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CONSIDERATIONS ON THE EFFECT OF BEAM-DEE COUPLING
IN A GYCLOTRON RF SYSTEM

L. F Wouters B -‘
Radiation Laboratorys Department of Fhysics
UnimérsityipfgCaliférqigﬁaﬁeikelgygggalifornia

July 14, 1952

INTRODUCTION -

'ﬁ"Analysié of the problem of.accelerating ions_in a Thomaé cyclotron
has been confined aimost entirely to the integratioﬁ of various equations
of motion (fér single particles) for which a complete field description
is.nenessaryo. In contrast, the problem of principal interest to rf system
engineérs concerns the gross frénsfer of electrical energy from an rf gen-
erator into an accelerated beam.

We shall first discués the electrical equivalence of the beam as a
load impedahce across the rf genefator which drives the cyclotron dee.
It will be shown that the beam can be @égitimately considered as a complex
shunt impedance; the pemtinent.magnitude and phase components will be derived,
In the second section, the purely resistive loading effects occurring

at exact resonance are considered. Graphical representations are developed

‘and interpreted which attempt to correlate the operating parameters of the

complete méchineo Certain educated guesses are introduced (concerned chiefly
ﬁiph'the Eehavior of ion sources) which constituté the most questionable
éteps of the analysis. However, it will point to which observations are
needed to verify or correct these assﬁmptiéns;'a useful prediction‘of the

range of impedance presented to the rf generator is also developed.
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The last section deals with the possible reactive effects of large
beam currents in mitigating or aggravating the‘mistuning of a dee resonant
system, As a geheral rule, it can_be concluded that for systems dfiven
by the power amplifier type of rf genefator,:no consistent,.significanﬁ

phase effects.occur, beyond those nofmally expected due to the reduction

"of rf system Q by loading. In the case of self-excited oscillator gener-

ators, a mistuning of the rf system is always aggravated by the beam react-
ance, In discussing the effect of beam on electrical stability of resonant
systems, this section thereby presents additional criteria for choice of

the type of resonant system,
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FLECTRICAL REFRESENTATION OF BEAM LOAD
N The obvious and‘most convenient elegtrical rep:esentation.of_the b¢aﬁ
load is that of an eqﬁivalent complex impedance. Clearly for small beam
currents such an equivalent impedance is very high, and there is little
influence on the rf system. The region of interest is that for which the
beam impedance becomes of the same order as the dee system imﬁedance,'or

smaller, In particular, one is first interested in expressing the equiv-

alent beam impedance or load current as a function of beam current in that

region,
The validity of such a representation is a question of first concern;

consider the chafge—field interaction between particle packet and dee.

. In order to simplify the problem,'consider a slotted pillbox located inside

a grounded enclosure, through which a packet of particles is passed, as

illustrated in Fig. 1.

< —

|
: ' ‘
++ ‘. :
Figo 1 C
Consider first the case in which it is well.insulated, with no external
rf generatoro»‘During entrance of the ions,‘electrons flow on the surface

into the box; so that when all the ions are inside, the box has acquired

a net charge to ground equal to the total packet charge, When the ions

“leave the box, the charge distribution recovers to normal conditions., (4&s

long as the ion velocity is small compared to ¢, and the packet is of some



“5

iy

b ' UCRL-1865 . .

 finite extent, it is safe to neglect impulse excitation of the pillbox space

as a resonator and similar electrodynamic effects,)

If the pillbox were connected to ground through an electrical circuit,
the latter can be considered as being shock excited by an approximately
rectangular charge pulse (for simp1icity)9 having a width equal to the packet
transit time and in the obvious practical extension, fepeated aﬁ the ions? -
resonant frequency. Such a charge pulse éan be considered as two opposite
step functions with an intervening delay; the cifcuit“s net response can

be most simply deduced by superposing its behavior for each of the two step

functions.

1

Fig, 2
In particular, éuppose the pillbox is connected to a circuit rescnant
at the ion frequency agrsh@ﬁmzim Fige 23 4% will contribute part of the

circuit capacitance, and in’the ultimate case, the pillbox becomes & dee

and is.the entire capacitance. In this case the entrance pulse starts a free

oscillation in the resonant system, and the exit pulse starts an oppesite .
oscillation with a phase shift corresponding to the iransit’angle. ‘Both
of theése oscillations, as well as their resultent, will decay with a d@cmaé

ment determined by the circuit Q, of courseeo
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+§q cos (wt +30°)
-§q sin wt (deceleratin
phase) 4—51 sin wt {defines

accelerating

phase)

— ——Ga—

~N
~§q cos (wt - 30%)

Entrance Exit

Analytically: &g. cos (wti+ 30°) - §3. cos (wt - 30°)
= 2%q. sin wt sin 30° = - Jq. sin wt.
" Fig, 3

Finally, if the excitation is repetitive as in a cyclotron, a summation

- of all the properly attenuated contributions from preceding charge pulses

must be made to find the'steady state oscillation conditions, .This has the
effect of multiplying‘the'single pulse magnitudes'by the factor Q, at res-
onance. el | ‘

The simple graphical superposition of Figure 3 immediately reveals that

the phase of the net induced oscillations is just 180° away from the oscil-

. lations leading to the optimum acceleration conditions (ioeogm&mimum gain

per turn), In fact, it is also clear that the induced steady state oscil-
lation can only be maintained at the expense of work done by the beam packet
on the dee, with consequent deceleration of the particles.® A situation

of this sort might be approached in a neutralized 3 @ unit by shutting off

one dee rf generator, . -

¥ A particle traveling through any materially bounded space is decelerated
due to the work it must do in "dragging® its ovérall image charge through
the surrounding matter, ,
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In order fo complete the qualitative picture, suppose a rf generator
were mad¢_§9 exeite the resonant mode., As the injected amplitude is in-
creased, the work done by the beam would decrease until the dee is maintained
at an equiiibrium level, at which the particles neither gain nor lose energy.
At this condition, the rf generétor is just supplying enough power to cir-
cuiate the "neutralizing® charge in the rf circuit and V = O. At higher |
rf levels, the beam would gain energy at each passage through the dee,

Quantitative arguments are based on the linear form of the differential
equation for the charge cireulating in the resonant system in various cases.

In the free resonant system, this is familiar:
L+ RyI+dLq=0
[+

_If‘an applied rebetitive ;pduééd charge impulse is approximated by
a siﬁusoidal charge vériatiOn;”then: v v
Id+-Rc'1+%|:q+qb ei(W“b*a):l:o o W
In a high Q system, this is a valid épproach, inasmuch as the resonant system
picks out the corrgsponding frequency contribution in a very singulaf way,.
’ Similarly if the resonaﬁtaéystem is excited by an extefnal rf generator

vwhich injects repetitive charge impulses, one writes:

(14 + R4 + 9) +qb od (owt+ <) = ;; oiwt

whose general solution is of the form q = qg aJ ”t4—e ) of course,
Making this substitution, one obtains : _
= (1 -wl Lc + juRe) qd;aj% + qb'eé‘
It is now éimple to explicitly demonstrate the linear analytic character
of the beam; consider first the situation for no beam current, Qb = 0
él) = (1 - w2 Le + jwRe) qoeje

This is just the driving charge required to maintain the circulating current
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Qge Next, for the same q,, consider the situation with beam current:
qé2) = (1 - w? Le + jRe) qo?eiez-p quaj“ _ .
This can glsb be expresséd as:
af?) = o) I8 -#) '+qg§be«j°(
- (in particular, é 1 = 0) |
iogo, the driving charge is now.thelsum of that required to drivevthe rf
circulating charge plus that required to neutralize the beam charge, It

follows at once, that, since the time variations are chosen to be sinusoidal,

a similar expression relating driving current, rf current and equivalent

- beam current must be true, in complex forms

-~
=Tt ip

i, and ig are then the currents flowing into two parallel branches of an

equivalent circuit driven by i4.

There is another detail concerning validity of tﬁis representation,
which‘has to do with the "sfatic® versus "dynamic® nature of the beam,
Staticallj, it is.satisfgctory to represent. the beam loading as an equivalent
resistance and reactances; dynamicallys these impedance terms behave non-

linearly as functions of voltage and current. The effect of this on the

recent argument concerning the beam-dee interaction can be side-stepped by
-assuming that dynamic variations in operating conditions must ocecur adia-

batiéally as far as the beam is concerned. This is realized in practice since

the = Q of the resonant system makes its time constant long compared to
the beam's time constant, i.e., Q@ is much largéf than N, the teotal number
of beam turns.

By the same argumént, situations in which ﬁhe initial, source-injected
beam current'is dependent on dee voltage may be treated by applying para-
metricalij an analytic expression of that dependence to the consideration

of the constant source output case,
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The uiﬁalent Circuit«
Analytically, an equivalenf circuit is useful if the dynamic character

is written into the definition of the con;ponents’;' see Fig, 4.
Figoﬂl», |

| ig ip y
15-1“ B )
ib\0
L B’b Xb — ‘ ,i:a
. _ lr\ j/ \Z
e im dee A " B = beam
pedance impedance

= dee voltage

<]
i

Cig = equlvalent rf dr1v1ng current

iy, = rf current required to obtain V on dee system alone -
iy, = equivalent beam load current | |
= -phase angle between beam current and dee voltage

© = -phase angle of dee system9 defined as follcwso

1 = 1 |
ng.]:.+_1__+jmc R1+jR(°’G°1)
.- R ij._. wL

S = |: + jR (0C = wL]MB [1 + j &2Q -&"4]

R
" where: '”JI: f’or a parallel circurt,

and: jw S W-wpup Cpp = ===

o »gIm(ir)' = _52_
K e

'
d Iirl =g

- — —

C g s vt i

. A
1+Jtme\gﬁ,cos,@.




 =1le UCRL-1865

Now 3.:; zlibl (cosd + § sin «)
S g;lir"(cosg-_'j sing)

cosb

id = Jip| cos « +|1

xi" 0 1b|sintr -Ii s1n8

Tﬁe equivalent rf driving current (id) can be represented as the rf
current required from a hypothetlcal'osc111atpr/émplifier operating with
a plate:voltage swing equal to the rf dee voltage. The equivalent plﬁte
cqrreht would be a narrow "pip" of mﬁch larger eleetrbn current delivéred
to the resonant system during the negative half-cycle, of course. These
voltéges and currents are evidentiy related to the-output of the real rf
genérator Ey the transformation rgtio built inio the dee system; the gene
erator-dee coupling is usually so tighf that no essential phase difference
exists between platé and dee voltages,

Similarly the equivalent beam load éurrent is an average of the rela-
tively harrow, high ?pips”,of load current required from the system at each
acceleration. This averaging, as performed by the resonant circuit is not
muchldifferent from that performed by the beam current meter. This makes
plausible,the criterion for proper representations In ah exactly resonant
system, thé equivalenf beam load must equél the total beam power s

‘nVig = Vy ip = NV ig = NfVig

sovthat the eQuivalent r.m.s, beam load eurreﬁt,(at resonance) iss

where: n = number of dee circuits

- L _ . ' e ogo for 38:
£ , numerical factor deflping energy ggln per turn ff = 3V = 3.r—'

N = number of turns to full energy V

V =r.m.8, rf dee voltage (Es = JE—V>of course)
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V, = total beam energy (in electron volts)
V4 = energy gain per turn (in electron volts)

= metered beam current

o
§

It was mentioned above that the beam loading pulses are resolvable
into a.sinusoidal load current whose phase with respect to a dee is such as
to be zero when the beam packét crosses the dee center line and hence the
phése-of the equivalent beam load current is identified with beam phase angle,
In the more general, off-resonant case, consider the loading on the |
individual dee as the beam packet traverses it; one defines an equivalent
current whoée phase angle is to be the same as that of the beam packets
(acceleration power) = (totai beam power) x (fraction of energfl
gain per turn con-
tributed by one de

' £ Ve sy
, = (L 1 I os @l =V cos @
Vig cos g= (¥, ig) x 135V cos (v, iB) x \& =
| “n S b

~

. - &V - N4 .
e ib = %iﬁg iB “n i

just as before,

For a single phase machine, 180° dees:

¥
Resonant; ip = % ﬁg ig Non-resonant s (iB) =2 fé_NiB
For a three phase machine, 60° deess
-3 =lvm° =." g 2 = o
B.esona..n‘c“T iB 5% ig ) Non resonapt llBl Jé‘NlB

iﬁscellgneoqg‘Argumentg Concerning Other Operating Parameters.

In an ideal cyclotron, the ion source would inject ions into the machine
near its center in such a way that all enter the dee and are piq&ed up into
medién plane paths crossing the entire accelerating field at each gap.

‘Then the entire beam load is due to the accelerating‘mechanism and in an
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efficient machine, one desires that this be greétervthan the dee system

rf load, Indeed, the discussion thus far has considered only just.such

a situation; in practice, there is also a loading due to mechaﬁisﬁs asso-
ciated ﬁith the source region: 3ion pickup from source, initial acceleration
between dees, direct stray ion current, etc. While in a émall mgchine these

effects are noticeable, in a large machine, on the other hand, an approach

" must be made to the ideal in practise, if really large durrents are going

to be accelerated without destroying the electrodes, This cfiterion for-
tunately permits one to dispénse’soﬁrce ioading effects from consideration
with some confidence,

These arguments do not mean that thére is no interaction between ion
source and dee system of importance, however, Even though the ion source
is considered “perfect“, the magnitude of initially accelerated beam current
may depend on dee v°1tagé and this may be considered adiabatically, as
mentioned before, For analytic purposes, sources can be typified by ths
power of the beam current-dee voltage dependence; later, arguments will
be_developed vwhich identify the actual sources with such hypothetical beam

injectors,

(1) Constant Source Quiput. This represents the class of sources

which inject a constant beam current independent of dee woltage,

(2) Linear Source Output. This includes sources which inject a beam
eurrent proportional to the dee voltage., Since such a voltage-current be-

havior is ohmic, the analytic representation can be most easily made in

A ' : \ . v
terms of an effective source resistance RS'E'EE o

(3) Parabolic Source Qutput. This class includss sources which inject

a current dependent on the square of the dee woltage. Analytically, it

will appear'that such a machine has a constant efficiency for conversion

of rf power intc beam power for any given source condition.
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,.,A particular ;ourde may not behave exactiy like one of these classes,
but it can be shown that the variation in behavior from one class to the
next is nog great, Hehce one can bracket the operation (especially with
regard to slopes) sufficienfl& weli for most design purposes, .

The type of rf generator élso influences'the course of analysis s
(1) MOPA& (master oscillatofapower amplifier) fof which net reactive
circuit impedgnees cause relative beam-dee phase changes as beam current
varies,
(2)  SEO (self-excited oscillator) fof which net reactive eircuit
impedances cause frequenéy changes as beam current var{gsoi
The analytic representation of such generators aléé requires differeﬂt
equivalent forms: - | | .
(1) Constant Current Generator, approached by loaded pentode MOPA.
.(2) Constant Voltage Genér’ator9 épproached by SEOQ and unloaded MOPA,
.K.further variation is provided by the‘question of singlemphaéevversus
three-phase accelerating systems;land finally, the three-phase system intro-

duces inter-phase coupling effects. Two ideal systems may be considered

in order to obtain a pfacticable interpretation :

(1) Single-phase and Tighﬁlyeeoupled Multi-phase Systems. Relative
dee voltage and current phases are practically unaffected by load changes.
- (2) Completely uncoupled multiaphasé systems (obtainablg'in p;acticé
pyrphgse neutralizaﬁion)o -Such a system can be treated as thfee;separatg"“”
systems drivgﬁ by;ipq§pendenﬁ'generatorgrhéving fixedmrelative outputvbhases
and‘?aghitudesg coﬁpled by the beam energy gain during acceleration, on which
the condition of optimum écceleraﬁion is imposed{ This is that the beam

phase angles are such as to give meximum energy gain per turn:

avy _
i
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EXACT RESONANCE

This is the simplest and most desirable operating situa£ion, of course,
in which beam, dee, and driving freqﬁencies-are all equal and the phase
angles are in proper adjustment, From an elementary consideration of power
balancé, various operating properties of heaviiy loaded cyclotrons can be
deduced and these are interpreted by the curves of Figure 5. Here is plotted
the total equivalent rf current input-(id) to a dee against the dee voltage
(V) for a typical 3 @ machine. Sé;

(rf power input) = (dee power) + (beam acceleration power)

ors W= %i $-aniB per dee (n = no. of dees)

i

Also:

v"-W-,' =YV, V, iB
.. g = + 'm
lg=v= 4+ 137K s

and 3

V= %‘Rid(ilfﬂ%gﬁ&g_gi@)

Finally the loci of Figure 5 plots

_Y 4V ip
=zt

i
3V

d
for our "typical 3 # mgéhine@ in which R S 250000 ohms, Vm = 300 mev, Each
point of such a plot cqrrespondé to a certain unique division of power be-
tween‘deé and beamvaccéleration, and therefore to a unidue'beam>cﬁrrent9
for_a”ﬁéchine of giﬁaﬁ shunt impedance and beam energy., The uniqueness of

this depehdéﬁcé is affected in no way by the type of beém injection nor by

the tjﬁe of rf driver, These latter factors do influence the path of oper-

ation of a machine, that is; the locus traced by V and id starting at some
givén'beam'current and operating condition and ending at’ some other point.
In praétice, such a fraveréal through a region is accomplished by operational

adjustments pertaining either to the rf poﬁer input or to the source
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operating conditions, The particulaf locus ig = O corresponds, qf course,
to the excitation of the dee by itself with no beam, and this is a straight
line of slope 1/R. |

The ioci of equal beam current are indicated; also plotted are loci
of constant power and of constant efficiency where the latter is defined

by s

- ,,1 o

lbeam_power = 100. : = 100

€= [total power] 100% 1+<3:\72 e ) 2 . {I ra HB}%
: Vo Rip

To each value of operating efficiency, there corresponds a unique total
shunt resistance as seen by the rfugenerator at resonance and (as also in-

dicated on those loci):

-~ RBp -5 ¢
R T 53@1=;%)

Constant Source Loci.

Consider now the behévior of systems typiéal of the various source

_injectérs as function of rf voltage and power, i.e,, determine the paths

 traversed for parametfiéally constant source operating conditions as the

amplifier plate voltage is changed.

.Constant Beam Iniéctidno iB.:-parametric constant, Thus

I
i3 = % +-E§ViB also repreéénts the operating curves for this system,

which:are loci of constant beam current,

II Linegr Source Quiput. Write ip & %; | where Ry is an eoffective

source resistance and is the parametric constants Now ig = %'+ f%* W
s g

and the cd;responding loci are lines parallel to ig = © (Rg 8 o°) displaced
by Jm.
7 e

R S
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| Lo ,_w;_ VA: o 4 R | : - “_; U
IIT Parabol;c_Soureg Qutput. ip = VE'R;“ where RP is now the pare~

metric constant repreéentative of a given source condition, Here
ig =<?%§—i;5 % o Tﬁe corresponding loci coincide with lines of constant -
éfficieniy; i.e,, a cyclotron ﬁsing a source having this characteriétic op=
erates at a fixed efficiency for a given sourdé condition, regardless of dee
 voltage.®

In‘each case, it is seen that the position of the locus is determined
by a paraheter which is representative of the overall source operating con-
dition. We are not concerned in the analysis with its dependeﬁce on arec |
preésures'voltage and current; rathef the parameters 139 Bgs Bpllump the
~ effect of these source conditionsvinto one number for each case, Neverthe=.
less this is at least an'empirically determinable dependencéz ig = ip(P,Vs,1g),
R, = Rg(P, ¥V 51.), R, = Bp = Rp(PyUg,igd Hence, in discussing the behavior
of a cyclotron as these source conditions‘changeg when we speakvof_changing
'vthe source parameter, we assume that we know how to do this by a manipulation.
of arc éontrolso In a qualitative way, the direction of these changes is
fairly obvious. Thus when we speak of increasing iB9 which corresponds to
decreaSing Ry or Rpg this would be accomplished in prarctice by any adjust-
menﬁ which should increase the aﬁailablé nﬁmber of ions, such as increasing
source pressure and current.

Thg usefulness of such an approach becbmes more evident when related

to ﬁhe.behavior of a typiecal rf generatbr;_thus far no limitations imposed

£ E = 100 (‘%ﬁ) % : ,
- F for a parabolic source
d” = .
R - n Rp

Thus each By determines a unique‘E.and corresponding unique slope(%g> °

b
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by the rf generator have been taken inte account; we have assumed that at
any voltage, the rf generator can supply ény current iq. S0 it is natural
to further sssume that any point of Figure 5 can be'reaehed - at least until
we understand the path of operation required to reech it and what limits

exist on that path,

Constant RF Generator Loci.

Consider then the behavior of & machine as a function of the source

parameter, i.e., determine the paths traversed for parametrically‘constant

-rf generator operating conditions as ip, Rg or R? is changed, A high power
cyclotron will doubtlessly be driven by a final amplifier utilizing pentode

type tubes, and its characteristics must be more closely examined in order

to appreciate the meaning of "constant rf generater conditions,®

k& pentode generator has somewhat unique opérating properties, When
lightly loaded, the plate voltege swing is limited only by (Vp - ng}p and
the screen current is verj high, since‘it collects all those eleétrons‘not
reaching the plate at maximum swing (Figure éa); the efficiency is poor.
As the locad increases, the plate swing decreases a little bit, but the piate
current‘increaseé markediy until a space-charge limited condition (determined
principally by the grid drive) is attained; meanwhile the "phase anglé'and
efficiency improve (Figure 6b), Beyond this region, even lower load resist
ance results in a lower plate swing, the plale éurrent remaining ssseantially

coenstant, and the efficiency once more decreasing,
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{c) heavy loading
o l

{b) eptimum loading

Ze

i
74N

Plate Current e

g

7

Screen Curren% ==

Flate Voltage
' V. D.C.

M

ng Doco ’

%

o1

Fig. 6

Since the plate-dee coupling’is assumed to be tight, a lightly-lcaded

machine thus acts as if it were driven by an spproximately constante=voltage

generator, and a heavily-loaded machine, as if it were driven by an approxi-

mately constant-current generator,

o)
Mot

"Best"
region )y //
H heavy-/f ' |:) idealized behavior
d loading // 'l '
I//igght/’ . actual behevior
e oading ~ . kk———~

v

Fige 7
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The optimum operating region from the standpoint of the rf generator
is around the knee of this curve, and this region moves through the plot
along something like a V3/2 locus, with a constant determined by the grid
drive, A higher level of grid drive will result in a steeper "optimum
Voperation" slope, and so forth; examples are presented in Figure 5.
'In-summary, the principal oﬁeretionel adjustments ares
(1) Change in ff drive —- obtained by changing Vb and hence V and
represented by motion along paths of constant ip, Rgs or Rp (or of inter-
mediate slope). We term these "source™ loci.
- (2) Change in source conditions -- equivalent to Varying igs Rg, or
Rp, and represented'by-motion along paths approximating constant V or con-
stant 13. These will‘be called "generator' loci.
Consider a typical_"turning—on" path for a "parabolic" source as illus-
trated by the path "2b" in Fig. 5. Rf power is first applied with no source

arc, and dee voltage'is estabiished-well above threshold, say at 500 KV.

This corresponds to moving from the origin along ig = O to the point V = 500 KV,

i3 = 2 amps. - The source is now "turned on" and a beam current is injected;
as the equivalent source resistance is decreased, the beam current rises
and the operating poiht moves along an almost constant voltage line until
space charge limitation sets in, in the vicinity of & amps in this example.
The operation curve bends over into an almost constant current characteristic
at lQ amps; a further decrease.in source resistance reduces not enly the
dee voltage but the beam current as well. For a given plate voliage set=
ting, the maximum beam is obtained whee the slope of the operatien path is
tangent to the constant beam current curvese.

So we observe two interesting effects as a result of the inverse de-

pendence of beam turns on dee voltage and of space-charge limitation in
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the amp1ifier° Firstly, the maximum beam current is determined not so much
by'the source behavior as by the rf generator characteristics., SeCOpdly§
for a pentode generator, the best cyclotron operating region (both from

the standpoint of high beam and high efficiéncy) corresponds roughly to the
best efficiency region for the rf generator.

. Suppose now the machine has been adjusted tc the optimum operaﬁing
point by source adjustments alone; in order to shiftvto a different optimum -
point, the plate voltage can be changed. The operating point shifts along
an appropriate "s&urce" locﬁs; in general, it reaches a new optimum position
only after a further readjustmeht-of the source, |

Anothef method of shifting the operating point consists in readjust-
ing amplifier grid drive; this shifts just the constant éurrent part of
the generator locus up and down on the scéleo The particular values of
grid drive and space charge limited currents are, of coﬁrse, dependent
on the pentode geometry, so that only qualitative consideration can be given
to this aspect. Examples of variqué possible characteristics of this sort
'are.also shown in>Figure 56

Finally, the range»of‘overall rf system impedance is illustrated by
Figure 8., Constant voltage and curéent loci corresponding to representative
families of operating paths are plot#edo As choice of abscissae which
consistently identify points along these paths5 the operating efficiency/
input resistance intercepts are used. It 1s seen that the impedance may
vary within a 4:l range (120000 to 30000 ohms) in the most important cperat-

ing region,

"Forbidden" Conditions and Defocusing Effects.

Regions of operation beyond a "generator" locus are not accessible

for that particular level of operation - thus, for the path indicated as
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2a, the adjustment Rg= 5 x 108 ohms would not be realizeablé for a "linear®
source, ‘Such>a situation turns out to ﬁiolgte‘the‘initial conditions of
the problem. In practice, it is certainly possible to adjust a source

inﬁo such a region; the dee voltage must perforce drop until an additional
beam limiting mechanism "loses" the excess injected beam, This implies
_that from thé standpoint of the main accelerating process, neither a constant
injection nor a "linear" injection soufce are represenfative of the beam-
dee voltage dependence but that a higher order beam-dee voltage dependence
should exist., Examining Figure 5, it is seen that all the loci belonging
to the next higher power dependence (parabolic) always intercept any oper-
ating path, so that fhis class is analytically bomplet;eo

Certainly in the case of the caiutron—type rf-injection source, both
empirical evidence and quaiitative considerations support an approximately
parabolic dependence. The space-charge limited output of the emissign'
-sheath.should_have a VB/Q behavior; in addition, the retraction of the sheath
as the field increases and the enhancea collection of those ions emitted
with appreciable axial momenta should make additional contributions, so
that a higher power aependence may Se expécted, such és V2.

Crude measurements of efficiénéy of collecting ions out of ghe source
into an accelerated beam have shown that at best perhaps(onemﬁhird of the
beam which makes the first turﬁ will appear after many turns.(in the region
of constant radial.dependence), and tﬁat moét of the.uncolleéted beam.is
lost by the fourth or fifth turn. In order to account properly for the
fraction of power.lost in this way, the efféctive beam current i, could
be writteﬁ:

® Nt
iy = Nig + % 1105t = (N + T7) ip

where NV =2 =2 or 3
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Thus, in a large mgchiﬁe where N ) N', the "defocﬁsed“ aécglerationmlqad
is_nggl;gibleﬁ_»Nevertheless it does represent a fair amount of power dissi-
pated in a confined region; if 100 ma were lost in the first two turns, this
reéresents of the order of 100 kw being lost in a volume roughly:two feet
in diameter, including "topﬁ and "bottom" tank walls and dee tips.

Taking into account the rf‘efficiency of the final amplifier, the beanm
power loss measurements on the 20-inch model show an acceleration~efficieﬁcy
of 25 percent to 33 percent; A preliminary check of the constant source
characteristics shows a slopé (on a V-14 plot for.that model) corresponding
to an acceleration efficiency of 30 percent, roughly. (Actually even for
the 20-inch model, the defocused contribution is lost within the error of

the crude power measurements).
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NON-RESONANT SYSTEMS o
~ The problem which first called attention to the possible effe¢ts of -
the beam-dee interaction has to de with the mechanical stability ﬁéeded in
the massive dee structures to be used in a high.power cyclotron,

From w “Le'= 1 and ¢ = k A/d:

5.4

Sdl =
+
Then in order *that rf phase, amplitude and efficiency remain within reascnable

ési.,}(.l-, 20,0001
d °Q *

limits; the structure should be sufficientiy rigid so that
for a representative dee. ”

| Thus, (mechanical) beams many feet in length must hold their position
within a few thousandths of an inch, a prohibitive feqﬁirement, The- simpler
and slower servo mechanisms can compensate for long period fluctuations, but
short, transient distortions and vibrations would,étili cause extensive
modulation.

" A mechanism ﬁhich might mitigate this situation is the beam-dee inter-
action. Cléérly the acceleration loading reduces the Q of the system and
thereby tends to minimize the effects of mistuning. For MOPA driven cyclo-
trons no further large, coﬁsistent phase-locking effecis can ke found on
the basis of the concepts presented here, The analysis does indicate that
the resonant éystem behaves electrically soméwhat 1iké a current transformer
at high;beam levels. The form of ig = ip *+ ib indicates this; when iy
gets big enough, then iy and iy are almost parallel, no matter how I, is
oriénted. At one end of the electrical system, a sequence of electron pulses
are fed in, at the other end, a sequence of positive ion pulses emerge
at a different "voltage" with an efficiency approaching that of orthodex

transformers.



e , ' UCRL-1865
Only in the case of SEQ driven machines is there indicated a significant
phasing effect; here it appears as an aggravation of a prefexisting*mis=
tuning conditien, as the beam current is increased. For example, if the
beam frequency is higher than the dee frequency, then the beam load
appears to have a shunt capacitive reaétance, which shifts the oscil-
lation frequency further below the dee frequency. (The argument is

considered in detail below.)

Thus, for the present, it appears to be eséenﬁial to introduce d rapid -
response servo retuning device which can compensaté for ioderately high
frequency vibrations and sharp trangient shifts of the strucfures° It
would appear to be sufficient to reguire a responsé time of the order of
the loadéd resénator decrement. Operating at abéut 6 Mc with an unlcaded
Q@ of 10000, and a maximum efficiency'ofVSO percent (P = 4), this would

indicate Tggpye =003 millisecond. (7= %-%)

Tightly—coupled Three-PhaSe-Sjstems and Single Phase Systems,

These are analytically equivalent.exeept for small numerical factors;
_they belong to the class for which the accelerated beam can be considere&
| as effectively coupled to.a single rotating rf mode to which belongs the
major part of the stored energy. Only three resonant freqguencies are in-
velved in such a caée: beam (ob),‘driving (W), and mode or dee (©.),

We set up:s Egnﬁ i£;+-f;; we must determine the'phase and amplitude'
of each terms

—

ir ¢ The phase of the resonator driving current is defined bys

tan 6 = 2Q 8 vhere $w= W, - & to get the proper sign; the amplitude

is given by: 'liA =>RT?£%?7§ .
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5; s TI;e effective phase @ ‘of the equivalent beam load current is
here an average of the radially varying acceleraticn phase angle and may
be defined by: | | |
0 Nvt(n):BV'z_V%cos¢(n)=3)’_2-Vchsa
" in which @F(n) = g, + n A @ defines the phase angle at the nth turn, wheres

%

I/ 24(.%& =2 -Am“)- = phase gain'per turn -

v,

initial phase angle

AWz - w
N numbers the last turn; (y = emergent phase angle
In order to simplify matters, we say that the phase bunching in the
initial turns, together with optimum ion "catching" at maximum voltage gain
per turn, make it reasonable to set fio = 0, Also replacing 3 by jJ, find
after integration and subs‘ci.t.ution': .
= 2.2))—_5 V&%sin (2mi8L) = 3¥Z V N cos §

but Py = 2 N -%7—'15 the phase of the last turn and this is a particularly

useful and applicable independent va.riable. Sos cos g = 2B A
EN

(Note that: sin @y = %%_ gxs L2z ,8 ‘V’E 4 )

The amplitude of the equivalent. beam load current is stills
libl= y2 N ige Fut now N # -‘% inasmuch as the gain per turn is a funciion
of the particular turn; in fact, V¢(n) = 3V 2 V cos # (n). From the pre-

ceding expressions, find:

- vm\ - f
-<3f§ V) cos ¢ 3)7V sin “1

and- finally:
el = (a“n

Figure 9 relates a) s ¢N and sin ¢N for easy reference, For small ;Zfo
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sin @ = —%—?Qfm tan 6_:’ %}"Sin @N {1+ % sin? q)N)

Fixed Frequency Driver (MOPK). (@ ¥ W, Zwp)

[
Ly \\L
—
Fig. 10 .
Set up the components of ?LE:
. _ Vo cosot o ¥V cosé.
1437 1 cos TR cos ©
- Vm 4. sind _ V sin@
0='m i, sind _ ¥V sin @&
3V B 'sina R cos ©
From sinf = Yu B cos 8 sind
3y2 cos 0 |
and sinf = sin (F+ 6) cosC - cos (¥+ ©) sind
- _ . __sin (¢ t8) ' , .
find:s tand = Too O+6) +PCosg where:
" cos .

Constant Voltage Region. V and @ are parametric and:

P = Vﬁ Rip
372

. 2 '
Constant Current Region. Introduce ip = VI;Y'R’"I; in the exemplary case

of a "parabolic source", so that:
P=h—
: P
In any case, it is easily seen that those adjustments which increase
beam current (and hence increase P) tend to reducea ; i.e., the machine

tends to become a "current transformer®. According to this analysis, it

is also evident that in this type»of machine no first-order beam or dee
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phase chaﬁges can be expected; both © and @ are parametric numbers set by
physical conditions divorced from the beam load current.

The behavior of the otﬁer phase angles for representativé values of
8, @, and P over the possible'range of operation.is summﬁrized by Fig. 11;
the same cyclotron resonator characteristics have been assumed as used

before.

Effect of Fluctuations.

If we perform a perturbation on 8, corresponding in practice to the
effect of a mechanical fluctuation of the dee structure, we find, neglect-
ing second order terms;

tan o
' tan, , .
In general‘{;ﬁ‘(@%f"sy <1 so that § « < §e; in fact, for large P,

sd <<§© and the load anglé « becomes small and nearly independent of mis-

tuning effects.

Fixed Phase Driver (SEO).
| By virtue of the self-excitation mechanism of the oscillator, take
V and ig to be always parallel. Then@ = g and § = €, and this imposes

ecertain conditions on the relative frequencies.
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Recall that ig = Re (ip) + Re (iy) and Im (4.} 3 -Im () wheré :
ip = E’Z; = %’{1 + JR @C _c%-.i)} . If O, >0, then .ibrleads V (the illustrated
case) and . Im {iy) > 0, In (i) < 0. So (W* I C =~ 1} = (é‘-);;v -1} <0
and.’ W, > w also, But, with ?ery small beams, w =« and the situation

nust diverge from there as the beam current is increased. Hence a)b >14Jr >we

- o w . AW S “Jb_w
K I *l $w = we-w
v n. ' hwy -
' | l '
| I :
1 ; i
w Wy wb
Fig. 13
Proceeding as before:

co=V¥m . 4 ¥

ld = "3? 1B R.

0= g—% ip ‘t.an?-%tan@

. Vi BL
;. tan 6 = P tan g where P = -'?75"’]‘3‘ as before.

Subtsitu‘te
dw
tan 6 = 7\2 8 o -

. : 1 . ) )
tan 4) =. 73 sin ¢N (1 +%-5-_ sin? (bN)
~27 (V_m AW within 17 percent when
EA AN sin fy < L
P

Solving finds . 3
: m \Ris\(Wm) 4w
W | Jl | —
% ’<9EQ>Q:@ ><V > w
This is valid for:

tan 6 < 1, 9<459, %)&Jsé—q' :

' v
sin By < &5 M <45% S

By
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For constant voltage operation:
1 - 1 —
R1B\VIm\ 2 = -6 Rip\(Vm
1 - (57 _.___IE> 1 - 14.2 x 10 ____>

For constant current operation: Again introduce the parabolic dependences

=

>R

iBA:.viég (as gn egample); Obtains
G
LR )+ o)
S [ | |
1 - 427 x 10-6@'%)(-3-%> (1 +3%-5)

The most striking feature of this case is that the oscillation frequency

is predicted to always shift away from the beam freguency as the beam load

is increased, Note that for any given beam and generator setting this

oscillator shift will be proportional to the relative mistuninig of beam

and dee, Moreover, in either case'this factor of proportionality risés
 sharp1y as adjustments are made to increase beam current. However, ﬁhe
region of operétion in which this occurs can be located well 6ﬁtside attain-
able eonditions by suitable choicé of the other operating parametersg; this

| is illustrated in Fig. léqwhich plots~%ﬁ%for various probablé operating
conditionss Note especially the steep (inverse) dependence on dee voltags

or driving current,

Effect oi .fluctuations is self-evident : A mechanical disturbence in the -

~dee system causing a certain shift_in'resonaﬁt frequency results in a pro-

portional shift in oscillation frequency, the factor being(%%?)of course.
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Uncoupled or Neutfalized Three~Phase System (MOPA only).

In order to be able to perform this énalysis, we assume, as a manageable
example, the case in which two dee systems are exactly resonant, and the
. third dee is mistuned, (6, = 8, =0, 83 = ©). The beam frequency is equal
to the driving frequency. |

In a practical machine, those phases most easily kept constant are
the relative phase angles between the three driving currents, These can
be kept in relative adjustment by meané essentially independent of what
is going on in the machiné, principally because of the nature of the class
C mode of amplifier operation (as indicated in the second section)P A1}
current phase angles are therefore ?eferred bgsk to the driving. current

vectors as located at 0.

The magnitudes and phases of the various components are not as simply
determinable as in the single mode case; here they afe also dependent on
the relative beam phase angle.(, which now has the intereéting property
of being necessarily the same with respect to each driving vector. In
order to meke it determinable we must introduce an additional conditions
the criterion of maximum energy gain per turn, in the forms

%% -0
da

Constant Voltage Region (any source).

The parametric constants here are 8, V, and ip (or P).
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4
't 9 8
* —~ e
¢3=.e__ér.+63) S
Dee 3
Figo i5
In general: |
id:Z%chosdfg %%:%
0; 2 %% igsing@ ":E Sg‘—z;%.
This all leads to three forms for Vi@ _
(b) vt@) = ¥3 Im Rip %ﬁ'&m ces.e
v o Rl
(c) > Y2 V {cos @ + cos fy 4-005\%3)

o
1o

1]

Ev{z (cos icosgl — sin a sinf l)+ [cos ©-d) x
x 91 - smzé’l cos< © + sin (@ =4) sin gl-cos.-@]}

heving used in (¢}, from (a) and (b)s
_sm€32sin-gl cos © cosgB €‘l=sin"";2'61'@@s'29
'Equating (a) and {c¢) and solving, obtains

aPZZ(l)-+ bZ(1) +.(c +aP) =20

in whichs
. U Bip
a = 3 8in 4 cos 8 = -
- 3u< 2
= JL - cos® @ sin
b= - [zf cos 4 + cos (8 =,d§l Z}(l) = 1 F@SOS _i;%“ l— > 1
. = =2 1.

Q
8

gl:s:md - sin (8 - c()] =
cos B

7q = [1*11 4a19(c+a19)}
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Introduce condition for best accelerations

From the current equationss

ch v d$ Sine =
whence
- dé - tang cosL
do\

From the energy gain per turn:

g-:%: \/EV{a 2 sin (a<-+€1) (l+-tan3]_ coslzC)‘_"

Ein (@ ~<){1 = sin2@ ] cos2 © - cos (8 - X) sin By cos a

) s J cos?
+|sin (& -d).'eos-ﬁl cos € - cos (8 - ) sinf1 cosf 1 cos Q]
' , Y1 - sin<fq cos @

tanBl cose = 0
After some juggling, obtain:
AZ2(p) + Bl(p) +C= 0

where:

-3
(]

: [2:? tandl.- ____LSin e-—-l'oL] : . QT,, cosl @ stE—> 1

cos 4(2) = cos 6 -sin 1

p= |2 Lt sind) Lcos (8 oK) 13
cos 8 "~ cos &
2 :os ' 1 £=3 2 smé(abl =
c= |5 ga—é%_‘i-cos (G-J-Zl

- B ZAC
. o e + - -
o8y = - B L=-%

These two expressions for Z(gl, 9) would permit us to effectively
eliminate (319 thereby obtaining an equation determining A corresponding
to each choice of P and 8. : ,

F (¢, 9, P) = C
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) A number of justifiable simplifications rescues this procedure from
the impossible. 4 consideration of the probable range of variables and hence
of the coefficients in the quadratics shows that the radicals in the solutions

are not far from unity, so that we can use Y1+ x = 1+ 1/2 %, (for P<5).

Then
F o= b f-_B
o= aP ' : I = 1
- = _C+ aP , ‘ ~=_G
Z T Ty % -3

Again a consideration of the rangés of these solutions shows that

, are not compatible with Z > 1 and that Zl+ and 224' -are continuously

connected to the asymptote Z——+°when P—> 0. Then the simultaneous

solution becomes simply s

The form obtained by substitution of coefficients can be simplified,

obtaining (taking £ = 1):

P=1/3¢g (8) { (%f‘) - (2 + coAsv"e)J

in which - : ’ '
' _ (2 4+ cos @) o
& ©) = {21— cos @ (cos & - sin 8) =1
An explicit expressioh for ¢ is readily founds
tan @ = sin 8 -
an @ =
(2 + cos ©) + 75,%55'

. - sin @
For P = O, define tan ‘(o = 5 F cos )

Returning to 2 = - E—P- obtaing

.tan33 = %‘: g (8) cos © {,anao - tand
usinez_ ' 1

and sin@ - =
1 Tcos® . JgZy 1 cos 6
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4W?bus all the phase angles are analytically expressed as functions of
the parametefs P and 6, ‘

_Note _that tan € = 1/3 sin 6 for small © and small P (small mistuning
and beém current); this is consistent with what one might expect intuitivelys
We know that the meximum energy gain per turn will occur for a phase angle
somewhere_between the resohant voltage vector_position (Viy Vg) and the
mistuned vector (Vg)o Since the beam receives about twice the contribution

from resonant dees than it does from the mistuned one, it is reasonable that

~  the beam phase would lie at about one third of the arc from Vi, V) to V3,

and this is just what is predicted. (At small beam currents, Vi, Vp will
| lie practically parallel to ig, of course.)
The expression for d shows the same sort of dependence as in the singie
phase cése;.increasing the beam current reduées 4 and incregseé ﬂ; the beam
phaée angles (¢) are not materially disturbed. Fig. 16 summarizes the be-

havior of these various angles in typical operating circumstances.

Effect of Fluctuations,

A perturbaticn calculation gives

~ lan &
fo~ 2% fg

and again we see that large beams and small "load® angles lead to smaller

. phase fluctuations.

Constant Current Region.

The parametric constants are now &, iy and Rpe
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_ /’; (nlf-&1-+€)
1 — '\ - -
” _ ~ ‘ ¢3 O(OC-'*(?)
— — i
lr | Qa ed
‘Figo 17

It is seen from the vector diagram ﬁhat since 1p and iq are the same for
the three dees, then 6 and 1, must be the same all the way around, in ad-
@itiop_ tod, Thus phase changing effects can énly re=position the vectors
fo_obtain maximum énérgy gain per turn, and the voltage vectors must stay
fixed with respect to one another, | |

In order to make headway with this cése,vthe beam.current is taken

pybportional to V 2) VD being essentiélly an integral of the field which

p
picks up those lons making the principal contribution to the acceleration

load. Because of the reSonance condition and bunching effects, it is rea-

sonable that even for an injection source, the amount of1accelérated beam
depends somewhat in this way not only on the "source" dee voltage, but on

the other dee voltages as well, While this dependence is doubtlessly complex,
as long as the deeivoltages and phgse angles are.not radically out of adjust-

ment, VF can be taken, in the first order, proportional to V4. Then

s - V&2 VR A
?B = T _..9 i (at rgsonance)

So at resonance Bp~. 1° 3 the factor 18 makes this Ry the same as that
- 3Pres.,

introduced before,
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ig = 1\% 2 ;oé °4+R,_Y__g, cosff
| 'p ="K cos f
o:% l% ino{-Rche smg J
whence s ) : . .
Ve Rldpcoseiﬁ-ii%% . P%%Ta

From 13, finds %2 (cosa + sind cotf )

Nows Vi = J2 (Vg cos ¢ + V, cos @ + V3 cos @)
A Substltuting for Vs, ¢j

Veos@=1/2 Rld{[sm 28 sinag + (1 + cos 2 6) cosa - (1 + cos @) pj

Further manipulation yields.,
v, =8in 2 @ sinol + (5 + cos 2 8) cosct Riy
t - 1+ ~ (5 + cos 298 ';r——'—"
, 18 Ry . Y2

Introduce condition for best acceleration:

dvy . | sin 2 9 cos® - (5 + cos 2 8) sind Rig _ o
&« Ltrgie (5.t eos 2 )

gin 2 6
whence t:a.nd 5 + cos 2 ©

Soliring for sin a , cos « and p, one can find:

¢ Csindk = sin 26 .
tan (a +f ) = oo—o—vx + 58) - 26}_1000526
608t = P (5 fcos ) 18 + (5 + cos 2 e)

which determineé B ; then
Po= «+f amagz=e- g
As indicated previously, this predicts that the best. accélerat:‘f.n:r g.ngle?_
z, becomes 1ndependent of beam level; it is a consequence eof the fixed relative
position of the voltage vectors, This result is independent of f_ohe _‘bypg___

of source assumed, also., Fig. 18 displays the behavior of the other phase
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angles in representative cases, They behave anomalously at high source

output for low generator cmrrent levels; actually those operating regions

are excludéd for several other reasons, Seec Figs.. 5 and 8,

Effect of Fluctuations.
Again:
. _tan oL
4 2gn o6 fe

which in independent of beam current in this case.



b

T l‘llrlll 1 rfflllll L L LLEAL

40°- ]
30°L—-;—_————9;_3—__4_—+-_1_—_'-_.—_.. —
20°
To
‘1111
0 A i , i0
39 CONSTANT VOLTAGE
FIG. 16 BEAM 8 LOAD PHASE ANGLES AS FUNCTIONS OF (ig)
SOLID LOCI 6= 30°
DASHED LOGI 6= 45°
CONFIDENTIAL MU3939



«45=~

lllllﬁl' I Tlllllll 1 LI

—

lllllJ, . l.1¢lll :
A ' | . 10

p———a

3 CONSTANT CURRENT

FIG. 18 - BEAM & LOAD PHASE ANGLES AS FUNGTIONS OF P (ig)
- SOUD LOGI = 30° '
DASHED LOGI 6=45°.

40
CONFIDENTIAL : MU 39

I\



. | UCRL-1865

pl

The Q Reduction Effect.

~ As a general rule of thumb, our original guess that high beam currents
would result in small Mload" angles () is confirmed in most cases. The
extent of shift is approximately that to be expected just from the reduction
in effective circuit Q due to beam loading., There is a particularly simple
aéymptotic case which exhibits this: Consider againﬁthe siﬁgle_mode MOPA.
system, this time taking® =@y # . (i.e., only the resonator is mistuned).

Then the beam current and dee voltage must be in phase and g = O

For a parallel resonant system Q = % s if the system is additicnally

loaded:

= Reff = .__X_ 1 ) Q
Sere = 255 % (%err) (r+ =

Since ip <{igqne» them Xp>) X; so that Xepr ~X. Also, at resonance,

L:VmRiB: . & °
<z P, s; one writes:
Qeer T+ P ©
tan @
Finally tan 8grf = 99%{ tan 6 = I+ P

Now Beff is the angle between V and ig; examining the vector diagram

(Fig. 10) it is seen that Beff is identified as « (when ¢ = 0), so that:

‘ = fan @
tan 4 “1+ P

But this same result is obtained from the more formally derived expression

Information Division R Y g
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