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Abstract

The last two decades have seen much progress in the field of scattering amplitudes. A big reason
behind this revitalization of the program approximately 50 years after the initial formalization of
quantum scattering has been our improved understanding of the rich mathematical structure behind
amplitudes. In particular, mathematical properties of scattering amplitudes are being used to push
calculations further and these new calculations are in turn used to look for new patterns. This
virtuous cycle has been very fruitful especially in the context of N’ = 4 Super Yang-Mills, which is a
favorite playground for particle theorists. In this dissertation, we will be reviewing some of our novel
contributions to this program. In particular, we explore: mathematical properties of diagrams that
show up in a modern treatment of N’ = 4 Super Yang-Mills amplitudes, consequences of a property
called integrability on the perturbative side, and a novel diagrammatic technique for obtaining
partial all-loop resummations. In order to set up the right ingredients before we go over what is
new in each paper, this thesis is going to be structured as follows.

In chapter 1, we will be reviewing basics of scattering, introduce some notation and terminology
used in the modern amplitudes program, and introduce Super Yang-Mills amplitudes. In chapter
2, we will go over loop-level methods, introduce objects called on-shell diagrams, and briefly go
over how they connect to the positive Grassmannian. In chapter 3, we will explore our work on
how poles at infinite momenta show up in on-shell diagrams, which is a topic unresolved thus far
by the Positive Grassmannian framework. In chapter 4, we will go over yet another gap in the
on-shell diagram/Grassmannian story, namely non-planar diagrams. We will associate new regions
in the Grassmannian with these diagrams and explore their novel combinatorial properties. The
two papers that these chapters are based on are part of a larger program initiated by my PhD
advisor and his collaborators to understand on-shell diagrams and their mathematical properties.
The novel results outlined in chapters 3 and 4 were thus taken from the accompanying papers, to
which the author of this dissertation contributed by computing the forms associated with on-shell
diagrams and geometries.

In chapter 5, we will change gears slightly and move away from the on-shell diagrams part of
the story. We will go over special properties of planar Super Yang-Mills and how they connect to
a property called integrability. This will lay the groundwork for the terminology and motivation

necessary for chapters 6 and 7. In chapter 6, we will extend a framework that provides a novel
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diagrammatic organization for the 4-point amplitude in planar N = 4 Super Yang-Mills. Our work
in chapter 7 further builds on this and examines how these diagrams can be used to compute a
quantity called the cusp anomalous dimension, which controls the leading IR divergences of the
amplitude. The two papers these chapters are based on reflect the author’s ongoing interest in
finding implications of integrability on perturbative scattering amplitudes as well as looking for new
ways to leverage positive geometry based methods in planar ' = 4 sYM. The novel results found in
these chapters were also taken from the accompanying papers and contain most of the computations
that were contributed by the author of this dissertation.

Finally, we include various appendices to provide useful details for the work we review. In
appendix A, we include some of the proofs written by my co-authors to supplement the theorems
in chapter 4. This appendix is taken from the paper this chapter is based on. In appendix B, we
include a proof we wrote in the paper chapter 6 is based on to support one of the main claims
we make. Finally, appendix C contains some lengthy computations done by the author to provide
additional details relevant for chapter 7.

The results outlined in these chapters provide novel contributions to the amplitudes program
in two different themes. In chapters 2 through 4, we extend the geometric understanding of planar
N = 4 sYM on-shell diagrams to cases where one loses the notion of planarity or the restricted
pole structure imposed by the theory’s special properties. A big motivation behind studying planar
N = 4 sYM is to build tools for understanding more complicated theories, such as QCD and Gravity.
Our work thus provides insight into what notions one would have to modify in order to initiate a
geometric exploration of these less restricted theories. In the second theme, which is the subject
of chapters 5 through 7, we are motivated by searching for implications of integrability on the
amplitudes side. In particular, AdS/CFT duality and integrability programs have both computed
quantities of planar N’ = 4 sYM in the strong coupling. However, this regime is non-perturbative
and thus the only way to access it through the toolkit of the standard perturbative amplitudes
program is if we managed to resum everything. While there are subtle hints that planar N' = 4
sYM might just be restricted enough to allow for this, how such a program would look like is not
yet known. Our work provides a novel contribution to this effort by extending on a diagrammatic

toolkit that allows for partial all-loop resummations at 4-points.
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CHAPTER 1

Introduction

Many of the goals of theoretical physics can roughly be categorized under two camps. The first
goal is a scientific one, we want to make predictive models that spit out parameters describing an
observable for every input data we feed it. The second goal is more philosophical, we also want to use
these models to enrich our qualitative understanding of the laws of nature. It is my personal belief
that at least in particle physics, these goals are connected. In particular, mathematical structures
that come up when we attempt to describe observables in particle physics elucidate novel aspects
of the underlying theory. These insights can then be used to make progress in calculations and
new calculations create new data in which we can search for new patterns. This type of virtuous
cycle has driven much of the recent progress in the modern amplitudes program. Since the 1980s,
the field has seen rapid progress both in efficient computation techniques for scattering amplitudes
and also in their applications to other areas of physics as well as their connections to mathematics.
Some important examples include the Parke-Taylor formula for n—point MHV gluon amplitudes [1],
generalized unitarity techniques for multi-loop calculations [2,3,4]|, methods for computing classical
observables relevant for gravitational wave physics [5,6, 7], and last but not least, connections to
positive geometries and the Amplituhedron [8,9,10,11,12,13,14,15,16,17,18,19, 20|, which will
be relevant for a good chunk of this thesis. This list is far from complete, so we direct interested
readers to [21] for a list of comprehensive reviews for each direction. In this thesis, we will be
carving only a tiny bit of the amplitudes research space, nonetheless, it is still going to be a long
and windy road. In particular, this dissertation is based on the following papers.

e Taro V. Brown, Umut Oktem, Jaroslav Trnka, Poles at Infinity in On-Shell Diagrams,

Journal of High Energy Physics 02, 2023.

e Artyom Lisitsyn, Umut Oktem, Melissa Sherman-Bennett, Jaroslav Trnka, Grassmannian

Geometries for Non-Planar On-Shell Diagrams, e-Print: 2512.25005 [hep-th].



e Taro V. Brown, Umut Oktem, Shruti Paranjape, Jaroslav Trnka, Loops of loops expansion

in the amplituhedron, Journal of High Energy Physics 07, 2024.

e Lance Dixon, Umut Oktem, Shruti Paranjape, Jaroslav Trnka, Yongqun Xu, Shun-Qing
Zhang, Multi-loop Negative Geometries, 2605.28926 |[hep-th]|.

corresponding to chapters 3, 4, 6, and 7 respectively. In addition, the author has completed the
following work as a part of the PhD, which will be omitted from this dissertation in order to preserve

thematic continuity

e Taro V. Brown, Karol Kampf, Umut Oktem, Shruti Paranjape, Jaroslav Trnka, Scalar
Bern-Carrasco-Johansson bootstrap, Physical Review D 108 (2023),

e Christoph Bartsch, Taro V. Brown, Karol Kampf, Umut Oktem, Shruti Paranjape,
Jaroslav Trnka, Hidden amplitude zeros from the double-copy map, Physical Review D

111, 2025.

e Joris Koefler, Umut Oktem, Shruti Paranjape, Jaroslav Trnka, Bailee Zacovic, Uniqueness

of MHV Gravity Amplitudes, Le Mat. 80, 2025.

1.1 Classical Scattering

Why is scattering an interesting physical process to study? Well, the main sales pitch of
particle physics is that if we understand constituents of our universe and their interactions, we
will understand nature’s laws at the deepest possible level. And scattering covers pretty much all
fundamental particle interactions. In this thesis, we will be talking about the interactions of gluons
within the framework of a theory called N' = 4 Super Yang-Mills.

It will be useful to start this dissertation by introducing some facts and tools regarding scattering
in gauge theory that we will frequently use in this work. In this chapter, our main goal is to explain
why singularities of scattering amplitudes are important to our work. But before we delve into the
modern treatment of scattering, it might be easier to start with a simple example from classical
physics to build intuition.

Say we have a point mass traveling towards a fixed source that scatters it away. This event is
characterized by a scattering angle #, and an impact parameter (denoted b), which is the closest

distance between the trajectory if there was no scattering and the center of mass of the target. Such



a setup can be illustrated as

(1.1) {4

where the intersection of the line coming out of the right blob (representing source) with the incident
particle’s (left blob) trajectory is called the closest approach. While the impact parameter is easy
to see from this diagram, in the atomic and subatomic limit this is not a measurable quantity,
which motivates the definition of a cross section. If we just had a single incoming object, say a
ball, scatter off some target, we wouldn’t be able to get any useful information out of this process
without knowing the impact parameter. So let’s say we have a beam of incident particles that all
have definite center of mass and momenta. For the time being, let’s not worry about scattering
angle but only focus on counting the number of collisions. And instead of one target, let’s say we
have a finite area with a finite number of targets, each targets having an area o. If we have N

targets in the target area A, the probability of an incident particle getting a hit is

_NO’

(1.2) P==

and o here is called cross-section. If the target number density is constant, then this probability is
given by P = n;o. Even if we don’t know the impact parameter b, we can observe the number of
hits and this can be used with the number of incident particles and the target density to find o, the
target cross section.

Now let’s take a look at what happens if we also care about scattering angle. Instead of counting
the total number of hits, we want the number of scattered particles that fly off inside a small cone
dQ (0, ¢). For a narrow cone at fixed r = R that varies by df and d¢ in polar coordinates, the
differential solid angle is dQ2 = sin(f)dfd¢. Associated with this differential solid angle, we can

define a differential cross section do for the target. To get an intuition for this, consider the



previous example except if we only counted particles that flew off into d§? after hitting the target.
Then we would replace o with do.

Let’s assume that the scattering is spherically symmetric and consider the setup shown in Figure
1.1. Say incident particles are allowed to pass through within the bounds of the circle with radius

b. If we increase the radius by db, then the total area that the particles can pass through increases

b+db

FiGUurE 1.1

by do = 2mbdb , illustrated by the red shaded region. If the particles passing through the original
circle scatter into a solid angle cone )y, then the particles passing through do will fly off into df2,
illustrated by the blue shaded region, where df) = 27 sin 6df. This leads to the following expression

relating differential cross section to the solid angle the incident particles scatter into

do b db

(13) dQ ~ sin(9) do

So the differential cross section is related to the impact parameter . This expression gives the
fraction of incident particles that go through differential area do per unit time that scatter into the
differential solid angle df2. In other words, it computes the ratio of scattered particle flux to the
incident flux.

In the illustration, the target is a physical object but this doesn’t need to be the case. In
fact, we can easily generalize the previous results if scattering was achieved by a potential instead.
Let’s apply this to a historically relevant scattering example, namely Rutherford scattering. In this

experiment, a gold foil was bombarded with charged alpha particles and Rutherford, Geiger and
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Marsden measured the scattering of the particles off of the gold nuclei [22,23|. In the classical

é. From the formula

limit, scattering in this case is purely due to the coulomb potential V(r) =
above, determining the scattering cross section boils down to finding the scattering angle changes
with impact parameter. This is reminiscent of orbit problems, so we can use the same tools. Since
the Coulomb force is conservative, total energy in this system is conserved (if we ignore the recoil

of the sourcing charge) so we can write the total energy as

-2 2

mr ml k
1.4 B = b
(1.4) 2 + 272 * r

where ¢ in the second term is angular momentum per mass ¢ = L/m. The orbit for an attractive

potential _Tk can written as

7o
1.5 0) = ———
(15) r(®) 1 + ecos(h)
where rg = mTﬁ and e is some constant. Then by analogy, for a repulsive potential it should be
70
1.6 )= ————
(16) r(®) ecos(f) — 1

which tells us % = %. Plugging this back into the equation for total energy gives

(1.7) E; =

where the first term is the particle’s initial asymptotic energy before the interaction takes place.
Just as with energy, the angular momentum is also conserved so we can write ¢ = L;/m = %’b = vb.
Letting ¢ denote the angle between the closest approach and the asymptotic trajectory, 8 = m — 2¢

[24] and r — o0 as § = ¢, which means ecos¢ = 1. Then

(1.8) g _K(E 1) Ftan’e K tan® (0 —7)/2)

2 2me2  2mo2? 2mu2b2
which gives
(1.9) b= L cot 0/2
'  ma?



Putting everything together, we get the Rutherford scattering formula

2
(1.10) g - <4Esj;(0/2))
This formula is historically significant because it was used by Rutherford, Geiger and Marsden to
measure how alpha particles scatter off gold atoms and they found that most of the atom’s mass
was concentrated in the positively charged nucleus. Thus, they were able to show that the hitherto
assumed plum pudding model of the atom was wrong [22].

But why did we start with such an elementary example? At the first level, this example is
a simple illustration of how scattering reveals the underlying physics of systems we are studying.
Second, we can already see hints of a feature of gauge theories that will be a key player in our
discussions later, namely IR singularities. If we plot the classical amplitude f(6) = m in 0
space, we can immediately see that we see a divergence at the origin. Physically, 8§ = 0 corresponds
to large impact parameter, which means the photon being exchanged in the full QED theory that
describes this interaction has a momentum that goes soft (ie p — 0). This is an example of what is
called an IR-divergence.

The divergence of the amplitude at § = 0 does not mean our model is unphysical in this limit. On
the contrary, this is exactly what we should expect from our understanding of the underlying QED.
Namely, the quantum theory of Coulomb interactions tells us that the Coulomb force Rutherford
observed is mediated by photons, which are massless bosons. Because photons are massless, the
Coulomb force they mediate is a long ranged force. In other words, we always have arbitrarily soft
photon radiation effects that contribute to the interaction. The divergence in 8 = 0 then corresponds
to the forward limit of a {—channel process in QED. This forward kinematics divergence is closely
related to the IR-divergences we will see in massless gauge theories, although there are important
distinctions as we will discuss later. The purpose of this example was to illustrate how singularities
in scattering usually have a physical origin, but let’s shelve this for now and introduce some of

the standard machinery we need to discuss how scattering works in sYM before we look at IR

divergences again.



1.2 Particles, Lagrangians, and Scattering

In the example we considered above, our model for particles was not too different than what
most people imagine, namely “tiny balls" that make up matter around us. However, quantum field
theory tells us that particles are not balls with definite position and momenta but rather excited
states of a corresponding quantum field. Or as Wigner would put it, particles are irreducible unitary
representations of the Poincare group that acts on the Hilbert space of the underlying theory. This
is the definition I will use for the rest of this thesis.

To study how particles interact, we need to work with the fundamental objects they are
associated with, namely fields. More specifically, particles are local excitations of underlying fields.
In the standard treatment of quantum field theory, one works with Lagrangians constructed out of
such fields, which tell us about the rules of particle interactions. To start simple, let’s consider a

scalar theory ¢ with the Lagrangian

(1.11) L= %@Lqﬁ@“qb - %mzqﬁ? —V(9)

When V(¢) = 0, what we have at hand is a free-theory. The equations of motion we get from this
free Lagrangian, namely the Klein-Gordon equation ([J+m?)¢ = 0, gives a mode expansion for the

free field in terms of creation and annihilation operators. This can be written as

d3p 1 - 4
1.12 z,t) = [ —————(ape” P + aleP®
(112) 0.0 = [ (s g one ™ + e
where the p that appears in the exponential is 4—momenta, so pxr = —p'- & + wt. Typically when

we calculate scattering, one assumes that the theory is free at “infinite" past or future, thus the
initial and final states of consideration are asymptotic states built out of the creation/annihilation
operators of the free theory. For example, an initial 2-particle state with momenta p;,p2 can be

defined by
(1.13) iy = tErElOO aLl (t)a;,2 (t)|0)
and the final state by

(1.14) ) = lim a, (t)al, (1)]0)



Then our scattering amplitude of interest, A, is the object defined by (f|iT|i) = i(2m)*6*(P)A,
where P = p; + pa — p} — ph. The operator T here is defined by ' = S — 1 and it describes the
interacting part of the scattering matrix. To compute this object, we need to evaluate the path

integral
(1.15) / Dt/ d*e(30u006—gm** V()

This integral can be performed for V' (¢) = 0 but not for a generic V(¢), so typically one works in the
perturbative limit where couplings that enter V(¢) are assumed to be small. Then the exponential
can be expanded in a perturbative series, which are organized by Feynman diagrams. The leading
order terms in this expansion correspond to a saddle point of the path integral, which is given by
the classical equations of motion that extremize the action S = [ d*zL. These are called tree-level
contributions, for Feynman diagrammatic reasons. There are also higher order terms that carry
powers of h, which correspond to fluctuations around the classical equations of motion and are
sometimes called quantum corrections as a result. These are represented by loops when one works
with Feynman diagrams.

Let’s look at a simple example, given by V(¢) = %qb?’. As the interaction potential suggests,
this is usually called phi-cubed theory. For 2 — 2 scattering, the tree-level contributions are given

by the following diagrams which are called s, t, and u diagrams respectively. They get their names

b1 b3 b1 b3 b1 b3

P2 2! P2 2! p2 yZ!
from the Mandelstam invariants that correspond to the internal propagators

(1.16) s=(p1+p2)% t=(p1—p3)? u=(p1—ps)?

The corresponding tree-level amplitude one gets can be written in terms of these variables, as

1 1 1
1.17 Atree = )2 + +
( ) s—m2 t—m2

) + 0.

U — m2



Mandelstam invariants satisfy t + s +u = m? +m3 +m3 +m?3 (where m; is the mass associated each
external leg), thus the amplitude A"® can be considered as a function of two of the Mandelstams,

such as A"®(s,u).

1.2.1 Spinor-Helicity Formalism

As we saw in the scalar example above, the kinematic part of the amplitude will be a function of
4—momenta p!’. In the example above in particular, we could write the answer in terms of variables
s,t and wu, which are Lorentz invariant products of these p*. However, all the amplitudes in the
rest of this work will be for particles that have spin, and thus before we move onto describing gluon
amplitudes, we should first introduce notation of a more natural choice of variables. This is called
spinor-helicity formalism, and it will be a more natural choice of variables for describing amplitudes
of massless particles with non-zero helicity.

Say we have a particle with 4—momenta p*. Taking the dot product with Pauli matrices, we

can write
0 3 1 2
—p - +p° p —1p
(118) pu(‘j’u)ab = Pab = 1 . 9 0 3
P +ap i A 4
The determinant of this matrix det(pqy) = —ptp, is invariant under applying SL(2, C) transformations

to pap- In particular, if we are talking about massless particles, then

0. ,3 1 _ -2
—p +p° p —p
(1.19) det = —p*=0
pl 4 Zp2 _pO _ p3
Linear algebra tells us that if a 2 x 2 matrix has a vanishing determinant, then we can write it as

an outer product of two 2—dimensional vectors, which we will refer to as spinors, namely
(1.20) Do = Ao

The Lorentz group acts on A and \ as separate 2 x 2 blocks, and furthermore there is a subgroup of
the Lorentz group that sends A — ¢\, A — %5\ This is called the little group. We will express the
amplitudes in this thesis in helicity basis so that the helicity of each particle entering the process is

specified, and in this basis the kinematic part of the amplitude can be written in terms of Lorentz



invariant products of the spinor-helicity variables introduced below, namely
(1.21) €ap N = (i), e AN = [if]

Furthermore, these variables satisfy the following identities, which we will make frequent use of

in the following chapters

(1.22) 1) gy =—=Giy, [ijl==lji, i) =T[ii] =0,

(1.23) 2) Gl = (pi +pj)* = sij,

(1.24) 3) SGplik =0

j=1

(1.25) 4) gkl = k)Gl = Gk 5)-

Identity 4) is called the Schouten identity and it is going to play an important role in our work.
Now that we got notation out of the way, we can move back to the physics. Gluon interactions

are described by the Yang-Mills Lagrangian, given by
1 s
(1.26) Lynr = =7 Tr{F ™}

where F,, = 0 A, — 0y A, — ig[Ayu, Ay] is the gluon field strength and A, = A{T“ is the vector
field describing gluons (where 7 are SU(3) generators). The upper index in the gluon field Aj
corresponds to color and it is acted on by the adjoint representation of SU(3) (thus a = 1,2,---8).
In the real world, gluons transform under the adjoint representation of SU(3), however for our
purposes we will study SU(N) Yang-Mills. Thus, we will have N colors and N? — 1 generators.

These generators are normalized by

(1.27) T&r{T“T"} — 5%
and
(1.28) [T2, T = ifabeTe

10



A popular choice of gauge fixing is the Gervais-Neveu gauge in which the Lagrangian becomes
(1.29) £=Tr (=30 A7 0,4, — iV2g " A" A Ay + hgP A" AV A, A, )

Since our Lagrangian allows 3—point interactions, let’s go ahead and start by looking at the 3
particle vertex at tree-level. The 3—gluon vertex comes with a factor of fabc, where the color
ordering is set by the external legs. Since one needs to sum over all color indices to get the full
amplitude, it is often convenient to write the amplitude as a sum over products of the generator
traces and the kinematic part for each color ordering, called the partial amplitude. For n—particles

this is written as
(1.30) Alree = "2 N A, [10(2- - )] Tr{T‘“T"(“? . -TW}
g

where o runs over all non-cyclic permutations. For the rest of this work, we will be computing the
partial amplitudes, so we are only concerned with kinematics for now.

Then Feynman rules tells us that the 3—point vertex is

(1.31) A3[123] = —v/2[e1e2(e3p1) + e2es(€1p2) + (e3€1)(e2ps)]

in terms of external polarizations ¢;. Note that this isn’t a physical amplitude, in the sense that
momentum conservation p; + ps + p3 = 0 and external legs being on-shell p? = p% = pg =0 can’t
be solved if pi,ps and ps are all taken to be real. Nonetheless, as we will see, the vertex factor is
going to play a crucial part in our story so we can just analytically continue the momenta into the
complex plane for now.

As advertised before, we can write this result in the helicity basis using spinor-helicity notation

by considering all helicity configurations for gluons 1, 2, and 3. Doing so, we get

3
(1.32) AMHV[1=973+] = <2<31>2<>31>
and
_ 3
(1.33) AMHVI1ToT37] = [2[31]2[]31]

11



whereas configurations where all external legs have the same helicity are 0 (this will be a general
feature for n—point). This wasn’t so bad, so let’s take a look at our previous example from the
scalar theory, namely 2 — 2 scattering. At tree-level, we only need to consider 4 different topologies,

namely the s, ¢, u channels and the contact term, as shown in Figure 1.2 Using Feynman rules to

(a) s-channel (b) t-channel

(¢) u-channel (d) 4-gluon contact

FIGURE 1.2. All diagrams contributing to gg — gg at tree level

compute each diagram and translating the result into helicity basis, one finds

ot gt (12)*
(1.34) AI284] = s

with A4[1727374%] = A4[1+273+47] = A4[17273747] = A4[1+273+4%] = 0. This is a maximally

helicity violating (MHV for short) amplitude, meaning there are two negative helicities and n — 2
positive helicities. We will see the term MHV pop up again over and over through this work. When
we have k + 2 negative helicities, the amplitude is said to be NFMHV, where the letter N stands for
“next-to". Both the 3—point and 4—point tree level partial amplitude have a compact form when
written in spinor-helicity variables. One might wonder, does this simplicity carry onto higher n? As

we will see now, the answer is a resounding yes.
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1.3 Parke-Taylor Formula and On-Shell Recursion

Our previous example was only for 2 — 2 scattering, but it is easy to see that the complexity
grows rather fast with n. If we had g9 — g¢gg, instead, we would have to consider 25 diagrams.
Still doable (although annoying) by hand, but adding another final state g increases the number of
diagrams needed to 220. And this is just for tree-level! This does not pose a philosophical problem
yet. After all, nature does not have to be nice. However, this turns out to be one of the many
cases in science where our initial approach to the problem hides simplifications. In spinor-helicity
variables, the tree-level result for the 5—and 6—point MHV amplitudes take the forms

1.35 As[17273T4751] = a2
(1.35) ol I= (12)(23%(34)(45)(51)

(1.36 Ag[17273%475767] = a2’
-36) 6 T (12)X(23)(34)(45%(56)(61)

respectively. Together with the 4-point result, we can already see a pattern emerging. This is

not accidental. Turns out the n-point MHV gluon amplitude is indeed given by the Parke-Taylor

formula

ot ] (12)*
(1.37) Ap[17273% . ont] = DY

When Parke and Taylor first stumbled upon this formula [1], they were interested in computing the

g9 — gggg amplitude at tree-level. While the full answer that came from Feynman diagrams took a
whopping 9-pages, the final MHV answer simplified to the compact form shown above. But what is
the physical mechanism responsible for this miracle? After all, drastic simplifications usually come
from some symmetry. We will eventually see how the analytical structure of the amplitude as well
as constraints from physical principles “force" the MHV amplitude to take this form, but to do that,
we must first take a detour and revisit the story of IR divergences that we got a very brief taste of

at the beginning.

1.3.1 Analyticity of Amplitudes

Based on the data we have so far, we have seen that the tree level amplitude is a rational

function of kinematic variables, which in spinor-helicity notation take the form [ij] and (kl). For
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our amplitude to describe a physical process, it must respect locality, which in quantum field theory
means any pole of the amplitude must correspond to the exchange of a particle that is physically
produced. Such particles are said to be on-shell and they satisfy p> = —m?. For massless particles,
this condition becomes p? = 0. This is a consequence of locality being baked into the Lagrangian
we use. This means for a tree-amplitude, poles can only come from a region in the kinematic space
where (3.;pr)? = 0, where I lists all the external legs that have momenta flowing through some
internal propagator. But we can easily see that there are multiple ways to reach this region. To
start off, let’s consider two incoming gluons that create a propagator with momentum (p; + p2).
The expression (p; + p2)? can go to 0, which creates a singularity in the propagator factor m’
in two distinct ways. The first of this is if p; — 0, which is called a soft singularity. In this limit,
the tree amplitude factorizes into a piece that carries the singularity, called the soft function, and a
n — 1 point non-singular part. For example if we have A7°°[12--.7 —1 4% i+ 1---n] with p; — 0,

the amplitude factorizes as
(1.38)  Afree[12..i—1iT i+ 1--n]p 0 — ST —1iTi+1)x Ay 4[12---i—1i+1---n]

where the soft functions are given as

144 _ o livti—1]
(1.39) ST(i—1ii+1) T ]
(1.40) Sti—1ii41)= Grli-1)

i+ 1iii—1)

Note that the entire singular piece is contained in S*(i — 1 i 4 + 1). The other type of pole comes
from p;-pe = 0 and it is called a collinear singularity. In this limit, the n—point amplitude factorizes
into a piece that carries the singularity, called splitting function, times the n — 1 point amplitude.
In particular, if propagator P has only p;;+1 and p; flowing in, in the limit where p; - p;+1 — 0 one
can parametrize p; = (1 — z)pp and p;11 = zpp. If i and i + 1 are both positive helicity, then the

amplitude “splits" as follows

(1.41) A [17273% i i+ 1) nlp,pi—0 — no1[1727 - Pt ... n]

! A
Vz(l=2)Gi+ 1)

14



where i and 7 + 1 are substituted with P* and the splitting function is

(1.42) Split_(i* (i +1)7)

1
NS EEN

The splitting function is different if the collinear particles carry different helicity, but the part that

is important to our discussion is that all splitting function configurations contain the singular part

1
G ity

Both of the poles that we have considered above are examples of IR-singularities. In fact,
the Rutherford scattering divergence we encountered earlier is conceptually similar to the soft and
collinear divergences we see here. In the Coulomb interaction case (Rutherford experiment set-
up), the IR divergence came from the forward region ¢ — 0, and it was due to massless photon
exchange creating a long-range Coulomb force. Here in Yang-Mills, the soft /collinear divergences can
physically be interpreted as the Lagrangian allowing for gluons that are arbitrarily soft or collinear
with respect to one of the external legs to contribute to the process, even though a "detector"
wouldn’t be able to differentiate these modes. So in a sense, these IR divergences can be interpreted
as a degeneracy in the states. Now, we have to face one issue we had thus far brushed under the
table, which is the question of how we can define an S-matrix for gluons. If we can always get
arbitrarily soft/collinear modes with each gluon, we can’t really define an asymptotic gluon state
in the naive sense. So how do we talk about physical scattering in a meaningful way?

The Rutherford scattering we saw earlier can be described by QED in terms of a t—channel
massless photon exchange at tree-level. The ¢t — 0 divergence shows that QED is sensitive to
exchange of arbitrarily soft modes, as a consequence of the force carrier (photon) being massless.
The soft and virtual emission divergences we see in QED have their origin in the same IR-structure,
although they arise in a different context (one of which is loop-level). This does not prevent us
from computing observables, as we can get finite cross sections in QED by canceling the soft photon
emission IR singularity against virtual photon loop one, which is called the Bloch-Nordsieck (BN)
theorem [25|. However, the BN theorem fails for non-abelian theories, such as Yang-Mills. Luckily,
a more general statement that applies to any massless theory handles this case and it goes by the
name of the Kinoshita-Lee-Nauenberg theorem (KLN for short) [26,27]|. KLN says that in order to
get IR-safe observables in gluon interactions we must sum over all degenerate states, both final and

initial. Thus, one deals with IR-safe observables, such as jets, when dealing with gluon interactions
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in the real world, such as those in the LHC. The non-abelian nature of gluon interactions gives rise
to yet another departure from the QED analogy, namely the issue of confinement. While this is not
relevant for the perturbative regime we are in, it is worth noting that the strong interaction forces
asymptotic QCD states to only exist in color singlets at low energies. These color-singlets are called
hadrons, and this is the reason why we observe hadrons but no quarks or gluons at low energies.
The only time we talk about non-perturbative physics in this thesis will be in the context of N' = 4
sYM, which does not confine, unlike Yang-Mills. Therefore, we can shelve this fact for now.

The physical subtleties are out of the way, so we can go back to the task at hand, which is figuring
out where the Parke-Taylor factor comes from. Here we should note that the IR-singularities we have
considered thus far came from propagators with only two external legs attached. What happens
if we have (p; + p2 + p3)? = 0?7 This is where things get interesting, because in this region the
amplitude factorizes into two disconnected pieces. As we will see now, this allows us to write

powerful recursion relations, and among other things, prove the Parke-Taylor formula.

1.3.2 BCFW Recursion

As discussed above, the tree amplitude A, is a function of external momenta. Say we introduce
m < n complex valued 4—vectors rf and shift our external momenta by them such that ﬁf = pf —l—zrf

for some complex parameter z. Furthermore, let’s require that these vectors satisfy the following

conditions

(1.43) Dt =0
i=1

(1.44) ri-r; =0

Since these shifting vectors satisfy momentum conservation among themselves, we still have momentum

conservation among all the external momenta, such that

(1.46) D=0
=1
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where n is the number of external particles. And we still have ﬁ? = 0 for all 7. Now let’s consider the
shifted tree amplitude An(z), which is now a function of z as well as the external momenta. Since
A, is only describing a tree-level process, it has no branch cuts, and thus its analytic structure
is completely captured by simple poles located on points in the z—plane such that some shifted
propagator goes on-shell. Now let’s consider the function @ in the z—plane. Since poles are
at discrete locations in the z—plane (determined by external momenta), we can choose a contour

around the origin such that it includes no poles other than

An
(1.47) Res.—o z(Z) =A,

which is simply the unshifted amplitude. Then say we invert the contour such that it surrounds all

other poles instead. If the shifted amplitude vanishes at z — o0, Cauchy’s theorem tells us

~

AAn(Z) An(z)
1.48 Re o = — E R, .
( ) Sz=0 — €S T

which means

~

Ap
(1.49) An =~ S Res,, 2(2)
zr

z

Where z; goes over each pole of fl(z) in the z—plane. From the discussion above, these correspond
to regions in the kinematic space where some shifted propagator P2 = Qoier pi)? goes on-shell.
Since the amplitude factorizes into disjoint pieces on such poles, we now have a formula for the
n—point amplitude in terms of a sum over the products of lower point ones. Putting everything

together, this becomes
) 1 .
(1.50) Ay =) Ap(er) 53 Ar(21)
2r 1

where A L r(zr) is the left and right pieces of the factorized amplitude evaluated on the support of
z =z = —%, Pr is the propagator associated with the factorization channel I, and I indexes
over all possible factorization channels. This is essentially the idea behind on-shell recursion. But
we have to be cautious and note that this only works for “good shifts", meaning /l(z) — 0asz — .
So one must be careful in how to choose the shift. To see how this works, let’s look at one of the

most famous shifts, which results in the Britto-Cachazo-Feng—Witten recursion relations (BCFW
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for short) [28,29]. To implement this BCFW shift, we will pick out two external legs, ¢ and j and

select our r!' from these as well. In particular, let’s have

(1.51) [i] = 1] + 213, 131 =131, [ = 1&), 1) = 15) — 219

Furthermore, to ensure that An(z) — 0 as z — o0, we must choose ¢ and j such that the helicity
configuration of {7, j} is any of {—, =}, {—, +}, {+, +}. So let’s go ahead and test this on our n—point
MHV amplitude, namely A"¢(17273%...n"), and choose i = 1,j = 2 such that

(1.52) 1= +202], 121 = 2], 1D = 1), [2) =[2) - 2[1)

Then we have

(1.53)
n
Alree(17273% . nt) = )] Z P Rl ]PQAk =P 07 3% (k—1)7]
k=4 h;=+
where P; = P2+ ps+ -+ pp_1. If 1 and 2 are partitioned into the same sub-diagram, P =P
and thus the residue vanishes. So the only valid factorization channels are ones with 1 and 2 on
opposite sides. Furthermore, all single minus helicity amplitudes vanish for n > 3 and all plus

helicity amplitudes vanish for any n. Then we have

—o—at o Py 3t
Ap[17273% ..n*] = — S+ -

If we evaluate A3[1~P;'n*] on the support of P2, = 0, we find that the numerator vanishes and

thus the expression reduces to

A [17273F . .nt] =
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Evaluating this diagram gives

S (1Py3)! N S [3P]?
(1.54) An[172737. 7] (1 Py Pyg 4X(45Y - - - (n1) = (23)[23] ~ [Py32][23]
with

(1Py3)[3Pa3] = —(1Pys)[ Pa3 3] = (1| Pas|3] = (1|(p2 + p3)I3]

(1.55) = (1]p2[3] = —(12)[23] = —(12)[23]
(1.56) (Pos 1) Pag 2] = (4| Py3|2] = (4]3]2] = —(43)[32] = —(34)[23]

Putting everything together, we get

tree(1—o—aq+ +) — <12>4
(1.57) A28 ) = e 3 Asy - (nT)

which gives the Parke-Taylor formula as advertised! The same method can be used also for more
intricate helicity configurations, although in that case the final result isn’t as compact. The power
of on-shell recursion relations aren’t just limited to Yang-Mills. In fact, even Gravity amplitudes
can be computed by a smart choice of shifts. As fascinating as this discussion is in its own right, we
refer the interested reader to [30] and move onto the last ingredient we need before we move from

the tree-level story, which is Supersymmetric Yang-Mills theory.

1.4 N =4 Super Yang-Mills at Tree-Level

As mentioned in the beginning, A’ = 4 sYM is one of the most well studied theories in high
energy theory. While much can be said about the subject and its many motivations, in this section,
our purpose is going to be just introducing what we need for later. For starters, let’s meet our
new fields. In the Yang-Mills example, we only had gluons but in A/ = 4 sYM the requirement of
Supersymmetry means we need to have a richer particle content. In particular, we have a single
CPT self-conjugate supermultiplet that contains 16 massless states. These include a single +1
helicity gluon, 4 helicity —1—% gluinos, 6 scalars, 4 helicity —% gluinos, and a single helicity —1 gluon.
To see where these come from, we can follow the treatment of [31] and consider general massless
multiplets with helicity |A\] < 1. Then starting with a Clifford vacuum with helicity A = —1, one
can use the conjugate supercharge Q' as a helicity raising operator and build
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State Helicity number of states
12-1) -1
QMQ_1) —3
Qo101 0
Qo y 1
Q'Q'elo ) 1

N N =

It is worth taking a digression here to consider the field content we would get if our theory had

fewer supercharges. For example, let’s consider N = 3. Starting again with [Q2_1), we get

State Helicity Number of States
Q2-1) -1 1
Q1) -3 3
QTQYQ 1) 0 3
QIQIQN 1) 3 1

But then we would also have to add the CPT conjugate, built out of |Q_%>

State Helicity Number of States
_1
|Q_%> 2 1
Qlely o 3
QiR sy 4 3
1 1

Q'QTQMQ_1)

which gives the same field content as N/ = 4. Thus, the A/ = 3 and its CPT conjugate give
the N' = 4 multiplet, they are the same theory (at the on-shell level at least)! We can shelve this
discussion for now but it will be relevant for Chapter 3.

Before we talk about computing scattering amplitudes with the fields we have introduced, some
comments are in order. In addition to super-symmetry, N' = 4 sYM has conformal symmetry. This
means the theory has no intrinsic scale, and thus we can’t define asymptotic states to scatter in
the usual sense. Additionally, since our states are massless, we have to worry about IR-divergences.
Similar to the Yang-Mills case, sYM gluons are always degenerate with extra soft or collinear modes.
Thus, there are two ways in which people make sense of scattering in N' = 4 sYM. One can do
dimensional regularization and go to d = 4 — 2¢ dimensions to kill the IR-divergences. However,
this breaks the conformal symmetry. Another option is giving the scalars vevs in a way that

keeps supersymmetry. This is called going to the Coulomb Branch, which also breaks conformal
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symmetry but preserves something called dual conformal symmetry of the integrand, which we
discuss in Chapter 5. Now that this subtlety is out of the way, let’s move onto the amplitudes.
Supersymmetry is a symmetry that relates bosonic degrees of freedom to fermionic ones. Thus,
amplitudes with different external states in N/ = 4 sYM are not independent. They are related
to each other through a long list of linear relationships, which are called Supersymmetric Ward
identities. Our usage of spinor helicity variables earlier was to hopefully convince the reader that it
is often useful to work with variables that make symmetries/constraints manifest. This lesson still
rings true here, and thus it is convenient to work with variables that make these SUSY ward identities
manifest. Thus, amplitudeologists usually work in what is called the On-shell superspace formalism.
This collects all 16 states into an on-shell chiral superfield €2 by introducing four Grassmann variables
n?, where A is an SU(4) index for the R—symmetry that rotates the 4 sets of supersymmetry

generators @, Q4 in the theory. The on-shell superfield is then written as

1 1 _
(1.58) Q= g" +naXt = SnanpStT = Znanpne A" + mnensn g
where the fields that appear are
(1.59) A S T T
~ ~~—~ ~—~ S~ ~
1 gluon 4 gluinos 6 scalars 4 gluinos 1 gluon

Then when we talk about amplitudes in N' = 4 sYM, we refer to the scattering of the superfields Q;,
and the amplitudes read A,,(Q1,Qa, -+ ,Q,) and is a function of the Grassmann variables 77;4 as well
as the momenta p; for each superfield €2;. Furthermore, we can take derivatives in the Grassmann
variables 77;-4 to project out the particles we want from the total superamplitude. For example if we

wanted the scattering of two negative helicity gluons and n — 2 positive helicity gluons, we could do

4
(1.60) A,(1727...n") = (H (9771A> <H an23> 2 (1,0, Q)

where the npc = 0 at the end means all the leftover Grassmann variables are set to 0 after the

Nkc=0

derivatives are taken. Same goes for other fields. This is because when expanded in Grassmann

variables A, (Q1,- -+ ,,) is a sum over polynomials in 7 of degree 4(k + 2), where k indexes each
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helicity sector through N*M HV . More specifically, we can write
(1.61) Ay = AMEV | ANMEV | NPMBV oy AMHV

The supercharges are

n a n
(1.62) Q" = Y5 — Q™ = Xlma
? i=1

i=1

and all the Ward identities can be condensed into
(1.63) QA, =0, QMA, =0

Since the action of Q4 is multiplicative, amplitudes written in the on-shell superspace formalism
carry a delta function with appropriate factors of 7; to make SUSY ward identities manifest. For

example the n—point MHV amplitude in N' = 4 sYM, is written as

51 (P)OS (M |1) + 72|2) + - - + Tiu|n))
(125(23%(34) - - - {n — In)(nl)

where 0%(71|1) + 72|2) + - -+ + 7ju|n)) is often written as 6%(Q) and §*(P),5%(Q) together ensure

(1.64) AMHAV (123...n) =

that all supersymmetry constraints are satisfied. Note that in writing 7; we have suppressed the
SU(4) index A. This just means the SU(4) index is uncontracted and the dimension 8 in the delta
function is precisely due to this (2 spinor x 4 R-symmetry = 8). Finally, we must note that when
we attempt on-shell recursion on supersymmetric amplitudes one needs to also shift the Grassmann

parameters 7;. In particular, the “super" version of the BCFW shift from before now reads
(1.65) 1] = 1]+ 2[2), [2) = [2) = 2[1), i =71 + 212

and one needs to perform a Grassmann integral [ d417pI for each factorization channel with propagator
momenta P; while performing the sub-amplitude products that appear in the recursion relations.
Physically, this arises from the need to sum over all modes that can be exchanged on the internal
line I. Whereas only on-shell gluons with helicity + were available in pure Yang-Mills, now we have
16 states to worry about. As explained in [30], the Grassmann integral automatically takes care
of this. And indeed, one can get formulas for n—point N*M HV amplitudes in N' = 4 sYM using
BCFW recursion.
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On-shell methods for tree-level amplitudes is a long and interesting subject. This chapter is
meant to introduce the necessary ingredients for the formulas and notation that comes up over and
over in the work reviewed here, and as a result we have not deeply explored any of the topics we
have discussed thus far. The interested reader is encouraged to refer to some excellent reviews on
the subject, listed in [30,32]. Otherwise, we have met all the characters we are going to encounter

from the tree-side of the story. So let’s see what we need to know from the loop side of things.
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CHAPTER 2

Loops, On-Shell Diagrams, and Geometry

The on-shell recursion relations we have discussed in the previous section impose such powerful
constraints on tree amplitudes that we can in principle compute them for any n as long as the
amplitude has no poles at |z| — oo0. To set up the recursion relations, we have assumed that the
amplitude has no branch cuts, which is true in the case of tree amplitudes. However, the story
changes at loop-level, since we now have branch-cuts as well as other complications. Luckily, some
of the tools we have already discussed can help us here too. In particular, we will be leveraging the
unitarity of the S—matrix. Let’s take a step back and remember the definition of unitarity. If an
operator S, such as the scattering matrix, is unitary, it satisfies SST = 1. We can decompose the

scattering matrix S as S = 1 + 47", which means

(2.1) SST = +iT) (1 —iTH) =1+TT" +4(T -TTH) =1
Canceling the identity on both sides, we get the following expression

(2.2) i(TH—1) =717

We can then sandwich both sides between the states {f| and |i) to translate the operator level

equation, which tend to be harder to interpret, into functional one. Namely

(23 KT =Ty = EH [ s TG

where we inserted a complete set of states that equal the identity in the middle. As mentioned
above, loop amplitudes have branch cuts, meaning the amplitude now has non-zero discontinuity.
Thus, the discontinuity of the amplitude A across a branch cut is given by its imaginary part, i.e.

Disc(M) = 2Im(M). Then the statement above relates the discontinuity of the L loop amplitude
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to products of lower loop ones. Schematically, this is

(2.4) Disc(T) = T'T

The operator T describes forward scattering, so we can write
o0

(25) Disc(M(i = 1)) = 3, [ d®,MG — )M - 1)
j=2

where d®; is the phase space measure over j particle final states with total momentum equaling the

incoming momenta P;. Then expanding M (i — f) perturbatively, we have

(2.6) Disc(Ml.(J?)) =0

as tree amplitudes have no branch cuts. For higher loop, we start to get non-trivial results, such as
(2.7) Disc(M})) = / s My MY

This equation tells us that the discontinuity of a one loop amplitude can be written as a product
of tree amplitudes. In particular, the right hand-side corresponds to putting the internal loop
propagators £, £ — p; — pa on-shell such that £2 = (¢ — p; — p2)? = 0. Diagramatically, this looks like

the following.

P1 e, ps3 p1 b3
l
e
—
e
£—p1—po
b2 ' yZ b2 D4
£—p1—po
Mil) Zstates Miree x Mltfree

This is called a 2-particle unitarity cut. At the integral level, performing this unitarity cut
amounts to replacing the propagators with a delta function that enforces the on-shell condition,

namely

(2.8) /dDeﬁ(e_pll o /dDe 5(0) 6( — p1 — p2).
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The pattern continues at higher loop order, where we get
(2.9) Disc(M)) = / Py (M MY+ MY M) + / s M M)

Now there are two different types of terms that contribute to the 2-loop amplitude’s discontinuity.
First one is the product of a 1-loop amplitude and a tree, which comes from a 2-particle cut. The
second one is a product of two tree-level amplitudes that come from a 3-particle cut.

The punchline here is that the discontinuity of an L—loop amplitude can be written in terms
of lower loop results. But how does this help us construct the amplitude itself? If we had to work
non-perturbatively, we would use dispersion relations. Assuming the amplitude A is analytic in
the upper half plane, Kramers-Konig relations tell us that we can set up the following dispersion
relation

1 Disc(A(s))

271 s —s

(2.10) A(s)

where the bounds go from where a branch cut begins to infinity. One caveat in addition to analyticity
is that for this to work A(s) has to be well behaved at s — o0. However, this equation is not very
practical by itself if we want to apply it to the gauge theories we talked about in the previous
chapter. This is due to numerous issues, such as needing subtractions to determine pieces that
aren’t discontinuous on the chosen variable and regulating the IR divergences we talked about,
which come up stronger than ever at loop-level. Luckily, we can leverage the perturbative expansion
to get something more practical. Based on the idea that unitarity cuts impose constraints on loop
integrands, a powerful method was introduced in 1994 by Bern, Dixon, Dunbar, and Kosower |2, 3]
to find loop amplitudes in gauge theory using their cuts and a suitable basis of integrals. The now
broadened set of tools based on this idea are known in the amplitudes field as modern unitarity

methods.

2.1 Unitarity Methods

Let’s think about the general structure of a loop diagram. For L loops, the kinematic part looks

like

L dPe, 1
(2.11) 1= /H (2m)P H q;(,p)? + ie
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where n indexes over each loop, j goes over internal propagators, and ¢;(¢, p) denotes the momentum
flowing through each propagator. Normally we would include a mJQ. after this but here we are
interested in massless gauge theories, which we can afford to do without IR problems since we
are keeping the number of spacetime dimensions unfixed for now. Now when we compute the
full L-loop amplitude, we add all such topologically distinct diagrams together, weighed by the
appropriate symmetry factors. In the planar limit of N' = 4 sYM, where N — o0, we are actually
able to combine all the integrands into one. So let’s set aside the problem of actually performing
the integral for a minute and first focus on constructing the integrand. We add everything together
and the result is a rational function that has all the propagators in the denominator. Then, the
numerator of the combined object is what we need to determine in order to construct the integrand.
As its name suggests, the unitarity method uses the unitarity constraints we discussed above to
fix this numerator. Let’s illustrate this with an example. Consider the 1-loop M HV amplitude
AS) (17273%4") in planar N = 4 Super-Yang Mills. In terms of the numerator we wish to construct,
it takes the form

d1-2¢¢ N
(2m)4=2€ £2(0 — p1)2(£ — p1 — p2)2(£ + pa)?

(2.12) AP (172734 4%) = —jAlree /

To use the unitarity method, we also need a set of basis integrals. Of course for more complicated
cases we need to be smart about how to choose a basis. For now, the object at hand is simple
enough that we can consider everything. Namely, our basis consists of scalar bubbles, triangles, and

boxes, shown below.
p2 p3

dPy 1
(2m)D £2(0 + p1)2(€ + p1 + p2)2(€ — p4)?

I4,boz<p17p27p37p4) = /

S A

D Y2

27



b2

b3
dPr 1
I4,triangle(plap27p3 + p4) = (27T)D 62(5 + pl)Q(g +p1 + p2)2
L D4
p1
P2 p3
dPe¢ 1
I4,bubble(p1 + D2, p3 + p4) = (27T)D ZQ(E + 1+ p2)2
P1 V4 yZ

Then the procedure is as follows. Once we write Ail)(1_2_3+4+) = c1lvog + c2lvubbie + C31triangie,
all we have to do is compute the coefficients ¢;. And to do this, we can systematically impose the
unitarity cuts we have discussed above. Usually, we also have to include rational terms that are not
detectable by these cuts but these are absent in the case of N’ = 4 sYM. We start by systematically
“cutting" internal propagators, which amount to putting them on-shell, such that %2 — §(£?). We
can start with the maximal cut, 2 = (¢ 4+ p1)? = (¢ + p1 + p2)? = ({ — ps)? = 0. The triangle and

the bubble diagrams both vanish and we get

1
213 S Atree (1)Atree, (2)Atree, (3)Atree7 (4)
( ) ‘b 2 ; =%’

where £* denote the solutions to the maximal cut condition and A® represent the 3—point amplitude

that corresponds to the i—th corner of the box. Evaluating the non-vanishing helicities, one finds
(2.14) Chox = — i st A™¢(17273%4T)

Imposing the triple and double cut to isolate the triangle and bubble part respectively, one gets
co = c3 = 0. Note that this is only true for N'= 4 sYM and that in pure Yang-Mills, we would get

a non-zero coefficient for the triangle. Putting everything together, we get

(2.15) AP (7273T47) = —ist ATe(17, 27 3% 4T) IP%(s, ¢)
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Evaluating this in d = 4 gives IR divergences, so doing d = 4 — 2¢ instead we get

(2.16) Aff) = Atree (F%p [(E) h + (;) E] - {lrﬂ(_i) + WQD + O(e),

The quantity I‘g)sp is the cusp anomalous dimension at one-loop and the more general object
Cewsp = 2, g2Lnggp is going to play a key role in our discussion starting at chapter 5 onwards. But
for now, our purpose is just to briefly mention unitarity methods. While this example is quite simple

and doesn’t demonstrate the full power of unitarity methods, one of our key players for the next

chapter, namely on-shell diagrams, already shows up here. In the next section, we explain how.

2.2  On-Shell Diagrams and Positive Geometries

The story so far has involved building computational tools for the efficient computation of
scattering amplitudes, leveraging the assumed unitarity and locality of the underlying quantum field
theory. However, as we will see, there is more to the story than merely making computations efficient.
Scattering amplitudes have a rich mathematical structure, and some of this structure was only made
more visible with these new methods. This is an example of what has been dubbed a virtuous cycle
in the community [21], where modern methods for amplitude computations leads to the discovery
of new underlying structure, and this underlying structure in turn can be used to discover new
computational tools. The main body of this thesis is deeply connected to one such structure, called
the Positive Grassmannian. As a gentle entry point, consider the quadruple cut we have used

for the box in the previous section, which said to be a maximal cut (all propagators put on-shell).

P4 P3 P4 P3
Ly
A l3 —
ly
b1 P2 P P2
I Z AT (pr, 01, ba) AT (0o, pa, U3) ASC (U3, p3, £a) AY (€, pa, 1)

states
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This is an example of an On-Shell diagram. In its most broad definition (from a physics point
of view at least), an on-shell diagram is a graph formed by gluing 3-point vertices together on a leg,
conserving momentum at each merged leg. In particular, the fundamental building blocks are the

following two objects

1 1

(2.17) )\ AL~ A2 ~ A3, /é\ AL~ Ao~ Az

2 3 2 3

and thus every theory that has 3-point interactions admits these on-shell diagrams. Then, one can

glue them as advertised

2 3
B d® g dPAp,d? N
= [ d*my...d* W 1 L 2 T2 4 —P)As(P .
>:)—< / n 74 GL() GL() 3(p1,p2, —P)A3(P,p3,p1)
1 4

where P is fixed to be on-shell and P = p; + ps. Let’s see how this generalizes when we glue a

larger number of vertices.

2.2.1 Building on-shell diagrams

On-shell diagrams are given by the product of three-point amplitudes, multiplied by a Jacobian
that stems from eliminating A’s and n’s of internal on-shell legs in the momentum and super-
momentum conservation delta functions. The final result depends on external kinematic data and
possibly on free unfixed parameters.

Putting an internal edge on-shell gives one constraint equation, from which we can solve for
the internal momenta in terms of the external kinematic data. Denoting the difference between
the number of constraints and the internal degrees of freedom by ngs, we get three distinct cases.
ng = 0 where we can express all internal momenta in terms of external data, ns > 0 which places
additional conditions on the external data, and ns < 0 which leaves us with unsolved parameters

that the amplitude will depend on. The simplest example of ns = 0, is the four-point one-loop box
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diagram,

(2.18)

We can see that each vertex imposes collinearity conditions on A or X. For example, the holomorphic
part of momentum /5 is given by the A3 spinor (from the upper right white vertex) and the anti-
holomorphic part is given by the Ao spinor (from the upper left black vertex). This itself solves for
3 of 4 on-shell conditions on internal on-shell propagators, (2 = (3 = E% = 0. The constraint from
the final propagator £2 = 0 fixes the overall constant in ¢ to be (12)/{13). In N'=4 SYM theory
we do not need to specify helicities of internal and external legs. For N'<4 SYM theory we have to
specify them (or equivalently helicity flows denoted by arrows) to fully define an on-shell diagram.
Solutions for internal momenta are the same regardless of the number of supersymmetries or theory
(it can also be gravity on-shell diagrams or other). However, the actual on-shell function associated
with the on-shell diagram is sensitive to these details. In particular, the on-shell function in N'=4
SYM for (2.18) is

BPrg 2Ny, AP, d?Ny,
GL(1) "~ GL(1)

(2.19) Q= /d4771...d4774

X {A3(1,61,64)A3(2,£1,€2)A3(3,62,63)A3(4,£3,£4)} = <1§:<(;)>f§i§2<zﬂ>

All integrals are evaluated on the delta functions using
(220) [z £(@) 36 = w0) = fa)

(see [13] for more details). All poles in the on-shell function correspond to sending one of the
internal momenta of the diagram to zero as evident from (2.18). Taking the residue on this pole

erases an edge and the result corresponds to a new on-shell diagram. For example, sending (12) = 0
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implies 5 = 0 and we get

>C ( 5({12))6*(P)6%(Q)
(221) RSN

1 4

This diagram is an example of ns > 0 where the extra constraint on the external kinematics (12) = 0
is evident from the delta function §({12)) in the on-shell form (6.22). The condition on external
kinematics can be also seen directly in the diagram where legs 1,2 meet in the same white vertex.
At the same time, legs 3,4 meet in the same black vertex which imposes [34] = 0 — which is indeed
a consequence of (12) = 0 for four-point kinematics. The simplest example of an on-shell diagram

with ng < 0, is the four-point double-box diagram,

3
(23) + 2(24)  ~ 14y <3
= N/ T A by = —7 N3\
b <13>+z<14>A1A2’ LTB) + 14y
< 12) ~ ~ (34) 2
(2.22) 2Xs\ __ PR C L
4 b <13>+z<14>/\3 2T Asy + 14y
l3 = A3\, l6 = M.

where §4 = X4 + zX3 and Xg = A3 — z\4. This diagram can be thought as a heptacut of the two-loop
four-point amplitude in the N'=4 SYM theory, with z being the last parameter in 1, £5 not localized
by on-shell conditions from the cut. Alternatively, we can also interpret the diagram as a BCFW
shift of the one-loop four-point amplitude (on legs 3,4) with z being the BCFW shift parameter.
The on-shell function is given by

B dz 0*(P) 6%(Q)
(2.23) 2= / 2{12)((23) + 2(24)){34)(41)

Each pole corresponds to erasing an edge in the diagram but not all edges are erasable (hence we

have five poles rather than seven). The residue on the pole z = 0 corresponds the diagram (2.18)
already encountered. Now that we have some intuition for these objects on the physics side, let’s

dive a little deeper into the mathematical structure.
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2.2.2 The Positive Grassmannian

The connection between on-shell diagrams and positive geometries is a very deep one and like
many other deep and beautiful subjects, we will only review the surface level story in this chapter.
We will closely follow the treatment of [13] here. The main goal of this section will be to set-up the
language and motivation we need to make sense of the works in chapters 3 and 4. Let’s start with
setting up some mathematical terminology.

Let’s say someone gives us a vector space V. The Grassmannian G(k, V') is defined as the set of
k—dimensional subspaces of the vector space V. For our purposes, V is either R" or C” and we will
refer the Grassmannian in either case as G(k,n), where it is the space of k—planes passing through
the origin. We can define any k—plane by gathering k vectors that live in C™ such that they span
the plane. Finally, we can assemble these planes into a (k x n) matrix, which we will call C. But
wait, any linear combination of these vectors will give us the same plane! So we can act with GL(k)
transformations on C' and get the same plane, meaning we have some “gauge redundancy" that we
need to fix. To do so, we can choose any k columns of C' to be the k x k identity matrix. This gives
us a coordinate chart for the Grassmannian G(k,n), and we can cover the entire Grassmannian by
repeating this procedure for every distinct set of £ columns and taking the union. As an example,

a point in G(2,4) can be represented by

1 0 a b
01 ¢ d

(2.24) C =

where (a,b, c,d) € C* are affine coordinates on this chart. The k x k minors of this matrix, which
live in P(Z)_l, are called Pliicker coordinates. Since any k—vector can be written in terms of k

linearly independent vectors, the minors of these matrices satisfy relations called Pliicker relations

(2.25) (i1 k1) (oo irn) + oo+ (=1 (i1 1 k1) (i) = 0
For example, the C' matrix we have above gives the single Pliicker relation

(2.26) (12)(34) — (13)(24) + (14)(23) = 0.
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These relations define an embedding G(k,n) — P(i)~L called the Pliicker embedding. As we shall
see in a moment, the Schouten relations we have talked about earlier are an example of these Pliicker
relations.

For any k—plane, we can find a (n — k)—plane that is orthogonal, represented by C* and is

defined by
(2.27) ct.Cc=0

This can be represented by a (n — k) x n matrix and its minors are determined by the minors of C.

If we gauge fix C' as
(2.28) C = (Lkxklcap)-
Then, C* can be written as

(2.29) C* = (—Cbal Loty x (n—k))-

So far we have not introduced any restrictions on the signs of the minors. As we will see, doing so is
going to make the story much richer. The region in the Grassmannian where all Pliicker coordinates

are non-negative is called the totally non-negative Grassmannian, and it is defined as follows

(2.30) Gy (k,n) = {CeG(k,n):p(C) =0 Ve <[Z]> L.

For a given C that lives in G1(k,n), we can define a set called a Matroid (which is an abstract

generalization of linear independence) as

(2.31) M:={Ie <[Z]>, p1(C) # 0}

Matroids associated with non-negative Grassmannian are called Positroids. For a given positroid,
we can look at elements in G4 such that the Pliickers indexed by I € M are positive and those

associated with indices outside of M vanish, namely

(2.32) Sy :={CeGyi(k,n): pr(C)>0for I e M, p;(C)=0for I¢ M}
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This is called a positroid cell and collection of such cells gives a matroid stratification of the non-
negative part of the Grassmannian. We refer to the top-dimensional positroid cell as the top-
cell. This object has, for all its ordered minors, p;(C) > 0. So the non-negativity condition we
had before is replaced with strict positivity. Thus, this object covers what is called the positive
Grassmannian. Unfortunately, G (k,n) is used to denote both the positive Grassmannian and
the non-negative Grassmannian in physics literature. We will do the same here, but hopefully
the distinction will be clear from context. Starting with the top-cell, codimension-1 boundaries
are reached by setting single Pliickers to 0. Then we can reach any cell that lives in the positive
stratification of the top-cell by iteratively setting Pliicker variables to 0.

By this point, it might feel like we got a little far from Physics. Before we get back to it, we
need to introduce one more technology for which the preceding discussion has hopefully laid an
adequate groundwork for, and this is the canonical form. Given a top-cell C' that parametrizes a
region of the G4 (k,n), we can define a differential form called the Canonical Form on the positive

Grassmannian as

d>nC 1

(2.33) U = ol GLm) TRy (k1)

If elements of C' are parametrized by positive variables o; > 0 for i = 1,...,k(n — k), then the
canonical form becomes

n(n—=k)
(2.34) QC) = /\ dlog «;
i=1

Okay, now we have introduced sufficient technology to see how all this relates to on-shell diagrams.

2.2.3 Grassmannian Formula for On-Shell Functions

Let’s go back to our spinor-helicity variables. For an n-particle process, the set of spinors

A = (A1, A2, -+, \p) can be described by a (2 x n) matrix
(2.35) A=

Now if we take each row of this separately, we can view this as two n—dimensional vectors.

Furthermore, they represent a 2—plane in n—dimensions, and Lorentz transformations that act on
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the spinors leave this plane invariant. Same goes for the A spinors. We can already see hints of
a connection to the Grassmannians we have introduced in the previous section. But wait, there is

more! Recall that the momentum conservation equation is
(2.36) DIASAE =0
i

Geometrically, this is just the statement that the 2—plane A is orthogonal to the 2—plane A
Splendid, now let’s go back to our on-shell diagrams.

Recall that on-shell diagrams are made out of 3-point building blocks. These are the two
(complex momenta) solutions to the equations p; + pa + p3 = 0 and p% = p% = pg = 0, represented

by black and white vertices.

1 1
(2.37) _ _0P)(Q) _ 6(P)(Q)
) (12)(23)(31)’ [12][23][31]
2 3 2 3
Let’s start with the white vertex, which will be easily generalizable to black vertices. A white
vertex has A\; ~ Ay ~ A3. Now let’s try to express this in terms of the orthogonal planes we
introduced earlier. But wait a minute, 2—dimensional planes can’t be orthogonal in 3 dimensions.

So one of the A, A planes has to be a 1—plane. Let’s choose this to be the A plane. Since momentum

conservation requires
(2.38) )\1;\1 + /\2;\2 + /\35\3 =0

A can be written as

.30 L (231 B (12
0 0 0

Since A1 ~ Ao ~ A3, all other solutions live in the same plane spanned by these 3 vectors. Okay, so

let’s get back to our white-vertex, which has the on-shell function

1

_34(P)s4(Q)
~ [12]23][31]
(2.40)
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We can re-write the momentum conservation in terms of an auxiliary 1—plane C' € G4(1, 3) such
that C is orthogonal to X and contains \. Since the Grassmann parameters 7’ in the supercharge
conserving delta function have A} as its coefficients, we can write §([23]7; + [31]72 + [12]73) =

§1*4(C - 7). Then the on-shell function can be written as

1x3 1x4 o o
(2.41) AD = / VO;‘EGL%)) 5(1)((2(’;(37)7)5“2(0.A) 522\ by,

To recover the previous expression from this, we can fix the entries of C' using C - A = 0 and
solve d(\ - CH)5(C - 7)) on the support of this solution to obtain the momentum conservation delta
functions. We can do the same for the black vertex solution, which has A ~ A2 ~ A3 and is given

by
1

5(P)5(Q)
(242 )\ ~ 1202830

2 3

Now we have an auxiliary 2—plane C € G(2,3) and write

@ _ [ d¥PC NC-T) axa 3 2
(243) Ay = / vol(GL(2)) (12)(23)(31)52 (O-N - O,

This formula generalizes to any on-shell function we can as an amalgamation of such black and white
vertices. In particular, each on-shell diagram gives a parametrization of a cell in the Grassmannian.
Furthermore, in planar N' = 4 sYM, the corresponding on-shell function f*) can be written as a

residue of the top-form, namely

kxn kx4 . ~
(2.44) ¥ = §I§ vof(GL(C;f)) 1-- 2) = (((jn 77) k_l)dkw(c <N § RN o)

where the parametrization of C' is given by the on-shell diagram in question. Let’s now see in detail
how this n—point generalization works.
Using a C matrix that lives in G(k,n), we can re-write the n—point momentum conservation

equation, namely 54()\15\1 + 4+ )\nS\n), as follows:

(2.45) 5(C - 2) = 6=k (ot x)§Ex2 (0. X)sEN)(C - ),
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where C1 is an orthogonal complement to C satisfying C*+ - C' = 0. We can think about this
geometrically in the n-dimensional “particle space" [8]. In this space A and X are 2-planes which are
orthogonal to each other. We define a k-dimensional plane C' which contains A and is orthogonal

to A,

)‘2—plane

_--217 C e

The C' matrix is then used to linearize the momentum conservation but conditions (2.45) are in
fact stronger, C' - X=Cct-A=0 impose 2n conditions on the parameters of C'. This reproduces
four conditions from the momentum conservation and leaves us with additional 2n—4 additional
conditions. Depending on the exact dimensionality of the C-matrix, we can be left with some free
parameters in C' (matrix is not completely fixed) or oppositely in order to satisfy (2.45) we need
to impose additional conditions on external kinematics. Note that the last delta function in (2.45)
involves fermionic variables 77 and it does not impose any conditions on C' — we should just think
about it as a polynomial in 7).

Each on-shell diagram provides a particular parametrization of the C-matrix using edge variables
«;, or face variables f;. For planar diagrams, if the variables are real and take definite signs, all the
main (k x k) minors are positive, and the C' matrix represents a cell in the positive Grassmannian
G4 (k,n), as advertised. The connection between cells in positive Grassmannian and plabic graphs
(name used for on-shell diagrams in the math literature) was found by Alexander Postnikov in [33],
and later the connection to physics and scattering amplitudes was discovered in [13]. Here, we just
shortly review the key ingredients.

For a given on-shell diagram, we choose an orientation by assigning arrows to all edges such
that each black vertex has two incoming and one outgoing leg, while each white vertex has one
incoming and two outgoing edges. Then we assign edge variables to all edges, fixing in each vertex
one variable to one. It does not matter how we exactly choose the position of edge variables (fixing

the GL(1) redundancy) but in each vertex there should be at least one edge with an edge variable.
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The diagram has k sources, external legs with incoming arrows, and n—k sinks, external legs with

outgoing arrows. Then the element of the (k x n) matrix is given by the following prescription:
(2.47) Coa= Y, [ [

FD(A’G .]
For each path from a source « to a sink a we take a product of all edge variables along the path

and sum over all paths. The element C,, = 1 while C,, = 0 for the path between two different

sources. For a simple, one-loop four-point box diagram we have

2 3
Q2
1 o9 0 « —a; 1 —ag O
(2.48) o a3 = = ! o e ! 2
0 a2 1 ag —a4 0 —a3z 1
Qg
1 4
Fixing the signs of edge variables to be
(2'49) ar >0, ag>0, a3>0, ag <0,

guarantees that all (2 x 2) minors are positive and the C-matrix represents a top cell of G4 (2,4).

The on-shell function associated with the same on-shell diagram in N/ = 4 SYM theory is given by

(2.50) Q= / I1 dai 502,

(67}

where we are instructed to solve for the «; variables from the delta functions which fix them as
functions of external kinematics. For our example, the delta-function constraint on C gives the

following equations
(2.51) §HCHN) = 62 (—arh + Ao — azA3)6(—aud — aads + A1),

which after contracting with A; and Ag turns into 4 equations 1_[;1 d(E;), that can then be rewritten

(2.52) Js x (13)% x § <a2 — igi) 5 <a1 — g;’i) ) <a3 — ﬁii) ) (a4 — gg) :
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Here Js = )%EJ“_ = @ is the Jacobian that stems from solving the four d-function equations,
and the factor (13)? stems from the contraction with A; and A3. Plugging the solutions for the

edge-variables into the other d-function, one finds:

N R SRR 12)~ (5
se-n=¢ <A1 Tantas) ) " <<13>AZ RRRT 5 )

— (13)* 52 (<13>)\1 +(23)%s + <43>/\4> 52 (<12>X2 +(13)As + <14>X4> .

(2.53)

The two equations can be obtained from a single momentum conservation equation by contracting

with A3 and \; respectively, i.e. we have,
(2.54) FHC - X) = A32FH AL + Ao + Ashs + Aghg) = (13)2 64(P).
For the last delta-function we get the same thing except for replacing Xl — 1,

(2.55) 8*(C-7) = 8% (M + Aafla + Asils + M) = 5*(Q).

<13>4
We are now in a position to calculate the on-shell function €2,

[ doy ... day 65(Q)6(P) 12) (23 N (14) N (43)
a= [ (w2 ) (= G ) 7 (0= ) o (o0 9
_ %) aN(P)

- (12)(23)(34)(41)’

which reproduces the on-shell function (2.19) from the previous subsection. The only poles in the

<13>4

(2.56)

on-shell function €2 come from the edge variables being sent to «; = 0 or a; = o0, which removes
an edge and imposes conditions on external kinematics, in complete agreement with our earlier
discussion. Note that flipping the orientation of an edge variable also flips @ <> 1/ and thus flips

the pole at 0 and oo0. Let us now consider another on-shell diagram,

1 aj+asa Q 0
(2.57) 1+a203 3

0 asaszay astasay 1
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The edge variables «;’s are given by,

(23)—a5(24) o (12) . (34) o = (13)—a5(14)
A3)—az14y’ 7 AB)—az1ay’ 0T 4y B4

The Jacobian from solving the J-functions is J = WM' From (2.50) we get

do 54(P)58(Q)
(2.59) 0= | B - i BT

which we recognize as (2.23) with as — —z. In some cases the perfect orientation can involve an

(2.58) a1 =

infinite loop. For example, if we choose the external arrows of the box diagram in the following

way:

(85)
(2 60) ay Qs - 0420430445 1 042(5 0
40 0 oajagaszd 1

Qy

1 4

The § that appears here corresponds to a geometric series coming from an infinite loop,

1

o0
2.61 - -
( ) Z 011042043(14 1 — 041052053044

j=0

Solving for edge variables we get

@ o =@ o =@ o =@ and also 5=7<12><34>
asy’ “PTay P asy vttt 34 (13%(24)

and plugging in (2.50) we get the same formula as in (2.56). Note that in all these cases we

(2.62) ay =

considered on-shell diagrams in N’ = 4 SYM theory which do not depend on the assignment of
helicities. Hence, the formulas for diagrams (2.48) and (2.60) gave the same on-shell functions. For

N < 4, this is not the case and the helicity assignments are important.

2.3 On-shell diagrams for N'<4 SYM theory

If the theory has less than the maximal supersymmetry, we do need to assign both external and
internal helicities to fully specify an on-shell diagram. The same on-shell diagrams with different

helicity assignments correspond to the same kinematics (solutions for momenta, edge variables etc)
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but they are given by different on-shell functions. The on-shell function for the A'<4 SYM on-shell

diagram [13] is

(2.63) Q= / danday dawm ona 0. gy,
a1 9 (0779

where the Jacobian J is given by

T=1+)fi+ >, fifi+ X fififu+-,
% disjoint disjoint
pairs 2,7 pairs 4,5,k

(2.64)

with f; denoting the face of a closed cycle, and the sums are over disjoint collections of these closed
cycles. We mostly work with edge-variables, and each face f; can be defined as a clockwise-oriented
product of edge-variables. Let us compare the results for two different orientations of the one-loop
box diagram. For the diagram with no internal loop (2.48) we have J = 1 and

(13N 64(P) M (Q)
(2.65) = B

Note that this result is identical up to a trivial helicity factor, 68(Q) — (13Y4~N §2V(Q), to the

N = 4 on-shell function (2.56). The second diagram (2.60) has an internal loop and the Jacobian

reads

(13)(24)

(2.66) J =1—ajanazay = 125310

The on-shell function is then given by

R L Amatu oL I (<12><34>>4N _ (12330) =V P02 (Q)
(12)(23)(34){(41) (13)(24) (12)(23)(34)(41(13Y4~N
Note that the on-shell function (2.67) has a new pole for N'<4 located at (13) = 0. Looking back
to (2.18) this sends ¢; — o0, hence we refer to it as a pole at infinity or a UV pole. This pole is
substantially different from all other poles which correspond to erasing edges in the on-shell diagram
— these poles correspond to sending the associated loop momenta to zero, we will refer to them as
IR poles. The presence of the Jacobian in (2.63) dramatically changes the pole structure of the
on-shell function . We will often divide the form into the bare function Q°*® and the appropriate

power of the Jacobian,

(2.68) Q = Qbare x N4,
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Qbare while the UV poles always come from the Jacobian part. The role

The IR poles come from
of UV poles is the main topic of the next chapter and we will elaborate on it much in 3. Before
diving into this discussion, it is worth noting one important point. For A'=4 SYM theory each
on-shell diagram directly corresponds to a cut of the loop integrand. For N'<4 SYM this is a
collection of on-shell diagrams in general: with fixed helicities of external legs we have to sum over
all possible orientations of internal legs. For the one-loop example, if legs 1,3 are incoming there is

one orientation and a quadruple cut of the one-loop four-point N/ < 4 SYM integrand is given by a

single diagram,

(2.69)

Gy

3 2 3
[e%) Q2
(2.70) ag  + o ag

Q4 67]
4 1 4

This is exactly the case of on-shell diagrams with internal loops as we always have two different
orientations (clockwise and anti-clockwise). While in a cut they only appear in the sum, we can
still treat these on-shell diagrams as independent well-defined objects and study their individual
properties.

This should give us all the technology we need to deal with the on-shell diagrams we are going

to encounter in chapter 3.

2.4 Outlook

We have seen that planar N' = 4 sYM on-shell diagrams give a parametrization of a cell in the
positive Grassmanniann and we can calculate the corresponding on-shell function as a canonical form
on this positroid cell. Furthermore, we can start off with the form associated with the top cell and

go to the cell’s boundaries, which correspond to taking residues of the form’s poles. These poles
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correspond to certain physical singularities of the theory, namely physical factorization channels
and soft/collinear limits. When we go to a cell’s boundary, it corresponds to erasing an edge of
the on-shell diagram and the resulting diagram is associated with the cell we reach by going to this
co-dimension 1 boundary.

While this is a very nice story, there are some significant open questions that remain. As
mentioned before, we can write on-shell diagrams for any theory that has 3—point interactions.
However, these deep connections between the positive Grassmannian, on-shell diagrams, and scattering
amplitudes have only been worked out completely for planar N' = 4 sYM so far. The story becomes
much more complicated when we lose two of the assumptions that we have made: no UV poles,
which is the subject of the next chapter, and planarity, which is the subject of the one after.

Unlike the IR where unitarity tells us that the amplitude must factorize, we don’t have an
analogous statement about the UV. These only show up in the Grassmanniann integral description
through an extra Jacobian factor we add and thus don’t have an interpretation as any cell’s
boundary. Thus, we don’t have a good understanding of these regions from neither the physics
nor the math side. Yet these regions of the kinematic space have physical significance. For example,
they are relevant if one wants to study on-shell diagrams in the context of Gravity [34,35]. The
work we review in chapter 3 is a modest step we took in exploring this problem, which is based on

the following work.

e Taro V. Brown, Umut Oktem, Jaroslav Trnka, Poles at Infinity in On-Shell Diagrams,
Journal of High Energy Physics 02, 2023.

As alluded to in the discussion regarding supersymmetry earlier, N’ = 4 sYM can be written in
terms of building blocks that manifest A = 3, where the spectrum is divided into CPT conjugate
sectors such that both halves combine to give a CPT invariant multiplet. In on-shell diagram
language, this means each maximal cut gives an on-shell diagram that comes with a CPT conjugate
and one must add these to get the full cut. So just like with the amplitudes, N' = 3 is just another
way of talking about A/ = 4 sYM. However, each on-shell diagram preserves AN/ = 3 supersymmetry
individually. Thus, each contributing N/ = 3 diagram has a UV pole, which cancels out when we
sum over diagrams on a cut.

For example, in the case of the amplitude A4(17273747) (legs 2,4 incoming) in N'=3, each

on-shell diagram has a single pole at infinity, located at (13) = 0 while the cut does not have this
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pole. Plugging (2.63) for N' = 3 we get,

_ (A2@3)UP)Y(Q)  (23)(14)81(P)3%(Q) _ (24)01(P)o°(Q)
CA2X23)(34)A1X13) T (12)(23)(34)(41)(13)  (12)(23)(34)(41)

This is a general property: cuts of N'=3 amplitudes are identical to their N'=4 SYM counterparts

Cut A4(17273%47)

(up to trivial helicity factors) while N'=3 on-shell diagrams are individually different and have poles
at infinity. On a N'=3 cut we sum over contributing on-shell diagrams and any pole at infinity has
to cancel. While these poles are spurious, they give an excellent playground for us to study UV
poles. This will be the starting point of the work we review in the next chapter.

Another aspect that muddies the story is the loss of planarity, which is relevant both for gravity
and N' = 4 sYM without the planar limit. On the math side, the minors we write our on-shell
functions in terms of no longer come from the positive part of the Grassmannian G(k,n). On the
physics side, loop integrand reconstruction from cuts is harder in non-planar sYM, as we don’t
have global loop momentum variables anymore. In addition, leading singularities don’t determine
the integrand like they do in the planar case, as we no longer enjoy dual conformal symmetry to
constrain the ansatz. This makes the non-planar extension of the story we outlined thus far a well
motivated problem to study. This will be the subject of chapter 4, which is based on the following
paper

e Artyom Lisitsyn, Umut Oktem, Melissa Sherman-Bennett, Jaroslav Trnka, Grassmannian

Geometries for Non-Planar On-Shell Diagrams, e-Print: 2512.25005 [hep-th|.
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CHAPTER 3
Poles at Infinity in On-Shell Diagrams

3.1 Introduction

Let’s recap what we have learned so far. Modern on-shell methods for scattering amplitudes are
based on a simple idea of building amplitudes from on-shell gauge invariant objects (see [21,30, 36,
37,38,39] for recent reviews). At tree-level, this idea is materialized in the form of on-shell recursion
relations where the n-point tree-level amplitude is built recursively from the lower point (on-shell)
amplitudes. The primary example is the Britto-Cachazo-Feng-Witten (BCFW) recursion relations
[28, 29| where we shift external momenta of two external legs. There are also generalizations to
multi-line shifts [40,41,42], as well as theories with special soft limits [43,44,45,46]|. At loop level,
unitarity methods allow us to write the amplitude as a linear combination of basis integrals with
gauge-invariant on-shell prefactors [2,3,4,47,48,49,50,51,52,53|. These prefactors are calculated
using cuts of the loop integrand, where we set propagators to be on-shell and the loop integrand
factorizes into simpler objects. The basic cut is the unitarity cut where two propagators from one
loop are set to zero. This procedure can be iterated further and when the maximal number of

propagators are cut, we talk about mazimal cuts.

In these diagrams both internal and external lines are on-shell, and the result is given by the
product of tree-level amplitudes in the corners. In theories with fundamental 3-point amplitudes
we can proceed further and express tree-level amplitudes in the corners using BCFW recursion
relations. In the end, we get on-shell diagrams [13,34,54,55,56,57,58,59,60,61,62,63,64,65]

which are on-shell gauge invariant objects. Each diagram is defined as a product of on-shell 3-point
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amplitudes (all lines, external and internal, are on-shell) integrated over momenta and Grassmann

variables of internal legs,

2

(3.2) 5 —H/dN” /d)"“‘“’“ <HA >

4
where N is the number of supersymmetries. On-shell diagrams play multiple roles, such as giving
us the kinematical solutions for cuts of loop integrands and reproducing the associated on-shell
functions on these cuts, but a subset of them also play a role as building blocks in the recursion
relations for tree-level amplitudes or loop integrands. For example, the same diagram represents a
maximal cut of 3-loop 6-point MHV amplitude or a term in the BCFW construction of the 6-point

MHYV tree-level amplitude,

1 6

In N'=4 SYM theory this diagram evaluates to the Parke-Taylor factor,

SHOX) 84 (AT)
(12)(23)(34 {4556 ){61) '

Earlier, we saw that on-shell diagrams are fascinating objects and are tightly connected to the

(3.4) Q=

geometric formulations for on-shell scattering amplitudes using the positive Grassmannian and the
Amplituhedron [14,15,16,17,18, 66, 67|, which have been successfully used to obtain various
explicit results including certain all-loop order quantities [56,68,69,70,71,72,73,74,75,76,77,78,
79,80,81|. In particular, each planar diagram, known in the math literature as a plabic graph [33],
is associated with a specific cell in the positive Grassmannian G (k,n) represented by the matrix

C'. The matrix C' is parametrized by the variables «; which are associated with edges (or faces) of
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the graph. In physics, the on-shell function in A’'=4 SYM theory is reproduced by a canonical dlog

form [13] in all a;; and delta functions which solve for a; in terms of kinematical variables,

da; d dom -, o~ N
(3.5) Q= [ 2822 Cm 50 X) §(CEN) 8(CH).

a1 Qg Qm

The kinematical poles in the on-shell function are related to the poles in the edge variables. One

particular parametrization of the on-shell diagram (3.3) is

_(23) _12)
o] = @, Q2 = @7
~ (46) _(34)
a3 = ﬁ’ Gy = w,
~ (36) _ (16)
Q5 = @7 Qg = <TG>’

_ (56) _(45)
a7 = @, ag = @

(3.6) 2

and the formula (3.5) reproduces (3.4). The kinematical poles in {2 correspond to poles in edge
variables a;. In fact, taking a residue on the pole a;=0 erases a corresponding edge and produces
a lower-loop on-shell diagram. Its on-shell function is equal to the residue of the original on-shell
diagram on the kinematical pole. For example, in the diagram (3.6) the condition a7=0 sets the
momentum flow in a corresponding edge to zero and forces (56) = 0. The result is a lower-loop

on-shell diagram where external legs 5,6 are attached to the same white vertex.

All poles in the on-shell function for N'=4 SYM are located deep in the IR region where the internal
momenta are set to zero. For A'<4 there is an additional Jacobian factor in the Grassmannian form
(3.5) which introduces new types of poles other than a;=0 [13]. These poles are in the UV where
the loop momenta go to infinity. Nothing is known about these poles, i.e. what the precise locations

in the loop momentum space are (other than being at infinity), what type of kinematical conditions
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they impose on external momenta, and what the residues of on-shell diagrams on these poles are.
Obviously, these poles also naturally arise when calculating the on-shell diagrams from the definition
(3.2) but the Grassmannian picture nicely divides the well-understood IR poles (located at a;=0)
from these new UV poles, which we also refer to as poles at infinity.

The nature of these UV poles is a very important conceptual question, and we address it in
the context of on-shell diagrams which properties are inherited from the properties of scattering
amplitudes. In fact, the behavior on the IR poles, such as erasing edges in on-shell diagrams, taking
residues on ;=0 etc., is just a consequence of perturbative unitarity for scattering amplitudes.
However, the unitarity of the S-matrix does not predict what exactly happens with amplitudes
(tree-level amplitudes and loop integrands) on UV poles when the loop momenta go to infinity
(either external momenta or loop momenta) in a certain direction. The behavior on UV poles might
be also tied to symmetries or special properties, for example the complete absence of any poles at
infinity in planar A'=4 SYM is a consequence of the dual conformal symmetry [82,83]. The same
property has been also conjectured to hold for the non-planar sector of the same theory [84,85,86,
87,88,89,90,91], pointing to a possibility of a hidden symmetry in the full theory. The surprising
behavior at infinity has also been observed in gravitational theories. This includes the improved
1/2% scaling under BCFW shift [92,93,94], enhanced cancelations on certain cuts [34,35,89,95] or
observed enhanced UV cancelations in higher loop amplitudes [35,95,96,97,98|. This is also likely
related to surprisingly simple formulas for tree-level amplitudes [99,100,101,102,103,104,105,106]
or other special properties of gravity such as color-kinematics duality [107,108,109].

This naturally raises a question of a uniform framework to analyze amplitudes at infinite
momenta, and search for implications of the unitarity at infinity for the perturbative S-matrix.
In this work, we will make a modest step in this direction, and give a partial answer to this question
in the context of planar on-shell diagrams in Yang-Mills theory. We will show where the poles
at infinity are located in the kinematical space and what the kinematical constraints we have to
impose to approach them are. The residue at infinity is then a diagrammatic operation on an on-
shell diagram which we call a non-planar twist. The residue on this pole of a planar diagram is a
lower-loop non-planar diagram. For N'<3 SYM we have multiple poles and the residue corresponds

to a derivative operator acting on the lower-loop twisted on-shell diagram.
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The chapter is organized as follows: In section 2, we study the poles at infinity in one-loop on-
shell diagrams for N'=3 and show that the imposed kinematical condition produces a simple tree-
level factorization. In section 3, we show that in planar diagrams all poles at infinity are localized
in one-loop subgraphs and we discuss their embedding into a higher-loop on-shell diagrams. We
also show a number of examples and discuss Global Residue Theorems which relate UV poles to
IR poles. In section 4, we generalize our procedure to N'<3 SYM and discuss the multiple poles
at infinity. In section 5, we show that in non-planar diagrams the situation is more complicated as
one kinematical condition can send multiple loop momenta to infinity. We end with conclusion and

outlook in section 6.

3.2 UV poles in one-loop graphs

The bare on-shell functions describe the dynamics of scattering amplitudes in the IR sector when

the (cut) loop momenta are small. All poles in QPar

correspond to setting one of these momenta to
zero and erasing an edge in the diagram, as a consequence of the perturbative unitarity. In the N'=4
SYM theory the on-shell function is given by QP and hence we only have IR poles. This is true
for both planar and non-planar sectors of the theory. In the planar sector, this is also a consequence
of the dual conformal symmetry (which we discuss in 5), while the symmetry explanation of the
absence of poles at infinity in the non-planar sector is yet-to-be found. Note that the absence of
these poles is related, but not identical, to the statement of the UV finiteness of final (integrated)
scattering amplitudes in A’'=4 SYM theory. In fact, the absence of poles at infinity in on-shell
diagrams is a stronger property than the UV finiteness of the S-matrix, see [84,85,89]| for more
details.

For N'<4 SYM theory, the bare function Q¢ is decorated by a power of the Jacobian J as
outlined in the previous section. The Jacobian changes the pole structure: it removes some of the
existing IR poles, and adds new UV poles. Note that the UV poles are not fixed by the (standard)
unitarity — unlike IR poles where tree-level factorization or unitarity cuts fully fix corresponding
residues. As a result, we can not naively expect that the residue on a UV pole, where the loop
momentum goes to infinity, is an operation on an on-shell diagram. In the following, we will show
that despite these assumptions the real situation is quite contrary: the UV pole can be understood

as a (rather simple) diagrammatic operation, not erasing an edge, but shrinking a corresponding
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loop (which blows up on the pole) and rejoining internal legs via a “non-planar twist”. As a result,
the residue on the UV pole is generally a lower-loop non-planar on-shell diagram. In our discussion,
we first focus on the A'=3 case, where the on-shell function contains only one power of 7, and the
pole at infinity in  is always a simple pole. For general ' we get higher order poles at infinity and

the residues correspond to derivatives of an on-shell function associated with the diagram.

3.2.1 First N=3 examples

The simplest example is the one-loop box on-shell diagram with an internal loop discussed
earlier. The on-shell function is given by,

2 3

01 (P)3°(Q)(24) <<12><34>) 04(P)3°(Q)

T 25235345145 "\ 13524y ) T 2351413y
(pbare e

. ~

1 4

where the Grassmann variables are 77{ , I = 1,2, 3, and hence the supermomentum conservation is
§5(Q). We can see that the Jacobian J introduces two new poles, (13) and (24) and removes poles
(12) and (34). The absence of poles (12) and (34) is caused by the fact that corresponding edges
are no longer removable. For example, removing edge ao sends (12) = 0 which leads to an illegal

helicity flow

(3.9) H

1 4
as we have a wrong number of incoming/outgoing legs in black/white vertices. This pole was
perfectly legal pole in the A'=4 SYM case but now the Jacobian removes it. Same is true for the
pole (23) = 0 and the edge ay. Next, the pole (24) is canceled by the helicity factor in the numerator
of Q and only (13) = 0 stays as a new valid pole. As noted before, this is a pole at infinity as it
sends the on-shell loop momentum ¢; — oo. While this pole does not erase any edge, we can easily

see what type of kinematical constraint it imposes:

(3.10) (13) =0 < A; ~ A3, and by momentum conservation [24] =0 < Xy ~ A4
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But this is nothing else than the factorization diagram,

3 2

04(P)5°(Q)8((13))
(3.11) >)<—< - ——man

1 4

The internal momentum flow is here fixed by the number of incoming/outgoing legs in white/black
vertex. Note that our procedure was based solely on the analysis of the kinematical conditions
between external legs, i.e. we imposed (13) = 0 and searched for an on-shell diagram which
materializes that. But very importantly, the on-shell function for this diagram (3.11) is equal to the
residue of the original diagram (3.8) on the pole (13) = 0. In this case it might look a bit trivial as
we only replaced 1/{13) — 6({13)) but the same procedure is valid for the general case.

Checking the equality of the residue of the original on-shell diagram evaluated on the pole
with the new on-shell diagram (with extra delta function imposed) might sometimes be tricky. For
example, if we consider the same diagram with the internal loop and the opposite orientation, we

get

_ 0PN <<23><14>) _ 689
(3.12) o s (12)(23)EH\4) - \(13)(24) ) (12)(34)(13)

()bare T~ 1

. ~

Taking the residue on the pole (13) = 0 we arrive at the same diagram as before,

3 2

04(P)0%(Q)d((13))
(3.13) :p-—( = 12,030 .

1 4

As you can see the on-shell functions look different in (3.11) and (3.13) but they are the same up to
a sign, as (12)(34) = (23)(14) for (13) = 0. In fact, if we sum (3.11) and (3.13) we get zero which
is consistent with A/ = 3 cuts not having any poles at infinity.

Next, let us consider the four-point double box on-shell diagram we discussed in the previous
section. There are multiple different orientations of the same diagram which lead to different

structures of poles at infinity. We can see from the parametrization of the loop momenta (2.22)
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that the left loop blows up for z = —(13)/(14), while the right loop momentum goes to infinity
for z = 00. The accessibility of these poles depends on a particular orientation and the presence of

closed loops. For the following orientation

’ S / " (24)0%(P)3°(Q) L (D((23) + 2(24))
2((23) + 2(24))(14)(34)(12) ~ (24)({(13) + 2(14))
(3.14) Q:);e ;;1

[ o OO
2(34)(12)({13) + 2(14))’

we have a closed cycle in the left loop and the on-shell function has a pole at z = —(13)/{14). A

different orientation has a closed cycle in the right loop and a pole at z = oo,

2 3
_ / & (13)6*(P)3°(Q) L K19
2((23) + 2(24))(14)(34)(12) = (13)
_ / g 8(P)(Q)
(12)(34)((23) + 2(24))

(3.15)

2 3

[ o EOMPRQ) D) +200)
2((23) + 2(24)){12){14(34) ~ (23)({13) + z(14))
Ny PR GINC
(12)(34)({13) + z{14))

Note that in this case there is no IR pole present as erasing any edge would lead to a contradiction
with the helicity assignment. As in the previous case, we want to interpret the residue on the pole
at infinity as another (now one-loop) on-shell diagram. As both cycles are just one-loop on-shell
diagrams, we can treat them locally, see section 3.3.1 for proof of this. This means that if we blow

up the left loop we need to replace the box on-shell diagram with external legs 1,2, ¢3, g by the
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tree-level factorization diagram with legs 2, /s in the black vertex and 1, ¢35 in the white vertex,

1 ls
(3.17) .
2 lg
Making this replacement in (3.15) we get
3
{3
X 34(P)5°(Q)
1 {13) -
(3.18) T N TGENETY
%
4

The same expression for the on-shell function can be obtained by taking the residue of (3.14) on the
z = —(13)/(14) pole. If we blow up the same loop in the third diagram (3.16), we get a one-loop

diagram with a closed cycle,

(3.19)

0% (P)3°(Q)(23) (<12><34>> 04(P)3°(Q)

T 25135245345\ 23514y ) T (23)(14%(13)

which is precisely equal to the residue of (3.16) on the z = —(13)/{14) pole. We can do the same
analysis for the z = 00 pole, again finding an agreement between the new on-shell diagram and the

residue of the original on-shell function (3.16).
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3.2.2 Two-loop pentabox diagram

Let us now look at a more complicated example: five-point MHV pentabox on-shell diagram.

Solving for internal on-shell momenta gives

04 = <23>)\1)\ g =3 >)\5)\4,

(13) (35)
lp = %A3A2, lp = W,
(3.20)
= A3 (Q23 - A1) 0 — A (Qi2 - A3)
C <13> y G <13> 5
(45) (15)
lp = <35>)\3)\4, ly = <13><35>)\3 (Q12 - A3).

We see that the left (pentagon) loop has a pole at infinity for (13) = 0, all momenta ¢4, ¢5, {c, g,
¢g blow up, while the right (box) loop has a UV pole for (35) = 0 when ¢p, ¢g, {r and {f go to
infinity. The loop momentum £;; contains both poles as it participates in both internal cycles. Note
that the assignment of cycles is unique and it critically depends on the planarity of the diagram. In
particular, we do not consider the external heptagon cycle — there is no pole at infinity associated

with it, see Section 4.3 for elaboration,

gpentagon

(3.21) 2
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Now we choose a particular orientation where both poles at infinity are present due to helicity

assignments and solve for the edge variables,

0412@ (122@ a3:@
(23) 13y’ (35’
(3.22) 2 i o B

MT By BT Esy YT sy

This on-shell diagram is a part of the octacut of the 2-loop 5pt amplitude A5(112737475%). In
order to calculate the whole cut we would have to sum over all possible internal helicity assignments
(for N'<4 SYM) as discussed earlier, but we can also study this one on-shell diagram individually.
For this particular case (3.22) the bare on-shell function (which is identical for any assignment of

internal helicities) is,

1020304050l B <12><23><34><45><51>

(3.23) Qbare _ / dag ... dog 5(0 . Z) <24> (54(P)(56(Q)

and the Jacobian J consists of two cycles,

. . 3)20035)
(3.24) J = 1 — ajasag — azagasag  (23)(15)(34)

The on-shell function €2 is then equal to

(3.25) R A L A (e L
| (12)23)(34)A5)(51)  \(13)24)(35)) — {12)(45){13)(35)
pers R

We see that three of the IR poles (23), (34), (15) are removed as erasing a1, oy and o edges would
lead to inconsistent helicity flows. On the other hand, both UV poles (13), (35) are added. We
first blow up the right loop and calculate the residue on the pole (35) = 0. The right loop can be

treated as a one-loop box diagram with external legs C, 4,5, G. The residue is a following on-shell
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diagram,

(3.26)

(3.27)

Note that in this diagram the condition (35) is automatically imposed as evident from legs 3,5

being connected by a chain of white vertices. We can now assign edge variables

(15 12
a1 = @, Qo = @a

(23 _ (15 45
ozg—@, 044—@, a5—®.

(3.28) 2

and calculate the on-shell function,

~ [day...dosd(C - Z) y 1 B §*(P)5%(Q) 5({35))
(3.29) Quv = / U QL3040 1 — ayasazaga (12){45)(13)

)

which is equal to a residue of (3.25) on (35) = 0 pole. Let us now consider the same pentabox

on-shell diagram but calculate the residue on the other pole at infinity (13) = 0 which blows up

the left pentagon. As we have already seen, the calculation of UV poles is a local operation and

we need to figure out how to do it for the pentagon sub-diagram. As it turns out, the rule is very

similar to what we saw for the box. The result is a tree-level on-shell diagram with legs 2, F' in the
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black vertex and legs 1,3, D connected by a chain of white vertices,

3
() O D 1 D
(3.30) 2 - .
F
O
2 F
1

where we first merge-expanded the pentagon diagram and then we used the same replacement rule
as for the box. In the final tree-level on-shell diagram we merged all legs into one white vertex,
which can be interpreted as a 4-point £ = 1 tree-level amplitude, or alternatively can be further

expanded as a chain of regular white three-point vertices,

1 3 3 D 1 D
3
1 D
(3.31) = D = 1 - 3
2 F
2 F 2 F 2 F

The identity between all these diagrams is a consequence of a usual merge-expand rule [13]. Using

(3.31) the residue on the (13) = 0 pole is

3 3
4
D D /4
(332 2 —
F F 5
5
1 2

As expected this diagram automatically implements the condition (13) = 0. Note that using other
representations of the tree graph (3.31) we would get other one-loop pentagons which differ from

(3.32) by the merge-expand move and do not change the on-shell function. It is easy to see that the
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on-shell function for (3.32) is equal to

0 (P)8°(Q)d((13))
(12)(45)(35)

which is equal to the residue of (3.25) on (13) = 0 pole. Naively, we could access the pole at

(3.33) Quv =

infinity by solving for one of the edge variables from J~! = 0. However, the meaning of the new
edge variables is unclear as they do not correspond to a parametrization of the lower-loop on-shell
diagram. Hence we have to work directly in the kinematical space when accessing the poles at

infinity.
3.2.3 MHY one-loop diagrams

As we have already seen, the calculation of the UV pole of an on-shell diagram reduced to the
calculation of this pole in the one-loop sub-diagram. The result of this operation was glued into the
rest of the graph. Our goal here is to calculate the UV pole for a general one-loop on-shell diagram.
This is a direct generalization of what we have already seen for box and pentagon. Let us first look

at the MHV hexagon,

2
0a = Egm%, lp = %gAlis,
(3.34) lo = gg)@x:&, lp = Eghx&
C[34], 5 [35], +
‘g @MAG, lp = @A by

As we can see from the chains of white vertices, the external kinematics is subject to two constraints
(12) = (45) = 0, i.e. A2 = A1, A5 = BA4. The pole at infinity is accessed by sending [36] = 0 as

evident from explicit solutions for internal loop momenta,

(3.35) 0 =836 = s1245 = (p1 + p2) - (pa + ps) = (A14)([14] + o[24] + B[15] + aB[25])

Hence [36] = 0 implies (14) = 0 on the support of (12) = (45) = 0. In the end, all s of external

legs connected to white vertices are collinear, A\; ~ Aa ~ Ay ~ A5, i.e. (ij) =0 fori,5 = 1,2,4,5.
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This merges legs 1,2,4,5 in the white vertex and 3,6 into black vertex

(3.36)

where the five-point white vertex can be again expanded in any way we want. We could obtain the

same conclusion if we first merge-expanded the original hexagon,

(3.37)

By accessing the pole at infinity in the box diagram, we arrive at one particular representation of

the resulting tree graph,

(3.38)

This can be also verified by an explicit calculation. The on-shell function for the hexagon with

closed internal loop (3.34) is

(3.39) q - $36)0%(P)3%(Q) 3((12))5(¢45))  (23)(56) _ 4%(P)d"(Q) 3({12))3(<45))
‘ (23)(34)(56)(16) (25)(36) (34)(16)(25)
(bare \771
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On the pole at infinity, (25) = 0, and replacing 1/(25) — §({25)) we do get the correct on-shell
function for the on-shell diagram (3.38). Note that this is all calculated on a very constrained
kinematics so there are many equivalent ways how to write the formula (3.39). It is clear how the

calculation of the UV pole generalizes for any one-loop MHV on-shell diagram,

t+1

where we conveniently reduced the m-gon into a “core” box diagram connected to white blobs of
external legs. The A-spinors of all external legs connected to the same white vertex are proportional,
so the kinematics are highly constrained. As before, on the pole at infinity [ij] = 0 we replace the
box diagram by a simple tree-level factorization graph, and all but legs ¢, j are now connected to

the same white vertex,

(3.41)

1+ 1

We can expand the white vertex into three-point vertices in an arbitrary way without changing the
kinematics or the on-shell function. In the original on-shell diagram many collinearity conditions

are already imposed,

(3.42) >‘i+1 ~ )\Z‘+2 N )\j—l and )\j+1 ~ )\j+2 [ /\i—l
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The pole at infinity is accessed by (pg) = 0 where p, ¢ are from two different sets of labels of external
legs attached to white vertices, p € {i+1,...,j—1} and ¢ € {j+1,...,i—1}, or alternatively we can

access the pole by sending [ij] = 0, which are all equivalent conditions.

3.2.4 Arbitrary n-gons and helicities

Our goal now is to generalize the rule for the UV pole for an n-gon with an arbitrary configuration
of white and black vertices, and arbitrary k degree. The first example is a very simple six-point

NMHYV hexagon

(3.43) =

where we used the merge-expand moves to redraw the diagram. We can see that the core diagram
is again a box, hence the rule for the UV pole is the same as before and we have not learnt anything
new. This makes it clear that the next qualitatively new case is the hexagon diagram where the

white and black vertices are alternating, and the core diagram is a proper hexagon that can not be

simplified,
2 1 12 4] . -
< 3>)\1)\ ==\, Up _4 >)\ Ao = 5 =39,
{13) - Aa3) 4
45 23], - 34 6], «
(3.44) _ >)\3)\4 —=A3M\y, Ip = < >)\5)\4 = —=MAs5,

(35
a6, 5,

4 56 1
= 5 4)\)\6,£F—< >)\)\—

[16] [34)
[26] [24]
[23] [56]
[24] 5 [46]
4] 12
= [46] {5) g

The kinematics of this on-shell diagram is more involved. There is no chain of black/white vertices
and no merge-expand operation can change it. There are two independent kinematical conditions
imposed on external momenta but none of these conditions is a simple collinearity of A or X spinors.

Solving for internal momenta we learn that there are three cyclically related kinematical conditions
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imposed,
(3.45) (1|2+3|4] = (3|4+5|6] = (5|6+1]2] =0

One of these conditions is redundant, i.e. any two of them imply the third one. Looking at the
denominator of on-shell loop momenta we can see that the pole at infinity can be approached by

setting (13) = 0. On the support of (3.45) this also sends
(3.46) (13) = (15) = (35) = 0 = [24] = [26] = [46]

In other words, A1 ~ A3 ~ A5 and Xg ~ X4 ~ XG on the pole at infinity. The corresponding on-shell

diagram is then

(3.47) 3 4

and the on-shell function is

[23]6(<13))5(¢35))([24]) (P)d(Q)d([56]74 + [45]76)
[34]<12)(25)(25][56]

(3.48) Quv =

It is very interesting that the kinematics in (3.44) is already quite constrained (3.45), but it is only
after imposing one more condition and approaching the UV pole that it completely factorizes into
A, A collinearities (3.46).

We now evaluate the on-shell function for this diagram. The topology allows us to fix the GL(1)s

in a symmetric way and choose the edge variables as

_(23) _13)

a1 = @7 Q2 = @7

_45) ~(35)

(3.49) oz = (35’ g = 31y’
_a6 a5

W= a5y YT Gey
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The Jacobian of the diagram is given by

(125(34(56) — (23)(45%(16)  (13)(4|3+5|1]
(3:50) J =1-maasaases = (12)(34%(56) T (12)(34)[12]

where in the last equality we used the special kinematics (3.46). The on-shell functions can be then

written in many equivalent ways thanks to (3.46), one representation is

(3.51) o CABH5[JB4XAS5)H(E) A2)XE)[12] (15)(34)* §(2)
' [56]2[12](12)(16)(23)(45%(35y  (13)(A[3+5[1] _ [56]2(13)(16)(23)(45(35)
el o

where we denoted all delta functions as

(3.52) §(2) = 6%(P)6°(Q) 8((1|2+3]4])8((3]4+5(61)8° ([56]774+[46]75 +[45]776)

Looking at the denominator of the inverse Jacobian J ~! we can see two terms: the first is (4|3+5|1] —
this is just a helicity factor which is canceled by the numerator of the bare form (and would continue
to be canceled also for N < 3), and then the pole at infinity (13) = 0. Note that due to the special
kinematics, the pole structure of €2 is not very transparent. The singularities, (23) = 0, (45) = 0,
{16) = 0, are all physical poles and correspond to erasing edges aj, a3, as. Pole [56] = 0 is not
present because it also implies (34) = 0 and there is a cancelation between the numerator and
the denominator (it also corresponds to non-erasable edge ay which is forbidden). We can make
manifest an absence of this pole but at the expense of introducing some other spurious pole. This
is a general feature of such expressions, because of mass dimension and little group weights any
representation has some spurious terms that can be removed by trading them for another spurious
object.

Let us look in more detail at the pole at infinity located at (13) = (15) = (35) = 0. This pole
is not present in QP¥¢ as the factor (15)/(35) is finite and no singularity is generated. This can be
made manifest when choosing a particular parametrization. The Jacobian J ! does introduce this
pole and we can show after some work that the residue on the UV pole is equal to

[23]0(¢13))8(¢35))d([24])8" (P)8°(Q)a([56] 734 + [45]ils)

(3.53) Quv = [34]{12)(25)[25][56]>

where the delta functions indicate the simple collinearity conditions. The expression (3.53) is equal

to (3.48) which proves our conjecture. Note that in (3.53) the kinematics is incredibly constrained
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(three extra conditions) and there are many equivalent ways how to write it. For arbitrary N the

formula (3.51) is generalized to

(4]3+5[1]N(34)(15) §(2) (12)34y[12] \
(61 [12112)16)(23)45)(35) <<13><43+5|1]>

and while the helicity factor (4|3+5|1] is canceled, we do generate a higher pole at infinity for

(3.54) Q=

(13) = 0. We will discuss it in more details in the next section.
The next case is an arbitrary NMHV n-gon, with three black and n—3 white vertices. We can

use the merge-expand moves to redraw this diagram as a core hexagon with three extra white blobs,

i+l s, -1

(3.55) =
1—1 J+1
kE+1 kE—1
Tt k1 K
All the A spinors in each group are proportional,
(3.56) )\i+1 ~ )\Z‘+2 [ )\j—l etc.

and in addition we have two independent mixed conditions, for example,
(3.57) (i—1|P|j] = (j—1|Pj[k] = 0

where P; = p; + pit1+---+pj—1 and P; = pj + pji1+---+prp—1. The pole at infinity is accessed by
a single condition when (pg) = 0 where p, ¢ are from two different white sectors. This collapses the

whole kinematics and all external As attached to white vertices are proportional, and all external
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s attached to black vertices are proportional. As a result, we get an on-shell diagram

(3.58)

k+1
Note that all such tree-level on-shell diagrams are non-planar in a sense of the canonical ordering
1,2,...,n we started with. The same procedure generalizes to higher k degrees. The “core” N2MHV

one-loop on-shell diagram is an octagon,

(3.59)

Here we have four independent kinematical conditions imposed on the external kinematics, for

example
(3.60) (1|12+3|4] = (3|1+2|8] = (7|8+1]2] = (5[|3+4|2] =0

There are no collinearity conditions between As and Xs. The four independent constraints (3.60)
are quadratic in nature and there is no simplification. The solution for the internal on-shell loop

momenta is

2 ~ 12 ~
= < 3>)\1)\2, lp = < >)\3>\2,

(3.61)
67) < (56)
lp = @&))\67 lp = @)\7)\6,
lg ﬁii/\75\8, ly giihxs
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We see that the pole at infinity is accessed by imposing a simple condition (13) = 0 which again

collapses the whole kinematics to two sectors,
(3.62) )\1 ~ )\3 ~ )\5 ~ /\7 and Xz ~ X4 ~ XG ~ Xg

and the corresponding on-shell diagram is

(3.63)

We can see that the diagram again does not respect the canonical ordering of the original octagon

(3.59). The on-shell function for the octagon is

[18][14][23]¢56)%(34)(T8) (4|6-+7|8][17]6(Z)  (12)(34)[87][12]
[56]2[78]3[12]3[34](23)3¢45){6T)(81) 8 (13){4|6+7|8][17]

~ ~

(3.64) Q=

~ ~~ ~~

(Qbare ‘771

where the delta functions are

3(2) = 6%(P)5°(Q) 8(71a[56] + 15[46] + 76[45])8 (736 [ 78] + 717[68] + 7[67])

(3.65) x 6((3|4+5(6])d({7|5+6|4])d({56+7|8])d((1]7+8|6])

The kinematics is incredibly constrained and there are many equivalent ways how to write . Also
many of the poles are equivalent, as it is evident from the figure, e.g. setting (12) = 0 (erasing edge
B) also sends [34] = 0 etc. The pole at infinity is again not present in the bare form — two factors
of (35)(57) are canceled by (17)? in the numerator, and the form is regular for (3.62). The UV pole
is produced by the inverse Jacobian and the residue on the pole (3.62) gives

(34)6(Za)
(12)(23)(AT)[14]4[16][18]

where the delta functions are now denoted

(3.66) Quy =

0(Z2a) = 04(P)3°(Q) 6(7a[18]+7s[14])5 (74 [16]+ 76 [14])3((13))8((35))6((57)) 6 ([46])3 ([28])

(3.67)
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which reproduces the on-shell function for the tree on-shell diagram (3.63). Now we are ready to
generalize to arbitrary one-loop diagram. It is enough to solve the problem only for a “core diagram”

which for N¥"2MHYV is a 2k-gon with k black and k white alternating vertices.

(3.68)

In this diagram 2k — 4 conditions on external kinematics are imposed. We can characterize them

by two cyclic classes

(3.69) Glpjr1+pireli+3] = {lpj—1+pj—2|i—3] =0

for all odd j = 1,3,...,2k—1. These are 2k conditions, 4 of them are redundant. The pole at
infinity is approached by imposing (pg) = 0 where p, q are attached to two different white vertices
(alternatively [ed] = 0 where ¢,d are attached to black vertices). This completely collapses the

kinematics into two sectors where all A, resp. A are proportional,
(3.70) SV VEND VRSSO VD AU RS JONSOOS

and the resulting on-shell diagram is

(3.71)

where all legs originally connected to MHV white vertices in (3.68) are now in the white vertex and
all legs originally connected to MHV black vertices are now in the black vertex. For any other n-gon

with chains of white and black vertices we can always use merge-expand moves to identify the core
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polygon which contains the pole at infinity, and apply the same rule, i.e.

1+ 1

(3.72)

I+1 |

For an arbitrary one-loop on-shell diagram, such as the one above, the residue at infinity corresponds
to a tree-level graph where all external legs initially attached to white vertices are now attached

together in the same white vertex, and the same applies to black vertices,

k41" i—1

(3.73)

n 1F1

and the external momenta are then divided into two sets: in the first set (attached to white vertex)
all \’s are proportional, in the other set (attached to black vertex) all s are proportional. Note
that the cyclic ordering of the original graph is not preserved: the legs connected to black or white
vertices are not ordered in any particular way, but the overall canonical ordering is broken. Hence
we refer to this operation as a non-planar twist. As a result, the residue on the UV pole of a planar

on-shell diagram is a lower-loop non-planar on-shell diagram.

3.3 All planar diagrams

In the simple examples we discussed earlier, the UV pole was always localized in a one-loop
subgraph. We will show that this is a general property of planar on-shell diagrams, and using the
rules of the previous section we can then calculate poles at infinity for an arbitrary higher loop

planar graph.
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3.3.1 Localization of UV poles in planar diagrams

Let us consider a core n-gon one-loop subdiagram somewhere in the middle of a larger on-shell
diagram. As discussed we can always put any one-loop subdiagram in this form by merge-expand
moves. Because the whole on-shell diagram is planar this n-gon is connected to any other one-loop
subdiagram through a pair of adjacent legs. If the legs are not adjacent then the diagram is not

planar and our proof does not apply.

(3.74)

where the central n-gon has a pole at infinity for (zy) = 0 which is equivalent to [zw] = 0. This
n-gon is glued into the rest of the diagram, so all momenta p,, py, p., pw are in general internal
momenta. We want to prove that the UV pole does not propagate beyond this one-loop n-gon. In
other words, external momenta p,, py, p-, pw (from the point of view of the n-gon, otherwise these

are internal momenta of the whole diagram) do not blow up for (zy) = [zw] = 0. We label
(3'75) Pz = )\xxma by = )\yxya Pz = )\zXZa Pw = )\wa

We focus on p;, py but an analogous argument applies to other loops and we can also prove that
Dz, Pw and other momenta attached to our n-gon. Using the kinematical properties of three point

vertices we can write internal momenta ¢1, /5 in the following way,

~ B~

(376) 61 )\x, EQ = @)\y}\w

«
= @ Az
where «, 5 are coefficients. We see that both ¢1, o blow up for (zy) = 0 as expected. Note that
a,  and spinors Ay, A, 5\3;, Xw do not have a pole in (zy) = 0. We need to prove that A, Xy also
do not have this pole, hence p,, p, are regular for (zy) = 0. Using the momentum conservation

(3.77) b+ py =Ly +py
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and the expressions (3.75), (3.76) we contract (3.77) with Ay, resp. A, and get

Blzw] alzw]
(yy (zy)

The ratio [zw]/{zy) is regular for (zy) = 0 and has no pole. This means that both [zy] and [yw]

Az

(3.78) [ey] = — Alyw] = [zw]A, +

are free of the UV pole, and hence also Xy and p, are regular for (zy) = 0. Very similarly, we can
contract (3.77) with Ay, resp. A, and conclude that {xz) and {(zxy) have no pole at infinity, hence
also A\, and p, are free of this pole. This concludes the proof. We can use the same logic and prove
that the UV pole (zy) = 0 does not propagate to any other loop attached to our n-gon, hence this

pole is only localized in this one-loop subgraph.

3.3.2 Three-loop example

We will demonstrate the procedure of calculating poles at infinity on several higher loop examples.
First, we take a three-loop six-point NMHV leading singularity on-shell diagram and solve for the

edge variables,

_ (21+5]6] ~ (2]5+6]1]
1= _<2’5+6‘1]’ @z =" S156
oy (2|546|1] o — _ 2[1+5]6]
(3.79) (3]5+6]1] (2|1+6]5]
~ (2[1+5]6]¢(3]5+6|1]
— (34)[56](2|5+6/1] ’
(3|5+6]1] [56] (34)
40T oy 7T e 0T T @8y

In N'=4 SYM the on-shell function associated with this diagram is a famous R-invariant [83,110]
which appears in the context of tree-level recursion relations [110], leading singularities of loop
integrands and Grassmannians [9,10,111,112], and coefficients of polylogs in the hexagon bootstrap
[113,114,115,116],

sy - [dondendC2) | QPSSR I _ 5,1,

arag...ag s156(23)(34)(2|3+4(5](4|5+6[1][16][56]
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Note that this expression does not depend on any helicity assignments because of the maximal

supersymmetry. In A'=3 with the helicity assignment (3.79), we get

doydas . ..dag 6(C - Z 1
(3.81) Q= 1 30(C-2) .
0] Qi3 LA Ol Qg O Olg 1 — assapag — azagaig
~ ~~ - ~~ -
(Qbare Jfl

which evaluates to

o _ CAI1+516135(Q)0 (P)S([5617 + [61]7% + [15176) | s156¢23)(AI5+6[1][16]
T s156(23)(34)(2[3+4[5](4]5+6|1][16][56] (2[5+6]1](3[5+6]1](4]1+5]6]
(3.82) ) e T e .

~ 6%(Q)d*(P)8([56]7+[61]75+[15]7)
(34)(2|3+4[1](3|5+6|1](2]146|5][56]

The inverse Jacobian adds two new poles (2|5+6|1] and (3|5+6|1] (the other term (4|1+5|6] is just
a helicity factor). These are UV poles and originate from closed cycles in (3.79). In order to see
which UV pole corresponds to a hexagon and which one corresponds to a box, we solve for the

internal momenta (where we denoted Q156 = p1+ps+ps in all formulas),

(3.83)

/0 = <2|Q156|5]X \ /s — X6 (A2 - Q34) - Qs6 Ve = [56]A5 (A2 - Q34)

LT Q20Qusel6] " @Qsel6] P (2]Qusol6]
/s — [16] (A2 - Q34) - Q56 (N2 - Q34) /e — A (A2 Q34) - Qs6 P G Y
! (2|Q156/6]<2|Q156/1] P 2Qsell] 7 T 2[Quse1]
= Xo(N1 - Qs6) - Qaa e — (A2 Q30) (A1 - Qs6) o — (23)(M\1 - Qs6) - Qaa(Ni - Qse)

! 2Qussll] " (2|Q156/1] Y (3|Q156/1]<2|Q156/1]
o = A3(A1 - Qs6) - Qa4 0 = <4’Q156‘1]X \ 1 = BaHAs(A1 - Qs6)

0 B|Qus6/1] 7 H (3|Q156/1] 8 2 (3|Q156/1]

Looking at the denominator of solved on-shell loop momenta we see that (2|Q156/6] = 0 is the pole

at infinity in the left box diagram, the pole at infinity in the hexagon is (2|Q156|1] = 0, and the pole
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at infinity in the right box is (3|Q1s6]1] = 0. The last two poles are accessible for this orientation
as evident from the diagram (presence of both closed cycles) and the poles in the inverse Jacobian
J 1, while the pole (2|1+5|6] = 0 can not be reached in this orientation. The inverse Jacobian
also removes some of the irremovable edges. For example we can not remove s edge (by sending

ag — o0) forcing s156 = 0 as it would lead to an illegal diagram,

(3.84)

where we violated the rules about incoming/outgoing legs in black /white vertex.

Going back to the diagram (3.83) we concentrate on the pole at infinity in the hexagon subdiagram.
There are two kinematical constraints imposed on the external legs of this hexagon p1, ps, l2, €3, £10, £12,
while in the context of the whole diagram the last four momenta are internal and the actual external
momenta p1, ..., pg are unconstrained. Using the rules developed in the last section, the residue on

the UV pole turns the hexagon into a tree subdiagram,

ly l3

(3.85)

by o

l3 l12

(3.86)
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where we used one particular way to expand the four-point black and white vertices. We can now
treat it as a new on-shell diagram and assign edge variables, construct the C' matrix and solve for

them using delta functions

_ [56] _[15] ~(23)
ap = m, Qg = mya?)— @,
_(43) ~ (2]1+5]6]
(3.87) Oy = (23)’ Qs = 23)[16] °
~ (3[5+6]1] _ (23)[16]

ey T Bl

Note that in this diagram there is one extra kinematical condition imposed: (2|5+6|1] = 0 which
was exactly the hexagon UV pole in (3.83). The edge variables in (3.87) are not related in any

obvious way with the edge variables in (3.86). Calculating the on-shell function for (3.87) we get

Q_/dou...dowd(C-Z)>< 1
B Q] o X304 5L QU7 1 — agaqasar

_ {41+5]6] 01(P)°(Q)6([56 ] +[61]775+[15]76 )0 ((2|5+61]) | (24)(3[1+56]
s156{24)(34)(3|1+5|6][56][15] (23)(4|1+5]6]
0% (P)d°(Q)8([56]i +[61]s+[15]77s) 4(2[5-+6/1])
5156(23)(34)[56][15]

(3.88)

which is the same as the residue of (3.82) on (2|54+6|1] = 0 showing explicitly our procedure
in action. Note that since we are on special kinematics, s156{2¢)[1p] = (2|1+5+6|p]{q|1+5+6|1]

which is needed to show the equality.

3.3.3 Non-planarity from the UV pole

The pole at infinity does not preserve the planarity of the original on-shell diagram. We could
already see it in our previous example where the original on-shell diagram (3.79) had a canonical
ordering of external legs, while the on-shell diagrams we obtained as a result of the UV pole
calculation had external legs ordered differently 123456 — 134265. In fact, this was just a special

case of a more general phenomenon that the residue on a UV pole of a planar on-shell diagram is a
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non-planar on-shell diagram. Let us consider the following example,

(3.89)

which is an on-shell diagram for a top cell of G4 (3,6). This is a unique planar 9-dimensional (has 9
independent edge variables o) on-shell diagram and all other cells in G (3,6) are associated with
descendents of this diagram where one or more edges are removed. See [13] for more details on the
stratification. We can also obtain it by adding a BCFW bridge on external legs 1,2 of the previous
on-shell diagram (3.79) — which was an eight-dimensional leading singularity diagram (with no free
parameters and generic kinematics). Hence in our diagram there is one unfixed parameter a. The

solution for the edge variables is

@+6[1] @] (34)[56]¢2|5+6]1]
= = =, 4 = ——X =
5.0 ST T (35+6[1] (@[3+416])(3/5+6[1]
' @l3+als) - Als+61] [6] 33 @[5+6[1]
SIS 7 WP s e VR )PP ./

~ , =, « , , g = e
G3+4l6]” ° T @356l - [56] 34y T (313+4/6]

where we denoted Xl = Xl + oz1X2 and Xg = Ay — a1 A1. The on-shell function is

(3.91) Q:/ doy ...dagd(C - 2) y 1

1 aoazauasagaragg 1 — asagarag — agagas

Plugging in the edge variables we get,

(3.92) O_ / day (4]1+5/6]0(2) s156(23)(4]5+6[1][16]
' a15755(23)(34)(2|3+4(5](4|5+6[1][16][56] (2|5-+6[1](3|5+6[1](¢4|1+56])
el >
(3 93) _ / da1 5(5)
' a1(34)(2|5+6(1]¢3|5+6[1](2|3+4|5][56]
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where the delta function
(3.94) §(2) = 6°(Q) 6*(P) 8([56]771 +01 [56]772 -+ [61]775 -+ [15]76) -

We can recognize the usual BCFW shift for 777 in the super delta function. Note that the oy = 0 pole
erases a corresponding edge and we reproduce the diagram already encountered (3.79). In N'=4
SYM theory there are six erasable edges which do not impose contraints on external kinematics
(poles in aj in the QP#®). They correspond to six co-dimension-1 (i.e. eight-dimensional) cells of
G+(3,6) and their on-shell functions are the six R-invariants. For our orientation (3.89) in N'<3
SYM we have three IR poles and two UV poles from the inverse Jacobian. The UV pole in the box
is accessed by (3|5+6[1] = 0, the residue is

_ 0%(Q)8 (P)o([24]7h + [14]iF + [12]774)
(3:99) Resy gt 1 = = H2 18 15+6]11(3 1214161+ 2/4]

Based on our diagrammatic rule this UV pole corresponds to an on-shell diagram,

(3.96)

Calculating the on-shell function we get

o = 511421 6°(Q)0%(P)S([24]7p +[14]7p+[121710)  s124(35)[24]
UV 510435056 (3[2+4[1]6|1+2[4][12][24] (3[1+2[4](5]1+4]2]
(3.97) ) e S

~ 5%(Q)6M(P)s([24] i +[14] 72+ [12]74)
— (56)[12](3|5+6|1](3|1+2|4]{6|1+2|4]

which agrees with (3.95). The UV pole in the hexagon subdiagram corresponds to (2|5+6[1] = 0

which is a quadratic condition in «;,

(3.98) (2|5+6|1] — a1{1|5+6|1] + a1¢2|5+6|2] + a(1[5+6[2] = 0
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and leads to two solutions,

(€2[5+6(2] = {1]5+6[1]) + /((1[5+6]1] + (2]5+6|2])2 — 4512556
2(1]5 + 62] '

(3.99) of =

Plugging back into the form for the top cell (3.93) using (2|5+6|1] = (1|5+6|2] (a1 — af (a1 —ay),
we get an on-shell function which contains square-roots of kinematical variables.

(3.100)
_ / day 6(Q)3* (P) 5([56] +1 [56]2+ (611775 + [15]7)
a1{34)(1]546|2] (1 —a7 ) (a1 —a7 ) ({3]5+6|1]+a1(3]5+6|2]) ((2|3+4|5] —1{1|3+4|5]) [56]

The quadratic (or higher order) equation for a parameter we localize and the presence of roots is
not something unusual. For example, it also happens for the four-mass-box leading singularity,
and in general we get very complicated structures. The UV pole in (3.79) can be again calculated
diagrammatically using our operation: replacing the hexagon with the tree diagram (3.47). But

now, something new happens: as a result, we get a non-planar on-shell diagram

(3.101)

The expression for the on-shell diagram using edge variables is the same as in the planar case and
we can evaluate

35(Q)6*(P) 8([56]i +ai [56]72-+[61]75 +[15]76)

3.102 Q =+ —
(3102 Y T T AN 612] 0 —a] )s150(03) 5] [56]

where 1 and 2 are defined by the same convention as (3.90) and a%r is:

((2]54+6|2] — (1|5+6|1]) + \/(<1|5+6\1] + (2|5+6]|2])% — 4512556

3.103 +_
(3.103) “ 2(1[5 + 6]2]

which agrees with the residue on either the plus or minus pole of (3.100). This six-point NMHV

non-planar diagram corresponds to one of the eight dimensional cells in G(3,6) (not the positive
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part). All these cells for G(3,6) were classified in [60], and the subset of them relevant for BCEFW

recursion relations (for higher k£ and n) in [65].

3.3.4 UV poles and modified GRTs

One of the most important features of on-shell functions Q for leading singularity on-shell
diagrams is that they satisfy Global Residue Theorems (GRTs). The leading singularity on-shell
diagram has a dimensionality 2n—4 and the on-shell function has neither free parameters, nor are
there any constraints imposed on external kinematics (other than momentum conservation). For
the on-shell diagram of dimensionality 2n—3, the on-shell function (after solving for edge variables)

has one free parameter z, i.e. {(z). We can write Cauchy’s integral theorem for this function,

(3.104) %dz Q(z) =0.

If the on-shell diagram has no pole at infinity, then all poles in z come from erasable edges and we

can write

(3.105) GRT = ZQj =0 where ;= Res,—,;Q(z)
J
Let us look at the most famous example which is our diagram (3.89). In N'=4 SYM theory the

on-shell form is given by Q = Qbare,

(3 106) 0— /da1 dOég CZ) :/ dalé(E)
‘ Q.. ag a15755(23)(34)(2|3+4|5](4|5+6|1][16][56]
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There are six poles in this on-shell function corresponding to erasing edges oy, «s, as, ag, a7, as.

Going to each of these six boundaries can be illustrated as follows,

(3.107)

where each arrow starts at the edge that is being erased, and all erasable edges are shown in red.

This leads to the GRT in the form

5(P)3(Q) 6([34]its-+[45]it+ [53]7i1)
5315 [34][45]16)(12)(2[3+4]5](6[1+2]3]

6
(3.108) 210 =0, with Q =
=1

where 1 = R[23456] is a famous R-invariant, and all other Q; are related by cyclic shifts. The

BCFW recursion relations for two different shifts represent the six-point NMHV tree-level as
(3.109) Agfge =0+ Q3+ Q5 =—0Q9 —Qy — Qg

where the equality of two representations is guaranteed by the GRT (3.108). All these relations
were crucial in the early discovery of momentum twistor polytopes [117,118], on-shell diagrams

and positive Grassmannians [8,9,10,13| and later the Amplituhedron construction [14,16].

79



For N' < 4 SYM the Global Residue Theorems change dramatically. The Jacobian removes
some of the poles in ©(z) but also adds poles at infinity. The on-shell functions associated with IR
poles also change as they are corrected by the Jacobian. We work in the context of N' = 3 and
consider the same on-shell diagram for the top cell G4 (3,6). At first, we choose the orientation

with one pole at infinity,

(3.110)

Solving for edge variables and plugging in the formula we get for the on-shell function,

~

_ / day (3D[15]5(E) (3|3+45][16]
15756(23)(34)(2|3+4[5](4[5+6[1][16][56] (2[3+4[6][15]
(3.111) = Q‘;;E AN ;:1 »

_ / dOél (5(5)
15755(23)(4(5+6/1](2|3+4/6][56]

where, again, §(Z) = §5(Q)5*(P)d([56]1 +a1 [56]72+[61]75+[15]76). Taking the residue on the UV

_ (2[3+4/6]
= {1[3+4[6]

pole ag one obtains

35(Q)54(P)5([46]7s+[36]7+[34]7%)

(3.112) 0V = 5 12,02]3+ 416152 A13][34][46]

which matches the form obtained by collapsing the box into a tree as per the prescription. We can

use this to define a modified global residue theorem (GRT):
(3.113) GRT = Qg + ?24 + 55 + QG +Quv =0

with the IR poles given by

_ 0%(Q)H(P)I([56]in +[16]75+[15]7s) & _ 0°(Q)0*(P)o([23]ia+[24]7s +([23]71a)
s156(23)(4[5+61]2[3+4[6][56] s156(1|5+6[4][23][34](15)(56)
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_ QS (P)S([23]in+[13]7+[12]5) & _ 8°(Q)0*(P)I([56]7u+[46]7s+[45]7)

s125(56)(5[1+2[3]4l5+6[2] [13][12] * s456(23)(12)(1]5+6|4][56][46]

(3.114) Qs

We can illustrate the GRT as before,

(3.115)

where each arrow starts at the edge that is being erased, and all erasable edges are shown in red,
while the accesible UV pole is shown using the dashed internal cycle. Notice, how a5 and a7 now no
longer are removable compared to the normal GRT in (3.107). Also note that the on-shell functions
Q) contain Jacobians from the internal cycle in the box. This is a new type of GRT that relates the
on-shell function for the UV pole to IR poles. Note that in this case all diagrams are planar, but
the on-shell diagram for the UV pole does not respect the original canonical ordering with 5 < 6.

Now we consider a more complicated case of the same diagram with the orientation discussed in
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the previous subsection,

(3.116)

where the pole at infinity in the hexagon subdiagram is also accessible. In that case the Jacobian
removes the IR poles for edges as, ag, a7, ag leaving only two IR poles a5 = (2|3+4|5] = 0
and a; = 0. On the other hand we add 3 UV poles — a pair of poles from the hexagon loop for
(2|5+6|1] = 0 and one UV pole from the right box subdiagram (3|546|1] = 0 as before. The global

residue theorem in this case can be written as

(3.117) GRT = Q1 + Q3+ Qfy, + Quy, + Quv, =0
where
& — 54 (P)6°(Q)6([45]71 + [35]7a + [34]75)  0°9(Q)6*(P)S([56]71+[61]75+[15]76)
LT T B4](12)(6]3+5[4](2[3+4[5]¢6]3+4[5] © 0 (34%(2[5+6[1](3]5+6[1](2|1+6]5][56]
L 0%(Q)8Y(P) 8([56]7 + i [56]7 + [61]75+[15]7)
Oy, ==+ =
(1[546[2](a — a7 )s356(23)(34)[56][15]ai
(3.118)
Oy = §°(Q)a* (P)é([24]m + [14]72 + [12]74)
V2 T TR6)[12]¢3]5+6]1](3|1+2[4](6|1+2[4] ’
with
(3.119) o (@+612] + A[5+6[1]) + v/ ((A]5+6]1] + (2]5+6[2])2 — 4512556
. . .

2(1|5 + 6|2]
This is a new type of residue theorem for on-shell functions for two IR poles (modified R-invariants)
and two UV poles — one is a planar R-invariant for a different ordering and the other is a pair of

non-planar on-shell functions. Note that while each on-shell function Q[J—Evl contains square-roots,

they do cancel in the sum as evident from the GRT (3.117). Once again we can illustrate the GRT
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in this case,

(3.120)

from which it is clear that the only two removable edges left are as and a;.

In A'=4 SYM theory we do not have any poles at infinity whatsoever, so we can never generate
non-planar diagrams from planar diagrams. However, even in N' = 4 SYM theory we can just
directly consider non-planar on-shell diagrams, but with no orientations and internal cycles. The
on-shell functions in ' =4 SYM for the same diagrams are then

1 2

4 _ 01 (P)8%(Q)a([24]m + [14]72 + [12]74)

(3.121) ’  5124(35)(56)(3|5+6[1](6|1+2(4][12][24]
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(3.122)

_, OU(P)I(Q) (561 + i [56)7h>-+ [61)7s+ [15]77s)
6 3 T (a —ai )s15,(24)(34)(1|5+6]2](3[1+5(6][56][15] af

5 4

where the first on-shell function is just a regular R-invariant with 5 < 6 from canonical ordering, as
also evident from the on-shell diagram. The on-shell function for the second, genuine non-planar,
on-shell diagram is of a new type and is not related to an R-invariant as also evident from the
presence of square-roots. It would be interesting to identify this form with the items in the list of
appendix B of [60].

Having thoroughly gone through the procedure of taking UV poles of general n-gons and how
to incorporate this into larger on-shell diagrams in N'=3 we are ready to tackle the higher order

polls at infinity that arise in N'<3 in the next section.

3.4 Higher order poles at infinity

So far we have studied the minimal version of the problem of UV poles where individual on-shell
diagrams preserve N' = 3 SUSY and all poles at infinity are simple poles. We want to generalize it
to gauge theories with lower supersymmetries, including pure Yang-Mills theory. As explained in
previous sections, there are two parts of the story: (i) locations of poles at infinity and the kinematics
of on-shell diagrams which are produced on these poles; and (ii) the actual residues at infinity, i.e.
on-shell functions associated with on-shell diagrams. The first part of the story is general and not
specific to any theory, hence our discussion is valid for all relevant QFTs (with fundamental 3-point
vertices) including gravity. The second part, the on-shell function, is specific to a particular theory
and here, indeed, we solved only the case of N' = 3 and need to find a generalization to other

theories.
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3.4.1 UV pole as a residue

Let us consider NV = 2 SYM theory, the case of general A is just a trivial generalization. The
main challenge is to figure out how to deal with higher poles at infinity which come from the inverse
Jacobian J 1. For N = 2 these are double poles. First, we redo the box on-shell diagram (3.8) and

get

(3.123)

_ (P20 ((23X1)\* _ (23)X14)6%(P)5*(Q)
 (12X(23)3014) <<13><24>> -~ A9B4(3)

1 4

where the supermomentum delta function has the same form, but now in nil , I =1,2. Our goal is
to calculate the residue on the UV pole (13) = 0. Just based on the little group weights and the

mass dimension, the resulting expression must be

o (23)(14) 5%(P)6*(Q) _ (24)8*(P)d*(Q)d((13))
amoo  (12)(34)(13)2 (12534

Note that on the support of (13) = 0 we have a relation (12)(34) = (23)(14). We want to derive

(3.124)

this result by taking the residue of (3.123).
The first issue is to find a good parametrization that allows us to approach the pole in a nice

way. One approach is to write (13) = )\gl)/\gz)—/\gz))\gl), fix three of the components and then solve

for the last one, e.g. )\5,2), making sure that (13) = 0. However, we need to have in mind that
through momentum conservation this parameter also appears in other momenta, which makes this
approach less clean. Therefore, it is simplest to shift the external kinematics, e.g. using a BCFW

shift A3 — A3 + 24, X4 — 3\4 — Z;\3, we get 2(z) but with an extra §(z) ensuring we preserve the

same kinematics. Then we take a residue on (13) — (13)+2(14) = 0 using the formula (3.126),

(14)((23) + 2(20) 4 (P)F(Q)d(z) (205 (P)5*(Q)5((13))
G129 v R T an@s P (2
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where we used § (—%) = —6(<<1lf>>) and for the calculation of the residue on the higher pole we

used the definition

(3.126) Res f(z) = ! m 4

r=a0 (m—1)! xligclo dam—1

((z = z0)™ f(2))

Same result is obtained using the shift A3 — Az + 2o, Xg — Xg - ZXg,

) (9@ (PIHQIE) @0 (P)HQI(3)
BA20 Sy = RS oGy + @)@ + AP @3

which is the same as (3.125) using (12)(34) = (14)(23) on the support of §({13)). We can show
that the result is independent of the shift. For general N’ < 4 we can repeat the same exercise and

get,

_ PN N(P)SN(Q)8((13))
- (12)(34)

Note that m-shell function for the on-shell diagram (3.13) with additional helicity factor for N < 3

(3.128) Quv

supersymmetry. Therefore, our diagrammatic rule works perfectly here for any A for this case. Let

us look at the double box on-shell diagram in V' = 2 SYM,

2 3

By P O35 ol C N (o + =00y :
2((23) + 2(24)){14)(34)(12) (24)((13) + 2(14))
B PROLCOREEAGING)
2{12)(34)({(13) + 2(14))?

This on-shell diagram has only two poles: IR pole for z = 0 (deleting the far right edge) and the
double UV pole which blows up the left loop. The residue on the IR pole is

4(P)3*(Q) (14)(23)
(3.130) i = Res Oz) = — 53513
which is a box with an internal loop (3.123) as expected. The residue on the UV pole is
§4(P)81(Q) (14)(23)
3.131 Q = Res Q = —
(313 R DD

and the sum Qr + Quy = 0 as dictated by the GRT for €. Note that the on-shell diagram

associated with the UV pole (based on our rule) should be just a box without an internal loop and
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an ordering (1342). However, the on-shell function obtained in (3.131) is not an on-shell function

for this diagram,

(3.132)

But rather, is its given by

@)*01(P)o1(Q)  (14)(23)

(3.133) 0V = aanan " (18
Qp K

where {2p is the on-shell function associated with the diagram and K is some prefactor. This formula

generalizes to arbitrary N,

a3 g = SEPIPV(Q DN @B\ ((14)(23)* Vo1 (P)6*V (Q)
(3.134) uv = (13)(34)(42)(21) X <<13><24>> = (13Y4=N(34)(42)(21)

We can see that the situation is not as simple as in the N'=3 SYM case, the on-shell function is
now corrected by some prefactor. This prefactor does not add any new poles, it only increases the
degree of some of the poles. We will see shortly that it is generated by a derivative operator acting

on this on-shell diagram.

3.4.2 Infinity operator

To start with, let us consider a generalization of the two-loop double box on-shell diagram,

(3.135)

where the one-loop box on-shell diagram with an internal loop is glued to an arbitrary other on-shell

diagram through two on-shell internal legs /3, £4. The on-shell function for the diagram for N = 2
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SYM can be then written as

2 2y 2 2
d )\ng )\43 d )\g4d )\g4 {Ql y 92}

(3.136) = /d T 0Tt GL(1) GL(1)

The on-shell functions for left and right parts of the diagram are:

(3.137) 0 — (204)* 54(P1)6*(Q1) (<1£4><2£3>>2 _ (25)(1la) 64 (P1)5*(Q1)
' N 125203y Usbay 0Ly \ (205)(103) (12)l3la)(1E3)2
(3.138) Qo = 64(P2)6*(Q2) w2

where P, P, are momentum conservation and (1, Q2 are supermomentum conservation for each
part of the diagram. ws for the right part of the diagram is arbitrary, and while it can contain
additional delta functions or extra parameters, it does not depend on legs 1,2 (only through /3, ¢4).
Now we want to calculate the residue on the pole at infinity (1¢3) = 0 of the box diagram. In order
to do that we have to take Ay, to be collinear with A;. However, due to momentum conservation
any changes in Ay, also propagate into other momenta, and it is relevant when we calculate the
derivative of the function in (3.126). We can remove this dependence by integrating over ¢4, then
£3 becomes independent,

(3.139)

P, Py, [ (12) N d2A4d2)\4<2€><1£>54(P)64(Q)
@= /d2 / e 1£{<1£3>2 /d2 / O 2ty 1XQQ}

~~ -~
w

where we defined an on-shell function w which automatically implements the momentum conservation
between /3, ¢4 and external legs, and the momentum /3 is now independent and not subject to any
constraints. In this form we can take a residue on the pole (1¢3) = 0. In order to approach the pole

we parametrize
(3.140) Ay = a1 + B

and rewrite

~ dadﬁdQXg, 1
_ 2 3
(3.141) 0= /d Tt GL(D) {52 X w}
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The UV pole is then given by the residue on g = 0,

dad2>\g3

We can also undo the parametrization (3.140) and rewrite the result in a more invariant way,

(3.143) Quy = / d*7je, W{ (<1£3>)< 2 i >}

In the angle bracket we take the derivative of w with respect to Ay, and then contract with Ag. This
is the on-shell function associated with the pole at infinity in (3.135). Now we need to compare

(3.143) with the on-shell diagram for the collapsed box diagram,

ls

(3.144)

The on-shell function for this diagram is

2 2\ 2 2y 4 4
3.145 Qbare _ d27,’€ d A53 d )\ZS 1£3> d2 d )%4 d A54 <2£4>5 (Pl)(s (Ql) > Q2
3

GL(1) GL(1) (12){l3Ls)

~~ -

whare

where we again eliminated ¢4. Comparing (3.143) and (3.145) we find the relation

duw B <2€3>[2€3] dwbare
(3.146) <A2d%> = 12)[145] <A2 dXe, >
Plugging back we get
2 2N wbare
(3.147) Quv = /d Tty / Ay d Ay d )\23 {5(<1€3>) 221%;[[12;;]] <)\2dd>\é >}

We can then interpret the result in the following way: the pole at infinity of the original on-shell

diagram (3.135) for N' = 2 SYM is equal to the “infinity operator”

_ (243)[243] d
(3.148) 0= (12)[143] <A2 dAe3>
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acting on the bare on-shell function

1 .,
(20s)[205] d
(3.149) oy = <123>[1£;] <A2 dAgg> °
4y
2

or, more schematically Quy = O ®QPA¢ in the sense of the formulas (3.145) and (3.146). Note that
for N' = 3 the operator O = | and the residue of £ on the pole at infinity is equal to Quy = Q%a\l}e.

This relation is very easy to generalize for arbitrary N’ < 4. In that case the operator O is given by

N1 (@), d )N
(3.150) o = (3—A)! <<12>[1£3] </\2 dAeg >>

Note that the derivative commutes with the prefactor. As an example of our procedure, we look at

the double box on-shell diagram studied in the previous section. We interpret the diagram in the
context of (3.135) as a one-loop box with legs 1,2, (3, ¢4 glued to the tree-level diagram with legs
3,4, L3, Ly,

(3.151)

The on-shell function 29 is now

_ (034?61 (P2) 8" (Q2)8(C4la)) _ {l34)[3La] 8 (P2)0"(Q2)d([3¢3])

(3.152) 0y (033X 385l (033)(34)(l3ly)

where we rewrote the delta function on the support of the momentum conservation,

(3.159) F(Cat1)) = (6431 5(Calal3) = ~[643] SCalal3) = 0 o([362)
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where the function w, further integrated over 7, and Xg:,’ for simplicity (this does not interfere with

A¢y derivative) is equal to

a2\
/ d*Te, [3) =

/dz 25 Phe, [ g, d2Xg, (L0a)[043](205)(AL5) 54 (P1)6%(Q1)0" (P2) 5" (Q2)8([3¢5])
Ma @ | GL) ) T GL() (12)2(34)(35) Ll )?

5. 154/ d2)\e3 ((L3)[€33] + (14)[34])(2€5){4l3) 6*(P)3*(Q) 3 ((p3+pa—*£3)*)d([345])
(12)2(34)(303)

where the integration over 7, 7, reproduced an overall supermomentum conservation 6*(Q) and

an extra factor (/3/4)% while the integral over /4 lead to an overall momentum conservation §4(P)
and an extra delta function 6((p3+ps—€3)?). We can also integrate over 3\43 which fixes Xg3 =\

and factorizes the delta function

(3.155) 5((ps-tpa—ts)?) = Bz]é<<34>—<4fg>>

Plugging back we get

N d% (14205l 5 ()5 (Q)S((34)—(4ls))
(3.156) | & L)~ ERCTes :

Now we calculate the derivative with respect to Ay, and contract with Ag,

(3.157)

/ 25 dQ/\e3 <A dw> (14)(203)({205)(34)?+(23)(4l3)?) §*(P)6*(Q)(((34)—(4l3))?)
T | GR) \Zdxg, (12)2(34(303)2

where all delta functions are here considered in the context of contour integrals and residues, i.e.
under the integral 6(z) ~ % This is important since the derivative also acts on the delta function.
Plugging back into (3.143) and integrating over Ay, we get

(3.158)
140 2055((2055(34)Y2 +(23%(403)2) 6*(P 34)—(4¢ 14
Quy = 5(P)64(Q) / < X 203)({203)(34)*+ ><<1;i2234§<3)€3>g )6(((34)—(403))?)6({1l3))

In order to make the integration easier, we can expand /3 using (3.140),

(14 a?(12)(34)? + a(23)(a(14) + B{24))?
v = riasga (P Q) aads e a3t 5o
(14(23) 5(P) 5(Q)
(3.159) BT CTWGE)
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where the integral was evaluated on the contour given by the delta functions, 5 = 0 and a =
—(34)/{14) (this was a double pole). Now we compare (3.159) with the infinity operator (3.148)

acting on the on-shell diagram

{3
(3.160)

Uy
2 4

which is obtained by collapsing the left box with the UV pole in (3.151). The on-shell function

wPare for Oy for the diagram (3.160), again integrated over 7j,, and ng is

(3.161)

/d2 / d )‘Za bare _

/ %7, d7, Phiy [ A, dPNg, (204)(AL3)[304] 54(P1) 64(Q1) 0% (P2) 0% (Q2)3([36s])

GL() ]~ GL 12l 30s)
a)Al5) 54 (P)5(Q)3((34)—(4L))
(3.162) - (12(345(3Ls)

If we now integrated over Ay, we would just recover the ordinary on-shell function for the box

on-shell diagram (3.160),

Qbare _ / 3y <24><4€3>54( )01(Q)8((34)—(4l3))d((Lls)) _ (24)0*(P)é*(Q)

(3.163) (1230305 (213,(34)

NCTY)

where the contour integral over the delta functions fixed Ay, = a 4>)\1 But instead of that we have
to calculate the derivative,
/ 023y, d2)\£3 2e3)[245] < Ay dwbare>
L(1) (12)[16;] dAg

_ [23]€24)¢205)((34)*(2L3)+(23)C403)?) 54 (P)3* Q) (((34)—(4¢3))?)
[13]€12)%(34)(303)?

(3.164)

and then integrate over Ay,

s — / 2 [23](24)(203)({34)*(203)+(23){4L3)?) §*(P)3*(Q)8(((34)—(43))*) 6 ({1l3))
uv s [13]<12>2<34><3£3>2
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(14)(23) 6*(P) 6*(Q)
C (12)X(34X(13)2

with a perfect agreement with (3.159). In pure Yang-Mills theory (AM'=0) we act with the operator

(3.165) =

O three times, and get

1 PN, d*Xg, [ (203)[205]\ d d dwPare
Quy == [ &% e A A A
o 6/ s | TGL) <<12>[ws]> < Qdm,< ch3< * d >>>

(14)%23)° 6%(P)
- (12)E4H3)!

where wP?® is the same as before up to an extra (24)? helicity factor and supermomentum delta

(3.166) -

function. Finally, let us summarize the procedure of the calculation of the UV pole:

e Calculate the bare on-shell function wPare

of a lower-loop on-shell diagram obtained by
diagrammatic rules: a collapse of the loop and a non-planar twist. This includes an
integration over the internal leg ¢4 which eliminates the dependencies from the momentum
conservation.

e Take the appropriate number of derivatives with respect to Az, and plug into (3.166). This

is the value of the original on-shell diagram on the UV pole.

3.4.3 General on-shell diagram

We are now ready to solve a more general problem where the box diagram with the UV pole is

inside an arbitrary on-shell diagram,

(3.167)

The on-shell function for the diagram is

A2\, d? Xy, A2\, d2 Xy,
GL(1) GL(1)

(3.168) Q= /d%l .. d%, {Ql x 92}
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where on-shell functions for the internal box and the rest of the diagram are

(3.169) Q) =

(lals)*5* (P1) 6*(Q1) (<5154><52€3>

2
— 54 4 w
(1€2){lal){lsla){latlr) <5254><5153>> ;o =07(F) 5°(Q2)

We rewrite this expression as

AN, d?Xg g, d2Xg, | (010s)
1 25, . 23, —_— 1. 3 2
(3 70) /d Neq .d Neg GL(l) GL(I) <£1£3>2 X w

where the function w is defined as

X, d2)\ X <z 030104 6*(P1)6%(Q1)
(3.171) w—/d2m4/ e <€112‘2>2<€3;4> L x 0}

This is a straight generalization of the case discussed in the last subsection. We included the
integration over internal particle £4 in the definition of w in order to eliminate the momentum
conservation on four internal legs, such that we can then take a derivative of the expression without
any ambiguities. But this is just one choice, we can obviously choose another internal leg to be

eliminated in this way. The residue on the pole at infinity {(¢;¢3) = 0 is then given by

(3.172) Quy = OR QP& where — QP&C —

where the operator O is given by

(3.173) 0= (W) <A£2 d§43>

and the action on the (bare) on-shell function in (3.149) is given by the analogous formula to (3.156),

(3.174)
N d2\,, d>\ A2\, d>\ ol [0l duwbare
v = [ @i [ S M{a<<eleg>>< 22l >}

GL(1) GL(1) {01025 [ 03] \" d)y,
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where the bare on-shell function wb®® for (3.172) is

(3.175) whare — / a7,

@ he Xy, [ (ala) 1 (P)I Q1)
GL(1) {12 lsly) ?

which is just a straightforward generalization of our discussion before. Note that the only limitation
is that we required that the leg ¢4 is an internal leg. In case it is an external leg, and we do not
integrate over it (hence we do not resolve the momentum conservation), we just have to choose
another leg to integrate over first. The generalization to an arbitrary number of supersymmetries

is again straightforward, we just act with 3—N\ copies of O, i.e.
(3.176) Quy = 03N @ Qbare

We are now ready to generalize this procedure to higher n-gons. Let us now consider the NMHV

hexagon subdiagram,

CADY "
(3.177) .
&
The on-shell function for N' =2 SYM is
A2\, d2X A2y d2N
1 Q= [ &, ... d% 6% 20 f = 2 10 x 0
(3.178) /d Rl BT e GL(1) { L 2}’
where the on-shell function for the hexagon can be written as
Q, = N RN GUIE) y ( (1l ){ U3y [ 01 02] )2
[€506]2[€102]<{l1 02 ) 0105y lal3){Lsls ) l3l5) {103y Ly |ls+05]44]

(304> (0105 )01 Lo)[142] 6(Z)

(3.179) " [Uslo]201loy{lalay(balsy(Lslsy(f103)2

where the delta functions are

(3.180)  6(Z1) = 6*(P1)6*(Q1) 6 ({la|la+0504])5 (3] €a+051€6))S ([£506] 70, +[Lola]Tieos +[Cals)Ties)
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The residue on the pole at infinity (¢1¢3) = 0 is then given by

(3.181)

AN, 2Ny A2\, d?Xg {lol3)[lal5)] dwPare
Quv = [ &g, ... d*R L A Ay ——

o= [t [ G w1 (G ')
where wP?™® is now the on-shell function associated with the graph
()

(3.182)
before we integrate over momenta ¢1,...,¢5 (in fact, we can integrate over all momenta except Ay,

in which we take the derivative). This straightforwardly generalizes to any one-loop n-gon, and also
to any number of supersymmetries — we again act (3—N\) times with the operator O.

It is worth noting that in our procedure of approaching and calculating the higher pole at infinity
we made a certain choice: we parametrized Ay, = aXy, + BAs, and calculated the pole for 8 = 0
which then transformed into a certain form of the O. Note that the final result does not depend on
this choice (the calculation of the residue is independent on the parametrization). One assumption
we made in our calculation was that the leg ¢35 was internal (as we integrated over it and removed
any dependencies between ¢; through momentum conservation). If this was an external leg we
would have to approach the pole via another leg. For the general on-shell diagram with L > 1 at
least one of the legs of the n-gon (which UV pole we approach) is internal and we can use it in our
procedure. The only exception is the one-loop n-gon itself as an on-shell diagram, in this case we
can just attach a BCFW bridge as we did for the box diagram in the previous section. The result

for the UV pole does not depend on the particular procedure used to approach that pole.

3.5 Non-planar diagrams

The non-planar on-shell diagrams have been extensively studied in the past. Based on the

principles of generalized unitarity they represent the cuts of non-planar loop integrands. In the dual
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description, the on-shell function is reproduced by the simple dlog form in N = 4 SYM theory while
in the lower SUSY Yang-Mills theories we have to include the Jacobians [13], and the formula is the
same as for the planar diagrams. Unlike in the planar case not much is known about the connection of
non-planar on-shell diagrams to the Grassmannian geometry, permutations, stratifications, identity
moves etc. Some interesting observations were made for MHV on-shell diagrams in the context
of N =4 SYM theory [55] where the on-shell function for each diagram was written as a special
linear combination of Parke-Taylor factors. A more systematic study was performed in [57]| and
the classification of all on-shell diagrams for 6 point NMHV amplitudes was performed in [60]. The
first attempts to associate NMHV on-shell diagrams with Grassmannian geometries were provided
in [65] in the context of non-adjacent BCFW recursion relations.

In our discussion of UV poles in on-shell diagrams, we restricted only to planar diagrams and
also our proof of the localization of UV poles in one loop subdiagrams required the planarity of the
whole diagram. We will show that indeed the same argument does not hold for non-planar on-shell
diagrams and the poles at infinity propagate beyond just a one-loop subgraph. We explore one

particular five-point non-planar diagram,

(32) {13)
a1 = ®7 Qo = @7
{14) (51)
a3 = @a a4 = @a
13 _43)
= @, = @

(3.183)

a5 Qg

The Jacobian from the cycle is

(13)(25)
(12)(35)’

where we can identify the UV pole as (13) — 0, while (25) is the helicity factor. We could instead

(3.184) J =1-oamazasas =

have picked an orientation with a different internal cycle as follows,

(32) {13)

M Ty

(14) (51)

ERCENEIG

(35) (13)

%= sy M7 Gy
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Here the Jacobian from the cycle is

(13X24)
12)(34)"

We find once again that the pole at infinity is at (13) — 0, even though we are looking at different

(3.186) J =1-amazas =

loop. We can uncover the same problem by solving for internal momenta,

_ )y 5 <12) _ (@3- M)
6 = <13>)\1)\2, by = <13>>\3)\2, 03 = 5 A3,
(3.187) by = @)\3X5, ls = <35>/\1)\57 lg = M/\l,

13)

€7=@)\X lg = ﬁii 374

13)

and we see that the UV pole (13) is present in multiple loops rather than only one-loop subgraph.
There is a purely graph theoretic reason for these subtleties: we can not invariantly talk about
“fundamental” and “overlapping” internal loops. In the planar case, the first type corresponds to
poles at infinity, while the second type does not. Take e.g. the pentabox (3.21) with the orientation
in the box flipped. Schematically we can show the pole and cycle structure as,

(3.188)

Overlapping cycle — no UV pole

Inner cycle — UV pole

N le — UV pol 1
ocyceNi pole 5 Loor ~ 38y

Epentagon (13) 1

Even with the overlapping cycle, the Jacobian still only introduces the UV pole of the box (35). For

the non-planar graphs there is no difference between these two types of cycles, and we can always
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redraw a diagram in a way which turns one type into the other,

(3.189)

This makes it clear that we need to generalize our rule to capture the UV poles in non-planar
diagrams where multiple loops blow up at the same time. This also concerns the gravity on-shell

diagrams [34,61,62,63| which are intrinsically non-planar.

3.6 Conclusion and Outlook

In this chapter, we studied the poles at infinity in on-shell diagrams for A'<4 SYM theory.
We showed that for planar diagrams the poles at infinity are located in one-loop subgraphs and
the kinematical condition on the pole reduces the graph to a simpler on-shell diagram with a non-
planar twist, hence the diagram is generally non-planar. The on-shell function on the UV pole is
then given by a certain derivative operator acting on the on-shell function for a new non-planar
on-shell diagram. This comes naturally from the definition of the residue on a higher pole as a
derivative. We also showed that for non-planar on-shell diagrams the situation is more complicated
as the poles at infinity are not localized in one-loop subgraphs and a different procedure is needed.

Our work is a direct attempt to systematically study the poles at infinity in scattering amplitudes.
While the residues of tree-level amplitudes and loop integrands in the deep IR are governed by
principles of unitarity and lead to factorizations and unitarity cuts, the poles in the UV are naively
not constrained by similar principles. We do not face this problem directly in the context of
scattering amplitudes, but we chose simpler on-shell gauge-invariant objects — on-shell diagrams, and
solve the problem here. Note that tree-level amplitudes (and in special cases also loop integrands)
can be expressed as sums of on-shell diagrams, so it is suggestive that our results would be relevant
to amplitudes problem as well. The two main lessons from our analysis are: (i) the kinematics of

UV poles correspond to non-planar objects, in this case non-planar on-shell diagrams, (ii) on-shell
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functions are given by derivatives of the bare on-shell diagrams. It would be interesting if this insight
can eventually be used to help address the problem directly in the context of tree-level amplitudes
and loop integrands.

The further goal is to formulate the general prescription for the calculation of poles at infinity
for arbitrary tree-level amplitudes, and loop integrands — similar to rules of factorizations and cuts.
This would have major implications on our ability to calculate amplitudes using recursion relations,
and possibly search for positive geometries that could capture amplitudes in theories with non-trivial

UV physics.
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CHAPTER 4
Grassmannian Geometries for Non-planar Diagrams

4.1 Introduction

We saw in the previous chapter that even when we start with planar diagrams, going to the
poles at infinity leaves us with a non-planar diagram. This brings us to an important question that
we have not addressed yet, namely how do the mathematical structures we have discussed so far
extend beyond the planar limit. More specifically, what geometry can we associate to amplitudes
in the non-planar theory? We have some indications from physics [86,89,91,119] that non-planar
amplitudes do enjoy very special analytic properties, though this is not obvious from any known
physical principles. However, on-shell diagrams are well-defined both in planar and non-planar
sectors of the theory, and can be calculated as products of three-point amplitudes. Furthermore,
let’s remember that the connection between on-shell diagrams and the Grassmannian G(k,n) allows
for the dual formulation and the evaluation of the canonical dlog form using parameters of the cell
in the Grassmannian. This connection holds beyond the planar limit and it will be a cornerstone
of our exploration in this chapter. This was noted in the original paper on scattering amplitudes
and the positive Grassmannian [13], but in the context of non-planar diagrams was further studied
in [55,57,60, 64, 65| (see also [34,61,63,120,121] for work on on-shell diagrams in Einstein
gravity, though the forms there are non-logarithmic and depend explicitly in kinematics in addition
to Grassmannian variables).

In particular, in [55] it was shown that all MHV (maximal-helicity-violating) on-shell diagrams
can be evaluated in a remarkably simple way. On one hand, the expression for each diagram can
be expanded in a basis of Parke-Taylor factors, that are relevant for planar diagrams with different
orderings. Alternatively, the same expression can be obtained using an intriguing determinant
formula. In the Grassmannian language, the MHV case corresponds to G(2,n) which exhibits
major simplifications. Higher degree cases were studied in [60| and already for G(3,6) there are

qualitatively new features.

101



In this chapter, we focus on the following question: what geometries can be associated to
MHYV non-planar on-shell diagrams? That is, are there natural geometries whose canonical forms
match those from non-planar on-shell diagrams? For planar diagrams, there is an elegant answer
to this question: the positive Grassmannian G4 (k,n). Each planar diagram is associated with a
certain cell in G (k,n), a region defined by setting some minors to zero and asking that others are
nonnegative. If we calculate a canonical form of this region, we reproduce the expression for the
diagram calculated from physics.

In the non-planar sector, we do have an expression for each diagram, written in terms of minors
of the (no longer positive part of the) Grassmannian G(k,n). But we do not know a region whose
canonical form is this expression. In our work, we find such a region in the G(2,n) case, which
is relevant for n-pt MHV amplitudes. This is interesting from a mathematical perspective: we
will associate geometries with non-planar graphs, and obtain certain generalizations of the positive
Grassmannian. From a physical perspective, this is a major step in the exploration of non-planar
amplitudes using new mathematical tools. A detailed understanding of underlying combinatorial
structures should lead to insights on non-planar amplitudes, similar to those we obtained in planar
amplitudes from the positive Grassmannian and the amplituhedron formulations.

The chapter is organized as follows: In Section 4.2, we review the identity moves of on-shell
diagrams and set the notation we will use for the rest of this work. In Section 4.3, we discuss
the generalization to the non-planar sector and review the triplet formula for the MHV on-shell
diagrams. In Section 4.4, we leverage this formula to prove that the previously known sphere move
introduced in |64] are the only identity move that does not change the canonical form. Section 4.5
contains the main result of this chapter, and we study pseudo-positive geometries associated with
MHYV on-shell diagrams. In particular, we show that for the class of internally planar diagrams,
the geometry is always connected. We end with Conclusions and Outlook. We leave the proofs of

various statements to three appendices.

4.2 Planar On-shell Diagrams, Identity Moves, and Canonical Functions

Many different on-shell diagrams will give a parametrization of the same cell. There are two

identity moves that change the diagram but do not change the cell (and also do not change the
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associated differential form).

3:0:@=C=y

square move merge/expand move

If boundary measurement is injective, the plabic graph is called reduced. A graph is reduced if and

only if doing identity moves to it never produces a bubble, shown below.

(4.2) —®—

When a graph corresponds to the top cell, the matrix C'(«;) has all Pliicker coordinates positive
when «; > 0. Lower-dimensional cells can be obtained from the top cell by setting certain edge
variables to zero, which removes the corresponding internal edges in the graph and also makes some
Pliicker coordinates zero.

Note that the parameters of the positive Grassmannian n, k are encoded respectively by the

number of external legs of the plabic graph, and
(4.3) k=2ng+nw —ny

where np, ny are the numbers of black and white vertices and ny is the number of internal edges
of the graph. Our case of interest in this chapter is MHV amplitudes, where £k = 2. The top cell
of G+ (2,n) has dimension 2n—4, hence the associated on-shell diagram is a leading singularity.
The geometric constraint of the delta functions identifies the C-plane with the A-plane as this is an

unique 2-plane which contains a fixed 2-plane A\. So we have
(4.4) C=A
and the (2x2) minors of the C' matrix (ij) are identified with the angle brackets as

(4.5) (ig) = <ij)

103



The canonical form on the top cell of G4 (2,n) is given by

ac
(12)(23)(34) ... (n—1n)(nl)

(4.6) wag =

where no residue is taken because C' is a top cell. The associated superfunction for the on-shell

diagram is

§(P)d(Q)
(12)(23%(34) .. {nl)’

We can talk about three different objects: the canonical form wg, the canonical function fg (which

(4.7) Fg =

is just wg without a measure) and the superfunction F¢. For k = 2, the differences are unimportant,

and hence it is enough to consider only the canonical function

1
(12)(23)(34) ... (n1)’

In the remainder of the chapter, we will consider canonical functions almost exclusively. We draw

(4.8) fa=

the reader’s attention to some particularly pertinent points.

e For each n there is only one cell of G4(2,n) with canonical function as in (4.8), which is
the top cell. This cell has many different on-shell diagrams, related by the identity moves.

Examples of these on-shell diagrams for n = 4,5 are

G1(2,4) G+(2,5)

- R RN

All diagrams for the top cell give rise to the same canonical function. That is, the canonical

function is also invariant under identity moves.
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e Not every on-shell diagram with m = 2n—4 edge variables is a leading singularity diagram—

only the reduced ones are. Consider the following non-reduced diagram

2 3

1 4

where we used the merge-expand move to expose the bubble. Because the dimension is
still m = 2n—4 = 4, the presence of the bubble leads to an edge variable a4 which is not
solved for from delta functions, leading to an ‘excess’ delta function which imposes the

below constraints on external kinematics

Fo - [ dordazdasdas s o3y g2x2( oLy 6254041

Q1 Qg Q@3 Q4

(4.10) :/da4 3(P)s(Q)

o @3ahyany (1)

This is in contrast with the reduced diagram where the edge variable ay would be solved

for from the delta function.

4.2.1 Boundary structure of G, (2,n)

It will be useful later to recall the following interpretation of the cells of G4 (2,n) as point
configurations on the projective line P'. Suppose C' is in the top cell, so has all positive Pliicker
coordinates. If we rescale each column of C' by a coefficient ¢; > 0 to make the first entry 1, we

obtain

1) R IR I R

r1 T2 I3 ... Tpn-1 Ip

The minor (ij) of the matrix for i < j is
(4.12) (ij) = cicj(xj — ;) >0 and hence x; > x;

Therefore, we can interpret C’ as a configuration of n ordered points on P!, as below.
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@ L L @

The only codimension 1 boundaries of the space correspond to merging of two adjacent points,
x; = T;j+1 (note that this includes z;, = x1). There are two types of codimension-2 boundaries of
the space, e.g. if (12) = 0, we can set (23) = 0 by either merging all three points x1 = x9 = x3 or

removing the point 2 completely by setting co = 0.

1,2 3 - n—1 p
@ @ L 4 L 4

1,2,3 - n—1 n \ 1
L 4

@ @ &

This simple picture provides a complete stratification of the space, all the way down to the lowest
zero-dimensional boundaries which correspond to two points on the line (all other points are
removed). At the level of on-shell diagrams, going to the boundary of the positive Grassmannian

and taking the residue of fg corresponds to erasing an edge.

4.3 Non-planar On-shell Diagrams

On-shell diagrams are well-defined objects even when the legs of the graph (cuts of loop amplitude)
do not form a planar diagram. Here, a planar diagram is one that can be drawn in the disc with

no crossing edges and with the external legs on the boundary of the disk, as in the example below.

2

(4.13)

5

Note that this notion of planarity differs from the standard definition in graph theory, where there
are no external legs.

In the physics setup, each on-shell diagram is dressed with a color factor which can be written
as a product of structure constants of the SU(N) color group. We can also write same color
functions in terms of traces of generators of SU(N). In the planar N — oo limit, the single traces
dominate, while multiple traces are subleading. Only planar on-shell diagrams contain single trace
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contributions, while non-planar diagrams start the expansion at a subleading order (multiple trace).
This limit is also called the planar limit as the planar diagrams dominate for large N. The leading
singularity at finite NV is given by the on-shell diagram where each vertex is dressed by the SU(N)
structure constant f®¢. The result is a product of the group part (given by the product of structure
constants) and the kinematical function Fg. For large N we can expand the group part in powers
of 1/N where the dominating piece is a single trace of SU(N) generators T, while the subleading

pieces are multiple traces (products of traces). For the planar diagrams we then get

3

fa7a3ag

fa8a9a10 4
fa10a4a11
(4.14) 2 = [Te(TT* ... T") +...] x Fg
falla5a12
f(l12(19(l13
5
1
where we sum over internal labels ag, ..., a13. The non-planar diagrams are subleading at large IV,

they only contain multiple traces. In other words, they are suppressed by O(1/N) or higher when

compared to their planar counterparts

3 fa8a3a9

fagaloan

fcwagag fa11a5a12

(4.15) 2

f¢112(l13a6

fa6a1a7

1

However, for finite N we have to consider both planar and non-planar on-shell diagrams, as they
all represent valid cuts of the amplitude. Planar diagrams come with an ordering of external legs
on the disc, but non-planar diagrams do not have any natural ordering.

Non-planar on-shell diagrams provide a way into the problem of N' = 4 SYM amplitudes, which

is challenging for a number of reasons: difficulty in defining an unique non-planar integrand, absence

107



of dual conformal symmetry, no amplituhedron construction, no powerful symbol methods and no
known integrability. On the other, the principles of generalized unitarity are universal, and non-
planar on-shell diagrams are non-planar amplitudes evaluated on the cuts. Hence, they provide a
perfect window to study non-planar N = 4 SYM amplitudes in a setup which allow one to more

easily search for new symmetries and connections to mathematics.

4.3.1 First look: Grassmannian formula

In physics, non-planar on-shell diagrams are defined as a product of three-point amplitudes in
the same way as their planar counterparts. The result is a superfunction with the same §(P)d(Q)

conserving delta functions

_ (13)4(P)é(Q)
- 12)(23)(14)(15)(34)(35)

(4.16)

but no cyclic symmetry due to the loss of ordering. The general amalgamation prescription allows
us to evaluate any non-planar on-shell diagram as the kinematical function (and also the color factor
to get the complete dressed formula). For MHV leading singularity diagrams, the superconformal

invariance dictates (as in the planar sector) that the result is a function of angle brackets ¢..) only,

N
"L

where the only poles are physical (ij) (not true for NMHV where spurious poles can appear in

(4.17) Fa (P)s(Q)

leading singularities, even in the planar sector). The numerator N is a polynomial in angle brackets
{..y which guarantees correct little group and mass dimension of fg. Note that there is only one
planar MHV leading singularity for each n, for which the numerator is just N’ = 1.

The connection between non-planar on-shell diagrams and the Grassmannian retains some
features from the planar case. In a non-planar graph, we can assign edge variables a;; and construct
the C-matrix using a boundary measurement. The matrix C'(«) no longer has any special positivity

properties for a;; > 0 and there is no connection to cells in G4 (k,n) but the C-matrix does label
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a subset of the Grassmannian G(k,n). The amalgamation procedure (and its independence on the
planarity of the graph) ensures that the canonical function fg can be obtained by the same formula
as in the planar case. For the MHV case, G(2,n), the delta functions again identify the C-matrix
with the A-matrix, C' = A, and each on-shell diagram is then given by the rational function fg on
the Grassmannian G(2,n). For the 5pt example above, analogously to the planar case (4.8),

(13)
(12)(23)(14)(15)(34)(35)"

(4.18) fa =

Note that the role of edge variables and minors (ij) are very similar to the planar case: oy = 0 sends
some minor (ij) = 0 and erases an edge in an on-shell diagram. This strongly suggests there should
be a positive geometry, like the positive Grassmannian G (k,n) for planar on-shell diagrams, which

is associated for each non-planar diagram.

4.3.2 MHYV diagrams and the triplet formula

The prescription to calculate fg for a leading singularity using edge variables and boundary
measurements works for any on-shell diagram, planar or non-planar, for any k, as it follows from
the purely local amalgamation procedure. MHV on-shell diagrams are more special as explored in
detail in |55]. In particular, it was shown that there is an important shortcut to calculate fg using
a triplet formula. For an MHV leading singularity on-shell diagram with n external legs, ny white

vertices, np black vertices, and n; internal edges,
(4.19) k=2ng+nw—n;y=2.

Combining this with two expressions ny + ng = 3n — 8, ny = np + nw + n — 4 which are valid for

any leading singularity graph, we get

(4.20) ng=mn-—2.

109



It can be shown that each of these black vertices are attached to exactly three external legs via

white vertices.

(4.21) T = {(123), (134), (135)}

Thus, labeling the black vertices with 1,...,n —2, an MHV leading singularity diagram is encoded
by n — 2 triplets 7; consisting of the three external legs black vertex ¢ is attached to. We can see

how this works for the following examples for n = 4,5,6

2 3
1 4
T — {(124),(234)} T = {(123),(134),(135)}
4
5
6

T = {(123),(145),(256),(346)}

The triplets allow us to construct a particular parametrization of the (n—2) x n matrix Cl(a_;“)
where a* are evaluated in terms of X spinors. Each triplet corresponds to a row in this matrix, and
three non-zero entries are given by the labels in the triplet. For the triplet (abc) we put the bracket
(bc) in the a™ column, {ac) in the b*" column and (ab) in the ¢ column. We do this operation for
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all triplets, giving us the parametrizaton of the matrix C. For the simplest 4pt example

2 3
o [@y an o a2
0 (34) (24) (23)
1 4
(4.22) T = {(124), (234)}

Next, we construct a matrix My, by deleting two columns a,b. Choosing a,b = 1,3 gives

14) (12
(4.23) M3 = a2 .
34y (23)
Now we calculate the determinant of this matrix divided by {ab),
det(Mab)
4.24 —.

This quantity does not depend on the choice of a,b. We also note that det(My;) can be written to
have a factor of (ab), so dividing by {ab) yields a polynomial. The formula for the on-shell diagram

superfunction is then given by

(det(Mqp)/{ab))?
[ Ler{mime){rams){T371)

where the denominator is given by the product of three poles for each triplet (717273). In the

(4.25) Fa = 5(P)o(Q)

4pt example, det(My3) = (13)(24). The triplet (124) contributes the poles m and (234)

contributes Mm. Then bringing everything together, we get the superfunction

Fs _ (13)2(24)? 6(P)o(Q) _ 0(P)s(Q)
GT AR (12)(14(24%(235(24)(34)  (12)(23)(34){14)

as expected. We can use the same prescription to compute the form for any planar or non-planar

(4.26)

MHYV on-shell diagrams. As discussed earlier, minors of the C-matrix are equal to (ij) = {(ij) after
imposing the delta functions. Hence, we can also here just use (ij) instead of {ij) and work with
the rational function fg, rather than the superfunction Fg for each graph. And also the entries of

C+ and Mg, will be minors (i5) of the C' matrix.
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Note that the numerator plays a crucial role in making sure that an associated form has
only logarithmic singularities. We can demonstrate it on the 5pt example (4.16) with triplets
(123),(134),(135). If we choose to delete columns 1,3 the Mjs matrix is given by (remaining

columns are 2,4,5),

asy o 0
(4.27) Mys = 0 <13y 0
0 0 13)
and we get
(4.28) fo = (13)* _ (13)

(13)3(12)(14)(15)(23)(34)(35)  (12)(23)(14)(15)(34)(35)

in agreement with (4.18). Apart from the trivial cancelation of the pole (13)3, the numerator
N = (13) also guarantees that all lower-dimensional residues of w¢g stay logarithmic. For example,
if we send (12) = 0 by setting 1 = a2, ie. columns 1 and 2 in the C' matrix are proportional, we get

for the associated canonical form (with the measure) wg = fg dC,

(23)aPda ndiC da A d*C’
(4.29) Reswe = 05(93)(24)(25)(34)(35)  o(24)(25)(34)(35)

where d*C’ is the measure on the G(2,4) of the four independent columns. The numerator was
crucial in canceling the double pole a? in the denominator: one factor came from the measure,
but the second came from (13) — «(23). This is much more involved for complicated higher pole
examples, but the numerator always does the ‘magic’ to preserve logarithmic singularities. From
now on, we will denote the canonical function f7 just to indicate that we derive it from the triplet
formula rather than the on-shell diagram, but they are obviously equal, fr = fq.

Note that there are also on-shell diagrams with the same number of edges and vertices as the
MHYV leading singularity diagrams, which are not described by triplets. The canonical functions
for these diagrams vanish because of the constraints imposed on external kinematics. In the planar
sector, these diagrams are not reduced due to the presence of internal bubbles (4.2), but we do not
have the same notion of reducedness for non-planar diagrams yet. In any case, these diagrams are

not described by triplets, have vanishing canonical functions, and are not part of our discussion.
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4.3.3 Parke-Taylor expansion

The canonical function fr can be also expanded in terms of elementary building blocks called

Parke-Taylor factors,

1

(0102)(0203)(0304) . .. (0n01)

(4.30) Jr= ZPT(O) where PT(o) =

where the Parke-Taylor factor is written for a given permutation ¢ = o103...0, and the sum is
over a subset of all permutations given in (4.32).

Note that the Parke-Taylor factor PT(o) is the canonical function of the positive Grassmannian
G+(2,n) where the columns are ordered using o. In fact, the collection of all such spaces for
all orderings tiles the full Grassmannian G(2,n). This is also evident from the picture of points
on a projective line P!. The positive Grassmannian G| (2,n) with a canonical ordering 123...n
corresponds to a set of ordered n points, as discussed in Section 4.2. For any point in G4 (2,n) the
associated points are ordered in some way and hence the point also belongs to one of the permuted
G4 (2,n) subspaces. As a result, the full Grassmannian G(2,n) is tiled by all permuted G4 (2, n)s,
which also do not overlap.

This is no longer true for £ > 2 but k = 2 is special because of this feature. Note that the
expansion of fr in terms of Parke-Taylor factors makes manifest that all singularities of the form
are logarithmic — this is not manifest in the determinant form as the numerator conspires with the
denominator to remove all non-logarithmic poles.

The prescription how to obtain a Parke-Taylor decomposition of a canonical function fr for
a general set of triplets T" was given in [55|. The first step is to fix the orientation, which is a
permutation of labels for each triplet, modulo cyclic ordering. For a triplet (123) there are two
orientations: (123), (132). The orientation of the triplet changes the sign of fr in (4.30) as in the

denominator

(4.31) (123) — (12)(23)(13),  (132) — (13)(32)(12) = —(12)(23)(13)
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while the numerator (a square) does not depend on the orientation. For a fixed orientation, fr is

given by

(4.32) fr=> PT(o).

O’ES,&T)

where the sum is given over all orderings ¢ which are compatible with oriented triplets T
(4.33) S,(LT) ={o0€sS,:01=1, V(ijk) €T i,j,k appear in that order up to rotation}.

As an example, let us take the 5pt non-planar diagram with triplets (123), (134), (135). For this

orientation we get

(4.34) fr = PT(12345) + PT(12354)
while for the orientation (123), (134), (153) it is

(4.35) fr = PT(12534) + PT(15234).

Parke-Taylor factors are not independent but satisfy Kleiss-Kuijf relations and the U (1) decoupling

identity,
(4.36) PT(12534) + PT(15234) + PT(12345) + PT(12354) = 0
and hence ]?T = —fr. This is a general feature of triplets: different orientations give the same

expressions up to a sign.

4.3.4 Towards a positive geometry
The basic question we want to address in this work is if there exists a positive geometry associated
with a non-planar on-shell diagram. Namely,
Is there a positive geometry for which fr is the canonical function?

For planar on-shell diagrams (plabic graphs) the answer is positive. In that case the canonical
function is a single Parke-Taylor factor PT(123...n) which is the canonical function of the positive
Grassmannian G (2,n). For non-planar on-shell diagrams, we use the Parke-Taylor expansion (4.32)

and interpret it geometrically as the union of the corresponding spaces. The space corresponding
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to PT(o) is a top cell of the positive Grassmannian G4 (2,n) with a particular ordering o. Note
that there are many options here, both because of different orientations of triplets and different
Parke-Taylor expansions, but also because of additional choices to be discussed in Section 5.

Here as an example, we consider just a planar 4pt graph (4.22), the choice of the orientation
of triplets (123), (134) and using (4.32) gives us PT(1234) as the canonical function. We can

characterize the positive geometry, the top cell of G4 (2,4) by the positivity conditions on minors,
(4.37) (12) > 0, (13) > 0, (14) > 0, (23) > 0, (24) > 0, (34) > 0

If we now change the orientation to (123), (143) we get

(4.38) fr =PT(1423) + PT(1243)

which is equal to PT(1234) up to a sign using the U(1) decoupling identity. If we now associate

geometries for each Parke-Taylor factor,

(4.39) PT(1423) : (12) > 0, (13) > 0, (14) > 0, (23) > 0, (24) <0, (34) <0

(4.40) PT(1243) : (12) > 0, (13) > 0, (14) > 0, (23) > 0, (24) > 0, (34) <0
the union of these spaces is the region in G(2,4) given by the following inequalities:
(4.41) (12) > 0, (13) > 0, (14) > 0, (23) > 0, (34) < 0.

Note that the sign of the minor (24) is unconstrained. This space has a very different topology
than the positive Grassmannian G (2,4). As a result, we see that even for a simple planar diagram
we can associate multiple spaces with its canonical function fr. In this case, the space (4.37) is
strongly preferable to than (4.41), but for a general non-planar diagram the situation is less clear.

We illustrate this in Section 4.5.

4.4 Determinant Form and Identity Moves for Non-Planar Diagrams

In this section, we investigate the triplet formula (4.25) for non-planar diagrams further from a
more mathematical perspective. While all on-shell MHV canonical functions from diagrams must
come from triplets, the converse is not quite true. Some triplets give a form which is identically
zero. We would like to exclude these triplets from our consideration. With this in mind, we first give

115



a combinatorial characterization for when fr is not the zero polynomial, using the determinantal
formula. Second, we use the determinantal formula to give a factorization algorithm for fr following
from work of Castravet—Tevelev [122]|. Third, and most significantly, we turn to identity moves,
meaning moves on triplets which preserve the form. For the planar case, the only identity move is the
square move from Section 2. For arbitrary triplets, there are additional identity moves, discovered
by [64,122], called sphere moves. We show that in fact the only identity moves are sphere moves.
In the process, we introduce a new object (“doublets") which encode the same information as the
triplets but in a sphere-move-invariant way.

From this point on, except for a few examples, we use a simplified notation for on-shell diagrams
shown below, where we omit the external legs and instead number the white vertices adjacent to

external legs.

(4.42) 5 —

4.4.1 Non-vanishing function and factorization

First, we identify which triplets give a non-vanishing function fr. One can show that if any
Pliicker coordinate of C' is identically zero, then in fact there is a triple (ijk) € T such that all
three Pliicker coordinates (i), (ik), (jk) are identically zero. In this case, the matrix C-(a*) is
never full-rank, as it has a row of zeros, and det(Mg,) = 0 = fr. On the other hand, if all Pliicker
coordinates of C' are not identically zero, then C+(@*) is generically full-rank, and represents the
subspace perpendicular to C. So there is a polynomial ¢g in the Pliicker coordinates such that for
all a,b, det(Myp) = +(ab)g. We have that g is generically nonzero, as My, is generically full-rank.

So in this case, fr is not identically zero.
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We can also characterize entirely using the triples 7" when fr is not the zero polynomial. Roughly,
fr is nonvanishing if every subset of T contains “enough points". The formal statement is below,

but first we consider a pair of examples:

4

Q. ®

(4.43) 3 1 O—5 —

S
©

X

NN
= Q)

(4.44) 3 -

) 1 6 ’ ©

The top diagram is disconnected, with the external edge 5 attached to a white vertex that has no

©
&)

®)

other edges. The bottom diagram amends this by introducing an extra triplet and external edge.
The canonical function fr vanishes for both as a consequence of there being the same group of three

triplets that contain only four indices.

LEMMA 4.4.0.1 (Non-vanishing condition). The polynomial fr is not the zero polynomial if and

only if any subset of d triplets contains at least d + 2 indices. Formally, for any S < {1,--- ,n— 2},

(4.45) | =15 +2.
€S
ProOOF. Consider a subset S < {1,--- ,n — 2} of rows in the matrix C+(&*). In order to have

a non-vanishing fr, the number of columns with non-zero entries in at least one of these rows must
be at least |S| + 2. Otherwise, one could choose {a,b} so that in My, rows S have rank at most
|S| — 1 and thus the determinant of My, is zero. Rows correspond to triplets, and non-zero entries
correspond to indices in the triplets, so this shows fr is nonzero only if (4.45) holds.

On the other hand, if (4.45) holds, then we can apply the factorization algorithm below. The
algorithm terminates with the collection of irreducible factors of the numerator of fr, which are
either individual Pliickers or the irreducible “hypertree divisors" of Castravet—Tevelev [122]. In

particular, all the factors are nonzero, so fr is also nonzero. O
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We now turn to factorization. We call a subset R of T a wvalid subset if R consists of d <n — 2
triplets and uses exactly d+ 2 indices. If R is valid, then R again corresponds to an on-shell diagram

on a smaller number of points. As illustrated below, if T has a valid subset R, then fp factors.

(@) @ D

EN G CA r

. = . X X (aiaiv1)
. 7

@) @ @)

Stated more formally, the factorization is as follows.

I
—

LEMMA 4.4.0.2 (Factorization of the form). Let T be a set of n — 2 triplets on [n]. Suppose R
1s a valid subset of T. Then

(4.46) fr = fr < frmor x| [(aiaiv),
=1

where A = {ay,--- ,a,} consists of the indices appearing both in R and T (we set ar+1 = a1) and
P = {(a1,ai,a;11)|i € {2,--- ,r — 1}} is a set of triplets defining a triangulation of a polygon with

vertices A.

PRrROOF. The main idea of the proof lies within the determinantal formula. By choosing the
removed columns to be within R, one finds a block-triangular matrix, factorizing the determinant.
In order to get back a set of triplets corresponding to a diagram, one of these factors can be rewritten
to include the auxiliary set of triplets P, whose contribution is corrected by the extra linear factors.

Details of the proof can be found in Appendix A.1. O

We make a few remarks on the factorization formula. If all the indices of R are contained in
T\R, and R is planar’, then the factorization is trivial. That is, one may choose P = R, so the first
and last factors are inverses and the middle factor is again fr.

There are two distinct cases when the factorization is nontrivial. Of course we may assume that
the form is nonzero. The first case of nontrivial factorization is when R consists of a single triplet
(ijk) and one index, say k, does not appear in any other triplet of 7. We have that 4, j will both
appear in T (otherwise the form would be zero), so A = {i,j} and P is empty. We obtain the
1We include the trivial case where R is a single triplet.
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factorization

fr = fr % frg % (i)
(4.47)

(24)
= Jr\R % k) (k)
So the triplet (ijk) contributes a monomial in Pliicker coordinates to the form. The second case of
nontrivial factorization is when R is non-planar. In this case, the numerator of fr is a high-degree,
possibly quite complicated, polynomial in Pliickers.

Applying (4.46) repeatedly in the two nontrivial cases, one eventually arrives at a product whose
factors are Pliicker coordinates, their inverses, and forms for 7' where T has no lone indices and
no valid subsets which are non-planar. We call the latter sets of triplets irreducible, and they are
in direct correspondence with the irreducible hypertrees studied by [122]|. For such irreducible T,
when frp is written in lowest terms, the numerator is the square of an irreducible polynomial. This

irreducible polynomial vanishes on a hypertree divisor of Mg ,. We note that the factorization of

fr is not necessarily unique, since there may be some cancellation between distinct factors.

4.4.2 Sphere moves

As is already clear from the planar case, there may be many different triplets which give rise to
the same nonzero form. It is well-known that all planar diagrams with the same form are related

by square moves:

(4.48)

J(124),(230) = f(123),(134)

In terms of triplets, T has a square if (ijk), (ikl) € T for some i, j, k,l. The square move replaces
these two triplets with (jil), (jkl). For non-planar diagrams, some diagrams with the same form are
not related by square moves. Castravet—Tevelev show in [122] that the more general sphere moves
also preserve the numerator of fr; using very different techniques, [64] showed that the whole form
is preserved under sphere moves. We will show that in fact the sphere moves are the only moves on
triplets preserving the form.
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To describe sphere moves most concisely, we switch from thinking of a triplet (ijk) as a “tripod"
(one black vertex attached to the three white vertices i, j, k) to thinking of (ijk) as a triangle with
vertices labeled i, j, k. A sphere move comes from triangulating the sphere in any way, labeling the
vertices with some subset of [n], and then coloring half of the triangles black and the other half
white so that every vertex is in both a black and a white triangle. The sphere move replaces the
triplets B in T corresponding to the black triangles with the triplets W corresponding to the white

triangles.

black faces "\ White faces
(3)
®
2@
© 2 @
O
@ )
B = {(123), (345), (561), (264)} @ )

W = {(621), (234), (456), (153)}

FIGURE 4.1. The 6-point sphere move. For convenience, in the bottom row we omit the
external legs and label the white vertex they were attached to instead.

For example, consider the triangulation of the sphere into 8 triangles shown above in Figure 4.1
(since we draw the sphere on the plane, one triangle is the unbounded region). The black triangles
correspond to the triplets B = {(123), (345), (561), (264)}, and the white to W = {(621), (234),

(456), (153)}. The corresponding sphere move can be applied to any 7' containing the triplets B
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and replaces B with W and does not change the associated form. Notice that the square move is a
particularly special kind of sphere move. In this case, the triangulation consists of 4 triangles, and
looks like a tetrahedron with two faces colored black and two colored white.

Note also that every sphere move changes a valid subset of T into a different valid subset. This
is easy to see by a simple counting argument using the Euler characteristic. With |B| = |W| = d—2,
the triangulation will have 2d — 4 faces and 3d — 6 edges, so requiring that the Euler characteristic
is x = 2 reveals that the number of vertices is d. So both B and W are valid. One could define
a similar move for any triangulation of any surface, with half the triangles colored white and half
black. However, if this surface is not a sphere, such a move would involve triplets which fail the
nonvanishing condition. Indeed, for a surface which is not a sphere, we have y = 2 —2¢g < 0. We
also have x = 2|B| — 3|B| + V so the number of vertices is at most |B|. Thus any set of triples T

containing B has vanishing form.

4.4.3 Sphere moves are the only moves

To show that triplets have the same form if and only if they are related by sphere moves, it
is useful to introduce another combinatorial object, inspired by the derivation of the sphere moves

in [64]. For T a collection of triplets, the corresponding set of doublets is
(4.49) D(T) = {ij|i and j appear together in an odd number of triplets}.

The idea is that the doublet sets are themselves invariant under sphere moves, so they are a better
labeling set for the form than the set of triplets. With these definitions, we state the following

theorem.

THEOREM 4.4.1. Let T and T" be two sets of triplets with nonvanishing forms (i.e. T, T" satisfy
(4.45) ). The following are equivalent:

(1) There is a sequence of sphere moves relating T and T".
(2) The corresponding forms are equal: fr = frr.
(3) The corresponding doublets are the same: D(T) = D(T").

We give a sketch of the proof here; see the appendix for additional details. (1) = (2) follows
from [64,122].
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For (2) = (3), we claim that D(T) is also equal to
{ij|(ij) appears with an odd exponent in fr}.

For example, taking the set of triplets T' = {(123), (134), (135)}, one has

(13)

(4.50) Jr= (12)(32)(14)(34)(15)(35)

D(T) = {12,23,14, 34,15, 35,13}.

We prove this statement in general by examining residues and applying factorization in Lemmas
A.2.0.1, A.2.0.2, and A.2.0.3.

To prove (3) == (1), we give an algorithm in Lemma A.2.0.4 to build sets R < T, R’
T’ so that R u R’ triangulate the sphere. As an example, we illustrate the algorithm for the
6-point non-planar diagram. We have two triplets B = {(123),(345), (561),(264)} and W =
{(621), (234), (456), (153)} that give the same doublets, namely

D(B) = D(W) = {12,23,13, 34,24, 35,45, 56, 15, 26, 24, 46}

Now we construct a sphere move from B to W by running the algorithm in Lemma A.2.0.4. We start
by picking a random triplet (123) from set B. So now R = {(123)},R’ = {}, and D(R) = {12,23,13}.

Treating R as a collection of black triangles, so far we have

(4.51)

Moving onto step 2), W\R' = {(621), (234), (456), (153)}. All triplets except (456) have a pair
of indices {i,j} in the doublet set D(R)\D(R') = {12,23,13}. These triplets are added to R’, so
R = {(621), (234), (153)}. Interpreting R’ as a collection of white triangles, we have attached three
white triangles to the lone black triangle, (the triangle corresponding to (135) is the unbounded

region).
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(4.52)

There aren’t any triplets in W\R' = {(456)} containing a pair of indices in D(R')\D(R) so we
skip step 3). All the triplets in B\R = {(345), (561), (264)} contain a pair of indices in D(RU R') =
(26,34, 24, 15,53} so we now have R = {(123), (345), (561), (264)}.

Cycling around, we skip step 1) since W\R = {}. Following step 2), we add (456) to R/, which

gives us a complete triangulation as show below

(4.53)

The algorithm terminates here and we can see from the graph that R and R’ form a complete

bicolored triangulation of a sphere.

The upshot of Theorem 4.4.1 is that two general non-vanishing MHV on-shell diagrams
have the same canonical functions fg if and only if they are related by sphere moves and
merge/expand moves. This is a generalization of the analogous statement for the planar
case, where two diagrams have the same canonical functions if and only if they are related

by square moves and merge/expand moves.
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4.5 Oriented Regions and Geometries for Non-planar Diagrams

Our goal in this section is to associate regions of the Grassmannian with MHV on-shell diagrams
G (equivalently triplets T'), just as G4(2,n) is associated with planar on-shell diagrams. These

regions will have canonical form wg = wr, in the sense of [123].

4.5.1 Parke-Taylor Factors as Canonical Functions of Oriented Regions

To prepare for a geometric interpretation of the decomposition in (4.30), we identify geometries
whose canonical functions are the Parke-Taylor factors. Recall that G (2,n) has canonical function
PT(12...n). We also recall from Section 2 that the interior of G4 (2,n) has a nice interpretation
in terms of n ordered points on P'. If we reorder these points via a permutation o, or equivalently
reorder the columns of C using o, we obtain another space isomorphic to G4 (2, n), which is described
by all Pliicker coordinates having some fixed sign and whose canonical function is PT (o). We also
have the freedom of exchanging any column of C' for its negative; this gives a space with the same
canonical function. We call these spaces oriented regions.

We can specify an oriented region by specifying a way to permute and negate the columns of

C € G4+(2,n). We use the notation
(4.54) R(Eilil,EiQig, s ,€in’in) = {C € G(Q,n) : Eiaé—ib(iaib) >0Va< b},

where 4; .. .1, is a permutation of 1,...,n and g; € {£} is a choice of sign.

This notation is redundant, allowing for cyclic shifts, overall sign-flips, and reversals up to a

sign,

(4.55) R(ei i1, €iyin, -+ €iyin) = R(Eiyiz, -+ i, in, —€i11),
(4.56) R(gi i1, €02, -+, €iyin) = R(—€iyi1, —€iyia, -+, —€i,in),
(4.57) R(giyi1,€iy09, - ,€i,in) = R(giyi1, —€i,in, -+, —E€iyi2).

We fix the redundancy by making the following convention choice: we fix i1 = 1, and &1 = g9 = +.
This leaves us with 2"~2 . (n — 1)! distinct oriented regions that tile the real Grassmannian. As
a shorthand for oriented regions denoted with this convention, we will write R(1,e0), where ¢ is

understood to denotes the signs €3, - , &, and ¢ denotes the permutation of 2,...,n.
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Noting that R(1,2,---,n) = G4+(2,n) has canonical function PT(1,2,---,n), it is easy to
see that R(1,e0) has canonical function PT(1,0). Consequently, each Parke-Taylor factor is the
canonical function of 2"~2 distinct oriented regions. It is important to note that in both cases, the
canonical function is unique only up to an overall sign; however, this subtlety will not be relevant
to our further discussion as the decompositions from (4.30) contain only Parke-Taylor factors with
positive sign.

As each oriented region is simply a relabeling and reflection of the positive Grassmannian, its
boundary structure is as discussed in Section 4.2. We call two oriented regions adjacent if they
share a codimension 1 boundary. This occurs when the signed permutations labeling the regions

differ by a simple transposition:

(4.58) R(1,-- eii,jf, - -)

(4.59) R(1,-- ,€ii)‘(1i):0 — R(1,—¢4,- )

I

(1i)=0

where | r— denotes the intersection with {f = 0}. The second case is the same as the first, but looks
different because of our conventions on how to notate oriented regions. This geometric statement
about adjacent regions is in direct correspondence with a statement about residues of adjacent
Parke-Taylor factors,

4.60 Res PT(1---95---)=— Res PT(1---43---).
(4.60) Res PT(1---4j-++) = = Res PT(1---ji---)

4.5.2 Unions of Oriented Regions

We now use oriented regions to obtain spaces with canonical function fr. Since for each fr
there are a multitude of Parke-Taylor decompositions (one for each orientation of the triplets, and
then more if one may apply sphere moves), and each Parke-Taylor factor is the canonical function
of 2"=2 different oriented regions, there is a very large set of geometries with canonical function
fr, most of which have undesirable properties such as unnecessary spurious boundaries. We will

restrict our attention as follows.
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e We consider only those geometries that come directly from the formula (4.32) for fr in

terms of triplets

(4.61) fr="Y, PT(e)~Rr= (] R(e0).

O’ES,(.LT) O'ES,(LT)
There are many other formulas for fpr. For example, one may add a sum of PT factors
which is equal to 0. We do not consider geometries from such formulas.
e We consider geometries only up to re-signing all of the appearances of a given index.

e We choose signs for oriented regions so that the number of adjacencies is maximized.

To convince the reader that these restrictions are reasonable, we will quickly illustrate some bad
features that occur already at 4 points when we do not place these restrictions. Then, with the
restrictions in mind, we analyze all possible geometries for the simplest non-planar on-shell diagram,
which serves as a starting point for understanding more general unions.

4-point square The unique, up to relabeling, 4-point on-shell diagram has canonical function

PT(1234), which can be thought of as coming from triplets in the sense of (4.32)
T = {(123), (134)} — 123030 _ 19341

Consequently, one positive geometry with this form is simply R(1234) = G;(2,4) as one expects
from this being a planar diagram. Since the canonical function is not affected by reflections, the
positive geometries R(1,2,—3,4) or R(1,2,—3, —4) also have the desired form, and are isomorphic.
This motivates our constraint to consider geometries only up to re-signing all appearances of a single
index.

Applying a Kleiss-Kuijf relation, we can find a more complicated geometry. As one has PT(1234) =
—(PT(1243) + PT(1423)), the positive geometry R(1243) u R(1423) also has canonical function
PT(1234). This geometry has an undesirable property, called a null boundary: there is a codimension-
1 boundary along (13) = 0 but (13) is not a pole of the original form. Nonetheless, we still consider

this geometry as it does come from an orientation of the triplets in the sense of (4.32) as

T' = {(123), (143)} — S{#(49) _ (1943 1423},
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If we flip some signs, say to obtain R(1,2,4,3) u R(1,—4,2,3), we do not change the form. As
this is not an overall reflection, the topology of the resulting geometry has changed. In particular,
we now have a second null boundary when (24) = 0 as the two regions are no longer glued on the
corresponding facet. This motivates our constraint to consider only those geometries where signs
are chosen to make as many regions adjacent as possible.

Furthermore, one could in principle include extra oriented regions for which the canonical
function adds to zero. For example, PT(1432) + PT(1342) + PT(1234) = 0, so we can take any of
the aforementioned geometries and then take the union with R(1432) u R(1342) u R(1324), which
introduces many null boundaries. This motivates our constraint to consider only those geometries
that directly come from triplets.

5-point non-planar The unique 5-point nonplanar on-shell diagram (up to relabeling) is

3 3
(4.62) ® (@ ® - @.@ ®
o o

with triplets T' = {(123), (134), (135)} or, applying a square move, 7" = {(124), (234), (135)}. The

canonical function is

(13)
(12)(23)(14)(34)(15)(35)

(4.63) fr=

and (up to a sign) has many PT expressions induced by different orientations of 7" or 7",

fr = PT(12345) + PT(12354)
(4.64) = PT(13245) + PT(13254) + PT(13425) 4+ PT(13452) + PT(13524) + PT(13542)
= PT(13425) + PT(13452) + PT(13542) + PT(14235).
The first line comes from both Sélzg)’(134)’(135) and S§124)’(234)’(135), the second comes from
Sé132)’(134)’(135), and the third from Sé142)’(234)’(135). This list exhausts the possible decompositions
up to relabeling. The first decomposition can come from either choice of triplets for a particular

choice of orientations; this is caused by (123), (134) and (124), (234) making the same requirement

that the indices (1234) to appear in that cyclic order. Corresponding to these decompositions, we

127



have several geometries that have the correct canonical function:

(4.65)  R(123),(134),(135) = F(124),(234),(135) = R(12345) U R(12354),
(4.66)  R12) (130,13 — R(13245) U R(13254) U R(13425) U R(13452) U R(13524) U R(13542),

(4.67)  R(14). (231,135 = R(13425) U R(13452) U R(13542) U R(14235).

The first two geometries (4.65, 4.66) are strongly connected, i.e. the oriented regions are connected
by their facets; we will find in Section 4.5.3 that this is because we chose the orientation of triplets
coming from reading around each black vertex in (4.16) clockwise. The last geometry (4.67) is not
strongly connected, as R(14235) does not share any facets with the remaining regions.

The latter two geometries (4.66, 4.67) both have a null codimension-1 boundary at (13) = 0,
with the oriented regions having it as a facet despite it not being a pole of the canonical function.
The first geometry (4.65) appears not to have such a problem, but it turns out that a closer look
reveals null boundaries at higher codimension. Taking the residue as 2 = a1 (or 2 = a3), one finds

a residue (in the sense of (4.29))

1
a(14)(34)(15)(35)

(4.68) Res fr =

which has no pole at (13) = 0. However, finding the boundary of R(123) (134),(135) at 2 = al, one

can write it as the closure of an affinely parametrized set,

1l o z 0 y
(4.69)  R(123),(134),(135) = €G(2,5) 1 a,m,2,w = 0,7w —yz =0 p,
2=al 0 0 z 1 w

which does have a boundary at (13) = 0. Note that the variable y intentionally does not have
an associated inequality in (4.69), as the sign of the minor (45) is not fixed in R(123) (134),(135)
Studying this boundary region one does find a further boundary at (13) = 0, reached by z — 0 in

the parametrization above. More specifically, we get

1l a« 8 0 y
(4.70) R(123),(134),(135) = €G(2,5) :a,B8,w=0
2=al,3=p41 0 0 0 1 w

Note that the parameter y is completely free once we set (123) = 0. Then the geometry becomes
(o, B,w) € R3>0 x 4y € R. When we take the projective closure, the geometry associated with the
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y factor is PY(R). This is a circle topologically and hence has no boundary points, meaning the
canonical function is 0. Thus we can see from the geometry that the boundary lying on (13) = 0 is

null and the canonical function has no pole there.

Even for the simplest non-planar on-shell diagram, it is impossible to find a Grassmannian

region Rp with correct canonical form fr which is a positive geometry.

We now turn to the topology of R(12345) U R(12354). The regions R(12345) and R(12354) glue
on the facet where (45) = 0. They also glue on the (codimension-6) vertex where the first three
columns vanish:

(4.71)

0001OGL:(2) 0001 0 = R(12354)

R(12345) .
cols 1,2,3 vanish 0O 0 0 0 1 0O 0 0 0 -1 cols 1,2,3 vanish

As each oriented region is topologically a ball, gluing them together on a facet and a vertex results
in something like a pinched torus. A caricature of this geometry is illustrated in Figure 4.2. One
must keep in mind that R(12345) and R(12354) are 6-dimensional, the intersection with (45) = 0 is
5-dimensional, the intersection with (13) = 0 is 4-dimensional, and the point where the first three

columns vanish is 0-dimensional.

cols 1,2,3 vanish

FIGURE 4.2. A caricature of R(12345) u R(12354).
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Another feature to consider is how PT-like residues are represented in the geometry. Taking the
residue at o = 0 of (4.68), one finds PT(1435). The label 2 has vanished as we have sent the entire
column to zero, so we might expect the corresponding geometry to have reduced to the oriented
region R(1435) embedded into G(2,5) by inserting a zero-column. Unfortunately, this is not the
case for any of the geometries?, as taking the boundary when columns 1 and 2 are parallel followed
by the vanishing of column 2 still leaves us with a union of oriented regions with the canonical
function decomposed as PT(1345) + PT(1354). Consequently, the boundaries of the geometries for
non-planar diagrams do not generally keep the nice recursive structure that appeared for planar

diagram geometries.

4.5.3 Hierarchy of Diagrams and Corresponding Results

In this section, we discuss the behavior of the geometries for arbitrary collections of triplets T,
and so for arbitrary on-shell diagrams. As mentioned above, there are many geometries for each
collection of triplets, and some are substantially better behaved than others. We will focus on two
kinds of well-behavedness, which require some definitions.

For a collection T of triplets, the region Ry has facets along hypersurfaces (ij) = 0. If fr has
a pole along a facet, we call the facet physical; otherwise, we call the facet null. Note that the
residue of fr along a null facet is zero. More generally, a boundary of Ry is a null boundary if,
taking iterated residues of fr, one obtains the zero function on the boundary. Positive geometries
have no null boundaries; if a geometry with null boundaries otherwise satisfies the definition of
positive geometries, it is a pseudo-positive geometry. We will look for geometries which are as close
to positive geometries as possible, meaning that null boundaries occur in codimension at least 2. We
call a pseudo-positive geometry a good-facet geometry if all facets are physical. Positive geometries
are good-facet geometries.

We would like the decomposition of R into oriented regions to be as analogous to a triangulation
of a polytope as possible. We call Ry strongly connected if one can walk in Ry from any region
R(1,e0) € Ry to any other R(1,€'c’) passing only through facets.
2Technically, one can find a geometry by relabeling the indices that does give a suitable boundary that is a single

oriented region. For example, R(14325) u R(14352) has boundary R(1435) as desired. However, this will always
introduce an analogous problem for another index, as with the vanishing of column 4 for this relabeling.
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To summarize, for an arbitrary collection 1" of triplets, our main two questions are:
(1) Can we find a good-facet geometry Rp? That is, a geometry where fr has a pole along

every facet?

(2) Can we find a strongly connected geometry Ryp?

Note that if the diagram is planar, the geometry G (2,n) is both a good-facet geometry and
strongly connected. So we are looking for geometries which are in some sense comparably nice to
the planar geometry®. We also note that the two properties are quite different. The first is about
how well the geometry reflects the canonical function fr, while the second is about how “tightly"
the geometry is packed together.

We find two particularly nice classes of diagrams which have good-facet or strongly connected
geometries. Recall from Section 4.1 that a diagram is irreducible if fr does not admit a non-trivial
factorization® from Lemma 4.4.0.2. We explain below that if 7" is irreducible, then for any orientation
of T, there is a good-facet geometry Rr.

The second nice class of diagrams are the internally planar diagrams. A diagram is internally
planar if it can be drawn in a planar way once the external legs have been deleted. One example
is the 6-point diagram in (4.42). We emphasize that, while all planar diagrams are also internally
planar, most internally planar diagrams are not planar on-shell diagrams. This is because planar on-
shell diagrams by definition must admit a planar drawing with external legs ending on the boundary
of the disk. We prove in Appendix C that all internally planar diagrams have a strongly-connected
geometry Rp. (In fact, the orientation of the triplets which gives this geometry is dictated by the
planar drawing of the diagram without legs; one reads around each black vertex clockwise.)

It is a fact of life, however, that for some on-shell diagrams, no geometries are strongly connected
(see Section 4.5.4.2), or no geometries are good-facet (see Section 4.5.4.4). Even for internally planar
irreducible diagrams, which have strongly connected good-facet geometries, all geometries may have
null boundaries of higher codimension and so the diagram admits no positive geometry (see Section
4.5.4.1). Our results are summarized in the diagrams below. We note that planar diagrams are
internally planar but are technically not irreducible; however, they admit strongly connected good-

n

facet geometries, so we treat them as “morally" irreducible.

30ther nice properties of G4(2,n), such as being topologically a ball, are too restrictive to ask for.
4A more precise characterization is given by irreducible hypertrees [122].
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For some diagrams,
all geometries have null facets.

| General MHV On-Shell Diagrams |
All diagrams have All diagrams have a
a strongly connected geometry. U U good-facet geometry.

Irreducible
U U

Internally Planar |

For some diagrams, __//—+| Internally Planar Irreducible | Some diagrams have no
all geometries have strongly connected
a null boundary. U geometries.

We can also visualize the different sets of on-shell diagrams by the Venn diagram:

General MHV Diagrams

In the image we use dots e e e to represent the three properties of our interest in this order:

e All diagrams in the set admit strongly connected geometries.
e All diagrams in the set have good-boundary geometries.

e All diagrams in the set have good-facet geometries.
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Blue e signifies the property is always present, and red e signifies that there exists some counterexample.
We can see that the only diagrams which have all three properties are planar diagrams, while the
generic (non-planar) MHV diagrams fail to have any of these three. The ‘best’ set of non-planar
on-shell diagrams are irreducible internally planar diagrams which only fail to satisfy the second
property.

Before moving to examples, we discuss why irreducible diagrams have good-facet geometries for

any orientation of the triplets 7. Dividing the triplets into maximal planar subdiagrams®, e.g.

(4.72) T = {(123)} U {(345)} U {(567)} L {(178)} L {(284), (246)},

one finds (see Lemma A.2.0.2) that the denominator of the form fr is precisely the product of the

denominators from each planar subdiagram:

((17)(28)(34)(56) — (18)(26)(34)(57) + (18)(24)(35)(67))*

(4.73)  fr= (12)(23)(31) x (34)(45)(53) x (56)(67)(75) x (17)(78)(81) x (28)(86)(64)(42)"

If (ab) is not a pole of fr, then either a,b do not appear together in any triplet, or they are
non-adjacent indices in a maximal planar subdiagram. In the former case, for each oriented region
R(---ab---) there is a corresponding R(- - -ba - - - ) glued on the facet (ab) = 0. In the latter case, the
natural orientation of the triplets in the planar subdiagram keeps the indices non-adjacent in the
oriented regions R(---a---b---). So, choosing suitable orientations within each maximal planar
subdiagram, one can ensure that (ab) = 0 is not a facet of fr, and thus one can always find a
good-facet geometry.

We note that we do not characterize the diagrams admitting strongly connected or good-facet
geometries, though we show that this certainly includes internally planar and irreducible diagrams,
respectively. We also do not investigate which diagrams admit positive geometries. However, the
previous analysis of the simplest non-planar diagram, the 5-point example in (4.62), shows that all
geometries Rp have null boundaries and so are not positive geometries. It seems likely that more
generally, diagrams with a 5-point non-planar subdiagram admit only pseudo-positive Rp. This
motivates the following question:

5This can always be done uniquely. The only way for it to not be unique would be if three triplets share the same
doublet (abc), (abd), (abe) with any pair being part of some maximal planar diagram.
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[ Are planar on-shell diagrams the only diagrams which admit a positive geometry Rp? ]

If such a geometry exists for a non-planar diagram, it should be connected as a disconnected
geometry does not admit an unique canonical form. For two disconnected positive geometries, the

canonical form for its union would be
(4.74) Q=01+

and there is no way how to fix a relative sign. In fact, the situation is more complicated as for some
connected geometries we can have a similar problem. Namely, if two positive geometries share only a
vertex, and not a higher dimensional boundary, then the ambiguity of the canonical form is present
too. In any case, from our explorations (and using the 5pt argument above) it seems likely that the

only positive geometries are positive Grassmannians G4 (2,n), associated with planar diagrams.

4.5.4 Examples

In the remainder of the section, we take a closer look at strongly connected and god-facet
examples, and provide examples of geometries lacking these properties.

4.5.4.1 6-point internally planar irreducible The smallest irreducible diagram appears at 6
points, defined by the set of triplets T' = {(123), (345), (561), (264)}. It is also the unique 6-point

irreducible diagram, and is internally planar as shown in this embedding;:

(4.75)

With the orientation of triplets induced by this embedding, one finds a decomposition labeled
by

(4.76) S = (142536, 142563, 145236, 145263, 125364, 125634, 152364, 152634}
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and the canonical function is

((15)(26)(34) — (16)(24)(35))°
(12)(13)(15)(16)(23)(24)(26)(34)(35) (45) (46) (56)

fr=
(4.77) = PT(142536) + PT(142563) + PT(145236) + PT(145263)
+ PT(412536) + PT(412563) + PT(415236) + PT(415263).
This canonical function is the canonical function of the union of oriented regions
Ry = R(142536) u R(142563) u R(145236) u R(145263)

U R(412536) U R(412563) U R(415236) U R(415263)

((12)>0, (13) >0, (15) >0, (16) >0,

(4.78) (23) >0, (24) <0, (26) > 0,
- (34) <0, (35) <0, >

(45) >0, (46) >0,

(56) > 0.

This geometry is strongly connected, as one can see by the gluing on the facets (14), (25), (36) =
0. This property is specific to the orientation chosen; flipping one of the triplets can lead to a

geometry that is not strongly connected:

( ) R(123),(345),(561),(246) = [R<123456)] U [R(124536) U R(124563)]
4.79
U [R(125346) U R(152346)] U [R(145623) U R(415623)],

where the strongly connected components have been grouped with braces.

This is a good-facet geometry, as one can see from the defining inequalities matching the poles
of the canonical function. This property is independent of the orientation chosen; each triplet is
its own maximal planar subdiagram, so any orientation avoids null facets by making the non-pole
facets (14), (25), (36) = 0 be only internal boundaries of the union.

However, this geometry has null boundaries. Taking the residues on 6 = a5 and o = 0, the
canonical function is

B (23)
(4.80) FeSa=0T€S6=a5 17 = (12)(13)(24)(34)(25)(35)
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and the corresponding geometry living in G(2,5) = {C € G(2,6) : column 6 vanished} is

(4.81) Ry — R(14253) U R(41253).

a=0

6=a5
This is just a relabeling of the canonical function (4.63) and first geometry (4.65) from the 5-point
non-planar diagram. As analyzed earlier, the 5-point non-planar diagram has a null boundary for
any geometry that is chosen. Since the 6-point irreducible diagram contains the 5-point non-planar
diagram on a boundary, one deduces that any geometry chosen for the 6-point irreducible diagram
must also have a null boundary at some codimension.

4.5.4.2  T-point irreducible The unique irreducible diagram at 7 points is defined by the set of
triplets

T = {(123), (145), (167), (246), (357)}

(4.82)

and has canonical function

((14)(17)(26)(35) — (15)(16)(24)(37))*
((12)(13)(14)(15)(16)(17)(23)(24)(26)(35)(37)(45)(46) (57) (67))

(4.83) fr=

The diagram is not internally planar, so there is no preferred orientation of the triplets. Using the

orientation above, ]S;T)| = 24 and we can write it as

S\ — (1234567, 1234657, 1243567, 1243657, 1246357}
U {1624735, 1627435, 1627345, 1672435, 1672345}
(4.84) U {1456273, 1456723, 1465273, 1465723, 1462573}
U {1245673, 1246573} U {1462735, 1467235} U {1623457, 1624357}

U {1462357} U {1246735} U {1624573},
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where the permutations have been grouped by the maximal strongly connected components. We do
not show the many other possible decompositions / geometries here, but it is easy to check (with
computer assistance) that all possible orientations also give a non-strongly connected geometry.

This is however a good-facet geometry. Like with the 6-point irreducible diagram, this property
is independent of the orientation chosen.

4.5.4.8  8-point internally planar irreducible One 8-point irreducible diagram is

(4.85)

from which one may read the oriented triplets 7' = {(123), (345), (567), (178), (284), (486)}. Then,
|S§T)| = 47, and can be described as follows:

SéT) = {0 € Sg/Zs | o related to 14725836 by adjacent transpositions
(4.86)

such that no index is swapped twice}.

222
For example, 17428536 = 14725836 is in the set, but 14257836 is not. The adjacent transpositions
also include swapping 1 and 6, as the permutations defined only up to cyclic shifts. The corresponding

canonical function is

((17)(28)(34)(56) + (18)((24)(35)(67) — (26)(34)(57)))*
(12)(13)(17)(18)(23)(24)(28)(34)(35)(45) (46) (56) (57) (67) (68)(78)

(4.87) fr=

The resulting geometry is strongly connected, with R(14725836) being ‘at the center’ of the

clump of positive regions, so none of its facets are boundaries of Ry.
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One may write

(12) =0, (13) >0, (15) = 0, (17) =0, (18) >0,
(23) >0, (24) <0, (26) = 0, (28) > 0,
(34) <0, (35) <0, (37) <0,
(4.88) Rp = (45) >0, (46) >0, (48) = 0, ¢
(56) >0, (57) <0,
(67) <0, (68) <0,
(78) = 0.

These are the inequalities defining R(14725836) with those involving adjacent indices removed, as
they are allowed to swap. This is also a good-facet-geometry, which is expected as the diagram is
irreducible. Unlike the 6 and 7-point cases in 4.5.4.1 and 4.5.4.2, this does depend on the orientation:
only those orientations where (284), (486) are oriented as a square produce a geometry with no null
facets.

4.5.4.4  8-point reducible with null facets Consider the diagram defined by triplets
T = {(123),(124), (125), (346), (357), (458)},

® © ®

o

(4.89) ® @ ©

‘s

@

This diagram has many lone indices, so it is clearly reducible, and the canonical function is easy

to compute

(34)(35)(45)(12)

(4.90) fr = (13)(23)(14)(24)(15)(25)(36)(46)(37)(57)(38) (58)

Accounting for possible square moves, and for every possible orientation of triplets, one finds for
every geometry that at least one of the following is a null facet: (34), (35), (45) = 0.

Furthermore, since the diagram is not internally planar, we do not have an orientation induced
by a corresponding embedding. Checking all possible geometries, one finds that none are strongly

connected.
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4.5.5 Geometries without a Diagram

What makes the forms, or corresponding geometries, coming from on-shell diagrams special?
From the analysis done earlier in the section it is evident that properties corresponding to planar
diagrams are not preserved for a general on-shell diagram; the geometries one generally finds are
not strongly connected and have null facets. To begin answering this question, one may study those
forms/geometries that do not come from on-shell diagrams to see what may be missing.

Enumerating the canonical functions for pseudo-positive geometries consisting of unions of
oriented regions in G(2,5), one finds (up to permutation of indices) three that do not come from
on-shell diagrams:

(12)(34)(35) + (13)(23)(45)

(4.91) Ra = R(15352) © R(15423) ~~ fa = 59703y 75) 23) (24) (34) (35) (45)

(13)(23)(25)(45) — (12)(24)(35)?
(12)(13)(15)(23)(24)(25)(34)(35)(45)

(4.92) Rp = R(15234) U R(15423) U R(15342) ~» fp =

(14)(15)(23)(24)(35) — (12)(13)(25)(34)(45)

(493)  Ro = R(13452) v R(I5324) ~ fo = =050 550 15 75) (23) (24) (25)(34) (35) (45)

It is easy to check that none of these regions are strongly connected, and they all have null
facets. Interestingly, though R4, Rp, R do not come from 5-point on-shell diagrams (equivalently,

sets of three triplets), they still arise from choosing a larger collection of triplets and taking a union

as in (4.61):

(4.94) T4 = {(153), (154), (142), (423)},
(4.95) Tp = {(152),(153), (234), (154)},
(4.96) Te = {(132), (134), (152), (345)}.

This is interesting, because obviously not all unions of regions come from oriented triplets. For

example, consider the following geometry

(4.97) R(12345) U R(12354) U R(12453).
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Here the first two regions have labels 4,5 swapped, but the region found by swapping those indices
in the third region, R(12543), is not included. This makes the geometry inconsistent with any
triplets. However, the canonical function for this region is equal (up to relabeling) to fp. The task
of enumerating all distinct classes of forms is not feasible at 6pt, so we leave it as an open question:
Is there a canonical function of a union of oriented regions that is not represented by triplets? Note
that in the absence of the on-shell diagram connection, it is ambiguous if the canonical function

contains +PT(...) or —PT(...). In fact, for the region (4.97) we need to consider
(4.98) £ = PT(12345) + PT(12354) — PT(12453)

with these particular signs to guarantee that all highest dimensional residues are +1. If we flip the

sign,
(4.99) ' =PT(12345) + PT(12354) + PT(12453)

some of the residues are +2 and we can no longer talk about pseudo-positive geometries. In a
different context, a similar feature was observed in [81] where the authors defined the notion of
graded positive geometries. It seems conceivable that using a ‘wrong’ orientation of the region
R(12453) in the union (4.97) yields such geometry. Note that on-shell diagrams by definition never
lead to residues other than +1 and we never need to discuss the ‘graded version’ of pseudo-positive
geometries in this context.

The purpose of studying the canonical functions associated with Grassmannian regions — unions
of oriented regions — is motivated by another, even more important, question which in some sense

motivated the study of non-planar on-shell diagrams in the first place:

Question: Are the regions in the Grassmannian associated with non-planar on-shell diagrams

special?

In our previous discussion, we concluded that the geometries for generic non-planar on-shell
diagram (internally non-planar and non-irreducible) do not exhibit any nice properties: some of
their facets and boundaries are null and the spaces are disconnected. This is exactly what we

expect from a generic union of R-regions. So at the level of geometry, we do not see anything
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special. Nevertheless, the canonical functions fr are very special thanks to the formula (4.25). In
particular, the numerator of the canonical function is a perfect square of a polynomial P[(...)] in

Pliickers multiplied by linear factors,

T1C.) x P[(..)]
TG

We can see that the 5pt canonical functions f4, fp, fc not associated with on-shell diagrams do not

(4.100) f=

have this form. The same is true for the class of functions we were able to check at 6pt. Hence it is
natural to conjecture that only the regions associated with oriented triplets produce the canonical
function of the form (4.100). The big open question is what are the geometric implications of this

very special property.

4.6 Conclusions and Outlook

In this chapter, we explored the MHV non-planar on-shell diagrams and the correspondence
to Grassmannian geometries in G(2,n). In the planar case there is only one top cell of G4 (2,n)
and one planar on-shell diagram, but there are many non-planar diagrams of the same (maximal)
dimensionality for general n. Our analysis relied mostly on the triplet description, which determines
the canonical function either using the determinant formula or the Parke-Taylor expansion. Our
first result is an algorithm for identifying diagrams with vanishing forms. In the planar sector,
the vanishing of the form indicates the presence of internal bubbles and the fact that the diagram
is not reduced. The same type of diagrams do not have a triplet representation. But there is a
new class of diagrams which are described by triplets but still have vanishing form, which we are
able to identify. Our second result concerns the identity moves. In the planar case, there are only
square moves (and trivial merge-expand move) while in the non-planar case there are also sphere
moves proposed in [64]. We show using a novel doublet representation that indeed square moves
and sphere moves are the only identity moves.

Our main result concerns the (pseudo-)positive Grassmannian geometries that we associate with
non-planar on-shell diagrams with non-vanishing canonical functions. The Parke-Taylor decompositions
provide candidate spaces, which are unions of permuted positive parts G (2,n)s. However, these
spaces are generally disconnected and the canonical function does not encode properly the boundary

structure, i.e. there are boundaries for which the form vanishes — we call them null facets. We showed
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that for internally planar diagrams there is a choice of Parke-Taylor decomposition such that the
space is connected, and for irreducible diagrams there are no null facets. The privileged class of
internally planar irreducible diagrams enjoys both of these special properties, and they provide
an interesting non-planar extension of the planar on-shell diagrams associated with the positive
Grassmannian.

Our work reviewed here is just an invitation into the very complex problem of non-planar on-
shell diagrams and the Grassmannian geometries. There are two main future directions on the
mathematical side: 1) Further study of MHV diagrams and G(2,n) geometries, their boundary
structures, topological and combinatorial properties. 2) Generalization to N*"2MHV on-shell
diagrams starting with six-point NMHYV case, ie. G(3,6). The complete classification of all non-
planar on-shell forms was given in [60], and the list contains exotic terms with polynomial and even
algebraic poles. The first step is the classification of all terms with only monomial poles, which is
closely related to problems considered in [124,125]. On the physics side, the canonical forms of
non-planar on-shell diagrams are leading singularities of loop integrands, and hence they play a role
of coefficients that multiply polylogarithms (and generalizations) in the expansion of non-planar
N = 4 SYM amplitudes. If the dual conformal symmetry that we discuss in the next chapter
extends in some form to the non-planar sector, such kinematic structures should be most accessible

to study precisely at the level of leading singularities.
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CHAPTER 5

Searching for Integrability in Amplitudes

In the past two chapters, we have outlined some of the work we did to understand how the
special mathematical structures found in planar N' = 4 sYM can be extended when one loses the
notion of planarity and restrictions on the types of poles that can appear. However, we left out
some aspects of what makes planar N' = 4 sYM so special in the previous discussion. Thus, we
make a detour back in this chapter. After all, our motivation for studying Super Yang-Mills comes
from its potential to teach us about the structure of gauge theories, so we must leave no stone
unturned. Previously, we have touched upon the fact that N/ = 4 sYM enjoys a high number
of symmetries. In addition to supersymmetry, we have seen that it is a conformally invariant
theory. What makes the restricted pole structure and the connection with the positive Grassmannian
possible is another symmetry that we haven’t discussed in detail yet, called dual superconformal
symmetry. In particular, superconformal and dual superconformal symmetry combine to form an
infinite dimensional algebra called the Yangian. While this Yangian plays a key role in the geometric
story we have told thus far, it also connects sYM to another special property called integrability.
Roughly, integrability can be stated as the property that certain quantities in a theory can be
determined to all order thanks to an infinite number of independent, mutually commuting conserved
charges. As we will see, integrability of planar N = 4 sYM can be used to compute a quantity
called the cusp anomalous dimension non-perturbatively. This quantity controls the leading IR
divergences of the amplitude. Even more surprisingly, the planar N' = 4 sYM amplitude is dual
to null polygonal Wilson loops, where the same cusp anomalous dimension controls the divergences
at the null cusps. The work we are about to review in the next two chapters will be motivated in
large part by trying to draw new bridges between the structures found in perturbative scattering
amplitudes, the duality with Wilson loops, and the integrability of planar sYM, where we believe the
cusp anomalous dimension acts as a natural entry point. Before we delve deeper into the motivation

from the physics side, it will be useful to introduce some of the formalism and mathematical tools
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we are going to use in our work. In particular, we will be using the Amplituhedron formalism in the

next two chapters, which connects naturally to the earlier discussion on the positive Grassmannian.

5.1 The Amplituhedron

Introduced in 2013 by Jaroslav Trnka and Nima Arkani-Hamed [14], the Amplituhedron plays
a key role in the long and elaborate story of what positive geometries have to do with scattering
amplitudes. As with many other topics we have discussed here so far, we shall only introduce
what we need for the work we are going to review to make sense for the reader, and we refer those
interested in further explorations to [13,66].

In earlier chapters we saw that each on-shell diagram, formed by gluing 3—point vertices,
parametrize positroid cells in G4 (k,n), and the canonical form on this positroid cell gives the
corresponding on-shell function. At tree-level, the amplituhedron goes a step further and associates
a canonical form with the full tree-amplitude. So without further ado, we list the definition of the

Amplituhedron below
(5.1) A =Y eGlk,k+m) st. Y =C-Z, CeGy(k,n)}

where Z is a (k + m) x n matrix with positive ordered minors. Rows of this matrix represent
momentum twistors Z; for each external particle ¢ = 1,2,3,---n. Then, the Amplituhedron is the
image of a map from the positive Grassmannian G (k,n) we know to the ambient space G(k, k+m)
through a matrix encoding external momentum data. In physics, we are interested in m = 4. And
the canonical form defined on Ay, ;. give us tree-level N kMHV amplitudes of A = 4 sYM. It
is typically said that the amplitude is calculated as a volume in this space. What one does in
practice is compute this “volume" through triangulating the amplituhedron. More specifically, one
triangulates \A;, ; into cells A; such that each cell is an image of a cell in the positive Grassmannian
G+ (k,n) (through the map Y = C - Z) and €, is the canonical form of this positroid cell. Then

the canonical form on the amplituhedron is
(5.2) Qa,, = ZQAJ
J

Just like the canonical forms we discussed earlier, the only singularities of this form are logarithmic

and located on the boundaries of A,, . The BCFW recursion procedure we have discussed earlier
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give one such triangulation, where each (25; correspond to a BCFW term. While these individual
terms, and the corresponding forms, don’t necessarily have boundaries that correspond to physical
factorization channels, these singularities cancel out in the total sum.

This formalism also generalizes to loop-level, where the canonical form describes the integrand.
To see this construction in detail, it will be useful to introduce momentum twistor variables first,

which we heavily use in chapters 6 and 7.

5.1.1 Momentum twistors

Scattering amplitudes in planar N' = 4 SYM theory and the underlying Amplituhedron geometry
[14] are naturally described using momentum twistor variables [117]. Let’s first introduce the dual
momentum variables x;, which are associated with a particular cyclic ordering of the n external

momenta p; in R¥!, according to
(5.3) Di = Ti — Ti-1,

where i = 1,2, ..., n labels the external particles.

Momentum conservation is automatically satisfied if we identify z,.+1 = 1 and hence the dual
points z; form a closed polygon with light-like edges. The complexified momenta for n particles
can also be encoded in n complex vectors Z; € C*, called momentum twistors. The dual conformal
symmetry [126], which we review later in this chapter, acts as SL(4) and the invariant multi-linear

form is given by the twistor bracket
(5.4) (ijkly := det(Z;Z;Zn ) = e1yx 1.2} Z] ZF Z1

where €75, is the four-dimensional Levi-Civita tensor. More concretely, we can think about these
four-brackets as 4 x 4 determinants of four momentum twistors. Any n generic momentum twistors
correspond to cyclically ordered lightlike momenta that satisfy momentum conservation. Hence, the
Z; are unconstrained and all four-brackets are generically non-zero. The four-brackets do satisfy
certain identities as derived from the properties of Levi-Civita tensors, for example, the Schouten

identity

(5.5) {abed){abef) + {abcf){abde) = {abce) abdf) .
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Due to dual conformal invariance, we can treat the Z;’s as points in the projective space P3. In
order to describe the loop integrands, we introduce (dual) loop momenta g; € R¥! i =1,2,... L,
which in momentum-twistor space are associated with lines AB, in P3. The choice of points A;,
B; on this line is arbitrary, and the collection of all lines in P3 is the Grassmannian G(2,4) we
encountered before.

While we can’t interpret the loop amplitude, which has branch cuts as well as IR divergences,
in terms of a nice geometry, the loop integrand itself only has simple poles that correspond to
factorization channels. As mentioned before, the planar limit of A/ = 4 sYM makes it possible to
talk about the L—loop integrand as a single object that gets integrated over, instead over a sum.
And thus, the Amplituhedron can be generalized for the loop-level to represent integrands for all
n, k and L. To do so, one enlarges the C' matrix into a (k+2L) x n one such that we have the space
of k—planes in n—dimensions and on top also L number of 2—planes D¢ that live in C. This can

be represented as
D)

D@

DW€)
C

The L—loop Amplituhedron is then the image of the map C — ) = C - Z such that

£
12

L@

Y

and £ = (DW)i Zi. So essentially we have added the kinematic data for L loops into our
description, encoded by £® for each loop momenta ¢. The loop generalization also comes with

additional positivity conditions, given by

(5.6) ((AB)i j j+1)>0, {((AB)i(AB);) >0
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where (AB); encode loop-momenta in momentum twistor space. We note that while the loop
Amplituhedron provides a geometric description for the problem of finding a loop integrand, the
actual computation of it is still an unsolved problem for general L. FKEspecially for n > 4, the
computational complexity grows quite fast with L. But for our purposes at the moment, we are

only interested in n = 4, so let’s see how this construction looks.

5.1.2 Definition of the four-point Amplituhedron

The four-point L-loop Amplituhedron [16] is defined as a configuration of L lines in the momentum

twistor space [117],
ABs

ZQ ABg 7
3
%\ -

The external data are represented by four momentum twistors 21, Zs, Z3, Z4 and must satisfy
(5.7) (1234) = epyxp 21 2 2K 78 > 0.

Each loop is represented by one line AB; where A;, B; are two arbitrary points on that line. The

configuration space of the line AB; is restricted to satisfy the following inequalities
(5.8) (AB;12),{AB;23),{AB;34),{AB;14) > 0, (AB;13),{AB;24) < 0.

We can represent the loop lines using the external momentum twistors, and will often use the

standard parametrization
(5.9) ZAi =21+ w0y — y;i Ly, ZBZ- = J3+ ziZoy +w;iZy .

In that case, the inequalities reduce to x;,y;, z;, w; > 0. Furthermore, for each pair of lines AB;,

AB; we have a mutual positivity condition,

(5.10) (AB; ABj) > 0 for each pair i, 7.
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In the parametrization (5.9) this corresponds to

(5.11) —(wi — ;) (wi — wy) = (¥ — y;) (2 — ;) > 0.

These mutual inequalities make the Amplituhedron space very complicated at higher L. We define
a canonical form €y with logarithmic singularities on the boundaries of this space, which directly

reproduces the L-loop integrand form,

L
(5.12) Qp =TZrdur, where dup = H<AB¢ d2Ai><ABZ- d2Bi>
i=1

where dpuy, is the integration measure one the configuration of L lines in the momentum twistor
space (we often drop this factor for convenience). At the low loop order, we often use a more
traditional notation for the loop lines, AB = ABy, CD = ABy, EF = AB3 to make the formulas

more transparent.

5.1.3 Calculating the differential form

The four-point integrand is equal to the canonical differential form with logarithmic singularities
on the boundaries of the space. At one-loop the space is extremely simple, given just by a set of

inequalities x, ¥y, z, w > 0 and the dlog form is just

ry z w (AB12){(AB23)(AB34)(AB14)’

(5.13) Q, = dz dy dz dw (1234)%dp
where du = (ABd?AYABd?B) is the integration measure of a line in P3, analogue of d*/ in
momentum space. At higher loops, the situation is more complicated and we can pursue multiple
strategies to obtain the form. The most straightforward is to triangulate the space into elementary
“simplices”, write the dlog forms for them and sum.

At two loops, we need to divide the space into eight elementary regions when solving the mutual

inequality condition [15]. The space is defined in the standard parametrization

(5.14) T, Y1, W1, 21, T2, Y2, Wa, 22 > 0,  —(x1—x2)(wi—w2) — (y1—y2)(21—22) > 0.
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We divide the space into eight simplices by giving definite signs to differences (z1—x2), (y1—y2) and

(21—22). One of them is given by the following inequalities

(y1—y2)(21—22)

(5.15) 1 >x0>0, y1 >y2>0, 21 > 20 >0, wy >0, wy >wy +

(951—952)
and the canonical dlog form for this simplex is
d d d d d dzy d d
(5.16) ) — ¢ dr2 Ay dy2  dz 4z dun wy |
(x1 — x2) =2 (y1 - y2) Y2 (21 — ZQ) Z2 W1 qpy —wqy — %

The poles (z1—x2), (y1—y2) and (z1—22) are just artifacts of the triangulation, and when summing

over all pieces they go away. Summing all the contributions,

5.17
(5.17) 1oy a2 (21 —2) (wn—wn) + (51 —y2) (21 —2)]

8
YR S PN dzy dzo dyy dys dzy dze dwy dws (z1wa + xown + Y122 + 21Y2)
s D) -
=1
When writing back in terms of momentum twistors we get

(AB12)X(CD34)+(AB23)C D14)+(AB34XCD12)+(AB14)XC'D23))(1234)3
(AB12)(AB23)(AB34)(AB14)(ABC DY CD12)(C D23){C D34)C D14y

(5.18) 0 — 2

where we use the usual notation for two loop lines AB and C'D, rather than the generic AB;. When
expanding the numerator and canceling poles in the denominator we get an expansion of {2y in
terms of four double-box integrands (s-double box, t-double box + symmetrization in AB, CD).
It is easy to see that this construction gets complicated rather quickly for higher loops. This
will be dealt with in due time, with a strategy we outline in chapter 6. However, it will be good
to not digress too much here and remind ourselves of the physical motivation. In particular, we
are interested in finding a bridge between the mathematical structures we have seen in perturbative
amplitudes, and their duality with Wilson loops, which we haven’t discussed yet. One of the most
crucial such bridges for our story starts with a 2005 paper by Zvi Bern, Lance Dixon, and Vladimir

Smirnov [47]. This is now known as the BDS ansatz.

5.2 The BDS Ansatz

Postulated first in 1997, the AdS/CFT correspondence [127] lead many to believe that sYM
might be a solvable theory. In particular, this duality tells us that results at strong ‘t Hooft coupling
take a simple form. This hints at hidden simplifications on the perturbative level that would allow

for all-loop resummations, as this is another way to get strong coupling results without dualities.
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Another such hint was found in [47] on the perturbative side. In particular, the authors found that
the 4 and 5 point planar N' = 4 sYM amplitude has an iterative form that allows for an all-loop

representation . More specifically, the amplitude (for n = 4,5) takes the form

(5.19) A, = exp{[

Ihs

dUﬂWdASNk)+h9&ﬂ}

where Ag)(le) is the }2 divergent 1-loop amplitude and f, h are functions of € and transcendental
constants. This is now known as the BDS ansatz. While it was known that IR-divergences
exponentiate in Gauge Theories, the BDS ansatz makes a powerful statement about the finite
part of the amplitude. The leading IR-divergence in sYM is controlled by a quantity called the cusp
anomalous dimension in the following way

(5.20)
0 (¢ ¢
g (A ) _ ”Z G2\ N rgu)sp+2ag)
Atree 1672 (le)? le

where FMHV (py . py, ..., pn, g) is the finite part of the amplitude. Writing g2 =

n N2 Le
> <IR) + YV (p1,pay oy P 9)

S\ T Sii

for the ‘t Hooft
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coupling, we define the cusp anomalous dimension as

(5.21) Deusp (9 Z g,

The BDS statement is even stronger. In particular, the BDS ansatz says the finite part is also

controlled by I'cysp through

r g s
(5.22) Fy(p1,p2,p3,14,9) = CUZ)() (1112(2) + COnst)
(5.23) F5(p1,p2,p3,P4,05,9) = CUSp (21 St In Sit2,i+3 + const> .
Si+1,i+2 Si+3,i+4

While this ansatz no longer holds at 6-point, the surprisingly simple form we see at 4 and 5 points
hints at additional structure in the perturbative regime. To understand why this happens, we need
to first study a duality between Wilson loops and amplitudes in N' = 4 sYM.

1The initial ansatz was for any n but it was found in later work to fail starting at n = 6
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5.3 Amplitudes and Wilson-Loops

In [128], Alday and Maldacena computed the gluon amplitude in strong coupling using the
AdS/CFT correspondence, where the leading order result is a minimal surface calculation. Furthermore,
they found that the result matched the expectation value of the null polygonal Wilson loop. This
lead them to conjecture a duality between Wilson loops and scattering amplitudes in planar N = 4
sYM that was eventually generalized to the weak coupling (perturbative) limit. In particular, the

duality can be states as follows

(5.24) InW(Cyp) = Dnyv + F)V*(a,23;) + O(e)
(5.25) In =Dy ir+ E) " + const + O(—) + O(e)
At’ree ’ N

where the null polygonal Wilson loop is defined as

(5.26) W(C) = %<O|Tr(73 exp{ (ig /C ! dquﬂ) |0>}.

An interesting fact about this duality that we haven’t emphasized thus far is that it relates the IR
divergences of amplitudes to UV divergences of Wilson loops. To see this in more detail, let’s look
at how these UV divergences arise. The Wilson-loop W (C),) is defined on an n-side polygon with

each vertex assigned a coordinate in dual momenta, related to null momenta p; by x;+1 — x; = p;.
T4 I3

Tn—1 €2

In I
The contour is guaranteed to be closed by momentum conservation " p; = 0. Since each momenta
is null, we have .IZQ,L +1 = 0. These vertices where the null momenta meet are called cusps. Each
cusp carries a double logarithmic divergence whose coefficient is given by I'cysp, and this is where

the cusp anomalous dimension gets its name from. More specifically, divergences enter log W (C),)
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as

n

(5.27) (log W(Cy)) = Z D(x7_1 141) + Fu(wij)
i=1

where D(x?—u +1) encodes the UV divergences and the finite part is a function of dimensionless
ratios constructed out of xfj This object is gonna play a big part in Chapter 7. After dimensionally

regularizing by a parameter €, one gets

1 e ( Leusp 1
(5.28) D) = =7 0¥ (-’ (ex +00)

The divergence takes the same form for all n, thus we can take appropriate ratios of Wilson loops to
get finite quantities out of them. We can do the same thing for the planar N' = 4 sYM amplitude,
as its IR divergences are also universal and controlled by I'cys,. Since such ratios are regulator
independent, they can be used to state the duality with the scattering amplitude in a more clean
way. For example, let’s look at n = 4, which is the case central to our discussion in Chapters 6 and
7. On the Wilson-loop side, we have

o <W(CU%371’§4)> :} 2102 lis ﬂ 2
>29) 1g(¢<W<x%3,w%3>><w<x§4,x%4>>> 01w (1) o)

which matches the part of the 4-point amplitude after we subtract IR-divergent and constant terms,

namely

_ Lo o8 9°N .,
(5.30) Ry = 5g%10g?(5) + O((45)?).

The Wilson-loop duality also makes manifest another symmetry that was hidden in the initial
amplitudes formulation, which is called dual superconformal symmetry. Let’s first unpack the

conformal side of this story.

5.3.1 Dual Conformal Symmetry

The null polygonal Wilson loop is most naturally expressed in dual momentum coordinates x;,

on which conformal transformations act as follows.

(5.31) ol R
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These transformations leave null separated x;; invariant, thus the full Wilson loop should be
invariant under these dual conformal transformations. However, we need to regularize the UV
divergences when computing expectation values, which breaks the conformal invariance. In fact,

something similar happens for the amplitudes too. Let’s consider the 1-loop amplitude.

- d*k (p1 + p2)*(p2 + p3)?
5.32 AyTIoP = Alree x /
( ) 4 4 (2m)* k2(k + p1)%(k + p1 + p2)?(k — p4)?

I

We can now switch to dual coordinates z;, where p' = ' — 2!" . In this notation, writing z;; =

(} —a).) and k" = x5 — 2, the integral becomes

- [ st
(2m)4 95%533%55535954215

The integrand is invariant under conformal transformations in dual space. But wait, if the momenta
are on-shell, then 1’@2@ +1 =0, s0 we can’t set d = 4 if we want to actually compute the integral. If we
regulate by going to d = 4 — 2¢ then the integral is no longer invariant under dual conformal
transformations, as the Jacobian from transforming the measure no longer cancels with the 4
propagators. So once again, dual conformal invariance is broken, this time by an IR-regulator.

To recap, the null polygonal Wilson loop contain UV poles that come from cusps of the contour,
dual to IR divergences in the sYM loop amplitude. Just like with the amplitude, regulating these
divergences breaks the dual conformal invariance. This leads to an anomalous contribution to the
conformal boost ward identity (this is indeed where “anomalous" in the cusp anomalous dimension
comes from)

S 2 WL Fcusp(g) S $z2,i+2
(5.34) (22! (205,) — a0 ) Fy & = — Z iy In R
=1 i=1 i—1,+1

3
The homogenous solution to this differential equation only exists for n > 6, and the particular
solution gives the full F)VX when n = 4,5. Thus, this constraint is enough to fix F)VZ for n = 4

and n = 5 as follows

T 2
(5.35) F4(WL) _ Lawlg) In? :):7%3 + const
4 Thy
5 2 2
(5.36) B - Leusp(9) i 22 I SRR const
4 i1 Tit1,i+3 Tiy3
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which matches the BDS ansatz from before. Furthermore, as we will discuss soon, I'cysp(g) can be
2 .2

computed from integrability. Starting at n = 6, one can build cross ratios x;’ z’;l that enter into
kTl

the homogenous solution, and thus the finite part is no longer fixed by the Ward identities. If the

conjectured Wilson loop-Amplitudes duality holds, this explains why the BDS ansatz is true for
n = 4,5 but fails starting at n = 6. More concretely, starting at n = 6, one has the BDS ansatz
plus an arbitrary function of all the conformal invariants one can build. For the 6—point case, there

are 3 of them

2 .2 2 .2 2 .2
537 _ T13T46 _ L4775 _ T35
( : ) Ul =5 5, U2~ 5 5, U3= 5 5
L14%36 L25T14 36125
SO we get
WL BDS
(5.38) Fg' " = Fg"° + f(u1,ug,us, g)

While the question of how to constrain this remainder is an interesting open question on its own,

our focus for this thesis is going to be when n = 4.

5.3.2 The Yangian

In N = 4 sYM, R—symmetry, supersymmetry, and conformal symmetry combine to form a
superconformal algebra that lives in PSU(2,2|4). The generators j, annihilate the superamplitude

such that
(5.39) jaAfZ"ee =0.

Let’s see if we can do a similar analysis for the dual conformal symmetry discussed in the previous
section, namely work out how dual superconformal symmetry acts on A, A, and 1. The derivation,
done in [83] is lengthy so here we will just list the results from the reviews in [37,129|. First we
note that just like dual variables can be used to write momenta as p; = x;4+1 — x;, one can do the

same for supercharges and introduce dual supervariables 6; such that
(5.40) 074 — 078 = At

Then, one can define a dual superconformal symmetry that acts on variables {\, 5\,77,:1:, 0}. The

explicit form of the dual superconformal generators K4 and So4 won’t be relevant to our discussion
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here, but they can be found in the original paper [83]. What is important for our purposes here is

that they act on tree amplitudes through

(5.41) KoCA, = =) af@Alree

(5.42) S A, = =674,

In order to derive the analogue of j, A, = 0 for dual superconformal symmetry, one can define the

new operators

(5.43) Ko%= K% 4 ) 04
i

(5.44) St = god 1) g
i

(5.45) D'=D+n

where DA,, = nA,. The new operators satisfy the dual superconformal algebra and now for any

generator J!, of the dual PSU(2,2[4) we can write
(5.46) JLAlree =

Furthermore, if we only act on on-shell superspace variables, the action of all generators of super-
conformal symmetry coincide with those of dual superconformal symmetry, except for K’ and S’
Then all generators of the original superconformal algebra, j,, can be combined with K’ and S’ to
form the Yangian algebra of PSU(2,2|4), denoted by Y (PSU(2,2|4)). This Yangian is defined by

zero-level commutators

(5.47) [, 731 = T ds) = Fende
and level-one commutators

(5.48) 78 301 = lia g1 = fas®
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as well as higher order commutators given by Serre relations [129]. These relations generate an
infinite tower of conserved charges, hence the Yangian is an infinite dimensional algebra. For any

y € Y(psu(2,2]4)), one has
(5.49) yAlree =0

which represents all the symmetries of the tree-level amplitude in sYM. The Grassmannian formulation
of tree amplitudes we have discussed in the very beginning has deep connections to the appearance

of this Yangian. In particular, the Grassmannian integral

nxk . k n
(5.50) Los(W) = / GL(Cli) Hf_l 1o (Z calwﬁ>

a=1 =1
gives a generic form of Yangian invariants. Furthermore, Yangian symmetry is said to be a hallmark
of integrability [130], which is the reason why we have discussed it here. We are now in a good

position to revisit integrability and talk about the motivation behind our work.

5.4 Integrability, I'.,,,, and Open Questions

The calculation of I'cy), from integrability is quite technical and introduces more machinery than
we need to motivate our work. Thus, we will only attempt a surface level review of the story here.
So let’s start from where we left off with the Yangian. While we saw the Yangian in the context
of planar NV = 4 sYM amplitudes at tree-level, this is not the only theory where it shows up. For
example, the Heisenberg spin chain model also has a Yangian symmetry. This model describes spins

arranged in a periodic 1-dimensional lattice, with the Hamiltonian

L -

1 o;

51 H=43'(>—-8;-Si11), Si=—
(5.51) 254‘$S+Q Si =5

where ¢; are the three Pauli-matrices. In 1931, Hans Bethe found a solution to the eigenvalue
problem H|¢)) = El¢) for this Hamiltonian, which now goes by the name of Bethe ansatz [131]. In

particular, for a spin chain of length L with M down spins, Bethe found

Mo
(5.52) E=2) —
o1 Uk T

W=
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with complex variables uy, called Bethe roots, being determined by the following equation.

M .

up + 5\ L up —uj +1

(5.53) (u _i> - H Up — Ui — 1
k2 j=lg#k H

As explained in the review article [132], one can also derive these results by using an operator
called transfer matrix, denoted by T'(u). This method allows for the generalization of the result
above to other representations of spin and also makes the Yangian connection we alluded earlier
manifest. In particular, T'(u) generates an infinite tower of commuting charges whose algebra closes
into the Yangian Y (su(2)). The level 0 generators are none other than total spin )}, .S; and the
level 1 generators are built bilocally (pairs of products of level zero generators on different sites).
Furthermore, the Hamiltonian we saw above is the second conserved charge generated by T'(u).
Thus, the conserved quantities produced by the Yangian symmetry justifies the Heisenberg spin
chain model’s integrability. In this context, integrability refers to the fact that for a spin chain
of length L we only have to solve M Bethe roots instead of diagonalize the full 2% x 2F matrix,
as a direct consequence of having L mutually commuting conserved charges we can simultaneously
diagonalize. But wait, there is more. As it turns out, single trace operators in N’ = 4 sYM can be
arranged in a spin chain just like this. Furthermore, planar A' = 4 sYM carries the same integrable
spin-chain structure [133,134]!

Following the example of [132], let’s consider the simplest su(2) scalar sector, which turns out
to be exactly the Heisenberg spin chain at one-loop. We can identify the complex scalars X and Z

with the spins such that
(5.54) Z=\1, X=|b

Since trace is cyclic, one must impose periodic boundary conditions, which in the spin-chain side
looks like Sy+1 = S7. Then, for example, the single trace operator Tr(ZZX ZZ) would correspond
to the periodic spin chain state | 11/11). To one-loop, the dilatation generator D € su(2) €
psu(2,2]4) takes the form

(5.55) D=L+ g’H+0O(g")
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where H is the spin-chain Hamiltonian from before. Then, the anomalous dimension spectra problem
DO = AO maps to the spin-chain eigenvalue problem H|¢) = E|¢)! In particular, one-loop
anomalous dimensions of the single trace operators of the scalar su(2) sector are given by the spin
chain energy eigenvalues, up to a multiplicative factor with ‘t Hooft coupling. While the exact
mapping to the Heisenberg Hamiltonian doesn’t extend beyond one-loop, the integrable structure
does!

In the previous section, we saw that a quantity called I'cysp controlled the leading IR-divergences
of the planar N/ = 4 sYM amplitude, as well as the cusp divergences of the dual Wilson-loop.
Another context in which this quantity comes up is by controlling the large spin behavior of twist-
two operators T?“(DJJ‘F/[_I"’ZDF|r Z), which live in the si(2) sector of N' = 4 sYM. This can be mapped
onto an s{(2) spin chain by treating each lightcone covariant derivative as an excitation on the state
Tr(Z*), where L is the spin-chain length [135]. Written in the notation from [136], the asymptotic

anomalous dimension spectrum problem is then again solved by the Bethe roots u; that obey

(5.56) ) I1 up =y —i (1= g7/me; o210 5)
T, up —u; +1 \ 1 — gQ/x];x;F

j=1

YuN
1672

where g2 = ¢ and 6(ug,u;) is a dressing phase added by Beisert, Eden, and Staudacher [137]
after they noticed a discrepancy between [138| and the earlier work [135]. Furthermore, in [137],

they found an integral equation for the I'cysp (which they call scaling function), given by

(5.57) 5() = - 2 ; [K(Qgt,O) _4g? /0 ’ dt’f((2gt,29t’)&(t’)]
and
(5.58) I'(g) = 8¢%5(0)

where the Kernel is written in terms of Bessel functions. While there is no closed form solution for
this equation, one can use it to compute I'(g) asymptotically to any order in g for both weak and

strong coupling, a truly impressive discovery! In particular, one can use this equation to find

472 447t 7376
5. Ceus —d4q> - 4 6 _ 4¢2 ) o8 10
(5.59) p(9)|g<<1 g 3 g + 15 g 8(630 +4¢3 ) g +0(g™)
3log2 1
(560) 11cusp(g)|g>>1 = 29 - o + O <g> .
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This is a good place to stop and review the pieces of the story we have so far. We have seen
that there are two narratives at play here, one regarding the duality between Wilson-loops and
scattering amplitudes, and another regarding the integrability of planar N' = 4 sYM thanks to the
infinite tower of conserved charges generated by its Yangian symmetry. And the cusp anomalous
dimension points us at a very clean connection between these two narratives. Both the universal
IR divergences of the amplitude and the cusp divergences of the Wilson-loop are controlled by
this quantity, allowing us to make a statement about the duality without worrying about regulator
dependent changes. Furthermore, this quantity is known exactly to all orders from the integrability
of single trace operators in N' = 4 sYM. However, we still don’t have a complete understanding of
how all these pieces fit together. It is almost like the integrable structure of sYM and AdS/CFT is
trying to tell us that we should be able to solve sYM perturbatively. In particular, the theory might
just have enough structure to let us resum everything in the perturbation theory side of things.
Despite all the advanced technology we have reviewed thus far, this is still quite an ambitious task.
So we need to choose a good entry point to see how such a program would even be possible. Let’s
consider the 4—point amplitude. Its logarithm is of great interest to us for two reasons. For starters,
its leading IR divergence is quite tame at E% for any loop order and it is controlled by I'cysp, for which
we have an understanding of through the BES equation. Secondly, it is dual to the null polygonal
Wilson-loop with a lagrangian insertion. Inspired by these two facts, [77] found a novel expansion for
the integrand of the logarithm of the amplitude in terms of diagrams called “negative-geometries",
which we explain in full detail in the next chapter. Furthermore, certain subsets of these diagrams
obey differential equations that make partial resummations possible! This allows one to both resum
contributions and find the Wilson loop’s finite part at strong coupling, and also get contributions
to I'cysp in the non-perturbative limit from the amplitudes side. Thus, this technology might be
a promising new approach to the program of bridging amplitudes, wilson-loops, and integrability
all together. With this goal in mind, our work in chapters 6 and 7 will review the progress we
made in using this technology in the context of log My ~ Wy and I'¢,sp. In Chapter 6, we go over
a method we found for computing contributions to the integrand of log M, for more complicated

diagram topologies than those considered in [77]. This chapter is based on the following paper

e Taro V. Brown, Umut Oktem, Shruti Paranjape, Jaroslav Trnka, Loops of loops expansion

in the amplituhedron, Journal of High Energy Physics 07, 2024.
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In Chapter 7, we use these tools to find new contributions to the Wilson-loop ratios and I'cysp at
strong coupling. This is based on the upcoming paper
e Lance Dixon, Umut Oktem, Shruti Paranjape, Jaroslav Trnka, Yongqun Xu, Shun-Qing
Zhang Multi-loop negative geometries, 2605.28926 [hep-th].
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CHAPTER 6
Loops of Loops Expansion of the Amplituhedron

6.1 Introduction

Let’s review what we learned in the previous chapter. Planar N = 4 super Yang-Mills (SYM)
theory is a great playground for testing new theoretical ideas, including new methods for and
approaches to the calculation of scattering amplitudes [139]. This involves many different studies
of the amplitudes - Wilson loop duality and dual conformal symmetry [126,128,140,141], symbols
[142,143,144]|, hexagon bootstrap and antipodal duality [113,116,145,146,147,148]|, flux tube
S-matrix approach [149,150,151], all-loop recursion relations and momentum twistor integrands
[111,112], the geometric reformulation of the problem using the positive Grassmannian and on-
shell diagrams [8,9,10,11,12,13,34,60,65], and the Amplituhedron [14,15,16], see also |20, 56,
68,69,70,71,74,75,76,77,78,80,81,86,115,152,153,154, 155,156,157, 158,159, 160, 161|
and [162,163,164,165,166,167,168] for exciting recent work on geometries in other theories.

In the Amplituhedron picture, the all-loop integrand is obtained as a canonical differential
form on a positive geometry. This translates the physics problem of particle scattering into the
mathematical problem of triangulation of a geometric space (or some other method of calculating
the canonical form). The Amplituhedron has been studied from a purely mathematical perspective
as a natural generalization of the positive Grassmannian with many exciting properties |72, 169,
170,171,172,173,174,175,176,177,178,179,180,181,182,183,184,185|. It has been used to
obtain a number of interesting results, but the main computational ambition is still left unresolved:
calculating all-loop integrands. While this is something very difficult (or impossible) to do using
more traditional methods, the Amplituhedron provides a clear mathematical definition of the
problem, which still remains unresolved. There is also an interesting redefinition of the Amplituhedron
in momentum space, ie. Momentum Amplituhedron, which provides a great window into generalizations

of this geometric picture to theories beyond planar limit [17,73, 186, 187,188,189, 190, 191].
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Recently, the Amplituhedron pictures has been also obtained for the ABJM theory (19,192,193,
194,195,196].

The simplest case is a four-point scattering amplitude which has a particular simple integrated
form — the leading IR divergence is given by the cusp anomalous dimension [137]| and the full
kinematical part is given by the Bern-Dixon-Smirnov (BDS) ansatz [47]. Yet the integrand at
higher loops is incredibly complex and involves a lot of physical information hidden in its cuts.
Explicit calculations have allowed the determination of the answer up to 7-loops using unitarity
methods [138,197,198] and up to 10-loops using a certain hidden symmetry of the correlator in
the dual Wilson loop picture [53,199,200,201]. The Amplituhedron definition of the four-point
problem is strikingly simple and can be written on two lines: at L-loops the integrand is a collection
of L lines in momentum twistor space which satisfy certain quadratic conditions. While the problem
can be easily stated in geometric language, it is still extremely difficult and a general approach has
not been found.

In [77], Arkani-Hamed, Henn and one of the authors proposed a curious expansion using negative
geometries of the L-loop integrand of the logarithm of the amplitude (which is essentially the same
as the L-loop amplitude up to products of lower-loop terms). These geometries are analogous to the
positive Amplituhedron geometry up to a sign change which has major implications in the structure
of the answer. In particular, when integrated over real Minkowski space they only yield a very mild
1/€% divergence (in dimensional regularization). This can be seen in the singularity structure of the
canonical form (i.e. cut structure of the integrand) and the behavior in the collinear regions. In this
framework, the L-loop integrand is then a sum of canonical forms for negative geometries. There
is an emergent organizational principle among these geometries related to their graph-theoretical
representation and the counting of internal loops (or cycles). In [77], the authors considered only
geometries with no internal cycles, and solved the problem exactly for this case. Moreover, they
showed that when integrating over all-but-one loops, the result is IR finite and equal to a Wilson
loop with a Lagrangian insertion [202,203, 204, 205, 206, 207,208]. Using differential equation
methods they managed to resum these contributions and get an exact result (in this geometric
approximation).

In this work, we continue this effort and consider geometries with one internal cycle and solve

the problem completely for all canonical forms to any loop order L. We show that there is a powerful
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method for determining the form, without doing any triangulation, which instead relies on imposing
constraints from vanishing cuts and cancellation of double poles. We outline how this method can
be used for the calculation of geometries with more internal cycles and provide an explicit example.
The main open problem is the analogue of the differential operator in [77] which could be used
for these ‘one-loop’ geometries, and to see whether similar resummation procedure can be used.
The chapter is organized as follows: in section 6.2, we provide some background on how the IR
finite objects we are interested in relate to Amplituhedron, in section 6.3 we review the basic ideas
behind negative geometries and the solution for all tree graphs of [77]. In section 6.4, we enumerate
consistency conditions on canonical forms and in section 6.5 we use these conditions to solve all
one-cycle geometries. In section 6.6, we provide a useful decomposition for a geometry with more
cycles and in section 6.7 we comment on the integrated IR finite expressions. We conclude with

some open problems in section 6.8.

6.2 Background

Remember that the all-loop integrand in planar N’ = 4 SYM theory can be obtained from a
canonical differential form on the Amplituhedron space. As discussed before, one way of computing
this canonical differential form is through finding a triangulation of the Amplituhedron and add the
differential form associated with each piece. However, the triangulation strategy becomes difficult
already at 3-loops, so a new and more sophisticated approach is needed. An alternative strategy is
to directly target the numerator Ny, of the form Q7. The denominator is known a priori, so we can
write the form as

_ dur - N
Hi D; - Hi,j<ABiABj> ’

where we denoted the sequence of poles for each loop as

(6.1) 973

(6.2) D; = (AB;12)X(AB;23)( AB;34)( AB;14) .

Now we can impose various consistency conditions and try to fix A7, uniquely. Our strategy is to

use cuts. There are three kinds of conditions that we need N, to satisfy in the end:
(1) Vanishing on unphysical cuts.

(2) Canceling multiple poles generated by the denominator.

(3) Reducing to known functions on certain cuts.
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In the first case, the denominator generates a singularity on a cut where the amplitude should not
have any — we often call it an unphysical singularity — hence the numerator must vanish. In the
second case, the singularity itself might be physical, but the denominator contains a higher-order
pole. As the form should only have logarithmic singularities, the numerator must again vanish
(sometimes it must even contain a higher degree zero). Both of these conditions are constraints on
the zeroes of the numerator. The final condition is that the form €, should reduce to some known

function, i.e. the numerator does not vanish on physical cuts, but rather is known and predictable.

6.2.1 From differential form to amplitude

Once we have the integrand form €7 we might want to integrate it to obtain the four-point

L-loop amplitude,

(6.3) My — / Q.

The contour of integration corresponds to real momenta in the momentum space, which translates
into a certain complex contour in the momentum twistor space where the lines AB; live. The L-
loop amplitude My, suffers from IR divergences and needs to be regulated. In fact, in dimensional

regularization, where we shift the dimension to 4 — 2¢, the IR divergence is

It is very well-known that the IR divergence in gauge theories exponentiates, and the invariant new
divergence at each order in perturbation theory is at 1/¢2 order, the rest is iterative from lower
loops. In the planar A" = 4 SYM there is an even stronger statement: the BDS ansatz tells us that
the full kinematical dependence of the amplitude (at 4-point and 5-point) is given by an iteration
of the one-loop amplitude, and the only new information at every loop order reduces to certain

constants [47],

(6.5) M=1+ i gV My (€) = exp [i q ( FOEOMD(1e) + CW(e) + E(l)(e)>] ,
=1

L=1
where ¢ is the t’Hooft coupling. The unknown functions f,C' and F only depend on € and some
transcendental constants. We can also expand f() = fél) +e fl(l) + €2 2(1), where fél) then corresponds

to the cusp anomalous dimension 7cusp. Indeed it is more convenient to work with the logarithm of
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the amplitude (which is very natural because of the exponentiation in (6.5)),

(6.6) InM =) g fD (MWD (le) + CV(e) + EV(e) = FTP +0 <1> .

€ €
=1

The leading term has a very mild 1/e? divergence to any loop order and the kinematic dependence
is only in the subleading terms. While the cusp anomalous dimension I'cysp for the planar N = 4
SYM is predicted by integrability [137] to all loop orders, as we discussed, a derivation from all-loop
amplitudes is still missing.

It is striking that some hints of the exponentiation of IR divergencies can be seen from the
structure of the amplitude integrand, i.e. the L-loop canonical differential form €27, on the Amplitu-

hedron. To see that, we explicitly write the perturbative expansion of the logarithm of the amplitude,
(6.7) InM =In(1+¢*M; +¢* Mo+ ¢° M3 +...) = ¢®In My + g*In Mo + ¢ In M3 + ...,

where In M; denotes the L-loop logarithm corresponding to sums of products of amplitudes. In
particular, the first few loop orders are

1

1
(6.8) InM; = My, InMy= My — §M12, In My = Mz — MMy + 3

3
M7,

Each term in In My, is maximally 1/¢2" IR divergent while in the sum all terms up to 1/€? cancel.
Note that In M;, is a combination of products of planar amplitudes, but it itself is not planar, i.e.
cannot be expanded as a sum of planar Feynman diagrams. This can be seen already at two-loops
where the square of the one-loop amplitude does not correspond to a planar two-loop diagram.

However, we can still use global dual variables and momentum twistors and define
(6.9) In My, = /QL

where €, is the integrand for the L-loop logarithm. It can be obtained from summing over integrand

forms for amplitudes (and their products), for example,

~

(6.10) 0y = Q4(AB,CD) — Q1 (AB)Q (CD),
Q3 = Q3(AB,CD, EF) — Qy(AB,CD)Qy(EF) — Q3(AB, EF)Q,(CD)

(6.11) — Qo(CD, EF)Q,(AB) + 20, (AB)Q, (CD)Q4 (EF),
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where the difference in numerical factors here and in (6.8) is given by symmetrization in the integrand
which is completely symmetric in all loop lines AB;. Here we labeled AB, CD and EF as three
loops, but in general we use the AB; labeling. The L-loop logarithm integrand form Q. has very
special properties in the collinear regions which control IR divergencies [15]. The idea is that
the integrand for the logarithm QL is also a canonical form on a certain positive geometry [209].
The answer was given in [77] and indeed, €27 is a sum of canonical forms on connected negative

geometries, we will discuss it in section 6.3.

6.2.2 IR finite object

The logarithm of the amplitude In M7, is almost an IR finite object, and the IR divergencies only
appear if we integrate over all loop momenta — this is also evident from the cuts of the integrand
Q 1, which do not allow the loops AB; to access the collinear region unless all loops are involved in
the cut (none of the loops can be left uncut). Hence, we decide to do the maximal “safe” integration
of €7, and integrate over ABs, ..., ABy while freezing (not integrating over) the loop momentum
AB = ABj in the momentum twistor language [77]. The dual conformal symmetry dictates that

the result can only depend on a single cross-ratio for AB = ABj,

_ (AB12)(AB23)
© T (AB23}AB14)

(6.12)
We can then define an IR function Fp,(z),
(6.13) Fr(z) = /SNIL where AB is not integrated over .

Further, we can perform a resummation and introduce a formal non-perturbative function F(g, 2)
by dressing F7,(z) with ¢g?/ and summing over all L,

0
(6.14) Flg.2) = D>, g°" Fu(z).

L=1
This object has been studied before [202,203,204,205,206,207,208] and it is equal to the ratio
of a null-polygonal Wilson loop with a Lagrangian insertion divided by (an empty) null-polygonal

Wilson loop,

166



4

The object F1(z) has a very natural expansion in terms of marked positive geometries as shown

in [77] and we discuss it more in chapter 7.

6.3 General positive and negative geometries

We start our discussion with the generalization of the Amplituhedron geometry to a larger
class of positive geometries. They correspond to configurations of L lines AB;, where each line
satisfies the one-loop Amplituhedron conditions (5.8) and in addition, we have a collection of mutual
positivity conditions (AB;AB;) > 0 but not necessarily for all pairs of AB; and ABj. We can
graphically represent such geometries as graphs with L nodes — one for each loop line AB;, where
some of the nodes are connected by a blue dashed link, representing a mutual positivity condition

(AB;ABj) > 0. Here are some examples of these positive geometries:

ABy
ABg AB3 AB4 ABg ,' ~~s~
,’ , ----- ,, , I, . 'I.AB5
* 1 R | 1 ¢ PRy
. [ . [ 1 ’ . ]
’ ' . ' 0 L o
4 1 '¢' 1 1 ,'¢¢' ,'
------ ® SETTEY T N °
ABy ABy, AB ABy, AB AB,

Sometimes it is convenient to explicitly label AB; associated with a given node. The most complicated,
complete graph, corresponds to the L-loop Amplituhedron where the mutual positivity conditions

are imposed between any pair of lines. Here are examples of Amplituhedron geometries up to L = 5:

ABy
A33 AB3 AB4 AB&,‘ : |~“,

P 1 ~

,.‘ I.s O, ’5 l'- I‘ ¢I’AB5

) N [ PO G | 1 Yy J¢' I'
‘ ----- -‘ ‘ “ : ’¢v~ : : l' ‘:s' 1 4
ABl AB2 " _‘b ] R4 ot ] ,',' \‘l ,'

¢-----9 @----- o e:----'@

AB; ABy AB; ABy AB; ABs

We could use the graphic notation for specifying a positive geometry, but for us it is more convenient

to associate a logarithmic form Qr on the positive geometry with the graph (rather than just the
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geometry). We now generalize our discussion slightly and also consider graphs where some of
the links correspond to mutual positive conditions (AB;AB;) > 0 and others to mutual negative

conditions (AB;ABj) < 0.

@------ @ o—a0
AB; ABs AB, ABs
(AB1AB3) >0 (AB1ABs) <0

For nodes that are not connected by any link, the sign of the corresponding term (AB;AB;) is

unspecified. Here are a few examples of these more general geometries:

ABs ABs ABy ABs ABy AB:s
o
4
'l
4
4
e——o

AB; ABy, AB; ABs AB; AB, ABg

Note that if the graph is not connected, the differential form is given by a (wedge) product of

differential forms for the subgraphs which are connected. For example,

ABs3 ABy ABs

For simplicity, we skip the wedge symbol A in the following discussion. Note that the graphical
notation we introduced is for the differential form 2 of the corresponding geometry. Nonetheless

the graph also gives us the geometry itself. To summarize:

e Each dot is one loop line AB; which satisfies one-loop Amplituhedron conditions (5.8).
e The dashed blue link between dots AB; and AB; imposes a mutual positive condition

(AB;ABj) > 0, while the red solid line represents a condition (AB;AB;) < 0.

In some cases, we do not label the AB; vertices at all — in this case we implicitly symmetrize over

all AB;.

6.3.1 From positive to negative

The positive and negative links are not unrelated, they do satisfy a simple sum rule,
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®----- 4 + &——e = O o
(6.15) AB, AB, AB, ABy AB, AB,

(AB1AB3) >0 (AB1AB3) <0 no sign restriction
This relation makes sense as a union of two geometries, and as the sum of their canonical forms
Qg, and Qg,. The resulting geometry is simpler, and we expect the canonical form to have simpler
structure as well. This relation makes sense for L = 2 but can be also used inside an arbitrary

complicated graph. For example,

EF GH EF GH EF GH
®
AB AB CD

(6.16)

We can use the relation between the links (6.15), and express all positive links in the graph for
the L-loop Amplituhedron in terms of negative links and no links. As a result, we express the
L-loop Amplituhedron form €17 as a sum of canonical forms for negative geometries which have

only negative links,

I‘
nos
.’ Y N
Pa¢ L hRS
| SRREARERESE 5
QL — ‘~~\ " “ "" - (_]-)E(G)
‘\ ~‘s l’\' l’
AN allG
v ¢ N 4 2
(Y% Y
(6.17) - hd

The sum is over all graphs G, and E(G) is the number of edges in the graph G. This particular
relation will be important later on in our discussion. Note that the relation (6.17) is not between
geometries (the geometries on both sides of the equation are very different, with different positive
or negative links) but between their canonical differential forms. The right hand side of (6.17)
contains all graphs, connected and disconnected, with any number of links, and also with all possible

assignments of loop labels AB;.
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6.3.2 Logarithm of the amplitude from negative geometries

Let us now consider a restriction of the sum on the right-hand-side of (6.17) and sum only over

the differential forms of connected graphs with negative links, and define the form O Ls

(6.18) Qp=> (-

G

where E(G) is the number of edges in the graph. It was shown in |77] that this object is in fact
the integrand for the logarithm of the amplitude which we also discussed in section 6.2.1. This is a

simple consequence of the relation between the collection of all graphs and all connected graphs.

69 Z“)E(G)« / I e
allG G

More heuristically, any given graph in (6.17) can be obtained as the product (at the level of
differential forms) of connected graphs, hence knowing the forms for all connected graphs clearly

has all information about the forms for all graphs.

6.3.3 Loops of loops expansion

There is a natural hierarchy in the expansion for Q1, which we presented at the end of the last
section: the number of internal loops or cycles. We will mostly use the word “cycle” wherever we
can, in order not to overuse the word loop, which can be confused with loop lines AB; (that are

represented by nodes in the graphs),

max
(620) QL _ ﬁtLree + ﬁi—cycle + ﬁ%—cycle + ﬁi—cycle b= Z ’Qi—cycle
=0
where (NZZL_CYCIQ is the sum of differential forms for all graphs with £ internal cycles. Tree graphs refer

to graphs with no internal cycles. In general for the L-loop case with L nodes, the number of links

in the graph is L + ¢ — 1. As the maximal number of links is L(L—1)/2, the maximal number of
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internal cycles is (L—1)(L—2)/2. We call the expansion (6.20) the loops of loops expansion and it
is crucial for our discussion. The idea is that for fixed L, the expansion in terms of cycles (internal
loops) is meaningful. The higher the number of cycles, the more complicated the geometry is and
the more complicated the corresponding differential form Qr is. This is very natural as the number
of cycles grows with the number of links in the graph, and clearly the more the links, the more
complicated a differential form we expect.

Let us provide some explicit examples. For L = 2 we only get one tree graph (two nodes and

one link), while for L = 3 we get both a tree graph and a one-cycle graph,

Q3 = +
(6.21)

Otree ~l—cycle
QY Q)

For L = 4 we get graphs up to 3 cycles.

0y = + + -
~— ~—
ﬁiree ﬁ}l—cycle
(6.22)
+ +
—— ——
Qifcycle Qifcycle

where in both (6.21) and (6.22) we need to label AB; in all possible ways and sum. The task is to
find differential forms for these geometries. The problem of tree forms was solved in [77], in this
work we solve for all canonical forms of geometries with one cycle and also outline how to continue

to geometries with more cycles.



6.3.4 All tree canonical forms

The solution for canonical forms for all tree graphs is particularly simple. For L = 2 we have

only one graph topology (two nodes and one link),
~ dunN§Y o o Ny
AB cp Di1D2(ABCD) AB CD D1D5(ABCD)

where we denoted (up to an overall factor (1234)% which we drop),

(6.23) Dy = (AB12XAB23XAB34Y AB14), Dy = (CD12XCD23)CD34XCD14),
(6.24) N{P) = (AB12XC'D34) + (AB23)XCD14) + (AB34)XCD12) + (AB14)YCD23) ,
(6.25) N{) = (AB13XCD24) + (AB24)CD13).

The union of both spaces are just two one-loop Amplituhedra, for each AB and C'D. At the level

of the numerators this gives
(6.26) NP+ NS = (ABCDY(1234) .

These two numerators will be used as the building blocks for the general L-loop case. We define two
objects objects NZ-(;) and Ni(j_) which are two-loop numerators for positive, (resp. negative) links
between AB; and AB;j,

Nz(]+) = <ABZ‘12><AB]‘34> + <ABZ‘23><AB]' 14> + <ABZ'34><AB]' 12> + <ABZ‘14><ABJ‘23> s
(6.27) NS =(AB;i13)(AB;24) + (AB;24)(AB;13).

Then for an arbitrary tree graph with arbitrary assignments of positive and negative links the

differential form can be written as

B duNg
@ @------ @ Hz D; - Hlinks<ABiABj>

tree __
Q5% =

where the denominator has the expected structure of the product of one-loop numerators
(6.28) D; = (AB;12)(AB;23){AB;34)(AB;14) ,
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and the mutual propagators (AB; ABj) for all links. The numerator carries information about the

sign of the mutual conditions, and takes a very simple factorized form:

(6.29) N =23t i< T N [] NS

pos links neg links

It is worth noting that because of the factorized form of the numerator, any two tree graphs which

differ only by a sign of a single link, satisfy the same summation rule as the L = 2 case (6.15),

>£3' ' ',21}9 >AHB< >,'43 AB<

This is just a trivial consequence of the relation between numerators,
(6.30) NP+ NS = (1234(ABAB;) .

Now for the special case of tree graphs with only negative links the differential form is

d/J’ Hlmks N( )

Qté"ee — —
{ L @ Hz Dl : Hlinks<AB’LABj>

as also presented in [77|. Using this formula for an arbitrary tree graph, we can completely determine

the first term in the expansion

(6.31) QFe = 3 Q.

trees G
Furthermore, in section 6.7 we will show that we can take the next step and integrate (6.31) using

a differential equation method.

6.4 Consistency conditions

Let us now consider a general connected graph,
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with some labeling of vertices AB;. There are important consistency conditions on the associated

canonical form that come from cuts. Let us remind ourselves that the geometry satisfies

for any AB;, and (AB;AB;) < 0 for any link. In this section, we perform cuts on g, localize one

or more loop lines and read off the inequalities of the reduced geometry.

6.4.1 Singlet conditions

Let us first discuss cuts where only one of the loops gets localized on a cut — we call them singlet

conditions. We start with localizing AB; on the leading singularity
(6.33) (AB;12) = (AB;23) = (AB;34) = (AB;14) = 0,

which fixes AB; = 13 (or AB; = 24, the discussion is analogous). If the vertex AB; is connected to

any other vertex AB; through a positive link, we get
(6.34) (AB;ABj) = (AB;j13) > 0 manifestly negative.

This is in contradiction with the one-loop Amplituhedron conditions for AB; which require (AB;13) <
0. Hence if AB; is connected to any other vertex through at least one positive link, the canonical

form Qg and the numerator Ng must vanish.

If the AB; is connected to other vertices only through negative links, the line AB; is eliminated

from the graph without any additional condition added,

174



We refer to this type of condition as P1 because it is illegal for positive links and involves only one

of the loops. Another singlet condition is a composite triple cut
(6.35) (AB;12) = (AB;23) = 0 including the Jacobian,

which localizes AB; = 12 + a23, in other words the line AB; passes through vertex 2 and lies in
a plane (123). In the momentum space this corresponds to a collinear region when ¢ ~ py. The

one-loop Amplituhedron condition fixes the sign of «,

(6.36) (AB;14) = a(1234) > 0 — a > 0.

Then for a link (AB;AB;) we get

(6.37) (AB;ABj) = (AB;12) + a(AB;23) > 0 manifestly positive .

If AB; is connected to at least one negative link,

AB;=124023

The 1/a factor comes from the Jacobian 1/(AB;14) which is uncut. We refer to this type of condition
as N1 because it is illegal for negative links and involves only one loop. If the node AB; is connected
through both positive and negative links, then both P1 and N1 are illegal and the canonical form

should vanish on these cuts.
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6.4.2 Doublet conditions

There are also doublet conditions which involve cutting two lines, say (AB) and (CD) and
finding a contradiction between the fixed sign of (ABCD) and the solution of the cut. In other
words, if we have a positive link (ABCD) > 0 but the cut forces (ABCD) < 0 this cut is illegal,
and vice versa for a negative link (ABCD) < 0 — any cut which forces (ABCD) > 0 is illegal.

Examples of the first type of cuts, which force (ABCD) < 0, are:

(P2a) The cut when AB cuts lines 12 and 34 while CD cuts lines 23 and 14.
(P2b) The cut when AB lies in the plane (123) and C'D passes through point 2. This can be

achieved by cutting (AB12) = (AB23) = (CD12) = (CD23) = 0, this is the same as the
cut used to detect double poles, but now choosing other cut solution.

which can also be easily seen in any parametrization and where we have used the same naming

convention as before. We can see from figures

> 3
‘le\

AB

Z4 Zl Z4

that both these cuts violate “two-loop planarity” and they are not present in any planar diagrams
(the loop lines ‘cross each other’). This makes sense because the L = 2 space with (ABCD) > 0
corresponds to a planar two-loop amplitude. There are also the type of cuts which are incompatible
with a negative link, ie. force (ABCD) > 0,

(N2a) The cut when AB passes through 1 and C'D passes through 3. To arrive at this configuration

we have to cut (AB14) = (AB12) = (CD23) = (CD34) = 0 and choose an appropriate

solution.

(N2b) Cutting the same propagators but choosing a different solution when AB is in the plane

(412) and CD is in the plane (234) we again arrive at the illegal configuration.
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Zy

Here we have less intuition of what this means from a physics perspective, but they are nevertheless
illegal for the (ABCD) < 0 space, which for L = 2 is ﬁg, ie. the two-loop logarithm of the
amplitude.

In principle, there are also doublet conditions where we cut certain loops AB and C'D but it
is the inequalities with another loop EFF — (ABEF), (CDEF') which are violated. These cuts do
exist in higher-cycle geometries, but they are harder to identify and we will not need them for our

discussion here.

6.4.3 Tree numerator and double pole

It is easy to see that for an arbitrary graph, the factorized numerator (6.29) satisfies all singlet
and doublet conditions,

(6.38) Ngee = a3ttt T NS < T NS

pos links neg links
We refer to it as the tree numerator, as it gives the correct expression for all tree graphs. The
numerator Ngee is not correct for a general graph (which contains closed cycles) for one simple
reason — it fails to satisfy an important consistency condition: logarithmic singularities of the

canonical form. To see this explicitly, let us consider a simplest positive geometry with one closed

cycle,
lQEF
S g = NN
¢
AB CD

where though we chose all links to be positive, the signs are in fact irrelevant. We perform a cut

when all three lines AB, CD and EF cut the line (12) and in addition AB intersects C'D,

(6.39) (AB12) = (CD12) = (EF12) = (ABCD) = 0.

177



To see the momentum twistor geometry of the solution to this cut we first let all three lines intersect
line (12), and then let the lines AB and CD intersect each other on (12). This merges their

intersection points and we can label them as A = C,
Z

L Al ¢l B 2z

R_

This is an allowed cut for any sign assignments, ie. the signs of (ABEF) and (CDEF) are not
fixed on this cut. Now we further cut (ABEF) = 0 by merging the intersection points A and F on
line (12),

(6.40)

As we can see in this configuration, there is one accidental relation
(6.41) (CDEF) =0,

where lines C'D and FF also intersect. This means that in the canonical form we generate a double

pole on the cut (6.40)

cut do NG
—_—5

2 I

6.42 Q
( ) ¢ a“ ...

where o merges points A and E in some parametrization. Hence the numerator Ng has to vanish
on the configuration (6.40) in order to cancel the double pole and preserve logarithmic singularities.
The tree numerator /\/’éree fails to vanish on this cut and hence it is not the correct expression. The

same applies for all other sign assignments in the triangle.
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6.5 All one-cycle geometries

The main result of this chapter is the canonical form for all positive and negative geometries
with one internal loop (cycle). As we saw in the previous section, this not just given by the naive
formula (6.29). We will refer to these numerators as the “tree part” as this is exactly what the
correct result would be if the graph was a tree. The formula (6.29) is actually a very good start

that only needs to be corrected by adding an extra “remainder”,

(6.43) Né—cycle _ /\[gee + RlG—cycle

where the remainder R};Cyde is yet-to-be fixed.

6.5.1 Triangle geometry

Let us go back to the positive geometry (6.38) and fix the form from the conditions we mentioned

in section 6.4. We write the dlog form as

Q) _ /.\ _ Nl(;)NZ(;_)Nl(;_) + Ri23
(6.44) °73 = . (AB12)(AB23)(AB34)(AB14)(ABCD)(CD12)(C D23)(C D34)
Ag """" C.D (CD14)(CDEF)(EF12)(EF23)(EF34)(EF14)(ABEF)

We write the numerator for this sign assignment on the links as

(6.45) NG Nl(;)Né;)Ng) + Rig3,

triangle

where the remainder Rj23 is yet to be fixed. Naively, for other geometries where some of the positive

links are flipped to negative, the remainder is different. For example,

EF

QUH-) _ .« = N NG NG + Rao
(6.46) B = g APL(ABI)(AB31)(ABL4){ABOD)(CDI2)(CD23)(CD3A)

AT oD (CD14){CDEF)(EF12){EF23)(EF34)(EF14)(ABEF)

The union of these two spaces has no (ABEF) link, hence it is a tree graph whose canonical form

has a simple factorized numerator,
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(] N(+)N(+)

Q(—|—+i) _ N _ 12 4¥23
3 . (AB12)(AB23)(AB34)(AB14)(ABCD)(C D12){CD23)
Ag ------- C‘D (CD34)(CD14)(CDEF)(EF12)(EF23)(EF34)(EF14)

We can also get this form by summing (6.44) and (6.46), which puts a constraint on the one-cycle

remainder terms Rio3 and Rio3,

Rioz + Rizs (+) ar(+)

6.47 = NN - N,

(6.47) Ne =N Nos F TapEry sty 2 N

which forces §123 = —Ri23. The same also applies to the other two assignments of signs to internal

links (modulo relabeling of loops),
EF

olt—) — _ N{F'NGNG + Ruos
5= (AB12)(AB23)(AB34)(AB14)(ABCD)(CD12)(C D23)(C D34)

------- (CD14)(CDEF)(EF12)(EF23)(EF34)(EF14)(ABEF)
AB CD

EF

0= = _ N1(2_)N2(3_)N1(3_) — Ri3
(6.48) 3 A ~ (ABI12)(AB23)(AB34)(AB14)(ABCD){(C D12)(C D23)(C D34)
(CD14)(CDEF)(EF12)(EF23)(EF34)(EF14)(ABEF)

AB CD

This remainder Rjo3 is thus universal for all triangle geometries (up to a relative sign). We know
that all these geometries suffer from the presence of double poles, and the purpose of Rj23 is to

cancel them. The explicit form for Rj93 was already presented in [77],
(6.49) Rioz = 4My — M§ — MY — M5,
where we defined

M; =(AB12)(AB34)(CD12XC D34} EF12) EF34)

+ (AB23)(AB14Y(CD23)XCD14)Y EF23)( EF14)
Mg =(AB12)(AB34) x ((CD12)(EF34) + (CD34X EF12))

x ((CD13)EF24) + (CD24) EF13))

+ (AB23)(AB14) x ((CD23XEF14) + (CD14X EF23))
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x ((CD13XEF24) + (CD24XEF13)),

where MY and Mg differ from Mg by permutation of lines (AB), (CD) and (EF) (M$ is already
symmetric in (CD)«(EF)). This can be obtained by a brute-force method: write down a complete
ansatz for R123 and impose the double pole cancellation constraint on the numerator MVg. Interestingly,

this fixes the form Rjs3 uniquely.

6.5.2 Detailed construction of the remainder

Let us now construct the remainder Rjo3 systematically and provide more details. We know
that the tree numerators built from N2(+) and NQ(_) automatically satisfy all singlet and doublet
conditions for any graph. Therefore, the remainder Rj23 must also satisfy all these conditions. But
we also know that Rjs3 is universal for all sign assignments of links, hence it must actually vanish
for all singlet and doublet conditions: P1, N1, P2a, P2b, N2a and N2b for any pair of lines
(AB),(CD) and (EF). To build this remainder Rj23 we use a particular set of building blocks

(6.50) N = (AB;12)(AB;34) + (AB;34) AB;12),
(6.51) N = (AB23)(AB;14) + (AB;14)(AB;23),
(6.52) N = (AB13)(AB;24) + (AB;24)(AB;13).

It will also be useful to use a short-hand notation for the “diagonal elements”

(6.53) N = %N;) = (AB;12)(AB;34),
(6.54) N = %N}f’ — (AB;23)( AB;14) .

Note that the two-loop numerators are just

(+) _ n(@ O (=) _ N
(6.55) N =N+ NY NG =N
(a.b.)

We can then write a general ansatz in terms of these objects N

ij as

(6.56) Rigz = Z Ck NéZ’b’c)Nggb’C)Nég’b’c) ,

where 1,2 and 3 each appear twice in {z,y, z, w, p, ¢} with some choices of a, b, ¢ superscripts, and

ci, are so far undetermined numerical factors. We demand that all terms in our basis satisfy all
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singlet and doublet conditions individually — this is our assumption. Analyzing individual building
blocks we learn that
(1) Ni(;) and NZ-(;)) are designed to satisfy conditions P1 for both i and j, and P2a and P2b
for a link (i, ).
(2) Ni(jc) is designed to satisfy conditions N1 for both ¢ and j, and N2a and N2b for a link
(i,4)-
(3) Products Ni(a) or Ni(b) satisfies P1 and N1 for ¢, and also P2b, N2a and N2b for any link
(7, %).
(4) Products Ni(a)N J(:) and Ni(b)N ;i) satisfy further condition P2a for a link (z, ).
(5) Products Ni(a)N](a) and Ni(b)Nj(b) satisfy all conditions for both ¢, j and the link (i, j).
All conditions must be satisfied for all three pairs 12, 13 and 23 (because our graph has all three

links), and the complete basis of such monomials is (modulo relabeling of 1,2,3)
o5 {90 N, MO NP NN MO NN ).

Nothing else satisfies all constraints. Our ansatz for the remainder Rjs3 is then

b) b)

Risg = c1 - NONSING + ¢y - NP ND NS
+ea {NONENG + NN NG + NN N |
(6.%) ven- {NONING + NPONENG + NONENG

and the full numerator is

(6.59) NI - NN N 4 Ryys.

triangle

Now we impose the double pole cancellation condition on N, (+++4)

triangle- This gives a unique solution

which fixes the coefficients in the ansatz (6.58) to be

(6.60) co=co=4, c3=c4=—1.
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Note that the cyclic symmetry (in Z1, Za, Z3, Z4) forces us to have ¢; = ¢ and c3 = ¢4, but this is

automatic in the solution. We can then write the result in a compact form,
(6.61) Rigs = {4N1(“)N2(“)N3“> - (Nf“)N§g>N2(§) + NONONO 4 N3“)N1<;)Nl(§)) } +(a—b),

where a — b sends the “a” superscript to “b”, ie. Ni(a) — Ni(b) and Nl.(j‘.l) — Nl.(JI.’)7

leaving the terms
with superscript “c” untouched. This is exactly the formula (6.49) now written in this new notation.
We can easily check that the same Rjo3 expression trivially takes care of the double poles in the

(—l— + —), (+ — —) and (— — —) spaces.

(+++)

As a consistency check we can verify that Q. o

reproduces exactly the integrand for the

3-loop amplitude {23, but now written in a very different way than the usual sum of double boxes

(——-)

triangle

and tennis court integrands. Similarly, 2 together with tree graphs reproduces (~23, ie. the
three-loop logarithm of the amplitude.
Note that there are actually more constraints involving the cut of all three loops than we used

— we only used the double pole cancellation condition. We do not need the other constraints, as the

numerator is already fully fixed. For example, for the (+ + +) space we can consider a cut
(6.62) (AB12) = (ABCD) = {(CD34) = (EF23) =(EF14) =0

which is another example of a “non-planar cut” that is not supported by any planar diagram.

Zy 7
3
AB o
D
EF
Z 7

Indeed on this cut (ABEF) < 0 and (CDEF) < 0 and the numerator ./\/’t(r;zg) must vanish.
This requires non-trivial cancellations in the numerator which do indeed happen. These conditions
are harder to classify, so we are lucky that singlet and doublet conditions along with double pole
cancellation are enough to fix the remainder Ri2o3 completely.

The next set of geometries we consider are polygons for any L. We already solved the problem

for L = 3 and before writing a general solution, we look at L = 4 and L = 5 examples.
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6.5.3 Square and pentagon geometries

Let us now consider the next case of a simple geometry with one internal cycle, it is the L = 4

(four loops) ‘square’ geometry with only four links which form a closed cycle. For all links positive,

we have

AB; ADB3

*-----®
1 1 (++++)

Q(++++) — 1 "I -/\/’square
sauare . . D1DyD3Dy(AB1AB2)(ABy ABs)(AB3AB4)(AB4ABy)

®----- ®

ADB; AB,

We start with writing the numerator as the sum of the tree part and the remainder, and for all links

positive we have

(6.63) NG = NONDO NN 1 Rygy.

square

The remainder is again universal for any sign assignments on links. For example, if we flip the sign

of the (AB1ABy) link we have the same denominator, but

(6.64) NG = NGNS NGO NG = Rigss,

square

such that the union of two geometries is a tree graph,
ABy AB3 AB» AB3 ABs ABs

o——0
AB; ABy AB AB, AB; AB,
and indeed the sum of (6.63) and (6.64) reproduce the correct tree form. The remainder must satisfy
all singlet and doublet conditions for the links in the graph (not all links — since links (AB; ABs)
and (AByAB,) are missing, their signs are unrestricted) and the double pole cancellation. The
double pole is again generated in the denominator of the form Q¢ if all lines AB; cut line (12) (or

any other external line) and intersect each other on that line — we denote the intersection point A,
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Merging the intersection points on line (12) of lines ABy — ABy — ABs — ABj also accidentally
cuts the propagator (AB1 AB,4) which produces a double pole unless the numerator cancels it. As in
the triangle case, we use the same building blocks (6.50)-(6.54) and same rules for constructing the
basis of terms which satisfy the singlet conditions P1 and N1 and doublet conditions P2a, P2b,

N2a and N2b. The basis now has two types of terms:
(6.65) NONINOND  and NYNONG NS

Both terms cancel for all singlet conditions trivially, and also for all doublet conditions — this is true
not only for four links in the graph, but actually for all six possible links including (ABj AB3) and

(AB2ABy4) which are not in the graph! The cyclicity of the diagram then gives us the ansatz
(6.66) Rizgs = c1 NNV NSINIY + cQ{Nf“)Nga)NQ(Z)NQ(Z) + Né“)Nia)Nfg)Nfg)}
T s {N{“NS“) 3§ Vg + N3 NG N NS+ N NG N N N N NG NG }
+(a—0).

We also implicitly cycle in external legs, which translates into switching a labels to b labels. Note
that the second and third terms in (6.66) are structurally the same but the labels are distributed
differently and we have to consider them separately. Imposing the condition D on the numerator
(6.63) reveals no solution. This means that our ansatz is not big enough. Indeed, there are more
building blocks we can define which are analogous to NZ»(;L’b’C) but now involve four lines AB; rather

than just two:
(6.67) N9, = (AB112)XABy34)( AB312)(AB434) + (AB134)( ABy12){ AB334)( AB412) |
(6.68) N\, = (AB123)(AB;14)(AB323)(AB414) + (AB114) ABy23)( AB314)( AB,23),

(6.69) N\, = (AB113)(ABy24)(AB313)(AB424) + (AB24)( ABy13)( AB324)( AB413) .
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We see an intriguing pattern of labels here which will later generalize to higher L. Because of the

) (a,b,c)

as one-line invariants, N, as

number of lines involved in the building blocks, we refer to Ni(a’b i

y y N 7b)
two-line invariants and Nl.(]‘.lkl ¢

) as four-line invariants. There are no three-line invariants and we
indeed did not need any extra building blocks to solve the triangle problem.

Note that the four-line invariants are cyclically invariant (in internal lines AB;, ABy, ABj
and ABj4 — in this ordering), and do not enjoy the full permutational symmetry in AB;. As for
satisfying conditions P1, N1, P2a, P2b, N2a and IN2b, they perform a similar job to Ni(]q’b’c):
they do satisfy singlet conditions for all lines AB;, but the doublet conditions are only satisfied for
pairs (AB1, ABs), (AB2, ABs3), (AB3, AB4) and (AB4, ABp). This is exactly what is needed for
the topology of the graph. Hence the new building blocks to add to our ansatz are N1(%4N1(%4 and

Nl(gé4]\71(§:)34. Our corrected ansatz is then
(6.70) Riggs = cn NNV NS NI 4 cg{Nf“)Nga)NQ(Z)NQ(j) + NQ(“)NE)N{g)Nfg)}

e N N 4 O 2 |

+ cs N{g}N{5h, +(a —b).
Imposing the double pole cancellation condition on the full numerator /\/S((;;;gﬂ, we find an unique
solution,
(6.71) =12, cy=c3=c4=—1.

We can now also check many other cuts which involve more than two lines where the numerator

should vanish and find always a perfect match. Note that going from one sign assignment to another

changes the sign of the remainder, each flip from positive to negative changes the sign of Rj234.
Let us do one more explicit example before writing down the solution for a general polygon. Let

us consider L = 5 which is a pentagon,

‘AB4
AB;@" "®AB;
®----- ™
ABs AB;

186



The ansatz for the numerator of a geometry with all links positive is
(6.72) NG - NONO N NN 4 Ryggss

pentagon

where the ansatz for the remainder is now
(6.73)  Rigsas = ct NN NN N 4 cQ{Nf“)NQ(“)N§“>N4<g)N§g> + cycl}

+ cg{Nf“)N2“>N§“)N§g) N + cycl} + 04{N1(G)N2(‘§15N2(§i5 + cycl} +(a—b),

where the ‘cycl’ refers to cycling in the loop lines AB; — AB;,.1. Note that the ansatz does not

involve any five-line invariants. The dangerous configuration that produces the double pole in the

canonical form is similar to the previous cases,

Z7 Ay éz ’f,‘ :1/4 :1/5 7y 71 Z
—
BBl | ) B By
and we again find a unique solution,
(6.74) c1=28, co=c3=c4=—1.

We can now check many additional cuts which are illegal in a given positive geometry and verify

that our numerator vanishes where it should. For example, one ‘planarity condition’ is the following

cut:

(AB112) = (AB1ABy) = (AByAB3) = (AB334) = (AB423) = (AB4ABs) = (ABs14) = 0
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N(+++++)

Very non-trivially, the numerator Njq tason

vanishes on this cut. Flipping a sign of a link again
changes Ni(;') — Ni(j_) in the tree part of the numerator and flips the sign of the remainder Rj2345.

For the totally negative geometry (with all links negative) we have

(6.75) Nyentagon | = Ny Ny Nip ! Nig Vi) — Bazsas

pentagon

6.5.4 General one-cycle graph

Let us now consider a general polygon geometry at L-loops (with L vertices). For all links

positive
ABy ABs
o--===" .5
AB;@ O AB;
5. ----- -.0
ADB5 ADBq
the numerator of the form is
(676) NG _ H ZH—l + Rl loop

where the remainder R171°°P takes this form

(6.77) R2‘1°°p={<2L—4>Nf“)N = D0 AN N N -Nfz‘)}}ﬂww

peEeven 4

We use the superscript ‘1-loop’ here and later denoting that the object is associated with the cycle

(loop) in the diagram. The sum in (6.77) is over orderings ¢ are all selections of p labels where the

N(a b,c)

p . These are defined as
122.. 7/

p labels are ordered within the argument of the factors

(6.78) N =[] aBi2y [] B3y + [ AaB;3ay [] AB2)
jeodd keeven jeodd keeven

(6.79) Ny = []AB23y [] <ABu1dy + [] <ABj14) [] (ABk23)
jeodd keeven jeodd keeven

(6.80) Ny = T]AB13y [] AB24y + [ <AB;j24) [] (ABi13)
jeodd keeven jeodd keeven
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For example, for the L = 6 hexagon we have
Ripasor — {GONI(“)NQ(“)N( NN N — AN NN N NG N 1 perm)
(6.81) - {Nl(a)NQ(a)N?EZg)GN?Eig’)G + perm} - N1(gz)3456N1(%456} + (a—b)

Note in the second and third terms the sums are over all permutations of lines AB; (we only take

distinct terms, no duplicates), only the last fourth term does not respect permutational symmetry

and it is only cyclically invariant. For the totally negative polygon we have
AB4y ABs

ABy AB;

(6.82) Ng = H G (~)ERy P

Finally, let us consider a completely generic one-loop graph, ie. connected graph with one cycle (here
for negative links only). There is always a one-loop core and the tree-level branches attached to
it. The denominator is given by all the one-loop factors D; and all internal propagators (AB; AB;)
corresponding to the links as for any graph. The numerator can be organized as follows:
(6.83) No=[]NS + 0¥ T] NS xR

links branches
loop

is now for the L’-loop core with AB; in that particular ordering. We
=)

can simply start from the numerator for the core and multiply it by N 1(3

where the remainder R}j
for any extra link attached

to it. For an explicit L = 12 example we have (using just label k for ABy for simplicity),

4 11

(6.84)
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The numerator is now
=) ar(=) ar(— - - - =) ar(=) ar(=) Ar(— =) Ar(— 1-1
(6~85) Ne = Né7 )Nés )NS(Q )N?E,l())Nl(o,th(o&Q x {N1(2 )NQ(S )N3(4 )N4E5 )NEEG )Nél ) + R123Z§g}

where the loop function R%;;Zgg was given in (6.81). The rules for the graph with both positive
and negative links is again the same up to a sign of R'71°°P. This completes a construction of a
canonical form for an arbitrary graph with one internal cycle with any assignment of positive and

negative links.

6.6 Canonical form decomposition

As evident from (6.22) even for L = 4 to get the complete result for  we need to calculate
the canonical forms for higher-loop geometries (graphs with more than one cycles). While the
general principle still should work: write down the ansatz and impose vanishing on illegal cuts as
constraints, it is much harder to find a similar organizational principle to the one that allowed us to
solve the one-loop geometries. Our approach of loops of loops expansion is very effective in solving
infinite class of graphs (and provide an approximation of the full result), but if we want an exact
result at a fixed loop order L, we can not avoid writing down the form for a complete graph (with
all (AB;AB;) links) which is then as hard as calculating the integrand of the original amplitude Qy,
(which is just one graph with all positive links)

Our approach to attack the problem of higher-loop graphs (with more than one internal cycle)
is a certain decomposition which reduces the problem of finding the canonical form to a purely
higher-loop term (in the same sense as the R1G710°p was the one-loop piece while the product of
Ni(ji) was a tree piece. This approach separates ‘easy’ or ‘known’ terms from a truly new kind
of contribution we have to calculate separately. Let us see the logic of this decomposition in the

example from (6.22), and start solving the canonical form for the geometry with two cycles — this

is the only contributing term to (2P
AB,  AB;
Ne
(6.86) Qe = " D1D2D3D4(AB AB)(AByAB3)(AB3ABy) (AB, AB,)(AB, ABy)
AB,  AB,

190



The numerator can be decomposed in this way,
Ne = 12 N2(3)N3EZ)N1(4_)N2(Z)
1-1 1-1 1 2-1
(6.87) — Ry OOpN2(3) 354) Rysy OOpN( ) 2(3) JrR12 OOpN( ) R123Z?1%

We can introduce a graphic decomposion

AB, AB,

ABy

where the thick lines compose irreducible closed cycles (one-cycle, two-cycle) and the dashed lines
are additional tree links. The minus signs in (6.87) follow the same logic as in the one-cycle geometry
case (terms with an even number of negative links has relative plus sign and odd number of negative
links leads to a minus sign). The last term in (6.88) is an irreducible two-loop (two-cycle) term
R2-loop

1234,13 which is universal for all sign assignments. This purely two-loop factor must satisfy an

important constraint

(6.89) R%Q_Blﬁ% =0 on any cut when (AB;AB;) has a definite sign

for all the links in the two-loop graph. This is the same universality argument we used in the
discussion of the one-loop function R!'~1°°P

This decomposition of Mg in terms of tree, one-loop and two-loop parts makes various properties
of the canonical form manifest. If we consider a totally negative geometry (6.86) then if we localize
one of the lines AB; on the leading singularity AB; = 13 or AB; = 24, the geometry reduces to
something simpler which is also built in the form. For example, for AB3 = 13 the geometry reduces

to

ABs ABs3 ABs

(6.90) ABs=13,

AB,; ABy AB; AB,
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In the canonical form all terms with label 3 going away: the two-loop numerators together with the

mutual pole reduce to constant

N$ (AB313)(ABy24) + (AB324)(AB13) apy-13
(AB3ABy) (AB3AB},)

(6.91) (1234)
while any one-loop and two-loop functions involving label 3 vanishes,

(6.92) Riz = Riggs ™ = Riggi = 0

As a result the canonical form reduces to

AB3=13
_—

- — - 1-loo
0 _ N1(2)N2(4)N1(4)7R124 P
G =

(6.93) Qa 4~ Dy DyDy{AB1 AB2){AB1 AB,)}{ AB2ABy)

which is exactly the correct form of the reduced graph (6.48). Note that if instead of fixing AB3 = 13
we fix now another loop line ABy = 13, the result is different but again correct. The graph reduces

to
ABs ABs3 ABs AB;3

AB4=13
(6.94) APa=DS,

AB; ABy AB;
We get the same relation (6.91) now for ABy4, but now all one-loop and two-loop functions are zero
(6.95) Rizi®™ = Riyy™ = Rypgi™ = Riggy = 0

and the canonical form reduces just to the tree form,

O AB4=13 Qo = N1(2_)N2(3T)N1(3_)

(6.96) red D1D2D3<ABlABQ><ABlAB3><ABQABg>

This is precisely correct because (6.96) is a tree graph. The analogous procedure can be also applied
to collinear limit cuts, which survive for positive links and such decomposition correctly reduces to
the canonical form of a simpler graph. Another check we can perform is the sum rule, where we

take a union of two geometries which differ by a sign of one link, and sum their canonical forms.
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For example, the analogous graph where we flip the sign of (AB3ABj) link to positive, is
AB, ABs

Ne
" D1D3D3D4(AB 1 ABy)(AByAB3)(AB3AB,)(AB AB,)(ABy ABy)

AB; ABy
has an analogous decomposition
NG =N NN NI NG
(6.98) — Ript™P Ny Ny 4+ Rigi®PNiy Ny = Riggd™ Ny + Ry

We can again see a geometric sum rule in action here: as the two geometries (6.86) and (6.97) only

differ by a single sign of one link, we can take a union which gives us a one-loop geometry,

AB, ABs AB, ABs  ABs ABs

(6.99) +

ABy ABy AB; ABy AB; ABy

At the level of numerators, we can sum two terms (6.87) and (6.98) and generate an inverse

propagator (AB3ABy) and the numerator N of the new one-loop graph,

(O100) Mo+ A = (M) + ) > (M N LN RN )
(AB3AB4){1234) N2

We see that the whole problem reduces to the calculation of R%;;ZOI% The same decomposition

extends to any two-loop diagram. For example, one contribution to (NZE_IOOP is a following negative
geometry,

AB,  ABjs
(6.101) ABs ABg

AB, AB,

193



for which the numerator can be decomposed as

— — — — — 1 1 — — —
Ne = NI(Q)NZ(S)N?EI)NzES)NESG)N1(6)N§6)+R12 OOpN( )N( )N1(6)+R345(6)OPN1(6)N1(2)N2(3)

] 2-1
(6.102) + R1232§5N( it R123Z§g,36

where all relative signs are 4+ because the cycles have even number of vertices each. The same
decomposition also applies for canonical forms of graphs with more than two cycles.
Now assuming we know how to find the two-loop remainder R?>71°°P. we can perform this

—loop

decomposition for the three-loop graph, for example the only one in Q and the last piece

needed to fully calculate Qu.

ABy ABj3

O3—cycle
Q4

(6.103)
AB, AB,

As we already know, once we determine this canonical form, we can also easily calculate the
canonical form 4 for the L = 4 amplitude which graph has only positive links. The decomposition

of the canonical form into tree, one-loop, two-loop and three-loop terms is:

) (=) (=) (= 1-1 1-1
Qg = N1(2 )N2(3 )N3(4 )N1(4)N2(4 ZR12 OOpN( 2(4)N?E4 +ZR123ZOPN1(3 )N2(4)
™2
2-1 31
(6.104) - Z R123201%N( + Ryg50"
ABsy ABs3
Ne =i SO+ Z
o
AB; ABy
(6.105) 4B,

ABl AB4 ABl AB4
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The permutation 7 is over all embedded one-loop triangles, there are 4 of them (123), (124), (134),
(234). The permutation 7 is over all embedded one-loop squares (with a particular ordering),
there are 3 of them (1234), (1243), (1324). The permutation 73 is over all embedded two-loop
subtopologies (where we ignore one of the links), this is 6 terms (ignoring one of the links each).

The final purely three-loop piece is again universal for any link sign assignment and satisfies

(6.106) R3,39°P — 0 on any cut when (AB;AB;) has a definite sign

Now this is true for all links as the graph as well as R?;B}ZOP is permutationally invariant in all
four loop lines AB;. The same logic can be used for higher loops at any L.

Our procedure seems reminiscent of ‘Feynman rules’ and 'Feynman diagrams’ but now in the
loops of loops space — where the role of external particles are played by loop lines AB;, the functions
Ni(ji) are free propogators and R‘~1°°P are some kind of interactions vertices. The connection is very
vague, and obviously the rules how to construct our graphs are quite different, but some analogy

can be found here. In either case, the problem of finding the canonical form Qg for a given graph

is reduced to finding these ¢-loop irreducible functions (remainders) R¢~19°P.

6.7 From canonical forms to polylogarithms

So far we have studied the canonical forms for positive and negative geometries, and showed
that certain sets of them reproduce the integrands for the L-loop amplitude £2;, and the logarithm of
the L-loop amplitude Q.. When integrating {2y, or Q. or canonical forms for individual geometries,
we encounter IR divergencies which need to be regulated.

As was pointed in [77], for negative geometries i.e. graphs with only negative links, we can
define an IR finite object by freezing one of the loops and integrating over all others. The frozen

loop is marked by a cross, as shown below:

(6.107) y \. .

This is all based on the integrand-level statement about the presence of IR divergencies: in order to

generate an IR divergence during integration, the integrand needs to have a singularity when one or
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more loop momenta access the collinear region. In the momentum twistor space, this collinear region
corresponds to the line AB being in a collinear configuration in the plane (i—1ii+1) and passing
through vertex Z;. We have discussed this configuration multiple times in this chapter, because
in this position for AB, any mutual bracket (ABCD) > 0. Hence it is an illegal configuration if
the vertex AB in the graph is connected to any other vertex C'D — which it definitely is in any
connected graph.

The only way around this is to place all loop lines AB;, where none of the loops are left to
violate the mutual negativity conditions. Hence freezing one of the loops ensures that the result

after integration is IR finite. This was discussed in greater detail in |77].

6.7.1 Differential equation method

The special form of the tree numerator allows us to find a powerful differential equation. Suppose
the frozen loop AB is connected to the rest of the graph through a link to another loop C'D. Then

we can write for the whole integral

(AB13)(CD24)(1234)
(6.108) I(z) = /CD {CDIZCD23YC D3I C DA W ABC DS 1 Fen).

where H(zcp) is the rest of the diagram integrated with the loop C'D frozen, with

zep = %. We can now act with the Laplacian (20,)? on the integral I(z) and get

(6.109) (20,)%I(2) = —H(z).

Effectively, the action of the operator reduces the graph to a simpler one with the link (ABCD)

removed. In the dual variables, this is

(6.110) Ug ®—‘ = @'

Not only does this work for any tree graph where the frozen loop AB is connected to the rest of the

graph through one link, but it can also be used for the resummation of all ladder graphs,

]:la.dder(ga Z) = ® _(92) ®_. +(92)2 ®_._.
_(92)3 ®_._._. +(g2)4®—o—o—o—o + ...

(6.111)
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Imposing the boundary condition that the result must vanish for z = —1 — which is just a simple

consequence of the vanishing of the integrand for (AB13) = (AB24) = 0, we get 77|

cos (v/2g1log 2)

6.112 Fladder =
( ) fadd cosh (v/2gm)

However, this is not a consistent approximation in our setup since we need to sum over all tree

graphs to get the ‘leading order’ contribution in the loops of loops expansion.

ftree(gaz): ® - (92) ®_. " (92)2 {®_._. +% }

(6.113)
- () @—e—0—0 + & +%®—<+% .

For a general tree graph the marked point can be somewhere inside and connected to other vertices
through multiple links. To resolve that we realize that the sum of all tree graphs satisfies a simple

exponentiation,
(6.114) Fireo(g, z) = eTtrree(d)

where Firee(g, 2) and Hipee(g) differ in the way that marked point AB can appear,

(6.115) ]:tree(ga Z) . ®<> Htree(ga Z) - ®_<—>

and the generating functional Hiree(g, 2) now satisfies the same Laplace equation because the

marked point AB is now connected through a single link to the rest of the graph,
1 2 2 H
(6.116) i(zﬁz) Hiree + gee’ttree = 0.

This was solved in [77] by

A4
(6117) ft'ree(gy Z) = m
with m = 1. The differential equation results can be used to obtain F{}..(g,2) for any

order n by asymptotically expanding the solution in powers of g. The refer the reader to [77] for
more details. It is important to note that the Laplacian will collapse the propagator connecting
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the frozen loop to rest of the diagram even if the rest is not a tree. However, this is not true if
the unintegrated loop is attached to multiple propagators, such as the frozen corner of the 3-loop
triangle, since the boxing trick described earlier no longer works. One needs to search for new types
of differential operators, perhaps analogous to [210| where the operators acted on the external
momentum twistors, or using methods in [196]. It is also clear that new ideas are needed to resum

diagrams containing cycles. We leave this investigation to chapter 7.

6.8 Conclusion and Outlook

In this work we studied the Amplituhedron picture for four-point scattering amplitudes at all
loops. We used the negative geometry expansion of [77]| to determine the canonical form for the
all-loop integrand in the (subleading) one-cycle approximation in the context of the loops of loops
expansion. We determine the canonical forms by demanding that the numerator vanishes on illegal
cuts, producing a unique solution. In the process of determining the form we came up with an
interesting organizational principle for the canonical form by further expanding the numerator in
terms of certain irreducible building blocks. We believe that the same procedure can be used for
the canonical forms of negative geometries with more internal cycles, and perhaps more generally
for other positive geometries too.

There are two main open questions motivated by our work: (1) calculation of higher-cycle
canonical forms, (2) determination of the contribution of one-cycle geometries to F(g, z), behavior
at strong coupling and the gamma cusp. The main tool to tackle (2) will probably be the differential
equation method used in [77] to solve the tree-graph problem, which would require a different
differential operator. If this mission is accomplished, it would open many directions of research and
we could start to see a new emergent geometric picture for strong coupling amplitudes.

The related question is how well the loops of loops expansion approximates the full result F(g, z).
The main reason for dividing the collection of all negative geometries for Q. into the sectors with
fixed number of cycles is obvious: more cycles = more complicated forms, and we wanted to focus on
sectors for which we can actually find the solution. But if we really believe this is a good expansion,

we might try to introduce a deformation parameter £ and weigh different ¢-cycle sectors with powers
éé
(6.118) F(g,2,6) = FO(g.2) + €F WV (g,2) + E€F (g, 2) + €F Vg, 2) ...
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where F) (g, %) is the k-cycle contribution. The physical case is £ = 1 where all geometries are
weighted equally, while our expansion is around & = 0. Hence a priori it is not clear why this should
be a good expansion, but the results of [77] for the & = 0 case are optimistic. It would be interesting
to see if the purely geometric parameter £ has some physics analogue as some deformation of the
Wilson loop picture.

Now that we know how to build integrands using negative geometries, albeit for a limited class
of diagrams, let’s see if we can use them to compute Wilson loops and contributions to I'cysp. This

will be the subject of the next chapter.
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CHAPTER 7
Multi-Loop Negative Geometries

7.1 Introduction

The main motivation of the technology we have developed in the previous chapter can be roughly
stated as follows: the Wilson loop ratio F(g, z) is the simplest non-trivial object that we eventually
aim to calculate to all loop orders, and we also want to explore the role of integrability and exact
solutions in amplitudes. The entry point to this ambitious goal could be provided by I'cysp. It is
worth emphasizing that while integrability provides I'cysp from the BES equation, it is not clear
how it can be used to calculate more complicated objects. One successful program is the flux tube
S-matrix bootstrap [149,150,151], which aims to calculate amplitudes and Wilson loops at finite
coupling by doing an expansion around special kinematical regions, the near-collinear limits. While
this program provides excellent numerical control over the amplitude, it does not incorporate many
mathematical structures discovered in perturbation theory and believed to be applicable to the full
non-perturbative object.

The study of this particular Wilson loop with a Lagrangian insertion has been a very active and
fruitful area of research. At weak coupling, explicit calculations using the Wilson loop technology
have been done up to three loops [205,206,211|, while at strong coupling the leading order
contribution was calculated via the AdS/CFT correspondence as a minimal surface problem [128].
We will stick to the perturbation theory and use the method of negative geometries discovered in
ref. |77], and later used in refs. [19,192,196,212,213,214,215,216,217,218,219] to obtain
interesting results both in the planar maximally supersymmetric Yang-Mills and ABJM theories.
The main idea is to use the refinement of the Amplituhedron picture for the integrand of the
logarithm of the amplitude. As a result, we get an expansion in terms of canonical dlog forms on
Amplituhedron-like geometries. This provides an alternative expansion to Feynman diagrams with
very different term-wise properties. Most importantly, these objects are IR finite term by term

and have a pure maximal transcendental weight when integrated over all loop momenta (except
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the frozen one). Note that in the standard approaches it is often highly non-trivial to expand
the IR finite object in terms of finite building blocks; F(g, z) is “barely finite” and any standard
diagrammatic expansion will contain divergent terms that only cancel in the sum. IR finiteness is
essential in our approach, because the whole geometric problem is formulated in D = 4 and there
is no space for any D = 4 — 2¢ terms.

The negative geometry expansion can be recast using graphs with vertices (loop momenta) and
edges (quadratic geometric constraints). The set of all such graphs is naturally organized in terms
of the number of internal cycles (in this constrained space). The more cycles there are, the more
complicated functions one gets. While this organization has no physical analogue, it provides a
very powerful mathematical tool. In particular, certain subsets of graphs can be calculated to
all loop orders [77,212], and in this work we will push this frontier even further. As with any
amplitude computation, the problem of calculating F(g, z) boils down to two parts: calculating the
integrand for all negative geometries that contribute at a fixed loop order, and integrating them.
The mathematical definition of negative geometries provides us with a set of inequalities that we
need to solve. In certain cases this problem is solvable for arbitrary loop order; in other cases
we have to work diligently to determine the integrand form. How to do it in general is an open
problem and a big challenge, and in this work we push the technology to the next level. The second
part, performing the integration, is an even less explored subject. In cases where the contribution
to Fgeom(2) from a given negative geometry satisfies a differential equation, we can solve for the
contribution directly, without integrating over the frozen loop momentum. In other cases, we have
to rely on the integration technology developed in the context of Feynman integrals. The differential
equation method is very natural in this context, although finding an equation for each individual
geometry is an open problem.

In the work reviewed here, we focus on two different aspects of the negative geometry expansion
of the Wilson loop F(g, z). We will construct the integrands for all negative geometries contributing
at three loops. We will then evaluate these integrals explicitly, both at the level of the symbol (in
the chapter) and the actual functions, and confirm that the sum agrees with the result in the
literature [205,206,211|. This agreement not only provides strong evidence that the negative
geometry expansion conjecture is correct, but it will also give us very important insights into the

hierarchy of transcendental functions that contribute to geometries with no cycles, one cycle, etc.
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The second topic of this chapter is the resummation of certain classes of negative geometries. In
ref. [77], all “tree” geometries, i.e. with no cycles, were resummed to all orders. Here we will
discuss the resummation procedure in more generality, and provide a number of examples involving
geometries with more cycles. Both of these threads, explicit fixed loop order calculations and all-
loop resummations, are important components of the problem and move us a bit closer to the final
goal of determining F (g, z) exactly.

The chapter is organized as follows: in section 7.2, we will give an overview of the Wilson
loop with a Lagrangian insertion. In section 7.3, we discuss the integrated negative geometries for
the three-loop WLI and the correspondence between geometries and the depths of polylogarithms.
In section 7.4, we resum certain classes of one-cycle geometries. In section 7.5, we discuss the
contributions of individual negative geometries to I'cysp. We conclude in section 7.6. More technical

parts are moved to appendices that cover details of the triangle-ladder computation (C.2).

7.2 Wilson loop and IR finite object

One of the most surprising properties of planar N' = 4 SYM amplitudes is the duality to
expectation values of null polygonal Wilson loops [126,128,140]. Namely, the n-point scattering
amplitude Ay, (p1,...,pn) is dual to Wy, (z1,...,x,), the n-sided light-like polygonal Wilson loop,

with cusps located at points z; in the dual momentum space.

Iq L3

In T

The conformal symmetry of the Wilson loop then translates to the dual conformal symmetry
of the amplitude. Also, the UV divergence of the Wilson loop (from virtual gluons emitted near
each corner of the polygon) corresponds to the IR divergence of the amplitude (from virtual gluons

exchanged at long distances between color-adjacent external particles). The same duality also holds
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for the logarithm of the amplitude, which is related to a ratio of two Wilson loops,

7T2 <Wn(131, e 7$n)£(20)>
<Wn(m1,...,xn)> ’

(7.1) E,(z1,...,2n;20) :=

where L(zp) denotes the Lagrangian inserted at a point zg. This observable has been considered
extensively in previous works [202,203,204,205,206,207,208,211,215,220,221,222| and it enjoys
a number of special properties. The leading term at strong coupling was calculated as a minimal
surface problem using the AdS/CFT correspondence [202]. More specifically, it corresponds to
classical solutions in supergravity. However, the computation of the sub-leading term in the strong-
coupling expansion is very difficult as it would require quantizing the Nambu-Goto action in the
curved AdS background.

Most importantly, eq. (7.1) is IR finite at each order in perturbation theory, and because of the
duality between Wilson loops and scattering amplitudes [126,128,140], the integrand of F,, at L
loops is equal to the integrand of the logarithm of the n-point MHV amplitude at (L+1) loops, after
treating zg as an integration variable of the “frozen” loop momentum. In the four-point case, F,
reduces to the object F(g, z) we constructed earlier. Furthermore, the function F(g, z) is related to

the object on the left-hand side above, namely F'(x1, ..., x,; 29), through

(7.2) F(g,2z) = —g°F(g,2).

As a result, F(g,z) is an ideal object for testing new ideas and exploring features of integrated
expressions that are related to planar N' = 4 SYM amplitudes. It is a function of a single cross
ratio, it has a direct definition in terms of Wilson loops, and it is only one integration away from
being the MHV amplitude’s logarithm. When we talk about strong coupling results however, we

will consider F'(g, z) instead of F(g,z) as it is more directly related to Wilson loops.

7.3 Integrated negative geometries

F(L+1 .
IZE * ), we can now integrate

Starting from the L+1 loop integrand for the amplitude logarithm,
over L of the loop momenta AB;, i = 2,3,..., L+ 1 and get f(L)(z), which also can be interpreted
as the expectation value of the Wilson loop with a Lagrangian insertion, as discussed in the previous

section. This function is IR finite and has a uniform (and maximal) transcendentality 2L. The same

integration operation can be performed for each negative geometry GG separately. We get an IR finite
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function Fg(z) of the same uniform maximal transcendentality. If we sum over all functions Fg(z)
for all graphs in the negative geometry expansion of the integrand at L + 1 loops, we get F(L) (2)
as expected.

To distinguish between the canonical form for a graph Q¢ and the transcendental function Fe(z),
we use a modified graphical notation for Fg(z) where the frozen loop AB; = AB is denoted by the
cross circle (marked point), while all other vertices correspond to loops over which we integrate.
For most of the graphs, there are multiple ways to freeze the loop, and hence one negative geometry

generates several integrated negative geometries. At L = 1, we get only one term,

(7.3) —eo - o

At L = 2, we have two terms: the tree graph produces two different integrated geometries and

the loop graph produces one integrated geometry,

o9 o9

(7.4) I>O - ;,I>>§

There are also symmetry factors involved which are given by the number of repetitions we get when
marking the point, divided by L! from the symmetrization of integrated loops. Such an analysis is
easy to do for any negative geometry. The integration over all unfrozen loop momenta generally

gives a rational function (leading singularity) multiplied by a transcendental function,

(7.5) = RxT(2).

204



At four points, the little group weights allow only one leading singularity, which is precisely the

four-point one-loop amplitude,

(1234)*
(AB12)(AB23)(AB34)(AB14)

(7.6) R =

Higher point leading singularities were explored and for the full F(z) they were fully classified in
ref. [217]. Because all negative geometries produce the same (7.6), we just factor it out, and do not
consider it in our discussion here. Hence, the 0-loop integrated geometry (just the marked point

itself) is normalized to 1,

while the one-loop negative geometry gives

—((AB13)XC'D24)+(AB24)C D13))(1234)
op {(CD12)(CD23)CD34YXCD14Y ABCD)

= log?z +72.

(7.8) R—e =

where z is defined in eq. (6.12), and the actual integral was an IR finite pentagon considered already
in refs. [111,112].

Generically, we denote the contribution of an individual graph G¢ with C cycles by Gg,. (2), not
including the overall factor of (—1)#(%). Including that factor gives a contribution to F(z). Then,

contribution to the L—loop F is given by

Cmaoc

(7.9) FB(z) = > Y (-1 DGe.(2)

C=0 G¢

7.3.1 Differential equation method

In the previous chapter, we briefly mentioned how certain subclasses of negative geometries
satisfy differential equations that allow for the resummation of F(g,z). In this section, we revisit
this idea in more detail. The special form of the tree numerator allows us to find a powerful
differential equation [77]. Suppose the frozen loop AB is connected to the rest of the graph through

a link to another loop C'D. Then we can write for the whole integral

- ((AB13)(CD24) + (AB24)(CD13))(1234)
(7.10) G(z) = - /CD (CDI2XCD23,(C D31 CDATYABC DS [1(FeD)
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where H(zcp) is the rest of the diagram integrated with the loop C'D frozen,

with zop = %. Let’s consider the first piece of this integral, namely

(711) 1) - — / ((AB13YCD245)(1234) Hizop).

op (CD12XCD23%CD34YCDALYABCD)

We can now act with the Laplacian

1
(7.12) 0= 5(20:)%,
such that the action on the integral I(z) is
(7.13) (20,)%1(z) = H(z).

Note that this equation also holds separately for the second piece with (AB24)(CD13) in the

numerator, hence we normalize the operator [] with a factor % in front and get

(7.14) OG(2) = H(z).

Effectively, the action of the operator produces a delta function which reduces the graph to a simpler

one with the link (ABCD) removed. In the dual variables, this is

@ @

We can demonstrate it on eq. (7.8). In this case the right hand side of the equation is just given by

the L = 0 diagram, which evaluates to 1. Since the L = 1 diagram enters F with an extra minus

sign, the equation at hand is

(7.16) OF(z) = -1,

which has a general solution

(7.17) F(z) = —(log®z + A).

The boundary condition for every diagram that has a branch, such as the LHS diagram in (7.15), is

(7.18) Flz=-1)=0.



This follows from the factorized form of the numerator, and the fact that (AB13) = (AB24) = 0
sets z = —1 (see eq. (6.12)), for which the integrand vanishes identically. Using (7.18) the solution
(7.17) then reads

(7.19) F(z) = —(log? z + 7?),

in agreement with a direct integration of eq. (7.8) — note that the sign difference comes from the
extra minus sign in the numerator of (7.8) compared to the full 2-point integrand. In fact, all tree
graphs can be solved using the same differential equation method. Consider a general diagram

where the marked point is located somewhere in the middle of the diagram,

(7.20) = X

where the integrand factorizes as
(7.21) I(ABi,...,ABy) = R™' x I1(AB,, ..., ABp/, ABy) x Ty(ABy, ABp/41, ..., ABp),

where R~! accounts for double counting of the denominator factor of the frozen loop ABy. After

integration we get
(7.22) F(z) = Fi(z) x Fa(2),

where we stripped off the overall R factor as usual. Because both factorized parts of the diagrams
now have the marked point in the correct position to use eq. (7.15), both Fj(z) and Fa(z) now
satisfy the differential equation (7.13). Of course, if there are more legs connected to the frozen
loop in (7.20), the integrand initially factorizes into more components, each satisfying the differential
equation. As a result, the function F(z) for any tree graph factorizes into a product of functions

Fi(z), each satisfying the differential equation (7.13).

7.3.2 Two-loop results and the depth of the polylogarithm

The full two-loop Wilson-loop result was computed in ref. [205] and the negative geometry

expansion was evaluated term-by-term in ref. [77]. This expansion involves three terms, and the
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explicit evaluation reveals the major difference between two tree graphs and the one-cycle graph.
The two tree graphs can be evaluated using the differential equation method. For the ‘ladder’

geometry, the equation reads

(7.23) O0|@—e—e |- ®—e
which translates into

(7.24) OF(2) = (log? z + %),
with the same boundary condition (7.18). As a result, we get

(7.25) X—e—0 = é [71'2 + log? z] x [57r2 + log? z] .

The second diagram is even simpler, as it factorizes as a product of two (7.8) diagrams,
(7.26) = [7? + log? 2]2 .

The one-cycle diagram does not satisfy the same differential equation, and we have to perform

a direct integration. As a result, we get

= 8Hp,0,00 + 8H.1,0,00 — 16H.1 1,00 + 8H.200 — 83 (2H_1 — Hy)

1374
45 "’

(7.27) +4r*(Hy0—2Hy1+ H 3) +

where we use the notation for the harmonic polylogarithms (HPLs) [223| (with the argument z
omitted for brevity). If an HPL does not have a trailing 0 index, then it admits a convergent power

series expansion for real z with —1 < z < 1,

(—z) 1 1
(728) H—ad ----- —ay (Z> = HO,...,O,—I,...,0,...,0,—1(Z) = (_1)d Z ——ag  ag_1 - ar>
—~— —~— jasmjiz1 Jd Ja—1
ag—1 a;—1
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where the number of nonzero indices is the depth d. Trailing 0’s can be removed using the shuffle

algebra and the fact that

1
(7.29) Ho,.0(z) = — log" z.
—— "

n

In the case of (7.27), all HPLs reduce to classical polylogarithms [77],
1 2 1 2 z 2
7.3 = —log" z — 2log” z | -~ Li — ZLi —
(7.30) I>§<> 387 ng[312<1+z> 312<1+z>+9]

2log 2 | 4Lis [ — AL L A () i (2 u
— O —_— [ J— [— [— —_— —
SR A B\1T12 372\ 112 2\152) 6

16 5. . 1 . z 72 . 1 . z m
O g (—— ) 4 Lin (2 ) =T 16y [ —— ) +16Lig [ —— ) +
+3”[12<1+z>+ 12<1+z> 6]+614<1+z>+614<1+z>+9

The reduction to classical polylogarithms does not generalize to higher loops. Note that all three

diagrams produce transcendentality four functions, but the two tree graphs are much simpler than
the triangle one-cycle diagram.

The main difference between the tree result (which are just powers of log z) and the one-cycle
formula is the depth of the polylogarithms. This is best evident from the symbol [142|. The symbol
can be read off from the uncompressed list of HPL indices belonging to {0, —1}, by reversing the
order and letting 0 — z and —1 — 1 + z. We also write SB(a, b, ¢,d) for a® b® c® d. The symbols

of the contributions to F(z) at two loops are,

(7.31) Symbol [ RK—e—0 ] =4SB(z, 2z, 2,2),

(7.32) Symbol < =248B(z,2,2,2),

Symbol = 8(SB(z,2,2,2) + SB(z, 2, 2,1+2)

(7.33) + SB(z, z,142,2) — 2SB(z, 2z, 1+2z, 1+z)) ,
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where the last term of (7.33), SB(z, z,1+%, 1+2), corresponds to H.j 10,0 in eq. (7.27); the latter
has (higher) depth two. We will see that this depth property generalizes to more cycles and higher
depths.

7.3.3 New three-loop results

One of the main results of this chapter is the computation of the full three-loop Wilson loop
F(z) using negative geometries. The result was obtained using a traditional method of Feynman
diagrams (for Wilson loops) in ref. [206]. This expansion contained UV divergent integrals that
needed to be regulated, and the finite result was only obtained after performing the whole sum. In
our approach, each term is individually finite. The integrand for all contributing negative geometries
was provided in the previous chapter as the four-loop integrand for the amplitude’s logarithm. As
before, we need to freeze one of the loops in each diagram and integrate over the others. At the
level of diagrams, we have six L = 4 negative geometry integrands which produce 11 three-loop

contributions to F(g, z).

Coeee o
SES

l |
{ DO =
oa‘._.

1
2

e\ e dN
N

(7.34)

NI a ]
XN

where we have included the correct symmetrization factors.
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All zero-cycle (tree) diagrams are easy to evaluate using the differential equation method, we

obtain for the G(z) contributions

R—0—0—e0 5 61
= 8H070,0,0,0,0 + 47T2H[)7()7070 + §7T4H070 + %71'6 ,
2 11 4 571’6
= 120HO70,0,0,0,0 + 281 H070’070 + ?W H070 + ? ,
117
= 48H 000,00 + 87 Ho 0,00 + 27 Ho o + S
(7.35) = 720H0,0,00.0,0 + 7272 Ho 00,0 + 67 Ho o + 7° .

As a consistency check, the sum over all tree graphs, weighted by combinatoric factors and the

overall minus sign from (—1)3, should reproduce the result from the generating function at order

g% [77], i.e.
1
ftree(z) 6 = _E [10g2z + 7T2] X [17log4z + 737’[‘2 10g2Z + 927’[‘4]
g
22 9275
(7.36) =—Wﬂ%@w&m“@*HMNp—E““%p—‘é%,

which is indeed the case.
One-cycle diagrams The one-cycle graphs are more involved to evaluate. One of them is just a

trivial product of the 2-loop triangle (7.27) and the one-loop result (7.8) using (7.20),
2 3 o
=16 ( —203H 90 —2¢3H 10,0 + 3¢3Ho00 — ™ H_3_1+ 57 H_3

1 1 13
— 7T2H,27,2 — 7T2H,1,,3 — §7T4H71771 + Z7T4H7170 + %7'(‘4}[070 + 3H747070 — 7T2H,2’,1’0

2 2
+27°H 900 — 7" H_1,20—2H 3100+ TH_-3000—2H 2 200—2H_1-300
1
2 2 2
—27°H 1 100+ 21" H_100,0 + 57 Ho 0,00 —6H_2 10,00+ 10H 200,00 —6H_1,20,00

1
—12H_1,_1,0,0,00 + 10H_1,0,0,0,00 + 15H0,00000 — 2H_3(3 — 7 H_1(3 + §7T2H0C3
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3 5 1, 1376
. —mH 4+ -n"H_ —) .
(7 37) +27T 4+47T 2+ 720

At the level of the symbol [142] this is
Symbol =

16 (15 SB(z,z,2,2,2,2) + 10SB(z, 2, 2, 2, 2, 1 +2) + 10SB(z, 2, 2, 2, 1 +2, 2)
—12SB(z, 2,2, 2, 142,142) + TSB(z, 2,2, 142, 2,2) —6SB(z, 2, 2, 1 4+2, 2, 1 +2)
—6SB(z, 2,2, 142,142,2) + 3SB(z, 2,142, 2,2,2) —2SB(z, 2, 142, 2, 2, 1 +2)

(7.38) —2SB(z,2,142,2,142,2) — 2SB(z, 2z, 1+2z, 1+2z, 2, z)) )

Another one does satisfy the boxing equation and can also be evaluated easily by canonical differential

equations [206,224]
=2 <8H0,0,0,0,0,0 + 8H0,0,-1,0,00—16Ho,0,—1,-1,0,0 + 8Ho,0,—2,0,0

— 8¢3(2Ho,0,—1 — Ho,0,0) + 47*(Ho0,—1,0 — 2Ho0,-1,-1 + Hoo,—2)

1374
90

6
(7.39) + log(2)® + (47%¢3 + 85) log(2) + (747; — 8§§> ) ,

which reproduces the answer in [212] ! Its symbol is given by

Symbol

=2 (8 SB(z,z2,2,2,2,2) + 8SB(z, 2,2, 14+2,2,2) + 8SB(z, 2,142, 2, 2, 2)

Here we write the HPL in the uncompressed form to make the boxing equation to (7.27) and the comparison
with [212] manifest.
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(7.40) —16SB(z, 2,142, 142, 2, z)).

All the other one-cycle diagrams, as well as both two-cycle and the single three-cycle diagrams,
do not satisfy a boxing equation. While these integrals are still very special IR finite integrals,
currently there is no technology tailored for their computation. Here we rely on the technology
of [206] and the explicit evaluation using canonical differential equations (not of a boxing type).
This generic method involves the expansion of the integrand in terms of 257 uniform transcendental
(UT) basis calculated in [206]. The integral reduction is performed using the NeatIBP package [225].
As a result, we get the following function for the last one-cycle box graph

1
=16 (3H-1,-1,0000 + 2H 100000 + 3H0,00000 — 4H -2,-1,000~ 5720000

1 7
—2H 120,00 +3H_3000+2H_2_200—95H_1_300 + §7T2H—1,—170,0 + 87T2H_1’0’0’0

1 3 2 5

+ 67T2H0’0’0’0 + 4G H 10,0 + 2¢3Ho 0,0 + §H—4,0,o - gTFZH—Q,—l,o - §W2H—270,0
L, L, 2 5 o Ly

— 37 H 1 20—8CH 2o+ 3™ H 30+7"H 5 92— 57 H_ i _3+ g™ H_
—n H_ —n Hpog— —m“H_ —m“Hy(3 — 19H_ —_—

+ 5™ Ho0+ 5 Hoo — o 163 + 57 063 — 19H _1(5 + 5
3 43 50576

A1 Sn?H_ oy — —ntH_ 11¢2) .
(A1) + g o = m Hoo 4 o+ 116)

The expression in eq. (7.41), has been numerically checked using AMFLOW [226]| and pySecDec

[227]. The symbol is much more compact and given by
Symbol =

1
16 (3 SB(z,2,2,2,2,2) + 2SB(z,2,2,2,2,1+2) — 3 SB(z,z, 2, 2,142, 2)
+3SB(z,2,2,2,142,14+2) + 3SB(z, 2,2, 142, 2,2) — 2SB(z, 2, 2, 1 +2, 2, 1 +2)

3
—4SB(z, 2,2z, 142,142,2) + 3 SB(z,z,142,2,2,2) —5SB(z, 2, 142, 2,2, 1 +2)
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(7.42) +2SB(z, 2,142, 2,142, z)) :

The expression for the remaining one cycle diagram is more complicated and we only present

the symbol expression here. One new important feature is that there is a spurious symbol letter b(4)

(7.43) b(4) — ijﬁ —

The letter b(4) shows up in individual negative geometry contributions (starting from the 4*" entry),

but it drops out of the sum for F(®) [206]. For the remaining one cycle graph, the symbol result is

Symbol =

2 (8SB(z, 2, 2,2,b(4),b(4)) + 2SB(z, 2, 2,b(4), z,b(4)) + 2SB(z, 2, z,b(4), b(4), 2)
+28SB(z,2,2,2,2,2) + 8SB(z, 2, 2,2, 2, 14+2) + 16 SB(z, 2, 2, 2, 1 +2, 2)

—8SB(z,2,2,2,142,142) + 18SB(z, 2, 2, 1+2, 2, 2) — 2SB(z, 2, 2, 1+ 2, 2z, 1 +2)
—2SB(z, 2,2, 142,142,2) + 30SB(z, 2, 1+2, 2,2,2) —6SB(z, 2, 1+2, 2z, 2, 1 +2)

(7.44) —22SB(z, 2,142, 2,142,2) — 32SB(z, 2, 1+z, 1+z, 2, z)) )

In order to obtain a representation in terms of HPLs [223] for the full function, we need to rationalize

the b(4) letter by defining a new variable w, such that
(7.45) z=—s/t=—w?.

Two-cycle diagrams The result for the symbol of the first 2-cycle graph is

Symbol =
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8 (4SB(z, 2,2, 2,b(4),b(4)) + SB(z,z,2,b(4),z,b(4)) + SB(z, 2, 2,b(4), b(4), z)

+4SB(z,2,2,2,2,2) + SB(z, 2,2, 2,2,1+2) + SB(z, 2, 2, 2, 1 + 2, 2)

+6SB(z,2,2,2,14+2,1+2) + 9SB(z, 2, 2, 14+2,2,2) — SB(z,2,2,1+2,2,1+2)

—5SB(z, 2,2, 142, 142,2) —4SB(z, 2z, 2, 14+2,14+2,14+2) + TSB(z, 2, 1+2, 2, 2, 2)

—3SB(z,2,142,2,2,1+2) + SB(z, 2, 1+2, 2, 142,2) —4SB(z, 2, 14+2, 2, 1 4+2,1+2)

—8SB(z,z,14+2,142,2,2) —4SB(z, 2, 1+ 2,142, 2,14+2) —4SB(z, 2, 1+2z,1+2,1+z, 2)
(7.46) +8SB(z,z,14+2,14+2,14+2,1+2) ) .

The other 2-cycle contribution gives the following symbol result,

Symbol @ =

8 (4SB(z,2,2,2,b(4),b(4)) + SB(z,2,2,b(4),2,b(4)) + 3SB(z, 2, 2,b(4),b(4), 2)
+128B(z, 2,2, 2,2,2) + 16SB(z2, 2, 2, 2, 2, 1 +2) + 27SB(z, 2, 2, 2, 1 + 2, 2)
—26SB(z,2,2,2,142,142) + 21SB(z, 2,2, 1+2, 2,2) — 3SB(z, 2, 2, 1+ 2, 2, 1 +2)
—19SB(z, 2,2, 14+2,142,2) —4SB(z, 2z, 2, 1+ 2, 14+2,1+2) + 12SB(z,2,1+2, 2, 2, 2)
+SB(z,2,142,2,2,142) —5SB(z, 2,142, 2, 142,2) —4SB(z, 2, 1+ 2z, 2, 1+ 2, 1+2)
—16SB(z, 2z, 142,1+42,2,2) —4SB(z, 2z, 1+2,1+2, 2, 1+2)

(7.47) —48B(z,2,142,142,1+2,2) + 8SB(z, 2,142, 1+2,142,1+2)) ,.

Three-cycle diagram Finally, the 3-cycle graph evaluates at the level of the symbol to

Symbol =
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24 (4SB(z, 2,2, 2,b(4),b(4)) + SB(z, 2,2,b(4), 2,b(4)) + 3SB(z, 2, z,b(4), b(4), 2)

+2SB(z,2,2,2,2,2) + SB(z,2,2,2,2,1+2) + 11SB(z, 2, 2, 2, 1 +2, 2)

—10SB(z, 2, 2,2, 1+2,14+2) + 9SB(z, 2,2, 1+ 2, 2, 2) + 5SB(z, 2, 2, 1+ 2,2, 1 +2)

—7SB(z,2,2,142,142,2) —4SB(z, 2z, 2, 14+2,1+2,1+2) + 5SB(z, 2z, 142, 2, 2, 2)

+ 7SB(z,2,142,2,2,1+2) — SB(z, 2, 14+2,2,1+2,2) —4SB(z, 2, 142, 2, 1+2,1+2)

—12SB(z,2,142,142,2,2) —4SB(z, 2z, 1+2, 142, 2, 142) —4SB(z, 2, 1+2,1+2,1+2, 2)
(7.48) +8SB(z,z, 142,142,142, 1+z)) .

Comparison with Wilson loop If we sum all contributions at four loops, the terms with the

spurious symbol letter b(4) cancel and the result is given by

-8 (15 SB(z,2,2,2,2,2) —6SB(z,2,2,2,2,1+2) — 5SB(z, 2, 2, 2, 1 + 2, 2)
+6SB(z,z2,2,2,142,14+2) —5SB(z, 2,2, 142, 2,2) + 4SB(z, 2, 2, 1 4+2, 2, 1 +2)
+2SB(z, 2,2, 142,142,2) —2SB(z, 2,2, 14+2,142,14+2) — 6 SB(z, 2z, 1+2, 2, 2, 2)
+4SB(z,2,142,2,2,14+2) + 4SB(z, 2, 142, 2, 14+2,2) — 2SB(z, 2, 142, 2, 1 +2, 1 +2)
+6SB(z, 2,142,142, 2,2)—2SB(z, 2, 1+2,1+2, 2, 142)—2SB(z, z, 1+ 2, 1+ 2, 1+ 2, 2)
(7.49) +48SB(z, 2, 142,142, 1+2,1+2))
which agrees with the symbol of the Wilson loop calculated in the literature [206] (with an overall

minus sign). An important open question is the cancellation mechanism for the spurious symbol

letter b(4). Namely, how exactly is this cancellation encoded in the cuts of the integrands?

7.4 Resummation and strong coupling

The negative geometries provide a new set of building blocks for the amplitude, and for the
Wilson loop F(g, z). The important feature of the expansion is its term-wise IR finiteness, which is
not manifest in the standard Feynman diagram approach for the Wilson loop. While the integrand

is presented in this very special way, the actual process of integration is still cumbersome, as we do
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not currently have a specific method which would exploit the simplicity of the integrand. In fact,
we rely on the canonical differential equation method [206, 224| which is very powerful, but also
very general, and not tailored to our problem.

However, there are certain classes of negative geometries which are solvable using a differential
(boxing) equation method described in section 7.3.1. It was shown that this method can be used
for any negative geometry with an appropriate topology: one where the marked point sticks out

like a lollipop from the graph. The differential equation

(7.50) O ®—‘ = ®.

is supplemented by the vanishing boundary condition at z = —1. In section 7.3.1, we showed that

this method can be used to solve for any tree negative geometry.

7.4.1 Tree resummation

As discussed in the previous chapter, this method works not only for any tree graph where the
frozen loop AB is connected to the rest of the graph through one link, but it can also be used for

resumming all ladder graphs.

Fadder(9,2) = @ —(¢°) @—@ +(¢°) @—0—@

(7.51) —®? —e—0—8 + () —eo—eo—e0—0 -

which satisfies

(752) Dﬂadder(guz) = %(Zaz)Qﬂadder(g’Z) = _QQHadder(gaZ)-

Imposing the boundary condition that the g-dependent part of the result must vanish for z = —1,
which is just a simple consequence of the vanishing of the integrand for (AB13) = (AB24) = 0, we
get [77]

cos (v/2g1log 2)

7.53 F r\Y, = )

with Fladder(g, —1) = 1 as required.
For a general tree graph, the marked point can be located inside the graph, and it can be

connected to other vertices through multiple links. To resolve that situation, we realize that the
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sum of all tree graphs is the exponential of all graphs with the marked point sticking out on a link:
(7.54) Firee(g,2) = eHiree(9:2) ,

where Firee(g, 2) and Hiree(g, z) differ in the way that marked point AB can appear,

(755) ftree(gvz) = ®‘ Htree(g7z) = ®_‘

The generating functional Hiyee(g, 2) now satisfies the same Laplace equation because the marked

point AB is now connected through a single link to the rest of the graph,
1 2 2 M
(7.56) 5(282) Hiree + g7’ = 0.

This was solved in [77] by

A22A . A

. ree\d, = o/ A L 1\2 b A
(7.57) Firee(g: 2) g2(zA +1)2 wit 2gcosTA/2

1.

The result (7.57) can be used to obtain ft(:él(g, z) for any order n by asymptotically expanding the
solution in powers of g. We refer the reader to [77] for more details.

It is important to note that the Laplacian will collapse a single propagator connecting the frozen
node to the rest of the diagram, even if the rest is not a tree. However, this statement is not true if
the unintegrated node is attached to multiple propagators, such as the frozen corner of the 3-loop
triangle (7.27), since the boxing trick described earlier no longer works. One needs to search for
new types of differential operators, perhaps analogous to those in ref. [210], where the operators
acted on the external momentum twistors, or by using methods in ref. [196].

In ref. [77]| the resummed result for tree graphs was studied from the point of view of the
strong-coupling limit. The leading behavior of Fi ee(g, 2) for g » 1 is?

(7.58) Firee = —ﬁ +0 <;> ,
so we do not reproduce the leading Fyr1 ~ g behavior, but we do preserve the 1/g expansion. See

ref. [77] for more discussion.

ZNote the switch to the F' normalization defined in eq. (7.2).
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7.4.2 'Triangle plus ladder

While it would be desirable to evaluate all one cycle diagrams and resum them to all loop order,
this problem is too difficult with our current tools. We can instead turn to a much more modest
task: resum a certain class of all one cycle graphs which have the same triangle core solved already

in (7.27). In particular, we are interested in the infinite set of diagrams of the form

(7.59) Ftridad = 94 D@ —g6 D—@ _|_98 b—‘—@ + ...
T~ ~ ~r - ~ ~r -

. ~

F3 F31 F3.2

We already saw two of these contributions in the previous section, the first one in eq. (7.27) at
L = 2, and the second one in eq. (7.39) as one of the diagrams in the L = 3 result. To obtain (7.39),

we evaluated the diagram using the differential equation,

(7.60) O ( ) =

hence we solve

(7.61) OF3.1(2) = —Fs(2),

where F3(z) denotes the triangle L = 2 formula (7.27), and F31(z) the triangle diagram with one
extra segment. The boundary condition is again the vanishing of the result at z = —1 which fixes
F3.1(2) to (7.39). The same approach continues to work for the next case of the triangle with two

segments F32(z),

(7.62) 0 < ) -

with the solution [212]

F32(z) =4 [SHO,O,O,O,O,O,O,O(Z) +8H0,0,0,0,—1,0,0,0(2)—16H0,0,0,0,—1,—1,0,0(2)+8H0,0.0,0,-2,0,0(2)
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— 8(3(2H0,0,0,0,-1(2) — H0,0,0,0,0(2)) + 47%(Ho,0,0,0,-1,0(2) — 2Ho,0,0,0,-1,—1(2)

(7.63) +H0,070707_2(z))+£§; log(z)4+ Cg’l 10g(z)3+% log(z)2+C'372 log(z)+D372] ,
where

(7.64) C31 = 47%(3 + 8,

(7.65) D3y = —8C3 + 74”56.

Evaluating F32(2— — 1) and setting it to 0, we can solve for C3 2 and D3 2 and get

1774
(7.66) Cs9 = ;43 + 472(5 + 8,

489178

(7.67) D372 = 16(573 47 Cg 96C5C3 + 75600

The same method extends to the general case of a triangle plus a ladder of arbitrary length n,

F3n(z), which satisfies the equation,
(7.68) OFsn(2) = —Fsn-1(2) .-

This equation is easy to solve as the [] acts easily on the HPLs on the right hand side of the
equation. For the harmonic polylogarithms, “unboxing” amounts to adding two 0’s on the vector
argument, namely (20,)?Hjo o (2) = Hz(z) (remember that [J = £(20,)?). For the constant and
(log z)" terms, we can use the fact that (20,)%(log 2)” = n(n—1)(log )" 2. Finally, there are terms
of the form C'log z + D that vanish under (20,)?, which we can fix by the boundary condition that

any diagram with branches vanishes as z — —1. The result then reads,

Fan(z) = (=2)" lgﬂﬁzn,o,o,o,o(z)+8H62n,1,0,0,0(2)_16H62m1,1,0,0(Z)+8H62n,0,1,0,0(2)

—16¢3 Hy, _,(2) +4n” (H@m_m(z) —2Hg L (2)+ HGM_Q(Z))

-
(2n +1)!

1374 1
45 (2n)!

(7.69) + Zn] (=1)* <Ck logz("k)ﬂ(z)%—p(i)_kk)]! log2("k)(z)>] :

log2”(z) + 8(3 log?ntt (2)
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where the constants Cj and Dy satisfy recursive formulas as detailed in Appendix C.2.3. Let us

now consider the following object
(7.70) Firidad(9,2) = 94 - 96 + g8 4.

where the index ‘tri-lad’ refers to the resummed triangle-ladder series. The resummation can be
done in two different ways: either the direct resummation, or using the same differential operator
applied on the whole series as was done in the earlier case of the “tree level” ladder resummation.

Denoting the resummed series by Fiyi1ad(9g, 2), we have the differential equation

(7.71) O Ferictad (9, 2) + 9° Frictad (9, 2) = ¢* (O F3(2))

where the right hand side is the differential operator acting on the triangle function F3(z) — note
that F3(z) does not satisfy the Laplace equation, so ((JF3(z)) here plays a role of the source term.
Explicitly, this source term is

4z (—2H_1,0,0 + Ho,0,0—2C3 + 7%) —4n?2zH_1 + 2722 Hy + 4(2(2+4)+1)Ho

(7.72) ng(z) = (Z i 1)2

The differential equation (7.71) is too complicated for us to solve exactly using the standard
toolkit. One approach we can take is to solve the equation in Mellin space, by replacing f(z) —
flv) = fol dzz" f(z). In this space, [] acts as scalar multiplication by some parameter %VQ, and the
HPLs turn into harmonic sums. We can then take the inverse transform and express the solution
in terms of infinite sums. We can express most of these sums in an analytical form, and take the
limit as g » 1 to get a first order approximation of those we can’t. This procedure is outlined in
further detail in Appendix (C.2.1).

For strong g and z > 0, we switch to the F(g,z) notation. Recall that F(g,z) differs from
F(g,2) just by the overall factor of —g? in eq. (7.2), but the F normalization is used in other
literature. The final result then goes like
4 (2(2(z + 4) + 1) log?(2) + 272z log(z) — Am?zlog(z + 1))

(z+1)2

2¢*z (12Lig(—2)—12Lis(—2) log(z)+ log®(2)—6 log(z+1) log?®(z)—12(3+67?)
- 3(z+1)2

Ftri—lad(g’ Z)|g>>1 ~ =g

(7.73) +0(g°).
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This expression, at the leading order in g, when put into HPL form, turns out to be the source
term (7.72), suppressed by a factor of g%. We defer the discussion of why this is the case to Appendix
(C.2.1). It is worth noting here that the leading behavior at g » 1is Fiyijaq ~ g*, which grows much
faster than the full Wilson loop behavior Fyyrr ~ g. On the other hand, the series is convergent
and the final behavior is weaker than the behavior of the leading term at weak coupling, which is

the triangle diagram F3, which contributes to F' as ~ ¢%. We call such a series partially summable.

7.4.3 Box plus ladder

The same procedure can be also used to determine the negative geometries that have the form

of a box diagram attached to a ladder:

(7.74) I I *—0:::0—%

Just like with the triangle, we are interested in a series of the form

(7.75) Frsalg, z) = ¢° —g° +g'" ‘ ‘ +oe
*—X

~ A

~r ~- -

Fa Faa Fa2

We can start with the simplest diagram of the box with one segment, Fy 1(z) which satisfies a

differential equation
(7.76) O —

or (0 F41(2) = —Fu(z) where Fy(2) is the box L = 3 diagram evaluated in (7.41). The solution for

Fu1(z) is then, given the same vanishing boundary condition,

32

- §7T2C3H—3 — 256C3H_q,0 + 128(3H_30,0 + 487*C3Ho 0,0 + 64¢3H0,0,0,0,0

Fia(z) = —(

86
—608¢sH_3 + 496¢5Ho 0,0 + 24772H,6—§7T4H,4 +16m°H_50 + 32n°H_4 _o—80m°H_5 _3

352 64 40 32
+ 47T4H73771 + EﬂAHfg’o + 48H,67070 - §7T2H,47,170 — §7T2H,4,070 — ?WQH,&,Q,O
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112 20
+96H _50,00+64H_4 —200—160H_3 _300+167°H_3 100+ 7> H_3000+—7"Ho 000

3 9
—128H 4 1,0,00 — 16H _40,0,00 — 64H_3 20,00 + 96H_3 100,00 + 64H_30,0,0,0,0
16 208 856
+ ?ﬂ Hoo()o()o + 96H00()00000 + 176C3 log ( ) + T57T4C310g< ) + ?W2C510g(2>
505 15751778
777) +1216¢,1 2061 — 608 16072¢2 — 1248 7)
(7.77) + C7log(z) + g7 log *(2) (5,3 + 1607°(3 GG+ 70100

The general diagram Fy,(z) again satisfies the same differential equation [JFy4,(2) = —Fapn—1(%)

with the solution:

1
4
Fan(z) =(—2)"* [3H62n+6(z) +2Hg, 5.2 +3Hg, 15,0~ 5Hy, L 15,(2)

3

_4H62n+17_17_1763(z)+3H62n+27_1763 (z)+§H62n+37—17070<Z)_2H62m—17—2763 (2)
1 2 7 2 1 2
+2Hg, 1 1,000 g Hy,, ()T e G, 5, (2) T 5T G,y 0,0(%)
o 2 2 2
—5Hg,, 1,-50002) = 5™ Hypar,—100(8) — 3T Hy, 1 m10(2)
3T ey 10() (TG, 0 (2) 4 26 H, () +4GH, L 00(2)
1 2 5 4
- 8C3H62n+1,—1,0(z) B §7T H62n,—1 ( ) + T H02 +1, —1 —2(2) + 7 H62n+2 (Z)
Ly 1 5 43
45 H02n7_10( )+87T H02n7_1 1(2)—571' H(‘)‘2n7_17_3(2')—mﬂ' H62n+1y_1(2)

2 oMy, ()~ 19GH;, () + on’GHy, | (2) — swGHg, (%)

3
5057T6H* Z no lOg ) 2(n—k)+1 no lOg ) 2(n—k)
. 11¢2H- Dy, :
(7.78) TG H,, (2557 g O (k) 1) Z:: k). }
The coeflicients C’n and ﬁn are determined recursively using the boundary condition Iy, (z = —1) =

0in (7.18) and are given in Appendix C.2.3. In principle, we can use the same procedure to ‘extend’
any L = 3 diagram by attaching a ladder to the marked point and evaluate the all-loop series, but a
more detailed understanding of the infinite series is necessary to write some more explicit formulas

for the resummed F.

7.5 Leading IR divergence

The Wilson loop with Lagrangian insertion F(g,z) is an IR finite object. When we integrate

over the insertion point z (the frozen loop momentum), we recover the logarithm of the amplitude
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which is 1 /62 divergent. The coefficient of this divergence is the cusp anomalous dimension I'cysp,
(7.79) log Ay = ;. Fl(g,z) « I‘Cu:g(g) + 0 <1> :
The cusp anomalous dimension is a fascinating object; see refs. [137,138,206, 228,229,230, 231|
for detailed studies at both weak and strong coupling. In a sense, it is a reduction of the full F(g, z)
to a function of only the coupling, with no kinematical dependence. Fortunately, we have an access
to all-loop order expression for this object from integrability [137]. On the other hand, it is not
currently known how to obtain F(g, z) from integrability.

Current amplitude-based methods are not powerful enough to reproduce I'cysp to all loop
orders from first principles. That goal would require constructing an all-loop order integrand and
performing integration (of the logarithm). It remains a big open question to derive the formula
for T'cysp from an amplitudes perspective. We would need some deeper insight into exactly how
Icusp is encoded in the amplitude — and an ability to extract I'c,sp without constructing the all-loop
order integrand and integrating it. The negative-geometry expansion, and the construction of the
amplitude in momentum-twistor space in general, require a strict D = 4 framework. Hence we are
not allowed to use dimensional regularization, which in principle requires the knowledge of D # 4
information about the integrand.

Fortunately, the Wilson loop function F(g, z) is IR finite and hence it can be evaluated strictly
in D = 4, for example using our geometry expansion. If we were to integrate over the insertion
point, regularization would again be needed. Of course, one is not required to use dimensional-
regularization. One can potentially choose another framework such as a deformed amplituhedron,
which is linked to Coulomb branch amplitudes [20,232,233]. Fortunately, there is another way to
extract I'cysp from F(g, z), without the need for any regularization. The prescription was first found
in refs [205,206]; we use another version of the prescription |77], which introduces an operator 7
that implements an integration over z.

The first step is to determine the action of the Z operator on the F function as a contour integral

in the complex z-plane,

2

g dz
7.80 I(F) = -2 F
(7.80) (F)=—5 .

3The operator Z should not be confused with integrands Z elsewhere in this chapter.
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Assuming that F only has branch cuts on the negative z-axis and is analytic elsewhere, the contour

can be deformed to a unit circle around the origin,

(7.81) I(F) = —;7; /7r do F(e').

This function then enters a simple first order differential equation for I'cysp(g),

0

82 =
(7.82) U

I‘Cusp(g) = —SI(J—"(g,Z)) .

This equation does not require any regularization: It can be solved for I'cusp(g) without using

dimensional regularization, staying entirely in D = 4. In perturbation theory, we expand
0
(7.83) Leusp(g) = Z g2L Fgﬁgp’
L=1
so a contribution to the L-loop cusp anomalous dimension is given by dividing by 2L,
(7.84) ) — éz(}-(L—l)( )) = 2 [ de FE1 (1)
: cusp__L Z I _ng er).

We quickly review below how Z from (7.81) acts on the functions we see in negative geometries.
All the individual F(z) we consider here contain HPLs, natural logs, and transcendental constants.
For constants, we simply have Z[c] = —g?c. The contour that we use for Z avoids the negative z—axis
that logs and their powers have branch cuts on, so we can integrate them along the circle as
2

(7.85) T(log(2)") = ~3-

” —9277” cos (%”)
2 J_,

n+1

(ig)"d¢ =

Finally, we have HPLs that show up in our expressions, starting with single-cycle diagrams. The

HPLs we find either have z in their argument, or the spurious letter b(4) = i;ﬁ Let’s first discuss

how to deal with the former, for which we use the notation H_,,, .. —m,(2) = H_p,, ....—m, (the
argument is omitted for brevity). Only the HPLs that have 0 as their rightmost index are singular
at z — 0, so we first use the shuffle identities [223] to trade them for logs. For example, we can

re-write H_,, o(2) as

(7.86) H_,0(2) =log(z)H_p, — mHo —m(2),
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and H_p, 00(z) as

m(m + 1)

(7.87) Homn00(2) = ~ log2(2) H_m(2) — mlog(2) Hom(2) + a

5 Hoo,—m(2),

and so forth. After getting rid of all the trailing 0’s, we have powers of logs multiplied by HPLs
that are regular at z = 0. Thus, all the remaining HPLs have a convergent Taylor series expansion

for z € (—1,1). So we can apply eq. (5.4) of ref. [206] to these terms, obtaining

a 9 —a a k-1 7k
(7.88)  Z(log"(2)H-m,, ... —my) = g°(=1)""al Y] T H_ (a4 1—ktmp),—my (—1)-

Starting at four loops, we also get diagrams with the spurious letter b(4), such as (7.46) and
(7.48). In such cases, we can find a combination of diagrams that is free of the spurious letter. We
first apply the above procedure to find how Z acts on the combination. Then we subtract a piece
we know, using the independence of Z on which node is frozen. For example, consider (7.46). The

following sum can be expressed in a form that only contains HPLs with z in the argument

1

While the diagram on the left also contains a spurious letter, Z should act on it the same way it

does on (7.39), which we know how to do using (7.88). Then, we get

1 1
(7.90) 7| -7 %—0 +2,g +7

Similarly, (7.48) can be combined with the 2-cycle diagram we get from above to form a spurious

letter free combination that we can easily integrate as follows

1 1 478
91 T|= - —40¢2 + —.
(7.91) o T g 0C3 + 3=

Once we determine the 2-cycle piece, we can feed it into the equation above to extract the 3-cycle

one.
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The purpose of the remainder of this section is to compare how various negative geometries

contribute to I'cysp(g), and to see whether any of them dominate over the others.

7.5.1 Three-loop I'cusp

The negative geometry expansion up to three loops reads,

Flg,2)= ® —¢* —@

1 1 1 1

At L = 1, a single diagram represents the whole result. At L = 2, we have three different
diagrams, two zero-cycle and one one-cycle, which give the contributions summarized in table 7.1.

We can see from table 7.1 that the tree contributions dominate and the one-cycle diagram gives
only a small correction to I'cysp. At L = 3, we have 11 diagrams in table 7.2. While numerically
the tree diagrams still dominate overall, the one-cycle graphs give a smaller contribution than the
two-cycle graphs. It makes sense to divide the result into the contributions to 7% and Cg as shown in
table 7.3, and look at the stratification of the result in both sectors separately. Here we see that in

the even zeta, ie. 7°

sector, the tree graphs dominate, one-cycle graphs are sub-leading, two-cycle
graphs are sub-sub-leading and the three-cycle graph gives a smallest contribution. In the (3 sector,
the tree graphs do not contribute at all, and the one-cycle graphs dominate. The two-cycle graphs

are sub-leading and the three-cycle graph again gives a smallest contribution. We see that the sign

of the 7% contribution is always opposite to the sign of the (3 contribution.
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@
Graph ng)sp numerical FS’RSP Fraction d(‘g)g”“l“
actua
R>—e—e 82 69.27 0.545
1 167 34.63 0.273
All tree graphs | 10T 103.90 1.09
1 .
2! —in —8.66 —0.09
Only 1-cycle graph
Full result 4’ 95.24 1

TABLE 7.1. Contributions of individual negative geometries to the three-loop
coefficient of the cusp anomalous dimension, F((;i)sp. We see that the one-cycle
geometry contribution to I'cysp is numerically suppressed in comparison to the tree
graphs contribution.

As a result, we can conclude here that at least up to L = 3 we see the dominance of

lower-cycle graphs over the higher-cycle graphs in the contribution to I'cysp if separated into

the even and odd zeta sectors.

For L = 4 and higher, we do not have a systematic way how to evaluate F(z) and extract the
cusp anomalous dimension. We can only do it for diagrams which can be solved using the differential

equation discussed in section 7.3.
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(4) @) T
Graph Iéusp Numerical T'eysp | Fraction —g#*
actual
- —e—e—o — 33076 —415.075 0.443
136
— &C — 55070 —415.075 0.443
— o ®—< — S 70 —219.746 0.234
1 8 . 6
—3 @é s —73.249 0.078
All tree graphs — 30876 —1123.15 1.1981
3 %—0 17610 24¢3 25.005 —0.0267
%—c 35217 _ 48¢3 50.01 ~0.0533
3 b—@ 6n0 _ 94¢3 25.005 —0.0267
i @ — 154 76 —55.61 0.0593
All 1-cycle graphs 0T 96¢3 44.41 —0.047
—4 @ a0 1 24¢3 55.025 —0.0587
~-1 & a0 1 24¢3 55.025 —0.0587
All 2-cycle graphs 810 1 48¢3 110.05 —0.117
l 6
3t 8T +16¢3 31.26 —0.0333
Only 3-cycle graph
Full result —8(Bm v acd) | 93743 1

TABLE 7.2. Contributions of individual negative geometries to Fgﬁ)sp. The tree
graphs give the dominant contribution. The contribution of one-cycle, two-cycle
and three-cycle graphs are numerically similar.
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Graph 70 coefficient | Fraction fi?ﬁ; (2 coefficient | Fraction 5235;11
- ®—0—0—0 — 33 0.466 0 0
136
— 136 0.466 0 0
1 8
-1 ®—< _8 0.247 0 0
1 8
1 @é 5 0.082 0 0
All tree graphs —% 1.26 0 0
1 176
% >®-¢ o —0.067 —24 0.75
X
352
252 —0.134 —48 1.5
1 176
% >—® s —0.067 —24 0.75
1 164
a @ — o 0.062 0 0
All 1-cycle graphs 240 —0.205 —96 3
1 4
—1 @ 85 —0.023 24 —0.75
1 4
—1 & 55 —0.023 24 —0.75
All 2-cycle graphs =5 —0.046 48 —1.5
s I s
i
3l e —0.009 16 —0.5
Only 3-cycle graph
292
Full result -3 1 —-32 1

TABLE 7.3. When dividing the contributions to I'cysp into C§ and 76 parts, the
hierarchy becomes more clear. In both sectors separately, the higher cycle graphs

are suppressed.
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One of these solvable diagrams is the following

(7.93) F32 =

We will discuss this diagram in more details as a part of the fully solvable series in the next
section. But here we just note that the contribution to I'cyugp is

1
53 — 532m°(5 — 640(5Cs +

7.94 Teusp =
( ) P 3

40 /448 994478
5 5 70875
where a multiple-zeta value (MZV) (5 3 appears for the first time. For this object, we use the

convention that a multiple-zeta value of depth—Fk is equal to

1
(7.95) Cmymayeme = D, wr R

m>na>mp>0 1 s
For n ladders attached to the triangle, the I'cysp contribution can be seen in (C.70) and for n > 2
we get irreducible multiple-zeta values. From the point of view of the full I'cysp, the term with (53
is spurious and cancels in the sum over all negative geometries at L = 4. We strongly suspect that
any representation of the amplitude would generate MZVs in the intermediate steps, and only the
final result is free of them. Understanding the mechanism of the cancellation of MZVs might be an
important clue to how the integrability arises in the context of amplitudes, and how is the presence

of MZVs in violation with integrability.

7.5.2 Gamma cusp of infinite classes

The task of calculating the I'cusp contribution for the infinite classes of negative geometries is
simpler than for the full F'(g, z) function. The main reason is that for the purpose of I'cygp, it does
not matter where the marked point is located in the graph. This is obvious from the fact that I'cysp
can be also recovered from the integration over all of the loops of the integrand (with no marked
points) as the leading IR divergence, though this is not the method we use here. Hence for this
purpose, labeling a marked point in the graph is just an intermediate step (in the end all loops are
integrated over), and the result for I'¢ysp of the given graph does not depend on where this marked

point was located.
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This also explains why different diagrams contribute to I'cysp in the same way in L = 2 and

L = 3 tables (modulo symmetry factors). In particular,

_ 3274 g0

(7.96) Fowp ( @—@—@ ) = Ty -

(7.97) Ceusp = Leusp

476

Similarly, we can apply this method on the triangle plus ladder diagrams in the form

(798) Fcusp = FCUSP

We can also apply the same relation for the full sum of all graphs,
(7.99) Ceusp

I\cusp

where the “Ladder” blob corresponds to the series in (7.51). The F(g,z) function for both the
triangle and the resummed ladder diagrams are known (7.27), (7.53), hence the differential equation

for I'cysp contribution is

0

1 —
(7.100) g(?g

Fcusp = _81[94~F3(2)ﬂadder(g7 Z)] )
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where the I operation acts on the product of the triangle, given by F3(z) and the resummed
ladder function Fiaqder(g,2). There is an addition factor of g* which originates from ¢® factor of
the triangle, but divided by 1/¢g? to avoid double counting of the marked point (which is already
counted in the resummed ladder). We leave the details of this computation to Appendix C.1. In
the end, we find that Deusp(94F3(2)Fladder(g,2)) ¢ g% + O(g?) at g » 1 (see (C.5) for the full
result). While this is suppressed by a factor of é compared to the leading term in the weak coupling
expansion, namely F3(g, z) oc g%, it still shows polynomial growth in g and thus isn’t resummable.
As mentioned before, this is an example of a partially summable class. Attaching the ladder class to
the single-cycle box, we again find suppression only by é compared to the leading term. Namely, we
find Teusp (99 F4(2) Flaader (g, 2)) o€ g7 + O(g%) at g » 1 (see (C.8) for the full result). This suggests
that one might need to find a larger class of diagrams that includes these two classes as a subset in

order to get suppression in g at strong coupling.

7.5.3 Geometric Series

At the moment, we have examples of summable negative geometries: these are ladders or all
tree graphs, where the g » 1 is I'cysp ~ ¢ as in the full Wilson loop, and then partially summable
geometries that we discussed above. There are also classes of super-summable geometries which are
suppressed at large ¢g: these are geometric series. In fact, any negative geometry participates in

such a series. For example, we can consider a following sequence,

g4 96 g2n
(7.101) R -9 —@ + = -7 +o
2! 3! n!
with the F(g, z) function
- (=)™ 2
(7.102) Fam(g:2) = Y. (- log(2)°)"
n=0 ’
This sums into an exponential, namely
(7.103) Founlg,2) = o9 (log? () +72)
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It is easy to see that at g » 1, F is exponentially suppressed. We can easily take the Z integral of

Fsun(g, 2) and compute

4log (mg)
2

(7.104) Leusp (Fsun (95 Z))g»l ~

We can also attach 1-cycle diagrams together in a similar fashion and get another series that sums

into an exponential. The simplest example is the following

4 8 12 16
g g g g
1 - Z — 7 Z_
o ? b® ’ i " % + " %

which contains the triangle function F3(z) and its powers. We can think about the first term as the

zero power and the it sums to

(7.106) Flg. = Y U (g m ) = e b0 B0)
m=0 :

The extraction of I'cusp is trickier. We note that for all points in the integration domain ¢ € —m, 7
4 ) )
relevant for the I'cysp contribution, e~ T ) jg exponentially suppressed. F3(e’®) has a global

minimum at ¢ = 0 in this domain, so we can do a saddle point approximation and compute (for

large g)
1 4 4
1( 4 e”29 73(1) e 9
7.107 Zle 30" F@)] |~ Lo ,
( ) e lg»1 2 i (L) ( gt )

This gives us the I'c,sp contribution

0 _ 4 _ 4
(=)™ n 0.87e~ 129 e 9
2, o) (4 75(2) T4 O g )’

m=0 g»1

(7.108) T eusp (

which is heavily suppressed in large g. We can also compute the individual terms in this expansion

using the HPL shuffle identities. Let’s see how this works for the bow-tie diagram.
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Clearly this simply evaluates to F3(z)%. In order to calculate Z[F3(z)?] we must use the shuffle

identities for harmonic polylogarithms:

(7.109) Hy(2)Hg(z) = Y Hy(2),
r=pUJq

where | | | denotes the shuffle product of the two ordered lists p’and ¢§. We can then re-write F3(z)?
to be linear in HPLs and calculate Tcysp(F3(2)?)

4410 64
g? [—512C3(C3,2—2C2,1,2—3C2,2,1) + §W2(4(C2,4 + {33+ 30231 +4¢312+6(321+9Cs1,1)

+ (2)—256(5 3—1024C5.5—512(0.9.4—1536(2.3 3— 35842 40— 71682 5.1—1024C3 1 4—2560C3.2.3
—5632(3.3.5— 112643 4.1—3072(41 3—6144(s 50— 122884 5.1 —5632(5.1 2— 107525 2.1

—7680C6,1,1—1024C2,1,2,3—3072C2,1,3,2—6144C2 1,4,1 —1536(2,2,1,3—6656(2 2,3,1 —4608(2,3,1,2

1<yt

—3072¢3,1,1,3—7168(3,1,2,2—9216(3 2,1, 2—15360(3 22,1 —18432(3,3,1,1—13824C4,1,1,2

1yt bty

(7.110)

1019678
—9216(2,4,1,1—7680¢2,3 2,1 —23040(4,1,2,1 —27648(4,2,1,1—36864(5,1,1,1 + 5120¢3¢5— ]

14175 1°

Note that while the I'c,s;, contribution of the single cycle diagrams we have considered above had at
most depth-2 multiple zeta values, here we have depth-4. We can see from the shuffle identities that
each cycle we add increases the maximum depth of MZVs that appear in the I'¢,sp contribution by 2.
In general, a diagram with L 1-cycles glued together will contribute to I'cysp with at most n’ depth
multiple zeta values, where n is the maximum depth of the HPLs that appear in the F(z) function
of the 1-cycle diagram at hand. As these multiple zetas do not appear in the full I'¢ygp, there must
be some mechanism that cancels them out. It is possible to re-write these higher depth zetas using

relations between multiple-zeta values. For example, the expression above can be written as

(7111) Fcusp(F3(z)2)

) 45

44'0 (406888
5

13056
Cs + 384(a(3 — T680(3¢5 — <5,3> :

in terms of lower depth zetas. However, we still have the depth-2 (5 3 that we can’t reduce further,

which doesn’t appear in the full cusp.
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7.6 Conclusion

In this chapter, we continued our study of the 4-point planar A/ = 4 SYM amplitude in the
Amplituhedron framework. The logarithm of the amplitude is dual to the Wilson loop with a
Lagrangian insertion (WLI), an IR finite object, a perfect laboratory to explore analytic structures
of amplitudes. The negative geometry expansion is a new basis of objects, analogous to the
Amplituhedron, which makes the IR properties manifest.

In this chapter, we pushed the exploration of these objects further by computing all negative
geometries that contribute to the three-loop WLI. We showed that the number of internal cycles
of associated graphs is closely related to the depth of polylogarithms. We also discussed how these
negative geometries contribute to the leading IR divergence given by the cusp anomalous dimension,
and found some evidence of the low-cycle dominance. Furthermore, we resummed certain classes of
one-cycle negative geometries to all loop orders, and provided strong coupling expansions of these
formulas.

There are many natural questions which directions to explore further: the four-loop computation
of .75;1[,_ Lk}OP would require new tailored methods for IR finite objects and negative geometries, as for
the more general integration technology the four-loops is not within the reach. One option is to
find new differential equations, beyond the Laplace equation, for more general negative geometries.
Another direction is to do more resummations. Our work only scratched the surface of this important
question, and only considered special classes of one-cycle geometries. The real breakthrough would
be to sum all one-cycle geometries and study the properties of such object, mainly the strong
coupling expansion. We know that the summation of all zero-cycle (tree) negative geometries has
a good strong coupling behavior, and it would be very interesting to see if this extends to the set
of all geometries with fixed number of cycles. This would also necessarily require a new integration
method, likely new set of differential equations.

The most important open problem is related to the cusp anomalous dimension I'cysp(g). This
object is predicted from integrability via the BES equation [137]|, but how to derive it from
amplitudes is a big challenge, which would very likely uncover an imprint of N' = 4 SYM integrability
in amplitudes. While this seems like an extremely difficult problem, even in the context of negative
geometries, we have one particular technical aspect to study and understand — the presence of only

single zeta values in T'cysp(g). As we have seen in section 7.5, the general negative geometries (even
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with only one cycle) do contribute with multiple zeta values to I'cusp. These MZVs must cancel
while summing over multiple (or all) negative geometries. Exploring the precise mechanism how
these cancellations happen would be an important first step towards the better understanding of

integrability constraints on negative geometries and amplitudes in general.
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CHAPTER 8

Summary and Outlook

Some of the most active research programs in modern high energy theoretical physics have
branched off from forays into N' = 4 sYM. Even if it turns out the world we live in isn’t supersymmetric
at any scale, such explorations will still have contributed to our understanding of gauge theories. The
work we reviewed in this dissertation has been centered around one such corner of the supersymmetry
research space, namely its amplitudes and their relation to mathematical structures.

In the planar limit, N' = 4 sYM tree amplitudes and loop integrands can be described by
positive geometries. This story is complete at the tree-level and an active area of research for
the loop-level. In chapters 3 and 4, we reviewed how one would have to modify the story in the
context of on-shell diagrams if one loses one of the two properties: lack of UV poles, and planarity.
Furthermore, we found that these two aspects are connected, since planar on-shell diagrams often
turn into non-planar ones at UV poles. On the non-planar side, we were able to find regions in
the Grassmannian that we could associate with on-shell diagrams. These are formed by unions of
positive Grassmannia and they classify under pseudo-positive geometries in the math literature.
While enriching our understanding of the relationship between amplitudes and positive geometries,
these two works have also spawned new exciting questions, as is often the case in physics research.

Going back to the planar limit, the past two decades have been full of hints that A’ = 4 sYM
might be a solvable theory. In particular, AdS/CFT tells us we can work out quantities of sYM in
strong coupling, meaning the infinite number of terms we see in weak coupling should resum into
something we can make sense of. The conjectured integrability of sYM, as evidenced by its Yangian
symmetry, corroborates this account further.

In particular, sYM amplitudes have a dual description in terms of Wilson-loops and both
objects have a universal structure of divergences controlled by a quantity called the cusp anomalous
dimension, .y, for short. The Yangian symmetry of sYM generates an infinite tower of conserved
charges, which makes it possible to write an integral equation that determines this object to all
orders in coupling asymptotically. This is an example of integrability. On the amplitudes side
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of things, the same Yangian appears as manifest when the tree-level amplitude is written as an
integral over the Grassmannian. However, we don’t currently have a unified picture that connects
the integrability side of the story with the mathematical structures that we have discussed in the
earlier chapters. Such a connection would possibly allow us to determine objects with kinematic
dependence in the theory to all order. Thus, this makes searching for consequences of integrability
in amplitudes a well motivated program. In chapters 6 and 7, we extended an application of the
positive geometry technology to the computation of Wilson loop ratios and I'cysp, the one object
we know of that talks to both amplitudes and integrability in a clean way. This work pushes the
program further and helps us develop tools we then use to collect “strong coupling data" from the
amplitudes side.

In this dissertation, we have started with a brief review of the connection between amplitudes
and positive geometries, and added our own contributions to this growing program. This journey
took us from a diverse set of topics, such as exploring what happens to on-shell diagrams on UV
poles, associating new mathematical structures with non-planar diagrams, using positive geometries
to construct IR-safe objects, and performing partial resummations in the planar limit to search for
integrability. Our results help outline new exciting questions to tackle in the future, and hopefully
the work behind this dissertation has uncovered new facts about N' = 4 sYM for the high energy

theoretical physics community to learn and put to use.
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APPENDIX A

Appendix for Chapter 4

In this appendix, we recite some of the proofs written by the author’s co-authors in [234] to

support the claims and theorems found in chapter 4.

A.1 The factorization formula

LEMMA 4.4.0.2 (Factorization of the form). Let T be a set of n — 2 triplets on [n]. Suppose R
1s a valid subset of T. Then

(A1) fr=fr X f(n\ryuP ¥ H(aiai+1>a
i=1

where A = {ay,--- ,a,} consists of the indices appearing both in R and T (we set ar+1 = a1) and
P = {(a1,ai,a;11)|i € {2,--- ,r — 1}} is a set of triplets defining a triangulation of a polygon with

vertices A.

PROOF. Let S = T\R to simplify the notation. Since R is a valid subset, it consists of m — 2
triplets on m indices. Then, .S must contain the remaining n — m triplets of T', as well as at least
n —m + r vertices. One must have r > 2, as otherwise 1" would fail the non-vanishing condition.

Then, the matrix Mr can be written as

M M 0
(A2) My — rR1 Mpgp2 ’
0 Ms1 Msp
where Mp 1 is (m—2)x (m—r), Mg is (m—2)xr, Mg is (n—m) xr, and Mg is (n—m) x (n—m).

Then, computing the form f7 one finds

fr = [det(Mr,qp)/(ab)]?
[ Ler(mim2)(T273)(T371)
(A.3) _ [det(MR,ab)/<ab>]2 % [det(MS,2)]2
[Lrer(mm)(rems)(m3mi) [ es(mim2)(273)(T3m1)
_ fax [det(Mg2)]?

[Tes(Ti72) (T273) (T371)
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where we begin to see the factorization of the form into a piece dependent on the valid subset
of triplets and some term dependent on the rest. This latter term may be rewritten further by
introducing a set of extra triplets P = {(a1,a;,ai+1)]i € {2,---,r — 1}} that form an arbitrary

polygon over the indices a; shared by R and S. Then,

Mpaias 0

Ms,l,a1a2 MS,Q

det(Mpys.aias)/(a1a2) = det /(a1a2)

(A.4) = det(Mg) x [det(Mpaya;)/(a1a2)]

T

= det(Msg) X (alai).

I
—

-
Il
I\

This allows us to rewrite

[det(Ms,2)]>
[ Lres(mime)(r273)(1371)
[det(Mpys.ayay)/(a102)]?
[Tres(m172)(r273) (7371) x [ ]} 25 (a1a4)?
— fnx [det(Mpys,aas)/(a1a2)] % - Py
= /n [repos(mim2)(T27s)(m371) H( 1ai+1)

r

= fr % fros x | [(aiais),

i=1

Jfr=fr X%

= fr X
(A.5)

so the form corresponding to T factorizes into two other forms, with an extra factor from the polygon

on which R and S were glued. O

A.2 Sphere moves are the only moves

LEMMA A.2.0.1 (Pole for lone pair). Suppose that in the triplets T', the indices i, j appear together
only in one triplet (ijk). Then, defining T = (T\{(ijk)})

, one has
jri

(A.6) [(ij) x fr] - =—fr.

J—t
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ProOF. Computing the LHS prior to mapping the indices,

[det(My;)/(i4)]?
(75) (k) T a,p.c0em (15 (@b) (be) (ca)

i (2

(75) (k) T a,p.c0em (353 (@b) (be) (ca)
det (Mijk:)2
(75) (K9) T [0 p.00em (i) (@b) (be) (ca)

(¢j) x fr =

(A7) M, / (U)]

where M;jj, is the matrix M with columns i, j, k and the row corresponding to triplet (ijk) removed.

Then, mapping the index j — 4, one finds

) _ [det(Mig)/ (k)]
L63) > Jr] jri H(a,b,c)eT\{(z‘jk)}(a’b)(bc)(ca) jri
(A.8) _ [det(M}y)/(ik)?]
[ (05,01 (ab)(bc)(ca)
= —fr,
as desired. ]

LEMMA A.2.0.2 (Poles for irreducible hypertrees). For T a set of triplets corresponding to an

irreducible hypertree, the denominator of fr matches the doublets D(T).

PRrROOF. For {i,j} € D(T), we can repeatedly apply square moves (ija), (ijb) — (iab), (jab),
rewriting 7" such that ¢, j appear in only one triplet (ijk). This allows us to apply Lemma A.2.0.1
to conclude that (ij) must be a pole of fp if T! = (T\{(ijk)}) satisfies the non-vanishing

g

condition (4.45).

Suppose the triplets 7" fail the non-vanishing condition. Then, there exists some subset of
triplets R' < T" such that

U {a,b,c}| < |R| + 2.
(abe)eR!

Denote by R < T the subset of triplets that maps to R’ after the substitution j — 4. Note that
(ijk) ¢ R.

If the index 7 does not appear in R, then R = R’, and consequently 7" also fails the non-vanishing

condition, leading to a contradiction with 7' coming from an irreducible hypertree.
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Using that j is the only index in R but not in R/, one has

U {abel| =] |J {abel|+1<|R|+2=|R+2
(abc)eR (abc)eR!

As T satisfies the nonvanishing condition, the left-hand side and right-hand side must be equal. So
R is a valid subset of T

If R does not correspond to a planar diagram, then 7" has a valid non-planar subset, contradicting
that it came from an irreducible hypertree.

If R does correspond to a planar diagram, we consider two cases both of which lead to contradictions.
If the index k is contained in R, then R U {(ijk)} causes T to fail the non-vanishing condition by
adding a triplet but not an index. If the index k is not contained in R, we either have that

R v {(ijk)} = T leading to a factorization of fr = fr x (Z.k(fgl)gj), or Ru {(ijk)} < T is a valid

non-planar subset.

Thus, 7”7 does not fail the non-vanishing condition, making (ij) a pole of fr. This shows that if
ij is a doublet of T', then (ij) is a pole of fr.

To show the opposite, note that one can use a square move to replace any triplets with a repeated
doublet (ija), (i7b) with two triplets that do not have this doublet (iab), (jab). For any ij that is not
a doublet of T, it appears in an even number of triplets, to which the square move can be applied
to remove any appearances of the doublet. Using the set of triplets where the doublet ij does not

appear, one can see from the determinant formula that (ij) cannot appear in the denominator. [J

LEMMA A.2.0.3 (Doublets from the form). For a set of triplets T, the following definitions of
the doublets are equivalent:
e D(T) = {{i,j}|i and j appear together in an odd number of triplets}.
o D(T) = {{i,7}|(ij) appears with an odd power in fr}.

PRrROOF. For diagrams corresponding to irreducible hypertrees, the numerator of the form has
no monomials, so this statement is a corollary of Lemma A.2.0.2.

Otherwise, suppose the statement is true for all sets of triplets satisfying |T'| < n. We show the
statement is then true for arbitrary triplets 7' where |T'| = n. Supposing that 7' not an irreducible

hypertree, we apply the factorization formula (4.46) for some proper subset R that does not share
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all its indices with T\ R,

(A.9) fr = fr x frmor * | [(aiaiv).

i=1
Since |R| < |T| = n and |(T\R) u P| < |T| = n, we can apply our inductive hypothesis. The
parity of odd powers of monomials on the RHS is exactly the parity of the doublets appearances
in D(R) and D(T\R), where the parity coming from D(P) is canceled by [[._;(a;ai+1). Using a

single triplet as the base case, the statement is true for all n. ]

LEMMA A.2.0.4 (Same doublets imply sphere moves). Suppose two sets of triplets T and T" with
nonvanishing forms have the same doublets, D(T) = D(T"). Then, these sets of triplets are related

by a sequence of sphere mowves.

PROOF. Without loss of generality, suppose T and T’ have no triplets in common, T'n T’ =
. If they did share triplets, the shared triplets '~ T” can simply be ignored as we still have
D(T\(T nT")) = D(T'\(T n'T")), and can construct sphere moves for the remaining triplets. Now,
since T, T" are disjoint, the equality D(T") = D(T”") implies that D(T' v T") = .

We will now construct sets R < T and R’ < T” related by a sphere move. We will do this by
starting with R, ' = ¢, and incrementally adding triplets to each via the algorithm below. As
this algorithm unfolds, it correspondingly constructs a cell complex with black faces labeled by R,
white faces labeled by R/, and vertices labeled by indices in R u R'.

At any step, each edge must appear in at most two faces. Each time a triplet is added in the
algorithm below, a face is added to the complex. This face is to be glued to any edge that does not
yet have two faces attached; otherwise new edges are created. Note that this means that complex
may not be simplicial: the same pair of vertices may have multiple edges between them if they
appear together in more than two faces. This procedure ensures that the boundary of the complex
consists of edges identified with D(R u R’).

To start, we choose a single triplet ¢t € T' and add it to R. Now, we proceed with the following
cycle, repeating until we complete a full cycle without adding any new triplets to R or R’.

(1) Suppose there exists a triplet in T\R containing a pair of indices ij € D(R)\D(R'); add
this triplet to R. Repeat this step until no such triplet exists. (Correspondingly in the

complex, attach as many black faces to existing black faces as possible.)
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(2) Suppose there exists a triplet in 7"\ R’ containing a pair of indices ij € D(R)\D(R’); add
this triplet to R’. Repeat this step until no such triplet exists. (Correspondingly in the
complex, attach as many white faces to existing black faces as possible.)

(3) Suppose there exists a triplet in 7"\ R’ containing a pair of indices ij € D(R')\D(R); add
this triplet to R’. Repeat this step until no such triplet exists. (Correspondingly in the
complex, attach as many white faces to existing white faces as possible.)

(4) Suppose there exists a triplet in T\R containing a pair of indices ij € D(R')\D(R); add
this triplet to R. Repeat this step until no such triplet exists. (Correspondingly in the

complex, attach as many black faces to existing white faces as possible.)

Since T and T” are finite, this procedure must terminate. We now seek to show that the resulting
complex has no boundary, i.e. D(RuU R') = (.

Suppose 3 ij € D(R u R'). Then, either ij € D(R)\D(R') or ij € D(R')\D(R). Since the
algorithm terminating implies no triplet satisfying the necessary conditions existed in each step,
one finds that T\R and T"\R’ contain no triplets with indices ij. Consequently, ij ¢ D(T\R) and
ij ¢ D(T"\R'). But then,

(A.10) ije D[RV R]U[T\R]u [T\R']) =D(T uvT),

which is a contradiction with D(T' v T") = .

So, the complex with black faces R and white faces R’ has no boundary, and each edge is in
exactly two faces. The number of faces is F' = |R| + |R/| and the number of edges is £ = 3F.
The number of vertices V' is equal to the number of distinct indices in R U R’. The non-vanishing
condition for either T" or T” requires that |[R| <V —2 and |R'| < V — 2. The Euler characteristic of
the complexis x =V —E+F =V —(|R|+|R/|)/2 > V — (V — 2) = 2, implying that it is a sphere.

There is a possible obstruction to identifying the complex as the triangulation of a sphere: one
might have had a pinch-point, i.e. a vertex with multiple cycles of faces around it. However, a similar
counting argument to the main text reveals that the existence of a pinch-point would contradict the

non-vanishing condition. We remove the pinch-points by replacing each vertex by a pair of vertices

245



with an extra edge for each cycle, e.g.

e-0-0 .0

Suppose this procedure introduces k new vertices, [ new handles, and k + | new edges (at each
vertex, there is one more new edge than there are new handles). Then, the number of faces is still
F = |R|+|R!|, the number of edges is now E = 3F +k+1, and the number of vertices is V =V+k.
Using the non-vanishing condition, one finds y = V —E+ F =2 —[. But with the [ extra handles
one also has genus at least [, so x < 2 —2I. So, we reach a contradiction unless [ = 0, the case when
no such pinch-points existed.

Consequently, R and R’ together form a bicolored triangulation of the sphere, and are related
by a sphere move. Thus, for any T and 7" that have the same doublets, there is a sphere move that
allows some subset of the different triplets to be related. Repeating until no triplets differ we find
a sequence of sphere moves that relate 7' and T".

O

We note that in the previous proof, we gloss over some topological details on when a pure

2-dimensional cell complex is a manifold.

THEOREM 4.4.1. Let T and T" be two sets of triplets with nonvanishing forms (i.e. T, T’ satisfy
(4.45)). The following are equivalent:

(1) There is a sequence of sphere moves relating T and T'.
(2) The corresponding forms are equal: fr = frr.

(3) The corresponding doublets are the same: D(T) = D(T").

PROOF. (1) = (2) is a consequence of |?].
(2) = (3) is a corollary of Lemma A.2.0.3.
(3) = (1) is proven by Lemma A.2.0.4. O

A.3 Geometries induced by planar embeddings are strongly connected

Before tackling the full question to do with geometries that come from orientations of triplets,

we prove a more general result for geometries that come from a partial order on {1,---,n}. For a
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(P)

partial order P = {i < j,---}, the set of linear extensions Sy, ’ is
(A.11) S,(LP)z{UESn:ai<UjVi<jeP}.
These define a corresponding geometry via a union of oriented regions,

(A.12) Rp(e)= [ J R(eo),

UES,(LP)

where ¢ € {4+, —}" encodes the sign of each label.

LEMMA A.3.0.1 (Linear extensions of a poset are connected). Any element of S,(lp) can be

transformed into any other using only adjacent transpositions without leaving the set.

PROOF. By relabeling the indices if necessary, suppose without loss of generality that the
identity permutation 12---n is in S,(LP).

The pair of indices ¢ < j is an inversion of a permutation o if o; > ;. We denote the number
of inversions by inv(c). The only permutation with inv(o) = 0is 12---n.

We show that for any o e S,(lp) with inv(o) > 0, there exists a permutation ¢’ € Sflp) related by
an adjacent transposition such that inv(o’) = inv(c) — 1.

Because o # 12---n, there is some ¢ such that o; > 0;4.1. Notice that ¢ < ¢+ 1 ¢ P as these

elements are oppositely ordered in 12---n € S,(ZP). Consequently, the permutation ¢’ = o(i i + 1)

is also in Sr(lp). This permutation has the same inversions as o, except without the pair 7,7 + 1, so
inv(o’) = inv(c) — 1 as desired.

By induction on the inversion number, with the identity as the base case, every permutation in

S,(lp) can be brought to the identity via adjacent transpositions without leaving S}LP). g
COROLLARY A.3.1. The geometry Rp corresponding to the poset P is strongly connected.

We observe that the set of permutations defined by an orientation of triplets SX) can be
decomposed into a disjoint union of permutations defined by posets S(*) by choosing each possible
cyclic shift of the triplets, except those involving 1 which is fixed to be the lowest index. For
example, with oriented triplets T' = {(123), (345), (156), (264)}, we select a cyclic shift for each
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triplet not involving 1,
Pr={1<2<3,3<4<5 1<5<6,2<6<4,1<jVj}
P,={1<2<3,4<5<3,1<5<6,2<6<4,1<jVj}
Ps={1<2<3,5<3<4,1<5<6,2<6<4,1<jVj}
P={1<2<3,3<4<5,1<5<6,4<2<6,1<jVj}

(A.13) Ps={1<2<3,4<5<3,1<5<6,4<2<6,1<jVj}
Ps={1<2<3,5<3<4,1<5<6,4<2<6,1<jVj}
Pr={1<2<3,3<4<5,1<5<6,4<2<6,1<jVj}
Ps={1<2<3,4<5<3,1<5<6,4<2<6,1<jVj}
Py={1<2<3,5<3<4,1<5<6,4<2<6,1<jVj}

Most of these end up not being valid posets, due to there being a cycle of inequalities, e.g. 4 < 5 <

6 < 4 € P;. In this example, the only ones that are posets are Ps and Py, with linear extensions

S — (142536, 145236, 142563, 145263},

(A.14)
SUY) — (125364, 152364, 125634, 152634}
Since we enumerated all possible cyclic shifts of the triplets, one finds that Séps) v Sépg) = SéT),
such that
(A.15) Ry = Rp(e5) v Rp,(g9),

where ¢; parametrize the freedom to reflect the regions corresponding to each poset. Corollary A.3.1
is sufficient to find the strong connectedness within each piece Rp,, so one might ask whether we can
choose ¢; such that the entire Ry is strongly connected. In this example, choosing 5 = (++++++)
and €9 = (+++—++), the region defined by (A.15) is strongly connected, as each region in Rp, (¢5)
is adjacent to a region Rp,(g9) one the boundary (14) = 0. With the idea of regions corresponding

to posets in mind, we now return to proving the following theorem:
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THEOREM A.3.1 (Internally planar diagrams admit strongly connected geometries). The orienta-
tion of triplets T induced by a planar embedding of the corresponding on-shell diagram defines a

strongly connected geometry R for an appropriate choice of signs.

PROOF. To prove this theorem, we demonstrate a bijection between the posets with non-empty
sets of linear extensions, and perfect matchings of a particular graph. To make the procedure
clear, we follow an example with the 6-point irreducible internally planar diagram with triplets
T = {(123), (345), (156), (264)}.

Starting with a planar embedding of the internal edges of the diagram, one may replace each

black vertex with a triangular face,

(A.16)

We fix an orientation of the triplets by reading counterclockwise around each black triangle.
Correspondingly, reading the edges counterclockwise gives us most of the inequalities used by the
posets necessary to describe these triplets. To get a specific choice of cyclic shifts of the triplets F;,
we must throw away one inequality for each triplet, which we denote by decorating the corresponding

edge in a graph G(P;).

P ={1<2<3,3<4<5,
(A.17)
1<5<6,2<6<4,1<j5Vj}
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Ps={1<2<3,4<5<3,
(A.18)
1<5<6,4<2<6, 1<j5Vj}

Those sets of inequalities that form poset cannot contain a cycle of inequalities. In the diagram,

this corresponds to there being a directed cycle of non-decorated edges.

4<5<6<4€ P, < (4—5—6— 4 non-decorated cycle in (A.17))
(A.19)
— ngpl) =

Suppose we have two triangles (ijk) and (ilj). To prevent the cycles i < j < i and i < [ <
j < k < 1, the decorated edges for these triangles must include one from each group. Generalizing
to larger groups of black triangles glued into a black polygon, we conclude that exactly one of the
edges of the polygon is decorated, with the remaining decorations spent on preventing 2-cycles in
the polygon’s triangulation. (No such polygons appear in the tracked example.)

In order to prevent the existence of such cycles around the white faces, each white face must
have at least one decorated edge. Since there are an equal number of white and black faces, the only
way this is possible is if each white face actually has exactly one decorated edge. On the bipartite
dual graph, this corresponds to a perfect matching. Note all edges which are incoming to vertex 1
are decorated, since we have the convention that 1 is the first index labeling an oriented region. So

we only need to consider the dual graph G (P;) of the faces that do not have 1 as a vertex.

(P : S+ &5} «— {perfect matchings of the graph dual to the faces that don’t include 1}
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{P5,P9} > A G(P5) =

From this point forward, we consider only those posets that have non-empty sets of linear extensions,
and the corresponding suitable decorations that are dual to a perfect matching.

Consider an index 4, such that in the graph G(P;) (with edges that are inside of black faces
removed) the corresponding vertex is not on the same face as 1. Suppose we find a valid decoration
where all edges ingoing to ¢ are decorated. Then, in the poset P corresponding to this decoration,
one has j < 4 V j, from which we see that SV(LP) includes some element 1---7 where i is the last
index. The region R(1,--- ,7) € Rp shares a codimension-1 boundary with the region R(1,—i,---).
This latter region is included in Rp/, where P’ is the same poset as P except instead of ¢ being
a maximal element, it is the smallest element larger than 1. This corresponds to the decoration
where all outgoing edges to i are decorated instead. So, to show the strong connectedness of Ry,
we must show that the posets used to construct subsets Rp are adjacent to each other by the move
of ‘swapping all-ingoing decorations for all-outgoing decorations’.

Luckily, this move has a neat interpretation in terms of the perfect matchings. Swapping the all-
ingoing and all-outgoing decorations in G(F;) correspond to rotating a face in G (P;) when that face

has alternating edges. It has been shown that for bipartite planar diagrams, all perfect matchings

are related to each other by such moves [235]. O
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APPENDIX B

Appendix for Chapter 6

In this appendix, we go over some proofs we wrote with our collaborators in [236] to support

the main claim we make in chapter 6 regarding the constructibility of one-cycle integrands.

B.1 Proof of One-Cycle Result

In our construction of the one-cycle integrand, we start with an ansatz that is the sum of a
product of N*(=) on the corresponding positive (negative) links F' and a remainder R. The latter

is built out of sums of products of the following objects:

(B.1) N¢&, N%, N&, NP, Nf N, N.”jkl, NCi5kl, Ni iy -

5 R YR 7,

We then require that this ansatz for R vanishes on all illegal 2-loop cuts, which disallows certain
monomials. Finally, we place the constraint that the whole numerator (fixed links F' + remainder
R) must vanish on the L-loop double pole cut. This last condition uniquely fixes all free coefficients
and we claim the result (6.83) to be the full one-cycle integrand.

In principle, if a general ansatz is uniquely fixed by requiring it vanishes on all illegal cuts, then
the resulting integrand is correct. That being said, constructing a remainder out of the factors (B.1)
is not the most general ansatz. Indeed it is not even the most general ansatz that satisfies all 2-loop
conditions. As a result, in order to be sure that our result (6.83) is correct, we need to make a
comprehensive list of illegal cuts and then prove that the our result indeed vanishes on all of these
cuts.

Let us begin with a classification of all illegal cuts. There are two types:

(1) Since the same (up to sign) remainder R works for any set of positive and negative links,
the remainder must vanish on any cut that forces a link to have definite sign.
(2) Locality requires that the integrand has no double poles. Any cut that exposes such a

double pole (by setting two factors in the denominator equal) is also illegal.
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The first type of cut is easy to classify. We simply express the links in some parametrization
e.g. (5.9). In these variables, x;, y;, w;, z; > 0 in order to be within the 1-loop amplituhedron. As a

result we can rewrite a general link suggestively:
(B.2) (AB;ABj) = (wax1 + wixa + Y221 + Y122) — (Wix1 + waka + Y121 + y222) -

It is now clear that the list of cuts that force (AB;AB;) to be negative (positive) set the first
(second) set of terms to zero. We refer to these as
(1) P1(i): This is a condition on w;,y;, w; and z; alone that leads to (AB;AB;) < 0, e.g.
x; =y; = z; = w; = 0 i.e. the cut where (AB;kk+1) = 0.
(2) P2(i,j): This is a condition on both variables that sets to (AB;AB;) <0, e.g. y; = w; =
y; = w; = 0 i.e. the cut where (AB;12) = (AB;23) = (AB;12) = (AB;23) = 0.
(3) N1(i): This is a condition on ;,y;,w; and z; alone that leads to (AB;AB;) > 0, e.g.
x; = y; = 0 while w;, z; — o0 i.e. the cut where (AB;12) = (AB;14) = 0.
(4) N2(i,j): This is a condition on both sets of variables that sets to (AB;AB;) > 0, e.g.
Ti, Yi, Zj, wj — 00 Le. the cut where (AB;23) = (AB;34) = (AB;12) = (AB;14) = 0.
Importantly, the building blocks (B.1) vanish on many of the cuts:

(1) N, vanishes on P1(i), N1(i) and N2(i,j).

2) N “(b N#® vanishes on P1(i), N1(i), P1(j), N1(j), P2(i,j) and N2(ij).
(3) N o) vanishes on P1(i), P1(j) and P2(i,]

(4) N,

j)-
4 .. vanishes on N1(i), N1(j) and N2(i,j).

Clearly the final result for the remainder (6.77), only contains monomials in N that vanish on
all illegal cuts up to 2-loop order:

Ry %P — {(2L 4N N = SN NS N }} (a—D)

peeven i

The second type of cut is a bit more involved. At 3-loop, we can see what types of cuts are
illegal by starting with the zeros of a two links, without loss of generality we choose (ABCD) and
(CDEF). We then evaluate (ABEF') on these zeros to find cuts on which setting (ABC'D) and
(CDEF) to zero accidentally also sets the third propagator to zero i.e. a double pole. In the

parametrization (5.9), it is clear that there are only four types of such zeros: x; = z,y; = y,2; = 2
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or w; = w. Interestingly, this fact continues to all L-loop, giving us the four types of double pole
cuts DPL that can now be classified into four types: (AB;12) = 0,{AB;23) = 0,{(AB;34) = 0 or
(AB;14) = 0.

To see that the L-loop result (6.77) vanishes on a DPL cut, we note that each of the numerators
simplifies significantly on these cuts. For example, in the parametrization (5.9), let us consider the
building blocks N on the double pole cut where (AB;14) = 0, i.e. z; = 0,y; = y. We discuss here

this particular cut, but the others follow similarly.

— b b
NJ = Nij =y(zi + 25), Ni = Nijig.ip, = 0,
(BS) Nza = Nzc =Yz, Nﬁig---izn = N’iiig---ign = yn H Zij + H Zij
jeeven jeodd
On this cut, the full numerator (6.82) simplifies:
2

L L
(B.4) y* 1_[(2Z + zit1) + yb(2F — 4) Hz, —yF Z 2 H Zi; + H 2, H Zij -

i=1 =1 peeven ¢ Jeeven jeodd J>p

J<p J<p

We can now consider the coefficient of the two different types of z; monomials:

L
zit 2+ 28 —4— 2 22=2+2L—4— 2 2m

peeven ¢ peeven

e

=2+2F—4-2Fy2=0,

(B.5) I[] # [[ #z:1-1=o0.

linesip) Aipreic)

This concludes the proof that our result vanishes on all illegal cuts and thus the full numerator

(6.83) is indeed the correct one-cycle integrand for planar N =4 SYM at L-loop.
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B.2 Two-loop invariant basis

Let us determine the two-loop invariant R?Q_?}Xci% of the graph,

ABs ABs

(B.6)

AB; ABy
It is useful to organize the basis of terms for the ansatz into three groups
(B.7) B = {Ba,Bb,Bab},

where B, only contains N (@) and N(©) terms, By, only contains N ®) and N© terms and B, contains
terms with a—b mixing, ie. both N@ and N® terms. Obviously B, can be obtained from B, by
relabeling a — b.

In the construction of the basis, we follow the following logic: we start with terms that include

only one-line invariants IV, ]ga’b), then also two-line invariants etc. The first term to consider is
(B.8) NN N N

This already satisfies all singlet and also doublet conditions for any pair of lines (even the link
(AB2ABy) is covered which we do not need). Based on the little group weights of the numerator,

(a,b,c)

the only term left we can add is N;3 ", hence we add to our basis sets,

(B.9) B = NONINSONEING, BP = NONSINSINEING
1 a a a a b
(B.10) By = NINSINSI NN

(

We can also have a mix of N ](a) and V. kb) terms. The inequivalent possibilities have ‘skeletons’ built
from one-line invariants and then a completion using two-line invariants to satisfy all singlet and
double conditions.

(1) Nl(a) NQ(G)Néa)N ib) one option for completion: Nl(g)

(2) Nl(a)Néa)Néb)Nia) one option for completion: Nl(g)

(3) NI(Q)NQ(b)NS(a)Nib) one option for completion: Nl(g)
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a a b b
@) NONINOND

no option for completion
(5) Nl(b) NQ(Q)NS(b) Nia) one option for completion: Nl(g)

As a result, we get four new terms that belong to By,

a a a b b a a b a a
4 a b a b b b a b a a

The next case is when we have only three one-line invariants. There are two skeletons which involve
only N J(a),
(a) pr(@) pr(a) : P (a) pr(o)
(1) NV Ny’ Ny one option for completion: Ny,’ N3,
(2) Nl(a)Néa)N ia) no option for completion

and four skeletons with the mix of IV ](a) and N,gb) but none of them can be completed to a valid

term,
(1) Nl(a)Néa)N?Sb) no option for completion
(2) NI(Q)NQ(b)Ng(a’) no option for completion
(3) Nl(a)NQa)N ib) no option for completion
(4) Nl(b) NQ(a) Nia) no option for completion

As a result we get only one new term in the a-sector,
(B.13) B® = NONONOND N

Next, we only consider the presence of two one-line invariants, there are three skeletons with only
(a)
N, faet
(1) NI(Q)NQ(G) three options for completion: NS(Z)N?EZ)NI(g’b’C)
(2) N(a)N a) five opti f leti ‘N(a)N(C)N(a7b’C) N(a)N(C)N(a) N(C)N(G)N(C)
1 V3 ptions for completion: Noy Noy INy3 75 IN19 INog IN3y7s IN1g INoy N3y

(3) NQ(a)Nia) three options for completion: Nl(g)Nl(g)Nl(g’b’c)

There are two extra terms for the Nl(a) Néa) skeleton which include a four-line invariant, namely we
can have
(B.14) NN completed by NG, N or NI, N

In the mixed sector we also have three skeletons,
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(1) Nl(a)Néb) one option for completion: N:,EZ)NéZ)Nl(g)

(2) Nl(a)Ng(b) one option for completion: NQ(Z)N&)NI(?
(3) Nz(a) N, ib) one option for completion: Nl(g)Nl(g)Nl(g)

As a result we get new basis terms, in particular in the a-sector

(B.15) B = NONSINGNING,  BE = NONING NN,
(B.16) BEO = NONSOINGNING,  BD = NONSINGP NN,
(B.17) BY = N(NONGYNGYNG . BY = NONONI NG N,
(B.18) B0 = NONONONONG g — NN NEONI NG,
(B.19) BD — NN NGNS, B — N[ NS N{G, NG

and in the mixed a — b sector,

(B.20) BY = NONSINGYNING, B = MONINGD NG N,

(B.21) By = NONONGNGNG,  BY) = NN NP NN,

(B.22> B( 0) _ N(a)Néb)N2(4)N(b)N§Z), B(ll) NQ( )Nib)N(a)Nl(g)Nl(g)7
2 a a b c

(B.23) By = N{NSN{h NG

There are only two possible skeleton terms with one one-line invariant each — either Nl(a) or NQ(G)7

(abc)

but none of them can be completed into a valid term with two-line invariants Ny For Nl(a) we

can also use four-line invariants, and we get two more terms in the basis,
(B.24) B = NN NN B = NN NG NG

There are no terms with no one-line invariants which would match all constraints. The best
candidate would be Nl(gz),,4N1(%4 but we are left with only one more term to add to take care of
both positive and negative conditions for the (AB; AB3) link, and that is not possible. Our final

ansatz is then

15
(B.25) Rigith = > o (BY + B + Zd@w

=1
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Note that the basis elements are symmetrized according to the graph. For example, two of the

properly symmetrized terms are

25 B9 - NONOND (NN + NING)
8 a b a c b b a c b
B8 - N (MONEINING + MO N )
a b a c b b a c b
(B.27) + N (NONPNING + NONPNENG)

and similarly for all other basis terms — we need to symmetrize in AB1<—>AB3, ABy<>ABjy.

Fixing on cuts

Now we impose cancellation of all illegal cuts, and the cancellation of the double pole for the
whole Q2G7100p form and get a unique solution,
(B28) Cl =C = —8, C3 = —2, Cg = Cg = C12 = C13 = O,
C4=C5=0C6=Cr=Cl0=C11=Cl4=C15 =1,
di=d3=dy=ds =0, dy=—4, dg =d7 =dg =0, dg=dio=dn =1, dip =-2.
This gives us R?;;Zﬁ% which completes the calculation of the two-cycle negative geometry. Plugging

back the coefficients we find that the structure of the result is very suggestive and gives a hope that

the closed form exists also for graphs with more cycles.
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APPENDIX C

Appendix for Chapter 7

This appendix contains some detailed computations done by the author to support the results

of chapter 7.

C.1 Results for the I'c,sp Contribution of Infinite Classes

In this section, we provide detailed results for how the ladder class attached to the triangle and
box diagrams contributes to I'cysp after resummation. Recall that the Z operation is the integral
(7.81), and we can perform it in our case explicitly. We can use the shuffle identities to put any

HPL that appear in the F3(z) in a form

(C.1) log®(2)H_p,....—m. (%),

where m; are non-zero. Then the integrals we have to perform to get the I'c,sp contribution are of

the form
1 4 ) cosh(\/ig@

C.2 — | H_py—m, (€9)(i)® do,
(€2) 7 | s (€9 i) 2T
which result in the following types of sums

o0 -a
(C.3) > —J2 . _3<a<4, 1<b<3.

.b .2 )
jaiim0 J1Uz +29%)°

The precise list of a’s and b’s needed is

al|-3]-2]-1 -1‘0‘1‘1‘2‘3‘3‘4‘

b 1‘2 1‘3‘2‘1‘3‘2‘1‘3‘2‘
All of these sums can be performed analytically and be written in terms of Gamma functions and
their derivatives (as explained in Appendix (C.2.2)). Note that the % = 0(2 —iv/2g) terms
that appear go like log g at strong coupling, but these terms end up canceling out between each
other. While the leading log g terms that come from the HPLs with -1 indices cancel out between
H_1_1(2), H-1,-100(2), and H_1(z), we find that the lower order terms that have log(g) also
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cancel or come in pairs that go like im (such as log(—g) —log(g) = —im). The full result is too long

to include here, but at g » 1 it becomes a polynomial in g as seen below

11 v2(1+n?
(04) 1[94‘/—_‘3(97 Z)Eadder(gv Z)]9>>1 ~ EFB&QS N 8g4 + (ﬂ')gg

Using g0y cusp = —8Z[F (g, )], we can extract the contribution to I'cysp as

88 8v2 (1 + 7?)
. Ceusp ~ ———7V2¢° + 16¢* — ————— 243
(C.5) D 2257‘1’ fg + 16g 3 g
76 2 9\/§
—g° - == 01
5 —9+0(1)

We see that the leading order scales like I'cysp ~ ¢° which is in contrast with the correct behavior
Tcusp ~ ¢ and it is also faster that the resummed Wilson loop function Fr4(g, 2) ~ g*. Note that this
is similar to what happens with the resummation of all tree diagrams where Firee(g, 2) ~ O(g%) for
g >» 1 but the contribution to Gamma cusp is ['tyee ~ ¢. On the other hand, even with the behavior
~ ¢°, this is better than the leading ~ g% behavior of a triangle diagram at weak coupling. Hence
we can refer to this sum also a partially summable. Note that the appearance of Euler constant v in
(C.6) is spurious from the point of view of the full result where only the single zeta values appear.

Similar result can be obtained for the box and ladder series,

and

15

24/2 (990¢3 + 137* — 25572)) tanh (v/27g
| om0 2 (V1) 1

394 47t
(C.7)  Z[¢°Fu(2) Fladder(9, 2)]g>>1 ~ %Wsﬁtanh (ﬁﬂg) g+ ( - 192C3> g°
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C.8) Tousy ~ — — === —192 O(qg*
(C.8) Teusp cos 7 3 - g’ +0(g%),

3152/27° , 4 <47r4 > 6 16v/2(990¢s + 1371 — 25572)
g -
3\ 15

where we don’t include the powers of g lower than ¢°. Note that this sum is also partially summable
(the leading term contributes ~ g% in weak coupling).

Note that just like the three-loop case, the I'cysp contribution from the resummed result is the
same as the leading diagram in the weak coupling expansion suppressed by %. Furthermore, even
though individual terms give log(g) contributions, they again end up canceling out. We can actually

see the same phenomenon even for tree diagrams, we consider

(C.9) g6>® 98>®—4 +glo>®—0—0 + -

3v/2g tanh (v/2
(C.10) T(Fotadder) = V879 tanh (Varg) — 6g° + V29 anﬂ (v2rg)

In this case, the leading behavior is ~ g2, with even a larger suppression from the first term in the
sum that behaves like ~ g0, still short of the correct cusp ~ g behavior.
We can also attach the whole series of tree graphs to the triangle core and compute the

contribution to the I'cygp of the following series,

(Cll) Fcusp<g4 X(@ _92 ®_. +g4 ®_._.
4 6
(0.12) —l—% _gﬁ®_._._. _96& ;®_< ))
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We cannot solve the full result analytically, but the leading contribution for g » 1 is again I'cysp ~ q°
as shown in Appendix (C.2.4). This all demonstrates that we have to consider a larger set of one-
cycle negative geometries to get the right behavior for ¢ » 1. In fact, it is an important open
question if the sum of all one-cycle geometries actually goes like ~ ¢ for large g or if we have to

combine it with higher cycle geometries.

C.2 Details on the triangle-ladder computation

C.2.1 Differential Equation for Fi;iaa(9, 2)

We can solve the differential equation for Fi,i1ad(g, z) in terms of infinite series, by taking the
Mellin transform of both sides. Since the source F3(z) is linear in HPLs, the solution Fiyi1ad(g, 2)
will be a linear combination of functions f;(g, z) that solve this differential equation for each source

term. Taking the Mellin Transform, we have

(C.13) F(v,9) :/0 21 F(g,2)dz.

Note that the integration domain is reduced from (0, o0) to (0, 1) since we are working with harmonic

polylogarithms which remain invariant under z — % Then in Mellin space, the action of the

differential box operator is given by

1/t v
(C.14) / (20,)%2" 1 f(2)dz = —f(v).
2 Jo 2
Using this for the full differential equation, the Laplace equation from before (7.71) conveniently
becomes
~ g4y2 ~
(C.15) F(v,g) = Wf3(%9>,

where F(v,g) is the Mellin transform of Fisijada(g, 2) and F3(v) is the Mellin transform of F3(2).

The RHS is a sum over different harmonic sums, so the task at hand is to take the inverse Mellin

-1

2 [00) . .
transform of terms of the form 1/2”7+92 Y-y 75 Some pieces are easier than others, so let’s start

4
with the easiest term to see how it works for the general case. In Mellin space, HO,()’O’O(Z) = 10g2 4(Z)
is given by
1
(C.16) M(Hop00(2),v) = —.

o
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Then the inverse transform of %M(Hw,op(z), v) is given by

(C.17) filg,z) = /Cz”(gdl/.

V2 +2g%) 3
If we choose a contour that only has real poles, we find

2(g% log?(2) — 1)

(C.18) filg.2) = B2,
This indeed satisfies the equation

1 2 2 1 2 2
(C.19) 5(20:)"f1(9,2) + 97 f1(9. 2) = 5(202)" (8Ho0,00(2)) = 21og™(2) -

where we have suppressed the g* on the RHS for convenience and will restore it at the end
after all terms are gathered. Note that we can also add terms of the form C(g) cos (\/ig log z)
and D(g)sin (ﬁg log z) which vanish under the operator %(282)2 + ¢g?. This corresponds to the
homogeneous solution of the differential equation. We will discuss how to fix the coefficients of the
homogeneous solution later and focus first on the particular solution, which we write as F,(g, 2).
Using the same logic as above, we can similarly solve rest of the terms in [1F,(g, 2) + ¢°F,(g, 2) =

g*[0F3(2) for each HPL that the [] on the RHS acts on. Recalling that

F3(z) = 8Ho,0,0,0 + 8H.-1,00,0 — 16H.110,0 + 8H20,0 — 8C3 (2H-1 — Ho)

1374

(C.20) +4r? (Hyg—2Hq1+ H o)+ a

We denote the partial solutions fi(g, z) such that F,(g,z) = g* Z? fi(g, z) and each solves

Of1(g, 2) + 9 f1(9, 2) = O(8Ho,0,0,0(2))
Of2(9:2) + 9% f2(g,2) = OB H-1,00,0(2))
Of3(g. 2) + 9° f3(g, 2) = O(~16H.1.1,00(2))
Ofa(9, 2) + 9% fa(g, 2) = D(8H-2,0,0(2))
Of5(9,2) + 9% f5(9, 2) = O(~16¢H-1(2))
Cf6(9:2) + 9% fs(g, 2) = D(8CHo(2))
Cf7(9:2) + 9°f1(g,2) = O(dn* H_1,0(2))
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(C.21)

Ofs(g.2) + g fa(g, 2) = O(—87°H_1,_1(2))

folg, 2) + g% fo(g, 2) = D(4n* H_5(z))

These functions are written below

(C.22)

(C.23)

(C.24)

(C.25)

(C.26)

(C.27)

(C.28)

B i 4t " 10g3(z) 4ei77n (TL2 _ 292) prg logz(z)

6% + 3n? (2g2 + n2)?
8e™n (n? — 6g°) 2" log(2) N 8e™ (4g* — 12¢°n? + nt) 2"
(29% + n2)’ (29% +n2)*

i D (4 ) log? (2)21 | 166 log(2) (2g%+ (i+7)(1+27)) 2
= j (29 + (i +5)?) J2 (292 + (i + )?)°

16e™+9) (494 + 2¢2(i + j) (2i% + 4ij — §2) + (i + §)® (12 + 3ij + 352)) 21+

7% (297 + (i + )2)°

a9 2) S 8e™ (2g% — 3n?) 2" 4ei™ 2" log?(2) N 16e™n2" log(z)
,2) = -
M (292 + n2)° 29% + n? (292 +n?)”

n=1

0 iTn

f5(g.2) = 16¢3 >~

2 2
n:129 +n

n

fe(g,2) = fn,

fo 42 Z 2™ (g*nlog(z) + g + n3log(z) — n?)
= —A4r
(297 + n2)°

)

i r2eimn ,n (29 nlog( ) + 292 +n3 log(Z) - ’I’L2)
(292 +n2)2
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ZT("I’L TL

A2
(C.29) folg,2) = —4m 229 22’
and thus
9
(C.30) Folg:2) = 9" ) filg.2)
i=1

where f; denotes terms that go into the homogenous solution. Most of the sums here can be
analytically expressed in terms of hypergeometric functions (put in the ancillary file Ftriangleladder.m),
but the sums f3(g,z) and f3(g,z) don’t have a nice form. These terms however have an integral
representation, which we can extract the large g asymptotics of using integration by parts. For

g > 1, these integral terms go like (to leading order in g)

42q?
(C.31) Fi1(9, 2)g»1 Nm

We can then expand the full result for the particular solution at strong coupling and get

(2Lig(—2) — 2Lis(—2)log(2) — log(z + 1) log?(z)) + O(g)

9% (4(2(2 + 4) + 1) log?(2) + 4%z log(z) — 8m%zlog(z + 1))
2(z+1)2
2%z (12Lig(—z) — 12Lis(—2) log(z) + log®(z) — 6log(z + 1) log®(z) — 123 + 672)
_I_
3(z+ 1)2

(0-32) ]:3,p(gaz)g>>1 ~

+ O(g).
Note that this is only the particular solution to the equation
(C.33) WFurictad (9, 2) + 62 Furictad (9, 2) = g*0F3(2),
but we also have to add the homogeneous solution that solves
(C.34) CWFh(9:2) + 9°Fn(g,2) = 0,

namely (g, z) = 1 sin(v/2glog(z)) + ¢z cos(v/2glog(z)). While this looks identical to the ladder
example, this time the boundary conditions are slightly different. The full solution is then F,s(g, 2) =

Fp(9,2) + Fn(g, z) and the coeflicients ci, co must be fixed using the boundary conditions. The first
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boundary condition, namely %]—}ri_lad(g, 2)|2=1 = 0, sets ¢; to 0. Fixing ¢ is more subtle. For this,
we need the value of the full solution at z = —1, which we know must equal g*F3(—1). However,
the source term of the differential equation has a branch point at z = 0 and the solution is only
analytic for z > 0. So we can essentially treat our Fi,i1ad(g, 2) as being defined on positive real z,
and analytically continue it through the upper half plane and evaluate it at z = —1. Then we have
the following condition

_ 2274 g4

(035) ]:tri—lad(z = eiﬂ,g) = g4]:3(z = eiﬂ') 15

This fixes the ¢y term and gives us the homogeneous solution

(C.36) Fn(g,2)|gs1 ~ 4—1592 cos <\/§g log(z)) ( (227 g% + 907 + 90) sech <\/§7rg> + (’)(ge_‘/ig”) .

Then at strong g and z > 0, the full solution Fii1aa(g, 2) = Fp(9, 2) + Fr(g, ) to leading order is

g* (2(2(2 + 4) + 1) log?(2) + 2m%zlog(z) — 4n2log(z + 1))

Firiad (9, 2)gs1 ~ —

(z+1)2
2¢*z (12Li3(—z)—12Lis(—2) log(2)+ log®(2) —6 log(z+1) log?(z) —12¢3+672) L0
3(z+1)2 g7
where we have written F(g,z) instead of F(g,z) = —Q%F(g,z). Note that this is simply the

source term divided by ¢?, which amounts to ignoring the differential operator to leading order
when ¢ is large. This is only true for z > 0, where the negative geometries live, because the
homogeneous solution is exponentially suppressed in this region. In particular, the leading behavior
of Fr(z > 0,9) is g4e*\/§9”, which is exponentially suppressed for large g. However, the numerator
has a cos(\/§g log(z)) factor, which contributes a V297 that cancels this suppression upon analytical
continuation to z = —1. This explains how we can match the triangle diagram’s g* power at z = —1
despite having the full Fii1aq(g, 2) behave like g® for large g in the region we are interested in.
Indeed, the I'cysp contribution of Fiilad(g, 2) is not given by the leading order term we quote
because the homogeneous solution F, picks up a cosh v/2g7 along the contour we integrate. Thus,
the part that was sub-leading for positive and real z becomes relevant.

For well behaved source terms (e.g. for [JF4(z)), we should expect to find that the g% drop

in F(g,z) after resumming ladder attachments is a general feature. Say we have a generic “core"
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diagram with [0F.(z) = h(z). If the core has L loops, the differential equation at hand reads
(037) DFc,l(gaZ> +92Fc,l(gaz) = g2Lh(Z)

where F.;(g,2) = —Q%chl(g,z) corresponds to resumming all ladder attachments to the core
diagram. If h(z) is non-singular for z > 0, then F,.(g,2) ~ ¢**~2 at most in large g. The
homogeneous solution should then be of the form Fj, (g, 2) = c(g) cos(v2glog(z)), where c(g)
must be solved by F.;(g,2 = ™) = g?Fh(z = ™) and the sine term’s coefficient is set to 0 by
d% c1(2)]:=1 = 0. If we find a branch cut at z = 0 again, we can repeat the procedure from

above, in which case ¢(g) picks up W in order to match the leading term. However, for

2gm)

z > 0, this exponentially suppresses the homogeneous solution for large g and kills any polynomial
dependence for g we have the numerator in Fj(g, z). Hence, the particular solution should control

2L—-2

the asymptotics and give F,.;(¢ » 1,2 >0) ~ g at most.

C.2.2 Necessary Sums for [[F.qder(g, 2)F3(2)]

For |z| < 1, the harmonic polylogarithms that appear in our F(z) functions have the series

expansion [223]

(C.38) H_p, o (2) log(2)" = (=1)" ) W

Jn>.>g1

So in order to compute Z[F3(2)Fladder (9, 2)], we must compute integrals of the form

(C.39) ") /_ COSh[gd) (i) (=)

-m1

.]1

Jn>.>j1
While the integration itself is easy, the nested sums that appear are non-trivial to sum into analytical
functions. We are able to perform these nested sums for depth up to 2. Here is a list of sums we
will find useful:

o0
1 1
O T
jila+j1) a a

ji=1
0
1 1 1
Z ﬁ :?Ha - ?Ha,2
josji=1J1J208 T J2 a a
0
1 1
2 Gifar i) al
=11 J1
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= 1

1 1
Y =G -:H-H
1(a + j2) G g g

jasji=171
o0
1
S
PRTE R

o0
1
S
jila+j1) a a b3

Ji=1
ee} ]
J1 _ 2 H 2aH 2H
Z m =C2 — 2a(3 +a"Cy — a2t 2003 —a"Hg 4
J1=1
o0 .
¥a!
Z m =03 —aCs— Hy3 +aHgy
ji=1
o0
1
(- H
jlz—:1 (a+j1)* “
& 1
Z INCESNE =Co —2al3 + a*Cy — Hyo + 2aH,3 — a*H, 4
s1=1
i 1 4G 26 G 4Ha  3Hay  2Has  Haa
lelj%(a+j1>4 P L P a3 a2
i 1 3G G 3H, 2H.y Hap
= 2a+ 1) a3 T2 a3 a?

For the 1-cycle geometries we have, namely one that have the triangle or the box as a core, the
most complicated nested sums have the form

0 ja
(C.40) >

b2 :
inqs0 102 +20°)¢

We can express these sums in terms of Polygamma functions and their derivatives. Let’s start with

a=—1,b=2,c=2 as an illustrative example. First, we can re-write the double sum in the simpler
form
= 1 = 1
(0.41) 9 79 & 9v9 57 - : . .
j2>§>0 J172(75 + 29°)? jz_lz;l_o 33 (2 + 31)((2 + j1)? + 26°)

Doing a partial decomposition, the summand can be written as

1 1 1 1
3332(i3 +29%)% 49453 (1 +j2)  8¢4s2(—iv2g + j1 + o) 8¢452(iv2g + 1 + o)
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1 1

(C.42) + —— — - ——
8v2g352(—iv/2g + j1 + j2)%  8V24%53(ivV2g + j1 + j2)?

These sums can be written in terms of polygamma functions, which have the following series

representation

+ S 1
(C.43) W™(z) = (-1)" 1m!;)(z+k)m+1-

The sum over jo then becomes
20 (igv/2 + ji + 1) + 20O (—igy/2 + ji + 1) — iv/2g9D (igv/2 + j1 + 1)
169%57
L V200 (—igy2+ i 1) =49 (G + 1)
169%57 '

(C.44)

YO (—igv2+j1+1)
169757

specifically, 90 (—igy/2 + j1 + 1) = (1 — ig\/2) + Z?;:—ol Pigﬁ and the sum becomes

The

sums can be evaluated using the identity ¢ (1 + z) = v (z) + 1. More

j;: 1 1247 ({1,1,1,2 - iv2g} {2,2,2 - iv2g} 1)
joiie0 9172005 + 29%)° 9647
(C 45) _ 64F?Ea471) ({]" ]-7 ]-7 2— Z\/ig} ) {27 2, 2 — ’L\/§g} s ]_) + 7'['21/)(0) (2 — Z\/ig)
. 9694 ’

Fq(b?)zo)

where the notation ,, means the generalized hypergeometric function

(C.46) oFy({ay, o ap}, {b, by}, 2)

is being differentiated with respect to the index b3 a single time. While these hypergeometric
terms frequently appear in sums of our interest, they always do so in a sub-leading way in g
and fall off in the strong ¢ limit. The sums involving higher order polygamma functions can be

evaluated by taking appropriate derivatives in g of sums of the form above, using the identity

B (1 —igy2 + 1) = (—igv2)™p O (1 —igv/2 + j1).

C.2.3 Coefficients in our single cycle+ladder results

We have the general F function for n—ladders attached to a triangle as follows

Fan(2) = (=2)" |8Hg, 0.000(2) +8Hg, _1000(2)=16Hg, 1 _100(2)+8Hz, o _100(2)
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~16¢s Hy, _,(2) +4n° (Ha%,_l’o(z) —2H (=) + Hﬁgm_Q(z))

1374 1 1
20T o2 8Cq—0
B @y 8 ) 86

Ok Ch op 2(n—k)+1 Do 20-k)
(C.47) +k§1( 1) <[2(n_k)+1]!lg + i o 8 )]

Now, let’s define the sequence 7, recursively by 79 = 8 and for n > 0,

10g2n+1(z)

(C.48) = [1+@n- ] =S D
: T = +(@2n—1)(2n +1)2 BQn] 3

(2n + 1)!

17 457 3287

4 =4, —, 2
(C.49) " 157 1890 75600’

Then the C,, coefficients of log z (which are defined with an alternating sign with respect to

I3, above) are given for all n by
(C.50) Z ne w2 C(2n — 2k + 3).

The Bernoulli numbers By appear because powers of w2 are generated both by analytic continua-
tion of log z and from Riemann zeta values (oy.

The first few C,, look simpler using even zeta values instead of powers of 72:

(C.51) Co = 8f3,

(C.52) Cp = —(8f5 + 24¢af3),

(C.53) Cy = 8f7 4+ 240 f5 + 102{4 f3,

(C.54) Cs = —(8fo + 24 fr + 102G f5 + @46 fz).

Here we also introduced the f alphabet arising in a motivic decomposition of MZVs [237], as
encoded in the package HYPERLOGPROCEDURES by Oliver Schnetz [238|. For odd Riemann zeta

values, the f-alphabet is rather trivial,

(C.55) fors1 =C(2k +1).
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The constants D,, can also be written in an all-orders recursive form:
(C.56) Dy, = (=1)" [Pn mntt Z m % Z k(2k —1) f2 (n—j—k)+3, 2k+1]
7=0

where the pure-m coefficients p,, are given recursively by py = 13/45, p1 = 7/45, and

(C.57) Pn = (_1)%1{(271&14)! <1 _22n+332"+4> 45 (2n)! Z:: W]

7 4891 97987 866066051
457 756007 37422007 81729648000 "’

(C.58)

The seed sequence for the depth-two MZV terms, &,, is given by & = 16

n—1
&k
C.59 gn _ _1)n+k+17
(€59 2 20— BT
10 61 277
C.60 =16, 8, —, —, —,....
( ) 737 457 5047

The depth-two MZV’s are encoded in the f-alphabet.

The first few D,,’s are given by:

(C.61) Do = 264,
(C.62) Dy = 1635 — 147¢g,
4891
(C.63) Dy = (16f5 5+ 9635+ 48Ca f3 — 7@)
97987
(C.64) D3 = 16f73 +96f55 + 240f3 7 + (2 (48f573 + 288]03,5) + 3004 f3,3 — Cro -

Once we have the F for a diagram, we can compute the I'c,sp contributions from the prescription

in |77] given by
(C.65) 909 eusp(g9) = —8Z[F (g, 2)],
where 7 integrates F' through a contour along the unit circle, such that

(C.66) LA =5 | f( ?)de.
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We can use this to work out

(C.67) I[2*] = ;

and similarly

7" cos (%)

(C.68) T[log2"] = e

The integrated answer Z,, = I[F3 ,(z)] is then given by

n
T, = ap + 32 (=1)""! Z k fon—k)+32k+1
k=1

n n—j
(C.69) + (=1 Gam® Y k(2E = 1) fagnejok) 432041 5
=0 k=1

and the I'cup contribution of each diagram is

492(n+3) n+1 C
Fcusp(f?),n(z)) = — (n T 3) <Oln + 32 (—1) l;l k f2(nfk)+3,2k+1
n ‘nfj

(C.70) (1Y &aam® N Rk = 1) fau by raakst )

§=0 k=1
where the pure-m terms are given by ag = 2/15 x 7, a1 = —176/2835 x 75, and for n > 1,

4 (2n +5)(2n? +n + 3) 8
= (=1 n+l| = 4 22
a, = (—1) [3 on 1 C(2n + )—1—377((2714-2)
8 13 = Pk

C.71 2n+4 e Pe |
S T @nrs) T a5+ 1) +k§( S Bm— k]

We could also replace the even zeta values with Bernoulli numbers in this formula.
Here is an alternate version of Z,, which uses conventional MZVs, namely (pp = D] 1

j>i>0 jmqn

instead of the f-alphabet [238]:
Ty = Bn+ (=1)" [16 Cont2,2 — 32 2 k Cokt1 Co(n—k)+3
k=1

+ Yy & (-(3,2(n—j)+1 +[2(n = J) + LGm—j)+2.2

0

n
j:

(©72) 0=+ D0 =)+ Uy |
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where the pure-7 terms are now given by:

8
Bn = (—1)"H! [—8 Conta + = 72 Cony2

3

+ 3 a7 Gpuoiyea (G120 — B) + 11200 — B + 200 — k) — 3]

k=0 6
+ g2(nk)+1)]
8 n
C.73 2n+4 Pk
(C.73) M T TR 2n+ Zl k)+1]
and
gn % , n=1,

R

- 9 ’ n=.o9,
(C.74) =0, otherwise.

As an example, we show the I'cysp contributions of the triangle with one, two and three ladders

attached on one end below. To start off, the triangle with no ladders attached contributes

1695 (2n* 8g5m*
(075) |Ftriang1e| = g < >_ J .

6 15 45

Next, the triangle with a single ladder attached, namely the following diagram

(C.76)

contributes

(c7) Fuangis| = (225 15@3)
. triangle,1| = g 2835 3/

For double ladder configuration

(C.78)
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we have

4 10
(079) Ftriangle,2 = _gT

1 1367®
(64C5,3 + 38462 — 53279@? — 1408(5(3 + 5677’ >

Note that we can’t reduce this expression to single zetas, so we get our first true multiple-zeta value

at 5-loops. We can re-write (53 in terms of (g2 for a cleaner expression and get

4 1 281278
(C.80) Tiriangle.2 = _gT <22446,2 - 532772(32 — 1088(5(5 + )

14175

Whether we choose to express everything in terms of (53 or (62, we get an answer we can’t reduce

to only single zetas. For the triangle + 3-ladder, we have

2g'* /128
Purtangles = —5— (5 (57 + 71 + 30GsCs + 555GrGs + 270¢3) — 12875 — 10245,
25952710
oy - B
( ) 155925

Again, we can’t reduce this expression to only single zetas. We can do the same type of analysis for

the box. The inverted Laplacian acting on the box n-times gives:

Finl®) =2 38, () + 2H5,, 15,2+ 385, 15,(2) — 35, 15,()
_4H62n+1,—1,—1,63(Z)+3H62n+2,—1,63(Z)+gHﬁ%H,—Lo,o('z)_2H62n,—1,—2,63(Z)
+2H62n+1,—1,—2,0,0(Z)+éW2H62n+4( “gﬂ Hg, _16,(2 )+17T2H02 —1,-1,00(%)
—5Hg,, _1,300(2) = %WQHGQ,LH,—LO,O(Z) - §W2H62n+1,—1,—1,0(z)
by L oo b o Hy, () 4 2GaHy, (2) + 4G Hy, L o0()
—8G3Hg, | _10(2) - %w2H62n77177270( )+ Hg, 4 o(2)+ %#H@W(z)
+%W4H6%,—1,0( )+5157r HOQT“_1 4 (2)— 27721‘]62”7_17_3(2)—%774 62%1’_1(2)

31 3 9 L 5
+ G Hg, L (2) — 19GHg, () + 57y, | (2) — 5m°GHg, (2)
(C.82) +11C§H62n(z)+505W96£z ) 20 log(n) :ﬁﬂ 2[) log(= ) “ )')]

The coefficients C’n and ﬁn are determined recursively using the boundary condition 4, (—1) = 0.

The imaginary and real parts of the boundary condition fix C, and D, respectively. Let us start
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with

(C.83) Cn = 2i Tn)’fn "= 1| 7* Byp fan

where B, is the n'" Bernoulli number and fn is the imaginary part of the other functions in I,

evaluated at -1. The first few coefficients C’n are then
L1
C11 :Zifl ’
T
N 1 ~ 1 -
Co =*i7Tf1 + i*fz ;

N 7 1
Cs —m?’fl + fz7rf2 +i— f3,

360
A 31 7 1
C.84 Oy =——"— jx® L. B -
( ) 4 15120 fi+ 360” fo + Z7rf3 +1 f4

The function fn can be expressed purely in terms of zeta and multiple zeta values by using the

shuffle identities satisfied by polylogarithms. Simplified, this gives

fn = —%m [5(—12(2n+5)(zn+2,3—6(n+1) ((10n+17)Con+3,2+(2n+3)(2n+5)Con+4,1)

+24(2n+3)C3Con 42— (n+1) (10n+9)Cons3—4(n+1) (n+2) (n(2n+5)+12)Can+s5)

30m2(3n(2n+5)+7)Cs 4 nat 465(s5
T(2n+4) - C2”F(_27”L)+P(2n+2)]}

(C.85) +1802p11,4+(—72)" [
Putting this together, gives the first few Cy:

A 33
(C.86) C1 =—6(34+ 14Cs3 + 54¢5,2 — 63(4C3 — 3(2(5 + 286(7,

. 5419 1887
Cy = — m2(3.4 + 14¢2Cs 3 + 54CaCs0 — 6Cs 4 + 18C63 + 11170 — C6C3 - 7C4C5

+ 184(oC7 + 996(s .

A 21 49 189 37
O3 = — ?C4C3,4 + *C4C4,3 + 7C4C5,2 — 6C2C5.4 + 18(2le3 + ?W2C7,2 —6C74 + 2233

30035 25095 289
(C.87) + 188¢g,2 — (8C3 — C6Cs — fC4C7 + 756¢2C9 + 2580¢11 -

The coefficients D,, can similarly be written now using Euler numbers F,
(088) 2 E2nga n-
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As before, the function §, is the value of the other polylogarithms in I4,,(z) evaluated at z = —1.

The first few coeflicients are
Dy =

~ 1 . .
Dy 2577291 + 92

Dy =2 L
3= 247T gl 27T 92 93
A 61 5 1
C.89 D — —
( ) 4 = 7207T gl—i- 247T gz-l— 27T g3+g4

Using the shuffle identities to write these in terms of zeta and multiple zeta values, we can simplify

the result to

7 1 1
Jn =—§7TQC2n+1,3—19C2n+1,5—§7T2(107’L+9)C2n+2,2+6 ((24—7271)C2n+2,4
+(n+1) (=272 (6n+11)Can 31 +12(20+9)Con 3.3+ (2n+3) ((20n+46) Con a2

+(n+2) (6”+19)Czn+5,1))> —4¢3(n+1) (2"+5)C2n+3—$7f4(46n+ 13)Con+2

7772(2n+3)(n(n+3) )c2n+4+ (n+2)(2n+5) (n(2n(8n429)+189)+117)Can 16

60
11C3( " ? 2n+1,_2
T (7 57 1)ro2ntly2ne (9
+ T(2n+1) 3(7TC3+ G5) (1) " (2nI'(—2n)
(C.90) +( 1)™(n(n(5n(2n(202n(2n+21)+17549)+71967)+373331)+172998) +19368 ) w27 +6
' 11347 (2n+7) '
Putting this together gives the first few D;:
. 13229
D1 =19(35 — 4453 — 110¢s 2 + 57°¢F + 162¢5(3 + 576 8 s
N 735
Dy =57C2(3,5 — 118C2(5,3 + 19C5,5 — 272¢2(6,2 + 20¢6,4 — 78C7,3 — 301¢g 2 + TC4C§
253457
+ 334¢a(5Cs + 54207 Cs + 198C2 — Wﬁo :
N 1425 325
Ds —7(4(3 5 — 720¢4C53 + 57C2(55 — 7{4(6 2+ 60¢2C6.4 — 220¢2C7 3
3129 3795
+19¢7 5 — 825¢2ls 2 + 32(s 4 — 120C9 3 — 636C102 + ——(6Ca + ——CalsCs
5793961333
(C.Ql) + 460€2C7C3 + 1286C9C3 + 478C2C§ + 1091C5C7 — Wﬁ
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We see that all coefficients are products of zeta values times integers over powers of 2 with a two
exceptions:
(1) The coefficient of Hg,
(2) The coefficient of (g42p in Dy,
Both of these are related to the constant term in the box integral which cannot be written as a zeta
value times an integer over a power of 2.
Now that we have the Wilson loop expectation value F(z) for this set of graphs, we can also

calculate their contribution to I'cygp.

Zn: 1 a+12a— 2D—a+n+1 11(_1>nﬂ.2ncg 505(_1)n7r2n+6 B 5(_1)nﬂ.2n+6
4 (2a-1)(2a-2)! 2n+1)(2n)! " 9072(2n+1)(2n)!  72(2n+3)(2n+2)!
(_1)nﬂ.2n+6 3(_1)nﬂ,2n+6

3 2 2
6(2n+5)(2n+4)!  (2n+7)(2n+6)! An"Conts1 = 1007 Cona,2 = 2677 Cons51

—4nCon+3,3 — 3TNC2n+4,2 — 54NC2n+51 + 6Con+24 — 12¢2n+3.3 — 33Can+4,2 — 36C2n+5,1

1 4 5
+t o7 2(8n+5)Con+a — *(8”+5)C2n+6 - 3n4C2n+6 —10n%Coni6 — §7T2H2C2n+4

101 11 107 1
—3" 2Con+6 + 8nC3lan+3 — 57 *nConta — > —n(on+6 — BW4C2n+2 + 16¢3¢2n+3
47
(C.92) - EHCQM — 35C2n+6 »

where D; are as defined above.

C.2.4 T Contribution of F5(2)Firee(9, 2)

We can apply the same summation techniques for the Z[Fiyee(2)F3(z)], which now gives us triple

sums instead of double sums. First, we use

AQZA A m _mA
(C.93) Firee(2) = P42 ?;(mA)(_l) 27
Then the integrals of interest are of the form
(C.94) H_ iy —m, (') (i) (€™ V) dep .

Using the methods outlined in Appendix (C.2.2), we can analytically perform the sums over the

HPL terms, but we still have leftover summation terms from writing ftree(ei¢) as an infinite sum.
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More specifically, we get terms of the form

Z 8(—1)™ cos(mAm)y D (Am + 1)

(C.95) i :

m
where the integers ¢, 7 run between 1 and 4. We can check that each of these sums are convergent
and we can also perform the sum for the term that gives the leading order contribution analytically,

which gives

2273
(C.96) I[g* FireeF3(2)]g=>1 ~ = ==9" + Og" log(9)) -

Interestingly, while the leading ¢ term is free of logarithms, like before, the sub-leading log terms
don’t cancel out. While we can’t sum the sub-leading terms analytically, we can perform the
summations after taking the asymptotic expansions of polylogarithms, i.e. w(k)(z >> 1) ~ zik or
by approximating 1 + Am ~ 1 + m for large g. Doing this approximation gives us sub-leading log
terms. This is confirmed by evaluating the integral numerically for different values of g. The full

result for g >> 1 is

2273
I[g4]-"tree(g, 2)F3(z)] ~Eg5 +5.13¢g*—16.9% log(g)—5.5g3—13.893 log(g)—8.592 log(g)
1
(C.97) — 4.8¢% — 3.29 — 4.5glog(g) — 2.11og(g) + (9(7) )
g
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