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The continued development of the chirped pulse amplification technique has allowed for the

development of lasers with powers of in excess of 1015W , for pulse lengths with durations of

between .01 and 10 picoseconds, and which can be focused to energy densities greater than

100 giga-atmospheres. When such lasers are focused onto material targets, the possibility

of creating particle beams with energy fluxes of comparable parameters arises. Such inter-

actions have a number of theorized applications. For instance, in the Fast Ignition concept

for Inertial Confinement Fusion [1], a high-intensity laser efficiently transfers its energy into

an electron beam with an appropriate spectra which is then transported into a compressed

target and initiate a fusion reaction. Another possible use is the so called Radiation Pres-

sure Acceleration mechanism, in which a high-intensity, circularly polarized laser is used to

create a mono-energetic ion beam which could then be used for medical imaging and treat-

ment, among other applications. For this latter application, it is important that the laser

energy is transferred to the ions and not to the electrons. However the physics of such high

energy-density laser-matter interactions is highly kinetic and non-linear, and presently not

fully understood.
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In this dissertation, we use the Particle-in-Cell code OSIRIS [2, 3] to explore the genera-

tion and transport of relativistic particle beams created by high intensity lasers focused onto

solid density matter at normal incidence. To explore the generation of relativistic electrons

by such interactions, we use primarily one-dimensional (1D) and two-dimensional (2D), and

a few three-dimensional simulations (3D). We initially examine the idealized case of nor-

mal incidence of relatively short, plane-wave lasers on flat, sharp interfaces. We find that

in 1D the results are highly dependent on the initial temperature of the plasma, with sig-

nificant absorption into relativistic electrons only possible when the temperature is high in

the direction parallel to the electric field of the laser. In multi-dimensions, absorption into

relativistic electrons arises independent of the initial temperature for both fixed and mobile

ions, although the absorption is higher for mobile ions. In most cases however, absorption

remains at 10′s of percent, and as such a standing wave structure from the incoming and

reflected wave is setup in front of the plasma surface. The peak momentum of the accelerated

electrons is found to be 2a0mec, where a0 ≡ eA0/mec
2 is the normalized vector potential of

the laser in vacuum, e is the electron charge, me is the electron mass, and c is the speed of

light. We consider cases for which a0 > 1. We therefore call this the 2a0 acceleration process.

Using particle tracking, we identify the detailed physics behind the 2a0 process and find it is

related to the standing wave structure of the fields. We observe that the particles which gain

energy do so by interacting with the laser electric field within a quarter wavelength of the

surface where it is at an anti-node (it is a node at the surface). We find that only particles

with high initial momentum – in particular high transverse momentum – are able to navigate

through the laser magnetic field as its magnitude decreases in time each half laser cycle (it

is an anti-node at the surface) to penetrate a quarter wavelength into the vacuum where the

laser electric field is large. For a circularly polarized laser the magnetic field amplitude never

decreases at the surface, instead its direction simply rotates. This prevents electrons from

leaving the plasma and they therefore cannot gain energy from the electric field.

For pulses with longer durations (& 250fs), or for plasmas which do not have initially

sharp interfaces, we discover that in addition to the 2a0 acceleration at the surface, relativistic

particles are also generated in an underdense region in front of the target. These particles
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have energies without a sharp upper bound. Although accelerating these particles removes

energy from the incoming laser, and although the surface of the plasma does not stay perfectly

flat and so the standing wave structure becomes modified, we find in most cases, the 2a0

acceleration mechanism occurs similarly at the surface and that it still dominates the overall

absorption of the laser.

To explore the generation of relativistic electrons at a solid surface and transport of the

heat flux of these electrons in cold or warm dense matter, we compare OSIRIS simulations

with results from an experiment performed on the OMEGA laser system at the University of

Rochester. In that experiment, a thin layer of gold placed on a slab of plastic is illuminated

by an intense laser. A greater than order-of-magnitude decrease in the fluence of hot electrons

is observed when those electrons are transported through a plasma created from a shock-

heated plastic foam, as compared to transport through cold matter (unshocked plastic foam)

at somewhat higher density. Our simulations indicate two reasons for the experimental result,

both related to the magnetic field. The primary effect is the generation of a collimating B-field

around the electron beam in the cold plastic foam, caused by the resistivity of the plastic. We

use a Monte Carlo collision algorithm implemented in OSIRIS to model the experiment. The

incoming relativistic electrons generate a return current. This generates a resistive electric

field which then generates a magnetic field from Faraday’s law. This magnetic field collimates

the forward moving relativistic electrons. The collisionality of both the plastic and the gold

are likely to be greater in the experiment than the 2D simulations where we used a lower

density for the gold (to make the simulations possible) which heats up more. In addition, the

use of 2D simulations also causes the plastic to heat up more than expected. We compensated

for this by increasing the collisionality of the plasma in the simulations and this led to better

agreement. The second effect is the growth of a strong, reflecting B-field at the edge of the

plastic region in the shock heated material, created by the convective transport of this field

back towards the beam source due to the neutralizing return current. Both effects appear to

be caused primarily by the difference is density in the two cases. Owing to its higher heat

capacity, the higher density material does not heat up as much from the heat flux coming

from the gold, which leads to a larger resistivity.
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Lastly, we explored a numerical effect which has particular relevance to these simulations,

due to their high energy and plasma densities. This effect is caused by the use of macro

particles (which represent many real particles) which have the correct charge to mass ratio

but higher charge. Therefore, any physics of a single charge that scales as q2/m will be

artificially high. Physics that involves scales smaller than the macro-particle size can be

mitigated through the use of finite size particles. However, for relativistic particles the spatial

scale that matters is the skin depth and the cell sizes and particle sizes are both smaller

than this. This allows the wakes created by these particles to be artificially high which

causes them to slow down much faster than a single electron. We studied this macro-particle

stopping power theoretically and in OSIRIS simulations. We also proposed a solution in

which particles are split in to smaller particles as they gain energy. We call this effect Macro

Particle Stopping. Although this effect can be mitigated by using more particles, this is not

always computationally efficient. We show how it can also be mitigated by using high-order

particle shapes, and/or by using a particle-splitting method which reduces the charge of only

the most energetic electrons.
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CHAPTER 1

Introduction

In one form or another, the technology of human society will eventually rely primarily if not

solely on fusion energy — the only question is whether that fusion happens in our sun or

on our planet. Indeed it could even be said that we are already relying on fusion energy,

as almost all1 energy sources on Earth have their source in the fusion reactions inside the

sun, whether it be the heat from sunlight today which drives the evaporation and rain

which powers hydroelectric plants; or the sunlight from billions of years ago which grew the

organisms which eventually became oil and coal.

However the point is that there is a key difference between those two power sources just

mentioned – although the rain will (hopefully) keep falling for the indefinite future – were

we to keep using fossil fuels, eventually they would be depleted. Indeed it is even more stark

than that, as the international consensus on carbon fossil fuels being the cause of global

warming means humanity will almost certainly have to stop using them with plenty left in

the ground.

Therefore, as we inevitably move away from fossil fuels, we have two (not necessarily con-

flicting) options. One, we can increase the scale and efficiency with which we harvest energy

from solar radiation, possibly through hydroelectric2 but more likely through photovoltaics,

solar thermal power plants, wind turbines, biofuels, et cetera. Or, two, we can ‘bring the

Sun to Earth’ and produce controlled3 fusion reactions, at rates sufficient to generate more
1 The exception of course being the fissile elements, although as they themselves were most likely created

in the explosion of another star, the energy of which came from fusion reactions, the exception proves the
rule.

2 Although hydroelectric energy is both renewable and carbon free, the additional environmental costs
which come with damming rivers and flooding valleys means the future will most likely see fewer hydroelectric
plants not more.

3 It bears emphasizing that ‘controlled’ is a key qualifier here; humanity has already mastered obtaining

1



energy than the method consumes, using as fuel light elements abundantly available on the

earth’s surface.

Both approaches have their advantages and disadvantages. For the time being the pri-

mary advantage of the first method will probably win out, that being that we have essentially

already developed the necessary technologies to begin implementing it. However energy pro-

duction directly from the sun does have some complications as well, the most obvious being

that all methods have certain environmental requirements (clear skies for solar and prevail-

ing wind currents for turbines, for instance) which aren’t necessarily available in all regions

or at all times of the day. In addition solar power has a fundamental space efficiency limit

of 1000 W/m2 [4], that being roughly the intensity of solar radiation at the radius of the

earth’s orbit (and of course it is lower than that on the earth’s surface at the higher and

lower latitudes) meaning solar power plants will have to become very large installations as

they are scaled up to meet energy needs. However, solar panels on rooftops can currently be

used to meet the power needs of individual homes.

Unfortunately at the moment net-energy positive controlled thermonuclear fusion reactors

are not merely inefficient, expensive, environmentally damaging, or dangerous, but rather

are entirely non-existent. Therefore, it is somewhat difficult to speak with specificity about

what a fusion power plant might look like. However it is fair to say it will not depend on

certain weather or geographic features in order to function. Although current experimental

and theoretical designs have tended to be rather large scale, a fusion power plant should still

have a much smaller footprint than a comparable solar installation [5]; furthermore there is

no theoretical lower limit on the scale of fusion (contrasting among other things with fission

reactions), meaning it is not unreasonable to postulate the eventual development of ‘table

top’ fusion energy sources. Looking much farther into the future perhaps, if human society

is ever going to venture beyond this solar system, it’s hard to imagine doing so powered by

anything other than controlled fusion energy.

Therefore, we argue that, for these reasons among others, even if practical fusion reactor

net energy gain in uncontrolled fusion, in form of thermonuclear weapons. However no efforts to exploit that
energy for power production has been successful so far. Even if that were not the case, fusion bombs always
require a fission ‘primary’ to initiate the reaction, the use of which has many undesirable features.
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designs are confined to the moderate to distant future, and in the immediate future more

traditional ‘renewable’ energy technologies as well as fossil fuels are expected to dominate the

global energy economy, it is nonetheless not just practical but imperative that we continue

to research fusion science with the ultimate goal of controlled fusion energy.

The research presented in this dissertation will explore a piece of a potential fusion

energy concept – the acceleration and transport of highly energetic electrons using high

intensity lasers as part of the Fast Ignition concept [1], which is itself an extension of Inertial

Confinement Fusion [6]. The primary method by which we will research this topic is through

computer simulation, specifically through the use of Particle-In-Cell codes [7, 8]. As these

codes were not originally designed for the parameters and scenarios which come up in this

research, in doing our work we have discovered and explored certain limitations and solutions

to using this method, for instance modeling plasmas where collisions are important. Where

appropriate we will go into detail on these numerical methods as well It is also worth noting

that the physics of how an intense laser is absorbed at the surface of a solid material is both

basic in nature and of relevance to other applications such as compact sources of 100 MeV

or higher energy protons [9] as well as for exciting collisionless shocks in the laboratory [10]

which is of interest in astrophysics and space physics.

1.1 Fast Ignition Inertial Confinement Fusion

Although the categorization is not fundamental and historically there have been other ap-

proaches explored, currently the vast majority of major fusion research can be said to be in

one of two fields: either Magnetically- or Inertially-Confinement Fusion [11, 12].

Magnetic confinement fusion (MCF) [11] is reasonably well summarized by its name – it

is an approach to fusion in which the fusion fuel is contained within the reactor vessel at

the necessary temperatures and pressures (densities) primarily through the use of a strong

magnetic field. The most heavily used and studied magnetic confinement device is known as

the tokamak. The name is an anagram of a Russian phrase (having been first invented there),

meaning something along the lines of ‘toroidal chamber with magnetic coils.’ Simplifying
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somewhat, it consists of a toroidal or donut-like [13] plasma chamber surrounded by coils

wrapped in the poloidal (‘through the donut-hole’) direction; by energizing these coils and at

the same time driving a current in the toroidal (‘around the donut’) direction in the plasma

itself, a twisting magnetic field which wraps in both the toroidal and poloidal direction at

once can be established. This twisted magnetic field, and the self-consistent flow of the plasma

along it, greatly enhances the confinement of the plasma as compared to the case where only

the poloidal coils carry current, as it forces the particles to share their time between the

outer region of the torus, where the plasma naturally drifts towards the walls, and the inner

region where the drift is in the opposite sense. This is a promising candidate for a practical

fusion reactor and much exciting work is currently being done in this field [14]; however we

won’t discuss it further in this disseration.

An alternative approach to fusion is what is known as Inertial Confinement Fusion

(‘ICF’)[12, 6]. The author has to admit that he frankly does not find the name very illumi-

nating to anyone who doesn’t already understand the concept. Sometimes it is colloquially

referred to as laser fusion, which although inexact (ICF can also be driven by x-rays or ion

beams, not just by lasers) is somewhat more descriptive. When ICF is driven by x-rays they

can be generated by high energy lasers hitting a wall made of high Z material or through

the compression of a saperate plasma by an energetic z-pinch.

At its simplest description, ICF consists of a spherical pellet of cryogenic fusion fuel which

is illuminated evenly from all directions either by x-rays, by an array of high-powered lasers,

or by an array of ion beams. There are other ICF schemes which utilize a cylindrical implosion

[15] but we will not discuss these further. In the case of x-rays, they can be generated by

focusing many laser beams into the holes of a cm scale “can” called a hohlraum. The lasers

hit the inner surface of the hohlraum which converts the laser energy into x-rays which then

fill the hohlraum. It is these x-rays which drive the implosion of the fuel. This is called

indirect drive ICF. The lasers can also be focused onto the fuel pellet directly. The energy

of the laser beams is absorbed by the target surface, heating the surface and causing it

to expand outward (this is known as ablation, and the outer layer of the target is termed

the ablator). By Newton’s third law, the outward force accelerating this expanding material
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must be exactly equal to a force pushing inward on the remaining target, and this inward

force causes the target to implode. The implosion raises the temperature and pressure at the

center of the fuel to levels sufficient to initiate fusion. When the laser beams directly ablate

the surface it is called direct drive ICF and when the laser beams are converted to x-rays

when they ablate the surface it is called indirect drive ICF.

As in MFE, in ICF there is a “Lawson criterion” for ignition [16], i.e., the density (n) times

the confinement time (τ) needs to exceed a value which is a function of the temperature,

T. This condition is smallest for temperatures between 10 and 15 keV which are possible in

a tokamak. However, in ICF it is not possible to achieve such high temperatures, e.g., the

temperature of the hot spot (to be defined later) are typically closer to ∼ 5 keV. However,

in ICF the temperature rises once ignition occurs due to the alpha particle heating.

In ICF the confinement time (inertial time) roughly scales as the radius of the fuel, R,

divided by the sound speed, cs which is proportional to
√
T/M where M is the ion mass.

If the Lawson criterion is written as nτ > c(T ) then it follows that it can be rewritten as

ρR
√

1/TM > C(T ) which implies that the Lawson criterion for ICF scales as ρR >
√
Mf(T )

where f(T ) is another function of temperature. Therefore ρR is a fundamental parameter

in ICF. The above arguments are rather simplistic as they do not address isobaric targets

in which the fuel is compressed such that a cold dense fuel surrounds a less dense hot spot

with each component in pressure balance. For such cases the radius of the entire fuel, Rcf

determines the confinement time while the hot fuel is what first ignites. Furthermore, the

temperature of the cold shell and hot fuel are different. More accurate arguments show that

the confinement time actually scales as the cold fuel radius divided by the peak shell velocity,

Vi [17]. However, the prominence of ρR in the Lawson criterion for ignition remains.

The combination of the density times the radius, ρR, is termed the columnar or areal4

density, and it can be seen to have units of mass per unit area. The areal density is also im-

portant for another reason, as when multiplied by some cross section it would approximately

give the fractional rate of events. Indeed, the areal density of the hot spot must exceed the

alpha particle stopping power in order for it to sustain a burn and ultimately ignite the
4 This is the adjective tense of ‘area.’
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entire fuel. In addition, the goal is for the most of the cold fuel to burn and the burn fraction

also depends on its ρR. The requirement that the stopping distance of the alpha particles be

less than the hot spot radius is ρR must exceed roughly .3g/cm2, the requirement that the

hot spot can ignite is ρR exceed roughly 1g/cm2, and the requirement that most of the cold

fuel burns is ρR exceed roughly 6g/cm2. These numbers are based on a deuterium-tritium

(“DT”) fuel.

An important consequence of the requirement that ρR exceed some critical value follows

from the fact that the total mass is proportional to ρR3. Taken together they imply that the

required density scales as the inverse root of the total mass, i.e., smaller masses require higher

compressions. The densities in fact turn out to be very high indeed; for 10mg of deuterium-

tritium an areal density of 6g/cm2 implies a mass density of 300g/cm3, over thirteen hundred

times the density of DT ice, 0.225g/cm3. Note that typical masses currently being used at

the National Ignition Facility are even less than this, with less than a milligram of totat fuel

[18]; however the areal density is also significantly less, roughly 1− 2g/cm2 [19].

One might be tempted from these numbers to solve the problem of needing high compres-

sion by simply using more fuel; 10 mg certainly doesn’t seem like very much. Unfortunately

the very high caloric value of the fuel leads us to another constraint on the reaction – that we

not inadvertently make a fusion bomb. For example, 10 mg of equimolar deuterium-tritium

on full thermonuclear burn-up releases over 3GJ of energy, the equivalent of 800 kg (nomi-

nal) of trinitrotoluene. Luckily that (rather alarmist) comparison somewhat exaggerates the

destructive power of the fuel, as that energy is carried by high-velocity and hence at low-

momentum particles. None-the-less, although the specifics are a matter of engineering and

not subject to a hard cut-off, such very large energies mean only a few 10’s of milligrams at

most can be reacted at once without the risk of destroying the reactor vessel. In addition

to trapping us in the high-compression regime, this limitation on total fuel has the added

disadvantage of limiting the overall efficiency.

Another important point is that it isn’t in fact necessary to heat the entire target to

thermonuclear temperatures, which are on the order of 10 keV independent of density. Instead

the best approach is to have a small volume, known as the ‘hot spot,’ within which nuclear
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fusion is self-sustaining. Since the heat needed to initiate the fusion reactions is going to

be supplied by ignition of the hot spot, we are free to have the rest of the fuel be any

temperature we want, and therefore we choose to have it be as cold as possible. ‘As cold as

possible’ for highly compressed matter means a Fermi degenerate gas, which has an average

energy per particle given by 3/5EF where EF is the Fermi energy,

EF =
~2

2m
(3π2ne)

3/2

For 300g/cm3 DT the Fermi energy for the electrons is about 600eV, so the savings from

having cold fuel can be substantial5. In reality of course there will be a deviation from perfect

degeneracy; it is common to parameterize the quality of an implosion by what is called the

isentrope parameter, α, which measures the ratio of the actual energy to that of a Fermi gas.

Values of α of between 2 and 4 are not considered unreasonable, and so the savings can still

be meaningful.

One fact that may not be at first obvious is that, for a hydrodynamically assembled

fuel mass, the density of the main fuel must be much higher than in the igniting hot-spot,

such that the pressure is approximately equal everywhere, that is to say the target must

be approximately isobaric[20]. The reason is that, were the hot spot and the main fuel to

instead be at equal densities – and therefore different pressures because of the difference in

temperature – the interface between them would be the edge of a shock front, which according

to the so-called jump conditions (which, in this case, comes simply from the conservation

of momentum) cannot have zero velocity but rather must still be moving inward. One can

either say that the system we’re describing therefore isn’t that of the finally assembled fuel

mass, or simply say that the bulk kinetic energy of the main fuel is ‘wasted.’ Either way

the conclusion is the that the ideal ignition configuration is that of a low-density, high-

temperature hot spot, surrounded by a high-density, low temperature fuel. The consequence

of this is, for a given hot-spot density (or equivalently pressure, since temperature is fixed)

the density of the main fuel is specified, beyond just the condition that ρR be sufficiently
5 For the ions the savings is of course much greater since the Fermi energy is inversely proportional to

the mass; it turns out to be less than an electron-volt for almost any density imaginable. Their energy in the
main fuel is therefore trivial, even at a high isentrope.
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high.

Lastly, returning to the very high compression required for ICF, an important considera-

tion is that such convergence ratios require extremely even illumination over the entire target

surface. To understand this fact it is sufficient to imagine squeezing a ballon between one’s

hands – as you try to push it in it will respond by slipping back between your fingers. Any

irregularity in force on the surface of the target can be expected to lead to irregularities in

the final fuel configuration which are at least linearly proportionate to the convergence ratio,

and so higher densities and compressions require ever high levels of radiation symmetry.

For direct drive there are potential solutions to generating the necessary evenness using

laser optics alone. For instance one approach is to defocus the laser beams so that the spot

size is an entire hemisphere [21]. This leads to much overlap between adjacent beams and

so much more uniformity; a disadvantage of this approach is that as the target implodes it

becomes smaller than the laser focus, and so the outside of the laser beam then misses the

target and is wasted. Other techniques can also be used concurrently with wide beam focus,

such as induced spatial incoherence (ISI) [22], however there is no ‘magic bullet’ and some

degree of laser light irregularity will always be present.

In indirect drive the fuel capsule is enclosed inside a larger hollow capsule known as a

hohlraum (a German word meaning not too descriptively ‘hollow room’ or ‘empty area’).

This hohlraum is made of a heavy metal, usually gold, and is generally in the form of

a cylinder with two small openings at either end (termed, straightforwardly, laser entrance

holes [LEH]). To compress the fuel pellet, the laser beams are focused through these openings

onto the inner surface of the hohlraum, where they are absorbed. The gold then thermally

re-emits the laser energy in the form of x-rays, which then bath the fuel capsule more evenly

from all directions and angles (though perfect uniformity is still difficult to achieve).

Though it is far from clear that direct drive implosions will not be able to generate

fusion ignition and gain, at the time of writing most effort and expense in central hot-spot

ICF research is focused on the indirect approach. Indirect drive, however has a number of

disadvantages which make it less than ideal. Although the coupling of the x-rays to the fuel
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is in fact more efficient than that of the laser light, the same cannot be said of the coupling

of the lasers to the hohlraum wall, and overall the energy cost of indirect drive is higher

than direct drive. The cost and complexity of target fabrication is also greatly increased, for

obvious reasons. Also, within the concept of a commercial power reactor with a high shot

rep-rate, the loss of two axes of symmetry imply much greater difficulty in target alignment,

to say the least.

Because of all these difficulties and constraints associated with the isobaric condition of

central hot-spot ICF, if possible it might be beneficial to remove the construction of the high

pressure hot-spot from the fuel assembly and so reduce the densities and compression ratios

present during the implosion. This reduces or eliminates hydrodynamic instabilities which

relaxes constraints on the uniformity of the implosion. One approach which has been put

forward which accomplishes this task, at least in theory, is what has become known as Fast

Ignition Inertial Confinement Fusion [1, 23] (‘FI ICF’ or just ‘FI.’)

The basic idea behind Fast Ignition ICF is to separate the task of compressing and

igniting the fuel (the latter of which must happen much more quickly than the former, hence

the name.) At its simplest, FI begins in a manner essentially similar to traditional ICF, with

the compression of the fuel target using symmetric laser irradiation on an ablator surface.

The difference is that the geometry of the target and temporal profile of the driver beams

is such that no central hot-spot is formed. Instead at the point of fuel stagnation when the

compression phase ends, all the fuel is a cold, uniformly dense mass (confusingly termed

‘isochoric,’ the etymology of which actually means equal volume), which critically can be

colder and less dense than the main fuel needs to be in traditional ICF; this also means it

can have a larger radius and hence a longer confinement time. At this point a second laser

system is switched on – consisting of a single, narrow beam of very high intensity, 105-106

times the peak intensity of the compression beams – and a portion of the energy of this beam

is converted into the kinetic energy of an electron beam which is created near the critical

density of the plasma. The location of this critical surface is some relatively far distance from

the highly compressed fuel. These electrons penetrate to the fuel and heat a small volume to

thermonuclear temperatures, the radius of which again is determined by a condition on its
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areal density ρR (slightly more restrictive than in the isobaric case, but comparable) which

then propagates a burn wave through the rest of the fuel just as before.

Due to the nature of ablation physics, it is not the case that the assembled fuel mass can be

expected to be a hard sphere of uniform density and crisp edges. Rather there will be a coronal

plasma entirely surrounding the dense fuel, of approximately exponential dependance on the

radius. The maximum density through which the laser is able to propagate, known as the

critical density (nc), is orders of magnitude less than that necessary for thermonuclear burn;

and the point at which the plasma reaches this density, known as the critical surface, can be

many 10’s, even 100’s, of microns away from the point of maximum compression. Heating the

core via thermal diffusion from the point of laser absorption through this density gradient

would be far too slow for ignition, in addition to being very energetically wasteful. Therefore

rather than couple thermally to the plasma and effect an isotropic heating – as is the case for

the drive beams – for the ignition beam it is instead necessary to couple kinetically directly

to the electrons, creating a highly directional beam of relativistic particles. These relativistic

electrons then travel, ideally, unimpeded up the density gradient before, ideally, stopping

fully in a small space in the core.

Furthermore, the laser propagation and absorption processes are nonlinear and compli-

cated. For example, the laser is not actually absorbed at the standard critical surface, that is

the point where a small amplitude laser would be reflected. Rather, in the initial FI scheme

non-linear effects caused by the high intensity of the ignition beam (or possibly even another,

earlier beam) are used to ‘hole bore’ through the lower density coronal plasma, so that the

laser energy is transferred to electrons at a highly over-critical surface closer to the core.

Alternatively, a slightly modified scheme has since been proposed, in which a gold cone is

embedded in the cryogenic fuel, which is then compressed around the tip of the cone. Ideally

the cone itself is unaffected by the compression phase, and the ignition laser can then be fired

into the cone funnel, allowing it to reach a dense surface close to the core without needing a

hole-boring phase. In addition, how the laser energy is converted into electron kinetic energy

is complicated and not fully understood.

It this dissertation we will examine the laser absorption and electron transport phases
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of the FI scheme, especially how electrons gain energy and are sent forward into the dense

plasma. We will not be investigating either electron stopping or hole boring. Based on electron

stopping considerations, the original FI scheme imagined a goal of having electrons in an

energy range of 1-3MeV; this energy range is found by assuming the particles will be slowed

down through stochastic Coulomb collisions with the cold core, and then equating their

stopping range to that of the alpha particles so that they will both be absorbed in a hot spot

of the same size. It may however be the case that collective wakefield effects in the very dense

core – for instance similar to the simulation effects mentioned in Chapter 4, but for physical

electrons – would enhance the stopping above that predicted by collisional stopping alone;

such effects would have the outcome of widening this window somewhat, making ignition

slightly easier [24]. Furthermore we will be looking at absorption at an initially smooth,

highly over-critical surface. The insights gained from this geometry will somewhat be able

to be extended to a hole-boring experiment; however they will be most pertinent to the

cone-in-target concept.

1.2 Accepted and Proposed Mechanisms for Light Absorption

Although in Chapter 2 we will be identifying and demonstrating what the main absorption

mechanisms for FI (for an intense laser impinging on a sharp overdense interface at nor-

mal incidence) in is worthwhile to first review what they are not. that way we may better

understand the challenges and constraints on understanding the physics involved.

The physics of the absorption of electromagnetic radiation by matter is almost impen-

etrably complicated,and even limiting our discussion to mechanisms pertinent to plasma

physics results in a very diverse range of phenomena – a consequence among other things of

the orders of magnitude spanned by the parameters of both plasma and light. Therefore we

will review only some of the more commonly encountered or quoted mechanisms here.

The most basic absorption mechanism for a plasma is collisional absorption, or as it

is also known, inverse bremsstrahlung6. Although the details of the process can be rather
6 ‘Bremsstrahlung’ is a German word meaning ‘braking radiation’ and refers to the light given off by a high-
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complicated[25, 26, 27, 28, 29, 30], it turns out that in many cases it is accurate to simply

treat it as a loss term in the plasma dispersion relation caused by an effective collision

frequency[27]. In the weak field limit and for plasmas near equilibrium the effective collision

frequency can be taken to be simply the classical Coulomb collision frequency (up to a

geometric factor of order unity):

νeff =
4

3
(2π)1/2Z2e4NiL/m

2v3
th

where Z is the charge state of the ions, Ni is the ion number density, e is the charge of the

electron and m its mass, vth is the characteristic thermal velocity of the plasma distribution

function, and L is Coulomb logarithm. For the strong field limit (eE0/mω0 >> vth) the

equation has a similar form [31], although the thermal velocity is replaced by the quiver

velocity, vos, which is the peak velocity the particle gains oscillating in the laser electric field,

vos = eE0/mω:

νeff = 16Z2e4NiL/m
2v3
os (ln(vos/2vth) + 1) .

The thermal velocity now enters only through the Coulomb logarithm and a new logarithmic

term comparing it to the quiver velocity

There are a number of reasons inverse bremsstrahlung would not be imagined to be

the acceleration mechanism for FI electrons; we highlight two. First inverse bremsstrahlung

occurs as the light travels through underdense plasma, and as stated earlier in FI ideally

the laser travels through vacuum or at least very low density plasma before striking a highly

overdense “wall” and stopping. Second, as would be imagined, FI is very much in the strong

field limit of inverse bremsstrahlung, and the quiver (proper) velocity is on the order of the

speed of light or greater. Therefore the effective collision frequency is very, very low, the

plasma is essentially collisionless and collisional absorption is not energetically important.

One of the first mechanisms proposed for the absorption of intense laser light is what

has become known as resonant absorption[32, 33], which is an accurate if somewhat generic

energy charged particle as it slows down in the Coulomb field of another charge. Calling the absorption the
‘inverse’ of this comes from the fact that the quantum mechanical calculations of the emission and absorption
of light can be formulated as the same transition probabilities with the final and initial states switched; both,
however, are in fact entropy creating events in reality, and so though they may be mathematically inverse-able
they are not thermodynamically reversible.
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description. It is a collisionless and linear phenomenon which couples the laser energy directly

to a plasma oscillation7. Qualitatively the ideal case is rather simple to explain. It involves

a plane wave laser traveling up a linear density gradient at an angle to the direction of the

gradient (obliquely incidence). Although a wave directed parallel to the gradient direction

(normal incidence) would travel up to the critical density, where the laser frequency and the

plasma frequency are equal, that is not the case for a wave traveling at an angle. In this case

the density gradient refracts the wave so the wave vector follows a curved path which ends

up perpendicular to the gradient at some finite distance away from the critical surface, after

which it turns back out of the plasma. However, although the wave doesn’t propagate past

this turning point, the field does not go straight to zero there; rather it has an exponentially

decaying profile (it classically tunnels). Therefore, there will be some finite value of the field

at the critical surface, where the laser and the plasma are resonant to each other, and a

Langmuir wave will be driven at the critical surface. Note that the polarization of the plane

wave is key to driving the plasma wave, as the electric field must be in the plane defined by

the wave k-vector and the gradient direction, so that the electric field points in the direction

of the gradient at the point of resonance; if the electric field instead points perpendicular

to the gradient, although it may create a current it will not create a charge separation and

so there will be no plasma wave. Although in the linear regime resonant absorption can be

rather efficient, with energy conversion of around 50% for optimally matched parameters,

we would not expect it to come into play in the FI scheme, first, because it’s not going to

be in the linear regime, second because the density gradients will be much too steep so there

is essentially no resonant layer, and third because the laser propagates with nearly normal

incidence.

For completenes, we mention in passing another set of non-linear couplings between light

and plasma, though as with collisional absorption these only occur in underdense regions

and so will not be a (desirable) part of the ignition phase of FI. As explained bellow, they

probably will be a part of the compression phase of FI, as they are in traditional ICF;
7 Although note that the way the plasma oscillation is converted to energetic electronsis related to what

is ofter called wave breaking, which is nonlinear.
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however again they are undesirable. These are what are known as parametric instabilities. A

parametric oscillator is one governed by the following equation[34] (in the case of no damping

and no driving):

ẍ+ (ω2
0 + k(t))x ≡ ẍ+ (ω0 + ∆ω(t))2x = 0.

One way to interpret this equation is that the natural frequency of the oscillator, which is the

one parameter of the equation, is a function of time, hence the name parametric instability.

Without loss of generality, provided the time-dependent parameter remains bounded, we can

assume it has vanishing time average, 〈∆ω(t)〉 = 0, and so it is usual to think of it as defined

by some harmonic series. The important point about parametric oscillators, for the present

case, is that if there is some harmonic relationship between the natural frequency of the

oscillator (ω0) and the frequency of the perturbation, the oscillator can be unstable – even

in the absence of an explicit driving force, the amplitude of a parametric oscillator can grow

exponentially in time, provided there is some small displacement in the system from the zero

(equilibrium) state; this contrasts with the case of a driven harmonic oscillator for which

the growth is linear in time (and a seed fluctuation is not necessary). The pertinence of this

equation to a laser-plasma interaction arises in that when a laser propagates in an underdense

plasma the non-linear forces associated with that light can modify some parameter of the

plasma – for instance the density – and if that modification is near resonance with another

mode in the plasma, that mode can grow exponentially in time, seeded by the plasma’s

thermal fluctuations. The actual set of equations are, however, more complicated than the

parametric oscillator.

Because these excited oscillations are also waves, an important further restriction come

from what is known as classical frequency and wavenumber matching. These are related to

energy and momentum conservation, which can be appriciated by multipling the equations

by ~. Therefore, for three wave processes, the sum of the frequencies and wavenumbers of

the excited waves, often called daughter waves, have to equal those of the orinigal wave

ω = Σωn

~k = Σ ~kn
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In an unmagnetized plasma there are three types of fundamental oscillations possible: electro-

magnetic waves (‘light waves’), electrostatic waves (‘plasma waves’), and ion-acoustic waves

(‘sound waves’). Their dispersion relations are such that the frequency and wavenumber

matching are only satisfied for an electromagnetic wave if there are at least two daughter

waves, and at least of one those daughter waves is not also a light wave. Otherwise most

combinations are possible, and each is its own named phenomenon: the decay of a light wave

into a plasma and light wave is known as Raman scattering, the decay of a light wave into

a sound and a light wave is known as Brillouin scattering8, the decay of a light wave into a

plasma and a sound wave is known (somewhat generically) as parametric decay, the decay

of a light wave into two plasma waves is known as two plasmon decay, et cetera.There are

other instabilities that involve four waves [35] (often called modulational like instabilties) as

well as multi-dimensional effects such as side scattering.

As can be inferred from all these names, parametric instabilities are rich in physics

and heavily studied phenomena [36, 37]. It is not referred to as the nonlinear optics of

plasmas. The ICF community is especially interested in them, as their presence during the

implosion phase can greatly undermine compression quality, by scattering energy back from

the target,by scattering energy onto the target in an uneven way, or by generating energetic

electrons. However again they are certainly not the mechanism for electron acceleration and

laser absorption at a sharp surface, as is needed for the ignition phase, and furthermore

they still wouldn’t be expected to occur even if there were significant underdense plasma

which the ignition beam had to travel through, as the beam is actually too strong for these

mechanisms to have an appreciable effect on the energy balance. Therefore we will not discuss

them further.

Next, we arrive at a pair of absorption mechanisms for which it is not a priori obvious

that they would not be appropriate for FI parameters, and hence they are sometimes invoked

as absorption mechanisms for intense light. They are known as ‘Not-so-resonant’ resonant
8 Both Raman and Brillouin scattering in a plasma are named in analogy with phenomena from non-linear

solid state optics. Personally we feel that, although the two Brillouin effects are comparable, the two Raman
effects really are distinct, as in the solid state case it is a purely quantum mechanical effect. This terminology
is well established, however.
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absorption and J × B heating. Although these are distinct mechanisms, both theoretically

and phenomenologically, we group them together because they do occur under somewhat

similar conditions, and so are often seen together in the literature [1, 38, 39, 40, 41, 42, 43].

However, both also miss a facet which we will find to be key in our absorption simulations,

that the absorption can be greatly affected by the temperature of the target plasma.

First let us discuss ‘not-so-resonant’ resonant absorption [44]. As this is a bit of a mouth-

ful, it is often referred to as either Brunel absorption (after the original author) or rather

vaguely as vacuum heating; we prefer the former. As can be inferred from the full name, it

is related to the resonance absorption described earlier, specifically in that both involve the

electric field of an obliquely incident laser coupling efficiently to the plasma electrons as it

turns normal to the surface at the plane of reflection. The difference arises in the fact that,

as Brunel observed, for very intense lasers the profile of the plasma would be compressed up

to a sharp surface, so that the density abruptly rises from underdense to greatly overdense

and hence nowhere is the plasma resonant with the laser frequency (no plasma wave can

be excited). In such a geometry, the laser will also be reflected abruptly, and in the limit

of full reflection the electric field at the surface will be normal to the surface and will have

a peak electric field twice that of the vacuum field. This field is strong enough that it may

pull electrons out of the plasma into the vacuum region before pushing them back in; this

movement is an-harmonic.The electrons feel the laser field as well as the fields from other

electrons that have been pulled into the vacuum. Brunel showed this leads to net energy

gain and absorption during the half cycle for which the electric field pulls electrons into the

vacuum, then during the other half cycle they are pushed back into the plasma.

We do expect Brunel absorption to play a part in the absorption for certain situations and

geometries; indeed we believe it may account for some of the late-time heating we describe

in Chapter 2. However it involves a few features and approximations which will make it

inconsistent with our findings for the main absorption mechanism. The most important of

these is that Brunel absorption goes to zero at normal incidence, but we find there can be

non-trivial absorption at normal incidence in both 1D and higher dimensions. In addition,

it is based on a dipole approximation for the laser, it does not take into account the laser
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magnetic field, it predicts absorption every laser cycle, and, as mentioned earlier, it does not

depend on the plasma temperature. All of these facts are in conflict with our results.

Next, we come to so called J × B heating. The original, rather terse paper [45] derives

this effect using the ponderomotive force arising from the gradient in light intensity as a laser

is reflected over a thin volume in front of an overdense target. They show that the force,

thus derived, is composed of a constantly forward-pointing component and an oscillatory

component with a frequency twice the laser frequency. They then equate this oscillatory

force with an electrostatic field, Ed, near the surface and within the skin depth

eEd
m

=
1

4

∂

∂x
v2
L(x)(cos 2ω0t)

where vL is the local quiver velocity, that is the peak strength of the field normalized to a

velocity vL = eEL/mω0. They propose that this oscillating field can lead to heating of the

plasma, just as in the case of Brunel heating, while the constant force compresses the plasma

to a strong gradient.

This paper has unfortunately caused a lot of confusion, in our opinion9. The briefness of

the explanation, coupled with the name J × B – meaning, essentially, little more that that

the magnetic field is involved somehow – has left a lot of room for individuals to interpret

what exactly is meant. However, the magnetic field cannot do work, or give energy to the

particles. It is implied in the original paper that the work is done by a longitudinal E-field

driven by the J × B force. In addition, their derivation is base on the ponderomotive force

approximation (which they derive ‘in the usual way’) which assumes that the scale-length

of the field gradient is much greater than the typical distance traveled by the electron in

each oscillation. This is explicitly not true in our case, as a the plasma surface has been

compressed. The term J × B is often invoked any time there is a response in the plasma

at twice the laser frequency, but as we descibe in Chapter 2, there are several acceleration

processes at twice the laser frequency.

Therefore it is somewhat hard to prove that a given interaction is not J ×B. However we

find a few reasons to believe this is not the main absorption mechanism for FI relevant laser
9 This confusion is not the fault of the original authors, but rather the paper being referenced to explain

any process in which electrons are sent forward twice each laser period.
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beams. First, the absorption is expected to be a decreasing function of plasma density, but

we find significant absorption with densities 100 times the critical density (though note that

for cold plasmas our simulations in fact confirm this prediction.) Second, again as mentioned

earlier, there is no account taken of the effects of the plasma temperature. The very fact that

the plasma temperature affects the absorption is related to the fact that the motion and

forces experienced by the electrons are more complicated than the first order ponderomotive

approximation would imply.

The (one dimensional) simulations described in the original paper on J ×B heating also

use laser intensities a few orders of magnitude less than those involved in FI, and so it might

be that this mechanism is valid under those conditions and not under ours. Alternately

their description may be an approximation of the mechanism we propose, as they do see

some dependence on temperature which is consistent with our findings. We have not had an

opportunity to revisit their parameter regime in depth and so cannot say for certain what

exactly the authors were seeing. But we assert that it is not consistent with the absorption

we see in our higher intensity and FI relevant simulations.

There are a number of other absorption mechanisms at sharp, flat surfaces which have

been proposed recently, often specifically with regards to the FI concept (e.g. [46, 47, 48].)

Some common themes in these mechanisms are that absorption can occur in one-dimensional

simulations, absorption can occur for cold plasmas, the longitudinal or ‘electrostatic’ field

created by charge seperation at the surface is important, and a lack of an inclusion of the

magnetic field at the surface when analyzing the particle motion. We will show that we find

all of the features to be inconsistent with what we observe in our simulations.

1.3 Particle-in-Cell Codes and OSIRIS

In general for a group of n charged particles interacting through electrostatic forces, there

are O(n2) interactions happening at any given time, since each particle is interacting with

all the others. Simulating such a group of particles therefore quickly becomes unfeasible as n

becomes large. If the fields are extended to electromagnetic interactions with a finite speed
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of light, then a further complication arises in having to calculate the forces on particles at a

distance based not only on their current positions but also on all of the positions they had

at some time in the past.

The Particle-in-Cell or PIC algorithm[8] solves both of these issues, by having particles

interact not with each other directly but rather through a discretized field object, which

reduces the complexity and the number of floating point operations significantly. The particle

advance will scale as O(np) where np is the number of particles, while the field solver will

scale as O(nglog(ng)) where ng is the number of grid points for a Poisson solver and as

O(ng) for a finite difference Maxwell solver. A cartoon summary of the PIC ‘loop’ is shown

in figure 1.1. The basic idea is summarized thusly: First one defines some region of space (in

any number of dimensions). Within this space there exist a finite number of charged particles

whose positions are allowed to exist at any point10 in this continuous space. It is useful to

view the particles themselves not as point particles but rather as ‘clouds’ of charge, with

a finite size and a specific rigid shape. Each particle also has associated with it a velocity,

or momentum, which again can take on any continuous value. This velocity is then used

to advance each particle’s position in space through some finite time-step (the same for all

particles.) Then next, this motion – along with the particle’s charge – is used to calculate a

current associated with each particle. Since the particles are not delta functions, the current

and charge are also volume currents and charges. However the charge and current are not

deposited in a continuous space, but insteed are weighted to a discrete set of points on a

grid near the particle. Usually this grid is regularly distributed throughout the whole volume

of the simulation. The grid is needed to solve the field equations. For the research in this

dissertation we use the full set of Maxwell’s equations for the field equations, though the time

independent equations (Gauss’ law and the vanishing divergence of the magnetic field) are

only explicitly solved for at t = 0, after which they remain vaild through the self-consistency

of the four equations. These can be solved using finite difference approximations for the

derivatives or using Fast Fourier Transforms (FFT’s).

The current is used to calculate the change in the values of the fields, through the time
10 Up to the limitations of the machine representation of floating point numbers.
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Figure 1.1: PIC Loop

dependent Maxwell’s equations (Ampere’s law and Faraday’s law). The values of the fields

used on the right-hand-side of these equations will either be values calculated at the previous

time step if this is not the first time step, or will have been specified by the user as an initial

condition. The fields themselves are defined on a grid similar to that which contains the

current object (though the exact locations of the currents and fields, or even their various

components, do not in general coincide in order that the finite difference operators are

centered properly). Finally the values of these fields on the grid are weighted back to the

location of each particle and used to update its momentum to a new value, returning us to

the beginning of the loop. This naturally follows from the idea that the particles have a finite

size and shape.

This basic framework is the same for all PIC codes, of which there are many. Throughout

this dissertation we will specifically be using the PIC code OSIRIS [2, 49], developed by a

consortium between UCLA and IST in Lisbon, Portugal. There are a number of features
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which make OSIRIS a particularly powerful and efficient code, both for the user and for the

developer.

One of the most important features of OSIRIS is its efficient implementation of a hi-

erarchy of parallelization. At the top level MPI is used between nodes with an arbitrary

dimensionality for the domain decomposition. MPI can also be used across all cores on a

node as well. OSIRIS has been run successfully on millions of processors demonstrating high

parallel scalability on both weak and strong scalings. In addition many parts of the code,

including all the main parts of the code which have significant computational load – current

deposit, particle advance, et cetera – now incorporate the a second level of parallelization

through the use of the OpenMP multithreading technology, allowing multiple processors to

share a single task on a single node with shared memory. This can significantly reduce the

need to subdivide a given problem into discrete, independent MPI tasks, which can create

communication inefficiency and overhead as the domain size for each MPI region becomes

too small. Lastly, all the computationally heavy parts of the code have also been extensively

translated to processor intrinsics to take advantage of a third level of parallelization based on

SIMD vectorization which is available on many modern processors. This vector optimization

may ‘only’ give a speed-up of a factor of two-to-four on most systems, but as it comes at

literally no cost for the user (and little for the developer of other parts of the code) it mean-

ingfully extends and enhances the OSIRIS capability. We also note that recently, much work

has also been done recently to port the main OSIRIS code to very highly vectorized environ-

ments such as Nvidia GPUs or Intel Phi MICs. This has already been shown to increase the

speed of computation by orders of magnitude for many problems. However, unfortunately

we were not able to take advantage of this for any of the simulations performed in support

of this dissertation, and so we only mention it for completeness.

Another strength of OSIRIS compared to many other PIC codes is the implementation of

higher-order particle shapes – that is the specific method for depositing charge to the grid and

then interpolating the force back to the particles. The most important utility of these higher

order shapes is in reducing the self-heating of the simulated plasma, and hence improving

energy conservation. For codes without higher order particle shapes it is often necessary to
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have the grid size resolve the Debye length of the plasma; otherwise the plasma will self-heat

until the Debye length becomes long enough that it is resolved. PIC codes which use the

same particle shapes to deposit current and interpolate the force are not energy conserving.

This self-heating is due to aliasing that arises because the particles have continious positions

and therefore can have currents with arbitrarily large wavenumbers. These show up as small

wavenumbers on the grid due to aliasing. Higher order particle shapes reduce aliasing. By

using these smoother shapes, along with filtering of the currents and potentially the fields,

OSIRIS is able to run with much larger cell sizes or cooler plasmas (or both). Indeed for

most of the simulations used for this dissertation the scale length which needs to be resolved

is not the Debye length but rather the skin depth, which for non-relativistic plasmas can be

many orders of magnitude larger. This greatly enhances the speed and efficiency with which

we are able to run these simulations.

For the developer by far the most important aspect of OSIRIS is its adherence (roughly)

to the Object-Oriented programing paradigm. In short, this means that one part of the code

can operate and be modified without having to worry or even know what other parts of

the code are doing (including the parallelization). In the context of our research, this meant

adding things like particle splitting, advanced boundary conditions, and most especially

collisions – in addition ‘non-physics’ tasks like diagnostics or set-up routines – could be done

with only minimal modification to the main code. This made modifications quick to add to

the program, easy to compartmentalize when troubleshooting or benchmarking, and (with

caveats) easy to share with others.

1.4 Collisions in PIC

At first it might seem surprising to hear it asserted that Particle-in-Cell codes are most

naturally suited for studying collisionless phenomena, that is those in which the effects of the

discrete particles can be ignored. However, the reasoning is actually related to the nature of

collisions themselves. In plasmas there is a minimum scale length (maximum wave number)

that needs to be resolved in order to describe collective phenomena that involve electron
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dynamics, which is Debye length vth/ωp. which then sets the size of a simulation cell. Within

a Debye length the physics is dominated by collisions and the effects of collisions scale as

1/ND where ND is the number of particles within a Debye cube. In the PIC method the

physics within a Debye length is minimized through the use of finite size particles. For some

problems such as those being studied in this dissertation the minimum scale length for the

collective modes is the skin depth, cωp. As noted earlier if cell size is larger than the Debye

length then aliasing between the particle quantities (given with continuous positions) and

the grid quantities (fields) leads to the grid instability which causes the numerical heating of

the plasma. We get around this through the use of higher order particle shapes, however the

use of large cells can modify the numerical dispersion relation of collective modes so care is

required.

The PIC method can be most properly viewed as modeling not the Vlasov equation

(sometimes referred to as the collisionless Boltzman equation) but rather the Klimontovich

equation for finite size particles. Each simulation represents a single realization of a collection

of particles with all of their initial locations in phase space being known rather than an

ensemble average over many realizations. A collision operator can be derived for this model

using the same methods as for point particles. The result is a modified collision operator

which smooths out interactions for impact parameters (wave numbers) less than the particle

size (larger than the inverse of the particle size). Therefore, fewer particles per Debye cube

are needed to keep the collision frequency much less than the natural frequency of modes of

interest. The computational advantage of PIC codes lies in their ability to use many fewer

electrons and ions than are present in reality to study collisionless phenomena; therefore,

many real particles are represented by each simulated particle, which is hence often termed

a ‘macro-particle’. For many problems, the goal is to use enough particles such that the

collisionality is small enough so that collective effects can be studied. In this way the PIC

algorithm can be an numerically effective technique for studying the Vlasov equation as the

number of particles per cell that are needed in the simulation can be substantially less than

the number of momentum cells needed per real space cell. However, the PIC method can

also be used to study how a collision operator (for finite size particles) is modified when one
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moves from a plasma near equilibrium to a plasma in a highly turbulent state.

The PIC method is now often used to study effects that involve the interaction of collective

modes and collisions as it is can be more computationally efficient to studying the Vlasov-

Fokker-Planck (VFP) equation (the collision operator is in the form of a Fokker-Planck

operator). In this case, the goal is to have a collision operator within the PIC algorithm that

accurately models Landau-Boltzman collision operator or Coulomb binary collisions. We

stress that the Landau-Boltzman collision operator is itself an approximation for collisions

in a plasma. One’s very first thought may be that we could retain just enough of the finite

size particle ‘PIC collisionality’ to match key aspects of the "real" collisions; however as

noted above while one could match the collision frequency, it is not possible to match all

aspects of the collision operator in velocity (momentum) space with the necessary statistics.

The common approach to “accurately” modeling collisions into PIC codes is to increase

the number of finite particles per simulation cell and Debye cell, as well as use a “fatter”

particle shape to reduce the collisions between finite size particles and then add a Monte

Carlo collision algorithm. In broad strokes, such an algorithm would generally start by or-

ganizing the particles into disjoint subsets of physical space, called the collision cells, such

that particles can only interact with others within the same cell. The collision cell could be

the same cell used for the field discretization, but in principal it could be larger or smaller.

Certain bulk properties which affect the collision rate are then measured in each collision

cell using all the particles, for instance temperature and density. After this, all the particles

in the cell are randomly assigned into pairs, and then for each pair, using a combination of

the bulk properties calculated earlier and the individual properties of the particles in the

pair (most commonly just the relative velocity), a calculation is made to determine whether

to collide the particles and what the details of that collision should be. The particles then

exchange momentum (if a collision happens at all) in the center-of-momentum frame11 so

that both momentum and energy are conserved in the interaction. In most cases the decision

of the specifics of the collision event is not made deterministically from these independent
11 Note: NOT the center-of-mass frame, as is often erroneously stated in the literature. The center-of-mass

frame is a particular choice of position variables, such that mass is centered around the origin; collisions
happen entirely in momentum space, the choice of position space has no bearing on them.
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variables, but also involves the use of one or more random numbers, so that the event has a

statistical element to it. The use of random numbers to solve problems problems which may

in fact be deterministic in nature (though in this case only partially so) is known as a Monte

Carlo method12.

The challenge for including collisional effects in a PIC code is hence reduced to finding the

correct form for this binary collision operator that is consistent with the Landau-Boltzman

collision operator. To explore the details of this collision operator, it is of course necessary

to look at the nature of the underlying collision physics. It is illustrative to start with a

problem which is in some ways simpler but in others more complicated, that is the solution

of the Boltzmann equation for a species with an arbitrary collision law (that is more general

than the inverse square Coulomb interaction) which is the subject of Bird 1970 [50], one of

the earliest papers on using the Monte Carlo method to include collisions in a particle based

(not a particle-in-cell) code. The Boltzmann equation, which in its generic form applies to a

general gas as well as a plasma can be written in the form

∂f

∂t
+ ẋ · ∂f

∂x
+ u̇ · ∂f

∂u
=
∂f

∂t

)
collisions

(1.1)

where the left-hand side states that, in the absence of collisions, the convective derivative

in phase pace of the single particle distribution function f vanishes. This means that the

phase space density of the single particle distribution function does not change as one moves

with the phase space "fluid", viewed another way, this means that the volume in phase

space cannot change. For a plasma the acceleration is comes from electromagnetic fields (the

Lorentz force), both the self-consistently generated by the plasma particles and any applied

fields. The presence of collisions (the right hand side) means that the the phase space volume

can change. In essence when one combines PIC with a Monte Carlo collision algorithm it

is solving the the homogeneous equation (with right-hand side equal to 0) through the

PIC method with a sufficient numbers of particles to keep the effects of finite size particles

sufficiently small and then including a collision algorithm which can be non-trivial.
12 Rather unreassuringly named after the famous gambling casino - we certainly hope that our simulations

are a better bet than roulette!
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In general, the collision term can be expressed as [50]

∂fi
∂t

)
collisions

=
N∑
j=1

∫
d3pj

∫
dΩ g

dσ

dΩ
(f ′if

′
j − fifj) (1.2)

where the sum is over all species (including species i), g is the relative velocity between

the regions in velocity space between the two species, dσ/dΩ is the differential cross section

(understood to be a function of both momenta), the prime indicates the distribution functions

after the collision (that is f ′(p) in the distribution function scattering into p {this assumes

reversible collision physics}), and the integrals are understood to be over all momentum

space of the collision partner and over all solid angle, respectively. The reader may not be

surprised to hear this is not in general an easy equation to solve analytically.

To solve the Boltzman equation numerically, Bird first assumed a form for the differential

cross section, specifically an inverse power law; for instance the collision between particles

in a gas can be well modeled by a force which falls off with distance with a sufficiently high

power (perhaps 6 or greater). He then integrated over all solid angles to get an effective

collision cross section. This cross section can then be used with the densities of the species

in the simulation to calculate a collision rate for each collision cell (as a function of the

momenta of the individual particles). The code would then go through each of the randomly

assigned particle pairs, and would use this collision rate, along with a counter assigned to

each cell, to determine whether a collision event should happen; if it should the momenta

would be updated appropriately from the interaction law (the counter would be updated as

well.)

Note that in this algorithm, the integral over momentum of the collision partner,
∫
d3pj

is not explicitly performed; rather by selecting two particles to collide randomly, each is

sampling the distribution function of the other species in momentum space. Provided most

of these pairings are ‘typical,’ the actual integral is well approximated by one or perhaps a few

such samplings. The reason for choosing such a Monte Carlo method for solving an explicit

integral are two-fold. First, it reduces the complexity from a many-particle interaction to

a series of two-particle interactions. Second, it explicitly symmetrizes the ‘test’ and ‘field’

particles (that is species i and j in equation 1.2, respectively,) which is of course not a
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physical distinction to begin with.

For a plasma interacting through a Coulomb force, this approach is neither sufficient

nor necessary. To see why it’s not sufficient, we observe that for an inverse-square law like

a Coulomb force the integral of the differential cross section diverges logarithmically for

two isolated particles. A point or finite size particle having an infinite cross section is not

unphysical, it arises because the scattering force decreases with distance so slowly that

a meaningful interaction takes place for impact parameters at an infinite distance. The

customary way to get around this is to assert that in a plasma, where all of the particles

are interacting with all the others at all times that the Coulomb force from one particle

is shielded out within a distance taken to be the Debye length λD. The logarithm diverges

not only because of large impact parameters but also because of small impact parameters.

Therefore, a lower bound for the impact parameter needs to be specified. This is sometimes

taken to be the distance of a 90◦ deflection which is the distance of classical closest approach.

For higher temperatures (actually not that high) the smallest impact parameter is given by

the the de Broglie wavelength. The critical point to this argument is that because the cut-off

distances enter inside of a logarithm, the result is relatively insensitive to their exact values;

even a change by a factor of 2 for either cut-off will have only a small numerical effect in

most cases. Such a derivation is said to have logarithmic accuracy.

With these physical arguments, it is possible to calculate an effective collision frequency

for a Coulomb interactions in a plasma; the result is (for electrons colliding with a stationary

ion species at non-relativistic speeds, in Gaussian units) [51]

1/τcoll = νcoll =
4πe4Z2nilnΛ

m2
e g

3
(1.3)

where logΛ is the logarithmic term, known as the Coulomb logarithm; typical values are

5-20.

At this point it would be possible to use this effective collision frequency in an algorithm

like the one described by Bird, and collide the particles every τ time-steps. As alluded to

earlier, this is actually not necessary nor even correct. The reason for this – qualitatively

and simplifying somewhat – is that typically in a plasma there are many particles within a
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Debye sphere13 , and almost all of these are farther away than the minimum cut-off distance of

closest approach. These “distant” particles, which each give a small angle scattering therefore

dominate the collision integral. Therefore, it is not the case that diffusion in a plasma is

caused by individual strong scattering events (as in a gas) but rather by the cumulative

effect of many small, and uncorrelated, interactions. Using this observation we can make

another simplifying assumption, that collisions in a plasma come about due to a series of

nearly continuous infinitesimal deflections; one might say these are not ‘collisions’ at all, but

rather a diffusion in momentum space.

Returning for a moment to the analytical treatment, now with the assumption that small-

angle scattering dominates we can revisit to the Boltzmann collision term and assume the

∆mathbfv is small by making a Taylor expansion in f ′i about fi in powers of ∆mathbfv. We

keep up to second powers in the components of∆mathbfv. This is equivalent to the Fokker

Planck expansion. After much algebra this leads to the collision term originally derived by

Landau [52, 53],
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 (1.4)

This integro-differential expression has the same form as the Fokker-Planck equation, and

the total Boltzmann equation with this as the right-hand side is usually called the Vlasov-

Fokker-Planck (VFP) equation.

It bears emphasizing that although the underlying physics is entropy creating and hence

stochastic, the VFP is a fully deterministic equation in momentum space. And, although

the equation may appear formidable, in some situations – sometimes with some appropriate

expansions (for instance that the distribution function is not too far from Maxwellian) – it

is possible to find exact analytic solutions. In some more general cases it is possible to solve

this equation directly numerically, by rewriting it somewhat so that distribution function is
13 In fact it is common to define the count of such particles as the plasma parameter and to assert that one

definition of a plasma is that the plasma parameter is much greater than unity; in that sense this assertion
is tautological.
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expanded in spherical harmonics, a technique which was originally derived by Rosenbluth

[54]. We state all this again to draw attention to the fact that although we will be using

a Monte Carlo method to solve this using a PIC code, we do this with the goal to solve

a deterministic equation using a computational sampling method in a more numerically

efficient manner. However, it is important to recall that the VFP is actually based on the

single particle distribution function which is the ensemble average of an infinite number of

initial Klimontovich distribution functions. The collision term is then an ensemble average

of short range variations within a Debye length. Therefore, it is not surprising that when

combining PIC with an algorithm that correctly models collisions between particles within

a skin depth it is necessary that this algorithm uses a Monte Carlo method. It is also worth

noting that that the PIC method itself has some Monte Carlo characteristics. To initialize the

plasma, the velocities and hence positions are selected using a random number generator.

So in order to obtain some quantities from a PIC simulation it may be best to run the

same problem using different random number generator seeds and then average the results.

It would therefore also be interesting to run many simulations with PIC combined with a

Monte Carlo collisions with the same initial conditions for each macro-particle particle and

then ensemble average the results as well as many simulations with different random initial

conditions for each particle.

To solve VFP equation for plasmas in the context of a particle code, it is important

to develop the correct Monte Carlo method. We start with the physical observation that

motivated it: that (real) particles in a plasma undergo many small angle collisions. With

this in mind, we return to a method used by Bird which randomly collided pairs of particles

within a collision cell. We would then find the collision frequency for that pair using equation

1.3; and compare that frequency to the elapsed time since the last collision event. However,

for a plasma because the concept of a single collision event is ambiguous (collisions occur

gradually and there are many simultaneous collisions) we do not keep a counter since the last

collision event; rather each particle collides as pairs at every collision time, and so time since

the last collision event is always the sampling time, ∆tc. Consequently, we use the compare

∆tc to τcoll to determine how much to collide each pair. Note that equation 1.4 describes a
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diffusion, that is to say a point in momentum space evolves to a continuous volume. Since this

is impossible in a PIC code without some form of particle splitting in momentum space (which

defeats the is computational advantages of a PIC code making it undesirable), we instead

is assign a new final momentums randomly for each, with a probability distribution equal

to the actual diffused momentum. Within each pair momentum and energy are conserved.

Thus, in order to include collisions consistent with physical parameters we need to add this

additional Monte Carlo step to the PIC method.

This is the collision method originally developed for PIC codes by Takizuka and Abe [55]

(T&A), which is the essence of all the collision methods we have in OSIRIS (and one of them

being precisely the T&A method). For each pair of particles, we transform to the center-of-

momentum (COM) frame, and rotate the momentum coordinates such that the particles are

traveling towards the zenith and nadir. We then rotate the momenta such their new polar

angle is given by θ, where θ is calculated from a second variable δ such that tan(θ/2) = δ,

where δ is a random number with a Gaussian distribution with zero mean and variance given

by

〈δ2〉 = (νcoll/2)∆tc (1.5)

where recall that ∆tc the time between collision calculations within the algorithm, and the

factor of 2 is not well explained by T&A at all, but we can attest that does give the correct

result. The new azimuthal angle is evenly distributed between 0 and 2π. When calculating

νcoll ≡ τcoll for each collision pair, the relative velocity is unique to each pair, the Coulomb

collision comes from temperature of all the species in the cell, and the density is the lesser

density in the collision cell of the two species which are colliding (for unlike particles); more

will be said on this last point in a moment.

Using this method to obtain an approximate solution to eq. 1.4 necessitates that sqrt〈δ2〉

is small. Otherwise, during a single collision time there will be many large angle scattering

events. There must therefore be many collision events per collision time, i.e., νcoll∆tc << 1.

Note that this is a separate condition from the requirement that we have many pairings to

adequately sample the distribution function, and in fact it is a stronger one. If we don’t

satisfy the latter all we do is to add a noise term to the calculation to the collision frequency,
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which can still be smoothed out by increasing the number of total pairs or running many

simulations and then ensemble averaging the results. If we do satisfy the former the actual

nature of the collisions changes. Takizuka and Abe partially addressed this by having a cut-

off for νcoll∆tc, above which the polar angle is simply evenly distributed between 0 and π.

However this is not fully satisfactory, as it is ad hoc and hence not correct, and it gives an

abrupt change in behavior.

Nanbu [56] realized that the cumulative polar angle deflection from many small angle

scatterings is a well-defined quantity, and so it is not actually necessary to keep track of (re-

solve) each small angle event. Using an ensemble of simulations, he computed14 an equation

which gives the correct limiting behavior of small- and large-angle scattering, and fits well

the transition between them15. This method for calculating the collision angle is in all ways

superior to that given by Takizuka and Abe. If νcoll∆tc << 1 and there enough pairings

to adequately measure the distribution function, it gives the same answer as T&A, while

as νcoll∆tc approaches unity it still gives the correct result. Nambu’s contribution is very

important. Typically, the time step used for the standard PIC part is chosen to resolve the

collective modes, which for overdense plasmas scales as ω − p−1. For “collisional” plasmas

where νcoll ∼ ωp then τcoll can be comparable to the PIC time step. Therefore, in order to

resolve the the collision, the collision time step ∆tc would be much smaller than the PIC

times step. Therefore, with some modifications described shortly, this is the method the

authors use almost exclusively with OSIRIS.

So we have somewhat come full circle. We started with the Boltzmann equation for a gas,

in which ‘collisions’ look like actual collisions, i.e., scattering of billiard balls. Then, observing

that this is not an accurate way to portray Coulomb collisions, we modified our numerical

approach so that each collision event was a small deflection, consistent with reality. Next,

by realizing that in a plasma it is not actually required that we explicitly calculate each of
14 Although Nanbu’s method for calculating the collision angle is a great improvement on the small-angle

formulation, and its accuracy is arguably as good as the logarithmic accuracy of the underlying physics
model, it is simply not the case that they derived their equation, as they claim.

15 It becomes obvious when one considers it, but it should be emphasized explicitly, that in cases where
the collision frequency is changing due to the collisions themselves – for instance a cold beam of electrons
stopping in a background of ions – this method of taking large collision steps breaks down, and one should
keep enough iterations such that the whole process is integrated decently.
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those small deflections, we return to the possibility that each simulated event represented

many real events, and so cause a significant change in momentum. However, we have obtained

some insights through this circumnavigation. First, we are still comparing our results against

the Landau collision term, eq. 1.4, therefore, the Monte-Carlo algorithm itself can be tested

alone against known results. Second, the exact form of the Nanbu equation is motivated by

the math of small-angle scattering, which was not obtainable from the Boltzmann collision

term. Third, despite pairing particles, it is still not the case that we are modeling collision

events, but rather just statistically relevant collision times ; as such we are free to choose our

numerical collision step as we see fit, and are not encumbered by having to keep track of any

sort of collision counter.

Now is a good moment to pause and emphasize another point. Our PIC collision model is

method for evolving a distribution function as predicted by a collision operator of the Landau

form. However, the Landau (or equivalently the Landau-Boltzmann) collision operator is

itself not exact, but rather it is accurate under certain approximations. Specifically, it is

valid when the plasma parameter (number of particles per Debye cube) is much larger than

unity so that there are many particles “interacting” at once. There are other methods used

to derive a collision operator for a plasma such as the Lenard-Balescu method. This method

views collisions as the interaction of “dressed” particles in a plasma. This approach also

reveals the importance of the wakes made by test particles and the challenges posed for

deriving a collision operator in the presence of strong turbulence. It can be shown that the

Lenard-Balescu and Landau operators are the same when the plasma parameter is large.

If the implicit of explicit assumptions used to derive the Landau operator break down it

becomes inaccurate. In this case, there is absolutely no hope that this model can be used

to calculate those inaccuracies, no matter how high a resolution one uses in any of the

parameters – because it assumes the Landau operator is accurate from the beginning. To

obtain corrections to the collision operator – which could then be fed back into a PIC collision

algorithm – an entirely different approach would be needed. These include a combination

of PIC and molecular dynamics where PIC is used for particles farther away than a Debye

length and exact Coulomb interactions are used for those particles within a Debye length of
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each other. This will not work when full electromagnetic interactions are occurring. Another

option for gaining insight into collisions when the plasma parameter is small or when there

is strong turbulence is to run a PIC code with progressively smaller cell sizes (much smaller

than a Debye length) and with each macro-particle representing a real electron. These are

currently areas of active research.

Having said that, we should right away reverse ourselves somewhat and state that this

collision operator (by itself) actually works acceptably down to a plasma parameter in the

low multiples of 10 (more explicitly, that is when the Coulomb logarithm is greater than 2)

for some cases. Furthermore, with some modifications, we can (and have, for this thesis) run

the collision package even where the number of particles per Debye sphere is below unity, at

least without the behavior becoming pathological. More on this in a moment.

There is one further complication with actually implementing this collision algorithm

into OSIRIS, the solution of which turns out to somewhat simplify and clarify the collision

operator, making it worth mentioning here. The complication arises from the fact that in

OSIRIS and other PIC codes the charge of individual macro-particles can vary, even for a

single species with a constant charge to mass ratio, q/m. For example, one macro-particle

may represent 10 real particles while another macro-particle with the same charge to mass

ratio may represent 10,000 real particles, and hence have a simulated charge 1000 times

greater.The ratio of the charge of the macro-particle to that of a real particle is termed

the “weighting” of the macro-particle – though it is more often the relative weighting rather

than the absolute weighting which is important (and in fact outside of collisions there often

is no sense of absolute weighting). An example, where the use of variable weights for a

single species would be useful is in a large density gradient. It is not desirable to have

too few particles per cell in one region nor too many in another, so to change the plasma

density we change the weighting on the particles in the different regions. Another example

would be a plasma with ions at a high ionization state – although there are fewer ions than

electrons, we might want to keep their simulated particle counts similar for better statistics

and/or to reduce numerical noise and/or macro-particle collisions. Since the transformation

to the center-of-momentum reference frame relies on the masses of the actual particles, if
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we exchange momentum between the macro-particles (with different weights) in this frame

neither energy nor momentum would be conserved. (Translating to the center-of-momentum

frame for the macro-particles would be even worse, as that’s not physically meaningful.)

Nanbu and Yonemura [57] proposed solving this problem by retaining the kinematics of

the physical particle collisions for the macro-particles, but only updating the momentum

of each partner in the pair differently based on statistics related to the particle weightings.

More specifically, they construct a sum of the weights of the lowest weighted particle in each

pair, the collision time-step is then adjusted in that cell using this sum. They then proceed

with the collision calculation as before using this adjusted time-step, but when they update

the momentum they do so randomly. Within each pair the particle with the smallest weight,

Ws, is scattered, but the particle with the largest weight, Wl, is updated with probability

Ws/Wl. In this way momentum and energy are not conserved in each collision event, but

they are when averaged over many collisions.

An added benefit of this method of calculating the collision time step (though not obvious

from this necessarily abbreviated description) is that it removes the need to use the arbitrary

lesser of the two densities when calculating the collision frequency. This arises from the fact

that in this formulation when colliding particles of different species, the species which defines

how many pairs there are (and so defines the sum of weightings, call it species A) is always

the species with more simulated particles, but the species which defines the density used in

calculating the collision operator is the opposite species, species B. But using this method

there is also an implicit calculation of the density of species A, which is the sum over the

collision events. In this way species A collides off of species B, and species B collides off of

species A symmetrically and there is no need to use or even ever calculate which species has

the lower density. To use this method it is of course not necessary for the two species to have

different weightings as the probability for scattering the largest weight particle in a pair is

now unity, i.e,Ws/Wl=1. Therefore, this algorithm works seamlessly without any necessary

modifications for colliding particles with equal or non-equal weights. It also actually addresses

a problem we skipped over earlier: what to do when a species is colliding with itself and there

are an odd number of particles. In this formulation, one particle, randomly picked from a
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total of N , collides twice, and the collision time-step is reduce by a factor of N/(N + 1). In

OSIRIS we use the method of Nambu and Yonemura even for unequal weighted particles.

Therefore, energy and momentum are not rigorously conserved in each collision but are only

conserved in an average sense (when particle weightings are the same, energy and mometum

are rigourously conserved).

Another – now physical – complication arises in extending these results to particles having

relativistic speeds. That the results will be inaccurate for relativistic particles is readily

apparent in the fact that no distinction has been made between velocity and momentum

divided by mass, and evaluating the details of the interaction physics using relativistically

correct calculations is non-trivial. However, modifying our Monte Carlo collision model to

be consistent with relativistic physics turns out to be simpler (assuming Coulomb force

interactions). Of course all frame transformations have to be Lorentz invariant; but otherwise

the kinematics turns out to be unaffected, since the interaction is a rotation in momentum

space, which remains valid. It therefore is only necessary to find what the modification is to

collision frequency or strength of the collision operator (i.e. 〈δ2〉 in the Takizuka and Abe

model.) There have been a number of different methods proposed to address this ([58, 59, 60].)

To our mind the most elegant approach is that of Pérez et al. [60]. They calculate the

momentum-transfer cross section from the differential cross section, which they use as an

effective total cross-section, σ, (defined in the center-of-momentum frame); then they exploit

the fact that, for any total cross-section, the product σvrelγ1γ2 is a relativistic invariant

(where the γ’s are the relativistic boost factors for the two colliding species, and vrel is the

relative velocity). Using all this they arrive at a transformation of the effective collision rate,

eq. 1.3, as seen in the lab frame, which can then be used in an otherwise unmodified Nanbu

calculation of the total deflection angle16. The interested reader is directed to consult Pérez

et al. [60] for the details.

Let us now return to the somewhat opposite limit, that is a very cool plasma. In this

case the model also breaks down, because the plasma parameter becomes small. There are
16 It is also necessary to modify the Coulomb logarithm for relativistic particles (in fact actually for

particles where β > α, where α is the fine structure constant) because the large angle scatterings can no
longer be modeled classically.
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two effects to take into account in this regime. First, the Coulomb logarithm shouldn’t be

allowed to become too small; it is customary to take the limit the lowest value to be 2.

This is a semi-empirical result, but it can be qualitatively understood by observing that

as the number of particles in a Debye sphere becomes very low, their ability to screen

out charge becomes limited by more than their thermal motion, and so fields can extend

farther than a Debye length before dying out. Second, because of the third power of the

velocity in the denominator of the collision frequency, the collisionality diverges for very low

temperatures17. More specifically, as the plasma parameter goes below unity, the mean free

path of the particles becomes less than the inter-particle distance, which is clearly unphysical.

Pérez et al. address this by clamping the collision frequency such that this isn’t allowed to

happen. The nature of the collision interaction stays the same but the strength goes to zero

with decreasing temperature. Obviously this is an incomplete modeling of low-temperature

physics, but it allows us to retain at least some sense of cold collisionality in our PIC code

without incorporating new collision operators and importantly without the need to switch

between models with if tests.

We close this section by commenting that it is our opinion that there is still work left

to be done when combining the traditional PIC method with a Monte-Carlo method and to

use PIC by itself to address questions regarding collisions in strongly turbulent plasmas.For

example, the PIC method itself conserves energy very well (particularly when using higher

order particle shapes). In addition, the Monte Carlo method by itself conserves energy well

in an average sense. However, there is some evidence that combining these two methods

together might lead to lack of energy conservation. The possible interactions between these

methods is an area that deserves more attention [61]. As we noted earlier, it is possible to

carry out the Lenard Balescu approach to study collisions including the effects of finite size

particles. One could then run the PIC code and see how well the results are consistent with

such a collision model particularly in the presence of strong turbulence. This could be aided
17 We note in passing that the nature of the divergence, or even if it diverges at all, can depend on the

exact formulation of the Coulomb logarithm (if the argument of the logarithm is allowed to go to zero) – as
all of the derivations of this term assume a large argument, they don’t in general have consistent behavior
when it becomes small.
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by following the tracks of particles to watch their diffusion in momentum space. This is also

a topic that deserves future study.

1.5 Resistive Collimation

A noteworthy aspect of ultra-high intensity laser-matter interactions – and an implicit as-

sumption of the Fast Ignition scheme – is that they involve normalized and absolutely large

currents of fast electrons. For FI, rough calculations using energy requirements and fuel

disassembly times give current estimates in the range of hundreds of mega-amperes up to

giga-amperes [62]. This is interesting because the Alfvén current – the highest current of

electrons which can propagate in any medium [63, 64] – is approximately 50kA, orders of

magnitude lower. At first this seems a contradiction, and perhaps FI is doomed from the

start; however it turns out that, through a combination of charge separation and induction,

a return current almost equal in magnitude, but of opposite sign, to the fast electron current

is generated by the plasma, so that the net forward current satisfies the Alfvén limit [62].

Modeling the physics of such return currents is essential in order to get its global dependence

correct and therefore it can be important to use isolated targets [65].

In FI we therefore have a total (net) current that may not be that high, though both

the forward and return currents are them themselves very large and much greater than

that which is often encountered. In addition, in order for there to a large net heat flux,

the average kinetic energy of the electrons making up the forward and return current are

widely separated, meaning that in some respects they can be treated as different species with

qualitatively different physical behavior. In particular, the effect of Coulomb collisions can be

quite strong on the thermal electrons drifting back towards the source, but almost absent for

the relativistic forward “beam”. We use “beam” in quotes because the distribution function is

a monotonically decreasing function of energy. The distribution function is asymmetric with

the forward going electrons have higher energies than the backward flowing electrons. The

combination of these two facts leads to a very interesting phenomenon that might arise in

these interactions under certain conditions, in particular, when high densities and/or high
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atomic number ions are present, which is known as resistive collimation.

To derive the equation for the growth of the magnetic filed in a resistive medium, we will

start with a generalized (but still simple form) Ohm’s law from so called single-fluid plasma

theory [66]. Often only the collimation term ([67, 68, 69, 70, 71, 72]) or the collimation and

the diffusion term ([73, 74, 75]) are retained in this analysis. Even with a simple form for

Ohm’s law this leads to five terms, four of which we see as potentially relevant to FI electron

beams (diffusion we will argue is not). However, we still find it necessary to make a number

of further simplifying assumptions, in order to make interpretation meaningful. They are:1)

that the convective derivative of the total current is zero; 2) that the ratio of the ion to

electron mass goes to infinity, mi/me →∞; charge neutrality, so that ne = Zni; 3) that the

total pressure is given by the electrons, and is a scalar, pe; and finally 4) that the current

can be broken into a component from fast electrons and one from the thermal background

electrons, J = jfast+ jthermal, and that the collision term is well approximated by an effective

collision frequency, ν, times the current of thermal electrons.

In addition, we will be using Ampère’s law, in which we will assume that the displacement

current can be neglected, ∂E/∂t = 0. Please not though that, although this approximation

precludes space charge effects such as those that arise in streaming instabilities and precludes

radiative effects, it does permit current filamentation and Weibel like instabilities.

With all this taken into account, the simple Ohm’s law is

E +
v ×B

c
=

J×B

nee c
− ∇pe
nee

+ η jthermal (1.6)

where η = ν me/nee
2. Next Ampère’s law without the displacement current can be written

as,

∇×B =
4π

c
J =

4π

c
(jfast + jthermal);

which can then be used to solve for η jthermal

η jthermal =
c

4π
η∇×B− η jfast.

Last, we use Faraday’s law, ∂B
∂t

= −c∇ × E, to find the equation for the evolution of the
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magnetic field

∂B

∂t
= ∇×

(
v ×B− c2

4π
η∇×B− J×B

nee
+ c
∇pe
nee

+ c η jfast

)
. (1.7)

The first three terms include B itself, and therefore represent the modification or trans-

port of an existing magnetic field. The first term transports the field with the bulk movement

of the plasma, which can be seen by combining eq. 1.7 with all other terms on the right-

hand side dropped, the continuity equation, ∂ρ/∂t+∇ · (vρ) = 0, and the definition of the

convective derivative, D/Dt = ∂/∂t+ v · ∇. This leads to

D

Dt

B

ρ
=

B · ∇
ρ

v.

In two dimensions this is even simpler, as for self-generated fields, B · ∇ = 0, and so the

ratio of B to ρ can be seen to be a convective constant. The second term can be rewritten

as −∇ × ( c
2

4π
η∇ × B) = c2

4π
(η∇2B − ∇η × ∇ × B), which, ignoring any gradient in the

resistivity, gives a diffusion equation for the field; importantly this effect disappears when

the resistivity goes to zero. The third term can be rearranged to give (again taking advantage

of B · ∇ = 0 in 2D) to give c∇ne ×∇|B2|/(4πn2
e), and so can give an evolution of the field

when a gradient in magnetic pressure and material density are transverse, and the magnetic

pressure is sufficiently large.

The last two terms are the only terms which don’t depend on B, and so it is these terms

that can create magnetic field when there was none before. The first can be expanded, using

pe = neTe, to give (c/e)∇ne ×∇Te/ne, and so can create magnetic field where temperature

and density gradients are crossed. Such a situation arises, for instance, when a beam which

is heating the background crosses a transverse material boundary. Note that an anisotropic

pressure tensor can also create a B-field even if ∇ne=0.

Finally the last term, which comes from the solenoidal part of the resistive electric field,

can lead to the creation of a magnetic field if either the current or the conductivity have

spatial dependence. A few points about this term are worth emphasizing at this time. First

notice that for a finite width beam and a uniform collisionality, the sign of the field growth

is the correct one to focus and channel the incoming fast electrons, and hence this term is
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said to lead to magnetic collimation. However also notice that for the return current – the

current which created the resistive field – the sign is opposite of that, and so would instead

lead to a defocusing of the electrons in the return current. However, the return current (with

its lower velocity particles) is not strongly effected by the magnetic field. This is why having

the two distinct currents, with distinct collisionalities, is a unique and key feature of resistive

collimation. Lastly, there are actually two effects in the last term as can be seen by rewriting

it as: ∇ × (c η jfast) = c η∇ × jfast − c jfast × ∇η; the first term will lead to collimation

of a cylindrical beam as just stated; however, taking into account the Ohmic heating of

the background and assuming Spitzer resistivity (in point of fact due to the return current,

though the result is identical either way), the second will oppose the first and lead to a

decrease in collimation or even beam deflection. The non-linear interplay between these two

effects, even ignoring the other terms in the Ohm’s law, let alone the actual kinetic nature of

the collision term, shows that resistive collimation is a very complex phenomenon, for which

analytical models struggle and even in simple situations numerical modeling is key.

1.6 Outline of Disseration

The rest of the dissertation is broken into four chapters.

Chapter 2 analyses and discusses the basic physical mechanisms responsible for laser

absorption at a sharp interface between vacuum and a highly overdense plasma. Such physics

is important for converting intense and energetic lasers into relativistic electrons as is needed

in the FI concept. In particular, by using one- and two-dimensional PIC simulations we will

show that there are two main mechanisms present in these interactions, one which happens

directly at and in front of the material surface in a single laser cycle and another which

happens chaotically over a variable length of time throughout an underdense region of plasma

that forms in front of the target over ion time scales. A key observation developed in this

chapter is that it is the former mechanism which generates the moderate energy electrons

necessary for effective coupling to core in the FI scheme, while the latter leads to electrons

of unbounded energy and hence is inefficient from an FI perspective. Thoughts on how to
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optimize the surface acceleration and minimize the underdense acceleration are presented.

Chapter 3 discusses an experiment on the Omega EP laser system and PIC simulation

modeling of that experiment. The design on the experiment was to look for differences in the

transport of an electron beam – generated using an ultra-high intensity laser focused onto

a solid (gold) target layer – through either cold matter or a pre-shocked (warm) material in

what is sometimes known as the ‘warm-dense matter’ state. The experimental results were

that total beam transport – as measured in particular through K-α radiation from a copper

foil on the far side of the target – was greatly diminished in the warm-dense matter case as

compared to the cold case. Our PIC modeling indicates that a prime cause of this different

behavior is likely to be the difference in the magnetic field structure created in the two types

of targets. In the case of cold matter a quasi-static magnetic field is formed which leads to

resistive collimation of the forward beam. Contrariwise, in the warm – or as it turns out

more importantly, less dense plasma – no such collimating field arises. And, in addition,

the B-field which is created, via the current filamentation instability, is transported back

with the material current to edge of the gold layer, creating a strong magnetic field at the

gold/plastic interface field which potentially disrupts the forward current.

Chapter 4 presents theoretical analysis and simulation of a numerical effect which we

term ‘Macro-Particle Stopping.’ This effect is caused by the ‘macro’ nature of the particles in

a particle-in-cell code, where one macro simulation particle can be thought of as representing

many physical particles. In particular, we find that the effect of the electrostatic wake of a

relativistically traveling particle is proportional to q2/m, rather than to q/m as would be

the case for the response to an externally created field (that ratio being independent of

macro-particle size). This leads to anomalous stopping of the particle, and simultaneously

an anomalous heating of the background electrons. We find that this effect is very relevant

to the parameters often used in FI simulations, both in our own work and in many other

published results. We also present and demonstrate a solution for reducing the effect of

this macro-particle stopping to acceptable levels, by splitting the highest energy particles (a

technique which was used in almost all the simulations in chapters 2 & 3). We reran our

global integrated FI simulations previously published Tonge et al, uses the splitting algorithm
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to better understand the fast electron spectra for FI.

Finally, chapter 5 summarizes these results, provides conclusions, and discusses appli-

cations and directions for future work.

42



CHAPTER 2

High Intensity Laser Absorption in One- and

Two-Dimensions

The mechanism of absorption of intense laser light by overdense matter is of interest to a

variety of experimental and technological applications,

Fast Ignition Inertial Confinement Fusion and Compact Ion Accelerators. In addition it

is interesting from a purely scientific perspective, as a collisionless plasma phenomena in a

relativistic regime. As more and higher quality high intensity laser facilities come online,

it will be of increasing importance to have an understanding of the underlying physics of

high-intensity laser-matter interactions, both to plan experiments correctly, and to be able to

match the diagnostics from experiments to the underlying physical processes which generate

them.

Various mechanisms have been proposed for the absorption of laser light in this regime

[47, 76, 46]; some mechanisms may take place simultaneously, while others are mutually

exclusive. Three of the key factors which can affect the absorption of laser light in high

density plasmas are, the distribution function of the plasma at the surface, especially the

transverse momentum; the spatial distribution of underdense plasma in the region in front

of the critical density surface (the so-called ‘pre-plasma’); and the transverse structure of

the critical surface, especially at scale-lengths comparable to the laser wavelength.

In this chapter, we examine the absorption of laser light in a regime where the pre-plasma

is minimal, where the surface of the plasma is initially flat, and where the transition from

underdense (in fact vacuum) to greatly overdense is over a scale much less than the laser

wavelength. This situation is very relevant to high intensity lasers with minimal prepulses
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interacting with overdense plasmas. We have discovered that the standing-wave structure of

the superposition of the incident and reflected light is critical to the mechanism of accelera-

tion of electrons, with both the electric and magnetic fields playing key roles.

Although the absorption of high-intensity laser light potentially has many applications,

probably even including some which haven’t been imagined yet, the initial and primary

motivation of this research was in the context of the Fast Ignition concept. As such, most

effort was put in to discovering and optimizing the mechanism which generates high fluences

of moderate energy electrons, which are believed to be most able to couple to the compressed

core of a fusion target – usually estimated to be those in the range of 1-3 MeV, that is with

a relativistic γ factor in the low integer range. This is the reason for the emphasis on the

regime of sharp, flat surfaces: as we will show this is the ideal - in fact essential - geometry

for coupling the laser efficiently to the plasma without generating very energetic, "hot",

electrons of unbounded energy.

2.1 1D Simulations

We begin by looking at simulations in only one spatial dimension. We do this because it is

the most simple geometry and hence the easiest to analyze; it also clearly illustrates the basic

features of the interaction mechanism which can be harder to isolate in the more complicated

and multi-faceted regime of multi-dimensionality.

However we would also like to emphasize that some of the results, even some of the

most essential, will be erroneous and contradicted by what is found in higher dimensions.

Specifically the strong dependence on initial temperature is not a feature seen in 2D or

3D simulations (with the caveat that in 2D s-polarized simulations the results do depend

strongly on the initial temperature). The reason for this is that in 2D p-polarized and full

3D simulations the plasma heats up strongly for unavoidable reasons that will become clear

soon. In these cases the results do not therefore depend on the initial temperature. A number

of groups have attempted to explore the absorption of intense laser light in one dimension,

both in simulation and theory [46, 47], most likely because it is most computationally efficient
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to do so. Their results, though, are in general either not present in higher dimensions or are

at best of transient and marginal importance to the absorption mechanism. The reason is

that – as we will show briefly – although parts of the absorption process have one (spatial)

dimensional models, the actual response of the plasma is the result of the constant interplay

and equilibrium of single- and multi-dimensional physics. Therefore the results that follow

presently should be thought of as investigating the individual parts of the interaction singly,

and decidedly as not modeling an actual laboratory situation, even an idealized one1.

2.1.1 Fixed Ions

A typical simulation setup in one-dimension is as follows. The plasma is initialized inside

a box 75.6 c/ω0 long, where ω0 is the frequency of the laser; this is approximately 12 laser

wavelengths long, which of course is 12µm assuming a 1µm laser. To the left of the plasma

is a 6.3 c/ω0 (1µm) vacuum region. At x1 = 6.3 c/ω0 the density of the plasma ramps up as

a step function to 100nc (∼ 1.11 × 1023cm−3 for a 1µm laser, or ∼ 1.006 × 1023cm−3 for a

1.053µm laser) and remains constant for the rest of the simulation box. At time t = 0 a laser

pulse is launched from the left-hand side of the box, with a normalized vector potential a0 of

6 (which gives and intensity I ∼ 4.93× 1019Wcm−2 for a 1µm laser), and is polarized with

the electric field in the x2 direction. The rise time is 12.6/ω0 (two laser periods, ∼ 6.67fs),

after which it stays constant. Initially we consider a perfectly cold plasma, i.e. vth = 02. This

is admittedly unphysical, but as we will see shortly temperature – and especially, transverse

temperature – plays a key role in the laser absorption, and so it is best to remove the effects

of the initial temperature when performing the initial analysis.

The numerical parameters are as follows. The cell size is 0.0105c/ω0 (sufficient to ade-

quately resolve any skin-depth scale physics), there are 600 particles per cell, and the time

step is set by the Courant condition. The particle shapes for both current deposit and parti-
1 In fact the one-dimensional simulation we show which is probably the most pertinent to the ‘real’ result

is the one with an initial plasma temperature of 511 keV, and the authors don’t think they need to work
hard to be convincing that such a target (at solid density!) is not a very reasonable one by itself.

2 In most PIC codes it is difficult to look at low temperature phenomena due to spurious heating caused
by the grid (‘grid heating’). However in OSIRIS we are able to greatly reduce this effect by using higher
order particle shapes.
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cle push are third-order splines (‘cubic’); before advancing the fields the current is smoothed

with a 4-pass (1,2,1) filter followed by a (-5,14,-5) compensator; and the field solver uses a

standard Yee [77] mesh. Boundary conditions are absorbing (Lindman [78]) for fields, and

specular reflection for particles. A charge conserving current deposit is used [79]. Also, as an

ion species is not initialized and the initial electric field is set to zero, OSIRIS behaves as if

there is an infinitely massive neutralizing ion background.

The phase space of this simulation after ∼250fs of laser illumination3 is shown in figure

2.1. Figure 2.1.a shows a 2D colormap of particle count versus forward position (along the

laser propagation direction) and forward momentum. One can see a slightly warmed, isotropic

plasma around p1 = 0;4 a thermally broad but rather spatially uniform forward-going group

of electrons with a few orders of magnitude less density, with velocities up to about 0.15c;

and an even sparser beam tail above that with velocities peaking at about 0.3c, with perhaps

a small amount of spatial coherence. One can also see that no particles have escaped into

the vacuum region in front of the target, even at this relatively late time. Figure 2.1.b

shows the distribution function, found by spatially averaging a small section of 2.1.a (in

the range 8 < x1 < 10); it shows the same groups of electrons: a thermal background of

about vth = 0.01c, and a beam with momentum out to p1 = 0.3mec, with a break in slope

between them at p1 = 0.15mec. Thus we find that no particles are accelerated to more than

5% of the quiver velocity of the laser (which is given by p = a0mec, i.e. is 6), and most

are confined to 2.5% or less. Figure 2.1.c shows the total heat flux carried by the electrons

as a function of γ − 1 (kinetic energy) – averaged in the same volume – which shows that

the bulk of the energy is carried by particles with a γ − 1 < 0.01 (corresponding to a

momentum |~p|/mec < 0.1), even though such particles both carry less energy each and have

lower velocity. Calculating the energy absorbed by comparing the forward heat flux of the
3 Most of the the one dimensional simulations with similar box sizes will be run for a shorter period of

time, to avoid allowing particles to reflux off the back of the box and interacting with the laser multiple
times. (Alternately, as we will see in the two-dimensional simulations, the refluxing can be eliminated with
careful use of more advanced boundary conditions; c.f. appendix B). However in this case the velocities are
non-relativistic, so acceptable timescales are longer.

4 Careful inspection of 2.1.a or 2.1.b reveals that the cold plasma is not in fact centered around p1 = 0
but actually around a slightly negative p1. This is due to the bulk plasma setting up a return current to
counteract the current of the hot electrons and maintain quasi-current neutrality for the system.
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Figure 2.1: Phase space data for a 1D simulation of an a0 = 6 laser incident on a plasma

with the initial temperature of Te = 0. Sub-figure 2.1.a shows the p1x1 phase space (i.e.

particle count vs. forward position and forward momentum); sub-figure 2.1.b shows the

forward momentum distribution function at the front of the plasma, that is essentially a

line-out of figure 2.1.a (though actually an average over a small section); sub-figure 2.1.c

shows the forward heat flux as a function of the kinetic energy (‘γ − 1’) of the electrons

carrying it. A small excess of forward-going electrons can be seen in 2.1.a and 2.1.b, and

some net heat transport in 2.1.c; but the peak momentum is ∼ 0.3mec, i.e. the (proper)

velocity is 5% of the quiver velocity, uq = a0c, and total heat flux is low and carried by the

lowest energy particles.
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electrons in a spatially (8 < x1 < 10) and temporally (one laser period) averaged window

inside the plasma5, we find that total laser absorption is 0.0145%. Clearly absorption and

energy conversion are very low for a cold plasma, at least in this geometry.

We next look at a slightly more realistic simulation, where all parameters remain the

same except we give the electrons a finite temperature. We will initialize the plasma as a

Maxwellian with a proper velocity of 1.0 × 10−1c in the x1 and x2 directions, and zero in

the x3 direction6; this is equivalent to a temperature of approximately 5keV . Figure 2.2

shows the same phase space diagnostics as are shown in 2.1 after ∼ 50fs of laser irradiation.

Looking at the 2D p1x1 phase space in 2.2.a, the most noticeable feature is the existence

of bunches of high γ particles streaming into the plasma (appearing as upward pointing

‘strings’, ‘arms’, or ‘fingers’ in this diagnostic). These contain electrons with momenta up to

almost 3mec, i.e. one half of the quiver velocity. They are spaced about πc/ω0 apart (half a

laser wavelength), indicating that they are generated once every half laser cycle because they

have a speed near the speed of light. They also have the characteristic ‘leaning into the wind’

appearance of high energy particles out running lower energy ones, indicating that they all

initially enter the plasma together (a conclusion reinforced by the vertical appearance of the

very first bunch). However the arms are very thin and tenuous, a point made more clear

by looking at the spatially averaged distribution shown in figure 2.2.b (again averaged in

the range x1 = [8, 10], i.e., centered around the second ‘arm’) which indicates that the total

density contained in a beam is orders of magnitude less than the background plasma density.

Also note that once again exactly zero particles have been able to escape into the vacuum

region.
5 Although it would be more direct to measure absorption by looking at the Poynting flux, the net signal

can be very weak compared to peak value; in addition there is a beat between the incident and reflected
beams, and there are harmonics in the reflected beam. The heat flux does not have these complications, and
so is usually the preferred diagnostic. (The added complication is that any absorption which leads to heating
at the front of the target would be missed; however these measurements are taken after a pseudo-steady
state is reached at the surface, so heating should be minimal.)

6 It can easily be shown that due to the conservation of transverse canonical momentum in 1D geometry
(see the appendix), the physical momentum in the direction perpendicular to the laser polarization is strictly
conserved at all times. Although setting a temperature in this direction would have virtually no effect on the
physics either way (with the interesting caveat that for relativistic temperatures, it would appear to modify
the rest mass of the electrons). we have a slight habit of making it zero in such cases, as it somewhat reduces
the noise.
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Figure 2.2: Phase space data for a 1D simulation of an a0 = 6 laser incident on a plasma

with the initial temperature of Te = 5keV . Sub-figure 2.2.a shows the p1x1 phase space; sub-

figure 2.2.b shows the forward momentum distribution function at the front of the plasma;

sub-figure 2.2.c shows the forward heat flux as a function of the kinetic energy of the electrons

carrying it. Bunches of accelerated electrons can be seen in 2.2.a, with the peak momentum

of roughly 3mec, that is half of the quiver velocity uq = a0c. The bunches however are very

low density, and total heat flux remains small; as in 2.1.c the heat is carried predominantly

by low energy electrons.
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As the initial plasma has a much broader distribution than that seen in 2.1.a, it’s harder

to see the moderate energy (p1 ∼ +0.3mec) beam just above the thermal energy; none the less

if you look closely at 2.2.a it’s apparent that the bulk distribution is not symmetric about the

momentum peak and is broader in the forward-going direction. This conclusion is confirmed

by looking at the heat flux versus γ in 2.2.c, where it is clear that most of the energy is being

carried by particles with kinetic energies around 0.1mec
2, and very little is carried by the

high energy electrons. Measuring the spatially and temporally averaged energy flux being

carried by the plasma, we find that total energy absorption is 1.11% of the incident laser

energy. Therefore we find that although the energy absorption is about 2 orders of magnitude

greater in a ‘realistic’ one dimensional plasma than in a cold plasma – and although we are

able to accelerate some electrons to relativistic energies – total laser absorption still remains

quite low, and what little energy is absorbed is carried almost entirely by non-relativistic

electrons.

Next let’s look at another somewhat unphysical simulation but in the opposite sense to

that shown in figure 2.1, i.e. the plasma has an unreasonably high temperature. Again we

keep all other parameters the same, but initialize a plasma with a thermal proper velocity

of 1.0c in the x1 and x2 directions, which gives a temperature of roughly 313keV . Results

are summarized in figure 2.3, showing the same diagnostics as figures 2.1 and 2.2. Looking

at figure 2.3.a, we see features similar to figure 2.2.a, but with notable differences. Most

apparent is that there are now electrons all the way up to to twice the quiver ‘velocity,’ with

proper velocity u1 = 12c. Also the ‘arms’ are now bent back towards the surface rather than

leaning into the plasma, appearing almost like ‘hooks’ from a microscopic picture of Velcro.

This shape, coupled with the highly relativistic momenta (i.e. all velocities are near c),

indicates that the highest energy electrons enter the plasma at a later time then the lower

energy front of the bunch. The distance between the front of the bunch and the highest

energy electrons is just about πc/2ω0, indicating that a quarter laser period separates their

entrance into the plasma. The electrons which enter last make the downward arch of the

hook. A closer examination of each hook reveals that the density of each gradually decreases

as one moves from its base up to the tip of the hook. This indicates that fewer electrons
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Figure 2.3: Phase space data for a 1D simulation of an a0 = 6 laser incident on a plasma

with the initial temperature of Te = 316keV . Sub-figure 2.3.a shows the p1x1 phase space;

sub-figure 2.3.b shows the forward momentum distribution function at the front of the

plasma; sub-figure 2.3.c shows the forward heat flux as a function of the kinetic energy

of the electrons carrying it. Bunches of electrons with velocities up to twice the quiver veloc-

ity can be seen going into the plasma. The density of these bunches is nearly constant from

p1 = 5mec up to the peak momentum, as can be seen in fig. 2.3.b. Similarly the heat flux

is partitioned close to equally among the energetic particles, as indicated by fig. 2.3.b being

almost flat between (γ − 1) of 2 and 12. Circled particles and areas indicated by arrows are

explained in the text.
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re-enter the plasma at the end of each cycle. One can also see that, in contrast to lower

energies, a small number of electrons can escape into the vacuum region (they appear here

as very faint dots, a select few are indicated by circles), and there are also now high energy

electrons in the plasma which are not part of the hooks. It will turn out that these two facts

are related Furthermore, although also difficult to discern on this color map, there are small

‘divots’ in the bulk plasma at the base of each hook (marked by arrows), indicating fewer

electrons compared to the adjacent phase space on either side.

Although still quite narrow in x1 at a given energy, the arms do seem more substantial

(wider, higher, and denser) in figure 2.3.a than in figure 2.2.a. This can be seen more quanti-

tatively in figure 2.3.b, where again the distribution is averaged over the window x1 = [8, 10],

i.e. around the second arm. It is apparent that although still orders of magnitude less dense

than the plasma, the very energetic electrons, all the way up to p1 = 12mec, are now rela-

tively large in number, indicating that the relativistic electrons now play a key role in the

dynamics. This is further confirmed by looking at the forward heat flux in the same region

in figure 2.3.c, which shows that the energy is now carried equally by relativistic electrons

all the way out to the maximum energy. Although the momentum distribution is now far

too broad to easily see any shifts in the bulk plasma, this effect can be seen instead also in

figure 2.3.c as a strong negative peak in heat flux for the lowest energy electrons. Measuring

the spatially and temporally averaged total heat flux, we now find that the energy carried

by the electrons is equal to 24.8% of the incident laser energy; the time-averaged Poynting

flux gives the same result to within a few percent. We can therefore conclude that for a

sufficiently hot plasma, there can be significant energy absorption and significant relativistic

electron generation by a high a0 laser at a steep interface, even in one dimension.

We have shown through sample simulations that the initial temperature of the plasma

plays a key role in the laser absorption at steep interfaces, with the absorption varying by

orders of magnitude between the cold (uth = 0), ‘tepid’ (uth = 0.1c), and hot (uth = 1.0c)

results in one dimension (though none of these individually represent an adequate model-

ing of a correct, multidimensional result). In addition, as we stated earlier it is specifically

the transverse temperature which affects the absorption. This is especially important be-
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Figure 2.4: Phase space data for a 1D simulation of an a0 = 6 laser incident on a plasma

with the initial temperature of Te = 5keV in the forward direction only, and Te = 0 in

the transverse direction. Sub-figure 2.4.a shows the p1x1 phase space; sub-figure 2.4.b shows

the forward momentum distribution function at the front of the plasma; sub-figure 2.4.c

shows the forward heat flux as a function of the kinetic energy of the electrons carrying

it. Comparing to fig. 2.2 (which has the same temperature but isotropic), the accelerated

electrons are clearly greatly diminished in both density and peak momentum; the ‘bunches’

of electrons can barely be called that any more, as they stream over each other and dissipate

even in the short distance shown. Correspondingly the total heat flux is significantly lowered.
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cause in one-dimension transverse canonical momentum conservation means that it is in fact

impossible to heat the plasma in the transverse direction, so that if it is this temperature

that controls the absorption mechanism, then the total absorption will depend on an input

parameter which is chosen more or less arbitrarily at the start of the 1D simulation.

Unfortunately it isn’t possible to have a plasma warm only in the ignorable direction as it

is quickly and strongly unstable to the Weibel instability [80]. However it is of course perfectly

stable to have the opposite, that is to have finite temperature in the physical direction and

zero temperature in the ignorable direction; we thus take advantage of this to isolate the

physics and carry out a simulation to see the effects of longitudinal temperature alone. The

results are shown in figure 2.4. We use uth = 0.1c. Figure 2.4.a is shown with the same

parameters as figure 2.2.a to allow easy comparison. The ‘strings’ spaced at half the laser

wavelength are clearly greatly diminished when the transverse temperature is zero, both in

density and maximum momentum; in addition the moderate energy group of electrons just

above the thermal background at p1 ∼ 0.3mec in figure 2.2.a is not discernible at all in figure

2.4.a. Comparing the distribution in figure 2.4.b with that in 2.2.b one sees similar differences,

with a sparse beam just barely above an almost unperturbed thermal background, and figure

2.4.c shows a barely measurable amount of net heat flux at modest γ. Calculating the laser

absorption from the total heat flux gives a net absorption of 0.0735%, a factor of 5 greater

absorption than the isotropically cold case, but a factor of 15 less than isotropically warm.

Since the difference in total kinetic energy between isotropically and anisotropically warm is

only a factor of 2, it is therefore clear that the transverse momentum has the largerst effect

on the laser absorption The initial longitudinal temperature must necessarily be present to

keep the plasma stable against the Weibel instability, but it is not needed for absorption.

To obtain a more functional understanding of the dependance of laser absorption on

plasma temperature, we carried out a set of simulations where the initial temperature was

varied in steps on a log scale. Total absorption was measured via the same method as

described above: by running the simulation until any transient behavior from the initial

laser interaction died away (about 50fs), and then calculating the temporally and spatially

averaged heat flux being carried by the electrons into the plasma. Figure 2.5 presents the
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Figure 2.5: Total laser energy absorbed for an a0 = 6 laser in one dimension, for different

initial temperatures with either isotropically warm plasmas or plasmas with temperature

only in the physical direction, shown as a log-log plot. Only the very coolest plasmas give

absorptions which are not a function of the initial temperature, and it isn’t till the tem-

peratures become relativistic that absorption approaches unity. Anisotropic plasmas show

significantly lower absorption than isotropic plasmas.

results as a log-log plot for a set of 30 simulations. There are two simulation curves which

correspond to vth1 = vth2 , ‘isotropic’ (red crosses); or vth2 = 0, ‘anisotropic’ (blue x’s). The

vth1 = vth2 = 0 case is not shown, but it had the same absorption as the lowest points on the

graph.

A number of results are apparent. First, for initial isotropic temperatures below Te =

5 × 10−7mec
2, i.e. 2, 900◦K, or 0.26eV, the absorption is independent of temperature and

the result is similar to the idealized case of Te = 0. This is in contrast to the work of Sanz

et al.[47], who propose a cold-fluid theory to explain the absorption they see in a 1D PIC

simulation with Te = 500eV . Next, for temperatures between Te ∼ 10−4mec
2 and Te ∼ mec

2,

the absorption is given by a gentle power law; measuring the slope of the graph gives an

exponent of roughly 0.72. As the temperatures become relativistic the absorption levels off

as energy conversion approaches unity, approaching as high as 73.8% for Te = 10mec
2.

An examination of the anisotropic results shows that as has been mentioned previously

and as we have seen in one case already, the absorption for this situation is much less than

55



the isotropic one. In general, when vth1 is the same, it is decreased roughly an order of

magnitude; and so the temperature must increase multiple orders of magnitude to achieve

the same absorption. It is also worth noting that the ‘turn on’ temperature for the anisotropic

case, that is the temperature at which absorption starts to increase from the cold result, is

equivalent to a thermal momentum of p1 ∼ 0.01mec. This is roughly the temperature we

saw in the background plasma group in figure 2.1, indicating that the absorption in the cold

case is in fact due to the small amount of longitudinal heating that is possible for that case.

2.1.2 Mobile Ions

At first glance it may seem that we have artificially restricted the physics when we implicitly

stipulated that the ions be fixed by not initializing a neutralized species, creating an artificial

model to show that the one dimensional result isn’t pertinent to the multi-dimensional

situation. Furthermore, we seemingly did so rather unnecessarily in that it would be a mere

doubling of computational cost to include an additional species7. One might easily imagine

that mobile ions might provide a lower density ‘shelf’ in front of the main plasma. This

would lead to a much higher absorption in the sub-critical density plasma, which would

then transport heat into the over-dense plasma, thereby leading to a higher temperature and

thus higher absorption. Again it is still only possible to heat in the longitudinal direction,

meaning that at best mobile ions will give a slightly ‘less unphysical’ simulation geometry.

. An argument along these lines was made by Kemp et al. in [46], although their logic

and approach was slightly different, postulating that an ion shelf of specific density and

depth would setup an electrostatic field which would then ‘pull’ electrons into the laser field.

Temperature did not play a part in their explanation.

Indeed when we look at the one-dimensional cold plasma result with mobile ions, we do

see somewhat of an ion shelf, greater electron heating, and indications of much greater laser

absorption over the same simulation with fixed ions. However, as we will now show, this is
7 In actuality there is nothing in PIC linking the total number of macro-electrons and that of macro-ions,

and we can and do choose the ratio freely; however more ions than electrons is rarely done in practice,
making this for practical purposes an upper bound.
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Figure 2.6: Forward momentum-forward position phase space plots for electrons in a 1D

simulation of an a0 = 6 laser incident on a cold plasma with mobile ions also included (which

have a mass-to-charge ratio approximately that of D+ ions). Sub-figure 2.6.a shows the phase

space in the entire simulation, 2.6.b shows a zoomed-in image of the surface region. Deep in

the box some electrons up to p1 = mec can be seen, but no such particles are present near

the surface. Although the plasma has been heated, especially at the front, except for this

bunch there is hardly any asymmetry between the forward- and reverse-going parts of the

distribution function.

in fact primarily due to an entirely different mechanism than that present in the fixed ion

case, and is no more relevant to the ‘correct’ result than other 1D simulations8.

To study one dimensional mobile ion laser absorption, we use a simulation setup identical

to that shown in figure 2.1, except for two differences. We now include a mobile ion species

(we use the same number of ions as electrons), with a mass-to-charge ration 4000 times times

that of the electron, this being roughly the correct ration for deuterium9. The ions are also

cold We also make the box much longer, as we need to run for longer to let the transient

behavior die out and unlike the fixed ion cold case it is no longer true that there are no
8 We will see later on that it does bare some similarities to the multi-dimensional circularly polarized

case, however these similarities are more intellectually interesting than they are actually instructive.
9 Interestingly, this is roughly the correct charge-to-mass ratio for virtually all fully-ionized nuclei besides

hydrogen and tritium, and hence so long as collisions and other single particle effects can be ignored these
results apply to any material.
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relativistic electrons that can bounce off the back of the box and return to the front.

Figure 2.6 shows the phase space results for electrons. As can be seen in 2.6a, there

are electrons traveling deep into the plasma with momenta up to and exceeding p1 = mec.

However, as there are not electrons nearer the surface of the plasma with such large momenta,

it is clear that their generation was a transient event and is no longer occurring. In fact their

generation was related to the evolution of an ion shelf – they are the electrons which were

on that shelf. However once they are driven off by the laser the shelf remains bare and so no

further electrons can be accelerated off of it. Looking at figure 2.6b, which shows a zoomed in

region of phase space near the surface, one sees that the number of backward What is more

striking is that the plasma has heated up considerably, especially in a roughly skin-depth

thick layer right at the surface. Also noteworthy is that the plasma has compressed quite a

bit – originally the electrons went to x1 = 2π, the left side of the box in figure 2.6b.

One might therefore expect non-negligible laser absorption, especially if the temperature

in the surface layer is the pertinent factor (which is measured to be roughly 50 keV10).

Indeed, if one measures the absorption by calculating the spatially and temporally averaged

Poynting flux in the vacuum region, one finds a value of 2.70% – still a small amount, but

much more than the 0.0145% seen in the fixed ion case. And in fact that absorption level is

rather consistent with an anisotropic temperature of 50 keV from figure 2.5. However as we

discuss next that turns out to be a complete coincidence.

That something entirely different is going on is made clear by looking at figure 2.7, which

shows the energy flow in the simulation in the material species. The magenta line shows the

heat flux in the electrons, which has a significant value right at the surface of the plasma but

then quite quickly dies down by an order of magnitude11. Contrasting this is the heat flux

carried by the ions, displayed in green, which shows significant energy being carried into the

plasma. Looking at the ion momentum phase space, shown in figure 2.8, makes it clear what

is actually happening: a compressional shock is being driven into the plasma, accelerating
10 Interestingly though the distribution in that region is no where near a Maxwellian but is in fact an

almost perfect waterbag, as in addition is the slightly cooler region right behind it.
11 And this spike does not in fact represent any absorption; rather it is the hot plasma - which was warmed

in a transitory event - traveling inward as the plasma is compressed.
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Figure 2.7: Material heat flux in the plasma. Magenta: Heat flux in electrons. Green: Heat

flux in ions. The absorption physics is dominated by the contribution of the ions, as can be

inferred from the fact that they carry most of the energy. In fact even the narrow spike in

the electron heat flux near the plasma edge is not related to (current time) absorption, but

rather is caused by the inward motion of the already hot surface.

ions to twice the implosion velocity as they bounce off the shock. Equating the momentum

carried by these ions with the momentum imparted by the laser, it can be readily derived

that the compression velocity of the plasma is given by [38]

βfront =
a0√

2

√
n0

np

me

me +Mi/Z

1 +R

2

or, assuming the ion mass, Mi, is large compared to the electron mass, and that reflectivity

R is unity12,

βfront =
a0√

2

√
n0

np

meZ

Mi

(2.1)

For the parameters of the simulation this gives βfront = 0.0067, compared to a value of

0.0069 found by measuring the actual displacement of the plasma front. From eq. 2.1 the

total power being absorbed by the ions can also be easily found, and is given by

Power/Area =
√

2a3
0

√
n0

np

meZ

Mi

n0mec
3

12 It is in fact possible to retain the reflectivity throughout the analysis and arrive at an analytic expression
for it, though the final form is rather complex.
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Figure 2.8: Forward momentum-forward position phase space plots for ions in a 1D simu-

lation of an a0 = 6 laser incident on a cold plasma. One group of ions can be seen traveling

inward as a bunch with the compression velocity of the surface (0.007c), and another group,

which reflected off the inward-moving surface, can be seen traveling into the plasma as a

beam with twice this velocity.

or, normalized to the laser intensity

Absorption = 2
√

2a0

√
n0

np

meZ

Mi

(2.2)

Using the values from the simulation, we arrive at a predicted absorption of 2.68%, compared

to 2.70% as measured from the Poynting flux in the simulation.

Therefore we find that the enhanced absorption we observe in one-dimension when we

allow ion motion is not due to the effects of electron heating, an ion shelf or other modification

of the plasma surface, or any other complex mechanism which would allow for electron

acceleration; rather, it is simply the mechanical consequence of momentum conservation

when that momentum must be carried by a species with finite mass. Hence, a one-dimensional

geometry remains a poor choice for studying electron acceleration, even with the addition of

a realistic ion species.
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2.2 Early Time 2D Simulations - Absorption at a Flat Surface

We have seen that in the one dimensional case, where the evolution of the plasma distribution

and the laser-plasma interaction region are greatly limited by the constraints of the geometry,

the absorption of the laser is primarily a function of the initial parameters of the simulation –

electron temperature, ion mass, vacuum-overdense transition shape, etc – and depends only

transiently on time before assuming a steady-state result. In fact the constraints are so great

and consequently the results so strongly dependent on the essentially arbitrary choices of the

simulationist, that it is our opinion that one dimensional simulations are of very little use

in understanding real results. Attempts to either develop theory to explain one dimensional

simulation results, or to develop one dimensional simulations to explain higher-dimensional

simulation or experimental results, has led to a great amount of confusion and contradictory

answers for the relevant absorption mechanisms.

The self-consistent evolution of the laser-plasma interaction in higher dimensions is quite

different, with the plasma having a natural response which is only transiently dependent on

initial conditions. We focus on the results in two-dimensional planar (‘slab’) geometry, which

in naturally more computationally efficient and easier to analyze than three-dimensional

results. Although of course the same can be said of one-dimensional simulations – and we

are arguing strongly that that is not a good reason for using them – we still believe 2D

simulations are sufficient in most ways and are a good compromise. In particular we will

show that the ability of the plasma to heat transversely – forbidden in 1D but possible in 2

– is a key facet of the interaction. When we believe the planar-geometry may be insufficient

and analysis in high geometry is warranted, we will say so in the text.

We first show results from a short simulation (<100fs) with an initially cold plasma and

mobile ions. This is to demonstrate clearly that electron acceleration is possible, and that it

happens early in time so that the ions have moved very little (results with fixed ions are up

to this point in most ways similar, though the peak acceleration is less, for reasons which

we will return to). This will also show that the phase space diagnostics of the accelerated

electrons most resemble the one-dimensional result in the case of an initially hot plasma,
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as stated earlier; and also that although the whole plasma is not as hot as it was in that

case, the temperature at the surface is in fact comparable. With these facts in mind, we

then return to a somewhat simpler simulation, with fixed ions and preheated electrons. This

second part can be understood from 1D arguments and simulations. We use particle tracking

in this simulation to explore the nature of the acceleration mechanism.

Based on these results, we propose a model to explain the results, which involves two

parts: the initial heating of the plasma surface due to instabilities in the current profile, and

the interaction of this heated layer with the standing wave structure of the reflected laser

light. We then use a numerical calculation to demonstrate the applicability and robustness

of the standing-wave model; and we look briefly at the heating mechanism in theory and

using a modified version of OSIRIS. Lastly in this section we mention the outcome of using

different laser polarizations in otherwise similar simulations.

2.2.1 Preamble - Early Time Evolution of and Absorption by an Initially Cold

Plasma

As was just stated, we will begin by examining the early time interaction of a plane wave with

a flat surface of initially cold plasma of many times critical density. Although this geometry

admittedly is a great oversimplification and idealization of what one would expect to see

in a laboratory plasma (especially a compressed hydrogen plasma), we will find the results

we obtain will be key to understanding the mechanisms present in a realistic interaction.

Indeed, one of the most critical intuitions to take away from these numerical experiments is

that, despite the fact that the initial geometry is quasi-1D, significant absorption is possible

in this geometry, and occurs at quite early times in the interaction. To repeat our point, this

is in direct contrast to the results of purely 1D simulations.

The physical and numerical parameters for the simulation we will look at first are as

follows. The spatial geometry is again 2D, with square cells of width 0.05c/ω0. Momentum

and field vectors are allowed in all there dimensions, though in most situations only two

electric, one magnetic, and two momentum vectors will be non-zero. The simulation box is
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25×2πc/ω0 in the x1 direction (‘long’), and 3×2πc/ω0 in the x2 direction (‘wide’). A plane-

wave laser, with frequency ω0, is launched from the leftmost boundary of the box, starting

at zero intensity at t = 0 and rising to a normalized intensity of a0 = 6 at t = 2×2π/ω0. The

leftmost side of the box has 2πc/ω0 of vacuum, and the plasma then extends 24× 2πc/ω0 to

the wall on the right. We are considering normal incidence, and the vacuum plasma interface

rises rapidly. The plasma has an average charge density of 100 × ω2
0me/4πe

2, but with a

3% sinusoidal variation in the longitudinal direction with wavelength 4πc/ω0
13; assuming a

laser wavelength of 1.053µm this corresponds to a density of 1.006×1023/cm3. The particles

are initialized with precisely zero momentum in all three directions. Both electrons and ions

are simulated, having an ion-to-electron mass ration of mi/me = 3643.8. There are sixteen

particles per cell for both species; the particles have cubic particle shapes (i.e. third-order

splines) for both current deposit and field interpolation. Boundary conditions are periodic

in the transverse direction for both particles and fields, and are absorbing for fields and

reflecting for particles in the longitudinal direction.

Phase space plots of p1 vs. x1 at four sequential times, spaced approximately 14fs apart,

are shown in figure 2.9. They are zoomed in in x1 to a region of about a third of the entire

box. The phase space density is obtained by averaging over the other phase space dimensions.

Figure 2.9.a corresponds to a time only a few laser cycles after the laser has first impinged

on the plasma. Although a response of the plasma is already visible, the density and energy

of the accelerated electrons are quite low; the momentum of the highest energy particles

is about 1 mec. Though difficult to discern at this zoom level, the surface has heated up

somewhat; the initially perfectly cold plasma can be seen at the rear of the target.

In the three next frames, two key changes can be seen taking place. First, the quantity

of accelerated electrons and their peak momentum are rapidly increasing. In the last frame,

which is taken ∼43 fs after the laser light at the surface reached peak intensity, the highest

momentum electrons are over 3 MeV/c. Second, there is a buildup of a thin layer of hot
13 The reason for this modification to the density profile is that in a uniform density plasma, the electron

bunches (‘arms’) that are sent forward can excite wakefields, whose wavelength matches to the bunch spacing
if the density is a perfect square (e.g. 100nc). These can lead to spurious resonant interactions, which are
removed by including variations like this sinusoidal one.
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Figure 2.9: Phase space plots of p1x1 for a 2D mobile ion simulation; (a), (b), (c), and (d)

correspond to times 3.2fs, 16.6fs, 29.9fs, and 43.2fs after laser intensity reaches its peak

value at the surface, respectively. The maximum momentum of the accelerated electrons

increases rapidly.

plasma at the material surface, which is discernible as a widening bulge of both forward and

reverse momentum. By the last frame, the surface layer has a temperature of roughly 100

keV.

Figure 2.10 shows three more plots coincident with the last frame in figure 2.9, i.e. 43fs

after full intensity was reached at the surface. All three frames show heat flux diagnostics.

Plot 2.10.a shows the total forward heat flux being carried in to the plasma by electrons, as a

function of forward position and the relativistic γ factor. It shows the same half-wavelength

spaced bunches as seen in the p1x1 plots, and shows that the energy is being carried more or
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less equally by particles with γ up to 10 or more (that is to say, the color of each bunch is con-

stant along its height). The color map scale here is linear, as opposed to the logarithmic scale

used in figure 2.9. Although the high γ particles makeup a population orders-of-magnitude

less dense than the total plasma density, the heat flux dynamics are dominated by their

contribution. Plot 2.10.b shows the total forward heat flux versus x1 alone (i.e. the data in

fig. 2.10.a is integrated over γ), with the y-axis normalized against the average power of the

incident laser. Here, we can see more clearly that the transported energy is concentrated

very narrowly in sharp beams separated by twice the laser frequency (each bunch moves at

c). This is in contrast to the form of the instantaneous (not time-averaged) Poynting flux

of a plane wave, which would be cos(2k0x1) + 1. The absorption can also be seen to be

rapidly increasing in time (the heat flux is smaller for the bunches deeper in the plasma

which were generated earlier in time) as the surface heats, increasing five-fold in the eight

laser half-periods shown14.

Lastly, in figure 2.10.c the total heat flux (not just forward) versus forward position and

angle of travel in radians is shown. Here we see that each of the half-laser-wavelength spaced

bunches are traveling alternatively above or below the pθ axis, by about 0.30 radians in either

case; this gives a divergence at the source of roughly 35◦. The reason there are no energetic

electrons moving along the pθ axis will be clear shortly.

2.2.2 Particle Tracking in Semi-1D - Acceleration Mechanism at Sharp Surfaces

Having shown from fully self-consistent 2D modeling that acceleration is possible from an

initially cold, flat surface, after only a few 10’s of femtoseconds, we now return to the sim-

plified case of a preheated plasma with fixed ions and use particle tracking to determine the

exact mechanism by which the energetic (high gamma) particles are being accelerated. We

will see that the standing wave structure is key to this mechanism, and in particular that

the structure of the magnetic field dictates how particles are, or are not, accelerated.

To study this, we will use the following simulation setup. The overall geometry is 21/2D,
14 Note that the absorption has not in fact plateaued; that the last bunch appears to be carrying less

energy is because particles are still being accelerated into it.
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Figure 2.10: Heat flux diagnostics at 43.2fs after peak laser intensity for a 2D simulation

with mobile ions. Frame a) shows forward heat flux vs. forward position and kinetic energy;

frame b) shows forward heat flux vs. forward position alone (i.e. the data from (a), integrated

along the vertical axis). Frame c) shows total heat flux vs. forward position and angle of

propagation. The total absorbed energy can be seen increasing rapidly in b) (note the front

peak is still in the process of gaining energy), and a) shows that the heat flux is carried

evenly by particles of all energies (indicated by each bunch being roughly the same color

throughout.) The accelerated bunches alternate in having transverse momentum one way

then the other, as seen in c).
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with a transverse width for the simulation box of 10c/ω0, and a longitudinal length of

25.2c/ω0. The front of the box is a vacuum region with a length of 3.15c/ω0, the rest of

the box is filled with a 100nc density electron plasma15, and the ions have infinite mass.

The electrons are initialized with an isotropic thermal distribution with a temperature of

153 keV (γthβth = 0.548). A plane-wave laser with a normalized vector potential a0 = 6 is

launched from the left-hand wall towards the plasma, with ~k parallel to the surface normal.

The laser rise-time is less than a laser period, after which it remains constant. The cell size

is 1
100
c/ω0 in both directions (10 cells per skin depth), there are 16 particles per cell, and the

particle shapes are cubic splines. The transverse boundary conditions are periodic, and the

longitudinal boundary conditions are absorbing for fields and thermalizing for particles.

As stated, we will be using 2D OSIRIS for these simulations; however we should note

that – due to the fixed ions, the short time-frame of these simulations, and the translational

invariance in the second direction in the initial setup (plane wave, uniform density, uniform

temperature, and periodic boundary conditions) – in this case much of the physics will be

1D and we could perhaps term this a semi-1D acceleration mechanism. However we still wish

to emphasize that the overall acceleration mechanism is inherently two-dimensional, as it is

only made possible by multi-dimensional heating.

Figure 2.11 shows phase space (x1 vs. p1 and p2 vs. p1) results for the simulation. In fig.

2.11.a, which shows the particle density versus forward momentum and forward position, as

expected we see a result similar to the 1D hot result from an earlier section, with hook-like

arms of particles streaming into the plasma with a spacing of half a laser wave-length. Fig.

2.11.b shows the forward and transverse momentum, and here we can see again of course the

forward jets of electrons; however it’s quite noteworthy that there are no particles moving

straight forward (p2 = 0), rather there are two sets of jets with finite either negative or

positive p2.

To elucidate the acceleration mechanism we will use particle tracking. Particle tracking,

as the term implies, involves tracking the trajectories of individual particles throughout the

duration of the simulation. This permits following their exact movement through ~p- and ~x-
15 A gentle density ramp is again added to the plasma, to avoid resonant effects.
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Figure 2.11: Phase spaces for a hot, semi-1D simulation. a) Forward momentum vs. forward

position. b) Forward and transverse momentum space. Particle positions for tracked particles

are indicated by black dots The transverse motion of the alternating bunches is reflected in

the two peaks in the p1p2 phase space, on either side of the p1 axis.

space and to record the fields which they “see” during that movement. In general we do not

know which particles will be ‘interesting’ before the fact; therefore it is usually necessary to

run a full simulation once and then select the particles which display the interesting features

at the end of the simulation. We then have to run the exact same simulation again, this

time recording their tracks. It is of course therefore necessary to re-run the simulation with

bit-wise equivalent results (including all initial conditions, so in particular the same pseudo-

random number generator seeds need to be used everywhere), and the ability to do this even

when working with billions or even trillions of particles spread across thousands of processors

is a very useful feature of the OSIRIS code.

The particles which we will select to track are shown as black dots in figure 2.11. Two

groups of electrons have been selected. One group is all within one of the 2ω jets, with a

range of energies spanning most of the height of the jet. The second group consists of a

smaller number of particles which are also traveling with the jet, but which have energies

consistent with the thermal plasma; these were selected with the hope of seeing how they

failed to gain energy.
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Tracks for all of these particles are shown in the bottom row of figure 2.12. Tracks are

shown in position space. The tracks start at the initial positions and end at the marked

times. The color of the tracks indicates the particle energies. The current position is shown

as a black dot. Three tracks of interest to be discussed later are identified with circles around

their end points. All particles start and remain near the vacuum-plasma boundary and so

only this region is shown. Frames are shown for three different times: just as the accelerated

particles leave the plasma region (tω0 = 12.25), roughly the time of maximum excursion in

to the vacuum region for all such particles (tω0 = 13.25), and the point in time when most

particles are re-entering the plasma(tω0 = 14.25). The top row of the figure shows line outs

of the transverse electric and magnetic fields (‘laser fields’) at the same times as the tracks,

along with the longitudinal electric field (‘electrostatic field’).

2.2.2.1 Movement of the particles

Several observations are immediately apparent. In the first frame, most electrons are be-

ginning to cross the plasma-vacuum interface and leave the plasma. All of these electron’s

initial motion was upward, i.e. they all started with a positive p2 (and a negative p1). As

these electrons reached the interface they then rotate such that they are moving straight

to the left. A typical electron from this group is indicated by the blue circle. Showing a

different behavior, a few electrons – one such indicated by a red circle – have already turned

around, and each of these approached the interface at near a normal incidence line (p2 ∼ 0).

In the second frame one sees that after having traveled a short distance straight into the

vacuum, particles are then accelerated upward (i.e. they are gaining energy). Finally, in the

third frame, the particles can be seen to be rotated so that they move back into the plasma,

gaining at most a small, final bit of energy as they cross the vacuum, before re-entering with

a component of velocity still traveling upward.

The final energy of the particles is correlated with the distance they penetrate into the

vacuum. This is most clearly seen in the track highlighted with the black circle. As can be

seen, this electron travels farther into the vacuum region than any other particle, and is also
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Figure 2.12: Bottom row: Tracks of accelerated and non-accelerated particles shown in

their movement in position space, at three time frames. Particle energy is indicated by track

color. Key tracks are identified by circles, as explained in the text. Top row: Line-outs of the

laser E and B field and longitudinal E field, at the same time as the particle track frames.

Particles can be seen to be rotated by the laser B field before and after being accelerated by

the laser E field.
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the only track shown which attains an energy of ∼ 5MeV (indicated by the red color of

the track). Although not shown here, this particle actually loses some energy at very end of

its travel through the vacuum. Despite this it is still the most energetic particle at the end

of the acceleration phase. Also of note is that, owing to the greater distance this electron

travels out into the vacuum, it ends up re-entering the plasma at a later time than all other

electrons; this point will be returned to later.

Contrasting this behavior, we have the movement of the particles which are not acceler-

ated, one of which as noted earlier is highlighted with a red circle. These particles are seen to

travel towards the surface almost directly or with a slight amount of downward momentum.

They execute the same Larmor rotation as the other particles when they reach the surface;

however in their case this motion rotates them back into the plasma rather than out of it.

They end the interaction traveling back towards where the came without having gained any

significant energy at any time.

2.2.2.2 Structure of the fields

In the row above the particle tracks we show line-outs of the three electromagnetic fields16,

the laser fields E2 and B3, and the electrostatic field E1. There are a number of important

facts about the interaction which we can discern from this time series of the fields, some of

which are intuitive or at least straight forward and some of which are slightly subtle. The

first is that the laser fields are very close to those of a perfect standing wave as one would

expect from a finite, collisionless reflector. The form of such a field is trivial to derive (if the

effect of the magnetic field on the particle motion is ignored as can be done in the linear

regime) so we will not repeat the work here; but we will remind the reader that in a standing

wave the electric and magnetic fields are one quarter period out of phase in both time and

space, with the boundary conditions on the fields and their derivatives giving a maximum
16 Although the simulation monitors all three components of both the electric and magnetic fields, as one

would expect, it can be easily verified from the time-dependent Maxwell’s equations that in two-dimensions
the two in-plane components of the electric field and the out-of-plane magnetic field, along with the in-plane
momentum components, form a closed system. The other three components will be zero, or at most thermal
fluctuations, and so can be ignored.
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or anti-node of the B field at the material surface, and hence zero or node for the electric

field at the same location.

However the overdense plasma does not act like a perfect, collisionless reflector, in three

noteworthy ways. First, intuitively we know the reflection factor isn’t unity because particles

are being accelerated. However this effect probably has a small impact on either the fields

or tracks of individual particles, as can be inferred from the fact that the peak field values

are quite close to the perfectly reflecting value of 2a0, consistent with the high reflection

coefficient seen in all but the highest temperature 1D cases. And furthermore the results

of numerical calculations of the theoretical fields in high absorption regimes (modeling the

absorption, unphysically, as collisional - the motion of the electrons within the fields is

quite collisionless) show both the field structure and the particle trajectories to surprisingly

insensitive to this parameter; this will be shown in more detail in the next section. Still, a

careful inspection of the figures does show some distortion which is likely due to the finite

absorption; most noticeably the zero-crossing of the fields don’t remain perfectly stationary

in space. That this could have a small effect on the particle motion shouldn’t be discounted.

Second, we are in the regime of a0 > 1, meaning we in fact cannot fully neglect the

magnetic field in the response of the material. Rather, the laser B field results in a net

force inward on the plasma surface, a well known effect which is often erroneously termed a

ponderomotive force but actually is a direct (not time averaged) force from the laser during

each period. The result of this force is that the electrons are pushed back across the ions

until an electrostatic surface field counterbalancing the ~v × ~B pressure exists (during each

laser cycle). The effect of this field on a test particle therefore would be to eject it out into

the vacuum, and hence might be expected to be related to injecting electrons into the laser

field. Such a surface field can indeed be seen in the line-outs. However only in the last frame

is the sign of the field consistent with electron ejection (a force to the left for the electrons);

the previous two times show fields of comparable strength but in a direction which would

push the electrons back into the plasma, not pull them out into the vacuum.

The reason for the oscillatory nature of the sign of the electrostatic field is related to the

third characteristic in which the plasma differs from the linear analysis, which is that the
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plasma surface (or in this simplified case the whole plasma) is hot enough that the thermal

effects cannot be neglected. The effect of the finite temperature of the electrons is that it

will cause them, in the absence of the laser field, to attempt to diffuse out into the vacuum,

causing a charge separation which creates an ambipolar field pulling the electrons back to

the plasma. In the presence of the laser, the ambipolar field opposes the light pressure force,

and the electrostatic field is able to switch between either sign.

It is also insightful to compare the phases of the fields with that of the accelerating motion

of the electrons. First, upon examining the magnetic field, it can be seen that particles which

gain significant energy approach the surface just as the field is decreasing in time towards

zero, and then travel into the vacuum region as it changes sign. As they penetrate into

the vacuum they gain energy and are then rotated back towards the plasma. They enter

the plasma and hence exit the field just as it is reaching a new extremum (in this case

minimum). It is clear from the tracks that in doing so, the electrons use the strong but

decreasing magnetic field to rotate out towards the vacuum (they leave the plasma nearly

normal to the surface), then later use the opposite phase of the field to rotate back into the

plasma.

Next, looking at the laser electric field E2 we see the electrons enter the field just as it

starts increasing from zero, and exit the fields (enter the plasma) just as it passes through

zero and reverses sign. The electrons are thus able to utilize nearly the entire laser half-cycle

to accelerate, which naturally maximizes their energy gain. Obviously, the electrons gains

the most energy if it can sample the maximum of the electric field. In the standing wave

pattern |E2| is a maximum a half wavelength into the vacuum, and this explains the need of

the accelerated electrons to be rotated out into the vacuum by the magnetic field.

Lastly, we can look at the behavior of the electrostatic field, where we can see that it

is out of phase with the motion of the accelerated electrons, pushing them back into the

plasma as they exit and pushing them out towards the vacuum as they re-enter the plasma.

However this field is much weaker and it exists in a narrower region of x1 than the other two

fields; therefore its effect can be considered minimal.
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2.2.2.3 Acceleration mechanism

We are now in a position to connect the motion of the accelerated particles with the field

structure, and to draw conclusions about the phenomenology of the acceleration mechanism.

First, we notice that there is no longitudinal electric field of significant strength, and therefore

that a particle’s best bet for strong acceleration is to somehow interact directly with the

transverse E field (magnetic fields, of course, doing no work.) We also can conclude from

the weak E1 that there is no force which will push the particles out into the laser field,

and therefore they must do so ‘themselves,’ i.e. their thermal motion must let them leave.

This explains the absence of absorption in cold plasmas. Furthermore, we notice that the

distance from the plasma surface to the region of greatest energy gain is one quarter of the

laser wavelength, and if we assume that the particles must complete their interaction with

the light field before it switches signs (that is within a half laser period, otherwise their

motion would almost certainly become chaotic, among other issues) we therefore find that

the particles must be moving near the speed of light (they need to move out and back a

quarter wavelength every half laser period). This explains why the plasma must not just be

warm but must in fact be relativistically hot for electrons to gain the maximum energy.

Next, we come back to the fact that in a standing wave the transverse electric field has

a node and the magnetic field has an anti-node at the surface. Therefore, in order for an

electron to reach the anti-node (maximum) of the electric field it must cross through the

magnetic field. Furthermore the phases between the fields are such that if the electron exist

the plasma when the magnetic field is zero then the electric field is beginning to decrease. As

a result, by the time the electron gets a quarter wavelength into the vacuum the electric field

has vanished. Therefore, the best strategy for an electron which seeks to gain energy would

be to use the surface magnetic field to its advantage by approaching the surface obliquely

and then being rotated out into the vacuum normal to the surface by the magnetic field. If

it does this while the magnetic field is decreasing then the electric field would be increasing

such that it is large when the electron gets a quarter wavelength into the vacuum. This in

indeed what is seen in the tracks and it explains the observation seen in one-dimension, that

74



the electrons need large transverse momentum in order for laser absorption to occur.

We also note that because the electrons which gain the most energy must also be the one

which penetrated deepest into the vacuum, these electrons must also be the last to re-enter

the plasma. This was already seen from the particle tracks of the most energetic electrons.

The consequence of this is that lower energy (but still relativistic) particles will be traveling

in front of the higher gamma ones as they move through the plasma. This is in contrast with

the behavior of non-relativistic beams generated in cold plasmas, where the high energy

particles out pace all others and end up leading the beam. For the 2D (or hot) plasma cases

the phase space shape of the beam comes not from the kinematics of its propagation, but

rather is a frozen in feature of the acceleration mechanism itself.

Now have explained why all the accelerated particles must be initially traveling trans-

versely (in addition to longitudinally that is, since otherwise they wouldn’t be approaching

the boundary), we can go back and explain an interesting feature we noticed in 2.10.c and

2.11.b, which is that there are no accelerated particles traveling straight into the plasma

(p2 ∼ 0). The reason for this is the conservation of transverse canonical momentum in the

semi-1D geometry (cf. appendix A). Electrons start inside the plasma where the vector po-

tential from the laser is zero (the plasma is over-dense). Therefore, when they return to the

plasma they must have the same transverse momentum they are initialized with, no matter

how complicated their trajectories outside the plasma. Therefore, since only particles with a

non-zero p2 get accelerated, then upon returning to the plasma they all must have non-zero

p2. Therefore, the bifurcation seen in the p1 vs. p2 phase space is indeed a proof that the

acceleration mechanism “selects” for electrons with an initially high transverse momentum.

2.2.2.4 Tracks in phase space

By examining in detail the particle tracks in phase space, we can further see the characteris-

tics of the accelerating motion. The top row of figure 2.13 shows p1x1 and p2p1 phase space,

along with the tracks of six particles with a range of final energies (note that these are not

the same particles tracked earlier in figures 2.11 and 2.12). The numbers in the figures show
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Figure 2.13: Phase space plots for an OSIRIS simulation of laser acceleration at a sharp

surface with a hot plasma (top row), and for a simulation for the same temperature plasma

but using a simpler code (‘single particle’ code) where the fields are those of a perfectly

reflected laser, i.e. the particles have no effect on the fields (bottom row.) The OSIRIS figures

also have the tracks for a few selected particles superimposed, along with numbers indicating

the correspondence of the electron bunches between the two phase spaces. Although the

physics is greatly simplified in the single particle code, the phase space plots look very

similar to the PIC results.
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the correspondence of the jets between the two phase spaces, showing how each alternating

jet in (a) is traveling into or out of the page (i.e. in the x2 direction), in addition to into the

plasma (in the x1 direction).

In figure 2.13a we see all the particle tracks initially traveling towards the surface, rotate

out into the vacuum, (a few of the tracks seem to spend a bit of time twisting around in the

skin-depth B field before managing to enter the standing wave in correct phase) sharply gain

a large amount of forward momentum in a thin layer at the surface, then finally penetrate

back into the plasma and travel roughly ballistically. The nesting of the tracks clearly shows

the correlation between distance into vacuum and total energy gain, and the origin of the

backward-curving hook shape.

The interplay between transverse and forward momentum during the acceleration phase

can be appreciated by looking at figure 2.13b. Particles can be seen being greatly accelerated

transversely, whipping out into p2, and then having all that momentum gain rotated back

into the direction normal to the plasma surface. A jet can also be seen in mid-acceleration on

the left-hand side of this figure, and correspondingly at the surface in the p1x1 phase space.

2.2.2.5 Effect of the electrostatic field

We return for a moment to emphasize an assertion we made earlier, that the longitudinal,

‘electrostatic,’ field does not play a crucial or in fact in any way significant role in the

acceleration of the particles. The reason we wish to revisit this point is that many of the

acceleration or heating mechanisms proposed by others [32, 45, 44] in similar geometries

but different parameters regimes, along with other absorption mechanisms proposed for the

same parameter space [81, 47], rely on the interplay of an electrostatic field either directly

or indirectly to accelerate the particles. This is a critical point because by relying on a

longitudinal field to mediate the energy exchange, the necessary role of high temperature

and transverse momentum is missed.

We postulated earlier that the electrostatic field had little or no effect because we had

observed that it was weak, thin, and in fact of oscillating sign. To demonstrate that this is
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true we use a diagnostic that separates the total work,
∫
v · E dt, into the work done, on

the same tracked particles as those in figure 2.13, by the transverse and longitudinal fields,

i.e. v2E2 and v1E1, respectively. These results can be seen in figure 2.14, which is centered

around the window in time where there is energy gain. In figure 2.14.b energy can be seen

being smoothly gained from the laser field, (except for the particle which was out of phase

with the surface magnetic field and hence even lost energy). In contrast, the electrostatic

field has almost no effect on the energy – and what effect it does have is as likely to be

decelerating as accelerating – as can be seen in figure 2.14.a. The total energy is shown in

2.14.c, which as expected shows the total acceleration and the transverse acceleration being

almost equal; a small electrostatic deceleration as the particles re-enter the plasma can be

more clearly seen here as well.

One of the reasons the E1 is not a major factor in the acceleration or heating is that

the two effects which create the field oppose each other, i.e. the radiation pressure pushes

the electrons inward and the thermal expansion pulls them outward. The resulting surface

field is an ambipolar field which attempts to counteract both the radiation pressure and the

thermal pressure. However, although we do not show particle tracks for the cold case, we note

that even is this case where no such cancelation occurs and the radiation pressure leads to a

surface field which would attempt to eject particles into the vacuum, no acceleration is seen.

Simply put, we find that in the high density, high laser-intensity regime, the electrostatic

field is too weak compared to the laser fields to either be a direct (actually doing work on

the particles) or indirect (i.e. injecting electrons into the vacuum) source of acceleration.

Lastly we want to emphasize that although the electrostatic field at the surface does not

have an important effect on the laser absorption or particle motion, that is not to say that

longitudinal fields do not have an effect on the particle energy dynamics. Specifically, the

wake fields of the electron bunches inside of the plasma have the effect of mixing the energy

balance between the high- and lower-gamma particles This can be seen in figure 2.14.d,

which shows the integral of v1 ·E1 over the first 12 fs or 4 µm they spend inside the plasma,

where exchange of energies of a few times the rest mass are already apparent. This effect is

discussed in more detail in chapter 4, though there in the context of macro-particle stopping,
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Figure 2.14: The integral of the dot product of particle velocity and the electric field, as a

function of time and broken down by components, shows minimal energy gained due to the

longitudinal field (a), and significant energy gain due to the transverse field (b). In (c) we

show total energy as a function of time, which mostly tracks (b) but also more clearly shows

the small deceleration for some particles as they enter the plasma. In (d) the effect of the

longitudinal field as the particles travel through the plasma is plotted, which demonstrates

that electrons both gain and lose energy as they interact with wakefields. All tracks are

colored by particle energy
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an artificial effect.

2.2.3 Single Particle Model and Numerical Calculations

We have shown that the field structure in the fully self-consistent PIC model is quite close

to that from perfect reflection at the plasma surface; and we have seen from the fields and

from particle tracks that it appears that it is the thermal motion of the particles that causes

them to leave the plasma and interact with the laser fields in vacuum. To further study this

point, we turn now to numerical calculations of particle trajectories through imposed fields,

to attempt to see what is the least set of assumptions we need to reproduce the PIC results.

Specifically, we will use what we call a ‘single particle model’ or ‘particle tracking’ code,

meaning that we use electric and magnetic fields calculated analytically before hand, and we

advance individual test particle trajectories through these fields. Although we call this model

‘single particle,’ and that accurately describes the underlying calculation, in practice we will

actually be initializing an ensemble of particles and advancing them simultaneously through

the fields. This facilitates comparison with the PIC phase space results. The code itself is

written in Python and Fortran, and uses the same second order accurate, relativistically

correct, time centered Boris particle pusher as is in OSIRIS.

More specifically, the ensemble we will be using will fill a volume in x1p1p2 phase space

on a regular grid. The particles however will have a ‘weight’ the based on the value of a

Maxwellian at that point in momentum space (the weights are used only for the diagnostics);

the temperature used for weighting will be 120keV unless otherwise specified. The laser will

be incident from the negative x1 direction and will reflect at the origin, and so we will

initialize the plasma from x1 = 0 up to some finite x1. The value of this only matters in as

far as there are still particles traveling towards the interaction region at the time at which

we analyze the diagnostics, which is done after a quasi-steady state is reached; four times

the laser wavelength is typical. Since only particles traveling towards the surface will ever

interact, we only initialize the half of phase space with negative p1; otherwise all velocities

up to roughly seven times the thermal momentum are considered.
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As stated, the fields used in the single particle code are those of reflection at normal

incidence from a cold finite plasma with a step function density gradient at x1 = 0. The

plasma response is assumed to be linear, i.e. we ignore the v×B force. This is reasonable for

intense lasers if they cannot penetrate into the plasma. Time, length, wavenumber, plasma

frequency, and vector potential are all normalized to be unit-less by the substitutions tω0 7→ t,

xk0 7→ x, k/k0 7→ k, ωp/ω0 7→ ωp, and eA/mec 7→ A, where e is charge of electron, me its

mass, c the speed of light in vacuum, ω0 is the frequency of the laser and k0 = c/ω0. The

normalized complex vector potential for such fields is then given by

A(x, t) = A2(x1, t)x̂2 =


a0(ei(x1−t) +Rei−(x1−t)) x1 < 0

a0Te
i(kx1−t) x1 > 0

(2.3)

where a0 is the magnitude of the vector potential of the incident wave, k is the wavenumber

inside the plasma, and the transmission T and reflection R coefficients are given by

R =
1− k
1 + k

(2.4)

T =
2

1 + k
(2.5)

It should be understood that it is the real component of the complex vector potential and

fields which represents the physical quantities.

The normalized dispersion relation for an electromagnetic wave in a plasma is given

by k2 = 1 − ω2
p. From this it can be seen that when the wavenumber is k purely real

(and strictly less than 1 in this normalization) it corresponds to a collisionless plasma with

plasma frequency ωp less than the frequency of the incident wave; and that when k is purely

imaginary, it corresponds to a collisionless plasma with plasma frequency greater than that

of the incident wave (i.e. k =
√

1− ω2
p = i

√
ω2
p − 1). A real wavenumber, k, therefore

corresponds to transmission into an underdense plasma, and is not pertinent to our question,

and so we will not consider this case. However, it can be quickly verified from eq. 2.4 that the

magnitude of the reflected wave is unity for all k with zero real component, and so to study

the effect of finite absorption within this model we must consider a complex k = kr + iki.

Doing so is mathematically equivalent to introducing an Ohmic drag term ηJ to the equation
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of motion of the fluid, E = 4π/ω2
pdJ/dt+ηJ. However it bears emphasizing that any realistic

collisionality in the regime of interest would lead to minimal resistivity and hence minimal

absorption, and so this should be considered a method to most expediently add absorption

to the linear model and not strictly speaking to model the correct physics17.

The first and arguably most important result we will look at is also the simplest (impor-

tant, that is, because it’s so simple to analyze), where we allow k → i∞, which is of course

the case of a perfect reflector. The vector potential is then given by

A(x, t) = A2(x1, t)x̂2 =


a0(ei(x1−t) − ei(−x1−t)) x1 < 0

0 x1 > 0

and the fields, found from E = −∂A/∂t and B = ∇×A, are simply

E(x) = E2(x1, t)x̂2 =


a0(sin(−x1 + t)− sin(x1 + t)) = 2a0sin(x1)sin(t) x1 < 0

0 x1 > 0

B(x) = B3(x1, t)x̂3 =


a0(sin(−x1 + t) + sin(x1 + t)) = 2a0cos(x1)cos(t) x1 < 0

0 x1 > 0

The results are shown in the bottom row of figure 2.13, aligned with the self-consistent

PIC results at the same phase of the interaction for ease of comparison. As can be plainly seen,

this rudimentary model has already captured almost all the salient features of the electron

acceleration. This clearly demonstrates the importance of the standing wave structure for the

acceleration of particles, and the lack of a need to include any electrostatic field to explain

either the acceleration or the injection into the field.

Next we investigate what effect the inclusion of a skin depth layer will have on the

acceleration of particles. The first row of figure 2.15 shows phase space plots for k = 10i,

which corresponds to the same density as we have been using in the OSIRIS simulations

(in fact n = 101nc, but the difference should be trivial). The next three rows show results

for k = 3i, 2i, and i, corresponding to n = 10nc, 5nc, and 2nc respectively. As can be seen,
17 The algebra of the relationship between η and kr is trivial but complicated, and so since this is a

non-physical scenario we will not provide the detailed algebra here.
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Figure 2.15: Phase space plots for the single particle code with finite skin depth; the value

of the wavenumber in the plasma is shown to the right of the figures. Only when the skin

depth becomes on the order of the laser wavelength do the results start to significantly differ

from perfect reflection.
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the inclusion of a realistic skin depth leads to similar phase space plots and hence does not

change the acceleration process significantly. This is result is consistent with the PIC result

(which would also have a skin depth effect), and so could have been expected. It is not

surprising that the inclusion of the skin depth does not alter most of the acceleration process

since it is very short compared to the laser wavelength.

What is rather surprising is that even the inclusion of unrealistic skin depths doesn’t

modify the phase spaces very much. For a density of ten times critical, the differences in

the particle behavior are almost imperceivable, and even at 5nc the apparent differences are

only quite subtle ones. It is not until we get down to the definitely unrealistic density of

twice critical - unrealistic, among other reasons, because the plasma will be relativistically

transparent to any pulse with a0 much greater than unity, and certainly to the a0 = 6 shown

here - that we start seeing the plasma response be altered to a noteworthy extent.

We can also use this model to investigate, roughly, the effect of laser absorption on

the phase space of the electrons. The absorption process requires a standing wave. If the

absorption is too high then the reflected wave is less than the incident wave and the standing

wave structure is modified. It is therefore interesting to examine how the acceleration process

is modified as absorption increases. As mentioned earlier, we introduce absorption by using a

complex k, which is equivalent to introducing an effective resistivity to the plasma. Again this

is not the correct physics for laser absorption in this regime; rather the true absorption is due

to the disruptive movement of the electrons forward into the plasma at every half laser cycle

(due to the neglected magnetic force), thereby preventing them from harmonically cycling

their energy back into the field. And so, these results should not be taken too literally or be

used to compare too directly with quantitatively equivalent absorption rates. Still we think

the exercise is somewhat instructive, and so we include it here.

In figure 2.16 we show the same phase spaces as figure 2.15, for four effective densities and

for the maximum absorption at that density. The highest possible absorption as a function of

ki is monotonically increasing in decreasing ki (the closer ki is to unity, the closer the plasma

is to vacuum, the deeper the wave can travel into the plasma, and so the longer distance
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Figure 2.16: Phase space plots for the single particle code with finite skin depth and non-

zero laser absorption, modeled by having complex wavenumber (shown on the right) in the

plasma (i.e. the plasma is modeled as having some collisionality). The first and second rows

from the top (where absorption is 9.5% and 18%, respectively) have similar phase space

dynamics to absorptionless cases. The third and fourth rows (where absorption is 28% and

38%, respectively) begin to have different dynamics.
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the wave has to damp over), and occurs for a given ki at kr =
√
k2
i + 118. For the ki plotted

here, 10i, 5i, 3i, and 2i, the total absorption is approximately 9.5%, 18%, 28%, and 38%,

respectively. At the lowest absorption, 9.5%, the phase space appears barely affected; even

almost doubling the absorption, to 18%, doesn’t change the peak acceleration energy, though

it does somewhat change the shape of the p1x1 phase space right at the peak of the jets. It’s

not until the absorption gets above 25%, for k = 3i +
√

10, that the peak energy begins to

decrease, though qualitatively the 2ω jets are still clearly present. For 38% absorption the

phase spaces are starting to be grossly modified, and the peak energy of the jets is further

lowered.

One point we can unambiguously conclude from these calculations therefore is that, even

in the presence of absorption of up to a quarter of the incoming light, the basic acceleration

mechanism remains unchanged from that of perfect reflection at the surface. When absorp-

tions in our model go above this, this no longer appears to be the case, even when comparing

results of calculations with similar skin depths (c.f. especially figs. 2.15.f and 2.16.h). How-

ever nonetheless such skin depths are only consistent with much lower densities than we used

in our PIC simulations or would be expected in an experiment, and in using them we modify

the field structure in ways significantly beyond just the effects of the absorption. In addition,

absorption ratios this high – at least in one-dimension – were also associated with extremely

high temperatures, even higher than we have here, and so the reflection physics would likely

be modified in ways not captured here (from the thermal expansion of the plasma surface,

for instance.) Therefore we conclude that for higher absorptions we’ve really stretched this

model beyond its validity, and cannot from it determine conclusively how absorption would

be affected in a realistic scenario. We will have to rely on PIC simulations for data in that

regime.

At the risk of belaboring the point, we include one more calculation with our single parti-

cle code demonstrating the robustness of the acceleration mechanism to realistic skin-depth
18 This relation is readily found by taking the magnitude squared of the reflectivity coefficient from eq.

2.4, setting the derivative with respect to kr to zero, and solving for kr as a function of ki. Assuming kr is
given by the above formula, the total absorption A can be calculated again from eq. 2.4, is given by the (not

terribly illuminating) equation A(ki) = 1−
√
(2 + k2i − 2

√
1 + k2i )/k

2
i
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effects. Specifically we wish to show that particles which lack sufficient initial momentum

are excluded from the acceleration mechanism, a point we already saw in one-dimensional

PIC simulations and which was implicit in the phase space densities in figure 2.15 but which

we now calculate more explicitly. We think this is important because it demonstrates the

significance of symmetry and canonical momentum conservation, which is a point of some

confusion in the literature. More specifically, we wish to compare our results with those of

G.E. Kemp et al. 2013 [76], who claim to have found that by including a realistic skin depth

initially cold particles are able to accelerate in the wave.

Kemp et al. use a similar calculation to our single particle code to arrive at this conclusion,

with one important distinction in the way in which they set-up the problem: instead of

initializing particles with a range of initial positions all at some initial time, they initialize

all of their particles at the plasma surface but at different phases of the incoming laser.

This method has the advantage of more explicitly sampling the entire range of phases of the

wave; but it does have some disadvantages too, for instance the fluence of particles traveling

normally and obliquely to the surface are treated as equal. It can however have some validity,

if treated carefully – but it can also lead to some issues if not treated carefully, as we will

see below.

The results published in [76] are reproduced in the top row of figure 2.17, and results

using our code modified to use their initialization and diagnostic are shown in the bottom

row of the same. The parameters for the calculation are that the laser has a normalized vector

potential of a0 = 1.5, and that the plasma has a density of n = 45nc. The diagnostic looks

at the energy and angle of incidence relative to the surface normal for accelerated particles

when they re-enter the plasma, with angle as the abscissa and energy as the ordinate. The

color map shows the initial energy of the particle (direction of the initial velocity vector is

not tracked), with lower-energy particles layered on top of higher ones, which is to say the

color represents the lowest possible initial energy necessary to exit the wave with a given

final energy and direction.

Figures 2.17.ia & 2.17.a show the results for the case of an infinite plasma density, that

is no skin-depth, for Kemp’s code and ours, respectively. Consistent with our various earlier
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a) b) c)

Figure 2.17: The effects of using the single particle code but with particles initialized at

a range of times all at the surface rather than a range of positions at one time. All figures

show final energy and angle of travel versus initial energy of the particles. The top row

is reproduced from GE Kemp et al. [76]; (ia) is for the case of perfect reflection at the

surface, and (ib) is for the case of a finite skin depth. The bottom row shows the results

of similar calculations using our code; (a) & (b) are equivalent to (ia) & (ib), respectively,

and (c) shows results for inclusion of a finite skin depth with a correction to the canonical

momentum. The model erroneously shows acceleration of initially cold particles when the

momentum is naïvely not adjusted to take into account the vector potential of the laser.
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calculations, Kemp sees that only particles with high initial kinetic energies can be acceler-

ated by the wave, and consistent with Kemp we reproduce that result using our code and

their diagnostic. Figures 2.17.ib & 2.17.b shows the data for a similar calculation, where the

particles are initialized at the surface with the same energies but now the fields are those

of reflection from a 45nc plasma, again from [76] and using our code respectively. Here now

Kemp finds that particles which are initially relatively cold are in fact able to gain energy,

and again we are able to reproduce that result with our single particle model.

There however is an error in this calculation which is somewhat subtle. It arises from

the fact that, by initializing a particle with zero physical momentum at t = 0 arbitrarily

inside the wave, one has not initialized it with zero canonical momentum. In essence for

the particle to be at rest at that location at that time, it must have started out somewhere

else with an energy which is non-zero19. To correct for this somewhat we can initialize our

particles such that their canonical momentum is consistent with the physical momentum for

a given energy; that is we find its ‘initial’ energy (now thought of as being at some earlier

time) based on some longitudinal and transverse momentum, but then from the latter we

subtract the value of the laser’s vector potential at whatever phase of the wave the particle is

injected into. We are still making some assumptions that may be unphysical; most obviously

the longitudinal momentum may also have been affected when the particle ‘traveled’ from

where we imagine it started in to the wave. This is one reason we choose to initialize our

particles with a range of x1’s and have then drift into the wave instead.

It turns out in the end however that this correction is enough to approximately recover

the original result, as is shown in figure 2.17.c. It in fact appears that the final energy is an

even stronger function of the initial energy than was the case without any skin depth. We

would argue that this result really should not be surprising, since it is in agreement with the

self-consistent PIC results shown earlier. However arriving at it was probably worth while,

we believe, since it nicely illustrates the importance of the underlying symmetries of the

problem.
19 An alternate view would be that the particle was created at t = 0, i.e. it was injected from an ionization

event. If we consider our plasma to be fully ionized at this point (which is consistent with a constant plasma
density) we can exclude this possibility.
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2.2.4 Initial Heating Mechanism - ‘Slipping Stream’ Instability

So far we have discussed the acceleration of electrons in an essentially one-dimensional sense.

However, we have also made the point that the acceleration is dependent on the transverse

temperature, and that any heating in the transverse direction is strictly forbidden in 1D

due to the conservation of transverse canonical momentum; hence we have called this a 1D

acceleration mechanism which will only be seen in higher dimensional simulations. We have

demonstrated that in two-dimensional simulations the plasma does indeed heat sufficiently

(to ∼ 100keV ) to access the acceleration regime, but we haven’t explored how exactly the

plasma surface is able to gain such high temperatures.

Although at first it may be somewhat surprising, it actually isn’t very difficult for the

surface to reach these temperatures. The reason has to do with the fact that, before any other

mechanism for absorption or electron acceleration is possible, any energy deposition which

does occur will be confined to where the laser field is non-zero, which is a layer only a skin

depth thick. Although this region is quite thin heating it is still sufficient to create electrons

which can then interact further with the laser; and since this region is so thin even if only

a small fraction of the incident laser energy is absorbed it can still heat up to the required

temperatures quite quickly. For instance, if we us as typical numbers a laser intensity of

5 × 1019W/cm2, a plasma density of 1023/cm3, and a skin depth of 0.1µm, we arrive at an

available power of 50W/electron; we then only need to assume a coupling efficiency of 3% for

this layer to heat up to 100keV (= 1.6 × 10−14J) in 10fs. Hence, when the only absorption

which is possible is confined to the surface, it would in fact be surprising if the plasma there

did not heat up substantially.

It is nonetheless important to identify processes that can allow an intense laser to be

absorbed by a collisionless and “cold” plasma at normal incidence to a sharp interface because

many absorption mechanisms do not apply. For instance Brunel absorption [44] is not possible

because of the normal incidence, resonant absorption [32] is not possible because of the

sharp interface (and the normal incidence), and inverse Bremsstrahlung [25] is not possible

because of the lack of collisions. Even so, based on both theory and on the results we have
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seen in simulations, we believe even for normal incidence at sharp interfaces the physics is

complicated and involves multiple mechanisms, often happening simultaneously. However

there is one mechanism which we believe is particularly important, especially early in time,

which can be described as a Kevin-Helmholtz-like instability20 the effect of which is to break

the transverse invariance and so allow non-conservation of transverse canonical momentum.

Later in time ion motion and surface rippling occurs leading to additional heating and

absorption processes.

More specifically the mechanism which we believe leads to the initial heating – which we

sometimes call ‘bootstrap heating’ because it unlocks other mechanisms which can themselves

lead to more heating – is related to the transverse flow of electrons inside the skin depth

layer, in particular to the exponential decay and therefore inhomogeneity in the longitudinal

direction. Strictly speaking such a flow is not stable (even for fixed ions), which is somewhat

intuitive since there clearly is free energy to be released. In fact, although the motion is

caused by an electromagnetic wave, the resulting flow actually appears to be unstable to

purely electrostatic modes, with growth rates much faster than the laser period, as we will

demonstrate presently.

To give a somewhat quantitative analysis of the instability, we follow the method of

Mikhailovskii [82]. The equations we will need are the continuity equation

∂n

∂t
+∇ · (n~V ) = 0, (2.6)

Euler’s equation for a plasma (ignoring the magnetic field)

∂~V

∂t
+ (~V · ∇)~V =

e

me

~E, (2.7)

and the Poisson’s equation for electrostatics

∇2φ = 4πenT (2.8)
20 We adopt here the habit, which seems common in the literature, of describing plasma instabilities as

‘Kevin-Helmholtz like,’ ‘Rayleigh-Taylor like’, et cetera. However we wish to emphasize that the simile is little
more than nominal; strictly speaking those instabilities are well defined, and usually involve phenomenology
which is ofter aren’t pertinent to laser plasmas (for instance viscous fluids.) More specifically, the analogy
is usually limited to the geometry of the physical situation (Rayleigh-Taylor meaning longitudinal pressure
gradient, and Kevin-Helmholtz being a transverse velocity gradient, for instance) and as such says nothing
about what allows the instability to grow. None-the-less we find the phrasing is useful for forming a mental
image of the problem, so long as it is remembered that it’s really just a mnemonic.
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where in the first two equations n and ~V are understood to the parameters for each species,

and in the last equation nT is the total density for all species. The electric field is related to

the potential by ~E = ∇φ.

Before t = 0 we take the plasma parameters and electric field to be in some initial state

(which may depend on time), n = n0, ~V = ~V0, and ~E = ~E0, which by themselves satisfy our

two equations and so if left undisturbed are stable. However at t = 0 we do disturb them,

so that their new parameters are given by n = n0 + n1, ~V = ~V0 + ~V1, and ~E = ~E0 + ~E1.

Substituting these values into equations 2.6 and 2.7, dropping all terms which are the product

of more than one perturbed value, and using the the same equations with initial equilibrium

values to eliminate the zeroth order terms, we arrive at

∂n1

∂t
+∇ · (n1

~V0 + n0
~V1) = 0 (2.9)

∂ ~V1

∂t
+ ( ~V0 · ∇) ~V1 + ( ~V1 · ∇) ~V0 =

e

me

~E1 (2.10)

To apply this to a laser reflecting at a surface, we assume the plasma to have some

velocity V0 in the z-direction (and none in the other directions), which has a dependence

on the x-direction such that ∂/∂x 6→ 0 even for the zeroth order or equilibrium conditions.

(Note the laser electric field does not appear in these equations and so does not enter directly

into their solution.) The equilibrium plasma density may or may not vary in x as well, but

all zeroth order quantities have translational invariance in y & z. With these values for the

equilibrium parameters, equations 2.9 & 2.10 reduce to

∂n1

∂t
+ n1

∂V0

∂z
+ n0

∂V1y

∂y
+ n0

∂V1z

∂z
+
∂(n0V1x)

∂x
= 0 (2.11)

∂ ~V1

∂t
+ V0

∂ ~V1

∂z
+ V1x

∂V0

∂x
ẑ =

e

m
∇φ (2.12)

At this point these equations are generally valid. To attempt a solution however we will

need to make some assumptions. First we assume that the zeroth order quantities are only

slowly varying in time; we can then take time derivatives of the perturbed quantities to be

harmonic and make the substitution ∂/∂t→ −iω. This will be valid in our case provided the

growth rate is sufficiently greater than the laser frequency. We take the dependence in the y-
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and z-directions to be sinusoidal as well, so that we can make the substitutions ∂/∂y → iky,

and ∂/∂z → ikz.

We now arrive at (expressing the vector equation as three separate equations):

0 = −i(ω − kzV0)n1 + ikyV1yn0 + ikzV1zn0 +
∂

∂x
(n0V1x) (2.13)

− e

m

∂φ

∂x
= −i(ω − kzV0)V1x (2.14)

−i e
m
kyφ = −i(ω − kzV0)V1y (2.15)

−i e
m
kzφ = −i(ω − kzV0)V1z + V1x

∂

∂x
V0 (2.16)

If we now use these equations to solve for the perturbation to the density n1, and insert this

result into equation 2.8, we arrive at

∂

∂x
(ε0
∂φ

∂x
)− (k2

y + k2
z)ε0φ = 0 (2.17)

where ε0 = 1− ω2
p/(ω − kzV0)2, and again V0 is a function of x, as may be ωp.

To determine a growth rate we must be more specific about the behavior of the zeroth

order plasma behavior. We consider the skin depth to be broken into two regions with

constant but different V0’s and with the same density. Each region can be imagined to have

a thickness of ∼ c/2ωp (though this isn’t necessary for the derivation). The velocity in the

outer region is given by V01 = eE0/me ω0 where E0 is the peak electric field at the surface

and is related to the laser vector potential by eE0/me c ω0 = 2 a0 ω0/ωp. The velocity in the

inner region we take to be half this. Following the analysis of [82] this leads to a dispersion

relation of

0 = 2−
ω2
p

(ω − kV01)2
−

ω2
p

(ω − kV02)2
(2.18)

which predicts an instability with a maximum growth rate at a wavenumber of

kz =
√

3/2ωp/V (2.19)

with a growth rate of

γmax = ωp/2
√

2 (2.20)

where V = V01 − V02 .
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Figure 2.18: Phase spaces of forward (a) and transverse (b) momentum vs. forward position

for a plasma interacting with a laser but with no magnetic force on the particles. In the

absence of any instabilities, the motion of the particles would be fluid and in the transverse

direction only and no heating would occur. That heating in both the transverse and forward

direction does occur shows that the flow is indeed unstable.

To verify that the real flow is in fact unstable with a high enough growth rate to explain

the heating we see in our two-dimensional runs, we ran simulations with similar parameters

(though with fixed ions) but where we have modified OSIRIS so that the particles feel

no magnetic field. The fields are still updated correctly from the the full set of Maxwell’s

equations and the particle quantities, so the laser will still be absorbed and reflected with the

skin-depth. But by zeroing out the magnetic force we will remove the non-linear movement

of the surface which was not include in the theory just described, and prevent the plasma

from being unstable to anything other than electrostatic-like modes. We initialize the plasma

with a temperature of 1◦ K, so we are certainly in the cold regime21 .

Phase space results are shown in figure 2.18 after roughly two cycles of laser illumination

(images are taken approximately at the time of a node in the laser field.) As can be observed,

strong transverse heating has already taken place, with normalized momenta reaching above

unity in both directions. Heating in the forward direction is also apparent ( 2.18.a); although

the peak velocity is somewhat less than for the transverse direction (2.18.b) – and as we have

been emphasizing longitudinal heating plays a minimal role in the acceleration mechanism.
21 This is of course unphysically cold and it may be unclear why any temperature at all is used; the reason

is that otherwise there is no disorder to seed the instability
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This is noteworthy because in the absence of the electrostatic instability the momentum in

the forward direction would remain precisely zero without the magnetic force. Measuring

the temperature at the surface a value of roughly 75 keV is found. It seems clear therefore

that this “slipping streaming” instability is able to break the translational invariance in x2

sufficiently to allow retention of laser energy between cycles and by doing so to provide the

bootstrap heating necessary to access the forward particle acceleration at the surface.

The single species electrostatic picture described so far seems to explain well the early

time heating we see in full PIC simulations. However after a period of a few 10’s of laser

cycles, we begin to see a divergence between fixed and mobile ions runs. Specifically, up

to this point the spectrum of accelerated electrons (along with other diagnostics) appear

equivalent between the two cases; but afterward the spectrum seems to peak and level off for

fixed ions. A likely reason for this is that acceleration mechanism, by nature of the fact that

it selectively pushes the highest energy particles into the bulk, will have a cooling effect on

the plasma surface; eventually the heating and this cooling are in balance, and a steady-state

is reached.

In contrast, for mobile-ions the surface continues to heat and the peak particle momentum

continues to grow, up to 2a0mec. Coincidentally with this we see a ‘pocketing’ or ‘rippling’

of the plasma surface, as can be seen in figure 2.19.a. Recently Wan et al. [83] attributed

this to an instability two-stream like instability (OSTI) in the skin-depth layer. We note

that it is quite possible that the “slipping stream” instability could seed the OSTI. The ion

instability allows perturbations in the electron density to persist through laser cycles. The

resulting magnetic field filaments caused by the forward current of the accelerated electrons

and the neutralizing return current, though still weak at this time, may also play a part.

As we stated earlier, many mechanisms are likely at play at the same time throughout the

interactions. Developing a more exact analysis of the slipping stream instability and how it

couples to the OSTI is an area for future work.

We believe these surface perturbations lead to an increase in heating and acceleration via

two mechanisms. The first, which is related to heating, can be thought of as being similar

to Brunel heating, in that the laser is no longer normal to the surface at all points. How-
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Figure 2.19: The plasma density at the surface (a) after 60fs of laser illumination, and

the magnetic field (b) at the same time (note the spatial scales are not the same). The

surface remains very nearly smooth, but structures at roughly the scale of the skin depth are

beginning to appear. Even though variations this small leave the plasma essentially optically

flat, the standing wave structure at the surface is slightly modified, leading to local reductions

in the magnetic field which may allow some electrons to more easily enter the laser fields.
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ever, in this case it isn’t that the electrons are being disruptively pushed into the plasma, as

Brunel described, but rather that the electrons which are traveling parallel to the (average)

plasma surface see a strongly varying density in time and space, breaking the translational

invariance and harmonic motion of their orbits and allowing them to retain energy after each

cycle, i.e. heat. G.E. Kemp et al. [76] observed a similar effect when they initialized a plasma

with a small scale (∼ c/ωp) surface irregularity, i.e. a large increase in early time absorption

compared with a perfectly flat plasma was seen. They found this surprising because a pertur-

bation of this scale is by most measures optically flat. However the point here is that what is

pertinent in this case is not what the laser ‘sees,’ but rather what the electrons do; and for

them the important scale length is not the laser wavelength but rather the skin depth. By

that metric the surface bumps are indeed significant, and so it is no longer surprising that

they have an effect on absorption.

The second effect is that, even though surface remains optically smooth to a first order

approximation, still the field very close to the plasma can become modified by the density

fluctuations, with the scale of the field modifications ∼ c/ω0 even for fixed ions. Such a field

distortion can be seen in figure 2.19.b. What this means is that certain sections of the surface

may see a lower peak magnetic field than in the perfect standing wave, allowing electrons to

more easily escape into the accelerating electric field and so gain energy. The change in the

standing wave field structure is subtle and hard to detect, and the consequent effect on the

electrons is likely a modest one, but it is still imaginable that it plays a part in the enhanced

acceleration; it is, however, more important later in time, when the surface is more grossly

perturbed.

2.2.5 Circular Polarization, and s-Polarization

The absorption physics is quite different, as compared to p-polarization, for either circular

polarization, which has real and useful applications; or so-called s-polarization, which doesn’t

actually exist.

We remind the readers that s-polarization has a much different meaning in simulations
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Figure 2.20: Forward-momentum and forward-position phase space (a) is shown for a

two-dimensional plasma after 500fs interacting with a laser with its electric field out of the

plane of the simulation (‘s-polarization’). Exactly zero particles are accelerated to relativistic

energies. The surface of the plasma at the same time is also displayed (b), which shows that

the plasma remains perfectly flat.

than it does in reality: an s-polarized normally incident wave is one in which the wave’s

electric field is pointed in the unphysical, or ‘ignorable,’ direction. This of course is a purely

artificial geometry, one which has no analogy to a three-dimensional scenario (or a one-

dimensional one, for that matter.) As such, any difference between s- and p-polarization

is non-physical and hence not particularly interesting by itself. However, such comparisons

permit clear elucidation of important physics, and so it is worth looking at them briefly.

The results are summarized in figure 2.20.a; in short, there is no absorption for s-

polarization. The reason for this is simple. With the magnetic field now in the plane of

the simulation, the particles must have thermal velocities out of the plane in order to use

than field to rotate into the vacuum region where the accelerating electric field is; but heating

is impossible out of the plane because transverse canonical momentum remains rigorously

conserved in this direction. Absorption physics with s-polarization is essentially much the

same as in a 1D geometry. Interestingly, heating also does not happen to an appreciable

amount even in the plane of the simulation. This makes sense as the instability just de-
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scribed in section 2.2.4 depended on having a k−vector in the direction of fluid flow; indeed

there seems to be no surface instability in this geometry, as the surface stays almost perfectly

flat even on picosecond timescales - as can be seen, at least initially, in figure 2.20.b.

Circularly polarized laser light is also unable to accelerate electrons (so long as the surface

remains flat), but for quite different reasons. This is despite the fact that surface heating

still occurs because there is still a component of the electric field that is in the plane of

the simulation. This heating can be seen in figure 2.21.a which shows the electron p1 vs. x1

phase space for a plasma under circularly polarized laser illumination. However, as can be

seen, despite this heating no electrons are able to be accelerated to MeV energies as they

can under linear p-polarized illumination. This can be quickly understood by recalling the

acceleration mechanism. In the standing wave structure of incident and reflected circularly

polarized light, the surface magnetic field rotates in time but its magnitude is constant. No

matter when a particle reaches the surface, it will see a strong reflecting magnetic field. As a

result there is no phase where an electron can ride a decreasing magnetic field out to where

the electric field is at a maximum, as is the case for a linearly polarized laser.

The lack of significant electron acceleration and the resulting lack of bulk plasma heating

is essential for the so-called ÒRadiation Pressure AccelerationÓ (RPA) scheme for generating

mono-energetic ion beams. Such a beam is shown in fig. 2.21.b. In RPA an intense laser

impinges on a plasma. The ponderomotive force pushes the plasma electrons forward thereby

generating an electric field that pulls the ions with them. The laser acts like a piston which

then reflects the ions to twice its inward velocity. This velocity was derived earlier and is

based on the momentum balance between the laser and the plasma ions. This effect is similar

to the interaction we saw in 1D simulations (with linear polarization) with cold electrons

and mobile ions, c.f. 2.8, only in that case it was an artifact of using 1D simulations, while

here it is a physical effect.

If the surface electrons are accelerated by the 2a0 mechanism, two processes can occur

that prevents the RPA process from occurring. When the electrons are continually accelerated

forwarded with relativistic energies then the bulk plasma and not just the surface is heated.

When this occurs the ion acoustic velocity becomes comparable to the inward velocity of
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Figure 2.21: The effects of circular polarization on laser absorption are shown for two

different simulations. In frame (a), the forward-position versus forward-momentum electron

phase space is shown for a plasma after 250fs of a0 = 6 laser illumination; similar to

s-polarization in two-dimensions, no acceleration and little heating is visible. Frame (b)

shows again p1x1 phase space, but for the ions (deuterium) rather than electrons, after

30fs of a0 = 100 laser illumination. Were the electrons able to gain energy from the laser,

they would launch an ion-acoustic shock which would interact with the ions within the

plasma; here instead the ions are accelerated directly at the surface and so are monoenergetic

(with a velocity twice the compression velocity). This is known as the Radiation Pressure

Acceleration mechanism.

the piston and an ion acoustic shock can be launched. In this case, Silva et al. [84], showed

that the acoustic shock can trap and reflect a much smaller number of ions. In addition, the

acceleration of the electrons increases the laser absorption thereby decreasing momentum

being imparted to the plasma ions. The results in this dissertation shed light for the first

time as to why RPA only works for circularly polarized light.
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2.3 Absorption in the Hydrodynamic Regime - Picosecond Timescales

and Micron-Scale Preplasmas

In the previous section, we studied the 2a0 laser absorption mechanism present in self-

consistently heated two-dimensional plasmas. However although - as we have made pains

to stress - the heating mechanism is inherently multi-dimensional, we have restricted our

description and examples to situations where the bulk plasma density (or, synonymously

due to quasi-neutrality, the ion density) is initially transversely smooth and unperturbed.

In addition, the 1D density function was restricted to one of the simplest possible, that is a

step function. It might be accurate and illustrative to describe the previous geometry as one

having two-dimensional electrons, but one-dimensional ions. We refer to this as a quasi-1D

geometry.

For some experiments and targets, the description given so far may in fact be close to

a complete picture. Specifically, if the experiment has some combination of a short22 laser

pulse, a high laser contrast ratio, an initially smooth (and therefore, almost certainly, cold)

target surface, and a high target mass density, the interaction may start and end in a regime

well described by such a quasi-1D geometry.

However, there are of course many other scenarios that involve the absorption of high-

intensity lasers which relax any subset of the previous restrictions. Perhaps most pertinently,

the laser pulses proposed in Fast Ignition must have pulse lengths on the order of picoseconds,

which will permit the ions to evolve hydrodynamically; in addition in the initial FI concept

the ‘target’ would be a hydrodynamically compressed hydrogen plasma, which one would be

hard pressed to imagine as presenting a perfectly smooth critical surface. The mechanism

described here is probably more relevant to the embedded gold cone model of FI than to

the symmetric target model. The natural question then becomes, does the mechanism so far

described have relevance to the more complex picture, where ion motion including target
22 ‘Short’ in this context however being a parameter window rather than a limiting case, ‘short but not too

short’ that is - for femtosecond or shorter pulses, this model is not expected to be relevant (as heating does
not happen on that timescale). See for instance the work of Baeva et al.[85, 86] for a mechanism pertinent
to that regime.
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expansion is included? Or is it limited to a small subset of experimental conditions?

We argue – and will demonstrate presently – that although the physics of laser absorption

is indeed more complicated when the ions evolve on hydrodynamic time scales, the 2a0

mechanism described here remains in most cases the dominant mechanism, especially if

one is most interested in the generation of moderately energetic (a few to 10Õs of MeV)

as is needed in fast ignition. We will show that it is just one other process becomes very

pertinent and that it generates very energetic electrons (with relativistic gamma factors

greatly exceeding 2a0). This process occurs when the plasma profile acquires a low density

shelf. Such a shelf – as well as a critical surface which rises sharply to high density but which

has a ‘rippled’ shape – arises when an intense laser compresses a plasma with a less sharp

density gradient, for instance one formed from a solid density material being ablated by a

lower intensity laser; or when an intense longer pulse laser impinges on an initially sharp

interface.

2.3.1 Hydrodynamic Evolution of an Initially Flat Surface

We begin by examining a simulation with the following parameters. As before, all normalized

parameters will be scaled the laser frequency, ω0 - which we will refer to has having a

wavelength of 1µm for simplicity - along with the physical constants (me, e, and c.) We run

OSIRIS in a 21/2D slab geometry, with square cells of width 0.05c/ω0. The time step is just

shorter than required by the Courant condition, at δt = 1/57 w 0.0175. The simulation box

is 3µm wide and periodic in the transverse direction, and 250µm long in the longitudinal

direction; the simulation grid is therefore 63000×756 cells. In the rear 10µm of the box we

have altered physics as we will describe briefly. All particles are initialized with the same

weight, which corresponds to 103n0 when there are four probabilistically and ions per cell.

The left-most 160µm of the box is initially a vacuum region, and the plasma density rises

rapidly from 0 to 100nc within a cell. We use a sinusoidal variation on the average number

of particles per cell, so that the density varies from 93nc to 103nc in the plasma region, for

reasons described earlier. The plasma is 80µm deep, with another 10µm region mentioned
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earlier. Ions are initialized at the exact same locations and with the exact same charge as

electrons, and have a charge-to-mass ratio of 3643.8 (deuterium), and both ions and electrons

are initiated with a temperature of 1 keV. The laser is launched from the left wall with a

normalized amplitude of a0 = 6, the k-vector points in the x1 direction, and it is p-polarized

so that the laser electric field is in the plane of the simulation.

Throughout the simulation box, we use a particle splitting method on the high energy

electrons to reduce the effect of macro-particle stopping (as described in Chapter 4, with up

to five binary splits for a maximum effective particle-per-cell count of 32 times the initial

count (that is, 128 particles-per-cell); specifically, the particles will be split each time their

relativistic factor γ exceeds these values: 1.4, 1.8, 2.2, 2.6, 3.0. At each particle splitting

event, we add a small amount of transverse momentum to each particle so that they no

longer overlap in phase space. Here we use a random number for the momentum such that

the magnitude is 1% of the initial momentum in the lab frame. Momentum is conserved

exactly but a small amount of heating does occur23.

The goal of these simulations is to study the absorption of the laser over time scales for

which the ion density profile evolves. Over such time scales significant numbers of accelerated

electrons penetrate into the plasma. In addition, for fast ignition, the target is very large and

it is not possible to model the entire target even in two dimensions. Therefore, if the boundary

conditions in the simulations are not properly addressed then the plasma conditions where

the laser is being absorbed can be significantly altered.

A major issue is the reflux of the accelerated electrons. When only simulating a small

region of a large target then large numbers of accelerated electrons will hit the simulation

boundary. These electrons can then reflux leading to the entire simulation volume heating

up to unrealistic temperatures. We note that for small targets refluxing and the heating of

the plasma is a real effect. In order to prevent refluxing we have implemented a “artificial”

damping region in the right most 10µm of the box. We compare each particle’s kinetic energy

to the local temperature to determine if the particle is “hot”, i.e., above a threshold value.
23 Note that it is actually a very small amount: less than one part in ten thousand at each event on average.
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This threshold energy is called the damping temperature. We then “cool” all particles that

are above the damping temperature with a probability which provides a specified stopping

distance. More details are given in Appendix B.

In addition to the particle damping algorithm, we use a particle merging algorithm for

thermal particles in the same 10µm region. This is done in order to reverse the splitting

which occurred when the particles were accelerated. If we do not use such an algorithm, the

background plasma in the damping region becomes over-populated with smaller particles,

and that region can become the computationally dominant part of the simulation, empirically

slowing the simulation down by a factor of 8 or more. The algorithm uses the same list of

kinetic energies as the splitting algorithm to determine when to merge, but it it merges the

particles at a lower energy than that at which they were split (specifically a factor of 4 less)

to prevent particles which are near the threshold from merging and splitting multiple times.

Only particles close in both position and momentum space are allowed to combine. Although

it is possible to conserve both energy and momentum by combining 3 or more particles [87],

we elect to use a simpler two-particle merge which conserves momentum only, since our

region is already (purposefully) non-energy conserving. The routine also spatially balances

the sites of particle merging, by keeping track of previous merge events and preventing more

from happening in regions in which a disproportionate number of events have happened

already. This is done primarily to prevent merging from happening predominantly on the

edges of the merge region.

Figure 2.22 shows the electron spectrum and figure 2.23 the plasma density roughly 300

femtoseconds after the initial laser illumination. This time period is interesting because it

shows the transition between the initial, simple geometry, and the somewhat more com-

plicated absorption physics which happens later in time. Up to about 250 femtoseconds,

the surface remains optically smooth, and the absorption is from the 1D physics for a hot

plasma, as can be seen by the fact that in fig. 2.22.a the maximum energy for the electrons for

x1 > 1200c/ω0 is ∼ 2a0 = 12. However, as can be seen in figure 2.23, by tω0 = 1600 the sur-

face has developed laser-wavelength scale structures, specifically ocean-wave-like asymmetric

hooks, terminating in sharp points. These hooks have two consequences. One, their chirality
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Figure 2.22: Electron spectrum 300fs after laser illumination. Fig. 2.22.a shows the whole

plasma region; the higher maximum energy of the particles accelerated later (and so less

deep into the plasma) can be clearly seen. Fig. 2.22.b shows a zoom around the surface,

displaying the same 2ω0 jets as earlier in time, though now those from each laser half period

has distinct shape.
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Figure 2.23: Plasma density at the surface 300fs after laser illumination. The previously

smooth surface has developed bumps and hooks, an underdense plasma can be seen in front

of the target, and a high density shock-like structure is traveling into the plasma.

breaks the symmetry of the laser-plasma interaction, which results in different absorption in

each of the two half-cycles of the laser. This can be clearly seen in figure 2.22.b, where the

half-cycle beam pulses are alternately strong and weak. This handedness arises from local

spontaneous symmetry breaking, and although their absolute orientation is of course random

and also likely to change over time (that is on a time scale much longer than the laser period)

they can lead to 1 ω harmonics whereas the perfectly smooth surface would only give 2 ω.

The surface structure also complicates the laser reflection so that it is no longer a planar

standing wave, allowing for peak acceleration of greater than twice the quiver velocity under

favorable conditions, as can somewhat be seen in figure 2.22.b - for instance the light-blue

peak at x1 = 1015 reaches roughly 15 mec
2.

However the highest energies seen in the spectrum are more than double those from the

smooth surface, with a low density group extending up to gammas of 30 or greater. Such

energies are far too high to be explained by a local focusing of the field. Rather this is a

signature of a second acceleration mechanism, one which is related to another feature visible
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in figure 2.23 - the presence of an underdense plasma in what used to be the vacuum region

in front of the target (roughly 1000c/ω0 < x1 < 1010c/ω0).

We examine the source of these electrons using particle tracks, which can be seen in figures

2.24 to 2.29 . The first figure shows the particles we will be tracking, and demonstrates the

selection rules we have chosen. The particle must be near but not in front of the plasma

surface at tω0 = 1600 (i.e. x1 > 1010c/ω0), and that the normalized forward momentum be

greater that 20. Based on these rules we selected 150 particles. The following figures (2.25

-2.29) show the tracks of the selected particles at snapshots separated by tω0 = 15 preceding

the time of selection, superimposed on the plasma density. These tracks then help to identify

the acceleration mechanism for the “super hot” electrons. The position of the particles at

the time of each frame are indicated with yellow dots, the time history of their motion is

shown with a tail behind each dot, which is also color-coded to show the particle energy at

the previous times and positions.

We would like to emphasize that the selection criteria illustrated– p1 > 20mec and

1010c/ω0 < x1 < 1040c/ω0 – are the only restrictions we place on the particles. Otherwise

we pick the electrons to track completely at random, and all 150 selected tracked particles

are plotted in the figures that follow.

The first point to notice upon examining the entire data set for the tracks is that every

single electron spends time in the underdense region in front of the plasma (the area which

started out as vacuum). Some have already exited the plasma by the first frame (which

is taken 30 fs before the “final” time), and the last of the 150 are exiting the plasma by

the third frame, just as the first group of electrons begin to re-enter the bulk plasma. This

behavior should be contrasted with the movement we saw earlier in the particles which were

accelerated by the 2a0 mechanism at a flat surface. In the 2a0 process the particles exited the

plasma as well, but they did so in a smooth manner in phase with the laser and re-entered

the plasma right away. They only penetrate ∼ πc/2ω0 = λ0/4 into the vacuum where the

E field in the standing wave is at a maximum. Each accelerated electron does this in phase

with the wave. Here instead the particles are able to leave the plasma entirely and enter the

previous vacuum region, and their motion is not smooth or in phase. Rather the particles

107



execute chaotic motion both in position and momentum space. These particles decouple from

the dense plasma to become part, at least for a time greater than the laser period, of the

underdense plasma shelf which exists in front of the original surface.

Once we have identified that all the particles execute motion inside the underdense plasma

shelf, the next interesting issue to investigate is what determines and how the particles exit

the plasma and enter the laser field region. They do not exit the plasma in a spatially

uniform manner; rather virtually every electron exits the plasma by traveling along the

density ‘spikes’ pointing out into the vacuum region24. In fact the majority of the particles

exit through just one of these spikes (the second from the left in these frames in which

there are four spikes). Again this is in contrast with the behavior of tracks for the smooth

surface “1D” like behavior. In that case all points along the surface were equivalent since

the fields were translationally invariant in the transverse direction. As a result, all particles

see the anti-node of the magnetic field of the standing wave which prevents electrons from

entering the vacuum (except for a few who penetrate λ0/4 but return immediately). When

the ions move the smoothness of the interface, and hence the fields, is brokenwhich breaks

the translational invariance. The plasma and hence the fields become localized into regions

λ0 wide. The fields are focused into the low density regions. Therefore, the particles escape

through the density spikes where the fields (especially the B field) are low. In essence, the

spikes then extend into the vacuum region and are the source of the underdense shelf25.

We can also understand through the tracks the way the particles move in the fields

and how they re-enter the plasma. In the standing wave, the particles move in a stochastic

and overlapping fashion, mostly in transverse paths but sometimes longitudinally as well,
24 If one looks carefully there is one exception to this rule visible in these particle tracks, a dark purple

track which can be seen exiting the plasma in the second frame between the left and middle spike. However
though not shown here this is the exception which proves the rule: in fact this particle did leave along one of
the spikes, but at an earlier time. It then reentered the plasma quite energetically but with grazing incidence,
and subsequently used that energy to exit the plasma again (as seen here.)

25 Sometimes it is stated that an underdense shelf is created by the diffusive movement of the ions into
the vacuum region. This is not a meaningful way to explain the evolution of the plasma; the ions do not
feel the longitudinal force of the laser field, but rather only respond to the electrostatic fields setup by the
movement of the electrons. Once the electrons are able to enter the vacuum region, the ions then follow them
to maintain quasi-neutrality (again, doing so without difficulty, because they are not affected by the laser);
but their movement is a consequence of the escape of the electrons, not a cause.

108



both gaining and losing energy throughout their motion. Eventually the particles hit the

surface at various locations26 and angles, after which they travel ballistically into the plasma.

Although all the electrons appear to re-enter the plasma around the same time, this is just a

consequence of the original selection rules; more illuminating is how long the electrons spend

in the vacuum, which is a much broader distribution.

2.3.1.1 Acceleration mechanism for electrons of unbounded energy

For laser pulses with longer laser pulses we have identified two groups of energetic (accel-

erated) electrons, a hot and a super-hot group. The hot group has energies approaching

2a0mec
2 and they are generated through the 1D mechanism discussed earlier. However, as

we have just described for hydrodynamic times scales the plasma surface ripples and the

laser is focused into the low density regions. The plasma then leaks into the vacuum through

the high density spikes thereby creating an underdense shelf. The 2a0 mechanism at the

surface is slightly modified due to the density modulation, but it still occurs within λ0/4 of

the surface. However, the underdense shelf is the source of the high energy, i.e., super-hot

electrons.

The acceleration mechanism for the super-hot electrons is stochastic acceleration of elec-

trons in the standing wave pattern. The electrons quickly gain and lose many multiples of

the quiver velocity (momentum) without any particular limit. Eventually, however, their

stochastic path intersects the surface of the plasma and they then travel along straight line

trajectories into the bulk plasma.

The stochastic acceleration of electrons in a combination of forward and backward propa-

gating electromagnetic waves has been investigated in the past [88, 89, 90, 91, 92]. Stochastic

acceleration occurs when particles interact with two waves with different phase velocities. For

the purposes of this work, we note that when an electron interacts with a single light wave in

vacuum it can gain an energy which scales as a0
2. Its energy depends on its initial conditions.

26 Although less so than for exiting, the electrons also appear to have some preference to enter the plasma
along the spikes as well; this may be a simple geometric feature, it being more likely for a ray to strike a hill
than a valley.
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Figure 2.24: Particle tracks for high momentum particles.

Above: The particle selection. The window parameters show the selection rules, the black

dots the selected particles.

On the following pages: The tracks for the selected particles, superimposed on the plasma

density, in five frames roughly 7.5fs apart. Yellow dots indicate the location of the particle

at the current time; the tails show the location over the previous 10/ω0, and are color-coded

by kinetic energy.
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Figure 2.25: Tracks at tω0 = 1540
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Figure 2.26: Tracks at tω0 = 1555
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Figure 2.27: Tracks at tω0 = 1570
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Figure 2.28: Tracks at tω0 = 1585
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Figure 2.29: Tracks at tω0 = 1600
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The counter propagating light wave can also interact with the electron which effectively can

bootstrap its energy by changing the effective initial conditions for the electron when it is

interacting with the forward moving light wave. Therefore, electrons which can interact with

a traveling wave in a region with many laser wavelengths long can gain significant energy.

In the present case, the situation is even more complex, as due to the uneven structure of

the plasma surface, the reflected wave can be much more uneven than the incoming wave,

and so the resulting motion of the electrons more chaotic. With respect to fast ignition, the

stochastic process generates electrons significantly higher than those that can be stopped

in the fuel. Therefore, this process is undesirable. We believe that a careful analysis of the

motion of electrons in a traveling wave and of those in the underdense shelf still needed.

2.3.1.2 Plasma expansion into vacuum region

The spectrum of accelerated electrons, then, is in the simplest sense a direct effect of the

longitudinal profile of the plasma. The ‘modestly’ energetic electrons, i.e. ‘hot’, those up to

2a0mec (and hence those most pertinent for Fast Ignition, among other uses) are created by

the interaction of the laser with a sharp, steep interface on a highly over-critical plasma, as

we saw earlier. By contrast the most energetic, super-hot electrons, which represent ‘wasted’

energy in the FI concept, are caused by any underdense plasma which may be present. It is

useful, therefore, to look at how the plasma profile evolves over the length of what might be a

typical laser pulse, which is of order a few picoseconds. Studying the evolution of the surface

and plasma shelf will also inform the validity of ignoring the effects of any laser prepulse or

compressional scale length, as we will return to shortly.

In figure 2.30 we show the plasma density, averaged transversely, on a logarithmic scale,

from the time of the initial laser illumination out to approximately 2.6 ps. There is of

course also structure in the transverse direction, especially around the surface.However, this

diagnostic will provide information on how the plasma surface moves inward and how the

shelf forms. Figure 2.30.a, which includes the entire initial vacuum region of the simulation,

shows the expansion of the underdense plasma shelf. The initial source of electrons for this
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Figure 2.30: The density of the plasma averaged transversely as a function of time. a)

The expansion of the plasma as an underdense shelf (green and red regions) in front of the

compressing overdense plasma (magenta) can be seen. b) A zoom around the surface shows

the preservation of a sharp transition from underdense (green) to overdense (red fading to

yellow) regions.
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plasma is again the micron-scale (laser wavelength scale) spikes on the plasma surface which

‘pierce’ the surface field and allow the electrons to leak out. Once in the underdense region

the electrons no longer feel the laser pressure, as the plasma is transparent for the laser,

and so they expand out ion-acoustically. The fluid velocity of the ions is a linear function of

the distance from the plasma surface (not shown here), and so the underdense gas expands

exponentially in time, as can be seen. The density of this shelf therefore remains well below

even the non-relativistic transparency density, which is on order of one-tenth the critical

density or only a few percent of the relativistic critical density).

Figure 2.30.b, shows the same data, but now zoomed in around the high density surface

region. The most important point is that, although the critical surface moves constantly to

the right, due to a combination of the compression inward from the radiation pressure and

etching outward, the transition from underdense to highly overdense remains sharp. The color

axis here is chosen so that there is a quick transition from green to red at the non-relativistic

critical density. In addition, although faint, a shockwave is also seen to be launched into the

plasma as the separation between the light and slightly darker yellow region. The density

behind the shock is about 150nc (i.e. 1.5 times the initial density).

Figure 2.31 shows 2D snapshots of the density profile at the surface at four sequential

times. As we expected from what we saw in fig. 2.30.b, here we see that although the surface

is constantly moving to the right, it maintains the same sharp transition from low to high

density throughout. Indeed, as could be anticipated, the sharpness of the interface is even

more distinct in these 2D pictures, as they aren’t smoothed over by the transverse averag-

ing. Furthermore, the general two-dimensional shape of the surface also remains constant

throughout the simulation. On scales longer than the laser wavelength the surface stays rela-

tively flat, with angles of only a few degrees from normal, while on scales similar to the laser

wavelength it stays ‘spiky’ throughout. This is consistent, respectively, with the continued

ability of the laser to generate energetic electrons through the 2a0 mechanism - as we’ll see

is true shortly - and the constant expansion of the underdense region in the the vacuum, as

seen in fig. 2.30.a.
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Figure 2.31: The critical plasma surface shown at four sequential times, separated by

approximately 650 femtoseconds. Although the surface moves constantly to the right, due to

a combination of compression and etching, the basic characteristics of the plasma - a sharp

transition from underdense to highly overdense, shallow angles above micron scale-lengths

but possibly with sharp spikes at sub-micron scales - remain the same throughout.
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2.3.1.3 Heat flux spectrum of accelerated electrons

Examining in detail the spectrum of accelerated electrons can reveal the interplay between

the two different absorption mechanisms. Figure 2.32 shows the total forward heat flux carried

by electrons as a function of their relativistic gamma factor, as a function of time (taken

as an average both transversely across the box and longitudinally in a volume 6 microns

behind the original surface and 18 microns thick.) On this multi-picosecond timescale, the

period where only the smooth-surface acceleration mechanism is present appears as only a

brief transitory event lasting a few hundred femtoseconds at the beginning of the interaction

(until t ∼ 1500ω−1
0 , which is ∼ 500ω−1

0 after the laser reaches the surface). Immediately

after this transition time, electrons begin appearing with momenta above 2a0mec
2, and with

energies even beyond the scale shown here. These super-hot electrons are correlated with the

appearance of an underdense region. These electrons are generated through the interaction

in the standing wave.

However, the lower part of the spectrum (the hot electrons) which is caused by the 2a0

absorption process are still visible throughout the simulation (the white-purple-red area of

the plot). And, more critically, the majority of the heat flux continues to be carried by

electrons with γ < 2a0, demonstrating that the energy absorption is still primarily through

the 2a0 mechanism. (A burst of higher-gamma absorption can be seen to have happened

briefly around t = 2000/ω0; this corresponds to the presence of a unusually dense area of

pre-plasma, which can also be seen in fig.s 2.30.b and 2.31.a.)

To illustrate more clearly the presence and relative importance of the hot and super-hot

electrons we plot in figure 2.33 snapshots of the different moments of the electron distribution

function, on an energy against longitudinal position plot. We use log10(γ − 1) for the y-axis

and x1 for the x-axis. In fig. 2.33.a, .b, & .c we show the 0th moment, i.e. plasma density, the

1−n moment, i.e. current density, and the 3rd moment, i.e. the heat flux, respectively. Each

quantity is averaged transversely at time t = 3600ω−1
0 , which corresponds to roughly the

middle of figure 2.31. Fig. 2.33.a shows that the bulk plasma is at a temperature of 5-50 keV;

the relativistic electron density isn’t even visible with this linear color map. In fig. 2.33.b we
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Figure 2.32: Time series of the heat flux spectrum, that is the total forward heat flux car-

ried by electrons as a function of their γ. Although energies above twice the quiver velocity

are only strictly excluded for the brief period at the beginning of the graph (corresponding to

the time when the surface remains smooth), the heat flux is dominated by the contributions

of electrons below that level throughout, indicating that although the physics is more com-

plicated than the 1D absorption model in general that model remains the most important

piece to understanding the overall absorption dynamics.

can see clearly that the current is made up of a hot forward current and a cold neutralizing

return current. Looking at 2.33.c we observe that the heat flux is carried exclusively by the

high energy particles; two beams from the two different acceleration mechanisms are also

apparent here.

2.3.2 Plasma Evolution and Laser Absorption in the Presence of Preplasma

Until now we have considered plasmas formed by short laser pulses without prepulses im-

pinging on solid density targets. For such scenarios, the plasma profile is a step-function
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Figure 2.33: Distribution function moments plotted as a function of the logarithm of the

particle energy, and x1. a) Density (0th moment) b) Current (1st moment) c) Heat flux (3rd

moment). Comparing a) and c), the separation into a background (a) and a beam (c) is clear

to see; that the beam is actually two superimposed beams, one at the quiver energy and

much hotter but less dense one, can also be discerned. The hot forward and cold neutralizing

return currents can be observed in b).

from vacuum, or a step function with an underdense shelf. Perfectly sharp plasma surfaces

such as we have been discussing so far are a special case. In general a plasma will have a

finite scale-length over which it goes from vacuum (or at least highly under-critical) to highly

over critical density. This may either be because the target was assembled by compressing

a lower-density target using an ablation process, the laser pulse is very long, or because the

laser pulse also includes a low-intensity but long ‘pre-pulse’ before the main pulse which

heats and expands the target surface.

Very high contrast ratio lasers (i.e. those with insignificant pre-pulse) do exist, and more

can be expected to be developed in the future. Using such a laser to illuminate an initially

solid-state target could plausibly create only a sub-wavelength scale preplasma, which would

make the results of the previous sections directly applicable as is. We note that the previous

results encompass the case where the main pulse itself rapidly generates an underdense

region in front of the target self-consistently. However a more complete picture can be found

by exploring what happens when the density scale length is initially longer than the laser

wavelength. The goal is to identify how the physics of the idealized case relates to the more
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general scenarios.

We find perhaps surprisingly that as before the main absorption mechanism which gen-

erates modestly energetic electrons remains the same as for a plasma which evolves from an

initial vacuum interface - which is itself the same as the absorption mechanism from that

case in early time, when the interface is still a sharp gradient to vacuum. For modest density

scale lengths, this mechanism retains roughly the same efficiency as in the no pre-plasma

case; although the generation of high-gamma particles from the low density shelf region is

somewhat more dominant in the case of finite initial scale-lengths, resulting in greater over-

all absorption but also sometimes diminished absorption at the surface. These features are

themselves all consequences of the fact that the response of the bulk plasma (as opposed to

the accelerated electrons) is very similar either with or without a realistic density gradient

- an underdense region transparent to the laser escapes freely back towards the direction of

laser irradiation, while the critical surface is pushed inward by the laser pressure so that the

laser reflection region is much smaller than the laser wavelength.

We model targets with finite density gradients as having a simple exponential dependence

of density on longitudinal position with various scale lengths (we define the scale length as the

distance over which the density changes by one decade.) The density ramps from underdense

(and fewer than one particle per cell) up to 100 times critical density, after which it remains

almost constant save the slight modulation to remove spurious resonant effects with the laser

frequency. Otherwise the initial conditions of the plasma and the numerics are the same as

those described in the previous section, being 3 microns wide and periodic in the transverse

direction and having 80 microns of plasma in front of a particle damping region acting as a

boundary condition.

Figure 2.34 shows the evolution of the density profiles under laser illumination for three

different scale lengths: 2µm, 3 1/2µm, and 5µm. As can be seen in the plots in the left-

hand column, which shows the density in the entire initial vacuum region of 160 µm with a

logarithmic color axis, in all three cases an underdense plasma of a few percent of the critical

density expands rapidly outward to a length much greater than the initial scale-length. The

figures in the right hand column show the initial density evolution near the surface on a
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Figure 2.34: Transversely averaged density for plasmas with different scale length pre-

plasma (2µm, 3.5µm, and 5µm, top to bottom), shown logarithmically for the entire vacuum

region (left column) and linearly as a relief map zoomed around the surface. The log plots

show the expansion of an underdense plasma shelf into the previous vacuum region in all cases

though quicker for longer scale lengths. The linear relief plots show the inward compression

of the surface (“snowplowing”), which happens more slowly and to lower peak density in the

presence of longer scale length pre-plasma.
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Figure 2.35: Transversely averaged density around the critical surface (left column) and

forward heat flux energy spectra (right column) as a function of time for three different pre-

plasma scale lengths (2µm, 3.5µm, and 5µm, top to bottom). Bursts of near critical density

plasma away from the surface can be seen to be associated with greater heat flux carried by

high gamma particles.
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Figure 2.36: Heat flux spectrum for 4 different scale length pre-plasmas (vacuum, 2µm,

31/2µm, and 5µm), but now against the logarithm of the kinetic energy. As was also seen in

figure 2.35, the heat flux carried by electrons accelerated at the plasma surface is not greatly

affected by the presence of a modest pre-plasma; however the increase in the total heat flux

carried by high gamma electrons coming from the underdense region can more clearly be

seen in this figure.
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linear z-axis (here both the color axis and redundantly the vertical axis of a 3D plot); again

all three cases show similar behavior to each other, that is a steep sharpening to a sub-

micron density scale length. Comparing to figure 2.30, we see a similar evolution in the case

with an initially vacuum interface, to a long scale-length underdense region and a very short

scale-length transition to highly over-critical densities.

These figures show that the transverse average density profile of the plasma for different

initial scale-lengths at the surface evolve quickly under laser irradiation to very similar profiles

both to each other and to the initially vacuum case; however when looking at the accelerated

electrons it can be seen that despite the seemingly similar densities, these initial conditions

do modify the absorption much later in time. Figure 2.35 shows the spectrum of forward heat

flux, similarly to fig. 2.32 for a vacuum interface, along with a logarithmic plot of the density

near the surface. There is somewhat more heat flux being carried by electrons above twice

the quiver velocity than was seen in the case of no preplasma; that absorption especially

happens in bursts associated with the presence of higher-density plasmas in front of the

reflection region, as can be seen by comparing the spectrums with the associated density

plots. However in these graphs otherwise the absorption spectrum seems roughly similar to

the vacuum interface case; specifically the surface-accelerated electrons in the gamma range

up to 2a0 are present as a strong beam in all cases, though the beam is strongest in the case

of no pre-plasma.

Looking at the same heat flux spectrum data but against the logarithm of the kinetic

energy, as shown in fig. 2.36 (along with the no pre-plasma case), we can see more clearly the

enhanced high-gamma absorption in simulations with pre-plasmas. The beam of electrons

accelerated at the surface can be seen clearly here in these figures as well, appearing as a

band between kinetic energies of about 1.5 and 5 MeV. However the electron heat flux above

this – coming from the stochastic acceleration in the underdense region – which appears as

monotonically decreasing on a linear scale appears instead as a second peak here, centered

roughly between 20 and 50 times the rest energy. This second beam is somewhat visible

though weak in the initial vacuum case, excepting one period early in time where the beam

is strong. In comparison it is enhanced in all the pre-plasma cases, though here too it is not a
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constant feature, enhancing and depleting throughout all the simulations; the greatest high

gamma heat flux appears in the longest pre-plasma, however the correlation to initial scale

length seems somewhat weak as the 2 µm simulation also shows a strong beam.

So, to summarize, the presence of a modest pre-plasma appears to noticeable increase

high energy electrons coming from the underdense region but at the same time to have only

a weak affect on the electrons accelerated at the surface. The tolerability, or desirability, of

pre-plasma therefore depends on the goals of the experiment. If the desired outcome of the

laser-plasma interaction is simply maximum coupling of the laser energy to the electrons, a

thin pre-plasma may actually be desirable as it increases total heat flux. Or, if the goal is to

maximize the heat flux in moderate gamma electrons (as is the case in Fast Ignition, where

1-3 MeV electrons are thought to couple most efficiently to the core), then some preplasma

may not necessarily be helpful but it will at least be tolerable, as it doesn’t much affect the

surface acceleration mechanism. However, if very high energy electrons are in fact detrimental

to the application, it would be optimum to keep any underdense regions to a minimum, both

during the interaction and seemingly even before the main pulse.

2.3.2.1 Longer preplasmas

The cases considered so far cover cases up to only up pre-plasma scale lengths of 5 µm,

which is rather modest. Although such scale lengths are plausible for a laboratory plasma,

longer density scales are also likely to be encountered, especially in the case of an ablatively

compressed plasma. The reason we have emphasized the results from the smaller scale-

length simulations is that we have found that – with this simulation geometry at least – for

longer scale-lengths the absorption can realize qualitatively different outcomes, depending

chaotically on the initial evolution of the plasma. Whether these results can readily generalize

to a 3D, finite spot-size target is not fully clear, but we include a discussion of them because

of the interesting implications if they could.

This result is summarized in figure 2.37, which shows the heat flux spectrums for three

slightly different simulations all with 10 µm scale density gradients. The figure on the upper
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left shows the spectrum for a simulation identical to those just described except for the

ramp region. As can be seen the first phase of the simulation shows qualitatively the same

behavior as before, with absorption both in the low gamma electrons coming from the surface

acceleration and high gamma electrons coming from the stochastic underdense acceleration;

quantitatively, that the high gamma beam is somewhat stronger and persists somewhat

longer than for instance the 5 µm case is also consistent, as it would take longer for the shelf

to compress and become depleted.

However, after t = 3000/ω0, a completely different behavior appears: the heat flux from

electrons in the surface acceleration energy band disappears almost completely, with the

heat flux now being carried by the higher gamma particles exclusively. Looking at the density

profile near the surface, displayed on the upper right of the figure, an expansion of the plasma

into the underdense region can be seen to be coincident with this seeming decrease in surface

absorption. It was therefore supposed that an enhancement in the density of the shelf region

was leading to greater underdense absorption and subsequently to pump depletion before the

laser could reach the surface region. (It’s worth noting however that a plot of forward heat

flux vs. position, not shown here, indicated contradictorily that absorption was happening

at or near the surface).

The question then was what was leading to the growth of the underdense region. Of

course it was possible that it was a physical effect, with the longer density scale-length

leading to a different evolution of the multi-dimensional surface geometry, which allowed

more electrons to escape through the reflective surface fields. But we postulated that it may

also have been due to an artificial refluxing effect; specifically, we knew that the particle

absorber at the rear of the target would re-emit particles with a temperature much greater

than the background temperature, because when it measures the local temperature it makes

no distinction between background and beam electrons and so most of the energy measured

comes from the beam electrons. This could have been a problem for all the simulations using

the absorber; but we thought what might have happen is that in the case of the longer

density region, there would be a greater flux of high gamma electrons right at the start

of the simulation, which would then ‘overload’ the absorber and lead to an initial burst of
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Figure 2.37: The forward heat flux spectrum for three different simulations, all with 10

µm density scale lengths. The upper left figure shows the spectrum for a simulation using

the standard particle damper to reduce refluxing; the upper right figure shows the density

near the surface for the same simulation. The lower left figure shows the spectrum when

using a damper which calculates the temperature in the damping region using a fourth-root

weighting for the particle energy, to reduce the effect of the hot tail and so further reduce

refluxing. The lower right figure shows the spectrum for a simulation using the same 4th root

calculation, but also re-emitting the damped particles with a temperature further reduced

by a factor of two from the temperature calculated.
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refluxing - which would then reflux back into the laser and lead to an enhanced high gamma

absorption, and so on.

To test this theory, we set the absorber to calculate the temperature using a sum of the

fourth root of the particle kinetic energy instead of a linear sum, making the calculation

less sensitive to high-energy tails (c.f. appendix B, especially B.3). The results of using an

absorber with the modified sum calculation are shown in the bottom row of figure 2.37. The

left-hand figure shows the result of the regular 4th-root algorithm. The right-hand figure

shows the result using the same 4th-root sum in the calculation, but also reemitting the

damped particles from a cooler distribution function with T reduced by a factor of 2; this

risked resulting in an undesirable cooling at the back of the box, but as it would be even more

aggressive at eliminating any refluxing were that to be the issue it would make diagnosing

the problem more clear.

As can be seen, the results are not consistent with the refluxing hypothesis. The sim-

ulation with reemission at the calculated temperature does indeed show a return to the

behavior of the shorter scale-length pre-plasmas, where the initial density gradient leads to

high-gamma absorption at early times but surface absorption is present throughout. How-

ever the simulation with the extra cooling of the reemitted particles sees a return of the

anomalous behavior with the unmodified damper, in fact even to a greater degree than be-

fore. We conclude from these results two things. One, there is no reason to suspect that our

particle damper is not functioning properly. And two, based on that, and based on the fact

that none-the-less changing the damper parameters leads to a drastically different response

of the plasma, that response arises in a chaotic fashion; although we had intended to test

the boundary condition, what we actually accomplished was modifying the seed noise of this

chaotic event.

At this point we compared other diagnostics from the three simulations, to see what

events correlated with the suppressed low-gamma absorption. We found that the suppressed

absorption was associated with the generation of a strong B-field region just inside the

plasma: the presence of this B-field leading to the elimination of low-gamma electrons, it’s

absence leading to ‘regular’ behavior of the plasma. This is illustrated in figure 2.38. The left-
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hand column shows the time-averaged magnetic field and density for the same simulation as

2.37c; the right hand column shows the same data for the simulation represented in 2.37d; the

top two rows show the density and magnetic field at the end of the simulation, the bottom

row the transversely-average B-field for the whole duration of the simulation. Looking at

the 2D field plots, although a static magnetic field of strength on the order of that of the

vacuum laser field does appear in the simulation where surface accelerated electrons are not

repressed, it only does so in a localized region; moreover, by comparing the field plot to the

density plot at the same time, it can be seen that the B-field here is formed near the surface

region. In the simulation where moderate gamma electrons are absent, in contrast, the static

field is both larger, filling the entire box transversely; and it appears not near the surface

but within the plasma itself, extending to the point of peak density around x1 = 1010c/ω0.

Comparing the density plots to each other, they also show differences, with the case where

surface electrons are seen in the spectrum having a sharp surface - which would be the correct

geometry for the surface acceleration mechanism - whereas the case where surface electrons

are suppressed has a region of 10-20 times the (non-relativistic) critical density about two

microns wide at the target surface, behind which is a strongly compressed region up to 250

n0. Not plotted here, the pressure is also quite different between the two cases, with the

low-density region in front of the magnetic field corresponding to a high-pressure band with

peak pressures of 80-100 n0mec
2; no such band appears in the simulation without the strong

magnetic field.

What we believe is happening, therefore, is the following. During the initial stages of

the laser-plasma interaction, strong quasi-static magnetic fields build up around the critical

surface as the plasma is compressed by the laser; we observe these initial fields in all cases

with pre-plasmas, more strongly in cases with greater scale-lengths. Such fields are often

observed in laser plasmas [93, 94, 95]. Due to the symmetry of the simulation, neither sign

of the B field is preferred (only the B3 component is allowed in the 2D geometry), and

filaments27 of both types arise. As time goes on and the plasma compresses, these filaments
27 ‘Filaments’ in the sense that all components of a two-dimensional simulation are filaments (which go to

infinity); in the diagnostics they appear more as ‘blobs.’
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Figure 2.38: The depletion of moderate gamma electrons is caused by the formation of a

strong magnetic field just inside the plasma. The left-hand column shows the case where no

field is generated, corresponding to the spectrum in the lower-left graph of figure 2.37; the

right-hand column shows the generation of a strong B-field, corresponding to the lower-right

graph of the same figure.
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move and diffuse with the flow of the material; if filaments of opposite sign merge they

annihilate, but if two filaments of the same sign meet they can combine into one stronger

filament. If a strong enough region of magnetic field is able to form from these mergers,

it can become self-sustaining, gaining the energy it needs to overcome magnetic diffusion

from its interaction with beam electrons. This magnetic field then pushes back both on the

bulk plasma and the beam particles (although the energy becomes so high in this region the

distinction is hard to make); resulting for the former case in a high-pressure region between

the field and the laser, a lower-density shelf pushed out by this pressure, and a strong build-

up of density at the edge of the magnetic field, all of which are apparent in figure 2.38; and

for the latter case in the inability of electrons which have been accelerated once by the laser

at the surface from entering the material - the heat flux which does enter the plasma is either

carried by particles accelerated in the underdense region, or by those which have interacted

with the laser multiple times.

At the moment it is not clear how to control the growth of these magnetic fields; they

simply appear or not in our simulations in the presence of pre-plasma based on the random

orientations of the initial magnetic fields. Nor is clear from this simplified and highly sym-

metric geometry if these fields would appear or appear as readily in three dimensions, or in

finite-size laser-plasma interactions. However they are interesting because, if they could be

controlled, the generation of magnetic fields through the interaction of the laser with a den-

sity gradient may by a method for further controlling the characteristics of the accelerated

electron beam. A more detailed examination of the interaction of high-intensity lasers with

density gradients is warranted.

It bears emphasizing that all these simulations explore the absorption in the presence of

preplasma in rather simple cases. The density gradient is modeled as perfectly exponential,

and likely more importantly the laser is described as naïvely as possible, with no temporal

(nor of course spatial) structuring whatsoever. The main point of these simulations is to show

that the natural response of the plasma - rarefaction of the underdense region and steepening

of the critical surface - is such that direct acceleration by the laser field at the plasma surface

is generally applicable, and not just a special or idealized case. The results therefore should
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be taken as more qualitative than quantitative (when a more general approach is warranted),

and even the decreased coupling to low-energy electrons in the long scale-length case should

be seen as instructive rather than predictive of the necessary outcome of an experiment. It

is highly likely that a more tailored approach could further optimize the photon-electron

coupling to a desired outcome - a point we touch on briefly in the next section.

2.3.3 Circular and Elliptical Polarization

As we have seen, the natural response of the plasma to picoseconds of laser illumination

– whether starting from a perfectly sharp surface or with a modest density gradient – is

to form two regions: a sharp gradient from underdense to highly overdense, and in front of

this a long underdense region with a very shallow gradient. This results in two absorption

mechanisms, the 2a0 mechanism at the sharp surface and stochastic acceleration in the

underdense plasma. The stochastic acceleration gives rise to electrons with energies much

higher than those accelerated at the surface, and so this at first might seem deleterious to

something like Fast Ignition, for which only electrons with energies in a certain (lower) range

are preferred. However it turns out it really doesn’t matter because, somewhat surprisingly

perhaps, the total energy input into the electrons with lower relativistic gamma factors

isn’t much affected by the laser absorption in the underdense shelf. Nonetheless it would be

interesting and it might be useful if we could avoid the growth of the underdense plasma

shelf, and it turns out we in fact can, by changing the laser beam from a linear to a circular

polarization.

As we saw in section 2.2.5, for short laser pulses with circular polarization (. 100 laser

periods) although there is surface heating due to the slipping stream instability in this case

electrons are not accelerated by the 2a0 mechanism and total laser absorption remains low.

This is a result of the structure of the laser field standing wave – the magnetic field anti-

node everywhere at the plasma surface rotates in direction but stays constant in time, so

no matter when (or where) an electron reaches the surface it sees a reflecting magnetic

field and is never able to enter the laser electric field and gain energy. However it turns
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out that, similar to the case of linearly polarized light, the surface does not stay smooth

indefinitely; rather it becomes ‘bumpy’, which a characteristic scale length on order of the

laser wavelength. Interestingly, although there is surface deformation in both cases, the effect

on the plasma profile and hence the electron acceleration is qualitatively different between

the two polarizations.

The plasma critical surface is shown in figure 2.39 after approximately 2 picoseconds of

laser illumination for three different laser polarizations. In the top frame the laser has a

normalized vector potential of a0 = 6 and a linear polarization (and it is p-polarized, that is

the electric field is in the plane of the simulation). In the bottom frame the laser is circularly

polarized, with the same time averaged laser intensity as in the top frame. The middle frame

shows the results for an elliptically polarized laser, where the ratio of the peak electric field

in and out of the plane is 2:1 respectively, and again the time averaged intensity is consistent

with the other two frames. In the top frame the surface can be seen to be ‘spiky’, with five or

six sharp features pointed out almost directly into the underdense region. This is in contrast

to what is seen in the bottom frame, where although the surface is also not flat, there is

an absence of the sharp protrusions seen in the top frame; the shape is more ‘bumpy’ than

‘spiky’. The middle frame has a somewhat in between shape to the critical surface, with

bumps but also a few shallow spikes which point at an angle and are not normal to the

surface. Related to the surface shape we can see in the top frame an underdense region in

front of the high density plasma, which as we saw in section 2.3.1.1 is created by plasma

leaking out along these peaks. In the bottom frame no such underdense region is present,

indicating that without the sharp structures the plasma is not able to pierce the standing

wave magnetic field and allow electrons to leak out into the initial vacuum region. In the

middle frame a much lower density shelf region is vaguely visible, indicating that the surface

peaks do allow at least a few electrons to leak out.

The left-hand column of figure 2.40 shows the transversely averaged density as a function

of time, for circular and elliptical polarization, and also for a circularly polarized laser and

plasma with a 2µm initial density gradient. The top frame, for circularly polarized light and

a sharp gradient, shows that throughout the entire simulation there is essentially never any
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Figure 2.39: The plasma surface for three different laser polarizations, after ∼2 ps of

laser illumination. In (a) the laser has linear (p) polarization; in (b) the laser is elliptically

polarized with a 2:1 ratio between the electric field in and out of the plane, respectively; in

(c) the laser has circular polarization. In the top frame ‘spikes’ can be seen at the plasma

surface, which are diminished in the middle frame and absent in the bottom frame. The

underdense shelf, caused by these spikes, can be seen clearly in the top frame, vaguely in the

middle frame, and it is absent in the bottom frame.
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underdense plasma formed in front of the target. For the elliptically polarized laser beam, a

thin underdense region can be seen to form and grow over time. However it is much thinner

and lower density than was seen for linearly polarized light, having a 20 micron thick region

of about 1% critical density and perhaps a 2 micron thick region at closer to 10% of critical

density. (Recall for linearly polarized light that by the end of the simulation the plasma shelf

reached the edge of the box, which is 160 microns from the surface.) When an initial density

gradient is present an underdense region is observed throughout the simulation even when

the laser is circularly polarized. The density of this region appears to decrease constantly as

it expands outward though, indicating that it is not being fed by electrons escaping the bulk

region.

The right-hand column of figure 2.40 shows forward heat flux as a function of particle γ

factor and of time, as measured in a region just inside of the plasma bulk as described earlier,

for the same three simulations as the left-hand column. The results are interesting. When

using a circularly polarized laser, for the first roughly 500 fs, up to t = 1800/ω0 (the laser

reaches the surface at t = 1008/ω0, the bottom of this figure), there is no laser absorption

into energetic electrons, which is consistent with the results of section 2.2.5. However after

this time, and even more so after t = 2500/ω0, the net forward heat flux goes up considerably

– primarily into lower energy electrons, with energies a few times the rest mass, but with

some energy going into electrons with up to twice the quiver proper velocity. Electrons with

energies above this – the ‘superhots’ which are accelerated in the underdense shelf – are

predictably completely absent. This indicates that although the bumpy surface is not able

to fully pierce the standing wave magnetic field and allow electrons to escape outward, it

does cause the surface field to distort sufficiently to allow electrons to enter the laser electric

field and gain energy. In short, the electrons cannot get through the laser field but they can

get into it. For Fast Ignition this is perhaps a very promising result, as electrons are being

accelerated into, and only into, the proper energy range. Unfortunately it doesn’t actually

appear to be very useful though, as there is no increase in total energy absorbed into lower

γ factor electrons, as compared to linearly polarized laser light: total absorption is on the

order of 18% for circularly polarized laser light, as compared to 28% of incident laser energy
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Figure 2.40: Transversely averaged density (left column) and forward heat flux spectrum

(right column) as a function of time for lasers with circular polarization (top row), ellipti-

cal polarization (2:1 polarization ratio, middle row), and circular polarization with a 2µm

scale length pre-plasma (bottom row.) All cases show lower growth of a plasma shelf, and

consequently greater coupling to lower-gamma electrons. In the case of pre-plasma, the shelf

expands in space but doesn’t grow in density, showing that the circularly polarized laser still

contains most of the electrons in the bulk.
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going into 2a0 electrons for linear polarization.

When an elliptical polarization is used (middle right frame of figure 2.40) absorption can

be seen to increase in all particle energies, and consistent with the thin underdense region

some superhot electrons can be seen, although they carry little total energy. The results

are somewhat in between those of linearly and circularly polarized laser beams, which is

perhaps intuitive as an elliptically polarized beam is a superposition of linearly polarized

and circularly polarized beams. However importantly, just as was the case for pure circular

polarization, there is no net increase in energy going into lower γ factor electrons, with

roughly 25% of the incident laser energy being absorbed by 2a0 electrons. Finally, looking at

the heat flux spectrum for a circularly polarized laser beam incident on a 2 micron density

gradient (bottom right frame of figure 2.40), we see that other than a burst of superhots at the

beginning of the simulation – due to the transient presence of a not insignificant underdense

shelf – the laser absorption is consistent with the same polarization but a sharp density

gradient. Indeed total absorption is actually decreased somewhat further, with roughly 13%

of the incident laser energy being converted into energetic electrons. We find therefore that,

although in contrast to the short pulse case ( t < 500fs) laser energy absorption is possible

with circularly polarized laser beams, in all cases total electron heat flux is diminished when

using non-linearly polarized laser light.

2.4 Conclusion

We have looked at the absorption of high intensity lasers by near-solid density surfaces in

one and two dimensions. We identified two mechanisms in our simulations, one taking place

at the material surface, and one occurring in the underdense region in front of it. The former

leads to an electron beam with energy bounded by twice the laser quiver velocity, the latter

leads to a beam of unbounded energy; in the context of Fast Ignition only electrons within a

certain moderate energy range are optimal for energy deposition, and so understanding and

controlling the evolution of these two mechanisms is important.

We found that, although key portions of the surface absorption can be explained (and
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modeled) in a single spatial dimension, those key portions are not actually complete by

themselves, and so the total absorption phenomena can only be understood in a multi-

dimensional framework. Specifically, we found that the standing wave structure caused by

the reflection of the laser is critical to how electrons are accelerated by the laser and hence

how the laser is absorbed, and the interaction with this standing wave structure depended

on the transverse temperature, which in one dimension is an initial parameter which cannot

evolve self-consistently.

However, the one dimensional simulations were able to make clear why the transverse tem-

perature was important. Electrons accelerated at the surface and sent back into the plasma

all had finite transverse momentum. In 1D, transverse canonical momentum is strictly con-

served. Since the electrons start inside the plasma where there laser has not penetrated and

they end up back in the plasma where there is no laser, then their final transverse momen-

tum is identical to their initial momentum. Therefore only electrons which start with a finite

(large) momentum can gain significant energy from the laser. Through particle tracking, we

found that electrons with finite transverse momentum are deflected by the surface magnetic

field (in the standing wave the magnetic field has an anti-node at the surface) to be traveling

almost normal to the surface, so that they can penetrate into the vacuum to be accelerated

by the electric field of the standing wave (which is an anti-node a quarter wavelength from

the surface).

In addition, we found that the (relatively) steady-state mode of the underdense absorption

turns out to be dependent on the transverse shape of the critical density surface, and so is a

purely multi-dimensional effect as well. We further found that even modest density gradients

in front of the over-critical plasma can affect the ratio of moderate- to high-energy electrons

for times on the order of picoseconds (the longest possible duration for an ignition beam

being on the order of 10ps); although the compression of the surface to a highly over-critical

density means the (preferred) surface acceleration appeared even with density gradients.

In both the initial vacuum and modest gradient cases, we found the use of a circularly

polarized laser beam greatly decreased the growth of the underdense shelf and so limited

the high-energy electrons, although this also reduced the total absorption. The use of an
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elliptically polarized laser beam seems to give a compromise between total absorption and

electron beam temperature, a promising result.
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CHAPTER 3

Modeling of Electron Transport Experiment on

OmegaEP

In the previous chapter we studied in detail how an intense laser is absorbed into hot

(p1 ∼ 2a0mec) and a super-hot (p1 >> 2a0mec) groups of electrons. In this Chapter we de-

scribe simulations of an experiment which studied the generation and transport of relativistic

electrons generated by a laser hitting a solid surface. The experiment was conducted on the

OmegaEP laser system – codenamed eXport-10B (for ‘electron transport experiment 2010,

shot day B’) – which examined the transport of relativistic electrons, generated by a high-

intensity laser–matter interaction, through a relatively high-density and low-temperature

plasma (often referred to as ‘warm dense matter.’) The experiment was carried out by a team

at UCSD, including collaborators from General Atomics and the University of Rochester.

The basic premise of the experiment was to create a volume of plasma using the long-pulse

system on Omega (τ ∼ 10−9s, normalized vector potential a0 ∼ 10−4 ) incident on an ablator

target layer above a plastic foam, then to fire a short-pulse laser (τ ∼ 10−12s, a0 ∼ 1) along a

perpendicular axis onto a gold foil, in order to generate a beam of high-energy electrons. This

generated beam of electrons was then allowed to transport through the pre-formed plasma

volume, and their emergence from their transport path would then subsequently be imaged

via K-α x-rays generated in a copper foil on the far side of the target (along the short-pulse

beam path). In order to have a second experiment for comparison, the same basic setup

was repeated, but omitting the long-pulse laser beam, hence looking at electron transport

through an initially room-temperature foam.

A third experimental setup was also used, with out the long-pulse laser beam, a thinner

solid-density transport layer, and a decreased short-pulse laser energy. The results of these
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experiments are included below, but due to the many changed variables – most especially

a lower short pulse laser energy, which corresponds to a lower laser vector potential, and a

decreased mean electron energy to below relativistic speeds – we don’t believe the results

are directly comparable and so did not focus our simulation campaign on them.

The primary results of these experiments is that for unshocked foam transport layers,

the K-α signal was over an order of magnitude greater than the signal from the pre-ionized

plasma case. In addition the signal was significantly spatially wider in the plasma case, with

the signal being almost uniform across the 480 µm witness copper, as compared to the cold

foam with a localized ∼ 200µm wide peak. The inference from these results then is that the

transport is significantly impaired in the plasma case compared to the cold case.

We have attempted to elucidate the mechanism(s) responsible for these results using

Particle-In-Cell simulations run with OSIRIS. We have not simulated the long-pulse laser

interactions with the ablator and formation of the plasma by the resulting shock, as these

occur in a hydrodynamic regime not well suited to an explicit PIC code such as OSIRIS

(radiation hydrodynamic simulations done by our collaborators will be discussed). Instead,

we will focus only on the high-intensity, short-pulse laser-plasma interactions. As the reader

may have already inferred, even this part of the experiment contains a rather wide range

of parameter regimes for both the gold and the foam. The initial setup alone can span

from solid-state high density metals to the moderate plasma state of ‘warm dense matter’.

Furthermore, once the short-pulse laser is incident on the target, the plasma parameters can

span even more orders of magnitude with the inclusion of a relativistically traveling electron

beam. Due to the great breadth of physics potentially involved, it was quite a challenge to

formulate questions which could readily be answered using the OSIRIS framework. None the

less, through a non-trivial amount of time and effort, we have been able produce evidence

for a plausible explanation for the experimental results.

The mechanism which the simulations indicate is the primary reason for the experimental

result, is a partial resistive collimation of the forward-going electron beam in the initially

unshocked foam, an effect which is absent in the warm dense matter. The resistive collimation

itself is caused by the difference of the importance of Coulomb collisions between the two
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cases. These differences are primarily (in fact, almost entirely) due to the density differences

between the two cases. A secondary difference is an insulating magnetic field building up at

the Au-CH interface in the case of low density plasma, caused by the convective transport

of the magnetic field by the return current. This limits the heat flux from the gold into the

foam.

3.1 Experimental Setup and Results

The geometry for the experimental setup is shown in figure 3.1. From the main diagram

and the inset, it can be seen that when traveling along the path of the the long-pulse drive

laser, the target consists of a plastic (‘CH’) ablator, a CH foam which acts as the transport

layer, and a solid CH container. From the diagram, it can also be seen that when traveling

along the path of the short pulse laser, the target consists of a gold foil to act as the electron

source, the CH foam transport layer, and a copper foil to image the hot electrons as they

exit the foam.

3.1.1 Target design

The Au foil was 10µm thick, and wider than both the laser spot and the CH foam region

in the dimensions transverse to the short pulse laser beam path. The Cu layer was 25µm

thick, and 480 µm in both transverse directions. The CH foam had a density of 0.2g/cm3,

was 250µm thick (i.e., ρr = 0.005g/cm2), and was 250µm wide in the horizontal direction

and 400µm tall in the vertical direction. The foam was contained within a C-shaped solid

plastic polyimide block, 1mm wide in the horizontal direction and 1.2mm tall in the vertical

direction (and with the same thickness as the foam), and with a density of 1.4g/cm3. The

front of the C-shaped block, along with the surface of the foam, is covered with the ablator,

which is a 40µm thick polypropylene foil (0.91g/cm3).

In order to shock the foam, the ablator is irradiated with 351 nm UV light (‘3 omega’),

with an energy of 1.2 kJ in a pulse length of 3.5 ns and a spot with a diameter of 150 µm.

This corresponds to a peak laser intensity of approximately I ∼ 5×1015W/cm2. The an angle
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Figure 3.1: Target setup and geometry for the eXport10B experiment.

of incidence was 24◦. In all transport experiments the gold foil was irradiated with 1053nm

IR laser light containing 760J in 8.1ps at an angle incidence of 25◦. The peak intensity was

estimated to be between 4 × 1018W/cm2 and 1019W/cm2, giving a spot-size of between 27

µm and 17µm.

As mentioned earlier, a third experiment on a second target was also fired, which consisted

of a similar setup but with the foam region replaced by solid plastic. Also there was no ablator

as the target was only used in the initially cold state when short-pulse radiation began, and

the thickness of the target was reduced to 50 µm, in order to retain the same arial density

(ρr) as the cold CH foam. However this target was only used once, and that shot only had a

total laser power of 1/3 of that used in other laser shots (266J in 8.5ps), making comparative

analysis of the results difficult.

3.1.2 Plasma Characterization

3.1.2.1 Experimental Characterization

To characterize the CH foam plasma created by the shock launched from the ablator, a

series of shots was carried out without the short pulse laser [97, 96]. In these shots, as in
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Figure 3.2: The x-ray absorption spectrum for an experiment using the long pulse beamline

only and an aluminum-doped foam (solid black line), along with simulated absorption spectra

from the code FLYCHK (colored broken lines.) The x-ray absorption of the Al-doped plasma

was found to be most closely consistent with a plasma having a temperature of 40eV and a

density of 30mg/cm3. Figure from [96]

147



the transport experiments, the plasma was created by irradiating the ablator with a single

Omega EP 351nm beam. Unlike in the transport experiments, the CH foam was doped

with Al2O3 such that the density of aluminum atoms was 4 × 1020/cm3. Located 2.5mm

away from the target, an 80µm Samarium (Sm) ‘dot’ was irradiated with three more UV

beams, which acted as an x-ray light point source. On the far side of the shocked plasma,

an x-ray streak camera was used to image the x-ray spectrum as a function of time. The

x-ray spectrum from the Sm dot was also directly measured with a time-integrated Bragg

crystal spectrometer. Comparing the original x-ray spectrum with the spectrum transported

through the plasma, the absorption by the Al species was measured. This spectrum was

compared with simulated spectra generated using the atomic physics code FLYCHK [98].

The spectrum at time t = 7ns after the drive laser is turned off is shown in figure 3.2. As

can be seen, a best fit was found to be a plasma having a temperature of 40eV and a mass

density of 0.030g/cm3 1. The temperature and density were assumed to be uniform.

3.1.2.2 Radiation-Hydrodynamic Simulation

Radiation-hydrodynamic simulations using the code DRACO [99] were performed in 2D.

Results show the plasma in the center of the foam region having a density ne of ∼ 25 ×

1021/cm3 and a temperature Te in the range of ∼ 30− 70eV at t = +8ns; these results are

similar to the experimental results, though both are slightly higher. More importantly, the

simulation shows a relatively uniform plasma in both density and temperature in the region

behind the short-pulse laser focus.

3.1.3 Experimental Results of Electron Transport

The results from the transport experiment are summarized in figure 3.4, which shows data

from both the Spherical Crystal Imager (SCI) [100] and the Zn von Hamos spectrometer

(ZVH). The main result is a clear and repeatable decrease in measured K-α signal by greater
1 Atomic absorption is sensitive to the concentration of atoms and hence indirectly to mass density.

No diagnostics were performed which would be sensitive to plasma density, and so the charge state of the
carbon ions is not directly known. Assuming the charge state of carbon is +4 (and fully ionized hydrogen)
the electron density would be 6.9× 1021cm−3.
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6ns 7ns 8ns

Figure 3.3: Electron temperature (top row) and density (bottom row) at three sequential

times, as predicted by a simulation using the 2D radiation hydrodynamics code HYDRA.

White circle indicates the diagnostics window from the experiment, black lines the boarder

between the material from the initially foam and solid plastic regions. At the latest time,

the density is uniform in the diagnostics window, though the temperature ranges from 30-70

eV. Figure from [97]

149



than an order of magnitude in the driven foam case as compared to the cold foam shots.

Figure 3.4 b) and c) show the raw images captured by the SCI Imaging plates in the

cold and driven cases, respectively; the gain has been set individually in each photograph,

as otherwise nothing would be visible in the driven image. A central hot-spot in the cold

case and basically uniform emission across the foil in the case of pre-formed plasma can

clearly be seen. Figure 3.4 d) shows a central line-out of the same data, now with consistent

normalization, with linear a y-axis and as a log-linear plot as an insert. The greater than

10-fold difference in signal intensity is apparent. Figure 3.4 e) plots peak SCI signal and total

ZVH signal for two cold foam shots and three driven foam shots, showing the repeatability

of the decrease in signal in the driven foam case. Figure 3.4 d) and e) also have results

for the case when only the driver laser is fired, showing that at least 75% of the signal is

from the influence of the the short-pulse laser. Also shown are results for a cold, solid CH

transport medium, but as there is only a single shot and it is at a much lower intensity it’s

not completely clear how to interpret the data (all data have been scaled by the ratio of the

short-pulse laser energies).

3.2 Simulations

3.2.1 Challenges and Limitations

As stated in the introduction, though superficially simple, this experiment is in fact compli-

cated because it contains quite a wide range of parameter scales, inherently making modeling

it a challenge for any simulation code, OSIRIS notwithstanding. We believe the choice of

an explicit PIC code like OSIRIS was the correct one for this problem – as opposed to a

more approximate code but one which could be used for longer time frames or higher densi-

ties for instance, such as an implicit PIC code or a radiation-hydrodynamic code – because

the central facet of the interaction is the generation and transport of a relativistic electron

beam, and this is inherently a highly kinetic and non-linear process. That it was the best

choice however in no way means that it was a perfect one, and indeed the problem proved
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Figure 3.4: Summary of the experimental results. 2D images of the k-α signal (a-c) and

line-outs from the same (d) for the cases of solid foam, cold foam, and driven foam (note the

color map is not to the same scale in the three 2D plots). The integrated total luminosity

for the three cases, and driver only, is presented in (e), showing a greater than 10-fold drop

in k-α in driven versus shocked foam.
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impossible to answer using only a pure PIC framework; the challenge then was to find the

simplest extension to PIC which was able to reproduce the experimental results.

One important extension ended up being simply the inclusion of binary Coulomb collisions

– however more specifically the answer was a model which could simultaneously calculate

the high collisionality of the cold background matter efficiently, and calculate the lower

collisionality of the relativistically traveling beam correctly. Such a model was developed

by Pérez in a paper published in 2012[60], and we implemented this into OSIRIS. OSIRIS

already contain a collision framework including models based on work by Nanbu [56] and

Sentoku [58], so this framework was extended to incorporate the Pérez algorithm.

Although we were able to include a consistent model for binary Coulomb collisions in our

code, which as above stated we believe is key, there are of course other approximations or

omissions which we still had to make to perform the simulations. We review some of these

approximations now, so the reader can better understand the limitations of the results, which

could then explain any deviations from the experimental data. Based on our understanding

of these approximations, we incorporated some ad-hoc modifications to get better agree-

ment. One limitation is that modeling the entire volume of the three-dimensional target was

determined to be infeasible, and so a reduced-size and 2D system was simulated instead. We

believe most of the relevant physics would be present in the 2D regime, but this did make

direct quantitative comparison with the experiment difficult.

Another limitation is that the disparate scales between the main transport layer of low-

density plastic and the electron ‘source’ layer of solid gold (and to a lesser extent the copper

witness layer) cannot be modeled efficiently simultaneously in pure PIC. For instance as-

suming a charge state of Z=40 for the gold ions (which is roughly consistent with the energy

density we see in our simulations in the entire volume behind the laser focus) is over 2300

times the laser critical density. In addition to increasing the total number of particles pro-

portionate to the increase in density, this would also reduce the allowable time-step (as the

plasma frequency must be resolved everywhere for stability), and the total increase in compu-

tation cost could be over a factor of 100, which was unfeasible. Much of the laser absorption

and electron transport physics for highly relativistic electrons can be modeled using a lower
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density plasma. We therefore chose to model the gold with the correct mass-density – so

that the hydrodynamic motions would be reasonable – but with a plasma density (either 98

or 100 nc) corresponding to an average charge state a little bit below Z=2. This was deemed

a reasonable approximation based on our previous work which indicates that so long as the

target density is much greater than the laser critical density, the spectrum of accelerated

electrons is more sensitive to the laser parameters and target geometry than on the exact

target density.

However, the use of a lower electron density lowers the heat capacity of the gold layer.

As a result, the background of the gold heats up to much higher temperatures that in re-

ality. This heat is then transmitted to the plastic (Carbon). Therefore, both the simulated

gold and plastic layers have artificially high temperatures. Most importantly, this causes

the collisionality of the plastic to be significantly lower in the simulation than in the ex-

periment. We believe that this is the main obstacle for getting quantitative agreement for

the K − α between simulations and experiment. As we describe later we artificially increase

the collisionality in the plastic (and gold) to compensate for the unphysically high plastic

temperatures and this leads to dramatically different results.

Lastly, all the experiments were, somewhat by design, on the edge of the validity of the

plasma assumption. In the case of the pre-shocked plastic foam, the plasma parameter – that

is the number of particles in a Debye sphere – at the time of initial irradiation by the high-

intensity laser was on order of 3; and in the case of cold CH it was of course 0 because the

matter would be unionized at that point. This matters primarily for two reasons. First, even if

the assumption that the system being modeled was a ‘plasma’ in the sense of being an ionized

gas is valid – which would indeed be the case for warm dense matter – for PIC to be accurate

necessitates that the system is a plasma in the sense of having a large plasma parameter,

so that collective effects dominate over few-body effects. In this regime the results will be

insensitive to whether there are few (PIC) or many (reality) actual particles interacting.

PIC can be insensitive to the number of simulated particles because in PIC the collisions

between particles are greatly reduced for impact parameters smaller than the particle (or

cell) size. Also collisional physicsbecomes both more dominant and less well approximated by
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Figure 3.5: The initial electron density profile for the standard eXport10B simulation, for

the low density CH case (n = 7nc). In the medium density case the plastic region has a

density of 28nc, in the high density case 63nc, with the geometry otherwise unchanged.

the traditional model of small angle two body Coulomb collisions as the plasma parameter

decreases. Secondly, and perhaps somewhat obviously, any physics which is strictly outside

of PIC and traditional plasma physics and which becomes important at low temperatures –

things like covalently bonded atoms and impact ionization – are fully absent from PIC and

could at best be added in a very ad hoc manner (which in general we have chosen not to

attempt).

3.2.2 Simulation Setup

The basic geometry for simulations of the eXport10B experiment is shown in figure 3.5. As

can be seen, the target – which is isolated from the walls by a 10 micron gap on all sides (all

units are normalized to the laser parameters) – consists of a 10 micron thick high-density

region in front of a 100 micron thick lower density plasma; transversely the target is 80 µm
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wide2. A laser will be launched from the left-hand (x1 = 0) wall and focused on the center

of the surface of the high-density region, with a spot-size (gaussian full-width half-max) of

17 µm and a peak normalized vector potential of a0 = 3.

The high-density region - which is meant to represent the gold foil from the experiment -

has the same spatial setup in all simulations. The charge density for both species is 98 times

the laser critical density, which is approximately the same plasma density as twice ionized

solid gold; the charge-to-mass ratio of the ions – 5.6x10−6e/me – is also consistent with

Au+2, so that the mass-density of this region is comparable with the mass-density from the

experiment, even if the charge-density is grossly incorrect. As noted earlier, this leads to the

gold layer becoming artificially hot because of its low heat capacity (low electron density).

When pertinent, for the purposes of Coulomb collisions the ions are also given a charge of Z

= 2 for lack of a clearly superior choice, but as this is not expected to be physically correct

we caution against drawing many conclusions from any collisional effects seen in the gold

region. The initial temperature of the gold region depends on that of the plastic region,

which is explained below. In cases where the plastic region is hot, the temperature of the

gold region is set such that there is a pressure balance between the two, as otherwise the

interface can be seen evolving in the short time before the laser has even reached the target.

When the plastic region is at room temperature, the gold region is as well, as the pressures

are trivial in this case. Electrons and ions are given the same temperature.

The lower density region is meant to represent the plastic transport layer of the experi-

ment. Three different plasma densities were used: a low density of seven times critical density

(for a 1µm wavelength laser), which roughly the density of fully ionized 25 mg/cc plastic;

an intermediate density of 28nc, which is equivalent to approximately 90mg/cc; and a high

density of 63nc, which is equivalent to approximately 200mg/cc. The low and high density

simulations are meant to correspond to the pre-shocked plasma and cold foam experimental

cases, respectfully. Therefore in most cases, the low density case is initialized with the exper-

imentally measured temperature of 40 eV, and the high density case with a temperature of
2 The x2 offset from 0 is not meaningful here; it’s an artifact of being derived from a simulation with a

wider geometry.
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0.026 eV (i.e. room temperature). The intermediate density case is meant to imagine a lower

density foam, and so in those simulations the CH region is also initialized with a tempera-

ture of 0.026 eV. For simplicity rather than a multi-ion species plasma, the plastic region is

instead modeled as pure carbon; this leads to a charge-to-mass ratio of 2.74× 10−4e/me and

an ion charge state of Z = 6.

The numerical parameters are as follows. The PIC cells are square with a size of 0.15c/ω0

on each edge, which gives a total box size of 5460 × 4096 cells. The time-step for the PIC

loop is 0.05/ω0 which is less than the Courant condition. This allows us to properly resolve

the plasma frequency even in the high-density region, which we found to be necessary to

avoid heating due to Coulomb collisions. Initially all of the electrons have the same charge,

and hence the number of particles-per-cell (PPC) must be variable since the density is not

constant. The normalization is such than one particle in a cell gives a density of 1.75 nc,

which works out to 4 PPC in the low density plastic, 16 PPC in the intermediate density

plastic, 36 PPC in the high density plastic, and 56 PPC in the gold. Electrons and ions are

both initialized with the same number of particles (even though Z=2 for the gold region and

Z=6 for the carbon region). To reduce the effect of macro-particle stopping (see Chapter

4), which otherwise would be the dominant stopping and heating mechanism for relativistic

electrons with these parameters, splitting of the high energies electrons is used. The particles

are split at kinetic energies between 0.4 mec
2 and 1.0 mec

2 and are split up to 4 times, for a

reduction in macro-particle size by a factor of 16. We use cubic (3rd order) particle shapes

in order to effectively eliminate grid heating.

In addition to varying the density, we have run the simulations with different collisionality

physics for the plasma. We have three collisionality cases, which we call the no-collisions

case, the correct-collisions case, and the enhanced-collisions case. ‘No-collisions’ means that

we run OSIRIS without any Monte Carlo collision model, so we are in a pure PIC situation

(there are, however, still finite size particle collisions). ‘Correct-collisions’ means that we use

a Monte Carlo binary collision algorithm where all of the collision parameters, including

the Coulomb logarithm, are calculated automatically from the particle and fluid parameters

(moments over the particle data). ‘Enhanced-collisions’ uses the same collision algorithm,
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with the exception that instead of calculating the Coulomb logarithm automatically we fix

it for the whole simulation at some high value, usually 50. Note that although fixing the

Coulomb logarithm this way is of course non-physical, we argue it may lead to results which

more closely agree with the simulations. As we noted earlier because we model a gold layer

with a lower density the heat capacity is lower. This leads to an artificially high temperature

for the gold and hence the plastic, which decreases the collisionality. We are attempting

to compensate for this. Also note that, although 50 is a very high value for the Coulomb

logarithm, which would be expected in the most extreme cases if ever, increasing the Coulomb

logarithm is roughly equivalent to increasing the atomic number Z of the ion species (under

the assumption that ion-electron collisions dominate the physics and the Coulomb logarithm

does not vary with position) which is physically reasonable. However as our goal was not

study the physics of different materials per se, but rather to look specifically at the effect of

higher collisionality, we choose to focus on the Coulomb logarithm instead.

The Monte Carlo collision model which we used is that of Pérez et al.[60] including

the low-temperature limit on the collisionality explained therein. By including the low-

temperature cutoff, the collision frequency is prevented from ever exceeding the plasma

frequency, even in very cold matter, and so we use a collisional time-step of twice the PIC

time-step, dtcollisions = 0.1/ω0. The collision cell is the same as the PIC cell (although it need

not be).

Longitudinally, the boundary conditions are absorbing for the fields (perfectly matched

layer) at the front and back of the box, and specularly reflecting for particles. Transversely

the boundary conditions are usually periodic, though sometimes the same conditions are

used as the longitudinal boundaries (absorbing for fields, reflecting for particles) and the

results are materially the same. Other than for the reflection of the laser, in general we

would not expect much boundary effect in this simulation, due to the 10 micron vacuum gap

on all sides and the relatively high mass density of the plasma, so the insensitivity to the

transverse conditions is not surprising. In fact, we prefer the use of isolated targets for these

very reasons.
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3.2.3 Simulation Results

3.2.3.1 Base cases: Solid State versus Warm Dense Matter

First, we discuss the two cases which one might naïvely believe are closest to the ‘correct’

physics of the experiment, those being the high- and low-density plastic transport regions

with Coulomb collisions on and with the Coulomb logarithm calculated automatically based

on the local plasma temperature and density. Figure 3.6 shows the forward heat-flux for the

two cases, at the end of the simulations, which is after ∼ 4ps of laser illumination (∆t =

8000ω−1
0 , 4471 fs more exactly). Although the experimental K-α diagnostic is more directly

related to heat than to heat-flux, we focus on the latter in simulation diagnostics because

the low heat-capacity of the low density gold and 2D geometry is particularly detrimental

to any sort of simulated K-α post-processing. The plasma becomes almost uniformly hot

everywhere, which leads to near-uniform X-ray emission from the entire carbon region. The

most striking feature of these figures is the filamentation of the heat-flux, and the difference

in the filamentation between the two cases.

In the simulation with high density carbon (fig. 3.6.b), we see multiple filaments radiating

out from the laser focus. The filaments travel in almost straight lines away from the laser

absorption region, although there is some deflection and merging apparent. Most of the heat-

flux is carried in filaments inside of a 45 degree cone from the focus point, though weaker

filaments can be seen filling out a roughly 90 degree cone. Between the filaments, especially

between the ones going almost straight, are regions carrying no forward heat flux at all, in

fact they appear to be carrying a weaker return heat flux (light green color).

The heat flux for the low density carbon target appears quite different. Although fila-

mentation is also apparent, instead of many filaments now there are just two main filaments

traveling down the middle of the target. These filaments don’t go straight but bend and kink

as they go through the carbon region. They also do not continue all the way through the

target, fading away for x1 & 400c/ω0. Although these filaments carry the most intense flow

of energy, the whole target shows a mostly featureless forward flow of heat.

Figure 3.7 plots the forward heat flux as a function of the longitudinal position and the
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Figure 3.6: Forward heat flux (q1) for plastic region densities of 7nc(a) and 63nc(b). The

low density case shows a couple heat flux filaments, but they are crooked and don’t seem

to reach the end of the box, and they are surrounded by unstructured heat flow. The heat

flux in the high density plastic has strong filaments which cross the box and in some cases

converge with each other.
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Figure 3.7: The forward heat flux in the gold region as a function of forward position and

electron gamma factor. This data is from the case of 63nc density plastic, but as the gold

layer is the same in all cases the diagnostics for all cases appear similar. Jets of electrons

consistent with 2a0 acceleration are apparent.

relativistic gamma factor of the particles in the front of the gold layer (averaged transversely

across the entire target). The data shown is from the simulation with a high denisty plastic

layer; however all cases appear similar (both the two we have mentioned so far and the

different simulations we discuss later), due to the gold layer being similar in all cases. Jets of

electrons can be seen going into the plasma spaced at half the laser wavelength (and hence

entering at twice the laser frequency) and with peak γ of roughly 2a0−1, consistent with the

2a0 acceleration mechanism discussed in Chapter 2. Although over 4 ps of time has passed

since the laser turned on, there are only a few ‘superhot’ electrons (those more energetic

than the 2a0 electrons), a consequence of the high mass density of the gold ions allowing for

only a shallow underdense plasma shelf to form in front of the target (the shelf is 3-5 µm

thick and roughly 5% of the critical density).

Figure 3.8 shows the magnetic field for the same simulations and time (t = 8000ω−1
0 ) as

figure 3.6. In both the high and low density cases, regions of relatively strong magnetic can

be seen wrapping around the filaments of heat-flux. That the filaments stop short of the end

of the box in the low-density carbon is perhaps more clear in this diagnostic; some additional,
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Figure 3.8: Magnetic field (B3) for 7nc(a) and 63nc(b) plastic layers. In both densities,

the field can be seen to be wrapping around the filaments which were shown in figure 3.6 In

addition in the case lower density CH there is a strong, turbulent magnetic field starting at

the gold-plastic interface layer and extending into the plastic layer.
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shorter filaments are also apparent in the magnetic field, though the field surrounding the

main filaments seen earlier are notably stronger. One can also observe a region of very strong

magnetic field in the low density carbon just outside of the gold, being roughly 10 microns

thick and 30 microns wide; no such region is present in the high density carbon.

The right-hand side of figure 3.9 shows the transverse rather than forward heat flux for

the two cases; again important differences are apparent. For the high density carbon case,

the transverse heat-flux in the carbon region follows the same filaments as the forward heat

flux, that is to say it is simply the transverse component of motion of the same particles

which carry the forward heat flux; in the gold region the same holds, the energy from the

laser absorption is carried in straight lines through the gold. In the low density carbon case,

less transverse heat flux in the carbon region is visible than for the high density case, which

is consistent with the fact that the although smaller filaments appear to be directed mostly

forward in this case. However, this also means that the energy which heats the carbon doesn’t

travel either directly from the laser focus or latterly from the filamented region but rather

forward from the gold region. Looking at the heat flux in the gold, we also see a strong

difference (even though the gold is the same in both cases), with much more heat flowing

transversely from the interaction region in the presence of the low density carbon.

The left-hand side of figure 3.9 shows the energy density or scalar pressure (temperature

times density) again in both cases. In the high density carbon although the whole region is

quite hot, some structure can be seen in the heat distribution on the right side of the box

following the same filaments as all other diagnostics. Closer to the gold/carbon interface any

structure is much harder to discern in this diagnostic. In the gold foil there is a very high

pressure area directly behind the laser focus, but away from the focus the gold and carbon

approach pressure balance. The situation is quite different with the 7nc carbon plasma —

there is very little structure visible anywhere except in the carbon region right behind the

laser focus, where the two filaments can be seen coming out of a blob of high-pressure; oth-

erwise almost the whole carbon region is of uniform pressure. The gold is now at a uniformly

high pressure and at no location (even far from the laser focus) in pressure equilibrium with

the carbon near it. We discuss the reasons for this later.
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Figure 3.9: Energy density (pressure) in the left column and transverse heat flux (q2) in

the right column for 7nc (top row) and 63nc (bottom row) plastic layers. For the simulation

with lower density plastic, the transverse heat flow is mostly confined to the gold region, and

much of the heat ends up trapped in this layer. In the presence of higher density plastic,

there is no significant heat flux laterally in the gold and much less energy is contained there.
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It is also important to realize that, although the pressure is lower for the low density

plastic compared to the high density plastic, because of the lower density the temperature

is actually higher in the former case. Dividing the energy density by the plasma density one

arrives at a temperature of 60 keV in the low density plastic, 8 keV for the higher density;

however this also includes the energy of the relativistic electrons, and so exaggerates the

temperature in each case. Measuring the distribution function we estimate a temperature of

the background electrons of 12 keV in the low density plastic, 3 keV for the higher density.

Therefore the low density plastic has a lower collisionality, and hence higher conductivity as

conductivity is independent of density.

3.2.3.2 Comparison of Density and Temperature Effects on Filamentation

As explained earlier, to be consistent with the experimental parameters, both initial tem-

perature and density were varied in the figures of the previous section; the 7 nc plasma was

initialized with a temperature of 40eV, and the 63 nc plasma was initialized with the tem-

perature of 0.026eV, i.e. 300◦K or room temperature. However, as can be seen in figure 3.10

– which shows the forward heat flux at the end of each simulation for all four combinations

of initial temperatures and densities (repeating two graphs from earlier) – the initial temper-

ature doesn’t seem to have much of an effect on the heat transport in the simulations; other

diagnostics examined show similar consistency between the initially warm and cold cases.

The low density case, in the left-hand column, does show a small but interesting variation

when the temperature is reduced, in that there is now one main filament shooting off to the

side of the target. However, most of the heat-flux is still carried in an unstructured way,

and this feature may just be a statistical variation. The high density case shows even less

variation, with perhaps slightly straighter filaments in the warmer case.

The insensitivity to the initial temperature is likely caused by the rapid heating of the

background gold plasma from the high-intensity laser itself. The gold then heats the plastic

In part, this is certainly exaggerated by the incorrectly low heat capacity of the simulated

gold layer which was mentioned earlier. However we argue that the unimportance of the
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Figure 3.10: Forward heat-flux compared for carbon transport regions at densities of either

7nc or 63nc (top and bottom rows, respectively,) for initial temperatures of 0.026 eV (300◦K)

or 40 eV (left and right columns, respectively.) Density has a very strong effect, initial

temperature near none at all.

165



initial temperature is still plausible for the experiment. The reason is that 40 eV is still a

very low energy density compared to the amount of energy in the short pulse laser. For

instance, in the coolest part of the gold in the simulation with the high density carbon, the

energy per gold atom is approximately 20 keV. If we assume the gold is at equilibrium at a

single ionization state, and we use a published list of ionization energies for gold (for instance

Beiersdorfer et al. 2012 [101]) we arrive at an estimated temperature in the gold of 660 eV

(and a charge state of 23). It is not likely that the ionization state of the gold will have

an ionization energy greater than the local temperature, so if anything this estimate is low.

How and how quickly this heat will move into the plastic region is unclear from this simple

estimate, but that the plastic will reach 10% of this temperature seems reasonable.

In any case however it is certainly true that in our simulations the initial temperature

does not play a role. As such, although in all simulations (besides the two we just spoke of)

we will initialize a warm plasma in the low density carbon case and a cool plasma in the

high density carbon cases, we will not focus on the initial temperature any further.

3.2.3.3 Varying Collisionality

Next, we look at the result of varying the effect of collisions in the plasma, which as explained

earlier will involve three cases for each density: a ‘no-collisions’ case, a ‘correct-collisions’ case,

and an ‘enhanced-collisions’ case.

Let us start by looking at the effect of collisionality in the high density 63nc carbon

plasma. The forward heat flux and magnetic field strength for that density, after 4ps, is shown

in figure 3.11. The three cases show clearly distinct behaviors. In the collisionless simulation,

other than some transverse localization in and near the gold, the heat-flux basically fills

the box uniformly. Similarly the magnetic field, although present turbulently at the Au-CH

interface behind the laser focus, is (uniformly) nearly absent throughout the carbon region.

This is in contrast to the results obtained by enabling the collisions. The heat-flux is

transformed from uniform to highly filamented and directional. Although somewhat weaker

filaments can be seen filling out a cone of perhaps 90◦, most of the heat flux is within a
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45◦ cone pointed straight forward from the laser focus. Furthermore the filaments, once they

emerge by x1 = 200c/ω0, travel in almost straight lines, although some merging can be seen

(in a spatial, not temporal sense.) Looking at the magnetic field revels the same pattern

as seen in the heat flux, with strong fields wrapped around each of the heat-flux filaments.

Although not shown here, when either of these diagnostics are looked at temporally, the

basic filamentary structure can be seen arising early in time and then remaining roughly

fixed in shape while growing in strength.

“Artificially” fixing the Coulomb logarithm leads to another dramatic change in behavior.

In the heat-flux, although some similar filamentation can be seen down the middle of the

box, the more obvious feature is that all of the heat-flux has been confined to a rather

narrow forward-going beam. Indeed not only is the initial angle of divergence of the heat

flux modest, but further into the plastic the heat flux filaments actually appear to turn

and converge towards the forward direction. The magnetic field plot shows a filamentary

structure along axis which is much clearer than can be seen in the heat flux. Furthermore,

one can see one a strong magnetic field wrapping around the whole heat flux beam. The

edge of the heat flux follows these magnetic field contours.

The same q1 and B3 diagnostics for medium density 28nc carbon plasma can be seen in

figure 3.12. Broadly these simulations follow a similar trend to the high density carbon ones,

though there are differences. In the case without collisions, the heat-flux again shows little

structure and is roughly uniform in the transverse direction. In this case the magnetic field

is also nearly absent in most of the carbon region; although the turbulent region around

the material interface is somewhat larger and stronger and some short filaments enter into

the plastic. Turning collisions on again creates a filamented pattern in the heat flux, which

again is seen in the magnetic field. However, in both cases the pattern is somewhat weaker

with this lower (medium) density, and the size of the filaments is smaller and their total

number is greater. Using a fixed Coulomb logarithm of 50 with medium density carbon

leads to a somewhat interesting behavior, which upon further inspection can actually be

somewhat discerned in the high density case. That is that a bifurcation of the heat flux into

two forward beams can be seen. This aside, the behavior is otherwise fairly similar to what
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Figure 3.11: Forward heat flux and magnetic field in high density plastic with either colli-

sions turned off (left-hand column;) with collisions on with the Coulomb logarithm calculated

automatically (middle column;) or with collisions on and with the Coulomb logarithm set

to 50 (right-hand column.) Without collisions the magnetic field in the plastic remains near

zero and the heat flux has essentially no structure to its flow. With the automatic Coulomb

calculation a strong and filamented field appears, and heat flux now follows that field. With

ln(ΛC) = 50 the field filaments become surrounded by an envelope field, and the heat flux

is constrained entirely within this envelope
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Figure 3.12: Forward heat flux and magnetic field in medium density plastic with varied

collisions, arranged as in fig. 3.11. Some weak magnetic field structures can be seen in the

plastic region near the gold surface, but the heat flux remains mostly structureless. Using the

automatic Coulomb logarithm creates filaments in both B3 and q1, as in the higher density

case, though both effects are somewhat weaker here. Setting ln(ΛC) = 50 again creates an

envelope field, though interestingly one with a ‘split’ down the middle.

was seen before. There are some filaments in the heat flux, but globally all the energy is

beaming forward (nothing hits the side boundaries). Filamentation is more apparent in the

the magnetic field but there is also a field wrapped around the entire beam(s). The initial

divergence of the heat flux is greater than it was in the high density case, and although the

beams do appear to start curving back towards the end of the box, the total width is notably

broader.

The results for low density 7nc carbon plastic, shown in figure 3.13, are significantly dif-

ferent. The 7nc case is very distinct from both the 28nc and 63nc, which were qualitatively

similar to each other. For 7nc the behavior is insensitive to the collisionality. For the colli-

sionless case in the left-hand column, interestingly some filamentation is now apparent in the

heat flux diagnostic. There are two ‘main’ filaments going roughly down the middle of the
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box, and other weaker filaments going at odd angles. Although not shown, an examination of

the temporal evolution of these filaments shows there is significantly less filamentary struc-

ture early in time than in the high density cases, and what structure does appear is more

inclined to evolve and move about (rather than reach a quasi-steady state as was the case

at higher densities). Consistent with the filaments in q1, there is a much more pronounced

magnetic field throughout the plastic region for the low density case without collisions than

for the higher densities. Importantly, the turbulent field region at the gold-plastic interface

in this case is quite large and quite strong, being made of roughly a half dozen multi-micron

scale ‘blobs’ with magnitude on order of 10 times stronger than the filaments in the CH (0.2

vs. 0.02 in simulation units). Watching the evolution of the field in time reveals that these

fields both grow in magnitude and move backwards towards the laser focus. This leads to

the merging and strengthening of the filaments. As we discuss later these fields insulate the

gold from the plastic. These fields impede both the background and high-energy electrons

from flowing into the plastic region.

For this low density case, when the Coulomb collisions are switched on, there is hardly

any effect, i.e. there are little differences between the two cases. The heat flux plots are

quite similar, even down to having two ‘main’ beams plus a few weaker filaments. The B3

field is also similar, with the one notable difference being that the blobs in the turbulent

region at the gold/plastic boundary have perhaps merged even more, creating fewer – and

hence larger and stronger – blobs overall. Even fixing the Coulomb logarithm at ln(Λ) = 50

doesn’t dramatically change the results, although in the magnetic field plot one can just

start to notice an envelope field beginning to surround the filamented region.

3.2.3.4 Discussion of Results

There are a number of different interesting implications from these results. The most funda-

mental, which can be justified from the results of section 3.2.3.1 alone, is that the increased

electron transport to the witness copper as seen in the experiment is primarily due to col-

limation by the magnetic field in the carbon region, which is greater in the cold foam as
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Figure 3.13: Forward heat-flux and magnetic field in low density carbon with varied colli-

sions, arranged as in fig. 3.11. It’s hard to see much of any change in the behavior between

the simulations. Especially in the left two columns, if there is any it is less than the natural

variations within an ensemble of simulations with different random seed; with fixed ln(Λ), the

q1 plot still seems similar, although an enveloping B3 is vaguely apparent in that diagnostic

(as not in the other two cases.)
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compared to the shocked plasma. The most obvious source for this collimating magnetic

field is resistive collimation due to Spitzer resistivity of the return current (see Chapter 1,

Section 1.5). In resistive collimation, the curl of the resistive E field leads to the growth of a

magnetic field which then guides the forward moving electrons. As resistivity/conductivity in

the Spitzer regime is independent of density, we can deduce that the key differences between

the two cases are due to differences in thermal profile rather than plasma density.

A naïve conclusion would be that the foam was more collisional because it was initially

colder; however as we have shown in section 3.2.3.2 the initial temperature has no bearing

on the simulation results whatsoever. As explained there, the reason is that even 40eV is

also a negligible temperature compared to those reached due to the heating caused by the

high-intensity laser in the gold, the energy from which would then heat the plastic as well.

Instead, therefore the difference between the two cases is the relative heat capacity of the

foam and plasma. For a fully ionized plasma the heat capacity is a linear function of density

(for a given ion species,) and so we reach the conclusion that differences in conductivity in

the simulations are due to density, albeit in a somewhat indirect way.

As has been mentioned multiple times now, the final temperatures reached in the sim-

ulations are almost certainly not indicative of the actual temperatures of the materials in

the experiment – the reason being just about every approximation we have made to make

the simulation tractable has the effect of reducing the heat capacity of the target, the most

important probably being the greatly reduced plasma density of the gold layer. However, we

argue first, that the total absorption of the high-intensity laser as seen in the simulation will

not be a strong function of the gold ionization state; and so the absorption fraction measured

in the simulation (on order of 15-20%) is a good indication of the absorption fraction from

the experiment. Second we argue that the amount of energy therefore deposited – roughly

150J – is more than enough to raise the temperature of the unshocked foam well above

40eV in most reasonable energy partitions between different layers and regions. Therefore

we believe the initial temperature of the different materials will not have bearing on the

experimental result as well, just as it doesn’t in the simulations, and so the main cause of

the experimental differences is the different densities (and hence heat capacities). However,
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the electron temperature in the plastic will also be substantially less than the temperature

seen in the simulations, so that the plastic is more collisional than in the simulations as well.

This is the reason we “enhance” the collisions by increasing the ln(Λ).

There is another important difference in the magnetic field between the two cases besides

the collimating field in the plastic region, and that is the field which exists at the interface

between the gold and the plastic. Looking at the fields shown in figure 3.8, we see that in

the case of low density CH there is a large and strong turbulent field on axis in the plastic

region just next to the gold foil, and a thinner but still strong field along the gold surface

out to the edges of the target; almost no such “surface” fields can be seen in the high density

CH target.

The source of this field is two or perhaps three of the other terms besides the collimating

term in the generalized Ohm’s law, eq. 1.7. The fields along the Au surface going to the

target edge are caused by the (c/e)∇ne ×∇Te/ne term, as the density gradient (from gold

to plastic) and the temperature gradient (from laser focus to box edge) are crossed. The

stronger, turbulent region is primarily caused by the ∇ × (v ×B) term, which causes any

magnetic field generated in the bulk plastic region to be transported back towards the laser

focus along with the return current. When comparing the density and B field diagnostics,

we see strong field exists even in the rarified regions which is somewhat inconsistent with

this analysis and may be due to the c∇ne × ∇|B2|/(4πn2
e) term; however we may also be

stretching this Ohm’s law beyond its validity a bit.

The effect of this surface magnetic field will be to impede electron transport from the Au

to the plastic region. In the turbulent region behind the laser focus, even the most energetic

electrons of 3 MeV will have Larmor radii smaller than the region’s thickness. The field away

from the laser focus would allow such an electron to penetrate into the plastic with only

partial deflection, though it could impede the flow of thermal electrons or even partially

slowed-down 2a0 electrons.

Viewing the heat flux and magnetic field results as a function of of density and collision-

ality also reveals several important points. One is that, as a function of density, the plasma
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behavior goes from being highly dependent on collisions to almost independent as we go

from the high to the low density case; the medium density case is as expected somewhat be-

tween the two extremes, though qualitatively more similar to the high rather than to the low

density case. Focusing on the high density carbon simulations and looking at the behavior

as a function of collisionality we see three distinct behaviors in the three cases investigated.

In the collisionless case we see no collective behavior affecting the heat-flux. In the medium

collisionality case, we see a local collimation into filaments, which overall gives some average

forward collimation as the filaments are generally pointed in the forward direction, especially

so for the strongest filaments. However, moving left to right, once the filaments form they

travel mostly independently of one another, except for the occasional merger of adjacent

filaments; there is no global structure to the collimation. This is in contrast to the behavior

when strong collisionality is modeled, where although some filamentary structure is present

the more fundamental aspect of the heat-flux is that it has all merged into a single, highly-

collimated forward going beam. Interestingly, in the simulation with medium-density carbon

and strong-collisionality case, we can see a somewhat ‘in-between’ behavior, as the filaments

have coalesced into not one but two separate beams.

We argue that the simulations which most closely match reality are those involving the

strong collisionality, because the heat capacity of the gold layer in the simulations is low. In

reality the Coulomb logarithm isn’t a free parameter, and so collisionality isn’t something

which can be adjusted (outside of having different ion species of course). From that perspec-

tive the fixed-logarithm simulations are somewhat artificial. However, as we keep mentioning,

it is almost certainly the case that the temperature of the plastic layer is artificially high in

the simulations as compared to experiment, because the gold gets far too hot and this heat

flows into the plastic. This would have the effect of artificially enhancing the conductivity

of the plasma so that the return current creates only small ohmic E-fields; and fixing the

Coulomb logarithm at a higher level than would be expected is an ad hoc way of counter-

acting this. Of course we have no idea what the ‘correct’ collision strength we would need to

be consistent with the experiment, and so we would imagine reality to likely be somewhere

between the two collisional cases we show here. Even the partial collimation seen in the
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lower collisionality simulation could reasonably lead to the transport behavior seen in the

experiment, if the target geometry was full-scale. Furthermore, it is very encouraging that

enhancing the collisions, and so cooling the plasma, does not affect transport in the low

density plastic. This means that the relative behavior between the two experiments is not

strongly dependent on the details of the background temperature and no collimation occurs

for low density while higher plastic density can lead to collimation.

3.3 Summary

We have used the PIC code OSIRIS to investigate a warm-dense matter electron transport

experiment. The experiment appeared to show diminished electron transport through a plas-

tic WDM layer compared to a cold and somewhat denser plastic foam. Simulations indicate

that the most important physical processes governing the transport behavior are Coulomb

collisions and the growth of magnetic fields; and that the most important physical parame-

ter separating the two cases is the density of the transport layer. The initial temperature is

found to not be particularly important.

In both cases it is the response of the plasma to the return current which governs the

growth of the magnetic field. In the high density plastic, a collimating field region builds up

around the return current, due to the resistive electric field cause by Coulomb collisions. In

the low density plastic, a turbulent and reflecting field region builds up near the electron

source, due to convection of magnetic field back towards the source by the return current.

The simulation most likely over estimates the heating of the target, due to various ap-

proximations reducing the heat capacity of the gold layer of the simulated target. The plastic

layer heats up from the flux of heat from the gold leading to an artificially temperature in

the plastic. This lowers the resistivity of the plastic. To compensate for this we increase the

collisionality of the plastic by setting the ln(Λ) to 50. We find that for high foam density this

leads to a resistive E-field driven by the return current. This creates a magnetic field from

Faraday’s law which collimates the forward heat flux carried by the relativistic electrons. For

low foam densities the plastic has heated to sufficiently high temperatures that even when
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ln(Λ) is set to 50 no collimation is seen.
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CHAPTER 4

Macro-Particle Stopping in Particle-in-Cell Simulations

4.1 Introduction

Particle-In-Cell (PIC) simulations [7, 8] are a useful tool for studying nonlinear and kinetic

physics such as those found in laser-solid interactions [84, 10], and fast ignition inertial

fusion energy [1, 102, 65, 103, 104], which are the focus of this dissertation, as well as

relativistic collisionless shocks [105, 106]. Since PIC codes are based on first principles they,

along with Vlasov and Vlasov Fokker-Planck codes [107, 108], are a preferred tool to explore

physics in regimes where details of the distribution function affect the overall behavior of

the system, where there have not been many experiments, or where experimental results

are not well understood. In relativistic laser-solid interactions, fast ignition, and relativistic

shock studies fully kinetic simulations that resolve the electron dynamics are necessary,

and PIC simulations have been used extensively. As discussed earlier in this dissertation,

in such problems the flow of relativistic electrons in a background plasma is an important

process. However, the physical scale length that needs to be resolved in these systems is the

collisionless skin depth and not the Debye length. As the Debye length needs to be resolved

in order to avoid numerical grid heating which results from aliasing, the resolution used in

such simulations is sometimes much finer or the electron temperature is much higher than

necessary. The use of higher order splines, and current smoothing and compensation can

eliminate grid heating permitting larger cells and/or lower temperatures to be used [8, 58].

The use of larger cells also permits larger simulations that model the full spatial domains of

the problems of interest. In order to carry out such large simulations in multiple dimensions

it is common to limit the number of particles per cell, which is generally chosen at a value
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that keeps spurious finite size particle collisions and noise to a sufficiently small value.

In this chapter, another effect that needs to be considered in PIC simulations when rela-

tivistic electrons are present [109, 110] is described and quantified. This work was originally

motivated by studies of fast ignition relevant plasmas [65] and other work in this disserta-

tion. In these simulations a high intensity laser self-consistently generates a distribution of

relativistic electrons with densities up to ∼ 1022cm−3 moving through a 1023cm−3−1024cm−3

density background plasma [102, 65, 46]. In a previous paper [65] we observed an anomalous

relaxation of the tail in the distribution function of these high-energy electrons in 1023cm−3

density plasma; we ascribed this relaxation to the effect of plasmon emission, or wake exci-

tation, in a turbulent plasma. Although plasmon emission is a physical effect, in this chapter

we show that its importance on a single particle is enhanced by the use of macro-particles

in PIC codes. We show that the stopping power of relativistic electrons due to plasmon

emission scales as q2/m, where q is the charge and m is the mass of the simulated relativistic

electrons. In PIC simulations the ratio q/m of the simulated particles is kept consistent with

real electrons, but the mass and hence the charge can be many times greater, thus strongly

affecting the energy exchange between relativistic electrons and the background plasma. In

addition, the stopping power will depend on the dimensionality of the simulation and on the

shape of the macro-particles. This artificially high plasmon emission can be controlled by

using more particles per cell, larger cells, and higher order particle shapes. This is similar

to how collisions and fluctuations are controlled in a PIC code. In this chapter, we derive

expressions for the stopping power of relativistic electrons in PIC simulations, and discuss

how parameters can be chosen to reduce this effect with an emphasis on two-dimensional

(2D) simulations of fast ignition relevant plasmas. These results are also relevant to general

laser-solid interaction and relativistic shock simulations.

This chapter is organized as follows. In Section 4.2 the equations for the macro-particle

stopping of high energy particles in 2D PIC simulations by energy transfer through wakes

are derived. The 1D and 3D cases are also discussed. In Section 4.3 the importance of macro-

particle stopping in fast ignition simulations is discussed and the stopping of single particles

in a nominal fast ignition plasma is analyzed. Section 4.4 addresses the relaxation of high-
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energy tails of the electron distribution function due to macro-particle stopping. In Section

4.5 we turn to full-scale fast ignition simulations and analyze how varying the number of

particles per skin depth in isolated target simulations changes the results. In section 4.6

a particle splitting technique we have developed is presented which reduces the effect of

stopping by reducing the charge on each high energy electron. Finally, in Section 4.7 we

summarize our results.

4.2 Theory

A charged particle moving faster than the thermal velocity in a plasma forms plasma wave

wakes. The electric field of the wake at the location of the particle will do work on the

particle and slow it down. To find the energy loss due to these wakes, we will consider a

highly relativistic point electron moving through a cold fluid background plasma, and will

solve for the electric field of the wake, following the methods used in the plasma-based

accelerator community [111, 112]. We present results for the wake and electric field on the

particle for 1D, 2D, and 3D simulations. We then consider the effect of finite sized particles

on the stopping, with an emphasis on 2D as it is presently the most common situation.

We start by considering relativistic particles with charge ρb moving near the speed of

light (c) in a cold fluid plasma, following the approach in Ref. [111]. The linearized fluid

equations for the background plasma are:

∂ ~v1

∂t
= − e

me

~E, (4.1)

∂n1

∂t
= −n0

~∇ · ~v1, (4.2)

~∇ · ~E = −4πen1 + 4πqnb, (4.3)

where e is the charge of an electron, me is its mass, v is the electron fluid velocity, E is

the electric field, n is the plasma density, the subscripts 0 and 1 indicate zeroth and first

order quantities respectively, and the subscript b corresponds to quantities for the relativistic
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particle species. We next consider the response for a single beam particle moving in the z

direction with a speed vb, in which case

qnb = qδ(~r − ~vbt) = qδ(z − vbt)δ(~r⊥) (4.4)

where δ() is the Dirac delta function, q is the magnitude of the charge on the test particle, ~r

the position vector, and ~r⊥ is the part of the position vector perpendicular to the direction

of motion. The response to this point particle can also be viewed as the Green’s function

response of the electric field when one is calculating the response to a continuous beam

distribution. We will also use Faraday’s law

−~∇× ~E =
1

c

∂ ~B

∂t
, (4.5)

and Ampere’s law where we have substituted for the current

~∇× ~B = −4πen0

c
~v1 +

4πqnb
c

~vb +
1

c

∂ ~E

∂t
. (4.6)

We combine these equations to get

∂2n1

∂t2
+ ω2

pn1 = ω2
p

q

e
nb =

ω2
p

vb

q

e
δ(~r⊥)δ(t− z

vb
). (4.7)

where ωp =
√

4πn0e2/me is the unperturbed plasma frequency.

Due to causality the density perturbation in front of the relativistically moving test

particle must vanish, so the density response is

n1 =
ωpq

vbe
δ(~r⊥)η(t− z

vb
)sin(ωp(t−

z

vb
)) (4.8)

where η() is the Heaviside step function. To find the electric field, we use equations (4.1),(4.5),

and (4.6) to derive a wave equation for the electric field,

− 1

c2

∂2 ~E

∂t2
+∇2 ~E − ~∇~∇ · ~E = k2

p
~E +

4π

c2

∂~vbqnb
∂t

. (4.9)

where kp = ωp

c
is the plasma wave number.

Next, we substitute from Gauss’s law (4.3) and assume the test particle’s velocity remains

very close to c, i.e. ~vb = cẑ, where ẑ is the unit vector in the z direction. We concentrate on
180



the component of the electric field in the ẑ direction, and use the fact that both Ez and ρb

are therefore functions of (z − ct) such that ∂
∂t

+ c ∂
∂z

= 0, to obtain

(∇2
⊥ − k2

p)Ez = −4πkpq
∂

∂z
[δ( ~r⊥)η(t− z

c
)sin(ωp(t−

z

c
))] (4.10)

The solution for Ez can then be written as

Ez = GR( ~r⊥)4πk2
pqη(t− z

c
)cos(ωp(t−

z

c
)) (4.11)

where

(∇2
⊥ − k2

p)GR( ~r⊥) = δ( ~r⊥). (4.12)

The solutions to Eq. (4.12) depend on the dimensionality of the problem. In 1D, the

δ(r⊥) in Eq. (4.4) should be replace by 1, ∇2
⊥ vanishes, and q is in units of charge per unit

area, so that GR 1D = −1/k2
p. This yields an expression for the electric field

Ez 1D(z) = −4π ¯̄qη(t− z

c
)cos(ωp(t−

z

c
)) (4.13)

where ¯̄q is the change per unit area.

In 3D or 2D cylindrical, the solution to Eq. (4.12) can be shown to be the Modified Bessel

Function of the Second Kind [113]

GR 3D( ~r⊥) = − 1

2π
K0(kp|r⊥|) (4.14)

which yields the Green’s function for the electric field behind a test charge

Ez 3D(r⊥, z) = −2qk2
pK0(kpr⊥)η(t− z

c
)cos(ωp(t−

z

c
)), (4.15)

The stopping power on a charge is the Green’s function evaluated at the particle. For point

particles the value of the step function is 1/2 at the position of the particle. From Eq. (4.15),

in 3D the electric field diverges logarithmically at the origin, which violates the linearity

condition. The stopping power would also diverge logarithmically. Therefore, if this response

is viewed as the electric field from a real point electron then the result cannot be valid near

the origin. However, when viewed from the stand point of a finite size particle (or beam),

what matters is the solution for Ez obtained by integrating the Green’s function over the
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particle’s shape. As long as this electric field is finite then the use of linear theory can still

be valid. We next carry out this integral in detail for the 2D case and comment on the 1D

and 3D cases at the end of the section.

In 2D (slab) geometry, where ∇2
⊥ → d2

dr2
⊥

and δ( ~r⊥) = δ(r⊥) it is readily verified [112]

that the solution to Eq. (4.12) is given by setting GR 2D(r⊥) = − 1
2kp
ekpr⊥ for r⊥ < 0 and

GR 2D(r⊥) = − 1
2kp
e−kpr⊥ for r⊥ > 0. Thus the electric field is

Ez 2D(r⊥, z) = −2πe−kp|r⊥|kpq̄η(t− z

c
)cos(ωp(t−

z

c
)), (4.16)

where q̄ is the charge per unit length. Unlike the 3D case, this electric field remains finite

at the origin allowing direct analysis without specifying a particle shape. Using 1/2 for the

value of η(0), the energy loss for a point (line of charge in 2D) particle is given by

dε2D
dt

= −πωpq̄2 (4.17)

where ε is the energy of the test particle. Dividing by ωpm̄c2 we get

dγ2D

dωpt
= −π q̄2

m̄c2
. (4.18)

where γ is the relativistic Lorentz factor of the test charge. Equation (4.18) shows that the

stopping power (distance) for a relativistic particle in a cold plasma is (inversely) proportional

to the q̄ on the particle holding the q̄/m̄ ratio fixed. To derive an equation for PIC simulations

we use the fact that q̄/e = n0∆2/N where ∆ is the cell size (we assume equal cell sizes along

the different dimensions) and N is the number of simulation macro-particles per cell, and

obtain
dγ2D

dωpt
= −1

4

ω2
p

c2

∆2

N
C. (4.19)

Equation (4.19) demonstrates that for large cell sizes N must be increased to reduce the

macro-particle stopping to a desired level. The factor C is a term that accounts for finite size

particle effects which will depend on the details of the particle shape and smoothing used in

the simulation.

Next we consider finite size particle effects and the factor C. These effects will reduce the

stopping power of the test particle. The use of finite size particles reduces both the electric
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field made by the test charge and the force from this electric field on the particle. We first

discuss the reduction of the electric field. The effect of the finite size of the particle on the

electric field is found from a convolution of the point particle electric field with the shape

factor as a function of grid size

Ēz(r⊥, ξ) =

∫ ∞
−∞

dr′⊥

∫ ∞
−∞

dξ′Ez(r⊥ − r′⊥, ξ − ξ′)S(r′⊥, ξ
′), (4.20)

with ξ = (z − ct). For linear splines (area weighting) in one dimension the shape factor is

given by

S1(x) =
1

∆

(
(1− x

∆
)η(x)η(∆− x) + (1 +

x

∆
)η(−x)η(∆ + x)

)
, (4.21)

where in Eq. 4.20, x would be one of (r′⊥, ξ
′) and ∆ is the cell size in a specified direction; the

full shape function is the product of the one dimensional shape functions for each dimension.

As noted above we consider square cells in 2D (∆r⊥= ∆ξ= ∆) but the arguments presented

can be easily extended to rectangular cells. The Fourier transform of this shape function,

which is an order 1 spline, is a sinc function squared. Higher order spline shapes are defined as

the convolution of the previous order with the zeroth order shape (nearest grid interpolation),

Sn(x) =

∫ ∞
−∞

dx′S0(x− x′)Sn−1(x′). (4.22)

Therefore, for splines of order n the Fourier transform of the shape function is given by

S(k)n =

(
sin(k∆

2
)

k∆
2

)n+1

. (4.23)

The shape factor is dependent on the cell size and on the interpolation order. In addition,

digital filters are also commonly applied. A filter of particular interest used for current

smoothing is a triangular (1-2-1) filter applied multiple times in each direction. A compen-

sator [8] is often used to flatten the profile in k-space for low k. These filters take the k-space

form

F (k)n = cos2n

(
k∆

2

)
(4.24)

where here n is the number passes of the triangular filter. When the compensator is included

the effective filter takes on a more complex expression, but there is no k dependence in the
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Figure 4.1: Theoretical curves for the magnitude of the z component of the on axis electric

field of a relativistic particle moving in the z direction. a) The strength of the electric field

is dependent on cell size with larger cell sizes producing weaker fields. b) The strength of

the electric field is also dependent on the interpolation order with higher order interpolation

schemes producing weaker fields.

denominator so smoothing (including compensation) is never as effective as using higher-

order splines at reducing aliased noise (the source of particle heating in PIC codes).

For illustrative purposes, we examine the electric field generated by different particle

shapes where the charge on the particle is kept fixed. Figure 4.1 shows the magnitude of the

axial (z) component of the electric field produced on axis (r⊥ = 0) as a function of z by a

2D relativistic particle of finite size (square) in a plasma according to equation (4.20). In

figure 4.1a the particle shape is a second order spline, i.e., n = 2 in Eq. (4.23), and the cell

size is varied from a point particle, to 0.5c/ωp, to 1.0c/ωp, and to 2.0c/ωp (blue, red, green
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and magenta curves respectively). These curves confirm that increasing the cell size for a

fixed charge reduces the electric field strength and smooths it out over the location of the

particle. In Figure 4.1b, we show that increasing the interpolation order while keeping the

cell size and charge on the particle fixed also decreases the amplitude of the electric field.

We plot the electric field for linear (blue), quadratic (magenta), cubic(green), and quartic

(red) interpolation while holding cell size fixed at 2.0c/ωp. This shows that each higher order

spline corresponds to a ‘wider’ particle. Varying the cell size or varying the particle order

both effectively change the size of the particle, however, the use of larger cells also changes

the accuracy of the field solver for how light waves propagating in vacuum. We also note that

although the macro-particle stopping effects are reduced as the cell size is increased to values

larger than a skin depth (and Debye length), other issues such as significant modifications of

the dispersion properties of both plasma and electromagnetic waves will become important.

Next, we turn our attention from the electric field of the wake to the stopping power of

the relativistic particles. The stopping power is obtained from an integral of the convoluted

electric field Ēz in Eq. (4.20) with the shape function

Fstopping = q

∫ ∞
−∞

d ~r′⊥

∫ ∞
−∞

dξ′Ēz( ~r′⊥, ξ
′)S( ~r′⊥, ξ

′)

= q

∫ ∞
−∞

d ~r′⊥

∫ ∞
−∞

dξ′
∫ ∞
−∞

d ~r′′⊥

∫ ∞
−∞

dξ′′Ez( ~r′⊥ − ~r′′⊥, ξ
′ − ξ′′)S( ~r′⊥, ξ

′)S( ~r′′⊥, ξ
′′)

(4.25)

It is worth noting that total force on the particle can also be obtained by integrating the

shape function and electric field in k space,

Fstopping = q

∫ ∞
−∞

d~kS2(~k)Ez(~k). (4.26)

Through Eq. (4.21) it can be seen how the use of progressively higher order splines (and

smoothing) can reduce the stopping force. The shape functions can be different in each

direction, but it is generally a separable function in the each coordinate in which only the

cell size varies. For separable shape functions, it is easy to extend eqs. 4.25 and 4.26 to

multi-dimensions. For simplicity, in what follows we assume the cells are squares in 2D.

It is difficult to obtain analytical expressions for Fstopping for the particle shapes used in

PIC codes, therefore we simply plot numerical solutions to Eq. (4.25). Figure 4.2 shows the
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Figure 4.2: Reduction in stopping force due to finite-sized particles (“C" in eq. (4.19).)

‘Smoothing’ is used in finite-difference codes like OSIRIS, and here refers to a 4-pass (1,2,1)

filter followed by a (-5,14,-5) compensator [8]. ‘Filtering’ is done directly in k-space and

therefore is used in spectral codes like PARSEC; here the filter is e
−k2∆2

2 , where ∆ is the

cell size (applied to both the particles and the fields). From the figure it can be seen that

smoothing is more effective at reducing stopping than higher-order particle shapes, and

filtering is more effective than smoothing.

effect of varying the spline order and current smoothing on the stopping force. We plot the

force on the particle for linear and cubic splines, and the same using 4-pass smoothing (which

we often use in OSIRIS) and k-filtering (used in PARSEC); it is normalized to the stopping

for a point particle, and therefore this curve is equal to the factor C for two dimensions,

C2, in Eq. (4.19). As stated earlier, both smoothing and higher-order interpolation schemes

reduce the macro-particle stopping. However, for fixed charge per particle, the reduction is

only significant for large cell sizes (∆ ≥ 1/kp ), where important skin-depth physics can be

missed and where significant numerical dispersion effects can be present [8]. In essence by

increasing the cell size, one is smoothing out the wake field, whose scale length is on order

of the skin depth. For example, for a cell size of 1/2 k−1
p , without current smoothing, the

stopping power is 77% and 68% of the point-particle limit for linear and cubic interpolation

respectively. If the cell size is increased to 3/2 k−1
p , then these values become 37% and 21%

respectively. Including current smoothing further reduces the value of C to 0.09 in the linear

case and 0.05 in the cubic one. We note that there are numerical limits to both increasing cell
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size and increasing interpolation order for the purpose of reducing macro-particle stopping.

For example, the use of large cells can lead to plasma waves and light waves having negative

group velocity. In finite-difference PIC codes where numerical errors cause the phase velocity

of electromagnetic waves on the grid to be less then the speed of light, relativistic particles

can excite numerical Cerenkov noise which is increased as the time step is reduced below

the electromagnetic Courant condition for stability [8]. In addition, since the hard stability

limit for the time step in a plasma is 2/ωp [8] this introduces a practical limit on the cell size

of 2
√

2c/ωp when dealing with relativistic particles. As seen in equation (4.19) the stopping

power can be reduced by also increasing the number of particles per cell (or effectively

decreasing the particle charge). This is the best method with respect to not modifying the

physics, but it is obviously the most computationally costly method.

We close this section with a brief discussion on macro-particle stopping in 1D and 3D.

The electric field for an infinitesimally thin sheet of charge was give in Eq. (4.13). We note

that it could also be obtained from integrating the 3D result, Eq. (4.15), over a beam with a

charge density that is uniform across the beam in the transverse direction. Interestingly the

1D result is independent of the plasma density, however, the result is only valid if the electric

field is still sufficiently small for linear theory to be valid. This is true if the normalized field

value is small, eEz

mcωp
� 1 [112, 111]. For a macro-particle one needs to integrate Eq. (4.13)

over the shape of the particle. The energy loss for a point (sheet of charge in 1D) particle is

given by
dε1D
dt

= −2π ¯̄q2c, (4.27)

which can be written for the Lorentz factor of the test charge as

dγ1D

dωpt
= −2π

¯̄q2

¯̄mωpc
. (4.28)

Taking into account the fact that ¯̄q/e = n0∆/N in 1D, we obtain the energy loss in 1D PIC

simulations
dγ1D

dωpt
= −1

2

ωp
c

∆

N
C1 (4.29)

where C1 is the effect of the particle shape in 1D.
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In 3D the Green’s function logarithmically diverges as |~r⊥| ≡ r approaches zero. However,

for a finite size particle the divergence disappears. A detailed analysis is beyond the scope

of this work. However, in [114] the result for flat top and Gaussian particle (beam) shapes

in the transverse coordinate and Gaussian shapes in the longitudinal directions were given.

Here we summarize the results for Gaussian shaped macro-particles, for which the charge is

given by q
(2π)3/2 e

−(z−ct)2/2σ2
ze−r

2/2σ2
r , where σz and σr are the particle size in the longitudinal

and transverse directions respectively. For such a charge the amplitude of the wakefield is

given in [114] as

Ez 3D = −qk2
pe
−k2

pσ
2
z/2ek

2
pσ

2
r/2Γ

(
0,
k2
pσ

2
r

2

)
, (4.30)

where Γ(α, β) =
∫∞
β
sα−1e−sds is the incomplete gamma function. For symmetric macro-

particles, σr = σz = σ, we have simply

Ez 3D = −qk2
pΓ

(
0,
k2
pσ

2

2

)
. (4.31)

We note that in the limit that kpσ approaches zero, Γ(0,
k2
pσ

2

2
) ≈ ln(1.12/kpσ), and the

electric field on axis reduces to

Ez 3D = −qk2
pln

(
1.12

kpσ

)
. (4.32)

This is the peak amplitude of the wake. To derive how the electric field is distributed over the

particle requires carrying out the full integrals over the particle which is beyond the scope of

this work. However, this expression is useful for estimating the macro-particle stopping and

we will use it in what follows.

Following the same procedure as in the 1D and 2D cases, the energy loss in 3D is then

described by
dε3D
dt

= −q2
ω2
p

c
ln

(
1.12

kpσ

)
, (4.33)

or, for the Lorentz factor of the test charge, as

dγ3D

dωpt
= −q

2

m

ωp
c3
ln

(
1.12

kpσ

)
. (4.34)

If we assume cubic cell shapes with the same cell size, ∆ in each direction then q/e = n0∆3/N

and we use the cell size for the particle size, σ, then we can estimate the macro-particle
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stopping in 3D, which is given by

dγ3D

dωpt
= − 1

4π

ω3
p

c3

∆3

N
ln

(
1.12

kp∆

)
C3. (4.35)

where C3 is a factor that accounts for additional macro-particle effects. We note that for a

fixed number of particles per cell, N , and a cell size ∆ ≤ c/ωp (neglecting the exact details

of the particle shape), the macro-particle stopping decreases with increasing dimensionality.

Therefore, it requires a larger number of particles per cell in 1D and 2D to control this effect

when compared with 3D. We note that the formalism that has been presented can be used

to carry out an exact and detailed analysis of the 3D case as we did for the 2D case.

4.3 Single Particle Stopping in Fast Ignition Simulations

We can now make predictions for the stopping of relativistic macro-particles in background

plasmas. Here we focus on the stopping distance in two dimensional fast ignition relevant

simulations. To motivate the importance of macro-particle stopping for fast ignition studies,

let us take as example the parameters used in integrated PIC simulations of fast ignition

[65, 102, 103] aimed at modeling both laser absorption and transport of fast electrons in

a background plasma. We compute the stopping power for the simulations with different

resolutions and numbers of particles per cell. In these simulations an intense laser with a

1 µm wavelength interacts with a plasma with a nominal density around 100nc (where nc

is the critical plasma density for the laser). The number of macro-particles per skin depth

squared (PPSD2) in these simulations varied between 6 and 24, the cell sizes varied from 0.5

to 2 k−1
p , and the particle order varied from linear to cubic. Despite these differences, the

predicted energy loss rate was similar and it only varied in the range 0.12− 0.34 MeV/µm.

The simulations used different plasma lengths so the single particle energy loss across the

simulation box varied between 4 and 18 MeV. For example, in the paper by Tonge et al.[65]

the cell size was 0.5 c/ωp, with 4 particles per cell (N = 4) giving 16 PPSD2, and quadratic

splines and 5-pass compensated smoothing were used, leading to a stopping force of 0.011

mec ωp, or an energy loss rate of 0.337 MeV/µm at a density of 100nc. In each of these

cases the energy loss of a macro-particle due to enhanced stopping over the simulation box
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size is comparable or larger than the typical fast-electron energies relevant for fast ignition.

Therefore the enhanced stopping of macro-particles could greatly affect the results in each

case.

We verify these predictions by running simulations of single particle stopping with the

finite difference PIC code OSIRIS [2, 115, 116]. The simulation setup is as follows. The cell

size is 0.5 c/ωp, which in OSIRIS is also the particle size. For the background plasma, both

ions and electrons are included with a mass ratio of 3672 (Deuterium plasma); the particle

count is 64 particles per cell, and the temperature is 100eV. For the beam, a single electron

is accelerated to a forward momentum of 100mec, over a time period of 300/ωp to minimize

radiation from the particle acceleration (without allowing the plasma response to affect the

particle), and given a weight (q̄) equivalent to 16 particles per skin depth squared. The box

size is 25 c/ωp in the transverse dimension, and long enough in the longitudinal direction

that the particle does not have time to cross the box; boundary conditions are periodic in all

directions. Linear splines are used, and we use smoothing and compensation for the current .

In order to study the wake driven by a single electron it is necessary to remove the effects on

the field caused by the thermal motion of the background electrons, as otherwise these would

dominate. To do this we use a subtraction technique [117, 118] wherein a second simulation

is run with an identically initialized background plasma but without the beam particle, and

the difference of the fields is taken to show the effects of the beam alone.

Figure 4.3a shows the E1 obtained using the subtraction technique; the wake can clearly

be seen. In figure 4.3b we show a line-out of the wake field on axis from 4.3a (red), zoomed

in around the position of the particle (now taken to be the origin), along with the theoretical

prediction for the wake, including the effect of finite sampling, finite size particles, current

smoothing and compensation (blue). As can be seen the results are in good agreement,

although of somewhat reduced magnitude.

We also compared the energy loss observed in these simulations to the theory presented

in Section 4.2. Looking at the energy loss over a period of 500/ωp, Eq. (4.19) predicts a ∆γ

of 7.8125; the factor C is calculated to be 0.70 for particles of this shape, giving an adjusted

∆γ of 5.4616. In our simulation we see a ∆γ of 5.2448, 96% as much as is predicted by
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Figure 4.3: a) Wake formed in the E1 field by a relativistic particle traveling along the x1

direction in a 2D PIC simulation. This wake is predicted by wakefield theory. b) A comparison

of the lineout along x1 of the E1 field near the relativistic particle predicted by theory (blue)

and from the PIC simulation (red). The curves are in close agreement, though the simulation

field is slightly weaker.
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theory; this is consistent with the slightly weaker field seen in Fig. 4.3b.

We postulated that the the deviation from theory might be due to the fact that the

background plasma also is composed of finite size particles, with a size and shape equivalent

to the beam particle. This would also have the effect of smoothing out the wake and giving

a weaker field. To test this hypothesis, we reduced the cell and particle size but kept other

parameters the same (reducing the number of particles per cell to keep the total particle count

constant). Unfortunately using a standard Yee [77] field solver, numerical Cerenkov radiation

becomes a dominating factor in the energy loss of the particle as the cell size becomes smaller.

For a cell size of 1/16kp, we find numerical Cerenkov is already contributing more to the

stopping than the wakefield. We experimented with various field solvers in OSIRIS to alleviate

this issue. We have found solvers based on the work of Pukhov [119] and Lehe [120] to both

be effective at suppressing the numerical Cerenkov for particles traveling along the axis (we

have not investigated numerical dispersion issues in other directions.) In addition, since the

publication of the paper on which this chapter is based, we have developed a field solver for

OSIRIS which eliminates this effect [121, 122, 123, 124, 125]. For the same parameters as

the previous paragraph but a cell size of 1/16kp the factor C in eq. (4.19) is calculated to be

0.96, which gives a predicted ∆γ of 7.515. In OSIRIS using a Lehe solver, we observe a ∆γ

of 7.336, which is 98% of theory. Therefore we conclude that the wakes are also additionally

reduced by the use of finite sized particles in the plasma.

We have also performed a series of test particle simulations with PARSEC [126] to exam-

ine the effect of background temperature and particle energy. Recall that the theory assumes

a cold fluid plasma and that the particle is highly relativistic. These 2D PIC simulations

use the same simulation box and numerical parameters of the previous simulations, but we

varied the energy of the relativistic electron (> 1 MeV) and of the background plasma (100

eV - 1MeV). For background temperatures up to 10keV and all fast electron energies exam-

ined, the energy loss is relatively insensitive to either parameter, and is ∼ 14% less than

the theoretical value. For background temperatures > 100 keV, the velocity of background

particles becomes relativistic, the assumption of a cold background plasma does not hold

and the simulation results deviate more strongly.
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We have tested N = 4, 16, 64, and 256 for the background plasma and the differences to

the stopping of a single particle were negligible for background temperatures below 10keV.

We therefore conclude that equation (4.19) is useful for all initial energies above 1MeV and

for background temperatures up to ∼ 10keV.

4.4 Relaxation of High-Energy Tails

We now investigate the macro-particle stopping for a distribution of fast electrons with a

high-energy tail. These simulations are run with PARSEC and model a spatially uniform

“cold” (1 keV) background plasma with a relativistic tail distribution with a slope temper-

ature of 2.5 MeV and with 4% of the particles in the tail. The simulations have periodic

boundaries, with a box size of 256 cells by 256 cells, a cell size of 0.5c/ωp, and N = 16 or

64 PPSD2. Second order particle interpolation is used with Gaussian shaped particles with

particle sizes equal to the grid size. In Figure 4.4 the blue curve shows the initial energy

distribution, with the red, green and yellow curves showing the relaxation of the distribution

with time, 92.75 fs apart when scaled to a background density of 1023 cm−3. The curves show

that the high-energy particles uniformly loose energy as predicted by theory. The predicted

energy loss is 0.09 MeV/µm (0.027 MeV/fs) and the simulations show an energy loss of 0.06

MeV/µm, which is less than both theory and single particle simulations.

In single particle simulations the energy loss is 86% of theory and insensitive to back-

ground particle count; in simulations with a high-energy tail the discrepancy with theory is

dependent on the PPSD2 because this affects the distribution of particles in the tail. For

simulations where we vary the PPSD2 but keep other parameters constant, we found energy

losses of 71%, 66%, and 53% of the predicted value for 16, 64, and 256 PPSD2 respectively.

This effect is likely due to the more even distribution of particles in the tail across cell

boundaries as N (not necessarily PPSD2) increases. For the particles in the tail the number

of particles per cell varied from N = 0.16, 0.64, and 2.56 respectively (recall that 4% of the

particles are in the tail). As the tail becomes more uniformly distributed in space the discrete

effect of macro-particles is decreased. In simulations relevant to fast ignition the electrons
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Figure 4.4: Relaxation of high-energy tails in a periodic simulation of a cold background

and a hot electron tail. The blue curve shows the initial energy distribution, with the red,

green and yellow curves showing the relaxation of the distribution with time, 92.75 fs apart

when scaled to a density of 100nc. The curves show that the high-energy particles uniformly

lose energy as predicted by theory.
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are accelerated by the laser in bunches [104] separated by half a laser wavelength which is

comparable to a plasma wake wavelength. Therefore, the particles in these bunches will not

interact through individual wakes but rather through collective wakes. If the bunch duration

is short compared to a skin depth the wakes will collectively add leading to enhanced stop-

ping while if the particles are bunched on scales much longer than the skin depth then the

stopping power will be comparable to the single particle stopping power.

4.5 Integrated Fast Ignition Simulations

We will now revisit the integrated simulations using isolated fast ignition targets from Tonge

et al. [65]. In these simulations a 50µm radius 100nc target with a 20µm core region is

illuminated with an I = 8 × 1020W/cm2, λ = 1µm laser with a 20µm spot size; detailed

parameters are given in Tonge et al.[65]. Here we reproduce these simulations using cubic

splines (quadratic splines were used in the original simulations) and varying the PPSD2 while

keeping all other parameters fixed. By increasing the PPSD2 from 16 (original value) to 100

we decrease the stopping by 6.25 times and we observe a significant change in the dynamics

of the simulation due to macro-particle stopping. The stopping decreases the energy of hot

electrons while increasing the heating of the background plasma between the laser-plasma

interface and the target core. Figure 4.5 shows the momentum distribution function in the

isolated target, 835 fs after the laser strikes, at the longitudinal (x1) position 2 µm behind the

laser-plasma interface and integrated along the transverse direction (x2) for the 16 PPSD2

or 100 PPSD2 cases. The blue curve (16 PPSD2) is clearly wider than the red curve (100

PPSD2) indicating the plasma is hotter in the interaction region. Panel b) shows the power

absorbed in the target core as a function of total laser power. From the initial heating at 400

fs up to 600 fs the two simulations have similar power delivered to the core, although the

red curve has a bump at 450 fs which is due to a higher level of refluxing off the back of the

target early in the high particle count simulation. After 600 fs the curves diverge, with the

lower PPSD simulation showing a larger heating of the core; this is due to both energy of the

electrons reaching the core being lower and hence the stopping of fast electrons in the core
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being enhanced, and to the increased heating of the background plasma in front of the core

that causes heated background electrons to travel into the core and redeposit their absorbed

energy. This overall effect was to increase the power delivered to the core by 25% at 1.3 ps.

In the lower absorption case (higher PPSD case) the laser is still capable of delivering 10%

of its power to the core.

Let us now compare the magnitude of the single particle stopping effect to that seen

by a real particle (although these are 2D simulations, the 3D result is equivalent up to a

factor of O(1).) For a 1µm laser, 100nc = 1023 cm−3, the cell size of 0.05c/ω0 is ∼ 0.008µm,

giving 5 × 104 electrons in a cell volume. For N = 25, and taking into consideration finite

particle size effects, the stopping is ∼ 1300 times stronger in the simulation than would be

seen for a physical electron. To make the real and simulated macro-particle stopping powers

numerically equivalent at n = 100nc and retain the skin depth physics (i.e. cell size ≤ c/ωp)

we would have to increase the particle count to N > 500 and use current smoothing and

cubic splines. This is impractical for multi-dimensional PIC studies of relevant fast ignition

scales. However, it is not important to make the macro-particle stopping power comparable

to the real stopping power, but rather to make it small enough over the plasma size so that

this enhanced stopping does not change the results. On the other hand, if one is modeling

the heating of the core at very high densities, then since the stopping power of the electrons

is the physics process that is most important it needs to be quantitatively correct. This is

similar to the effect of the collisions between macro particles. If one is modeling a region of

plasma for which collisions are not important it is not important that the collision frequency

is correct, rather it must be kept small enough that the growth rates and dispersion properties

of collisionless processes are not modified.

4.6 Particle Splitting

We now discuss a scheme that can potentially overcome this effect of macro-particle stop-

ping in PIC simulations associated with laser-solid interactions, fast-ignition, and relativistic

shocks. We have shown that reducing the charge on the relativistic, i.e., ‘beam’, electrons is
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Figure 4.5: Panel a) shows the distribution function for forward momentum (p1) 3 µm in

front of the target core at 835 fs for 16PPSD2 and 100 PPSD2 simulations respectively. These

show that macro-particle stopping results in less heating of the plasma. Panel b) compares

the power delivered to the core for the 16PPSD2 and 100 PPSD2 simulations. These show

that greater macro-particle stopping also results in lower energy electrons carrying energy

to the target core.
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an effective method to alleviate the enhanced stopping of relativistic particles due to their

wakes. However, in the majority of the simulations of interest we want to study the way

particles are accelerated, e.g. by the laser in fast ignition scenarios or by the shock in astro-

physical plasmas, and we do not know beforehand which particles will be accelerated (fast)

and which will be background plasma particles. Thus, in a standard PIC simulation reducing

the charge of a fast particle requires reducing the initial charge of all simulation particles,

leading to a prohibitive particle count.

In many of these scenarios, the super-thermal particles which are stopped by macro-

particle effects are only a small percentage of the total particle count - although at the same

time these particles can have a profound effect on plasma dynamics. Under these conditions

an algorithm that splits the relativistic electrons into macro particle electrons with less charge

might be effective. We have implemented and experimented with a splitting algorithm that

works as follows. For a given simulation we define the minimum particle energy above which

macro-particle stopping will become important and the maximum particle charge that high-

energy particles should have for accurate description of their stopping based on the theory

presented in Section 4.2. In the simplest algorithm these can be fixed values, for instance

associated with the initial laser and plasma conditions. It would also be possible to make

them dynamic values that depend for instance on the local background plasma conditions

that vary due to density gradients or plasma steepening. The simulation is initialized in the

standard way, however, after each n time steps (in the future the value of n could change

statically or dynamically as the simulation progresses), we calculate the energy and charge

of each particle and compare it to the minimum energy and maximum charge defined. If

they are both larger, then we reduce its charge and mass by a factor of two and then

duplicate the particle. This process is repeated until the particle charge is smaller than the

defined value. Thus, we effectively increase the particle count for the high-energy part of the

distribution function. It is important to note that in most cases, because of the wide difference

between the background thermal and ‘fast’ particle energies, the efficiency of the splitting

is relatively insensitive to the exact energies chosen for the splitting condition. Also, since

the number of fast particles is significantly smaller than the number of background particles,
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Figure 4.6: (Color) Particle count vs. the logarithm of the kinetic energy (red), and

the same data weighting each particle by the heatflux it carries in the x1 direction (blue.)

Arbitrary units, both independently normalized to a peak of 1.

the computational overhead of splitting is not dramatic. We also have found the results are

relatively insensitive to the choice of n, provided that the energy loss during n time steps is

still negligible.

It is important to ensure that the duplicated particles can spatially separate from each

other. If the duplicated particles have the exact same position and momentum then they will

never move apart and their wakes will add coherently and the stopping power will remain

unchanged. Furthermore, the use of finite size particles means that particles that start off

close together within a cell will move apart slowly. Several schemes can be thought of to

separate the duplicated particles, such as randomly shifting the position of the new particle

within the same cell, slightly shifting the momentum of the two particles in a way that

conserves the total momentum (this can introduce a small divergence), or simply relying

on a collisional operator, which is already used in many of the scenarios of interest, to

naturally separate the two particles in phase space. We have experimented both with the

momentum shifting scheme and with the use of a Monte-Carlo binary Coulomb collisions

operator [55, 57, 58, 59], with overall satisfactory results.

We next show results using the OSIRIS Coulomb collisions module[59] for electron-ion

collisions. We initialize a 2D plasma in a box 1µm wide and periodic in the transverse
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direction, and 200µm long in the longitudinal direction. The box is filled with a 100nc

plasma, except for a thin (2µm) vacuum layer to the left which isolates the plasma from this

wall; a laser with I = 5× 1019 W/cm2 (normalized vector potential a0 = 6) and λ = 1µm is

incident from this direction. In order to avoid using a larger simulation box to capture the

self-consistent plasma expansion due to laser heating of the plasma surface, we used infinitely

heavy ions. We use a linear density ramp from 0-100 nc in the first micron of plasma. We use

cells with a size of 0.5c/ωp, and either 16 or 512 particles per cell, corresponding to 64 or 2048

PPSD2, respectively; the time step satisfies the Courant condition almost exactly, to reduce

numerical Cerenkov. We use third order particle shapes, with 4-pass current smoothing with

a compensator.

In figure 4.6 we show the particle count and forward heat-flux of a typical laser-solid

simulation as a function of kinetic energy on a logarithmic scale for N = 5121. The first thing

to notice is that the majority of the energy flux is being carried by particles with γ ∼ 2−10,

demonstrating that the energy is being carried by relativistic electrons and that macro-

particle stopping needs to be considered. It is also clear that the peak of the heat-flux and

the peak of the particle count are separated by two orders of magnitude indicating that almost

all of the forward heat flux is carried by only a few percent of the particles. This illustrates

that if we decrease the particle charge and increase the particle count in only a small region

of phase space, we can greatly minimize the importance of macro-particle stopping without

significant computational expense. To illustrate the effectiveness of the splitting algorithm,

in Figure 4.7 we show the total forward heat flux as a function of longitudinal position for

the N = 512 case as well as a N = 16 case with no splitting and a N = 16 case with five

particle splits (for final particle size equivalent to N = 16 × 25 = 512). Figure 4.7b clearly

shows significant loss of beam energy going into the plasma for the N = 16 case as compared

to the N = 512 case. In fig. 4.7b the heatflux essentially vanishes by x1 = 100µm. Taking the

peak beam particle energy as 2a0mec
2 [104], we find for these parameters a stopping distance

1 Note that these plots are of the number of particles at a given value of log10(γ − 1), that is to say
the y-value is not given by f(γ − 1) = f(10log10(γ−1)), but rather by ln(10)10γ−1f(γ − 1), such that the
area under any section of the curve (the number of particles) is the same as

∫
d(γ − 1)f(γ − 1) (up to a

normalization factor).
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Figure 4.7: (Color) Particle count as a function of γ and forward position for a) 2048

PPSD2, b) 64 PPSD2, and c) 64 PPSD2 but with up to 5 particle splits for superthermal

particles. d) Forward heatflux as a function of forward position for 2048 PPSD2 (red curve),

64 PPSD2 (magenta), 64 PPSD2 w/5 splits (blue), and 64 PPSD2 w/7 splits (pink). All data

in arbitrary units but with equivalent normalization.
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of 97.5 µm, consistent with these results. For the N = 512 case (Fig. 4.7a), we predict a

decrease of the particle Lorentz factor, γ, of 0.375 over the same distance, which we estimate

to be 3−6% of beam particle energy. The larger apparent loss of heat flux moving forward in

the case of N = 512 is due to a number of non-macro-particle effects, including the increase

of laser absorption as a function of time combined with the time-of-flight of electrons, the

fact that not all heat flux is being carried by highly-relativistic particles, and the effects of

the wakes of at least partially coherent particle bunches. We note that collisional stopping,

however, is not a significant factor in this regime. More importantly, the results using N = 16

but with 5 binary particle splits (Fig. 4.7c) are nearly identical to the N = 512 simulation.

Figure 4.7d shows the comparison of the heat flux carried in the forward direction as a

function of the longitudinal positions for the different cases. Again, it is possible to observe

that by splitting the high-energy particles the macro-particle stopping is controlled. For the

example shown, using the splitting algorithm leads to only a factor of two increase in the

computational time, giving a total computational savings factor of 16 to reach the same

accuracy in terms of macro-particle stopping. This illustrates the efficiency of this algorithm

and its usefulness for carrying out multi-dimensional studies of large plasma volumes. We

should also note that using this splitting algorithm can bring important statistical advantages

when computing collisions between fast and background particles in many of the scenarios

of interest. This algorithm can lead to load balancing issues. OSIRIS does have a dynamic

load balancing capability and we will experiment with this as part of future work.

4.7 Summary

In this chapter we have shown that relativistic particles moving in a cold background plasma

in PIC simulations are susceptible to enhanced stopping due the use of macro-particles. The

stopping scales as q2/m so that particles with large charge but with the correct charge to

mass ratio will stop more rapidly. This stopping is due to the wakefield created by relativis-

tic particles and it can be predicted using wakefield theory developed for studying plasma

wakefield acceleration. We reviewed the derivation of the wakefields created by a point par-
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ticle moving near the speed of light for one dimension (charge sheet), two dimensions (line

of charge), and three dimensions. We used this wakefield (Green’s function) to derive the

wakefields created by finite size particles (such as those used in PIC simulations), and also

calculated the force on a particle from its own wakefield to get the stopping power. We also

studied how the stopping depends on the cell size, particle shape, and dimensionality. The

enhanced stopping is mitigated through the use of larger cells, higher order particle shapes,

and current smoothing as well as with a decrease in the macro-particle charge.

We found good agreement between the theory and results against PIC simulation from a

finite difference PIC code (OSIRIS) and a spectral PIC code (PARSEC). We also studied how

a distribution of electrons containing a hot tail relaxes and showed that the macro-particle

stopping process dominates how the tail relaxes. We also reexamined previous results in

intense laser-solid interactions, such as the isolated target simulations in [65] and found that

indeed this effect modified the physics. When the charge per particle was reduced by a factor

of 6.25 the amount of laser energy being deposited in the core decreased by only 25% from

the values quoted in Tonge et al.[65] Our expressions also predict that simulations done

by other groups will also be impacted by this effect [102, 103]. Our simulations show that

increasing the cell (particle) size can reduce this effect. However, for large cells the dispersion

relation of the laser near the overdense plasma is also modified, so this is not necessarily a

solution.

We recommend that more careful analysis be carried out on the effects of numerical

dispersion of light and plasma waves, including the possibility of negative group velocity when

cell size, ∆, exceeds c/ωp. Furthermore for large cell sizes, the different effects on wakefield

analysis between using finite difference operators and differential (spectral) operators to solve

for the field quantities should be investigated.

We also describe a possible solution which is a particle splitting algorithm that can

reduce this effect by decreasing the charge of high-energy particles as the simulation evolves.

We found that this algorithm can successfully control the macro-particle stopping in PIC

simulations of high-energy density scenarios in a computationally efficient way.
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CHAPTER 5

Conclusion

In this dissertation we have reported on studies of three different areas of physics related to

how an intense laser beam is absorbed at a sharp interface between vacuum and solid density

plasma. This physics is of direct relevance to the Fast Ignition fusion concept as well as ion

acceleration. These three areas are, the laser-induced acceleration of electrons at a smooth

surface; the transport of finite width beams through over-dense plasma; and macro-particle

stopping, a numerical effect with important relevance to the computational modeling of FI

scenarios. In addition to analytical theory, all our work relied heavily on Particle-In-Cell

simulation, specifically the multi-paradigm and massively parallel PIC code OSIRIS. The

ongoing development of the OSIRIS codebase has allowed for an ever-increasing scope in

the problems with which it can be tasked, and indeed many of the simulations described in

this dissertation were computationally infeasible or even practically impossible when we first

started considering them. Therefore a broader underlying lesson of this dissertation, beyond

the physical insights gained, is the power of active and collaboratively developed codes,

in particular OSIRIS, especially when coupled with the continuing growth of computational

power, much of which is now happening in the realm of High Performance Computing (HPC).

In Chapter 2 we explored the mechanisms for converting laser energy into electron kinetic

energy at a sharp vacuum to dense plasma interface in the high intensity regime. In order

to focus on general mechanisms rather than specific results that arise even in a theoretical

experiment with its extra complications, as well as ion acceleration, we limited our study

to rather simplified geometry: either strictly one-dimensional or else two-dimensional but

without any initial transverse dependence in either the matter or the light field (plane waves).

In doing so, we were able to identify and explore two distinct mechanisms with starkly
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different implications for the feasibility of the FI scheme. However we did learn that, although

both mechanisms were present in almost all two-dimensional simulations we explored despite

the initial one-dimensional nature of the profile (the exception being a step-function density

gradient and a circularly polarized laser), only one mechanism was possible in the strictly

1D PIC simulations. This mechanism occurs through a simple motion in a standing wave

near the (over-)critical surface, and generates accelerated electrons with momentum up to

2a0mec (where a0 is the normalized vector potential); we therefore call it the 2a0 mechanism.

In fact, it was only with an insight gained from the multi-dimensional simulations – that

the high-density surface quickly heats up to relativistic temperatures – that we were able

to obtain 2a0 acceleration in the single-dimensional code. In simulations, only when we ini-

tialize the plasma with an unrealistically high (and arbitrary) initial transverse temperature

(transverse heating being impossible in 1D) was the 2a0 process observed in 1D. In addition,

key facets of the interaction – like the absorption fraction, or the peak electron energy –

were strongly dependent on this arbitrary choice of temperature, and as such the insight

which could be gained from these one-dimensional simulations, especially in isolation, was

strictly limited. Specifically, the 1D simulations were key to identifying how and under what

conditions the 2a0 process occurs. However, they cannot be used to understand how a plasma

can be heated and to quantify the absorption for experimental conditions. These points are

important because a number of previous models based on similar one-dimensional codes

struggled to accurately account for the absorption, and often arrived at erroneous explana-

tions. However, in concert with the understanding from the 2D cases, the 1D simulations

were able to demonstrate and elucidate the physical picture of the near surface acceleration

in a way which we find clear and hopefully even intuitive once understood. In particular,

the dual and complementary roles of the standing wave magnetic field and the transverse

thermal velocity have been explained.

We found that a second mechanism, which again did not occur in 1D at all, is caused by

the chaotic motion of the the electrons in the light field present in the underdense plasma,

and leads to a population of electrons without a particular upper-bound on their kinetic

energy. The stochastic acceleration of electrons in counter propagating lasers has been dis-
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cussed before but our simulations show how an underdense plasma can form and that these

electrons are produced independently of the 2a0 electrons. We found that the creation of

this underdense plasma is related to the unevenness of the critical surface, particularly that

plasma leaves the bulk in density ‘spikes’ at this surface. These spikes pierce the standing

wave structure of the reflected laser and allow electrons to ‘leak out’ and enter the vacuum

region. We found that this effect could be mitigated or eliminated by using circularly or

elliptically polarized light.

An interesting feature of the 2a0 mechanism is that, when the surface remains flat, all

accelerated electrons have finite transverse momentum in the direction of the laser electric

field. This is caused by the need for the electrons to use their transverse momentum to be

rotated out into the vacuum region by the magnetic field at the plasma surface, along with

the conservation of transverse canonical momentum due to the symmetry of the flat surface.

Since the momentum in the direction of the magnetic field would create no such magnetic

force, the initial momentum in this direction should be irrelevant. It seems therefore that

the acceleration of electrons at the surface may lead to a beam of electrons with distinct

divergence in the two directions, which may be measurable in the laboratory. To explore

this we ran an initially cold 3D simulation and looked at the longitudinal and transverse

momentum phase spaces for the two transverse directions, which are shown in figure 5.1.

As can be seen, after 50 fs (left column) the two phase spaces are indeed different. However

after 100 fs (right column), the distinction has all but disappeared. It seems like this may

be caused by the evolution of surface to be uneven, or due to magnetic field filaments which

appear in the bulk plasma, possibly due to Weibel-like instabilities. The exact cause of this

effect is an area for future research.

In Chapter 3 we investigated the transport of energetic electrons, by attempting to explain

an experimental result using computer modeling. In the experiment, an electron beam created

by a high intensity laser showed greatly decreased transport through a plasma layer as

compared to an initially (foamed) solid. “Pure” particle-in-cell simulations were unable to

fully explain the discrepancy. However similar simulations with the addition of a binary

Coulomb collision model did show qualitative differences between low- and high-density
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Figure 5.1: Momentum phase spaces for 3D simulations of 2a0 acceleration simulations,

where the laser polarization has the electric field in the x̂2 direction. The left-hand column

shows the results after 50 femtoseconds of laser illumination, with the top frame having p2 on

the y-axis and the bottom frame having p3 on the y-axis (and both having p1 on the x-axis).

As was seen in two dimensional simulations, two distinct sets of accelerated electrons can be

seen in the top frame, with each having either positive or negative transverse momentum.

In the other transverse direction the accelerated electrons show no preference for non-zero

momentum, as seen in the bottom frame. The right-hand column shows the same data after

100 femtoseconds of laser illumination, at which point the distinction between the two phase

spaces is no longer visible.
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transport layers, showing partial resistive collimation in the higher density plasma which

was absent in the low density case (with or without collisions). Further enhancing the effect

of the collisions by fixing the Coulomb logarithm at modestly high value (∼ 50) lead to an

even starker difference between the two cases, with the electron beam even curving back

towards the axis in the dense plasma.

That collisional physics is an important aspect of the experimental outcome is not com-

pletely surprising, as both cases would be expected to have significant collisionality for the

background electrons. However it was not expected that the difference between the two would

be so pronounced, as the density ratio was less than a factor of seven; the initial temper-

ature doesn’t seem to explain the discrepancy either, as varying the initial temperature in

the simulations doesn’t seem to affect the outcome at all.

The necessity of the enhanced Coulomb logarithm is also a little unclear. Although the

enhanced collisionality was certainly sufficient to collimate the beam, it may easily be that

it is not totally necessary; even when the Coulomb logarithm is calculated automatically

there are obvious differences in the heat flux, which in the larger geometry of the actual

target may be enough to explain the experimental result. If fixing the Coulomb logarithm

at a large value does have some physical validity, it probably lies in the fact that the heat

capacity of the simulated materials is greatly diminished from that of the real ones, and so

the enhancement somewhat corrects for the lower collision strength due to the unrealistically

hot background.

In short, although the limitations of the simulation leave some quantitative questions

unanswered, we find compelling albeit semi-qualitative evidence that resistive collimation is

the explanation for the experimental result. Simulations which increase the density of the

gold layer and increase the transverse width, or which have some method for cooling the

electrons in the gold, are directions for future work.

Lastly, in Chapter 4, we looked at a numerical effect which we termed macro-particle

stopping, which is a deceleration of relativistic particles traveling through a plasma which

is caused (or, rather, greatly enhanced) by the large charge carried by simulated electrons.
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In short, this effect is caused by the fact that, although the acceleration caused by a given

electromagnetic field remains always proportional to the charge-to-mass ration of the particle

– and therefore unaffected by the use of macro-particles – in the case of electrostatic wakes

caused by single particles the field itself is proportional to the charge alone, and so the

total acceleration is given by the charge squared divided by the mass. For a single simulated

particle representing say thousands of physical particles the effect is magnified by exactly

that amount, thousands of times the real deceleration.

An important point is that, although for individual macro-particles the effect will always

be unphysically large, the same does not hold for coherent bunches of particles; there the field

is correctly proportional to the total charge of the bunch, and total deceleration is linear in

bunch size. This is why, for instance, this effect has not been a problem in plasma wake-field

accelerator simulations. Another way to state this is that the wakes of all the particles in the

bunch must add coherently, and so the bunch must be smaller than the wake wavelength, and

must stay so for a significant portion of the motion. For electrons accelerated in a laser–over-

dense matter interaction, such as is found in Fast Ignition, there is no theoretical reason to

expect such a bunch structure; and indeed our simulations have found stopping proportional

to the numerical weighting down to the smallest sizes we have examined. It is for this reason

that this effect is commonly found in the FI literature (including our own papers), and the

FI community which must be aware of and minimize its impact. It may be that the incoming

electron beam will coherently bunch as it propagates in the dense core which could then lead

to coherent wakes and anomalous stopping.
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APPENDIX A

Conservation of Transverse Canonical Momentum

In the Lagrangian formulation of classical mechanics, the equations of motion are given by

the Euler-Lagrange equation
d

dt

(
∂L
∂q̇i

)
− ∂L
∂qi

= 0 (A.1)

where the Lagrangian L is a function of generalized coordinates qi(t), there time derivates

q̇i(t), and possibly time t explicitly.

Given any electromagnetic field which satisfies Maxwell’s equations, it is possible to

describe the fields in terms of a vector potential A and a scalar potential φ, where the fields

themselves are given by

B = ∇×A , E = −∇φ− 1

c

∂A

∂t
(A.2)

From these equations it is easily verified that expressing the Lagrangian in the form

L =
mv2

2
− q φ+ q

v ·A
c

1 (A.3)

gives the same equations of motion as the Lorentz force for a particle of charge q and mass

m

ṗ = q(E +
v ×B

c
) (A.4)

The term in the parenthesis in equation A.1 is defined as the canonical momentum. For

this Lagrangian we find that it is given by

∂L
∂q̇i

= mvi +
q

c
Ai (A.5)

1 Relativistically this is not correct. To make it so, one can simply replace mv2

2 with −mc2
√
1− v2/c2;

or, to be expressed in a way that is manifestly Lorentz invariant, the equation should be written as L(τ) =
1
2mu

µ(τ)uµ(τ) + quµ(τ)Aµ(τ), where τ is the proper time and u is the four velocity.
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Looking at equation A.1 it’s readily apparent that, for any coordinate for which the

Lagrangian isn’t explicitly dependent on, the canonical momentum associated with that

coordinate is not a function of time. Therefore, for any direction in which the fields do not

vary, the physical momentum of a particle in that direction is always equal to it’s initial

momentum, plus the value of the vector potential in that direction at its current point in

space.

It is straightforward to extend A.3 and A.3 for relativistic mechanics. However, we can

also arrive at the same result without using the Euler-Lagrange equation, by putting the

definitions of the fields in terms of the potentials, eq. A.2, directly into the Lorentz force

law, eq. A.4. Doing so, we obtain the equation

ṗ =
q

c

(
−c∇φ− ∂

∂t
A + v × (∇×A)

)
. (A.6)

We can then use the vector identity

v × (∇×A) = ∇ (v ·A)− (v ·∇)A− (A ·∇)v −A× (∇× v) (A.7)

and then drop the last two terms because v is an independent variable and so it does not

have a derivative with respect to space. Using this result we arrive at

ṗ =
q

c

(
−c∇φ− ∂

∂t
A + ∇ (v ·A)− (v ·∇)A

)
. (A.8)

The second and fourth terms on the right hand side can be combined, using the fact that

the total time derivative of the vector potential following the particle is given by dA/dt =

(∂/∂t+ v ·∇)A. This term can then be moved to the left hand side to obtain

d

dt

(
p +

q

c
A
)

=
q

c
∇ (v ·A− c φ) . (A.9)

Here, it can be clearly seen that if the scalar in the parentheses on the right hand side

is invariant in a given direction (i.e. if it is translationally invariant), the corresponding

component of the vector inside the parentheses on the left hand side, i.e. the canonical

momentum, is a constant in time.
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APPENDIX B

High-Energy Particle Damper in OSIRIS

B.1 Refluxing

In Chapter 2, our intent was to investigate the acceleration of electrons by a high-intensity

laser at an over-dense surface. Our goal was to isolate the basic characteristics of the laser

absorption in a general sense, which would hopefully be independent of the structure of the

target beyond the laser interaction region. In particular, we are unable to model an entire

Fast Ignition target, even in two dimensions, and so would necessarily need our results to not

depend on the (arbitrary) volume of plasma we are able to simulate. Another way of stating

our goal is that we would like to a closely as possible model the absorption into a plasma

target of unbounded depth. Although many targets – including Fast Ignition targets[65] –

will in fact not be very closely approximated by such a model, and more holistic simulations

would certainly be warranted, our hope was that in separating the general from the particular,

we would gain a better understanding of both.

Ideally we would simply simulate a plasma which is for our intents infinite. Unfortunately

because the accelerated electrons will be traveling relativistically, we essentially need to have

the back of the box causally isolated from the front for this to be the case. Increasing

the duration of the simulation thus increases the computational cost quadratically, and for

longer pulse lengths this quickly becomes infeasible. A finite-sized target which behaves like

an infinite target is therefore necessary.

That a finite sized and unbounded target will interact with the laser beam differently

is arguably intuitive. At the most basic level putting energy continuously into a real target

would heat the plasma at a rate inversely proportional to the total volume. Since we have
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seen that the laser absorption is highly dependent on the surface temperature, were the

whole plasma to become even hotter than the surface it would certainly feed back on the

absorption mechanism.

In fact however the size of the target can affect the absorption of the laser long before

the material heats up appreciably, the reason for which is an effect which is called refluxing.

This effect arises from the fact that the electrons accelerated by the laser are super-thermal,

that is there energy is much much greater than the typical thermal energy in the plasma;

and from the related fact that these electrons travel collisionlessly through the target.

After being accelerated, the particles move ballistically and relativistically towards the

rear of the target. For a real finite target with a vacuum on the far side, the very first electrons

will simply exit the target entirely and continue on in the “lab.” However this will quickly

lead to a charge separation between these electrons and the ions which are left behind, which

will create a strong electrostatic field at the back of the target. Within the material this field

will be shorted out by the background electrons, so the high-energy particles will still travel

unimpeded through the plasma; immediately upon exiting though they will experience the

field and will be pulled elastically back into the target. After this reflection the fast electrons

will then take the same journey in reverse, going back towards the laser interaction region

along a ballistic path. When they reach the front surface again the will be able to enter the

laser fields with much greater kinetic energy than the thermal energy even in the strongly

heated surface layer, and they can then be re-accelerated by the laser and sent back into the

plasma to repeat the cycle. This ‘bouncing’ back and forth of the energetic electrons through

the target is what is meant by refluxing.

Refluxing as described so far is what would occur in a flat, wide target with a plane-wave

laser. For our simulations this is the appropriate model. For a finite width laser, or say a

round target, the motion of the accelerated electrons would in general be more complicated,

but in many cases similar refluxing would still occur. For instance in a round target the

electrons may travel not directly back towards the laser interaction region but rather along

the outer surface of the target through multiple reflections.
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The reflecting electrostatic field in a physical target arises because an adjacent vacuum

region region allows electrons to escape and leave behind ions; the exact same effect would be

observed in a simulated target with the rear boundary being a vacuum of infinite or at least

large enough extent. However analogous effects will also occur for most numerical boundary

conditions at the rear of the target. In particular the three most common particle boundary

conditions – absorbing, reflecting, and thermalizing – all lead to significant particle refluxing.

How this occurs is slightly different in each case.

Reflecting boundary conditions lead to refluxing in the most straight forward manner.

When particles reach the boundary their momentum remains unchanged except the com-

ponent perpendicular to the wall is reversed, just like a rubber ball bouncing off a smooth

wall. In this case no electrostatic field is created at the plasma edge, the particles are simply

shoot back into the plasma with no mediating field. Figure B.1.b shows a phase space plot

of longitudinal momentum and position for a simulation where an a0 = 6 laser has been

illuminating a 50µm thick target for 1 picosecond and particles are specularly reflected at

the rear wall. As can be seen by comparing this plot to that in B.1.a – where the box length

is equal to the simulation duration times the speed of light and so is effectively infinitely

long – the reflecting boundary condition is having a significant effect on the phase space,

with many more high energy particles traveling both backwards and forwards through the

box in this case.

At first an absorbing boundary condition might seem like a solution to refluxing, as

particles which reach the wall are deleted from the particle array and hence removed from the

simulation; if there is no particle there can be no refluxing. The problem is that because PIC

self-consistently solves Maxwell’s equations and the continuity equation, removing a particle

doesn’t actually remove its field. The effect is more like freezing the charge at the point at

which it strikes the wall, and so just like electrons escaping into vacuum an electrostatic

field builds up at the back of the box from all the absorbed particles. Eventually the field is

strong enough that even the hottest particles can’t reach the back of the simulation, and so

are instead reflected back into the box. If mobile ions are present they can drift towards the

wall as well and cancel out the charge, but in general this is far too slow to short out the
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field and prevent refluxing.

Of the three particle boundary conditions at the wall, thermalizing at least in theory

is the one which may be able to address refluxing. This boundary condition is similar to

reflecting, but instead of re-emitting the particle with the same momentum magnitude as

it struck the wall with, instead it is assigned a random energy picked from a Maxwellian

distribution with a given temperature (it maintains the proper particle flux at the wall). In

this case, therefore, the wall is able to remove energy without removing the particle itself.

However in practice refluxing is still an issue, for the basic reason that it is not clear what the

correct temperature with which to re-emit the particle is. If it is too hot, not enough energy

will be removed and the situation will be similar to a reflecting boundary. Contrariwise, if

it is too cold then the thermal diffusion of the cooled particles back into the plasma will be

too slow to counter the flow of energetic electrons towards the wall, an electrostatic field will

build up and the situation will be similar to an absorbing boundary. In figure B.1.c a phase

space plot for a simulation with thermal boundary conditions at the rear of the target is

shown, where the re-emission temperature is the initial temperature of the simulation, 120

eV. The results are quite similar to the reflecting boundary conditions shown in figure B.1.b.

B.2 Damper

The problem with all these boundary conditions, including a vacuum ‘boundary condition’

as in a lab, is related to the fact that the plasma has to somehow generate a neutralizing

return current to balance out the forward current of the accelerated electrons. It has to do

this for two reasons. First, if it didn’t the net current would be the forward current alone,

which greatly exceeds the Alfvén current [63, 62, 64], which is not possible (actually in this

case the return current would probably be the forward current itself, turned around by its

own magnetic field). Second, by accelerating electrons the laser is essentially taking particles

off of the surface and shooting them into the plasma; if there were no return current the front

of the target would be striped of electrons and there would be nothing left to be accelerated.

In all cases however the plasma does generate a return current. In the case of an infinite
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Figure B.1: Phase space plots (p1x1) for simulations with differing boundary conditions at

the rear wall of the target. In frame (a) the rear boundary is causally separated from the

laser (the box length, not all shown here, is equal to c times the simulation time) and so is

effectively boundary-less. Frame (b) shows the result for specular reflection at the rear of the

target. For the simulation shown in frame (c) the particles are re-emitted at the rear wall

with a Maxwellian distribution with a temperature of 120 eV (the initial temperature of the

simulation). In frame (d) the super-thermal particles are damped to the local temperature

throughout the rear 10µm of the plasma.
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plasma, the charge separation between the accelerated electrons and the remaining ions is

continuously shorted by the background plasma as the electrons travel deeper into the target.

In the case of a finite target, this shorting happens until the beam electrons leave the plasma.

Once they do exit the target however the vacuum acts as an insulator and is unable to short

the field, and so the return current is instead given by the refluxing electrons. Similarly

the numerical boundaries are unable to short the field or provide a return current, and so

refluxing also occurs.

Our goal therefore in modeling an infinite target with a finite simulation is to find a way to

remove energy from the energetic electrons but still provide a self-consistent return current.

The way we do this is by stopping the relativistic electrons not at a sharp wall, but over an

extended volume. In this way the electrostatic field is dispersed over enough material that

it can drive the bulk plasma backwards without also reflecting the high gamma particles. In

essence we have created an extended boundary condition for the particles.

The details of how we do so in OSIRIS are as follows. We denote some region near the back

of the box to be the damping region. Within this volume, high energy particles are selected

at random and thermalized to a given temperature in one time-step. We do this rather than

slowing the particles down gradually1 – which arguably is somewhat more physical – because

it allows us to spread the stopping locations of the particles throughout the damper volume

without any knowledge of the beam characteristics; it also prevents us from having to track

particles across multiple nodes as they decelerate. The disadvantage of this method is that it

will lead to the emission of bremsstrahlung radiation. However this radiation is both poorly

resolved by the simulation grid in most cases and is effectively damped by the high density

plasma.

At a given position, the damping of the particles is controlled by three parameters: a cut-

off energy, a stopping distance, and a re-emission temperature. The cut-off energy specifies

the way to distinguish between background particles (for which nothing happens) and hot

electrons (for which damping may occur); particles above the energy are hot, those below are
1 The damping region can also be a finite region in the middle of the plasma. This was done in [65] for

integrated Fast Ignition simulations. In this case the electrons were slowed gradually by a drag force.
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background. The stopping distance is used to calculate the probability that a stopping event

occurs; using this number, the velocity of the particle, and the time between damping events

(usually but not necessarily the simulation time-step) the code decides stochastically whether

or not to stop the particle, such that for an ensemble of particles the mean distance they

travel before being damped is given by the stopping distance. The re-emission temperature

is used to define the Maxwellian from which the particle’s momentum is randomly chosen.

For both the cut-off energy and the re-emission temperature, it is possible to either specify

absolute numbers, or else to calculate the parameters based on the plasma temperature at

the location where the particle is damped.

The damping region is parameterized by two longitudinal positions, denoted xs (for ‘x

start’) and xm (for ‘x max’); xs is at some location near the rear of the target, and xm

is located somewhere closer still to the rear wall. In front of xs the damper is turned off,

between xs and xm the stopping parameters are increased linearly, and from xm to the back

of the box the parameters stay at their maximum value. The reason we designed the damper

this way is that, by starting with modest damping parameters and then increasing them to

more stringent ones, we avoid any sharp transitions in the physics which might lead to wave

reflections or other spurious events, without having to fine-tune our input parameters to the

characteristics of a given beam.

Typical values for the stopping distance would start at two times the distance of xs to

the wall, and would end at one quarter of the distance of xm to the wall. For the cut-off

energy, typically it would start at 10 times the local thermal energy, and end at 2.5 times.

Re-emission was in most cases at the local temperature everywhere. The whole damping

volume would be 4− 10µm deep.

These parameters were found to be sufficient, but we did not perform a detailed analysis

to be sure that they are necessary. In particular, 10µm is likely a conservative estimate

for how thick the damping region needs to be. However, even though this region could span

multiple nodes this was usually a small computational cost, and so we did not try to optimize

this parameter but rather erred on the side of caution and left it at this rather aggressive

value.
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Figure B.1.d shows the longitudinal momentum and position phase space plot for a

simulation with particle damping in the rear 10µm of the plasma (included in the figure).

The phase space results appear similar to the boundary-free case in frame (a), and much

different than either reflecting or thermalizing boundary conditions. That the damper is

likely thicker than it needs to be can be seen in that there are no energetic particles visible

in the last 5µm of the box.

B.3 Fourth-root Temperature Calculation

Earlier we stated that we could use the temperature at a given location to define both the

cut-off energy and the re-emission temperature for the damped particles. We didn’t explain

how that temperature is computed, though. The answer is that in most cases, we simply

calculate the average energy per particle, and then use the relation < E >= 3/2T for a

three dimensional Maxwellian to calculate the temperature.

However there is a problem with this method, which is that our distribution is distinctly

not a Maxwellian, nor well approximated by one. Rather it is a high density, relatively low

temperature background plasma, with a sparse but very high energy beam superimposed

within it. The temperature we are trying to measure is that of the background, but it is

often the case that most of the energy in the plasma is carried by the beam electrons, and so

measuring the average energy across both species may greatly exaggerate this temperature.

Therefore, we also implemented an option in the code to calculate the temperature in a way

which is much less sensitive to a high-energy tail; the way we did that is to calculate, instead

of the average energy per particle, the average value of the fourth root of the energy.

To interpret the result, we note that if the distribution function of the plasma is given

by a normalized Maxwellian

f(p) = np

(
1

2Tπ

)3/2

e
−p2

2 T (B.1)

then the integral of the fourth root of the (non-relativistic)2 kinetic energy is readily found
2 Note that the code does not assume the energies are non-relativistic but rather uses γ − 1 to calculate
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to be

np

(
1

2Tπ

)3/2 ∫
d3p

(
p2

2

) 1
4

e
−p2

2T = np
2√
π
T

1
4 Gamma

(
7

4

)
(B.2)

where Gamma() is the standard gamma function; the temperature is then found by measuring

np by an unweighted sum, dividing that out, and inverting the equation to solve for T. Closed-

form solutions for one- and two-dimensions are also easily found.

If the distribution function is instead the sum of two Maxwellians, the same integral can

be found to give∫
d3p

(
p2

2

) 1
4

(f1 + f2) =
2√
π
Gamma

(
7

4

)
(n1T

1
4

1 + n2T
1
4

2 ) (B.3)

where n1 +n2 = np. Since the densities add linearly but the temperatures as the fourth root,

a high temperature but low density tail will distort this result less than the linear sum.

In the end, as explained briefly in the text, when using this calculation we found the

results comparable to the simple average of the particle energy. This makes sense, as the

average energy would also be much less than for the beam alone, since the background is

much denser, and so no matter what we would still be cooling the beam.

the sum. Because this method measures the temperature of the background plasma, which is not expected
to be relativistic, this equation should still be valid.

220



APPENDIX C

Analytic Model for 2a0mec Peak Momentum

If we assume a standing wave structure of perfect reflection at the surface (that is, no skin

depth or absorption effects) and that the electron is relativistic (i.e. that its peak velocity is

nearly c) it is possible to arrive at two relatively simple differential equations for the motion

of the electron in laser fields. The vector potential for such a standing wave is given by

A =
2a0mec

2

e
sin(k0x1)cos(ω0t)x̂2 (C.1)

which can then be used in the equations of motion in terms of the potentials, eq. A.9, to

find the rate of change of the longitudinal momentum. Assuming the particle is massless (i.e.

that its rest mass can be ignored), this rate of change is given by

dp1

dt
=

c p2√
p2

1 + p2
2

2a0meck0cos(k0x1)cos(ω0t) (C.2)

where the position of the particle, x1, is itself a function of time, whose rate of change with

respect to time is given simply by

dx1

dt
=

c p1√
p2

1 + p2
2

. (C.3)

The conservation of transverse canonical momentum means the the transverse physical mo-

mentum, p2, is an explicit (not differential) function of longitudinal position and time, given

by

p2 (x1(t), t) = p20 − 2a0mec sin(k0x1)sin(ω0t). (C.4)

Substituting this into equations C.2 & C.3 we arrive at two coupled differential equations for

the longitudinal position and momentum, which along with initial conditions p10, p20, and t0,

can be solved numerically for the total change in forward momentum due to the interaction

with the standing wave.
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It is possible to derive an analytical estimate of the peak momentum of an electron accel-

erated in the standing wave if we make some simplifying assumptions. The first assumption,

motivated by studying particle tracks for the most energetic electrons, is that the motion of

the particle in the vacuum is circular, in particular that the longitudinal position is harmonic

and so a sinusoidal function of time given by

x1(t) =
c

ω0

sin(ω0t− φ). (C.5)

We then assume that in order to find the total change in momentum it is only necessary to

integrate electric force on the particle

∆p =

∫
dt eE (C.6)

This of course ignores the effect of the magnetic field, which is required to rotate first into the

vacuum then back into the plasma. However because when the magnetic field is important

the electric field in negligible – because the two fields are out of phase in both space and

time – this is approximately correct.

There are some important points about equation C.5. First it says the peak velocity

of the particle does not exceed c, which is good. It also says that the particle is initially

moving normal to the plasma surface. This is somewhat inconsistent with the fact that the

particle needs transverse initial momentum to enter the wave; however it is the case that

the surface B field quickly rotates the particle out towards the vacuum, so it’s an acceptable

approximation. Next, it assumes that the particle spends one-half laser cycle in the laser

fields; this somewhat makes sense as this is how long the laser electric field is pointed in

one direction, although as we’ll see in a moment the interaction is more complicated than

that. Last, it assumes the the farthest the particle gets into the vacuum region is c/ω0. This

means that even the most highly accelerated particles are not able to reach the area of peak

electric field, which is c π/2ω0 from the surface; it is in fact necessary that this is true, as at

this point the magnetic field is at a spatial node, meaning there is no way for the particle to

be rotated back towards the plasma surface.

Now we simply need to motivate what the correct value of φ is. To do so we look at the

222



equations for the fields:

E2(x, t) =
2a0mec ω0

e
sin(ω0t)sin(k0x) (C.7)

B3(x, t) =
2a0mec ω0

e
cos(ω0t)cos(k0x). (C.8)

Looking at the electric field alone, taking φ = 0 would give the maximum possible acceler-

ation1. However the interaction with the magnetic field is not consistent with the circular

motion we have assumed, as the field would be symmetric in time and so would first rotate

the particle one way then the other. Assuming φ = π/2 we find the phase of the magnetic

field is now correct for rotating the particle in a circular arc; but the electric force will now be

symmetric and hence integrate to zero. We therefore take the phase to be half-way between

these values, φ = π/4. This choice makes sense in terms of the magnetic force in that when

the particle exits the plasma, and has a lower total momentum, it sees a small and decreasing

B-field, which rotates it out; and then after it is accelerated and its total momentum is high

it uses a full 3/4’s of the magnetic half-cycle to rotate back in. This choice is also consistent

with the particle tracks.

We can now use this value of φ to calculate the total acceleration of the particle. The

result is

2a0mec

∫ 5π/4ω0

π/4ω0

dt ω0 sin(ω0t)sin(sin(ω0t− π/4))

= 2a0mec

∫ π

0

dτsin(τ + π/4)sin(sin(τ))

=πJ1(1)
√

2a0mec

(C.9)

where J1() is the first Bessel function of the first kind. Numerically this value is approximately

1.955a0me c.

1 ∼ 2.76a0mec
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