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Abstract

A Modified Mean Curvature Flow of Entire Locally Lipschitz Star-Shaped

Hypersurfaces in Hyperbolic Space
by
Patrick Allen Allmann

In [GSO0]], B. Guan and J. Spruck showed the existence of smooth radial graphs of constant
mean curvature with prescribed C?, star-shaped boundary at infinity using elliptic PDE methods
and the maximum principle. Surfaces of constant mean curvature are critical points of an area
functional with a volume constraint. In [DSS09]], D. De Silva and J. Spruck showed the same
result mentioned above in [[GS00] using variational methods. It is a natural question then to
ask whether we can approach this problem using the negative gradient flow of that area-volume
functional. Such a flow, called modified mean curvature flow, was first introduced by L. Lin
and L. Xiao in [LX12]]. There they showed, starting with a star-shaped hypersurface with a
global C! bound, the longtime existence of the modified mean curvature flow. Moreover, they
recovered the previous results by showing the flow converges to a stationary solution.

This work is inspired by these three works. Here, we show the longtime existence
of a smooth modified mean curvature flow of hypersurfaces in hyperbolic space if the initial
hypersurface is locally Lipschitz and star-shaped. This result can be considered as a generaliza-
tion of the main theorem of [Unt03] by P. Unterberger, in which they show a longtime existence
result of mean curvature flow in the same ambient and initial setting. It’s also a hyperbolic

version of the nonparametric mean curvature flow in Euclidean space studied by K. Ecker and



G. Huisken in [EH91a]. There they found a locally Lipschitz vertical graph moving by its mean

curvature becomes a smooth vertical graph for all time.

vi



To John and Melissa.

vii



Acknowledgments

First and foremost, I’d like to thank my advisor, Professor Longzhi Lin. I appreciate the pa-
tience, the insight, and mentorship Longzhi provided me these past few years. Longzhi Lin
directed and supervised the research which forms the basis for the dissertation. I'm also grate-
ful for my conversations with Jingyong Zhu, our collaborator. I’d also like to thank Professors
Jie Qing and Richard Montgomery for their contribution to my knowledge of geometry and for
casual afternoon tea conversations. Thanks to all of the friends in Santa Cruz I've made over
the years. You made life more bearable. I thank my grandparents, Mary and Dick Allmann,
for helping me through college. I hope I honor your memory. I thank Grannie Annie- Anne
Jones- for encouraging me to go outside. My curiosity is piqued by conversations of history
and science with my granddaddy Al Jones. I have utmost appreciation for my parents, John and
Melissa Allmann, for putting up with raising me and for believing in me. I owe you my well-
being. Finally, I'd like to thank my brother, Josh, who suggested I study mathematics. Thanks

for letting me crash at your place and for the advice throughout the years.

viii



Chapter 1

Introduction

In [Dou3l1l, it was shown, given a Jordan curve in a Euclidean space, there exists a
minimal surface with that Jordan curve as boundary. This is Plateau’s Problem. The existence
of surfaces of constant mean curvature with prescribed Jordan curve as boundary was studied
in [Hil70]. In [Str88]], constant mean curvature surfaces with free boundary were studied using
variational techniques. More recently, in [[£ZZ19], a min-max theory was developed to show the
existence of smooth, closed, constant mean curvature hypersurfaces in any closed Riemannian
manifold of low dimension. The asymptotic plateau problem, in contrast, asks under which con-
ditions are there complete hypersurfaces of constant mean curvature with prescribed boundary
at infinity. We refer to [Cos13| for a survey of the asymptotic Plateau problem.

Throughout, » is a nonnegative integer and H denotes n + 1 dimensional hyperbolic
space, while d..H denotes its asymptotic boundary at infinity. Also, ¢ denotes a real number
strictly in between —n and n, and I" denotes a closed, codimension 1 submanifold of d..H. With

these notations, we have the following formulation of the asymptotic Plateau problem.



Question 1.0.1. Does there exist X, a hypersurface of H, such that ¥ has constant mean curva-

ture (CMC) ¢ and such that the asymptotic boundary of X is I'?

The answer to this problem is affirmative if we allow “hypersurface” to mean ’re-
duced boundary of a set of locally finite perimeter”, c.f. [Ton96, Theorem 1.4]. The case 6 =0
is answered in [And82, Theorem 3], where such X’s take the form of locally integral currents.
These two approaches, from the geometric measure theory point of view, are weak formulations
of the asymptotic plateau problem, c.f. [Fed69, 4.1.24, 4.5.1].

We may then ask about the regularity of these solutions. If I" € C1'%, then the main result
in [HL87]] implies M UT is a finite union of C'** manifolds near I, if M is the support of X. In
[Lin89], it’s shown that X is as smooth as I', as long ¥ is a vertical graph above the region which
I" bounds. [[Ton96, Theorem 1.5] implies lower order regularity of solutions near the boundary.
In particular, if k < n and I" is C¥, then ¥ is C¥ near I. When & # 0, we can’t expect ¥ to have
higher order regularity, even if I' is smooth and embedded, as seen by [Ton96, Theorem 1.8, c.f.
Theorem 6.1]. Higher order boundary regularity of nonparametric solutions of the asymptotic
plateau problem is studied in [HW16].

Stronger regularity results are obtained if more is known about the geometry of I'. For
example, by [NS96, Theorem 1.1], if I"is of class C%® and mean convex, then ¥ can be written
uniquely as the graph of a function in C*(Q) NC>%(Q), where I' = 9Q. We also recall [GS00)

Theorem 1.1].

Theorem 1.0.2. [GS00, Theorem 1.1] If I" is star-shaped and C L1 then X is unique, star-shaped,

smooth and continuous up to the boundary.



This theorem is proved using elliptic PDE theory and the maximum principle. A hyper-
surface is star-shaped if it bounds a star domain, which is a set containing a point such that any

point in the set can be connected to the point by a line. Similarly, we recall

Theorem 1.0.3. [DSS09, Theorem 1.4] If I" is star-shaped and C 0 then X is unique, star-shaped,

smooth and continuous up to the boundary.

This theorem is proved using techniques from the calculus of variations. C? hypersurfaces
of constant mean curvature in hyperbolic space locally satisfy the Euler-Lagrange equation of a
certain energy functional, I, c.f. Lemma. 1 is an area functional with a volume constraint,
and can be written as / = A +ncV, where A is the hyperbolic area of the hypersurface and V
is the hyperbolic volume enclosed by the hypersurface and a hyperbolic cylinder. [DSS09,
Theorem 1.3] roughly states a star-shaped local minimizer of I is necessarily smooth.

Just as mean curvature flow is considered the negative gradient flow of the area functional,
the negative gradient flow of I is modified mean curvature flow, introduced in [LX12]], whose
work is a parabolic analogue of [GSOO0]]. Stationary solutions of modified mean curvature flow
are constant mean curvature hypersurfaces. Therefore, showing longtime existence and con-
vergence of an initial-boundary value problem for modified mean curvature flow implies the
existence of a solution of the asymptotic plateau problem. The main theorem of [LX12] im-
plies just this if the initial hypersurface is star-shaped and satisfies a uniform equidistant sphere

condition, called the uniform local ball condition (ULBC) (1.1.7). That is,

Theorem 1.0.4. [LX12, Theorem 1.1] Let I' be the boundary of a star-shaped C'*! domain in

0. H and T be its vertical lift for € > 0 sufficiently small. Let Xy = lim¢_¢ Zg be the limiting



hypersurface of radial graphs Xj € C 1 with 0X§ =T'e. Suppose X has a uniform Lipschitz
bound and satisfies the uniform local ball condition. Then

(i) There exists a unique solution F(z,t) € C=(S, x(0,00)) NC*1:2+2 (S x (0,00)) N
C%(S, x [0,)) to the modified mean curvature flow.

(ii) There exist #; — oo such that X,, = F(S,,#;) converges to a unique stationary smooth
complete hypersurface X.. € C*(S;)NC!'T1(S,) (as a radial graph over S ;) which has constant
hyperbolic mean curvature ¢ and d..X.. = I" asymptotically. Also, each X, is a complete radial
graph over S .

(iii) If additionally X§ has mean curvature H® > ¢ for all € > 0 sufficiently small, then X,

converges uniformly to X, for all ¢.

Mean curvature flow (6 = 0) was first weakly formulated in [Bra78|] using geometric
measure theory. Classically, if a closed convex codimension 1 submanifold is embedded in
Euclidean space and flows by its mean curvature, then it converges to a point in finite time.
This is the main result in [Hui84]. Further study on the singularities formed by mean curvature
flow in Euclidean space is found in the series [CM12], [CM13] and [CM14]], where the entropy
functional is introduced. An application of mean curvature flow classifying the immersion of
spheres in Riemannian manifolds is given in [[Hui86]. Standard notes on the classical mean
curvature flow in Euclidean space are given in [Manl1]], [CMP15]], and [Whi02].

Mean curvature flow of spacelike hypersurfaces in pseudo-Euclidean space are studied in
[LL19]. Moreover, in [EH91bl], the motion of surfaces moving by an evolution equation with a
prescribed mean curvature function is applied to show the existence of spacelike constant mean
curvature in cosmological spacetimes. Mean curvature flow of star-shaped, locally Lipschitz

4



initial hypersurfaces in H are studied in [[UntO3|], whose methods we draw from, which draws
from the methods in [EH91a]. In [Unt03], longtime existence is established. Convergence is
obtained if, in addition, the initial hypersurface’s asymptotic boundary is a circle, an assumption
subsumed by the uniform local ball condition as established by [LX12]], c.f. Remark In
[EHS89], the longtime existence of complete vertical graphs over n dimensional Euclidean space
with a uniform gradient bound is demonstrated. This result is improved in [EH91al]. Again,
longtime existence is established without any hypotheses of growth at infinity. We remark that
the modified mean curvature flow behaves differently than the mean curvature flow in hyper-
bolic space, c.f. Remark [2.2.10]

In this work, we prove Theorem That is, we relax the uniform local ball condition
and prove longtime existence of the initial-boundary value problem of modified mean curvature
flow if the initial data are star-shaped and locally Lipschitz.

Theorem 1.1.5. If F( : S". — H is a map such that o = F(S", ) is a locally Lipschitz con-
tinuous radial graph over S, then the Cauchy initial-boundary value problem for the modified

mean curvature flow (L.I.1) has a solution F € C*(S". x (0,)) Al 1x0.1/2

OIS x [0,00)) and
F(S.,1) is a complete radial graph over S’ for any # > 0.

A sufficient condition for convergence, but weaker than the uniform local ball condition,
is not provided here. This question is interesting and we hope to address it in a later work.

By choosing to use star-shaped initial surfaces, we study a nonparametic version of mod-
ified mean curvature flow. The resulting quasilinear parabolic PDE is degenerate at the asymp-

totic boundary and wherever the gradient becomes unbounded. Refer to equation (1.1.3]). Nev-

ertheless, we obtain a priori interior gradient bounds (Theorem [2.2.13)) and subsequently all



higher order bounds (Theorem [2.3.5] Theorem [2.3.7)), which allows us to make an approxima-
tion argument.

There are a number of directions this line of questioning can point. There is more to con-
sider when star-shaped hypersurfaces move by modified mean curvature flow in H. Of course,
we would like to obtain a sharp regularity or geometric condition on the initial star-shaped hy-
persurface, weaker than the uniform local ball condition, which guarantees convergence of the
flow. In [LX12], L. Lin and L. Xiao showed an initial star-shaped hypersurface with a global C'
bound moving under MMCF converges to a smooth, stationary star-shaped solution of constant
mean curvature. What happens if we drop the uniform control on the gradient but still retain
some information of it near the boundary? For example, we may consider when the gradient
of the initial radial graph is O of some power of the reciprocal of the Euclidean height above
0w H. In any case, what examples are there of convergence or nonconvergence? Our result in-
cludes the longtime existence of MMCEF starting with a horosphere (constant mean curvature
+n), whose asymptotic boundary is degenerate in the sense that it’s a single point. There we
don’t have convergence but a translating self-similar solution for all time.

Also, is it worthwhile to consider more general ambient spaces other than Hl, to possibly
consider nonpositively curved ambient manifolds or even just hyperbolic ones, as in [HLZ16]?
What can we say if H — G is instead a symmetric function of the initial hypersurface’s principle
curvatures, as in [GSS09] and [JX19]? We may consider the case of higher codimension, as in
[Wan02]. In all of these cases, is there a corresponding energy functional which the flow is the

negative gradient flow of?



1.1 The main theorem

Now, we let F : S x [0,00) — H be a one-parameter family of complete embedded star-
shaped hypersurfaces moving by the modified mean curvature flow in hyperbolic space with
fixed parabolic boundary data. That is, F(-,7) is a smooth one-parameter family of smooth

embeddings with images X, = F(S, ), satisfying the evolution equation

)
a—F(z,t) =(H—-0)vyg, (z,6)€ S} x(0,00),
d (1.1.1)
F(S,0) =X
More precisely, we suppose the solution F(z,7) to the modified mean curvature flow (I.1.1)) can

be represented as a complete radial graph over S'; . That is,
F(z,1) = ¢"®z, (z,1) € S" x[0,00). (1.1.2)

We call such a function v(z,t) the radial height of £, = F(S'_,#). Then one observes that the
Cauchy initial-boundary value problem for the modified mean curvature flow (I.1.1) is equiva-
lent (Lemma[A.2.2)) to the following degenerate parabolic PDE with initial and boundary con-

ditions:

ov(z,t .
B0 _ 2y~ ny(e, Vv)s — oy, (2,1) €S x (0,2),

ot (1.1.3)
v(z,0) =wo(z), zeST,

where we represent Xy as the radial graph of the function €' over S',. Here y = (e,z)g. Also,
o =y — % 1 <i,j<n w=(14+]VS?)!/2 and we denote by v;; the standard metric
of §' and ¥/ its inverse. By Lemma , Y, remains a radial graph as long as the support
function (vg,x)g satisfies

(Vg x)g > 0 (1.1.4)



for all x € X;, where Vg is the Euclidean outward unit normal vector of X,.

In this work, we would like to show the longtime existence of the modified mean curvature
flow (MMCF) without the uniform local ball condition at the infinity of the initial hypersurface.
To this end, we consider the modified mean curvature flow starting from a locally Lipschitz
continuous radial graph Xy C H and show the longtime existence of the flow. More precisely,

Wwe prove

Theorem 1.1.5. If Fy : S". — H is a map such that Xy = F((S’} ) is a locally Lipschitz continuous
radial graph over S', then the Cauchy initial-boundary value problem for the modified mean
curvature flow (L.1.1]) has a solution F € C*(S"_ x (0,0)) ﬁCo’lxo’l/z(S’jr % [0,00)) and F(S",1)

loc

is a complete radial graph over S’} for any t > 0.

Here, F € C* (S x (0,%0)) means the components of F have continuous partial derivatives

of every order. F € ! x0,1/2

o (S% % [0,00)) means F is locally Lipschitz continuous in S’} x {¢}

for all # > 0 and locally Holder continuous with exponent 1 in {z} x [0,0) for all z € S’.

Remark 1.1.6. By the work of Guan, Spruck [GS00], Xiao and Lin, [LX12], given a Ccl! star-
shaped n — 1 dimensional closed submanifold at the infinity d.. H, we can find a suitable initial
hypersurface such that the modified mean curvature flow exists for all time and converges to
a hypersurface of constant mean curvature which has the given submanifold as the asymptotic
boundary. On the other hand, modified mean curvature flow, starting from a horosphere {x €
H | x"*! = ¢}, ¢ > 0 (whose infinity is degenerate, a point in d.. Hl), exists for all time but never
converges. Such an example shows convergence of the flow depends on the behavior of the

initial asymptotic boundary. We expect some intermediate geometric condition (i.e., if some
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degeneracy of the initial asymptotic boundary is allowed) that is weaker than the uniform local

ball condition in [LX12] will guarantee the convergence of the flow.

Remark 1.1.7. We shall digress in order to state the uniform local ball condition (ULBC). If

(x0)"*! =0, r > 0, an equidistant sphere is a cap

(&)
§5% = 9B, (w0 %e) AR™!

X0,

with hyperbolic CMC ¢ with respect to its outward pointing unit normal (as radial graphs), as
computed using Lemma where B, (xo + % e) is the ball of Euclidean radius r and center
xo+ % e. For any x € H, r(x) is the hyperbolic distance from x to the x" ! -axis. We define C¢ =
{x € H|cosh(r(x)) < 1}. If Fy : . — H is an immersion, £g = Fy(S'}), Q¢ = F, ' (CenXy),
X5 =Fo(Q¢) and I' = F(0€), then we say X satisfies the ULBC if there exist four numbers
R: > 0and & > 0 such that, for all € > 0, for all p € I, there are &/, € R"™! with (¢/.)"' =0
such that
TN Bs(p) NS, = {p}-

The ULBC is a geometric condition on the initial hypersurface which guarantees a uniform
gradient bound on the parabolic boundary of the flow. A complete hypersurface with the ULBC
resembles a CMC hypersurface near its asymptotic boundary. An example is found in Figure

From Lemma[A.1.3] each X satisfies the ULBC if it’s smooth enough.

The remainder of this work is organized as follows. In Section |2.1] we establish some
known results from differential geometry adapted to our setting. In Section we use the
evolution equation of the support function (vg,x)g (see Proposition and an appropriate
space-time cut-off function together with a conventional maximum principle argument to show

9



Figure 1.1: ULBC

a uniform interior gradient estimate for the modified mean curvature flow (see Theorem[2.2.13).
In Section [2.3] we show the interior estimates on all other higher order derivatives for the modi-
fied mean curvature flow (see Theorem [2.3.5)and Theorem 2.3.7). We prove the main Theorem

[T.1.5]in Section 2.4} Most of this work can be found in [ALZ20].
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Chapter 2

Evolution Equations and Interior Estimates

2.1 Some differential geometry

R"! denotes an n + 1 dimensional real inner product space with a fixed orthonormal
basis ey, ...,e,+1, unconventionally called Euclidean space. S" denotes the n-sphere equipped
with the pullback metric from its embedding in R"!, sometimes called the round sphere. The
super or subscripts E,H,S are used on operators to distinguish between their definitions in
Euclidean, hyperbolic, or spherical space, respectively. For example, (,) is the inner product
on R, V# denotes the Levi-Civita connection on H, and so on. Operators without subscripts
or superscripts are operators on a hypersurface of H. Greek indices will range from 1 to n+ 1,
while Latin indices will range from 1 to n.

We use the upper-half plane model of H. We denote e, by e, and, for any x € R"*!,
n+1

X = (x,e)g, |x|g = \/(x,x)g. H is identified with (R, ds%), where R%™! = {x € R"™! |

¥t > 0} is the upper-half plane of Euclidean space, and ds?, is the standard hyperbolic metric

11



on the upper-half plane. That is, for any vector fields u, v defined locally on RT], for any x in

the intersection of their domains,

(u,v)E(x)

ds? (u,v)(x) = oy
ds? (u,v) is also denoted by (u,v)g.

0. H is identified with 9R"! U{eo}, which is homeomorphic to S, where dR". denotes
the topological boundary of R%!, {x € R"*! | ¥**! = 0}. We denote the upper unit hemisphere,

S"NRE, by S” so that 9S". € {x € R | x**1 =0}.

The ambient Riemann curvature tensor with respect to the hyperbolic metric used here is
(RT)(X,Y)Z =VIV{Z-VIVIZ+ V2.

We define (R7)qpy5 = ((RM)(eq,ep)ey, es)n, the components of the hyperbolic Riemann

curvature tensor, and
(Ric" oy = (dsiy) (R o, (2.1.1)
the components of the hyperbolic Ricci tensor, where (ds?)* is the inverse of ds?.

Since the upper-half space model of hyperbolic space H and Rf’ﬁl are conformal, we have

Proposition 2.1.2. For any two vector fields X,Y on H,
1
vy =vEy + W((x,wge —(X,e)pY — (Y,e)pX).

For a class 2 hypersurface X C H, for any p € £, we let {v;}" | be a basis of T),X, denote

the induced metric on X by
8ij = (V- Vj)u,

12



and let vy be an unit normal vector of 7,X with respect to ds?. We denote the second funda-
mental form on X by

ajj = (Vf,{vj,va,
so that the mean curvature of ¥ with respect to the hyperbolic metric is
H = g'aj,
where g/ is the inverse of g; ;. With this we have

Lemma 2.1.3.

K;LI :anrlKiE +Vn+l’

where ki and % are hyperbolic and Euclidean principle curvatures of ¥, respectively, and
vt = (vp e)g. Therefore,

Proof. Note that the hyperbolic principle curvatures k/’s are the roots of

ajj vl 8ij
det (aij_KHgij) = det jrIE (xn+1)2gij_KH<xn+1)2

= (") " det <a,E, _ LV”H >
L] )

E
il i

so that the proposition follows from

i :anrl( i _VHH)'

13



We note that the Riemann curvature tensor is

(RH)OCBYS = <(RH)(e(hel3)eY7e5>H = 50(65[37 - 800{8[38 ,

since H has constant sectional curvature —1. In particular, VR = 0. Also, the Gauss equation
in this setting reads as

. _ H
Gauss: Rijkl = Qjkaj] — a;dk + (R )ijkla

where the index 0 denotes the vy direction. We note also that we have the interchange of two

covariant derivatives on a two tensor:
ViViay = ViV ja + ainR i " + amR "

where R, jk’” = gmlR,- ki Using these equations one can derive the following well-known Si-

mons’ identity.

Lemma 2.1.4. On a class 2 hypersurface ¥ C H, we have

(1) (Simons’ identity)
Aa,-j = ViVjH—i-HamiaT — |A‘2a,‘j — ha;; +H5ij,

where A is the Laplacian for tensors on X, V the covariant derivative on X, and A = (a;;) the
second fundamental form on X, all with respect to the induced hyperbolic metric.

(i) AJA|*> =2dV,V;H +2HTr(A%) —2|A|* — 2n|A|> + 2H? +2|VA[%.

Proof. We include a proof for the sake of completeness; we refer to [Hui86] for general ambient

14



manifolds. Fix a point on X. In normal coordinates, for (i), we have

Aajj = ViViaij = ViVia
= VViaji+ aﬂRkikl + ak[Rkijl
= ViV,H +d(awai — aai+ (R i) + aw(arjai — apaij + (RM);)
= V,V,H+ Haila(/ + a1 (8a8i — 8udit) — |A|Paij + a (8 8ij — 8 k8

= V,-VjH—l—Hal-la5- — |A‘2Clij —na;j -I-HSU.
For (ii), we have

A|A)? = 24" Aa;j +2|VA|?

= 2a"V;V;H +2HTr(A%) - 2|A|* — 2n|A|* + 2H* +-2|VA|*. O

2.2 Interior gradient estimates

Proposition 2.2.1. For a function f: X, — R, where X, moves by (I.1.T)), we have

+ X" (= 2)(VEf,e)p +2(VE V) (VE,€)r — 6(VE f,vE)E),

where A is the Laplace-Beltrami operator on X, % = F,(d/dt) = (H —G)vy, Ag is the standard

Euclidean Laplacian, and V£ f is the Euclidean gradient of f.

15



Proof. We first note

Vf = VHf— <VHf,VH>HVH,
div = divy —(VE - vy,

VHf — (x"—H)zVEf,

(~,e>E.

leH = leE — xn+1

Along with Proposition [2.1.2] these give

Af =divVf
=divy (V= (V¥ £ vu)avi) — (VG (V f = (V¥ f.va)ave) va)n
=divy V¥ f = (V£ ve)m dive vie —vi (VP f,Va)n

(Ve V2 £ VeV e +Vi (VI f Vi) u
=divy V¥ f — (VI VI £ ve) g + H(VY fvg)u
=divg (W2 VEL) — (n+ )" TH(VEF e)r
— (Ve ((2VE ), Ve e =X (v, VE e (Ve e)k
+ 2 (v, ) g (VE £ V) e + X" (VE fLe)p + H(VE f,vi)
=(x" )2 divg VE £ 420" TH(VEfe)p — (n+ 1Dx" T (VEf e)g
— (Y VEF Ve E = 2T (Ve @) (VE £, vie)E
+ X UVEf o) + H(VE f,vm) e
=2 (Apf — (Ve VEfve)e) =X (n=2)(VE £ e)e
—2(ve, € (VEf,VE)E) + H(VE f,Vu)E.

16



Combining this with

d

5 f = H=0)\uf =H(VEf,vu)r —x"6(VEfvE)p

gives the desired result. 0
We note that there is a C?-estimate that comes for free.

Remark 2.2.2. Notice |x|g is bounded above on any compact region of X, by the same constant,
for all time. To see this, there exist, for any r > 0, caps {(x,...,x" 1) € H: (x1)> +--- (x,)* +
(x**! +or/n)* = r*}, with constant hyperbolic mean curvature 6. These caps have bounded
|x|g. The result follows from a comparison principle for MMCEF, found in Lemma That
is, two initially disjoint hypersurfaces moving by MMCEF in hyperbolic space remain disjoint as

long as the flow exists.

The MMCF (I.1.1) for complete radial graphs is a (degenerate) quasi-linear parabolic
PDE, see (I.1.3). We would like to use the conventional maximum principle techniques to
obtain interior estimates. Similar interior estimates were obtained in [LX12, Section 9] using
the same techniques. However, the estimate there is not uniform in € and therefore it is not
sufficient in our current case. In order to overcome the degeneracy at infinity of the PDE and
achieve the uniform interior estimate, we first need to find an appropriate space-time cut-off
function. To do so, we let r(x) be the hyperbolic distance from a point x € H to the x"*!-axis.

Then

x|

coshr = g

where |x|g = /(x,x)g, see e.g. [BP92| Cor. A.5.8.]. In the following, we let z = ﬁ
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Proposition 2.2.3.

d 1
<8t —A) coshr = coshr(l — (Vg,2)2) — (n—0(vg,e)g) coshr — 6(Vg,Z)E.

Proof. We notice

VEE =2,
VE VE[xp = V52 = veldg x5 Ve = —lalg ! (2,ve)p2-+ el Ve,
Aplx|g = divpz = —|x|g" + x|z  (n+1) = n|x|5".

Moreover, we have

VE ()=l = () 2e,
V\E,EVE(xn+1)_1 _ 2(xn+l)—3<e’VE>Ee’
Ap(x )71 = 2(x+1) 3,
VEcoshr = (1) 1z — () 2fxze = (1) 'z— (1) (coshr)e,

xX""1VE coshr = z— (coshr)e,
and
VfE VE coshr
=VE (@) lz— (1) (coshr)e)

= = (v e)pz+ () T (= lalp 2, vE) sz + x|g ' VE) + (1) T (ve, €)p (coshr)e

_ (xn-i-l)—l <(xn+1)—1z _ (xn+1)—1 (coshr)e,VE>E

= ("2 ( —{(e,Vg)pz — %(Z,W)EZ—F

Vg —(Z,V 2cosh Y% .
oshr coshr © (2, ve)pe+2coshrie, E>Ee>

18



Now, since (z,€)g = —.—, we have

Agcoshr =Ag (X" 1)~ x|g

:2<VE(xn+l)717VE|x’E>E + (xn+l)71AE‘x|E + ‘X‘EAE(anrl)fl

=2 <(n—2) +200shr> :

cosnr

Therefore, we finally arrive at

<aat - A) coshr = — (x"*1)*(Ag coshr — (V5 VE coshr,ve)g)

+ X" [(n—2)(VE coshr,e)r +2(VE coshr,ve) g (e, Vi) g

—o(VEcoshr,vi)g]

1
coshr

1
=(2—n)(z,e)g —2coshr— W(z,mé +
— 2<Z,VE>E<C,VE>E + ZCOShI”<e,VE>]25

+ (n—2)(z,e)g — (n—2)coshr+2(z,ve)g(e,VE)E

—2coshr(e,vg)2 —6(z,Vg)E +Gcoshrie, ve)g

= coshr(l — <VE,Z>%;> —(n—o{e,vg)g)coshr —o(z,Vg)g.

Now, for any R > 0, we define a space-time cut-off function (c.f. [Unt03[])

1 = coshR — (") (coshrqL 6) )
n+o

19



Then, for 6 > 0 we have

0 Jd
=z _ _ (nto) z
<8t A)n— e <<n+G)COShr+G+<8t A) coshr>

1
= —elnto) [(Hc) coshr+o+——(1 - (Vg,2)2)

— (n—o({e,vg)g)coshr— G(z,VE>E}

1
_ (nt+o) | 1 2 -
e I:COShI‘(] <VE7Z>E)+G(1 <Z,VE>E

+coshr(1+ (e,vE>E))] <0.

Remark 2.2.4. We will only deal with the case of ¢ > 0. The case of 6 < 0 can be handled

using the hyperbolic isometric reflection x* = 5 with respect to ", c.f. Lemma .

x[%
Remark 2.2.5. We notice that

z—VSy 1 1

VE = W and (Vg,z)p = e (Ve X)p = W
Therefore, in order to obtain the interior gradient estimate on |V5v/|, it’s enough to obtain a pos-
itive lower bound on (vg,z),, which is (almost) equivalent to (Vg,x); = x"*! (vy,x),, thanks
to the C%-estimate on |x|g using appropriate barriers (see Remark ). Thus, in what fol-
lows, we will first look at the evolution equation of (vy,x), and finally arrive at the evolution
equation of (Vg,x)y (see Proposition ). Then the cut-off function and maximum principle

techniques apply conventionally.

From here on we suppose the v;’s are in fact a normal coordinate basis of 7,X; with respect
to the hyperbolic metric. We may extend the vector fields v; and vy on X, to a neighborhood
of H by requiring that v; is constant along the integral curves of x, so that [v;,x] = [vg,x] =0,
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where, e.g., [v;,x] is the Lie bracket of v; and x, c.f. [Bar84]. We note that the Codazzi equation

becomes, since H has constant sectional curvature,
aij k = ik, j- (2.2.6)
Proposition 2.2.7. For radial graphs moving by MMCEF,

(aat _A) Vi X0 = (AP =) (Vi ),

where |A|2 =gl gklaika ji is the norm squared of the second fundamental form on %,.

Proof. We have, using [v;,x] = 0, (2.1.1), and Codazzi equation (2.2.6), and summing over

repeated indices,

AV, x) g =Vivi{Vy,X) g = V[<V{,{_VH,X>H +V,-<VH,V€fx)H
= _ (Vaa,-jvj,x)H — A2 (v, x) g — 2<a,-jvj,V€{x>H
+ (Vi R (6, vi)Vidm + (v, Vi Vvidm
= —v;(H)(vj,.x) g+ (RT) (x,vi)vi, Vi) — AP (Ve X)m + aijxg + xaii
= — (VH,x)y —Ric" (v, Vi) (Vi x) i — |AI* (Ve X) g + x(H)

=(n—|AP) (v, x)n — (VH ,.x)ys +x(H) .

Notice VZ vy is tangential, and [%, v;] = 0 from the naturality of the Lie bracket. So,
o

)
<V§VH,V,'>H = —<VH,V{,{§>H = —V,'(H—G) — (H—G) <VH,V€{VH>H = —v;H,
which implies

VAvy = —VH.

or
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Also,

1
<VH,V\I;IHX>H = <VE,V€EX+ W(<VE,X>EC— <VE,C>EX— <x,e>EvE>E =0

; E , _ — ,ntl
since Vy x = v and (x,e)r = x""'. Hence,

d
g<VH,x>H = <V§VH,X>H +(H—0)(vy,V x)u

= — <VH, X>H .
Finally, notice that x(H) = 0 since x is a Killing vector field in H, c.f. [HLZ16, Appendix]. [

Proposition 2.2.8. For radial graphs moving by MMCEF,

(aat _A> (VE,X)E = (|A|2 —0(Vg,e)g)(VE,X)E _2<V<VE7X>E,XnHe>H. (2.2.9)

Remark 2.2.10. In the case of MCF, i.e., 6 = 0, equation (2.2.9) and the maximum principle
yield immediately a global gradient bound for the approximate MCF (starting from the compact
hypersurface Xf), which ensures the global existence of the approximate MCF, see [Unt03]]. On
the other hand, in the case ¢ # 0, the maximum principle is not applicable directly, but thanks
to the existence result from [LX12] for the approximate MMCF we are able to get around with

this, see Section |2.4
Proof. We have, using VX! = VA1 (VHY+ vy pvy = (1) % (e — (Vg,e)gVE), that

V2 = (21— (ve,e)f).
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Hence, using Proposition [2.2.1} we have

<§t —A) (Ve x)E = (gt —A> (¢ (Vi)
(5 e+ (vl (5 -) 2
=2V Vg, ) m)m
= (A = n)(ve, )& + (Ve,x)E(n — 2+ 2(vE, &) — (Vi €)x)
-2 <Vx"+1,x:+1V<VE,x>E>H -2 <Vx"+1, <vE,x>EVxn1+1>H
= (|A]> =2+2(ve,e); — 6(VE,€)E) (Ve X)E
—2(X" e, V(VE,X)E) , +2(VE,x)E(1 — (Vi €)F)

= (|A|2 —G(VE,6>E)<VE,X>E —2<V<VE,x)E,x"He>H. L]

Now, in order to obtain the interior estimate using maximum principle techniques, we

multiply (Vg,x)z' by the space-time cut-off function and let

3
E=n’(vg,x);! = <coshR—e<"+°>f <coshr+ niﬁ)) (v, x) 5t (2.2.11)

Proposition 2.2.12. For radial graphs moving by MMCF with ¢ € [0,n),

<;—A)§§ (n+2)E.
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Proof. This is a straight-forward calculation.

(5-8)8=temi! (5 -a)w e (5 -a) (! =29 Vivez ),
= (ve ! (58 )= onive.ag! [Vl — vl (51 ) (e
=20 (v, ) 2 [V (Vi ) |y + 607 (Ve ) 27 (VN VAVE, X)E) g
<=1 (ve,x) g7 (AP — o(Ve,€)p) (VE,x)E — 2(V (Vg x)p, X" e)n)
— RV ve s
< (ve,x)p! ((Ve,e)eo— A +2) < (n+2)E,
where we have used
2 (Ve x) g2 (V{Ve,x)p,x" e}y < %n3<vE,x>,§3|V<vE,x>E\§,+2n3<vE,x)gl,

and
- - 3 -
6N’ (ve,x)* (VI Vv, X))y < 6NV X) g VI + 5 (Ve x) 2 IV Ve, Xl
from Young’s inequality. O

The following theorem is the main technical interior gradient estimate.

Theorem 2.2.13. For any R > cosh™' (-%-¢("*%)7) and 6 € (me(”ww, 1) such that

{x € X, | r <R} is a compact radial graph for all 7 € [0, 7], we have

sup (g, z)5! < eMDTHoe(1_0)3  sup  (vg,2);!,
{xeX,[eln+o) (coshr+ ;95 )<Beosh R} {x€Xo|r<R}

where vose = max; (o, 7] Max e, [r<g) vV — Mil;c[o,7) MiN{ ey, <R} V 18 the oscillation of the radial
height of x (see (L.I.2) in Usepor{x € X, | r < R}.
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Proof. The previous proposition and Hamilton’s trick imply, for almost all 7 € (0,7),

d
— sup E<(n+2) sup G,
dt (rey,r<r} {xex,|r<R}

so we may integrate from O to T to obtain

sup P (v,x)p' <" sup P (vp,x)g
{x€Xr|r<R} {x€Xo|r<R}

Now notice e"mn < |x|g implies

1+2)T —Vpmin sup n3<VE;Z>El > e(n+2)T sup 113<VE7X>El-

{xeXo|r<R} {xeXo|r<R}

e(

Similarly, e"m> > |x|g implies

~ Vmax 3 -1 3 1
e sup M <VE7Z>E < sup M <VE7X>E :
{x€Zr|r<R} {x€Xr|r<R}

These two inequalities imply then

sup n3<VEaZ>El < e(n+2)T+vmax7vmin sup n3 <VE7Z>El~

{xeXr|r<R} {xeXo|r<R}
We also have
3 -1 3 -1
sup N {ve,z)p < sup N(Ve,Z)p
{x€Xr e+ (coshr+ ;%5 )<BcoshR} {x€Xr|r<R}

and 1° > (1 —0)3cosh®R in {x € I, | e (coshr+ irs) < @coshR} since OcoshR+1 >

coshR there. We also have n° < cosh® R everywhere. These facts, along with replacing T’ with

any t € [0,7T), imply the result.

The above theorem allows us to prove Theorem [I.1.5] We stress it provides an interior

bound, making no assumptions on the asymptotic boundary of the initial surface.
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2.3 Interior estimates on higher order derivatives

In order to obtain the estimates on higher order derivatives, we also need the evolution

equation for the second fundamental form.

Lemma 2.3.1. On X, C H, we have

d
(i) 5% = ViViH - (H —o)dfaj+ (H—6)(RM)ioj0,

(i) 2P = 24V, H 1 2(H - 0)Tr(A%) - 2H(H o).

(iif) <aaz —A) A7 = 2|A[* +2n]A|? —2|VA|] —4H? +26(H — Tr(A%)) .

Proof. (i) Note that Vﬁ{ V; = a;jVg, we compute

HxH
5o 4ij = (VaﬁvviVj,VHﬂ[
it

ot
= (V98 2 v+ (R 302 200,V )
= (V{VI((H = 0)Vu),Va)u + (H — 6) (RM)iojo
= (Vi (VY Hvp) —VI(H - 0)d'vi), Vi) + (H = 0) (R )iojo

= V,-V.,'H — (H — G)afajk + (H — G) (RH)I'()j() .
(ii) Notice 2 ¢/ = 2(H — 6)g*g/ ay, so that

9 3 (
ng =5 (g Jgklaikajl)
—4(H — o) layd +2a" (ViVH — (H — 6)and; + (H — 6)(R" )0

=24"V,V;H +2(H — 0)Tr(A*) —2H(H — ).

(iii)) Combining (ii) with Simons’ identity. O
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2.3.1 Estimates on the second derivatives

Now let u = <VE,X>EI and define

where

-1
k=2 sup sup u? .
1€[0,T] {x€X;|r<R}

Let ¢’ denote differentiation of @ with respect to «*. From Remark [2.2.2} we know that
)
co<|xlg"<o

for some constant ¢y depending on Xy.

Combining Proposition [2.2.8] with (iii) of Lemma[2.3.T we obtain:
Lemma 2.3.2. On {x € %;|r < R} and X, moves by MMCF, we have
0 c(n,c
(5-) (MPe) <KAo+ () g 7o P
-1 2 2
—¢ (Ve, V(A" 0))n +07¢.
Proof. We have
d
= —A) (|A]?
(5-4) (o)
—o( 2 a) AP +1AP (2 ~a) o -2VIAP. Vel
ot ot ’

=I1+114111.
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By (iii) of Lemma|2.3.1} we have

1= ¢ (2|A|* +2n|A]> —2|VA]* — 4H> +20(H — Tr(A%)))
1 |AP
< <2]A|4 +2n|AP> —2|VA|? —4H? 4+ 6 <H2cz +—+ A +cy |A|4>>
2
4 ° 2 2, O
<gC+ao)al+o (20 2 )P -209aR + S
1 2
where we used Young’s inequality and the fact that |Tr(A%)| < |A|>. We also chose constants
c1,c3 such that ¢16 < ¢cgk and ¢,6 < 4, where ¢g < .
For the second term II, by Proposition [2.2.8| we have
2 _ /.3 3 / 2 /"2 2
5 —A)o=-20¢u py —A ) (Ve,x)g — 6" |Vul|” —4¢" u”|Vu|
= 29w’ (|A* —o(ve,e)r) —4¢ u(Vu,x" e}y — (6+8ke) ¢'[Vul®
since ¢ u? = 2k@q'.

Therefore, using Young’s inequality again we get
4
W< =22 @' |A[ — (6+ 8k @) @' |A]*|Vu* + k@@ [A|Vul + — |A p-+4n|A" g,
co

since 6 < 1,0’ u?> <2¢ and % >1.
For the third term III, we compute:
M= - (Vo,V(AP 9)) +¢ ' |AP[Ve* — (VIA”,Vo)u

=~ ¢ Vo, V(AP @) +497 (¢'u)*AP[Vul* — 46 ulA|(VIA], Vi)

IN

— 0 (VQ,V(IAP@))r + 697 (¢'u)*|AP|Vul* +2|V|A| g .
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From Kato’s inequality, |V|A||> < |[VA|?, so that

4
I+II4+1II < ((p(2+c10) — 2u2(p’)|A\4 + <6l’l+ ° + ) ’A|2(P+E(p
c1 cok (&)

+(697(¢'u)? = (6+ k) @)|AP|Vul* — ™ (Vo, V(AP 9))r -
Note that since ¢;6 < cok and @ —u? ¢’ = —k@?, we have @(2 +¢16) — 2u?> @' < —k@*. More-

OVer,

69 (¢ u)> —(6+7k0) ¢ = —koq'.

Now let ¢; = “% and ¢; = 1, then 6n+ %—l—cgik < C("If") and on {x € &;|r <R} N{|A]> > 1},

we have
c(n,c _
e < KAl e+ (C50) kg 9 ) AP oo (Vo V(AR g + oo
This proves the lemma. O

Now we are ready to show the interior estimates on the second fundamental form |A| (i.e.,
|V2v]). For simplicity, let

g=1Alg.

Then the previous lemma says

p) , -
<8t_A)g§ —kg* + <c(nkC°)—k<p’IVulz>g—<p "V, Ve +0°¢.

Now let

N = (coshR — coshr)?
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be the spacial cut-off function, and let ' denote the differentiation with respect to cosh r. Then,

from Proposition[2.2.3] we have

d 1
<8t —A) (—coshr) = — [coshr(l — (vg,2)2) — (n—6(vg,e)g)coshr — (v, z)E
<(6+n)coshr+o.
So that
d d )
3 — A | =2(coshR —coshr) o —A | (—coshr) —2|Vcoshr|

<2(6+n)cosh? R+ 26 coshR — 2|V cosh r|?

<2(26 +n)cosh’> R —2|Vcoshr|?,

if 6 < coshR, namely, R is sufficiently large, e.g., coshR > n.

Therefore, we compute:

0 c(n,c _
<at—A> (gn) < {—kngr( ( ; ) —kcp’IVulz)g—cp "V, Ve)u+c o[ n

d
+g (at —A> n—2(Vg,Vn)

c(n,c _ "2
< gm0 ) n g (Ve ey + L oo

+oion+g (: —A> n—2n""(V(gn),Vn) +2n"'g[Vn|?

c(n,c . -
(kO)> gn— (9 Vo+2n"'Vn, V(gn))n

< —kg’n+ (
+o’on+g (2(26+n) cosh’R — Z\Vcoshr\z) + g|Vcoshr|? <k42 + 8)
u
< —kg’n+ (C(nkc‘))> gn— (o~ Vo+2n~'Vn, V(gn))u (2.3.3)

2
+30ng (1 + ’xllE> cosh’R+c? o,
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where we used Young’s inequality and the facts that ! Vo = 2¢@u>Vu and ¢’ = ¢*>u~* and
N VN> =n 1 m'?|Vcoshr|> = 4|V coshr|> < 4(1 + coshr)?. Therefore, we have

0 c(n,c _ _
<az —A) (gnt) < —kg*ne + <(k°)t+ 1) gn— (o' Vo+2n7'Vn, V(gnt))u

1
+30ng (1 + Ck) (cosh’R)t 4> ot (2.3.4)
0

Now at a point (xo,Z) where supy 71 SUp,cy, <z} (gNf) # 0 is attained for 7o > 0, we have

1
kgznto < <C(nl’:0)to + 1> gn +30ng <1 + ck) (costh)to +0° oo,
0

which implies (dividing by kg = k|A|? @ on both sides) at (xo,#) we have

g(xo,t0)N(x0,%0)t0

1 (c(n,co) 5, 30m 1 ) c
<- fo+1 h"R+ — |1+ — h”R)t
_k< . fot >cos +— +cok (cos )O+k\A|2

2

(cosh®R)1g
2

|A|2 (x0,0)

o

(n,co)

Sk2

30
(1+T)cosh®R+ (1 T+

hZR.
X > COS

Note that for any (x,7) € {x € X;|coshr < 8coshR} x [0,7] we have
gx,om(x,0)t < g(x0,00)N(x0,%0)20 and 1 > (1—6)?cosh’R.

If |A|?(xo,0) < 1, then

1

colA[*(x,T) < fnfl(xvT)(P(Xo,l‘o)ﬂ(xo,lo)fo

<4(1-0)% sup sup u’
t€[0,T] {x€X,|r<R}

(o]

<—(1-0)2sup sup ut,
€0 1€[0,T] {xeX, |r<R}
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where we used co < @ < 2u? and 1 < 2cosh® R . Otherwise, if |A|?(xo,%) > 1 then we have

colA[*(x,T) < g(x,T) < {C('ZZCO) <1+;> +% <1+;+02>] (1—6)72

1
< c¢(nycp) (1 + > (1-6)"2 sup sup u*.
T 1€[0,T] {x€X, |r<R}

Since T > 0 was arbitrary, we have just proved

Theorem 2.3.5. For all ¢ € [0,7], any R > cosh™!(n) and any 6 € (0,1) we have

1
sup |A|? < ¢(n, o) (1 + > (1—0)2 sup sup u*.
{x€X,| coshr<@coshR} ! s€[0.4] {xeX,|r<R}

2.3.2 Estimates on all the higher order derivatives

The estimates on all the higher order derivatives can be obtained analogously by looking
at the evolution equations of the higher derivatives of the second fundamental form. We recall,

for example, [EH91al] and [[UntO3]]. For this, we have

Lemma 2.3.6. For hypersurfaces X; moving by MMCEF in H which can be written locally as

radial graphs, we have
@)
9 m i j k i j
——A)V"A= Y VAxVIAxVA+c ) VAxV/A
ar w3 y
jtk=m i+j=m

+ Y VAxV/R? 465 V"RY.
i+j=m

where S* T is a tensor formed by contraction of tensors S and 7" by the metric g on ¥, or its

inverse ;
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(i1)

p) . .
( —A> [VMA]2 < 2|V AP ¢ ( Y [V'A||V/A||[VFA|IV"A|

ot i+ jtk=m

+o ) |V"A||VJ'A||V'"A|+|va|2+o|V'"A2).
i+j=m

Theorem 2.3.7. For all € [0,T], any R > cosh™!(n) and any 6 € (0,1) we have

1 1 m+1
sup IV"A* <c|n,co, sup  sup u <1—|—> (1—-0)2 (H—) .
{x€%,|coshr<BcoshR} s€[0,1] {x€X,|r<R} t t

Proof. Similar to the proof of Theorem[2.3.5] c.f. [EH91a, Theorem 3.4]. O

2.4 Proof of Theorem [1.1.5

Our goal in this section is to prove the main Theorem|[I.1.5] We restate it for convenience.
Theorem 1.1.5. If F : S", — H is a map such that Xy = Fo (S} ) is a locally Lipschitz con-
tinuous radial graph over S, then the Cauchy initial-boundary value problem for the modified

- oo 0,1x0,1/2
mean curvature flow (I.I.1) has a solution F € C*(S". x (0,%0)) N C,;,. " /

loc

(S % [0,e0)) and

F(S.,1) is a complete radial graph over S’ for any t > 0.

Proof. First we assume Xg (or equivalently vg) is smooth. For any € > 0, we define the solid

cylinder

and let X§ =Xy NCe and Q¢ =F 1(£9NCe). Then Q is compact and ' = Fy(0) is a smooth

radial graph over 0Qe.

33



From the existence result in [LX12] for the approximate MMCEF, and from Lemma (A.1.3)),

we know that the initial-boundary value problem

;‘F(Z’t)_(H_G)VH’ (Z,[)GQSX(O,W),

F(z,0) =Fo(z), z€Qq, (24.1)

F(aQE,I):FE, IE[O,W)

has a unique radial graph solution F¢(z) = F&(z,t) € C*(Q¢ x (0,00)) NC*1*%2(Q¢ x (0,00)) N
C%(Qe¢ x [0,%0)), and we denote Xf = F&(Qg,1).
Now, for every € € (0, 1), we let v¥(z,7) be the solution to (2.4.1) (c.f. (I1.1.3)), namely,

0V (z,t oV
ét’):yz U —ye- VI oyt (2,1) € Qe x (0,%9),

¥(2,0) = vo(z), 7€ Qe (24.2)

V¥(z,1) = 05(z), (z,) € 3Qe x [0,00).

\

For a fixed &y > 0 sufficiently small, we let

1
Bes, = En {xeH ) scon () | -2,

where r(x) is the hyperbolic distance from x € H to the x*"!-axis and coshr(x) = )lcfflfl . Then

E, ¢ 5, is a compact radial graph and we have Ey¢ 5, = Eo 5,5, for all € < 8g. By compactness,
there exist caps 51,5, with constant mean curvature ¢ such that the Euclidean norms satisfy
' (EX) <lxife < |F§(2)] < Jwale < c(EX) forallx; € S, i = 1,2, any z € (F§) ' (Ege,)> and

any € < §p. This implies, by the comparison principle for MMCEF, that for all € < §y we have

sup sup Ve (z,1)| < co | n,d, sup lvo(z)]
1€(0,00) 2€(F§) ! (Eye.5,) 2€F; " (Eo5.5,)
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For 6 € (0,1), let

o 0
Gie 5,0 = {x €E ;5 | enro (coshr(x) + ) < 8} .
Y " 0
We note that by Theorem [2.2.13] for all € < §) and any T > 0 we have
sup sup [VSVE(z,1)| < " 2T0c) [ n,80,c0,  sup  |[Vivp(2)]

t€[0,To] ze (F§)~! (Gf-svﬁo‘%) zeFy! (Eo.5.30)

Forep > 0and 6 € (0,1), we let

0
K‘,E,So,e = {-x S E[7g780 | COSh}’(X) < } .

%
We choose &) > 0 sufficiently small such that 5(1)% — nfzc >2,and let Ty = —2(n1+ 5 log &y and
-1
€ = <6‘1/2 — n+°0> . Then, for our choices of &, Ty, €y we know that for any € < &y,
0
G707€750-,% = KToﬁ-ﬁo-é )

Hence, for all € < 9, we have

sup sup [VSVE(z,0)] < "2 T0¢) [ n,80,c0,  sup  |[Vivp(2)]
rE0To) e (F) (K, 1) 2€F; ! (Eo505,)

Therefore, by Theorem , for any integer m > 2 and any € < §,, we have

sup sup \(Vs)mve(z,tﬂ < cm(n,8,c1).

1€[0,Tp] ze (F§) ! (Kt.E_SO‘%)

Hence, for such fixed 8y > 0, by the Arzela-Ascoli Theorem, there exists some sequence
{€i0}3, such that €; o — 0 as i — oo and such that v converges in C*(Qx, x [0, 7p]) to some
Vel e C=(Qye, X [0, To]) as i — o which solves (2.4.2). Now we fix a descending sequence of

positive real numbers {8 };>_, such that §; — 0 as k — co. Then define Tj = —

2(n1+ ) log &, and

1 _ 1 o
5_51'(/2 wro- Then Ty — oo and & — 0 as k — co.
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For non-negative integers k, there is a function vé&Tx € C=(Qy¢, x [0,7}]) satisfying the

conditions of (2.4.2) such that v® is the uniform limit of some sequence {v%#}% | and

Ve &, 11

Tk _
| 0o, x [0, =V

for all non-negative integers / < k. We can prove this by induction. The base case kK =0 was done
above. Our interior estimates imply we have uniform bounds of v* and its derivatives on Qo , X
[0,T}+1] for € < &;41. So, again by the Arzela-Ascoli Theorem, there exists a subsequence
{veikei}e | of {vik} | such that v¥ik+1 converges in C=(Qae,., X [0, Tit1]) to some v+ Tiet €

C*(Qog,,, X [0,Tiy1]) as i — oo. Since Qog, X [0,T;] C Qo ¥ [0,Ti41] and {yF#+1} s a

> &k, Tk
i=1 .

subsequence of {V&i*}* . we must have v&+1- T+ | Qo (0,1 =V

If (z,¢) € S’} x [0,00), then there exists some non-negative integer k such that (z,7) €
Qo¢, % [0, T;]. We define v(z,t) = v¥Tk(z,¢). Then our construction of the sequence v¢+’t shows
v is well-defined. Moreover, if we define F(z,1) = ")z on S". x [0,c0), then F € C*(S"L x
[0,0)) solves up to a reparameterization of S; which leaves ¥ fixed by Lemma (A.2.2).

Now if ¥y is merely locally Lipschitz continuous, then for any fixed compact subset
Q C §', we can approximate vy by smooth functions vj with the same Lipschitz bound as the
Lipschitz bound of vy on Q. By the above arguments, for every s, there is a smooth one parame-
ter family of functions v} solving (2.4.2) with initial data v{j. Now our interior estimates imply v}
and all its derivatives are uniformly bounded in any compact set K C , which again implies the
existence of a uniform limit v € C*(K x (0,T]) NC%'*%1/2(K x [0, T]). Since Q and T are arbi-
trary, this establishes the existence of a function v € C*(S". x (0,c0)) N0 Z(Si X [0,0))

loc

which solves (T.1.3). 0
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Appendix A

Some Auxiliary Facts

A.1 Some hyperbolic geometry

Lemma A.1.1. a reasonable choice of 6. For any embedded I" C d.. H, there does not exist

any immersed class 2 hypersurface X C H with d..X =T" and with CMC o, |c| > n.

Proof. This follows directly from the comparison principle in [GT01, Theorem 10.1]. We sup-
pose X has [CMC| > n. We fix a horosphere, S, such that there is some open U C H with
SNENU = {p} for some p € H. We know |H(S)| = n. There exists a cap, S, such that H(S") is
close to H(S), |[H(S')| < n, and such that there is some open U’ C H with S "ENU’ = {p}. We
can locally write X and S’ as graphs of real-valued functions, f, fs, respectively, over the same
hyperplane around p. Then |H(fs)| > |H(fs)| implies | fx| < | fy| everywhere by comparison.

However, fx(p) = fy(p). Hence, 6 = |H(fx)| < |H(fs)| < n.

Lemma A.1.2. balls are open in nontangential spheres.
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Figure A.1: H(S) =—1,H(S') = —-0.6, X =S,

If B,(a), Bs(b) C R" are open balls, p € 0B,(a) N0B(b) and T,0B,(a) + T,0Bs(b) = R", then

B,(a) NdBs(b) is open and nonempty in 0B,(D).

Proof. If u=a— p, weletv = proj, s 5 (u) —a and w = u+v. Then [v| = kr for some k < 1,
w € T,0B;(b) and w # 0. Hence, there exists a nonconstant y: [0, 1] — 0B,(b) such that y(0) = p
and ¥ (0) = w. Locally (for small enough t), y(t) = p +tw + o(t*)y for some y € R". Then, for
some fixed ¢ > 0,

() —a| <r(1— (1 —k)t+c/rt*) <r
for small enough ¢ > 0. ]

Lemma A.1.3. local equidistant sphere condition. For any immersed C'*! hypersurface ¥ C
H, for every point p € X, there exists a hypersurface S C H and an open set U C H such that

Se has CMC 6 and £NSeNU = {p}.
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Proof. For aC"! hypersurface ¥ immersed in the upper-half space Rf’ﬁl, for every point p € X,
by the smoothness of X, there exists a ball B.(a) interior to X such that p € dB,(a) by [Bar09,
Theorem 1.0.9]. Then there exist ' € R" and R > 0 such that p € dBg((d’, —6R)) N 9B, (a) and
T,0Bg((d',—0R)) and T,0B,(a) are not tangential (we make sure p —a and p — (a’, —OR) are
not scalar multiples of each other). Then Ss = dBg((¢’,—6R)) N B,(a) is interior to X, Sg is
nonempty and open in 0Bg((d’, —6R)) by LemmalA.1.2] and so has constant hyperbolic mean
curvature ¢ with respect to its outward unit normal. The same can be done with exterior spheres

by considering dBg((a’,6R)). We refer to Figure O

A.2 Radial graphs

Lemma A.2.1. a characterization of radial graphs. If S C RTI is C', open and bounded,
then S is star-shaped with respect to the origin if and only if (vg,x)g > 0 for every x € S = X,

where Vg is orthogonal to 7,X and is outward pointing.

Proof. One direction is obvious, namely, if S is C! and star-shaped with respect to the origin,
then X is a C! radial graph, i.e., there is some v € C'(S") such that £ = {¢"®¥z |z € S"},
from which it follows that then (vg,x)g > 0 for every x € £. This follows from the explicit
computation of the outward unit normal to X: vg = (z— V5v) /4 /14 |VSy[2.

Conversely, we suppose (Vg(x),x)g > 0 for every x € £. For the sake of deriving a
contradiction, we suppose there is some x € X such that tx ¢ S for some ¢ € (0,1). The set
K ={te€(0,1)|tx ¢ S} is nonempty and closed in (0,1). Then 7y = supK € K and we let

y = fox. We claim y € ¥. Otherwise, there is some r > 0 such that B,(y) C R’fl \S. In particu-
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lar, (1+1)y & S for small positive ¢. But (1+1)fy > 1 if # > 0, contradicting the maximality of 7.
This implies (14-7)y € S for small positive 7. Since Vg/(y) is outward pointing, y+#vg(y) € S for

small positive 7. Since Vg (y) is normal to 7,X, it follows (Vg (y),y)e < 0, a contradiction. [

Lemma A.2.2. invariance of MMCF under tangential perturbations. For any F : S} x
[0,00) — HL, if there is some v : S". x [0,0) — R such that F(z,1) = ¢"*")z for all (z,r) € S". x
[0,00), then F satisfies (I.1.1) if and only if v satisfies (I.I.3)) up to a reparametrization of

S x [0,0), keeping S x {0} fixed.

Proof. Suppose Ti,...,T, is a local frame field on S". For a function f on §'|, denote Vl-s f=

T, f =: f; and ((VS )2> _f=:fij, where VS is the Levi-Civitia connection on S" with respect to
ij

the standard round metric v;;.

If /¥ are the standard coordinate functions on R”, and if we define

R(rF,..../") = (rl,...,r”, I—Z(ri)2> S
i=1

with (r!,...,7") € BY(0), the unit ball in R” center the origin, then F(R,) : B}(0) x {t} — X is
a local parametrization of ¥, for each ¢ > 0. It follows, for each p € %, if r = (F(R,t)) "' (p) €

B'(0)andz = R(r) =F !(p,t) € S", then

vi(p) = (0. (0)(p) = P (1) = (54 vy2) o),

the pushforward, or differential, of t; under F(-,7). From this it follows

0’F(R,t
VEI,V]' (P) = ar’(ar])(r) =’ (V,"Cj +V;Ti +S Fi-cj’l?k + (Vl'Vj +Tvj— ’Y,'j)Z) (Z),

where Sl“fj are the Christoffel symbols of the round metric with respect to y;;. We deduce the
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Euclidean outward unit normal to X, is

Z—st
VE = ’
w

where w? = 1+ vlv, and v? = y?y,,. Therefore,

ag = <V€Vj,VE>E

S 1k
(viVj—i-‘C,'Vj —Yij —Vivj —Vivj— F,-jvk)

TN =N

= —(vij = vivj = %ij);

which is the second fundamental form on X, with respect to the Euclidean metric. Using Propo-

sition the second fundamental form on X, with respect to the hyperbolic metric is

1 g
ajj = W (vij —vivi —Yij) + % (v—(e,V*V)E),

where y = (e,z)g.
Also, the components of the induced Euclidean metric on X; with respect to the frame v;

are gg(p) = e (Vi +viv;)(2), so that its inverse is given by gg(p) =e (Y - %)(Z), so that

2ij(p) = 5 (4 +viv))(2) and g7 (p) = (¥ — 24 (2).

So, the mean curvature of ¥, with respect to the hyperbolic metric is
ij [T, n S
H :gfal-j = —g/v,-j— —(e,V V>E.
w w

Finally, if F(z,1) = ¢"*")z satisfies %F(z,t) = (H — o) vy, then

0
atF(Z,t)7VH>

1 ..
= 7gljvij — ﬁ<E!,VSV>E — 0.
yooyw w

Conversely, suppose v satisfies (I.1.3). Then

d
<atF(z,t),vH>H =H-o.
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We now follow the proof of [Manll, Proposition 1.3.4]. From the above equation, there is
some smooth vector field, X, on S x(0,e0) such that X(z,7) € Trg,)X;, the tangent plane of

Y, =F(S 1) at F(z,1), and

aatF(zJ) = (H—G)VH(Z,I) +X(Zat)

for all (z,1) € S, x(0,0). We define, for a compact subset Q of S,
Y(z,1) = —(F.) " (X(z,1))

for all (z,7) € Q x (0,0). Here, F, is the pushforward of F. Then Y is well-defined and smooth.
Hence, by the existence and uniqueness theory for ODE’s on a compact manifold, there is some

smooth family of diffeomorphisms, ¥, of Q such that ¥(z,0) = z for every z € Q and

d
() =Y (¥(z,0),1)

for every (z,t) € Q x [0,00). If F(z,1) = F(¥(z,t),t) on Q x [0,0), then, certainly,

;)tf?(z,t) = H(z,1)Vy(z,1)

on Q x (0,0) and F(z,0) = F(z,0) on Q. Since Q is arbitrary, we may cover S”. with a compact
exhaustion, for example Q. = {z € S, | (e,z)g > €} forall € € (0,1). If ¥, is the correspond-
ing family of diffeomorphisms defined on Q¢ x [0,00) then ‘Pg’gpx[07m) is the corresponding
diffeomorphism defined on Q, x [0,0) for all p > €. Hence, by the uniqueness of the flow,
Wela, x[0,00) = ¥p forall p > &.

So, since (z,t) € Sy x[0,00) implies (z,t) € Q¢ X [0,00) for some € > 0, if we define

W¥(z,t) = We(z,t), then ¥ is well-defined, W is the identity on S| x {0}, and

)= Y0010
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for every (z,t) € S; x[0,00). If we define F(z,¢) = F(¥(z,1),t) on S". x [0,), then F solves

(LL.I). O

Most of the evolution equations found in chapter 3 only work when ¢ > 0.

Lemma A.2.3. when ¢ < 0 and X is a radial graph. The conclusion of Theorem holds

when —n < o < 0.

Proof. The notation used here is similar to the notation used in the proof of Lemma We
fix 6 € (—n,0) and let g(x) = x* = 7 for any nonzero x € R™"!. We note g restricted to R""!
E

is an isometry of the upper-half plane model of H after computing its pushforward, g, ., at any

n+1
xeRT.

v 2<\7,X>E

)

G x(V) = 5 —
o Xz |xlg

for any ¥ € T, H. If Xy is a complete, locally Lipschitz radial graph over S’}, then ¢~ '(Z)
is as well. Then, by Theorem there is some v : S’} x[0,00) — R such that, if F'(z,7) =

ez ¢ H for all (z,1) € S} x[0,00), then

aatF/(z’t) = (H(ei‘}(m)z) +G) VH e v(i)g s (Z’t) € S’i X [Ovoo) )

F/(S,0) = ' (o).

Here, Vyy v, = e V(El)y. % is the outward pointing unit normal of £; = F'(S"},7)
at e )z and H(e*(*")z) = —divy (Vg o-van,) is the hyperbolic mean curvature of X at

ez, computed with respect to Vj, ,-v),. Then

—v(z,t
(V ) = VH,e*v(z.r)z . 2<VH.,e*“(Zﬂ’)z’e e )Z>E —V(ZJ)Z
9y o)z \VH o~v(2)g) = e—2v(z.1) e—Mv(zt) €
z+Vgy 2e"®0)y
_ ")y - Z=—Vy oy

w w
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Since ¢ : H — H is an isometry,

H(eiv(zvt)Z) = — diVH (VH,é'*v(zJ)z) - - diVH (q*,e"’(u)l(VHaeiv(z’t)Z))
= divy (Vy ereny)
= —H(" 7).

So, if we define F = go F’, then

0 y v
5, (@.1) =—(H(e "“2) +G)Vy s, = (H(€"*2) = 0)Vy pian),

for all (z,1) € S, x [0,20). Hence,

;F(z,t) = (H("™2) —0)Vyy piany, (2,1) €S x (0,00),
F(S",0) = .

O]

Lemma A.2.4. first variation of the energy functional /. We again use the notation used
in the proof of Lemma If Q C S is open and relatively compact in S’} , we define, for
r={®z|z€Q]},

I(Z):/wy’”dz—i—nc/ vy gy,
Q Q

If F(z,t) = ")z is defined on Q x [0,c0) such that aa—f =0 on 0Q x [0,) and if X, =

F(Q,t), then

alx,) oF .
5 __n/g<8t’(H_G)vH> wy "dz.

H
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Proof.

S Sdv —n
al(zt) :/ <V V,V §>Sy
Q w

aV
V()
o dz+nc/ 3 dz

I O O AT / W )
= /deS( " >atdz+n6 Qaty dz

v v
_ uv —(n+1) gV —(n+1)
n/Q atHy dz—HzG/Q 5 dz

:—n/ <aF,(H—G)VH> wy "dz.
o\ or H

The second equality follows from integration by parts, while the third follows from a well-

known formula, found in [DSS09, Equation 1.2]. ]

The above lemma shows MMCEF is the negative gradient flow of the energy function /7, a
kind of area functional with a volume constraint. Hence, if F moves by MMCF and converges

as t — oo, then the asymptotic limit has CMC ©.

A.3 A comparison principle for MMCF

Lemma A.3.1. A comparison principle holds for two smooth one-parameter families of hy-
persurfaces, X1 ; and X ;, one compact, moving by their modified mean curvature in H. That is,
if they are initially disjoint, then they stay disjoint as long as they are moving by modified mean

curvature flow.

Proof. We suppose, for the sake of deriving a contradiction, that ¥,, X, intersect at some
positive time. There is some minimal time, #o > 0, such that X ;, N X, ,, = {x} for some x € H,
and, by minimality, 7% ;) and T,X,,, are parallel. We write ¥, and X, locally around x as
radial graphs as follows. We let L be the normal line to T,X; 4, and T,X, 4. L intersects 0. H at
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some xo, possibly after an isometry. Then there is some open U C HNdB; (xg) with ‘j:ig‘ ev,
e>0,and v, 12 : U x (fg—&,19+€) — R such that {¢"' =) (z—x() |z€ U} C L foralli=1,2,

forallz € (fo —€,70+¢€). On U X (to — €,y +€), MMCF becomes

ovi(z,t , ,
ét ) = y*o!vj, —ny(e, V') g — oyw,

as in (T.1.3), for all i = 1,2. Now, by construction, V51! (|;—|) =0 for all i = 1,2. So, the
equation becomes linear and uniformly parabolic near v' and <ﬁ,lo> for all i = 1,2. Hence, if,

say, v!(z,t) <v?(z,t) for all (z,¢) € U x (to — &, o), then the assumption ! (ﬁJO) =12 (&—‘,to>

contradicts the maximum principle given in [PW67, Theorem 3.3.7]. O
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