con-
cretely, one can compare the independent nonzero mean-field parameters at a given bond
level between the corresponding bosonic and fermionic classes, and the numbers do not
always match. The possible reasons are that (i) the required assumption of U(1) spin
symmetry for the proof of Ref. [98] is absent in our case, and (ii) the dimensionality is
different in our case. Indeed, the dimensional augmentation to 3D may fundamentally
change the correspondence between the bosonic and fermionic PSGs since the visons are
now line-like objects and do not straightforwardly relate bosonic and fermionic spinons
to each other.

Understanding the relation between the fermionic and bosonic PSG classifications is
an important goal. In addition to extracting the statistics of the fractionalized excitations
discussed above, it can be used to map out the phases proximate to a QSL and the possible
transition types. Indeed, the bosonic representation has the fundamental advantage that
it can describe a transition to a magnetically ordered state via the condensation of bosonic
spinons, while such a transition cannot be easily described in the fermionic representation.
Therefore, we hope to establish a clearer understanding of this important relation in a

future work.
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5.5.3 Z, and U(1) PSGs using fermionic partons

The Z,; mean-field ansétze have spinon pairing terms which manifestly break the U(1)
symmetry down to its subgroup Zs. However, in special cases, when some of the mean-
field parameters are switched off, the Z, ansatze may possess an enlarged symmetry. If
this enlarged symmetry is (or contains) U(1), the ansatz with parameters switched off
belongs to some “root” U(1) PSG class and the Zy PSG can be viewed as being derived
from this U(1) PSG class by “gauge symmetry breaking” via the Higgs mechanism. The
simplest way one can enlarge Zy symmetry to U(1) is by switching off all the pairing
parameters in a Zy ansatz. If this can be consistently done without violating the PSG,
we obtain an explicit U(1) ansatz with only hopping terms. For example, if we take the
non-projective Z, class (00)—(000) and naively switch off the pairings, we get exactly the
U(1) non-projective mean-field state 0—(00)—(00).

However, the correspondence between a Zy and a U(1) ansatz may not always be
apparent and may be masked by the different gauge fixing conventions used for the Z, and
the U(1) ansétze. For example, a mean-field Hamiltonian with only singlet pairing terms
(a, and its equivalents at further neighbor bonds) also has a U(1) symmetry. This pairing
U(1) symmetry can be converted to the usual hopping U(1) symmetry by an appropriate
gauge transformation. For Zj classes with time reversal and (x;z,,x7s,k) = (0,0,3)

(see Table 5.2), such a gauge transformation can be chosen as

2

W =e 17, (5.66)

which transforms the time reversal PSG according to Wr(r,) = io® — WWx(r,)WT =
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io!. The mean-field parameters therefore transform as

i(Reac! + Imbo?) — i(—Reac® + Imbo?), (5.67)

i.e., the real part of the pairing term is transformed into a hopping term, which is
consistent with Eq. (5.12). In this case, keeping only the real part of the singlet pairing
will recover a U(1) ansatz.

In closing this subsection, we point out that a general mapping between Z, and U(1)
pyrochlore PSG classes is still lacking. Understanding such a relation will be important

in mapping out phase diagrams containing various spin liquids and magnetic orders.

5.5.4 The non-projective U(1) class: topological insulator

Let us examine the topological properties of the U(1) PSG class 0-(00)—(00): this is
the “trivial” class in which symmetries are realized linearly (i.e., nonprojectively). This
symmetry structure also applies to physical electrons instead of spinons: it can describe
ordinary, non-fractionalized itinerant electrons on the pyrochlore lattice. Such systems
have been intensely studied in the context of pyrochlore iridates [80, 52, 168]. There,
the most striking prediction from theory is the existence of a topological insulator phase,
which occupies a finite volume in the phase space spanned by spin—orbit couplings up to
NNN [80, 52, 168].

The most complete of these prior works [80, 52, 168] is Ref. [168], which determined
the general form of the Hamiltonian up to second neighbor hoppings. Here, we provide

an explicit mapping between the parameters used there and those used in Table 5.3:
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there are in total two real independent parameters (¢q,t3) for the NN bonds and three
real independent parameters (t),t5,t5) for the NNN bonds [168], which are related to
our PSG results by (t1,t2,t],t5,t5) = (Ima,Ime, ImA, ImB + ImD, ImB — ImD). This
serves as a partial check of our classification and allows the results in Refs [80, 52, 168]
to directly apply in the PSG context.

Given the existence of a topological insulator phase in the “trivial” U(1) PSG class, it
is reasonable to believe that other classes may also support nontrivial topological phases.
Among them, it would be of specific interest to identify those that are protected by the
projectiveness of the symmetry and would appear only in systems with fractionalized

degrees of freedom.

5.5.5 Future directions

The mean-field ansitze for the PSG classes listed in this work provide abundant ground
state candidates for model spin Hamiltonians on the pyrochlore lattice. In the works
reported so far, the monopole flux state [23] has the lowest energy as a variational mean-
field ansatz for the pyrochlore Heisenberg model. The monopole flux state does not
belong to our classification with the full pyrochlore lattice symmetry since it sponta-
neously breaks lattice inversion. An interesting question is then whether any of the fully
symmetric states may be energetically favored by the Heisenberg model, and if not, what
is the physical reason for the energy being lowered by spontaneous symmetry breaking.

In this regard, it is interesting to study the PSG classification of chiral spin liquids on
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the pyrochlore lattice, in which certain space group symmetries are replaced by them
composed with time reversal symmetries. Furthermore, since rare-earth pyrochlore ma-
terials are intrinsically spin—orbit coupled, it is also natural to take our PSG ansatze as
variational states for the full spin—orbit coupled pyrochlore exchange model [133]. These
questions are addressed in an ongoing work that will be reported elsewhere.

One outcome of this work is the realization, in several PSG classes, of the nodal star
U(1) spin liquid, which represents a new family of pyrochlore U(1) spin liquids beyond
the known prototypes, whose low energy nodal structure is protected by the pyrochlore
space group symmetries. We point out that the proof of the symmetry protected nature
of the nodal lines also applies to several classes of chiral spin liquids, including the
monopole flux state [23]. In the present work, our main focus has been on the spinon
corrections to the gauge field. Subsequent questions — such as how the gauge field feeds
back into the spinons and how the vertices receive corrections — have been outside the
scope of this work and require a more involved calculation. These calculations may reveal
additional contributions to the thermodynamic properties and will provide insights for
another important observable, the spin susceptibility. Even at the non-interacting level,
the nodal line spinons will lead to spectral features that should be observable in, e.g.,
neutron scattering experiments. For example, a broad low energy continuum should be
seen along appropriate high-symmetry planes of the Brillouin zone. The observation of
such signatures may serve as direct evidence for a pyrochlore spin liquid state. We leave

the study of these aspects of the nodal star U(1) spin liquid to a future work.
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There are also several more broad directions to be explored. The pyrochlore PSG
may be studied from the perspective of symmetry protected crystalline insulators and
symmetry enriched topological orders. Apart from the case of the non-projective U(1)
ansatze mentioned in the preceding subsection, the topological aspects of the spinon
bands have not been investigated in this work and deserve further study. Another future
direction is the stability of the gapless states beyond the mean field approximation. While
at the latter level, we have proven that the nodal line is symmetry protected, it is not
clear if it remains robust against symmetry allowed spinon interactions. In this regard,
it would be interesting to look for criteria that forbid a single gapped many-body ground
state of the spinon Hamiltonian from appearing in the presence of spinon interactions and
full pyrochlore symmetry, similar to the proposals of Ref. [98]. In the context of Z, QSLs,
a related theme would be to generalize the Lieb-Schultz-Mattis theorem to the pyrochlore
lattice and other geometrically frustrated 3D lattice types. The screw symmetry, which
is crucial to the nodal star spin liquids, is an instance of nonsymmorphic symmetry
and, in this regard, it is compelling to connect our results with recent works, such as
Refs. [164, 39] and especially Ref. [156] (considering that the classification result for the

pyrochlore space group there is missing).
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Appendix A
Pyrochlore PSG

A.1 Lattice and time reversal symmetries

In this subsection, we establish the convention and notation for this work and give a brief
introduction to the symmetry properties of the pyrochlore lattice.
The pyrochlore lattice consists of four FCC-type sublattices which we label by pu =
0,1,2,3. The lattice vectors ey, es, and es are defined as
a

a, . R . R a, . N
:§<y+z)7 62:§<Z+-’L'), €3 = §(w+y)7 (Al)

where a is the cubic lattice constant, the Cartesian coordinate has its basis @, gy, and
z aligned with the cubic system of the pyrochlore lattice, and its origin sits on a u = 0
site. We define the following sublattice-dependent coordinate:

e, (A2)

(r1,72,73)y =T, = 11€1 + r2€9 + T3€3 + 5

where it is implicitly understood that ey = 0.
The space group of the pyrochlore lattice group is Fd3m. It is generated by the
following five symmetry operations:

Ty:ry, — (r+1,79,73),, (A.3a)
Ty:r, — (r1,m2+1,73),, (A.3Db)
T5:r, — (r1,72,73+ 1), (A.3c)
663 = (=73 = O3, =71 — Op1y =72 = 0.2) G0 () (A.3d)

Stry = (=11 =01, —T2 = Opasr1 12+ 713+ 1= 040)50), (A.3e)

where T7, T5, and T3 are translations along the lattice vectors ey, es, and es, respectively,
C¢ is a sixfold rotoinversion around the [111] axis, and S is a nonsymmorphic screw
operation which is the composition of a twofold rotation around e3 and a translation by
e3/2. In the above equations, we defined the symmetry action on the sublattice indices:
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Ce(p) =0,2,3,1 and S(p) = 3,1,2,0 for = 0,1,2,3. By definition, the rotoinversion
can be written as the composition of an inversion (with respect to the origin) and a
threefold rotation around the [111] axis: C = I o C3, with [ = 62 and C5 = 62. The
The generators {I,C5} are therefore equivalent to the generator Cs; we choose a single
generator C to reduce the number of generators and group relations.

The point group of the pyrochlore lattice, formally defined as the quotient group of
the space group and the group of pure translations, is the cubic group Oy. This group is
minimally generated by Cs and S, where S’ is a twofold rotation around és, distinguished
from the space-group generator S by the lack of a subsequent translation along é;3. The
detailed structure of the group Oy, is given in App. A.2.

In addition to the pyrochlore space group symmetries, time-reversal operation 7
is an internal symmetry that commutes with all space-group operations and satisfies
7?2 = —1 when acting on a half-integer spin state. The pyrochlore symmetry group is
then completely characterized by the following group relations:

LTinT; ' T =1, i=1,23, (Ada)
Co=1, (A.4b)

STyt =1, (A.4c)
CoTiCq Tipr =1, i=1,2,3, (A.4d)
ST,S'Ty ' =1, i=1,2, (A 4e)
ST3S™ '3t =1, (A.4f)
(CeS)* =1, (A.4g)
(Co8)? =1, (A.4h)

T? = -1, (A.40)
TOT—lo_l = 17 (ONS {T17T27T37667’S}7 (A4.])

where it is implicitly understood that ¢ 4+ 3 = 4.

A.2 Point-group structure

The space group Fd3m belongs to the cubic crystal system with point group Oy. The
point group Oy, has order 48 and is the symmetry group of a pyrochlore primitive cell — a
pair of corner sharing tetrahedra. It has a direct product structure Oy, = S, X Zs, which
can be understood as following.

We label the seven vertices by u*, where p = 0,1, 2, 3 is the sublattice index and “+”
(“=") denotes the upper (lower) tetrahedron (where 0T = 0~ is the shared corner), then
the symmetry operations in Oy are permutations over two sets {0,1,2,3} and {+, —}.
The generators include a threefold rotation C5 = (123), a screw operation (modding out
translations) S = (03)(+—) and an inversion I = (+—), written in terms of the cycle
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notation for permutations. We also define the operation ¥ = So I = (03) for future
convenience. (We can also define C's = C3 o I to reduce the number of generators, since

equivalently C3 = 62 and I = Cj.) The inversion [ is the generator of the Z, group,
therefore we can write Oy, = Sy U (I 0Sy), where I oSy is the coset of Sy left-composed by
I. The subgroup S, corresponds exactly to the tetrahedron group, Tj. The 24 elements
of the group Sy ~ Ty are generated by 3 and C5 as (where it is understood 4 = 0)

(1423) = C30 X005 oY o0 Cyt oY o Cs. (A.5)

Egs. (A.5) will be useful in determining the mean field ansétze parameter constraints for
the PSG classes.
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For the on-site bond 0y — 0p, the 12 group elements that map the bond back are

(1), (12), (13), (23), (123), (13), (+-), (12)(+-),
(13)(+-), (23)(+=), (123)(+=), (13)(+-),

Consider the case for the NN bond 0y — 0;. The four group elements that map the
bond back are

(1), (14), (23), (14)(23). (A.6)

For the NNN bond 0; — 0y — é5, it can be checked that only the identity (1) and the
element (12)(+—) =S o0C3080C;" 0S5 o3 map the bond back.

A.3 Basis for irreps of 7; and condensation results

We first give the representation analysis result for the spins S on a single tetrahedron,
which can be equally applied to pyrochlore lattices with a I' point order. The twelve-
component spin S form a 12-dimensional representation of the tetrahedron group Ty3. The
group Ty has irreducible representation (irrep)A;, A, E,T1,T>. S can be decomposed
into irreps As, E, T} 4,71 p and T5. The corresponding basis and orders are listed in
Table. A.1. This is simply a reproduction of TABLE III in Ref. [172].

The basis are

S, = 21%(1,1,1,1,—1,—1,—1,1,—1,—1,—1,1),
S, = 2f< 2,1,1,-2,-1,-1,2,1,-1,2, -1, 1),
S, = 2%(0, ~1,1,0,1,-1,0,—1,-1,0,1,1),

S, = %(1,0,0,1,0,0,1,0,0,1,0,0),

Ss = %(o,1,0,0,1,0,0,1,0,0,1,0),

Se = %(0 0,1,0,0,1,0,0,1,0,0,1),

S; = 2f(o,1,1,0 1,0,—1,1,0,1,—1),
Ss = —QL\@(LO,1,—1,0,1,—1,0,—1,1,0,—1),
Sq = —2—\1/§(1, 1,0,—1,1,0,1,—-1,0,—1,—1,0),
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Irrep Basis Orders

Ay S1 all in-all out
E S2, S3 U, and Uy

Ti 4 S4,Ss5,Ss collinear FM

Tip | S7,Ss,S¢ | non-collinear FM
T5 | Si0,S11,S12 | Palmer-Chalker

Table A.1: Correspondence between orders, irreps and basis of irreps

1

Sip=——(0,-1,1,0,1,-1,0,1,1,0, 1, —1),
10 2\/5( )
1
S, =——(1,0,—-1,-1,0,-1,-1,0,1,1,0,1),
11 2\/5( )
1
Spy=——(-1,1,0,1,1,0,-1,-1,0,1,—1,0). ATa
12 2\/5( ) ( )

The three vectors S”, S¢, and S* for the paraphase 0-(100)I", mentioned in Eq. (4.32),
are

S” = (0,0,—1,0,0,1,0,0,1,0,0,—1), (A.8a)
S¢ = (—1,0,0,—1,0,0,1,0,0,1,0,0), (A.8b)
S* = (0,—1,0,0,1,0,0,—1,0,0,1,0). (A.8¢)

The three vectors S", S¢, and S*® for the paraphase 0-(001)I", mentioned in Sec. 4.4.6,
are

S" = (4,4,7,—8,—4,—1,—4,—8,-1,0,0,9), (A.9a)
S¢ = (1,-8,4,1,—4,8,—7,4,—4,9,0,0), (A.9b)
S* = (—8,1,4,4,—7,—4,-4,1,8,0,9,0). (A.9¢)

In writing down the Ginzburg-Landau theory for the paraphase 0-(010)I", the transfor-
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mation rules of ¢, ¢, @, @, are

b1
= P2
Ce: | = —
6 ?1
o5
(3-2)(+20)5+(1-9)A) (3+5)(6+A) C(3-d)e 0
5 N 5
~(5-8)6n) (£+%)((1-20)5+(1+0)A) 0 _(3+8)¢
5 3 , 5
_(t3)¢ 0 (3+1)(=20)5+0+0)A) (1-i)@+a)
5 5 5
0 ~(5-3)¢ (3+35)(6+2) (2-2)((1+2i)0+(1—i)A)
5 5 5
(A.10)
1 1
1 iy 0 0 o
0 -5 v 00 0
sl =l & & L L -2, (A.11)
2 v AR I
1 1
by 0 0 -% —% Dy

where the definition of J, A and ¢ has been given in Section 4.4.6. We see that in this
case the fields transform to their complex conjugates under Oy,.
The only quartic term invariant under Oy, is

O = [4(|2]* + |d2]?) + (=1 + )¢ — (1 + )% — ihrho + c.c.) ] (A.12)

In writing down the Ginzburg-Landau theory for the paraphase 0-(100)T", the transfor-
mation rules of ¢; o under C's and S are recorded by the following matrices:

1/ 1—i 1-i 1[0 —1-i
(oor _ 1 (oor -+
Uas _2(—1—¢ 1+¢)’ Us \/§<1—¢ 0 > (A.13)

There are six quartic terms that are invariant under Oy. Three of them can be written
as ®?, where

Dy = |1 > + | g,
1 1+ 3 1—2 1—i, , 3—i
By = = (|¢u]* — |2|?) + o7 + 1o + —— 1oy + —— 3 +cc. |,
2 4 2 2 4
¢ 1+
2 2

Dy = |¢1]2 — |do? + ( G102 + (1 — i) P15 — %gb% + c.c) .

(A.14)
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In writing down the Ginzburg-Landau theory for the paraphase 0-(101)T", the transfor-
mation rules of ¢; o under C's and S are recorded by the following matrices:

(101 100 N(IOI)F (IOO)F

the extra factor of i for C is due to ng, = 1.
In writing down the Ginzburg-Landau theory for the paraphase 0-(110)I', the trans-
formation rules of x; 2 under C's and S are recorded by the following matrices:

L v Vi V5
puor _ 5 5 yawor _ V3+3 V343 (A.16)
Cs V3 1 ’ s V6+J5 \/3 ‘ ‘
S 2 v re sty v
343 V3+3

the only quadratic and quartic order parameter are the trivial one: (x% + x3)%, i = 1,2.
At sextic order, there are two terms allowed:

1
;00— X2)x2(3X7 — x3)(XT + 4x1x2 + X3)- (A.17)

In writing down the Ginzburg-Landau theory for the paraphase 0-(111)T", the transfor-
mation rules of ¢; o under C's and S are recorded by the following matrices:

=uyr _ 1 1—i —1+41 (11T i 0 —1—1
et _2<—1—z’ —1—¢>’ Us \/E(—1+i 0 ) (A.18)

(X7 +x3)°,

A.4 PSG equations

The PSG equations are, by definition,

(GrT)(Gr Ti1) (G 1) ™ (G, Tin) ™ € 1GG, (A.192)
(G, C6)° € 1IGG, (A.19b)
(G59)*(Gp,T5)~" € 1GG, (A.19¢)
(G, C6)(Gr, -)(Gaéﬁ) Y(Gr,,, Tit1) € IGG, (A.19d)
(GsS)(Gr, )(GSS) YGr,T3) (G, T;) € 1IGG, (A.19)
(Gs9)(Gr,T3)(GsS) HGr,T3)* € IGG, (A.19f)
(G5, Co)(GsS))* € IGG, (A.19g)
[(Gg,C6)*(Gs9)]? € IGG. (A.19h)

where IGG = Z, or U(1).
For bosonic Zs PSG, the corresponding phase equations are
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ér,(ru) + 61, [T, _1(7'u)] [Tz 1(ru)] = ¢T+1(7'N = (A.20a)

b6, (Tu) + P, [Cs ("“u)] + %6[ ( L
+66,[Cs (1) + 6,[Cs (r)] + 6, [Cy” (r)] = ngs (A.20D)
¢S<ru> + ¢s[STHrW)] — dry(ry) = ns (A.20c)
b, (1) + 02,05 ()] = 0, [T ()] + 61, [Tia (7, = (A.20d)
Gs(ru) + o115 ()] — o[ T 1T("'u)] o [Ti(ry)] + o [Ti(r,)] = ns (A.20e)
Gs(1) + o1, [STH ()] — 055 ()] — ¢y (1) = 1 (A.20f)

¢a,(ri) + 05[Cs lmn_ +05,[(Co8) " (1,)] + 65[(CaSCa) ' (r,

+¢,1(Ce SCGSC6S) Yrw)] + ¢s[(C6SC6SCsSCp) !
6e,(r) + o, [Cs <m>]+¢@[€62<m>]+¢s[ 6

+05, [(CoSTL) (7)) + 6s[S(ry)] = nggm (A.20D)

where both Eq. (A.20a) and Eq. (A.20d) stand for three equations i = 1,2,3, and
Eq. (A.20e) stands for two equations i = 1, 2.
For fermionic PSG, the corresponding SU(2) equations are

W (r) W, [T ()W [T (r) W () = €7, (A.21a)

——2 ——3

W@(W)WC(S[O@T ("“u)]Wcﬁ[CG (ru)]WC.;[C (Tu)]

W, [Cg ()] We, [Cg (r)] = €77 (A.21b)

W (r) WS (r)]Wp(r,) = €%, (A21c)

W, (r) W, [Cg () WG [ Tiga ()W, [T (r,)] = €7 %06m, (A.21d)

W () Wr [ ()W [T Ty W [Ti(r) | Wy [Ti(r,)] = €757, (A21e)
Wi (r) Wy [S7 (r) W5 [T (ra) W (r) = €557, (A21)

Wa, (r)Ws(Cq ' (r,)]Wg, [(C6S) 1 (r,)]
Ws[(CoSCs) "1 (7,) W, [(CoSTsS) (7))
Ws[(CsSC6SCs) ™" (r,)]We, [(CeSTCsSCeS) ™ (r,)]-
Ws[(CsSTsSCeSTo) " (r,)] = € XTes | (A.21g)

We [Co (r)IWs [Ty (1) We, [(C58) ()]
We [(CoSCs) (1) W, [(CoSTo) ™ (r)IWs[S ()] = €7 X%, (A.21h)
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where all the y € [0,27) for U(1) IGG, and x € {0, 7} for Zy IGG.

A.5 Solving bosonic Z; PSG equations

First we solve Eq. (A.20a). Due to gauge freedom of second type, we can use a gauge
transformation to achieve ¢, (r1,72,73), = ¢1,(0,72,73), = ¢1,(0,0,73) = 0. Then
Eq. (A.20a) gives

oy (ry) =0, op(ry) =mmry,  én(r,) =nsmry +nemry (mod 2m). (A.22)

Using Eq. (A.22) to solve Eq. (A.20d)

G5, (11,72, 73) 0 — G5, (11,72 + 1,73) + umry = ng, o m(A23a)
%6(7"1,7’2,7”3)’“ —n17T(T’2+5H:2) —(ba_('rl,rg,'r’g—|—1)M+n37r7”1+n27r7’2 = n56T27T7(A.23b)
%6(7“1,7"2,7“3)# —n371'(7’2+5,u:2) —HQW(T3+5u:3) — ¢66(T1 + 1,7"2,7’3)'u = 715671371' (A230)

we get ny = ny = ng, and

b5, (ru) = 05,(0,) + (ng,p, + N10u=23)7T1 + NG, 7, T2

(A.24)
+ (Niggr, + M0u=2)rs + mim(rirz +1173).
Then using Eq. (A.22) to solve Eq. (A.20e) and (A.20f), we get
ds(r) = 05(04) + (nszy + 110,=1,2 — ngn )71 + (N7, + N10u—s — Ngm, )T
(A.25)

1
+ (n5T3 + nl(SM:LQ)ﬂ"rg — 571,171'(7’1 -+ 7‘2)(7“1 + T9 + 1)

Using Eqs. (A.22), (A.24) and (A.25) to solve Eq. (A.20g) and Eq. (A.20h) we get

> 66,(0,) + 65(0,) = <n065 + chﬁﬂ_> T, (A.26)

n=0 i=1

and

3
nsr; + Znéﬁ‘Ti = 0, (A.27a)

=1

3
3¢Ce 00 + Z + ¢5’ 00) + ¢5’(03) = (nSCG + chﬁT > (A27b)
J=1
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3

265(0:) +2) 65,(0;) = nggm, i=1.2.

i=1

Then, from Eq. (A.20b) we get

6¢66 (00) - n667T7
3 3
2 Z (bé@ (OJ) + Z NgeT,™ = Mg
j=1 i=1

and Eq. (A.20c) gives

nsry, = 0

and

¢s(00) + ¢5(03) = ngm,
2¢5(01) + (1 +ngp)m = ngm,
205(02) + (n1 + ngp,)m™ = ng.

Eqgs. (A.27a) and (A.29) further imply that

n66T1 + néGTQ + néaTg =0.

(A.27¢)

(A.28a)

(A.28D)

(A.29)

(A.30a)
(A.30b)
(A.30c)

(A.31)

This completes solving the inter-unit cell part of the space group PSG equations. We
can use some of the remaining gauge freedom to simplify results. In order to use the IGG
freedom we notice that Eq. (A.19¢), (A.19d) and (A.19¢) have operators that appear odd
number of times. According to our analysis in the main text, we can set ng = 0, and two
out of the three parameters ngr, to be zero, which together with Eq. (A.31) means that

ngsr, = Noer, = "cer, — 0- The independent Zy parameters at this point are

niy, MNge, NSy, N7y, Nggs:  NsCg-

Then we add time reversal operation. From

(GTT)(GoO)(G7T) H(GoO)™" € Zy
where O € {11, Ty, T3,Cs, S}, we get

¢T(T#) _QST[CT;Z_I(TH)] _2¢Ti(rﬂ) = nyn7,
o7(r,) — 67(Cq (1)) — 205,(r.) = nye,m,
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or(ry) — or[S7 (ru)] = 2¢s5(r) = nyem, (A.34c)

where Eq. (A.34a) stands for three equations ¢ = 1,2,3. From Eq. (A.34a) we get

3
07(r) = 67(0,) +7 ) nyrrs. (A.35)
=1

From Eq. (A.34b) we get nyp, = nyr, = nrr, = nyp, and

2¢66 (00) = Nrg,7, (ABG&)
¢7(0;) — ¢7(051) + nyrm — 2¢05,(0;) = npgm, i=1,2,3, (A.36b)

therefore n s, +nrr = ng,. Finally Eq. (A.34c) gives nyr = 0, ngyy, = nsn, = nys—n1,
and

¢7(00) — ¢7(03) — 2¢5(00) = (11 + g7, )7 (A.37)

Lastly the equation 72 = —1 gives no constraint.
Now we have solved all the inter-unit cell part of the PSG equations. The intra-unit
cell part gives

205,(00) = ng,m, (A.38a)

3
2> ¢e,(0;) = ng,m, (A.38b)

j=1
¢s(00) + ¢5(03) = 0, (A.38c)
2@55( )+ (np+ngp)m = 0, i=1,2, (A.38d)
ZgbCG +¢S ) = NggsT, (A.38e)
3¢5,(00) + Z¢66(0j) = Ngg,T, (A.38f)
22%6 ) +2¢5(0;) = ngg,m, =12, (A.38g)
o7(0;) — be( i-1) = 205,(0;) = ngm, =123, (A.38h)
¢7(00) — 7(03) — 2¢5(00) = (n1 + nsy, )7 (A.38i)

Then we use the gauge freedom of second type. Note under gauge transformation

o(ry) = o, 1=0,1,2,3, (A.39)
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we have ¢o(r,) = ¢o(r,) + ¢(r,) — O (r),], where ¢ is an artitrary U(1) phase,
we have ¢z (0)o — ¢g,(0)o; ¢g,(0)i = d5,(0)i + @i — dir1, ¢5(0)o — ¢5(0)o + Po — b3,

$5(0)12 = ¢5(0)12, ¢5(0)3 = ¢5(0)3 + d3 — o, and ¢7(0),, — ¢7(0), + 2¢,,. Then, we
can choose the value of ¢, to fix

¢7(0,) =0, (A.40)
and
¢5,(0.) = (ng"' + P, (A.4la)
¢s(00) = —¢5(03) = (m +2nSTl + mo), (A.41Db)
¢s(012) = (—% +myo)m, (A.4lc)

where p,,, mg and m; o are all Z, parameters.
Note we still have a discrete gauge freedom: we can choose a particular sublattice v
and define gauge transformation

d(ry) = T, (A.42)

then Eq. (A.40) is preserved but the relative phase of ¢, can be changed. By choosing
v = 1,2,3 we can use gauge (A.42) to fix p; = py = p3 = p. Furthermore, we can use
the global Z; freedom for ¢z (r,) and ¢g(r,) to fix po = 0 and m; = 0. Then, let
v = 0,3, we can use gauge (A.42) to fix mg = 0. By checking Eqs. (A.38), we have
Nsg, = Mg, + M1 +nsty, p = n1 + nsyy, and my = ng,g. The final solution is presented
in Eq. (4.1).

A.6 Solving fermionic U(1) PSG equations
The general form for Wo(r) is Wo(r) = (ict)woeio’o(™)  where wp = 0 or 1, O €
{T1,T5,T5,Cs,S}. From Eq. (A.2le) we see we must have wp, = 0, further from

Eq. (A.21d) we have wy, = wp, = 0. Therefore Eq. (A.21a) becomes a pure phase
equation

¢Ti(rﬂ) + ¢Ti+1 [Ti_l(r,u)] - ¢Ti [Tz_+11 (T‘,u)] - ¢Ti+1 (T‘u) = Xi» (A43)

using gauge freedom to set ¢r,(r,) = 0, ¢7,(r1,0,0), = 0, and ¢p,(r1,72,0) = 0, we
have

o1 (ry) =0, on(ry) = —xary,  on(ry) = x3r1 — Xar2. (A.44)
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Eq. (A.21d) gives

1

(=1)"% (0, () + 01,05 ()] = 6, [Tia(r)]) + 67, [Tisa ()] = Xgirs  (A45)

consistency condition

Aipe, (Tu) + Dit10g, [T (10)] = Aivadg, (1) + Didg, [T (ry)], 1=1,2,3  (A.46)

where we defined A;¢(r,) = é(r,) — ¢[T; ' (r,)], requires

(2

(=1)"Cx1=x3, —x1+(=1)"%xy =0, x2=(—1)"%ys, (A.47)

which means that, if wg, = 0, then x; = x2 = x3 and no quantization condition is
imposed on i 53; if wg, = 1, then x; = x2 = x3 = 0 or 7. Combining the two cases we
can write

G5, (ry) = —ri(ra — r3)x1 — (62 — Opu3) X171 + Ou2X173
- <_1)w66 (X@TJI + XGer T2 T X66T27’3) + Pus

where we abbreviated p, = ¢¢,(0,0,0),. Plug the expression (A.48) in Eq. (A.21b), we
get the condition

(A.48)

e When wg, = 0,

Gpo = 2(p1 + p2 + p3) + Xeon + Xown + Xeor, = Xoi! (4.49)

e when wg, =1,

Xés = XéGTl + X@ﬁTQ + X66T3 = 0 <A50)

Plug the result (A.44) in Egs. (A.21e) and Eq. (A.21f), we get

A1pg(ry) = x1(r1 — 12+ 01 — 6u2) + (—1)"S(=xsmy + Xs13), (A.51a)
Aops(ry) = x1(2r1 — (=1)"Sr1 — rg + 20,1 — dp2) + (1) (=Xs1, + X513), (A.51b)
Azps(ry) = xa (1T + (=1)"*)(r1 —7r2) + 01 — 6pu2) + (=1)" X513 (A.51c)

Consistency conditions for ¢g similar to (A.46) give

(Z2+ (=D =x, T+ (=D")a =0, 0= =1+ (=1)")x, (A.52)
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therefore when wg = 0, x; = 0 or 7; when ws =1, x1 =0, 5, 7 or 37“ And

sy — (Dt N
. E )x

2 2
[(0u1 — Op2)x1 + (1) (Xs1y — xs73)] 11
+ (26,1 — dp2)x1 + (= 1) (Xs1y — Xsm)] T2
+ (01 = p2)x1 + (1) xs15] 73
+0,,

where we abbreviated 6, = ¢5(0,0,0),. Plug the result (A.53) and (A.44) into Eq. (A.21c),
we get

(A.53)

e When wg =0,
XSTg = 07 (A54a)
0o + 03 = 201 — x1 + xs1, = 202 + X1 + Xs1 = Xs; (A.54Db)
e When wg =1,
2X1 + 2xsT — X513 = 2X1 — 2Xs1, + X5 = 0, (A.55a)
—00 + 03 + X575 = —X1 — X571 + XST3 = X1 — XST> + X513 = 0o — 05 = X5.
(A.55D)

At this point we are left with two equations, (A.21g) and (A.21h). Depending on the Z
value of wg, and wg we have the following four cases:

o (wg,,ws) = (0,0): Eq. (A.21g) gives

3

Xewr, + Xoar, T Xcer, + O _(0u + 01) = Xcgs: (A.56)
pn=0

and Eq. (A.21h) gives
2)(STI - 3X66T1 + 3X56T2 - XéﬁTg = QXSTZ - 3X66T1 - XéGTQ + 3X66T3 = 07
(A.57a)
0o + 03+ 3po + p1 + p2 + p3 + Xou1, T Xogr, = 201+ 2(p1 + p2 + p3) + 2Xe 1 + 2XET

=205 + 2(p1 + p2 + p3) + 2X5,n, + 2XEon,

o (wg,,ws) = (0,1): Eq. (A.21g) gives

— 0y — 01+ 0y + 03+ pg — p1 + p2 — p3 + XCoT1 — XCsTr — XTo1y = XTsS> (A'58a>
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0o + 01 — 02 — 03 — po + p1 — p2 + p3

- Q(XSTl —Xsm, + XST3) + XCey — XCsTy — XCsTs = XCs5> (A58b)

2(=xsm + X512 — Xsm) + 2(Xegr, — Xegn — Xeer,) = 0, (A.58¢)

where the second equation can be obtained from the first and the third. Eq. (A.21h)
gives

= Xs1y + Xeyr, — Xeer — X, = 0 (A.59a)

- 90 + 93 + 3/)0 —P1 P27 P37~ XCeT, — XCsT3 — —XST3 + XCemy — XCsTy — XC4Ts
=0y — 03 — 3po + p1 + p2 + pP3 + Xeum, + XCors
- XS@W (A59b)

o (wg,,ws) = (1,0): Eq. (A.21g) gives

2(xsmy — xsm + Xs13) + 2(Xegr, — Xegn — Xeor,) = 0, (A.60a)
— 00— 01+ 02+ 03— po+p1 — p2+ p3+ Xegr, — XCor, — XToTs

=060+ 61— 02— 03+ po— p1+p2—p3s — Xegn, T Xagn T XCors

= Xé@S’ (AGOb)

this gives 2x5,¢ = 0 50 X5, = 0 or 7. Eq. (A.21h) gives

XST3 - XéGTl - Xéng - X66T3 = 07 (A61a)
=00+ 05— po+ p1 = p2+ 3 = Xaer, — Xogr, = 0= Xty (A-61b)

o (wg,,ws) = (1,1): Eq. (A.21g) gives

3
Z(eu = Pu) = XTos (A.62)
=0
and Eq. (A.21h) gives
— 2xs1y + Xs13 = —2Xs1, + Xs1 = 0, (A.63a)
Oo + 03 — po — p1 + p2 — p3 + XGom T Xagr, = 261 — 2p1 — 2p2 + 2p3 — 2XE, 1,
=205+ 2p1 — 2p2 — 2p3 — 2XG, 1, = XSO, (A.63b)

We now choose a gauge to fix some of the phases. This gauge applies to all four
classes above. First, under gauge transformation W(r,) =1 for p =0, W(r;) = gio*viri
for i = 1,2, 3, where 1); is any constant phase, the values of xz,7,, Xg,7, and xsr, change.
This means they are ineffective in labeling the PSG classes, and by properly choosing 1);
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we can set them to be

Xegr, =0, Xger, =0, Xsm, = 0. (A.64)
Then, we can use the IGG freedom (the freedom of choosing a global U(1) phase) to set
Po = 92 =0 = Xc, = 0. (A65)

Finally, using the “sublattice” gauge transformation

W(r,) = e (A.66)

where ¢, is any constant phase, Wz, (r,,) for u = 1,2 and Wg(r,) for u = 0 will transform
as

(ial)w66ei¢66(7’1)03 s 6i¢103(i01)w5661’(7556(@)036_1‘(;5303
— (i) i) Codrtag, (r)=ds)o (A.67a)
(ic") "% "% (r)o? _y gixao® (ic')“%se’ G (12)7° =i
= (io1)"% Lil(=1)"Co ¢2+¢66(7‘2)—¢)1)03’ (A67H)
(ic1) ¥ ®s(r)o” _y gid00® (jglyws gids(ro)o® o—idso®

= (Z'Ul)wsei((—l)w5¢0+¢s(ro)—¢3)03' (A.67c)
Then, by properly choosing ¢ ;23 we are able to set

P1 = P2 = 90 = 0. (A68)

Egs. (A.64), (A.65) and (A.68) significantly simply Eqs. (A.56)—(A.63), and furthermore
allow them to be solved without any ambiguity. The final result is presented in Table
5.1.

A.7 Solving fermionic Z, PSG equations

In solving the Zy PSG equations (A.21), all the x € {0, 7}, therefore we introduce a
short hand notation

n=¢"X==41 forx’sin Eq. (A.21) (A.69)
The general form for W5 (r,) and Wg(r,) is given in Egs. (5.1b) and (5.1c). Here, in
order to clearly distinguish different notations, we will rewrite the SU(2) matrices at the
origin Wy ,, using a different symbol

gop=Wo, for 0= Cs, S. (A.70)
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The solution is in complete parallel to the U(1) PSG case which we briefly review below.
First solve Eq. (A.21a): using gauge freedom as in the U(1) case, we get

WT1 (ru) - ]-7 WT2 (r,u,) = 77;1, WT3 (’l"“) = 77?”? <A71)
Then solve Eq. (A.21d): plugging in the solution (A.71), we have
Wz, (ru)Wgﬁl [Ta(ru)Int' = negr,» (A.72a)
—(ra2+op, — 1,72
W@O"u)?h (2t Q)W@l (T5(ry)|ns'ny” = N1y (A.72b)
—(ro+48,2) —(r3+d _
W, (ra)ms "2, T ()] = (A.72¢)

Consistency condition requires 1, = 1, = 13 and we get

r1(r2+r3) u,2+5,u,3)7"1 ro

1 6#, T
W@(Tu) = 9cs.u™h ’ (%6T3771 Ursl) (%GTJh 7). (A.73)
Then solve Eq. (A.21e) and Eq. (A.21f): plugging in the solution (A.71), we have

Ws(r)We T (r) ]l Y = sy, (A.74a)
W(rny "W T ()l " 0 = s, (A.74b)
WS(fr“)nl—(m-ﬁ-m—i—é“@-&-(su,g)WSTI[Tg—l(ru)]nl—(m-i-rz) = N3y (A74C)

The consistency condition is always satisfied, and we have

(r1+7r2)(r1+ro+1)

PR S
Ws(r,) = gsum 2 (s msmsmy ) (

u,1+5#»2)7‘3‘
(A.75)
Now we are left with Eqgs. (A.21b), (A.21c), (A.21g), and (A.21h). Plugging the solution

for Wr, ,.z,s that we just obtained in these equations, we are led to the following
constraints

5oy 5
NsNstsh’ )™ (s,

Neen e, IC6Ts = L, (A76a)
nsty = 1, (A.76Db)

and the following equations to solve

9%6,0 = (965,1964,395,2)° = Ny (A.77a)
9%,1775T17h = gﬁ’gnsnm = gs39s0 = 1s, (A.77b)
9G6,095,09C4,395.29C,295,1955,195,3 = NCss> (A.77¢)

%eTl9356,095,0966,3%6,2%6,195,3 = NsC4» (A.77d)
966,19C4,39C4,2951964,19C4,39C4,295.1 = NsTq> (A.77¢)
9C6,29C6,19C,395,29C4,29C,19C4,395.2 = NsT4» (A.77f)
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3
g66,3gée,2966,1.95,3966’095,0%6T1 = 77566 . <A77g)

First let us use the IGG gauge freedom to simplify these equations. We can always set
ns = Nger, = Mo, = 1, and by Eq. (A.76a) we also have 15, = 1. Then, under the
“sublattice” gauge transformation (A.66), we can fix gz, , = 1, g5,, = 1, and gso = 1.
Note this also implies gg3 = 1. To summarize, gauge fixing gives

9051 = 9os2 = 9so = gsz = L. (A.78)
Now Eq. (A.77) is simplified to

98,0 = 98,3 = N (A.79a)
geanstm = ggals,h = 1, (A.79b)
964,09C4,395295,1 = "cgss (A.79c¢)
9%,.09Cs3 = TsCe> (A.79d)
906,395,1904,395,1 = MsCy> (A.79e)

954 395298, 3952 = NT, - (A.79f)

Next we claim that

NsTy = 1ST,- (A.80)

The proof proceeds as follows: If 55, = 1 then Eq. (A.79a) gives gg, 5 = +1, which
together with Egs. (A.79e) and (A.79f) proves (A.80) in Eq. (A.79b). If g, = —1, then
9g,3 = ta-o for some unit vector a, and we proceed to prove nst, = nsr, by contradiction:
without loss of generality we assume ngr,m1 = 1 = —ngr,mi, then gg1 = ng; = £1 and
gsp = ib - o for some unit vector b. Therefore Eq. (A.7%) gives nss, = —1, and
Eq. (A.79f) gives [(ia-o)(ib-o)]* = —1, which implies @ L b and that gg, 3952 = —ic-o
with ¢ = b x a. Then from Eq. (A.79¢c) we get gg, o = ic - ongg,ns,1, Which contradicts
Eq. (A.79d) given that ¢ L a. Therefore Eq. (A.80) holds.

Next, depending on the value of ngz,, 75,, 157, and 71, we have the following cases:

o If mnsy, =1, then gg; = £1 and ggo = £1, then we have

NsGs = 95,3 = I (A.81)

meaning that Eq. (A.79¢) to the cubic power gives g%ﬁ 0 = ggz’ 415C95,298,1; to-
gether with Eq. (A.81) we see that

95,1952 = 1g,s- (A.82)

We have the following two cases after gauge fixing:
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— When ngg, =g, = 1,

(%6,07%6,3’9571’952> - (L L, 17%65); (A'83)
— When ngz, =g, = —1,

“Lio* 1 me,s), (A.84)

can be any of the three Pauli matrices.

(966,0’9?6,&95,1’952) = (—io

where o

o If mnsy, = —1, we have gg; = in; - o and gss = iny - o for some unit vectors 1,
and n,. We have:

— If ng, = 1, then g5, 3 = *1 therefore ngg, = —1. Combips(A.?Qc) and
(A.79d) we get (gs29s,1)"° = —ngg,, which gives gg2g51 = €'37™ for some
unit vector n, and j = 1,3 for ng,4 = 1 while j = 0,2 for g, 4 = —1. This
then implies ny - 1y +i(ngy X ny) -0 = —€'57™7. After gauge fixing, we get

(966,0’ 9c4.,30 95,15 gs,2) )
' ' ' ' 85
= (o (cos Lot sin Lok, 1, i ifeos ot 4+ sin ot

3 3 3

where o* can be any of the three Pauli matrices. This gives eight classes

depending on the values of ny, g, and j.

— if ng, = —1, we have 9,3 = iN3 - O for some ns, and 9%6’0 = —ing : Ogg,-

Define gg, o = €7, then we have cos 30 = 0, § = %, which gives gz, o =
—m@IHD Vi . 1 s . .

¢TI Wity independent j = 0,1,2. Choose gauge fixing such

that gg1 = ioc* where o

is any of the three Pauli matrices (we denote the
corresponding n, as xy) and ggo = %" ik for some ¢, then equation
(A.79e) requires that n3 be either parallel (anti-parallel) or perpendicular to
xy, depending on the value of g5, . After gauge fixing, we obtain the following

form:

* If ngg, = 1, we have

(966707 966,37 gs.1, 95,2) = (io_k> io—kv iaka %GSio—k)a (A86)
the parameters 75, ¢ and 7, give four independent classes.
* If gz, = —1, we have

(964,00 9.3 9515 95.2)

. (2j+1) k1 (o m(2541) i\ k-1
_ (=== (—1)0o - k—1 . _k - ki s+ (1) o
= (et Y 10T 0T g, 510 (5 +55% ) )
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where j = 0,1 together with 75 ¢ and 7, gives eight independent classes.

The final result is presented in Table 5.2.

A.8 Fermionic U(1) PSG: adding time reversal

There is one complication when considering time reversal 7. Acting on spins, it is the
anti-unitary operator

T:8 = ioVKS(—io?K), (A.88)

where K is the complex conjugation operator that complex conjugates everything on its
right. This induces an action on ¥ as

T: VU — (i0?) V. (A.89)

Introducing a gauge field associated to 7, we have

GroT:¥(r,) — (ic")K¥(r,)Wr(r,). (A.90)
Now we apply this to a mean-field bond:

Gr o T Hp, py —Tr |(0°) (10" KW (r) W (ry s, oy W)W (7)) (—io")KC|
= Te [(0*) " W) Wi () (w5, 0, ) WE) W ()]

where we have noted that both the bond u%

However we can get rid of this complex conjugation by defining a new gauge field WT(’I“M)
by

(A.91)

., and o are complex-conjugated by K.

Wr(r,) = icWr(r,). (A.92)
Using the identity o2uc? = u* for u € SU(2), we have Wi(r,) = Wy (r,)io® and

o <u2 ,) azz—umr,
(A.93)
o’ (ug‘),'l‘/> o* = UE"Z) o V=LY,
and
0_2( 0)*0_2 _ 0_0’ (A 94)
o*(o')0? = =o', i=umy, '
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we see that the form (5.6) is specially designed so that

GroT: HY . = Tr [0"W, ul W, ] T [a U, W (r)ug, . Wi(r )m,t,y]
(A.95)
Therefore, with the redefined gauge WT, T = G7 o T can be regarded as a unitary
operation with an additional sign flip for the mean-field parameters (this sign flip keeps
track of the anti-unitarity of T).

For the rest of the appendices and in the main text, we will remove the “°” in WT
and call it Wy for simplicity. It is then easy to see that in a time reversal symmetric
ansatz Eq. (A.95) leads to Eq. (5.9).

The SU(2) equations associated with Eqgs. (A.4j) snd (A.4i) are

W (r )Wr, (r )W T () [Wr (1) = €7 X7 (A.96a)
W (r)We, (r) Wi [Cy (r) W5 (r) = €727 (A.96b)
Wor(r)Ws(r )Wt S ) We (1) = X7, (A.96¢)
W2(r,) = X (A.96d)

where all the y € [0,27) for U(1) IGG, and x € {0, 7} for Zy IGG.

The above analysis explains the general strategy of treating the projective time re-
versal operation. Below we specialize to case of a U(1) gauge group and solve the corre-
sponding PSG equations (A.96). The general form of Wy is

Wr(r,) = (i0")T e T, (A.97)

where wr = 0 or 1. We now discuss these two cases separately.
When wr = 0, Eq. (A.96a) gives

3
o7(r) = o7(0,) + > X717ie (A.98)
i=1
Then look at Eq. (A.96d). We can use the IGG freedom to set x7 = 0. This requires

267(0,) = 277, =0, p=0,1,2,3andi=1,2,3. (A.99)
Plug the form (A.98) in Eqgs. (A.96b) and (A.96¢), we get

(=) x7ry + X110 = (=1)"Cox 71 +XT, = (=1)"% X771, + X771, =0,  (A.1002)
¢7(00)((—=1)"% — 1) = (=1)"%d7(03) — H7(01)
= (_1)1%6 ¢7(01) — ¢7(02)
= (=1)"%¢7(02) — ¢7(03)

= —xr2, (A.100b)
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X7 ((=1)" + 1) + (=1)"Sx71y, = —x70((—=1)" + 1) + (=1)"Sx771
= XTTg((—l)wS — 1) =0, (A.IOOC)
¢7(03)(=1)"% — ¢7(00) — x775(=1)"% = d7(01)((—=1)"% — 1) — x77,(=1)"5
= ¢7(00)((=1)" = 1) — x77, (—1)"*
= ¢7(00)(—1)" — ¢7(03)
= —XTs, (A.100d)

Egs. (A.100a) and (A.100c) only give zero solution x7r, = X7, = X715, = 0 for any
combinations of wg, = 0,1 and wg = 0,1. Then, Egs. (A.100b) and (A.100d) have
the only solution ¢7(0y) = ¢7(01) = ¢7(02) = ¢7(03); and by further using the IGG
freedom of time reversal we can set this phase to zero. Therefore the final solution for
wr = 0is Wr(r,) = 1. However, this implies Up = —up ., according to Eq. (5.9),
which gives vanishing mean-field ansatze. This indicates that ws = 0 is not physical.
Next consider the case wy = 1. We again solve Eq. (A.96a) first: consistency condition

requires —2x; = 0, therefore xy; = 0 or 7, and we have

3
O7(r) = 67(0,) = > xrmirs (A.101)

Then we solve Egs. (A.96b) and (A.96¢c). In all four cases given by wg, = 0 or 1 and
wg = 0 or 1, we have 2xz,1, = 2Xa,1, = 2XG,1s = 2XsT1 = 2Xs1, = 2Xs1; = 0. Then,
since x1 = 0 or m and ysp, = 0 or 27/3 are the only possible values in the space group
PSG solution, we see that

X66T1 = X66TQ = X@(;Tg = XSTl = XST2 = XST3 = 0 (A102)

Furthermore, analogous to the wy = 0 case, we obtain x71, = X7, = X7, = 0 and
d7(00) = ¢7(01) = ¢7(02) = ¢7(03). Then we can always set this phase to zero using
the IGG freedom of time reversal. This further implies

X712, = X185 = 0. (A.103)

In conclusion, in the U(1) PSG case, adding time reversal symmetry does not introduce
additional PSG parameters but further restricts x; = 0 or 7, and xs7, = 0. The time
reversal gauge part has the form (in our choice of gauge fixing)

Wr(r,) =io'. (A.104)
The final result is presented in Table 5.1.
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A.9 Fermionic Z, PSG: adding time reversal

In this subsection we assume that all the space group PSG equations have been solved
(and gauge-fixed). We then add time reversal to the PSG and solve all the PSG equations
containing time reversal: just as in the U(1) case, we are solving Egs. (A.96), but now
the right-hand sides of these equations are +1. From Eq. (A.96a) we get

Wr(rn) = 97 ufn Ve, (A.105)

where we followed the notation in the last appendix: g7, = Wy ,. Plug the form (A.105)
in Egs. (A.96b)—(A.96d), we obtain

N, =N, = N1y = 0 (A106>

and

-1 -1 _ -1 -1
97.09C6,097.09¢4,0 = 9T19C6 197 39541

= 07298, 297195, » = 9T39Ce397 295, 3 = 17T (A.107a)
97,095,09?}395, 0= 97,195,19}}1951

= 972952975953 = 9T,395397 0955 = TS (A.107b)

ng,u = nr. (A.107c¢)

Eq. (A.106) means that Wy(r,) = g7, which only depends on the sublattice indices.
We now claim that 7y = —1. Otherwise ny = 1, then gy, has the form of a sign factor
N1, = £1 times the identity matrix. Plugging this form in Eqgs. (A.107a) and (A.107b)
gives 1 = nranrs = Nr2nr1 = N73072 = lre, and nronrs = 1 = nrs, meaning that
all the sublattice signs 77, must be the same. As was argued in Appendix A.8 this will
lead to a vanishing mean-field anséatze. Therefore we must have ny = —1.

Recall that in classifying the space group PSG in Appendix A.7 gauge fixing already
gives gz, 1 = 95,2 = 9s0 = gsz = 1. Then Egs. (A.107a) and (A.107b) enforce

971 =NreNTsYTo, 972 =NTSYT0:  9T3 = NTSIT0; (A.108)

and the two equations reduce to
97,09Cs,0 = N7Cs9C,097,05 97,0903 = NN7C69C4,397,05 (A.109)
97,0951 = 1759519705 97,0952 = N759S,29T,0-

g7 0 is then determined by gz, o, 97, 35 95,1, gs2 and there are five cases listed below.

e In the case (77177$T1>%6a 77566) = (17 17 1)7 we have <g66707 %6,3’ gs.1, 95,2) = ( ) 17 17 %65>7
we see we must have 7z, = nrs = 1, and it is easy to use the remaining global

SU(2) gauge freedom to set e.g. g7 = io", where o* can be any of the three Pauli
matrices.
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e In the case (mnsr,ng,:Nsg,) = (1,—1,—1), we have (gg, o 95,3 951, 952) =
(—io*, ick, 1, Nges) it is easy to see from the expression of gg; and g that nrg = 1.
Then time reversal is either g7 o = io® which gives Nrc, = 1, or gro = io*~1 which
gives 1, = —1. Note we have used the gauge freedom (rotating along o" axis) to
set gro = io* L.

e In the case (771775T1»%6,77566) = (_1717_1)7 we have (%6707g66,3795,1793,2) =
ki gk

(—%GSei%j"kfl,l,iak,ia €3 1). When 75,4 = 1, we get j = 1,3, and when
Ne.s = —1, we get j = 0,2. We always have n;z, = 1. If j =1 or 2, then we must

have g7 = ioct1, and nys = —1; if j = 0 or 3, then we can have gro = io* or
gro = io"1 (after gauge fixing), which gives grs = 1 or grg = —1, respectively.
e In the case (mnsty, Mg, Nse,) = (= —+): Joe0 = 10", go,3 = 0", gsq = io",

gs2 = Ng, gio®. Two solutions exist: we can have either g7 ¢ = io"* corresponding

to nye, = nrs = 1, or gro = ioc*"! (after gauge fixing), corresponding to 9z, =
nrs = —1.

iﬂ(2j6'+1) (_1)jo.k71

e Lastly, in the case (mnsr,ng,,Ns5,) = (=1, —1,-1), g5,0 = € ,
oy = io" 1, gs1 = iok, gss = %wwkﬂei%(q)jgkﬂ‘ When j = 0 we
must have 7,5 = 1 and g = io*~!, which gives n7s = —1; when j = 1 three
solutions exist: we can have g = ioc*~! corresponding to (Nra,n7rs) = (1,—1), or
g = io"* corresponding to (Nresnrs) = (=1,1), or g = io**1 corresponding to
(777’66777’7'5) = (_17 _1>'

The final result is presented in Table 5.2.

A.10 0-flux symmetry properties

In this Appendix we study the symmetry transformation of the Hamiltonian and oper-
ators in the 0-flux ansétze in more detail. Under an arbitrary symmetry operation O,
following Eq. (1.33) we have

GooO: Uy, — UbUp,\Wo e 2010l (A.110)

In the case of U(1) PSG (with or without time reversal) and time reversal symmetric
Zy PSG in our chosen gauge, we can always write, with the help of the Z, parameter
wo, Wo,, = (ich)vwoe” %0, where ¢0(9,u is some phase that can be absorbed into the
definition of ¢p(r,), and we call ¢p(r,) = ¢o(r,) + ¢o .- We have

GooO: ( j};ﬂ ) = Vo€ #ol0w)] ( ;‘?(”“) > , (A.111)
Tu O(T#)
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with

.|.
Vowo = ( Vo T ) (—it?0?)vo, (A.112)
Up
where we defined Pauli matrices 7% to act on the subspace of f,,, and fl . Note that

T
f:[u is understood as (f,T,H)T = (fl#w fi@) :
Then, Fourier transform gives

f/»h 1 —ik-r fTu
()= e (3 )

GpoO Ve W —ik-r, it r
G000, Voo Z oy 796000, (f?w) (A.113)
O(ry)
V(’)wo —i[k-O~1( )—73d0( )l ( fro >
= J et To(u)) T Po(To(u) (1) ’
S Hom
Using the general structure
be, () = b1+ Pus Gs(r,) = —psmyr1 + 3psmira + 0, (A.114)
we have

J— A

R o) 7 ke e,
(A.115a)

(S(k) ~ 7(~6smbi + 305mb)) -7 — k- e, — T,

(A.115b)

(k- O Y roy) — T do(row)] ’0206 - (

[k O rog) — T°00(row)] \

0=S

we have

_ A fe
G, 0 Cs: ( b >—>V06wc el(k.eﬁ%w( et , (A.116a)
7 Ce

fT
T (). Co(—k) —dz, 1, B

GsoS: ( Iyt >%vs,wsei<k~eu+9sw( és<#)’s(k>+¢ST1<bl*3b2) ) (A.116b)
S(w),S(—k)+¢st, (b1—3b2)
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Appendix B

Gauge-field calculations

B.1 Gauge invariance at one-loop level

It is know that for a generic Hamiltonian couple to a U(1) gauge field, gauge invariance
requires that 1) the photon self energy I1(g) vanishes when the photon external momen-
tum g vanishes and that 2) Ward identity holds. These statements holds perturbatively
at each loop level. Here we explicitly proof these two statements for non-interacting
fermions coupled to a U(1) gauge field at one-loop level. For a generic tight binding
Hamiltonian

= Z CiMhTM7TLC7'L7 (Bl)
the U(1) gauge coupling is introduced via the Peierl’s substitution:

H[A] = Z Cluhru,r{,eiArmr{/ Crp + Z Ao, (B.2)
T, Ty

the spatial fluctuation of the gauge field is small at short distance, suggesting that we
can expand the exponential for the gauge field. To quadratic order of A we obtain

Z on(k)
=Ho + Z A Ck+q/2 ok, C’“ a/2 Z 1A% Ck+q/26’c a/2
(B.3)

o @ h(kz)
i / T

up to this order we have the usual minimal coupling vertex Acfc as well as a diamagnetic
vertex A%cfc. These two vertices lead to the two diagrams at one-loop shown in Fig. 5.2:
the usual vacuum polarization bubble (left) and the “tadpole” diagram (right). Note that
the diamagnetic term vanishes for a Dirac Hamiltonian since it is linear in momentum. In
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the following we show that the contribution of these two one-loop diagrams cancel each
other at ¢ = 0, and furthermore the sum of the them at finite momentum and frequency
satisfies the Ward identity.

The vacuum polarization bubble diagram in Fig. 5.2 originates from the Acfc term.
The vertex expression v,(k) = 0,0 + 9,0k h, i.e. the vertex is unity for the temporal
component ;4 = 0 and is Jy, h for the spatial component. The “tadpole” diagram originates
from the A%cfc term. The vertex expression is 7,, (k) = 011,i00,jO0k; Ok h, i.e. the vertex
only exists for u, v both being spatial indices, with vertex expression Oy, 0x;h. The two
diagrams have the following expression

W o= [ LE g _
M0 (0) = [ e Tu(IGolk -+ 0/27()Galk — /2], -

1,0 = [ T (KIGa(k — )

We now show that )

L (g =10)+ " (4 =0) = 0. First of all, when one of the y, v is

2,uv
a temporal component, say v = 0, then Hg 2“/
in the following we write kg = w. We have

= 0 and we are only left with HSBLO((I =0):
d'k d'k 1\’
iy :O:/—T k)GZ(k :/—T k)| ————
1,,u0<q ) (27‘(’)4 I‘["}/“( ) 0( )] (271')4 r ’yﬂ( ) W — h(k)

=0,
where we have used the fact that if h is diagonalized as h = UTAU, then ﬁ =
U (w—~A)2 A

AU =U" (-2 (-%5)) U = =2 (-1;). We therefore see that HS ,)Lo(q =0)=0
for any p. This means that Iy, (¢ = 0) = 0 for any v. Then, we look at spatial

Ow \w—A w
(1)
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components (note we have suppressed the arguments k below):

(g = 0) + 11 (¢ = 0)
dk [ 1 1] dk T 1
= [ —=T h h ——T O, h——
/ (2m)4 ' _8k’ w— hak] w—h) +/ (2m)4 ' _aklak] w— h}
dk T 1 I d*k 1
= [ —=T h h — | —=T hoy, | —— B.6
/ (2m)4 ' _ak’ w— hak] w—h) / (2m)4 ' _6k] O, (w - h)} (B.6)
k[, 1 1] dk [, 1 1
= Tr | O, h O h — Tr | Ok h O, h
/(27?)4 r_klcu—hkj w—h /(2%)4 r_k’ w—hklw—h]
—0,
where we have used the fact that 9(K~') = —K " '(OK)K~! for any (non-singular)

matrix K. Therefore we have proved that the photon self-energy vanishes at one-loop
level when photon external momentum is zero.
(1)

Next we show that Ward identity holds at one-loop level g, (Hﬁ“(q) — 1, m(q)) = 0.
First, only the vacuum polarization diagram contributes to the ©0 component:

W [ d'k . —qo + qiOk, h(k)
B0 = [ G [<ko+qo/z—h<k+q/2>><ko—qo/z—h<k—q/2>>}’ (B7)

note that

(ko + qo/2 = h(k +@/2)) = (ko = go/2 = h(k = q/2)) = qo — @Ok h(K) + o(q),  (B.8)

this means that

W o0 [ I B 1
01500 = [ e [ko+qo/2—h<k+q/2> ko—qo/z—h<k—q/2>}’ (B:9)

which gives zero since the two terms only differ by a shift. Similarly, we have

1) 1 1

d
Bl = / o {(_q‘) 4000 e e a7 R TRk — a2

(B.10)
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and similar to the 0 component case, we get

qungﬁ)u‘:/é”; Tr {@c h(k >(ko+q0/2—1h(k+q/2) _/fo—CIo/2— h(k —q/2) ]2}

on the other hand we have $q;0y,05,h(k) = Oy, h(k + q/2) — O, h(k) + o(q) = (
9, h(k — q/2) + o(g), and

752,91

Tr
2”)4 L ko — qo — h(k - Q)

B / d'k [0,k — q/2) — O, h(k — q) + O, h(k — q) — Oy, h(k — 3q/2)}
|

/(d% [ GOk, O, (k) }

Tr
2m)t | ko — qo — h(k — q)

_ / (d“k [ Ok, (k) — O, h(k — q/2)} N / (d% - [8kjh(kz +q/2) - akjh(k)]

27T)4Tr | ko —qo/2 — h(k —q/2) 2m)* ko + qo/2 — h(k + q/2)
(B.12)

where we have shifted the integral variables. Therefore we see that (denote H%M =0)

(g )> :/ d*k Tr { O h(k+ q/2) B Ok, h(k —q/2)
@2m)* ko +q/2—h(k+q/2)  ko—qo/2—h(k—q/2)
(B.13)
which gives zero on the Brillouin zone. Therefore Ward identity holds at one-loop level.

1 1
q,u <H§,;)n( ) Hé BLZ

B.2 Deriving the photon vacuum bubble: scaling
analysis

We study the 00 component of the vacuum polarization diagram: after completing the
frequency integral, we have (again in imaginary time)

Bk 1-d - dy,_
/ i kra/2” Dk—q/2. | (B.14)
(27)3 |dp1q/2| + |dr—q/2| +iq0

D(q) = T1{o(q) = —7Re

with d = d/|d|. To separate the contribution along the nodal line and that in the
vicinity of the I' point, we use the identity 1 = = + 4=, where we set a = cq® and
T = |dgyq/2| + |dk—q/2| + iqo, so that

D(q) = Di(q) + Da(q), (B.15)
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with

Di(q) = —7Re / &k L= dierqr - dimgy2 (B.16a)
(27)3 |ditq/2| + |dr—qs2| +igo +cq? |’

/ PPk c@*(1 — dy1q/2 - die—q/2)
(27)3 (|dirq/2] + |di—q/2| +i90)(|drtq/2] + |dk—q/2| +iq0 + cq?) |’
(B.16b)

Ds(q) = —mRe

the choice of a = cq? is made to agree with the scaling dy, o< g* near the T’ point (see
Eq. (5.35)) and guarantees that Dy extracts the contribution in vicinity of the I' point.
Having in mind that at small g the leading order g result is isotropic in q. Therefore we
choose a specific direction for q: g = ¢.2.

We first look at Dy(q): since Ds(q) is supported in vicinity of the I' point, we expand
dy as in Eq. (5.35). Rescaling k = xq. and dy = ¢*€x, we have

3 A~ A
d’x 1-— €xiz/2 €x—z/2

Dafo) ~ ~crladie | [

(B.17)
First look at the case of go = 0. In this case, the integral in D5(q) is well behaved, which
can be easily seen in the original expression (B.16b): the only singularity comes from
\disq/2| + |ditq/2] =0, OF |€ktq/2||€6—q/2] = 0, which gives isolated points (x4, za, 23) =
(£1/2,+1/2,0). Expand around these points: xq = +£1/2 4+ n;, xo = £1/2 + n&,, and
x3 = 1&3, we see that |€gq/2||€k—q/2| ~ nf (&1, &2, §3) where the function f is well behaved,;
therefore these singularities are integrable. We can also relax the integral for x to the
infinite plane and still get finite results. Therefore the integral in Dy(q) is well behaved,
and Ds(g, gy = 0) scales linearly with |g|.

Next, we need to extract the scaling behavior at finite frequency; analytic continuation
igo — w + 10 is needed. First, the real part of Dy(q) is of the form Ds(q) = |q|f(w/q?),
where f is a well-behaved function whose value is always finite (according to the gy = 0
analysis above). However it might be useful to see how the actual scaling looks like.
What we care is when w = w/q* < 1 since this is the regime that D,(q) has both real
and imaginary parts. In this regime, 1 — €,45/2 - €535 is finite (numerically verified),

therefore the scaling is determined simply by [ (gi‘fS Teoraalile iﬂ/2| o) The result
is ~ [ % ~ (Fwr +1r?/2 + w? In(+w + 7)) |} + irw?sgn(w), we see that we have

scaling w? In |w| + irw?sgn(w). Note that the real part w?In |w| is in addition to other
contributions in f(w). Therefore in the limit w — 0, we recover the scaling Ds(q) ~ |q.|.
Next we deal with D;(¢). The numerator can be simplified: notice that dj,, 2+

di o2~ 2l8kqso||dr—q/2] = (|dkrq/2|=1dk—g/2|)* ~ (singsink)?, and (di+q/2—dr—q/2)° =
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2‘]z

8sin? k, sin® &, therefore we can substitute

—(Idk+q2l — |dr—q/2])* + (dirq/2 — di—q/2)* - sin® ¢ sin® k
2|di+q/2]|dr—q/2] 2|dperq/2/|dr—g/2| '
(B.18)
since Dq(q) receives contribution mainly along the line, we can make the rescaling
ki = ks+qz1, ko = k3+qzo and the approximation |dgiq/2| = |q||sinks| fi(z1, 22)+O0(¢?),
where fi(71,72) = /(1 F 2(zy + o) + 42? + 42} — 42125) /2, we further have

1- Cik—i—q/2 : Cik:—q/Z =

1

1 - dk+q/2 : d\qu/2 ~ m (Blg)

Then after analytic continuation to real frequency we have

PR =" 0 | PO @) )

X

4 1 1
dk - - )
/o 3<|81nk3|(f++f-)+%+clq|+25 [sinks|(f + f-) — & + clal —

(B. 20)
the first integral gives (here we only consider w < ¢ < 1)
Dgl) —@hl( _ 1 )C{) Z|i|2 P @(O<—m—c|ql <f++f )
g *cldll 2n fe(@)f-(@)\[(F1(@) + f- (@) = (5 + clal)?
(B.21)
where we defined
1
Co= [ & : B.22
N Lo Eyar) (22

the imaginary part vanishes for |w| < g? since in this regime the Heaviside function has
zero support. When |q| > w > q?, we can ignore the c|q|? term, and we have

2

Dy(g2,w) = —lq|In (%) Co-ilalsen(e) [g (15 ) ©lal > lol > ) + Z0(1e] < )
02
! (B.23)

where g(z) is a function of z = w/g. We verify numerically that g(l |) Co+ 5 (|q|)

As we will show in the next appendix, a pure nodal line approximation can recover the

calculation here by introducing a cutoff §, for integrals along the nodal line at the I"

point of the form 6y ~ q.

To summarize, the 00 component D(q) = I1"(q) receives contribution of Dy(q) ~
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lq|f(w/q?) near the T’ point and receives contribution D; = —|q|In (W) -

ilglg(w/q)O(|q| > |w| > cq?) along the nodal lines. At small frequency w < ¢2, D(q) is
real and is dominated by the nodal line (¢In(1/q) vs q).
The 0¢ and 75 components can be analyzed in the same way. We have

|k +q/21—|di—q/2l Ci(k,q) D;(k,q)

3 J—
(1) ) d’k l[dr—q 2|+ 1drtq 2| |dk—q/2lldrq 2] l[dr—q/2ldr1q/2] :
IT; );(q) = —imRe / : Qo sin k;,
1oi(®) (2m)? | +q/2| + |dk—q/2| + iq0 ’
(B.24a)
>k 1— By(k
) (q) = —2nRe / - (k.q) — | sin® &, (B.24D)
’ (27)? |ditq/2| + |dr—q/2| + g0
?*k 1—2B;(k,q) — 2B;(k
Hgli)j(q) = mRe / 5 (k. q) i ?q) sin k; sin k;, (B.24c)
’ (2m)? |ditqs2| + |dr—q/2| + iqo
where (it is understood ¢ + 3 = 7)
Bi = dAk—q/Q ’ Ci’(ﬁ-&-lJ/Q - 3d§ch/2 Z+q/27 (B25a>
L i i i
C; = 5[(d,ij o T ) = (A, + At )], (B.25b)
L i i i
D, = 5[(dkt2q 2 = din) = (g — A ), (B.25¢)

Due to the appearance of sin k; coming from the vertex expressions, the I' point will
contribute at a much higher order: H%i ~ ¢*, and Hﬁljj ~ ¢*. Furthermore, the nodal
line contribution becomes

1 coi ()
n = —igg— [ dPoz—n _x
o "2 fr(@) f-(z)

T 1 1
dies | — _ _ . :
| <| SRl  f) T &t w8 k(. f) - & gl -
(B.26)
Note that the numerator of Eq. (B.24a) gives

sin g sin k

N (B.27)
|drrq/2||dr—q)2|

(c.f. Eq. (B.18)), therefore it requires an extra |g| and an extra sink; to cancel the
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|q|? sin® k3 coming from |ditq)2||di—q/2| in Eq. (B.27). Then, for the ¢j components

o __lal [ o clz)
M=o | " @

/ " dk sin® ks n sin? kg

o NSk 1)+ o v clal 10 | [smal(fy + /) — o + cla] — i
(B.28)

which gives

115, ~ wnoi(@) In(1/|w]?) + iwg(w),
1), ~ lal (ni(@) (2 — 7w) + mi;(§)w? In(1/w)) — i|glwg(w),

where w = w/|q] < 1 and |g| > |w| > cq® (The discrete poles when |w| < ¢ are
not included here). We see that the nodal line contribution also dominates in these
components. Note the above expressions hold only in the scaling sense; for example, the
|g| factor in HQJ must have a component dependent form in order for Ward identity
to hold. On the other hand, these expressions already have the right scaling for Ward
identity to hold. The detailed form of these scaling functions can be found in the next
section.

Therefore in photon thermodynamics we just have to concentrate on the nodal line
and not the I region. This validates the QED calculation in the next section.

Finally, we mention that the momentum dependent part of Il ;; starts to contribute
at quadratic order in ¢?: this is because due to the special form of h(k) we have

(B.29)

e N

-t | Gt [ |

since h(—k) = h(k), if we expand 9; h(k + q), the term linear in g is odd in k vanishes
after the integral over k, leaving the leading order contribution quadratic in q.

(B.30)

B.3 Deriving the photon vacuum bubble: nodal line

approximation
We concluded in the last Appendix that the calculation of photon self-energy at one-loop
level amounts to calculating the momentum dependent part of the vacuum polarization

bubble. This is the diagram resulted from the minimal coupling term A, ( —q)@ki”;'-[(k)zﬂ,z g2 Vk—q/2-
The expressions for this diagram and the vertex have been given in Egs. (5.41) and (5.42).
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The bare Green’s function for the spinons has the explicit form

1 ikt H
iko—H  —ki— E?

iko + cos ki (0% — 03) + cos ky(0® — o) + cos ks (o' — 0?)
k% + (cosky — coskq)? 4 (cos kg — cos ks)? + (cos kg — cos ky)?

Go(k) =

(B.31)

To evaluate the vacuum polarization bubble near the nodal star region, we first need
to write the momentum in local coordinates. Denote the nodal line by (<1, <2,¢3), where
G1,2,3 = £1 labels different nodal lines. For each nodal line, we denote

1 ) R R 1 R ) 1 R . .
€3 = %(Cﬂ +GU+2), €= E(glx —%y), €= %(glx + ¢y —2¢32), (B.32)

any momentum will be expanded in these coordinates: denote k = ki1Z + ko) + k3Z =
ces + a(ey cos + eosin ) + b(—eq sin @ + g5 cos f), then we have

b= o <7+n(7+7) coseM(T_T) sme), (B.33)
ke = o (} ( 7 \/_> cos 0 + 1 (7 + 7) sine) ., (B.33b)
ky = (\;_ "7 b cost— 17\2/68111 9) . (B.33c)

First, expand the Hamiltonian (5.34a) to first order of i and then set n = 1, we obtain

V2 i V2
+v2(acos § — bsin 9)03> :

H = sin —

c ((—a+x/§b)cos€+(\/§a+b)sin9 L (a+x/§b)cos€+(\/§a—b)sin902
V3

(B.34)
with the energy E%(k) = 3sin? 55(a® +0?) = v*(a® +b?) where we defined v = V/3sin 5
From now on, for any k dependent function f = f(k), we will introduce the notation

fe=f(k+q/2).
Using the Feynman parameterization we have

zZm(k, q)

o d4]{? 1 y
) = /(27r) /d [u(kg, +v2 (a2 +b2)) + (1 — w)(k2_ + 02 (a2 +b2))]*
(B.35)
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where we defined

2 = Te[["(k)(i(ko + qo/2) + H(k + q/2))I" (k) (i(ko — q0/2) + H(k — g/2))]. (B.30)

In local coordinates, I1**(q) then can be written as

2 uv
I (g “%” / / L / dr| / du—2 k) (B.37)
(K24 K2 + A

where we defined

1 c
Ko = ko + (u — 1/2)qq, K,J_:\/g(kj_-i-équ), /ﬁ“:%, (B.38)
with
g=uvi + (1 —u)?, h=uvl — (1 —u)v?,
h wi—(1- u)v% s 1 o o (B.39)
The denominator has spherical symmetry with respect to (ko, k1 ). lf weset vy =v_ =

then the isotropic (i.e. relativistic) limit is recovered: K, = k, +(u—1/2)q, which agrees
with ko = ko + (u—1/2)qo; and $9(1 — f?)¢3 — w(1—u)q? which agrees with u(1 —u)gg.

Now we simplify the numerator Z#*”. The vertex I'* in principle needs expansion
according to powers of 1, however for our purpose it suffices to keep the zeroth order, i.e.
I'l(k) = sink (0% — 03) ~ ¢ sin %(02 — 0%), and similarly T?(k) ~ ¢ sin \/Lg(a?’ — o),
and T'3(k) ~ ¢3sin %(01 — 02). For later convenience we further define ¢y = 1. This way

in Z* there will be prefactors of

< c )5u¢0+6l'¢0 ( v )5u¢0+5V¢0
SuSw | Sin —= =S | —= :
V3 V3

We then apply Eq. (B.38) and Z#¥ will be written as polynomials of k, up to quadratic
order. Then only the constant terms in x and the squared terms in k needs to be kept
since the other terms integrate to zero. The integral over d®k = drkod*k, can then be
evaluated. Using dimensional regularization

3 {"f 1} {x*, K%} 2 12 1
/ TR T Ay 4”/ gt ap = "3 Rl (B40)

where the divergent part of the first term has been subtracted (this part is independent
of the external momentum q and will cancel the divergence from the “tadpole” diagram).
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We then have

Spt0+5 1
v 16253 v\ RO ,
I1"(q) = W/dfingﬁy (ﬁ) /0 dul" (K|, q), (B.41)

where (note we have put back in I*” the extra % in Eq. (B.37) resulted from the change
of integral variables)

1 1
I = 472 (—]161(2] + Lgjv_vy — 6]2622'031}3_ + 513622@3 vi) (B.42a)
19 = —4720Quv_v, “‘2:;;* I, i€ {1,2,3), (B.42b)
) 1 1
Ji = 472 (211(;3 + _IQQ%%@ 313 207 E’;) i€{1,2,3},  (B.42c)

g 1
I = _477-2 <Ilq0 + I2Q2U U+ + 313Qkkv ) ) {iaj? k} = {17 273}7 (B42d>
where the definitions of @, @; and Q;; are in Egs. (5.51), and we defined

I - (1 —u)u (1 —u)u I = (1 —u)u
VAg VAg? VAg

We note that the integrals fol I1 5 3du for general vy # v_ can be evaluated, and the result
is written in terms of the Elliptic functions. However we are allowed to set v, =v_ =wv
in I; 9 3 since the g dependence in vy does not affect the leading order of the photon self
energy II; which is linear in q. Then we have

I = (B.43)

[3du

1
/ IldU— / [gdu— /
/q —FQUQ /q —I—Qv2

This allows us to write

™
yJag+ G
(B.44)

1 3
/ I dy = x
0 21/¢3 + L2

lQQ _ qoQ1 _ qoQ2 _ qoQs3

362 a 1\/25012 q 1\[21) 2 @ 1\/2§v12
I MY @;S A
Vi w0 50 2_0 +30Q —§Q22 — 5@ 50
-9 -%-307- 105 %40 -0k 28 +10°- 10,

(B.45)
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The matrix on the right has two zero eigenvalues and two nonzero eigenvalues, 2 @+ %2112

Qv 2
241 ’U
and giz Gte@ And we have
UG
C16263 s
IT* (q) = (27‘(‘)4 /dli T o X
%Q2 —q qo?l — Gy 1092 QOQz — g 209 qus
v2 2 v g2
—q & 26+ (@ = Q) —G152 [go 1_8(@2 + 2@33)] —Gs | — 18(Q2 +2Q3,)
2 ?}2 ’U2 2
—R% g (D4 1 (Q? + 203, 200+ 5(Q* - Q3,) —G6 | L+ 2 (Q% +20Q%)
2 1)2 2 1)2 v
—§3% —C163 %0 + 1—8(@2 + 2@%2) —G1%2 [% + T(Q2 + 2Q%1)] %q(Q) + ?(QQ Q33)
(B.46)

. . . s Y
The matrix now has two zero eigenvalues and two nonzero eigenvalues ———— and
2 /q2+Q ’U2

+ Q 2
\/ @+ v

The ﬁnal integral is over k. To do this, cutoff must be imposed in the vicinity of I
and L points where the Dirac velocity vanishes:

m—bo F(r—6, —1)— F(6,, -1
/ P — 7m0 —a) = Pl —) (B.47a)
bo A+sin2 K| \/Z
m—bo sin? k 1 1 1 1
/ dKH—H - \/Z (E<7T - 907 _Z) - E(Qo, _Z) - F<7T - 007 _Z) + F(Qo, _Z)) )
6o A + sin? K|
(B.47Db)
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