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ABSTRACT 

The unsteady state flow past a cylinderical obstacle in a two di-

mensional channel is investigated oy the methods of numerical approxi-· 

mation. The numerical methods employed are designed by Peaceman and 

Rachford and by Fromm. More appropriate boundary conditions are used 

as compared to Fromm's work. The finite difference equations for any 

arbitrarily shaped obstacle are developed such that fine detail near 

the surface of the obstacle ~an be studied. 

Two. tests at Re = 5 and 300 are made. The results at Re = 5 indi.;, 

cate that the equations and methods used are appropriate. However, at 

Re = 300 the methods break down, whi~h indicates that some different 

approach should be used .at high Reynolds numbers. 
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I. INTRODUCTION 

The problem of determining the steady and unsteady state flow past 
ro 

fixed, cylindrical obstacles in a uniform stream of viscous incompressible 

fluid has been studied by many people in·the field of fluid mecha?ics. 

The differential equation describing such a physical problem is the 

Navier-Stokes equation. Due to its non-linear nature it has so far not 

been solved except for the limiting cases of very small or large Reynolds 

numbers. For small Reynolds numbers approximate equations may be developed, 

since. the inertial terms are small. For example!_ steady state solutions· 

for flow past spheres and circular cylinders have been obtained by Proudma:n· 

and Pearson8 and Kaplun.5 For large Reynolds numbers, the viscous terms 

are important only in the region close to the obstacle, and beyond this 

region the flow, in general, is assumed to be potential flow. Thus the 

boundary layer approach can be used to simplify the Navier-Stokes equation. 

However, such an approach does not yield any information about wakes where 

eddies are present. 

Another possibility is to solve the equation by methods of numerical 

approximation, such as the computation of steady flow past a circular 

cylinder by Thom,lO,ll Appelt, 2 Southwell and Squire,9 and Allen and 

Southwell. 1 The recent work of Fromm3 further suggests. that, numerical 

methods can be used successfully to'describe· the unsteady flow at high 

Reynolds numbers for an arbitrary geometrical shape of the obstacle. 

Hm·.rever, Fromm did not investigate in detail the flow near the surface 

of the obstacle. The objective of this work is to develop a numerical 

method such that the flow pattern near any arbitrarily shaped obstacles 

can be computed. 
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For convenience in comparing results with the literature values 

the obstacle chosen is a circular cylinder. By symmetry, the flow pattern 

of half of the system is the mirror image of the. other, if the shedding 

of the vortices can be avoided. Although, it is known tha:t vortex shedding 

does occur at high Reynolds numbers, in some experiments, such as the ., . 

experiment by Grove, 4 for the purpose of studying steady wakes splitter 

plates have been placed into the fluid to prevent shedding. Computation-

ally, such shedding can be avoided by requiring a plane of symmetry, 

which can be. achieved by computing only half of the system. 

The Navier-Stokes equation is re-expressed in terms of the vorticity 

and· stream function. The fluid continuity is satisfied by the definition 

of the stream functioD. Two numerical methods, one by Peaceman and 

Rachford7 and the other by Fromm,3 are used to compute the vorticity at 

any time step. The stream function is evaluated from the vorticity. 

The vorticity on the surface of the obstacle is computed from the stream 

function and is, then, used as the boundary condition for calculating 

the vorticity at a new time step. Two Reynolds numbers, 5 and 300, are 

used to test the methods. At Reynolds number 5, both methods worked quite 

w·ell, but at Reynolds number 300 neither method is adequate. 

In the first part of this report the system and its boundary condi-

tions are given from the physical point of view (Chapter II). Then, the 

numerical methods and the working equations are listed, and their application 

is mentioned (Chapter III). The derivation of these equations is shown 

in Appendix I. The numerical results, including plotted figl,l.res of stream 

function and vorticity, are given in Chapter V. 

.. ,, 



;, ,, 

·f. 

-3- . 

II. MATHEMATICAL PROBLEM STATEMENT 

The flow channel on which the numerical computation is based, is 

shown in Fig. 1. The channel walls are parallel a.nd in the x-direction. 

They may be frictional or frictionless, although they are frictionless 

in the ~x~~ples used in this work. 

A. Differential Equations 

In the usual Cartesian coordinates (x*,Y*) and,time t*, the differ-

. ential equations that describe the two dimensional flovr of an incompress-

ible Newtonian fulid are the equation of continuity and the Navier-Stokes 

equations, and they can be written as follows: 

Equation of Continuity_ 

(Ju·X
dx·X· + 

Navier-Stokes Equations: 

(<Ju* , (ju-x- , (ju-x- \ (Jp·X· . 
Pl, dt·X- + u·X· "S"'"7 + v* ~ ) ::: -~ + pg* , , ux·· · oy•" / ax·"- x 

(2-1) 

2 . 
l?f-ux- (j u-x-\ 

+ ll\ ox·x-2+ ay-x-2 ..' ( 2 - 2) 
\. . / 

((jy-¥.- <JvX· <Jvx-~ 
+ ·X +vX·-p\' (§·-x- u··- --' -c (Jx·X· ayx·, · 

2 2 
__ (jp-x- p&;;_ + .. "(() u·X- + Cl u-,x-\ . ( 2-3 ) 

- (JyX-, + .y. t-'- (Jx·X-2 ClyX·2· ) . 

u-l'-, vX· are the velocity components in x-x-, y* directions, respectively. 

p-1.· is the pressure, gX· is the gravitational accelaration, and p and Jl 

are the density and viscosity of the fluid. 

After differentiationg Eqs. (2-2) and (2-3) with respect to y·X· and x-x-, 

re·spectively, the pressure and gravitational force can _be eliminated by 

subtraction of the two resultant equations. Further, let us define the 

vorticity as 
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(2-4) 

We obtain the vorticity transport equation 

<Jru-x· * dru* <Jru-x· ( ~ 2. ru'K· d 
2oJt<·) 

;§t·* + u dx* + v* dy-x· = v \.dx-x-2 + ¥2 (2-5) 

.where v = ~ , the kinematic viscosity of the fl1.,1id. 

. Since a circular cylinder is used as the obstacle in the numerical 

examples, we shall use -r.ts re.dius R* as the characteristic li:mgth. Als?, 

let us denote the uniform upstream velocity by u* and a reference pressure 
00 

by p-x·;. then we may form a set of dimensionless variables as follows: 
0 

x* 
X=-

R*' 

u* 
U= u·* ' 00 

t*u* 
Y =Y* t- 00 

R* ' - R* 

v* P*- P* 
P= 

0 
V= ii*' l/2pu-x·2 

00 
00 

ru-x·R* 

' ru= U* 
00 

When these dimensionless variables are introduced into Eqs.(2-l), (2-4) 

and (2-5), we obtain 

(2-6) 

(1) = (2-7) 

(2-8) 

where o is 2.0/Re with Re, the Reynolds numbe~ defined by 

2R*u*p 
00 

•· i:. t> t 

I 
I 
I 

v: ! 
i 
I 

- I 

! 

I 
I 

. i 
. ,, i 

. I 

I 

I 
I 
I 

1 
! .. 

I 

I 

I 
j 

I 
I 

; 
\-; 
>• 
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Generally, Eq. (2-6) can be satisfied by defining a stream function 

'1/J such that 

u = ~ and v = - ?!tJ; .ax (2-9) 

Eq. (2-7) can then be written as 
·I 

(2-10) 

which is a form o'f Passion's equation. Equations (2-10) and (2-8),. 

supplemented by Eq. (2-9), are coupled to yield the vorticity and stream 

function of the flow field. 

B. Boundary Conditions 

As shown in Fig .• 1, the boundaries prescribed in the two-dimensional 

channel may be classified in~o four types;. namely, the inlet, the outlet, 

the frictionless walls, and the solid ·obstacles (this includes the fric,;.-. 

tional walls). Since we are solving both Eqs. (2-8) and (2-10), the 

vorticity and the stream function should be specified at the boundaries. 

1. Inlet 

We assume the incoming flow is not rotational, i.e., ro = 0. Phy

sically, we may desire a uniform flow in the x-direction which may be 

achieved by setting u = constant. This can be accomplished here by letting 

'1/J=y 

so that 

( -211) 

Therefore, the inlet boundary conditions may be summarized as 

ro = 0 
'1/J = y } 

. ' 
' 
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· · f It als' o means that --:,..2'''/""--
2

-- o, ·r-This means that the x velocity ~s un~ orm. o r Oh 

but not that v = 0. 

2. Outlet 

Since the differential equations are elliptic, an end boundary con-

dition is necessary at the channel exit. One wants to select this boundary 

condition so that the resulting solution will approximate that for an in-

finitely long channel. 

If we assume that the channel is sufficiently long with flow confi-ned 

between two parallel fri·ctional or :frictionless walls, then at the outlet 

the flow is mainly in the x-direction, and we could expect the vorticity 

gradient .to be small. Consequently, the 

by convection, not by diffusion. Hence, 

vorticity is mainly transported 
2 0 ~ , which contributes to the 

Ox 
· diffusion of vorticity in the x-direction, may be considered negligible •.. 

By a similar reason we could expect ~~ = 0, which implies that· 

= 0 

So, we chose the outlet boundary conditions to be 

(2-13) 

For a thorough investigation, it would be necessary to verify that a dis-

placement of the mathematical end of the channel further downstream causes 

no significant change in the computed flow pattern. However, on second 

thought, it seems that better boundary conditions at the outlet would be 

- ' 

! 
I 

I 

I 
f 

I 

I· 
I 
I 
! 

' I 
I 
! 

'f J 
I 
I 

I 
I 

I 
! 
i 

\ i 

! 
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?lm Since --- = 0 implies a constant vorticity gradient, thus for an 
?Jx2 

infinitely long channel, the vorticity at infinite tends to be ± oo. But 

no real difficulties arose in this work from those in Eq. (2~13), because 

the magnitude of the vorticity at the outlet (Re = 5) is insign~ficant. 

3. Frictionless Walls 

In order to approximate flow problems in infinite media we may wish 

to mal~e part or allof the channel walls frictionless so that the lindis• 

turbed channel flow is uniform instead of parabolic. 

By frictionless walls we mean that the shear stress, -r, at the. wall 

is zero. According to Newton'' s law of viscosity, 

T=-~~) 
Y y at the wall 

du 
Since ~ f 0, the wall must be moving in such a way that dY = 0. 'Also, 

the fluid will not penetrate through the wall, v = 0; then from Eq. (2-7) 

we conclude that m = 0 at these walls. Thus the boundary conditions become 

_ rx = v = o (2-14) . 

In addition, ~ = 0 implies that ~ is a constant for any particular value 

· of y, so for each wall ~ is a constant. 

4. Solid Boundaries 

We assume no slipping at the solid boundaries, i.e., 

(2-15) 

where t is the tangent to the boundary and n is the normal to the boundary. 

Equation (2-15) also implies that 
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~ = ~= 0 

at the boundary. Thus, a solid boundary must be a streamline of some 

constant value, which in this work is set at zero, and is used as the 

reference streamline • 

. It is not possible to specify a boundary condition for the vorticity 

in the same way as the other boundaries, because at the solid boundaries 

it is an unknown which must be computed. However, by means of Eq. (2-10), 

an up-to-date vorticity at this boundary can be provided for Eq. (2-8) ~ · 

It is a rather involved scheme; detailed discussion is given in Chapter 

III, Section (D-3). 

s . . Surrnnary of Boundary Conditions ·. 

a. Inlet 

ill ~ ~} 
7/J = y 

(2-12) 

b. Outlet 

?J2ru 0 
?Jx2 = 

(2-13) 
02?/J 

= 0 
?Jx2 

C. Frictionless .walls 

: : ~onstant} (2-14) 

d. Solid boundary ~· 

~~~=O l 
'/J X~ con:tant ~. Q . r 
ru is to be computed.) 

(2-16) 

•• 
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C. Initial Conditions 

Since this is a t:iJne-dependent problem, an initial condition at time 

zero must be provided to initiate computation. 'The condition chosen here 

is the potential flow of the system which would apply if the walls and 

boundaries are·introduced and.the corresponding vorticity is calcu~ated. 

These initial conditions may be viewed as impulsive motion, in which a 

cylindrical obstacle in a pool of still water is suddenly given a veloc,ity 

- u·X·. 
CXl 
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III. SOLUTION METHODS BY FINITE DIFFERENCE EQUATIONS 

In nwnerical computation one must work with nwnbers; hence Eqs. (2-8), · 

(2-9), and (2-10) are represented in terms of a set of values of m and ~ 

taken at discrete intervals of x and y. Generally, the derivatives in the 

di~~crcntial equatiOn8 ~re represented by finite difference formulas. The 

derivation is given in Appendix I. 

In the following sections the finite difference equations for Eqs. 

(2-8), (2-9), and (2-10) are listed and their usage· is discussed. But 

before doing that let us refer to Fig. 2, where some mesh points insiqe 

the channel are shown. There is a central point _E with four adjacent 

points 1,2,3, and 4, each, respecti~ely, at P1h, P2h, P
3
h, and P4h dis

tances away. The mesh size, h, is some abritrarily chosen unit distance 

betvreen two adjacent points. For mesh points interior to the boundaries 

.Pi's are all equid to one, but for the points near the boundaries this is 

not necessarily true. For convenience in discussion we shall adopt the 

convention that the variables (e.g., '1/J and m) at point E are to he com-

puted. 

Also, in order to make the finite difference equations more meaningful, 

the overall calculation shceme will be discussed in the next section. 

A. Overall Calculation Scheme 

In the following sections the methods employed in calculating·the 

stream functibn, velocity, and vorticity are discussed separately. The 

overall scheme which incorporates all these methods is shown, diagramat
' r / 

First, an initial solution is calculated. This may ically, in ~ig. 6. 

begin with some simple, arbitrary stream function field which is corrected 

by the iterative proc~dure (details discussed in Sec. (B-3) ) to obtain the· 

.i 
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potential solution of the particular geometry of the system. This paten-

tial solution is then used as the initial stream ±'unction solution. At 

this moment the vorticity is zero everywhere. However, at the solid 

boundary the no-slip condition must .be satisfied. This, theoretically, 

causes infinite vorticity at the solid surface. Obviously, it is not 

possible to express infinity numerically. However, ·when the numerical 

result is calculated from Eq. (2-10) by the finite difference equations 

discussed in Sec. (D-3), the surface vorticity is finite because the mesh 

size h is not zero. Consequently, these initial values of surface vorti-

city have no physical significance. The velocity field is computed from 

the equations discussed in Sec. C. 

After the vorticity at.the solid surface, the initial stream function 

and the velocity are obtained, we advance to a new time, t = ~t. For this 

new time, we seek the corresponding '1/J and w. First, w is ·calculated by 

the Peaceman and Rachford? or the Fromm3 method as mentioned in Sec. (D-1) 

and Sec •. (D-2). Note that the solid surface vorticity being used as a 

boundary condition cannot be brought to the same timet at this point. 

However, the stream function field can be brought to the new time by using 

the new vorticity values. This is possible, because the stream function 

at the solid surface is a constant and the surface vorticity is not involved 

in the equations used. 

With the new stream function, the corresponding new velocity field 

can be obtained. The one thing left is the solid surface vorticity. 

This can now be calculated from the new stream function by means of Eq. 

(2-10), whose various difference equations are given in Sec. (D-3). Thus, 

the stream function, vorticity, and velocity fields are all brought to the 

new time t = ~t. Once again a new time advancement may be made; but in 
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place of the initial solution, we have t~e soiution at t = ~t. This 

scheme is repeated until steady state is reached; that is, no more change 

in~ or ru is observed.for further time increments. 

Actually we have complicated this basic computation scheme by trying 

to predict the surface vorticity at the end of the time step and intro~ 

ducing a successive approximation procedure for refining this prediction. 

B. Stream Function 

The stream function is computed by means of Eq. (2-10) with the 

vorticity field known. In Appendix I, Sec. A, we adopted the convention 

· that Eq. (2-10) has tpe following finite difference representation: 

(r+l) 
~(E) . (3-1) 

where 'D is the overrelaxatioi1 factor which is discussed in Part 3 of 

this section. ~(i), (i., = E, 1, 2, 3, and 4)~is the stream function at 

mesh point i. Superscript r denotes the corresponding iteration number 

to which the stream function belongs. L (E) and L (E) are the finite 
XX yy 

difference representation of the second order partial derivatives at 

pointE,~ (E) and~ (E), after being multiplied by h2 These finite 
,xx yy 

difference formulas depend on the geometry of the meshes. This is dis-

cussed in the next two parts. C · · is .the sum of the coefficients in ·E 

front of ~(E) from the difference formula L (E) and L (E). 
XX . yy 

ru(E) is 

the vorticity at mesh point E. 

1. Finite Difference Equations in Bulk Flow 

For the stream functions away from curved boundaries where .only 

square mesh points are involved; 

-~ 

' :·--



• 

and 

where O(h4) indicates that the accuracy of the formula is to the order of 

4 2 h • Note, the accuracy for 'ljJ (E) and~ (E) is O(h ). By substituting 
. XX yy . 

Eq. (3-2) into Eq- (3-1) we obtain 

(r+l) 
'1/J(E) = 

(r) 
'1/J(E) 

t{r) 
+ £ ('I/JC3) 

.(r+l) (r) (r+l) (r) \ 
+ cf;(l) + cf;(4) + 'ljl(2)- 4'1j!(E)+ .. h

2
m(E); 

. J 

(3-3) 

2. Finite Difference Equation Near the Curved Boundary 

For the stream fUnction·near th~ curved boundary, 'ljlxx(E) and </Jyy(E) 

involve a more complicated representation to maintain the accuracty to 

Figure 3 shows a general case of curved boundary. Point B is the 

boundary point which may or may not coincide with the square mesh points. 

Points E, 3 and I are the regular mesh points in the channel. The di-

rection of the grid-line (straight line) may be either x or y. The dis-

tance between point E and B is scaled by P. This may be P1, P2, P
3

, or P4 

depending on the direction. Also, as mentioned before, the stream fUnction 

at the solid boundary is set to zero. With this configuration, in Appendix 

I we arrive at the following expression for 'ljJ (E) and~ (E): 
. XX yy 

'ljJ (E) or 'ljJ (E) 
. XX yy 

= ¢:..._ (2 2 -P '''(3) + ~'''(I) h2 \ l+P '~' . P+2 '~' (3-4) 
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Equation (3-4) is substituted into Eq- (3-1) in place of Eq. (3-2) at 

the curved boundaries. And CE becomes 

3-P 2 --+ p or 3-P 
p 

3-P' 
+ -· P'. 

vrhere prime indicated a different adjacent mesh point, Also note that at 

P = 1, CE reduces to 4. 

). "Successive-Overrelaxation" Iteration Procedure 

The computation procedure used for the stream function calculation 

is the "extrapolated Liehmann" or "successive-overrelaxation" method. 

The det~iled description can be found in the Digital Computation for 

Chemical Engineers by Lapidus. 6 

Equation (3-3) as first derived in Appendix I is in the form 

(r+l) 
(E) = 

(r) l( (r) . (r) (r) (r) (r) . ) 
(E)+ ~1/1(3) + 1/l(J-) + 1/1(~) + 1/1(2) - 4.0x1f!(E) + h

2 
ru(E) 

The ~s on the right side are all at the rth iteration, and the overrelax-

ation factor n is absent. 

During a computation, for example, starting from the lower lefthand 

corner of the channel moving in y-direction first, .the stream fUnctions 

1/1(1) and 1/1(2) will have values of the (r+l)th iteration while 1/J(E), 1/1(3), 

and 1/1(4) only have values at the rth iteration. It is advantageous, for 
. (r+l) (r+l) . 

faster convergence 
(r) (r) 

and less storage,, to use 1/J(l) , 1/1(2) in place of 

1/1(1) and 1/1(2). In addition, an overrelaxation factor,n 1 is introduced 
. { 1 (. (r) (r+l) 2 \1 

to magnify the correction term . 4 \1/1(3) + 'if!( l) + ••• + h en( E) )j 1vhich 

brings a faster convergence. The value of n used is 

n = 1 + 0 8 [ 
2 

• 1 + 3/.fM 
- 1 ] = (3-5) 

.. 

i 
. ' 



.. 

. -15-

vrhere M is the number of mesh points. For the Dirichlet Problem of 

Laplaces equation on rectangular domain the upper bound on n is very 

close to 2, but il;l th:i,.s work the boundary conditions are different and 

the equation als6,is different. It is not clear what value of n is the 

llest~ although it is expected to be near two. 

4. Convergence Criterion 

The solution is assumed to be attained if the stream function varia-
. . 

tion of each mesh point between iterations is less than some error lim~t, 

i.e., 
(r+l) (r) 

!~(E) -~(E)! < SERR (Stream function error limit) 

SERR used is 0.0001 or smaller. 

The stream function calculated seems to be sufficiently accurate 

and does not contribute noticeable errornto the vorticity field. 

C. Velocity Calculation 

By definition of the stream function 

u = ~' v = - ~ (2-9) 

From Appendix I, for the interior mesh points 

u(E) . = 

(3-6) 

v(E) = 

However, at the boundaries Eq. (3-6) cannot be applied directly, because 

it involves mesh points external to the defined boundaries. 

l. Inlet and Outlet 

From the boundary conditions, Eqs. (2-12) and (2-13), we have. 
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If point E of Fig. 2 is at the boundary and P values are all unity, then 

the above differential equation can be approxirr.ated by 

t(l) + t(3 ~ - 2c/J( E) + O(h
2

) = 0 
h2 

To the accuracy O(h2) we have 

t(l) + t(3) - 2t(E) = 0 (3-7) 

Suppose point E is at the outlet, then 7f;(3) is outside of the boundary 

and v(E) of Eq. (3-6) cannot be used. But by means of Eq. (3-7) 'I/J(3) 

can be replaced by 27f;(E) - 7f;(l). Thus at the outlet 

v(E) ..c :j;( 1) - t( E) 
- h . (3-8) 

A similar expression would apply at the inlet. 

2. Frictionless Walls 

The frictionless walls of the channel are parallel to the x-axis; 

therefore, there is no 1'low in the y-direction, and v = 0. Besides, the 
/ 

boundary conditions for frictional walls discussed in Chapter 2, Sec. (B-3) 

imply d~2 = ~ = 0. Thus, after a modification similar to the inlet and 
dX dy 

outlet, the velocity u(E) can be computed from Eq. (3-6). 

3. Solid Bountiary 

Since we assume no slipping, u = v = o, no computation is needed. 

4. Points Adjacent to the Curved Boundaries 

Since near the curved boundaries P values are not necessarily unity, · 

Eq. (3-6) is not applicable. Again, based on the configuration in Fig. 3, 

it is shown in Appendix I, Sec• (B-2) that u(E) or v(E) 

'~ \. 
I 

" i 
! 
f 
f 

~ ! 

I 
l 
f 

! 
I 

I 
I 
l 
I 
I· 
I 

l 
I 
t 
r 
f 

I 
I 

r 
r 

I 
I 

I 
I 
t 

t 

f . I 
·~ r 

1 
I 1 I 

! 

f. 
I 

t 
r 

I 
t 

t 



-17-

= ± (3-9) 

The plus sign is for u(E) and the minus sign is for v(E). · 

D. Vorticity 

The finite difference form of Eq. (2-8) t.akes various forms depending 

on the computation scheme used. In this work two forms are used, ~~mely, 

the Peaceman-Rachford alternating direction implicit form and Fromm's 

central time difference form. 

l. Peaceman and Rachford Alter!1?.ting-Direction Dn;plicit Iteration Pro-

cedure 

This procedure is first used by Peaceman and Rachford to solve the 

unsteady state heat conduction equation: 

F . Jlrs..,, 

Lit 

dT . 
dt = 

Eq. (3-10) is converted into the finite difference equation 

n 
T .. 
'l,J T·. l . + T. l . - 2T. . 

J..+,J· J..-,J J..,J 

h2 

(3-10) ' 

(3-11) 

The subscript i,j are· the indices of the mesh points in x andy directions, 

respectively, while the superscript n is the index on the time steps. Note, 

on the righthand side no time step on the temperature is. indicated. 

According to Peaceman and Rachford ~q; (3-11) can be rearranged so 

i i f tim ~2 'f i t d. b th 1 t that at the f rst ncrement o e ~ s reprcsen e y · ~ va ucs a· 
()2T . y 

the time step n while - 2 is at the time step n+}. Hence, Eq. (3-11) 
dX 

becomes 

+.+. 11 n 2 .. 
T .. - T ... 

J.,;] :l.l....J. 
6t 

. n+}, 
2T. ~

JLQ_ + 
n 

Ti ·'+1 -·J . 
+ 

f) 

ll'-

n 
T .. 1 

1, J-. 
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and after further rearrangement it yields 

= - T~ "+l + (2 - ~') T~. - T~ . l J.,J I-' lJ J.,J- (3-12) 

where ~' = 

The values on the righthand side are known. With boundary values given, 

Eq. (3-12) forms a set of linear equations for all the mesh points. 

(3-13) 

A.._ T + B T - D 
-~-1 N-2 N-1 N-1 - N-1 

D. is the righthand side of Eq. (3-12). Its value is calculated from 
J. 

the known temperatures at time step n. N is the_total number of mesh 

points. The solution of these equations may be obtained in the following 

manner: 

w = B 
0 o· 

w = B -Ab r r r r-1 (1 :5. r :5. N - 1) (3-14) 

b 
cr 

= w r (o < r < N - 2) . (3-15) 
r 

and 
D 

G 
0 

= w 0 
0 

D -A G 
G 

r r r-1 
= r wr 

(1 :5. r :5. N - 1) (3-16) 

'• 

.· 

I I 

·~ 
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The solution is 

= G + b T 'l r r r-r- (3-17) 

Thus, W, b, and G are computed in order of increasing r, and T is com-

puted in order of decreasing r. 

During the second time increment a change in "direction" is made; 

that 

Eq. 

• <?2 T ~s - is represented by the values at the time step n~. Hence 
' dy2 

(3-11) becomes 

n+l 
T. "+1 ~, J 

(3-18) 

Equation (3-12) is called the x-direction implicit formula and Eq~ (3-18) 

is called the y-direction implicit formula. The advantage of this method 

is that when x and y "direction" formulas are used alternately (~t has to 

be the same in both directions) it guarantees absolute stability ~ver all 

time steps. However, when it is applied to· Eq. (2-8) with the convective 

terms present, this is not necessarily true. 

The corresponding equations for Eq. (2-8) are derived in Appendix I, 

Sec. c., and they are of the form: 

= 

In x-direction: 

(1 + avn(E) )mn(2) + (2 -·~)mn(E) + (l..avn(E) )mn(4) 

In y-direction 

(3-19) 



where h 
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(3-20) 

No'Ge tha.t the;! vcloci ty iii! bGine; hald at time step n. Equ@.tions (3-19) 

and (3-20) apply to the i~terior points and are used to calculate the 

vorticity at the new time steps n+t and n+l. 

The boundary conditions for these equations are discussed in the 

boundary condition sections. At the inlet and the frictionless walls ro 

is set to zero, and at the solid bour1dary ro·of the preceding time step is 

used. As indicated in Chapter II, Sec. (B-4), this vorticity is an unknown •. 

The method used for computing this vorticity is given in Sec. (D-3). 
. 2 cro At ·the outlet 2 = o, which implies that 

ax 
ro(l) + ro(3) - 2ro(E) = 0 (3-21) 

If point E in Fig. 2 is on the outlet boundary then point 3 is un-

defined in Eqs. (3-19) and (3-20). But from Eq. (3-21), ro(3) can be 

eliminated which yields for x-direction 

2cxun+t(E) ro(l) - (2cxun~(E) + !) ron+t(E) 
(3 ' 

= - ~) ron(E) - (l-t<Xvn(E))ron(4) (3-22) 

and y~direction 

= - (3-23) 

.• 
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The detailed derivation is also given in Appendix I, Sec. C. 

2. Fromm's Central Time Difference Form 

Let us write Eq. (2-8) in the form 

$,g = 0 2m + CJ ru _ v dru _ v dru Q 2 ) . 

ot x2 uy2 ' :X: ~ y '2iY 
(3-24) 

n-H;. n d 2 
Instead of replacine; ~t by ru (E) - I.D (E) as in Peaceman and Rachford's 

O'C . .6..t 
method the central time difference formula mn+l(E) -run;..tE) is used. 

Equation (3-24), hence, can be written as 

~+l(E) _ run-l(E) = 
2.6..t 

2.6..t 

However., Eq.·. (3.:.25)· is 'unstabie, and Fromm 'selected · .·.· 

.·:, 

to replace 
... ·, ... , 

in order to achieve stability. Then we have 

(3-25) 

~+l(E)(11 4~~t.) = run-l(E) ~ 2~~t (run(3) + ar(l) + run(4) + run(2) - 2ar-\E)) 

- ."'~ (un(E) ((J)n(3) - (J)n(lv+ vn(E) ((J)n(4) - (J)~(2)) (3-26) 

Equation (3-26) corresponds to Eq. (3-19) and (3-20). It applies to the 

interior points to bring ru(E) to the new time step n+l• At the outlet 

we have Eq. (3-21) 

ru(l) + ru(3) - 2ru(E) = 0 

. ( ) n+ 1( ) n-1( ) Replaclng ru E by ru E + ru E then we have 
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(3-27) 

By substituting Eq. (3-27) into Eq. (3-26) 1-te 'obtain the equation for the 

outlet boundary 

= 2:~t (mn(4) + mn(2) - illn-l(E) J - 6~ ( un(E) ( illn-l(E) - 2run(l)J 

+ vn(E} (mn(4} - mn(2}') J (3-28} 

3. Vorticity at the Solid, Curved Boundary 
1_.-

The vorticity at the solid boundary i~ an u~~nown in this proble~, 

and it varies from time to time, but it is a necessary boundary condition. 

before either Peacem~n and Rachford's or Fromm's method can be used. 

Let us look at Eq. (2-10) more closely 

- ill (2-10) 

We see that the vorticity is related to the second order partial deriva-

. tives of the stream fUnction. So if these partial derivatives at the 

solid boundary can be estimated, the.n:, by Eq. (2-10) we can compute .the 

vorticity there. 
'.I 

For convenience let us take the initial start as an example; As 

mentioned in Chapter I!, Sec. c, 1n1ttally a potential flow solution is -~ 

provided which means that the stream function throughout the system i~ 
•• 

knovm. In addition let us assume the boundary coincides with the squC'..re 

meshes as those shovm in Fig. 4a. Then the finite difference equation 

for Eq. (2-10) is 
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(3-29) 

If point E is at the solid boundary, as mentioned in the boUndary condi-

tion section, ~(E) = 0. So, 

w(E) (3 -30) 

However, if point E is at the solid boundary, then at least one of its 

adjacent points is v.rithin the solid obstacle. where the stream function is not 

.defined. To eliminate these undefined points the no-slip condition can 

be used; that is, 

= ~ = 0 y . 
at the solid boun&~ry. 

Their finite difference equations are 

:J:(3) - <!;( 1 ) 
0 + O(h

2):> ~(3) = 7/1( 1) 1 = 
2h 

~ (3-31) I 

'i!~ 4-) - :/!(2) 2 I 
~( 4) = ~(2) 

I 

2h = 0 + O(h )=> I 
I 

j 
Thus, supplemented by Eq. (3-31) we can compute the vorticity at the 

solid. boundary by means of Eq. (3 -30). 

When a curved boundary is. encountered, such as shown in Fig. 4b, 

the situation becomes more complicated. First, the so-called "pseudo-

I bound.ary'l points, denoted by PB, are introduced.- Although these points 

may be interior to the solid, if mathematically we can estimate their 

vorticity, they can be used just as the previous boundary points. Then 

the vorticity calculation equations for interior points. need not be 

chanc;cd. :.Cor the curved boundary. 'l'his simplifies the computation 
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considerably. As shO\m in Fig. 4b, some of the PB points are adjacent to 

.two boundary points (type l) while some are adjacent to only one boundary 

point (type 2) • 
2 

The finite difference eguations accurate to O(h ) for 

both types. are derived in Appendix I, Sec. (C-~. For PB points adjacent 

to two boundary points we have 

~ (PB) or ~ (PB) 
XX Y'J 

= 4:J!.(EL (2-P) 2<J!.(3) (3-2P~ + O(h
2

) (3-32) 
P2h2 h

2
(l+P)

2 

\ 

where the mesh points are arranged in the manner as shown in Fig. 3. For 
I 

PB points adjacent to one boundary point only we have the configuration 

shown in Fig. 5., where x', y' axes are tangent and normal to the solid 

boundary at the point B. Since * is constant at the solid boundary, its 

derivatives with respect to x' egual zero; i.e., 

point PB, as shown in Appendix I, Sec. (C-~) 

and 

where 

~ f T (PB) + O(h
2

) = 0 
X X 

2 
ru(PB) = ~, ,(PB) + O(h) 

yy ' 

7/J , , (PB) = yy + (1-P) ( 1 + ~!~)] 

., 
+ 2 - 2P j 

j 

4(1-P) cosa sina ~ (l) + O(h2) 
- h2 (Pcosa + sina) 2 

Thus, at 

(3-33) 

(3-33') 
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The vorticity at the actual boundary points themselves using x', y' 

coordinates is given by 

+ ~),_P_~
(l+P)h coset (3-34) 

These values have physical significanc~, although they are not used in the 

numerical calculations as boundary conditions while the pseudo-boundary 

points are • 
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IV. STABILITY ANALYSIS 

It is known.that a typical Fourier component solution, 
ik1 . ik2 . n · 

= ro
0

e Je Jr , satisfies the differential equation 

~orhere ro is some reference level of the vorticity component. The i' s before 
0 

the k's are the imaginary number J:i. k 1 and k2 are wave numbers of the 

component variations in the x and y directions, respectively. r is a growth 

factor of the variation, and the condition for boundedness of the solution 

is 

Jrj < 1 (4-2) 

For small Re, the convective terms are less important and Eq. (2-8) 

can be approximated by Eq. (4-1). If Peaceman and Rachford's method is 

used, the·finite-difference form of Eq. (4-1) in the x-direction is 

n+l n-1 n+l n+l n+l n n n 
--l~J--~--l~J- = 0 l. J l- J lJ 
ro.. - ro.. (ro . .1.1 .+ro. 1 .-2ro .. 

~t h2 
+ lJ lJ~.L lJ ro .. +1+ro. . 1 -2ro . . ) 

h2 

After substituting the Fourier solution into Eq. (4-3), we obtain 

where 

. (l-:2f3) t 2(3 cos k2 
r ~ (1+2f3) - 2[3 cos k

1 

5~t 
f3 = 2 

h 

(4-3) 

(4-4) 

(4-5) 

._: I 
• I 

-;-' 

• 
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· \~1en the x and y directions are combined together then 

2 
r = 

(1-2(3)+2(3 cos k2 

(1+2p)-2t3 cos kl 

(l-2(3)+2(3 cos kl 
X --------------~ 

(1+2~)-2(3 cos ~ 
(4-6) 

·\vhich has an absolute value less than u.ni ty for all values of t3 and k' s. 

Ho,,.;ever, t3 must be the same for the two time steps. 

If Fro~~·s method is used, Eq. (4-1) has the form 

n+l n-1 
(!). • -ill. . 

lJ lJ 
26t 

o ( n - n n _,_ n n+l n-1) = - 2 m. 1 .+m. 1 .+m .. +1 .m .. 1-2m .. -2m .. 
h l+ J l- J lJ lJ- . lJ lJ 

(4-7) 

-----·-----·---,-----

Substitution of the Fourier solution into the above equation leads to 

2 
r ( ) 4B-l 

cos ~+cos k1 r + 46+l = 0 

Let -y = 2(3(cos k1 +cos~) 

_,_. 
~_,nen 

From Eq. (4-9) we note 

2 . 
r real, -y + 1 16(3

2 > 0 • 

The left hand side is at its maximum when -y = ±l~ 

hS..J..l 
rmax = rb~-1 = 1 

(4-8) 

(4-9) 

(4-10) 

(4-ll) 

. 2 6 2 For r imaginary, -y +1-1 ~ < 0. The lefthand side is at is minimu.rn i'lhen 

'Y = o. 



rr = 

-28-

4B-l < l 
4~+1 

( 4-12) 

Therefore, at sma~l Re Fromm's method is also stable for all time steps. 

For large Re the convective terms become more important. In the asymptotic 

case Re ~oo 1 Eq. (2-8) becomes 

In finite difference form it becomes 

n+l n (.l) .. -(.l) .. 
lJ lJ = 

f}.t 

(.l). 1 . -(.l). 1 . (l)l. J" +1-(.l)l. J" -1 - l+ ,J l- ,J 
uij 2h - vij 2h 

( 4-13) 

(4-14) 

If we assume that the Fourier solution is still valid, then for Peaceman 

and Rachford's method we obtain for the x-direction 

r = 

where· 

For two time steps 

jr2j 
11-eOr .. (i lJ 

= Hdu .. (~ 
lJ 

. 
1-CX'v .. (i sin k2) lJ 

l+a'u .. (i sin kl) lJ 

6t 
ex' = h 

sin k2) 1-ah .. (i 
lJ 

sin kl) 1-K:iv .. (i lJ . 

sin k ) . 
1 I< sin 1<:.2) - 1 

(4-15) 

(4-16) 

(4-17) 

which shows a neutral stability. However, these results are rather ·un-

realistic, because at large Re the convection of vorticity is so high that 

. the finite difference formula no longer adequately represents the differ-

ential equations. This can be visualized by inspecting the x-direction 

difference equation, 

/ 

• 
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(l+au~. )ill~+11 . - ( 2+}) ill~~l + (1-a'u .. )ill~+11 . 
J..J J..:- J \ f-' J..J J..J J..+ J 

with Ci 
h 

= 20 

[3 
o.6t 

= 
h2 

When the above set of difference equations is solved for all the mesh · 

points, it is necessary to have the coefficients 1-KXu .. and 1-au .. remain __ 
. . . . . J..,J------lc3-----

positive. Otherwise one will observe an· oscillating vorticity field (the sign 

on the vorticity changes on every other mesh point) and eventually the 

t fun . h . . l s ream ctions will dJ..verge. Since a = 20 , as Re J..ncreases, .a·a so 

increases. u and v are generally on the order of unity, hence, for 

1-cxu .. > 0 
J..J 

h 
u· 2o < l I . 

(4-18) 
/ 

Therefore, as Re ~oo, h must~ O, which implies that an infinite nur.ber 

of mesh.points is needed. Such a requirement makes the Peaceman-Rachford 

method impractical. 

Ho-vrever, Fromm applied his method to cases with Re as high as 6000. 

His stability analysis for the high Re is summarized be1ow 1 although in 

practice the size of the time step still has to be found by experimenting. 

The finite difference equation for Eq. (4-13) is 

n+l n-1 ill. . i - ill .. 
J..J lJ 

2.6t ( 4-19) 
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By substituting the Fourier solution into Eq. (4-19), we obtain 

1 
r -- = r 

·2· 6 t (u · k + · k ) - l 1l Sln 1 v sln 2 

Let 6t ) s = h ( u sin k1 + v sin k2 

then Eq. (4-2o)·becomes 

For stability, 

or 

2 
r + 2s ir - 1 = 0 

s < 1 

I u I + I vI . 6 t < 1 
h 

( 4-20) 

( 4-21) 

( 4-22) 

( 4-23) 

(4-24) 

However, after trying Fromm's method at Re = 300, we notice·that the 

accuracy of his equation (not discussed in his report) is also limited by 

the creiterion shmm by Eq. (4-18). This can be shovm by rearranging 

Eq. (3-26) in the following manner: 

4 . n-1 
- ro(E) 
t3 

( 4-25) 

The coefficients in front of the vorticities at the time step n should 

not change . · sign if the ·equation truly represents the differential 

equation. 

,.;; ; 



• 
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Thus 

or 

> .6-t 
h u 

h 
1---u>O 25 

which is Eq. ( 4-18) • 

-31-
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V. RESULTS 

The obstacle used in the nu.'llerical computation is a circula:r cylinder~ 

If the cylinder_is placed at the center of the two .walls by symmetry, half 
' 

of the :flmv pattern will be the mirror image· of the other and the front and 

rear stagnation streamlines are equivalent to a frictionless wall, i.e., 

ru = 0. Although, at high Re it is known that the vortex behind the object 

is unstable, theo:retically, this can be prevented by computing only half 

of the channel. Thus, if desired, steady 1-rakes may be studied. 

The boundary conditions used are discussed in Chapter II, Sec. B. 

The channel walls a:re frictionless, and the only--object that is frictional 

is the circular cylinder. The radius of the cylinder used is 6 mesh points, 

ahd the center is placed at the 20th mesh point from the inlet. 

Tvro Reynolds nu.rnbers, 5 and 300 are used to test the numerical methods. 

For the low Reynolds number both Peaceman and Rachford's and Fromm's methods 

are appliable, and the numerical results are presented below. Unfortunately, 

·neither of the two methods can be used at high Reynolds number. The diffi-

culty is discussed in Chapter VI. 

A. Effect of the Imnulsive Start at Time Zero 

As shown in Fig. 7, at time zero the vorticity at the cylinder is not · 

smooth -....rhen plotted with respect to position. This is due to the i.mpulsive 

motion at zero time which induces an infinite velocity gradient at the sur-

f'ace. Such a gl"I).U.ient. :ts not pos::d'ble to c:>~p:r:coc nwncr:lctJ.lly. Arb:i.trarHY.• 

a surface vorticity is computed from the potential flow streGJn functions. 

Since there are only about 15 mesh points to represent the curved surfaces, 

some rouGhness should be expected. However,. as shmm in the sa,'l1e figure 

at tirT!c 0.0368, diffusion of vort.icity has smoothed out the roughness. 

l 
! 

I .• I 

f 
f' 
' 

. i 
! 

• 
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B. Stream Function 

The stream function at different times is ·shown in Figs. 8 to 18. 

~ is 4.0 at the upper wall and ~ . is 0.0 at the low wall. ~ be-max . , m~n 

tween each streamline is 1/6. There are no negative stream functions 

of the stream streamlines can clearly be seen from time to time. 

C. Vorticity 

Although at such small Re no separation takes place, it is interesting 

to observe how the vorticity is transported at different time intervals. 

At small times, vorticity, as expected, is high at the surface, and it is 

not transported by convection but by diffusion. As shown in Figs.l9 to 

25, the vorticity is mostly diffusing in the radial direction. In Fig. 25, 

the vorticity is not quite symmetric, which indicates that the elapsed 

time is long enough to allow. some convective transport of vorticity. Even-

tually, as steady state is approached, the diffusional and convective trans-

port reach a balance. The vorticity contour at various times are shown in 

Figs. 19 to 29. 

The surface vorticity at time t = 4.0287 (steady state) is shown in 

1 Fig. 30. Comparison is made with the Values computed b~ Allen and Southwell 
. ·, 

" 10 11 
at Re = 10.0 and Thorn, ' _ at Re = 10 and 20. There seems no consistancy 

in the values. In this work the cylinder is in a channel instead of in an 
. ' 

infinite medium, thus higher velocity and vorticity values near the top of 

the cylinder are expected. 2 
Also, by comparing Apelt's result at Re = 4o.o, 

Allen and Southwell's results seem to be too high. 
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VI. DISCUSSION 

A. Comparison with Fromm's Method 

This work,. in many ways, is inspired by the report made by Frqmm in 

Los Alamos" In his report various interesting computational results about 

unsteady :C'low IJL'l.::rt obot~\Glco D,:t'o ohowr1. Since h:l.o mG.;Ln intcrc:;;t ;i.::; to choir 

that the shedding of the vortices and. vortex streets behind the obstacles 

can be obtained from numerical computations, the fine detail near the 

obstacles is not studied. The obstacle used in his report is a small 
I 

. rectangular'cylipder, but in this work we are interested in obstacles of 

any arbitrary shape. In addition, it seems that some appropriate changes 

may be made to his work. 

l. Inlet and Outlet Boundary Conditions 

The periodic boundary conditions at the inlet and outlet, as used by 

Fro~m, is eliminated. 

The consequence of the periodic boundary conditions is that as tL~e 

progresses the disturbance leaving the outlet is introduced back into the 

system through the inlet. Also, the instabilities leaving the inlet are 

. re-introduced 

we introduced 

at the outlet. 

c2w ?>2m 
"Ox~ = "Ox2 = 0 

To·replace this periodic boundary condition 

at the outlet ~~d m = 0 and u = constant at 

the inlet. As shown in the boundary condition section, we are ass~ming 

that the channel is sufficiently long. To test the adequacy of the bo·~~-

dary conditions, the channel should be extended further dmmstrea.'n to see. 

if any significant change in the solution occurs. However, due to lack of 

time this had not been tested. 

• 
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2. Boundary Conditions at the Channel Walls 

In Fromm's work the channel walls are supposed to be miving such 

that "no extraneous vorticity will creep into the system". In other 

words, the walls must be moving with the same speed as the fluid in 

contact with them. To avoid vorticity diffusion through the walls he 

introduced a pseudo-velocity, which equals the velocity of'the wall, 

exterior·to the channel. Such a complicated scheme seems 1h~necessary, 

sine~ the same criterion can be attained by setting ru = 0 at the channel 
i 

wall~. 

·The velocity of the m6vi~g walls used by Fr?~ is constant. As the 
! 

veloc~ty· ~t the inlet and outlet are not restricted, the periodic boundary 

conditions and the constant speed walls cause the flow to be slowed down 

as i:f:there were a series of identical objects upstream. This is unde
t 
i i - . 

sira1ple jas it becomes impossible to study a single obstacle at some fixed 

Reyn?lds' number. Thus, by fixing the velocity at the inlet and letting 
' -~ ' . 

the ~hannel walls be frictionless the total flow rate can be specified. 

3. Velocity Evaluation. 
; ; 
i 

!Th~ velocity components are evaluated at the mesh points in this 

i 
workj while Fromm evaluated them in between the mesh points, which se~~s 

t' 

to be cumbersome as the other variables are evaluated at the mesh points •. 

4. Curved Boundary Introduction 

One of the objectives of this work is to investigate the effects of 

flow·past a circular cylinder, not the vortex street far downstream but 

t.he :vorticity and velocity field near the cylinder. In this case a 
. 

curV;ed solid boundary is involved. Several lengthy finite difference 

equ~tions are developed to maintain the computational accuracy to the 
I' 

: 
! 



2 
order of h . The particular dimensionless radius used in the example is 

6 mesh units, which gives less than twenty mesh points on the solid sur-

face, yet a smooth vorticity distribution at the surface is obtained. 

This indicates that. the technique used is. quite satisfactory. Although 

the particular geometry used is a circular cylinder, the equations are 

applicable to, any geometry. 

5· Methods of Vorticity Computation 

In additJon to Fromm's central time difference method the Peaceman 

and Rachford :method is also used. From the stability analysis, both 

methods are· supposed to _be stable when convection- of vorticity is absent. 

However, at Re =- 5, the computational results indicate that the Peace~an 

and Rachford method is more stable, and larger time steps can be taken. 

In addition, the time step b~comes larger as time progresses. Thus, the 

computation time required is less. On the contrary, when equivalent time 

steps are taken/ Fromm's method tends to make the stream function diverge. 

Therefore, at least for law Reynolds numbers, Peaceman and Rachford's 

method seems to be more efficient. 

B. Comoarison of Results w'ith Literature Values 

.A comparison of the surface vorticity with some steady state solution 

is shown in Fig. 30. The result obtained in this work does seem to be in 

agreement with the work done by Thom, Apelt, and Southwell and Squire, 

although the effect of the confinement of the channel causes a higher 

surface vorticity at the top of the cylinder. The numerical values are 

given in Tqble I. The results by Allen and Southwell and Thom at Re = 10 

are obtained from the figures shown in their publications; thus it is not 

the exact result of their work. However, the result by Allen and Southwel1 

.,, 

I~ 



---~ ··---~~-·-·---~··-·- .. ·--~~- .. -~- ...... :- .. ..:..- . ""· ..... . 

-37-

seem::; to disac:rec l'iit11 the other 1vorks. Also, the results by Thom at 

Re = 10 and. 20 are too close in magnitude. By comparison it seems that 

the result for Re = 20 should be higher in order to be consistent with 

other rrorks. 

, ' 

Table ~. The Steady State Surface Vorticity at Re = 5 

:e (.1)0 e % 

b 0 99-59 -2.4964 

9-59\ -0.8210 109.47 -2.0441 

19.41 -1.5523 120.00 -1.3994 
l . 

-2.3066 30.00 131.81 -0.9000 

41.81 -2.9715 138.19 -0.6041 
; 

48.19 -3.2105 150.00 -0.383.7 

6¢.oa _: ~ -3.2434 160.53 -0.1259 

70.53; -3.3670 170.41 -0.0443 
' 

80'.41 -3.2074 180.00 0 

90.00 -2.9029 

C. High Reynolds Nuinber 

As mentioned previously, Fromm was able to show flow patterns dmm-

strea.rrl,at Reynolds numbers as high as 6000. However, his method is not 

applicabl~ to the problem in this study. It is shown in the stability 

analysis that at high Re the finite difference representation of the 

diffe:r:cntial equaticns is no lonr,er accurate unless very fine meshes are 

used •. : At: Re' = 300, the Peaceman-Rachford method breaks dmm as vorticity 

at the surface is swept downstream and convergence on the stream function 

calculation' fails. For Fromm 1 s method the stream function is. able to 

converge t¢ a solution when a small time increment is used, but such a 
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solution docs not have any p1wsical meanine; when oscillation in the 

vorticity field occurs. The reason for such a difference in break.dovrn 

is not obvious, .since both inet.hods have the same stability criterion. 

Although this may be due to the .different computation scheme used. 

Alco, phY,'zic:::.lly, from bo\1nd8.l~Y layer theory at steady c;ttJ.te the 

boundary' layer thickness is in the order of (Re) -l/
2

, v:hich is much 

less than unity at Re = 300. Therefore, in the front of the cylinder 

the diffusio:n, of vorticity cannot be accounted for with the mesh· size 
r 

.used. 

The:cr:Lterion for a true solution, in addition to the stability 

with respect ~o time, is 

'l - u h > 20 o, 

2 
which is in :agreement with Apelt. With D = 12.0 and u = 1.0, h is 

approximitely 0.013 at Re = 300. Certainly a solution can be obtained 

by using such small meshes; but the time required on computation makes 

such attempts formidable. Thus, we conclude that the straightforward 

application of finite difference methods is not feasible for solving the 

Navier-Stokes equation when quantitative results near the obstacle sur-

face are desired. Consequently, the results shown by From.>n can only be 

used for qualitative p1.:.::·poses. 

At the same time, the results of this work suggest that if a more 

general method for hich Re is desired, some other approach to the ·problem 

hasto be made. For example, if.the steady state solution is desired,. 

maybe the Lagrangian form of. the vorticity transport equation: 
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is more appropriate. Since for the limiting case, viscosity equal to 

zero, the vorticity on each fluid element, as it is transported by con-

vection, is an invariant, the diffUsion of vorticity may be superimposed 

on to the flm·r field. However, how to estimate the diffusion term as 

the i'J.1.d.d clement moves to a new position is not obvious. The numerical 

method might then resemble the method of characteristics. 
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. VII. CONCLUSIONS 

L The Peaceman-Rachford implicit alternating..,.dir
1
ection iteration .pro-

ccdure is applicable to approxima~e the Navier-Stokes equation at 

low Reynolds number, and it is superior to the central time differ-

ence method of Fromm in rate of convergence and ease in time incrG-

ment control. 

2. General difference equations have been developed to approxi:rra te a 

2 ' 
curved boundary in square meshes to the order of h . The result. 

is satisfactory. 

3. At low Re, the transient behavior of an impulsively started cylinder 

can be studied by the numerical scheme used in this vrork. 

4. At high Re, the straightforward application of finite difference 

method is not feasible to solve the Navier-Stokes equation for the 

case where fine detail near the surface of the obstacle is desired. 

It. seems that some different app:coach to the problem should be 1;.sed.. 

·<J 
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APPEJ\TDIX I 

DERIVATION OF FINITE DIFFERENCE EQUATIONS 

A set of mesh points is constructed in the channel and to each point 

the values of the dependent variables ?jjJ u, vJ and rn are considered. The 

numerical values representing the derivatives in the differential equations 

are computed from these discrete values. 

Let us refer to Fig. 2 1-.rhere there is a central point E and four 

adjacent points 1, 2, 3 and 4 around it. These four points are each at 

P1h, P2h, P
3
h, and P4h distance away from point E. h is some arbitrarily 

. chosen unit distance between two adjacent mesh points. P1 , P2 , P
3 

and P4 

are some scaling factors. By Taylor's expansion we obtain the follovring 

relationships: 

p 2h2 p 3h3 
?jJ. (E)+O(h 

4
) 'lp(l) ?jj(E)-Plh?jjx(E)+ 12 . 'ljj, (E)- 1 = 3: XX XXX 

p 2h2 p 3h3 
<jixx.x(E)+O(h 

4
) VX.3) = ?jj(E)+P

3
h?f;)E)+ 3 2 ?jjx.x(E)+ 3 3~ 

p ~h2 p 3h3 
·7p - (E)+O(n4} ?jj( 2) 1Jj(E) -P2h7fi/E) 2 ?/) (E)- 2-= 3: 2 yy yyy 

p 2h2.. p 3h3 
</i (E)+O(h 

4
) </1( 4) = </J(E)+P4h~y(E)+ 4

2 Wyy(E)+ 
4
3: yyy 

. where <!)(i), (i = 1, 2, 3, 4 and E) are the indices on the mesh points. 

The subscripts on <fJ indicates the partial derivatives •. O(h4) indicates 

that the term neglected is of the order of magnitude h4• 

Equations (A-1) to (A-4) are the four fundamental equations from 

vrhich the difference equations are derived. 

\ 

(A-1) 

(A-2) 

(A-3)-

(A-4) 

. : 

-. 



A. Stream Functions 

1. Difference Equations for ~lk Flow (Or Interior Mesh Points) 

In the buD~ we are only concerned with the square mesh points; that 

is, P1 = P2 -= P
3 

= P4 = 1.0. Hence, Eqs. (A-1) to (A-4) can b~ written as 

h2 3 
'1/J(l) = '1/J(E) - h'I/J (E) + 2~ '1/Jxx(E) - ~; 'lj! . (E) + O(h 4) 

. X • XXX 
(A-5) 

'I/J(3) = '1/J(E) + h'I/J (E) + 
h2 h3 4 
2T '1/Jxx(E) + 3 ~ '1/Jxxx(E), + O(h ) 

X 
(A-6) 

2 h3 + O(h4) . 'I/J(2) = '1/J(E) - h'I/Jy(E) + 
h . 
2T '1/Jyy(E) - 3 ~ '1/Jyyy(E) (A-7) 

'1jJ(4) = '1/J(E) + h'lj; (E) + 
h2 

+ ~~ '1/J (E) + O(h
4

) 2~ '1/Jyy(E) y • yyy (A-8) 

Suppose ro is known for all the mesh points and we want to use Eq. (2-10) 

_to compute th~ stream fUn~tion, obviously, we need the expression for 

'1/J (E) and 'lj! {E) in terms of '1/J(l), 'I/J(2), 'I/J(3), '1jJ(4) and '1/J(E). Let us 
XX yy 

add Eq. (A-6) to Eq. (A-5) , then we have 

'1/J(l) + 'I/J(3) = 2'1/J(E) + h
2

cj; (E) + O(h
4

) 
XX 

or 

'1/J (E) = 
1
2 ('1/J(l) + 'I/J(3) - 2'1/J(E) ) + O(h

2
) 

XX h 

Similarly, from Eq. (A-7) and Eq. (A-8) we can obtain 

Thus, to the accuracy O(h2), Eq. (2-10) can be expressed by 

~2 [7/J(l) + 7/J(2) + '1j;(3) + '1/J( 4) - 4'1j;(E)J = ro(E)+ O(h
2

) 

(A-9) 
or 

(3-2) 

(A-10) 
or 

(3-2) 
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or 
(r+l) 
7/J(E) 

(r) (r) (r). "(:t) :.,·_; · 
= (7f;(l) + 7f;(2) + 7f;(3) + 7f;(4) - 7f;(E) • h

2
)j4.0 + O(h

2
) (A-ll) 

Equation (A-ll) can,be used for iteration wlth known values on the right-

hand side. The superscripts (r) indicate the iteration step. 

An altE;rni1tiv0 ivay to vTrite ~q. (A-ll) is 

·:-(r+l) (r) (r) (r). (r) (r) 
\/;(E)= 7/J(E) -i- 4~0 (7f;(l) + 7f;(2) + 7f;(3) + 7f;(4) 

(A-12) 

The second term of the equation may be considered as the correction te~ 
(r) (r+l) 

and 7f;(E)=> 7f;(E) as this term vanishes. 

As discussed iri Chapter 3., Sec. ( B-3), for better efficiency the most 

"up-to-date" 7/1 Va.lues should be used during each iteration process. Thus, 

the more efficient form of Eq. (A-12) is 

(r+l) (r) (d-1). (r+l) (r) (r) (r) 
7/I(E) = 7j;(E) + ~ (7j;(l) + 7/1(2) + 7j;(3) + 7j;(4)- 47f;(E) + :cis(E)h

2
) + O(h

2
) 

(A-13) 

wh_ere D i_s ~?e. "overrelaxation" factor, and its purpose and limits are 

discussed in Chapter 3, Sec. ( B-3). 

However, for the mesh points near the curved boundaries the second 

order partials cannot be expressed by the simple relation shown in Eq.(A-9) 

and Eq. (A-10). A more general representation which involves the P values 

has to be used. 

Let us denote the finite difference formulas :tor h
2

'1{1xx(E) and. h
2
tyy(E) 

to the accuracy O(h
4

) by L (E) and L (E), respectively. Tnen, L .. is an 
XX yy ~~ 

linear finite difference operator. Its form depends upon the geometry and 

the order of accuracy of the finite difference formula. By this notation, 

the stream function iteration equation can be written, in a more general 

form, as 

'r, 
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(r+l) · (r) . .., .. · · ' 
1/I(E) = 1/I(E) + L... (L . (E) + L. (E) + w(E)h2) + O(h2) 

CE. XX yy 
. (A-14) 

where CE is the .sum_ of the coefficients in front of ~(E) from the difference 
' . . 

formula L (E) and L (E). In the next few sections. the finite difference xx_· YY. , 

forme of 'if;xx:(F.) nnf 7/Jyy(E) for var:t6U.s geometris are discussed so that 

appropriate sub~titution for Lxx(E) and Lyy(E) can be made. 

2. Difference Eauations for Mesh Points Adjacent to'the Curved BoundarJ 

The curved boundary present in this work is the solid curved boundary 

· where 'if! is set to zero. . Let us refer to Fig. :5 where we show a boundary 

point B and three interior points E, 3 and I. The direction of the grid-

line ma.y be x or y and can either be positive or negative, but the equa

tion is derived by assuming it is in the positive direction. B,y expanding 

'1/1 about point Ewe can express 1/I(B), '1/1(:5) and 1f!(I) as follows 

0 - . = 'if!( B) =. 1/I(E) - Pm/1' (E) + ~ P2
h
2'IJI" (E) -. ~ p3h3t"' (E) + O(h 

4
) (A-15) . 

'1/1(3) = 'if!( E) + !rl/1' (E) + ~ h21f!" (E) ~ ~ h3"if/"' (E) + O(h
4) (A-16) 

' ' 

'1/t(I) ='1/I(E) +2h1f/'(E) +2h
21f!"(E) +~h3"if/"'(E) +O(h

4) (A-17) 

where the prime indicates .the order of the derivatives. 

After eliminating "if/'¢1;) and VI"' (E) 1 we ha.ve . 
' i 

I 
, I 

h2t"(E) ID 2 g.:E, t/1(3) + !::1 tf/(I) -· 3PP· 1J!(E) + O(h4) ' . . .. l+P . P-2 · . (A-18) 

Equa.tion (A-18) ca.n be subs.tituted into Eq. (A-l4):when:the CUrVed boundary· 

configuration is met. 

3. Difference Equation· for the OUtlet 

As diocuBaed in tb:~J boundAry condition section, .s.t the inlet 'f/1 is set 
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to· equal to y (munerically) and at the frictionless w,alls 7/J is constant. 

So for these boundaries no computation on cjJ is needed. Ho-vrever 7 at the 

(j2& 
outlet the boundary condition prescribed is ___._ = 0; hence, cjJ at· the 

'Ox2 

outlet has to be calculated. 

:t:r point 8 o:f Fir;;. 2 is n.t the outlet then point 3 is undefined and 

Eq. (A-13) cannot b~ used directly. To remedy the situation let us: apply 

'02& 
' 'the boundary condition 'Ox2 = 0 • The.finite difference eouation for 

. ' ~ "' . . ... - ' 
(j2o/j 
~ =;0 is Eq. 
(jx2 

(A-9) .· 

~··. '. r 

So:; at ~the' ·outlet 

cf!(l) + cf!(3) - 2cf!(E) = 0 

or 

cf!(3) -~ 2cf!(E) - <j;(l) 

By substituting cf!(3) into Eq. (A-13) we obtain the difference equation 

~- r~r tli.e -;~~iet-7f/ c-aicura-tiorr~ 

(r+l) 
7J;(E) :. = 

(r) (r+l) (r) (r) 
<J;(E) + ~ (cf!(2) + <j;(4) - 2<j;(E) + ro(E)h

2
) 

'+.0 (A-19) 

I 
. ._, I 

': 
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B. Velocity 

l. Difference Equations for Interior Points 

By definition the velocity is 

"dw , c1ji 
u == c:;y and v = - 6x . (2-9) 

Since square meshes are used at the bulk, P values are unity, Eqs. 

(A-5) to (A-8) are applicable. 

Subtraction of Eq. (A-5) from Eq. (A-6) yields 

?/)(3) - VJ(l) = 2h iji (E)+ 
2h~ ifJ (E)+O(h

4) 
X 3. XXX -

The desired accuracy in this work is O(h2 ), so the O(h3) term may be 

neglected. 

?/A3) - ?f/(l) = 2h if;. (E) + O(h3) 
X 

After rearrangement we obtain 

(A-20) 

Similarly, we can obtain from Eq. (A-7) and (A-8) 

(A-21) 

2. Difference Equations for the Boundary Points 

a. Inlet and Outlet. From the boundary condition··section, at the inlet 
~2 I . 

and outlet 0 J = 0 which implies that 7/(l) + 7fj(3) .:. 2'1/A.E) = 0 (point E 
dX 

is on the boundary). At the inlet W(l) is undefined, hence Eq. (A-20) 

cannot be used directly. But from the above statement we see that 

7fj(l) = 27p(E) -· 7fj(3) 
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So, Eq. (A-20) can be 1-rri tten as 

(A-22) 

where ~3) and ~{E) are defined points. Similarly at the oulet, where ~(3) 

is undefined we can show that 

v(E) = ~ (11(1) - <jJ(E)) (A-23) 

.b. Frictionless Walls. The frictionless walls present in this work are 

parallel to the x-axis. Since the fluid is not supposed to penetrate 

through the walls, it becomes necessary that v, t_ll.e y-component of velocity, 

equals zero._ This implies that 7p on the walls must be constant. But for 

u(E) Eq. (A-21) cannot be used directly, since either 7f!(4). or if/(2) may be 

undefined. From the definition of frictionless walls, Chapter II, Sec. C, 

I· we see that 

d2'1/! ----- = 0 at these walls. oi 

This boundary condition, in analog to the inlet and outlet condition, 

provides a way to eliminate the undefined stream functions. 

c. Solid Boundary or Frictional vlalls. By no slip condition u = v = 0, so · 

no computation is needed. 

d. Points Adjacent to the Curved Boundary. All the previous equations 

are based on Eqs. (A-5) to (A-8) where P. = 1, but for those points 
. J. 

adjacent to the curved boundary this is no longer correct. 

L~t us refer to Fig. 3 again. The point PB is a regular mesh point 

except tha~ it ~s interior to the solid, hence no values are defined there. 

Hovrever, if mathematically we can. estimate the 'if; value at this point then 
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Eq. (A-20) or (A-21) remain applicable for computing v(E) or u(E). 

Let us make Taylor's expansion in the x-direction of Fig. 3 from 

point PB to the adjacent points. 

2 
cfJ(E) = 7/J(PB) + </1. (PB)h + h2 I </! (PB) + O(h3 ) 

X • XX 
(A-24) 

2 2 
~B) = 0 = cjJ(PB) + '1/J (PB)(l-P)h + (l-P~ h .·'1/J. < (PB)+O(h3) 

X ~ . (A-25) 

'ljJ_ (B) = 0 = 'ljJ_ (PB) .+ </!. (PB) h(l-P) - O(h2 ) 
X X ~ . 

(A-26) 

Rearranging these three equations we get 

cjJ(PB) - (A-27) 

Eatuions (A-27) can be substituted into either Eq. (A-20) or Eq. (A-21) 

depending on which velocity component is to be calculated. For example, 

according to Fig. 3, let us compute v(E) 

/' 

v(E) = - ~h \ ?j1_3) - ?jj(PB)) . 

1 (l-P)
2 

= - ~ <fi( 3 ) - p2 <ji ( E ) ) 

I ., 

(A-28) 
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C. Vorticity 

The vorticity transport equati;n (2-8) may be transformed into 

various difference equations depending on the type of approx.imation u'sed. 

1. Difference Equations by the Method of Peaceman and Rachford. 

JEq. ( ~-8) : 

Let us consider only the square mesh points. In analog to Eq. (A-5) the . 

vor:ticity at points 1,2,3,4, and E can be related by 

. m( l) = m( E) - hm ·(E) 
. h2 h3 ... -

O(h 
4

) + 2! Clbc(E) - 3! ~xx(E) + 
X 

(A-29) 

m(3) = m(E) + hm (E) 
h2 h3 

O(h
4

) + 2~ ~x(E) + 3~ ~(E) + 
. X (A-30) 

ro( 2) = m( E) - hay ( E) 
h2 

+ 2T ayy(E) 
h3 

- 3T ayyy(E) + O(h
4

) (A-31) 

m(4) = m(E) + hm_y(E) 
h2 

+ 2T ayy(E) 
h3 

+ 3T ayyy(E) + O(h 
4

) (A-32) 

By proper elimin~tion the following finite difference formula for the 

derivatives in Eq. (2-8) can be obtained. 

m (E) == 
em( E) 

= m(3 L - m(l) + O(h
2

) 
X dx 2h (A-33) 

ay(E) == om(E2 == ol4 2 - (j)~ 2) + O(h2) oy 2h (A-34) 

2 
m( l L + m( 3 L - 2m~E) 

m.xx(E) = 
c m(E) 

= + O(h
2

) 
cx

2 h2 
(A-35) 

2 
m(2) + (1)~ 4) - 2ro~EL ro (E) = c m~EL 

= + O(h2 ) yy cy2 h2 
(A-36) 

.. 

' : 
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According to Peaceman and Rachford the time derivative may be written as 

dru(E) 
dt = 

n¥.-
ru(E) - Jl(E) 

L:.t 

vlhcre the superscript n indicates the time step. 

(A-37) 

The method for computing the velocity component u and v is given in 

the preceding section. 

By substituting Eq. (A-33) to Eq. (A-37) into Eq. (2.;.8) we obtain 

n~ n 2 

ru(E) - ru(E) 
L:.t 

= 5 ( ru( 1) + ru( 3) 
\ h2 

2ru( E) + ru( 2 ) + ru( 4) - 2ru( E) ) . 
h2 / 

u(E) (ruC3) - ru(l) ) _ v(E) (ru(4) - ru(2) ) 
.· \ 2h / \ 2h · 1 

(A-38) 

One can see at this point that there are many possible arrangements for 

the righthand side. The pa~ticular choice Peaceman and Rachford made is 

the following: 

During the first half timestep, we will hold the derivatives 1-lith 

respect to y at n and advance the x derivatives to n~, so Eq. (A-38) 

becomes 

n~ n n~ n~ n~ n n n 2 2 2 2 

ru~ E} - ru~EL = <ru(l) + ru~3) - 2ru~ E) + ru~2) + ru~4) - 2ru~ E) ) L:.t h2 h2 

After further rearrangement we obtain the implicit formula for the x-

direction iteration 

n n~ 1 n~ n n~ -
(l+au(E) ) ru(l) - (2 + ~) ru(E) + (l~(E) ) ru(3) 
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' 
= - ( l + o:vn ( E) ) m ri ( 2) + ( 2 - ~ )" m n ( E) ~ ( l - o:v n (E) ) m n ( 4) 

CX= 

t3 = 

h 
25 

(A-39) 

(A-40) 

(A-41) 

During the second half time step, the "direction" is changed. The 

x-derivat'ives are held at time step n~ while the y-d.eriV9-tives are ad-

vanced to n+L So Eq. (A-38) becomes 

or 

n+l n~ 1 n-H-- n4 n+'2 
o(m(l2 

2 2 
m(E) - m(E) = + m(3) - 2m(E) 

.6.t \ h2 

n+l 1 n+l 
(1 + o:vn(E) ) m(2) - (2 + ~) m(E) 

n+l n+l n+l 
+ m( 4) + m(2) - 2m(E2 

h2 

n+l 
+ (1 - cxvn(E) ) m(4) 

\ . 

n n+~ 1 n+~ n n+! 
=- (1 + cxu (E) ) m(2) + (2- ~) w(EJ - (l- cxu (E)) m(4) 

) 
I 

(A-42) 

By the stability analysis, in the case where no convective terms are pre~ 

sent, Peaceman and Rachford are able to show that when .6.t in the tw'O half 

time steps is the same, and Eq. (A-39) and Ea. (A-42) are applied alter-
I 

nately, the method is always stable; that is, the vorticity field will 

not diverge. Hm-rever, with convective terms present this may not be true. 

At the outlet, as indicated in the boundary condition section,~ = ol 
I ~ 

By Eq. (A-)5) we have 

'" 
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(D( 1). + m( 3 ) - 2w( E) = 0 

If point E is at the boundary, then point 3 is undefined in Eqs. (A-39) 

and (A-ll-2). By means of Eq. (A-ll-3), w( 3) can be .replaced by 2m( E) - W,(l) 

so we get for the x-direction iteration 

n+~-
2cxu(E)m(l) 

J. 1 . 
n+2 1 n+2· 

(2cxu(E)+ ~) m(E) 

and for the y-direction iteration 

n+l 
(~ + avn(E)) m(2) - ( 2 

1 
n+l 

+ -) m(E) 
t3 

n+l . - n 
+ (l - av (E) ) w(4) 

2. Difference Equations by the Method of From~ 

The difference equations (A-33) to (A-36) are still applicable. 

But in place of Eq. (A-39), Fromm used the central difference formula for 

"' 0(1) 

2Jt i.e., 

dru(E) 
?lt = 

n+l n-l 
C:C(E) - m(E) 

26t 

So. Eq. (2-8) becomes 
' 

n+l n-l 
m(E) m(E) 

26t 
= 0 ( m( 1) + m()) 

h2 
2w(E) +. w(2) + w( 4) 

,2 
n 

u(E)(m(3) ~ m(l) )- v(E) (\m(4) 2~ w(2) ",\ 
\ 2n - _ / 

2m(B) \ 
i 

(A-46) 
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ind.ica. ted tha. t the _.J.pJ:l(E) should be replaced by 

in order to achieve stability. So. Eq. (A-46) becomes 

tl+l n-1 
m(E) - m(E) 

2.6t ' 

(1:_ n n n · n n-1 
= o ~2 (m(l)+ m(2) + m(3)+ m(4)- 2m(E) 

After further rearrangement we obtain 

n+l 
m( E) (

.1 4o6.t \ . n-1 
+ -:-r ) = m(E) 

h . 

According to Fromm for stability 

n+l '\ 
2m(E) ) ) 

/ 

. (A-47) 

r 
' 

' ! 

' 
i 

,. I 

o6.t < l and 
-:2-4 

I u I + ! v-l-6"""t~-r-. ---'-------_ ___:__:::_ _______ _.i.e h .• 
h 

At the outlet Eq. (A-43) is again used to eliminate the undefined m(3), 

except that we vlri te 

n n n+l · n-1 
w(3)+ m(l)- m(E) - w(E) = 0 

for stability reason. So~ Eq. (A-47) becomes 

n+l / 2s:>A+ A·:t ' 
w(E) '( l + uu.v + :::._h u11

( E) ) = \ 7 / 
n-1 ( 

m(E) + 
2~~\, m(4) + w(2) 

6.t :- n ( n-1 . 
-h 1 ! u (E) \ m(E) 

L . \ 

. ., 
n \, 

m(2) j l 
:' J 

(A-48) 
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3. Difference Equations for Computation of Vorticity ~t a Curved., 
Solid Boundary 

For the case where the solid boundary coincides with _the meshes as 

shown in Fig. 4a, the vorticity at the boundary can be caJculated by 

Eq. (3-)1-!) and Eq. (3-25) as discussed in Chapter III, Sec.(D-3). 

For·thc curved. boundary we decided not to change the difference 

.·equations for Eq. (2-8). Instead, we introduced the so-called pseudo-

boundary points (PB points in Fig. 4b) which are regular mesh points, 

methematically, but physically they may be interior to the solid object-

and bear no physical meaning. 

In Fig. 4b, we can see that there are two tjpes of PB points: 

l) Type 1. adjacent to two actual boundary points. 

2) Type 2. adjacent to one actual boundary point only. 

For type 1, let us refer to fig. 3 which indicates a PB point vnth the 

boundary point Band two interior points E and 3. According to the figure 

the grid-line is in the x-direction, but this is immaterial since it can 

just as well be in the y-direction. Consequently, we shall use primes 

to indicate the order of the derivatives. By Taylor's expansion around 

point PB, we _have 

'1/J(B) = 0 = 'ifJ(PB) + (1-P) h'ifJ' (PB) + ~ (l-P)
2

h
2

?jJ"(PB) + ~ (l-P)3h3?jJ"' (P3) 

. · + O(h4) 

·if;' (B) = 0 = '1/J' (PB) + (1-P)h?jJ"(PB) + ~ (l-P)
2

h
2

?jJ"' (PB) + O(h3) 

2 
'1/J(E) = '1/J(PB) + h'ifJ'(PB). + ~~ ?jJ"(PB) +g h3'1/J"'(PB) + O(h

4
) 

'4 8 4 
'1/J(3) = ?jJ(PB) + 2h'ifJ' (PB) + 2 h2

?jJ"(PB) + b h3?jJ"' (PB) + O(h ) 

By proper elimination we can obtain 
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'fill (PB) = l!:f(~) ~,(.~-P) 
Ph 

(A-49) 

Equation (A-49) can be used to compute ID(PB) form Eq. (2-10) when the 

curved boundary of such configuration is encountered .. 

For type 2, let us define a new coordinate system X 1
, Y1

? where~~ 

is tangential to the boundary and Y1 is normal to the boundary, and a 

denotes the angle between y and y 1 (see Fig. 5). Now, let us expand 

the stream function about the boundary point. 

I ,,, (B) I I,,, (B) l .I I 2 ( ) + Y '~'y 1 + Y x '~'y 1 X 1 + 2 Y x 'fiy'x'x' B 

+ l ,2,1, (B) , l ,2 ,,1, (B) + l ,3,1, (B) + O('n4) 2 y '~'y'y' ,- 2 y x '~'y'y'x' by '~'y 1 y'y' (A-50) 

From boundary. conditio:rs: 

'/l(B) ~ 0 

velocity= 0 => 7/J.. ,(B)= 7/J. ,(B)= 0 
X y 

is a constant along x' => 7/J I I ( B) = 0 
X X 

7/J ,(B) is a constant along X 1 =>7/J., ,(B)= 0 
y X y 

Consequently, 

So Equation (A-50) can be simplified to 

'''- ! y'
2
''' · (B) +! y'

2
x'•'' (B) + ;:_ y' 3"'' 1 1 , (B) + O(h

4
) '~' - 2 '~'y'y 1 2 '~'y 1 y'x' o '~'y y y (A-51) 

There are three unknowns involved. · We choose three points.. E, 1, 

and 4 as shown in the figure to evaluate ,,, (B) ,,, (B) and 7!J. ( ~) 
~ryt ' ~'y'x' ry'y'y' D • 
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F::.·om Fie;. 5 'i·Te can obtain the following relationships: . 

y' = Ph coso: x' = Ph sino: l E E 

(l+P)h sin ex y' 4 = (l+P)h cos ex x'4 = 
\ (A-52) 
I y·l = (P+ tanc:x)h cos ex x' - -(h-Ph tanc:x) cos ex I 1 l- I 

I 
YlpB= -(1-P)h cos ex x~ - - (l-P)h cin ex I P:Ef 

) 

By substituting Eq. (A-52) into Eq. (A-51) for the corresponding distance 

we can write 

:j;(~·2) = -
2
1 ''' , 

1 
(B) + -

2
1 (l+P)h sino: ,,, 1 , 

1 
(B) + ~ (l+P)h coso: ?!L 1 1 1 (B) : 

Y1 

4 
'~'y y '~'y y X . 0 ry y y 

+ O(h 
4) 

~ 
I 2 

y E 
l ''' ". (B) + ! Ph ( ) + l Ph ( ) ( 

4) = 2 '~'y'yl 2 sino:. <f!y 1 y'x 1 B b coso: 7/ly~y'y' B + 0 h 

'jjJJ_ l l 
1 2 . = 2 <f!y'y'(B) + 2 h(-P+ tanc:x) sino: <f!y'y'x'(B) 

y l 

'+ ~ (P+tanc:x)h coso: 7/J., , ,(B)+ O(h
4

) 
0 y y y 

After eliminating 7jJ., , ,(B) and 7jJ., , ,(B) we have yyx yyy 

(A-53) 

= 2(l+P)7j;(E) 
I 2 

y E 

(A-54) 

Equation (A-54) is used to compute the vorticity at the boundary 

points because 

7/J, ,(B)=O yields, 
X X 

- ru( B) :::: ' 1' I I (B). '~'y y .· (A-55) 
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Again by Taylor's expansion we can express 

From the boundary conditions 

?jJ I I ( PB) = 0 
XX 

Therefore, 

- ro(PB) = -7J;. 1 1 (PB) y y 

From Eq. (A-57) we can obtain 

h oft ( B) co sex \( <J!f::j_ - Y!J:!j_ '\) 
b '~'y' y' y' . = ' 2 ' 2 J 

y 4 y E 

. (7/;(1) :j;(E) \ 
+ S::Ln(X 2 - 2 ) 

y' y' .I 
1 E 

~------~2~'~'•yj'x' 2 2, "" 2 2 .l 

-·-·····-· ~------ --~--------....:.-__...._-~ -.. 

(A-56) 

(A-57) 

(A-58) 

h oft (B) = sinex (Y!i!±l - 'fl& \) - cosrv ( 1/1( 1 ) - ?/J( E) \ 
--=------- '\/:I VI / "IT I y I / 

v~ v ~ J __ l E------------

So Eq. (A-56) may be written as 

4:j;(E) r 1 
i/J I '(PB) = 2 2 l 2 

Y Y P h cos ex 
+ ( l-P) ( 1 + sinex )J 

\ cosex / 

[ l 
2 cos ex 

l + 2 - 2P I 

J 
4(1-P)cosex sinex 1/f(l) + O(h2) 
h2 (Pcosex+sinex) 2 (A-59) .. 
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Surrnnary: 

Type 1, PB points accessible in two directions 

-m(PB) = ~/ 1 (PB) = 4:J!(E) (2-P) 
P2h2 

'type 2, l'B points accc::wiblc in one tli:r·cction 
.., 

-<.JJ(PB) = 'ljJ I I (PB) = 4?j!2(E2,) lr --::::-1- + ( 1-P) (l + sina ) I 
y y p h cos2a . cosa /j 

2:J!( 4) I' l 

(l+P)
2

h
2 l cos

2
a 

4(1-P) cosa sina t(l) + O(h2) 
h2(Pcosa + sina) 2 

Vorticity at the actual boundary points 

tylyl (B) 
2(l+P)t(E) 

= 
I 2 

y E 

2?j!(4)P + O(h2) 
I 2 

y 4 

(A-60) 

(A-54) 



-92-

APPENDIX II 

Computer Program 
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, THE PEACEMAN AND RACHFORD METHOD 

. /~.$I BFTC MAIN DECK 
\ C MAIN PROGRAM 

--------------·---· 

"-'...--. 

COMMON S,W,JC,VX,VY,B,Y,H,H2,0MfGA,TSTEP,ALPHA,TPRINT,ILO,ICENTR, 
lBETA,OELTA,IR,SM,SERR,TlME,RE,VSOL,P,ANGLE,MAXITR,KEY 
2,KEE,VSMO,DAMP,COS2 

OIMENSinN S(57,25),W{57,25J,JC(57,25),VX(57,25)fVY(57,25),8(57), 
1 Y { 57 , 2 5 ) , V SOL { 1 0 0 ) , P ( 10 0 , 4) , ANGLE ( 1 0 0 ) 
2,DAMP(l00),VSM0(100) 

OlMENSinN C0$2(100) 
Cm11\10N SIN,COS,IMAGE,WSOL,XDAMP,JREAD, .NWS,ITI'ME 
DIMENSION SIN{ 100) ,COS( 100) ,WSOL{l00) 
DIMENSION VS0(100) 

1 FORMAT(4F8.3,6!3,F4.2,I3,F8.6) 
2 FORMAT (6E12.5) 

READ (2,1) BETA,BETMIN,WLIMl,WLIM2,NMAX,MPRINT,JWRITE 
l,MAXITR.KEY,MAXWIT,XDAMP,JREAO,SERR 
WRITF (3,10llnETA,RETMJN,WLIMl,WLIM2,SERR,XDAMP 

101 FORMAT17HlBETA •• ,FR.3,2X,8HBETMIN •• ,F8.3,2X,7HWLIM1 •• ,FB.3,2X, 
17HWLIM2 ••• F8.3?2X,6HSERR •• ,F8.6,2X?7HXDAMP •• ,F4.2) 

C NIAAX=MAX. f\llH~BER OF TIME STEPS 

0 

C MAXJTR=MAX. NUMBER OF ITERATIONS IN STRFUN 
ITT 1.-!E =0 
NST EP= 0 
f\!PP. INT= MPR tNT 
K EF=O 
C.f\L L SETUP 
T F ( J READ l 9. 8, 9 

c 

8 DO 1?4 J=l,lOO 
154 DAMPIJ)=XDAMP 

ADVANCE VORTICITY 
9 J P= 1 

K=O 
JO no 11 1=1,57 

f)() '11 J = 1 ' 2 5 
11 Y(J,J)= W(!,J) 

no 12 J=l.lOO 
J2 VSO(J)= VSOl(JJ 
13 on 14 J=l.lOO 
14 VSOL(JJ=VSO(Jl 
15 CALL VORINT(JP) 

KEE=KEE+l 
C l\ l L S T R FUN 
C~LL VORSOL . 
IF(JWRTTEl 156,155,156 

155 WRITE (3,2). (0AMP(J),J=l,l00) 
WRITE (3,2) tVSOL(J),J=1,100) 

156 K=K+f 
151 GO TO ( 16,18) ,JP 

16 [) 0 1 7 J = 1 ' 100 
IF(ABS!VSOIJl-VSOLlJ)J-WLIMl) 17,17,21 

17 Cf1NTINUF 
18 on 19 J=l,lOO 

IFIAB$(VSOL(JJ-VSMO{J))/DAMP(J)-W[IM2) 19,19,15 
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19 CONTINUE 
GO TO .( 20,27) ,JP 

20 JP=2 
GO TO 10. 

21 BETA= 2.0*BETA , 
D 0 2 2 :I =. 1 , 5 7 

-DO 22 J=1925 
22 \.J ( I , J l = Y ( I , J ) · · . 

GO TO 13 
27 NSTEP= NSTEP ~ 1 

CALL VELOCI 
TIME INCREMENT 

~" ... 

'DT= H2/(BETA*DE(TA) 
TIME =TIME+2oO*DT " 
IFfK-f-lAX\.JTT) 27i,272.,272.· 

272 BETA=BETA*2.0 
GO TO 273 

271 BETA=BETA/2.0 
273 IF (BETA~ BETMJN) 28,29,~9 

2.8 BETA= BETMIN --. 
29 IF(NSTEP-NPRINT) 31,30,31 
30 C.6.LL OUTPUT 

NPRINT= NPRINT + MPR[NT 
31 IF (1\JSTEP NMAX) 9~32.32 

32 STOP 
Ef\JD 

.- '· 

' t : 

**"• 'END- OF-FIlE' .. CARD ·*** 
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$TBFTC OUTPUT DECK 
SUBROUTINE OUTPUT 

120 

100 

110 

COMMON S.W,JC,VX,VY,B,Y,H,H2,0MEGA,TSTEP,ALPHA,TPRINT,ILO,YCENTR, 
lBETA,DEiTA,IR,SM,SERR,TIME,RE,VSOL,P,ANGLE,MA~ITR,KEY 
2,KEE.VSMO,DAMP,COS2 

DIMENSION S(57,25),W(57,25),JC(57,25),VX{57,25),VY(57,25),B(57l, 
1 Y ( 57 , 2 5 I , V S fll ( 1 0 C ) , P ( 1 0 0 , '+) , A NG L E ( 1 0 0 ) 
2,0AMP(l0Q),VSM0(100l 

DIMENSION CnS21100) 
COMMON SJN,COS,IMAGE,WSOL,XDAMP,JREAD, 
DIMENSION SIN( 100) ,COS( 100) ,\..JSOU 100) 
COMMON PfJSTY 
DIMENSION POSTY{5],25) 
ITIME=ITIMF+l 
WRITE (35) TTIME.,TH1E,( S( 1,1),1=1,5) 
WRITE (3,1201 ITIME,TIME,BETA 

NWS,ITIME 

FORMAT(AH ITIME •• ,I3,6~TIME •• ,F14.8,6HBETA •• ,Fl4.3l 
on .. 1 oo ·r = 1 , s 7 
\'IIRITE (35), (S(J,J),J=1,25) 
C!lNTINUF 
DO 110 T=1,57 
1-1 R I T E ( 3 5 ) ( \-.1 ( I , J ) , J = 1 , 2 .5 ) 
C Of'lT I f',IU E 
\,-JRrTE (35) 
WRITE (35) 
~~RITE (35) 
RETURN 
ENO 

{VSOLC J).t=l,NWS) 
(\4SOL( I) ,I =1 ,NWS) 
(DAMP ( I I , I =1 tl 00) 

*** 'END-OF-FILE' CARD*** 
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.$IBFTC SFTUP DECK 
SUB.ROUTrNE SETUP 

. COMMON S.W,JC,VX,VY,B,Y,H,H210MEGA,TSTEP,ALPHA,TPRtNT,ILO,ICENTR, 
lBETA.OELTA,IR,SM,SERR,TIME,RE,VSOL,P,ANGLE,MAXITR,KEY 
2,KEE,VSMO.OAMP,COS2 

DIMENSION S!57,2~),W!57,25),JC(57,25),VX{57,25),VY(57,25),R{57), 
lY(57~25l,VSOlfl00) ,Pt 100,4) ,ANGLE(l00) 
2,0AMP(l00J,VSM0(100) 

DIMENSIDN COS2(10C1 
C m1 r-1 m! S T f\1 , C ll S , I MAG E , 1-J S OL , X 0 M1 P , J R E AD , N W S , .I T I ME 
0 I M EN S I 0 N S I 1\! ( 1 0 0 ) , C 0 S ( l 0 0 ) , W S 0 l (1 0 0 ) 

101 FORMAT(2I2,2Fl0.4) 
102 FORMAT(6E12.5) 

IF(JREAD) 210,200,210 
200 READ C2,10ll IR,ICENTR,RE,TIME 

GCJ TO 220 
21.0 RFAD (35) IR.ICENTR,RE 

C IR=RADIUS OF CIRCULAR CYLINDER 
C ICENTR=CENTER OF CYLINDER 
C RE=REYNOLDS NUMBER 
C SFRR=TOLERABLE ERROR IN STREAM FUNCTION 

2 20 DElTA= 2 • 0 /P E 
Y 1,1 A -X= 2 1+ • 0 IF Ul A Tt I R ) 
S ~1 = S 0 P T ( 14 2 5 • 0 ) 
H = Y t-1 A X I 2 4 • 0 
H2=H*H 
OMEGA=l.0+0.8*(2~01(1.0+3.0/SM)-l.O) 

ALPHA=H/(2.0*0ELTAl 
ILO=ICENTR-IR 

1>11RJTE (3,221) IRtiCENTR.RE 
FORMAT {5H IR.o,1~,9H ICENTR •• ,I3,5H RE •• ,Fl4.3) 
IFCJPEADJ 1001,1002,1001 

lOCJl CALL SF.TUPl 
GO TO 1003 

1002 IFCYMAX-1.01 999,999,1 
1 IF(28-IABS {28-ICENTR)-IR) 999,999,2 

999 STOP 
2 DO 3 !=1,57 

DO 3 J=l,25 
\~ { I .. J ) = 0 • 0 
SCI,J)=O.O 

3 JC(T,JI:dO.O,· 
DO 4 1=1,57 

4 SCI~25l=YMAX 

DO 5 J=l,lOO 
on s K=l,4 · 

5 PCJ,Kl=l.O 
K-=0 
on soo .J=l.lOO 

soo cns2CJI=l.o 
DO 590 I=ILO,ICENTR · 
DO 580 J=2,24 
1F((J-1)**2+CI-ICENTR)**2-IR**2l 510,510~590 

510 IF(JC(I-l,Jl1520~53~,580 
5 20 J r: ( I , J I=- 2 

GO TO 580 

' -
--

,· 
\ 
i 

t t 

t 
l 
l 
I 
I .. 
I 
I 
) 

• ' 
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c 
c 

0 

700 
710 
7?.0 

730 

740 
750 

95 

.. 
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C n S ( K 1 ) ·= C 0 S ( K ) 
SIN!Kl)=Stf\!.(K) 
N1=3*!1/IQ1+!1Q/2)*(2/IQ1+tlQ/31*2 
N2=2*Cl/IQ}+2*(IQ/21*{2/IQ)+(IQ/3) 
P(Kl,Nl )=P(K,2) 
P(Kl,N2)=P(K,j) 
CONTINUE 
CONTINUE. 
CONTTNUE 
DO 750 I=ILO,ICENTR 
IF=2*ICENTR-I 

. DO ·740 J=2, 24 
IFCJC(J,Jl+1} ~30,750,730 
J C ( I, J) =- 2 
J C { I r- , J l =- 2 
COf\JTINUF 
CONTINUF. 
PING=PONG -' 

DO 15 J=2,24 
S(1,Jl=YMAX*FLOATCJ-1)/24.0 
DO 15 !=2,56 
IF(JC(!,J)) 15,14,14 

14 R2=H2*FlOATftJ-1)**2+(I-ICENTR)**il 
S ( I , J 1 = H * F L 0 AT ( J- 1 ) * { 1 • 0- l • 0 I R 2 ) 

15 CONTINUE 

. 17 

1004 

1005 

1003 

STREM-1 FUNCTION 
VORTICITY ON SOLID BOUNDARIES 
C A.L L STRFUN 
CALl VORSOL 
VELOCITIES 
CALL VELOCI 

PRINT INITIAL SOLUTION 
WRITE (35) IR,ICFNTR,RE 
DO 1004 J=1,25 
h'RITE 1351 1 (JC(l,J),I=1,57) 
COf\JTINUF 
on 1005 J=1,4 
WRITF. (35) (P{I,J),J-=1,100) 
CONTif\lUE 
K=JC( ICF.NTR, IR+2) 
ANGLE(K)=90.0 
1 F= I C EN TR +I P. + 1 
l\JWS=JC( IF.2) 
W R I T E C 3 5 ) N vJ S , ( A N G L E ( I ) 9 I = 1 , N W S } , I ~1 A G E 
WRITE (35) (C0S(J),I=l,l00) 
\..JRITE (35) CS1N(J),.I=l,100) 
WRITE {35) CC0$2(1),1=1,100) 
CALl OUTPUT 
R.ET URN 

*** 'END-OF-FILE' CARD.*** 

'· 

.I 

J 

-. 
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$JBFTC SETUPl DECK 
S U CHW U T T i'J E S E T lJ P 1 
COMMON S.W,JC,VX.VY,B,Y,H,H2,0MEGA,TSTEP,ALPHA,TPRINT,ILO,TCENTR, 

1 B F: T A , D E L T t:... , T R , S M , S E P. R , T It~ E , R E , V S 0 l , P , A N G L E , M A X I T R , K E V 
2,KEE,VSMO,DAMP,COS2 

D T !V1 F ~·l S I G ~-l S ( 5 7 , 2 5 ) , ~4 { 5 7 , 2 5 ) , J C ( 5 7 , 2 5 l , V X ( 5 7 , 2 5 } , V V ( 5 7 , . 2 5 . ) , B ( 5 7 ) , 
· 1 Y ( ~3 7 , ?.. '5 l , V S 0 l { 1 0 0 ) , P ( 10 0 , 4 l , A N G L E { 1 0 0 ) 
2,DA~P(l00l,VSMO(l00l 

DlNE~SION COS2tl001 
COMMON SIN,COS,IMAGE,WSOL,XDAMP,JREAD, 
D l JV, E r'! $I Cl f\1 S I N { 1 G 0 l , C 0 S { 1 0 0 l , W S 0 L( 1 0 0 l 
R t/\J)( 2, lOll I STEP 

101 FC::RiHI.T ( !3) 
or ?11 J:=1.25 
READ 115) (JC.{I,Jl,I=l,57) 

21.1 c nr--n I f'1U E 
[)[l 212 J=l.4 
REM! (351 (P(I,J).I=l.l00) 

212 CONTTN\JE 
R Et.d) ( 3 5 ) f\J W S ., ( Ml G L E { I l , I = 1 , N W S } , I MAG E 
RE.f\D (-,5) lCOS.(f),T=l,100) 
f.' E !l. D ( 3 t:; ) { S I N { r ) ~ T = l , 1 00 ) 
P.Ei\0 (35) {COS2( I),T=l, 100} 

2 l 30 R ~ .1\ D (3 5 l I TI f·1 E ,1 J "'! E , ( S ( L .1 ) , L = 1 , 5 l 
IF( TSTEP-ITf.\·iEl 213,215.213 

213 DO 214 1=1.57 
no 214 .J=l,2 
P.f/l.D (35) (S(.L,l),L=l,5) 

2 1 4 C CJ N T T ~! U r:: 
Rf:t..f) (351 ($(L,l),L=l,5) 
Rf?AO !3"il (S(L,l),L=l,5l 
READ !35) ($(L,l),L=l,5l 
GO TO 2130 

215 DO 216 1=1.57 
READ (35) (S(I,J),J=l,25l 

216 corn Jf\Jur:: 
on 217 I=l,57 
PFAD (';5) (v!(f,J),J=l,25l 

211 cnr~r r r'Jl!f , -
RFAD P5l (VSOUI).J=1,1\JWSl 
RF.AD (351 (I-JS0Lfil.I=1,NWSl 
~~.CAn { 3 5 l ( 0 A ~~p { I l , I = 1, 10 0) 
CALL VELOCI 
PFTUR1'l 
E f\!f1 

F!\'0 
*** 'END-OF-FILE' CARD*** 

NWS,ITIME 

( 
' 
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't T 11FT C S T R F lJf\1 DECK 
SUBROUTINE STRFUN 
CO~MON S~W,JC,VX,VY,B,Y,H,H2,0MEGA,TSTEP,ALPHA,TPRINT,ILO,[CENTR, 

lBETA,DELTA,TR,SM,SERR,TIME,RE,VSOL,P,ANGLE,MAXITR,KEY 
2,KEE.VSMO,OAMP,COS2 

DIMENSION Sf57,25),W(57,25),JC(57,25l,VX(57,25)~VY(57,25),8(57), 

1 Y( 57,?51 ,VSOL ( 100) ,p( 100, '+l ,ANGLE ( 100) 
2,0flfV1P(l00l,VStv10( lOOl 

Dir1FNSIOi\! CnSZ( lOCl 
CO~~ON SJN.COS,IMAGE,WSOL 
D r.r-1 n' s Fl ~'' s r N < 1 o o l , c rJ s 1 1 o o 1 , w so Lt 1 o o , 
.lTFP=O 

31 NEkRS·=f) 
I~{KEYl 231,131,231 
CALL OUTPUT 
DO 35 1=2,56 
DO 3S J=2,24 
I F ( J C ( T , ,J l l 3 5, 5 1 , 50 

'50 K=JC( I,J) 
IF( JC( I ,.J-1) l 501,502,502 

501 PP=P(K,2l 
S P P = 2 • 0 ,;, S ( I , J + 1 l >:: ( 2. 0 -P P l I ( 1. 0 + P P) 

1 + S ( I , J + 2 ) >:r ( f> P -1 • 0 ) I ! P P+ 2. 0} 
CS=3.0/PP-l.O 
en Tn sos 

50 2 I F ( . .J C ( I , J + 1 l ) 50 3 , 50 4 , 5 04 
503 PP=P(K,4) 

SPP =2.0*S(J,J-1)*(2.0-PPII(l.O+PPJ+S(I,J-2)*(PP-1.0li(PP+2.0) 
C S·= 3. 0 I P P-1 • 0 

( "·~1 GC TO 505 
\..._.,/' 501~ SPP.=S(I,J+U+S(I.,J-1) ~· 

CS=2. 1) 

505, IF!JC(f-l,J)l 506~507,507 
5Ci6 PD=P(K,l) 

SPP=SPP+2.0*SCl+l,Jl*(2.0-PP)/tl.O+PP)+SCI+2,J)*(PP-l.O}I(PP+2.0) 
C S = C S + 3 • 0 I P P-1 • 0 
GO TO 510 

S07 IF(JC(I+l,J)}508,51)9,509 
5 Ci R P P = ~~ ( K , 3 l 

SPP=2.0*S!T-1,J)*(2.0-PP)I(1.0+PP)+S(I~2,Jl*(PP-l.Oli(PP+2.0)+SPP 

CS=CS+3.0/PP-l.O 
GO Tn 510 

509 SPP=SPP+S(I+l,Jl+S(I-l,J) 
CS=CS+2.0 

5 1 0 S ~~ U = S ( I , J ) + CH-1 E G .A "" ( S P P +H 2 * W ( I , J ) -:C S * S ( I , J ) ) I C S 
' ' 

GO TO 5? 
5 1 S N tJ = S ( T , J ) + mt. EGA>:< ( S ( I -1 , J ) + S ( I + 1 , J } + S ( I , J -1 ) + S ( I , J + 1 l + H 2 * W f I , J } 

l - zi • t.: S ( I • J l l I 4 • 
~ 52 TF( 1\GS (SNU-S{l,J) l-SERR) 34,34,33 

33 NERPS=NF~RS+l 
34 S ( l • J l = SN U 
35 COf\! T INU E 

DO 37 J=2,24 . . 
S N U = S ( 5 7 , J ) + ( - ! S ( 5 7 , J - 1 l + S ( 5 7 , J + 1 ) ) - H 2 *, W { 5 7 , J ) ~ 2 • 0 * S (~ 5 7 , J ) I * 

lOrAEGA!(-2.0) 
· lF(ABS !SNU-S(57,J))-SERR) 37,37,36 \.__ 



·---' 

( p~r"-... ~ .. 

'\...,../ 

36 NERRS=NERRS+l 
37 S(57,Jl=SNU 

IF(NE~RS) 999,41,38 
38 ITER=ITFR+l 

IF{ TTER-i<1AXTTR) 31.990,990 
990 WRTTF (3,991) MAXITR 

' , 

. -100-

9Cl FORMAT{51Hl STREAM FUNCTION DOES NOT ~ONVERGE AFTER ITERATING, 13, 
17H TII"ir::S.l 

CALL OUTPUT 
999 STrlP 

41 R F.T UR ~J 
END 

*** 'END-OF-FILE' CARD *** 

.' .... 
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SIRFTC VELOCI DECK 
SURROUTINF VELOCI 

. CO~MON S,W,JC,VX,VY,B,Y,H,H2,0MEGA,TSTEP,Al~HA,TPRINT,ILO,ICENTR, 
lBfTA.OELTA,JR,SM,SERRiTIME,RE,VSOL,P,ANGLE,MAXITR,KEY 
2,KEf,VSMO,DAMP,COS2 
DIME~SI~N S(57,25J,W(57,25),JC(57,25),VXC57,25),VY!57,25),B(57), 

1 Y ( 57 , 2 5 l , V SOL ( 1 0 0) , P ( 10 0, 1t) , ANGLE ( 1 00) 
2,DAMPllOOJ,VSMntl00) 

DIMENSION CflS~ClOOl 
COMMON SIN,COS,IMAGE,WSOL 
DP"1f~JSI0N SIN( 100) ,COS( 100) ,WSOL(lOO) 

C COMPUTE VELOCITY COMPONENTS FOR EACH MESH POINT 
21 00 2 3 I=?, 56 

')[! 23 J=2,24 
IFIJC(I,J)) 23,22.26 

26t<.=JC!T,J> 
VXC I,J)=0.5/H*C S( I ,J+ll-S{ I ,J-1 )+S( I ,J)*{ ( l.O-:l.O/P(K,4) )**2 

1- ( 1. 0:._ 1 • 0 /P l K, 2) ) * t.< 2) ) f . ·. 

VY ( I , J I = 0. 5/1!* ( S ! I -1 , J) - S ( I + 1 ,·J ) + S ( I , J l * ( ( 1 • 0-1 • 0 I P ( K, 1 ) ) ** 2 
l- { 1 .. 0-1 • 0 /P ( K, ~ l ) >:c* 2) ) 

GO TO 23 
22 VX( I,J}=O.S*(S(I,.J+ll-S(I,J-1))/H 

V Y ( I , J ) = 0. ~; * l S ( I- 1 , ,J ) -$ ( I + 1 , .J ) ) I H 
? 3 C Cl N T Tt-J U F. 

DO 2 1+ I=1.,57 
VX(J,ll=S(f,2)/H 
VY(I.ll=O.O 
VY( I,25J=O.O 

2tt VX!T,25l=(S(I,25l-S(I,24))1H 
DD 25 .1=2,24 
VX(l.Jl=l.O 
V Y ( 1 , J J = ( S { 1 , J ) - S ( 2 , .J ) ) /H 
V X ( 5 7 , .J ) = 0 • 5>:' ( S ( 57 , J + 1 ) - S ( 5 7 , J- 1 ) ) I H 

25 VY{57,Jl=(S{56,J)-S!57,J) )IH 
RF.TUP.N 
FII.JD 

*** 'END-OF-FILE' CARD*** 
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530 K=K.+l 
COS2CKl=l.O-!FLOAT(J-l)/FLOATtiRll**2 
COS(~)=SQRT!COS2!K)) 

SIN(K)=~ORT(l.O-COS2(K)) 
A~GLE!KI=ATAN{SINfK)/CDS!KlJ*57.29578\ 

IFCCOS?(K)-0.5 ) 540.540.550 
550 P(K,3)=IR**2-{J-ll**2 

P(K,3)=l.O+FLOAT!ICENTR-I)-SQRT(P{K,3)) 
IF(P(K,3)-0.5) 570,560.560 

5 60 J c ( 1 ' J ) =- 1 
JC( I-l,,J)=K 
GO TO 580 

. 5 70 J C ( I , J } =- 2 
J C ( I- 1, J ) =- 1 
JC( 1-?,,J)=K 
P(K,3l=P(K,3l+l.O 

580 CONTINllE 
'590 CONTlNUJ: 
540 KMAGF.=K_;l 

COS2(K}=O.O 
IMt\GF.=I-1 

600 DO 630 I=ILO,IMAGE 
DO 620 J=2,24 
If(JC(l,JJJ 620.630,610 

6 10 K =J C ( J , J) 
JJ=J 
P(K,?):IR**2-CICENTR-ll**2 
P(K,2)=FLCAT(JJ)-l.O -SQRT(P(K,2))
GO TO 630 

6 20 cnr'JT I ~lUE 
630 CONT TNUE 

JC{ ICENTR, IR+U=-1 
JC{ ICENTR, IR+2)=2>:<KMAGE+l 
DO 720 I=ILO,IMAGE 
DO 710 J=2.,?.4 
IFfJC(t,J)+l) 710.640,720 

640 K=.JC( I-l.J) 
DO 700 IQ=l,3 
GO TO (650,670,680l.IQ 

6~0 Kl=2*KMAGE-K+l 
-ANGLE(Kll=90.0-ANGLE(K, 

. Il=ICENTR-J+l 
· Jl=ICENTR-I+2 

660 JC{ Il,Jl-ll=-1 
GO TO 690 

670 Kl=2*KMAGE+K+l 
ANGLE(Kl)=90.0+ANGLEtK) 
I 1=2*ICHHR-I 1 

, GO Tn 660 
680 Kl=4*KMAGE-K+2 

ANGLE(Kll=lBO.O-ANGLE(K) 
I 1=2~•ICENTR-I+l 
Jl=J 
J C ( I 1-1 9 J 1 l =- l 

690. JC( Il.,Jl )=Kl 
COS2(Kll=CflS2(K) 

! 
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SUBRflUTTNE VORINT(JPI 
GO TO !1,2J,JP 

-103 -· 

FIRST SOLVE VORTICITY IN X-DIRECTION 
1 DO 680 J:::=2,24 

B! 1 l=O.O 
DO 640. 1=2,56 · 
IF!JC(I,J)) 610,630,630 

610 R( I )=0.0 
Gfl Til 6'+0 

630 C=l.O+ALPHA*VX(l,J) 
ll.=-(2.0+BETA} 
P,( I )=l.0-1\LPHA*VX(I,J) 
W ( I .J l =- t 1. 0- ALPHA* VY ( I , J I I *Y (I , J + 1 ) + ( 2. 0-B ETA) *Y { I , J ) 

1- ( 1 • 0 +ALPHA* V Y ( I , J ) ) * Y ( I , J-1 ) 
A=A/C-8( I-1 ) 
B( I )=8( I 1/(C>'.<t.) 
W( t ,J )=(\.-J! I ,.J 1/C-Wf T-1, J) )/A 

640 CONTI NUF 
END ROUNDARY 
C=2.0*ALPHI\*VX(57,JJ 
A=-BETA-2.0*ALPHA*VX(57,J) 
8('57 )=0.0 
A=A/C-R!56 ) 
W(57,J)=((-(1.0-ALPHA*VYC57,J))*Y(57,J+l)+(2.0-BETA)*Y(57~J) 

l-ll.O+ALPHA*VYI57,J))*Y(57,J-1)1/C-W(56,J))/A 
690 DO 6RO 1=2,56 

I I= 58- I 
680 WIII.Jl~W(JJ,Jl-BIII l*W{II+l,J) 

3 !< ETURf\J 
SOLVE VORTICITY IN Y-DIRECTION 

2 DO 760 I=2,57 
8( 1)=0.0 
B( 25)=0.0 
DO 730 J=2,24 
IF!JC(J,J.)) 700,720,720 

700 8( .Jl=O.O 
GO TO 730 

720 C=l.O+ALPHA*VY(!,J) 
A=-12.0+BETA) 
R(J)=l.O-ALPHA*VY(J,J) 
IF( I-56) 722,722,721 

7 2 1 W ( 5 7 ..J ) = ( 2 • 0 * ALP H A* V X ( 5 7 , J.) - B E T A ) * Y, ( 57 , J ) - 2 • 0 *AlPHA* Y ( 5 6 , J ) 
l*VX(57,J) 

GO TO 723 . 
72?. W( I •. .Jl=-tl.O-ALPHA*VX(l ,J) I*Y(I+11,Jl+(2.0-BETAl*Y(l,J) 

1-f l.O+ALPHA*VX( I ,J l l*Y{ 1-l,Jl l 
723 A=A/C-8( J-1) 

Bf J)=B( J)/(C*Al 
1-1 ( I , J l = ( W ( I , J l I C- W ( I , J- 1 ) ) /A 

730 CONTINUF 
DO 760 J=2,24 
JJ=26-J 

760 ~Jfi,.JJl=H(I,JJ}-B( JJ)*W(I,JJ+l) 
4· RETUPN 

EI'!D 
*** 'END-OF-FILE' CARD*** 
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$JBFTC VORSOl DECK 
SUBROUTINE VORSOL 

c 
r 
v 

COMMON S.W~JC,VX,VV,B,Y,H,H2.0MEGA,TSTEP,ALPHA,TPRINT,ILO,ICENTR, 
113 E T A , l)f L T A , J R , S M , S ERR , T I ME , R E , V S 0 L ~ P, A N G L E , MAx· I T R , K E V 
2!KEE.VSMO,OAMP,COS2 
OIME~SION ${57,25l,W!57,25),JC(57,25),VX(57,25),VYC57,25),B(57), 

1Y{57.25J,VSOL(100),P(l00,4),ANGLE!l00) 
2,DAMP{l00),VSM0(100) 

DIMENSION C0$2!100) 
COMMON SIN,COS,IMAGE,WSOL 
DIMENSION SIN( 100) ,COS( 100) ,W$0lfl00) 
CALCULATE VORTICITY ON SOLID BOUNDARIES. 
VORTICITY ON CVLJNOER 
SF. C Cli\J D ( S E, S I , Q l = 1+. 0* SE * ( 2. 0-Q) I 0* *2-2. 0* S I* f 3. 0-2. 0 *0) I ( 1. + Q l * *2 
THIRD ( SE,SI,S'+•O•cnss, SINS,COSSQ) 
1~4.0*SE*(l.OICOSSQ+(l.O-Ql*Cl.O+SINSICOSSl)IQ**2-2.0*S4*(l.OICOSSQ . . 
2+?.0-?.0*0li(Q+l.Ol**2-4.0*(1.0-Q)*COSS*SINS*Sli(Q*COSS+SINSl**2 

SOLIOW (SE,SI,QJ=2.0*(1.0+Ql*SEI0**2-2.0*SI*0/(l.O+Q)**2 
IF=2 *ICENTR-IMAGE 
J S= 0 
on 400 r~2.56_ 

DO 400 J=2,24 
IF(JC:(I,J)+l) 400.10,400 

10 JS=J$+1 
IF (JC(I,J+l)) 30,400,20 

20 K. ~,J C! I , J + 1 ) 
SE=S! I ,J+l) 
S I=S( I ,J+2) 
O=P(K,2)-

-... , \:J ( I , J l =- S E C 0 N D ( S E , S I , Q } I H_2 
-......_.,.; fF( I-IF) 21~21.220 

21 WSOL{K)=-SOLIOW !SE,SJ,Q)IH21COS2(K) 
GO TO 220 

30 IF {JC(l-1. ,J.I) 50,400,40 
~~o K = J c c r- 1 , J > 

t4 { I , J ) ~ T HI R 0 ( S { I- l , J ) , S t I- 1 , J + 1 ) , S ( I- 2 , J l , P ( K, 3 ) , C 0 S ( K ) , $.1 N ( K) , COS 2 ( 
1S2(K) )I(-H2) 

WSOL{K)=-SOLIDW fS(I-l.J).S(I-2,J},P(K,3l)IH2/COS2tKJ 
Gn TO 390 

50 K ~ J C ( I + l, J ) 
\-J ( I , J ) = TH f R 0 { S ! I + 1 , J l ~ S { I + 1, J + 1 ) t S ( I + 2 , J l , P ( K .l l , C 0 S ( K ) , SIN ( K ) , 

1CnS?CKl li(-H2l 
viS 0 U K ) ~- S 0 L I D W I S ( I+ 1, J) , S ( I+ 2 , J ) , P { K d l ) I H 2/ COS 2 ( K) 
GO TO 390 

.220 IF(JC(J-l,J)) 240,400,230 
230 K=JC(I-l,Jl 

sr:~s< r-·t,J> 
sr~sc r-Z.J> 
Q=P { K ,-::q 
\.-1 I I , J l ·~ W ( I , J ) -SECOND { S E , S I-, Q )/ H2 
J F ( l- H1 AGE ) 2 31 , 2 31 , 3 90 

231 WSOLCKl=-SOLIOW !SE,SI,QliH2/COS2{K) 
GO TO 300 

240 IF{JC{I+1,.J)) 300.,400.310 
-,~ 3 1 0 !<. = J C ( I + l , J l 
J SF=SCI+1,J), 

., 1. 

.. 



,. 

i 
\ 

.. 

~ '. . . ' . . . . . . . '·. 
!•> ''• • .. ;• '.,.. ·~· '"" '-•••'"•1• ... ·-•••--'- ... ~ -""':'""' __ .._ ... ..,-"-.,;_.w_.,,._;_.,_~~-~-----··,·-.J..,_ __ ._,..,..,~,;.'.:_.,,_.'•o.-..::'7-~~ .. ~..-..__·-:--•..: ......... -:---' ~....._."-"-'~·--·----""·~~-•.:._...;.._"'-.-....._•":-• ' 

. -105 '"'·. 

S I=${ 1+2 .. Jl 
Q=P(K,1f . 

· W ( .I , J l = W ( I , J ) -'-SECOND t S E , S I , Q l I H 2 
IF! I-IF l 390,311,311 

311 WSOLIK)=-SOLIDW (SE,SI,Ql/H2/COS2(K) 
GO TO 390 

3 00 K = J C {I , J + 1 ) . . , 
IFfi-ICENTRl 320,320,330 . , 

·,,·,. 

3 2 0 \-1 I I , J ) = T H IR D .( S ( I , J + 1 l , S ( I- 1., J + 1 ) , S ( I , J + 2 ) ~ P ( K, 2 ) , C 0 S ( K ) , S I N ( K ) , 
1COS21Kl )/(-H2) 

Gn TO 390 
3 3 0 i·J I I , J ) = T H I R D ( S ( ) , J + 1 ) , S ( I + l, J + 1 ) , S { I , J + 2 l , P ( K , 2 ) , C 0 S ( K l , S I N ( K ) , 

1COS21Kl l/I-H2l 
390 IF(KEE-ll 393,393,395 
395 IFI(\.J(I,J1-VSOUJS))>!<(VSOL!JSI-VSMO(JS))) 391,392,392 
391 DAMPIJS)=0.9*0AMP(JS1 

GO . TO 39't 
392 DAMPIJSl=DAMP(JSl/0.9 

IFCDAMPIJSl-1.01 394,394,393 
393 DAMP(J$)=1.0 
394 VSMO!JSl=VSOL(JS) 

VSOL!JSl=VSOL(JSl+DAMP(JSl*(W(I,JI-VSOL(JS)) 
IH I , J 1 = V S DU J S l 

1+00 CflNTINUE 
500 PING '=PONT 

RETURN 
E~IO 

*** 'END~OF-FILE' GARO *** 
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f-1F.:lHOD BY FROMM 

-tiBFTC MAIN DECK 
~ MAIN PROGRAM 

-· COMMON s,w,JC,VX,VY,B,Y,H,H2,0MEGA,TSTEP,ALPHA,TPRINT,ILO,ICENTR, 

c 
c 

13fTA,OELTA,T~,SM,SERR,TIME,RE,VSOL,P,ANGLE,MAXITR,KEY 

2.KEE,VSMO.OAMP,COS2 
OIMENSTON Sf57,25J,W{57,25J,JC(57,25),VX(57,25),VYt57,25),8(57), 

1 Y ( 57 , 2 5 ) , V SOL ( 10 0 ) , P ( 10 0, 4) , ANGLE f 1 0 0 ) 
2,0AMP(100J,VSMO(l00) 

DIMENSION COS2(100l 
COMMON SIN,COS,TMAGE,WSOL,XDAMP,JREAD, 
D P1 E f\l S I 0 N S IN (1 0 0 ) , C 0 S ( 1 0 0) , W S 0 l( l 0 0 ) 
C0 1•1MON POSTY 
DIMENSION POSTY(57,25l 
OIMENSION V$0(100) 

1 FORMATf2FB.0,2F8.3,6I3,F4.2,I3,F8.6) 
2 FORMAT (6f12.5) 

NWS,ITIME 

READ (2,1) BETA,RETMIN,W(IMl,WLIM2,NMAX,MPRINT,JWRITE 
1 , i·H\ X I T R , K F. Y , r-1 A X \-1 I T , X 0 A'l-1 P , J R E A 0 , S F. R R 

WRITE (3,101JBETA,BETMIN,WLIMl,WLIM2,SERR,XDAMP 
101 FnRMAT!7H1BETA •• ,F8.0,2X,BHBETMIN •• ,FB.0,2Xt~HWLtM1 •• ,F8.3,2X. 

17HWLIM2 •• ,F8.3,2X,6HSERR •• ,FA.6,2X,7HXDAMP •• ,F4.2) 
102 FORMAT(7HOBETA ••• F8.0) 

NMAX=MAX. NUMBER OF TIME STEPS 
MAXITR=MAX. NU~BER OF ITERATIONS IN STRFUN 
J T I ~.1 F. =0 
~.J S T f: P = 0 

~ NPRINT= MPRTNT 
! 

,.; K~E=O 

CALL SETUP 
IF (JREAD) 81,8,81 

8 DO 154 J=l,lOO 
154 DAMP(Jl=XDAMP 

Rl ALPHA=H/CBETA*OELTA) 
C ADVANCF VORTICITY 

9 K=O 
10 no 11 !=1 •. 57 

DO 1J. .J=l,25 
POSTY( I ,J )=Y( I ,J) 

11 Y(I,Jl= l.J(l,J) 
Dfl 12 J=l.lOO 

12 VSO(JJ= VSOL(J} 
13 Ofl 14 J=l,100 
14 VSOLfJJ=VSOCJI 
15 CALL VORINT 

KEE=KEE+l 
CALL STPFUN 
CALL VORSOL 
I F { J l-o! P. I T E ) 1 5 2 , 1 5 1 , 1 52 

151 WRITE (3,102) BETA 
hfPITE (3,2) (VSOL(J),J=l,100) 

152 K=K+l 
16 DO 17 J=l,106 . 

IFLABS( VSO(JJ-VSOUJ) )-WLIMU 17,17,21 

.. ; 
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17 COI'HY~JUE 

18 DO 19 J=l,lOO . 
IF<ABSIVSOL(J)-VSMO(J))/DA~P(J)~WLIM2l 19,19,15 

19 CONTINUE 
GO TO 27 

21 BETA= 2.0*BETA 
ALPHA=ALPHA/2~0 
DO ??. 1=1,57 
DO 22 J=1,25 
PDSTY(I,J)=Yl I,J)+0.50(POSTY(I,J}-Y(I,J)) 

22.W(J,Jl= Y(!,,J) 

GC1 TO 13 
27 NSTEP= NSTEP + 1 

Rf:TOLD==RF.TA 
CALL VELOC1 
T H~E INCRFMENT 

.DT= H2/(BETA*DELTAl 
TH'lE=TIME+ DT 
IF!K~MAXWIT) 271,272,272 · 

272 BETA=BETA*2.0 
ALPHA=ALPH.I\/2.0 
Gn TO 273 

.271 BETA=~ETA/2.0 
J\L p HI\=A l PHA. *2. 0 

273 JF !BETA- BETMINl 28,29,29 
28 BETA= BETtHN 

ALPHA=H/tBFTA*DELTA). 
2<? on 29li=1,57 

DO .291 J=l,25 
2 91 Y l T , J > = ~_, ( 1 , J ) +BE TOLD I BE T A* ( Y ( I, J) - W U , J ) ) 

IF!NSTEP-NPRINT1 31,30,31 
30 CALL OUTPUT , 

NPRINT= NPRJNT + MPRINT 
31 IF (f\.JSTEP - NMAX) 9,32,32 · 
32· STOP 

END 
*** 'END~OF-FILE' CARD *** 
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:t I BFTC OUTPUT .DECK 
SUBROUTINE OUTPUT 
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'· , 

·'. 

COMMnN S,W,JC,VX~VY,B,Y,H,H2,0MEGA,TSTEP,ALPHA,TPRINT,I(O,ICENTR, 
lAETA,OELTA,IR,SM,SER~.TIME,RE,VSOL,P,ANGLE,MAXITR,KEY. 
2tKEE.VSMO,OAMP,COS2 

DIMENSTON Sf57,25),W(57,25),JC(57,25),VX(57,251,VYl57,25),Bf57),. 
1 Y ( 5 7 , ZS } , V S 0 L ( 1 0 0 ) , P { 1 0 0, 4 l , A N G L E ( 1 0 0 ) 
2,DAMP(l0Q),VSM0(100) 

DIMENSION COS2(100l 
COMM0N SJN~COS.TMAGE,WSOL,XDAMP,JREAO, 
D It-1 EN S I 0 f\l S 1 N ( 1 0 0 ) , C n S ( 1 0 0 l , W S 0 L ( l 0 0 ) 
COI\11•1nN POSTY 
DIMENSION POSTYf57,25) 
ITIME=ITTME+l 
'tJRITE (35) ITIMf:,TIME,( S(I,l),I=l 9 5) 
.~/RlTE (~,120) ITIME,TIME,BETA 

NWS.ITIME 

· 120 FnRMATtRH ITIME •• ,J3,6YTIME •• ,Fl4.8,6HBETA~.,F14.3) 
DO 100 I=1,57 
i..J P I T E ( 3 5 ) ( S ( I , J ) , J = 1 , 2 5 l 

100 CONTINUE 
DO 110 I= 1, 57 
\·JRITE (35) (W(I,J),J=l,25) 
WRITE (35) (Y(l,J),J=l,25) 

110 CmJT I NUE 
\,; R I T E ( 3 5 ) ( V S 0 L( !) d = 1 , N W S ) 
h'R T TE { 35) o-JSOL( I) ,I =1 ,NW$) 
WRITE !35) CDAMP(I),I=l,l001 
RETUPN 
END 

*** 1 END-OF-FILE' CARD *** 
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SIBFTC SETUP DECK 

c 
c 
r: 
I"' 
l,. 

SUBROUTINE SETUP 
CO~MON S,W,JC,VX,VYYB,Y,H,H2eflMEGA,TSTEP,ALPHA,TPRINT,ILO,ICENTR, 

1BETA,OELTA,IR,SM,$ERR,TIME,RE,VSOL,P,ANGLE,MAXITR,KEY . ' 
2,KEE,VSMO,OAMP,COS2 
. DIMENSION $(57,25),W(57,251,JC(57,25),VX(57,25),VY{57,25),8(57),. 
1 Y! 57, 2 5 ) , V SOL f 100 ) , P { 10 0, 4) , ANGLE ( 1 00) 

1.0] 
102 

200 

210 

220 

2,0AMP1100),VSM0(100) 
DIMENSION C0$2(100) 
COM~nN SIN,COS,IMAGE,WSOL,XDAMP,JREAD, 
DH-1F.NSION SIN( 100) ,COS{ 1001 ,WSOL( 100) 
CDrvlMON POSTY 
DIMENSION POSTY(57,25: 
FOPMAT(2I?,2Fl0.4)· 
F 0 R ~1 A T ( 6 E 12 • 5 ) 
IFIJREAO) 210,200,210 
READ (2,101) IR,ICENTR,RE,TIME 
GO TO 220 
READ (35) IR.ICENTR,RE 
I!~=PfdHUS OF CIRCULAR CYLINDER 
ICENTR=CENTER OF CYLINDER 
RE=REYNGLDS NUMBER 
SERR=TOLERABLE ERROR IN STREAM FUNCTION 
OEL TA=2 .0/RE 
YMAX=24.0/FLOATfiRl 
S t--1 = S 0 R T ( 14 2 5 • 0 ) 
H = Y M A X I 2 4 .• 0 
H2=H*H 
OMEGA=l.0+0.8*(2.0/(l.0+3.Q/SM)~1.0) 
ILD=ICENTR-IR 
WRITE (3,?211 IR,ICENTR,RE 

N\4 S, IT I ME 

221 FORMAT (5H IR •• ,T3,9H ICENTR •• ,I3,5H RE •• ,fl4.3l 
IF!JREAOl 1001,1002,1001 

1001 

1002 
1 

Cl\LL SFT\IP1 
GO TO 1003 
IF(YMAX-1.0} 999,999,1 . 
IF(28-IABS (28-ICENTRl-IR) 999,999,2 

999 STOP 
2 on 3 !=1.57 

DO 3 J=l,25 
~v(l,J)=O.O 

POSTY(I,Jl=O.O 
SCI,Jl=O.O 

3 JC( I.Jl=O.O 
on 4 I=1,57 

'+ S ( I . , 2 5 ) = Y M A X 
DO 5 J=l,lOO 
DG 5 K=1,4 

5 P(J,Kl=l.O 
K=O 
DO 500 J=1,100 

500 COS2(J)=1.0 
DO 590 I=ILO,ICENTR 
DO 580 J=2,24 
IF( (J-1)*>~2+( I-ICENTR>**2-:-IR**2) 510,510,590 

510 IFfJC( I-1,Jl)520,530,580, 
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5 ?0 J C ( I , J l -=- 2 
GO TO 580 

530 K=K+l 
COS2(K.)~l.O-fFLOAT(J-l>/FLOAT(IRl l**2 
COS!Kl=SQRT(COS2!Kll 
SII\l(Kl=SOPT(l.O-C0$2{1<)) 
ANGLEfKl=ATAN1SIN(K)/COS(Kll*57.29578 
IF!COS2f~)-0.5 ) 540,540,550 

550 P!K,3l=TR**2-(J-1)**2 
P (J< , 3 ) = 1 • 0+ F L 0 !\ T ( I CENT R- I ) - S Q R T ( P ( K ,3 ) ) 
!F{P{K,3)-0.5l 570,560,560 

5 60 J C ( I, J l ·=-1 
JC( I-l,J)=K 
GO TO 5 RO 

5 70 J C ! I , J ) :- 2 
J C ( I - 1 , J ) =-1 , 
JC( T-2,Jl=K 
P(K,3l=PfK.3)+1.0 

580 CONTif\IUF 
1)90 CD!\iTTf\JUf 
540 KMAGE=K-1 

COS2fKl=O.O 
TMAGF=l-1 

600 DO 610 I=ILO,TMAGE 
on A20 ,J=2,24 
IFCJC:fl,J)) 620.630,610 

610 K=JC( I,J) 
.JJ=J 
P(K,2)=IR**2-<ICENTR-I)**2 - .... 

( ) P(K,Zl=FLOAT(JJl-1.0 -SQRT(P(K,2)) 
~ ·GO Hl 630 

0
·., 
. 
. 

. 

A?.o cmniNUE 
630 CONTfNUE 

J ( ( I C F. ~IT R , t R + 1) :- 1 
JC{ ICENTR. IR+2l=2*KMAGE+l 
DO 7?0 T=ILO,IMAGE 
DO 710 J=2,24 
IF!JC(I,Jl+l) 710,640,720 

640 K=,JC{ T-l,J) 

650 

660 

670 

on 7oo !9·=1.3 
GO TO (650,670,680),10 
K 1·= /.'!<IO~AGF.-K+ 1 
ANGLE(Kll=90.0-ANGLE(~) 
I 1: ICE.NTR-J+l 

JJ.:fCF:NTR-!+2 
J C ( I l , J l- 1 ) =- 1 
GO TO 690 
K 1 = ? ~' K f-1/\ G E + K + 1 
ANGLE!Kl)=qO.O+ANGLE(Kl 
I1=2"~ICENTR-Il 

GO TO 660 
680 Kl=4*KMAGF-K+2 

ANGLElKll=!BO.O-ANGLE(KJ 
I 1=2·':<!CENTR-I+l 
Jl=J 
J C ( I l-1 , J 1 ) =-1 

I 
f 

,. i 
•· ' 

,,. f 
• I 

·.<)' 
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6 90 J C ( I 1 , J 1 ) = K 1 
COS2!Kll=COS2!K) 
COSfKl)-=COS!K) 
StN(Kll=SINfKl 
N1=3*fl/JOI+(I0/2l*(~/IOl+(JQ/3)*2 

N?. -= 2 ~<( 1/ I 0 ) + 2 ~'( W I 2 ) * ( 2 II Q) + (-I Q /3 I 
P{Kl ,Nl J=PCK,2l 

700 
710 
120 

P!Kl,l\!?l=P(K.,3) 
C Clf'H I NUE 
COf'H I NUE 
f:ONT I f\!UE 
DO 750 I=ILO~ICENTR 

IF=?.*ICENTR-I 
f)(l 740 J =2. ?4-
IFCJC(!,J)+ll 730,750,730 

730 .JC( T,J)=-2 
JC(JF,Jl=-2 

740 CONTINUE 
750 CONTINUE 

95 PI f\JG=PONG 
DO 15 J=2,24 
S{l,Jl=YMAX*FLOAT{J~ll/24.0 
Dfl 15 I-=2,56' 
IF!JC(I,J)) 15.14,14 

14 R2=H2*FLOAT((J-11**2+(I-ICENTRI**2) 
S( I,J)=H*FLOATIJ-ll*( 1.0-l.O/R2) 

15 CONTINUE 
S T P. F M1 F UN C T I 0 N 

17 CALL S T R F Uf\J 
VORTICITY ON SOLID BOUNDARIES 
CALL VORSOL 
VELOCITIES 
CALL VEtOCI 

PRINT INITIAL SOLUTION 
WRITE (35) IR,ICENTR,RE 
DO 1004 J=1,25 
\.JP.ITE !351 (JCU9Jld=1,57l 

1004 COI\HI~!UF 
DO 1005 J=l,4 
HP.ITE (35) (P(I,Jltl=l,lOOl 

1005 CONTINUE 
K=JC( ICENTR., IR+2) 
ANGLE(Kl=90.0 
IF=JCENTR+IR+l 
N\.JS-=JC( TF,2) I 

WRITE ( 35) 1\J'.-JS, ( Af'JGLE ( l ) 91= 1, NWSi), r MAGE 
. 1--IRITE (351 !COS(Il.I=l,lOO) 

WRITE !35l (SIN!I),I-=1,100) 
WRITE (351 {COS2(Ild=1.l00) 
CALL OUTPUT 

1003 RETURN 
END 

*** 'END-OF-FILE' CARD*** 

. ' 

·. ' 

l (." 
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tiBFTC SETUPl . DECK 

101 

211 

212 

2130 

213 

SUBROUTINE SETUPl . . . · 
COMMON S,W,JC,VX,VY,B~Y,H,H2,0MEGA,TSTEP~AL~HA,T~RYNT~I~O~ICENTR, 

1 B E T /\ , DE L T.A , I R , S M , S E R R ., T I i~ E , R E , V S 0 L , P , ANGLE , M A X .I T"R, K E Y ... 
2.KEE.VSMO.DAMP,COS2 . 

DIMENSION SC57,25),W(57,l5),.JC(57,25l,VX(57,25),VY(57,25),B!57), 
1 X C 57 , 2 5 l , V SOL (1 0 0 l • p· I 10 0, 4 ) , ANGLE 11 0 0 l . . 
,?.,QA!viP(lOQ),VS·MOC100) . , 

DTMfNSTON COS21iCOl 
COMMnN STN,COS,IMAGE.,WSOL,XDAMP~JREAO, 

DH1ENSION STNI100l.COS(100) ,WSOL(lOOl 
RE/\D(2,10ll ISTEP 

N\oJS, ITIME 

FORMAT { !3) 
no 211 J=l .. 25 
P.F/\0 (35) (JC(I,Jl.I=l,57) 
CONTI NUF . 
f)O 212 J=1,4 
R E AD ( 3 5 ) ( P ( I , J ) , I= 1 , 1 00 ) 
C ONT If\JUE 
REf-d) (35) Ni..JS,CANGLF.{ Il ,I;:;.l,NWS).,IMAGE 
READ (35) !COS( I ).t(:1,100). 
READ ( 3 5 ) ( $ I ~~ ( T ) , I = 1 , 1 00 ) 
REAn (35) (COS2( I1 d=l, 1001 
REl\0 (35l ITlt-A.E,TJr-1E, CSILtl),.L=l,Sl 
.[ F ! I S T E P- I T I t•1 E I 2 1 3 , 2 15 , 2 13 
f)O 214 1=1,57 
no 214 J=1,3 
PEAD (351 (S(L,l),L=1,5). 

' ' 

214.CONTINUE 

21.6 

?.17 

R. E AD (3 5 I .( S ( l, 1 l , L = 1 , 5 ) . 
HF.J\D (351 (S{L,l),L=1,5) 
RFAD (35) (Siltl),L=l,51 
GO TO 2130 
D 0 2 1 6 I = 1 , 57 
R EJ\ 0 ( 3 5 l { S ( I, J ) , J = 1 , 2 5) 
CONTINUE 
DO 217 T=l,57 
READ (351 (Y('!,J),,J=1,25) 
RE/\D D51 (W(l,J),J=1,25). 
C:O~H I NUE 
REI\D (35) tVSflltJl.I=l,NWS) 
READ (35) IWSOL(Il.I=l,NWS) 
RF.AO C35l (0AMP(I).I·=l,100) 
CALL VF.LOCI 
R fTUR N 
Ef'!D 
END 

.. 
I 

I • 

. . ' 

'! 

\ 
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$IBFTC SETUPl DECK 
SUBROUTINE SETUPl 

-113-

COMMON S.W,JC,VX,VY,B,Y,H,H2,0MEGA,TSTEP,ALPHA,TPRINT,ILO,ICENTR, 
1BETA,DELTA,IR,SM,SERR,TIME,RE,VSOL,P,ANGLE,MAXITR,KEV 
2.KEE,VSMO,OAMP,COS2 

DIMENSION S(57,25),W(57,25l,JC(57,25),VX(57,25),VVC57,25),8(57)v 
1 YC 57,25) ,VSOL ( 100), P( 100, 4) ,ANGLE ( 100) 
2,DAM?l100),VSMO!l00) 

OIMfNSION COS2Cl00J 
COMMON SIN,COS,lMAGE,WSOL,XDAMP,JREAD, 
0 LM E I'J S I 0 N S I N ( l 0 0 l , C 0 S ( l 0 0 ) , W S 0 L( 1 0 0 ) 
REI\8(2.101) ISTEP 

101 FORMAT {!3) 
no 211 J=l .. 25 
READ (35) (JC(I,J),I=1,57) 

211 CONTINUE 

212 

2130 

2J3 

214 

215 

.216 

DO 212 J=l,4 
R E A 0 { 3 5 ) ( P ( I , J ) , I = 1 , 1 00 ) 
Cf1f\lT I r--!UE 
READ {35) NWS,(ANGLE(I),I=1,NWS),!MAGE 
READ (35) (C0S(l),I:l,100) 
R E .1\ D ( 3 5 ) ( S IN ( T l , I = l , 1 00 ) 
READ (35) (COS2ti ),I=l, 100) 
F~EAD (35) ITII·1E,TIME, {S (L,l) ,L=l,5) 
l F { I S T E P- I T I ~~ E ) 2 1 3 , 2 15 , 2 13 
on 214 !=1,57 
nn 214 J=l.3 
PEAD (35) ($(L,l),L=1,5) 
CO"-JT I NUE 
READ (35) fS(L,l),L=1,5). 
RF./\0 (35! (S{L,l),L=l,5) 
R.FAD (35) ($(l,l),L=1,5l 
GO TO 2130 
on 216 T=l,57 
READ {35) !S(I,J),J=l,25) 
CmHINUE 
DO 217 J=1,57 
READ (35) (V(l,J),J=l,25) 
REI\() !35) (W(I,Jl,J=1,25). 

? 17 ( 0 N T I r\tlJ F 
R E J\ D ( 3 5 ) ( V S 0 L( I ) , I = 1, NW S) 
READ (35) (WSOL(IJ.I=l,NWS) 
READ (35) (OAMP(I),I=l,lOOl 
CALL VELOCI 
RETURN 
END 
END 

NI-tS, IT IME 
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$lRFTC VORINT DECK 
SUBROUTJNF VORINT 

. -114- I -

COMMON S.W,JC,VX,VY.B,Y,H,H2,0MEGA,TSTEP,ALPHA,TPRINT,JLO,ICENTR, 
lBETA,OE(TA,IR,SM,SERR,TIME,RE,VSOL,P~ANGLE,MAXITR,KEY 
2,KEE.VSMO,OAMP,COS2 

DIMENSION S!S7,25),W(57,25),JC(57,25},VX(57,25) ,VY{57,25),B(57), 
1 Y ( 57 , 2 5 ) • V SOt ( 1 0 0 ) , P ( 10 0, It) , 4 NG l E { 1 00 ) 
2,0AMP!100l,VSM0(100) 

DIMENSION C0$2(100) 
COMMON SJN,COS,JMAGE,WSOL,XDAMP,JREAO, 
0 P,i ENS I 0 N S J N ( 1 0 0 ) , C 0 S { 1 0 0) , W S 0 L ( 1 0 0 ) 
COt-lW1N POSTY 
DIMENSION POSTY{57,25) 
DO 80 J=2,24 
110 f.O I=2,56 
IF LJC( T,.J}) 60,50,50 

N\.JS, IT I ME 

50 W(J,J) =(POSTY!T,J)+2.0*(Y(l+l,J}+Y(I-l,J)+Y(I,J+ll+Y(J,J-l)-2.0 

! ' 

11.' POST Y ( I, J l } I B F. T A- ALPHA*! VX (I , J) * f Y ( I+ 1., J l-: Y ( 1-1, J) ) + VY ( 1 .t J) * { Y ( I , J+ 1 ) -Y ( ] 
2 J + 1 l - Y f T , J- 1 ) ) ) ) I { 1 • 0 +4 • 0 I BET A) 

60 CONTINUE . 
W{57,J)=(POSTY(57,Jl+2.0*(Y(57,J+l)+Y(57,J-l)-POSTY(57,J))/BETA 

1- f, L PH 1\ ::q V X ( 57 , J l * ( P 0 STY ( 57, J ) -2. 0 * V ( 56 • J ) ) + VY ~ 57 , J) * { Y ( 57 , J + 1 ) 
2-Y{57.J-1))))/{1.0+2.0IBETA+ALPHA*VX(57,J)~-

80 CCNTII'JUE 
P,ETURN 

*** 'END-OF-FILE' CARD *** 

t-
' 

' i 
I 

' I 
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l 
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I 
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STRFUN,VELOCI, AND VORSOL ARE THE SAME AS THE PEACEMAN AND 
RACHFORD METHOD~ 

*** 'END-OF-FILE' CAR~*** 

... ~ ~ 

. "'\• 

'\ 

''' 

) ... 

'' J .•' 
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PLOT AND PRINT·RESULTS 

THE PEACEMAN AND ~ACHFORD METHOD 

SIBFTC MAIN DECK 

r ,, 
c 

DIMENSION JCC57,25).P(l00,4),0UMMY(5) ,Q(57,25),Y(57,25,2),WS(l00), 
lANGLF(lOOJ,Z(l6),CYLOR!57),XflOO},YY(l00J . 

COMMON IOF,IEF,IR,ICENTR,RE,JC,P,TIME,DUMMY,O,Y,WS.AN~LE,NWS,z, 
lCYLOR.X,VV,ITIME 

KCHECK=l 
IOF = PLOT EVERY OF TH. TIME STEP 
IFF = PLOT EXACTLY THE EF TH. TIME STEP 

1 FORr-1/\T( 1 I 3) 
READ (35) IR,JCENTR,RE 
DO 6 5. J = 1, 2 5 
REA0(35) (JC(J,Jl.I=1,571 

65 COi'lTINUF 
on 61 J =1, 4 
REAn (35) (P( I,J),I=1,100) 

67 CONTINUE 
REA11 (35} NWS.tANGLf( I> ,I=l,NWS),IMAGE 
CALL PREI0!2HPS,2) 
DG n8 1=1,3 
Rflt,f) (35) !DUMMV(L),L=1,5) 

68 CONTI NUF 
10 READ (2,1) IOF,IFF,KEY 

IF! I0Fl50,50,iOO 
50 IF( IEFl 9°9,999,60 
60 R.FAD (35) !TfME,TIME, !DUMMYfL'I ,L=l,5} 

I F ( IT Ir-1 E- I E F l 7 0, 9 0, 7 0 
70 f)(l 80 1=1,57 

on so J=l.2 
READ(35) !DUMMY(L),L=l,5) 

80 CONTii'HJE 
READ (35) (0UMMVCLl,L=l,5) 
READ (35) (0UMMY(L),L=l.,5) 
READ (35} (DUMMY{L),L=l,5) 
GQ TO 60 

90 IFCKEY-KCHECKl 92,91,92 
91 CALL OUTPUT 

GO TO 10 
92 CALL PLOTER 

GO TO 10 
100 IFCKFY-KCHECK) 102,101,102 
101 CALL OUTPUT 

GO Til 103 
102 CALL PLOTER 
103 on 1?0 l=l,IDF 

READ (35) (DUMMYfl) ,L=1 ,5) 
nn 110 II=1,57 
~0 110 .J=l.3 
READ (35) (OUMMY(l),L=l,S) 

110 COtH I NUF 
READ {35) (0UMMV(L),L=l,5) 

l" . 

/ 

.. 
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READ (351 {0Ut.i!MY(U,L=l~5) 

READ (35) (0UMMY(Ll,L=l,5) 
120 CONT1 NUE 

GO TO 100 
999 CALL POSTJD(ZHP$,2) 

STOP. 
END 

··l J7 ... 

*** 'END-OF-FILE' CARb *** 

•. ~ 



.$IBFTC OUTPUT DECK 
SUBROUTINE OUTPUT 
D It-1 ENS I 0 N J C ( 57., 2 5 ) , P (1 00 , 4) , DUMMY ( 5) , D ( 57 ; 2 5 t , V ( 57·, 2 5, 2 ) , W S ( 10 0) , 

l !\ !\JG l E t 1 00 ) , l ( 16) , C YLD R (57) , X ( 100) , V Y {1 00) . . 
COMMON IDF,IEF,IR,ICENTR,RE,JC,~,TIME,DUMMV,O,V,WS,ANGLE9NWS,Z, 

lCVLDR,X,YY,ITIME 
100 FOR~1.~T{9HlR.ADIUS •• ,I2, 9H CENTER •• ,I2, 5H RE •• ,Fl0.4,7H 'TIME •• ,El2 

1.5,14HOUTPUT COUNT •• ,I4//18H STREAM FUNCTION •• /) 
101 FOR~"ll~.T{ 1HO, I2,13F8.4/3X,12F8.4) 
102 FORMAT{//12H VORTICITY •• /) 
103 FORMAT(//27H SOLID BOUNDARY VORTICITY •• ) 
104 fODMATf1HO,l2F8.4) 

WRITE {3,100) IR,ICENTR,RE,TIME,ITIME 
on 10 1=1.57 
READ (15J (f)(I,J),J=l,25) 

10 COr--JT I NU E 
W R I T F. { 3 , l 0 1 ) ( I , { 0 { I , J ) , J = 1 , 2 5) , I = 1 , 57) 
\-/RITE (3,102) 
on 20 1=1,57 
READ (35) (0(1,J),J=1,25l 

20 CONTJ NUE 
l.J R I T E ( 3 ,1 0 1) [ I d D (! , J ) , J = 1 , 2 5 ) ,I = 1 , 5 7 ) 
WRITE {3,103) 
P, r A 0 ( 3 5 ) ( 0 U M ~1 Y ( Ll , l ·= 1 , 5 ) 
R E A 0 { 3 5 l .{ W S ( I ) , 1 = 1 , NW S ) 
R FA fl {3 5 ) ( DU W-1 Y ( L ) • L = 1 , 5 ) . 
HRTTF {3,104) (ANGLE( I) ,WS(l),I=l,NWS) 
RETUPN 
ENO 

*** 'END-OF-FILE' CARD *** · 
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$ISFTC PLOTER DECK 
SURROUTINF PLOTER 

-11.9--

DIMFNSION JCf57,25),P(l00,4),DUMMY(5) 9 0(57,25),Y(57,25 9 2),WS(l00), 
1 AN G L F ( 1 0 0 l , l ( 16 ) , C YUlR ( 57 ) , X ( 1 0 0) , Y Y (1 0 0) 

COMMON IOF,JEF,IR,ICENTR,RE,JC,P,TIME,OUMMY,O,Y,WS,ANGLE,NWS,z, 
lCYLOR,X,YY,ITIME 

YAXIS (0Pl,DP2,0P3,Q)=( (DP1-DP2)/(DP3-DP2) )*Q 

KEF.=O 
5 DO 10 !=1,57 

DO 10 J=l,25 
no 10 K=l.2 

·10 Y( I ,J,K) =0.0 
DO 20 I= 1 , 57 

20 P.EAD (35) (0{I,J),J=l,25) 
IF(KEEl 30,80,30 

30 Wi'vl.AX=O.O 
Wlv1IN=O.O 
no 60 I=l.s7 
on 60 J=l.25 
IF(ABS(Df I,J) )-WMAX) 50,50,40 

40 WMAX=ABS(D{I,Jl) 
GCJ TO 60 

50 IF(ABS(Di I,J) l-\'1/MIN) 55,60,60 
55 wr-1JN=ABS(D(l,J)) 
60 CONTINUE 

WSCALE=!WMAX-WMIN)/24.0 
DO 70 J=l,25 

70 O{l,Jl=WSCALE*FLOAT(J-1) 
Go rn 100 

80 DO 90 K = 1, 2 
DO 90 J=1,25 

90 Y(l,J,Kl=J 
100 L = 1 

110 
120 
130 
l ~0 
-145 

150 

160 
170 
175 

DO 240 1=2,57 
DO 230 JJ=2,25 
f)('l ??0 J=l. 24 
IFfJC(I,Jl+1) 220,110,110 
IF( 0{ 1,JJ l-ABS(O( I ,J) )) 120,_215,200 
JF{O(l,JJ)-1\BS(O(J,J+ll )) 220,130,130 
L=l 
IF( KEEl 150.145.150 
K=JC{I,J+l) 
IF!Kl 160,150~160 
0=1.0 
GO TO 170 
Q=P{l(,2) 
IF(D(!,J)) 190,175.180 
T F I D ( I , .J + 1) ) 1 90, 1 RO, 18 0 

180 Y ( I , J J, l ) =F L 0 A Tf J ) + YA XI S ( 0 ( 1 , J J) , D ( I .J ) , D ( I , J + 1 ) , Q) 
GO TfJ 2 20 , ' . 

190 

200 
210 

215 

Y ( I , J J, L > =FLO A Tf J l + Y A X I S ( -D t1 , J J) , D ( I , J) , D( I , J + 1 ) , Q) 

GO TO 220 
· I F ( D ( 1 , J J ) -A 8 S ( 0 ( I , J + 1 ) -, ) 2 1 0 , 2 1 0 , 2 2 0 
L=2 
GO TO 140 
Y(f,JJ,L)=FLOAT(J) 

_, 

. . ~ 



c 

. 220 CONTINUE 
230 CONTINUE 

· 240 CONTI NLJE 
C.llLL FRM'iE 
C/l.LL TITLE 

..: 1.20 ·~ 
.' :.· 

-~·' 

- ·.•· .. ':-

··\ 
. ,~ ' 

.. -_, 

CALL PLOT ~- 1 

I F ( K E E ) 2 6 0 ' 2 5o, 2 6 0 . ~- I 
250 KFE=KEE+l .. . .·. . . · • ... -;• . ·' . ·!'· !. 

W HI T E ( 3 , 50 0 l I R ,I C EN TR , R E , Tl ME ,I T I ME . ·· i I. 

. soo FoR~\ArtqHlRAorus~ •• f2, 9H cENTER •• ,r2, sH RE~.,Fro.·4,7HT1IME;.,Ei2- ) 1 i 

l.5.14HOUTPUT COUNT •• .I4l/l8H STREM1 FUNCTION •• /) I ir< j_ 
hfRITE .(3_,501) .(·I.fD(I,J),J=l,25·),1=1·•57) ~ 

50 l _ F 0 R MAT( lH 0 , I 2 , 1 3 F 8 • 4 I 3 X , 1 2 F8. 4) . . 
GO TO .5 
PLOT VORTICITY ON SOLID 

260 RFAO (351 {0UMf4Y{Ll,L=l,5l 
R FAD ( 3 5 ) ( W S ( !} ,I= 1, NW S l 
READ (35) {DUMMV(l) ,L=l, 51 
1-JPITE (3,502) 

502 FORMAH/Il2H VORTICITY •• /) ·· ... · . 
WRITE !3,5011 (J,{D(!,J),J=l,_25)~1=1,57t 
WRITE {3,503) . . . . 

·. ~ . ' 
503 FOP.r~AT(//27H SOLIP BOUNDARY VORTICITY •• ) ____ ,;.. ;·~·. 

504 

1,-JRJTE !3,50'tl !ANGLE(I),~JSfiJ,I=l,NWS) 
FORMAT(1H0.12f8.4) 
C/\Ll PLOfA{l) 
CALL TITLE 
CALL FRAf-lES 
RETURN 
Ef\JO 

*** 

. ' ' ·/ , .. ·. 

'fND~OF-FJLE' CARD***' 
. ( 

•... ·· ,1· 
·' 

'· ... ·; 

~.·, 

··l·. 

·, , .. · 

•', i . '·· ... 

.. 

·'':' 

; . 

>'•.' 

· .. , _ _-·: 

·:· .· 
·,·- . .-:·· 

.. 

.~ . 
. , ... 

. .... , . 

'.· .. 

. . 

,' ."y' 

I 

'· . ~-

. ,. 
; 

. I 
I 

' ! 
! 

i f. 

. ' 
~--~· ' 

.. l 

. ! 
i 
I 

., 
t 
! 

\ 

I 
l 

t 
f, 
I 
; 



$IRFTC FRAME L1ST,REF,DECK 

c 

SUBROUTINE FP.AME 
D P.1 E N S I n N J C ( 5 7 , 2 5 ) , f> (1 0 0 , 4 ) , D U M M Y { 5 ) , D ( 5 7 , 2 5 ) , Y ( 5 7 , 2 5 , 2 ) , W $ ( 1 0 0 ) , 

1 ANGLE ( 1 00 l , Z ( 16) , C YLD R ( 57 ) , X ( 100) , Y Y ( 100 l 
COMMON JnF,IEF,IR,ICENTR,RE,JC,P,TIME,OUMMY,D,Y,WS,ANGLE,NWS,Z, 

lCYLDR,X.YY,ITIMS 
DO 10 1=1,16 

10 Z(Il·=O.O 
Z(l)=57 
Z!2)=1.0 
ZC3l=O.O 
Z!4l=l.O 
Z(5)=l.O 
Z!Rl=O.O· 
Z(lll=l.O 
l(l2)=57. 
7(13)=1.0 
Z(l4)=57.0 
Z!l5l=l.O 
Z(l6J=8. 
PLOT THE HALF CYLINDER 
ILO = ICENTR-IR 
DO 20 I =1, Tl.O 

20 C YL D~ ! I l = 1 • 0 
THT=ICENTR+TR 
DO 30 I=IHI ,57 

30 CYLOP!Jl=l.O 
I L 0 = I r. E ~H R- I R 
on 50 I=ILO,ICENTR 
I F=2>:<ICENTR-I 
CYLOR(JJ=l.O+SQRT(FLOAT(IR)**2-FLOAT(ICENTR-Il**2) 
C YL DR ( IF ) =C YL DR ( I ) 

50 CONTINUE 
on 60 I=l.57 

60 X ( T ) =I 
CALL G,RAPH(X,CYLDR,Z,Q,Q,Q) 
RETURN 

*** 'END-OF-FILE' CARD*** 

I 

I 
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$lBFTC FRAMES DECK 
SUBROUTINE FRAME5 

•. 

DIMENSION JCf57.25),P(100.4),0UMMY(5) ,D(57,25),Y(57,25,2),WS(l00), 
1 Af'.! G L E ( 1 0 0 l , Z. {. 16 ) , C YLD R ( 57 ) , X { l 0 0) , Y Y { 1 0 0) 

COMMON IOF,JEF,IR,ICENTR,RE,JC,P,TIME,OUMMY,O,Y,WS,ANGLE,NWS,z, 
JCYLDR.X,YY,ITIME 
on 10 I=l,16 

10 Z.(Il=O.O 
Z(1l=Nh'S+2 
Zl3l=O 
l(4)=1.0 
Z(5l=l.O 
Z(Rl=3.0 
l(9)=5.0 
Wt·iAX=O. 0 
w,"liN=O.O 
OCI 80 I==l,NWS 
I F ( W t-1 A X- W S (l ) ) 

50 W r·l A X = W S ( I ) 
GO TO BO 

50,80,60 

60 IF{WS(Il-WMIN) 70,80,80 
70 Wt-HN=\riS( If 
80 CONTINUF 

Z(10l=!WMAX-WMINJ/10.0 
Z(11)=1.0 
Z(12l=l80.0 
1{13)=0.0 
l { lLd =W"''AX 
Z{l5l=WMIN 
Z{l6l=8.0 
X!l)=O.O 
X(N\tl$+2}=180 
YY(l}:::O.O 
YY( Nlt!S+? l-=0.0 
DO QQ I=l,N\~S 

.I 

-· ... 

.•. 

X(I+l)=ANGLE{l) ~I 

90 y y { 1 + 1) = \4 s { I) 
CALL GRAPH(X,YY,z,7H VORSOL,l7H ANGLE IN DEGREES,l9H VORTICITY ON 

lSOLIO) 
RETURN 
END 

*** 'END-OF-FILE' CARD **1 
I 

v; 
·~ ; 

1 
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$IAFTC PLOT DECK 
SUBRf!UTINE PLOT 
DfMENSION JCf57,25),P(l00,4),DUMMY(5) ,0(57,25),Vf57,25,2f,WS(l00), 

1M.!GLE!l00),Z(l6l ,CYLDR{57l,X(l00l ,YY(100) 
CnMMON IDF,IEF,IR,ICENTR,RE,JC,P,TIME,DUMMV,O,V,WS,ANGLE,NWS,z, 

lCYLDR,X,YY,ITIME ' 
DO 1.0 I= l , 16 

10 Z(Il=O.O 
Z(l)=57. 
7(4)=1.0 
7{11)=1.0 
Zfl2}=57c 
z ( l 3 l = 1 • 0 
Z!l't)=.57.0 
ZU5}=l.O 
Z!16l=H. 
DO 50 J=l,57 

50 X ( I l = T 
or 160 K=l,2 
DO 1"50 J=l,25 
DO 60 1=1.57 

60 YY{I l =Y( I ,J-.K) 
IEND=O 

65 KEE=O 
IEND=IEND+l 
DO 110 I=IEND,57 
IF {KEEl 140.70,90 

70- IF(YY(I}} 110.110,80 
130 IST.L\RT=I 

KEE=l 
GO TO 110 

'10 IFCYY{I )) 110..100,110 
100 IEND=I-1 

KEf=-1 
110 COfllT I NUf 
120 IF(KFEl 140,150,130 
130 JFN0=57 
140 ZflJ=IEND-ISTART+l 

CALL GRAPH(X(ISTART),YY(!STARTJ,z,o,O,Q) 
IF{ If.ND-56)65d50.150 . 

150 CONTINUE 
lAO CONTif\!UE 

RETU~N 

om 
/ 

*** 'END-OF-FILE'.fARD *** 

•,. ,. 
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$IBFTC TITLE LTST.,REF,OECK 
SUBROUTINE TITLE · 
DIMENSION JC157,25),P(l00,4),0UMMY[5) ,0(57,25l,Y(57,25,2l,WSt100), 

l h N G L E { 1 0 0 ) , Z ( 16 ) , C Yl DR ( 57 ) , X ( 10 0 ) , Y Y ( 1 0 0) 
COMMON TDF.IEF,JR~ICENTR,RE,JC,P,TIM~,DUMMY,O,Y,WS,ANGLE.NWS,Z, 

1CYLOR,X,YY., ITIME 
Yl=0.96 
SCALF=(6.0/1023.0)*2.0 
Xl=0.04+12.0*SCALE 
CALL CHPLOT(Xl,Y1,8,2,8HRADIUSe.) 
Xl=Xl+SCALE~'lO.O 
CALL I\JPLOT.(Xl,Yl,8,2,3, IR) 
Xl=Xl+SCALE*6.0 
CALL CHPLOT(Xl,Yl,8,2,4HREo.) ' 
Xl=Xl+SCALE*6.0 
CALL NPLOT!Xl,Yl,8,2,4.4,RE) 
X l=Xl+SCALE'!'l5.0 

CALL CHPLOT!Xl,Yl,8,2,6HTIME~.) 
Xl=Xl+SCALE*7.0 
CALL NPLOT{Xl,Yl.B~2,2.7iTIMEJ 

RETURN 
END 

*** 'END-OF-FILE' CARD*** 

i 
. i 

' ' 
I 
; 

I ' 

1 



~ ~::::?: $I BFTC .MA I ~.J DECK..... . 
~ D H1 ENS I 01\J J C ( 57, 2 5') , P (1 00 v 4 l , OU~1 MY f 5} , rn 57 , 2 5 ) , Y f 57 , 2 5, 2) t W S { 10 0) , 

lANGLE(lQQ),Z( 16} '~'CYLDR( 57},X( 100) ,VV{l00) .. 
COMMnN IDF,IEF,IR,ICENTR,RE,JC,P,TIME.DUMMY,D,V~WS,ANGLE,NWS~z, 

c 
c 

0 

lCYLOR,X.YY,ITIME 
KCHECK=l 
IDF = Pl.OT EVERY DF TH. TIME STEP 
IEF = PLOT EXACTLY THE EF TH. TfME STEP 

l FOR~·11\T<3T3} 

RF!\D (3';) IP~ ICENTR,P..E 
00 65 J=l.25 
R.EAD(35) CJC\I,J),I=l,57) 

65 CmHTNUF. 
no 67 J=l.4 
R E AD ( 3 5 l ( P ( I , J ) " I= 1 , 1 00 ) 

67 CONTINUf 
READ (3t;) N~~S,{ANGLEf U .I=l,NWS),IMAGE 
CALL PREI0(2HPS,2) 
or; 68 I=I,3 
PEAO f351 (0lJMf'.1V(l),L=1,5) 

68 CCNTINUE: 
10 RFAO t2.ll JDF,JEF,KEY 

TF< ron so, so.100 
50 IF{ IFF) 9<)9,999,60 
60 READ £35) ITit~E,TlME, (OW~MYfU ,L:::l.,5) 

If( rT!t-1E-IEF) 70,90,70 
70 0 n flO I = 1 , 57 

DO 80 .1=1.3 
P. F A D { 3 5 } { D U IJ, M V ( L l , t ::: 1 , 5 ) 

~0 CONTINUE 
RFI\_D (35) (11Ur·~~·WO. l ,L=l ,5) 
f<.[Af) (35) (01J~~MY(L),L=lt5) 

READ 135) {0UMMYIL},L=l,5l 
GO TO 60 

oo IF(KEY-KCHECKJ 92,91,92 
91 CALL OUTPUT 

GO TO lC 
92 CALL PLOTER 

GO---TO- J"O 
' .. -1 00 

101 
IF(KEV-KCHECK) 102,101,102 
Cl\ll OUTPUT 

G
,.J 
. 

102 
103 

GfJ Tll 103 
C.IILL PLOTEP 
DO 120 T=ldi)F 

'· ... { 

P F A r) P 5 ~ ( D U i.ii i'1 Y ( l ) , l = 1 9 5 l 
on 11 o T r = 1 , s 1 
00 110 J=l,3 
READ (35} (0UMMY(L)•l=l,5l 

110 CONTT!\JUf: 
R E fl D ( 3 5 ) ( D U ~1 ~1 Y ( L l , l = 1 , 5 ) 
READ {35) l·DtJMW({L),L=l,5} 
REAO (35) (0Ut-1MY(L),L=l,5) 

120 CONTINUE 

., .. ~ ' 

- \ 

·..... . . ; ·~·· ....... 



I~ v 

GO TO 100 
999 CALL POSTI0(2HPS,2) 

STOP 
Ef\10 

*** 1 END-OF-FILE' CAR6 *** 

Q \ 

'· 

. ! 
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$IBFTC OUTPUT DCCK 
SUBROUTINE OUTPUT 

'· . 

. DIMENSION JC!57~25),P(l00,4),DUMMY(5) ,0(57,25),Y(57,25,2},W5(100), 
l ANGLE ( 1 0 0 ) , 7 ( 16 ) , C Yl [) R { 57 ) , X ( 1 0 0 ) , Y Y ( 1 0 0 ) 

COMMON IDF,TEF,IR,ICFNTR,RE,JC,P,TIME,DUMMY,O,Y,WS,ANGLE,NWS,z, 
lCYLOR,X.YY,ITIME . 

100 FORMAT(9HlR~DIUS •• ,I2, 9H CENTER •• ,I2, 5H RE •• ,F1Q.4,7H TIME •• ,E12 
1.5,14HOUTPUT COUNT •• ,I4//l8H STREAM FUNCTION •• /) 

101 FnR,'I.AT( J HO, 12 ,)3FR.413X, 12F8.4) 
1 0 2 F 0 R r·1 AT ( I I 1 2 H V 0 R T I C I T Y. • I } 
103 FORMAT{//27H SOLID BO~NOARY VORT[CITY •• ) 
101+ FOR~~AT( 1HO,l2F8.4) . 

WRITE (3,100) IR,ICENTR,RE,TIME,ITIME 
00 10 I= 1, 57 
READ (35) (0(I,J),J=l,25) 

10 CON TT NUF 
WRITE ( ·3, 1 01 ) ( I, ( 0 f I , J l , J = 1 , 25) , I= 1 , 57 l 
WRITE (3,102.) 
DO 20 1=1,57 
READ (351 {0(I,J),J=l,251 
R E A D ( 3 5 ) ( D U r-1 ~1 Y ( L ) , l = 1 , 5 ) 

20 cnN TI NUE 
'.-J R I T E C 3 , 10 1 ). { I , ( 0 ( t , J ) , J = 1 , 2 5 ) , I = 1 , 57 , 
\...! R I T E ( 3 , 1 0 3 l 
READ (35) COUMMY(U,L=1,5) 
R [-A D ( 3 5 ) ( W S ( I ) , I = 1 , N\4 S , 
REAO (35) (0UMMY(L),L=l,5) 
l-JPTTF. {3,1041 (ANGLE(I),WS{I),I=l,NWS) 
RETURN 
END 

*** 'END-OF-FILE' CARD *** 

., ' 



..... ·" 
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t28 .. 

~IBFTC PLOTER DECK 

···~ . 

) 

\' 
t 

SUB R 0 UT I N E PL 0 T E R . 
DIMENSION JC{57,25),P(l00,4),0UMMV!5) ,Q(57,25),Yf57,25,2),WS(l00), 

1 ANGLE ( 1 00 ) , l { 16) , C YLOR C 57 ) , X ( 100) , Y Y ( 10 0) 
COMMON IDF.IEF,IR.ICENTR,RE,JC,P,TIME,DUMMY,D,Y,WS,ANGLE,NWS!Zt 

1CYLDR,X,YY,ITIME 
YAXTS CDPl,DP2,DP3,Q)=( {OP1-DP2)/(0P3-DP2ll*O 
KEE=O 

5 0[1 10 !=1.57 
DO 10 J=l,25 
DO 10 K-=1,2 

10 Y! I , J , K ) = O. 0 
IF (KEEl 12,11,12 

11 DO ZO T=1.~7 
20 PEAD (351 (DCI,Jl,J=.1,25) 

GO Tn 80 
12 n.o 21 1=1.57 

RE.AD {35) {0(!,J),J=l,25l 
21 READ {351 COUMMY(Ll,L=l,5) 
3 0 ~HI; A X= 0 • 0 

ItO 

50 
5"5 
60 

70 

80 

90 
100 

110 
1-20 
130 
11-tO 
145 

)_50 

160 
170 
l 75 
180 

190 

t.JM I N=O .• 0 
on 60 I=1,57 
DO 60 J=l,25 
IF(ABS(D(J,Jl)-WMAX) 50,50,40 

1ri ~H X = A B S ( D ( I , J ) ) 
GO TO 60 
J.F(Al~S(O( I,J) )-1.-Jf"l!N) 55,60.60 
I·H-1 H-J = A B S ( D ( I , J l l 
CONTH!UE 
WSCALE=(WMAX-WMINJ/24.0 
DO 70 J=l,25 
D(l,JJ=WSCALE*FLOATfJ-1) 
GO TO 100 , 
on 90 K=l.2 
nn 90 J=1.25 
Y(l,J,K}=J 
l=l 
DO 240 1=2,57 
DO 230 JJ=2,25 
no 220 J=l.24 
IF{JC(I,JJ+ll 220,110,110 
IHO(l,JJl-ABS(O( I,.J) )} 120,2i5,200 
I F ( 0 ( 1, J J ) - AB $, ( D ( I ., J + 1} ) ) 2 20, 13 0 ,13 0. 
L =1 
I F (· K E E ) 15 0 , 14 5, 15 0 
K=JCfi,J+l) 
JF(K) 160,150,160 
Q.= 1.0 
GO TO 170 
Q=P(K,2) 
IF{D( I,Jl) 190,175.180 
IFCOtl"J+ll} 190,180,180 
Y(J,JJ,Ll=FLOAT(J)+YAXIS(O(l,JJ),O(l,J),D(f,J+l),Q) 
GOT0220· 
Y( I ,JJ.,L)=FLOAT(J l+YAX.IS(-D{l,JJ) ,Q(I ,J,) ,DC I,J+l) ,Q) 
GO TO 220 

.. ·., 

i .· 

'· I~ 

I 

' 
b 

I ; 
I 
I 

I i· '. I 

' i_· . 



-129-

2 0 0 I F ( D ( l '· J J ) - A 8 S ( D ( T , J + 1) } ) 2 1 0 , 2 l 0 , 2 2 0 
210 L=? 

'· 

' ,,'~] r.: 
\ ' ~ .. :J 

GO TO 140 
Y{l,JJ,L)=Ft.OAT(J) 
CONTINUE 

) 

'· 
) 
i 

/ 

c 

220 
?30 
f'240 

CONT HJIJE 
CONTINUF. 
CALL FRil1'1E 
CALL TITLE 
CAlL PLOT 
I~ (KFF) 260.250,260 

2 50 K f E =K. E E + 1 
\,JRIT~ (3,5001 IP, ICEf\JTR,RE,TP.1E,YTIME 

500 FORMAT(9HlRADIUS •• ,I2, 9H CENTER •• ,I2, 5H RE •• ,FJ0.4,7H TIME •• ,El2 
1.5.14H8UTPUT COUNT •• ,I4//18H STREAM FUNCTIONe./l 

\..JPITE 13,501). (I.fD{I,J),J=1,25l,I=l,57) 
501 FORMATI1H0,12,13F8.4/3X,l2FB.4l 

GO TO 5 
PlOT VnPTICITY ON SOLID 

260 RF:.'-10 (35) (0UMi-1Y(L),L=1,5) 
RFAO (351 CWS( [),J=l,NW$) 
RF.AD (35lfDUMMY(L).L=1,5) 
lrJP.ITE (3,5021 

502 FrJRMAT(//12H VflRTICITY •• J) 

WRITE 13,5011 ([,(0(1,J),J=l,25),1=1,57) 
WRITE (3,503) 

~03 FURMAT(//27H SOLID BOUNDARY VORTICITY •• ) 
\'>/ R f T E ( 3 , 50 4 ) { ANGlE ( I) , i-1 S ( I ) .I = 1 , N W S ) 

504 FnRMAT(lHU.lZF8.4) 
Ct1LL PLOTA( 1) 

·"'! . 

Ct\Ll TITLE 
C A L L F R A 1"1 E S 
RETURN 
F.i'-Jn 

*** !fND-OF-FILE' CARD *** 

i ! 
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This report was prepared a~ an account of Government 
sponsored work. Neither the United States, nor the Com
mission, nor any person acting on behalf of the Commission: 

A. Makes any warranty or representation, expressed or 
implied, with respect to the accuracy, completeness, 
or usefulness of the information contained in this 
report, or that the use of any information, appa
ratus, method, or process disclosed in this report 
may not infringe privately owned rights; or 

B. Assumes any liabilities with respect to the use of, 
or for damages resulting from the use of any infor

mation, apparatus, method, or process disclosed in 
this report. 

As used in the above, "person acting on behalf of the 
Commission" includes any employee or contractor of the Com
mission, or employee of such contractor, to the extent that 
such employee or contractor of the Commission, or employee 

of such contractor prepares, disseminates, or provides access 
to, any information pursuant to his employment or contract 
with the Commission, or his employment with such contractor. 






