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ABSTRACT 

The energies of the 4f-3d atomic transitions in pionic calcium 

and titanium have been measured with a bent-crystal spectrometer, and 

were-foundto be 72.352±0.p09 and 87.651±0.009 keV, respectively. 

The relationship of these transition energies to the mass of the negatively 

charged pion is calculated. Comparison of the measurement with the 

calculation yields 

M;rc
2 = 139.577±0.013 MeV 

as a new estimate of the charged-pion mass. 

,Conservation of energy and momentum in the 1T- J-L + v decay 

process is examined, and an upper limit of 2.1 MeV (68% confidence 

lev~l) is ;:ts,signed to the mass of the muon neutrino. 

··.·_; ... 
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I. INTRODUCTION 

Precision measurement of the energy of an x-ray transition in a 

pionic (TI-mesonic) atom, in combination with a precise calculation of ;1 

the relationship of this transition energy to the mass of the iT- meson,· 

can yield an accurate estimate of the charged-pion mass. Experiments 

using this technique were considered more than a decade ago. Early 

pionic x-ray measurements were able to estimate the iT- mass with about 

± 0. 5% precision. Precise methods such as crystal diffraction of pionit 

x-rays were considered, but the inherently low efficiency of crystal 

spectrometers and the low intensity of available pion beams precluded 

such measurements. Gradual improvement in crystal-diffraction 

spectrof;>copy as well as pion-beam facilities has recently made recon-

side ration ·of such an experiment worthwhile. 

The measurement of two pionic x-rays to approximately± 100 ppm 

(p~rts per million) precision with a bent-crystal spectrometer is reported 

in this paper. The energy-level calculations are carried out to about 

±50 ppm precision, leading to a± 100 ppm estimate of the charged-pion 

mass. 

A new measurement of the pion mass is desirable for several 

rea13,ons. The present best estimates of all the hadron masses depend on 

measurements of either the pion or proton mass, or both. Some recent 

hadron mass measurements are of such precision that the existing un-

certainty on the pion mass is no longer negligible '(e. g., the best present 

estimate of the charged kaon mass is derived from analysis of · 

+ + . + - 1 K ..,.. iT +iT + 1T decays ). Secondly, combination of a new measure-

ment of the charged-pion mass with other already existing experimental 
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results allows a revision in the upper limit assigned to the mass of the· 

·muon neutrino. On the other hand, if the mass of the muon neutrino is 

. ·a.sJs.umed to be zero, then these existing experimental results allow an 

estimate of the Tl' + . mass with ~bout ± 400 ppm precision, which may 

be directly compared to the measurement of the .TT' mass reported here 

as a test of CPT invariance. 

Many measurements of the pion mass have been made~. previously 

by other experimental groups using a wide range of techniques. Several 

experiments are !eviewed briefly here to indicate the techniques used, 

and the range of precision obtainable; A more comprehensive survey 

is presented in a review article by Barkas. 
1 

The Q. value of the absorption process Tl' + p- n + y at rest is 

directly related to the Tl' mass. Measurements of the energy of either 

the 8,8,...MeV neutron or the 130-MeV y ray is sufficient to uniquely de­

termine the pion mass. Crowe and Phillips
2 

in 1954 measured the 

energy of the y ray with a pair spectrometer, and arrived at an estimate 

of 

2 
MTI'_c = 139.37 ± 0. 20 MeV. 

In 1964, Czirr3 , using time -of-flight techniques to measure the 

neutron energy, estimated the Tl' mass to be 

2 
M c = ·139. 69 ± 0.41 MeV. 

1T-

·Stearns et aL 4 in 1954, by'attenuation of several4f-3d pionic 

x rays with selected ab~orption-edge filters, were able to limit the pion 

mass to the interval 

2 
13 9.15 ± 0.15 < M _ c < 13 9. 7 6 ± 0. 2 0 MeV. 

1T 
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The two most precise estimates of the , tr:t:rn.ass are·· ' · ; : '~ 

derived fro.m emulsion experiments at Berkeley. The development of 

the mass -ratio technique over a period of several years resu:lted in the 

measurement of the 1T+ mass by Barkas, Birnbaum, and Smith 5 in 1956. 

Because the rate of energy loss for charged particles is dependent only 

on their velocity, the residual ranges of two similarly charged particles 

with the same initial veloCity will be in the ratio of their respective 

masses. In this experiment, velocity selection was made· on the pions 

and protons by utilizing the cyclotron magnetic field. Measurement of 

60 proton and 368 1T+ tracks in emulsion yielded an estimate of (using 

the present best estimate of the proton mass) 

. 2 
M1Ttc = 139.68±0.15 MeV. 

A byproduct of this mass -ratio experiment was the measurement 

. + + 
of the absolute muon momentum in the decay 1T - !"" + v. Two separate 

measurements, comprising a total of 364 decays, yielded a combined 

value of 33.94±0.05 MeV for the 1T+ -!""+ mass difference, under the 

assumption that the muon neutrino has zero mass. Combining this mass 

difference with the present value of the muon mass (M c
2 = 105.659 ± 0.002 

"'" . 
MeV, from combining the g/m and g-2 measurements6) yields an esti-

mate of 

2 
M tC = 139.60 ± 0.05 MeV. 1T . 

This has been the accepted value for several years. 

A direct measurement of the charged pion mass (i.e., a meas-

urement not based on the assumption Mv(!"") = 0) allows a check of 

energy-momentum conservation in 1T - !"" + v ·decay. 
5 Barkas et al. 

used this method to assign an upper limit to the mass of the muon 

neutrino, obtaining 
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. 2 6 
M (· )'c < 3. MeV. v f.L . 

Two other experimental groups have been able to assign precise 

upper limits to the muon-neutrino mass by energy-momentum conserva-

+ + 7 tion in f.L - e + v + v decay. Dudziak et al. report an upper limit 
e f.L 

of 

M .. 2 
-(- )c . v f.L .·-

< 4.1 MeV,. 

and Bardon et al. 8 an upper limit of 

2.-
Mv(f.L}c· .. < 2.6 MeV. 

II. PIONIC X-RAY THEORY 

A. Introduction 

Pionic and muonic x rays have been studied for several reasons, 

including investigations into atomic physics, nuclear charge distributions, 

hyperfine-structure effects, and-the ir-nuclear interaction. They have 

also been studied with the objective of measuring the pion and muon 

masses. 4 • 9 

In previous mass measurements, the most precise method suit-

able for "mesonic".x-ray studies was the absorption-edge technique· 

("mesonic" is used loosely here to include muonic). · As the absorption 
- ' 

coefficient of an x-ray filter can vary by a large factor in a very small 

energy interval, precise limits could be placed on the x-ray energies. 

Suspicion that the energy of the 3d 5/ 2 -2p3/ 2 muonic phosphorus 
. . . 

x-ray lay directly on the 100-eV-wide K-absorption edge of lead prompted 

the most precise "mesonic" x-ray transition-energy c.alculation to date . 

. In 19 59, Petermann and Yamaguchi 1,?_,:calculate.d th~;quantum:-electro-

dynamic corrections to the Dirac equation for the 3d5; 2 and 2p3; 2 levels 
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of muonic phosphorus, · :; arriving at a relationship between the muonic 

x-ray energy and the muon mass .with a precision of ± 25 ppm. Mean-

while, several ~xperimental groups measured the absorption coefficient 

of these X· rays in lead. Combination of these. data yielded an estimate 

of the muon mass with a precision of± 100 ppm which, when compared 

with a more recent independent measurement of the muon mass (with a 

precision of± 15 ppm), verified the muonic x-ray calculations to 

± 100 ppm. 6 

The second-order (in e) corrections to the Dirac equation in 

muoniC phosphorous 'fall into two distinct categories, the vi~tual pro­

duct:lon qf electron-positron pairs by the Coulomb field (vacuum polar-

ization}, andthe virtual e·mission of photons by the muon (Lamb shift): 

Vacuum polarization, a:q. important correction in "mesonic" atoms, is 

a correction to the Coulomb field, and hence does not depend directly 

on the intrinsic properties of the "meson". The Lamb shift, .which does 

depend on the intrinsic properties, may be considered as a short-range 

I 
effect in "mesonic" atoms, as its "range" is defined by the "mesons" 

Compton wavelength. It is a negligible correction to "me sonic" atom 

energy levels except possibly when the effect of a finite nuclear charge 

·distribution is significant. 

Picnic and muonic atoms differ .in several significant ways. As 

the pion is a spin-0 particle, the Klein-Gordon equation rather than the 

Dirac equation must be used. Although the Klein-Gordon equation has 

not been experimentally verified to the .precision required in this paper, 

the success in understanding the hydrogen atom would make such a 

-verification anticlimactic. Furthermore, pion-nuclear interactions 
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can produce shifts in the atomic energy; levels which typically are one 

or two orders of magnitude larger than the correction for a finite nuclear 

charge distr'ibution. Nuclear absorption of pions from atomic levels 

competes with theE~. atomic transitions, resulting in broadening and 

weakening of the x-ray lines. 

The selection of the pionic x-ray lip.es to be measured with the 

bent-crystal spectrometer was based on both theoretical and experi-

mental considerations. The corrections to the Klein-Gordon equation 

had to be estimated to such a precision that the relationship betwee.n the 

pionic x-ray energy and the pion mass would be calculable to about 

±50 ppm precision. The important quantum-electrodynamic terms, as 

mentioned above, have already been adequately tested in electronic 

hydrogen and muonic phosphorous. The largest uncertainty in the 

calculation was the estimate of the atomic level shift produced by the 

'iT-nuclear interaction. As this could not be calculated to the desired 

precision from knowledge of the 'IT-nucleon interaction, it was necessary 

to estimate the level shift from existing experimental data on pionic 

atoms by perturbation-theory techniques. 

Experimental surveys of pionic atoms in the late 1950's
11

-
13 

indicated that the observed strong interaction of pions in 1s orbits de-

creased ,the. binding energy, and hence was of a repulsive nature. In 

1964 a measurement of the 3d._2p pionic aluminum transition
14 

in­

dicated .that the 'IT-nuclear intera~tion in 2p orbits increased the bind-

. ing energy, hence confirming the theoretical prediction that the 3, 3 

'IT-nucleon interaction should dominate in J. f. 0 orbits, giving rise to an 

. t . f 15 a tractlve orce. 



'~ 

'. 

-7-
i 

UCRL-16638 

The assumption that the iT-nuclear interaction is essentially 

similar in p and d orbits led to the conclusion that the strong inter­

action shift was calculable to sufficient precision in all 4f-3d pionic 

transitions for Z ~ 22. This calculation was based solely on the ob.., 

served 240 ± 80 eV shift in the 3d-2p pionic a1uminum (88~keV) transition. 

(A recent systematic surv~y by Jenkins et al. 16 has confirmed the assump-

tions made here, and has allowed an improvement in the estimates of 

the strong-interaction shifts required in this paper.) 

Consideration of experimental limitations, such as the energy 

dependence of the spectrometer efficiency and resolution, the Z de-

pendence of the pionic x-ray yield, and the ability to discriminate 

against background events, led to the selection of calcium (Z = 20) and 

titanium (Z = 22) as the most suitable targets for the mass measurement 

reported here. As will be. seen later, measurement of two x-·ray lines 

provides two independent consistency checks on the data. 

B. Energy-Level Calculations. 

The evaluat'ion of the pionic 4f-3d transition energies in calcium 

and titanium is summarized in Table I. Because the expected experimental 

precision is of the order of 10 eV, all calculations are rounded off to the 

nearest eV. 

These calculations are based on an origin value of 139.580 MeV 

for the iT mass. The origin value divided by the calculated transition 

energies yields scale factors which to a good approximation are independ-

ent of the origin value. Specifically, a 1-MeV shift of the origin value 

should produce only a 30-ppm effect on the scale factor. 
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Because pions have no spin, we use the relativistic Schrodinget 

(Klein-Gordon) equation for a central Coulomb field, described in 

Section 42 of Schiff. 
17 

To insure the required precision, the· exact 

solution for the energy levels is used by exp~nding it in a binomial 

series and retaining the required number of terms. An expression 

Sl,lfiiciently precise for the levels in question is 

( 1) 

1/a. = 137.0388±4 ppm was used, ·its error producing the ±1 eV error 

on. the calculated energies (note that by using the fine-structure constant, 

the 1T. charge is assumed to be the same as the electronic charge). 

For titanium; the relati~_istic shift in the transition energy is about 

+187 eV (i.e. , co.mpared to the nonrelativistic Schrodinger solution). 

Note that the relativistic correction has introduced a fine structure to 

_the energy levels (i.e., the degeneracy in J. has been removed). 

h d d 
. . 19 

T e re uce mass correctlon 1s 

. 2M . (z ). ··- 1T r , .__9:_. - ~-- W- ., , 
. '2n_ MN .. ' -! ~<' (2) 

. . ,' . . ' 

where W is the energy defined in Eq. ( 1 )·, ·. E is the "reduced" energy, 

and (Mrr/MN) is the pion-to-nuclear mass ratio. Note that E and W 

are both negative energies. _:The second-~term~.:.due to,nucle'ar.±notion,:., 

is les.s.th~n a.0.5 eV e:HE;ct/_ .For-titanium, .. in whi.chabouL25% of the. 

nuc.lei·. have _A;·-=·.46·, .47; 49, ~-or SO. (7 S.o/o::is A·;· 48) ,: the. reduced mass '--

correc,tion produces. five dist:i,nct.linE!s :in a:n:.-energ.y band about 20 .ev 

wide.;, Since this bari.d Ts about 10% of the· expe rhne-ntal- resolution-

and about?%i-of the ;r~duced mass co~re:ction~: .. . ' 

..... \ /',' 
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avei'~g:.e.~.of the.isotopi~c.:rnasses ~~s usedl. 

. . 

Polarization cif the virtual electron-positron pairs produced in 

the Coulomb field of the nucleus can cause noticeable deviations from 

the classical Coulomb potential at distances of the order of or less than 

.the electron Compton wavelength (1'1/mc:::; 390 Fermi). This effect, 

usually referred to as vacuum polarization, was first calculated by 

Uehling
20 

in .1935. This calculation has been checked to±2o/o in the 

hydrogen atom
21 

and to.± 3% in muonic phosphorous (see Section IIA). 

For the energy levels of interest here the. vacuum-polarizatitm: '· 
• ·, I ., 

correCti6ns to. the,_energy levels are ·in .the. r.ange: 0 . .1 ta.:. 0;.2o/6.· 

Several authors have estimated the second-order vacuum polar-

ization effect in "me sonic", atoms using the Uehling. integral in a first-

order perturbation-theory calculation with nonrelativistic orbital wave 

. 2~-24 ·. . 
functions. In the Appendix this calculation is carried out using 

relativistic wave functions, yielding a +229.0-eV shift for calcium and a 

+299. 7 -eV shift for titanium. Wichmann and Kron
25 

have calculated t~e 
_-corrections -to the Uehling· integral, and demonstrate that they give rise 

to an additional shift b..E < 1.9X10-S z 2
· E, hence <0.8 eV for the titanium . 

. :::):. tr.ansi tion;~:Glaube r.etal.2 ?-·havE) _¢orrecte<;l the_,fi.rs t-orde r perturbation-theory 

calculation for the perturbation on the orbital wave function, and find 

less than a 1-eV effect on the 329-eV vacuum polarization shift in muonic 

·phosphorous. The effect should be quite similar in the pionic atoms 

considered here. The total second-order vacuum-polarization effect is 

estimated to be 230 ± 2 eV for calcium, and 301 ± 2 eV for titanium. 
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The fourth-order vacuum-polarization effect has been· calculated 

by Petermann and Yamaguchi 
10 

to be approximately 2. 9 (a/1T) times the 

·second-o:rder effect in muonic phosphorous. By comparison, the ratio 

in the_hydrogenato~,is 27 3.8'(o:/rr). Assuming the ratio to be about 

2. 9 (a/1T) f~r the pionic transitions yields a +2::!: 2-eV shift in both calcium 

·and titaniu':rli. 

The strong-interaction shift is estimated from a recent systematic 

. 16 
survey of pionic.,.atom transition energies by -Jenkins et al. Subsequent 

analysis by Jenkins predicts the shifts to be 2::!: 1 eV for the calcium 

transition, and 4::!: 2 eV for titanium. The estimate for titanium includes 

consideration of isotopic effects in the shift. . . 

The effett of atomic electrons penetrating the region of the pionic 

orbit is easily estimated if we assume that the probability density of the 

two 1s electrons is a constant in the region of interest. The level shift, 

relative to the origin, produced in the pionic atom by two 1s electrons, is 

"E _ -4 2 ( Z -1) 3 ( 2) 
~ - 3 e -a:o .r , (3) 

where for pionic atoms w~ have 

2 . 2 
( r ) = 126 (a1T/Z) 3d level 

( r
2

) = 360· (a1T/Z)
2

_. 4f level 

In these expressions a 0 and arr represent the electronic and 

pionic Bohr radii,_ and the factor (e
2
/a0) is 27.2 eV. The overall effect 

of th¢ electronic screening is to decrease the transition energy (since 

jE(r) I = jdV/drj is reduced everywhere). - . 

In the calcium and titanium transitions this would be a -2-eV 

effect. However, because the pionic 4f-3d transition is considerably 
I 
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faster than the electronic 2p-1s (E1 radiative transition rates, listed in 

Bethe and Salpeter, 
28 

are linear in mass X z4}, electronic K-shell 

vacancies produced by preceding pionic Auger transitions will probably 

not be filled in time. Rather than calculate this small effect, the elec-

tronic screening is instead estimated to be -1±1 eV. 

Naturallinewidths are of the order of several eV, the main 

contributions coming from the 3d-2p E1 transition rates and the nuclear 

absorption of pions from the 3d level. The line shapes are expected to 

be the symmetric Breit-Wigne'r resonance curves, and therefore do not 

affect the transition energies. 
. . 

The short-range electromagnetic effects, including the pion and 

nuclear form factors and the Lamb shift, are approximately two orders 

of magnitude smaller than. the strong-interaction shift, and therefore 

are negligible; 

Recoil of the pionic atom. following the x-ray emission is a 

-0.1-eV effect and therefore also negligible. 

Hyperfine structure is expected in the atom$ formed from Ti47 

(I = 5/2, fl..~ ~0.8 fl.N' Q ·~ 0.2 barns, natural abundance ~ 7o/o) and Ti
49 

. . 

(I= 7/2; fl.~ L1fl.N' Q ~· 0.2 barns, hatura1 abundance~ So/o). A d 2 atomic 

config'Li;ration can be split by both M1 and E2 nuclear moments. For the 

magnetic-dipole interaction, structure is .spread over an energy ·range 

.0.E ~ 8fiNfl. ( 1/ r 3 ) ~ 3 eV (fl. . is a pion magneton, ~ 6. 7 fl.N), and for fl. 1T . . 1T . 

the e_le.ct.r·icquadrupo1e interaction, .6.Eo,~ 0.5 e
2

Q (1/r
3

) ~50 eV. The 

form of these interactions is such that when they are switched on, the 

center of gravity of the energy spectrum is not shifted. Because .0.E 
fl. 

and .0.EQ a~e narrower than the experimental resolution [~210 eV FWHM 
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{full width a,t haif maximum) for the titanium transition], the effect of· 

the hyperfine splitting on the energy-level calculation is negligible. 

The transition energy. has been calculated for the 4d-3p transition 

iri calcium, and it is found that the effects of the relativistic fine structure, 

the vac,G:um -polarization, and the 1T-nuclear interaction are all additive and 

shift the energy at least 1 keV relative to the 4f-3d transition. Further:'- · 

more, the data of Jenkins et al. 
16 

tentatively indicate the 4d-2p intensity 

. to be about 15o/o (within a factor of 2) of the 4f~3d in calcium, indicating 

that the 4d-3p yield is about 5% of the 4f-3d. Therefore, in the data 

analysis only the .4f-3d line is assumed to be present. 

The as signed uncertainties in the calculation of the two scale 

factors presented in Table I are completely correlated. This correla-

tion is most· conveniently handled in the form of an error matrix 

2 2 
( 48 ppm) ( 46 ppm) 

V calc = 

( 46 ppm)
2 

( 44 ppm) 
2 

. where V 
11 

and V 22 represent the variances of the calciu:m and 

titanium scale factors, respectively. 

III. THE EXPERIMENT 

. A. Arrangement 

(4) 

The .1T beam, produced by. the circulating i;,_ternal beam at the 

184-Inch _CyClotron, was extracted and transported to the e~perimental 

site as illustrated in Fig. 1. The optimum beam momentum was found 

. to be about 180 MeV I c, with a momentum spread D..pjp ~ 7% FWHM. 

The auxiliary dee facility (actually a cee outside the main dee) was u·sed 
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to p:rovide a uniform spill with a macroscopic duty cycle of about 60o/o. 

The microstructure consisted of ari. 8-n.sec pulse every 52 nsec. 

The experimental .arrangement is illustrated in Fig. 2. A five­

counte~'pion telescope at the focus of a bent-crystal spectrometer 

detected pions as they stopped in the vicinity. of the pionic x-ray target. 

Behind the spectrometeter, a Nai(Tl) scintillator in fast coincidence 

with the pion telescope detected x- rays diffracted by the bent crystal. 

The bent-crystal spectrometer is a line -source transmis s.ion 

spectrorn.eter, often referred to as being of the DuMond or monochro-

mator g'eometry. ··Its long focal length (7.7 m) and large-aperture bent 

c:rystal· [6-mm-thick quartz· (310) crystal with a 160-cm
2 

aperture] were 

ch6seri specifically for "me sonic" x-ray studies. The instrumental 

·resolution for a thin source is about 17 sec· of. arc FWHM, which corre-

sponds to a width of .0.63 mm on the focal ci:rcle. ·.At 100 keV, the reso­

lution is about 160 eV, and the efficiency about 1.2X10-
6

, improving to 

• ~6 . . 
40 eV ~nd 2.5X 10 , respectively, at 50 keV. A detailed description of 

this i'nstruinent may be found elsewhere. 29 

A-detail of the pion telescope is illustrated in Fig. 3. A 1, 2 

coincidence was u.sed -to monitor the incident beam. The average beam · ... 

rate··was about LOX 106 /sec, of which about 65o/o were pions. A suitable 

· :range of CH2 was inserted to stop the pions in the vicinity of the pionic 

x-ray target. Counter logic 12345C defined the stopping particles. The 
. . . . 

~ . . 

Cerenkov counter was used to reject -electrons, and the threshold of 
. . 

counter 3 was set to detect only heavily ionizing particles (i.e., pions 

with only a ve:ry short residual range). The combination of two anti~.,, 

cou~ters b~hind the target--one set to detect heavily-ionizing particles 
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and the other to detect minimum-:-ion,izing particles- -was found to be· 

slig,htly more efficient than a single counter. 
. . 

The dimensions of the pionio x-ray targets were. chosen to be 

1. 0 by 12.5 by 200 mm;: for calcium, and 1. 0 by 6. 5 by 200 mm::. for 
. . ' 

titanium. The 1.0"'mm dimension slightly compromises the spectrometer 

res<;>lution in order to obtain a somewhat improved rate of diffracted 

x-rays. The second dimension of each target is along the bent-crystal 

line of sight and corresponds to about 0.8 attenuation length for the 

pionic x rays of interest. For reasons that will.be: discussed later, in-

cr.easing this dimension further would adversely affect the data-accumula:.. 

tion rate. 

The differential range curve for the degraded pion was about 3. 5 

g/ cm
2 

of c:H2 wide, which corresponds approximately to 10 mm of 

titanium or 20 mm of calcium. The transverse dimensions of the pion 

beam were about 40 by 130 mm. Hence only a small fraction of the 

incident pion flux--of the order of 1o/o--could be stopped in the target 

material. Although other crystal geometries (i.e. , Cauchois or flat­

crystal spectrometers) would allow a larger stopping rate since the 

target would not be at the spectrometer focus, these spectrometers 

typically exhibit effiCiencies about 0. So/a that of the DtiMond-geometry 

·instruments near 100 keV. 

The Nai(Tl) scintillator, whose dimensions were 6.3 by 170 by 

170 mm·, was viewed on one side by nine 2-in, -diam photomultipliers. 

For an 84-keV nuclear gamma ray (selec·ted from the calibration source 

by the monochromator), an optimum resolution of 25-:keV FWHM was 

. observed. This corresponds statistically to about 0. 7 5 photoelectron 



-15- UCRL-16638 

per keV of y-ray energy in the observed pulse. By deriving a timing 

. 30 31 
signal from the arrivaL of the f1rst photoelectron, • the overall 

timing resolution for diffracted x rays in coincidence with stopping pions 

was expected to be about 8 nsec FWHM (including a 4-nsec quadratic 

contribution from the pion telescope). The. resolution observedduring 

the experiment was about 1.6 nsec .. 

Pulse-height analysis, as well as time analysis of the Nal(Tl) 

signal, was required to sepai-ate the real signals from the background, 

which was due to random coincidences between the Nal(Tl) and the pion 

telescope~ The main source of the singles counting rate in the Nal(Tl) 

·appeared to be from natural radioactivity inside the shielding surround-

· ing it. Turning the cyclotron ori and off produced less than a So/a effect 

on this counting rate. No correlation between the counting rate and the 

micro- or macrostructure of the beam was observed. 

Both a fast ;ignal for time analysis and a linear signal for pulse-· 

height analysis were derived from the Nal(Tl) detector. Figure 4 

illustrates the logic used to analyze these pulses. One of the coincidence 

circuits was timed to detect real, as well as random, events. The other 

.coincidence circuit, essentially identical to the first (both had a resolv-

ing time of 14 nsec), was set an integral number of microstructure pulses. 

off-delay to detect only random events. The linear pulse~ were routed 

into any of four 1 00-channel pulse -height analyzers, depending on which 

.. logic requirements were satisfied .. · . 

Since each picnic x-ray measurement reported here represents 

several hundred hours of cyclotron time, it was important to include in 

the experiment proper equipment to. monitor the mechanical alignment 



-16- UCRL-16638 

of th.e x.:.ray target and the spectrometer. The autocollimator, 32 shown 

in Fig. 2, was used for .this purpose. The bent-crystal spectrometer, 

the x-ray target, and the auto.-collimator were all mounted on firm 

concrete foundations in order to minimize relative motion of individual;' 

componen~~· An optical target mounted on .the bent-crystal form block~ 
. '' .~' 

together with the autocollimator support, defined a line of sight on which 

the x ray target was placed. The spectrometer alignment relative to 

this line of sight was checked by attaching a front-surface. mirror to 

the form block and rotating it into autocollimation with the precision 

·sine screw on the spectrometer. The expectedilirriit on the monitoring 

of the system alignment was ·slightly greater than the autocollimator 
' . 

resolution, hence about± 4 sec of arc (As mentioned earlier, the 

spectrometer resolution is about 17 sec.). During the experiment, specific 

procedures were used so that misalignments too small to be observed 

by the optic;:;_l monitoring equipment would have minimal effects on the 

final data. 

It is worthwhile here to review the efficiency of the system for 

detecting x-rays. The intrinsic efficiency of the spectrometer for the 

-6 
88-keV titanium 4f-3d xray is about 1.3X 10 However, as the width 

of the target was slightly larger than the intrinsic resolution; the effi­

ciency averaged over the target width is actually about 9 X 10 -? The 

production yield of the 4f-3d x rays is about 0. 5 x rays per stopped 

'pio~, 33 and onlyabout 70% of these leave the target due to self-absorp­

tion. The detection efficiency of the Nal( Tl) is about o: 9. Data analysis 

also reduces the efficiency in the following way: As mentioned earlier, 

the. timing resolution of the detection system was observed to be about 
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10 nsec;:,. The resolving time of t.he. coincidence circuits was set to 

14 nsec;· hence only about 85% of the events were detected by the coin-

cide11ce circuits, the rest being outs.ide the timing window. A similar 

reduction also occurs. in the pulse -height analysis. This small reduction 

in counting rate is more than compensated for by a significant increase 

in the signal-to-background ratio (for the signal-to-background ratio en-

countered in this experiment, improving it was almost as important as 

improving the events rate, as far as locating the mean of the diffraction 

peak \Vas concerned. It was for this same reason that one dimension of 

tb,e x-ray target was chosen to be. 0. 8 absorption length). The system 

·-7 . .. 
effici€\ncy is then about 2 X 10 detected x rays per stopped pion in the 

target.· 

B. Procedure 

·The picnic x-ray wavelengths were measured by scanning alter-

nately the regions where the right an,d left first-order diffraction peaks 

were expected to be, based on the energy-level calculations. As the 

ang\llar'separation of the two diffraction peaks is measured by the sine-

sc;:rew mechanism, no reference to the line of sight was required for 

. the wavelength determination. Reference to the line of sight was re-
. . 

' . . . 

qui red only to insure that the diffraction peaks would<be. situate(f'well.w.ithin 

the regions· scanned. This alignme-nt was p~rforin.~d with a radioactive-: 

source. 

In order to minimize the dfect of possible long-term relative 

motibrt -(including any cyc;:lic diurnal· motions), of the target and spec-

· tromet~r on the data,. the spectrometer was operated on approximately 

a 3.6-hour cycle. Each x-ray measurement consisted of about ten such 
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cycles, so that any unobserved motion (L e.·, less than± 4 sec of arc) 

would have a negligible effect on the data when averaged over. all cycles. 

Thermal expansion of the quartz crystal (about15 ppm/" C) is an im-

portant effect, so the ambient temperature was recorded at regular 

intervals. (~$: a comparison, the final wavelength precision quoted for 
,. ' ' ~ : 

·, ',-· 

this experimerrt·l.s about.± 100 ppm.), 

The net stopping pion rates in the x,:-ray targets were about 4200 

pion/ sec in titanium and 3200/ sec in calcium, based on target-in-minus-

target-out rates and differential range curves. Because the titanium and 

calcium targets weighed about 6 and 4 g respectively, the stopping pion 

re+te was about 7 50 pion/ g -sec for each target. 

As data accumulation progressed, the location of the diffraction 

peaks were predicted with reasonable precision by X 
2 

analysis. Some 

additional effort was then concentrated on the points that localize th'e 

peaks most effectively. 

The data thus obtained are illustrated in Figs. s~and 6. The or­

dinates represent the events per 10
7 

stopping pions, and the abscissae 

.represent the diffraction peak location in units of sine-screw turns 

from the mechanical center (1 sine-screw turn corresponds approxi'-

ma~ely to 294 sec of arc). The observed efficiency is seen to be in the 

range::of 1 to 2_X 10- 7 , ·which is consistent with the prediction. 

The instrument was calibrated by using the 84-keV nuclear gamma 

ray (A.= 14b.835 ± 0.005 xu) 
34 

and the 52-keV electronic Ka. 1 xray 

(A-:: 236.165 ± 0.003 xu) 
35 

of a Tm 
170 

radioactive source. The. quartz-

crystal d spacing (at. d8° C) was found to be: · 
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Calibration wavelength (xu) d18 Spacing (xu) 

147 1177.4.9 ± 0. 06 

236 1177.56±0.03 

The entire calibration error is contained within the quoted d 

spacings. · The slight deviation between the two measurements is due 

possibly to a small deviation in the linearity of the sine screw. The 

calibration is discussed in more detail elsewhere. 
29 

From a linear extrapolation between the two calibration points, 

the calibration values for the two pionic x-rays of interest are: 

Transition Wavelength (xu) d 18 Spacing (xu) 

Titanium 4f-3d 141 1177.49±0.06 

Calcium 4f-3d .171 1177.52±0.05 

C. Data Analysis 

The intrinsic resolution of the spectrometer has been found to be 

adequately represented by a Gaussian distribution. For the 1-mm-wide 

targets used ir:i this experiment the resolution ·is given by convoluting a 

Gaussian distribution ·:.: :, (representing the intrinsic resolution) with 

a rectangle (representihg"the target), and is closely represented by the 

function 

· 0 I 1 ( 0 l ! 
)

2 (~-A )·
41 ~. /A-A \

2l· 
·. + b J exp L- 2 \ c / J ' ( 5) 

.where the co.nstants a, b, and c are known. The resolution for the pionic 

x-ray Unes is 140 eV and 210 eV FWHM for calcium and titanium, re-

SP!=! ctively. 

In the analysis on~y-one~diffraction peak is assumed·.to be present 

in each spectra (as indicated in section II, the 4d-3p line is expected to 

be less intense than the 4f-3d by about a factor of. 20, for example). 
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T_he ba~kgro~ndunder each d'iffraction peak is assumed-to be flat (con-

sidering the efficiency of the .spectrometer and the lack of any substan­

t.ial correlation between the Nal(Tl) background counting rate and the 

.cyclotron beam, this is a .very reasonable assumption) •. Hence the 

expected shape of the spectra is of the form 

( 6) 

where the noise N, _signalS .~,.:and. ~a(yele:b.gth >1. 0 r~emain to .be determined. 

Ir;t the data analysis, th.e function 

- Y(A..) 
1 

12 

J (7) 

wher~ Y(A..) ± u ., 'the mean and standard deviation of the ith experimental ,. l l 
. . . . . 

point, is minimized by computer for each value of the independent 

variaple A- 0 by varying N and S,. with the restriction that N a~d S 

are greater than ;zero. The resultant X 
2

(A.
0

) for the data in Figs.: 5 

2 and 6 are plotted in Figs. 7 and 8, respectively .. Each of the eight X 

curves were analyzed completely independently of one another. 

The sum of the four X 
2 minima in Fig. 7 is 31 arid in Fig. 8 is 

. . . . . . . . 2 [ . 2 J 1/2 
57. ~he .expected value for these sums is. (X ) ± 2 (X ) = 42 ± 9. 

I£ a straight-line fit to the. data were attempted, the sums of the minima 

. would be 159 and 66, ·respectively ((X 2) = 50 for this case). The only 

I 

obvious disagreement is for a straight-line fit to the "real" data in 

Fig. 5 • 
2 The other X .minimq., although not as good as one would like, 

. are. nevertheless acceptable. 

The ratio . [x 2 .. /(x 2) J i/2 
·may be shown to be Birge 1 s ratio 

m1n 

. R, 36· which· is a measure of the overall compatibility of the errors· 
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assigned to each point with the deviations of the individuaL points from 

2 ' 2 
the minimum X fit. For the three reasonable x;: . obtained, 

m1n 

Birgeis ratio is within about 15o/o of unity, which may be considered as 

an estimate of the degree of reliability in the width of the likelihood 

distr:ibution for the mean of the diffraction peaks. 

the relative likelihood distributions for the mean of the four 

diffraction peaks in Fig. 5 are plotted in Fig. 9. These curves were 

derived directly from the . 5( 2 . curves :i.n Fig. 7 and were normalized to 

1 at the mode. The horizontal error flags represent the mean and s.tandard 

deviatio.ns assigned to each likelihood function. These error flags. also 

appear· in Fig. 5. The smooth curves in Fig. 5 correspond to the maxi­

mum-likelihood fit, as do the smooth curves in Fig. 6. 
. . 

The maximum-likelihood estimates of the background level in the 

four titanium curves in Figs. 5 and 6 are self-consistent, as a.re the 

background l~vels in the calcium 9,ata. The height of the two titanium 

diffraction peaks differ by almost 2 standard deviations. The alignment 

of the bent-crystal spectrometer components was checked both before 

and after the experiment and found to be satisfactory, so the only ex-

planation seems to be that the height difference is a statistical fluctua-

tion (~ 5o/o probability). This fluctuation is not expected to have any· 

systematic effect on the data analysis, however. 

The experimental results are summarized in Table II. As men-

tioned earlier,· 1 sine -screw turn is approximately 294 sec of arc. The 

. midpoints of the two pairs of diffraction peaks differ by 0. 009;:!: 0. 007 

sine-screw. turns, hence about 2.6 ± 2.1 sec of arc. This is an estimate 

of the consistency of both sets of data, if we assume the bent-crystal 
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alignment to be identical for both expe.riments (the other consistency 

check is the prediction of the ;r- mass by each measurement). The 

sine of the Bragg angle (OB) includes a correction for the tempera.ture 

deviations from 18° C measured during the experiment. The wavelength­

to-energy c'9nversion constant us~d here is 12372.42 xu-keV ± 15 ppin. 
35 

The fractional errors quoted for the two x-ray energies each 

represent a standard deviation of± 9 eV. These errors are partially 

correlated, the ·error matrix for the two energy measurements being 

. 2 2 
( (1Z7 ppm) (48 ppm) 

v = ( 8) 
e,Xp· 

\ 2 2 
. (48 ppm) (99 ppm) 

where. V 11 and V 22 represent the variance of the calcium and titanium 

measurements, respectively . 

IV. CONCLUSIONS 

A. The Negative-Pion Mass 

The product of the measured transition energies in Table II and 

the calculated scale factors in Table I yields .the following estimates for 

the iT mass: 

Transition ;r . Mass Estimate 

Calcium 4f-3d 139.582 MeV± 136 ppm 

Ti.tanium 4f-3d 139.574 MeV±109 ppm. 

The error matrix for the two measurements is, from Eqs; (4) and ( 8), 

V=V tV calc exp 

= t36 ppm)
2 

\(66 ppm)
2 

(66 ppm) . 2 \ 

. . I , 
. . 2/ 

(109 ppm) 

( 9) 
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. . . . 

where the offmdia.gonal elements contain contributions from the spec-

trometer ca~ibration, the energy-level calculation, and the wavelength-

energy conversion factor. 

The weighted average of the two measurem.ents is
37 

2 . 
MiT -c = 139.577 MeV± 96. ppm. 

where 

r 1-1/2 
) (V -

1
) .. ~ :;;. 96 ppm~ 0,01.3 _MeV. 

f; ~ lJ u 
tL 1 . J 

This .estimate agrees with the previous measurements described 

in Section I. If the muon neutrino r.:1ass is assumed to be zero,. the 

+ -
iT -'tO-'IT mass ratio is founr:l to be 1.0002 ± 0.0004. Hence the:::-e doet> 

not appear to be any evidence of CPT no ric one e rvation in the charged 

pion mass at the level of precision attained here. ·(As a cornpariso:1., 

.L 

the "1-L. -to-~~ mass ratio is observed to be 1.0000 ± 0.0001..) 

Note added in proof: A very recent ~.easurem.ent of h/e by the· 

38 Josephson effect (still in progress) is yieldbg values of the fine-

structure constant about 21 ± 5 ppm below the accepted value. The 

authors show that this would raise the present best estimate of the 

electron mass (and hence also the muon mass) by about 63 ppm. 

is therefore relevent to discuss the dependence of the present pion 

mass measurement on h/ e and a.~ 

h . . . b . d b . t1.. , t "h T e p1on mass estlmate 1s o ta1ne y compar1ng He wave1eng -~~ 

. of a pionic x ray to a calibration wavelength A. • 
c 

The measured wave-

length is ·conve·rted- to.an ene:tgy usirig/,the energy-wavelength c'.onv.ersion 

. . .... . .2 I . . . . . . . ... . ·_.:· ... 
constan .. :VA..~ =e. h Ae.~_: :Th1S·x-ray:energy lS ln·.tu:rn.rela .. ed:.~.o_·the 

. 2 
pion mass through a function of a. • Specifically:· 
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M 2 
rrc 

o:· 

V"A . 
s 

-r-. c 

-2 
a. 

where terms of higher order in a. have been neglected. But 

c. 
2R y 

0() p 

(1:0) 

( 1.1) 

where c is the velocity of light, R is the Rydberg constant for infinite 
00 

mass, y p is the proton gyromagnetic ratio, and ~tp/~t 0 is the proton 

magnetic moment in Bohr magnetons. These constants allow determ.h1a­

tion of (h/ e)a. -
2 

to about ± 3 ppm, indt:)pendent of existing measuren1ents 

. of.either h/e or a. (further discussion of this point is presented else­

. where 39). 

B. The Muon-Neutrino Mass Limit 

As demonstrated by Barkas et al. , 
5 

an upper lilJ."Jit on the muon-

neutrino mass may be assigned by applying energy-momentam conserva-

tion in rr _.. ~ + rr decay. Fordecay at rest (c :.: 1 units) we have 

2 . 2 
M = (M - M ) - 2M T v iT ~ iT ~ 

( 12) 

where T is the kinetic energy of the recoil muon in the c. m. systern 
~ 

of the pion. The best present values for the input parameters are 

(it is assumed here that the + 
iT and rr masses are equal): 

MiT = 139.577 ± 0.013 MeV 

M = 105.659 ± 0.002 MeV 
~ 

P = 29.80 ±0~06 MeV·. 
fL 

(this experiment) 

(Feinberg and Lederman) 
6 

. . . /5 
(Barkas et al.) . 

The latter two combine to y.ield T ~· = 4.122 ± 0.016 MeV. The standard 

deviations of the first and s.econd terms of Eq. ( 1 Z:) are due almost 

entirely to M and T respectively, and therefore are essentially 
;r ~ 

.. 
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uncbi're1a::ted, A graphical solution of Eq. (12) is illustrated in Fig. 10. 

The likelihood distribution for .M. 
2 

(which is Gaussian in units of l\1~ 21
1 i . v . . . v 

is found by projecting the bivariate distribution onto the J\ .1' 2 . 
IJ.. 2..XlSa 

v 

The likelihood d5.stribution in M 
2 

represents the :r.·elative . v ~ 

likelihood that a neutrino of mass · M would have })roducc~d!the·;observed . v . 

experimental result. The a pr1::-~ri assumption that the neutrino mass is 

contained within the.interval 0 ~ M. 
2 < o0 is quite reasonable, as nega.tive v . 

values of Mv
2 

are associated with velocities greater tha.n c. So the 

distribution is normalized such that the likelihood of the neutrino :.::nas s 

· · · h · 1 · o· M 2 · · 1 o od1 oe1ng :tn t e 1nterva ~ < oo 1s ' ;o. . . . . v ~nalysis of this distribution 

then yields. the upper limits 

0~ \M 'I <.2.1 MeV v 
68% confidence 

0 ~ !Mv I < 2.? MeV 90% confidence. 

·Other estimates. of the muon-neutrino n1.ass are :t•eviewed. in Section I. 
i• 

Referring agai;~ to Fig. ·10, it is apparent that 'improvements hi 

the estimates of the pio:q. and muon masses will not significantly. modify 

the present limit on the Jnuon-neutri~o mass. but that a new precise 

m.easurement ofT (or· P ) could reduce the upper limit to about 1 MeV. 
~ . ~ -

..... 
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APPENDIX 

A. Vacuum Polarization Shift Using Relativistic Wave FunCtions 

The relativistic radial wave· equation for a spinless particle in a 

cen~ral Coulomb field is (from Section 42 of Schiff) 
17 

1 d ( 2 dRJ + ("- 1 '1(1 + 1) -y
2

). R _ -z crp ,p dp -p - 4- . ) .. - O, 
p . . p . 

where y = a. Z, A. = n - 1. - 1/2 + [ ( .e + 1/2) 
2 

- y 
2

] 
1

/
2

, p = 2 kr, and 

k = (flc) - 1 [(M1Tc
2

)
2 

- E
2

]'1/
2

; E = total energy. 

Substituting R(p) = ps e -p/2 u(p), where s = A. - n + .e, we have 

pu" + [2(s + 1) -p] u
1 

- [s + 1 -A.) u = 0. 

Making the substitution b = 2(s + 1) and a = s + 1 -A. . 

I . 

pu" + (b-p)u -au= 0. 

(A-1} 

(A-2) 

The solution is the confluent hypergeometric function as described in 

Section 20 of Schiff. 17 For circular orbits we have P. = n "" 1, and. 

hence s = A. -. 1 and a = 0. The normalized solution which is regular at 

r = 0 is then 
. 1/2 

[ 
8 k

3 
• ]' . A.-1e-kr 

R(r) = t'(ZX:+ i) (2kr) . . (A-3) 

In the nonrelativistic limit this reduces to the hydrogen-atom radial 

wave functions, (i.e., A. - n and k..,. Z/narr where arr is the Bohr 

radius). 
. . 

The .second-order vacuum-polarization shift from first-order 

perturbation theory is 

~E = -e· (R I~<P jR) (A-4) 

- -ze2 (Ri! (~)IR). 
. r <P 2 . 
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· Where· 

· ,.·h u hl' · 1 20 h 1 1s ;t,e e 1ng 1ntegra , w er.e fJ. =me 'fl is the inverse electron 

Corrl.pton wavelength. Integration over r yields 

(x2 - 1)1/ 2 (2x2 + 1) 

x4 (1 + ~ )2X 
~E s: dx, (A-5) 

h . h d t th . d. . d b M'. k 1 · 23 d K 1 24 w 1c re uces o e express1on er1ve · y 1c e walt an os ov 

in the nonrelativistic limit. The substitution x = 1/v yi~lds 

f. \ z 2k ·s1 (1~.v2)1/2(2+v2)v2.A.-1 
L'.E=-\~"J ",: 0 (v+t)zX dv, 

(A-6) 

which is more suitable for computer evaluation. 

In particular, for the 4f-3d transitions in pionic calcium and 

titanium {using a reduced mass derived from M1Tc
2 = 139.58 MeV} w.e. 

obtain the following values: 

Vacuum polarization shift (eV) 

Energy Level Relativistic Nonrelativistic 

Calcium 3d -316.4 -315.1 

.Calcium 4f - 87.4 - 87.2 

Titanium 3d -420.1 -418.1 

Titanium 4f -120.4 -120.0 
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Table I. Calculations of the 4f-3d pionic calcium and 

titanium transition energies with M c
2 

= 139.580 MeV. 
'lT 

Transition energy (keV) 

Effect Calcium Titanium 

Klein-Gordon equation 72.388 ± 0.001 87.622 ± o. 001 

Reduced mass - 0.270 ± 0.001 - 0.273 ± 0.001 

Vacuum polarization 

(second-order) . + 0.230 ± 0.002 + 0.301 ± 0.002. 

Vacuum polarization 
I .. ... , .. , .... :: . .• 

·(fo'U:~th-.:.;8rde'r) + o. 002 ± o. 002 + 0.002 ± 0.002 

Strong-interaction shift + 0.002 ± 0.001 + 0.004±0.002 

Orbital-electron screening - 0. 001 ± 0. 001 - 0.001 ± 0.001 

Electromagnetic form factors negligible negligible 

Lamb shift negligible negligible 

Pionic-atom recoil negligible negligible 

Hyperfine effects negligible negligible 

Calculated transition energy 72.351 ± 0.003 keV 8 7 . 6 55 ± 0. 0 04 ke V 

Scale factor: 

1929.21 ± 48 ppm 1592.38 ± 44 ppm 
transition energy 

( 



'Table II. Experirn'ental results. 

C~lcium diffraction peaks Titanium diffra(~ti~I1 :P:£:itks 

Parameters Left Right Left ':Right 

nsignal11 events in peak 176 199 341 375·· 

nsignal''/"background" ratio 0.58 0.77 0.80 1.23 

Signal events rate at mode (hour -
1

) 2.3 2.6 2.3 3.0 

Total runnin.g:.:thne {hours) -------320------- ------360------

Dilfraction-peaklocation 

(sine-screw turns) ~50. 6829±0. 0089 -1-51. 5585±0.0068 -41.7 517±0.0057 +42.6462±0. 0042 

Midpoint (sine -screw turns) 

Separation(X 0. 5) (sine-screw turns) 

Sine. eB (at '18° C) 

Wavelength (xu) 

Energy (keV) 

+0.438 ± 0.006 

51.1207 ± 0.0056 

0.0726120±119 ppm 

171.004± 126 ppm 

72.352 ± 127 ppm 

tOA47 ± 0.004 

42.1989 ± 0.0036 

0.0599388±84 ppm 

141.155 ± 98 ppm 

87.651 ± 99 ppm 

·~ 

I 
v.> 
it::<. .,, 

~ 
() 

::u 
t"' 
I 
~ 

0' 
0' 
v.> 
CXl 
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FIGURE LEGENDS 

Fig. 1. The 1T beam::•transport system. 

Fig. 2. The experimental arrangement. 

Fig. 3. Detail of the pion telescope, Counter logic 12345C defined a pion 

stopping in the vicinity of the x-ray target. Counters 1, 2, and 3 

are 20 em high, and 4, 5, and C, 25 em. 

Fig. 4. Block diagram of the logic for analyzing the Nai(Tl) pulses. 

Fig. 5. Events rate for the "real" data, plotted against the setting of 

Fig. 6. 

Fig. 7. 

· Fig. 8. 

the bent-crystal spectrometer measured in sine-screw turns 

· (.1 sine-screw turn is about 294 sec of arc). The smooth curves 

represent maximum-likelihood fits, ~rid the horizontal error 

flags represent the rnean and its standard deviation for each 

diffraction peak, as determined by X 
2 

analysis. 

Events rate vs spectrometer setting for the "random" data. 

2 . 
X values for fitting the expected line shape to the "real" 

data in Fig. 5. The expected value of X 
2 

is indicated. 

2 X values for fitting the expected line shape to the "random" 

data in Fig. 6. The data show essentially no structure, 

although the X 
2 

minima are slightly larger than expected 

2 
(the e'xpected :value of x in each curve is the same as that for 

the corresponding curve in Fig. 7.]. 

Fig. 9. Relative -likelihood distributions for the means of the diffraction 

peaks in Fig. 5. These curves are derived directly from the X 
2 

data in Fig. 7. The horizontal error flags represent the mean 

and standard deviation for each curve. 

Fig. 10. Graphical solution to Eq. (12), using the best estimates of 

the experimental parameters (c = 1 units). All projections of 

the bivariate distribution are Gaussian. The largest single con-

tribution to the error on M comes from T • . v fJ. 
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This report was prepared as an account of Government 
sponsored work. Neither the United States, nor the Com~ 
mlSSlOn, nor any person acting on behalf of the Commission: 

A. Makes any warranty or representation, expressed or 
implied, with respect to,the accuracy, completeness, 
or usefulness of the information cbntained in this 
report, or that the use of any information; appa­
ratus, method, or process disclosed in this report 
may not infringe privately owned rights; or 

B. Assumes any liabilities with respect to the use of, 
or for damages resulting from the use of any infor­
mation, apparatus, method, or process disclosed in· 
this report. 

As used in the above, "person acting on behalf of the 
Commission" includes any employee or contractor of the Com­
mission, or employee of such contractor, to the extent that 
such employee or contractor of the Commission, or employee 
of such contractor prepares, disseminates, or provides access 
to, any information pursuant to his employment or contract 
with the Commission, or his employment with such contractor. 






