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Abstract

The last two decades have seen much progress in the field of scattering amplitudes. A big reason

behind this revitalization of the program approximately 50 years after the initial formalization of

quantum scattering has been our improved understanding of the rich mathematical structure behind

amplitudes. In particular, mathematical properties of scattering amplitudes are being used to push

calculations further and these new calculations are in turn used to look for new patterns. This

virtuous cycle has been very fruitful especially in the context of N “ 4 Super Yang-Mills, which is a

favorite playground for particle theorists. In this dissertation, we will be reviewing some of our novel

contributions to this program. In particular, we explore: mathematical properties of diagrams that

show up in a modern treatment of N “ 4 Super Yang-Mills amplitudes, consequences of a property

called integrability on the perturbative side, and a novel diagrammatic technique for obtaining

partial all-loop resummations. In order to set up the right ingredients before we go over what is

new in each paper, this thesis is going to be structured as follows.

In chapter 1, we will be reviewing basics of scattering, introduce some notation and terminology

used in the modern amplitudes program, and introduce Super Yang-Mills amplitudes. In chapter

2, we will go over loop-level methods, introduce objects called on-shell diagrams, and briefly go

over how they connect to the positive Grassmannian. In chapter 3, we will explore our work on

how poles at infinite momenta show up in on-shell diagrams, which is a topic unresolved thus far

by the Positive Grassmannian framework. In chapter 4, we will go over yet another gap in the

on-shell diagram/Grassmannian story, namely non-planar diagrams. We will associate new regions

in the Grassmannian with these diagrams and explore their novel combinatorial properties. The

two papers that these chapters are based on are part of a larger program initiated by my PhD

advisor and his collaborators to understand on-shell diagrams and their mathematical properties.

The novel results outlined in chapters 3 and 4 were thus taken from the accompanying papers, to

which the author of this dissertation contributed by computing the forms associated with on-shell

diagrams and geometries.

In chapter 5, we will change gears slightly and move away from the on-shell diagrams part of

the story. We will go over special properties of planar Super Yang-Mills and how they connect to

a property called integrability. This will lay the groundwork for the terminology and motivation

necessary for chapters 6 and 7. In chapter 6, we will extend a framework that provides a novel
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diagrammatic organization for the 4-point amplitude in planar N “ 4 Super Yang-Mills. Our work

in chapter 7 further builds on this and examines how these diagrams can be used to compute a

quantity called the cusp anomalous dimension, which controls the leading IR divergences of the

amplitude. The two papers these chapters are based on reflect the author’s ongoing interest in

finding implications of integrability on perturbative scattering amplitudes as well as looking for new

ways to leverage positive geometry based methods in planar N “ 4 sYM. The novel results found in

these chapters were also taken from the accompanying papers and contain most of the computations

that were contributed by the author of this dissertation.

Finally, we include various appendices to provide useful details for the work we review. In

appendix A, we include some of the proofs written by my co-authors to supplement the theorems

in chapter 4. This appendix is taken from the paper this chapter is based on. In appendix B, we

include a proof we wrote in the paper chapter 6 is based on to support one of the main claims

we make. Finally, appendix C contains some lengthy computations done by the author to provide

additional details relevant for chapter 7.

The results outlined in these chapters provide novel contributions to the amplitudes program

in two different themes. In chapters 2 through 4, we extend the geometric understanding of planar

N “ 4 sYM on-shell diagrams to cases where one loses the notion of planarity or the restricted

pole structure imposed by the theory’s special properties. A big motivation behind studying planar

N “ 4 sYM is to build tools for understanding more complicated theories, such as QCD and Gravity.

Our work thus provides insight into what notions one would have to modify in order to initiate a

geometric exploration of these less restricted theories. In the second theme, which is the subject

of chapters 5 through 7, we are motivated by searching for implications of integrability on the

amplitudes side. In particular, AdS/CFT duality and integrability programs have both computed

quantities of planar N “ 4 sYM in the strong coupling. However, this regime is non-perturbative

and thus the only way to access it through the toolkit of the standard perturbative amplitudes

program is if we managed to resum everything. While there are subtle hints that planar N “ 4

sYM might just be restricted enough to allow for this, how such a program would look like is not

yet known. Our work provides a novel contribution to this effort by extending on a diagrammatic

toolkit that allows for partial all-loop resummations at 4-points.
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CHAPTER 1

Introduction

Many of the goals of theoretical physics can roughly be categorized under two camps. The first

goal is a scientific one, we want to make predictive models that spit out parameters describing an

observable for every input data we feed it. The second goal is more philosophical, we also want to use

these models to enrich our qualitative understanding of the laws of nature. It is my personal belief

that at least in particle physics, these goals are connected. In particular, mathematical structures

that come up when we attempt to describe observables in particle physics elucidate novel aspects

of the underlying theory. These insights can then be used to make progress in calculations and

new calculations create new data in which we can search for new patterns. This type of virtuous

cycle has driven much of the recent progress in the modern amplitudes program. Since the 1980s,

the field has seen rapid progress both in efficient computation techniques for scattering amplitudes

and also in their applications to other areas of physics as well as their connections to mathematics.

Some important examples include the Parke-Taylor formula for n´point MHV gluon amplitudes [1],

generalized unitarity techniques for multi-loop calculations [2,3,4], methods for computing classical

observables relevant for gravitational wave physics [5,6,7], and last but not least, connections to

positive geometries and the Amplituhedron [8,9,10,11,12,13,14,15,16,17,18,19,20], which will

be relevant for a good chunk of this thesis. This list is far from complete, so we direct interested

readers to [21] for a list of comprehensive reviews for each direction. In this thesis, we will be

carving only a tiny bit of the amplitudes research space, nonetheless, it is still going to be a long

and windy road. In particular, this dissertation is based on the following papers.

‚ Taro V. Brown, Umut Oktem, Jaroslav Trnka, Poles at Infinity in On-Shell Diagrams,

Journal of High Energy Physics 02, 2023.

‚ Artyom Lisitsyn, Umut Oktem, Melissa Sherman-Bennett, Jaroslav Trnka, Grassmannian

Geometries for Non-Planar On-Shell Diagrams, e-Print: 2512.25005 [hep-th].
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‚ Taro V. Brown, Umut Oktem, Shruti Paranjape, Jaroslav Trnka, Loops of loops expansion

in the amplituhedron, Journal of High Energy Physics 07, 2024.

‚ Lance Dixon, Umut Oktem, Shruti Paranjape, Jaroslav Trnka, Yongqun Xu, Shun-Qing

Zhang, Multi-loop Negative Geometries, 2605.28926 [hep-th].

corresponding to chapters 3, 4, 6, and 7 respectively. In addition, the author has completed the

following work as a part of the PhD, which will be omitted from this dissertation in order to preserve

thematic continuity

‚ Taro V. Brown, Karol Kampf, Umut Oktem, Shruti Paranjape, Jaroslav Trnka, Scalar

Bern-Carrasco-Johansson bootstrap, Physical Review D 108 (2023),

‚ Christoph Bartsch, Taro V. Brown, Karol Kampf, Umut Oktem, Shruti Paranjape,

Jaroslav Trnka, Hidden amplitude zeros from the double-copy map, Physical Review D

111, 2025.

‚ Joris Koefler, Umut Oktem, Shruti Paranjape, Jaroslav Trnka, Bailee Zacovic, Uniqueness

of MHV Gravity Amplitudes, Le Mat. 80, 2025.

1.1 Classical Scattering

Why is scattering an interesting physical process to study? Well, the main sales pitch of

particle physics is that if we understand constituents of our universe and their interactions, we

will understand nature’s laws at the deepest possible level. And scattering covers pretty much all

fundamental particle interactions. In this thesis, we will be talking about the interactions of gluons

within the framework of a theory called N “ 4 Super Yang-Mills.

It will be useful to start this dissertation by introducing some facts and tools regarding scattering

in gauge theory that we will frequently use in this work. In this chapter, our main goal is to explain

why singularities of scattering amplitudes are important to our work. But before we delve into the

modern treatment of scattering, it might be easier to start with a simple example from classical

physics to build intuition.

Say we have a point mass traveling towards a fixed source that scatters it away. This event is

characterized by a scattering angle θ, and an impact parameter (denoted b), which is the closest

distance between the trajectory if there was no scattering and the center of mass of the target. Such

2



a setup can be illustrated as

(1.1)

b

θ

where the intersection of the line coming out of the right blob (representing source) with the incident

particle’s (left blob) trajectory is called the closest approach. While the impact parameter is easy

to see from this diagram, in the atomic and subatomic limit this is not a measurable quantity,

which motivates the definition of a cross section. If we just had a single incoming object, say a

ball, scatter off some target, we wouldn’t be able to get any useful information out of this process

without knowing the impact parameter. So let’s say we have a beam of incident particles that all

have definite center of mass and momenta. For the time being, let’s not worry about scattering

angle but only focus on counting the number of collisions. And instead of one target, let’s say we

have a finite area with a finite number of targets, each targets having an area σ. If we have N

targets in the target area A, the probability of an incident particle getting a hit is

(1.2) P “
Nσ

A

and σ here is called cross-section. If the target number density is constant, then this probability is

given by P “ ntσ. Even if we don’t know the impact parameter b, we can observe the number of

hits and this can be used with the number of incident particles and the target density to find σ, the

target cross section.

Now let’s take a look at what happens if we also care about scattering angle. Instead of counting

the total number of hits, we want the number of scattered particles that fly off inside a small cone

dΩpθ, ϕq. For a narrow cone at fixed r “ R that varies by dθ and dϕ in polar coordinates, the

differential solid angle is dΩ “ sinpθqdθdϕ. Associated with this differential solid angle, we can

define a differential cross section dσ for the target. To get an intuition for this, consider the

3



previous example except if we only counted particles that flew off into dΩ after hitting the target.

Then we would replace σ with dσ.

Let’s assume that the scattering is spherically symmetric and consider the setup shown in Figure

1.1. Say incident particles are allowed to pass through within the bounds of the circle with radius

b. If we increase the radius by db, then the total area that the particles can pass through increases

Figure 1.1

by dσ “ 2πbdb , illustrated by the red shaded region. If the particles passing through the original

circle scatter into a solid angle cone Ω0, then the particles passing through dσ will fly off into dΩ,

illustrated by the blue shaded region, where dΩ “ 2π sin θdθ. This leads to the following expression

relating differential cross section to the solid angle the incident particles scatter into

(1.3)
dσ

dΩ
“

b

sinpθq

db

dθ

So the differential cross section is related to the impact parameter b. This expression gives the

fraction of incident particles that go through differential area dσ per unit time that scatter into the

differential solid angle dΩ. In other words, it computes the ratio of scattered particle flux to the

incident flux.

In the illustration, the target is a physical object but this doesn’t need to be the case. In

fact, we can easily generalize the previous results if scattering was achieved by a potential instead.

Let’s apply this to a historically relevant scattering example, namely Rutherford scattering. In this

experiment, a gold foil was bombarded with charged alpha particles and Rutherford, Geiger and
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Marsden measured the scattering of the particles off of the gold nuclei [22, 23]. In the classical

limit, scattering in this case is purely due to the coulomb potential V prq “ k
r . From the formula

above, determining the scattering cross section boils down to finding the scattering angle changes

with impact parameter. This is reminiscent of orbit problems, so we can use the same tools. Since

the Coulomb force is conservative, total energy in this system is conserved (if we ignore the recoil

of the sourcing charge) so we can write the total energy as

(1.4) E “
m 9r2

2
`
mℓ2

2r2
`
k

r

where ℓ in the second term is angular momentum per mass ℓ “ L{m. The orbit for an attractive

potential ´k
r can written as

(1.5) rpθq “
r0

1 ` ϵ cospθq

where r0 “ mℓ2

k and e is some constant. Then by analogy, for a repulsive potential it should be

(1.6) rpθq “
r0

ϵ cospθq ´ 1

which tells us dr
dθ “ r0ϵ sin θ

pcos θ´1q2
. Plugging this back into the equation for total energy gives

(1.7) Ei “
mv2

2
“ Ef “

k2pe2 ´ 1q

2mℓ2

where the first term is the particle’s initial asymptotic energy before the interaction takes place.

Just as with energy, the angular momentum is also conserved so we can write ℓ “ Li{m “ mvb
m “ vb.

Letting ϕ denote the angle between the closest approach and the asymptotic trajectory, θ “ π´ 2ϕ

[24] and r Ñ 8 as θ “ ϕ, which means e cosϕ “ 1. Then

(1.8) E “
mv2

2
“
k2pe2 ´ 1q

2mℓ2
“
k2 tan2 ϕ

2mv2b2
“
k2 tan2 ppθ ´ πq{2q

2mv2b2

which gives

(1.9) b “
k

mv2
cot θ{2

5



Putting everything together, we get the Rutherford scattering formula

(1.10)
dσ

dΩ
“

ˆ

k

4E sin2pθ{2q

˙2

This formula is historically significant because it was used by Rutherford, Geiger and Marsden to

measure how alpha particles scatter off gold atoms and they found that most of the atom’s mass

was concentrated in the positively charged nucleus. Thus, they were able to show that the hitherto

assumed plum pudding model of the atom was wrong [22].

But why did we start with such an elementary example? At the first level, this example is

a simple illustration of how scattering reveals the underlying physics of systems we are studying.

Second, we can already see hints of a feature of gauge theories that will be a key player in our

discussions later, namely IR singularities. If we plot the classical amplitude fpθq “ k
4E sin2 pθ{2q

in θ

space, we can immediately see that we see a divergence at the origin. Physically, θ “ 0 corresponds

to large impact parameter, which means the photon being exchanged in the full QED theory that

describes this interaction has a momentum that goes soft (ie p Ñ 0). This is an example of what is

called an IR-divergence.

The divergence of the amplitude at θ “ 0 does not mean our model is unphysical in this limit. On

the contrary, this is exactly what we should expect from our understanding of the underlying QED.

Namely, the quantum theory of Coulomb interactions tells us that the Coulomb force Rutherford

observed is mediated by photons, which are massless bosons. Because photons are massless, the

Coulomb force they mediate is a long ranged force. In other words, we always have arbitrarily soft

photon radiation effects that contribute to the interaction. The divergence in θ “ 0 then corresponds

to the forward limit of a t´channel process in QED. This forward kinematics divergence is closely

related to the IR-divergences we will see in massless gauge theories, although there are important

distinctions as we will discuss later. The purpose of this example was to illustrate how singularities

in scattering usually have a physical origin, but let’s shelve this for now and introduce some of

the standard machinery we need to discuss how scattering works in sYM before we look at IR

divergences again.

6



1.2 Particles, Lagrangians, and Scattering

In the example we considered above, our model for particles was not too different than what

most people imagine, namely “tiny balls" that make up matter around us. However, quantum field

theory tells us that particles are not balls with definite position and momenta but rather excited

states of a corresponding quantum field. Or as Wigner would put it, particles are irreducible unitary

representations of the Poincare group that acts on the Hilbert space of the underlying theory. This

is the definition I will use for the rest of this thesis.

To study how particles interact, we need to work with the fundamental objects they are

associated with, namely fields. More specifically, particles are local excitations of underlying fields.

In the standard treatment of quantum field theory, one works with Lagrangians constructed out of

such fields, which tell us about the rules of particle interactions. To start simple, let’s consider a

scalar theory ϕ with the Lagrangian

(1.11) L “
1

2
BµϕBµϕ´

1

2
m2ϕ2 ´ V pϕq

When V pϕq “ 0, what we have at hand is a free-theory. The equations of motion we get from this

free Lagrangian, namely the Klein-Gordon equation pl `m2qϕ “ 0, gives a mode expansion for the

free field in terms of creation and annihilation operators. This can be written as

(1.12) ϕpx, tq “

ˆ
d3p

p2πq3

1
a

2ωp
pape

´ipx ` a:
pe
ipxq

where the p that appears in the exponential is 4´momenta, so px “ ´p⃗ ¨ x⃗ ` ωt. Typically when

we calculate scattering, one assumes that the theory is free at “infinite" past or future, thus the

initial and final states of consideration are asymptotic states built out of the creation/annihilation

operators of the free theory. For example, an initial 2-particle state with momenta p1, p2 can be

defined by

(1.13) |iy “ lim
tÑ´8

a:
p1ptqa:

p2ptq|0y

and the final state by

(1.14) |fy “ lim
tÑ8

a:

p1
1
ptqa:

p1
2
ptq|0y

7



Then our scattering amplitude of interest, A, is the object defined by xf |iT |iy “ ip2πq4δ4pP qA,

where P “ p1 ` p2 ´ p1
1 ´ p1

2. The operator T here is defined by T “ S ´ 1 and it describes the

interacting part of the scattering matrix. To compute this object, we need to evaluate the path

integral

(1.15)
ˆ

Dϕ ei
´
d4xp 1

2
Bµϕ Bµϕ´ 1

2
m2ϕ2´V pϕqq.

This integral can be performed for V pϕq “ 0 but not for a generic V pϕq, so typically one works in the

perturbative limit where couplings that enter V pϕq are assumed to be small. Then the exponential

can be expanded in a perturbative series, which are organized by Feynman diagrams. The leading

order terms in this expansion correspond to a saddle point of the path integral, which is given by

the classical equations of motion that extremize the action S “
´
d4xL. These are called tree-level

contributions, for Feynman diagrammatic reasons. There are also higher order terms that carry

powers of ℏ, which correspond to fluctuations around the classical equations of motion and are

sometimes called quantum corrections as a result. These are represented by loops when one works

with Feynman diagrams.

Let’s look at a simple example, given by V pϕq “ λ
3!ϕ

3. As the interaction potential suggests,

this is usually called phi-cubed theory. For 2 Ñ 2 scattering, the tree-level contributions are given

by the following diagrams which are called s, t, and u diagrams respectively. They get their names

p1

p2

p3

p4

p1 p3

p2 p4

p1

p4p2

p3

from the Mandelstam invariants that correspond to the internal propagators

(1.16) s “ pp1 ` p2q2, t “ pp1 ´ p3q2, u “ pp1 ´ p4q2

The corresponding tree-level amplitude one gets can be written in terms of these variables, as

(1.17) Atree “ λ2
ˆ

1

s´m2
`

1

t´m2
`

1

u´m2

˙

` Opλ4q.

8



Mandelstam invariants satisfy t`s`u “ m2
1 `m2

2 `m2
3 `m2

4 (where mi is the mass associated each

external leg), thus the amplitude Atree can be considered as a function of two of the Mandelstams,

such as Atreeps, uq.

1.2.1 Spinor-Helicity Formalism

As we saw in the scalar example above, the kinematic part of the amplitude will be a function of

4´momenta pµi . In the example above in particular, we could write the answer in terms of variables

s, t and u, which are Lorentz invariant products of these pµ. However, all the amplitudes in the

rest of this work will be for particles that have spin, and thus before we move onto describing gluon

amplitudes, we should first introduce notation of a more natural choice of variables. This is called

spinor-helicity formalism, and it will be a more natural choice of variables for describing amplitudes

of massless particles with non-zero helicity.

Say we have a particle with 4´momenta pµ. Taking the dot product with Pauli matrices, we

can write

(1.18) pµpσµqab “ pab “

¨

˝

´p0 ` p3 p1 ´ ip2

p1 ` ip2 ´p0 ´ p3

˛

‚

The determinant of this matrix detppabq “ ´pµpµ is invariant under applying SLp2,Cq transformations

to pab. In particular, if we are talking about massless particles, then

(1.19) det

¨

˝

´p0 ` p3 p1 ´ ip2

p1 ` ip2 ´p0 ´ p3

˛

‚“ ´p2 “ 0

Linear algebra tells us that if a 2 ˆ 2 matrix has a vanishing determinant, then we can write it as

an outer product of two 2´dimensional vectors, which we will refer to as spinors, namely

(1.20) pa9b “ λaλ̃9b

The Lorentz group acts on λ and λ̃ as separate 2ˆ 2 blocks, and furthermore there is a subgroup of

the Lorentz group that sends λ Ñ tλ, λ̃ Ñ 1
t λ̃. This is called the little group. We will express the

amplitudes in this thesis in helicity basis so that the helicity of each particle entering the process is

specified, and in this basis the kinematic part of the amplitude can be written in terms of Lorentz

9



invariant products of the spinor-helicity variables introduced below, namely

(1.21) ϵαβλ
α
i λ

β
j “ xijy, ϵ

9α 9βλ̃
9α
i λ̃

9β
j “ rijs

Furthermore, these variables satisfy the following identities, which we will make frequent use of

in the following chapters

1) xi jy “ ´xj iy, ri js “ ´rj is, xi iy “ ri is “ 0,(1.22)

2q xi jyrj is “ ppi ` pjq
2 “ sij ,(1.23)

3q

n
ÿ

j“1

xi jyrj ks “ 0(1.24)

4q xi jyxk ly ´ xi kyxj ly “ xi lyxk jy.(1.25)

Identity 4q is called the Schouten identity and it is going to play an important role in our work.

Now that we got notation out of the way, we can move back to the physics. Gluon interactions

are described by the Yang-Mills Lagrangian, given by

(1.26) LYM “ ´
1

4
TrtFµνF

µνu

where Fµν “ BµAν ´ BνAµ ´ igrAµ, Aνs is the gluon field strength and Aµ “ AaµT
a is the vector

field describing gluons (where T a are SU(3) generators). The upper index in the gluon field Aaµ

corresponds to color and it is acted on by the adjoint representation of SUp3q (thus a “ 1, 2, ¨ ¨ ¨ 8).

In the real world, gluons transform under the adjoint representation of SUp3q, however for our

purposes we will study SUpNq Yang-Mills. Thus, we will have N colors and N2 ´ 1 generators.

These generators are normalized by

(1.27) Tr
!

T aT b
)

“ δab

and

(1.28) rT a, T bs “ if̃abcT c

10



A popular choice of gauge fixing is the Gervais-Neveu gauge in which the Lagrangian becomes

(1.29) L “ Tr
´

´1
2BµAνBµAν ´ i

?
2 g BµAνAνAµ ` 1

4g
2AµAνAµAν

¯

Since our Lagrangian allows 3´point interactions, let’s go ahead and start by looking at the 3

particle vertex at tree-level. The 3´gluon vertex comes with a factor of f̃abc, where the color

ordering is set by the external legs. Since one needs to sum over all color indices to get the full

amplitude, it is often convenient to write the amplitude as a sum over products of the generator

traces and the kinematic part for each color ordering, called the partial amplitude. For n´particles

this is written as

(1.30) Atree
n “ gn´2

ÿ

σ

Anr1σp2 ¨ ¨ ¨nqsTr
!

T a1T σpa2 ¨ ¨ ¨T anq
)

where σ runs over all non-cyclic permutations. For the rest of this work, we will be computing the

partial amplitudes, so we are only concerned with kinematics for now.

Then Feynman rules tells us that the 3´point vertex is

(1.31) A3r123s “ ´
?
2rϵ1ϵ2pϵ3p1q ` ϵ2ϵ3pϵ1p2q ` pϵ3ϵ1qpϵ2p3qs

in terms of external polarizations ϵi. Note that this isn’t a physical amplitude, in the sense that

momentum conservation p1 ` p2 ` p3 “ 0 and external legs being on-shell p21 “ p22 “ p23 “ 0 can’t

be solved if p1, p2 and p3 are all taken to be real. Nonetheless, as we will see, the vertex factor is

going to play a crucial part in our story so we can just analytically continue the momenta into the

complex plane for now.

As advertised before, we can write this result in the helicity basis using spinor-helicity notation

by considering all helicity configurations for gluons 1, 2, and 3. Doing so, we get

(1.32) AMHV
3 r1´2´3`s “

x12y3

x23yx31y

and

(1.33) AMHV
3 r1`2`3´s “

r12s3

r23sr31s

11



whereas configurations where all external legs have the same helicity are 0 (this will be a general

feature for n´point). This wasn’t so bad, so let’s take a look at our previous example from the

scalar theory, namely 2 Ñ 2 scattering. At tree-level, we only need to consider 4 different topologies,

namely the s, t, u channels and the contact term, as shown in Figure 1.2 Using Feynman rules to

(a) s-channel

g

g

g

g

g

(b) t-channel

g

g

g

g

g

(c) u-channel

g

g

g

g

g

(d) 4-gluon contact

g

g

g

g

Figure 1.2. All diagrams contributing to gg Ñ gg at tree level

compute each diagram and translating the result into helicity basis, one finds

(1.34) A4r1´2´3`4`s “
x12y4

x12yx23yx34yx41y

with A4r1´2´3´4`s “ A4r1`2`3`4´s “ A4r1´2´3´4´s “ A4r1`2`3`4`s “ 0. This is a maximally

helicity violating (MHV for short) amplitude, meaning there are two negative helicities and n ´ 2

positive helicities. We will see the term MHV pop up again over and over through this work. When

we have k` 2 negative helicities, the amplitude is said to be NkMHV, where the letter N stands for

“next-to". Both the 3´point and 4´point tree level partial amplitude have a compact form when

written in spinor-helicity variables. One might wonder, does this simplicity carry onto higher n? As

we will see now, the answer is a resounding yes.
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1.3 Parke-Taylor Formula and On-Shell Recursion

Our previous example was only for 2 Ñ 2 scattering, but it is easy to see that the complexity

grows rather fast with n. If we had gg Ñ ggg, instead, we would have to consider 25 diagrams.

Still doable (although annoying) by hand, but adding another final state g increases the number of

diagrams needed to 220. And this is just for tree-level! This does not pose a philosophical problem

yet. After all, nature does not have to be nice. However, this turns out to be one of the many

cases in science where our initial approach to the problem hides simplifications. In spinor-helicity

variables, the tree-level result for the 5´and 6´point MHV amplitudes take the forms

(1.35) A5r1´2´3`4`5`s “
x12y4

x12yx23yx34yx45yx51y

(1.36) A6r1´2´3`4`5`6`s “
x12y4

x12yx23yx34yx45yx56yx61y

respectively. Together with the 4-point result, we can already see a pattern emerging. This is

not accidental. Turns out the n-point MHV gluon amplitude is indeed given by the Parke-Taylor

formula

(1.37) Anr1´2´3` ¨ ¨ ¨n`s “
x12y4

x12yx23yx34y ¨ ¨ ¨ xn1y

When Parke and Taylor first stumbled upon this formula [1], they were interested in computing the

gg Ñ gggg amplitude at tree-level. While the full answer that came from Feynman diagrams took a

whopping 9-pages, the final MHV answer simplified to the compact form shown above. But what is

the physical mechanism responsible for this miracle? After all, drastic simplifications usually come

from some symmetry. We will eventually see how the analytical structure of the amplitude as well

as constraints from physical principles “force" the MHV amplitude to take this form, but to do that,

we must first take a detour and revisit the story of IR divergences that we got a very brief taste of

at the beginning.

1.3.1 Analyticity of Amplitudes

Based on the data we have so far, we have seen that the tree level amplitude is a rational

function of kinematic variables, which in spinor-helicity notation take the form rijs and xkly. For
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our amplitude to describe a physical process, it must respect locality, which in quantum field theory

means any pole of the amplitude must correspond to the exchange of a particle that is physically

produced. Such particles are said to be on-shell and they satisfy p2 “ ´m2. For massless particles,

this condition becomes p2 “ 0. This is a consequence of locality being baked into the Lagrangian

we use. This means for a tree-amplitude, poles can only come from a region in the kinematic space

where p
ř

I pIq2 “ 0, where I lists all the external legs that have momenta flowing through some

internal propagator. But we can easily see that there are multiple ways to reach this region. To

start off, let’s consider two incoming gluons that create a propagator with momentum pp1 ` p2q.

The expression pp1 ` p2q2 can go to 0, which creates a singularity in the propagator factor 1
pp21`p22q

,

in two distinct ways. The first of this is if p1 Ñ 0, which is called a soft singularity. In this limit,

the tree amplitude factorizes into a piece that carries the singularity, called the soft function, and a

n ´ 1 point non-singular part. For example if we have Atree
n r12 ¨ ¨ ¨ i ´ 1 i˘ i ` 1 ¨ ¨ ¨ns with pi Ñ 0,

the amplitude factorizes as

(1.38) Atree
n r12 ¨ ¨ ¨ i´ 1 i˘ i` 1 ¨ ¨ ¨nspiÑ0 Ñ S˘pi´ 1 i˘ i` 1q ˆAn´1r12 ¨ ¨ ¨ i´ 1 i` 1 ¨ ¨ ¨ns

where the soft functions are given as

(1.39) S´pi´ 1 i i` 1q “ ´
ri` 1 i´ 1s

ri` 1 isri i´ 1s

(1.40) S`pi´ 1 i i` 1q “ ´
xi` 1 i´ 1y

xi` 1 iyxi i´ 1y

Note that the entire singular piece is contained in S˘pi ´ 1 i i ` 1q. The other type of pole comes

from p1 ¨p2 “ 0 and it is called a collinear singularity. In this limit, the n´point amplitude factorizes

into a piece that carries the singularity, called splitting function, times the n ´ 1 point amplitude.

In particular, if propagator P has only pi`1 and pi flowing in, in the limit where pi ¨ pi`1 Ñ 0 one

can parametrize pi “ p1 ´ zqpP and pi`1 “ zpP . If i and i ` 1 are both positive helicity, then the

amplitude “splits" as follows

(1.41) Anr1´2´3` ¨ ¨ ¨ i` pi` 1q` ¨ ¨ ¨nspi¨pi`1Ñ0 Ñ
1

a

zp1 ´ zqxi i` 1y
An´1r1´2´ ¨ ¨ ¨P` ¨ ¨ ¨ns
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where i and i` 1 are substituted with P` and the splitting function is

(1.42) Split´pi` pi` 1q`q “
1

a

zp1 ´ zqxi i` 1y
.

The splitting function is different if the collinear particles carry different helicity, but the part that

is important to our discussion is that all splitting function configurations contain the singular part
1

xi i`1y
.

Both of the poles that we have considered above are examples of IR-singularities. In fact,

the Rutherford scattering divergence we encountered earlier is conceptually similar to the soft and

collinear divergences we see here. In the Coulomb interaction case (Rutherford experiment set-

up), the IR divergence came from the forward region t Ñ 0, and it was due to massless photon

exchange creating a long-range Coulomb force. Here in Yang-Mills, the soft/collinear divergences can

physically be interpreted as the Lagrangian allowing for gluons that are arbitrarily soft or collinear

with respect to one of the external legs to contribute to the process, even though a "detector"

wouldn’t be able to differentiate these modes. So in a sense, these IR divergences can be interpreted

as a degeneracy in the states. Now, we have to face one issue we had thus far brushed under the

table, which is the question of how we can define an S-matrix for gluons. If we can always get

arbitrarily soft/collinear modes with each gluon, we can’t really define an asymptotic gluon state

in the naive sense. So how do we talk about physical scattering in a meaningful way?

The Rutherford scattering we saw earlier can be described by QED in terms of a t´channel

massless photon exchange at tree-level. The t Ñ 0 divergence shows that QED is sensitive to

exchange of arbitrarily soft modes, as a consequence of the force carrier (photon) being massless.

The soft and virtual emission divergences we see in QED have their origin in the same IR-structure,

although they arise in a different context (one of which is loop-level). This does not prevent us

from computing observables, as we can get finite cross sections in QED by canceling the soft photon

emission IR singularity against virtual photon loop one, which is called the Bloch-Nordsieck (BN)

theorem [25]. However, the BN theorem fails for non-abelian theories, such as Yang-Mills. Luckily,

a more general statement that applies to any massless theory handles this case and it goes by the

name of the Kinoshita-Lee-Nauenberg theorem (KLN for short) [26,27]. KLN says that in order to

get IR-safe observables in gluon interactions we must sum over all degenerate states, both final and

initial. Thus, one deals with IR-safe observables, such as jets, when dealing with gluon interactions
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in the real world, such as those in the LHC. The non-abelian nature of gluon interactions gives rise

to yet another departure from the QED analogy, namely the issue of confinement. While this is not

relevant for the perturbative regime we are in, it is worth noting that the strong interaction forces

asymptotic QCD states to only exist in color singlets at low energies. These color-singlets are called

hadrons, and this is the reason why we observe hadrons but no quarks or gluons at low energies.

The only time we talk about non-perturbative physics in this thesis will be in the context of N “ 4

sYM, which does not confine, unlike Yang-Mills. Therefore, we can shelve this fact for now.

The physical subtleties are out of the way, so we can go back to the task at hand, which is figuring

out where the Parke-Taylor factor comes from. Here we should note that the IR-singularities we have

considered thus far came from propagators with only two external legs attached. What happens

if we have pp1 ` p2 ` p3q2 “ 0? This is where things get interesting, because in this region the

amplitude factorizes into two disconnected pieces. As we will see now, this allows us to write

powerful recursion relations, and among other things, prove the Parke-Taylor formula.

1.3.2 BCFW Recursion

As discussed above, the tree amplitude An is a function of external momenta. Say we introduce

m ď n complex valued 4´vectors rµi and shift our external momenta by them such that p̂µi “ pµi `zrµi

for some complex parameter z. Furthermore, let’s require that these vectors satisfy the following

conditions

(1.43)
m
ÿ

i“1

rµi “ 0

(1.44) ri ¨ rj “ 0

(1.45) pi ¨ ri “ 0

Since these shifting vectors satisfy momentum conservation among themselves, we still have momentum

conservation among all the external momenta, such that

(1.46)
n
ÿ

i“1

p̂µi “ 0
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where n is the number of external particles. And we still have p̂2i “ 0 for all i. Now let’s consider the

shifted tree amplitude Ânpzq, which is now a function of z as well as the external momenta. Since

An is only describing a tree-level process, it has no branch cuts, and thus its analytic structure

is completely captured by simple poles located on points in the z´plane such that some shifted

propagator goes on-shell. Now let’s consider the function Ânpzq

z in the z´plane. Since poles are

at discrete locations in the z´plane (determined by external momenta), we can choose a contour

around the origin such that it includes no poles other than

(1.47) Resz“0
Ânpzq

z
“ An

which is simply the unshifted amplitude. Then say we invert the contour such that it surrounds all

other poles instead. If the shifted amplitude vanishes at z Ñ 8, Cauchy’s theorem tells us

(1.48) Resz“0
Ânpzq

z
“ ´

ÿ

zI

Resz“zI

Ânpzq

z

which means

(1.49) An “ ´
ÿ

zI

Resz“zI

Ânpzq

z

Where zI goes over each pole of Âpzq in the z´plane. From the discussion above, these correspond

to regions in the kinematic space where some shifted propagator P̂ 2
I “ p

ř

iPI p̂iq
2 goes on-shell.

Since the amplitude factorizes into disjoint pieces on such poles, we now have a formula for the

n´point amplitude in terms of a sum over the products of lower point ones. Putting everything

together, this becomes

(1.50) An “
ÿ

zI

ÂLpzIq
1

P 2
I

ÂRpzIq

where ÂL{RpzIq is the left and right pieces of the factorized amplitude evaluated on the support of

z “ zI “ ´
P 2
I

2PI ¨RI
, PI is the propagator associated with the factorization channel I, and I indexes

over all possible factorization channels. This is essentially the idea behind on-shell recursion. But

we have to be cautious and note that this only works for “good shifts", meaning Âpzq Ñ 0 as z Ñ 8.

So one must be careful in how to choose the shift. To see how this works, let’s look at one of the

most famous shifts, which results in the Britto–Cachazo–Feng–Witten recursion relations (BCFW
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for short) [28,29]. To implement this BCFW shift, we will pick out two external legs, i and j and

select our rµi from these as well. In particular, let’s have

(1.51) |̂is “ |is ` z|js, |ĵs “ |js, |̂iy “ |iy, |ĵy “ |jy ´ z|iy

Furthermore, to ensure that Ânpzq Ñ 0 as z Ñ 8, we must choose i and j such that the helicity

configuration of ti, ju is any of t´,´u, t´,`u, t`,`u. So let’s go ahead and test this on our n´point

MHV amplitude, namely Atreen p1´2´3` . . . n`q, and choose i “ 1,j “ 2 such that

(1.52) |1̂s “ |1s ` z|2s, |2̂s “ |2s, |1̂y “ |1y, |2̂y “ |2y ´ z|1y

Then we have

(1.53)

Atreen p1´2´3` . . . n`q “

n
ÿ

k“4

ÿ

hI“˘

Ân´k`3r1̂´, P̂ hII , k` . . . , n`s
1

P 2
I

Âk´1r´P̂´hI
I , 2̂´, 3`, . . . , pk ´ 1q`s

where P̂I “ p̂2 ` p3 ` ¨ ¨ ¨ ` pk´1. If 1̂ and 2̂ are partitioned into the same sub-diagram, P̂I “ PI

and thus the residue vanishes. So the only valid factorization channels are ones with 1̂ and 2̂ on

opposite sides. Furthermore, all single minus helicity amplitudes vanish for n ą 3 and all plus

helicity amplitudes vanish for any n. Then we have

Anr1´2´3` . . . n`s “ L R
P̂I

` ´

1̂´

n`

2̂´

3`

n´1`

...
` L R

P̂I
´ `

1̂´

n`

4`

...

2̂´

3`

If we evaluate Â3r1̂´P̂`
I n

`s on the support of P̂ 2
1n “ 0, we find that the numerator vanishes and

thus the expression reduces to

Anr1´2´3` . . . n`s “ L R
P̂I

´ `

1̂´

n`

4`

...

2̂´

3`
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Evaluating this diagram gives

(1.54) Anr1´2´3` . . . n`s “
x1̂P̂23y4

x1̂P̂23yxP̂23 4yx45y ¨ ¨ ¨ xn1̂y
ˆ

1

x23yr23s
ˆ

r3P̂23s3

rP̂23 2̂sr2̂3̂s

with

x1̂P̂23yr3P̂23s “ ´x1̂P̂23yrP̂23 3s “ x1̂|P̂23|3s “ x1̂|pp̂2 ` p3q|3s

“ x1̂|p̂2|3s “ ´x1̂2̂yr2̂3s “ ´x12yr23s(1.55)

(1.56) xP̂23 4yrP̂23 2̂s “ x4|P̂23|2̂s “ x4|3|2s “ ´x43yr32s “ ´x34yr23s

Putting everything together, we get

(1.57) Atreen p1´2´3` . . . n`q “
x12y4

x12yx23yx34yx45y ¨ ¨ ¨ xn1y

which gives the Parke-Taylor formula as advertised! The same method can be used also for more

intricate helicity configurations, although in that case the final result isn’t as compact. The power

of on-shell recursion relations aren’t just limited to Yang-Mills. In fact, even Gravity amplitudes

can be computed by a smart choice of shifts. As fascinating as this discussion is in its own right, we

refer the interested reader to [30] and move onto the last ingredient we need before we move from

the tree-level story, which is Supersymmetric Yang-Mills theory.

1.4 N “ 4 Super Yang-Mills at Tree-Level

As mentioned in the beginning, N “ 4 sYM is one of the most well studied theories in high

energy theory. While much can be said about the subject and its many motivations, in this section,

our purpose is going to be just introducing what we need for later. For starters, let’s meet our

new fields. In the Yang-Mills example, we only had gluons but in N “ 4 sYM the requirement of

Supersymmetry means we need to have a richer particle content. In particular, we have a single

CPT self-conjugate supermultiplet that contains 16 massless states. These include a single `1

helicity gluon, 4 helicity `1
2 gluinos, 6 scalars, 4 helicity ´1

2 gluinos, and a single helicity ´1 gluon.

To see where these come from, we can follow the treatment of [31] and consider general massless

multiplets with helicity |λ| ď 1. Then starting with a Clifford vacuum with helicity λ “ ´1, one

can use the conjugate supercharge Q: as a helicity raising operator and build
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State Helicity number of states
|Ω´1y ´1 1
Q:|Ω´1y ´1

2 4
Q:Q:|Ω´1y 0 6
Q:Q:Q:|Ω´1y 1

2 4
Q:Q:Q:Q:|Ω´1y 1 1

It is worth taking a digression here to consider the field content we would get if our theory had

fewer supercharges. For example, let’s consider N “ 3. Starting again with |Ω´1y, we get

State Helicity Number of States
|Ω´1y ´1 1
Q:|Ω´1y ´1

2 3
Q:Q:|Ω´1y 0 3
Q:Q:Q:|Ω´1y 1

2 1

But then we would also have to add the CPT conjugate, built out of |Ω´ 1
2
y

State Helicity Number of States
|Ω´ 1

2
y ´1

2 1
Q:|Ω´ 1

2
y 0 3

Q:Q:|Ω´ 1
2
y 1

2 3
Q:Q:Q:|Ω´ 1

2
y 1 1

which gives the same field content as N “ 4. Thus, the N “ 3 and its CPT conjugate give

the N “ 4 multiplet, they are the same theory (at the on-shell level at least)! We can shelve this

discussion for now but it will be relevant for Chapter 3.

Before we talk about computing scattering amplitudes with the fields we have introduced, some

comments are in order. In addition to super-symmetry, N “ 4 sYM has conformal symmetry. This

means the theory has no intrinsic scale, and thus we can’t define asymptotic states to scatter in

the usual sense. Additionally, since our states are massless, we have to worry about IR-divergences.

Similar to the Yang-Mills case, sYM gluons are always degenerate with extra soft or collinear modes.

Thus, there are two ways in which people make sense of scattering in N “ 4 sYM. One can do

dimensional regularization and go to d “ 4 ´ 2ϵ dimensions to kill the IR-divergences. However,

this breaks the conformal symmetry. Another option is giving the scalars vevs in a way that

keeps supersymmetry. This is called going to the Coulomb Branch, which also breaks conformal
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symmetry but preserves something called dual conformal symmetry of the integrand, which we

discuss in Chapter 5. Now that this subtlety is out of the way, let’s move onto the amplitudes.

Supersymmetry is a symmetry that relates bosonic degrees of freedom to fermionic ones. Thus,

amplitudes with different external states in N “ 4 sYM are not independent. They are related

to each other through a long list of linear relationships, which are called Supersymmetric Ward

identities. Our usage of spinor helicity variables earlier was to hopefully convince the reader that it

is often useful to work with variables that make symmetries/constraints manifest. This lesson still

rings true here, and thus it is convenient to work with variables that make these SUSY ward identities

manifest. Thus, amplitudeologists usually work in what is called the On-shell superspace formalism.

This collects all 16 states into an on-shell chiral superfield Ω by introducing four Grassmann variables

ηA, where A is an SUp4q index for the R´symmetry that rotates the 4 sets of supersymmetry

generators QA, Q̃A in the theory. The on-shell superfield is then written as

(1.58) Ω “ g` ` ηAλ
A ´

1

2!
ηAηBS

AB ´
1

3!
ηAηBηCλ

ABC ` η1η2η3η4 g
´

where the fields that appear are

(1.59) g`

ljhn

1 gluon

, λA
ljhn

4 gluinos

, SAB
ljhn

6 scalars

, λABC
l jh n

4 gluinos

, g´

ljhn

1 gluon

.

Then when we talk about amplitudes in N “ 4 sYM, we refer to the scattering of the superfields Ωi,

and the amplitudes read AnpΩ1,Ω2, ¨ ¨ ¨ ,Ωnq and is a function of the Grassmann variables ηAi as well

as the momenta pi for each superfield Ωi. Furthermore, we can take derivatives in the Grassmann

variables ηAi to project out the particles we want from the total superamplitude. For example if we

wanted the scattering of two negative helicity gluons and n´ 2 positive helicity gluons, we could do

(1.60) Anp1´2´ . . . n`q “

˜

4
ź

A“1

B

Bη1A

¸˜

4
ź

B“1

B

Bη2B

¸

AnpΩ1, . . . ,Ωnq

ˇ

ˇ

ˇ

ˇ

ηkC“0

where the ηkC “ 0 at the end means all the leftover Grassmann variables are set to 0 after the

derivatives are taken. Same goes for other fields. This is because when expanded in Grassmann

variables AnpΩ1, ¨ ¨ ¨ ,Ωnq is a sum over polynomials in ηAi of degree 4pk ` 2q, where k indexes each
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helicity sector through NkMHV . More specifically, we can write

(1.61) An “ AMHV
n ` ANMHV

n ` AN2MHV
n ` ¨ ¨ ¨ ` AMHV

n

The supercharges are

(1.62) QA “

n
ÿ

i“1

ri|
B

BηiA
, Q:A “

n
ÿ

i“1

|iyηiA

and all the Ward identities can be condensed into

(1.63) QAAn “ 0, Q:AAn “ 0

Since the action of QA is multiplicative, amplitudes written in the on-shell superspace formalism

carry a delta function with appropriate factors of ηi to make SUSY ward identities manifest. For

example the n´point MHV amplitude in N “ 4 sYM, is written as

(1.64) AMHV
n p123 ¨ ¨ ¨nq “

δ4pP qδ8pη̃1|1y ` η̃2|2y ` ¨ ¨ ¨ ` η̃n|nyq

x12yx23yx34y ¨ ¨ ¨ xn´ 1nyxn1y

where δ8pη̃1|1y ` η̃2|2y ` ¨ ¨ ¨ ` η̃n|nyq is often written as δ8pQq and δ4pP q, δ8pQq together ensure

that all supersymmetry constraints are satisfied. Note that in writing η̃i we have suppressed the

SUp4q index A. This just means the SUp4q index is uncontracted and the dimension 8 in the delta

function is precisely due to this (2 spinor ˆ 4 R-symmetry “ 8). Finally, we must note that when

we attempt on-shell recursion on supersymmetric amplitudes one needs to also shift the Grassmann

parameters η̃i. In particular, the “super" version of the BCFW shift from before now reads

(1.65) |1̂s “ |1s ` z|2s, |2̂y “ |2y ´ z|1y, η̂1 “ η1 ` zη2

and one needs to perform a Grassmann integral
´
d4ηPI

for each factorization channel with propagator

momenta PI while performing the sub-amplitude products that appear in the recursion relations.

Physically, this arises from the need to sum over all modes that can be exchanged on the internal

line I. Whereas only on-shell gluons with helicity ˘ were available in pure Yang-Mills, now we have

16 states to worry about. As explained in [30], the Grassmann integral automatically takes care

of this. And indeed, one can get formulas for n´point NkMHV amplitudes in N “ 4 sYM using

BCFW recursion.
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On-shell methods for tree-level amplitudes is a long and interesting subject. This chapter is

meant to introduce the necessary ingredients for the formulas and notation that comes up over and

over in the work reviewed here, and as a result we have not deeply explored any of the topics we

have discussed thus far. The interested reader is encouraged to refer to some excellent reviews on

the subject, listed in [30,32]. Otherwise, we have met all the characters we are going to encounter

from the tree-side of the story. So let’s see what we need to know from the loop side of things.
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CHAPTER 2

Loops, On-Shell Diagrams, and Geometry

The on-shell recursion relations we have discussed in the previous section impose such powerful

constraints on tree amplitudes that we can in principle compute them for any n as long as the

amplitude has no poles at |z| Ñ 8. To set up the recursion relations, we have assumed that the

amplitude has no branch cuts, which is true in the case of tree amplitudes. However, the story

changes at loop-level, since we now have branch-cuts as well as other complications. Luckily, some

of the tools we have already discussed can help us here too. In particular, we will be leveraging the

unitarity of the S´matrix. Let’s take a step back and remember the definition of unitarity. If an

operator S, such as the scattering matrix, is unitary, it satisfies SS: “ 1. We can decompose the

scattering matrix S as S “ 1 ` iT , which means

(2.1) SS: “ p1 ` iT qp1 ´ iT :q “ 1 ` TT : ` ipT ´ T :q “ 1

Canceling the identity on both sides, we get the following expression

(2.2) ipT : ´ T q “ TT :

We can then sandwich both sides between the states xf | and |iy to translate the operator level

equation, which tend to be harder to interpret, into functional one. Namely

(2.3) ixf |T : ´ T |iy “
ÿ

j

j
ź

k

ˆ
d3ℓk

p2πq32Ek
xf |T :|jyxj|T |iy

where we inserted a complete set of states that equal the identity in the middle. As mentioned

above, loop amplitudes have branch cuts, meaning the amplitude now has non-zero discontinuity.

Thus, the discontinuity of the amplitude A across a branch cut is given by its imaginary part, i.e.

DiscpMq “ 2ImpMq. Then the statement above relates the discontinuity of the L loop amplitude
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to products of lower loop ones. Schematically, this is

(2.4) DiscpT q “ T :T

The operator T describes forward scattering, so we can write

(2.5) DiscpMpi Ñ fqq “

8
ÿ

j“2

ˆ
dΦjMpi Ñ jqM :pj Ñ fq

where dΦj is the phase space measure over j particle final states with total momentum equaling the

incoming momenta Pi. Then expanding Mpi Ñ fq perturbatively, we have

(2.6) DiscpM
p0q

if q “ 0

as tree amplitudes have no branch cuts. For higher loop, we start to get non-trivial results, such as

(2.7) DiscpM
p1q

if q “

ˆ
dΦ2M

p0q

i2 M
p0q:

2f .

This equation tells us that the discontinuity of a one loop amplitude can be written as a product

of tree amplitudes. In particular, the right hand-side corresponds to putting the internal loop

propagators ℓ, ℓ´ p1 ´ p2 on-shell such that ℓ2 “ pℓ´ p1 ´ p2q2 “ 0. Diagramatically, this looks like

the following.

p1

p2

p3

p4

ℓ

ℓ´ p1 ´ p2

M
p1q

4

ÝÑ M
p0q

L M
(0)
R

p1

p2

p3

p4

ℓ

ℓ´ p1 ´ p2

ř

states M
tree
L ˆM tree

R

This is called a 2-particle unitarity cut. At the integral level, performing this unitarity cut

amounts to replacing the propagators with a delta function that enforces the on-shell condition,

namely

(2.8)
ˆ
dDℓ

1

ℓ2pℓ´ p1 ´ p2q2
Ñ

ˆ
dDℓ δpℓq δpℓ´ p1 ´ p2q.
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The pattern continues at higher loop order, where we get

(2.9) DiscpM
p2q

if q “

ˆ
dΦ2pM

p1q

i2 M
p0q:

2f `M
p0q

i2 M
p1q:

2f q `

ˆ
dΦ3M

p0q

i3 M
p0q:

3f

Now there are two different types of terms that contribute to the 2-loop amplitude’s discontinuity.

First one is the product of a 1-loop amplitude and a tree, which comes from a 2-particle cut. The

second one is a product of two tree-level amplitudes that come from a 3-particle cut.

The punchline here is that the discontinuity of an L´loop amplitude can be written in terms

of lower loop results. But how does this help us construct the amplitude itself? If we had to work

non-perturbatively, we would use dispersion relations. Assuming the amplitude A is analytic in

the upper half plane, Kramers-Konig relations tell us that we can set up the following dispersion

relation

(2.10) Apsq “
1

2πi

ˆ
DiscpAps1qq

s1 ´ s
ds1

where the bounds go from where a branch cut begins to infinity. One caveat in addition to analyticity

is that for this to work Apsq has to be well behaved at s Ñ 8. However, this equation is not very

practical by itself if we want to apply it to the gauge theories we talked about in the previous

chapter. This is due to numerous issues, such as needing subtractions to determine pieces that

aren’t discontinuous on the chosen variable and regulating the IR divergences we talked about,

which come up stronger than ever at loop-level. Luckily, we can leverage the perturbative expansion

to get something more practical. Based on the idea that unitarity cuts impose constraints on loop

integrands, a powerful method was introduced in 1994 by Bern, Dixon, Dunbar, and Kosower [2,3]

to find loop amplitudes in gauge theory using their cuts and a suitable basis of integrals. The now

broadened set of tools based on this idea are known in the amplitudes field as modern unitarity

methods.

2.1 Unitarity Methods

Let’s think about the general structure of a loop diagram. For L loops, the kinematic part looks

like

(2.11) I “

ˆ L
ź

n

dDℓn
p2πqD

ź

j

1

qjpℓ, pq2 ` iϵ
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where n indexes over each loop, j goes over internal propagators, and qjpℓ, pq denotes the momentum

flowing through each propagator. Normally we would include a m2
j after this but here we are

interested in massless gauge theories, which we can afford to do without IR problems since we

are keeping the number of spacetime dimensions unfixed for now. Now when we compute the

full L-loop amplitude, we add all such topologically distinct diagrams together, weighed by the

appropriate symmetry factors. In the planar limit of N “ 4 sYM, where N Ñ 8, we are actually

able to combine all the integrands into one. So let’s set aside the problem of actually performing

the integral for a minute and first focus on constructing the integrand. We add everything together

and the result is a rational function that has all the propagators in the denominator. Then, the

numerator of the combined object is what we need to determine in order to construct the integrand.

As its name suggests, the unitarity method uses the unitarity constraints we discussed above to

fix this numerator. Let’s illustrate this with an example. Consider the 1-loop MHV amplitude

A
p1q

4 p1´2´3`4`q in planar N “ 4 Super-Yang Mills. In terms of the numerator we wish to construct,

it takes the form

(2.12) A
p1q

4 p1´2´3`4`q “ ´iAtree4

ˆ
d4´2ϵℓ

p2πq4´2ϵ

N

ℓ2pℓ´ p1q2pℓ´ p1 ´ p2q2pℓ` p4q2

To use the unitarity method, we also need a set of basis integrals. Of course for more complicated

cases we need to be smart about how to choose a basis. For now, the object at hand is simple

enough that we can consider everything. Namely, our basis consists of scalar bubbles, triangles, and

boxes, shown below.

p1

p2 p3

p4
ℓ

I4,boxpp1, p2, p3, p4q “

ˆ
dDℓ

p2πqD

1

ℓ2pℓ` p1q2pℓ` p1 ` p2q2pℓ´ p4q2
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p1

p2

p3

p4ℓ

I4,trianglepp1, p2, p3 ` p4q “

ˆ
dDℓ

p2πqD

1

ℓ2pℓ` p1q2pℓ` p1 ` p2q2

p2

p1

p3

p4ℓ

I4,bubblepp1 ` p2, p3 ` p4q “

ˆ
dDℓ

p2πqD

1

ℓ2pℓ` p1 ` p2q2

Then the procedure is as follows. Once we write Ap1q

4 p1´2´3`4`q “ c1Ibox ` c2Ibubble ` c3Itriangle,

all we have to do is compute the coefficients ci. And to do this, we can systematically impose the

unitarity cuts we have discussed above. Usually, we also have to include rational terms that are not

detectable by these cuts but these are absent in the case of N “ 4 sYM. We start by systematically

“cutting" internal propagators, which amount to putting them on-shell, such that 1
ℓ2

Ñ δpℓ2q. We

can start with the maximal cut, ℓ2 “ pℓ ` p1q2 “ pℓ ` p1 ` p2q2 “ pℓ ´ p4q2 “ 0. The triangle and

the bubble diagrams both vanish and we get

(2.13) cbox “
1

2

ÿ

ℓ˚

Atree, p1qAtree, p2qAtree, p3qAtree, p4q
ˇ

ˇ

ˇ

ℓ“ℓ˚
,

where ℓ˚ denote the solutions to the maximal cut condition and Apiq represent the 3´point amplitude

that corresponds to the i´th corner of the box. Evaluating the non-vanishing helicities, one finds

(2.14) cbox “ ´ i s tAtreep1´2´3`4`q

Imposing the triple and double cut to isolate the triangle and bubble part respectively, one gets

c2 “ c3 “ 0. Note that this is only true for N “ 4 sYM and that in pure Yang-Mills, we would get

a non-zero coefficient for the triangle. Putting everything together, we get

(2.15) A
p1q

4 p1´2´3`4`q “ ´i s tAtreep1´, 2´, 3`, 4`q Ibox
4 ps, tq
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Evaluating this in d “ 4 gives IR divergences, so doing d “ 4 ´ 2ϵ instead we get

(2.16) A
p1q

4 “ Atree

˜

Γ
p1q
cusp

ϵ2

«

ˆ

´s

µ2

˙´ϵ

`

ˆ

´t

µ2

˙´ϵ
ff

´

„

ln2
ˆ

´s

´t

˙

` π2
ȷ

¸

` Opϵq,

The quantity Γ
p1q
cusp is the cusp anomalous dimension at one-loop and the more general object

Γcusp “
ř

g2LΓ
pLq
cusp is going to play a key role in our discussion starting at chapter 5 onwards. But

for now, our purpose is just to briefly mention unitarity methods. While this example is quite simple

and doesn’t demonstrate the full power of unitarity methods, one of our key players for the next

chapter, namely on-shell diagrams, already shows up here. In the next section, we explain how.

2.2 On-Shell Diagrams and Positive Geometries

The story so far has involved building computational tools for the efficient computation of

scattering amplitudes, leveraging the assumed unitarity and locality of the underlying quantum field

theory. However, as we will see, there is more to the story than merely making computations efficient.

Scattering amplitudes have a rich mathematical structure, and some of this structure was only made

more visible with these new methods. This is an example of what has been dubbed a virtuous cycle

in the community [21], where modern methods for amplitude computations leads to the discovery

of new underlying structure, and this underlying structure in turn can be used to discover new

computational tools. The main body of this thesis is deeply connected to one such structure, called

the Positive Grassmannian. As a gentle entry point, consider the quadruple cut we have used

for the box in the previous section, which said to be a maximal cut (all propagators put on-shell).

p1 p2

p3p4

ℓ1

ℓ2

ℓ3

ℓ4

I4

ÝÑ

A1 A2

A3A4

ℓ21 “ 0

ℓ22 “ 0

ℓ23 “ 0

ℓ24 “ 0

p1 p2

p3p4

ÿ

states
Atree

1 pp1, ℓ1, ℓ2qAtree
2 pℓ2, p2, ℓ3qAtree

3 pℓ3, p3, ℓ4qAtree
4 pℓ4, p4, ℓ1q
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This is an example of an On-Shell diagram. In its most broad definition (from a physics point

of view at least), an on-shell diagram is a graph formed by gluing 3-point vertices together on a leg,

conserving momentum at each merged leg. In particular, the fundamental building blocks are the

following two objects

(2.17)

2

1

3

λ̃1 „ λ̃2 „ λ̃3,

2

1

3

λ1 „ λ2 „ λ3

and thus every theory that has 3-point interactions admits these on-shell diagrams. Then, one can

glue them as advertised

3

1

2

4

“

ˆ
d4rη1 . . . d

4
rη4

ˆ
d2λℓ1d

2
rλℓ1

GLp1q
. . .

d2λℓ2d
2
rλℓ2

GLp1q
A3pp1, p2,´P qA3pP, p3, p4q.

where P is fixed to be on-shell and P “ p1 ` p2. Let’s see how this generalizes when we glue a

larger number of vertices.

2.2.1 Building on-shell diagrams

On-shell diagrams are given by the product of three-point amplitudes, multiplied by a Jacobian

that stems from eliminating λ’s and η’s of internal on-shell legs in the momentum and super-

momentum conservation delta functions. The final result depends on external kinematic data and

possibly on free unfixed parameters.

Putting an internal edge on-shell gives one constraint equation, from which we can solve for

the internal momenta in terms of the external kinematic data. Denoting the difference between

the number of constraints and the internal degrees of freedom by nδ, we get three distinct cases.

nδ “ 0 where we can express all internal momenta in terms of external data, nδ ą 0 which places

additional conditions on the external data, and nδ ă 0 which leaves us with unsolved parameters

that the amplitude will depend on. The simplest example of nδ “ 0, is the four-point one-loop box
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diagram,

(2.18)

3

1

2

4

ℓ1

ℓ2

ℓ3

ℓ4

ℓ1 “
x23y

x13y
λ1rλ2,

ℓ2 “
x12y

x13y
λ3rλ2,

ℓ3 “
x14y

x13y
λ3rλ4,

ℓ4 “
x34y

x13y
λ1rλ4.

We can see that each vertex imposes collinearity conditions on λ or rλ. For example, the holomorphic

part of momentum ℓ2 is given by the λ3 spinor (from the upper right white vertex) and the anti-

holomorphic part is given by the rλ2 spinor (from the upper left black vertex). This itself solves for

3 of 4 on-shell conditions on internal on-shell propagators, ℓ21 “ ℓ22 “ ℓ23 “ 0. The constraint from

the final propagator ℓ24 “ 0 fixes the overall constant in ℓ2 to be x12y{x13y. In N“4 SYM theory

we do not need to specify helicities of internal and external legs. For Nă4 SYM theory we have to

specify them (or equivalently helicity flows denoted by arrows) to fully define an on-shell diagram.

Solutions for internal momenta are the same regardless of the number of supersymmetries or theory

(it can also be gravity on-shell diagrams or other). However, the actual on-shell function associated

with the on-shell diagram is sensitive to these details. In particular, the on-shell function in N“4

SYM for (2.18) is

Ω “

ˆ
d4rη1 . . . d

4
rη4

ˆ
d2λℓ1d

2
rλℓ1

GLp1q
. . .

d2λℓ4d
2
rλℓ4

GLp1q
(2.19)

ˆ

#

A3p1, ℓ1, ℓ4qA3p2, ℓ1, ℓ2qA3p3, ℓ2, ℓ3qA3p4, ℓ3, ℓ4q

+

“
δ4pP q δ8pQq

x12yx23yx34yx41y
.

All integrals are evaluated on the delta functions using

(2.20)
ˆ
dx fpxq δpx´ x0q “ fpx0q

(see [13] for more details). All poles in the on-shell function correspond to sending one of the

internal momenta of the diagram to zero as evident from (2.18). Taking the residue on this pole

erases an edge and the result corresponds to a new on-shell diagram. For example, sending x12y “ 0
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implies ℓ2 “ 0 and we get

(2.21)

3

1

2

4

“
δpx12yqδ4pP qδ8pQq

x23yx34yx41y
.

This diagram is an example of nδ ą 0 where the extra constraint on the external kinematics x12y “ 0

is evident from the delta function δpx12yq in the on-shell form (6.22). The condition on external

kinematics can be also seen directly in the diagram where legs 1, 2 meet in the same white vertex.

At the same time, legs 3, 4 meet in the same black vertex which imposes r34s “ 0 – which is indeed

a consequence of x12y “ 0 for four-point kinematics. The simplest example of an on-shell diagram

with nδ ă 0, is the four-point double-box diagram,

(2.22)

3

1

2

4

ℓ1 zλ̃3λ4

ℓ2 ℓ3

ℓ4

ℓ5 ℓ6

ℓ1 “
x23y ` zx24y

x13y ` zx14y
λ1rλ2,

ℓ2 “
x12y

x13y ` zx14y
pλ3rλ2,

ℓ3 “ pλ3rλ3,

ℓ4 “
x14y

x13y ` zx14y
pλ3
p

rλ4,

ℓ5 “
x34y

x13y ` zx14y
λ1
p

rλ4,

ℓ6 “ λ4
p

rλ4.

where prλ4 “ rλ4 `zrλ3 and pλ3 “ λ3 ´zλ4. This diagram can be thought as a heptacut of the two-loop

four-point amplitude in the N“4 SYM theory, with z being the last parameter in ℓ1, ℓ2 not localized

by on-shell conditions from the cut. Alternatively, we can also interpret the diagram as a BCFW

shift of the one-loop four-point amplitude (on legs 3, 4) with z being the BCFW shift parameter.

The on-shell function is given by

(2.23) Ω “

ˆ
dz δ4pP q δ8pQq

zx12ypx23y ` zx24yqx34yx41y
.

Each pole corresponds to erasing an edge in the diagram but not all edges are erasable (hence we

have five poles rather than seven). The residue on the pole z “ 0 corresponds the diagram (2.18)

already encountered. Now that we have some intuition for these objects on the physics side, let’s

dive a little deeper into the mathematical structure.

32



2.2.2 The Positive Grassmannian

The connection between on-shell diagrams and positive geometries is a very deep one and like

many other deep and beautiful subjects, we will only review the surface level story in this chapter.

We will closely follow the treatment of [13] here. The main goal of this section will be to set-up the

language and motivation we need to make sense of the works in chapters 3 and 4. Let’s start with

setting up some mathematical terminology.

Let’s say someone gives us a vector space V . The Grassmannian Gpk,V q is defined as the set of

k´dimensional subspaces of the vector space V . For our purposes, V is either Rn or Cn and we will

refer the Grassmannian in either case as Gpk, nq, where it is the space of k´planes passing through

the origin. We can define any k´plane by gathering k vectors that live in Cn such that they span

the plane. Finally, we can assemble these planes into a pk ˆ nq matrix, which we will call C. But

wait, any linear combination of these vectors will give us the same plane! So we can act with GLpkq

transformations on C and get the same plane, meaning we have some “gauge redundancy" that we

need to fix. To do so, we can choose any k columns of C to be the kˆ k identity matrix. This gives

us a coordinate chart for the Grassmannian Gpk, nq, and we can cover the entire Grassmannian by

repeating this procedure for every distinct set of k columns and taking the union. As an example,

a point in Gp2, 4q can be represented by

(2.24) C “

¨

˝

1 0 a b

0 1 c d

˛

‚

where pa, b, c, dq P C4 are affine coordinates on this chart. The k ˆ k minors of this matrix, which

live in Ppnkq´1, are called Plücker coordinates. Since any k´vector can be written in terms of k

linearly independent vectors, the minors of these matrices satisfy relations called Plücker relations

(2.25) pi1...ik´1j1qpj2...jk`1q ` ...` p´1qk´1pi1...ik´1jk`1qpj1...jkq “ 0

For example, the C matrix we have above gives the single Plücker relation

(2.26) p12qp34q ´ p13qp24q ` p14qp23q “ 0.
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These relations define an embedding Gpk, nq Ñ Ppnkq´1 called the Plücker embedding. As we shall

see in a moment, the Schouten relations we have talked about earlier are an example of these Plücker

relations.

For any k´plane, we can find a pn ´ kq´plane that is orthogonal, represented by CK and is

defined by

(2.27) CK ¨ C “ 0

This can be represented by a pn´ kq ˆn matrix and its minors are determined by the minors of C.

If we gauge fix C as

(2.28) C “ p1kˆk|cabq.

Then, CK can be written as

(2.29) CK “ p´cba|1pn´kqˆpn´kqq.

So far we have not introduced any restrictions on the signs of the minors. As we will see, doing so is

going to make the story much richer. The region in the Grassmannian where all Plücker coordinates

are non-negative is called the totally non-negative Grassmannian, and it is defined as follows

(2.30) G`pk, nq :“ tC P Gpk, nq : pIpCq ě 0 @I P

ˆ

rns

k

˙

u.

For a given C that lives in G`pk, nq, we can define a set called a Matroid (which is an abstract

generalization of linear independence) as

(2.31) M :“ tI P

ˆ

rns

k

˙

, pIpCq ‰ 0u

Matroids associated with non-negative Grassmannian are called Positroids. For a given positroid,

we can look at elements in G` such that the Plückers indexed by I P M are positive and those

associated with indices outside of M vanish, namely

(2.32) SM :“ tC P G`pk, nq : pIpCq ą 0 for I P M, pIpCq “ 0 for I R Mu
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This is called a positroid cell and collection of such cells gives a matroid stratification of the non-

negative part of the Grassmannian. We refer to the top-dimensional positroid cell as the top-

cell. This object has, for all its ordered minors, pIpCq ą 0. So the non-negativity condition we

had before is replaced with strict positivity. Thus, this object covers what is called the positive

Grassmannian. Unfortunately, G`pk, nq is used to denote both the positive Grassmannian and

the non-negative Grassmannian in physics literature. We will do the same here, but hopefully

the distinction will be clear from context. Starting with the top-cell, codimension-1 boundaries

are reached by setting single Plückers to 0. Then we can reach any cell that lives in the positive

stratification of the top-cell by iteratively setting Plücker variables to 0.

By this point, it might feel like we got a little far from Physics. Before we get back to it, we

need to introduce one more technology for which the preceding discussion has hopefully laid an

adequate groundwork for, and this is the canonical form. Given a top-cell C that parametrizes a

region of the G`pk, nq, we can define a differential form called the Canonical Form on the positive

Grassmannian as

(2.33) ΩpCq “
dkˆnC

volpGLpkqq

1

p1 ¨ ¨ ¨ kq ¨ ¨ ¨ pn ¨ ¨ ¨ k ´ 1q

If elements of C are parametrized by positive variables αi ą 0 for i “ 1, ..., kpn ´ kq, then the

canonical form becomes

(2.34) ΩpCq “

npn´kq
ľ

i“1

d logαi

Okay, now we have introduced sufficient technology to see how all this relates to on-shell diagrams.

2.2.3 Grassmannian Formula for On-Shell Functions

Let’s go back to our spinor-helicity variables. For an n-particle process, the set of spinors

λ “ pλ1, λ2, ¨ ¨ ¨ , λnq can be described by a p2 ˆ nq matrix

(2.35) λ “

¨

˚

˝

λ11 λ12 ¨ ¨ ¨ λ1n

λ21 λ22 ¨ ¨ ¨ λ2n

˛

‹

‚

Now if we take each row of this separately, we can view this as two n´dimensional vectors.

Furthermore, they represent a 2´plane in n´dimensions, and Lorentz transformations that act on
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the spinors leave this plane invariant. Same goes for the λ̃ spinors. We can already see hints of

a connection to the Grassmannians we have introduced in the previous section. But wait, there is

more! Recall that the momentum conservation equation is

(2.36)
ÿ

i

λαi λ̃
9α
i “ 0

Geometrically, this is just the statement that the 2´plane λ is orthogonal to the 2´plane λ̃.

Splendid, now let’s go back to our on-shell diagrams.

Recall that on-shell diagrams are made out of 3-point building blocks. These are the two

(complex momenta) solutions to the equations p1 ` p2 ` p3 “ 0 and p21 “ p22 “ p23 “ 0, represented

by black and white vertices.

(2.37)

2

1

3

“
δpP qδpQq

x12yx23yx31y
,

2

1

3

“
δpP qδpQ̃q

r12sr23sr31s

Let’s start with the white vertex, which will be easily generalizable to black vertices. A white

vertex has λ1 „ λ2 „ λ3. Now let’s try to express this in terms of the orthogonal planes we

introduced earlier. But wait a minute, 2´dimensional planes can’t be orthogonal in 3 dimensions.

So one of the λ, λ̃ planes has to be a 1´plane. Let’s choose this to be the λ plane. Since momentum

conservation requires

(2.38) λ1λ̃1 ` λ2λ̃2 ` λ3λ̃3 “ 0

λ can be written as

(2.39) λ “

¨

˝

r23s r31s r12s

0 0 0

˛

‚

Since λ1 „ λ2 „ λ3, all other solutions live in the same plane spanned by these 3 vectors. Okay, so

let’s get back to our white-vertex, which has the on-shell function

(2.40)

1

2 3

=
δ4(P )δ4(Q̃)

[12][23][31]
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We can re-write the momentum conservation in terms of an auxiliary 1´plane C P G`p1, 3q such

that C is orthogonal to λ̃ and contains λ. Since the Grassmann parameters η̃I in the supercharge

conserving delta function have λ1i as its coefficients, we can write δpr23sη̃1 ` r31sη̃2 ` r12sη̃3q “

δ1ˆ4pC ¨ η̃q. Then the on-shell function can be written as

(2.41) Ap1q

3 “

ˆ
d1ˆ3C

volpGLp1qq

δ1ˆ4pC ¨ rηq

p1qp2qp3q
δ1ˆ2pC ¨ rλq δ2ˆ2pλ ¨ CKq.

To recover the previous expression from this, we can fix the entries of C using C ¨ λ̃ “ 0 and

solve δpλ ¨ CKqδpC ¨ η̃q on the support of this solution to obtain the momentum conservation delta

functions. We can do the same for the black vertex solution, which has λ̃1 „ λ̃2 „ λ̃3 and is given

by

(2.42)

2

1

3

“
δpP qδpQq

x12yx23yx31y

Now we have an auxiliary 2´plane C P Gp2, 3q and write

(2.43) Ap2q

3 “

ˆ
d2ˆ3C

volpGLp2qq

δ2ˆ4pC ¨ rηq

p12qp23qp31q
δ2ˆ2pC ¨ rλq δ2ˆ1pλ ¨ CKq,

This formula generalizes to any on-shell function we can as an amalgamation of such black and white

vertices. In particular, each on-shell diagram gives a parametrization of a cell in the Grassmannian.

Furthermore, in planar N “ 4 sYM, the corresponding on-shell function f pkq can be written as a

residue of the top-form, namely

(2.44) f pkq “

˛
dkˆnC

volpGLpkqq

δkˆ4pC ¨ rηq

p1 ¨ ¨ ¨ kq ¨ ¨ ¨ pn ¨ ¨ ¨ k´1q
δkˆ2pC ¨ rλq δ2ˆpn´kqpλ ¨ CKq

where the parametrization of C is given by the on-shell diagram in question. Let’s now see in detail

how this n´point generalization works.

Using a C matrix that lives in Gpk, nq, we can re-write the n´point momentum conservation

equation, namely δ4pλ1λ̃1 ` ¨ ¨ ¨ ` λnλ̃nq, as follows:

δpC ¨ Zq “ δppn´kqˆ2qpCK ¨ λqδpkˆ2qpC ¨ rλqδpkˆN qpC ¨ rηq,(2.45)
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where CK is an orthogonal complement to C satisfying CK ¨ C “ 0. We can think about this

geometrically in the n-dimensional “particle space" [8]. In this space λ and rλ are 2-planes which are

orthogonal to each other. We define a k-dimensional plane C which contains λ and is orthogonal

to rλ,

(2.46)

λ2-plane

λ̃2-plane

C
.

The C matrix is then used to linearize the momentum conservation but conditions (2.45) are in

fact stronger, C ¨ rλ “ CK ¨ λ “ 0 impose 2n conditions on the parameters of C. This reproduces

four conditions from the momentum conservation and leaves us with additional 2n´4 additional

conditions. Depending on the exact dimensionality of the C-matrix, we can be left with some free

parameters in C (matrix is not completely fixed) or oppositely in order to satisfy (2.45) we need

to impose additional conditions on external kinematics. Note that the last delta function in (2.45)

involves fermionic variables rη and it does not impose any conditions on C – we should just think

about it as a polynomial in rη.

Each on-shell diagram provides a particular parametrization of the C-matrix using edge variables

αi, or face variables fi. For planar diagrams, if the variables are real and take definite signs, all the

main pk ˆ kq minors are positive, and the C matrix represents a cell in the positive Grassmannian

G`pk, nq, as advertised. The connection between cells in positive Grassmannian and plabic graphs

(name used for on-shell diagrams in the math literature) was found by Alexander Postnikov in [33],

and later the connection to physics and scattering amplitudes was discovered in [13]. Here, we just

shortly review the key ingredients.

For a given on-shell diagram, we choose an orientation by assigning arrows to all edges such

that each black vertex has two incoming and one outgoing leg, while each white vertex has one

incoming and two outgoing edges. Then we assign edge variables to all edges, fixing in each vertex

one variable to one. It does not matter how we exactly choose the position of edge variables (fixing

the GL(1) redundancy) but in each vertex there should be at least one edge with an edge variable.
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The diagram has k sources, external legs with incoming arrows, and n´k sinks, external legs with

outgoing arrows. Then the element of the pk ˆ nq matrix is given by the following prescription:

Cαa “
ÿ

ΓαÑa

ź

j

αj .(2.47)

For each path from a source α to a sink a we take a product of all edge variables along the path

and sum over all paths. The element Cαα “ 1 while Cαα1 “ 0 for the path between two different

sources. For a simple, one-loop four-point box diagram we have

(2.48)

3

1

2

4

α1

α2

α3

α4

ñ C “

¨

˝

1 α1 0 α4

0 α2 1 α3

˛

‚, CK “

¨

˝

´α1 1 ´α2 0

´α4 0 ´α3 1

˛

‚.

Fixing the signs of edge variables to be

α1 ą 0 , α2 ą 0 , α3 ą 0 , α4 ă 0 ,(2.49)

guarantees that all p2 ˆ 2q minors are positive and the C-matrix represents a top cell of G`p2, 4q.

The on-shell function associated with the same on-shell diagram in N “ 4 SYM theory is given by

(2.50) Ω “

ˆ
ź

i

dαi
αi

δpC¨Zq,

where we are instructed to solve for the αi variables from the delta functions which fix them as

functions of external kinematics. For our example, the delta-function constraint on CK gives the

following equations

(2.51) δ4pCK¨λq “ δ2p´α1λ1 ` λ2 ´ α3λ3qδ2p´α4λ1 ´ α2λ3 ` λ4q,

which after contracting with λ1 and λ3 turns into 4 equations
ś4
i δpEiq, that can then be rewritten

as

(2.52) Jδ ˆ x13y2 ˆ δ

ˆ

α2 ´
x12y

x13y

˙

δ

ˆ

α1 ´
x23y

x13y

˙

δ

ˆ

α3 ´
x14y

x13y

˙

δ

ˆ

α4 ´
x43y

x13y

˙

.
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Here Jδ ”

ˇ

ˇ

ˇ

BEi
Bαj

ˇ

ˇ

ˇ

´1
“ 1

x13y4
is the Jacobian that stems from solving the four δ-function equations,

and the factor x13y2 stems from the contraction with λ1 and λ3. Plugging the solutions for the

edge-variables into the other δ-function, one finds:

(2.53)
δ4pC ¨ rλq “ δ2

ˆ

rλ1 `
x23y

x13y
rλ2 `

x43y

x13y
rλ4

˙

δ2
ˆ

x12y

x13y
rλ2 ` rλ3 `

x14y

x13y
rλ4

˙

“ x13y4 δ2
´

x13yrλ1 ` x23yrλ2 ` x43yrλ4

¯

δ2
´

x12yrλ2 ` x13yrλ3 ` x14yrλ4

¯

.

The two equations can be obtained from a single momentum conservation equation by contracting

with λ3 and λ1 respectively, i.e. we have,

(2.54) δ4pC ¨ rλq “ x13y2δ4pλ1rλ1 ` λ2rλ2 ` λ3rλ3 ` λ4rλ4q ” x13y2 δ4pP q.

For the last delta-function we get the same thing except for replacing rλi Ñ rηi,

(2.55) δ8pC ¨ rηq “
1

x13y4
δ8pλ1rη1 ` λ2rη2 ` λ3rη3 ` λ4rη4q ”

1

x13y4
δ8pQq.

We are now in a position to calculate the on-shell function Ω,

Ω “

ˆ
dα1 . . . dα4 δ

8pQqδ4pP q

α1α2α3α4x13y4
δ

ˆ

α2 ´
x12y

x13y

˙

δ

ˆ

α1 ´
x23y

x13y

˙

δ

ˆ

α3 ´
x14y

x13y

˙

δ

ˆ

α4 ´
x43y

x13y

˙

“
δ8pQq δ4pP q

x12yx23yx34yx41y
,(2.56)

which reproduces the on-shell function (2.19) from the previous subsection. The only poles in the

on-shell function Ω come from the edge variables being sent to αi “ 0 or αi “ 8, which removes

an edge and imposes conditions on external kinematics, in complete agreement with our earlier

discussion. Note that flipping the orientation of an edge variable also flips α Ø 1{α and thus flips

the pole at 0 and 8. Let us now consider another on-shell diagram,

(2.57)

3

1

2

4

α1 α5

α2

α4

α3 C “

¨

˝

1 α1`α2α3 α3 0

0 α2α3α4 α5`α3α4 1

˛

‚.
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The edge variables αi’s are given by,

(2.58) α1 “
x23y´α5x24y

x13y´α5x14y
, α2 “

x12y

x13y´α5x14y
, α3 “

x34y

x14y
, α4 “

x13y´α5x14y

x34y
.

The Jacobian from solving the δ-functions is J “ 1
px13y´α5x14yqx34y

. From (2.50) we get

(2.59) Ω “

ˆ
dα5 δ

4pP qδ8pQq

α5x12ypx23y ´ α5x24yqx34yx14y
,

which we recognize as (2.23) with α5 Ñ ´z. In some cases the perfect orientation can involve an

infinite loop. For example, if we choose the external arrows of the box diagram in the following

way:

(2.60)

3

1

2

4

α1

α2

α3

α4

C “

¨

˝

α2α3α4δ 1 α2δ 0

α4δ 0 α1α2α3δ 1

˛

‚.

The δ that appears here corresponds to a geometric series coming from an infinite loop,

(2.61) δ “

8
ÿ

j“0

pα1α2α3α4qj “
1

1 ´ α1α2α3α4
.

Solving for edge variables we get

(2.62) α1 “
x23y

x13y
, α2 “

x13y

x12y
, α3 “

x41y

x13y
, α4 “

x13y

x34y
and also δ “

x12yx34y

x13yx24y

and plugging in (2.50) we get the same formula as in (2.56). Note that in all these cases we

considered on-shell diagrams in N “ 4 SYM theory which do not depend on the assignment of

helicities. Hence, the formulas for diagrams (2.48) and (2.60) gave the same on-shell functions. For

N ă 4, this is not the case and the helicity assignments are important.

2.3 On-shell diagrams for Nă4 SYM theory

If the theory has less than the maximal supersymmetry, we do need to assign both external and

internal helicities to fully specify an on-shell diagram. The same on-shell diagrams with different

helicity assignments correspond to the same kinematics (solutions for momenta, edge variables etc)

41



but they are given by different on-shell functions. The on-shell function for the Nă4 SYM on-shell

diagram [13] is

(2.63) Ω “

ˆ
dα1

α1

dα2

α2
¨ ¨ ¨

dαm
αm

JN´4 δpC ¨ Zq,

where the Jacobian J is given by

(2.64)
J “ 1 `

ÿ

i

fi `
ÿ

disjoint
pairs i,j

fifj `
ÿ

disjoint
pairs i,j,k

fifjfk ` ¨ ¨ ¨ ,

with fi denoting the face of a closed cycle, and the sums are over disjoint collections of these closed

cycles. We mostly work with edge-variables, and each face fi can be defined as a clockwise-oriented

product of edge-variables. Let us compare the results for two different orientations of the one-loop

box diagram. For the diagram with no internal loop (2.48) we have J “ 1 and

(2.65) Ω “
x13y4´N δ4pP q δ2N pQq

x12yx23yx34yx41y
.

Note that this result is identical up to a trivial helicity factor, δ8pQq Ñ x13y4´N δ2N pQq, to the

N “ 4 on-shell function (2.56). The second diagram (2.60) has an internal loop and the Jacobian

reads

(2.66) J “ 1 ´ α1α2α3α4 “
x13yx24y

x12yx34y
.

The on-shell function is then given by

(2.67) Ω “
x24y4´N δ4pP qδ2N pQq

x12yx23yx34yx41y
ˆ

ˆ

x12yx34y

x13yx24y

˙4´N
“

px12yx34yq4´N δ4pP qδ2N pQq

x12yx23yx34yx41yx13y4´N .

Note that the on-shell function (2.67) has a new pole for Nă4 located at x13y “ 0. Looking back

to (2.18) this sends ℓ1 Ñ 8, hence we refer to it as a pole at infinity or a UV pole. This pole is

substantially different from all other poles which correspond to erasing edges in the on-shell diagram

– these poles correspond to sending the associated loop momenta to zero, we will refer to them as

IR poles. The presence of the Jacobian in (2.63) dramatically changes the pole structure of the

on-shell function Ω. We will often divide the form into the bare function Ωbare and the appropriate

power of the Jacobian,

(2.68) Ω “ Ωbare ˆ JN´4.
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The IR poles come from Ωbare while the UV poles always come from the Jacobian part. The role

of UV poles is the main topic of the next chapter and we will elaborate on it much in 3. Before

diving into this discussion, it is worth noting one important point. For N“4 SYM theory each

on-shell diagram directly corresponds to a cut of the loop integrand. For Nă4 SYM this is a

collection of on-shell diagrams in general: with fixed helicities of external legs we have to sum over

all possible orientations of internal legs. For the one-loop example, if legs 1, 3 are incoming there is

one orientation and a quadruple cut of the one-loop four-point N ă 4 SYM integrand is given by a

single diagram,

(2.69)

3−

1−

2+

4+

ℓ1

ℓ2

ℓ3

ℓ4

“

3

1

2

4

α1

α2

α3

α4

.

For legs 2, 4 incoming there are two possible internal orientations,

(2.70)

3+

1+

2−

4−

ℓ1

ℓ2

ℓ3

ℓ4

“

3

1

2

4

α1

α2

α3

α4

`

3

1

2

4

α1

α2

α3

α4

.

This is exactly the case of on-shell diagrams with internal loops as we always have two different

orientations (clockwise and anti-clockwise). While in a cut they only appear in the sum, we can

still treat these on-shell diagrams as independent well-defined objects and study their individual

properties.

This should give us all the technology we need to deal with the on-shell diagrams we are going

to encounter in chapter 3.

2.4 Outlook

We have seen that planar N “ 4 sYM on-shell diagrams give a parametrization of a cell in the

positive Grassmanniann and we can calculate the corresponding on-shell function as a canonical form

on this positroid cell. Furthermore, we can start off with the form associated with the top cell and

go to the cell’s boundaries, which correspond to taking residues of the form’s poles. These poles
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correspond to certain physical singularities of the theory, namely physical factorization channels

and soft/collinear limits. When we go to a cell’s boundary, it corresponds to erasing an edge of

the on-shell diagram and the resulting diagram is associated with the cell we reach by going to this

co-dimension 1 boundary.

While this is a very nice story, there are some significant open questions that remain. As

mentioned before, we can write on-shell diagrams for any theory that has 3´point interactions.

However, these deep connections between the positive Grassmannian, on-shell diagrams, and scattering

amplitudes have only been worked out completely for planar N “ 4 sYM so far. The story becomes

much more complicated when we lose two of the assumptions that we have made: no UV poles,

which is the subject of the next chapter, and planarity, which is the subject of the one after.

Unlike the IR where unitarity tells us that the amplitude must factorize, we don’t have an

analogous statement about the UV. These only show up in the Grassmanniann integral description

through an extra Jacobian factor we add and thus don’t have an interpretation as any cell’s

boundary. Thus, we don’t have a good understanding of these regions from neither the physics

nor the math side. Yet these regions of the kinematic space have physical significance. For example,

they are relevant if one wants to study on-shell diagrams in the context of Gravity [34,35]. The

work we review in chapter 3 is a modest step we took in exploring this problem, which is based on

the following work.

‚ Taro V. Brown, Umut Oktem, Jaroslav Trnka, Poles at Infinity in On-Shell Diagrams,

Journal of High Energy Physics 02, 2023.

As alluded to in the discussion regarding supersymmetry earlier, N “ 4 sYM can be written in

terms of building blocks that manifest N “ 3, where the spectrum is divided into CPT conjugate

sectors such that both halves combine to give a CPT invariant multiplet. In on-shell diagram

language, this means each maximal cut gives an on-shell diagram that comes with a CPT conjugate

and one must add these to get the full cut. So just like with the amplitudes, N “ 3 is just another

way of talking about N “ 4 sYM. However, each on-shell diagram preserves N “ 3 supersymmetry

individually. Thus, each contributing N “ 3 diagram has a UV pole, which cancels out when we

sum over diagrams on a cut.

For example, in the case of the amplitude A4p1`2´3`4´q (legs 2, 4 incoming) in N“3, each

on-shell diagram has a single pole at infinity, located at x13y “ 0 while the cut does not have this
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pole. Plugging (2.63) for N “ 3 we get,

CutA4p1`2´3`4´q “
x12yx23y δ4pP qδ6pQq

x12yx23yx34yx41yx13y
`

x23yx14y δ4pP qδ6pQq

x12yx23yx34yx41yx13y
“

x24y δ4pP qδ6pQq

x12yx23yx34yx41y
.

This is a general property: cuts of N“3 amplitudes are identical to their N“4 SYM counterparts

(up to trivial helicity factors) while N“3 on-shell diagrams are individually different and have poles

at infinity. On a N“3 cut we sum over contributing on-shell diagrams and any pole at infinity has

to cancel. While these poles are spurious, they give an excellent playground for us to study UV

poles. This will be the starting point of the work we review in the next chapter.

Another aspect that muddies the story is the loss of planarity, which is relevant both for gravity

and N “ 4 sYM without the planar limit. On the math side, the minors we write our on-shell

functions in terms of no longer come from the positive part of the Grassmannian Gpk, nq. On the

physics side, loop integrand reconstruction from cuts is harder in non-planar sYM, as we don’t

have global loop momentum variables anymore. In addition, leading singularities don’t determine

the integrand like they do in the planar case, as we no longer enjoy dual conformal symmetry to

constrain the ansatz. This makes the non-planar extension of the story we outlined thus far a well

motivated problem to study. This will be the subject of chapter 4, which is based on the following

paper

‚ Artyom Lisitsyn, Umut Oktem, Melissa Sherman-Bennett, Jaroslav Trnka, Grassmannian

Geometries for Non-Planar On-Shell Diagrams, e-Print: 2512.25005 [hep-th].
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CHAPTER 3

Poles at Infinity in On-Shell Diagrams

3.1 Introduction

Let’s recap what we have learned so far. Modern on-shell methods for scattering amplitudes are

based on a simple idea of building amplitudes from on-shell gauge invariant objects (see [21,30,36,

37,38,39] for recent reviews). At tree-level, this idea is materialized in the form of on-shell recursion

relations where the n-point tree-level amplitude is built recursively from the lower point (on-shell)

amplitudes. The primary example is the Britto-Cachazo-Feng-Witten (BCFW) recursion relations

[28, 29] where we shift external momenta of two external legs. There are also generalizations to

multi-line shifts [40,41,42], as well as theories with special soft limits [43,44,45,46]. At loop level,

unitarity methods allow us to write the amplitude as a linear combination of basis integrals with

gauge-invariant on-shell prefactors [2,3,4,47,48,49,50,51,52,53]. These prefactors are calculated

using cuts of the loop integrand, where we set propagators to be on-shell and the loop integrand

factorizes into simpler objects. The basic cut is the unitarity cut where two propagators from one

loop are set to zero. This procedure can be iterated further and when the maximal number of

propagators are cut, we talk about maximal cuts.

(3.1)

ℓ1

ℓ2

, ℓ1

ℓ2

ℓ3

ℓ4

.

In these diagrams both internal and external lines are on-shell, and the result is given by the

product of tree-level amplitudes in the corners. In theories with fundamental 3-point amplitudes

we can proceed further and express tree-level amplitudes in the corners using BCFW recursion

relations. In the end, we get on-shell diagrams [13,34,54,55,56,57,58,59,60,61,62,63,64,65]

which are on-shell gauge invariant objects. Each diagram is defined as a product of on-shell 3-point
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amplitudes (all lines, external and internal, are on-shell) integrated over momenta and Grassmann

variables of internal legs,

(3.2)

1

2

3

4

5 “
ź

k

ˆ
dN rηk

ˆ
d2λk d

2
rλk

GLp1q

˜

ź

j

A
pjq

3

¸

where N is the number of supersymmetries. On-shell diagrams play multiple roles, such as giving

us the kinematical solutions for cuts of loop integrands and reproducing the associated on-shell

functions on these cuts, but a subset of them also play a role as building blocks in the recursion

relations for tree-level amplitudes or loop integrands. For example, the same diagram represents a

maximal cut of 3-loop 6-point MHV amplitude or a term in the BCFW construction of the 6-point

MHV tree-level amplitude,

(3.3)

3

1

2

4

6

5.

In N“4 SYM theory this diagram evaluates to the Parke-Taylor factor,

(3.4) Ω “
δ4pλ¨rλq δ4pλ¨rηq

x12yx23yx34yx45yx56yx61y
.

Earlier, we saw that on-shell diagrams are fascinating objects and are tightly connected to the

geometric formulations for on-shell scattering amplitudes using the positive Grassmannian and the

Amplituhedron [14, 15, 16, 17, 18, 66, 67], which have been successfully used to obtain various

explicit results including certain all-loop order quantities [56,68,69,70,71,72,73,74,75,76,77,78,

79,80,81]. In particular, each planar diagram, known in the math literature as a plabic graph [33],

is associated with a specific cell in the positive Grassmannian G`pk, nq represented by the matrix

C. The matrix C is parametrized by the variables αi which are associated with edges (or faces) of
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the graph. In physics, the on-shell function in N“4 SYM theory is reproduced by a canonical dlog

form [13] in all αi and delta functions which solve for αi in terms of kinematical variables,

(3.5) Ω “

ˆ
dα1

α1

dα2

α2
. . .

dαm
αm

δpC¨rλq δpCK¨λq δpC¨rηq.

The kinematical poles in the on-shell function are related to the poles in the edge variables. One

particular parametrization of the on-shell diagram (3.3) is

(3.6)

3

1

2

4

6

α1

α2
α3

α4

α5

α6

α7

α8

5,

α1 “
x23y

x13y
, α2 “

x12y

x13y
,

α3 “
x46y

x36y
, α4 “

x34y

x36y
,

α5 “
x36y

x13y
, α6 “

x16y

x36y
,

α7 “
x56y

x46y
, α8 “

x45y

x46y
.

and the formula (3.5) reproduces (3.4). The kinematical poles in Ω correspond to poles in edge

variables αj . In fact, taking a residue on the pole αj“0 erases a corresponding edge and produces

a lower-loop on-shell diagram. Its on-shell function is equal to the residue of the original on-shell

diagram on the kinematical pole. For example, in the diagram (3.6) the condition α7“0 sets the

momentum flow in a corresponding edge to zero and forces x56y “ 0. The result is a lower-loop

on-shell diagram where external legs 5, 6 are attached to the same white vertex.

(3.7)

3

1

2

4

6

α1

α2
α3

α4

α5

α6

α7

α8

5 ÝÝÝÑ
α7“0

3

1

2

4

6

α1

α2
α3

α4

α5

α6
5
.

All poles in the on-shell function for N“4 SYM are located deep in the IR region where the internal

momenta are set to zero. For Nă4 there is an additional Jacobian factor in the Grassmannian form

(3.5) which introduces new types of poles other than αj“0 [13]. These poles are in the UV where

the loop momenta go to infinity. Nothing is known about these poles, i.e. what the precise locations

in the loop momentum space are (other than being at infinity), what type of kinematical conditions
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they impose on external momenta, and what the residues of on-shell diagrams on these poles are.

Obviously, these poles also naturally arise when calculating the on-shell diagrams from the definition

(3.2) but the Grassmannian picture nicely divides the well-understood IR poles (located at αj“0)

from these new UV poles, which we also refer to as poles at infinity.

The nature of these UV poles is a very important conceptual question, and we address it in

the context of on-shell diagrams which properties are inherited from the properties of scattering

amplitudes. In fact, the behavior on the IR poles, such as erasing edges in on-shell diagrams, taking

residues on αj“0 etc., is just a consequence of perturbative unitarity for scattering amplitudes.

However, the unitarity of the S-matrix does not predict what exactly happens with amplitudes

(tree-level amplitudes and loop integrands) on UV poles when the loop momenta go to infinity

(either external momenta or loop momenta) in a certain direction. The behavior on UV poles might

be also tied to symmetries or special properties, for example the complete absence of any poles at

infinity in planar N“4 SYM is a consequence of the dual conformal symmetry [82,83]. The same

property has been also conjectured to hold for the non-planar sector of the same theory [84,85,86,

87,88,89,90,91], pointing to a possibility of a hidden symmetry in the full theory. The surprising

behavior at infinity has also been observed in gravitational theories. This includes the improved

1{z2 scaling under BCFW shift [92,93,94], enhanced cancelations on certain cuts [34,35,89,95] or

observed enhanced UV cancelations in higher loop amplitudes [35,95,96,97,98]. This is also likely

related to surprisingly simple formulas for tree-level amplitudes [99,100,101,102,103,104,105,106]

or other special properties of gravity such as color-kinematics duality [107,108,109].

This naturally raises a question of a uniform framework to analyze amplitudes at infinite

momenta, and search for implications of the unitarity at infinity for the perturbative S-matrix.

In this work, we will make a modest step in this direction, and give a partial answer to this question

in the context of planar on-shell diagrams in Yang-Mills theory. We will show where the poles

at infinity are located in the kinematical space and what the kinematical constraints we have to

impose to approach them are. The residue at infinity is then a diagrammatic operation on an on-

shell diagram which we call a non-planar twist. The residue on this pole of a planar diagram is a

lower-loop non-planar diagram. For Nă3 SYM we have multiple poles and the residue corresponds

to a derivative operator acting on the lower-loop twisted on-shell diagram.
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The chapter is organized as follows: In section 2, we study the poles at infinity in one-loop on-

shell diagrams for N“3 and show that the imposed kinematical condition produces a simple tree-

level factorization. In section 3, we show that in planar diagrams all poles at infinity are localized

in one-loop subgraphs and we discuss their embedding into a higher-loop on-shell diagrams. We

also show a number of examples and discuss Global Residue Theorems which relate UV poles to

IR poles. In section 4, we generalize our procedure to Nă3 SYM and discuss the multiple poles

at infinity. In section 5, we show that in non-planar diagrams the situation is more complicated as

one kinematical condition can send multiple loop momenta to infinity. We end with conclusion and

outlook in section 6.

3.2 UV poles in one-loop graphs

The bare on-shell functions describe the dynamics of scattering amplitudes in the IR sector when

the (cut) loop momenta are small. All poles in Ωbare correspond to setting one of these momenta to

zero and erasing an edge in the diagram, as a consequence of the perturbative unitarity. In the N“4

SYM theory the on-shell function is given by Ωbare, and hence we only have IR poles. This is true

for both planar and non-planar sectors of the theory. In the planar sector, this is also a consequence

of the dual conformal symmetry (which we discuss in 5), while the symmetry explanation of the

absence of poles at infinity in the non-planar sector is yet-to-be found. Note that the absence of

these poles is related, but not identical, to the statement of the UV finiteness of final (integrated)

scattering amplitudes in N“4 SYM theory. In fact, the absence of poles at infinity in on-shell

diagrams is a stronger property than the UV finiteness of the S-matrix, see [84,85,89] for more

details.

For Nă4 SYM theory, the bare function Ωbare is decorated by a power of the Jacobian J as

outlined in the previous section. The Jacobian changes the pole structure: it removes some of the

existing IR poles, and adds new UV poles. Note that the UV poles are not fixed by the (standard)

unitarity – unlike IR poles where tree-level factorization or unitarity cuts fully fix corresponding

residues. As a result, we can not naively expect that the residue on a UV pole, where the loop

momentum goes to infinity, is an operation on an on-shell diagram. In the following, we will show

that despite these assumptions the real situation is quite contrary: the UV pole can be understood

as a (rather simple) diagrammatic operation, not erasing an edge, but shrinking a corresponding
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loop (which blows up on the pole) and rejoining internal legs via a “non-planar twist”. As a result,

the residue on the UV pole is generally a lower-loop non-planar on-shell diagram. In our discussion,

we first focus on the N“3 case, where the on-shell function contains only one power of J , and the

pole at infinity in Ω is always a simple pole. For general N we get higher order poles at infinity and

the residues correspond to derivatives of an on-shell function associated with the diagram.

3.2.1 First N“3 examples

The simplest example is the one-loop box on-shell diagram with an internal loop discussed

earlier. The on-shell function is given by,

(3.8)

3

1

2

4

α1

α2

α3

α4

“
δ4pP qδ6pQqx24y

x12yx23yx34yx14y
l jh n

Ωbare

ˆ

ˆ

x12yx34y

x13yx24y

˙

l jh n

J ´1

“
δ4pP qδ6pQq

x23yx14yx13y
.

where the Grassmann variables are ηIi , I “ 1, 2, 3, and hence the supermomentum conservation is

δ6pQq. We can see that the Jacobian J introduces two new poles, x13y and x24y and removes poles

x12y and x34y. The absence of poles x12y and x34y is caused by the fact that corresponding edges

are no longer removable. For example, removing edge α2 sends x12y “ 0 which leads to an illegal

helicity flow

(3.9)

3

1

2

4

as we have a wrong number of incoming/outgoing legs in black/white vertices. This pole was

perfectly legal pole in the N“4 SYM case but now the Jacobian removes it. Same is true for the

pole x23y “ 0 and the edge α4. Next, the pole x24y is canceled by the helicity factor in the numerator

of Ω and only x13y “ 0 stays as a new valid pole. As noted before, this is a pole at infinity as it

sends the on-shell loop momentum ℓ1 Ñ 8. While this pole does not erase any edge, we can easily

see what type of kinematical constraint it imposes:

(3.10) x13y “ 0 Ø λ1 „ λ3, and by momentum conservation r24s “ 0 Ø rλ2 „ rλ4.
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But this is nothing else than the factorization diagram,

(3.11)

2

1

3

4

“
δ4pP qδ6pQqδpx13yq

x23yx14y
.

The internal momentum flow is here fixed by the number of incoming/outgoing legs in white/black

vertex. Note that our procedure was based solely on the analysis of the kinematical conditions

between external legs, i.e. we imposed x13y “ 0 and searched for an on-shell diagram which

materializes that. But very importantly, the on-shell function for this diagram (3.11) is equal to the

residue of the original diagram (3.8) on the pole x13y “ 0. In this case it might look a bit trivial as

we only replaced 1{x13y Ñ δpx13yq but the same procedure is valid for the general case.

Checking the equality of the residue of the original on-shell diagram evaluated on the pole

with the new on-shell diagram (with extra delta function imposed) might sometimes be tricky. For

example, if we consider the same diagram with the internal loop and the opposite orientation, we

get

(3.12)

3

1

2

4

α1

α2

α3

α4

“
δ4pP qδ6pQqx24y

x12yx23yx34yx14y
l jh n

Ωbare

ˆ

ˆ

x23yx14y

x13yx24y

˙

l jh n

J ´1

“
δ4pP qδ6pQq

x12yx34yx13y
.

Taking the residue on the pole x13y “ 0 we arrive at the same diagram as before,

(3.13)

2

1

3

4

“
δ4pP qδ6pQqδpx13yq

x12yx34y
.

As you can see the on-shell functions look different in (3.11) and (3.13) but they are the same up to

a sign, as x12yx34y “ x23yx14y for x13y “ 0. In fact, if we sum (3.11) and (3.13) we get zero which

is consistent with N “ 3 cuts not having any poles at infinity.

Next, let us consider the four-point double box on-shell diagram we discussed in the previous

section. There are multiple different orientations of the same diagram which lead to different

structures of poles at infinity. We can see from the parametrization of the loop momenta (2.22)
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that the left loop blows up for z “ ´x13y{x14y, while the right loop momentum goes to infinity

for z “ 8. The accessibility of these poles depends on a particular orientation and the presence of

closed loops. For the following orientation

(3.14)

3

1

2

4

z

“

ˆ
dz

x24yδ4pP qδ6pQq

zpx23y ` zx24yqx14yx34yx12y
l jh n

Ωbare

ˆ
x14ypx23y ` zx24yq

x24ypx13y ` zx14yq
l jh n

J ´1

“

ˆ
dz

δ4pP qδ6pQq

zx34yx12ypx13y ` zx14yq
,

we have a closed cycle in the left loop and the on-shell function has a pole at z “ ´x13y{x14y. A

different orientation has a closed cycle in the right loop and a pole at z “ 8,

(3.15)

3

1

2

4

z

“

ˆ
dz

x13yδ4pP qδ6pQq

zpx23y ` zx24yqx14yx34yx12y
ˆ
zx14y

x13y

“

ˆ
dz

δ4pP qδ6pQq

x12yx34ypx23y ` zx24yq

Finally, we can have an orientation with two internal cycles and both poles in Ω,

(3.16)

3

1

2

4

z

“

ˆ
dz

x23yδ4pP qδ6pQq

zpx23y ` zx24yqx12yx14yx34y
ˆ
zx14ypx23y ` zx24yq

x23ypx13y ` zx14yq

“

ˆ
dz

δ4pP qδ6pQq

x12yx34ypx13y ` zx14yq

Note that in this case there is no IR pole present as erasing any edge would lead to a contradiction

with the helicity assignment. As in the previous case, we want to interpret the residue on the pole

at infinity as another (now one-loop) on-shell diagram. As both cycles are just one-loop on-shell

diagrams, we can treat them locally, see section 3.3.1 for proof of this. This means that if we blow

up the left loop we need to replace the box on-shell diagram with external legs 1, 2, ℓ3, ℓ6 by the
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tree-level factorization diagram with legs 2, ℓ6 in the black vertex and 1, ℓ3 in the white vertex,

(3.17)

ℓ3

1

2

ℓ6

ℓ1

ℓ2

ℓ4

ℓ5

ÝÑ

ℓ6

1

2

ℓ3

Making this replacement in (3.15) we get

(3.18)

3

1

2

4

zλ̃3λ4ℓ1

ℓ2

ℓ5 ℓ6

ℓ3

ℓ4 ÝÝÝÝÝÑ
z“´

x13y

x14y

3

2

1

4

ℓ3

ℓ6

⟨13⟩
⟨41⟩ λ̃3λ4 “

δ4pP qδ6pQq

x12yx13yx34y

The same expression for the on-shell function can be obtained by taking the residue of (3.14) on the

z “ ´x13y{x14y pole. If we blow up the same loop in the third diagram (3.16), we get a one-loop

diagram with a closed cycle,

(3.19)

3

2

1

4

ℓ3

ℓ6

“
δ4pP qδ6pQqx23y

x12yx13yx24yx34y
ˆ

ˆ

x12yx34y

x23yx14y

˙

“
δ4pP qδ6pQq

x23yx14yx13y

which is precisely equal to the residue of (3.16) on the z “ ´x13y{x14y pole. We can do the same

analysis for the z “ 8 pole, again finding an agreement between the new on-shell diagram and the

residue of the original on-shell function (3.16).
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3.2.2 Two-loop pentabox diagram

Let us now look at a more complicated example: five-point MHV pentabox on-shell diagram.

Solving for internal on-shell momenta gives

(3.20)

3

4

5

1

2

B

A

C

G

D

F

H E

ℓA “
x23y

x13y
λ1λ̃2, ℓE “

x34y

x35y
λ5λ̃4,

ℓB “
x12y

x13y
λ3λ̃2, ℓF “

λ5 pQ12 ¨ λ3q

x35y
,

ℓC “
λ3 pQ23 ¨ λ1q

x13y
, ℓG “

λ1 pQ12 ¨ λ3q

x13y
,

ℓD “
x45y

x35y
λ3λ̃4, ℓH “

x15y

x13yx35y
λ3 pQ12 ¨ λ3q.

We see that the left (pentagon) loop has a pole at infinity for x13y “ 0, all momenta ℓA, ℓB, ℓC , ℓG,

ℓH blow up, while the right (box) loop has a UV pole for x35y “ 0 when ℓD, ℓE , ℓF and ℓH go to

infinity. The loop momentum ℓH contains both poles as it participates in both internal cycles. Note

that the assignment of cycles is unique and it critically depends on the planarity of the diagram. In

particular, we do not consider the external heptagon cycle – there is no pole at infinity associated

with it, see Section 4.3 for elaboration,

(3.21)

3

4

5

1

2 ⟨13⟩ ⟨35⟩

ℓpentagon

ℓbox

.
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Now we choose a particular orientation where both poles at infinity are present due to helicity

assignments and solve for the edge variables,

(3.22)

3

1

2

4

5

α1

α2
α3

α4

α5

α6

α1 “
x13y

x23y
, α2 “

x12y

x13y
, α3 “

x45y

x35y
,

α4 “
x35y

x34y
, α5 “

x13y

x35y
, α6 “

x35y

x15y
.

This on-shell diagram is a part of the octacut of the 2-loop 5pt amplitude A5p1`2´3`4´5`q. In

order to calculate the whole cut we would have to sum over all possible internal helicity assignments

(for Nă4 SYM) as discussed earlier, but we can also study this one on-shell diagram individually.

For this particular case (3.22) the bare on-shell function (which is identical for any assignment of

internal helicities) is,

(3.23) Ωbare “

ˆ
dα1 . . . dα6 δpC ¨ Zq

α1α2α3α4α5α6
“

x24y δ4pP qδ6pQq

x12yx23yx34yx45yx51y

and the Jacobian J consists of two cycles,

(3.24) J “
1

1 ´ α1α2α6 ´ α3α4α5α6
“

x13yx24yx35y

x23yx15yx34y

The on-shell function Ω is then equal to

(3.25) Ω “
x24y δ4pP qδ6pQq

x12yx23yx34yx45yx51y
l jh n

Ωbare

ˆ

ˆ

x23yx15yx34y

x13yx24yx35y

˙

l jh n

J ´1

“
δ4pP qδ6pQq

x12yx45yx13yx35y

We see that three of the IR poles x23y, x34y, x15y are removed as erasing α1, α4 and α6 edges would

lead to inconsistent helicity flows. On the other hand, both UV poles x13y, x35y are added. We

first blow up the right loop and calculate the residue on the pole x35y “ 0. The right loop can be

treated as a one-loop box diagram with external legs C, 4, 5, G. The residue is a following on-shell
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diagram,

(3.26)

4

5

C

G

ÝÑ

5

G

C

4

Replacing the box by this tree graph in (3.20) we get

(3.27)

3

1

2

5

4
G

A

B
C

I

Note that in this diagram the condition x35y is automatically imposed as evident from legs 3, 5

being connected by a chain of white vertices. We can now assign edge variables

(3.28)

3

1

2

5

4
α5

α1

α2
α3

α4

α1 “
x15y

x25y
, α2 “

x12y

x13y
,

α3 “
x23y

x25y
, α4 “

x15y

x14y
, α5 “

x45y

x51y
.

and calculate the on-shell function,

(3.29) ΩUV “

ˆ
dα1 . . . dα5 δpC ¨ Zq

α1α2α3α4α5
ˆ

1

1 ´ α1α2α3α4α5
“
δ4pP qδ6pQq δpx35yq

x12yx45yx13y
,

which is equal to a residue of (3.25) on x35y “ 0 pole. Let us now consider the same pentabox

on-shell diagram but calculate the residue on the other pole at infinity x13y “ 0 which blows up

the left pentagon. As we have already seen, the calculation of UV poles is a local operation and

we need to figure out how to do it for the pentagon sub-diagram. As it turns out, the rule is very

similar to what we saw for the box. The result is a tree-level on-shell diagram with legs 2, F in the
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black vertex and legs 1, 3, D connected by a chain of white vertices,

(3.30)

3

1

2

D

F

“

3

1

2 D

F

ÝÑ

D

2

1

F

3

where we first merge-expanded the pentagon diagram and then we used the same replacement rule

as for the box. In the final tree-level on-shell diagram we merged all legs into one white vertex,

which can be interpreted as a 4-point k “ 1 tree-level amplitude, or alternatively can be further

expanded as a chain of regular white three-point vertices,

(3.31)
D

2

1

F

3

“ D

2

1

F

3

“ 1

2

3

F

D

“ 3

2

1

F

D

The identity between all these diagrams is a consequence of a usual merge-expand rule [13]. Using

(3.31) the residue on the x13y “ 0 pole is

(3.32)

3

1

2

4

5

D

F

ÝÑ

3

2

1

4

5F

D

As expected this diagram automatically implements the condition x13y “ 0. Note that using other

representations of the tree graph (3.31) we would get other one-loop pentagons which differ from

(3.32) by the merge-expand move and do not change the on-shell function. It is easy to see that the
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on-shell function for (3.32) is equal to

(3.33) ΩUV “
δ4pP qδ6pQqδpx13yq

x12yx45yx35y

which is equal to the residue of (3.25) on x13y “ 0 pole. Naively, we could access the pole at

infinity by solving for one of the edge variables from J ´1 “ 0. However, the meaning of the new

edge variables is unclear as they do not correspond to a parametrization of the lower-loop on-shell

diagram. Hence we have to work directly in the kinematical space when accessing the poles at

infinity.

3.2.3 MHV one-loop diagrams

As we have already seen, the calculation of the UV pole of an on-shell diagram reduced to the

calculation of this pole in the one-loop sub-diagram. The result of this operation was glued into the

rest of the graph. Our goal here is to calculate the UV pole for a general one-loop on-shell diagram.

This is a direct generalization of what we have already seen for box and pentagon. Let us first look

at the MHV hexagon,

(3.34)

2

31

4

5

6

A

B C

D

EF

ℓA “
r13s

r36s
λ1rλ6, ℓB “

r16s

r36s
λ1rλ3,

ℓC “
r26s

r36s
λ2rλ3, ℓD “

r46s

r36s
λ4rλ3,

ℓE “
r34s

r36s
λ4rλ6, ℓF “

r35s

r36s
λ5rλ6.

As we can see from the chains of white vertices, the external kinematics is subject to two constraints

x12y “ x45y “ 0, i.e. λ2 “ αλ1, λ5 “ βλ4. The pole at infinity is accessed by sending r36s “ 0 as

evident from explicit solutions for internal loop momenta,

(3.35) 0 “ s36 “ s1245 “ pp1 ` p2q ¨ pp4 ` p5q “ x14ypr14s ` αr24s ` βr15s ` αβr25sq

Hence r36s “ 0 implies x14y “ 0 on the support of x12y “ x45y “ 0. In the end, all λs of external

legs connected to white vertices are collinear, λ1 „ λ2 „ λ4 „ λ5, i.e. xijy “ 0 for i, j “ 1, 2, 4, 5.
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This merges legs 1, 2, 4, 5 in the white vertex and 3, 6 into black vertex

(3.36)

2

31

4

5

6

ÝÑ

6

1 3
2

5
4

“

6
1

3

2

5

4

where the five-point white vertex can be again expanded in any way we want. We could obtain the

same conclusion if we first merge-expanded the original hexagon,

(3.37)

2

31

4

5

6

A

B C

D

EF

“

3

6

1

4

A

C

D

F

2

5

B

E

By accessing the pole at infinity in the box diagram, we arrive at one particular representation of

the resulting tree graph,

(3.38)

3

6

1

4

A

C

D

F

2

5

B

E

ÝÑ

31

2

65

4

B

E

This can be also verified by an explicit calculation. The on-shell function for the hexagon with

closed internal loop (3.34) is

(3.39) Ω “
x36y δ4pP qδ6pQq δpx12yqδpx45yq

x23yx34yx56yx16y
l jh n

Ωbare

ˆ
x23yx56y

x25yx36y
l jh n

J ´1

“
δ4pP qδ6pQq δpx12yqδpx45yq

x34yx16yx25y
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On the pole at infinity, x25y “ 0, and replacing 1{x25y Ñ δpx25yq we do get the correct on-shell

function for the on-shell diagram (3.38). Note that this is all calculated on a very constrained

kinematics so there are many equivalent ways how to write the formula (3.39). It is clear how the

calculation of the UV pole generalizes for any one-loop MHV on-shell diagram,

(3.40)

i

j

i− 1

1

n

j + 1

j − 1

i+ 1

“

i

j

j + 1

i+ 1

i− 1

j − 1

1

n

where we conveniently reduced the n-gon into a “core” box diagram connected to white blobs of

external legs. The λ-spinors of all external legs connected to the same white vertex are proportional,

so the kinematics are highly constrained. As before, on the pole at infinity rijs “ 0 we replace the

box diagram by a simple tree-level factorization graph, and all but legs i, j are now connected to

the same white vertex,

(3.41)

i

j + 1

i+ 1

i− 1

j − 1

1

n

j

“

jn

i

1

i− 1

i+ 1

j − 1
j + 1

We can expand the white vertex into three-point vertices in an arbitrary way without changing the

kinematics or the on-shell function. In the original on-shell diagram many collinearity conditions

are already imposed,

(3.42) λi`1 „ λi`2 „ ¨ ¨ ¨ „ λj´1 and λj`1 „ λj`2 „ ¨ ¨ ¨ „ λi´1
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The pole at infinity is accessed by xpqy “ 0 where p, q are from two different sets of labels of external

legs attached to white vertices, p P ti`1, . . . , j´1u and q P tj`1, . . . , i´1u, or alternatively we can

access the pole by sending rijs “ 0, which are all equivalent conditions.

3.2.4 Arbitrary n-gons and helicities

Our goal now is to generalize the rule for the UV pole for an n-gon with an arbitrary configuration

of white and black vertices, and arbitrary k degree. The first example is a very simple six-point

NMHV hexagon

(3.43)

3

42

5

6

1

“

6

3

41

5

2

where we used the merge-expand moves to redraw the diagram. We can see that the core diagram

is again a box, hence the rule for the UV pole is the same as before and we have not learnt anything

new. This makes it clear that the next qualitatively new case is the hexagon diagram where the

white and black vertices are alternating, and the core diagram is a proper hexagon that can not be

simplified,

(3.44)

3

42

5

6

1

A

B C

D

EF

ℓA “
x23y

x13y
λ1λ̃2 “

r16s

r26s
λ1λ̃2, ℓB “

x12y

x13y
λ3λ̃2 “

r34s

r24s
λ3λ̃2,

ℓC “
x45y

x35y
λ3λ̃4 “

r23s

r24s
λ3λ̃4, ℓD “

x34y

x35y
λ5λ̃4 “

r56s

r46s
λ4λ̃5,

ℓE “
x16y

x15y
λ5λ̃6 “

r45s

r46s
λ5λ̃6, ℓF “

x56y

x15y
λ1λ̃6 “

r12s

r26s
λ1λ̃6.

The kinematics of this on-shell diagram is more involved. There is no chain of black/white vertices

and no merge-expand operation can change it. There are two independent kinematical conditions

imposed on external momenta but none of these conditions is a simple collinearity of λ or rλ spinors.

Solving for internal momenta we learn that there are three cyclically related kinematical conditions
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imposed,

(3.45) x1|2`3|4s “ x3|4`5|6s “ x5|6`1|2s “ 0

One of these conditions is redundant, i.e. any two of them imply the third one. Looking at the

denominator of on-shell loop momenta we can see that the pole at infinity can be approached by

setting x13y “ 0. On the support of (3.45) this also sends

(3.46) x13y “ x15y “ x35y “ 0 “ r24s “ r26s “ r46s

In other words, λ1 „ λ3 „ λ5 and rλ2 „ rλ4 „ rλ6 on the pole at infinity. The corresponding on-shell

diagram is then

(3.47)

6

3

25

1

4

and the on-shell function is

(3.48) ΩUV “
r23sδpx13yqδpx35yqδpr24sqδpP qδpQqδpr56sη̃4 ` r45sη̃6q

r34sx12yx25yr25sr56s2

It is very interesting that the kinematics in (3.44) is already quite constrained (3.45), but it is only

after imposing one more condition and approaching the UV pole that it completely factorizes into

λ, rλ collinearities (3.46).

We now evaluate the on-shell function for this diagram. The topology allows us to fix the GL(1)s

in a symmetric way and choose the edge variables as

(3.49)

3

42

5

6

1

α1

α2 α3

α4

α5α6

α1 “
x23y

x13y
, α2 “

x13y

x12y
,

α3 “
x45y

x35y
, α4 “

x35y

x34y
,

α5 “
x16y

x15y
, α6 “

x15y

x56y
.
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The Jacobian of the diagram is given by

(3.50) J “ 1 ´ α1α2α3α4α5α6 “
x12yx34yx56y ´ x23yx45yx16y

x12yx34yx56y
“

x13yx4|3`5|1s

x12yx34yr12s

where in the last equality we used the special kinematics (3.46). The on-shell functions can be then

written in many equivalent ways thanks to (3.46), one representation is

Ω “
x4|3`5|1sx34yx15y δpΞq

r56s2r12sx12yx16yx23yx45yx35y
l jh n

Ωbare

ˆ
x12yx34yr12s

x13yx4|3`5|1s
l jh n

J ´1

“
x15yx34y2 δpΞq

r56s2x13yx16yx23yx45yx35y
(3.51)

where we denoted all delta functions as

(3.52) δpΞq ” δ4pP qδ6pQq δpx1|2`3|4sqδpx3|4`5|6sqδ3pr56sη̃4`r46sη̃5`r45sη̃6q

Looking at the denominator of the inverse Jacobian J ´1 we can see two terms: the first is x4|3`5|1s –

this is just a helicity factor which is canceled by the numerator of the bare form (and would continue

to be canceled also for N ă 3), and then the pole at infinity x13y “ 0. Note that due to the special

kinematics, the pole structure of Ω is not very transparent. The singularities, x23y “ 0, x45y “ 0,

x16y “ 0, are all physical poles and correspond to erasing edges α1, α3, α5. Pole r56s “ 0 is not

present because it also implies x34y “ 0 and there is a cancelation between the numerator and

the denominator (it also corresponds to non-erasable edge α4 which is forbidden). We can make

manifest an absence of this pole but at the expense of introducing some other spurious pole. This

is a general feature of such expressions, because of mass dimension and little group weights any

representation has some spurious terms that can be removed by trading them for another spurious

object.

Let us look in more detail at the pole at infinity located at x13y “ x15y “ x35y “ 0. This pole

is not present in Ωbare as the factor x15y{x35y is finite and no singularity is generated. This can be

made manifest when choosing a particular parametrization. The Jacobian J ´1 does introduce this

pole and we can show after some work that the residue on the UV pole is equal to

(3.53) ΩUV “
r23sδpx13yqδpx35yqδpr24sqδ4pP qδ6pQqδpr56sη̃4 ` r45sη̃6q

r34sx12yx25yr25sr56s2

where the delta functions indicate the simple collinearity conditions. The expression (3.53) is equal

to (3.48) which proves our conjecture. Note that in (3.53) the kinematics is incredibly constrained
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(three extra conditions) and there are many equivalent ways how to write it. For arbitrary N the

formula (3.51) is generalized to

Ω “
x4|3`5|1s4´N x34yx15y δpΞq

r56s2r12sx12yx16yx23yx45yx35y
ˆ

ˆ

x12yx34yr12s

x13yx4|3`5|1s

˙4´N
(3.54)

and while the helicity factor x4|3`5|1s is canceled, we do generate a higher pole at infinity for

x13y “ 0. We will discuss it in more details in the next section.

The next case is an arbitrary NMHV n-gon, with three black and n´3 white vertices. We can

use the merge-expand moves to redraw this diagram as a core hexagon with three extra white blobs,

(3.55)

i

k

i− 1

1

n

k + 1

k − 1

i+ 1

j + 1

j

j − 1

“

ji

k − 1
k

i− 1

j − 1

k + 1

j + 1

i+ 1

All the λ spinors in each group are proportional,

(3.56) λi`1 „ λi`2 „ ¨ ¨ ¨ „ λj´1 etc.

and in addition we have two independent mixed conditions, for example,

(3.57) xi´1|Pi|js “ xj´1|Pj |ks “ 0

where Pi “ pi`pi`1 ` ¨ ¨ ¨ `pj´1 and Pj “ pj `pj`1 ` ¨ ¨ ¨ `pk´1. The pole at infinity is accessed by

a single condition when xpqy “ 0 where p, q are from two different white sectors. This collapses the

whole kinematics and all external λs attached to white vertices are proportional, and all external
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rλs attached to black vertices are proportional. As a result, we get an on-shell diagram

(3.58)

kk − 1

i

k + 1

i− 1

i+ 1

j − 1
j + 1

j

Note that all such tree-level on-shell diagrams are non-planar in a sense of the canonical ordering

1, 2, . . ., n we started with. The same procedure generalizes to higher k degrees. The “core” N2MHV

one-loop on-shell diagram is an octagon,

(3.59)

2 3

1

67

8 5

4

Here we have four independent kinematical conditions imposed on the external kinematics, for

example

(3.60) x1|2`3|4s “ x3|1`2|8s “ x7|8`1|2s “ x5|3`4|2s “ 0

There are no collinearity conditions between λs and rλs. The four independent constraints (3.60)

are quadratic in nature and there is no simplification. The solution for the internal on-shell loop

momenta is

(3.61)

2 3

1

67

8 5

4

B
C

D

E
F

G

H

A

ℓA “
x23y

x13y
λ1λ̃2, ℓB “

x12y

x13y
λ3λ̃2,

ℓC “
x45y

x35y
λ3λ̃4, ℓD “

x34y

x35y
λ5λ̃4,

ℓE “
x67y

x57y
λ5λ̃6, ℓF “

x56y

x57y
λ7λ̃6,

ℓG “
x18y

x17y
λ7λ̃8, ℓH “

x78y

x17y
λ1λ̃8.
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We see that the pole at infinity is accessed by imposing a simple condition x13y “ 0 which again

collapses the whole kinematics to two sectors,

(3.62) λ1 „ λ3 „ λ5 „ λ7 and rλ2 „ rλ4 „ rλ6 „ rλ8

and the corresponding on-shell diagram is

(3.63)

8

5
27

3
1

4

6

We can see that the diagram again does not respect the canonical ordering of the original octagon

(3.59). The on-shell function for the octagon is

(3.64) Ω “
r18sr14sr23sx56y2x34yx78y x4|6`7|8sr17sδpΞq

r56s2r78s3r12s3r34sx23y3x45yx67yx81y
l jh n

Ωbare

ˆ
x12yx34yr87sr12s

x13yx4|6`7|8sr17s
l jh n

J ´1

where the delta functions are

δpΞq “ δ4pP qδ6pQq δpη̃4r56s ` η̃5r46s ` η̃6r45sqδpη̃6r78s ` η̃7r68s ` η̃8r67sq

ˆ δpx3|4`5|6sqδpx7|5`6|4sqδpx5|6`7|8sqδpx1|7`8|6sq(3.65)

The kinematics is incredibly constrained and there are many equivalent ways how to write Ω. Also

many of the poles are equivalent, as it is evident from the figure, e.g. setting x12y “ 0 (erasing edge

B) also sends r34s “ 0 etc. The pole at infinity is again not present in the bare form – two factors

of x35yx57y are canceled by x17y2 in the numerator, and the form is regular for (3.62). The UV pole

is produced by the inverse Jacobian and the residue on the pole (3.62) gives

(3.66) ΩUV “
x34y δpΞaq

x12yx23yx47yr14s4r16sr18s

where the delta functions are now denoted

δpΞaq “ δ4pP qδ6pQq δpη̃4r18s`η̃8r14sqδpη̃4r16s`η̃6r14sqδpx13yqδpx35yqδpx57yqδpr46sqδpr28sq

(3.67)
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which reproduces the on-shell function for the tree on-shell diagram (3.63). Now we are ready to

generalize to arbitrary one-loop diagram. It is enough to solve the problem only for a “core diagram”

which for Nk´2MHV is a 2k-gon with k black and k white alternating vertices.

(3.68)

1

2

3

4

k

k + 1

2k

In this diagram 2k ´ 4 conditions on external kinematics are imposed. We can characterize them

by two cyclic classes

(3.69) xj|pj`1`pj`2|j`3s “ xj|pj´1`pj´2|j´3s “ 0

for all odd j “ 1, 3, . . . , 2k´1. These are 2k conditions, 4 of them are redundant. The pole at

infinity is approached by imposing xpqy “ 0 where p, q are attached to two different white vertices

(alternatively rcds “ 0 where c, d are attached to black vertices). This completely collapses the

kinematics into two sectors where all λ, resp. rλ are proportional,

(3.70) λ1 „ λ3 „ λ5 „ ¨ ¨ ¨ „ λ2k´1, rλ2 „ rλ4 „ rλ6 „ ¨ ¨ ¨ „ rλ2k

and the resulting on-shell diagram is

(3.71)

2k

2k − 3
22k − 1

3

1

4

2k − 2

where all legs originally connected to MHV white vertices in (3.68) are now in the white vertex and

all legs originally connected to MHV black vertices are now in the black vertex. For any other n-gon

with chains of white and black vertices we can always use merge-expand moves to identify the core
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polygon which contains the pole at infinity, and apply the same rule, i.e.

(3.72)

i− 1

l + 1

2

1

n

m

l

i

n− 1

i+ 1
j

j + 1

k − 1

k

k + 1

m+ 1

“

n− 1

n

1

2 i+ 1

k − 1

m
m+ 1

i− 1

i

j

j + 1

k

l

k + 1

l + 1

For an arbitrary one-loop on-shell diagram, such as the one above, the residue at infinity corresponds

to a tree-level graph where all external legs initially attached to white vertices are now attached

together in the same white vertex, and the same applies to black vertices,

(3.73)

n

k − 1

k

l

n− 1

1

i− 1

l + 1m+ 1

j + 1

k + 1
i

2

i+ 1

j

m

,

and the external momenta are then divided into two sets: in the first set (attached to white vertex)

all λ’s are proportional, in the other set (attached to black vertex) all rλ’s are proportional. Note

that the cyclic ordering of the original graph is not preserved: the legs connected to black or white

vertices are not ordered in any particular way, but the overall canonical ordering is broken. Hence

we refer to this operation as a non-planar twist. As a result, the residue on the UV pole of a planar

on-shell diagram is a lower-loop non-planar on-shell diagram.

3.3 All planar diagrams

In the simple examples we discussed earlier, the UV pole was always localized in a one-loop

subgraph. We will show that this is a general property of planar on-shell diagrams, and using the

rules of the previous section we can then calculate poles at infinity for an arbitrary higher loop

planar graph.
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3.3.1 Localization of UV poles in planar diagrams

Let us consider a core n-gon one-loop subdiagram somewhere in the middle of a larger on-shell

diagram. As discussed we can always put any one-loop subdiagram in this form by merge-expand

moves. Because the whole on-shell diagram is planar this n-gon is connected to any other one-loop

subdiagram through a pair of adjacent legs. If the legs are not adjacent then the diagram is not

planar and our proof does not apply.

(3.74)

pz

py

px

pw

ℓ1

ℓ2

where the central n-gon has a pole at infinity for xzyy “ 0 which is equivalent to rxws “ 0. This

n-gon is glued into the rest of the diagram, so all momenta px, py, pz, pw are in general internal

momenta. We want to prove that the UV pole does not propagate beyond this one-loop n-gon. In

other words, external momenta px, py, pz, pw (from the point of view of the n-gon, otherwise these

are internal momenta of the whole diagram) do not blow up for xzyy “ rxws “ 0. We label

(3.75) px “ λxrλx, py “ λyrλy, pz “ λzrλz, pw “ λwrλw

We focus on px, py but an analogous argument applies to other loops and we can also prove that

pz, pw and other momenta attached to our n-gon. Using the kinematical properties of three point

vertices we can write internal momenta ℓ1, ℓ2 in the following way,

(3.76) ℓ1 “
α

xzyy
λzrλx, ℓ2 “

β

xzyy
λyrλw

where α, β are coefficients. We see that both ℓ1, ℓ2 blow up for xzyy “ 0 as expected. Note that

α, β and spinors λy, λz, rλx, rλw do not have a pole in xzyy “ 0. We need to prove that λx, rλy also

do not have this pole, hence px, py are regular for xzyy “ 0. Using the momentum conservation

(3.77) ℓ1 ` px “ ℓ2 ` py
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and the expressions (3.75), (3.76) we contract (3.77) with rλx, resp. rλw and get

(3.78) rxys “ ´
βrxws

xzyy
, λyryws “ rxwsλx `

αrxws

xzyy
λz

The ratio rxws{xzyy is regular for xzyy “ 0 and has no pole. This means that both rxys and ryws

are free of the UV pole, and hence also rλy and py are regular for xzyy “ 0. Very similarly, we can

contract (3.77) with λy, resp. λz and conclude that xxzy and xxyy have no pole at infinity, hence

also λx and px are free of this pole. This concludes the proof. We can use the same logic and prove

that the UV pole xzyy “ 0 does not propagate to any other loop attached to our n-gon, hence this

pole is only localized in this one-loop subgraph.

3.3.2 Three-loop example

We will demonstrate the procedure of calculating poles at infinity on several higher loop examples.

First, we take a three-loop six-point NMHV leading singularity on-shell diagram and solve for the

edge variables,

(3.79)

1 2

3

45

6

α5

α1 α7 α8

α2

α3

α6α4

α1 “ ´
x2|1`5|6s

x2|5`6|1s
, α2 “ ´

x2|5`6|1s

s156
,

α3 “
x2|5`6|1s

x3|5`6|1s
, α5 “ ´

x2|1`5|6s

x2|1`6|5s
,

α4 “
x2|1`5|6sx3|5`6|1s

x34yr56sx2|5`6|1s
,

α6 “
x3|5`6|1s

x4|5`6|1s
, α7 “

r56s

r16s
, α8 “ ´

x34y

x23y
.

In N“4 SYM the on-shell function associated with this diagram is a famous R-invariant [83,110]

which appears in the context of tree-level recursion relations [110], leading singularities of loop

integrands and Grassmannians [9,10,111,112], and coefficients of polylogs in the hexagon bootstrap

[113,114,115,116],

(3.80) Ω “

ˆ
dα1. . .dα8 δpC ¨ Zq

α1α2 . . . α8
“

δ8pQqδ4pP qδpr56srη1`r61srη5`r15srη6q

s156x23yx34yx2|3`4|5sx4|5`6|1sr16sr56s
” Rr4, 5, 6, 1, 2s
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Note that this expression does not depend on any helicity assignments because of the maximal

supersymmetry. In N“3 with the helicity assignment (3.79), we get

(3.81) Ω “

ˆ
dα1 dα2 . . . dα8 δpC ¨ Zq

α1α2α3α4α5α6α7α8
l jh n

Ωbare

ˆ
1

1 ´ α2α4α7α8 ´ α3α6α8
l jh n

J ´1

.

which evaluates to

(3.82)

Ω “
x4|1`5|6sδ6pQqδ4pP qδpr56srη1 ` r61srη5 ` r15srη6q

s156x23yx34yx2|3`4|5sx4|5`6|1sr16sr56s
l jh n

Ωbare

ˆ
s156x23yx4|5`6|1sr16s

x2|5`6|1sx3|5`6|1sx4|1`5|6s
l jh n

J ´1

“
δ6pQqδ4pP qδpr56srη1`r61srη5`r15srη6q

x34yx2|3`4|1sx3|5`6|1sx2|1`6|5sr56s

The inverse Jacobian adds two new poles x2|5`6|1s and x3|5`6|1s (the other term x4|1`5|6s is just

a helicity factor). These are UV poles and originate from closed cycles in (3.79). In order to see

which UV pole corresponds to a hexagon and which one corresponds to a box, we solve for the

internal momenta (where we denoted Q156 “ p1`p5`p6 in all formulas),

(3.83)

1 2

3

45

6

ℓ1

ℓ2

ℓ3

ℓ4 ℓ9

ℓ6

ℓ5 ℓ7

ℓ10

ℓ11
ℓ12

ℓ8

ℓ1 “
x2|Q156|5s

x2|Q156|6s
rλ6λ5, ℓ2 “

rλ6 pλ2 ¨Q34q ¨Q56

x2|Q156|6s
, ℓ3 “

r56sλ5 pλ2 ¨Q34q

x2|Q156|6s

ℓ4 “
r16s pλ2 ¨Q34q ¨Q56 pλ2 ¨Q34q

x2|Q156|6sx2|Q156|1s
, ℓ5 “

rλ1 pλ2 ¨Q34q ¨Q56

x2|Q156|1s
, ℓ6 “

s156
x2|Q156|1s

rλ1λ2

ℓ7 “
λ2prλ1 ¨Q56q ¨Q34

x2|Q156|1s
, ℓ8 “

pλ2 ¨Q34qprλ1 ¨Q56q

x2|Q156|1s
, ℓ9 “

x23yprλ1 ¨Q56q ¨Q34prλ1 ¨Q56q

x3|Q156|1sx2|Q156|1s

ℓ10 “
λ3prλ1 ¨Q56q ¨Q34

x3|Q156|1s
, ℓ11 “

x4|Q156|1s

x3|Q156|1s
rλ4λ3, ℓ12 “

x34yrλ4prλ1 ¨Q56q

x3|Q156|1s

Looking at the denominator of solved on-shell loop momenta we see that x2|Q156|6s “ 0 is the pole

at infinity in the left box diagram, the pole at infinity in the hexagon is x2|Q156|1s “ 0, and the pole
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at infinity in the right box is x3|Q156|1s “ 0. The last two poles are accessible for this orientation

as evident from the diagram (presence of both closed cycles) and the poles in the inverse Jacobian

J ´1, while the pole x2|1`5|6s “ 0 can not be reached in this orientation. The inverse Jacobian

also removes some of the irremovable edges. For example we can not remove α2 edge (by sending

α2 Ñ 8) forcing s156 “ 0 as it would lead to an illegal diagram,

(3.84)

1 2

3

45

6

ℓ1

ℓ2

ℓ3

ℓ4 ℓ9 ℓ10

ℓ11ℓ12
ℓ8

.

where we violated the rules about incoming/outgoing legs in black/white vertex.

Going back to the diagram (3.83) we concentrate on the pole at infinity in the hexagon subdiagram.

There are two kinematical constraints imposed on the external legs of this hexagon p1, p2, ℓ2, ℓ3, ℓ10, ℓ12,

while in the context of the whole diagram the last four momenta are internal and the actual external

momenta p1, . . ., p6 are unconstrained. Using the rules developed in the last section, the residue on

the UV pole turns the hexagon into a tree subdiagram,

(3.85)

1 2

ℓ2

ℓ3

ℓ4 ℓ9

ℓ6

ℓ5 ℓ7

ℓ10

ℓ12

ℓ8

ÝÑ

ℓ10

2

ℓ3ℓ2

ℓ12

1

Gluing back into the rest of the diagram we get,

(3.86)

1

6

5 4

2

3

,
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where we used one particular way to expand the four-point black and white vertices. We can now

treat it as a new on-shell diagram and assign edge variables, construct the C matrix and solve for

them using delta functions

(3.87)

1

6

5 4

2

α6

α1

α4

α5

3

α2

α3

α7

α1 “
r56s

r16s
, α2 “

r15s

r16s
, α3 “

x23y

x42y
,

α4 “
x43y

x23y
, α5 “

x2|1`5|6s

x23yr16s
,

α6 “
x3|5`6|1s

x23yr16s
, α7 “

x23yr16s

x3|1`5|6s
.

Note that in this diagram there is one extra kinematical condition imposed: x2|5`6|1s “ 0 which

was exactly the hexagon UV pole in (3.83). The edge variables in (3.87) are not related in any

obvious way with the edge variables in (3.86). Calculating the on-shell function for (3.87) we get

(3.88)

Ω “

ˆ
dα1 . . . dα7 δpC ¨ Zq

α1α2α3α4α5α6α7
ˆ

1

1 ´ α3α4α5α7

“
x4|1`5|6s δ4pP qδ6pQqδpr56srη1`r61srη5`r15srη6qδpx2|5`6|1sq

s156x24yx34yx3|1`5|6sr56sr15s
ˆ

x24yx3|1`5|6s

x23yx4|1`5|6s

“
δ4pP qδ6pQqδpr56srη1`r61srη5`r15srη6q δpx2|5`6|1sq

s156x23yx34yr56sr15s

which is the same as the residue of (3.82) on x2|5`6|1s “ 0 showing explicitly our procedure

in action. Note that since we are on special kinematics, s156x2qyr1ps “ x2|1`5`6|psxq|1`5`6|1s

which is needed to show the equality.

3.3.3 Non-planarity from the UV pole

The pole at infinity does not preserve the planarity of the original on-shell diagram. We could

already see it in our previous example where the original on-shell diagram (3.79) had a canonical

ordering of external legs, while the on-shell diagrams we obtained as a result of the UV pole

calculation had external legs ordered differently 123456 Ñ 134265. In fact, this was just a special

case of a more general phenomenon that the residue on a UV pole of a planar on-shell diagram is a
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non-planar on-shell diagram. Let us consider the following example,

(3.89)

1 2

3

45

6

α5

α1

α7 α8

α2

α3

α6α4

α9

which is an on-shell diagram for a top cell of G`p3, 6q. This is a unique planar 9-dimensional (has 9

independent edge variables αj) on-shell diagram and all other cells in G`p3, 6q are associated with

descendents of this diagram where one or more edges are removed. See [13] for more details on the

stratification. We can also obtain it by adding a BCFW bridge on external legs 1, 2 of the previous

on-shell diagram (3.79) – which was an eight-dimensional leading singularity diagram (with no free

parameters and generic kinematics). Hence in our diagram there is one unfixed parameter α1. The

solution for the edge variables is

(3.90)

α2 “ ´
xp2|5`6|p1s

s
p156

, α3 “
xp2|5`6|p1s

x3|5`6|p1s
, α4 “ ´

x34yr56sxp2|5`6|p1s

xp2|3`4|6sx3|5`6|p1s

α5 “ ´
xp2|3`4|5s

xp2|3`4|6s
, α6 “

x4|5`6|p1s

x3|5`6|p1s
, α7 “

rp16s

r56s
, α8 “ ´

xp23y

x34y
, α9 “

xp2|5`6|p1s

xp2|3`4|6s
.

where we denoted p

rλ1 “ rλ1 ` α1
rλ2 and pλ2 “ λ2 ´ α1λ1. The on-shell function is

(3.91) Ω “

ˆ
dα1 . . . dα9 δpC ¨ Zq

α1α2α3α4α5α6α7α8α9
ˆ

1

1 ´ α2α4α7α8 ´ α3α6α8

Plugging in the edge variables we get,

Ω “

ˆ
dα1 x4|p1`5|6sδpΞq

α1s
p156xp23yx34yxp2|3`4|5sx4|5`6|p1srp16sr56s

l jh n

Ωbare

s
p156xp23yx4|5`6|p1srp16s

xp2|5`6|p1sx3|5`6|p1spx4|p1`5|6sq
l jh n

J ´1

(3.92)

“

ˆ
dα1 δpΞq

α1x34yxp2|5`6|p1sx3|5`6|p1sxp2|3`4|5sr56s
,(3.93)
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where the delta function

(3.94) δpΞq ” δ6pQq δ4pP q δpr56srη1`α1r56srη2`r6p1srη5`rp15srη6q.

We can recognize the usual BCFW shift for rη1 in the super delta function. Note that the α1 “ 0 pole

erases a corresponding edge and we reproduce the diagram already encountered (3.79). In N“4

SYM theory there are six erasable edges which do not impose contraints on external kinematics

(poles in α1 in the Ωbare). They correspond to six co-dimension-1 (i.e. eight-dimensional) cells of

G`p3, 6q and their on-shell functions are the six R-invariants. For our orientation (3.89) in Nă3

SYM we have three IR poles and two UV poles from the inverse Jacobian. The UV pole in the box

is accessed by x3|5`6|p1s “ 0, the residue is

(3.95) Res
α1“´

x3|5`6|1s

x3|5`6|2s

rΩs “
δ6pQqδ4pP qδpr24srη1 ` r14srη2 ` r12srη4q

x56yr12sx3|5`6|1sx3|1`2|4sx6|1`2|4s

Based on our diagrammatic rule this UV pole corresponds to an on-shell diagram,

(3.96)

1 2

3

4

5

6

Calculating the on-shell function we get

(3.97)

ΩUV “
x5|1`4|2s δ6pQqδ4pP qδpr24srη1`r14srη2`r12srη4q

s124x35yx56yx3|2`4|1sx6|1`2|4sr12sr24s
l jh n

Ωbare

ˆ
s124x35yr24s

x3|1`2|4sx5|1`4|2s
l jh n

J ´1

“
δ6pQqδ4pP qδpr24srη1`r14srη2`r12srη4q

x56yr12sx3|5`6|1sx3|1`2|4sx6|1`2|4s

which agrees with (3.95). The UV pole in the hexagon subdiagram corresponds to xp2|5`6|p1s “ 0

which is a quadratic condition in α1,

(3.98) x2|5`6|1s ´ α1x1|5`6|1s ` α1x2|5`6|2s ` α2
1x1|5`6|2s “ 0
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and leads to two solutions,

(3.99) α˘
1 “

px2|5`6|2s ´ x1|5`6|1sq ˘
a

px1|5`6|1s ` x2|5`6|2sq2 ´ 4s12s56
2x1|5 ` 6|2s

.

Plugging back into the form for the top cell (3.93) using xp2|5`6|p1s “ x1|5`6|2spα1 ´α`
1 qpα1 ´α´

1 q,

we get an on-shell function which contains square-roots of kinematical variables.

(3.100)

Ω “

ˆ
dα1 δ

6pQqδ4pP q δpr56srη1`α1r56srη2`r6p1srη5`rp15srη6q

α1x34yx1|5`6|2spα1´α`
1 qpα1´α´

1 qpx3|5`6|1s`α1x3|5`6|2sqpx2|3`4|5s´α1x1|3`4|5sqr56s
.

The quadratic (or higher order) equation for a parameter we localize and the presence of roots is

not something unusual. For example, it also happens for the four-mass-box leading singularity,

and in general we get very complicated structures. The UV pole in (3.79) can be again calculated

diagrammatically using our operation: replacing the hexagon with the tree diagram (3.47). But

now, something new happens: as a result, we get a non-planar on-shell diagram

(3.101)

12

3

45

6

α6

α1

α5

α2

α3

α4

α7

α8

The expression for the on-shell diagram using edge variables is the same as in the planar case and

we can evaluate

(3.102) ΩUV “ ˘
δ6pQqδ4pP q δpr56srη1`α˘

1 r56srη2`r6p1srη5`rp15srη6q

α˘
1 x34yx1|5`6|2spα´

1 ´α`
1 qs

p156xp23yrp15sr56s

where p1 and p2 are defined by the same convention as (3.90) and α˘
1 is:

(3.103) α˘
1 “

px2|5`6|2s ´ x1|5`6|1sq ˘
a

px1|5`6|1s ` x2|5`6|2sq2 ´ 4s12s56
2x1|5 ` 6|2s

.

which agrees with the residue on either the plus or minus pole of (3.100). This six-point NMHV

non-planar diagram corresponds to one of the eight dimensional cells in Gp3, 6q (not the positive
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part). All these cells for Gp3, 6q were classified in [60], and the subset of them relevant for BCFW

recursion relations (for higher k and n) in [65].

3.3.4 UV poles and modified GRTs

One of the most important features of on-shell functions Ω for leading singularity on-shell

diagrams is that they satisfy Global Residue Theorems (GRTs). The leading singularity on-shell

diagram has a dimensionality 2n´4 and the on-shell function has neither free parameters, nor are

there any constraints imposed on external kinematics (other than momentum conservation). For

the on-shell diagram of dimensionality 2n´3, the on-shell function (after solving for edge variables)

has one free parameter z, i.e. Ωpzq. We can write Cauchy’s integral theorem for this function,

(3.104)
˛
dzΩpzq “ 0.

If the on-shell diagram has no pole at infinity, then all poles in z come from erasable edges and we

can write

(3.105) GRT “
ÿ

j

Ωj “ 0 where Ωj “ Resz“zjΩpzq

Let us look at the most famous example which is our diagram (3.89). In N“4 SYM theory the

on-shell form is given by Ω “ Ωbare,

(3.106) Ω “

ˆ
dα1 . . . dα9 δpC ¨ Zq

α1α2 . . . α9
“

ˆ
dα1 δpΞq

α1s
p156xp23yx34yxp2|3`4|5sx4|5`6|p1srp16sr56s

.
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There are six poles in this on-shell function corresponding to erasing edges α1, α2, α5, α6, α7, α8.

Going to each of these six boundaries can be illustrated as follows,

(3.107)

1 2

3

45

6

α5

α9

α2

α3

α6α4

α1

α7 α8
6

5

1 2

4

3

1 1

1
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2 2

2
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3 3

3

3
3

4 4

4

4

4

5 5

5

5

5

6 6

6

66
Ω1

Ω2

Ω3 Ω4

Ω5

Ω6

where each arrow starts at the edge that is being erased, and all erasable edges are shown in red.

This leads to the GRT in the form

(3.108)
6
ÿ

i“1

Ωi “ 0, with Ω1 “
δ4pP qδ8pQq δpr34srη5`r45srη3`r53srη4q

s345r34sr45sx16yx12yx2|3`4|5sx6|1`2|3s

where Ω1 “ Rr23456s is a famous R-invariant, and all other Ωj are related by cyclic shifts. The

BCFW recursion relations for two different shifts represent the six-point NMHV tree-level as

(3.109) Atree
6,3 “ Ω1 ` Ω3 ` Ω5 “ ´Ω2 ´ Ω4 ´ Ω6

where the equality of two representations is guaranteed by the GRT (3.108). All these relations

were crucial in the early discovery of momentum twistor polytopes [117, 118], on-shell diagrams

and positive Grassmannians [8,9,10,13] and later the Amplituhedron construction [14,16].
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For N ă 4 SYM the Global Residue Theorems change dramatically. The Jacobian removes

some of the poles in Ωpzq but also adds poles at infinity. The on-shell functions associated with IR

poles also change as they are corrected by the Jacobian. We work in the context of N “ 3 and

consider the same on-shell diagram for the top cell G`p3, 6q. At first, we choose the orientation

with one pole at infinity,

(3.110)
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3
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α7 α8
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α3

α6α4

α9

Solving for edge variables and plugging in the formula we get for the on-shell function,

(3.111)

Ω “

ˆ
dα1 x34yrp15sδpΞq

α1s
p156xp23yx34yxp2|3`4|5sx4|5`6|p1srp16sr56s

l jh n

Ωbare

xp2|3`4|5srp16s

xp2|3`4|6srp15s
l jh n

J ´1

“

ˆ
dα1 δpΞq

α1s
p156xp23yx4|5`6|p1sxp2|3`4|6sr56s

,

where, again, δpΞq ” δ6pQqδ4pP qδpr56srη1`α1r56srη2`r6p1srη5`rp15srη6q. Taking the residue on the UV

pole α1 “
x2|3`4|6s

x1|3`4|6s
one obtains

(3.112) ΩUV “
δ6pQqδ4pP qδpr46srη3`r36srη4`r34srη6q

x15yx12yx2|3`4|6sx5|2`4|3sr34sr46s
,

which matches the form obtained by collapsing the box into a tree as per the prescription. We can

use this to define a modified global residue theorem (GRT):

(3.113) GRT “ rΩ3 ` rΩ4 ` rΩ5 ` rΩ6 ` ΩUV “ 0

with the IR poles given by

rΩ3 “
δ6pQqδ4pP qδpr56srη1`r16srη5`r15srη6q

s156x23yx4|5`6|1sx2|3`4|6sr56s
, rΩ4 “

δ6pQqδ4pP qδpr23srη2`r24srη3`r23srη4q

s156x1|5`6|4sr23sr34sx15yx56y
,
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rΩ5 “
δ6pQqδ4pP qδpr23srη1`r13srη2`r12srη3q

s123x56yx5|1`2|3sx4|5`6|2sr13sr12s
, rΩ6 “

δ6pQqδ4pP qδpr56srη4`r46srη5`r45srη6q

s456x23yx12yx1|5`6|4sr56sr46s
.(3.114)

We can illustrate the GRT as before,

(3.115)
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where each arrow starts at the edge that is being erased, and all erasable edges are shown in red,

while the accesible UV pole is shown using the dashed internal cycle. Notice, how α5 and α7 now no

longer are removable compared to the normal GRT in (3.107). Also note that the on-shell functions

rΩ contain Jacobians from the internal cycle in the box. This is a new type of GRT that relates the

on-shell function for the UV pole to IR poles. Note that in this case all diagrams are planar, but

the on-shell diagram for the UV pole does not respect the original canonical ordering with 5 Ø 6.

Now we consider a more complicated case of the same diagram with the orientation discussed in
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the previous subsection,

(3.116)
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,

where the pole at infinity in the hexagon subdiagram is also accessible. In that case the Jacobian

removes the IR poles for edges α2, α6, α7, α8 leaving only two IR poles α5 “ x2̂|3`4|5s “ 0

and α1 “ 0. On the other hand we add 3 UV poles – a pair of poles from the hexagon loop for

x2̂|5`6|1̂s “ 0 and one UV pole from the right box subdiagram x3|5`6|1̂s “ 0 as before. The global

residue theorem in this case can be written as

(3.117) GRT “ rΩ1 ` rΩ3 ` Ω`
UV1

` Ω´
UV1

` ΩUV2 “ 0

where

rΩ1 “
δ4pP qδ6pQqδpr45srη3 ` r35srη4 ` r34srη5q

r34sx12yx6|3`5|4sx2|3`4|5sx6|3`4|5s
, rΩ3 “

δ6pQqδ4pP qδpr56srη1`r61srη5`r15srη6q

x34yx2|5`6|1sx3|5`6|1sx2|1`6|5sr56s

Ω˘
UV1

“ ˘
δ6pQqδ4pP q δpr56srη1 ` α˘

1 r56srη2 ` r6p1srη5`rp15srη6q

x1|5`6|2spα´
1 ´ α`

1 qs
p156xp23yx34yr56srp15sα˘

1

ΩUV2 “
δ6pQqδ4pP qδpr24srη1 ` r14srη2 ` r12srη4q

x56yr12sx3|5`6|1sx3|1`2|4sx6|1`2|4s
,

(3.118)

with

(3.119) α˘
1 “

px2|5`6|2s ` x1|5`6|1sq ˘
a

px1|5`6|1s ` x2|5`6|2sq2 ´ 4s12s56
2x1|5 ` 6|2s

.

This is a new type of residue theorem for on-shell functions for two IR poles (modified R-invariants)

and two UV poles – one is a planar R-invariant for a different ordering and the other is a pair of

non-planar on-shell functions. Note that while each on-shell function Ω˘
UV1

contains square-roots,

they do cancel in the sum as evident from the GRT (3.117). Once again we can illustrate the GRT
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in this case,

(3.120)
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from which it is clear that the only two removable edges left are α5 and α1.

In N“4 SYM theory we do not have any poles at infinity whatsoever, so we can never generate

non-planar diagrams from planar diagrams. However, even in N “ 4 SYM theory we can just

directly consider non-planar on-shell diagrams, but with no orientations and internal cycles. The

on-shell functions in N “ 4 SYM for the same diagrams are then

1 2

3

4

5

6
“

δ4pP qδ8pQqδpr24srη1 ` r14srη2 ` r12srη4q

s124x35yx56yx3|5`6|1sx6|1`2|4sr12sr24s
(3.121)
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12

3

45

6 “ ˘
δ4pP qδ8pQq δpr56srη1`α˘

1 r56srη2`r6p1srη5`rp15srη6q

pα´
1 ´α`

1 qs
p156xp24yx34yx1|5`6|2sx3|p1`5|6sr56srp15sα˘

1

(3.122)

where the first on-shell function is just a regular R-invariant with 5 Ø 6 from canonical ordering, as

also evident from the on-shell diagram. The on-shell function for the second, genuine non-planar,

on-shell diagram is of a new type and is not related to an R-invariant as also evident from the

presence of square-roots. It would be interesting to identify this form with the items in the list of

appendix B of [60].

Having thoroughly gone through the procedure of taking UV poles of general n-gons and how

to incorporate this into larger on-shell diagrams in N“3 we are ready to tackle the higher order

polls at infinity that arise in Nă3 in the next section.

3.4 Higher order poles at infinity

So far we have studied the minimal version of the problem of UV poles where individual on-shell

diagrams preserve N “ 3 SUSY and all poles at infinity are simple poles. We want to generalize it

to gauge theories with lower supersymmetries, including pure Yang-Mills theory. As explained in

previous sections, there are two parts of the story: (i) locations of poles at infinity and the kinematics

of on-shell diagrams which are produced on these poles; and (ii) the actual residues at infinity, i.e.

on-shell functions associated with on-shell diagrams. The first part of the story is general and not

specific to any theory, hence our discussion is valid for all relevant QFTs (with fundamental 3-point

vertices) including gravity. The second part, the on-shell function, is specific to a particular theory

and here, indeed, we solved only the case of N “ 3 and need to find a generalization to other

theories.
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3.4.1 UV pole as a residue

Let us consider N “ 2 SYM theory, the case of general N is just a trivial generalization. The

main challenge is to figure out how to deal with higher poles at infinity which come from the inverse

Jacobian J ´1. For N “ 2 these are double poles. First, we redo the box on-shell diagram (3.8) and

get

(3.123)

3

1

2

4

“
δ4pP qδ4pQqx24y2

x12yx23yx34yx14y
ˆ

ˆ

x23yx14y

x13yx24y

˙2

“
x23yx14y δ4pP qδ4pQq

x12yx34yx13y2

where the supermomentum delta function has the same form, but now in ηIi , I “ 1, 2. Our goal is

to calculate the residue on the UV pole x13y “ 0. Just based on the little group weights and the

mass dimension, the resulting expression must be

(3.124) Res
x13y“0

x23yx14y δ4pP qδ4pQq

x12yx34yx13y2
„

x24y δ4pP qδ4pQqδpx13yq

x12yx34y

Note that on the support of x13y “ 0 we have a relation x12yx34y “ x23yx14y. We want to derive

this result by taking the residue of (3.123).

The first issue is to find a good parametrization that allows us to approach the pole in a nice

way. One approach is to write x13y “ λ
p1q

1 λ
p2q

3 ´λ
p2q

1 λ
p1q

3 , fix three of the components and then solve

for the last one, e.g. λ
p2q

3 , making sure that x13y “ 0. However, we need to have in mind that

through momentum conservation this parameter also appears in other momenta, which makes this

approach less clean. Therefore, it is simplest to shift the external kinematics, e.g. using a BCFW

shift λ3 Ñ λ3 ` zλ4, rλ4 Ñ rλ4 ´ zrλ3, we get Ωpzq but with an extra δpzq ensuring we preserve the

same kinematics. Then we take a residue on x13y Ñ x13y`zx14y “ 0 using the formula (3.126),

(3.125) ΩUV “ Res
z“´

x13y

x14y

x14ypx23y ` zx24yq δ4pP qδ4pQqδpzq

x12yx34ypx13y ` zx14yq2
“

x24y δ4pP qδ4pQqδpx13yq

x12yx34y
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where we used δ
´

´
x13y

x14y

¯

“ ´
δpx13yq

x14y
and for the calculation of the residue on the higher pole we

used the definition

(3.126) Res
x“x0

fpxq “
1

pm´ 1q!
lim
xÑx0

dm´1

dxm´1
ppx´ x0q

m fpxqq

Same result is obtained using the shift λ3 Ñ λ3 ` zλ2, rλ2 Ñ rλ2 ´ zrλ3,

(3.127) ΩUV “ Res
z“´

x13y

x12y

x14yx23y δ4pP qδ4pQqδpzq

x12ypx34y ` zx24yqpx13y ` zx12yq2
“

x24y δ4pP qδ4pQqδpx13yq

x23yx14y

which is the same as (3.125) using x12yx34y “ x14yx23y on the support of δpx13yq. We can show

that the result is independent of the shift. For general N ă 4 we can repeat the same exercise and

get,

(3.128) ΩUV “
x24y3´N δ4pP qδ2N pQqδpx13yq

x12yx34y

Note that m-shell function for the on-shell diagram (3.13) with additional helicity factor for N ă 3

supersymmetry. Therefore, our diagrammatic rule works perfectly here for any N for this case. Let

us look at the double box on-shell diagram in N “ 2 SYM,

(3.129)

3

1

2

4

z

“

ˆ
dz

x24y2δ4pP qδ4pQq

zpx23y ` zx24yqx14yx34yx12y
ˆ

ˆ

x14ypx23y ` zx24yq

x24ypx13y ` zx14yq

˙2

“

ˆ
dz

x14ypx23y ` zx24yq δ4pP qδ4pQq

zx12yx34ypx13y ` zx14yq2

This on-shell diagram has only two poles: IR pole for z “ 0 (deleting the far right edge) and the

double UV pole which blows up the left loop. The residue on the IR pole is

(3.130) ΩIR “ Res
z“0

Ωpzq “
δ4pP qδ4pQq x14yx23y

x12yx34yx13y2

which is a box with an internal loop (3.123) as expected. The residue on the UV pole is

(3.131) ΩUV “ Res
z“´

x13y

x14y

Ωpzq “ ´
δ4pP qδ4pQq x14yx23y

x12yx34yx13y2

and the sum ΩIR ` ΩUV “ 0 as dictated by the GRT for Ω. Note that the on-shell diagram

associated with the UV pole (based on our rule) should be just a box without an internal loop and
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an ordering p1342q. However, the on-shell function obtained in (3.131) is not an on-shell function

for this diagram,

(3.132)

3

2

1

4

But rather, is its given by

(3.133)
ΩUV “

x24y2 δ4pP qδ4pQq

x13yx34yx42yx21y
l jh n

ΩD

ˆ
x14yx23y

x13yx24y
l jh n

K

where ΩD is the on-shell function associated with the diagram and K is some prefactor. This formula

generalizes to arbitrary N ,

(3.134) ΩUV “
δ4pP qδ2N pQq x24y4´N

x13yx34yx42yx21y
ˆ

ˆ

x14yx23y

x13yx24y

˙3´N
“

px14yx23yq3´N δ4pP qδ2N pQq

x13y4´N x34yx42yx21y

We can see that the situation is not as simple as in the N“3 SYM case, the on-shell function is

now corrected by some prefactor. This prefactor does not add any new poles, it only increases the

degree of some of the poles. We will see shortly that it is generated by a derivative operator acting

on this on-shell diagram.

3.4.2 Infinity operator

To start with, let us consider a generalization of the two-loop double box on-shell diagram,

(3.135)

1

2
ℓ3

ℓ4

Ω2

where the one-loop box on-shell diagram with an internal loop is glued to an arbitrary other on-shell

diagram through two on-shell internal legs ℓ3, ℓ4. The on-shell function for the diagram for N “ 2
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SYM can be then written as

(3.136) Ω “

ˆ
d2rηℓ3d

2
rηℓ4

ˆ
d2λℓ3 d

2
rλℓ3

GLp1q

ˆ
d2λℓ4 d

2
rλℓ4

GLp1q

!

Ω1 ˆ Ω2

)

The on-shell functions for left and right parts of the diagram are:

(3.137) Ω1 “
x2ℓ4y2 δ4pP1qδ4pQ1q

x12yx2ℓ3yxℓ3ℓ4yxℓ41y

ˆ

x1ℓ4yx2ℓ3y

x2ℓ4yx1ℓ3y

˙2

“
x2ℓ3yx1ℓ4y δ4pP1qδ4pQ1q

x12yxℓ3ℓ4yx1ℓ3y2

(3.138) Ω2 “ δ4pP2qδ4pQ2qω2

where P1, P2 are momentum conservation and Q1, Q2 are supermomentum conservation for each

part of the diagram. ω2 for the right part of the diagram is arbitrary, and while it can contain

additional delta functions or extra parameters, it does not depend on legs 1, 2 (only through ℓ3, ℓ4).

Now we want to calculate the residue on the pole at infinity x1ℓ3y “ 0 of the box diagram. In order

to do that we have to take λℓ3 to be collinear with λ1. However, due to momentum conservation

any changes in λℓ3 also propagate into other momenta, and it is relevant when we calculate the

derivative of the function in (3.126). We can remove this dependence by integrating over ℓ4, then

ℓ3 becomes independent,

(3.139)

Ω “

ˆ
d2rηℓ3

ˆ
d2λℓ3 d

2
rλℓ3

GLp1q

#

x12y

x1ℓ3y2
ˆ

ˆ
d2rηℓ4

ˆ
d2λℓ4 d

2
rλℓ4

GLp1q

x2ℓ3yx1ℓ4y δ4pP1qδ4pQ1q

x12y2xℓ3ℓ4y
ˆ Ω2

l jh n

ω

+

where we defined an on-shell function ω which automatically implements the momentum conservation

between ℓ3, ℓ4 and external legs, and the momentum ℓ3 is now independent and not subject to any

constraints. In this form we can take a residue on the pole x1ℓ3y “ 0. In order to approach the pole

we parametrize

(3.140) λℓ3 “ αλ1 ` βλ2

and rewrite

(3.141) Ω “

ˆ
d2rηℓ3

ˆ
dα dβ d2rλℓ3

GLp1q

#

1

β2
ˆ ω

+
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The UV pole is then given by the residue on β “ 0,

(3.142) ΩUV “

ˆ
d2rηℓ3

ˆ
dα d2rλℓ3
GLp1q

#

dω

dβ

ˇ

ˇ

ˇ

β“0

+

We can also undo the parametrization (3.140) and rewrite the result in a more invariant way,

(3.143) ΩUV “

ˆ
d2rηℓ3

ˆ
d2λℓ3 d

2
rλℓ3

GLp1q

#

δpx1ℓ3yq

B

λ2
dω

dλℓ3

F

+

In the angle bracket we take the derivative of ω with respect to λℓ3 and then contract with λ2. This

is the on-shell function associated with the pole at infinity in (3.135). Now we need to compare

(3.143) with the on-shell diagram for the collapsed box diagram,

(3.144)

1

2

ℓ3

ℓ4

Ω2

The on-shell function for this diagram is

(3.145) Ωbare
UV “

ˆ
d2rηℓ3

ˆ
d2λℓ3 d

2
rλℓ3

GLp1q

#

δpx1ℓ3yq

ˆ
d2rηℓ4

ˆ
d2λℓ4 d

2
rλℓ4

GLp1q

x2ℓ4y δ4pP1qδ4pQ1q

x12yxℓ3ℓ4y
ˆ Ω2

l jh n

ωbare

)

where we again eliminated ℓ4. Comparing (3.143) and (3.145) we find the relation

(3.146)
B

λ2
dω

dλℓ3

F

“
x2ℓ3yr2ℓ3s

x12yr1ℓ3s

B

λ2
dωbare

dλℓ3

F

Plugging back we get

(3.147) ΩUV “

ˆ
d2rηℓ3

ˆ
d2λℓ3 d

2
rλℓ3

GLp1q

#

δpx1ℓ3yq
x2ℓ3yr2ℓ3s

x12yr1ℓ3s

B

λ2
dωbare

dλℓ3

F

+

We can then interpret the result in the following way: the pole at infinity of the original on-shell

diagram (3.135) for N “ 2 SYM is equal to the “infinity operator”

(3.148) O “
x2ℓ3yr2ℓ3s

x12yr1ℓ3s

B

λ2
d

dλℓ3

F

89



acting on the bare on-shell function

(3.149) ΩUV “
x2ℓ3yr2ℓ3s

x12yr1ℓ3s

B

λ2
d

dλℓ3

F

b

1

2

ℓ3

ℓ4

Ω2

or, more schematically ΩUV “ ObΩbare
UV in the sense of the formulas (3.145) and (3.146). Note that

for N “ 3 the operator O “ I and the residue of Ω on the pole at infinity is equal to ΩUV “ Ωbare
UV .

This relation is very easy to generalize for arbitrary N ă 4. In that case the operator O is given by

(3.150) ON “
1

p3´N q!

ˆ

x2ℓ3yr2ℓ3s

x12yr1ℓ3s

B

λ2
d

dλℓ3

F˙3´N

Note that the derivative commutes with the prefactor. As an example of our procedure, we look at

the double box on-shell diagram studied in the previous section. We interpret the diagram in the

context of (3.135) as a one-loop box with legs 1, 2, ℓ3, ℓ4 glued to the tree-level diagram with legs

3, 4, ℓ3, ℓ4,

(3.151)

1

2

ℓ3

ℓ4

ˆ

4

3

ℓ3

ℓ4

The on-shell function Ω2 is now

(3.152) Ω2 “
xℓ34y2 δ4pP2qδ4pQ2qδpx4ℓ4yq

xℓ33yx34yxℓ3ℓ4y
“

xℓ34yr3ℓ4s δ4pP2qδ4pQ2qδpr3ℓ3sq

xℓ33yx34yxℓ3ℓ4y

where we rewrote the delta function on the support of the momentum conservation,

(3.153) δpx4ℓ4yq “ rℓ43s δpx4|ℓ4|3sq “ ´rℓ43s δpx4|ℓ3|3sq “
r3ℓ4s

xℓ34y
δpr3ℓ3sq

90



where the function ω, further integrated over rηℓ3 and rλℓ3 for simplicity (this does not interfere with

λℓ3 derivative) is equal to

ˆ
d2rηℓ3

ˆ
d2rλℓ3
GLp1q

ω “

“

ˆ
d2rηℓ3 d

2
rηℓ4

ˆ
d2rλℓ3
GLp1q

ˆ
d2λℓ4 d

2
rλℓ4

GLp1q

x1ℓ4yrℓ43sx2ℓ3yx4ℓ3y δ4pP1qδ4pQ1qδ4pP2qδ4pQ2qδpr3ℓ3sq

x12y2x34yx3ℓ3yxℓ3ℓ4y2

“

ˆ
d2rλℓ3
GLp1q

px1ℓ3yrℓ33s ` x14yr34sqx2ℓ3yx4ℓ3y δ4pP qδ4pQqδppp3`p4´ℓ3q2qδpr3ℓ3sq

x12y2x34yx3ℓ3y
(3.154)

where the integration over rηℓ3 , rηℓ4 reproduced an overall supermomentum conservation δ4pQq and

an extra factor xℓ3ℓ4y2 while the integral over ℓ4 lead to an overall momentum conservation δ4pP q

and an extra delta function δppp3`p4´ℓ3q2q. We can also integrate over rλℓ3 which fixes rλℓ3 “ rλ3

and factorizes the delta function

(3.155) δppp3`p4´ℓ3q2q “
1

r34s
δpx34y´x4ℓ3yq

Plugging back we get

(3.156)
ˆ
d2rηℓ3

ˆ
d2rλℓ3
GLp1q

ω “
x14yx2ℓ3yx4ℓ3y δ4pP qδ4pQqδpx34y´x4ℓ3yq

x12y2x34yx3ℓ3y

Now we calculate the derivative with respect to λℓ3 and contract with λ2,

(3.157)ˆ
d2rηℓ3

ˆ
d2rλℓ3
GLp1q

B

λ2
dω

dλℓ3

F

“
x14yx2ℓ3ypx2ℓ3yx34y2`x23yx4ℓ3y2q δ4pP qδ4pQqδppx34y´x4ℓ3yq2q

x12y2x34yx3ℓ3y2

where all delta functions are here considered in the context of contour integrals and residues, i.e.

under the integral δpzq „ 1
z . This is important since the derivative also acts on the delta function.

Plugging back into (3.143) and integrating over λℓ3 we get

(3.158)

ΩUV “ δ4pP q δ4pQq

ˆ
d2λℓ3

x14yx2ℓ3ypx2ℓ3yx34y2`x23yx4ℓ3y2q δ4pP qδ4pQqδppx34y´x4ℓ3yq2qδpx1ℓ3yq

x12y2x34yx3ℓ3y2

In order to make the integration easier, we can expand ℓ3 using (3.140),

ΩUV “
x14y

x12yx34y
δ4pP q δ4pQq

˛
dα dβ

α2x12yx34y2 ` αx23ypαx14y ` βx24yq2

βpx34y`αx14y`βx24yq2pαx13y`βx23yq2

“ ´
x14yx23y δ4pP q δ4pQq

x12yx34yx13y2
(3.159)
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where the integral was evaluated on the contour given by the delta functions, β “ 0 and α “

´x34y{x14y (this was a double pole). Now we compare (3.159) with the infinity operator (3.148)

acting on the on-shell diagram

(3.160)

3

2

1

4

ℓ3

ℓ4

which is obtained by collapsing the left box with the UV pole in (3.151). The on-shell function

ωbare for Ω2 for the diagram (3.160), again integrated over rηℓ3 and rλℓ3 is

ˆ
d2rηℓ3

ˆ
d2rλℓ3
GLp1q

ωbare “

(3.161)

“

ˆ
d2rηℓ3 d

2
rηℓ4

ˆ
d2rλℓ3
GLp1q

ˆ
d2λℓ4 d

2
rλℓ4

GLp1q

x2ℓ4yx4ℓ3yr3ℓ4s δ4pP1q δ4pQ1qδ4pP2qδ4pQ2qδpr3ℓ3sq

x12yx34yxℓ3ℓ4y2x3ℓ3y

“
x24yx4ℓ3y δ4pP qδ4pQqδpx34y´x4ℓ3yq

x12yx34yx3ℓ3y
(3.162)

If we now integrated over λℓ3 we would just recover the ordinary on-shell function for the box

on-shell diagram (3.160),

(3.163) Ωbare “

ˆ
d2λℓ3

x24yx4ℓ3y δ4pP qδ4pQqδpx34y´x4ℓ3yqδpx1ℓ3yq

x12yx34yx3ℓ3y
“

x24yδ4pP qδ4pQq

x12yx13yx34y

where the contour integral over the delta functions fixed λℓ3 “
x34y

x14y
λ1. But instead of that we have

to calculate the derivative,

ˆ
d2rηℓ3

ˆ
d2rλℓ3
GLp1q

x2ℓ3yr2ℓ3s

x12yr1ℓ3s

B

λ2
dωbare

dλℓ3

F

“
r23sx24yx2ℓ3ypx34y2x2ℓ3y`x23yx4ℓ3y2q δ4pP qδ4pQqδppx34y´x4ℓ3yq2q

r13sx12y2x34yx3ℓ3y2
(3.164)

and then integrate over λℓ3 ,

ΩUV “

ˆ
d2λℓ3

r23sx24yx2ℓ3ypx34y2x2ℓ3y`x23yx4ℓ3y2q δ4pP qδ4pQqδppx34y´x4ℓ3yq2qδpx1ℓ3yq

r13sx12y2x34yx3ℓ3y2
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“ ´
x14yx23y δ4pP q δ4pQq

x12yx34yx13y2
(3.165)

with a perfect agreement with (3.159). In pure Yang-Mills theory (N“0) we act with the operator

O three times, and get

ΩUV “
1

6

ˆ
d2rηℓ3

ˆ
d2λℓ3 d

2
rλℓ3

GLp1q

ˆ

x2ℓ3yr2ℓ3s

x12yr1ℓ3s

˙3B

λ2
d

dλℓ3

B

λ2
d

dλℓ3

B

λ2
dωbare

dλℓ3

FFF

“ ´
x14y3x23y3 δ4pP q

x12yx34yx13y4
(3.166)

where ωbare is the same as before up to an extra x24y2 helicity factor and supermomentum delta

function. Finally, let us summarize the procedure of the calculation of the UV pole:

‚ Calculate the bare on-shell function ωbare of a lower-loop on-shell diagram obtained by

diagrammatic rules: a collapse of the loop and a non-planar twist. This includes an

integration over the internal leg ℓ4 which eliminates the dependencies from the momentum

conservation.

‚ Take the appropriate number of derivatives with respect to λℓ3 and plug into (3.166). This

is the value of the original on-shell diagram on the UV pole.

3.4.3 General on-shell diagram

We are now ready to solve a more general problem where the box diagram with the UV pole is

inside an arbitrary on-shell diagram,

(3.167)

ℓ1 ℓ4

ℓ3ℓ2
Ω2

The on-shell function for the diagram is

(3.168) Ω “

ˆ
d2rηℓ1 . . . d

2
rηℓ4

ˆ
d2λℓ1 d

2
rλℓ1

GLp1q
. . .

ˆ
d2λℓ4 d

2
rλℓ4

GLp1q

!

Ω1 ˆ Ω2

)
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where on-shell functions for the internal box and the rest of the diagram are

(3.169) Ω1 “
xℓ2ℓ4y2δ4pP1q δ4pQ1q

xℓ1ℓ2yxℓ2ℓ3yxℓ3ℓ4yxℓ4ℓ1y

ˆ

xℓ1ℓ4yxℓ2ℓ3y

xℓ2ℓ4yxℓ1ℓ3y

˙2

, Ω2 “ δ4pP2q δ4pQ2qω2

We rewrite this expression as

(3.170) Ω “

ˆ
d2rηℓ1 . . . d

2
rηℓ3

ˆ
d2λℓ1 d

2
rλℓ1

GLp1q
. . .

ˆ
d2λℓ3 d

2
rλℓ3

GLp1q

#

xℓ1ℓ2y

xℓ1ℓ3y2
ˆ ω

+

where the function ω is defined as

(3.171) ω “

ˆ
d2rηℓ4

ˆ
d2λℓ4 d

2
rλℓ4

GLp1q

!

xℓ2ℓ3yxℓ1ℓ4y δ4pP1qδ4pQ1q

xℓ1ℓ2y2xℓ3ℓ4y
ˆ Ω2

)

This is a straight generalization of the case discussed in the last subsection. We included the

integration over internal particle ℓ4 in the definition of ω in order to eliminate the momentum

conservation on four internal legs, such that we can then take a derivative of the expression without

any ambiguities. But this is just one choice, we can obviously choose another internal leg to be

eliminated in this way. The residue on the pole at infinity xℓ1ℓ3y “ 0 is then given by

(3.172) ΩUV “ O b Ωbare
UV where Ωbare

UV “

ℓ1 ℓ4

ℓ3ℓ2

where the operator O is given by

(3.173) O “

ˆ

xℓ2ℓ3yrℓ2ℓ3s

xℓ1ℓ2yrℓ1ℓ3s

˙B

λℓ2
d

dλℓ3

F

and the action on the (bare) on-shell function in (3.149) is given by the analogous formula to (3.156),

(3.174)

ΩUV “

ˆ
d2rηℓ1 . . . d

2
rηℓ3

ˆ
d2λℓ1 d

2
rλℓ1

GLp1q
. . .

ˆ
d2λℓ3 d

2
rλℓ3

GLp1q

#

δpxℓ1ℓ3yq
xℓ2ℓ3yrℓ2ℓ3s

xℓ1ℓ2yrℓ1ℓ3s

B

λℓ2
dωbare

dλℓ3

F

+
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where the bare on-shell function ωbare for (3.172) is

(3.175) ωbare “

ˆ
d2rηℓ4

ˆ
d2λℓ4 d

2
rλℓ4

GLp1q

#

xℓ2ℓ4y δ4pP1qδ4pQ1q

xℓ1ℓ2yxℓ3ℓ4y
ˆ Ω2

+

which is just a straightforward generalization of our discussion before. Note that the only limitation

is that we required that the leg ℓ4 is an internal leg. In case it is an external leg, and we do not

integrate over it (hence we do not resolve the momentum conservation), we just have to choose

another leg to integrate over first. The generalization to an arbitrary number of supersymmetries

is again straightforward, we just act with 3´N copies of O, i.e.

(3.176) ΩUV “ O3´N b Ωbare
UV

We are now ready to generalize this procedure to higher n-gons. Let us now consider the NMHV

hexagon subdiagram,

(3.177)

ℓ1

ℓ6

ℓ3
ℓ2 ℓ4

ℓ5

Ω2

.

The on-shell function for N “ 2 SYM is

(3.178) Ω “

ˆ
d2rηℓ1 . . . d

2
rηℓ6

ˆ
d2λℓ1 d

2
rλℓ1

GLp1q
. . .

ˆ
d2λℓ6 d

2
rλℓ6

GLp1q

!

Ω1 ˆ Ω2

)

,

where the on-shell function for the hexagon can be written as

Ω1 “
xℓ4|ℓ3`ℓ5|ℓ1s2xℓ3ℓ4yxℓ1ℓ5y δpΞq

rℓ5ℓ6s2rℓ1ℓ2sxℓ1ℓ2yxℓ1ℓ6yxℓ2ℓ3yxℓ4ℓ5yxℓ3ℓ5y
ˆ

ˆ

xℓ1ℓ2yxℓ3ℓ4yrℓ1ℓ2s

xℓ1ℓ3yxℓ4|ℓ3`ℓ5|ℓ1s

˙2

“
xℓ3ℓ4y3xℓ1ℓ5yxℓ1ℓ2yrℓ1ℓ2s δpΞq

rℓ5ℓ6s2xℓ1ℓ6yxℓ2ℓ3yxℓ4ℓ5yxℓ3ℓ5yxℓ1ℓ3y2
(3.179)

where the delta functions are

(3.180) δpΞ1q ” δ4pP1qδ4pQ1q δpxℓ1|ℓ2`ℓ3|ℓ4sqδpxℓ3|ℓ4`ℓ5|ℓ6sqδprℓ5ℓ6srηℓ4`rℓ6ℓ4srηℓ5`rℓ4ℓ5srηℓ6q
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The residue on the pole at infinity xℓ1ℓ3y “ 0 is then given by

(3.181)

ΩUV “

ˆ
d2rηℓ1 . . . d

2
rηℓ5

ˆ
d2λℓ1 d

2
rλℓ1

GLp1q
. . .

ˆ
d2λℓ5 d

2
rλℓ5

GLp1q

#

δpxℓ1ℓ3yq

ˆ

xℓ2ℓ3yrℓ2ℓ3s

xℓ1ℓ2yrℓ1ℓ3s

˙B

λℓ2
dωbare

dλℓ3

F

+

where ωbare is now the on-shell function associated with the graph

(3.182)

ℓ1

ℓ4
ℓ3

ℓ2

ℓ5
ℓ6

before we integrate over momenta ℓ1, . . ., ℓ5 (in fact, we can integrate over all momenta except λℓ3

in which we take the derivative). This straightforwardly generalizes to any one-loop n-gon, and also

to any number of supersymmetries – we again act p3´N q times with the operator O.

It is worth noting that in our procedure of approaching and calculating the higher pole at infinity

we made a certain choice: we parametrized λℓ3 “ αλℓ1 ` βλℓ2 and calculated the pole for β “ 0

which then transformed into a certain form of the O. Note that the final result does not depend on

this choice (the calculation of the residue is independent on the parametrization). One assumption

we made in our calculation was that the leg ℓ3 was internal (as we integrated over it and removed

any dependencies between ℓj through momentum conservation). If this was an external leg we

would have to approach the pole via another leg. For the general on-shell diagram with L ą 1 at

least one of the legs of the n-gon (which UV pole we approach) is internal and we can use it in our

procedure. The only exception is the one-loop n-gon itself as an on-shell diagram, in this case we

can just attach a BCFW bridge as we did for the box diagram in the previous section. The result

for the UV pole does not depend on the particular procedure used to approach that pole.

3.5 Non-planar diagrams

The non-planar on-shell diagrams have been extensively studied in the past. Based on the

principles of generalized unitarity they represent the cuts of non-planar loop integrands. In the dual
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description, the on-shell function is reproduced by the simple dlog form in N “ 4 SYM theory while

in the lower SUSY Yang-Mills theories we have to include the Jacobians [13], and the formula is the

same as for the planar diagrams. Unlike in the planar case not much is known about the connection of

non-planar on-shell diagrams to the Grassmannian geometry, permutations, stratifications, identity

moves etc. Some interesting observations were made for MHV on-shell diagrams in the context

of N “ 4 SYM theory [55] where the on-shell function for each diagram was written as a special

linear combination of Parke-Taylor factors. A more systematic study was performed in [57] and

the classification of all on-shell diagrams for 6 point NMHV amplitudes was performed in [60]. The

first attempts to associate NMHV on-shell diagrams with Grassmannian geometries were provided

in [65] in the context of non-adjacent BCFW recursion relations.

In our discussion of UV poles in on-shell diagrams, we restricted only to planar diagrams and

also our proof of the localization of UV poles in one loop subdiagrams required the planarity of the

whole diagram. We will show that indeed the same argument does not hold for non-planar on-shell

diagrams and the poles at infinity propagate beyond just a one-loop subgraph. We explore one

particular five-point non-planar diagram,

(3.183)

3

2

51

4
α1

α2 α3

α4

α5

α6

,

α1 “
x32y

x13y
, α2 “

x13y

x12y
,

α3 “
x14y

x13y
, α4 “

x51y

x14y
,

α5 “
x13y

x53y
, α6 “

x43y

x13y
.

The Jacobian from the cycle is

(3.184) J “ 1 ´ α1α2α3α4α5 “
x13yx25y

x12yx35y
,

where we can identify the UV pole as x13y Ñ 0, while x25y is the helicity factor. We could instead

have picked an orientation with a different internal cycle as follows,

(3.185)

3

2

51

4
α1

α2 α3

α4

α5

α6

,

α1 “
x32y

x13y
, α2 “

x13y

x12y
,

α3 “
x14y

x13y
, α4 “

x51y

x14y
,

α5 “
x35y

x13y
, α6 “

x13y

x34y
.
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Here the Jacobian from the cycle is

(3.186) J “ 1 ´ α1α2α3α6 “
x13yx24y

x12yx34y
.

We find once again that the pole at infinity is at x13y Ñ 0, even though we are looking at different

loop. We can uncover the same problem by solving for internal momenta,

(3.187)

3

2

51

4
ℓ1

ℓ2 ℓ3

ℓ4

ℓ5ℓ6

ℓ7

ℓ8 ,

ℓ1 “
x23y

x13y
λ1rλ2, ℓ2 “

x12y

x13y
λ3rλ2, ℓ3 “

pQ23 ¨ λ1q

x13y
λ3,

ℓ4 “
x15y

x13y
λ3rλ5, ℓ5 “

x35y

x13y
λ1rλ5, ℓ6 “

pQ12 ¨ λ3q

x13y
λ1,

ℓ7 “
x34y

x13y
λ1rλ4, ℓ8 “

x14y

x13y
λ3rλ4.

and we see that the UV pole x13y is present in multiple loops rather than only one-loop subgraph.

There is a purely graph theoretic reason for these subtleties: we can not invariantly talk about

“fundamental” and “overlapping” internal loops. In the planar case, the first type corresponds to

poles at infinity, while the second type does not. Take e.g. the pentabox (3.21) with the orientation

in the box flipped. Schematically we can show the pole and cycle structure as,

(3.188)

3

1

2

4

5

α1

α2
α3

α4

α5

α6

Overlapping cycle → no UV pole

Inner cycle → UV pole

ℓpentagon ∼ 1
⟨13⟩

ℓbox ∼ 1
⟨35⟩

No cycle → no UV pole

.

Even with the overlapping cycle, the Jacobian still only introduces the UV pole of the box x35y. For

the non-planar graphs there is no difference between these two types of cycles, and we can always
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redraw a diagram in a way which turns one type into the other,

(3.189)
6

5

1

3

2 4

“

1

2

5

3

6
4

.

This makes it clear that we need to generalize our rule to capture the UV poles in non-planar

diagrams where multiple loops blow up at the same time. This also concerns the gravity on-shell

diagrams [34,61,62,63] which are intrinsically non-planar.

3.6 Conclusion and Outlook

In this chapter, we studied the poles at infinity in on-shell diagrams for Nă4 SYM theory.

We showed that for planar diagrams the poles at infinity are located in one-loop subgraphs and

the kinematical condition on the pole reduces the graph to a simpler on-shell diagram with a non-

planar twist, hence the diagram is generally non-planar. The on-shell function on the UV pole is

then given by a certain derivative operator acting on the on-shell function for a new non-planar

on-shell diagram. This comes naturally from the definition of the residue on a higher pole as a

derivative. We also showed that for non-planar on-shell diagrams the situation is more complicated

as the poles at infinity are not localized in one-loop subgraphs and a different procedure is needed.

Our work is a direct attempt to systematically study the poles at infinity in scattering amplitudes.

While the residues of tree-level amplitudes and loop integrands in the deep IR are governed by

principles of unitarity and lead to factorizations and unitarity cuts, the poles in the UV are naively

not constrained by similar principles. We do not face this problem directly in the context of

scattering amplitudes, but we chose simpler on-shell gauge-invariant objects – on-shell diagrams, and

solve the problem here. Note that tree-level amplitudes (and in special cases also loop integrands)

can be expressed as sums of on-shell diagrams, so it is suggestive that our results would be relevant

to amplitudes problem as well. The two main lessons from our analysis are: (i) the kinematics of

UV poles correspond to non-planar objects, in this case non-planar on-shell diagrams, (ii) on-shell
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functions are given by derivatives of the bare on-shell diagrams. It would be interesting if this insight

can eventually be used to help address the problem directly in the context of tree-level amplitudes

and loop integrands.

The further goal is to formulate the general prescription for the calculation of poles at infinity

for arbitrary tree-level amplitudes, and loop integrands – similar to rules of factorizations and cuts.

This would have major implications on our ability to calculate amplitudes using recursion relations,

and possibly search for positive geometries that could capture amplitudes in theories with non-trivial

UV physics.
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CHAPTER 4

Grassmannian Geometries for Non-planar Diagrams

4.1 Introduction

We saw in the previous chapter that even when we start with planar diagrams, going to the

poles at infinity leaves us with a non-planar diagram. This brings us to an important question that

we have not addressed yet, namely how do the mathematical structures we have discussed so far

extend beyond the planar limit. More specifically, what geometry can we associate to amplitudes

in the non-planar theory? We have some indications from physics [86,89,91,119] that non-planar

amplitudes do enjoy very special analytic properties, though this is not obvious from any known

physical principles. However, on-shell diagrams are well-defined both in planar and non-planar

sectors of the theory, and can be calculated as products of three-point amplitudes. Furthermore,

let’s remember that the connection between on-shell diagrams and the Grassmannian Gpk, nq allows

for the dual formulation and the evaluation of the canonical dlog form using parameters of the cell

in the Grassmannian. This connection holds beyond the planar limit and it will be a cornerstone

of our exploration in this chapter. This was noted in the original paper on scattering amplitudes

and the positive Grassmannian [13], but in the context of non-planar diagrams was further studied

in [55, 57, 60, 64, 65] (see also [34, 61, 63, 120, 121] for work on on-shell diagrams in Einstein

gravity, though the forms there are non-logarithmic and depend explicitly in kinematics in addition

to Grassmannian variables).

In particular, in [55] it was shown that all MHV (maximal-helicity-violating) on-shell diagrams

can be evaluated in a remarkably simple way. On one hand, the expression for each diagram can

be expanded in a basis of Parke-Taylor factors, that are relevant for planar diagrams with different

orderings. Alternatively, the same expression can be obtained using an intriguing determinant

formula. In the Grassmannian language, the MHV case corresponds to Gp2, nq which exhibits

major simplifications. Higher degree cases were studied in [60] and already for Gp3, 6q there are

qualitatively new features.
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In this chapter, we focus on the following question: what geometries can be associated to

MHV non-planar on-shell diagrams? That is, are there natural geometries whose canonical forms

match those from non-planar on-shell diagrams? For planar diagrams, there is an elegant answer

to this question: the positive Grassmannian G`pk, nq. Each planar diagram is associated with a

certain cell in G`pk, nq, a region defined by setting some minors to zero and asking that others are

nonnegative. If we calculate a canonical form of this region, we reproduce the expression for the

diagram calculated from physics.

In the non-planar sector, we do have an expression for each diagram, written in terms of minors

of the (no longer positive part of the) Grassmannian Gpk, nq. But we do not know a region whose

canonical form is this expression. In our work, we find such a region in the Gp2, nq case, which

is relevant for n-pt MHV amplitudes. This is interesting from a mathematical perspective: we

will associate geometries with non-planar graphs, and obtain certain generalizations of the positive

Grassmannian. From a physical perspective, this is a major step in the exploration of non-planar

amplitudes using new mathematical tools. A detailed understanding of underlying combinatorial

structures should lead to insights on non-planar amplitudes, similar to those we obtained in planar

amplitudes from the positive Grassmannian and the amplituhedron formulations.

The chapter is organized as follows: In Section 4.2, we review the identity moves of on-shell

diagrams and set the notation we will use for the rest of this work. In Section 4.3, we discuss

the generalization to the non-planar sector and review the triplet formula for the MHV on-shell

diagrams. In Section 4.4, we leverage this formula to prove that the previously known sphere move

introduced in [64] are the only identity move that does not change the canonical form. Section 4.5

contains the main result of this chapter, and we study pseudo-positive geometries associated with

MHV on-shell diagrams. In particular, we show that for the class of internally planar diagrams,

the geometry is always connected. We end with Conclusions and Outlook. We leave the proofs of

various statements to three appendices.

4.2 Planar On-shell Diagrams, Identity Moves, and Canonical Functions

Many different on-shell diagrams will give a parametrization of the same cell. There are two

identity moves that change the diagram but do not change the cell (and also do not change the
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associated differential form).

(4.1)
ÐÑ

square move

ÐÑ

merge/expand move

If boundary measurement is injective, the plabic graph is called reduced. A graph is reduced if and

only if doing identity moves to it never produces a bubble, shown below.

(4.2)

When a graph corresponds to the top cell, the matrix Cpαiq has all Plücker coordinates positive

when αi ą 0. Lower-dimensional cells can be obtained from the top cell by setting certain edge

variables to zero, which removes the corresponding internal edges in the graph and also makes some

Plücker coordinates zero.

Note that the parameters of the positive Grassmannian n, k are encoded respectively by the

number of external legs of the plabic graph, and

(4.3) k “ 2nB ` nW ´ nI

where nB, nW are the numbers of black and white vertices and nI is the number of internal edges

of the graph. Our case of interest in this chapter is MHV amplitudes, where k “ 2. The top cell

of G`p2, nq has dimension 2n´4, hence the associated on-shell diagram is a leading singularity.

The geometric constraint of the delta functions identifies the C-plane with the λ-plane as this is an

unique 2-plane which contains a fixed 2-plane λ. So we have

(4.4) C “ λ

and the p2ˆ2q minors of the C matrix pijq are identified with the angle brackets as

(4.5) pijq “ xijy
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The canonical form on the top cell of G`p2, nq is given by

(4.6) ωG “
dC

p12qp23qp34q . . . pn´1nqpn1q

where no residue is taken because C is a top cell. The associated superfunction for the on-shell

diagram is

(4.7) FG “
δpP q δpQq

x12yx23yx34y . . . xn1y
.

We can talk about three different objects: the canonical form ωG, the canonical function fG (which

is just ωG without a measure) and the superfunction FG. For k “ 2, the differences are unimportant,

and hence it is enough to consider only the canonical function

(4.8) fG “
1

p12qp23qp34q . . . pn1q
.

In the remainder of the chapter, we will consider canonical functions almost exclusively. We draw

the reader’s attention to some particularly pertinent points.

‚ For each n there is only one cell of G`p2, nq with canonical function as in (4.8), which is

the top cell. This cell has many different on-shell diagrams, related by the identity moves.

Examples of these on-shell diagrams for n “ 4, 5 are

(4.9)

G`p2, 4q

1 4

32
G`p2, 5q

1

2 3

45

All diagrams for the top cell give rise to the same canonical function. That is, the canonical

function is also invariant under identity moves.
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‚ Not every on-shell diagram withm “ 2n´4 edge variables is a leading singularity diagram—

only the reduced ones are. Consider the following non-reduced diagram

1 4

32

Ñ

2 3

1 4

where we used the merge-expand move to expose the bubble. Because the dimension is

still m “ 2n´4 “ 4, the presence of the bubble leads to an edge variable α4 which is not

solved for from delta functions, leading to an ‘excess’ delta function which imposes the

below constraints on external kinematics

FG “

ˆ
dα1

α1

dα2

α2

dα3

α3

dα4

α4
δ2ˆ2pC¨rλq δ2ˆ2pCK¨λq δ2ˆ4pC¨rηq

“

ˆ
dα4

α4

δpP q δpQq

x23yx34yx41y
δpx12yq.(4.10)

This is in contrast with the reduced diagram where the edge variable α4 would be solved

for from the delta function.

4.2.1 Boundary structure of G`p2, nq

It will be useful later to recall the following interpretation of the cells of G`p2, nq as point

configurations on the projective line P1. Suppose C is in the top cell, so has all positive Plücker

coordinates. If we rescale each column of C by a coefficient ci ą 0 to make the first entry 1, we

obtain

(4.11) C 1 “

¨

˝

1 1 1 . . . 1 1

x1 x2 x3 . . . xn´1 xn

˛

‚

The minor pijq of the matrix for i ă j is

(4.12) pijq “ cicjpxj ´ xiq ą 0 and hence xj ą xi

Therefore, we can interpret C 1 as a configuration of n ordered points on P1, as below.
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1 2 ¨ ¨ ¨ n´ 1 n

The only codimension 1 boundaries of the space correspond to merging of two adjacent points,

xi “ xi`1 (note that this includes xn “ x1). There are two types of codimension-2 boundaries of

the space, e.g. if p12q “ 0, we can set p23q “ 0 by either merging all three points x1 “ x2 “ x3 or

removing the point 2 completely by setting c2 “ 0.
1, 2 3 ¨ ¨ ¨ n´ 1 n

1, 2, 3 ¨ ¨ ¨ n´ 1 n 1 3 ¨ ¨ ¨ n´ 1 n

This simple picture provides a complete stratification of the space, all the way down to the lowest

zero-dimensional boundaries which correspond to two points on the line (all other points are

removed). At the level of on-shell diagrams, going to the boundary of the positive Grassmannian

and taking the residue of fG corresponds to erasing an edge.

4.3 Non-planar On-shell Diagrams

On-shell diagrams are well-defined objects even when the legs of the graph (cuts of loop amplitude)

do not form a planar diagram. Here, a planar diagram is one that can be drawn in the disc with

no crossing edges and with the external legs on the boundary of the disk, as in the example below.

(4.13)

5

4

3

2

1

6

Note that this notion of planarity differs from the standard definition in graph theory, where there

are no external legs.

In the physics setup, each on-shell diagram is dressed with a color factor which can be written

as a product of structure constants of the SUpNq color group. We can also write same color

functions in terms of traces of generators of SUpNq. In the planar N Ñ 8 limit, the single traces

dominate, while multiple traces are subleading. Only planar on-shell diagrams contain single trace
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contributions, while non-planar diagrams start the expansion at a subleading order (multiple trace).

This limit is also called the planar limit as the planar diagrams dominate for large N . The leading

singularity at finite N is given by the on-shell diagram where each vertex is dressed by the SUpNq

structure constant fabc. The result is a product of the group part (given by the product of structure

constants) and the kinematical function FG. For large N we can expand the group part in powers

of 1{N where the dominating piece is a single trace of SUpNq generators T a, while the subleading

pieces are multiple traces (products of traces). For the planar diagrams we then get

(4.14)

fa6a2a7

2

fa7a3a8

3

fa8a9a10

fa10a4a11

4

fa11a5a12

fa12a9a13

fa13a1a6 5

1

“ rTrpT a1T a2 . . . T anq ` . . . s ˆ FG

where we sum over internal labels a6, . . ., a13. The non-planar diagrams are subleading at large N ,

they only contain multiple traces. In other words, they are suppressed by Op1{Nq or higher when

compared to their planar counterparts

(4.15)

1 fa6a1a7

fa7a2a8

2

fa8a3a9

fa12a13a6

fa9a10a11

fa11a5a12fa10a4a13

3

4 5 “ O
ˆ

1

N

˙

ˆ FG

However, for finite N we have to consider both planar and non-planar on-shell diagrams, as they

all represent valid cuts of the amplitude. Planar diagrams come with an ordering of external legs

on the disc, but non-planar diagrams do not have any natural ordering.

Non-planar on-shell diagrams provide a way into the problem of N “ 4 SYM amplitudes, which

is challenging for a number of reasons: difficulty in defining an unique non-planar integrand, absence
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of dual conformal symmetry, no amplituhedron construction, no powerful symbol methods and no

known integrability. On the other, the principles of generalized unitarity are universal, and non-

planar on-shell diagrams are non-planar amplitudes evaluated on the cuts. Hence, they provide a

perfect window to study non-planar N “ 4 SYM amplitudes in a setup which allow one to more

easily search for new symmetries and connections to mathematics.

4.3.1 First look: Grassmannian formula

In physics, non-planar on-shell diagrams are defined as a product of three-point amplitudes in

the same way as their planar counterparts. The result is a superfunction with the same δpP qδpQq

conserving delta functions

(4.16)

1

2

3

4 5 “
x13y δpP qδpQq

x12yx23yx14yx15yx34yx35y

but no cyclic symmetry due to the loss of ordering. The general amalgamation prescription allows

us to evaluate any non-planar on-shell diagram as the kinematical function (and also the color factor

to get the complete dressed formula). For MHV leading singularity diagrams, the superconformal

invariance dictates (as in the planar sector) that the result is a function of angle brackets x..y only,

(4.17) FG “
N

ś

ijxijy
δpP qδpQq

where the only poles are physical xijy (not true for NMHV where spurious poles can appear in

leading singularities, even in the planar sector). The numerator N is a polynomial in angle brackets

x..y which guarantees correct little group and mass dimension of fG. Note that there is only one

planar MHV leading singularity for each n, for which the numerator is just N “ 1.

The connection between non-planar on-shell diagrams and the Grassmannian retains some

features from the planar case. In a non-planar graph, we can assign edge variables αj and construct

the C-matrix using a boundary measurement. The matrix Cpαq no longer has any special positivity

properties for αj ą 0 and there is no connection to cells in G`pk, nq but the C-matrix does label
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a subset of the Grassmannian Gpk, nq. The amalgamation procedure (and its independence on the

planarity of the graph) ensures that the canonical function fG can be obtained by the same formula

as in the planar case. For the MHV case, Gp2, nq, the delta functions again identify the C-matrix

with the λ-matrix, C “ λ, and each on-shell diagram is then given by the rational function fG on

the Grassmannian Gp2, nq. For the 5pt example above, analogously to the planar case (4.8),

(4.18) fG “
p13q

p12qp23qp14qp15qp34qp35q
.

Note that the role of edge variables and minors pijq are very similar to the planar case: αk “ 0 sends

some minor pijq “ 0 and erases an edge in an on-shell diagram. This strongly suggests there should

be a positive geometry, like the positive Grassmannian G`pk, nq for planar on-shell diagrams, which

is associated for each non-planar diagram.

4.3.2 MHV diagrams and the triplet formula

The prescription to calculate fG for a leading singularity using edge variables and boundary

measurements works for any on-shell diagram, planar or non-planar, for any k, as it follows from

the purely local amalgamation procedure. MHV on-shell diagrams are more special as explored in

detail in [55]. In particular, it was shown that there is an important shortcut to calculate fG using

a triplet formula. For an MHV leading singularity on-shell diagram with n external legs, nW white

vertices, nB black vertices, and nI internal edges,

(4.19) k “ 2nB ` nW ´ nI “ 2.

Combining this with two expressions nW ` nB “ 3n´ 8, nI “ nB ` nW ` n´ 4 which are valid for

any leading singularity graph, we get

(4.20) nB “ n´ 2.
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It can be shown that each of these black vertices are attached to exactly three external legs via

white vertices.

(4.21)

1

2

3

4 5 T “ tp123q, p134q, p135qu

Thus, labeling the black vertices with 1, . . . , n´ 2, an MHV leading singularity diagram is encoded

by n ´ 2 triplets τi consisting of the three external legs black vertex i is attached to. We can see

how this works for the following examples for n “ 4, 5, 6

1 4

32

1

2

3

4 5

T = {(124),(234)} T = {(123),(134),(135)}

5

4

3

2
1

6

T = {(123),(145),(256),(346)}

The triplets allow us to construct a particular parametrization of the pn´2q ˆn matrix CKpα⃗˚q

where α˚ are evaluated in terms of λ spinors. Each triplet corresponds to a row in this matrix, and

three non-zero entries are given by the labels in the triplet. For the triplet pabcq we put the bracket

xbcy in the ath column, xacy in the bth column and xaby in the cth column. We do this operation for
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all triplets, giving us the parametrizaton of the matrix CK. For the simplest 4pt example

1 4

32

CK “

¨

˝

x24y x14y 0 x12y

0 x34y x24y x23y

˛

‚

(4.22) T “ tp124q, p234qu

Next, we construct a matrix Mab by deleting two columns a, b. Choosing a, b “ 1, 3 gives

(4.23) M13 “

¨

˝

x14y x12y

x34y x23y

˛

‚.

Now we calculate the determinant of this matrix divided by xaby,

(4.24)
detpMabq

xaby
.

This quantity does not depend on the choice of a, b. We also note that detpMabq can be written to

have a factor of xaby, so dividing by xaby yields a polynomial. The formula for the on-shell diagram

superfunction is then given by

(4.25) FG “
pdetpMabq{xabyq2

ś

τPT xτ1τ2yxτ2τ3yxτ3τ1y
δpP qδpQq

where the denominator is given by the product of three poles for each triplet pτ1τ2τ3q. In the

4pt example, detpM13q “ x13yx24y. The triplet p124q contributes the poles 1
x12yx14yx24y

and p234q

contributes 1
x23yx24yx34y

. Then bringing everything together, we get the superfunction

(4.26) FG “
x13y2x24y2

x13y2

δpP qδpQq

x12yx14yx24yx23yx24yx34y
“

δpP qδpQq

x12yx23yx34yx14y

as expected. We can use the same prescription to compute the form for any planar or non-planar

MHV on-shell diagrams. As discussed earlier, minors of the C-matrix are equal to pijq “ xijy after

imposing the delta functions. Hence, we can also here just use pijq instead of xijy and work with

the rational function fG, rather than the superfunction FG for each graph. And also the entries of

CK and Mab will be minors pijq of the C matrix.
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Note that the numerator plays a crucial role in making sure that an associated form has

only logarithmic singularities. We can demonstrate it on the 5pt example (4.16) with triplets

p123q, p134q, p135q. If we choose to delete columns 1, 3 the M13 matrix is given by (remaining

columns are 2, 4, 5),

(4.27) M13 “

¨

˚

˚

˚

˝

x13y 0 0

0 x13y 0

0 0 x13y

˛

‹

‹

‹

‚

and we get

(4.28) fG “
p13q4

p13q3p12qp14qp15qp23qp34qp35q
“

p13q

p12qp23qp14qp15qp34qp35q

in agreement with (4.18). Apart from the trivial cancelation of the pole p13q3, the numerator

N “ p13q also guarantees that all lower-dimensional residues of ωG stay logarithmic. For example,

if we send p12q “ 0 by setting 1 “ α2, ie. columns 1 and 2 in the C matrix are proportional, we get

for the associated canonical form (with the measure) ωG “ fG dC,

(4.29) Res
1“α2

ωG “
p23qα2dα ^ d4C 1

α3p23qp24qp25qp34qp35q
“

dα ^ d4C 1

αp24qp25qp34qp35q
,

where d4C 1 is the measure on the Gp2, 4q of the four independent columns. The numerator was

crucial in canceling the double pole α2 in the denominator: one factor came from the measure,

but the second came from p13q Ñ αp23q. This is much more involved for complicated higher pole

examples, but the numerator always does the ‘magic’ to preserve logarithmic singularities. From

now on, we will denote the canonical function fT just to indicate that we derive it from the triplet

formula rather than the on-shell diagram, but they are obviously equal, fT “ fG.

Note that there are also on-shell diagrams with the same number of edges and vertices as the

MHV leading singularity diagrams, which are not described by triplets. The canonical functions

for these diagrams vanish because of the constraints imposed on external kinematics. In the planar

sector, these diagrams are not reduced due to the presence of internal bubbles (4.2), but we do not

have the same notion of reducedness for non-planar diagrams yet. In any case, these diagrams are

not described by triplets, have vanishing canonical functions, and are not part of our discussion.
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4.3.3 Parke-Taylor expansion

The canonical function fT can be also expanded in terms of elementary building blocks called

Parke-Taylor factors,

(4.30) fT “
ÿ

σ

PTpσq where PTpσq “
1

pσ1σ2qpσ2σ3qpσ3σ4q . . . pσnσ1q

where the Parke-Taylor factor is written for a given permutation σ “ σ1σ2 . . . σn and the sum is

over a subset of all permutations given in (4.32).

Note that the Parke-Taylor factor PTpσq is the canonical function of the positive Grassmannian

G`p2, nq where the columns are ordered using σ. In fact, the collection of all such spaces for

all orderings tiles the full Grassmannian Gp2, nq. This is also evident from the picture of points

on a projective line P1. The positive Grassmannian G`p2, nq with a canonical ordering 123 . . . n

corresponds to a set of ordered n points, as discussed in Section 4.2. For any point in G`p2, nq the

associated points are ordered in some way and hence the point also belongs to one of the permuted

G`p2, nq subspaces. As a result, the full Grassmannian Gp2, nq is tiled by all permuted G`p2, nqs,

which also do not overlap.

This is no longer true for k ą 2 but k “ 2 is special because of this feature. Note that the

expansion of fT in terms of Parke-Taylor factors makes manifest that all singularities of the form

are logarithmic – this is not manifest in the determinant form as the numerator conspires with the

denominator to remove all non-logarithmic poles.

The prescription how to obtain a Parke-Taylor decomposition of a canonical function fT for

a general set of triplets T was given in [55]. The first step is to fix the orientation, which is a

permutation of labels for each triplet, modulo cyclic ordering. For a triplet p123q there are two

orientations: p123q, p132q. The orientation of the triplet changes the sign of fT in (4.30) as in the

denominator

(4.31) p123q Ñ p12qp23qp13q, p132q Ñ p13qp32qp12q “ ´p12qp23qp13q
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while the numerator (a square) does not depend on the orientation. For a fixed orientation, fT is

given by

(4.32) fT “
ÿ

σPS
pT q
n

PTpσq.

where the sum is given over all orderings σ which are compatible with oriented triplets T

(4.33) SpT q
n “ tσ P Sn : σ1 “ 1, @pijkq P T i, j, k appear in that order up to rotationu.

As an example, let us take the 5pt non-planar diagram with triplets p123q, p134q, p135q. For this

orientation we get

(4.34) fT “ PTp12345q ` PTp12354q

while for the orientation p123q, p134q, p153q it is

(4.35) rfT “ PTp12534q ` PTp15234q.

Parke-Taylor factors are not independent but satisfy Kleiss-Kuijf relations and the Up1q decoupling

identity,

(4.36) PTp12534q ` PTp15234q ` PTp12345q ` PTp12354q “ 0

and hence rfT “ ´fT . This is a general feature of triplets: different orientations give the same

expressions up to a sign.

4.3.4 Towards a positive geometry

The basic question we want to address in this work is if there exists a positive geometry associated

with a non-planar on-shell diagram. Namely,

Is there a positive geometry for which fT is the canonical function?

For planar on-shell diagrams (plabic graphs) the answer is positive. In that case the canonical

function is a single Parke-Taylor factor PTp123. . .nq which is the canonical function of the positive

GrassmannianG`p2, nq. For non-planar on-shell diagrams, we use the Parke-Taylor expansion (4.32)

and interpret it geometrically as the union of the corresponding spaces. The space corresponding
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to PTpσq is a top cell of the positive Grassmannian G`p2, nq with a particular ordering σ. Note

that there are many options here, both because of different orientations of triplets and different

Parke-Taylor expansions, but also because of additional choices to be discussed in Section 5.

Here as an example, we consider just a planar 4pt graph (4.22), the choice of the orientation

of triplets p123q, p134q and using (4.32) gives us PTp1234q as the canonical function. We can

characterize the positive geometry, the top cell of G`p2, 4q by the positivity conditions on minors,

(4.37) p12q ą 0, p13q ą 0, p14q ą 0, p23q ą 0, p24q ą 0, p34q ą 0

If we now change the orientation to p123q, p143q we get

(4.38) fT “ PTp1423q ` PTp1243q

which is equal to PTp1234q up to a sign using the Up1q decoupling identity. If we now associate

geometries for each Parke-Taylor factor,

PTp1423q : p12q ą 0, p13q ą 0, p14q ą 0, p23q ą 0, p24q ă 0, p34q ă 0(4.39)

PTp1243q : p12q ą 0, p13q ą 0, p14q ą 0, p23q ą 0, p24q ą 0, p34q ă 0(4.40)

the union of these spaces is the region in Gp2, 4q given by the following inequalities:

(4.41) p12q ą 0, p13q ą 0, p14q ą 0, p23q ą 0, p34q ă 0.

Note that the sign of the minor p24q is unconstrained. This space has a very different topology

than the positive Grassmannian G`p2, 4q. As a result, we see that even for a simple planar diagram

we can associate multiple spaces with its canonical function fT . In this case, the space (4.37) is

strongly preferable to than (4.41), but for a general non-planar diagram the situation is less clear.

We illustrate this in Section 4.5.

4.4 Determinant Form and Identity Moves for Non-Planar Diagrams

In this section, we investigate the triplet formula (4.25) for non-planar diagrams further from a

more mathematical perspective. While all on-shell MHV canonical functions from diagrams must

come from triplets, the converse is not quite true. Some triplets give a form which is identically

zero. We would like to exclude these triplets from our consideration. With this in mind, we first give
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a combinatorial characterization for when fT is not the zero polynomial, using the determinantal

formula. Second, we use the determinantal formula to give a factorization algorithm for fT following

from work of Castravet–Tevelev [122]. Third, and most significantly, we turn to identity moves,

meaning moves on triplets which preserve the form. For the planar case, the only identity move is the

square move from Section 2. For arbitrary triplets, there are additional identity moves, discovered

by [64,122], called sphere moves. We show that in fact the only identity moves are sphere moves.

In the process, we introduce a new object (“doublets") which encode the same information as the

triplets but in a sphere-move-invariant way.

From this point on, except for a few examples, we use a simplified notation for on-shell diagrams

shown below, where we omit the external legs and instead number the white vertices adjacent to

external legs.

(4.42) 5

4

3

2
1

6

Ñ 5

4

3 2

1

6

4.4.1 Non-vanishing function and factorization

First, we identify which triplets give a non-vanishing function fT . One can show that if any

Plücker coordinate of C is identically zero, then in fact there is a triple pijkq P T such that all

three Plücker coordinates pijq, pikq, pjkq are identically zero. In this case, the matrix CKpα⃗˚q is

never full-rank, as it has a row of zeros, and detpMabq “ 0 “ fT . On the other hand, if all Plücker

coordinates of C are not identically zero, then CKpα⃗˚q is generically full-rank, and represents the

subspace perpendicular to C. So there is a polynomial g in the Plücker coordinates such that for

all a, b, detpMabq “ ˘pabqg. We have that g is generically nonzero, as Mab is generically full-rank.

So in this case, fT is not identically zero.
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We can also characterize entirely using the triples T when fT is not the zero polynomial. Roughly,

fT is nonvanishing if every subset of T contains “enough points". The formal statement is below,

but first we consider a pair of examples:

2

3

4

1 5 Ñ

2

3

4

1 5(4.43)

2

3

4

1 6

5

Ñ

2

3

4

1

6

5

(4.44)

The top diagram is disconnected, with the external edge 5 attached to a white vertex that has no

other edges. The bottom diagram amends this by introducing an extra triplet and external edge.

The canonical function fT vanishes for both as a consequence of there being the same group of three

triplets that contain only four indices.

Lemma 4.4.0.1 (Non-vanishing condition). The polynomial fT is not the zero polynomial if and

only if any subset of d triplets contains at least d` 2 indices. Formally, for any S Ă t1, ¨ ¨ ¨ , n´ 2u,

(4.45)
ˇ

ˇ

ˇ

ˇ

ď

iPS

τi

ˇ

ˇ

ˇ

ˇ

ě |S| ` 2.

Proof. Consider a subset S Ă t1, ¨ ¨ ¨ , n ´ 2u of rows in the matrix CKpα⃗˚q. In order to have

a non-vanishing fT , the number of columns with non-zero entries in at least one of these rows must

be at least |S| ` 2. Otherwise, one could choose ta, bu so that in Mab, rows S have rank at most

|S| ´ 1 and thus the determinant of Mab is zero. Rows correspond to triplets, and non-zero entries

correspond to indices in the triplets, so this shows fT is nonzero only if (4.45) holds.

On the other hand, if (4.45) holds, then we can apply the factorization algorithm below. The

algorithm terminates with the collection of irreducible factors of the numerator of fT , which are

either individual Plückers or the irreducible “hypertree divisors" of Castravet–Tevelev [122]. In

particular, all the factors are nonzero, so fT is also nonzero. □
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We now turn to factorization. We call a subset R of T a valid subset if R consists of d ă n´ 2

triplets and uses exactly d`2 indices. If R is valid, then R again corresponds to an on-shell diagram

on a smaller number of points. As illustrated below, if T has a valid subset R, then fT factors.

R T zR

a1

a2
...
ar

“

¨

˚

˚

˚

˚

˝

R

a1

a2
...
ar

˛

‹

‹

‹

‹

‚

ˆ

¨

˚

˚

˚

˚

˝

T zR

a1

a2
...
ar

...

˛

‹

‹

‹

‹

‚

ˆ

r
ź

i“1

paiai`1q

Stated more formally, the factorization is as follows.

Lemma 4.4.0.2 (Factorization of the form). Let T be a set of n ´ 2 triplets on rns. Suppose R

is a valid subset of T . Then

(4.46) fT “ fR ˆ fpT zRqYP ˆ

r
ź

i“1

paiai`1q,

where A “ ta1, ¨ ¨ ¨ , aru consists of the indices appearing both in R and T (we set ar`1 “ a1) and

P “ tpa1, ai, ai`1q|i P t2, ¨ ¨ ¨ , r ´ 1uu is a set of triplets defining a triangulation of a polygon with

vertices A.

Proof. The main idea of the proof lies within the determinantal formula. By choosing the

removed columns to be within R, one finds a block-triangular matrix, factorizing the determinant.

In order to get back a set of triplets corresponding to a diagram, one of these factors can be rewritten

to include the auxiliary set of triplets P , whose contribution is corrected by the extra linear factors.

Details of the proof can be found in Appendix A.1. □

We make a few remarks on the factorization formula. If all the indices of R are contained in

T zR, and R is planar1, then the factorization is trivial. That is, one may choose P “ R, so the first

and last factors are inverses and the middle factor is again fT .

There are two distinct cases when the factorization is nontrivial. Of course we may assume that

the form is nonzero. The first case of nontrivial factorization is when R consists of a single triplet

pijkq and one index, say k, does not appear in any other triplet of T . We have that i, j will both

appear in T (otherwise the form would be zero), so A “ ti, ju and P is empty. We obtain the

1We include the trivial case where R is a single triplet.
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factorization

(4.47)
fT “ fR ˆ fT zR ˆ pijq2

“ fT zR ˆ
pijq

pikqpkjq
.

So the triplet pijkq contributes a monomial in Plücker coordinates to the form. The second case of

nontrivial factorization is when R is non-planar. In this case, the numerator of fR is a high-degree,

possibly quite complicated, polynomial in Plückers.

Applying (4.46) repeatedly in the two nontrivial cases, one eventually arrives at a product whose

factors are Plücker coordinates, their inverses, and forms for T where T has no lone indices and

no valid subsets which are non-planar. We call the latter sets of triplets irreducible, and they are

in direct correspondence with the irreducible hypertrees studied by [122]. For such irreducible T ,

when fT is written in lowest terms, the numerator is the square of an irreducible polynomial. This

irreducible polynomial vanishes on a hypertree divisor of M0,n. We note that the factorization of

fT is not necessarily unique, since there may be some cancellation between distinct factors.

4.4.2 Sphere moves

As is already clear from the planar case, there may be many different triplets which give rise to

the same nonzero form. It is well-known that all planar diagrams with the same form are related

by square moves:

(4.48)

1

4

3

2
Ø

1

4

3

2

fp124q,p234q “ fp123q,p134q

In terms of triplets, T has a square if pijkq, piklq P T for some i, j, k, l. The square move replaces

these two triplets with pjilq, pjklq. For non-planar diagrams, some diagrams with the same form are

not related by square moves. Castravet–Tevelev show in [122] that the more general sphere moves

also preserve the numerator of fT ; using very different techniques, [64] showed that the whole form

is preserved under sphere moves. We will show that in fact the sphere moves are the only moves on

triplets preserving the form.
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To describe sphere moves most concisely, we switch from thinking of a triplet pijkq as a “tripod"

(one black vertex attached to the three white vertices i, j, k) to thinking of pijkq as a triangle with

vertices labeled i, j, k. A sphere move comes from triangulating the sphere in any way, labeling the

vertices with some subset of rns, and then coloring half of the triangles black and the other half

white so that every vertex is in both a black and a white triangle. The sphere move replaces the

triplets B in T corresponding to the black triangles with the triplets W corresponding to the white

triangles.

1

2

3

4

5

6

black faces ÖÕ ÔŒ white faces

1

2

3

4

5

6

B “ tp123q, p345q, p561q, p264qu 1

2

3

4

5

6

W “ tp621q, p234q, p456q, p153qu

Figure 4.1. The 6-point sphere move. For convenience, in the bottom row we omit the
external legs and label the white vertex they were attached to instead.

For example, consider the triangulation of the sphere into 8 triangles shown above in Figure 4.1

(since we draw the sphere on the plane, one triangle is the unbounded region). The black triangles

correspond to the triplets B “ tp123q, p345q, p561q, p264qu, and the white to W “ tp621q, p234q,

p456q, p153qu. The corresponding sphere move can be applied to any T containing the triplets B
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and replaces B with W and does not change the associated form. Notice that the square move is a

particularly special kind of sphere move. In this case, the triangulation consists of 4 triangles, and

looks like a tetrahedron with two faces colored black and two colored white.

Note also that every sphere move changes a valid subset of T into a different valid subset. This

is easy to see by a simple counting argument using the Euler characteristic. With |B| “ |W | “ d´2,

the triangulation will have 2d´ 4 faces and 3d´ 6 edges, so requiring that the Euler characteristic

is χ “ 2 reveals that the number of vertices is d. So both B and W are valid. One could define

a similar move for any triangulation of any surface, with half the triangles colored white and half

black. However, if this surface is not a sphere, such a move would involve triplets which fail the

nonvanishing condition. Indeed, for a surface which is not a sphere, we have χ “ 2 ´ 2g ď 0. We

also have χ “ 2|B| ´ 3|B| ` V so the number of vertices is at most |B|. Thus any set of triples T

containing B has vanishing form.

4.4.3 Sphere moves are the only moves

To show that triplets have the same form if and only if they are related by sphere moves, it

is useful to introduce another combinatorial object, inspired by the derivation of the sphere moves

in [64]. For T a collection of triplets, the corresponding set of doublets is

(4.49) DpT q “ tij | i and j appear together in an odd number of tripletsu.

The idea is that the doublet sets are themselves invariant under sphere moves, so they are a better

labeling set for the form than the set of triplets. With these definitions, we state the following

theorem.

Theorem 4.4.1. Let T and T 1 be two sets of triplets with nonvanishing forms (i.e. T, T 1 satisfy

(4.45)). The following are equivalent:
(1) There is a sequence of sphere moves relating T and T 1.
(2) The corresponding forms are equal: fT “ fT 1 .
(3) The corresponding doublets are the same: DpT q “ DpT 1q.

We give a sketch of the proof here; see the appendix for additional details. (1) ùñ (2) follows

from [64,122].
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For (2) ùñ (3), we claim that DpT q is also equal to

tij|pijq appears with an odd exponent in fT u.

For example, taking the set of triplets T “ tp123q, p134q, p135qu, one has

(4.50) fT “
p13q

p12qp32qp14qp34qp15qp35q
, DpT q “ t12, 23, 14, 34, 15, 35, 13u.

We prove this statement in general by examining residues and applying factorization in Lemmas

A.2.0.1, A.2.0.2, and A.2.0.3.

To prove (3) ùñ (1), we give an algorithm in Lemma A.2.0.4 to build sets R Ă T,R1 Ă

T 1 so that R Y R1 triangulate the sphere. As an example, we illustrate the algorithm for the

6-point non-planar diagram. We have two triplets B “ tp123q, p345q, p561q, p264qu and W “

tp621q, p234q, p456q, p153qu that give the same doublets, namely

DpBq “ DpW q “ t12, 23, 13, 34, 24, 35, 45, 56, 15, 26, 24, 46u

Now we construct a sphere move from B to W by running the algorithm in Lemma A.2.0.4. We start

by picking a random triplet p123q from set B. So now R “ tp123qu,R1 “ tu, and DpRq “ t12, 23, 13u.

Treating R as a collection of black triangles, so far we have

(4.51) 1

2

3

Moving onto step 2), W zR1 “ tp621q, p234q, p456q, p153qu. All triplets except p456q have a pair

of indices ti, ju in the doublet set DpRqzDpR1q “ t12, 23, 13u. These triplets are added to R1, so

R1 “ tp621q, p234q, p153qu. Interpreting R1 as a collection of white triangles, we have attached three

white triangles to the lone black triangle, (the triangle corresponding to p135q is the unbounded

region).

122



(4.52) 1

2

3

4

5

6

There aren’t any triplets in W zR1 “ tp456qu containing a pair of indices in DpR1qzDpRq so we

skip step 3). All the triplets in BzR “ tp345q, p561q, p264qu contain a pair of indices in DpRYR1q “

t26, 34, 24, 15, 53u so we now have R “ tp123q, p345q, p561q, p264qu.

Cycling around, we skip step 1) since W zR “ tu. Following step 2), we add p456q to R1, which

gives us a complete triangulation as show below

(4.53) 1

2

3

4

5

6

The algorithm terminates here and we can see from the graph that R and R1 form a complete

bicolored triangulation of a sphere.

The upshot of Theorem 4.4.1 is that two general non-vanishing MHV on-shell diagrams

have the same canonical functions fG if and only if they are related by sphere moves and

merge/expand moves. This is a generalization of the analogous statement for the planar

case, where two diagrams have the same canonical functions if and only if they are related

by square moves and merge/expand moves.
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4.5 Oriented Regions and Geometries for Non-planar Diagrams

Our goal in this section is to associate regions of the Grassmannian with MHV on-shell diagrams

G (equivalently triplets T ), just as G`p2, nq is associated with planar on-shell diagrams. These

regions will have canonical form ωG “ ωT , in the sense of [123].

4.5.1 Parke-Taylor Factors as Canonical Functions of Oriented Regions

To prepare for a geometric interpretation of the decomposition in (4.30), we identify geometries

whose canonical functions are the Parke-Taylor factors. Recall that G`p2, nq has canonical function

PTp12 . . . nq. We also recall from Section 2 that the interior of G`p2, nq has a nice interpretation

in terms of n ordered points on P1. If we reorder these points via a permutation σ, or equivalently

reorder the columns of C using σ, we obtain another space isomorphic toG`p2, nq, which is described

by all Plücker coordinates having some fixed sign and whose canonical function is PTpσq. We also

have the freedom of exchanging any column of C for its negative; this gives a space with the same

canonical function. We call these spaces oriented regions.

We can specify an oriented region by specifying a way to permute and negate the columns of

C P G`p2, nq. We use the notation

(4.54) Rpεi1i1, εi2i2, ¨ ¨ ¨ , εininq “ tC P Gp2, nq : εiaεibpiaibq ě 0 @ a ă bu,

where i1 . . . in is a permutation of 1, . . . , n and εi P t˘u is a choice of sign.

This notation is redundant, allowing for cyclic shifts, overall sign-flips, and reversals up to a

sign,

Rpεi1i1, εi2i2, ¨ ¨ ¨ , εininq “ Rpεi2i2, ¨ ¨ ¨ , εinin,´εi1i1q,(4.55)

Rpεi1i1, εi2i2, ¨ ¨ ¨ , εininq “ Rp´εi1i1,´εi2i2, ¨ ¨ ¨ ,´εininq,(4.56)

Rpεi1i1, εi2i2, ¨ ¨ ¨ , εininq “ Rpεi1i1,´εinin, ¨ ¨ ¨ ,´εi2i2q.(4.57)

We fix the redundancy by making the following convention choice: we fix i1 “ 1, and ε1 “ ε2 “ `.

This leaves us with 2n´2 ¨ pn ´ 1q! distinct oriented regions that tile the real Grassmannian. As

a shorthand for oriented regions denoted with this convention, we will write Rp1, εσq, where ε is

understood to denotes the signs ε3, ¨ ¨ ¨ , εn and σ denotes the permutation of 2, . . . , n.
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Noting that Rp1, 2, ¨ ¨ ¨ , nq “ G`p2, nq has canonical function PTp1, 2, ¨ ¨ ¨ , nq, it is easy to

see that Rp1, εσq has canonical function PTp1, σq. Consequently, each Parke-Taylor factor is the

canonical function of 2n´2 distinct oriented regions. It is important to note that in both cases, the

canonical function is unique only up to an overall sign; however, this subtlety will not be relevant

to our further discussion as the decompositions from (4.30) contain only Parke-Taylor factors with

positive sign.

As each oriented region is simply a relabeling and reflection of the positive Grassmannian, its

boundary structure is as discussed in Section 4.2. We call two oriented regions adjacent if they

share a codimension 1 boundary. This occurs when the signed permutations labeling the regions

differ by a simple transposition:

Rp1, ¨ ¨ ¨ , εii, εjj, ¨ ¨ ¨ q

ˇ

ˇ

ˇ

pijq“0
“ Rp1, ¨ ¨ ¨ , εjj, εii, ¨ ¨ ¨ q

ˇ

ˇ

ˇ

pijq“0
,(4.58)

Rp1, ¨ ¨ ¨ , εiiq
ˇ

ˇ

ˇ

p1iq“0
“ Rp1,´εii, ¨ ¨ ¨ q

ˇ

ˇ

ˇ

p1iq“0
,(4.59)

where |f“0 denotes the intersection with tf “ 0u. The second case is the same as the first, but looks

different because of our conventions on how to notate oriented regions. This geometric statement

about adjacent regions is in direct correspondence with a statement about residues of adjacent

Parke-Taylor factors,

(4.60) Res
pijq“0

PTp1 ¨ ¨ ¨ ij ¨ ¨ ¨ q “ ´ Res
pijq“0

PTp1 ¨ ¨ ¨ ji ¨ ¨ ¨ q.

4.5.2 Unions of Oriented Regions

We now use oriented regions to obtain spaces with canonical function fT . Since for each fT

there are a multitude of Parke-Taylor decompositions (one for each orientation of the triplets, and

then more if one may apply sphere moves), and each Parke-Taylor factor is the canonical function

of 2n´2 different oriented regions, there is a very large set of geometries with canonical function

fT , most of which have undesirable properties such as unnecessary spurious boundaries. We will

restrict our attention as follows.
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‚ We consider only those geometries that come directly from the formula (4.32) for fT in

terms of triplets

(4.61) fT “
ÿ

σPS
pT q
n

PTpσq⇝ RT “
ď

σPS
pT q
n

Rpεσσq.

There are many other formulas for fT . For example, one may add a sum of PT factors

which is equal to 0. We do not consider geometries from such formulas.

‚ We consider geometries only up to re-signing all of the appearances of a given index.

‚ We choose signs for oriented regions so that the number of adjacencies is maximized.

To convince the reader that these restrictions are reasonable, we will quickly illustrate some bad

features that occur already at 4 points when we do not place these restrictions. Then, with the

restrictions in mind, we analyze all possible geometries for the simplest non-planar on-shell diagram,

which serves as a starting point for understanding more general unions.

4-point square The unique, up to relabeling, 4-point on-shell diagram has canonical function

PTp1234q, which can be thought of as coming from triplets in the sense of (4.32)

T “ tp123q, p134qu Ñ S
p123q,p134q

4 “ t1234u.

Consequently, one positive geometry with this form is simply Rp1234q “ G`p2, 4q as one expects

from this being a planar diagram. Since the canonical function is not affected by reflections, the

positive geometries Rp1, 2,´3, 4q or Rp1, 2,´3,´4q also have the desired form, and are isomorphic.

This motivates our constraint to consider geometries only up to re-signing all appearances of a single

index.

Applying a Kleiss-Kuijf relation, we can find a more complicated geometry. As one has PTp1234q “

´pPTp1243q ` PTp1423qq, the positive geometry Rp1243q Y Rp1423q also has canonical function

PTp1234q. This geometry has an undesirable property, called a null boundary : there is a codimension-

1 boundary along p13q “ 0 but p13q is not a pole of the original form. Nonetheless, we still consider

this geometry as it does come from an orientation of the triplets in the sense of (4.32) as

T 1 “ tp123q, p143qu Ñ S
p123q,p143q

4 “ t1243, 1423u.
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If we flip some signs, say to obtain Rp1, 2, 4, 3q Y Rp1,´4, 2, 3q, we do not change the form. As

this is not an overall reflection, the topology of the resulting geometry has changed. In particular,

we now have a second null boundary when p24q “ 0 as the two regions are no longer glued on the

corresponding facet. This motivates our constraint to consider only those geometries where signs

are chosen to make as many regions adjacent as possible.

Furthermore, one could in principle include extra oriented regions for which the canonical

function adds to zero. For example, PTp1432q ` PTp1342q ` PTp1234q “ 0, so we can take any of

the aforementioned geometries and then take the union with Rp1432q YRp1342q YRp1324q, which

introduces many null boundaries. This motivates our constraint to consider only those geometries

that directly come from triplets.

5-point non-planar The unique 5-point nonplanar on-shell diagram (up to relabeling) is

(4.62)

1

2

3

4 5 “

1

2

3

4 5

with triplets T “ tp123q, p134q, p135qu or, applying a square move, T 1 “ tp124q, p234q, p135qu. The

canonical function is

(4.63) fT “
p13q

p12qp23qp14qp34qp15qp35q
,

and (up to a sign) has many PT expressions induced by different orientations of T or T 1,

(4.64)

fT “ PTp12345q ` PTp12354q

“ PTp13245q ` PTp13254q ` PTp13425q ` PTp13452q ` PTp13524q ` PTp13542q

“ PTp13425q ` PTp13452q ` PTp13542q ` PTp14235q.

The first line comes from both Sp123q,p134q,p135q

5 and Sp124q,p234q,p135q

5 , the second comes from

S
p132q,p134q,p135q

5 , and the third from S
p142q,p234q,p135q

5 . This list exhausts the possible decompositions

up to relabeling. The first decomposition can come from either choice of triplets for a particular

choice of orientations; this is caused by p123q, p134q and p124q, p234q making the same requirement

that the indices p1234q to appear in that cyclic order. Corresponding to these decompositions, we
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have several geometries that have the correct canonical function:

Rp123q,p134q,p135q “ Rp124q,p234q,p135q “ Rp12345q YRp12354q,(4.65)

Rp132q,p134q,p135q “ Rp13245q YRp13254q YRp13425q YRp13452q YRp13524q YRp13542q,(4.66)

Rp142q,p234q,p135q “ Rp13425q YRp13452q YRp13542q YRp14235q.(4.67)

The first two geometries (4.65, 4.66) are strongly connected, i.e. the oriented regions are connected

by their facets; we will find in Section 4.5.3 that this is because we chose the orientation of triplets

coming from reading around each black vertex in (4.16) clockwise. The last geometry (4.67) is not

strongly connected, as Rp14235q does not share any facets with the remaining regions.

The latter two geometries (4.66, 4.67) both have a null codimension-1 boundary at p13q “ 0,

with the oriented regions having it as a facet despite it not being a pole of the canonical function.

The first geometry (4.65) appears not to have such a problem, but it turns out that a closer look

reveals null boundaries at higher codimension. Taking the residue as 2 “ α1 (or 2 “ α3), one finds

a residue (in the sense of (4.29))

(4.68) Res
2“α1

fT “
1

αp14qp34qp15qp35q
,

which has no pole at p13q “ 0. However, finding the boundary of Rp123q,p134q,p135q at 2 “ α1, one

can write it as the closure of an affinely parametrized set,

(4.69) Rp123q,p134q,p135q

ˇ

ˇ

ˇ

ˇ

2“α1

“

$

&

%

¨

˝

1 α x 0 y

0 0 z 1 w

˛

‚P Gp2, 5q : α, x, z, w ě 0, xw ´ yz ě 0

,

.

-

,

which does have a boundary at p13q “ 0. Note that the variable y intentionally does not have

an associated inequality in (4.69), as the sign of the minor p45q is not fixed in Rp123q,p134q,p135q.

Studying this boundary region one does find a further boundary at p13q “ 0, reached by z Ñ 0 in

the parametrization above. More specifically, we get

(4.70) Rp123q,p134q,p135q

ˇ

ˇ

ˇ

ˇ

2“α1,3“β1

“

$

&

%

¨

˝

1 α β 0 y

0 0 0 1 w

˛

‚P Gp2, 5q : α, β, w ě 0

,

.

-

Note that the parameter y is completely free once we set p123q “ 0. Then the geometry becomes

pα, β, wq P R3
ě0 ˆ y P R. When we take the projective closure, the geometry associated with the
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y factor is P1pRq. This is a circle topologically and hence has no boundary points, meaning the

canonical function is 0. Thus we can see from the geometry that the boundary lying on p13q “ 0 is

null and the canonical function has no pole there.

Even for the simplest non-planar on-shell diagram, it is impossible to find a Grassmannian

region RT with correct canonical form fT which is a positive geometry.

We now turn to the topology of Rp12345q YRp12354q. The regions Rp12345q and Rp12354q glue

on the facet where p45q “ 0. They also glue on the (codimension-6) vertex where the first three

columns vanish:

(4.71)

Rp12345q

ˇ

ˇ

ˇ

ˇ

cols 1,2,3 vanish
“

¨

˝

0 0 0 1 0

0 0 0 0 1

˛

‚

GLp2q
“

¨

˝

0 0 0 1 0

0 0 0 0 ´1

˛

‚“ Rp12354q

ˇ

ˇ

ˇ

ˇ

cols 1,2,3 vanish
.

As each oriented region is topologically a ball, gluing them together on a facet and a vertex results

in something like a pinched torus. A caricature of this geometry is illustrated in Figure 4.2. One

must keep in mind that Rp12345q and Rp12354q are 6-dimensional, the intersection with p45q “ 0 is

5-dimensional, the intersection with p13q “ 0 is 4-dimensional, and the point where the first three

columns vanish is 0-dimensional.

p45q “ 0

Rp12354qRp12345q

p13q “ 0

cols 1,2,3 vanish

Figure 4.2. A caricature of Rp12345q YRp12354q.
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Another feature to consider is how PT-like residues are represented in the geometry. Taking the

residue at α “ 0 of (4.68), one finds PTp1435q. The label 2 has vanished as we have sent the entire

column to zero, so we might expect the corresponding geometry to have reduced to the oriented

region Rp1435q embedded into Gp2, 5q by inserting a zero-column. Unfortunately, this is not the

case for any of the geometries2, as taking the boundary when columns 1 and 2 are parallel followed

by the vanishing of column 2 still leaves us with a union of oriented regions with the canonical

function decomposed as PTp1345q ` PTp1354q. Consequently, the boundaries of the geometries for

non-planar diagrams do not generally keep the nice recursive structure that appeared for planar

diagram geometries.

4.5.3 Hierarchy of Diagrams and Corresponding Results

In this section, we discuss the behavior of the geometries for arbitrary collections of triplets T ,

and so for arbitrary on-shell diagrams. As mentioned above, there are many geometries for each

collection of triplets, and some are substantially better behaved than others. We will focus on two

kinds of well-behavedness, which require some definitions.

For a collection T of triplets, the region RT has facets along hypersurfaces pijq “ 0. If fT has

a pole along a facet, we call the facet physical ; otherwise, we call the facet null. Note that the

residue of fT along a null facet is zero. More generally, a boundary of RT is a null boundary if,

taking iterated residues of fT , one obtains the zero function on the boundary. Positive geometries

have no null boundaries; if a geometry with null boundaries otherwise satisfies the definition of

positive geometries, it is a pseudo-positive geometry. We will look for geometries which are as close

to positive geometries as possible, meaning that null boundaries occur in codimension at least 2. We

call a pseudo-positive geometry a good-facet geometry if all facets are physical. Positive geometries

are good-facet geometries.

We would like the decomposition of RT into oriented regions to be as analogous to a triangulation

of a polytope as possible. We call RT strongly connected if one can walk in RT from any region

Rp1, ϵσq Ă RT to any other Rp1, ϵ1σ1q passing only through facets.

2Technically, one can find a geometry by relabeling the indices that does give a suitable boundary that is a single
oriented region. For example, Rp14325q Y Rp14352q has boundary Rp1435q as desired. However, this will always
introduce an analogous problem for another index, as with the vanishing of column 4 for this relabeling.

130



To summarize, for an arbitrary collection T of triplets, our main two questions are:
(1) Can we find a good-facet geometry RT ? That is, a geometry where fT has a pole along

every facet?
(2) Can we find a strongly connected geometry RT ?

Note that if the diagram is planar, the geometry G`p2, nq is both a good-facet geometry and

strongly connected. So we are looking for geometries which are in some sense comparably nice to

the planar geometry3. We also note that the two properties are quite different. The first is about

how well the geometry reflects the canonical function fT , while the second is about how “tightly"

the geometry is packed together.

We find two particularly nice classes of diagrams which have good-facet or strongly connected

geometries. Recall from Section 4.1 that a diagram is irreducible if fT does not admit a non-trivial

factorization4 from Lemma 4.4.0.2. We explain below that if T is irreducible, then for any orientation

of T , there is a good-facet geometry RT .

The second nice class of diagrams are the internally planar diagrams. A diagram is internally

planar if it can be drawn in a planar way once the external legs have been deleted. One example

is the 6-point diagram in (4.42). We emphasize that, while all planar diagrams are also internally

planar, most internally planar diagrams are not planar on-shell diagrams. This is because planar on-

shell diagrams by definition must admit a planar drawing with external legs ending on the boundary

of the disk. We prove in Appendix C that all internally planar diagrams have a strongly-connected

geometry RT . (In fact, the orientation of the triplets which gives this geometry is dictated by the

planar drawing of the diagram without legs; one reads around each black vertex clockwise.)

It is a fact of life, however, that for some on-shell diagrams, no geometries are strongly connected

(see Section 4.5.4.2), or no geometries are good-facet (see Section 4.5.4.4). Even for internally planar

irreducible diagrams, which have strongly connected good-facet geometries, all geometries may have

null boundaries of higher codimension and so the diagram admits no positive geometry (see Section

4.5.4.1). Our results are summarized in the diagrams below. We note that planar diagrams are

internally planar but are technically not irreducible; however, they admit strongly connected good-

facet geometries, so we treat them as “morally" irreducible.

3Other nice properties of G`p2, nq, such as being topologically a ball, are too restrictive to ask for.
4A more precise characterization is given by irreducible hypertrees [122].
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General MHV On-Shell Diagrams
Ť

Internally Planar

Ť

Irreducible
Ť Ť

Internally Planar Irreducible
Ť

Planar

All diagrams have
a strongly connected geometry.

All diagrams have a
good-facet geometry.

For some diagrams,
all geometries have
a null boundary.

Some diagrams have no
strongly connected
geometries.

For some diagrams,
all geometries have null facets.

We can also visualize the different sets of on-shell diagrams by the Venn diagram:

General MHV Diagrams

‚ ‚ ‚

Internally Planar

‚ ‚ ‚

Irreducible

Internally Planar

‚ ‚ ‚ Irreducible

‚ ‚ ‚
Planar

‚ ‚ ‚

In the image we use dots ‚ ‚ ‚ to represent the three properties of our interest in this order:

‚ All diagrams in the set admit strongly connected geometries.
‚ All diagrams in the set have good-boundary geometries.
‚ All diagrams in the set have good-facet geometries.

132



Blue ‚ signifies the property is always present, and red ‚ signifies that there exists some counterexample.

We can see that the only diagrams which have all three properties are planar diagrams, while the

generic (non-planar) MHV diagrams fail to have any of these three. The ‘best’ set of non-planar

on-shell diagrams are irreducible internally planar diagrams which only fail to satisfy the second

property.

Before moving to examples, we discuss why irreducible diagrams have good-facet geometries for

any orientation of the triplets T . Dividing the triplets into maximal planar subdiagrams5, e.g.

(4.72) T “ tp123qu Y tp345qu Y tp567qu Y tp178qu Y tp284q, p246qu,

one finds (see Lemma A.2.0.2) that the denominator of the form fT is precisely the product of the

denominators from each planar subdiagram:

(4.73) fT “
pp17qp28qp34qp56q ´ p18qp26qp34qp57q ` p18qp24qp35qp67qq2

p12qp23qp31q ˆ p34qp45qp53q ˆ p56qp67qp75q ˆ p17qp78qp81q ˆ p28qp86qp64qp42q
.

If pabq is not a pole of fT , then either a, b do not appear together in any triplet, or they are

non-adjacent indices in a maximal planar subdiagram. In the former case, for each oriented region

Rp¨ ¨ ¨ ab ¨ ¨ ¨ q there is a corresponding Rp¨ ¨ ¨ ba ¨ ¨ ¨ q glued on the facet pabq “ 0. In the latter case, the

natural orientation of the triplets in the planar subdiagram keeps the indices non-adjacent in the

oriented regions Rp¨ ¨ ¨ a ¨ ¨ ¨ b ¨ ¨ ¨ q. So, choosing suitable orientations within each maximal planar

subdiagram, one can ensure that pabq “ 0 is not a facet of fT , and thus one can always find a

good-facet geometry.

We note that we do not characterize the diagrams admitting strongly connected or good-facet

geometries, though we show that this certainly includes internally planar and irreducible diagrams,

respectively. We also do not investigate which diagrams admit positive geometries. However, the

previous analysis of the simplest non-planar diagram, the 5-point example in (4.62), shows that all

geometries RT have null boundaries and so are not positive geometries. It seems likely that more

generally, diagrams with a 5-point non-planar subdiagram admit only pseudo-positive RT . This

motivates the following question:

5This can always be done uniquely. The only way for it to not be unique would be if three triplets share the same
doublet pabcq, pabdq, pabeq with any pair being part of some maximal planar diagram.
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Are planar on-shell diagrams the only diagrams which admit a positive geometry RT ?

If such a geometry exists for a non-planar diagram, it should be connected as a disconnected

geometry does not admit an unique canonical form. For two disconnected positive geometries, the

canonical form for its union would be

(4.74) Ω “ Ω1 ˘ Ω2

and there is no way how to fix a relative sign. In fact, the situation is more complicated as for some

connected geometries we can have a similar problem. Namely, if two positive geometries share only a

vertex, and not a higher dimensional boundary, then the ambiguity of the canonical form is present

too. In any case, from our explorations (and using the 5pt argument above) it seems likely that the

only positive geometries are positive Grassmannians G`p2, nq, associated with planar diagrams.

4.5.4 Examples

In the remainder of the section, we take a closer look at strongly connected and god-facet

examples, and provide examples of geometries lacking these properties.

4.5.4.1 6-point internally planar irreducible The smallest irreducible diagram appears at 6

points, defined by the set of triplets T “ tp123q, p345q, p561q, p264qu. It is also the unique 6-point

irreducible diagram, and is internally planar as shown in this embedding:

(4.75)

1

2

3

4

5

6

With the orientation of triplets induced by this embedding, one finds a decomposition labeled

by

(4.76) S
pT q

6 “ t142536, 142563, 145236, 145263, 125364, 125634, 152364, 152634u
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and the canonical function is

(4.77)

fT “
pp15qp26qp34q ´ p16qp24qp35qq2

p12qp13qp15qp16qp23qp24qp26qp34qp35qp45qp46qp56q

“ PTp142536q ` PTp142563q ` PTp145236q ` PTp145263q

` PTp412536q ` PTp412563q ` PTp415236q ` PTp415263q.

This canonical function is the canonical function of the union of oriented regions

(4.78)

RT “ Rp142536q YRp142563q YRp145236q YRp145263q

Y Rp412536q YRp412563q YRp415236q YRp415263q

“

$

’

’

’

’

’

’

’

’

’

’

&

’

’

’

’

’

’

’

’

’

’

%

p12q ě 0, p13q ě 0, p15q ě 0, p16q ě 0,

p23q ě 0, p24q ď 0, p26q ě 0,

p34q ď 0, p35q ď 0,

p45q ě 0, p46q ě 0,

p56q ě 0.

,

/

/

/

/

/

/

/

/

/

/

.

/

/

/

/

/

/

/

/

/

/

-

This geometry is strongly connected, as one can see by the gluing on the facets p14q, p25q, p36q “

0. This property is specific to the orientation chosen; flipping one of the triplets can lead to a

geometry that is not strongly connected:

(4.79)
Rp123q,p345q,p561q,p246q “ rRp123456qs Y rRp124536q YRp124563qs

Y rRp125346q YRp152346qs Y rRp145623q YRp415623qs,

where the strongly connected components have been grouped with braces.

This is a good-facet geometry, as one can see from the defining inequalities matching the poles

of the canonical function. This property is independent of the orientation chosen; each triplet is

its own maximal planar subdiagram, so any orientation avoids null facets by making the non-pole

facets p14q, p25q, p36q “ 0 be only internal boundaries of the union.

However, this geometry has null boundaries. Taking the residues on 6 “ α5 and α “ 0, the

canonical function is

(4.80) resα“0 res6“α5 fT “
p23q

p12qp13qp24qp34qp25qp35q
,
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and the corresponding geometry living in Gp2, 5q – tC P Gp2, 6q : column 6 vanishedu is

(4.81) RT

ˇ

ˇ

ˇ

ˇ

6“α5

ˇ

ˇ

ˇ

ˇ

α“0

“ Rp14253q YRp41253q.

This is just a relabeling of the canonical function (4.63) and first geometry (4.65) from the 5-point

non-planar diagram. As analyzed earlier, the 5-point non-planar diagram has a null boundary for

any geometry that is chosen. Since the 6-point irreducible diagram contains the 5-point non-planar

diagram on a boundary, one deduces that any geometry chosen for the 6-point irreducible diagram

must also have a null boundary at some codimension.

4.5.4.2 7-point irreducible The unique irreducible diagram at 7 points is defined by the set of

triplets

T “ tp123q, p145q, p167q, p246q, p357qu

(4.82) 6

2

4

1

5

3

7

and has canonical function

(4.83) fT “
pp14qp17qp26qp35q ´ p15qp16qp24qp37qq2

pp12qp13qp14qp15qp16qp17qp23qp24qp26qp35qp37qp45qp46qp57qp67qq
.

The diagram is not internally planar, so there is no preferred orientation of the triplets. Using the

orientation above, |S
pT q

7 | “ 24 and we can write it as

(4.84)

S
pT q

7 “ t1234567, 1234657, 1243567, 1243657, 1246357u

Y t1624735, 1627435, 1627345, 1672435, 1672345u

Y t1456273, 1456723, 1465273, 1465723, 1462573u

Y t1245673, 1246573u Y t1462735, 1467235u Y t1623457, 1624357u

Y t1462357u Y t1246735u Y t1624573u,
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where the permutations have been grouped by the maximal strongly connected components. We do

not show the many other possible decompositions / geometries here, but it is easy to check (with

computer assistance) that all possible orientations also give a non-strongly connected geometry.

This is however a good-facet geometry. Like with the 6-point irreducible diagram, this property

is independent of the orientation chosen.

4.5.4.3 8-point internally planar irreducible One 8-point irreducible diagram is

(4.85) 1

2

3

4

5

6

7

8

from which one may read the oriented triplets T “ tp123q, p345q, p567q, p178q, p284q, p486qu. Then,

|S
pT q

8 | “ 47, and can be described as follows:

(4.86)
S

pT q

8 “ tσ P S8{Z8 |σ related to 14725836 by adjacent transpositions

such that no index is swapped twiceu.

For example, 17428536 “ 1
↷↶
472

↷↶
5836 is in the set, but 14257836 is not. The adjacent transpositions

also include swapping 1 and 6, as the permutations defined only up to cyclic shifts. The corresponding

canonical function is

(4.87) fT “
pp17qp28qp34qp56q ` p18qpp24qp35qp67q ´ p26qp34qp57qqq2

p12qp13qp17qp18qp23qp24qp28qp34qp35qp45qp46qp56qp57qp67qp68qp78q

The resulting geometry is strongly connected, with Rp14725836q being ‘at the center’ of the

clump of positive regions, so none of its facets are boundaries of RT .
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One may write

(4.88) RT “

$

’

’

’

’

’

’

’

’

’

’

’

’

’

’

’

’

&

’

’

’

’

’

’

’

’

’

’

’

’

’

’

’

’

%

p12q ě 0, p13q ě 0, p15q ě 0, p17q ě 0, p18q ě 0,

p23q ě 0, p24q ď 0, p26q ě 0, p28q ě 0,

p34q ď 0, p35q ď 0, p37q ď 0,

p45q ě 0, p46q ě 0, p48q ě 0,

p56q ě 0, p57q ď 0,

p67q ď 0, p68q ď 0,

p78q ě 0.

,

/

/

/

/

/

/

/

/

/

/

/

/

/

/

/

/

.

/

/

/

/

/

/

/

/

/

/

/

/

/

/

/

/

-

.

These are the inequalities defining Rp14725836q with those involving adjacent indices removed, as

they are allowed to swap. This is also a good-facet-geometry, which is expected as the diagram is

irreducible. Unlike the 6 and 7-point cases in 4.5.4.1 and 4.5.4.2, this does depend on the orientation:

only those orientations where p284q, p486q are oriented as a square produce a geometry with no null

facets.

4.5.4.4 8-point reducible with null facets Consider the diagram defined by triplets

T “ tp123q, p124q, p125q, p346q, p357q, p458qu,

(4.89)

1 2

3 4 5

6 87

This diagram has many lone indices, so it is clearly reducible, and the canonical function is easy

to compute

(4.90) fT “
p34qp35qp45qp12q

p13qp23qp14qp24qp15qp25qp36qp46qp37qp57qp38qp58q
.

Accounting for possible square moves, and for every possible orientation of triplets, one finds for

every geometry that at least one of the following is a null facet: p34q, p35q, p45q “ 0.

Furthermore, since the diagram is not internally planar, we do not have an orientation induced

by a corresponding embedding. Checking all possible geometries, one finds that none are strongly

connected.
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4.5.5 Geometries without a Diagram

What makes the forms, or corresponding geometries, coming from on-shell diagrams special?

From the analysis done earlier in the section it is evident that properties corresponding to planar

diagrams are not preserved for a general on-shell diagram; the geometries one generally finds are

not strongly connected and have null facets. To begin answering this question, one may study those

forms/geometries that do not come from on-shell diagrams to see what may be missing.

Enumerating the canonical functions for pseudo-positive geometries consisting of unions of

oriented regions in Gp2, 5q, one finds (up to permutation of indices) three that do not come from

on-shell diagrams:

(4.91) RA “ Rp15352q YRp15423q⇝ fA “
p12qp34qp35q ` p13qp23qp45q

p12qp13qp15qp23qp24qp34qp35qp45q

(4.92) RB “ Rp15234q YRp15423q YRp15342q⇝ fB “
p13qp23qp25qp45q ´ p12qp24qp35q2

p12qp13qp15qp23qp24qp25qp34qp35qp45q

(4.93) RC “ Rp13452q YRp15324q⇝ fC “
p14qp15qp23qp24qp35q ´ p12qp13qp25qp34qp45q

p12qp13qp14qp15qp23qp24qp25qp34qp35qp45q

It is easy to check that none of these regions are strongly connected, and they all have null

facets. Interestingly, though RA, RB, RC do not come from 5-point on-shell diagrams (equivalently,

sets of three triplets), they still arise from choosing a larger collection of triplets and taking a union

as in (4.61):

TA “ tp153q, p154q, p142q, p423qu,(4.94)

TB “ tp152q, p153q, p234q, p154qu,(4.95)

TC “ tp132q, p134q, p152q, p345qu.(4.96)

This is interesting, because obviously not all unions of regions come from oriented triplets. For

example, consider the following geometry

(4.97) Rp12345q YRp12354q YRp12453q.
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Here the first two regions have labels 4, 5 swapped, but the region found by swapping those indices

in the third region, Rp12543q, is not included. This makes the geometry inconsistent with any

triplets. However, the canonical function for this region is equal (up to relabeling) to fB. The task

of enumerating all distinct classes of forms is not feasible at 6pt, so we leave it as an open question:

Is there a canonical function of a union of oriented regions that is not represented by triplets? Note

that in the absence of the on-shell diagram connection, it is ambiguous if the canonical function

contains `PTp. . . q or ´PTp. . . q. In fact, for the region (4.97) we need to consider

(4.98) f “ PTp12345q ` PTp12354q ´ PTp12453q

with these particular signs to guarantee that all highest dimensional residues are ˘1. If we flip the

sign,

(4.99) f 1 “ PTp12345q ` PTp12354q ` PTp12453q

some of the residues are ˘2 and we can no longer talk about pseudo-positive geometries. In a

different context, a similar feature was observed in [81] where the authors defined the notion of

graded positive geometries. It seems conceivable that using a ‘wrong’ orientation of the region

Rp12453q in the union (4.97) yields such geometry. Note that on-shell diagrams by definition never

lead to residues other than ˘1 and we never need to discuss the ‘graded version’ of pseudo-positive

geometries in this context.

The purpose of studying the canonical functions associated with Grassmannian regions – unions

of oriented regions – is motivated by another, even more important, question which in some sense

motivated the study of non-planar on-shell diagrams in the first place:

Question: Are the regions in the Grassmannian associated with non-planar on-shell diagrams

special?

In our previous discussion, we concluded that the geometries for generic non-planar on-shell

diagram (internally non-planar and non-irreducible) do not exhibit any nice properties: some of

their facets and boundaries are null and the spaces are disconnected. This is exactly what we

expect from a generic union of R-regions. So at the level of geometry, we do not see anything
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special. Nevertheless, the canonical functions fT are very special thanks to the formula (4.25). In

particular, the numerator of the canonical function is a perfect square of a polynomial Prp. . . qs in

Plückers multiplied by linear factors,

(4.100) f “

ś

p. . .q ˆ Prp. . .qs2
ś

p. . .q

We can see that the 5pt canonical functions fA, fB, fC not associated with on-shell diagrams do not

have this form. The same is true for the class of functions we were able to check at 6pt. Hence it is

natural to conjecture that only the regions associated with oriented triplets produce the canonical

function of the form (4.100). The big open question is what are the geometric implications of this

very special property.

4.6 Conclusions and Outlook

In this chapter, we explored the MHV non-planar on-shell diagrams and the correspondence

to Grassmannian geometries in Gp2, nq. In the planar case there is only one top cell of G`p2, nq

and one planar on-shell diagram, but there are many non-planar diagrams of the same (maximal)

dimensionality for general n. Our analysis relied mostly on the triplet description, which determines

the canonical function either using the determinant formula or the Parke-Taylor expansion. Our

first result is an algorithm for identifying diagrams with vanishing forms. In the planar sector,

the vanishing of the form indicates the presence of internal bubbles and the fact that the diagram

is not reduced. The same type of diagrams do not have a triplet representation. But there is a

new class of diagrams which are described by triplets but still have vanishing form, which we are

able to identify. Our second result concerns the identity moves. In the planar case, there are only

square moves (and trivial merge-expand move) while in the non-planar case there are also sphere

moves proposed in [64]. We show using a novel doublet representation that indeed square moves

and sphere moves are the only identity moves.

Our main result concerns the (pseudo-)positive Grassmannian geometries that we associate with

non-planar on-shell diagrams with non-vanishing canonical functions. The Parke-Taylor decompositions

provide candidate spaces, which are unions of permuted positive parts G`p2, nqs. However, these

spaces are generally disconnected and the canonical function does not encode properly the boundary

structure, i.e. there are boundaries for which the form vanishes – we call them null facets. We showed
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that for internally planar diagrams there is a choice of Parke-Taylor decomposition such that the

space is connected, and for irreducible diagrams there are no null facets. The privileged class of

internally planar irreducible diagrams enjoys both of these special properties, and they provide

an interesting non-planar extension of the planar on-shell diagrams associated with the positive

Grassmannian.

Our work reviewed here is just an invitation into the very complex problem of non-planar on-

shell diagrams and the Grassmannian geometries. There are two main future directions on the

mathematical side: 1) Further study of MHV diagrams and Gp2, nq geometries, their boundary

structures, topological and combinatorial properties. 2) Generalization to Nk´2MHV on-shell

diagrams starting with six-point NMHV case, ie. Gp3, 6q. The complete classification of all non-

planar on-shell forms was given in [60], and the list contains exotic terms with polynomial and even

algebraic poles. The first step is the classification of all terms with only monomial poles, which is

closely related to problems considered in [124,125]. On the physics side, the canonical forms of

non-planar on-shell diagrams are leading singularities of loop integrands, and hence they play a role

of coefficients that multiply polylogarithms (and generalizations) in the expansion of non-planar

N “ 4 SYM amplitudes. If the dual conformal symmetry that we discuss in the next chapter

extends in some form to the non-planar sector, such kinematic structures should be most accessible

to study precisely at the level of leading singularities.

142



CHAPTER 5

Searching for Integrability in Amplitudes

In the past two chapters, we have outlined some of the work we did to understand how the

special mathematical structures found in planar N “ 4 sYM can be extended when one loses the

notion of planarity and restrictions on the types of poles that can appear. However, we left out

some aspects of what makes planar N “ 4 sYM so special in the previous discussion. Thus, we

make a detour back in this chapter. After all, our motivation for studying Super Yang-Mills comes

from its potential to teach us about the structure of gauge theories, so we must leave no stone

unturned. Previously, we have touched upon the fact that N “ 4 sYM enjoys a high number

of symmetries. In addition to supersymmetry, we have seen that it is a conformally invariant

theory. What makes the restricted pole structure and the connection with the positive Grassmannian

possible is another symmetry that we haven’t discussed in detail yet, called dual superconformal

symmetry. In particular, superconformal and dual superconformal symmetry combine to form an

infinite dimensional algebra called the Yangian. While this Yangian plays a key role in the geometric

story we have told thus far, it also connects sYM to another special property called integrability.

Roughly, integrability can be stated as the property that certain quantities in a theory can be

determined to all order thanks to an infinite number of independent, mutually commuting conserved

charges. As we will see, integrability of planar N “ 4 sYM can be used to compute a quantity

called the cusp anomalous dimension non-perturbatively. This quantity controls the leading IR

divergences of the amplitude. Even more surprisingly, the planar N “ 4 sYM amplitude is dual

to null polygonal Wilson loops, where the same cusp anomalous dimension controls the divergences

at the null cusps. The work we are about to review in the next two chapters will be motivated in

large part by trying to draw new bridges between the structures found in perturbative scattering

amplitudes, the duality with Wilson loops, and the integrability of planar sYM, where we believe the

cusp anomalous dimension acts as a natural entry point. Before we delve deeper into the motivation

from the physics side, it will be useful to introduce some of the formalism and mathematical tools
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we are going to use in our work. In particular, we will be using the Amplituhedron formalism in the

next two chapters, which connects naturally to the earlier discussion on the positive Grassmannian.

5.1 The Amplituhedron

Introduced in 2013 by Jaroslav Trnka and Nima Arkani-Hamed [14], the Amplituhedron plays

a key role in the long and elaborate story of what positive geometries have to do with scattering

amplitudes. As with many other topics we have discussed here so far, we shall only introduce

what we need for the work we are going to review to make sense for the reader, and we refer those

interested in further explorations to [13,66].

In earlier chapters we saw that each on-shell diagram, formed by gluing 3´point vertices,

parametrize positroid cells in G`pk, nq, and the canonical form on this positroid cell gives the

corresponding on-shell function. At tree-level, the amplituhedron goes a step further and associates

a canonical form with the full tree-amplitude. So without further ado, we list the definition of the

Amplituhedron below

(5.1) Am.n,k :“ tY P Gpk, k `mq s.t. Y “ C ¨ Z, C P G`pk, nqu

where Z is a pk ` mq ˆ n matrix with positive ordered minors. Rows of this matrix represent

momentum twistors Zi for each external particle i “ 1, 2, 3, ¨ ¨ ¨n. Then, the Amplituhedron is the

image of a map from the positive Grassmannian G`pk, nq we know to the ambient space Gpk, k`mq

through a matrix encoding external momentum data. In physics, we are interested in m “ 4. And

the canonical form defined on A4,n,k give us tree-level NkMHV amplitudes of N “ 4 sYM. It

is typically said that the amplitude is calculated as a volume in this space. What one does in

practice is compute this “volume" through triangulating the amplituhedron. More specifically, one

triangulates An,l into cells ∆j such that each cell is an image of a cell in the positive Grassmannian

G`pk, nq (through the map Y “ C ¨ Z) and Ω∆j is the canonical form of this positroid cell. Then

the canonical form on the amplituhedron is

(5.2) ΩAn,k
“
ÿ

j

Ω∆j

Just like the canonical forms we discussed earlier, the only singularities of this form are logarithmic

and located on the boundaries of An,k. The BCFW recursion procedure we have discussed earlier
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give one such triangulation, where each Ω∆j correspond to a BCFW term. While these individual

terms, and the corresponding forms, don’t necessarily have boundaries that correspond to physical

factorization channels, these singularities cancel out in the total sum.

This formalism also generalizes to loop-level, where the canonical form describes the integrand.

To see this construction in detail, it will be useful to introduce momentum twistor variables first,

which we heavily use in chapters 6 and 7.

5.1.1 Momentum twistors

Scattering amplitudes in planar N “ 4 SYM theory and the underlying Amplituhedron geometry

[14] are naturally described using momentum twistor variables [117]. Let’s first introduce the dual

momentum variables xi, which are associated with a particular cyclic ordering of the n external

momenta pi in R3,1, according to

(5.3) pi “ xi ´ xi´1 ,

where i “ 1, 2, . . . , n labels the external particles.

Momentum conservation is automatically satisfied if we identify xn`1 ” x1 and hence the dual

points xi form a closed polygon with light-like edges. The complexified momenta for n particles

can also be encoded in n complex vectors Zi P C4, called momentum twistors. The dual conformal

symmetry [126], which we review later in this chapter, acts as SLp4q and the invariant multi-linear

form is given by the twistor bracket

(5.4) xijkly :“ detpZiZjZkZlq “ ϵIJKLZ
I
i Z

J
j Z

K
k Z

L
l ,

where ϵIJKL is the four-dimensional Levi-Civita tensor. More concretely, we can think about these

four-brackets as 4ˆ 4 determinants of four momentum twistors. Any n generic momentum twistors

correspond to cyclically ordered lightlike momenta that satisfy momentum conservation. Hence, the

Zi are unconstrained and all four-brackets are generically non-zero. The four-brackets do satisfy

certain identities as derived from the properties of Levi-Civita tensors, for example, the Schouten

identity

(5.5) xabcdyxabefy ` xabcfyxabdey “ xabceyxabdfy .
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Due to dual conformal invariance, we can treat the Zj ’s as points in the projective space P3. In

order to describe the loop integrands, we introduce (dual) loop momenta yi P R3,1, i “ 1, 2, . . . , L,

which in momentum-twistor space are associated with lines ABℓ in P3. The choice of points Ai,

Bi on this line is arbitrary, and the collection of all lines in P3 is the Grassmannian Gp2, 4q we

encountered before.

While we can’t interpret the loop amplitude, which has branch cuts as well as IR divergences,

in terms of a nice geometry, the loop integrand itself only has simple poles that correspond to

factorization channels. As mentioned before, the planar limit of N “ 4 sYM makes it possible to

talk about the L´loop integrand as a single object that gets integrated over, instead over a sum.

And thus, the Amplituhedron can be generalized for the loop-level to represent integrands for all

n, k and L. To do so, one enlarges the C matrix into a pk`2Lq ˆn one such that we have the space

of k´planes in n´dimensions and on top also L number of 2´planes Dℓ that live in CK. This can

be represented as

C “

¨

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˝

Dp1q

Dp2q

...

DpLq

C

˛

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‚

The L´loop Amplituhedron is then the image of the map C Ñ Y “ C ¨ Z such that

Y “

¨

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˝

Lp1q

Lp2q

...

LpLq

Y

˛

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‚

and Lpℓq
α “ pDpℓqqiaZiα. So essentially we have added the kinematic data for L loops into our

description, encoded by Lpℓq for each loop momenta ℓ. The loop generalization also comes with

additional positivity conditions, given by

(5.6) xpABqi j j ` 1y ą 0, xpABqipABqjy ą 0
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where pABqi encode loop-momenta in momentum twistor space. We note that while the loop

Amplituhedron provides a geometric description for the problem of finding a loop integrand, the

actual computation of it is still an unsolved problem for general L. Especially for n ą 4, the

computational complexity grows quite fast with L. But for our purposes at the moment, we are

only interested in n “ 4, so let’s see how this construction looks.

5.1.2 Definition of the four-point Amplituhedron

The four-point L-loop Amplituhedron [16] is defined as a configuration of L lines in the momentum

twistor space [117],

<latexit sha1_base64="eIxsD24StdpJ/fWMvTD2GWco1ok=">AAAB8XicbVBNS8NAEJ3Urxq/qh69LDaCBylJQfRY8OKxgv2gbSib7aZdutmE3Y1QQv+FFw+KePXfePPfuGlz0NYHA4/3ZpiZFyScKe2631ZpY3Nre6e8a+/tHxweVY5P2ipOJaEtEvNYdgOsKGeCtjTTnHYTSXEUcNoJpne533miUrFYPOpZQv0IjwULGcHaSD3HsXtDz3YcNKxU3Zq7AFonXkGqUKA5rHwNRjFJIyo04Vipvucm2s+w1IxwOrcHqaIJJlM8pn1DBY6o8rPFxXN0YZQRCmNpSmi0UH9PZDhSahYFpjPCeqJWvVz8z+unOrz1MyaSVFNBlovClCMdo/x9NGKSEs1nhmAimbkVkQmWmGgTkm1C8FZfXiftes27rrkP9WrjqoijDGdwDpfgwQ004B6a0AICAp7hFd4sZb1Y79bHsrVkFTOn8AfW5w8KnI54</latexit>

Z1

<latexit sha1_base64="ZS/yQ4s4tBPtISXRFR9W278tia0=">AAAB8XicbVBNS8NAEJ3Urxq/qh69LDaCp5IEih4LXjxWsB+0DWWz3bRLN5uwuxFK6L/w4kERr/4bb/4bt20O2vpg4PHeDDPzwpQzpV332yptbe/s7pX37YPDo+OTyulZWyWZJLRFEp7IbogV5UzQlmaa024qKY5DTjvh9G7hd56oVCwRj3qW0iDGY8EiRrA2Us9x7N7Qtx0HDStVt+YugTaJV5AqFGgOK1+DUUKymApNOFaq77mpDnIsNSOczu1BpmiKyRSPad9QgWOqgnx58RxdGWWEokSaEhot1d8TOY6VmsWh6Yyxnqh1byH+5/UzHd0GORNppqkgq0VRxpFO0OJ9NGKSEs1nhmAimbkVkQmWmGgTkm1C8NZf3iRtv+bVa+6DX234RRxluIBLuAYPbqAB99CEFhAQ8Ayv8GYp68V6tz5WrSWrmDmHP7A+fwAN8o5/</latexit>

Z2 <latexit sha1_base64="/93StPRT/WRdLeQCUmrg4ZEAmxU=">AAAB8XicbVBNS8NAEJ3Urxq/qh69LDaCp5JURI8FLx4r2A/ahrLZbtqlm03Y3Qgl9F948aCIV/+NN/+N2zQHbX0w8Hhvhpl5QcKZ0q77bZU2Nre2d8q79t7+weFR5fikreJUEtoiMY9lN8CKciZoSzPNaTeRFEcBp51gerfwO09UKhaLRz1LqB/hsWAhI1gbqec4dm94ZTsOGlaqbs3NgdaJV5AqFGgOK1+DUUzSiApNOFaq77mJ9jMsNSOczu1BqmiCyRSPad9QgSOq/Cy/eI4ujDJCYSxNCY1y9fdEhiOlZlFgOiOsJ2rVW4j/ef1Uh7d+xkSSairIclGYcqRjtHgfjZikRPOZIZhIZm5FZIIlJtqEZJsQvNWX10m7XvOua+5DvdrwijjKcAbncAke3EAD7qEJLSAg4Ble4c1S1ov1bn0sW0tWMXMKf2B9/gAPLY5/</latexit>

Z3

<latexit sha1_base64="Zz8RnzR6nruDqtIl2S83x5IH3uE=">AAAB8XicbVBNS8NAEJ3Urxq/qh69LDaCp5IURY8FLx4r2A/ahrLZbtqlm03Y3Qgl9F948aCIV/+NN/+N2zQHbX0w8Hhvhpl5QcKZ0q77bZU2Nre2d8q79t7+weFR5fikreJUEtoiMY9lN8CKciZoSzPNaTeRFEcBp51gerfwO09UKhaLRz1LqB/hsWAhI1gbqec4dm94ZTsOGlaqbs3NgdaJV5AqFGgOK1+DUUzSiApNOFaq77mJ9jMsNSOczu1BqmiCyRSPad9QgSOq/Cy/eI4ujDJCYSxNCY1y9fdEhiOlZlFgOiOsJ2rVW4j/ef1Uh7d+xkSSairIclGYcqRjtHgfjZikRPOZIZhIZm5FZIIlJtqEZJsQvNWX10m7XvOua+5DvdrwijjKcAbncAke3EAD7qEJLSAg4Ble4c1S1ov1bn0sW0tWMXMKf2B9/gAQtY6A</latexit>

Z4

<latexit sha1_base64="RiEvoLoIHmit5cVn+ggrVFKQn4k=">AAAB8XicbVBNS8NAEJ3Urxq/qh69LDZCTyUpFD1WvXisYD+wDWWz3bRLN5uwuxFK6L/w4kERr/4bb/4bt20O2vpg4PHeDDPzgoQzpV332ypsbG5t7xR37b39g8Oj0vFJW8WpJLRFYh7LboAV5UzQlmaa024iKY4CTjvB5Hbud56oVCwWD3qaUD/CI8FCRrA20qPj2Nc3A892nEGp7FbdBdA68XJShhzNQemrP4xJGlGhCcdK9Tw30X6GpWaE05ndTxVNMJngEe0ZKnBElZ8tLp6hC6MMURhLU0Kjhfp7IsORUtMoMJ0R1mO16s3F/7xeqsMrP2MiSTUVZLkoTDnSMZq/j4ZMUqL51BBMJDO3IjLGEhNtQrJNCN7qy+ukXat69ap7Xys3KnkcRTiDc6iAB5fQgDtoQgsICHiGV3izlPVivVsfy9aClc+cwh9Ynz8W3o59</latexit>

AB1

<latexit sha1_base64="B5K+51UZysk+o66RVXQZCd+wVC8=">AAAB8XicbVBNS8NAEJ3Urxq/qh69LDZCTyUpFD1WvXisYD+wDWWz3bRLN5uwuxFK6L/w4kERr/4bb/4bt20O2vpg4PHeDDPzgoQzpV332ypsbG5t7xR37b39g8Oj0vFJW8WpJLRFYh7LboAV5UzQlmaa024iKY4CTjvB5Hbud56oVCwWD3qaUD/CI8FCRrA20qPj2Nc3g5rtOINS2a26C6B14uWkDDmag9JXfxiTNKJCE46V6nluov0MS80IpzO7nyqaYDLBI9ozVOCIKj9bXDxDF0YZojCWpoRGC/X3RIYjpaZRYDojrMdq1ZuL/3m9VIdXfsZEkmoqyHJRmHKkYzR/Hw2ZpETzqSGYSGZuRWSMJSbahGSbELzVl9dJu1b16lX3vlZuVPI4inAG51ABDy6hAXfQhBYQEPAMr/BmKevFerc+lq0FK585hT+wPn8AGGWOfg==</latexit>

AB2
<latexit sha1_base64="+WPKUrMvGXEaz/BVnnPkKr1MflU=">AAAB8XicbVBNS8NAEJ3Urxq/qh69LDZCTyWpiB6rXjxWsB/YhrLZbtqlm03Y3Qgl9F948aCIV/+NN/+N2zYHbX0w8Hhvhpl5QcKZ0q77bRXW1jc2t4rb9s7u3v5B6fCopeJUEtokMY9lJ8CKciZoUzPNaSeRFEcBp+1gfDvz209UKhaLBz1JqB/hoWAhI1gb6dFx7Oub/rntOP1S2a26c6BV4uWkDDka/dJXbxCTNKJCE46V6npuov0MS80Ip1O7lyqaYDLGQ9o1VOCIKj+bXzxFZ0YZoDCWpoRGc/X3RIYjpSZRYDojrEdq2ZuJ/3ndVIdXfsZEkmoqyGJRmHKkYzR7Hw2YpETziSGYSGZuRWSEJSbahGSbELzll1dJq1b1Lqrufa1cr+RxFOEETqECHlxCHe6gAU0gIOAZXuHNUtaL9W59LFoLVj5zDH9gff4AGeyOfw==</latexit>

AB3

The external data are represented by four momentum twistors Z1, Z2, Z3, Z4 and must satisfy

(5.7) x1234y ” ϵIJKLZ
I
1Z

J
2 Z

K
3 Z

L
4 ą 0 .

Each loop is represented by one line ABi where Ai, Bi are two arbitrary points on that line. The

configuration space of the line ABi is restricted to satisfy the following inequalities

(5.8) xABi12y, xABi23y, xABi34y, xABi14y ą 0, xABi13y, xABi24y ă 0 .

We can represent the loop lines using the external momentum twistors, and will often use the

standard parametrization

(5.9) ZAi “ Z1 ` xiZ2 ´ yiZ4, ZBi “ Z3 ` ziZ2 ` wiZ4 .

In that case, the inequalities reduce to xi, yi, zi, wi ą 0. Furthermore, for each pair of lines ABi,

ABj we have a mutual positivity condition,

(5.10) xABiABjy ą 0 for each pair i, j .
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In the parametrization (5.9) this corresponds to

(5.11) ´pxi ´ xjqpwi ´ wjq ´ pyi ´ yjqpzi ´ zjq ą 0 .

These mutual inequalities make the Amplituhedron space very complicated at higher L. We define

a canonical form ΩL with logarithmic singularities on the boundaries of this space, which directly

reproduces the L-loop integrand form,

(5.12) ΩL “ ILdµL where dµL “

L
ź

i“1

xABi d
2AiyxABi d

2Biy

where dµL is the integration measure one the configuration of L lines in the momentum twistor

space (we often drop this factor for convenience). At the low loop order, we often use a more

traditional notation for the loop lines, AB ” AB1, CD ” AB2, EF ” AB3 to make the formulas

more transparent.

5.1.3 Calculating the differential form

The four-point integrand is equal to the canonical differential form with logarithmic singularities

on the boundaries of the space. At one-loop the space is extremely simple, given just by a set of

inequalities x, y, z, w ą 0 and the dlog form is just

(5.13) Ω1 “
dx

x

dy

y

dz

z

dw

w
“

x1234y2dµ

xAB12yxAB23yxAB34yxAB14y
,

where dµ “ xAB d2AyxAB d2By is the integration measure of a line in P3, analogue of d4ℓ in

momentum space. At higher loops, the situation is more complicated and we can pursue multiple

strategies to obtain the form. The most straightforward is to triangulate the space into elementary

“simplices”, write the dlog forms for them and sum.

At two loops, we need to divide the space into eight elementary regions when solving the mutual

inequality condition [15]. The space is defined in the standard parametrization

(5.14) x1, y1, w1, z1, x2, y2, w2, z2 ą 0, ´px1´x2qpw1´w2q ´ py1´y2qpz1´z2q ą 0 .
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We divide the space into eight simplices by giving definite signs to differences px1´x2q, py1´y2q and

pz1´z2q. One of them is given by the following inequalities

(5.15) x1 ą x2 ą 0, y1 ą y2 ą 0, z1 ą z2 ą 0, w1 ą 0, w2 ą w1 `
py1´y2qpz1´z2q

px1´x2q
,

and the canonical dlog form for this simplex is

(5.16) Ω
p1q

2 “
dx1

px1 ´ x2q

dx2
x2

dy1
py1 ´ y2q

dy2
y2

dz1
pz1 ´ z2q

dz2
z2

dw1

w1

dw2

w2 ´ w1 ´
py1´y2qpz1´z2q

px1´x2q

.

The poles px1´x2q, py1´y2q and pz1´z2q are just artifacts of the triangulation, and when summing

over all pieces they go away. Summing all the contributions,

(5.17) Ω2 “

8
ÿ

i“1

Ω
piq
2 “

dx1 dx2 dy1 dy2 dz1 dz2 dw1 dw2 px1w2 ` x2w1 ` y1z2 ` z1y2q

x1x2y1y2w1w2z1z2rpx1´x2qpw1´w2q ` py1´y2qpz1´z2qs
.

When writing back in terms of momentum twistors we get

(5.18) Ω2 “
dµ2pxAB12yxCD34y`xAB23yxCD14y`xAB34yxCD12y`xAB14yxCD23yqx1234y3

xAB12yxAB23yxAB34yxAB14yxABCDyxCD12yxCD23yxCD34yxCD14y
,

where we use the usual notation for two loop lines AB and CD, rather than the generic ABi. When

expanding the numerator and canceling poles in the denominator we get an expansion of Ω2 in

terms of four double-box integrands (s-double box, t-double box + symmetrization in AB, CD).

It is easy to see that this construction gets complicated rather quickly for higher loops. This

will be dealt with in due time, with a strategy we outline in chapter 6. However, it will be good

to not digress too much here and remind ourselves of the physical motivation. In particular, we

are interested in finding a bridge between the mathematical structures we have seen in perturbative

amplitudes, and their duality with Wilson loops, which we haven’t discussed yet. One of the most

crucial such bridges for our story starts with a 2005 paper by Zvi Bern, Lance Dixon, and Vladimir

Smirnov [47]. This is now known as the BDS ansatz.

5.2 The BDS Ansatz

Postulated first in 1997, the AdS/CFT correspondence [127] lead many to believe that sYM

might be a solvable theory. In particular, this duality tells us that results at strong ‘t Hooft coupling

take a simple form. This hints at hidden simplifications on the perturbative level that would allow

for all-loop resummations, as this is another way to get strong coupling results without dualities.
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Another such hint was found in [47] on the perturbative side. In particular, the authors found that

the 4 and 5 point planar N “ 4 sYM amplitude has an iterative form that allows for an all-loop

representation 1. More specifically, the amplitude (for n “ 4, 5) takes the form

(5.19) An “ exp

#

r

8
ÿ

l“1

alpf plqpϵqAp1q
n plϵq ` hplq

n pϵqs

+

where Ap1q
n plϵq is the 1

ϵ2
divergent 1-loop amplitude and f, h are functions of ϵ and transcendental

constants. This is now known as the BDS ansatz. While it was known that IR-divergences

exponentiate in Gauge Theories, the BDS ansatz makes a powerful statement about the finite

part of the amplitude. The leading IR-divergence in sYM is controlled by a quantity called the cusp

anomalous dimension in the following way

(5.20)

log

ˆ

An
Atree
n

˙

“ ´
1

2

8
ÿ

ℓ“1

ˆ

g2YMN

16π2

˙ℓ
«

Γ
pℓq
cusp

pℓϵq2
`

2G
pℓq
0

ℓϵ

ff

n
ÿ

i“1

ˆ

µ2IR
´si,i`1

˙ℓϵ

` FMHV
n pp1, p2, ..., pn, gq

where FMHV
n pp1, p2, ..., pn, gq is the finite part of the amplitude. Writing g2 “

g2Y MN

16π2 for the ‘t Hooft

coupling, we define the cusp anomalous dimension as

(5.21) Γcusppgq “

8
ÿ

L“1

g2L ΓpLq
cusp .

The BDS statement is even stronger. In particular, the BDS ansatz says the finite part is also

controlled by Γcusp through

(5.22) F4pp1, p2, p3, p4, gq “
Γcusppgq

4

´

ln2p
s

t
q ` const

¯

(5.23) F5pp1, p2, p3, p4, p5, gq “
Γcusppgq

4

˜

5
ÿ

i“1

ln
si,i`1

si`1,i`2
ln
si`2,i`3

si`3,i`4
` const

¸

.

While this ansatz no longer holds at 6-point, the surprisingly simple form we see at 4 and 5 points

hints at additional structure in the perturbative regime. To understand why this happens, we need

to first study a duality between Wilson loops and amplitudes in N “ 4 sYM.

1The initial ansatz was for any n but it was found in later work to fail starting at n “ 6
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5.3 Amplitudes and Wilson-Loops

In [128], Alday and Maldacena computed the gluon amplitude in strong coupling using the

AdS/CFT correspondence, where the leading order result is a minimal surface calculation. Furthermore,

they found that the result matched the expectation value of the null polygonal Wilson loop. This

lead them to conjecture a duality between Wilson loops and scattering amplitudes in planar N “ 4

sYM that was eventually generalized to the weak coupling (perturbative) limit. In particular, the

duality can be states as follows

(5.24) lnW pCnq “ Dn,UV ` FWL
n pa, x2ijq ` Opϵq

(5.25) ln

ˆ

An
Atree

˙

“ Dn,IR ` FWL
n ` const` Op

1

N
q ` Opϵq

where the null polygonal Wilson loop is defined as

(5.26) W pCnq “
1

N
x0|TrpP exp

"ˆ

ig

ˆ
CN

dxµA
µ

˙

|0y

*

.

An interesting fact about this duality that we haven’t emphasized thus far is that it relates the IR

divergences of amplitudes to UV divergences of Wilson loops. To see this in more detail, let’s look

at how these UV divergences arise. The Wilson-loop W pCnq is defined on an n-side polygon with

each vertex assigned a coordinate in dual momenta, related to null momenta pi by xi`1 ´ xi “ pi.

¨̈̈

x1

x2

x3x4

xn

xn´1

The contour is guaranteed to be closed by momentum conservation
řn
i pi “ 0. Since each momenta

is null, we have x2i,i`1 “ 0. These vertices where the null momenta meet are called cusps. Each

cusp carries a double logarithmic divergence whose coefficient is given by Γcusp, and this is where

the cusp anomalous dimension gets its name from. More specifically, divergences enter logW pCnq
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as

(5.27) xlogW pCnqy “

n
ÿ

i“1

Dpx2i´1,i`1q ` Fnpxijq

where Dpx2i´1,i`1q encodes the UV divergences and the finite part is a function of dimensionless

ratios constructed out of x2ij . This object is gonna play a big part in Chapter 7. After dimensionally

regularizing by a parameter ϵ, one gets

(5.28) Dpx2q “ ´
1

4

ÿ

ℓ“1

g2ℓp´x2µ2qℓϵ
´Γcusp

pℓϵq2
` Op

1

ϵ
q

¯

The divergence takes the same form for all n, thus we can take appropriate ratios of Wilson loops to

get finite quantities out of them. We can do the same thing for the planar N “ 4 sYM amplitude,

as its IR divergences are also universal and controlled by Γcusp. Since such ratios are regulator

independent, they can be used to state the duality with the scattering amplitude in a more clean

way. For example, let’s look at n “ 4, which is the case central to our discussion in Chapters 6 and

7. On the Wilson-loop side, we have

(5.29) log

˜

xW px213, x
2
24qy

a

xW px213, x
2
13qyxW px224, x

2
24qy

¸

“
1

2
g2 log2

´x213
x224

¯

` O
´

p
g2N

8π2
q2
¯

which matches the part of the 4-point amplitude after we subtract IR-divergent and constant terms,

namely

(5.30) R4 “
1

2
g2 log2p

s

t
q ` O

´

p
g2N

8π2
q2
¯

.

The Wilson-loop duality also makes manifest another symmetry that was hidden in the initial

amplitudes formulation, which is called dual superconformal symmetry. Let’s first unpack the

conformal side of this story.

5.3.1 Dual Conformal Symmetry

The null polygonal Wilson loop is most naturally expressed in dual momentum coordinates xi,

on which conformal transformations act as follows.

(5.31) xµi ÝÑ
xµi
x2i
, x2ij ÝÑ

x2ij
x2ix

2
j

.
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These transformations leave null separated xi,j invariant, thus the full Wilson loop should be

invariant under these dual conformal transformations. However, we need to regularize the UV

divergences when computing expectation values, which breaks the conformal invariance. In fact,

something similar happens for the amplitudes too. Let’s consider the 1-loop amplitude.

(5.32) A1´loop
4 “ Atree4 ˆ

ˆ
d4k

p2πq4

pp1 ` p2q2pp2 ` p3q2

k2pk ` p1q2pk ` p1 ` p2q2pk ´ p4q2

We can now switch to dual coordinates xi, where pµi “ xµi ´ xµi´1. In this notation, writing xjk “

pxµj ´ xµkq and kµ “ xµ5 ´ xµ1 , the integral becomes

(5.33)
ˆ

d4x5
p2πq4

x213x
2
24

x215x
2
25x

2
35x

2
45

The integrand is invariant under conformal transformations in dual space. But wait, if the momenta

are on-shell, then x2i,i`1 “ 0, so we can’t set d “ 4 if we want to actually compute the integral. If we

regulate by going to d “ 4 ´ 2ϵ then the integral is no longer invariant under dual conformal

transformations, as the Jacobian from transforming the measure no longer cancels with the 4

propagators. So once again, dual conformal invariance is broken, this time by an IR-regulator.

To recap, the null polygonal Wilson loop contain UV poles that come from cusps of the contour,

dual to IR divergences in the sYM loop amplitude. Just like with the amplitude, regulating these

divergences breaks the dual conformal invariance. This leads to an anomalous contribution to the

conformal boost ward identity (this is indeed where “anomalous" in the cusp anomalous dimension

comes from)

(5.34)
n
ÿ

i“1

`

2xµi pxiBxiq ´ x2i B
µ
xi

˘

FWL
n “

Γcusppgq

2

n
ÿ

i“1

xµi,i`1 ln
x2i,i`2

x2i´1,i`1

The homogenous solution to this differential equation only exists for n ě 6, and the particular

solution gives the full FWL
n when n “ 4, 5. Thus, this constraint is enough to fix FWL

n for n “ 4

and n “ 5 as follows

(5.35) F
pWLq

4 “
Γcusppgq

4
ln2

x213
x224

` const

(5.36) F
pWLq

5 “
Γcusppgq

4

5
ÿ

i“1

ln
x2i,i`2

x2i`1,i`3

ln
x2i`2,i`4

x2i`3,i

` const
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which matches the BDS ansatz from before. Furthermore, as we will discuss soon, Γcusppgq can be

computed from integrability. Starting at n “ 6, one can build cross ratios
x2ijx

2
kl

x2ikx
2
jl

that enter into

the homogenous solution, and thus the finite part is no longer fixed by the Ward identities. If the

conjectured Wilson loop-Amplitudes duality holds, this explains why the BDS ansatz is true for

n “ 4, 5 but fails starting at n “ 6. More concretely, starting at n “ 6, one has the BDS ansatz

plus an arbitrary function of all the conformal invariants one can build. For the 6´point case, there

are 3 of them

(5.37) u1 “
x213x

2
46

x214x
2
36

, u2 “
x224x

2
15

x225x
2
14

, u3 “
x235x

2
26

x236x
2
25

so we get

(5.38) FWL
6 “ FBDS6 ` fpu1, u2, u3, gq

While the question of how to constrain this remainder is an interesting open question on its own,

our focus for this thesis is going to be when n “ 4.

5.3.2 The Yangian

In N “ 4 sYM, R´symmetry, supersymmetry, and conformal symmetry combine to form a

superconformal algebra that lives in PSUp2, 2|4q. The generators ja annihilate the superamplitude

such that

(5.39) jaA
tree
n “ 0.

Let’s see if we can do a similar analysis for the dual conformal symmetry discussed in the previous

section, namely work out how dual superconformal symmetry acts on λ, λ̃, and η. The derivation,

done in [83] is lengthy so here we will just list the results from the reviews in [37,129]. First we

note that just like dual variables can be used to write momenta as pi “ xi`1 ´ xi, one can do the

same for supercharges and introduce dual supervariables θi such that

(5.40) θαAi ´ θαAi`1 “ λαi η
A
i

Then, one can define a dual superconformal symmetry that acts on variables tλ, λ̃, η, x, θu. The

explicit form of the dual superconformal generators Kα 9α and SαA won’t be relevant to our discussion
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here, but they can be found in the original paper [83]. What is important for our purposes here is

that they act on tree amplitudes through

(5.41) Kα 9αAn “ ´
ÿ

i

xα 9α
i Atreen

(5.42) SαAAn “ ´
ÿ

i

θαAi An

In order to derive the analogue of jaAn “ 0 for dual superconformal symmetry, one can define the

new operators

(5.43) Kα 9α1

“ Kα 9α `
ÿ

i

xα 9α
i

(5.44) SαA
1

“ SαA `
ÿ

i

θαAi

(5.45) D1 “ D ` n

where DAn “ nAn. The new operators satisfy the dual superconformal algebra and now for any

generator J 1
a of the dual PSUp2, 2|4q we can write

(5.46) J 1
aA

tree
n “ 0

Furthermore, if we only act on on-shell superspace variables, the action of all generators of super-

conformal symmetry coincide with those of dual superconformal symmetry, except for K 1 and S1.

Then all generators of the original superconformal algebra, ja, can be combined with K 1 and S1 to

form the Yangian algebra of PSUp2, 2|4q, denoted by Y pPSUp2, 2|4qq. This Yangian is defined by

zero-level commutators

(5.47) rJ p0q
a , J

p0q

b s “ rja, jbs “ f cabjc

and level-one commutators

(5.48) rJ p0q
a , J

p1q

b s “ rja, j
p1q

b s “ f cabj
p1q
c
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as well as higher order commutators given by Serre relations [129]. These relations generate an

infinite tower of conserved charges, hence the Yangian is an infinite dimensional algebra. For any

y P Y ppsup2, 2|4qq, one has

(5.49) yAtreen “ 0

which represents all the symmetries of the tree-level amplitude in sYM. The Grassmannian formulation

of tree amplitudes we have discussed in the very beginning has deep connections to the appearance

of this Yangian. In particular, the Grassmannian integral

(5.50) Ln,kpWiq “

ˆ
dnˆkCai

GLpkq
śn
j“1Mj

k
ź

a“1

δ4|4

˜

n
ÿ

l“1

CalWA
l

¸

gives a generic form of Yangian invariants. Furthermore, Yangian symmetry is said to be a hallmark

of integrability [130], which is the reason why we have discussed it here. We are now in a good

position to revisit integrability and talk about the motivation behind our work.

5.4 Integrability, Γcusp, and Open Questions

The calculation of Γcusp from integrability is quite technical and introduces more machinery than

we need to motivate our work. Thus, we will only attempt a surface level review of the story here.

So let’s start from where we left off with the Yangian. While we saw the Yangian in the context

of planar N “ 4 sYM amplitudes at tree-level, this is not the only theory where it shows up. For

example, the Heisenberg spin chain model also has a Yangian symmetry. This model describes spins

arranged in a periodic 1-dimensional lattice, with the Hamiltonian

(5.51) H “ 4
L
ÿ

i“1

p
1

4
´ Si ¨ Si`1q, Si “

σ⃗i
2

where σ⃗i are the three Pauli-matrices. In 1931, Hans Bethe found a solution to the eigenvalue

problem H|ψy “ E|ψy for this Hamiltonian, which now goes by the name of Bethe ansatz [131]. In

particular, for a spin chain of length L with M down spins, Bethe found

(5.52) E “ 2
M
ÿ

k“1

1

u2k ` 1
4
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with complex variables uk, called Bethe roots, being determined by the following equation.

(5.53)
´uk ` i

2

uk ´ i
2

¯L
“

M
ź

j“1,j‰k

uk ´ uj ` i

uk ´ uj ´ i

As explained in the review article [132], one can also derive these results by using an operator

called transfer matrix, denoted by T puq. This method allows for the generalization of the result

above to other representations of spin and also makes the Yangian connection we alluded earlier

manifest. In particular, T puq generates an infinite tower of commuting charges whose algebra closes

into the Yangian Y psup2qq. The level 0 generators are none other than total spin
ř

i Si and the

level 1 generators are built bilocally (pairs of products of level zero generators on different sites).

Furthermore, the Hamiltonian we saw above is the second conserved charge generated by T puq.

Thus, the conserved quantities produced by the Yangian symmetry justifies the Heisenberg spin

chain model’s integrability. In this context, integrability refers to the fact that for a spin chain

of length L we only have to solve M Bethe roots instead of diagonalize the full 2L ˆ 2L matrix,

as a direct consequence of having L mutually commuting conserved charges we can simultaneously

diagonalize. But wait, there is more. As it turns out, single trace operators in N “ 4 sYM can be

arranged in a spin chain just like this. Furthermore, planar N “ 4 sYM carries the same integrable

spin-chain structure [133,134]!

Following the example of [132], let’s consider the simplest sup2q scalar sector, which turns out

to be exactly the Heisenberg spin chain at one-loop. We can identify the complex scalars X and Z

with the spins such that

(5.54) Z “ | Òy, X “ | Óy

Since trace is cyclic, one must impose periodic boundary conditions, which in the spin-chain side

looks like SL`1 “ S1. Then, for example, the single trace operator TrpZZXZZq would correspond

to the periodic spin chain state | ÒÒÓÒÒy. To one-loop, the dilatation generator D P sup2q P

psup2, 2|4q takes the form

(5.55) D “ L` g2H ` Opg4q
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whereH is the spin-chain Hamiltonian from before. Then, the anomalous dimension spectra problem

DO “ ∆O maps to the spin-chain eigenvalue problem H|ψy “ E|ψy! In particular, one-loop

anomalous dimensions of the single trace operators of the scalar sup2q sector are given by the spin

chain energy eigenvalues, up to a multiplicative factor with ‘t Hooft coupling. While the exact

mapping to the Heisenberg Hamiltonian doesn’t extend beyond one-loop, the integrable structure

does!

In the previous section, we saw that a quantity called Γcusp controlled the leading IR-divergences

of the planar N “ 4 sYM amplitude, as well as the cusp divergences of the dual Wilson-loop.

Another context in which this quantity comes up is by controlling the large spin behavior of twist-

two operators TrpDM´k
` ZDk

`Zq, which live in the slp2q sector of N “ 4 sYM. This can be mapped

onto an slp2q spin chain by treating each lightcone covariant derivative as an excitation on the state

TrpZLq, where L is the spin-chain length [135]. Written in the notation from [136], the asymptotic

anomalous dimension spectrum problem is then again solved by the Bethe roots ui that obey

(5.56)
ˆ

x`
k

x´
k

˙L

“

M
ź

j“1

uk ´ uj ´ i

uk ´ uj ` i

˜

1 ´ g2{x`
k x

´
j

1 ´ g2{x´
k x

`
j

¸2

e2iθpuk,ujq

where g2 “
g2Y MN

16π2 and θpuk, ujq is a dressing phase added by Beisert, Eden, and Staudacher [137]

after they noticed a discrepancy between [138] and the earlier work [135]. Furthermore, in [137],

they found an integral equation for the Γcusp (which they call scaling function), given by

(5.57) σ̂ptq “
t

et ´ 1

„

K̂p2gt, 0q ´ 4g2
ˆ 8

0
dt1 K̂p2gt, 2gt1q σ̂pt1q

ȷ

and

(5.58) Γpgq “ 8g2σ̂p0q

where the Kernel is written in terms of Bessel functions. While there is no closed form solution for

this equation, one can use it to compute Γpgq asymptotically to any order in g for both weak and

strong coupling, a truly impressive discovery! In particular, one can use this equation to find

Γcusppgq|g!1 “ 4g2 ´
4π2

3
g4 `

44π4

45
g6 ´ 8

ˆ

73π6

630
` 4ζ23

˙

g8 ` Opg10q(5.59)

Γcusppgq|g"1 “ 2g ´
3 log 2

2π
` O

ˆ

1

g

˙

.(5.60)
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This is a good place to stop and review the pieces of the story we have so far. We have seen

that there are two narratives at play here, one regarding the duality between Wilson-loops and

scattering amplitudes, and another regarding the integrability of planar N “ 4 sYM thanks to the

infinite tower of conserved charges generated by its Yangian symmetry. And the cusp anomalous

dimension points us at a very clean connection between these two narratives. Both the universal

IR divergences of the amplitude and the cusp divergences of the Wilson-loop are controlled by

this quantity, allowing us to make a statement about the duality without worrying about regulator

dependent changes. Furthermore, this quantity is known exactly to all orders from the integrability

of single trace operators in N “ 4 sYM. However, we still don’t have a complete understanding of

how all these pieces fit together. It is almost like the integrable structure of sYM and AdS/CFT is

trying to tell us that we should be able to solve sYM perturbatively. In particular, the theory might

just have enough structure to let us resum everything in the perturbation theory side of things.

Despite all the advanced technology we have reviewed thus far, this is still quite an ambitious task.

So we need to choose a good entry point to see how such a program would even be possible. Let’s

consider the 4´point amplitude. Its logarithm is of great interest to us for two reasons. For starters,

its leading IR divergence is quite tame at 1
ϵ2

for any loop order and it is controlled by Γcusp, for which

we have an understanding of through the BES equation. Secondly, it is dual to the null polygonal

Wilson-loop with a lagrangian insertion. Inspired by these two facts, [77] found a novel expansion for

the integrand of the logarithm of the amplitude in terms of diagrams called “negative-geometries",

which we explain in full detail in the next chapter. Furthermore, certain subsets of these diagrams

obey differential equations that make partial resummations possible! This allows one to both resum

contributions and find the Wilson loop’s finite part at strong coupling, and also get contributions

to Γcusp in the non-perturbative limit from the amplitudes side. Thus, this technology might be

a promising new approach to the program of bridging amplitudes, wilson-loops, and integrability

all together. With this goal in mind, our work in chapters 6 and 7 will review the progress we

made in using this technology in the context of logM4 „ W4 and Γcusp. In Chapter 6, we go over

a method we found for computing contributions to the integrand of logM4 for more complicated

diagram topologies than those considered in [77]. This chapter is based on the following paper

‚ Taro V. Brown, Umut Oktem, Shruti Paranjape, Jaroslav Trnka, Loops of loops expansion

in the amplituhedron, Journal of High Energy Physics 07, 2024.

159



In Chapter 7, we use these tools to find new contributions to the Wilson-loop ratios and Γcusp at

strong coupling. This is based on the upcoming paper

‚ Lance Dixon, Umut Oktem, Shruti Paranjape, Jaroslav Trnka, Yongqun Xu, Shun-Qing

Zhang Multi-loop negative geometries, 2605.28926 [hep-th].
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CHAPTER 6

Loops of Loops Expansion of the Amplituhedron

6.1 Introduction

Let’s review what we learned in the previous chapter. Planar N “ 4 super Yang-Mills (SYM)

theory is a great playground for testing new theoretical ideas, including new methods for and

approaches to the calculation of scattering amplitudes [139]. This involves many different studies

of the amplitudes - Wilson loop duality and dual conformal symmetry [126,128,140,141], symbols

[142,143,144], hexagon bootstrap and antipodal duality [113,116,145,146,147,148], flux tube

S-matrix approach [149,150,151], all-loop recursion relations and momentum twistor integrands

[111, 112], the geometric reformulation of the problem using the positive Grassmannian and on-

shell diagrams [8,9,10,11,12,13,34,60,65], and the Amplituhedron [14,15,16], see also [20,56,

68, 69, 70, 71, 74, 75, 76, 77, 78, 80, 81, 86, 115, 152, 153, 154, 155, 156, 157, 158, 159, 160, 161]

and [162,163,164,165,166,167,168] for exciting recent work on geometries in other theories.

In the Amplituhedron picture, the all-loop integrand is obtained as a canonical differential

form on a positive geometry. This translates the physics problem of particle scattering into the

mathematical problem of triangulation of a geometric space (or some other method of calculating

the canonical form). The Amplituhedron has been studied from a purely mathematical perspective

as a natural generalization of the positive Grassmannian with many exciting properties [72,169,

170,171,172,173,174,175,176,177,178,179,180,181,182,183,184,185]. It has been used to

obtain a number of interesting results, but the main computational ambition is still left unresolved:

calculating all-loop integrands. While this is something very difficult (or impossible) to do using

more traditional methods, the Amplituhedron provides a clear mathematical definition of the

problem, which still remains unresolved. There is also an interesting redefinition of the Amplituhedron

in momentum space, ie. Momentum Amplituhedron, which provides a great window into generalizations

of this geometric picture to theories beyond planar limit [17, 73, 186, 187, 188, 189, 190, 191].
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Recently, the Amplituhedron pictures has been also obtained for the ABJM theory [19,192,193,

194,195,196].

The simplest case is a four-point scattering amplitude which has a particular simple integrated

form – the leading IR divergence is given by the cusp anomalous dimension [137] and the full

kinematical part is given by the Bern-Dixon-Smirnov (BDS) ansatz [47]. Yet the integrand at

higher loops is incredibly complex and involves a lot of physical information hidden in its cuts.

Explicit calculations have allowed the determination of the answer up to 7-loops using unitarity

methods [138,197,198] and up to 10-loops using a certain hidden symmetry of the correlator in

the dual Wilson loop picture [53,199,200,201]. The Amplituhedron definition of the four-point

problem is strikingly simple and can be written on two lines: at L-loops the integrand is a collection

of L lines in momentum twistor space which satisfy certain quadratic conditions. While the problem

can be easily stated in geometric language, it is still extremely difficult and a general approach has

not been found.

In [77], Arkani-Hamed, Henn and one of the authors proposed a curious expansion using negative

geometries of the L-loop integrand of the logarithm of the amplitude (which is essentially the same

as the L-loop amplitude up to products of lower-loop terms). These geometries are analogous to the

positive Amplituhedron geometry up to a sign change which has major implications in the structure

of the answer. In particular, when integrated over real Minkowski space they only yield a very mild

1{ϵ2 divergence (in dimensional regularization). This can be seen in the singularity structure of the

canonical form (i.e. cut structure of the integrand) and the behavior in the collinear regions. In this

framework, the L-loop integrand is then a sum of canonical forms for negative geometries. There

is an emergent organizational principle among these geometries related to their graph-theoretical

representation and the counting of internal loops (or cycles). In [77], the authors considered only

geometries with no internal cycles, and solved the problem exactly for this case. Moreover, they

showed that when integrating over all-but-one loops, the result is IR finite and equal to a Wilson

loop with a Lagrangian insertion [202, 203, 204, 205, 206, 207, 208]. Using differential equation

methods they managed to resum these contributions and get an exact result (in this geometric

approximation).

In this work, we continue this effort and consider geometries with one internal cycle and solve

the problem completely for all canonical forms to any loop order L. We show that there is a powerful
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method for determining the form, without doing any triangulation, which instead relies on imposing

constraints from vanishing cuts and cancellation of double poles. We outline how this method can

be used for the calculation of geometries with more internal cycles and provide an explicit example.

The main open problem is the analogue of the differential operator in [77] which could be used

for these ‘one-loop’ geometries, and to see whether similar resummation procedure can be used.

The chapter is organized as follows: in section 6.2, we provide some background on how the IR

finite objects we are interested in relate to Amplituhedron, in section 6.3 we review the basic ideas

behind negative geometries and the solution for all tree graphs of [77]. In section 6.4, we enumerate

consistency conditions on canonical forms and in section 6.5 we use these conditions to solve all

one-cycle geometries. In section 6.6, we provide a useful decomposition for a geometry with more

cycles and in section 6.7 we comment on the integrated IR finite expressions. We conclude with

some open problems in section 6.8.

6.2 Background

Remember that the all-loop integrand in planar N “ 4 SYM theory can be obtained from a

canonical differential form on the Amplituhedron space. As discussed before, one way of computing

this canonical differential form is through finding a triangulation of the Amplituhedron and add the

differential form associated with each piece. However, the triangulation strategy becomes difficult

already at 3-loops, so a new and more sophisticated approach is needed. An alternative strategy is

to directly target the numerator NL of the form ΩL. The denominator is known a priori, so we can

write the form as

(6.1) ΩL “
dµL ¨ NL

ś

iDi ¨
ś

i,jxABiABjy
,

where we denoted the sequence of poles for each loop as

(6.2) Di ” xABi12yxABi23yxABi34yxABi14y .

Now we can impose various consistency conditions and try to fix NL uniquely. Our strategy is to

use cuts. There are three kinds of conditions that we need NL to satisfy in the end:

(1) Vanishing on unphysical cuts.
(2) Canceling multiple poles generated by the denominator.
(3) Reducing to known functions on certain cuts.
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In the first case, the denominator generates a singularity on a cut where the amplitude should not

have any – we often call it an unphysical singularity – hence the numerator must vanish. In the

second case, the singularity itself might be physical, but the denominator contains a higher-order

pole. As the form should only have logarithmic singularities, the numerator must again vanish

(sometimes it must even contain a higher degree zero). Both of these conditions are constraints on

the zeroes of the numerator. The final condition is that the form ΩL should reduce to some known

function, i.e. the numerator does not vanish on physical cuts, but rather is known and predictable.

6.2.1 From differential form to amplitude

Once we have the integrand form ΩL we might want to integrate it to obtain the four-point

L-loop amplitude,

(6.3) ML “

ˆ
ΩL .

The contour of integration corresponds to real momenta in the momentum space, which translates

into a certain complex contour in the momentum twistor space where the lines ABi live. The L-

loop amplitude ML suffers from IR divergences and needs to be regulated. In fact, in dimensional

regularization, where we shift the dimension to 4 ´ 2ϵ, the IR divergence is

(6.4) ML „
1

ϵ2L
.

It is very well-known that the IR divergence in gauge theories exponentiates, and the invariant new

divergence at each order in perturbation theory is at 1{ϵ2 order, the rest is iterative from lower

loops. In the planar N “ 4 SYM there is an even stronger statement: the BDS ansatz tells us that

the full kinematical dependence of the amplitude (at 4-point and 5-point) is given by an iteration

of the one-loop amplitude, and the only new information at every loop order reduces to certain

constants [47],

(6.5) M “ 1 `

8
ÿ

L“1

gLMLpϵq “ exp

«

8
ÿ

l“1

gl
´

f plqpϵqM p1qplϵq ` Cplqpϵq ` Eplqpϵq
¯

ff

,

where g is the t’Hooft coupling. The unknown functions f, C and E only depend on ϵ and some

transcendental constants. We can also expand f plq “ f
plq
0 `ϵf

plq
1 `ϵ2f

plq
2 , where f plq

0 then corresponds

to the cusp anomalous dimension γcusp. Indeed it is more convenient to work with the logarithm of
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the amplitude (which is very natural because of the exponentiation in (6.5)),

(6.6) lnM “

8
ÿ

l“1

glf plqpϵqM p1qplϵq ` Cplqpϵq ` Eplqpϵq “
Γcusp

ϵ2
` O

ˆ

1

ϵ

˙

.

The leading term has a very mild 1{ϵ2 divergence to any loop order and the kinematic dependence

is only in the subleading terms. While the cusp anomalous dimension Γcusp for the planar N “ 4

SYM is predicted by integrability [137] to all loop orders, as we discussed, a derivation from all-loop

amplitudes is still missing.

It is striking that some hints of the exponentiation of IR divergencies can be seen from the

structure of the amplitude integrand, i.e. the L-loop canonical differential form ΩL on the Amplitu-

hedron. To see that, we explicitly write the perturbative expansion of the logarithm of the amplitude,

(6.7) lnM “ ln
`

1 ` g2M1 ` g4M2 ` g6M3 ` . . .
˘

“ g2 lnM1 ` g4 lnM2 ` g6 lnM3 ` . . . ,

where lnML denotes the L-loop logarithm corresponding to sums of products of amplitudes. In

particular, the first few loop orders are

lnM1 “ M1, lnM2 “ M2 ´
1

2
M2

1 , lnM3 “ M3 ´M2M1 `
1

3
M3

1 , . . .(6.8)

Each term in lnML is maximally 1{ϵ2L IR divergent while in the sum all terms up to 1{ϵ2 cancel.

Note that lnML is a combination of products of planar amplitudes, but it itself is not planar, i.e.

cannot be expanded as a sum of planar Feynman diagrams. This can be seen already at two-loops

where the square of the one-loop amplitude does not correspond to a planar two-loop diagram.

However, we can still use global dual variables and momentum twistors and define

(6.9) lnML “

ˆ
rΩL

where rΩL is the integrand for the L-loop logarithm. It can be obtained from summing over integrand

forms for amplitudes (and their products), for example,

rΩ2 “ Ω2pAB,CDq ´ Ω1pABqΩ1pCDq ,(6.10)

rΩ3 “ Ω3pAB,CD,EF q ´ Ω2pAB,CDqΩ1pEF q ´ Ω2pAB,EF qΩ1pCDq

´ Ω2pCD,EF qΩ1pABq ` 2Ω1pABqΩ1pCDqΩ1pEF q ,(6.11)
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where the difference in numerical factors here and in (6.8) is given by symmetrization in the integrand

which is completely symmetric in all loop lines ABi. Here we labeled AB, CD and EF as three

loops, but in general we use the ABi labeling. The L-loop logarithm integrand form rΩL has very

special properties in the collinear regions which control IR divergencies [15]. The idea is that

the integrand for the logarithm rΩL is also a canonical form on a certain positive geometry [209].

The answer was given in [77] and indeed, rΩL is a sum of canonical forms on connected negative

geometries, we will discuss it in section 6.3.

6.2.2 IR finite object

The logarithm of the amplitude lnML is almost an IR finite object, and the IR divergencies only

appear if we integrate over all loop momenta – this is also evident from the cuts of the integrand

rΩL which do not allow the loops ABi to access the collinear region unless all loops are involved in

the cut (none of the loops can be left uncut). Hence, we decide to do the maximal “safe” integration

of rΩL and integrate over AB2, . . ., ABL while freezing (not integrating over) the loop momentum

AB ” AB1 in the momentum twistor language [77]. The dual conformal symmetry dictates that

the result can only depend on a single cross-ratio for AB ” AB1,

(6.12) z “
xAB12yxAB23y

xAB23yxAB14y
.

We can then define an IR function FLpzq,

(6.13) FLpzq “

ˆ
rΩL where AB is not integrated over .

Further, we can perform a resummation and introduce a formal non-perturbative function Fpg, zq

by dressing FLpzq with g2L and summing over all L,

(6.14) Fpg, zq “

8
ÿ

L“1

g2LFLpzq .

This object has been studied before [202,203,204,205,206,207,208] and it is equal to the ratio

of a null-polygonal Wilson loop with a Lagrangian insertion divided by (an empty) null-polygonal

Wilson loop,
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The object FLpzq has a very natural expansion in terms of marked positive geometries as shown

in [77] and we discuss it more in chapter 7.

6.3 General positive and negative geometries

We start our discussion with the generalization of the Amplituhedron geometry to a larger

class of positive geometries. They correspond to configurations of L lines ABi, where each line

satisfies the one-loop Amplituhedron conditions (5.8) and in addition, we have a collection of mutual

positivity conditions xABiABjy ą 0 but not necessarily for all pairs of ABi and ABj . We can

graphically represent such geometries as graphs with L nodes – one for each loop line ABi, where

some of the nodes are connected by a blue dashed link, representing a mutual positivity condition

xABiABjy ą 0. Here are some examples of these positive geometries:
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Sometimes it is convenient to explicitly labelABi associated with a given node. The most complicated,

complete graph, corresponds to the L-loop Amplituhedron where the mutual positivity conditions

are imposed between any pair of lines. Here are examples of Amplituhedron geometries up to L “ 5:
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AB1

<latexit sha1_base64="B5K+51UZysk+o66RVXQZCd+wVC8=">AAAB8XicbVBNS8NAEJ3Urxq/qh69LDZCTyUpFD1WvXisYD+wDWWz3bRLN5uwuxFK6L/w4kERr/4bb/4bt20O2vpg4PHeDDPzgoQzpV332ypsbG5t7xR37b39g8Oj0vFJW8WpJLRFYh7LboAV5UzQlmaa024iKY4CTjvB5Hbud56oVCwWD3qaUD/CI8FCRrA20qPj2Nc3g5rtOINS2a26C6B14uWkDDmag9JXfxiTNKJCE46V6nluov0MS80IpzO7nyqaYDLBI9ozVOCIKj9bXDxDF0YZojCWpoRGC/X3RIYjpaZRYDojrMdq1ZuL/3m9VIdXfsZEkmoqyHJRmHKkYzR/Hw2ZpETzqSGYSGZuRWSMJSbahGSbELzVl9dJu1b16lX3vlZuVPI4inAG51ABDy6hAXfQhBYQEPAMr/BmKevFerc+lq0FK585hT+wPn8AGGWOfg==</latexit>

AB2

<latexit sha1_base64="+WPKUrMvGXEaz/BVnnPkKr1MflU=">AAAB8XicbVBNS8NAEJ3Urxq/qh69LDZCTyWpiB6rXjxWsB/YhrLZbtqlm03Y3Qgl9F948aCIV/+NN/+N2zYHbX0w8Hhvhpl5QcKZ0q77bRXW1jc2t4rb9s7u3v5B6fCopeJUEtokMY9lJ8CKciZoUzPNaSeRFEcBp+1gfDvz209UKhaLBz1JqB/hoWAhI1gb6dFx7Oub/rntOP1S2a26c6BV4uWkDDka/dJXbxCTNKJCE46V6npuov0MS80Ip1O7lyqaYDLGQ9o1VOCIKj+bXzxFZ0YZoDCWpoRGc/X3RIYjpSZRYDojrEdq2ZuJ/3ndVIdXfsZEkmoqyGJRmHKkYzR7Hw2YpETziSGYSGZuRWSEJSbahGSbELzll1dJq1b1Lqrufa1cr+RxFOEETqECHlxCHe6gAU0gIOAZXuHNUtaL9W59LFoLVj5zDH9gff4AGeyOfw==</latexit>

AB3

<latexit sha1_base64="RiEvoLoIHmit5cVn+ggrVFKQn4k=">AAAB8XicbVBNS8NAEJ3Urxq/qh69LDZCTyUpFD1WvXisYD+wDWWz3bRLN5uwuxFK6L/w4kERr/4bb/4bt20O2vpg4PHeDDPzgoQzpV332ypsbG5t7xR37b39g8Oj0vFJW8WpJLRFYh7LboAV5UzQlmaa024iKY4CTjvB5Hbud56oVCwWD3qaUD/CI8FCRrA20qPj2Nc3A892nEGp7FbdBdA68XJShhzNQemrP4xJGlGhCcdK9Tw30X6GpWaE05ndTxVNMJngEe0ZKnBElZ8tLp6hC6MMURhLU0Kjhfp7IsORUtMoMJ0R1mO16s3F/7xeqsMrP2MiSTUVZLkoTDnSMZq/j4ZMUqL51BBMJDO3IjLGEhNtQrJNCN7qy+ukXat69ap7Xys3KnkcRTiDc6iAB5fQgDtoQgsICHiGV3izlPVivVsfy9aClc+cwh9Ynz8W3o59</latexit>

AB1

<latexit sha1_base64="B5K+51UZysk+o66RVXQZCd+wVC8=">AAAB8XicbVBNS8NAEJ3Urxq/qh69LDZCTyUpFD1WvXisYD+wDWWz3bRLN5uwuxFK6L/w4kERr/4bb/4bt20O2vpg4PHeDDPzgoQzpV332ypsbG5t7xR37b39g8Oj0vFJW8WpJLRFYh7LboAV5UzQlmaa024iKY4CTjvB5Hbud56oVCwWD3qaUD/CI8FCRrA20qPj2Nc3g5rtOINS2a26C6B14uWkDDmag9JXfxiTNKJCE46V6nluov0MS80IpzO7nyqaYDLBI9ozVOCIKj9bXDxDF0YZojCWpoRGC/X3RIYjpaZRYDojrMdq1ZuL/3m9VIdXfsZEkmoqyHJRmHKkYzR/Hw2ZpETzqSGYSGZuRWSMJSbahGSbELzVl9dJu1b16lX3vlZuVPI4inAG51ABDy6hAXfQhBYQEPAMr/BmKevFerc+lq0FK585hT+wPn8AGGWOfg==</latexit>

AB2

<latexit sha1_base64="+WPKUrMvGXEaz/BVnnPkKr1MflU=">AAAB8XicbVBNS8NAEJ3Urxq/qh69LDZCTyWpiB6rXjxWsB/YhrLZbtqlm03Y3Qgl9F948aCIV/+NN/+N2zYHbX0w8Hhvhpl5QcKZ0q77bRXW1jc2t4rb9s7u3v5B6fCopeJUEtokMY9lJ8CKciZoUzPNaSeRFEcBp+1gfDvz209UKhaLBz1JqB/hoWAhI1gb6dFx7Oub/rntOP1S2a26c6BV4uWkDDka/dJXbxCTNKJCE46V6npuov0MS80Ip1O7lyqaYDLGQ9o1VOCIKj+bXzxFZ0YZoDCWpoRGc/X3RIYjpSZRYDojrEdq2ZuJ/3ndVIdXfsZEkmoqyGJRmHKkYzR7Hw2YpETziSGYSGZuRWSEJSbahGSbELzll1dJq1b1Lqrufa1cr+RxFOEETqECHlxCHe6gAU0gIOAZXuHNUtaL9W59LFoLVj5zDH9gff4AGeyOfw==</latexit>

AB3

<latexit sha1_base64="toobybMMwemsU8JrtPkkyW+9NzQ=">AAAB8XicbVBNS8NAEJ3Urxq/qh69LDZCTyUpih6rXjxWsB/YhrLZbtqlm03Y3Qgl9F948aCIV/+NN/+N2zYHbX0w8Hhvhpl5QcKZ0q77bRXW1jc2t4rb9s7u3v5B6fCopeJUEtokMY9lJ8CKciZoUzPNaSeRFEcBp+1gfDvz209UKhaLBz1JqB/hoWAhI1gb6dFx7Oub/rntOP1S2a26c6BV4uWkDDka/dJXbxCTNKJCE46V6npuov0MS80Ip1O7lyqaYDLGQ9o1VOCIKj+bXzxFZ0YZoDCWpoRGc/X3RIYjpSZRYDojrEdq2ZuJ/3ndVIdXfsZEkmoqyGJRmHKkYzR7Hw2YpETziSGYSGZuRWSEJSbahGSbELzll1dJq1b1Lqrufa1cr+RxFOEETqECHlxCHe6gAU0gIOAZXuHNUtaL9W59LFoLVj5zDH9gff4AG3OOgA==</latexit>

AB4

<latexit sha1_base64="RiEvoLoIHmit5cVn+ggrVFKQn4k=">AAAB8XicbVBNS8NAEJ3Urxq/qh69LDZCTyUpFD1WvXisYD+wDWWz3bRLN5uwuxFK6L/w4kERr/4bb/4bt20O2vpg4PHeDDPzgoQzpV332ypsbG5t7xR37b39g8Oj0vFJW8WpJLRFYh7LboAV5UzQlmaa024iKY4CTjvB5Hbud56oVCwWD3qaUD/CI8FCRrA20qPj2Nc3A892nEGp7FbdBdA68XJShhzNQemrP4xJGlGhCcdK9Tw30X6GpWaE05ndTxVNMJngEe0ZKnBElZ8tLp6hC6MMURhLU0Kjhfp7IsORUtMoMJ0R1mO16s3F/7xeqsMrP2MiSTUVZLkoTDnSMZq/j4ZMUqL51BBMJDO3IjLGEhNtQrJNCN7qy+ukXat69ap7Xys3KnkcRTiDc6iAB5fQgDtoQgsICHiGV3izlPVivVsfy9aClc+cwh9Ynz8W3o59</latexit>

AB1

<latexit sha1_base64="B5K+51UZysk+o66RVXQZCd+wVC8=">AAAB8XicbVBNS8NAEJ3Urxq/qh69LDZCTyUpFD1WvXisYD+wDWWz3bRLN5uwuxFK6L/w4kERr/4bb/4bt20O2vpg4PHeDDPzgoQzpV332ypsbG5t7xR37b39g8Oj0vFJW8WpJLRFYh7LboAV5UzQlmaa024iKY4CTjvB5Hbud56oVCwWD3qaUD/CI8FCRrA20qPj2Nc3g5rtOINS2a26C6B14uWkDDmag9JXfxiTNKJCE46V6nluov0MS80IpzO7nyqaYDLBI9ozVOCIKj9bXDxDF0YZojCWpoRGC/X3RIYjpaZRYDojrMdq1ZuL/3m9VIdXfsZEkmoqyHJRmHKkYzR/Hw2ZpETzqSGYSGZuRWSMJSbahGSbELzVl9dJu1b16lX3vlZuVPI4inAG51ABDy6hAXfQhBYQEPAMr/BmKevFerc+lq0FK585hT+wPn8AGGWOfg==</latexit>

AB2

<latexit sha1_base64="+WPKUrMvGXEaz/BVnnPkKr1MflU=">AAAB8XicbVBNS8NAEJ3Urxq/qh69LDZCTyWpiB6rXjxWsB/YhrLZbtqlm03Y3Qgl9F948aCIV/+NN/+N2zYHbX0w8Hhvhpl5QcKZ0q77bRXW1jc2t4rb9s7u3v5B6fCopeJUEtokMY9lJ8CKciZoUzPNaSeRFEcBp+1gfDvz209UKhaLBz1JqB/hoWAhI1gb6dFx7Oub/rntOP1S2a26c6BV4uWkDDka/dJXbxCTNKJCE46V6npuov0MS80Ip1O7lyqaYDLGQ9o1VOCIKj+bXzxFZ0YZoDCWpoRGc/X3RIYjpSZRYDojrEdq2ZuJ/3ndVIdXfsZEkmoqyGJRmHKkYzR7Hw2YpETziSGYSGZuRWSEJSbahGSbELzll1dJq1b1Lqrufa1cr+RxFOEETqECHlxCHe6gAU0gIOAZXuHNUtaL9W59LFoLVj5zDH9gff4AGeyOfw==</latexit>

AB3

<latexit sha1_base64="toobybMMwemsU8JrtPkkyW+9NzQ=">AAAB8XicbVBNS8NAEJ3Urxq/qh69LDZCTyUpih6rXjxWsB/YhrLZbtqlm03Y3Qgl9F948aCIV/+NN/+N2zYHbX0w8Hhvhpl5QcKZ0q77bRXW1jc2t4rb9s7u3v5B6fCopeJUEtokMY9lJ8CKciZoUzPNaSeRFEcBp+1gfDvz209UKhaLBz1JqB/hoWAhI1gb6dFx7Oub/rntOP1S2a26c6BV4uWkDDka/dJXbxCTNKJCE46V6npuov0MS80Ip1O7lyqaYDLGQ9o1VOCIKj+bXzxFZ0YZoDCWpoRGc/X3RIYjpSZRYDojrEdq2ZuJ/3ndVIdXfsZEkmoqyGJRmHKkYzR7Hw2YpETziSGYSGZuRWSEJSbahGSbELzll1dJq1b1Lqrufa1cr+RxFOEETqECHlxCHe6gAU0gIOAZXuHNUtaL9W59LFoLVj5zDH9gff4AG3OOgA==</latexit>

AB4

<latexit sha1_base64="1aEKwOzXaWOrV7aChthNFZ6S4aU=">AAAB8XicbVBNS8NAEJ3Urxq/qh69LDZCTyUpFD1WvXisYD+wDWWz3bRLN5uwuxFK6L/w4kERr/4bb/4bt20O2vpg4PHeDDPzgoQzpV332ypsbG5t7xR37b39g8Oj0vFJW8WpJLRFYh7LboAV5UzQlmaa024iKY4CTjvB5Hbud56oVCwWD3qaUD/CI8FCRrA20qPj2Nc3g7rtOINS2a26C6B14uWkDDmag9JXfxiTNKJCE46V6nluov0MS80IpzO7nyqaYDLBI9ozVOCIKj9bXDxDF0YZojCWpoRGC/X3RIYjpaZRYDojrMdq1ZuL/3m9VIdXfsZEkmoqyHJRmHKkYzR/Hw2ZpETzqSGYSGZuRWSMJSbahGSbELzVl9dJu1b16lX3vlZuVPI4inAG51ABDy6hAXfQhBYQEPAMr/BmKevFerc+lq0FK585hT+wPn8AHPqOgQ==</latexit>

AB5

<latexit sha1_base64="RiEvoLoIHmit5cVn+ggrVFKQn4k=">AAAB8XicbVBNS8NAEJ3Urxq/qh69LDZCTyUpFD1WvXisYD+wDWWz3bRLN5uwuxFK6L/w4kERr/4bb/4bt20O2vpg4PHeDDPzgoQzpV332ypsbG5t7xR37b39g8Oj0vFJW8WpJLRFYh7LboAV5UzQlmaa024iKY4CTjvB5Hbud56oVCwWD3qaUD/CI8FCRrA20qPj2Nc3A892nEGp7FbdBdA68XJShhzNQemrP4xJGlGhCcdK9Tw30X6GpWaE05ndTxVNMJngEe0ZKnBElZ8tLp6hC6MMURhLU0Kjhfp7IsORUtMoMJ0R1mO16s3F/7xeqsMrP2MiSTUVZLkoTDnSMZq/j4ZMUqL51BBMJDO3IjLGEhNtQrJNCN7qy+ukXat69ap7Xys3KnkcRTiDc6iAB5fQgDtoQgsICHiGV3izlPVivVsfy9aClc+cwh9Ynz8W3o59</latexit>

AB1

<latexit sha1_base64="B5K+51UZysk+o66RVXQZCd+wVC8=">AAAB8XicbVBNS8NAEJ3Urxq/qh69LDZCTyUpFD1WvXisYD+wDWWz3bRLN5uwuxFK6L/w4kERr/4bb/4bt20O2vpg4PHeDDPzgoQzpV332ypsbG5t7xR37b39g8Oj0vFJW8WpJLRFYh7LboAV5UzQlmaa024iKY4CTjvB5Hbud56oVCwWD3qaUD/CI8FCRrA20qPj2Nc3g5rtOINS2a26C6B14uWkDDmag9JXfxiTNKJCE46V6nluov0MS80IpzO7nyqaYDLBI9ozVOCIKj9bXDxDF0YZojCWpoRGC/X3RIYjpaZRYDojrMdq1ZuL/3m9VIdXfsZEkmoqyHJRmHKkYzR/Hw2ZpETzqSGYSGZuRWSMJSbahGSbELzVl9dJu1b16lX3vlZuVPI4inAG51ABDy6hAXfQhBYQEPAMr/BmKevFerc+lq0FK585hT+wPn8AGGWOfg==</latexit>

AB2

We could use the graphic notation for specifying a positive geometry, but for us it is more convenient

to associate a logarithmic form ΩΓ on the positive geometry with the graph (rather than just the
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geometry). We now generalize our discussion slightly and also consider graphs where some of

the links correspond to mutual positive conditions xABiABjy ą 0 and others to mutual negative

conditions xABiABjy ă 0.

<latexit sha1_base64="RiEvoLoIHmit5cVn+ggrVFKQn4k=">AAAB8XicbVBNS8NAEJ3Urxq/qh69LDZCTyUpFD1WvXisYD+wDWWz3bRLN5uwuxFK6L/w4kERr/4bb/4bt20O2vpg4PHeDDPzgoQzpV332ypsbG5t7xR37b39g8Oj0vFJW8WpJLRFYh7LboAV5UzQlmaa024iKY4CTjvB5Hbud56oVCwWD3qaUD/CI8FCRrA20qPj2Nc3A892nEGp7FbdBdA68XJShhzNQemrP4xJGlGhCcdK9Tw30X6GpWaE05ndTxVNMJngEe0ZKnBElZ8tLp6hC6MMURhLU0Kjhfp7IsORUtMoMJ0R1mO16s3F/7xeqsMrP2MiSTUVZLkoTDnSMZq/j4ZMUqL51BBMJDO3IjLGEhNtQrJNCN7qy+ukXat69ap7Xys3KnkcRTiDc6iAB5fQgDtoQgsICHiGV3izlPVivVsfy9aClc+cwh9Ynz8W3o59</latexit>

AB1

<latexit sha1_base64="B5K+51UZysk+o66RVXQZCd+wVC8=">AAAB8XicbVBNS8NAEJ3Urxq/qh69LDZCTyUpFD1WvXisYD+wDWWz3bRLN5uwuxFK6L/w4kERr/4bb/4bt20O2vpg4PHeDDPzgoQzpV332ypsbG5t7xR37b39g8Oj0vFJW8WpJLRFYh7LboAV5UzQlmaa024iKY4CTjvB5Hbud56oVCwWD3qaUD/CI8FCRrA20qPj2Nc3g5rtOINS2a26C6B14uWkDDmag9JXfxiTNKJCE46V6nluov0MS80IpzO7nyqaYDLBI9ozVOCIKj9bXDxDF0YZojCWpoRGC/X3RIYjpaZRYDojrMdq1ZuL/3m9VIdXfsZEkmoqyHJRmHKkYzR/Hw2ZpETzqSGYSGZuRWSMJSbahGSbELzVl9dJu1b16lX3vlZuVPI4inAG51ABDy6hAXfQhBYQEPAMr/BmKevFerc+lq0FK585hT+wPn8AGGWOfg==</latexit>

AB2
<latexit sha1_base64="RiEvoLoIHmit5cVn+ggrVFKQn4k=">AAAB8XicbVBNS8NAEJ3Urxq/qh69LDZCTyUpFD1WvXisYD+wDWWz3bRLN5uwuxFK6L/w4kERr/4bb/4bt20O2vpg4PHeDDPzgoQzpV332ypsbG5t7xR37b39g8Oj0vFJW8WpJLRFYh7LboAV5UzQlmaa024iKY4CTjvB5Hbud56oVCwWD3qaUD/CI8FCRrA20qPj2Nc3A892nEGp7FbdBdA68XJShhzNQemrP4xJGlGhCcdK9Tw30X6GpWaE05ndTxVNMJngEe0ZKnBElZ8tLp6hC6MMURhLU0Kjhfp7IsORUtMoMJ0R1mO16s3F/7xeqsMrP2MiSTUVZLkoTDnSMZq/j4ZMUqL51BBMJDO3IjLGEhNtQrJNCN7qy+ukXat69ap7Xys3KnkcRTiDc6iAB5fQgDtoQgsICHiGV3izlPVivVsfy9aClc+cwh9Ynz8W3o59</latexit>

AB1

<latexit sha1_base64="B5K+51UZysk+o66RVXQZCd+wVC8=">AAAB8XicbVBNS8NAEJ3Urxq/qh69LDZCTyUpFD1WvXisYD+wDWWz3bRLN5uwuxFK6L/w4kERr/4bb/4bt20O2vpg4PHeDDPzgoQzpV332ypsbG5t7xR37b39g8Oj0vFJW8WpJLRFYh7LboAV5UzQlmaa024iKY4CTjvB5Hbud56oVCwWD3qaUD/CI8FCRrA20qPj2Nc3g5rtOINS2a26C6B14uWkDDmag9JXfxiTNKJCE46V6nluov0MS80IpzO7nyqaYDLBI9ozVOCIKj9bXDxDF0YZojCWpoRGC/X3RIYjpaZRYDojrMdq1ZuL/3m9VIdXfsZEkmoqyHJRmHKkYzR/Hw2ZpETzqSGYSGZuRWSMJSbahGSbELzVl9dJu1b16lX3vlZuVPI4inAG51ABDy6hAXfQhBYQEPAMr/BmKevFerc+lq0FK585hT+wPn8AGGWOfg==</latexit>

AB2
<latexit sha1_base64="aJ+6w/D+LMlw6LbBbe2Se/smf80=">AAACCnicbVC7TsMwFHXKq4RXgJHF0CB1qpJKCCZUYGEsEn1ITRQ5rtNadZzIdpCqqjMLv8LCAEKsfAEbf4PTZoCWI92ro3PulX1PmDIqleN8G6WV1bX1jfKmubW9s7tn7R+0ZZIJTFo4YYnohkgSRjlpKaoY6aaCoDhkpBOObnK/80CEpAm/V+OU+DEacBpRjJSWAuvYtk2PIT5gBF5dB27e6p6YC5eOaduBVXFqzgxwmbgFqYACzcD68voJzmLCFWZIyp7rpMqfIKEoZmRqepkkKcIjNCA9TTmKifQns1Om8FQrfRglQhdXcKb+3pigWMpxHOrJGKmhXPRy8T+vl6nowp9QnmaKcDx/KMoYVAnMc4F9KghWbKwJwoLqv0I8RAJhpdMzdQju4snLpF2vuWc1565eaVSLOMrgCJyAKnDBOWiAW9AELYDBI3gGr+DNeDJejHfjYz5aMoqdQ/AHxucP3UiXGg==</latexit>hAB1AB2i > 0

<latexit sha1_base64="LReEPUhuALvMb2EL9YwWBJyjhTc=">AAACCnicbVC7TsMwFHXKq4RXgJHF0CB1qpJKCAaGAgtjkehDaqLIcZ3WquNEtoNUVZ1Z+BUWBhBi5QvY+BucNgO0HOleHZ1zr+x7wpRRqRzn2yitrK6tb5Q3za3tnd09a/+gLZNMYNLCCUtEN0SSMMpJS1HFSDcVBMUhI51wdJP7nQciJE34vRqnxI/RgNOIYqS0FFjHtm16DPEBI/DqOnDzVvfEXLh0TNsOrIpTc2aAy8QtSAUUaAbWl9dPcBYTrjBDUvZcJ1X+BAlFMSNT08skSREeoQHpacpRTKQ/mZ0yhada6cMoEbq4gjP198YExVKO41BPxkgN5aKXi/95vUxFF/6E8jRThOP5Q1HGoEpgngvsU0GwYmNNEBZU/xXiIRIIK52eqUNwF09eJu16zT2rOXf1SqNaxFEGR+AEVIELzkED3IImaAEMHsEzeAVvxpPxYrwbH/PRklHsHII/MD5/ANo4lxg=</latexit>hAB1AB2i < 0

For nodes that are not connected by any link, the sign of the corresponding term xABiABjy is

unspecified. Here are a few examples of these more general geometries:

<latexit sha1_base64="RiEvoLoIHmit5cVn+ggrVFKQn4k=">AAAB8XicbVBNS8NAEJ3Urxq/qh69LDZCTyUpFD1WvXisYD+wDWWz3bRLN5uwuxFK6L/w4kERr/4bb/4bt20O2vpg4PHeDDPzgoQzpV332ypsbG5t7xR37b39g8Oj0vFJW8WpJLRFYh7LboAV5UzQlmaa024iKY4CTjvB5Hbud56oVCwWD3qaUD/CI8FCRrA20qPj2Nc3A892nEGp7FbdBdA68XJShhzNQemrP4xJGlGhCcdK9Tw30X6GpWaE05ndTxVNMJngEe0ZKnBElZ8tLp6hC6MMURhLU0Kjhfp7IsORUtMoMJ0R1mO16s3F/7xeqsMrP2MiSTUVZLkoTDnSMZq/j4ZMUqL51BBMJDO3IjLGEhNtQrJNCN7qy+ukXat69ap7Xys3KnkcRTiDc6iAB5fQgDtoQgsICHiGV3izlPVivVsfy9aClc+cwh9Ynz8W3o59</latexit>

AB1

<latexit sha1_base64="B5K+51UZysk+o66RVXQZCd+wVC8=">AAAB8XicbVBNS8NAEJ3Urxq/qh69LDZCTyUpFD1WvXisYD+wDWWz3bRLN5uwuxFK6L/w4kERr/4bb/4bt20O2vpg4PHeDDPzgoQzpV332ypsbG5t7xR37b39g8Oj0vFJW8WpJLRFYh7LboAV5UzQlmaa024iKY4CTjvB5Hbud56oVCwWD3qaUD/CI8FCRrA20qPj2Nc3g5rtOINS2a26C6B14uWkDDmag9JXfxiTNKJCE46V6nluov0MS80IpzO7nyqaYDLBI9ozVOCIKj9bXDxDF0YZojCWpoRGC/X3RIYjpaZRYDojrMdq1ZuL/3m9VIdXfsZEkmoqyHJRmHKkYzR/Hw2ZpETzqSGYSGZuRWSMJSbahGSbELzVl9dJu1b16lX3vlZuVPI4inAG51ABDy6hAXfQhBYQEPAMr/BmKevFerc+lq0FK585hT+wPn8AGGWOfg==</latexit>

AB2

<latexit sha1_base64="+WPKUrMvGXEaz/BVnnPkKr1MflU=">AAAB8XicbVBNS8NAEJ3Urxq/qh69LDZCTyWpiB6rXjxWsB/YhrLZbtqlm03Y3Qgl9F948aCIV/+NN/+N2zYHbX0w8Hhvhpl5QcKZ0q77bRXW1jc2t4rb9s7u3v5B6fCopeJUEtokMY9lJ8CKciZoUzPNaSeRFEcBp+1gfDvz209UKhaLBz1JqB/hoWAhI1gb6dFx7Oub/rntOP1S2a26c6BV4uWkDDka/dJXbxCTNKJCE46V6npuov0MS80Ip1O7lyqaYDLGQ9o1VOCIKj+bXzxFZ0YZoDCWpoRGc/X3RIYjpSZRYDojrEdq2ZuJ/3ndVIdXfsZEkmoqyGJRmHKkYzR7Hw2YpETziSGYSGZuRWSEJSbahGSbELzll1dJq1b1Lqrufa1cr+RxFOEETqECHlxCHe6gAU0gIOAZXuHNUtaL9W59LFoLVj5zDH9gff4AGeyOfw==</latexit>

AB3

<latexit sha1_base64="RiEvoLoIHmit5cVn+ggrVFKQn4k=">AAAB8XicbVBNS8NAEJ3Urxq/qh69LDZCTyUpFD1WvXisYD+wDWWz3bRLN5uwuxFK6L/w4kERr/4bb/4bt20O2vpg4PHeDDPzgoQzpV332ypsbG5t7xR37b39g8Oj0vFJW8WpJLRFYh7LboAV5UzQlmaa024iKY4CTjvB5Hbud56oVCwWD3qaUD/CI8FCRrA20qPj2Nc3A892nEGp7FbdBdA68XJShhzNQemrP4xJGlGhCcdK9Tw30X6GpWaE05ndTxVNMJngEe0ZKnBElZ8tLp6hC6MMURhLU0Kjhfp7IsORUtMoMJ0R1mO16s3F/7xeqsMrP2MiSTUVZLkoTDnSMZq/j4ZMUqL51BBMJDO3IjLGEhNtQrJNCN7qy+ukXat69ap7Xys3KnkcRTiDc6iAB5fQgDtoQgsICHiGV3izlPVivVsfy9aClc+cwh9Ynz8W3o59</latexit>

AB1

<latexit sha1_base64="B5K+51UZysk+o66RVXQZCd+wVC8=">AAAB8XicbVBNS8NAEJ3Urxq/qh69LDZCTyUpFD1WvXisYD+wDWWz3bRLN5uwuxFK6L/w4kERr/4bb/4bt20O2vpg4PHeDDPzgoQzpV332ypsbG5t7xR37b39g8Oj0vFJW8WpJLRFYh7LboAV5UzQlmaa024iKY4CTjvB5Hbud56oVCwWD3qaUD/CI8FCRrA20qPj2Nc3g5rtOINS2a26C6B14uWkDDmag9JXfxiTNKJCE46V6nluov0MS80IpzO7nyqaYDLBI9ozVOCIKj9bXDxDF0YZojCWpoRGC/X3RIYjpaZRYDojrMdq1ZuL/3m9VIdXfsZEkmoqyHJRmHKkYzR/Hw2ZpETzqSGYSGZuRWSMJSbahGSbELzVl9dJu1b16lX3vlZuVPI4inAG51ABDy6hAXfQhBYQEPAMr/BmKevFerc+lq0FK585hT+wPn8AGGWOfg==</latexit>

AB2

<latexit sha1_base64="+WPKUrMvGXEaz/BVnnPkKr1MflU=">AAAB8XicbVBNS8NAEJ3Urxq/qh69LDZCTyWpiB6rXjxWsB/YhrLZbtqlm03Y3Qgl9F948aCIV/+NN/+N2zYHbX0w8Hhvhpl5QcKZ0q77bRXW1jc2t4rb9s7u3v5B6fCopeJUEtokMY9lJ8CKciZoUzPNaSeRFEcBp+1gfDvz209UKhaLBz1JqB/hoWAhI1gb6dFx7Oub/rntOP1S2a26c6BV4uWkDDka/dJXbxCTNKJCE46V6npuov0MS80Ip1O7lyqaYDLGQ9o1VOCIKj+bXzxFZ0YZoDCWpoRGc/X3RIYjpSZRYDojrEdq2ZuJ/3ndVIdXfsZEkmoqyGJRmHKkYzR7Hw2YpETziSGYSGZuRWSEJSbahGSbELzll1dJq1b1Lqrufa1cr+RxFOEETqECHlxCHe6gAU0gIOAZXuHNUtaL9W59LFoLVj5zDH9gff4AGeyOfw==</latexit>

AB3

<latexit sha1_base64="toobybMMwemsU8JrtPkkyW+9NzQ=">AAAB8XicbVBNS8NAEJ3Urxq/qh69LDZCTyUpih6rXjxWsB/YhrLZbtqlm03Y3Qgl9F948aCIV/+NN/+N2zYHbX0w8Hhvhpl5QcKZ0q77bRXW1jc2t4rb9s7u3v5B6fCopeJUEtokMY9lJ8CKciZoUzPNaSeRFEcBp+1gfDvz209UKhaLBz1JqB/hoWAhI1gb6dFx7Oub/rntOP1S2a26c6BV4uWkDDka/dJXbxCTNKJCE46V6npuov0MS80Ip1O7lyqaYDLGQ9o1VOCIKj+bXzxFZ0YZoDCWpoRGc/X3RIYjpSZRYDojrEdq2ZuJ/3ndVIdXfsZEkmoqyGJRmHKkYzR7Hw2YpETziSGYSGZuRWSEJSbahGSbELzll1dJq1b1Lqrufa1cr+RxFOEETqECHlxCHe6gAU0gIOAZXuHNUtaL9W59LFoLVj5zDH9gff4AG3OOgA==</latexit>

AB4

<latexit sha1_base64="RiEvoLoIHmit5cVn+ggrVFKQn4k=">AAAB8XicbVBNS8NAEJ3Urxq/qh69LDZCTyUpFD1WvXisYD+wDWWz3bRLN5uwuxFK6L/w4kERr/4bb/4bt20O2vpg4PHeDDPzgoQzpV332ypsbG5t7xR37b39g8Oj0vFJW8WpJLRFYh7LboAV5UzQlmaa024iKY4CTjvB5Hbud56oVCwWD3qaUD/CI8FCRrA20qPj2Nc3A892nEGp7FbdBdA68XJShhzNQemrP4xJGlGhCcdK9Tw30X6GpWaE05ndTxVNMJngEe0ZKnBElZ8tLp6hC6MMURhLU0Kjhfp7IsORUtMoMJ0R1mO16s3F/7xeqsMrP2MiSTUVZLkoTDnSMZq/j4ZMUqL51BBMJDO3IjLGEhNtQrJNCN7qy+ukXat69ap7Xys3KnkcRTiDc6iAB5fQgDtoQgsICHiGV3izlPVivVsfy9aClc+cwh9Ynz8W3o59</latexit>

AB1

<latexit sha1_base64="B5K+51UZysk+o66RVXQZCd+wVC8=">AAAB8XicbVBNS8NAEJ3Urxq/qh69LDZCTyUpFD1WvXisYD+wDWWz3bRLN5uwuxFK6L/w4kERr/4bb/4bt20O2vpg4PHeDDPzgoQzpV332ypsbG5t7xR37b39g8Oj0vFJW8WpJLRFYh7LboAV5UzQlmaa024iKY4CTjvB5Hbud56oVCwWD3qaUD/CI8FCRrA20qPj2Nc3g5rtOINS2a26C6B14uWkDDmag9JXfxiTNKJCE46V6nluov0MS80IpzO7nyqaYDLBI9ozVOCIKj9bXDxDF0YZojCWpoRGC/X3RIYjpaZRYDojrMdq1ZuL/3m9VIdXfsZEkmoqyHJRmHKkYzR/Hw2ZpETzqSGYSGZuRWSMJSbahGSbELzVl9dJu1b16lX3vlZuVPI4inAG51ABDy6hAXfQhBYQEPAMr/BmKevFerc+lq0FK585hT+wPn8AGGWOfg==</latexit>

AB2

<latexit sha1_base64="+WPKUrMvGXEaz/BVnnPkKr1MflU=">AAAB8XicbVBNS8NAEJ3Urxq/qh69LDZCTyWpiB6rXjxWsB/YhrLZbtqlm03Y3Qgl9F948aCIV/+NN/+N2zYHbX0w8Hhvhpl5QcKZ0q77bRXW1jc2t4rb9s7u3v5B6fCopeJUEtokMY9lJ8CKciZoUzPNaSeRFEcBp+1gfDvz209UKhaLBz1JqB/hoWAhI1gb6dFx7Oub/rntOP1S2a26c6BV4uWkDDka/dJXbxCTNKJCE46V6npuov0MS80Ip1O7lyqaYDLGQ9o1VOCIKj+bXzxFZ0YZoDCWpoRGc/X3RIYjpSZRYDojrEdq2ZuJ/3ndVIdXfsZEkmoqyGJRmHKkYzR7Hw2YpETziSGYSGZuRWSEJSbahGSbELzll1dJq1b1Lqrufa1cr+RxFOEETqECHlxCHe6gAU0gIOAZXuHNUtaL9W59LFoLVj5zDH9gff4AGeyOfw==</latexit>

AB3

<latexit sha1_base64="toobybMMwemsU8JrtPkkyW+9NzQ=">AAAB8XicbVBNS8NAEJ3Urxq/qh69LDZCTyUpih6rXjxWsB/YhrLZbtqlm03Y3Qgl9F948aCIV/+NN/+N2zYHbX0w8Hhvhpl5QcKZ0q77bRXW1jc2t4rb9s7u3v5B6fCopeJUEtokMY9lJ8CKciZoUzPNaSeRFEcBp+1gfDvz209UKhaLBz1JqB/hoWAhI1gb6dFx7Oub/rntOP1S2a26c6BV4uWkDDka/dJXbxCTNKJCE46V6npuov0MS80Ip1O7lyqaYDLGQ9o1VOCIKj+bXzxFZ0YZoDCWpoRGc/X3RIYjpSZRYDojrEdq2ZuJ/3ndVIdXfsZEkmoqyGJRmHKkYzR7Hw2YpETziSGYSGZuRWSEJSbahGSbELzll1dJq1b1Lqrufa1cr+RxFOEETqECHlxCHe6gAU0gIOAZXuHNUtaL9W59LFoLVj5zDH9gff4AG3OOgA==</latexit>

AB4

<latexit sha1_base64="1aEKwOzXaWOrV7aChthNFZ6S4aU=">AAAB8XicbVBNS8NAEJ3Urxq/qh69LDZCTyUpFD1WvXisYD+wDWWz3bRLN5uwuxFK6L/w4kERr/4bb/4bt20O2vpg4PHeDDPzgoQzpV332ypsbG5t7xR37b39g8Oj0vFJW8WpJLRFYh7LboAV5UzQlmaa024iKY4CTjvB5Hbud56oVCwWD3qaUD/CI8FCRrA20qPj2Nc3g7rtOINS2a26C6B14uWkDDmag9JXfxiTNKJCE46V6nluov0MS80IpzO7nyqaYDLBI9ozVOCIKj9bXDxDF0YZojCWpoRGC/X3RIYjpaZRYDojrMdq1ZuL/3m9VIdXfsZEkmoqyHJRmHKkYzR/Hw2ZpETzqSGYSGZuRWSMJSbahGSbELzVl9dJu1b16lX3vlZuVPI4inAG51ABDy6hAXfQhBYQEPAMr/BmKevFerc+lq0FK585hT+wPn8AHPqOgQ==</latexit>

AB5

<latexit sha1_base64="JeDG63ZYDYaSyIc2vHYMX7aReUY=">AAAB8XicbVDLSsNAFL2prxpfVZduBhuhq5IUfCyrblxWsA9sQ5lMJ+3QySTMTIQS+hduXCji1r9x5984bbPQ1gMXDufcy733BAlnSrvut1VYW9/Y3Cpu2zu7e/sHpcOjlopTSWiTxDyWnQArypmgTc00p51EUhwFnLaD8e3Mbz9RqVgsHvQkoX6Eh4KFjGBtpEfHsa9v+he24/RLZbfqzoFWiZeTMuRo9EtfvUFM0ogKTThWquu5ifYzLDUjnE7tXqpogskYD2nXUIEjqvxsfvEUnRllgMJYmhIazdXfExmOlJpEgemMsB6pZW8m/ud1Ux1e+RkTSaqpIItFYcqRjtHsfTRgkhLNJ4ZgIpm5FZERlphoE5JtQvCWX14lrVrVO6+697VyvZLHUYQTOIUKeHAJdbiDBjSBgIBneIU3S1kv1rv1sWgtWPnMMfyB9fkDHoGOgg==</latexit>

AB6

Note that if the graph is not connected, the differential form is given by a (wedge) product of

differential forms for the subgraphs which are connected. For example,

<latexit sha1_base64="RiEvoLoIHmit5cVn+ggrVFKQn4k=">AAAB8XicbVBNS8NAEJ3Urxq/qh69LDZCTyUpFD1WvXisYD+wDWWz3bRLN5uwuxFK6L/w4kERr/4bb/4bt20O2vpg4PHeDDPzgoQzpV332ypsbG5t7xR37b39g8Oj0vFJW8WpJLRFYh7LboAV5UzQlmaa024iKY4CTjvB5Hbud56oVCwWD3qaUD/CI8FCRrA20qPj2Nc3A892nEGp7FbdBdA68XJShhzNQemrP4xJGlGhCcdK9Tw30X6GpWaE05ndTxVNMJngEe0ZKnBElZ8tLp6hC6MMURhLU0Kjhfp7IsORUtMoMJ0R1mO16s3F/7xeqsMrP2MiSTUVZLkoTDnSMZq/j4ZMUqL51BBMJDO3IjLGEhNtQrJNCN7qy+ukXat69ap7Xys3KnkcRTiDc6iAB5fQgDtoQgsICHiGV3izlPVivVsfy9aClc+cwh9Ynz8W3o59</latexit>

AB1

<latexit sha1_base64="B5K+51UZysk+o66RVXQZCd+wVC8=">AAAB8XicbVBNS8NAEJ3Urxq/qh69LDZCTyUpFD1WvXisYD+wDWWz3bRLN5uwuxFK6L/w4kERr/4bb/4bt20O2vpg4PHeDDPzgoQzpV332ypsbG5t7xR37b39g8Oj0vFJW8WpJLRFYh7LboAV5UzQlmaa024iKY4CTjvB5Hbud56oVCwWD3qaUD/CI8FCRrA20qPj2Nc3g5rtOINS2a26C6B14uWkDDmag9JXfxiTNKJCE46V6nluov0MS80IpzO7nyqaYDLBI9ozVOCIKj9bXDxDF0YZojCWpoRGC/X3RIYjpaZRYDojrMdq1ZuL/3m9VIdXfsZEkmoqyHJRmHKkYzR/Hw2ZpETzqSGYSGZuRWSMJSbahGSbELzVl9dJu1b16lX3vlZuVPI4inAG51ABDy6hAXfQhBYQEPAMr/BmKevFerc+lq0FK585hT+wPn8AGGWOfg==</latexit>

AB2

<latexit sha1_base64="+WPKUrMvGXEaz/BVnnPkKr1MflU=">AAAB8XicbVBNS8NAEJ3Urxq/qh69LDZCTyWpiB6rXjxWsB/YhrLZbtqlm03Y3Qgl9F948aCIV/+NN/+N2zYHbX0w8Hhvhpl5QcKZ0q77bRXW1jc2t4rb9s7u3v5B6fCopeJUEtokMY9lJ8CKciZoUzPNaSeRFEcBp+1gfDvz209UKhaLBz1JqB/hoWAhI1gb6dFx7Oub/rntOP1S2a26c6BV4uWkDDka/dJXbxCTNKJCE46V6npuov0MS80Ip1O7lyqaYDLGQ9o1VOCIKj+bXzxFZ0YZoDCWpoRGc/X3RIYjpSZRYDojrEdq2ZuJ/3ndVIdXfsZEkmoqyGJRmHKkYzR7Hw2YpETziSGYSGZuRWSEJSbahGSbELzll1dJq1b1Lqrufa1cr+RxFOEETqECHlxCHe6gAU0gIOAZXuHNUtaL9W59LFoLVj5zDH9gff4AGeyOfw==</latexit>

AB3

<latexit sha1_base64="toobybMMwemsU8JrtPkkyW+9NzQ=">AAAB8XicbVBNS8NAEJ3Urxq/qh69LDZCTyUpih6rXjxWsB/YhrLZbtqlm03Y3Qgl9F948aCIV/+NN/+N2zYHbX0w8Hhvhpl5QcKZ0q77bRXW1jc2t4rb9s7u3v5B6fCopeJUEtokMY9lJ8CKciZoUzPNaSeRFEcBp+1gfDvz209UKhaLBz1JqB/hoWAhI1gb6dFx7Oub/rntOP1S2a26c6BV4uWkDDka/dJXbxCTNKJCE46V6npuov0MS80Ip1O7lyqaYDLGQ9o1VOCIKj+bXzxFZ0YZoDCWpoRGc/X3RIYjpSZRYDojrEdq2ZuJ/3ndVIdXfsZEkmoqyGJRmHKkYzR7Hw2YpETziSGYSGZuRWSEJSbahGSbELzll1dJq1b1Lqrufa1cr+RxFOEETqECHlxCHe6gAU0gIOAZXuHNUtaL9W59LFoLVj5zDH9gff4AG3OOgA==</latexit>

AB4

<latexit sha1_base64="1aEKwOzXaWOrV7aChthNFZ6S4aU=">AAAB8XicbVBNS8NAEJ3Urxq/qh69LDZCTyUpFD1WvXisYD+wDWWz3bRLN5uwuxFK6L/w4kERr/4bb/4bt20O2vpg4PHeDDPzgoQzpV332ypsbG5t7xR37b39g8Oj0vFJW8WpJLRFYh7LboAV5UzQlmaa024iKY4CTjvB5Hbud56oVCwWD3qaUD/CI8FCRrA20qPj2Nc3g7rtOINS2a26C6B14uWkDDmag9JXfxiTNKJCE46V6nluov0MS80IpzO7nyqaYDLBI9ozVOCIKj9bXDxDF0YZojCWpoRGC/X3RIYjpaZRYDojrMdq1ZuL/3m9VIdXfsZEkmoqyHJRmHKkYzR/Hw2ZpETzqSGYSGZuRWSMJSbahGSbELzVl9dJu1b16lX3vlZuVPI4inAG51ABDy6hAXfQhBYQEPAMr/BmKevFerc+lq0FK585hT+wPn8AHPqOgQ==</latexit>

AB5

<latexit sha1_base64="JeDG63ZYDYaSyIc2vHYMX7aReUY=">AAAB8XicbVDLSsNAFL2prxpfVZduBhuhq5IUfCyrblxWsA9sQ5lMJ+3QySTMTIQS+hduXCji1r9x5984bbPQ1gMXDufcy733BAlnSrvut1VYW9/Y3Cpu2zu7e/sHpcOjlopTSWiTxDyWnQArypmgTc00p51EUhwFnLaD8e3Mbz9RqVgsHvQkoX6Eh4KFjGBtpEfHsa9v+he24/RLZbfqzoFWiZeTMuRo9EtfvUFM0ogKTThWquu5ifYzLDUjnE7tXqpogskYD2nXUIEjqvxsfvEUnRllgMJYmhIazdXfExmOlJpEgemMsB6pZW8m/ud1Ux1e+RkTSaqpIItFYcqRjtHsfTRgkhLNJ4ZgIpm5FZERlphoE5JtQvCWX14lrVrVO6+697VyvZLHUYQTOIUKeHAJdbiDBjSBgIBneIU3S1kv1rv1sWgtWPnMMfyB9fkDHoGOgg==</latexit>

AB6

<latexit sha1_base64="qpo0ANwWmRz7c6aGnioAglZQvUc=">AAAB+nicbVDLSsNAFJ3UV42vVJduBhuhq5IURDdCwYXurGAf0IYwmU7aoTOTMDNRSuynuHGhiFu/xJ1/4/Sx0NYDFw7n3Mu990Qpo0p73rdVWFvf2Nwqbts7u3v7B07psKWSTGLSxAlLZCdCijAqSFNTzUgnlQTxiJF2NLqa+u0HIhVNxL0epyTgaCBoTDHSRgqdkuvavVtOBii8hpfQdt3QKXtVbwa4SvwFKYMFGqHz1esnOONEaMyQUl3fS3WQI6kpZmRi9zJFUoRHaEC6hgrEiQry2ekTeGqUPowTaUpoOFN/T+SIKzXmkenkSA/VsjcV//O6mY4vgpyKNNNE4PmiOGNQJ3CaA+xTSbBmY0MQltTcCvEQSYS1Scs2IfjLL6+SVq3qn1W9u1q5XlnEUQTH4ARUgA/OQR3cgAZoAgwewTN4BW/Wk/VivVsf89aCtZg5An9gff4ANhKRSQ==</latexit>

⌦G =

<latexit sha1_base64="qlEiVl2s25xt1/djLQx+uHdRPL8=">AAAB9HicbVDLSsNAFL3xWeOr6tLNYCN0VZKC6LLoxmUF+4AmlMl0kg6dTOLMpFBCv8ONC0Xc+jHu/Bunj4W2HrhwOOde7r0nzDhT2nW/rY3Nre2d3dKevX9weHRcPjltqzSXhLZIylPZDbGinAna0kxz2s0kxUnIaScc3c38zphKxVLxqCcZDRIcCxYxgrWRAsex/VsWx35hO06/XHFr7hxonXhLUoElmv3ylz9ISZ5QoQnHSvU8N9NBgaVmhNOp7eeKZpiMcEx7hgqcUBUU86On6NIoAxSl0pTQaK7+nihwotQkCU1ngvVQrXoz8T+vl+voJiiYyHJNBVksinKOdIpmCaABk5RoPjEEE8nMrYgMscREm5xsE4K3+vI6addr3lXNfahXGtVlHCU4hwuoggfX0IB7aEILCDzBM7zCmzW2Xqx362PRumEtZ87gD6zPH/1YkDQ=</latexit> (

<latexit sha1_base64="Q1FSyCUnrbQ44kWsnOa42ZvJo7Y=">AAAB+3icbVDLSsNAFJ3UV42vWJduBhuhq5IURJcFF7qzgn1AG8JkOmmHzkzCzEQsob/ixoUibv0Rd/6N0zYLbT1w4XDOvdx7T5QyqrTnfVuljc2t7Z3yrr23f3B45BxXOirJJCZtnLBE9iKkCKOCtDXVjPRSSRCPGOlGk+u5330kUtFEPOhpSgKORoLGFCNtpNCpuK49uONkhML8JvRntuuGTtWrewvAdeIXpAoKtELnazBMcMaJ0Jghpfq+l+ogR1JTzMjMHmSKpAhP0Ij0DRWIExXki9tn8NwoQxgn0pTQcKH+nsgRV2rKI9PJkR6rVW8u/uf1Mx1fBTkVaaaJwMtFccagTuA8CDikkmDNpoYgLKm5FeIxkghrE5dtQvBXX14nnUbdv6h7941qs1bEUQan4AzUgA8uQRPcghZoAwyewDN4BW/WzHqx3q2PZWvJKmZOwB9Ynz/4ZZJe</latexit>

⌦G1

<latexit sha1_base64="qlEiVl2s25xt1/djLQx+uHdRPL8=">AAAB9HicbVDLSsNAFL3xWeOr6tLNYCN0VZKC6LLoxmUF+4AmlMl0kg6dTOLMpFBCv8ONC0Xc+jHu/Bunj4W2HrhwOOde7r0nzDhT2nW/rY3Nre2d3dKevX9weHRcPjltqzSXhLZIylPZDbGinAna0kxz2s0kxUnIaScc3c38zphKxVLxqCcZDRIcCxYxgrWRAsex/VsWx35hO06/XHFr7hxonXhLUoElmv3ylz9ISZ5QoQnHSvU8N9NBgaVmhNOp7eeKZpiMcEx7hgqcUBUU86On6NIoAxSl0pTQaK7+nihwotQkCU1ngvVQrXoz8T+vl+voJiiYyHJNBVksinKOdIpmCaABk5RoPjEEE8nMrYgMscREm5xsE4K3+vI6addr3lXNfahXGtVlHCU4hwuoggfX0IB7aEILCDzBM7zCmzW2Xqx362PRumEtZ87gD6zPH/1YkDQ=</latexit> (

<latexit sha1_base64="WsdYtM60ORfeiltJyq7yS0bNqiU=">AAAB+3icbVDLSsNAFJ3UV42vWJduBhuhq5IURJcFF7qzgn1AG8JkOmmHzkzCzEQsob/ixoUibv0Rd/6N0zYLbT1w4XDOvdx7T5QyqrTnfVuljc2t7Z3yrr23f3B45BxXOirJJCZtnLBE9iKkCKOCtDXVjPRSSRCPGOlGk+u5330kUtFEPOhpSgKORoLGFCNtpNCpuK49uONkhML8JmzMbNcNnapX9xaA68QvSBUUaIXO12CY4IwToTFDSvV9L9VBjqSmmJGZPcgUSRGeoBHpGyoQJyrIF7fP4LlRhjBOpCmh4UL9PZEjrtSUR6aTIz1Wq95c/M/rZzq+CnIq0kwTgZeL4oxBncB5EHBIJcGaTQ1BWFJzK8RjJBHWJi7bhOCvvrxOOo26f1H37hvVZq2IowxOwRmoAR9cgia4BS3QBhg8gWfwCt6smfVivVsfy9aSVcycgD+wPn8A+e2SXw==</latexit>

⌦G2

<latexit sha1_base64="8NC73zcXFukRE4+8wxUD+yGdkEA=">AAACEXicbVDLSsNAFJ34rPEVdelmsBG6KklBdCMUXOjOCvYBbQmTyW07dPJgZqKU0F9w46+4caGIW3fu/BunbRa19cCFwzn3cu89fsKZVI7zY6ysrq1vbBa2zO2d3b196+CwIeNUUKjTmMei5RMJnEVQV0xxaCUCSOhzaPrDq4nffAAhWRzdq1EC3ZD0I9ZjlCgteVbJts1L3LkNoU+87Npzx7jzCEEf5rTK2LRtzyo6ZWcKvEzcnBRRjppnfXeCmKYhRIpyImXbdRLVzYhQjHIYm51UQkLokPShrWlEQpDdbPrRGJ9qJcC9WOiKFJ6q8xMZCaUchb7uDIkayEVvIv7ntVPVu+hmLEpSBRGdLeqlHKsYT+LBARNAFR9pQqhg+lZMB0QQqnSIpg7BXXx5mTQqZfes7NxVitVSHkcBHaMTVEIuOkdVdINqqI4oekIv6A29G8/Gq/FhfM5aV4x85gj9gfH1C0PdmrM=</latexit>

= ⌦G1 ^ ⌦G2

For simplicity, we skip the wedge symbol ^ in the following discussion. Note that the graphical

notation we introduced is for the differential form ΩG of the corresponding geometry. Nonetheless

the graph also gives us the geometry itself. To summarize:

‚ Each dot is one loop line ABi which satisfies one-loop Amplituhedron conditions (5.8).

‚ The dashed blue link between dots ABi and ABj imposes a mutual positive condition

xABiABjy ą 0, while the red solid line represents a condition xABiABjy ă 0.

In some cases, we do not label the ABi vertices at all – in this case we implicitly symmetrize over

all ABi.

6.3.1 From positive to negative

The positive and negative links are not unrelated, they do satisfy a simple sum rule,
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(6.15)
<latexit sha1_base64="RiEvoLoIHmit5cVn+ggrVFKQn4k=">AAAB8XicbVBNS8NAEJ3Urxq/qh69LDZCTyUpFD1WvXisYD+wDWWz3bRLN5uwuxFK6L/w4kERr/4bb/4bt20O2vpg4PHeDDPzgoQzpV332ypsbG5t7xR37b39g8Oj0vFJW8WpJLRFYh7LboAV5UzQlmaa024iKY4CTjvB5Hbud56oVCwWD3qaUD/CI8FCRrA20qPj2Nc3A892nEGp7FbdBdA68XJShhzNQemrP4xJGlGhCcdK9Tw30X6GpWaE05ndTxVNMJngEe0ZKnBElZ8tLp6hC6MMURhLU0Kjhfp7IsORUtMoMJ0R1mO16s3F/7xeqsMrP2MiSTUVZLkoTDnSMZq/j4ZMUqL51BBMJDO3IjLGEhNtQrJNCN7qy+ukXat69ap7Xys3KnkcRTiDc6iAB5fQgDtoQgsICHiGV3izlPVivVsfy9aClc+cwh9Ynz8W3o59</latexit>

AB1

<latexit sha1_base64="B5K+51UZysk+o66RVXQZCd+wVC8=">AAAB8XicbVBNS8NAEJ3Urxq/qh69LDZCTyUpFD1WvXisYD+wDWWz3bRLN5uwuxFK6L/w4kERr/4bb/4bt20O2vpg4PHeDDPzgoQzpV332ypsbG5t7xR37b39g8Oj0vFJW8WpJLRFYh7LboAV5UzQlmaa024iKY4CTjvB5Hbud56oVCwWD3qaUD/CI8FCRrA20qPj2Nc3g5rtOINS2a26C6B14uWkDDmag9JXfxiTNKJCE46V6nluov0MS80IpzO7nyqaYDLBI9ozVOCIKj9bXDxDF0YZojCWpoRGC/X3RIYjpaZRYDojrMdq1ZuL/3m9VIdXfsZEkmoqyHJRmHKkYzR/Hw2ZpETzqSGYSGZuRWSMJSbahGSbELzVl9dJu1b16lX3vlZuVPI4inAG51ABDy6hAXfQhBYQEPAMr/BmKevFerc+lq0FK585hT+wPn8AGGWOfg==</latexit>

AB2
<latexit sha1_base64="RiEvoLoIHmit5cVn+ggrVFKQn4k=">AAAB8XicbVBNS8NAEJ3Urxq/qh69LDZCTyUpFD1WvXisYD+wDWWz3bRLN5uwuxFK6L/w4kERr/4bb/4bt20O2vpg4PHeDDPzgoQzpV332ypsbG5t7xR37b39g8Oj0vFJW8WpJLRFYh7LboAV5UzQlmaa024iKY4CTjvB5Hbud56oVCwWD3qaUD/CI8FCRrA20qPj2Nc3A892nEGp7FbdBdA68XJShhzNQemrP4xJGlGhCcdK9Tw30X6GpWaE05ndTxVNMJngEe0ZKnBElZ8tLp6hC6MMURhLU0Kjhfp7IsORUtMoMJ0R1mO16s3F/7xeqsMrP2MiSTUVZLkoTDnSMZq/j4ZMUqL51BBMJDO3IjLGEhNtQrJNCN7qy+ukXat69ap7Xys3KnkcRTiDc6iAB5fQgDtoQgsICHiGV3izlPVivVsfy9aClc+cwh9Ynz8W3o59</latexit>

AB1

<latexit sha1_base64="B5K+51UZysk+o66RVXQZCd+wVC8=">AAAB8XicbVBNS8NAEJ3Urxq/qh69LDZCTyUpFD1WvXisYD+wDWWz3bRLN5uwuxFK6L/w4kERr/4bb/4bt20O2vpg4PHeDDPzgoQzpV332ypsbG5t7xR37b39g8Oj0vFJW8WpJLRFYh7LboAV5UzQlmaa024iKY4CTjvB5Hbud56oVCwWD3qaUD/CI8FCRrA20qPj2Nc3g5rtOINS2a26C6B14uWkDDmag9JXfxiTNKJCE46V6nluov0MS80IpzO7nyqaYDLBI9ozVOCIKj9bXDxDF0YZojCWpoRGC/X3RIYjpaZRYDojrMdq1ZuL/3m9VIdXfsZEkmoqyHJRmHKkYzR/Hw2ZpETzqSGYSGZuRWSMJSbahGSbELzVl9dJu1b16lX3vlZuVPI4inAG51ABDy6hAXfQhBYQEPAMr/BmKevFerc+lq0FK585hT+wPn8AGGWOfg==</latexit>

AB2
<latexit sha1_base64="aJ+6w/D+LMlw6LbBbe2Se/smf80=">AAACCnicbVC7TsMwFHXKq4RXgJHF0CB1qpJKCCZUYGEsEn1ITRQ5rtNadZzIdpCqqjMLv8LCAEKsfAEbf4PTZoCWI92ro3PulX1PmDIqleN8G6WV1bX1jfKmubW9s7tn7R+0ZZIJTFo4YYnohkgSRjlpKaoY6aaCoDhkpBOObnK/80CEpAm/V+OU+DEacBpRjJSWAuvYtk2PIT5gBF5dB27e6p6YC5eOaduBVXFqzgxwmbgFqYACzcD68voJzmLCFWZIyp7rpMqfIKEoZmRqepkkKcIjNCA9TTmKifQns1Om8FQrfRglQhdXcKb+3pigWMpxHOrJGKmhXPRy8T+vl6nowp9QnmaKcDx/KMoYVAnMc4F9KghWbKwJwoLqv0I8RAJhpdMzdQju4snLpF2vuWc1565eaVSLOMrgCJyAKnDBOWiAW9AELYDBI3gGr+DNeDJejHfjYz5aMoqdQ/AHxucP3UiXGg==</latexit>hAB1AB2i > 0

<latexit sha1_base64="LReEPUhuALvMb2EL9YwWBJyjhTc=">AAACCnicbVC7TsMwFHXKq4RXgJHF0CB1qpJKCAaGAgtjkehDaqLIcZ3WquNEtoNUVZ1Z+BUWBhBi5QvY+BucNgO0HOleHZ1zr+x7wpRRqRzn2yitrK6tb5Q3za3tnd09a/+gLZNMYNLCCUtEN0SSMMpJS1HFSDcVBMUhI51wdJP7nQciJE34vRqnxI/RgNOIYqS0FFjHtm16DPEBI/DqOnDzVvfEXLh0TNsOrIpTc2aAy8QtSAUUaAbWl9dPcBYTrjBDUvZcJ1X+BAlFMSNT08skSREeoQHpacpRTKQ/mZ0yhada6cMoEbq4gjP198YExVKO41BPxkgN5aKXi/95vUxFF/6E8jRThOP5Q1HGoEpgngvsU0GwYmNNEBZU/xXiIRIIK52eqUNwF09eJu16zT2rOXf1SqNaxFEGR+AEVIELzkED3IImaAEMHsEzeAVvxpPxYrwbH/PRklHsHII/MD5/ANo4lxg=</latexit>hAB1AB2i < 0

<latexit sha1_base64="XQjgz4pCVONdwm4TLbsRF9Vz3wI=">AAAB7nicbVBNS8NAEJ34WeNX1aOXxUYoCCUpiB4LXjxWsB/QhrLZbtqlu5uwuxFK6I/w4kERr/4eb/4bt20O2vpg4PHeDDPzopQzbXz/29nY3Nre2S3tufsHh0fH5ZPTtk4yRWiLJDxR3QhrypmkLcMMp91UUSwiTjvR5G7ud56o0iyRj2aa0lDgkWQxI9hYqeN57pXreYNyxa/5C6B1EhSkAgWag/JXf5iQTFBpCMda9wI/NWGOlWGE05nbzzRNMZngEe1ZKrGgOswX587QpVWGKE6ULWnQQv09kWOh9VREtlNgM9ar3lz8z+tlJr4NcybTzFBJlovijCOToPnvaMgUJYZPLcFEMXsrImOsMDE2IdeGEKy+vE7a9VpwXfMf6pVGtYijBOdwAVUI4AYacA9NaAGBCTzDK7w5qfPivDsfy9YNp5g5gz9wPn8AQvaNdw==</latexit>

+ <latexit sha1_base64="HBqudiix2uX+gJnVjY/znnO+id8=">AAAB73icbVBNS8NAEJ3Urxq/qh69LDZCTyUpiF6EghePFewHtKFstpt26WYTdzdCCf0TXjwo4tW/481/4zbNQVsfDDzem2FmXpBwprTrfluljc2t7Z3yrr23f3B4VDk+6ag4lYS2Scxj2QuwopwJ2tZMc9pLJMVRwGk3mN4u/O4TlYrF4kHPEupHeCxYyAjWRuo5jn2DbMcZVqpu3c2B1olXkCoUaA0rX4NRTNKICk04VqrvuYn2Myw1I5zO7UGqaILJFI9p31CBI6r8LL93ji6MMkJhLE0JjXL190SGI6VmUWA6I6wnatVbiP95/VSH137GRJJqKshyUZhypGO0eB6NmKRE85khmEhmbkVkgiUm2kRkmxC81ZfXSadR9y7r7n2j2qwVcZThDM6hBh5cQRPuoAVtIMDhGV7hzXq0Xqx362PZWrKKmVP4A+vzB7TTjbM=</latexit>=
<latexit sha1_base64="RiEvoLoIHmit5cVn+ggrVFKQn4k=">AAAB8XicbVBNS8NAEJ3Urxq/qh69LDZCTyUpFD1WvXisYD+wDWWz3bRLN5uwuxFK6L/w4kERr/4bb/4bt20O2vpg4PHeDDPzgoQzpV332ypsbG5t7xR37b39g8Oj0vFJW8WpJLRFYh7LboAV5UzQlmaa024iKY4CTjvB5Hbud56oVCwWD3qaUD/CI8FCRrA20qPj2Nc3A892nEGp7FbdBdA68XJShhzNQemrP4xJGlGhCcdK9Tw30X6GpWaE05ndTxVNMJngEe0ZKnBElZ8tLp6hC6MMURhLU0Kjhfp7IsORUtMoMJ0R1mO16s3F/7xeqsMrP2MiSTUVZLkoTDnSMZq/j4ZMUqL51BBMJDO3IjLGEhNtQrJNCN7qy+ukXat69ap7Xys3KnkcRTiDc6iAB5fQgDtoQgsICHiGV3izlPVivVsfy9aClc+cwh9Ynz8W3o59</latexit>

AB1

<latexit sha1_base64="B5K+51UZysk+o66RVXQZCd+wVC8=">AAAB8XicbVBNS8NAEJ3Urxq/qh69LDZCTyUpFD1WvXisYD+wDWWz3bRLN5uwuxFK6L/w4kERr/4bb/4bt20O2vpg4PHeDDPzgoQzpV332ypsbG5t7xR37b39g8Oj0vFJW8WpJLRFYh7LboAV5UzQlmaa024iKY4CTjvB5Hbud56oVCwWD3qaUD/CI8FCRrA20qPj2Nc3g5rtOINS2a26C6B14uWkDDmag9JXfxiTNKJCE46V6nluov0MS80IpzO7nyqaYDLBI9ozVOCIKj9bXDxDF0YZojCWpoRGC/X3RIYjpaZRYDojrMdq1ZuL/3m9VIdXfsZEkmoqyHJRmHKkYzR/Hw2ZpETzqSGYSGZuRWSMJSbahGSbELzVl9dJu1b16lX3vlZuVPI4inAG51ABDy6hAXfQhBYQEPAMr/BmKevFerc+lq0FK585hT+wPn8AGGWOfg==</latexit>

AB2
<latexit sha1_base64="VgOWai9HIEhSLQGaSyymwy8Eq/s=">AAACCXicbVDLSsNAFJ34rPEVdelmsBG6KklBdFlw47KCfUAbymQ6aYfOI8xMxBK6deOvuHGhiFv/wJ1/46TtQlsPXDiccy/33hOnjGoTBN/O2vrG5tZ2acfd3ds/OPSOjltaZgqTJpZMqk6MNGFUkKahhpFOqgjiMSPteHxd+O17ojSV4s5MUhJxNBQ0oRgZK/U96Ptuj8fyIRcSajoUUBFtFMWFPXV9v++Vg2owA1wl4YKUwQKNvvfVG0iccSIMZkjrbhikJsqRMhQzMnV7mSYpwmM0JF1LBeJER/nskyk8t8oAJlLZEgbO1N8TOeJaT3hsOzkyI73sFeJ/XjczyVWUU5Fmhgg8X5RkDBoJi1jggCqCDZtYgrCi9laIR0ghbGx4rg0hXH55lbRq1fCiGtzWyvXKIo4SOAVnoAJCcAnq4AY0QBNg8AiewSt4c56cF+fd+Zi3rjmLmRPwB87nD8JpmQU=</latexit>

no sign restriction

This relation makes sense as a union of two geometries, and as the sum of their canonical forms

ΩG1 and ΩG2 . The resulting geometry is simpler, and we expect the canonical form to have simpler

structure as well. This relation makes sense for L “ 2 but can be also used inside an arbitrary

complicated graph. For example,

(6.16)
<latexit sha1_base64="A29i9Fa03b+nynMeS8xsqNolAAE=">AAAB73icbVBNS8NAEJ3Urxq/qh69LDZCTyUpFD1WvXisYD+gDWWz3bRLN5u4uxFK6J/w4kERr/4db/4bt20O2vpg4PHeDDPzgoQzpV332ypsbG5t7xR37b39g8Oj0vFJW8WpJLRFYh7LboAV5UzQlmaa024iKY4CTjvB5Hbud56oVCwWD3qaUD/CI8FCRrA2Utdx7Osb23EGpbJbdRdA68TLSRlyNAelr/4wJmlEhSYcK9Xz3ET7GZaaEU5ndj9VNMFkgke0Z6jAEVV+trh3hi6MMkRhLE0JjRbq74kMR0pNo8B0RliP1ao3F//zeqkOr/yMiSTVVJDlojDlSMdo/jwaMkmJ5lNDMJHM3IrIGEtMtInINiF4qy+vk3at6tWr7n2t3KjkcRThDM6hAh5cQgPuoAktIMDhGV7hzXq0Xqx362PZWrDymVP4A+vzB+7hjdk=</latexit>

AB
<latexit sha1_base64="GzTvLCQrNuZnDW/vRzsMgZhxvxE=">AAAB73icbVBNS8NAEJ3Urxq/qh69LDZCTyUpiB4L9eCxgv2ANpTNdtMu3WzS3Y1QQv+EFw+KePXvePPfuG1z0NYHA4/3ZpiZFyScKe2631Zha3tnd6+4bx8cHh2flE7P2ipOJaEtEvNYdgOsKGeCtjTTnHYTSXEUcNoJJo2F33miUrFYPOpZQv0IjwQLGcHaSF3HsRt3tuMMSmW36i6BNomXkzLkaA5KX/1hTNKICk04VqrnuYn2Myw1I5zO7X6qaILJBI9oz1CBI6r8bHnvHF0ZZYjCWJoSGi3V3xMZjpSaRYHpjLAeq3VvIf7n9VId3voZE0mqqSCrRWHKkY7R4nk0ZJISzWeGYCKZuRWRMZaYaBORbULw1l/eJO1a1buuug+1cr2Sx1GEC7iECnhwA3W4hya0gACHZ3iFN2tqvVjv1seqtWDlM+fwB9bnD/T/jd0=</latexit>

CD

<latexit sha1_base64="LlrPNsoeC40kOqzezvZCvZJ3V3U=">AAAB73icbVBNS8NAEJ3Urxq/qh69LDZCTyUpFD0WRPFYwX5AG8pmu2mXbjZxdyOU0D/hxYMiXv073vw3btsctPXBwOO9GWbmBQlnSrvut1XY2Nza3inu2nv7B4dHpeOTtopTSWiLxDyW3QArypmgLc00p91EUhwFnHaCyfXc7zxRqVgsHvQ0oX6ER4KFjGBtpK7j2De3tuMMSmW36i6A1omXkzLkaA5KX/1hTNKICk04VqrnuYn2Myw1I5zO7H6qaILJBI9oz1CBI6r8bHHvDF0YZYjCWJoSGi3U3xMZjpSaRoHpjLAeq1VvLv7n9VIdXvkZE0mqqSDLRWHKkY7R/Hk0ZJISzaeGYCKZuRWRMZaYaBORbULwVl9eJ+1a1atX3ftauVHJ4yjCGZxDBTy4hAbcQRNaQIDDM7zCm/VovVjv1seytWDlM6fwB9bnD/sdjeE=</latexit>

EF
<latexit sha1_base64="DunuoQp39ifLNNyHwzufNqIuHVo=">AAAB73icbVBNS8NAEJ3Urxq/qh69LDaCp5IUxB4LHuyxgv2ANpTNdtMu3WzS3Y1QQv+EFw+KePXvePPfuG1z0NYHA4/3ZpiZFyScKe2631Zha3tnd6+4bx8cHh2flE7P2ipOJaEtEvNYdgOsKGeCtjTTnHYTSXEUcNoJJncLv/NEpWKxeNSzhPoRHgkWMoK1kbqOY983bMcZlMpuxV0CbRIvJ2XI0RyUvvrDmKQRFZpwrFTPcxPtZ1hqRjid2/1U0QSTCR7RnqECR1T52fLeOboyyhCFsTQlNFqqvycyHCk1iwLTGWE9VuveQvzP66U6rPkZE0mqqSCrRWHKkY7R4nk0ZJISzWeGYCKZuRWRMZaYaBORbULw1l/eJO1qxbupuA/Vcr2Wx1GEC7iEa/DgFurQgCa0gACHZ3iFN2tqvVjv1seqtWDlM+fwB9bnDwYajfU=</latexit>

GH

<latexit sha1_base64="qiRKN/2PNoHMUarTSmM0Bxsa6vM=">AAAB7nicbVBNS8NAEJ2tXzV+VT16WWwUQShJQfRY8OKxgrWFNpTNdtMu3WzC7kYooT/CiwdFvPp7vPlv3LY5aOuDgcd7M8zMC1PBtfG8b1RaW9/Y3CpvOzu7e/sHlcOjR51kirIWTUSiOiHRTHDJWoYbwTqpYiQOBWuH49uZ335iSvNEPphJyoKYDCWPOCXGSm3XdS4d1+1Xql7NmwOvEr8gVSjQ7Fe+eoOEZjGThgqiddf3UhPkRBlOBZs6vUyzlNAxGbKupZLETAf5/NwpPrPKAEeJsiUNnqu/J3ISaz2JQ9sZEzPSy95M/M/rZia6CXIu08wwSReLokxgk+DZ73jAFaNGTCwhVHF7K6Yjogg1NiHHhuAvv7xKHus1/6rm3derjfMijjKcwClcgA/X0IA7aEILKIzhGV7hDaXoBb2jj0VrCRUzx/AH6PMHQlyNdQ==</latexit>

+

<latexit sha1_base64="A29i9Fa03b+nynMeS8xsqNolAAE=">AAAB73icbVBNS8NAEJ3Urxq/qh69LDZCTyUpFD1WvXisYD+gDWWz3bRLN5u4uxFK6J/w4kERr/4db/4bt20O2vpg4PHeDDPzgoQzpV332ypsbG5t7xR37b39g8Oj0vFJW8WpJLRFYh7LboAV5UzQlmaa024iKY4CTjvB5Hbud56oVCwWD3qaUD/CI8FCRrA2Utdx7Osb23EGpbJbdRdA68TLSRlyNAelr/4wJmlEhSYcK9Xz3ET7GZaaEU5ndj9VNMFkgke0Z6jAEVV+trh3hi6MMkRhLE0JjRbq74kMR0pNo8B0RliP1ao3F//zeqkOr/yMiSTVVJDlojDlSMdo/jwaMkmJ5lNDMJHM3IrIGEtMtInINiF4qy+vk3at6tWr7n2t3KjkcRThDM6hAh5cQgPuoAktIMDhGV7hzXq0Xqx362PZWrDymVP4A+vzB+7hjdk=</latexit>

AB
<latexit sha1_base64="GzTvLCQrNuZnDW/vRzsMgZhxvxE=">AAAB73icbVBNS8NAEJ3Urxq/qh69LDZCTyUpiB4L9eCxgv2ANpTNdtMu3WzS3Y1QQv+EFw+KePXvePPfuG1z0NYHA4/3ZpiZFyScKe2631Zha3tnd6+4bx8cHh2flE7P2ipOJaEtEvNYdgOsKGeCtjTTnHYTSXEUcNoJJo2F33miUrFYPOpZQv0IjwQLGcHaSF3HsRt3tuMMSmW36i6BNomXkzLkaA5KX/1hTNKICk04VqrnuYn2Myw1I5zO7X6qaILJBI9oz1CBI6r8bHnvHF0ZZYjCWJoSGi3V3xMZjpSaRYHpjLAeq3VvIf7n9VId3voZE0mqqSCrRWHKkY7R4nk0ZJISzWeGYCKZuRWRMZaYaBORbULw1l/eJO1a1buuug+1cr2Sx1GEC7iECnhwA3W4hya0gACHZ3iFN2tqvVjv1seqtWDlM+fwB9bnD/T/jd0=</latexit>

CD

<latexit sha1_base64="LlrPNsoeC40kOqzezvZCvZJ3V3U=">AAAB73icbVBNS8NAEJ3Urxq/qh69LDZCTyUpFD0WRPFYwX5AG8pmu2mXbjZxdyOU0D/hxYMiXv073vw3btsctPXBwOO9GWbmBQlnSrvut1XY2Nza3inu2nv7B4dHpeOTtopTSWiLxDyW3QArypmgLc00p91EUhwFnHaCyfXc7zxRqVgsHvQ0oX6ER4KFjGBtpK7j2De3tuMMSmW36i6A1omXkzLkaA5KX/1hTNKICk04VqrnuYn2Myw1I5zO7H6qaILJBI9oz1CBI6r8bHHvDF0YZYjCWJoSGi3U3xMZjpSaRoHpjLAeq1VvLv7n9VIdXvkZE0mqqSDLRWHKkY7R/Hk0ZJISzaeGYCKZuRWRMZaYaBORbULwVl9eJ+1a1atX3ftauVHJ4yjCGZxDBTy4hAbcQRNaQIDDM7zCm/VovVjv1seytWDlM6fwB9bnD/sdjeE=</latexit>

EF
<latexit sha1_base64="DunuoQp39ifLNNyHwzufNqIuHVo=">AAAB73icbVBNS8NAEJ3Urxq/qh69LDaCp5IUxB4LHuyxgv2ANpTNdtMu3WzS3Y1QQv+EFw+KePXvePPfuG1z0NYHA4/3ZpiZFyScKe2631Zha3tnd6+4bx8cHh2flE7P2ipOJaEtEvNYdgOsKGeCtjTTnHYTSXEUcNoJJncLv/NEpWKxeNSzhPoRHgkWMoK1kbqOY983bMcZlMpuxV0CbRIvJ2XI0RyUvvrDmKQRFZpwrFTPcxPtZ1hqRjid2/1U0QSTCR7RnqECR1T52fLeOboyyhCFsTQlNFqqvycyHCk1iwLTGWE9VuveQvzP66U6rPkZE0mqqSCrRWHKkY7R4nk0ZJISzWeGYCKZuRWRMZaYaBORbULw1l/eJO1qxbupuA/Vcr2Wx1GEC7iEa/DgFurQgCa0gACHZ3iFN2tqvVjv1seqtWDlM+fwB9bnDwYajfU=</latexit>

GH

<latexit sha1_base64="XZvx1HQ8KoJ74boCEk7m55ytBjE=">AAAB73icbVBNS8NAEJ3Urxq/qh69LDaCp5IUxF6EghePFewHtKFstpt26WYTdzdCCf0TXjwo4tW/481/4zbNQVsfDDzem2FmXpBwprTrfluljc2t7Z3yrr23f3B4VDk+6ag4lYS2Scxj2QuwopwJ2tZMc9pLJMVRwGk3mN4u/O4TlYrF4kHPEupHeCxYyAjWRuo5jn2DbMcZVqpuzc2B1olXkCoUaA0rX4NRTNKICk04VqrvuYn2Myw1I5zO7UGqaILJFI9p31CBI6r8LL93ji6MMkJhLE0JjXL190SGI6VmUWA6I6wnatVbiP95/VSHDT9jIkk1FWS5KEw50jFaPI9GTFKi+cwQTCQztyIywRITbSKyTQje6svrpFOveVc1975ebTaKOMpwBudwCR5cQxPuoAVtIMDhGV7hzXq0Xqx362PZWrKKmVP4A+vzB7mjjcM=</latexit>=

<latexit sha1_base64="A29i9Fa03b+nynMeS8xsqNolAAE=">AAAB73icbVBNS8NAEJ3Urxq/qh69LDZCTyUpFD1WvXisYD+gDWWz3bRLN5u4uxFK6J/w4kERr/4db/4bt20O2vpg4PHeDDPzgoQzpV332ypsbG5t7xR37b39g8Oj0vFJW8WpJLRFYh7LboAV5UzQlmaa024iKY4CTjvB5Hbud56oVCwWD3qaUD/CI8FCRrA2Utdx7Osb23EGpbJbdRdA68TLSRlyNAelr/4wJmlEhSYcK9Xz3ET7GZaaEU5ndj9VNMFkgke0Z6jAEVV+trh3hi6MMkRhLE0JjRbq74kMR0pNo8B0RliP1ao3F//zeqkOr/yMiSTVVJDlojDlSMdo/jwaMkmJ5lNDMJHM3IrIGEtMtInINiF4qy+vk3at6tWr7n2t3KjkcRThDM6hAh5cQgPuoAktIMDhGV7hzXq0Xqx362PZWrDymVP4A+vzB+7hjdk=</latexit>

AB
<latexit sha1_base64="GzTvLCQrNuZnDW/vRzsMgZhxvxE=">AAAB73icbVBNS8NAEJ3Urxq/qh69LDZCTyUpiB4L9eCxgv2ANpTNdtMu3WzS3Y1QQv+EFw+KePXvePPfuG1z0NYHA4/3ZpiZFyScKe2631Zha3tnd6+4bx8cHh2flE7P2ipOJaEtEvNYdgOsKGeCtjTTnHYTSXEUcNoJJo2F33miUrFYPOpZQv0IjwQLGcHaSF3HsRt3tuMMSmW36i6BNomXkzLkaA5KX/1hTNKICk04VqrnuYn2Myw1I5zO7X6qaILJBI9oz1CBI6r8bHnvHF0ZZYjCWJoSGi3V3xMZjpSaRYHpjLAeq3VvIf7n9VId3voZE0mqqSCrRWHKkY7R4nk0ZJISzWeGYCKZuRWRMZaYaBORbULw1l/eJO1a1buuug+1cr2Sx1GEC7iECnhwA3W4hya0gACHZ3iFN2tqvVjv1seqtWDlM+fwB9bnD/T/jd0=</latexit>

CD

<latexit sha1_base64="LlrPNsoeC40kOqzezvZCvZJ3V3U=">AAAB73icbVBNS8NAEJ3Urxq/qh69LDZCTyUpFD0WRPFYwX5AG8pmu2mXbjZxdyOU0D/hxYMiXv073vw3btsctPXBwOO9GWbmBQlnSrvut1XY2Nza3inu2nv7B4dHpeOTtopTSWiLxDyW3QArypmgLc00p91EUhwFnHaCyfXc7zxRqVgsHvQ0oX6ER4KFjGBtpK7j2De3tuMMSmW36i6A1omXkzLkaA5KX/1hTNKICk04VqrnuYn2Myw1I5zO7H6qaILJBI9oz1CBI6r8bHHvDF0YZYjCWJoSGi3U3xMZjpSaRoHpjLAeq1VvLv7n9VIdXvkZE0mqqSDLRWHKkY7R/Hk0ZJISzaeGYCKZuRWRMZaYaBORbULwVl9eJ+1a1atX3ftauVHJ4yjCGZxDBTy4hAbcQRNaQIDDM7zCm/VovVjv1seytWDlM6fwB9bnD/sdjeE=</latexit>

EF
<latexit sha1_base64="DunuoQp39ifLNNyHwzufNqIuHVo=">AAAB73icbVBNS8NAEJ3Urxq/qh69LDaCp5IUxB4LHuyxgv2ANpTNdtMu3WzS3Y1QQv+EFw+KePXvePPfuG1z0NYHA4/3ZpiZFyScKe2631Zha3tnd6+4bx8cHh2flE7P2ipOJaEtEvNYdgOsKGeCtjTTnHYTSXEUcNoJJncLv/NEpWKxeNSzhPoRHgkWMoK1kbqOY983bMcZlMpuxV0CbRIvJ2XI0RyUvvrDmKQRFZpwrFTPcxPtZ1hqRjid2/1U0QSTCR7RnqECR1T52fLeOboyyhCFsTQlNFqqvycyHCk1iwLTGWE9VuveQvzP66U6rPkZE0mqqSCrRWHKkY7R4nk0ZJISzWeGYCKZuRWRMZaYaBORbULw1l/eJO1qxbupuA/Vcr2Wx1GEC7iEa/DgFurQgCa0gACHZ3iFN2tqvVjv1seqtWDlM+fwB9bnDwYajfU=</latexit>

GH

We can use the relation between the links (6.15), and express all positive links in the graph for

the L-loop Amplituhedron in terms of negative links and no links. As a result, we express the

L-loop Amplituhedron form ΩL as a sum of canonical forms for negative geometries which have

only negative links,

(6.17)

<latexit sha1_base64="Hl3/v5YSxBwxmGxSgTlXwY77tc4=">AAACEHicbVDLSsNAFJ3UV42vqks3g43YgpakILoRCiJ1WcE+oKllMp20Q2eSMDMRSsgnuPFX3LhQxK1Ld/6N08dCWw9cOJxzL/fe40WMSmXb30ZmaXlldS27bm5sbm3v5Hb3GjKMBSZ1HLJQtDwkCaMBqSuqGGlFgiDuMdL0hldjv/lAhKRhcKdGEelw1A+oTzFSWurmji3LvISujHk3SVzBIWIsdU+qKSycOsX75LpQLaamZXVzebtkTwAXiTMjeTBDrZv7cnshjjkJFGZIyrZjR6qTIKEoZiQ13ViSCOEh6pO2pgHiRHaSyUMpPNJKD/qh0BUoOFF/TySISzninu7kSA3kvDcW//PasfIvOgkNoliRAE8X+TGDKoTjdGCPCoIVG2mCsKD6VogHSCCsdIamDsGZf3mRNMol56xk35bzFXsWRxYcgENQAA44BxVwA2qgDjB4BM/gFbwZT8aL8W58TFszxmxmH/yB8fkDUWaZhw==</latexit>

=
X

all G

(�1)E(G)
<latexit sha1_base64="V6pq3+6DfCbaxfO6BT6gt2YnMSw=">AAAB+nicbVDLSsNAFJ34rPGV6tLNYCO4KklBdCMU3LgQrGAf0IYwmU7aoTOTMDNRSuynuHGhiFu/xJ1/47TNQlsPXDiccy/33hOljCrted/Wyura+sZmacve3tnd23fKBy2VZBKTJk5YIjsRUoRRQZqaakY6qSSIR4y0o9HV1G8/EKloIu71OCUBRwNBY4qRNlLolF3X7t1yMkDhDbyEtuuGTsWrejPAZeIXpAIKNELnq9dPcMaJ0Jghpbq+l+ogR1JTzMjE7mWKpAiP0IB0DRWIExXks9Mn8MQofRgn0pTQcKb+nsgRV2rMI9PJkR6qRW8q/ud1Mx1fBDkVaaaJwPNFccagTuA0B9inkmDNxoYgLKm5FeIhkghrk5ZtQvAXX14mrVrVP6t6d7VKvVbEUQJH4BicAh+cgzq4Bg3QBBg8gmfwCt6sJ+vFerc+5q0rVjFzCP7A+vwBQMaRWA==</latexit>

⌦L =

The sum is over all graphs G, and EpGq is the number of edges in the graph G. This particular

relation will be important later on in our discussion. Note that the relation (6.17) is not between

geometries (the geometries on both sides of the equation are very different, with different positive

or negative links) but between their canonical differential forms. The right hand side of (6.17)

contains all graphs, connected and disconnected, with any number of links, and also with all possible

assignments of loop labels ABi.
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6.3.2 Logarithm of the amplitude from negative geometries

Let us now consider a restriction of the sum on the right-hand-side of (6.17) and sum only over

the differential forms of connected graphs with negative links, and define the form rΩL,

(6.18)
<latexit sha1_base64="J+jxhmE8ovYaM06tJXfizKaZI2I="></latexit>e⌦L =

X

G

(�1)E(G)

where EpGq is the number of edges in the graph. It was shown in [77] that this object is in fact

the integrand for the logarithm of the amplitude which we also discussed in section 6.2.1. This is a

simple consequence of the relation between the collection of all graphs and all connected graphs.

(6.19)
<latexit sha1_base64="+RloImqxpW+cLoEvOK/JsBlnuL4=">AAAB8XicbVBNS8NAEJ34WeNX1aOXYCN4KklB9Fjw4rGC/cA2lM120i7dbMLuRiyh/8KLB0W8+m+8+W/ctjlo64OBx3szzMwLU86U9rxva219Y3Nru7Rj7+7tHxyWj45bKskkxSZNeCI7IVHImcCmZppjJ5VI4pBjOxzfzPz2I0rFEnGvJykGMRkKFjFKtJEeXNfu4VNqu26/XPGq3hzOKvELUoECjX75qzdIaBaj0JQTpbq+l+ogJ1IzynFq9zKFKaFjMsSuoYLEqIJ8fvHUOTfKwIkSaUpoZ67+nshJrNQkDk1nTPRILXsz8T+vm+noOsiZSDONgi4WRRl3dOLM3ncGTCLVfGIIoZKZWx06IpJQbUKyTQj+8surpFWr+pdV765WqdeKOEpwCmdwAT5cQR1uoQFNoCDgGV7hzVLWi/VufSxa16xi5gT+wPr8Af+qjx0=</latexit>exp

<latexit sha1_base64="Om3vzThfgHIAwvZmkMp3v3v9sL0=">AAACAnicbVDLSsNAFJ3UV42vqCtxE2yEdmFJCqLLgkhdVrAPaGOYTCft0JkkzEyEEoIbf8WNC0Xc+hXu/BunbRbaeuDC4Zx7ufceP6ZESNv+1gorq2vrG8VNfWt7Z3fP2D9oiyjhCLdQRCPe9aHAlIS4JYmkuBtzDJlPcccfX039zgPmgkThnZzE2GVwGJKAICiV5BlHlqX3RcK8tJGVz5zKfXpdblQy3bI8o2RX7RnMZeLkpARyND3jqz+IUMJwKBGFQvQcO5ZuCrkkiOJM7ycCxxCN4RD3FA0hw8JNZy9k5qlSBmYQcVWhNGfq74kUMiEmzFedDMqRWPSm4n9eL5HBpZuSME4kDtF8UZBQU0bmNA9zQDhGkk4UgYgTdauJRpBDJFVqugrBWXx5mbRrVee8at/WSvVaHkcRHIMTUAYOuAB1cAOaoAUQeATP4BW8aU/ai/aufcxbC1o+cwj+QPv8Ac8zlGw=</latexit>X

G

(�1)E(G)
<latexit sha1_base64="E7A+Npwh/A2P3zZBxr5VDNxYV3c=">AAACDXicbVDLSsNAFJ3UV42vqks3g43QgpakILosiNRlBfuAJobJdNoOnUnCzEQoIT/gxl9x40IRt+7d+TdOHwttPXDhcM693HtPEDMqlW1/G7mV1bX1jfymubW9s7tX2D9oySgRmDRxxCLRCZAkjIakqahipBMLgnjASDsYXU389gMRkkbhnRrHxONoENI+xUhpyS9YlmW6MuF+mrqCQ8RY5p7Ws9KZU75Pr0v1cmZall8o2hV7CrhMnDkpgjkafuHL7UU44SRUmCEpu44dKy9FQlHMSGa6iSQxwiM0IF1NQ8SJ9NLpNxk80UoP9iOhK1Rwqv6eSBGXcswD3cmRGspFbyL+53UT1b/0UhrGiSIhni3qJwyqCE6igT0qCFZsrAnCgupbIR4igbDSAZo6BGfx5WXSqlac84p9Wy3WqvM48uAIHIMScMAFqIEb0ABNgMEjeAav4M14Ml6Md+Nj1poz5jOH4A+Mzx8N7Jju</latexit>X

all G

(�1)E(G)
<latexit sha1_base64="tTKKIDRyvwQgTq8O/rQenuqiXfE=">AAAB7nicbVBNS8NAEJ2tXzV+VT16WWwETyUpiF6EghePFewHtKFstpt26WYTdjdCCf0RXjwo4tXf481/47bNQVsfDDzem2FmXpgKro3nfaPSxubW9k5519nbPzg8qhyftHWSKcpaNBGJ6oZEM8ElaxluBOumipE4FKwTTu7mfueJKc0T+WimKQtiMpI84pQYK3Vc17l1XHdQqXo1bwG8TvyCVKFAc1D56g8TmsVMGiqI1j3fS02QE2U4FWzm9DPNUkInZMR6lkoSMx3ki3Nn+MIqQxwlypY0eKH+nshJrPU0Dm1nTMxYr3pz8T+vl5noJsi5TDPDJF0uijKBTYLnv+MhV4waMbWEUMXtrZiOiSLU2IQcG4K/+vI6addr/lXNe6hXG/UijjKcwTlcgg/X0IB7aEILKEzgGV7hDaXoBb2jj2VrCRUzp/AH6PMHYXaNkw==</latexit>=

More heuristically, any given graph in (6.17) can be obtained as the product (at the level of

differential forms) of connected graphs, hence knowing the forms for all connected graphs clearly

has all information about the forms for all graphs.

6.3.3 Loops of loops expansion

There is a natural hierarchy in the expansion for rΩL which we presented at the end of the last

section: the number of internal loops or cycles. We will mostly use the word “cycle” wherever we

can, in order not to overuse the word loop, which can be confused with loop lines ABi (that are

represented by nodes in the graphs),

(6.20) rΩL “ rΩtree
L ` rΩ1´cycle

L ` rΩ2´cycle
L ` rΩ3´cycle

L ` ¨ ¨ ¨ “

max
ÿ

ℓ“0

rΩℓ´cycle
L

where rΩℓ´cycle
L is the sum of differential forms for all graphs with ℓ internal cycles. Tree graphs refer

to graphs with no internal cycles. In general for the L-loop case with L nodes, the number of links

in the graph is L ` ℓ ´ 1. As the maximal number of links is LpL´1q{2, the maximal number of
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internal cycles is pL´1qpL´2q{2. We call the expansion (6.20) the loops of loops expansion and it

is crucial for our discussion. The idea is that for fixed L, the expansion in terms of cycles (internal

loops) is meaningful. The higher the number of cycles, the more complicated the geometry is and

the more complicated the corresponding differential form ΩΓ is. This is very natural as the number

of cycles grows with the number of links in the graph, and clearly the more the links, the more

complicated a differential form we expect.

Let us provide some explicit examples. For L “ 2 we only get one tree graph (two nodes and

one link), while for L “ 3 we get both a tree graph and a one-cycle graph,

(6.21)

<latexit sha1_base64="tkumTSH3XK0QK+zbmejUy+GLPhM=">AAAB7nicbVBNS8NAEJ3Urxq/qh69LDaCIJSkIHosePFYwX5AG8pmu2mX7m7C7kYooT/CiwdFvPp7vPlv3LY5aOuDgcd7M8zMi1LOtPH9b6e0sbm1vVPedff2Dw6PKscnbZ1kitAWSXiiuhHWlDNJW4YZTrupolhEnHaiyd3c7zxRpVkiH800paHAI8liRrCxUsfz3CvX8waVql/zF0DrJChIFQo0B5Wv/jAhmaDSEI617gV+asIcK8MIpzO3n2maYjLBI9qzVGJBdZgvzp2hC6sMUZwoW9Kghfp7IsdC66mIbKfAZqxXvbn4n9fLTHwb5kymmaGSLBfFGUcmQfPf0ZApSgyfWoKJYvZWRMZYYWJsQq4NIVh9eZ2067XguuY/1KsNv4ijDGdwDpcQwA004B6a0AICE3iGV3hzUufFeXc+lq0lp5g5hT9wPn8ARV6Nfw==</latexit>

+
<latexit sha1_base64="/AyCCI8ZPuTr+Nv4UNbCyYtYH04=">AAAB9HicbVBNS8NAEJ3Urxq/qh69LDaCp5IURI9FLx4r2A9oQtlsN+3SzSbubgol9Hd48aCIV3+MN/+N2zYHbX0w8Hhvhpl5YcqZ0q77bZU2Nre2d8q79t7+weFR5fikrZJMEtoiCU9kN8SKciZoSzPNaTeVFMchp51wfDf3OxMqFUvEo56mNIjxULCIEayNFDiO7d+y4dDPbcfpV6puzV0ArROvIFUo0OxXvvxBQrKYCk04VqrnuakOciw1I5zObD9TNMVkjIe0Z6jAMVVBvjh6hi6MMkBRIk0JjRbq74kcx0pN49B0xliP1Ko3F//zepmOboKciTTTVJDloijjSCdongAaMEmJ5lNDMJHM3IrICEtMtMnJNiF4qy+vk3a95l3V3Id6teEWcZThDM7hEjy4hgbcQxNaQOAJnuEV3qyJ9WK9Wx/L1pJVzJzCH1ifP//AkDw=</latexit> ( <latexit sha1_base64="/AyCCI8ZPuTr+Nv4UNbCyYtYH04=">AAAB9HicbVBNS8NAEJ3Urxq/qh69LDaCp5IURI9FLx4r2A9oQtlsN+3SzSbubgol9Hd48aCIV3+MN/+N2zYHbX0w8Hhvhpl5YcqZ0q77bZU2Nre2d8q79t7+weFR5fikrZJMEtoiCU9kN8SKciZoSzPNaTeVFMchp51wfDf3OxMqFUvEo56mNIjxULCIEayNFDiO7d+y4dDPbcfpV6puzV0ArROvIFUo0OxXvvxBQrKYCk04VqrnuakOciw1I5zObD9TNMVkjIe0Z6jAMVVBvjh6hi6MMkBRIk0JjRbq74kcx0pN49B0xliP1Ko3F//zepmOboKciTTTVJDloijjSCdongAaMEmJ5lNDMJHM3IrICEtMtMnJNiF4qy+vk3a95l3V3Id6teEWcZThDM7hEjy4hgbcQxNaQOAJnuEV3qyJ9WK9Wx/L1pJVzJzCH1ifP//AkDw=</latexit> (

<latexit sha1_base64="7UFq0sTy9P5p2Rmc5Oi+PguxPdk=">AAACBnicbVDLSsNAFJ3UV42vqksRBhvBVUkqohuh4MadFewD2hImk9t26EwSZiZKCV258VfcuFDErd/gzr9x+lho64ELh3Pu5d57goQzpV3328otLa+sruXX7Y3Nre2dwu5eXcWppFCjMY9lMyAKOIugppnm0EwkEBFwaASDq7HfuAepWBzd6WECHUF6EesySrSR/MKh49jtBxaCZjyErH0joEdG/im+xLbj+IWiW3InwIvEm5EimqHqF77aYUxTAZGmnCjV8txEdzIiNaMcRnY7VZAQOiA9aBkaEQGqk03eGOFjo4S4G0tTkcYT9fdERoRSQxGYTkF0X817Y/E/r5Xq7kUnY1GSaojodFE35VjHeJwJDpkEqvnQEEIlM7di2ieSUG2Ss00I3vzLi6ReLnlnJfe2XKy4szjy6AAdoRPkoXNUQdeoimqIokf0jF7Rm/VkvVjv1se0NWfNZvbRH1ifP+gylsQ=</latexit>e⌦3 =

<latexit sha1_base64="1DpltLfSWzu9p6o3OvI8Toe56CM=">AAACDnicbVA9T8MwEHXKVylfBUYWiwaJqUqKEIyVWNgoEi1ITYkc51os7CSyL6Aq6i9g4a+wMIAQKzMb/wa3dODrSSc9vXdn370ok8Kg5304pZnZufmF8mJlaXllda26vtExaa45tHkqU30RMQNSJNBGgRIuMg1MRRLOo+ujsX9+A9qINDnDYQY9xQaJ6AvO0Ephdcd1K8GtiAGFjKEIThQM2CjcuywCrShqgFHFdcNqzat7E9C/xJ+SGpmiFVbfgzjluYIEuWTGdH0vw17BNAou7ZNBbiBj/JoNoGtpwhSYXjE5Z0R3rBLTfqptJUgn6veJgiljhiqynYrhlfntjcX/vG6O/cNeIZIsR0j410f9XFJM6TgbGgsNHOXQEsa1sLtSfsU042gTrNgQ/N8n/yWdRt3fr3unjVrTm8ZRJltkm+wSnxyQJjkmLdImnNyRB/JEnp1759F5cV6/WkvOdGaT/IDz9glauZr4</latexit>e⌦tree
3

<latexit sha1_base64="G7a00cIhU+1x71LZSVl8JcbBnxk=">AAACEXicbVC7TsMwFHV4lvIqMLJYNEhdqJIiBGMlFjaKRB9SEyrHuW2t2klkO6Aq6i+w8CssDCDEysbG3+A+Bmg50pWOzrnXvvcECWdKO863tbS8srq2ntvIb25t7+wW9vYbKk4lhTqNeSxbAVHAWQR1zTSHViKBiIBDMxhcjv3mPUjF4uhWDxPwBelFrMso0UbqFEq2nfceWAia8RAy71pAj4w6p3eZJwV2T+iQchjlbbtTKDplZwK8SNwZKaIZap3ClxfGNBUQacqJUm3XSbSfEanZ5EkvVZAQOiA9aBsaEQHKzyYXjfCxUULcjaWpSOOJ+nsiI0KpoQhMpyC6r+a9sfif105198LPWJSkGiI6/aibcqxjPI4Hh0wC1XxoCKGSmV0x7RNJqDYh5k0I7vzJi6RRKbtnZeemUqw6szhy6BAdoRJy0TmqoitUQ3VE0SN6Rq/ozXqyXqx362PaumTNZg7QH1ifPxB9m9Q=</latexit>e⌦1�cycle
3

<latexit sha1_base64="IXYMJB9cMql05I6w9rTvS2nvbFo=">AAACEHicbVC7SgNBFJ31GddX1NJmMBFtDLuKaCnY2BnBPCAbw+zsTTJkZmeZmVXCkk+w8VdsLBSxtbTzb5w8Ck08cOFwzr3ce0+YcKaN5307c/MLi0vLuRV3dW19YzO/tV3VMlUUKlRyqeoh0cBZDBXDDId6ooCIkEMt7F0O/do9KM1kfGv6CTQF6cSszSgxVmrlD4pFN3hgERjGI8iCawEdMmid3GWBEtg/4lImA7dYbOULXskbAc8Sf0IKaIJyK/8VRJKmAmJDOdG64XuJaWZEGUY5DNwg1ZAQ2iMdaFgaEwG6mY0eGuB9q0S4LZWt2OCR+nsiI0LrvghtpyCmq6e9ofif10hN+7yZsThJDcR0vKidcmwkHqaDI6aAGt63hFDF7K2Ydoki1NgMXRuCP/3yLKkel/zTkndzXLjwJnHk0C7aQ4fIR2foAl2hMqogih7RM3pFb86T8+K8Ox/j1jlnMrOD/sD5/AFbDZt0</latexit>e⌦1�loop
3

For L “ 4 we get graphs up to 3 cycles.

(6.22)

<latexit sha1_base64="tkumTSH3XK0QK+zbmejUy+GLPhM=">AAAB7nicbVBNS8NAEJ3Urxq/qh69LDaCIJSkIHosePFYwX5AG8pmu2mX7m7C7kYooT/CiwdFvPp7vPlv3LY5aOuDgcd7M8zMi1LOtPH9b6e0sbm1vVPedff2Dw6PKscnbZ1kitAWSXiiuhHWlDNJW4YZTrupolhEnHaiyd3c7zxRpVkiH800paHAI8liRrCxUsfz3CvX8waVql/zF0DrJChIFQo0B5Wv/jAhmaDSEI617gV+asIcK8MIpzO3n2maYjLBI9qzVGJBdZgvzp2hC6sMUZwoW9Kghfp7IsdC66mIbKfAZqxXvbn4n9fLTHwb5kymmaGSLBfFGUcmQfPf0ZApSgyfWoKJYvZWRMZYYWJsQq4NIVh9eZ2067XguuY/1KsNv4ijDGdwDpcQwA004B6a0AICE3iGV3hzUufFeXc+lq0lp5g5hT9wPn8ARV6Nfw==</latexit>

+

<latexit sha1_base64="/AyCCI8ZPuTr+Nv4UNbCyYtYH04=">AAAB9HicbVBNS8NAEJ3Urxq/qh69LDaCp5IURI9FLx4r2A9oQtlsN+3SzSbubgol9Hd48aCIV3+MN/+N2zYHbX0w8Hhvhpl5YcqZ0q77bZU2Nre2d8q79t7+weFR5fikrZJMEtoiCU9kN8SKciZoSzPNaTeVFMchp51wfDf3OxMqFUvEo56mNIjxULCIEayNFDiO7d+y4dDPbcfpV6puzV0ArROvIFUo0OxXvvxBQrKYCk04VqrnuakOciw1I5zObD9TNMVkjIe0Z6jAMVVBvjh6hi6MMkBRIk0JjRbq74kcx0pN49B0xliP1Ko3F//zepmOboKciTTTVJDloijjSCdongAaMEmJ5lNDMJHM3IrICEtMtMnJNiF4qy+vk3a95l3V3Id6teEWcZThDM7hEjy4hgbcQxNaQOAJnuEV3qyJ9WK9Wx/L1pJVzJzCH1ifP//AkDw=</latexit> ( <latexit sha1_base64="/AyCCI8ZPuTr+Nv4UNbCyYtYH04=">AAAB9HicbVBNS8NAEJ3Urxq/qh69LDaCp5IURI9FLx4r2A9oQtlsN+3SzSbubgol9Hd48aCIV3+MN/+N2zYHbX0w8Hhvhpl5YcqZ0q77bZU2Nre2d8q79t7+weFR5fikrZJMEtoiCU9kN8SKciZoSzPNaTeVFMchp51wfDf3OxMqFUvEo56mNIjxULCIEayNFDiO7d+y4dDPbcfpV6puzV0ArROvIFUo0OxXvvxBQrKYCk04VqrnuakOciw1I5zObD9TNMVkjIe0Z6jAMVVBvjh6hi6MMkBRIk0JjRbq74kcx0pN49B0xliP1Ko3F//zepmOboKciTTTVJDloijjSCdongAaMEmJ5lNDMJHM3IrICEtMtMnJNiF4qy+vk3a95l3V3Id6teEWcZThDM7hEjy4hgbcQxNaQOAJnuEV3qyJ9WK9Wx/L1pJVzJzCH1ifP//AkDw=</latexit> (

<latexit sha1_base64="bO5sQXv3I0pisAmHEOOaRzysLDw=">AAACEHicbVC7SgNBFJ31GddX1NJmMBFtDLuiaCnY2BnBPCAbw+zsTTJkZmeZmVXCkk+w8VdsLBSxtbTzb5w8Ck08cOFwzr3ce0+YcKaN5307c/MLi0vLuRV3dW19YzO/tV3VMlUUKlRyqeoh0cBZDBXDDId6ooCIkEMt7F0O/do9KM1kfGv6CTQF6cSszSgxVmrlD4pFN3hgERjGI8iCawEdMmid3GWBEtg/4lImA7dYbOULXskbAc8Sf0IKaIJyK/8VRJKmAmJDOdG64XuJaWZEGUY5DNwg1ZAQ2iMdaFgaEwG6mY0eGuB9q0S4LZWt2OCR+nsiI0LrvghtpyCmq6e9ofif10hN+7yZsThJDcR0vKidcmwkHqaDI6aAGt63hFDF7K2Ydoki1NgMXRuCP/3yLKkel/zTkndzXLjwJnHk0C7aQ4fIR2foAl2hMqogih7RM3pFb86T8+K8Ox/j1jlnMrOD/sD5/AFcoZt1</latexit>e⌦1�loop
4

<latexit sha1_base64="60FQLwoeNO7i8FLoyrSUPH35eGQ=">AAACEHicbVA9T8MwEHX4JnwFGFksGgQLVVKBYKzEwgZIFCo1oXKca7Gw48h2QFXUn8DCX2FhACFWRjb+DW7pAIUnnfT03p3u7iU5Z9oEwaczMTk1PTM7N+8uLC4tr3iraxdaFopCg0ouVTMhGjjLoGGY4dDMFRCRcLhMbo4G/uUtKM1kdm56OcSCdDPWYZQYK7W9bd93ozuWgmE8hTI6EdAl/fbeVRkpgWu7XMq87/p+26sE1WAI/JeEI1JBI5y2vY8olbQQkBnKidatMMhNXBJlGOXQd6NCQ07oDelCy9KMCNBxOXyoj7eskuKOVLYyg4fqz4mSCK17IrGdgphrPe4NxP+8VmE6h3HJsrwwkNHvRZ2CYyPxIB2cMgXU8J4lhCpmb8X0mihCjc3QtSGE4y//JRe1arhfDc5qlXowimMObaBNtINCdIDq6Bidogai6B49omf04jw4T86r8/bdOuGMZtbRLzjvX14um3Y=</latexit>e⌦2�loop
4

<latexit sha1_base64="Ca4vCXdoiQgwdC3o6iM1K0zGgIw=">AAACEHicbVC7TsNAEDzzDOYVoKQ5kSBoiGweghKJho4gkYAUm+h83oRT7nzW3RkUWfkEGn6FhgKEaCnp+BsuiQteI600mtnV7k6UcqaN5306E5NT0zOzpTl3fmFxabm8strUMlMUGlRyqa4iooGzBBqGGQ5XqQIiIg6XUe9k6F/egtJMJhemn0IoSDdhHUaJsVK7vFWtusEdi8EwHkMenAnokkF7/zoPlMB7O1zKdOBWq+1yxat5I+C/xC9IBRWot8sfQSxpJiAxlBOtW76XmjAnyjDKYeAGmYaU0B7pQsvShAjQYT56aIA3rRLjjlS2EoNH6veJnAit+yKynYKYG/3bG4r/ea3MdI7CnCVpZiCh40WdjGMj8TAdHDMF1PC+JYQqZm/F9IYoQo3N0LUh+L9f/kuauzX/oOad71aOvSKOElpHG2gb+egQHaNTVEcNRNE9ekTP6MV5cJ6cV+dt3DrhFDNr6Aec9y9fu5t3</latexit>e⌦3�loop
4

<latexit sha1_base64="G4TmLU5zFCd7fmr4ju6RR6Y9pb8=">AAACDnicbVA9T8MwEHXKVylfBUYWiwaJqUoqEIyVWNgoEi1ITYkc51os7CSyL6Aq6i9g4a+wMIAQKzMb/wa3dODrSSc9vXdn370ok8Kg5304pZnZufmF8mJlaXllda26vtExaa45tHkqU30RMQNSJNBGgRIuMg1MRRLOo+ujsX9+A9qINDnDYQY9xQaJ6AvO0Ephdcd1K8GtiAGFjKEIThQM2CjcuywCrShqgFHFdcNqzat7E9C/xJ+SGpmiFVbfgzjluYIEuWTGdH0vw17BNAou7ZNBbiBj/JoNoGtpwhSYXjE5Z0R3rBLTfqptJUgn6veJgiljhiqynYrhlfntjcX/vG6O/cNeIZIsR0j410f9XFJM6TgbGgsNHOXQEsa1sLtSfsU042gTrNgQ/N8n/yWdRt3fr3unjVrTm8ZRJltkm+wSnxyQJjkmLdImnNyRB/JEnp1759F5cV6/WkvOdGaT/IDz9glcS5r5</latexit>e⌦tree
4

<latexit sha1_base64="Zrbfb5liTNaUqez7rHiYga9Xci0=">AAACEXicbVC7TsMwFHV4lvIqMLJYNEhdqJIKBGMlFjaKRB9SEyrHuW2t2klkO6Aq6i+w8CssDCDEysbG3+A+Bmg50pWOzrnXvvcECWdKO863tbS8srq2ntvIb25t7+wW9vYbKk4lhTqNeSxbAVHAWQR1zTSHViKBiIBDMxhcjv3mPUjF4uhWDxPwBelFrMso0UbqFEq2nfceWAia8RAy71pAj4w6p3eZJwV2T+iQchjlbbtTKDplZwK8SNwZKaIZap3ClxfGNBUQacqJUm3XSbSfEanZ5EkvVZAQOiA9aBsaEQHKzyYXjfCxUULcjaWpSOOJ+nsiI0KpoQhMpyC6r+a9sfif105198LPWJSkGiI6/aibcqxjPI4Hh0wC1XxoCKGSmV0x7RNJqDYh5k0I7vzJi6RRKbtnZeemUqw6szhy6BAdoRJy0TmqoitUQ3VE0SN6Rq/ozXqyXqx362PaumTNZg7QH1ifPxISm9U=</latexit>e⌦1�cycle
4

<latexit sha1_base64="BRQOFF0E+0eLxlDAyNedCd0JmRM=">AAACEXicbVC7TsMwFHV4lvIqMLJYNEhdqJIKBGMlFjaKRB9SEyrHuW2t2klkO6Aq6i+w8CssDCDEysbG3+A+Bmg50pWOzrnXvvcECWdKO863tbS8srq2ntvIb25t7+wW9vYbKk4lhTqNeSxbAVHAWQR1zTSHViKBiIBDMxhcjv3mPUjF4uhWDxPwBelFrMso0UbqFEq2nfceWAia8RAy71pAj4w6p3eZJwWunNAh5TDK23anUHTKzgR4kbgzUkQz1DqFLy+MaSog0pQTpdquk2g/I1KzyZNeqiAhdEB60DY0IgKUn00uGuFjo4S4G0tTkcYT9fdERoRSQxGYTkF0X817Y/E/r53q7oWfsShJNUR0+lE35VjHeBwPDpkEqvnQEEIlM7ti2ieSUG1CzJsQ3PmTF0mjUnbPys5NpVh1ZnHk0CE6QiXkonNURVeohuqIokf0jF7Rm/VkvVjv1se0dcmazRygP7A+fwAToJvW</latexit>e⌦2�cycle
4

<latexit sha1_base64="3ecIScxb9mVEzexH1woBgjykQE4=">AAACEXicbVC7TgJBFJ3FF+ILtbSZCCY0kl3UaEliYycm8khYJLOzF5gws7uZmdWQDb9g46/YWGiMrZ2df+OwUCh4kpucnHPvzL3HizhT2ra/rczS8srqWnY9t7G5tb2T391rqDCWFOo05KFseUQBZwHUNdMcWpEEIjwOTW94OfGb9yAVC4NbPYqgI0g/YD1GiTZSN18qFnPuA/NBM+5D4l4L6JNx9/QucaXAJ8d0RDmMc8ViN1+wy3YKvEicGSmgGWrd/JfrhzQWEGjKiVJtx450JyFSs/RJN1YQETokfWgbGhABqpOkF43xkVF83AulqUDjVP09kRCh1Eh4plMQPVDz3kT8z2vHunfRSVgQxRoCOv2oF3OsQzyJB/tMAtV8ZAihkpldMR0QSag2IeZMCM78yYukUSk7Z2X7plKo2rM4sugAHaISctA5qqIrVEN1RNEjekav6M16sl6sd+tj2pqxZjP76A+szx8VLpvX</latexit>e⌦3�cycle
4

<latexit sha1_base64="tkumTSH3XK0QK+zbmejUy+GLPhM=">AAAB7nicbVBNS8NAEJ3Urxq/qh69LDaCIJSkIHosePFYwX5AG8pmu2mX7m7C7kYooT/CiwdFvPp7vPlv3LY5aOuDgcd7M8zMi1LOtPH9b6e0sbm1vVPedff2Dw6PKscnbZ1kitAWSXiiuhHWlDNJW4YZTrupolhEnHaiyd3c7zxRpVkiH800paHAI8liRrCxUsfz3CvX8waVql/zF0DrJChIFQo0B5Wv/jAhmaDSEI617gV+asIcK8MIpzO3n2maYjLBI9qzVGJBdZgvzp2hC6sMUZwoW9Kghfp7IsdC66mIbKfAZqxXvbn4n9fLTHwb5kymmaGSLBfFGUcmQfPf0ZApSgyfWoKJYvZWRMZYYWJsQq4NIVh9eZ2067XguuY/1KsNv4ijDGdwDpcQwA004B6a0AICE3iGV3hzUufFeXc+lq0lp5g5hT9wPn8ARV6Nfw==</latexit>

+
<latexit sha1_base64="tkumTSH3XK0QK+zbmejUy+GLPhM=">AAAB7nicbVBNS8NAEJ3Urxq/qh69LDaCIJSkIHosePFYwX5AG8pmu2mX7m7C7kYooT/CiwdFvPp7vPlv3LY5aOuDgcd7M8zMi1LOtPH9b6e0sbm1vVPedff2Dw6PKscnbZ1kitAWSXiiuhHWlDNJW4YZTrupolhEnHaiyd3c7zxRpVkiH800paHAI8liRrCxUsfz3CvX8waVql/zF0DrJChIFQo0B5Wv/jAhmaDSEI617gV+asIcK8MIpzO3n2maYjLBI9qzVGJBdZgvzp2hC6sMUZwoW9Kghfp7IsdC66mIbKfAZqxXvbn4n9fLTHwb5kymmaGSLBfFGUcmQfPf0ZApSgyfWoKJYvZWRMZYYWJsQq4NIVh9eZ2067XguuY/1KsNv4ijDGdwDpcQwA004B6a0AICE3iGV3hzUufFeXc+lq0lp5g5hT9wPn8ARV6Nfw==</latexit>

+
<latexit sha1_base64="tkumTSH3XK0QK+zbmejUy+GLPhM=">AAAB7nicbVBNS8NAEJ3Urxq/qh69LDaCIJSkIHosePFYwX5AG8pmu2mX7m7C7kYooT/CiwdFvPp7vPlv3LY5aOuDgcd7M8zMi1LOtPH9b6e0sbm1vVPedff2Dw6PKscnbZ1kitAWSXiiuhHWlDNJW4YZTrupolhEnHaiyd3c7zxRpVkiH800paHAI8liRrCxUsfz3CvX8waVql/zF0DrJChIFQo0B5Wv/jAhmaDSEI617gV+asIcK8MIpzO3n2maYjLBI9qzVGJBdZgvzp2hC6sMUZwoW9Kghfp7IsdC66mIbKfAZqxXvbn4n9fLTHwb5kymmaGSLBfFGUcmQfPf0ZApSgyfWoKJYvZWRMZYYWJsQq4NIVh9eZ2067XguuY/1KsNv4ijDGdwDpcQwA004B6a0AICE3iGV3hzUufFeXc+lq0lp5g5hT9wPn8ARV6Nfw==</latexit>

+
<latexit sha1_base64="tkumTSH3XK0QK+zbmejUy+GLPhM=">AAAB7nicbVBNS8NAEJ3Urxq/qh69LDaCIJSkIHosePFYwX5AG8pmu2mX7m7C7kYooT/CiwdFvPp7vPlv3LY5aOuDgcd7M8zMi1LOtPH9b6e0sbm1vVPedff2Dw6PKscnbZ1kitAWSXiiuhHWlDNJW4YZTrupolhEnHaiyd3c7zxRpVkiH800paHAI8liRrCxUsfz3CvX8waVql/zF0DrJChIFQo0B5Wv/jAhmaDSEI617gV+asIcK8MIpzO3n2maYjLBI9qzVGJBdZgvzp2hC6sMUZwoW9Kghfp7IsdC66mIbKfAZqxXvbn4n9fLTHwb5kymmaGSLBfFGUcmQfPf0ZApSgyfWoKJYvZWRMZYYWJsQq4NIVh9eZ2067XguuY/1KsNv4ijDGdwDpcQwA004B6a0AICE3iGV3hzUufFeXc+lq0lp5g5hT9wPn8ARV6Nfw==</latexit>

+

<latexit sha1_base64="/AyCCI8ZPuTr+Nv4UNbCyYtYH04=">AAAB9HicbVBNS8NAEJ3Urxq/qh69LDaCp5IURI9FLx4r2A9oQtlsN+3SzSbubgol9Hd48aCIV3+MN/+N2zYHbX0w8Hhvhpl5YcqZ0q77bZU2Nre2d8q79t7+weFR5fikrZJMEtoiCU9kN8SKciZoSzPNaTeVFMchp51wfDf3OxMqFUvEo56mNIjxULCIEayNFDiO7d+y4dDPbcfpV6puzV0ArROvIFUo0OxXvvxBQrKYCk04VqrnuakOciw1I5zObD9TNMVkjIe0Z6jAMVVBvjh6hi6MMkBRIk0JjRbq74kcx0pN49B0xliP1Ko3F//zepmOboKciTTTVJDloijjSCdongAaMEmJ5lNDMJHM3IrICEtMtMnJNiF4qy+vk3a95l3V3Id6teEWcZThDM7hEjy4hgbcQxNaQOAJnuEV3qyJ9WK9Wx/L1pJVzJzCH1ifP//AkDw=</latexit> ( <latexit sha1_base64="/AyCCI8ZPuTr+Nv4UNbCyYtYH04=">AAAB9HicbVBNS8NAEJ3Urxq/qh69LDaCp5IURI9FLx4r2A9oQtlsN+3SzSbubgol9Hd48aCIV3+MN/+N2zYHbX0w8Hhvhpl5YcqZ0q77bZU2Nre2d8q79t7+weFR5fikrZJMEtoiCU9kN8SKciZoSzPNaTeVFMchp51wfDf3OxMqFUvEo56mNIjxULCIEayNFDiO7d+y4dDPbcfpV6puzV0ArROvIFUo0OxXvvxBQrKYCk04VqrnuakOciw1I5zObD9TNMVkjIe0Z6jAMVVBvjh6hi6MMkBRIk0JjRbq74kcx0pN49B0xliP1Ko3F//zepmOboKciTTTVJDloijjSCdongAaMEmJ5lNDMJHM3IrICEtMtMnJNiF4qy+vk3a95l3V3Id6teEWcZThDM7hEjy4hgbcQxNaQOAJnuEV3qyJ9WK9Wx/L1pJVzJzCH1ifP//AkDw=</latexit> (

<latexit sha1_base64="AcC1hSx5WBiZWc84R1dPH08yEEo=">AAACBnicbVDLSsNAFJ3UV42vqksRBhvBVUmKohuh4MadFewD2hImk9t26EwSZiZKCV258VfcuFDErd/gzr9x+lho64ELh3Pu5d57goQzpV3328otLa+sruXX7Y3Nre2dwu5eXcWppFCjMY9lMyAKOIugppnm0EwkEBFwaASDq7HfuAepWBzd6WECHUF6EesySrSR/MKh49jtBxaCZjyErH0joEdG/im+xLbj+IWiW3InwIvEm5EimqHqF77aYUxTAZGmnCjV8txEdzIiNaMcRnY7VZAQOiA9aBkaEQGqk03eGOFjo4S4G0tTkcYT9fdERoRSQxGYTkF0X817Y/E/r5Xq7kUnY1GSaojodFE35VjHeJwJDpkEqvnQEEIlM7di2ieSUG2Ss00I3vzLi6ReLnlnJfe2XKy4szjy6AAdoRPkoXNUQdeoimqIokf0jF7Rm/VkvVjv1se0NWfNZvbRH1ifP+m8lsU=</latexit>e⌦4 =

<latexit sha1_base64="tkumTSH3XK0QK+zbmejUy+GLPhM=">AAAB7nicbVBNS8NAEJ3Urxq/qh69LDaCIJSkIHosePFYwX5AG8pmu2mX7m7C7kYooT/CiwdFvPp7vPlv3LY5aOuDgcd7M8zMi1LOtPH9b6e0sbm1vVPedff2Dw6PKscnbZ1kitAWSXiiuhHWlDNJW4YZTrupolhEnHaiyd3c7zxRpVkiH800paHAI8liRrCxUsfz3CvX8waVql/zF0DrJChIFQo0B5Wv/jAhmaDSEI617gV+asIcK8MIpzO3n2maYjLBI9qzVGJBdZgvzp2hC6sMUZwoW9Kghfp7IsdC66mIbKfAZqxXvbn4n9fLTHwb5kymmaGSLBfFGUcmQfPf0ZApSgyfWoKJYvZWRMZYYWJsQq4NIVh9eZ2067XguuY/1KsNv4ijDGdwDpcQwA004B6a0AICE3iGV3hzUufFeXc+lq0lp5g5hT9wPn8ARV6Nfw==</latexit>

+

<latexit sha1_base64="/AyCCI8ZPuTr+Nv4UNbCyYtYH04=">AAAB9HicbVBNS8NAEJ3Urxq/qh69LDaCp5IURI9FLx4r2A9oQtlsN+3SzSbubgol9Hd48aCIV3+MN/+N2zYHbX0w8Hhvhpl5YcqZ0q77bZU2Nre2d8q79t7+weFR5fikrZJMEtoiCU9kN8SKciZoSzPNaTeVFMchp51wfDf3OxMqFUvEo56mNIjxULCIEayNFDiO7d+y4dDPbcfpV6puzV0ArROvIFUo0OxXvvxBQrKYCk04VqrnuakOciw1I5zObD9TNMVkjIe0Z6jAMVVBvjh6hi6MMkBRIk0JjRbq74kcx0pN49B0xliP1Ko3F//zepmOboKciTTTVJDloijjSCdongAaMEmJ5lNDMJHM3IrICEtMtMnJNiF4qy+vk3a95l3V3Id6teEWcZThDM7hEjy4hgbcQxNaQOAJnuEV3qyJ9WK9Wx/L1pJVzJzCH1ifP//AkDw=</latexit> (

<latexit sha1_base64="/AyCCI8ZPuTr+Nv4UNbCyYtYH04=">AAAB9HicbVBNS8NAEJ3Urxq/qh69LDaCp5IURI9FLx4r2A9oQtlsN+3SzSbubgol9Hd48aCIV3+MN/+N2zYHbX0w8Hhvhpl5YcqZ0q77bZU2Nre2d8q79t7+weFR5fikrZJMEtoiCU9kN8SKciZoSzPNaTeVFMchp51wfDf3OxMqFUvEo56mNIjxULCIEayNFDiO7d+y4dDPbcfpV6puzV0ArROvIFUo0OxXvvxBQrKYCk04VqrnuakOciw1I5zObD9TNMVkjIe0Z6jAMVVBvjh6hi6MMkBRIk0JjRbq74kcx0pN49B0xliP1Ko3F//zepmOboKciTTTVJDloijjSCdongAaMEmJ5lNDMJHM3IrICEtMtMnJNiF4qy+vk3a95l3V3Id6teEWcZThDM7hEjy4hgbcQxNaQOAJnuEV3qyJ9WK9Wx/L1pJVzJzCH1ifP//AkDw=</latexit> (

<latexit sha1_base64="G4TmLU5zFCd7fmr4ju6RR6Y9pb8=">AAACDnicbVA9T8MwEHXKVylfBUYWiwaJqUoqEIyVWNgoEi1ITYkc51os7CSyL6Aq6i9g4a+wMIAQKzMb/wa3dODrSSc9vXdn370ok8Kg5304pZnZufmF8mJlaXllda26vtExaa45tHkqU30RMQNSJNBGgRIuMg1MRRLOo+ujsX9+A9qINDnDYQY9xQaJ6AvO0Ephdcd1K8GtiAGFjKEIThQM2CjcuywCrShqgFHFdcNqzat7E9C/xJ+SGpmiFVbfgzjluYIEuWTGdH0vw17BNAou7ZNBbiBj/JoNoGtpwhSYXjE5Z0R3rBLTfqptJUgn6veJgiljhiqynYrhlfntjcX/vG6O/cNeIZIsR0j410f9XFJM6TgbGgsNHOXQEsa1sLtSfsU042gTrNgQ/N8n/yWdRt3fr3unjVrTm8ZRJltkm+wSnxyQJjkmLdImnNyRB/JEnp1759F5cV6/WkvOdGaT/IDz9glcS5r5</latexit>e⌦tree
4

<latexit sha1_base64="Zrbfb5liTNaUqez7rHiYga9Xci0=">AAACEXicbVC7TsMwFHV4lvIqMLJYNEhdqJIKBGMlFjaKRB9SEyrHuW2t2klkO6Aq6i+w8CssDCDEysbG3+A+Bmg50pWOzrnXvvcECWdKO863tbS8srq2ntvIb25t7+wW9vYbKk4lhTqNeSxbAVHAWQR1zTSHViKBiIBDMxhcjv3mPUjF4uhWDxPwBelFrMso0UbqFEq2nfceWAia8RAy71pAj4w6p3eZJwV2T+iQchjlbbtTKDplZwK8SNwZKaIZap3ClxfGNBUQacqJUm3XSbSfEanZ5EkvVZAQOiA9aBsaEQHKzyYXjfCxUULcjaWpSOOJ+nsiI0KpoQhMpyC6r+a9sfif105198LPWJSkGiI6/aibcqxjPI4Hh0wC1XxoCKGSmV0x7RNJqDYh5k0I7vzJi6RRKbtnZeemUqw6szhy6BAdoRJy0TmqoitUQ3VE0SN6Rq/ozXqyXqx362PaumTNZg7QH1ifPxISm9U=</latexit>e⌦1�cycle
4

<latexit sha1_base64="BRQOFF0E+0eLxlDAyNedCd0JmRM=">AAACEXicbVC7TsMwFHV4lvIqMLJYNEhdqJIKBGMlFjaKRB9SEyrHuW2t2klkO6Aq6i+w8CssDCDEysbG3+A+Bmg50pWOzrnXvvcECWdKO863tbS8srq2ntvIb25t7+wW9vYbKk4lhTqNeSxbAVHAWQR1zTSHViKBiIBDMxhcjv3mPUjF4uhWDxPwBelFrMso0UbqFEq2nfceWAia8RAy71pAj4w6p3eZJwWunNAh5TDK23anUHTKzgR4kbgzUkQz1DqFLy+MaSog0pQTpdquk2g/I1KzyZNeqiAhdEB60DY0IgKUn00uGuFjo4S4G0tTkcYT9fdERoRSQxGYTkF0X817Y/E/r53q7oWfsShJNUR0+lE35VjHeBwPDpkEqvnQEEIlM7ti2ieSUG1CzJsQ3PmTF0mjUnbPys5NpVh1ZnHk0CE6QiXkonNURVeohuqIokf0jF7Rm/VkvVjv1se0dcmazRygP7A+fwAToJvW</latexit>e⌦2�cycle
4

<latexit sha1_base64="3ecIScxb9mVEzexH1woBgjykQE4=">AAACEXicbVC7TgJBFJ3FF+ILtbSZCCY0kl3UaEliYycm8khYJLOzF5gws7uZmdWQDb9g46/YWGiMrZ2df+OwUCh4kpucnHPvzL3HizhT2ra/rczS8srqWnY9t7G5tb2T391rqDCWFOo05KFseUQBZwHUNdMcWpEEIjwOTW94OfGb9yAVC4NbPYqgI0g/YD1GiTZSN18qFnPuA/NBM+5D4l4L6JNx9/QucaXAJ8d0RDmMc8ViN1+wy3YKvEicGSmgGWrd/JfrhzQWEGjKiVJtx450JyFSs/RJN1YQETokfWgbGhABqpOkF43xkVF83AulqUDjVP09kRCh1Eh4plMQPVDz3kT8z2vHunfRSVgQxRoCOv2oF3OsQzyJB/tMAtV8ZAihkpldMR0QSag2IeZMCM78yYukUSk7Z2X7plKo2rM4sugAHaISctA5qqIrVEN1RNEjekav6M16sl6sd+tj2pqxZjP76A+szx8VLpvX</latexit>e⌦3�cycle
4

<latexit sha1_base64="tkumTSH3XK0QK+zbmejUy+GLPhM=">AAAB7nicbVBNS8NAEJ3Urxq/qh69LDaCIJSkIHosePFYwX5AG8pmu2mX7m7C7kYooT/CiwdFvPp7vPlv3LY5aOuDgcd7M8zMi1LOtPH9b6e0sbm1vVPedff2Dw6PKscnbZ1kitAWSXiiuhHWlDNJW4YZTrupolhEnHaiyd3c7zxRpVkiH800paHAI8liRrCxUsfz3CvX8waVql/zF0DrJChIFQo0B5Wv/jAhmaDSEI617gV+asIcK8MIpzO3n2maYjLBI9qzVGJBdZgvzp2hC6sMUZwoW9Kghfp7IsdC66mIbKfAZqxXvbn4n9fLTHwb5kymmaGSLBfFGUcmQfPf0ZApSgyfWoKJYvZWRMZYYWJsQq4NIVh9eZ2067XguuY/1KsNv4ijDGdwDpcQwA004B6a0AICE3iGV3hzUufFeXc+lq0lp5g5hT9wPn8ARV6Nfw==</latexit>

+
<latexit sha1_base64="tkumTSH3XK0QK+zbmejUy+GLPhM=">AAAB7nicbVBNS8NAEJ3Urxq/qh69LDaCIJSkIHosePFYwX5AG8pmu2mX7m7C7kYooT/CiwdFvPp7vPlv3LY5aOuDgcd7M8zMi1LOtPH9b6e0sbm1vVPedff2Dw6PKscnbZ1kitAWSXiiuhHWlDNJW4YZTrupolhEnHaiyd3c7zxRpVkiH800paHAI8liRrCxUsfz3CvX8waVql/zF0DrJChIFQo0B5Wv/jAhmaDSEI617gV+asIcK8MIpzO3n2maYjLBI9qzVGJBdZgvzp2hC6sMUZwoW9Kghfp7IsdC66mIbKfAZqxXvbn4n9fLTHwb5kymmaGSLBfFGUcmQfPf0ZApSgyfWoKJYvZWRMZYYWJsQq4NIVh9eZ2067XguuY/1KsNv4ijDGdwDpcQwA004B6a0AICE3iGV3hzUufFeXc+lq0lp5g5hT9wPn8ARV6Nfw==</latexit>

+

<latexit sha1_base64="tkumTSH3XK0QK+zbmejUy+GLPhM=">AAAB7nicbVBNS8NAEJ3Urxq/qh69LDaCIJSkIHosePFYwX5AG8pmu2mX7m7C7kYooT/CiwdFvPp7vPlv3LY5aOuDgcd7M8zMi1LOtPH9b6e0sbm1vVPedff2Dw6PKscnbZ1kitAWSXiiuhHWlDNJW4YZTrupolhEnHaiyd3c7zxRpVkiH800paHAI8liRrCxUsfz3CvX8waVql/zF0DrJChIFQo0B5Wv/jAhmaDSEI617gV+asIcK8MIpzO3n2maYjLBI9qzVGJBdZgvzp2hC6sMUZwoW9Kghfp7IsdC66mIbKfAZqxXvbn4n9fLTHwb5kymmaGSLBfFGUcmQfPf0ZApSgyfWoKJYvZWRMZYYWJsQq4NIVh9eZ2067XguuY/1KsNv4ijDGdwDpcQwA004B6a0AICE3iGV3hzUufFeXc+lq0lp5g5hT9wPn8ARV6Nfw==</latexit>

+
<latexit sha1_base64="tkumTSH3XK0QK+zbmejUy+GLPhM=">AAAB7nicbVBNS8NAEJ3Urxq/qh69LDaCIJSkIHosePFYwX5AG8pmu2mX7m7C7kYooT/CiwdFvPp7vPlv3LY5aOuDgcd7M8zMi1LOtPH9b6e0sbm1vVPedff2Dw6PKscnbZ1kitAWSXiiuhHWlDNJW4YZTrupolhEnHaiyd3c7zxRpVkiH800paHAI8liRrCxUsfz3CvX8waVql/zF0DrJChIFQo0B5Wv/jAhmaDSEI617gV+asIcK8MIpzO3n2maYjLBI9qzVGJBdZgvzp2hC6sMUZwoW9Kghfp7IsdC66mIbKfAZqxXvbn4n9fLTHwb5kymmaGSLBfFGUcmQfPf0ZApSgyfWoKJYvZWRMZYYWJsQq4NIVh9eZ2067XguuY/1KsNv4ijDGdwDpcQwA004B6a0AICE3iGV3hzUufFeXc+lq0lp5g5hT9wPn8ARV6Nfw==</latexit>

+

<latexit sha1_base64="/AyCCI8ZPuTr+Nv4UNbCyYtYH04=">AAAB9HicbVBNS8NAEJ3Urxq/qh69LDaCp5IURI9FLx4r2A9oQtlsN+3SzSbubgol9Hd48aCIV3+MN/+N2zYHbX0w8Hhvhpl5YcqZ0q77bZU2Nre2d8q79t7+weFR5fikrZJMEtoiCU9kN8SKciZoSzPNaTeVFMchp51wfDf3OxMqFUvEo56mNIjxULCIEayNFDiO7d+y4dDPbcfpV6puzV0ArROvIFUo0OxXvvxBQrKYCk04VqrnuakOciw1I5zObD9TNMVkjIe0Z6jAMVVBvjh6hi6MMkBRIk0JjRbq74kcx0pN49B0xliP1Ko3F//zepmOboKciTTTVJDloijjSCdongAaMEmJ5lNDMJHM3IrICEtMtMnJNiF4qy+vk3a95l3V3Id6teEWcZThDM7hEjy4hgbcQxNaQOAJnuEV3qyJ9WK9Wx/L1pJVzJzCH1ifP//AkDw=</latexit> (
<latexit sha1_base64="/AyCCI8ZPuTr+Nv4UNbCyYtYH04=">AAAB9HicbVBNS8NAEJ3Urxq/qh69LDaCp5IURI9FLx4r2A9oQtlsN+3SzSbubgol9Hd48aCIV3+MN/+N2zYHbX0w8Hhvhpl5YcqZ0q77bZU2Nre2d8q79t7+weFR5fikrZJMEtoiCU9kN8SKciZoSzPNaTeVFMchp51wfDf3OxMqFUvEo56mNIjxULCIEayNFDiO7d+y4dDPbcfpV6puzV0ArROvIFUo0OxXvvxBQrKYCk04VqrnuakOciw1I5zObD9TNMVkjIe0Z6jAMVVBvjh6hi6MMkBRIk0JjRbq74kcx0pN49B0xliP1Ko3F//zepmOboKciTTTVJDloijjSCdongAaMEmJ5lNDMJHM3IrICEtMtMnJNiF4qy+vk3a95l3V3Id6teEWcZThDM7hEjy4hgbcQxNaQOAJnuEV3qyJ9WK9Wx/L1pJVzJzCH1ifP//AkDw=</latexit> (

<latexit sha1_base64="AcC1hSx5WBiZWc84R1dPH08yEEo=">AAACBnicbVDLSsNAFJ3UV42vqksRBhvBVUmKohuh4MadFewD2hImk9t26EwSZiZKCV258VfcuFDErd/gzr9x+lho64ELh3Pu5d57goQzpV3328otLa+sruXX7Y3Nre2dwu5eXcWppFCjMY9lMyAKOIugppnm0EwkEBFwaASDq7HfuAepWBzd6WECHUF6EesySrSR/MKh49jtBxaCZjyErH0joEdG/im+xLbj+IWiW3InwIvEm5EimqHqF77aYUxTAZGmnCjV8txEdzIiNaMcRnY7VZAQOiA9aBkaEQGqk03eGOFjo4S4G0tTkcYT9fdERoRSQxGYTkF0X817Y/E/r5Xq7kUnY1GSaojodFE35VjHeJwJDpkEqvnQEEIlM7di2ieSUG2Ss00I3vzLi6ReLnlnJfe2XKy4szjy6AAdoRPkoXNUQdeoimqIokf0jF7Rm/VkvVjv1se0NWfNZvbRH1ifP+m8lsU=</latexit>e⌦4 =

where in both (6.21) and (6.22) we need to label ABi in all possible ways and sum. The task is to

find differential forms for these geometries. The problem of tree forms was solved in [77], in this

work we solve for all canonical forms of geometries with one cycle and also outline how to continue

to geometries with more cycles.
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6.3.4 All tree canonical forms

The solution for canonical forms for all tree graphs is particularly simple. For L “ 2 we have

only one graph topology (two nodes and one link),
<latexit sha1_base64="7K6DxbGHb9nhxv/fNlGGkgT1vJo="></latexit>

=
dµ N

(+)
2

D1D2hABCDi

<latexit sha1_base64="cOxT0HISPrGu1LIDZd4OW1hc8Kw="></latexit>

=
dµ N

(�)
2

D1D2hABCDi<latexit sha1_base64="PXfFNZcNNDtuV+RcRPOkD5sw/q0=">AAAB73icbVBNS8NAEJ3Urxq/qh69LDaCBylJQfRY9eKxgv2ANpTNdtMu3WzS3Y1QQv+EFw+KePXvePPfuG1z0NYHA4/3ZpiZFyScKe2631ZhbX1jc6u4be/s7u0flA6PmipOJaENEvNYtgOsKGeCNjTTnLYTSXEUcNoKRnczv/VEpWKxeNSThPoRHggWMoK1kdqOY9/c2o7TK5XdijsHWiVeTsqQo94rfXX7MUkjKjThWKmO5ybaz7DUjHA6tbupogkmIzygHUMFjqjys/m9U3RmlD4KY2lKaDRXf09kOFJqEgWmM8J6qJa9mfif10l1eO1nTCSppoIsFoUpRzpGs+dRn0lKNJ8Ygolk5lZEhlhiok1EtgnBW355lTSrFe+y4j5Uy7WLPI4inMApnIMHV1CDe6hDAwhweIZXeLPG1ov1bn0sWgtWPnMMf2B9/gDwFY3d</latexit>

AB
<latexit sha1_base64="PXfFNZcNNDtuV+RcRPOkD5sw/q0=">AAAB73icbVBNS8NAEJ3Urxq/qh69LDaCBylJQfRY9eKxgv2ANpTNdtMu3WzS3Y1QQv+EFw+KePXvePPfuG1z0NYHA4/3ZpiZFyScKe2631ZhbX1jc6u4be/s7u0flA6PmipOJaENEvNYtgOsKGeCNjTTnLYTSXEUcNoKRnczv/VEpWKxeNSThPoRHggWMoK1kdqOY9/c2o7TK5XdijsHWiVeTsqQo94rfXX7MUkjKjThWKmO5ybaz7DUjHA6tbupogkmIzygHUMFjqjys/m9U3RmlD4KY2lKaDRXf09kOFJqEgWmM8J6qJa9mfif10l1eO1nTCSppoIsFoUpRzpGs+dRn0lKNJ8Ygolk5lZEhlhiok1EtgnBW355lTSrFe+y4j5Uy7WLPI4inMApnIMHV1CDe6hDAwhweIZXeLPG1ov1bn0sWgtWPnMMf2B9/gDwFY3d</latexit>

AB
<latexit sha1_base64="bhC+7SAzASQdvrMGwz1tasNHsl4=">AAAB73icbVBNS8NAEJ3Urxq/qh69LDaCBylJQfRYqAePFewHtKFstpt26WaT7m6EEvonvHhQxKt/x5v/xm2bg7Y+GHi8N8PMvCDhTGnX/bYKG5tb2zvFXXtv/+DwqHR80lJxKgltkpjHshNgRTkTtKmZ5rSTSIqjgNN2MK7P/fYTlYrF4lFPE+pHeChYyAjWRuo4jl2/sx2nXyq7FXcBtE68nJQhR6Nf+uoNYpJGVGjCsVJdz020n2GpGeF0ZvdSRRNMxnhIu4YKHFHlZ4t7Z+jCKAMUxtKU0Gih/p7IcKTUNApMZ4T1SK16c/E/r5vq8NbPmEhSTQVZLgpTjnSM5s+jAZOUaD41BBPJzK2IjLDERJuIbBOCt/ryOmlVK951xX2olmtXeRxFOINzuAQPbqAG99CAJhDg8Ayv8GZNrBfr3fpYthasfOYU/sD6/AH2M43h</latexit>

CD
<latexit sha1_base64="bhC+7SAzASQdvrMGwz1tasNHsl4=">AAAB73icbVBNS8NAEJ3Urxq/qh69LDaCBylJQfRYqAePFewHtKFstpt26WaT7m6EEvonvHhQxKt/x5v/xm2bg7Y+GHi8N8PMvCDhTGnX/bYKG5tb2zvFXXtv/+DwqHR80lJxKgltkpjHshNgRTkTtKmZ5rSTSIqjgNN2MK7P/fYTlYrF4lFPE+pHeChYyAjWRuo4jl2/sx2nXyq7FXcBtE68nJQhR6Nf+uoNYpJGVGjCsVJdz020n2GpGeF0ZvdSRRNMxnhIu4YKHFHlZ4t7Z+jCKAMUxtKU0Gih/p7IcKTUNApMZ4T1SK16c/E/r5vq8NbPmEhSTQVZLgpTjnSM5s+jAZOUaD41BBPJzK2IjLDERJuIbBOCt/ryOmlVK951xX2olmtXeRxFOINzuAQPbqAG99CAJhDg8Ayv8GZNrBfr3fpYthasfOYU/sD6/AH2M43h</latexit>

CD

where we denoted (up to an overall factor x1234y3 which we drop),

D1 “ xAB12yxAB23yxAB34yxAB14y, D2 “ xCD12yxCD23yxCD34yxCD14y ,(6.23)

N
p`q

2 “ xAB12yxCD34y ` xAB23yxCD14y ` xAB34yxCD12y ` xAB14yxCD23y ,(6.24)

N
p´q

2 “ xAB13yxCD24y ` xAB24yxCD13y .(6.25)

The union of both spaces are just two one-loop Amplituhedra, for each AB and CD. At the level

of the numerators this gives

(6.26) N
p`q

2 `N
p´q

2 “ xABCDyx1234y .

These two numerators will be used as the building blocks for the general L-loop case. We define two

objects objects N p`q

ij and N
p´q

ij which are two-loop numerators for positive, (resp. negative) links

between ABi and ABj ,

N
p`q

ij ” xABi12yxABj34y ` xABi23yxABj14y ` xABi34yxABj12y ` xABi14yxABj23y ,

N
p´q

ij ” xABi13yxABj24y ` xABi24yxABj13y .(6.27)

Then for an arbitrary tree graph with arbitrary assignments of positive and negative links the

differential form can be written as

<latexit sha1_base64="HT8EkPP27ydu+XnBCN0IfYDdkRk=">AAACBXicbVA9SwNBEN2LX/H8ilpqsZgIVuEuINoIAQvtjGA+IInH3mYuWbJ7d+zuCeFIY+NfsbFQxNb/YOe/cZNcoYkPBh7vzTAzz485U9pxvq3c0vLK6lp+3d7Y3NreKezuNVSUSAp1GvFItnyigLMQ6pppDq1YAhE+h6Y/vJz4zQeQikXhnR7F0BWkH7KAUaKN5BUOSyW7cyOgT7yr+7QjBdYSYIwvsF0qeYWiU3amwIvEzUgRZah5ha9OL6KJgFBTTpRqu06suymRmlEOY7uTKIgJHZI+tA0NiQDVTadfjPGxUXo4iKSpUOOp+nsiJUKpkfBNpyB6oOa9ifif1050cN5NWRgnGkI6WxQkHOsITyLBPSaBaj4yhFDJzK2YDogkVJvgbBOCO//yImlUyu5p2bmtFKtOFkceHaAjdIJcdIaq6BrVUB1R9Iie0St6s56sF+vd+pi15qxsZh/9gfX5A8hKliA=</latexit>

⌦tree
G =

<latexit sha1_base64="XHMYz73QV+zTyXZ/NTJg+HhIyVY="></latexit>

=
dµ NGQ

i Di · QlinkshABiABji

where the denominator has the expected structure of the product of one-loop numerators

(6.28) Di “ xABi12yxABi23yxABi34yxABi14y ,
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and the mutual propagators xABiABjy for all links. The numerator carries information about the

sign of the mutual conditions, and takes a very simple factorized form:

(6.29) NG “ x1234yL`1 ˆ
ź

pos links

N
p`q

ij ˆ
ź

neg links

N
p´q

ij

It is worth noting that because of the factorized form of the numerator, any two tree graphs which

differ only by a sign of a single link, satisfy the same summation rule as the L “ 2 case (6.15),

<latexit sha1_base64="qiRKN/2PNoHMUarTSmM0Bxsa6vM=">AAAB7nicbVBNS8NAEJ2tXzV+VT16WWwUQShJQfRY8OKxgrWFNpTNdtMu3WzC7kYooT/CiwdFvPp7vPlv3LY5aOuDgcd7M8zMC1PBtfG8b1RaW9/Y3CpvOzu7e/sHlcOjR51kirIWTUSiOiHRTHDJWoYbwTqpYiQOBWuH49uZ335iSvNEPphJyoKYDCWPOCXGSm3XdS4d1+1Xql7NmwOvEr8gVSjQ7Fe+eoOEZjGThgqiddf3UhPkRBlOBZs6vUyzlNAxGbKupZLETAf5/NwpPrPKAEeJsiUNnqu/J3ISaz2JQ9sZEzPSy95M/M/rZia6CXIu08wwSReLokxgk+DZ73jAFaNGTCwhVHF7K6Yjogg1NiHHhuAvv7xKHus1/6rm3derjfMijjKcwClcgA/X0IA7aEILKIzhGV7hDaXoBb2jj0VrCRUzx/AH6PMHQlyNdQ==</latexit>

+ <latexit sha1_base64="XPA+ug5ODALtS0P1zkX7W2263xk=">AAAB7nicbVBNS8NAEJ34WeNX1aOXxUbwVJKC6EUoevFYwX5AG8pmu2mXbnbD7kYooT/CiwdFvPp7vPlv3LY5aOuDgcd7M8zMi1LOtPH9b2dtfWNza7u04+7u7R8clo+OW1pmitAmkVyqToQ15UzQpmGG006qKE4iTtvR+G7mt5+o0kyKRzNJaZjgoWAxI9hYqe157o3ref1yxa/6c6BVEhSkAgUa/fJXbyBJllBhCMdadwM/NWGOlWGE06nbyzRNMRnjIe1aKnBCdZjPz52ic6sMUCyVLWHQXP09keNE60kS2c4Em5Fe9mbif143M/F1mDORZoYKslgUZxwZiWa/owFTlBg+sQQTxeytiIywwsTYhFwbQrD88ipp1arBZdV/qFXqt0UcJTiFM7iAAK6gDvfQgCYQGMMzvMKbkzovzrvzsWhdc4qZE/gD5/MHZkaNow==</latexit>=
<latexit sha1_base64="51+4mXrro7GVDmteYqKtV7qOCEE=">AAAB8XicbVBNS8NAEJ3Urxq/qh69LDaCp5IUih5rvXisYD+wDWWz3bRLN5uwuxFK6L/w4kERr/4bb/4bt20O2vpg4PHeDDPzgoQzpV332ypsbG5t7xR37b39g8Oj0vFJW8WpJLRFYh7LboAV5UzQlmaa024iKY4CTjvB5Hbud56oVCwWD3qaUD/CI8FCRrA20qPj2DeNAbMdZ1AquxV3AbROvJyUIUdzUPrqD2OSRlRowrFSPc9NtJ9hqRnhdGb3U0UTTCZ4RHuGChxR5WeLi2fowihDFMbSlNBoof6eyHCk1DQKTGeE9VitenPxP6+X6vDaz5hIUk0FWS4KU450jObvoyGTlGg+NQQTycytiIyxxESbkGwTgrf68jppVytereLeV8v1Rh5HEc7gHC7Bgyuowx00oQUEBDzDK7xZynqx3q2PZWvBymdO4Q+szx90OI7P</latexit>

ABi
<latexit sha1_base64="rV0fX7U9RdiEp6LBVortnIiRC54=">AAAB8XicbVBNS8NAEJ3Urxq/qh69LDaCp5IURI+1XjxWsB/YhrLZbtq1m03Y3Qgl9F948aCIV/+NN/+N2zYHbX0w8Hhvhpl5QcKZ0q77bRXW1jc2t4rb9s7u3v5B6fCopeJUEtokMY9lJ8CKciZoUzPNaSeRFEcBp+1gfDPz209UKhaLez1JqB/hoWAhI1gb6cFx7Ot6/9F2nH6p7FbcOdAq8XJShhyNfumrN4hJGlGhCcdKdT030X6GpWaE06ndSxVNMBnjIe0aKnBElZ/NL56iM6MMUBhLU0Kjufp7IsORUpMoMJ0R1iO17M3E/7xuqsMrP2MiSTUVZLEoTDnSMZq9jwZMUqL5xBBMJDO3IjLCEhNtQrJNCN7yy6ukVa14FxX3rlqu1fM4inACp3AOHlxCDW6hAU0gIOAZXuHNUtaL9W59LFoLVj5zDH9gff4Adb+O0A==</latexit>

ABj

<latexit sha1_base64="51+4mXrro7GVDmteYqKtV7qOCEE=">AAAB8XicbVBNS8NAEJ3Urxq/qh69LDaCp5IUih5rvXisYD+wDWWz3bRLN5uwuxFK6L/w4kERr/4bb/4bt20O2vpg4PHeDDPzgoQzpV332ypsbG5t7xR37b39g8Oj0vFJW8WpJLRFYh7LboAV5UzQlmaa024iKY4CTjvB5Hbud56oVCwWD3qaUD/CI8FCRrA20qPj2DeNAbMdZ1AquxV3AbROvJyUIUdzUPrqD2OSRlRowrFSPc9NtJ9hqRnhdGb3U0UTTCZ4RHuGChxR5WeLi2fowihDFMbSlNBoof6eyHCk1DQKTGeE9VitenPxP6+X6vDaz5hIUk0FWS4KU450jObvoyGTlGg+NQQTycytiIyxxESbkGwTgrf68jppVytereLeV8v1Rh5HEc7gHC7Bgyuowx00oQUEBDzDK7xZynqx3q2PZWvBymdO4Q+szx90OI7P</latexit>

ABi
<latexit sha1_base64="51+4mXrro7GVDmteYqKtV7qOCEE=">AAAB8XicbVBNS8NAEJ3Urxq/qh69LDaCp5IUih5rvXisYD+wDWWz3bRLN5uwuxFK6L/w4kERr/4bb/4bt20O2vpg4PHeDDPzgoQzpV332ypsbG5t7xR37b39g8Oj0vFJW8WpJLRFYh7LboAV5UzQlmaa024iKY4CTjvB5Hbud56oVCwWD3qaUD/CI8FCRrA20qPj2DeNAbMdZ1AquxV3AbROvJyUIUdzUPrqD2OSRlRowrFSPc9NtJ9hqRnhdGb3U0UTTCZ4RHuGChxR5WeLi2fowihDFMbSlNBoof6eyHCk1DQKTGeE9VitenPxP6+X6vDaz5hIUk0FWS4KU450jObvoyGTlGg+NQQTycytiIyxxESbkGwTgrf68jppVytereLeV8v1Rh5HEc7gHC7Bgyuowx00oQUEBDzDK7xZynqx3q2PZWvBymdO4Q+szx90OI7P</latexit>

ABi
<latexit sha1_base64="rV0fX7U9RdiEp6LBVortnIiRC54=">AAAB8XicbVBNS8NAEJ3Urxq/qh69LDaCp5IURI+1XjxWsB/YhrLZbtq1m03Y3Qgl9F948aCIV/+NN/+N2zYHbX0w8Hhvhpl5QcKZ0q77bRXW1jc2t4rb9s7u3v5B6fCopeJUEtokMY9lJ8CKciZoUzPNaSeRFEcBp+1gfDPz209UKhaLez1JqB/hoWAhI1gb6cFx7Ot6/9F2nH6p7FbcOdAq8XJShhyNfumrN4hJGlGhCcdKdT030X6GpWaE06ndSxVNMBnjIe0aKnBElZ/NL56iM6MMUBhLU0Kjufp7IsORUpMoMJ0R1iO17M3E/7xuqsMrP2MiSTUVZLEoTDnSMZq9jwZMUqL5xBBMJDO3IjLCEhNtQrJNCN7yy6ukVa14FxX3rlqu1fM4inACp3AOHlxCDW6hAU0gIOAZXuHNUtaL9W59LFoLVj5zDH9gff4Adb+O0A==</latexit>

ABj

<latexit sha1_base64="rV0fX7U9RdiEp6LBVortnIiRC54=">AAAB8XicbVBNS8NAEJ3Urxq/qh69LDaCp5IURI+1XjxWsB/YhrLZbtq1m03Y3Qgl9F948aCIV/+NN/+N2zYHbX0w8Hhvhpl5QcKZ0q77bRXW1jc2t4rb9s7u3v5B6fCopeJUEtokMY9lJ8CKciZoUzPNaSeRFEcBp+1gfDPz209UKhaLez1JqB/hoWAhI1gb6cFx7Ot6/9F2nH6p7FbcOdAq8XJShhyNfumrN4hJGlGhCcdKdT030X6GpWaE06ndSxVNMBnjIe0aKnBElZ/NL56iM6MMUBhLU0Kjufp7IsORUpMoMJ0R1iO17M3E/7xuqsMrP2MiSTUVZLEoTDnSMZq9jwZMUqL5xBBMJDO3IjLCEhNtQrJNCN7yy6ukVa14FxX3rlqu1fM4inACp3AOHlxCDW6hAU0gIOAZXuHNUtaL9W59LFoLVj5zDH9gff4Adb+O0A==</latexit>

ABj

This is just a trivial consequence of the relation between numerators,

(6.30) N
p`q

ij `N
p´q

ij “ x1234yxABiABjy .

Now for the special case of tree graphs with only negative links the differential form is

<latexit sha1_base64="HT8EkPP27ydu+XnBCN0IfYDdkRk=">AAACBXicbVA9SwNBEN2LX/H8ilpqsZgIVuEuINoIAQvtjGA+IInH3mYuWbJ7d+zuCeFIY+NfsbFQxNb/YOe/cZNcoYkPBh7vzTAzz485U9pxvq3c0vLK6lp+3d7Y3NreKezuNVSUSAp1GvFItnyigLMQ6pppDq1YAhE+h6Y/vJz4zQeQikXhnR7F0BWkH7KAUaKN5BUOSyW7cyOgT7yr+7QjBdYSYIwvsF0qeYWiU3amwIvEzUgRZah5ha9OL6KJgFBTTpRqu06suymRmlEOY7uTKIgJHZI+tA0NiQDVTadfjPGxUXo4iKSpUOOp+nsiJUKpkfBNpyB6oOa9ifif1050cN5NWRgnGkI6WxQkHOsITyLBPSaBaj4yhFDJzK2YDogkVJvgbBOCO//yImlUyu5p2bmtFKtOFkceHaAjdIJcdIaq6BrVUB1R9Iie0St6s56sF+vd+pi15qxsZh/9gfX5A8hKliA=</latexit>

⌦tree
G =

<latexit sha1_base64="oyUlgHlDl7o1wpBu2RcBKm0c9Ns="></latexit>

=
dµ

Q
links N

(�)
ijQ

i Di · QlinkshABiABji

as also presented in [77]. Using this formula for an arbitrary tree graph, we can completely determine

the first term in the expansion

(6.31) rΩtree
L “

ÿ

treesG

rΩG .

Furthermore, in section 6.7 we will show that we can take the next step and integrate (6.31) using

a differential equation method.

6.4 Consistency conditions

Let us now consider a general connected graph,
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<latexit sha1_base64="vy0iw3SKVZf8gBdK4NN5ikREe2g=">AAAB+nicbVDLSsNAFJ3UV42vVJduBhvBhZSkILoRCi50ZwX7gDaEyXTSDp2ZhJmJUmo/xY0LRdz6Je78G6dtFtp64MLhnHu5954oZVRpz/u2Ciura+sbxU17a3tnd88p7TdVkklMGjhhiWxHSBFGBWloqhlpp5IgHjHSioZXU7/1QKSiibjXo5QEHPUFjSlG2kihU3Jdu3vLSR+F1/AS2q4bOmWv4s0Al4mfkzLIUQ+dr24vwRknQmOGlOr4XqqDMZKaYkYmdjdTJEV4iPqkY6hAnKhgPDt9Ao+N0oNxIk0JDWfq74kx4kqNeGQ6OdIDtehNxf+8Tqbji2BMRZppIvB8UZwxqBM4zQH2qCRYs5EhCEtqboV4gCTC2qRlmxD8xZeXSbNa8c8q3l21XDvN4yiCQ3AEToAPzkEN3IA6aAAMHsEzeAVv1pP1Yr1bH/PWgpXPHIA/sD5/ADdGkU0=</latexit>

⌦G =

with some labeling of vertices ABi. There are important consistency conditions on the associated

canonical form that come from cuts. Let us remind ourselves that the geometry satisfies

(6.32) xABi12y, xABi23y, xABi34y, xABi14y ą 0, xABi13y, xABi24y ă 0 ,

for any ABi, and xABiABjy ≶ 0 for any link. In this section, we perform cuts on ΩG, localize one

or more loop lines and read off the inequalities of the reduced geometry.

6.4.1 Singlet conditions

Let us first discuss cuts where only one of the loops gets localized on a cut – we call them singlet

conditions. We start with localizing ABi on the leading singularity

(6.33) xABi12y “ xABi23y “ xABi34y “ xABi14y “ 0 ,

which fixes ABi “ 13 (or ABi “ 24, the discussion is analogous). If the vertex ABi is connected to

any other vertex ABj through a positive link, we get

(6.34) xABiABjy “ xABj13y ą 0 manifestly negative .

This is in contradiction with the one-loop Amplituhedron conditions forABj which require xABj13y ă

0. Hence if ABi is connected to any other vertex through at least one positive link, the canonical

form ΩG and the numerator NG must vanish.

<latexit sha1_base64="vy0iw3SKVZf8gBdK4NN5ikREe2g=">AAAB+nicbVDLSsNAFJ3UV42vVJduBhvBhZSkILoRCi50ZwX7gDaEyXTSDp2ZhJmJUmo/xY0LRdz6Je78G6dtFtp64MLhnHu5954oZVRpz/u2Ciura+sbxU17a3tnd88p7TdVkklMGjhhiWxHSBFGBWloqhlpp5IgHjHSioZXU7/1QKSiibjXo5QEHPUFjSlG2kihU3Jdu3vLSR+F1/AS2q4bOmWv4s0Al4mfkzLIUQ+dr24vwRknQmOGlOr4XqqDMZKaYkYmdjdTJEV4iPqkY6hAnKhgPDt9Ao+N0oNxIk0JDWfq74kx4kqNeGQ6OdIDtehNxf+8Tqbji2BMRZppIvB8UZwxqBM4zQH2qCRYs5EhCEtqboV4gCTC2qRlmxD8xZeXSbNa8c8q3l21XDvN4yiCQ3AEToAPzkEN3IA6aAAMHsEzeAVv1pP1Yr1bH/PWgpXPHIA/sD5/ADdGkU0=</latexit>

⌦G =
<latexit sha1_base64="J7qFBdqedme2HQT8aoxWVzJDL7I=">AAAB8XicbVBNS8NAEJ3Urxq/qh69LDaCBylJoeix6sVjBfuBbSib7aZdutmE3Y1QQv+FFw+KePXfePPfuG1z0NYHA4/3ZpiZFyScKe2631ZhbX1jc6u4be/s7u0flA6PWipOJaFNEvNYdgKsKGeCNjXTnHYSSXEUcNoOxrczv/1EpWKxeNCThPoRHgoWMoK1kR4dx76+6TPbcfqlsltx50CrxMtJGXI0+qWv3iAmaUSFJhwr1fXcRPsZlpoRTqd2L1U0wWSMh7RrqMARVX42v3iKzowyQGEsTQmN5urviQxHSk2iwHRGWI/UsjcT//O6qQ6v/IyJJNVUkMWiMOVIx2j2PhowSYnmE0MwkczcisgIS0y0Cck2IXjLL6+SVrXi1SrufbVcv8jjKMIJnMI5eHAJdbiDBjSBgIBneIU3S1kv1rv1sWgtWPnMMfyB9fkDbZqOuQ==</latexit>

ABi

<latexit sha1_base64="eqs13caZKX4DBA8wpKeExzEJ/B0=">AAAB+HicbVDLSsNAFL2prxofjbp0M9gILqQkFdGNUHXjsoJ9QBvCZDpth04ezEyEGvolblwo4tZPceffOG2z0NYDFw7n3Mu99wQJZ1I5zrdRWFldW98obppb2zu7JWtvvynjVBDaIDGPRTvAknIW0YZiitN2IigOA05bweh26rceqZAsjh7UOKFeiAcR6zOClZZ8q2Tb5vWNz9AVcs9M2/atslNxZkDLxM1JGXLUfeur24tJGtJIEY6l7LhOorwMC8UIpxOzm0qaYDLCA9rRNMIhlV42O3yCjrXSQ/1Y6IoUmqm/JzIcSjkOA90ZYjWUi95U/M/rpKp/6WUsSlJFIzJf1E85UjGapoB6TFCi+FgTTATTtyIyxAITpbMydQju4svLpFmtuOcV575arp3mcRThEI7gBFy4gBrcQR0aQCCFZ3iFN+PJeDHejY95a8HIZw7gD4zPH/+vj/0=</latexit>

ABi = 13

<latexit sha1_base64="kRHGjjLIzqxChEj1t0oJRjZ8KrM=">AAAB+nicbVBNS8NAEJ3Urxq/Uj16CTaCBylJQfRY8OKxgv2ANpTNdtsu3eyG3Y2lxP4ULx4U8eov8ea/cdvmoK0PBh7vzTAzL0oYVdr3v63CxubW9k5x197bPzg8ckrHTSVSiUkDCyZkO0KKMMpJQ1PNSDuRBMURI61ofDv3W49EKir4g54mJIzRkNMBxUgbqeeUPM/uSjocaSSlmNie13PKfsVfwF0nQU7KkKPec766fYHTmHCNGVKqE/iJDjMkNcWMzOxuqkiC8BgNScdQjmKiwmxx+sw9N0rfHQhpimt3of6eyFCs1DSOTGeM9EitenPxP6+T6sFNmFGepJpwvFw0SJmrhTvPwe1TSbBmU0MQltTc6uIRkghrk5ZtQghWX14nzWoluKr499Vy7TKPowincAYXEMA11OAO6tAADBN4hld4s56sF+vd+li2Fqx85gT+wPr8AR58koo=</latexit>! <latexit sha1_base64="s8FwZ+ISVW6L/AZ+rFeSNos4fY8=">AAAB73icbVBNS8NAEJ34WeNX1aOXxUbwICUpiB4LXjxWsB/QhrLZbtqlm924uxFK6J/w4kERr/4db/4bt20O2vpg4PHeDDPzopQzbXz/21lb39jc2i7tuLt7+weH5aPjlpaZIrRJJJeqE2FNORO0aZjhtJMqipOI03Y0vp357SeqNJPiwUxSGiZ4KFjMCDZW6nie67ueh/rlil/150CrJChIBQo0+uWv3kCSLKHCEI617gZ+asIcK8MIp1O3l2maYjLGQ9q1VOCE6jCf3ztF51YZoFgqW8Kgufp7IseJ1pMksp0JNiO97M3E/7xuZuKbMGcizQwVZLEozjgyEs2eRwOmKDF8YgkmitlbERlhhYmxEbk2hGD55VXSqlWDq6p/X6vUL4s4SnAKZ3ABAVxDHe6gAU0gwOEZXuHNeXRenHfnY9G65hQzJ/AHzucPohGNqg==</latexit>

0

If the ABi is connected to other vertices only through negative links, the line ABi is eliminated

from the graph without any additional condition added,
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<latexit sha1_base64="vy0iw3SKVZf8gBdK4NN5ikREe2g=">AAAB+nicbVDLSsNAFJ3UV42vVJduBhvBhZSkILoRCi50ZwX7gDaEyXTSDp2ZhJmJUmo/xY0LRdz6Je78G6dtFtp64MLhnHu5954oZVRpz/u2Ciura+sbxU17a3tnd88p7TdVkklMGjhhiWxHSBFGBWloqhlpp5IgHjHSioZXU7/1QKSiibjXo5QEHPUFjSlG2kihU3Jdu3vLSR+F1/AS2q4bOmWv4s0Al4mfkzLIUQ+dr24vwRknQmOGlOr4XqqDMZKaYkYmdjdTJEV4iPqkY6hAnKhgPDt9Ao+N0oNxIk0JDWfq74kx4kqNeGQ6OdIDtehNxf+8Tqbji2BMRZppIvB8UZwxqBM4zQH2qCRYs5EhCEtqboV4gCTC2qRlmxD8xZeXSbNa8c8q3l21XDvN4yiCQ3AEToAPzkEN3IA6aAAMHsEzeAVv1pP1Yr1bH/PWgpXPHIA/sD5/ADdGkU0=</latexit>

⌦G =

<latexit sha1_base64="J7qFBdqedme2HQT8aoxWVzJDL7I=">AAAB8XicbVBNS8NAEJ3Urxq/qh69LDaCBylJoeix6sVjBfuBbSib7aZdutmE3Y1QQv+FFw+KePXfePPfuG1z0NYHA4/3ZpiZFyScKe2631ZhbX1jc6u4be/s7u0flA6PWipOJaFNEvNYdgKsKGeCNjXTnHYSSXEUcNoOxrczv/1EpWKxeNCThPoRHgoWMoK1kR4dx76+6TPbcfqlsltx50CrxMtJGXI0+qWv3iAmaUSFJhwr1fXcRPsZlpoRTqd2L1U0wWSMh7RrqMARVX42v3iKzowyQGEsTQmN5urviQxHSk2iwHRGWI/UsjcT//O6qQ6v/IyJJNVUkMWiMOVIx2j2PhowSYnmE0MwkczcisgIS0y0Cck2IXjLL6+SVrXi1SrufbVcv8jjKMIJnMI5eHAJdbiDBjSBgIBneIU3S1kv1rv1sWgtWPnMMfyB9fkDbZqOuQ==</latexit>

ABi

<latexit sha1_base64="eqs13caZKX4DBA8wpKeExzEJ/B0=">AAAB+HicbVDLSsNAFL2prxofjbp0M9gILqQkFdGNUHXjsoJ9QBvCZDpth04ezEyEGvolblwo4tZPceffOG2z0NYDFw7n3Mu99wQJZ1I5zrdRWFldW98obppb2zu7JWtvvynjVBDaIDGPRTvAknIW0YZiitN2IigOA05bweh26rceqZAsjh7UOKFeiAcR6zOClZZ8q2Tb5vWNz9AVcs9M2/atslNxZkDLxM1JGXLUfeur24tJGtJIEY6l7LhOorwMC8UIpxOzm0qaYDLCA9rRNMIhlV42O3yCjrXSQ/1Y6IoUmqm/JzIcSjkOA90ZYjWUi95U/M/rpKp/6WUsSlJFIzJf1E85UjGapoB6TFCi+FgTTATTtyIyxAITpbMydQju4svLpFmtuOcV575arp3mcRThEI7gBFy4gBrcQR0aQCCFZ3iFN+PJeDHejY95a8HIZw7gD4zPH/+vj/0=</latexit>

ABi = 13

<latexit sha1_base64="kRHGjjLIzqxChEj1t0oJRjZ8KrM=">AAAB+nicbVBNS8NAEJ3Urxq/Uj16CTaCBylJQfRY8OKxgv2ANpTNdtsu3eyG3Y2lxP4ULx4U8eov8ea/cdvmoK0PBh7vzTAzL0oYVdr3v63CxubW9k5x197bPzg8ckrHTSVSiUkDCyZkO0KKMMpJQ1PNSDuRBMURI61ofDv3W49EKir4g54mJIzRkNMBxUgbqeeUPM/uSjocaSSlmNie13PKfsVfwF0nQU7KkKPec766fYHTmHCNGVKqE/iJDjMkNcWMzOxuqkiC8BgNScdQjmKiwmxx+sw9N0rfHQhpimt3of6eyFCs1DSOTGeM9EitenPxP6+T6sFNmFGepJpwvFw0SJmrhTvPwe1TSbBmU0MQltTc6uIRkghrk5ZtQghWX14nzWoluKr499Vy7TKPowincAYXEMA11OAO6tAADBN4hld4s56sF+vd+li2Fqx85gT+wPr8AR58koo=</latexit>!

We refer to this type of condition as P1 because it is illegal for positive links and involves only one

of the loops. Another singlet condition is a composite triple cut

(6.35) xABi12y “ xABi23y “ 0 including the Jacobian ,

which localizes ABi “ 12 ` α23, in other words the line ABi passes through vertex 2 and lies in

a plane p123q. In the momentum space this corresponds to a collinear region when ℓ „ p2. The

one-loop Amplituhedron condition fixes the sign of α,

(6.36) xABi14y “ αx1234y ą 0 ÝÑ α ą 0 .

Then for a link xABiABjy we get

(6.37) xABiABjy “ xABj12y ` αxABj23y ą 0 manifestly positive .

If ABi is connected to at least one negative link,

<latexit sha1_base64="vy0iw3SKVZf8gBdK4NN5ikREe2g=">AAAB+nicbVDLSsNAFJ3UV42vVJduBhvBhZSkILoRCi50ZwX7gDaEyXTSDp2ZhJmJUmo/xY0LRdz6Je78G6dtFtp64MLhnHu5954oZVRpz/u2Ciura+sbxU17a3tnd88p7TdVkklMGjhhiWxHSBFGBWloqhlpp5IgHjHSioZXU7/1QKSiibjXo5QEHPUFjSlG2kihU3Jdu3vLSR+F1/AS2q4bOmWv4s0Al4mfkzLIUQ+dr24vwRknQmOGlOr4XqqDMZKaYkYmdjdTJEV4iPqkY6hAnKhgPDt9Ao+N0oNxIk0JDWfq74kx4kqNeGQ6OdIDtehNxf+8Tqbji2BMRZppIvB8UZwxqBM4zQH2qCRYs5EhCEtqboV4gCTC2qRlmxD8xZeXSbNa8c8q3l21XDvN4yiCQ3AEToAPzkEN3IA6aAAMHsEzeAVv1pP1Yr1bH/PWgpXPHIA/sD5/ADdGkU0=</latexit>

⌦G =

<latexit sha1_base64="J7qFBdqedme2HQT8aoxWVzJDL7I=">AAAB8XicbVBNS8NAEJ3Urxq/qh69LDaCBylJoeix6sVjBfuBbSib7aZdutmE3Y1QQv+FFw+KePXfePPfuG1z0NYHA4/3ZpiZFyScKe2631ZhbX1jc6u4be/s7u0flA6PWipOJaFNEvNYdgKsKGeCNjXTnHYSSXEUcNoOxrczv/1EpWKxeNCThPoRHgoWMoK1kR4dx76+6TPbcfqlsltx50CrxMtJGXI0+qWv3iAmaUSFJhwr1fXcRPsZlpoRTqd2L1U0wWSMh7RrqMARVX42v3iKzowyQGEsTQmN5urviQxHSk2iwHRGWI/UsjcT//O6qQ6v/IyJJNVUkMWiMOVIx2j2PhowSYnmE0MwkczcisgIS0y0Cck2IXjLL6+SVrXi1SrufbVcv8jjKMIJnMI5eHAJdbiDBjSBgIBneIU3S1kv1rv1sWgtWPnMMfyB9fkDbZqOuQ==</latexit>

ABi

<latexit sha1_base64="kRHGjjLIzqxChEj1t0oJRjZ8KrM=">AAAB+nicbVBNS8NAEJ3Urxq/Uj16CTaCBylJQfRY8OKxgv2ANpTNdtsu3eyG3Y2lxP4ULx4U8eov8ea/cdvmoK0PBh7vzTAzL0oYVdr3v63CxubW9k5x197bPzg8ckrHTSVSiUkDCyZkO0KKMMpJQ1PNSDuRBMURI61ofDv3W49EKir4g54mJIzRkNMBxUgbqeeUPM/uSjocaSSlmNie13PKfsVfwF0nQU7KkKPec766fYHTmHCNGVKqE/iJDjMkNcWMzOxuqkiC8BgNScdQjmKiwmxx+sw9N0rfHQhpimt3of6eyFCs1DSOTGeM9EitenPxP6+T6sFNmFGepJpwvFw0SJmrhTvPwe1TSbBmU0MQltTc6uIRkghrk5ZtQghWX14nzWoluKr499Vy7TKPowincAYXEMA11OAO6tAADBN4hld4s56sF+vd+li2Fqx85gT+wPr8AR58koo=</latexit>!
<latexit sha1_base64="e7xM9uujPOkq9VsoVOTp6A0fC88=">AAACBXicbVDLSsNAFJ3UV42vqEtdDDaCoJQkIroRqm5cVrAPaEOYTCft0MmDmYlQQjZu/BU3LhRx6z+482+ctllo64ELh3Pu5d57/IRRIS3rWystLC4tr5RX9bX1jc0tY3unKeKUY9LAMYt520eCMBqRhqSSkXbCCQp9Rlr+8Gbstx4IFzSO7uUoIW6I+hENKEZSSZ6xb5r61bVHs8vcdrLjvItYMkDQOdVNE3pGxapaE8B5YhekAgrUPeOr24txGpJIYoaE6NhWIt0McUkxI7neTQVJEB6iPukoGqGQCDebfJHDQ6X0YBBzVZGEE/X3RIZCIUahrzpDJAdi1huL/3mdVAYXbkajJJUkwtNFQcqgjOE4EtijnGDJRoogzKm6FeIB4ghLFZyuQrBnX54nTadqn1WtO6dSOyniKIM9cACOgA3OQQ3cgjpoAAwewTN4BW/ak/aivWsf09aSVszsgj/QPn8An76VYA==</latexit>

ABi=12+↵23

<latexit sha1_base64="s8FwZ+ISVW6L/AZ+rFeSNos4fY8=">AAAB73icbVBNS8NAEJ34WeNX1aOXxUbwICUpiB4LXjxWsB/QhrLZbtqlm924uxFK6J/w4kERr/4db/4bt20O2vpg4PHeDDPzopQzbXz/21lb39jc2i7tuLt7+weH5aPjlpaZIrRJJJeqE2FNORO0aZjhtJMqipOI03Y0vp357SeqNJPiwUxSGiZ4KFjMCDZW6nie67ueh/rlil/150CrJChIBQo0+uWv3kCSLKHCEI617gZ+asIcK8MIp1O3l2maYjLGQ9q1VOCE6jCf3ztF51YZoFgqW8Kgufp7IseJ1pMksp0JNiO97M3E/7xuZuKbMGcizQwVZLEozjgyEs2eRwOmKDF8YgkmitlbERlhhYmxEbk2hGD55VXSqlWDq6p/X6vUL4s4SnAKZ3ABAVxDHe6gAU0gwOEZXuHNeXRenHfnY9G65hQzJ/AHzucPohGNqg==</latexit>

0

If all links are positive the residue is

<latexit sha1_base64="vy0iw3SKVZf8gBdK4NN5ikREe2g=">AAAB+nicbVDLSsNAFJ3UV42vVJduBhvBhZSkILoRCi50ZwX7gDaEyXTSDp2ZhJmJUmo/xY0LRdz6Je78G6dtFtp64MLhnHu5954oZVRpz/u2Ciura+sbxU17a3tnd88p7TdVkklMGjhhiWxHSBFGBWloqhlpp5IgHjHSioZXU7/1QKSiibjXo5QEHPUFjSlG2kihU3Jdu3vLSR+F1/AS2q4bOmWv4s0Al4mfkzLIUQ+dr24vwRknQmOGlOr4XqqDMZKaYkYmdjdTJEV4iPqkY6hAnKhgPDt9Ao+N0oNxIk0JDWfq74kx4kqNeGQ6OdIDtehNxf+8Tqbji2BMRZppIvB8UZwxqBM4zQH2qCRYs5EhCEtqboV4gCTC2qRlmxD8xZeXSbNa8c8q3l21XDvN4yiCQ3AEToAPzkEN3IA6aAAMHsEzeAVv1pP1Yr1bH/PWgpXPHIA/sD5/ADdGkU0=</latexit>

⌦G =
<latexit sha1_base64="J7qFBdqedme2HQT8aoxWVzJDL7I=">AAAB8XicbVBNS8NAEJ3Urxq/qh69LDaCBylJoeix6sVjBfuBbSib7aZdutmE3Y1QQv+FFw+KePXfePPfuG1z0NYHA4/3ZpiZFyScKe2631ZhbX1jc6u4be/s7u0flA6PWipOJaFNEvNYdgKsKGeCNjXTnHYSSXEUcNoOxrczv/1EpWKxeNCThPoRHgoWMoK1kR4dx76+6TPbcfqlsltx50CrxMtJGXI0+qWv3iAmaUSFJhwr1fXcRPsZlpoRTqd2L1U0wWSMh7RrqMARVX42v3iKzowyQGEsTQmN5urviQxHSk2iwHRGWI/UsjcT//O6qQ6v/IyJJNVUkMWiMOVIx2j2PhowSYnmE0MwkczcisgIS0y0Cck2IXjLL6+SVrXi1SrufbVcv8jjKMIJnMI5eHAJdbiDBjSBgIBneIU3S1kv1rv1sWgtWPnMMfyB9fkDbZqOuQ==</latexit>

ABi
<latexit sha1_base64="2MTpU8nMfLwCp6pfDxMTWgqwHr8=">AAACB3icbVBNS8NAEJ3Urxq/oh4FWWwED1KSguix4MVjBVsLTSib7aZduvlgdyOUkJsX/4oXD4p49S9489+4bXPQ1gcDj/dmmJkXpJxJ5TjfRmVldW19o7ppbm3v7O5Z+wcdmWSC0DZJeCK6AZaUs5i2FVOcdlNBcRRweh+Mr6f+/QMVkiXxnZqk1I/wMGYhI1hpqW8d27bphQKT3C1yD/N0hAvkKRZRado26ls1p+7MgJaJW5IalGj1rS9vkJAsorEiHEvZc51U+TkWihFOC9PLJE0xGeMh7WkaY73Iz2d/FOhUKwMUJkJXrNBM/T2R40jKSRTozgirkVz0puJ/Xi9T4ZWfszjNFI3JfFGYcaQSNA0FDZigRPGJJpgIpm9FZIR1KkpHZ+oQ3MWXl0mnUXcv6s5to9Y8L+OowhGcwBm4cAlNuIEWtIHAIzzDK7wZT8aL8W58zFsrRjlzCH9gfP4AWt+XoA==</latexit>

1

↵
⇥

<latexit sha1_base64="e7xM9uujPOkq9VsoVOTp6A0fC88=">AAACBXicbVDLSsNAFJ3UV42vqEtdDDaCoJQkIroRqm5cVrAPaEOYTCft0MmDmYlQQjZu/BU3LhRx6z+482+ctllo64ELh3Pu5d57/IRRIS3rWystLC4tr5RX9bX1jc0tY3unKeKUY9LAMYt520eCMBqRhqSSkXbCCQp9Rlr+8Gbstx4IFzSO7uUoIW6I+hENKEZSSZ6xb5r61bVHs8vcdrLjvItYMkDQOdVNE3pGxapaE8B5YhekAgrUPeOr24txGpJIYoaE6NhWIt0McUkxI7neTQVJEB6iPukoGqGQCDebfJHDQ6X0YBBzVZGEE/X3RIZCIUahrzpDJAdi1huL/3mdVAYXbkajJJUkwtNFQcqgjOE4EtijnGDJRoogzKm6FeIB4ghLFZyuQrBnX54nTadqn1WtO6dSOyniKIM9cACOgA3OQQ3cgjpoAAwewTN4BW/ak/aivWsf09aSVszsgj/QPn8An76VYA==</latexit>

ABi=12+↵23

<latexit sha1_base64="kRHGjjLIzqxChEj1t0oJRjZ8KrM=">AAAB+nicbVBNS8NAEJ3Urxq/Uj16CTaCBylJQfRY8OKxgv2ANpTNdtsu3eyG3Y2lxP4ULx4U8eov8ea/cdvmoK0PBh7vzTAzL0oYVdr3v63CxubW9k5x197bPzg8ckrHTSVSiUkDCyZkO0KKMMpJQ1PNSDuRBMURI61ofDv3W49EKir4g54mJIzRkNMBxUgbqeeUPM/uSjocaSSlmNie13PKfsVfwF0nQU7KkKPec766fYHTmHCNGVKqE/iJDjMkNcWMzOxuqkiC8BgNScdQjmKiwmxx+sw9N0rfHQhpimt3of6eyFCs1DSOTGeM9EitenPxP6+T6sFNmFGepJpwvFw0SJmrhTvPwe1TSbBmU0MQltTc6uIRkghrk5ZtQghWX14nzWoluKr499Vy7TKPowincAYXEMA11OAO6tAADBN4hld4s56sF+vd+li2Fqx85gT+wPr8AR58koo=</latexit>!

The 1{α factor comes from the Jacobian 1{xABi14y which is uncut. We refer to this type of condition

as N1 because it is illegal for negative links and involves only one loop. If the node ABi is connected

through both positive and negative links, then both P1 and N1 are illegal and the canonical form

should vanish on these cuts.
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6.4.2 Doublet conditions

There are also doublet conditions which involve cutting two lines, say pABq and pCDq and

finding a contradiction between the fixed sign of xABCDy and the solution of the cut. In other

words, if we have a positive link xABCDy ą 0 but the cut forces xABCDy ă 0 this cut is illegal,

and vice versa for a negative link xABCDy ă 0 – any cut which forces xABCDy ą 0 is illegal.

Examples of the first type of cuts, which force xABCDy ă 0, are:

(P2a) The cut when AB cuts lines 12 and 34 while CD cuts lines 23 and 14.
(P2b) The cut when AB lies in the plane p123q and CD passes through point 2. This can be

achieved by cutting xAB12y “ xAB23y “ xCD12y “ xCD23y “ 0, this is the same as the

cut used to detect double poles, but now choosing other cut solution.

which can also be easily seen in any parametrization and where we have used the same naming

convention as before. We can see from figures

<latexit sha1_base64="eIxsD24StdpJ/fWMvTD2GWco1ok=">AAAB8XicbVBNS8NAEJ3Urxq/qh69LDaCBylJQfRY8OKxgv2gbSib7aZdutmE3Y1QQv+FFw+KePXfePPfuGlz0NYHA4/3ZpiZFyScKe2631ZpY3Nre6e8a+/tHxweVY5P2ipOJaEtEvNYdgOsKGeCtjTTnHYTSXEUcNoJpne533miUrFYPOpZQv0IjwULGcHaSD3HsXtDz3YcNKxU3Zq7AFonXkGqUKA5rHwNRjFJIyo04Vipvucm2s+w1IxwOrcHqaIJJlM8pn1DBY6o8rPFxXN0YZQRCmNpSmi0UH9PZDhSahYFpjPCeqJWvVz8z+unOrz1MyaSVFNBlovClCMdo/x9NGKSEs1nhmAimbkVkQmWmGgTkm1C8FZfXiftes27rrkP9WrjqoijDGdwDpfgwQ004B6a0AICAp7hFd4sZb1Y79bHsrVkFTOn8AfW5w8KnI54</latexit>

Z1

<latexit sha1_base64="ZS/yQ4s4tBPtISXRFR9W278tia0=">AAAB8XicbVBNS8NAEJ3Urxq/qh69LDaCp5IEih4LXjxWsB+0DWWz3bRLN5uwuxFK6L/w4kERr/4bb/4bt20O2vpg4PHeDDPzwpQzpV332yptbe/s7pX37YPDo+OTyulZWyWZJLRFEp7IbogV5UzQlmaa024qKY5DTjvh9G7hd56oVCwRj3qW0iDGY8EiRrA2Us9x7N7Qtx0HDStVt+YugTaJV5AqFGgOK1+DUUKymApNOFaq77mpDnIsNSOczu1BpmiKyRSPad9QgWOqgnx58RxdGWWEokSaEhot1d8TOY6VmsWh6Yyxnqh1byH+5/UzHd0GORNppqkgq0VRxpFO0OJ9NGKSEs1nhmAimbkVkQmWmGgTkm1C8NZf3iRtv+bVa+6DX234RRxluIBLuAYPbqAB99CEFhAQ8Ayv8GYp68V6tz5WrSWrmDmHP7A+fwAN8o5/</latexit>

Z2 <latexit sha1_base64="/93StPRT/WRdLeQCUmrg4ZEAmxU=">AAAB8XicbVBNS8NAEJ3Urxq/qh69LDaCp5JURI8FLx4r2A/ahrLZbtqlm03Y3Qgl9F948aCIV/+NN/+N2zQHbX0w8Hhvhpl5QcKZ0q77bZU2Nre2d8q79t7+weFR5fikreJUEtoiMY9lN8CKciZoSzPNaTeRFEcBp51gerfwO09UKhaLRz1LqB/hsWAhI1gbqec4dm94ZTsOGlaqbs3NgdaJV5AqFGgOK1+DUUzSiApNOFaq77mJ9jMsNSOczu1BqmiCyRSPad9QgSOq/Cy/eI4ujDJCYSxNCY1y9fdEhiOlZlFgOiOsJ2rVW4j/ef1Uh7d+xkSSairIclGYcqRjtHgfjZikRPOZIZhIZm5FZIIlJtqEZJsQvNWX10m7XvOua+5DvdrwijjKcAbncAke3EAD7qEJLSAg4Ble4c1S1ov1bn0sW0tWMXMKf2B9/gAPLY5/</latexit>

Z3

<latexit sha1_base64="Zz8RnzR6nruDqtIl2S83x5IH3uE=">AAAB8XicbVBNS8NAEJ3Urxq/qh69LDaCp5IURY8FLx4r2A/ahrLZbtqlm03Y3Qgl9F948aCIV/+NN/+N2zQHbX0w8Hhvhpl5QcKZ0q77bZU2Nre2d8q79t7+weFR5fikreJUEtoiMY9lN8CKciZoSzPNaTeRFEcBp51gerfwO09UKhaLRz1LqB/hsWAhI1gbqec4dm94ZTsOGlaqbs3NgdaJV5AqFGgOK1+DUUzSiApNOFaq77mJ9jMsNSOczu1BqmiCyRSPad9QgSOq/Cy/eI4ujDJCYSxNCY1y9fdEhiOlZlFgOiOsJ2rVW4j/ef1Uh7d+xkSSairIclGYcqRjtHgfjZikRPOZIZhIZm5FZIIlJtqEZJsQvNWX10m7XvOua+5DvdrwijjKcAbncAke3EAD7qEJLSAg4Ble4c1S1ov1bn0sW0tWMXMKf2B9/gAQtY6A</latexit>

Z4

<latexit sha1_base64="KzSUjCc9XhnmouXiawVuv4v171o=">AAAB8HicbVBNSwMxEJ2tX3X9qnr0EuwKnspuQfRY9eKxgv2QdinZNNuGJtklyQql9Fd48aCIV3+ON/+NabsHbX0w8Hhvhpl5UcqZNr7/7RTW1jc2t4rb7s7u3v5B6fCoqZNMEdogCU9UO8KaciZpwzDDaTtVFIuI01Y0up35rSeqNEvkgxmnNBR4IFnMCDZWevQ89/rG9TzUK5X9ij8HWiVBTsqQo94rfXX7CckElYZwrHUn8FMTTrAyjHA6dbuZpikmIzygHUslFlSHk/nBU3RmlT6KE2VLGjRXf09MsNB6LCLbKbAZ6mVvJv7ndTITX4UTJtPMUEkWi+KMI5Og2feozxQlho8twUQxeysiQ6wwMTYj14YQLL+8SprVSnBR8e+r5VqQx1GEEziFcwjgEmpwB3VoAAEBz/AKb45yXpx352PRWnDymWP4A+fzB0g+jgw=</latexit>

AB

<latexit sha1_base64="xfeRjtpbjMjCc5JviqZJ1bAV5no=">AAAB8HicbVBNSwMxEJ2tX3X9qnr0EuwKnspuQfRYqAePFeyHtEvJptk2NMkuSVYopb/CiwdFvPpzvPlvTNs9aOuDgcd7M8zMi1LOtPH9b6ewsbm1vVPcdff2Dw6PSscnLZ1kitAmSXiiOhHWlDNJm4YZTjupolhEnLajcX3ut5+o0iyRD2aS0lDgoWQxI9hY6dHz3Pqt63moXyr7FX8BtE6CnJQhR6Nf+uoNEpIJKg3hWOtu4KcmnGJlGOF05vYyTVNMxnhIu5ZKLKgOp4uDZ+jCKgMUJ8qWNGih/p6YYqH1RES2U2Az0qveXPzP62YmvgmnTKaZoZIsF8UZRyZB8+/RgClKDJ9Ygoli9lZERlhhYmxGrg0hWH15nbSqleCq4t9Xy7Ugj6MIZ3AOlxDANdTgDhrQBAICnuEV3hzlvDjvzseyteDkM6fwB87nD05gjhA=</latexit>

CD

<latexit sha1_base64="eIxsD24StdpJ/fWMvTD2GWco1ok=">AAAB8XicbVBNS8NAEJ3Urxq/qh69LDaCBylJQfRY8OKxgv2gbSib7aZdutmE3Y1QQv+FFw+KePXfePPfuGlz0NYHA4/3ZpiZFyScKe2631ZpY3Nre6e8a+/tHxweVY5P2ipOJaEtEvNYdgOsKGeCtjTTnHYTSXEUcNoJpne533miUrFYPOpZQv0IjwULGcHaSD3HsXtDz3YcNKxU3Zq7AFonXkGqUKA5rHwNRjFJIyo04Vipvucm2s+w1IxwOrcHqaIJJlM8pn1DBY6o8rPFxXN0YZQRCmNpSmi0UH9PZDhSahYFpjPCeqJWvVz8z+unOrz1MyaSVFNBlovClCMdo/x9NGKSEs1nhmAimbkVkQmWmGgTkm1C8FZfXiftes27rrkP9WrjqoijDGdwDpfgwQ004B6a0AICAp7hFd4sZb1Y79bHsrVkFTOn8AfW5w8KnI54</latexit>

Z1

<latexit sha1_base64="ZS/yQ4s4tBPtISXRFR9W278tia0=">AAAB8XicbVBNS8NAEJ3Urxq/qh69LDaCp5IEih4LXjxWsB+0DWWz3bRLN5uwuxFK6L/w4kERr/4bb/4bt20O2vpg4PHeDDPzwpQzpV332yptbe/s7pX37YPDo+OTyulZWyWZJLRFEp7IbogV5UzQlmaa024qKY5DTjvh9G7hd56oVCwRj3qW0iDGY8EiRrA2Us9x7N7Qtx0HDStVt+YugTaJV5AqFGgOK1+DUUKymApNOFaq77mpDnIsNSOczu1BpmiKyRSPad9QgWOqgnx58RxdGWWEokSaEhot1d8TOY6VmsWh6Yyxnqh1byH+5/UzHd0GORNppqkgq0VRxpFO0OJ9NGKSEs1nhmAimbkVkQmWmGgTkm1C8NZf3iRtv+bVa+6DX234RRxluIBLuAYPbqAB99CEFhAQ8Ayv8GYp68V6tz5WrSWrmDmHP7A+fwAN8o5/</latexit>

Z2
<latexit sha1_base64="/93StPRT/WRdLeQCUmrg4ZEAmxU=">AAAB8XicbVBNS8NAEJ3Urxq/qh69LDaCp5JURI8FLx4r2A/ahrLZbtqlm03Y3Qgl9F948aCIV/+NN/+N2zQHbX0w8Hhvhpl5QcKZ0q77bZU2Nre2d8q79t7+weFR5fikreJUEtoiMY9lN8CKciZoSzPNaTeRFEcBp51gerfwO09UKhaLRz1LqB/hsWAhI1gbqec4dm94ZTsOGlaqbs3NgdaJV5AqFGgOK1+DUUzSiApNOFaq77mJ9jMsNSOczu1BqmiCyRSPad9QgSOq/Cy/eI4ujDJCYSxNCY1y9fdEhiOlZlFgOiOsJ2rVW4j/ef1Uh7d+xkSSairIclGYcqRjtHgfjZikRPOZIZhIZm5FZIIlJtqEZJsQvNWX10m7XvOua+5DvdrwijjKcAbncAke3EAD7qEJLSAg4Ble4c1S1ov1bn0sW0tWMXMKf2B9/gAPLY5/</latexit>

Z3

<latexit sha1_base64="Zz8RnzR6nruDqtIl2S83x5IH3uE=">AAAB8XicbVBNS8NAEJ3Urxq/qh69LDaCp5IURY8FLx4r2A/ahrLZbtqlm03Y3Qgl9F948aCIV/+NN/+N2zQHbX0w8Hhvhpl5QcKZ0q77bZU2Nre2d8q79t7+weFR5fikreJUEtoiMY9lN8CKciZoSzPNaTeRFEcBp51gerfwO09UKhaLRz1LqB/hsWAhI1gbqec4dm94ZTsOGlaqbs3NgdaJV5AqFGgOK1+DUUzSiApNOFaq77mJ9jMsNSOczu1BqmiCyRSPad9QgSOq/Cy/eI4ujDJCYSxNCY1y9fdEhiOlZlFgOiOsJ2rVW4j/ef1Uh7d+xkSSairIclGYcqRjtHgfjZikRPOZIZhIZm5FZIIlJtqEZJsQvNWX10m7XvOua+5DvdrwijjKcAbncAke3EAD7qEJLSAg4Ble4c1S1ov1bn0sW0tWMXMKf2B9/gAQtY6A</latexit>

Z4

<latexit sha1_base64="KzSUjCc9XhnmouXiawVuv4v171o=">AAAB8HicbVBNSwMxEJ2tX3X9qnr0EuwKnspuQfRY9eKxgv2QdinZNNuGJtklyQql9Fd48aCIV3+ON/+NabsHbX0w8Hhvhpl5UcqZNr7/7RTW1jc2t4rb7s7u3v5B6fCoqZNMEdogCU9UO8KaciZpwzDDaTtVFIuI01Y0up35rSeqNEvkgxmnNBR4IFnMCDZWevQ89/rG9TzUK5X9ij8HWiVBTsqQo94rfXX7CckElYZwrHUn8FMTTrAyjHA6dbuZpikmIzygHUslFlSHk/nBU3RmlT6KE2VLGjRXf09MsNB6LCLbKbAZ6mVvJv7ndTITX4UTJtPMUEkWi+KMI5Og2feozxQlho8twUQxeysiQ6wwMTYj14YQLL+8SprVSnBR8e+r5VqQx1GEEziFcwjgEmpwB3VoAAEBz/AKb45yXpx352PRWnDymWP4A+fzB0g+jgw=</latexit>

AB

<latexit sha1_base64="xfeRjtpbjMjCc5JviqZJ1bAV5no=">AAAB8HicbVBNSwMxEJ2tX3X9qnr0EuwKnspuQfRYqAePFeyHtEvJptk2NMkuSVYopb/CiwdFvPpzvPlvTNs9aOuDgcd7M8zMi1LOtPH9b6ewsbm1vVPcdff2Dw6PSscnLZ1kitAmSXiiOhHWlDNJm4YZTjupolhEnLajcX3ut5+o0iyRD2aS0lDgoWQxI9hY6dHz3Pqt63moXyr7FX8BtE6CnJQhR6Nf+uoNEpIJKg3hWOtu4KcmnGJlGOF05vYyTVNMxnhIu5ZKLKgOp4uDZ+jCKgMUJ8qWNGih/p6YYqH1RES2U2Az0qveXPzP62YmvgmnTKaZoZIsF8UZRyZB8+/RgClKDJ9Ygoli9lZERlhhYmxGrg0hWH15nbSqleCq4t9Xy7Ugj6MIZ3AOlxDANdTgDhrQBAICnuEV3hzlvDjvzseyteDkM6fwB87nD05gjhA=</latexit>

CD

that both these cuts violate “two-loop planarity” and they are not present in any planar diagrams

(the loop lines ‘cross each other’). This makes sense because the L “ 2 space with xABCDy ą 0

corresponds to a planar two-loop amplitude. There are also the type of cuts which are incompatible

with a negative link, ie. force xABCDy ą 0,

(N2a) The cut whenAB passes through 1 and CD passes through 3. To arrive at this configuration

we have to cut xAB14y “ xAB12y “ xCD23y “ xCD34y “ 0 and choose an appropriate

solution.
(N2b) Cutting the same propagators but choosing a different solution when AB is in the plane

p412q and CD is in the plane p234q we again arrive at the illegal configuration.
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<latexit sha1_base64="eIxsD24StdpJ/fWMvTD2GWco1ok=">AAAB8XicbVBNS8NAEJ3Urxq/qh69LDaCBylJQfRY8OKxgv2gbSib7aZdutmE3Y1QQv+FFw+KePXfePPfuGlz0NYHA4/3ZpiZFyScKe2631ZpY3Nre6e8a+/tHxweVY5P2ipOJaEtEvNYdgOsKGeCtjTTnHYTSXEUcNoJpne533miUrFYPOpZQv0IjwULGcHaSD3HsXtDz3YcNKxU3Zq7AFonXkGqUKA5rHwNRjFJIyo04Vipvucm2s+w1IxwOrcHqaIJJlM8pn1DBY6o8rPFxXN0YZQRCmNpSmi0UH9PZDhSahYFpjPCeqJWvVz8z+unOrz1MyaSVFNBlovClCMdo/x9NGKSEs1nhmAimbkVkQmWmGgTkm1C8FZfXiftes27rrkP9WrjqoijDGdwDpfgwQ004B6a0AICAp7hFd4sZb1Y79bHsrVkFTOn8AfW5w8KnI54</latexit>

Z1

<latexit sha1_base64="ZS/yQ4s4tBPtISXRFR9W278tia0=">AAAB8XicbVBNS8NAEJ3Urxq/qh69LDaCp5IEih4LXjxWsB+0DWWz3bRLN5uwuxFK6L/w4kERr/4bb/4bt20O2vpg4PHeDDPzwpQzpV332yptbe/s7pX37YPDo+OTyulZWyWZJLRFEp7IbogV5UzQlmaa024qKY5DTjvh9G7hd56oVCwRj3qW0iDGY8EiRrA2Us9x7N7Qtx0HDStVt+YugTaJV5AqFGgOK1+DUUKymApNOFaq77mpDnIsNSOczu1BpmiKyRSPad9QgWOqgnx58RxdGWWEokSaEhot1d8TOY6VmsWh6Yyxnqh1byH+5/UzHd0GORNppqkgq0VRxpFO0OJ9NGKSEs1nhmAimbkVkQmWmGgTkm1C8NZf3iRtv+bVa+6DX234RRxluIBLuAYPbqAB99CEFhAQ8Ayv8GYp68V6tz5WrSWrmDmHP7A+fwAN8o5/</latexit>

Z2 <latexit sha1_base64="/93StPRT/WRdLeQCUmrg4ZEAmxU=">AAAB8XicbVBNS8NAEJ3Urxq/qh69LDaCp5JURI8FLx4r2A/ahrLZbtqlm03Y3Qgl9F948aCIV/+NN/+N2zQHbX0w8Hhvhpl5QcKZ0q77bZU2Nre2d8q79t7+weFR5fikreJUEtoiMY9lN8CKciZoSzPNaTeRFEcBp51gerfwO09UKhaLRz1LqB/hsWAhI1gbqec4dm94ZTsOGlaqbs3NgdaJV5AqFGgOK1+DUUzSiApNOFaq77mJ9jMsNSOczu1BqmiCyRSPad9QgSOq/Cy/eI4ujDJCYSxNCY1y9fdEhiOlZlFgOiOsJ2rVW4j/ef1Uh7d+xkSSairIclGYcqRjtHgfjZikRPOZIZhIZm5FZIIlJtqEZJsQvNWX10m7XvOua+5DvdrwijjKcAbncAke3EAD7qEJLSAg4Ble4c1S1ov1bn0sW0tWMXMKf2B9/gAPLY5/</latexit>

Z3

<latexit sha1_base64="Zz8RnzR6nruDqtIl2S83x5IH3uE=">AAAB8XicbVBNS8NAEJ3Urxq/qh69LDaCp5IURY8FLx4r2A/ahrLZbtqlm03Y3Qgl9F948aCIV/+NN/+N2zQHbX0w8Hhvhpl5QcKZ0q77bZU2Nre2d8q79t7+weFR5fikreJUEtoiMY9lN8CKciZoSzPNaTeRFEcBp51gerfwO09UKhaLRz1LqB/hsWAhI1gbqec4dm94ZTsOGlaqbs3NgdaJV5AqFGgOK1+DUUzSiApNOFaq77mJ9jMsNSOczu1BqmiCyRSPad9QgSOq/Cy/eI4ujDJCYSxNCY1y9fdEhiOlZlFgOiOsJ2rVW4j/ef1Uh7d+xkSSairIclGYcqRjtHgfjZikRPOZIZhIZm5FZIIlJtqEZJsQvNWX10m7XvOua+5DvdrwijjKcAbncAke3EAD7qEJLSAg4Ble4c1S1ov1bn0sW0tWMXMKf2B9/gAQtY6A</latexit>

Z4

<latexit sha1_base64="KzSUjCc9XhnmouXiawVuv4v171o=">AAAB8HicbVBNSwMxEJ2tX3X9qnr0EuwKnspuQfRY9eKxgv2QdinZNNuGJtklyQql9Fd48aCIV3+ON/+NabsHbX0w8Hhvhpl5UcqZNr7/7RTW1jc2t4rb7s7u3v5B6fCoqZNMEdogCU9UO8KaciZpwzDDaTtVFIuI01Y0up35rSeqNEvkgxmnNBR4IFnMCDZWevQ89/rG9TzUK5X9ij8HWiVBTsqQo94rfXX7CckElYZwrHUn8FMTTrAyjHA6dbuZpikmIzygHUslFlSHk/nBU3RmlT6KE2VLGjRXf09MsNB6LCLbKbAZ6mVvJv7ndTITX4UTJtPMUEkWi+KMI5Og2feozxQlho8twUQxeysiQ6wwMTYj14YQLL+8SprVSnBR8e+r5VqQx1GEEziFcwjgEmpwB3VoAAEBz/AKb45yXpx352PRWnDymWP4A+fzB0g+jgw=</latexit>

AB

<latexit sha1_base64="xfeRjtpbjMjCc5JviqZJ1bAV5no=">AAAB8HicbVBNSwMxEJ2tX3X9qnr0EuwKnspuQfRYqAePFeyHtEvJptk2NMkuSVYopb/CiwdFvPpzvPlvTNs9aOuDgcd7M8zMi1LOtPH9b6ewsbm1vVPcdff2Dw6PSscnLZ1kitAmSXiiOhHWlDNJm4YZTjupolhEnLajcX3ut5+o0iyRD2aS0lDgoWQxI9hY6dHz3Pqt63moXyr7FX8BtE6CnJQhR6Nf+uoNEpIJKg3hWOtu4KcmnGJlGOF05vYyTVNMxnhIu5ZKLKgOp4uDZ+jCKgMUJ8qWNGih/p6YYqH1RES2U2Az0qveXPzP62YmvgmnTKaZoZIsF8UZRyZB8+/RgClKDJ9Ygoli9lZERlhhYmxGrg0hWH15nbSqleCq4t9Xy7Ugj6MIZ3AOlxDANdTgDhrQBAICnuEV3hzlvDjvzseyteDkM6fwB87nD05gjhA=</latexit>

CD

<latexit sha1_base64="eIxsD24StdpJ/fWMvTD2GWco1ok=">AAAB8XicbVBNS8NAEJ3Urxq/qh69LDaCBylJQfRY8OKxgv2gbSib7aZdutmE3Y1QQv+FFw+KePXfePPfuGlz0NYHA4/3ZpiZFyScKe2631ZpY3Nre6e8a+/tHxweVY5P2ipOJaEtEvNYdgOsKGeCtjTTnHYTSXEUcNoJpne533miUrFYPOpZQv0IjwULGcHaSD3HsXtDz3YcNKxU3Zq7AFonXkGqUKA5rHwNRjFJIyo04Vipvucm2s+w1IxwOrcHqaIJJlM8pn1DBY6o8rPFxXN0YZQRCmNpSmi0UH9PZDhSahYFpjPCeqJWvVz8z+unOrz1MyaSVFNBlovClCMdo/x9NGKSEs1nhmAimbkVkQmWmGgTkm1C8FZfXiftes27rrkP9WrjqoijDGdwDpfgwQ004B6a0AICAp7hFd4sZb1Y79bHsrVkFTOn8AfW5w8KnI54</latexit>

Z1

<latexit sha1_base64="ZS/yQ4s4tBPtISXRFR9W278tia0=">AAAB8XicbVBNS8NAEJ3Urxq/qh69LDaCp5IEih4LXjxWsB+0DWWz3bRLN5uwuxFK6L/w4kERr/4bb/4bt20O2vpg4PHeDDPzwpQzpV332yptbe/s7pX37YPDo+OTyulZWyWZJLRFEp7IbogV5UzQlmaa024qKY5DTjvh9G7hd56oVCwRj3qW0iDGY8EiRrA2Us9x7N7Qtx0HDStVt+YugTaJV5AqFGgOK1+DUUKymApNOFaq77mpDnIsNSOczu1BpmiKyRSPad9QgWOqgnx58RxdGWWEokSaEhot1d8TOY6VmsWh6Yyxnqh1byH+5/UzHd0GORNppqkgq0VRxpFO0OJ9NGKSEs1nhmAimbkVkQmWmGgTkm1C8NZf3iRtv+bVa+6DX234RRxluIBLuAYPbqAB99CEFhAQ8Ayv8GYp68V6tz5WrSWrmDmHP7A+fwAN8o5/</latexit>

Z2
<latexit sha1_base64="/93StPRT/WRdLeQCUmrg4ZEAmxU=">AAAB8XicbVBNS8NAEJ3Urxq/qh69LDaCp5JURI8FLx4r2A/ahrLZbtqlm03Y3Qgl9F948aCIV/+NN/+N2zQHbX0w8Hhvhpl5QcKZ0q77bZU2Nre2d8q79t7+weFR5fikreJUEtoiMY9lN8CKciZoSzPNaTeRFEcBp51gerfwO09UKhaLRz1LqB/hsWAhI1gbqec4dm94ZTsOGlaqbs3NgdaJV5AqFGgOK1+DUUzSiApNOFaq77mJ9jMsNSOczu1BqmiCyRSPad9QgSOq/Cy/eI4ujDJCYSxNCY1y9fdEhiOlZlFgOiOsJ2rVW4j/ef1Uh7d+xkSSairIclGYcqRjtHgfjZikRPOZIZhIZm5FZIIlJtqEZJsQvNWX10m7XvOua+5DvdrwijjKcAbncAke3EAD7qEJLSAg4Ble4c1S1ov1bn0sW0tWMXMKf2B9/gAPLY5/</latexit>

Z3

<latexit sha1_base64="Zz8RnzR6nruDqtIl2S83x5IH3uE=">AAAB8XicbVBNS8NAEJ3Urxq/qh69LDaCp5IURY8FLx4r2A/ahrLZbtqlm03Y3Qgl9F948aCIV/+NN/+N2zQHbX0w8Hhvhpl5QcKZ0q77bZU2Nre2d8q79t7+weFR5fikreJUEtoiMY9lN8CKciZoSzPNaTeRFEcBp51gerfwO09UKhaLRz1LqB/hsWAhI1gbqec4dm94ZTsOGlaqbs3NgdaJV5AqFGgOK1+DUUzSiApNOFaq77mJ9jMsNSOczu1BqmiCyRSPad9QgSOq/Cy/eI4ujDJCYSxNCY1y9fdEhiOlZlFgOiOsJ2rVW4j/ef1Uh7d+xkSSairIclGYcqRjtHgfjZikRPOZIZhIZm5FZIIlJtqEZJsQvNWX10m7XvOua+5DvdrwijjKcAbncAke3EAD7qEJLSAg4Ble4c1S1ov1bn0sW0tWMXMKf2B9/gAQtY6A</latexit>

Z4

<latexit sha1_base64="KzSUjCc9XhnmouXiawVuv4v171o=">AAAB8HicbVBNSwMxEJ2tX3X9qnr0EuwKnspuQfRY9eKxgv2QdinZNNuGJtklyQql9Fd48aCIV3+ON/+NabsHbX0w8Hhvhpl5UcqZNr7/7RTW1jc2t4rb7s7u3v5B6fCoqZNMEdogCU9UO8KaciZpwzDDaTtVFIuI01Y0up35rSeqNEvkgxmnNBR4IFnMCDZWevQ89/rG9TzUK5X9ij8HWiVBTsqQo94rfXX7CckElYZwrHUn8FMTTrAyjHA6dbuZpikmIzygHUslFlSHk/nBU3RmlT6KE2VLGjRXf09MsNB6LCLbKbAZ6mVvJv7ndTITX4UTJtPMUEkWi+KMI5Og2feozxQlho8twUQxeysiQ6wwMTYj14YQLL+8SprVSnBR8e+r5VqQx1GEEziFcwjgEmpwB3VoAAEBz/AKb45yXpx352PRWnDymWP4A+fzB0g+jgw=</latexit>

AB

<latexit sha1_base64="xfeRjtpbjMjCc5JviqZJ1bAV5no=">AAAB8HicbVBNSwMxEJ2tX3X9qnr0EuwKnspuQfRYqAePFeyHtEvJptk2NMkuSVYopb/CiwdFvPpzvPlvTNs9aOuDgcd7M8zMi1LOtPH9b6ewsbm1vVPcdff2Dw6PSscnLZ1kitAmSXiiOhHWlDNJm4YZTjupolhEnLajcX3ut5+o0iyRD2aS0lDgoWQxI9hY6dHz3Pqt63moXyr7FX8BtE6CnJQhR6Nf+uoNEpIJKg3hWOtu4KcmnGJlGOF05vYyTVNMxnhIu5ZKLKgOp4uDZ+jCKgMUJ8qWNGih/p6YYqH1RES2U2Az0qveXPzP62YmvgmnTKaZoZIsF8UZRyZB8+/RgClKDJ9Ygoli9lZERlhhYmxGrg0hWH15nbSqleCq4t9Xy7Ugj6MIZ3AOlxDANdTgDhrQBAICnuEV3hzlvDjvzseyteDkM6fwB87nD05gjhA=</latexit>

CD

Here we have less intuition of what this means from a physics perspective, but they are nevertheless

illegal for the xABCDy ă 0 space, which for L “ 2 is rΩ2, ie. the two-loop logarithm of the

amplitude.

In principle, there are also doublet conditions where we cut certain loops AB and CD but it

is the inequalities with another loop EF – xABEF y, xCDEF y which are violated. These cuts do

exist in higher-cycle geometries, but they are harder to identify and we will not need them for our

discussion here.

6.4.3 Tree numerator and double pole

It is easy to see that for an arbitrary graph, the factorized numerator (6.29) satisfies all singlet

and doublet conditions,

(6.38) N tree
G “ x1234yL`1 ˆ

ź

pos links

N
p`q

ij ˆ
ź

neg links

N
p´q

ij .

We refer to it as the tree numerator, as it gives the correct expression for all tree graphs. The

numerator N tree
G is not correct for a general graph (which contains closed cycles) for one simple

reason – it fails to satisfy an important consistency condition: logarithmic singularities of the

canonical form. To see this explicitly, let us consider a simplest positive geometry with one closed

cycle,

<latexit sha1_base64="KTPV2tB7WA6r1y4VHHY/+J047Cc=">AAAB8HicbVBNS8NAEJ3Urxq/qh69LDaCp5AURI9VLx4r2A9pQ9lsN+3SzSbsboQS+iu8eFDEqz/Hm//GbZuDtj4YeLw3w8y8MOVMac/7tkpr6xubW+Vte2d3b/+gcnjUUkkmCW2ShCeyE2JFORO0qZnmtJNKiuOQ03Y4vp357ScqFUvEg56kNIjxULCIEayN9Og49vWN7TioX6l6rjcHWiV+QapQoNGvfPUGCcliKjThWKmu76U6yLHUjHA6tXuZoikmYzykXUMFjqkK8vnBU3RmlAGKEmlKaDRXf0/kOFZqEoemM8Z6pJa9mfif1810dBXkTKSZpoIsFkUZRzpBs+/RgElKNJ8Ygolk5lZERlhiok1GtgnBX355lbRqrn/heve1at0t4ijDCZzCOfhwCXW4gwY0gUAMz/AKb5a0Xqx362PRWrKKmWP4A+vzB0dXjgk=</latexit>

AB
<latexit sha1_base64="5y9K/HN7vlPYSSNE3Vm7fGCuKoA=">AAAB8HicbVBNS8NAEJ3Urxq/qh69LDaCp5AURI+FevBYwX5IG8pmu2mX7iZhdyOU0F/hxYMiXv053vw3btsctPXBwOO9GWbmhSlnSnvet1Xa2Nza3inv2nv7B4dHleOTtkoySWiLJDyR3RAryllMW5ppTruppFiEnHbCSWPud56oVCyJH/Q0pYHAo5hFjGBtpEfHsRu3tuOgQaXqud4CaJ34BalCgeag8tUfJiQTNNaEY6V6vpfqIMdSM8LpzO5niqaYTPCI9gyNsaAqyBcHz9CFUYYoSqSpWKOF+nsix0KpqQhNp8B6rFa9ufif18t0dBPkLE4zTWOyXBRlHOkEzb9HQyYp0XxqCCaSmVsRGWOJiTYZ2SYEf/XlddKuuf6V693XqnW3iKMMZ3AOl+DDNdThDprQAgICnuEV3ixpvVjv1seytWQVM6fwB9bnD015jg0=</latexit>

CD

<latexit sha1_base64="Zq8nyjiOIMxiwJn1vUnTfE/crNY=">AAAB8HicbVBNS8NAEJ3Urxq/qh69LDaCp5AURI8FUTxWsB/ShrLZbtqlm03Y3Qgl9Fd48aCIV3+ON/+N2zYHbX0w8Hhvhpl5YcqZ0p73bZXW1jc2t8rb9s7u3v5B5fCopZJMEtokCU9kJ8SKciZoUzPNaSeVFMchp+1wfD3z209UKpaIBz1JaRDjoWARI1gb6dFx7Jtb23FQv1L1XG8OtEr8glShQKNf+eoNEpLFVGjCsVJd30t1kGOpGeF0avcyRVNMxnhIu4YKHFMV5PODp+jMKAMUJdKU0Giu/p7IcazUJA5NZ4z1SC17M/E/r5vp6CrImUgzTQVZLIoyjnSCZt+jAZOUaD4xBBPJzK2IjLDERJuMbBOCv/zyKmnVXP/C9e5r1bpbxFGGEziFc/DhEupwBw1oAoEYnuEV3ixpvVjv1seitWQVM8fwB9bnD1ObjhE=</latexit>

EF
<latexit sha1_base64="wVh/hwoKNnDkZOSsnvUH4sxx6Wg="></latexit>

N tree
G = N

(+)
12 N

(+)
23 N

(+)
13

where though we chose all links to be positive, the signs are in fact irrelevant. We perform a cut

when all three lines AB, CD and EF cut the line p12q and in addition AB intersects CD,

(6.39) xAB12y “ xCD12y “ xEF12y “ xABCDy “ 0 .
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To see the momentum twistor geometry of the solution to this cut we first let all three lines intersect

line p12q, and then let the lines AB and CD intersect each other on p12q. This merges their

intersection points and we can label them as A “ C,
<latexit sha1_base64="eIxsD24StdpJ/fWMvTD2GWco1ok=">AAAB8XicbVBNS8NAEJ3Urxq/qh69LDaCBylJQfRY8OKxgv2gbSib7aZdutmE3Y1QQv+FFw+KePXfePPfuGlz0NYHA4/3ZpiZFyScKe2631ZpY3Nre6e8a+/tHxweVY5P2ipOJaEtEvNYdgOsKGeCtjTTnHYTSXEUcNoJpne533miUrFYPOpZQv0IjwULGcHaSD3HsXtDz3YcNKxU3Zq7AFonXkGqUKA5rHwNRjFJIyo04Vipvucm2s+w1IxwOrcHqaIJJlM8pn1DBY6o8rPFxXN0YZQRCmNpSmi0UH9PZDhSahYFpjPCeqJWvVz8z+unOrz1MyaSVFNBlovClCMdo/x9NGKSEs1nhmAimbkVkQmWmGgTkm1C8FZfXiftes27rrkP9WrjqoijDGdwDpfgwQ004B6a0AICAp7hFd4sZb1Y79bHsrVkFTOn8AfW5w8KnI54</latexit>

Z1 <latexit sha1_base64="ZS/yQ4s4tBPtISXRFR9W278tia0=">AAAB8XicbVBNS8NAEJ3Urxq/qh69LDaCp5IEih4LXjxWsB+0DWWz3bRLN5uwuxFK6L/w4kERr/4bb/4bt20O2vpg4PHeDDPzwpQzpV332yptbe/s7pX37YPDo+OTyulZWyWZJLRFEp7IbogV5UzQlmaa024qKY5DTjvh9G7hd56oVCwRj3qW0iDGY8EiRrA2Us9x7N7Qtx0HDStVt+YugTaJV5AqFGgOK1+DUUKymApNOFaq77mpDnIsNSOczu1BpmiKyRSPad9QgWOqgnx58RxdGWWEokSaEhot1d8TOY6VmsWh6Yyxnqh1byH+5/UzHd0GORNppqkgq0VRxpFO0OJ9NGKSEs1nhmAimbkVkQmWmGgTkm1C8NZf3iRtv+bVa+6DX234RRxluIBLuAYPbqAB99CEFhAQ8Ayv8GYp68V6tz5WrSWrmDmHP7A+fwAN8o5/</latexit>

Z2

<latexit sha1_base64="vH6jAUICpH3kvFq7ZX6I74OBpvQ=">AAAB73icbVBNS8NAEJ3Urxq/qh69LDaCp5AURI8VLx4r2A9oQ9lsN+3SzSbd3Qgl9E948aCIV/+ON/+N2zYHbX0w8Hhvhpl5YcqZ0p73bZU2Nre2d8q79t7+weFR5fikpZJMEtokCU9kJ8SKciZoUzPNaSeVFMchp+1wfDf3209UKpaIRz1NaRDjoWARI1gbqeM49q3tOKhfqXqutwBaJ35BqlCg0a989QYJyWIqNOFYqa7vpTrIsdSMcDqze5miKSZjPKRdQwWOqQryxb0zdGGUAYoSaUpotFB/T+Q4Vmoah6YzxnqkVr25+J/XzXR0E+RMpJmmgiwXRRlHOkHz59GASUo0nxqCiWTmVkRGWGKiTUS2CcFffXmdtGquf+V6D7Vq3S3iKMMZnMMl+HANdbiHBjSBAIdneIU3a2K9WO/Wx7K1ZBUzp/AH1ucPvLONvQ==</latexit>

A

<latexit sha1_base64="lJRbNBGiBbzDMBM9O4ahHBOadHk=">AAAB73icbVBNS8NAEJ34WeNX1aOXxUbwVJKC6LHoxWMF+wFtKJvtpl26u4m7G6GE/gkvHhTx6t/x5r9x2+agrQ8GHu/NMDMvSjnTxve/nbX1jc2t7dKOu7u3f3BYPjpu6SRThDZJwhPVibCmnEnaNMxw2kkVxSLitB2Nb2d++4kqzRL5YCYpDQUeShYzgo2VOp7n3rieh/rlil/150CrJChIBQo0+uWv3iAhmaDSEI617gZ+asIcK8MIp1O3l2maYjLGQ9q1VGJBdZjP752ic6sMUJwoW9Kgufp7IsdC64mIbKfAZqSXvZn4n9fNTHwd5kymmaGSLBbFGUcmQbPn0YApSgyfWIKJYvZWREZYYWJsRK4NIVh+eZW0atXgsurf1yp1v4ijBKdwBhcQwBXU4Q4a0AQCHJ7hFd6cR+fFeXc+Fq1rTjFzAn/gfP4AvtWNwA==</latexit>

B

<latexit sha1_base64="Xu32VHHN4b3Fy5L9rXUt6rlgw4k=">AAAB73icbVBNS8NAEJ31s8avqkcvi43gqSQF0WOhF48V7Ae0oWy2m3bpZhN3N0IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZemAqujed9o43Nre2d3dKes39weHRcPjlt6yRTlLVoIhLVDYlmgkvWMtwI1k0VI3EoWCecNOZ+54kpzRP5YKYpC2IykjzilBgrdV3XaTiuiwflilf1FsDrxC9IBQo0B+Wv/jChWcykoYJo3fO91AQ5UYZTwWZOP9MsJXRCRqxnqSQx00G+uHeGL60yxFGibEmDF+rviZzEWk/j0HbGxIz1qjcX//N6mYlug5zLNDNM0uWiKBPYJHj+PB5yxagRU0sIVdzeiumYKEKNjcixIfirL6+Tdq3qX1e9+1ql7hVxlOAcLuAKfLiBOtxBE1pAQcAzvMIbekQv6B19LFs3UDFzBn+APn8AwF2NwQ==</latexit>

C

<latexit sha1_base64="f07d7QSvPspp2oV6idiWT35P76A=">AAAB73icbVBNS8NAEJ34WeNX1aOXxUbwVJKC6LGgB48V7Ae0oWy2m3bp7ibuboQS+ie8eFDEq3/Hm//GbZuDtj4YeLw3w8y8KOVMG9//dtbWNza3tks77u7e/sFh+ei4pZNMEdokCU9UJ8KaciZp0zDDaSdVFIuI03Y0vpn57SeqNEvkg5mkNBR4KFnMCDZW6niee+t6HuqXK37VnwOtkqAgFSjQ6Je/eoOEZIJKQzjWuhv4qQlzrAwjnE7dXqZpiskYD2nXUokF1WE+v3eKzq0yQHGibEmD5urviRwLrScisp0Cm5Fe9mbif143M/F1mDOZZoZKslgUZxyZBM2eRwOmKDF8YgkmitlbERlhhYmxEbk2hGD55VXSqlWDy6p/X6vU/SKOEpzCGVxAAFdQhztoQBMIcHiGV3hzHp0X5935WLSuOcXMCfyB8/kDweWNwg==</latexit>

D

<latexit sha1_base64="OZb3TLyYKN1B3+vvdVbe3c77iQk=">AAAB73icbVBNS8NAEJ34WeNX1aOXxUbwVJKC6LEggscK9gPaUDbbTbt0dxN3N0IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZelHKmje9/O2vrG5tb26Udd3dv/+CwfHTc0kmmCG2ShCeqE2FNOZO0aZjhtJMqikXEaTsa38z89hNVmiXywUxSGgo8lCxmBBsrdTzPvXU9D/XLFb/qz4FWSVCQChRo9MtfvUFCMkGlIRxr3Q381IQ5VoYRTqduL9M0xWSMh7RrqcSC6jCf3ztF51YZoDhRtqRBc/X3RI6F1hMR2U6BzUgvezPxP6+bmfg6zJlMM0MlWSyKM45MgmbPowFTlBg+sQQTxeytiIywwsTYiFwbQrD88ipp1arBZdW/r1XqfhFHCU7hDC4ggCuowx00oAkEODzDK7w5j86L8+58LFrXnGLmBP7A+fwBw22Nww==</latexit>

E

<latexit sha1_base64="4aDwXEEa5jNNXFBDJgeF6meiSAE=">AAAB73icbVBNS8NAEJ34WeNX1aOXxUbwVJKC6LEgiMcK9gPaUDbbTbt0dxN3N0IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZelHKmje9/O2vrG5tb26Udd3dv/+CwfHTc0kmmCG2ShCeqE2FNOZO0aZjhtJMqikXEaTsa38z89hNVmiXywUxSGgo8lCxmBBsrdTzPvXU9D/XLFb/qz4FWSVCQChRo9MtfvUFCMkGlIRxr3Q381IQ5VoYRTqduL9M0xWSMh7RrqcSC6jCf3ztF51YZoDhRtqRBc/X3RI6F1hMR2U6BzUgvezPxP6+bmfg6zJlMM0MlWSyKM45MgmbPowFTlBg+sQQTxeytiIywwsTYiFwbQrD88ipp1arBZdW/r1XqfhFHCU7hDC4ggCuowx00oAkEODzDK7w5j86L8+58LFrXnGLmBP7A+fwBxPWNxA==</latexit>

F

<latexit sha1_base64="JwPOXxdTDCDvZKhHgksBHBSh0S8=">AAAB+3icbVBNS8NAEJ3Urxq/Yj16WWwETyUpiB4LXjxWsB/QhrLZbtqlm03Y3agl9K948aCIV/+IN/+N2zYHbX0w8Hhvhpl5YcqZ0p73bZU2Nre2d8q79t7+weGRc1xpqySThLZIwhPZDbGinAna0kxz2k0lxXHIaSec3Mz9zgOViiXiXk9TGsR4JFjECNZGGjgV17X7ko3GGkuZPNquiwZO1at5C6B14hekCgWaA+erP0xIFlOhCcdK9Xwv1UGOpWaE05ndzxRNMZngEe0ZKnBMVZAvbp+hc6MMUZRIU0Kjhfp7IsexUtM4NJ0x1mO16s3F/7xepqPrIGcizTQVZLkoyjjSCZoHgYZMUqL51BBMJDO3IjLGEhNt4rJNCP7qy+ukXa/5lzXvrl5teEUcZTiFM7gAH66gAbfQhBYQeIJneIU3a2a9WO/Wx7K1ZBUzJ/AH1ucPepySuA==</latexit>!

<latexit sha1_base64="eIxsD24StdpJ/fWMvTD2GWco1ok=">AAAB8XicbVBNS8NAEJ3Urxq/qh69LDaCBylJQfRY8OKxgv2gbSib7aZdutmE3Y1QQv+FFw+KePXfePPfuGlz0NYHA4/3ZpiZFyScKe2631ZpY3Nre6e8a+/tHxweVY5P2ipOJaEtEvNYdgOsKGeCtjTTnHYTSXEUcNoJpne533miUrFYPOpZQv0IjwULGcHaSD3HsXtDz3YcNKxU3Zq7AFonXkGqUKA5rHwNRjFJIyo04Vipvucm2s+w1IxwOrcHqaIJJlM8pn1DBY6o8rPFxXN0YZQRCmNpSmi0UH9PZDhSahYFpjPCeqJWvVz8z+unOrz1MyaSVFNBlovClCMdo/x9NGKSEs1nhmAimbkVkQmWmGgTkm1C8FZfXiftes27rrkP9WrjqoijDGdwDpfgwQ004B6a0AICAp7hFd4sZb1Y79bHsrVkFTOn8AfW5w8KnI54</latexit>

Z1 <latexit sha1_base64="ZS/yQ4s4tBPtISXRFR9W278tia0=">AAAB8XicbVBNS8NAEJ3Urxq/qh69LDaCp5IEih4LXjxWsB+0DWWz3bRLN5uwuxFK6L/w4kERr/4bb/4bt20O2vpg4PHeDDPzwpQzpV332yptbe/s7pX37YPDo+OTyulZWyWZJLRFEp7IbogV5UzQlmaa024qKY5DTjvh9G7hd56oVCwRj3qW0iDGY8EiRrA2Us9x7N7Qtx0HDStVt+YugTaJV5AqFGgOK1+DUUKymApNOFaq77mpDnIsNSOczu1BpmiKyRSPad9QgWOqgnx58RxdGWWEokSaEhot1d8TOY6VmsWh6Yyxnqh1byH+5/UzHd0GORNppqkgq0VRxpFO0OJ9NGKSEs1nhmAimbkVkQmWmGgTkm1C8NZf3iRtv+bVa+6DX234RRxluIBLuAYPbqAB99CEFhAQ8Ayv8GYp68V6tz5WrSWrmDmHP7A+fwAN8o5/</latexit>

Z2

<latexit sha1_base64="vH6jAUICpH3kvFq7ZX6I74OBpvQ=">AAAB73icbVBNS8NAEJ3Urxq/qh69LDaCp5AURI8VLx4r2A9oQ9lsN+3SzSbd3Qgl9E948aCIV/+ON/+N2zYHbX0w8Hhvhpl5YcqZ0p73bZU2Nre2d8q79t7+weFR5fikpZJMEtokCU9kJ8SKciZoUzPNaSeVFMchp+1wfDf3209UKpaIRz1NaRDjoWARI1gbqeM49q3tOKhfqXqutwBaJ35BqlCg0a989QYJyWIqNOFYqa7vpTrIsdSMcDqze5miKSZjPKRdQwWOqQryxb0zdGGUAYoSaUpotFB/T+Q4Vmoah6YzxnqkVr25+J/XzXR0E+RMpJmmgiwXRRlHOkHz59GASUo0nxqCiWTmVkRGWGKiTUS2CcFffXmdtGquf+V6D7Vq3S3iKMMZnMMl+HANdbiHBjSBAIdneIU3a2K9WO/Wx7K1ZBUzp/AH1ucPvLONvQ==</latexit>

A

<latexit sha1_base64="lJRbNBGiBbzDMBM9O4ahHBOadHk=">AAAB73icbVBNS8NAEJ34WeNX1aOXxUbwVJKC6LHoxWMF+wFtKJvtpl26u4m7G6GE/gkvHhTx6t/x5r9x2+agrQ8GHu/NMDMvSjnTxve/nbX1jc2t7dKOu7u3f3BYPjpu6SRThDZJwhPVibCmnEnaNMxw2kkVxSLitB2Nb2d++4kqzRL5YCYpDQUeShYzgo2VOp7n3rieh/rlil/150CrJChIBQo0+uWv3iAhmaDSEI617gZ+asIcK8MIp1O3l2maYjLGQ9q1VGJBdZjP752ic6sMUJwoW9Kgufp7IsdC64mIbKfAZqSXvZn4n9fNTHwd5kymmaGSLBbFGUcmQbPn0YApSgyfWIKJYvZWREZYYWJsRK4NIVh+eZW0atXgsurf1yp1v4ijBKdwBhcQwBXU4Q4a0AQCHJ7hFd6cR+fFeXc+Fq1rTjFzAn/gfP4AvtWNwA==</latexit>

B <latexit sha1_base64="f07d7QSvPspp2oV6idiWT35P76A=">AAAB73icbVBNS8NAEJ34WeNX1aOXxUbwVJKC6LGgB48V7Ae0oWy2m3bp7ibuboQS+ie8eFDEq3/Hm//GbZuDtj4YeLw3w8y8KOVMG9//dtbWNza3tks77u7e/sFh+ei4pZNMEdokCU9UJ8KaciZp0zDDaSdVFIuI03Y0vpn57SeqNEvkg5mkNBR4KFnMCDZW6niee+t6HuqXK37VnwOtkqAgFSjQ6Je/eoOEZIJKQzjWuhv4qQlzrAwjnE7dXqZpiskYD2nXUokF1WE+v3eKzq0yQHGibEmD5urviRwLrScisp0Cm5Fe9mbif143M/F1mDOZZoZKslgUZxyZBM2eRwOmKDF8YgkmitlbERlhhYmxEbk2hGD55VXSqlWDy6p/X6vU/SKOEpzCGVxAAFdQhztoQBMIcHiGV3hzHp0X5935WLSuOcXMCfyB8/kDweWNwg==</latexit>

D

<latexit sha1_base64="OZb3TLyYKN1B3+vvdVbe3c77iQk=">AAAB73icbVBNS8NAEJ34WeNX1aOXxUbwVJKC6LEggscK9gPaUDbbTbt0dxN3N0IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZelHKmje9/O2vrG5tb26Udd3dv/+CwfHTc0kmmCG2ShCeqE2FNOZO0aZjhtJMqikXEaTsa38z89hNVmiXywUxSGgo8lCxmBBsrdTzPvXU9D/XLFb/qz4FWSVCQChRo9MtfvUFCMkGlIRxr3Q381IQ5VoYRTqduL9M0xWSMh7RrqcSC6jCf3ztF51YZoDhRtqRBc/X3RI6F1hMR2U6BzUgvezPxP6+bmfg6zJlMM0MlWSyKM45MgmbPowFTlBg+sQQTxeytiIywwsTYiFwbQrD88ipp1arBZdW/r1XqfhFHCU7hDC4ggCuowx00oAkEODzDK7w5j86L8+58LFrXnGLmBP7A+fwBw22Nww==</latexit>

E

<latexit sha1_base64="4aDwXEEa5jNNXFBDJgeF6meiSAE=">AAAB73icbVBNS8NAEJ34WeNX1aOXxUbwVJKC6LEgiMcK9gPaUDbbTbt0dxN3N0IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZelHKmje9/O2vrG5tb26Udd3dv/+CwfHTc0kmmCG2ShCeqE2FNOZO0aZjhtJMqikXEaTsa38z89hNVmiXywUxSGgo8lCxmBBsrdTzPvXU9D/XLFb/qz4FWSVCQChRo9MtfvUFCMkGlIRxr3Q381IQ5VoYRTqduL9M0xWSMh7RrqcSC6jCf3ztF51YZoDhRtqRBc/X3RI6F1hMR2U6BzUgvezPxP6+bmfg6zJlMM0MlWSyKM45MgmbPowFTlBg+sQQTxeytiIywwsTYiFwbQrD88ipp1arBZdW/r1XqfhFHCU7hDC4ggCuowx00oAkEODzDK7w5j86L8+58LFrXnGLmBP7A+fwBxPWNxA==</latexit>

F

This is an allowed cut for any sign assignments, ie. the signs of xABEF y and xCDEF y are not

fixed on this cut. Now we further cut xABEF y “ 0 by merging the intersection points A and E on

line p12q,

(6.40)
<latexit sha1_base64="JwPOXxdTDCDvZKhHgksBHBSh0S8=">AAAB+3icbVBNS8NAEJ3Urxq/Yj16WWwETyUpiB4LXjxWsB/QhrLZbtqlm03Y3agl9K948aCIV/+IN/+N2zYHbX0w8Hhvhpl5YcqZ0p73bZU2Nre2d8q79t7+weGRc1xpqySThLZIwhPZDbGinAna0kxz2k0lxXHIaSec3Mz9zgOViiXiXk9TGsR4JFjECNZGGjgV17X7ko3GGkuZPNquiwZO1at5C6B14hekCgWaA+erP0xIFlOhCcdK9Xwv1UGOpWaE05ndzxRNMZngEe0ZKnBMVZAvbp+hc6MMUZRIU0Kjhfp7IsexUtM4NJ0x1mO16s3F/7xepqPrIGcizTQVZLkoyjjSCZoHgYZMUqL51BBMJDO3IjLGEhNt4rJNCP7qy+ukXa/5lzXvrl5teEUcZTiFM7gAH66gAbfQhBYQeIJneIU3a2a9WO/Wx7K1ZBUzJ/AH1ucPepySuA==</latexit>!

<latexit sha1_base64="eIxsD24StdpJ/fWMvTD2GWco1ok=">AAAB8XicbVBNS8NAEJ3Urxq/qh69LDaCBylJQfRY8OKxgv2gbSib7aZdutmE3Y1QQv+FFw+KePXfePPfuGlz0NYHA4/3ZpiZFyScKe2631ZpY3Nre6e8a+/tHxweVY5P2ipOJaEtEvNYdgOsKGeCtjTTnHYTSXEUcNoJpne533miUrFYPOpZQv0IjwULGcHaSD3HsXtDz3YcNKxU3Zq7AFonXkGqUKA5rHwNRjFJIyo04Vipvucm2s+w1IxwOrcHqaIJJlM8pn1DBY6o8rPFxXN0YZQRCmNpSmi0UH9PZDhSahYFpjPCeqJWvVz8z+unOrz1MyaSVFNBlovClCMdo/x9NGKSEs1nhmAimbkVkQmWmGgTkm1C8FZfXiftes27rrkP9WrjqoijDGdwDpfgwQ004B6a0AICAp7hFd4sZb1Y79bHsrVkFTOn8AfW5w8KnI54</latexit>

Z1 <latexit sha1_base64="ZS/yQ4s4tBPtISXRFR9W278tia0=">AAAB8XicbVBNS8NAEJ3Urxq/qh69LDaCp5IEih4LXjxWsB+0DWWz3bRLN5uwuxFK6L/w4kERr/4bb/4bt20O2vpg4PHeDDPzwpQzpV332yptbe/s7pX37YPDo+OTyulZWyWZJLRFEp7IbogV5UzQlmaa024qKY5DTjvh9G7hd56oVCwRj3qW0iDGY8EiRrA2Us9x7N7Qtx0HDStVt+YugTaJV5AqFGgOK1+DUUKymApNOFaq77mpDnIsNSOczu1BpmiKyRSPad9QgWOqgnx58RxdGWWEokSaEhot1d8TOY6VmsWh6Yyxnqh1byH+5/UzHd0GORNppqkgq0VRxpFO0OJ9NGKSEs1nhmAimbkVkQmWmGgTkm1C8NZf3iRtv+bVa+6DX234RRxluIBLuAYPbqAB99CEFhAQ8Ayv8GYp68V6tz5WrSWrmDmHP7A+fwAN8o5/</latexit>

Z2

<latexit sha1_base64="vH6jAUICpH3kvFq7ZX6I74OBpvQ=">AAAB73icbVBNS8NAEJ3Urxq/qh69LDaCp5AURI8VLx4r2A9oQ9lsN+3SzSbd3Qgl9E948aCIV/+ON/+N2zYHbX0w8Hhvhpl5YcqZ0p73bZU2Nre2d8q79t7+weFR5fikpZJMEtokCU9kJ8SKciZoUzPNaSeVFMchp+1wfDf3209UKpaIRz1NaRDjoWARI1gbqeM49q3tOKhfqXqutwBaJ35BqlCg0a989QYJyWIqNOFYqa7vpTrIsdSMcDqze5miKSZjPKRdQwWOqQryxb0zdGGUAYoSaUpotFB/T+Q4Vmoah6YzxnqkVr25+J/XzXR0E+RMpJmmgiwXRRlHOkHz59GASUo0nxqCiWTmVkRGWGKiTUS2CcFffXmdtGquf+V6D7Vq3S3iKMMZnMMl+HANdbiHBjSBAIdneIU3a2K9WO/Wx7K1ZBUzp/AH1ucPvLONvQ==</latexit>

A

<latexit sha1_base64="lJRbNBGiBbzDMBM9O4ahHBOadHk=">AAAB73icbVBNS8NAEJ34WeNX1aOXxUbwVJKC6LHoxWMF+wFtKJvtpl26u4m7G6GE/gkvHhTx6t/x5r9x2+agrQ8GHu/NMDMvSjnTxve/nbX1jc2t7dKOu7u3f3BYPjpu6SRThDZJwhPVibCmnEnaNMxw2kkVxSLitB2Nb2d++4kqzRL5YCYpDQUeShYzgo2VOp7n3rieh/rlil/150CrJChIBQo0+uWv3iAhmaDSEI617gZ+asIcK8MIp1O3l2maYjLGQ9q1VGJBdZjP752ic6sMUJwoW9Kgufp7IsdC64mIbKfAZqSXvZn4n9fNTHwd5kymmaGSLBbFGUcmQbPn0YApSgyfWIKJYvZWREZYYWJsRK4NIVh+eZW0atXgsurf1yp1v4ijBKdwBhcQwBXU4Q4a0AQCHJ7hFd6cR+fFeXc+Fq1rTjFzAn/gfP4AvtWNwA==</latexit>

B <latexit sha1_base64="f07d7QSvPspp2oV6idiWT35P76A=">AAAB73icbVBNS8NAEJ34WeNX1aOXxUbwVJKC6LGgB48V7Ae0oWy2m3bp7ibuboQS+ie8eFDEq3/Hm//GbZuDtj4YeLw3w8y8KOVMG9//dtbWNza3tks77u7e/sFh+ei4pZNMEdokCU9UJ8KaciZp0zDDaSdVFIuI03Y0vpn57SeqNEvkg5mkNBR4KFnMCDZW6niee+t6HuqXK37VnwOtkqAgFSjQ6Je/eoOEZIJKQzjWuhv4qQlzrAwjnE7dXqZpiskYD2nXUokF1WE+v3eKzq0yQHGibEmD5urviRwLrScisp0Cm5Fe9mbif143M/F1mDOZZoZKslgUZxyZBM2eRwOmKDF8YgkmitlbERlhhYmxEbk2hGD55VXSqlWDy6p/X6vU/SKOEpzCGVxAAFdQhztoQBMIcHiGV3hzHp0X5935WLSuOcXMCfyB8/kDweWNwg==</latexit>

D

<latexit sha1_base64="OZb3TLyYKN1B3+vvdVbe3c77iQk=">AAAB73icbVBNS8NAEJ34WeNX1aOXxUbwVJKC6LEggscK9gPaUDbbTbt0dxN3N0IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZelHKmje9/O2vrG5tb26Udd3dv/+CwfHTc0kmmCG2ShCeqE2FNOZO0aZjhtJMqikXEaTsa38z89hNVmiXywUxSGgo8lCxmBBsrdTzPvXU9D/XLFb/qz4FWSVCQChRo9MtfvUFCMkGlIRxr3Q381IQ5VoYRTqduL9M0xWSMh7RrqcSC6jCf3ztF51YZoDhRtqRBc/X3RI6F1hMR2U6BzUgvezPxP6+bmfg6zJlMM0MlWSyKM45MgmbPowFTlBg+sQQTxeytiIywwsTYiFwbQrD88ipp1arBZdW/r1XqfhFHCU7hDC4ggCuowx00oAkEODzDK7w5j86L8+58LFrXnGLmBP7A+fwBw22Nww==</latexit>

E

<latexit sha1_base64="4aDwXEEa5jNNXFBDJgeF6meiSAE=">AAAB73icbVBNS8NAEJ34WeNX1aOXxUbwVJKC6LEgiMcK9gPaUDbbTbt0dxN3N0IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZelHKmje9/O2vrG5tb26Udd3dv/+CwfHTc0kmmCG2ShCeqE2FNOZO0aZjhtJMqikXEaTsa38z89hNVmiXywUxSGgo8lCxmBBsrdTzPvXU9D/XLFb/qz4FWSVCQChRo9MtfvUFCMkGlIRxr3Q381IQ5VoYRTqduL9M0xWSMh7RrqcSC6jCf3ztF51YZoDhRtqRBc/X3RI6F1hMR2U6BzUgvezPxP6+bmfg6zJlMM0MlWSyKM45MgmbPowFTlBg+sQQTxeytiIywwsTYiFwbQrD88ipp1arBZdW/r1XqfhFHCU7hDC4ggCuowx00oAkEODzDK7w5j86L8+58LFrXnGLmBP7A+fwBxPWNxA==</latexit>

F

<latexit sha1_base64="eIxsD24StdpJ/fWMvTD2GWco1ok=">AAAB8XicbVBNS8NAEJ3Urxq/qh69LDaCBylJQfRY8OKxgv2gbSib7aZdutmE3Y1QQv+FFw+KePXfePPfuGlz0NYHA4/3ZpiZFyScKe2631ZpY3Nre6e8a+/tHxweVY5P2ipOJaEtEvNYdgOsKGeCtjTTnHYTSXEUcNoJpne533miUrFYPOpZQv0IjwULGcHaSD3HsXtDz3YcNKxU3Zq7AFonXkGqUKA5rHwNRjFJIyo04Vipvucm2s+w1IxwOrcHqaIJJlM8pn1DBY6o8rPFxXN0YZQRCmNpSmi0UH9PZDhSahYFpjPCeqJWvVz8z+unOrz1MyaSVFNBlovClCMdo/x9NGKSEs1nhmAimbkVkQmWmGgTkm1C8FZfXiftes27rrkP9WrjqoijDGdwDpfgwQ004B6a0AICAp7hFd4sZb1Y79bHsrVkFTOn8AfW5w8KnI54</latexit>

Z1 <latexit sha1_base64="ZS/yQ4s4tBPtISXRFR9W278tia0=">AAAB8XicbVBNS8NAEJ3Urxq/qh69LDaCp5IEih4LXjxWsB+0DWWz3bRLN5uwuxFK6L/w4kERr/4bb/4bt20O2vpg4PHeDDPzwpQzpV332yptbe/s7pX37YPDo+OTyulZWyWZJLRFEp7IbogV5UzQlmaa024qKY5DTjvh9G7hd56oVCwRj3qW0iDGY8EiRrA2Us9x7N7Qtx0HDStVt+YugTaJV5AqFGgOK1+DUUKymApNOFaq77mpDnIsNSOczu1BpmiKyRSPad9QgWOqgnx58RxdGWWEokSaEhot1d8TOY6VmsWh6Yyxnqh1byH+5/UzHd0GORNppqkgq0VRxpFO0OJ9NGKSEs1nhmAimbkVkQmWmGgTkm1C8NZf3iRtv+bVa+6DX234RRxluIBLuAYPbqAB99CEFhAQ8Ayv8GYp68V6tz5WrSWrmDmHP7A+fwAN8o5/</latexit>

Z2

<latexit sha1_base64="vH6jAUICpH3kvFq7ZX6I74OBpvQ=">AAAB73icbVBNS8NAEJ3Urxq/qh69LDaCp5AURI8VLx4r2A9oQ9lsN+3SzSbd3Qgl9E948aCIV/+ON/+N2zYHbX0w8Hhvhpl5YcqZ0p73bZU2Nre2d8q79t7+weFR5fikpZJMEtokCU9kJ8SKciZoUzPNaSeVFMchp+1wfDf3209UKpaIRz1NaRDjoWARI1gbqeM49q3tOKhfqXqutwBaJ35BqlCg0a989QYJyWIqNOFYqa7vpTrIsdSMcDqze5miKSZjPKRdQwWOqQryxb0zdGGUAYoSaUpotFB/T+Q4Vmoah6YzxnqkVr25+J/XzXR0E+RMpJmmgiwXRRlHOkHz59GASUo0nxqCiWTmVkRGWGKiTUS2CcFffXmdtGquf+V6D7Vq3S3iKMMZnMMl+HANdbiHBjSBAIdneIU3a2K9WO/Wx7K1ZBUzp/AH1ucPvLONvQ==</latexit>

A

<latexit sha1_base64="lJRbNBGiBbzDMBM9O4ahHBOadHk=">AAAB73icbVBNS8NAEJ34WeNX1aOXxUbwVJKC6LHoxWMF+wFtKJvtpl26u4m7G6GE/gkvHhTx6t/x5r9x2+agrQ8GHu/NMDMvSjnTxve/nbX1jc2t7dKOu7u3f3BYPjpu6SRThDZJwhPVibCmnEnaNMxw2kkVxSLitB2Nb2d++4kqzRL5YCYpDQUeShYzgo2VOp7n3rieh/rlil/150CrJChIBQo0+uWv3iAhmaDSEI617gZ+asIcK8MIp1O3l2maYjLGQ9q1VGJBdZjP752ic6sMUJwoW9Kgufp7IsdC64mIbKfAZqSXvZn4n9fNTHwd5kymmaGSLBbFGUcmQbPn0YApSgyfWIKJYvZWREZYYWJsRK4NIVh+eZW0atXgsurf1yp1v4ijBKdwBhcQwBXU4Q4a0AQCHJ7hFd6cR+fFeXc+Fq1rTjFzAn/gfP4AvtWNwA==</latexit>

B <latexit sha1_base64="f07d7QSvPspp2oV6idiWT35P76A=">AAAB73icbVBNS8NAEJ34WeNX1aOXxUbwVJKC6LGgB48V7Ae0oWy2m3bp7ibuboQS+ie8eFDEq3/Hm//GbZuDtj4YeLw3w8y8KOVMG9//dtbWNza3tks77u7e/sFh+ei4pZNMEdokCU9UJ8KaciZp0zDDaSdVFIuI03Y0vpn57SeqNEvkg5mkNBR4KFnMCDZW6niee+t6HuqXK37VnwOtkqAgFSjQ6Je/eoOEZIJKQzjWuhv4qQlzrAwjnE7dXqZpiskYD2nXUokF1WE+v3eKzq0yQHGibEmD5urviRwLrScisp0Cm5Fe9mbif143M/F1mDOZZoZKslgUZxyZBM2eRwOmKDF8YgkmitlbERlhhYmxEbk2hGD55VXSqlWDy6p/X6vU/SKOEpzCGVxAAFdQhztoQBMIcHiGV3hzHp0X5935WLSuOcXMCfyB8/kDweWNwg==</latexit>

D
<latexit sha1_base64="4aDwXEEa5jNNXFBDJgeF6meiSAE=">AAAB73icbVBNS8NAEJ34WeNX1aOXxUbwVJKC6LEgiMcK9gPaUDbbTbt0dxN3N0IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZelHKmje9/O2vrG5tb26Udd3dv/+CwfHTc0kmmCG2ShCeqE2FNOZO0aZjhtJMqikXEaTsa38z89hNVmiXywUxSGgo8lCxmBBsrdTzPvXU9D/XLFb/qz4FWSVCQChRo9MtfvUFCMkGlIRxr3Q381IQ5VoYRTqduL9M0xWSMh7RrqcSC6jCf3ztF51YZoDhRtqRBc/X3RI6F1hMR2U6BzUgvezPxP6+bmfg6zJlMM0MlWSyKM45MgmbPowFTlBg+sQQTxeytiIywwsTYiFwbQrD88ipp1arBZdW/r1XqfhFHCU7hDC4ggCuowx00oAkEODzDK7w5j86L8+58LFrXnGLmBP7A+fwBxPWNxA==</latexit>

F

As we can see in this configuration, there is one accidental relation

(6.41) xCDEF y “ 0 ,

where lines CD and EF also intersect. This means that in the canonical form we generate a double

pole on the cut (6.40)

(6.42) ΩG
cut
ÝÝÑ

dαNG

α2 . . .
,

where α merges points A and E in some parametrization. Hence the numerator NG has to vanish

on the configuration (6.40) in order to cancel the double pole and preserve logarithmic singularities.

The tree numerator N tree
G fails to vanish on this cut and hence it is not the correct expression. The

same applies for all other sign assignments in the triangle.
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6.5 All one-cycle geometries

The main result of this chapter is the canonical form for all positive and negative geometries

with one internal loop (cycle). As we saw in the previous section, this not just given by the naive

formula (6.29). We will refer to these numerators as the “tree part” as this is exactly what the

correct result would be if the graph was a tree. The formula (6.29) is actually a very good start

that only needs to be corrected by adding an extra “remainder”,

(6.43) N 1´cycle
G “ N tree

G `R1´cycle
G ,

where the remainder R1´cycle
G is yet-to-be fixed.

6.5.1 Triangle geometry

Let us go back to the positive geometry (6.38) and fix the form from the conditions we mentioned

in section 6.4. We write the dlog form as

(6.44)

<latexit sha1_base64="LlrPNsoeC40kOqzezvZCvZJ3V3U=">AAAB73icbVBNS8NAEJ3Urxq/qh69LDZCTyUpFD0WRPFYwX5AG8pmu2mXbjZxdyOU0D/hxYMiXv073vw3btsctPXBwOO9GWbmBQlnSrvut1XY2Nza3inu2nv7B4dHpeOTtopTSWiLxDyW3QArypmgLc00p91EUhwFnHaCyfXc7zxRqVgsHvQ0oX6ER4KFjGBtpK7j2De3tuMMSmW36i6A1omXkzLkaA5KX/1hTNKICk04VqrnuYn2Myw1I5zO7H6qaILJBI9oz1CBI6r8bHHvDF0YZYjCWJoSGi3U3xMZjpSaRoHpjLAeq1VvLv7n9VIdXvkZE0mqqSDLRWHKkY7R/Hk0ZJISzaeGYCKZuRWRMZaYaBORbULwVl9eJ+1a1atX3ftauVHJ4yjCGZxDBTy4hAbcQRNaQIDDM7zCm/VovVjv1seytWDlM6fwB9bnD/sdjeE=</latexit>

EF

<latexit sha1_base64="A29i9Fa03b+nynMeS8xsqNolAAE=">AAAB73icbVBNS8NAEJ3Urxq/qh69LDZCTyUpFD1WvXisYD+gDWWz3bRLN5u4uxFK6J/w4kERr/4db/4bt20O2vpg4PHeDDPzgoQzpV332ypsbG5t7xR37b39g8Oj0vFJW8WpJLRFYh7LboAV5UzQlmaa024iKY4CTjvB5Hbud56oVCwWD3qaUD/CI8FCRrA2Utdx7Osb23EGpbJbdRdA68TLSRlyNAelr/4wJmlEhSYcK9Xz3ET7GZaaEU5ndj9VNMFkgke0Z6jAEVV+trh3hi6MMkRhLE0JjRbq74kMR0pNo8B0RliP1ao3F//zeqkOr/yMiSTVVJDlojDlSMdo/jwaMkmJ5lNDMJHM3IrIGEtMtInINiF4qy+vk3at6tWr7n2t3KjkcRThDM6hAh5cQgPuoAktIMDhGV7hzXq0Xqx362PZWrDymVP4A+vzB+7hjdk=</latexit>

AB
<latexit sha1_base64="GzTvLCQrNuZnDW/vRzsMgZhxvxE=">AAAB73icbVBNS8NAEJ3Urxq/qh69LDZCTyUpiB4L9eCxgv2ANpTNdtMu3WzS3Y1QQv+EFw+KePXvePPfuG1z0NYHA4/3ZpiZFyScKe2631Zha3tnd6+4bx8cHh2flE7P2ipOJaEtEvNYdgOsKGeCtjTTnHYTSXEUcNoJJo2F33miUrFYPOpZQv0IjwQLGcHaSF3HsRt3tuMMSmW36i6BNomXkzLkaA5KX/1hTNKICk04VqrnuYn2Myw1I5zO7X6qaILJBI9oz1CBI6r8bHnvHF0ZZYjCWJoSGi3V3xMZjpSaRYHpjLAeq3VvIf7n9VId3voZE0mqqSCrRWHKkY7R4nk0ZJISzWeGYCKZuRWRMZaYaBORbULw1l/eJO1a1buuug+1cr2Sx1GEC7iECnhwA3W4hya0gACHZ3iFN2tqvVjv1seqtWDlM+fwB9bnD/T/jd0=</latexit>

CD

<latexit sha1_base64="+iIdtHU7DB6LjTJ4Q+nmmaB/vwk=">AAACAnicbVDLSsNAFJ34rPEVdSVuBhuhUihJRXQjFN24s4J9QBvDZDpth84kYWYilFDc+CtuXCji1q9w5984bbPQ1gMXDufcy733BDGjUjnOt7GwuLS8sppbM9c3Nre2rZ3duowSgUkNRywSzQBJwmhIaooqRpqxIIgHjDSCwdXYbzwQIWkU3qlhTDyOeiHtUoyUlnxr37bN9g0nPeSf3KeFYrF4PIIX0LRt38o7JWcCOE/cjORBhqpvfbU7EU44CRVmSMqW68TKS5FQFDMyMtuJJDHCA9QjLU1DxIn00skLI3iklQ7sRkJXqOBE/T2RIi7lkAe6kyPVl7PeWPzPayWqe+6lNIwTRUI8XdRNGFQRHOcBO1QQrNhQE4QF1bdC3EcCYaVTM3UI7uzL86ReLrmnJee2nK9cZnHkwAE4BAXggjNQAdegCmoAg0fwDF7Bm/FkvBjvxse0dcHIZvbAHxifP7tok8c=</latexit>

⌦
(+++)
3 =

<latexit sha1_base64="GnQERL7XP+7D4iABqIXsjO5jGr0="></latexit>

=
N

(+)
12 N

(+)
23 N

(+)
13 + R123

hAB12ihAB23ihAB34ihAB14ihABCDihCD12ihCD23ihCD34i
hCD14ihCDEF ihEF12ihEF23ihEF34ihEF14ihABEF i

We write the numerator for this sign assignment on the links as

(6.45) N p```q

triangle “ N
p`q

12 N
p`q

23 N
p`q

13 `R123 ,

where the remainder R123 is yet to be fixed. Naively, for other geometries where some of the positive

links are flipped to negative, the remainder is different. For example,

(6.46)

<latexit sha1_base64="LlrPNsoeC40kOqzezvZCvZJ3V3U=">AAAB73icbVBNS8NAEJ3Urxq/qh69LDZCTyUpFD0WRPFYwX5AG8pmu2mXbjZxdyOU0D/hxYMiXv073vw3btsctPXBwOO9GWbmBQlnSrvut1XY2Nza3inu2nv7B4dHpeOTtopTSWiLxDyW3QArypmgLc00p91EUhwFnHaCyfXc7zxRqVgsHvQ0oX6ER4KFjGBtpK7j2De3tuMMSmW36i6A1omXkzLkaA5KX/1hTNKICk04VqrnuYn2Myw1I5zO7H6qaILJBI9oz1CBI6r8bHHvDF0YZYjCWJoSGi3U3xMZjpSaRoHpjLAeq1VvLv7n9VIdXvkZE0mqqSDLRWHKkY7R/Hk0ZJISzaeGYCKZuRWRMZaYaBORbULwVl9eJ+1a1atX3ftauVHJ4yjCGZxDBTy4hAbcQRNaQIDDM7zCm/VovVjv1seytWDlM6fwB9bnD/sdjeE=</latexit>

EF

<latexit sha1_base64="A29i9Fa03b+nynMeS8xsqNolAAE=">AAAB73icbVBNS8NAEJ3Urxq/qh69LDZCTyUpFD1WvXisYD+gDWWz3bRLN5u4uxFK6J/w4kERr/4db/4bt20O2vpg4PHeDDPzgoQzpV332ypsbG5t7xR37b39g8Oj0vFJW8WpJLRFYh7LboAV5UzQlmaa024iKY4CTjvB5Hbud56oVCwWD3qaUD/CI8FCRrA2Utdx7Osb23EGpbJbdRdA68TLSRlyNAelr/4wJmlEhSYcK9Xz3ET7GZaaEU5ndj9VNMFkgke0Z6jAEVV+trh3hi6MMkRhLE0JjRbq74kMR0pNo8B0RliP1ao3F//zeqkOr/yMiSTVVJDlojDlSMdo/jwaMkmJ5lNDMJHM3IrIGEtMtInINiF4qy+vk3at6tWr7n2t3KjkcRThDM6hAh5cQgPuoAktIMDhGV7hzXq0Xqx362PZWrDymVP4A+vzB+7hjdk=</latexit>

AB
<latexit sha1_base64="GzTvLCQrNuZnDW/vRzsMgZhxvxE=">AAAB73icbVBNS8NAEJ3Urxq/qh69LDZCTyUpiB4L9eCxgv2ANpTNdtMu3WzS3Y1QQv+EFw+KePXvePPfuG1z0NYHA4/3ZpiZFyScKe2631Zha3tnd6+4bx8cHh2flE7P2ipOJaEtEvNYdgOsKGeCtjTTnHYTSXEUcNoJJo2F33miUrFYPOpZQv0IjwQLGcHaSF3HsRt3tuMMSmW36i6BNomXkzLkaA5KX/1hTNKICk04VqrnuYn2Myw1I5zO7X6qaILJBI9oz1CBI6r8bHnvHF0ZZYjCWJoSGi3V3xMZjpSaRYHpjLAeq3VvIf7n9VId3voZE0mqqSCrRWHKkY7R4nk0ZJISzWeGYCKZuRWRMZaYaBORbULw1l/eJO1a1buuug+1cr2Sx1GEC7iECnhwA3W4hya0gACHZ3iFN2tqvVjv1seqtWDlM+fwB9bnD/T/jd0=</latexit>

CD

<latexit sha1_base64="yVZdOOgnBic5mWylaEXicG9ngBc=">AAACAnicbVDLSsNAFJ3UV42vqCtxM9gIlWJJKqIboejGnRXsA9oYJtNJO3TyYGYilFDc+CtuXCji1q9w5984bbPQ1gMXDufcy733eDGjQlrWt5ZbWFxaXsmv6mvrG5tbxvZOQ0QJx6SOIxbxlocEYTQkdUklI62YExR4jDS9wdXYbz4QLmgU3slhTJwA9ULqU4ykklxjzzT1zk1Aesg9uU+LpdLx0QheQN00XaNgla0J4DyxM1IAGWqu8dXpRjgJSCgxQ0K0bSuWToq4pJiRkd5JBIkRHqAeaSsaooAIJ528MIKHSulCP+KqQgkn6u+JFAVCDANPdQZI9sWsNxb/89qJ9M+dlIZxIkmIp4v8hEEZwXEesEs5wZINFUGYU3UrxH3EEZYqNV2FYM++PE8albJ9WrZuK4XqZRZHHuyDA1AENjgDVXANaqAOMHgEz+AVvGlP2ov2rn1MW3NaNrML/kD7/AG+gJPJ</latexit>

⌦
(++�)
3 =

<latexit sha1_base64="3IeORJPqgRtqpA0BSSrhFYwyJy4="></latexit>

=
N

(+)
12 N

(+)
23 N

(�)
13 + eR123

hAB12ihAB23ihAB34ihAB14ihABCDihCD12ihCD23ihCD34i
hCD14ihCDEF ihEF12ihEF23ihEF34ihEF14ihABEF i

The union of these two spaces has no xABEF y link, hence it is a tree graph whose canonical form

has a simple factorized numerator,
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<latexit sha1_base64="LlrPNsoeC40kOqzezvZCvZJ3V3U=">AAAB73icbVBNS8NAEJ3Urxq/qh69LDZCTyUpFD0WRPFYwX5AG8pmu2mXbjZxdyOU0D/hxYMiXv073vw3btsctPXBwOO9GWbmBQlnSrvut1XY2Nza3inu2nv7B4dHpeOTtopTSWiLxDyW3QArypmgLc00p91EUhwFnHaCyfXc7zxRqVgsHvQ0oX6ER4KFjGBtpK7j2De3tuMMSmW36i6A1omXkzLkaA5KX/1hTNKICk04VqrnuYn2Myw1I5zO7H6qaILJBI9oz1CBI6r8bHHvDF0YZYjCWJoSGi3U3xMZjpSaRoHpjLAeq1VvLv7n9VIdXvkZE0mqqSDLRWHKkY7R/Hk0ZJISzaeGYCKZuRWRMZaYaBORbULwVl9eJ+1a1atX3ftauVHJ4yjCGZxDBTy4hAbcQRNaQIDDM7zCm/VovVjv1seytWDlM6fwB9bnD/sdjeE=</latexit>

EF

<latexit sha1_base64="A29i9Fa03b+nynMeS8xsqNolAAE=">AAAB73icbVBNS8NAEJ3Urxq/qh69LDZCTyUpFD1WvXisYD+gDWWz3bRLN5u4uxFK6J/w4kERr/4db/4bt20O2vpg4PHeDDPzgoQzpV332ypsbG5t7xR37b39g8Oj0vFJW8WpJLRFYh7LboAV5UzQlmaa024iKY4CTjvB5Hbud56oVCwWD3qaUD/CI8FCRrA2Utdx7Osb23EGpbJbdRdA68TLSRlyNAelr/4wJmlEhSYcK9Xz3ET7GZaaEU5ndj9VNMFkgke0Z6jAEVV+trh3hi6MMkRhLE0JjRbq74kMR0pNo8B0RliP1ao3F//zeqkOr/yMiSTVVJDlojDlSMdo/jwaMkmJ5lNDMJHM3IrIGEtMtInINiF4qy+vk3at6tWr7n2t3KjkcRThDM6hAh5cQgPuoAktIMDhGV7hzXq0Xqx362PZWrDymVP4A+vzB+7hjdk=</latexit>

AB
<latexit sha1_base64="GzTvLCQrNuZnDW/vRzsMgZhxvxE=">AAAB73icbVBNS8NAEJ3Urxq/qh69LDZCTyUpiB4L9eCxgv2ANpTNdtMu3WzS3Y1QQv+EFw+KePXvePPfuG1z0NYHA4/3ZpiZFyScKe2631Zha3tnd6+4bx8cHh2flE7P2ipOJaEtEvNYdgOsKGeCtjTTnHYTSXEUcNoJJo2F33miUrFYPOpZQv0IjwQLGcHaSF3HsRt3tuMMSmW36i6BNomXkzLkaA5KX/1hTNKICk04VqrnuYn2Myw1I5zO7X6qaILJBI9oz1CBI6r8bHnvHF0ZZYjCWJoSGi3V3xMZjpSaRYHpjLAeq3VvIf7n9VId3voZE0mqqSCrRWHKkY7R4nk0ZJISzWeGYCKZuRWRMZaYaBORbULw1l/eJO1a1buuug+1cr2Sx1GEC7iECnhwA3W4hya0gACHZ3iFN2tqvVjv1seqtWDlM+fwB9bnD/T/jd0=</latexit>

CD

<latexit sha1_base64="SKF2fB+ll26Op4f9DuI8UtgqftM=">AAACBXicbVDLSgMxFM3UVx1foy51EWyFSqHMVEQ3QsGNOyvYB3TGkknTNjTJDElGKEM3bvwVNy4Uces/uPNvTB8LbT1w4XDOvdx7TxgzqrTrfluZpeWV1bXsur2xubW94+zu1VWUSExqOGKRbIZIEUYFqWmqGWnGkiAeMtIIB1djv/FApKKRuNPDmAQc9QTtUoy0kdrOYT5v+zec9FD79D4tFIt+zE9G8BLa+TxsOzm35E4AF4k3IzkwQ7XtfPmdCCecCI0ZUqrlubEOUiQ1xYyMbD9RJEZ4gHqkZahAnKggnXwxgsdG6cBuJE0JDSfq74kUcaWGPDSdHOm+mvfG4n9eK9HdiyClIk40EXi6qJswqCM4jgR2qCRYs6EhCEtqboW4jyTC2gRnmxC8+ZcXSb1c8s5K7m05V3FncWTBATgCBeCBc1AB16AKagCDR/AMXsGb9WS9WO/Wx7Q1Y81m9sEfWJ8/CUiVAQ==</latexit>

⌦
(++±)
3 =

<latexit sha1_base64="weJROFZeRM2+dn8Zqgm3HA07V84="></latexit>

=
N

(+)
12 N

(+)
23

hAB12ihAB23ihAB34ihAB14ihABCDihCD12ihCD23i
hCD34ihCD14ihCDEF ihEF12ihEF23ihEF34ihEF14i

We can also get this form by summing (6.44) and (6.46), which puts a constraint on the one-cycle

remainder terms R123 and rR123,

(6.47) NG “ N
p`q

12 N
p`q

23 `
R123 ` rR123

xABEF yx1234y
“ N

p`q

12 N
p`q

23 ,

which forces rR123 “ ´R123. The same also applies to the other two assignments of signs to internal

links (modulo relabeling of loops),
<latexit sha1_base64="LlrPNsoeC40kOqzezvZCvZJ3V3U=">AAAB73icbVBNS8NAEJ3Urxq/qh69LDZCTyUpFD0WRPFYwX5AG8pmu2mXbjZxdyOU0D/hxYMiXv073vw3btsctPXBwOO9GWbmBQlnSrvut1XY2Nza3inu2nv7B4dHpeOTtopTSWiLxDyW3QArypmgLc00p91EUhwFnHaCyfXc7zxRqVgsHvQ0oX6ER4KFjGBtpK7j2De3tuMMSmW36i6A1omXkzLkaA5KX/1hTNKICk04VqrnuYn2Myw1I5zO7H6qaILJBI9oz1CBI6r8bHHvDF0YZYjCWJoSGi3U3xMZjpSaRoHpjLAeq1VvLv7n9VIdXvkZE0mqqSDLRWHKkY7R/Hk0ZJISzaeGYCKZuRWRMZaYaBORbULwVl9eJ+1a1atX3ftauVHJ4yjCGZxDBTy4hAbcQRNaQIDDM7zCm/VovVjv1seytWDlM6fwB9bnD/sdjeE=</latexit>

EF

<latexit sha1_base64="A29i9Fa03b+nynMeS8xsqNolAAE=">AAAB73icbVBNS8NAEJ3Urxq/qh69LDZCTyUpFD1WvXisYD+gDWWz3bRLN5u4uxFK6J/w4kERr/4db/4bt20O2vpg4PHeDDPzgoQzpV332ypsbG5t7xR37b39g8Oj0vFJW8WpJLRFYh7LboAV5UzQlmaa024iKY4CTjvB5Hbud56oVCwWD3qaUD/CI8FCRrA2Utdx7Osb23EGpbJbdRdA68TLSRlyNAelr/4wJmlEhSYcK9Xz3ET7GZaaEU5ndj9VNMFkgke0Z6jAEVV+trh3hi6MMkRhLE0JjRbq74kMR0pNo8B0RliP1ao3F//zeqkOr/yMiSTVVJDlojDlSMdo/jwaMkmJ5lNDMJHM3IrIGEtMtInINiF4qy+vk3at6tWr7n2t3KjkcRThDM6hAh5cQgPuoAktIMDhGV7hzXq0Xqx362PZWrDymVP4A+vzB+7hjdk=</latexit>

AB
<latexit sha1_base64="GzTvLCQrNuZnDW/vRzsMgZhxvxE=">AAAB73icbVBNS8NAEJ3Urxq/qh69LDZCTyUpiB4L9eCxgv2ANpTNdtMu3WzS3Y1QQv+EFw+KePXvePPfuG1z0NYHA4/3ZpiZFyScKe2631Zha3tnd6+4bx8cHh2flE7P2ipOJaEtEvNYdgOsKGeCtjTTnHYTSXEUcNoJJo2F33miUrFYPOpZQv0IjwQLGcHaSF3HsRt3tuMMSmW36i6BNomXkzLkaA5KX/1hTNKICk04VqrnuYn2Myw1I5zO7X6qaILJBI9oz1CBI6r8bHnvHF0ZZYjCWJoSGi3V3xMZjpSaRYHpjLAeq3VvIf7n9VId3voZE0mqqSCrRWHKkY7R4nk0ZJISzWeGYCKZuRWRMZaYaBORbULw1l/eJO1a1buuug+1cr2Sx1GEC7iECnhwA3W4hya0gACHZ3iFN2tqvVjv1seqtWDlM+fwB9bnD/T/jd0=</latexit>

CD

<latexit sha1_base64="j9K+J1Af5fgftZsCEKcUdfH9oDw="></latexit>

=
N

(+)
12 N

(�)
23 N

(�)
13 + R123

hAB12ihAB23ihAB34ihAB14ihABCDihCD12ihCD23ihCD34i
hCD14ihCDEF ihEF12ihEF23ihEF34ihEF14ihABEF i

<latexit sha1_base64="dpjHuKxkaxvzWx3izfyTLijdXf8=">AAACAnicbVDLSsNAFJ3UV42vqCtxM9gIFWlJKmI3QsGNOyvYB7QxTKaTdujkwcxEKKG48VfcuFDErV/hzr9x2mahrQcuHM65l3vv8WJGhbSsby23tLyyupZf1zc2t7Z3jN29pogSjkkDRyzibQ8JwmhIGpJKRtoxJyjwGGl5w6uJ33ogXNAovJOjmDgB6ofUpxhJJbnGgWnq3ZuA9JF7dp8WT0ulkzG8hLppukbBKltTwEViZ6QAMtRd46vbi3ASkFBihoTo2FYsnRRxSTEjY72bCBIjPER90lE0RAERTjp9YQyPldKDfsRVhRJO1d8TKQqEGAWe6gyQHIh5byL+53US6VedlIZxIkmIZ4v8hEEZwUkesEc5wZKNFEGYU3UrxAPEEZYqNV2FYM+/vEialbJ9XrZuK4VaNYsjDw7BESgCG1yAGrgGddAAGDyCZ/AK3rQn7UV71z5mrTktm9kHf6B9/gC+mJPB</latexit>

⌦
(+��)
3 =

(6.48)

<latexit sha1_base64="1xDIuIQjvF/5JJWo5u/Qo/akEWA="></latexit>

=
N

(�)
12 N

(�)
23 N

(�)
13 � R123

hAB12ihAB23ihAB34ihAB14ihABCDihCD12ihCD23ihCD34i
hCD14ihCDEF ihEF12ihEF23ihEF34ihEF14ihABEF i

<latexit sha1_base64="LlrPNsoeC40kOqzezvZCvZJ3V3U=">AAAB73icbVBNS8NAEJ3Urxq/qh69LDZCTyUpFD0WRPFYwX5AG8pmu2mXbjZxdyOU0D/hxYMiXv073vw3btsctPXBwOO9GWbmBQlnSrvut1XY2Nza3inu2nv7B4dHpeOTtopTSWiLxDyW3QArypmgLc00p91EUhwFnHaCyfXc7zxRqVgsHvQ0oX6ER4KFjGBtpK7j2De3tuMMSmW36i6A1omXkzLkaA5KX/1hTNKICk04VqrnuYn2Myw1I5zO7H6qaILJBI9oz1CBI6r8bHHvDF0YZYjCWJoSGi3U3xMZjpSaRoHpjLAeq1VvLv7n9VIdXvkZE0mqqSDLRWHKkY7R/Hk0ZJISzaeGYCKZuRWRMZaYaBORbULwVl9eJ+1a1atX3ftauVHJ4yjCGZxDBTy4hAbcQRNaQIDDM7zCm/VovVjv1seytWDlM6fwB9bnD/sdjeE=</latexit>

EF

<latexit sha1_base64="A29i9Fa03b+nynMeS8xsqNolAAE=">AAAB73icbVBNS8NAEJ3Urxq/qh69LDZCTyUpFD1WvXisYD+gDWWz3bRLN5u4uxFK6J/w4kERr/4db/4bt20O2vpg4PHeDDPzgoQzpV332ypsbG5t7xR37b39g8Oj0vFJW8WpJLRFYh7LboAV5UzQlmaa024iKY4CTjvB5Hbud56oVCwWD3qaUD/CI8FCRrA2Utdx7Osb23EGpbJbdRdA68TLSRlyNAelr/4wJmlEhSYcK9Xz3ET7GZaaEU5ndj9VNMFkgke0Z6jAEVV+trh3hi6MMkRhLE0JjRbq74kMR0pNo8B0RliP1ao3F//zeqkOr/yMiSTVVJDlojDlSMdo/jwaMkmJ5lNDMJHM3IrIGEtMtInINiF4qy+vk3at6tWr7n2t3KjkcRThDM6hAh5cQgPuoAktIMDhGV7hzXq0Xqx362PZWrDymVP4A+vzB+7hjdk=</latexit>

AB
<latexit sha1_base64="GzTvLCQrNuZnDW/vRzsMgZhxvxE=">AAAB73icbVBNS8NAEJ3Urxq/qh69LDZCTyUpiB4L9eCxgv2ANpTNdtMu3WzS3Y1QQv+EFw+KePXvePPfuG1z0NYHA4/3ZpiZFyScKe2631Zha3tnd6+4bx8cHh2flE7P2ipOJaEtEvNYdgOsKGeCtjTTnHYTSXEUcNoJJo2F33miUrFYPOpZQv0IjwQLGcHaSF3HsRt3tuMMSmW36i6BNomXkzLkaA5KX/1hTNKICk04VqrnuYn2Myw1I5zO7X6qaILJBI9oz1CBI6r8bHnvHF0ZZYjCWJoSGi3V3xMZjpSaRYHpjLAeq3VvIf7n9VId3voZE0mqqSCrRWHKkY7R4nk0ZJISzWeGYCKZuRWRMZaYaBORbULw1l/eJO1a1buuug+1cr2Sx1GEC7iECnhwA3W4hya0gACHZ3iFN2tqvVjv1seqtWDlM+fwB9bnD/T/jd0=</latexit>

CD

<latexit sha1_base64="LcK5gaFepbBs8rkz15teN+i5Xqc=">AAACAnicbVDLSsNAFJ34rPEVdSVuBhuhLlqSitiNUHDjzgr2AW0Mk+m0HTqZhJmJUEJx46+4caGIW7/CnX/jtM1CWw9cOJxzL/feE8SMSuU438bS8srq2npuw9zc2t7Ztfb2GzJKBCZ1HLFItAIkCaOc1BVVjLRiQVAYMNIMhlcTv/lAhKQRv1OjmHgh6nPaoxgpLfnWoW2bnZuQ9JF/dp8WisXi6RheQtO2fSvvlJwp4CJxM5IHGWq+9dXpRjgJCVeYISnbrhMrL0VCUczI2OwkksQID1GftDXlKCTSS6cvjOGJVrqwFwldXMGp+nsiRaGUozDQnSFSAznvTcT/vHaiehUvpTxOFOF4tqiXMKgiOMkDdqkgWLGRJggLqm+FeIAEwkqnZuoQ3PmXF0mjXHLPS85tOV+tZHHkwBE4BgXgggtQBdegBuoAg0fwDF7Bm/FkvBjvxsesdcnIZg7AHxifP8G0k8M=</latexit>

⌦
(���)
3 =

This remainder R123 is thus universal for all triangle geometries (up to a relative sign). We know

that all these geometries suffer from the presence of double poles, and the purpose of R123 is to

cancel them. The explicit form for R123 was already presented in [77],

(6.49) R123 “ 4M1 ´Ma
2 ´M b

2 ´M c
2 ,

where we defined

M1 “xAB12yxAB34yxCD12yxCD34yxEF12yxEF34y

` xAB23yxAB14yxCD23yxCD14yxEF23yxEF14y ,

Ma
2 “xAB12yxAB34y ˆ pxCD12yxEF34y ` xCD34yxEF12yq

ˆ pxCD13yxEF24y ` xCD24yxEF13yq

` xAB23yxAB14y ˆ pxCD23yxEF14y ` xCD14yxEF23yq
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ˆ pxCD13yxEF24y ` xCD24yxEF13yq ,

where M b
2 and M c

2 differ from Ma
2 by permutation of lines pABq, pCDq and pEF q (Ma

2 is already

symmetric in pCDqØpEF q). This can be obtained by a brute-force method: write down a complete

ansatz forR123 and impose the double pole cancellation constraint on the numerator NG. Interestingly,

this fixes the form R123 uniquely.

6.5.2 Detailed construction of the remainder

Let us now construct the remainder R123 systematically and provide more details. We know

that the tree numerators built from N
p`q

2 and N
p´q

2 automatically satisfy all singlet and doublet

conditions for any graph. Therefore, the remainder R123 must also satisfy all these conditions. But

we also know that R123 is universal for all sign assignments of links, hence it must actually vanish

for all singlet and doublet conditions: P1, N1, P2a, P2b, N2a and N2b for any pair of lines

pABq, pCDq and pEF q. To build this remainder R123 we use a particular set of building blocks

N
paq

ij ” xABi12yxABj34y ` xABi34yxABj12y ,(6.50)

N
pbq
ij ” xABi23yxABj14y ` xABi14yxABj23y ,(6.51)

N
pcq
ij ” xABi13yxABj24y ` xABi24yxABj13y .(6.52)

It will also be useful to use a short-hand notation for the “diagonal elements”

N
paq

i ”
1

2
N

paq

ii “ xABi12yxABi34y ,(6.53)

N
pbq
i ”

1

2
N

pbq
ii “ xABi23yxABi14y .(6.54)

Note that the two-loop numerators are just

(6.55) N
p`q

ij “ N
paq

ij `N
pbq
ij , N

p´q

ij “ N
pcq
ij .

We can then write a general ansatz in terms of these objects N pa,b,cq
ij as

(6.56) R123 “
ÿ

ckN
pa,b,cq
xy N pa,b,cq

zw N pa,b,cq
pq ,

where 1, 2 and 3 each appear twice in tx, y, z, w, p, qu with some choices of a, b, c superscripts, and

ck are so far undetermined numerical factors. We demand that all terms in our basis satisfy all
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singlet and doublet conditions individually – this is our assumption. Analyzing individual building

blocks we learn that

(1) N paq

ij and N
pbq
ij are designed to satisfy conditions P1 for both i and j, and P2a and P2b

for a link pi, jq.

(2) N pcq
ij is designed to satisfy conditions N1 for both i and j, and N2a and N2b for a link

pi, jq.

(3) Products N paq

i or N pbq
i satisfies P1 and N1 for i, and also P2b, N2a and N2b for any link

pi, ˚q.

(4) Products N paq

i N
paq

j˚ and N pbq
i N

pbq
j˚ satisfy further condition P2a for a link pi, jq.

(5) Products N paq

i N
paq

j and N pbq
i N

pbq
j satisfy all conditions for both i, j and the link pi, jq.

All conditions must be satisfied for all three pairs 12, 13 and 23 (because our graph has all three

links), and the complete basis of such monomials is (modulo relabeling of 1,2,3)

"

N
paq

1 N
paq

2 N
paq

3 , N
pbq
1 N

pbq
2 N

pbq
3 , N

paq

1 N
paq

23 N
pcq
23 , N

pbq
1 N

pbq
23 N

pcq
23

*

.(6.57)

Nothing else satisfies all constraints. Our ansatz for the remainder R123 is then

R123 “ c1 ¨N
paq

1 N
paq

2 N
paq

3 ` c2 ¨N
pbq
1 N

pbq
2 N

pbq
3

` c3 ¨

"

N
paq

1 N
paq

23 N
pcq
23 `N

paq

2 N
paq

13 N
pcq
13 `N

paq

3 N
paq

12 N
pcq
12

*

` c4 ¨

"

N
pbq
1 N

pbq
23 N

pcq
23 `N

pbq
2 N

pbq
13 N

pcq
13 `N

pbq
3 N

pbq
12 N

pcq
12

*

,(6.58)

and the full numerator is

N p```q

triangle “ N
p`q

12 N
p`q

23 N
p`q

13 `R123 .(6.59)

Now we impose the double pole cancellation condition on N p```q

triangle. This gives a unique solution

which fixes the coefficients in the ansatz (6.58) to be

(6.60) c1 “ c2 “ 4 , c3 “ c4 “ ´1 .
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Note that the cyclic symmetry (in Z1, Z2, Z3, Z4) forces us to have c1 “ c2 and c3 “ c4, but this is

automatic in the solution. We can then write the result in a compact form,

(6.61) R123 “

"

4N
paq

1 N
paq

2 N
paq

3 ´

´

N
paq

1 N
paq

23 N
pcq
23 `N

paq

2 N
paq

13 N
pcq
13 `N

paq

3 N
paq

12 N
pcq
12

¯

*

` pa Ñ bq ,

where a Ñ b sends the “a” superscript to “b”, ie. N paq

i Ñ N
pbq
i and N paq

ij Ñ N
pbq
ij , leaving the terms

with superscript “c” untouched. This is exactly the formula (6.49) now written in this new notation.

We can easily check that the same R123 expression trivially takes care of the double poles in the

p` ` ´q, p` ´ ´q and p´ ´ ´q spaces.

As a consistency check we can verify that Ω
p```q

triangle reproduces exactly the integrand for the

3-loop amplitude Ω3, but now written in a very different way than the usual sum of double boxes

and tennis court integrands. Similarly, Ωp´´´q

triangle together with tree graphs reproduces rΩ3, ie. the

three-loop logarithm of the amplitude.

Note that there are actually more constraints involving the cut of all three loops than we used

– we only used the double pole cancellation condition. We do not need the other constraints, as the

numerator is already fully fixed. For example, for the p` ` `q space we can consider a cut

(6.62) xAB12y “ xABCDy “ xCD34y “ xEF23y “ xEF14y “ 0

which is another example of a “non-planar cut” that is not supported by any planar diagram.

<latexit sha1_base64="eIxsD24StdpJ/fWMvTD2GWco1ok=">AAAB8XicbVBNS8NAEJ3Urxq/qh69LDaCBylJQfRY8OKxgv2gbSib7aZdutmE3Y1QQv+FFw+KePXfePPfuGlz0NYHA4/3ZpiZFyScKe2631ZpY3Nre6e8a+/tHxweVY5P2ipOJaEtEvNYdgOsKGeCtjTTnHYTSXEUcNoJpne533miUrFYPOpZQv0IjwULGcHaSD3HsXtDz3YcNKxU3Zq7AFonXkGqUKA5rHwNRjFJIyo04Vipvucm2s+w1IxwOrcHqaIJJlM8pn1DBY6o8rPFxXN0YZQRCmNpSmi0UH9PZDhSahYFpjPCeqJWvVz8z+unOrz1MyaSVFNBlovClCMdo/x9NGKSEs1nhmAimbkVkQmWmGgTkm1C8FZfXiftes27rrkP9WrjqoijDGdwDpfgwQ004B6a0AICAp7hFd4sZb1Y79bHsrVkFTOn8AfW5w8KnI54</latexit>

Z1

<latexit sha1_base64="ZS/yQ4s4tBPtISXRFR9W278tia0=">AAAB8XicbVBNS8NAEJ3Urxq/qh69LDaCp5IEih4LXjxWsB+0DWWz3bRLN5uwuxFK6L/w4kERr/4bb/4bt20O2vpg4PHeDDPzwpQzpV332yptbe/s7pX37YPDo+OTyulZWyWZJLRFEp7IbogV5UzQlmaa024qKY5DTjvh9G7hd56oVCwRj3qW0iDGY8EiRrA2Us9x7N7Qtx0HDStVt+YugTaJV5AqFGgOK1+DUUKymApNOFaq77mpDnIsNSOczu1BpmiKyRSPad9QgWOqgnx58RxdGWWEokSaEhot1d8TOY6VmsWh6Yyxnqh1byH+5/UzHd0GORNppqkgq0VRxpFO0OJ9NGKSEs1nhmAimbkVkQmWmGgTkm1C8NZf3iRtv+bVa+6DX234RRxluIBLuAYPbqAB99CEFhAQ8Ayv8GYp68V6tz5WrSWrmDmHP7A+fwAN8o5/</latexit>

Z2 <latexit sha1_base64="/93StPRT/WRdLeQCUmrg4ZEAmxU=">AAAB8XicbVBNS8NAEJ3Urxq/qh69LDaCp5JURI8FLx4r2A/ahrLZbtqlm03Y3Qgl9F948aCIV/+NN/+N2zQHbX0w8Hhvhpl5QcKZ0q77bZU2Nre2d8q79t7+weFR5fikreJUEtoiMY9lN8CKciZoSzPNaTeRFEcBp51gerfwO09UKhaLRz1LqB/hsWAhI1gbqec4dm94ZTsOGlaqbs3NgdaJV5AqFGgOK1+DUUzSiApNOFaq77mJ9jMsNSOczu1BqmiCyRSPad9QgSOq/Cy/eI4ujDJCYSxNCY1y9fdEhiOlZlFgOiOsJ2rVW4j/ef1Uh7d+xkSSairIclGYcqRjtHgfjZikRPOZIZhIZm5FZIIlJtqEZJsQvNWX10m7XvOua+5DvdrwijjKcAbncAke3EAD7qEJLSAg4Ble4c1S1ov1bn0sW0tWMXMKf2B9/gAPLY5/</latexit>

Z3

<latexit sha1_base64="Zz8RnzR6nruDqtIl2S83x5IH3uE=">AAAB8XicbVBNS8NAEJ3Urxq/qh69LDaCp5IURY8FLx4r2A/ahrLZbtqlm03Y3Qgl9F948aCIV/+NN/+N2zQHbX0w8Hhvhpl5QcKZ0q77bZU2Nre2d8q79t7+weFR5fikreJUEtoiMY9lN8CKciZoSzPNaTeRFEcBp51gerfwO09UKhaLRz1LqB/hsWAhI1gbqec4dm94ZTsOGlaqbs3NgdaJV5AqFGgOK1+DUUzSiApNOFaq77mJ9jMsNSOczu1BqmiCyRSPad9QgSOq/Cy/eI4ujDJCYSxNCY1y9fdEhiOlZlFgOiOsJ2rVW4j/ef1Uh7d+xkSSairIclGYcqRjtHgfjZikRPOZIZhIZm5FZIIlJtqEZJsQvNWX10m7XvOua+5DvdrwijjKcAbncAke3EAD7qEJLSAg4Ble4c1S1ov1bn0sW0tWMXMKf2B9/gAQtY6A</latexit>

Z4

<latexit sha1_base64="KzSUjCc9XhnmouXiawVuv4v171o=">AAAB8HicbVBNSwMxEJ2tX3X9qnr0EuwKnspuQfRY9eKxgv2QdinZNNuGJtklyQql9Fd48aCIV3+ON/+NabsHbX0w8Hhvhpl5UcqZNr7/7RTW1jc2t4rb7s7u3v5B6fCoqZNMEdogCU9UO8KaciZpwzDDaTtVFIuI01Y0up35rSeqNEvkgxmnNBR4IFnMCDZWevQ89/rG9TzUK5X9ij8HWiVBTsqQo94rfXX7CckElYZwrHUn8FMTTrAyjHA6dbuZpikmIzygHUslFlSHk/nBU3RmlT6KE2VLGjRXf09MsNB6LCLbKbAZ6mVvJv7ndTITX4UTJtPMUEkWi+KMI5Og2feozxQlho8twUQxeysiQ6wwMTYj14YQLL+8SprVSnBR8e+r5VqQx1GEEziFcwjgEmpwB3VoAAEBz/AKb45yXpx352PRWnDymWP4A+fzB0g+jgw=</latexit>

AB
<latexit sha1_base64="xfeRjtpbjMjCc5JviqZJ1bAV5no=">AAAB8HicbVBNSwMxEJ2tX3X9qnr0EuwKnspuQfRYqAePFeyHtEvJptk2NMkuSVYopb/CiwdFvPpzvPlvTNs9aOuDgcd7M8zMi1LOtPH9b6ewsbm1vVPcdff2Dw6PSscnLZ1kitAmSXiiOhHWlDNJm4YZTjupolhEnLajcX3ut5+o0iyRD2aS0lDgoWQxI9hY6dHz3Pqt63moXyr7FX8BtE6CnJQhR6Nf+uoNEpIJKg3hWOtu4KcmnGJlGOF05vYyTVNMxnhIu5ZKLKgOp4uDZ+jCKgMUJ8qWNGih/p6YYqH1RES2U2Az0qveXPzP62YmvgmnTKaZoZIsF8UZRyZB8+/RgClKDJ9Ygoli9lZERlhhYmxGrg0hWH15nbSqleCq4t9Xy7Ugj6MIZ3AOlxDANdTgDhrQBAICnuEV3hzlvDjvzseyteDkM6fwB87nD05gjhA=</latexit>

CD
<latexit sha1_base64="q8fCrvCZfZpSLuIdlgJii4jB6Vk=">AAAB73icbVBNS8NAEJ3Urxq/qh69LDaCBylJQfRYEMVjBfsBbSib7aZdutmkuxuhhP4JLx4U8erf8ea/cdvmoK0PBh7vzTAzL0g4U9p1v63C2vrG5lZx297Z3ds/KB0eNVWcSkIbJOaxbAdYUc4EbWimOW0nkuIo4LQVjG5mfuuJSsVi8agnCfUjPBAsZARrI7Udx769sx2nVyq7FXcOtEq8nJQhR71X+ur2Y5JGVGjCsVIdz020n2GpGeF0andTRRNMRnhAO4YKHFHlZ/N7p+jMKH0UxtKU0Giu/p7IcKTUJApMZ4T1UC17M/E/r5Pq8NrPmEhSTQVZLApTjnSMZs+jPpOUaD4xBBPJzK2IDLHERJuIbBOCt/zyKmlWK95lxX2olmsXeRxFOIFTOAcPrqAG91CHBhDg8Ayv8GaNrRfr3fpYtBasfOYY/sD6/AH8UY3l</latexit>

EF

Indeed on this cut xABEF y ă 0 and xCDEF y ă 0 and the numerator N p```q

triang must vanish.

This requires non-trivial cancellations in the numerator which do indeed happen. These conditions

are harder to classify, so we are lucky that singlet and doublet conditions along with double pole

cancellation are enough to fix the remainder R123 completely.

The next set of geometries we consider are polygons for any L. We already solved the problem

for L “ 3 and before writing a general solution, we look at L “ 4 and L “ 5 examples.

183



6.5.3 Square and pentagon geometries

Let us now consider the next case of a simple geometry with one internal cycle, it is the L “ 4

(four loops) ‘square’ geometry with only four links which form a closed cycle. For all links positive,

we have

<latexit sha1_base64="RiEvoLoIHmit5cVn+ggrVFKQn4k=">AAAB8XicbVBNS8NAEJ3Urxq/qh69LDZCTyUpFD1WvXisYD+wDWWz3bRLN5uwuxFK6L/w4kERr/4bb/4bt20O2vpg4PHeDDPzgoQzpV332ypsbG5t7xR37b39g8Oj0vFJW8WpJLRFYh7LboAV5UzQlmaa024iKY4CTjvB5Hbud56oVCwWD3qaUD/CI8FCRrA20qPj2Nc3A892nEGp7FbdBdA68XJShhzNQemrP4xJGlGhCcdK9Tw30X6GpWaE05ndTxVNMJngEe0ZKnBElZ8tLp6hC6MMURhLU0Kjhfp7IsORUtMoMJ0R1mO16s3F/7xeqsMrP2MiSTUVZLkoTDnSMZq/j4ZMUqL51BBMJDO3IjLGEhNtQrJNCN7qy+ukXat69ap7Xys3KnkcRTiDc6iAB5fQgDtoQgsICHiGV3izlPVivVsfy9aClc+cwh9Ynz8W3o59</latexit>

AB1

<latexit sha1_base64="B5K+51UZysk+o66RVXQZCd+wVC8=">AAAB8XicbVBNS8NAEJ3Urxq/qh69LDZCTyUpFD1WvXisYD+wDWWz3bRLN5uwuxFK6L/w4kERr/4bb/4bt20O2vpg4PHeDDPzgoQzpV332ypsbG5t7xR37b39g8Oj0vFJW8WpJLRFYh7LboAV5UzQlmaa024iKY4CTjvB5Hbud56oVCwWD3qaUD/CI8FCRrA20qPj2Nc3g5rtOINS2a26C6B14uWkDDmag9JXfxiTNKJCE46V6nluov0MS80IpzO7nyqaYDLBI9ozVOCIKj9bXDxDF0YZojCWpoRGC/X3RIYjpaZRYDojrMdq1ZuL/3m9VIdXfsZEkmoqyHJRmHKkYzR/Hw2ZpETzqSGYSGZuRWSMJSbahGSbELzVl9dJu1b16lX3vlZuVPI4inAG51ABDy6hAXfQhBYQEPAMr/BmKevFerc+lq0FK585hT+wPn8AGGWOfg==</latexit>

AB2
<latexit sha1_base64="+WPKUrMvGXEaz/BVnnPkKr1MflU=">AAAB8XicbVBNS8NAEJ3Urxq/qh69LDZCTyWpiB6rXjxWsB/YhrLZbtqlm03Y3Qgl9F948aCIV/+NN/+N2zYHbX0w8Hhvhpl5QcKZ0q77bRXW1jc2t4rb9s7u3v5B6fCopeJUEtokMY9lJ8CKciZoUzPNaSeRFEcBp+1gfDvz209UKhaLBz1JqB/hoWAhI1gb6dFx7Oub/rntOP1S2a26c6BV4uWkDDka/dJXbxCTNKJCE46V6npuov0MS80Ip1O7lyqaYDLGQ9o1VOCIKj+bXzxFZ0YZoDCWpoRGc/X3RIYjpSZRYDojrEdq2ZuJ/3ndVIdXfsZEkmoqyGJRmHKkYzR7Hw2YpETziSGYSGZuRWSEJSbahGSbELzll1dJq1b1Lqrufa1cr+RxFOEETqECHlxCHe6gAU0gIOAZXuHNUtaL9W59LFoLVj5zDH9gff4AGeyOfw==</latexit>

AB3

<latexit sha1_base64="toobybMMwemsU8JrtPkkyW+9NzQ=">AAAB8XicbVBNS8NAEJ3Urxq/qh69LDZCTyUpih6rXjxWsB/YhrLZbtqlm03Y3Qgl9F948aCIV/+NN/+N2zYHbX0w8Hhvhpl5QcKZ0q77bRXW1jc2t4rb9s7u3v5B6fCopeJUEtokMY9lJ8CKciZoUzPNaSeRFEcBp+1gfDvz209UKhaLBz1JqB/hoWAhI1gb6dFx7Oub/rntOP1S2a26c6BV4uWkDDka/dJXbxCTNKJCE46V6npuov0MS80Ip1O7lyqaYDLGQ9o1VOCIKj+bXzxFZ0YZoDCWpoRGc/X3RIYjpSZRYDojrEdq2ZuJ/3ndVIdXfsZEkmoqyGJRmHKkYzR7Hw2YpETziSGYSGZuRWSEJSbahGSbELzll1dJq1b1Lqrufa1cr+RxFOEETqECHlxCHe6gAU0gIOAZXuHNUtaL9W59LFoLVj5zDH9gff4AG3OOgA==</latexit>

AB4

<latexit sha1_base64="RLCl6yIzwitnMys5IrSM97DGaxc="></latexit>

=
N (++++)

square

D1D2D3D4hAB1AB2ihAB2AB3ihAB3AB4ihAB4AB1i
<latexit sha1_base64="Xjuag6oX91dzWKPFiXRxQsXiww8=">AAACDnicbVDLSgNBEJyNr7i+Vj16GUwCESXsBkQvQsCLNyOYByQxzE46yZCZ3XVmVghLvsCLv+LFgyJePXvzb5w8DppY0FBUddPd5UecKe2631ZqaXlldS29bm9sbm3vOLt7VRXGkkKFhjyUdZ8o4CyAimaaQz2SQITPoeYPLsd+7QGkYmFwq4cRtATpBazLKNFGaju5bNZuXgvokXbSlAKr+5hIGN0l+WODoxG+wHY223YybsGdAC8Sb0YyaIZy2/lqdkIaCwg05USphudGupUQqRnlMLKbsYKI0AHpQcPQgAhQrWTyzgjnjNLB3VCaCjSeqL8nEiKUGgrfdAqi+2reG4v/eY1Yd89bCQuiWENAp4u6Mcc6xONscIdJoJoPDSFUMnMrpn0iCdUmQduE4M2/vEiqxYJ3WnBvipnSySyONDpAhyiPPHSGSugKlVEFUfSIntErerOerBfr3fqYtqas2cw++gPr8wdY/pkF</latexit>

⌦(++++)
square =

We start with writing the numerator as the sum of the tree part and the remainder, and for all links

positive we have

(6.63) N p````q
square “ N

p`q

12 N
p`q

23 N
p`q

34 N
p`q

14 `R1234 .

The remainder is again universal for any sign assignments on links. For example, if we flip the sign

of the xAB1AB4y link we have the same denominator, but

(6.64) N p```´q
square “ N

p`q

12 N
p`q

23 N
p`q

34 N
p´q

14 ´R1234 ,

such that the union of two geometries is a tree graph,

<latexit sha1_base64="RiEvoLoIHmit5cVn+ggrVFKQn4k=">AAAB8XicbVBNS8NAEJ3Urxq/qh69LDZCTyUpFD1WvXisYD+wDWWz3bRLN5uwuxFK6L/w4kERr/4bb/4bt20O2vpg4PHeDDPzgoQzpV332ypsbG5t7xR37b39g8Oj0vFJW8WpJLRFYh7LboAV5UzQlmaa024iKY4CTjvB5Hbud56oVCwWD3qaUD/CI8FCRrA20qPj2Nc3A892nEGp7FbdBdA68XJShhzNQemrP4xJGlGhCcdK9Tw30X6GpWaE05ndTxVNMJngEe0ZKnBElZ8tLp6hC6MMURhLU0Kjhfp7IsORUtMoMJ0R1mO16s3F/7xeqsMrP2MiSTUVZLkoTDnSMZq/j4ZMUqL51BBMJDO3IjLGEhNtQrJNCN7qy+ukXat69ap7Xys3KnkcRTiDc6iAB5fQgDtoQgsICHiGV3izlPVivVsfy9aClc+cwh9Ynz8W3o59</latexit>

AB1

<latexit sha1_base64="B5K+51UZysk+o66RVXQZCd+wVC8=">AAAB8XicbVBNS8NAEJ3Urxq/qh69LDZCTyUpFD1WvXisYD+wDWWz3bRLN5uwuxFK6L/w4kERr/4bb/4bt20O2vpg4PHeDDPzgoQzpV332ypsbG5t7xR37b39g8Oj0vFJW8WpJLRFYh7LboAV5UzQlmaa024iKY4CTjvB5Hbud56oVCwWD3qaUD/CI8FCRrA20qPj2Nc3g5rtOINS2a26C6B14uWkDDmag9JXfxiTNKJCE46V6nluov0MS80IpzO7nyqaYDLBI9ozVOCIKj9bXDxDF0YZojCWpoRGC/X3RIYjpaZRYDojrMdq1ZuL/3m9VIdXfsZEkmoqyHJRmHKkYzR/Hw2ZpETzqSGYSGZuRWSMJSbahGSbELzVl9dJu1b16lX3vlZuVPI4inAG51ABDy6hAXfQhBYQEPAMr/BmKevFerc+lq0FK585hT+wPn8AGGWOfg==</latexit>

AB2
<latexit sha1_base64="+WPKUrMvGXEaz/BVnnPkKr1MflU=">AAAB8XicbVBNS8NAEJ3Urxq/qh69LDZCTyWpiB6rXjxWsB/YhrLZbtqlm03Y3Qgl9F948aCIV/+NN/+N2zYHbX0w8Hhvhpl5QcKZ0q77bRXW1jc2t4rb9s7u3v5B6fCopeJUEtokMY9lJ8CKciZoUzPNaSeRFEcBp+1gfDvz209UKhaLBz1JqB/hoWAhI1gb6dFx7Oub/rntOP1S2a26c6BV4uWkDDka/dJXbxCTNKJCE46V6npuov0MS80Ip1O7lyqaYDLGQ9o1VOCIKj+bXzxFZ0YZoDCWpoRGc/X3RIYjpSZRYDojrEdq2ZuJ/3ndVIdXfsZEkmoqyGJRmHKkYzR7Hw2YpETziSGYSGZuRWSEJSbahGSbELzll1dJq1b1Lqrufa1cr+RxFOEETqECHlxCHe6gAU0gIOAZXuHNUtaL9W59LFoLVj5zDH9gff4AGeyOfw==</latexit>

AB3

<latexit sha1_base64="toobybMMwemsU8JrtPkkyW+9NzQ=">AAAB8XicbVBNS8NAEJ3Urxq/qh69LDZCTyUpih6rXjxWsB/YhrLZbtqlm03Y3Qgl9F948aCIV/+NN/+N2zYHbX0w8Hhvhpl5QcKZ0q77bRXW1jc2t4rb9s7u3v5B6fCopeJUEtokMY9lJ8CKciZoUzPNaSeRFEcBp+1gfDvz209UKhaLBz1JqB/hoWAhI1gb6dFx7Oub/rntOP1S2a26c6BV4uWkDDka/dJXbxCTNKJCE46V6npuov0MS80Ip1O7lyqaYDLGQ9o1VOCIKj+bXzxFZ0YZoDCWpoRGc/X3RIYjpSZRYDojrEdq2ZuJ/3ndVIdXfsZEkmoqyGJRmHKkYzR7Hw2YpETziSGYSGZuRWSEJSbahGSbELzll1dJq1b1Lqrufa1cr+RxFOEETqECHlxCHe6gAU0gIOAZXuHNUtaL9W59LFoLVj5zDH9gff4AG3OOgA==</latexit>

AB4

<latexit sha1_base64="RiEvoLoIHmit5cVn+ggrVFKQn4k=">AAAB8XicbVBNS8NAEJ3Urxq/qh69LDZCTyUpFD1WvXisYD+wDWWz3bRLN5uwuxFK6L/w4kERr/4bb/4bt20O2vpg4PHeDDPzgoQzpV332ypsbG5t7xR37b39g8Oj0vFJW8WpJLRFYh7LboAV5UzQlmaa024iKY4CTjvB5Hbud56oVCwWD3qaUD/CI8FCRrA20qPj2Nc3A892nEGp7FbdBdA68XJShhzNQemrP4xJGlGhCcdK9Tw30X6GpWaE05ndTxVNMJngEe0ZKnBElZ8tLp6hC6MMURhLU0Kjhfp7IsORUtMoMJ0R1mO16s3F/7xeqsMrP2MiSTUVZLkoTDnSMZq/j4ZMUqL51BBMJDO3IjLGEhNtQrJNCN7qy+ukXat69ap7Xys3KnkcRTiDc6iAB5fQgDtoQgsICHiGV3izlPVivVsfy9aClc+cwh9Ynz8W3o59</latexit>

AB1

<latexit sha1_base64="B5K+51UZysk+o66RVXQZCd+wVC8=">AAAB8XicbVBNS8NAEJ3Urxq/qh69LDZCTyUpFD1WvXisYD+wDWWz3bRLN5uwuxFK6L/w4kERr/4bb/4bt20O2vpg4PHeDDPzgoQzpV332ypsbG5t7xR37b39g8Oj0vFJW8WpJLRFYh7LboAV5UzQlmaa024iKY4CTjvB5Hbud56oVCwWD3qaUD/CI8FCRrA20qPj2Nc3g5rtOINS2a26C6B14uWkDDmag9JXfxiTNKJCE46V6nluov0MS80IpzO7nyqaYDLBI9ozVOCIKj9bXDxDF0YZojCWpoRGC/X3RIYjpaZRYDojrMdq1ZuL/3m9VIdXfsZEkmoqyHJRmHKkYzR/Hw2ZpETzqSGYSGZuRWSMJSbahGSbELzVl9dJu1b16lX3vlZuVPI4inAG51ABDy6hAXfQhBYQEPAMr/BmKevFerc+lq0FK585hT+wPn8AGGWOfg==</latexit>

AB2
<latexit sha1_base64="+WPKUrMvGXEaz/BVnnPkKr1MflU=">AAAB8XicbVBNS8NAEJ3Urxq/qh69LDZCTyWpiB6rXjxWsB/YhrLZbtqlm03Y3Qgl9F948aCIV/+NN/+N2zYHbX0w8Hhvhpl5QcKZ0q77bRXW1jc2t4rb9s7u3v5B6fCopeJUEtokMY9lJ8CKciZoUzPNaSeRFEcBp+1gfDvz209UKhaLBz1JqB/hoWAhI1gb6dFx7Oub/rntOP1S2a26c6BV4uWkDDka/dJXbxCTNKJCE46V6npuov0MS80Ip1O7lyqaYDLGQ9o1VOCIKj+bXzxFZ0YZoDCWpoRGc/X3RIYjpSZRYDojrEdq2ZuJ/3ndVIdXfsZEkmoqyGJRmHKkYzR7Hw2YpETziSGYSGZuRWSEJSbahGSbELzll1dJq1b1Lqrufa1cr+RxFOEETqECHlxCHe6gAU0gIOAZXuHNUtaL9W59LFoLVj5zDH9gff4AGeyOfw==</latexit>

AB3

<latexit sha1_base64="toobybMMwemsU8JrtPkkyW+9NzQ=">AAAB8XicbVBNS8NAEJ3Urxq/qh69LDZCTyUpih6rXjxWsB/YhrLZbtqlm03Y3Qgl9F948aCIV/+NN/+N2zYHbX0w8Hhvhpl5QcKZ0q77bRXW1jc2t4rb9s7u3v5B6fCopeJUEtokMY9lJ8CKciZoUzPNaSeRFEcBp+1gfDvz209UKhaLBz1JqB/hoWAhI1gb6dFx7Oub/rntOP1S2a26c6BV4uWkDDka/dJXbxCTNKJCE46V6npuov0MS80Ip1O7lyqaYDLGQ9o1VOCIKj+bXzxFZ0YZoDCWpoRGc/X3RIYjpSZRYDojrEdq2ZuJ/3ndVIdXfsZEkmoqyGJRmHKkYzR7Hw2YpETziSGYSGZuRWSEJSbahGSbELzll1dJq1b1Lqrufa1cr+RxFOEETqECHlxCHe6gAU0gIOAZXuHNUtaL9W59LFoLVj5zDH9gff4AG3OOgA==</latexit>

AB4

<latexit sha1_base64="PR/FRv/Vr/HqGz/JFxiudjokVp0=">AAAB73icbVBNS8NAEJ3Urxq/qh69LDaCoJSkIHosePFYwX5AG8pmu2mXbjZxdyOU0D/hxYMiXv073vw3btoctPXBwOO9GWbmBQlnSrvut1VaW9/Y3Cpv2zu7e/sHlcOjtopTSWiLxDyW3QArypmgLc00p91EUhwFnHaCyW3ud56oVCwWD3qaUD/CI8FCRrA2Utdx7AtkO86gUnVr7hxolXgFqUKB5qDy1R/GJI2o0IRjpXqem2g/w1IzwunM7qeKJphM8Ij2DBU4osrP5vfO0JlRhiiMpSmh0Vz9PZHhSKlpFJjOCOuxWvZy8T+vl+rwxs+YSFJNBVksClOOdIzy59GQSUo0nxqCiWTmVkTGWGKiTUS2CcFbfnmVtOs176rm3terjcsijjKcwCmcgwfX0IA7aEILCHB4hld4sx6tF+vd+li0lqxi5hj+wPr8AZp3jaU=</latexit>

+ <latexit sha1_base64="7PenTEwnewxMeopwRoNkIQzKKVw=">AAAB7nicbVBNS8NAEJ34WeNX1aOXxUbwICUpiF6EghePFewHtKFstpt26e4m7G6EEvojvHhQxKu/x5v/xm2bg7Y+GHi8N8PMvCjlTBvf/3bW1jc2t7ZLO+7u3v7BYfnouKWTTBHaJAlPVCfCmnImadMww2knVRSLiNN2NL6b+e0nqjRL5KOZpDQUeChZzAg2Vmp7nnvrel6/XPGr/hxolQQFqUCBRr/81RskJBNUGsKx1t3AT02YY2UY4XTq9jJNU0zGeEi7lkosqA7z+blTdG6VAYoTZUsaNFd/T+RYaD0Rke0U2Iz0sjcT//O6mYlvwpzJNDNUksWiOOPIJGj2OxowRYnhE0swUczeisgIK0yMTci1IQTLL6+SVq0aXFX9h1qlflnEUYJTOIMLCOAa6nAPDWgCgTE8wyu8Oanz4rw7H4vWNaeYOYE/cD5/AF+ojY0=</latexit>=

<latexit sha1_base64="RiEvoLoIHmit5cVn+ggrVFKQn4k=">AAAB8XicbVBNS8NAEJ3Urxq/qh69LDZCTyUpFD1WvXisYD+wDWWz3bRLN5uwuxFK6L/w4kERr/4bb/4bt20O2vpg4PHeDDPzgoQzpV332ypsbG5t7xR37b39g8Oj0vFJW8WpJLRFYh7LboAV5UzQlmaa024iKY4CTjvB5Hbud56oVCwWD3qaUD/CI8FCRrA20qPj2Nc3A892nEGp7FbdBdA68XJShhzNQemrP4xJGlGhCcdK9Tw30X6GpWaE05ndTxVNMJngEe0ZKnBElZ8tLp6hC6MMURhLU0Kjhfp7IsORUtMoMJ0R1mO16s3F/7xeqsMrP2MiSTUVZLkoTDnSMZq/j4ZMUqL51BBMJDO3IjLGEhNtQrJNCN7qy+ukXat69ap7Xys3KnkcRTiDc6iAB5fQgDtoQgsICHiGV3izlPVivVsfy9aClc+cwh9Ynz8W3o59</latexit>

AB1

<latexit sha1_base64="B5K+51UZysk+o66RVXQZCd+wVC8=">AAAB8XicbVBNS8NAEJ3Urxq/qh69LDZCTyUpFD1WvXisYD+wDWWz3bRLN5uwuxFK6L/w4kERr/4bb/4bt20O2vpg4PHeDDPzgoQzpV332ypsbG5t7xR37b39g8Oj0vFJW8WpJLRFYh7LboAV5UzQlmaa024iKY4CTjvB5Hbud56oVCwWD3qaUD/CI8FCRrA20qPj2Nc3g5rtOINS2a26C6B14uWkDDmag9JXfxiTNKJCE46V6nluov0MS80IpzO7nyqaYDLBI9ozVOCIKj9bXDxDF0YZojCWpoRGC/X3RIYjpaZRYDojrMdq1ZuL/3m9VIdXfsZEkmoqyHJRmHKkYzR/Hw2ZpETzqSGYSGZuRWSMJSbahGSbELzVl9dJu1b16lX3vlZuVPI4inAG51ABDy6hAXfQhBYQEPAMr/BmKevFerc+lq0FK585hT+wPn8AGGWOfg==</latexit>

AB2
<latexit sha1_base64="+WPKUrMvGXEaz/BVnnPkKr1MflU=">AAAB8XicbVBNS8NAEJ3Urxq/qh69LDZCTyWpiB6rXjxWsB/YhrLZbtqlm03Y3Qgl9F948aCIV/+NN/+N2zYHbX0w8Hhvhpl5QcKZ0q77bRXW1jc2t4rb9s7u3v5B6fCopeJUEtokMY9lJ8CKciZoUzPNaSeRFEcBp+1gfDvz209UKhaLBz1JqB/hoWAhI1gb6dFx7Oub/rntOP1S2a26c6BV4uWkDDka/dJXbxCTNKJCE46V6npuov0MS80Ip1O7lyqaYDLGQ9o1VOCIKj+bXzxFZ0YZoDCWpoRGc/X3RIYjpSZRYDojrEdq2ZuJ/3ndVIdXfsZEkmoqyGJRmHKkYzR7Hw2YpETziSGYSGZuRWSEJSbahGSbELzll1dJq1b1Lqrufa1cr+RxFOEETqECHlxCHe6gAU0gIOAZXuHNUtaL9W59LFoLVj5zDH9gff4AGeyOfw==</latexit>

AB3

<latexit sha1_base64="toobybMMwemsU8JrtPkkyW+9NzQ=">AAAB8XicbVBNS8NAEJ3Urxq/qh69LDZCTyUpih6rXjxWsB/YhrLZbtqlm03Y3Qgl9F948aCIV/+NN/+N2zYHbX0w8Hhvhpl5QcKZ0q77bRXW1jc2t4rb9s7u3v5B6fCopeJUEtokMY9lJ8CKciZoUzPNaSeRFEcBp+1gfDvz209UKhaLBz1JqB/hoWAhI1gb6dFx7Oub/rntOP1S2a26c6BV4uWkDDka/dJXbxCTNKJCE46V6npuov0MS80Ip1O7lyqaYDLGQ9o1VOCIKj+bXzxFZ0YZoDCWpoRGc/X3RIYjpSZRYDojrEdq2ZuJ/3ndVIdXfsZEkmoqyGJRmHKkYzR7Hw2YpETziSGYSGZuRWSEJSbahGSbELzll1dJq1b1Lqrufa1cr+RxFOEETqECHlxCHe6gAU0gIOAZXuHNUtaL9W59LFoLVj5zDH9gff4AG3OOgA==</latexit>

AB4

<latexit sha1_base64="S4fKG+LLH53jjQlMxdSNe0cSbAY="></latexit>

=
N

(+)
12 N

(+)
23 N

(+)
34

D1D2D3D4hAB1AB2ihAB2AB3ihAB3AB4i

and indeed the sum of (6.63) and (6.64) reproduce the correct tree form. The remainder must satisfy

all singlet and doublet conditions for the links in the graph (not all links – since links xAB1AB3y

and xAB2AB4y are missing, their signs are unrestricted) and the double pole cancellation. The

double pole is again generated in the denominator of the form ΩG if all lines ABi cut line p12q (or

any other external line) and intersect each other on that line – we denote the intersection point A,
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A

Merging the intersection points on line p12q of lines AB1 Ñ AB2 Ñ AB3 Ñ AB4 also accidentally

cuts the propagator xAB1AB4y which produces a double pole unless the numerator cancels it. As in

the triangle case, we use the same building blocks (6.50)-(6.54) and same rules for constructing the

basis of terms which satisfy the singlet conditions P1 and N1 and doublet conditions P2a, P2b,

N2a and N2b. The basis now has two types of terms:

N
paq

1 N
paq

2 N
paq

3 N
paq

4 and N
paq

1 N
paq

2 N
paq

34 N
pcq
34(6.65)

Both terms cancel for all singlet conditions trivially, and also for all doublet conditions – this is true

not only for four links in the graph, but actually for all six possible links including xAB1AB3y and

xAB2AB4y which are not in the graph! The cyclicity of the diagram then gives us the ansatz

R1234 “ c1N
paq

1 N
paq

2 N
paq

3 N
paq

4 ` c2

"

N
paq

1 N
paq

3 N
paq

24 N
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24 `N
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4 N
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(6.66)

` c3

"

N
paq

1 N
paq

2 N
paq
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14 `N

paq

3 N
paq
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12 `N
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1 N
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4 N
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23 N
pcq
23

+

` pa Ñ bq .

We also implicitly cycle in external legs, which translates into switching a labels to b labels. Note

that the second and third terms in (6.66) are structurally the same but the labels are distributed

differently and we have to consider them separately. Imposing the condition D on the numerator

(6.63) reveals no solution. This means that our ansatz is not big enough. Indeed, there are more

building blocks we can define which are analogous to N pa,b,cq
ij but now involve four lines ABi rather

than just two:

N
paq

1234 “ xAB112yxAB234yxAB312yxAB434y ` xAB134yxAB212yxAB334yxAB412y ,(6.67)

N
pbq
1234 “ xAB123yxAB214yxAB323yxAB414y ` xAB114yxAB223yxAB314yxAB423y ,(6.68)

N
pcq
1234 “ xAB113yxAB224yxAB313yxAB424y ` xAB124yxAB213yxAB324yxAB413y .(6.69)
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We see an intriguing pattern of labels here which will later generalize to higher L. Because of the

number of lines involved in the building blocks, we refer to N pa,bq
i as one-line invariants, N pa,b,cq

ij as

two-line invariants and N
pa,b,cq
ijkl as four-line invariants. There are no three-line invariants and we

indeed did not need any extra building blocks to solve the triangle problem.

Note that the four-line invariants are cyclically invariant (in internal lines AB1, AB2, AB3

and AB4 – in this ordering), and do not enjoy the full permutational symmetry in ABj . As for

satisfying conditions P1, N1, P2a, P2b, N2a and N2b, they perform a similar job to N
pa,b,cq
ij :

they do satisfy singlet conditions for all lines ABi, but the doublet conditions are only satisfied for

pairs pAB1, AB2q, pAB2, AB3q, pAB3, AB4q and pAB4, AB1q. This is exactly what is needed for

the topology of the graph. Hence the new building blocks to add to our ansatz are N paq

1234N
pcq
1234 and

N
pbq
1234N

pcq
1234. Our corrected ansatz is then
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1234 ` pa Ñ bq .

Imposing the double pole cancellation condition on the full numerator N p````q
square , we find an unique

solution,

(6.71) c1 “ 12, c2 “ c3 “ c4 “ ´1 .

We can now also check many other cuts which involve more than two lines where the numerator

should vanish and find always a perfect match. Note that going from one sign assignment to another

changes the sign of the remainder, each flip from positive to negative changes the sign of R1234.

Let us do one more explicit example before writing down the solution for a general polygon. Let

us consider L “ 5 which is a pentagon,

<latexit sha1_base64="RiEvoLoIHmit5cVn+ggrVFKQn4k=">AAAB8XicbVBNS8NAEJ3Urxq/qh69LDZCTyUpFD1WvXisYD+wDWWz3bRLN5uwuxFK6L/w4kERr/4bb/4bt20O2vpg4PHeDDPzgoQzpV332ypsbG5t7xR37b39g8Oj0vFJW8WpJLRFYh7LboAV5UzQlmaa024iKY4CTjvB5Hbud56oVCwWD3qaUD/CI8FCRrA20qPj2Nc3A892nEGp7FbdBdA68XJShhzNQemrP4xJGlGhCcdK9Tw30X6GpWaE05ndTxVNMJngEe0ZKnBElZ8tLp6hC6MMURhLU0Kjhfp7IsORUtMoMJ0R1mO16s3F/7xeqsMrP2MiSTUVZLkoTDnSMZq/j4ZMUqL51BBMJDO3IjLGEhNtQrJNCN7qy+ukXat69ap7Xys3KnkcRTiDc6iAB5fQgDtoQgsICHiGV3izlPVivVsfy9aClc+cwh9Ynz8W3o59</latexit>

AB1

<latexit sha1_base64="B5K+51UZysk+o66RVXQZCd+wVC8=">AAAB8XicbVBNS8NAEJ3Urxq/qh69LDZCTyUpFD1WvXisYD+wDWWz3bRLN5uwuxFK6L/w4kERr/4bb/4bt20O2vpg4PHeDDPzgoQzpV332ypsbG5t7xR37b39g8Oj0vFJW8WpJLRFYh7LboAV5UzQlmaa024iKY4CTjvB5Hbud56oVCwWD3qaUD/CI8FCRrA20qPj2Nc3g5rtOINS2a26C6B14uWkDDmag9JXfxiTNKJCE46V6nluov0MS80IpzO7nyqaYDLBI9ozVOCIKj9bXDxDF0YZojCWpoRGC/X3RIYjpaZRYDojrMdq1ZuL/3m9VIdXfsZEkmoqyHJRmHKkYzR/Hw2ZpETzqSGYSGZuRWSMJSbahGSbELzVl9dJu1b16lX3vlZuVPI4inAG51ABDy6hAXfQhBYQEPAMr/BmKevFerc+lq0FK585hT+wPn8AGGWOfg==</latexit>

AB2

<latexit sha1_base64="+WPKUrMvGXEaz/BVnnPkKr1MflU=">AAAB8XicbVBNS8NAEJ3Urxq/qh69LDZCTyWpiB6rXjxWsB/YhrLZbtqlm03Y3Qgl9F948aCIV/+NN/+N2zYHbX0w8Hhvhpl5QcKZ0q77bRXW1jc2t4rb9s7u3v5B6fCopeJUEtokMY9lJ8CKciZoUzPNaSeRFEcBp+1gfDvz209UKhaLBz1JqB/hoWAhI1gb6dFx7Oub/rntOP1S2a26c6BV4uWkDDka/dJXbxCTNKJCE46V6npuov0MS80Ip1O7lyqaYDLGQ9o1VOCIKj+bXzxFZ0YZoDCWpoRGc/X3RIYjpSZRYDojrEdq2ZuJ/3ndVIdXfsZEkmoqyGJRmHKkYzR7Hw2YpETziSGYSGZuRWSEJSbahGSbELzll1dJq1b1Lqrufa1cr+RxFOEETqECHlxCHe6gAU0gIOAZXuHNUtaL9W59LFoLVj5zDH9gff4AGeyOfw==</latexit>

AB3

<latexit sha1_base64="toobybMMwemsU8JrtPkkyW+9NzQ=">AAAB8XicbVBNS8NAEJ3Urxq/qh69LDZCTyUpih6rXjxWsB/YhrLZbtqlm03Y3Qgl9F948aCIV/+NN/+N2zYHbX0w8Hhvhpl5QcKZ0q77bRXW1jc2t4rb9s7u3v5B6fCopeJUEtokMY9lJ8CKciZoUzPNaSeRFEcBp+1gfDvz209UKhaLBz1JqB/hoWAhI1gb6dFx7Oub/rntOP1S2a26c6BV4uWkDDka/dJXbxCTNKJCE46V6npuov0MS80Ip1O7lyqaYDLGQ9o1VOCIKj+bXzxFZ0YZoDCWpoRGc/X3RIYjpSZRYDojrEdq2ZuJ/3ndVIdXfsZEkmoqyGJRmHKkYzR7Hw2YpETziSGYSGZuRWSEJSbahGSbELzll1dJq1b1Lqrufa1cr+RxFOEETqECHlxCHe6gAU0gIOAZXuHNUtaL9W59LFoLVj5zDH9gff4AG3OOgA==</latexit>

AB4

<latexit sha1_base64="1aEKwOzXaWOrV7aChthNFZ6S4aU=">AAAB8XicbVBNS8NAEJ3Urxq/qh69LDZCTyUpFD1WvXisYD+wDWWz3bRLN5uwuxFK6L/w4kERr/4bb/4bt20O2vpg4PHeDDPzgoQzpV332ypsbG5t7xR37b39g8Oj0vFJW8WpJLRFYh7LboAV5UzQlmaa024iKY4CTjvB5Hbud56oVCwWD3qaUD/CI8FCRrA20qPj2Nc3g7rtOINS2a26C6B14uWkDDmag9JXfxiTNKJCE46V6nluov0MS80IpzO7nyqaYDLBI9ozVOCIKj9bXDxDF0YZojCWpoRGC/X3RIYjpaZRYDojrMdq1ZuL/3m9VIdXfsZEkmoqyHJRmHKkYzR/Hw2ZpETzqSGYSGZuRWSMJSbahGSbELzVl9dJu1b16lX3vlZuVPI4inAG51ABDy6hAXfQhBYQEPAMr/BmKevFerc+lq0FK585hT+wPn8AHPqOgQ==</latexit>

AB5
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The ansatz for the numerator of a geometry with all links positive is

(6.72) N p`````q

pentagon “ N
p`q

12 N
p`q

23 N
p`q

34 N
p`q

45 N
p`q

15 `R12345 ,

where the ansatz for the remainder is now

R12345 “ c1N
paq

1 N
paq

2 N
paq

3 N
paq

4 N
paq

5 ` c2

"

N
paq

1 N
paq

2 N
paq

3 N
paq

45 N
pcq
45 ` cycl

*

(6.73)

` c3

"

N
paq

1 N
paq

2 N
paq

4 N
paq

35 N
pcq
35 ` cycl

+

` c4

"

N
paq

1 N
paq

2345N
pcq
2345 ` cycl

+

` pa Ñ bq ,

where the ‘cycl’ refers to cycling in the loop lines ABi Ñ ABi`1. Note that the ansatz does not

involve any five-line invariants. The dangerous configuration that produces the double pole in the

canonical form is similar to the previous cases,
<latexit sha1_base64="eIxsD24StdpJ/fWMvTD2GWco1ok=">AAAB8XicbVBNS8NAEJ3Urxq/qh69LDaCBylJQfRY8OKxgv2gbSib7aZdutmE3Y1QQv+FFw+KePXfePPfuGlz0NYHA4/3ZpiZFyScKe2631ZpY3Nre6e8a+/tHxweVY5P2ipOJaEtEvNYdgOsKGeCtjTTnHYTSXEUcNoJpne533miUrFYPOpZQv0IjwULGcHaSD3HsXtDz3YcNKxU3Zq7AFonXkGqUKA5rHwNRjFJIyo04Vipvucm2s+w1IxwOrcHqaIJJlM8pn1DBY6o8rPFxXN0YZQRCmNpSmi0UH9PZDhSahYFpjPCeqJWvVz8z+unOrz1MyaSVFNBlovClCMdo/x9NGKSEs1nhmAimbkVkQmWmGgTkm1C8FZfXiftes27rrkP9WrjqoijDGdwDpfgwQ004B6a0AICAp7hFd4sZb1Y79bHsrVkFTOn8AfW5w8KnI54</latexit>

Z1
<latexit sha1_base64="ZS/yQ4s4tBPtISXRFR9W278tia0=">AAAB8XicbVBNS8NAEJ3Urxq/qh69LDaCp5IEih4LXjxWsB+0DWWz3bRLN5uwuxFK6L/w4kERr/4bb/4bt20O2vpg4PHeDDPzwpQzpV332yptbe/s7pX37YPDo+OTyulZWyWZJLRFEp7IbogV5UzQlmaa024qKY5DTjvh9G7hd56oVCwRj3qW0iDGY8EiRrA2Us9x7N7Qtx0HDStVt+YugTaJV5AqFGgOK1+DUUKymApNOFaq77mpDnIsNSOczu1BpmiKyRSPad9QgWOqgnx58RxdGWWEokSaEhot1d8TOY6VmsWh6Yyxnqh1byH+5/UzHd0GORNppqkgq0VRxpFO0OJ9NGKSEs1nhmAimbkVkQmWmGgTkm1C8NZf3iRtv+bVa+6DX234RRxluIBLuAYPbqAB99CEFhAQ8Ayv8GYp68V6tz5WrSWrmDmHP7A+fwAN8o5/</latexit>

Z2

<latexit sha1_base64="JwPOXxdTDCDvZKhHgksBHBSh0S8=">AAAB+3icbVBNS8NAEJ3Urxq/Yj16WWwETyUpiB4LXjxWsB/QhrLZbtqlm03Y3agl9K948aCIV/+IN/+N2zYHbX0w8Hhvhpl5YcqZ0p73bZU2Nre2d8q79t7+weGRc1xpqySThLZIwhPZDbGinAna0kxz2k0lxXHIaSec3Mz9zgOViiXiXk9TGsR4JFjECNZGGjgV17X7ko3GGkuZPNquiwZO1at5C6B14hekCgWaA+erP0xIFlOhCcdK9Xwv1UGOpWaE05ndzxRNMZngEe0ZKnBMVZAvbp+hc6MMUZRIU0Kjhfp7IsexUtM4NJ0x1mO16s3F/7xepqPrIGcizTQVZLkoyjjSCZoHgYZMUqL51BBMJDO3IjLGEhNt4rJNCP7qy+ukXa/5lzXvrl5teEUcZTiFM7gAH66gAbfQhBYQeIJneIU3a2a9WO/Wx7K1ZBUzJ/AH1ucPepySuA==</latexit>!

<latexit sha1_base64="ud0Jd7MIjZkCIsLXX/tpKX0p07U=">AAAB8HicbVBNSwMxEJ2tX3X9qnr0EuwKHqTsFkSPFS8eK9gPaZeSTbNtaJJdkqxQSn+FFw+KePXnePPfmLZ70NYHA4/3ZpiZF6WcaeP7305hbX1jc6u47e7s7u0flA6PmjrJFKENkvBEtSOsKWeSNgwznLZTRbGIOG1Fo9uZ33qiSrNEPphxSkOBB5LFjGBjpUfPc296get5vVLZr/hzoFUS5KQMOeq90le3n5BMUGkIx1p3Aj814QQrwwinU7ebaZpiMsID2rFUYkF1OJkfPEVnVumjOFG2pEFz9ffEBAutxyKynQKboV72ZuJ/Xicz8XU4YTLNDJVksSjOODIJmn2P+kxRYvjYEkwUs7ciMsQKE2Mzcm0IwfLLq6RZrQSXFf++Wq5d5HEU4QRO4RwCuIIa3EEdGkBAwDO8wpujnBfn3flYtBacfOYY/sD5/AGNKo41</latexit>

A1
<latexit sha1_base64="5bMOUEZ6CtuRPCPxqIuagSr1VLw=">AAAB8HicbVBNS8NAEJ3Urxq/qh69LDaCp5IURI8VLx4r2FZpQ9lsN+3S3U3Y3Qgl9Fd48aCIV3+ON/+N2zYHbX0w8Hhvhpl5UcqZNr7/7ZTW1jc2t8rb7s7u3v5B5fCorZNMEdoiCU/UQ4Q15UzSlmGG04dUUSwiTjvR+Gbmd56o0iyR92aS0lDgoWQxI9hY6dHz3Ot+3fW8fqXq1/w50CoJClKFAs1+5as3SEgmqDSEY627gZ+aMMfKMMLp1O1lmqaYjPGQdi2VWFAd5vODp+jMKgMUJ8qWNGiu/p7IsdB6IiLbKbAZ6WVvJv7ndTMTX4U5k2lmqCSLRXHGkUnQ7Hs0YIoSwyeWYKKYvRWREVaYGJuRa0MIll9eJe16Lbio+Xf1asMv4ijDCZzCOQRwCQ24hSa0gICAZ3iFN0c5L86787FoLTnFzDH8gfP5A4/ljjo=</latexit>

A2
<latexit sha1_base64="v8FgclYL/VrYLlTyk1yMBrNAdsM=">AAAB8HicbVBNSwMxEJ2tX3X9qnr0EuwKnspuRfRY8eKxgv2QdinZNNuGJtklyQql9Fd48aCIV3+ON/+NabsHbX0w8Hhvhpl5UcqZNr7/7RTW1jc2t4rb7s7u3v5B6fCoqZNMEdogCU9UO8KaciZpwzDDaTtVFIuI01Y0up35rSeqNEvkgxmnNBR4IFnMCDZWevQ896Z34Xper1T2K/4caJUEOSlDjnqv9NXtJyQTVBrCsdadwE9NOMHKMMLp1O1mmqaYjPCAdiyVWFAdTuYHT9GZVfooTpQtadBc/T0xwULrsYhsp8BmqJe9mfif18lMfB1OmEwzQyVZLIozjkyCZt+jPlOUGD62BBPF7K2IDLHCxNiMXBtCsPzyKmlWK8Flxb+vlmtBHkcRTuAUziGAK6jBHdShAQQEPMMrvDnKeXHenY9Fa8HJZ47hD5zPH5G5jjw=</latexit>

A3
<latexit sha1_base64="izPW35fKOjX9NsNYtR6P4vW/NTY=">AAAB8HicbVBNSwMxEJ2tX3X9qnr0EuwKnspuUfRY8eKxgv2QdinZNNuGJtklyQql9Fd48aCIV3+ON/+NabsHbX0w8Hhvhpl5UcqZNr7/7RTW1jc2t4rb7s7u3v5B6fCoqZNMEdogCU9UO8KaciZpwzDDaTtVFIuI01Y0up35rSeqNEvkgxmnNBR4IFnMCDZWevQ896Z34Xper1T2K/4caJUEOSlDjnqv9NXtJyQTVBrCsdadwE9NOMHKMMLp1O1mmqaYjPCAdiyVWFAdTuYHT9GZVfooTpQtadBc/T0xwULrsYhsp8BmqJe9mfif18lMfB1OmEwzQyVZLIozjkyCZt+jPlOUGD62BBPF7K2IDLHCxNiMXBtCsPzyKmlWK8Flxb+vlmvVPI4inMApnEMAV1CDO6hDAwgIeIZXeHOU8+K8Ox+L1oKTzxzDHzifP5ONjj4=</latexit>

A4

<latexit sha1_base64="TKLgrSD2VSv111QKnp6QMHt82ao=">AAAB8HicbVBNS8NAEJ3Urxq/qh69LDaCp5IURI9FLx4r2FZpQ9lsN+3S3U3Y3Qgl9Fd48aCIV3+ON/+N2zYHbX0w8Hhvhpl5UcqZNr7/7ZTW1jc2t8rb7s7u3v5B5fCorZNMEdoiCU/UQ4Q15UzSlmGG04dUUSwiTjvR+Gbmd56o0iyR92aS0lDgoWQxI9hY6dHz3Ot+4Hpev1L1a/4caJUEBalCgWa/8tUbJCQTVBrCsdbdwE9NmGNlGOF06vYyTVNMxnhIu5ZKLKgO8/nBU3RmlQGKE2VLGjRXf0/kWGg9EZHtFNiM9LI3E//zupmJr8KcyTQzVJLFojjjyCRo9j0aMEWJ4RNLMFHM3orICCtMjM3ItSEEyy+vkna9FlzU/Lt6tVEv4ijDCZzCOQRwCQ24hSa0gICAZ3iFN0c5L86787FoLTnFzDH8gfP5A5CBjjw=</latexit>

B1
<latexit sha1_base64="bH2JtgO7OBICfrpafc8x792o0Sw=">AAAB8HicbVBNS8NAEJ3Urxq/qh69LDaCp5IURI9FLx4r2FZpQ9lsN+3S3U3Y3Qgl9Fd48aCIV3+ON/+N2zYHbX0w8Hhvhpl5UcqZNr7/7ZTW1jc2t8rb7s7u3v5B5fCorZNMEdoiCU/UQ4Q15UzSlmGG04dUUSwiTjvR+Gbmd56o0iyR92aS0lDgoWQxI9hY6dHz3Ot+3fW8fqXq1/w50CoJClKFAs1+5as3SEgmqDSEY627gZ+aMMfKMMLp1O1lmqaYjPGQdi2VWFAd5vODp+jMKgMUJ8qWNGiu/p7IsdB6IiLbKbAZ6WVvJv7ndTMTX4U5k2lmqCSLRXHGkUnQ7Hs0YIoSwyeWYKKYvRWREVaYGJuRa0MIll9eJe16Lbio+Xf1aiMo4ijDCZzCOQRwCQ24hSa0gICAZ3iFN0c5L86787FoLTnFzDH8gfP5A5G7jjw=</latexit>

B2
<latexit sha1_base64="RRfE7Hgu6vpv61ONiFeC01BPWbo=">AAAB8HicbVBNSwMxEJ2tX3X9qnr0EuwKnspuRfRY9OKxgv2QdinZNNuGJtklyQql9Fd48aCIV3+ON/+NabsHbX0w8Hhvhpl5UcqZNr7/7RTW1jc2t4rb7s7u3v5B6fCoqZNMEdogCU9UO8KaciZpwzDDaTtVFIuI01Y0up35rSeqNEvkgxmnNBR4IFnMCDZWevQ896Z34Xper1T2K/4caJUEOSlDjnqv9NXtJyQTVBrCsdadwE9NOMHKMMLp1O1mmqaYjPCAdiyVWFAdTuYHT9GZVfooTpQtadBc/T0xwULrsYhsp8BmqJe9mfif18lMfB1OmEwzQyVZLIozjkyCZt+jPlOUGD62BBPF7K2IDLHCxNiMXBtCsPzyKmlWK8Flxb+vlmtBHkcRTuAUziGAK6jBHdShAQQEPMMrvDnKeXHenY9Fa8HJZ47hD5zPH5NCjj0=</latexit>

B3
<latexit sha1_base64="92BBqq6qsYqSSE8RYxKVT2e7lhY=">AAAB8HicbVBNSwMxEJ2tX3X9qnr0EuwKnspuUfRY9OKxgv2QdinZNNuGJtklyQql9Fd48aCIV3+ON/+NabsHbX0w8Hhvhpl5UcqZNr7/7RTW1jc2t4rb7s7u3v5B6fCoqZNMEdogCU9UO8KaciZpwzDDaTtVFIuI01Y0up35rSeqNEvkgxmnNBR4IFnMCDZWevQ896Z34Xper1T2K/4caJUEOSlDjnqv9NXtJyQTVBrCsdadwE9NOMHKMMLp1O1mmqaYjPCAdiyVWFAdTuYHT9GZVfooTpQtadBc/T0xwULrsYhsp8BmqJe9mfif18lMfB1OmEwzQyVZLIozjkyCZt+jPlOUGD62BBPF7K2IDLHCxNiMXBtCsPzyKmlWK8Flxb+vlmtBHkcRTuAUziGAK6jBHdShAQQEPMMrvDnKeXHenY9Fa8HJZ47hD5zPH5TJjj4=</latexit>

B4

<latexit sha1_base64="eIxsD24StdpJ/fWMvTD2GWco1ok=">AAAB8XicbVBNS8NAEJ3Urxq/qh69LDaCBylJQfRY8OKxgv2gbSib7aZdutmE3Y1QQv+FFw+KePXfePPfuGlz0NYHA4/3ZpiZFyScKe2631ZpY3Nre6e8a+/tHxweVY5P2ipOJaEtEvNYdgOsKGeCtjTTnHYTSXEUcNoJpne533miUrFYPOpZQv0IjwULGcHaSD3HsXtDz3YcNKxU3Zq7AFonXkGqUKA5rHwNRjFJIyo04Vipvucm2s+w1IxwOrcHqaIJJlM8pn1DBY6o8rPFxXN0YZQRCmNpSmi0UH9PZDhSahYFpjPCeqJWvVz8z+unOrz1MyaSVFNBlovClCMdo/x9NGKSEs1nhmAimbkVkQmWmGgTkm1C8FZfXiftes27rrkP9WrjqoijDGdwDpfgwQ004B6a0AICAp7hFd4sZb1Y79bHsrVkFTOn8AfW5w8KnI54</latexit>

Z1
<latexit sha1_base64="ZS/yQ4s4tBPtISXRFR9W278tia0=">AAAB8XicbVBNS8NAEJ3Urxq/qh69LDaCp5IEih4LXjxWsB+0DWWz3bRLN5uwuxFK6L/w4kERr/4bb/4bt20O2vpg4PHeDDPzwpQzpV332yptbe/s7pX37YPDo+OTyulZWyWZJLRFEp7IbogV5UzQlmaa024qKY5DTjvh9G7hd56oVCwRj3qW0iDGY8EiRrA2Us9x7N7Qtx0HDStVt+YugTaJV5AqFGgOK1+DUUKymApNOFaq77mpDnIsNSOczu1BpmiKyRSPad9QgWOqgnx58RxdGWWEokSaEhot1d8TOY6VmsWh6Yyxnqh1byH+5/UzHd0GORNppqkgq0VRxpFO0OJ9NGKSEs1nhmAimbkVkQmWmGgTkm1C8NZf3iRtv+bVa+6DX234RRxluIBLuAYPbqAB99CEFhAQ8Ayv8GYp68V6tz5WrSWrmDmHP7A+fwAN8o5/</latexit>

Z2

<latexit sha1_base64="TKLgrSD2VSv111QKnp6QMHt82ao=">AAAB8HicbVBNS8NAEJ3Urxq/qh69LDaCp5IURI9FLx4r2FZpQ9lsN+3S3U3Y3Qgl9Fd48aCIV3+ON/+N2zYHbX0w8Hhvhpl5UcqZNr7/7ZTW1jc2t8rb7s7u3v5B5fCorZNMEdoiCU/UQ4Q15UzSlmGG04dUUSwiTjvR+Gbmd56o0iyR92aS0lDgoWQxI9hY6dHz3Ot+4Hpev1L1a/4caJUEBalCgWa/8tUbJCQTVBrCsdbdwE9NmGNlGOF06vYyTVNMxnhIu5ZKLKgO8/nBU3RmlQGKE2VLGjRXf0/kWGg9EZHtFNiM9LI3E//zupmJr8KcyTQzVJLFojjjyCRo9j0aMEWJ4RNLMFHM3orICCtMjM3ItSEEyy+vkna9FlzU/Lt6tVEv4ijDCZzCOQRwCQ24hSa0gICAZ3iFN0c5L86787FoLTnFzDH8gfP5A5CBjjw=</latexit>

B1
<latexit sha1_base64="bH2JtgO7OBICfrpafc8x792o0Sw=">AAAB8HicbVBNS8NAEJ3Urxq/qh69LDaCp5IURI9FLx4r2FZpQ9lsN+3S3U3Y3Qgl9Fd48aCIV3+ON/+N2zYHbX0w8Hhvhpl5UcqZNr7/7ZTW1jc2t8rb7s7u3v5B5fCorZNMEdoiCU/UQ4Q15UzSlmGG04dUUSwiTjvR+Gbmd56o0iyR92aS0lDgoWQxI9hY6dHz3Ot+3fW8fqXq1/w50CoJClKFAs1+5as3SEgmqDSEY627gZ+aMMfKMMLp1O1lmqaYjPGQdi2VWFAd5vODp+jMKgMUJ8qWNGiu/p7IsdB6IiLbKbAZ6WVvJv7ndTMTX4U5k2lmqCSLRXHGkUnQ7Hs0YIoSwyeWYKKYvRWREVaYGJuRa0MIll9eJe16Lbio+Xf1aiMo4ijDCZzCOQRwCQ24hSa0gICAZ3iFN0c5L86787FoLTnFzDH8gfP5A5G7jjw=</latexit>

B2
<latexit sha1_base64="RRfE7Hgu6vpv61ONiFeC01BPWbo=">AAAB8HicbVBNSwMxEJ2tX3X9qnr0EuwKnspuRfRY9OKxgv2QdinZNNuGJtklyQql9Fd48aCIV3+ON/+NabsHbX0w8Hhvhpl5UcqZNr7/7RTW1jc2t4rb7s7u3v5B6fCoqZNMEdogCU9UO8KaciZpwzDDaTtVFIuI01Y0up35rSeqNEvkgxmnNBR4IFnMCDZWevQ896Z34Xper1T2K/4caJUEOSlDjnqv9NXtJyQTVBrCsdadwE9NOMHKMMLp1O1mmqaYjPCAdiyVWFAdTuYHT9GZVfooTpQtadBc/T0xwULrsYhsp8BmqJe9mfif18lMfB1OmEwzQyVZLIozjkyCZt+jPlOUGD62BBPF7K2IDLHCxNiMXBtCsPzyKmlWK8Flxb+vlmtBHkcRTuAUziGAK6jBHdShAQQEPMMrvDnKeXHenY9Fa8HJZ47hD5zPH5NCjj0=</latexit>

B3

<latexit sha1_base64="92BBqq6qsYqSSE8RYxKVT2e7lhY=">AAAB8HicbVBNSwMxEJ2tX3X9qnr0EuwKnspuUfRY9OKxgv2QdinZNNuGJtklyQql9Fd48aCIV3+ON/+NabsHbX0w8Hhvhpl5UcqZNr7/7RTW1jc2t4rb7s7u3v5B6fCoqZNMEdogCU9UO8KaciZpwzDDaTtVFIuI01Y0up35rSeqNEvkgxmnNBR4IFnMCDZWevQ896Z34Xper1T2K/4caJUEOSlDjnqv9NXtJyQTVBrCsdadwE9NOMHKMMLp1O1mmqaYjPCAdiyVWFAdTuYHT9GZVfooTpQtadBc/T0xwULrsYhsp8BmqJe9mfif18lMfB1OmEwzQyVZLIozjkyCZt+jPlOUGD62BBPF7K2IDLHCxNiMXBtCsPzyKmlWK8Flxb+vlmtBHkcRTuAUziGAK6jBHdShAQQEPMMrvDnKeXHenY9Fa8HJZ47hD5zPH5TJjj4=</latexit>

B4

<latexit sha1_base64="MtHOvS4F+K8mQcY1L33iecJV0qk=">AAAB7nicbVBNS8NAEJ3Urxq/qh69LDaCp5IURI8VLx4r2A9oQ9lsN+3S3U3Y3Qgl9Ed48aCIV3+PN/+N2zYHbX0w8Hhvhpl5UcqZNr7/7ZQ2Nre2d8q77t7+weFR5fikrZNMEdoiCU9UN8KaciZpyzDDaTdVFIuI0040uZv7nSeqNEvko5mmNBR4JFnMCDZW6niee+t63qBS9Wv+AmidBAWpQoHmoPLVHyYkE1QawrHWvcBPTZhjZRjhdOb2M01TTCZ4RHuWSiyoDvPFuTN0YZUhihNlSxq0UH9P5FhoPRWR7RTYjPWqNxf/83qZiW/CnMk0M1SS5aI448gkaP47GjJFieFTSzBRzN6KyBgrTIxNyLUhBKsvr5N2vRZc1fyHerURFHGU4QzO4RICuIYG3EMTWkBgAs/wCm9O6rw4787HsrXkFDOn8AfO5w9nRY2W</latexit>

A
<latexit sha1_base64="EUonAGzOwPP9Z1cUFQDxmeeIeyc=">AAAB8HicbVBNTwIxEJ3FL1y/UI9eGlkTT2SXhOgR9eIRE0EMbEi3dKGh7W7argkh/AovHjTGqz/Hm//GAntQ8CWTvLw3k5l5UcqZNr7/7RTW1jc2t4rb7s7u3v5B6fCopZNMEdokCU9UO8KaciZp0zDDaTtVFIuI04dodDPzH56o0iyR92ac0lDggWQxI9hY6dHz3KtezfW8XqnsV/w50CoJclKGHI1e6avbT0gmqDSEY607gZ+acIKVYYTTqdvNNE0xGeEB7VgqsaA6nMwPnqIzq/RRnChb0qC5+ntigoXWYxHZToHNUC97M/E/r5OZ+DKcMJlmhkqyWBRnHJkEzb5HfaYoMXxsCSaK2VsRGWKFibEZuTaEYPnlVdKqVoJaxb+rluvXeRxFOIFTOIcALqAOt9CAJhAQ8Ayv8OYo58V5dz4WrQUnnzmGP3A+fwCZ5I5P</latexit>

A5

<latexit sha1_base64="PZg4KX6PCFT46mcxSFj8a+GvsK4=">AAAB8HicbVBNSwMxEJ2tX3X9qnr0EuwKnspuoeix6MVjBfsh7VKyabYNTbJLkhVK6a/w4kERr/4cb/4b03YP2vpg4PHeDDPzopQzbXz/2ylsbG5t7xR33b39g8Oj0vFJSyeZIrRJEp6oToQ15UzSpmGG006qKBYRp+1ofDv3209UaZbIBzNJaSjwULKYEWys9Oh57k2/5npev1T2K/4CaJ0EOSlDjka/9NUbJCQTVBrCsdbdwE9NOMXKMMLpzO1lmqaYjPGQdi2VWFAdThcHz9CFVQYoTpQtadBC/T0xxULriYhsp8BmpFe9ufif181MfB1OmUwzQyVZLoozjkyC5t+jAVOUGD6xBBPF7K2IjLDCxNiMXBtCsPryOmlVK0Gt4t9Xy/VqHkcRzuAcLiGAK6jDHTSgCQQEPMMrvDnKeXHenY9la8HJZ07hD5zPH5adjkA=</latexit>

B5

<latexit sha1_base64="PZg4KX6PCFT46mcxSFj8a+GvsK4=">AAAB8HicbVBNSwMxEJ2tX3X9qnr0EuwKnspuoeix6MVjBfsh7VKyabYNTbJLkhVK6a/w4kERr/4cb/4b03YP2vpg4PHeDDPzopQzbXz/2ylsbG5t7xR33b39g8Oj0vFJSyeZIrRJEp6oToQ15UzSpmGG006qKBYRp+1ofDv3209UaZbIBzNJaSjwULKYEWys9Oh57k2/5npev1T2K/4CaJ0EOSlDjka/9NUbJCQTVBrCsdbdwE9NOMXKMMLpzO1lmqaYjPGQdi2VWFAdThcHz9CFVQYoTpQtadBC/T0xxULriYhsp8BmpFe9ufif181MfB1OmUwzQyVZLoozjkyC5t+jAVOUGD6xBBPF7K2IjLDCxNiMXBtCsPryOmlVK0Gt4t9Xy/VqHkcRzuAcLiGAK6jDHTSgCQQEPMMrvDnKeXHenY9la8HJZ07hD5zPH5adjkA=</latexit>

B5

and we again find a unique solution,

(6.74) c1 “ 28, c2 “ c3 “ c4 “ ´1 .

We can now check many additional cuts which are illegal in a given positive geometry and verify

that our numerator vanishes where it should. For example, one ‘planarity condition’ is the following

cut:

xAB112y “ xAB1AB2y “ xAB2AB3y “ xAB334y “ xAB423y “ xAB4AB5y “ xAB514y “ 0

<latexit sha1_base64="eIxsD24StdpJ/fWMvTD2GWco1ok=">AAAB8XicbVBNS8NAEJ3Urxq/qh69LDaCBylJQfRY8OKxgv2gbSib7aZdutmE3Y1QQv+FFw+KePXfePPfuGlz0NYHA4/3ZpiZFyScKe2631ZpY3Nre6e8a+/tHxweVY5P2ipOJaEtEvNYdgOsKGeCtjTTnHYTSXEUcNoJpne533miUrFYPOpZQv0IjwULGcHaSD3HsXtDz3YcNKxU3Zq7AFonXkGqUKA5rHwNRjFJIyo04Vipvucm2s+w1IxwOrcHqaIJJlM8pn1DBY6o8rPFxXN0YZQRCmNpSmi0UH9PZDhSahYFpjPCeqJWvVz8z+unOrz1MyaSVFNBlovClCMdo/x9NGKSEs1nhmAimbkVkQmWmGgTkm1C8FZfXiftes27rrkP9WrjqoijDGdwDpfgwQ004B6a0AICAp7hFd4sZb1Y79bHsrVkFTOn8AfW5w8KnI54</latexit>

Z1

<latexit sha1_base64="ZS/yQ4s4tBPtISXRFR9W278tia0=">AAAB8XicbVBNS8NAEJ3Urxq/qh69LDaCp5IEih4LXjxWsB+0DWWz3bRLN5uwuxFK6L/w4kERr/4bb/4bt20O2vpg4PHeDDPzwpQzpV332yptbe/s7pX37YPDo+OTyulZWyWZJLRFEp7IbogV5UzQlmaa024qKY5DTjvh9G7hd56oVCwRj3qW0iDGY8EiRrA2Us9x7N7Qtx0HDStVt+YugTaJV5AqFGgOK1+DUUKymApNOFaq77mpDnIsNSOczu1BpmiKyRSPad9QgWOqgnx58RxdGWWEokSaEhot1d8TOY6VmsWh6Yyxnqh1byH+5/UzHd0GORNppqkgq0VRxpFO0OJ9NGKSEs1nhmAimbkVkQmWmGgTkm1C8NZf3iRtv+bVa+6DX234RRxluIBLuAYPbqAB99CEFhAQ8Ayv8GYp68V6tz5WrSWrmDmHP7A+fwAN8o5/</latexit>

Z2 <latexit sha1_base64="/93StPRT/WRdLeQCUmrg4ZEAmxU=">AAAB8XicbVBNS8NAEJ3Urxq/qh69LDaCp5JURI8FLx4r2A/ahrLZbtqlm03Y3Qgl9F948aCIV/+NN/+N2zQHbX0w8Hhvhpl5QcKZ0q77bZU2Nre2d8q79t7+weFR5fikreJUEtoiMY9lN8CKciZoSzPNaTeRFEcBp51gerfwO09UKhaLRz1LqB/hsWAhI1gbqec4dm94ZTsOGlaqbs3NgdaJV5AqFGgOK1+DUUzSiApNOFaq77mJ9jMsNSOczu1BqmiCyRSPad9QgSOq/Cy/eI4ujDJCYSxNCY1y9fdEhiOlZlFgOiOsJ2rVW4j/ef1Uh7d+xkSSairIclGYcqRjtHgfjZikRPOZIZhIZm5FZIIlJtqEZJsQvNWX10m7XvOua+5DvdrwijjKcAbncAke3EAD7qEJLSAg4Ble4c1S1ov1bn0sW0tWMXMKf2B9/gAPLY5/</latexit>

Z3

<latexit sha1_base64="Zz8RnzR6nruDqtIl2S83x5IH3uE=">AAAB8XicbVBNS8NAEJ3Urxq/qh69LDaCp5IURY8FLx4r2A/ahrLZbtqlm03Y3Qgl9F948aCIV/+NN/+N2zQHbX0w8Hhvhpl5QcKZ0q77bZU2Nre2d8q79t7+weFR5fikreJUEtoiMY9lN8CKciZoSzPNaTeRFEcBp51gerfwO09UKhaLRz1LqB/hsWAhI1gbqec4dm94ZTsOGlaqbs3NgdaJV5AqFGgOK1+DUUzSiApNOFaq77mJ9jMsNSOczu1BqmiCyRSPad9QgSOq/Cy/eI4ujDJCYSxNCY1y9fdEhiOlZlFgOiOsJ2rVW4j/ef1Uh7d+xkSSairIclGYcqRjtHgfjZikRPOZIZhIZm5FZIIlJtqEZJsQvNWX10m7XvOua+5DvdrwijjKcAbncAke3EAD7qEJLSAg4Ble4c1S1ov1bn0sW0tWMXMKf2B9/gAQtY6A</latexit>

Z4

<latexit sha1_base64="RiEvoLoIHmit5cVn+ggrVFKQn4k=">AAAB8XicbVBNS8NAEJ3Urxq/qh69LDZCTyUpFD1WvXisYD+wDWWz3bRLN5uwuxFK6L/w4kERr/4bb/4bt20O2vpg4PHeDDPzgoQzpV332ypsbG5t7xR37b39g8Oj0vFJW8WpJLRFYh7LboAV5UzQlmaa024iKY4CTjvB5Hbud56oVCwWD3qaUD/CI8FCRrA20qPj2Nc3A892nEGp7FbdBdA68XJShhzNQemrP4xJGlGhCcdK9Tw30X6GpWaE05ndTxVNMJngEe0ZKnBElZ8tLp6hC6MMURhLU0Kjhfp7IsORUtMoMJ0R1mO16s3F/7xeqsMrP2MiSTUVZLkoTDnSMZq/j4ZMUqL51BBMJDO3IjLGEhNtQrJNCN7qy+ukXat69ap7Xys3KnkcRTiDc6iAB5fQgDtoQgsICHiGV3izlPVivVsfy9aClc+cwh9Ynz8W3o59</latexit>

AB1

<latexit sha1_base64="B5K+51UZysk+o66RVXQZCd+wVC8=">AAAB8XicbVBNS8NAEJ3Urxq/qh69LDZCTyUpFD1WvXisYD+wDWWz3bRLN5uwuxFK6L/w4kERr/4bb/4bt20O2vpg4PHeDDPzgoQzpV332ypsbG5t7xR37b39g8Oj0vFJW8WpJLRFYh7LboAV5UzQlmaa024iKY4CTjvB5Hbud56oVCwWD3qaUD/CI8FCRrA20qPj2Nc3g5rtOINS2a26C6B14uWkDDmag9JXfxiTNKJCE46V6nluov0MS80IpzO7nyqaYDLBI9ozVOCIKj9bXDxDF0YZojCWpoRGC/X3RIYjpaZRYDojrMdq1ZuL/3m9VIdXfsZEkmoqyHJRmHKkYzR/Hw2ZpETzqSGYSGZuRWSMJSbahGSbELzVl9dJu1b16lX3vlZuVPI4inAG51ABDy6hAXfQhBYQEPAMr/BmKevFerc+lq0FK585hT+wPn8AGGWOfg==</latexit>

AB2
<latexit sha1_base64="+WPKUrMvGXEaz/BVnnPkKr1MflU=">AAAB8XicbVBNS8NAEJ3Urxq/qh69LDZCTyWpiB6rXjxWsB/YhrLZbtqlm03Y3Qgl9F948aCIV/+NN/+N2zYHbX0w8Hhvhpl5QcKZ0q77bRXW1jc2t4rb9s7u3v5B6fCopeJUEtokMY9lJ8CKciZoUzPNaSeRFEcBp+1gfDvz209UKhaLBz1JqB/hoWAhI1gb6dFx7Oub/rntOP1S2a26c6BV4uWkDDka/dJXbxCTNKJCE46V6npuov0MS80Ip1O7lyqaYDLGQ9o1VOCIKj+bXzxFZ0YZoDCWpoRGc/X3RIYjpSZRYDojrEdq2ZuJ/3ndVIdXfsZEkmoqyGJRmHKkYzR7Hw2YpETziSGYSGZuRWSEJSbahGSbELzll1dJq1b1Lqrufa1cr+RxFOEETqECHlxCHe6gAU0gIOAZXuHNUtaL9W59LFoLVj5zDH9gff4AGeyOfw==</latexit>

AB3

<latexit sha1_base64="toobybMMwemsU8JrtPkkyW+9NzQ=">AAAB8XicbVBNS8NAEJ3Urxq/qh69LDZCTyUpih6rXjxWsB/YhrLZbtqlm03Y3Qgl9F948aCIV/+NN/+N2zYHbX0w8Hhvhpl5QcKZ0q77bRXW1jc2t4rb9s7u3v5B6fCopeJUEtokMY9lJ8CKciZoUzPNaSeRFEcBp+1gfDvz209UKhaLBz1JqB/hoWAhI1gb6dFx7Oub/rntOP1S2a26c6BV4uWkDDka/dJXbxCTNKJCE46V6npuov0MS80Ip1O7lyqaYDLGQ9o1VOCIKj+bXzxFZ0YZoDCWpoRGc/X3RIYjpSZRYDojrEdq2ZuJ/3ndVIdXfsZEkmoqyGJRmHKkYzR7Hw2YpETziSGYSGZuRWSEJSbahGSbELzll1dJq1b1Lqrufa1cr+RxFOEETqECHlxCHe6gAU0gIOAZXuHNUtaL9W59LFoLVj5zDH9gff4AG3OOgA==</latexit>

AB4

<latexit sha1_base64="1aEKwOzXaWOrV7aChthNFZ6S4aU=">AAAB8XicbVBNS8NAEJ3Urxq/qh69LDZCTyUpFD1WvXisYD+wDWWz3bRLN5uwuxFK6L/w4kERr/4bb/4bt20O2vpg4PHeDDPzgoQzpV332ypsbG5t7xR37b39g8Oj0vFJW8WpJLRFYh7LboAV5UzQlmaa024iKY4CTjvB5Hbud56oVCwWD3qaUD/CI8FCRrA20qPj2Nc3g7rtOINS2a26C6B14uWkDDmag9JXfxiTNKJCE46V6nluov0MS80IpzO7nyqaYDLBI9ozVOCIKj9bXDxDF0YZojCWpoRGC/X3RIYjpaZRYDojrMdq1ZuL/3m9VIdXfsZEkmoqyHJRmHKkYzR/Hw2ZpETzqSGYSGZuRWSMJSbahGSbELzVl9dJu1b16lX3vlZuVPI4inAG51ABDy6hAXfQhBYQEPAMr/BmKevFerc+lq0FK585hT+wPn8AHPqOgQ==</latexit>

AB5

187



Very non-trivially, the numerator N p`````q

pentagon vanishes on this cut. Flipping a sign of a link again

changes N p`q

ij Ñ N
p´q

ij in the tree part of the numerator and flips the sign of the remainder R12345.

For the totally negative geometry (with all links negative) we have

(6.75) N p´´´´´q

pentagon “ N
p´q

12 N
p´q

23 N
p´q

34 N
p´q

45 N
p´q

15 ´R12345 .

6.5.4 General one-cycle graph

Let us now consider a general polygon geometry at L-loops (with L vertices). For all links

positive

<latexit sha1_base64="RiEvoLoIHmit5cVn+ggrVFKQn4k=">AAAB8XicbVBNS8NAEJ3Urxq/qh69LDZCTyUpFD1WvXisYD+wDWWz3bRLN5uwuxFK6L/w4kERr/4bb/4bt20O2vpg4PHeDDPzgoQzpV332ypsbG5t7xR37b39g8Oj0vFJW8WpJLRFYh7LboAV5UzQlmaa024iKY4CTjvB5Hbud56oVCwWD3qaUD/CI8FCRrA20qPj2Nc3A892nEGp7FbdBdA68XJShhzNQemrP4xJGlGhCcdK9Tw30X6GpWaE05ndTxVNMJngEe0ZKnBElZ8tLp6hC6MMURhLU0Kjhfp7IsORUtMoMJ0R1mO16s3F/7xeqsMrP2MiSTUVZLkoTDnSMZq/j4ZMUqL51BBMJDO3IjLGEhNtQrJNCN7qy+ukXat69ap7Xys3KnkcRTiDc6iAB5fQgDtoQgsICHiGV3izlPVivVsfy9aClc+cwh9Ynz8W3o59</latexit>

AB1

<latexit sha1_base64="B5K+51UZysk+o66RVXQZCd+wVC8=">AAAB8XicbVBNS8NAEJ3Urxq/qh69LDZCTyUpFD1WvXisYD+wDWWz3bRLN5uwuxFK6L/w4kERr/4bb/4bt20O2vpg4PHeDDPzgoQzpV332ypsbG5t7xR37b39g8Oj0vFJW8WpJLRFYh7LboAV5UzQlmaa024iKY4CTjvB5Hbud56oVCwWD3qaUD/CI8FCRrA20qPj2Nc3g5rtOINS2a26C6B14uWkDDmag9JXfxiTNKJCE46V6nluov0MS80IpzO7nyqaYDLBI9ozVOCIKj9bXDxDF0YZojCWpoRGC/X3RIYjpaZRYDojrMdq1ZuL/3m9VIdXfsZEkmoqyHJRmHKkYzR/Hw2ZpETzqSGYSGZuRWSMJSbahGSbELzVl9dJu1b16lX3vlZuVPI4inAG51ABDy6hAXfQhBYQEPAMr/BmKevFerc+lq0FK585hT+wPn8AGGWOfg==</latexit>

AB2

<latexit sha1_base64="+WPKUrMvGXEaz/BVnnPkKr1MflU=">AAAB8XicbVBNS8NAEJ3Urxq/qh69LDZCTyWpiB6rXjxWsB/YhrLZbtqlm03Y3Qgl9F948aCIV/+NN/+N2zYHbX0w8Hhvhpl5QcKZ0q77bRXW1jc2t4rb9s7u3v5B6fCopeJUEtokMY9lJ8CKciZoUzPNaSeRFEcBp+1gfDvz209UKhaLBz1JqB/hoWAhI1gb6dFx7Oub/rntOP1S2a26c6BV4uWkDDka/dJXbxCTNKJCE46V6npuov0MS80Ip1O7lyqaYDLGQ9o1VOCIKj+bXzxFZ0YZoDCWpoRGc/X3RIYjpSZRYDojrEdq2ZuJ/3ndVIdXfsZEkmoqyGJRmHKkYzR7Hw2YpETziSGYSGZuRWSEJSbahGSbELzll1dJq1b1Lqrufa1cr+RxFOEETqECHlxCHe6gAU0gIOAZXuHNUtaL9W59LFoLVj5zDH9gff4AGeyOfw==</latexit>

AB3

<latexit sha1_base64="toobybMMwemsU8JrtPkkyW+9NzQ=">AAAB8XicbVBNS8NAEJ3Urxq/qh69LDZCTyUpih6rXjxWsB/YhrLZbtqlm03Y3Qgl9F948aCIV/+NN/+N2zYHbX0w8Hhvhpl5QcKZ0q77bRXW1jc2t4rb9s7u3v5B6fCopeJUEtokMY9lJ8CKciZoUzPNaSeRFEcBp+1gfDvz209UKhaLBz1JqB/hoWAhI1gb6dFx7Oub/rntOP1S2a26c6BV4uWkDDka/dJXbxCTNKJCE46V6npuov0MS80Ip1O7lyqaYDLGQ9o1VOCIKj+bXzxFZ0YZoDCWpoRGc/X3RIYjpSZRYDojrEdq2ZuJ/3ndVIdXfsZEkmoqyGJRmHKkYzR7Hw2YpETziSGYSGZuRWSEJSbahGSbELzll1dJq1b1Lqrufa1cr+RxFOEETqECHlxCHe6gAU0gIOAZXuHNUtaL9W59LFoLVj5zDH9gff4AG3OOgA==</latexit>

AB4

<latexit sha1_base64="BpJDhx0AW8KRzvvFcu3BBEzdL7Q=">AAAB8XicbVBNS8NAEJ3Urxq/qh69LDaCp5IUih6rXjx4qGA/sA1ls920SzebsLsRSui/8OJBEa/+G2/+G7dtDtr6YODx3gwz84KEM6Vd99sqrK1vbG4Vt+2d3b39g9LhUUvFqSS0SWIey06AFeVM0KZmmtNOIimOAk7bwfhm5refqFQsFg96klA/wkPBQkawNtKj49hX1/0723H6pbJbcedAq8TLSRlyNPqlr94gJmlEhSYcK9X13ET7GZaaEU6ndi9VNMFkjIe0a6jAEVV+Nr94is6MMkBhLE0Jjebq74kMR0pNosB0RliP1LI3E//zuqkOL/2MiSTVVJDFojDlSMdo9j4aMEmJ5hNDMJHM3IrICEtMtAnJNiF4yy+vkla14tUq7n21XK/mcRThBE7hHDy4gDrcQgOaQEDAM7zCm6WsF+vd+li0Fqx85hj+wPr8AUMdjqI=</latexit>

ABL

<latexit sha1_base64="Um37lDNi2gzIA6Z4TrsHu3vo5bQ=">AAAB8XicbVBNS8NAEJ3Urxq/qh69LDaCp5IUSj1WvXisYD+wDWWz3bRLN5uwuxFK6L/w4kERr/4bb/4bt20O2vpg4PHeDDPzgoQzpV332ypsbG5t7xR37b39g8Oj0vFJW8WpJLRFYh7LboAV5UzQlmaa024iKY4CTjvB5Hbud56oVCwWD3qaUD/CI8FCRrA20qPj2Nc3g5rtOINS2a24C6B14uWkDDmag9JXfxiTNKJCE46V6nluov0MS80IpzO7nyqaYDLBI9ozVOCIKj9bXDxDF0YZojCWpoRGC/X3RIYjpaZRYDojrMdq1ZuL/3m9VIdXfsZEkmoqyHJRmHKkYzR/Hw2ZpETzqSGYSGZuRWSMJSbahGSbELzVl9dJu1rxahX3vlpuVPM4inAG53AJHtShAXfQhBYQEPAMr/BmKevFerc+lq0FK585hT+wPn8AH/yOiw==</latexit>

AB5

the numerator of the form is

(6.76) NG “

L
ź

i“1

N
p`q

i,i`1 `R1´loop
L ,

where the remainder R1´loop takes this form

(6.77) R1´loop
L “

"

p2L´4qN
paq

1 N
paq

2 ¨ ¨ ¨N
paq

L ´
ÿ

pPeven

ÿ

i

␣

N
paq

i1i2...ip
N

pcq
i1i2...ip

N
paq

ip`1 ¨ ¨ ¨N
paq

iL

(

*

`paÑbq

We use the superscript ‘1-loop’ here and later denoting that the object is associated with the cycle

(loop) in the diagram. The sum in (6.77) is over orderings i are all selections of p labels where the

p labels are ordered within the argument of the factors N pa,b,cq
i1i2...ip

. These are defined as

N
paq

12...p “
ź

jPodd

xABj12y
ź

kPeven

xABk34y `
ź

jPodd

xABj34y
ź

kPeven

xABk12y(6.78)

N
pbq
12...p “

ź

jPodd

xABj23y
ź

kPeven

xABk14y `
ź

jPodd

xABj14y
ź

kPeven

xABk23y(6.79)

N
pcq
12...p “

ź

jPodd

xABj13y
ź

kPeven

xABk24y `
ź

jPodd

xABj24y
ź

kPeven

xABk13y(6.80)
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For example, for the L “ 6 hexagon we have

R1´loop
123456 “

"

60N
paq

1 N
paq

2 N
paq

3 N
paq

4 N
paq

5 N
paq

6 ´
␣

N
paq

1 N
paq

2 N
paq

3 N
paq

4 N
paq

56 N
pcq
56 ` perm

(

´
␣

N
paq

1 N
paq

2 N
paq

3456N
pcq
3456 ` perm

(

´N
paq

123456N
pcq
123456

*

` paÑbq(6.81)

Note in the second and third terms the sums are over all permutations of lines ABi (we only take

distinct terms, no duplicates), only the last fourth term does not respect permutational symmetry

and it is only cyclically invariant. For the totally negative polygon we have

<latexit sha1_base64="RiEvoLoIHmit5cVn+ggrVFKQn4k=">AAAB8XicbVBNS8NAEJ3Urxq/qh69LDZCTyUpFD1WvXisYD+wDWWz3bRLN5uwuxFK6L/w4kERr/4bb/4bt20O2vpg4PHeDDPzgoQzpV332ypsbG5t7xR37b39g8Oj0vFJW8WpJLRFYh7LboAV5UzQlmaa024iKY4CTjvB5Hbud56oVCwWD3qaUD/CI8FCRrA20qPj2Nc3A892nEGp7FbdBdA68XJShhzNQemrP4xJGlGhCcdK9Tw30X6GpWaE05ndTxVNMJngEe0ZKnBElZ8tLp6hC6MMURhLU0Kjhfp7IsORUtMoMJ0R1mO16s3F/7xeqsMrP2MiSTUVZLkoTDnSMZq/j4ZMUqL51BBMJDO3IjLGEhNtQrJNCN7qy+ukXat69ap7Xys3KnkcRTiDc6iAB5fQgDtoQgsICHiGV3izlPVivVsfy9aClc+cwh9Ynz8W3o59</latexit>

AB1

<latexit sha1_base64="B5K+51UZysk+o66RVXQZCd+wVC8=">AAAB8XicbVBNS8NAEJ3Urxq/qh69LDZCTyUpFD1WvXisYD+wDWWz3bRLN5uwuxFK6L/w4kERr/4bb/4bt20O2vpg4PHeDDPzgoQzpV332ypsbG5t7xR37b39g8Oj0vFJW8WpJLRFYh7LboAV5UzQlmaa024iKY4CTjvB5Hbud56oVCwWD3qaUD/CI8FCRrA20qPj2Nc3g5rtOINS2a26C6B14uWkDDmag9JXfxiTNKJCE46V6nluov0MS80IpzO7nyqaYDLBI9ozVOCIKj9bXDxDF0YZojCWpoRGC/X3RIYjpaZRYDojrMdq1ZuL/3m9VIdXfsZEkmoqyHJRmHKkYzR/Hw2ZpETzqSGYSGZuRWSMJSbahGSbELzVl9dJu1b16lX3vlZuVPI4inAG51ABDy6hAXfQhBYQEPAMr/BmKevFerc+lq0FK585hT+wPn8AGGWOfg==</latexit>

AB2

<latexit sha1_base64="+WPKUrMvGXEaz/BVnnPkKr1MflU=">AAAB8XicbVBNS8NAEJ3Urxq/qh69LDZCTyWpiB6rXjxWsB/YhrLZbtqlm03Y3Qgl9F948aCIV/+NN/+N2zYHbX0w8Hhvhpl5QcKZ0q77bRXW1jc2t4rb9s7u3v5B6fCopeJUEtokMY9lJ8CKciZoUzPNaSeRFEcBp+1gfDvz209UKhaLBz1JqB/hoWAhI1gb6dFx7Oub/rntOP1S2a26c6BV4uWkDDka/dJXbxCTNKJCE46V6npuov0MS80Ip1O7lyqaYDLGQ9o1VOCIKj+bXzxFZ0YZoDCWpoRGc/X3RIYjpSZRYDojrEdq2ZuJ/3ndVIdXfsZEkmoqyGJRmHKkYzR7Hw2YpETziSGYSGZuRWSEJSbahGSbELzll1dJq1b1Lqrufa1cr+RxFOEETqECHlxCHe6gAU0gIOAZXuHNUtaL9W59LFoLVj5zDH9gff4AGeyOfw==</latexit>

AB3

<latexit sha1_base64="toobybMMwemsU8JrtPkkyW+9NzQ=">AAAB8XicbVBNS8NAEJ3Urxq/qh69LDZCTyUpih6rXjxWsB/YhrLZbtqlm03Y3Qgl9F948aCIV/+NN/+N2zYHbX0w8Hhvhpl5QcKZ0q77bRXW1jc2t4rb9s7u3v5B6fCopeJUEtokMY9lJ8CKciZoUzPNaSeRFEcBp+1gfDvz209UKhaLBz1JqB/hoWAhI1gb6dFx7Oub/rntOP1S2a26c6BV4uWkDDka/dJXbxCTNKJCE46V6npuov0MS80Ip1O7lyqaYDLGQ9o1VOCIKj+bXzxFZ0YZoDCWpoRGc/X3RIYjpSZRYDojrEdq2ZuJ/3ndVIdXfsZEkmoqyGJRmHKkYzR7Hw2YpETziSGYSGZuRWSEJSbahGSbELzll1dJq1b1Lqrufa1cr+RxFOEETqECHlxCHe6gAU0gIOAZXuHNUtaL9W59LFoLVj5zDH9gff4AG3OOgA==</latexit>

AB4

<latexit sha1_base64="BpJDhx0AW8KRzvvFcu3BBEzdL7Q=">AAAB8XicbVBNS8NAEJ3Urxq/qh69LDaCp5IUih6rXjx4qGA/sA1ls920SzebsLsRSui/8OJBEa/+G2/+G7dtDtr6YODx3gwz84KEM6Vd99sqrK1vbG4Vt+2d3b39g9LhUUvFqSS0SWIey06AFeVM0KZmmtNOIimOAk7bwfhm5refqFQsFg96klA/wkPBQkawNtKj49hX1/0723H6pbJbcedAq8TLSRlyNPqlr94gJmlEhSYcK9X13ET7GZaaEU6ndi9VNMFkjIe0a6jAEVV+Nr94is6MMkBhLE0Jjebq74kMR0pNosB0RliP1LI3E//zuqkOL/2MiSTVVJDFojDlSMdo9j4aMEmJ5hNDMJHM3IrICEtMtAnJNiF4yy+vkla14tUq7n21XK/mcRThBE7hHDy4gDrcQgOaQEDAM7zCm6WsF+vd+li0Fqx85hj+wPr8AUMdjqI=</latexit>

ABL

<latexit sha1_base64="Um37lDNi2gzIA6Z4TrsHu3vo5bQ=">AAAB8XicbVBNS8NAEJ3Urxq/qh69LDaCp5IUSj1WvXisYD+wDWWz3bRLN5uwuxFK6L/w4kERr/4bb/4bt20O2vpg4PHeDDPzgoQzpV332ypsbG5t7xR37b39g8Oj0vFJW8WpJLRFYh7LboAV5UzQlmaa024iKY4CTjvB5Hbud56oVCwWD3qaUD/CI8FCRrA20qPj2Nc3g5rtOINS2a24C6B14uWkDDmag9JXfxiTNKJCE46V6nluov0MS80IpzO7nyqaYDLBI9ozVOCIKj9bXDxDF0YZojCWpoRGC/X3RIYjpaZRYDojrMdq1ZuL/3m9VIdXfsZEkmoqyHJRmHKkYzR/Hw2ZpETzqSGYSGZuRWSMJSbahGSbELzVl9dJu1rxahX3vlpuVPM4inAG53AJHtShAXfQhBYQEPAMr/BmKevFerc+lq0FK585hT+wPn8AH/yOiw==</latexit>

AB5

(6.82) NG “

L
ź

i“1

N
p´q

i,i`1 ` p´1qLR1´loop
L

Finally, let us consider a completely generic one-loop graph, ie. connected graph with one cycle (here

for negative links only). There is always a one-loop core and the tree-level branches attached to

it. The denominator is given by all the one-loop factors Di and all internal propagators xABiABjy

corresponding to the links as for any graph. The numerator can be organized as follows:

(6.83) NG “
ź

links

N
p´q

ij ` p´1qL
1

ź

branches

N
p´q

ij ˆR1´loop
L1

where the remainder R1´loop
L1 is now for the L1-loop core with ABi in that particular ordering. We

can simply start from the numerator for the core and multiply it by N p´q

ij for any extra link attached

to it. For an explicit L “ 12 example we have (using just label k for ABk for simplicity),

(6.84)
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The numerator is now

NG “ N
p´q

67 N
p´q

58 N
p´q

89 N
p´q

3,10N
p´q

10,11N
p´q

10,12 ˆ

"

N
p´q

12 N
p´q

23 N
p´q

34 N
p´q

45 N
p´q

56 N
p´q

61 `R1´loop
123456

*

(6.85)

where the loop function R1´loop
123456 was given in (6.81). The rules for the graph with both positive

and negative links is again the same up to a sign of R1´loop. This completes a construction of a

canonical form for an arbitrary graph with one internal cycle with any assignment of positive and

negative links.

6.6 Canonical form decomposition

As evident from (6.22) even for L “ 4 to get the complete result for rΩ we need to calculate

the canonical forms for higher-loop geometries (graphs with more than one cycles). While the

general principle still should work: write down the ansatz and impose vanishing on illegal cuts as

constraints, it is much harder to find a similar organizational principle to the one that allowed us to

solve the one-loop geometries. Our approach of loops of loops expansion is very effective in solving

infinite class of graphs (and provide an approximation of the full result), but if we want an exact

result at a fixed loop order L, we can not avoid writing down the form for a complete graph (with

all xABiABjy links) which is then as hard as calculating the integrand of the original amplitude ΩL

(which is just one graph with all positive links)

Our approach to attack the problem of higher-loop graphs (with more than one internal cycle)

is a certain decomposition which reduces the problem of finding the canonical form to a purely

higher-loop term (in the same sense as the R1´loop
G was the one-loop piece while the product of

N
p˘q

ij was a tree piece. This approach separates ‘easy’ or ‘known’ terms from a truly new kind

of contribution we have to calculate separately. Let us see the logic of this decomposition in the

example from (6.22), and start solving the canonical form for the geometry with two cycles – this

is the only contributing term to rΩ2´loop
4 .

(6.86)
<latexit sha1_base64="FWHVqsz/OYPlaojJpuzBfNxReXw=">AAAB+nicbVDLSsNAFJ34rPGV6tLNYCO4KklBdCMUXOjOCvYBbQiT6aQdOjMJMxOlxH6KGxeKuPVL3Pk3TtsstPXAhcM593LvPVHKqNKe922trK6tb2yWtuztnd29fad80FJJJjFp4oQlshMhRRgVpKmpZqSTSoJ4xEg7Gl1N/fYDkYom4l6PUxJwNBA0phhpI4VO2XXt3i0nAxRew0tou27oVLyqNwNcJn5BKqBAI3S+ev0EZ5wIjRlSqut7qQ5yJDXFjEzsXqZIivAIDUjXUIE4UUE+O30CT4zSh3EiTQkNZ+rviRxxpcY8Mp0c6aFa9Kbif1430/FFkFORZpoIPF8UZwzqBE5zgH0qCdZsbAjCkppbIR4iibA2adkmBH/x5WXSqlX9s6p3V6vUa0UcJXAEjsEp8ME5qIMb0ABNgMEjeAav4M16sl6sd+tj3rpiFTOH4A+szx85FJFT</latexit>

⌦G =

<latexit sha1_base64="RiEvoLoIHmit5cVn+ggrVFKQn4k=">AAAB8XicbVBNS8NAEJ3Urxq/qh69LDZCTyUpFD1WvXisYD+wDWWz3bRLN5uwuxFK6L/w4kERr/4bb/4bt20O2vpg4PHeDDPzgoQzpV332ypsbG5t7xR37b39g8Oj0vFJW8WpJLRFYh7LboAV5UzQlmaa024iKY4CTjvB5Hbud56oVCwWD3qaUD/CI8FCRrA20qPj2Nc3A892nEGp7FbdBdA68XJShhzNQemrP4xJGlGhCcdK9Tw30X6GpWaE05ndTxVNMJngEe0ZKnBElZ8tLp6hC6MMURhLU0Kjhfp7IsORUtMoMJ0R1mO16s3F/7xeqsMrP2MiSTUVZLkoTDnSMZq/j4ZMUqL51BBMJDO3IjLGEhNtQrJNCN7qy+ukXat69ap7Xys3KnkcRTiDc6iAB5fQgDtoQgsICHiGV3izlPVivVsfy9aClc+cwh9Ynz8W3o59</latexit>

AB1

<latexit sha1_base64="B5K+51UZysk+o66RVXQZCd+wVC8=">AAAB8XicbVBNS8NAEJ3Urxq/qh69LDZCTyUpFD1WvXisYD+wDWWz3bRLN5uwuxFK6L/w4kERr/4bb/4bt20O2vpg4PHeDDPzgoQzpV332ypsbG5t7xR37b39g8Oj0vFJW8WpJLRFYh7LboAV5UzQlmaa024iKY4CTjvB5Hbud56oVCwWD3qaUD/CI8FCRrA20qPj2Nc3g5rtOINS2a26C6B14uWkDDmag9JXfxiTNKJCE46V6nluov0MS80IpzO7nyqaYDLBI9ozVOCIKj9bXDxDF0YZojCWpoRGC/X3RIYjpaZRYDojrMdq1ZuL/3m9VIdXfsZEkmoqyHJRmHKkYzR/Hw2ZpETzqSGYSGZuRWSMJSbahGSbELzVl9dJu1b16lX3vlZuVPI4inAG51ABDy6hAXfQhBYQEPAMr/BmKevFerc+lq0FK585hT+wPn8AGGWOfg==</latexit>

AB2

<latexit sha1_base64="+WPKUrMvGXEaz/BVnnPkKr1MflU=">AAAB8XicbVBNS8NAEJ3Urxq/qh69LDZCTyWpiB6rXjxWsB/YhrLZbtqlm03Y3Qgl9F948aCIV/+NN/+N2zYHbX0w8Hhvhpl5QcKZ0q77bRXW1jc2t4rb9s7u3v5B6fCopeJUEtokMY9lJ8CKciZoUzPNaSeRFEcBp+1gfDvz209UKhaLBz1JqB/hoWAhI1gb6dFx7Oub/rntOP1S2a26c6BV4uWkDDka/dJXbxCTNKJCE46V6npuov0MS80Ip1O7lyqaYDLGQ9o1VOCIKj+bXzxFZ0YZoDCWpoRGc/X3RIYjpSZRYDojrEdq2ZuJ/3ndVIdXfsZEkmoqyGJRmHKkYzR7Hw2YpETziSGYSGZuRWSEJSbahGSbELzll1dJq1b1Lqrufa1cr+RxFOEETqECHlxCHe6gAU0gIOAZXuHNUtaL9W59LFoLVj5zDH9gff4AGeyOfw==</latexit>

AB3

<latexit sha1_base64="toobybMMwemsU8JrtPkkyW+9NzQ=">AAAB8XicbVBNS8NAEJ3Urxq/qh69LDZCTyUpih6rXjxWsB/YhrLZbtqlm03Y3Qgl9F948aCIV/+NN/+N2zYHbX0w8Hhvhpl5QcKZ0q77bRXW1jc2t4rb9s7u3v5B6fCopeJUEtokMY9lJ8CKciZoUzPNaSeRFEcBp+1gfDvz209UKhaLBz1JqB/hoWAhI1gb6dFx7Oub/rntOP1S2a26c6BV4uWkDDka/dJXbxCTNKJCE46V6npuov0MS80Ip1O7lyqaYDLGQ9o1VOCIKj+bXzxFZ0YZoDCWpoRGc/X3RIYjpSZRYDojrEdq2ZuJ/3ndVIdXfsZEkmoqyGJRmHKkYzR7Hw2YpETziSGYSGZuRWSEJSbahGSbELzll1dJq1b1Lqrufa1cr+RxFOEETqECHlxCHe6gAU0gIOAZXuHNUtaL9W59LFoLVj5zDH9gff4AG3OOgA==</latexit>

AB4

<latexit sha1_base64="qAKKPVo94ZzHZ9eOXHhOvHkrgMY="></latexit>

=
NG

D1D2D3D4hAB1AB2ihAB2AB3ihAB3AB4ihAB1AB4ihAB2AB4i
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The numerator can be decomposed in this way,

NG “N
p´q

12 N
p´q

23 N
p´q

34 N
p´q

14 N
p´q

24

´R1´loop
124 N

p´q

23 N
p´q

34 ´R1´loop
234 N

p´q

12 N
p´q

23 `R1´loop
1234 N

p´q

24 ´R2´loop
1234,13(6.87)

We can introduce a graphic decomposion

(6.88)

<latexit sha1_base64="RiEvoLoIHmit5cVn+ggrVFKQn4k=">AAAB8XicbVBNS8NAEJ3Urxq/qh69LDZCTyUpFD1WvXisYD+wDWWz3bRLN5uwuxFK6L/w4kERr/4bb/4bt20O2vpg4PHeDDPzgoQzpV332ypsbG5t7xR37b39g8Oj0vFJW8WpJLRFYh7LboAV5UzQlmaa024iKY4CTjvB5Hbud56oVCwWD3qaUD/CI8FCRrA20qPj2Nc3A892nEGp7FbdBdA68XJShhzNQemrP4xJGlGhCcdK9Tw30X6GpWaE05ndTxVNMJngEe0ZKnBElZ8tLp6hC6MMURhLU0Kjhfp7IsORUtMoMJ0R1mO16s3F/7xeqsMrP2MiSTUVZLkoTDnSMZq/j4ZMUqL51BBMJDO3IjLGEhNtQrJNCN7qy+ukXat69ap7Xys3KnkcRTiDc6iAB5fQgDtoQgsICHiGV3izlPVivVsfy9aClc+cwh9Ynz8W3o59</latexit>

AB1

<latexit sha1_base64="B5K+51UZysk+o66RVXQZCd+wVC8=">AAAB8XicbVBNS8NAEJ3Urxq/qh69LDZCTyUpFD1WvXisYD+wDWWz3bRLN5uwuxFK6L/w4kERr/4bb/4bt20O2vpg4PHeDDPzgoQzpV332ypsbG5t7xR37b39g8Oj0vFJW8WpJLRFYh7LboAV5UzQlmaa024iKY4CTjvB5Hbud56oVCwWD3qaUD/CI8FCRrA20qPj2Nc3g5rtOINS2a26C6B14uWkDDmag9JXfxiTNKJCE46V6nluov0MS80IpzO7nyqaYDLBI9ozVOCIKj9bXDxDF0YZojCWpoRGC/X3RIYjpaZRYDojrMdq1ZuL/3m9VIdXfsZEkmoqyHJRmHKkYzR/Hw2ZpETzqSGYSGZuRWSMJSbahGSbELzVl9dJu1b16lX3vlZuVPI4inAG51ABDy6hAXfQhBYQEPAMr/BmKevFerc+lq0FK585hT+wPn8AGGWOfg==</latexit>

AB2

<latexit sha1_base64="+WPKUrMvGXEaz/BVnnPkKr1MflU=">AAAB8XicbVBNS8NAEJ3Urxq/qh69LDZCTyWpiB6rXjxWsB/YhrLZbtqlm03Y3Qgl9F948aCIV/+NN/+N2zYHbX0w8Hhvhpl5QcKZ0q77bRXW1jc2t4rb9s7u3v5B6fCopeJUEtokMY9lJ8CKciZoUzPNaSeRFEcBp+1gfDvz209UKhaLBz1JqB/hoWAhI1gb6dFx7Oub/rntOP1S2a26c6BV4uWkDDka/dJXbxCTNKJCE46V6npuov0MS80Ip1O7lyqaYDLGQ9o1VOCIKj+bXzxFZ0YZoDCWpoRGc/X3RIYjpSZRYDojrEdq2ZuJ/3ndVIdXfsZEkmoqyGJRmHKkYzR7Hw2YpETziSGYSGZuRWSEJSbahGSbELzll1dJq1b1Lqrufa1cr+RxFOEETqECHlxCHe6gAU0gIOAZXuHNUtaL9W59LFoLVj5zDH9gff4AGeyOfw==</latexit>

AB3

<latexit sha1_base64="toobybMMwemsU8JrtPkkyW+9NzQ=">AAAB8XicbVBNS8NAEJ3Urxq/qh69LDZCTyUpih6rXjxWsB/YhrLZbtqlm03Y3Qgl9F948aCIV/+NN/+N2zYHbX0w8Hhvhpl5QcKZ0q77bRXW1jc2t4rb9s7u3v5B6fCopeJUEtokMY9lJ8CKciZoUzPNaSeRFEcBp+1gfDvz209UKhaLBz1JqB/hoWAhI1gb6dFx7Oub/rntOP1S2a26c6BV4uWkDDka/dJXbxCTNKJCE46V6npuov0MS80Ip1O7lyqaYDLGQ9o1VOCIKj+bXzxFZ0YZoDCWpoRGc/X3RIYjpSZRYDojrEdq2ZuJ/3ndVIdXfsZEkmoqyGJRmHKkYzR7Hw2YpETziSGYSGZuRWSEJSbahGSbELzll1dJq1b1Lqrufa1cr+RxFOEETqECHlxCHe6gAU0gIOAZXuHNUtaL9W59LFoLVj5zDH9gff4AG3OOgA==</latexit>

AB4

<latexit sha1_base64="J+s6rs7/anun1tzOhvvBHOBvGRA=">AAAB/HicbVDLSsNAFL2prxpf0S7dDDaCq5IURDdCwYWupIJ9QBvCZDpth04ezEyEEOqvuHGhiFs/xJ1/47TNQlsPXDiccy/33hMknEnlON9GaW19Y3OrvG3u7O7tH1iHR20Zp4LQFol5LLoBlpSziLYUU5x2E0FxGHDaCSbXM7/zSIVkcfSgsoR6IR5FbMgIVlryrYptm3mfYI7upv4NukKmbftW1ak5c6BV4hakCgWavvXVH8QkDWmkCMdS9lwnUV6OhWKE06nZTyVNMJngEe1pGuGQSi+fHz9Fp1oZoGEsdEUKzdXfEzkOpczCQHeGWI3lsjcT//N6qRpeejmLklTRiCwWDVOOVIxmSaABE5QonmmCiWD6VkTGWGCidF6mDsFdfnmVtOs197zm3NerjXoRRxmO4QTOwIULaMAtNKEFBDJ4hld4M56MF+Pd+Fi0loxipgJ/YHz+AJT1khQ=</latexit>

NG =
<latexit sha1_base64="FehRQIrF6k8x6KxbVe4L+x8jG5s=">AAAB7nicbVBNS8NAEJ3Urxq/qh69LDaCIJSkIHosePFYwX5AG8pmu2mX7m7C7kYooT/CiwdFvPp7vPlv3LY5aOuDgcd7M8zMi1LOtPH9b6e0sbm1vVPedff2Dw6PKscnbZ1kitAWSXiiuhHWlDNJW4YZTrupolhEnHaiyd3c7zxRpVkiH800paHAI8liRrCxUsfz3CvX8waVql/zF0DrJChIFQo0B5Wv/jAhmaDSEI617gV+asIcK8MIpzO3n2maYjLBI9qzVGJBdZgvzp2hC6sMUZwoW9Kghfp7IsdC66mIbKfAZqxXvbn4n9fLTHwb5kymmaGSLBfFGUcmQfPf0ZApSgyfWoKJYvZWRMZYYWJsQq4NIVh9eZ2067XguuY/1KuNehFHGc7gHC4hgBtowD00oQUEJvAMr/DmpM6L8+58LFtLTjFzCn/gfP4ARfiNgQ==</latexit>

+

<latexit sha1_base64="RiEvoLoIHmit5cVn+ggrVFKQn4k=">AAAB8XicbVBNS8NAEJ3Urxq/qh69LDZCTyUpFD1WvXisYD+wDWWz3bRLN5uwuxFK6L/w4kERr/4bb/4bt20O2vpg4PHeDDPzgoQzpV332ypsbG5t7xR37b39g8Oj0vFJW8WpJLRFYh7LboAV5UzQlmaa024iKY4CTjvB5Hbud56oVCwWD3qaUD/CI8FCRrA20qPj2Nc3A892nEGp7FbdBdA68XJShhzNQemrP4xJGlGhCcdK9Tw30X6GpWaE05ndTxVNMJngEe0ZKnBElZ8tLp6hC6MMURhLU0Kjhfp7IsORUtMoMJ0R1mO16s3F/7xeqsMrP2MiSTUVZLkoTDnSMZq/j4ZMUqL51BBMJDO3IjLGEhNtQrJNCN7qy+ukXat69ap7Xys3KnkcRTiDc6iAB5fQgDtoQgsICHiGV3izlPVivVsfy9aClc+cwh9Ynz8W3o59</latexit>

AB1

<latexit sha1_base64="B5K+51UZysk+o66RVXQZCd+wVC8=">AAAB8XicbVBNS8NAEJ3Urxq/qh69LDZCTyUpFD1WvXisYD+wDWWz3bRLN5uwuxFK6L/w4kERr/4bb/4bt20O2vpg4PHeDDPzgoQzpV332ypsbG5t7xR37b39g8Oj0vFJW8WpJLRFYh7LboAV5UzQlmaa024iKY4CTjvB5Hbud56oVCwWD3qaUD/CI8FCRrA20qPj2Nc3g5rtOINS2a26C6B14uWkDDmag9JXfxiTNKJCE46V6nluov0MS80IpzO7nyqaYDLBI9ozVOCIKj9bXDxDF0YZojCWpoRGC/X3RIYjpaZRYDojrMdq1ZuL/3m9VIdXfsZEkmoqyHJRmHKkYzR/Hw2ZpETzqSGYSGZuRWSMJSbahGSbELzVl9dJu1b16lX3vlZuVPI4inAG51ABDy6hAXfQhBYQEPAMr/BmKevFerc+lq0FK585hT+wPn8AGGWOfg==</latexit>

AB2

<latexit sha1_base64="+WPKUrMvGXEaz/BVnnPkKr1MflU=">AAAB8XicbVBNS8NAEJ3Urxq/qh69LDZCTyWpiB6rXjxWsB/YhrLZbtqlm03Y3Qgl9F948aCIV/+NN/+N2zYHbX0w8Hhvhpl5QcKZ0q77bRXW1jc2t4rb9s7u3v5B6fCopeJUEtokMY9lJ8CKciZoUzPNaSeRFEcBp+1gfDvz209UKhaLBz1JqB/hoWAhI1gb6dFx7Oub/rntOP1S2a26c6BV4uWkDDka/dJXbxCTNKJCE46V6npuov0MS80Ip1O7lyqaYDLGQ9o1VOCIKj+bXzxFZ0YZoDCWpoRGc/X3RIYjpSZRYDojrEdq2ZuJ/3ndVIdXfsZEkmoqyGJRmHKkYzR7Hw2YpETziSGYSGZuRWSEJSbahGSbELzll1dJq1b1Lqrufa1cr+RxFOEETqECHlxCHe6gAU0gIOAZXuHNUtaL9W59LFoLVj5zDH9gff4AGeyOfw==</latexit>

AB3

<latexit sha1_base64="toobybMMwemsU8JrtPkkyW+9NzQ=">AAAB8XicbVBNS8NAEJ3Urxq/qh69LDZCTyUpih6rXjxWsB/YhrLZbtqlm03Y3Qgl9F948aCIV/+NN/+N2zYHbX0w8Hhvhpl5QcKZ0q77bRXW1jc2t4rb9s7u3v5B6fCopeJUEtokMY9lJ8CKciZoUzPNaSeRFEcBp+1gfDvz209UKhaLBz1JqB/hoWAhI1gb6dFx7Oub/rntOP1S2a26c6BV4uWkDDka/dJXbxCTNKJCE46V6npuov0MS80Ip1O7lyqaYDLGQ9o1VOCIKj+bXzxFZ0YZoDCWpoRGc/X3RIYjpSZRYDojrEdq2ZuJ/3ndVIdXfsZEkmoqyGJRmHKkYzR7Hw2YpETziSGYSGZuRWSEJSbahGSbELzll1dJq1b1Lqrufa1cr+RxFOEETqECHlxCHe6gAU0gIOAZXuHNUtaL9W59LFoLVj5zDH9gff4AG3OOgA==</latexit>

AB4

<latexit sha1_base64="FehRQIrF6k8x6KxbVe4L+x8jG5s=">AAAB7nicbVBNS8NAEJ3Urxq/qh69LDaCIJSkIHosePFYwX5AG8pmu2mX7m7C7kYooT/CiwdFvPp7vPlv3LY5aOuDgcd7M8zMi1LOtPH9b6e0sbm1vVPedff2Dw6PKscnbZ1kitAWSXiiuhHWlDNJW4YZTrupolhEnHaiyd3c7zxRpVkiH800paHAI8liRrCxUsfz3CvX8waVql/zF0DrJChIFQo0B5Wv/jAhmaDSEI617gV+asIcK8MIpzO3n2maYjLBI9qzVGJBdZgvzp2hC6sMUZwoW9Kghfp7IsdC66mIbKfAZqxXvbn4n9fLTHwb5kymmaGSLBfFGUcmQfPf0ZApSgyfWoKJYvZWRMZYYWJsQq4NIVh9eZ2067XguuY/1KuNehFHGc7gHC4hgBtowD00oQUEJvAMr/DmpM6L8+58LFtLTjFzCn/gfP4ARfiNgQ==</latexit>

+

<latexit sha1_base64="RiEvoLoIHmit5cVn+ggrVFKQn4k=">AAAB8XicbVBNS8NAEJ3Urxq/qh69LDZCTyUpFD1WvXisYD+wDWWz3bRLN5uwuxFK6L/w4kERr/4bb/4bt20O2vpg4PHeDDPzgoQzpV332ypsbG5t7xR37b39g8Oj0vFJW8WpJLRFYh7LboAV5UzQlmaa024iKY4CTjvB5Hbud56oVCwWD3qaUD/CI8FCRrA20qPj2Nc3A892nEGp7FbdBdA68XJShhzNQemrP4xJGlGhCcdK9Tw30X6GpWaE05ndTxVNMJngEe0ZKnBElZ8tLp6hC6MMURhLU0Kjhfp7IsORUtMoMJ0R1mO16s3F/7xeqsMrP2MiSTUVZLkoTDnSMZq/j4ZMUqL51BBMJDO3IjLGEhNtQrJNCN7qy+ukXat69ap7Xys3KnkcRTiDc6iAB5fQgDtoQgsICHiGV3izlPVivVsfy9aClc+cwh9Ynz8W3o59</latexit>

AB1

<latexit sha1_base64="B5K+51UZysk+o66RVXQZCd+wVC8=">AAAB8XicbVBNS8NAEJ3Urxq/qh69LDZCTyUpFD1WvXisYD+wDWWz3bRLN5uwuxFK6L/w4kERr/4bb/4bt20O2vpg4PHeDDPzgoQzpV332ypsbG5t7xR37b39g8Oj0vFJW8WpJLRFYh7LboAV5UzQlmaa024iKY4CTjvB5Hbud56oVCwWD3qaUD/CI8FCRrA20qPj2Nc3g5rtOINS2a26C6B14uWkDDmag9JXfxiTNKJCE46V6nluov0MS80IpzO7nyqaYDLBI9ozVOCIKj9bXDxDF0YZojCWpoRGC/X3RIYjpaZRYDojrMdq1ZuL/3m9VIdXfsZEkmoqyHJRmHKkYzR/Hw2ZpETzqSGYSGZuRWSMJSbahGSbELzVl9dJu1b16lX3vlZuVPI4inAG51ABDy6hAXfQhBYQEPAMr/BmKevFerc+lq0FK585hT+wPn8AGGWOfg==</latexit>

AB2

<latexit sha1_base64="+WPKUrMvGXEaz/BVnnPkKr1MflU=">AAAB8XicbVBNS8NAEJ3Urxq/qh69LDZCTyWpiB6rXjxWsB/YhrLZbtqlm03Y3Qgl9F948aCIV/+NN/+N2zYHbX0w8Hhvhpl5QcKZ0q77bRXW1jc2t4rb9s7u3v5B6fCopeJUEtokMY9lJ8CKciZoUzPNaSeRFEcBp+1gfDvz209UKhaLBz1JqB/hoWAhI1gb6dFx7Oub/rntOP1S2a26c6BV4uWkDDka/dJXbxCTNKJCE46V6npuov0MS80Ip1O7lyqaYDLGQ9o1VOCIKj+bXzxFZ0YZoDCWpoRGc/X3RIYjpSZRYDojrEdq2ZuJ/3ndVIdXfsZEkmoqyGJRmHKkYzR7Hw2YpETziSGYSGZuRWSEJSbahGSbELzll1dJq1b1Lqrufa1cr+RxFOEETqECHlxCHe6gAU0gIOAZXuHNUtaL9W59LFoLVj5zDH9gff4AGeyOfw==</latexit>

AB3

<latexit sha1_base64="toobybMMwemsU8JrtPkkyW+9NzQ=">AAAB8XicbVBNS8NAEJ3Urxq/qh69LDZCTyUpih6rXjxWsB/YhrLZbtqlm03Y3Qgl9F948aCIV/+NN/+N2zYHbX0w8Hhvhpl5QcKZ0q77bRXW1jc2t4rb9s7u3v5B6fCopeJUEtokMY9lJ8CKciZoUzPNaSeRFEcBp+1gfDvz209UKhaLBz1JqB/hoWAhI1gb6dFx7Oub/rntOP1S2a26c6BV4uWkDDka/dJXbxCTNKJCE46V6npuov0MS80Ip1O7lyqaYDLGQ9o1VOCIKj+bXzxFZ0YZoDCWpoRGc/X3RIYjpSZRYDojrEdq2ZuJ/3ndVIdXfsZEkmoqyGJRmHKkYzR7Hw2YpETziSGYSGZuRWSEJSbahGSbELzll1dJq1b1Lqrufa1cr+RxFOEETqECHlxCHe6gAU0gIOAZXuHNUtaL9W59LFoLVj5zDH9gff4AG3OOgA==</latexit>

AB4

<latexit sha1_base64="FehRQIrF6k8x6KxbVe4L+x8jG5s=">AAAB7nicbVBNS8NAEJ3Urxq/qh69LDaCIJSkIHosePFYwX5AG8pmu2mX7m7C7kYooT/CiwdFvPp7vPlv3LY5aOuDgcd7M8zMi1LOtPH9b6e0sbm1vVPedff2Dw6PKscnbZ1kitAWSXiiuhHWlDNJW4YZTrupolhEnHaiyd3c7zxRpVkiH800paHAI8liRrCxUsfz3CvX8waVql/zF0DrJChIFQo0B5Wv/jAhmaDSEI617gV+asIcK8MIpzO3n2maYjLBI9qzVGJBdZgvzp2hC6sMUZwoW9Kghfp7IsdC66mIbKfAZqxXvbn4n9fLTHwb5kymmaGSLBfFGUcmQfPf0ZApSgyfWoKJYvZWRMZYYWJsQq4NIVh9eZ2067XguuY/1KuNehFHGc7gHC4hgBtowD00oQUEJvAMr/DmpM6L8+58LFtLTjFzCn/gfP4ARfiNgQ==</latexit>

+

<latexit sha1_base64="RiEvoLoIHmit5cVn+ggrVFKQn4k=">AAAB8XicbVBNS8NAEJ3Urxq/qh69LDZCTyUpFD1WvXisYD+wDWWz3bRLN5uwuxFK6L/w4kERr/4bb/4bt20O2vpg4PHeDDPzgoQzpV332ypsbG5t7xR37b39g8Oj0vFJW8WpJLRFYh7LboAV5UzQlmaa024iKY4CTjvB5Hbud56oVCwWD3qaUD/CI8FCRrA20qPj2Nc3A892nEGp7FbdBdA68XJShhzNQemrP4xJGlGhCcdK9Tw30X6GpWaE05ndTxVNMJngEe0ZKnBElZ8tLp6hC6MMURhLU0Kjhfp7IsORUtMoMJ0R1mO16s3F/7xeqsMrP2MiSTUVZLkoTDnSMZq/j4ZMUqL51BBMJDO3IjLGEhNtQrJNCN7qy+ukXat69ap7Xys3KnkcRTiDc6iAB5fQgDtoQgsICHiGV3izlPVivVsfy9aClc+cwh9Ynz8W3o59</latexit>

AB1

<latexit sha1_base64="B5K+51UZysk+o66RVXQZCd+wVC8=">AAAB8XicbVBNS8NAEJ3Urxq/qh69LDZCTyUpFD1WvXisYD+wDWWz3bRLN5uwuxFK6L/w4kERr/4bb/4bt20O2vpg4PHeDDPzgoQzpV332ypsbG5t7xR37b39g8Oj0vFJW8WpJLRFYh7LboAV5UzQlmaa024iKY4CTjvB5Hbud56oVCwWD3qaUD/CI8FCRrA20qPj2Nc3g5rtOINS2a26C6B14uWkDDmag9JXfxiTNKJCE46V6nluov0MS80IpzO7nyqaYDLBI9ozVOCIKj9bXDxDF0YZojCWpoRGC/X3RIYjpaZRYDojrMdq1ZuL/3m9VIdXfsZEkmoqyHJRmHKkYzR/Hw2ZpETzqSGYSGZuRWSMJSbahGSbELzVl9dJu1b16lX3vlZuVPI4inAG51ABDy6hAXfQhBYQEPAMr/BmKevFerc+lq0FK585hT+wPn8AGGWOfg==</latexit>

AB2

<latexit sha1_base64="+WPKUrMvGXEaz/BVnnPkKr1MflU=">AAAB8XicbVBNS8NAEJ3Urxq/qh69LDZCTyWpiB6rXjxWsB/YhrLZbtqlm03Y3Qgl9F948aCIV/+NN/+N2zYHbX0w8Hhvhpl5QcKZ0q77bRXW1jc2t4rb9s7u3v5B6fCopeJUEtokMY9lJ8CKciZoUzPNaSeRFEcBp+1gfDvz209UKhaLBz1JqB/hoWAhI1gb6dFx7Oub/rntOP1S2a26c6BV4uWkDDka/dJXbxCTNKJCE46V6npuov0MS80Ip1O7lyqaYDLGQ9o1VOCIKj+bXzxFZ0YZoDCWpoRGc/X3RIYjpSZRYDojrEdq2ZuJ/3ndVIdXfsZEkmoqyGJRmHKkYzR7Hw2YpETziSGYSGZuRWSEJSbahGSbELzll1dJq1b1Lqrufa1cr+RxFOEETqECHlxCHe6gAU0gIOAZXuHNUtaL9W59LFoLVj5zDH9gff4AGeyOfw==</latexit>

AB3

<latexit sha1_base64="toobybMMwemsU8JrtPkkyW+9NzQ=">AAAB8XicbVBNS8NAEJ3Urxq/qh69LDZCTyUpih6rXjxWsB/YhrLZbtqlm03Y3Qgl9F948aCIV/+NN/+N2zYHbX0w8Hhvhpl5QcKZ0q77bRXW1jc2t4rb9s7u3v5B6fCopeJUEtokMY9lJ8CKciZoUzPNaSeRFEcBp+1gfDvz209UKhaLBz1JqB/hoWAhI1gb6dFx7Oub/rntOP1S2a26c6BV4uWkDDka/dJXbxCTNKJCE46V6npuov0MS80Ip1O7lyqaYDLGQ9o1VOCIKj+bXzxFZ0YZoDCWpoRGc/X3RIYjpSZRYDojrEdq2ZuJ/3ndVIdXfsZEkmoqyGJRmHKkYzR7Hw2YpETziSGYSGZuRWSEJSbahGSbELzll1dJq1b1Lqrufa1cr+RxFOEETqECHlxCHe6gAU0gIOAZXuHNUtaL9W59LFoLVj5zDH9gff4AG3OOgA==</latexit>

AB4

<latexit sha1_base64="FehRQIrF6k8x6KxbVe4L+x8jG5s=">AAAB7nicbVBNS8NAEJ3Urxq/qh69LDaCIJSkIHosePFYwX5AG8pmu2mX7m7C7kYooT/CiwdFvPp7vPlv3LY5aOuDgcd7M8zMi1LOtPH9b6e0sbm1vVPedff2Dw6PKscnbZ1kitAWSXiiuhHWlDNJW4YZTrupolhEnHaiyd3c7zxRpVkiH800paHAI8liRrCxUsfz3CvX8waVql/zF0DrJChIFQo0B5Wv/jAhmaDSEI617gV+asIcK8MIpzO3n2maYjLBI9qzVGJBdZgvzp2hC6sMUZwoW9Kghfp7IsdC66mIbKfAZqxXvbn4n9fLTHwb5kymmaGSLBfFGUcmQfPf0ZApSgyfWoKJYvZWRMZYYWJsQq4NIVh9eZ2067XguuY/1KuNehFHGc7gHC4hgBtowD00oQUEJvAMr/DmpM6L8+58LFtLTjFzCn/gfP4ARfiNgQ==</latexit>

+

<latexit sha1_base64="RiEvoLoIHmit5cVn+ggrVFKQn4k=">AAAB8XicbVBNS8NAEJ3Urxq/qh69LDZCTyUpFD1WvXisYD+wDWWz3bRLN5uwuxFK6L/w4kERr/4bb/4bt20O2vpg4PHeDDPzgoQzpV332ypsbG5t7xR37b39g8Oj0vFJW8WpJLRFYh7LboAV5UzQlmaa024iKY4CTjvB5Hbud56oVCwWD3qaUD/CI8FCRrA20qPj2Nc3A892nEGp7FbdBdA68XJShhzNQemrP4xJGlGhCcdK9Tw30X6GpWaE05ndTxVNMJngEe0ZKnBElZ8tLp6hC6MMURhLU0Kjhfp7IsORUtMoMJ0R1mO16s3F/7xeqsMrP2MiSTUVZLkoTDnSMZq/j4ZMUqL51BBMJDO3IjLGEhNtQrJNCN7qy+ukXat69ap7Xys3KnkcRTiDc6iAB5fQgDtoQgsICHiGV3izlPVivVsfy9aClc+cwh9Ynz8W3o59</latexit>

AB1

<latexit sha1_base64="B5K+51UZysk+o66RVXQZCd+wVC8=">AAAB8XicbVBNS8NAEJ3Urxq/qh69LDZCTyUpFD1WvXisYD+wDWWz3bRLN5uwuxFK6L/w4kERr/4bb/4bt20O2vpg4PHeDDPzgoQzpV332ypsbG5t7xR37b39g8Oj0vFJW8WpJLRFYh7LboAV5UzQlmaa024iKY4CTjvB5Hbud56oVCwWD3qaUD/CI8FCRrA20qPj2Nc3g5rtOINS2a26C6B14uWkDDmag9JXfxiTNKJCE46V6nluov0MS80IpzO7nyqaYDLBI9ozVOCIKj9bXDxDF0YZojCWpoRGC/X3RIYjpaZRYDojrMdq1ZuL/3m9VIdXfsZEkmoqyHJRmHKkYzR/Hw2ZpETzqSGYSGZuRWSMJSbahGSbELzVl9dJu1b16lX3vlZuVPI4inAG51ABDy6hAXfQhBYQEPAMr/BmKevFerc+lq0FK585hT+wPn8AGGWOfg==</latexit>

AB2

<latexit sha1_base64="+WPKUrMvGXEaz/BVnnPkKr1MflU=">AAAB8XicbVBNS8NAEJ3Urxq/qh69LDZCTyWpiB6rXjxWsB/YhrLZbtqlm03Y3Qgl9F948aCIV/+NN/+N2zYHbX0w8Hhvhpl5QcKZ0q77bRXW1jc2t4rb9s7u3v5B6fCopeJUEtokMY9lJ8CKciZoUzPNaSeRFEcBp+1gfDvz209UKhaLBz1JqB/hoWAhI1gb6dFx7Oub/rntOP1S2a26c6BV4uWkDDka/dJXbxCTNKJCE46V6npuov0MS80Ip1O7lyqaYDLGQ9o1VOCIKj+bXzxFZ0YZoDCWpoRGc/X3RIYjpSZRYDojrEdq2ZuJ/3ndVIdXfsZEkmoqyGJRmHKkYzR7Hw2YpETziSGYSGZuRWSEJSbahGSbELzll1dJq1b1Lqrufa1cr+RxFOEETqECHlxCHe6gAU0gIOAZXuHNUtaL9W59LFoLVj5zDH9gff4AGeyOfw==</latexit>

AB3

<latexit sha1_base64="toobybMMwemsU8JrtPkkyW+9NzQ=">AAAB8XicbVBNS8NAEJ3Urxq/qh69LDZCTyUpih6rXjxWsB/YhrLZbtqlm03Y3Qgl9F948aCIV/+NN/+N2zYHbX0w8Hhvhpl5QcKZ0q77bRXW1jc2t4rb9s7u3v5B6fCopeJUEtokMY9lJ8CKciZoUzPNaSeRFEcBp+1gfDvz209UKhaLBz1JqB/hoWAhI1gb6dFx7Oub/rntOP1S2a26c6BV4uWkDDka/dJXbxCTNKJCE46V6npuov0MS80Ip1O7lyqaYDLGQ9o1VOCIKj+bXzxFZ0YZoDCWpoRGc/X3RIYjpSZRYDojrEdq2ZuJ/3ndVIdXfsZEkmoqyGJRmHKkYzR7Hw2YpETziSGYSGZuRWSEJSbahGSbELzll1dJq1b1Lqrufa1cr+RxFOEETqECHlxCHe6gAU0gIOAZXuHNUtaL9W59LFoLVj5zDH9gff4AG3OOgA==</latexit>

AB4

where the thick lines compose irreducible closed cycles (one-cycle, two-cycle) and the dashed lines

are additional tree links. The minus signs in (6.87) follow the same logic as in the one-cycle geometry

case (terms with an even number of negative links has relative plus sign and odd number of negative

links leads to a minus sign). The last term in (6.88) is an irreducible two-loop (two-cycle) term

R2´loop
1234,13 which is universal for all sign assignments. This purely two-loop factor must satisfy an

important constraint

(6.89) R2´loop
1234,13 “ 0 on any cut when xABiABjy has a definite sign

for all the links in the two-loop graph. This is the same universality argument we used in the

discussion of the one-loop function R1´loop.

This decomposition of NG in terms of tree, one-loop and two-loop parts makes various properties

of the canonical form manifest. If we consider a totally negative geometry (6.86) then if we localize

one of the lines ABi on the leading singularity ABi “ 13 or ABi “ 24, the geometry reduces to

something simpler which is also built in the form. For example, for AB3 “ 13 the geometry reduces

to

(6.90)

<latexit sha1_base64="RiEvoLoIHmit5cVn+ggrVFKQn4k=">AAAB8XicbVBNS8NAEJ3Urxq/qh69LDZCTyUpFD1WvXisYD+wDWWz3bRLN5uwuxFK6L/w4kERr/4bb/4bt20O2vpg4PHeDDPzgoQzpV332ypsbG5t7xR37b39g8Oj0vFJW8WpJLRFYh7LboAV5UzQlmaa024iKY4CTjvB5Hbud56oVCwWD3qaUD/CI8FCRrA20qPj2Nc3A892nEGp7FbdBdA68XJShhzNQemrP4xJGlGhCcdK9Tw30X6GpWaE05ndTxVNMJngEe0ZKnBElZ8tLp6hC6MMURhLU0Kjhfp7IsORUtMoMJ0R1mO16s3F/7xeqsMrP2MiSTUVZLkoTDnSMZq/j4ZMUqL51BBMJDO3IjLGEhNtQrJNCN7qy+ukXat69ap7Xys3KnkcRTiDc6iAB5fQgDtoQgsICHiGV3izlPVivVsfy9aClc+cwh9Ynz8W3o59</latexit>

AB1

<latexit sha1_base64="B5K+51UZysk+o66RVXQZCd+wVC8=">AAAB8XicbVBNS8NAEJ3Urxq/qh69LDZCTyUpFD1WvXisYD+wDWWz3bRLN5uwuxFK6L/w4kERr/4bb/4bt20O2vpg4PHeDDPzgoQzpV332ypsbG5t7xR37b39g8Oj0vFJW8WpJLRFYh7LboAV5UzQlmaa024iKY4CTjvB5Hbud56oVCwWD3qaUD/CI8FCRrA20qPj2Nc3g5rtOINS2a26C6B14uWkDDmag9JXfxiTNKJCE46V6nluov0MS80IpzO7nyqaYDLBI9ozVOCIKj9bXDxDF0YZojCWpoRGC/X3RIYjpaZRYDojrMdq1ZuL/3m9VIdXfsZEkmoqyHJRmHKkYzR/Hw2ZpETzqSGYSGZuRWSMJSbahGSbELzVl9dJu1b16lX3vlZuVPI4inAG51ABDy6hAXfQhBYQEPAMr/BmKevFerc+lq0FK585hT+wPn8AGGWOfg==</latexit>

AB2

<latexit sha1_base64="+WPKUrMvGXEaz/BVnnPkKr1MflU=">AAAB8XicbVBNS8NAEJ3Urxq/qh69LDZCTyWpiB6rXjxWsB/YhrLZbtqlm03Y3Qgl9F948aCIV/+NN/+N2zYHbX0w8Hhvhpl5QcKZ0q77bRXW1jc2t4rb9s7u3v5B6fCopeJUEtokMY9lJ8CKciZoUzPNaSeRFEcBp+1gfDvz209UKhaLBz1JqB/hoWAhI1gb6dFx7Oub/rntOP1S2a26c6BV4uWkDDka/dJXbxCTNKJCE46V6npuov0MS80Ip1O7lyqaYDLGQ9o1VOCIKj+bXzxFZ0YZoDCWpoRGc/X3RIYjpSZRYDojrEdq2ZuJ/3ndVIdXfsZEkmoqyGJRmHKkYzR7Hw2YpETziSGYSGZuRWSEJSbahGSbELzll1dJq1b1Lqrufa1cr+RxFOEETqECHlxCHe6gAU0gIOAZXuHNUtaL9W59LFoLVj5zDH9gff4AGeyOfw==</latexit>

AB3

<latexit sha1_base64="toobybMMwemsU8JrtPkkyW+9NzQ=">AAAB8XicbVBNS8NAEJ3Urxq/qh69LDZCTyUpih6rXjxWsB/YhrLZbtqlm03Y3Qgl9F948aCIV/+NN/+N2zYHbX0w8Hhvhpl5QcKZ0q77bRXW1jc2t4rb9s7u3v5B6fCopeJUEtokMY9lJ8CKciZoUzPNaSeRFEcBp+1gfDvz209UKhaLBz1JqB/hoWAhI1gb6dFx7Oub/rntOP1S2a26c6BV4uWkDDka/dJXbxCTNKJCE46V6npuov0MS80Ip1O7lyqaYDLGQ9o1VOCIKj+bXzxFZ0YZoDCWpoRGc/X3RIYjpSZRYDojrEdq2ZuJ/3ndVIdXfsZEkmoqyGJRmHKkYzR7Hw2YpETziSGYSGZuRWSEJSbahGSbELzll1dJq1b1Lqrufa1cr+RxFOEETqECHlxCHe6gAU0gIOAZXuHNUtaL9W59LFoLVj5zDH9gff4AG3OOgA==</latexit>

AB4

<latexit sha1_base64="z4AbNzyfUE70rUrFUhZlq3SeaoQ=">AAACBHicbVDLSsNAFJ34rPEVddnNYCO4KkmL6EaounFZwT6gDWEynbRDJ5kwM1FL6MKNv+LGhSJu/Qh3/o3TNgttPXDhcM693HtPkDAqleN8G0vLK6tr64UNc3Nre2fX2ttvSp4KTBqYMy7aAZKE0Zg0FFWMtBNBUBQw0gqGVxO/dUeEpDy+VaOEeBHqxzSkGCkt+VbRts3ug6D9gUJC8Pvs4tKvnrvVsWnbvlVyys4UcJG4OSmBHHXf+ur2OE4jEivMkJQd10mUlyGhKGZkbHZTSRKEh6hPOprGKCLSy6ZPjOGRVnow5EJXrOBU/T2RoUjKURTozgipgZz3JuJ/XidV4ZmX0ThJFYnxbFGYMqg4nCQCe1QQrNhIE4QF1bdCPEACYaVzM3UI7vzLi6RZKbsnZeemUqpV8jgKoAgOwTFwwSmogWtQBw2AwSN4Bq/gzXgyXox342PWumTkMwfgD4zPH6TJlho=</latexit>

AB3=13�����!
<latexit sha1_base64="RiEvoLoIHmit5cVn+ggrVFKQn4k=">AAAB8XicbVBNS8NAEJ3Urxq/qh69LDZCTyUpFD1WvXisYD+wDWWz3bRLN5uwuxFK6L/w4kERr/4bb/4bt20O2vpg4PHeDDPzgoQzpV332ypsbG5t7xR37b39g8Oj0vFJW8WpJLRFYh7LboAV5UzQlmaa024iKY4CTjvB5Hbud56oVCwWD3qaUD/CI8FCRrA20qPj2Nc3A892nEGp7FbdBdA68XJShhzNQemrP4xJGlGhCcdK9Tw30X6GpWaE05ndTxVNMJngEe0ZKnBElZ8tLp6hC6MMURhLU0Kjhfp7IsORUtMoMJ0R1mO16s3F/7xeqsMrP2MiSTUVZLkoTDnSMZq/j4ZMUqL51BBMJDO3IjLGEhNtQrJNCN7qy+ukXat69ap7Xys3KnkcRTiDc6iAB5fQgDtoQgsICHiGV3izlPVivVsfy9aClc+cwh9Ynz8W3o59</latexit>

AB1

<latexit sha1_base64="B5K+51UZysk+o66RVXQZCd+wVC8=">AAAB8XicbVBNS8NAEJ3Urxq/qh69LDZCTyUpFD1WvXisYD+wDWWz3bRLN5uwuxFK6L/w4kERr/4bb/4bt20O2vpg4PHeDDPzgoQzpV332ypsbG5t7xR37b39g8Oj0vFJW8WpJLRFYh7LboAV5UzQlmaa024iKY4CTjvB5Hbud56oVCwWD3qaUD/CI8FCRrA20qPj2Nc3g5rtOINS2a26C6B14uWkDDmag9JXfxiTNKJCE46V6nluov0MS80IpzO7nyqaYDLBI9ozVOCIKj9bXDxDF0YZojCWpoRGC/X3RIYjpaZRYDojrMdq1ZuL/3m9VIdXfsZEkmoqyHJRmHKkYzR/Hw2ZpETzqSGYSGZuRWSMJSbahGSbELzVl9dJu1b16lX3vlZuVPI4inAG51ABDy6hAXfQhBYQEPAMr/BmKevFerc+lq0FK585hT+wPn8AGGWOfg==</latexit>

AB2

<latexit sha1_base64="toobybMMwemsU8JrtPkkyW+9NzQ=">AAAB8XicbVBNS8NAEJ3Urxq/qh69LDZCTyUpih6rXjxWsB/YhrLZbtqlm03Y3Qgl9F948aCIV/+NN/+N2zYHbX0w8Hhvhpl5QcKZ0q77bRXW1jc2t4rb9s7u3v5B6fCopeJUEtokMY9lJ8CKciZoUzPNaSeRFEcBp+1gfDvz209UKhaLBz1JqB/hoWAhI1gb6dFx7Oub/rntOP1S2a26c6BV4uWkDDka/dJXbxCTNKJCE46V6npuov0MS80Ip1O7lyqaYDLGQ9o1VOCIKj+bXzxFZ0YZoDCWpoRGc/X3RIYjpSZRYDojrEdq2ZuJ/3ndVIdXfsZEkmoqyGJRmHKkYzR7Hw2YpETziSGYSGZuRWSEJSbahGSbELzll1dJq1b1Lqrufa1cr+RxFOEETqECHlxCHe6gAU0gIOAZXuHNUtaL9W59LFoLVj5zDH9gff4AG3OOgA==</latexit>

AB4
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In the canonical form all terms with label 3 going away: the two-loop numerators together with the

mutual pole reduce to constant

(6.91)
N

p´q

3k

xAB3ABky
“

xAB313yxABk24y ` xAB324yxABk13y

xAB3ABky

AB3“13
ÝÝÝÝÝÑ x1234y

while any one-loop and two-loop functions involving label 3 vanishes,

(6.92) R1´loop
134 “ R1´loop

1234 “ R2´loop
1234,13 “ 0

As a result the canonical form reduces to

(6.93) ΩG
AB3“13
ÝÝÝÝÝÑ ΩGred

“
N

p´q

12 N
p´q

24 N
p´q

14 ´R1´loop
124

D1D2D4xAB1AB2yxAB1AB4yxAB2AB4y

which is exactly the correct form of the reduced graph (6.48). Note that if instead of fixing AB3 “ 13

we fix now another loop line AB4 “ 13, the result is different but again correct. The graph reduces

to

(6.94)

<latexit sha1_base64="RiEvoLoIHmit5cVn+ggrVFKQn4k=">AAAB8XicbVBNS8NAEJ3Urxq/qh69LDZCTyUpFD1WvXisYD+wDWWz3bRLN5uwuxFK6L/w4kERr/4bb/4bt20O2vpg4PHeDDPzgoQzpV332ypsbG5t7xR37b39g8Oj0vFJW8WpJLRFYh7LboAV5UzQlmaa024iKY4CTjvB5Hbud56oVCwWD3qaUD/CI8FCRrA20qPj2Nc3A892nEGp7FbdBdA68XJShhzNQemrP4xJGlGhCcdK9Tw30X6GpWaE05ndTxVNMJngEe0ZKnBElZ8tLp6hC6MMURhLU0Kjhfp7IsORUtMoMJ0R1mO16s3F/7xeqsMrP2MiSTUVZLkoTDnSMZq/j4ZMUqL51BBMJDO3IjLGEhNtQrJNCN7qy+ukXat69ap7Xys3KnkcRTiDc6iAB5fQgDtoQgsICHiGV3izlPVivVsfy9aClc+cwh9Ynz8W3o59</latexit>

AB1

<latexit sha1_base64="B5K+51UZysk+o66RVXQZCd+wVC8=">AAAB8XicbVBNS8NAEJ3Urxq/qh69LDZCTyUpFD1WvXisYD+wDWWz3bRLN5uwuxFK6L/w4kERr/4bb/4bt20O2vpg4PHeDDPzgoQzpV332ypsbG5t7xR37b39g8Oj0vFJW8WpJLRFYh7LboAV5UzQlmaa024iKY4CTjvB5Hbud56oVCwWD3qaUD/CI8FCRrA20qPj2Nc3g5rtOINS2a26C6B14uWkDDmag9JXfxiTNKJCE46V6nluov0MS80IpzO7nyqaYDLBI9ozVOCIKj9bXDxDF0YZojCWpoRGC/X3RIYjpaZRYDojrMdq1ZuL/3m9VIdXfsZEkmoqyHJRmHKkYzR/Hw2ZpETzqSGYSGZuRWSMJSbahGSbELzVl9dJu1b16lX3vlZuVPI4inAG51ABDy6hAXfQhBYQEPAMr/BmKevFerc+lq0FK585hT+wPn8AGGWOfg==</latexit>

AB2

<latexit sha1_base64="+WPKUrMvGXEaz/BVnnPkKr1MflU=">AAAB8XicbVBNS8NAEJ3Urxq/qh69LDZCTyWpiB6rXjxWsB/YhrLZbtqlm03Y3Qgl9F948aCIV/+NN/+N2zYHbX0w8Hhvhpl5QcKZ0q77bRXW1jc2t4rb9s7u3v5B6fCopeJUEtokMY9lJ8CKciZoUzPNaSeRFEcBp+1gfDvz209UKhaLBz1JqB/hoWAhI1gb6dFx7Oub/rntOP1S2a26c6BV4uWkDDka/dJXbxCTNKJCE46V6npuov0MS80Ip1O7lyqaYDLGQ9o1VOCIKj+bXzxFZ0YZoDCWpoRGc/X3RIYjpSZRYDojrEdq2ZuJ/3ndVIdXfsZEkmoqyGJRmHKkYzR7Hw2YpETziSGYSGZuRWSEJSbahGSbELzll1dJq1b1Lqrufa1cr+RxFOEETqECHlxCHe6gAU0gIOAZXuHNUtaL9W59LFoLVj5zDH9gff4AGeyOfw==</latexit>

AB3

<latexit sha1_base64="toobybMMwemsU8JrtPkkyW+9NzQ=">AAAB8XicbVBNS8NAEJ3Urxq/qh69LDZCTyUpih6rXjxWsB/YhrLZbtqlm03Y3Qgl9F948aCIV/+NN/+N2zYHbX0w8Hhvhpl5QcKZ0q77bRXW1jc2t4rb9s7u3v5B6fCopeJUEtokMY9lJ8CKciZoUzPNaSeRFEcBp+1gfDvz209UKhaLBz1JqB/hoWAhI1gb6dFx7Oub/rntOP1S2a26c6BV4uWkDDka/dJXbxCTNKJCE46V6npuov0MS80Ip1O7lyqaYDLGQ9o1VOCIKj+bXzxFZ0YZoDCWpoRGc/X3RIYjpSZRYDojrEdq2ZuJ/3ndVIdXfsZEkmoqyGJRmHKkYzR7Hw2YpETziSGYSGZuRWSEJSbahGSbELzll1dJq1b1Lqrufa1cr+RxFOEETqECHlxCHe6gAU0gIOAZXuHNUtaL9W59LFoLVj5zDH9gff4AG3OOgA==</latexit>

AB4

<latexit sha1_base64="+Ttwoqta7tn7aJ2JuWsBu5GBiio=">AAACBHicbVC7TsMwFHV4lvAKMHaJaJCYqqSAYEEqsDAWiT6kNooc12mtOnZkO0AVdWDhV1gYQIiVj2Djb3DbDNBypCsdnXOv7r0nTCiRynW/jYXFpeWV1cKaub6xubVt7ew2JE8FwnXEKRetEEpMCcN1RRTFrURgGIcUN8PB1dhv3mEhCWe3aphgP4Y9RiKCoNJSYBUdx+w8CNLrKygEv88uLoPjc+9oZDpOYJXcsjuBPU+8nJRAjlpgfXW6HKUxZgpRKGXbcxPlZ1AogigemZ1U4gSiAezhtqYMxlj62eSJkX2gla4dcaGLKXui/p7IYCzlMA51ZwxVX856Y/E/r52q6MzPCEtShRmaLopSaitujxOxu0RgpOhQE4gE0bfaqA8FRErnZuoQvNmX50mjUvZOyu5NpVSt5HEUQBHsg0PggVNQBdegBuoAgUfwDF7Bm/FkvBjvxse0dcHIZ/bAHxifP6ZUlhs=</latexit>

AB4=13�����!
<latexit sha1_base64="RiEvoLoIHmit5cVn+ggrVFKQn4k=">AAAB8XicbVBNS8NAEJ3Urxq/qh69LDZCTyUpFD1WvXisYD+wDWWz3bRLN5uwuxFK6L/w4kERr/4bb/4bt20O2vpg4PHeDDPzgoQzpV332ypsbG5t7xR37b39g8Oj0vFJW8WpJLRFYh7LboAV5UzQlmaa024iKY4CTjvB5Hbud56oVCwWD3qaUD/CI8FCRrA20qPj2Nc3A892nEGp7FbdBdA68XJShhzNQemrP4xJGlGhCcdK9Tw30X6GpWaE05ndTxVNMJngEe0ZKnBElZ8tLp6hC6MMURhLU0Kjhfp7IsORUtMoMJ0R1mO16s3F/7xeqsMrP2MiSTUVZLkoTDnSMZq/j4ZMUqL51BBMJDO3IjLGEhNtQrJNCN7qy+ukXat69ap7Xys3KnkcRTiDc6iAB5fQgDtoQgsICHiGV3izlPVivVsfy9aClc+cwh9Ynz8W3o59</latexit>

AB1

<latexit sha1_base64="B5K+51UZysk+o66RVXQZCd+wVC8=">AAAB8XicbVBNS8NAEJ3Urxq/qh69LDZCTyUpFD1WvXisYD+wDWWz3bRLN5uwuxFK6L/w4kERr/4bb/4bt20O2vpg4PHeDDPzgoQzpV332ypsbG5t7xR37b39g8Oj0vFJW8WpJLRFYh7LboAV5UzQlmaa024iKY4CTjvB5Hbud56oVCwWD3qaUD/CI8FCRrA20qPj2Nc3g5rtOINS2a26C6B14uWkDDmag9JXfxiTNKJCE46V6nluov0MS80IpzO7nyqaYDLBI9ozVOCIKj9bXDxDF0YZojCWpoRGC/X3RIYjpaZRYDojrMdq1ZuL/3m9VIdXfsZEkmoqyHJRmHKkYzR/Hw2ZpETzqSGYSGZuRWSMJSbahGSbELzVl9dJu1b16lX3vlZuVPI4inAG51ABDy6hAXfQhBYQEPAMr/BmKevFerc+lq0FK585hT+wPn8AGGWOfg==</latexit>

AB2

<latexit sha1_base64="+WPKUrMvGXEaz/BVnnPkKr1MflU=">AAAB8XicbVBNS8NAEJ3Urxq/qh69LDZCTyWpiB6rXjxWsB/YhrLZbtqlm03Y3Qgl9F948aCIV/+NN/+N2zYHbX0w8Hhvhpl5QcKZ0q77bRXW1jc2t4rb9s7u3v5B6fCopeJUEtokMY9lJ8CKciZoUzPNaSeRFEcBp+1gfDvz209UKhaLBz1JqB/hoWAhI1gb6dFx7Oub/rntOP1S2a26c6BV4uWkDDka/dJXbxCTNKJCE46V6npuov0MS80Ip1O7lyqaYDLGQ9o1VOCIKj+bXzxFZ0YZoDCWpoRGc/X3RIYjpSZRYDojrEdq2ZuJ/3ndVIdXfsZEkmoqyGJRmHKkYzR7Hw2YpETziSGYSGZuRWSEJSbahGSbELzll1dJq1b1Lqrufa1cr+RxFOEETqECHlxCHe6gAU0gIOAZXuHNUtaL9W59LFoLVj5zDH9gff4AGeyOfw==</latexit>

AB3

We get the same relation (6.91) now for AB4, but now all one-loop and two-loop functions are zero

(6.95) R1´loop
134 “ R1´loop

124 “ R1´loop
1234 “ R2´loop

1234,13 “ 0

and the canonical form reduces just to the tree form,

(6.96) ΩG
AB4“13
ÝÝÝÝÝÑ ΩG1

red
“

N
p´q

12 N
p´q

23 N
p´q

13

D1D2D3xAB1AB2yxAB1AB3yxAB2AB3y

This is precisely correct because (6.96) is a tree graph. The analogous procedure can be also applied

to collinear limit cuts, which survive for positive links and such decomposition correctly reduces to

the canonical form of a simpler graph. Another check we can perform is the sum rule, where we

take a union of two geometries which differ by a sign of one link, and sum their canonical forms.
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For example, the analogous graph where we flip the sign of xAB3AB4y link to positive, is

(6.97)
<latexit sha1_base64="FWHVqsz/OYPlaojJpuzBfNxReXw=">AAAB+nicbVDLSsNAFJ34rPGV6tLNYCO4KklBdCMUXOjOCvYBbQiT6aQdOjMJMxOlxH6KGxeKuPVL3Pk3TtsstPXAhcM593LvPVHKqNKe922trK6tb2yWtuztnd29fad80FJJJjFp4oQlshMhRRgVpKmpZqSTSoJ4xEg7Gl1N/fYDkYom4l6PUxJwNBA0phhpI4VO2XXt3i0nAxRew0tou27oVLyqNwNcJn5BKqBAI3S+ev0EZ5wIjRlSqut7qQ5yJDXFjEzsXqZIivAIDUjXUIE4UUE+O30CT4zSh3EiTQkNZ+rviRxxpcY8Mp0c6aFa9Kbif1430/FFkFORZpoIPF8UZwzqBE5zgH0qCdZsbAjCkppbIR4iibA2adkmBH/x5WXSqlX9s6p3V6vUa0UcJXAEjsEp8ME5qIMb0ABNgMEjeAav4M16sl6sd+tj3rpiFTOH4A+szx85FJFT</latexit>

⌦G =

<latexit sha1_base64="RiEvoLoIHmit5cVn+ggrVFKQn4k=">AAAB8XicbVBNS8NAEJ3Urxq/qh69LDZCTyUpFD1WvXisYD+wDWWz3bRLN5uwuxFK6L/w4kERr/4bb/4bt20O2vpg4PHeDDPzgoQzpV332ypsbG5t7xR37b39g8Oj0vFJW8WpJLRFYh7LboAV5UzQlmaa024iKY4CTjvB5Hbud56oVCwWD3qaUD/CI8FCRrA20qPj2Nc3A892nEGp7FbdBdA68XJShhzNQemrP4xJGlGhCcdK9Tw30X6GpWaE05ndTxVNMJngEe0ZKnBElZ8tLp6hC6MMURhLU0Kjhfp7IsORUtMoMJ0R1mO16s3F/7xeqsMrP2MiSTUVZLkoTDnSMZq/j4ZMUqL51BBMJDO3IjLGEhNtQrJNCN7qy+ukXat69ap7Xys3KnkcRTiDc6iAB5fQgDtoQgsICHiGV3izlPVivVsfy9aClc+cwh9Ynz8W3o59</latexit>

AB1

<latexit sha1_base64="B5K+51UZysk+o66RVXQZCd+wVC8=">AAAB8XicbVBNS8NAEJ3Urxq/qh69LDZCTyUpFD1WvXisYD+wDWWz3bRLN5uwuxFK6L/w4kERr/4bb/4bt20O2vpg4PHeDDPzgoQzpV332ypsbG5t7xR37b39g8Oj0vFJW8WpJLRFYh7LboAV5UzQlmaa024iKY4CTjvB5Hbud56oVCwWD3qaUD/CI8FCRrA20qPj2Nc3g5rtOINS2a26C6B14uWkDDmag9JXfxiTNKJCE46V6nluov0MS80IpzO7nyqaYDLBI9ozVOCIKj9bXDxDF0YZojCWpoRGC/X3RIYjpaZRYDojrMdq1ZuL/3m9VIdXfsZEkmoqyHJRmHKkYzR/Hw2ZpETzqSGYSGZuRWSMJSbahGSbELzVl9dJu1b16lX3vlZuVPI4inAG51ABDy6hAXfQhBYQEPAMr/BmKevFerc+lq0FK585hT+wPn8AGGWOfg==</latexit>

AB2

<latexit sha1_base64="+WPKUrMvGXEaz/BVnnPkKr1MflU=">AAAB8XicbVBNS8NAEJ3Urxq/qh69LDZCTyWpiB6rXjxWsB/YhrLZbtqlm03Y3Qgl9F948aCIV/+NN/+N2zYHbX0w8Hhvhpl5QcKZ0q77bRXW1jc2t4rb9s7u3v5B6fCopeJUEtokMY9lJ8CKciZoUzPNaSeRFEcBp+1gfDvz209UKhaLBz1JqB/hoWAhI1gb6dFx7Oub/rntOP1S2a26c6BV4uWkDDka/dJXbxCTNKJCE46V6npuov0MS80Ip1O7lyqaYDLGQ9o1VOCIKj+bXzxFZ0YZoDCWpoRGc/X3RIYjpSZRYDojrEdq2ZuJ/3ndVIdXfsZEkmoqyGJRmHKkYzR7Hw2YpETziSGYSGZuRWSEJSbahGSbELzll1dJq1b1Lqrufa1cr+RxFOEETqECHlxCHe6gAU0gIOAZXuHNUtaL9W59LFoLVj5zDH9gff4AGeyOfw==</latexit>

AB3

<latexit sha1_base64="toobybMMwemsU8JrtPkkyW+9NzQ=">AAAB8XicbVBNS8NAEJ3Urxq/qh69LDZCTyUpih6rXjxWsB/YhrLZbtqlm03Y3Qgl9F948aCIV/+NN/+N2zYHbX0w8Hhvhpl5QcKZ0q77bRXW1jc2t4rb9s7u3v5B6fCopeJUEtokMY9lJ8CKciZoUzPNaSeRFEcBp+1gfDvz209UKhaLBz1JqB/hoWAhI1gb6dFx7Oub/rntOP1S2a26c6BV4uWkDDka/dJXbxCTNKJCE46V6npuov0MS80Ip1O7lyqaYDLGQ9o1VOCIKj+bXzxFZ0YZoDCWpoRGc/X3RIYjpSZRYDojrEdq2ZuJ/3ndVIdXfsZEkmoqyGJRmHKkYzR7Hw2YpETziSGYSGZuRWSEJSbahGSbELzll1dJq1b1Lqrufa1cr+RxFOEETqECHlxCHe6gAU0gIOAZXuHNUtaL9W59LFoLVj5zDH9gff4AG3OOgA==</latexit>

AB4

<latexit sha1_base64="/ZEbUFlPMtLJ2ksZWlnKQWpPrCg="></latexit>

=
N 0

G

D1D2D3D4hAB1AB2ihAB2AB3ihAB3AB4ihAB1AB4ihAB2AB4i

has an analogous decomposition

N 1
G “N

p´q

12 N
p´q

23 N
p`q

34 N
p´q

14 N
p´q

24

´R1´loop
124 N

p´q

23 N
p`q

34 `R1´loop
134 N

p´q

12 N
p´q

23 ´R1´loop
1234 N

p´q

24 `R2´loop
1234,13(6.98)

We can again see a geometric sum rule in action here: as the two geometries (6.86) and (6.97) only

differ by a single sign of one link, we can take a union which gives us a one-loop geometry,

(6.99)

<latexit sha1_base64="RiEvoLoIHmit5cVn+ggrVFKQn4k=">AAAB8XicbVBNS8NAEJ3Urxq/qh69LDZCTyUpFD1WvXisYD+wDWWz3bRLN5uwuxFK6L/w4kERr/4bb/4bt20O2vpg4PHeDDPzgoQzpV332ypsbG5t7xR37b39g8Oj0vFJW8WpJLRFYh7LboAV5UzQlmaa024iKY4CTjvB5Hbud56oVCwWD3qaUD/CI8FCRrA20qPj2Nc3A892nEGp7FbdBdA68XJShhzNQemrP4xJGlGhCcdK9Tw30X6GpWaE05ndTxVNMJngEe0ZKnBElZ8tLp6hC6MMURhLU0Kjhfp7IsORUtMoMJ0R1mO16s3F/7xeqsMrP2MiSTUVZLkoTDnSMZq/j4ZMUqL51BBMJDO3IjLGEhNtQrJNCN7qy+ukXat69ap7Xys3KnkcRTiDc6iAB5fQgDtoQgsICHiGV3izlPVivVsfy9aClc+cwh9Ynz8W3o59</latexit>

AB1

<latexit sha1_base64="B5K+51UZysk+o66RVXQZCd+wVC8=">AAAB8XicbVBNS8NAEJ3Urxq/qh69LDZCTyUpFD1WvXisYD+wDWWz3bRLN5uwuxFK6L/w4kERr/4bb/4bt20O2vpg4PHeDDPzgoQzpV332ypsbG5t7xR37b39g8Oj0vFJW8WpJLRFYh7LboAV5UzQlmaa024iKY4CTjvB5Hbud56oVCwWD3qaUD/CI8FCRrA20qPj2Nc3g5rtOINS2a26C6B14uWkDDmag9JXfxiTNKJCE46V6nluov0MS80IpzO7nyqaYDLBI9ozVOCIKj9bXDxDF0YZojCWpoRGC/X3RIYjpaZRYDojrMdq1ZuL/3m9VIdXfsZEkmoqyHJRmHKkYzR/Hw2ZpETzqSGYSGZuRWSMJSbahGSbELzVl9dJu1b16lX3vlZuVPI4inAG51ABDy6hAXfQhBYQEPAMr/BmKevFerc+lq0FK585hT+wPn8AGGWOfg==</latexit>

AB2

<latexit sha1_base64="+WPKUrMvGXEaz/BVnnPkKr1MflU=">AAAB8XicbVBNS8NAEJ3Urxq/qh69LDZCTyWpiB6rXjxWsB/YhrLZbtqlm03Y3Qgl9F948aCIV/+NN/+N2zYHbX0w8Hhvhpl5QcKZ0q77bRXW1jc2t4rb9s7u3v5B6fCopeJUEtokMY9lJ8CKciZoUzPNaSeRFEcBp+1gfDvz209UKhaLBz1JqB/hoWAhI1gb6dFx7Oub/rntOP1S2a26c6BV4uWkDDka/dJXbxCTNKJCE46V6npuov0MS80Ip1O7lyqaYDLGQ9o1VOCIKj+bXzxFZ0YZoDCWpoRGc/X3RIYjpSZRYDojrEdq2ZuJ/3ndVIdXfsZEkmoqyGJRmHKkYzR7Hw2YpETziSGYSGZuRWSEJSbahGSbELzll1dJq1b1Lqrufa1cr+RxFOEETqECHlxCHe6gAU0gIOAZXuHNUtaL9W59LFoLVj5zDH9gff4AGeyOfw==</latexit>

AB3

<latexit sha1_base64="toobybMMwemsU8JrtPkkyW+9NzQ=">AAAB8XicbVBNS8NAEJ3Urxq/qh69LDZCTyUpih6rXjxWsB/YhrLZbtqlm03Y3Qgl9F948aCIV/+NN/+N2zYHbX0w8Hhvhpl5QcKZ0q77bRXW1jc2t4rb9s7u3v5B6fCopeJUEtokMY9lJ8CKciZoUzPNaSeRFEcBp+1gfDvz209UKhaLBz1JqB/hoWAhI1gb6dFx7Oub/rntOP1S2a26c6BV4uWkDDka/dJXbxCTNKJCE46V6npuov0MS80Ip1O7lyqaYDLGQ9o1VOCIKj+bXzxFZ0YZoDCWpoRGc/X3RIYjpSZRYDojrEdq2ZuJ/3ndVIdXfsZEkmoqyGJRmHKkYzR7Hw2YpETziSGYSGZuRWSEJSbahGSbELzll1dJq1b1Lqrufa1cr+RxFOEETqECHlxCHe6gAU0gIOAZXuHNUtaL9W59LFoLVj5zDH9gff4AG3OOgA==</latexit>

AB4

<latexit sha1_base64="FehRQIrF6k8x6KxbVe4L+x8jG5s=">AAAB7nicbVBNS8NAEJ3Urxq/qh69LDaCIJSkIHosePFYwX5AG8pmu2mX7m7C7kYooT/CiwdFvPp7vPlv3LY5aOuDgcd7M8zMi1LOtPH9b6e0sbm1vVPedff2Dw6PKscnbZ1kitAWSXiiuhHWlDNJW4YZTrupolhEnHaiyd3c7zxRpVkiH800paHAI8liRrCxUsfz3CvX8waVql/zF0DrJChIFQo0B5Wv/jAhmaDSEI617gV+asIcK8MIpzO3n2maYjLBI9qzVGJBdZgvzp2hC6sMUZwoW9Kghfp7IsdC66mIbKfAZqxXvbn4n9fLTHwb5kymmaGSLBfFGUcmQfPf0ZApSgyfWoKJYvZWRMZYYWJsQq4NIVh9eZ2067XguuY/1KuNehFHGc7gHC4hgBtowD00oQUEJvAMr/DmpM6L8+58LFtLTjFzCn/gfP4ARfiNgQ==</latexit>

+

<latexit sha1_base64="RiEvoLoIHmit5cVn+ggrVFKQn4k=">AAAB8XicbVBNS8NAEJ3Urxq/qh69LDZCTyUpFD1WvXisYD+wDWWz3bRLN5uwuxFK6L/w4kERr/4bb/4bt20O2vpg4PHeDDPzgoQzpV332ypsbG5t7xR37b39g8Oj0vFJW8WpJLRFYh7LboAV5UzQlmaa024iKY4CTjvB5Hbud56oVCwWD3qaUD/CI8FCRrA20qPj2Nc3A892nEGp7FbdBdA68XJShhzNQemrP4xJGlGhCcdK9Tw30X6GpWaE05ndTxVNMJngEe0ZKnBElZ8tLp6hC6MMURhLU0Kjhfp7IsORUtMoMJ0R1mO16s3F/7xeqsMrP2MiSTUVZLkoTDnSMZq/j4ZMUqL51BBMJDO3IjLGEhNtQrJNCN7qy+ukXat69ap7Xys3KnkcRTiDc6iAB5fQgDtoQgsICHiGV3izlPVivVsfy9aClc+cwh9Ynz8W3o59</latexit>

AB1

<latexit sha1_base64="B5K+51UZysk+o66RVXQZCd+wVC8=">AAAB8XicbVBNS8NAEJ3Urxq/qh69LDZCTyUpFD1WvXisYD+wDWWz3bRLN5uwuxFK6L/w4kERr/4bb/4bt20O2vpg4PHeDDPzgoQzpV332ypsbG5t7xR37b39g8Oj0vFJW8WpJLRFYh7LboAV5UzQlmaa024iKY4CTjvB5Hbud56oVCwWD3qaUD/CI8FCRrA20qPj2Nc3g5rtOINS2a26C6B14uWkDDmag9JXfxiTNKJCE46V6nluov0MS80IpzO7nyqaYDLBI9ozVOCIKj9bXDxDF0YZojCWpoRGC/X3RIYjpaZRYDojrMdq1ZuL/3m9VIdXfsZEkmoqyHJRmHKkYzR/Hw2ZpETzqSGYSGZuRWSMJSbahGSbELzVl9dJu1b16lX3vlZuVPI4inAG51ABDy6hAXfQhBYQEPAMr/BmKevFerc+lq0FK585hT+wPn8AGGWOfg==</latexit>

AB2

<latexit sha1_base64="+WPKUrMvGXEaz/BVnnPkKr1MflU=">AAAB8XicbVBNS8NAEJ3Urxq/qh69LDZCTyWpiB6rXjxWsB/YhrLZbtqlm03Y3Qgl9F948aCIV/+NN/+N2zYHbX0w8Hhvhpl5QcKZ0q77bRXW1jc2t4rb9s7u3v5B6fCopeJUEtokMY9lJ8CKciZoUzPNaSeRFEcBp+1gfDvz209UKhaLBz1JqB/hoWAhI1gb6dFx7Oub/rntOP1S2a26c6BV4uWkDDka/dJXbxCTNKJCE46V6npuov0MS80Ip1O7lyqaYDLGQ9o1VOCIKj+bXzxFZ0YZoDCWpoRGc/X3RIYjpSZRYDojrEdq2ZuJ/3ndVIdXfsZEkmoqyGJRmHKkYzR7Hw2YpETziSGYSGZuRWSEJSbahGSbELzll1dJq1b1Lqrufa1cr+RxFOEETqECHlxCHe6gAU0gIOAZXuHNUtaL9W59LFoLVj5zDH9gff4AGeyOfw==</latexit>

AB3

<latexit sha1_base64="toobybMMwemsU8JrtPkkyW+9NzQ=">AAAB8XicbVBNS8NAEJ3Urxq/qh69LDZCTyUpih6rXjxWsB/YhrLZbtqlm03Y3Qgl9F948aCIV/+NN/+N2zYHbX0w8Hhvhpl5QcKZ0q77bRXW1jc2t4rb9s7u3v5B6fCopeJUEtokMY9lJ8CKciZoUzPNaSeRFEcBp+1gfDvz209UKhaLBz1JqB/hoWAhI1gb6dFx7Oub/rntOP1S2a26c6BV4uWkDDka/dJXbxCTNKJCE46V6npuov0MS80Ip1O7lyqaYDLGQ9o1VOCIKj+bXzxFZ0YZoDCWpoRGc/X3RIYjpSZRYDojrEdq2ZuJ/3ndVIdXfsZEkmoqyGJRmHKkYzR7Hw2YpETziSGYSGZuRWSEJSbahGSbELzll1dJq1b1Lqrufa1cr+RxFOEETqECHlxCHe6gAU0gIOAZXuHNUtaL9W59LFoLVj5zDH9gff4AG3OOgA==</latexit>

AB4

<latexit sha1_base64="tTKKIDRyvwQgTq8O/rQenuqiXfE=">AAAB7nicbVBNS8NAEJ2tXzV+VT16WWwETyUpiF6EghePFewHtKFstpt26WYTdjdCCf0RXjwo4tXf481/47bNQVsfDDzem2FmXpgKro3nfaPSxubW9k5519nbPzg8qhyftHWSKcpaNBGJ6oZEM8ElaxluBOumipE4FKwTTu7mfueJKc0T+WimKQtiMpI84pQYK3Vc17l1XHdQqXo1bwG8TvyCVKFAc1D56g8TmsVMGiqI1j3fS02QE2U4FWzm9DPNUkInZMR6lkoSMx3ki3Nn+MIqQxwlypY0eKH+nshJrPU0Dm1nTMxYr3pz8T+vl5noJsi5TDPDJF0uijKBTYLnv+MhV4waMbWEUMXtrZiOiSLU2IQcG4K/+vI6addr/lXNe6hXG/UijjKcwTlcgg/X0IB7aEILKEzgGV7hDaXoBb2jj2VrCRUzp/AH6PMHYXaNkw==</latexit>=

<latexit sha1_base64="RiEvoLoIHmit5cVn+ggrVFKQn4k=">AAAB8XicbVBNS8NAEJ3Urxq/qh69LDZCTyUpFD1WvXisYD+wDWWz3bRLN5uwuxFK6L/w4kERr/4bb/4bt20O2vpg4PHeDDPzgoQzpV332ypsbG5t7xR37b39g8Oj0vFJW8WpJLRFYh7LboAV5UzQlmaa024iKY4CTjvB5Hbud56oVCwWD3qaUD/CI8FCRrA20qPj2Nc3A892nEGp7FbdBdA68XJShhzNQemrP4xJGlGhCcdK9Tw30X6GpWaE05ndTxVNMJngEe0ZKnBElZ8tLp6hC6MMURhLU0Kjhfp7IsORUtMoMJ0R1mO16s3F/7xeqsMrP2MiSTUVZLkoTDnSMZq/j4ZMUqL51BBMJDO3IjLGEhNtQrJNCN7qy+ukXat69ap7Xys3KnkcRTiDc6iAB5fQgDtoQgsICHiGV3izlPVivVsfy9aClc+cwh9Ynz8W3o59</latexit>

AB1

<latexit sha1_base64="B5K+51UZysk+o66RVXQZCd+wVC8=">AAAB8XicbVBNS8NAEJ3Urxq/qh69LDZCTyUpFD1WvXisYD+wDWWz3bRLN5uwuxFK6L/w4kERr/4bb/4bt20O2vpg4PHeDDPzgoQzpV332ypsbG5t7xR37b39g8Oj0vFJW8WpJLRFYh7LboAV5UzQlmaa024iKY4CTjvB5Hbud56oVCwWD3qaUD/CI8FCRrA20qPj2Nc3g5rtOINS2a26C6B14uWkDDmag9JXfxiTNKJCE46V6nluov0MS80IpzO7nyqaYDLBI9ozVOCIKj9bXDxDF0YZojCWpoRGC/X3RIYjpaZRYDojrMdq1ZuL/3m9VIdXfsZEkmoqyHJRmHKkYzR/Hw2ZpETzqSGYSGZuRWSMJSbahGSbELzVl9dJu1b16lX3vlZuVPI4inAG51ABDy6hAXfQhBYQEPAMr/BmKevFerc+lq0FK585hT+wPn8AGGWOfg==</latexit>

AB2

<latexit sha1_base64="+WPKUrMvGXEaz/BVnnPkKr1MflU=">AAAB8XicbVBNS8NAEJ3Urxq/qh69LDZCTyWpiB6rXjxWsB/YhrLZbtqlm03Y3Qgl9F948aCIV/+NN/+N2zYHbX0w8Hhvhpl5QcKZ0q77bRXW1jc2t4rb9s7u3v5B6fCopeJUEtokMY9lJ8CKciZoUzPNaSeRFEcBp+1gfDvz209UKhaLBz1JqB/hoWAhI1gb6dFx7Oub/rntOP1S2a26c6BV4uWkDDka/dJXbxCTNKJCE46V6npuov0MS80Ip1O7lyqaYDLGQ9o1VOCIKj+bXzxFZ0YZoDCWpoRGc/X3RIYjpSZRYDojrEdq2ZuJ/3ndVIdXfsZEkmoqyGJRmHKkYzR7Hw2YpETziSGYSGZuRWSEJSbahGSbELzll1dJq1b1Lqrufa1cr+RxFOEETqECHlxCHe6gAU0gIOAZXuHNUtaL9W59LFoLVj5zDH9gff4AGeyOfw==</latexit>

AB3

<latexit sha1_base64="toobybMMwemsU8JrtPkkyW+9NzQ=">AAAB8XicbVBNS8NAEJ3Urxq/qh69LDZCTyUpih6rXjxWsB/YhrLZbtqlm03Y3Qgl9F948aCIV/+NN/+N2zYHbX0w8Hhvhpl5QcKZ0q77bRXW1jc2t4rb9s7u3v5B6fCopeJUEtokMY9lJ8CKciZoUzPNaSeRFEcBp+1gfDvz209UKhaLBz1JqB/hoWAhI1gb6dFx7Oub/rntOP1S2a26c6BV4uWkDDka/dJXbxCTNKJCE46V6npuov0MS80Ip1O7lyqaYDLGQ9o1VOCIKj+bXzxFZ0YZoDCWpoRGc/X3RIYjpSZRYDojrEdq2ZuJ/3ndVIdXfsZEkmoqyGJRmHKkYzR7Hw2YpETziSGYSGZuRWSEJSbahGSbELzll1dJq1b1Lqrufa1cr+RxFOEETqECHlxCHe6gAU0gIOAZXuHNUtaL9W59LFoLVj5zDH9gff4AG3OOgA==</latexit>

AB4

At the level of numerators, we can sum two terms (6.87) and (6.98) and generate an inverse

propagator xAB3AB4y and the numerator N 2
G of the new one-loop graph,

(6.100) NG ` N 1
G “

´

N
p`q

34 `N
p´q

34

¯

l jh n

xAB3AB4yx1234y

ˆ

´

N
p´q

12 N
p´q

23 N
p´q

14 N
p´q

24 ´R1´loop
124 N

p´q

23

¯

l jh n

N 2
G

We see that the whole problem reduces to the calculation of R2´loop
1234,13. The same decomposition

extends to any two-loop diagram. For example, one contribution to rΩ2´loop
6 is a following negative

geometry,

(6.101)

<latexit sha1_base64="RiEvoLoIHmit5cVn+ggrVFKQn4k=">AAAB8XicbVBNS8NAEJ3Urxq/qh69LDZCTyUpFD1WvXisYD+wDWWz3bRLN5uwuxFK6L/w4kERr/4bb/4bt20O2vpg4PHeDDPzgoQzpV332ypsbG5t7xR37b39g8Oj0vFJW8WpJLRFYh7LboAV5UzQlmaa024iKY4CTjvB5Hbud56oVCwWD3qaUD/CI8FCRrA20qPj2Nc3A892nEGp7FbdBdA68XJShhzNQemrP4xJGlGhCcdK9Tw30X6GpWaE05ndTxVNMJngEe0ZKnBElZ8tLp6hC6MMURhLU0Kjhfp7IsORUtMoMJ0R1mO16s3F/7xeqsMrP2MiSTUVZLkoTDnSMZq/j4ZMUqL51BBMJDO3IjLGEhNtQrJNCN7qy+ukXat69ap7Xys3KnkcRTiDc6iAB5fQgDtoQgsICHiGV3izlPVivVsfy9aClc+cwh9Ynz8W3o59</latexit>

AB1

<latexit sha1_base64="B5K+51UZysk+o66RVXQZCd+wVC8=">AAAB8XicbVBNS8NAEJ3Urxq/qh69LDZCTyUpFD1WvXisYD+wDWWz3bRLN5uwuxFK6L/w4kERr/4bb/4bt20O2vpg4PHeDDPzgoQzpV332ypsbG5t7xR37b39g8Oj0vFJW8WpJLRFYh7LboAV5UzQlmaa024iKY4CTjvB5Hbud56oVCwWD3qaUD/CI8FCRrA20qPj2Nc3g5rtOINS2a26C6B14uWkDDmag9JXfxiTNKJCE46V6nluov0MS80IpzO7nyqaYDLBI9ozVOCIKj9bXDxDF0YZojCWpoRGC/X3RIYjpaZRYDojrMdq1ZuL/3m9VIdXfsZEkmoqyHJRmHKkYzR/Hw2ZpETzqSGYSGZuRWSMJSbahGSbELzVl9dJu1b16lX3vlZuVPI4inAG51ABDy6hAXfQhBYQEPAMr/BmKevFerc+lq0FK585hT+wPn8AGGWOfg==</latexit>

AB2

<latexit sha1_base64="+WPKUrMvGXEaz/BVnnPkKr1MflU=">AAAB8XicbVBNS8NAEJ3Urxq/qh69LDZCTyWpiB6rXjxWsB/YhrLZbtqlm03Y3Qgl9F948aCIV/+NN/+N2zYHbX0w8Hhvhpl5QcKZ0q77bRXW1jc2t4rb9s7u3v5B6fCopeJUEtokMY9lJ8CKciZoUzPNaSeRFEcBp+1gfDvz209UKhaLBz1JqB/hoWAhI1gb6dFx7Oub/rntOP1S2a26c6BV4uWkDDka/dJXbxCTNKJCE46V6npuov0MS80Ip1O7lyqaYDLGQ9o1VOCIKj+bXzxFZ0YZoDCWpoRGc/X3RIYjpSZRYDojrEdq2ZuJ/3ndVIdXfsZEkmoqyGJRmHKkYzR7Hw2YpETziSGYSGZuRWSEJSbahGSbELzll1dJq1b1Lqrufa1cr+RxFOEETqECHlxCHe6gAU0gIOAZXuHNUtaL9W59LFoLVj5zDH9gff4AGeyOfw==</latexit>

AB3

<latexit sha1_base64="toobybMMwemsU8JrtPkkyW+9NzQ=">AAAB8XicbVBNS8NAEJ3Urxq/qh69LDZCTyUpih6rXjxWsB/YhrLZbtqlm03Y3Qgl9F948aCIV/+NN/+N2zYHbX0w8Hhvhpl5QcKZ0q77bRXW1jc2t4rb9s7u3v5B6fCopeJUEtokMY9lJ8CKciZoUzPNaSeRFEcBp+1gfDvz209UKhaLBz1JqB/hoWAhI1gb6dFx7Oub/rntOP1S2a26c6BV4uWkDDka/dJXbxCTNKJCE46V6npuov0MS80Ip1O7lyqaYDLGQ9o1VOCIKj+bXzxFZ0YZoDCWpoRGc/X3RIYjpSZRYDojrEdq2ZuJ/3ndVIdXfsZEkmoqyGJRmHKkYzR7Hw2YpETziSGYSGZuRWSEJSbahGSbELzll1dJq1b1Lqrufa1cr+RxFOEETqECHlxCHe6gAU0gIOAZXuHNUtaL9W59LFoLVj5zDH9gff4AG3OOgA==</latexit>

AB4
<latexit sha1_base64="Um37lDNi2gzIA6Z4TrsHu3vo5bQ=">AAAB8XicbVBNS8NAEJ3Urxq/qh69LDaCp5IUSj1WvXisYD+wDWWz3bRLN5uwuxFK6L/w4kERr/4bb/4bt20O2vpg4PHeDDPzgoQzpV332ypsbG5t7xR37b39g8Oj0vFJW8WpJLRFYh7LboAV5UzQlmaa024iKY4CTjvB5Hbud56oVCwWD3qaUD/CI8FCRrA20qPj2Nc3g5rtOINS2a24C6B14uWkDDmag9JXfxiTNKJCE46V6nluov0MS80IpzO7nyqaYDLBI9ozVOCIKj9bXDxDF0YZojCWpoRGC/X3RIYjpaZRYDojrMdq1ZuL/3m9VIdXfsZEkmoqyHJRmHKkYzR/Hw2ZpETzqSGYSGZuRWSMJSbahGSbELzVl9dJu1rxahX3vlpuVPM4inAG53AJHtShAXfQhBYQEPAMr/BmKevFerc+lq0FK585hT+wPn8AH/yOiw==</latexit>

AB5

<latexit sha1_base64="6pbaYSzVy9FD4yda5CqmBFJa2jM=">AAAB8XicbVBNS8NAEJ3Urxq/qh69LDaCp5IUqh6rXjxWsB/YhrLZbtqlm03Y3Qgl9F948aCIV/+NN/+N2zYHbX0w8Hhvhpl5QcKZ0q77bRXW1jc2t4rb9s7u3v5B6fCopeJUEtokMY9lJ8CKciZoUzPNaSeRFEcBp+1gfDvz209UKhaLBz1JqB/hoWAhI1gb6dFx7Oub/oXtOP1S2a24c6BV4uWkDDka/dJXbxCTNKJCE46V6npuov0MS80Ip1O7lyqaYDLGQ9o1VOCIKj+bXzxFZ0YZoDCWpoRGc/X3RIYjpSZRYDojrEdq2ZuJ/3ndVIdXfsZEkmoqyGJRmHKkYzR7Hw2YpETziSGYSGZuRWSEJSbahGSbELzll1dJq1rxahX3vlquV/M4inACp3AOHlxCHe6gAU0gIOAZXuHNUtaL9W59LFoLVj5zDH9gff4AIYOOjA==</latexit>

AB6
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for which the numerator can be decomposed as

NG “ N
p´q

12 N
p´q

23 N
p`q

34 N
p´q

45 N
p´q

56 N
p´q

16 N
p´q

36 `R1´loop
1234 N

p´q

45 N
p´q

56 N
p´q

16 `R1´loop
3456 N

p´q

16 N
p´q

12 N
p´q

23

`R1´loop
123456N

p´q

36 `R2´loop
123456,36(6.102)

where all relative signs are ` because the cycles have even number of vertices each. The same

decomposition also applies for canonical forms of graphs with more than two cycles.

Now assuming we know how to find the two-loop remainder R2´loop, we can perform this

decomposition for the three-loop graph, for example the only one in rΩ3´loop
4 and the last piece

needed to fully calculate rΩ4.

(6.103)
<latexit sha1_base64="TKSJs0ZlCx6E16om5g6qC2iia0s=">AAACFHicbVDLSgMxFM3UVx1fVZdugq0giGWmKroRCm7cWcE+oFNLJnPbhiYzQ5JRytCPcOOvuHGhiFsX7vwb08dCqwcuHM65N7n3+DFnSjvOl5WZm19YXMou2yura+sbuc2tmooSSaFKIx7Jhk8UcBZCVTPNoRFLIMLnUPf7FyO/fgdSsSi80YMYWoJ0Q9ZhlGgjtXMHhYLt3bMANOMBpN6VgC4Zto9vU08KfHRIB5TDEJ9ju1Bo5/JO0RkD/yXulOTRFJV27tMLIpoICDXlRKmm68S6lRKp2ehV20sUxIT2SReahoZEgGql46OGeM8oAe5E0lSo8Vj9OZESodRA+KZTEN1Ts95I/M9rJrpz1kpZGCcaQjr5qJNwrCM8SggHTALVfGAIoZKZXTHtEUmoNjnaJgR39uS/pFYquidF57qUL5emcWTRDtpF+8hFp6iMLlEFVRFFD+gJvaBX69F6tt6s90lrxprObKNfsD6+AW1GnHQ=</latexit>e⌦3�cycle

4 =

<latexit sha1_base64="RiEvoLoIHmit5cVn+ggrVFKQn4k=">AAAB8XicbVBNS8NAEJ3Urxq/qh69LDZCTyUpFD1WvXisYD+wDWWz3bRLN5uwuxFK6L/w4kERr/4bb/4bt20O2vpg4PHeDDPzgoQzpV332ypsbG5t7xR37b39g8Oj0vFJW8WpJLRFYh7LboAV5UzQlmaa024iKY4CTjvB5Hbud56oVCwWD3qaUD/CI8FCRrA20qPj2Nc3A892nEGp7FbdBdA68XJShhzNQemrP4xJGlGhCcdK9Tw30X6GpWaE05ndTxVNMJngEe0ZKnBElZ8tLp6hC6MMURhLU0Kjhfp7IsORUtMoMJ0R1mO16s3F/7xeqsMrP2MiSTUVZLkoTDnSMZq/j4ZMUqL51BBMJDO3IjLGEhNtQrJNCN7qy+ukXat69ap7Xys3KnkcRTiDc6iAB5fQgDtoQgsICHiGV3izlPVivVsfy9aClc+cwh9Ynz8W3o59</latexit>

AB1

<latexit sha1_base64="B5K+51UZysk+o66RVXQZCd+wVC8=">AAAB8XicbVBNS8NAEJ3Urxq/qh69LDZCTyUpFD1WvXisYD+wDWWz3bRLN5uwuxFK6L/w4kERr/4bb/4bt20O2vpg4PHeDDPzgoQzpV332ypsbG5t7xR37b39g8Oj0vFJW8WpJLRFYh7LboAV5UzQlmaa024iKY4CTjvB5Hbud56oVCwWD3qaUD/CI8FCRrA20qPj2Nc3g5rtOINS2a26C6B14uWkDDmag9JXfxiTNKJCE46V6nluov0MS80IpzO7nyqaYDLBI9ozVOCIKj9bXDxDF0YZojCWpoRGC/X3RIYjpaZRYDojrMdq1ZuL/3m9VIdXfsZEkmoqyHJRmHKkYzR/Hw2ZpETzqSGYSGZuRWSMJSbahGSbELzVl9dJu1b16lX3vlZuVPI4inAG51ABDy6hAXfQhBYQEPAMr/BmKevFerc+lq0FK585hT+wPn8AGGWOfg==</latexit>

AB2

<latexit sha1_base64="+WPKUrMvGXEaz/BVnnPkKr1MflU=">AAAB8XicbVBNS8NAEJ3Urxq/qh69LDZCTyWpiB6rXjxWsB/YhrLZbtqlm03Y3Qgl9F948aCIV/+NN/+N2zYHbX0w8Hhvhpl5QcKZ0q77bRXW1jc2t4rb9s7u3v5B6fCopeJUEtokMY9lJ8CKciZoUzPNaSeRFEcBp+1gfDvz209UKhaLBz1JqB/hoWAhI1gb6dFx7Oub/rntOP1S2a26c6BV4uWkDDka/dJXbxCTNKJCE46V6npuov0MS80Ip1O7lyqaYDLGQ9o1VOCIKj+bXzxFZ0YZoDCWpoRGc/X3RIYjpSZRYDojrEdq2ZuJ/3ndVIdXfsZEkmoqyGJRmHKkYzR7Hw2YpETziSGYSGZuRWSEJSbahGSbELzll1dJq1b1Lqrufa1cr+RxFOEETqECHlxCHe6gAU0gIOAZXuHNUtaL9W59LFoLVj5zDH9gff4AGeyOfw==</latexit>

AB3

<latexit sha1_base64="toobybMMwemsU8JrtPkkyW+9NzQ=">AAAB8XicbVBNS8NAEJ3Urxq/qh69LDZCTyUpih6rXjxWsB/YhrLZbtqlm03Y3Qgl9F948aCIV/+NN/+N2zYHbX0w8Hhvhpl5QcKZ0q77bRXW1jc2t4rb9s7u3v5B6fCopeJUEtokMY9lJ8CKciZoUzPNaSeRFEcBp+1gfDvz209UKhaLBz1JqB/hoWAhI1gb6dFx7Oub/rntOP1S2a26c6BV4uWkDDka/dJXbxCTNKJCE46V6npuov0MS80Ip1O7lyqaYDLGQ9o1VOCIKj+bXzxFZ0YZoDCWpoRGc/X3RIYjpSZRYDojrEdq2ZuJ/3ndVIdXfsZEkmoqyGJRmHKkYzR7Hw2YpETziSGYSGZuRWSEJSbahGSbELzll1dJq1b1Lqrufa1cr+RxFOEETqECHlxCHe6gAU0gIOAZXuHNUtaL9W59LFoLVj5zDH9gff4AG3OOgA==</latexit>

AB4

As we already know, once we determine this canonical form, we can also easily calculate the

canonical form Ω4 for the L “ 4 amplitude which graph has only positive links. The decomposition

of the canonical form into tree, one-loop, two-loop and three-loop terms is:

ΩG “ N
p´q

12 N
p´q

23 N
p´q

34 N
p´q

14 N
p´q

24 N
p´q

13 ´
ÿ

π1

R1´loop
123 N

p´q

14 N
p´q

24 N
p´q

34 `
ÿ

π2

R1´loop
1234 N

p´q

13 N
p´q

24

´
ÿ

π3

R2´loop
1234,13N

p´q

24 `R3´loop
1234(6.104)

(6.105)

<latexit sha1_base64="RiEvoLoIHmit5cVn+ggrVFKQn4k=">AAAB8XicbVBNS8NAEJ3Urxq/qh69LDZCTyUpFD1WvXisYD+wDWWz3bRLN5uwuxFK6L/w4kERr/4bb/4bt20O2vpg4PHeDDPzgoQzpV332ypsbG5t7xR37b39g8Oj0vFJW8WpJLRFYh7LboAV5UzQlmaa024iKY4CTjvB5Hbud56oVCwWD3qaUD/CI8FCRrA20qPj2Nc3A892nEGp7FbdBdA68XJShhzNQemrP4xJGlGhCcdK9Tw30X6GpWaE05ndTxVNMJngEe0ZKnBElZ8tLp6hC6MMURhLU0Kjhfp7IsORUtMoMJ0R1mO16s3F/7xeqsMrP2MiSTUVZLkoTDnSMZq/j4ZMUqL51BBMJDO3IjLGEhNtQrJNCN7qy+ukXat69ap7Xys3KnkcRTiDc6iAB5fQgDtoQgsICHiGV3izlPVivVsfy9aClc+cwh9Ynz8W3o59</latexit>

AB1

<latexit sha1_base64="B5K+51UZysk+o66RVXQZCd+wVC8=">AAAB8XicbVBNS8NAEJ3Urxq/qh69LDZCTyUpFD1WvXisYD+wDWWz3bRLN5uwuxFK6L/w4kERr/4bb/4bt20O2vpg4PHeDDPzgoQzpV332ypsbG5t7xR37b39g8Oj0vFJW8WpJLRFYh7LboAV5UzQlmaa024iKY4CTjvB5Hbud56oVCwWD3qaUD/CI8FCRrA20qPj2Nc3g5rtOINS2a26C6B14uWkDDmag9JXfxiTNKJCE46V6nluov0MS80IpzO7nyqaYDLBI9ozVOCIKj9bXDxDF0YZojCWpoRGC/X3RIYjpaZRYDojrMdq1ZuL/3m9VIdXfsZEkmoqyHJRmHKkYzR/Hw2ZpETzqSGYSGZuRWSMJSbahGSbELzVl9dJu1b16lX3vlZuVPI4inAG51ABDy6hAXfQhBYQEPAMr/BmKevFerc+lq0FK585hT+wPn8AGGWOfg==</latexit>

AB2

<latexit sha1_base64="+WPKUrMvGXEaz/BVnnPkKr1MflU=">AAAB8XicbVBNS8NAEJ3Urxq/qh69LDZCTyWpiB6rXjxWsB/YhrLZbtqlm03Y3Qgl9F948aCIV/+NN/+N2zYHbX0w8Hhvhpl5QcKZ0q77bRXW1jc2t4rb9s7u3v5B6fCopeJUEtokMY9lJ8CKciZoUzPNaSeRFEcBp+1gfDvz209UKhaLBz1JqB/hoWAhI1gb6dFx7Oub/rntOP1S2a26c6BV4uWkDDka/dJXbxCTNKJCE46V6npuov0MS80Ip1O7lyqaYDLGQ9o1VOCIKj+bXzxFZ0YZoDCWpoRGc/X3RIYjpSZRYDojrEdq2ZuJ/3ndVIdXfsZEkmoqyGJRmHKkYzR7Hw2YpETziSGYSGZuRWSEJSbahGSbELzll1dJq1b1Lqrufa1cr+RxFOEETqECHlxCHe6gAU0gIOAZXuHNUtaL9W59LFoLVj5zDH9gff4AGeyOfw==</latexit>

AB3

<latexit sha1_base64="toobybMMwemsU8JrtPkkyW+9NzQ=">AAAB8XicbVBNS8NAEJ3Urxq/qh69LDZCTyUpih6rXjxWsB/YhrLZbtqlm03Y3Qgl9F948aCIV/+NN/+N2zYHbX0w8Hhvhpl5QcKZ0q77bRXW1jc2t4rb9s7u3v5B6fCopeJUEtokMY9lJ8CKciZoUzPNaSeRFEcBp+1gfDvz209UKhaLBz1JqB/hoWAhI1gb6dFx7Oub/rntOP1S2a26c6BV4uWkDDka/dJXbxCTNKJCE46V6npuov0MS80Ip1O7lyqaYDLGQ9o1VOCIKj+bXzxFZ0YZoDCWpoRGc/X3RIYjpSZRYDojrEdq2ZuJ/3ndVIdXfsZEkmoqyGJRmHKkYzR7Hw2YpETziSGYSGZuRWSEJSbahGSbELzll1dJq1b1Lqrufa1cr+RxFOEETqECHlxCHe6gAU0gIOAZXuHNUtaL9W59LFoLVj5zDH9gff4AG3OOgA==</latexit>

AB4

<latexit sha1_base64="J+s6rs7/anun1tzOhvvBHOBvGRA=">AAAB/HicbVDLSsNAFL2prxpf0S7dDDaCq5IURDdCwYWupIJ9QBvCZDpth04ezEyEEOqvuHGhiFs/xJ1/47TNQlsPXDiccy/33hMknEnlON9GaW19Y3OrvG3u7O7tH1iHR20Zp4LQFol5LLoBlpSziLYUU5x2E0FxGHDaCSbXM7/zSIVkcfSgsoR6IR5FbMgIVlryrYptm3mfYI7upv4NukKmbftW1ak5c6BV4hakCgWavvXVH8QkDWmkCMdS9lwnUV6OhWKE06nZTyVNMJngEe1pGuGQSi+fHz9Fp1oZoGEsdEUKzdXfEzkOpczCQHeGWI3lsjcT//N6qRpeejmLklTRiCwWDVOOVIxmSaABE5QonmmCiWD6VkTGWGCidF6mDsFdfnmVtOs197zm3NerjXoRRxmO4QTOwIULaMAtNKEFBDJ4hld4M56MF+Pd+Fi0loxipgJ/YHz+AJT1khQ=</latexit>

NG =
<latexit sha1_base64="FehRQIrF6k8x6KxbVe4L+x8jG5s=">AAAB7nicbVBNS8NAEJ3Urxq/qh69LDaCIJSkIHosePFYwX5AG8pmu2mX7m7C7kYooT/CiwdFvPp7vPlv3LY5aOuDgcd7M8zMi1LOtPH9b6e0sbm1vVPedff2Dw6PKscnbZ1kitAWSXiiuhHWlDNJW4YZTrupolhEnHaiyd3c7zxRpVkiH800paHAI8liRrCxUsfz3CvX8waVql/zF0DrJChIFQo0B5Wv/jAhmaDSEI617gV+asIcK8MIpzO3n2maYjLBI9qzVGJBdZgvzp2hC6sMUZwoW9Kghfp7IsdC66mIbKfAZqxXvbn4n9fLTHwb5kymmaGSLBfFGUcmQfPf0ZApSgyfWoKJYvZWRMZYYWJsQq4NIVh9eZ2067XguuY/1KuNehFHGc7gHC4hgBtowD00oQUEJvAMr/DmpM6L8+58LFtLTjFzCn/gfP4ARfiNgQ==</latexit>

+

<latexit sha1_base64="RiEvoLoIHmit5cVn+ggrVFKQn4k=">AAAB8XicbVBNS8NAEJ3Urxq/qh69LDZCTyUpFD1WvXisYD+wDWWz3bRLN5uwuxFK6L/w4kERr/4bb/4bt20O2vpg4PHeDDPzgoQzpV332ypsbG5t7xR37b39g8Oj0vFJW8WpJLRFYh7LboAV5UzQlmaa024iKY4CTjvB5Hbud56oVCwWD3qaUD/CI8FCRrA20qPj2Nc3A892nEGp7FbdBdA68XJShhzNQemrP4xJGlGhCcdK9Tw30X6GpWaE05ndTxVNMJngEe0ZKnBElZ8tLp6hC6MMURhLU0Kjhfp7IsORUtMoMJ0R1mO16s3F/7xeqsMrP2MiSTUVZLkoTDnSMZq/j4ZMUqL51BBMJDO3IjLGEhNtQrJNCN7qy+ukXat69ap7Xys3KnkcRTiDc6iAB5fQgDtoQgsICHiGV3izlPVivVsfy9aClc+cwh9Ynz8W3o59</latexit>

AB1

<latexit sha1_base64="B5K+51UZysk+o66RVXQZCd+wVC8=">AAAB8XicbVBNS8NAEJ3Urxq/qh69LDZCTyUpFD1WvXisYD+wDWWz3bRLN5uwuxFK6L/w4kERr/4bb/4bt20O2vpg4PHeDDPzgoQzpV332ypsbG5t7xR37b39g8Oj0vFJW8WpJLRFYh7LboAV5UzQlmaa024iKY4CTjvB5Hbud56oVCwWD3qaUD/CI8FCRrA20qPj2Nc3g5rtOINS2a26C6B14uWkDDmag9JXfxiTNKJCE46V6nluov0MS80IpzO7nyqaYDLBI9ozVOCIKj9bXDxDF0YZojCWpoRGC/X3RIYjpaZRYDojrMdq1ZuL/3m9VIdXfsZEkmoqyHJRmHKkYzR/Hw2ZpETzqSGYSGZuRWSMJSbahGSbELzVl9dJu1b16lX3vlZuVPI4inAG51ABDy6hAXfQhBYQEPAMr/BmKevFerc+lq0FK585hT+wPn8AGGWOfg==</latexit>

AB2

<latexit sha1_base64="+WPKUrMvGXEaz/BVnnPkKr1MflU=">AAAB8XicbVBNS8NAEJ3Urxq/qh69LDZCTyWpiB6rXjxWsB/YhrLZbtqlm03Y3Qgl9F948aCIV/+NN/+N2zYHbX0w8Hhvhpl5QcKZ0q77bRXW1jc2t4rb9s7u3v5B6fCopeJUEtokMY9lJ8CKciZoUzPNaSeRFEcBp+1gfDvz209UKhaLBz1JqB/hoWAhI1gb6dFx7Oub/rntOP1S2a26c6BV4uWkDDka/dJXbxCTNKJCE46V6npuov0MS80Ip1O7lyqaYDLGQ9o1VOCIKj+bXzxFZ0YZoDCWpoRGc/X3RIYjpSZRYDojrEdq2ZuJ/3ndVIdXfsZEkmoqyGJRmHKkYzR7Hw2YpETziSGYSGZuRWSEJSbahGSbELzll1dJq1b1Lqrufa1cr+RxFOEETqECHlxCHe6gAU0gIOAZXuHNUtaL9W59LFoLVj5zDH9gff4AGeyOfw==</latexit>

AB3

<latexit sha1_base64="toobybMMwemsU8JrtPkkyW+9NzQ=">AAAB8XicbVBNS8NAEJ3Urxq/qh69LDZCTyUpih6rXjxWsB/YhrLZbtqlm03Y3Qgl9F948aCIV/+NN/+N2zYHbX0w8Hhvhpl5QcKZ0q77bRXW1jc2t4rb9s7u3v5B6fCopeJUEtokMY9lJ8CKciZoUzPNaSeRFEcBp+1gfDvz209UKhaLBz1JqB/hoWAhI1gb6dFx7Oub/rntOP1S2a26c6BV4uWkDDka/dJXbxCTNKJCE46V6npuov0MS80Ip1O7lyqaYDLGQ9o1VOCIKj+bXzxFZ0YZoDCWpoRGc/X3RIYjpSZRYDojrEdq2ZuJ/3ndVIdXfsZEkmoqyGJRmHKkYzR7Hw2YpETziSGYSGZuRWSEJSbahGSbELzll1dJq1b1Lqrufa1cr+RxFOEETqECHlxCHe6gAU0gIOAZXuHNUtaL9W59LFoLVj5zDH9gff4AG3OOgA==</latexit>

AB4

<latexit sha1_base64="FehRQIrF6k8x6KxbVe4L+x8jG5s=">AAAB7nicbVBNS8NAEJ3Urxq/qh69LDaCIJSkIHosePFYwX5AG8pmu2mX7m7C7kYooT/CiwdFvPp7vPlv3LY5aOuDgcd7M8zMi1LOtPH9b6e0sbm1vVPedff2Dw6PKscnbZ1kitAWSXiiuhHWlDNJW4YZTrupolhEnHaiyd3c7zxRpVkiH800paHAI8liRrCxUsfz3CvX8waVql/zF0DrJChIFQo0B5Wv/jAhmaDSEI617gV+asIcK8MIpzO3n2maYjLBI9qzVGJBdZgvzp2hC6sMUZwoW9Kghfp7IsdC66mIbKfAZqxXvbn4n9fLTHwb5kymmaGSLBfFGUcmQfPf0ZApSgyfWoKJYvZWRMZYYWJsQq4NIVh9eZ2067XguuY/1KuNehFHGc7gHC4hgBtowD00oQUEJvAMr/DmpM6L8+58LFtLTjFzCn/gfP4ARfiNgQ==</latexit>

+

<latexit sha1_base64="RiEvoLoIHmit5cVn+ggrVFKQn4k=">AAAB8XicbVBNS8NAEJ3Urxq/qh69LDZCTyUpFD1WvXisYD+wDWWz3bRLN5uwuxFK6L/w4kERr/4bb/4bt20O2vpg4PHeDDPzgoQzpV332ypsbG5t7xR37b39g8Oj0vFJW8WpJLRFYh7LboAV5UzQlmaa024iKY4CTjvB5Hbud56oVCwWD3qaUD/CI8FCRrA20qPj2Nc3A892nEGp7FbdBdA68XJShhzNQemrP4xJGlGhCcdK9Tw30X6GpWaE05ndTxVNMJngEe0ZKnBElZ8tLp6hC6MMURhLU0Kjhfp7IsORUtMoMJ0R1mO16s3F/7xeqsMrP2MiSTUVZLkoTDnSMZq/j4ZMUqL51BBMJDO3IjLGEhNtQrJNCN7qy+ukXat69ap7Xys3KnkcRTiDc6iAB5fQgDtoQgsICHiGV3izlPVivVsfy9aClc+cwh9Ynz8W3o59</latexit>

AB1

<latexit sha1_base64="B5K+51UZysk+o66RVXQZCd+wVC8=">AAAB8XicbVBNS8NAEJ3Urxq/qh69LDZCTyUpFD1WvXisYD+wDWWz3bRLN5uwuxFK6L/w4kERr/4bb/4bt20O2vpg4PHeDDPzgoQzpV332ypsbG5t7xR37b39g8Oj0vFJW8WpJLRFYh7LboAV5UzQlmaa024iKY4CTjvB5Hbud56oVCwWD3qaUD/CI8FCRrA20qPj2Nc3g5rtOINS2a26C6B14uWkDDmag9JXfxiTNKJCE46V6nluov0MS80IpzO7nyqaYDLBI9ozVOCIKj9bXDxDF0YZojCWpoRGC/X3RIYjpaZRYDojrMdq1ZuL/3m9VIdXfsZEkmoqyHJRmHKkYzR/Hw2ZpETzqSGYSGZuRWSMJSbahGSbELzVl9dJu1b16lX3vlZuVPI4inAG51ABDy6hAXfQhBYQEPAMr/BmKevFerc+lq0FK585hT+wPn8AGGWOfg==</latexit>

AB2

<latexit sha1_base64="+WPKUrMvGXEaz/BVnnPkKr1MflU=">AAAB8XicbVBNS8NAEJ3Urxq/qh69LDZCTyWpiB6rXjxWsB/YhrLZbtqlm03Y3Qgl9F948aCIV/+NN/+N2zYHbX0w8Hhvhpl5QcKZ0q77bRXW1jc2t4rb9s7u3v5B6fCopeJUEtokMY9lJ8CKciZoUzPNaSeRFEcBp+1gfDvz209UKhaLBz1JqB/hoWAhI1gb6dFx7Oub/rntOP1S2a26c6BV4uWkDDka/dJXbxCTNKJCE46V6npuov0MS80Ip1O7lyqaYDLGQ9o1VOCIKj+bXzxFZ0YZoDCWpoRGc/X3RIYjpSZRYDojrEdq2ZuJ/3ndVIdXfsZEkmoqyGJRmHKkYzR7Hw2YpETziSGYSGZuRWSEJSbahGSbELzll1dJq1b1Lqrufa1cr+RxFOEETqECHlxCHe6gAU0gIOAZXuHNUtaL9W59LFoLVj5zDH9gff4AGeyOfw==</latexit>

AB3

<latexit sha1_base64="toobybMMwemsU8JrtPkkyW+9NzQ=">AAAB8XicbVBNS8NAEJ3Urxq/qh69LDZCTyUpih6rXjxWsB/YhrLZbtqlm03Y3Qgl9F948aCIV/+NN/+N2zYHbX0w8Hhvhpl5QcKZ0q77bRXW1jc2t4rb9s7u3v5B6fCopeJUEtokMY9lJ8CKciZoUzPNaSeRFEcBp+1gfDvz209UKhaLBz1JqB/hoWAhI1gb6dFx7Oub/rntOP1S2a26c6BV4uWkDDka/dJXbxCTNKJCE46V6npuov0MS80Ip1O7lyqaYDLGQ9o1VOCIKj+bXzxFZ0YZoDCWpoRGc/X3RIYjpSZRYDojrEdq2ZuJ/3ndVIdXfsZEkmoqyGJRmHKkYzR7Hw2YpETziSGYSGZuRWSEJSbahGSbELzll1dJq1b1Lqrufa1cr+RxFOEETqECHlxCHe6gAU0gIOAZXuHNUtaL9W59LFoLVj5zDH9gff4AG3OOgA==</latexit>

AB4

<latexit sha1_base64="RiEvoLoIHmit5cVn+ggrVFKQn4k=">AAAB8XicbVBNS8NAEJ3Urxq/qh69LDZCTyUpFD1WvXisYD+wDWWz3bRLN5uwuxFK6L/w4kERr/4bb/4bt20O2vpg4PHeDDPzgoQzpV332ypsbG5t7xR37b39g8Oj0vFJW8WpJLRFYh7LboAV5UzQlmaa024iKY4CTjvB5Hbud56oVCwWD3qaUD/CI8FCRrA20qPj2Nc3A892nEGp7FbdBdA68XJShhzNQemrP4xJGlGhCcdK9Tw30X6GpWaE05ndTxVNMJngEe0ZKnBElZ8tLp6hC6MMURhLU0Kjhfp7IsORUtMoMJ0R1mO16s3F/7xeqsMrP2MiSTUVZLkoTDnSMZq/j4ZMUqL51BBMJDO3IjLGEhNtQrJNCN7qy+ukXat69ap7Xys3KnkcRTiDc6iAB5fQgDtoQgsICHiGV3izlPVivVsfy9aClc+cwh9Ynz8W3o59</latexit>

AB1

<latexit sha1_base64="B5K+51UZysk+o66RVXQZCd+wVC8=">AAAB8XicbVBNS8NAEJ3Urxq/qh69LDZCTyUpFD1WvXisYD+wDWWz3bRLN5uwuxFK6L/w4kERr/4bb/4bt20O2vpg4PHeDDPzgoQzpV332ypsbG5t7xR37b39g8Oj0vFJW8WpJLRFYh7LboAV5UzQlmaa024iKY4CTjvB5Hbud56oVCwWD3qaUD/CI8FCRrA20qPj2Nc3g5rtOINS2a26C6B14uWkDDmag9JXfxiTNKJCE46V6nluov0MS80IpzO7nyqaYDLBI9ozVOCIKj9bXDxDF0YZojCWpoRGC/X3RIYjpaZRYDojrMdq1ZuL/3m9VIdXfsZEkmoqyHJRmHKkYzR/Hw2ZpETzqSGYSGZuRWSMJSbahGSbELzVl9dJu1b16lX3vlZuVPI4inAG51ABDy6hAXfQhBYQEPAMr/BmKevFerc+lq0FK585hT+wPn8AGGWOfg==</latexit>

AB2

<latexit sha1_base64="+WPKUrMvGXEaz/BVnnPkKr1MflU=">AAAB8XicbVBNS8NAEJ3Urxq/qh69LDZCTyWpiB6rXjxWsB/YhrLZbtqlm03Y3Qgl9F948aCIV/+NN/+N2zYHbX0w8Hhvhpl5QcKZ0q77bRXW1jc2t4rb9s7u3v5B6fCopeJUEtokMY9lJ8CKciZoUzPNaSeRFEcBp+1gfDvz209UKhaLBz1JqB/hoWAhI1gb6dFx7Oub/rntOP1S2a26c6BV4uWkDDka/dJXbxCTNKJCE46V6npuov0MS80Ip1O7lyqaYDLGQ9o1VOCIKj+bXzxFZ0YZoDCWpoRGc/X3RIYjpSZRYDojrEdq2ZuJ/3ndVIdXfsZEkmoqyGJRmHKkYzR7Hw2YpETziSGYSGZuRWSEJSbahGSbELzll1dJq1b1Lqrufa1cr+RxFOEETqECHlxCHe6gAU0gIOAZXuHNUtaL9W59LFoLVj5zDH9gff4AGeyOfw==</latexit>

AB3

<latexit sha1_base64="toobybMMwemsU8JrtPkkyW+9NzQ=">AAAB8XicbVBNS8NAEJ3Urxq/qh69LDZCTyUpih6rXjxWsB/YhrLZbtqlm03Y3Qgl9F948aCIV/+NN/+N2zYHbX0w8Hhvhpl5QcKZ0q77bRXW1jc2t4rb9s7u3v5B6fCopeJUEtokMY9lJ8CKciZoUzPNaSeRFEcBp+1gfDvz209UKhaLBz1JqB/hoWAhI1gb6dFx7Oub/rntOP1S2a26c6BV4uWkDDka/dJXbxCTNKJCE46V6npuov0MS80Ip1O7lyqaYDLGQ9o1VOCIKj+bXzxFZ0YZoDCWpoRGc/X3RIYjpSZRYDojrEdq2ZuJ/3ndVIdXfsZEkmoqyGJRmHKkYzR7Hw2YpETziSGYSGZuRWSEJSbahGSbELzll1dJq1b1Lqrufa1cr+RxFOEETqECHlxCHe6gAU0gIOAZXuHNUtaL9W59LFoLVj5zDH9gff4AG3OOgA==</latexit>

AB4

<latexit sha1_base64="uAyzaZrgv0mapgPI3lePf8vliY8=">AAAB+3icbVBNS8NAEN3Urxq/Yj16WWwETyUpiB4LXjxWsK3QhLDZbtqlu5uwuxFLyF/x4kERr/4Rb/4bt20O2vpg4PHeDDPz4oxRpT3v26ptbG5t79R37b39g8Mj57jRV2kuMenhlKXyIUaKMCpIT1PNyEMmCeIxI4N4ejP3B49EKpqKez3LSMjRWNCEYqSNFDkN17UDlfOoCDIa+aXtupHT9FreAnCd+BVpggrdyPkKRinOOREaM6TU0PcyHRZIaooZKe0gVyRDeIrGZGioQJyosFjcXsJzo4xgkkpTQsOF+nuiQFypGY9NJ0d6ola9ufifN8x1ch0WVGS5JgIvFyU5gzqF8yDgiEqCNZsZgrCk5laIJ0girE1ctgnBX315nfTbLf+y5d21m512FUcdnIIzcAF8cAU64BZ0QQ9g8ASewSt4s0rrxXq3PpatNauaOQF/YH3+AIdrksI=</latexit>X

⇡1

<latexit sha1_base64="7DSPh2d6UVHLjXwe6Pb87R6EE2Q=">AAAB+3icbVBNS8NAEN3Urxq/Yj16WWwETyUpiB4LXjxWsK3QhLDZbtqlu5uwuxFLyF/x4kERr/4Rb/4bt20O2vpg4PHeDDPz4oxRpT3v26ptbG5t79R37b39g8Mj57jRV2kuMenhlKXyIUaKMCpIT1PNyEMmCeIxI4N4ejP3B49EKpqKez3LSMjRWNCEYqSNFDkN17UDlfOoCDIatUvbdSOn6bW8BeA68SvSBBW6kfMVjFKccyI0Zkipoe9lOiyQ1BQzUtpBrkiG8BSNydBQgThRYbG4vYTnRhnBJJWmhIYL9fdEgbhSMx6bTo70RK16c/E/b5jr5DosqMhyTQReLkpyBnUK50HAEZUEazYzBGFJza0QT5BEWJu4bBOCv/ryOum3W/5ly7trNzvtKo46OAVn4AL44Ap0wC3ogh7A4Ak8g1fwZpXWi/VufSxba1Y1cwL+wPr8AYjzksM=</latexit>X

⇡2

<latexit sha1_base64="6PeClCGptd8QDpZE6iVjQMoU9S0=">AAAB+3icbVDLSsNAFJ3UV42vWJduBhvBVUkqosuCG5cV7AOaECbTSTt0ZhJmJmIJ/RU3LhRx64+482+ctllo64ELh3Pu5d574oxRpT3v26psbG5t71R37b39g8Mj57jWVWkuMenglKWyHyNFGBWko6lmpJ9JgnjMSC+e3M793iORiqbiQU8zEnI0EjShGGkjRU7Nde1A5TwqgoxGlzPbdSOn7jW8BeA68UtSByXakfMVDFOccyI0Zkipge9lOiyQ1BQzMrODXJEM4QkakYGhAnGiwmJx+wyeG2UIk1SaEhou1N8TBeJKTXlsOjnSY7XqzcX/vEGuk5uwoCLLNRF4uSjJGdQpnAcBh1QSrNnUEIQlNbdCPEYSYW3isk0I/urL66TbbPhXDe++WW81yziq4BScgQvgg2vQAnegDToAgyfwDF7BmzWzXqx362PZWrHKmRPwB9bnD4p7ksQ=</latexit>X

⇡3

<latexit sha1_base64="FehRQIrF6k8x6KxbVe4L+x8jG5s=">AAAB7nicbVBNS8NAEJ3Urxq/qh69LDaCIJSkIHosePFYwX5AG8pmu2mX7m7C7kYooT/CiwdFvPp7vPlv3LY5aOuDgcd7M8zMi1LOtPH9b6e0sbm1vVPedff2Dw6PKscnbZ1kitAWSXiiuhHWlDNJW4YZTrupolhEnHaiyd3c7zxRpVkiH800paHAI8liRrCxUsfz3CvX8waVql/zF0DrJChIFQo0B5Wv/jAhmaDSEI617gV+asIcK8MIpzO3n2maYjLBI9qzVGJBdZgvzp2hC6sMUZwoW9Kghfp7IsdC66mIbKfAZqxXvbn4n9fLTHwb5kymmaGSLBfFGUcmQfPf0ZApSgyfWoKJYvZWRMZYYWJsQq4NIVh9eZ2067XguuY/1KuNehFHGc7gHC4hgBtowD00oQUEJvAMr/DmpM6L8+58LFtLTjFzCn/gfP4ARfiNgQ==</latexit>

+
<latexit sha1_base64="FehRQIrF6k8x6KxbVe4L+x8jG5s=">AAAB7nicbVBNS8NAEJ3Urxq/qh69LDaCIJSkIHosePFYwX5AG8pmu2mX7m7C7kYooT/CiwdFvPp7vPlv3LY5aOuDgcd7M8zMi1LOtPH9b6e0sbm1vVPedff2Dw6PKscnbZ1kitAWSXiiuhHWlDNJW4YZTrupolhEnHaiyd3c7zxRpVkiH800paHAI8liRrCxUsfz3CvX8waVql/zF0DrJChIFQo0B5Wv/jAhmaDSEI617gV+asIcK8MIpzO3n2maYjLBI9qzVGJBdZgvzp2hC6sMUZwoW9Kghfp7IsdC66mIbKfAZqxXvbn4n9fLTHwb5kymmaGSLBfFGUcmQfPf0ZApSgyfWoKJYvZWRMZYYWJsQq4NIVh9eZ2067XguuY/1KuNehFHGc7gHC4hgBtowD00oQUEJvAMr/DmpM6L8+58LFtLTjFzCn/gfP4ARfiNgQ==</latexit>

+

<latexit sha1_base64="RiEvoLoIHmit5cVn+ggrVFKQn4k=">AAAB8XicbVBNS8NAEJ3Urxq/qh69LDZCTyUpFD1WvXisYD+wDWWz3bRLN5uwuxFK6L/w4kERr/4bb/4bt20O2vpg4PHeDDPzgoQzpV332ypsbG5t7xR37b39g8Oj0vFJW8WpJLRFYh7LboAV5UzQlmaa024iKY4CTjvB5Hbud56oVCwWD3qaUD/CI8FCRrA20qPj2Nc3A892nEGp7FbdBdA68XJShhzNQemrP4xJGlGhCcdK9Tw30X6GpWaE05ndTxVNMJngEe0ZKnBElZ8tLp6hC6MMURhLU0Kjhfp7IsORUtMoMJ0R1mO16s3F/7xeqsMrP2MiSTUVZLkoTDnSMZq/j4ZMUqL51BBMJDO3IjLGEhNtQrJNCN7qy+ukXat69ap7Xys3KnkcRTiDc6iAB5fQgDtoQgsICHiGV3izlPVivVsfy9aClc+cwh9Ynz8W3o59</latexit>

AB1

<latexit sha1_base64="B5K+51UZysk+o66RVXQZCd+wVC8=">AAAB8XicbVBNS8NAEJ3Urxq/qh69LDZCTyUpFD1WvXisYD+wDWWz3bRLN5uwuxFK6L/w4kERr/4bb/4bt20O2vpg4PHeDDPzgoQzpV332ypsbG5t7xR37b39g8Oj0vFJW8WpJLRFYh7LboAV5UzQlmaa024iKY4CTjvB5Hbud56oVCwWD3qaUD/CI8FCRrA20qPj2Nc3g5rtOINS2a26C6B14uWkDDmag9JXfxiTNKJCE46V6nluov0MS80IpzO7nyqaYDLBI9ozVOCIKj9bXDxDF0YZojCWpoRGC/X3RIYjpaZRYDojrMdq1ZuL/3m9VIdXfsZEkmoqyHJRmHKkYzR/Hw2ZpETzqSGYSGZuRWSMJSbahGSbELzVl9dJu1b16lX3vlZuVPI4inAG51ABDy6hAXfQhBYQEPAMr/BmKevFerc+lq0FK585hT+wPn8AGGWOfg==</latexit>

AB2

<latexit sha1_base64="+WPKUrMvGXEaz/BVnnPkKr1MflU=">AAAB8XicbVBNS8NAEJ3Urxq/qh69LDZCTyWpiB6rXjxWsB/YhrLZbtqlm03Y3Qgl9F948aCIV/+NN/+N2zYHbX0w8Hhvhpl5QcKZ0q77bRXW1jc2t4rb9s7u3v5B6fCopeJUEtokMY9lJ8CKciZoUzPNaSeRFEcBp+1gfDvz209UKhaLBz1JqB/hoWAhI1gb6dFx7Oub/rntOP1S2a26c6BV4uWkDDka/dJXbxCTNKJCE46V6npuov0MS80Ip1O7lyqaYDLGQ9o1VOCIKj+bXzxFZ0YZoDCWpoRGc/X3RIYjpSZRYDojrEdq2ZuJ/3ndVIdXfsZEkmoqyGJRmHKkYzR7Hw2YpETziSGYSGZuRWSEJSbahGSbELzll1dJq1b1Lqrufa1cr+RxFOEETqECHlxCHe6gAU0gIOAZXuHNUtaL9W59LFoLVj5zDH9gff4AGeyOfw==</latexit>

AB3

<latexit sha1_base64="toobybMMwemsU8JrtPkkyW+9NzQ=">AAAB8XicbVBNS8NAEJ3Urxq/qh69LDZCTyUpih6rXjxWsB/YhrLZbtqlm03Y3Qgl9F948aCIV/+NN/+N2zYHbX0w8Hhvhpl5QcKZ0q77bRXW1jc2t4rb9s7u3v5B6fCopeJUEtokMY9lJ8CKciZoUzPNaSeRFEcBp+1gfDvz209UKhaLBz1JqB/hoWAhI1gb6dFx7Oub/rntOP1S2a26c6BV4uWkDDka/dJXbxCTNKJCE46V6npuov0MS80Ip1O7lyqaYDLGQ9o1VOCIKj+bXzxFZ0YZoDCWpoRGc/X3RIYjpSZRYDojrEdq2ZuJ/3ndVIdXfsZEkmoqyGJRmHKkYzR7Hw2YpETziSGYSGZuRWSEJSbahGSbELzll1dJq1b1Lqrufa1cr+RxFOEETqECHlxCHe6gAU0gIOAZXuHNUtaL9W59LFoLVj5zDH9gff4AG3OOgA==</latexit>

AB4
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The permutation π1 is over all embedded one-loop triangles, there are 4 of them p123q, p124q, p134q,

p234q. The permutation π2 is over all embedded one-loop squares (with a particular ordering),

there are 3 of them p1234q, p1243q, p1324q. The permutation π3 is over all embedded two-loop

subtopologies (where we ignore one of the links), this is 6 terms (ignoring one of the links each).

The final purely three-loop piece is again universal for any link sign assignment and satisfies

(6.106) R3´loop
1234 “ 0 on any cut when xABiABjy has a definite sign

Now this is true for all links as the graph as well as R3´loop
1234 is permutationally invariant in all

four loop lines ABi. The same logic can be used for higher loops at any L.

Our procedure seems reminiscent of ‘Feynman rules’ and ’Feynman diagrams’ but now in the

loops of loops space – where the role of external particles are played by loop lines ABi, the functions

N
p˘q

ij are free propogators and Rℓ´loop are some kind of interactions vertices. The connection is very

vague, and obviously the rules how to construct our graphs are quite different, but some analogy

can be found here. In either case, the problem of finding the canonical form ΩG for a given graph

is reduced to finding these ℓ-loop irreducible functions (remainders) Rℓ´loop.

6.7 From canonical forms to polylogarithms

So far we have studied the canonical forms for positive and negative geometries, and showed

that certain sets of them reproduce the integrands for the L-loop amplitude ΩL and the logarithm of

the L-loop amplitude rΩL. When integrating ΩL or rΩL or canonical forms for individual geometries,

we encounter IR divergencies which need to be regulated.

As was pointed in [77], for negative geometries i.e. graphs with only negative links, we can

define an IR finite object by freezing one of the loops and integrating over all others. The frozen

loop is marked by a cross, as shown below:

(6.107)

This is all based on the integrand-level statement about the presence of IR divergencies: in order to

generate an IR divergence during integration, the integrand needs to have a singularity when one or
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more loop momenta access the collinear region. In the momentum twistor space, this collinear region

corresponds to the line AB being in a collinear configuration in the plane pi´1 i i`1q and passing

through vertex Zi. We have discussed this configuration multiple times in this chapter, because

in this position for AB, any mutual bracket xABCDy ą 0. Hence it is an illegal configuration if

the vertex AB in the graph is connected to any other vertex CD – which it definitely is in any

connected graph.

The only way around this is to place all loop lines ABi, where none of the loops are left to

violate the mutual negativity conditions. Hence freezing one of the loops ensures that the result

after integration is IR finite. This was discussed in greater detail in [77].

6.7.1 Differential equation method

The special form of the tree numerator allows us to find a powerful differential equation. Suppose

the frozen loop AB is connected to the rest of the graph through a link to another loop CD. Then

we can write for the whole integral

(6.108) Ipzq “

ˆ
CD

xAB13yxCD24yx1234y

xCD12yxCD23yxCD34yxCD41yxABCDy
HpzCDq ,

where HpzCDq is the rest of the diagram integrated with the loop CD frozen, with

zCD “
xCD12yxCD34y

xCD14yxCD23y
. We can now act with the Laplacian pzBzq

2 on the integral Ipzq and get

(6.109) pzBzq
2Ipzq “ ´Hpzq .

Effectively, the action of the operator reduces the graph to a simpler one with the link pABCDq

removed. In the dual variables, this is

(6.110)
<latexit sha1_base64="71fQKOzAalIgvgRnUTgyOX+mQtQ=">AAAB+XicbVDLSsNAFJ3UV42vqEs3g43gqiRF0WXRjcsK9gFtCJPppB06mQkzk9IS+iduXCji1j9x5984bbPQ1gMXDufcy733RCmjSnvet1Xa2Nza3inv2nv7B4dHzvFJS4lMYtLEggnZiZAijHLS1FQz0kklQUnESDsa3c/99phIRQV/0tOUBAkacBpTjLSRQsdxXbt3JyZhPgm9me26oVPxqt4CcJ34BamAAo3Q+er1Bc4SwjVmSKmu76U6yJHUFDMys3uZIinCIzQgXUM5SogK8sXlM3hhlD6MhTTFNVyovydylCg1TSLTmSA9VKveXPzP62Y6vg1yytNME46Xi+KMQS3gPAbYp5JgzaaGICypuRXiIZIIaxOWbULwV19eJ61a1b+ueo+1Sv2qiKMMzsA5uAQ+uAF18AAaoAkwGINn8ArerNx6sd6tj2VrySpmTsEfWJ8/zbORxg==</latexit>⇤x0

<latexit sha1_base64="lOnNvzBajxW0Bzpk9NofLx+uqMw=">AAAB7nicbVBNS8NAEJ34WeNX1aOXxUboqSQF0YtQ8OKxgv2ANpTNdtMu3d2E3Y1QQn+EFw+KePX3ePPfuG1z0NYHA4/3ZpiZF6WcaeP7387G5tb2zm5pz90/ODw6Lp+ctnWSKUJbJOGJ6kZYU84kbRlmOO2mimIRcdqJJndzv/NElWaJfDTTlIYCjySLGcHGSh3Pc29dzxuUK37NXwCtk6AgFSjQHJS/+sOEZIJKQzjWuhf4qQlzrAwjnM7cfqZpiskEj2jPUokF1WG+OHeGLq0yRHGibEmDFurviRwLracisp0Cm7Fe9ebif14vM/FNmDOZZoZKslwUZxyZBM1/R0OmKDF8agkmitlbERljhYmxCbk2hGD15XXSrteCq5r/UK80qkUcJTiHC6hCANfQgHtoQgsITOAZXuHNSZ0X5935WLZuOMXMGfyB8/kDXnSNiQ==</latexit>=

Not only does this work for any tree graph where the frozen loop AB is connected to the rest of the

graph through one link, but it can also be used for the resummation of all ladder graphs,

(6.111)

196



Imposing the boundary condition that the result must vanish for z “ ´1 – which is just a simple

consequence of the vanishing of the integrand for xAB13y “ xAB24y “ 0, we get [77]

(6.112) Fladder “
cos p

?
2g log zq

cosh p
?
2gπq

.

However, this is not a consistent approximation in our setup since we need to sum over all tree

graphs to get the ‘leading order’ contribution in the loops of loops expansion.

(6.113)

For a general tree graph the marked point can be somewhere inside and connected to other vertices

through multiple links. To resolve that we realize that the sum of all tree graphs satisfies a simple

exponentiation,

(6.114) Ftreepg, zq “ eHtreepgq ,

where Ftreepg, zq and Htreepgq differ in the way that marked point AB can appear,

(6.115)

and the generating functional Htreepg, zq now satisfies the same Laplace equation because the

marked point AB is now connected through a single link to the rest of the graph,

(6.116)
1

2
pzBzq

2Htree ` g2eHtree “ 0 .

This was solved in [77] by

(6.117) Ftreepg, zq “
A2zA

g2pzA ` 1q2

with A
2g cosπA{2 “ 1. The differential equation results can be used to obtain Fn

treepg, zq for any

order n by asymptotically expanding the solution in powers of g. The refer the reader to [77] for

more details. It is important to note that the Laplacian will collapse the propagator connecting
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the frozen loop to rest of the diagram even if the rest is not a tree. However, this is not true if

the unintegrated loop is attached to multiple propagators, such as the frozen corner of the 3-loop

triangle, since the boxing trick described earlier no longer works. One needs to search for new types

of differential operators, perhaps analogous to [210] where the operators acted on the external

momentum twistors, or using methods in [196]. It is also clear that new ideas are needed to resum

diagrams containing cycles. We leave this investigation to chapter 7.

6.8 Conclusion and Outlook

In this work we studied the Amplituhedron picture for four-point scattering amplitudes at all

loops. We used the negative geometry expansion of [77] to determine the canonical form for the

all-loop integrand in the (subleading) one-cycle approximation in the context of the loops of loops

expansion. We determine the canonical forms by demanding that the numerator vanishes on illegal

cuts, producing a unique solution. In the process of determining the form we came up with an

interesting organizational principle for the canonical form by further expanding the numerator in

terms of certain irreducible building blocks. We believe that the same procedure can be used for

the canonical forms of negative geometries with more internal cycles, and perhaps more generally

for other positive geometries too.

There are two main open questions motivated by our work: (1) calculation of higher-cycle

canonical forms, (2) determination of the contribution of one-cycle geometries to Fpg, zq, behavior

at strong coupling and the gamma cusp. The main tool to tackle (2) will probably be the differential

equation method used in [77] to solve the tree-graph problem, which would require a different

differential operator. If this mission is accomplished, it would open many directions of research and

we could start to see a new emergent geometric picture for strong coupling amplitudes.

The related question is how well the loops of loops expansion approximates the full result Fpg, zq.

The main reason for dividing the collection of all negative geometries for rΩL into the sectors with

fixed number of cycles is obvious: more cycles = more complicated forms, and we wanted to focus on

sectors for which we can actually find the solution. But if we really believe this is a good expansion,

we might try to introduce a deformation parameter ξ and weigh different ℓ-cycle sectors with powers

ξℓ,

(6.118) Fpg, z, ξq “ F p0qpg, zq ` ξF p1qpg, zq ` ξ2F p2qpg, zq ` ξ3F p3qpg, zq . . .
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where F pkqpg, zq is the k-cycle contribution. The physical case is ξ “ 1 where all geometries are

weighted equally, while our expansion is around ξ “ 0. Hence a priori it is not clear why this should

be a good expansion, but the results of [77] for the k “ 0 case are optimistic. It would be interesting

to see if the purely geometric parameter ξ has some physics analogue as some deformation of the

Wilson loop picture.

Now that we know how to build integrands using negative geometries, albeit for a limited class

of diagrams, let’s see if we can use them to compute Wilson loops and contributions to Γcusp. This

will be the subject of the next chapter.
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CHAPTER 7

Multi-Loop Negative Geometries

7.1 Introduction

The main motivation of the technology we have developed in the previous chapter can be roughly

stated as follows: the Wilson loop ratio Fpg, zq is the simplest non-trivial object that we eventually

aim to calculate to all loop orders, and we also want to explore the role of integrability and exact

solutions in amplitudes. The entry point to this ambitious goal could be provided by Γcusp. It is

worth emphasizing that while integrability provides Γcusp from the BES equation, it is not clear

how it can be used to calculate more complicated objects. One successful program is the flux tube

S-matrix bootstrap [149,150,151], which aims to calculate amplitudes and Wilson loops at finite

coupling by doing an expansion around special kinematical regions, the near-collinear limits. While

this program provides excellent numerical control over the amplitude, it does not incorporate many

mathematical structures discovered in perturbation theory and believed to be applicable to the full

non-perturbative object.

The study of this particular Wilson loop with a Lagrangian insertion has been a very active and

fruitful area of research. At weak coupling, explicit calculations using the Wilson loop technology

have been done up to three loops [205, 206, 211], while at strong coupling the leading order

contribution was calculated via the AdS/CFT correspondence as a minimal surface problem [128].

We will stick to the perturbation theory and use the method of negative geometries discovered in

ref. [77], and later used in refs. [19, 192, 196, 212, 213, 214, 215, 216, 217, 218, 219] to obtain

interesting results both in the planar maximally supersymmetric Yang-Mills and ABJM theories.

The main idea is to use the refinement of the Amplituhedron picture for the integrand of the

logarithm of the amplitude. As a result, we get an expansion in terms of canonical dlog forms on

Amplituhedron-like geometries. This provides an alternative expansion to Feynman diagrams with

very different term-wise properties. Most importantly, these objects are IR finite term by term

and have a pure maximal transcendental weight when integrated over all loop momenta (except

200



the frozen one). Note that in the standard approaches it is often highly non-trivial to expand

the IR finite object in terms of finite building blocks; Fpg, zq is “barely finite” and any standard

diagrammatic expansion will contain divergent terms that only cancel in the sum. IR finiteness is

essential in our approach, because the whole geometric problem is formulated in D “ 4 and there

is no space for any D “ 4 ´ 2ϵ terms.

The negative geometry expansion can be recast using graphs with vertices (loop momenta) and

edges (quadratic geometric constraints). The set of all such graphs is naturally organized in terms

of the number of internal cycles (in this constrained space). The more cycles there are, the more

complicated functions one gets. While this organization has no physical analogue, it provides a

very powerful mathematical tool. In particular, certain subsets of graphs can be calculated to

all loop orders [77, 212], and in this work we will push this frontier even further. As with any

amplitude computation, the problem of calculating Fpg, zq boils down to two parts: calculating the

integrand for all negative geometries that contribute at a fixed loop order, and integrating them.

The mathematical definition of negative geometries provides us with a set of inequalities that we

need to solve. In certain cases this problem is solvable for arbitrary loop order; in other cases

we have to work diligently to determine the integrand form. How to do it in general is an open

problem and a big challenge, and in this work we push the technology to the next level. The second

part, performing the integration, is an even less explored subject. In cases where the contribution

to Fgeompzq from a given negative geometry satisfies a differential equation, we can solve for the

contribution directly, without integrating over the frozen loop momentum. In other cases, we have

to rely on the integration technology developed in the context of Feynman integrals. The differential

equation method is very natural in this context, although finding an equation for each individual

geometry is an open problem.

In the work reviewed here, we focus on two different aspects of the negative geometry expansion

of the Wilson loop Fpg, zq. We will construct the integrands for all negative geometries contributing

at three loops. We will then evaluate these integrals explicitly, both at the level of the symbol (in

the chapter) and the actual functions, and confirm that the sum agrees with the result in the

literature [205, 206, 211]. This agreement not only provides strong evidence that the negative

geometry expansion conjecture is correct, but it will also give us very important insights into the

hierarchy of transcendental functions that contribute to geometries with no cycles, one cycle, etc.
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The second topic of this chapter is the resummation of certain classes of negative geometries. In

ref. [77], all “tree” geometries, i.e. with no cycles, were resummed to all orders. Here we will

discuss the resummation procedure in more generality, and provide a number of examples involving

geometries with more cycles. Both of these threads, explicit fixed loop order calculations and all-

loop resummations, are important components of the problem and move us a bit closer to the final

goal of determining Fpg, zq exactly.

The chapter is organized as follows: in section 7.2, we will give an overview of the Wilson

loop with a Lagrangian insertion. In section 7.3, we discuss the integrated negative geometries for

the three-loop WLI and the correspondence between geometries and the depths of polylogarithms.

In section 7.4, we resum certain classes of one-cycle geometries. In section 7.5, we discuss the

contributions of individual negative geometries to Γcusp. We conclude in section 7.6. More technical

parts are moved to appendices that cover details of the triangle-ladder computation (C.2).

7.2 Wilson loop and IR finite object

One of the most surprising properties of planar N “ 4 SYM amplitudes is the duality to

expectation values of null polygonal Wilson loops [126,128,140]. Namely, the n-point scattering

amplitude Anpp1, . . . , pnq is dual to Wnpx1, . . . , xnq, the n-sided light-like polygonal Wilson loop,

with cusps located at points xi in the dual momentum space.

p1

p2

p3

¨̈̈

pn´1

pn

ô

¨̈̈

x1

x2

x3x4

xn

xn´1

The conformal symmetry of the Wilson loop then translates to the dual conformal symmetry

of the amplitude. Also, the UV divergence of the Wilson loop (from virtual gluons emitted near

each corner of the polygon) corresponds to the IR divergence of the amplitude (from virtual gluons

exchanged at long distances between color-adjacent external particles). The same duality also holds
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for the logarithm of the amplitude, which is related to a ratio of two Wilson loops,

(7.1) Fnpx1, . . . , xn; z0q :“ π2
xWnpx1, ¨ ¨ ¨ , xnqLpz0qy

xWnpx1, . . . , xnqy
,

where Lpz0q denotes the Lagrangian inserted at a point z0. This observable has been considered

extensively in previous works [202,203,204,205,206,207,208,211,215,220,221,222] and it enjoys

a number of special properties. The leading term at strong coupling was calculated as a minimal

surface problem using the AdS/CFT correspondence [202]. More specifically, it corresponds to

classical solutions in supergravity. However, the computation of the sub-leading term in the strong-

coupling expansion is very difficult as it would require quantizing the Nambu-Goto action in the

curved AdS background.

Most importantly, eq. (7.1) is IR finite at each order in perturbation theory, and because of the

duality between Wilson loops and scattering amplitudes [126,128,140], the integrand of Fn at L

loops is equal to the integrand of the logarithm of the n-point MHV amplitude at pL`1q loops, after

treating z0 as an integration variable of the “frozen” loop momentum. In the four-point case, Fn
reduces to the object Fpg, zq we constructed earlier. Furthermore, the function Fpg, zq is related to

the object on the left-hand side above, namely F px1, ..., xn; z0q, through

F pg, zq “ ´g2Fpg, zq .(7.2)

As a result, Fpg, zq is an ideal object for testing new ideas and exploring features of integrated

expressions that are related to planar N “ 4 SYM amplitudes. It is a function of a single cross

ratio, it has a direct definition in terms of Wilson loops, and it is only one integration away from

being the MHV amplitude’s logarithm. When we talk about strong coupling results however, we

will consider F pg, zq instead of Fpg, zq as it is more directly related to Wilson loops.

7.3 Integrated negative geometries

Starting from the L`1 loop integrand for the amplitude logarithm, rIpL`1q

4 , we can now integrate

over L of the loop momenta ABi, i “ 2, 3, . . . , L` 1 and get F pLqpzq, which also can be interpreted

as the expectation value of the Wilson loop with a Lagrangian insertion, as discussed in the previous

section. This function is IR finite and has a uniform (and maximal) transcendentality 2L. The same

integration operation can be performed for each negative geometry G separately. We get an IR finite
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function FGpzq of the same uniform maximal transcendentality. If we sum over all functions FGpzq

for all graphs in the negative geometry expansion of the integrand at L ` 1 loops, we get F pLqpzq

as expected.

To distinguish between the canonical form for a graph ΩG and the transcendental function FGpzq,

we use a modified graphical notation for FGpzq where the frozen loop AB1 ” AB is denoted by the

cross circle (marked point), while all other vertices correspond to loops over which we integrate.

For most of the graphs, there are multiple ways to freeze the loop, and hence one negative geometry

generates several integrated negative geometries. At L “ 1, we get only one term,

(7.3) ‚‚ Ñ ‚b

At L “ 2, we have two terms: the tree graph produces two different integrated geometries and

the loop graph produces one integrated geometry,

‚ ‚‚ Ñ ‚ ‚b `
1

2!

‚

‚
b

‚

‚
‚ Ñ

1

2! ‚

‚
b(7.4)

There are also symmetry factors involved which are given by the number of repetitions we get when

marking the point, divided by L! from the symmetrization of integrated loops. Such an analysis is

easy to do for any negative geometry. The integration over all unfrozen loop momenta generally

gives a rational function (leading singularity) multiplied by a transcendental function,

(7.5)

‚

‚

‚

‚ ‚‚

‚ ‚

‚
‚

‚
‚b

“ R ˆ T pzq .
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At four points, the little group weights allow only one leading singularity, which is precisely the

four-point one-loop amplitude,

(7.6) R “
x1234y2

xAB12yxAB23yxAB34yxAB14y
.

Higher point leading singularities were explored and for the full Fpzq they were fully classified in

ref. [217]. Because all negative geometries produce the same (7.6), we just factor it out, and do not

consider it in our discussion here. Hence, the 0-loop integrated geometry (just the marked point

itself) is normalized to 1,

(7.7) b “ 1 ,

while the one-loop negative geometry gives

(7.8) ‚b “

ˆ
CD

´pxAB13yxCD24y`xAB24yxCD13yqx1234y

xCD12yxCD23yxCD34yxCD14yxABCDy
“ log2 z ` π2 .

where z is defined in eq. (6.12), and the actual integral was an IR finite pentagon considered already

in refs. [111,112].

Generically, we denote the contribution of an individual graph GC with C cycles by GGC
pzq, not

including the overall factor of p´1qEpGq. Including that factor gives a contribution to Fpzq. Then,

contribution to the L´loop F is given by

(7.9) F pLqpzq “

Cmax
ÿ

C“0

ÿ

GC

p´1qEpGqGGCpzq

7.3.1 Differential equation method

In the previous chapter, we briefly mentioned how certain subclasses of negative geometries

satisfy differential equations that allow for the resummation of Fpg, zq. In this section, we revisit

this idea in more detail. The special form of the tree numerator allows us to find a powerful

differential equation [77]. Suppose the frozen loop AB is connected to the rest of the graph through

a link to another loop CD. Then we can write for the whole integral

(7.10) Gpzq “ ´

ˆ
CD

pxAB13yxCD24y ` xAB24yxCD13yqx1234y

xCD12yxCD23yxCD34yxCD41yxABCDy
HpzCDq ,

205



where HpzCDq is the rest of the diagram integrated with the loop CD frozen,

with zCD “
xCD12yxCD34y

pxCD14yxCD23yq
. Let’s consider the first piece of this integral, namely

(7.11) Ipzq “ ´

ˆ
CD

pxAB13yxCD24yqx1234y

xCD12yxCD23yxCD34yxCD41yxABCDy
HpzCDq ,

We can now act with the Laplacian

(7.12) l “
1

2
pzBzq

2 ,

such that the action on the integral Ipzq is

(7.13) pzBzq
2Ipzq “ Hpzq .

Note that this equation also holds separately for the second piece with xAB24yxCD13y in the

numerator, hence we normalize the operator l with a factor 1
2 in front and get

(7.14) lGpzq “ Hpzq .

Effectively, the action of the operator produces a delta function which reduces the graph to a simpler

one with the link pABCDq removed. In the dual variables, this is

(7.15) lx0 b “ b

We can demonstrate it on eq. (7.8). In this case the right hand side of the equation is just given by

the L “ 0 diagram, which evaluates to 1. Since the L “ 1 diagram enters F with an extra minus

sign, the equation at hand is

(7.16) lFpzq “ ´1 ,

which has a general solution

(7.17) Fpzq “ ´plog2 z `Aq .

The boundary condition for every diagram that has a branch, such as the LHS diagram in (7.15), is

(7.18) Fpz “ ´1q “ 0 .
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This follows from the factorized form of the numerator, and the fact that xAB13y “ xAB24y “ 0

sets z “ ´1 (see eq. (6.12)), for which the integrand vanishes identically. Using (7.18) the solution

(7.17) then reads

(7.19) Fpzq “ ´plog2 z ` π2q ,

in agreement with a direct integration of eq. (7.8) – note that the sign difference comes from the

extra minus sign in the numerator of (7.8) compared to the full 2-point integrand. In fact, all tree

graphs can be solved using the same differential equation method. Consider a general diagram

where the marked point is located somewhere in the middle of the diagram,

‚

‚
‚

‚‚

‚
‚ b “

‚‚

‚
‚ b ˆ

‚

‚
‚b(7.20)

where the integrand factorizes as

(7.21) IpAB1, . . . , ABLq “ R´1 ˆ I1pAB1, . . . , ABL1 , AB0q ˆ I2pAB0, ABL1`1, . . . , ABLq ,

where R´1 accounts for double counting of the denominator factor of the frozen loop AB0. After

integration we get

(7.22) Fpzq “ F1pzq ˆ F2pzq ,

where we stripped off the overall R factor as usual. Because both factorized parts of the diagrams

now have the marked point in the correct position to use eq. (7.15), both F1pzq and F2pzq now

satisfy the differential equation (7.13). Of course, if there are more legs connected to the frozen

loop in (7.20), the integrand initially factorizes into more components, each satisfying the differential

equation. As a result, the function Fpzq for any tree graph factorizes into a product of functions

Fkpzq, each satisfying the differential equation (7.13).

7.3.2 Two-loop results and the depth of the polylogarithm

The full two-loop Wilson-loop result was computed in ref. [205] and the negative geometry

expansion was evaluated term-by-term in ref. [77]. This expansion involves three terms, and the
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explicit evaluation reveals the major difference between two tree graphs and the one-cycle graph.

The two tree graphs can be evaluated using the differential equation method. For the ‘ladder’

geometry, the equation reads

(7.23) l

”

‚ ‚b
ı

“ ‚b

which translates into

(7.24) lFpzq “ plog2 z ` π2q ,

with the same boundary condition (7.18). As a result, we get

(7.25) ‚ ‚b “
1

6

“

π2 ` log2 z
‰

ˆ
“

5π2 ` log2 z
‰

.

The second diagram is even simpler, as it factorizes as a product of two (7.8) diagrams,

(7.26)
‚

‚
b “

“

π2 ` log2 z
‰2
.

The one-cycle diagram does not satisfy the same differential equation, and we have to perform

a direct integration. As a result, we get

‚

‚
b “ 8H0,0,0,0 ` 8H-1,0,0,0 ´ 16H-1,-1,0,0 ` 8H-2,0,0 ´ 8ζ3 p2H´1 ´H0q

` 4π2 pH-1,0 ´ 2H-1,-1 `H´2q `
13π4

45
,(7.27)

where we use the notation for the harmonic polylogarithms (HPLs) [223] (with the argument z

omitted for brevity). If an HPL does not have a trailing 0 index, then it admits a convergent power

series expansion for real z with ´1 ă z ă 1,

H´ad,...,´a1pzq ” H0,...,0
ljhn

ad´1

,´1,...,0,...,0
ljhn

a1´1

,´1pzq “ p´1qd
ÿ

jdą¨¨¨ąj1ě1

p´zq
jd

jadd

1

j
ad´1

d´1

. . .
1

ja11
,(7.28)
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where the number of nonzero indices is the depth d. Trailing 0’s can be removed using the shuffle

algebra and the fact that

(7.29) H0,...,0
ljhn

n

pzq “
1

n!
logn z .

In the case of (7.27), all HPLs reduce to classical polylogarithms [77],

‚

‚
b “

1

3
log4 z ´ 2 log2 z

„

´
2

3
Li2

ˆ

1

1 ` z

˙

´
2

3
Li2

ˆ

z

1 ` z

˙

`
π2

9

ȷ

(7.30)

´ 2 log z

„

4Li3
ˆ

z

1 ` z

˙

´ 4Li3
ˆ

1

1 ` z

˙ȷ

`
4

3

„

Li2
ˆ

1

1 ` z

˙

` Li2
ˆ

z

1 ` z

˙

´
π2

6

ȷ2

`
16

3
π2

„

Li2
ˆ

1

1 ` z

˙

` Li2
ˆ

z

1 ` z

˙

´
π2

6

ȷ

` 16Li4
ˆ

1

1 ` z

˙

` 16Li4
ˆ

z

1 ` z

˙

`
π4

9
.

The reduction to classical polylogarithms does not generalize to higher loops. Note that all three

diagrams produce transcendentality four functions, but the two tree graphs are much simpler than

the triangle one-cycle diagram.

The main difference between the tree result (which are just powers of log z) and the one-cycle

formula is the depth of the polylogarithms. This is best evident from the symbol [142]. The symbol

can be read off from the uncompressed list of HPL indices belonging to t0,´1u, by reversing the

order and letting 0 Ñ z and ´1 Ñ 1` z. We also write SBpa, b, c, dq for ab bb cb d. The symbols

of the contributions to Fpzq at two loops are,

Symbol
”

‚ ‚b
ı

“ 4 SBpz, z, z, zq ,(7.31)

Symbol

»

—

—

–

‚

‚
b

fi

ffi

ffi

fl

“ 24 SBpz, z, z, zq ,(7.32)

Symbol

»

—

–

‚

‚
b

fi

ffi

fl

“ 8
`

SBpz, z, z, zq ` SBpz, z, z, 1`zq

` SBpz, z, 1`z, zq ´ 2 SBpz, z, 1`z, 1`zq
˘

,(7.33)
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where the last term of (7.33), SBpz, z, 1`z, 1`zq, corresponds to H-1,-1,0,0 in eq. (7.27); the latter

has (higher) depth two. We will see that this depth property generalizes to more cycles and higher

depths.

7.3.3 New three-loop results

One of the main results of this chapter is the computation of the full three-loop Wilson loop

Fpzq using negative geometries. The result was obtained using a traditional method of Feynman

diagrams (for Wilson loops) in ref. [206]. This expansion contained UV divergent integrals that

needed to be regulated, and the finite result was only obtained after performing the whole sum. In

our approach, each term is individually finite. The integrand for all contributing negative geometries

was provided in the previous chapter as the four-loop integrand for the amplitude’s logarithm. As

before, we need to freeze one of the loops in each diagram and integrate over the others. At the

level of diagrams, we have six L “ 4 negative geometry integrands which produce 11 three-loop

contributions to Fpg, zq.

‚‚‚‚ Ñ ‚‚‚b `
‚‚

‚
b

‚
‚

‚
‚ Ñ

1

2!

‚

‚
‚b `

1

3! ‚
‚

‚
b

‚

‚ ‚‚
Ñ

‚ ‚‚

b

`
1

2!

‚

‚ ‚‚ b
`

1

2!

‚

‚ ‚b

‚

‚ ‚

‚
Ñ

1

2! ‚

‚ ‚

‚ ‚b

‚

‚ ‚

‚
Ñ

1

2! ‚

‚ ‚

b

`
1

2! ‚

‚ ‚

b

‚

‚ ‚

‚
Ñ

1

3! ‚

‚ ‚

b

(7.34)

where we have included the correct symmetrization factors.
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All zero-cycle (tree) diagrams are easy to evaluate using the differential equation method, we

obtain for the Gpzq contributions

‚‚‚b “ 8H0,0,0,0,0,0 ` 4π2H0,0,0,0 `
5

3
π4H0,0 `

61

90
π6 ,

‚‚
‚

b “ 120H0,0,0,0,0,0 ` 28π2H0,0,0,0 `
11

3
π4H0,0 `

5π6

6
,

‚

‚
‚b “ 48H0,0,0,0,0,0 ` 8π2H0,0,0,0 ` 2π4H0,0 `

11π6

15
,

‚
‚

‚
b “ 720H0,0,0,0,0,0 ` 72π2H0,0,0,0 ` 6π4H0,0 ` π6 .(7.35)

As a consistency check, the sum over all tree graphs, weighted by combinatoric factors and the

overall minus sign from p´1q3, should reproduce the result from the generating function at order

g6 [77], i.e.

Ftreepzq

ˇ

ˇ

ˇ

g6
“ ´

1

45

“

log2 z ` π2
‰

ˆ
“

17 log4 z ` 73π2 log2 z ` 92π4
‰

“ ´272H0,0,0,0,0,0 ´ 48π2H0,0,0,0 ´
22

3
π4H0,0 ´

92π6

45
,(7.36)

which is indeed the case.

One-cycle diagrams The one-cycle graphs are more involved to evaluate. One of them is just a

trivial product of the 2-loop triangle (7.27) and the one-loop result (7.8) using (7.20),

‚

‚
‚b “ 16

´

´ 2ζ3H´2,0 ´ 2ζ3H´1,0,0 ` 3ζ3H0,0,0 ´ π2H´3,´1 `
3

2
π2H´3,0

´ π2H´2,´2 ´ π2H´1,´3 ´
1

2
π4H´1,´1 `

1

4
π4H´1,0 `

13

360
π4H0,0 ` 3H´4,0,0 ´ π2H´2,´1,0

` 2π2H´2,0,0 ´ π2H´1,´2,0 ´ 2H´3,´1,0,0 ` 7H´3,0,0,0 ´ 2H´2,´2,0,0 ´ 2H´1,´3,0,0

´ 2π2H´1,´1,0,0 ` 2π2H´1,0,0,0 `
1

2
π2H0,0,0,0 ´ 6H´2,´1,0,0,0 ` 10H´2,0,0,0,0 ´ 6H´1,´2,0,0,0

´ 12H´1,´1,0,0,0,0 ` 10H´1,0,0,0,0,0 ` 15H0,0,0,0,0,0 ´ 2H´3ζ3 ´ π2H´1ζ3 `
1

2
π2H0ζ3
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`
3

2
π2H´4 `

1

4
π4H´2 `

13π6

720

¯

.(7.37)

At the level of the symbol [142] this is

Symbol

»

—

—

–

‚

‚
‚b

fi

ffi

ffi

fl

“

16
`

15 SBpz, z, z, z, z, zq ` 10 SBpz, z, z, z, z, 1`zq ` 10 SBpz, z, z, z, 1`z, zq

´ 12 SBpz, z, z, z, 1`z, 1`zq ` 7 SBpz, z, z, 1`z, z, zq ´ 6 SBpz, z, z, 1`z, z, 1`zq

´ 6 SBpz, z, z, 1`z, 1`z, zq ` 3 SBpz, z, 1`z, z, z, zq ´ 2 SBpz, z, 1`z, z, z, 1`zq

´ 2 SBpz, z, 1`z, z, 1`z, zq ´ 2 SBpz, z, 1`z, 1`z, z, zq
˘

,(7.38)

Another one does satisfy the boxing equation and can also be evaluated easily by canonical differential

equations [206,224]

‚

‚
‚‚ ‚b “2

ˆ

8H0,0,0,0,0,0 ` 8H0,0,´1,0,0,0´16H0,0,´1,´1,0,0 ` 8H0,0,´2,0,0

´ 8ζ3p2H0,0,´1 ´H0,0,0q ` 4π2pH0,0,´1,0 ´ 2H0,0,´1,´1 `H0,0,´2q

`
13π4

90
logpzq

2
`
`

4π2ζ3 ` 8ζ5
˘

logpzq `

ˆ

7π6

45
´ 8ζ23

˙˙

,(7.39)

which reproduces the answer in [212] 1 Its symbol is given by

Symbol

»

—

—

–

‚

‚
‚‚ ‚b

fi

ffi

ffi

fl

“ 2
´

8 SBpz, z, z, z, z, zq ` 8 SBpz, z, z, 1`z, z, zq ` 8 SBpz, z, 1`z, z, z, zq

1Here we write the HPL in the uncompressed form to make the boxing equation to (7.27) and the comparison
with [212] manifest.
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´ 16 SBpz, z, 1`z, 1`z, z, zq

¯

.(7.40)

All the other one-cycle diagrams, as well as both two-cycle and the single three-cycle diagrams,

do not satisfy a boxing equation. While these integrals are still very special IR finite integrals,

currently there is no technology tailored for their computation. Here we rely on the technology

of [206] and the explicit evaluation using canonical differential equations (not of a boxing type).

This generic method involves the expansion of the integrand in terms of 257 uniform transcendental

(UT) basis calculated in [206]. The integral reduction is performed using the NeatIBP package [225].

As a result, we get the following function for the last one-cycle box graph

‚

‚‚ ‚

‚ ‚b
“ 16

`

3H´1,´1,0,0,0,0 ` 2H´1,0,0,0,0,0 ` 3H0,0,0,0,0,0 ´ 4H´2,´1,0,0,0´
1

2
H´2,0,0,0,0

´ 2H´1,´2,0,0,0 ` 3H´3,0,0,0 ` 2H´2,´2,0,0 ´ 5H´1,´3,0,0 `
1

2
π2H´1,´1,0,0 `

7

6
π2H´1,0,0,0

`
1

6
π2H0,0,0,0 ` 4ζ3H´1,0,0 ` 2ζ3H0,0,0 `

3

2
H´4,0,0 ´

2

3
π2H´2,´1,0 ´

5

12
π2H´2,0,0

´
1

3
π2H´1,´2,0 ´ 8ζ3H´2,0 `

1

2
π2H´3,0 ` π2H´2,´2 ´

5

2
π2H´1,´3 `

1

8
π4H´1,´1

`
11

45
π4H´1,0 `

5

72
π4H0,0 ´

1

3
π2H´1ζ3 `

3

2
π2H0ζ3 ´ 19H´1ζ5 `

31H0ζ5
2

`
3

4
π2H´4 ´

43

144
π4H´2 `

505π6

9072
` 11ζ23

˘

.(7.41)

The expression in eq. (7.41), has been numerically checked using AMFlow [226] and pySecDec

[227]. The symbol is much more compact and given by

Symbol

»

—

–

‚

‚‚ ‚

‚ ‚b

fi

ffi

fl

“

16
`

3 SBpz, z, z, z, z, zq ` 2 SBpz, z, z, z, z, 1`zq ´
1

2
SBpz, z, z, z, 1`z, zq

` 3 SBpz, z, z, z, 1`z, 1`zq ` 3 SBpz, z, z, 1`z, z, zq ´ 2 SBpz, z, z, 1`z, z, 1`zq

´ 4 SBpz, z, z, 1`z, 1`z, zq `
3

2
SBpz, z, 1`z, z, z, zq ´ 5 SBpz, z, 1`z, z, z, 1`zq
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` 2 SBpz, z, 1`z, z, 1`z, zq
˘

.(7.42)

The expression for the remaining one cycle diagram is more complicated and we only present

the symbol expression here. One new important feature is that there is a spurious symbol letter bp4q

bp4q “
1 ` i

?
z

1 ´ i
?
z
, z “ s{t .(7.43)

The letter bp4q shows up in individual negative geometry contributions (starting from the 4th entry),

but it drops out of the sum for F p3q [206]. For the remaining one cycle graph, the symbol result is

Symbol

»

—

—

–

‚

‚
‚‚

b
fi

ffi

ffi

fl

“

2
`

8 SBpz, z, z, z, bp4q, bp4qq ` 2 SBpz, z, z, bp4q, z, bp4qq ` 2 SBpz, z, z, bp4q, bp4q, zq

` 28 SBpz, z, z, z, z, zq ` 8 SBpz, z, z, z, z, 1`zq ` 16 SBpz, z, z, z, 1`z, zq

´ 8 SBpz, z, z, z, 1`z, 1`zq ` 18 SBpz, z, z, 1`z, z, zq ´ 2 SBpz, z, z, 1`z, z, 1`zq

´ 2 SBpz, z, z, 1`z, 1`z, zq ` 30 SBpz, z, 1`z, z, z, zq ´ 6 SBpz, z, 1`z, z, z, 1`zq

´ 22 SBpz, z, 1`z, z, 1`z, zq ´ 32 SBpz, z, 1`z, 1`z, z, zq
˘

.(7.44)

In order to obtain a representation in terms of HPLs [223] for the full function, we need to rationalize

the bp4q letter by defining a new variable w, such that

(7.45) z “ ´s{t “ ´w2 .

Two-cycle diagrams The result for the symbol of the first 2-cycle graph is

Symbol

»

—

–

‚

‚ ‚

b

fi

ffi

fl

“
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8
`

4 SBpz, z, z, z, bp4q, bp4qq ` SBpz, z, z, bp4q, z, bp4qq ` SBpz, z, z, bp4q, bp4q, zq

` 4 SBpz, z, z, z, z, zq ` SBpz, z, z, z, z, 1`zq ` SBpz, z, z, z, 1`z, zq

` 6 SBpz, z, z, z, 1`z, 1`zq ` 9 SBpz, z, z, 1`z, z, zq ´ SBpz, z, z, 1`z, z, 1`zq

´ 5 SBpz, z, z, 1`z, 1`z, zq ´ 4 SBpz, z, z, 1`z, 1`z, 1`zq ` 7 SBpz, z, 1`z, z, z, zq

´ 3 SBpz, z, 1`z, z, z, 1`zq ` SBpz, z, 1`z, z, 1`z, zq ´ 4 SBpz, z, 1`z, z, 1`z, 1`zq

´ 8 SBpz, z, 1`z, 1`z, z, zq ´ 4 SBpz, z, 1`z, 1`z, z, 1`zq ´ 4 SBpz, z, 1`z, 1`z, 1`z, zq

` 8 SBpz, z, 1`z, 1`z, 1`z, 1`zq
˘

.(7.46)

The other 2-cycle contribution gives the following symbol result,

Symbol

»

—

–

‚ ‚

‚‚b
fi

ffi

fl

“

8
`

4 SBpz, z, z, z, bp4q, bp4qq ` SBpz, z, z, bp4q, z, bp4qq ` 3 SBpz, z, z, bp4q, bp4q, zq

` 12 SBpz, z, z, z, z, zq ` 16 SBpz, z, z, z, z, 1`zq ` 27 SBpz, z, z, z, 1`z, zq

´ 26 SBpz, z, z, z, 1`z, 1`zq ` 21 SBpz, z, z, 1`z, z, zq ´ 3 SBpz, z, z, 1`z, z, 1`zq

´ 19 SBpz, z, z, 1`z, 1`z, zq ´ 4 SBpz, z, z, 1`z, 1`z, 1`zq ` 12 SBpz, z, 1`z, z, z, zq

` SBpz, z, 1`z, z, z, 1`zq ´ 5 SBpz, z, 1`z, z, 1`z, zq ´ 4 SBpz, z, 1`z, z, 1`z, 1`zq

´ 16 SBpz, z, 1`z, 1`z, z, zq ´ 4 SBpz, z, 1`z, 1`z, z, 1`zq

´ 4 SBpz, z, 1`z, 1`z, 1`z, zq ` 8 SBpz, z, 1`z, 1`z, 1`z, 1`zq
˘

, .(7.47)

Three-cycle diagram Finally, the 3-cycle graph evaluates at the level of the symbol to

Symbol

»

—

–

‚

‚ ‚

b

fi

ffi

fl

“
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24
`

4 SBpz, z, z, z, bp4q, bp4qq ` SBpz, z, z, bp4q, z, bp4qq ` 3 SBpz, z, z, bp4q, bp4q, zq

` 2 SBpz, z, z, z, z, zq ` SBpz, z, z, z, z, 1`zq ` 11 SBpz, z, z, z, 1`z, zq

´ 10 SBpz, z, z, z, 1`z, 1`zq ` 9 SBpz, z, z, 1`z, z, zq ` 5 SBpz, z, z, 1`z, z, 1`zq

´ 7 SBpz, z, z, 1`z, 1`z, zq ´ 4 SBpz, z, z, 1`z, 1`z, 1`zq ` 5 SBpz, z, 1`z, z, z, zq

` 7 SBpz, z, 1`z, z, z, 1`zq ´ SBpz, z, 1`z, z, 1`z, zq ´ 4 SBpz, z, 1`z, z, 1`z, 1`zq

´ 12 SBpz, z, 1`z, 1`z, z, zq ´ 4 SBpz, z, 1`z, 1`z, z, 1`zq ´ 4 SBpz, z, 1`z, 1`z, 1`z, zq

` 8 SBpz, z, 1`z, 1`z, 1`z, 1`zq
˘

.(7.48)

Comparison with Wilson loop If we sum all contributions at four loops, the terms with the

spurious symbol letter bp4q cancel and the result is given by

´8
`

15 SBpz, z, z, z, z, zq ´ 6 SBpz, z, z, z, z, 1`zq ´ 5 SBpz, z, z, z, 1`z, zq

` 6 SBpz, z, z, z, 1`z, 1`zq ´ 5 SBpz, z, z, 1`z, z, zq ` 4 SBpz, z, z, 1`z, z, 1`zq

` 2 SBpz, z, z, 1`z, 1`z, zq ´ 2 SBpz, z, z, 1`z, 1`z, 1`zq ´ 6 SBpz, z, 1`z, z, z, zq

` 4 SBpz, z, 1`z, z, z, 1`zq ` 4 SBpz, z, 1`z, z, 1`z, zq ´ 2 SBpz, z, 1`z, z, 1`z, 1`zq

` 6 SBpz, z, 1`z, 1`z, z, zq´2 SBpz, z, 1`z, 1`z, z, 1`zq´2 SBpz, z, 1`z, 1`z, 1`z, zq

` 4 SBpz, z, 1`z, 1`z, 1`z, 1`zq
˘

,(7.49)

which agrees with the symbol of the Wilson loop calculated in the literature [206] (with an overall

minus sign). An important open question is the cancellation mechanism for the spurious symbol

letter bp4q. Namely, how exactly is this cancellation encoded in the cuts of the integrands?

7.4 Resummation and strong coupling

The negative geometries provide a new set of building blocks for the amplitude, and for the

Wilson loop Fpg, zq. The important feature of the expansion is its term-wise IR finiteness, which is

not manifest in the standard Feynman diagram approach for the Wilson loop. While the integrand

is presented in this very special way, the actual process of integration is still cumbersome, as we do
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not currently have a specific method which would exploit the simplicity of the integrand. In fact,

we rely on the canonical differential equation method [206,224] which is very powerful, but also

very general, and not tailored to our problem.

However, there are certain classes of negative geometries which are solvable using a differential

(boxing) equation method described in section 7.3.1. It was shown that this method can be used

for any negative geometry with an appropriate topology: one where the marked point sticks out

like a lollipop from the graph. The differential equation

(7.50) l b “ ‚b

is supplemented by the vanishing boundary condition at z “ ´1. In section 7.3.1, we showed that

this method can be used to solve for any tree negative geometry.

7.4.1 Tree resummation

As discussed in the previous chapter, this method works not only for any tree graph where the

frozen loop AB is connected to the rest of the graph through one link, but it can also be used for

resumming all ladder graphs.

Fladderpg, zq “ b ´ pg2q ‚‚b ` pg2q2 ‚‚b

´ pg2q3 ‚‚ ‚b ` pg2q4 ‚‚ ‚ ‚b ` ¨ ¨ ¨(7.51)

which satisfies

(7.52) lFladderpg, zq “ 1
2pzBzq

2Fladderpg, zq “ ´g2Fladderpg, zq.

Imposing the boundary condition that the g-dependent part of the result must vanish for z “ ´1,

which is just a simple consequence of the vanishing of the integrand for xAB13y “ xAB24y “ 0, we

get [77]

(7.53) Fladderpg, zq “
cos p

?
2g log zq

cosh p
?
2gπq

,

with Fladderpg,´1q “ 1 as required.

For a general tree graph, the marked point can be located inside the graph, and it can be

connected to other vertices through multiple links. To resolve that situation, we realize that the
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sum of all tree graphs is the exponential of all graphs with the marked point sticking out on a link:

(7.54) Ftreepg, zq “ eHtreepg,zq ,

where Ftreepg, zq and Htreepg, zq differ in the way that marked point AB can appear,

(7.55) Ftreepg, zq “ ‚b Htreepg, zq “ b

The generating functional Htreepg, zq now satisfies the same Laplace equation because the marked

point AB is now connected through a single link to the rest of the graph,

(7.56)
1

2
pzBzq

2Htree ` g2eHtree “ 0 .

This was solved in [77] by

(7.57) Ftreepg, zq “
A2zA

g2pzA ` 1q2
with

A

2g cosπA{2
“ 1 .

The result (7.57) can be used to obtain F pnq

treepg, zq for any order n by asymptotically expanding the

solution in powers of g. We refer the reader to [77] for more details.

It is important to note that the Laplacian will collapse a single propagator connecting the frozen

node to the rest of the diagram, even if the rest is not a tree. However, this statement is not true if

the unintegrated node is attached to multiple propagators, such as the frozen corner of the 3-loop

triangle (7.27), since the boxing trick described earlier no longer works. One needs to search for

new types of differential operators, perhaps analogous to those in ref. [210], where the operators

acted on the external momentum twistors, or by using methods in ref. [196].

In ref. [77] the resummed result for tree graphs was studied from the point of view of the

strong-coupling limit. The leading behavior of Ftreepg, zq for g " 1 is2

(7.58) Ftree “ ´
z

p1 ` zq2
` O

ˆ

1

g

˙

,

so we do not reproduce the leading FWLI „ g behavior, but we do preserve the 1{g expansion. See

ref. [77] for more discussion.

2Note the switch to the F normalization defined in eq. (7.2).
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7.4.2 Triangle plus ladder

While it would be desirable to evaluate all one cycle diagrams and resum them to all loop order,

this problem is too difficult with our current tools. We can instead turn to a much more modest

task: resum a certain class of all one cycle graphs which have the same triangle core solved already

in (7.27). In particular, we are interested in the infinite set of diagrams of the form

(7.59) Ftri-lad “ g4

‚

‚
b

l jh n

F3

´g6

‚

‚
‚ b

l jh n

F3,1

`g8

‚

‚
‚ ‚ b

l jh n

F3,2

` ¨ ¨ ¨

We already saw two of these contributions in the previous section, the first one in eq. (7.27) at

L “ 2, and the second one in eq. (7.39) as one of the diagrams in the L “ 3 result. To obtain (7.39),

we evaluated the diagram using the differential equation,

(7.60) l

˜ ‚

‚
‚ b

¸

“

‚

‚
b

hence we solve

(7.61) lF3,1pzq “ ´F3pzq ,

where F3pzq denotes the triangle L “ 2 formula (7.27), and F3,1pzq the triangle diagram with one

extra segment. The boundary condition is again the vanishing of the result at z “ ´1 which fixes

F3,1pzq to (7.39). The same approach continues to work for the next case of the triangle with two

segments F3,2pzq,

(7.62) l

˜ ‚

‚
‚ ‚ b

¸

“

‚

‚
‚ b

with the solution [212]

F3,2pzq “4
”

8H0,0,0,0,0,0,0,0pzq`8H0,0,0,0,´1,0,0,0pzq´16H0,0,0,0,´1,´1,0,0pzq`8H0,0,0,0,´2,0,0pzq
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´ 8ζ3p2H0,0,0,0,´1pzq ´H0,0,0,0,0pzqq ` 4π2pH0,0,0,0,´1,0pzq ´ 2H0,0,0,0,´1,´1pzq

`H0,0,0,0,´2pzqq`
13π4

1080
logpzq

4
`
C3,1

6
logpzq

3
`
D3,1

2
logpzq

2
`C3,2 logpzq`D3,2

ı

,(7.63)

where

C3,1 “ 4π2ζ3 ` 8ζ5 ,(7.64)

D3,1 “ ´8ζ23 `
7π6

45
.(7.65)

Evaluating F3,2pzÑ ´ 1q and setting it to 0, we can solve for C3,2 and D3,2 and get

C3,2 “
17π4ζ3
15

` 4π2ζ5 ` 8ζ7,(7.66)

D3,2 “ ´16ζ5,3 ´ 4π2ζ23 ´ 96ζ5ζ3 `
4891π8

75600
.(7.67)

The same method extends to the general case of a triangle plus a ladder of arbitrary length n,

F3,npzq, which satisfies the equation,

(7.68) lF3,npzq “ ´F3,n´1pzq .

This equation is easy to solve as the l acts easily on the HPLs on the right hand side of the

equation. For the harmonic polylogarithms, “unboxing” amounts to adding two 0’s on the vector

argument, namely pzBzq
2Ht0,0,n⃗upzq “ Hn⃗pzq (remember that l “ 1

2pzBzq
2). For the constant and

plog zqn terms, we can use the fact that pzBzq
2plog zqn “ npn´1qplog zqn´2. Finally, there are terms

of the form C log z `D that vanish under pzBzq
2, which we can fix by the boundary condition that

any diagram with branches vanishes as z ÝÑ ´1. The result then reads,

F3,npzq “ p´2qn

«

8H0⃗2n,0,0,0,0
pzq`8H0⃗2n,´1,0,0,0pzq´16H0⃗2n,´1,´1,0,0pzq`8H0⃗2n,0,´1,0,0pzq

´ 16ζ3H0⃗2n,´1pzq ` 4π2
´

H0⃗2n,´1,0pzq ´ 2H0⃗2n,´1,´1pzq `H0⃗2n,´2pzq

¯

`
13π4

45

1

p2nq!
log2npzq ` 8ζ3

1

p2n` 1q!
log2n`1pzq

`

n
ÿ

k“1

p´1qk
ˆ

Ck
r2pn´kq`1s!

log2pn´kq`1pzq`
Dk

r2pn´kqs!
log2pn´kqpzq

˙

ff

.(7.69)
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where the constants Ck and Dk satisfy recursive formulas as detailed in Appendix C.2.3. Let us

now consider the following object

(7.70) Ftri-ladpg, zq “ g4

‚

‚
b ´ g6

‚

‚
‚ b ` g8

‚

‚
‚ ‚ b ` ¨ ¨ ¨

where the index ‘tri-lad’ refers to the resummed triangle-ladder series. The resummation can be

done in two different ways: either the direct resummation, or using the same differential operator

applied on the whole series as was done in the earlier case of the “tree level” ladder resummation.

Denoting the resummed series by Ftri-ladpg, zq, we have the differential equation

(7.71) l Ftri-ladpg, zq ` g2Ftri-ladpg, zq “ g4plF3pzqq ,

where the right hand side is the differential operator acting on the triangle function F3pzq – note

that F3pzq does not satisfy the Laplace equation, so plF3pzqq here plays a role of the source term.

Explicitly, this source term is

(7.72) lF3pzq “
4z

`

´2H´1,0,0 `H0,0,0´2ζ3 ` π2
˘

´4π2zH´1 ` 2π2zH0 ` 4pzpz`4q`1qH0,0

pz ` 1q2
.

The differential equation (7.71) is too complicated for us to solve exactly using the standard

toolkit. One approach we can take is to solve the equation in Mellin space, by replacing fpzq Ñ

fpνq “
´ 1
0 dzz

νfpzq. In this space, l acts as scalar multiplication by some parameter 1
2ν

2, and the

HPLs turn into harmonic sums. We can then take the inverse transform and express the solution

in terms of infinite sums. We can express most of these sums in an analytical form, and take the

limit as g " 1 to get a first order approximation of those we can’t. This procedure is outlined in

further detail in Appendix (C.2.1).

For strong g and z ą 0, we switch to the F pg, zq notation. Recall that F pg, zq differs from

Fpg, zq just by the overall factor of ´g2 in eq. (7.2), but the F normalization is used in other

literature. The final result then goes like

Ftri-ladpg, zq|g"1 „ ´g4
`

2pzpz ` 4q ` 1q log2pzq ` 2π2z logpzq ´ 4π2z logpz ` 1q
˘

pz ` 1q2

´
2g4z

`

12Li3p´zq´12Li2p´zq logpzq` log3pzq´6 logpz`1q log2pzq´12ζ3`6π2
˘

3pz ` 1q2
`Opg3q .(7.73)
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This expression, at the leading order in g, when put into HPL form, turns out to be the source

term (7.72), suppressed by a factor of 1
g2

. We defer the discussion of why this is the case to Appendix

(C.2.1). It is worth noting here that the leading behavior at g " 1 is Ftri-lad „ g4, which grows much

faster than the full Wilson loop behavior FWLI „ g. On the other hand, the series is convergent

and the final behavior is weaker than the behavior of the leading term at weak coupling, which is

the triangle diagram F3, which contributes to F as „ g6. We call such a series partially summable.

7.4.3 Box plus ladder

The same procedure can be also used to determine the negative geometries that have the form

of a box diagram attached to a ladder:

(7.74) ‚‚‚‚ ‚

‚ ‚

‚ ‚ ‚ b

Just like with the triangle, we are interested in a series of the form

Frs,4pg, zq “ g6

‚

‚ ‚

b
l jh n

F4

´g8

‚ ‚

‚ ‚

b
l jh n

F4,1

`g10

‚ ‚

‚ ‚

‚ b
l jh n

F4,2

` ¨ ¨ ¨(7.75)

We can start with the simplest diagram of the box with one segment, F4,1pzq which satisfies a

differential equation

(7.76) l

¨

˚

˝

‚ ‚

‚ ‚

b

˛

‹

‚

“

‚

‚ ‚

‚b

or lF4,1pzq “ ´F4pzq where F4pzq is the box L “ 3 diagram evaluated in (7.41). The solution for

F4,1pzq is then, given the same vanishing boundary condition,

F4,1pzq “ ´

´

´
32

3
π2ζ3H´3 ´ 256ζ3H´4,0 ` 128ζ3H´3,0,0 ` 48π2ζ3H0,0,0 ` 64ζ3H0,0,0,0,0

´608ζ5H´3 ` 496ζ5H0,0,0 ` 24π2H´6´
86

9
π4H´4 ` 16π2H´5,0 ` 32π2H´4,´2´80π2H´3,´3

` 4π4H´3,´1 `
352

45
π4H´3,0 ` 48H´6,0,0 ´

64

3
π2H´4,´1,0 ´

40

3
π2H´4,0,0 ´

32

3
π2H´3,´2,0
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`96H´5,0,0,0`64H´4,´2,0,0´160H´3,´3,0,0`16π2H´3,´1,0,0`
112

3
π2H´3,0,0,0`

20

9
π4H0,0,0,0

´ 128H´4,´1,0,0,0 ´ 16H´4,0,0,0,0 ´ 64H´3,´2,0,0,0 ` 96H´3,´1,0,0,0,0 ` 64H´3,0,0,0,0,0

`
16

3
π2H0,0,0,0,0,0 ` 96H0,0,0,0,0,0,0,0 ` 176ζ23 log

2pzq `
208

15
π4ζ3 logpzq `

856

3
π2ζ5 logpzq

` 1216ζ7 logpzq `
505

567
π6 log2pzq ´ 608ζ5,3 ` 160π2ζ23 ´ 1248ζ3ζ5 `

157517π8

170100

¯

(7.77)

The general diagram F4,npzq again satisfies the same differential equation lF4,npzq “ ´F4,n´1pzq

with the solution:

F4,npzq “p´2qn`4

„

3H0⃗2n`6
pzq ` 2H0⃗2n,´1,⃗05

pzq ` 3H0⃗2n,´1,´1,⃗04
pzq ´

1

2
H0⃗2n`1,´1,⃗04

pzq

´4H0⃗2n`1,´1,´1,⃗03
pzq`3H0⃗2n`2,´1,⃗03

pzq`
3

2
H0⃗2n`3,´1,0,0pzq´2H0⃗2n,´1,´2,⃗03

pzq

`2H0⃗2n`1,´1,´2,0,0pzq`
1

6
π2H0⃗2n`4

pzq`
7

6
π2H0⃗2n,´1,⃗03

pzq`
1

2
π2H0⃗2n,´1,´1,0,0pzq

´ 5H0⃗2n,´1,´3,0,0pzq ´
5

12
π2H0⃗2n`1,´1,0,0pzq ´

2

3
π2H0⃗2n`1,´1,´1,0pzq

`
1

2
π2H0⃗2n`2,´1,0pzq `

3

4
π2H0⃗2n`3,´1pzq ` 2ζ3H0⃗2n`3

pzq ` 4ζ3H0⃗2n,´1,0,0pzq

´ 8ζ3H0⃗2n`1,´1,0pzq ´
1

3
π2H0⃗2n,´1,´2,0pzq ` π2H0⃗2n`1,´1,´2pzq `

5

72
π4H0⃗2n`2

pzq

`
11

45
π4H0⃗2n,´1,0pzq`

1

8
π4H0⃗2n,´1,´1pzq´

5

2
π2H0⃗2n,´1,´3pzq´

43

144
π4H0⃗2n`1,´1pzq

`
31

2
ζ5H0⃗2n`1

pzq ´ 19ζ5H0⃗2n,´1pzq `
3

2
π2ζ3H0⃗2n`1

pzq ´
1

3
π2ζ3H0⃗2n,´1pzq

`11ζ23H0⃗2n
pzq`

505π6H0⃗2n
pzq

9072
`

n
ÿ

k“1

Ĉk
logpzq

2pn´kq`1

p2pn´kq`1q!
`

n
ÿ

k“1

D̂k
logpzq

2pn´kq

p2pn´kqq!

ȷ

.(7.78)

The coefficients Ĉn and D̂n are determined recursively using the boundary condition I4,npz “ ´1q “

0 in (7.18) and are given in Appendix C.2.3. In principle, we can use the same procedure to ‘extend’

any L “ 3 diagram by attaching a ladder to the marked point and evaluate the all-loop series, but a

more detailed understanding of the infinite series is necessary to write some more explicit formulas

for the resummed F .

7.5 Leading IR divergence

The Wilson loop with Lagrangian insertion Fpg, zq is an IR finite object. When we integrate

over the insertion point z (the frozen loop momentum), we recover the logarithm of the amplitude
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which is 1{ϵ2 divergent. The coefficient of this divergence is the cusp anomalous dimension Γcusp,

(7.79) logA4 “

ˆ
AB

Fpg, zq 9
Γcusppgq

ϵ2
` O

ˆ

1

ϵ

˙

.

The cusp anomalous dimension is a fascinating object; see refs. [137,138,206,228,229,230,231]

for detailed studies at both weak and strong coupling. In a sense, it is a reduction of the full Fpg, zq

to a function of only the coupling, with no kinematical dependence. Fortunately, we have an access

to all-loop order expression for this object from integrability [137]. On the other hand, it is not

currently known how to obtain Fpg, zq from integrability.

Current amplitude-based methods are not powerful enough to reproduce Γcusp to all loop

orders from first principles. That goal would require constructing an all-loop order integrand and

performing integration (of the logarithm). It remains a big open question to derive the formula

for Γcusp from an amplitudes perspective. We would need some deeper insight into exactly how

Γcusp is encoded in the amplitude – and an ability to extract Γcusp without constructing the all-loop

order integrand and integrating it. The negative-geometry expansion, and the construction of the

amplitude in momentum-twistor space in general, require a strict D “ 4 framework. Hence we are

not allowed to use dimensional regularization, which in principle requires the knowledge of D ‰ 4

information about the integrand.

Fortunately, the Wilson loop function Fpg, zq is IR finite and hence it can be evaluated strictly

in D “ 4, for example using our geometry expansion. If we were to integrate over the insertion

point, regularization would again be needed. Of course, one is not required to use dimensional-

regularization. One can potentially choose another framework such as a deformed amplituhedron,

which is linked to Coulomb branch amplitudes [20,232,233]. Fortunately, there is another way to

extract Γcusp from Fpg, zq, without the need for any regularization. The prescription was first found

in refs [205,206]; we use another version of the prescription [77], which introduces an operator I
that implements an integration over z.3

The first step is to determine the action of the I operator on the F function as a contour integral

in the complex z-plane,

(7.80) IpFq “ ´
g2

2πi

ˆ
C

dz

z
F .

3The operator I should not be confused with integrands I elsewhere in this chapter.
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Assuming that F only has branch cuts on the negative z-axis and is analytic elsewhere, the contour

can be deformed to a unit circle around the origin,

(7.81) IpFq “ ´
g2

2π

ˆ π

´π
dϕFpeiϕq .

This function then enters a simple first order differential equation for Γcusppgq,

(7.82) g
B

Bg
Γcusppgq “ ´8 IpFpg, zqq .

This equation does not require any regularization: It can be solved for Γcusppgq without using

dimensional regularization, staying entirely in D “ 4. In perturbation theory, we expand

(7.83) Γcusppgq “

8
ÿ

L“1

g2L ΓpLq
cusp ,

so a contribution to the L-loop cusp anomalous dimension is given by dividing by 2L,

(7.84) ΓpLq
cusp “ ´

4

L
IpF pL´1qpzqq “

2

πL

ˆ π

´π
dϕF pL´1qpeiϕq .

We quickly review below how I from (7.81) acts on the functions we see in negative geometries.

All the individual Fpzq we consider here contain HPLs, natural logs, and transcendental constants.

For constants, we simply have Ircs “ ´g2c. The contour that we use for I avoids the negative z´axis

that logs and their powers have branch cuts on, so we can integrate them along the circle as

(7.85) Iplogpzq
n

q “ ´
g2

2π

ˆ π

´π
piϕqndϕ “

´g2πn cos
`

πn
2

˘

n` 1

Finally, we have HPLs that show up in our expressions, starting with single-cycle diagrams. The

HPLs we find either have z in their argument, or the spurious letter bp4q “
1`i

?
z

1´i
?
z
. Let’s first discuss

how to deal with the former, for which we use the notation H´mn,¨¨¨ ,´m1pzq “ H´mn,¨¨¨ ,´m1 (the

argument is omitted for brevity). Only the HPLs that have 0 as their rightmost index are singular

at z Ñ 0, so we first use the shuffle identities [223] to trade them for logs. For example, we can

re-write H´m,0pzq as

(7.86) H´m,0pzq “ logpzqH´m ´mH0,´mpzq,
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and H´m,0,0pzq as

(7.87) H´m,0,0pzq “
1

2
log2pzqH´mpzq ´m logpzqH0,´mpzq `

mpm` 1q

2
H0,0,´mpzq,

and so forth. After getting rid of all the trailing 0’s, we have powers of logs multiplied by HPLs

that are regular at z “ 0. Thus, all the remaining HPLs have a convergent Taylor series expansion

for z P p´1, 1q. So we can apply eq. (5.4) of ref. [206] to these terms, obtaining

(7.88) IplogapzqH´mn,¨¨¨ ,´m1q “ g2p´1q´aa!
a
ÿ

k“0

πk´1

k!
sin

ˆ

πk

2

˙

H´pa`1´k`mnq,...,´m1
p´1q.

Starting at four loops, we also get diagrams with the spurious letter bp4q, such as (7.46) and

(7.48). In such cases, we can find a combination of diagrams that is free of the spurious letter. We

first apply the above procedure to find how I acts on the combination. Then we subtract a piece

we know, using the independence of I on which node is frozen. For example, consider (7.46). The

following sum can be expressed in a form that only contains HPLs with z in the argument

(7.89) ´

‚

‚
‚‚

b

`
1

2! ‚

‚ ‚

b

.

While the diagram on the left also contains a spurious letter, I should act on it the same way it

does on (7.39), which we know how to do using (7.88). Then, we get

(7.90) I

¨

˚

˝

1

2! ‚

‚ ‚

b

˛

‹

‚

“ I

¨

˚

˚

˝

´

‚

‚
‚‚

b

`
1

2! ‚

‚ ‚

b

˛

‹

‹

‚

` I

¨

˚

˚

˝

‚

‚
‚‚ ‚b

˛

‹

‹

‚

Similarly, (7.48) can be combined with the 2-cycle diagram we get from above to form a spurious

letter free combination that we can easily integrate as follows

(7.91) I

¨

˚

˝

1

2! ‚ ‚

‚b
´

1

3! ‚

‚ ‚

b

˛

‹

‚

“ 40ζ23 `
4π6

135
.

Once we determine the 2-cycle piece, we can feed it into the equation above to extract the 3-cycle

one.
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The purpose of the remainder of this section is to compare how various negative geometries

contribute to Γcusppgq, and to see whether any of them dominate over the others.

7.5.1 Three-loop Γcusp

The negative geometry expansion up to three loops reads,

Fpg, zq “ ‚b ´ g2 ‚b

` g4

$

’

’

&

’

’

%

‚ ‚b `
1

2!

‚

‚
b ´

1

2! ‚

‚
b

,

/

/

.

/

/

-

´ g6

#

‚‚‚b `
‚‚

‚
b `

1

2!

‚

‚
‚b

`
1

3! ‚
‚

‚
b ´

‚

‚
‚‚

b

´
1

2!
‚

‚
‚‚ b ´

1

2!
‚

‚
‚b

´
1

2! ‚

‚ ‚

b

`
1

2! ‚

‚ ‚

b

`
1

2! ‚ ‚

‚b
´

1

3! ‚

‚ ‚

b

+

.(7.92)

At L “ 1, a single diagram represents the whole result. At L “ 2, we have three different

diagrams, two zero-cycle and one one-cycle, which give the contributions summarized in table 7.1.

We can see from table 7.1 that the tree contributions dominate and the one-cycle diagram gives

only a small correction to Γcusp. At L “ 3, we have 11 diagrams in table 7.2. While numerically

the tree diagrams still dominate overall, the one-cycle graphs give a smaller contribution than the

two-cycle graphs. It makes sense to divide the result into the contributions to π6 and ζ23 as shown in

table 7.3, and look at the stratification of the result in both sectors separately. Here we see that in

the even zeta, ie. π6 sector, the tree graphs dominate, one-cycle graphs are sub-leading, two-cycle

graphs are sub-sub-leading and the three-cycle graph gives a smallest contribution. In the ζ23 sector,

the tree graphs do not contribute at all, and the one-cycle graphs dominate. The two-cycle graphs

are sub-leading and the three-cycle graph again gives a smallest contribution. We see that the sign

of the π6 contribution is always opposite to the sign of the ζ23 contribution.
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Graph Γ
p3q
cusp numerical Γp3q

cusp Fraction
Γ

p3q

diagram

Γ
p3q

actual

‚ ‚b 32π4

45 69.27 0.545

1
2!

‚

‚
b 16π4

45 34.63 0.273

All tree graphs 16π4

15 103.90 1.09

‚

‚
b

Only 1-cycle graph

´ 1
2! ´4π4

45 ´8.66 ´0.09

Full result 44π4

45 95.24 1

Table 7.1. Contributions of individual negative geometries to the three-loop
coefficient of the cusp anomalous dimension, Γ

p3q
cusp. We see that the one-cycle

geometry contribution to Γcusp is numerically suppressed in comparison to the tree
graphs contribution.

As a result, we can conclude here that at least up to L “ 3 we see the dominance of

lower-cycle graphs over the higher-cycle graphs in the contribution to Γcusp if separated into

the even and odd zeta sectors.

For L “ 4 and higher, we do not have a systematic way how to evaluate Fpzq and extract the

cusp anomalous dimension. We can only do it for diagrams which can be solved using the differential

equation discussed in section 7.3.
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Graph Γ
p4q
cusp Numerical Γp4q

cusp Fraction
Γ

p4q

graph

Γ
p4q

actual

´ ‚‚‚b ´136
315π

6 ´415.075 0.443

´
‚‚

‚
b ´136

315π
6 ´415.075 0.443

´ 1
2!

‚

‚
‚b ´ 8

35π
6 ´219.746 0.234

´ 1
3! ‚

‚

‚
b ´ 8

105π
6 ´73.249 0.078

All tree graphs ´368
315π

6 ´1123.15 1.1981

1
2!

‚

‚
‚b 176π6

2835 ´ 24ζ23 25.005 ´0.0267

‚

‚
‚‚

b
352π6

2835 ´ 48ζ23 50.01 ´0.0533

1
2!

‚

‚
‚‚ b 176π6

2835 ´ 24ζ23 25.005 ´0.0267

1
2!

‚

‚ ‚
b

´ 164
2835π

6 ´55.61 0.0593

All 1-cycle graphs 540π6

2835 ´ 96ζ23 44.41 ´0.047

´ 1
2!

‚ ‚

‚b
4π6

189 ` 24ζ23 55.025 ´0.0587

´ 1
2!

‚

‚ ‚
b

4π6

189 ` 24ζ23 55.025 ´0.0587

All 2-cycle graphs 8π6

189 ` 48ζ23 110.05 ´0.117

‚

‚ ‚
b

1
3!

Only 3-cycle graph

8π6

945 ` 16ζ23 31.26 ´0.0333

Full result ´8
´

73π6

630 ` 4ζ23

¯

´937.43 1

Table 7.2. Contributions of individual negative geometries to Γ
p4q
cusp. The tree

graphs give the dominant contribution. The contribution of one-cycle, two-cycle
and three-cycle graphs are numerically similar.
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Graph π6 coefficient Fraction graph
actual ζ23 coefficient Fraction graph

actual

´ ‚‚‚b ´136
315 0.466 0 0

´
‚‚

‚
b ´136

315 0.466 0 0

´1
2

‚

‚
‚b ´ 8

35 0.247 0 0

´ 1
3! ‚

‚

‚
b ´ 8

105 0.082 0 0

All tree graphs ´368
315 1.26 0 0

1
2!

‚

‚
‚b 176

2835 ´0.067 ´24 0.75

‚

‚
‚‚

b
352
2835 ´0.134 ´48 1.5

1
2!

‚

‚
‚‚ b 176

2835 ´0.067 ´24 0.75

1
2!

‚

‚ ‚
b

´ 164
2835 0.062 0 0

All 1-cycle graphs 540
2835 ´0.205 ´96 3

´ 1
2!

‚ ‚

‚b
4

189 ´0.023 24 ´0.75

´ 1
2!

‚

‚ ‚
b

4
189 ´0.023 24 ´0.75

All 2-cycle graphs 8
189 ´0.046 48 ´1.5

‚

‚ ‚
b

1
3!

Only 3-cycle graph

8
945 ´0.009 16 ´0.5

Full result ´292
315 1 ´32 1

Table 7.3. When dividing the contributions to Γcusp into ζ23 and π6 parts, the
hierarchy becomes more clear. In both sectors separately, the higher cycle graphs
are suppressed.
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One of these solvable diagrams is the following

F3,2 “

‚

‚
‚ ‚ ‚b(7.93)

We will discuss this diagram in more details as a part of the fully solvable series in the next

section. But here we just note that the contribution to Γcusp is

(7.94) Γcusp “
4g10

5

ˆ

´
448

5
ζ5,3 ´

1

3
32π2ζ23 ´ 640ζ5ζ3 `

9944π8

70875

˙

where a multiple-zeta value (MZV) ζ5,3 appears for the first time. For this object, we use the

convention that a multiple-zeta value of depth´k is equal to

(7.95) ζm1,m2,¨¨¨ ,mk
“

ÿ

n1ąn2ą¨¨¨nką0

1

nm1
1 ¨ ¨ ¨nmk

k

.

For n ladders attached to the triangle, the Γcusp contribution can be seen in (C.70) and for n ě 2

we get irreducible multiple-zeta values. From the point of view of the full Γcusp, the term with ζ5,3

is spurious and cancels in the sum over all negative geometries at L “ 4. We strongly suspect that

any representation of the amplitude would generate MZVs in the intermediate steps, and only the

final result is free of them. Understanding the mechanism of the cancellation of MZVs might be an

important clue to how the integrability arises in the context of amplitudes, and how is the presence

of MZVs in violation with integrability.

7.5.2 Gamma cusp of infinite classes

The task of calculating the Γcusp contribution for the infinite classes of negative geometries is

simpler than for the full F pg, zq function. The main reason is that for the purpose of Γcusp, it does

not matter where the marked point is located in the graph. This is obvious from the fact that Γcusp

can be also recovered from the integration over all of the loops of the integrand (with no marked

points) as the leading IR divergence, though this is not the method we use here. Hence for this

purpose, labeling a marked point in the graph is just an intermediate step (in the end all loops are

integrated over), and the result for Γcusp of the given graph does not depend on where this marked

point was located.
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This also explains why different diagrams contribute to Γcusp in the same way in L “ 2 and

L “ 3 tables (modulo symmetry factors). In particular,

(7.96) Γcusp

´

‚ ‚b
¯

“ Γcusp

¨

˚

˚

˝

‚

‚
b

˛

‹

‹

‚

“
32π4g6

45
,

(7.97) Γcusp

¨

˚

˚

˝

‚ ‚

‚b
˛

‹

‹

‚

“ Γcusp

¨

˚

˚

˝

‚

‚ ‚

b

˛

‹

‹

‚

“

ˆ

24ζ23 `
4π6

189

˙

g8 .

Similarly, we can apply this method on the triangle plus ladder diagrams in the form

(7.98) Γcusp

¨

˚

˚

˚

˝

‚

‚
‚‚b

˛

‹

‹

‹

‚

“ Γcusp

¨

˚

˚

˚

˝

‚

‚
‚‚‚ b

˛

‹

‹

‹

‚

.

We can also apply the same relation for the full sum of all graphs,

Γcusp

¨

˚

˚

˚

˝

g4

‚

‚
b ´ g6

‚

‚
‚ b ` g8

‚

‚
‚ ‚ b ` ¨ ¨ ¨

˛

‹

‹

‹

‚

“(7.99)

Γcusp

¨

˚

˚

˚

˝

g4

‚

‚
b ˆ Sum of laddersb

˛

‹

‹

‹

‚

where the “Ladder” blob corresponds to the series in (7.51). The F pg, zq function for both the

triangle and the resummed ladder diagrams are known (7.27), (7.53), hence the differential equation

for Γcusp contribution is

(7.100) g
B

Bg
Γcusp “ ´8Irg4F3pzqFladderpg, zqs ,
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where the I operation acts on the product of the triangle, given by F3pzq and the resummed

ladder function Fladderpg, zq. There is an addition factor of g4 which originates from g6 factor of

the triangle, but divided by 1{g2 to avoid double counting of the marked point (which is already

counted in the resummed ladder). We leave the details of this computation to Appendix C.1. In

the end, we find that Γcusppg4F3pzqFladderpg, zqq 9 g5 ` Opg4q at g " 1 (see (C.5) for the full

result). While this is suppressed by a factor of 1
g compared to the leading term in the weak coupling

expansion, namely F3pg, zq 9 g6, it still shows polynomial growth in g and thus isn’t resummable.

As mentioned before, this is an example of a partially summable class. Attaching the ladder class to

the single-cycle box, we again find suppression only by 1
g compared to the leading term. Namely, we

find Γcusppg6F4pzqFladderpg, zqq 9 g7 ` Opg6q at g " 1 (see (C.8) for the full result). This suggests

that one might need to find a larger class of diagrams that includes these two classes as a subset in

order to get suppression in g at strong coupling.

7.5.3 Geometric Series

At the moment, we have examples of summable negative geometries: these are ladders or all

tree graphs, where the g " 1 is Γcusp „ g as in the full Wilson loop, and then partially summable

geometries that we discussed above. There are also classes of super-summable geometries which are

suppressed at large g: these are geometric series. In fact, any negative geometry participates in

such a series. For example, we can consider a following sequence,

(7.101) b ´ g2 ‚b `
g4

2!

‚

‚
b ´

g6

3!

‚

‚
‚b‚ ` ¨ ¨ ¨ `

g2n

n! ‚
¨ ¨ ¨

‚

‚‚

‚ ‚‚
‚b‚

with the Fpg, zq function

(7.102) Fsunpg, zq “

8
ÿ

n“0

p´g2qn

n!
pπ2 ` logpzq

2
qn .

This sums into an exponential, namely

(7.103) Fsunpg, zq “ e´g2plog2pzq`π2q .
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It is easy to see that at g " 1, F is exponentially suppressed. We can easily take the I integral of

Fsunpg, zq and compute

(7.104) Γcusp pFsunpg, zqqg"1 „ ´
4 log pπgq

π2
.

We can also attach 1-cycle diagrams together in a similar fashion and get another series that sums

into an exponential. The simplest example is the following

(7.105) b ´
g4

2!

‚

‚
b `

g8

8

‚‚

‚‚

b ´
g12

48

‚‚

‚‚

‚

‚
b `

g16

384

‚‚

‚‚

‚

‚

‚

‚
b ¨ ¨ ¨

which contains the triangle function F3pzq and its powers. We can think about the first term as the

zero power and the it sums to

(7.106) Fpg, zq “

8
ÿ

m“0

p´1qn

2nn!

`

g4F3pzq
˘n

“ e´ 1
2pg4F3pzqq .

The extraction of Γcusp is trickier. We note that for all points in the integration domain ϕ P ´π, π

relevant for the Γcusp contribution, e´
g4

2
F3peiϕq is exponentially suppressed. F3peiϕq has a global

minimum at ϕ “ 0 in this domain, so we can do a saddle point approximation and compute (for

large g)

(7.107) Ire´ 1
2pg4F3pzqqsg"1 „

e´ 1
2
g4F3p1q

a

2πF2
3 p1q

` Op
e´g4

g4
q .

This gives us the Γcusp contribution

(7.108) Γcusp

˜

8
ÿ

m“0

p´1qn

2nn!

`

g4F3pzq
˘n

¸

g"1

„ ´
0.87e´1.2g4

g4
` O

˜

e´g4

g8

¸

,

which is heavily suppressed in large g. We can also compute the individual terms in this expansion

using the HPL shuffle identities. Let’s see how this works for the bow-tie diagram.

‚

‚

‚

‚

b
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Clearly this simply evaluates to F3pzq2. In order to calculate IrF3pzq2s we must use the shuffle

identities for harmonic polylogarithms:

Hp⃗pzqHq⃗pzq “
ÿ

r⃗“p⃗
ŤŮ

q⃗

Hr⃗pzq ,(7.109)

where
ŤŮ

denotes the shuffle product of the two ordered lists p⃗ and q⃗. We can then re-write F3pzq2

to be linear in HPLs and calculate ΓcusppF3pzq2q

4g10

5

”

´512ζ3pζ3,2´2ζ2,1,2´3ζ2,2,1q `
64

3
π2p4pζ2,4 ` ζ3,3 ` 3ζ2,3,1 ` 4ζ3,1,2 ` 6ζ3,2,1 ` 9ζ4,1,1q

` ζ23 q´256ζ5,3´1024ζ6,2´512ζ2,2,4´1536ζ2,3,3´3584ζ2,4,2´7168ζ2,5,1´1024ζ3,1,4´2560ζ3,2,3

´5632ζ3,3,2´11264ζ3,4,1´3072ζ4,1,3´6144ζ4,2,2´12288ζ4,3,1´5632ζ5,1,2´10752ζ5,2,1

´7680ζ6,1,1´1024ζ2,1,2,3´3072ζ2,1,3,2´6144ζ2,1,4,1´1536ζ2,2,1,3´6656ζ2,2,3,1´4608ζ2,3,1,2

´3072ζ3,1,1,3´7168ζ3,1,2,2´9216ζ3,2,1,2´15360ζ3,2,2,1´18432ζ3,3,1,1´13824ζ4,1,1,2

´9216ζ2,4,1,1´7680ζ2,3,2,1´23040ζ4,1,2,1´27648ζ4,2,1,1´36864ζ5,1,1,1 ` 5120ζ3ζ5´
10196π8

14175

ı

.

(7.110)

Note that while the Γcusp contribution of the single cycle diagrams we have considered above had at

most depth-2 multiple zeta values, here we have depth-4. We can see from the shuffle identities that

each cycle we add increases the maximum depth of MZVs that appear in the Γcusp contribution by 2.

In general, a diagram with L 1-cycles glued together will contribute to Γcusp with at most nL depth

multiple zeta values, where n is the maximum depth of the HPLs that appear in the Fpzq function

of the 1-cycle diagram at hand. As these multiple zetas do not appear in the full Γcusp, there must

be some mechanism that cancels them out. It is possible to re-write these higher depth zetas using

relations between multiple-zeta values. For example, the expression above can be written as

(7.111) ΓcusppF3pzq2q „
4g10

5

ˆ

406888

45
ζ8 ` 384ζ2ζ

2
3 ´ 7680ζ3ζ5 ´

13056

5
ζ5,3

˙

,

in terms of lower depth zetas. However, we still have the depth-2 ζ5,3 that we can’t reduce further,

which doesn’t appear in the full cusp.
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7.6 Conclusion

In this chapter, we continued our study of the 4-point planar N “ 4 SYM amplitude in the

Amplituhedron framework. The logarithm of the amplitude is dual to the Wilson loop with a

Lagrangian insertion (WLI), an IR finite object, a perfect laboratory to explore analytic structures

of amplitudes. The negative geometry expansion is a new basis of objects, analogous to the

Amplituhedron, which makes the IR properties manifest.

In this chapter, we pushed the exploration of these objects further by computing all negative

geometries that contribute to the three-loop WLI. We showed that the number of internal cycles

of associated graphs is closely related to the depth of polylogarithms. We also discussed how these

negative geometries contribute to the leading IR divergence given by the cusp anomalous dimension,

and found some evidence of the low-cycle dominance. Furthermore, we resummed certain classes of

one-cycle negative geometries to all loop orders, and provided strong coupling expansions of these

formulas.

There are many natural questions which directions to explore further: the four-loop computation

of F4´loop
WLI would require new tailored methods for IR finite objects and negative geometries, as for

the more general integration technology the four-loops is not within the reach. One option is to

find new differential equations, beyond the Laplace equation, for more general negative geometries.

Another direction is to do more resummations. Our work only scratched the surface of this important

question, and only considered special classes of one-cycle geometries. The real breakthrough would

be to sum all one-cycle geometries and study the properties of such object, mainly the strong

coupling expansion. We know that the summation of all zero-cycle (tree) negative geometries has

a good strong coupling behavior, and it would be very interesting to see if this extends to the set

of all geometries with fixed number of cycles. This would also necessarily require a new integration

method, likely new set of differential equations.

The most important open problem is related to the cusp anomalous dimension Γcusppgq. This

object is predicted from integrability via the BES equation [137], but how to derive it from

amplitudes is a big challenge, which would very likely uncover an imprint of N “ 4 SYM integrability

in amplitudes. While this seems like an extremely difficult problem, even in the context of negative

geometries, we have one particular technical aspect to study and understand – the presence of only

single zeta values in Γcusppgq. As we have seen in section 7.5, the general negative geometries (even

236



with only one cycle) do contribute with multiple zeta values to Γcusp. These MZVs must cancel

while summing over multiple (or all) negative geometries. Exploring the precise mechanism how

these cancellations happen would be an important first step towards the better understanding of

integrability constraints on negative geometries and amplitudes in general.
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CHAPTER 8

Summary and Outlook

Some of the most active research programs in modern high energy theoretical physics have

branched off from forays into N “ 4 sYM. Even if it turns out the world we live in isn’t supersymmetric

at any scale, such explorations will still have contributed to our understanding of gauge theories. The

work we reviewed in this dissertation has been centered around one such corner of the supersymmetry

research space, namely its amplitudes and their relation to mathematical structures.

In the planar limit, N “ 4 sYM tree amplitudes and loop integrands can be described by

positive geometries. This story is complete at the tree-level and an active area of research for

the loop-level. In chapters 3 and 4, we reviewed how one would have to modify the story in the

context of on-shell diagrams if one loses one of the two properties: lack of UV poles, and planarity.

Furthermore, we found that these two aspects are connected, since planar on-shell diagrams often

turn into non-planar ones at UV poles. On the non-planar side, we were able to find regions in

the Grassmannian that we could associate with on-shell diagrams. These are formed by unions of

positive Grassmannia and they classify under pseudo-positive geometries in the math literature.

While enriching our understanding of the relationship between amplitudes and positive geometries,

these two works have also spawned new exciting questions, as is often the case in physics research.

Going back to the planar limit, the past two decades have been full of hints that N “ 4 sYM

might be a solvable theory. In particular, AdS/CFT tells us we can work out quantities of sYM in

strong coupling, meaning the infinite number of terms we see in weak coupling should resum into

something we can make sense of. The conjectured integrability of sYM, as evidenced by its Yangian

symmetry, corroborates this account further.

In particular, sYM amplitudes have a dual description in terms of Wilson-loops and both

objects have a universal structure of divergences controlled by a quantity called the cusp anomalous

dimension, Γcusp for short. The Yangian symmetry of sYM generates an infinite tower of conserved

charges, which makes it possible to write an integral equation that determines this object to all

orders in coupling asymptotically. This is an example of integrability. On the amplitudes side
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of things, the same Yangian appears as manifest when the tree-level amplitude is written as an

integral over the Grassmannian. However, we don’t currently have a unified picture that connects

the integrability side of the story with the mathematical structures that we have discussed in the

earlier chapters. Such a connection would possibly allow us to determine objects with kinematic

dependence in the theory to all order. Thus, this makes searching for consequences of integrability

in amplitudes a well motivated program. In chapters 6 and 7, we extended an application of the

positive geometry technology to the computation of Wilson loop ratios and Γcusp, the one object

we know of that talks to both amplitudes and integrability in a clean way. This work pushes the

program further and helps us develop tools we then use to collect “strong coupling data" from the

amplitudes side.

In this dissertation, we have started with a brief review of the connection between amplitudes

and positive geometries, and added our own contributions to this growing program. This journey

took us from a diverse set of topics, such as exploring what happens to on-shell diagrams on UV

poles, associating new mathematical structures with non-planar diagrams, using positive geometries

to construct IR-safe objects, and performing partial resummations in the planar limit to search for

integrability. Our results help outline new exciting questions to tackle in the future, and hopefully

the work behind this dissertation has uncovered new facts about N “ 4 sYM for the high energy

theoretical physics community to learn and put to use.
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APPENDIX A

Appendix for Chapter 4

In this appendix, we recite some of the proofs written by the author’s co-authors in [234] to

support the claims and theorems found in chapter 4.

A.1 The factorization formula

Lemma 4.4.0.2 (Factorization of the form). Let T be a set of n´ 2 triplets on rns. Suppose R

is a valid subset of T . Then

(A.1) fT “ fR ˆ fpT zRqYP ˆ

r
ź

i“1

paiai`1q,

where A “ ta1, ¨ ¨ ¨ , aru consists of the indices appearing both in R and T (we set ar`1 “ a1) and

P “ tpa1, ai, ai`1q|i P t2, ¨ ¨ ¨ , r ´ 1uu is a set of triplets defining a triangulation of a polygon with

vertices A.

Proof. Let S “ T zR to simplify the notation. Since R is a valid subset, it consists of m ´ 2

triplets on m indices. Then, S must contain the remaining n ´ m triplets of T , as well as at least

n´m` r vertices. One must have r ě 2, as otherwise T would fail the non-vanishing condition.

Then, the matrix MT can be written as

(A.2) MT “

¨

˝

MR,1 MR,2 0

0 MS,1 MS,2

˛

‚,

where MR,1 is pm´2qˆpm´rq, MR,2 is pm´2qˆr, MS,1 is pn´mqˆr, and MS,2 is pn´mqˆpn´mq.

Then, computing the form fT one finds

(A.3)

fT “
rdetpMT,abq{pabqs2

ś

τPT pτ1τ2qpτ2τ3qpτ3τ1q

“
rdetpMR,abq{pabqs

2

ś

τPRpτ1τ2qpτ2τ3qpτ3τ1q
ˆ

rdetpMS,2qs2
ś

τPSpτ1τ2qpτ2τ3qpτ3τ1q

“ fR ˆ
rdetpMS,2qs2

ś

τPSpτ1τ2qpτ2τ3qpτ3τ1q
,
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where we begin to see the factorization of the form into a piece dependent on the valid subset

of triplets and some term dependent on the rest. This latter term may be rewritten further by

introducing a set of extra triplets P “ tpa1, ai, ai`1q|i P t2, ¨ ¨ ¨ , r ´ 1uu that form an arbitrary

polygon over the indices ai shared by R and S. Then,

(A.4)

detpMPYS,a1a2q{pa1a2q “ det

¨

˝

MP,a1a2 0

MS,1,a1a2 MS,2

˛

‚{pa1a2q

“ detpMS,2q ˆ rdetpMP,a1a2q{pa1a2qs

“ detpMS,2q ˆ

r´1
ź

i“2

pa1aiq.

This allows us to rewrite

(A.5)

fT “ fR ˆ
rdetpMS,2qs2

ś

τPSpτ1τ2qpτ2τ3qpτ3τ1q

“ fR ˆ
rdetpMPYS,a1a2q{pa1a2qs2

ś

τPSpτ1τ2qpτ2τ3qpτ3τ1q ˆ
śr`1
i“2 pa1aiq2

“ fR ˆ
rdetpMPYS,a1a2q{pa1a2qs2
ś

τPPYSpτ1τ2qpτ2τ3qpτ3τ1q
ˆ

r
ź

i“1

paiai`1q

“ fR ˆ fPYS ˆ

r
ź

i“1

paiai`1q,

so the form corresponding to T factorizes into two other forms, with an extra factor from the polygon

on which R and S were glued. □

A.2 Sphere moves are the only moves

Lemma A.2.0.1 (Pole for lone pair). Suppose that in the triplets T , the indices i, j appear together

only in one triplet pijkq. Then, defining T 1 “ pT ztpijkquq

ˇ

ˇ

ˇ

ˇ

j ÞÑi

, one has

(A.6) rpijq ˆ fT s

ˇ

ˇ

ˇ

ˇ

j ÞÑi

“ ´fT 1 .
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Proof. Computing the LHS prior to mapping the indices,

(A.7)

pijq ˆ fT “
rdetpMijq{pijqs2

pjkqpkiq
ś

pa,b,cqPT ztpijkqupabqpbcqpcaq

“

„

det

¨

˝

pijq 0
... Mijk

˛

‚{pijq

ȷ2

pjkqpkiq
ś

pa,b,cqPT ztpijkqupabqpbcqpcaq

“
detpMijkq

2

pjkqpkiq
ś

pa,b,cqPT ztpijkqupabqpbcqpcaq

where Mijk is the matrix M with columns i, j, k and the row corresponding to triplet pijkq removed.

Then, mapping the index j ÞÑ i, one finds

(A.8)

rpijq ˆ fT s

ˇ

ˇ

ˇ

ˇ

j ÞÑi

“ ´
rdetpMijkq{pikqs2

ś

pa,b,cqPT ztpijkqupabqpbcqpcaq

ˇ

ˇ

ˇ

ˇ

j ÞÑi

“ ´
rdetpM 1

ikq{pikq2s
ś

pa,b,cqPT 1pabqpbcqpcaq

“ ´fT 1 ,

as desired. □

Lemma A.2.0.2 (Poles for irreducible hypertrees). For T a set of triplets corresponding to an

irreducible hypertree, the denominator of fT matches the doublets DpT q.

Proof. For ti, ju P DpT q, we can repeatedly apply square moves pijaq, pijbq ÞÑ piabq, pjabq,

rewriting T such that i, j appear in only one triplet pijkq. This allows us to apply Lemma A.2.0.1

to conclude that pijq must be a pole of fT if T 1 “ pT ztpijkquq

ˇ

ˇ

ˇ

ˇ

j ÞÑi

satisfies the non-vanishing

condition (4.45).

Suppose the triplets T 1 fail the non-vanishing condition. Then, there exists some subset of

triplets R1 Ă T 1 such that
ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ď

pabcqPR1

ta, b, cu

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ă |R1| ` 2.

Denote by R Ă T the subset of triplets that maps to R1 after the substitution j ÞÑ i. Note that

pijkq R R.

If the index j does not appear in R, then R “ R1, and consequently T also fails the non-vanishing

condition, leading to a contradiction with T coming from an irreducible hypertree.
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Using that j is the only index in R but not in R1, one has
ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ď

pabcqPR

ta, b, cu

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

“

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ď

pabcqPR1

ta, b, cu

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

` 1 ď |R1| ` 2 “ |R| ` 2.

As T satisfies the nonvanishing condition, the left-hand side and right-hand side must be equal. So

R is a valid subset of T .

If R does not correspond to a planar diagram, then T has a valid non-planar subset, contradicting

that it came from an irreducible hypertree.

IfR does correspond to a planar diagram, we consider two cases both of which lead to contradictions.

If the index k is contained in R, then R Y tpijkqu causes T to fail the non-vanishing condition by

adding a triplet but not an index. If the index k is not contained in R, we either have that

R Y tpijkqu “ T leading to a factorization of fT “ fR ˆ
pijq

pikqpkjq
, or R Y tpijkqu Ă T is a valid

non-planar subset.

Thus, T 1 does not fail the non-vanishing condition, making pijq a pole of fT . This shows that if

ij is a doublet of T , then pijq is a pole of fT .

To show the opposite, note that one can use a square move to replace any triplets with a repeated

doublet pijaq, pijbq with two triplets that do not have this doublet piabq, pjabq. For any ij that is not

a doublet of T , it appears in an even number of triplets, to which the square move can be applied

to remove any appearances of the doublet. Using the set of triplets where the doublet ij does not

appear, one can see from the determinant formula that pijq cannot appear in the denominator. □

Lemma A.2.0.3 (Doublets from the form). For a set of triplets T , the following definitions of

the doublets are equivalent:

‚ DpT q “ tti, ju|i and j appear together in an odd number of tripletsu.

‚ DpT q “ tti, ju|pijq appears with an odd power in fT u.

Proof. For diagrams corresponding to irreducible hypertrees, the numerator of the form has

no monomials, so this statement is a corollary of Lemma A.2.0.2.

Otherwise, suppose the statement is true for all sets of triplets satisfying |T | ď n. We show the

statement is then true for arbitrary triplets T where |T | “ n. Supposing that T not an irreducible

hypertree, we apply the factorization formula (4.46) for some proper subset R that does not share
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all its indices with T zR,

(A.9) fT “ fR ˆ fpT zRqYP ˆ

r
ź

i“1

paiai`1q.

Since |R| ă |T | “ n and |pT zRq Y P | ă |T | “ n, we can apply our inductive hypothesis. The

parity of odd powers of monomials on the RHS is exactly the parity of the doublets appearances

in DpRq and DpT zRq, where the parity coming from DpP q is canceled by
śr
i“1paiai`1q. Using a

single triplet as the base case, the statement is true for all n. □

Lemma A.2.0.4 (Same doublets imply sphere moves). Suppose two sets of triplets T and T 1 with

nonvanishing forms have the same doublets, DpT q “ DpT 1q. Then, these sets of triplets are related

by a sequence of sphere moves.

Proof. Without loss of generality, suppose T and T 1 have no triplets in common, T X T 1 “

H. If they did share triplets, the shared triplets T X T 1 can simply be ignored as we still have

DpT zpT X T 1qq “ DpT 1zpT X T 1qq, and can construct sphere moves for the remaining triplets. Now,

since T, T 1 are disjoint, the equality DpT q “ DpT 1q implies that DpT Y T 1q “ H.

We will now construct sets R Ă T and R1 Ă T 1 related by a sphere move. We will do this by

starting with R,R1 “ H, and incrementally adding triplets to each via the algorithm below. As

this algorithm unfolds, it correspondingly constructs a cell complex with black faces labeled by R,

white faces labeled by R1, and vertices labeled by indices in R YR1.

At any step, each edge must appear in at most two faces. Each time a triplet is added in the

algorithm below, a face is added to the complex. This face is to be glued to any edge that does not

yet have two faces attached; otherwise new edges are created. Note that this means that complex

may not be simplicial: the same pair of vertices may have multiple edges between them if they

appear together in more than two faces. This procedure ensures that the boundary of the complex

consists of edges identified with DpR YR1q.

To start, we choose a single triplet t P T and add it to R. Now, we proceed with the following

cycle, repeating until we complete a full cycle without adding any new triplets to R or R1.

(1) Suppose there exists a triplet in T zR containing a pair of indices ij P DpRqzDpR1q; add

this triplet to R. Repeat this step until no such triplet exists. (Correspondingly in the

complex, attach as many black faces to existing black faces as possible.)
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(2) Suppose there exists a triplet in T 1zR1 containing a pair of indices ij P DpRqzDpR1q; add

this triplet to R1. Repeat this step until no such triplet exists. (Correspondingly in the

complex, attach as many white faces to existing black faces as possible.)

(3) Suppose there exists a triplet in T 1zR1 containing a pair of indices ij P DpR1qzDpRq; add

this triplet to R1. Repeat this step until no such triplet exists. (Correspondingly in the

complex, attach as many white faces to existing white faces as possible.)

(4) Suppose there exists a triplet in T zR containing a pair of indices ij P DpR1qzDpRq; add

this triplet to R. Repeat this step until no such triplet exists. (Correspondingly in the

complex, attach as many black faces to existing white faces as possible.)

Since T and T 1 are finite, this procedure must terminate. We now seek to show that the resulting

complex has no boundary, i.e. DpR YR1q “ H.

Suppose D ij P DpR Y R1q. Then, either ij P DpRqzDpR1q or ij P DpR1qzDpRq. Since the

algorithm terminating implies no triplet satisfying the necessary conditions existed in each step,

one finds that T zR and T 1zR1 contain no triplets with indices ij. Consequently, ij R DpT zRq and

ij R DpT 1zR1q. But then,

(A.10) ij P DprR YR1s Y rT zRs Y rT 1zR1sq “ DpT Y T 1q,

which is a contradiction with DpT Y T 1q “ H.

So, the complex with black faces R and white faces R1 has no boundary, and each edge is in

exactly two faces. The number of faces is F “ |R| ` |R1| and the number of edges is E “ 3
2F .

The number of vertices V is equal to the number of distinct indices in R Y R1. The non-vanishing

condition for either T or T 1 requires that |R| ď V ´ 2 and |R1| ď V ´ 2. The Euler characteristic of

the complex is χ “ V ´E`F “ V ´ p|R| ` |R1|q{2 ě V ´ pV ´ 2q “ 2, implying that it is a sphere.

There is a possible obstruction to identifying the complex as the triangulation of a sphere: one

might have had a pinch-point, i.e. a vertex with multiple cycles of faces around it. However, a similar

counting argument to the main text reveals that the existence of a pinch-point would contradict the

non-vanishing condition. We remove the pinch-points by replacing each vertex by a pair of vertices
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with an extra edge for each cycle, e.g.

Ñ

Suppose this procedure introduces k new vertices, l new handles, and k ` l new edges (at each

vertex, there is one more new edge than there are new handles). Then, the number of faces is still

F̃ “ |R|`|R1|, the number of edges is now Ẽ “ 3
2F `k` l, and the number of vertices is Ṽ “ V `k.

Using the non-vanishing condition, one finds χ̃ “ Ṽ ´ Ẽ ` F̃ ě 2 ´ l. But with the l extra handles

one also has genus at least l, so χ̃ ď 2´ 2l. So, we reach a contradiction unless l “ 0, the case when

no such pinch-points existed.

Consequently, R and R1 together form a bicolored triangulation of the sphere, and are related

by a sphere move. Thus, for any T and T 1 that have the same doublets, there is a sphere move that

allows some subset of the different triplets to be related. Repeating until no triplets differ we find

a sequence of sphere moves that relate T and T 1.

□

We note that in the previous proof, we gloss over some topological details on when a pure

2-dimensional cell complex is a manifold.

Theorem 4.4.1. Let T and T 1 be two sets of triplets with nonvanishing forms (i.e. T, T 1 satisfy

(4.45)). The following are equivalent:

(1) There is a sequence of sphere moves relating T and T 1.

(2) The corresponding forms are equal: fT “ fT 1 .

(3) The corresponding doublets are the same: DpT q “ DpT 1q.

Proof. p1q ùñ p2q is a consequence of [?].

p2q ùñ p3q is a corollary of Lemma A.2.0.3.

p3q ùñ p1q is proven by Lemma A.2.0.4. □

A.3 Geometries induced by planar embeddings are strongly connected

Before tackling the full question to do with geometries that come from orientations of triplets,

we prove a more general result for geometries that come from a partial order on t1, ¨ ¨ ¨ , nu. For a
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partial order P “ ti ă j, ¨ ¨ ¨ u, the set of linear extensions SpP q
n is

(A.11) SpP q
n “ tσ P Sn : σi ă σj @ i ă j P P u.

These define a corresponding geometry via a union of oriented regions,

(A.12) RP pεq “
ď

σPS
pP q
n

Rpεσq,

where ε P t`,´un encodes the sign of each label.

Lemma A.3.0.1 (Linear extensions of a poset are connected). Any element of SpP q
n can be

transformed into any other using only adjacent transpositions without leaving the set.

Proof. By relabeling the indices if necessary, suppose without loss of generality that the

identity permutation 12 ¨ ¨ ¨n is in SpP q
n .

The pair of indices i ă j is an inversion of a permutation σ if σi ą σj . We denote the number

of inversions by invpσq. The only permutation with invpσq “ 0 is 12 ¨ ¨ ¨n.

We show that for any σ P S
pP q
n with invpσq ą 0, there exists a permutation σ1 P S

pP q
n related by

an adjacent transposition such that invpσ1q “ invpσq ´ 1.

Because σ ‰ 12 ¨ ¨ ¨n, there is some i such that σi ą σi`1. Notice that i ă i` 1 R P as these

elements are oppositely ordered in 12 ¨ ¨ ¨n P S
pP q
n . Consequently, the permutation σ1 “ σpi i ` 1q

is also in SpP q
n . This permutation has the same inversions as σ, except without the pair i, i ` 1, so

invpσ1q “ invpσq ´ 1 as desired.

By induction on the inversion number, with the identity as the base case, every permutation in

S
pP q
n can be brought to the identity via adjacent transpositions without leaving SpP q

n . □

Corollary A.3.1. The geometry RP corresponding to the poset P is strongly connected.

We observe that the set of permutations defined by an orientation of triplets SpT q can be

decomposed into a disjoint union of permutations defined by posets SpP q by choosing each possible

cyclic shift of the triplets, except those involving 1 which is fixed to be the lowest index. For

example, with oriented triplets T “ tp123q, p345q, p156q, p264qu, we select a cyclic shift for each
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triplet not involving 1,

(A.13)

P1 “ t1 ă 2 ă 3, 3 ă 4 ă 5, 1 ă 5 ă 6, 2 ă 6 ă 4, 1 ă j @ ju,

P2 “ t1 ă 2 ă 3, 4 ă 5 ă 3, 1 ă 5 ă 6, 2 ă 6 ă 4, 1 ă j @ ju,

P3 “ t1 ă 2 ă 3, 5 ă 3 ă 4, 1 ă 5 ă 6, 2 ă 6 ă 4, 1 ă j @ ju,

P4 “ t1 ă 2 ă 3, 3 ă 4 ă 5, 1 ă 5 ă 6, 4 ă 2 ă 6, 1 ă j @ ju,

P5 “ t1 ă 2 ă 3, 4 ă 5 ă 3, 1 ă 5 ă 6, 4 ă 2 ă 6, 1 ă j @ ju,

P6 “ t1 ă 2 ă 3, 5 ă 3 ă 4, 1 ă 5 ă 6, 4 ă 2 ă 6, 1 ă j @ ju,

P7 “ t1 ă 2 ă 3, 3 ă 4 ă 5, 1 ă 5 ă 6, 4 ă 2 ă 6, 1 ă j @ ju,

P8 “ t1 ă 2 ă 3, 4 ă 5 ă 3, 1 ă 5 ă 6, 4 ă 2 ă 6, 1 ă j @ ju,

P9 “ t1 ă 2 ă 3, 5 ă 3 ă 4, 1 ă 5 ă 6, 4 ă 2 ă 6, 1 ă j @ ju.

Most of these end up not being valid posets, due to there being a cycle of inequalities, e.g. 4 ă 5 ă

6 ă 4 P P1. In this example, the only ones that are posets are P5 and P9, with linear extensions

(A.14)
S

pP5q

6 “ t142536, 145236, 142563, 145263u,

S
pP9q

6 “ t125364, 152364, 125634, 152634u.

Since we enumerated all possible cyclic shifts of the triplets, one finds that SpP5q

6 YS
pP9q

6 “ S
pT q

6 ,

such that

(A.15) RT “ RP5pε5q YRP9pε9q,

where εi parametrize the freedom to reflect the regions corresponding to each poset. Corollary A.3.1

is sufficient to find the strong connectedness within each piece RPi , so one might ask whether we can

choose εi such that the entire RT is strongly connected. In this example, choosing ε5 “ p``````q

and ε9 “ p```´``q, the region defined by (A.15) is strongly connected, as each region in RP5pε5q

is adjacent to a region RP9pε9q one the boundary p14q “ 0. With the idea of regions corresponding

to posets in mind, we now return to proving the following theorem:
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Theorem A.3.1 (Internally planar diagrams admit strongly connected geometries). The orienta-

tion of triplets T induced by a planar embedding of the corresponding on-shell diagram defines a

strongly connected geometry RT for an appropriate choice of signs.

Proof. To prove this theorem, we demonstrate a bijection between the posets with non-empty

sets of linear extensions, and perfect matchings of a particular graph. To make the procedure

clear, we follow an example with the 6-point irreducible internally planar diagram with triplets

T “ tp123q, p345q, p156q, p264qu.

Starting with a planar embedding of the internal edges of the diagram, one may replace each

black vertex with a triangular face,

(A.16)

1

2

3

4

5

6

1

2

3

4

5

6

We fix an orientation of the triplets by reading counterclockwise around each black triangle.

Correspondingly, reading the edges counterclockwise gives us most of the inequalities used by the

posets necessary to describe these triplets. To get a specific choice of cyclic shifts of the triplets Pi,

we must throw away one inequality for each triplet, which we denote by decorating the corresponding

edge in a graph GpPiq.

(A.17)
P1 “ t1 ă 2 ă 3, 3 ă 4 ă 5,

1 ă 5 ă 6, 2 ă 6 ă 4, 1 ă j @ ju
ÐÑ GpP1q “

1

2

3

4

5

6

249



(A.18)
P5 “ t1 ă 2 ă 3, 4 ă 5 ă 3,

1 ă 5 ă 6, 4 ă 2 ă 6, 1 ă j @ ju
ÐÑ GpP5q “

1

2

3

4

5

6

Those sets of inequalities that form poset cannot contain a cycle of inequalities. In the diagram,

this corresponds to there being a directed cycle of non-decorated edges.

(A.19)
4 ă 5 ă 6 ă 4 P P1 ÐÑ p4 Ñ 5 Ñ 6 Ñ 4 non-decorated cycle in (A.17))

ùñ SpP1q
n “ H

Suppose we have two triangles pijkq and piljq. To prevent the cycles i ă j ă i and i ă l ă

j ă k ă i, the decorated edges for these triangles must include one from each group. Generalizing

to larger groups of black triangles glued into a black polygon, we conclude that exactly one of the

edges of the polygon is decorated, with the remaining decorations spent on preventing 2-cycles in

the polygon’s triangulation. (No such polygons appear in the tracked example.)

In order to prevent the existence of such cycles around the white faces, each white face must

have at least one decorated edge. Since there are an equal number of white and black faces, the only

way this is possible is if each white face actually has exactly one decorated edge. On the bipartite

dual graph, this corresponds to a perfect matching. Note all edges which are incoming to vertex 1

are decorated, since we have the convention that 1 is the first index labeling an oriented region. So

we only need to consider the dual graph G̃pPiq of the faces that do not have 1 as a vertex.

tPi : S
pPiq
n ‰ Hu ÐÑ tperfect matchings of the graph dual to the faces that don’t include 1u
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tP5, P9u ÐÑ

$

’

’

’

’

’

’

’

’

’

’

’

’

’

’

&

’

’

’

’

’

’

’

’

’

’

’

’

’

’

%

G̃pP5q “

1

2

3

4

5

6

, G̃pP9q “

1

2

3

4

5

6

,

/

/

/

/

/

/

/

/

/

/

/

/

/

/

.

/

/

/

/

/

/

/

/

/

/

/

/

/

/

-

From this point forward, we consider only those posets that have non-empty sets of linear extensions,

and the corresponding suitable decorations that are dual to a perfect matching.

Consider an index i, such that in the graph GpPiq (with edges that are inside of black faces

removed) the corresponding vertex is not on the same face as 1. Suppose we find a valid decoration

where all edges ingoing to i are decorated. Then, in the poset P corresponding to this decoration,

one has j ă i @ j, from which we see that SpP q
n includes some element 1 ¨ ¨ ¨ i where i is the last

index. The region Rp1, ¨ ¨ ¨ , iq P RP shares a codimension-1 boundary with the region Rp1,´i, ¨ ¨ ¨ q.

This latter region is included in RP 1 , where P 1 is the same poset as P except instead of i being

a maximal element, it is the smallest element larger than 1. This corresponds to the decoration

where all outgoing edges to i are decorated instead. So, to show the strong connectedness of RT ,

we must show that the posets used to construct subsets RP are adjacent to each other by the move

of ‘swapping all-ingoing decorations for all-outgoing decorations’.

Luckily, this move has a neat interpretation in terms of the perfect matchings. Swapping the all-

ingoing and all-outgoing decorations in GpPiq correspond to rotating a face in G̃pPiq when that face

has alternating edges. It has been shown that for bipartite planar diagrams, all perfect matchings

are related to each other by such moves [235]. □
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APPENDIX B

Appendix for Chapter 6

In this appendix, we go over some proofs we wrote with our collaborators in [236] to support

the main claim we make in chapter 6 regarding the constructibility of one-cycle integrands.

B.1 Proof of One-Cycle Result

In our construction of the one-cycle integrand, we start with an ansatz that is the sum of a

product of N`p´q on the corresponding positive (negative) links F and a remainder R. The latter

is built out of sums of products of the following objects:

(B.1) Na
i , N

bi, Na
ij , N

b
ij , N

c
ij , N

a
ijkl, N

b
ijkl, N

cijkl, Na
ijklmn, ¨ ¨ ¨

We then require that this ansatz for R vanishes on all illegal 2-loop cuts, which disallows certain

monomials. Finally, we place the constraint that the whole numerator (fixed links F + remainder

R) must vanish on the L-loop double pole cut. This last condition uniquely fixes all free coefficients

and we claim the result (6.83) to be the full one-cycle integrand.

In principle, if a general ansatz is uniquely fixed by requiring it vanishes on all illegal cuts, then

the resulting integrand is correct. That being said, constructing a remainder out of the factors (B.1)

is not the most general ansatz. Indeed it is not even the most general ansatz that satisfies all 2-loop

conditions. As a result, in order to be sure that our result (6.83) is correct, we need to make a

comprehensive list of illegal cuts and then prove that the our result indeed vanishes on all of these

cuts.

Let us begin with a classification of all illegal cuts. There are two types:

(1) Since the same (up to sign) remainder R works for any set of positive and negative links,

the remainder must vanish on any cut that forces a link to have definite sign.

(2) Locality requires that the integrand has no double poles. Any cut that exposes such a

double pole (by setting two factors in the denominator equal) is also illegal.
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The first type of cut is easy to classify. We simply express the links in some parametrization

e.g. (5.9). In these variables, xi, yi, wi, zi ą 0 in order to be within the 1-loop amplituhedron. As a

result we can rewrite a general link suggestively:

(B.2) xABiABjy “ pw2x1 ` w1x2 ` y2z1 ` y1z2q ´ pw1x1 ` w2x2 ` y1z1 ` y2z2q .

It is now clear that the list of cuts that force xABiABjy to be negative (positive) set the first

(second) set of terms to zero. We refer to these as

(1) P1(i): This is a condition on xi, yi, wi and zi alone that leads to xABiABjy ă 0, e.g.

xi “ yi “ zi “ wi “ 0 i.e. the cut where xABikk`1y “ 0.

(2) P2(i,j): This is a condition on both variables that sets to xABiABjy ă 0, e.g. yi “ wi “

yj “ wj “ 0 i.e. the cut where xABi12y “ xABi23y “ xABj12y “ xABj23y “ 0.

(3) N1(i): This is a condition on xi, yi, wi and zi alone that leads to xABiABjy ą 0, e.g.

xi “ yi “ 0 while wi, zi Ñ 8 i.e. the cut where xABi12y “ xABi14y “ 0.

(4) N2(i,j): This is a condition on both sets of variables that sets to xABiABjy ą 0, e.g.

xi, yi, zj , wj Ñ 8 i.e. the cut where xABi23y “ xABi34y “ xABj12y “ xABj14y “ 0.

Importantly, the building blocks (B.1) vanish on many of the cuts:

(1) Napbq
i vanishes on P1(i), N1(i) and N2(i,j).

(2) Napbq
i N

apbq
j vanishes on P1(i), N1(i), P1(j), N1(j), P2(i,j) and N2(i,j).

(3) Napbq
ij¨¨¨ vanishes on P1(i), P1(j) and P2(i,j).

(4) N c
ij¨¨¨ vanishes on N1(i), N1(j) and N2(i,j).

Clearly the final result for the remainder (6.77), only contains monomials in N that vanish on

all illegal cuts up to 2-loop order:

R1´loop
L “

"

p2L´4qN
paq

1 N
paq

2 . . . N
paq

L ´
ÿ

pPeven

ÿ

i

␣

N
paq

i1i2...ip
N

pcq
i1i2...ip

N
paq

ip`1 . . . N
paq

iL

(

*

` paÑbq

The second type of cut is a bit more involved. At 3-loop, we can see what types of cuts are

illegal by starting with the zeros of a two links, without loss of generality we choose xABCDy and

xCDEF y. We then evaluate xABEF y on these zeros to find cuts on which setting xABCDy and

xCDEF y to zero accidentally also sets the third propagator to zero i.e. a double pole. In the

parametrization (5.9), it is clear that there are only four types of such zeros: xi “ x, yi “ y, zi “ z
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or wi “ w. Interestingly, this fact continues to all L-loop, giving us the four types of double pole

cuts DPL that can now be classified into four types: xABi12y “ 0, xABi23y “ 0, xABi34y “ 0 or

xABi14y “ 0.

To see that the L-loop result (6.77) vanishes on a DPL cut, we note that each of the numerators

simplifies significantly on these cuts. For example, in the parametrization (5.9), let us consider the

building blocks N on the double pole cut where xABi14y “ 0, i.e. xi “ 0, yi “ y. We discuss here

this particular cut, but the others follow similarly.

N`
ij “ N´

ij “ ypzi ` zjq , N b
i “ N b

i1i2¨¨¨i2n “ 0 ,

Na
i “ N c

i “ yzi , Na
i1i2¨¨¨i2n “ N c

i1i2¨¨¨i2n “ yn

¨

˝

ź

jPeven

zij `
ź

jPodd

zij

˛

‚ .(B.3)

On this cut, the full numerator (6.82) simplifies:

yL
L
ź

i“1

pzi ` zi`1q ` yLp2L ´ 4q

L
ź

i“1

zi ´ yL
ÿ

pPeven

ÿ

i

¨

˚

˚

˝

ź

jPeven
jăp

zij `
ź

jPodd
jăp

zij

˛

‹

‹

‚

2

ź

jąp

zij .(B.4)

We can now consider the coefficient of the two different types of zi monomials:

L
ź

i“1

zi : 2 ` 2L ´ 4 ´
ÿ

pPeven

ÿ

i

2 “ 2 ` 2L ´ 4 ´
ÿ

pPeven

2
L!

pL´ pq!p!

“ 2 ` 2L ´ 4 ´ 2L ` 2 “ 0 ,

ź

ti1,¨¨¨ ,i p
2

u

z2i
ź

tip`1,¨¨¨ ,iLu

zi : 1 ´ 1 “ 0 .(B.5)

This concludes the proof that our result vanishes on all illegal cuts and thus the full numerator

(6.83) is indeed the correct one-cycle integrand for planar N “ 4 SYM at L-loop.
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B.2 Two-loop invariant basis

Let us determine the two-loop invariant R2´loop
1234,13 of the graph,

(B.6)

<latexit sha1_base64="RiEvoLoIHmit5cVn+ggrVFKQn4k=">AAAB8XicbVBNS8NAEJ3Urxq/qh69LDZCTyUpFD1WvXisYD+wDWWz3bRLN5uwuxFK6L/w4kERr/4bb/4bt20O2vpg4PHeDDPzgoQzpV332ypsbG5t7xR37b39g8Oj0vFJW8WpJLRFYh7LboAV5UzQlmaa024iKY4CTjvB5Hbud56oVCwWD3qaUD/CI8FCRrA20qPj2Nc3A892nEGp7FbdBdA68XJShhzNQemrP4xJGlGhCcdK9Tw30X6GpWaE05ndTxVNMJngEe0ZKnBElZ8tLp6hC6MMURhLU0Kjhfp7IsORUtMoMJ0R1mO16s3F/7xeqsMrP2MiSTUVZLkoTDnSMZq/j4ZMUqL51BBMJDO3IjLGEhNtQrJNCN7qy+ukXat69ap7Xys3KnkcRTiDc6iAB5fQgDtoQgsICHiGV3izlPVivVsfy9aClc+cwh9Ynz8W3o59</latexit>

AB1

<latexit sha1_base64="B5K+51UZysk+o66RVXQZCd+wVC8=">AAAB8XicbVBNS8NAEJ3Urxq/qh69LDZCTyUpFD1WvXisYD+wDWWz3bRLN5uwuxFK6L/w4kERr/4bb/4bt20O2vpg4PHeDDPzgoQzpV332ypsbG5t7xR37b39g8Oj0vFJW8WpJLRFYh7LboAV5UzQlmaa024iKY4CTjvB5Hbud56oVCwWD3qaUD/CI8FCRrA20qPj2Nc3g5rtOINS2a26C6B14uWkDDmag9JXfxiTNKJCE46V6nluov0MS80IpzO7nyqaYDLBI9ozVOCIKj9bXDxDF0YZojCWpoRGC/X3RIYjpaZRYDojrMdq1ZuL/3m9VIdXfsZEkmoqyHJRmHKkYzR/Hw2ZpETzqSGYSGZuRWSMJSbahGSbELzVl9dJu1b16lX3vlZuVPI4inAG51ABDy6hAXfQhBYQEPAMr/BmKevFerc+lq0FK585hT+wPn8AGGWOfg==</latexit>

AB2

<latexit sha1_base64="+WPKUrMvGXEaz/BVnnPkKr1MflU=">AAAB8XicbVBNS8NAEJ3Urxq/qh69LDZCTyWpiB6rXjxWsB/YhrLZbtqlm03Y3Qgl9F948aCIV/+NN/+N2zYHbX0w8Hhvhpl5QcKZ0q77bRXW1jc2t4rb9s7u3v5B6fCopeJUEtokMY9lJ8CKciZoUzPNaSeRFEcBp+1gfDvz209UKhaLBz1JqB/hoWAhI1gb6dFx7Oub/rntOP1S2a26c6BV4uWkDDka/dJXbxCTNKJCE46V6npuov0MS80Ip1O7lyqaYDLGQ9o1VOCIKj+bXzxFZ0YZoDCWpoRGc/X3RIYjpSZRYDojrEdq2ZuJ/3ndVIdXfsZEkmoqyGJRmHKkYzR7Hw2YpETziSGYSGZuRWSEJSbahGSbELzll1dJq1b1Lqrufa1cr+RxFOEETqECHlxCHe6gAU0gIOAZXuHNUtaL9W59LFoLVj5zDH9gff4AGeyOfw==</latexit>

AB3

<latexit sha1_base64="toobybMMwemsU8JrtPkkyW+9NzQ=">AAAB8XicbVBNS8NAEJ3Urxq/qh69LDZCTyUpih6rXjxWsB/YhrLZbtqlm03Y3Qgl9F948aCIV/+NN/+N2zYHbX0w8Hhvhpl5QcKZ0q77bRXW1jc2t4rb9s7u3v5B6fCopeJUEtokMY9lJ8CKciZoUzPNaSeRFEcBp+1gfDvz209UKhaLBz1JqB/hoWAhI1gb6dFx7Oub/rntOP1S2a26c6BV4uWkDDka/dJXbxCTNKJCE46V6npuov0MS80Ip1O7lyqaYDLGQ9o1VOCIKj+bXzxFZ0YZoDCWpoRGc/X3RIYjpSZRYDojrEdq2ZuJ/3ndVIdXfsZEkmoqyGJRmHKkYzR7Hw2YpETziSGYSGZuRWSEJSbahGSbELzll1dJq1b1Lqrufa1cr+RxFOEETqECHlxCHe6gAU0gIOAZXuHNUtaL9W59LFoLVj5zDH9gff4AG3OOgA==</latexit>

AB4

It is useful to organize the basis of terms for the ansatz into three groups

(B.7) B “
␣

Ba,Bb,Bab
(

,

where Ba only contains N paq and N pcq terms, Bb only contains N pbq and N pcq terms and Bab contains

terms with a´b mixing, ie. both N paq and N pbq terms. Obviously Bb can be obtained from Ba by

relabeling a Ñ b.

In the construction of the basis, we follow the following logic: we start with terms that include

only one-line invariants N pa,bq
k , then also two-line invariants etc. The first term to consider is

(B.8) N
paq

1 N
paq

2 N
paq

3 N
paq

4 .

This already satisfies all singlet and also doublet conditions for any pair of lines (even the link

xAB2AB4y is covered which we do not need). Based on the little group weights of the numerator,

the only term left we can add is N pa,b,cq
13 , hence we add to our basis sets,

Bp1q
a “ N

paq

1 N
paq

2 N
paq

3 N
paq

4 N
paq

13 , Bp2q
a “ N

paq

1 N
paq

2 N
paq

3 N
paq

4 N
pcq
13 ,(B.9)

Bp1q

ab “ N
paq

1 N
paq

2 N
paq

3 N
paq

4 N
pbq
13 .(B.10)

We can also have a mix of N paq

j and N pbq
k terms. The inequivalent possibilities have ‘skeletons’ built

from one-line invariants and then a completion using two-line invariants to satisfy all singlet and

double conditions.

(1) N paq

1 N
paq

2 N
paq

3 N
pbq
4 one option for completion: N

pbq
13

(2) N paq

1 N
paq

2 N
pbq
3 N

paq

4 one option for completion: N
paq

13

(3) N paq

1 N
pbq
2 N

paq

3 N
pbq
4 one option for completion: N

pbq
13
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(4) N paq

1 N
paq

2 N
pbq
3 N

pbq
4 no option for completion

(5) N pbq
1 N

paq

2 N
pbq
3 N

paq

4 one option for completion: N
paq

13

As a result, we get four new terms that belong to Bab,

Bp2q

ab “ N
paq

1 N
paq

2 N
paq

3 N
pbq
4 N

pbq
13 , Bp3q

ab “ N
paq

1 N
paq

2 N
pbq
3 N

paq

4 N
paq

13(B.11)

Bp4q

ab “ N
paq

1 N
pbq
2 N

paq

3 N
pbq
4 N

pbq
13 , Bp5q

ab “ N
pbq
1 N

paq

2 N
pbq
3 N

paq

4 N
paq

13 .(B.12)

The next case is when we have only three one-line invariants. There are two skeletons which involve

only N paq

j ,

(1) N paq

1 N
paq

2 N
paq

3 one option for completion: N
paq

14 N
pcq
34

(2) N paq

1 N
paq

2 N
paq

4 no option for completion

and four skeletons with the mix of N paq

j and N
pbq
k but none of them can be completed to a valid

term,

(1) N paq

1 N
paq

2 N
pbq
3 no option for completion

(2) N paq

1 N
pbq
2 N

paq

3 no option for completion

(3) N paq

1 N
paq

2 N
pbq
4 no option for completion

(4) N pbq
1 N

paq

2 N
paq

4 no option for completion

As a result we get only one new term in the a-sector,

(B.13) Bp3q
a “ N

paq

1 N
paq

2 N
paq

3 N
paq

14 N
pcq
34 .

Next, we only consider the presence of two one-line invariants, there are three skeletons with only

N
paq

j ,

(1) N paq

1 N
paq

2 three options for completion:N paq

34 N
pcq
34 N

pa,b,cq
13

(2) N paq

1 N
paq

3 five options for completion:N paq

24 N
pcq
24 N

pa,b,cq
13 , N

paq

12 N
pcq
24 N

paq

34 , N
pcq
12 N

paq

24 N
pcq
34

(3) N paq

2 N
paq

4 three options for completion:N paq

13 N
pcq
13 N

pa,b,cq
13

There are two extra terms for the N paq

1 N
paq

3 skeleton which include a four-line invariant, namely we

can have

(B.14) N
paq

1 N
paq

3 completed by N
paq

1234N
pcq
24 or N pcq

1234N
paq

24

In the mixed sector we also have three skeletons,

256



(1) N paq

1 N
pbq
2 one option for completion: N

paq

34 N
pcq
34 N

pbq
13

(2) N paq

1 N
pbq
3 one option for completion: N

paq

24 N
pcq
24 N

pbq
13

(3) N paq

2 N
pbq
4 one option for completion: N

paq

13 N
pcq
13 N

pbq
13

As a result we get new basis terms, in particular in the a-sector

Bp4q
a “ N

paq

1 N
paq

2 N
paq

34 N
pcq
34 N

paq

13 , Bp5q
a “ N

paq

1 N
paq

2 N
paq

34 N
pcq
34 N

pcq
13 ,(B.15)

Bp6q
a “ N

paq

1 N
paq

3 N
paq

24 N
pcq
24 N

paq

13 , Bp7q
a “ N

paq

1 N
paq

3 N
paq

24 N
pcq
24 N

pcq
13 ,(B.16)

Bp8q
a “ N

paq

1 N
paq

3 N
paq

12 N
pcq
24 N

paq

34 , Bp9q
a “ N

paq

1 N
paq

3 N
pcq
12 N

paq

24 N
pcq
34 ,(B.17)

Bp10q
a “ N

paq

2 N
paq

4 N
paq

13 N
pcq
13 N

paq

13 , Bp11q
a “ N

paq

2 N
paq

4 N
paq

13 N
pcq
13 N

pcq
13 ,(B.18)

Bp12q
a “ N

paq

1 N
paq

3 N
paq

1234N
pcq
24 , Bp13q

a “ N
paq

1 N
paq

3 N
pcq
1234N

paq

24 .(B.19)

and in the mixed a´ b sector,

Bp6q

ab “ N
paq

1 N
paq

3 N
paq

24 N
pcq
24 N

pbq
13 , Bp7q

ab “ N
paq

1 N
paq

2 N
paq

34 N
pcq
34 N

pbq
13 ,(B.20)

Bp8q

ab “ N
paq

2 N
paq

4 N
paq

13 N
pcq
13 N

pbq
13 , Bp9q

ab “ N
paq

1 N
pbq
2 N

paq

34 N
pcq
34 N

pbq
13 ,(B.21)

Bp10q

ab “ N
paq

1 N
pbq
3 N

pcq
24 N

pbq
12 N

paq

34 , Bp11q

ab “ N
paq

2 N
pbq
4 N

paq

13 N
pcq
13 N

pbq
13 ,(B.22)

Bp12q

ab “ N
paq

1 N
paq

3 N
pbq
1234N

pcq
24 .(B.23)

There are only two possible skeleton terms with one one-line invariant each – either N paq

1 or N paq

2 ,

but none of them can be completed into a valid term with two-line invariants N pa,b,cq
ij . For N paq

1 we

can also use four-line invariants, and we get two more terms in the basis,

Bp14q
a “ N

paq

1 N
paq

1234N
pcq
23 N

pcq
34 , Bp15q

a “ N
paq

1 N
pcq
1234N

paq

23 N
paq

34 .(B.24)

There are no terms with no one-line invariants which would match all constraints. The best

candidate would be N paq

1234N
pcq
1234 but we are left with only one more term to add to take care of

both positive and negative conditions for the xAB1AB3y link, and that is not possible. Our final

ansatz is then

(B.25) R2´loop
1234,13 “

15
ÿ

j“1

cj

´

Bpjq
a ` Bpjq

b

¯

`

12
ÿ

k“1

dk Bpkq

ab .
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Note that the basis elements are symmetrized according to the graph. For example, two of the

properly symmetrized terms are

Bp3q
a “ N

paq

1 N
paq

2 N
paq

3

´

N
paq

14 N
pcq
34 `N

pcq
14 N

paq

34

¯

,(B.26)

Bp8q

ab “ N
paq

1

´

N
pbq
2 N

paq

34 N
pcq
34 N

pbq
13 `N

pbq
4 N

paq

23 N
pcq
23 N

pbq
13

¯

`N
paq

3

´

N
pbq
2 N

paq

14 N
pcq
14 N

pbq
13 `N

pbq
4 N

paq

12 N
pcq
12 N

pbq
13

¯

.(B.27)

and similarly for all other basis terms – we need to symmetrize in AB1ØAB3, AB2ØAB4.

Fixing on cuts

Now we impose cancellation of all illegal cuts, and the cancellation of the double pole for the

whole Ω2´loop
G form and get a unique solution,

c1 “ c2 “ ´8, c3 “ ´2, c8 “ c9 “ c12 “ c13 “ 0,(B.28)

c4 “ c5 “ c6 “ c7 “ c10 “ c11 “ c14 “ c15 “ 1,

d1 “ d3 “ d4 “ d5 “ 0, d2 “ ´4, d6 “ d7 “ d8 “ 0, d9 “ d10 “ d11 “ 1, d12 “ ´2 .

This gives us R2´loop
1234,13 which completes the calculation of the two-cycle negative geometry. Plugging

back the coefficients we find that the structure of the result is very suggestive and gives a hope that

the closed form exists also for graphs with more cycles.
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APPENDIX C

Appendix for Chapter 7

This appendix contains some detailed computations done by the author to support the results

of chapter 7.

C.1 Results for the Γcusp Contribution of Infinite Classes

In this section, we provide detailed results for how the ladder class attached to the triangle and

box diagrams contributes to Γcusp after resummation. Recall that the I operation is the integral

(7.81), and we can perform it in our case explicitly. We can use the shuffle identities to put any

HPL that appear in the F3pzq in a form

(C.1) logapzqH´mn,...,´m1pzq ,

where mi are non-zero. Then the integrals we have to perform to get the Γcusp contribution are of

the form

(C.2)
1

2π

ˆ π

´π
H´m2,´m1peiϕqpiϕqa

cosh
`?

2gϕ
˘

cosh
?
2gπ

dϕ ,

which result in the following types of sums

8
ÿ

j2ąj1ą0

ja2
jb1pj22 ` 2g2q3

, ´3 ď a ď 4 , 1 ď b ď 3 .(C.3)

The precise list of a’s and b’s needed is

a -3 -2 -1 -1 0 1 1 2 3 3 4

b 1 2 1 3 2 1 3 2 1 3 2
All of these sums can be performed analytically and be written in terms of Gamma functions and

their derivatives (as explained in Appendix (C.2.2)). Note that the Γ1p2´i
?
2gq

Γp2´i
?
2gq

“ ψ0p2´ i
?
2gq terms

that appear go like log g at strong coupling, but these terms end up canceling out between each

other. While the leading log g terms that come from the HPLs with -1 indices cancel out between

H´1,´1pzq, H´1,´1,0,0pzq, and H´1pzq, we find that the lower order terms that have logpgq also
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cancel or come in pairs that go like iπ (such as logp´gq ´ logpgq “ ´iπ). The full result is too long

to include here, but at g " 1 it becomes a polynomial in g as seen below

Irg4F3pg, zqFladderpg, zqsgąą1 „
11

45
π3

?
2g5 ´ 8g4 `

?
2
`

1 ` π2
˘

π
g3(C.4)

´
19

9
g2 `

9
?
2

8π
g .

Using gBgΓcusp “ ´8IrFpg, zqs, we can extract the contribution to Γcusp as

Γcusp „ ´
88

225
π3

?
2g5 ` 16g4 ´

8
?
2
`

1 ` π2
˘

3π
g3(C.5)

`
76

9
g2 ´

9
?
2

π
g ` Op1q .

We see that the leading order scales like Γcusp „ g5 which is in contrast with the correct behavior

Γcusp „ g and it is also faster that the resummed Wilson loop function Frspg, zq „ g4. Note that this

is similar to what happens with the resummation of all tree diagrams where Ftreepg, zq „ Op 1
g2

q for

g " 1 but the contribution to Gamma cusp is Γtree „ g. On the other hand, even with the behavior

„ g5, this is better than the leading „ g6 behavior of a triangle diagram at weak coupling. Hence

we can refer to this sum also a partially summable. Note that the appearance of Euler constant γ in

(C.6) is spurious from the point of view of the full result where only the single zeta values appear.

Similar result can be obtained for the box and ladder series,

Γcusp

¨

˚

˝

g6

‚

‚ ‚

b

´ g8

‚ ‚

‚ ‚

b

` g10

‚ ‚

‚ ‚

‚ b

` ¨ ¨ ¨

˛

‹

‚

“(C.6)

Γcusp

¨

˚

˝

g6

‚

‚ ‚

b

ˆ Sum of laddersb

˛

‹

‚

and

Irg6F4pzqFladderpg, zqsgąą1 „
394

945
π5

?
2 tanh

´?
2πg

¯

g7 `

ˆ

4π4

15
´ 192ζ3

˙

g6(C.7)

´

`

2
?
2
`

990ζ3 ` 13π4 ´ 255π2
˘˘

tanh
`?

2πg
˘

15π
g5 ` Opg4q ,
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(C.8) Γcusp „ ´
3152

?
2π5

6615
g7 ´

4

3

ˆ

4π4

15
´ 192ζ3

˙

g6 ´
16

?
2
`

990ζ3 ` 13π4 ´ 255π2
˘

75π
g5 ` Opg4q ,

where we don’t include the powers of g lower than g5. Note that this sum is also partially summable

(the leading term contributes „ g8 in weak coupling).

Note that just like the three-loop case, the Γcusp contribution from the resummed result is the

same as the leading diagram in the weak coupling expansion suppressed by 1
g . Furthermore, even

though individual terms give logpgq contributions, they again end up canceling out. We can actually

see the same phenomenon even for tree diagrams, we consider

(C.9) g6

‚

‚
b ´ g8

‚

‚
‚b ` g10

‚

‚
‚‚b ` ¨ ¨ ¨

(C.10) IrF3l,ladders “
?
8πg3 tanh

´?
2πg

¯

´ 6g2 `
3
?
2g tanh

`?
2πg

˘

π
.

In this case, the leading behavior is „ g3, with even a larger suppression from the first term in the

sum that behaves like „ g6, still short of the correct Γcusp „ g behavior.

We can also attach the whole series of tree graphs to the triangle core and compute the

contribution to the Γcusp of the following series,

Γcusp

˜

g4

‚

‚
b ˆ

´

‚b ´ g2 ‚b ` g4 ‚‚b(C.11)

`
g4

2!

‚

‚
‚b ´ g6 ‚‚‚b ´ g6

‚‚
‚

b ´
g6

2!

‚

‚
‚b ¨ ¨ ¨

¯

¸

(C.12)

“ Γcusp

¨

˚

˚

˚

˝

g4

‚

‚
b ˆ Sum of treesb

˛

‹

‹

‹

‚
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We cannot solve the full result analytically, but the leading contribution for g " 1 is again Γcusp „ g5

as shown in Appendix (C.2.4). This all demonstrates that we have to consider a larger set of one-

cycle negative geometries to get the right behavior for g " 1. In fact, it is an important open

question if the sum of all one-cycle geometries actually goes like „ g for large g or if we have to

combine it with higher cycle geometries.

C.2 Details on the triangle-ladder computation

C.2.1 Differential Equation for Ftri-ladpg, zq

We can solve the differential equation for Ftri-ladpg, zq in terms of infinite series, by taking the

Mellin transform of both sides. Since the source F3pzq is linear in HPLs, the solution Ftri-ladpg, zq

will be a linear combination of functions fipg, zq that solve this differential equation for each source

term. Taking the Mellin Transform, we have

(C.13) F̃pν, gq “

ˆ 1

0
zν´1Fpg, zqdz .

Note that the integration domain is reduced from p0,8q to p0, 1q since we are working with harmonic

polylogarithms which remain invariant under z Ñ 1
z . Then in Mellin space, the action of the

differential box operator is given by

(C.14)
1

2

ˆ 1

0
pzBzq

2zν´1fpzqdz “
ν2

2
f̃pνq .

Using this for the full differential equation, the Laplace equation from before (7.71) conveniently

becomes

(C.15) F̃pν, gq “
g4ν2

2g2 ` ν2
F̃3pν, gq ,

where F̃pν, gq is the Mellin transform of Ftri-ladpg, zq and F̃3pνq is the Mellin transform of F3pzq.

The RHS is a sum over different harmonic sums, so the task at hand is to take the inverse Mellin

transform of terms of the form ν2

ν2`g2
ř8
i“ν

´1
ip . Some pieces are easier than others, so let’s start

with the easiest term to see how it works for the general case. In Mellin space, H0,0,0,0pzq “
log4pzq

24

is given by

(C.16) MpH0,0,0,0pzq, νq “
1

ν5
.
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Then the inverse transform of 8ν2

2g2`ν2
MpH0,0,0,0pzq, νq is given by

(C.17) f1pg, zq “

ˆ
C
z´ν 8

pν2 ` 2g2qν3
dν .

If we choose a contour that only has real poles, we find

(C.18) f1pg, zq “
2pg2 log2pzq ´ 1q

g4
.

This indeed satisfies the equation

(C.19)
1

2
pzBzq

2f1pg, zq ` g2f1pg, zq “
1

2
pzBzq

2 p8H0,0,0,0pzqq “ 2 log2pzq .

where we have suppressed the g4 on the RHS for convenience and will restore it at the end

after all terms are gathered. Note that we can also add terms of the form Cpgq cos
`?

2g log z
˘

and Dpgq sin
`?

2g log z
˘

which vanish under the operator 1
2pzBzq

2 ` g2. This corresponds to the

homogeneous solution of the differential equation. We will discuss how to fix the coefficients of the

homogeneous solution later and focus first on the particular solution, which we write as Fppg, zq.

Using the same logic as above, we can similarly solve rest of the terms in lFppg, zq`g2Fppg, zq “

g4lF3pzq for each HPL that the l on the RHS acts on. Recalling that

F3pzq “ 8H0,0,0,0 ` 8H-1,0,0,0 ´ 16H-1,-1,0,0 ` 8H-2,0,0 ´ 8ζ3 p2H´1 ´H0q

` 4π2 pH-1,0 ´ 2H-1,-1 `H´2q `
13π4

45
.(C.20)

We denote the partial solutions fipg, zq such that Fppg, zq “ g4
ř9
i fipg, zq and each solves

lf1pg, zq ` g2f1pg, zq “ lp8H0,0,0,0pzqq

lf2pg, zq ` g2f2pg, zq “ lp8H-1,0,0,0pzqq

lf3pg, zq ` g2f3pg, zq “ lp´16H-1,-1,0,0pzqq

lf4pg, zq ` g2f4pg, zq “ lp8H-2,0,0pzqq

lf5pg, zq ` g2f5pg, zq “ lp´16ζ3H´1pzqq

lf6pg, zq ` g2f6pg, zq “ lp8ζ3H0pzqq

lf7pg, zq ` g2f7pg, zq “ lp4π2H´1,0pzqq
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lf8pg, zq ` g2f8pg, zq “ lp´8π2H´1,´1pzqq

lf9pg, zq ` g2f9pg, zq “ lp4π2H´2pzqq

(C.21)

These functions are written below

f2pg, zq “

8
ÿ

n“1

´
4eiπnnzn log3pzq

6g2 ` 3n2
`

4eiπn
`

n2 ´ 2g2
˘

zn log2pzq

p2g2 ` n2q
2

´
8eiπnn

`

n2 ´ 6g2
˘

zn logpzq

p2g2 ` n2q
3 `

8eiπn
`

4g4 ´ 12g2n2 ` n4
˘

zn

p2g2 ` n2q
4(C.22)

f3pg, zq “

8
ÿ

i,j“1

´
8eiπpi`jqpi`jq log2pzqzi`j

j p2g2 ` pi` jq2q
`

16eiπpi`jq logpzq
`

2g2i`pi`jq2pi`2jq
˘

zi`j

j2 p2g2 ` pi` jq2q
2

´
16eiπpi`jq

`

4g4i` 2g2pi` jq
`

2i2 ` 4ij ´ j2
˘

` pi` jq3
`

i2 ` 3ij ` 3j2
˘˘

zi`j

j3 p2g2 ` pi` jq2q
3(C.23)

f4pg, zq “

8
ÿ

n“1

8eiπn
`

2g2 ´ 3n2
˘

zn

p2g2 ` n2q
3 ´

4eiπnzn log2pzq

2g2 ` n2
`

16eiπnnzn logpzq

p2g2 ` n2q
2(C.24)

(C.25) f5pg, zq “ 16ζ3

8
ÿ

n“1

eiπnnzn

2g2 ` n2
,

(C.26) f6pg, zq “ fh,

(C.27) f7pg, zq “ ´4π2
8
ÿ

n“1

zneiπn
`

g2n logpzq ` g2 ` n3 logpzq ´ n2
˘

p2g2 ` n2q
2 ,

f8pg, zq “ ´

8
ÿ

n“1

4π2eiπnzn
`

2g2n logpzq ` 2g2 ` n3 logpzq ´ n2
˘

p2g2 ` n2q
2 ,(C.28)
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(C.29) f9pg, zq “ ´4π2
8
ÿ

n“1

eiπnzn

2g2 ` n2
,

and thus

(C.30) Fppg, zq “ g4
9
ÿ

i“1

fipg, zq .

where fh denotes terms that go into the homogenous solution. Most of the sums here can be

analytically expressed in terms of hypergeometric functions (put in the ancillary file Ftriangleladder.m),

but the sums f3pg, zq and f8pg, zq don’t have a nice form. These terms however have an integral

representation, which we can extract the large g asymptotics of using integration by parts. For

g " 1, these integral terms go like (to leading order in g)

FITpg, zqg"1 „
4zg2

pz ` 1q2

`

2Li3p´zq ´ 2Li2p´zq logpzq ´ logpz ` 1q log2pzq
˘

` Opgq(C.31)

We can then expand the full result for the particular solution at strong coupling and get

F3,ppg, zqg"1 „
g2

`

4pzpz ` 4q ` 1q log2pzq ` 4π2z logpzq ´ 8π2z logpz ` 1q
˘

2pz ` 1q2
(C.32)

`
2g2z

`

12Li3p´zq ´ 12Li2p´zq logpzq ` log3pzq ´ 6 logpz ` 1q log2pzq ´ 12ζ3 ` 6π2
˘

3pz ` 1q2

` Opgq .

Note that this is only the particular solution to the equation

(C.33) lFtri-ladpg, zq ` g2Ftri-ladpg, zq “ g4lF3pzq ,

but we also have to add the homogeneous solution that solves

(C.34) lFhpg, zq ` g2Fhpg, zq “ 0 ,

namely Fhpg, zq “ c1 sin
`?

2g logpzq
˘

` c2 cos
`?

2g logpzq
˘

. While this looks identical to the ladder

example, this time the boundary conditions are slightly different. The full solution is then Frspg, zq “

Fppg, zq `Fhpg, zq and the coefficients c1, c2 must be fixed using the boundary conditions. The first
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boundary condition, namely d
dzFtri-ladpg, zq|z“1 “ 0, sets c1 to 0. Fixing c2 is more subtle. For this,

we need the value of the full solution at z “ ´1, which we know must equal g4F3p´1q. However,

the source term of the differential equation has a branch point at z “ 0 and the solution is only

analytic for z ą 0. So we can essentially treat our Ftri-ladpg, zq as being defined on positive real z,

and analytically continue it through the upper half plane and evaluate it at z “ ´1. Then we have

the following condition

(C.35) Ftri-ladpz “ eiπ, gq “ g4F3pz “ eiπq “
22π4g4

45

This fixes the c2 term and gives us the homogeneous solution

Fhpg, zq|g"1 „
1

45
g2 cos

´?
2g logpzq

¯´

`

22π4g2 ` 90π2 ` 90
˘

sech
´?

2πg
¯

` Opge´
?
2gπq .(C.36)

Then at strong g and z ą 0, the full solution Ftri-ladpg, zq “ Fppg, zq ` Fhpg, zq to leading order is

Ftri-ladpg, zqg"1 „ ´
g4

`

2pzpz ` 4q ` 1q log2pzq ` 2π2z logpzq ´ 4π2z logpz ` 1q
˘

pz ` 1q2

´
2g4z

`

12Li3p´zq´12Li2p´zq logpzq` log3pzq´6 logpz`1q log2pzq´12ζ3`6π2
˘

3pz`1q2
`Opg3q .

where we have written F pg, zq instead of Fpg, zq “ ´ 1
g2
F pg, zq. Note that this is simply the

source term divided by g2, which amounts to ignoring the differential operator to leading order

when g is large. This is only true for z ą 0, where the negative geometries live, because the

homogeneous solution is exponentially suppressed in this region. In particular, the leading behavior

of Fhpz ą 0, gq is g4e´
?
2gπ, which is exponentially suppressed for large g. However, the numerator

has a cos
`?

2g logpzq
˘

factor, which contributes a e
?
2gπ that cancels this suppression upon analytical

continuation to z “ ´1. This explains how we can match the triangle diagram’s g4 power at z “ ´1

despite having the full Ftri-ladpg, zq behave like g2 for large g in the region we are interested in.

Indeed, the Γcusp contribution of Ftri-ladpg, zq is not given by the leading order term we quote

because the homogeneous solution Fh picks up a cosh
?
2gπ along the contour we integrate. Thus,

the part that was sub-leading for positive and real z becomes relevant.

For well behaved source terms (e.g. for lF4pzq), we should expect to find that the 1
g2

drop

in F pg, zq after resumming ladder attachments is a general feature. Say we have a generic “core"
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diagram with lFcpzq “ hpzq. If the core has L loops, the differential equation at hand reads

(C.37) lFc,lpg, zq ` g2Fc,lpg, zq “ g2Lhpzq

where Fc,lpg, zq “ ´ 1
g2
Fc,lpg, zq corresponds to resumming all ladder attachments to the core

diagram. If hpzq is non-singular for z ą 0, then Fp,clpg, zq „ g2L´2 at most in large g. The

homogeneous solution should then be of the form Fh,clpg, zq “ cpgq cos
`?

2g logpzq
˘

, where cpgq

must be solved by Fc,lpg, z “ eiπq “ g2Lhpz “ eiπq and the sine term’s coefficient is set to 0 by
d
dzFc,lpzq|z“1 “ 0. If we find a branch cut at z “ 0 again, we can repeat the procedure from

above, in which case cpgq picks up 1
cosh p

?
2gπq

in order to match the leading term. However, for

z ą 0, this exponentially suppresses the homogeneous solution for large g and kills any polynomial

dependence for g we have the numerator in Fhpg, zq. Hence, the particular solution should control

the asymptotics and give Fc,lpg " 1, z ą 0q „ g2L´2 at most.

C.2.2 Necessary Sums for IrFladderpg, zqF3pzqs

For |z| ă 1, the harmonic polylogarithms that appear in our Fpzq functions have the series

expansion [223]

(C.38) H´mn,..,´m1pzq logpzq
a

“ p´1qn
ÿ

jną...ąj1

logpzq
a
p´zqjn

jmn
n ..jm1

1

.

So in order to compute IrF3pzqFladderpg, zqs, we must compute integrals of the form

(C.39) p´1qn
ÿ

jną...ąj1

ˆ π

´π

cosh
?
2gϕpiϕqap´eiϕjnq

jmn
n ..jm1

1

.

While the integration itself is easy, the nested sums that appear are non-trivial to sum into analytical

functions. We are able to perform these nested sums for depth up to 2. Here is a list of sums we

will find useful:

8
ÿ

j1“1

1

j21pa` j1q
“
ζ2
a

´
1

a2
Ha

8
ÿ

j2ąj1“1

1

j1j2pa` j2q
“

1

2a
Ha ´

1

2a
Ha,2

8
ÿ

j1“1

1

j1pa` j1q
“
1

a
Ha
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8
ÿ

j2ąj1“1

1

j1pa` j2q
“ζ1,1 ´

1

2
H2
a ´

1

2
Ha,2

8
ÿ

j1“1

1

pa` j1q
“ζ1 ´Ha

8
ÿ

j1“1

1

j31pa` j1q
“
ζ3
a

´
ζ2
a2

`
Hb

b3
1

a
Ha

8
ÿ

j1“1

j21
pa` j1q4

“ζ2 ´ 2aζ3 ` a2ζ4 ´Ha,2 ` 2aHa,3 ´ a2Ha,4

8
ÿ

j1“1

j1
pa` j1q4

“ζ3 ´ aζ4 ´Ha,3 ` aHa,4

8
ÿ

j1“1

1

pa` j1q4
“ζ4 ´Ha,4

8
ÿ

j1“1

1

j1pa` j1q4
“ζ2 ´ 2aζ3 ` a2ζ4 ´Ha,2 ` 2aHa,3 ´ a2Ha,4

8
ÿ

j1“1

1

j21pa` j1q4
“
4ζ2
a4

`
2ζ3
a3

`
ζ4
a2

´
4Ha

a5
´

3Ha,2

a4
´

2Ha,3

a3
´
Ha,4

a2

8
ÿ

j1“1

1

j21pa` j1q3
“
3ζ2
a3

`
ζ3
a2

´
3Ha

a4
´

2Ha,2

a3
´
Ha,3

a2

For the 1-cycle geometries we have, namely one that have the triangle or the box as a core, the

most complicated nested sums have the form

(C.40)
8
ÿ

j2ąj1ą0

ja2
jb1pj22 ` 2g2qc

.

We can express these sums in terms of Polygamma functions and their derivatives. Let’s start with

a “ ´1, b “ 2, c “ 2 as an illustrative example. First, we can re-write the double sum in the simpler

form

(C.41)
8
ÿ

j2ąj1ą0

1

j21j2pj22 ` 2g2q2
“

8
ÿ

j2“1 j1“0

1

j21pj2 ` j1qppj2 ` j1q2 ` 2g2q2
.

Doing a partial decomposition, the summand can be written as

1

j21j2pj22 ` 2g2q2
“

1

4g4j21 pj1 ` j2q
´

1

8g4j21p´i
?
2g ` j1 ` j2q

´
1

8g4j21pi
?
2g ` j1 ` j2q

268



`
i

8
?
2g3j21p´i

?
2g ` j1 ` j2q2

´
i

8
?
2g3j21pi

?
2g ` j1 ` j2q2

.(C.42)

These sums can be written in terms of polygamma functions, which have the following series

representation

(C.43) ψpmqpzq “ p´1qm`1m!
8
ÿ

k“0

1

pz ` kqm`1
.

The sum over j2 then becomes

2ψp0q
`

ig
?
2 ` j1 ` 1

˘

` 2ψp0q
`

´ig
?
2 ` j1 ` 1

˘

´ i
?
2gψp1q

`

ig
?
2 ` j1 ` 1

˘

16g4j21

`
i
?
2gψp1q

`

´ig
?
2 ` j1 ` 1

˘

´ 4ψp0q pj1 ` 1q

16g4j21
.(C.44)

The ψp0qp´ig
?
2`j1`1q

16g4j21
sums can be evaluated using the identity ψp0qp1 ` zq “ ψp0qpzq ` 1

z . More

specifically, ψp0qp´ig
?
2 ` j1 ` 1q “ ψp1 ´ ig

?
2q `

řj1´1
k“0

1
1´ig

?
2`k

and the sum becomes

8
ÿ

j2ąj1ą0

1

j21j2pj22 ` 2g2q2
“ ´

12 4F
pb3,1q

3

`␣

1, 1, 1, 2 ´ i
?
2g
(

,
␣

2, 2, 2 ´ i
?
2g
(

, 1
˘

96g4

´
64F

pa4,1q

3

`␣

1, 1, 1, 2 ´ i
?
2g
(

,
␣

2, 2, 2 ´ i
?
2g
(

, 1
˘

` π2ψp0q
`

2 ´ i
?
2g
˘

96g4
,(C.45)

where the notation pF
pb3,0q
q means the generalized hypergeometric function

pFqpta1, ..., apu, tb1, ..., bqu, zq ,(C.46)

is being differentiated with respect to the index b3 a single time. While these hypergeometric

terms frequently appear in sums of our interest, they always do so in a sub-leading way in g

and fall off in the strong g limit. The sums involving higher order polygamma functions can be

evaluated by taking appropriate derivatives in g of sums of the form above, using the identity
dm

dzmψ
pmqp1 ´ ig

?
2 ` j1q “ p´ig

?
2qmψp0qp1 ´ ig

?
2 ` j1q.

C.2.3 Coefficients in our single cycle+ladder results

We have the general F function for n´ladders attached to a triangle as follows

F3,npzq “ p´2qn

«

8H0⃗2n,0,0,0,0
pzq ` 8H0⃗2n,´1,0,0,0pzq´16H0⃗2n,´1,´1,0,0pzq`8H0⃗2n,0,´1,0,0pzq
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´ 16ζ3H0⃗2n,´1pzq ` 4π2
´

H0⃗2n,´1,0pzq ´ 2H0⃗2n,´1,´1pzq `H0⃗2n,´2pzq

¯

`
13π4

45

1

p2nq!
log2npzq ` 8ζ3

1

p2n` 1q!
log2n`1pzq

`

n
ÿ

k“1

p´1qk
ˆ

Ck
r2pn´ kq ` 1s!

log z2pn´kq`1 `
Dk

r2pn´ kqs!
log z2pn´kq

˙

ff

.(C.47)

Now, let’s define the sequence ηn recursively by η0 “ 8 and for n ą 0,

ηn ” ´
8

p2n` 1q!

”

1 ` p2n´ 1qp2n` 1q22nB2n

ı

´

n´1
ÿ

k“1

p´1qkηk
p2n´ 2k ` 1q!

(C.48)

“ 4,
17

15
,

457

1890
,

3287

75600
, . . . .(C.49)

Then the Cn coefficients of log z (which are defined with an alternating sign with respect to

I3,n above) are given for all n by

(C.50) Cn “ p´1qn
n
ÿ

k“0

ηk π
2k ζp2n´ 2k ` 3q .

The Bernoulli numbers B2N appear because powers of π2 are generated both by analytic continua-

tion of log z and from Riemann zeta values ζ2k.

The first few Cn look simpler using even zeta values instead of powers of π2:

C0 “ 8f3 ,(C.51)

C1 “ ´p8f5 ` 24ζ2f3q ,(C.52)

C2 “ 8f7 ` 24ζ2f5 ` 102ζ4f3 ,(C.53)

C3 “ ´

´

8f9 ` 24ζ2f7 ` 102ζ4f5 `
457

2
ζ6f3

¯

.(C.54)

Here we also introduced the f alphabet arising in a motivic decomposition of MZVs [237], as

encoded in the package HyperlogProcedures by Oliver Schnetz [238]. For odd Riemann zeta

values, the f -alphabet is rather trivial,

(C.55) f2k`1 ” ζp2k ` 1q .
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The constants Dn can also be written in an all-orders recursive form:

(C.56) Dn “ p´1qn
„

ρn π
2n`4 ´

n
ÿ

j“0

ξj`1 π
2j
n´j
ÿ

k“1

kp2k ´ 1q f2pn´j´kq`3,2k`1

ȷ

,

where the pure-π coefficients ρn are given recursively by ρ0 “ 13{45, ρ1 “ 7{45, and

ρn “ p´1qn`1

„

8

p2n` 4q!

´

1 ´ 22n`3B2n`4

¯

`
13

45

1

p2nq!
`

n´1
ÿ

k“1

p´1qk
ρk

r2pn´ kqs!

ȷ

(C.57)

“
7

45
,

4891

75600
,

97987

3742200
,

866066051

81729648000
, . . . .(C.58)

The seed sequence for the depth-two MZV terms, ξn, is given by ξ1 “ 16

ξn “

n´1
ÿ

k“1

p´1qn`k`1 ξk
r2pn´ kqs!

(C.59)

“ 16, 8,
10

3
,
61

45
,
277

504
, . . . .(C.60)

The depth-two MZV’s are encoded in the f -alphabet.

The first few Dn’s are given by:

D0 “ 26ζ4 ,(C.61)

D1 “ 16f3,3 ´ 147ζ6 ,(C.62)

D2 “ ´

´

16f5,3 ` 96f3,5 ` 48ζ2f3,3 ´
4891

8
ζ8

¯

,(C.63)

D3 “ 16f7,3 ` 96f5,5 ` 240f3,7 ` ζ2p48f5,3 ` 288f3,5q ` 300ζ4f3,3 ´
97987

40
ζ10 .(C.64)

Once we have the F for a diagram, we can compute the Γcusp contributions from the prescription

in [77] given by

(C.65) gBgΓcusppgq “ ´8IrFpg, zqs ,

where I integrates F through a contour along the unit circle, such that

Irfpzqs “
1

2π

ˆ π

´π
fpeiϕqdϕ .(C.66)
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We can use this to work out

(C.67) Irzps “
sinπp

πp
,

and similarly

(C.68) Irlog zns “
πn cos

`

πn
2

˘

n` 1
.

The integrated answer In ” IrF3,npzqs is then given by

In “ αn ` 32 p´1qn`1
n
ÿ

k“1

k f2pn´kq`3,2k`1

` p´1qn`1
n
ÿ

j“0

ξj`1π
2j
n´j
ÿ

k“1

kp2k ´ 1q f2pn´j´kq`3,2k`1 ,(C.69)

and the Γcusp contribution of each diagram is

ΓcusppF3,npzqq “ ´
4g2pn`3q

pn` 3q

´

αn ` 32 p´1qn`1
n
ÿ

k“1

k f2pn´kq`3,2k`1

` p´1qn`1
n
ÿ

j“0

ξj`1π
2j
n´j
ÿ

k“1

kp2k ´ 1q f2pn´j´kq`3,2k`1

¯

,(C.70)

where the pure-π terms are given by α0 “ 2{15 ˆ π4, α1 “ ´176{2835 ˆ π6, and for n ą 1,

αn “ p´1qn`1

„

4

3

p2n` 5qp2n2 ` n` 3q

2n` 1
ζp2n` 4q `

8

3
π2ζp2n` 2q

ȷ

` π2n`4

„

8

p2n` 5q!
`

13

45p2n` 1q!
`

n
ÿ

k“1

p´1qk
ρk

r2pn´ kq ` 1s!

ȷ

.(C.71)

We could also replace the even zeta values with Bernoulli numbers in this formula.

Here is an alternate version of In which uses conventional MZVs, namely ζm,n “
ř

jąią0
1

jmin ,

instead of the f -alphabet [238]:

In “ βn ` p´1qn
„

16 ζ2n`2,2 ´ 32
n
ÿ

k“1

k ζ2k`1 ζ2pn´kq`3

`

n
ÿ

j“0

ξj`1 π
2j
´

´ζ3,2pn´jq`1 ` r2pn´ jq ` 1sζ2pn´jq`2,2

` pn´ j ` 1qr2pn´ jq ` 1sζ2pn´jq`3,1

¯

ȷ

,(C.72)
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where the pure-π terms are now given by:

βn “ p´1qn`1

„

´8 ζ2n`4 `
8

3
π2 ζ2n`2

`

n
ÿ

k“0

ξk`1 π
2k ζ2pn´kq`4

´1

6
r2pn´ kq ` 1sr2pn´ kq2 ` 2pn´ kq ´ 3s

` δ̃2pn´kq`1

¯

ȷ

` π2n`4

„

8

p2n` 5q!
`

13

45p2n` 1q!
`

n
ÿ

k“1

p´1qk
ρk

r2pn´ kq ` 1s!

ȷ

.(C.73)

and

δ̃n “
5

4
, n “ 1,

“
1

2
, n “ 3,

“ 0, otherwise.(C.74)

As an example, we show the Γcusp contributions of the triangle with one, two and three ladders

attached on one end below. To start off, the triangle with no ladders attached contributes

(C.75) |Γtriangle| “
16g6

6

ˆ

2π4

15

˙

“
8g6π4

45
.

Next, the triangle with a single ladder attached, namely the following diagram

‚

‚

‚ ‚b(C.76)

contributes

(C.77) |Γtriangle,1| “ g8p
352π6

2835
´ 48ζ23 q .

For double ladder configuration

‚

‚

‚ ‚ ‚b(C.78)
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we have

(C.79) Γtriangle,2 “ ´
4g10

5

ˆ

64ζ5,3 ` 384ζ6,2 ´
1

3
32π2ζ23 ´ 1408ζ5ζ3 `

136π8

567

˙

Note that we can’t reduce this expression to single zetas, so we get our first true multiple-zeta value

at 5-loops. We can re-write ζ5,3 in terms of ζ6,2 for a cleaner expression and get

(C.80) Γtriangle,2 “ ´
4g10

5

ˆ

224ζ6,2 ´
1

3
32π2ζ23 ´ 1088ζ5ζ3 `

2812π8

14175

˙

Whether we choose to express everything in terms of ζ5,3 or ζ6,2, we get an answer we can’t reduce

to only single zetas. For the triangle + 3-ladder, we have

Γtriangle,3 “
2g12

3

´128

15

`

5π2ζ5,3 ` π4ζ23 ` 30π2ζ5ζ3 ` 555ζ7ζ3 ` 270ζ25
˘

´ 128ζ7,3 ´ 1024ζ8,2

´
25952π10

155925

¯

.(C.81)

Again, we can’t reduce this expression to only single zetas. We can do the same type of analysis for

the box. The inverted Laplacian acting on the box n-times gives:

F4,npzq “p´2qn`4

„

3H0⃗2n`6
pzq ` 2H0⃗2n,´1,⃗05

pzq ` 3H0⃗2n,´1,´1,⃗04
pzq ´

1

2
H0⃗2n`1,´1,⃗04

pzq

´4H0⃗2n`1,´1,´1,⃗03
pzq`3H0⃗2n`2,´1,⃗03

pzq`
3

2
H0⃗2n`3,´1,0,0pzq´2H0⃗2n,´1,´2,⃗03

pzq

`2H0⃗2n`1,´1,´2,0,0pzq`
1

6
π2H0⃗2n`4

pzq`
7

6
π2H0⃗2n,´1,⃗03

pzq`
1

2
π2H0⃗2n,´1,´1,0,0pzq

´ 5H0⃗2n,´1,´3,0,0pzq ´
5

12
π2H0⃗2n`1,´1,0,0pzq ´

2

3
π2H0⃗2n`1,´1,´1,0pzq

`
1

2
π2H0⃗2n`2,´1,0pzq `

3

4
π2H0⃗2n`3,´1pzq ` 2ζ3H0⃗2n`3

pzq ` 4ζ3H0⃗2n,´1,0,0pzq

´ 8ζ3H0⃗2n`1,´1,0pzq ´
1

3
π2H0⃗2n,´1,´2,0pzq ` π2H0⃗2n`1,´1,´2pzq `

5

72
π4H0⃗2n`2

pzq

`
11

45
π4H0⃗2n,´1,0pzq`

1

8
π4H0⃗2n,´1,´1pzq´

5

2
π2H0⃗2n,´1,´3pzq´

43

144
π4H0⃗2n`1,´1pzq

`
31

2
ζ5H0⃗2n`1

pzq ´ 19ζ5H0⃗2n,´1pzq `
3

2
π2ζ3H0⃗2n`1

pzq ´
1

3
π2ζ3H0⃗2n,´1pzq

`11ζ23H0⃗2n
pzq`

505π6H0⃗2n
pzq

9072
`

n
ÿ

k“1

Ĉk
logpzq

2pn´kq`1

p2pn´kq`1q!
`

n
ÿ

k“1

D̂k
logpzq

2pn´kq

p2pn´kqq!

ȷ

.(C.82)

The coefficients Ĉn and D̂n are determined recursively using the boundary condition I4,np´1q “ 0.

The imaginary and real parts of the boundary condition fix Ĉn and D̂n respectively. Let us start
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with

Ĉn “ 2i
n´1
ÿ

a“0

1

p2nq!

ˇ

ˇ22n´1 ´ 1
ˇ

ˇπ2n´1B2nf̂a´n ,(C.83)

where Bn is the nth Bernoulli number and f̂n is the imaginary part of the other functions in I4,n

evaluated at -1. The first few coefficients Ĉn are then

Ĉ1 “i
1

π
f̂1 ,

Ĉ2 “
1

6
iπf̂1 ` i

1

π
f̂2 ,

Ĉ3 “
7

360
iπ3f̂1 `

1

6
iπf̂2 ` i

1

π
f̂3 ,

Ĉ4 “
31

15120
iπ5f̂1 `

7

360
iπ3f̂2 `

1

6
iπf̂3 ` i

1

π
f̂4 .(C.84)

The function f̂n can be expressed purely in terms of zeta and multiple zeta values by using the

shuffle identities satisfied by polylogarithms. Simplified, this gives

f̂n “ ´
1

30
iπ

„

5
`

´12p2n`5qζ2n`2,3´6pn`1q pp10n`17qζ2n`3,2`p2n`3qp2n`5qζ2n`4,1q

`24p2n`3qζ3ζ2n`2´π2pn`1qp10n`9qζ2n`3´4pn`1qpn`2qpnp2n`5q`12qζ2n`5

˘

`180ζ2n`1,4`p´π2qn
„

30π2p3np2n`5q`7qζ3
Γp2n`4q

´π44n`1ζ´2nΓp´2nq`
465ζ5

Γp2n`2q

ȷ ȷ

.(C.85)

Putting this together, gives the first few Ĉi:

Ĉ1 “ ´ 6ζ3,4 ` 14ζ4,3 ` 54ζ5,2 ´ 63ζ4ζ3 ´
33

2
ζ2ζ5 ` 286ζ7 ,(C.86)

Ĉ2 “ ´ π2ζ3,4 ` 14ζ2ζ4,3 ` 54ζ2ζ5,2 ´ 6ζ5,4 ` 18ζ6,3 ` 111ζ7,2 ´
5419

16
ζ6ζ3 ´

1887

8
ζ4ζ5

` 184ζ2ζ7 ` 996ζ9 .

Ĉ3 “ ´
21

2
ζ4ζ3,4 `

49

2
ζ4ζ4,3 `

189

2
ζ4ζ5,2 ´ 6ζ2ζ5,4 ` 18ζ2ζ6,3 `

37

2
π2ζ7,2 ´ 6ζ7,4 ` 22ζ8,3

` 188ζ9,2 ´
30035

32
ζ8ζ3 ´

25095

32
ζ6ζ5 ´

289

2
ζ4ζ7 ` 756ζ2ζ9 ` 2580ζ11 .(C.87)

The coefficients D̂n can similarly be written now using Euler numbers En,

D̂n “

n´1
ÿ

a“0

1

p2nq!
π2np´1qnE2nĝa´n .(C.88)
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As before, the function ĝn is the value of the other polylogarithms in I4,npzq evaluated at z “ ´1.

The first few coefficients are

D̂1 “ĝ1

D̂2 “
1

2
π2ĝ1 ` ĝ2

D̂3 “
5

24
π4ĝ1 `

1

2
π2ĝ2 ` ĝ3

D̂4 “
61

720
π6ĝ1 `

5

24
π4ĝ2 `

1

2
π2ĝ3 ` ĝ4 .(C.89)

Using the shuffle identities to write these in terms of zeta and multiple zeta values, we can simplify

the result to

ĝn “´
7

3
π2ζ2n`1,3´19ζ2n`1,5´

1

3
π2p10n`9qζ2n`2,2`

1

6

ˆ

p24´72nqζ2n`2,4

`pn`1qp´2π2p6n`11qζ2n`3,1`12p2n`9qζ2n`3,3`p2n`3qpp20n`46qζ2n`4,2

`pn`2qp6n`19qζ2n`5,1qq

˙

´4ζ3pn`1qp2n`5qζ2n`3´
1

90
π4p46n`13qζ2n`2

`
1

9
π2p2n`3qpnpn`3q´7qζ2n`4`

1

60
pn`2qp2n`5qpnp2np8n`29q`189q`117qζ2n`6

`
11ζ23 p´1qnπ2n

Γp2n`1q
`
1

3

`

7π2ζ3`57ζ5
˘

p´1qn22n`1π2nζ´2nΓp´2nq

`
p´1qnpnpnp5np2np202np2n`21q`17549q`71967q`373331q`172998q`19368qπ2n`6

1134Γp2n`7q
.(C.90)

Putting this together gives the first few Di:

D̂1 “19ζ3,5 ´ 44ζ5,3 ´ 110ζ6,2 ` 5π2ζ23 ` 162ζ5ζ3 `
13229

576
ζ8 ,

D̂2 “57ζ2ζ3,5 ´ 118ζ2ζ5,3 ` 19ζ5,5 ´ 272ζ2ζ6,2 ` 20ζ6,4 ´ 78ζ7,3 ´ 301ζ8,2 `
735

4
ζ4ζ

2
3

` 334ζ2ζ5ζ3 ` 542ζ7ζ3 ` 198ζ25 ´
253457ζ10

256
,

D̂3 “
1425

4
ζ4ζ3,5 ´ 720ζ4ζ5,3 ` 57ζ2ζ5,5 ´

3255

2
ζ4ζ6,2 ` 60ζ2ζ6,4 ´ 220ζ2ζ7,3

` 19ζ7,5 ´ 825ζ2ζ8,2 ` 32ζ8,4 ´ 120ζ9,3 ´ 636ζ10,2 `
3129

4
ζ6ζ

2
3 `

3795

2
ζ4ζ5ζ3

` 460ζ2ζ7ζ3 ` 1286ζ9ζ3 ` 478ζ2ζ
2
5 ` 1091ζ5ζ7 ´

5793961333ζ12
707584

.(C.91)
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We see that all coefficients are products of zeta values times integers over powers of 2 with a two

exceptions:

(1) The coefficient of H0⃗2n
.

(2) The coefficient of ζ6`2n in Dn.

Both of these are related to the constant term in the box integral which cannot be written as a zeta

value times an integer over a power of 2.

Now that we have the Wilson loop expectation value Fpzq for this set of graphs, we can also

calculate their contribution to Γcusp.

n
ÿ

a“1

p´1qa`1π2a´2D̂´a`n`1

p2a´1qp2a´2q!
`

11p´1qnπ2nζ23
p2n`1qp2nq!

`
505p´1qnπ2n`6

9072p2n`1qp2nq!
´

5p´1qnπ2n`6

72p2n`3qp2n`2q!

`
p´1qnπ2n`6

6p2n`5qp2n`4q!
´

3p´1qnπ2n`6

p2n`7qp2n`6q!
´ 4n3ζ2n`5,1 ´ 10n2ζ2n`4,2 ´ 26n2ζ2n`5,1

´ 4nζ2n`3,3 ´ 37nζ2n`4,2 ´ 54nζ2n`5,1 ` 6ζ2n`2,4 ´ 12ζ2n`3,3 ´ 33ζ2n`4,2 ´ 36ζ2n`5,1

`
1

12
π2p8n`5qζ2n`4 ´

1

2
p8n`5qζ2n`6 ´

4

3
n4ζ2n`6 ´ 10n3ζ2n`6 ´

5

3
π2n2ζ2n`4

´
101

3
n2ζ2n`6 ` 8nζ3ζ2n`3 ´

11

2
π2nζ2n`4 ´

107

2
nζ2n`6 ´

1

15
π4ζ2n`2 ` 16ζ3ζ2n`3

´
47

12
π2ζ2n`4 ´ 35ζ2n`6 ,(C.92)

where D̂i are as defined above.

C.2.4 Γcusp Contribution of F3pzqFtreepg, zq

We can apply the same summation techniques for the IrFtreepzqF3pzqs, which now gives us triple

sums instead of double sums. First, we use

(C.93) Ftreepzq “
A2zA

g2p1`zAq2
“
A

g2

ÿ

m

pmAqp´1qmzmA .

Then the integrals of interest are of the form

(C.94)
ˆ π

´π
H´m2,´m1peiϕqpiϕqapeiϕmAqdϕ .

Using the methods outlined in Appendix (C.2.2), we can analytically perform the sums over the

HPL terms, but we still have leftover summation terms from writing Ftreepe
iϕq as an infinite sum.
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More specifically, we get terms of the form

(C.95)
ÿ

m

8p´1qm cospπAmqψpiqpAm` 1q

Ajmj
,

where the integers i, j run between 1 and 4. We can check that each of these sums are convergent

and we can also perform the sum for the term that gives the leading order contribution analytically,

which gives

(C.96) Irg4FtreeF3pzqsgąą1 „
22π3

45
g5 ` Opg4 logpgqq .

Interestingly, while the leading g term is free of logarithms, like before, the sub-leading log terms

don’t cancel out. While we can’t sum the sub-leading terms analytically, we can perform the

summations after taking the asymptotic expansions of polylogarithms, i.e. ψpkqpz ąą 1q „ 1
zk

or

by approximating 1 ` Am „ 1 ` m for large g. Doing this approximation gives us sub-leading log

terms. This is confirmed by evaluating the integral numerically for different values of g. The full

result for g ąą 1 is

Irg4Ftreepg, zqF3pzqs „
22π3

45
g5 ` 5.13g4´16.g4 logpgq´5.5g3´13.8g3 logpgq´8.5g2 logpgq

´ 4.8g2 ´ 3.2g ´ 4.5g logpgq ´ 2.1 logpgq ` O
´1

g

¯

.(C.97)
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