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ABSTRACT
The ene‘rgies of.the 4f-3d afomic transitions in pionic calcium
and tltanlum have been measured with a bent- ~crystal spectrometer, and °
| , were found to be 72.352 = 0. 009 and 87 651i0 009 keV, respectlvely
: The relatlonshlp of these trans1t10n energies to the mass of the negatively
charged plon is calculated Comparlsqn of the measurement_ with the
:‘:'calculatlon yields. o _ |
| N M‘ cz 139 577i0 013 MeV
as a newv estimate of the charged-pion. mass. /
- Conservation of energy and momentum in the Ty + v decay
p.rv‘oc_‘e.s s‘ 1s examined, and a.n upper limit of 2.1 MeV (68% confidence

level)is assigned to ‘the mass of the muon neutrino.
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I. INTRODUCTION

Precision measurement of the energy of an x-ray transition in a

pionic (T-mesonic) atom, in combination with a precise calculation of i -

the relationship of this transition energy to the mass of the ™~ meson,"

can yield an accurate estimate of the charged-pion mass. bExperiments
- using this technique were considered more than a decade ago. Early

- pionic x-ray measurements weére able to estimate the ™ mass with about

+0.5% precision. Precise methods such as crystal diffraction of pioni‘c
x-rays wefe considered,‘v But the inherently low efficiency of crystal
spectrometers and the l(.)'w‘ intensity of a_vailable pion beams precluded |
such measurements. Gradual imprévément in crysfal-diffraction

spectroscopy as well as pion-beam facilities has recently made recon-

sideration of such an experiment worthwhile.

The measurement of two pionic x-i'ays to approximatvely +400 ppm

- (parts per million)> precision with a bent-¢rysta1 spectrometer is reported

) 1n this paper. The energy-level calculations are carried out to about’

+ 50vppr'n precision, leading to a :I:'100_ppm estimate of the charged-pion
mass. |

| A new me:as‘urerhent of the pio>n mass is desirable for sevéral ‘
reaéons. The present best e‘stimates ‘of all the hadron masses depend on

measurements of either the pion or proton mass, or both. Some recent

‘hadron mass measurements are of such precision that the existing un-
. certainty on the pion mass is no longer negligible’(e. g., the best present

. estimate of the charged kaon mass is derived from analysis of .

+_v+' L decaysi). Secondly, combination of a new measure-

-vment'of the charged-pion mass with other already existing experimental -
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rééuits alloxis a revision in. the ﬁppér l_limitiassigned to thé masé :of the
- muon neutrino. On the other hand, ifl the fﬁéss of the muon neutri‘.rllovvis .
assumed to be z'ero;' then thesé _existing expérime'nfal_ results allow ah
' fe:';‘t._imate' of the‘ nt | r’na'.s‘s with z‘a.boil,t *400 ppm precision, which may
:Be directly compared to the n‘qeasureme‘nt of the :r.'- mass re.'porte‘d here
as a tést of CPT invai'iance. | |
| Many measﬁrejmeﬁts of the pion mass have been made: previously

by other experimental groups using. a wide range:of techniques. Several
- experiments are revieWed briefly here to_indipate éhe techniqués used,
and th¢ range of precision obtainable; A nﬁfore comprehe‘nsive "éurvey. |
is pv're'sentéd in._a. reviewAarticAle'by‘ Barkas.

o The Q. value of the absorption process T +p—n+ y at rest is
directly related to the_. T  mass. Measﬁre_ments of the energy of‘ either
the 8;8_':-Me'V nevl_ltron or the 130_-MeV Yy ray is sufficient to uniquely de-

termine the p‘io“n_ mass. Crowe and Ph’illips2 in 1954 measured the

. energy of the y ray with a pair spectrometer, and arrived at an estimate

of

M_-c® = 139.37£0.20 MeV.

In 1964, Czirr3, using time -of-flight techniques to meas_u?e the

neutron energy, estimated the T  mass to be

M_ c® - 139.69£0.414 MeV.

4

.Stearns et al. ™~ in 1954, by‘aftenuation of several 4f-3d pionic

x rays with selected absorption-edge filters, were able to limit the pion
" mass to the interval ,
, . ,

139.15+0.15 < M_.c” < 139.76+0.20 MeV.

R
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The two most precise estimates of the :.-,,‘m?ﬁ,-.;mag-s‘; Are v

derived from emulsion experiments at Berkeley. The development of

" the mass-ratio techniq\ie over a period of several years resulted in the

> measurement of the TT+ mass by' Barkaﬁs,‘ Birnbaum, and SmithD in 1956.

Becaus.e the rate of energy loss for charged particles is dependent dnly

on their velocity, the residual ranges of two'similarly charged particles |

‘with the same initial velocity will be in the ratio of their respective
~masses. In this experifnent, velocity selection was made on the pions

and protons by utilizing the cyclotron magnetic field. Measurement of

60 vpvroto.n and 368 m' tracks in e.mulsion yielded an estimate of (using
the prese.nt best eétimaté of. the proton mass) | |
| l\'/I‘,‘,M.’cZ = 139.68i 0.15 MeV.
A byproduct of this mass-ratib experiment was the rheaéuremeﬁt
of the abbsoiute muon momerifum in the decay ot - p,+ + v, wa separate
measurements, comprising a tota.l>of 364 decays, yielded a combined

value of 33.94%+0.05 MeV for the nt p+ mass difference, ﬁnder the

assumption that the muon neutrino has zero mass. Combining this mass

: diffe‘rence with the present value of the muon ma,ssb (MMC2 = 4105,659%0.002

MeV’, from combining the g/m and g-2 measurements6) yields an esti-

- mate 6f

Mﬂ+cz = 139.60£0.05 MeV.
This has been.the accepted value for several years.
A direct meaéﬁrement of the charged pion'mass (i. é. , a meas-

urement not based on the assumption MV( ) = 0) allows a c_he.ck of
L :

used this method to assign an upper limit to the mass of the muon

- neutrino, obtaining
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: 2.
M., ¢ <3.6 MeV.
v(p)”
Two other experlmental groups have been able to as s1gn precise |
upper llmlts to the muon-neutrino mass by ene rgy momentum conserva- .
tion in p.+ - e+ +. Ve + v]J. decay. Dudziak et a.l. report an upper limit
of
, R
, V(i) €
and Bardon et al, 8 an upper limit of

2
5o - "< 2.6 MeV.

< 4,1 MeV,.

M_ "
v(j

II. PIONIC X-RAY THEORY

.vA. Introduction

Pionic and muonic x reys ha.ve_been studied for several reasone,
including investigations into atomic physics, ﬁuclear charge distributions,
hyperfine-strﬁetu»re effects, _and'the T-nuclear vinvteraction. They have
also bee‘n studied with the’ ebjective of measuring the pion and muon
masses. 49 |

In previeus mass measurements, the most precise method suit-
able for "mesonic" . x-ray _studies was the absorption-edge technique-
(”meser‘lic"Ais used loosely here to include muonic){.‘ As the absorption
ICOefficient of an x-ray filter can vary by a large factor ina very small
. energy intei'val, precise limits ‘could be placed on the xfré.y energies.

Suspicion that theenergy of the 3d5/2—2p3/2 mﬁonic .phosphorus
x- ray lay dlrectly on the 100-eV-wide K-absorption edge of lead prompted
the most precise "mesonlc x~ray transition- energy calculatlon to date.

In 1959, Petermann and Yamaguchi ip_xbalbulajte“d the_--_qua,n,_tumr electro-

dynamic cdrrectiops to the Dirac equation for the 3d5/2 and 2p3/2 levels
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of muonic phosphorus, *” arriving at a relationship between the muonic

' x-ray energy and the muon mass with a precision of 25 ppm. Mean-

‘while, several experimental groups measured the absorption coefficient

of these x-rays in ‘lea'd.“ Combination of these data yielded an estimate

of the muon mass with a precision of £400 ppm which, when compared

with a:more recent independent measurement of the muon mass (with a
pr.eci‘s'vion of £15 ppm), verifi}ed' the muonic x-ray calculations to

'£400 ppm. °

The second-order (in e)b corrections to .the Dirac equétiOn in

muonic phosphorous fall into two distinct categories, the virtual pro-

:;ddctiOn of electron—positfon pa_iré by the Coulomb field (vacuum polar-

_ization), and the virtual emission of photons by the muon (Lamb shift).

"mesonic! atoms, is

'a.‘co'rre_cjti.on to the Coulomb field,' and hence does not depend directly

on the intrinsic-properties of the "'meson''. The Lamb shift, ~which does

depend on the intrinsic properties, may be considered as a short-range

_ . . . . '
-effect in '""mesonic' atoms, as its '"range' is defined by the "'meson s"

Compton wavelength. It is a negligible correction to '"mesonic" atom -

 energy levels except possibly when the effect of a'finite nuclear charge

‘distribution is significant.

Pionic and muonic atoms differ in several significant ways., As
the pion is a spin-0 particle, the Klein-Gordon equation rather than the
Dirac equation must be used. - Although the Klein-Gordon equation has

not been experimentally verified to the precision required in this paper,

- the success in understanding the hydxfogehatom would make such a

verification anticlimactic. Furthermore, pion-nuclear interactions



6- " UCRL-16638

. can’prodllvlcve ‘shifts‘ in the .atorﬁic energy levels Whiéh tlypically“ar'e.e' dné-
or two olx;ders_ of magnitudé 1arge.r than the correction fo.r a finite ﬁu-cleax;' .
.charge dﬂi}s{t“i‘ibutio_h. Nuclear abSorptio’n of pions fro.m atom-i'c lévels |
'Compétés with thé Ei atomic transitibns; | resulting iﬁ broadening and -
weakening of the x-ray lines. . |
The selection of the pionic x‘-raylr iines to be measured with the
bent_:—ciystal spectrometer \vwvavs based c'>n both theéreti(;al" and expe'ri-
».menta;l cc")nsidératio’n‘s. The corrections té the Klein-Gordon equationv
bhad fo be es'ti_m'ated to such a precision that the "relationship betwee,n the
pionic x-ray energy and the pion mass would be calculable to about
+50 p-pm‘pre;:isi.on_. _iThe iméortar}t_ quantum-électrodynamic terms, as
-rrienti'oned.abo%re, hé“v'e ali'éady bee'n. adequately tested iﬁ electronic
.hydrogen and muonic phosphorous. The iargest uncertainty in the
h ca;lculatioﬁ was the estimate of the atomic level shift produced by the
-nuclear interaction. As this could not be calculated to the delsired '
precision froz"n kr}owlécige of 'the m-nucleon interaction, it was 'ﬁeces sary
.‘tov estimafe the level shift frbm exisfing experimental dafa on pionic
. atoms by perturbation-theory fechniques.
- Experimental surveys of pionic atoms in the late 1950'5“’13
"indicated thaf fche observed strong interaction of pions‘ in 1s orbits d-e.-
creased the binding energy, and hence was ovf a repulsi.j;/e,'né.ture. In
1964 a ’meas’ﬁrémgnt of the"3d:-.2p p>ionic aluminum transition 4 in-
dicated .that'_th.e m-nuclear inferaétioh 1n 2p orbit'sl_incfea'.sed the bind-
‘Ving energy, hence cbnfirming the theoretical prediction that the 3,3
m-nucleon interaction should dominate in 2 # 0 orbits, giving rise to an

attractive force.
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t

. v' The as sﬁmption that the‘T-T-‘nu:cle‘ar interaction is essentialiy
simﬂar in p ahd d or.bits_.le‘d to the conclusion that the strlo.ng‘ inter-
ac‘ti_c‘)h shift was c‘é.lculﬂa.'ble to sufficient precision in ail 4f-34d pioni.c |
'tfansitions for Z < 22. 'This calcxvll.at‘ion was based solely én the ob-
sérvéd 240+ 80 eV shift in the 3d~2p pionic alurﬁinum (88-keV) transition.
(A reée’nt systematic sxirv'ey'by.Jenkinsk et al. 16‘h‘as confirmed the assump-
.vvtiOns made here, and has allowed an improvgmeht in the _estimatés of
the strong’dnteract@n shifts requiréd in this paper. ) |

Consideration of experimental iirﬁitaitions, such as the energy '
depevnd‘e'nce of thg sp_ec‘trome.ter efficiency and resolution, the Z de-
pendéﬁée of the piénic x;-ra.y yield,“and the ability fo discriminate
' agaiﬁ_éf 'baclcl'gl;ound ev:en'ts, led to the selection of calcium (Z = 20) and
titanium (Z = 22) as 'thé'most suitable targets for the mass mé‘dsurement ‘
' r_epo'r’ced here. As will be seenvla.t’er, measurement of fwo x-ray lines |

provides two independent consistency checks on the data.

B. Ener'gy—Level Calculations

The evaluation of the pionic 4f-3d transition energies in calcium

.énd titanium 1s »svummarized in Table I. - Because the expected experimental
pl;ecisioﬁ is of the order of 10 éV, all calculations are rounded off to the
nearest eV. , | -

o These cal'culatibns are based on an o_rigin. value of 139.580 MeV
for the n mass. " The or.i.ginj valﬁe dividéd by the cal’culated transition
.energ.gies yiélds scale factor‘s which to a good approximation are independ-
~ent of the origin"value.. Specifically, a '1-MéV shift of the origin varlue

should produce only a 30—ppfn'eff€a_ct on the scale factor.

L
G, VENMCLAL
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_ Because pions have no spin, we use the felé.ti&i‘étic Schrodingeiﬁ"
(Klein-Gordon) 'equation fér. a central Coul‘émb field, ‘described 1n
Section 42 of Schiff. 17 To insure the req‘ui_réd pre;ision," the exact
‘ solution for the .ene‘rg‘y levels is used by éxpanding.'it in a binomial
_ series and retaining the requifed 'riurr;ber of terms. An exprgssion.

sufficiently precise for the levels in question is

| Lorove 3 e s v 6]y, 2 '
Win, ,[2 (D -2 @t Z D% e’ (1)

\;vhe;.é Y =,qu“..ana N = n-JZ-i/Z + [(1 + 1/2)2 - YZ] '1/2. .The valuel®
o _li/a = .137.03.88:5:4 ppr was used, its 'error.};roduc-ing.’ the £1 éV error
":“V:bnfth‘e‘ cal‘cula.ted_enérgies :(néte that by using the fine-structure consfant,
fhe_ Tr' cﬁargé ié ‘asé‘xvlmed to be t'he,.s.am..e as the electronic charge).
Fo'r.titanium, the r‘elati;r,ivstic shift ‘i_r; the tf;nsifioh eﬁéfgy is a.b'o_uf‘
+187 eV (i.e., compared to the nénrela;‘ti\'fi“sti'c Schrodinger solution).
- Note that thé relativistic"correction has introduced-a fine structﬁre to

. the energy levels (i.e. , the degeneracy in 4 ‘has been removed).

The reduced masé correction is19
. o "
E = W I AN R W% L, (2)
T N - S

. where W 1s th'e'e’nérg? ‘d.e‘f‘inve'd 1n Eq. (1)','.'~E is the "red;u.ced” .e;nergy,
,.and (MTr/MN)ls the I;ig)n-to—n‘uvclear mass ratio. Note that E and -W
'b‘vax;e ‘bc'>th. negé,tiv;a energies, The.s e":(:ond-_%e_rfri',‘(s‘due':’_c'o,.huc‘le‘:a-rﬂ,irho’ci'on,‘f;,
is le,é:s». t-ha,h a:0.5 .'eV.: éffect.: For titanium, .in which:about 2 5%"bf the.:

. nucleihave A.?":-:.46',':'..;}'7.;':.4:9,‘?..61' '50.(75%:is: A: 48), the rediuced mass - .
: c-o;'ré_c‘:,t:ion‘produc’és'. fi.\‘/g distinct.lines .:ir.li-anl.’ene rg‘Y-band"a;bout 20 eV
wide., ; Sinceé this bandis 'aboﬁt 10%. of the: éXpe'ri.fné.ntal1r*es'61u'tion‘-

and about 7% of the 'Féduced mass '160§'r_e:cﬁi-0n;5' R Y SR A
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.the effect of the splitting-on:the, analysle is negllglble 'f-he;,yy:e,f;gh.ted;;
a.vera.ge of the! :Lsotoplc masses:is. used - ..

. Polarization ’of the v1rtual electroﬁ-positrcn pair.é. pfodu_ced in
the Coulomb field of the nu'cl'e_ue can cause noticeable deviations from
the'classical Coulomb potential at distances of the order of or les’e t-han‘
‘the .el'ectron Compton wavelength (ﬁ/rhc = 390 Fermvi). This effect, |
dsually referred to ae vacuum polariza‘tion,' was-first. calculated by
Uehlihgzo in _1935_. | . This calculation he,s beeﬁ .ch.ecked to_:i:Z% in the
,hydro:geﬁ'atbm21 and to £3% in i'nu.onic phosphorous (see Section IIA).
Fc.z"fhe energy levels of interest here the Ké'cuu;m-poléyriz"atibnf LA

corrections:to vthet.:ene"fgy, levels-are in-the Tange: 0.1 to: 0:2%.

‘Several authors have estimatedthe eecond-ofder vacuum polar-
izaﬁoh effe'c‘c in '"mesonic'-atoms using the Uehling integral ina first-
. order'bpei'turbatilon.-theory calculation with nonrel‘ativ‘istic orbital wave
fun.c1‘tions.,22'"24 vIn the Appez‘ldix "c'his calculétion is carried ouf using
; _felativistic Wave‘ fdnctions, ..y'ielding a +229.0-eV shift for calcium and a
'+299 7 eV shift for tlta.nlum Wichmann and Kroll have calculated tﬂé |
’ ';'-correctlons to ‘the Uehllng 1ntegral and demonstrate that they give rise
fc_o ,an additional shift AE < 1'-9X1.O -8 ZZ' E, hence < 0.8 eV for the titanium.
51'=._'fir.ans':'L”ciolf‘l‘.‘.'_;.Glfa‘llvl_be et a.l‘Z 6 =r~ha.,vé corrected :th,e',_.,..fiir,.s t-—,o“rde o p erturbation-theory
calcul_ation for the pertu’rba_ticn on thel orbital wave function, and find
less than a 1-eV effect on the 329-eV vacuum polarization shift in muonic
) phosphorous.‘ The effect should be quite similar in the pionic atoms

co'nsidered here. The total second-order vacuum-polarization effect is

estiﬁ;ated to be 23022 eV for calcium, and 301 £2 eV for titanium.
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The fourth-order va.cvuum-'-polariza.tidln 'léffect h'ais been’ ca.lculatéd R
by P_eferr'_rlann and Yamagﬁlqhiio to be ‘apprOXima’cely 2.9 (a/m) ;cimés the
‘Seé‘ond;drder effect in muonic phoéphofoué. - By comparison, the ratio
iﬁ the _hydrogen' atofn \i327 3.8 (a/m). A‘ss‘umiﬁg the ratio to be a.bout-
2.9 (a/m) for the pionic transitions yields a +2:‘:2-_eV shift iﬁ both calcium
‘and titanivm. | o

L -The sfz.'orig-i‘ntex"é.cvtion shift is estimatéci from a recent systematic.
sur'v_ey of pionic-atom transition energieé by _Jenkins et:ai. 1 Subse@ueﬁt
‘a_na;.lysi;e: by Jenkins predicts the shi'ftsl to be 241 eV ‘fpr the Calciulrn
transitic_)vn,. and 4£2 eV for tifaniurﬁ. "II‘vhe estimé,te for titanium inclﬁdes
gdnsid.eration of isotopic effects i'n.the shift.

The eff.é'ct of'atémic electrons penetrating the région of the pié}nic
v.vorbit is easily e‘stima.te_d if we as surﬁe that the probabiiity deﬁsity of the
twé 1s elecbtl;ons is a cv:onstvant in the region of i_n_teres‘t. The level shift,» _
relativelto the origin, _produc'_éd in the pioni.c. atom by two 1.s électrons, is .

~—‘4 2, Z-1 2 . ,
‘AE~——3-e. (—5_5) (r7y, (3)

where for pionic atoms we have |
| <‘ r,2>j = 126 (‘aW/Z)Z' o  3d level
(= y = 360 (2,/2)°. . 4flevel
Ir; ‘thes,e exbfesSion; '. a, énd a’ represént"_che.elecitronic and
. pi.onié B‘ohi{ radii,-' and ;che'v factor (ez/ao) is 27.2 eV. The overall effect
of the eleétronic screéning is to decrease the transition energy (since
IE(r)f = l|d\‘//dr[ ié reduced .e;\rerywhere).
 In the calcium and titanvium‘trbansitions this would be a -2-eV

effect. However, because the pionic 4f-3d transition is considerably
\ ' :
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. fatster than the electronic Zpeis (E1 r'adbiativ_e tra.nsiti'on rates, listed in
Bethe “arid_Salpete'r, 28 are linear i'n.mass X Z4), electronic K-shell
vacancies produced.by_prec-eding pionic Auger transitions will éfobabiy
»nct be filled iﬁ time. Rather than calculate this smallbeff‘ect, the elec-
: 'tronic screening is instead estimated to be ~1%1 eV,

Natural l‘inewidths .are of the ofder cf several eV, the ma.ivn
conti‘ibutioﬁs ccming from the 3d-2p E1{ transition rates and the nuclear
absorp‘tioﬁ of pions from the 3d level. - The line shapes are expected to
be the symmetric Breit—Wigﬁe‘r resona.nce curves, and therefore do not
affect th:e transition energies.

'~ The short-range electromagnetic effects, including the pion é.nd
‘v,vl‘duclear form factors and the Lamb shift,”a.re ap.proximately two orders
of ma;.gnit'ude smaller than the 'stron.g-i'nte:éaction's'hift, and theref_orev
are negligible' o | |

‘Recoil of the plomc atom follow1ng thehx ‘ragr emlssmn is a
-0.1-eV effect.and therefore also negllglble |

Hyperfine structure is expected in the atoms formed from '1“14

5/2, n R 70.8 MN-’ Q= 0.2 barnsj, natural abunda_nce ~ 7%) and 'I‘i49

(1
| v‘(I - /2, b= 41 "LN’ Q= 0.2 barhs, natural abundance = 5% A d, atomic
.conflguratlon can be spllt by. both Mi and E2 nuclear moments For the
“magnetic- d1pole‘ 1nteractlon, structure is spread over an energy ‘range
AE ~ 8MNM <'1/r ) 3 eV ( -is a pion _magneton, = 6.7 p.N), and for

the e-l_e,c-.t.r_l,c quadrupole interaction, AEQz 0.5 ezQ <'1/_r3) ~ 50 ¢V. The
form of these interactions is such that when thev.y,are_ switched on, the .
center of gravity of the energy spectrum is not shifted. Because AE

and AE are narrower than the experimental resolution [*210 eV FWHM

Q
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(full iwidth a;,t. h‘alf maximum) for the titanium transition], the effeét of -
the hype rfine splitting on the energy-lével ca.icﬁla.tion is ‘hegligible..
The transition energy. has been calculated for fhe' 4d-3p transition
-Vin calcium, a.nci it is foﬁnd that the effects of the rela.tivisfic fine strucfv:ure,_v

the vacuum polarization, and the m-nuclear interaction are all additive and

' shift the'energy at least 1 keV relative to the 4f-3d transition. Further= - -

more;. the data of Jenkins et al. 16 tentatively indicate the 4d-2p intensity
‘to be about 15% (within a factor of 2) of the 4f—_3d in calcfum, indicating |
. j that the 4d-ép yield is about 5%_ of the 4f-3d.. | Therefore, in the data

. é.nalysié .only t}#e 4f-3d line is assumed to be present.

The assigned uncertainties in the éalculation of the two scale
factors pfésehted in TaBle I are chhplefely éofrelatgd; T_hié correla-
tion is most conveniehtly handled in the form of an error r'nat‘rix

(48 ppm)°

calc B (4)
).2

2
(46 ppm)“
5 2
(46 ppm)~ (44 ppm)
~..v§/‘here, Vi and ‘VZZ represent the va}'riancés of the calcium and

. titanium scale faétofs, respectively.

 lll. THE EXPERIMENT

AL ‘Arrangement

The " b_eé.m, produced by.the circulating internal beam at the

' 184-In¢h_Cyclotfon, was extra;ted and transported to the feg{pe‘rimental

site as 'illu'stratedv in .Fig. 1. The optimum bea.rrAl momentum was found
" to be about 180 MeV/c, with a momentum spread Ap/p = 7% FWHM.

The auxiliary dee facility (actually a cee outside the main dee) was used
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toprov1de a ul“li'f.orm'sp.ill wit.h‘ avmacr.o's copic duty ‘cyclev of about 60%.
' 'I’he é‘r"l»ic'ifovstructure consisted of an S—ﬁs.ec pulse évefy 52 n.s‘ec.

' The experimental .}a.rra-nvggment is illustréted in Fig. 2. A five-
ccn)‘t_'mt“e“f"pion telescope at thé focus o_f a bent-crystal specﬁ_trometer

. d_éteéted pions as they stopped in the vicinity. of the pionic x-ray target.

- Behind the spectrometeter, a NaI(T1) scintillator in fast coincidenc‘e

'With ‘the pion telescope. detected x-rays diffrac‘;ed by the beﬁt crystal.
B The bent-crystal ‘spect'ro_rneter is a line-source transmission

' "sp‘ec:t'if'ofh\é;t_er, offeﬁ referre;d to as being of the DuMond or monochro—
'?nétéf-géometry. "Its long focal length'(7.7 m) and large-aperture bent

' crysfca'l-'[é—mm'-v.thick ‘quartz’»(‘31v(v)) cr‘ystaAll with a ‘160-cm2.apertu're] were
chosen ép'ecifically for "rﬁesonic"' x-réy studies. The instrumental
"'rés,.ol»uti‘on fdr'a‘t};in sou:_rcé is about 17 sec of arc FWHM, which corre-

: s’pond‘s to a width .of_,(')'.éé mm on the focal circle. At 100 keV, the reso-
,.'lvl'thiO‘n 1s about 160 eV, and the efficiency about 1.2)(10‘—6, improving to .
| 40.'.eV‘.an‘d 2.5X 10;6, respeétively, at 50 .keV..‘ A detailed descriptioﬁ of
: thls instrument may be found elsewhere,. 29

»'A:.det'a.il of the pion teleécope is-illustrated in Flg 3. A2
*coinc":’i‘d'enée v.va.s used to monitor the incident beam. The average beam .=
| __r'a,t-e"'vg_’_a's_ abo'ut“ 1.0X 106/sec, lof whiéh é.bout 65% were ‘pions’. A suitable
'rang‘.e ‘ovff CI—-I2 w‘és _inse_rted to‘_hstop the pions in fhe vicinity of the pionic
‘.'"-x-_"ra}’r ta.'r'-ge't'-,‘, Counter logic 12345C defined the stopping particles. The
{Ee?‘e:n.kov.‘cdunvter was used to reject-"elelctrons,_ a.ﬁd the threshold of
.cd'u,nt‘ér 3‘ ‘Wa_,s set t‘o'-dete‘c‘t ohly heavily ionizing particles (i.e., pions
"'with only a véry short residual range). The combination of two anti-.=

c_QvurAi,té'rS'b,ehirid the target—-one set to detect heavily-ionizing particles
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and the other to detect mini'rnumvionizing particles--was found to be
slightly more'efficient than a siﬁgle counter. '
The dlmensmns of the plomc X-ray targets were. chosen to be

1.0 by 12.5 by 200 mm  for cal<:1um,. and 1 0 by 6.5 by 200 mm ' for

' tltanlum The 1 O =mm dlmensmn sllghtly compromises the spectrometer

resolutlon in order to obtain a somewhat 1mproved rate of diffracted
- x-rays. The second dimension of each targe_t is along the bent-crystal
line of.siéht snd ‘corresponds to about 0.8 attenuation length for th.e‘
pionic.x rays of '.interest. For feasons tha.t .wil'libe.- oiscussed later, in-
‘cr‘eaSiog this dimension'furthe_r_WOuldv adversely affect the data—‘ac‘cumu‘la'- '
" tion rate.
| The ,differential x;ange curve for the degraded pion was about 3.5
vg/cn}»‘z' of CI—IZ wide, w.hich_corn.responds approxirn:ately'to 10 mm of
tit_anivum or 20 mm of ca.lc.iunrl’.’ The traosverse di»zriensions of the pion
beam werea.bout 40 by 430 mm Hene.e_only a small fraction of‘the
incident pion flux--of the 'ordei‘ of 1%--could be stopped in the target
tnateria,l. Although ot}ter crystal geometries (i.e., Cauchois or fle.t-
crystal spectrometers) would allow a larger stopoing rate sioce the
té.rget would not be.at. the si)eetrometer focus, these spectrometers
typicaliy _exh?tbit’ effieiencies about 0.5% that of the. DuMondegeometry
’ instrumeﬁts near 100 keV.
The Na.I(Tl) .scinti'lla,t'o'r, ~whose dimensions were 6.3 by 170 b.y
470 mm?’, was vieweld on one side By nine 2-in; ~-diam photomultipliers».
-. For en 84-keV nuclear gan;lma ray (selected from the calibration source
by the rxtonochroma.tor), an optimum resolution of 25-keV FWHM was

- observed. This corresponds Statistically to about 0.75 photoelectron
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pe_r‘, keV of y-ray energy in the observed ‘pulse. By de'i'i'ving a'timing ‘
| 30, 31 -

~ timing resolutlon for dlffracted X rays in c01nc1dence w1th stopplng plOI’lS

was expected to be about 8 nsec FWI—IM (1nclud1ng a 4-nsec quadratic.

cont‘ribution fromv the pion'telescope). 'The. resolution ob'servedvduring |
the experimeént was about 10 risec.,

. Pulse- -height anal y31s, as well as time ana.ly51s of the NalI(Tl)

signé;l,‘ was required to separate the real signals from the background,

which was due to random coincidences between the Nal(T1l) and the pion

telescope. The main source of the singles countihg rate in the Nal{(T1l)

‘appeared to' be from natural radioactivity inside the shielding surround-

ing it. Turmng the cyclotron orn and off produced less than a 5% effect

on this count;ng rate. No correlation between the countlng rate and the

" micro- or _macrostruetu-re of the beam was observed.

‘Both a fast s(ignal' for time an'a;lys‘is and a linear signal for pulse-

height éneiysis were derived from the NaI({Tl) detector.  Figure 4

illustrates the logic used to analyze these pulses. One of the coincidence

circuits was timed to detect real, as well as random, events. The other

- coincidence circuit, essentially identical to the first (both had a resolv-

ing time of 14 nsec), was set an integral number of microstructure pulses

‘fo'-dela;y. to detect only random events. - The linear phlses were routed

‘int.c‘) any of four 100-channel pulse—height_,a-nalyzers, depending on which -

- logic requirements were satisfied. .

Since each pionic x-ray measurement reported here represents

several hundred hours of cyclotron time, it.was important to in’clude' in -

‘the experiment proper equipment to. monitor the mechanical alignment
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_‘o.f-th,e $_<4ray target and the spectrometer. . The autocollimator, 32 shown
'in‘ vFlig. 2,..was used for this purpose. ' The bent-crystal spectrometer,
~the x-ray_target, and the axrxto‘-collimator were all mounted on firm
,'concrete foundatiohs in crder_to minimize relative motion of individual"_:iiT
'v‘components. An optical target mourxted on the bent?-crystal form‘block;‘
together w1th the autocollimator support, defined. a line of 51ght on whlch
the X ray target was placed ‘The spectrometer allgnment relatlve to
_thls line of s1ght was checked by attach1ng a front-surface’ mirror to
‘the form block and rotating it into autocollimation with the precision
‘sine screw on the spectrometer. The expected.-f.lirriit on the monitoring.
of the sy‘stem alignment was slightly greater than the autocollimator
- resolution,: hehce about £ 4 sec of arc ‘(A‘s mentidned earlier, the
-si)ectror‘nete_r resolution is about 417 sec. ). During the experiment, specific
'_ procedures were used se that misali‘gnments too small to be observed
- by the optical monitoring :equip‘ment‘wc.)u'ld‘have minimal effects on the
final data. | | | |
It is worthwhile here to rev:iiew the efficiency ef the system fer
detectmg X~ rays “The intrinsic efficiency of the spectrorneter for the "
.88-keV titanium 4f-34 x ray is about 1.3 X 10 6. However, as the width
of the target was . shghtly larger than the 1ntr1n51c resolutlon, the effi-
) ciency averaged over the targ’et .width is actually about 9X10 7. . The
: pro“duc’tio_r‘l }rield of the 4f-3d x rays 1s about 0.5 x rays per stopped ; i
) : :_pior.x, 33 and only‘ about 7.0% of these leave the target due to self-absorp-
v'tion. The detection efficiency of the NaI(Tl) is about 0.9. Data analysis

"also reduces the efficiency in the following way: As mentioned earlier,

the timing resolution of the detection system wasvobser'v"'ed to be about
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: 10 nsec The resolving time 'of the 'coincidence circuits was set to
14 nsec hence only about 85%’of the events were detected by the coin- |
c1dence c1rcu1ts, the rest belng outs1de the timing window. A 51m11ar :
‘ reduc-tlon also occurs in the p.ulse—helght analysls. This small rednction
in countmg rate is more than compensated for by a slgnlflcant lncrease
in the s1gnal -to-background ratlo (for the 81gna1 to backcround ratlo en-
countered in thls experlment 1mprov1ng rt v;/as ;alrnosta.s .1.ndportant as“
'1rnprov1ng the events rate,_ as far as locatmg the- mean of the dlffractlon
peak -.v_.vas concerned. It was for thl_s same -reasoln that one dlmensmn"iof |
.' jthe x;'ray target was chosen to be 0.8 ab'sorption-leingth). The sys'ter'n
eff1c1ency is the.n about 2X 107" d'e-te_cte'd X ravy,'s‘per stopped pion in the
“..ta.rg'et.‘-. | R | : o
» . B. Procedure'
The.plonlc x-ray wavelengths were measured by scanmng alter-.
nately the reglons where the right and left flrst order diffraction peaks
.-_‘Were expected to be, based on the energy—level calculatlons As the
. ‘an‘gula"f"separation of the two di‘f.fravctio‘n pea.k.s,.is measured by. the sine-
screw rnechanisrn, no reference to the .line of sight .'\Lwas req{lired for
‘.,the Wavelength deterrnination. Reference to the‘”line"‘of sight was re—‘
_“'qulred only to insure that the dlffractlon pe‘aks would.be 51tuated ‘well: w1th1n
" the reglons scanned ThlS allgnment was lperformed w1th a radloactwe:, |
”.S'C_lu.'r“ce. | | | b |
'.I‘n"-’o_rder to rninirnize the effect of possible long'-_term relative
j'motio':n (including any‘b 'cyclic diurnal motions), of the»target and spec-
‘tro.rfléitgx'-fon_the data,,-’the_'. s.,oebct_rorneté'r was operated on.approximateiy

a 4'3,.6'-‘hour cycle. Each 'x_#ray measurement consisted of about ten such
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‘cyc:'l‘-es, .sd thaf any unobserved motion (i. e. 1éés thén *4 séc of arc)
'woﬁld _halvg a neglig.i’ble »effect‘on the data when averagéd over all cycles.
Thermal éxpansibn of ‘the qua;rtz -crysfcal' (about 15 ?pm/d C) is an'im-
pdrtant éffe'ct,.,so fhe ambient temperature 'Wa,s. recorded at regular
:iﬁtérvél-s .(As-,.:_‘v»aﬁ-,:cic_').rnpari‘s on, thebvfinal.wasyfel‘ength p.re‘cisiori quote& for
this experlmentls abbut,:? 100 ppm. ). | o |
| 'The net"s.topping ﬁion rates in the x-ray targets were about 4200
‘pi‘o.n/sec' in titanium and 3200/sec in calcium, basedlon target-in-minus -
| targetjo{lf rates and differen_tial' 'rarvlge c?urves‘; Because‘t.he' titanium and
) ;:alcii;m. farget's weighed about 6 and 4 g respectively, the stopping pion
ra,;te w'a.s“.about 750 pion/g-sec for léaeh target. |
| As data accumulation progressed, the logé.t_ion of fhe diffré,ction |
peaks were predicted with :I'e;.sonable précision by XZ analysis. 'Somé
_additiohal' effort was then,concenfrated on thé points :lthaf locé.lize th'é
| peaks most éf.fe_ctiv:e'lyi. |
"I‘he‘ data thus obtained are illustrated in Figs. 5.and 6;‘ The or-
dinates represent the evehts éer 107 stopping p.i‘ons, and the abscissaé
‘represent the diffraction peék location in.units_ éf sihe—screw turns
fr-o‘m_th'e mechanical center (1 sine-screw turn corresponds approxi-
.‘m;a.ftely fo_ 294 sec of arc). " The o/bserved-efficier.xéy is seen-to "’bve in the '
: rangeﬁ;of-i to 2,X.10_7,:'which is consistent with the predictiori.-
The inStrum_ent was calibrated by using the 84—kev nuclear _éammé. :

ray (N = 146.835£0.005 xu) 3% and the 52-keV electronic K, 4 xray
| ' ' 35

I()\» = 236.165+0.003 xu) . of a Tm17o 'rac.lioac.tive source. The qua..rtz-‘

| crystal d 'spa.cing:(at_ri..1'8° C) was found to be: "
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- Calibration wavelength (xu) - d18 Spacing. (1)
147 . 4177.49%0.06

236 ‘ 1177.56 £ 0.03
_ T,heeriltire caiibrat_ion,erroi is centained within the quoted d
sjpacings. ~ The slight deviation between the two measux_'ements is due
‘ possibly‘to a smallvde'via..tion in the linearity of the sine svcrev'v.v The
calibratipri is dis cu.ssed'»in more detai'l elsewhere. 29
F._rofn ‘a,liﬁeer extrapolation betwee_ﬂ the two calibration points,

the calibration values for the two pionic x~rays of interest are:

Transition . . Wa‘veleng“ch (xu) _ d, g Spacing (xxu)
Titanium 4f-3d S 141 - 4477.49£0.06
Calcium 4f-3d 471 1177.52£0.05

C. Data Analysis

The intrinsic resolution of the spectrometer has been found to be
adequately i"eprlesented by a Gaussian distribution.. For the 1-mm-wide |
targets u‘sed in this expei‘iment the resolution is given by convoluting a
Gaussian distribution 43 (fepresenting the intrinsic resolution) with
a i‘ectangle (representing.the target), and is closely represented by the
functi.on‘ | ' ' . ' :

N ‘[{xvixd'-z_ ‘X-xo -} ;( ’x-xo \21
»f<>\-}v>\o)= 1+\--a—-—- s Jexp |- (—C—/ t,  (5)
S ‘ . : L _ E

,where the co,ns..ta;nts. a, 1:.>', and c are known. The resolution for the. p.ionic.
x-rayl‘_line‘s is '14‘.0. eV and 210 eV FWHM for calci@m and titaﬂium, re-
spec ti'_v‘e.'l'y-: | | |

In' the anel?sis :b.r.il-y“‘one \diffraction peak is assumed .to be present
1n each spectra (as 1nd1cated in sectlon II, the 4d- 3p line is expected to

' be less lntense than the 4f- 3d by about a factor of. 20, for example).
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The background under each dlffractlon peak is assumed to be flat (con- .'
B s1der1ng the eff1c1ency of .the spectrometer and the lack of any substan—

: _t1al correlatlon between the NaI(Tl) background countlng rate and the

. ﬂcyclotron beam, th1s is a very reasonable as sumption). .Hence the

‘expected shape of the spectra is of the form
RO-AGNS) =N+ S -N), (6)
where the noise N, signal S ;and y&ayelehgtha )‘xb,r‘_emain to be dete rmined. '

In the data analysis, the function
| 12 ,
N 4

o, o (RN - N5 N,S) - Y(A)
X (Ao; N,S) = ZL — — |
o i.‘ .f’i ..[
. 'Where Y()\ ) :I:U i ‘the mean and standard dev1at10n of the 1th experimental
.~p01nt, is mlnlmlzed by computer for each value of the 1ndependent
varlab‘le A, by vary1ng N and S, with the restrlctlon that N. and S
'_are greater than zero. The resultant X ()\ ) for the data'ln Figs.. 5
o and 6 are plotted in Flgs 7 and 8, respectwely. - Each of the eight 'xz
curves were analyzed completely independeh’tly of one another o

The sum of the four xz mlmma in Flg 7 is 34 and in Fig. 8 is

57. 'I‘he expected value for these sums is (X ) =[2 {X )]1/2 = 42%9,

L Ifa stralght -line fit to the data were attempted the sums of the minima

would be 159 and 66, re_spectlvely ((x-‘> = 50 for this case). The only
"olblrfio,us disagreement is for a straight-line f(flt to the '""real" data in

. Fig. ‘5.:' The other XZ ‘minima, 'altho.ugh not as good as one would like,
. "ar_e. ‘n‘eVerthel.ess .ac;Ceptable; - |

The ratio [x Zmin/<x2>] 1/2 "may be shown" to be Birge's ratio

36

R, 'which'is a measure of the overall .co_mpatibility of the errors
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assigﬁed' to ea.cH poinf'wi.th fhé de\fiat.ivd'nsv o_f_the'iﬁdividual points from
fhé minimum 'xz fit. :.'J"F‘orbthe three ;'eas'onable vx::.;zmin obtained,
‘Bizlge‘;"s’ ratio is Within a_boﬁj; 15% of unity, Which may be considered as’
an éétimaté of the '.de'grc_eeb of reliability iﬁ the Wi.cith.of.tilé likelihood

. di”stxvvri_bu'tio‘n' for the meé.n of thé‘ diffré.ctién-peaks.

" The relative likelihoéd distr‘i‘but‘ions for thé méaﬁ of the féu'r
diffr’aétioﬁ peaks in Fig. 5 are élotted iﬁ Fig..9. Theée curves were
dérivfed di;rectly from the_”b XZ curx}es in fig. 7-and were normalized to

1 at the mode. The hori?ontal error flags .repfesent the mean and standard.
.idevia:tib':r_ls ‘é.ssig‘ned to 'eacﬁ likelihood function. These error flags. also
vappei;tr" ihrFig. 5. The smboth curire_s' m Fig. 5 Correspbhd to the maxi-
.."vmum—:lﬁi‘.kelihovod fit, as do the smooth curveé: in Fig; 6:.
| The maximum-likelihood estimates of the background level in the
" four tit;anium curves in Flgs 5 and 6 are self—bcons.istent, é.s are the
_ background levels in the calcium data ‘ Tﬁe height of the two titanium
d'iffr.a.'c.tifon peaks differ by almost 2 ‘sta.vndar.d deviationé_. The alignment
of thé».b,e:nt-crystal spectr'omefer cc.>mpo'n‘ents. was checked bo;ch before
~and aftelj the exper.iment.a.n‘d f_dund ’t‘o be svatisf‘a.ctory, so the only ex-
pllana.ti_on Seemslfcq be that the height difference is a statistical fluctua-
‘tion (= 5% probability). This fluctuation ié not expected to. have anyl‘
, systematié. effect on‘the data analysis, hoWeve_r. |

| ’I‘,he experimental results are’ sﬁnrﬁarized in Ta;ble iI. As men-
: tioned'éarlier,j 1 sine-screw A,t.ul_'n is épproximately 294 sec of arc. The
midpbints of the two pairs of dihff‘r.action peaks di‘ffe‘r by 0.009#0.007
's'ine-sc-r:éw_; turns, hence about 2.6 +2.1 sec of arc. This is an estimate

of the consistency of both sets of data, if we assume the bent-crystal
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a'.:l"i’gnme‘n't to lbé‘ identic’é.l‘for' bofh .éxpé‘rimeﬁts (fhe othexr consi’stency‘
check is the prediction of the’ T~ mass by‘e'ach méasure’menf).  The
sine df the; ‘Bra'vgg angle ‘(GB) includes 'a.y correction ‘f01’- 'fhe tempg_ra.tufe (
deviations from '18‘°_C measured du-fing .the“expe riment; The wa-velengt'h-’ -
- to—._en.er'gy ésﬁQersioﬁ constant used here is 12372.42 xu-KeV £15 pprm. 35
| The fractional errors éuoted for the two'x-ra,y enez;gies each
repreéent a standard cievié._tion éf + 9.‘e\’/. vThe}:se errors are partially
correlated, the error 'rhatr:ix.fovr the two énergy measurements Being
(127 ppm)® (48 ppm)”
- | : : - , (8)

\ (48 pprm® (99 ppm)°

/

Ve';xp_ .

where V,4 and V,, represent the variance of the calcium and titanium =

measurements, respectively.

IV.  CONCLUSIONS

A. The Negative-Pion Mass

The product of the measured transition energies in Table II and
- the caléulated_scaie factors in Table I yields the following esfimates for

- the ° T mass:

Transition o ' ' 7. Mass Estimate
Calcium 4f-3d. © 139.582 MeV #1436 ppm
- Titanium 4f-3d . 139.574 MeV %109 ppm.

~The é’rr'or matrix for the two measurements is, from Egs. (4) and (8), o
: ' o 2 20N |

/(136 ppm)~. (66 ppm) \

» * O

+V
calc exp

."\(66 ppm)zv (109 ppm)z/
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where,the'effndiagohal. “elem‘eﬁts contein eontributions from the spec-

trometer cahbratlon, the energy -level calculation, and the wave;eﬂgtu- o
eknergy conversion factor. |

The welghted average of bthe twh measux;ements 1:3

M, - 2-139577MeVi96pnm. -

“where

ély = 96 ppm = 0,013 MeV.

:/_J ’ 13 ] e

L\ 1 B EE

‘This estimate agrees with the previous measurements described

-

in Sectionvl‘, If the muon‘ neutrino mass is gssumea to be zero, the
' Tf+_ -to-T~ mass ratio is found to be '1.0602 +0.0004. ‘I-I.e‘nce therevdoes
net appe;_ir' to be vany-e‘vidence“ of ,CP'.I“ nbncc;nservation in the charged

pion mas‘s at the level. of precision aftained here. ' (As a compavlqo--.
Cthe 1! -to-n” mass ratio is observed to be 1.0000%0.000%. )

- Note added in proof: A very recent meéasurement of ‘h/e by the'
Josephson effect?’8 (still in progress) is yielding values of the fine-
stru‘cltulfe constant éhout 21 %5 ppnﬁ beiéw.the a,ccep.ted"-val‘ue. The
authors shb‘w tha.t this would raise the present best estimate of the
electron r'nase (and hencelalso the ‘n.quon mass) by about 63 ppm. it
is therefore relev’ent'to discuss the »d’epencience of the present pioh
mass measurement on h/e and a. |

The plon mass estimate is obtained by compa*mg the wa.vmen th
‘,Qf a pionic x ray to a ca.llbr'a}tlonl Wavelength )\Cv. _ ?n,e~measurea_\X.reV'e— V_
: ‘l.ength is-'conveﬂrfed'-to,-::an--ene,‘r}gy us-ihg-’lthe efergy-wavelength c';orﬁ.nersion
eonsté.ri‘t V)\S = _‘clz .h/Ae..'_z : This: :gjray,e:'ener?gy isiin. éurnirelaited:(te ‘the

pion mass through a function Qf (12. Specifically:
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s 2 VN -2_'c2 (v -2 i
iR vl \z:...) -1

where terms of higher order in a have been neglected. But

S A "p. SR (14)

where c is thel"\."revlocity of light, R | is-.thbe. Ry%lber_g con-sta,nt’f.or infinite

| mass, Yp is the proto.n. gyromagnetic ratio, and pxb/’txo is the proten
magnetic moment 1n Bohr.magvnetons.,, These constants allew d_emrn-luaﬁ
)_'-tien of (]n/e)o."z te a‘bouAt i3'ppr._n, ind'ependent ,:_of"existing measﬁrernen“cs
' . of either h/e dr.'o,"(further discuss’ion-’of'this.?eint is presented _else-

39).

“where

B. The Muon-Neutrino Mass Limit

' As demonstrated by Barkas et al. ,5'an upper limit on the muon-
neutrino mass 'i‘nay be assigned by applying energy-momentum conserva-

tion in ™=y + T decay. For'decay 'at_ rest (¢ = 1 units) we have

M," = (M, _,'MM) - 2M,T R _ (12).

where TM' is the kinetic energy of the recoil muon in the c. m. system
of the pion. ' The best present values for the input para.'met_ers are
(it is assumed here thaf the "-T+ 'a.nd T~ masses are equal):

M. = 139.577%0.013 MevV (this‘experiment)

i
: MH‘ 1 405. 650i0 OOZ MeV ;. '(Feinbe*g a*ld Lederrnan)é
P}'L = 29.80%0.06 MeV j ‘(Barkas et al. )

The latter two'combine to y'ield TH' 4 122-‘-0 016 Me‘J. The standard
devi-atiOns of the fhst and second terms of Eq (12) are due almost

entirely to M and T[J. 'respect1ve_ly, and therefore are essentially‘ v
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P—v'

in Fig. 40,

The likelihood distribution for 'M'v . {which is Gaussian in units of ,I\/lv ) !1
is found by projecting the bivariate distribution onto the M axis.

unco¥related, A graphical solution of Xq. (12) is illustrated

Y

The likelihood distribution in M, =~ represents the relative

likelihood that a neutrino of mass ‘M, would have p roducedithe.observed

)

experimental result. " The a priori assumption that the neutrino mass is

contained within the.interval 0 < Mv < w is quite reasonable, as negative

~

values of M = are associated with velocities greater than ¢. So th

[

‘ dist;ribution is norm‘a’lizéd such that the likelihood of the neutrino mass

;Dein in he J.Ilt"-‘l'VZl]. O MVZ < o0 18 ‘J_OO‘%., . Analy51s of thivS distribution

then yields the upper limits

‘

'

0% |M 1< 2.4 MeV . 68% confidence
0« !MV ] < 2.7 MeVV', 90% confidence.

'Other estimates. of the- muon—neutrinp mass are reviewed in S‘e ction I.
Referring again to Fig. 10, it is apparent that improvements in

the estimates of the pion and rmuon masses will not significantly modify

the present limit on the muon neutr*no mass, but that a2 new precise

measurement of TM (o:;' P}i) could reduce the upper llmlt to about 1" MeV.
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APPE NDIX

A Vacuurn Polarlzatlon Shlft Using Relativistic Wave Functlone

The relativistic ,radlal wave equation for a spinless particle in a |

central Coulomb field is (from Section 42 of schifn) 17
1 4 (ZdR\ (___.1.-,“’_2“*)“/’\5{:0, (A-1)
2 o P ey E Y

where y = aZ, x-n-z-1/2+[ﬂ+1/z -vA1Y2, 5 < 2kr, and

k = (ﬁC) - (M _c 2)2 EZ] 1/2 = total energy

Substituting R(p) = p° e p/z_'u(p), where s = )\ -~ n+ ﬁ \x}e have

pu""+ [2(s+'1 -p] u' - [s+1-x] u=0 ' (A-2)

Makmg the substltutlon b= 2(s +4)anda=s+1 -\
pu' + (b—p) ' - au=0.

The solutlon is the confluent hypergeometrlc functlon as described in
Section 20 of Schiff. o For c1rcular orbits we have £ =n = 1 and
hence s = A\ = 1 and a = 0. The normalized solution which is regular at
r = 0 is then

R [m (@) e (A-3)
" In the nonrelativistic limit this reduces to the hydrogen-atom radial

wave functions, {(i.e., N —>nand k- .Z/naﬂ where a_ is the Bohr

" radius).

The second-order vacuum—pelarization shift from first-order .

perturbation theory is

AE = -e <R|A¢|R) A 0 )

<Rl-— ég>|R>
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Where - - . o ‘ |
o ( a §°°. A2 )1/25.2 0 4
R *

1sthe Uehling _integfal, 20 where. u = me/h is the inverse electron

Céiﬁpton wavelength. . -Ihtegration over r yields . -

-1)/ (2x% + 1)
AN
+L‘f§->

(1 Ze k

AE = - (3ﬂ;“>‘c— goo (x dx, (A-5)

X

 which reduces to the expression derived by Mickelwait23 and Koslov24

in the nonrelativistic limit. The substitution x = 1/v yields

AE = - {% Z_T_ezk [ AT R d (A-6)
— " 0 ‘ ’J. 2)\ - V!

(v + ——)

: k
-which is more suitable for computer evaluation.
In particular; for the 4f-3d transitions. in pionic calcium and
titanium (using a reduced mass derived from M"'c2 = 139,58 MeV) we
obtain the following values:

Vacuum polarization shift (eV)

Energy Level : ' _ Relativistic. Nonrelativistic
Calcium 3d | -316.4 -315.1
Calcium 4f . _ - 87.4 - 87.2

Titanium 3d . =420, -418.1

Titanium 4f - © o -120.4 - =120.0
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 Table I. Calculations of the 4f-3d pionic calcium and

titanium transition benergies with Mﬂc2

= 139.580 MeV.

Transition energy ('keV)

Effect . ' Calcium Titanium
Klein-Gordon equation © 72.388+0.001 87.622+ 0,001
" Reduced mass , -0.2700.001 - 0.273+0.001

Vacuum polarization

. (second-order) - _+o.230£o.ooz‘-

Vacuum pdlériéation | :
(fourthlorde¥) - +0.002%0.002

Strong-interaction shift © 4£0.002£0.001
‘Orbital-electron screening - 0.001% 0,001
Electrorﬁagnetic férm facto‘z;si '_ negligible
Lamb shift ' . negligible
Pionic-atom recoil negligible
Hypgrfine effects _ | = negligible

+0.3010.002.

+0.002%0.002

'+ 0.004£0.002

- 0.001%0.001
négligible‘
negligible
negligible

negligible

- Calculated transition energy =~ 72.351£0.003 keV

Scale factor:

2
Mnc

— . 1929.21 %48 ppm
~ transition energy .

© 87.655%0.004 keV

1592.38 44 ppm




Table II. _Experimental results.

. Calcium diffraction peaks  Titanium diffraction géaks.
Parameters - Left | Right Left _ e ’?*'Right N
ns_ign_al". events in peak N . 176 ~_ 199 S 341 o " 375 -
“Signal'/"background" ratio - - 0.58 0.77 ~  0.80 1.23
Signal events rate at mode (hou_r-vi) v 2.3 ) . 2.6 2.3 : 3.0
Total ruhnipg.;‘tixne (hoﬁrs) o o memeee 320-=----- o memaa 36,0-'——-—‘-_ '

Diffraction-peak location o . _ o . : |
(sine-screw turns) 250.6829+0.0089  +51.5585+0.0068 -41.7517+0.0057 +42.6462+0.0042 - |
Midpoint (sine-screw turns) o v +0.438+0.006 = +0.447 £0.004 RS

Separation (X 0.5) (sine-screw t'.urn‘s) 7 | 51,1207 £0.0056 | ' 42.1989 +0,0036
 Sine 0 (at 18°C) | 0.0726420£119 ppm 0.0599388+84 ppm
Wavelength (xu) S e | 171.004 % 126 ppm 141.155£98 ppm
Energy (keV) . N | 72.352 127 ppm 87.651+99 ppm
-0
P
c
]
S
o
o~
w
(o0}
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FiGURE LEGENDS
Fig., 4, The 7 ‘bea'ni;;atré.nsport system., |
Fig. 2. The ’_experimen‘tal arrangement. |
. Fig. 3. _Deta_il of the pioﬁ telescopé, Couﬁter logic 123;gé defined a pion
stopping in the vicinity of the x-ray taiget. Coﬁnters 1,2, and 3
are 20 cm high, and 4, 5,."a.nd C, 25 cm.
Fig. 4. B‘lock diagrafh of the logic for analyzing the NaI(}Tl) pulses.
Flg 5. Events rate for fhe "real data—, plotted against the setting of
the bent-crystal spectrometer m'easured in sine-screw turns |
(1 sine;screw turn is about 294 sec of arc). The sﬁooth cﬁrves
“réprésent ma.ximum-likevlihokod fits, 'a,n'd the horizontal error
flags représent the mean and its standard deviation for each
diffra;ction peak, as detérmine_d by XZ analyéis.
fig. 6. Events rate vs spectrometer setting for the "random' data.

1"

Fig; 7. XZ values for fitting the expected line shape to the '"real"

‘data in Fig.. 5. The expected value of XZ is indicated.

"random'"

'Fig. 8. 'xz values for fitting the expected line shape to the
| " data in Fig, 6. The data show essentially no stru;:ture,
o although the xz minima are slightly larger than e#pected :
[fhe expected xvalue of xz in each curve is the same as that for
the corresponding curve in Fi‘g. 7.7,
Fig. 9. Revlative -likelihood distributions for the means of the diffraction
peaks in Fig. 5. These Eﬁrveé .are derivéd directly from the XZ
data in Fig.-7. ‘The horizontal érror flags represent the mean'_
aﬁd standard de\}iation for each curve. |
Fig.‘ 10. Graphical solution to Eq. (12), using the best estimates of
'the'experim(‘antal parametefs (c = 1 units). All projections of

the bivariate distribution'are Gaussian. The largest single con-

tribution to the error on Mv comes from TM.'
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