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1 Symplectic Mappings

Symplectic, or Hamiltonian mappings arise in many applications. Here we’'ll
review a few examples, and then define a particular type of symplectic mapping, the
twist mapping, which will be our major concern.t

1.1 Return Mappings

Symplectic mappings often arise from Hamiltonian systems as return mappings.
Consider a Hamiltonian flow on a 2N+2 dimensional phase space, with coordinates zg
= (qo, Po), 21, --- zN- To fix ideas, we might have a system of interacting particles,
defined by a Hamiltonian H(z) =1/2 £ pi2 + V(q). Configuration coordinates are
denoted by g; and their conjugate canonical momentum are denoted by p;. The
equations of motion are '

dai _oH
dt ~ op;
Pl dz_yvH
dpi _ H at
dt Qi

Here J, the Poisson matrix, is the (2N+2)x(2N+2) anti-symmetric matrix given by

J= [ 0 I ]
-10
in (qj,pj) coordinates.
Since the energy is conserved, the flow occurs on a 2N+1 dimensional energy
surface £ corresponding to a value E = H; assume this surface is bounded. Suppose
there is another 2N+1 dimensional surface Q which is locally transverse to the flow.

The Poincaré section, s, is the 2N dimensional intersection of £ with @ The return
mapping is the function which takes an initial condition z on s, and gives the point 2’

T For an alternative viewpoint on some of the topics in this chapter consult [Lichtenberg and
Lieberman, 1982) or for the mathematically inclined (Arnol'd, 1978).

1
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on S to which the flow first returns. Since the energy surface is bounded, aimost all
trajectories which begin on s will return to s.

Figure 1.1 1 XBL 896-2158

For example, let Q be the surface qp = constant. It is transverse to the flow if-
dqo/dt = oH/dpg #0 on Q The Poincaré section s can be described by the coordinates
z4,...ZN, Since with a choice of value for the energy, transversality implies that
H(qo.po,21....2N) = E can be inverted to obtain pg = po( 21,...2N; Go, E) (often this
function will have several branches: choose one). The return mapping, which we
denote by T (it is parameterized by the choice of E and qg) gives the next intersection
point on s as a function of the initial coordinates z1, ....zN :

To show that the return mapping is symplectic, we obtain a reduced ,
Hamiltonian description of the motion in terms of the function pg( z1,...2N; Qo, E). The
equations of motion can be rewritten in the form:
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dg; oH
dai _dt _9Pi _ O o . 2qnE
qo 992 a_H a_p-l[ p0( 10" N’q01 )]
dt 9P i=1,...N
dpi . oH |
dpiz_at—_ BQi__a_ 21 2n'00.E
dqo gﬂg 2-':'_ a_q_'[ pO( 1 ’ qu01 )]
dt dpo

so that -pg acts as the Hamiltonian for the flow on the 2N dimensional phase space .
The role of time is played by qp; the Hamiltonian -pg is an explicit function of “time.” in
fact this reduction is precisely the inverse of the procedure for obtaining an
“extended” phase space description of a time dependent Hamiltonian.

The mapping 2’ = T(z) from sto Sis obtained by following this Hamiltonian flow
from a particular time qo to the next intersection with the surface s, when qg returns to
its initial value. Such a Hamiltonian flow preserves the Poincaré integral invariant,
}p-dq, where the loop integral is taken over any closed loop. A local statement of this
is that the differential form (see appendix A) o = XdpjAdgq; (the symplectic form) is
preserved by the flow; therefore the mapping must preserve this form as well. This
simply means that the Jacobianmatrix corresponding to the derivative of the mapping,
M = dT(z)/dz , is a symplectic matrix; that is, it preserves the canonical matrix J under
congruency:

Y 0 |
=9 ]
where J is now the 2Nx2N antisymmetric matrix éhown and ~ indicates transpose.

In the particular case of a two degree of freedom Hamiltonian, N=1, the
mapping T acts on the two dimensional phase space (q1,p1). The symplectic
condition implies that det(M) = 1 (note that it cannot be -1), or equivalently that the
mapping preserves the oriented area element dpiAdqs.

A Example-Hénon-Heiles Hamiltonian

The Hénon-Heiles model (Hénon and Heiles, 1964) is a'two degree of freedom
system with the Hamiltonian

H=1(px® + py2 + X2 + y2 + 2x2y - 2y3)
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It was chosen to model the motion of a star in a galaxy with-an axisymmetric
distribution of matter. The Hamiltonian has a bounded energy surface when E < 1/6.
The original pictures of the flow of this system were obtained using the surface Q
defined by x=0, which is transverse to the flow for pyx = 0. Typically one chooses py >
0 to fix the branch of the new “Hamiltonian” -px(y,py;E.x). Since px2 > 0, the domain
of the mapping is restricted to the region py2 + y2 - 2/3y3 < E, which looks Ilke an oval
for E small, and has a corner when E = 1/6.

B Example—Volume Preserving Fiow

Volume preserving flow in three dimensions also can be thought of as a
Hamiltonian system and reduced to an area preserving mapping, providing there are
no null points. For example consider an incompressible fluid with velocity field v(x), o
a magnetic field B(x). The equations for the Lagrangian particle trajectones or fleld
lines, are

dt = B(x)
where t parameterizes the field lines. This system can be thought of as Hamiltonian in
the following way (Cary and Littlejohn, 1983). Suppose the field we are
describing has a non-vanishing component corresponding to some angle; call this
direction {, the toroidal direction. By a choice of gauge the vector potential can be
written A = @V - wV0, where 6 is another angle, the poloidal angle. The field is then
B = VoxV{ - VyxV0. We have assumed that the contravariant component of B in the
toroidal d|rectxon does not vanish:

BG = B-V{ = Vy-VOxXVL,. % 0

This implies that v is a good “radial” coordinate. Thus we use (y,6,{) as coordinates
and think of ¢ as a function, ¢(y,8,), of the other three coordinates. The field line
equations become

de _B®_9d¢ dy _pv¥_ 09

d. Bt oy d{ Bt o6 y
which are Hamilton’s equations with the Hamiltonian ¢, canonical variables (y,8) and
time {. Periodicity in { implies that we can use the Poincaré section technique to
construct an area preserving mapping T: (y,8) — (v',0")
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1.2 Twist Mappings

Consider a phase space (x,y) which is a cylinder, 71x®1t, with x being the
angle coordinate. Let T: (x,y) — (x’.y’) be an area preserving mapping from the
cylinder to itself, and suppose T is differentiable (c!). Then T is a twist mapping (with
twist to the right) if

dx’

2K>0
dy ix

Geometrically this means that the first iterate of a vertical line (x=constant) tilts to the
right (is a graph over x).

T

\

o T

’

X X

Figure 1.2.1 XBL 896-2119

This relation does not imply that y’(x,y) is a function of y.
Since the mapping is differentiable, we can consider its action on a tangent
vector (dx,0y):

Sx’ ox’ ox’

B ox 5;,— ( ox M ox )
Sy’ gy’ ay’ |\ dy Y
ox dy

We will usually denote the linearized mapping by M. A symplectic mapping preserves
the differential form dyadx, and so in two dimensions it preserves area and orientation.
Thus the matrix M has unit determinant: det M = 1. The inverse of the linear mapping is
represented by the derivative of T-1 as well as the inverse of M, thus

tWe denote the 1-dimensional torus by 771 and the real line by ®!.

5
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ox  ox gy’ ox
ox’” oy’ Mo oy 9y
dy dy | | ¥y &
ox’” ay’ _ ox ox

Therefore the twist condition implies that

ox ox’
=- <-K
?’x' WL

so if T is a twist mapping, then T-1 is also a twist mapping, but twists to the left. Note
that T2 is not necessarily a twist mapping, and indeed typically is not because the
tilted line can rotate enough on the second iterate to violate the twist condition (T2 is a
member of a more general class of mappings, called “tiit” mappings, to which we will
referin §3.3).

This paper will almost entirely concentrate on the study of area-preserving twist
mappings, firstly because the theory is well developed, and the twist condition permits
the proof of several important theorems, secondly because twist mappings occur
commonly in applications. -

1.3 Examples
A The Cyclotron

V sin(wt)

Figure 1.3.1 XBL, 896-2118

Suppose there is a time dependent voltage drop Vsinwt across a narrow azimuthal
gap in a magnetic field B = By e,. The time for an electron to go around one circuit of
the cyclotron is
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T=2n - oMC _op E ,
Q. eB eBc

where E is the particle energy myc2. The change in energy upon traversing the gap is
AE = -eVsinwt. Let (E,t) be the energy and time just before the electron reaches the
gap; then after one circuit their new values are

E'=E-eVsinot t=t+ (2n/ceB)E’

(providing the Kick is too small to reverse the velocity). By convention we define
normalized variables y = w/Q¢ , x = wt/2x, and k = 2rwV/cB. Then we get exactly the
“standard map”
, K o
=Yy - -2 8sin(2nx
1. V=Y o (2mx)
X=x+Yy

It depends on a single parameter, k representing the strength of the nonlinear kick. In
the second equation, y” must be taken to be the given function of (x,y) in order to
obtain area preservation. This mapping has twist, in fact ox’/oy =1.

B Poincaré Section near an Elliptic periodic orbit
Consider a two degree of freedom system. Take the Poincaré section to be
transverse to some elliptic periodic orbit.

Periodic
Orbit

Nearby
Orbit

XBL 896-2120

Figure 1.3.2

By definition, an orbit is elliptic if its Floquet multipliers are on the unit circle; in other
words, the return mapping T, has a linearization M with eigenvalues e*2mi®, Suppose
we express T in generalized polar coordinates (r,8) about the fixed point. Birkhoff
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shows that when o is irrational a formal perturbation expansion for the mapping near
the fixed point can be obtained in the form (see appendix 7 of (Arnol'd, 1978))

¥ =r+h(r,0)

T: 0" =0+ 21w + por2 +- .- + porZX + g(r,0)

where h and g are o(r2K), and k can be made is as large as one likes. The mapping
preserves the area rdrd6. If any of the p2n are not zero, then the mapping has twist
providing r small enough. Thus in the neighborhood of an elliptic orbit, the flow tends
to resemble a family of nested tori. In fact this formal power series does not converge,
and the nested tori do not exist in general (see the discussion of the KAM theorem in
§2.6).

C Incommensurate States
Consider a one dimensional chain of particles connected by harmonic springs. For
simplicity, take the spring constants to be one.

XBL 896-2121

Figure 1.3.3

Put these particles in a periodic potential V(x) = k/4n2 cos(2rx). Equilibrium states are
governed by force balance:

(xj+.1 - X)) - (Xj-Xj-1) + 5% sin(2nx;) =0

If we define yj = xj - xj.1, then this becomes the standard map, where “time” is
reinterpreted as the particle index j. This model is known as the Frenkel-Kontorova
mode! (Aubry, 1983). Aubry studied the nature of the ground states of this system.
These can be loosely defined as states of minimum energy, where the energy of a
configuration is
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W= %(x, x,+1 o —K—cos(21tx,)

We will learn much about this function and its extrema later.

D Billiards in a Convex Domain (Berry, 1981)

Consider an particle bouncing elastically in a two dimensional, convex
domain. A twist mapping for this system is determined by the sequence of boundary
points at which the bounces occur. Following Birkhoff , we use the arc length along

s=0

XBL 896-2151
Figure 1.3.4

the boundary from a given point, se[0,L], and the angle between a tangent to the
boundary and the trajectory, 6e[0,n], for coordinates. It is easy to see that s’(s,0) is a
monotone increasing function of 6 because of the convexity of the boundary.
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n
T
S',G'
0
0 s L
. XBL 896-2152
Figure 1.3.5 S

In fact s is an angle-like coordinate since the mapping is periodic with period L in s.
As we will see in §4.3 this mapping preserves the measure sind dsd6, so a good set of
coordinates to use is (x,y) = (s, cos6). The boundaries y = + 1 are fixed points

(unfortunately the twist dx’/dy vanishes at these points).

10
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2 Orbits, Stability and Number Theory

2.1 Periodic Orbits
Consider an area preserving mapping T on the cylinder. An orbit is a sequence
of phase space points (xj, yi) for all i. To define periodic orbits it is convenient to “lift”
the angle coordinates to the real line. For example, for the standard mapping this
corresponds to computing x’ = x + y’ without taking the fractional part. Such a lift is
unique up to an integer shift in x. When lifted the mapping takes the plane %2 to itself.
An orbit is periodic with period n if n is the smallest integer such that
Yn =Yo
Xn=Xo+M
for some integer m. We will denote such an orbit by (m,n). We will see that there are at
least two such orbits for a twist mapping: roughly speaking one forms the center of an

island chain, and the other is the hyperbolic orbit which gives gives rise to the
separatrix.

2.2 Stability
Stability of an orbit is measured by the properties of the tangent mapping:

8z = (-9 T(T(-- - T(zo)))| 520 = M 820
dZo

.Here M denotes the 2x2 Jacobian matrix obtained from the derivative of TN. There are
two invariant properties associated with M, its determinant and its trace; since T is
area preserving det(M) = 1. Thus M has two eigenvalues A and 1/A which are the
solutions of the characteristic polynomial

A2-Tr(M)A +1=0 — l=;—(Tr(M) +/[Tr(M)E - 4)

11
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A stability classification is most conveniently given in term of the residue (Greene,
1979):

R = /42 - Tr(M)]

The possible stability properties are
a) Hyperbolic: both eigenvalues are real and positive.
b) Elliptic: there is a pair of complex conjugate eigenvalues with unit modulus.

)
) Reflection Hyperbolic: both eigenvalues are real and negative.
) Parabolic: The eigenvalues are both 1 or both -1.

(2)

d

Stability | A | R |Tr(M)

hyperbolic | >0 |{<0 | >2

elliptic  |e2nio|0,1) |(-2,2)

reflection <0

hyperbolic >1 |<-2

The elliptic case is the only one which could possibly be called stable, although the
stability is a neutral one. Linear (or spectral) stability does not guarantee that the orbit
is actually stable (that is points initially close stay nearby); much more analysis is
required, and the full apparatus of the KAM theorem must be used (Arnol'd, 1978).
Positive residue corresponds either to an elliptic or reflection hyperbolic orbit. We will
see later that these two cases are properly though of as two manifestations of the
same orbit. Negative residue always corresponds to a hyperbolic orbit. Finally, the
parabolic case, R=1 or R=0, corresponds to points of bifurcation, where an orbit can
cease to exist or loose stability;

2.3 Stable Manifolds

For a hyperbolic period n orbit, the linear mapping has two eigenvectors
corresponding to the unstable and stable directions ( A>1 and 1/A < 1, respectively).
The stable manifold theorem (Lanford, 1973) implies that the eigenvectors can
be extended to invariant manifolds WY and WS. Each point on these
accumulates on the hyperbolic orbit in at least one direction of time:

12
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<

XBL 896-2156

ze W= Tz 5 zpas] > o
Ze W=2T"z2 52585 — oo

Figure 2.3.1

where zg is some point on the orbit. WS (WU) can not intersect itself or the stable
(unstable) manifold of any other periodic orbit, since this would violate uniqueness.
Generically WU and WS are different manifolds; one exception to this is an the
integrable system for which WY and WS join smoothly to form a separatrix. Typically WU
and WS intersect transversely (if at.all); the intersections are called homoclinic points.

u

W

W s

) XBL 896-2154
Figure 2.3.2

Heteroclinic points are the intersection points of the stable and unstable manifolds of
different periodic orbits.

The existence of a single homoclinic point implies that of an infinite number,
because the crossing point lies both on WU and WS,

13
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XBL 8962153

Figure 2.3.3

Thus each iterate of a homoclinic point is also homoclinic. There also must be a
second homoclinic point { between a homoclinic point z and T(z), since the mapping
preserves orientation. Furthermore, Poincaré realized that there are an infinity of other
homoclinic points which are not related by iteration of the mapping. This is because
the single crossing implies that the homoclinic loops of WU and WS must curl around in
an intricate way in order to attempt to remain in the region bounded by the curves WU
from zg—z and WS from z—zg. Because of area preservation, this attempt ultimately
fails, generating new intersections.

We will see in §6.6 that for a twist mapping, a theorem of Aubry and Le Daeron
(Aubry and Le Daeron, 1983) implies that neighboring points on a hyperbolic (m,n)
orbit necessarily have heteroclinic connections.

2.4 Frequency
To define the frequency of an orbit, we use the lift of the mapping to %2, and
compute the limit
t—ee t
For a periodic (m,n) orbit, the frequency always exists, and is given by m/n. An orbit

is called guasiperiodic if the frequency exists and is irrational, and the orbit is
recurrent (it returns arbitrarily closely to each point on the orbit).

14
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2.5 Number Theory

For small perturbations from an integrable twist mapping (e.g. k = O for the
standard map), there appear to be many quasiperiodic orbits. Their persistence
depends on the fact that some irrational numbers are “far” from rationals.

A Diophantine Numbers

An irrational number can be approximated arbitrarily closely by rational
numbers whose denominators are arbitrarily large. However some irrationals are more
difficult to approximate than others. In particular, an irrational is particularly hard to
approximate if it satisfies a Digphantine condition: there exists a C>0 such that for all
integers (m,n), there is a T > 1 such that

[nw - m| > C/n®

For C small enough the set of such numbers is not empty; in fact for any T > 1 the
measure of w satisfying a Diophantine condition approaches one as C approaches
zero. '

B Continued Fractions

Another method for classification of the properties of real numbers is the
continued fraction (Khinchin, 1964). The continued fraction of o is the sequence [ap,
ai, ....] of integers generated by the mapping

a =[]
o’ = 1/(w-a)

where the square brackets indicate the nearest integer less than o (If ® is negative,
ap negative; the remaining a; are positive). An alternative representation for the
continued fraction is

W=a3ap+ 1/(au+ 1/(a2+ . -1/(an+- X

The continued fraction expansion of an irrational is infinite, while that for rationals
always ends (one eventually finds that o’ is an integer). Every rational has two
equivalent continued fraction representations:

[aOv a1 y vy al] = [aO! a1 y srry ai'1y1]’

15
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where aj=1 (unless i=0). Convergents of a continued fraction are the rationals
obtained by truncating the expansion at some stage: ’

mi/n; = [ap, a1, ..., &j]

The continued fraction expansion is a strongly convergent expansion: for any € there
is a j such that the norm

Imio - njl <e V izj.

Furthermore the convergents are best approximants: for a convergent m/n to o there
are no m’/n’ with n’ < n satisfying |m'o - n’| <|mw-n}.

Every convergent is close to the frequency which it approximates in the sense
that it satisfies

Imw-nj<C/n ' | ()

for C=1; furthermore, every rational which satisfies this inequality when C = 1/2 is a
convergent. However, when C is too small (C < 1/4/5), there exist ® such that only
finitely many convergents satisfy the inequality.

Irrationals are more difficult to approximate if their continued fraction elements
are small. This is because a large element a;,1 leads to a small correction to miy/n;.
A prominent example of such behavior is the number © which has the continued
fraction expansion

n= [3,7,15,1,292,1,1,1,2,1...]

so that & is well approximated by its second convergent, 22/7, and its fourth
convergent, 355/113. This leads to the definition of the numbers of constant type:
those numbers for which there is an o such that aj < o, Vi. For such o, and for
sufficiently small C, there are no (m,n) satisfying the inequality (). In fact the numbers
of constant type are precisely those which satisfy a Diophantine condition for t = 1.
The set of numbers of constant type has measure zero.

A subset of the numbers of constant type are the guadratic irrationals: the
solutions of a quadratic equation with integer coefficients. Liouville showed that every
quadratic irrational has an eventually periodic continued fraction, and conversely
every periodic continued fraction corresponds to a quadratic irrational. Quadratic

16



April 1989 ' JD Meiss

irrationals are a special case of the algebraic irrationals: solutions of a polynomial of
degree n with integer coefficients. Interestingly, not much is known about these when
the degree is larger than two, except that any algebraic number satisfies a
Diophantine condition with any t>1.

A more speciallsubset of the numbers of constant type are the noble numbers:
these have aj= 1 for all i larger than some j. Noble numbers are dense in the reals
since one can append a noble tail to a convergent of any w to obtain an arbitrarily
good approximation to w. On the other hand, the nobles are a set of measure zero,
since they can be put in one-to-one correspondence with the rationals. The noblest of

numbers is the golden mean:

y= 1—+235= [1,1,4,...]

which is naturally also a quadratic irrational.

C Farey Tree
The Farey tree is a technique for organizing the rational numbers according to
the length of their continued fraction expansions. The tree is constructed by beginning
with a pair of rationals, m/n and m’/n’, which are neighboring: mn’ - nm’ = 1 and which
are written in lowest common terms. Level one of the tree is generated from these two
by by adding their numerators and denominators
m’” m+m
" on+n

This rational is the mediant of m/n and m’/n’”. It is not difficult to see that m” and n” have
no common factors, and that m”/n” is a neighbor to both its parents. To construct the
second level find the mediants of m”/n” and each of its parents. This construction
leads to a binary tree which gives every rational number in the interval [m’/n’, m/n].
The master tree, which gives all the positive numbers is generated by [0/1,1/0]:
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Figure 2.5.1 DL 896-2139

The Farey path for a number is the sequence of steps leading to it from 1/1. Irrationals
are represented by infinitely long Farey paths. In fact the Farey path provides a
binary code for the reals: assign a symbol (L or R) to each step according to whether
the step is to the left or right.

The continued fraction expansion is closely related to the Farey tree
construction. The sum of the continued fraction elements of m/n gives the level which
it oceurs in the tree: '

Level([ag, a1 ,:--, @]) = i a;
j=0
To obtain the continued fraction for a rational on the tree follow the Farey path leading
to it from 1/1 = [1] = [0,1]. The rule to go from a rational m/n to one on the next level is to
increment the last continued fraction element of m/n by one; use the representation of
m/n with a; = 1 if the current step in the Farey path is in the same direction as the
preceding step, otherwise use the representation with last element equal to one:

m _ |[20,a1, - -a]] [ao,a1,--@+1] <no direction change
n ~\[ao,a1,--aj-1,1] [ag,a1, - -ai-1,2] «direction change

For example the golden mean corresponds to the path RLRLR.... =[1,1,1,1,1,1...]. In
general, noble numbers have a Farey path which eventually becomes an alternating
sequence, ...LRLR... .

18
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There are two important types of infinite Farey paths: those which eventually
consist of all L’s or all R’s, and those which continue to alternate. The former paths
converge to rational numbers either from above or below. For example the sequence
RLLLLLLL... = 1/1 from above and LRRRRRRR...— 1/1 from below. We wil! call these
numbers 1/1|, and 1/1|.. They are distinct from 1/1 and have a nice interpretation in
terms of the orbits of a twist mapping. Farey paths which never settle down to one
direction or the other approach irrational numbers.

2.6 KAM Theory
Consider an integrable area preserving twist mapping, e.g.

To dQ/dy > 1

qY =y

1X =x4+Qy)
The twist condition implies that there are quasiperiodic orbits for all irrational w, in
fact, since y is a constant of motion, the frequency is just o = Q(y). Each
quasiperiodic orbit densely covers a circle y = constant. In general, an invariant
curve which is topologically equivalent to y=constant is called a rotational invariant
circle (RIC). '

The KAM theorem, in this context, implies that rotational invariant circles with
sufficiently irrational frequency persist under small area preserving perturbations. A
perturbation is small if it and its first j derivatives are small; to express this formally, we
define the j-norm of a function f as

if
if(x,y)lj= sup o

M4N = xmay"

One version of the KAM theorem is

Theorem (Moser, 1973): For t> 1, j >2t+1, and Q(y) e Ci(R), there is an >0
such that for any C>0 all area preserving maps T such that [T-To|j < €C2 on some
annulus yg< y < y1 have rotational invariant circles for all w in an interval slightly
smaller than [Q(yp), ©(y1)] which satisfy a Diophantine condition for C and t .

One of the most important concepts which arises from the KAM theorem is the
labelling of orbits by frequency. In a sense the theorem says: do not ask what
happens to the orbit with a particular initial condition as a system is perturbed, rather
consider the properties of an orbit with the same frequency.
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Most invariant circles persist for sufficiently small perturbations, however in the
proof of the theorem “small” is indeed very small. The most highly optimized version of
the KAM theorem is that of Herman (Herman, 1985), who showed that there is at least
one invariant circle (with o = v) of the standard map when k<.1/34, 1 =1, and j = 4. As
we will see in the next chapter, it is often more efficient to ask the converse question:
when do rotational invariant circles do not exist?
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3 Invariant Circles

In this chapter we discuss the theorem of Birkhoff which implies that rotational
invariant circles of a twist mapping must be Lipschitz graphs. This result has important
applications to the theory of existence of invariant circles, and to transport.

3.1 Rotational Invariant Circles

Let T be an area preserving mapping on the cylinder T1x® We suppose it is
also end preserving: points with arbitrarily large positive y are mapped to similar
points. This is the only possible case if the mapping arises from a Poincaré section of
a flow, since the flow provides a smooth connection of the mapping to the identity
mapping.

An invariant circle is a curve ¢ such that Tc = ¢. A rotational invariant circle
(RIC) is a homotopically non-trivial circle (it cannot be continucusly deformed into a
point). An invariant circle divides the cylinder into two invariant regions: to see this,
consider the iterate of the region below an RIC; because the mapping is continuous,
this iterate is a connected region, and because points far below remain far below, the
mapping is one to one, and the circle is invariant, the iterate cannot cross the circle.
Thus an invariant circle provides an absolute barrier to motion. ‘

= =

%\
AN

— _ _X__J ~Re
N

Invariant Circle

Figure 3.1.1 XBL 896-2138
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3.2 Net Flux

Let T be an area preserving, end preserving mapping on the cylinder. Consider
a loop ¢ which encircles the cylinder once. The net flux is defined to be the area
contained between cand Tc¢:

F=A(Tc\o) - A(c\TQ)

where A(C\ D) means the area of the region below ¢ which is aiso above .

Tc AT

A(Tc\g C

Figure 3.2.1 XBL896-2137

The net flux is independent of the choice of ¢. To see this choose a second curve 2,
because T is area preserving, the area contained between them is invariant A(C\D) =
A(TATD). Furthermore, the difference between these two areas is just the difference
between the net flux through ¢ and that through ¢”.
A mapping with zero net flux is also called exactly symplectic (see also §4.2).
A mapping which has an RIC must have zero net flux, since the net flux through
the RIC is zero.

3.3 Birkhoff’s Theorem (Birkhoff, 1920; Mather, 1984)
Theorem: Suppose T is a ¢! area preserving, end preserving twist mapping on
the cylinder. Let U be an open invariant set homeomorphic to the cylinder s.t. 3 a<b

satisfying {x,yly<a} c U c {x,y|y<b}. Then the boundary of U (dU) is the graph {x,Y(x)}
of some continuous function Y.
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The region U, by assumption can have no holes and must look like “half a
cylinder ” since it has an upper boundary contained between y=a and y=b. The
important point of the theorem is that U cannot have any “whorls”, for example like
those of a breaking wave. In particular, any rotational invariant circle can be used to
form dU, so the theorem implies that all RIC's are graphs.

To prove this we introduce the notion of accessible points. Let y(t) = (x(t),y(1))
be a curve embedded in U (y cannot cross itself) parameterized by t, such that y(t) —
—oo as t = —o . The deviation of y from the vertical is defined to be the angle &
between a tangent to yand the vertical. '

6>0

d<-m/2

XBL 896-2144
Figure 3.3.1

For for those points y(t) such that y(t) > y(t’) for all t’ < t, choose & in [-r/2,%/2};
otherwise the branch of 8 is chosen to make the deviation a continuous function.

A curve v is tilted to the right (left) if its deviation from the vertical is everywhere
to the right (left), i.e. 8<0 (8>0); such curves are denoted YR (1L).
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U

Yt)

- XBL 896-214
Figure 3.3.2 :

A point zge U is right accessible if there exists a yRe U such that yR(tp) = zo.

A Proof of Birkhoff’s Theorem

A curve ¥R which tilts to the right is mapped onto another such curve by T. To
see this let the angle between the vertical and a tangent to YR at z be -n<5<0. By the
twist condition, the vertical vector v at z is mapped into a right tilting vector DT(v) with
tilt -t<6<0. Since T preserves orientation, the angle & between DT(v) and the tangent
to T(yR) at T(z) must be in the range [-n,0]. The deviation of T(yR) from the vertical is
the sum of these two angles, and therefore must be to the right.
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DT(v)

. XBL 896-2146
Figure 3.3.3

Let WR and WL be the subsets of U which are right and left accessible,
respectively. Note that oWR consists of portions of dU together with vertical segments -
bounding those parts of U not right accessible.

XBL 896-2149

Figure 3.3.4

Since every point in WRis on a curve which tilts to the right, WR is mapped into itself
by T:

T(WR) c WR

.25
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Similarly T-1(WL) < WL since T-1 twists to the left.

In fact since T is area preserving, and has zero net flux WR= U. For suppose
this is not true, then there is some portion of U which is not right accessible, and is
therefore a “lobe” bounded by a vertical on the right. Upon iteration any vertical tilts to
the right, and therefore some portion of this lobe is mapped into WR. However, this
would violate area preservation because, consider a circle far below dU, for example
y = yg where yg << a. Since dU is contained between y=a and y=b, the area of U
above yy is finite. Furthermore, the area of WR above y = ygis is mabped into a region
with the same area. However, since the net flux through y=yg is zero, this gives a
contradiction.

U

XBL 896-2150

Figure 3.3.5

Consideration of T-1 implies WL = U.
Thus every point of U is both right and left accessible, hence is vertically
accessible. Therefore there exists a function y = Y(x) describing oU Q

Birkhoff's theorem has several important corollaries:

B Lipschitz Corollary
Any rotational invariant circle is a Lipschitz graph.

A function Y(x) is Lipschitz if there are finite slopes S. and S, such that
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Y(x1) - Y(x0) o

>
S,z 0>,

for all x1 and xp. These constants give a Lipschitz cone which contains the graph of
the function. A Lipschitz function is continuous, and differentiable almost everywhere.

S,

S

Figure 3.3.6 - BL 896-2148

Proof: For a twist mapping we can obtain explicit bounds on the slopes of an
RIC. Upon iteration a vertical vector acquires a slope

S=M| =§i/aX'
3x'|x 9Y/ 3y

Now the denominator is bounded below by the twist constant K, let S, be the maximum
of this expression. Similarly by inverse iteration of a vertical let S. be

S. =min[ g-!-; ax} = minl:- %l ax’}
y ay/ X ay

Since a rotational invariant circle intersects each vertical line exactly once, it must
also intersect the iterate of each vertical exactly once. Thus the slopes S, and S.
bound the slope of the RIC Q

C Confinement Corollary
Suppose the orbits of all points y<a stay below some point b. Then there exists
a rotational invariant circle between a and b.

Proof: Construct the region U for application of Birkhoff's theorem as follows: Let
V be the invariant set formed from the iterates of all points y<a. This is not necessarily
homotopic to the cylinder (there will typically be lots of holes in the annulus a<y<b
corresponding to elliptic island chains). Let W be the complement of V. There is a
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connected component of W which contains all points y>b. Let U be the complement of
this component..U satisfies the hypotheses of Birkhoff's theorem Q

D Converse KAM theory: Non-existence of Rotational Invariant Circles

Birkhoff's theorem leads to several criteria for the non-existence of invariant
circles, which are more or less effective techniques in practice. '

1) Climbing Orbits: If there is an orbit which climbs arbitrarily far up the cylinder,
then there are no invariant circles. More precisely consider an annulus 71x [a,b]. If
there is an orbit going from below this annulus to above it, then there are no RIC’s
contained in the annulus. Furthermore since RIC’s must be Lipschitz, for any point z
there is an annulus, with height 2S,|S_|/(S.+|S.]), inside of which any RIC containing
z must lie. In practice this criterion is not too useful, since even when RIC’s do not
exist it can take an extremely long time for orbits to climb even a small distance.

2) Heteroclinic Connections: Suppose the unstable manifold of some periodic
orbit intersects the stable manifold of another. Then there can be no RIC’s contained
between them. This is really what underlies the resonance overlap criterion of
Chirikov; see e.g. (Lichtenberg and Lieberman, 1982); which is a perturbative attempt
to find a heteroclinic intersection. One could follow these manifolds numerically.

3) Lipschitz Criteria: Using the Lipschitz bounds on slopes one can construct
criteria for the non-existence of RIC’s. Consider the iteration of a vertical unit vector
ozg = (0,1).

.82

0 8z

oz,

. XBL 896-2147
Figure 3.3.7

Upon one iteration 8zg becomes &z1 = (dx’/dy, dy’/dy), which has positiven dx4 by the
twist condition. However, one more iteration can give a vector with 8x2< 0, or
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S ox”ox’ . ox” oy’
ox’dy dy’ ox

= 2 - kcos (2nx’)

where the last expression is that for the standard map (see §1.3.1). Since an RIC must
intersect every vertical, if the inequality is satisfied for any x’ there are no RIC's. Thus
when |k|>2 there are no RIC’s for the standard map. Mather (Mather, 1984) refines this
criteria using the explicit Lipschitz cone to obtain the bound |k|> 4/3. MacKay and
Percival (MacKay and Percival, 1985) use a further refinement of this criterion to
obtain the bound |k|>63/64. They utilize the computer to obtain this result: each
floating point calculation is given explicit bounds so that the result is rigorous.
Furthermore, Stark (Stark, 1986) has shown that the criteria of MacKay and Percival
are exhaustive: if there is no invariant circle the method will eventually show non-
existence.

These bounds compare favorably with the numerical results of Greene
(Greene, 1979) who presents numerical evidence that the last invariant circle of the
standard map has a rotation number equal to the golden mean, and that it goes away
at k = 0.971635406. In fact converse KAM theory is much better at producing
practical results than the KAM theorem: as we mentioned before, Herman shows that
the golden mean invariant circle of the standard map sufely exists for k<1/34.
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4 Variational Principles

In this chapter we show that the twist property guarantees the existence of a
generating function, and a corresponding variational principle for the mapping.
Conversely, any mapping which has a “Lagrangian variational principle” satisfies the
twist property. The properties of the generating function will allow a straightforward
proof of the existence of periodic and quasiperiodic orbits and permit us to obtain
many quantitative and qualitative properties of these orbits in the next few chapters.

4.1 Generating Function .
Let T: (x,y)—(X,y’) be the lift of a twist mapping to the plane ®2. Then there
exists a generating function F(x,x’) such that

=- F4 (X,X’)

y 4
y = Fa(x,x)

or alternatively

~ dF(x,x’) = y’dx’ - ydx

Here the subscripts indicate derivatives with respect to the first and second
arguments, respectively. F is a generating function for a canonical transformation (F4
in Goldstein’s notation).

To show the existence of F we must first invert the relation x’(x,y) to obtain
y(x,x"). First lift the mapping to the plane %2, and consider the verticals x = £ and x = &
The curve T(x=€) intersects & exactly once by the twist condition. Define y’(,£") to be
this intersection. Similarly define y(&,£’) to be the unique intersection of T-1(x=£’) with
the vertical x=E&. |
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Figure 4.1.1  XBL 896-2122

For a given (x,x’) define the generating function by
(x,x")
F(x,x’) =J y'(€,£)dE" - y(§.8')dg
Y

_where v is a path which begins at some arbitrary point (xg, Xo") and ends at (x,x’).

(x,x’)

(Xg:Xp)

Figure 4.1.2 XBL 896-2123

This integral is independent of the choice of path: consider a second path y which
has the same endpoints as 7. By Stokes’ theorem the integral fydx around the closed
loop y— yis the integral of the area enclosed: JdyAdx. Since (x’,y’) is the iterate of
(x,y), area preservation implies that this is the same as Jdy’Adx’ = Jy’dx’ over this same
loop. Thus the integrals of dF along y and yare equal, and dF is an exact one form.

By construction the derivative of F with respect to its first argument is -y(x,x")
and with respect to its second is y’(x,x’) as required.
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Furthermore the twist condition impliés that

ox’

ay

, 0
Fia(x,x) = - 2L = -

i 1 0
<-L ¢«
ox’

T K

so the mixed second partial derivative of F ié negative definite.
The mapping generated by F is area preserving because

dyadx =-Fq2 dx’adx
d)"/\dX' = F12 dxadx’= -F12 dx’Adx

since dy’ = F12dx + Fo2dx” and dy = -F11dx - F12dx’.
This construction of the generating function yields a useful interpretation.
Consider a curve cconnecting z to z, and its iterate ¢’ connecting z’ to 2.

Figure 4.1.3 ~ XBL 896-2124

The area under cis the integral fydx along ¢, while that under ¢’ is fy’dx’. Recalling
that dF = y’dx’ - ydx, we see that the difference between these areas is

A’-A= J y’dx” - J ydx = F(X,X’) - F(x,x")
c’ c

We will find this relationship of great use in computing fluxes (see §7.7).

4.2 Net Flux

The net flux across a rotational circle c is the difference between the area
under ¢ and that under Tc (recall §3.2). A rotational circle is a curve which ranges
from (x,y) to (x+1,y). Since the mapping is periodic Tc ranges from (x’,y’) to (x'+1,y").
Thus the general formula for difference in areas becomes the net flux:
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F = F(x+1,x’+1) - F(x,x’)

The net flux is zero if the generating function is a periodic function of 1/2(x+x’); it can
depend arbitrarily on x’-x. Such a mapping is called exactly symplectic because in
this case the one form y’dx’ - ydx is exact on the cylinder: its integral is path
independent even for paths that encircle the cylinder.

4.3 Examples
Standard Mapping: A generating function for the standard mapping is
F(x,x) = 1x-x")2 + —K_ cos(2nx
(xx) = 3x-xX)? + K5 cos(@nx)
This is the same as the energy function for the Frenkel-Kontorova model (see §1.3.3).
From another point of view the generating function is a discrete version of the
Lagrangian for a dynamical system. For the standard map, this separates into the
familiar form of kinetic minus potential energies, where the “velocity” is x’-x for the
discrete time system, and the potential is -k/4n2 cos(2nx). Thus we see that the

standard map is a discrete approximation to the pendulum.
Note that the standard map has zero net flux.

Billiards: The generating function for a convex billiard is the function which
gives the length between two boundary points. These can be labeled by the arc
length coordinate, s; the generating function is

F(s,8') = ¥/ (x-X')? + (y-y')
where _,” A

are two points on the boundary. The derivative of F with respect to s’ gives
b 20X, 9y {

oF _XNag HY5g
9" A (x-x)? + (y-y)?

= cos(6’)

This is the dot product of the unit vector pointing along the trajectory with the unit
tangent vector to the boundary; that is, the cosine of the angle 6" between them.
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Figure 4.3.1 XBL 896-2125

Similarly F4 is the negative of the cosine of 6. Thus the momentum coordinate is cos0;
this is natural since cos6 is the component of the particle momentum paraliel to the
boundary if we set the magnitude of p to one. In these coordinates the billiard map is
area preserving.

The twist for the billiard is

9°F__sin(8)sin(6’)
0sos’ F

Since, for a convex billiard 0<6<r, the mapping has twist, however it twists to the left
since F12 > 0. Therefore the sign convention for billiards is opposite to that which is
used in the these notes. To translate the Aubry-Mather theory for billiards replace
minimizing by max'imizing, and minimax by maximin. Note that the twist vanishes for
glancing orbits, 6= 0 or .

The circle billiard has the generating function

. [s'-s

F=2r sm( )
2r

where r is the radius. Since F is a function only of s’-s, the circle billiard is trivially

integrable: the momentum is conserved. Obtaining a generating function for more
general billiards, such as the stadium, is left as an exercise to the reader!

4.4 Action

For a continuous time Lagrangian system, the action is the integral of the
Lagrangian along a path q(t) in configuration space. Stationary points of the action
with respect to variations in the space of paths q(t) with given endpoints q(tp) = x, and
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q(ty) = x” are orbit segments of this dynamical system. In fact this procedure can be
used to construct the generating function for a mapping: suppose the Lagrangian
depends periodically on time, with period t4- tp, and q(t) is an orbit segment for one
period, then

t

F(x,x’) =I L(q,q,t)dt

1!
q(t) st;tionary

where F(x,x") depends only on the endpoints of the stationary segment. With this

construction, it is clear that the action for the mapping is

n-1
W{Xm.Xm41s + -Xn} = z F(Xt,Xt+1)
t=m
and depends only on the configuration points corresponding to the intersections of
the continuous system with a Poincaré section.
An orbit segment is a configuration {xm, ... Xn} which is a stationary point of the
action, where xm and xp held fixed. Variation of the action gives the equations

W =0 = Fa(Xj-1,%) + F1(Xj,Xj41) =0

for m< t<n, which implies that the two definitions of momentum agree at each point on
-the orbit: y'(xj-1,Xj) = Y(Xj.Xj+1) = ¥j-
An (m,n) periodic orbit is determined by the action

n-1
W(m,n){XO’XZs' * 'xn-1} = F(xt!xt+1 )IXn=Xo+m

—

which is a function of the n -1 distinct points on the orbit. The (m,n) periodic orbit is a
stationary point of Wim n) upon variation of all its arguments. This yields the same
equations as before when O<t<n. Variation with respect to xg gives the equation
F1(x0,X1) + F2(xn-1,Xn) = 0, which implies that yn=yo; therefore the orbit is indeed
periodic. ' .

An orbit is a bi-infinite sequence {....,xt-1,Xt,Xt+1,...} Such that every finite sub-
sequence is an orbit segment. Thus the action W{x} is stationary for each t.

Examples: For the standard map, stationary points of the action must satisfy the
equation
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Xte1 = 22X + X1 == Ek;_sin(an)

which is the Lagrangian form of the equations.
- For the billiard, stationarity of the action implies that the angle of incidence
equals the angle of reflection for each bounce. -
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5 Periodic Orbits

In this lecture and the next we will prove the existence of minimizing and
minimax orbits for each frequency w for an area preserving twist mapping. In the
process, many properties of these orbits will become clear.

5.1 Minimizing orbits

The first variation of the action about an orbit is zero by definition. This implies
that the action does not change under an infinitesimal variation of the configuration to
first order: 83W{x} = 0. The second variation of the action about an orbit is not generally
zero, however. Consider first a finite segment of a orbit, {xm,...xn} ; let 82W{xm,...xn} be
the quadratic form obtained from the second order term in the expansion of W for fixed
Xm and Xxp:

n-1 2
oW
8°W{bx} = SXi———BX
j,k§+1 ]axjaxk

if 82W is non-negative for all non-zero vectors {8xm4+1, ...0xn-1}, then the orbit segment
is locally minimizing. If 82W is positive definite, then the minimum is non-degenerate.
The orbit corresponding to the infinite sequence {....Xm,....Xn,:...} is defined to be
locally minimizing if every finite segment is locally minimizing. ‘
Consider now arbitrary variations {Em,...En} = {Xm,» Xm+1+0Xm+1, - Xn-1+0Xn-1,
Xn} about some orbit segment {x} with fixed endpoints (here the 8x; 's are of arbitrary
size). An orbit segment is defined to be minimizing if for every variation {&}

W(E} - Wix} 20

If every finite segment of an orbit is minimizing then the orbit is minimizing. There are
two reasons for allowing only deformations with compact support: firstly, if the
deformation did not have compact support, the action difference W{&} - W{x} would not
necessarily be finite (being an infinite sum), and the two orbits could not be compared.
Secondly, anchoring the asymptotic (t — +e=) behavior of the orbit acts as a kind of
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boundary condmon and we will find dlfferent minimizing orbits when different -
boundary conditions are imposed.

It is not obvious that minimizing orbits exist. We will first show that when w is
rational, the twist condition 'implies their existence. There are two steps: first we
consider orbits which minimize W(m n), and then we show that these also minimize W.
In the next lecture we will consider irrational w.

- 5.2 Existence of (m,n) orbits

The Poincaré-Birkhoff theorem implies that a twist mapping has at least two
periodic orbits for each (m,n). Actually this theorem applies to a more general class of
maps: maps on an annulus which preserve the two boundaries, rotating them in
opposite directions. Such maps need not satisfy the twist condition (the two ends of a
vertical line must move in opposite directions, but the intermediate points are
unconstrained). To prove his theorem, Birkhoff used intricate geometric arguments
(Birkhoff, 1913). For the twist mapping case the existence of these orbits follows more
simply from the variational principle. The first orbit appears as a minimum of Wm n),
and the second will follow from the minimax principle. The proof of the exnstence of a
minimum is based on the

Growth Condition: For an area preserving twist mapping with zero net flux the
generating function is bounded by

F(x,x") > A - B|x-x’| + C|x-x’|2

where B,C are positive.

Proof: Define the curve &) = x + A(x"-x), connecting x to x” as A ranges from 0 to

* 1. On this curve

1
F(x,x") = F(x,x) +I d Fa(x,8x) (x"-x)
0

Repeating this construction on F» gives
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1

1 A %
dA Fa(Er.En) (x™-x) 'I dl[ du Fi2(8p.8n) (X,'x)z

o Jo

F(x,x") = F(x,x) +I
0
> A - B|x-x| + C|x"-x|?

where A = min F(x,x) and B = max |F2(x,x)| > O exist by periodicity when the net flux is
zero, and C = 1/ox > 0, where K is the twist constant O

This result can be generalized to symplectic twist maps on TNx&N. Here we .
assume that the mapping has uniformly positive definite twist: there exists a positive
definite matrix C, such that dxtF12(x,x’) 8x < - 8xt C 8x for all x,x’. In this case the
above proof of the growth condition can be directly transcribed (MacKay, Meiss and
Stark, 1989).

Theorem(Poincaré-Birkhoff): For an area-preserving twist mapping with zero
net flux there is a periodic orbit for each (m,n).

Proof: We will obtain the orbit as a minimum of Wim n). Wim,n) is a function on
the space of periodic configurations [xg,x1,...Xn-1} € ®D. Since the mapping is periodic,
without loss of generality we can choose xg to lie in the interval [0,1], so the space of
configurations reduces to [0,1]x®™1. To guarantee that W(m,n) has a minimum, we
must find a compact subset on which Wim n) is bounded. By the above lemma Wm n)
satisfies the bound

n-1
Winn 2N A + % -B|Xj41-Xj] + C|Xjy1-X;|2
In particular Wim,n) = n(A - 1/4 B2/C); thus it has a lower bound.

Now consider the set of configurations for which Wim n) < nA + D, for some
constant D. We can show that this is a compact set: each of the x; for O<t<n are
- bounded because the bound on Wm n) implies that the above sum is smaller than D,
therefore each term is bounded. This implies that |xj,1-X;| is bounded, and therefore
since xpe[0,1], |xt - Xo| is bounded.

Outside the compact set Wimn) is large. On the other hand, since W(m n) is
bounded below on the compact set it must have a minimum.

Thus there exists an (m,n) periodic orbit which minimizes Wm n) O
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The minimum is not unique. In fact by relabelling the origin of time, one minimum
gives rise to n. In exceptional cases, such as the integrable twist mapping (e.g. the
standard map with k=0) there is an entire curve of minima, forming the rational
frequency invariant circle (I leave it as an exercise to explicitly demonstrate that these
orbits do indeed minimize W(m n)). ,

5.3 Aubry’s Fundamental Lemma

We have obtained periodic orbits which minimize the penodlc action. In order
to determine whether these orbits are truly minimizing orbits, we need a fundamental
lemma of Aubry (Aubry, 1983).This lemma is the direct analogue of Morse’s theorem
(Morse, 1924) for geodesics (two minimum length geodesics for a Riemannian metric
on the torus cross at most once) and a global version of the theorem that locally
minimizing orbits have no conjugate points (Gelfand and Fomin, 1963). We prove only
the simplest version of this lemma (MacKay and Stark, 1985):

Aubry’'s Fundamental Lemma: Let {x} and {€} be two distinct minimizing orbits.

Then they cross at most once.

To define the crossing of orbits, draw the orbits in the space (x,t) and join
successive points with straight lines to form the continuous curves

x() = (X)) +x forj-1 <ts]

Similarly construct the curve for . The orbits {x} and {£} are said to ¢cross if the
function x(t)-&(t) has a zero.
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XBL 896-2128
Figure 5.3.1

Proof of Aubry's Fundamental Lemma: Suppose the converse, that {x} and {&}

cross twice. We will obtain a contradiction. There are three possible cases: (i) the
crossing points both occur at non-integer values of t, (ii) one of them occurs at integer
t, or (iii) they both occur at integer values of t.

Case (i). We construct deformations of {x} and {£} and show that at least one of
these has smaller action, implying that both {x} and {&} cannot be minimizing. Let the
two trajectories cross between times j and j+1 and times k and k+1. Define the
deformations

{E} = { &ty & Xjtsr + Xk Ekats Eke2- -}

X} ={ - Xj1s X5 Gt - Bk Xty Xka2e -}
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] ] | T -
j j+1 K kel |
o XBL 896-2127
Figure 5.3.2

Note that it is necessary to have {x} and {£} cross twice to construct these
deformations, because the definition of minimizing required that the variation occur
only on a finite segment. v

Consider the orbit segments running from time j to k+1. Since {x} and {£} were
assumed to be minimizing the new segments must not have smaller action. Add the
actions of these two segments to get

WK} + W{E} = F(X; Eju1) + Wi, - B} + F(Ek Xka1)
FEpr Xj+1) + W{Xjp1, - -xid} + F(Xk, Eka1)

Subtract from this the sum W{x} +W{£}, grouping those terms referring to times j, j+1
and k,k+1 together: '

WI{R} + W{E} - W{x} - W{E} = F(x;, &js1) + F (&), Xju1) - F(Xj, Xje1) -F(Ej, §jer) +
F(Xk, &ks1) + F(Eks Xke1) - F(Xk, Xka1) = F(Ek, Eket)

Each of these sets of four terms can be shown to be negative. In general consider two
points (x,x") and (§,£’), assume that there is a crossing, so that (x-£)(§’-x") is positive,
then

X g
F(x,8") + F(§,X) - F(x,X') - F(§.€") =I dlj dpF12(A,u) < -C(x-§)(§" -X)

3

(In the case of no crossing, the inequality must be reversed because dA du is
effectively negative). Therefore after a crossing
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F(x.§") + F(E.X) - F(x,x') - F(§,§) < 0

So difference between the actions of the modified orbits and the original orbits is

W{%} + W{E} - W{x} - W{E} < O

This contradicts the assumption that both {x} and {£} are minimal.

Case (ii) is proved similarly: the difference between the actions has
contributions only from the non-integer crossing, but it still is negative.

Case (iii). Both crossing points are at integer times, say t=j+1 and k. Choose the
new segments as before. Now the sum of the actions of the new segments from j to k+1
is the same as for the old segments; however, the new segments cannot be stationary
points of the action because E; = &j, &1 = &1, but Ez2 # &j,2 , and stationarity uniquely
determines §j,2. Since the new segments are not even stationary they cannot be
minimizing. This contradicts the assumption that the original orbits are minimizing
since the action is unchanged in value Q

Corollary: Two (m,n) minimizing orbits cannot cross.

Proof: Suppose {x} and {£} are both minimizing (m,n) periodic orbits. Then they
cannot cross, for if they cross once, then periodicity implies they cross again O

In particular a minimizing periodic orbit can not cross any of its translates

Xt = Xtek + J

for any integers k,j because the relabelled orbit is also minimizing.

Corollary: Minimizing orbits are monotone: For all t, t" and j, j’

+j<x +] 2D Xer+j< Xp1 +]

Proof: Let xt + j — xt and x{ + |’ = & and apply the fundamental lemma: &;
cannot cross x; 1 '
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5.4 Minimizing (m,n) orbits
Theorem (Aubry and Le Daeron, 1983): For an area preserving twist mapping
there is a minimizing periodic orbit for every (m,n), where m and n are coprime.

Proof: Let {x} be the periodic extension of the configuration which minimizes
W(m.n)- We must show that there is no infinite configuration which has smaller action.
For éxample consider an orbit {£} of type (km,kn) which minimizes W(km kn). By the
fundamental lemma, this orbit cannot cross any of its translates. Now suppose {£} is
not also of type (m,n). Then &i.n = Er+m. Since &i,.n — m does not cross & we must
have either &1,.n — m > & or E1.n — M < &;. Consider the first case. Shifting time by n
steps implies that &t,on — M > Et,n, and therefore &ton — 2m > Er.n-m > &;. Repeating
this k times gives Ei.xn — km > & . This is a contradiction since we assumed it was of
type (km,kn). So if an (m,n) minimizing periodic orbit has a smallest period n, then m
and n are coprime. |

We have shown that if {xg,X1,...,Xn-1} minimizes Wm n) then {xg,X1,....Xkn-1} =
{X0:X1,-..1Xn-1,X0+M,X1+M, ..., Xn.1+(k-1)m} minimizes Wm kn) for all k>1. Since the
segment {xg,X1,....Xkn-1} iS Minimal, its action must be less than that of any variation
{x0, X1+0X1,..., Xkn-1 + OXkn-1, Xkn-1} With the same endpoints. Since K is arbitrary, this
implies that any variation of the orbit {x} with compact support must increase the action
of {x}. Thus {x} is a minimal orbit. Q

This theorem is not true in higher dimensions. Hedlund gives a counter-
example for the case of geodesics on a three-torus (Hediund, 1932). The difficulty in
this case is that there is no natural generalization of the idea of crossing: curves do
not separate regions in a space with more than two dimensions. Thus it seems that
minimizing orbits may not be as important in higher dimensional systems, though
locally minimizing orbits may still play an important role (Kook and Meiss, 1988).

5.5 Minimax Principle

The existence of a minimizing (m,n) orbit immediately implies the existence of
another orbit, the minimax orbit. This occurs because the translates & = xi,k + j of a
minimizing orbit are also minimizing, thus the existence of one minimum for Wm n)
implies directly that there are many minima. Between these minima must be other
critical points.
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To show this more formally we construct a new orbit by constrained
minimization. Recall that the Morse index of a critical point of a function (i.e. a point for
which Df(x) = 0) is defined to be the number of downward directions of the function at
that point. Thus a minimizing orbit has index zero.

Theorem: For every (m,n) there exists a second periodic orbit. Typically this
orbit has index one. This is the minimax orbit.

Proof: Any translate {&;} of {x{} does not cross {xi} since both orbits are
minimizing. Choose the translate £ which is closest to xg. Now choose a path {(A) =
{xo(A),....xn-1(A)} for A € [0,1] connecting these two neighboring minima of W(m p).
Since W(m,n) is continuous it must have a maximum along this path. In Figure 5.5.1 we
sketch the n=2 case. Minima occur at the points {xg,x1} and {x4,xp}. The maximum
along the path { is shown in the figure as the shaded point.

| Minimax Orbit
X0 ™
¢, // a()) path
X1 e
I >
X 4 C . X 0
Figure 5.5.1 DL 896-2126

Finally find the smallest of such maxima by varying the path {(A). This gives an {m,n)
periodic orbit because at the maximum 8W(m n) = 0. This minimum over the maxima is
the minimax orbit O

The minimax orbit is well ordered with respect to the minimizing orbit. These two
form the “island chain” structure so commonly seen in pictures of area preserving
maps. In fact one can see that the residue of a non-degenerate minimizing orbit must
be negative (MacKay and Meiss, 1983), indicating that it is hyperbolic (§2.2). On the

45



Symplectic Maps | JD Meiss

other hand, the residue of a non-degenerate minimax orbit must be positive, so that it
is either elliptic or hyperbolic with reflection. The first case gives the familiar island
chain structure. The latter occurs after the elliptic orbit undergoes a period doubling
bifurcation (Greene et al., 1981), and signals the destruction of most of the invariant
circles in the island chain. Even in this case the unstable manifolds of the hyperbolic,

minimizing orbit can be used to form the “separatrix” of an island (MacKay, Meiss and
Percival, 1987). _

This completes the analysis of the ordered periodic orbits. There are of course
may other periodic orbits in a typical mapping. Some of these can be understood by
similar techniques to the above, for example those which are librating within an island
chain. These can be thought of as ordered orbits of the mapping T with respect to
rotation about the minimax fixed point in the center of the island. Since TN typically has
twist in the neighborhood of such a point (§1.3.2), the above theorems prove the
existence of librating periodic orbits for all rational frequencies in some interval. Thus
we obtain both minimizing and minimax trapped periodic orbits; we call these orbits of
class one (rotational orbits have class zero). If these minimax periodic orbits are
elliptic, then librating orbits of class two, and so forth can be obtained. This leads to
the picture of islands around islands, ad infinitum (Meiss, 1986).
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6 Quasiperiodic Orbits

We will obtain orbits with irrational ® by considering the limit of a set of m/n
minimizing orbits as the period approaches infinity, and the frequency approaches an
irrational, m/n — . This approach was pioneered in the numerical experiments of
John Greene, who determined the break-up of invariant circles by studying the
stability of nearby periodic orbits (Greene, 1968; Greene, 1979).

Recall from §2.4 that a guasiperiodic orbit is one with irrational rotation number
which is recurrent. An orbit {xt} is recurrent if every point on the orbit, xy, can be
obtained as a limit of other points on the orbit, i.e. there exists a sequence of times t4,
t2, .... —=eo, such that xy —xt as k—ee. We will find both quasiperiodic orbits and orbits
which are not recurrent, but which are homoclinic to quasiperiodic orbits.

As we will see the quasiperiodic orbits either densely cover a rotational
invariant circle or an invariant Cantor set, a “cantorus.” A cantorus is the remnant of
an invariant circle. '

6.1 Invariant Circles are Minimizing
In a discussion of rotational invariant circles of twist maps, the concept of
minimizing orbits arises naturally since:
Theorem (Mather): Every orbit on a rotational invariant circle is minimizing.
Proof: By Birkhoff's theorem, every RIC is the graph of a Lipschitz function Y(x).

Let S(x) = JY(x) dx, integrating from some arbitrary point. Since Y(x) is periodic, S(x) is
as well. Define the function

H(x,x)= F(x,x") - S(x") + S(x)

Let the orbit on the invariant circle be described by x’ = o(x) = Tx(x,Y(x)).
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. XBL 896-2141
Figure 6.1.1 :

By the twist condition (see p. 25) we have

Hi = F1(x,x") + Y(x) =0iff X" = a(x)
Ho = Fa(x,x) - Y(x) =0iff X' = a(x)

which implies that H(x,a(x)) = Hp is constant, and that all critical points of H occur on
X'= a(x). Furthermore, H(x,x") satisfies the same growth condition (see p. 32) as
F(x,x"), and zero net flux implies that H(x+1,x’+1) = H(x,x"); so that H is bounded from
below. Therefore ‘

H(x,x’) > Hg for x"zo(x)

Suppose {x;,....xk} is an orbit segment on the RIC and {§; = x;, &j+1, ...Ek-1, Gk =X} is @
deformation. Then

k-1
WEE = Y H(EiEiu1) + S(xc) - S(x))

i=]
2 (k-J) Ho + S(xk) - S(x;))
> Wix}

Therefore the segment {x} is minimizing O

This theorem can be generalized in a limited sense to higher dimensions. The
limitation is really the absence of a result comparable to Birkhoff's theorem: it is not
known if every rotational invariant torus is a graph. In fact the invariant torus must be a
Lagrangian manifold as well (Herman, 1988).
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Theorem (MacKay, Meiss and Stark, 1989): For a symplectic mapping with
uniformly positive definite twist on 7Nx&N and zero net flux, every orbit on an
invariant Lagrangian graph is minimizing.

- Proof: The fact that the set we are considering is an invariant Lagrangian graph
implies that Y(x) = VS(x). Use this S to define H as before, and the generalization of
the growth condition to follow the above proof O

6.2 Monotone Sets

We can generalize the definition of monotone from an orbit, as in §5.3, to
any invariant set. Let n be the projection operator onto the x axis: n(z) = x, then an
invariant set M is monotone if forall z, L € M,

n(z) < n(8) = ™T(z)) < fT(C)) -

An orbit is monotone if the set formed from all its translates is monotone: for all m,m’
andt, t’

Xt+ M Xy +M = Xpp1 +M< Xy + M

We showed in §5.3 that Aubry’s fundamental lemma implies that minimizing periodic
orbits are monotone. Monotone sets for twist maps have nice properties:

Lemma: A monotone set is a graph over x.

Proof: Suppose that there are two points, z= (x,y) and { = (§,n) in a monotone
set which have the same x value: x= n(z) = £ = n({), but different y values, say y > n.
The twist condition implies that n(T-1z) < =(T-1{). This violates the definition of
monotone. Thus if x=£, then y =1, and n(z) = 7({) = ®(T(z)) = f(T({)) Q

Lemma: Any limit of monotone orbits is monotone

Proof: suppose that for each k {x(K)}, is a monotone orbit. Then, for each k, x{K);
< x(®)j = x(Kj,4 < x(K)j,4, and in the limit,

(=) < x(=2)j = x(=)i 4 < x(=)j,4
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Suppose equality occurs above, then the twist condition implies that x(=);,» > x(*)j,2,

Xj . X
X j+1 +2

XBL 896-2155
Figure 6.2.1

~ but this implies there is a K such that for all k > K, x()i,2 > x(K)},2, contradicting the
assumption that {x(k)} is monotone for all k. Thus equality can not occur and the limit
must be monotone O

Lemma: The closure of a monotone set is monotone.

Proof: Let zo= (x0,Y0), and Lo= (£0,no) be points in the closure of a monotone
set M. Continuity of T and monotonicity of M implies that

x0<€0 = Xn<&n

However, as above, equality is forbidden by the twist conditionld

Monotone states have a rotation number. This can be seen most easily by
referring to well known results on one dimensional maps of the circle. First we show
that the restriction of the twist mapping to a monotone set is equivalent to a mapping
on the circle:

Lemma (Katok, 1982): If T is a twist mapping, and M is a monotone set, then the
mapping from (M) to =(T(M)) can be extended to a homeomorphism x’ = a(x) forx e ®
satisfying o(x+1) = a(x)+1.

Proof: The closure of M is monotone, and so a can be extended to this by
continuity. The complement of this closure is a disjoint union of open intervals. Extend
o to these by linear interpolation for xe[0,1], and then continue to R by periodicity.
Thus o is continuous, and because T is invertable, it has a continuous inverse Q
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Below is shown the construction of a(x) for a (2,5) minimizing orbit. For an (m,n)
orbit there are m inequivalent translations in the (x,y) plane. For the (2,5) case they
are {x} = {....Xg, X1, X2, X3, X4,...} , and {€} = {....xa-1, X4-1, Xg+1, X4+1, x2+1,...}. We
show part of the real line (of length 2) below, and the 5 points of each of the orbits {x}
and {&} which lie in this segment. Define the function a(x) on the orbit points such that
Xt is mapped to xt.1, and similarly to take &; to &.1. Since the set of all translations is
monotone, a(x) is a strictly increasing function. Thus defining a(x) by interpolation

between the points x; and &t and between &; and xt,.1 gives a homeomorphism of the
circle.

(2,5) orbit X’ a(x

] 1 1
1 L L] L I I ‘ I
Xo 8o Xy & X X0 &9 X

Figure 6.2.2 XBL 896-2140

To see how this fails for a non-monotone orbit, consider a configuration of type (2,4).
Recall from §5.4 that if x2 # xg + 1, then this orbit cannot be minimizing because it
cannot be monotone (Indeed we showed that only orbits with (m,n) coprime can be
monotone). Below we sketch such an orbit. Note that though x; increases with t,
monotonicity fails because the translation & = xi42 -1 is not well ordered with respect
- to xt. We see according to the picture that although &1 > x4, 2 < x2. This is reflected

by a non-monotonic segment in the induced a(x), which is therefore not a
homeomorphism.
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(2,4) orbit

Figure 6.2.3

JD Meiss

XBL 896-2143

A classic theorem of Poincaré implies that every orbit of a homeomorphism of
the circle has a rotation number, and the rotation number is the same for all orbits—see
Theorem (B2) in Appendix B. So all monotone states have unique rotation numbers.
Furthermore the rotation number is a continuous function on monotone states:

Lemma: The rotation number of the limit of a sequence of monotone states is the
limit of the rotation numbers of the sequence.

Proof: First we show that nearby monotone states have nearby rotation
numbers. Let {x} and {§} be two monotone orbits, and suppose there is an M and
such that |x- & < & for all 0 <t < M. From lemma (B1) in Appendix B it follows that |xt-

Xp - tow| < 1, and similarly for &. Thus -
£ (8) - fot-o)] < 2
Ixt g1 = ﬂm(x)-ﬁo(a)l - [x-g- 2
lo(x)-0(€) < 2(1+8)/M

Now consider a sequence of monotone states {x(K)}, with periods n(k) — e, such that
m&)/nk) — w. Assume that {x(K)} approach a limit {x(=})}, so that there is a K and & for
which [x(K) - x(=){] < & for all 0<t<n(k) and k > K. Since the periods go to infinity, the
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above inequality implies that the rotation number of {x(=)} is the same as the limit of the
rotation numbers of the {x(k}} Q

6.3 Existence of Quasiperiodic Orbits
In §5.4 we proved that there is a minimizing monotone state for every (m,n). We
now show that this is true for all w.

Theorem (Aubry and Le Daeron, 1983; Mather, 1982) There exists a
minimizing, monotone state for every o.

Proof: Consider a sequence of periodic minimizing states {x(k)} such that
m(K)/n(k) 5w as k—e0. By the preceding lemmas we conclude that {x(K}} — {x} is a
monotone state with frequency w.

To show the limiting state is minimizing consider a segment {£(K)} which is a
deformation of {x(kK)} with £X);= x(k); and £K); = x(K);, {EK)} — {E}. Let

e = max(|xKg - x|, [g®) - &) for ist<]

Since F(x,x") is differentiable, the difference between the action of the segments {x(k)}
and {x} is bounded by a muiltiple of &(x):

|W{x<k) XM} - Wixi,. - .xj}l <K(i-)e® Vk>N
and similarly for {€}.Hence the action of the deformation {&} minus that of {x} obeys
W(Ei: - & - Wixiee-x) 2 WEER,. &) - Wix®),...x{9)} - 2K(i-)e® vk > N
Now because &) — 0 as k—e, and each {x(k)} is minimizing, we have
Wi - -} - WiXi---x}} 20
and so the limit is minimizing Q

If {x{} is a quasiperiodic orbit, then {xt.n - m} is another such state. These are
never identical, otherwise the orbit would be periodic instead of quasiperiodic. Thus
we have obtained a countable family of such states. This family is monotone, or totally

53



Symplectic Maps ' | JD Meiss

ordered, by Aubry’s fundamental lemma. We will. show below that the totality of
minimizing states for a frequency o is a closed monotone set.

A minimizing state obtained as a limit of periodic states is always recurrent,
because there are periodic states arbitrarily close; thus such states are quasiperiodic.
There are other minimizing states which are not recurrent. We will discuss these below
when we consider heteroclinic orbits.

The theorem showing that a limit of periodic states is quasiperiodic is of
practical importance. For example if one would like to study the properties of a
particular quasiperiodic state it is sufficient to 'study nearby periodic states, and
consider the limiting behavior of these properties. This was the approach pioneered
by John Greene in his studies of the break-up of invariant circles (Greene, 1979). He
found, for example that when the residues of periodic orbits with mi/n; —»w approach
zero, an invariant circle exists, while when the residues are unbounded, there is no
invariant circle. An optimum way to take this limit is using the continued fraction
convergents of w. This leads to rapid convergence, especially in the unstable case.
We observe that the residue of the convergents approaches infinity as the Lyapunov

“multiplier of the quasiperiodic orbit to the power of the period: |R| ~ (A/4)". Properties of
the quasiperiodic orbit, such as the position of particular points, are approached as
the inverse of the residue: x{i) - x(<) ~ 1/AN; thus this approach is extremely rapid,and
for moderately unstable orbits, good approximations are obtained for low periods
(MacKay, Meiss and Percival, 1984).

6.4 Cantori

We have seen that quasiperiodic minimizing orbits exist for all w, for any twist
mapping. The reader should not be surprised about this result in the case when the
mapping differs only slightly from an integrable mapping, and the frequency satisfies a
Diophantine condition: these orbits lie on the invariant circles of the KAM theorem
(§2.6). However, the KAM theorem applies only to this slightly perturbed case, while
the Aubry-Mather theorem applies to any twist mapping. Furthermore, we have seen
from Birkhoff’s theorem that invariant circles typically do not exist when the nonlinear
parameters are sufficiently strong (§3.3.4). So the question is: What do the minimizing
quasiperiodic orbits become when there are no invariant circles? The answer is
provided by the following

Theorem: Let {x} be a quasiperiodic minimizing orbit with frequency . The
closure of {x}, M{x}, is either 1) an invariant circle or 2) an invariant Cantor set.
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Proof: Since the minimizing orbit is monotone, its closure can be extended to a
homeomorphism, a(x) of the circle. It is a standard result that when such
homeomorphisms have irrational rotation number, the set of limit points of the orbit of
any point is unique, invariant, and is either is the entire circle or a Cantor set [see
appendix B, (B3)]. Since we have assumed that the minimizing orbit is recurrent, then
its closure is in fact this set of limit points of a Q

We remind the reader of the definition and some of the properties of Cantor sets
in appendix B.

Percival called the invariant Cantor sets for twist maps “cantori”. He suggested
the existence of cantori based on a variational principle for quasiperiodic orbits
(Percival, 1979); Aubry independently suggested their existence (Aubry, 1978).
Furthermore, Percival showed that cantori do exist for a particular family of maps: the
sawtooth maps (Aubry, 1983; Percival, 1979).

A cantorus is an invariant set which is “trying” to be a rotational invariant
" circle, however orbits on this set fail to cover the circle: they omit a countable set of
open intervals, or gaps. If one imagines the mapping as arising from the Poincare
section of a flow, the cantorus is a two dimensional torus with at least one deleted
ribbon which winds around the torus with irrational helicity; hence the name.

Because orbits on the cantorus are ordered, the endpoints of a gap do not
cross upon iteration: we can define a left endpoint xlg and right endpoint xfg to each
gap such that xlp<xTg, and xl <x';. Each iterate of a gap gives a distinct gap because
the orbit is quasiperiodic. The total length of the gaps (in x) is at most one, so the
length of the iterate of any gap must eventually go to zero. Thus the orbit of any point
which stays in the gaps for t>tg, is asymptotic to the cantorus as t—ee.

The iterates of a gap form a family. Since any Cantor set has at most a
countable set of gaps, there are at most a countable set of families of gaps in a
cantorus; typically there is just one: every gap is the iterate of a single gap (though
the example of (Greene et al., 1987) probably has two families for some parameter
values, see (Ketoja and MacKay, 1988)). They can then be labelled by t. There is a
largest gap, we call this the principal gap, and use t=0 to designate it.

Cantori are typically hyperbolic, though | do not know of any theorem which
guarantees this (when k is large enough all cantori of the standard map are hyperbolic
(Goroff, 1985)). The hyperbolicity is measured by a Lyapunov multiplier, which is
obtained from the linearized mapping along a segment of length n of the orbit:
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|Tr(MN)|1/n — A, as n—ee. In numerical studies the Lyapunov multiplier is observed to
grow smoothly from one when a cantorus is formed.

When the Lyapunov multiplier is larger than one, one can see that the iterate of
any gap has a length which eventually must approach zero as A-N. This implies further
that the Hausdorff dimension of the cantorus is zero (MacKay, 1988). This is
remarkable, since it implies that when an invariant circle breaks its length falls
immediately to zero; furthermore, its dimension discontinuously changes from one to
zero (providing it becomes hyperbolic).

6.5 Characterization of the set of Minimizing Orbits

_ So far we have shown that there exist minimizing orbits for each w, and that
these orbits are monotone. However, there could be other minimizing orbits which are
not covered by these results. Here we sketch the classification of the complete set of
minimizing orbits.

Every minimizing orbit does have a frequency , and for each o the set of
minimizing orbits is monotone. In addition to the periodic and quasiperiodic minimizing
orbits, a new class, the non-recurrent orbits must be considered.

We have seen that to every minimizing quasiperiodic orbit, there corresponds a
homeomorphism of the circle; however, it is not obvious that different minimizing orbits
correspond to the same homeomorphism. One could imagine that the closures of
different orbits might give rise to disjoint invariant circles, or disjoint Cantor sets.
However, when the twist is monotone this cannot happen.

Aubry’s fundamental lemma implies that periodic minimizing orbits are
monotone. This can be generalized to any minimizing orbit: .

Theorem: If {x} is a minimizing orbit, then {x} is monotone. Thus {x} has a
frequency . '
Proof: see (MacKay and Stark, 1985)

Theorem: Let M, be the set of minimizing orbits with irrational frequency w.
Then M, is monotone, If {x} and {£} are quasiperiodic minimizing orbits they have the -
same closures: My{x} = M{E}. If {x} is a non-recurrent minimizing orbit with frequency
w, then it lies in the gaps of My{x}.

Proof: see (MacKay and Stark, 1985)
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Corollary: If there exists a rotational invariant circle with irrational frequency o,
then every minimizing orbit of frequency w is recurrent, and densely covers the circle.
Proof: see (MacKay and Stark, 1985)

6.6 Heteroclinic Orbits

There are non-recurrent minimizing orbits for each w. By Aubry’s fundamental
lemma, these must fall in the gaps of the recurrent orbits, and these orbits are
heteroclinic to the gap endpoints. When o is rational these orbits are crossing points
of the stable and unstable manifolds of the minimizing orbit, the heteroclinic tangle
formed from the separatrix. When o is irrational these orbits fall in the gaps of the
cantorus.

6.7 Mather’'s DW

The non-existence of an invariant circle is implied by the existence of a non-
minimizing orbit with frequency . In particular if the limit of the minimax periodic orbits
as m/n—w is an orbit with larger action than the minimizing quasiperiodic orbit, then
there is no invariant circle.

Theorem (Mather, 1986) Let {x(k)} and {{(k)} be sequences of minimizing and
minimax (mg,nk) periodic states respectively such that mg/nk — . Then the limit of
action differences

AWp = l!l-gl [ W(mx,nk){C(k)} - W(mk,nk) {X(k)) ]

exists and is non-negative. If AW, > 0, there is no invariant circle with frequency w.
We will see in §7.11 that the quantity AW can be interpreted as the flux through
the minimizing set. It is therefore natural that AW=0 when there is an invariant circle.
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7 Flux

7.1 Irregular Components

An irreqular component, as defined by Birkhoff, is the complement of the elliptic
periodic orbits, invariant circles, and periodic invariant circles (that is an invariant set
which consists of a family of circles which map onto each other, as in an island
chain). By Birkhoff's theorem (§3.3.3) any irregular component which contains a
rotational circle, e.g. an irregular annulus, is bounded by rotational invariant circles.
Furthermore Birkhoff's theorem implies that there is an orbit which goes from arbitrarily
close to the lower RIC to arbitrarily close to the upper RIC.

If the stable and unstable manifolds of a periodic orbit have a transversal
intersection, then there is an irregular component. A horseshoe of irregular orbits can
be constructed by following the lobes of the stable and unstable manifolds. Existence
of a horseshoe implies that there is a zero measure set of orbits which act chaotically:
they can be mapped onto a Bernoulli shift. There are no results which imply that a
non-zero measure of the orbits is chaotic in some sense, and it is not known whether
irregular components typically have non-zero measure. There are examples of
completely ergodic systems, for example the Arnol'd cat map (which is a twist map)
and specially constructed examples of systems with both invariant circles and |
irregular regions (Wojtkowski, 1981).
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W

XBL 896-2142
Figure 7.1 :

On the other hand, numerical evidence implies that the measure of a typical *
irregular component is non-zero; they seem to be “fat fractals” (Umberger and Farmer,
1985). A prime goal of a theory of transport is to understand how orbits move from one
portion of an irregular component to another.

7.2 Flux~Definition

Our primary technique for studying transport is the flux of trajectories across
surfaces in phase space (MacKay, Meiss and Perciva, 1984). To define the flux
consider a closed loop ¢, and its iterate TcC.
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XBL 896-2129

Figure 7.2.1

The flux through cis defined as the area inside T¢ which is also outside of ¢:

ACO) = A(TC\ ¢)

If ¢ encloses finite area, then area preservation implies that this outward flux is the
same as the inward flux, A(c\T¢). Similarly if the loop cis a rotational circle, the
upward flux is the area which is above ¢ and below T¢. If the map has zero net flux -
(§3.2), the upward and downward fluxes are equal.

If Cis an invariant circle, then it has zero flux (recall §3.1).

Every iteration of the mapping an area ¥ escapes from ¢ and the same amount
enters. Thus the flux gives an estimate (sometimes a crude one) of a confinement time
for the loop ¢: If motion in Cis “random” in some sense then a trajectory will be trapped
within ¢ for a typical time

A
ttrapped = '}_g—g)

where A(() is the area enclosed by ¢. A better estimate of confinement time for the
irregular trajectories would be obtained if A is replaced by the area of the connected
irregular component inside ¢. However, this is difficult to determine.

7.3 The Important Question

To best estimate transport rates through phase space, we would like to find
which curves ¢ have the minimum flux. For example suppose we consider trajectories
starting in the region y<yo, and would like to estimate the time to enter the region y>ys.
If there is an invariant circle in the annulus yg<y<y4, then of course this time is infinite.
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More generally, the transit time is most influenced by rotational circles which have
small flux, and so we ask the question

What rotational circles have minimum flux?

Imagine varying the circle cover the annulus and minimizing the flux. The answer to
this question will be discussed below. First lets discuss techniques for computing flux.

7.4 Partial Barriers and Turnstiles :

A curve which in some sense approximates a rotational invariant circle acts as
a partial barrier for the dynamics. One way to construct such a curve is to use the
minimizing and minimax periodic (m,n) orbits (MacKay, Meiss and Perciva, 1984).
The reason for this choice is that in the integrable limit these orbits do lie on a
rotational invariant circle, and so one might expect them to approximate such a circle
in general. Furthermore the monotonicity of the orbits allows a simple construction of a
rotational (non-invariant) circle: choose a gap in the minimizing orbit, lets call it the
principal gap, and fill it with an arbitrary curve, £y, which also goes through the
minimax orbit. Take n-1 preimages of this curve to fill in the remaining gaps. The
resulting curve is a rotational circle, and we call it a “partial barrier.” Below is a partial
~ barrier for a (2,5) orbit.

minimax

// L Ly L

L 1

(W\
\/\ minimizing

_ XBL 896-2130
Figure 7.4.1

This curve defines a boundary and divides the cylinder into two halves. To move from
one to the other, a trajectory must cross the partial barrier. It can do so because the
partial barrier is not an invariant curve (except in special cases): when it is iterated
once each of the £y becomes 14,1, except for Lo. To visualize the flux through the
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partial barrier, take one more preimage of L.n41, t0 Obtain a second curve in the gap
“0". It must connect the gap endpoints, because the endpoints lie on a periodic orbit.

Lsg

. XBL 896-2131
Figure 7.4.2
The region below Lp-and above L., is the region which crosses the partial barrier from
below to above on one iteration of the mapping. Similarly the region below L.n but
above rgis crosses from above the partial barrier to below upon one iteration.

Figure 7.4.3 XBL 896-2134

The only way a trajectory can cross from below the partial barrier to above is to land
in the lobe below £p and above £.,. Because the net flux is zero, the flux up and down
are equal, therefore L.nand £g must cross at least once, giving the characteristic
figure-of-eight structure, which we call a jurnstile (MacKay, Meiss and Perciva,
1984). This is because it acts as a “rotating door”, dumping all the area in its left lobe
above the partial barrier, and all the area in its right lobe below the partial barrier each
iteration.

We would like to obtain the partial barrier through the (m,n) orbits which has the
minimum flux, because this will give the best estimate of transport rates. However, as
we will see below the flux is independent of the choice of the curve Lg, providing it

connects two neighboring points on the minimizing orbit, and goes through the
minimax orbit. |
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Turnstiles can be more complicated than we indicated above. For example
there is nothing which prevents the turnstile from looking like:

. XBL 89
Figure 7.4.4 6-2133

In this case the flux is the striped region shown. Though I've never seen a turnstile
with this structure, they may well occur in physical examples.

7.5 Heteroclinic Orbits

Probably the most familiar form of turnstile occurs in the construction of the
stable and unstable manifoids of a hyperbolic orbit. Consider, for example the
rotational (m,n) minimizing orbit. This orbit has two minimizing homoclinic orbits, the
right-going and left-going. Consider the right-going one. A partial barrier is formed by
choosing a gap (the principal gap) in this orbit, labelled with t=0, and connecting it
with a segment of the unstable manifold, up. This segment naturally goes through the
minimax homoclinic orbit. Preimages of this gap converge to the minimizing (m,n) orbit,
and are connected with unstable manifold, 24, t < 0. Images are connected with the
stable manifold, s, t > 0. In this way we obtain a piecewise smooth rotational partial
barrier, with a discontinuity in slope at the right endpoint of the initial gap.

Figure 7.5.1 XBL 896-2132
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As before, the turnstile is obtained by taking the preimage of the partial barrier. Each
segment has a preimage on the partial barrier, except for $¢, which becomes Sp in the
principal gap. The area between Sp and Uy crosses the partial barrier each iteration.

7.6 Cantori

A similar partial barrier can be obtained for the case of a cantorus. Choose a
gap, and label it “0”. Since the cantorus lies on a Lipschitz graph, and is monotone,
the length of any gap must go to zero far enough in the future and in the past. We can
construct a partial barrier from two segments: one of which is asymptotic to the gap
endpoints as t——e (Up) and the other as t— (Sp). Set £ =T(Sp) for t >0 and 4
=Tt(Up) for t<0. These curves necessarily go through the minimax orbit, since it is
homoclinic to the cantorus. If there is only one family of gaps, then the resulting curve
is a rotational circle, and forms the partial barrier (otherwise, since there is a
countable number of gaps, we can repeat the construction for each family). The
preimage of 51, lies in the gap “0”, but does not necessarily coincide with Up.

u,
50
Figure 7.6.1 XBL 896-2136

Indeed if it did, then there would be an invariant circle, contrary to assumption. So the
combination of Sg and g form a turnstile. They must cross at least once on the
minimax orbit, and may do so several times. The flux through the cantorus is defined
as before.

7.7 Resonances

For a resonance, an upper partial barrier can be constructed from the
collection of all the past unstable and future stable segments connecting M+; to
M+t n, where M+ is the right-going, minimizing homoclinic orbit. Similarly the lower
partial barrier is constructed from the left-going minimizing homoclinic orbit, M.
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The upper turnstile area of an m/n resonance gives the area that makes a transition
from inside the m/n resonance to some resonance above (m,n). Similarly the lower
turnstile represents the area making a transition to below (m,n).

The shape of the resonance which we have constructed, depends on the
choice of “t” at which we switch from unstable to stable segments. However, it is easy
to see that the turnstile areas, and the total area of the resonance itself is independent
of this choice.

7.8 Areas and Actions—-the Fundamental Formula

Areas of resonances and of turnstiles are both needed for the theory of
~ transport. An obvious way to calculate them is to approximate the boundaries by
closely spaced points and then use numerical integration; however, this is not the
best way. Below | will show how these can be cobtained from the action principle for
the orbits making up the partial barriers (MacKay, Meiss and Percival, 1987).

The basic formula relating action to area was discussed in §4.1. Here we recall
this result. Let ¢ be a directed curve on the phase plane. Parameterize it by A ranging
over [0,1], so that

c(A) = {x(1).y(A)}

Let A be the algebraic aréa “under” ¢, i.e. the signed area bounded by the loop
formed from ¢, the vertical lines x = x(0) and x = x(1) and the horizontal line y=0 . The
direction of the loop is set as that of increasing A. Regions encircled by (counter)
clockwise loops are defined to have (negative) positive' area. For the simple situation
depicted in §4.1, A is merely the geometric area. If, however, ¢ intersects itself or if
y(A) is negative for some range of A, then the sign of the areas of these regions will
change, and A will not be the geometric area under C. In any case we will still refer to
A as the area “under” ¢, though some regions may be included with negative sign.

The image of cunder the map Tis T(¢) = ¢’ . The area under ¢’ is denoted A’,
and, as is shown in'§4.1, is the signed area enclosed by ¢’, the verticals x=x’(0) and
x=x"(1), and the horizontal y=0.

Let F(x,x") be the generating function of the twist map T from the initial point with
‘angle x(1) to its image point with angle x’(A). By definition

dF _ F,dx , FdX’

dx - 'da T Zdn
- vax’ _ ydx
Yar Yaa
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Integrating both sides with respect to A, we obtain

AF = F{x(1),x(1)] - F[x(0),x'(0)]
=A"-A

This is the basic formula from which all the others follow.t

7.9 Flux—Periodic Orbits

The flux through the turnstile in a pair if (m,n) periodic orbits is easily obtained
from the fundamental formula. Let Ag be the area under the segment Lo connecting the
point Mg on the minimizing orbit to Sg on the minimax orbit (in this chapter we denote
phase space points with capital letters, and the corresponding configuration with
lower case letters). Similarly At represents the iterates of this area. The fundamental
formula implies that

At - A1 = F(st-1,8t) - F(me-1,my)

The area of the turnstile is given by Ag - A-n, which is obtained by iteration of the
above formula:

0
Flux=Ag-An= Y, [F(st1,8) - F(Mp.q,my)]
t=-n+1

n-1

Y [F(suSta1) - F(my,Myeq)]
1=0

= AW(m,n)

Thus the flux is simply the difference in action between the minimax and minimizing
orbits. It therefore does not depend on the choice of curve Ly, or indeed in which gap
the turnstile is placed. -

7.10 Stable and unstable segments

To derive formulae for the fiux through homoclinic orbits, and cantori, it is
convenient to consider a more general case. Two points Xg, and Zy, are called future
asymptotic if they are distinct, but their orbits approach each other asymptotically, so
as to become indistinguishable at sufficiently long times in the future:

t Bob Easton has shown me that this relation, and the others which follow can be generalized to
maps which do not satisty the twist condition, and even those which are not area preserving.
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lim [X¢-24 =0
t— oo

where | | represents any norm. Similarly they are_past asymptotic if they are distinct
and their orbits approach each other asymptotically in the past:

lim |X;-2{ =0
1> -oo

Points which are both future and past asymptotic are homoclinic (to each other). If Yg
is past asymptotic to Xg and future asymptotic to Zg then it is heteroclinic from Xg to
Zyp.

If an orbit Xt is hyperbolic, then the set of points which are future or past
asymptotic to Xg form two smooth curves without self-intersection, crossing
transversely at Xg, called the stable and unstable manifolds of Xg (recall §2.3). All
points on the same stable manifold are future asymptotic, and all points on the same
unstable manifold are past asymptotic. Given two such points we call the piece of
invariant manifold between them a stable or unstable segment. As we have seen
above, partial barriers from cantori, and minimizing heteroclinic orbits are made from
such segments. ‘

We can find stable (unstable) segments numerically by taking the limit of
backward (forward) iterates of straight lines joining corresponding points of two future
(past) asymptotic orbits. Thus if Xo and Zg are future asymptotic, let L j >0, be the
directed straight line segment from XJ- to Zj. Then the stable segment joining Xg to Zg
is

. XBL 896-2135
Figure 7.10.1
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Similarly a pair of past asymptotic points gives an unstable segment
= im T,
Uo — j'lgl T (L’l)

The images of a stable (unstable) segment are also stable (unstable) segments, and
are denoted S (Ut). :

Using the fundamental formula, the area below a stable or unstable segment
can be expressed in terms of sums of action differences. Let {Xt} and {Zt} be a future
asymptotic pair. Denote the angle coordinate of X; by xt and of Z; by z{ and the action
difference by '

AFy = F(xy, Xte1) = F(Zt, Zt41)
Parameterize the stable segment s; of a this future asymptotic by A, such that
S5t(0) = Xt , $t(1) = Zt and Si,.1(A) = T S(A). The area under s, denoted AS;, is obtained
by iterating the fundamental formula:

Ats = Afe'+1 - AFt
k-1

= Ats+k '2 AFt+j
j=0

=-2 AFi,j= AW{
=0

The last line follows because the area under the stable segment goes to zero as k—ee.
The convergence of the sum for AWt is guaranteed if the union of the two orbits is
monotone. This is always the case whenever X; and Z; are minimizing orbits with the
same rotation number (m,n), or are minimizing homoclinic orbits (m,n)+ or (m,n)-, or are
minimizing with irrational rotation number, or one is minimizing and the other is an
associated minimax orbit.

If {X; } and {Z4} are past asymptotic, and AUy is the area under their unstable
segment 4, then a similar calculation gives

-1
Af =D AFpj=AWP
J—

Note that the t=0 term is not included here, and the sign is indeed different from the
previous one.
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7.11 Flux-Homoclinic Orbits

We can combine the future and past sums if {X; } and {Z;} are homoclinic. The
signed area between the unstable and stable segments, which is positive where 4 is
above &, is given by

Af - AY =AW =Y AF,
oo

The sum certainly exists in the hyperbolic case. This equation defines the flux through
a homoclinic pair of orbits, and the result is just Mather's AW. Note that it is
independent of t because T is an area-preserving map, and hence the region
contained between the stable and unstable segments has the same area for all time.
For example we can let {X; } be a minimizing orbit {M;} and {Z;} be the corresponding
minimax orbit {Sy}, corresponding to a cantorus or a partial separatrix. In this case the
upward flux flowing between {M;} and {S4} is the difference in actions of these orbits.

7.12 Areas—Cantori and Separatrices
Once the area under a single segment is known, we obtain the total area under all the
segments S; after time t by simply summing:

This converges in the hyperbolic case, since AF{ approaches zero exponentially.
Similarly the total area under all the unstable segments at time t and before is

0 0
AP=> Alk=-> AWE,

=00 k='°°

0
=- Y, KAFuk

k=—oo

Consider the case of a homoclinic pair of orbits. Adding the above two results
gives the area under the total partial barrier; however, in general the sum At = AP +
Af; does not give a useful quantity because it depends on the choice of t. Indeed if we
shift the index t by one in this formula we obtain Aty1 = At + AW where AW is the
action difference between the homoclinic pair. Thus it is only when AW is zero for the
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homoclinic pair that a t-independent result is obtained. There are two important cases:
cantori and separatrices.

To find the area under the partial barrier formed from a cantorus, suppose the
cantorus has a single family of gaps, and let {X; } = {X't} be the orbit of the left
endpoints of a gap in the cantorus and {Z;} = {X';} be the orbit of the right endpoints.
These orbits are absolute minima of the action, and the action difference AW vanishes
as proved by Mather. Backward iterates of the unstable segment of a gap and forward
iterates of the stable segment form the cantorus partial barrier (§7.6). Recall that when
the cantorus is hyperbolic, it has zero length (indeed zero dimensio'n, see §6.4). This
implies that the area under cantorus itself is zero. Thus total area under the cantorus
partial barrier is given by the sum of the future and past areas under the stable and
unstable segments alone:

Zt (xt, xi,1) - F(xE, x{,q)]

{=-co
Note that the area under a partial barrier is independent of the construction of the
partial barrier itself, depending only on the orbit of the gap endpoints.

Now we obtain the area under an upper partial separatrix for the simplest case
of a (0,1) resonance around an orbit of period 1, or fixed point x = xg. For this simple
case we choose X; to be the point M+*; of an upper minimizing homoclinic orbit and
Zi= M+*¢,1 to be the next point on the same orbit. The orbits {M+;} and {M+*¢,.1} are
homoclinic, since they are both homoclinic to the fixed point. Furthermore since they
are on the same orbit, the action difference vanishes. The area under the complete
upper parial separatrix is therefore |

Ap1y=- 2, t[F(mt,mt,,) - F(mty,mp)]

f=-co

2 [F(m},mi,q) - F(xexp)]
The second formula for At is be obtained from by subtracting the action of the fixed
point, F(xF,xF), from the first term in the brackets in while simultaneously adding it to
the second. This is necessary to maintain convergence. Shifting t by one gives the
second line.
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For the lower partial separatrix the points of the homoclinic orbit move to the
left, so that increasing t means decreasing x. Defining {X; } and {Z} as successive
points on the lower minimizing orbit we obtain

©0 N

Ap,y=- 2, [F(mimi,q) - F(xeXF)]
t=-00
The change in sign arises from the reversed ordering of the points.
The analysis for an arbitrary (m,n) resonance is similar. We choose X; = M+
and Zt = M+*¢,n. Again, since AW for these orbits is zero, the area under the complete
upper partial separatrix is

oo

-1
Alm,n=n Z z [F(mﬁwj’mtmin) - F(Xj,Xjn)]

The expression for A" is identical except for signs..
The final result is that the area in the (m,n) resonance is

Am,nj= Afm,n) - Ajm,n)

It may seem surprising that the contributions to the area of the resonance from the
action of the (m,n) minimizing orbit add together instead of cancelling, but this is so,
and comes from the fact that the asymptotic motion approaches the periodic orbit from
the left in the upper separatrix, and from the right in the lower separatrix.

In the above analysis, it has been assumed that there is only one minimizing
(m,n) orbit. If there is more than one such orbit, then each gives a family of gaps and
one has to sum the contributions from each family.

7.13 Chen’s Area Formulae
The area formulae can also be obtained from a function considered by Aubry,
the “mean energy”, defined as a function of @ on the minimizing orbits as

1-1
L(w) = Jim 21t—2 Fxt, xtet),

j=-t HE (¢ ]

Aubry shows that this is a convex function of w, which implies that it has left and right
derivatives and that they are equal aimost everywhere. However, these derivatives
differ at each rational value of w. In fact by considering limits of periodic orbits
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approaching homoclinic orbits or cantori , Chen (Chen, 1987) has shown that these
derivatives give the area functions:

1
AL = Q-L‘
(m.n) d lo=m/n

"~ A,=9L
dlg irrational

Here the * in the derivative indicates that the derivative is taken from the right or left,
respectively. These formulae are obtained by constructing the derivatives as limits of
the difference L(w’) - L(w) as o’ approaches o on minimizing periodic orbits, and
showing that the result is given by our previous area formulae. For irrational
frequency this formula give the area under the cantorus partial barrier (providing the
cantorus is hyperbolic), or if one exists, under the invariant circle. We have no other
formula for the area under the invariant circle in terms of the action of a finite number

of orbits.

7.14 Area Devil’s Staircase

The area function A, gives a devil's staircase: a function which is
monotonically increasing, and has jumps at every rational value. When there are no
invariant circles, and every cantorus is hyperbolic, Aubry has shown that this devil’s
staircase is complete, which means that the entire change in the function occurs
across the rational jumps. Since these changes each represent the area of a
resonance, this implies that the resonances fill phase space: all the area is taken up
by resonances (MacKay, Meiss and Percival, 1987). This has profound implications
for transport, as we will see in §8 (yet to be written!).
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Appendix A: Differential Forms (Arnol'd, 1978)

A differential n-form is a functional which operates on n vectors to give a real
number. A one form can be thought of as a covariant vector; it acts on contravariant
vectors by the dot product. For example the form df is a covariant vector associated
with the gradient of a function f; operating on a vector v with df gives the derivative of f
in the direction of v:

. of
df(v) = v —
V) =vi;
A two form is a really an antisymmetric matrix. The form we will be most concerned
with is the symplectic form w= Zdpiadqi . Operating on a pair of vectors 8z and 8z’ with

o gives

®(52,82") = zlw;jd2’l

where o is the symplectic matrix (o = J-1). In the coordinates (qj, pi), @ = [? 6' ] The
value of w(dz,8z") is the sum of the areas of the parallelapipeds formed by the vectors
(3qi,9pi) and (3q’;,0p’j). These parallelapipeds are formed from the projections of the
vectors 8z and 6z’ onto the N canonical planes; each area is signed.

Differential n-forms can be integrated over n dimensional surfaces. For
example, choose an arbitrary two dimensional surface ¢ embedded in the 2N
dimensional manifold . Associate an orientation to ¢ by choosing a direction to
traverse the boundary of C. Preservation of w means that the integral

N
A= 2 J dpindg;
=1 JC

is conserved along the flow. This integral is a sum over the projected areas of the
surface ¢, the wedge product means that the areas are signed according to whether
the boundary of the projection is traversed in a counterclockwise or a clockwise
direction,
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Appendix B: Circle Maps

Here we review a few basic facts about homeomorphisms of the circle (See pp.
73-95 of (Cornfeld, Fomin and Sinai, 1982)). Let a(x) be a continuous, monotonic,
increasing function of x satisfying a(x+1) = a(x)+1.

-B1 Lemma: There exists an o such that for all xe R and (m,n)

no>m = a(x)-m>Xx
now <m = o(X)-m<X.

The w which satisfies this lemma is the rotation number. An important consequence of
this lemma is that the orbit cannot deviate too far from uniform rotation. To show this
from the above two inequalities, in the first case let m be the greatest integer less than
nw, and in the second let m be the smallest integer greater than nw; then we can
bound the difference '

jen(x) - x - nef < 1
This result implies
B2 Theorem : The limit
a"(x)

o= lim ==L
N300 n -

exists and does not depend on the choice of xe &, The rotation number o is rational
only if some power of a has a fixed point.

Choose an arbitrary point xg, and consider its trajectory under o. Let P be the
set of limit points of the orbit: x e P if there is a sequence x; - od(xo) such that xj—x as
j—e- .By definition P is closed. Then
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B3 Theorem (Denjoy, 1932; Poincaré, 1885): When o is irrational, then
a) P is independent of the choice of xp;
b) P is invariant;
c) either P is the entire circle, or P is a Cantor set.

A Cantor set C is a non-empty, perfect, totally disconnected, compact set:

perfect & Every point in the set is a limit point of other points inthe set: Vxe C,3 a
sequence x(N e C such that x(M # x and x(") — x as N—eo

totally disconnected < V x,y eC 3 A and B, xe A and ye B, such that C = AUB and
AnB = @&.

compact <> for every open cover of C there is a finite sub cover.

The standard example of a Cantor set is a subset of the interval [0,1). Remove
the open interval (1/3,2/3), leaving two closed intervals. Remove the middle third from
each of these. Continue this procedure ad infinitum.
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XBL 896-2158
Figure B.1

Note however, that the definition of the Cantor set is a purely topological one, it does
not require the set to be embedded in any other space.

A Cantor set contains an uncountable number of points, in particular there are
points which are not at the end-point of any gap. To see this consider a coding of the
points in the set in a base three representation: points in the set have no 1's in their
base three “decimal”expansion. On the other hand, points which lie on the end points
of a gap have base three expansions which truncate. There are an uncountable
number of non-truncating sequences of 0's and 2’s.

The Hausdorff dimension of a Cantor set embedded in some manifold can take
any value. In the middle thirds case, the Hausdorff dimension is log(2)/log(3). If the
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fraction removed at each level is increased then this dimension decreases. The
invariant Cantor sets arising in the twist map typically have zero Hausdorff dimension.
The complement of a Cantor set is a countable set of gaps.
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