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Abstract

The Stable Andrews—Curtis Conjecture and Generic 2-Polyhedra
by

Lucas Fagan

The Andrews—Curtis conjecture, proposed in 1965, asks whether any balanced presen-
tation of the trivial group can be transformed to the trivial presentation using a specific
set of moves. This thesis investigates both the standard conjecture and its stable variant
from algorithmic and topological perspectives.

We develop a state-of-the-art algorithm for trivializing group presentations and ap-
ply it to resolve several open problems. We prove that all but two presentations in the
Akbulut—Kirby series can be reduced in length, and we resolve various potential coun-
terexamples in the Miller—Schupp series, including three infinite subfamilies.

The stable Andrews—Curtis conjecture allows additional stabilization moves and is
equivalent to a topological statement: any contractible 2-dimensional polyhedron can be
3-deformed to a point. We investigate this formulation through the systematic study
of fake surfaces, which are generic 2-polyhedra. We present a complete classification
of acyclic cellular fake surfaces up to complexity 4, and classify complexity 5 surfaces
without small disks. This classification reveals 2, 17, 238, and 4618 distinct surfaces of
complexities 1 through 4, respectively.

Using this classification, we establish an inductive scheme for proving new cases of
the stable Andrews—Curtis and Zeeman conjectures and verify it holds up to complexity
5. As consequences, we prove the contractibility conjecture for all acyclic fake surfaces

of complexity 4 and verify the embedded disk conjecture up to complexity 5.
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Chapter 1

Introduction

The Andrews—Curtis conjecture, proposed by James J. Andrews and Morton L. Curtis in
1965 [2], is a group-theoretic conjecture concerning whether any balanced presentation of
the trivial group (x1,...,z, | r1,...,7,) can be transformed into the trivial presentation
(x1,...,@n | x1,...,2,) through a sequence of specific moves called AC-moves. The
conjecture remains open but is widely believed to be false.

In Chapter 2, we approach this problem from a computational perspective. We build
a state-of-the-art tool to trivialize group presentations and use it to investigate various
potential counterexamples that have remained open in the literature. In particular,
we prove that all but two presentations in the Akbulut-Kirby series [1] of potential
counterexamples AK(n) = (z,y | zyz = yxy,z" = y"!) can be reduced in length, and
we resolve various potential counterexamples in the Miller—Schupp series [7] MS(n, w) =
(x7ly"xr = y"" 2 = w), including three infinite subfamilies.

The Andrews—Curtis conjecture has a variant, called the stable Andrews—Curtis con-
jecture, which allows for a stabilization move and its inverse in addition to the standard
AC-moves. It is unknown whether this variant is weaker than the standard Andrews—

Curtis conjecture. The stable conjecture is especially important due to its deep connec-

tions to topology [53]. It can be stated topologically: any contractible 2-dimensional



polyhedron can be 3-deformed to a point, where 3-deformed means collapsed through a
sequence of elementary moves in at most three dimensions. This formulation is closely
related to the Zeeman conjecture [56], which states that for any 2-polyhedron P, we can
collapse P x I to a point.

In Chapter 3, we discuss the stable Andrews—Curtis conjecture and present connec-
tions to knot diagrams, which have been thought to provide potential counterexamples
to the equivalence of the stable and non-stable variants of the conjecture. Using the
algebraic formulation of the conjecture, we prove that this approach cannot succeed in
certain cases.

In Chapter 4, we turn to the topological formulation of the stable Andrews—Curtis
conjecture. The conjecture deals with arbitrary contractible 2-polyhedra, but it suf-
fices to study generic 2-polyhedra, which are called fake surfaces [30]. For this reason,
understanding fake surfaces is important for understanding the stable Andrews—Curtis
conjecture. We introduce fake surfaces as interesting objects in their own right, describe
several of their properties, and initiate an inductive scheme aimed at proving the stable
Andrews—Curtis conjecture. We verify this scheme for fake surfaces up to complexity 5
and discuss its potential for proving that proposed counterexamples do indeed satisfy the
conjecture.

In Chapter 5, we present a classification of low-complexity fake surfaces, which forms
the foundation of the inductive scheme above. We also establish several properties of such
surfaces, prove the contractibility conjecture for acyclic fake surfaces of complexity 4,
extending the work of Ikeda [21] and Robertson [40], and verify the embedded disk
conjecture up to complexity 5.

Finally, in Chapter 6, we outline several directions for further research motivated by

the results of this dissertation.



Chapter 2

The Andrews-Curtis Conjecture

In this chapter, we begin by introducing the Andrews—Curtis conjecture in Section 2.1,
followed by an overview of key ideas and previous work in Section 2.2. In Section 2.3,
we present our state-of-the-art algorithm for trivializing presentations and discuss the

results it produces as well as its limitations.

2.1 Introduction

A central object of study in combinatorial group theory is a group presentation, which
defines a group as a quotient of a free group on a set of generators by the normal subgroup
generated by a set of relators. A particularly interesting class of presentations are balanced
presentations, where the number of generators is equal to the number of relators [28].
The Andrews—Curtis conjecture, proposed in 1965 by James J. Andrews and Morton L.
Curtis, asks whether all balanced presentations of the trivial group can be transformed
to the trivial presentation using certain moves [2].

We first define the allowed transformations, or “moves,” that can be applied to the

set of relators in a presentation.

Definition 2.1 (Andrews—Curtis Moves). Let P = (z1,...,2, | r1,...,7,) be a balanced



group presentation. The following three moves are called Andrews—Curtis moves or

AC-moves:

(AC1) Replace a relator r; with its inverse, r;*.

(AC2) Replace a relator r; with the product r;r; for some j # .

1

(AC3) Replace a relator r; with its conjugate g~'r;g for any generator g € {z3', ... 21},

Two presentations are said to be Andrews—Curtis equivalent or AC-equivalent if one can
be obtained from the other by a finite sequence of these moves.
A presentation is said to be Andrews—Curtis trivial or AC-trivial if it is Andrews—

Curtis equivalent to (zq,...,2, | Z1,...,T,).

The conjecture states that for a fixed number of generators n, all balanced presenta-

tions of the trivial group are AC-equivalent:

Conjecture 2.1 (The Andrews—Curtis Conjecture)
Any balanced presentation of the trivial group, P = (x1,...,2, | r1,...,75), is Andrews—

Curtis equivalent to the trivial presentation (z1,...,x, | z1,...,2,) [2].

The conjecture has proven to be difficult to resolve and has remained a significant
open problem in the field. The general consensus is that the conjecture is false, as many
potential counterexamples have been found that have eluded all attempts at trivialization.

In this chapter, we explore our work on computational methods that have been de-
veloped to tackle this problem. We will explore algorithms designed to search the space
of presentations, heuristics for guiding these searches, and the results of applying these

methods to known potential counterexamples.

Remark (Substitution Move)

AC-moves allow us to use a relator to make substitutions in other relators. This is useful



in simplifying trivialization paths, as a substitution often combines multiple AC-moves
and is a natural way to modify group presentations.

To be precise, let (xy,..., 2, | 71, .., 71, w W' riyq,...,m,) be a balanced presen-
tation of the trivial group with some words w, w’ in the generators. Then we may replace
any occurrence of w in a relator r;, j # 4, with w’ through a combination of AC-moves.

Indeed, to see how to realize this through AC-moves, consider the example substi-
tuting w’ for w in the relator wywwy: first, conjugate (by repeated application of AC3)
to obtain wywjw; then multiply by w™w’ to obtain woww’ (using AC2); and finally,
conjugate again to obtain the desired result wjw'wy (by repeated application of AC3).
For a relator of the form wwws - - - w;_ww;, we may similarly substitute any number of
occurrences of w with w’. The number of AC-moves packaged into the substitution move

is linear in the lengths of the words involved.

Remark (Automorphisms)

It is natural to consider the additional move of applying an automorphism to the under-
lying free group. This extended move set is sometimes referred to as Q* moves in the
literature. It is unknown whether adding this move results in an equivalent move set or
not. However, something weaker holds: if a balanced presentation of the trivial group
P can be transformed into the trivial presentation using AC-moves and automorphisms,

then P is AC-trivial. This is discussed at greater length in [38], [6], and [34].

2.2 Background

2.2.1 The AC Graph

The difficulty in finding a theoretical proof or disproof has naturally led to computational
approaches. The general strategy is to search for a “path” of valid AC-moves from a given

balanced presentation of the trivial group to the trivial presentation. This is, in essence,



a search problem on an infinite graph where the vertices are presentations and the edges
are the AC-moves. Thus, there are numerous search algorithms from computer science
that can be applied to prove the AC-triviality of various presentations.

However, this search is computationally intensive. A significant challenge is that the
length of the relators can grow substantially during the transformation process, even if
the target is the simple trivial presentation.

Most such searches focus on the simplest case of two-generator presentations. This is
because, for presentations with n generators, there are n+n(n—1)+2n* = 3n? AC-moves,
and so with more generators, the branching factor of a search increases quadratically.
Using the language of the aforementioned AC graph, the number of adjacent vertices

grows as O(n?).

Alternative Graphs

Using a different set of moves that are combinations of AC-moves admits a different graph
in which trivialization paths may be shorter. For example, a natural choice is to unify
the inversion of (AC1) and the multiplication (AC2) into the moves r; — rirjﬂ for i # j.
This keeps the number of moves the same but may reduce path lengths. These moves

are called AC-moves in [42]. Here, it is clear that we can recover the original (AC1), as

1 1 1

(ri,7;) — (rirj_ 7)) = (TiTj_ ,Ti) — (rirj_lrl-_l,ri) = (r:tr).

J‘ﬂ“ﬂ’j_l) = (riry ]

It is also not necessary to consider moves that generate each of the original AC-moves,
as long as the moves can be expressed as AC-moves. This is because we only seek trivi-
alizations, and it may be fruitful to sacrifice certain transformations in order to facilitate
others. For example, one can instead view the graph as having edges that are substitution
moves as mentioned in the previous section. In this case, the author is not aware of any
proof that one can execute each of the AC-moves through substitutions. In particular,

one can recover the multiplication move (AC2) by allowing “trivial substitutions,” i.e.,
6



where w = 1 (viewing r; as r; = 1 and r; as r; = 1 and substituting), but it is still not
clear whether one can recover a move (AC3) followed by (AC2), i.e., r; — rigrjg~* for

certain values of g.

2.2.2 Potential Counterexamples

The most famous family of potential counterexamples to the AC conjecture comes from
Selman Akbulut and Robion Kirby from 4-manifold topology [1]. This one parameter

family of presentations is defined as follows:

AK(n) = (z,y | zyz = yay,z" = y"*)

Y

where n > 1 is a positive integer. It was inspired by the n = 4 case, which comes from a
handle decomposition of the Akbulut—Kirby 4-sphere.

It is easy to see that AK(1) is AC-trivial: from (z,y | xyx = yzy, v = y?), simply
substitute z = y? into the first relation, giving (z,y | v°> = y*, » = y?), which is the same
as (x,y | y,z = y*). Then, we invert the first relator, and multiply the second relator by
y~! twice, and invert the first relator again, leaving us with (x,y | z,y).

The second presentation in this series, AK(2), is more difficult to trivialize, but is
also AC-trivial. A trivialization path was first found by Alexei Myasnikov using genetic
algorithms in [34].

The remainder of the family, AK(n) for n > 3, remains a collection of potential

counterexamples to the conjecture.

Remark

In [38], it is shown that for any n and any automorphism of the underlying free group
¢, we have that ¢(AK(n)) is AC-equivalent to AK(n). Thus, this family is one case of
unsolved presentations where the extended move set with automorphisms aligns with the

normal AC-moves.



The presentation AK(3), which has total relator length 13, is an especially important
potential counterexample: it is the unique minimal-length potential counterexample on
two generators, up to AC-equivalence. Indeed, it was established in [35] that all two-
generator presentations with total relator length at most 12 satisfy the conjecture, and in
[18], Havas and Ramsey showed that all presentations on two generators of total relator
length 13 either satisfy the conjecture or are AC-equivalent to AK(3).

A second well-known two-parameter family containing many potential counterexam-

ples is the Miller-Schupp family [7]:

MS(n,w) = (x,y | x_ly”x = y"“, T = w),

where n > 1 is a positive integer and w is a word in z and y with zero exponent sum on
x.

Myasnikov, Myasnikov, and Shpilrain showed that the AK(n) family is contained
within the MS(n,w) family [36]:

Proposition 2.2 ([36])

For all n > 2, AK(n) is AC-equivalent to MS(n, y 'z~ yzy).

2.2.3 Computational Approaches
Classical Searches

Two basic search algorithms from computer science are depth-first search and breadth-
first search.

Depth-first search explores a branch of a search tree as far as possible before back-
tracking. Breadth-first search (BFS), on the other hand, explores all the neighbor nodes
at the present depth before moving on to the nodes at the next depth level.

Both of these techniques have problems that lead to them struggling to efficiently

trivialize presentations. Indeed, a pure depth-first search will likely become trapped



exploring a very long, fruitless path in the infinite AC graph.

Breadth-first search, on the other hand, is very memory-intensive. BFS needs to
store all the nodes at the current level to explore the next, and given the large branching
factor of the AC graph, this will quickly exhaust available memory before many moves
can be applied. It is possible to modify this search to only include presentations under
a fixed length, which makes the search more feasible as the search space becomes finite.
It also has the additional benefit of potentially identifying a lower bound on the longest
presentation in a trivialization sequence. For example, [38] found that along any potential
trivialization of AK(3), there must be a presentation of length greater than 20.

A slightly more sophisticated alternative to both of these algorithms is A* search,
which is an informed search algorithm that finds the shortest path between a starting
node and a goal node in a weighted graph. It works by maintaining a priority queue of
paths to be explored and at each step, it extends the path that has the lowest value of
f(p) = g(p) + h(p), where g(p) is the cost of the path from the start node to the current
node p, and h(p) is a heuristic function that estimates the cost of the cheapest path from
p to the goal state.

In our case, each AC-move can be considered to have a uniform cost, so it is natural to
use an edge weight of 1 for each step of the path. This means g(p) is simply the number
of AC-moves taken to reach the presentation. One natural choice for a heuristic function
h(p) is to use the total length of the relators in a presentation. The goal is to reach the
trivial presentation where the total relator length is minimized, so this heuristic directs
the search toward shorter presentations. We can also use g(p) = € as the cost function.
In this case, A* search will always prioritize shorter presentations, regardless of how far
they are from the starting state. The distance from the starting state is only used to

break ties between two presentations of equal length.



Genetic Algorithms

Genetic algorithms offer a non-deterministic approach to searching the vast AC graph.
As mentioned above, this method was notably used by Alexei Myasnikov to find a trivi-
alization path for AK(2) and verify that all two-generator presentations of total relator
length at most 12 are AC-trivial. Genetic algorithms are inspired by the process of nat-
ural selection and operate on a population of candidate solutions, which in this context
are sequences of AC-moves. Each sequence is evaluated by a “fitness function,” which
typically prioritizes sequences that lead to shorter relators.

The algorithm proceeds in generations. In each generation, the fittest individuals
are selected to “reproduce” by creating new sequences through “crossover” (combining
parts of two parent sequences) and “mutation” (randomly altering a part of a sequence).
This process aims to iteratively improve the population, hopefully evolving a sequence

of moves that trivializes the presentation.

Machine Learning Approaches

It is also natural to apply machine learning techniques, particularly reinforcement learn-
ing, to the Andrews—Curtis conjecture. Reinforcement learning frames the problem as an
agent (the algorithm) interacting with an environment (the space of presentations). The
agent takes actions (applying AC-moves) to receive rewards, which are designed to guide
it toward the goal of trivializing the presentation. A key challenge in this context is the
sparsity of rewards; a successful sequence of moves might be extremely long, making it
difficult for the agent to learn which actions are beneficial in the long run.
Reinforcement learning has demonstrated remarkable success in solving complex search
problems in other domains, most famously in game-playing with AlphaGo and AlphaZero
[43]. In these contexts, the agent often receives more frequent feedback or a clearer sig-
nal of progress. For instance, in a game of Go, while the ultimate reward is winning
or losing, intermediate board states can be evaluated to estimate the probability of a
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win, providing a denser reward signal. This frequent feedback allows the learning algo-
rithm to more easily associate actions with positive or negative long-term outcomes. The
search for AC-trivializations, however, presents a classic sparse reward problem. The only
definitive positive reward comes from reaching the trivial presentation, a rare event that
might require thousands of moves. Intermediate steps, such as those that increase relator
length, might appear to be counterproductive, making it exceptionally difficult for an RL
agent to learn the long-term value of its actions without sophisticated reward-shaping
strategies.

Another machine learning approach involves using supervised learning to guide more
traditional search algorithms. For example, a classifier can be trained to predict whether
a particular sequence of moves is likely to lead to a simplification, helping to prune the
search space and make automated reasoning more efficient. The idea is to leverage neural
networks to detect patterns and guide the search, which might uncover structure that is
not obvious to human mathematicians.

Recent work has shown promise in applying machine learning to theorem proving [54,
3, 39] and mathematical problem-solving [45]. Applications of machine learning to the

Andrews—Curtis conjecture are explored in joint work [42].

Automated Theorem Proving

Besides these Al-driven methods, other computational strategies have been employed.
One significant approach is to reframe the problem in terms of automated theorem prov-
ing. This involves translating the AC transformations into a formal logical system, allow-
ing the use of powerful automated theorem provers to search for a proof of equivalence
between a given presentation and the trivial one. This method has been competitive

with specialized search algorithms and has even provided new trivializations.
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2.2.4 Bridson-Lishak presentations

A significant development that has profoundly reshaped the perspective on computational
searches for Andrews—Curtis trivializations came from the work of Martin Bridson and
Boris Lishak [5] [24]. They constructed families of balanced presentations of the trivial
group for which any sequence of Andrews-Curtis moves that transforms them into the
trivial presentation must be extraordinarily long. Specifically, they demonstrated the
existence of presentations where the number of required AC-moves is bounded below by
a superexponential function of the presentation’s total relator length.

These presentations are constructed in such a way that trivializing them is provably
complex. The core idea is to embed the difficulty of solving the word problem in a
carefully chosen group into the process of AC-trivialization. By doing this, Bridson
and Lishak created balanced presentations that are known to be AC-trivial, yet whose
trivialization paths are far beyond the reach of any conceivable brute-force or simple
heuristic-based search.

The existence of the Bridson-Lishak presentations has a strong impact on the view
of the failures of computational searches to trivialize potential counterexamples to the
Andrews-Curtis conjecture. It may seem, at first, that the failure to trivialize a potential
counterexample like AK(3) after extensive searching could be interpreted as evidence
that it might indeed be a true counterexample. However, the Bridson-Lishak results
provide an alternative explanation: the presentation might be trivial, but the path to
triviality is simply too complex for current search algorithms to find. It highlights that
the absence of a short trivialization path does not imply the absence of a trivialization
path altogether. This reinforces the need for more sophisticated search techniques that
can navigate the incredibly complex and vast landscape of the AC graph, potentially by
identifying and traversing incredibly long and non-obvious paths to simplification. In
particular, it emphasizes that “supermoves” [42], i.e., moves that combine many AC-
moves into one, may be necessary to trivialize many AC-trivial presentations.

12



2.3 Computational Results

2.3.1 Greedy Search Algorithm

We built a state-of-the-art solver to trivialize group presentations with AC-moves. It
uses the ideas of A* search from Section 2.2.3, where the moves are substitution moves,
g(p) = €, and h(p) is the total length of the relators. In other words, the search always
prefers to explore presentations with shorter total length over longer ones, and ties are
broken by distance from the starting presentation. For this reason, we call this algorithm
greedy search, as in [42]. We describe the algorithm in more detail and provide some

pseudocode below.

Remark

Trivialization paths discovered by greedy search are not necessarily optimal in terms of
path length, since there might be a shorter path that goes through longer presentations.
However, trivialization paths discovered by greedy search are optimal in terms of the
length increase during the path. In particular, if n is the total length of the longest
presentation in a greedy search trivialization of a presentation, then it is impossible to
trivialize that presentation by only using presentations of length at most n — 1. This
also implies that if greedy search views a presentation of total length n before failing to
trivialize a presentation, then the presentation cannot be trivialized without the total

length increasing to at least n.

First, to minimize redundancy, every relator is reduced by freely canceling adjacent in-
verse pairs, including cyclic cancellations. Each reduced word is then placed in canonical
form by considering all cyclic permutations and inversions, and selecting the lexicograph-
ically minimal representative. The lexicographically smaller of the two canonical relators
is then set to be ry, and the other r,. This ensures that equivalent relators are always

identified with a unique canonical word. For example, this step views (z 7'y 1z, x71y) as
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identical to (z'y,y) or (y,zy™!).

From a given presentation, the algorithm generates neighbors by applying all nontriv-
ial substitutions. In particular, it identifies positions where a suffix of a cyclic permutation
of one relator cancels with a prefix of a cyclic permutation of the other (or its inverse),
and concatenates the words together to form a new candidate relator. Each resulting pair
that is below a configured maximum length is reduced, canonicalized, and placed into a
priority queue if it has not already been encountered. The priority, as mentioned above,
is determined by the total word length, so that the search explores simpler configurations
first, with ties broken by distance from the starting presentation.

The procedure terminates if a pair of relators both reduce to words of length one
(i.e., a presentation whose canonical form is equivalent to that of (x,y)). If no such
pair is found within the search bounds (on word length or number of nodes visited), the
algorithm reports the minimal presentations discovered. In this way, the solver provides
a systematic method for probing possible Andrews—Curtis reductions while efficiently
navigating the enormous search space of relator pairs.

The pseudocode is given in Algorithms 1, 2, and 3 below.

Algorithm 1 Relator Canonicalization

1: function CANONICALRELATOR(T)
2 r_min <— minimal lexicographic rotation of r (Booth’s algorithm)
3 inv_min < minimal lexicographic rotation of inverse(r)
4 if r_min > inv_min then return inv_min

5: elsereturn r_min

6: end if

7: end function

8: function CANONICALPAIR(7,72)

9 cry < Canonical Relator(ry)

10: cry <— Canonical Relator(rs)

11: if (|cry| > |erg|) or (|eri| = |ere| and cry > cry) then
12: Swap(cry, crs)

13: end if

14: return (cry, cry)

15: end function
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Algorithm 2 Neighbor Generation

1: function GETNEIGHBORS(ry,12)

2: results < {}

3: for all candidates ¢ € {rq, inverse(ry)} do

4: for all rotations of r; and ¢ do

5: if last(rot1) is inverse of first(rot2) then
6: neigh < concat(rotl, rot2)

7 Add (neigh,r3) and (ry, neigh) to results
8: end if

9: end for

10: end for

11: return results

12: end function

Algorithm 3 ACRelatorSolver

1: procedure INITIALIZE(rq, 79, max_nodes, mazx_len)

2 Convert input to arrays

3 Reduce relators and compute initial canonical pair
4 Initialize priority queue and visited set

5: end procedure

6: function SOLVE

7 while queue not empty and nodes < max_nodes do
8 Pop (r1,r2) with minimal priority

9 if |r1] =1 and |ry] = 1 then

10: Return path to trivial relators

11: end if

12: for all neighbors of (ry,rs) do

13: Reduce and canonicalize neighbors

14: if length below threshold and unseen then
15: Add to queue and mark visited

16: end if

17: end for

18: end while

19: Return failure if no trivial relators found

20: end function
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2.3.2 Greedy Search Performance on MS(n,w) and AK(n)
MS(n,w) family

To test the performance of this algorithm on the infinite family MS(n,w), we consider
the 1190 presentations that satisfy n < 7 with length(w) < 7. In general, we find that,
for a fixed w, varying n up to this bound gives us a sufficient signal for performance in
that one-parameter family.

Greedy search was also able to solve all presentations of length less than 14 in the
dataset. We note that while Proposition 2.2 shows that the AC-equivalence class of AK(3)
appears in the dataset, none of these instances have length 13. Indeed, MS(3,y 'z 1yzy)
has length 15.

At length 14, there are six presentations that greedy search could not solve. Four of

these, namely,

(z,y | o7 le =y 0 = 7%y 2?y™)

and

(z,y | o7 P2 =y 2 = y=la?y™),

are AC-equivalent to AK(3), while the other two,

(z,y | 27 Wr = y* 2 = yxPya?)

and

(r,y | a7 yPe =y’ 0 = yaly~la™?),
could not be related to AK(3) or to the trivial presentation through any path involv-
ing only presentations with both relators having length less than 24. Thus, these two

presentations of length 14 are new potential counterexamples. Indeed, they are the

minimal-length potential counterexamples outside the AC-equivalence class of AK(3).
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Overall, greedy search solved more than half of the 1190 presentations.
Notably, greedy search solved all n = 1 presentations in the aforementioned dataset.

This motivated us to prove the AC-triviality of MS(1, w) for all w:

Theorem 2.3
MS(1,w) is AC-trivial for all w.

Proof. We have

MS(1,w) = (x,y | r lyr =y = w),

where w has exponent sum 0 in z. We can rewrite the first relator in the following four

ways:

(i) yr = xy?

i) z7ly = 2!
(i) 7'y =y

(iii) a7yt =y 227!

(iv) vl = oy~

We can substitute these equations into the second relator to move around all occur-
rences of x and x~!: relations (i) and (iv) move z to the left, while relations (ii) and (iii)
move 27! to the right. We continue until the second relator becomes x2~ 1’z ¢ for some

a,b € Z. Through conjugation, this simplifies to = y°, which, when substituted into

the first relator, leads to a trivialization of the presentation. O

The following result follows from this theorem.

Theorem 2.4

1

MS(n,w,) for w, =y~ tzyz~! is AC-trivial for all n.

Proof. In the presentation,
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MS(n,w,) = (z,y | 2 'y "z = y"™ o =y tayz™)

we can rewrite the second relation as y~'zy = 2, and apply the automorphism z < y

to get

MS(n,w,) = (z,y | x 'yx = v* vy 'a"y = 2" ).

This presentation is the same as MS(1,y~'z"yz~"), which is AC-trivial by Theorem 2.3.
O

AC-trivializations of MS(n,w,) for n = 3,4,5,6,7,8 were recently obtained using
automated theorem proving in [25]. Here, we have obtained AC-trivializations of this
family for all n. However, it is still useful to compare the computational performance of
greedy search with automated theorem proving.

In [25], the author writes:

The case of MS(7,w,) poses considerable challenge for any computational
approach. We were not able to find AC-simplification using automated rea-

soning with IG encoding (unlike the cases with n < 6).

We first were able to confirm AC-trivialization of MS(7, w,) using automated

reasoning with EN encoding. It took Prover9 42681s to complete the search.

The aforementioned greedy search trivializes the presentation MS(7,w,) in 5.2s, which
is over 8,200 faster than the 11.9 hours mentioned above.! The trivialization required
visiting fewer than 20,000 presentations, and the trivialization path had length 493.

In [26], the same author also describes a trivialization of MS(8, w,):

!The authors of the original paper conducted their experiments using Prover9 on Intel i5-7200U (2.71
GHz, Windows 10) and Intel i7-6700 (3.40 GHz, Rocky Linux). Our experiments were performed on
an Apple M2-based MacBook Pro (8-core, 8 GB RAM) running macOS. Because these systems differ
substantially in architecture (x86-64 vs ARMG64), OS environments, and potentially Prover9 builds,
clock frequencies and raw hardware specifications are not directly comparable. This speedup should be
interpreted as an empirical observation for this instance rather than a strict comparison of hardware
performance.
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It took Prover9 189707s and 9Gb of memory to find a proof. The length of

the proof is 6270 steps.

Our aforementioned greedy search trivializes this presentation in 50s, visiting fewer than
150,000 presentations, with a path length of 1023. This is a 3,800x speedup compared

to the almost 53 hours described above.?

Greedy Search Performance on AK(n)

While the greedy search algorithm trivializes AK(1) and AK(2) instantly, it is unable to
trivialize any other presentation in the series. However, for AK(5), greedy search quickly
finds a way to reduce the length from the starting length of 17 to 16. It can similarly
reduce the length of AK(6) from 19 to 17. Examining these paths, we found the following

result:

Theorem 2.5

For every n > 2, AK(n) is AC-equivalent to the presentation
(w,y |27 ye = zya™ly , ay" o = yay),
of length n + 11. This gives a reduction in length of AK(n) for all n > 5.

To prove this theorem, we will use Proposition 2.2 and prove two additional theorems

(Theorems 2.6 and 2.7). From these results, Theorem 2.5 follows immediately.

Theorem 2.6
For each fixed n > 0, all members of the one-parameter family of presentations MS(n, wy,)

are AC-equivalent. Here, w, = y %2 lyzy is parameterized by k € Z.

Proof. Starting with the presentation,

MS(n,wy) = (z,y | 2 'y e = y" ' 2 = y o yay),

2See the disclaimer on hardware and runtime comparability in the previous footnote
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we will show that for any fixed n and k, MS(n, wy) is AC-equivalent to MS(n, wy41).
First, note that the first relation in MS(n,wy) can be rearranged in the following

three ways:

(i) Multiplying by * "z from the left and by y~! from the right gives

ykxy_l — ykz—nxyn

(i) Multiplying by y~! from the left and by z7'y~! from the right, and inverting the

relation gives

—(n—=1)

y xy =yry "

(iii) Multiplying by y~'z from the left and by y*~" from the right, and inverting the

relation gives

n—k

y Iflyf(nfl) _ yf(lc+1)x71

Y.

Now we can rearrange the second relation to get y*zy~! = 2 lyx. Substituting (i)

k

gives y* "xy® = x~'yz, which we can rewrite as yry™™ = xy*"z. Now substituting

(n—1) 1,—(n—-1) _—_ —1,.-1

(ii) gives y~ " Vay = xy* "z, which we may rewrite as y" *x~ly ry 'z

1

Finally, substituting (iii) gives y~**Yz~'y = xy~'z~!, which is equivalent to x =

y~* e lyzy = wyg. 0

Theorem 2.7

For each n > 0 and k € Z, MS(n, wy) is AC-equivalent to the presentation

P(n,k) = (z,y | y" "o lyz = 2y 'y F | 2 =y P lyay),

of total length |k| + [n — k| 4+ |n — k — 1| 4+ 11. For each fixed n, this length is minimized

when £ = n — 1, which gives the presentation
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—(n—=1)

Pnyn—1)=(z,y |z 'yz=ayz'y, 2=y " yzy),

of length n + 11.

Proof. Starting with the presentation,

MS(n, wy) = (x,y | 27 y"e = 4" 2 =y Fr " yzy),
the second relation may be equivalently expressed as

(i) yray™t =z lyx

(i) y~lay® = pyax?

Multiplying the first relation by y 'z from the left and by y~! from the right, we get
y"tzy~! = y~tzy", which we may rewrite as y"*7 (yFay~!) = (ylayF) y"F. Sub-
stituting from (i) on the left-hand side and from (ii) on the right-hand side gives the

required result. O

Combining the previous three results shows that for each fixed n, AK(n) is AC-
equivalent to all members of the infinite families MS(n,wy) and P(n,k). From this,

Theorem 2.5 follows immediately by setting k =n — 1.

Remark

While P(n,n — 1) is always the shortest presentation in the P family, other P(n, k) may
also give reductions in length of AK(n). To determine which presentations in the P-
family are shorter than AK(n), we compare the length of AK(n) (i.e., 2n + 7) with the

length of P(n, k) given by:
{2n—|—10—k, ifh<n-—1,

3k 4+ 12 —2n, if k> n.

Thisislessthan2n+7when4§k§n—1orn§k<%(4n—5).
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We also note that the AC-triviality of AK(2), combined with Theorem 2.6, gives the

following result.

Corollary 2.8

Each member of the infinite families MS(2, wy) and P(2, k) is AC-trivial.

2.3.3 Limitations of Greedy Search

Greedy search is based on the principle that it is better to explore shorter presentations
rather than longer ones. While this leads to good performance overall, it also means that
greedy search particularly struggles on presentations whose length must be increased
substantially before it can be decreased, especially when there are many shorter-length
presentations to check first. The fundamental limitation of greedy search is that all
presentations it encounters must be stored in memory to avoid backtracking and to
avoid revisiting presentations it has already seen. Eventually, the computer runs out
of memory. Often this happens before the length has been able to increase by a large
amount.

For example, if we run greedy search on AK(3) for 15M nodes, then it only ever
reaches presentations of length 27, a length increase of 14. Table 2.1 shows the number
of presentations that are visited before reaching the first presentation of a given length.
This implies that in order to trivialize AK(3), the total length must reach at least 27,

extending the lower bound of 20 given in [38]:

Proposition 2.9 (Length Increase for AK(3))
Either AK(3) is a counterexample to the Andrews—Curtis conjecture, or every trivializa-

tion sequence

AK@B)=FP —- P, — -+ = B, — (v,y]|z,y)
contains a presentation P; with total relator length |P;| > 27.
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Table 2.1: Number of Presentations Visited Before Reaching a Presentation of a Given
Length

Length Number of Presentations Visited

15 1
16 26

17 40

18 1,000
19 2,128
20 19,604
21 38,612
22 136,720
23 246,856
24 855,209
25 1,532,733
26 5,431,781
27 10,118,637

One way to help greedy search trivialize presentations with large length increases is
to use automorphisms of the underlying free group. Let P be a presentation and for an
automorphism ¢ of the underlying free group, let ¢(P) refer to the resulting presentation.
Then it is clear that if P = Py — P, — ... = P, — (x,y|z,y) is a trivialization of P by
substitution moves, p(P) = ¢(Py) = ¢(P1) — ... = p(P,) — (z,yle(z), ¢(y)) is also
a path of substitution moves, and moreover (z,y|p(x), p(y)) is AC-trivial, as discussed
in Section 2.1. However, the paths may require quite different length increases, and
thus be of varying difficulty for greedy search. To give one example, the presentation
MS (4, y tayzr~ty2) is easily trivialized by greedy search, requiring only 474 nodes and
around a tenth of a second on a laptop. However, once we apply the automorphism

x> y tay?, y — ayx, greedy search fails to trivialize the presentation with 1M nodes.

Notes

Greedy search with substitution moves was developed jointly with Michele Tarquini, and
is based on greedy search from joint work with Ali Shehper, Anibal M. Medina-Mardones,

Barttomiej Lewandowski, Angus Gruen, Yang Qiu, Piotr Kucharski, Zhenghan Wang,
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and Sergei Gukov [42]. Many of the computational results presented here also originate

from that joint work.
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Chapter 3

The Stable Andrews—Curtis

Conjecture

In this chapter, we discuss a version of the Andrews—Curtis conjecture, called the stable
Andrews—Curtis conjecture, that allows for two additional moves, stabilization and its
inverse. In Section 3.1 we introduce the additional moves, and in Section 3.2 we discuss
the topological formulation of the conjecture and its connection to the Zeeman conjecture.
Finally, in Section 3.3, we discuss the connection between the stable Andrews—Curtis
conjecture and knot diagrams, which were thought to provide potential counterexamples
distinguishing the stable and non-stable variants. Using the algebraic formulation of the

conjecture, we show that such counterexamples cannot arise in certain cases.

3.1 Introduction

Definition 3.1 (Stable Andrews—Curtis Moves). Let P = (z1,...,2, | r1,...,7,) be a
balanced group presentation. The stable Andrews—Curtis moves consist of the standard
Andrews—Curtis moves (AC1)—(AC3) from the previous chapter supplemented by the

following two moves:
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(AC4) Add a new generator x, 1 and a new, trivial relator r,,,1 = x,1. The new presen-

L
tation is P’ = (x1, ..., Tpa1 | 715 oy Ty Tt ) -

(AC5) The inverse of the stabilization move. If a presentation contains a relator r; that is
a single generator z;, and this generator does not appear in any other relator, then

both r; and z; can be removed.

Two presentations are said to be stably Andrews—Curtis equivalent if one can be obtained
from the other by a finite sequence of moves (AC1)—(AC5).
A presentation is said to be stably Andrews—Curtis trivial if it is stably Andrews—

Curtis equivalent to the trivial presentation.

Using this extended move set, we can state the stable version of the conjecture:

Conjecture 3.1 (Stable Andrews—Curtis Conjecture)
Every balanced presentation of the trivial group is stably Andrews—Curtis equivalent to

the trivial presentation ( | ).

Substitution and Removal Move

We also present a move which is a combination of (AC1)-(AC5) and is useful in trivial-

izing presentations:

Lemma 3.2 (Substitution and Removal Move)
Let P = (x1,...,Zn,y | 71, ., 70,y w) be a presentation of the trivial group, where w
is a word in xy,...,x,. Then P' = (xy,...,x, | 7,...,7}) is stably AC-equivalent to P,

where 7/ is r; with all occurrences of y replaced by w.

Proof. First, we substitute w for y inry, ..., r,, giving P = (1, T,y | Ty Ty W),
Since Y, ..., 7! donot contain y, we can define the surjective homomorphism ¢ : P—P
by ¢(z;) = x; and ¢(y) = w. Since P is trivial, P’ is trivial. Therefore, the normal closure

of ri, ... 7l gives the free group generated by x1,. .., ,, which means w can be written as
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a product of conjugates of the r}, namely, w = w; (r} )*' )Ewy e w (r) ) )t

wy twsy(r
for words w; in the z; and i, € {1,...,n}. Note that m may be much larger than n.

/

im

Now using (AC1)-(AC3) we can transform y~'w to wi(r] ) wi ™ -+ wy, (v} ) Fw, lwly

which equals y, and then we can remove y by (AC5). [

Remark

At first glance, this move seems quite similar to the substitution move from the previous
chapter. However, in the case of substitution and removal, it is nontrivial in general
to write down the sequence of (AC1)-(AC5) moves to realize such a move. Also note
that a single application of the substitution and removal move may require arbitrarily
many (AC1)-(AC5) moves, and we are not aware of any general bounds. When consid-
ering trivializing presentations through explicit sequences of moves, this move has the

advantage of simultaneously applying many of the moves (AC1)-(AC5).

The Power of the Stabilization Move

For the two families of potential counterexamples mentioned in the previous chapter—the
presentations AK(n) and MS(n,w)—all such presentations that are potential counterex-
amples to the Andrews—Curtis conjecture are also potential counterexamples to the stable
Andrews—Curtis conjecture. Indeed, in the context of balanced presentations of the triv-
ial group, we are not aware of any evidence that AC-triviality is stronger than stable
AC-triviality.

However, these moves can be equivalently applied to any group presentation, and
outside the context of balanced presentations of the trivial group, it is known that (AC1)—
(ACbH) generates a larger equivalence class than just (AC1)—(AC3). Indeed, in [4], Barmak
notes that the first examples of such presentations are likely due to Zieschang in [57]:
(z,y | 2%°) and (z,y | 2°y’=%y?).

It is easy to see that these presentations are stably AC-equivalent. We can do a

substitution and removal in reverse to get
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(z,y | 2°y°2%y?) — (z,y, 2 | zyz, 2 = 2°Y7),

and then simply do a substitution and removal for y = 272, giving

(x,y | x3y3x3y2) = (x,y,z | zyz, 2z = x3y2) —(x,z|z= :U?’z’A‘) = (z,z | 20 = :c3)

(note we can swap the sign on the power of z by doing one additional substitution and
removal to match the first original presentation on the nose). As Barmak explains in [4],
these presentations are not AC-equivalent merely by inspection, as the move (AC2) is
impossible with a single relator.

This idea was generalized by McCool and Pietrowski in [32], where they showed the
same for the presentations (x,y | zFyP"*1) and (x,y | (aFy')Py) for k,p,t > 2. These
are stably AC-equivalent by the same trick, namely, setting z = x*3* through an inverse
substitution and removal and then doing a substitution and removal for y.

There are also examples with more than one relator: Metzler shows in [33] that the
presentations (z,y | 2°, y°, [z,y]) and (z,y | 2°,9°, [2?, y]) are stably AC-equivalent but
not AC-equivalent.

Finally, there exist examples of balanced presentations which are stably AC-equivalent
but not AC-equivalent. Indeed, in [4], Barmak introduces two presentations of Z x Z

which are shown to not be AC-equivalent:

(x,y | [x,y],1) and <x,y’ [x, [x,y’lﬂzy [y’l,:v] Yy, [3:, Hy’l,x] ,xﬂ>

In [15], these two presentations are shown to be stably AC-equivalent.
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3.2 Topological Version

The stable Andrews—Curtis conjecture has an equivalent topological formulation, first
pointed out by a referee of the original paper by Andrews and Curtis [2]. It is based on

Whitehead’s simple homotopy theory [51] [50].

3.2.1 Simple Homotopy Theory

We recall some notions from simple homotopy theory in the setting of polyhedra.

Definition 3.2 (Elementary simplicial collapse). Let K be a simplicial complex. Suppose

that o™, 0" ! € K are open simplices such that:

1. o is principal, i.e., it is not a proper face of any other simplex in K;

2. 0 is a free face of o, i.e., ¢ is not a proper face of any simplex in K other than o.
Then the transition from K to K \ (0 Ud) is called an elementary simplicial collapse.

If a simplicial complex K can be transformed to a subcomplex L through a sequence

of elementary simplicial collapses, we say K collapses to L and write K \, L.

Definition 3.3 (Elementary polyhedral collapse). Let P be a polyhedron. Suppose that
P = QU B"™, where B" is an n-cell and PN B™ = B"! is an (n — 1)-dimensional face of

B™. Then the transition from P to @) is called an elementary polyhedral collapse.

If a polyhedron K can be transformed to a subpolyhedron L through a sequence of
elementary polyhedral collapses, we say K collapses to L and write K \, L.

We note that a simplicial collapse is a special case of a polyhedral collapse, and
conversely, it is possible to choose a triangulation of the ball B™ such that the collapse
onto B"~! can be realized as a simplicial collapse.

Elementary expansions are defined as the inverse operations of elementary collapses.
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Definition 3.4 (Collapsible). If a polyhedron K collapses to a point, we say K is col-
lapsible.
Certainly, collapsibility implies contractibility, but the converse is not true. Two
common examples are the dunce cap, where a 2-cell is attached to a circle z with attaching
1

map xrr~ ", and the house with two rooms. In each of these cases, there is no free face

to start collapsing. This is the obstruction to collapsibility.

Definition 3.5 (Simple homotopy equivalence). Let X and Y be polyhedra. A contin-
uous map f : X — Y is called a simple homotopy equivalence if there exists a finite

sequence of polyhedra

X =Xo, X1, Xo, oo, Xn =Y

such that for each + = 0,...,m — 1, either X, ; is obtained from X; by an elementary
polyhedral collapse or elementary polyhedral expansion.
If such a finite sequence exists, we say that X and Y are simple-homotopy equivalent,

and we write

X~ Y.

Every simple homotopy equivalence is a homotopy equivalence, but not conversely. The
obstruction 7(f) to a homotopy equivalence f : X — Y being a simple homotopy equiv-
alence is called the Whitehead torsion, which takes values in an abelian group Wh(r)

called the Whitehead group, which depends on 7 = 7 (X) = m (V).

Definition 3.6 (m-deformation equivalence). Let m > 0 be an integer. Two polyhedra

X and Y are said to be m-deformation equivalent if there exists a finite sequence

X:Xo,Xl,...,Xk:Y

such that each step X; <+ X, is either an elementary expansion or an elementary

collapse involving only cells of dimension at most m.
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In particular, if such a sequence exists with m = 3, we say that X and Y are 3-

deformation equivalent.

We note that, in dimension n for n > 2, all simple homotopy equivalences can be

realized as (n + 1)-deformation equivalences:

Theorem 3.3 ([49))
If m > 2, then for any two simple homotopy equivalent polyhedra X,Y of dimension
< m, there is a sequence of elementary collapses and expansions of dimension at most

m -+ 1 that takes X to Y.

In particular, this theorem implies that simple homotopy equivalent 2-polyhedra are

4-deformation equivalent.

3.2.2 Topological Version of stable Andrews—Curtis Conjecture

The topological version of the stable Andrews—Curtis conjecture asks whether the result
from Theorem 3.3 can be generalized to dimension 2 in the case of contractible polyhedra,
i.e., whether contractible, simple homotopy equivalent 2-polyhedra are 3-deformation
equivalent.

The connection between the stable Andrews—Curtis conjecture and topology is that, in
short, 3-deformation equivalence classes of 2-complexes are a topological analog to stable
AC-equivalence classes of group presentations. On the one hand, there is a natural way
to build a 2-complex Kp from any presentation P = (z1,...,2, | 71,...,7m): we take a
single vertex, add n edges corresponding to each generator, and m 2-cells glued according
to the relations. Conversely, for any 2-complex K, we can pick a maximal tree T" of the
1-skeleton and collapse it, which leaves a 2-complex K /T with a single vertex. From
here, we can read off a presentation of its fundamental group. We note that K /T is
3-deformation equivalent to K, and that different choices of T' lead to presentations that

are stably AC-equivalent.
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That these different move sets correspond is nontrivial, and a proof of the equivalence
can be found in [53] and [20]. Using this equivalence, we can state the topological version

of the Andrews—Curtis conjecture.

Conjecture 3.4 (Stable Andrews—Curtis Conjecture, Topological Formulation)

Any (finite) contractible 2-dimensional polyhedron K can be 3-deformed to a point.

3.2.3 Connections to Zeeman Conjecture

The topological version of the stable Andrews—Curtis conjecture is closely related to

another important topological conjecture called the Zeeman conjecture.

Conjecture 3.5 (Zeeman Conjecture)

If K is a contractible 2-dimensional polyhedron, then K x I is collapsible.
There exists some evidence for and against the conjecture, due to M. M. Cohen.

Theorem 3.6 (M. Cohen, [9])
If K is a contractible 2-polyhedron, then K x I° is collapsible. In general, if K is a

contractible n-polyhedron for n > 3, then K x I?" is collapsible.

Theorem 3.7 (M. Cohen, [10], Theorem 3)

For all n > 3 there exists a contractible n-polyhedron K such that K x I is not collapsible.

Importantly, we observe that the Zeeman conjecture implies the stable Andrews—
Curtis conjecture, since we can take a contractible 2-polyhedron K, cross it with an

interval, and then apply the conjecture to collapse it to a point.

Proposition 3.8

The Zeeman conjecture implies the stable Andrews—Curtis conjecture.

Proof. Any 2-polyhedron K expands to K x I. If K is contractible, then by the Zeeman
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conjecture, K x I collapses to a point. [

We also note that the Zeeman conjecture is related to the famous Poincaré conjecture,

which was proven by Perelman.

Theorem 3.9 (Poincaré Conjecture)
If S is a 3-dimensional PL manifold homotopy equivalent to S3, then it is PL-homeomorphic

to S3.

If we remove an open ball, we can equivalently reformulate the conjecture as: any
compact contractible 3-dimensional PL manifold is PL-homeomorphic to the 3-ball.
In particular, the Zeeman conjecture also implies the Poincaré conjecture, first ob-

served by Zeeman himself.

Proposition 3.10 ([55], Theorem 2)

The Zeeman conjecture implies the Poincaré conjecture.

Proof. Let M be a compact contractible 3-dimensional PL-manifold. There exists a
spine X of M of dimension at most 2. Since M collapses to X, we have that M x [
collapses to X x I, which collapses to a point by the Zeeman conjecture. Thus, M x [
is homeomorphic to a regular neighborhood of a point, i.e., a 4-ball. We note that M,
as M x {0}, lies in the S® boundary of M x I, and the boundary of M is S?. Thus, by
the Alexander Theorem, which says that every 2-sphere in S® bounds a 3-ball, M is a
3-ball. O

The connection between these three conjectures is even stronger than mentioned here
once the Zeeman conjecture is restricted to fake surfaces. Fake surfaces are introduced
in Chapter 4, and the connections between the Zeeman conjecture restricted to fake
surfaces, the stable Andrews—Curtis conjecture, and the Poincaré conjecture are discussed

in Section 4.4.
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3.3 Unknot Diagrams and Stably AC-Trivial Presen-
tations

In [36], Myasnikov, Myasnikov, and Shpilrain discuss a way to produce stably AC-trivial
presentations from diagrams of the unknot. These presentations are not known to be
AC-trivial, and thus serve as potential counterexamples to the AC conjecture and to
the equivalence of the conjectures. In this section, we discuss results related to both
uses: using unknot diagrams to prove the stable AC-triviality of presentations that elude
computational trivialization attempts, and the possibility of producing new potential

counterexamples to the Andrews—Curtis conjecture.

3.3.1 Stably AC-Trivial Presentations From Wirtinger Presen-

tations

We recall the construction of the Wirtinger presentation of a knot diagram. Given any
oriented knot diagram with n crossings, we assign generators {z;}!", to each of the
arcs, and each crossing gives us a relator {r;}"_;. In our notation, the left crossing in
Figure 3.1 corresponds to the relator y = x~'zz, and the right one gives y = zzax L.
These generators and relators form a balanced presentation of the fundamental group of

the knot complement. Moreover, there exists an ordering of the relators and a choice of

+1 as exponents such that the relators satisfy the equation

n

+1 _
Hri = 1.
i=1

Thus, any relator r; can be eliminated by expressing it as a product of the other relators,
giving
(X1 T | Ty ey The 1y Tty -« 5 )

without changing the underlying group.
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Figure 3.1: Types of Crossings

When the knot diagram is of the unknot, the fundamental group of the knot com-
plement is Z, which is generated by each generator zi,...,x,. If we add a relator w
that is a word in xy,...,x, with exponent sum +1, we get a balanced presentation
(T1, o Ty | 71,0 Tho1, TRty - - - Ty w) Of the trivial group. The result below estab-

lishes that every such balanced presentation is stably AC-trivial.

Proposition 3.11 (Myasnikov, Myasnikov, and Shpilrain, [36])

Let (x1,...,2, | r1,...,7r,) be the Wirtinger presentation of an unknot diagram. Then
for any k£ = 1,...,n and word w in the z; with exponent sum =+1, the balanced pre-
sentation of the trivial group (z1,..., 2, |71, ko1, That1s - - - T, W) is stably Andrews—

Curtis-trivial.

The proof of this proposition relies on the well-known realization of Reidemeister
moves for knot diagrams as stable AC-moves for the associated balanced presentation of

the trivial group, first studied in [48].

Proof. As a knot diagram of the unknot is reduced to the trivial diagram, the associated
balanced presentation is shown to be stably AC-trivial.

Two diagrams of the same knot can be related by a finite sequence of the three Reide-
meister moves shown in Figure 3.2. As a diagram of the unknot is reduced to the trivial
diagram, the associated balanced presentation is reduced to the trivial presentation.

Here we distinguish R2a and R2b because they give slightly different computations
within the presentations. Since we want to consider the behavior of balanced presen-

tations (x1,..., Ty | 71y oy The1, That, - - - Ty w) Of the trivial group under Reidemeister
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Figure 3.2: The 3 Reidemeister Moves

moves, we can assume that the relator eliminated, 7y, is not one given by the crossings
in R1, R2a, R2b, or R3. We note, however, that since any relator in a Wirtinger pre-
sentation can be written as the product of the other relators, the relator we eliminated

can be recovered using (AC1)—(AC3).

R1:

(1, .. T,y | 71,y w) > (2, x| 7w

y ' n?

Here 7} and w' are obtained from replacing y in r; and w by z. The equivalence comes

from the substitution and removal in Lemma 3.2.

R2a:
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(T1, .. Ty T, Y, 2,0 | 71, T, 2y Yy 2y Ty, w)
(T, T, Ty, | r'l,...,r;+1,ux’1,w’>

= (w1, T, 0y | 71, Ty, ur W)

> (T1, Ty | T1y e Tog, W)

Here, r/ and w' are obtained from replacing z in r; and w by y~'xy; ; is obtained from
replacing v in r; by x; and w is obtained from replacing v in w’ by x. The second equality
comes from the fact that the r; do not contain z.

R2Db is similar to R2a.

R3:
1,1 1, -1 1,1
(T1y e Ty Ty Y, 2, U UL T | Ty oo Ty, VYT UT0 7 TT2 T, W)
—1,-1,-1 1.1
Ty, T, T Y, 2, U T | T T, ury T Tz w')
1 -1,-1 “1,-1 7
> (T1y e T, T Y, 2 U T | Ty T, uTZY 2T ez W)
‘ ~1_-1,_-1 T R I
(L1, T, Y, 2 U | Ty T, w2y 2 Ttz tzy T 2 W)
1,1 11 11
e V2 PP O B VRS TR A I TR D S 4t R 77 R V1 f At A Vo)

Here, w' is obtained from replacing v in w by zyz .

After reducing our diagram to the trivial diagram of the unknot, we are left with
(x | w), where w is w after applying all the Reidemeister moves. This is because the
trivial diagram of the unknot gives the presentation (x | ) of the infinite cyclic group,
so w is the only relator remaining. Moreover, w = 2!, since at each stage w has

exponent sum +1, so (x | w) can be reduced to the trivial presentation ( | ). This proves

Proposition 3.11. O

3.3.2 Balanced Presentations with Fewer Generators

Starting with a balanced presentation coming from Proposition 3.11, one may recursively

apply stable AC-moves to reduce the number of generators and relators. The resultant
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Figure 3.3: A Diagram of the Unknot

presentations are all stably AC-trivial by construction, but they could, a priori, serve as
potential counterexamples to the standard Andrews—Curtis conjecture [36]. However, we
will show in the next section that a large subset of these are, in fact, AC-trivial.

As an example of this procedure, consider the unknot diagram shown in Figure 3.3.

The associated Wirtinger presentation is as follows,

W = (x1,T2,...,T13,T14 | T1 = T10T142 10, T2 = T7o T1210,
Ty = xl_lxgxl, Ty = :pglxng,
Ty = T12T4T7y , Te = T7  T5T7,
T7 = x;lxgm, rg = x1$7$fl,
Tg = T1{ TsT11, T10 = T1aTeT 1y
T11 = Ty ' T1pT2, T1g = T T2y
T13 = T4T1oTy Ty = T1T13T] )

Using stable AC-moves, we can reduce the number of generators in W to obtain several
3-generator families of presentations. Consider, for example, deleting the relator rg,
adding a word w, and eliminating generators in the following order through Lemma 3.2:

X1, Lo, T3, T4, Ty, T7, Tg, L9, T11, T12, and x13. We are left with a presentation of three
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generators xg, 19, and x14. Renaming x = x19, ¥ = 714, and z = x4, the resultant

presentation equals

(@, 2 |y~ eyt 2 ey y ™ alzaly T oy ey e
)z ey ey ey oy ey e ey T ey e ey e
w).

After choosing an appropriate w, we may eliminate one more generator, thus obtaining

two-generator presentations through this method.

Remark

Note, however, that if we were to obtain a 2-generator family without picking a word
w (and merely through recursive use of stable AC-moves), we would obtain an infinite
family of the form (x,y | r1,w). Members of this family are all AC-trivial through the
following argument. If (z,y | r,w) is a presentation coming from an unknot diagram,
then (z,y | r1) is a presentation of Z with r; = zy*!, and any presentation of the form

(x,y | zy™!, w) is AC-trivializable by first substituting for y and then removing it.

3.3.3 Knot Diagrams give AC-trivial Presentations

In this section, we will prove that every presentation of the form

(T1y oo T | Ty oo Tl Thads - oy T, W)

as in Proposition 3.11 is in fact AC-trivial. Moreover, we will show that presentations with
fewer generators that come from recursively applying substitution moves from Lemma 3.2
are also AC-trivial.

The proofs of AC-triviality rely on the following lemma, which establishes that pre-

sentations with different choices of w are all AC-equivalent.

Lemma 3.12

Let (xq1,...,x, | r1,...,75—1) be a presentation of Z. Then there exists one word x in the
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x; such that for any word w that makes the group trivial, the balanced presentation of the

trivial group (1, ..., 2, | 71, .., a1, w) is AC-equivalent to (x1,...,x, | 71,. .., "0 1, ).

Proof. Since (z1,...,x, | r1,...,75—1) iS a presentation of Z, there exists one word z
that generates Z. Then any x; can be expressed as the product of ™ with a product of
conjugates of r1,...,r,_1 for some n; € Z.

Suppose w = xf x;? - - x;" for iy € {1,...,n} and ¢, € Z. For each z; in w, multiply

w by the corresponding product of conjugates of r{,...,r,_1 to replace x; by ™. Then

w is changed to «P for some p. Since x generates Z, we have p = £1. O

Note that the lemma holds for any presentation (xi,...,x, | r1,...,r,_1) of Z, and
not just the ones coming from knot diagrams of the unknot. We will now use this lemma

to prove our result for presentations of Proposition 3.11.

Theorem 3.13

Let (xq,...,2, | 1,...,7) be the Wirtinger presentation of an unknot diagram. Then for
any k= 1,...,n and word w in the z; with exponent sum +1, the balanced presentation
of the trivial group (z1,..., 2, | 1, .., "k1, ki1 - - -, Tny W) 18 Andrews—Curtis-trivial.

Proof. The relation
H 7,;:1 =1
i=1

for a Wirtinger presentation of a knot diagram allows us to write any one relator r; as a

product of other relators and their inverses. Hence, the presentations

(X1 ooy T | Ty ey The 1y Tt Ly e oy Ty W)

with different choices of k € {1,...,n} and fixed w are all AC-equivalent. Without loss
of generality, we set k = n. As the presentation comes from a Wirtinger presentation,

we can write it as
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-1 -1 -1
<$1, ey Iy | X1 = 22X229 , T2 = Z3X3R3 ,...,Tp—1 = Zndnp< w> s

n

where z; € {2F, ... 2}
Using Lemma 3.12, we choose w = x,,. With the second-last relator z,,_1 = 2z,_12,2, "1,
substituting z,, = 1 simplifies it to z,,_; = 1. Substituting x,,_; = 1 into the preceding re-

lator, we proceed iteratively, simplifying each relation until the first relation reads x; = 1.

Thus, the presentation reduces to (z1,...,z, | x1,...,2,), rendering it AC-trivial. [

Remark
Starting with a balanced presentation of Theorem 3.13 and reducing the number of
generators only through recursive application of substitution and removal (Lemma 3.2),
we obtain a large class of AC-trivial presentations with fewer generators. Indeed, each
relator in any such presentation is still a simple conjugation relation (z; = zx;2~!, where
z is some word in the generators). Thus, we can use the same argument as in the proof
of Theorem 3.13 to trivialize the relators iteratively.

We also note that for any AC-trivial presentation, we can apply any moves (AC1)—

(AC4) without changing the AC-triviality of the presentation.

For example, consider the 3-generator family presented in the previous subsection,

which was obtained through repeated application of Lemma 3.2. The first relator is x

1

equals z conjugated by yryxr 'z loy ety tayx~!, and the second relator is y equals x

1 1 1

conjugated by zyz~lz toy ta lyryrlzay oz~ ly~!. Substituting w = 2z simplifies the

first relator to x, which when substituted into the second relator, simplifies it to y.

We note, however, that the method described in the above remark is only one way to
reduce the number of generators. It is also possible to consider more general sequences
of stable AC-moves, which may produce presentations where the relators are not all in
simple conjugation form. It would be interesting to prove or disprove that any such

presentation is also AC-trivial.
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Conjecture 3.14
Let (z1,...,2n | P11, Tk—1, Tks1,- - -, Tn, W) be the AC-trivial presentation coming from
an unknot diagram as in Theorem 3.13. Then any stably AC-equivalent presentation

(X1, T | S1,- -, Sm_1,w') is also AC-trivial.

Moreover, Wirtinger presentations of unknot diagrams are specific cases of presenta-
tions of Z where each generator generates the group. It is also interesting to consider

whether any such presentation of Z leads to AC-trivial presentations.

Conjecture 3.15
Let (z1,...,x, | 71,...,7n_1) be any presentation of Z where each x; generates Z, i.e.,
T = $;ﬂ for any 7,7. Then for any word w in the x; with exponent sum =1, the

presentation (z1,...,x, | r1,...,rm_1,w) is AC-trivial.

Notes

The results about unknot diagrams are from joint work with Ali Shehper, Anibal M.
Medina-Mardones, Barttomiej Lewandowski, Angus Gruen, Yang Qiu, Piotr Kucharski,

Zhenghan Wang, and Sergei Gukov [42].
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Chapter 4

Fake Surfaces

In this chapter, we discuss two-dimensional generic polyhedra, also known as fake sur-
faces. In Section 4.1, we outline the importance of fake surfaces in mathematics. Sec-
tions 4.2 and 4.3 provide definitions and basic properties of fake surfaces. In Section 4.4,
we describe their connection to the stable Andrews—Curtis and Zeeman conjectures. Sec-
tion 4.5 introduces an induction scheme aimed at proving new cases of these conjectures.
In Section 4.6, we examine the fake surfaces associated with the AK(n) family of potential
counterexamples and give an explicit construction in the case of AK(3). Finally, Sec-
tion 4.7 develops computational techniques building on Sections 4.5 and 4.6, with the aim

of establishing additional cases of the stable Andrews—Curtis and Zeeman conjectures.

4.1 Introduction

Generic polyhedra are interesting objects to study in their own right. Outside of math-
ematics, two-dimensional generic polyhedra, also called fake surfaces, appear in nature,
for instance in soap films [44]. Within mathematics, they have been used to study 3-
manifolds (e.g., [8] and [31]) and corresponding quantum invariants [47]. When decorated
with gleams, they are also used to study 4-manifolds in Turaev’s shadow theory [46, 11].

In particular, within 4-manifold topology, they are used in the classification of 4-manifolds
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with shadow complexity 0 and 1 [29, 22], in the context of Mazur manifolds [19, 23], and
in capped grope theory [16].

We study fake surfaces as interesting topological objects in their own right that gen-
eralize surfaces, with applications to the stable Andrews—Curtis and Zeeman conjectures

[30].

4.2 Definitions

Definition 4.1 (Polyhedron). A polyhedron P is a subset of R” for some n such that for
all x € P, there exists a neighborhood C,, of z such that C, = xL, where L is a compact

subset of R". We say that P is closed if it has no boundary, i.e., no closed free faces.!

Let A™ denote the standard n-simplex with n + 1 vertices, and let A} denote its

k-skeleton for 0 < k < n.

Definition 4.2. Let I1? = Cone(AZﬂ) x I"F for 0 < k < n, that is, the thickened cone
on the codimension 2 skeleton of the (k + 1)-simplex A**t. When k = 0, I is simply

the n-cube I™.

Definition 4.3 (Generic polyhedron). A generic n-polyhedron P is a polyhedron where
each point x € P has a neighborhood of the form II} for some 0 < k < n.

We call points with neighborhoods IIfj manifold points, and points with neighborhoods
IT} for 1 < k < n singularities of type k.

We define an n-singular manifold M to be a generic n-polyhedron up to PL isomor-

phism.

In this terminology, an n-singular manifold has n types of singularities in addition to

the manifold points.

Here we use “closed” as defined in [21].

44



Example
A generic one-polyhedron is a polyhedron where each point has a neighborhood that is an
interval or the cone on three points. In other words, generic one-polyhedra are trivalent

graphs. The points of the second type—the vertices—are the singular points.

Definition 4.4 (Fake surface). A fake surface is a compact 2-singular manifold. The

complexity of a fake surface is defined as the number of type 2 singularities.

The two types of singular points in a fake surface are shown in Figure 4.1.

Type 1 Singularity — Type 2 Singularity

Figure 4.1: Two Types of Singularities in a Fake Surface

Every fake surface has an intrinsic stratification: the two-dimensional stratum consists
of manifold points, the one-dimensional stratum consists of singularities of type 1, and
the zero-dimensional stratum consists of singularities of type 2. The number of type 2
singularities of a fake surface is finite.

Note that the type 1 singularities form a 4-regular multigraph, which is not necessarily
connected. Moreover, a fake surface without any singularities is a surface in the usual
sense.

Two examples of fake surfaces are given in Figure 4.2. Their 1-skeleta are outlined in

black, and given explicitly in Figure 4.3.

Definition 4.5 (Cellular and Planar Fake Surface). A fake surface is called cellular if
the intrinsic stratification is a CW complex, i.e., all connected open components of the

intrinsic strata are disks.
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Figure 4.2: Two Examples of Fake Surfaces

(e ) ()

Figure 4.3: 1-Skeleta for Example Fake Surfaces

A fake surface is called planar if every edge has at least one type 2 singularity, and

every open 2-cell is planar, i.e. of genus 0.

Note that a planar fake surface is not necessarily cellular, as there could be annuli in
the 2-skeleton.

We recall two useful facts about fake surfaces:

Fact

A contractible fake surface is planar.

Fact

Every cellular fake surface has a connected intrinsic 1-skeleton.

Henceforth, fake surfaces are assumed to be cellular.
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4.3 Fake Surface Spines and Non-Spines

4.3.1 Fake Surface Spines

Definition 4.6 (Spine). A subpolyhedron P of a closed connected 3-manifold M is
called a spine of M if M \ Int B® collapses to P. A subpolyhedron P of a 3-manifold

with boundary is called a spine of M if M collapses to P.

In general, all 3-manifolds contain a spine of dimension < 2. Indeed, as long as we
are in dimension 3, there will be a free face to continue collapsing.

A spine carries a lot of information about the corresponding 3-manifold, but does not
uniquely determine it. For example, both the annulus S x I and the Mobius band have
their central circles as spines.

However, limiting the scope to spines that are fake surfaces allows us to resolve this

issue.

Theorem 4.1 (B. Casler, [8])

Every closed 3-manifold has a fake surface as a spine.

Theorem 4.2 (S. Matveev, [30])
If two closed 3-manifolds have homeomorphic fake surface spines, the manifolds them-

selves are homeomorphic.

Therefore, we can present 3-manifolds by their fake surface spines. For example, the
two fake surfaces in Figure 4.2 are spines of the 3-ball.

In general, every n-manifold has a generic (n — 1)-dimensional polyhedron as a spine.
However, in higher dimensions, every generic (n— 1)-dimensional polyhedron is a spine of
some n-manifold, much like in group theory where every presentation determines a group.
The case of fake surfaces and 3-manifolds is especially interesting because not all fake

surfaces appear as spines of 3-manifolds. Indeed, for low complexity, most fake surfaces
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are not spines of 3-manifolds (see Table 5.3 and Conjecture 5.2). In other words, even
though we can present 3-manifolds using fake surfaces, some fake surfaces do not present
3-manifolds. To detect which fake surfaces are spines of 3-manifolds, we introduce the

notion of a T-bundle of a 2-cell.

4.3.2 T-bundles of Fake Surfaces

Along the boundary of each 2-cell, a T-bundle can be constructed, as shown in [30].
The T-bundle can be trivial, consisting of a disk attached along the middle circle of the
annulus S! x I (which we denote A U D), or nontrivial, consisting of a disk attached to

the middle circle of a Mébius band (which we denote M U D).

Definition 4.7 (Trivial and Nontrivial 7-Bundles). The boundary curve of a 2-cell of
a fake surface has a trivial or nontrivial T-bundle if its characteristic map f : D* — P
can be extended to a local embedding f4“P : AU D — P or to a local embedding

FMUD ATy D = P

To determine whether the T-bundle of a 2-cell is trivial, we examine the behavior
along the boundary of the 2-cell. We demonstrate this in the case of an embedded disk,
which is most amenable to visualization. The relevant region around an embedded disk
appears as in Figure 4.4 without loss of generality. (The neighborhood also contains 2-
cells along the vertical lines that are not shown in the figure.) There are two possibilities
for the missing region “above” the embedded disk: either a disk is attached along the
blue line or along the red line. The former case yields a trivial T-bundle, while the latter

yields a nontrivial T-bundle.

4.3.3 Non-Spine Fake Surfaces

Definition 4.8. A fake surface is called unthickenable or a non-spine if it does not embed

in a 3-manifold.
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The existence of a nontrivial T-bundle is the obstruction to a fake surface being a

spine. Thus, non-spine fake surfaces are those that have at least one nontrivial T-bundle.

Theorem 4.3 ([30], Theorem 1.1.20)
A fake surface P is a spine if and only if the boundary curves of all its 2-cells have trivial

T-bundles.

Figure 4.4: Computing T-bundles of an Embedded Disk in a Fake Surface

4.4 Fake Surfaces for Zeeman and Stable Andrews—
Curtis Conjectures

The stable Andrews-Curtis conjecture involves general 2-complexes.? However, it is
sufficient to study just the case of fake surfaces, as any 2-complex can 3-deform into a
fake surface. In other words, the stable Andrews—Curtis conjecture is equivalent to the
stable Andrews—Curtis conjecture restricted to fake surfaces. Moreover, restricting the
Zeeman conjecture to fake surfaces makes it equivalent to the stable Andrews—Curtis

conjecture in the non-spine case and to the Poincaré conjecture in the spine case. In this

2In general, a CW complex can be turned into a polyhedron after choosing a suitable subdivision, but
there is no canonical choice of such a subdivision. Although we work within the category of polyhedra,
it is often convenient to leave a space in its CW complex form without specifying any subdivision. Thus,
when we refer to a “complex,” we mean the underlying polyhedral space, without committing to a
particular subdivision.
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way, understanding fake surfaces is important for understanding these conjectures.

4.4.1 2-Complexes 3-Deform to Fake Surfaces

Given a 2-complex K, there are several algorithms in the literature to transform K into
a fake surface Py via 3-deformations. Many are based on the so-called banana-pineapple
trick from Remark 2, Page 26 of [56] for spines of 3-manifolds: “First, choose a spine
in the interior; expand each edge like a banana and collapse from one side; then expand
each vertex like a pineapple and collapse from one face.” See also [52]. We estimate the
complexity of the resulting fake surface following the banana-pineapple trick in the case
of the standard 2-complex realization of a group presentation, but emphasize that this is

by no means the only or best way to 3-deform an arbitrary 2-complex into a fake surface.

Proposition 4.4

Let G = (x1,...,2% | 71,...,7¢) be a group presentation. Let n,, be the total number
of occurrences of x; and x; ' across all the relators. Let L = Y, n,, and without loss of
generality assume n,, > n,, for all . Then applying the banana-pineapple trick to the

standard 2-complex realization of G gives a fake surface of complexity 2L — 4k —n,, + 2.

Proof. Consider the edge corresponding to x; in the standard 2-complex realization of
G. Thickening it to a banana and collapsing through a longitudinal piece of the peel
creates n,, — 2 new edges, as each of the n,, 2-cells attached to that edge creates a new
edge except for the two that border the collapsed longitudinal piece of the peel. Now
thickening the vertex and collapsing the resulting pineapple through a piece of the peel
creates a new vertex for each of the Zle 2(n,, —2) edges (where we multiply by 2 because
each edge appears twice in a neighborhood of the vertex), except those that border the
piece of the peel from which we collapse. In order to make the complexity as small as
possible, we choose to collapse from the piece of the peel in the middle of the n,, —2

edges coming from one side of the original x; edge, thus giving Zle 2(ng, —2) — (N —2)

50



vertices. Simplifying gives 2L — 4k — n,, + 2. O]

Furthermore, in [30], it is shown that every 2-complex is indeed 3-deformable to a

non-spine fake surface. This can be accomplished by applying a U move, as discussed in

Section 4.7.1.

4.4.2 Connection with Zeeman Conjecture

Restricting the Zeeman conjecture to spines or non-spine fake surfaces allows for a

stronger connection to the Poincaré and stable Andrews—Curtis conjecture.

Proposition 4.5 ([17], Theorem 3)

The Zeeman conjecture for fake surface spines is equivalent to the Poincaré conjecture.

The forward implication was shown in Section 3.2.3; we simply modify the proof by
taking a fake surface spine as opposed to a generic spine.

The reverse implication follows from the fact that if M is a homotopy ball and K is
a fake surface spine, then K x I collapses to something homeomorphic to M. By the
Poincaré conjecture, such a ball is unique and is certainly collapsible.

On the other hand, the Zeeman conjecture restricted to non-spine fake surfaces is

equivalent to the stable Andrews—Curtis conjecture.

Proposition 4.6 ([30], Corollary 1.3.57)
The Zeeman conjecture for non-spine fake surfaces is equivalent to the stable Andrews—

Curtis conjecture.

Proof. The forward implication was shown in Section 3.2.3; we simply modify the proof
by first 3-deforming to a non-spine fake surface.

The reverse implication follows from the following result ([30], Theorem 1.3.54): let
P, be a fake surface that satisfies the Zeeman conjecture. Then for any non-spine fake

surface P, that is 3-deformation equivalent to P;, the Zeeman conjecture also holds.
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Now, if a non-spine fake surface P satisfies the stable Andrews—Curtis conjecture, it 3-
deforms to a point and thus is 3-deformation equivalent to, e.g., the Bing House. Since the

Bing House satisfies the Zeeman conjecture, P also satisfies the Zeeman conjecture. [

These results show that to establish whether a given fake surface is a counterexample
to the stable Andrews—Curtis conjecture, it suffices to attempt to 3-deform it into a fake

surface spine.

4.5 Proving New Cases

In the remainder of this chapter, we discuss using fake surfaces to prove new cases of the
Zeeman conjecture and the stable Andrews—Curtis conjecture.

For a given contractible fake surface, there are at least three ways to show it sat-
isfies the stable Andrews—Curtis conjecture. The first, covered in Chapters 2 and 3,
is to collapse a maximal tree of the 1-skeleton, read off a presentation, and use stable
Andrews—Curtis moves from the algebraic formulation of the conjecture to reach the
trivial presentation.

The remaining two ways are to construct a 3-deformation to a point or to construct
a 3-deformation to a spine fake surface. We again emphasize that, at least for low
complexity, spines are rare among all contractible fake surfaces, as discussed in Section 5.4
and Table 5.3.

In this section, we address the construction of a 3-deformation to a point. In particu-
lar, the results of this section, when combined with the classification of fake surfaces up

to complexity 5 presented in Chapter 5, prove the following theorem:

Theorem 4.7
Let K be a contractible fake surface of complexity at most 5. Then K 3-deforms to a

point. In other words, K satisfies the stable Andrews—Curtis conjecture.
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We also highlight a few corollaries of this theorem. In each case, we let K be a
contractible fake surface of complexity at most 5. The first corollary follows from the

algebraic formulation of the stable Andrews—Curtis conjecture, discussed in Chapter 3.

Corollary 4.8
Let P be the presentation of the trivial group coming from collapsing a maximal tree of

the 1-skeleton of K to a basepoint. Then the stable Andrews—Curtis conjecture holds for
P.

The second corollary follows from the equivalence between the Zeeman conjecture
restricted to contractible fake surfaces and the union of the stable Andrews—Curtis and

Poincaré conjectures, as discussed in Section 4.4.

Corollary 4.9

The Zeeman conjecture holds for K.

The third corollary follows from the fact that K can be embedded in R® by general
position. Since K is contractible, the boundary of its regular neighborhood N(K) is
PL-homotopic to a 4-sphere. Since K satisfies the stable Andrews—Curtis conjecture,

N(K) is a tubular neighborhood of a point and thus a 5-ball.

Corollary 4.10
The closed regular neighborhood N(K) of K embedded in R is the standard 5-ball.

To prove Theorem 4.7, we proceed by induction on complexity. Tkeda [21] showed
that all contractible fake surfaces of complexity 1 satisfy the stable Andrews-Curtis
and Zeeman conjectures, providing the base case. Thus, it suffices to prove that all
contractible fake surfaces of complexity between 2 and 5 can be reduced in complexity.

The proof is outlined as follows: in Section 4.5.1, we give a set of conditions under

which a contractible fake surface can be reduced in complexity. The classification in
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Chapter 5 shows that all contractible fake surfaces up to complexity 5 meet one of these
criteria. However, the fake surfaces classified in Chapter 5 are assumed to have connected
1-skeleta. In some cases, reducing the complexity of a fake surface results in a fake surface

with 2 connected components in the 1-skeleton. This case is addressed in Section 4.5.2.

4.5.1 Reducing the Complexity of a Fake Surface

In this section, we prove the following lemma:

Lemma 4.11 (Complexity Reduction Lemma)
A fake surface F' can be 3-deformed to another fake surface of lower complexity if F

satisfies one of the following criteria:
1) F contains an embedded disk with at most three vertices and a trivial T-bundle.
2) F contains an embedded disk with at most two vertices and a nontrivial 7-bundle.
3) F contains two embedded disks with three vertices that share exactly one vertex.

4) F contains one embedded disk with 3 vertices and another embedded disk with 3

or 4 vertices, and the two embedded disks share exactly one edge.

5) F contains an embedded disk with 4 vertices and trivial 7-bundle and another disk
with 4 vertices, and either the two disks share exactly two non-adjacent edges or
the embedded disk intersects the other disk in one edge twice. If the second disk
has a trivial T-bundle, then the condition that two edges are non-adjacent can be

removed.

6) F' contains an embedded disk with 4 vertices and trivial T-bundle, another disk
with 4 vertices that intersects the embedded disk in two consecutive edges, and

another disk with 4 or 5 vertices as in Figures 4.16 and 4.17.
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7) F contains an embedded disk with 5 vertices and trivial T-bundle and another
embedded disk with 4 vertices and trivial 7-bundle, and the two disks share exactly

two non-adjacent edges.

8) F' contains an embedded disk with 5 vertices and trivial 7-bundle and three disks

with 4 vertices as in either Figures 4.19 or 4.20.

Remark (Trivial and Nontrivial Embedded Disk Moves)

In the proof of Cases 1 and 2, we describe two moves to 3-deform a closed fake surface
with an embedded disk depending on if the embedded disk has a trivial or nontrivial T-
bundle. In particular, we obtain a new surface by collapsing the union of the old surface
and a 3-ball along a disk. We call these the trivial embedded disk move and nontrivial
embedded disk move, respectively. When we apply these moves to an embedded disk, we
say that we do so “along” an edge(s), which refers to the edge(s) that are removed (see
Sections 4.5.3 and 4.5.4). After being introduced in Cases 1 and 2, these moves are then
used throughout the proof of Lemma 4.11.

When the embedded disk has at most 3 vertices on the boundary and trivial 7-bundle
or at most 2 vertices and nontrivial 7T-bundle, applying the corresponding embedded disk
move results in a surface of lower complexity. The moves in this situation are discussed
in [30], and this is what is needed to show Cases 1 and 2. For completeness, we provide
full details for the most general cases in our proofs below. We also describe the trivial
embedded disk move algorithmically in the case of an embedded disk with 4 vertices
in Section 4.5.3 and the nontrivial embedded disk move in the case of 3 vertices in
Section 4.5.4, which we use in various other cases in the proof. The embedded disk

moves for arbitrary number of vertices is again explored in Section 4.7.2.

Proof of Lemma 4.11. Before beginning the casework, we introduce a few conventions.
For a fake surface F', we define S,(F’) to be the set of type n singularities of . In

particular, |Sy(F')| is the number of vertices of F.
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We use the notation [z1,...,x,] to represent the attaching map of a disk, where a
negative denotes inverse. Similarly, (z1,xs,23) denotes a part of an attaching map of
a disk. In Case 3, we use adjacent disks to give explicit descriptions of T-bundles in

accordance with Figure 4.4.

Case 1

Suppose F7 is a closed fake surface with an embedded disk D and there are n vertices on
the boundary 9D of the disk D. We discuss the general trivial embedded disk move and
then show that when n < 3, the complexity decreases.

When the T-bundle over 9D is trivial, the neighborhood of D in F} is as shown in
Figure 4.5, where we represent the edges of 1-skeleton by green lines, vertices in Sy(F})
by black points, D by the blue disk. Denote by A the annulus above D and with one
boundary component attached to 9D and the other boundary component indicated by
the red circle in Figure 4.5. Set J = DU A. Then J is a disk embedded in F;, and J x [
is a 3-ball topologically. We denote by E the 3-polyhedron obtained by attaching J x I
to F} such that J x 0 = J.

As shown in Figure 4.6, J x I consists of n 3-subpolyhedrons whose 1-faces are
indicated by red and blue lines. They are all 3-balls topologically. Now we collapse these
3-balls along certain 2-faces to get a new closed fake surface F,. First, we collapse the
3-ball indicated by the left diagram in Figure 4.6 along the free 2-face enclosed by red
lines. Next we collapse the other 3-balls indicated by the right diagram in Figure 4.6 by
pushing upwards the 2-faces enclosed by red lines.

When n > 2, we get a new closed fake surface locally as shown in Figure 4.7. The
original vertices A; and A, are removed and new vertices A5, ..., A/ are introduced, so
the new surface I, contains |Sa(F1)| + n — 4 vertices.

In particular, for n = 2, the number of vertices decreases by 2: |Sa(Fy)| = |S2(F1)|—2.

Green edges are separated into two disjoint parts locally as shown in Figure 4.7. Thus
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Figure 4.5: Neighborhood of D in Fj for trivial bundles

F, may have one more connected component in its 1-skeleton than F). For n = 3, the
number of vertices decreases by 1. Green edges are still connected together, so F, has
the same number of connected components of 1-skeleton as F}. In this case, the move is
simply the 77! move from [30] (see Section 4.7.1).

When n = 1, the collapses above introduce a free 1-face as indicated by the red line
in Figure 4.8. Collapsing the disk containing this free 1-face may increase the number
of connected components of the 1-skeleton. If the complexity is greater than 1, the
embedded disk D must contain a vertex other than A;. Thus |Sa(F3)| < max{|S2(F1)|—

2,0}.

Case 2

Again suppose Fj is a closed fake surface with an embedded disk D and there are n
vertices on the boundary 9D of the disk D. We discuss the general nontrivial embedded
disk move and then show that when n < 3, the complexity decreases.
When the T-bundle over 0D is nontrivial, the neighborhood of D in F} is as shown
in Figure 4.9. Denote by B the upper band of the Mobius band, where one long edge
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Figure 4.6: J x [ for trivial bundles

Figure 4.7: F, for trivial bundles
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collapsing

Figure 4.8: F, with free 1-face for n =1

is attached to 0D and the other long edge is indicated by the red line in the bottom
diagram in Figure 4.10. Set J = D U B. Then J is an embedded disk in F} as shown in
Figure 4.10. Attach 3-ball J x I to F} along J x 0 = J to get E.

As shown in Figure 4.11, J x I consists of n 3-balls whose 1-faces are indicated by
red and blue lines. Similarly to the case of trivial bundles, we collapse E to get F, as
follows. First, we collapse the 3-ball indicated by the left diagram in Figure 4.11 along
the free 2-face enclosed by red lines. Next, we collapse the other 3-balls indicated by the
right diagram in Figure 4.11 by pushing upwards the 2-faces enclosed by red lines.

When n > 2, we get a new closed fake surface indicated by the left diagram in Fig-
ure 4.12. The original vertex A, is removed and new vertices Aj, ..., Al are introduced.
The original vertex A; remains, unlike in the case of trivial bundles, so the new surface
F, contains |Sy(F)| 4+ n — 3 vertices.

In particular, for n = 2, the number of vertices decreases by 1. Green edges are still
connected together, so Fy has the same number of connected components of 1-skeleton
as Fy. In this case, the move is simply the U~ move from [30] (see Section 4.7.1). Note

that for n = 3, the number of vertices is unchanged.
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Figure 4.9: Neighborhood of D in Fj for nontrivial bundles

When n = 1, we get a closed surface F; indicated by the right diagram in Figure 4.12.
The original green circle D C Sy(F}) is changed to a dashed circle which represents a
circle in a region. The other two remaining green edges are connected. Thus F; has the
same number of connected components of 1-skeleton as F;. The unique original vertex

Aj is removed, and so F, contains one fewer vertex than Fj.

Case 3

It suffices to consider the case where both embedded disks have nontrivial 7-bundles,
since otherwise we can reduce the complexity by Case 1. In Figure 4.13, let the T-bundle

of the red disk [7,—12, 4] be given by

(3,7,15), (=15, —12,13), (—13,4, 1), (~1,7, 16), (— 16, —12, 14), (— 14, 4, —3),
and the T-bundle of the blue disk [1,2, 3] be given by
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Figure 4.10: J for Nontrivial 7T-bundles

bundles

Figure 4.11: J x I for Nontrivial T
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Figure 4.12: F; for Nontrivial T-bundles

(4,1,5),(=5,2,6),(—6,3,7),(—7,1,8),(-8,2,9), (-9, 3, —4).

We now apply the nontrivial embedded disk move to the blue disk along edge 2.
Applying the nontrivial embedded disk move to an embedded disk with 3 vertices is
given algorithmically in Section 4.5.4. After applying the move, the red disk becomes

another embedded disk with 3 vertices whose T-bundle given by

(11,7,15), (=15, —12,13), (=13, 4, —11),

where edge 11 is as in Figure 4.24. This is a trivial T-bundle, so we can reduce the

complexity by Case 1.

Case 4

It suffices to assume that the T-bundle of the blue disk in Figure 4.14 is nontrivial, since
otherwise we can apply case 1. We apply the nontrivial embedded disk move to the blue
disk along the shared edge such that the disks are changed to two disks that share exactly
one vertex. The two possibilities are shown in Figure 4.14. In each case, we can apply

Case 1, 2, or 3 to reduce the complexity.
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Figure 4.13: Configuration for Case 3
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Two embedded disks with 3 vertices that share exactly one vertex.

Case 5

The two possible configurations for Case 5 are shown in Figure 4.15. We apply the trivial
embedded disk move to the blue disk along the thickened edges. The red disk will be
changed to a disk with 2 vertices, allowing us to reduce the complexity using Case 1 or 2.
If the red disk has a trivial T-bundle, the two edges on which the disks intersect can be
adjacent. This is because the trivial embedded disk move will not change the triviality of
disks, and in the case of adjacent edges, the second disk will become a disk with no more

than 3 vertices and trivial 7-bundle. Thus we can reduce the complexity using Case 1.

Case 6

The two possible configurations in Case 6 are given in Figures 4.16 and 4.17. It is
sufficient to assume that the T-bundles of the second and third disks are nontrivial, since
otherwise we can reduce the complexity by Case 5. In the first case, shown in Figure 4.16,
we do the trivial embedded disk move with the blue disk [1,2, 3, 4] along edges 2 and 4.
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Figure 4.14: Configurations for Case 4

& —
AT — b

Left: An embedded disk with 3 vertices and an embedded disk with 3 or 4 vertices that
share exactly one edge. Right: The resulting configuration after applying the nontrivial
embedded disk move to the blue disk.

Figure 4.15: Configurations for Case 5

o

1
| N
VY
Left: Two embedded disks with 4 vertices that share two non-adjacent edges. Right:

Two embedded disks with 4 vertices where the red disk intersects the blue disk at one
edge twice. The red disk’s attaching map is [2, 1,2, 3].

We get an embedded disk with 3 vertices and an embedded disk with 3 or 4 vertices that
share exactly one edge, and the resulting fake surface has the same complexity as before.
Thus, we can apply Case 4. In the second case, shown in Figure 4.17, we again do the
trivial embedded disk move with the blue disk [1,2, 3, 4] along edges 2 and 4. This again
gives an embedded disk with 3 vertices and an embedded disk with 3 or 4 vertices that
share exactly one edge, and again the resulting fake surface has the same complexity as

before. We apply Case 4 to reduce the complexity.
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Figure 4.16: First Configuration for Case 6

5
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< 1
Tor7,8Y 4y A2 Y6 —— 7Tor7,8 5

1 o0

Left: There is an embedded disk [1,2,3,4], a disk [2,5,—3,6], and a disk [—4, —5,3,7]
or [—4,—5,3,7,8]. Right: The resulting configuration has an embedded disk with 3
vertices and an embedded disk with 3 or 4 vertices that share exactly one edge.

Figure 4.17: Second Configuration for Case 6
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> 5

4" ‘\2 _) 801" 8,9 ]_/
7

gl 7
8or8§,9

Left: There is an embedded disk [1,2,3,4], a disk [2,5,3,6], and a disk [1,7,4,8] or

[1,7,4,8,9]. Right: The resulting configuration has an embedded disk with 3 vertices

and an embedded disk with 3 or 4 vertices that share exactly one edge.
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Figure 4.18: Configuration for Case 7

-

An embedded disk with 5 vertices and an er'nbedded disk with 4 vertices that share two
non-adjacent edges.

Case 7

The configuration of Case 7 is shown in Figure 4.18. In this case, we do the trivial em-
bedded disk move to the blue disk with 5 vertices along the thick edges as in Figure 4.18.
This increases the complexity of the resulting fake surface by 1. However, the red disk is
changed to a disk with two vertices and trivial T-bundle. We then apply the trivial em-
bedded disk move to this disk, which decreases the complexity by 2. Thus, the resulting

surface is of lower complexity than the original one.

Case 8

The first case is shown in Figure 4.19. We can assume that [2,9,4, 8] and [10, 3,9, —3]
have nontrivial T-bundles, since otherwise we can reduce the complexity by Case 7. We
do the trivial embedded disk move to [1,2,3,4,5] along edges 1 and 3, which increases
the complexity by 1. The resulting fake surface has three embedded disks as in the right
side of Figure 4.19, where the green disk with 2 vertices and the red disk with 5 vertices
have nontrivial T-bundles. We then do the nontrivial embedded disk move to the green
disk to remove edge 9 from the red disk and go back to the original complexity. The new
red disk has 4 edges, and so we can apply Case 4 to the new red disk and the gray disk.

We can use a similar method for the second case in Figure 4.20.
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Figure 4.19: First Configuration for Case 8

10
Left: There are embedded disks [1,2,3,4,5], [1,7,5,6], [2,9,4,8], and [10,-3,9,-3]. Right:
The resulting configuration has an embedded disk with 2 vertices, and embedded disk
with 5 vertices, and an embedded disk with 3 vertices.

Figure 4.20: Second Configuration for Case 8

Embedded disks [1,2,3,4,5], [10,-2,7,5], [2,9,4,8], and [6,4, -7, —1].
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4.5.2 Fake Surfaces with Disconnected 1-Skeleta

Using the classification of contractible fake surfaces up to complexity 5, which is pre-
sented in detail in Chapter 5, it is easy to check that all satisfy one of the conditions of
Lemma 4.11. Thus, we can always 3-deform each surface to another of lower complexity.
However, the classification is for fake surfaces with connected 1-skeleta. When we apply
the reduction to lower complexity, we may get a fake surface whose 1-skeleton has 2
connected components. We henceforth use F¢(s,t) to refer to contractible fake surfaces
of complexity ¢t whose 1-skeleton has s connected components.

As discussed in the proof of Lemma 4.11, only the trivial embedded disk move to
embedded disks with one or two vertices from Case 1 may give a fake surface in F(2,1).
In this case, the number of vertices will decrease by at least 2. Thus, it remains to address
the case of these fake surfaces up to complexity 3.

In [21], it is shown the fake surfaces in F(2,1) satisfy the stable Andrews—Curtis
and the Zeeman conjectures, so it remains to deal with the fake surfaces in F(2,2) and
Fo(2,3).

By Lemma 2.9 in [23], each surface F' € F¢(2,3) can be constructed in one of the

following two ways:

Case 1

In this case, we construct a fake surface F' = Fi#F, where F} € Fo(1,2) and F;, € F(1,1)
such that H,(F,) = 0 and Hy(F2) = Z. Here, # represents the connected sum of two
fake surfaces along their regions. It is straightforward to check that there are three

possibilities for F,. Their attaching maps are as follows, attached onto the 1-skeleton in

Figure 4.21:
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T
Figure 4.21: 1-Skeleton for F3

Fake Surface 1: [-2,1,1],[1,2],[2]
Fake Surface 2: [-2,—1,2,1],[2], [1]
Fake Surface 3: [-2,1, -2, —1],[2], [1]

If F5 is the first fake surface above, through computation about homology groups,
the connected sum between F; and F; can not be done along the unique embedded disk
[2] of F5. Thus F' = Fi#F; contains at least one embedded disk with one vertex such
that we can reduce the complexity. When F5 is either of the other two surfaces, we can

always reduce the complexity since both of the surfaces contain two embedded disks.

Case 2

In this case, F' = F; U Fy, where F} is obtained by removing one disk in the interior of
a 2-cell of one surface in F¢(1,3), and Fy is obtained by attaching the boundary of a
disk to the center of a Mobius band. F; and F; are attached along their boundaries. We
can collapse Fy as follows: the 1-skeleton of F5 is a circle disjoint from the 1-skeleton of
Fi. Based on the construction of F5, F5 contains an embedded disk with the circle as
the boundary and the T-bundle of the disk is nontrivial, as shown by the left blue disk
in Figure 4.22. We apply the inverse of the nontrivial embedded disk move, called the
loop move in [30], to the blue disk. The blue disk becomes a disk with one vertex and

trivial T-bundle. Finally, we do the trivial embedded disk move to the new blue disk and
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Figure 4.22: Applying Inverse of Nontrivial Embedded Disk Move

remove the connected component of 1-skeleton of F.

We can apply the same argument to the two ways to construct the surfaces F €
Fe(2,2), following the construction in [23], and use the same method to reduce.

Thus, we can use Lemma 4.11 to reduce each F' € Fo(1,t)(1 < ¢t < 5). When a
reduction takes us outside F¢(1,t), we can use the above method to make it return to
Fo(1,t) or reduce to a point. Since all contractible fake surfaces up to complexity 5
meet one of the criteria of Lemma 4.11 (see Chapter 5), this completes the proof of

Theorem 4.7 in all cases.

4.5.3 Trivial Embedded Disk Move with Four Vertices

In this section, we give an algorithmic description of the trivial embedded disk move in
the case of 4 vertices. Suppose that the embedded disk is given by [1,2,3,4] and the
neighborhood of the embedded disk is given by the following subsets of disk attaching

maps:

(5,1,6), (—6,2,7), (—7,3,8), (=8,4, —5),
(9,1,10), (—10,2, 11), (=11, 3, 12), (—12, 4, —9),

as in the left side of Figure 4.23. Two of edges 5,6, ...,12 may represent the same edge
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depending on the surface.
In addition to the 8 subsets of disk attaching maps above, the following 4 subsets of

disk attaching maps may be changed when executing the move:

(5,—9), (—8,12), (=7,11), and (—6, 10).

In this case, there are two ways to do the operation, depending on the “front” edge,
as having edge 1 or edge 3 in the front is equivalent and having edge 2 or edge 4 in the
front is equivalent.

Based on edge 1 being the “front” edge as in the left side of Figure 4.23, the neigh-
borhood of the new surface is shown in the right side of Figure 4.23. During the move,
edge 1 is removed. Edges 4 and 9 are combined to a single edge denoted by 4(—9), and
edges 2 and 10 are combined to a single edge denoted by 10(—2). Three new edges, 13,
14, and 15, are introduced. The embedded disk [1,2,3,4] is changed to the embedded
disk [—3, 13,15, —14]. We now give explicit descriptions for how the aforementioned 12
subsets of disk attaching maps are changed. In 4 cases, the number of edges in the

attaching map is not changed:

(5,1,6) — (5,—15,6),
(9,1,10) — (—4(9), —3,10(—2)),
(—=7,3,8) = (—7,15,8),
(—11,3,12) = (—11,3,12).

In 4 cases, the number of the edges in the attaching map increases:

(5,=9) = (5, —14,4(-9)),
(—8,12) s (=8, —14,12),
(— 7 11) — (=7, —13,11),
(—6,10) — (=6, —13,10(—2)).

Finally, in 4 cases, the number of the edges decreases:
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Figure 4.23: Trivial Embedded Disk Move with 4 Vertices

(—6,2,7) — (—6,7),
(=10,2,11) - (—10(2),11),
(—8,4,—5) > (=8, —5),
(12,4, —9) — (12,4(=9)).

In this case, we say that we do the trivial embedded disk move to the disk [1, 2, 3, 4] along
edges 2 and 4, as these are the edges that are “removed” by the move.
The other case comes from rotating the disk [1,2, 3, 4] by one edge, which relabels the

edges as follows:

1—4,2—1,3— 2,4+ 3,
S5 —8,6— —5,7T—6,8— 7,
9+— —12,10 —» —9,11 — 10,12 — 11.

We can then apply the move in exactly the same way.
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4.5.4 Nontrivial Embedded Disk Move with 3 Vertices

In this section, we give an algorithmic description of the nontrivial embedded disk move
in the case of 3 vertices. Suppose that the embedded disk is given by [1,2,3] and the
neighborhood of the embedded disk is given by the following subsets of disk attaching

maps:

(4,1,5),(-5,2,6),(-6,3,7),(=7,1,8),(-8,2,9), (-9, 3, —4),

as in the left side of Figure 4.24. Two of edges 4,5,...,9 may represent the same edge
depending on the surface.
In addition to the 6 subsets of disk attaching maps above, the following 3 subsets of

disk attaching maps may be changed when executing the move:

(4,7),(—6,9), and (-5, 8).

In this case, there are three ways to do reduction, again depending on the “front” edge.
Each of edge 1, edge 2, and edge 3 being the front edge gives a distinct fake surface.
Based on edge 1 being the “front” edge as in the left side of Figure 4.24, the neighbor-
hood of new surface is shown in the right side of Figure 4.24. During the move, edge 1 is
removed. Edges —2 and 8 are combined to new edge denoted by 8(—2). Two new edges,
10 and 11, are introduced. The embedded disk [1,2,3] is changed to embedded disk
[3, =11, —10]. We now give explicit descriptions for how the aforementioned 9 subsets of
disk attaching maps are changed. In 5 cases, the number of edges in the attaching map

is not changed:

(4,1,5) — (4, —11,5),
(—6,3,7) = (—6,11,7),
(=7,1,8) — (—7,-3,8(—-2)),

(=9,3,—4) — (—9,3,—-4),
(4,7) = (4,7).
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In 2 cases, the number of edges increases:

(—=6,9) — (—=6,—10,9).
(—5,8) — (=5, —10,8(—2)).

Finally, in 2 cases, the number of edges decreases:

(—5,2,6) — (—5,6),
(—8,2,9) — (—8(2),9).

In this case, we say that we do the operation with [1, 2, 3] along the edge 2, as it is the
edge that is “removed” by the move.
The other two cases come from rotating the disk [1,2,3] by one or two edges and

relabel the edges. If we rotate by one edge, we relabel as follows:

1—3,2—1,3— 2,
4+ —6,5+— —4,6 — 5,
T—98—79—8.

If we instead rotate by two edges, we relabel as follows:

1—22—3,3—1,
4 —5,5—6,6— —4,
T—8,8—99—T7.

In each case, we apply the move in exactly the same way.

4.6 Fake Surfaces for AK(n)

The goal of this line of investigation is to use the fake surface approach to prove new

results about the stable Andrews—Curtis conjecture and the Zeeman conjecture. As
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Figure 4.24: Nontrivial Embedded Disk Move with 3 Vertices

discussed in Chapters 2 and 3, the family AK(n) = (z,y | zyz = yxy, 2" = y"™!) for
n > 3 is the most prominent family of potential counterexamples to these conjectures.

While our classification recovers the already well-established result that AK(2) is
AC-trivial, it does not establish the same for AK(n) with n > 3. In other words, we
cannot yet prove that a fake surface corresponding to the presentation AK(n) for n > 3
is 3-deformation equivalent to a fake surface for which the conjecture is known to hold.
Equivalently, we cannot prove that any presentation arising from a fake surface for which
the conjecture is known to hold is stably AC-equivalent to AK(n) via the stable AC-
moves.

Note that we can construct a fake surface for AK(n) in the standard way, as discussed
in Section 4.4.1, by creating a 2-complex with one vertex, two edges, and two 2-cells, and
then applying the banana-pineapple trick to standardize the local behavior to that of a
fake surface. Using this approach, we obtain a fake surface of complexity at least 3n + 4.
In particular, for AK(3), this method yields a fake surface of complexity 13, which is
beyond the reach of our current classification.

It is therefore valuable to construct fake surfaces for AK(n) with lower complexity.
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Figure 4.25: One-skeleton for AK(3) Fake Surface

In this section, we establish the following result in the case of n = 3:

Theorem 4.12 (Fake Surface for AK(n))
For each n > 3, there exists a fake surface F' of complexity 2n + 1 such that the pre-
sentation obtained by collapsing a maximal tree of the 1-skeleton of I’ to a basepoint is

stably AC-equivalent to AK(n).

This result can be equivalently stated in the topological setting: there exists a fake
surface F of complexity 2n+1 that is 3-deformation equivalent to the standard 2-complex
realization of AK(n).

In the remainder of this section, we prove this theorem for the case n = 3, giving
an explicit construction. The general construction for arbitrary n will be presented in

forthcoming joint work with Jon McCammond [12].
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Figure 4.26: Maximal Tree of 1-skeleton of AK(3) Fake Surface

The edges of the maximal tree, [z, x3, 5, T7, T10, T13], are shown in red.

4.6.1 Fake Surface for AK(3)

To construct the surface for AK(3), we start with the 1-skeleton in Figure 4.25 with

2(3) + 1 = 7 vertices and attach 2-cells according to the following:

Disk 1: 2113 25"

Disk 2 : x3x11$13$7_1$1_21951_01
Disk 3 : x7asmi07y "2y Ty,
Disk 4 : x4x12$glfff11

Disk 5 : x6x14:13296§1$1_31
Disk 6 : le‘w%xilxs;l
Disk 7 : :U5x13$1$1_41371_21

Disk 8 : x1xox314051677
To prove the theorem in this case, we select a maximal tree of the 1-skeleton (see
Section 3.2.2). We choose the maximal tree T = [x19, T2, X7, T3, T5, X13], shown in red in
Figure 4.26. We will demonstrate that the presentation obtained by collapsing 7" to a

basepoint is stably AC-equivalent to AK(3).

After collapsing the maximal tree, we obtain the following presentation:
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-1 -1 -1 —1..-1
<$1,904,$6>$8,$9,9011,$12,9014 T1T9Tg ~, X119 , LTy Tg T14 ,

-1,_.-1 -1 ,.-1,.-1

1 -1
T1T14 Lo , T1T4T6).

Now we can simplify this presentation using stable AC-moves. In particular, we use
repeated applications of substitution and removal as presented in Lemma 3.2. First, we
use the second relation to substitute all occurrences of x1; with x5, and then remove

this second relation. What remains is:

-1 -1 -1 -1 -1
<$1,$4,936,3387$9,$1275U14 T1T9lg ,X8Ty Tg Tq4,TaT12Tg

-1 1 -1, -1 -1 -1
Tly, TeT14Tg L1y Ty T1T1, T1g s T1T4T6).

Next, we use the third-to-last relation to substitute all occurrences of x5 with 4 ! and

then remove this relation. This leaves us with:

-1 1.1 -1 “1..-1
(T1, 74, 76,78, Tg, T14 | T1T9Tg , Ty Tg Ty, Taly Tg To,

1 1
TeT14%g , T1T 1, To, T1T4T6).

We then use the second relation to substitute x4 with zy '27,; 75, and remove this relation.

We have:

-1 -1 -1_-1 -1
<l‘17$67$8,$9,$14 T1X9Xg , L1y XgLg Ty ,TeL14xg

-1 —1_—1
1Ty Ty, T1Tg T14 TeLe).

Now we use the first relation to substitute xg with xflxg in the second relation:

-1 -1 -1 -1
<33'1,$6,5C8,~’U9,3314 T1X9Tg , L1y T1Tg , TeL14Tg

-1 —1_ -1
T1T 14 Ty, T1Tg L1y TLe)-

Now, using the second relation, we substitute x¢ with zy;z; and remove this relation.
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We are left with:

-1 -1 -1
<$17 T8,T9,T14 |T14 T1X14Tg , T1T 14 Lo,

11, o1 -1
T1Tg Ty TT1g L1, T1ToTg ).

Now we use the first relation to substitute xg with a:f41x1x14 and remove this relation.

We have:

-1 1, -1 1 ~1 1
(1,9, T14 | T1X74 Ty, T1Tg T14 T4 T1T1, T1T9T 1, T, T14).

Finally, we use the first relation to substitute xg with x143:1_1 and remove this relation,

which yields:

1,1 —1 1,1 —1
(X1, T14 | X107 T, T 1T, T1T14T] T, T X14)-

Setting x = x7; and y = x14 and cyclically permuting the relators, we obtain

(z,y | zyz = yoy, 2° = y*),

which is precisely AK(3). This completes the proof of Theorem 4.12 for the case n = 3.

4.7 Algorithmic 3-Deformations of Fake Surfaces

To prove the stable Andrews—Curtis conjecture, one would need to show that all con-
tractible fake surfaces satisfy the conjecture. However, we are also interested in ruling out
specific potential counterexamples to the conjecture. For this purpose, we can attempt
to 3-deform specific fake surfaces, even if this does not lead to a general result for all
surfaces of a given type or complexity. This approach would be especially valuable for the
AK(3) fake surface constructed in Section 4.6, which corresponds to the minimal-length
potential counterexample to the (stable) Andrews—Curtis conjecture [18]. In this section,

we discuss computational approaches toward this goal.
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Figure 4.28: The U Move

4.7.1 T and U Moves

In [30], Matveev introduces four moves, called 7! and U*!, which generate the entire
space of 3-deformations. The T" move and its inverse are shown in Figure 4.27, and the
U move and its inverse are shown in Figure 4.28.

Both the T"move and the U move increase the number of vertices by 1. After applying
a U move, the new 2-cell will have a nontrivial T-bundle, so the resulting fake surface is

a non-spine.

Remark
As discussed in Section 4.4.1, this is one way in which any fake surface can be 3-deformed

into a non-spine fake surface.

Theorem 4.13 ([30], Theorem 1.3.8)
Let K, L be fake surfaces. Then K is 3-deformation equivalent to L if and only if one

can transform K to L by a sequence of the moves T+, U*!,

Since such a small set of moves generates 3-deformation equivalence classes, it is

natural to ask whether we can extend the computational approach from Chapter 2 to this
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setting. In particular, we would like to investigate whether a computer search can prove
that the fake surface given in Section 4.6 satisfies the stable Andrews—Curtis conjecture,
either by 3-deforming to a spine or to a fake surface of complexity at most 5 (which would
be sufficient by Theorem 4.7).

However, a naive computer search quickly becomes intractable due to the large num-
ber of possible T*! and U*! moves at each step, leading to an exponentially growing
search space. In particular, at each vertex we can apply (;1) = 6 distinct U moves, as
we can apply it along any pair of edges at the vertex, and for each edge that is not a
self-loop, there are 6 distinct 1" moves. Thus, for a complexity n fake surface, there may

be as many as 6n + 6(2n) = 18n moves.

4.7.2 Embedded Disk Moves

We can also consider the embedded disk moves presented in Sections 4.5.1, 4.5.3, and
4.5.4, which are a subset of the T%!, U*' moves. These moves can be considered in
general for embedded disks with any number of vertices. The general form for the trivial
embedded disk move is shown in Figure 4.29, and the general form for the nontrivial
embedded disk move is shown in Figure 4.30. These moves give us an alternative space
of actions by which to 3-deform fake surfaces. Here, the branching factor is smaller, as

the moves can only be applied to an embedded disk.

Remark
As mentioned in Section 4.5.1, the trivial embedded disk move in the case of 3 vertices
is the T~! move, and the nontrivial embedded disk move in the case of 2 vertices is the

U~ move.

We execute a best-first search over fake surfaces, where we score fake surfaces by
complexity and by number of nontrivial T-bundles. We set a fixed number of surfaces T

over which to search, and at each stage sample £ moves. No search was able to reduce
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Figure 4.29: Trivial T-Bundle Embedded Disk Move

dabyy P

The red edge slides up. If the original embedded disk had n vertices, there are 2n — 4
after the move. In particular, n —2 new vertices are created while 2 vertices are removed.

Figure 4.30: Nontrivial 7-Bundle Embedded Disk Move

The red edge slides up. If the original embedded disk had n vertices, there are 2n — 3
after the move. In particular, n — 2 new vertices are created while one vertex is removed.

the complexity or decrease the number of nontrivial 7T-bundles to 0.

4.7.3 Computational Implementation

We provide pseudocode for implementing the embedded disk moves in Algorithms 4 and
5 and a search algorithm to explore 3-deformations of fake surfaces in Algorithm 6.
Notes

The induction scheme for establishing new cases of the stable Andrews—Curtis and Zee-

man conjectures is joint work with Yang Qiu and Zhenghan Wang [14]. The construction
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Algorithm 4 Trivial Embedded Disk Move

1:
2
3
4:
5:
6
7
8
9

10:
11:

function TRIVIALEDMOVE(S, D, e)

Assert that D is a trivial bundle

Let e be the front edge; list remaining edges as back edges

Determine all perpendicular edge pairs using adjacency

Introduce new vertical and horizontal edges

Construct a replacement dictionary describing local edge substitutions
Apply all replacements throughout the surface S

Remove the original disk D

Insert the new disks created by the move geometry

Update edge indices and metadata

return modified surface S

12: end function

Algorithm 5 Nontrivial Embedded Disk Move

1:
2
3
4:
5:
6
7
8
9

10:
11:

function NONTRIVIALEDMOVE(S, D, €)

Assert that D has a nontrivial T-bundle

Let e be the front edge; list back edges

Compute perpendicular edge pairs, alternating orientation at each step
Introduce new vertical, horizontal, and diagonal edges

Build the replacement dictionary encoding the move

Apply all replacements across S

Remove the original disk D

Insert the structured family of disks defined by the move

Remove boundary edges and update metadata

return modified surface S

12: end function
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Algorithm 6 Best-First Search Over Fake Surfaces

1: function SEARCH(Sy, T, k) > T' = max iterations, k = moves sampled per expansion
2 Initialize priority queue @)

3 Compute score of Sy (complexity, number of nontrivial bundles)
4: Insert (score, Sp, ) into @

5: Track Shest < Sp and its score
6 fort=1to T do

7 if () is empty then
8 return Sy

9

: end if
10: Pop best surface (_, S, H) from @
11: Determine all possible moves on S
12: Sample up to k moves
13: for all sampled moves m do
14: S’ < apply trivial or nontrivial embedded disk move m to a copy of S
15: if S’ is valid then
16: Compute score of S’
17: Insert (score, S’, H 4+ [m]) into Q
18: if score(S’) | score(Shest) then
19: Shest < S’
20: end if
21: end if
22: end for
23: end for
24: return Sy

25: end function
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of the fake surface for AK(n) originates from Jon McCammond, and we are developing

it further in joint work.
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Chapter 5

Classification of Fake Surfaces

In this chapter, we present the classification of acyclic cellular fake surfaces of complexities
1, 2, 3, and 4, along with complexity 5 surfaces that have no disks of boundary length 1

or 2 (which we henceforth call small disks). In particular, we present the following:

Theorem 5.1
There are two acyclic cellular fake surfaces of complexity one, 17 of complexity two, 238

of complexity three, and 4618 of complexity four.

In Section 5.1, we present the conventions used in the classification. In Section 5.2
we discuss the classification strategy. We present the results of the classification in
Section 5.3, and then in Sections 5.4 and 5.5 we discuss consequences of the classification.

Full data for the classification can be found on GitHub at https://github.com/
lucasfagan/Fake-Surfaces. Acyclic cellular fake surfaces of complexity 1 are classified

in [21], and there are two of them: the abalone (a spine of the 3-ball) and one non-spine.

5.1 Notation and convention

We represent a fake surface F as (I, M) where I/ is the adjacency matrix of the ith

1-skeleton of complexity j, and M is a matrix representing the 2-cell attaching maps.
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Each row of M corresponds to a disk, with entries indicating which edges appear in its
boundary cycle. A negative entry denotes traversing the edge in the opposite direction.
For readability, we pad shorter attaching maps with Os to match the length of the longest
disk.

The last two columns of M indicate whether each disk is embedded and whether it
has a trivial T-bundle, respectively.

Our notation for fake surfaces relies on ordering the vertices and edges. We adopt
the following conventions.

To establish a canonical ordering of 1-skeleta (viewed as 4-regular multigraphs), we use
the following map: let D : M,,(Z) — Z be the function that gives a decimal representation

of a matrix by concatenating the rows from top to bottom into an integer with n? digits.

o[y 1) -

Explicitly, if A = (a;;), then D(A) = Y77, 10""=9+7~q, ; as an integer.

For example:

For a given 1-skeleton of complexity n, we select the ordering of vertices that max-
imizes D(A) for the adjacency matrix A = (a;;). This provides a canonical labeling
for each 1-skeleton and a canonical ordering of all 1-skeleta of a given complexity: from
largest to smallest value of D(A).

We then label the edges in the order they appear in the upper-right triangle of the
chosen adjacency matrix, read left-to-right and top-to-bottom. To be precise, using our
ordering of the vertices, let (i1, 1) and (is, jo) be edges satisfying i; < j; and iy < jo.
Then (i1, j1) < (i9,J2) if i1 < iy, or if i3 = i5 and j; < jo. We label edges from 1 to 2n
according to this ordering. When multiple edges exist between the same pair of vertices,
their relative order can be chosen arbitrarily.

We provide an example to make this clear. Consider the graph I' given by the adja-

cency matrix
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A:

— = N
w o =
O W =

Observe that this ordering of the vertices maximizes D(A). Following our convention,
the self-loop at the first vertex is edge 1, the two other edges incident to that vertex
are edges 2 and 3, and the three edges connecting the other two vertices are edges 4, 5,
and 6. There are 12 valid edge labelings satisfying these constraints (corresponding to
the 2 x 3! = 12 choices for ordering the multiple edges). One such labeling is shown in

Fig. 5.1:

Figure 5.1: Valid Edge Labeling for I"

1
»,

Recall that a fake surface is acyclic if it is homologous to a point and contractible if
it is homotopic to a point.
Any acyclic cellular fake surface with connected 1-skeleton and t type 2 singularities

has exactly ¢ + 1 disks and 2¢ edges.

5.2 Classification strategy

5.2.1 Classification of 4-regular multigraphs

We first enumerate all connected 4-regular multigraphs that can serve as 1-skeleta. This
is accomplished by enumerating all valid adjacency matrices. Tables 5.1 and 5.2 provide

combinatorial data on the 1-skeleta for each complexity.
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Table 5.1: 1-Skeleta by Complexity and Number of Self-Loops

Complexity | 0 1 2 3 4 5 6 7| Total
1 0 0 1 1
2 1 0 1 2
3 11 1 1 4
4 3.2 3 1 1 10
5 6 7 7 5 2 1 28
6 19 21 28 16 10 2 1 97
7 50 8 98 72 36 14 3 1| 359

Table 5.2: 1-Skeleta by Length of Shortest Cycle

Complexity ‘ 1 2 3 ‘ Total
1 1 0 0 1
2 1 1 0 2
3 3 1 0 4
4 7 3 0 10
5 22 5 1 28
6 78 18 1 97
7 309 48 2| 359

5.2.2 Creating Exhaustive List of Fake Surfaces

We classify fake surfaces for each 1-skeleton separately. Given a 1-skeleton with oriented,
labeled edges, we first enumerate all possible ways to attach oriented disks to the 1-
skeleton subject to the constraint that each vertex has a type 2 singularity. Next, we
enumerate all combinations of disks that may form a fake surface and verify that each
vertex indeed has a type 2 singularity. If this condition is satisfied, we check that the
surface is acyclic by collapsing a maximal tree of the 1-skeleton and verifying that the

determinant of the resulting boundary map Z"*' — 72" equals +1. We then store these

acyclic fake surfaces for further analysis.
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5.2.3 Removing Redundancy

The final step is to remove redundancy from our list of fake surfaces. We classify fake sur-
faces up to PL homeomorphism, which corresponds to the equivalence relation generated

by finite sequences of the following combinatorial operations:
1. Relabel the edges of the graph (i.e., apply a graph automorphism);
2. Change the orientation of an edge (i.e., negate all appearances of that edge label);

3. Change the orientation of a disk (i.e., reverse the cyclic order of edges in its bound-

ary and negate each edge label);

4. Cyclically rotate the boundary cycle of a disk.

Remark

Two cellular fake surfaces are connected by a finite sequence of the above operations
if and only if they are PL. homeomorphic to each other. That is, after endowing both
surfaces with triangulations, the two simplicial complexes become simplicially isomorphic
after subdivision [41]. In one direction, a sequence of these operations induces a homeo-
morphism between two fake surfaces that maps vertices to vertices, edges to edges, and
2-cells to 2-cells. Conversely, given triangulations on two PL homeomorphic fake sur-
faces, we can subdivide their 1-skeletons so that they have the same simplicial structure,

and then extend the isomorphism to 2-cells (which are topologically open disks).

We then output a complete list of distinct surfaces, with one representative from each
equivalence class. The code for this classification can be found at https://github.com/

lucasfagan/Fake-Surfaces.
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5.3 Fake Surfaces up to Complexity 5

5.3.1 Complexity 1

There is a unique 1-skeleton for complexity 1, which is given by I't = (T'}) = ([4]) and

shown in Fig. 5.2.

(o)

Figure 5.2: 1-Skeleton for Complexity 1

There are two acyclic fake surfaces of complexity 1, first classified in [21]. We repro-

duce them here using the notation introduced in Section 5.1.
! 122 -1 =2|N N
"'1 00 0 0|Y VY

(F%’[l 2 21 =2|N YD
1000 O0]Y Y
The first is a non-spine, since the top disk has a nontrivial T-bundle, while the second
is a spine of the 3-ball known as the abalone.

Note that at a vertex with no self-loops, edge orientations are determined by the
cyclic ordering around the vertex. However, these two surfaces demonstrate that edge

orientations for self-loops are essential: using unoriented edges in the attaching maps

would fail to distinguish between these two non-homeomorphic surfaces.

5.3.2 Complexity 2

For complexity 2, there are two 1-skeleta, ordered according to our convention in the

following way and shown in Fig. 5.3.
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Figure 5.3: 1-Skeleta for Complexity 2

One well-known example of a complexity 2 fake surface is Bing’s house, also called
the house with two rooms. In our notation, this surface is presented as follows:
3 -1 -3 2 -1 -2 -4 2 -3 —-4|N Y

ri4 0 00 0 0 00 0 O0|Y Y
-1 0 0 0 0O O 0O 0O 0 0]Y Y

There is another spine of the 3-ball, called the mutant of the house with two rooms in

[30], which once again demonstrates the importance of edge orientations:

3 -1 -3 21 -242 -3 —4|/N Y
14 0 0 00 0 00 0 0|Y Y
-1 0 0 00 O 0O O O0]|Y Y
Note that without edge orientations, these two distinct surfaces would be indistinguish-

able in our notation.
There are 17 acyclic cellular fake surfaces of complexity 2 in total: 15 arising from
the first 1-skeleton and 2 from the second. All remaining acyclic cellular fake surfaces of

complexity 2 (beyond the examples shown above) can be found in Appendix B.

5.3.3 Complexity 3

For complexity 3, there are four 1-skeleta, presented and ordered according to our con-

vention in the following way and shown in Fig. 5.4.
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Figure 5.4: 1-Skeleta for Complexity 3

There are 238 acyclic cellular fake surfaces of complexity 3, with 14, 65, 97, and 62
arising from the first, second, third, and fourth 1-skeleton, respectively. All are listed at

https://github.com/lucasfagan/Fake-Surfaces.

5.3.4 Complexity 4

For complexity 4, there are 10 1-skeleta, presented and ordered according to our conven-

tion in the following way and shown in Fig. 5.5.

2 200 2200 2200 2110 2110
I _ 20 20 2 011 2011 1 201 1 201
0202101 217|010 37|11 02 1|71 0 0 3|~
00 2 2 011 2 0130 011 2 01 3 0]
[2 1.1 0 2110 0310 0220 0211
10 21 1 01 2 3001 2 00 2 2 011
120 1|71 10 2”1 00 3|72 00 2{"|1 10 2
01 1 2 0 220 0130 0 220 1120

There are 4618 acyclic cellular fake surfaces of complexity 4. The 1-skeleton with the
largest number of surfaces is 'y with 1171. The one with the fewest is T'g with 35. All of

these are listed at https://github.com/lucasfagan/Fake-Surfaces.
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Figure 5.5: 1-Skeleta for Complexity 4

5.3.5 Complexity 5

For complexity 5, there are 28 1-skeleta. We do not list the adjacency matrices, but
the list can be found at https://github.com/lucasfagan/Fake-Surfaces. They are

shown in order in Fig. 5.6.

WOENANLP S wlwi e g i O\
PEVE WO W v W
ZRILTR RS H

Figure 5.6: 1-Skeleta for Complexity 5

Notably, complexity 5 is the first at which there exists a 1-skeleton that is a simple
graph (i.e., having neither multiple edges nor self-loops): the complete graph K.

Due to computational limitations, we classified only those complexity 5 surfaces with-
out small disks. Since disks of boundary length 1 or 2 are necessarily embedded when the
complexity is greater than 1, this restriction nonetheless allowed us to verify that all com-

plexity 5 surfaces possess embedded disks. All acyclic cellular fake surfaces of complexity
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5 without small disks are listed at https://github.com/lucasfagan/Fake-Surfaces.

5.4 Spine and Non-Spine Fake Surfaces

As mentioned in Section 4.3, fake surfaces can be divided into spines and non-spines,
depending on whether they can be realized as spines of 3-manifolds. We recall that
this dichotomy is unique to dimension 2; in higher dimensions, all generic n-polyhedra
appear as spines of (n+ 1)-manifolds. The numbers of contractible fake surfaces {C,,} of
complexity n form an interesting sequence that has not appeared elsewhere [37]. Table 5.3
reveals that as complexity increases, the proportion of surfaces that are spines decreases.
This empirical trend provides evidence for the following conjecture:

Table 5.3: Number of Contractible Fake Surfaces by Complexity and
Count of Disks with Nontrivial 7-Bundles

Complexity ‘ Spines Non-spines ‘ Total ‘ % Spines
0 12 3 4 5 | |
1 1 1 0 2 50
2 3 6 6 2 17 16.7
3 20 54 89 62 13 238 8.4
4 128 607 1450 1533 745 155 | 4618 2.8

Conjecture 5.2
The proportion of spines among contractible fake surfaces of complexity n goes to 0 as

n — oQ.

5.5 Contractibility and Embedded Disk Conjectures

5.5.1 Contractibility conjecture

Ikeda proved that any acyclic cellular fake surface that is a spine and has complexity at

most 2 is contractible. Robertson [40] showed that any acyclic cellular fake surface of
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complexity at most 3 is contractible, and conjectured that the same holds for complexity
4. In this section, we prove this conjecture. This is the best possible general result, as
the dodecahedral Poincaré homology sphere has a spine of complexity 5 that is acyclic

but not contractible.

Theorem 5.3

All acyclic cellular fake surfaces of complexity 1, 2, 3, and 4 are contractible.

Proof. The proof is by explicit computer verification using our classification. The code to
verify contractibility is provided in Appendix A and at https://github.com/lucasfagan/
Fake-Surfaces. For each acyclic cellular fake surface of complexity 1 through 4, we
verified that its fundamental group is trivial, which combined with acyclicity implies

contractibility. O]

5.5.2 Embedded Disk Conjecture

Embedded disks play a crucial role in proving the stable Andrews—Curtis conjecture and
the Zeeman conjecture. For contractible fake surfaces of complexity 1, Ikeda [21] proved
the these conjectures using the existence of embedded disks. In Section 4.4, we extend
this proof to contractible fake surfaces of complexity up to 5. Our proof relies on the

following result:

Theorem 5.4

All contractible fake surfaces up to complexity 5 have at least one embedded disk.

Proof. For complexity up to 4, we verify this explicitly using our complete classification.
For complexity 5, we do not have a complete enumeration of all acyclic cellular fake
surfaces. However, we do have a complete list of all acyclic cellular fake surfaces without
small disks (i.e., disks of boundary length 1 or 2). Since small disks are always embedded

when the complexity is greater than 1, all surfaces in our classification have embedded
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disks. This establishes the theorem for all contractible fake surfaces of complexity up to

d. [l

We conjecture that all contractible fake surfaces have embedded disks. The embedded
disks can be thought of as corresponding to the weak parts of the resulting presentations
of the trivial group.

Notes

The classification of contractible fake surfaces up to complexity 5 is from joint work with

Yang Qiu and Zhenghan Wang [13].
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Chapter 6

Future Work

6.1 Add Stabilization Moves to Greedy Search

The computational work in Chapter 2 admits several natural extensions. In practice,
we regard trivializing a potential counterexample using AC-moves alone as essentially as
significant as doing so with stabilization moves; thus, it is natural to include stabilization
moves in the action space. However, this enlarges the branching factor of the search
and consequently slows down the computation. One possible middle ground is to allow
a compound move that first adds a generator using Lemma 3.2 in reverse and then
immediately removes a generator using Lemma 3.2 again. For example, consider the
following move: let P = (x,y | r1, wiwozwswy) be such that wy and ws contain no x.
Using Lemma 3.2, set z = wyw; to obtain (x,y, z | 11, zwazws, 2 = wiwys). We then apply
Lemma 3.2 again to remove x. In the worst case, this compound move is equivalent to
performing several substitution moves. In the best case, it may take us to a presentation

not AC-equivalent to P.
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6.2 Use Automorphism Priority in Greedy Search

Another extension of the work in Chapter 2 is to prioritize presentations not by their
length, but by their minimum length achievable under automorphisms of the underlying
free group, essentially making the search equivariant with respect to automorphisms. This
quantity is straightforward to compute using Whitehead’s algorithm (see [27], Proposition
4.20). This approach is valuable because, as noted in Section 2.1, finding a presentation
that can be taken to (x,y | x,y) by an automorphism already suffices to trivialize it.
The hope is that some presentations requiring significant length increases under ordinary

search might be more easily trivialized in this framework. We have some evidence for this:

1 1

for instance, greedy search fails to trivialize (z,y | 272y oty oy, o~y Lo~ 1y2ay=3)
in 1M nodes, but when prioritizing by minimum automorphic length, the presentation
is trivialized in only 168 nodes. This is particularly striking because the “terminal” pre-
sentation (an automorphic image of the trivial presentation) has length 141, illustrating
how dramatically this search diverges from standard greedy search, which never visits a
presentation above length 33 in 1M nodes. We hope to expand and investigate this idea

more thoroughly in future work.

6.3 Minimal List of Potential Counterexamples in
MS(n,w)

It would be valuable to minimize the number of distinct AC-equivalence classes in the
MS(n,w) dataset discussed in Section 2.3.2. In particular, many of these presentations
are AC-trivial, and presentations from different families sometimes turn out to be AC-
equivalent. Obtaining a minimal list of potential counterexamples distilled from the
original 1190 presentations would be a useful contribution. Understanding the struc-

ture of this reduced set would provide valuable insight into the landscape of potential
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counterexamples and might reveal patterns or families that warrant deeper theoretical

investigation.

6.4 Study New Presentations from AK(3) Fake Sur-
face

In Section 4.6, we show that a specific fake surface represents AK(3) by collapsing a
maximal tree, reading off the resulting presentation, and proving that this presentation
is stably AC-equivalent to AK(3). It would be worthwhile to perform a comprehensive
search over all maximal trees in this fake surface to determine whether any of the resulting
presentations can be trivialized by our solver from Chapter 2. Each presentation obtained
in this way is stably AC-equivalent to AK(3), and if AK(3) is stably AC-trivial, it is

plausible that some of these presentations may be easier to trivialize than others.

6.5 Study Impact of 7" and U Moves on Group Pre-
sentations

As noted in Section 4.7.1, Matveev’s T+ and U*! moves generate the entire 3-deformation
equivalence class. It would be worthwhile to study how these moves affect the presen-
tations obtained by collapsing a maximal tree, and to determine whether this yields
insight or suggests new moves that could be incorporated into the search algorithms in

Chapter 2.

6.6 Improve Embedded Disk Move Search

We hope to improve the fake surface 3-deformation search described in Section 4.7 by
developing more sophisticated strategies for choosing where to apply moves. Currently,
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our algorithm exhaustively applies all possible moves at each step, but this approach
becomes computationally expensive as complexity increases. It would be valuable to
develop heuristics that prioritize moves more likely to lead to collapses, perhaps by iden-
tifying structural features such as embedded disks with small boundary length or disks
whose removal would simplify the 1-skeleton. Additionally, we could explore incorpo-
rating machine learning techniques similar to those discussed in Section 2.2.3 for the
Andrews—Curtis conjecture, training models to recognize promising intermediate fake
surfaces along successful 3-deformation paths. Another direction is to study sequences
of moves rather than individual moves, identifying compound operations that reliably
reduce complexity. We might also investigate whether the relationship between presenta-
tions and fake surfaces, discussed in Section 3.2.2, could inform the search: presentations
that are easier to trivialize computationally might correspond to fake surfaces with more
tractable 3-deformation paths, suggesting that we could use computational trivialization

difficulty as a guide for exploring the fake surface search space.

6.7 Extend Fake Surface Classification to Higher Com-
plexity

We hope to extend the classification of fake surfaces to complexity 7 and beyond. Beyond
generalizing the results of Chapters 4 and 5 to higher complexity, the broader goal is to
gain a deeper understanding of the 3-deformation class of the fake surface in Section 4.6,
with the eventual aim of proving that it 3-deforms to a point. The primary computational
challenge is the exponential growth in the number of fake surfaces as complexity increases:
we have seen 2, 17, 238, and 4618 contractible fake surfaces at complexities 1 through
4, respectively, and this trend suggests that complexity 6 and 7 will involve tens or
hundreds of thousands of surfaces. To make this feasible, we will need to optimize

our enumeration algorithms further. One promising approach is to focus initially on
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Figure 6.1: 1-Skeleton for Potential Counterexample to Embedded Disk Conjecture

All embedded disks in this 1-skeleton must have no more than two vertices, no matter
the complexity. As the average number of vertices per disk increases as the complexity
grows, this 1-skeleton seems like a natural candidate on which to find a counterexample
to the embedded disk conjecture.

special subclasses, such as those with highly symmetric 1-skeleta or those satisfying
additional constraints like planarity. The classification at higher complexity would allow
us to test Conjecture 5.2 about the decreasing proportion of spines, verify whether the
embedded disk conjecture continues to hold, and potentially discover new structural
patterns that could inform theoretical approaches to the stable Andrews—Curtis and

Zeeman conjectures.

6.8 Construct Counterexample to Embedded Disk
Conjecture

There are some reasons to believe that the embedded disk conjecture is false. One is
purely combinatorial: the 1-skeleton of a complexity n fake surface has 2n edges and
n + 1 disks. Each edge appears 3 times across all the attaching maps, so the average
number of edges per disk is 6n/(n + 1), which grows as n increases. However, for any
complexity, there exists a 1-skeleton on which all embedded disks must have at most 2
vertices, which is given in Figure 6.1. It seems worthwhile to explore if a counterexample

can be generated in this way.
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Appendix A

Code to Check Contractibility of

Acyclic Fake Surface

In order to check if an acyclic fake surface is contractible, it suffices to check that it is
simply connected by the Whitehead theorem and the Hurewicz theorem. We provide a
Sage code snippet that takes as input a fake surface and a choice of maximal tree, and
outputs if the fundamental group is trivial. Of course, deciding if a group presentation
is the trivial group is undecideable, but this only leaves open the possibility of false
negatives. Sage is able to detect the triviality of the fundamental group of every fake
surface through complexity 5, with the lone exception being the known counterexample
of the complexity 5 spine of the Poincaré homology sphere.
The code can also be found at https://github.com/lucasfagan/Fake-Surfaces.

1 # sample data from complexity 2 to demonstrate formatting
> acyclic_surface = [[4,2,-1,-1,-2,3,2,1,-3],[2,-3],[4]]

3 maximal_tree = [2]

5 def is_contractible(acyclic_surface, maximal_tree):
6 # remove the elements in the maximal tree
7 collapsed_surface = [[edge for edge in disk if (edge not in

maximal_tree and -1xedge not in maximal_tree)] for disk in
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10

14

16

19

21

23

29

30

31

acyclic_surface]
# for conveinence, reduce the remaining edges to be labeled with 1
through n+1
for removed_edge in sorted(maximal_tree, reverse=True):
collapsed_surface = [[edge-1 if edge>removed_edge else edge for
edge in disk] for disk in collapsed_surface]
collapsed_surface = [[edge+l if edge<-1*removed_edge else edge

for edge in disk] for disk in collapsed_surfacel

# create a free group with one generator for each remaining edge

F = FreeGroup(len(maximal_tree)+2,’a’)

group_relations = []

# convert the disks to relations
for disk in collapsed_surface:
relation = F.one() # Initialize with identity
for edge in disk:
if edge < 0:
relation *= (F.gen(-edge-1))**-1 # Inverse of
generator
else:

relation *= F.gen(edge-1) # Multiply with generator

# Append the relation

group_relations.append(relation)

# Create quotient group
G = F.quotient (group_relations)
# Simplify the group

G = G.simplified ()

# Check if group is trivial
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if G.order () !'=1:
return False

return True

print (is_contractible (acyclic_surface, maximal_tree))

Saved as a Sage file, we can simply run this with the command

sage filename.sage
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Appendix B

Fake Surfaces of Complexity 2 and 3

All acyclic cellular fake surfaces of complexity 2 and 3 are listed below. The rest of the
data can be found at https://github.com/lucasfagan/Fake-Surfaces.

42-1-1-2431-3 | NN 42-1-231-3-42-3 | NY 43-1-2-42-3 | NY
ri, 2-3 YN ri, 4 YN ri, 2-1-1-3 NN
4 YN . YY 4 YY
43-1-1-2-431-2 | NY 3-23-1-3-42-1-2-4 | NN 5 21-3-42-1-1-3 | NN
r?, 2-3 YN r2, 4 YN I, 42-3 NY
4 YN -1 YY 4 YN
43-2-42-1-231-3 | NY 42-3431-32-1-2 | NN 5 443‘21'12'42‘3 %§
r2, 4 YY r, 4 YY T -1-3 N
-1 YY -1 YY -1
4-31-42-41-3 NN
, [ 431-23-1-242:3 | NN , [ 442-32-1-2 | NN 2 1o YN
2
r2 4 YY 2 43-1-3 NN 23 YN
1 YN 1 YY

=i

442-3

. 42-1-3-43-23-1-2
r? 4
1

_ [ 4-12-43-41-2 NY
NY ra, 2-3 YN
NY 1-3 YN
-1

YY

g

{ 3-1-3-42-1-2

11-3-5-6-652 | NN

3-1-32-1-2-42-3-4 | NY 43-1-1-32-3 | NY 3 2-3-4-64 NY

r?, 4 YY r?, 2-1-2-4 NN L 1-23 NN
-1 YY 4 YY 4-5 YY
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11-2-543-1-2-4653 | NN

3 4-56 NN
I 2-3 YN
6 YN
1-2-5-6-653-2-4643 NY
r3 1-32 NN
1 4-5 YN
1 YN
1-3-4531-2-5-642 | NY
3 4-566 NN
1 2-3 YN
1 YN
1-2-5-642-3-5643 NY
3 11-32 NY
1 4-5 YN
6 YN
1-3-5-6-652 NN
3 2-3-4-64 NY
1 11-23 NN
4-5 YY
1-2-4-6-653 | NY
r3 2-3-465 NY
1 11-32 NY
4-5 YY
1-24-5631-3652-3542 NY
r3 6 YN
27 4 YN
1 YY
1-3-631-242-35-4-5652 NN
r3 6 YY
20 4 YY
1 YN
1-2-5-63-1-242-354-563 | NY
r3 6 YN
2 4 YY
1 YN
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3
r3,

3
rs,

3
rs,

3

Ty,

3
rs,

F3

2

3
r3,

3

r3,

3
F27

1-2-53-24-565421-3-63
6
4
1

1-24-565421-3-63-2-53
6
4
1

1-2421-3-63-2-5654-53
6
4
1

1-2-42-363-1-354-5-652
6
4
1

1-3631-2-42-35-4-5652
6
4
1

1-2-565-4-531-363-242
6
4
1

1-242-36521-35-4-563
6
4
1

1-2421-3652-354-563
6
4
1

1-2-42-363-1-2-5-654-53
6
4
1

NN
YY
YN
YN

NN
YY
YN
YN

NY
YY
YY
YN

NN
YY
YY
YY

NN
YY
YY
YN

NN
YY
YY
YY

NN
YN
YY
YN

NY
YN
YY
YN

NN
YY
YY
YN



1-2-42-3-631-35-4-5-652 | NY 1-2-4-531-3-63-24-5-652 | NN 1-2-42-3-6-63-1-2-53 | NY

3 6 YY 3 6 YY 3 4-565 NN
20 4 YY 2 4 YN 20 4 YY
1 YY 1 YY 1 YN
1-2-565-4-53-1-363-242 | NY 1-2-563-2-4-531-365-42 | NY 1-2-53-1-2-42-3-6-63 | NN
r3 6 YY 3 6 YN 3 4-5-65 NN
20 4 YY 2 4 YN 20 4 YY
1 YY 1 YY 1 YN
1-2-53-1-2-42-3654-563 | NN 1-3-65-42-35442 | NY 1-2-53-2-4-421-363 | NY
3 6 YN 3 1-2-5-63 NY r3 4-5-65 NN
2’ 4 YY 2’ 6 YN 2 6 YY
1 YN 1 YN 1 YN
1-2-53-1-2-42-365-4-563 | NY 1-2-421-354-563 | NY 1-2-53-24-566542 NY
3 6 YN 3 2-3665 NY 3 1-363 NN
2’ 4 YY 20 4 YY 20 4 YN
1 YN 1 YN 1 YY
1-242-354-5-63-1-3-652 | NY 1-2-56542-3-6-63 | NN 11-24-5-63-1-3542 NY
3 6 YN 3 1-35-42 NY 3 2-3-65 NN
20 4 YY 2 4 YN 2 6 YN
1 YY 1 YN 4 YN
1-2-563-2-421-35-4-5-63 | NY 1-3-63-2-566542 | NN 11-3-654-5-63-2-53 | NN
3 6 YN 3 1-24-53 NY 3 1-2-42 NN
2’ 4 YY 2’ 4 YN 2’ 6 YN
1 YN 1 YN 4 YY
1-24-53-1-2-4-5-652-363 | NN 11-24-53-1-2-5-63 | NY 11-242-35-4-5-652 NY
3 6 YY 3 2-3-654 NY 3 1-3-63 NN
2 4 YN 2 6 YN 2 6 YY
1 YN 4 YN 4 YY
1-2-4-5-6521-363-24-53 | NN 1-35-4-42-36542 | NY 1-2-421-3544-5-63 NY
3 6 YY 3 1-2-563 NY 3 2-3-65 NN
27 4 YN 2 6 YN 2 6 YN
1 YN 1 YN 1 YN
1-2-4-53-1-363-24-5652 | NY 1-2421-354-563 | NY 11-2-565-4-53-242 | NN
3 6 YY 3 2-3665 NN 3 1-3-63 NN
2 4 YN 2 4 YY 2 6 YY
1 YY 1 YN 4 YY
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1-2-42-36631-352 | NN
3 4-5-65 NN
20 4 YY
1 YY
11-2-4-5-63-1-24-53 | NN
3 2-3-65 NN
T2 6 YN
4 YN
1-2-531-363-2442 NY
r3 4-5-65 NN
2 6 YY
1 YY
11-3-652-1-365-42 | NN
3 2-354 NN
2’ 6 YN
4 YN
11-24-5652-3542 | NN
3 1-3-63 NN
2 6 YY
4 YN
11-35-4-5-63 NY
3 2-3-6-65 NY
2’ 1-242 NN
4 YY
2-3544-5-65 | NY
3 11-242 NN
N
2 1-3-63 NN
6 YY
1-3663-242 NY
3 11-2-53 NN
20 4-565 NN
4 YY
2-3544-565 | NN
3 11-2-42 NN
2 1-363 NN
6 YY

3
Ty,

3
I3,

3
rs,

3
ry,

3

r3,

3
FQ,

3
Ty,

3
rs,

11-242-352
1-3-654-5-63
6
4

1-2-4-5-65-42
11-352-363
6
4

11-2-4-42-352
4-565
1-363
6

2-35-4-4-5665
1-2-42
1-363
1

1-354-5-63-2-42
11-2-563
6
4

1-2-53-1-3-65-42
2-36544
6
1

1-24-531-3652
2-3-6544
6
1

1-2-4-5-631-352
2-3-6-65-4
4
1

NY
NN
YN
YY

NN
NN
YY
YN

NN
NN
NN
YY

NY
NN
NN
YY

NN
NN
YN
YY

NN
NN
YN
YY

NN
NY
YN
YY

NN
NY
YN
YY

NN
NY
YN
YY

1-2442-3652 | NY

3 1-35-4-563 NY
20 6 YN
1 YY

1-354-5-6-652 | NY

r3 1-2-42-3-63 NY
20 4 YY
1 YN
1-363-244-53 | NY
3 1-2-56542 NY
2 6 YY
1 YY
1-2-42-3-6-652 | NN
3 1-3654-53 NY
2> 4 YY
1 YY
1-2-5665-4-53 | NN
3 1-363-2-42 NY
2 4 YY
1 YN
1-3-63-2-4-4-53 | NY
3 1-24-5-652 NY
2 6 YY
1 YY
11-365-42-1-3-6542 | NY
3 2-35 YY
2’ 6 YN
4 YN

1-2-4-565-421-3-6-63 | NN

3 2-35 YY
2 4 YN
1 YN

12-5-32-64-54-2 NY

3 34-6-3-1 NN
EN 5-6 YN
1 YY



rs,

r3,

rs,

3

ry,

r3,

F3

3

3

rs,

r3,

3
FB’

135-64-6-32-4-3
2-65-2-1
4-5
1

134-2-12-56-5-3
2-64-6-3
4-5
1

136-54-234-5-3
12-65-2
4-6
1

2-6-32-54-64-2-1
34-5-3-1
5-6
1

34-64-236-5-3-1
12-65-2
4-5
1

2-54-64-236-2-1
34-5-3-1
5-6
1

34-54-236-5-3-1
12-65-2
4-6
1

36-46-234-5-3-1
12-54-2
5-6
1

NY
NN
YN
YY

NN
NY
YN
YY

NN
NN
YY
YY

NN
NN
YN
YY

NN
NY
YY
YY

NN
NN
YN
YY

NY
NN
YY
YY

NN
NY
YY
YY

NY
NY
YY
YY

3
rs,

r3,

3
rs,

3
rs,

3
s,

1-\3

3

3

3,

3

rs,

3
F3,

2-64-5-3-134-6-3
2-54-2-1
5-6
1

2-6-3-134-54-2-1
35-65-2
4-6
1

36-45-234-5-3-1
12-64-2
5-6
1

2-54-236-56-2-1
134-5-3
4-6
1

136-2-12-45-234-5-3
5-6
4-6
1

2-64-6-32-5-3-134-2-1
4-5
5-6
1

12-54-5-3-134-236-2

-3
5-6
4-6

1

2-45-2-136-234-5-3-1
5-6
4-6
1

2-54-5-3-136-234-2-1
5-6
4-6
1
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NY
NN
YY
YY

NN
NN
YN
YY

NN
NN
YY
YY

NY
NY
YY
YY

NN
YN
YN
YY

NY
YY
YN
YY

NN
YN
YY
YY

NN
YN
YN
YN

NY
YN
YY
YY

3
Iy,

3
rs,

3
rs,

3
rs,

3
rs,

3
FS’

3

Ty,

3
rs,

3
Fg,

2-5-3-136-234-64-2-1
4-5
5-6
1

136-234-64-2-12-5-3
4-5
5-6
1

136-2-12-54-234-5-3
5-6
4-6
1

136-5-32-65-2-134-2
4-5
4-6
1

134-64-235-2-12-6-3
4-5
5-6
1

12-5-3-12-64-234-6-3
4-5
5-6
1

2-65-236-5-3-134-2-1
4-5
4-6
1

2-65-2-134-235-6-3-1
4-5
4-6
1

2-54-2-12-6-3-134-5-3
5-6
4-6
1

NY
YN
YY
YY

NN
YN
YY
YY

NY
YN
YN
YY

NN
YN
YN
YN

NN
YN
YY
YY

NY
YN
YN
YN

NY
YN
YN
YY

NY
YN
YN
YN

NN
YN
YN
YY



3
rs,

3

r3,

3
Iy,

3

r3,

F3

3

3
r3,

3

r3,

3
r3,

134-2-1-12-6-3
35-65-2
4-5
4-6

112-64-235-2
134-6-3
4-5
5-6

2-54-2-134-5-3
1136-2
5-6
4-6

2-46-234-6-3-1
35-2-1-1
4-5
5-6

12-56-235-64-6-3
134-2
4-5
1

2-4-32-64-54-6-3-1
35-2-1
5-6
1

2-45-2-134-56-5-3
136-2
4-6
1

NY
NY
YY
YN

NN
NY
YN
YY

NY
NN
YN
YN

NY
NN
YN
YN

NY
NY
YN
YN

NN
NN
YN
YN

NN
NN
YN
YN

NY
NN
YN
YN

NN
NN
YN
YN

3
Iy

3

r3,

3
FS’

3
s,

34-64-236-56-2-1 NY
135-2 NN
? 4-5 YN
1 YN
136-56-2-134-64-2 | NN
35-2 YY
4-5 YN
1 YN
2-46-56-2-134-6-3-1 | NY
35-2 YY
4-5 YN
1 YN
136-54-56-2-135-2 | NN
34-2 YY
4-6 YN
1 YN
34-56-46-2 NY
3 135-6-3 NY
32 2-54-2-1 NN
1 YY
2-45-64-5-3 | NY
3 12-65-2 NY
32 134-6-3 NY
1 YY
12-54-64-2 | NY
r3 2-65-6-3 NN
32 34-5-3-1 NN
1 YY
36-54-64-2 | NN
3 12-65-2 NN
32 134-5-3 NY
1 YY
2-45-64-5-3 | NN
3 12-65-2 NY
32 34-6-3-1 NY
YY

3
r;s,

3
I's,

3

Iy,

3

s,

rs,

F3

3

3
r3,

34-54-6-3-1

35-65-2
2-64-2-1
1

NY
NY
NN
YY

1134-64-2-12-6-3 | NN

35-2
4-5
5-6

YY
YN
YY

135-2-1-134-54-2 | NY

36-2
5-6
4-6

YY
YY
YN

1135-2-12-64-6-3 | NN

34-2
4-5
5-6

35-64-54-65-2-1

136-2
34-2
1

YY
YY
YN

NN
NN
YY
YN

2-56-45-64-5-3-1 NY

3
r3,

3

34-2-1
36-2
1

135-64-54-65-2

34-2-1
36-2
1

112-64-2
35-65-2
134-6-3

4-5

1134-5-3
12-64-2
2-54-6-3
5-6

NN
YY
YN

NN
NN
YY
YN

NY
NY
NN
YY

NN
NY
NY
YY



135-2-12-6-3

3 34-54-2
3’ 4-65-6
1
2-6-3-135-2-1
3 34-64-2
3 4-56-5
1
135-212-6-3
3 34-65-64-2
37 4-5
1
12-6-3-134-2
3 35-64-65-2
37 4-5
1

2-45-64-56-4-3

3 135-2
T3, 36-2-1
1

2-46-54-56-4-3

3 136-2
T3, 35-2-1
1
1135-65-2
3 4-54-6
T3 | 36-2-1
34-2

NN
NY
NN
YY

NN
NN
NN
YY

NN
NN
YN
YY

NN
NY
YN
YY

NN
NN
NN
YN

NY
NN
NN
YN

NN
NN
NN
YY

3
Ty,

Ty,

3

Ty,

3

ry,

Ty,

3
Ty,

1-462-34-2-54-35
1-36
1-2
5-6

1-21-462-452-35
1-36
3-4
5-6

1-2-54-1-63-12-35
46

4
6

2-
3
5

1-361-2-64-1-54-2
2-35
3-4
5-6

1-362-352-43-45
1-46
1-2
5-6

1-462-43-2-54-36
1-35
1-2
5-6
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NY
YY
YY
YY

NY
YY
YY
YY

NY
YY
YN
YY

NN
YY
YY
YN

NN
YY
YN
YY

NY
YY
YY
YN

NN
YY
YY
YY

1-34-2-53-46
1-45-65
2-36
1-2

3
Ty,

1-352-46-56
1-21-45
2-36
3-4

3
Ty,

1-461-35-65
2-34-36
2-45
1-2

3
Iy,

1-45-64-2-56
1-21-35
2-36
3-4

3
F4,

1-2-652-45-63-2
3 1-35
e 1-46
3-4

1-21-36-54-1-65
3 2-35
e 2-46
3-4

1-34-1-63-2
3-46-5
1-2-65
2-45

3
ry,

NN
NY
YY
YY

NN
NN
YY
YY

NY
NY
YY
YY

NY
NN
YY
YY

NN
YY
YY
YN

NY
YY
YY
YN

NY
NN
NN
YY



Appendix C

Dijkgraat-Witten TQFTs

Separately from the rest of this thesis, we plan to study a TQFT approach to disproving
the stable Andrews—Curtis conjecture. As a practice exercise we studied Dijkgraaf-Witten
TQFTs. We prove that Proposition C.3 that in a specific case the dimension of the vector

space can be arbitrarily large.

Lemma C.1 (Commuting cycles with one overlap)
Let 01 : X1 — X7 and 09 : X5 — X5 be cyclic permutations of the sets X; and X,. If
X, N Xy = {x}, then 0109 = 090} = 0ho1, where o} is o1 with  replaced by o, *(*) and

ol is o with * replaced by oy (x).

Now we define ao = (1234567) and by = (15764 23). Then for n > 2,

recursively define

i1 = (n+1n+2n+3n+4)g, a,0..

and

bpii=(nn+3n+1n+2)g 'b.gn

where
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gn=Mm+1n+4)(n+2n+5)---(3n+1,3n+4).

Note a, = (1 2---3n + 1) and moreover that g, 'a,g, and g,'b,g, are both “symbol
replacements” of a,, and b, (i.e., replacing n+ 1 for n+4 and so on, up through replacing

3n+ 1 with 3n+4) and thus satisfy all the same properties while fixing n+1,n+2,n+ 3.

Proposition C.2

For any n > 2, we have a,b,a,, = b,a,b, and the centralizer Cg, ., (an,b,) = 1.

Proof. We show that for all n > 2, a,b,a,, = bya,b, by showing that (a,b,a,)? = (a,b,)>.
We do this recursively. First note that (asbaz)? = (asbs)®> = 1. Now assume that

(anbnan)? = (ayb,)® = 1. Then

(Aniibns1)? = (n+1n+2n+3n+4)g,  ang(nn+3n+1n+2)g,  b.g,)>
(n+1n+2n+3n+4)(n+4n+3n+1n+2)g,  angng, bugn)®

(n+1n+3n+2)g, ' angng, bugn)’

= (n+1n+3n+2)(g; " angngy 0nga))’

- (anbn)’gn = 1.

where the first step follows by the lemma since the only the only overlap is n and g, *a,g,
permutes n to n + 4.

Using the work above, we have

(grflangngﬁlbngn(n +3n+ 4)9;16%971)2
(gﬁlflngng;lbngngﬁlangn (n n+ 3))2
g

(an+1bn+1an+1)2 = (g;langngglbngn(n +1n+3n+2)(n+1n+2n+3n+ 4)g;1angn)2
= gl(anbnan)zgn(n n + 3)2 =1,

where the last line follows since g, Yanbnang, does not contain an n. Indeed, for n = 2
this can be calculated, and we see that going from n to n + 1, conjugating by g, ensures

there cannot be a n+ 1 present (since it becomes an n+4), and then we simply multiply
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by (nn+ 3).
Thus we have that for all n > 2, a,b,a,, = b,a,b,.

Moreover, letting S5,11 act on itself by conjugation, we have by orbit-stabilizer that

(3n+ 1)! (3n+1>!
S _ — 3L
|Csipa (an)] [{length 3n + 1 cycles}| — (3n)! "

Since a,, has order 3n+ 1, we must have that the centralizer of a,, is just the powers of a,,,
ie., Cs,,.,(a,) = {a’}?",. Thus it suffices to show that b, is not a power of a,. Note @,
always permutes k to k+¢ mod n, which b,, does not satisfy for any i, since, for example,

b, always permutes 1 to 3n — 1 and 3n — 1 to 3n + 1. Thus Cg,,,, (an, b,) = 1. O

Proposition C.3

Let Y be the trefoil complement in D? with G = Ss3,4,. Let the S? boundary of D3
be labeled by (p1,std) and the T? boundary of the knot be labeled by (p2,1), where
p1 is the trivial map, py : Z X Z — Ss,41 is the map (z,y) — (an, bpabya;?), std is
the standard 3n-dimensional representation of Ss,1, and 1 is the trivial representation.

Then dim V' (Y') > 3n.

Proof. Let p: m(Y) = (o, 5 | afa = af) — Sspy1 be the map a — a,, and S +— b,.
Then the induced maps p|g2 and p|z= given by p|s; : 71 (Z) = m(Y) £ Ss,41 are precisely
p1 and py. Note the centralizer Cg, . (imp;) = Sszny1. Now we get a representation

std ®1
—

of Cg,,,,(imp) = 1 by 1 = Sspq x Cg,, ., (im po) End(C* @ C). The trivial

~

component of this representation is all of C** ® C = C3" since the representation is

trivial. Thus in the direct sum decomposition of V(Y'), there is a factor of C3". O
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